Kinetic Limits of Piecewise Deterministic Markov
Processes and Grain Boundary Coarsening

by
Joe Klobusicky

B.S., Carnegie Mellon University; Pittsburgh, PA, 2009
M.S., Carnegie Mellon University; Pittsburgh, PA, 2009

M.Sc., Brown University; Providence, RI, 2010

A dissertation submitted in partial fulfillment of the
requirements for the degree of Doctor of Philosophy

in The Division of Applied Mathematics at Brown University

PROVIDENCE, RHODE ISLAND

May 2014



(© Copyright 2014
by Joe Klobusicky



This dissertation by Joe Klobusicky is accepted in its present form
by The Division of Applied Mathematics as satisfying the

dissertation requirement for the degree of Doctor of Philosophy.

Date

Govind Menon, Ph.D., Advisor

Recommended to the Graduate Council
Date
Robert Pego, Ph.D., Reader

Date

Kavita Ramanan, Ph.D., Reader

Approved by the Graduate Council

Date

Peter Weber, Dean of the Graduate School

111



Vitae

PERSONAL INFORMATION

American citizen.

Born January 7%", 1987 in Scranton, Pennsylvania.

EDUCATION

Brown University, Providence, Rhode Island USA

M.S., Applied Mathematics, May 2010

Carnegie Mellon University, Pittsburgh, Pennsylvania USA

M.S., Mathematics, May 2009
B.S., Mathematics, May 2009

SUBMITTED PUBLICATIONS

Building polyhedra by self-folding: theory and experiment, David Gracias et. al.

v



Submitted, 2013.

Self-assembly of mesoscale octahedral isomers, Shivendra Pandey et. al. Submitted,

2013.

PAPERS IN PREPARATION

Measure-valued solutions of a piecewise-deterministic Markov process limit, Joe Klobu-

sicky, Govind Menon, and Robert Pego. In preparation, 2014.

Kinetic limits of piecewise-deterministic Markov processes, Joe Klobusicky, Govind

Menon, and Robert Pego. In preparation, 2014.

Kinetic limits of piecewise-deterministic Markov processes applied to grain coarsen-

ing, Joe Klobusicky, Govind Menon, and Robert Pego. In preparation, 2014.



Acknowledgements

Our destiny is to live out what we think, because unless we live what we know, we

do not even know it. -Thomas Merton

Thanks to the following people who have helped bring my thoughts to action:

To Govind Menon, for serving as my advisor for the past four years. Thank you
for your patience as I regressed, digressed, and eventually progressed as a mathe-
matician. Your commitment to excellence and clarity will serve as an example of

how to approach hard problems, in mathematics and everything else.

To Kavita Ramanan, for serving as a thesis committee member. Thank you
for several helpful comments on queueing theory. I look forward to seeing what

improvements will come from your insights.

To Robert Pego: committee member, academic mentor, and overall mensch. For
almost a decade, you have been a source of how to do things right. Thank you for
the inordinate amount of time and concern that you gave during my years in Pitts-
burgh. T’ll remember you as someone who cared a great deal about mathematics. I'll
remember you more as someone who cared enormously about passing his knowledge

to others.

To Johnny Guzman and Nat Trask. Thanks for letting me play numericist. I've

vi



lumped you both together because you share many things: an openness to new
ideas, an academic humbleness that has substantially changed my previous rigid

perceptions on mathematics, and a good sense of humor to boot.

To those teachers during my upbringing who gave me encouragement. In partic-
ular, I thank Mrs. Betti, the first person I can remember who admitted to enjoying
mathematics. I also thank Mr. Walsh, my biology teacher and golf coach, for his
timeless advice in the classroom and on the course. The term “a gentleman and a

scholar” gets thrown around a lot, but you are the true embodiment of it.

Most of all, to my family. Mom and Dad, your selflessness and love is so strong
and unwavering that I often take it for granted. When I think about how unreason-
ably blessed I am to have parents like you, all of my problems seem petty. Thanks

for everything.

Vil



Abstract of “Kinetic Limits of Piecewise Deterministic Markov Processes and Grain
Boundary Coarsening” by Joe Klobusicky, Ph.D., Brown University, May 2014

The subject of this thesis is the development of a stochastic process that can be inter-
preted as a model of grain coarsening, a central problem in material science. Namely,
our objective is the creation of piecewise-deterministic Markov processes (PDMPs)

on particles whose empirical densities converge to solutions of kinetic equations.

We begin with a study of a simplified model, where particles drift toward the
origin on R™. When particles hit the origin, they are redistributed to Rt according
to a fixed probability density p(x). This “dynamic shuffler” is shown to be an instance
of a PDMP. From the infinitesimal generator associated with the dynamic shuffler,
we then construct a martingale that we show is an approximation to a weak solution
to limiting kinetic equations of the density of particles. Properties of these equations

are then investigated using Laplace transforms and renewal theory.

We then generalize the one-tier model by considering a k-species model, where
particles travel on several tiers, and are redistributed with probability distributions
that change with time. Obtaining the “correct” martingale in this “k-species model”
involves an augmented PDMP, which adds variables that keep track of certain types
of jumps. The main theorem of this thesis is the existence of limiting kinetic equa-

tions for densities of each species.

We end by aligning the k-species model to a mean field model of grain coarsening.
Several basic properties of this model which are inherent for grain systems are then
shown. Finally, we run simulations of the grain coarsening PDMP and raise several

conjectures on the universality of certain grain statistics.
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CHAPTER ONE

Introduction



1.1 Introduction

A well-studied phenomenon in material science concerns the coarsening of microstruc-
ture found in metals, porcelains, and other common materials. Typically, these ma-
terials have polycrystalline structure, where each grain has a particular orientation.
Annealing induces an evolution on grain boundaries which reduces their total length.
During this process, grains are deleted (and not created), causing coarsening of mi-
crostructure through an increase of average grain area (see Fig. 1.1). Microstructure
can determine material properties. For instance, the Hall-Petch effect gives a relation
between yield stress and average grain size (see [3], section 5.2.3). More scientific

and mathematical properties of grain networks can be found in [16, 36].

Grain coarsening in two dimensions can be modeled by a geometric network,
or planar graph G(t) C R? t € (0,T), with edges that evolve in time. Faces of
G are called grains, and edges are referred to as boundaries. An idealization of
the coarsening process assumes that grain boundaries are isotropic, or that grain
boundary energies are identical along edges of the network. Under this idealization,
we define a grain network with existence interval (0,7") as a geometric finite

planar graph G(t) which satisfies the following restrictions for all ¢ € (0,7):

1. (Herring’s Condition) G(t) is trivalent, and angles between two edges at a
vertex are fixed at 120 degrees. This restriction follows from a force balance

law on edges emanating from a vertex (see [20]).

2. (Mean Curvature Flow) Boundaries are smooth, and satisfy mean curvature

flow. This means that the time evolution of a smooth boundary ~(x,t) C R?



Figure 1.1: Coarsening of a grain network. Grains in material microstructure delete through
annealing, causing the average grain size to increase.

is also smooth, and satisfies
oy(z,t) = Mok(z, t)ii(z,t), te(0,T),z¢cR? (1.1)

with M and o denoting grain mobility and surface energy constants, 7(z,t)
denoting the inward unit normal, and k(z,t) denoting mean curvature. This

type of motion was observed experimentally by Beck for crystallites in metals

5].

Note that grain networks retain their topological structure during their existence
time. The parabolic PDE (1.1) is referred to as curve-shortening flow, and it can
in fact be shown that the total edge length of a network decreases in time [4]. A
theorem of curve shortening flow on grain networks, due to von Neumann and Mullins
[31, 38] gives an elegant relation between a topological quantity (sides of a grain)

and a geometrical quantity (area of a grain).

Theorem 1. (The von Neumann-Mullins n — 6 rule). For a grain with area
A and n sides,
dA

= :Mag(n—6). (1.2)

One consequence of the n — 6 rule is that grains with less than six sides may

shrink to a point in finite time. Such deletions, along with possible edge deletions,



result in networks with vertices that violate Herring’s condition. This raises the
question: What types of solutions exist with initial conditions that are not grain
networks? Specifically, the continuation problem for a planar network G asks
the following: If we are given a planar network G with vertices that may not satisfy
Herring’s conditions, is there an € > 0 where G(¢) is a grain network for ¢ € (0, ¢),
and G(t) — G in the Hausdorff distance as t — 0*7 Another interesting question is

whether the flow is unique, or if it can become unique under additional assumptions.

Currently, there are no comprehensive answers to the above questions. Viewed
as a problem in parabolic PDE theory, the current focus is local, fixing on simplified
models with initial conditions of k rays meeting at a vertex. Schnurer and Shulze
found a unique self-similar solution with initial conditions of three rays meeting at
arbitrary angles [34]. Mazzeo and Saez generalized with the k-ray initial conditions,
and discovered a bijection between self-similar solutions and k-Steiner trees of a
hyperbolic metric [28]. On the computational front, techniques of flowing through a
graph not satisfying the grain network conditions include level set [10] and variational

[26] methods.

1.2 Mean-field models of grain growth

Another approach to studying grain boundary coarsening involves using mean field
assumptions to gather bulk statistics of grain behavior. A well known kinetic model
is due to Fradkov [14, 17|, who exploits the n — 6 rule, along with an additional
deterministic rule for side redistribution, to derive kinetic equations for densities
of grains with a specific number of sides. Fradkov makes the following mean field

assumptions about the redistribution of sides when either a grain or edge deletes:



1. If a grain or side deletes, topological changes of grains will be selected in
proportion to the number of sides of grains, and independent of their areas.
For instance, if a singular event causes a grain to lose a side, the probability
that a particular grain with j sides will drop to one with 7 — 1 sides is

J

R R 1.3
p] Zk>1 k’Nk ( )

where Ny is the number of grains with k sides. This eliminates the notion of
grains having neighbors.

2. A free parameter [ is introduced which is defined as the constant ratio between
side deletions and grain deletions. Such an assumption comes from the lack of

a topological rule for edge growth.

For a number density f,(a,t) of n sided grains with area a at time ¢, the Fradkov

equations take the form of a transport equation with a topological source term:
Oifnla,t) + (n — 6)0,fnla,t) = D(f())(Jf)nla,t) (a,t) € (0,00)%*n >2, (1.4)

with a collision operator J and coupling weight I' determined from conservation of
area and polyhedral defect (networks retain an average of six sides). Well-posedness

and self-similar solutions for the Fradkov model can be found in [19, 21].

1.3 PDMPs and grain coarsening

The main goal of this thesis is to understand grain statistics as a hydrodynamic

limit of finitely many grains respecting deterministic drift and random topological
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Figure 1.2: Grain growth via a PDMP. Particles drift according to their number of sides.
Each tier denotes particles of different side numbers. In this instance, a vanishing grain in tier
three triggers a random reassignment of the number of sides of grains in tiers 4,7, and 8.

transitions. In particular, we will construct limiting kinetic equations describing
the evolution of grain area densities for the class of grains with a fixed number of
sides. Toward this goal, the main tool we use is the theory of piecewise deterministic
Markov process (PDMP). The construction and theory of PDMPs will be discussed

in Chapter 2. However, not much is lost to think of a PDMP as a generalization of

a jump process for particles that drift on vector fields.

For the problem of grain coarsening, we wish to build a PDMP X (#) that tracks
a finite set of grains (g1,...,9,) = ((a1,51),. .., (an, s,)) With areas a; > 0 and side
numbers s; € N. Note that the dimension of X (¢) can change with time, as grains
delete from coarsening. Grain areas change at a constant rate, following the n — 6
rule until a grain shrinks to a point, or an edge deletes (we will make an assumption
on side deletion rates based on total particle number). At that time, we impose

mean field assumptions to change topologies of grains.



1.4 Overview

In Chapter 2, we describe a PDMP in generality. We then state its infinitesimal
generator A, and the class of functionals D(.A) that give rise to martingales through

the Dynkin formula.

In Chapter 3, we study a simplified version of the PDMP described in Section
1.3. Here, particles drift on the positive half-line until reaching the origin, where
they are reassigned according to a probability density p(x). We first prove that for
empirical densities approaching nonatomic initial conditions, the densities u(zx,t) of

particles converge to a weak form of the limiting kinetic equation

Owu(x,t) — Opu(z,t) = p(2)u(0,t) t,o € RT, (1.5)

u(z,0) = up(x).

We then focus on constructing measure valued weak solutions of (1.5) with mild
restrictions on initial data. Finally, we use a popular result of renewal theory to

show the existence of an attractor under certain assumptions.

Chapter 4 is a generalization of PDMPs on grain networks described in Section
1.3. Here, we show the existence of fluid limits of PDMPs that allow generalized
rules and probability distributions for particle jumps between different species. As

in Chapter 3, we will show the existence of a weak limit for densities ug(z,t) on L,



that satisfy the advection-reaction equations

Orug(x,t) + Op(vg(x)ug(z, t)) = (1.6)
M_ M KO
> w(0.0u(0) | 3 W Bl )10, —~ KOW (un(a, 1)
=1 i=1 j=1
Gt M Kint ' ' '
gy | 30 2wt gy — K (o))
i=1 j=1

with initial conditions

up(z,0) = up(z), k=1,..., M.

The solutions of (1.6) will be shown to be unique in the class of L' N L>®(R")

functions.

Finally, in Chapter 5, we return to the problem of grain coarsening. First, we
examine the topological behavior of grain networks before and after a grain or side
vanishes. After finding a finite set of rules that dictate topological changes, we then
define the various free parameters in the k-species model to align with a mean field
model for grain coarsening. Next, we prove some basic properties of the limiting
kinetic equation, such as conservation of mass and polyhedral defect. Finally, we
end the chapter with a computational investigation of grain growth, and raise several

conjectures about grain statistics.



CHAPTER 'TwoO

An Overview of PDMPs
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2.1 PDMPs and generators

The main class of stochastic processes utilized in this thesis is the piecewise deter-
ministic Markov Process, or PDMP, whose theory is presented in Davis [9]. For a
PDMP, a Markov process is allowed deterministic drift along flow lines of a vector
field before randomly jumping to a new state. In addition to covering several ex-
amples from queueing theory, including the M/G/1 queue, the GI/G/1 queue, the
model also encapsulates Markov chains. Our chief object of interest is the infinitesi-
mal generator and martingale from Dynkin’s formula associated with the PDMP. In
Chatpers 3 and 4 we plan to use these martingales to provide an approximation to

limiting kinetic equations.

Our goal is to describe a generalized jump process that takes place on a disjoint
union of manifolds, and follows a deterministic drift between jumps. To characterize
the state space, we let S be a countable set, d : S — N , where for each s € S,

Mg C R¥®) is an open set. The state space is then the disjoint union
E=][M={(s,x):s€8x€M,CR™}. (2.1)
seS

To define the topology of E, let 15 : Mgy — E be the canonical injection defined by
1s(x) = (s,x). A set A in E is open if for every s, 15'(A) is open in Ms. We then
define £ as the Borel sets of E. This makes (£, &) a Borel space.

We now define a stochastic process X (t) = (s(t), ((t)), with a law (X (t)):>o based

on the following:

1. Vector fields X, s € S. defined on M.
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2. A measurable function )\ : £ — RT.

3. A transition measure @ : £ x (FUTI™") — [0, 1].

We will formally define I'*, the exit boundary of a PDMP, shortly. To see how
this fits in with a generalized jump process, points in Mg will travel according to
flows defined by X until either a Poisson clock with intensity A rings, or the point
hits the boundary of Mg. When such an event occurs, the point jumps to a new

position in F, determined by Q).

The vector fields X are chosen so that for every z € Mg, there is a unique integral

curve ¢s(t, z) satisfying

S I0u(t2) = Xf(0n(1.2) 2.2
0s(0,2) = 2z

for any smooth function f : R¥®) — R. Here we also require that the vector fields are

conservative, meaning that there exists a t > 0 where ¢s(r, 2) is defined for r € [0, ¢].

Now let 0* My be the exit boundary of Mg, defined as
O Mg ={y € OMs: ¢5(t,x) =y for some (t,x) € Ry x M} (2.3)
['* is then defined as the exit boundary of our state space:

=[] oM (2.4)

seS
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At a given state x € E, we define the exit time as
t*(x) = inf{t > 0: ¢s(t,x) € 0" Ms}. (2.5)

The stochastic process (X (t));>0 with initial condition X (0) = (s, 2) is then defined

as follows. For x = (s, z), define a survivor function F as

Fult) = exp (— fo /\(s,qbs(r,z))dr> , < t*(x), (26)

0, t > t*(x).

The rate A : E — R7 is a measurable function, where for every state x = (s,x) € £
there exists € > 0 where the function s — A(s, ¢s(s,x)) is integrable for s € [0,¢).
We also define Q(A;x) to be a measurable function of x for each fixed A € £ on

x € FUT™, and a probability measure on (E, ) for each X € EUT™.

Now choose a random variable 77 such that P[T} > t] = Fx(t). Now indepen-
dently choose an E-valued random variable (L, Z) with distribution Q(+; ¢s(77, 2)).

The trajectory of X (t) for t < Ty is then

X(t) = (s,0s(t, 2)), t<Ty 27

(L, 2), t=T.

From X(7}), we choose the next inter-jump time 75 — 7} and X (73) in a similar
fashion. It can be shown that the process X(¢) is Markov, and in fact, strong

Markov (Section 3 of [9]).

As a Markov process, the PDMP has an associated infinitesimal generator A,
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acting on a domain D(.A), defined as the set of functions f : E — R where the limit

(AF)(x) = Tim ESXD)) = F(x)

t—0t t

(2.8)

exists for all x € E. The infinitesimal generator then takes the form

Af(x) = X(f(x)) + Ax) / (f(y) = fx)Qdy;x)), feD(A). (29

E

From here, we can use Dynkin’s formula to derive the martingale

M/ = J00) — X)) - | AFX(s)ds, feDA).  (210)

The following set of sufficient conditions for membership in D(A) is given in

Rolski et. al. [33]

Theorem 2. A function f: E — R satisfies f € D(A) if the following hold:

1. The function t — f(¢(z,t)) is absolutely continuous on [0,s*(x)) for every
x € E, where s*(z) = inf {t|F(t) = 0}.

2. f(z) =limy_g f(&(z,t)) exists for all x € T'*
8. (Boundary condition):f(x) = [, f(y)Q(dy,x) for x € I'*

4. (Finite expectation of number of jumps): for allt € RT z € E,

m(t)
B |3 1A(X(T) ~ FX(T )| < oo (2.11)



14

N & ) S FR VT

Figure 2.1: Topologies for cadlag functions. Left: Two functions that are “close” in the J1
topology. Note that the magnitude of their jumps are similar. Right: Two functions close in the
M1 topology. Jumps are not required to be close in this case, but rather the Hausdorff distances
of each function’s completed graph.

2.1.1 A note on Skorokhod topologies

Throughout this thesis, our focus will be on stochastic processes which are cadlag,
or are right continuous with lefthand limits. Let (90, d) denote a metric space with
metric d. In the following, we use the J1 Skorohod topology, denoted ([0, ¢], ).
For our purposes, 9 will either be Rt or M(R™), the space of finite measures on R
with the Prohorov metric [6]. The J1 topology allows for convergence of functions
that “wiggle” in time as well as space, and has the following characterization (see

[23]):

Let Z be the set of continuous reparameterizations r : [0,¢] — R*: functions
that are strictly increasing, where 7(0) = 0 and r(t) = t. A sequence of functions

a, — « in D([0,t], M) if and only if there is a sequence r,, € Z with

1. sup, |r,(s) —s| — 0,

2. sup,<; d(an(rn(s)), a(s)) — 0.

as n — oo. If a(t) is continuous, the functions actually converge in the local uniform
topology. However, in general, the local uniform topology is strictly stronger than
the Skorohod J1 topology, but this fact won’t be used, since limiting functions of

our interest in this paper will have no jumps (see Remark 2).
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3.1 Introduction

This chapter examines an instance of a PDMP, called the N particle dynamic
shuffler, which tracks N particles on the positive real line moving with velocity
-1 until reaching the origin. Upon hitting the origin, a particle is randomly redis-
tributed back to R, with respect to a probability density p(z) in RT. If initial
empirical densities of N particles approach a limiting density wug(x), we will show
that the random densities of the N particle dynamic shuffler at time 7 > 0 approach
a deterministic density u(z,7), which satisfies a weak form of a one-dimensional

transport equation with source term,

Oru(x,7) — dpu(z, 7) = p(2)u(0,7) 7,2 € RT, (3.1)

u(z,0) = ug(x).

In this chapter, we will refer to (3.1) as the redistribution equation. Regularity
conditions on ug(x) and p(x) largely depend on the types of solutions we seek, and

will be considered throughout this chapter.

We will borrow methods from coagulation theory. For instance, consider the
one-dimensional Allen-Cahn equation d,u = O,,u + u — u3, which describes a coag-
ulation process on the real line. Specifically, given an interval partition of R, the
smallest interval merges with its two neighbors to form a single interval, and the
process continues. Menon, Niethammer, and Pego used the Allen-Cahn equation as
a source of motivation in [29], investigating a wide range of clustering events. The
discrete nature of these clustering phenomena suggested that it was reasonable to
seek measure-valued solutions. Such solutions, continuous in time in the space of

probability measures, were found using an intrinsic time scale based on the number
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P(x)

& <o ® *—o

Figure 3.1: A dynamic shuffler. Particles (black dots) drift left with unit speed until hitting
the origin, where a particle (red dot) is redistributed according to a density p(x).

of clusters in the system. The same philosophy will be applied to (1), which will use

the time scale of the total number of visits to the origin by particles,

- /OTu(O,s)ds. (3.2)

We should note that while the tools used in coagulation theory prove useful to this
chapter, in general there is no coagulation occurring in the redistribution equation!
The total number of particles N(7) = [;, u(x,7)dz is preserved, while the total

mass, or first moment, M(7) = [, zu(x,7)dz can potentially change in time.

The sections of this chapter are arranged as follows. In Section 3.2, we derive (3.1)
as a limit of densities of the N particle dynamic shuffler. This is done by exploit-
ing the infinitesimal generator, and building a martingale approximation to (3.1).
Section 3.3 derives a solution formula for (3.1) for smooth initial conditions through
the Laplace transform. We then use the change of variables (3.2) in Section 3.4 to
derive a measure-valued solution formula for (3.1). A specific example is presented in
Section 3.5, with initial data a point mass. Sections 3.6 and 3.7 prove well-posedness
of weak and strong solutions for (1), meaning that the solution formulas of Sections
3.3 and 3.4 are well-defined. In Section 3.8, we conclude the chapter by providing

asymptotics for u(x, 7) via the key renewal theorem from renewal theory.
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3.2 A solution via a stochastic limit

A discrete approximation of the behavior underlying (3.1) can be obtained through
PDMPs. In the following section, we show the dynamic shuffler of N particles is a
PDMP, and then take a fluid limit as N — oo. In this limit, particle densities will

converge to a weak version of (3.1).

Our process is as follows. Let particles zq,...,zxy € R* be given. Each par-
ticle moves left with unit speed until a particle hits the origin. This particle is
randomly assigned a new location according to a probability distribution function
p(z) € CY(R"). The shuffler continues as before, with particles drifting until a new

particle hits the origin.

We will now show that this process can be interpreted as a PDMP. The general
theory and notation of a PDMP is discussed in Section 2.1. From the viewpoint of
a dynamic shuffler with N particles, our state space is BV = (R*)N, with a state

written as

x = (r1,...,25) € BV, (3.3)

There is no need to consider disjoint copies of EV. This is because particles are

neither created nor destroyed, and there is only one vector field, corresponding to

each particle having velocity of —1, namely X = — Zf\il %. Since all jumps occur
on the boundary of E, where there is a particle at the origin, we have zero jump

frequency: A = 0. For an element y € 0I'* of the form

y=Avi, - ¥i-1,0,4i1. ... un}, (3.4)
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the transition kernels satisfy

Q(ij) _ p(Z), X = (yla'"7yiflazayi7"'7yN)7 (35>

0, otherwise.

We thus have a well defined PMDP z(t) = (z1(¢),...,2x(t)) on EN. At each time

t > 0, we define the random empirical measure process of particle locations:

N
6731’ (®)

v (da) =) - (dz).

=1

Let ¢ € CY(R"), we can pair an arbitrary finite measure p € P(R*") through inte-

gration:

(1.6) = | o@ldr).

A natural choice for a functional of our PDMP is the empirical pairing FV(¢) : E —

R*, defined by

FY(6)60 = Y0 A, 36)

As a Markov process, the PDMP has an associated generator and martingale
determined from Dynkin’s formula. Our aim is to define a non-trivial set of test
functions such that FV(¢)(x) € D(A), the domain of valid functionals for the in-

finitesimal generator 4. We will use the sufficient conditions given in Theorem 2.

The major hurdle to show FV(¢) € D(A) is in boundary condition (3) of Theorem

2, which is equivalent to proving

E[AFY(9)(y)] =0, yeTl¥, (3.7)
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where, if a random variable Z(y) is distributed in E with respect to Q(-,y), then

AF(y) = F(Z(y)) - F(y). (3.8)

In order for condition (3) to hold, we must equate the value of a particle at the
origin, ¢(0), with its expected value when it is redistributed back to R™. We thus

use the space of test functions

{¢eolR+|¢ /¢> r)dz, ||¢'Hoo<oo}. (3.9)

It’s straightforward to show, using the regularity of ¢ € C, that our empirical func-

tional F'N(¢), is in the domain D(A). Vector fields satisfy, by the chain rule,

N

0 ¢(xi) ¢'(x:) :
X(FN(@(X)):;_@_@T:_ Z T=—<V£V,¢)- (3.10)
The martingale M} (t) associated with F'V(¢) given in (2.9) and (2.10), then satisfies

MY (t) = (. 6) — () ) / N, ¢')ds. (3.11)

It is of note that if we allow for initial empirical data to converge to measures
with jumps in its cumulative distribution function, then we should not expect con-
vergence in the J1 topology. Indeed, if we initial empirical densities densities that
approach a point mass, redistribution of particles concentrate during increasingly
small time intervals. During this interval, the value FV(¢)(X(¢)) forms an approxi-
mately continuous “monotone staircase” between ¢(0) and E[p(X )] whose jumps do

not approach that of the limiting function (see Fig. 3.2)

The right topology to invoke in this case is the Skorokhod M1 topology, a weaker



21

) .E(tb(x))
‘ 4
| Il

Figure 3.2: M1 convergence of measure valued initial data. Left: Particles (small vertical
segments) approximating a point mass (segment with red dot) drift toward the origin. Right: The
value of F(¢)(x) before and after particles hit the origin. As the number of particles grows, their
jumps form a “monotone staircase” connecting the jump of the limiting functional.

version of the J1 topology. Convergence of functions in this case is characterized
by measuring the distance between the completed graphs of cadlag functions. In
particular, continuous functions can approximate a function with jumps. We refer
the reader to [40] for a rigorous explanation of the M1 topology, as well as its
relation to the J1 topology. We withhold a discussion of M1 convergence of the
redistribution equation for now, and hope to address the issue in future work. Thus,

in this exposition, our initial empirical measures will approach nonatomic measures.

3.2.1 Convergence of empirical processes

We are now ready to state our main theorem. It may be seen as a law of large

numbers limit for random empirical densities.

Theorem 3. Suppose we have weak convergence of initial empirical measures vj —

vy, where vy is nonatomic. Then the random measure process vy converges to a

deterministic limit v; under the Skorokhod topology D([0,t], P(RT)). The limiting

measure satisfies the kinetic equation

0= (1, d) — (1o, 9) —/0 (vs, @' )ds (3.12)

for every ¢ € C.
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The following two lemmas will help in establishing tightness [32, 24].

Lemma 1. Let T > 0. A sequence vi(t) in D([0,T], M(R™T)) is tight if and only if
the sequence of functions (¢, vx(t)) is tight in D([0, T],R*) for all ¢ € C,(RT).

Theorem 4. (Aldous’ conditions) Let T > 0. A sequence of stochastic processes

X, (t) is tight in D([0, T),R™) if the following two conditions hold:

1. For all rational t € [0,T) and for all € > 0, there exists an L > 0 such that

sup P(| X, ()| > L) <e. (3.13)
n>0
2. For jump times Ti,. .., Tm@), then for all € > 0,
lim limsup sup P(| X, ((7; +$) AT) — Xn(7)| > ¢) = 0. (3.14)

n—oo  s<n,T;

Combining the two statements, we need to show that, for a fixed ¢ € C,(RT),

the sequence of random variables X, (t) = (¢, v}") satisfies Aldous’ conditions.

Before showing the next lemma, we define the set of intervals of width less than
0> 0:
Is={(a,b) CR",b—a < §}. (3.15)

Lemma 2. Let T > 0. Suppose v} — vy weakly, and vy is nonatomic. Then for all

n>0,
lim sup limsup sup P(v} (I) > 7)) = 0. (3.16)
0=07el;  n  tef0,T)

Proof. Let n > 0. For T = 0, we have that (3.16) follows from the fact that 1y is

nonatomic.
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We now show (3.16) for s € R*. For S C R, we denote S+s = {z € Rlz—s € S}.
Now let 7' > 0. For t € [0,T], v/¥(I) is equal to the sum of vJ(I +t) and the sum of

masses that are redistributed to I + ¢ — s at time s.

To estimate redistribution probabilities, we focus on the location of a single

particle z(t) for t € [0,T]. Let

x40
M;s = Sup/ p(s)ds. (3.17)

TzeR+

Note that because p € L'(R"), Ms — 0 as § — 0. Now, the probability of z(t) € I is
bounded by the number of jumps that z(¢) undergoes, multiplied by the probability

that the next jump lands in the correct ¢ interval, or

P(z(t) e I) < il@(m(t) has k jumps)Mj (3.18)

where X;,72 € N is a sequence of i.i.d random variables distributed with respect to

p(z). A Chernoff-type bound shows that the sum over k converges. Indeed, we have

P (Z X, < t> =P (exp (- ZXQ) > exp(—t)> (3.19)

=1

< etE[e_Xl}k, k €N,

by Markov’s inequality. The series of terms (3.20) is then summable over £ to a
finite constant, denoted K. As particles x1(t),...,z,(t) behave independently, we

now have an estimate for v¥(I), given by

E[vN(I)] < Ke'Ms.
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But then we have, from Markov’s inequality,

sup P(vN(I) > n) (3.20)
t€[0,T]

E[vN(I
< sup P(yy"(I) > ) < sup Bl (D]
te[0,T] te[0,T] n
KQTM(;
<
n

—0 asd—0

From here the proof for Aldous’ conditions is straightforward.

Theorem 5. For ¢ € C, the Aldous conditions in Theorem 4 hold for (v, ¢)

Proof. Condition 1: This follows trivially since (¢, ") < ||¢||o0, meaning that L =

|#||s satisfies Condition 1.

Condition 2: We have

|<¢7V7]'\{FS/\T> - <¢7V7]—V>| =

[ o) s = v (3:21)

< +[I6llocr? ([0, 5).

/mw@—ﬁ—¢@w&w@

Since ¢ is continuous, the first term approaches 0 as s — 0, and by Lemma 2, we

have that for any € > 0,

lim limsup sup P(vY([0,5]) > ¢/]|¢]lo) = 0, (3.22)

s—0 N T7€[0,T

which verifies Condition (2), and completes our proof. ]
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We will now take care of the martingale term, which we can show is bounded in

the local uniform metric:

Theorem 6. The martingale term MY in (3.11) is bounded by

Be'?||g||
E | sup M&(s)| < —_ 3.23
s (U(s)| < =7 (3:23)
where B 1s a constant determined by a summable series.
Proof. We first note that
. 2(|¢ [l
[AMR ()] = [My(t) = MR(t7)] = |A{Y, )] < v (3.24)
It then follows, for dy(t) denoting jump times 7, ..., 74, (), that
dn (t)
E [M;@(t)?] —E Z AM ()2 (3.25)
4||¢||oo
< 2 Eldn ()]

Here we again appeal to Chernoff bounds in (3.19) to help estimate the total number
of jumps that occur. Let x(t) denote the stochastic process tracking a tagged particle.

This gives us
E[#{jumps for p(¢ Z EP(p(t) jumps k times) (3.26)
</<;IP><ZX <t> < ¢t ZkE [e™1]k < Cet
=0 =

for some constant C. This gives us E[dy(t)] < C'Ne', meaning

A4Ce|[6]13,

B[MA(1) < =

(3.27)



26

Now, using Doob’s inequality, we obtain

2
E {sup ]Mﬁ,(s)\] <E {sup Mﬁ(s)ﬂ < AE[M{ (1) (3.28)

s<t s<t
Setting B = 44/C then gives our desired result. ]

Since we have shown tightness, we can extract a subsequence I/tN ¥ — vy in the Sko-
rokhod J1 topology. Furthermore, since local uniform convergence is stronger than
convergence under the Skorokhod topology, we also have Mff,k (t) — 0in D([0, T, R).

Thus our limiting measure 14 satisfies equation (3.12).

We now finish the proof of Theorem 11 by showing uniqueness of limits. This
will be done by approximating the measure processes PDMP X% (¢) by processes
XNe(t) = ()°(t),. ..,z (t)) with perturbed redistribution probabilities p.(t),
given by

0 x € 0,¢]
pe(z) = (3.29)

xr > €.

I p(y)dy
These redistributions are probabilities of a particle redistributed with respect to p,

conditioned on being redistributed in [e,00). Suppose now that for time ¢ € [0, ¢],

N,e .
we have random processes v; = given by

N,e al 55135\,5(75)
= - (3.30)

=1

N,e

If for some nonatomic v we have convergence of initial measures v""* — v in the

J1 topology, then there is a unique deterministic measure valued limit v; of VtN <.
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For any open interval A,

vi(A) =v5(A+1t)+ /t / pe(w + 1t — s)drdF,z(s), (3.31)

where Fz (s) is the cumulative distribution function of v for time s € [0,¢). That we
have such a deterministic formula comes from the fact that when ¢ € [0, €], particles
only redistribute once. Thus, the total amount of redistributed mass at time t is
exactly equal to F,:(;). The uniqueness actually extends for all time ¢ € [0, 00), since
we can extend our unique solution to time 2¢ by setting initial conditions equal to

vZ, and so forth.

Let LY (t) and | LY (t)| denote the support and number, respectively, of particles
which at some time hit the origin and are redistributed to [0,¢] in time [0,¢]. We

now split the process ¥ by which particles are in LY (¢) :

N — |LN(t)] O (1) S (t)

N g a;

v, = ———= § — § : (3.32)
t N i N—I|LN(@®)] N

Now we use the martingale bounds from Theorem 6 to see that

E[\LE (t)\] _ Eldv(®) /0 () (3.33)

N N
SBet/p(x)—N) ase — 0
0

Therefore, the second term in (3.32) approaches 0 in L'. Notice, however, that

particles not in LY (¢) are distributed with respect to p.. Thus, we have , for identical

initial empirical measures v = 1), then for any open interval A C R, we have

E | sup | (4) - v¥4(A)]

s€[0,t]

—0 ase—0 (3.34)
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For subsequences n;(N) and ns(N) with n;(N) — oo as N — oo for i = 1,2,

suppose that we had two converging subsequences v," V) v; and v, 2(N) Uy in
P(RT). Applying the triangle inequality then yields,
E | sup |vs(A) — 7s(A)] (3.35)
s€[0,t]
<E | sup [v,(A) = M (A)| +E | sup [75(A) = 2N (A)]
s€[0,¢] s€[0,t]
+E | sup [N (A) =1 (A)| | +E | sup (172N (A) - p=209(4))]
_se[o,t} s€[0,t]

+E | sup [1M)2(A4) — 12V (4))
_se[o,t}

As n and ¢ were arbitrary, if we take limits of N — oo, and then ¢ — 0, we see that

in fact v, = U,.

3.3 A solution via the Laplace transform

The goal for the rest of this chapter is to generalize (3.1) for a larger class of initial
conditions, and prove a basic result about a universal attractor. Our hope is that
such an analysis will highlight the use of several techniques that may be utilized for
more complicated PDMPs. The existence of universal attractors is a sought after
problem in coarsening systems, such as Smoluchowski’s coagulation equation [30]

and grain boundary coarsening [21].

We begin our study of (3.1) by noting that the rate of redistribution in (3.1) is
given by the local quantity u(0,7). This, if not already evident, becomes clear when

we integrate along characteristics x(7) = z¢ — 7, giving us the integral form of the
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redistribution equation:
u(z, 7) = up(z+7) + / p(x 4+ 7 — s)u(0, s)ds. (3.36)
0

Thus, well-posedness of (3.36) ultimately depends on the behavior of u(0, s). Through-

out this chapter, we’ll use the Laplace transform

v(g,7) = /R+ e Pu(x,7)dx. (3.37)

We use the identity for the Laplace transform of u,,

/R+ e Puy(z,7)dr = / Op(e”u(x, 7)) — Op(e” ™) u(x, 7)dx (3.38)

R+

= q/ e Pu(x, 7)dr —u(0,7) = qu — u(0, 7)
R+
Denoting £(f) as the Laplace transform of f, (3.38) then gives us

L(u; —u,) =0 —qu+u(0,7), and

L(p(x)u(0, 7)) = P(q)u(0,7),

where we define P(q) to be the Laplace transform of p(z). We now have (3.1) in the
Laplace variable v,

v —quv = (P(q) — Du(0,7), (3.39)

which may be easily solved for v, giving us

v(q,7) = e vo(q) + (P(q) — 1) /OT e17=)y(0, 5)ds. (3.40)

This solution is similar to (3.36), but here we can use Laplace inversion to extract a

formula for u(0, s). As we are taking the Laplace transform of a probability density,
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we have that |v(q,7)| < 1 for 7 > 0,q € C,. Thus v(q,7)e"9 — 0 as t — oco. We

then can obtain, from the 7 — oo limit of (3.40),

1_—P<q)v0(q) = /R+ e u(0, s)ds.

Written this way, we now have a formula for «(0, 7) based on the initial data. Notice
that the left hand side is a Laplace transform in the spatial variable, whereas the

right hand side is a Laplace transform in time of «(0, 7).

We now define the trace a(s) = u(0,s), and the measure describing the total

number of redistribution

A(ds) = a(s)ds.

An application of the Fourier inversion formula now gives us

alr) = % /R ei&l_;%vo(@dg. (3.41)

We can apply the convolution theorem for Fourier transforms to obtain

a(t) = K(1 — z)up(z)dz, (3.42)

R+
where

1
K@) =7 (1)
(@) =) @
and F~!(f) is the Fourier inverse of a function f. The main point here is that

we now have a solution formula for a(7) based only on initial data, showing that

well-posedness of (3.1) is equivalent to (3.41) being well-defined.
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3.4 A measure valued solution formula

We now seek measure valued solutions via a change of variables of the total amount
of redistributed mass. For 7 denoting the normal time coordinates, we use t to denote

the change of variables given by

= /O ' a(s)ds == A(r). (3.43)

We'll first reformulate (3.1) in terms of measures. Let

Folg) = /0 e ) = /0 ) (3.44)

fr—qF = (1= P(g))a(r), (3.45)
and solution formula
P ™ = Fla) = (P@) - 1) [ e a(s)ds (3.46)
0
We have, a priori, that
|Fr(q) <1 qeCy, (3.47)

thus F,(q)e %" — 0 as 7 — oco. We therefore obtain

alq) = —=—~Folq). (3.48)

Equation (3.48) is of great importance for the rest of this chapter, as it gives us a

simple relation between initial data and our change of scale.
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Again, through the convolution theorem, we can write the trace as

als) = /0 " K(s — 2)Fo(da) (3.49)

Assuming o > 0 (we’ll give conditions for this in Corollary 1), we have that A(7) is

strictly increasing, and that

dt
o= a(T). (3.50)

Our ODE (3.45) is transformed as

d;‘j@—wm)) — (1 - P(g))(e " a(r)) (3.51)
1 d —qT T\ __ D —qT
N %5(6 F)=(1-P(g))e .

From the chain rule, this is equivalent to

%(eqr(t)p) = (1— P(q))e 7. (3.52)

This in turn gives us the solution formula

Fi(g)e™® — Fy(q) = (1 = P(q)) / ortgs, (3.53)

Folg) = (1 — P(q)) / e (3.54)

and consequently

e " WF (q) = (1 — P(q)) /t " el g, (3.55)

The right hand side of (3.55) is continuous in time, and as we shall see, with p(¢)
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that is positive on an interval around the origin, the left hand side is as well for any

t> 0.

3.5 An example: a point mass under a stationary

distribution

The following example illustrates the behavior of jumps in initial data. We introduce

new notation for a finite measure p € M(R™) by writing p(x) := u([0,]) if the

—X

quantity is finite. Let the initial measure data satisfy Fy = x[,00)(%) and p(x) = e

Using the redistribution driven change of time scale, we should expect a solution that

gives extra time when a point mass hits the origin. Suppose we have uy = p(z) = e~*.

It is easy to see that the stationary solution u(z,7) = e~ % satisfies (3.1). Then

L(p(x)) = qu1> Fy(q) = 79, and the Laplace transform for the rate function is, using

(3.48)
_ qg+1 _ _ e !
alq) = el=e %4 — (3.56)
q q
Laplace inversion then gives us
a=06+1, A(s)=1+s (3.57)
and
1 te(0,1]
T(t) = A7 (t) = (3.58)

t t>1.
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Thus, using (3.55), we then have, for ¢ € (0, 1]

_ q o0 -
F(q) = el a7(s) 3.59
)= [ eas) (3:59)

q q —-q = —4s
=e (q+1)((1—t)e +/1 e ¥ds)
1

_(q%l)(l_“ﬁ):%”l_t)'

Taking inverse Laplace transforms then gives us the solution Fy(dx) = (1—t)do(dx)+
te~"dx for t € (0,1]. Similarly, we can show that Fi(dz) = e *dx for t > 1. Thus, our
change of scale immediately shifts our point mass to the origin, and then continuously
redistributes a mass of one according to p(x) at rate one. After the redistribution
of the point mass, the density is stationary, since u(z,7) = e " is a solution of (3.1)

with conditions p(x) = ug(x) = e *.

3.6 Strong solutions

In this section, we will now work in the 7 time scale, as in Section 3.3.

Definition 1. A function u(z,7) is a strong solution to (3.1) if u(x, T) satisfies

the integral form (3.36) and u(z,7) € C(RT x RT).

Theorem 7. Let p(z) € L'Y(R™) be a probability density, and let ug(x) be continuous.

Then there exists a unique strong solution u(z,t) with u(z,0) = ug(x).

Proof. This theorem follows immediately after showing that «(s) is integrable, since

(3.42) asserts that «(s) is uniquely determined by the initial data.

Since p(7) is a probability distribution |P(q)| < 1 for ¢ > 0, which allows us to
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express (3.48) as an infinite series:

alg) = 3 PH(g)to9). (3.60)

From here, we observe that from the convolution theorem, this gives us the following

elegant solution for a(7)

a(r) = Zp*k * uo(T), (3.61)
k=1

where p** denotes k-fold self convolution. We now give a probabilistic argument to

show that «a(s) is well-defined and continuous.

First, note that

/OT Zp*k(s)ds = ZIP (Z X; < 7) , (3.62)

where X; are 7id random variables distributed with probability density p(z). In the

sequel, we’ll define the renewal operator

Qp(r) = 3_p™ (7). (3.63)

Using Chernoff bounds, we then have

P (i X; < 7') < e"Ele™ ™" (3.64)

=1

For any random variable X which is non-trivial (a point mass at 0), it’s easy to show

that 8(7) := E(e™™*) < 1 for 7 > 0. We thus have

/OT Qp(1)ds < € Zﬁ(r)i < 0. (3.65)
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Since Q,(7) € L'([[0, 7]) and wuy is continuous, it follows from (3.61) that a(7) is also
continuous. The existence and uniqueness of (3.1) then follows immediately from

the solution formula (3.36). O

3.7 Weak solutions

That (3.1) has unique solutions for continuous initial data, and also behaves well
with jumps under a suitable time scale suggests the existence of measure valued
solutions. We now define weak solutions to the redistribution equation, where (3.1)

is tested against the space
CHRY) = {b € C'(RM)|b(z) — 0 as z — oo}.

Definition 2. A weak solution to the redistribution equation is a map F; : RT —

M(RT) where for every b € CH(RT), we have the following,
(1) The map t — [, b(x)dFy(x) is measurable.

(2) Fy satisfies the following weak form of (3.1):

/000 b(x)dFy(z) — /000 b(x)dFy(z) = (3.66)
A(#)b(0) — /0 /0 V() dEy(x)ds + A(t) /0 T b(@)dP(@),
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where A(t) satisfies

Alt) = /0 /O " K(s — 2)dFo(x)ds, (3.67)
K(z)=F" L

= (1_—}—)@))(95)

Our statement is then the following.

Theorem 8. Suppose F' € M(R,), and P(z) is a probability measure. Assume
further that F' has polynomaal growth, i.e. that F(x) < x¢ for some ¢ < co. Then
there exists a unique weak solution of the redistribution equation with Fy = F. IfF

1s a probability measure, F} is also a probability measure for all t > 0.

Proof. From the Weierstrass approximation theorem, finite linear combinations of
trigonometric polynomials are dense in C2°(R*). Thus we can consider test functions
b(x) = e 9" for ¢ > 0. This means that a weak solution exists if its Laplace transform
satisfies the measure valued solution formula (3.55), which is (3.66) for b(x) = e™9".

To see this, substituting gives us

Fo) = Fila) + A0 —a | Fu(g)ds + A()P(g). (3.68)

As all the members of the right hand side of (3.68) are differentiable in ¢, so is F}(q),
and thus by differentiation we obtain (3.40), and therefore (3.45). We approximate F
and P weakly in the space of measures by a sequence of strictly positive continuous

densities u((]") (z) and p™(z), meaning that for all ¢ € Cy(R™),

5 o) (2)de — | ¢lz)dF(2), (3.69)

R+

. o(2)p™ (x)dxr — o(z)dP(x). (3.70)

R+
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By Theorem 7, there exist strong solutions u™(z, 7) of (3.1) with redistribution

densities p(™ (z) that are positive as well. As shown in section 3.4, denoting
EM(q) = / e~y (z, 7)dx (3.71)
0

we then obtain

FOq) = e O = Pg)) [ e as (3.72)

t

As n — oo, ﬂén)(q) — f’(q) and P™(q) — P(q) pointwise for ¢ > 0. We also have

A™(t) = /0 t Qo (5) % ul” (s)ds — /O t@@)dﬁ(s) = A(t). (3.73)

As shown in [29], pointwise convergence of cumulative density functions A™(t)
implies the pointwise convergence of CDF inverses (A™)~(t) — A~'(t). To show
converge of (3.72), we need to use the dominated convergence theorem with respect
to terms involving 7((¢). Thus, we need to estimate 7™ (t) = A=) (), using a
more careful treatment of Chernoff’s bound. First assume p(z) has a finite moment
. Chernoff’s bound [8] states that for any § > 0, we can exponentially bound the

tail of the sum of i2d random variables by

P (Z X, <(1- 5)nu> < oot (3.74)
i=1

Let M = L%j Then we have for n > M,

n n t Y
P <Z X; < t) =P (Z X, < @nu> < e7m/10, (3.75)
=1

i=1

A distribution with infinite moment can be approximated by random variables
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Xi("),z' = 1 € N, with moments p, = n. Comparing Chernoff bounds for Xi(n)

produce similar (in fact, better) bounds for tails of the sum of X;,i € N .

We estimate the renewal operator by

Qp(s)=> PHs) <=+ P (Z X; < t) (3.76)
i=1 Ay J=1
2 o 21
<=4y e <= 4 p(P),
I p

where $(P) is some finite constant that depends only on P. This gives us a polyno-

mial estimate

Alt) = /0 als) = /0 t /R Q(r)dF (s — r)ds (3.77)
< | [ s - s

t 2
< ¢ - —
< /0 B(p)re + p /]R+ rdF(s —r)ds

< tC+1 .

It then follows
A7H(t) > /et (3.78)

Now we can use the dominated convergence theorem along with (3.78) to give us

lim F*(q) = e V(1 — P(q))/ e~ ) ds. (3.79)
n—oo t

This means that for ¢ > 0, the measures F}*(q) converge weakly to a measure Fi(q)
that satisfies (3.55). Uniqueness follows from the uniqueness of 7(¢). This follows

from the uniqueness of a(t), which is evident from (3.48).

We know that Fj is a probability measure, and thus satisfies F,(0%) = 1. But
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then we must also have that F,(0%) = 1, for ¢ > 0, since
B B 00 t
lim F, = lim (1 —P(q))( / e~ ds — / e*q“S)ds) (3.80)
q—0F q—0%F 0 0

t
= Fp(0") — lim e ®(1 — P(q))/ e ds =1,
0

q—07t

since P(0%) = 1.

Before we proceed with some corollaries of Theorem 8, we first show a definition
and result from Tauberian theory that will be useful. First, we recall the notion of
a slowly varying function, which describes those functions that are asymptotically

(Cﬂat” .

Definition 3. A slowly varying function at infinity L(z) : R™ — R satisfies

lim Lixt)
A L)

—1 forallxeR". (3.81)

Likewise, if the above limit holds for t — 0, we say L(x) is slowly varying at 0.

We now state the Hardy-Littlewood-Karamata Tauberian theorem [13]

Lemma 3. Let p € M(RM)If L is slowly varying at infinity and 0 < 3 < oo, then

the following are equivalent:

() ~2°L(z) asx— oo and [i(q) ~q¢ PL(1/Q)T(1+3) asq— 0. (3.82)

We proceed with some basic results:
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Corollary 1. Let P € P(R") and X be a random variable distributed with respect

to P. Then the following statements hold:

(1) Suppose there ezists € > 0 such that P(x) > 0 for z € (0,¢). Then a(t) > 0,
and the measure valued solution F} is continuous in t with respect to the weak topology

of M(R™).

(2) If E[X] = p, then we have that A(t) ~t/p ast — oo.

Proof. (1): It’s easy to show that given the assumptions for (1), we have that Q(¢t) >
0 for any ¢ > 0. It then follows easily that «(t) is strictly positive, and thus A(t),
and therefore A™1 is strictly increasing. From (3.55) we see that jumps in F'(¢) only

occur when A(t) is constant, so the result follows immediately.

(2) Recalling (3.54), we have

q—0 q—0

1 = lim Fy(q) = lim(1 — P(q)) /000 e dA(T). (3.83)

Since (1 — P(q)) ~ pq as ¢ — 0, we must have that A(q) ~ 1/uq, and so by Lemma
3, A(z) ~q/p. O

3.8 Stationarity

We now examine the convergence of initial data to a stationary solution under ap-

propriate rescaling. Observe that for any probability distribution p(zx), regardless of
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moment assumptions, there is a stationary solution of (1):

o) = ula) = eo [ o)) 334
co = up(0). (3.85)

The issue here is that for densities with no first moment, the associated stationary
solution is no longer a probability density. For instance, the Cauchy density u(x) =

3117 8ives the stationary solution u(z) = /2 — tan™!(z), which is not in L'(R*).

The reader should also note that we shouldn’t expect solutions to converge to
a stationary solution for an arbitrary redistribution measure P(z) € P(R"). As an
example, suppose we have initial data ug(z) = 1j9,1)(z) and a redistribution measure
P(z) = 1,59 that sends all particles at the origin to x = 2. Then a solution for
u(x,7) is then a traveling square density that is cyclic with time. Similar examples
exist for any P that is an arithmetic distribution, where the support of P lies
in a lattice. As we will see in the next theorem, for a large class of initial densities

arithmetic distributions are the only possible instances where mixing doesn’t occur.

The following result from renewal theory will help us with asymptotics (see [35]).
It uses the notion of direct Riemann integrability (DRI). A function is DRI if its lower
and upper Riemann sums over all of RT converge as the mesh size of the partition
approaches zero. This differs slightly from the usual Riemann integral definition,
which considers Riemann sums over finite intervals [0,¢], and then takes a limit as

t — 00.

Theorem 9. Key Renewal Theorem. For a non-arithmetic probability measure

P € P(R") with mean p and u(t) that is DRI, the renewal operator Qp(t) of P
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satisfies

tlim Qp *xu(t) = %/ u(s)ds. (3.86)
0o R+

Because of the linearity of (3.1), we can generalize slightly and prove a stability
theorem for initial conditions that are Riemann integrable, or whose lower and upper

Riemann sums converge as the size of the mesh approaches zero.

Theorem 10. Let P € P(R™) be nonarithmetic with finite mean p and ug be Rie-
mann integrable probability density on RY. Suppose F, € M(R") is a weak solution

of (8.1) with initial condition F € M(RT). We then have

1
F, — —(1—P(x)) in distribution as t — oo. (3.87)
0
Proof. Decompose the initial condition as u = ul + u2, where u} = ul,<, and
u? = ulysn. As ul has compact support, it is clear that it is DRI. Let F/*' i =1,2
be the weak solution with initial data u’. We use the solution formula (3.55) and
examine the limit

lim F*'(¢) = lim eqT(t)/ e 1 ds(1 — P(q)). (3.88)

t—o00 t—o00 n

From the key renewal theorem and part (2) of Corollary 1, we obtain

a(s) — K uléx)dx =l S § — 0. (3.89)
We then change variables in (3.88) to obtain
_ o0 _ 1-P
lim F"'(q) = lim eqT(t)/ e Pa(s)ds(l — P(q)) = M (3.90)
t—o00 t—o0 A(t) Hnq
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By linearity, we can express the weak solution as F* = F/*'(q) + F,**(q). Since
(3.1) preserves total particle number, it’s evident that F/"*(q) — 0 uniformly as

n — oo. However, we also have that the inverse Laplace transform of (3.90) is

1
;n(1 — P(z)), (3.91)

which approaches (3.87) as n — oo. O

Remark 1. A direct generalization of Theorem 10 would be to consider redistribu-
tions p(x) with infinite means. Positive results would likely rely on a key renewal
theorem for infinite mean random variables. Several papers have already addressed
this question ([11, 1], for instance) for heavy-tailed power laws with a slowly varying

factor.



CHAPTER Four

Kinetic Limits of
Piecewise-Deterministic Markov

Processes: The k-Species Model
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This chapter is organized as follows. In Section 4.2, we describe dynamics involved
for the k-species PDMP, including the weights and rules for determining transition
probabilities. In Section 4.3, we show that the k-species PDMP is, in fact, a PDMP
by defining the parameters of a general PDMP to align with the model. The main

theorem involving a fluid limit for empirical particle densities is then established.

Unfortunately, while the PDMP described in Section 4.3 is perfectly well-defined,
the set of non-trivial functionals in the domain of its associated generator is too small
to describe individual species densities. Section 4.4 addresses this issue by adding
variables to the original k-species PDMP. These extra variables do not interact with
the dynamics of the original stochastic process, but rather are simply meant to track
certain types of jumping events that occur. With these added dimensions, we are
able to produce martingales, via Dynkin’s formula, that serve as estimates of the

fluid limit.

The main technical details of existence of limiting densities are provided in Sec-
tion 4.6. The main idea is to differentiate particles according to their paths of visiting
differing species, and show empirical measures of certain paths satisfy tightness con-
ditions. Section 4.7 gives a law of large numbers argument to establish convergence
of terms in the martingale equation. Finally, Section 4.8 shows that existence can
be established on a reasonable time interval in the sense that there solutions are well

defined as each species has positive total number.

4.1 Notation

Symbol Description

gf;]\,’;(t) Boundary running measure of subparticle process " ()



Interior running measure of subparticle process szij (1)
Poisson parameter for interior events

Tracking dimension of particles reassignments from L; to
Ly,

The space of bounded continuous functions on R

The space of test functions

The infinitesimal change of a stochastic process at time ¢
total number deleted at species [

Total total number of species k limit

Total initial total number of species k limit

Total total number of species k of X (t)

Total total number of species £ limit

Weighted interior total total number of species k limit
The total deleted total number of X (¢)

Number of particles reassigned from a boundary event
Number of particles reassigned from an interior event
max; K v Kt

The total number of particle reassignments before time ¢
The total number of particle reassignments that send a par-
ticle from L; to Lj before time ¢

Species type ¢

Number of particles of species type @

The total number of critical events before time ¢

The total number of interior events before time ¢

The number of different species

A metric space 91 with distance d

The number of species with negative velocities

47
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The number of species with zero velocities

The number of species with positive velocities
Empirical measures of species k of X (t)

Path measures of X" (¢) for path %

Limiting empirical measures of species k
Limiting initial empirical measures of species k
Number of particles at time ¢

Species selection numbers for boundary events
Species selection numbers for interior events
Species selection probabilities for boundary events
Species selection probabilities for interior events
Flows corresponding to v;(x)

Path of a particle

Reassignments for boundary events
Reassignments for interior events

Support of particles in species 7

Path location of a particle

Length of existence interval

The " jump time of a critical event.

The time of the ¥ occurrence of a boundary event reas-
signment that sends a particle from L; to L.
Jump description of a particle

Smooth density limit of species &

The velocity at x € L;

Species selection weights for boundary events

Species selection weights for interior events
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W Species selection weight fraction for boundary events of
species k limit
XN(t) The k-species PDMP with N initial particles

XN(t) The k-species extended PDMP with N initial particles

4.2 A kinetic mixing model

4.2.1 The model

Our PDMP for particle evolution tracks N(t) particles X (t) = (x1(t),...zn(1)),
with N(0) = N, on disjoint species L; = R; ;i =1,..., M. A species L; is equipped
with a vector field v;(z) € C'(RT), where v; is strictly positive, strictly negative,
or identically zero. The vectors fields are also assumed to define flows ¢*(z,t) with
no finite time blowup. We write M = M_ + My + M., representing species with
positive, stationary, and negative velocity, respectively. Specifically for ¢ =1,..., M,
we equip L; with vector fields v; < 0, while for : = M_+1,..., M_ 4+ M,, v; =0,
and for i = M_ + My +1,..., M, v; > 0. Particles move according to ¢‘(x,t) until

one of the following two critical events occur:

1. Boundary event: A particle x;(t) € Rf,i € 1,... M_ hits the origin.

2. Interior event: A Poisson clock with a parameter rings.

When a critical event occurs, particles can either be instantly deleted or transferred

to another species. However, no spatial jumps occur, meaning that critical events do
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not change the position of particles. A particle z;(t) € L; that reaches 0 is instantly
deleted.

We use mean field probabilities to determine where particles are reassigned at a

critical event. At a boundary event triggered by a particle hitting the origin of L,

KO species are randomly selected according to constants wl@ >0,2=1,..., M,
and a probability vector p®) (wgl), e wg\l}), where
) M
l w; |Lz| l .
n = NO NO =S wl|L;| i=1,...,M. (4.1)
j=1

Note that pgl) > 0, and Zf‘il pgl) = 1. When a species L; is chosen, one particle
is then selected with equal probability 1/|L;| from particles in L;. The selected
particles x1, ...,z a0 will be reassigned to a new species according to a reassignment
RY e {1,...,M}, withi=1,...,M,j = 1,...,K®. Explicitly, if a particle z; is

in L;, then after its jump, it is assigned to L We stress the importance of the j

()

ij )

1.
R

parameter in R;., since it means that the order a particle is chosen at a critical event

can affect its reassignment. For interior events, we select K™ particles according to

a probability vector p™ = (wi™, ... wi¥), with w!™ > 0 and
int M
y _ wi"| L] in in
i=1

Particles are reassigned according to RZ.“ € {1,..., M}. After jumps occur, particles

continue to drift along flow lines as before until another critical event occurs. See

Fig. 4.1 for an example on four species.
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Figure 4.1: A PDMP on four species. Particles travel on four separate copies of RT. Velocity
directions are represented by horizontal arrows, with species 3 having zero velocity. A boundary
event occurs when a particle (labelled by “A”) hits the origin. Here, three particles are then
randomly selected (K @) = 3), and reassigned to different species by predetermined reassignments

(given by vertical arrows). In this example, Rfl) =1, R:(,,QQ) =2, and R%) =3.

4.3 The k-species model in a PDMP framework

4.3.1 PDMP formulation of the k-species model

We now show the k-species model is a specific class of PDMP, as outlined in Section

2.1. Define the possible listings of species
S=|J{L.....m}, (4.3)
ieN

For a species index s = (s1, ..., 5|g)) of length [s|, a state has the form (z1,...,25) €

(RT)sl. We write the state space of particles as
F = H((R"")‘Sl)s = {(S, (.Il, - ,33|S|) s €S, (.Il, - ,.77|S|) € (R+)|S|} . (4.4)
ses

A state x € E can thus be described as an element of (R¥)SI x NIsl| where we will

write

x = ((s1,21),..., (S5 x)s))) - (4.5)
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Vector fields will then be represented by

Xy = ZU (2;) 8'. (4.6)

The exit boundary of I'* C E consists of particles that hit the origin.

' = {x € E|there exists (s;,x;) where z; =0,s; < M_} (4.7)

To describe the transition kernel (), we denote the set of states that x € I'*
can jump to as Fjp(x). This set of events is finite, and have well-defined (albeit,
tedious to calculate) probabilities of a reassignment for a state x jumping to X,
denoted py(xp,x). These probabilities are uniquely determined from the weights

w,(cl), numbers |L;|, and reassignments Rg-),

and therefore are functions of the current
state x. Similarly, we can define jump probabilities for interior events as pin (Xine, X).
Here, x;,y € Fini(x) denotes the set of possible states that x € E can jump to. Thus,

we can define )

mw(y,x) x el ye Ey(x)
QY. X) = pimt(y,X) X € E,y € By (x) (4.8)

0 otherwise.

\

Since each particle has a Poisson clock of parameter 3, the distribution Y of the first

time that a clock rings follows the distribution

Y ~ min Poisson(f) = Poisson(N[3). (4.9)

1<i<N
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Thus \(x) : £ — R takes the form

A(x) = fs. (4.10)

With this, we now have a well defined PDMP which describes particle reassignments

among different species.

4.3.2 The main theorem

For x € F, we define empirical measures p¥ (x) € M(RT) b

N (x) = ZW i=1,...,M. (4.11)

T eL;

For a process X (t), we will often write ul¥(X(t)) := uN(t). For the class of test

functions

C ={p € CHRT)NCy(R) : ¢(0) = 0,8’ € Cy(RM)}, (4.12)

we can pair empirical measures with test functions through integration:

(6, ) = o ZMJ, ¢peCi=1,. M, (4.13)
z;€S5;
where S; denotes the support of particles in species i, fori =1,..., M .

Our main result shows that empirical measures y (£) approximate a weak solu-
tion to a transport equation, with a source term given by the flux of particles from

both interior and boundary events. These measures are simplest to describe when
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viewed as smooth limits () of particle densities pf (£) as N — oo of the form
ug(x, t)de = p(t)(dz), k=1,..., M. (4.14)
We also denote the total numbers

alt) = / e, 1), (4.15)
0
M
S =S, k=1
=1

and species selection weight fractions for boundary events

Dy _ -

The limiting number densities uy(z,t), k = 1,..., M, will satisfy the following system

of PDE,
Opug(x,t) + Op (v (z)ug(x, t)) = (4.17)
M_ M KO
Zul(() t)u (0 ZZWU Ju;(x,t)1 R(z_):k - K(Z)Wél)(t)uk(x,t) (4.18)
=1 i=1 j=1
M Kin
Gmt Z wi™ (2, ) 1Rznt w — KM wi™uy(z,t) (4.19)
=1 j=1
with initial conditions
up(z,0) = ud(z), k=1,..., M. (4.20)

The first line (4.17) describes advection of species densities under the velocity

field vg. The next line (4.18) describes the the growth and loss of species k due to
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boundary events. The first term of (4.18) describes rates of incoming particles to
species k. This is reflected in the use of indicator functions, where Rg) determine
species to which particles are reassigned. The next term describes loss from species
k to other species. This does not depend on reassignment, so we should expect no
Rg-) terms. The final line (4.19) contain source terms due to interior events. These
terms do not depend on u;(0,t), as the rate of interior events is only dependent on

total total numbers g;(?).

Our main theorem describes the convergence of empirical measures to a weak
form of the limiting PDE (4.17)-(4.19), under the assumption of convergence of

initial empirical measures to a nonatomic measure.

Theorem 11. Let p) € M(R™) be nonatomic. Suppose that we have weak conver-

gence of initial empirical measures ,LL%N — u as N — oo in M(RT). Then

1. There exists a time T, > 0 such that the pi (t) converge to limits ui(t) along
a subsequence under the Skorohod topology D([0, T,], M(RT)).

2. The empirical losses F}N (t) of the total number deleted in species | converge to
continuous cumulative distribution functions Fj(t) along a subsequence in the
mean L> metric:

im E |sup |F}N(s) — F(s)|| = 0. (4.21)

1
N—oo SSTE
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3. The ux(t) satisfy the following limiting equations for all ¢ € C :

(un(t), &) — (up, &) + /0 (kx(s), d'vy) = (4.22)
M_ t M K®
2 /0 > S W i), 6 L0, = KWL (5) (us(s),0) | dFi(s)

_|_

"BG(s) | MR
/0 Graray | I (), 0+ D0 Dl (), ) g | ds,

i=1 j=1

~—

fork=1,..., M.

Remark 2. Since individual jumps of the prelimit PDMP converge to zero as N —
00, the limiting functions (u(t), ),k =1,..., M are continuous in t, meaning that
empirical measures also converge in the local uniform metric (see Prop. 1.17 in

Chapter VI of [23]).

As we will see in Section 4.7, the functions Fj(s) can be seen as an integral of the
trace of measures 1(s) occurring at the boundary. In fact, for continuous solutions,

we will show that dFj(s) = v;(0)u(0, s)ds.

We also state a well-posedness theorem for L! N L* initial data, which is proved

in Section 4.9.

Definition 4. For k = 1,..., M, let u,(z,t) € C([0,T.], L' N L=®(RT,R")). We
call up(x,t) a weak solution in L' N L=(RT R") of (4.17) with initial conditions
ud(z) € L' N L=®(R*T,R"), if for all ¢ € C, there exist ux(t), t € [0,T,], that satisfy

(4.22), with px(t)(dz) = ug(z,t)dx, and pu(0)(dz) = ul(z)dz.

Theorem 12. For k = 1,..., M, there exists a unique weak solution ug(x,t) in

L' N L>®(R*,RY) of (4.17) with initial conditions ud(x) € L' N L>®(R*T, R").

Remark 3. Theorem 12 should not be mistaken as stating that empirical measures
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with L'NL> initial data converge in the uniform metric to a unique L' NL> solution

of (4.22). Rather, in the class of all possible solutions, there is one, and only one,

solution that is in C([0,T.], L' N L>=(R™))

Well-posedness of (4.22) for L' data is discussed in Section 4.9.

4.3.3 Method of proof

As a Markov process, the PDMP X (¢)has an associated infinitesimal generator and
martingale, given by 2.9 and 2.10, along with Rolski’s conditions for membership
in the domain D(A)), as shown in Theorem 2. The method for proving Theorem
11 relies on constructing martingale equations that are approximations of (4.22).
Unfortunately, the domain of functionals for the infinitesimal generator of X(¢) is
very limited. A naive approach for proving Theorem 11 might take empirical pairing

functionals

JE) = (Bla), u), k=1,...,M. (4.23)

This, however, does not satisfy the boundary condition (3) of Theorem 2 for any
nontrivial class of test functions. To see this, notice that if we restrict attention to a
particular species Ly, then we shouldn’t expect A f,(f (x) to retain its expected value
when a particle is deleted from or added to L;. For an example, refer to Fig. 4.2. At
the boundary event shown, for E[Af{(x)] = 0 we need $(0) = (ud, ). But pd will

change in time, so imposing such a restriction for any non-zero ¢ is unreasonable.

To allow for functionals which track empirical measures on L;, in Section 4.4 we
will construct an extended PDMP X (t) from X (¢) with added dimensions that track

boundary events. We can then select functionals F ,f (%) in the domain D(A) of the
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Figure 4.2: A PDMP on two species. In this case K(!) =1, with Rél) =1.

extended generator A. These functionals satisfy condition (3) by adding a correction

term to f,(f (x), dependent on the extra dimensions in X.

For each species k, we will use F’(X) to construct the martingales from (2.10).
These martingales involve empirical pairings (", #) and terms Bf” ;N(t), which roughly
describe total occurrences of boundary events. We show the limit of these equations
approaches (4.22) as N — oo. To do so, we first show the martingale term M (f’N(t)
converges to zero in the local uniform metric, a consequence of Doob’s theorem. The
most technical part involves the tightness of empirical pairings . As in Chapter 2,

we will use the Theorems 4 and 1 to show tightness of .

Finally, we focus our attention on the terms Bf? JN(t) Using a law of large numbers
type argument, we will show these terms converge in the local uniform metric to

terms involving (g, ¢) and Fj(t).

4.4 The extended PDMP XV (¢t)

To address condition (3) of Theorem 2, let us denote 77* as the i time that a
boundary event reassigns a particle from L; to Lj. Note that T,L]k may equal 7/
when m > 7, since boundary events can reassign more than one particle. Ordering of
77 when several particles are simultaneously reassigned from L; to L; is done with

(2

respect to the same ordering used to determine reassignments Rj(lk) Suppose we have
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k() particles (... »%;Yk(t)) that have been reassigned from L; to Ly, at times

Tfk We now define boundary variables that track jumps from boundary events

as

"ié'\,]k (t)

Byt =>" gb(]\xf") peC. (4.24)

We now define the extended PDMP XV (t) which tracks jumps occurring in

XN (t). Formally, we can write the extended state space as

B =@, = {(s,fc) scK,x€ REHMQ} . (4.25)

SeK

A state x € E can be written as
X = (21, .., 25, by, 00 Dy b)) (4.26)

The quantities bg are a means of recording the number and type of boundary events
which occur. We impose that boundary variables have no drift in E, which means

that for vector fields in X, we let X = Xz, and define the exit boundary as
(%) = {(y,b1,....b}f )y e "} . (4.27)

The main difference between % and x is seen in the extended transition kernel Q.
For x € E, the set of possible states Ej,;(X) that X may jump to from interior events

is simply the the set Ej,;(x) with added unchanged boundary variables:

Eint(i) = {(y7 bi7 T b%,)’y € Eznt(x>} : (428)

For x € f‘*(E ), however, boundary variables will increase, corresponding to the types

of boundary events that occur at x. Suppose a boundary event, triggered from a
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particle hitting the origin of L;, selects particles xi,...,xxw. We then define the

new possible states of X as

Ey(x) = { (0}, B )ly € Byx)} (4.29)

where boundary variables change as

M
b=b+ ) Z%lw_j, i,j=1,..., M. (4.30)

zp€Ll; j=1

Thus, boundary variables add the sum of quantities ¢(zx) to b], where xy, is reassigned

from L; to L;. We can then express the extended transition probability as

;

pb(y,f{) X € f*,y & Eb(X)
Q. X) = p;(y,X) X € E,y € Ep(x) (4.31)

0 otherwise.

\

We thus have a well defined PDMP X (t) determined from E, X, and Q. From here

it is not hard to see that

X(t) = (w1(0), g0, B @, BN, BEY 0, B (1) (432)

With the parameters Bf}CN(t) at our disposal, we may now define functionals

FPNX() = ) W+ZB§N@) —-ByN(t), k=1,..,M. (4.33)
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4.5 Reassignment bounds and martingale equa-

tions

To show that F; ,f M is a valid functional in the domain of the infinitesimal generator

A, we give a simple bound for jumps which will be utilized throughout this paper.

Denote the maximum number of reassigned particles at a critical event by

K = K™ Vvmax K. (4.34)

N

Lemma 4. The number of particle interior events m%, and reassignments ™ (t) has

bounds

1. (Ezxpectation for fized N) For any N € N, we have

E[miy,(t)] < BN, (4.35)

int

and

E[x"N(t)] < KN(1+ ). (4.36)

2. (Law of large numbers bound)

N
(T
lim sup Mt (1) < pt a.s., (4.37)
N—o0
and
N

t
lim sup m (1) <K({1+pt) a.s.. (4.38)

N—oo N

Proof. Clearly, the number of boundary events is bounded by the initial number of

particles N. The expected rate of interior events m.'.(¢) can be bounded by the
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Poisson parameter (XN (t)) = B(N(t)) < BN. The expected number of jumps up

to time ¢ is thus bounded by GNt, which proves (1).

For part (2), we note that a Poisson process P, (t) of intensity v at time ¢ satisfies
the scaling argument

P.(t) ~ Py (t/a) a>0. (4.39)

It then follows from the law of large numbers for Poisson processes,

P,(t
# — 7y a.s. ast— oo, (4.40)
that we can obtain
N (¢t Pnp(t
P(lim sup i (1) > ft) <P [ limsup Pus(t) > [t (4.41)
: P3(Nt)
=PI ——t> [t =0
(1]13150%1) Ne (7P > /
which proves part (2). O

Theorem 13. For the domain of the infinitesimal generator D(A) corresponding to

#, we have F™ € D(A), fork=1,..., M.

Proof. We need to show the four conditions of Theorem 2 hold for F ,f ' Conditions
(1) and (2) are clear, since particles in E transport along a continuous flow, and

¢ € CHRT).

For condition (4), we need to make estimates on the frequency of jumps in E.

We first note
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?lloo
E [ijf(t)} < ]E[/{N(t)]%. (4.42)
Let us define the the m™ (t) jump times before time ¢ as 71,...,7,,~(). Then from
Lemma 4,
DY (X () = FPY (X (i) (4.43)
0

The nontrivial part to show is the boundary condition (3). Note that for X (77) € I'*,

[ FEN ) = FOEE )@y, X)) = EAF (X(0) (4.44)

= E[A( +Z]E[ ABYN(t) — ABYN (1))

Assume that a boundary event at jumping time 7 occurs from a particle hitting
the origin in L;, and randomly selects K particles (z1,...,2xx). Then we have

the expected change in empirical measure as a sum of the averages resulting from
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particles leaving and entering Ly:

xr

B o) = KO0 B | Ay e 1 (1.49)

M KO )
+E 3l [ e L 1y

=1 j5=1

_KOw L& o (u(r), 9)
- N )+ 21 Zl w; TN 1R§?:k'
1 J

However, we see that for jumps in the boundary variables, by similar calculations,

at a boundary jumping time 7

M KO >
SE[m ] =X Y WO g

J i=1 m=1

for expectations of particles entering species k, and
SE [AB,f;]N (T)] = —KYp"(1)E [%m S Lk} (4.47)
J
KDqpy®
= S (7).

m

for particles leaving species k.

In the following, define the empirical total number as

=W, GG Zwm (4.49)

k=1

To each F,f N we can now construct the following martingale.
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Theorem 14. For k € {1,..., M}, the quantity

MY () = i (1), 0) — (i (0), 6)+ (4.49)
ZBJEN — By () - / (¥ (5), o)+

ﬁGN int mt M mt

GiTN(zS?) K /% ZZIJ 1 w; /LZ >1 (z) i ds

s a martingale.

Proof. The vector field X acts only on the first N coordinates of #, and satisfies

SGAEIES 3) DERTIE LIS HNAICL T

i=1 z;ELy z; €Ly
= <:u£[7 ¢Ivk>
Using equation (2.9), our formula for the extended generator is then

A(EPN (8)) (4.51)
— (W o) — B(&) [E (FEN () — F2N () QUdy; 7))
= (', ¢'vi) — BNE [AFP™(2))] .

The calculation of the change of the functional over interior events is similar to

Theorem 13:
SN~ Kzntp'mt N M K™ pz
i=1 j=1
1 M Kznt
- mnt znt znt
~ GintN () K iy ( Z Z Wi >1R§?=k

i=1 j=1
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Combining terms, we see the martingale M (t) defined from equation (2.10)

then coincides with (4.49). O

We now uniformly bound the martingale M, ,f’ N(t), which will decay to zero in

the mean L*° metric.

Theorem 15. Fort < T, we have

B[ sup (M (s))) < M+ DK GlloevT+ B

, 453
sup (M VN (4.53)

Proof. We bound jumps in M ,‘f ’N(t) by noting that at most K particles are either

reassigned in a critical event:

AMEY ()] = 1A G (1), )] + A ZB"”\’ LBy < CAE DKol

(4.54)

It then follows that, from Lemma 4, that

mpy ()

E[MN (1) Z AMPN (1) (4.55)

2M +1)2K? 2M + 1)2K?|| |3 (1
M+ ]>V I g1, ) < A+ DKIGIR (L + 51)

We now use Doob’s inequality to obtain

E [Sup |M,f’N(s)\} 2 <E [sup M,f’N(s)ﬂ < AE[MPN (1)?). (4.56)

s<t s<t

The result follows from applying (4.55) to (4.56). O
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4.6 Existence of limiting measures

We base the existence interval T, > 0 off of when species will have positive total
numbers almost surely. The following lemma ensures that the transition probabili-
ties, and subsequently the kinetic equations (4.22), are well defined. The technical
details of the the following lemma will be utilized in Lemma 6 in determining tight-
ness of empirical measures. The existence time T, will eventually be extended to a
reasonable time where the solution is well defined as long as each species has positive

total particle number.

Lemma 5. There exists a time T, where, for allk =1,..., M, and 0 <t < T,, the

following hold:

1. (Fraction loss of particles)

2
limsup sup gp (s) > =gy a.s.. (4.57)
N—oo 0<s<t 3

2. (Total number of particles lost) The quantity HY(t) = 1 — Y, gr (t) is

bounded by a fraction of the total number in each species:

1
limsup H () <

0(R+
msu 3M2Kﬂk(R ) forallke{l,...,M} a.s. (4.58)

3. (Fixed time bound) The time T, is bounded by a constant determined from

fized parameters in X
miny, g\

T, < —kJk
ABM2K

(4.59)

Proof. Denote the flow determined from vector fields v; at time ¢ on L; as ©'(t, x),

with initial condition ¢*(0,z) = x. Regardless of the choice of reassignment of par-
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ticles, the total particle number lost from boundary deletions HY(¢) can be crudely

bounded by
M
limsup sup H"(s) <> ([0, a(t))), (4.60)
N—oo 0<s<t i—1

for all N < oo, where ¢'(s,a(t)) > 0 for all s < ¢ in L;. Since the initial measures

1 are nonatomic, we can choose t; such that

M

> m([0,a(t)]) <

k=1

1

. 0
i i (4.61)

which shows part (2).

We now show part (1). As noted in Lemma 4, the rate of interior events is
bounded by BN, which means that the total particle total number lost through
() has the bound

interior events H.Y,

limsup Hyy, (t3) < Kft, (4.62)
N—o0
1
< min =g a.s.

for a sufficiently small ¢} > 0. Total loss from boundary events H}"(t) satisfies the

bound
M
li]rvnsup HY(#3) <> pp([0,a(t3)]) (4.63)
—x k=1
N
< 12111;]1\4 691'7

for a sufficiently small ¢2 > 0. Letting to = t3 A ¢3 then shows part (1), and letting

T, =1t Nta A

MK (4.64)
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gives a positive time 7, > 0 that satisfies all three conditions. [

In the following, denote the set of intervals Is of length at most J as

Is = {(a,b) CR",b—a < 4} (4.65)

Our method of proof shows that the sequences yi) (t) are approximately nonatomic
with probability one as N — co. We make this rigourous with the following defini-

tion.

Definition 5. A sequence of random measure processes v is probabilistically

approximately nonatomic (p.a.n.a.) for time T if for all n > 0,

lim sup limsup sup P(v;'(1) > n) = 0. (4.66)
6=071el; n—oco te[0,T]

We will eventually demonstrate that the p.a.n.a. property is sufficient to show
the Aldous conditions of Theorem 4. We aim to express pl (t) by a decomposition
of particles though their histories as different species. With this in mind, we have

the following definition, which isolates subsets of particles in species k.

Definition 6. A finite measure process " (t) € M(RT) x [0,T.] is a subparticle

measure process of i} (t) if
EAIOE % (4.67)
N
z€SN(t)

for some support SN (t) C Ly, satisfying SN (t) C Sp(XN(t)).

Given a subparticle measure process /" (t) with support S¥(t) , we can then
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define empirical measures of particles in S¥(¢) that jump from L; to Ly and then
flow on v, with no probability of jumping again.
Definition 7. A boundary running measure g%;]i(t) € MR") x [0,T.] of a

subparticle measure process <7} (t) with support SN (t) is a measure of the form

- Ok (o
N1\ _ PF (P (8,2),t—s)
=Y e (4.68)
zeUk(s)
with support
U(7) = {x € SN(77)|A boundary event at T transfers x to Ly}. (4.69)
We will denote the jump times of a running measure as Ti,...,Tm@), and the
particles selected as 1, ..., Tqw), where m(t) is the total number of such jumps.

We can similarly define interior running measures Q%;izt’N(t) for particles that

jump from L; to Lj due to interior events.

Theorem 16. For j,k = 1,...,M and t € [0,T.], if the sequence of subparticle
MEAsuTe Processes Rév(t) is p.a.n.a., then so are running measures R;”IfN(t) and

RN (t).

Proof. Let t < T,. Suppose a particle is chosen to transfer from L; to Lj at time
s < t. At a boundary event, after choosing a species L;, particles are chosen uni-
formly on L; to reassign to another species. Thus, the (random) probability ¢ (I)
of reassignment of a particle in the support of Ré-v (s) in the correct interval at time

s before traveling to I satisfies

q (1) = = : (4.70)
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By the p.a.n.a. property of Rj-v(t), for € > 0, there exists 6 > 0 where for all I € I

lim sup sup P(¢ (I) > ¢) (4.71)
N—oo s<t
: N k 29
< limsup sup P(R;" (s)(¢"(I,s — 1)) > ?5) <e
N—oo s<t

The factor 2¢%/3 arises from part 2 of Lemma 5 , which bounds the total number
of a particular species. We now note that, from Markov’s inequality, and part 2 of

Lemma 4, for I € I,
limsup sup P(Rﬁj(t)(l) > 1) (4.72)
N—oo te[0,Te]

B[RSO ga+m
lim sup sup - < L+ 5%) lim sup sup E(q (1))
N—oo se[0,t] n n N—oo s<t

BP0 i supsup [ (D)l (1) > 2B (1) > )

n N—oo s<t
+E(q. (Dl (1) > €))P(q;' (1) > ¢)

_ K+ )
n

2¢,

As € is arbitrary, we may take 6 — 0 to obtain our result. For interior particle

submeasures, the proof is identical. 1

With probability one, a particle starting in L; at time 0 visits a finite set of
species before arriving at its final destination at time ¢. Suppose a particle x(t)

at time 73 jumps from L,, to L for kK = 1,...,m. The locations of z(t) can

0k+1 )
then be symbolically described through the following path notation P(z(t)) =
(X(x(t)),O(x(t))), with path location ¥(z(t)) € {1,..., M }™, and jump description

O(z(t)) € {8, 1YL, Specifically, if 2(x(t)); = o7, and X(z(t))iy1 = 0i41, then z(t)
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jumps from L,, to L,,,, at the i jump time 7,. If O(x(t)); = 9, then the i’k jump

is a boundary event at 7;, while ©(x(t)); = I, denotes an interior event. The number

of different species realized by a particle, or the length of a path, will be denoted

22 (0))]-

We now define path measures that keep track of particles that follow specific

paths. for ¥ € {1,..., M }™, denote

Re(t) = {2(t) € S (O[Z(() = S}, (473)
and
= Y (4.74)
z€Rx (t)

It’s straightforward to see that u2 (t) are subparticle measures. Path measures p ()
with support Rx(t) also have the following no return property: Suppose we track
a specific particle x(s) € E, with initial position zo € E. If z(t) € Rx(t), and there

exists t' >t with x(s) € Rx(t'), then x(s) € Rx(s) for s € [t,t].

The no return property ensures that a particle that is a member of Ry(t) is not
permitted to exit and reenter L. The importance of such a property will become
apparent in the following theorem. Denote the running measures of ud (¢) from L

o1z

to Ly as iy ,(t) and [@f(t) We then have the following

Theorem 17. g (1), fisy ,(t),and ﬂgg(t} are p.a.n.a. for length T,.

Proof. We prove the theorem by induction on the path length [¥| . For the base
case, |X| = 1 corresponds to particles which have not yet jumped from their initial
distribution. Thus the support of u(¢) is strictly contained in the support of the

pullback measure (°1)*u (t), and is thus p.a.n.a., which implies that, from Theorem
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16, fiy; ;,(t) and fiyy (t) are also p.a.n.a..

For the inductive step, suppose that for [X| < n, ug (t), i ,(t), and [L’gg(t) are
p.ana. Fork=1,...,M,let ¥ = Yxk, where [¥| = n and * denotes concatenation.
Then p& is p.a.n.a., since the support of ﬁgyk(t) contains the support of ,ug (t), which
follows from the no return property. This proves the induction step for p(¢). Then
we again have from Theorem 16 that for j = 1,..., M, ﬂiN’k(t) and [@]Z(t) are
p.a.n.a., since uiN (t) are subparticle measures. This completes the inductive step,

and our result follows. O]

We need one more lemma to show that our empirical measures are p.a.n.a.,
namely that total numbers of empirical measures decrease subgeometrically with

respect to the length of paths.

Lemma 6. Fort < T,, limsupy_ ., u& (£)(R") <l a.s., where ¢ < 2.

Proof. 1f suffices to show that both limsupy . fig . (£)(RT) < limsup cug (£)(R)
and lim sup ﬂg]]j(t) (R*) < limsup cud (£)(RY) a.s.. We'll first show the inequality
for boundary running measures. Recall from Lemma 5, that for ¢t < T,, we can

ensure that

1. limsupy_ gp (s) > 2gp, and

2. limsupy_ HY(t) < 5555790

0
hold almost surely. Suppose first limsup y_,., u& (t)(R*) > Z&. Since the maximum

total number of particles that can leave a species L, from boundary events is bounded
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by K H(t), Condition (2) of Lemma 5 implies for k € {1,..., M},

li i () (RT) < b, 475

1jfvnjolipﬂz,k( JRT) < 3M29k ( )
But by the assumption on pd (¢)(R™),
1 2 .

% < 337 lim sup p3 (5)(RY). (4.76)

On the other hand, if limsupy_ . pu&(¢)(RT) < ¢?/2M, then we know from
condition (1) of Lemma 5 that the probability of any particle chosen from Lj being
in the support of ¥ (s) has probability less than (g?/2M)/(2¢?/3) = 3/(4M). Thus,

3
limsup /iy ,(£)(RT) < 7 lim sup i (s)(RY)  a.s. (4.77)

N—o0 N—oo

To bound interior probabilities, we again use Lemma 5, but now use condition (3),
where T, satisfies K3M?T, < ming gh/4. Then, as the Poisson rate is bounded

by BN, we have from Lemma 4 that the total number of species reassignments is

bounded by
N 0
. mi. () min; g;
— 2K < .S. .
hgljolipK NS Kpt < or o8 (4.78)

Thus, we can apply an argument similar to the case of boundary events, where we

again compare limsup y_,. ¥ (t)(RT) with ¢2/2M to obtain

lim sup ﬂgg(t) (RT) < & limsup p& (£)(RY)  a.s. (4.79)

N—oo N—oo

Theorem 18. Let t < T,. The empirical measures by (t) are p.a.n.a.
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Proof. Let n > 0. We can decompose ) (t) as

0= o =33 ww. (4:30)

(2,0)eP J=1 |¥|=j
U|Z|:k

Let > 0, and choose L so that pd(¢)(RT) < n/8 for || > L (This is possible
through Lemma 6). There are M, := M Zf;f(M — 1)77! paths where |X| < L and
o)z = k (M initial paths and M — 1 options for each new transition). From Lemma

17, each of these path measures are p.a.n.a., meaning that

lim lim limsup sup P(ud (s)(I) >7) =0 (4.81)
0—=01€ls N—oo S€[0,T%]

with

(4.82)
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for any u¥ (t) with |[3| < L. But then we have, for any t € [0,7,], and I € I,

limsup sup P(uy (t)(1) > n) (4.83)

N—oo te[0,Te]

= limsup sup ]P’(Z Z ,uz )

N—oo t€]0,T¢]

J=1 |2|=j
U\E\ =k
7]
< limsup sup P(Z Z pd (t Z Z pd (t >77>
N—oo te[0,Te] j=1 |=|=j ]>L o
o|s|=k o|z|=k

< limsup sup P(Z Z ,ug gz 77)

N—oo t€[0,Te] j=1 |E| —j

U\E\ =k

< limsup sup P(Z Z pd (t >17/2>

N
—00 tE[OTP ] 1 |E| ]

J‘E‘ =k

<1—limsup sup P(u(t)(I)) <7) for all |X| < L.
N—oo t€[0,Te]

By (4.82), this quantity approaches 0 as § — 0. m

Here we show the Aldous conditions, which are a direct property of the p.a.n.a.

property of u (¢).

Lemma 7. The Aldous conditions of Lemma 4 hold for ul (s)

Proof. Condition (1) follows trivially, since we have for all ¢ € [0, T],

[ > &) < [lloos (4.84)

meaning that (1) holds for L = ||¢||~. For condition (2), we observe that particles
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from time ¢ to t + s either drift on Ly, are deleted, or are reassigned to a new species.

limsup |{, i (T4 8) ATL) — (@, 17 (7)) (4.85)

= lim sup
N—o0

» o(@) (i (7 + 5) N Te) — gy (7)) (da)

< limsup

N—oo

+ (|l (K + 1 (Z wi (7)([0, " (0, —s)]) + sﬁ) a.s.

/ (0 () — o)l (7)(de)

The last inequality uses the fact, from Lemma 4 that almost surely at most a s total
number are reassigned from interior events, and that (K+1)(Z?i] p¥ (7)([0, ©%(0, —5)])
particles will either be reassigned or deleted due to boundary events. We can use

the continuity and boundedness of ¢ and ¢ to estimate (4.87). For all R > 0:

[ 0 w5) = o ) a) (1:50
< 100w 5)) = ) = o + 2l ()[R )

The first term tends to 0 as s — oco. For the second term, we can always find R
large enough where only a small total number enters [ R, oo] in any L. Precisely, for

all e, there is an R = R(e) where

Zug([}z ) < ¢e/2, Zﬂk ([R/2,R]) < £/2, (4.87)

(R/2,t)<R, te0,T).

These bounds are thus independent of N and s. Thus, since R is arbitrary, (4.87)

tends to 0 as s — 0. For the second term of (4.87) , notice that from the p.a.n.a.
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property of uy (t),we have, for n > 0,

. n
limlimsup sup P (/LN )([0, ©*(0, —s)]) > —) = 0. 4.88
520 Nooo 7€[0,70) L0 ( R MEK||¢||o ( )
Thus we finally have, for any 1 > 0,
limlimsup sup P(|(¢, 3 (T + s AT)) — (b, 113 (7))] > 1) (4.89)

s—0 N_oo T7€[0,T¢]

M
< limlimsup sup P (Hél\ooKZ/ﬁév(T)([ONPk(Q —s)]) > 77)
=1

$—20 Nooo 7€[0,T)

which approaches zero from (4.89), meaning that Aldous’ conditions are satisfied. [

By Lemma 1, we have shown tightness of random variables (il (t),¢), ¢ €
Cy(RT). We can now use Lemma 4 to obtain existence of a limiting measure, iy, €

M(RT) where for ¢ € C,(RT), there exists a subsequence Nj with

(6, 11" () — (&, 1n(s)) (4.90)

in the local uniform topology for all ¢ € C,(R"). We now show the measures

pr(s),k=1,..., M are nonatomic almost surely.

Theorem 19. Letk=1,...,M andt € [0,T.]. For any point p € RT, the measures

1 (t) satisfy
P(ux(t)({p}) =0) = 1. (4.91)

Proof. Let n > 0. We will denote

I ={Ie€pel}. (4.92)
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Using the p.a.n.a. property, we have, for § > 0,

Plu(t)({p}) > ) < limsup P(ui(t)({p}) > 1) (4.93)
< sup limsup P(ug(t)(I) >n) - 0 asd — 0.
[e[g’ N—o0
As 1 was arbitrary, the result follows. m

4.7 Convergence of boundary variables

The final step in establishing Theorem (11) is to show that the quantities Bf”kN(t)
converge in the local uniform metric. Toward this end, we examine measures F}¥ [ =
1,...,M_ which track the total number deleted from boundary events in species
[. In this section, we assume limits of X (t) are taken along subsequences where
empirical measures converge local uniform metric. Throughout this section we’ll use

S(a,b)
—

the notation Y"(t) Y (t) for convergence in the probability space S(a,b) of

finite L mean stochastic processes for time t € [a, b], endowed with the norm

IV]s =E [sup |Y<t>|] . (4.94)

a<s<b

This space is complete, which is a consequence of the completeness of L*°([0,T]).
Also, local uniform convergence of measures pi to jy, along with almost sure

nonatomicity of u; imply that for k=1,... M,

S(0,Te)
——

(k' , ) (e, @) & € L'(RY). (4.95)



80

Let us define approximate cumulative distribution functions

Fr(t) =Y (k) ([0,¢'(0,—2))), I=1,...,M_. (4.96)

We can write F=" as the finite particle approximation of F*:

L)
FoN) =Y (k) (0,¢'(0,—€))), 1=1,...,M_. (4.97)

We know, through convergence of finite dimensional distributions of y(t), and from

4.96 with qf) = 1[07({,1(07_8)), that

Fa,N(t) S(0,Te)
l

Fe(t) as N — o0 (4.98)
The increasing functions Ff’N(t) assume that all particles within a '(0, —¢) strip

of the originof L;, I =1, ..., M, cannot be reassigned, and will thus be deleted before

time e. We then define, for ¢ € [0, T,],

Fy(t) = lim Ff(t)  in S(0,T). (4.99)

e—0

Theorem 20. Let t € [0,T,]. The quantity Fy(t) in (4.100) is well-defined, and is
equal to the total number limit in S(0,t) as N — oo of particles F}N(t) which hit

species .

Proof. Let ¢ > 0. We decompose the approximated measure by the true total number

lost and an error term:

F{(t) = lim EN(t)+ E;p(t)  in S(0,1). (4.100)
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Here, F}N(t) denotes the empirical CDF of the total number that actually hit the
origin of L;. The error Ef y; denotes the sum over k = 1,..., |t/e] of the total number
not in [0, ¢'(0, —¢)) N L; at time ek that hit the origin of L; during time [, e(k + 1)],
minus the sum of particles in [0, ©'(0, —¢)) N L; at time ek that do not hit the origin

of L; during time [e,e(k + 1)].

A simple bound for Ej n(t) is simply the total number of particles that are re-
assigned in [0, e) before time ¢. The following argument for bounding redistribution
probabilities in [0, ] will mirror the bound in Theorem 16. Specifically, denote ¢=

as the (random) probability that a critical event selects a particle in

U (0,40, —e) n L) (4.101)

Probabilities can be expressed as

M_

v 1Y (9)((0,¢(0,—¢)) N Ly)
N = ; e .

(4.102)

Then, fixing any 1 > 0, by the p.a.n.a. property, we can find an ¢ > 0 where any

e < ¢’ satisfies

lim sup sup P(¢=" > 7) (4.103)
N—oo s<t
o , 29,
< th supsup P([0, ¢'(0, —e)) N L;) > —=n) < 1.
i—1 N—oo s<t 3

From the p.a.n.a. property, this gives us the bound

lim sup E(sup | E} y (s)]) < (K + 8t)(2n). (4.104)

N—oo s<t
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As 1, this means

lim sup Ej (1) 50 ase—0. (4.105)

N—oo
We thus have that the e limit of F(¢), is Cauchy, meaning that there exists a limit

Fi(t) in the §(0,t) norm. The limit satisfies

lim FF(t) = lim FN(t) S(0,t). (4.106)

e—0 N—o0

In particular, for a continuous deterministic solution dyu;(s) = w(z, s)dx, we have

that F(t) has the form

@(0775)
F(t) = limZ/ w(x, ek)dx (4.107)
0

We aim to show convergence of the tracking parameters to quantities involving

limiting particle densities. Namely, we wish to show, for k =1,..., M, that

KO M

DB () = B - /t Z‘ DD W (s). o) o, (4.108)

0 =1 i=1 j=1

S(0,t)
—_

+ 3 KOWO (1) (i (s), @)dFi(s) = 0.

=1
By linearity of expectation, this is equivalent to focusing on one tracking parameter,

and showing that as N — oo,

M_ kO

BN (1) 201, /t S5 WO(s) (s (s), B)AF ()10 . (4.109)

0 =1 =1
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This is done to showing two facts. The first is that F}V(t) SOT), F(t), which we

have shown in Lemma (20). We then must show that, as N — oo,

+ M- KO

B¢N OTe ZZW ¢>dﬂ( ) R(?Zk' (4110)

0 =1 i=1

Proving (4.111) may seem tedious, but it follows quickly from a bound that is similar
to a proof of the law of large total numbers for random variables with moment

generating functions (see [37]).

Lemma 8. Suppose we are given independent (thought not necessarily identical) ran-
dom variables D;V(i), forj=1,...,N(i), and N (i) — oo asi — oo. Suppose further
that the variables all have well-defined moment generating functions M; ne(t), and

that for eachi € N,j =1,..., N(i), we have

—00 < g = liminf E(D}), limsupE(D}) :=Ti < oc. (4.111)
H y

i?j
We then have

N(i) N@) pN G )
lim 1nfz , lim supz a.s. (4.112)

Proof. We utilize the most basic version of the Chernoff bound, which states that

for a random variable X with moment generating function M (t),
P(X >a) < rtni(1)1 e "M(t), P(X <a)< I%ligl e " M(t) (4.113)
> <

This would imply that, for fixed i, and Djv(i) with moment generating function
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+n) < min (e*“*"w(“ max(Mj,Nm(t))N(“) (4.114)
J

t>0

=
=

V

=

< mj —Grmtpr (1)) D

< minmax ("M v (1))

Note that the function f;n()(t) = e F+HVIM; vy (t) satisfies f; v (0) = 1. Also, we
have that for a sufficiently large n1 € N, f] v(;,(0) < —n/2 for i > ny . Thus there
exists A € [0, 1) such that

NG) HNG)

P J I ANV, 4.11
Z NG >u+n] < (4.115)

j=1
Similarly, we can find ny € N and « € [0, 1), where for sufficiently large i > ns,

NG) [NG)

P I <py—n| <ANO, 4.116
;N(i) w1 v ( )

Now, define the event

NG) N G)
D! = J -7 4.11

J=1

It follows from (4.116) and (4.117) that > >, P(D}) < oo, which from the Borel-
Cantelli lemma implies that P(D;, occurs infinitely often in i) = 0. The sets D;, are

monotonically decreasing in probability as 7 — 0. Thus

NG) pNG)
0=1mP(D")=Plim D) =P J m 4.118
lim P(D,) = P(lim D;,) 2 NG ¢ (w7l (4.118)

which is what we sought to prove.
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To apply Lemma 8, we approximate the integral in (4.111) by a Riemann sum

so that if we define the following continuous process

KO
Qit) = Z Wj(” () (u; (1), ¢>1R5§>:k, s €10,T,] (4.119)

S(0,T%)
E—

then we have, for some § > 0, since F}¥(t) Fi(t), there exists a partition

P = P{ with mesh a; < --- < ayp| that satisfies

where we impose that the mesh of the partition P is defined so that for an arbitrary

/0 Qs)dFi(s) — 3 Qula) AFY ()

a; €P

< 4. (4.120)
S(0,Te))

n >0,

E[|Qi(s) — Qu(t)]] <n for s,t € [a;,a;41] i=1,...,|P]. (4.121)

The reason for defining the partition based on a modulus of continuity for @); is to
approximate expectations of reassignments in a short period of time. More specifi-
cally, we can define boundary variables in terms of their behavior in each segment

of P, as

B => > ZlN]ét'“). (4.122)

P tke[ak,ak+1}
Here, assuming a boundary event triggered at L;, the random variables Z (;,) at
boundary jump time t; assign 0 if L; is unaffected, and )  ¢(z,,) for particles

T € L; that are reassigned to L;. Using the mean-field species probabilities, we can
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see that for ¢ € [0, T.],

E[Z] ()] = E[Q)" (1)), (4.123)

where
K®

QY1) =Y WO ). 41,0_,. s €[0.T]. (4.124)

However, since QY (t) — Q;(t) in the local uniform metric, it follows that that for

some boundary jump time t € [a;, a;11],

limsup E[ZY (1] < Qilar) + 9. lmnf EZY (0] > Q(a) —n.  (1125)
N—o0
But then from Lemma 8, as the total number of jump times ¢y, ..., @) in [a;, Gi1]

tends to infinity, we have with probability 1 that

im i L Z L) i) — a; a.s
liminf -7 S € [Que) —mQua) ol as (4120

from which we can infer that over the partition interval [a;, a;41],

IR () SR 2 w)
timsup |37 | L DS S~ Qup) AR (1127)
=1 j=1

S(ai,ait1)

< nMAF(p;).

which summing over the partition gives us

¢ M-
lim sup By (1) — / > Qu(s)dE(s) < M F(t). (4.128)
e 0 =1 S(0.T.)

As n is arbitrarily small and Fj(¢) < 1, (4.111) follows.
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4.8 The existence interval revisited.

Our interval for existence [0,7,] is solely based on three conditions of Lemma 5.
Running the equation on its maximal interval, it then follows that there exists a
time ¢, and constants 0 < ¢1,co < 1, c3 < oo where one of the following three events

occurs:

1. There exists k € {1,..., M} where gx(t1) = (1 — ¢1)gp.
2. There exists k € {1,..., M} where H(t;) = cag?.

_ M0
3. t; = cgmin;_, g,

At time #; we can run the equation afresh by setting the initial conditions as i, =
wi(t). The limiting distribution py o is nonatomic, so we can find a time to > 0 as
before. Continuing in this fashion, we can obtain a sequence of extension times
ti, i € N where the weak form of the kinetic equation (4.22) is well defined for each
[0,¢;]. This turns out to be the right method for determining a reasonable maximum

interval for (4.22).

Theorem 21. Given a sequence of extension times t; /T < oo, there exists k €
{1,..., M} where
lim g, (t;) = 0. (4.129)

tj —T—

This is a reasonable time parameter, since species selection probabilities VVZ-(l)(s)
may be undefined based on the selection of weights wl@ . Of course, specific weights
may allow for a species to be empty with well defined selection probabilities, and in

this case nothing would prevent a solution for existing until enough species exhaust
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their particles to make the transition probabilities ill-posed. Determining exact con-
ditions for which species can delete would be tedious and not very informative, so

we’ll only consider extending solutions to with strictly positive species total numbers.

Proof. Assume, to the contrary, that there exist «, e > 0 where for g, (t) > a > 0 for
some t € [T — €, T). As the extension times are converging to some finite T < oo,
condition (3) can only be satisfied finitely many times. Similarly, condition (2)
cannot occur infinitely often, as that would imply the deletion of infinite particle total
number. Thus, condition (1) occurs infinitely often. This means that there exists
a species Ly, and arbitrarily small intervals ¢;11 — t; where gx(t;411) — gi(t;) > cra.
This, however, implies an infinite total number of particle density transported in a

finite time, which cannot occur by Lemma 4. [

4.9 Uniqueness and regularity for kinetic equa-

tions

Uniqueness of the weak solutions satisfying (4.22) with continuous bounded initial

data will result from the following steps.

1. Prove uniqueness for a small time for mild solutions of kinetic densities, ob-
tained through the variation of parameters. This draws heavily from the tech-

niques used in [18].

2. Show solutions change continuously with respect to initial data, and that dif-

ferentiable initial data implies a differentiable bounded solution.
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3. Take a limiting sequence for differentiable initial data that converges to arbi-

trary continuous bounded initial data.

4. Extend the existence interval to a reasonable time, as described in Theorem

21.

Step 1

Our goal is to set up a contraction for limiting equations for the k-species system.
The following exposition is very technical, but the main idea is simple: severely
restricting time, we can find an interval of uniqueness for positive continuous initial

data by bounding L' and L* norms.

We begin with distributional equations of tier densities,

Orug(z,t) + Oy (vg(x)ug(z, 1)) = (4.130)
M_ M KO
> w(0,0u(0) | YN W@, 01,0 — KOW (0)ur(x, 1)
=1 i=1 j=1 h

M K
E :E znt int, int
G’LTLt :C t ]_Rznt k K wk Uk(x,t>
=1 j=1

with initial conditions

up(z,0) = ui(z), k=1,..., M. (4.131)

Integral equations may be written, from Duhamel’s formula (or variation of pa-
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rameters), as

ug(z,t) = ud (O"(z, —t))+ (4.132)
+ M M K®
|3 w0900 3 WO s = 0911,

= > KO (0, )W (s)ur( (2,5 = 1), 5

G(s o
+ ﬂGO((s)) ( — K™ (oF (2,5 — 1), 5)
M Kint
+ Z Z ™ (" (z, s — t), 5)) 1 gine—pds.
i=1 j=1

We will be working in the Banach space
XV = {f = (fM, € CREBM): |[fll+ [fll < o0, minfulls >0}, (4.183)
with norms defined as the maxima of the traditional norms of functions f; : R — R:
1 £lloe = miex | filloo, 1 £l = w1 £l (4.134)
The relevant Banach space for our equations in time and space is

M
YM ={heC(0,T], XM) :sup||hll1 +sup ||h]|e < o0, sup min |hnlls > 0}.
t t t n=
(4.135)

We also desire for our initial conditions to be positive, or in the set

M
g:{feXM:@PZOVke{L...,M},xeR*}. (4.136)
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Written with respect to flux terms

v w](-l)ul(O, s)v;(0)

, (4.137)

we now construct the iteration map Z, where a fixed point of Z gives a mild solution:

I(f) = (Zu( Ly (4.138)
Ik(f)(x7 t) - ug(gpk(l‘, _t))
t M1 M K®
31353 ACTICICRET IS R
=1 i=1 j=1
M
_ Z K(Z)V]fl)(s)fk(gpk(x, s—1),s)
=1
G(s
+ﬁG, ((S>) ( . Kznt Znt k(QOk(l’,S o t), S)
M Kint
2 2w i@ (@5 = 1),9)) Lnge s

M
gD (u(t)) = ng/ Up (2, t)dx, j=1,...,M_. (4.139)
R+

Our closed subspace, where we will show a contraction, is then

B={heY" [[nt)ll <Ap[h(t)llx < As, (4.140)

W (u(t) >A Vtel0,T]},

Where we have constants

gm(Uo)
5

Ar > luollt, Ase > [|uolloc, A < min (4.141)
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Throughout the next , we will also use the notation

axw! ¥ = maxv;(0). (4.142)

W =1m
0] j

We may now state our main uniqueness theorem:
Theorem 22. For initial data uy € G, there exists a unique continuous mild solution
u(z,t) to the integral equation (4.167) for a small time t € [0,T] where T is given

by constants
T <min{Ty,T,T,, T}, (4.143)

where

A(A; — Jluoly) A(Aoo — [luolloc) - (4.144)

T, = mi —
L= i e A (A, + 20) KM @A (54w + 205)

[luol[1/2 — A
T — 4.14
=T KM_wiA (A, +26)/A’ and (4.145)

T; = (2MKW (4.146)

-(1 + %) (A + A (1 + ﬂw))z) -

Proof. We must show the map 7 is iterative and contractive. To see it retains L

and L., bounds, note

KM 0404w +20) _ (4.147)

sup | Z0)(O)ls < fluoll + T |
KM A (5As + 28
sup | (Z2) (1) o < ol + T ,51 )< a..
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For weighted total numbers, we can show

9i(Z(u(t)) > % (2“0) - TMKlf‘Al (A +28) > A. (4.148)

We now bound the difference of flux terms, using the fact that the denominator

of each of these terms satisfies D(f) > A, and

(W (w) — W} (@) (4.149)
. ¢\ u,(o $)u(0) ¢V (0, s)u (0)

S wign(u) S wid g (@)
o DUM_(Arflu — il + Asc|lu — @)

Similarly, bounding interior event terms gives us

Gu)  G(u 20A; ||t — ul|oo

)
Gty ~ Gy < Y (4.150)
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Our main estimates on the difference of the iterative map Z are then

=

sup |1Z(u)(t) = Z(@) (1) (4.151)
o M- M KO
< Tsup/o ZZZ VJ )uj(z, s) — V(l (a(s))a;(x,s ’1R(z>:k

+ 2 KOV (u(s)ui(. ) = KOV (a(s))ig (e, 5

%G(u(s)) int yinty, (7. 5) — BG(u(s)) int,pints (0 g
Gmt<u<s>>K {5:9) = Gty )

BG(U(S))  int~

ay(x, 5)‘1

+

Glus) . )
2 geu(a " GG

szTMK[sgp@;l]pwj (ol t) = (0) o+ Avsp VS (1) = V) ]

dx

O _
R,/ =k

+2TM_K[% SL}D(““@) a(t)|y + Ay pw |Gmt (t())>) Ganf(é()t))) ” |
< 2TM_K[WHu(t) —a(t)]|y + Al(slujp ]Vj( (u(t)) — V}(l)( )l
G (u(t)) G (a(t))
AT Gty ~ Gaio |
Similarly,
sup |1 Z(w)(t) — Z() ()l (4.152)
< 9TM._ K[A‘”“’”—Jrﬁwu () — (8] o + Aoo(sllljp VO tu(t)) — VO ()|

ut) _ Glaf)
A0l ~ ey |

We now finally show our contraction. Using bounds for differences of flux terms

Vj(l) (u(t)) and G(u(t))/G™ (u(t)), we then have
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sup [|Z(u)(8) = Z(@)(8) e + sup [|Z(u)(t) — Z(a)(#)[lx (4.153)
< TT,TI(SgP () = (@)l + sup [lu(t) — @(E)]lo)

< (sup fJu(t) — a(t)| +sup fu(t) — @(t)])

by our choice of T" < T’ !. This shows that we have a short time contraction, and

thus uniqueness of the mild solution on [0, 7. O

Step 2

We will now show continuous dependence upon initial conditions.

Theorem 23. Mild solutions depend continuously upon initial data.

Proof. Suppose u'(z,t) and u?(z,t) are solutions with respective initial data u'Y(z)

and u*°(x). Define
L(t) = llu' (2, t) — w2, 8)||oc + Ju' (2, 1) — w*(,8)|ls (4.154)

We can use the estimates from (4.152) and (4.153) to obtain, for some positive

constant C,
t
L(t) < |lu*¥(x) — u*2(2)]| 0o + [|[u'2(x) — u®°(z)]|; + C’/ L(s)ds. (4.155)
0
Taking Gronwall’s inequality from 4.156 , we obtain

L(t) < (lu"(2) = u**(@)lloo + [ (@) — u*"(2)]1) exp(CY), (4.156)
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which gives us our required continuous dependence on initial conditions. [

Our next task is to show that in the case of continuous functions, mild solutions
are equivalent to weak solutions. This is actually done by first analyzing solutions
with differentiable initial data, whose equivalence to weak and mild data can be

easily shown.

Theorem 24. The mild solution ug(x,t) of (4.167) with differentiable initial data
ud(z) is differentiable in RY x [0,T], where T is the interval of existence defined in

Theorem 22.

Assuming differentiable initial data ug(x) = 9,Uy(x), we know from Theorem 22
the existence of a unique continuous solution U(z,t). Define the difference quotient

dp(U(z,t)) as

dn(U(z,t)) = Uz + 4 2 Ul ?) (4.157)

From the definition of weak solution, this gives us the bounds

1dn (U)o < [ldn(Uo(x))lloc + (4.158)

K sup(sup(V7 (5)05(0,9) + 3 8) [ 1 (U(6) s (4.150)

where K < o0 is a fixed constant based on the parameters of the system of equations.

Applying Gronwall’s inequality then gives us

ldn (U, 2))lloe < [ldn(Un(2))loe exp(C(g(1))) (4.160)

with C(g(t)) < oo is based off of fixed parameters and total numbers g(¢). This

means that d,(U(z,t)) has a derivative u(z,t) := 0,U(z,t). Showing that this is
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actually the solution to 4.167 with initial conditions ug(x), we perform the same

estimates to obtain

[dn(U (L, 2)) =u(z, t)]|oo < lldn(Up(x)) —uo(2)loc exp(C(g(t)) — 0 as h — 0. (4.161)

Step 3

Our next step is to show the equivalence of mild and weak solutions for continuous
initial conditions. This is done through approximating continuous initial data with

differentiable initial data.

Theorem 25. For differentiable initial conditions, there exists a unique differentiable

solution u(x,t) that satisfies both weak and mild equations.

Proof. Suppose u(x,t) € C1(RT x [0,T]) is a weak solution to (4.22). Integration by

parts and differentiation of (4.22) then yields

0 = (—wup(x,t) + (ux(z, s)vr)’, @) (4.162)

M, K
+<ZZZ (s)uj(z, s)vi(0)w (0, s) ZKZ s)ug(z, s)

+ féféif[ [YCRERES ) SR ICHI

i=1 Ri(j)=k

from which we deduce that u(z,t) is also a strong solution, and thus a mild solution.
Similarly, assuming u(z,t) is a mild solution with differentiable initial data, we know
that it is unique and solves the strong equation, as it is differentiable, and therefore

solves the weak equation as well. 1
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We now show equivalence of weak and mild continuous solutions.

Theorem 26. For continuous initial conditions, there exists a unique continuous

solution u(x,t) that satisfies both weak and mild equations.

Proof. We have already shown the uniqueness of mild solutions. We are left to
show that weak solutions are unique, and that the solutions also satisfies the mild
formulation. Let u(z,t) € C(R™,[0,7]) be a weak solution of (4.167) with initial
conditions u°(x), and let u(z,t) € C'(R*,[0,T]) be a mild solution of (4.22) also with
initial conditions u°(z). Now let an approximating sequence u™%(z) € C1(R*,[0,T])

of u° be given, with respect to the Z = L N L! norm given by

lu = vllz = [Ju = vljoo + [lu = v[1. (4.163)

By Theorem 24, there exist unique differentiable weak solutions u"(x,t) for initial
data u™°. Also, u"(z,t) approximate the solution u(z,t) € C(R™,[0,7T]) in the Z
norm. As they are differentiable, they solve the strong, and thus mild equations.
But by Theorem 23, the u"(z,t) also approximate u(z,t), the unique mild solution

in the Z norm. This establishes that @(x,t) = u(x,t). O

Step 4

For the final step, we extend the uniqueness parameter 1. This is, however, straight-
forward, as we have already devised existence on an interval T as described in The-

orem 21.

Theorem 27. The uniqueness interval for a continuous weak solution u(x,t) may

be extended to t € [0, 7).
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Proof. Let

S = sup {t|u(z,t) has a unique solution on [0,¢)} (4.164)
te[0,T)

From step (1), we know that S > 0. Now assume that S < T. From Theorem
21, solutions u(w,t) are strictly positive and bounded in [0,7). As solutions are

continuous, we may define

Uo(z) = lim u(x, t). (4.165)

t—S

But then we have uniqueness of initial conditions for some small time 7" > 0 with
initial conditions wg(z). But patching together solutions establishes uniqueness on

[0,S + T), in contradiction of the definition of S. O

Proof of Theorem 12

Proof. We may write mild equations for continuous u(z,t) in the form of Stieltjes

integrals as

ug(z,t) = ul (O"(x, —t)) + (4.166)
¢t My M KO
/ Z Z Z Wi(l)(s)ui(gok(:c, s —1),8)1 0
0 =1 i=1 j=1 K
My
= KO (0, )0 (0) W (s)ur (i (. 5 — ), 5)dFi(s)
I=1
—i—gcj((;)) ( — K™ (% (2,5 — 1), 5)
M Kint
+ Z Z W™ (0" (s — t),5)) 1gine_yds,
i=1 j=1

where dFj(s) = (0, s)v;(0)ds. Now, let u) € Z, and take a sequence u™® — u” in Z,

where uZ’O € C'(R'). By continuous dependence on initial conditions, we know that
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there exists a limiting function w(z,t) where u"(z,t) — u(x,t) in Z. As functions
in L' it makes no sense to write dF;(s) = v;(0)u;(0, s)ds since we may not define y;
pointwise. However, from section 4.7 we have the non-pointwise characterization

L%J <pl(0,f€)
Ft) = limZ/ w(z,ek)ds, 1=1,...,M_. (4.167)
0

e—0

As u}(z,t) — w(x,t) in Z, for dF*(t) = up(0,t)v;(0)dt, this gives

1E1(t) = F" () oo (4.168)

Thus, it is clear to see that the limit in Z of u™(x,t) satisfies (4.167), as well as
the weak form (4.22). Uniqueness of the solution is manifest from the continuous

dependence of parameters of continuous solutions. O
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5.1 Introduction

The purpose of this chapter is to align the k-species PDMP given in Chapter 3
with a mean-field model of grain coarsening. We will assume many of the mean
field assumptions from the Fradkov model, given in Section 1.2. In fact, the only
significant point of departure is in the selection of the flipping parameter (. After
defining the appropriate parameters, we will proceed to show some basic properties
of the fluid limit, such as conservation of polyhedral defect and area, that are present
in instances of the finite particle model. Finally, we will examine simulations of grain

PDMP.

5.2 Side redistribution at singular events

We now take a closer look at particular singular events of grain and edge deletion.
Flow through a singular point in a grain network is highly nonunique (see [12] for
some illuminating examples). For the grain coarsening problem, we are interested in
what happens when a face or side in a grain network shrinks to a point. In this case,
we look for grain networks that solve the continuation problem outlined in Section
1.1 with initial conditions of G that satisfy the k-ray condition. This is defined
by a finite planar graph G, with smooth edges a;(x), that is trivalent at all vertices
except for one vertex, which is of degree k. To rule out possible pathologies, we’ll
make the following assumptions of evolving networks G(t) C R?, for ¢ € (0,¢) under

curvature flow which enforce topological changes to take place at vertices:

Continuation assumptions: Suppose G consists of n smooth boundaries «;(z) :

(0,1) — R? 4 = 1,...,n. Then there exist evolving boundaries «a;(z,s) : (0,1) x
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(0,£) — R? and neighborhoods U,(s), s € (0,¢€) for each vertex v € V where

1. Uy(s) — {v} in the Hausdorff distance.

2. G(5) \ Uper Un(s) = Ui, ai((ci(s),¢2(s)), s), where ¢f(s) — 0 and ¢7(s) — 1

as s — 0.
3. limy o+ a(x,t) = ax), x€(0,1).

4. U,(s) N G(s) is connected for s € (0,¢), v € V.

Assumptions 1-3 forbid topological changes at points in GG that are not vertices.
The connectedness assumption is a reasonable one when we consider the underlying
physical motivation of the problem, where each grain is understood as having a
different material property. Solutions that disconnect at a degree k vertex without
the connectedness assumption have have several different grains of positive area

immediately merge regions.

It may seem permissible, however, for new edges to arise from vertices in G.
The following theorem shows with the continuation assumptions imposed on G, face

creation is impossible, and that there are a limited number of topologies for G(t).

Theorem 28. Suppose G has k-ray conditions. For a grain network G(s) with initial
conditions G satisfying the continuation assumptions, there are at most 5 possible
topologies of G(s) when k =5, 2 topologies when k = 4, and 1 topology when k = 3
or 2. All solutions in a sufficiently small neighborhood of the initial degree k vertex

are trees.

Proof. Let G be a network with k-ray conditions, with a degree k vertex at v, and

boundaries «;(z),z € (0,1) emanating from v, for ¢ = 1,...,l. For some ¢ > 0,
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suppose G(s),s € (0,¢) is a grain network satisfying the continuation assumptions,

with corresponding evolving boundaries «a;(x, s) and neighborhoods U, for v € V.

We now fix a time s € (0,¢) and focus on U := U;. For a network with V' vertices,
E edges, and F faces, the Euler characteristic x(Gy(s)) =V — E+ Fis 1 — k. This
characteristic includes the edges «; that cross OU, but neither the vertices of these
edges that lie outside of U, nor faces that intersect the compliment of U. This
can be seen by explicitly calculating the Euler characteristic for simple examples
of subnetworks (k edges meeting at a point in U, for instance), and recalling from
Euler’s theorem that y is invariant for any planar graph contained in U with k edges

that intersect OU.

We claim that no grains in Gy (s) can have less than 7 sides. First note that no
topological changes occur in Gy (t) during time ¢t € (0,e). However, by the n — 6
rule, this means that any grain with n < 7 sides and area a > 0 at time s € (¢, + €|
would have area a + (s — t)(n — 6) > 0 at time ¢, which is a contradiction to the

initial configuration of edges.

The main claim, then, is that no network Gy (s) can exist which contains only
faces of more than 6 sides. The first step is an identity relating the number of edges
and vertices. Since Gy (s) is trivalent, we can count edges by double counting. For
every v € Gy(s), there are three edges. We sum over the vertices to obtain the edge
count, noting that every edge, except those which intersect OU, is counted twice.

This gives us

3V 4k 2F — k

FE = 5.1
5 3 (5.1)

We can also estimate E with relation to F'. Supposing each face of F' has at least

7 sides, the number of edges is at least 7F/2, since in the worst case every edge is



105

shared between two faces. We also have an extra k edges (those intersecting OU)

which are not part of any face in Gy (s). This gives us

F
E22;+b (5.2)

This estimate is sufficient for the 2 and 3 ray cases. To see this, we use (5.2), (5.1),

and the Euler formula to give us

V-E+F=1—k (5.3)
2F —

3k—E+F:1—k
E 2k
S F=14+—--=
373
L TE k2
=76 "3 3
= F < 2(k—3)

For the case of 4 and 5 rays, however, we need a slightly stronger estimate.
Toward this end, we can assume, without loss of generality, that U is a circle, and
G(s) N OU consists of k points pq,...,px that are ordered clockwise. If any edges
corresponding to p; meet at a vertex, then we can draw a new neighborhood U’
with & — 1 points where G/ (s) is a subnetwork. This process may possibly be
continued until we are left with three or less points in U N G(s), in which case we
are done. Otherwise, for £ > 3, between any two points p, and pxy; with vertices
Uk, k1 € Gp(s), mod k, there exists edges EF, ... ,E{Z that connect p, and ppy1,
and are also edges of a face F* in the complement of Gy;(s). The sequence of edges
El, ..., Ell1 oo EY Eﬁ forms a circuit whose edges do not cross that connects the
vertices v;,2 = 1,...k. Thus each edge Ej-, 1=1,...,k, 7=1,...,[; occurs in only

one face of Gy(s). This implies that we have undercounted (5.2) by at least k/2
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Figure 5.1: Continuation through a k-degree vertex. Possible topologies of curvature flow
with k-ray initial conditions, with k = 3,4, and 5. These correspond to planar rooted trivalent tree,

with the rooted vertex in each figure denoted by a dot.
edges, which gives us the new estimate
TF + 3k
p> 2ot (5.4)

- 2

We now combine (5.1), (5.4), and the Euler characteristic formula to obtain

V-E+F=1—k (5.5)
E 2k
S F=1+4+—-=>"
373
TF+3k 2k
S

- 6 3
= F<k-6.
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We therefore search for solutions containing no faces. Such networks are precisely
trees. Specifically, we seek trivalent trees with k leaves corresponding to edges con-
taining p;, © = 1,...k. Since the endpoints of the leaves are fixed, the number M,
of such trees is equal to the planar trivalent rooted trees of n leaves, which is equal
to the n — 15 Catalan number C,_; [22]. Specifically, My =1, M3 = 1, My = 2, and

M5:5. D

The explicit graph types are shown in Fig. 5.1. However, regardless of topological
type, flowing through a four and five sided grain deletions gives the same topological

transitions, as shown in Fig. 5.2.

5.3 PDMPs and grain coarsening

We now demonstrate that a mean-field model of grain coarsening is a specific example
of the k-species PDMP explored in [27] . The one parameter constants are as follows,
where we index our species ¢ = 2,..., M + 1 according to the n — gons (grains with

n-sides) they describe:

General Variable Value for grain coarsening
M M > 6 (free parameter)
M_ 4
B B > 0 (free parameter)
V; 1 —6
K® K?2=2K® =3 KW =2 K® =3 K" =4

Describing our parameters in more detail:
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e A particle of size a of species L, = Rt,n =2,..., M, corresponds to an n-gon

with area a.

e By the n — 6 rule, the velocity v,(a) of an n-gon is the constant v,(a) = n — 6.

Thus, M_ = 4.

e Constants K@ K™ correspond to the number of side redistributions for each
type of grain and side deletion, e.g. five sided grain deletions affect three grains,

K®) =3,

For n-gon probability weights, we impose the mean-field assumption that n-gon
selection is proportional to n. To obtain a closed system, we forbid two-sided grains
to lose sides, three-sided grains to lose two sides, and M —sided grains to gain a side.
We will not consider one-sided grains, as they are relatively rare in actual metal

networks (about .1%, see [15]).

We now give the explicit weights for n-gon selection in grain coarsening. These
are based on the Fradkov assumption that grains are selected based only on their

side number. The weights are then

w? = (5.6)

w® = . (5.7)

J, JE€{3,...,M},
wi® = (5.8)
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jEe{3,....M —1},

0, je{2 M},

) j7 j€{37"'aM_1}’
wi™ = (5.10)

0, je{2, M}

Reassignments are in accordance with side redistribution under grain and side
deletion. Recall the upper index [ =1,... M_ in R,E:l]) refers to the side number of the
deleted grain, k = 2,..., M refers to the side number of a neighboring grain before
undergoing side reassignment, and j = 1..., K" refers to the specific reassignment
of the j'h grain that is reassigned sides. Refer to Fig. 5.2 for a pictorial description
distribution of sides before and after grain and side deletions. Note that we disallow
reassignments that create 1 and M + 1 sided grains. The explicit reassignments are

then

) k—2 ke{4,...,.M},je{1,2},
R = (5.11)

0, ke {2,3},

o k-1 ke{s... M} je{1,23}
R = (5.12)

0, k=2,

o |E-1 ke{s. M} je{12}
Ry = (5.13)

0, k=2,

k—1, ke{3,....M—1},j€{1,2},

Ry =Ck+1, ke{s,.. . M—1}j=3 (5.14)

0, ke{2,M},
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Before Deletion After Deletion
Before Deletion After Deletion . i i i1 i
i 3 Grain Iy
j g » k-1
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Figure 5.2: Reassignments of sides before and after deletions. Numbers in grains refer to
side numbers.

4

k—1, ke{3,...,M—1},j€{1,2},

R =qk+1, ke{3,... . M—1},j€ {34}, (5.15)

0, ke {2, M}.
\

We now give an explicit form to the limiting kinetic equations of [27] for grain
coarsening. Assuming a continuous density of grain areas wug(z,t), we can write a
system of kinetic equations for grains with £ sides:

Oyug(z,t)+(k—6)0,ur(x, t) = hlg“:’am(u,t)—hlg“;am(u,t)Jth (u,t)—h"

side side

(u, ). (5.16)

The four source terms of the right hand side of (5.16) describe, in order, addition
and deletion of grains from L, due to grain deletions, and addition and deletion from
Ly, due to side deletions. Explicitly, they are, for k =2,... M,

Rt (ut) = Sus (0, )W, (#)ugra(w, ) + 9ug (0, )W upa (w,t)  (5.17)
g (0, )WY, () g (2, 1) + 2u5(0, )W, (g1 (2, 1)

Fus (0, YW (s (2, 1),
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W (u,t) = gz, ) [Bus (0, )W (£) + us (0, )W, (1) (5.18)

grain

g (0, )WV (8) + 3us (0, )W, (1)],

M 1,0) = el ,0) + s 0.0 (5.19)
16G(t)
hET (u,t) = Gint((t)) wi™uy(x, 1), (5.20)

O]

for tier weights w;”, w!™, total numbers G(t), Gy (t), and species selection weight
fraction Wi(l), Wit defined in (4.22). Our main result of the previous chapter is the
convergence of empirical PDMPs to the weak form of (5.16) for absolutely continuous
measures jix(t) € M(R™), obtained by pairing solutions j, with a test function ¢ € C

and integrating along R™. The weak form of (5.16) is then, for k =2,... M,

(Cu(t), &) — (Cu(0), ) + (k — 6) / (Ci(s). &) (5.21)
= H;:En‘n(u? t) - Hgl;'r:zin(u7 t) + Hfij;a(“” t) - sz‘;e<u7 t)?

with

Hifun0.) =2 [ W) Chsals) 1R + 622
3 / WD, (5)(Chra (5), ONF(s) +2 / W) Chn(s), AF() + (523)

2 [ T WO () (Crna (),6) + WO, (5)(Cor (), G dFA(s),

M) =2 [ () AR (520
+3 [ (Cule). WP ()F(s) +2 [ (Cul). WL (s

3 /0t<0k<s>,¢>W,§5><s>dF5<s>,
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i) = [ 2 (G604 (Cun(s) olds. (529
HZ’;(u,t):/O 4@?22?@02”(0;6(3),415)0[5. (5.26)

A point of departure from the Fradkov model is the choice of side deletion parameter
(. For the PDMP model, each grain is equipped with a Poisson clock that activates
with average time 3. When such a clock is activated, four grains are selected to
change side number in accordance with rules for side flipping. This differs from
Fradkov’s model, which assumes side deletion over grain deletion occurs at a constant
ratio . Graphs depicting the ratio of side to grain deletions are depicted in Fig.
5.22-5.24. .

From the previous chapter, we have seen that there exists limiting subsequence
that converges to a solution of (5.21). We now show that the solution retains several

properties from the pre-limit PDMP.

5.4 Properties of grain coarsening

One advantage to the stochastic method of proving existence of solutions to (5.21)
is that we can use properties from the finite particle PDMP model to prove, with
little difficulty, that the same properties hold for the hydrodynamic limit. Our main
tool is the observation that since (ud (¢), ¢) L, (ur(t), ¢) for all ¢ € Cp(RT), we can

choose ¢ = 1 to obtain the convergence of total numbers g (¢) LN gr(t).

Theorem 29. The following properties hold for the limiting distributions puy(t)

1. (Conservation of Polyhedral Defect). If the initial average side number
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for grains is 6, it remains so:

M M
> (k—6)gp =0 = (k—6)gu(t) =0. (5.27)
k=2 k=2
2. (No runoff at infinity). All loss of total number occurs from boundary

events, or

N(B) =Y gult) =D gl = D Flh). (5.28)

3. (Decreasing densities). The total number is decreasing in time:

N(t) < N(s) fort>s. (5.29)

Proof. Suppose we have a limiting initial measure u with zero polyhedral defect.
For i € N, let MN Y ¢ M(R") be a sequence of initial empirical distributions of
particles with zero polyhedral defect, satisfying u,iv 0, 1 in M(RT). Constructing
such a sequence is always possible. To see this, choose integers N; — oo ,where
N; = N2+ -+ NM 3L, (k— 6)NF = 0, and NF/S" N/ — gio. For each
n-gon in L,, randomly select NF particles with respect to the distribution u. By
N;,0

the Glivenko-Cantelli theorem, with probability one the empirical distributions

will converge to pf in M(RT).

For the empirical measures p™i%(¢), it is straightforward to see conservation of
polyhedral defect. This is because transport of grains does not change a grain’s side
number, and one can check that any critical event has a net zero change in polyhedral

defect. Thus

M
= (k—6)gp'(t) =0. (5.30)
k=2

Since gy, is the local uniform limit of g, (), we obtain property (1).
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. e N,0
For property (2), we again choose a sequence of empirical initial measures p, "~ —

1Y in M(R"), this time with no further qualifications. For the empirical densities,

we have
M M 5
STt = gro— > FN). (5.31)
k=2 k=2 i=2
L.

In the previous chapter we've shown that FN(t) —> Fj(t), so taking the local uni-
form limit proves (2). Statement (3) then follows immediately from (5.31), as the

cumulative distributions F; are increasing. O

Our next task is to show that our system conserves area, which is a consequence
of conservation of polyhedral defect. In this case, we’ll use the weak form of the

limiting equations. Here, we denote the identity function id : x — .

Theorem 30. (Conservation of area). For initial distributions which satisfy

> (ufid) < 0o,  P(0) =0, (5.32)
=2
we have ; ;
S ust) i) = S i) (5.33)
k=2 k=2

Proof. For r,j > 0, we use functions ¢™ : Rt — R defined by

;

T T<r
¢ (w) =iz —r) +r z €T+ H (5.34)
1
r x>r—|—;,

\

where ¢/ : [0, 7] — R* is a C"(R") function with ¢/(0) = 1 and ¢/(3) = 0, so that

¢™ € C. If we sum (5.16) over grain classes, a simple (though lengthy) calculation
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shows that
M
Y Hin(ust) = Hyrp (u,t) + HiG (ut) — Hi (ut) = 0. (5.35)
k=2

Intuitively, this identity simply states that critical events change side numbers of

grains, but not their areas. We are left with the relation

> Gu0.67%) = S 0).6%) = Sk =6) [ (s @) (530

Notice, however, that

(i (s), (¢7)) = pu()([0,7)) + /Oj Wdpy(s) = gu(s) asr,j — 00 (5.37)

This implies that taking the limit as j,7 — oo in (5.36) gives

> Gunlt)id) = 3~ u(0).id) ~ [ Plsjas. (5.3%)

k=2 k=2

Our theorem then follows from conservation of polyhedral defect. m

5.5 Computations

Simulations for PDMP grain coarsening were performed in Matlab. Grains over
several different initial configurations and [ parameters were tested. Illustrations,
unless otherwise noted, are with N = 9 x 10? initial grains with a maximum of
20 sides. Uniform initial distributions have 10* n-gons, for n = 2,...,10, dis-
tributed uniformly in [0,1]. At time ¢ = 5 the number of grains drops an order of

magnitude (see figure 5.4). We observe the following:
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Mean area growth

Simulations of grain networks which directly approximate mean curvature flow sug-
gest that the average grain area grows linearly. (see, [10, 2, 39], for instance). In
our simulations, the plot the average area (Ag(t)) at time ¢ for the grain coarsening
PDMP with varying Poisson parameters 3. For small values of 3, (Ag(t)) is approx-
imately linear (see Fig. 5.5,5.6). The same behavior holds for average area of grains
with k sides, k = 1,..., M. For larger values of (3, coarsening becomes convex (Fig.

5.7).

Distribution of n-gons

For low values of 3, the distribution of n-gons is approximately stationary (see Fig.
5.9) . However, as [ increases, distributions of n-gons n = 3,...,9 become more
uniform as time increases (Fig. 5.11). This is similar to the numerical experiments of
Fradkov [17]. Plots of n-gon densities for # = 0 and the Kinderlehrer model described
in [26] for stationary densities (time ¢ = 5 for both models) shows a similarity of

statistics (see Fig. 5.8).

Grain densities and diffusion

In Fig. 5.12-5.20, we plot histograms for grain densities of 4, 6, and 8 sides under (3
values of .01, .1, and 1. Each bar represent a bin of 40 grains. From grain deletions,
the number of bars decreases, corresponding to a decrease in number for increasing
time. The densities for all n-gons drift to the right with time (see Fig. 5.21). The

parameter 3 appears to play a diffusing role, as larger (3 also correspond to increased
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variance.

Side to grain deletion ratio

As observed in Section 5.3, the PDMP model differs from the Fradkov model in its
choice of parameter 5. Thus, we will denote v3(¢) as the (time dependent) ratio of
side deletions to grain deletions. For a uniform initial distribution, under differing

B, v5(t) exhibits similar concave profiles (see Fig. 5.22-5.24).

5.6 Remarks

A major advantage to viewing grain growth statistics as approximations of a hydro-
dynamic limit is the relative ease of implementing simulations. As we have seen, we
can immediately raise several conjectures about grain behavior. For example, for
B = 0, does there exist a stable attractor for the distribution of n-gon densities?
Several details of the limiting densities make this question difficult. First, individual
n-gon densities do not have stable attractors. Also, we still have yet to establish ex-
istence for an infinite time, which would be central in an asymptotic analysis. Such
long time existence was established for the Fradkov system in [19], but the existence

of universal attractors in this model remains unanswered.

The role of the flipping parameter 3 plays an interesting role in altering grain
statistics. The general trend noted in simulations is that 3 tends to act as a diffusion
agent between n-gons. The rule for side flipping is similar to the particle transfer

rule in the following model, as described in [7]. Here, we are approximating the
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dispersal of a fluid plug with initial density uo(z,y) in a carrier fluid. If the fluid has
a vertical velocity profile of V(y), the governing equations for the evolving density

u(z,y,t) have the form

«

u — V(y)u, = 5 Uy (5.39)

U(I7y70> = UQ(ZE,y).

The factor « is the diffusivity factor for the plug. Taken as a k-species PDMP, we
can approximate the domain carrier fluid by a large number of horizontal tiers, and
then approximately the fluid plug as particles traveling on these tiers with velocity
V(y*) for a tier located at y = y*. This model has no particle deletions (the fluid is
conserved), but each particle is equipped with a Poisson clock of parameter «, that
when set, transfers a particle to the next highest species with probability 1/2, and to
the next lowest species with probability 1/2. This, rule, however, is roughly the same
as side flipping. In both models, for n particles that are selected in an intermediate
species, roughly n/2 will transfer upwards by one species, and n/2 will lower by a
species. Thus, it is reasonable to expect the [ parameter in grain coarsening to
act in a similar manner as the diffusion parameter « for the fluid plug. This is,
of course, not precise, as we have not actually shown the right scaling of vertical
species interspacing for the fluid plug, nor have we considered how grain deletions

may interact with diffusion due to side deletion.
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Figure 5.3: Dispersal of a fluid plug. A carrier fluid is approximated by horizontal tiers, and
a fluid plug (the inner region of the figure) is approximated by particles (denoted by dots) which
travel horizontally on tiers corresponding to the vertical velocity profile V (y).
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Figure 5.5: Mean area of grains with § = .01 Mean area is plotted with line of best fit
y1 = .2806 + .9214x (the lines are indistinguishable). The correlation between average area and y;

is r2 = .9998.

Mean Area

Figure 5.6: Mean area of grains with § = .1 Mean area is plotted with line of best fit
y1 = 1909+ 1.0347x (the lines are almost indistinguishable). The correlation between average area

and g is r? = .9979.
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Mean Area

Figure 5.7: Mean area of grains with § = 1. Mean area is plotted with line of best fit
y1 = —.2796 + 1.6624x (mean area is convex). The correlation between average area and y; is
2

r< = .9881.
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Figure 5.8: Comparison of side number frequency between grain coarsening PDMP (dots) at
B =1 and the Kinderlehrer model (crosses) at ¢ = 5.
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Figure 5.9: Frequency of side number for g = .01 for various times.
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Figure 5.10: Frequency of side number for g = .1 for various times.
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Figure 5.11: Frequency of side number for 3 = 1 for various times.
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Figure 5.12: Histograms of four-sided grain densities at 5 = .01.
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Figure 5.13: Histograms of four-sided grain densities at § = .1.
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Figure 5.14: Histograms of four-sided grain densities at 5 = 1.
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Figure 5.15: Histograms of six-sided grain densities at 5 = .01.
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Figure 5.16: Histograms of six-sided grain densities at § = .1.
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Figure 5.17: Histograms of six-sided grain densities at § = 1.
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Figure 5.18: Histograms of eight-sided grain densities at 5 = .01.
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Figure 5.19: Histograms of eight-sided grain densities at 3 = .1.
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Figure 5.20: Histograms of eight-sided grain densities at 3 = 1.
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Figure 5.22: Side to grain deletion ratio yg(t) at 5 = .0L.
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133

Fradkay ratio
=] o =] =]
w 2 e 0 Oy B
(i3] = (i) m (i) o [iy) -~

=
w

=
i
o

o
]

Figure 5.24: Side to grain deletion ratio yg(¢) at 5 = 1.
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In the previous chapters, we constructed two examples of PDMPs, the dynamic
shuffler and the k-species model, and proved hydrodynamic limit theorems for their
particle densities. While the dynamic shuffler can be seen as an illuminating example
for illustrating PDMPs, it would be inaccurate to call it a simplification of the k-
species model. Unlike the k-species model, the dynamic shuffler conserves total
number, and critical events change particle sizes. This mixing behavior allows us to

analyze attractors.

The fluid limit of the k-species model can be interpreted as a result in queueing
theory for aggressive crowds. In our model, particles can be seen as customers who
are served upon reaching the origin. A served customer triggers other customers to
“cut” into other lines. This carries similarities to a queueing model of call centers
from Kang and Ramanan [25] that analyzes fluid limits of queues with “impatient”
customers, who after waiting a certain time without service, remove themselves from
the model. Customers are served on a First-Come-First-Serve basis, and service times
are not immediate. The weak formulations of the limiting kinetic equations (3.5) in
[25] and (4.22) include Stieltjes integrals with cumulative distributions of served
customers. In the k-species model, if the cumulative densities Fj(t),l = 1,..., M_
are sufficiently smooth, then their derivatives dFj(t) = v;(0)u;(0,t)dt are described
by behavior at a single point of limiting densities wu;(x,t). This is why we require

both L>® and L' estimates in the well-posedness analysis of Section 4.9.

The underlying motivation for analyzing such queues, however, is an explanation
of grain boundary coarsening. Direct simulation of coarsening through calculat-
ing discrete curvatures involves a great deal of computation. Also, such methods
inevitably face the fundamental question of flowing through a singularity, which re-
mains an unresolved issue. On the other hand, mean field models assume, a priori,

the existence of continuous fluid limits, and therefore close the question of measure
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valued behavior. Interpreting the k-species model as a mean field description of grain
growth carries several advantages. For instance, prelimiting empirical distributions
are, by definition, measure-valued. This allows for an investigation of coarsening
in a much larger class of initial data. This interpretation also simplifies proofs of
certain grain statistics, such as the conservation of area and polyhedral defect, by
allow us to pass limits in the uniform metric. Finally, it should be mentioned that
simulation of the grain coarsening PDMP is essentially a sorting problem, and thus

is not difficult to implement.

The generality of the k-species model allows for a wide variety of interpretation.
However, there are certainly more places to generalize. For instance, we may want
to consider countable tiers, or particles that advect in domains of R™. Also, a better
understanding of well-posedness for measure-valued initial data would exploit the
advantages for working with measure-valued empirical distributions in the k-species
PDMP. Regularity results, along improved results on existence times, can illuminate
universal grain statistics. There are several open questions that deserve attention.
For instance, grain densities do not converge to stationary solutions, but certain
statistics, such as the distribution of n-gons, seem to reach a steady state. For the
dynamic shuffier, we have addressed universal attractors for non-arithmetic redis-
tributions, but understanding limiting cyclic behavior of point masses on a lattice
would give a more complete cataloguing of long time behavior for measure-valued so-
lutions. These questions, among others, all share a common goal: describe complex

phenomena as a limit of finite systems that obey simple rules.
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