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Abstract of “ Bayesian statistical inference of non-allelic homologous recombination
in the human genome using high-throughput sequencing data ” by Matthew Parks,
Ph.D., Brown University, May 2014

Non-allelic homologous recombination (NAHR) plays a major role in genome rear-

rangement and is implicated in numerous genetic disorders. But detection of NAHR

poses a serious technical challenge because its breakpoints occur in nearly identical

regions of highly homologous repeats. While a few structural variation algorithms

identify rearrangements in repeat regions, reliable detection of NAHR remains out

of reach. We present a probabilistic model of NAHR and demonstrate its ability

to find previously-undetected NAHR rearrangements from low coverage sequencing

data. We identify a reliable subset of calls and discuss their significance: segregation

of NAHR in different populations, effects on highly studied genes such as GBA and

CYP2E1, and associated features of NAHR.
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Chapter One

Introduction
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Non-Allelic Homologous Recombination (NAHR) is a biological mechanism for re-

pairing broken chromosomes that results in gross genome rearrangements. A signifi-

cant portion (∼ 20%−50%, conservatively) of all genome rearrangement in humans,

also called structural variation, is thought to be the result of NAHR [38, 37, 3, 57, 18].

Understanding and detecting NAHR in individuals provides valuable insight for a

wide variety of genomic disorders, disease susceptibilities, and cancers [29, 13, 27,

74, 66, 60, 12, 36, 83].

Despite its importance and prevalence, NAHR is challenging to detect with either

computational or biological techniques. The difficulty stems from four crucial prop-

erties: 1) NAHR is mediated by highly homologous repeats, 2) there are thousands

of repeats across the human genome [8], 3) the breakpoints of an NAHR-mediated

rearrangement are always at homologous positions of homologous repeats, 4) NAHR

is capable of producing inversions, deletions, duplications, and translocations. De-

tection of NAHR thus requires a careful treatment of repetitive regions from large

areas of the human genome. Currently, repetitive regions are a major weakness of

biological and computational techniques for detection and verification[6].

Biological techniques for discovering instances of NAHR are frustrated by these

properties. Array-based approaches, namely array CGH and SNP micro-arrays, fail

in repeat regions because they assume diploid copies of each locus in the reference

genome [6]. The FISH technique is limited to very large (≥ 500 kb) rearrangements

and is low-resolution [6]. Design of reliable primers for PCR-based techniques of

genotyping rearrangement breakpoints is difficult because of the existence of other

highly homologous copies of the repeat. Also, PCR-based techniques are only prac-

tical for a relatively few number of rearrangements [6], yet there are many repeats

in the human genome and hence many potential sites of NAHR. While validations

of NAHR have been done using these techniques [60, 38, 37], they are not used on
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nearly the same scale as high-throughput sequencing.

High-throughput genome sequencing is a popular, powerful, and cost-efficient

source of data for learning about genomes and inferring the variation between indi-

viduals. Typically, structural variations in an individual with respect to the reference

are inferred from sequencing data by the mappings of paired-end reads to the refer-

ence genome. Nearly all of the most popular structural variation algorithms identify

candidate structural variations using only “discordantly” [80] mapped paired-end

reads, including VariationHunter, VariationHunter-CR, HYDRA, GASV, GASV-

pro, CNVer, BreakDancer, PEMer, and Pindel1 [30, 31, 65, 70, 71, 56, 82, 14, 56].

But the biology of the NAHR mechanism requires that NAHR breakpoints occur at

homologous positions of homologous repeats, making it highly likely that paired-end

reads generated from NAHR breakpoints are mapped concordantly to the original

repeats. Thus, the very biology of NAHR implies that NAHR will very often go

undetected by algorithms that rely on discordant reads, i.e. NAHR will be largely

undetectable by most existing structural variation detection algorithms.

Directly modeling NAHR offers major advantages over näıve analysis of discor-

dant reads via comparison of their mapping locations. The “rules of NAHR”[54,

44, 60] are studied and well-characterized [29, 13, 27, 53], and provide a structured

framework for detecting NAHR from short-reads that is consistent with the bio-

logical mechanism. They determine where NAHR rearrangements may occur, what

types of rearrangements are possible, and the exact location and sequence composi-

tion of the breakpoints. This has major implications for the analysis of sequencing

data: the information provided by the rules of NAHR allow us to fully and exactly

construct hypothetically rearranged genomes from which all reads were theoretically

1Pindel actually requires that one mate be mapped uniquely and the other mate to be un-
mapped. This is idea is sufficiently similar to discordantly mapped reads for inclusion here.
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generated concordantly, thus bypassing entirely the notion of “discordant” read map-

pings. Further, the characteristics of NAHR and repeats indicate a “natural” way

to evaluate read-depth, freeing our model from relying on arbitrary bins and sliding

windows. Thus, founding our model on the “rules of NAHR” provides a completely

new approach to high-throughput sequencing analysis for structural variation.

Data generated from repetitive regions requires extremely careful analysis, since,

by definition, there is very little signal to distinguish highly homologous repeats.

Any computational model must be sufficiently sensitive to recognize such subtle

differences in signal, and further, accumulate these differences and make inference

informed by the entirety of the competing, often conflicting signals. Probabilistic

models offer a natural way to capture such subtleties, and Bayesian models, in par-

ticular, use probability theory to weigh competing signals against each other to draw

inference.

We have constructed generative probabilistic models of both the NAHR mecha-

nism and the high-throughput sequencing process. We use these models to perform a

Bayesian statistical inference on the occurrence of NAHR-mediated rearrangements

in human genomes, focusing on deletions and duplications. Our model makes three

important contributions. First, it provides the first method that incorporates the

biology of the NAHR mechanism explicitly and its implications for high-throughput

sequencing. Second, it provides a mathematically rigorous framework for analyz-

ing high-throughput sequencing data in repetitive regions of the genome. Lastly, it

detects hitherto unreachable rearrangements in the human genome.

We analyzed publicly available, low coverage, short-read paired-end sequencing

data for 44 individuals from the 1000 Genomes Project using our model. Due to

the repetitive nature of these regions and the limitations of experimental validation
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technology mentioned above [6], we restricted our calls to a reliable subset using a

separate statistical test in lieu of experimental validation. Most of our results were

novel when compared against several recent structural variation validation studies.

Using our reliable subset of calls, we discuss important implications for several highly

studied genes, and we draw additional inference on general characteristics of NAHR.



Chapter Two

Biology of NAHR
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Here we briefly review the NAHR mechanism in humans. More detailed reviews can

be found in [29, 13].

Allelic homologous recombination (AHR) repairs double-stranded breaks (DSBs)

in chromosomes by using the allele on the sister chromatid as a template. This

mechanism is highly faithful because the allelic region of the sister chromatid is a

nearly-exact (up to polymorphism) copy of the DNA lost in the DSB. The crucial

step in the AHR repair process is the homology search for locating the allele, which is

to serve as a template for repair of the DSB via PCR. If the DSB occurs in a “unique”

region of the genome, then the homology search will almost certainly find the allelic

position on the sister chromatid, and AHR will proceed as usual. But if the DSB

occurs in or near a repeat, then the homology search may instead find a paralog of the

repeat, making the ensuing repair non-allelic. If the ensuing double Holliday junction

is resolved via crossover, then non-allelic homologous recombination (NAHR) has

occurred. The class of repeats that we will examine for NAHR in this study have

been termed low-copy repeats (LCRs) and segmental duplications[8, 24].

The type of rearrangement depends on the location of the paralog with respect

to the chromatid with the DSB, and on the orientation of the two mediating re-

peats (positive orientation if the genomic index of both sequences increases along the

alignment profile of the pair of repeats). Intra-chromatid NAHR results in deletions

if the repeats are positively-oriented, and inversions if negatively-oriented. Inter-

chromatid NAHR between positively-oriented repeats results in deletions and dupli-

cations. Translocations result from positively-oriented inter-chromosomal NAHR or

negatively-oriented repeats on different arms of the same chromosome.

The catch with NAHR is that since the DSB region and the template for repair

are highly homologous repeats, then the breakpoint region “looks” almost exactly
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the same before and after the rearrangement. Luckily, for any pair of repeats, there

is often a small set of SNPs and short indels that distinguish the repeats; we refer

to them as variational positions (VPs). Being conscious of the variational position

pattern, we see that since NAHR involves a crossover, then at the breakpoint the

VP pattern switches from one repeat’s VP pattern to the other’s. Indeed, the repeat

containing the breakpoint is actually a new repeat; it is a hybrid LCR, composed

of part of each of the two repeats that mediated the NAHR rearrangement, joined

at the breakpoint. See Figure 2.1a-b contains a schematic illustration of variational

positions and the resulting hybrid LCR for an NAHR duplication.

We can further characterize each NAHR rearrangement according to the VP pat-

tern(s) exhibited in the resulting hybrid repeat(s). Of the two repeats that mediate

an NAHR rearrangement, denote the one with a smaller genomic index as A and

the other as B. Deletions result in a hybrid repeat with VP pattern A → B, with

the original A and B repeats deleted. Duplications preserve both A and B, and

additionally create a hybrid with VP pattern B → A. Inversions and translocations

replace repeat A by a hybrid with pattern A→ B, and replace repeat B by a hybrid

with pattern B → A. Altogether, the resulting hybrid VP patterns and the types of

rearrangements give us the “rules of NAHR”.

Lastly, it is important to mention the closely-related gene conversion mechanism.

Gene conversion follows exactly the same pathway as NAHR, but the double Holliday

junctions are resolved via the non-crossover outcome. This does not produce a large-

scale rearrangement as in NAHR; instead, it merely replaces a short tract of the

genome by a copy of a donor tract. If B donates to A, then A is replaced by the

hybrid A → B → A, and vice-versa. Notice that gene conversion events have two

breakpoints, or rather, two switches in VP pattern. Although we do not focus on gene

conversion in this study, it is necessary to include gene conversion in any model of
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c) 
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b) 

Figure 2.1: Schematic example of an NAHR duplication with paired-end read data. (a) A
schematic reference genome and paired-end read data. The dark green and light green regions are
homologous LCRs which form a potential NAHR event locus. Green nucleotides are the variational
positions that distinguish the two LCRs. We consider two possible outcomes: no event and an
NAHR duplication. (b) The hybrid LCR formed from the NAHR duplication event is shown with
aligned paired-end reads. The hybrid LCR is novel to the individual - it does not exist in the
original reference genome. Notice that the variational positions switch from “dark green” to “light
green” after the breakpoint in the hybrid LCR. For simplicity in this schematic, we calculate the
probability of a paired-end read’s alignment according to the agreement between its mates’ bases
at the variational positions, although in the algorithm a full alignment probability is calculated.
Suppose the probability of a read-error is 2%. Then the likelihood that the paired-end reads came
from the hybrid LCR is 0.962 = 0.9604 for each read. (c) If no NAHR event occurs at this locus,
then this locus of the individual’s genome is the same as in the reference. Notice that the paired-
end reads are also aligned concordantly to these LCRs, albeit with a small number of errors at the
variational positions. Here, the likelihood of the mediating LCR is 0.98 · 0.02 = 0.0196 for each
paired-end read.

NAHR since the breakpoint signals of a gene conversion event mimic those of NAHR

events. For example, a gene conversion event producing the hybrid A → B → A

could be easily mistaken as an NAHR deletion with hybrid A → B or an NAHR

duplication with hybrid B → A.



Chapter Three

A Bayesian statistical model for

NAHR
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The challenge in modeling NAHR is the repeats. Standard structural variation

approaches encounter great difficulty due to the substantial uncertainty involved in

mapping reads to repetitive regions. The problem is made even more challenging by

the fact that the breakpoints of NAHR rearrangements are known to often occur at

corresponding homologous positions deep inside of the highly homologous mediating

repeats.

These challenges necessitate a novel framework for analyzing repeats and a new

approach to evaluating reads in repetitive regions. That is, we must develop two new

approaches: first, we abandon the traditional notion of a “repeat” family and instead

define a new kind of relationships between repeats; and second, we do not look for

anomalies among mapped reads to indicate a breakpoint, but rather calculate the

probability of all of the data given a hypothetical rearranged genome. These two

approaches are discussed in detail below.

3.1 A framework for repeats

Data analysis with repetitive sequences is a notoriously difficult task in computa-

tional biology. Because the sequences are so highly homologous, many biological

techniques are unreliable or useless when applied to repeats [6]. Similarly, compu-

tational strategies are frustrated because data involving sequences cannot be confi-

dently mapped to a single repeat out of many paralogous alternatives.

The relationships between homologous repeats can be rather complex. For ex-

ample, a repeat may be homologous to a substring of another repeat, may be homol-

ogous to another repeat except for an insertion of nontrivial length, may be a mosaic
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composition of several repeats, or may show self-similarity (substrings of the same

repeat are homologous). Figure 3.1 illustrates several complicated relationships. We

may also imagine scenarios in which, say, repeat A1 is 95% homologous to A2, which

is 95% homologous to repeat A3, etc., yet A1 and A10, say, are not very homologous

at all!

G A T C C T A G C G G T G G T C T A G A T C T T T C A A G A G A A T G C C G
G A T C T T A G C G G T 
G A T T C T A G -  G G T 

A G A A T G C C G
A G A A T T C C G

T C T T T G A T G A G A A
T C T T T G A T G A G A A

G A T T C T
G A T T C T

T C T T T C A T G A G A A T C C C G
T C T A T G A T G A G A A T G C C G

-  -  -  -  -  -  -  -
-  -  -  -  -  -  -  -

Figure 3.1: A schematic example of complicated relationships encountered between repeats. For
comparison, the nine sequences are shown in a multiple alignment. Note the long insertion in the
first repeat (top) relative to the second and third repeats. The bottom six repeats are homologous
to different non-disjoint substrings of the three longer repeats.

Due to these complexities, many classic bioinformatic techniques for character-

izing groups of sequences fail when dealing with repeats. Specifically, using multiple

sequences to construct a profile or perform a multiple alignment is not well-defined

because extensive self-similarity within a sequence possibly results in non-linear mul-

tiple alignments or profiles [43]. Thus, trying to find “repeat families” (a complete

set of mutually homologous repeats), though conceptually convenient, is problematic

in theory and in practice.

We abandon the notion of repeat families and sequence profiles as methods for

characterizing repeats. Instead, we resort to the most fundamental relationship

between sequences: the pairwise alignment1. Rather than attempt to characterize

whole groups of sequences at once, we instead consider only two sequences at a time,

defining their relationship by their pairwise alignment. Because we only consider

1For consistency, whenever we speak of alignments of LCRs, we orient and complement as
necessary the LCR with greater reference genome coordinates so that it can be properly aligned to
the LCR with smaller reference genome coordinates.
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pairs of highly homologous repeats at a time, we avoid the issues faced by profiles

and multiple alignments described above. Relying on pairwise alignments alone, we

associate regions of the genome according to homology and construct well-defined

homology maps between sequences. As we will see below, this also gives rise to very

natural probabilistic graphical model and a principled approach to evaluating the

data.

3.1.1 The Human Segmental Duplication database

Following the completion of the early drafts of the human reference genome, Bailey,

et. al. sought to identify segmental duplications in the human genome, where they

defined a segmental duplication as a sequence of length ≥ 1 kb which shares ≥ 90%

sequence identity with another (disjoint) ≥ 1 kb sequence, i.e. long and highly homol-

ogous repeats [8]. The length criteria distinguishes segmental duplications from the

many short, high-copy repeats (e.g. Alus, etc.) also present in the human genome.

Thus, the segmental duplications found and studied by Bailey, et. al. are also

called low-copy repeats (LCRs) [24]; we will use these terms interchangeably. Short,

high-copy repeats frustrate local alignment searches for long, highly homologous re-

peats in the human genome, as the many alignments between highly homologous

short high-copy repeats obfuscate relationships between longer sequences. Bailey,

et. al. accounted for short, high-copy repeats by employing a technique they called

“fuguization”, wherein they removed short, high-copy repeats and then proceeded

to perform local alignments on the remaining sequence, enabling them to find longer

stretches of homologous sequence. After identifying these longer repeats, they re-

inserted the high-copy repeats to obtain the full sequences and pairwise relationships.
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To account for long insertions between otherwise homologous sequences, they also

relaxed gap extension penalties when performing the local alignments. Finally, Bai-

ley, et. al. employed custom procedures for determining and refining the ends of

highly homologous sequences they discovered [8].

The result of Bailey, et. al.’s procedure is the Human Segmental Duplication

Database (HSDD), which lists all pairs of sequences in the human reference genome

that are ≥ 1 kb and ≥ 90% identity and gives their coordinates2. We assume that the

HSDD is indeed complete (i.e. contains all LCRs and all possible pairs of homologous

LCRs), and so we will refer to the repeats listed in the HSDD as the LCRs. We refer

to positions in the reference genome that are not inside of any of the LCRs appearing

in the HSDD as unique. Following the above discussion regarding the ambiguities

and difficulties in defining relationships between groups or “families” of repeats, we

take the HSDD as our fundamental set of relationships between LCRs. Identifying

NAHR between shorter repeats is left for later work.

When attempting to construct a probabilistic model that evaluates sequencing

data in repetitive regions, several issues arise:

1. If a read mapping algorithm encounters a read with several high quality can-

didate mapping locations, it will, by some method, choose one of the possible

locations to place the read. If we are looking for rearrangements in repeats,

then how do we find all reads homologous to a given repeat?

2. If we suspect a breakpoint has occurred at a specific location with an LCR, how

do we know exactly which reads contain information relevant to this specific

location?

2available at http://humanparalogy.gs.washington.edu/
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3. If we are going to evaluate the read-depth of a particular region to determine if

there has been an NAHR deletion or duplication, how should we choose which

intervals to analyze and what sizes they should be?

The HSDD can be used to solve all of these problems, as detailed below, Overall,

the entries of the HSDD tell us where to look to collect all of the reads mapped

to different paralogs of a given LCR; performing pairwise alignments between the

LCRs listed in the HSDD gives us exact coordinate mappings between homologous

positions of a pair of LCRs; and equivalence classes of positions based on pairwise

alignment mappings give rise to a natural, well-defined set of intervals for evaluating

the data.

3.1.2 Graph construction

We begin with the human reference genome, over which the HSDD and all our work

is defined:

Definition. The human reference genome F consists of both sex chromosomes and

one copy of each autosome. Each sequence is assumed to be completely specified.3

We will use subscripts (e.g. Fi) to refer to collections of intervals on F , and func-

tion notation F(x) to refer to the nucleotide at position x in the reference sequence.

For every entry in the HSDD (i.e. a pair of homologous sequences in the human

genome ≥ 1kb and ≥ 90% identity), we perform a standard global pairwise align-

ment4. The pairwise alignment implicitly defines a map between matched positions

3In this study we use GRCh37.
4we used Kalign[42] with parameters: -f fasta -s 80.0 -e 3.0 -t 10.0 -m 0.0.
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of the two LCRs:

Definition. The pairwise alignment of two LCRs whose intervals are A and B

induces a homology map m defined by: m(x) = y for x ∈ A, y ∈ B s.t. x and y

are emitted together from the match state (even if the nucleotides mismatch) in the

pairwise alignment of LCRs A and B.

A schematic example is shown in Figure 3.2. Due to indels, a homology map is

injective but in general not surjective, and its domain is in general not an entire

LCR, but rather some subsequence (i.e. only those positions not aligned in an indel).

Thus, the HSDD implicitly defines a set of mappings {m1, . . . } on the reference

genome F .

G A T C C T A G C G G T A A T C T - T C A A G A G

G A T C T T A G C G G T A  - T C T T T C A T G A G

Figure 3.2: A schematic example of the mapping m1 induced from the pairwise alignment of two
LCRs. Note that the map is injective, but due to indels it is not surjective nor is its domain the
entire LCR denoted by x. Of course, by reversing the roles of the x and y LCRs, we would get the
corresponding inverse map as well.

Using homology maps, we can identify corresponding “homologous positions”

between LCRs.

Definition. For two positions x, y ∈ F , then x
m
= y if ∃i s.t. mi(x) = y.

We assume that
m
= is an equivalence relation. Specifically, we assume that the

mappings m are transitive: if mi(x) = y and mj(y) = z, then ∃k : mk(x) = z.

While this may not be true due to the criteria for the HSDD, assuming it is true

is conservative: it will only serve to increase the computational complexity of our

model (seen later).
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We then use
m
= to create equivalence classes of homologous positions across LCRs:

Definition. For x ∈ F , the equivalence class of positions homologous to x (i.e.

m-equivalence class) is Mx :=
{
x
}
∪
{
y : x

m
= y
}

.

A schematic example of the
m
= relation is given in Figure 3.3. For a helpful analogy,

if we perform a multiple alignment between sequences, then all positions in the same

column of the multiple alignment are m-equivalent.

G A T C C T A G C G G T A A T C T - T C A A G A G

G A T C T T A G C G G T A  - T C T T T C A T G A G

G A T T C T A -  C G G T A  - T C T T T G A T G A G 

Figure 3.3: A schematic example of the construction of the equivalence class Mx11
. Thus,

x11, y11, z10 are m-equivalent, i.e. x11
m
= z10, etc..

The practical use of
m
= comes to light when analyzing a specific read inside of

an LCR. Suppose read R was mapped to position x on reference F inside of an

LCR. Then Mx tells us the exact locations (inside of LCRs) in F that R could have

been generated from. Further, if we suspect a certain rearrangement and breakpoint

among the LCRs, then we can determine exactly how this will affect the possible

generating locations of R.

While
m
= is useful for analyzing individual reads, we are also interested in evalu-

ating the number of reads over some given interval, i.e. read-depth. For a principled

approach to read-depth inside of repeats, we introduce another relation on top of
m
=.
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Definition. Define hx :=
{
i : ∃y ∈Mx s.t. y ∈ ran(mi) or y ∈ dom(mi)

}
.

In terms of the multiple alignment analogy, h labels each column of positions in the

multiple alignment (an
m
= equivalence class) by the collection of map indices which

relate the positions in that column. Figure 3.4 contains a schematic example of the

h relation.

G A T C C T A G C G G T A A T C T - T C A A G A G

G A T C T T A G C G G T A  - T C T T T C A T G A G

G A T T C T A -  C G G T A  - T C T T T G A T G A G 

Figure 3.4: Schematic example of the h relation. Technically, there are more homology maps
that correspond to m−1

1 ,m−1
2 ,m−1

3 , but they are not included here for simplicity. For x8: note
that Mx8

= {x8, y8}. Since x8 and y8 are related only by m1, i.e. m1(x21) = y21 as shown,
then hx8

= {1}. For x14, note that it is not part of any homology map to any of the other
sequences because it is an insertion; hence Mx14

= {x14} and so hx14
= ∅. For x21, note that

Mx21 = {x21, y21, z20}. Since m1(x21) = y21 then 1 ∈ hx21 . Similarly, since m2(y21) = z20, then
2 ∈ hx21 . Finally, m3(x21) = z20, and so 3 ∈ hx21 .

We must introduce a technicality to proceed. Define the relation < ·, · > between

m-equivalence classes as follows:

Definition. < Mx,My > if ∃k s.t. ∀z ∈ Mx,∃w ∈ My s.t. z, w are on the same

chromosome, and z + k = w.

Conceptually, if, in a multiple alignment, the only state transitions between the

column containing position x and the column containing position y are gap extension

or match-to-match, then < Mx,My >.
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Now we define a relation that extends
m
=. The technical description is followed

by a schematic figure and descriptive explanation.

Definition. Define the relationship
h
= between pairs of reference genome coordinates

as follows:

1. If x, y are both unique, then x
h
= y if they are both on the same chromosome

and both have the same bounding LCRs5.

2. If x, y are both inside of (possibly different) LCRs and < Mx,My > and hx =

hy 6= ∅, then x
h
= y.

3. If x, y are both inside of the same LCR and hx, hy = ∅ and ∀z ∈ [x, y] : hz = ∅,

then x
h
= y.

Finally, we form equivalence classes using
h
=:

Definition. Hx :=
{
x
}
∪
{
y : x

h
= y
}

.

Figure 3.5 contains a schematic example of H-equivalence classes in the representa-

tion of a multiple alignment.

Appealing to the multiple alignment analogy, we elaborate the first two cases

in the definition of
h
= in words. 2) consecutive positions (inside of LCRs) which

have homologous positions in exactly the same set of LCRs are H-equivalent; 3)

consecutive positions inside of the same insertion6 inside of an LCR are H-equivalent.

The H-equivalence classes essentially decompose the LCRs into elementary subunits

5i.e. if LCR A is the LCR with the greatest reference coordinates that are < x and LCR B is
the LCR with the smallest reference coordinates > x, then the same is true of LCRs A,B for y.

6Here, by “insertion” we mean a sequence which appears in one sequence but no others in the
alignment.
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G A T C C T A G C G G T G G T C T A G A T C T T T C A A G A G A A T G C C G
G A T C T T A G C G G T 
G A T T C T A G -  G G T 

A G A A T G C C G
A G A A T T C C G

T C T T T G A T G A G A A
T C T T T G A T G A G A A

G A T T C T
G A T T C T

T C T T T C A T G A G A A T C C C G
T C T A T G A T G A G A A T G C C G

-  -  -  -  -  -  -  -
-  -  -  -  -  -  -  -

Figure 3.5: Schematic example of the H-equivalence classes. Note that the existence of Hx13

follows from case 3) of Definition 3.1.2. The rest of the equivalence classes shown from case 2
of Definition 3.1.2. In particular, Hx7

and Hx10
are distinct H-equivalence classes because of the

< ·, · > relation.

of maximum length, similar in spirit to the concept of “ancestral duplicons”, thought

to be the foundational building blocks of modern segmental duplications [2]. From

another perspective,
h
= is basically a generalization of the notion of a repeat family:

if A1, A2, . . . were LCRs and ∀x, y ∈ ∪iAi : Mx = My, then LCRs A1, A2, . . . would

be a “repeat family” in some sense. Of course, this is not the case in general, which

is why we resort to this formalism.

We illustrate the application of
m
= and

h
= on a schematic example genome in Fig-

ures 3.6 and 3.7. First, we associate positions together according to the equivalence

relation
m
=. Visually, this amounts to “folding” the reference genome according to

homology between LCRs. Once the genome is folded, groups of intervals are iden-

tified together via
h
=, thus partitioning the genome F into F1, . . . . This process is

reminiscent of the de Bruijn graph and A-Bruijn graph constructions based on k-mer

repeats, as described in [20, 63, 62].

The
m
= relation tells us where to look for reads homologous to certain regions

of the genome; this is crucial for finding reads which may contain evidence of an
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...

Figure 3.6: A schematic example of applying the
m
= equivalence relation to “fold” a genome

according to homology and identify collections of homologous intervals. Homologous repeats are
the same color. Grey regions are unique sequence.

NAHR event’s breakpoint, but have been mapped to other homologous locations of

the reference genome by an aligner. In light of the
m
= relation, it is helpful to modify
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Figure 3.7: After “folding” a genome using the equivalence relation
m
=, we apply

h
=. The H-

equivalence classes induce a partition of the genome into F1, . . . . For a more detailed understanding,
we magnify the “blue” repeat part of the folded genome. Upon closer inspection, the three blue
repeats, represented by different shades of blue, are seen to have complicated homology relationships
with respect to each other. As such, the blue region is itself split into several equivalence classes,

according to
h
=.

our thinking about aligners and instead consider them to be “homology-finders”

rather than “read mappers”. That is, read aligners are excellent at finding some

location in the reference genome which has high homology to a given read, but are

not so rigorous when choosing a single location among many to map a read to. With

this understanding, we can use
m
= to evaluate reads in repetitive regions after a read

aligner has “found” a location which has high homology with a read’s sequence.
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The importance of
h
= will become clear once we formalize the notion of an NAHR

event below.

3.1.3 Variational positions

We come back to emphasize an important point: LCRs are in general not perfect

copies of one another. For almost every pair of highly homologous LCRs we consider,

there is a set of positions at which they disagree, either via mismatch or indel.

Definition. The variational positions (VPs) between LCRs A and B are the posi-

tions v1, . . . of the pairwise alignment of A and B wherein there is a mismatch or

indel.

Of course, since we are dealing with highly homologous sequences, there are relatively

few VPs with respect to the length of either LCR. An example of variational positions

taken from real LCRs in the human reference genome is shown in Figure 3.8.

A pair of homologous LCRs can be distinguished by the values taken at each of

the variational positions v1, . . . . We will refer to the values taken at the VPs by an

LCR as that LCR’s “variational position pattern”.



24

Figure 3.8: An example of variational positions from part of the human reference genome. Part of
the pairwise alignment of two LCRS (chr 1 : 149015492−149030910 and chr 9 : 70427260−70411827)
is shown. Variational positions are highlighted in red. Here, all variational positions are mismatches,
but variational positions can be indels as well.

3.2 Events and breakpoints

3.2.1 NAHR and gene conversion events

According to the biology of NAHR, any pair of homologous repeats may mediate an

NAHR event. For this study, we consider the pairs of LCRs listed in the HSDD to

be all possible pairs of repeats that may mediate an NAHR event. Thus, each pair of

LCRs listed in the HSDD defines a potential NAHR event. Although we are primarily

interested in NAHR events, we recognize that the gene conversion mechanism is

almost exactly the same as the NAHR mechanism and has very similar resulting

breakpoints, and so each pair of LCRs also represents a possible gene conversion

event. We capture these two mechanisms in the following random variable:

Definition. A potential NAHR or gene conversion event E is a random variable

defined by two distinct, fixed, LCRs in F of length ≥ 1kb and ≥ 90% identity (i.e.

paired in the HSDD), whose sample space is categorical and is determined according

to the orientation and complementarity of the LCRs as discussed in 2.
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We describe the sample space for a hypothetical event E in detail, whose LCRs we

denote as A and B. Of course, a pair of LCRs may not experience an NAHR or gene

conversion event, and hence no event is always a possible outcome. Also, any pair

of LCRs may experience gene conversion (non-crossover homologous chromosome

repair), in which there are two cases: A is donor or B is donor. Thus, gene conversion

- A donor and gene conversion - B donor are also always in the sample space. As for

NAHR: if the two LCRs lie on the same chromosome and are reverse complements,

then the sample space contains inversion; if the LCRs lie on the same chromosome

and have the same orientation and are not complements of each other, then both

deletion and duplication are in the sample space. Again, since we are primarily

concerned with NAHR (rather than gene conversion) in this study, we will refer to

E simply as “event E” or “NAHR event E” instead of the proper “potential NAHR

or gene conversion event E”.

In this study, we ignore potential translocations (LCRs on different chromosomes

or different arms of the same chromosome), and restrict the space of potential events

to those on the same arm of the same chromosome wherein the length of sequence

inbetween and including both LCRs is ≤ 250 kb. We employ these constraints be-

cause we will apply this model to data obtained from putatively healthy individuals,

in whom very large (> 250 kb) rearrangements are thought to be very unlikely (since

they are healthy), as are translocations.
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3.2.2 Dependencies between events

Immediately we must ask: what is the relationship between different potential NAHR

events? How do we determine the dependency between different potential NAHR

events E? The answer to these questions highlights the usefulness of our homology-

based graph construction in 3.1.2. Intuitively, two events E1, E2 are related if the

intervals of the genome they potentially affect overlap, or if they affect homologous

sequences so that reads from these homologous sequences a priori may have come

from either sequence. We declare the region (potentially) affected by event E to be

the contiguous interval of the reference genome inbetween and including the pair of

homologous LCRs that mediate E.

Consider the partitioned reference genome obtained after applying relations
m
=

and
h
=. Define Ai :=

{
j : ∃x ∈ Fj, x is affected by Ei

}
, i.e. Ai denotes the partitions

of the reference genome potentially affected by an NAHR or gene conversion event

at Ei. We declare two events Ei, Ej to be dependent if Ai ∩Aj 6= ∅. Figure 3.9 gives

a schematic example of this process.

Looking closer, there are in fact two different kinds of dependency, both demon-

strated in Figure 3.9. First, it may be the case that the intervals potentially affected

by Ei and Ej actually overlap, as do E2, E5 in Figure 3.9. This is of great importance,

as one event’s outcome may constrain another event’s space of possible outcomes.

For example, if the intervals of Ei, Ej overlap, and Ei occurs as an NAHR deletion,

then Ej cannot occur (as any non-null outcome) as one of the would-be mediating

LCRs of an Ej event has been deleted! We refer to this type of dependency as an

exclusivity constraint.

Definition. Suppose the regions potentially affected by events Ei and Ej overlap.
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Figure 3.9: A schematic example of the space of potential NAHR events E1, . . . and their mapping
onto the folded reference genome. For clarity, only the mapping of E2, E4, E5 are shown on the
folded reference genome. Note that A2, A4, A5 are pairwise non-disjoint, and therefore E2, E4, E5

are not pairwise independent.

Then Ei and Ej are said to be related by an exclusivity constraint, written Ei ⊥ Ej.

If one of of the events occurs as an NAHR event (deletion, duplication, or inver-

sion), then the other event must occur as no event. The two events may, however,

both occur as gene conversion events. If the joint outcomes (ei, ej) for (Ei, Ej) are

forbidden as such, then we will write ei ⊥ ej.

Note that not all outcomes of the hypothetical event Ei would actually constrain

Ej. Indeed, Ei may delete only (a small) part of Ej’s mediating LCRs, or Ei may

be a duplication which would actually create more LCRs like those of Ej! We ignore

these possibilities for this study, and declare that if Ei results in an NAHR event,

then Ej must take value no event. This is not the case for gene conversion events,
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however: Ei and Ej could each occur as a gene conversion.

The other type of dependency is when theH-equivalence classes affected by Ei, Ej

intersect, i.e. Ai ∩ Aj 6= ∅, but the regions affected by Ei, Ej do not overlap. This

is the case when there is some sequence potentially affected by Ei which is highly

homologous (≥ 1 kb, ≥ 90% identity) to another sequence potentially affected by

Ej. That is, Ei, Ej affect different but homologous LCRs. We refer to this type of

dependency as a homology dependency.

Definition. Suppose the regions potentially affected by events Ei and Ej do not

overlap, but that Ai∩Aj 6= ∅.. Then Ei and Ej are said to be related by a homology

dependency.

Figure 3.10 gives an example of the two types of dependencies discussed here.

Applying these relationships to the schematic reference genome in Figure 3.9, we

arrive at the graphical model shown in Figure 3.11.

(a)

(b)

Figure 3.10: Schematic examples of an exclusivity constraint and a homology dependency between
potential NAHR events. (a) The regions of the genome potentially affected by E4 and E5 overlap,
and therefore E4, E5 are related by an exclusivity constraint, meaning that at most one of E4, E5

can result in an NAHR event. Exclusivity constraints are denoted by dotted red lines. (b) E2 and
E4 are related by a homology dependency because there is homology between the regions of the
genome affected by each event. Here, E5 potentially affects a “blue” repeat, which is homologous
to the “blue” repeats that mediate E2.
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Figure 3.11: The graphical model on schematic potential NAHR events E1, . . . , E6 induced by
exclusivity constraints and homology dependencies. Exclusivity constraints are represented by
dotted red lines, homology dependencies are solid black lines.

3.2.3 Graphical model

The actual dependencies between all potential NAHR and gene conversion events

E1, . . . , En on the reference genome F is shown in Figure 3.12.

Note that the partition of F induces a partition of E through the dependencies

discussed above. Indeed, each connected component is an element of the partition

(a collection of events).

Figure 3.11 is essentially a graphical model for NAHR. Although the graph

as shown is missing several random variables which we introduce later (the data

and breakpoint random variables), it does show the basic relationships between

E1, . . . , En and satisfies all of the usual rules for a graphical model with respect

to summation and conditioning.
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Figure 3.12: The graphical model on potential NAHR events E1, . . . , En from the entire human
genome induced by exclusivity constraints and homology dependencies. Each node is a potential
NAHR event Ei, and each edge represents one of the dependency relations between events discussed
above. Notice that the various potential NAHR events break into distinct connected components
according to the dependencies. Nodes are arranged in a circular fashion, on the perimeter. Here
n = 1768. Green nodes are potential NAHR deletion/duplications, while yellow nodes are potential
NAHR inversions. Exclusivity constraints are shown in red, while homology dependencies are shown
in blue. Not shown are 261 connected components of size 1, i.e. events with no dependencies on
other events.

3.2.4 Breakpoints

When an NAHR event occurs, it creates a new hybrid LCR(s) that have some break-

point(s). We assume that the breakpoint occurs somewhere inside of the two mediat-

ing LCRs, excluding the case in which branch migration of the D-loop of the double

Holliday Junction pushes the breakpoint outside of the pair of annotated LCRs. Ac-

cording to the “rules of NAHR” [54, 44, 60], the Rad51-mediated single-stranded

DNA homology search mechanism chooses a long stretch of near-perfect homology
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to initiate the PCR that repairs the double-stranded break in one of the chromatids

[15, 67].

Crucially, this means that the breakpoints of the NAHR event are actually at

homologous positions of the two LCRs. In other words, the breakpoint will occur at

a pair of positions on the LCRs which are aligned together in the pairwise alignment

of the two LCRs. Thus, we imagine that we could actually pinpoint the breakpoint

of an NAHR event as a single position along the pairwise alignment of the two

mediating LCRs (which represents a pair of points - one on each mediating LCR, at

corresponding homologous positions).

However, in general we cannot resolve the breakpoint of an NAHR event down to

a single position because we are dealing with highly homologous repeats. Indeed, the

homology length and quality stringency imposed during the Rad51 homology search

essentially guarantees that the actual breakpoint (i.e. point of initiation of PCR)

of an NAHR event will be at some point within a stretch of near-perfect homology

between the two mediating repeats. Thus, we can only hope to localize an NAHR

breakpoint to the region between two variational positions. Thus, technically, we

aim to identify a “breakpoint region” between two VPs, but we will continue to use

just the term “breakpoint” for ease.

Finding the breakpoint of an NAHR event is therefore equivalent to finding the

point in the newly-created hybrid LCR at which the variational position pattern

“switches” from one LCR to another. This means breakpoints actually occurring in

the interim region between two VPs will result in exactly the same hybrid LCRs, thus

reducing the space of all possible breakpoints to the space of variational positions.

We can therefore restrict the space of potential breakpoints to be the set of variational

positions that distinguish a given pair of repeats.



32

LCR X GACTAATTGCAGCCAGATGCCAGAACCTTATGATCTGA

GACTCATTGCA TCCAGATGCCAGAACGTTATGATCTAA

GACTAATTGCAGCCAGATGCCAGAACGTTATGATCTAA

  

LCR Y

hybrid
LCR

NAHR  deletion

(a)

LCR X GACTAATTGCAGCCAGATGCCAGAACCTTATGATCTGA

GACTCATTGCA TCCAGATGCCAGAACGTTATGATCTAA

GACTCATTGCATCCAGATGCCAGAACCTTATGATCTGA

  

LCR Y

hybrid
LCR

NAHR  duplication

(b)

LCR X GACTAATTGCAGCCAGATGCCAGAACCTTATGATCTGA

GACTCATTGCA TCCAGATGCCAGAACGTTATGATCTAA

GACTAATTGCATCCAGATGCCAGAACGTTATGATCTGA

  

LCR Y

hybrid
LCR

gene  conversion

(c)

Figure 3.13: A schematic example of the breakpoint random variable B for several homologous
recombination events. In each case, the sequences of two distinct LCRs are shown aligned, labeled
X and Y . We assume that LCR X has smaller genomic indices than LCR Y . Variational positions
(VPs) are shown in shades of red - LCR X has dark red VPs, LCR Y has light red VPS. The
VPs are labeled v1, . . . , v4. (a) We suppose that LCRs X and Y mediate an NAHR deletion with
breakpoint B = v3, resulting in the hybrid LCR shown. The hybrid LCR contains both shades of
variational positions - at v1, v2, the hybrid LCR matches the VPs of LCR X, and at v3, v4, the
hybrid LCR matches the VPs of LCR Y . Note that the exact position of crossover was at a position
inbetween v2 and v3, but since the LCRs are identical in [v2 + 1, v3 − 1], then the breakpoint is
essentially v3; hence B = v3. (b) Similar to part (a), but for an NAHR duplication. (c) We
suppose a gene conversion event occurs, where LCR Y is the donor.
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Definition. Consider an NAHR event E mediated by LCRs X, Y . The breakpoint

B of NAHR event E is defined as follows. If E = no event, then B = ∅. If E

results in an NAHR event, then B is the smallest variational position of the pairwise

alignment profile between LCRs X and Y after the switch in variational position

pattern between A and B in the newly created hybrid LCR. If E results in a gene

conversion event, then B is an ordered pair of variational positions, each one being

the smallest VP after a switch in VP pattern between the two mediating LCRs.

In particular, suppose event E has LCRs X, Y and LCR X has smaller reference

genome coordinates than Y . A schematic example of the following cases are shown in

Figure 3.13. If E results in an NAHR deletion, then B is the first variational position

in the alignment profile which shows the Y VP pattern in the resulting hybrid LCR.

If E results in an NAHR duplication, then B is the first variational position which

shows the X VP pattern in the resulting hybrid LCR. If E is an inversion, then B

is the first VP showing Y ’s VP pattern in the hybrid LCR which replaces LCR X.7

If E is a gene conversion wherein X is the donor, then B = (B1, B2) where B1 is

the smallest VP on the Y XY hybrid that shows the X VP pattern, and B2 is the

smallest VP on the Y XY hybrid that shows the Y VP pattern and is > B1. The

analogous holds for gene conversion events wherein Y is the donor.

In light of the complexity and uncertainty of branch migration and mismatch

repair processes, our above definition of a breakpoint is inadequate. As observed

in experimental validation studies, there can be complicated switching between the

variational patterns of both LCRs [38]. A more sophisticated breakpoint model

would allow for oscillations between informative patterns, and the breakpoint would

be the entire region in which the complicated variational pattern switching occurs.

7Recall that NAHR inversions convert LCR X into an XY hybrid and LCR Y into a Y X
hybrid with respect to the orientation assumed during the pairwise alignment of X and Y .
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Here we make a simplifying assumption:

Assumption 1. A recombinant LCR displays exactly one transition between the

informative patterns of its mediating LCRs.

We could add the breakpoint random variables Bi for each event Ei to the graph-

ical model in Figure 3.11 by creating nodes Bi and drawing dependencies for each

Bi to its corresponding Ei and all other events connected to Ei (including their

breakpoints), but this would clutter the visualization and provide no useful new

information, and so we omit this addition to the graphical model.

3.2.5 Test genomes

Ultimately, we are interested in identifying NAHR events that occurred in some

individual’s genome G with respect to the reference genome F . We refer to G as a

test genome. Since we are focusing on NAHR, we assume,

Assumption 2. A test genome G differs from F only by NAHR and gene conversion

events occurring at E1, . . . with some breakpoints B1, . . . . That is, we exclude the

possibility of SNPs and indels, structural variation by other mechanisms, and NAHR

mediated by sequences other than those from the HSDD represented by E1, . . . .

Since (E,B)n1 completely specifies G, then we will use G and (E,B)n1 interchangeably.

Of course Assumption 2 is false, but it allows us to analyze data in which the only

possible explanation for observed deviations from that expected in F is that some

NAHR or gene conversion events occurred at certain Ei with breakpoints Bi. This

simplification is reasonable since NAHR is one of the more common rearrangement
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mechanisms and is restricted to repetitive regions, as mentioned in chapter 1. If

there are instances in which our assumption is wrong, i.e. there is a non-NAHR

rearrangement which deletes or duplicates a non-trivial amount of sequence at the

locus specified by one of the potential NAHR events Ei, then our model is likely to

nonetheless detect that there is a rearrangement (due to the strength of the read-

depth signal alone), but will of course falsely attribute it to NAHR.

We now describe how to apply an NAHR event to F to obtain G.

Consider the partition F1, . . . of F obtained from the procedure in 3.1.2, and

an NAHR event and breakpoint (E,B). We obtain a partition G1, . . . of G from

the partition of F simply by modifying the intervals in the appropriate partitions

of F according to the changes implicated by (E,B). Thus, the partition G1, . . . of

G correspond to the partition F1, . . . of F , wherein the intervals contained in Gi

are either deleted, duplicated, replaced by (part of) a new hybrid LCR, or have an

additional (part of a) hybrid LCR - according to E(, B). The M - and H- equivalence

classes are transformed in similar fashion.

Of major importance, note that we can now construct any part of a hypothetical

test genome G merely by applying the specified rearrangements. This is a major

innovation in structural variation: rather than dealing with reads mapped as given,

which contain impossible anomalies (e.g. mates of a paired-end read mapped to

different chromosomes), we can evaluate realistic (i.e., concordant) alignments of the

reads to a hypothetical genome. Specifically, we align reads against hybrid LCRs in

the putatively rearranged genome.
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3.3 High-throughput sequencing data

Now that we have a framework for working with repeats, we show how the data

benefits from this framework.

3.3.1 Paired-end reads

The basic atoms of data available from high-throughput sequencing are reads. We

will exclusively consider paired-end reads, but with minor adjustments all of the

following can be applied to other types of reads.

During next-generation sequencing, the genome is cleaved into short fragments

whose mean length is typically in the vicinity of 100 − 300 bp. In paired-end se-

quencing, both ends of the fragment are sequenced, producing a pair of mate reads

(where the pairs are known) of the same length, typically 36− 100 bp.

Definition. A paired-end read P is an ordered triple P = (Ra, Rb, L). The random

vectors Ra, Rb are the nucleotide sequences pertaining to each read in the pair,

and the random variable L is the smallest genomic index on test genome G which

generated the fragment from which Ra, Rb were sequenced (i.e. left-endpoint of the

fragment). We will refer to a paired-end read as simply a “read” for brevity when it

is clear that we are not discussing the individual mated reads Ra, Rb. The “fragment

implied by P” is the hull of the genomic coordinates to which Ra, Rb are aligned.

See Figure 3.14 for a schematic example of a paired-end read.

We emphasize that we are defining paired-end reads in relation to the test genome

G, not the reference F . As such, we avoid entirely the notions of split-reads, dis-
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ATAGCTTCCGGA           TTCGATTAGCCT

fragment
Figure 3.14: A schematic paired-end read.

cordant reads, or any other oddities that arise when comparing reads against the

reference genome F . Indeed, “discordant reads” and the like do not actually ex-

ist; rather, those notions are artifacts of aligning paired-end reads to genomes from

which they were not generated. Instead, we know that every single paired-end read

in a dataset was generated concordantly from G, and so it only remains to construct

the genome G and align reads against it. But we know how to construct G, or any

small part of G, exactly given a set of events (E,B)n1 , as outline in 3.2.5. Thus, we

can always construct any region of interest in G and concordantly align reads to it.

Note that we defined the generating location L of a paired-end read P to be only

the left-endpoint and not the entire fragment implied by P . This will be of great

convenience and will be crucial for helpful independence assumptions, as we will see

later. Note also that we distinguish between a generating location and a mapping

location. That is, the generating location is the location from which the paired-end

read was actually produced, while the mapping location is where the read was placed

by the read aligner and may not actually be the location that produced the read.

Although a paired-end read P is completely specified by its nucleotide sequences

Ra, Rb and the location L of the test genome G from which it was generated, the

location L is always unknown - sequencing machines only output (paired) nucleotide

sequences, without any other indication of the generating location. Thus, our data
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is partially hidden; we always deal with (Ra, Rb, ·).

Definition. The data D pertaining to test genome G consists of some number C

of paired-end reads P , whose read sequences are completely observed but whose

generating locations are hidden: D :=
(
Ra, Rb, ·

)C
1

.

3.3.2 Partition of the data D

Although the generating location L of each paired-end read P is hidden, we can still

partition the data D just like we partitioned G and F . Read-error rates vary by

machine and from run to run, but in general read-error rates generated by Illumina

sequencing machines (which we consider exclusively) are quite low, ranging from

1% to 0.001%. Since each read is ≈ 36 − 100 bp in length, then it is extremely

unlikely that we will find reads with so many errors that they are significantly non-

homologous to their generating location L. Thus, while technically a paired-end read

P with hidden L could have come from anywhere in the genome G, in fact there

are very few locations which could have generated P with non-negligible probability.

For reads from unique regions, we assume there is only one possible location, i.e. the

unique region where we found the read mapped to (ignoring issues of mappability8).

For reads from repeat regions, there are several locations (paralogs of the repeat of

the generating location) which realistically may have generated P .

Assumption 3. Consider a paired-end read P which has been mapped to location `

in F by a read aligner (e.g. BWA). We consider three cases:

1. Suppose ` is unique and the fragment implied by p does not intersect any LCR.

8Mappability refers to the uniqueness of a certain k-mer in F . For example, a 36-bp k-mer may
be repeated many times throughout F , though we don’t consider it to be a repeat.
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• If ` exists in G and was not duplicated, then we assume that ` generated

P , i.e. L = `.

• If ` exists in G and was duplicated, then we assume that ` or its newly-

created duplicate(s) are possible generating locations for P .

2. Suppose that the fragment implied by P has been mapped to a repetitive

location ` in F . Then we assume that all homologous positions on LCRs

homologous to ` (including ` itself and any newly-created duplicates or hybrids)

that exist in G are possible generating locations for P , i.e. L ∈M`.

3. For “edge” cases, where the fragment implied by P intersects an LCR but `

lies outside of the LCR, we find all positions on LCRs that are homologous to

the positions in the fragment which do intersect the LCR, and then infer the

positions that would correspond to `.9

In summary, the space of possible generating locations for reads mapped to LCRs

are homologous positions of homologous LCRs, and the space of possible generating

locations for reads mapped to unique regions is simply the mapping location. In other

words, the space of possible generating location is the M -equivalence class containing

the mapping location, adjusted according to the NAHR events (E,B)1, . . . . For

clarity of exposition we will ignore edge cases in further derivations below; the edge

cases are always similar to the LCR cases as in 3.

We may associate each read P with a particular M -equivalence class of homolo-

gous positions, and thereby with a particular particular member Fi of the partition

of F . We then associate P with the corresponding member Gi of the partition G.

9We identify a slightly broader region about the corresponding end of homologous LCRs and
perform a Viterbi alignment of P to the small, selected region, and take the leftmost endpoint of the
Viterbi alignment as a generating location. We use this approximation, again, because read-errors
are so low that while the exact alignment of a read may have uncertainty, the endpoints of the
alignment should have little uncertainty.
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This induces a partition D1, . . . of the data D corresponding to the partitions of G

and F . We can add D to the graphical model in 3.11 by creating nodes D1, . . . for

the partition of D, and for each Di drawing dependencies between Di and all events

which potentially affect Fi. Nonetheless, we will continue to think of the graphical

model shown in Figure 3.11 because the Di nodes do not provide any new useful

information (they are merely a technicality) and merely clutter the visualization.

3.4 Probabilistic model

Now that we have defined all of our random variables, we can form a probabilistic

model for them. The probabilistic model breaks into two parts: the prior, consisting

of the biological r.v.s E and B; and the likelihood, consisting of the data D given

the priors (E,B).

3.4.1 The prior

Prior on events

For simplicity, we would immediately wish to assume a priori independence of the

events En
1 , and that each event Ei occurs as no-event with the same probability

1− γ. In this spirit, we define f on events E
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Definition. The näıve p.m.f. of an event outcome E = e is f , where:

f(E = e) =



1− γ : e = no event

γ · α · 1
2

: e = gene conversion

γ · (1− α) · 1
2

: e = deletion, duplication

γ · (1− α) : e = inversion

where α ∈ (0, 1) reflects the preference for the non-crossover outcome (gene

conversion) as opposed to the crossover outcome (NAHR) of the double Holliday

junction repair mechanism. (Also, recall that if the mediating LCRs of an event

have the same orientation, then the only possible NAHR outcomes for the event are

deletions and duplications; whereas if the LCRs have opposite orientation, then the

only possible NAHR outcome for the event is an inversion).

But in light of the discussion in 3.2.2, there are indeed dependencies between

NAHR events. The homology dependencies do not imply dependency between En
1

in the prior, since events related via a homology dependency do not physically impact

each other. The exclusivity constraints, however, have important implications.

Definition. Λ is the set of pairs of NAHR event outcomes that are impossible

according to the exclusivity constraints among the events En
1 . That is,

Λ :=
{

(ei, ej) : Ei ⊥ Ej and ei ⊥ ej
}

(3.4.1.1)

We modify the näıve independence assumption to account for the exclusivity

constraints, arriving at the prior distribution on events:
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P
(
En

1 = en1

)
:=

n∏
i=1

f(Ei = ei) ·
∏
λ∈Λ

(1− 1λ). (3.4.1.2)

In our calculations (presented later), we set α = 1− 10−3 and γ = 1− 10−6 for f .

Note that a more informed prior could have been constructed according to re-

ported correlations between rates of NAHR and LCR features as studied in [52, 12,

73, 60, 51], but the likelihood will be dominant in our problem (due to large amounts

of data and low read-error rates), so for simplicity we use the model presented here.

Also, note that the exclusivity constraints cause the prior on events to add up to

some δ < 1. As usual, since all of this goes into Bayes’ Rules, the factor δ cancels

out, and so we ignore it.

Prior on breakpoints

Assumption 4. The breakpoints of events are a priori mutually conditionally in-

dependent given all the event outcomes. Also, the breakpoint Bi of event Ei is

conditionally independent of all other events given Ei.

Intuitively, Assumption 4 states: when an event occurs, its choice of breakpoint

does not depend on other events or other breakpoints.

Assumption 5. For a given outcome of a given event, we assume that each possible

breakpoint is a priori equally likely.

A more informed prior on breakpoints is possible, such as by using the literature

on noted double-strand break sequence features [29, 27, 13] or by using the distance
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between neighboring variational positions to determine probabilities. But, again, the

likelihood is expected to be dominant due to the large amount of data and low error

rates, so we use a simple model for now.

Let Bi be the set of all variational positions for event Ei. Then Bi is the space

of possible NAHR breakpoints for event Ei, and B2
i :=

{
(b, c) : b, c ∈ Bi, b < c

}
is

the space of possible gene conversion breakpoints, following section 3.2.4. Then we

define

P
(
Bn

1 = bn1
∣∣ En

1 = en1

)
=

n∏
i=1

P
(
Bi = bi

∣∣ Ei = ei

)
=

n∏
i=1

g(Bi = bi
∣∣ Ei = ei)

where g(Bi = bi
∣∣ Ei = ei) =


1 : bi = ∅, ei = no event

1∣∣B∣∣ : bi ∈ B, ei is NAHR

1∣∣B2

∣∣ : bi ∈ B2, ei is gene conversion

i.e. B
∣∣ E = e ∼ unif

(∣∣B∣∣) when e is NAHR, and B
∣∣ E = e ∼ unif

(∣∣B2
∣∣)

when e is gene conversion.

Despite high homology, long LCRs can have a large number of variational po-

sitions; for example, 95% similar LCRs of length 10 kb would have 500 variational

positions. Appealing again to low read-error rates and the large amount of data, we

restrict B in practice to keep the computation feasible. Details are in Appendix A.
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3.4.2 The likelihood

We now turn to the likelihood P
(
D
∣∣ (E,B)n1 = (e, b)n1

)
. Recall that D consists of

three types of random variables: the number of reads C, the read sequences Ra, Rb,

and the hidden generating locations L. First we treat the number of reads C.

Number of reads C

First, an important conditional independence assumption:

Assumption 6. Fragments of the test genome G are generated independently given

G.

It would be convenient to assume that fragments of G are generated uniformly

over the length of G, i.e. that C ∼ Poisson. However, studies show this to be

false; instead, the fragment distribution has been found to be dependent on GC-

content [11, 16]. In particular, Benjamini & Speed 2012 found the dependency to be

on the GC-content of the entire fragment, as opposed to only the GC-content of the

reads or some region near the fragment.

Suppose the fragments input to a sequencing machine have mean length ξ; so a

fragment of length ξ may have GC-content 0, . . . , ξ. We estimate the fragmentation

rate for each possible GC-content k of a fragment of length ξ by dividing the number

of observed paired-end reads whose implied fragment of length ξ has GC-content

k by the number of positions in F which have GC-content k in their hypothetical

fragment of length ξ. We formalize this below.

Define the function g on F by g(x) :=
ξ−1∑
k=0

1F(x+k)∈{G,C}, i.e. g(x) gives the GC-
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content of the hypothetical fragment of length ξ whose left-endpoint in F is x. Let

ΛF0 , . . . ,Λ
F
ξ be the partition of F induced by g; so for example, ΛFk is the set of

positions x ∈ F such that the hypothetical fragment of length ξ with left-endpoint

at x has GC-content k. We partition the data D by GC-content in a similar manner:

for each P ∈ D, let `P be the location P was mapped to by the read aligner. Then

for k = 0, . . . , ξ, define ρk :=
∣∣{P ∈ D : g(`P ) = k

}∣∣, i.e. the observed number

of paired-end reads whose implied fragment of length ξ has GC-content = k. We

can then approximate the rate of fragmentation for GC-content k by λk := ρk∣∣ΛFk ∣∣ .
Note that this approximation assumes that all mutations (SNPs, indels, NAHR,

etc.) have a negligible impact on overall GC-content of the genome.10 We can now

define a distribution on read-depth.

Assumption 7. The probability that a paired-end read is generated from position

x ∈ F is λg(x).

For a collection of points H ⊆ G, we will use the notation λH :=
∑
y∈H

λg(y).

Benjamini & Speed 2012 also showed that even when taking into account GC-

content bias, the distribution of fragments across the reference genome has variation

slightly higher than the variation of the Poisson distribution, which is the distri-

bution often chosen to model read-depth. We include this additional variation by

allowing the Poisson distribution parameter to vary according to a Gamma distri-

bution; i.e. a Gamma-Poisson mixture. The resulting distribution is the Negative

Binomial distribution, here interpreted as an “overdispersed Poisson”. We derive

the parameters for the Negative Binomial distribution as follows.

Let H ⊆ G be a portion of the genome G. By assumptions 6 and 7, we should

10Note that both studies of coverage bias [11, 16] also analyzed “mappability”, i.e. the uniqueness
of k-mers in the reference genome. Since our model considers all possible mapping locations, then
it is unnecessary for us to correct according to mappability.
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expect µ := λH fragments to be created from H on average. Thus, µ should be the

mean of the Poisson distribution, and also the Gamma distribution. Intuitively, the

additional variation is represented by how much the Poisson parameter is allowed to

vary about µ, i.e. the variance of the Gamma distribution in the mixture. We chose

to specify the variance of the Gamma distribution as some percentage of the mean;

that is, we wanted the Gamma distribution to have variance σ2 :=
(
α·λH

)2

for some

parameter α. We chose α = 0.05 via manual inspection of several regions in test

individuals. It is then easy to solve for the parameters of the Gamma distribution,

obtaining: scale parameter k = 1
α2 and shape parameter θ = α2 · λH . We then

obtain the parameters of the Negative Binomial by calculating the integral of the

Gamma-Poisson mixture.

Assumption 8. Let H ⊆ G be a portion of the genome G. The probability distri-

bution on the number of reads C generated from H by the sequencing machine has

p.m.f. ψ
(
C
∣∣ H), given by:

ψ
(
C = c

∣∣ H) := NegBin

(
c;

1

α2
,

α2 · λH
1 + α2 · λH

)
=

(
c+ 1

α2 − 1

c

)
·
(

1− α2 · λH
1 + α2 · λH

) 1
α2

·
(

α2 · λH
1 + α2 · λH

)c
. (3.4.2.1)

In terms of the NAHR variables, we now have a form for the probability of an

observed read-depth given a set of NAHR rearrangements.

P
(
C = c

∣∣ (E,B)n1 = (e, b)n1

)
= ψ

(
C = c

∣∣ (E,B)n1 = (e, b)n1

)
. (3.4.2.2)

Having conditioned on the number of reads C, we may now proceed to model
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the reads themselves.

Read sequences Ra, Rb

For the moment, suppose we know the generating locations Lc1 of paired-end reads

P c
1 . Then we assume that the nucleotides of each read were produced independently

of all other reads.

Assumption 9. The sequencing machine generates the bases of each read in a paired-

end read independently of all other paired-end reads, and also independently of its

mate read, given the test genome G and the generating locations of every paired-

end read. That is, the collection of reads
{
Ra

1, R
b
1, R

a
2, R

b
2, . . . R

a
c , R

b
c

}
is a mutually

conditionally independent set given G and L1, . . . , Lc.

Thus we may focus on one read at a time.

The probability of observing a certain read (a string of nucleotides) given its

generating fragment (reference sequence) is a product of error-rates for generating

each base from the given fragment and for transitioning along the fragment (skip-

ping or lagging along the bases of the fragment). Since we are assuming a specific

fragment, then we are looking for a kind of global alignment likelihood for a read

and a fragment.

We developed a new theory and algorithm for aligning a paired-end read P to

an exact fragment that putatively generated P . Our new pairwise sequence aligner,

called a conditional HMM aligner, models the case of one sequence directly “gen-

erating” another, rather than considering the two sequences to be evolutionary de-

scendants from some common hypothetical ancestral sequence, as is the case in
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conventional sequence alignment theory. This new theory permits the incorporation

of biases and error-rates that depend on the features of the reference sequence and

are specific to given sequencing technology.

For example, studies have shown that Illumina sequencing machines have context-

dependent read-error rates, where the context is the triplet consisting of the base

currently being read by the machine and the two previous bases read by the machine

[55, 58, 59, 39, 5, 4]. Conventional HMM sequence alignment theory is unable to

allow such biases because neither sequence is assumed given, and so a conventional

HMM cannot condition on any features (such as contexts) in one of the sequences.

Note that this additional fine level of detail is absolutely vital to the study of NAHR:

LCRs only differ by a sparse set of variational positions to begin with, and so every

read-error matters! In our case, we tailored our aligner to account for the biases

and error-rates of Illumina sequencing machines as studied in [55, 58, 59, 39, 5, 4].

Specifically, a conservatively high read-error rate of 2% was assumed, which was

increased (liberally) in the presence of contexts and features specifically mentioned

in [55, 58, 59, 39, 5, 4]. While we did not properly learn the parameters from the

data, we did use higher error-rates than suggested in the literature, which makes our

model conservative. Chapter 5 covers this new theory in greater detail. Figure 3.15

gives a schematic example of the conditional HMM aligner and the features affecting

error-rates.

While it is theoretically clear how to align a paired-end read P to a suspected

generating location L ∈ F , there are nuisance details that must be addressed in

practice. Appendix B discusses the actual procedure of aligning P to L.

In summary,

Definition. ϕ
(

(Ra, Rb) = (ra, rb)
∣∣ L = `

)
gives the marginal likelihood of the
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Figure 3.15: A representation of the conditional HMM sequence aligner. As presented in chapter
5, an adjustment in conventional HMM sequence alignment theory allows incorporation of features
of the reference genome that are believed to be associated with error-rates and biases in sequencing.
Here, the read is being elongated to the right, and the homopolymer length, triplet context, and
read cycle are taken into account to determine a read error probability.

paired-end read P = (Ra, Rb, L) given that P was generated from the fragment at

location L according to the conditional HMM aligner.

It remains to address the generating location of paired-end reads.

Generating location L

Technically, we never observe the generating location L for any paired-end read P .

However, following Assumption 3, we can identify a small set of homologous locations

from across the genome which realistically could have generated P . These positions

are the M -equivalence class from section 3.1.2, i.e. the set of homologous positions

on homologous repeats. As usual when dealing with hidden variables, we marginalize

over the (small) set of possible mapping locations for each read P . Thanks to the

independence assumptions 6 and 9, we are able to consider each read separately from

all other reads. We present this intuition formally below.

For read Pi, define Li
(

(e, b)n1

)
to be the set of possible generating locations ` in
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the test genome G obtained by applying NAHR events (e, b)n1 to F . The indepen-

dence assumptions 6 and 9 imply the following derivation:

P
(
D = (ra, rb, ·)c1

∣∣ C = c, (E,B)n1

)
=

∑
`c1∈Lc1

(
(e,b)n1

)P
(

(ra, rb)c1
∣∣ Lc1 = `c1

)
· P
(
Lc1 = `c1

∣∣ (E,B)n1 = (e, b)n1

)

=
∑

`c1∈Lc1
(

(e,b)n1

)
c∏
i=1

P
(

(ra, rb)i
∣∣ Li = `i

)
· P
(
Li = `i

∣∣ (E,B)n1 = (e, b)n1

)

=
c∏
i=1

∑
`∈Li
(

(e,b)n1

)ϕ
(

(ra, rb)i
∣∣ Li = `i

)
· P
(
Li = `i

∣∣ (E,B)n1 = (e, b)n1c
)

(3.4.2.3)

Thus, we may indeed consider the generating location Li of each read Pi indepen-

dently.

Before examining the nucleotide sequence of the read, each possible homologous

generating location L is a priori equally likely because the LCRs are so highly

homologous. Thus, we define the distribution on the generating location L of a

paired-end read to be

L
∣∣ (E,B)n1 = (e, b)n1 ∼ unif

(∣∣L((e, b)n1)∣∣). (3.4.2.4)
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The joint distribution

Now that we have defined the likelihood and prior distributions and the dependence

relationships between all biological and technological random variables, we collect

them into one expression for the joint distribution of the data D and the events and

breakpoints (E,B)n1 .

Thanks to the partitions of F , G,D, and En
1 , we can split the likelihood into

factors along the partitions. Recall that the partition of F is constructed from

homology and LCRs; by definition of the partition of G, there is a bijection between

the partitions of G and F ; similarly, there is a bijection between the partition of D

and F (and thus G); and finally, by construction, the partition of En
1 (i.e. connected

components) is merely a subset of the partition of F (and G and D). Thus, we may

collect elements of the partition of D into a coarser partition of D that corresponds

to the partition of (E,B)n1 . This could be formally presented, but that would be

tedious.

Let D(1), . . . be the coarse partition of D that corresponds to the partition

E(1), . . . of En
1 . Then the joint distribution breaks into factors along the partition:

P
(
D = d, (E,B)n1 = (e, b)n1

)
=
∏
k

P
(
D(k), (E,B)(k)

)
(3.4.2.5)

Then, for a single element k of the corresponding partitions of D and En
1 , we can

write the joint as:



52

P
(
D(k) = d(k), (E,B)(k) = (e, b)(k)

)
= P

(
D(k) = d(k)

∣∣ (E,B)(k) = (e, b)(k)

)
· P
(

(E,B)(k) = (e, b)(k)

)
= P

(
(Ra, Rb, ·)C(k)

1 = (ra, rb, ·)c(k)1

∣∣ (E,B)(k) = (e, b)(k)

)
· P
(
B(k) = b(k)

∣∣ E(k) = e(k)

)
=

c(k)∏
i=1

∑
`∈Li
(

(e,b)(k)

)ϕ
(

(ra, rb)i
∣∣ Li = `i

)
· P
(
Li = `i

∣∣ (E,B)(k) = (e, b)(k)

)

·
∏

(E,B)j∈(E,B)(k)

g
(
Bj = bj

∣∣ Ej = ej
)
·
∏

Ej∈E(k)

f(Ei = ei) ·
∏
λ∈Λ

(1− 1λ) (3.4.2.6)

Inference

We ran our model on the connected components of the graphical model in Figure

3.12 with smaller computational complexity. As such, we were able to complete the

sums in Bayes’ Rule and calculate the posterior distribution exactly.

To make a set of NAHR calls, we first marginalized the posterior space over

breakpoints, i.e.

P
(
En

1

∣∣ D) =
∑
Bn1 =bn1

P
(
(E,B)n1

∣∣ D). (3.4.2.7)

This is the posterior space of the NAHR events (deletion, duplication, etc.) without

regard to breakpoints. We took this step because, when an NAHR event occurs,

there will always be a discernible change in read-depth; however, there may not be
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strong evidence of a breakpoint. For example, it may be the case that the switch

in variational positions at the breakpoint of a hybrid LCR was not captured by any

paired-end reads because the paired-end reads are relatively short and the distance

between consecutive variational positions is relatively long.

Due to the amount of data and the very clear distinction between NAHR event

signals and no event signals, the posterior probability of NAHR event occurrences

P(E
∣∣ D) was always very near 0 or 1. Thus, we computed the maximum a poste-

riori (MAP) estimate for NAHR events En
1 from P(En

1

∣∣ D). Conditioning on the

MAP NAHR event estimates, we proceeded to compute the MAP NAHR breakpoint

estimates for each NAHR event from P(Bn
1

∣∣ En
1 , D).

In summary, we used a two-step MAP estimator to infer NAHR events and

breakpoints, based on the following identity:

P
(
(E,B)n1

∣∣ D) = P
(
Bn

1

∣∣ En
1 , D

)
· P
(
En

1

∣∣ D) (3.4.2.8)

=

[
n∏
j=1

P
(
Bj

∣∣ Ej, D)] · P(En
1

∣∣ D) (3.4.2.9)

3.4.3 Ploidy adjustment

The entire model has so far been developed with a haploid reference and test genome

in mind, but humans are diploid. We sketch here how to make a diploid adjustment,

but we do not fully specify it because that would be tedious and unenlightening.

We construct the diploid genome by using two copies of the haploid genome. For
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terminology, let us say that the above model was developed for the maternal copy

of each chromosome. For each event and associated breakpoint random variable

E,B described above, we create E ′, B′ that represent the corresponding events and

breakpoints on the paternal copy of each chromosome. Each copied event E ′ has

homology dependency with the corresponding E and with all other neighbors of E

on the maternal chromosomes (regardless of the type of dependency between E and

its neighbors). Also, each copy E ′ has the dependency relationships with the other

events on the paternal chromosomes analogous to the relationships E has with other

events on the maternal chromosomes.

This diploid adjustment increases the computational complexity of our model

substantially, as it duplicates every node of the graphical model shown in Figure

3.12 and creates homology dependencies between each node and all other nodes in

the connected component on the “other” copy of the chromosomes.



Chapter Four

Empirical FDR
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4.1 Development of FDR and a new approach

Classically, a statistician takes a datapoint and asks, “If the null hypothesis is true,

what is the probability that I will see a datapoint as unlikely as this one or more

unlikely? If that probability p is less than α, then I will reject the null hypothesis”.

Later, the issue of multiple comparisons was raised: “If you examine a large number

of datapoints, then you should expect some of them to be as unlikely or more-so

than your critical value α by chance alone. So then how do you identify datapoints

which are actually statistically significant?” Dunn addressed this problem with a

simple, conservative suggestion: that the statistician adjusts the critical value α so

that less than one datapoint from the null is expected to be statistically significant

due to chance alone (using a Bonferroni inequality) [21]. A less stringent alternative

was later proposed by Benjamini & Hochberg: the statistician should estimate the

proportion of discoveries expected to be false, called the false discovery rate (FDR)

[10]. Storey & Tibshirani extended the FDR concept to the q-value, for assigning an

FDR-like probability to each datapoint [75].

Bradley Efron highlighted a practical complication, reminding us that all models

are flawed and that this will have a major impact on calculating the FDR and iden-

tifying statistically significant datapoints. The p-values of samples drawn from the

null distribution should be uniformly distributed on (0, 1), and so the corresponding

z-values should be N(0, 1). But an even slightly flawed null likelihood distribution

will produce z-values which are not N(0, 1). Efron pointed out that even a slight de-

viation from N(0, 1) has major ramifications for statistically significant datapoints.

As a practical adjustment, acknowledging that all models are flawed, he suggested

learning the distribution of z-values under the null using a carefully chosen subset

of the datapoints when there is enough data available (i.e. in the big data scenario).
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Further, Efron showed that the FDR framework is really just a 2-component finite

mixture of transformed p-values, and the FDR is thereby calculated from Bayes’

rule. Finally, Efron also pointed out that in the big data scenario, the distribution

of the test statistic can be estimated non-parametrically, making his FDR procedure

more robust [23].

But all of these FDR procedures take as given what is perhaps the most chal-

lenging step: that the investigator chose an accurate distribution for the data and

derived statistic under the null hypothesis. This step is, of course, not trivial; it is

the art of probabilistic modeling!

Efron illustrated that FDR is merely Bayes’ rule performed on a 2-component

mixture of z-values. Thus, FDR is merely a statistical test performed on the result of

another statistical test - quite confusing. Why start there? Why not perform “FDR”

directly on the data, rather than calculating an inherently flawed p-value and then

trying to correct an FDR procedure using a non-parametric approach? Instead, we

should perform an “FDR-like” test immediately on a statistics derived from the raw

observed data.

We extend the insights of Efron and draw out the Bayesian nature of FDR;

namely, that FDR is merely finite mixtures in disguise. Efron suggested that when

enough data is available, the distribution of z-values under the null hypothesis can

be estimated from a particular subset of the data, provided certain assumptions

hold. We generalize this idea and apply it one step before the test for statistical

significance. That is, in the big data scenario, we non-parametrically estimate the

distribution of the test statistic, not the p-value, under the null. We then apply a

procedure similar to Efron’s to represent the probability of an interesting datapoint,

rather than an interesting z-value. We name this procedure “empirical FDR”.
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4.1.1 Formulation of empirical FDR

Suppose we have “big data”, in which we can identify a large amount of data that

can be safely assumed to be from the null. We define the following random variables,

• X = observed data/statistic.

• Y = datapoint is from the null (Y = 0) or alternative (Y = 1).

• C = datapoint is from control data (C = 0) or from test data (C = 1).

• f = empirical distribution of X. (mixture of null and alternative)

• θY,C = parameters of mixture distributions that compose f .

• π = mixing proportions for f .

We posit that the likelihood of the dataX is given by a mixture of null and alternative

distributions:

P
(
X
∣∣ θ, π) =

1∑
i=0

P
(
X
∣∣ θi,1, Y = i

)
· P
(
Y = i

∣∣ π) (4.1.1.1)

i.e.,

f(X; θ, π) =
1∑
i=0

fi(X; θi,1) · πi (4.1.1.2)

To perform FDR-like calculations in the manner of Efron (below), we need to esti-

mate the mixture distribution f of the test statistic X, and also the distribution f0
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of X under the null hypothesis (i.e. we need to estimate θ0,1).

The test statistic’s distribution f can be easily estimated non-parametrically,

thanks to the big data set. As for the null distribution f0, we will consider the

situation in which a relevant control data set is available. For example, in many

molecular genetics and genomic studies, data is obtained from both treated samples

and control samples (e.g. knockout mice and wild-type mice). In other cases, such

as the NAHR scenario addressed here, data is sampled from across the genome, but

only a predetermined set of regions of the genome are of interest, and therefore data

from the regions of the genome that are predetermined to not be of interest serve as

control data.

We start by estimating the likelihood for X in the control data, which is given

by,

P
(
X
∣∣ θ0,0, Y = 0, C = 0

)
. (4.1.1.3)

We estimate θ0,0 using the control data. In the big data setting, this can be done

non-parametrically for robustness, given that some portion of the big data set can

be identified and safely assumed to be drawn from the null.

We want a model for the data in the test region under the null hypothesis, i.e.

we want to estimate θ0,1. We would like to use the form and parameters θ0,0 learned

from the control data, but we recognize, as did Efron, that models are not perfect,

and there are confounding effects etc., which necessitate small practical adjustments

to get from θ0,0 to θ0,1. This can be done in a variety of ways. In the NAHR case

below, we again draw from Efron and adjust θ0,0 to get to θ0,1 using location and
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scale adjustment parameters α, β. We determine α, β by fitting the same truncated

part of f as did Efron.

Below, we apply this procedure to the NAHR problem.

4.2 Application of empirical FDR to the Bayesian

NAHR model

Ideally, we would be sufficiently confident in the Bayesian model described in Chap-

ter 3 to present its raw results and have them experimentally validated in a biology

lab. We did not do this for two reason. First, experts in the techniques of validating

genome rearrangements confirmed, via personal correspondence, that current meth-

ods of experimental validation were unreliable in the highly homologous repetitive

regions evaluated by our NAHR model, and so validation could not be done. Second,

we were aware of several limitations and shortcomings of our model, and wished to

restrict our initial calls to a more conservative, high quality set. To restrict our calls,

we designed a novel statistical test based on the work of Efron in [23].

4.2.1 Limitations of the Bayesian NAHR model

Often in mathematics, bad ideas and failed approaches are discarded to the trash bin

of history and never spoken of, and the solution is presented as a complete, pristine

entity. But a short review of failed approaches can sometimes motivate the correct

solution. We briefly discuss a sequence of events which lead to the development of

an “empirical FDR” approach based on the work of Efron 2004 [23].



61

The first instance of the Bayesian model presented in Chapter 3 ignored gene

conversion. This lead to many puzzling calls, wherein the same event was called as

a deletion on one copy of a chromosome, a duplication on the other copy, and both

calls had very strong evidence of breakpoints. Of course a deletion and duplication

at the same location makes little sense; a much simpler explanation is that there was

not an NAHR event at all at that location (they cancel each other out!). But then

how do we explain the strong breakpoint evidence?

This paradox can be explained by the gene conversion mechanism, as it follows

the exact same homologous recombination pathway as NAHR until the last step,

except that the double Holliday junctions are resolved via non-crossover in gene

conversions. Clearly, the breakpoint evidence of “switches” in variational position

patterns was so strong that it forced the model to address it in the call. In some

sense, a deletion and duplication at the same locus is the “closest point” in the space

of NAHR events to a gene conversion event at that locus.

Thus, we rebuilt the Bayesian model to include gene conversion events, as pre-

sented in 3. While this lead to an improvement in our model’s results, it did not solve

the problem. From manual inspection of our calls (not shown), it seems that the

“switches” in variational position patterns can often be far more complicated than

we assumed in 1. This could be due to a number of causes, including a misspecified

reference genome, or a complicated behavior of the mismatch repair mechanism.

The gene conversion mechanism imposed a substantial computational burden on

our Bayesian model. Not only did it increase the sample space of each event on

each chromosome by 2, but gene conversion events require a pair of breakpoints,

thus squaring the size of the breakpoint space. As discussed in 3.4.1, we imposed

a reasonable heuristic that glanced at the data and filtered out incredibly unlikely
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breakpoints for NAHR or gene conversion events, but to keep the computation fea-

sible, we restricted the possible breakpoints to an incredibly tiny set (four). This

means that complicated breakpoint regions, of NAHR or gene conversion, could not

be explained by our model due to our drastic restriction of allowable breakpoints

and assumption of simple breakpoint (assumption 1). Thus, the Bayesian model in

Chapter 3 still produced puzzling false positive calls, albeit at a smaller rate than

previous instances.

To filter out false positive NAHR deletion and duplication calls which the Bayesian

model called presumably because of an inadequate breakpoint model and gene con-

version, we sought to develop a statistical test based on read-depth alone, believ-

ing that the read-depth signal in candidate NAHR regions was sufficiently strong

to alone call a deletion or duplication. We extracted the read-depth distribution

(section 3.4.2) from the Bayesian model and attempted several parametric and non-

parametric statistical tests to evaluate our calls. None of these approaches worked,

and it appeared to be because the model for read-depth which we obtained from the

literature was substantially flawed (discussed later).

Thus, we sought a novel test statistic for read-depth and a method of evaluation

which somehow accounted for the misspecifications of the original read-depth model,

yet still included its insights as far as the fragment bias due to GC-content. We refer

to the test statistic as the empirical read-count ratio and the evaluation procedure

as empirical FDR. Both are discussed below.



63

4.2.2 The empirical read-count ratio γ

For a statistic, we choose to use the ratio γ of observed read-depth to GC-sensitive

expected read-depth under the null hypothesis (no event). The expected number of

reads is calculated according to the GC-sensitive fragmentation rate, as described

in 3.4.2. Thus, the chosen statistic γ normalizes by the length of the region and is

intended to account for GC-content bias.

In the Bayesian model, we evaluated read-depth over a partition of homologous

regions. For our empirical FDR procedure, we wished to instead evaluate read-

depth over single, contiguous intervals, regardless of homology to other regions of

the genome. The traditional read-depth statistic is just the count of reads in an

interval, but of course this must be reconsidered in the context of repeats. Thus, we

had to develop another new way to obtain read-depth for a specific interval which

contains repeats. Below we discuss how to calculate γ.

Calculating γ in unique regions

In unique regions, there is no ambiguity in the mapping of reads: we can safely

assume that the read really was generated from the location it was mapped to with

probability = 1, as discussed in 3. Thus, for unique region U , we calculate γ, in the

traditional way: by simply counting. In the notation of 3.4.2, let P be a paired-end

read, `P be the mapping location of P , g(x) be the GC-content of the hypothetical

fragment starting at x, and λg(x) be the fragmentation rate at position x. Then,
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γ =

∣∣{P ∣∣ `P ∈ U}∣∣∑
x∈U

λg(x)

(4.2.2.1)

Calculating γ in repeat regions

This is the non-trivial case. Our overall strategy is as follows. Since reads from

repeats cannot be mapped to a single instance of the repeat with overwhelming

probability (as they can be in unique regions, usually), then we calculate the likeli-

hood that the read was generated from each repeat, and use Bayes’ Rule to create

a posterior distribution over repeats for a given read. We also use this method

to calculate the expected read-depth in repeats when deletions or duplications are

suspected to have occurred. A technical exposition follows.

Consider a paired-end read P mapped to position x inside of an LCR. In the

notation of 3.1.2, Mx represents the set of all positions homologous to x, i.e. the space

of possible generating locations of P . A priori, P is equally likely to have come from

each z ∈ Mx, and so ∀z ∈ Mx,P
(
z
)

= 1∣∣Mx

∣∣ . For each possible generating location

z ∈ Mx, we align P using the conditional HMM aligner to obtain the likelihood

pz := P
(
P
∣∣ z). Then we form the posterior distribution on possible generating

locations for P as

P
(
z
∣∣ P) :=

P
(
P
∣∣ z) · P(z)∑

w∈Mx

P
(
P
∣∣ w) · P(w) (4.2.2.2)

Finally, suppose X is a repetitive region. Let P1, . . . , Pn be the set of all paired-
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end reads who have a possible generating location inside of X, i.e. ∀i, if Pi has

possible generating locations Mi, then Mi ∩X 6= ∅. We calculate γ for the region X

as

γ =

n∑
i=1

∑
z∈Mi∩X

P
(
z
∣∣ Pi)∑

x∈X
λg(x)

(4.2.2.3)

Now that we know how to compute the test statistic γ, we show how to evaluate

γ via a non-parametric adaptation of the local FDR procedure developed by Efron

[23], i.e. “empirical FDR”.

4.2.3 Developing empirical FDR by adapting Efron’s local

fdr

Review of Efron’s local fdr and comparison to the NAHR scenario

Following Efron, we view the false discovery rate from the Bayesian perspective:

the observed empirical distribution f of the test statistic γ is really a mixture of

two distributions: f0, the distribution of γ under the null hypothesis, and f1 the

distribution of γ under the alternative. We could then calculate the “local FDR”,

written fdr, as

fdr(γ) :=
f0(γ)

f(γ)
(4.2.3.1)
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Note that this is actually, an upper-bound for the FDR, since we ignore the mixing

proportion coefficient from the numerator.

The important question is then: what is the distribution f0 of γ under the null

hypothesis? Assuming that our GC-sensitive read-depth model is quite good, we

would naturally suppose that γ ∼ N(1, σ2) for some σ2. But this assumption is

not necessarily true. Although substantial progress has been made in identifying

biases in coverage in Illumina sequencing machines [11], not all sources of bias have

been investigated, and no complete, verified model with all parameters learned is

available.

Efron developed the above perspective of fdr in the context of normalized z-

values for some test. In such a scenario, the z-values for data coming from the

alternative hypothesis are thought to be generally far from 0, while the z-values for

the data generated from the null hypothesis are thought to be generally close to 0.

The distribution f0 of the z-values coming from the null hypothesis in Efron’s case

would traditionally be assumed to be N(0, 1). But Efron shows that if f0 differs

even somewhat from N(0, 1), then it has important implications for the consequent

FDR calculations and thus for identifying a multiple-comparison corrected statisti-

cally significant subset of the data. Efron proposed that when a large amount of

data is available, f0 can instead be estimated empirically from a subset of the data.

Therefore, Efron suggested that if <∼ 10% of the data is believed to come from

the alternative hypothesis, then the distribution of the z-values under the null can

be estimated using only the data around the large, central peak near 0, as most

datapoints producing z-values in this region near 0 are assumed to be from the null

[23].

We adapt Efron’s approach and apply a similar idea to our case for the ratio
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γ. For regions that did not experience an NAHR deletion or duplication, we expect

γ to generally be near 1. For regions that did experience an NAHR deletion or

duplication, we expect γ to be much less than 1 (for deletions) or much greater than

1 (for duplications). Therefore, we may empirically estimate the distribution f0 of γ

under the null hypothesis by using the γ in a small interval around the central peak

near 1, analogously to Efron.

But we have a considerable advantage in our big data scenario: an expansive

control region of the genome unlikely to have experienced an NAHR deletion or

duplication. Therefore, for each individual, we can estimate the distribution f0 under

the null using data from the “control region” of the genome: the unique regions, away

from LCRs and potential NAHR events, where we may safely assume that there are

relatively very few genome rearrangements.

For a given individual, let the observed distribution of γ among the potential

NAHR events be f . As in Efron 2004, f can be obtained by smoothing the observed

empirical distribution of all γ (we used lowess smoothing). Thus, to calculate the fdr

as in 4.2.3.1, we only need an expression for f0. Below, we detail how to construct

the distribution f0 of γ under the null distribution.

Constructing f0

For each individual, and for each potential NAHR locus tested, we randomly selected

a contiguous region of the same length as the potential NAHR locus from the “control

region” of the reference genome (away from LCRs and potential NAHR loci, not

near the centromere or telomere) and calculated its observed-to-expected read count

ratio γ. For each individual, we thus empirically estimated f c0 := the distribution of
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γ under the null hypothesis in the control region of the genome.

It turns out that the means of the empirically estimated f c0 for each individual

vary considerably, as shown in Figure 4.2. They also deviated substantially from

Normal, as seen in the QQ-plot in figure 4.1. This serves as confirmation that the

GC-sensitive coverage model learned from the literature is somewhat problematic.

We also concluded from our exploratory data analysis 1) The fdr for each individual

should be calculated separately, i.e. not by pooling observations across individuals;

2) We should not assume that γ has mean 1 under the null hypothesis for each

individual; and instead 3) That the test region and control region read-depth is

reasonably approximated by a separate 2-component Gaussian mixture f c0 to each

individual, denoted as

f c0(γ) := p0 · g(γ;µ0, σ
2
0) + p1 · g(γ;µ1, σ

2
1), (4.2.3.2)

where g is the Gaussian density.1

Here we observed that the central peaks of f c0 and the observed distribution f

for potential NAHR loci differed considerably. Thus, to derive a distribution for

γ for potential NAHR loci leveraging the information from the control region, we

enforced a series of constraints, inspired by the similar adjustment made by Efron,

to transform f c0 into an appropriate f0.

For a given individual, let the observed distribution of γ in the potential NAHR

loci be f . As in Efron 2004, f can be obtained by smoothing (we used lowess

smoothing). To estimate f0, Efron suggested using the center and half-width of the

central peak in f to define a Normal distribution. In this spirit, we transform f c0

1In future work, we could explore a hierarchical model for the distributions across different
individuals, rather than having each individual be completely independent.
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Figure 4.1: QQ-plot of the empirical read-count ratio γ in control regions for individual NA19818.
Notice that the empirical read-count ratio γ deviates substantially from Normal.

into f0 by minimizing the Euclidean distance between their half-widths and central

peaks, as follows.

For some function h, let P h
c := (xhc , y

h
c ) be the geometric location of the central

peak of h, i.e. h(xc) = yc and yc = argmaxy h(y). Let P h
` := (xh` , y

h
` ) be the geometric

location of the lower half-width, i.e. h(xh` ) = yh` = yhc
2

with xh` < xhc . Similarly,

P h
u := (xhu, y

h
u) be the geometric location of the upper half-width, i.e. h(xhu) = yhu = yhc

2

with xhu > xhc . Also, let d(P1, P2) be the Euclidean distance between points P1, P2.

We define an adjustment to the control Gaussian mixture in equation 4.2.3.2 as
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Figure 4.2: Histogram of the central peak location for the observed-to-expected read-depth ratios
for data from the control regions of the 44 individuals tested. Notice the considerable variation
in central peak location - this suggests that we should not simply assume that the observed-to-
expected read-depth ratio γ has mean 1. Indeed, it seems that the GC-sensitive fragmentation rate
calculated according to the literature actually overestimates the expected read-depth.

fα,β(γ) := p0 · g
(
γ;µ0 + α, (σ0 · β)2

)
+ p1 · g

(
γ;µ1 + α, (σ1 · β)2

)
, (4.2.3.3)

where, again, g is the Gaussian density.

Finally, we set f0 := fα∗,β∗ where

(α∗, β∗) = argmin
(α,β)

d(P f
` , P

fα,β
` ) + d(P f

c , P
fα,β
c ) + d(P f

u , P
fα,β
u ) (4.2.3.4)
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We are now able to calculate the empirical FDR as in 4.2.3.1.

4.2.4 Differences from Efron

Our empirical FDR method deviates substantially from Efron’s local FDR, even

though we drew heavily from his procedure. Efron takes the p-values as given,

and proceeds to empirically estimate the distribution of corresponding z-values by a

mixture. This rests on several crucial assumptions:

Statistical assumptions in Efron’s analysis

1. The likelihood that produced the p-values well-approximated the true distri-

bution of the data under the null.

(a) i.e. the investigator had an appropriate probability distribution for the

test statistic, and so the p-values are reasonably reflective of reality.

(b) But coming up with a good model for the test statistic is the hardest part!

2. Efron knows approximately where most of the null data should lie, where the

alternative data should lie, and that they are separated.

(a) Since the p-values were calculated correctly (1), he knows that the z-values

for the null data should be around 0.

3. He assumes that ≤ 10% of the data is from the alternative.

4. Assuming that the p-values are appropriate, then Efron knows that the null

distribution for z-values should be approximately Normal, and approximately

N(0, 1).
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(a) The p-values for data under the null should have distribution unif (0, 1).

Hence z-values for null data have distribution N(0, 1).

5. Knowing that the null distribution of z-values is approximately N(0, 1), Efron

can estimate the parameters of f0 using only the data around the central peak

(i.e. he truncates the data).

(a) That is, he does not worry about what the tails of f0 are like because he

assumes it is Normal!

(b) Thus, when he fits an empirical f0, he can ignore the null data in the tails.

But our situation differs on several major points. Efron starts one step ahead of us:

suppose you have good p-values, what now? We are one stage early: we do not have a

model good enough to get reliable p-values, so then how can we empirically calculate

FDR directly from the data, without recourse to a model which gives p-values?

Compared to Efron’s assumptions listed above, our scenario differs substantially:

Statistical realities in the NAHR problem

1. Unlike 1, we do not have a good model for the test statistic, and so we cannot

get reliable p-values.

(a) The literature on the model of the test statistic (read-depth) is inadequate.

(b) The data is extremely messy and complicated - flawed lab preparation,

artifacts, post-processing of the data, aligner heuristics, etc.

2. Unlike 2, we do not know where the null data should lie. We think it should

be around 1, but we don’t know for sure.
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(a) Samples from the control region of the genome confirm that it is true, our

null should be around 1.

3. We also assume that ≤ 10% of the data is from the alternative via appeal to a

priori knowledge of biological rarity of NAHR.

4. Unlike 4, we have no idea what the null distribution f0 should be like.

(a) We need control region data to estimate f0.

5. Unlike 5, we cannot use only the central peak to estimate f0 because we have

no idea what the tails of f0 should be like.

(a) Efron’s assumptions that model that gave p-values is good =⇒ f0 has

Normal form =⇒ he knows what the tails are like.

(b) We need control region data to get an idea of the tails of f0. (QQ-plots

confirmed that Normal is insufficient in our case, so we turned to a mixture

of Normals).



Chapter Five

A context-dependent conditional

HMM
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5.1 Motivation

A common approach for analyzing short-read data from high-throughput sequencing

is to align them to some known sequence, usually a reference genome for the organism

in question. Many algorithms and programs have been developed and optimized

for this purpose: to quickly map the millions of short-reads that are output from

sequencing machines onto a known genome [46, 7, 28, 77, 41, 47, 49]. To make

such an operation computationally feasible, general heuristics are employed, such as

allowing only a maximum edit distance in an alignment, disallowing gaps, or using

seed-and-extend strategies. These methods serve their purpose very well, and these

computational tools are widely used in the bioinformatics community.

Each sequencing technology has its own biases and error-rates, both in genome

coverage and in generating base-calls. However, the aforementioned computational

tools are indifferent to these critical shortcomings of sequencing technology. While

certain parameters of the large-scale aligners may be tunable by the users, in general

there is no correspondence to any specific biases in the read data, and are thus

uninformed of any systematic biases or errors in the sequencing technology.

In many applications of sequencing, the basic alignment method in these large-

scale aligners is sufficient. For example, for analysis of copy-number variation, small

discrepancies in alignments are mostly irrelevant. However, in studies concerned with

specific positions in the genome, such as RNA editing or the genome-wide association

study (GWAS), then tiny adjustments in an alignment have important ramifications

for analysis and interpretation. In the present study, we are forced to rely on the

sparse set of SNP and indel differences that distinguish highly homologous repeats to

detect the occurrence of rearrangements resulting from NAHR in the human genome.
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Since LCRs are already so highly homologous, determining a meaningful likelihood

over the possible generating locations of a given read requires an alignment algorithm

that is carefully informed by the sequencing biases and error rates.

We have developed an hidden Markov model (HMM) specifically for read gen-

eration, which we refer to as a conditional HMM. The theoretical foundation of our

conditional HMM is fundamentally different from conventional sequence alignment

theory. We consider “conventional” sequence alignment theory to be that appearing

in Durbin, et. al. 1998 [22].

Most high-throughput sequencing technologies construct each individual read

according to a linear, base-by-base generating mechanism. This linear process is

decidedly not captured by conventional HMM sequence alignment theory. By con-

structing a new theoretical formulation that does appropriately model the actual

sequencing process, we are able to consider characteristics of the reference genome

when determining the probability that a given read was generated from a certain

region of the reference. This new model allows sufficient flexibility for the inclusion

of specific biases and error-rates of a given sequencing technology, and is sufficiently

general to be applicable to any sequencing technology that reads bases in a sequential

fashion.

Illumina sequencing machines are the most popular in the sequencing community.

Several studies have analyzed various aspects of Illumina’s sequencing process and

characterized its biases and reported error profiles [55, 58, 59, 39, 5, 4, 11, 17]. We

illustrate the application of our new HMM to high-throughput reads generated by

Illumina sequencing machines.
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5.2 Conditional HMM theory

Conventional HMM sequence alignment theory supposes a fixed but unknown an-

cestral sequence, from which pairs of bases (one possibly empty, i.e. a “gap”) are

sequentially emitted according to a Markov chain. The state sequence of the Markov

chain is hidden, and the only observations are the final sequences A and B. Since the

ancestral sequence is completely unknown and the sequences A and B are only ever

considered jointly, then features of the ancestral sequence that may impact the tran-

sition and emission probabilities (e.g. certain motifs, homopolymers, etc.) cannot

be considered at any point in the generation of the two sequences A,B. In short,

standard sequence alignment theory is uninformed by contexts of the generating,

ancestral sequence which may have an impact on the sequences being generated.

In analysis of high-throughput sequencing data, a reference genome sequence is

both fixed and known, and analyses generally assume that the reads were generated

directly from that fixed, known reference sequence. This stands in direct contrast

to the conventional HMM theory. In the case of high-throughput sequencing data,

the reference sequence is completely fixed and known, and the read is generated

conditionally from that reference; it is not the case that both the read and reference

are generated jointly, as is the foundation of conventional HMM sequence alignment

theory.

Conditioning on the reference genome which generated the reads thus provides

a crucial benefit that standard sequence alignment theory does not. Specifically, a

conditional distribution of a read given a reference can be made sensitive to features

of the reference sequence.

The transition and emission random variables in sequence alignment theory have



78

new, more intuitive, physical interpretations in conditional HMMs compared to con-

ventional “ancestral sequence” HMMs. Now, for conditional HMMs: “insert” means

an insertion in the read with respect to the reference, and occurs when the image

processing step falsely detected a new base during read generation which did not

exist in the fragment serving as a template; “delete” means a deletion in the read

with respect to the reference, and occurs when the image processing step failed to

call a base during read generation; “match” means that a certain base in the read

was read from a certain base in the reference, and occurs when the image processing

step detected the presence of a base corresponding to a certain position in the tem-

plate; and “mismatch” means that a certain base in the read is matched to a certain

base in the reference, but they disagree, and occurs when the image processing step

detected the wrong base.1 A mismatch is usually thought of as a “read error”.

Despite these changes, the probabilistic forms of the conditional HMM and re-

lated alignment algorithms are essentially the same as in the conventional “ancestral

sequence” HMM case; we only need to generalize certain transition and emission ex-

pressions to allow incorporation parameters representing the various types of errors

and biases discussed above.

First, some definitions and notation.

• F = F1F2 . . .Fn is the reference sequence of the genome from which reads

were generated. F is a completely defined, deterministic, fixed sequence of

nucleotides, in 5′ to 3′ order.

• Let the transition state space be T :=
{
M,I,D

}
where M,I,D stands for match,

1Of course, it could have in fact detected the correct base, but there was a SNP in F which
makes it appear as “mismatch”. We ignore the SNP possibility because we condition on F , i.e.
assume that F , as is, generated R.
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insert, delete, respectively.

• Let the space of emissions be the set of nucleotides; N :=
{
A,C,G,T

}
.

• A read R is a random vector of some fixed length m, whose components

R1, . . . , Rm are random variables that take values in N .

• A is the alignment of R to F . Here, ∀t ∈ T : At is a binary m × n matrix,

where m is the length of R and n is the length of F , and At(i, j) = 1 if the

state relating Ri and Fj is t.

• θT are the transition probability parameters; θN are the emission probability

parameters.

• ∀s ∈ T : 1s→M(i, j) is the indicator function for transition to the match state,

i.e. 1s→M(i, j) = 1 when As(i− 1, j − 1) = 1 and AM(i, j) = 1.

• ∀s ∈ T : 1s→I(i, j) is the indicator function for transition to the insert state,

i.e. 1s→I(i, j) = 1 when As(i− 1, j) = 1 and AI(i, j) = 1.

• ∀s ∈ T : 1s→D(i, j) is the indicator function for transition to the delete state,

i.e. 1s→D(i, j) = 1 when As(i, j − 1) = 1 and AD(i, j) = 1.

The joint distribution of a read R and an alignment A is:
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P
(
R,A

∣∣ F) =
n∏
j=1

m∏
i=1∏

t∈T

[
P
(
Ri

∣∣ AM(i, j) = 1,F , θN
)

· P
(
1t→M(i, j) = 1

∣∣ ∀t ∈ T : At(i− 1, j − 1),F , θT
)]1t→M(i,j)

·
∏

t∈{M,I}

[
P
(
Ri

∣∣ AI(i, j) = 1,F , θN
)

· P
(
1t→I(i, j) = 1

∣∣ ∀t ∈ T : At(i− 1, j),F , θT
)]1t→I(i,j)

·
∏

t∈{M,D}

[
P
(
Ri

∣∣ AD(i, j) = 1,F , θN
)

· P
(
1t→D(i, j) = 1

∣∣ ∀t ∈ T : At(i, j − 1),F , θT
)]1t→D(i,j)

(5.2.0.1)

5.3 Biases and errors of Illumina sequencing ma-

chines

Several studies of Illumina sequencer biases and error profiles have been made since

the advent of Illumina’s Genome Analyzer II machine [55, 58, 59, 39, 5, 4, 11, 17].

Each study reports slightly different characterizations of biases and errors, sometimes

contradicting other studies. Only two analyses, Meacham et. al. 2011 and Abnizova

et. al. 2012, performed statistical analyses to support their claims [55, 4]. As such,

our conditional HMM error parameters are grounded in the findings of these two

studies, but we we also consider select findings from the studies that do not perform

any statistical analyses to make our error model more robust.

Different Illumina machines were used among the studies we reviewed for identi-
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fying biases and error-profiles, and all were at least as recent as the Genome Analyzer

II model. As for the error model we include in our conditional HMM, we will not

include parameters specific to machines, versions of machines, or runs on a machine,

even though preliminary analysis shows that error-rates vary non-trivially in all three

cases.

Below we discuss the specific features that other studies found to be associated

with systematic biases and elevated error-rates. There are four basic features associ-

ated with biases and changes in error-rates: contexts, quality scores, homopolymers,

and cycle. See Figure 3.15 for a schematic. When the machine is reading position

i in the reference genome Fj, the context of j is considered to be the nucleotide at

position j of F and the nucleotides at some number of positions in the reference

(the length of the context) that were read prior to position j; see Appendix D for

a technical definition of the notion of “prior” bases read. The cycle of a read base

is the number of bases which have been read thus far in the creation of the read; so

the cycle of Ri is i, where the first base in R that was read is denoted R1. Each base

in a read has an associated Phred quality score Qphred = −10 · log10(perr), i.e. the

log-probability that the base-call is wrong, produced by post-processing base-callers

from measurements of the light intensity of each fluorescent nucleotide. Finally, a

homopolymer is a string of repeated nucleotides in the reference; here, we define a

homopolymer to be ≥ 3 consecutive identical nucleotides in the reference.

Rather than include only the error-prone sequence features discussed below, we

include generalizations of the four types of features to obtain a more comprehensive,

detailed model of errors for the conditional HMM. The specific features highlighted

by other studies and the generalizations we will include in the conditional HMM are

discussed below.



82

5.3.1 Quality scores

Documentation for Illumina’s companion software CASAVA states that the quality

scores are not always reliable, and at times not even independent per base [1, p.32]

[58, p.2]. Meacham et. al. 2011 performed a multiple-comparison test and con-

cluded that quality scores do not account for the elevated error-rates at locations of

“systematic error” that they studied [55, p.5]. This contradicts other findings to the

contrary [58, p. 11], and rigorously rebukes the assertion that incorporating quality

scores sufficiently accounts for errors [58, p.8]. Note that only Meacham et. al. 2011’s

finding is backed by a statistical test. While Meacham, et. al.’s statistical analysis

of quality score-sufficiency was only performed for a particular subset of substitu-

tion errors, we conservatively assume that for all biases and error-profiles considered

below, the associated quality scores do not sufficiently reflect the uncertainty in the

base-call and hence warrant the inclusion of additional uncertainty.

We assume independence in quality scores, and we incorporate the quality score

Qphred as parameter for the emissions probability in our conditional HMM.

5.3.2 Contexts

Meacham et. al. 2011 characterized positions with statistically significant elevated

error rates as preceded by G, and found the triplet-motif GGT, with an error at the

T, to be the majority of these significant locations [55, p.4]. In general, their results

also show that such positions are well-characterized as GGX, with the error at X

and X ∈ {A,C,T}. Abnizova et. al. found the duples GX (X ∈ {A,C,G,T}) and

TX, X ∈ {A,C, T,G}; and the triplets AGT and GGT to have a statistical significant

elevated error-rates [4, p.10,11]. Nakamura et. al. 2011 reported GGC to be a common
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motif among error positions [59, p.3].

Nakamura et. al. 2011 reported a phenomenon which we dub “stuttering”: “the

mismatched base was often similar to a preceding reference base” [59, p.5]. Abnizova

et. al. 2012 also reported stuttering, though suggested only in specific instances (e.g.

they warn that AAC may be incorrectly read as AAA, but they do not suggest similar

problems for AAG or AAT )[4, p.16].

Clearly, a number of contexts, of varying lengths, have been implicated in elevated

error-rates for base calls. As triplet contexts are the most general case of the contexts

mentioned, we will include the full set of all 64 triplet contexts into emissions error

model of the conditional HMM.

5.3.3 Homopolymers

Minoche et al. 2011 found indel error rate to increase with homopolymer length [58,

p.11]. This is important because “Illumina sequencing is considered to be robust

against homopolymer errors”[58, p.11]. We therefore distinguish between gap open-

ings/extensions in homopolymer versus non-homopolymer regions in the conditional

HMM, and include the length and type (the nucleotide repeated) of homopolymer

into our transition error model.

5.3.4 Cycle

Systematic errors have also been noted to increase with cycle[59, 58], presumably be-

cause of accumulating light “pollution” over time which degrades the quality of later
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calls. While quality scores have been noted to decrease with cycle, we include cycle

as a separate parameter because it is unknown if increase in errors due to increase

in cycle is sufficiently explained by a corresponding decrease in quality scores.

5.4 Multivariate multinomial logistic regression er-

ror model

To relate the various features of DNA sequences and the high-throughput sequenc-

ing machines listed in 5.3 to read error rates, we employed multivariate multinomial

logistic regression (MMLR). Note that we did not test if the regression assumptions

actually hold for our problem, and while logistic regression is quite robust, an ex-

amination of the consistency of our results with its assumptions would likely be a

useful exercise in future work.

d this should certainly be done in later work. Below we sketch the general form

for MMLR, and then relate it to our problem.

Consider a multinomial variable Y ′ which has possible outcomes labeled y1, . . . , ym.

Let the random column vector Y = [Y1 . . . Ym] be the corresponding dependent vari-

able for the regression, where Yi = 1, Yj 6=i = 0 when Y ′ = yi. The independent

variable is represented by the column vector x = [1x1 . . . xn]T , where 1 is included

to allow for a constant term. Multivariate multinomial logistic regression assumes

that the probabilities of the outcomes of the dependent variable Y are related to

a linear combination of the independent variable x1, . . . ,xn via the multinomial

logit. The coefficients of the linear combination are denoted by βi,j. Specifically, for

each multinomial outcome yi there is a parameter βi,0 for the constant term, and
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for each pair yi, xj, there is an associated parameter βi,j. The parameters of the

regression are then the n+ 1×m matrix B. Column i of B, written βi, is the vector

[βi,0 . . . βi,n]T of regression parameters for the constant term and x1, . . . .xn associated

with multinomial outcome yi.

Typically, multivariate multinomial logistic regression is expressed as

P
(
Yi = 1

∣∣ BTx
)

=
exp βTi x
m∑
j=1

exp βTj x
(5.4.0.1)

For our conditional HMM, we actually used four MMLR models: one for emis-

sions, and one for transitioning from each possible state (match, insert, delete).

All MMLR models used the same independent variables x, listed in 5.4.1 and param-

eterized below. For the emissions MMLR model, the dependent variable Y represents

a base-call at a certain position in a read, as made by the sequencing machine; i.e.

Y ∈ N . For the transitions MMLR models, Y represents the state just transitioned

to some state. Note that each transition MMLR model has a different space of pos-

sible outcomes for the dependent variable: when coming from match, any state may

come next; when coming from insert, the next state may only be match or insert;

when coming from delete, the next state may only be match or delete.

5.4.1 Parameterization of features for the independent vari-

able

Here we define random variables that represent the general features of DNA se-

quences and the high-throughput sequencing machine process that are believed to
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be associated with sequencing biases and changes in error rates.

For each context b1b2b3 ∈ N 3 we include the random variable Ib1b2b3(j) which is

the indicator function and is = 1 when Fj−2Fj − 1Fj = b1b2b3. As a convention, the

rightmost base written in the context is the base which the machine was attempting

to read; thus b3 is the base being read by the machine in context b1b2b3. C = 1, . . . ,m

is the random variable representing cycle along the read R of length m. H`(j) is the

random variable representing the length of the homopolymer at position j of F ,

where H`(j) = 0 if there is not a homopolymer as defined in 5.3 at j. HN (j) is the

homopolymer type (the repeated nucleotide) at position j in F , where HN (j) = 0 if

there is not a homopolymer as defined in 5.3 at j. Finally, qi is the quality score at

position i of read R.

5.5 Learning multivariate multinomial logistic re-

gression parameters via expectation maximiza-

tion

Learning the parameters of a multivariate multinomial logistic regression model using

a dataset is nothing new. Importantly, classic approaches assume that the data is

completely observed. But our problem includes an important deviation: the dataset

is not completely observed, i.e. the dataset contains hidden variables.

We want to learn the parameters for generating the bases of a read from a given

sequence. But from the sequencing machine we are only given reads (known strings

of nucleotides); we are not told from where in the genome these reads were generated,
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nor what was the actual sequence of states of generation. If we restrict to reads from

unique sequences (following the same thinking as in 3.3.2), then we can confidently

assume that we know the location which generated each read, but still not the

state sequence taken during base generation. In terms of the above formulation, the

sequence of transition states match, insert, delete taken during read generation

is hidden.

This is of major importance. It means that our dataset does not include even

a single observation! Rather, we only have a set of reads and associated mapping

locations, but no direct observation of which reference position generated which read

position.

Expectation maximization (EM) is the classic approach for estimating parameters

for a model using a dataset in which some of the variables are hidden. Briefly, EM

has two steps. In the E-step, we calculate an expression for the expected value of

the likelihood of the data (hidden and observed variables), where the expectation is

over the hidden variables and uses the current parameter estimates. In the M-step,

we find the parameter values which maximize the expression calculated in the E-

step. This two step procedure is iterated until the estimated parameters converge.

Intuitively, the E-step produces a set of weighted observations as a substitute for

fully observed observations, where the weight of an observation is the probability

associated with the hidden variable’s state in the observation.

In our problem, the E-step amounts to calculating the marginal posterior proba-

bility of each possible state relationship between every position of the two sequences,

i.e. ∀t ∈ T ,∀i = 1..m,∀j = 1..n : P
(
At(i, j) = 1

∣∣ R,F). We compute this via the

usual sum-forward and sum-backward algorithms, as presented in [22] adapted for

our conditional HMM aligner in section 5.2. In the dataset, we have zero observa-
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tions of a specific read position being generated from a specific reference position.

But from the E-step, we now have an observation for every possible combination of

read position, reference position, and state relating them.



Chapter Six

NAHR results on real data
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We analyzed low coverage Illumina paired-end read data for 44 individuals obtained

from the publicly available database of the 1000 Genomes Project, focusing on the

detection of NAHR deletions and duplications. We chose the 44 low-coverage in-

dividuals with the largest datasets.1 We analyzed the same 324 potential NAHR

deletion/duplication loci on each individual. This subset of all possible NAHR loci

was chosen strictly based on computational constraints - following the description

in section 3.2, we chose the 324 loci with the smallest computational complexity,

as determined by the number of potential NAHR loci that must be simultaneously

considered during probability calculations. Note analyzing the same 324 potential

NAHR events across 44 individuals gives a total space of 44 × 324 = 14, 256 possi-

ble NAHR event calls. To isolate a reliable set of NAHR deletion/duplication calls,

we required a candidate call to have fdr ≤ 0.01 according to the repeat-sensitive

read-depth test of chapter 4.

Our results are summarized in Table 6.1. 1043 of our NAHR event calls passed

the fdr threshold, which were called at 109 distinct potential NAHR loci when col-

lapsed across the 44 genomes. Of the 1043 calls, 722 were duplications and 321 were

deletions. Notice that the total number of distinct loci with a positive NAHR event

call in some individual is not the sum of the number of such distinct loci for dele-

tions and duplications separately - this is because some loci were called as NAHR

deletions in some individuals, while called as NAHR duplications in others. The

median number of positive NAHR calls per individual is 24 (7.41% of all 324 tested

loci). Comparing against structural variation calls and experimentally validated re-

arrangements reported in [57, 37, 38], we found that only 106 of our 1043 calls (21 of

the 109 distinct loci with a positive NAHR event call) were previously reported, and

of the 106 previously reported calls, 59 were positively experimentally validated.

1i.e. we ranked the low-coverage individuals by size of their .bam file (in GB), and then selected
the 44 individuals with the largest .bam file size.
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Repetitive regions pose difficulties not only for detecting rearrangements, but in

constructing the reference genome as well. As such, an immediate concern would be

that putative NAHR rearrangements in fact reflect anomalies in the reference genome

rather than genuine rearrangements in the individual; that an NAHR “signal” is

just an artifact of a poorly constructed region of the reference. In such cases, we

would expect that all (or nearly all) of the individuals tested would display such a

signal. Further, the erroneous signal displayed by each individual would perhaps be of

slightly different magnitude, and a criticism could be that our model merely chooses

some of the individuals to make a call on according to some arbitrary threshold

imposed on a signal that does not actually well-separate the data.

Figures 6.1 and 6.2 address both aspects of this concern of a reference error.

Figure 6.1 shows that, in general, a given potential NAHR locus has NAHR event

calls in only a subset of the 44 testes individuals. Among the loci in which an

NAHR event was called positive in at least one individual, the number of individuals

with some NAHR event at a particular locus has median 5 (11.4%); far from all 44.

Further, only 7 (6.4%) loci had a positive NAHR event call in 34 (77.3%) of the

tested individuals.

Figure 6.2 addresses the concern regarding the separation between positive and

negative read-depth signals, as one might argue that these there is a region of high

ambiguity between positive and negative read-depth signals, in which case our fdr

threshold (0.01) is just an arbitrary cutoff that does not delineate any separation in

signal. Of the 109 distinct loci with a positive NAHR event call in some individual,

we selected the 31 loci for which between 9 and 35 individuals contained a positive

NAHR event call of some kind at the given locus and compared their fdr values.

The criteria that an NAHR event was called at the same locus in 9 to 35 of the

individuals was used so that both sets of log fdr values, for positive calls and for



92

negative calls, were nontrivial. For each of these 31 loci, we formed a boxplot of the

log fdr values for those individuals with a positively called NAHR event at the locus

and a boxplot of the log fdr values for those individuals with a negative NAHR call.

It is clear from Figure 6.2 that these two populations are very well separated among

the 31 loci. Notice that, in Figure 6.2, whenever there is an occassional overlap in

whiskers, it is always the case that the negative calls’ log fdr extends into the very

low fdr region. These are presumably merely a small number of false negatives. To

illustrate the signal difference with a specific example, we selected potential NAHR

locus chr 19 : [8336858, 8366563]. We called a homozygous deletion for Japanese

individual NA18973 at this locus, and we called no NAHR deletions or duplications

for Yoruban individual NA18523 at this locus. These calls are credible from looking

at the read-depth graphs alone. Further, NA18973 has fdr = 1.2×10−3 and NA18523

has fdr > 0.99.

Since our model evaluates both read-depth and read alignments to make NAHR

event calls, it is possible for our model to make a high-confidence NAHR event call

at a locus due to a strong read-depth signal, and yet have much lower confidence

about the location of the breakpoint of that NAHR event. We can identify the

subset of our positive NAHR event calls that have strong evidence of a breakpoint

by imposing a threshold of 6 on the breakpoint log-odds (section C.1) for each called

NAHR event. Of the 1043 positive NAHR event calls across the 44 individuals, 512

calls had breakpoints with log-odds ≥ 6. Below, we analyze in detail the impact of

our positive NAHR calls on genes using the 512 NAHR calls with high-confidence

breakpoints.

We present a more intuitive summary of breakpoint support in Figures 6.3 to

supplement the more rigorous probabilistic calculations that gave the breakpoint

log-odds. For each of the 512 NAHR event calls with a high-confidence breakpoint
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Figure 6.1: Distribution of positive NAHR event calls by number of individuals. Note that out
of 109 distinct loci with a positive NAHR event call, only 7 (6.4%) loci were called as positive in
≥ 34 (77.3%) of the tested individuals. Among loci with a positive NAHR event call, the median
number of individuals with a positive call at any particular locus was 5 (11.4%).
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Figure 6.2: Boxplots of the log fdr for 31 loci with a positive NAHR event call. Of the 109 distinct
loci with a positive NAHR event call in some individual, we selected the 31 loci for which between 9
and 35 (out of 44) individuals had a positive NAHR event call at the locus. For each of the 31 loci,
we created a boxplot (red) of log fdr for those individuals with a positive event call at the locus, and
a separate log fdr boxplot (blue) for those individuals with a negative event call at the locus. Within
a locus, the positive and negative boxplots are adjacent. Whisker lengths cover up observations
within up to 1.5 of the interquartile range. For simplicity, outliers are not shown. For the potential
NAHR locus chr 19 : [8336858, 8366563], we plot the read-depth for Japanese individual NA18973
for whom we called a homozygous deletion at this locus, and Yoruban individual NA18523 for whom
we did not call an NAHR deletion or duplication at this locus. Read-depth inferred in repeats as
in chapter 4 is shown in green, observed read-depth in unique regions is shown in black, expected
read-depth given no NAHR deletions or duplications is shown in blue, and the expected read-depth
given a homozygous NAHR deletion is shown in red. Read-depth is plotted as 1250 bp-wide moving
sums. NA18973 has fdr = 1.2× 10−3 and NA18523 has fdr > 0.99.

(i.e. breakpoint log-odds ≥ 6), we counted the number of paired-end reads which

had a greater probability of being generated from the breakpoint region of the novel

hybrid LCR formed by the called NAHR event as opposed to anywhere else in the

reference genome.2 These are the very paired-end reads which display the “switch”

in variational position patterns, as illustrated in Figure 2.1. Notice that most events

had ≥ 5 paired-end reads supporting the called NAHR breakpoint.

To understand the kinds of reads that supported our 512 high-confidence NAHR

breakpoint calls, Figure 6.4 contains a histogram of the number of discordant paired-

2see 4.2.2 for how we calculated the probability of each possible generating location of a read.
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end reads supporting each such call. Recall that nearly all other structural variation

algorithms detect structural variation using only discordantly mapped reads. But

of the 512 NAHR event calls with a high-confidence breakpoint, 425 (83%) were

supported by zero discordant paired-end reads, guaranteeing them to be undetectable

by other algorithms, by definition. Another 10.4% would be extremely unlikely

to be detected by other algorithms since so few (≤ 2)) discordant reads support

them. Thus, most of the support for our high-confidence NAHR breakpoints comes

from paired-end reads that were mapped with phantom concordance, i.e. mapped

concordantly to a highly homologous region of an LCR from which they were not

actually generated.
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Figure 6.3: Histogram of the number of paired-end reads supporting high-confidence NAHR
breakpoint calls. In total, 512 NAHR event calls had a high-confidence breakpoint. 12 outliers
with ≥ 103 paired-end reads not shown.
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Figure 6.4: Histogram of the number of discordant paired-end reads supporting high-confidence
NAHR breakpoint calls. In particular, 425 (83%) of the 512 NAHR event calls with a high-
confidence breakpoint were supported by zero discordant paired-end reads, and instead supported
only by reads originally mapped with phantom concordance. Further, 478 (93.4%) were supported
by ≤ 2 discordant paired-end reads. Since most other structural variation detection algorithms
ignore phantom concordant reads and only use discordant reads to find structural variation break-
points, then 425 (83%) of our high-confidence NAHR breakpoint calls are guaranteed to go un-
detected by other algorithms by definition, and another 10.4% would be extremely unlikely to be
detected by other algorirthms since so few (≤ 2)) discordant reads support them.

6.1 Relations to ancestry

To explore the relationship of our detected NAHR events to ancestry, we tested the

hypothesis that the occurrence of NAHR events was independent of ancestry. Of

our 1043 calls passing the fdr threshold, 431 calls (41.3%) were in individuals of
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African ancestry, 309 (29.6%) in individuals of Asian ancestry, and 303 (29.1%) in

individuals of European ancestry. These numbers are reasonable, as the reference

genome is European. Testing the relationship between ancestry (African, Asian,

European) and NAHR loci (109 distinct loci with a positive NAHR event call),

we find that ancestry and NAHR events are overall not independent (χ2 = 302.8,

df = 216, p-value = 8.8 × 10−5). That is, the occurrence of NAHR deletions and

duplications across the genome is not independent of ancestry.

Because of the limited sample size (44 individuals), we were unable to identify

specific ancestry-related events that are statistically significant after correction for

multiple comparisons.

6.2 Impact on genes

We searched a database of Ensembl genes on the reference genome and found that 216

genes were affected3 by the 109 distinct loci with some NAHR event call passing the

fdr threshold. The median number of affected genes per individual was 52. Checking

against the COSMIC database of mutations found in various cancers, we found that

53 such sites were affected by our 109 distinct loci with a positive NAHR event

call, with a median number of cancer-related genes listed in COSMIC affected per

individual of 6. Both databases were obtained from BioMart [34]. The affected genes

included several highly studied genes, such as those involved in hemoglobin (HBA1,

HBA2, HBMA, HBZ), haptoglobin (HP, HPR), and drug metabolism (CYP2E1).

A more detailed analysis of the impact of an NAHR event on a gene depends on

3we considered a gene to be affected by a specific NAHR event if the gene intersects either of
the mediating LCRs or the sequence inbetween, i.e. the gene is inside the potential NAHR locus
at which the NAHR event was called.
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the relative locations of the gene, the mediating LCRs, the NAHR breakpoints, and

any pseudogenes. The simplest case is when a gene is contained in the region between

the two mediating LCRs, but not intersecting either LCR; then an NAHR deletion or

duplication will completely delete or duplicate the gene, resp.. If a gene is contained

within one of the mediating LCRs then the exact locations of the breakpoints are

very important. If the gene lies within the breakpoints, then it will be completely

deleted or duplicated, as before. If the gene lies outside of the breakpoints, then

it will be physically unaffected, although the distance to its promoter or regulatory

elements may change. If the breakpoint intersects the gene, then a new fusion gene

will arise. The composition of this fusion gene will depend on what was lying at

the homologous position on the other LCR - another gene or a pseudogene. Finally,

sometimes a gene actually contains a pair of LCRs (as does the haptoglobin gene

HP, for example) - in which case, an NAHR deletion or duplication will cause a

“contraction” or “expansion” of the gene, resp.. Clearly the exact location of the

breakpoint within the gene will have major implications for transcription. Several

instances of these scenarios are highlighted below in Section 6.3 and Table 6.3.

NAHR is an important evolutionary mechanism for the creation of pseudogenes

and the creation of novel genes via fusion or contraction/expansion. When we are

highly confident in a called NAHR breakpoint, we can examine the precise im-

pact of the NAHR event on genes and pseudogenes. For each of our 512 NAHR

event calls with a high-confidence breakpoint (we searched a database obtained from

BioMart[34] of all Ensembl genes and pseudogenes to determine the impact of the

called NAHR event and breakpoint. Table 6.2 contains the results. In particular,

notice that 381 genes and 12 pseudogenes genes were duplicated completely, and 19

novel genes were formed via fusion.
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6.3 Case study

We now demonstrate the various facets of our model by investigating a single NAHR

event call in detail; a two-copy duplication of a 20.5 kb on chromosome 1 with

breakpoints 155, 184, 704 and 155, 205, 331 on Yoruban individual NA19129. This

rearrangement is novel; it was not reported in any of the previous validation studies

[57, 37, 38]. The called breakpoints are deep inside the mediating LCRs: 4531 bp and

4564 bp inside of LCRs of lengths 10583 and 12491, respectively. This highlights the

crucial role that variational positions play in detecting breakpoints of NAHR events

inside repeats, as we describe in detail below. Indeed, the called breakpoints are

nearly right in the middle of the mediating LCRs, far away from any flanking unique

regions which could have been used to “anchor” a mates of any overlapping paired-

end reads, as some algorithms attempt to do.

Note that we detected an NAHR event at this locus in exactly one other indi-

vidual: NA19190, also Yoruban. The call for NA19190 was identical to that for

NA19129: also a two-copy duplication, and with the same breakpoints.

6.3.1 Hybrid reads

For illustrative purposes, we collected all paired-end reads for NA19129 which dis-

played the switch in variational positions as implied by the called NAHR two-copy

duplications breakpoints. Figure 6.5 shows a multiple alignment of these paired-end

reads against each of the LCRs A and B that mediated the NAHR duplications,

and against the hybrid LCR BA resulting from these duplications. There are two
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variational positions v1 and v2 of interest at this locus of the mediating LCRs4. Our

model called a two-copy NAHR duplication between LCRs A and B, with both du-

plications having a breakpoint in the region [v1 + 1, v2].5 When the reads are aligned

against LCR A, then all of the reads agree with the reference at v2, but disagree

with the reference at v1, and they all display the same incorrect base (G instead of

A). On the other hand, when the reads are aligned against LCR B, the situations is

reversed: they now agree with the reference at v1, but disagree with the reference

at v2 and, again, they all display the same incorrect base (C instead of T). Finally,

when the reads are aligned to hybrid BA that would hypothetically result from an

NAHR duplication with breakpoints in the region [v1 + 1, v2], then all of the reads

agree with the reference at both v1 and v2. This is very strong evidence in favor of

the hybrid over either mediating LCR; indeed, the log-odds ratio (Section C.1) of

the reads aligning to the mediating LCRs vs. the hybrid LCR is −12.3.

Unaware of the “rules of NAHR”, a näıve approach may dismiss the disagree-

ments at v1 and v2 as SNPs or read-errors, or may ignore the reads for containing

too little information. For example, of the 8 paired-end reads shown spanning the

breakpoint, all of them were mapped concordantly by BWA6. Many structural vari-

ation algorithms only use discordant paired-end reads to find structural variations -

including VariationHunter, VariationHunter-CR, HYDRA, GASV, GASV-pro, CN-

Ver, BreakDancer, PEMer, and Pindel7 [30, 31, 65, 70, 71, 56, 82, 14, 56] - and

4In reference genome coordinates, v1 represents chr1 : 155184576 and chr1 : 155205203, and
v2 represents chr1 : 155184704 and chr1 : 155205331. Each is a pair of positions because the
mediating LCRs are homologous, and mismatches in the parwise alignment of the mediating LCRs
are considered variational positions.

5This is theoretically the smallest possible region in which a breakpoint can be called for such
an NAHR event. Since there is no other variational position between v1 and v2, then the sequence
spanning [v1 + 1, v2 − 1] on LCR A is identical to the corresponding sequence on LCR B. Hence,
all NAHR duplications whose breakpoint lies somewhere in [v1 + 1, v2] will have identical resulting
hybrid LCRs.

6and designated as “properly paired”.
7Pindel actually requires that one mate be mapped uniquely and the other mate to be un-

mapped. This is idea is sufficiently similar to discordantly mapped reads for inclusion here.
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would thus ignore these reads. Further, 7 of the 8 paired-end reads have a mate

with mapping quality 0. Mates that are given mapping quality 0 are considered to

contain too little information to be confidently mapped to a unique location, and

are ignored by many structural variation algorithms, including Breakdancer, MAQ,

and PEMer [14, 48, 40]. But when we precisely construct the hypothetical hybrid

LCR that results from an NAHR duplication at this locus according to the “rules of

NAHR”, we see that in fact both mates of all of these paired-end reads contribute

a significant amount of power: 7 out of 8 of the reads have a posterior probability

> 0.96 of mapping to the hybrid LCR as opposed to either mediating LCR. Thus,

although the difference in signal between the hybrid LCR and the mediating LCRs

is slight (literally a few SNPs), there is much discriminative power to be gained from

the low read-error rate (≈ 2%) and from multiple reads displaying the signal.

While the paired-end reads in Figure 6.5 strongly support the called breakpoint,

there are substantially fewer reads than one might expect given the coverage of 30.8x.

In unique regions, virtually every single fragment overlapping the breakpoint of a

rearrangement is informative of the rearrangement, and since we called a two-copy

NAHR duplication event with the same breakpoint, we would näıvely expect approx-

imately 30.8 reads that display the breakpoint. But in the NAHR setting, we can

only localize the breakpoint to the region between two variational positions of a pair

of repeats. We would then expect 15.3 paired-end reads to span [v1, v2].8. Addition-

ally adjusting for GC-bias in fragment distribution, we would expect 13.8 paired-end

reads spanning [v1, v2].8 This shows the dramatic degree to which breakpoint-finding

in repetitive regions differs from unique regions. Further, we note that although a

paired-end read may span the breakpoint region, it may not necessarily be infor-

mative of the breakpoint; that is, it may not capture, within the mate reads, the

8calculation in section C.6
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Figure 6.5: Multiple alignments of the paired-end reads which display the expected switch in
variational position patterns at the breakpoint of a duplication on chromosome 1 with break-
points 155, 184, 704 and 155, 205, 331 on Yoruban individual NA19129. The called NAHR event
was mediated by LCR A (red) with coordinates [155180173, 155190755] and LCR B (blue) with
coordinates [155200767, 155213257]. The same set of paired-end reads are aligned in each case.
At the top is a schematic representation of the reference genome (not to scale) in the region chr
1 : [155180173, 155213257]. The homologous LCRs are red and blue. These LCRs mediate an
NAHR duplication to result in the individual’s genome (NA19129). We then collected all paired-
end reads which display the expected switch in variational positions. This same collection of
paired-end reads are shown in three different multiple alignments: against the hybrid LCR con-
structed from the reference according to the breakpoints called, against LCR A, and against LCR
B. Variational positions are colored according to which LCR’s variational position pattern they
agree with - hence, all variational positions on LCR A are red, all variational positions on LCR
B are blue, and the part of the hybrid LCR before the breakpoint came from LCR B has blue
variational positions, while the part of the hybrid LCR coming from LCR A has red variational
positions. and hence its variational positions are blue. Positions in the reads that disagree with
the reference/hybrid LCR at variational positions are colored yellow. Positions in the reads that
agree with the reference/hybrid LCR at variational positions are colored the same as in the refer-
ence/hybrid LCR. Dots represent the unsequenced part of the fragment inbetween the two mates
of a paired-end read. When aligning the reads to LCR A, notice that the reads perfectly agree at
the variational positions on the right-hand side of the alignment, but completely disagree with the
variational positons of the left-hand side of the alignment. But when aligning the reads to LCR B,
the situation is reversed: the reads now completely disagree with the right-hand side, but perfectly
agree on the left-hand side. Finally, when aligning to the hybrid LCR, all disagreements between
the reads and the reference are now resolved. The log-odds ratio of the probability of the reads
given that there was no NAHR event (i.e. the hybrid does not exist) vs. the probability of the
reads given that the two-copy duplication indeed occurred (i.e. the hybrid LCR does exist) is −13;
strong support for the two-copy duplication and the specific hybrid LCR.
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variational positions on either side of the breakpoint region that indicate a switch in

the variational postions pattern between the two mediating LCRs. If we imposed the

requirement that a hypothetical paired-end read also be informative of the switch in

variational positions, then we would expect even fewer than 13.8 reads. Indeed, we

observed 8 informative paired-end reads at this breakpoint.

For contrast, we considered the paired-end reads in the vicinity of the same called

breakpoint, but in European individual NA07051 and Yoruban individual NA18501,

for whom we did not call any NAHR events at this locus. To summarize the above,

in NA19129, we found 8 paired-end reads informative of the called breakpoint which

displayed a “switch” in variational position; that is, 8 reads simultaneously correctly

matched variational positions from both mediating LCRs. In NA07051, there were

8 paired-end reads potentially informative of a breakpoint at the same location as

called in NA19129. However, zero of them correctly matched variational positions

from both LCRs. Instead, 5 paired-end reads correctly matched variational positions

from the first mediating LCR but not the second, while 3 paired-end reads correctly

matched the second mediating LCR but not the first. Similarly, NA18501 contained

6 reads informative of the breakpoint called in NA19129. Again, zero paired-end

reads showed a switch in variational position; 2 correctly matched the first LCR’s

variational positions but not the second LCR’s, and vice-verse for the other 4. The

corresponding multiple alignments for NA07051 and NA18501 of all paired-end reads

in the region of the breakpoint called in NA19129 are in section C.4.

6.3.2 Read depth

Following chapter 4, we infer the read-depth in the repetitive regions and plot its

signal in Figure 6.6a alongside the unique read-depth signal. Note that the signal
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in repetitive regions “transitions” from following the expected signal for no event to

the expected signal under the called two-copy duplication, as we expect. Further,

the “transition” in read-depth occurs approximately right at the called breakpoints

- this shows the significant amount of information contained even in reads coming

from highly repetitive regions. Including inferred read-depth from repeat regions

together with the unique region, we calculate the fdr to be 1.3 × 10−3. This again

indicates that a two-copy duplication is much more likely than a null event at this

locus. Indeed, we were able to detect NAHR events involving only repetitive regions

(e.g. NAHR between tandem LCRs), as shown in Table 6.3.

For perspective, Figure 6.6b shows the unique and inferred read-depth signal at

the same locus for European individual NA07051. Our model determined that this

individual did not have an NAHR event at this locus. The fdr for this locus in

NA07051 individuals is > 0.99. It is already obvious from the read-depth signal

graph alone that, indeed, individual NA07051 did not experience an NAHR event

at this locus, and the fdr reinforces this conclusion. This also serves as another a

particular example of the strong difference in signal between positively called NAHR

events and negatively called ones.

6.3.3 Relations to disease

The two-copy NAHR duplication studied here affects the genes GBA and MTX1

and their respective pseudogenes GBAP1 and MTX1P1. Mutations in GBA cause

Gaucher’s Disease and are strongly associated with Parkinson’s Disease in popula-

tions worldwide [69, 26]. Mutations in MTX1 have also been linked to Parkinson’s

disease [26]. Somatic mutations in GBA have also been linked to lung cancer, and

somatic mutations in GBAP and MTX1 have also been linked to endometrium
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Figure 6.6: Observed and expected read-depth signals for a two-copy duplication on chromosome
1 with breakpoints 155, 184, 704 and 155, 205, 331 for two individuals. The mediating LCRs have
coordinates [155180173, 155190755] and [155200767, 155213257]. For perspective, the observed and
expected read-depths are shown for additional 100kb on each side of the breakpoints. The blue
dotted line is the expected read-depth signal if there was no NAHR event at this locus. The
red dotted line is the expected read-depth signal given the rearrangement we called at this locus
(two-copy duplication). The solid green line is the inferred observed read-depth signal in repetitive
regions, as described in chapter 4. The solid black line is the observed read-depth signal in the
unique regions of this locus. Vertical thin black lines mark the called breakpoints of the two-copy
duplication. Read-depth curves are calculated as sliding 1250 bp window sums for presentation. The
expected read-depth signals are highly non-uniform due to the GC-bias in fragment distribution,
mentioned in Section 3.4.2. (a) Read-depth in unique and repeat regions for NA19129. Notice that
the observed read-depth signal for the unique sequence inbetween the mediating LCRs follows the
expected read-depth signal of a two-copy NAHR duplication (red dotted line) much closer than
the expected read-depth signal if there was no NAHR event (blue dotted line). We also see the
inferred observed read-depth signal “transition” from closely following the expected no-event signal
(blue) to the expected duplication signal (red) and back again at approximately the location of
the breakpoints. Together, the observed read-depth signal in the unique regions and the inferred
observed read-depth signal in the repetitive regions give an fdr= 1.3× 10−3; strong support for the
proposed two-copy NAHR duplication. (b) Unique read-depth and inferred repeat read-depth is
shown at the same locus on European individual NA07051. Our model determined there was not
an NAHR event for this inidivual at this locus. The fdr at this locus for NA07051 is > 0.99.

cancer [25].

The gene context of our two-copy NAHR duplication is shown in Figure 6.7.

According to our called breakpoints, two identical fusion GBA genes are created

from the called two-copy NAHR duplication. The fusion genes consist of the first 1.1

kbp of GBA followed by the last 12.5 kbp of pseudogene GBAP1. The breakpoint

occurs 1093 bp inside of GBA, and is 901 bp inside of the coding region of GBA.

Two additional complete copies of the pseudogene MTX1P1 are also formed.
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Figure 6.7: Effect of the called NAHR duplication in NA19129 on the GBA gene. A) Gene context
of the locus of the studied NAHR two-copy duplication as it appears in the reference genome (i.e.
before the called NAHR two-copy duplication). The mediating LCRs are grey. The first LCR is a
10.6 kbp segment of the GBAP1 pseudogene and contains the latter 3.5 kbp of MTX1. The second
LCR consists of pseudogene MTX1P1 and all but the last 1.4 kbp of GBA. The breakpoints of
the called NAHR duplication are vertical black lines. B) The same locus, after the called NAHR
duplication. The hybrid LCR formed from the duplication contains an extra copy of peudogene
MTX1P1 and a novel fusion gene, consisting of the first 1.1 kbp of GBA followed by the last 12.5
kbp of pseudogene GBAP1. The breakpoint region (containing the switch in variational positions)
is marked by the vertical black line.

6.4 Other important examples of NAHR

To highlight the biological impact of NAHR, we briefly present four more posi-

tive NAHR event calls and their impact on several highly studied genes, including

RNASE2, RNASE3, FLG, CYP2E1, SPRN, SYCE1, HP, HPR, and TXNL4B. Table

6.3 contains basic information for each called NAHR event, as well as figures similar

to those above, demonstrating the hybrid read alignments, read-depth signal, and

genome context. Table 6.3 also describes the genes affected by each call and their

functions or associated genomic disorders. All calls presented in Table 6.3 are novel.

6.5 Discussion

We have developed a Bayesian probabilistic model for detecting non-allelic homolo-

gous recombination using high-throughput sequencing data. To our knowledge, our

model is the first to utilize the specific features of the molecular mechanisms involved
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in NAHR. We also modelled the generation of high-throughput sequencing data, in-

cluding biases in fragment distribution and error-rates during base generation as

presented in recent literature.

To obtain a set of highly reliable NAHR event calls, we applied a read-depth-based

fdr analysis to our initial calls and retained only those with fdr ≤ 0.01. The result

is a set of 1043 highly reliable calls across the 44 tested genomes, composed of 321

deletions and 722 duplications. Collapsing these 1043 across individuals, we arrive

at a set of 109 distinct NAHR loci with a positive NAHR event call. We selected

one particular two-copy NAHR duplication for in-depth discussion and illustration

above.

6.6 Impact on the understanding of NAHR

6.6.1 No “hotspots”

Since 109 out of 324 distinct NAHR loci experienced an NAHR deletion or dupli-

cation event in some individual, then approximately 33.6% of all tested potential

NAHR loci were found to be “active”. Further, among the 109 loci with a positive

NAHR event call, the median number of individuals with an NAHR event call at

any locus is 5(11.4%) (see Table 6.1). This suggests that NAHR activity is fairly

common and dispersed across the human genome - it is not concentrated in a small

fraction of “hotspots” out of all potential NAHR loci. The distribution of positive

NAHR calls across individuals and loci can be seen in Figure 6.1 and Figure C.1.
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6.6.2 Frequency of NAHR

Our conservative discoveries suggest that NAHR occurs at a much higher frequency

than some contemporary estimates in the literature. Studying a pair of related

genomic disorders that can arise from NAHR, Liu, et. al. 2011 found the rate of

NAHR deletions and duplications during male meiosis to be ≈ 10−5 to 10−7 [51].

Turner, et. al. 2008 developed sperm-based assays to measure the de novo rate of

NAHR deletions and duplications at four NAHR “hotspots” in the human genome,

also finding the meiotic rates to be ≈ 10−5 to 10−7 [79]. If we assume that the de novo

rate of NAHR is 10−5 genome-wide, then for the 324 potential deletion/duplication

NAHR loci we analyzed, we expect 10−5 · 324 = 0.00324 total de novo deletions

and duplications per generation. If the difference between an individual and the

reference could be quantified as a number of generations, then we would expect

0.324 (0.1%) NAHR deletions and duplications to be present in an individual who is

separated from the reference by 100 generations. Our analysis found that the median

number of NAHR deletion/duplication calls passing the fdr threshold is 24 (7.41%)

per individual; much higher than previously thought.

While our observations are much higher than the rates from other studies would

suggest, we are not alarmed by the discrepancy. Liu et. al. 2011 were concerned with

a particular region of chromosome 17 in which structural variation can cause serious

genetic disorders. Such a sensitive region may not be representative of NAHR rates

genome-wide; indeed, it may be more highly conserved due to the demonstrated se-

vere consequences of mutation. Similarly, Turner, et. al. 2008 studied only 4 NAHR

“hotspots”, and all of them were associated with severe genetic disorders. Thus, the

current experimentally estimated rates of NAHR are derived quite a small sample

of regions wherein NAHR causes severe genetic disorders, and thus not necessarily
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representative of the frequency of NAHR in general.

6.6.3 Features correlated with occurrence of NAHR

A number of genomic architectural features have been hypothesized to play a role

in the occurrence of NAHR in the human genome, including LCR length, distance

between LCRs, percent identity of LCRs, distance to telomere or centromere, length

of MEPS, distance of breakpoint to MEPS, and several breakpoint motifs. Some

studies have empirically calculated the correlation coefficients between the rate of

NAHR and some of these features. We tested each of these features to see if any of

them were over- or under-represented in our reliable call set compared to the space

of potential NAHR loci we examined.

For each feature of interest, we computed its CDF for the 324 potential NAHR

duplication/deletion loci we examined. We then computed the empirical CDF of the

feature for the subset of the 109 distinct NAHR loci in our reliable call set, and tested

the distributions for equality using a χ2 goodness-of-fit test. Table 6.4 contains the

results. Details of the various calculations can be found in section C.3.

Length of LCRs Several studies have hypothesized a relationship between the

length of the mediating LCRs and the rate of NAHR [52, 12, 73, 60]. Liu et. al.

2011 [51] found a positive correlation between NAHR rate and LCR length. We

did not find the length of mediating LCRs to be statistically significantly associated

with the occurrence of NAHR (p-value = 0.65).
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Distance between LCRs The distance between LCRs has also been thought to

play a role in the rate of NAHR [52, 12, 73, 60]. Liu et. al. 2011 [51] found a neg-

ative correlation between NAHR rate and inter-LCR distance, as hypothesized. We

found that the distance between the mediating LCRs was statistically significantly

shorter than expected (p-value = 3.9 × 10−9, mean background inter-LCR distance

= 52 kbp, mean observed inter-LCR distance = 17 kbp). This result is additionally

believable since our model has stronger power to detect NAHR events that affect

longer stretches of the genome (Section 6.7).

LCR length over inter-LCR distance Liu et. al. 2011 [51] found the strongest

correlation to be between rate of NAHR and the ratio of LCR length over inter-LCR

distance. Our results agree: we found the ratio to be statistically significantly higher

among occurring NAHR loci compared to background (p-value = 7.75× 10−13).

Sequence identity The overall degree of sequence identity between mediating

LCRs has also been thought to play a role as well [73]. We found that sequence

identity is statistically significantly higher among occurring NAHR events compared

to background (p-value = 0.0108).

Proximity to centromere/telomere The subtelomeric and pericentromeric re-

gions of chromosome have been noted to be hotspots of recombination and enriched

with segmental duplications [50, 68, 60]. We tested whether NAHR occurred in these

regions at a rate higher than would be expected due to the layout of LCRs across the

genome. We found that NAHR is statistically significantly overrepresented near the

telomere (p-value = 0.041), but does not deviate significantly from the background

for proximity to the centromere.
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6.7 Limitations of the model

1. Due to computational complexity, we restricted our analysis to a subset (324)

of potential NAHR loci among all 1769 potential NAHR loci involving ≤ 250

kb implied by the Human Segmentla Duplication Database. More informed

conclusions about the features of the NAHR mechanism (Section 6.6) could be

drawn if we could feasibly analyze a larger set of potential NAHR loci.

2. Naturally our model has stronger power to detect NAHR events that affect

longer stretches of the genome simply due to the larger amount of data available

in such cases.

3. The fdr test we applied is more conservative for deletions relative to duplica-

tions: observed-to-expected read-depth ratios are necessarily bounded below

by 0, but unbounded above - yet our empirical null distributions were nearly

symmetric.

4. For computational feasability, we assumed a very simple breakpoint model,

where NAHR events have a single switch in variational position patterns. Ex-

perimental studies show that sometimes the breakpoint region is more complex,

with multiple switches in breakpoint patterns [38, 79]. Thus, when we call a

breakpoint, it may be the case that we have found “one of” the switches, or

“one of” the breakpoints.

5. As described in Section 3.2, the gene conversion mechanism is almost iden-

tical to the NAHR (crossover) mechanism, and results in hybrid LCRs with

breakpoints that mimic those resulting from NAHR. Thus, when we encounter

paired-end reads which strongly support a particular breakpoint, it is impor-

tant to determine if it is an NAHR breakpoint or a gene conversion breakpoint.
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This decision is further complicated by the fact that, as has been experimen-

tally observed and validated in [38, 79] and mentioned in [52], the breakpoint

regions of NAHR and gene conversion events may “switch” between the two

mediating LCRs before finally crossing over (NAHR) or not crossing over (gene

conversion). Because gene conversion inherently involves pairs of breakpoints,

it imposes a severe computational burden on our model. Our inference of gene

conversio nwas therefore limited because we considered (for computational con-

cerns) only a small number of possible breakpoints for each gene conversion

event. As a result, our power to distinguish NAHR from gene conversion was

hindered and complicated.Indeed, identifying hybrid breakpoint signals as the

product of gene conversion or NAHR is especially important for inversions.

While we did model inversions, we do not report any inversion results here due

to large numbers false-positives; presumably gene conversion events mistakenly

called as NAHR inversions. Restricting to a set of final calls according to an

fdr threshold therefore served a secondary purpose: filtering out false-positive

NAHR deletion and duplication calls due to gene conversion complications. In

future work, we plan to implement a more sophisticated model for the break-

point region to more clearly distinguish gene conversion events from NAHR

events.
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Table 6.2: Breakpoint impact on genes

fusions: gene-gene 16
fusions: gene-pseudogene 3

fusions: pseudogene-pseudogene 1
deleted genes 39

deleted pseudogenes 14
duplicated genes 381

duplicated pseudogenes 12
expanded genes 251

expanded pseudogenes 46
contracted genes 52

contracted pseudogenes 3
unaffected genes on LCRs 403

unaffected pseudogenes on LCRs 10

Of our 1043 positive NAHR calls across the 44 individuals, 512 had highly confident breakpoints
(log-odds ratio ≥ 6). Checking these 512 breakpoints against databases of genes and pseudogenes,
we determined the impact of each breakpoint on various genes and pseudogenes. Note that one
NAHR event may affect multiple genes (see Table 6.3 and Figure 6.7 for examples), and so the
total number of genes affected may not be equal to the number of called breakpoints passing the
log-odds ratio threshold.
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Conclusion
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Specifically modeling NAHR fills an important gap in contemporary analysis of struc-

tural variation, and provides a new, biology-inspired computational approach that

is nearly orthogonal to existing algorithms. Studies routinely exclude repetitive re-

gions from analysis due to computational and experimental difficulties, and ignore

so-called “concordantly mapped” paired-end reads that contain crucial information

of NAHR. As such, our model addresses largely unstudied (from the computational

perspective) regions of the genome. Nonetheless, repetitive regions and correspond-

ing NAHR rearrangements play important but still mysterious roles in a range of

genomic disorders [12, 83, 66, 74, 13]. In our analysis, a median of 52 Ensembl genes

and 6 genes associated with cancer were affected by NAHR deletions or duplications

per individual. Over the 44 individuals studied here, 216 distinct Ensembl genes and

53 cancer-associated genes were affected by NAHR events that we called.



Appendix A
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Despite high homology, long LCRs can have a large number of variational positions;

for example, 95% similar LCRs of length 10 kb would have 500 variational positions.

Appealing to low read-error rates and the large amount of data, we restrict B in

practice to keep the computation feasible. In practice, we first construct every pos-

sible NAHR hybrid LCR and align each read to all relevant breakpoint regions. For

each breakpoint region, we count how many paired-end reads had a posterior prob-

ability ≥ 0.95 of being generated from the breakpoint as opposed to any possible

generating location appearing in F , where the posterior probability was calculated

as P
(
`
∣∣ P) =

P
(
P

∣∣ `)
∑
`′ P
(
P

∣∣ `′) using the conditional HMM aligner discussed in chap-

ter 5. For each event separately, we then ranked the potential breakpoints by the

number of reads which passed the posterior probability threshold, and selected the

4 potential breakpoints to be B. If all breakpoints had zero reads passing the pos-

terior probability threshold, then we selected the 2 sparsest VP to be B, where by

“sparseness of a VP” we mean the distance to the nearest VP or end of the LCR.

We applied the same procedure to identify B2, except that we made separate B2

for each “switch” in VP pattern (first LCR pattern to second LCR pattern, and

vice-versa) specific to each outcome e.



Appendix B

Conditional alignment in practice
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B.1 Aligning against a generating location, in prac-

tice

For practical reasons, we calculated the probability that a read R was generated

from location L of genome G using a two-step procedure. First, we took a slightly

larger region around L and performed a glocal Viterbi alignment (global for the

read R, local for the region of G) using the conditional HMM aligner, and found

the endpoints [p1, p2] of the Viterbi alignment. Because of the very low error-rates

in sequencing, especially with regards to indels, we assumed that the read R was

generated from the region delineated by the endpoints [p1, p2] of the Viterbi alignment

with probability 1. Thus, we assumed that [p1, p2] was the fragment from which read

R was generated. Next, again using the conditional HMM aligner, we performed the

sum-forward algorithm for the read R conditioning on the sequence at [p1, p2]. The

sum-forward algorithm gives the probability of observing the nucleotides of R given

that R was generated from the sequence at [p1, p2], marginalized over the alignment

(i.e. the actual “path” that sequencing took.)

This procedure was performed for each mate Ra, Rb of paired-end read P sepa-

rately.



Appendix C

More details on NAHR results
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C.1 Breakpoint odds

Modelling the mechanics of NAHR allowed our model to precisely construct every

possible breakpoint region and align reads against them. We quantify the evidence

of a called breakpoint by calculating an odds ratio of alignment probabilities for

reads relevant to the breakpoint region. Given a precise breakpoint B, we may

denote a small region around B and all paralogous regions as L, and collect all

reads mapped to a region in L. The likelihood P0 of the null hypothesis (there

was no NAHR, and so B is not a breakpoint) can then be computed by aligning

each read to every location in L. The likelihood PA of the alternative hypothesis

(B is indeed the breakpoint) is calculated by including the the newly-formed hybrid

breakpoint region in L, removing from L the pair of regions which together form the

hybrid, and aligning each read to each region in this modified set. The log-odds ratio

logPA− logP0 represents how much more likely the existence of a specific breakpoint

is compared to the null case (no breakpoint).

C.2 Calls per genome

Figure C.1 below shows the distribution of number of calls per individual.

C.3 Calculation of NAHR features

For each feature below, we calculated the distribution f of the feature using all 324

distinct loci tested, and the observed distribution f of the feature only for those 109
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Figure C.1: Histogram of the number of positive NAHR calls appearing in an individual.

distinct loci with an NAHR deletion or duplication call in at least one individual.

We then performed a χ2 goodness-of-fit test to determine if the difference between

f and g was statistically significant.

C.3.1 Length of LCRs

NAHR events are mediated by a pair of homologous LCRs, which are likely not the

same length due to indels, but close. For a potential NAHR event, we calculate

the length of its LCRs as the length of the pairwise alignment of the two mediating

LCRs.

C.3.2 Distance between LCRs

Following Liu et. al., 2011, we calculate the inter-LCR distance as the “length of

the segment in between LCRs plus the length of one LCR”[51].
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C.3.3 LCR length over inter-LCR distance

This follows directly from above.

C.3.4 Sequency identity

For a potential NAHR event, we performed a pairwise alignment of its two mediating

LCRs. Every position in the alignment with a mistmach or that is part of a small

indel was considered a variational position. The percent divergence was calculated

as t = number variational positions
lengthofalignment

. We used log t to measure the association between

sequency identity and occurrence of NAHR.

C.3.5 Proximity to centromere/telomere

We calculated the distance to the centromere as the distance from the closest index

out of both mediating LCRs to the closest index to the centromere. The distance to

the telomere was calculated analogously, using the telomere on the same chromosome

arm as the two mediating LCRs.

C.4 Hybrid read alignments for negative exam-

ples NA07051 and NA18501

See Figures C.2 and C.3.
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C.5 Previously called rearrangements

We checked our NAHR calls against experimentally validated structural variations

reported in three previous studies: Mills, et. al. ; Turner et. al. and Kidd et.

al.. Importantly, there were several errors and inconsistencies in the validation data

reported in Mills et. al., as confirmed via personal correspondence with the author.

As such, we imposed a criteria on the calls reported in Mills, et. al. to obtain a

“highly reliable” subset of validations. Specifically, we required

C.6 Coverage calculations

Suppose we want to calculate the expected number of reads spanning some interval

[v1, v2] in the genome. Let α(x) denote the expected number of reads whose left

endpoint is at position x in the genome, i.e. α(x) is the per-position fragmentation

rate for position x. Let m be the length of a hypothetical read fragment (e.g. m is

the median fragment length of a paired-end read library).

Then the expected number of reads spanning the genome interval [v1, v2] is cal-

culated as
m−1∑
d=0

αv1−d · 1v1−d+m−1≥v2 .

Using only the coverage C of an individual’s dataset, we define αx := C
L

, where

L = length of haploid reference genome. To account for the GC-content fragmenta-

tion bias, we would instead define αx := λ(x), where λ(x) is calculated as in section

3.4.2.
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Read generation contexts
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Read generation during next-generation sequencing is a nuanced process, and so

defining the reference context of a base call can be confusing. As in PCR, a single

strand of DNA serves as a template to which fluorescent nucleotides are sequentially

added. Thus, the bases in the read are actually complementary to the strand of

DNA which produced the read. Note also, the the read is created from 5′ to 3′, so

that if R1 was the first nucleotide created in R, then R1 is the 5′ end of R (thus, the

template DNA is read from 3′ to 5′ for creation of the read R).

The raw bases of the read are therefore reverse complements of the template

DNA strand which produced them, when the bases of template DNA strand are

ordered from 5′ to e′ of the reference. A read aligner (e.g. BWA), will find the best

alignment of the “raw” read and the raw read’s reverse complement to the reference

and reverse-complement the read as necessary so that it matches the reference where

it is aligned. Note that the reference is single-stranded and ordered 5′ to 3′. Each

mapped read has an associated indicator for whether it actually aligns to the reverse

strand of the reference (i.e. the best alignment involved the reverse-complement of

the read).

Thus if a read has been mapped to the reference and was not reverse-complemented,

then the context at position j of the reference is Fj−2Fj−1Fj. If the read was

reverse-complemented, then the context at j in the reference is the complement of

Fj+2Fj+1Fj.
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