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Abstract of “The Holy Trinity of Stochastic Modeling and Uncertainty Quantification: High-
Dimensionality, Sparsity and Rare Events.” by Xiu Yang, Ph.D., Brown University, May 2014

In this thesis, we present new developments to the three most important issues in stochastic mod-

eling and uncertainty quantification (UQ): high-dimensionality, sparsity and rare events.

With respect to high-dimensionality, we present an adaptive Analysis Of VAriance (ANOVA)

method to construct the generalized polynomial chaos (gPC) expansion of the system hierarchically

and apply this method to study compressible supersonic flow over rough surface in aerodynamics

and a ring oscillator in circuit simulations. We demonstrate that for both examples even a draconian

truncation of the ANVOA expansion leads to accurate solutions in terms of mean and standard

deviation.

With respect to sparsity, we consider the gPC coefficients of the system as a “signal”. If

this signal is sparse, we employ compressive sensing method to “recover” it with high accuracy

but low computational cost. We propose a method combining the reweighted ℓ1 minimization

and Chebyshev sampling strategy to compute the gPC expansion of stochastic partial differential

equations (PDE) efficiently. This method is able to exploit information from a limited number of

realizations, hence it is suitable for problems with expensive deterministic solver. Furthermore,

we apply this method to construct the response surface of particle based simulation models and

use this response surface in a Bayesian inference framework to identify parameters of molecular

dynamics models. This approach provides a general framework for mescoscale model calibration,

and it leads to parametric compression and dimensionality reduction.

With respect to rare events, we firstly consider the problem of narrow escape of a Brownian

particle in a boundary domain. A potential is imposed to trap the particle in it. We use PDE

constrained optimization method to optimize the shape of the potential, hence to maximize the

mean first passage time. We also consider a stochastic problem with disparate correlations length

in adjacent domains. Instead of solving the problem globally, we use domain decomposition method

to reduce the complexity of the problem in each subdomain and use PDE constrained optimization



to obtain the solution. This method does not require an explicit expression of the information

transferred across the interface of subdomains and can lead to accurate results.
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cross-validation and lmax = 2, ā = 0.1, σa = 0.03, d = 14, d′ = 6, τ = 10−3. . . . . . . . 83

xviii



3.14 40D example: relative (global) error in the mean and the standard deviation (“s.d.”)

of the approximated solution over the physical domain with the coefficients c recov-

ered from ℓ1 or reweighted (“rw”) ℓ1 minimization with Chebyshevpoints. In each

trial, 200 sampling points are employed and 1, 000 trials are tested. ǫ is obtained by
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Chapter 1

Introduction

1.1 Overview of uncertainty quantification method

The past decade has witnessed the explosive development of uncertainty quantification (UQ). Based

on the pioneering work by Ghanem [57], Karniadakis and Xiu [157], the spectral-based method for

uncertainty quantification called generalized polynomial chaos (gPC) became tremendously popu-

lar in numerical methods for stochastic ordinary or partial differential equations. The enormous

saving on the computational cost compared with Monte Carlo method, at least for low dimensions,

makes this method a new favor for studying physical phenomena with randomness. Later Xiu and

Hesthaven proposed a non-intrusive method called probabilistic collocation method (PCM) [156],

which can be considered as a “smart Monte Carlo” method as it utilizes the sparse grid points.

It treats the solver of specific problems as a black-box and users only need to run the solver with

specifically selected sampling points then do the post processing. This method further enhances

the power of the gPC method as it avoid the Galerkin projection, and can be applied to much

wider areas. This powerful tool also improves methods in other areas. For example, the ensemble

Karman filter method [90, 91], the Bayesian inference method [110, 109], etc.

However, there are two main concerns on the aforementioned method: high-dimensionality and
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discontinuity. Unlike the physical space, which is usually three-dimensional, the dimension of the

random space can be very high since a physical system may include many random parameters. Also,

the popular Karhunen-Loève (KL) expansion [137] for representing random fields may include large

number of random variables when the correlation length is very small with respect to the size of

the physical domain. If we construct the gPC basis based on the tensor product rule, then the total

number N of gPC expansion up to truncation order P with dimension D is N =




D + P

D


, hence

the number of basis increases exponentially as D increases. This make it prohibitive to apply gPC

method when D is large. Similarly, the number of the sparse grid points increases exponentially as

dimension increases which diminishes the advantage of this method over the Monte Carlo method.

Therefore, due to the curse of high-dimensionality, both gPC and sparse grid method lose their

efficiency. The other regards the discontinuity in the random space. Both gPC and sparse grid

method are based on the interpolation approximation, therefore it is challenging if the function is

of low regularity. The work by Wan and Karniadakis [149, 150] first addressed this problem and

proposed the multi-element method, which decomposes the random space adaptively to build a fine

mesh where the regularity of the object function is low. There are also works on this issue with

sparse grid method, e.g., [11, 74]. However, the curse of high-dimensionality still constrains the

efficiency of these methods.

1.2 Adaptive method for high-dimensional method

Since the efficiencies of gPC and sparse grid method are lower for high-dimensional problems, one

choice for us is to retreat to the classical Monte Carlo method and its variants e.g., quasi-Monte

Carlo. However, in practice, most physical systems are sparse, which means that in the gPC

expansion for the system we only need a few terms to capture the main property of the system.

Just a few years ago, the word sparse, which is widely used in signal processing and has become well

known in UQ community, was not used in to this area, although the concept was used. Many works
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discuss how to hierarchically build gPC expansion or to adaptive select the sparse grid points, e.g.,

[105, 106, 116, 103, 60, 14]. A useful approach to design the adaptivity criterion in the adaptive

method is based on the sensitivity analysis of the system and this idea originates from applying

the gPC to analyze the system’s sensitivity, e.g., [18, 19, 138, 17]. A popular method in sensitivity

analysis called Analysis Of VAriance (ANVOA) [134] has attracted attention in this respect. Based

on this idea different types of adaptive criteria are proposed e.g., [107, 164, 93]. We present an

adaptive method based on ANOVA in Chapter 2. We apply this method to a compressible flow

problem and a ring oscillator model. For the compressible flow, the effects of random geometric

perturbation (simulating random roughness) on the scattering of a strong shock wave is investigate

both analytically and numerically. For the ring oscillator model in a circuit, the oscillation frequency

is studied. Our study shows that for these systems, the mean and the standard deviation of the

system can be captured accurately even with a draconian truncation of the ANOVA expansion.

1.3 Sparsity in stochastic modeling

The sparsity of the system means that if we approximate the system with gPC expansion with all

the basis functions up to the truncation order, only a small portion of these functions make major

contribution. In other words, if we consider the gPC coefficients as a vector, then only a small

portion of the entries of it is relatively large. In signal processing processing and imaging processing

community, the recovering of a sparse signal is an important topic. Based on the trigonometric or

wavelet basis, the sound or an image can be compressed into a sparse signal. Here the sparsity is an

intrinsic property of the sound or image, otherwise we will hear noise or see a chaotic image. The

famous compressive sensing method has been successfully applied to recover the sparse signal. To

the best of our knowledge, the earliest work on applying compressive sensing method to recover a

sparse gPC expansion is [94, 39]. The latter is the first paper with this idea in the UQ community.

Unlike the adaptive method, this method does not require design of any criterion. We include
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all the basis function up to the truncation order and let the compressive sensing method pick

important basis automatically. Here we need the sparsity of the physical system with respect to

the gPC expansion. This assumption is reasonable since in many systems, even if these systems

include many random variables, these random variables as well as the interactions of these random

variables are not equally important. Otherwise, we will observe phenomena like white noise or

chaos, which is not the problem we are investigating. In Chapter 3 we discuss the sparsity of the

gPC expansion. We firstly apply this method to solve stochastic PDEs, the solutions of which are

sparse based on analytical results. Then we apply this method to construct the response surface of

particle models with a few simulations. With this response surface we utilize Bayesian inference to

identify the parameters in these models. This is the first work with gPC based compressive sensing

method to build surrogate model, which is employed to infer the parameter in a complex system.

1.4 Rare events

Rare events is an important topic physics, chemistry, biology, engineering, finance, etc. Rare means

the probability of the appearance of the event is very small, e.g., 10−3, 10−4 or even smaller. It

is very useful in chemical engineering, climate, civil engineering, insurance, etc. The purpose is

to compute the reaction rate, probability of catastrophe, accident, etc. Based on this study, we

can find an approach to accelerate the reaction, select proper strength of the building material, set

appropriate premium amount, etc. The most popular method in this area is the important sampling

(IS), and a very useful theory is the large deviation theory (LDT), e.g., [33, 23, 147, 84, 35]. The

gPC method can also be applied to compute the rare probability, e.g., [92, 89]. The main idea is

to evaluate gPC surrogate model in the area where rare events do not appear while near the area

the rare event take place, the exact model is evaluated based on important sampling. This type

of problem can be considered as approximating a high-dimensional integral in special cases where

the integration result is very small. Another type of rare events problems are related to the small
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perturbations in the system. These perturbations may arises on the boundary, body force, etc. For

example, in the study of chemical reactions, Langevin system and its variants are widely used to

describe the motion of the particles; the source of perturbation in this case is the white noise in the

system. Many efforts have been made to find the transition path or to accelerate the simulation

of the chemical reactions, e.g., [7, 153, 124, 154, 111, 125]. Also, an interesting problem is the

perturbation originating from the propagation of uncertainty across different domains or different

scales. Hence in Chapter 4 we present a preliminary work on the domain decomposition method

to solve stochastic PDEs in adjacent domains with different correlation lengths. This method is

based on gPC expansion and PDE constrained optimization. Moreover, we address in this chapter

the narrow escape problem. We maximize the mean first passage time of a Brownian particle from

a boundary domain by applying PDE constraint optimization. Since the MFPT is related to the

reaction rate in many problems the understanding of the optimal shape of the trapping potential

is very useful.
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Chapter 2

ANOVA Method for

High-Dimensionality

2.1 Introduction to ANOVA method

The ANOVA decomposition was introduced by Fisher in 1921 (see e.g. [46]) and employed for

studying U-statistics by Hoeffding in 1948 [71]. ANOVA has also previously been used in the

context of uncertainty quantification in [155] and was formulated in terms of polynomial chaos for

solving high-dimensional stochastic PDEs in [49, 105]. In particular, in [49] ANOVA was combined

with a multi-element probabilistic collocation method (PCM) to represent each expansion term for

greater control of accuracy and efficiency of the discrete representation. ANOVA involves splitting

a multi-dimensional function into its contributions from different groups of sub-dimensions. The

underlying idea involves the splitting of a one-dimensional function approximation space into the

constant subspace and the remainder space. The associated splitting for multi-dimensional cases

is formed via a tensor-product construction. In practice, one essentially truncates the ANOVA-

type decomposition at a certain dimension ν, thereby dealing with a series of low-dimensional
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(≤ ν) approximation problems in lieu of one high-dimensional problem. This type of truncation

can make high-dimensional approximation tractable for functions with high nominal dimension N

but only low-order correlations amongst input variables (i.e., ν ≪ N). However, even with severe

truncations, e.g., ν = 2, the ANOVA decomposition of a high-dimensional function includes many

thousands of terms, e.g. for a 1000-dimensional function (N = 1000) and ν = 2 we need to evaluate

close to half a million terms. To this end, in the current work we aim to reduce further the associated

computational complexity by adaptively evaluating the terms in the ANOVA expansion and keep

only the most important ones. This approach can reduce the number of terms in the aforementioned

example to about 100 – a reduction of more than three orders of magnitude! Clearly, the accuracy

of the representation will also be reduced as a function of the truncation dimension and this is

problem dependent, hence we need to consider different flow systems – both viscous and inviscid

– in order to evaluate the relationship between economical adaptive ANOVA representations and

accuracy in the main statistics, i.e. the mean and variance of the stochastic solution.

The ANOVA method is widely used in statistics. The same idea can be used for interpolation

and integration of high dimensional problems as well as stochastic simulations ([134, 49]). Consider

an integrable function f(x), x = (x1, x2, · · · , xN ) defined in IN = [0, 1]N , then we have:

Definition 2.1.1. The representation of f(x) in a form

f(x) = f0 +
N∑

s=1

∑

j1<···<js

fj1···js
(xj1 , · · · , xjs

) (2.1.1)

or equivalently

f(x) = f0 +
∑

j1≤N

fj1(xj1) +
∑

j1<j2≤N

fj1,j2(xj1 , xj2) + · · · + f1,2,··· ,N (x1, x2, · · · , x
N

) (2.1.2)
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is called ANOVA decomposition, if

f0 =

∫

IN

f(x)dµ(x), (2.1.3)

and
∫

I

fj1···js
dµ(xjk

) = 0 for 1 ≤ k ≤ s. (2.1.4)

Here 1 ≤ j1 < j2 < · · · < js ≤ N, j ≤ s ≤ N . We call fj1(xj1) the first-order term (or first-order

component function), fj1,j2(xj1,j2) the second-order term (or second-order component function),

etc.

Property 2.1.2. An important property of ANOVA decomposition is the orthogonality of its

terms:
∫

IN

fj1,··· ,js
fk1,··· ,kl

dµ(x) = 0, (2.1.5)

if (j1, · · · , js) 6= (k1, · · · , kl). This is a direct consequence of (2.1.4). The terms in the ANOVA-

decomposition are computed as follows:

f
S

=

∫

IN−|S|

f(x)dµ(x
Sc ) −

∑

T⊂S

f
T
(x

T
), (2.1.6)

where S = {j1, j2, · · · , js}.

Property 2.1.3. The variance of f is the sum of the variances of all the decomposition terms:

σ2(f) =

N∑

s=1

∑

|S|=s

σ2(f
S
), (2.1.7)

where σ2(fS) =
∫

IN f2
Sdµ(x). It is very important that (2.1.7) holds only when the measure used in

the integral of computing the variance is the same as that used in the ANOVA decomposition (2.1.6).

It is probable that σ(f) is different from the exact value computed by the standard definition of
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variance, i.e., the integral with Lebesgue measure.

Remark 2.1.4. When applying the ANOVA method to stochastic simulation, we denote the

highest dimension for the component functions we use in (2.1.2) with ν and approximate f(x) with

f(x) ≈ f0 +
∑

j1≤N

fj1(xj1)+
∑

j1<j2≤N

fj1,j2(xj1 , xj2)+ · · ·+
∑

j1<j2<···<jν≤N

fj1,j2,··· ,jν
(xj1 , xj2 , · · ·xjν

).

(2.1.8)

Here N is called nominal dimension, ν is called the truncation or effective dimension, and we

use µ to denote the number of collocation points, which coincide with the quadrature points for

performing the integration in each dimension.

After we obtain the ANOVA decomposition of a function f , we can approximate the integration

of each component function with the values of these functions at the quadrature points based on

the corresponding weights. We can also use these quadrature points as the collocation (sampling

points) in the probabilistic collocation method (PCM).

2.2 Anchored ANOVA

Computing the ANOVA decomposition, i.e., the constant term from (2.1.3) and high-order terms

from (2.1.6), can be very expensive for high dimensional problems or complicated f(x). Therefore,

we use the Dirac measure instead of Lebesgue measure in integrations, i.e., dµ(x) = δ(x−c)dx, c ∈

IN . The point “c” is called “anchor point” and this method is called “anchored-ANOVA”.

Hence, for the constant term we have

f0 = f(c). (2.2.1)

Different choice of anchor points can lead to different approximation of ANOVA decomposition

to a function; the authors in [168] defined different weights depending on the norm for tensor

product functions, proved that the anchor point satisfying certain condition minimizes the error

estimate of the approximation of ANOVA decomposition and showed some numerical examples. It

9



has been shown in the stochastic problems [107, 159] that ANOVA decomposition with nu = 2 has

a good accuracy if the anchor point is chosen as the mean with respect to the probability density

function considered. To this end we choose the zero point as the anchor point in this paper.

2.3 Adaptive ANOVA

Although the standard ANOVA can potentially reduce the computational complexity substantially,

it still requires a very large number of sampling points to compute all the terms for a high nominal

dimension N . For example, for nominal dimension N = 100, the number of sampling points for

truncation dimension ν = 2 and number of collocation points per direction µ = 3 is 1+3×




100

1


+

32 ×




100

2


 = 44851. An efficient way of solving this problem is to develop an adaptive ANOVA

decomposition. To this end, we replace the nominal dimension by an active dimension Di for

each subgroup, i.e., we modify (2.1.8) to be

f(x) ≈ f0+
∑

j1≤D1

fj1(xj1)+
∑

j1<j2≤D2

fj1,j2(xj1 , xj2)+· · ·+
∑

j1<j2<···<jν≤Dν

fj1,j2,··· ,jν
(xj1 , xj2 , · · ·xjν

).

(2.3.1)

In the flow problems we consider here we truncate the expansion after ν = 2 and in most cases

we let D1 = N . We then develop adaptivity criteria to determine the active dimension D2; see

also [107, 168]. These criteria depend on the low-order statistics, i.e., mean and variance of the

first-order terms in the ANOVA decomposition since they are easy to compute. Specifically, if the

nominal dimension is N , the number of collocation points needed for a simulation based on the

first-order terms is µN + 1.

Next, we present how to obtain an estimate of mean and variance of first-order terms in the

ANOVA decomposition. Consider f1(x1) for instance. Let c−1 = (c2, c3, · · · , cN ) and q1
1 , q2

1 , · · · , qµ
1

be the quadrature points for one-dimensional approximation (the weights for these quadrature

10



points are generated as well, e.g., Gaussian quadrature). Since we use the Dirac measure when

computing the component term, according to (2.1.6) we have the value of f1 at the quadrature

point:

f1(q
1
1) = f(q1

1 , c2, c3, c4, · · · , cN ) − f0, (2.3.2)

and we can readily approximate the mean and standard deviation of f1. By running the determin-

istic solver at the sampling point (q1
1 , c−1) we can obtain f(q1

1 , c2, c3, c4, · · · , cN ), while the constant

term f0 is obtained by running the deterministic solver at the pre-selected anchor point. Next, we

can compute f1(q
1
1) by (2.3.2) and since the weight for this sampling point can be computed based

on the quadrature point q1
1 , the mean and variance of f1 can be obtained. This process can be

repeated for all quadrature points to obtain f1(q
i
1), i = 1, · · · , µ.

Similarly we can compute the second-order terms, e.g., consider the term f1,2 at the point

(qi
1, q

j
2) with i, j = 1, · · · , µ. We can use (2.1.6) to obtain:

f1,2(q
i
1, q

j
2) = f(qi

1, q
j
2, c3, c4, · · · , cN ) − f1(q

i
1) − f2(q

j
2) − f0, (2.3.3)

where

f1(q
i
1) = f(qi

1, c2, c3, · · · , cN ) − f0,

f2(q
j
2) = f(c1, q

j
2, c3, · · · , cN ) − f0,

and the weights wi, wj for these quadrature points are known.

We can now summarize the above steps in the following algorithm:

Now we have obtained the values of function f at all the collocation points and since each of

the points is equipped with a corresponding weight we can estimate the mean, standard deviation

11



Algorithm 1 Adaptive (anchored) ANOVA

1: Select the anchor point c and run the deterministic solver at this sampling point to obtain
the constant term in the ANOVA expansion (according to equation (2.2.1)) for the quantity of
interest f0.

2: Select µ collocation points qi
1 according to the probability measure and generate corresponding

weights wi, i = 1, · · · , µ. Run the deterministic solver at the sampling points to obtain all
first-order terms in the ANOVA decomposition using equation (2.3.2).

3: Compute the necessary statistical values of mean and standard deviation required in the adap-
tivity criterion to determine the active dimension D2 for selecting the important second-order
terms.

4: Run the deterministic solver at the sampling points and compute the second-order terms in the
ANOVA decomposition using equation (2.3.3).

5: Repeat the above steps, if needed, for further selection of high-order terms based on the com-
puted statistical values from first- and second-order terms.

and other statistical values of f . For example, the mean of f is approximated by

∫

IN

f(x)dx ≈
∑

i

f(qi)wi, (2.3.4)

where f(xi) is obtained by the deterministic solver, qi are collocation points and wi are corre-

sponding weights.

Remark 2.3.1. In step 2 we compute all the first-order terms because we set the active dimension

D1 = N . This can be modified if D1 < N . Also, by setting ν = 2 we have that the highest order

we use is two, but this can be modified if a larger ν is required; similar to step 3, we compute the

necessary statistical values for the proper criterion to select higher order terms.

Remark 2.3.2. In practice, we do not need all the second-order terms in (2.3.1) so we use fewer

terms as shown in step 3, e.g., for the applications in this paper we approximate f(x) by:

f(x) ≈ f0 +
∑

j1≤D1

fj1(xj1) +
∑

(j1,j2)∈F
fj1,j2(xj1 , xj2), (2.3.5)

where

F = {(j1, j2)|j1 < j2 < D2, fj1,j2 satisfies an adaptivity criterion.}
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Similarly, if ν > 2 we can continue using proper adaptivity criteria to decide set G, · · · such that

(2.3.1) can be simplified as

f(x) ≈ f0 +
∑

j1≤D1

fj1(xj1) +
∑

(j1,j2)∈F
fj1,j2(xj1 , xj2),

∑

(j1,j2,j3)∈G
fj1,j2,j3(xj1 , xj2 , xj3) + · · · (2.3.6)

We list three possible adaptive criteria here:

Criterion 1: Let T1 =
∑N

j=1 σ2(fj), which is the sum of the variances of all the first-order

terms. The active dimension D2 should satisfy:

D2∑

j=1

σ2(fj) ≥ pT1, (2.3.7)

where p is a proportionality constant with 0 < p < 1 and is very close to 1. This criterion is similar

to the criterion used in [24] where σ2(f) instead of T1 is used on the right-hand-side of (2.3.7) and

p is set to be 0.99. As an example, Figure 2.3 shows the standard deviation for the first-order terms

fj(xj) in the ANOVA decomposition of the extra lift and drag for the compressible problem we

study in the current work. Since we are interested in these two variables we should consider them

simultaneously. It is also clear that since we replace σ2(f) with T1 we should use larger p, because

typically the sum of variances of the first-order terms should be less than that of the function itself.

According to Remark 2.3.2, we need to find a set F , which is accomplished by computing

ηj1,j2 =
σ2(fj1,j2)∑D1

j=1 σ2(fj)
, (2.3.8)

and bounding ηj1,j2 with a predefined error threshold θ1
2 (superscript i means creterion i).

Criterion 2: Ma and Zabaras ([107]) use the mean of component function fu as the indicator

to determine the active ANOVA terms. Let

ηj =
E(fj)

f0(x)
, (2.3.9)

13



where the pre-defined error threshold θ2
1 is used to bound η, i.e., η ≤ θ2

1. If ηj are monotonically

decreasing with respect to j or monotonically decreasing from some j and we set D2 ≥ j, then

(2.3.9) can be equivalently written as

D2∑

i=j

E(fj) ≥ p

N∑

j=1

E(fj), (2.3.10)

where p is a proportionality constant with 0 < p < 1. For the supersonic flow we study in the

paper ηj are monotonically decreasing from some j. Several choices of p and corresponding D2 are

listed in Table 2.5. Then, for a further selection of the second-order terms, Ma and Zabaras also

used the mean of the component functions:

ηj1,j2 =
E(fj1,j2)∑D1

j=0 E(fj)
, (2.3.11)

where ηj1,j2 is bounded by a pre-defined error threshold θ2
2.

Remark 2.3.3. The description for Criterion 2 is different from that in [107] but they are equivalent

for the oblique shock problem we study in this paper.

Criterion 3: Zhang et. al. proposed a criterion based on both mean and variance of component

functions. Let

γj =
σ2(fj)

E(fj)2
, if E(fj) 6= 0, 1 ≤ j ≤ N. (2.3.12)

A pre-defined threshold θ3
1 is set and we only use the first-order terms with ηj > θ3

1. Similar to

criterion 2, if ηj is monotonically decreasing with respect to j or monotonically decreasing from

some j and we set D2 ≥ j then (2.3.12) can equivalently be written as

D2∑

j=1

ηj ≥ p(1 +

N∑

j=1

ηj), (2.3.13)
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When selecting second-order terms, we set a pre-defined threshold θ3
2 and use the criterion

γjγk

1 +
∑N

j=1 γj +
∑

j 6=k γjγk

≥ θ3
2, (2.3.14)

to determine which terms to use.

Remark 2.3.4. When we employ the above criteria to applications we replace the mean and

variance of component function fj with their L2 norm values on the physical domain.

Here we give a very simple example to demonstrate the procedure of estimating the mean and

variance of a function by considering a 3-dimensional Sobol function.

Example 1.

f(x) =
3∏

k=1

f (k)(xk), f (k)(xk) =
|4xk − 2| + k2

1 + k2
, (2.3.15)

where xk are i.i.d. random variables and xk ∼ U [0, 1]. It is easy to obtain that E(f) = 1, σ2(f) =

0.1014. For the anchored-ANOVA decomposition, we choose an anchor point c = (c1, c2, c3) such

that f (k)(ck) = (0.1λ2
k + τ2

k )/τk and as in Example 1, τk and λ2
k are the mean and variance of f (k).

We set µ = 4, i.e., for each xk we use four sampling points qi, i = 1, 2, 3, 4, which are selected as

follows: q1, q2 are Gauss quadrature points on [0, 0.5], and q3, q4 are Gauss quadrature points on

[0.5, 1]. Notice that, this is only for demonstration purposes; for practical problems, one can either

use quadrature points on the entire domain or select quadrature points based on the property of

the problem itself.

We first compute f0:

f0 = f(c) =

3∏

k=1

f (k)(ck) =

3∏

k=1

0.1λ2
k + τ2

k

τk
= 1.010.

Then, we compute fj(qi), j = 1, 2, 3, i = 1, 2, 3, 4, e.g.,

f1(q2) = f(q2, c2, c3) − f0.
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Hence the mean and variance of fj can be estimated:

E(fj) ≈
4∑

i=1

f1(qi)wi, σ2(fj) ≈
4∑

i=1

(fj(qi))
2
wi −

(
4∑

i=1

fj(qi)wi

)2

.

The results are shown in Table 2.1 As in the paper we set D1 = N = 3, then we can apply the

Table 2.1: Mean and variance of the first-order terms in anchored-ANOVA decomposition of f(x)
in (2.3.15).

f1 f2 f3

E −8.3472e − 3 −1.3449e − 3 −3.3656e − 4
σ2 8.3611e − 2 1.3566e − 2 3.3982e − 3

criteria to find D2.

Criterion 1:

∑1
i=1 σ2(fi)∑3
i=1 σ2(fi)

= 0.8313,

∑2
i=1 σ2(fi)∑3
i=1 σ2(fi)

= 0.9662,

∑3
i=1 σ2(fi)∑3
i=1 σ2(fi)

= 1,

or equivalently consider

σ2(f1)∑3
i=1 σ2(fi)

= 0.8313,
σ2(f2)∑3
i=1 σ2(fi)

= 0.1349,
σ2(f3)∑3
i=1 σ2(fi)

= 0.0338.

So if we set p = 0.85 (or θ1
1 = 0.2 for instance) we have D2 = 1 while if we set p = 0.90 (or θ1

1 = 0.1)

we have D2 = 2. From this criterion we observe that x1 is the most important while x3 is the least

important.

Criterion 2:

|E(f1)|
f0

= 8.264e − 3,
|E(f2)|

f0
= 1.332e − 3,

|E(f3)|
f0

= 3.332e − 4.

So if we set θ2
1 = 1e − 3 we have D2 = 2 while if we set θ2

1 = 1e − 4 we have D2 = 3. From this

criterion we again observe that x1 is the most important while x3 is the least important.
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Criterion 3:

γ1 = 13/12, γ2 = 76/75, γ3 = 301/300.

Here we see that criterion 3 gives the same prediction as criterion 1 or 2.

According to criterion 1 or 2, D2 = 1 or D2 = 2 for different thresholds. When D2 = 1, no

second-order terms will be included. Therefore, the approximation for f is :

f(x) ≈ f0 + f1(x1) + f2(x2) + f3(x3).

Now we can approximate E(f) by the sum of the mean of all the component functions and so we

approximate σ2(f) similarly. The error of E(f) is 1.43e − 5 and the error of σ2(f) is 8.62e − 4.

In order to include the second-order terms, we proceed as follows.

Criterion 1: since D2 = 2 we only need f1,2 and if D2 = 3 we compute

σ2(f1,2)∑3
i=1 σ2(fi)

= 1.107e − 2,
σ2(f1,3)∑3
i=1 σ2(fi)

= 2.772e − 3,
σ2(f2,3)∑3
i=1 σ2(fi)

= 4.494e − 4.

We observe here that the interaction of x1 and x2 is the most important. If we set θ1
2 = 0.1 we

obtain the approximation:

f(x) ≈ f0 + f1(x1) + f2(x2) + f3(x3) + f1,2(x1, x2).

Criterion 2: similar to the case of criterion 1, since D2 = 2 we only need f1,2 and if D2 = 3 we

compute

E(f1,2)∑3
i=0 E(fi)

= 1.089e − 5,
E(f1,3)∑3
i=0 E(fi)

= 2.727e − 6,
E(f2,3)∑3
i=0 E(fi)

= 4.393e − 7.

We observe that again the interaction of x1, x2 is the most important. If we set θ2
2 = 1e − 5 for
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criterion 2, we obtain the same approximation as in criterion 1 :

f(x) ≈ f0 + f1(x1) + f2(x2) + f3(x3) + f1,2(x1, x2).

For this approximation, the error of E(f) is 3.26e − 6 and the error of σ2(f) is 2.51e − 4.

Criterion 3: we set D2 = 3 and compute

γ1γ2

1 +
∑3

i=1 γi +
∑

j 6=k γjγk

= 1.009e − 3,

γ1γ3

1 +
∑3

i=1 γi +
∑

j 6=k γjγk

= 2.522e − 4,

γ2γ3

1 +
∑3

i=1 γi +
∑

j 6=k γjγk

= 4.035e − 5.

Again, we observe the same importance order as in criteria 1 and 2.

Example 2. We present an example for a 1000-dimensional function to illustrate the proposed

adaptive criteria using standard ANOVA and anchored ANOVA. Consider the Sobol function [134]

f(x) =

N∏

k=1

f (k)(xk), (2.3.16)

where N = 1000, f (k)(xk) = |4xk−2|+ak

1+ak
and ak = k2. Note that the coefficients ak in this paper is

different from those in [134] where ak = O(k). We consider three cases, where ak = O(1), O(k) and

O(k2), in [169] and explain how different coefficient lead to different convergence rate with respect

to the truncation dimension. See [169] for detail. Then the mean and variance of the function

are readily computed: E(f) = 1 and σ2(f) = 0.10395. We test criteria 1 and 3 using standard

ANOVA and criteria 1 and 2 using anchored ANOVA. For anchored ANOVA we use an anchor point

c = (c1, c2, ..., cN ) such that it satisfies f (k)(ck) =
λ2

k+τ2
k

τk
where λ2

k, τk is the variance and the mean

of f (k), respectively [169]. We compute the error of the variance defined by |σ2(f) − ∑
S σ2(fS)|

and estimate how many terms are selected among all second-order terms. Without adaptivity we

18



need 499,500 =
(
1000

2

)
second-order terms.

Note that criterion 2 cannot be used for standard ANOVA since the mean of each ANOVA terms

is always zero as in (2.1.4), hence no terms will be selected. Both Tables 2.2 and 2.3 show that just

a few second-order terms out of 499, 500 terms are needed to achieve at least 10−3 accuracy for the

variance error. In order to get better accuracy we would need smaller threshold and hence more

terms. For standard ANOVA in Table 2.2 both criterion 1 and 3 give the same order of magnitude

of error with almost the same number of second-order terms selected. This is also true for anchored

ANOVA as shown in Table 2.3. However, the error for anchored ANOVA is larger than the one

for standard ANOVA even if it needs more terms since the anchored ANOVA approximation to

the function is worse than the standard ANOVA approximation. Tables 2.2 and 2.3 also show that

θi
2, (i = 1, 2, 3) does not have a significant impact on the variance error for either the standard or

the anchored ANOVA.

Table 2.2: Variance error and size of selected set F using standard ANOVA for the Sobol function.
p = 0.999. |F| is the cardinality of F .

θ1
2 1e − 7 1e − 6 1e − 5 1e − 4Criterion 1

error 2.0170e − 05 2.05217 − 05 2.3990e − 05 5.2835e − 05
|F| 34 25 16 8
θ3
2 1e − 7 1e − 6 1e − 5 1e − 4Criterion 3

error 4.6856e − 05 1.2148 − 04 2.3682e − 04 5.5905e − 04
|F| 15 6 3 1

Table 2.3: Variance error and size of selected set F using anchored ANOVA for the Sobol function.
The anchor point is chosen as described in the text. p = 0.9999.

θ1
2 1e − 7 1e − 6 1e − 5 1e − 4Criterion 1

error 7.0763e − 03 7.0751 − 03 7.0648e − 03 7.0243e − 03
|F| 76 45 19 8
θ2
2 1e − 7 1e − 6 1e − 5 1e − 4Criterion 2

error 7.0747e − 03 7.0636e − 03 7.0118e − 03 6.7630e − 03
|F| 42 18 7 2
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2.4 Application to stochastic compressible flow

Stochastic modeling of fluid mechanics problems allows for a broader and more comprehensive un-

derstanding of the flow physics compared to deterministic formulations, and it can potentially lead

to new approaches in designing thermo-fluidic equipment that operates robustly under uncertain

conditions. While significant progress has been made to date in advancing stochastic CFD, most

of the processes simulated so far have been modeled by low-dimensional representations of the in-

puts and outputs, often limiting our ability in probing the intriguing physics of the flow, e.g., the

effect of random disturbances of large amplitude and/or small correlation length on flow stability

and on momentum and heat transport. These effects require high-dimensional representations in

the parametric or random space that often render such simulations computationally prohibitive.

Towards this end, progress can be made if the computational complexity of the stochastic problem

is reduced by some orders of magnitude, e.g. by estimating the so-called “effective dimensionality”

of the flow system, as was done for financial systems using quasi-Monte Carlo theory [151, 133].

In this section we employ the functional ANOVA method [60, 14] and evaluate its effectiveness as

a dimension-reduction technique compressible flow problems. This is motivated by the idea that

for many flow systems, only relatively low order correlations between dimensions will significantly

impact the solution.

We consider a flow problem, which have been well-studied with deterministic CFD: shock scat-

tering by a wedge surface. We consider a random geometric boundary representing roughness. This

prototype problem is inviscid compressible flow, specifically, supersonic flow past a rough wedge.

For the smooth wedge, the shock path and pressure distribution can be obtained by simple ana-

lytical formulas. However, complex shock dynamics is observed when considering a random rough

wedge surface. Lighthill [96] and Chu [32] used first-order perturbation analysis to study the case

of weak interactions. The first-order theory is adequate only for very small roughness height and

does not provide a measure of the mean extra force due to roughness, which is assumed to have
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zero mean, and hence the first-order theory predicts zero mean forces. Lin et al. [97, 98] devel-

oped a second-order perturbation method to overcome the disadvantages of first-order method and

developed semi-analytical formulas to describe the solution for small roughness height. Figure 2.1

(from [97]) shows pressure contours of one realization for two different Mach numbers; here we will

only focus on the high Mach number case. Similarly to the incompressible flow example, here too

we will compare the ANOVA based solution to corresponding solutions obtained by the sparse grid

and the quasi-Monte Carlo methods.
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Figure 2.1: Pressure contours for M1 = 2 (left) and M1 = 8 (right), where M1 is the Mach number
of the uniform inflow from left. Roughness height ε = 0.01, and correlation length of roughness is
A = 0.1 but we also consider the case of A = 0.01. The pressure contours for M1 = 8 are stretched
4 times perpendicular to the wedge surface for visualization purposes.

2.4.1 Stochastic perturbation analysis

In this section we briefly describe the first- and second-order perturbation methods to obtain

analytical solutions for small roughness height; details can be found in [98]. We assume that: (1)

The random wedge roughness is small, and correspondingly the perturbation of the shock slope is

small. (2) The oblique shock is attached to the wedge. (3) The flow between the shock and the

wedge is adiabatic.

The isentropic flow between the wedge and the shock is governed by the Euler equations along
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with the isentropic condition (2D case):





u
∂p

∂x
+ υ

∂p

∂y
+ ρc2

(
∂u

∂x
+

∂υ

∂y

)
= 0,

u
∂u

∂x
+ υ

∂u

∂y
+

1

ρ

∂p

∂x
,

u
∂υ

∂x
+ υ

∂υ

∂y
+

1

ρ

∂p

∂y
,

u
∂s

∂x
+ υ

∂s

∂y
= 0,

(2.4.1)

where the first equation of Eq. (2.4.1) is based on the fact that c2 = ∂p
∂ρ . On the wedge surface

(y = εh(x;ω)), the slip boundary condition (υw

uw
= ε∂h

∂x ) is employed, where υw and uw are the

velocity perpendicular and parallel to the wedge. According to the Rankine-Hugoniot relations, we

have:
P2

P1
= 1 +

2γ

1 + γ
(M2

1 sin2 χ − 1),
ρ1

ρ2
=

u2

u1
=

(γ − 1)M2
1 sin2 χ + 2

(γ + 1)M2
1 sin2 χ

,

tan(χ − θ) = tan χ
(γ − 1)M2

1 sin2 χ + 2

(γ + 1)M2
1 sin2 χ

≡ T (M1, χ).

(2.4.2)

First-order theory

The domain we consider is between the perturbed shock and the wedge surface. We use the subscript

‘2’ for the flow state after the shock and take the x-axis along the surface of the ‘unperturbed’ wedge.

Let

u

W2
= 1 + εw′,

υ

W2
= ευ,

p

P2
= 1 + εp′,

ρ

ρ2
= 1 + ερ′,

s

S2
= 1 + εs′. (2.4.3)

On the wedge surface, we have υ′
w = ∂h

∂x and using the Rankine-Hugoniot relations (Eq. (2.4.2)),

we obtain the interface conditions after the shock:

υ′
s = θ′ = F (M1, x0)χ

′,

√
M2

2 − 1

γM2
p′s = G(M1, χ0)χ

′, (2.4.4)
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where

F (M1, χ0) ≡
dθ

dχ
= 1 − 1

1 + T 2
0

∂T

∂χ
,

G(M1, χ0) ≡
√

M2
2 − 1

γM2
2 P2

dP2

dχ
=

√
M2

2 − 1

γM2
2

2γM2
1 sin 2χ0

1 − γ + 2γM2
1 sin2 χ0

,

T = tan(χ − θ), T0 = tan(χ0 − θ0),M1 =
W1

c1
, M2

2 = M2
1

P1ρ2 cos2 χ0

P2ρ1 cos2(χ0 − θ0)
.

(2.4.5)

To quantify the region of validity for the stochastic perturbation analysis, we use the standard

deviation of the stochastic roughness as a measure. To simplify the problem with small perturbation,

we have employed the following assumption:

ε ≪ min

(
1

σ(w′)
,

1

σ(υ′)
,

1

σ(ρ′)
,

1

σ(p′)

)
(2.4.6)

where σ denotes the standard deviation. The region of validity with respect to the roughness

amplitude ε for the stochastic perturbation analysis is discussed in Appendix C of [98]. Substituting

Eq. (2.4.6) into the steady Euler equations (2.4.1) we obtain the linearized small perturbation

equations: 



∂υ′

∂y
+

M2
2 − 1

γM2
2

∂p′

∂x
= 0,

∂

∂x

(
w′ +

1

γM2
2

p′
)

= 0,

∂υ′

∂x
+

1

γM2
2

∂p′

∂y
= 0,

∂

∂x
(p′ − γρ′) = 0.

(2.4.7)

The results for the first-order method are:

χ′(x;ω) = q
∞∑

n=0

(−r)n ∂h

∂x
(x;ω)

∣∣∣
x=αβnx

, (2.4.8)

where

q =
2

F + G
, r =

F − G

F + G
, α = 1 − T0

m
, β =

m − T0

m + T0
, m =

1√
M2

2 − 1
.
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The perturbed pressure p′w on the rough wedge surface is:

p′w(x;ω) =
γM2

2√
M2

2 − 1

(
∂h(x;ω)

∂x
+ 2

∞∑

n=1

(−r)n ∂h

∂x
(x;ω)

∣∣∣
x=βnx

)
. (2.4.9)

The perturbed shock path z′ is computed by:

z′(x;ω) = (1 + T 2
0 )

∫ x

0

χ′(x1;ω)dx1. (2.4.10)

Furthermore, the perturbed p′, υ′, ρ′ and w′ at any location (x, y) after the shock can also be

obtained (see [98]).

Second-order theory

Using an iterative procedure we start with z′(x;ω) (Eq.(2.4.10)) and p′w(x;ω) (Eq.(2.4.9)) and upon

convergence we obtain the corrected perturbed shock path z̃′(x;ω) and corresponding corrected

pressure p̃′w(x;ω). To this end, we have to re-define β in Eq. (2.4.9), i.e., β = xm/x, where xm, x

are the distances from the apex of a reflection pair of points on the wedge surface (xm < x). Let

u

W2
= 1 + ∆w,

υ

W2
= ∆υ,

p

P2
= 1 + ∆p,

ρ

ρ2
= 1 + ∆ρ,

s

S2
= 1 + ∆s,

where ∆w = εw̃′ + ε2w′′, etc., are the total first- and second-order corrections. The second-order

small perturbation equations are:





∂υ′′

∂y
+

M2
2 − 1

γM2
2

∂p′′

∂x
= R1(x, y),

∂

∂x

(
w′′ +

1

γM2
2

p′′
)

= R2(x, y),

∂υ′′

∂x
+

1

γM2
2

∂p′′

∂y
= R3(x, y),

∂

∂x
(p′′ − γρ′′) = R2(x, y),

(2.4.11)
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where

R1(x, y) = − 1

γM2
2

(−M2
2 p̃′ + ρ̃′ + (M2

2 + 1)w̃′)
∂w̃′

∂x
+ υ′

(
∂w̃′

∂y
− 1

γ

∂p̃′

∂y

)
,

R2(x, y) =
(w̃′ + ρ̃′)

γM2
2

∂p̃′

∂x
− υ′ ∂w̃′

∂y
,

R3(x, y) =
1

γM2
2

(
(w̃′ + ρ̃′)

∂p̃′

∂y
+ (M2

2 − 1)υ′ ∂p̃′

∂x

)
,

R4(x, y) =
1

2

∂

∂x
(p̃′

2 − γρ̃′
2
) − υ′ ∂

∂y
(p̃′ − γρ̃′).

We note that the ˜ denotes a converged first-order state that is corrected due to the shock

path update. According to the Rankine-Hugoniot relations, we obtain p′′s and υ′′
s on the shock path

based on the first-order corrected shock path:

υ′′
s = F (M1, χ0)χ

′′ + F2(M1, χ0)χ̃′2,

√
M2

2 − 1

γM2
2

p′′s = G(M1, χ0)χ
′′ + G2(M1, χ0)χ̃′2,

where

G2(M1, χ0) =
2M2

1

√
M2

2 − 1 cos2 χ0

M2
2 (1 − γ + 2γM2

1 sin2 χ0)
,

F2(M1, χ0) = − 1

2(1 + T 2
0 )

∂2T

∂χ2
+ T0(1 − F (M1, χ0))

2 + F (M1, χ0)Q(M1, χ0),

Q(M1, χ0) =
2 cos(χ0 − θ0)(sin θ0 − M2

1 sin2 χ0 sin(2χ0 − θ0))

(γ + 1)M2
1 cos χ0 sin2 χ0

.

It can be shown ([98]) that

χ′′(x;ω) =
∞∑

n=0

(−r)n

[
− r2χ̃′2(βnx;ω) − r3χ̃′2(βn+1x;ω) + 2r4υ

′′
w(αβnx;ω)

+ r4

(∫ βnx

αβnx

R+(x1,mx1)dx1 −
∫ αβnx

βn+1x

R−(x1,−mx1)dx1

) ]
,

(2.4.12)
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where

υ′′
w(x;ω) = w̃′

w(x;ω)
∂h(x;ω)

∂x
, r2 =

F2 + G2

F + G
, r3 =

F2 − G2

F + G
, r4 =

1

F + G
,

R±(x1, y1) = R3(x1, y1) ±
1√

M2
2 − 1

R1(x1, y1).

The second-order perturbation equations for pressure is

p′′w(x;ω) =
γM2

2√
M2 − 1

∞∑

n=0

(−r)n

[
2
FG2 − F2G

F + G
χ̃′2

(
βn+1

α
x;ω

)
+ υ′′

w(βn;ω)

− rυ′′
w(βn+1x;ω) − r

∫ βn+1

α
x

βn+1x

R+(x1,mx1)dx1 −
∫ βnx

βn+1

α
x

R−(x1,−mx1)dx1

]
.

(2.4.13)

while the shock path is

z(x;ω) = εz̃′ + ε2z′′ = ε(1 + T 2
0 )

∫ x

0

χ̃′ + ε(χ′′ + T0χ̃′2dx1), (2.4.14)

where z̃′ and z′′ are defined implicitly here. Hence the perturbed pressure on the wedge surface is

given by

∆pw(x;ω) = εp̃′ + ε2p′′w. (2.4.15)

We note that ∆pw, p̃′w, p′′w are normalized by P2, which is the pressure of the base flow after the

shock.

Based on these expressions for pressure, we can determine the perturbed lift and drag force on

the wedge (non-dimensionalized by P2d):

∆L(x;ω) = ε

[
h sin θ0 − cos θ0

∫ x

0

p̃′wdx1 + ε

∫ x

0

(
p̃′w

∂h

∂x1
sin θ0 − p′′w cos θ0

)
dx1

]

∆D(x;ω) = ε

[
h cos θ0 + sin θ0

∫ x

0

p̃′wdx1 + ε

∫ x

0

(
p̃′w

∂h

∂x1
cos θ0 + p′′w sin θ0

)
dx1

] (2.4.16)
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2.4.2 Scattering of Shock Waves

In this section we consider inviscid flow dynamics and focus on the scattering of a strong shock wave

due to random roughness on the surface of a half-wedge (see Figures 2 and 9). Of physical interest

here is the effect of roughness on the induced forces on the wedge surface while of numerical interest

is the exact form of adaptive ANOVA representation required for different levels of accuracy. The

scattering of shock wave is quite different from that of the classical oblique shock problem due to

the presence of random roughness.

Mathematical modeling of random roughness

The roughness length is denoted by d, and we normalize all lengths by d. The roughness starts

from the apex of the wedge and the end part of the wedge is smooth. We denote the half wedge

angle by θ0, the unperturbed shock angle for smooth wedge by χ0, the shock angle for rough wedge

at location x by χ(x;ω) and the angle between υs and us by θ(x;ω) satisfying tan θ = υs

us
, where υs

and us are the velocity right after the shock perpendicular and parallel to the wedge, respectively.

For a smooth wedge, χ and θ degenerate to χ0 and θ0. We denote the incoming flow velocity by

W1 with its normal component u1 = W1 sin χ and we also denote the velocity there by W2 and its

normal component to the shock by u2 = W2 sin(χ − θ) = W1 cos χ tan(χ − θ). Here, u1, u2 are the

normal components of the velocities going into and coming out of the shock. Figure 2.2 shows a

sketch of a typical perturbed shock path induced by the randomly rough boundary.

The random roughness is modeled based on a non-dimensional random process hm(x;ω) ex-

pressed by the KL decomposition:

hm(x;ω) = h̄m(x) +

∞∑

i=1

√
λiψi(x)ξi(ω), (2.4.17)

where h̄m(x) is the mean, {ξi(ω)} is a set of uncorrelated random variables with zero mean and

unit variance, and ψi and λi are the eigenvectors and corresponding eigenvalues of the covariance
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Figure 2.2: Sketch of supersonic flow past a wedge with rough surface: Definition of coordinate
system and notation; shown is also a perturbed shock path and the location of the unperturbed
shock corresponding to a smooth wedge surface.

kernel Rhh(x1, x2):
∫

Rhh(x1, x2)ψi(x2)dx2 = λiψi(x1). (2.4.18)

We assume that h̄m(x) = 0, and the roughness height is

y(x;ω) = εh(x;ω) = ε
hm

maxx(σ(hm))
. (2.4.19)

The covariance kernel Rhh(hm(x1;ω), hm(x2;ω)) is obtained based on the solution of [98]

d4hm

dx4
+ k4hm = f(x),

where x is normalized by the roughness length d, k = d/A, A is the correlation length, and the

random forcing term f(x) is white noise, i.e., E{f(x1)f(x2)} = δ(x1−x2). Without losing generality,

we set d = 1. The roughness starts from the apex of wedge and the required boundary conditions
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for this case are: hm(0;ω) = h′
m(0;ω) = hm(1;ω) = h′

m(1;ω) = 0. The eigenvectors are obtained

as the solution of the homogeneous equation

d4ψ

dx4
− Λ4ψ = 0

with boundary condition ψ(0) = ψ(1) = ψ′(0) = ψ′(1) = 0 and Λ is the eigenvalue of operator

d4/dx4. Such boundary conditions are chosen due to the assumption for second-order perturbation

analysis, which states the random roughness and other perturbed quantities are small and smooth

in the computational domain. The stochastic process hm(x;ω) can then be represented by the KL

expansion:

hm(x;ω) =
∞∑

n=1

1

Λ4
n + k4

ψn(x)ξn(ω), (2.4.20)

where

ψn(x) = cos Λnx − coshΛnx − cos Λn − coshΛn

sin Λn − sinhΛn
(sin Λnx − sinh Λnx).

Here, Λn is obtained by solving cos Λn cosh Λn = 1, where {ξn(ω)} is a set of uncorrelated random

variables with zero mean and unit variance. In practice, the KL expansion is truncated according

to the following criterion:
N∑

n=1

Λn

Λ4
n + k4

≥ α
∞∑

n=1

Λn

Λ4
n + k4

, (2.4.21)

where α = 0.9; 0.95; 0.99. The number of dimensions for different values of the correlation length

and for different values of α are listed in Table 2.4.

Table 2.4: Number of dimensions for different values of correlation length at various truncation
levels.

α A = 1 A = 0.1 A = 0.01 A = 0.001
90% 2 7 79 798
95% 3 10 112 1133
99% 10 25 253 2537
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Computational results

We consider here the case of Mach number 8 and we follow the set up in [98]; for A = 0.1, the nominal

dimension N = 12 (capturing more than 95% of energy in (2.4.21)), ε = 0.003, θ0 = 14.7436 ◦,

χ0 = 20.5755 ◦, and ξn used in KL expansion are uniformly distributed on [−
√

3,
√

3]. The contours

of pressure for one realization are shown in Figure 2.1. We set µ = 3 in the ANOVA decomposition

and let the anchor point c = 0. This is because from the results in [97] and [98] we can see that

the means for extra lift and drag are very close to 0 and according to the theory in [168], the mean

is a good choice (maybe optimal) for anchor point; other choices of anchor points are discussed in

[168].

The standard deviation based on the first-order terms fj for the extra lift and drag are shown in

Figure 2.3. We use these values in step 3 of the algorithm to determine the necessary second-order

terms based on criterion 1. Similarly, for criterion 2, we can compute the mean of the first-order

terms to be used in step 3; the pattern of the means (not shown in this paper) is similar to

the pattern of standard deviations. Both the means and standard deviations are monotonically

decreasing when j ≥ 2, hence we can use (2.3.7) and (2.3.10) to adaptively select terms. We

have also tested criterion 3 but it does not work well for this specific problem since the error is

about three times than using criterion 1 or 2, so we do not report any corresponding results. The

important dimensions captured by criterion 3 is quite different from those captured by criterion

1 or 2. The main reason is that the mean of each component function, i.e., the denominator in

(2.3.12), is very close to zero, which makes criterion 3 not reliable for this case.

Table 2.5: Threshold p and corresponding active dimension D2 for different criteria.

p 0.997 0.998 0.999Criterion 1
D2 5 6 7
p 0.97 0.98 0.99Criterion 2

D2 5 6 7

Several choices of threshold p and corresponding D2 for criteria 1 and 2 are listed in Table 2.5.
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Figure 2.3: Standard deviation of extra lift (left) and drag (right) for first-order terms fj of ANOVA
decomposition. A = 0.1, N = 12, µ = 3. Only the first-order terms are needed when selecting the
second-order terms. This is the third step in Algorithm 1.

We set D2 = 6 in order to compare with the sparse grid method and demonstrate the convergence

of the adaptive method. Our tests show that θ1
2 = 5.0× 10−5 (i.e., 0.005%) is a good threshold for

criterion 1 and θ2
2 = 1.0×10−3 (i.e., 0.1%) is a good threshold for criterion 2. With these thresholds,

the estimates of mean and standard deviation of the extra lift and drag are more accurate than

for other values. Both criteria lead to the same selection of second-order terms, and hence a good

approximation of f(x) turns out to be

f(x) ≈ f0 +
12∑

j=1

fj(xj) +
5∑

j=2

f1,j(x1, xj) +
6∑

j=3

f2,j(x2, xj) +
5∑

j=4

f3,j(x3, xj), (2.4.22)

where x refers to the random point, and f(x) denotes either the extra lift ∆L(x) or extra drag

∆D(x). The number of collocation points used in the different simulations are shown in Tables 2.6

and 2.7 for the sparse grid method and adaptive ANOVA method, respectively. We can see that

even though the nominal dimension is not large, the number of collocation points required by the

sparse grid method increases very quickly as the level increases. For the adaptive ANOVA method,

since the active dimension D2 and the number of collocation points µ are small, the increase of

the sampling points is much slower. For comparison, we note that if we use the standard ANOVA
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method with µ = 3, ν = 2, i.e., we use all the second-order terms, the number of points is 631.

Table 2.6: Number of collocation points for Smolyak sparse grid method: A/d = 0.1 and nominal
dimension N = 12.

Level 1 Level 2 Level 3
25 313 2649

Table 2.7: Number of collocation points for adaptive ANOVA method : A/d = 0.1, nominal
dimension N = 12, active dimension D1 = N = 12,D2 = 6, µ = 3, θ1

2 = 5.0 × 10−5 for criterion 1
or θ2

2 = 1.0 × 10−3 for criterion 2.

fj fj + f1,j fj + f1,j + f2,j fj+f1,j+f2,j+f3,j

37 73 109 127

The computational details are summarized below:

Algorithm 2 Summary of computing shock problem with dimension N = 12

1: Select the anchor point c = 0 and run the deterministic solver at this sampling point to obtain
the constant term f0 in the ANOVA decomposition (according to equation (2.2.1)). In this case
f is the extra pressure ∆p.

2: For this case, set µ = 3 and quadrature points q1,2,3
i = −1, 0, 1, i = 1, 2, · · · , N

since ξi are uniform random variables on [−
√

3,
√

3]. then the corresponding weights
are w1,2,3 = 5/9, 8/9, 5/9. Run the deterministic solver at the sampling points
(q1,2,3

1 , 0, · · · , 0), (0, q1,2,3
2 , 0, · · · , 0), · · · , (0, · · · , 0, q1,2,3

N ) to obtain the value of all first-order

terms at quadrature points q1,2,3
i , i = 1, 2, · · · , N with equation (2.3.2).

3: Compute the necessary statistical values of mean and standard deviation required in the adap-
tivity criterion based on quadrature value of first order terms fi and corresponding weights to
determine the active dimension D2 for selecting the important second-order terms.

4: Use tensor product rule to obtain new sampling points:
(q1

1 , q1
2 , 0, · · · , 0), (q1

1 , q2
2 , 0, · · · , 0), (q1

1 , q3
2 , 0, · · · , 0), (q2

1 , q1
2 , 0, · · · , 0), · · · , (0, · · · , 0, q3

N−1, q
3
N )

and run the deterministic solver at these the sampling points then compute the value of
second-order terms at quadrature points with equation (2.3.3).

5: Use either Criterion 1 or Criterion 2 to decide the important second order terms. Then finally
we get the ANOVA decomposition of f with ν = 2.

Figure 2.4 compares the standard deviation of the extra lift and drag obtained by the sparse grid

method and the adaptive ANOVA method with the quasi-Monte Carlo as the reference solution

(50,000 sampling points). We can see that the results by level 1 sparse grid method are the least

accurate, especially for the extra drag. The results by the level 2 sparse grid method are better

than those of level 1 sparse grid, especially for the estimate in the first reflection region ([97]), i.e.,

x ∈ [1, 2.84]. In the second reflection region, i.e., x ∈ [2.84, 6] the estimates of both level 1 and
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level 2 sparse grid method are very close. The results of level 3 sparse grid method are better than

those of the former two lower level sparse grid method. This can be observed more distinctly in

the second reflection region in the plot of Figure 2.4 for the standard deviation of the extra lift.

The results by the adaptive ANOVA method are very close to the results by the level 3 sparse grid

and, in fact, if we zoom in the plot of the extra lift we can see that the former one is slightly better

than the latter. For the estimate of the standard deviation of the extra drag, it is hard to discern

differences between level 2, level 3 sparse grid, and the adaptive ANOVA method. We also study

the error more systematically and show the relative error of the standard deviation in Figure 2.5,

where “Lvl” means level, fj = f0 +
∑12

j=1 fj(xj), f1,j =
∑5

j=2 f1,j(x1, xj), f2,j =
∑6

j=3 f2,j(x2, xj),

f3,j =
∑5

j=4 f3,j(x3, xj), i.e., we decompose Eq. (2.4.22) into four parts and add them one by one

to see the difference. We can see that the adaptive ANOVA method with terms fj +f1,j +f2,j +f3,j

leads to a better estimate of the standard deviation than the level 3 sparse grid. The x-axis in

Figure 2.5 is the number of collocation points (or sampling points) and since the deterministic

solver with different collocation points costs almost the same, the computational cost of adaptive

ANOVA is less than 1/20 of level 3 sparse grid method (see the exact number of collocation points

in Table 2.6 and 2.7). Similarly, Figure 2.6 compares the mean of the extra lift and drag obtained

by different methods. Again, we observe that the results by the level 1 sparse grid method are worse

than those of others. However, the difference between the estimate by level 2, level 3 sparse grid

method, and the adaptive ANOVA method is too small to be seen on the plot so we only plot the

results of adaptive ANOVA method. A systematic study of the error of the mean is presented in

Figure 2.7, which shows that the estimates by the adaptive ANOVA with terms fj +f1,j +f2,j +f3,j

are almost as accurate as those by level 3 sparse grid method. Moreover, Figures 2.5 and 2.7

also show the convergence of the adaptive ANOVA method as we add the terms in Eq. (2.4.22)

one by one. Figures 2.8 and 2.9 show the convergence of the adaptive ANOVA method visually

for the standard deviation and mean, respectively. We can see that for this case, the second-order

terms play an important role in the approximation, otherwise, the results by using only f0 and the
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Figure 2.4: Comparison of standard deviation of extra lift (left) and drag (right) for different level
of sparse grid method and adaptive ANOVA method. A = 0.1,D1 = N = 12,D2 = 6, µ = 3.
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Figure 2.5: Error of standard deviation of extra lift (left) and drag (right) for different level of
sparse grid method and adaptive ANOVA method. A = 0.1,D1 = N = 12,D2 = 6, µ = 3.

first-order terms fj are even worse than the level 1 sparse grid method.

Next, we compare the difference of the results by using different active dimensions listed in

Table 2.5 (the reference solution is obtained by quasi-Monte Carlo with 50,000 realizations). Our

tests show that for criterion 1, θ1
2 = 5.0 × 10−5 is a good choice for active dimension D2 = 6, 7

since it leads to small error. With this θ1
2, when we set the active dimension to be either 6 or 7, we

use the same second-order component functions, i.e., f is approximated as in (2.4.22). For D2 = 5,
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Figure 2.6: Comparison of mean of extra lift (left) and drag (right) for different level of sparse
grid method and adaptive ANOVA method. A = 0.1,D1 = N = 12,D2 = 6, µ = 3. The curve
corresponding to adaptive ANOVA coincides with the QMC curve.
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Figure 2.7: Error of mean of extra lift (left) and drag (right) for different level of sparse grid method
and adaptive ANOVA method. A = 0.1,D1 = N = 12,D2 = 6, µ = 3.

θ1
2 = 2.0 × 10−5 is one of the optimal choices and f is approximated well by

f(x) ≈ f0 +

12∑

j=1

fj(xj) +

5∑

j=2

f1,j(x1, xj) +

5∑

j=3

f2,j(x2, xj) +

5∑

j=4

f3,j(x3, xj) + f4,5(x4, x5). (2.4.23)

Similarly, for criterion 2, we set θ2
2 = 1.0 × 10−3 for D2 = 6, 7 and θ2

2 = 5.0 × 10−4 for D2 = 5.

With these settings, f is also approximated as in (2.4.22) for D2 = 6, 7 and (2.4.23) for D2 = 5.
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Figure 2.8: Convergence of standard deviation of extra lift (left) and drag (right) for adaptive
ANOVA method. A = 0.1,D1 = N = 12,D2 = 6, µ = 3.
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Figure 2.9: Convergence of mean of extra lift (left) and drag (right) for adaptive ANOVA method.
A = 0.1,D1 = N = 12,D2 = 6, µ = 3.

Here, we compare the results of D2 = 5 and 6. The number of collocation points we use is the

same, i.e., 127. The relative L2 errors of the standard deviation and mean for the extra lift and

drag are shown in Table 2.8. We can see that the selection of p (or θ1,2
1 ), which determines the

active dimension and affects the selection of threshold θ1,2
2 , will affect the accuracy.

We also employ a fifth-order WENO scheme [75] combined with a mapping technique for solving

partial differential equations on random domains [158] to compute the numerical solution as in [98].

We use 900× 300 grid points on the domain [0, 6]× [0, 0.9], and a steady state is achieved by time-
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Table 2.8: L2 errors of standard deviation and mean for extra lift and drag for the adaptive ANOVA
method with different active dimensions.

D2 σ(∆L)/ε σ(∆D)/ε E(∆L)/ε2
E(∆D)/ε2

5 1.2967e-2 7.6705e-3 1.3198e-2 2.4486e-3
6 1.2756e-2 5.8900e-3 8.3316e-3 1.5411e-3

marching. The stochastic simulations are based on the probabilistic collocation method (PCM) and

both sparse grid and adaptive ANOVA are used. In Figure 2.10 we observe that in the roughness

region (x ∈ [0, 1]) the analytical results and numerical results are almost the same. In the first

reflection region (x ∈ [1, 2.84]) the errors are mainly from the numerical solver as we see that the

numerical results deviate from the corresponding analytical results. In the second reflection region

(x ∈ [2.84, 6]) the sampling error dominates as the numerical results are close to the corresponding

analytical solution. Also, the difference between the results by the analytical level 1 sparse grid

and the analytical adaptive ANOVA method is almost the same as the corresponding difference

using the numerical solver. Figure 2.11 shows the errors of standard deviation of extra lift and drag

(numerical solutions minus reference solutions) along the wedge obtained with different sampling

points. We see that the adaptive ANOVA solutions have the smallest error compared to numerical

solutions obtained from other methods. Also, we observe that near the interface x = 1 (where the

rough surface ends) and at x = 2.84 (where the first reflection region ends), the numerical errors

are relatively larger. Also, due to the singularity around the apex (x = 0), the numerical errors

are relatively large close to x = 0. We also include the error of analytical solution obtained by the

level 2 sparse grid method in Figure 2.11 and compared with the numerical results we can conclude

that the numerical error dominates. Figure 2.12 presents the L2 norm of the errors of the standard

deviations of extra lift and drag of analytical and numerical solutions. We can observe that the

gaps between the analytical solution and numerical solution reflect the numerical errors. When we

increase the level of the sparse grid method, the accuracy improves only a little since the numerical

errors dominate unless a finer mesh is used; however such simulations are very expensive. We also

notice that the results by the adaptive ANOVA method is better than those by the level 3 sparse
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grid method.
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Figure 2.10: Comparison of analytical solution and numerical solution of the standard deviation
of extra lift (left) and drag (right) with sparse grid method and adaptive ANOVA method. A =
0.1, N = 12.
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Figure 2.11: Comparison of the error of standard deviation of numerical solution for extra lift
(left) and drag (right) (numerical solutions minus reference solutions) with sparse grid method and
adaptive ANOVA method (fj + f1,j + f2,j + f3,j). The analytical solution obtained with level 2
sparse grid is also plotted for comparison. A = 0.1, N = 12.

A comparison of contours between level 1 sparse grid and adaptive ANOVA of the standard

deviation of the extra pressure is also presented in Figure 2.13. We can observe that in the roughness

region, where the standard deviation is higher the shock is highly perturbed as we see in the single

realization case of Figure 2.1. The interface between the roughness region and the first reflection
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Figure 2.12: Comparison of the error of standard deviation of analytical solution and numerical
solution for extra lift (left) and drag (right) with sparse grid method and adaptive ANOVA method.
The solid squares are errors of analytical solutions by sparse grid method; the hollow squares are
errors of numerical solutions by sparse grid method; the solid circles are analytical solution by
adaptive ANOVA using fj + f1,j + f2,j + f3,j ; the hollow circles are numerical solution by adaptive
ANOVA using fj + f1,j + f2,j + f3,j . A/d = 0.1, N = 12.

region is very distinct while the interface between the first and second reflection region is not as

clear. This is similar to the single realization shown in Figure 2.1. It is hard to see any difference

between the two plots in Figure 2.13 except that at the shock near the right end of the computational

domain the standard deviation by the adaptive ANOVA method is larger than that by level 1 sparse

grid method.

Finally, we consider a case with correlation length 0.01 with corresponding nominal dimension

N = 100 (about 95% in (2.4.21)), ε = 1.0 × 10−6 on physical domain [0, 5]. Since the roughness

height ε is very small the results by sparse grid and ANOVA are both very accurate. We only

present the standard ANOVA method with µ = 3, ν = 1 in Figure 2.14. The computational details

are summarized below:

We can see the results by quasi-Monte Carlo 100,000 realizations) and ANOVA are very close to

each other. The errors of standard deviation and mean by both methods are O(10−4). The ANOVA

method shows very little improvement to sparse grid method (about O(10−6)) and is different from

the last case, since using only first-order terms is sufficient here. For this case, since the correlation
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Figure 2.13: Contours of the standard deviation of the normalized extra pressure by level 1 sparse
grid method (left) and adaptive ANOVA method (right). A = 0.1, N = 12.

Algorithm 3 Summary of computing shock problem with dimension N = 100

1: Select the anchor point c = 0 and run the deterministic solver at this sampling point to obtain
the constant term f0 in the ANOVA decomposition (according to equation (2.2.1)). In this case
f is the extra pressure ∆p.

2: For this case, set µ = 3 and quadrature points q1,2,3
i = −1, 0, 1, i = 1, 2, · · · , N

since ξi are uniform random variables on [−
√

3,
√

3]. then the corresponding weights
are w1,2,3 = 5/9, 8/9, 5/9. Run the deterministic solver at the sampling points
(q1,2,3

1 , 0, · · · , 0), (0, q1,2,3
2 , 0, · · · , 0), · · · , (0, · · · , 0, q1,2,3

N ) to obtain the value of all first-order

terms at quadrature points q1,2,3
i , i = 1, 2, · · · , N with equation (2.3.2). Since ν = 1 we already

get the ANOVA decomposition.

length is small, the change of standard deviation is very sharp at x = 1 and x = 2.84, i.e., the

interface of the roughness region and first reflection as well as the interface of the first and second

reflection regions. Also, x = 1 is the peak point for the mean while x = 2.84 is the point where

sharp change appears. Comparing Figures 2.14, 2.15 with Figures 2.4, 2.6 we can observe that

a dramatic effect of correlation length on the physics of the scattering problem as the change at

the interface of different regions becomes sharp (see the range of roughness region, first reflection

region and second reflection region in Figure 2.1). Moreover, when the correlation length is very

small, e.g., 0.01, the random roughness at points between 0 and 1 can be approximately treated as

independent random variables with the same variance, therefore we observe three very flat steps in

the figure of the standard deviation.
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Figure 2.14: Plots of standard deviation of extra lift (left) and drag (right) for ANOVA method.
A = 0.01, N = 100, µ = 3, ν = 1.
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Figure 2.15: Plots of mean of extra lift (left) and drag (right) for ANOVA method. A = 0.01, N =
100, µ = 3, ν = 1.

2.5 Application to circuit simulation

In this section we investigate an application of ANOVA method in electronic engineering–the circuit

model. The system we consider is a ring oscillator, which is a device composed of odd number of not

gates whose output oscillated between two voltage levels representing true and false [1]. A schematic

of the system is shown in Figure 2.16. This ring oscillator is consists of seven complementary metal-

oxide-semiconductor (CMOS) inverters. The schematic of each inverter is shown on the right: it has
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one p-type metal-oxide-semiconductor field-effect transistor (MOSFET) and one n-type MOSFET,

loaded by a resistor and a capacitor. Here Vdd is the static supply voltage, and GND is the ground.

We are interested in the mean and standard deviation of the oscillator’s period.

Vdd

GND

Figure 2.16: Schematic of the 7-stage ring oscillator.

This circuit model contains 57 parameters as follows:

1. The first parameter is the temperature (Gaussian variable), which can influence the flat-band

voltage and further lead to the variation of transistor’s threshold voltage.

2. The second to 8th parameters are threshold voltage variation for all n-type MOSFET (under

zero drain-body bias voltage) , which is Gaussian.

3. The 9th to 15th parameters are threshold voltage variation for all p-type MOSFET (under

zero drain-body bias voltage), which is Gaussian.

4. The 16th to 29th parameters describe the gate oxide thickness of all transistors (Gaussian

variables).

5. The 30th to 43th parameters describe the uncertainty of the channel width of all transistors.

They are uniformly distributed.

6. The 44th to 57th parameters represent the uncertainties of the channel length of all transistors.

They are uniformly distributed.
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2.5.1 Stochastic testing method

For a general nonlinear circuit with random parameters, we obtain the differential algebraic equation

(DAE) by applying modified nodal analysis (MNA) [69]:

dq(x(t, ξ), ξ)

dt
+ f(x(t, ξ), bx) = Bu(t), (2.5.1)

where u(t) ∈ R
m is the input signal, x ∈ R

n is nodal voltages and branch currents, q ∈ R
n,

f ∈ R
n represent the charge/flux term and current/voltage terms, respectively. ξ = (ξ1, ξ2, · · · , ξl)

denotes the random variables describing the device-level uncertainties, which are assumed to be

independent. Matrix B is assumed to be independent of ξ. We approximate x with a truncated

gPC expansion:

x(t, ξ) ≈
K∑

k=1

x̂k(t)ψk(ξ). (2.5.2)

Let

X(t) = x̂1(t), x̂2(t), · · · , x̂K(t),

we aim to solve the following deterministic DAE:

dQ(X(t))

dt
+ F (X(t)) = B̃u(t), (2.5.3)

where

Q(X(t)) =




q(x̂(t, ξ1), ξ1)

...

q(x̂(t, ξK), ξK)




, F (X(t)) =




f(x̂(t, ξ1), ξ1)

...

f(x̂(t, ξK), ξK)




, B̃ =




B

...

B




. (2.5.4)

Eq. (2.5.3) are solved by stochastic testing method [171, 172]. This method consists of two key

parts: 1. solve the coupled DAE; 2. select the testing nodes (i.e., collocation points). The first
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parts consists of Newton’s iterations and the details are represented in [171, 172]. We list in 4 the

algorithm in [171] to select testing nodes. Here K is the total number of testing nodes, which is

the same as the total number of gPC basis, ψ = (ψ1, ψ2, · · · , ψK) is the vector of the gPC basis

functions. We generate n̂ = P + 1 1-D quadrature points first, where P is the highest polynomial

order. Then we use tensor product rule to generate N̂ = n̂l quadrature points in l-D random space

as the candidate points and implement Algorithm 4 to select testing quadrature.

Algorithm 4 Testing nodes selection

1: Construct N̂ 1-D Gaussian quadrature nodes and weights;
2: Reorder the quadrature nodes according to the size of the corresponding weights with a de-

scending order, i.e., [w,ind]=sort(w,’descend’);
3: Set ξ1 = ξk and V = ψ(ξk)/‖ψ(ξk)‖ with k = ind(1), set m = 1;
4: for j = 2, · · · , N̂ do

5: k = ind(j), v = ψ(ξk) − V (V T ψ(ξk));
6: if ‖v‖/‖ψ(ξk)‖ > β
7: V = [V ;v/‖v‖],m = m + 1;
8: ξm = ξk;
9: if m ≥ K, break, end if ;

10: end if

11: end for

2.5.2 Adaptive ANOVA results

In this case, we consider a up to second-order ANOVA decomposition, i.e., ν = 2. For each

component function, we use a third-order gPC expansion to approximate, e.g.,

f12(x1, x2) ≈
3∑

|α|=0

cαψα(x1, x2).

Each component function is simulated with stochastic shooting Newton solver [170, 172] to obtain

the gPC coefficients.

The total number of the component functions for a complete third-order ANOVA decomposition

is

C0
57 + C1

57 + C2
57 = 1654.
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We firstly compute the results by using third-order gPC expansion, which includes C3
57+3 = 34220

terms. The results are compared with those by Monte Carlo method with 106 realizations, and the

difference is negligible for this problem. Hence, we use the third-order gPC results as the reference

solution.

For this specific case, based on the physical properties, we need to keep all the first-order

component function in the ANOVA decomposition since they are all important for the oscillation

frequency of the oscillator. Then we use Criterion 1 in Section 2.3 to adaptively choose second-

order component functions. We set threshold θ1
1 = 0.001 and only consider index j such that

σ2(fj)∑57
k=1 σ2(fk)

> θ1
1

when constructing second-order terms. Based on this criterion, we only consider j = 1, 2, . . . , 15.

A plot of σ2(fj)/
∑57

k=1 σ2(fk) is shown in Figure 2.17. With this selection of fj , we have
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Figure 2.17: σ2(fj)/
∑57

k=1 σ2(fk) of the first order component functions in the ANOVA decompo-
sition of ring the oscillator model.

∑15
j=1 σ2(fj)

∑57
k=1 σ2(fk)

= 0.996.
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Now that F = {(i, j)|1 ≤ i < j ≤ 15}, we have |F| = 105. Figure 2.18 shows σ2fi,j/
∑57

k=1 σ2(fk)

of 105 sets of (i, j). We set θ1
2 = 5 × 10−7, 10−7, 10−8 and present the error of the mean and the
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Figure 2.18: σ2(fi,j)/
∑57

k=1 σ2(fk), 1 ≤ i < j ≤ 15 of the second-order component functions in the
ANOVA decomposition of ring the oscillator model. The total number of fi,j is 105.

standard deviation in Figure 2.19. We can see that as more terms are includes in the ANOVA

decomposition, i.e., the smaller the θ1
2 is, the more accurate estimate of the mean and the standard

deviation we can obtain. We can also notice that the improvement of the estimate of the mean

is much greater than that of the standard deviation. The small improvement in the estimate of

the standard deviation can be understood from Figure 2.18. It is clear that the first 14 terms of

fi,j make major contribution to the estimate of standard deviation while the contribution of other

fi,j are very small. We also notice that for this case, in order to obtain a good estimate of the

mean, we need a very small θ1
2, which in this case is 10−8. With this selection of θ1

2, we include 102

second-order component functions in the ANOVA decomposition.
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Figure 2.19: Relative error of the mean and the standard deviation with different θ1
2 for the ring

oscillator model. Dash lines are the results without including second-order terms.
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Chapter 3

Sparsity

In this chapter we consider problems which exhibit sparsity, i.e., the quantity of interest is “sparse”

in random space, and hence the solution can be accurately represented with only a few terms when

linearly expanded into a stochastic, e.g., gPC, basis. This is similar to adaptive gPC approach

[104]. It is also similar to dimension reduction methods, where the aim is to retain only the most

important dimensions, hence the solution can be approximated economically without significantly

sacrificing accuracy [105, 117, 107, 148]. For many high-dimensional problems, careful analysis has

shown that the number of basis functions with large coefficients is small relative to the cardinality

of the full basis. For example, it has been shown in [142, 14] that under some mild conditions,

solutions to elliptic SPDEs with high-dimensional random coefficients admit sparse representations

with respect to gPC basis; see also [66, 70].

Doostan and Owhadi [39] proposed a method for gPC expansion of sparse solutions to SPDEs

based on compressive sampling techniques. This method is non-adapted, provably convergent and

well suited to problems with high-dimensional random inputs. They applied it to an elliptic equation

with random coefficients and demonstrated good results. Their approach provides a more flexible

method than the sparse grid method in that the number of the sampling points at a different level

of the sparse grid method is fixed once the dimension is decided while number of the sampling
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points of this method is arbitrary (but of course generally speaking, more samples will lead to more

accurate results). For example, in one of our numerical examples in this chapter, where d = 40,

i.e., 40 random variables are considered, level 1 sparse grid method requires 81 samples while

level 2 sparse grid method needs 3281 samples. In dynamic data-driven applications, e.g., weather

forecast, petroleum engineering, ocean modelings, the system can be extremely complicated and

the simulation is very costly, and only a small number, e.g., O(100), of simulations can be afforded.

Therefore, it is impossible to obtain more accurate results than level 1 sparse grid or even the level

1 sparse grid may not be applicable when the dimension is really high. Hence, the compressive

sampling technique provides a feasible approach for such type of problems provided that based on

physical knowledge, mathematical analysis or experience, the solution is sparse in random space.

Our main improvement of the method proposed by Doostan and Owhadi is that by employing the

reweighted procedure, which is popular in compressive sensing [29, 79, 162], we can greatly enhance

the accuracy of the approximated solution. Furthermore, we combine the technique of selecting

sampling points based on Chebyshev measure [123] to enhance the performance of the results.

3.1 Overview of compressive sensing method

Compressive sensing is a signal processing technique for efficiently acquiring and reconstructing a

signal by solving a underdetermined system. A very simple model of sending a signal is as follows:

given a signal c, we code it with a measurement matrix Ψ to obtain observation y = Ψc. Notice

that Ψ is a m × N matrix with m < N (or usually m ≪ N), the length of y is smaller than that

of c. We send y to the receiver and the receiver, who already knows Ψ in advance, needs to find c

with Ψ and y, which is called decoding. For signal processing and image processing, this is possible

since the signal c is sparse, which means that most entries of c is zeros. In the famous paper by

Candès, Tao, Donoho [28, 37] it is proved that given knowledge about a signal’s sparsity, the signal

may be reconstructed with fewer samples than the Nyquist-Shannon theorem requires. The key
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point is to solve the optimization problem (Ph)

(Ph) : min
c

‖c‖h subject to Ψc = u, (3.1.1)

where h is usually taken as 0 or 1. When h = 0, the “ℓ0 norm” is defined as the non-zeros entries

of a vector:

‖c‖0 = #{i|ci 6= 0}. (3.1.2)

However, if we solve this problem by combinatorial search, i.e., we sweep exhaustively through all

possible sparse subsets, the complexity is exponential in m, which is the length of c. It has been

proven that (P0) is, in general, NP-hard [113]. Therefore the most popular method for compressive

sensing is the ℓ1 minimization, which relax the optimization problem (P0) to a convex optimization

problem (P1). Here the ℓ1 norm is defined as

‖c‖1 =
∑

i

|ci|. (3.1.3)

Moreover, if the observation is contaminated by noise, i.e.,

y = Ψc + ε,

then we need to modify (Ph) to be

(Ph,ǫ) : min
c

‖c‖h subject to ‖Ψc − u‖2 ≤ ǫ, (3.1.4)

where ǫ = ‖ε‖2. In order to solve (P1,ǫ), all the classical convex optimization solver is applicable,

e.g., CVX [59]. Moreover, algorithms and solvers targeting the sparse recovering, e.g., SPGL1 package

[146], ℓ1-MAGIC [3]. Also, in the recent years, split Bregman method has become popular, e.g.,

[58, 166, 26, 25].
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3.1.1 Greedy algorithm for ℓ0 minimization

Here we present the greedy method named Orthogonal Matching Pursuit (OMP) for solving ℓ0

minimization problem (P0) [22]:

Algorithm 5 Approximate the solution of (P0): minc ‖c‖0 subject to Ψc = y.

1: Initialize k = 0 and c0 = 0, residual r0 = b−Ψc0 = y, solution support S0 = Support{c0} = ∅.
2: k = k + 1, compute

ǫ(j) = min
zj

‖Ψjzj − rk−1‖2
2

for all j using the optimal choice

z∗j = Ψ
T
j rk−1/‖Ψj‖2

2.

3: Find a minimizer j0 for ǫ(j) : ∀j /∈ Sk−1, ǫ(j0) < ǫ(j) and update Sk = Sk−1 ∪ {j0}.
4: Compute ck, the minimizer of ‖Ψc − y‖2

2 subject to Support{c} = Sk.
5: Update the residual: rk = y − Ψck.
6: Stop the iteration if ‖rk‖2 < ǫ0, where ǫ0 is the stopping threshold. Otherwise go to step 2.

If the signal c has k0 nonzeros, the method requires O(k0mn) flops in general. This is dramat-

ically better than the exhaustive search, which requires O(nmk0k2) flops. Hence, this method can

be much more efficient-IF IT WORKS! However, this single-term-at-a-time strategy can fail badly,

i.e., there are explicit examples (see [36, 140, 141]) where a simple k-term representation is possible,

but this approach yields an n-term (i.e., dense) representation. Many variants on this method are

available, e.g., [30, 34, 108, 119, 144]. In the last part of this chapter, we will use OMP method to

construct a sparse surrogate model for the DPD.

3.1.2 Reweighted ℓ1 minimization method

Candès et al. [29] proposed the reweighted ℓ1 minimization, which employed the weighted norm

and iterations to enhance the sparsity of the solution. This algorithm consists of the following four

steps:

1. Set the iteration count l to zero and w
(0)
i = 1, i = 1, · · · , N .
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2. Solve the weighted ℓ1 minimization problem

c(l) = arg min ‖W (l)c‖1 subject to ‖Ψc − u‖2 ≤ ǫ,

where W is a diagonal matrix with W
(l)
j,j = w

(l)
j .

3. Update the weights: for each i = 1, 2, · · · , N ,

w
(l+1)
i =

1

|c(l)
i | + τ

.

4. Terminate upon convergence or when l reaches a specified maximum number of iterations

lmax. Otherwise, increment l and go to step 2.

Remark 3.1.1. According to [29], in step 3, the parameter τ is introduced to provide stability and

to ensure that a zero-valued component in c(l) does not strictly prohibit a nonzero estimate at the

next step. It should be set slightly smaller than the expected nonzero magnitudes of c0, which is a

sparse vector approximating c. Empirically, τ is set around 0.1 ∼ 0.001. In step 4, the convergence

of c can be tested by comparing the difference between c(l) and c(l+1). Usually, lmax is set so that

it controls the number of iterations.

From the description of this algorithm, we notice that it repeats the ℓ1 minimization for different

weighted ℓ1 norm in different steps. Hence, when lmax is fixed, we actually need lmax additional

optimization solves compared to the regular ℓ1 minimization. A series of tests in [29, 79, 162]

demonstrated remarkable performance and broad applicability of this algorithm in the areas of

sparse signal recovery, statistical estimation, error correction and image processing with not only

sparse but also nearly-sparse representations. Moreover, these tests showed that usually three or

four iterations are enough to obtain good performance. Notice that in this algorithm there is no

requirement or modification for the measurement matrix, therefore it can be applied to any linear

system including (3.2.6). Needell [114] provided an analytical result of the improvement in the error
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bound by using the reweighted ℓ1 minimization over the ℓ1 minimization under some conditions:

Theorem 3.1.2. ([114]) Assume that Ψ satisfies the RIP condition with δ2s <
√

2 − 1. Let c

be an arbitrary vector with noisy measurements y = Ψc + e, where ‖e‖2 < ǫ. Assume that the

smallest nonzero coordinate η of cs satisfies η > 4αǫ0
1−ρ , where ǫ0 = 1.2(‖c−cs‖2 + 1√

s
σs(c)1)+ ǫ and

‖cs − c‖1 = σs(c)1. Then the limiting approximation from reweighted ℓ1 minimization satisfies

‖c − ĉ‖2 ≤ 4.1α

1 + ρ

(
ǫ +

σs/2(c)1√
s

)
, (3.1.5)

and

‖c − ĉ‖2 ≤ 2.4α

1 + ρ

(
ǫ +

σs(c)1√
s

+ ‖c − cs‖2

)
, (3.1.6)

where the definitions of α, ρ, σs(c)p are the same as in Theorem 3.2.3.

In practice, we only use one to three reweighted iterations, the following lemma in [114] is more

useful:

Lemma 3.1.3. (Single reweighted ℓ1 minimization [114]): Assume that Ψ satisfies the RIP con-

dition with δ2s <
√

2− 1. Let c be an arbitrary vector with noisy measurements y = Ψc + e, where

‖e‖2 < ǫ. Let w be a vector such that ‖w−c‖∞ ≤ B for some constant B. Denote by cs the vector

consisting of the s (where s ≤ |supp(c)|) largest coefficients of c in absolute value. Let η be the

smallest coordinate of cs in absolute value, and set b = ‖c−cs‖∞. Then when η ≥ B and ρC1 < 1,

the approximation from reweighted ℓ1 minimization using weights δi = 1/(wi + τ) satisfies

‖c − ĉ‖2 ≤ D1ǫ + D2
σs(c)1

τ
, (3.1.7)

where

D1 =
(1 + C1)α

1 − ρC1
, D2 = C2 +

(1 + C1)ρC2

1 − ρC1
, C1 =

B + τ + b

η − B + τ
, C2 =

2(B + τ + b)√
s

,
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and ρ, α, δs(c)p are as in Theorem 3.2.3.

3.1.3 Sampling strategy

According to the gPC theory, Legendre polynomial is the appropriate basis for the uniformly

distributed random variables [157]. Therefore, if the system involves uniform random variables the

solution can be expanded in terms of Legendre polynomials and the selection of sampling points are

based on the uniform distribution. With this setting, the mutual coherence µ(Ψ) converges to zero

almost surely for asymptotically large random sample size m as pointed out in [39], and several

theories were proposed to estimate the number of samples for different error level ǫ. Noticing

the special structure of the measurement matrix Ψ consisting of Legendre polynomial, Rauhut

and Ward [123] proposed a sampling strategy based on the Chebyshev measure dν(x) = π−1(1 −

x2)−1/2dx for recovering the Legendre sparse polynomials from a few samples for 1D (random

space) problem. We know that if a random variable X is uniformly distributed on [0, π], then

Y = cos X is distributed according to the Chebyshev measure. Hence, in order to generate a

sampling point based on Chebyshev measure, we first generate a sampling point x according to

U [0, π], then y = cos(x) is the point we need. Equation (P1,ǫ) is now modified as

(PCheb
1,ǫ ) : min

c
‖c‖1 subject to ‖AΨc − Au‖2 ≤ ǫ, (3.1.8)

where A is an m × m diagonal matrix with Aj,j = (π/2)1/2(1 − ξ2
j )1/4 and ξj , j = 1, 2, · · · ,m

are the sampling points based on Chebyshev measure, Ψj,n = Ln−1(ξj) and Ln is the n-th order

normalized Legendre polynomial. As was shown in [123], this strategy can improve the accuracy

of the recovery for 1-D (random space) problem. Moreover, this method can be extended to a

large class of orthogonal polynomials, including the Jacobi polynomials, of which the Legendre

polynomials are a special case. The main theoretical conclusion is the following:

Definition 3.1.4. ([123]) Let ψj , j ∈ [N ]
def
= {1, 2, · · · , N} be an orthonormal system of functions
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on D, i.e.,
∫

D
ψj(x)ψk(x)dν(x) = δj,k, j, k ∈ [N ].

If this orthonormal system is uniformly bounded,

sup
j∈[N ]

‖ψj‖∞ = sup
j∈N

sup
x∈D

|ψj(x)| ≤ K (3.1.9)

for some constant K ≥ 1, we call the systems {ψj} satisfying this condition bounded orthonormal

systems.

Theorem 3.1.5. ([123]) (RIP for bounded orthonormal systems). Consider the matrix Ψ ∈ R
m×N

with entries

Ψl,k = ψk(xl), l ∈ [m], k ∈ [N ],

formed by i.i.d. samples xl drawn from the orthogonalization measure ν associated to the bounded

orthonormal system {ψj , j ∈ [N ]} having uniform bound K ≥ 1 in (3.1.9). If

m ≥ Cδ−2K2s log3(s) log(N), (3.1.10)

then with probability at least 1 − N−γ log3(s), the restricted isometry constant δs of 1√
m

Ψ satisfies

δs ≤ δ. The constants C, γ > 0 are universal.

Remark 3.1.6. ([123]) Consider the functions

Qn(x) =

√
π

2
(1 − x2)1/4Ln(x),

where Ln are n-th order normalized Legendre polynomials. According to Lemma 5.1 in [123],

|Qn(x)| <
√

2 + 1
n and {Qn(x)} forms a bounded orthonormal system with respect to Chebyshev

measure. The matrix Φ with entries Φj,n = Qn−1(xj), which is used in the constraint ‖Φc−Au‖ ≤ ǫ,
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can be written as Φ = AΨ as in (PCheb
1,ǫ ). Then the system {Qn} is uniformly bounded on [−1, 1] and

satisfies the bound ‖Qn‖∞ ≤
√

3, i.e., K =
√

3 for this system. Therefore, according to Theorem

3.1.5, we can expect a high probability of good recovery based on a relatively small number of

samples compared to regular ℓ1 minimization.

We can extend the Chebyshev measure based sampling points strategy from 1-D to multi-D.

Since ξ1, ξ2, · · · , ξd are i.i.d random variables and the basis functions used to present the solution are

in the tensor product form (see Eq. (3.3.4)), we modify (PCheb
1,ǫ ) by setting Aj,j =

∏d′

k=1(π/2)1/2(1−

(ξj)k)1/4, i.e., we use the tensor product form in the weight as in [163]. Here ξj is the j-th sampling

point, which includes d entries and (ξj)k is the k entry of it. Notice that we use d′ instead of d here

because according to our numerical tests, d′ = d does not necessarily provide good performance,

hence it is better to take d′ < d. This is consistent with the conclusion in [163], which shows that

the Chebyshev measure may become less efficient in high-dimensional cases. An important reason

is that the uniform bound K in Theorem 3.1.5 will increase as d increases, which implies that more

samples are needed, see also [163]. More precisely, when generating a d dimensional sampling point

(ξ1, ξ2, · · · , ξd), we generate the first d′ entries ξ1, ξ2, · · · , ξd′ according to Chebyshev measure and

the remaining entries ξd′+1, · · · , ξd according to uniform distribution.

A brief summary of the theorems presented in this section is as follows: Theorem 3.1.5 and

Remark 3.1.6 provide the estimate of the size of sampling points we need to obtain a measurement

matrix with small RIP constant when the sampling points are based on Chebyshev measure. Af-

ter obtaining observations and the measurement matrix, Theorem 3.1.2 shows that by employing

reweighted iterations, we can expect a lower error bound than that in Theorem 3.2.3, which is the

error estimate for regular ℓ1 minimization. Alternatively, if the number of sampling points is fixed,

Chebyshev points allow a larger s (but still relative small compared with N to guarantee sparsity)

in the RIP condition, hence the upper bound of the error in Theorem 3.2.3 can be reduced. Then,

with the reweighted iterations, this bound can be reduced further.
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3.1.4 Cross validation

The cross-validation method we use in this section follows the description in Section 3.5 of [39]. We

first divide the m available solution samples to mr reconstruction and mv validation samples such

that m = mr + mv. Then repeat the ℓ1 minimization (P1,ǫ) (not the reweighted iteration) on the

reconstruction samples and with multiple values of truncation error tolerance ǫr. In this section

we test 11 different ǫr from [10−4, 10−2] with constant ratio. Next, set ǫ =
√

m/mr ǫ̂r, where ǫ̂r is

such that the corresponding truncation error on the mv validation samples is minimum. Finally,

we repeat the above cross-validation algorithm for multiple replications of the reconstruction and

validation samples. The estimate of ǫ =
√

m/mr ǫ̂r is then based on the values of ǫ̂r for which the

average of the corresponding truncation errors ǫv, over all replications of the validation samples, is

minimum. In Section 3.3 we set mr ≈ 3m/4 and performed the cross-validation for four replications.

In Section 3.4 we set mr ≈ 2m/3 and performed the cross-validation for three replications. More

details can be found in [39]. Figure 3.1 is a demonstration of the cross-validation with mr ≈ 2m/3.

Replication 3

Replication 2

Replication 1

Three partitions of the data

¾
Validation

(grey)

¾
Reconstruction

(white)

Figure 3.1: Demonstration of the cross-validation. The data is partitioned into three parts. For
each replication, the white parts are used in reconstruction and the grey part is used for validation.

3.2 Compressive sensing based polynomial chaos

Consider an underdetermined linear system of equations Ψc = u, where Ψ (the “measurement

matrix”) is an m × N matrix with m < N (usually m ≪ N), and c and u (the “observation”)
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are vectors of length N and m, respectively. In order to find a “sparse” solution, we consider the

following optimization problem:

(Ph,ǫ) : min
c

‖c‖h subject to ‖Ψc − u‖2 ≤ ǫ, (3.2.1)

where we introduce the tolerance ǫ to make (Ph,ǫ) more general since in data-driven systems there

may be noise in the observations. The sparsity of the solution c is best described by the ℓ0 “norm”

(number of nonzero entries of c):

‖c‖0
def
= |{i : ci 6= 0}|,

as smaller ℓ0 “norm” indicates more sparse c. In order to avoid the NP-hard problem of exhaustive

search to solve (P0,ǫ), a type of greedy algorithm called orthogonal matching pursuit (OMP) can be

employed [22] as seem at the beginning of this section. Alternatively, one can relax the ℓ0 “norm”

to ℓ1 norm, therefore replace (P0,ǫ) with a convex optimization problem (P1,ǫ), which is the ℓ1

minimization method in compressive sensing. If the solution is “nearly sparse” instead of “sparse”,

i.e., the zero entries of c are replaced by relatively small numbers which will only change Ψc a

little, we can still use (Ph,ǫ) by considering this small change as “noise” in the observation. In the

problems we consider in this section, the exact solutions are always nearly sparse. Next, we recall

two fundamental concepts in the ℓ1 minimization.

Definition 3.2.1. (Mutual coherences [22, 38]) The mutual coherence µ(Ψ) of a matrix Ψ ∈ R
m×N

is the maximum of absolute normalized inner-products of its columns. Let Ψj and Ψk be two

columns of Ψ . Then,

µ(Ψ)
def
= max

1≤j,k≤N,j 6=k

|ΨT
j Ψk|

‖Ψj‖2‖Ψk‖2
. (3.2.2)

In other words, the mutual coherence measures how close Ψ is to orthogonal matrix. It is clear

that for a general matrix A,

0 ≤ µ(A) ≤ 1.
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For instance, if A is unitary matrix, then µ(A) = 0. However, since we always consider the case

of m < N in compressive sensing, µ(Ψ) is strictly positive. It is understood that a measurement

matrix with smaller mutual coherence can better recover a sparse solution by compressive sensing

techniques, e.g., Lemma 3.4 of [39].

Definition 3.2.2. (Restricted isometries [28]) Let Ψ be a matrix with a finite collection of vectors

(Ψj)j∈J ∈ R
m as columns, where J is a set of indices. For every integer 1 ≤ s ≤ |J |, we define the

s-restricted isometry constant δs to be the smallest quantity such that ΨT obeys

(1 − δs)‖c‖2
2 ≤ ‖ΨT c‖2

2 ≤ (1 + δs)‖c‖2
2 (3.2.3)

for all subsets T ⊂ J of cardinality at most s, and all real coefficients (cj)j∈T . Here ΨT is the

submatrix of Ψ with column indices j ∈ T so that

ΨT c =
∑

j∈T

cjΨj .

In other words, for any s-sparse vector c (the number of non-zero entries is at most s), δs measures

whether ΨT behaves like an orthonormal matrix. Informally, the matrix Ψ is said to have the

restricted isometry property (RIP) if δs is small for s reasonably large compared to m.

Note that both the concepts of mutual coherence and restricted isometry describe the same

property of the measurement matrix, i.e., roughly speaking, how far sparse subsets of the columns

of it are from being an isometry. This is a key idea in compressive sensing, and to construct a

measurement matrix with small mutual coherence or small restricted isometry constant is crucial.

In this section we mainly concentrate on the latter when we refer to theoretical analysis. A well

known theorem is the following:

Theorem 3.2.3. (Sparse recovery for RIP-matrices [27]). Assume that the restricted isometry

constant of Ψ satisfies δ2s <
√

2 − 1. Let c be an arbitrary signal with noisy measurements y =
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Ψc + e, where ‖e‖2 < ǫ. Then the approximation ĉ to c from ℓ1 minimization (P1,ǫ) satisfies

‖c − ĉ‖2 ≤ C1ǫ + C2
σs(c)1√

s
, (3.2.4)

where

C1 =
2α

1 − ρ
, C2 =

2(1 + ρ)

1 − ρ
, ρ =

√
2δ2s

1 − δ2s
, α =

2
√

1 + δ2s√
1 − δ2s

, σs(c)p = inf
z:‖z‖0≤s

‖c − z‖p.

Remark 3.2.4. Notice that in Theorem 3.2.3 the bound for δ2s is
√

2 − 1. There are sharper

estimates for this bound, e.g., [50, 51]. Since we are not concentrating on ℓ1 minimization itself,

we quote the original estimate by Candès [27].

Remark 3.2.5. Instead of Eq. (3.2.4), there is another form of estimate [39, 22, 38], which relates

the error with the tolerance ǫ and the number of basis N and provides the probability of solutions

satisfying the error bound.

In classical compressive sensing method, several choices of the measurement matrix are em-

ployed, e.g., Gaussian random matrix, Bernoulli random matrix, etc. For SPDEs, we can expand

the solution with gPC basis :

u(x; ξ) =
∑

α

cα(x)ψα(ξ), (3.2.5)

where x is the variable in the physical space and ξ is the random vector, ψα are gPC basis functions,

and α are the indices. For each fixed x, u is a linear combination of the gPC basis, hence when

different sampling points ξ1, ξ2, · · · are employed, Eq. (3.2.5) can be cast into a linear system:

Ψc = u, (3.2.6)

where each entry of the measurement matrix is Ψi,j = ψαj
(ξi) with ξi being sampling points in

random space, and each entry of vector u being ui = u(x; ξi), i.e., the output of the deterministic
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solver with sampling point ξi. We call these ui samples of the solution. In [39] the authors expanded

the solutions with Legendre polynomial and used Monte Carlo points based on uniform distribution.

According to the law of large numbers and the orthogonality of the Legendre polynomials, the

mutual coherence converges to zero for asymptotically large random sample sizes m. Also, with this

choice of sampling points, the compressive sensing method can be considered as a post processing

of Monte Carlo method and the benefit is that we can arbitrarily increase the number of sampling

points without wasting any realizations we already obtained. We note that the nested sparse grid

method can also reuse the sampling points of the lower levels while the number of additional samples

from one level to the next level is fixed.

3.3 Compressive sensing based polynomial chaos for solving

elliptic equations

We consider the following problem: let (Ω,F ,P) be a probability space where P is a probabil-

ity measure on the σ-field F . We consider the following SPDE defined on a bounded Lipschitz

continuous domain D ⊂ R
D,D = 1, 2, 3, with boundary ∂D,

−∇ · (a(x;ω)∇u(x;ω)) = f(x) x ∈ D,

u(x;ω) = 0 x ∈ ∂D,

(3.3.1)

where ω is an “event” in probability space Ω. The diffusion coefficients is represented by a

Karhunen-Loève (KL) expansion:

a(x;ω) = ā(x) + σa

d∑

i=1

√
λiφi(x)ξi(ω), (3.3.2)

where (λi, φi), i = 1, 2, ..., d are eigenpairs of the covariance function Caa(x1,x2) ∈ L2(D × D) of

a(x; ξ), ā(x) is the mean and σa is the standard deviation. ξi are i.i.d uniformly distributed random

61



variables on [−1, 1].

3.3.1 Theoretical results for the sparsity

Additional requirement on a(x;ω) are:

� For all x ∈ D, there exists constants amin and amax such that

0 < amin ≤ a(x;ω) ≤ amax ≤ ∞ a.s.

� The covariance function Caa(x1,x2) is piecewise analytic on D×D [14], implying that there

exist real constants c1 and c2 such that for i = 1, · · · , d,

0 ≤ λi ≤ c1e
−c2iκ

,

where κ := 1/D and α ∈ N
d is a fixed multi-index.

Here the second requirement guarantees the existence of a sparse solution for problem (3.3.1) [14].

With the setting of Eq. (3.3.2), a and u depend on x and ξ, so we omit ω and use the notation

a(x; ξ) and u(x; ξ).

In the context of the gPC method, the solution of (3.3.1) is represented by an infinite series of

the tensor form:

u(x; ξ) =
∑

α∈Nd
0

cα(x)ψα(ξ), (3.3.3)

where

ψα(ξ) = ψα1
(ξ1)ψα2

(ξ2) · · ·ψαd
(ξd), αi ∈ N ∪ {0}. (3.3.4)

In practice we truncate this expression, e.g., up to order P :

u(x; ξ) ≈ u∗
P (x; ξ)

def
=

P∑

|α|=0

cα(x)ψα(ξ). (3.3.5)
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By selecting m different sampling points ξ1, ξ2, · · · , ξm we obtain m different samples of u: u =

(u1, u2, · · · , um). Hence, we rewrite (3.3.5) as: u ≈ Ψc, where Ψi,j = ψαj
(ξi) and Ψ is an m × N

matrix with N = (P+d)!
P !d! . Now we can use the ℓ1 minimization to seek a solution c satisfying:

(P1,ǫ) : min
c

‖c‖1 subject to ‖Ψc − u‖2 ≤ ǫ, (3.3.6)

where ǫ is related to the truncation error. It is clear that the more terms we include in the expansion

(3.3.5) the more accurate result we will get, which in turn means we can put smaller ǫ in (3.3.6).

Notice that, if ǫ is too large we will only obtain a less accurate result while if ǫ is too small, the

so called over fitting problem, will cause a less sparse solution, which is also not accurate. Several

methods like CoSaMP [115] or Iterative Hard Thresholding [20] avoid the a priori knowledge of

the noise level ǫ in the context of signal processing or image processing.

In order to prevent the optimization from biasing toward the non-zero entries in c whose cor-

responding columns in Ψ have large norms, a weighted matrix W can be included in the l1 norm

[22], thus we have

(PW
1,ǫ) : min

c
‖W c‖1 subject to ‖Ψc − u‖2 ≤ ǫ, (3.3.7)

where W is a diagonal matrix whose [j, j] entry is the ℓ2 norm of the j-th column of Ψ . For

the original ℓ1 minimization, W = I , i.e., the identity matrix. This can also be considered as

a special case of reweighted ℓ1 method in that we put a non-identity weight matrix in the first

step and employ no additional iterations. Once the coefficients are computed, we obtain the gPC

expansion of the solution (3.3.5), and then we can estimate the statistics of the solution, e.g.,

E(u) = c0, V ar(u) =
∑P

|α|=1 c2
α since ψα are orthonormal with respect to the distribution of ξ.

We summarize the above descriptions in Algorithm 6. In this section we use “a trial” to denote

completing Algorithm 1 once.
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Algorithm 6 Reweighted ℓ1 minimization method for elliptic equation (3.3.1)

1: Generate m sampling points ξ1, ξ2, · · · , ξm based on the distribution of ξ (or based on the
Chebyshev measure if Chebyshev sampling points are employed). Run the deterministic solver
to solve (3.3.1) for each ξi to obtain m samples of the solution u1, u2, · · · , um. Denote u =
(u1, u2, · · · , um) and it is the “observation” in (P1,ǫ). The “measurement matrix” Ψ in (P1,ǫ)
is Ψi,j = ψαj

(ξi), where ψα are the basis functions in (3.3.3). The size of Ψ is m × N , where
N is the total number of basis functions depending on P in (3.3.5).

2: Set the tolerance ǫ in (P1,ǫ), set the iteration count l = 0 and weight w
(0)
i = 1, i = 1, 2, · · · , N .

If (PW
1,ǫ) instead of (P1,ǫ) is implemented in the first step, select appropriate wi based on the

corresponding (PW
1,ǫ) algorithm. Select the maximum number of the iterations lmax, usually 2

or 3 is enough.
3: Solve the weighted ℓ1 minimization problem

c(l) = arg min ‖W (l)c‖1 subject to ‖Ψc − u‖2 ≤ ǫ,

where W is a diagonal matrix with W
(l)
j,j = w

(l)
j . If the Chebyshev sampling points are employed,

solve
c(l) = arg min ‖W (l)c‖1 subject to ‖AΨc − Au‖2 ≤ ǫ

instead.
4: Update the weights: for each i = 1, 2, · · · , N ,

w
(l+1)
i =

1

|c(l)
i | + τ

.

5: Terminate upon convergence or when l attains a specified maximum number of iterations lmax.
Otherwise, increment l and go to step 3.

6: Compute statistics of the solution after obtaining c. For instance, E(u) = c0, V ar(u) =∑N−1
i=1 c2

i , etc.

3.3.2 Computational algorithm

In this section, we start with a 1D problem and then discuss multi-dimensional problems, where

the dimension here refers to the random space. More precisely, in the problems we consider below,

we refer dimension to “d” in Eq. (3.3.2). We will investigate the relative error in the mean

εm
def
= |c|α|=0 − E(u)|/|E(u)| and the standard deviation εs

def
= |(∑P

i=1 c2
|α|=i)

1/2 − σ(u)|/|σ(u)| of

the solution at specific spatial point. Also, we will check the L2 error of the numerical solution

εu = ‖ũ∗
P − u‖2/‖u‖2 at specific spatial point, where ũ∗

P is the truncated gPC expansion with

coefficients recovered by our method. The integral is calculated by the sparse grids method. All

the ℓ1 minimizations in this section are achieved by the SPGL1 package [146].
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One-dimensional problem

We consider the problem:

d

dx

(
a(x; ξ)

d

dx
u(x, ξ)

)
= −1, x ∈ (0, 1),

u(0) = u(1) = 0.

(3.3.8)

where ξ is uniformly distributed on [−1, 1]. We set a(x; ξ) = a(ξ) = 1 + 0.5ξ. The exact solution

for this problem is

u(x; ξ) =
x(1 − x)

2a(ξ)
=

x(1 − x)

2 + ξ
.

We investigate the solution at x = 0.5 and omit the symbol x unless confusion arises. The expec-

tation of the solution is E(u) =
1

8
ln 3 and the standard deviation is σ(u) =

√
1

48
− 1

64
(ln 3)2. The

coefficients in the gPC expansion

u(ξ) =

∞∑

j=0

cjLj(ξ) (3.3.9)

can be computed analytically:

cj =

∫ 1

−1

u(ξ)Lj(ξ)dν(ξ),

where Lj is j-th order normalized Legendre polynomial. Figure 3.2 presents the absolute values of

cj while those below 10−14 are neglected. We can see that the solution is nearly sparse as only eight

coefficients are larger than 10−5, which means that very few basis make considerable contribution

to the solution. We also point out that it does not matter if we change the order of the basis

since the compressive sensing method will detect the pattern of sparsity automatically. Moreover,

the threshold 10−5 used here is only for demonstration purposes to present the sparsity of the

coefficients. For different problems, the threshold can be different.

Uniformly distributed sampling points

We first employ the sampling points ξi based on uniform distribution on [−1, 1] (will be called

“uniform points”). The purpose of this test is to demonstrate the benefit of using reweighted
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Figure 3.2: 1D example : absolute values of 22 coefficients with the largest magnitude in the gPC
expansion for equation (3.3.8) at x = 0.5 with a = 1 + 0.5ξ and ξ ∼ U [−1, 1]. Only 8 of these
absolute values are larger than 10−5.

iterations. In our test, ǫ and τ in the reweighted procedure are set empirically. A better choice of

ǫ can be obtained by, e.g., cross-validation, which we adopt in the multi-dimensional tests below.

We truncate the solution of (3.3.8) with P = 80, hence, N = P + 1 = 81, and try to recover the

coefficients of the following gPC expansion:

u(ξ) ≈ u∗
80 =

80∑

j=0

cjLj(ξ). (3.3.10)

In this test the truncation error with P = 80 is negligible, hence the L2 error of the solution can

be reflected by the ℓ2 error of the gPC coefficients. More precisely, since ‖u − u∗
P ‖2 is negligible,

‖u−ũ∗
P ‖2 is the same as ‖u∗

P −ũ∗
P ‖2 which equals

(∑P
j=0 |c̃j − cj |2

)1/2

(ℓ2 error of gPC coefficients)

since the gPC basis is orthonormal. Here ũ∗
P is the approximation of u∗

P with coefficients c̃ obtained

by our method. We present the ℓ2 error by the gPC coefficients by using 10, 15 and 20 uniform

points with and without reweighted iterations in Figure 3.3. In all the tests we set lmax to be 2 in

Algorithm 6. In order to obtain the histograms of the recovery error, we run 10,000 trials for each
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test and set ǫ = 10−4, τ = 8 × 10−2. From Figure 3.3 (a), (b), (c) we observe that without using

the reweighted iterations, 20 uniform points yield the best recovery in that bins denoting smaller

error are higher as the number of samples increases while bins denoting larger error are lower.

When the reweighted iterations are employed, i.e., (g), (h), (i), the recovery is much better, which

can be observed by comparing (a) and (g), (b) and (h), (c) and (i), respectively. Also, comparing

(b) with (g), we observe that with the reweighted iterations, using 10 uniform points can render

a comparable result than using 15 uniform points without reweighting. Similarly, comparing (c)

with (h), we see that by using 15 uniform points with reweighted iterations we obtain much better

results than using 20 uniform points without reweighting.

Figure 3.4 presents the improvement from the reweighted iterations by considering the ℓ2 re-

construction error: ‖c − c(2)‖2/‖c − c(0)‖2, where c is the vector of exact coefficients. Notice that

the upper bound of ‖c − c(0)‖2 is given in Theorem 3.2.3 and the upper bound of ‖c − c(2)‖2 is

close to the one in Theorem 3.1.2. Since we set lmax = 2, i.e., we compute c(0), c(1), c(2), where c(0)

is the results by ℓ1 minimization; we only use two additional ℓ1 optimizations. We observe that

56.2% of the 10-sample tests, 72.0% of the 15-sample tests and 68.9% of the 20-sample tests show

a reduction of l2 reconstruction error up to 50% or more, i.e., ‖c − c(2)‖2/‖c − c(0)‖2 ≤ 0.5. If we

are more aggressive to check the percentage of reduction of l2 reconstruction error up to 90% or

more, i.e., ‖c− c(2)‖2/‖c− c(0)‖2 ≤ 0.1, the answer is 12.4% for the 10-sample tests, 22.3% for the

15-sample tests and 17.9% for the 20-sample tests. Notice that with the change of the number of

the sampling points m, the property of the measurement matrix Ψ changes as well. More precisely,

the RIP condition (σ2s <
√

2 − 1) in Theorems 3.2.3 and 3.1.2 will be satisfied for different s. (If

m is too small, then this condition may not be satisfied for any s ≤ N/2.) Hence, the error bound

in Theorems 3.2.3 and 3.1.2 will be different, and the ratios of improvement are different as well.

Finally, we also point out that in a few tests (less than 0.4%), the reweighted iterations show worse

results.

The observations for the 1-D test are consistent with the conclusions of the ℓ1 minimization and
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reweighted ℓ1 minimization in [29] for the deterministic cases in that: (1) more sampling points

will provide a higher probability of more accurate recovery; (2) reweighted iterations can enhance

the sparsity of the solution, which in turn can improve the accuracy but there are also very small

chances that the result is worse than ℓ1 minimization.

Chebyshev measure based sampling points

Now we use the sampling points based on Chebyshev measure (will be called “Chebyshev

points”) to repeat the experiments in the last subsection. Figure 3.3 also presents the relative

error in the coefficients by using 10, 15 and 20 Chebyshev points with and without reweighted

iterations. Comparing the first two rows in this figure, where we only use the ℓ1 minimization

and keep increasing the number of sampling points, we observe that without reweighted iterations

Chebyshev points render better recovery than uniform points. This is consistent with Theorem

3.1.5, which claims that by using Chebyshev points we can reduce the number of sampling points

to obtain a measurement matrix satisfying the RIP condition. Comparing the third and the fourth

row, where reweighted iterations are employed, we observe that when the Chebyshev points are

used, the reweighted iterations still improve the accuracy. We can also fix the number of the sam-

pling points and compare the recovery accuracy with different sampling strategies. Let us consider

the middle column for example, where the number of sampling points is fixed to be 15. We can ob-

serve from the pattern of the histogram that for this test case, reweighted iterations provide greater

enhancement than using the Chebyshev points as (h) (where uniform points and reweighted iter-

ations are employed) shows better results than (e) (where Chebyshev points and ℓ1 minimization

are employed) and the combination of these two ideas yields remarkable improvement as shown in

(k). This phenomenon implies that with the same number of sampling points, Chebyshev points

allows a larger s to satisfy the RIP condition (Theorem 3.1.5) and reweighted iterations further

decreases the upper bound of the recovering error of c (Theorem 3.1.2). Moreover, the result in (k)

(15 Chebyshev points with reweighted ℓ1) is much better than that in (c) (20 uniform points with

ℓ1) and it is also better than the results in (f) (20 Chebyshev points with ℓ1) and (i) (20 unform
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Figure 3.3: 1D example: comparison of the relative error of the ℓ2 norm of the gPC coefficients (‖c−
c̃)‖2/‖c‖2, where c is the exact solution and c̃ is the numerical solution) by using uniform points
(“unif”) and Chebyshev points (“Cheb”) with ℓ1 minimization and reweighted ℓ1 minimization
(“rw”). Number of basis N = 81, number of samples m = 10 (left column), m = 15 (middle
column), m = 20 (right column). Total number of trials is 10,000. lmax = 2, ǫ = 10−4, τ = 8×10−2.
x-axis presents the range of the relative error and the histograms demonstrate the number of trials
with the relative error in specific ranges.
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Figure 3.4: 1D example : improvement of the reweighted iterations with uniform points by checking
the ℓ2 error: ‖c − c(2)‖2/‖c − c(0)‖2, where c is the vector of the exact coefficients. Total number
of trials is 10,000. Number of basis N = 81, number of samples, m = 10 in (a), m = 15 in (b),
m = 20 in (c). lmax = 2, ǫ = 10−4, τ = 8× 10−2. x-axis presents the range of the improvement and
the histograms demonstrate the number of trials with the improvement in specific ranges.

points with reweighted ℓ1). Therefore, the combination of Chebyshev points and the reweighted

iterations has the potential to perform good recovery with fewer sampling points compared with

the ℓ1 minimization method.

Since the inherent combinatorial nature of the RIP makes it impossible to directly compute the

RIP constant of a matrix [16], we present the mutual coherences of the measurement matrices for

different cases in Table 3.1 for comparison. We can observe that the mutual coherence is smaller

when the Chebyshev points are used.

Table 3.1: Mutual coherence µ of the measurement matrices of 1D tests. Means and standard
deviations (“s.d.”) of µ in tests with diferent m are presented.

m = 10 m = 15 m = 20
mean s.d. mean s.d. mean s.d.

uniform points 0.9282 0.0293 0.8467 0.0461 0.7785 0.0546
Chebyshev points 0.9166 0.0315 0.8193 0.0479 0.7355 0.0536

Moreover, the improvement of the accuracy of recovering the coefficient by using reweighted

iterations with Chebyshev points is presented in Figure 3.5. We observe that similar to the con-

clusion for uniformly distributed ξ, reweighted iterations enhance the accuracy of recovery. Also,

we notice that more than 1/4 of the tests with 20 Chebyshev points show almost no improvement,

which is different from the result in Figure 3.4(c), where the uniformly distributed sampling points

are employed. This difference means that 20 is a relative large number for the Chebyshev points.
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It is clear that if m is very large, e.g., m = N we will obtain a very accurate recovery by ℓ1

minimization, hence, reweighted iterations will provide very little improvement.
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Figure 3.5: 1D example: improvement of the reweighted iterations with Chebyshev points by
checking the ℓ2 error ‖c − c(2)‖2/‖c − c(0)‖2, where c is the vector of the exact coefficients. Total
number of trials is 10,000. Number of basis N = 81, number of samples, m = 10 in (a), m = 15 in
(b), m = 20 in (c). lmax = 2, ǫ = 10−4, τ = 8× 10−2. x-axis presents the range of the improvement
and the histograms demonstrate the number of trials with the improvement in specific ranges.

To conclude, in the numerical tests of the 1-D problem, we firstly verify the benefit of reweighted

iterations and Chebyshev points for the test problem as the results are consistent with those in the

corresponding references for deterministic cases, e.g., [29, 123]. We then obtain that the reweighted

iterations can make more contribution in the improvement. Finally, the combination of these two

techniques can provide remarkable enhancement of the accuracy in the recovery. Notice that this

1-D problem is for demonstration purposes, and it can be solved more accurately by other methods,

e.g., gPC with Galerkin projection or a sparse grid method with less computational cost. In the

next subsection we will discuss high-dimensional cases.

3.3.3 Multi-dimensional problems

We consider the following elliptic equation which is 1-D in physical space but multi-D in random

space:

d

dx

(
a(x; ξ)

d

dx
u(x; ξ)

)
= −1, x ∈ (0, 1),

u(0) = u(1) = 0.

(3.3.11)
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where the stochastic diffusion coefficients a(x; ξ) is given by the KL expansion in Eq. (3.3.2). Here,

{λi}d
i=1 and {φi(x)}d

i=1 are, respectively, the d largest eigenvalues and corresponding eigenfunctions

of the Gaussian covariance kernel

Caa(x1, x2) = exp

[
− (x1 − x2)

2

l2c

]
, (3.3.12)

in which lc is the correlation length of a(x; ξ) that dictates the decay of the spectrum of Caa.

The random variables {ξi}d
i=1 are assumed to be independent and uniformly distributed on [−1, 1].

The coefficient σa controls the variability of a(x; ξ) and we consider two cases here: (lc, d) =

(1/5, 14), (lc, d) = (1/14, 40) and set ā = 0.1, σa = 0.03; ā = 0.1, σa = 0.021, respectively. Therefore,

the requirements for coefficient a(x; ξ) in Section 3.3.1 are satisfied. Both the sparse grid method

with Clenshaw-Curtis abscissas and Monte Carlo method are tested. For each sampling point ξi in

random space, the deterministic second-order ODE is solved by integrating Eq.(3.3.11) to obtain

u′(x) =
a(0)u′(0) − x

a(x)
. (3.3.13)

Again, integrating Eq.(3.3.13) and letting M = a(0)u′(0) we have

u(x) = u(0) +

∫ x

0

M − s

a(s)
ds =

∫ x

0

M − s

a(s)
ds. (3.3.14)

By imposing the boundary condition u(1) = 0, we can compute M . In order to compute the

integrals in Eq. (3.3.14), we split the domain [0, 1] into 2000 equi-distance subintervals and use 3

Gaussian quadratures in each subinterval. The reference solution is obtained by level 7 sparse grids

method for d = 14 and level 4 sparse grids method for d = 40 since this accuracy is sufficient for

the demonstrations in this section. For d = 14 we set P = 3, i.e., gPC basis up to 3rd-order are

employed and the total number of basis is N = 680. For d = 40 we set P = 2, i.e., gPC basis up

to 2rd-order are employed and the total number of basis is N = 861.
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Effect of ǫ

We first study the effect of ǫ in (P1,ǫ). It dictates the distance between the exact solution and

the approximated one through the projection to the pre-selected basis. In practice, we truncate the

right-hand-side of Eq. (3.3.3) to obtain an approximation, therefore there is always an error since

the basis is not complete. As pointed out in [39], ideally, we would like to choose ǫ ≈ ‖Ψc − u‖2.

Figure 3.6 presents the error in the mean and the standard deviation of the approximated solution

with the coefficients recovered from the ℓ1 minimization, i.e., (P1,ǫ) for d = 14. Here ǫ varies from

10−4 to 10−1 with a fixed ratio and three trials (denoted by different colors) with 120 uniform points

each. These three trials are randomly selected from 1000 such trials to demonstrate the effect of ǫ.

It is clear that, as ǫ decreases, the error in both mean and standard deviation decreases considerably

in the range of ǫ ∈ [10−2, 10−1]. However, when ǫ continues to decrease, the improvement is very

little or there may not be an improvement. This is because ǫ has reached the level of truncation

error, and therefore the only way to improve the accuracy in the current setting is to include more

terms in the gPC expansion of the solution or increase m. This conclusion, which is an intrinsic

property of ℓ1 minimization method, holds for general cases as mentioned in Section 3.
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Figure 3.6: 14D example: relative error in the mean (left) and the standard deviation (right)
of the approximated solution with the coefficients recovered from ℓ1 minimization (P1,ǫ). Three
trials with 120 uniform points each are presented by different symbols; ǫ varies from 10−4 to 10−1.
ā = 0.1, σa = 0.03, d = 14.

These tests imply that for the current problem setting, the selection of ǫ plays an essential role
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in a specific range before it descends to the vicinity of the truncation error while very little or even

no improvement can be achieved by continuing decreasing ǫ when it is already very close to the

truncation error. Moreover, weighted ℓ1 minimization (PW
1,ǫ) improves the results only a little or

has no benefit (not presented here). Therefore, in order to considerably reduce the error further

we need other techniques. In the rest part of this section, we will only use (P1,ǫ) in the first step of

Algorithm 6.

Reweighted ℓ1 minimization

As shown for the 1-D test case, reweighted ℓ1 minimization has the potential of further increasing

the sparsity of the solution and therefore reducing the recovery error. Figure 3.7 presents the results

of repeating the same trials as in the last subsection but with reweighted ℓ1 minimizations for the

uniform points with d = 14. Different colors denote different trials. Dash lines are the result by

the ℓ1 minimization ǫ = 10−4. For the mean, the reweighted ℓ1 method reduces the relative error

by 95% (blue), 70% (black) and 71% (red). For the standard deviation, three different trials show

reduction of the error to be 74% (blue), 49% (black), 43% (red). Similar results for d = 40 are

presented in Figure 3.8. Notice that, ǫ, τ are chosen randomly here. We will employ cross-validation

method as in [39] to select parameters in the next subsection. To our knowledge, so far the best

theoretical result to estimate the error bound is Theorem 3.1.2 and its related lemmas and theorems

in [114].

Quantitative comparisons of results in Figure 3.7 and Figure 3.8 are presented in Table 3.2 and

Table 3.3 for d = 14 and d = 40, respectively. We can observe that for some trials, the improvement

is dramatic, e.g., for trial 1 of d = 14 case, the error for the mean is reduced by more than 90%

while the error for the standard deviation is reduced by 75%. For some trials, the improvement is

not that impressive with the reduction of error ranging from 30% to 50%.

Next, we also employ the cross-validation method to obtain a relatively better choice of ǫ (details

can be found in 3.1.4). We run 1000 trials of each experiment and the histograms of the L2 error

of the solution at x = 0.5 are shown in Figures 3.9 and 3.10. It is clear that the reweighted ℓ1
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Figure 3.7: 14D example: relative error in the mean and the standard deviation of the approximated
solution with the coefficients recovered from reweighted ℓ1 minimization. Three different trials with
120 uniform points each are tested. Different colors denote different trials, solid lines are the results
by the reweighted ℓ1 minimization and the dash lines are the result with ǫ = 10−4 in ℓ1 minimization
as in Figure 3.6. Here ǫ = 10−3, τ = 10−3 for all the tests and ā = 0.1, σa = 0.03, d = 14.
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Figure 3.8: 40D example: relative error in the mean and the standard deviation of the approximated
solution with the coefficients recovered from reweighted ℓ1 minimization. Three different trials with
200 uniform points each are tested. Different colors denote different data sets, solid lines are the
results by the reweighted ℓ1 minimization while the dash lines are the result with ǫ = 10−4 in ℓ1
minimization. Here ǫ = 5 × 10−3, τ = 10−3 for all the tests and ā = 0.1, σa = 0.021, d = 40.

Table 3.2: 14D example: comparison of ℓ1 and reweighted ℓ1 minimization with 3 iterations (lmax =
2) for the three trials in Figure 3.7. 120 uniform points are employed in each trial. ā = 0.1, σa =
0.03, d = 14, ǫ = 10−3, τ = 10−3.

Relative error in the mean εm Relative error in the s.d. εs

ℓ1 rw ℓ1 ℓ1 rw ℓ1
trial 1 5.0925e − 4 2.7083e − 5 1.2268e − 2 3.1292e − 3
trial 2 1.7753e − 3 5.4107e − 4 1.9909e − 2 1.0200e − 2
trial 3 8.7641e − 4 2.5095e − 4 1.8257e − 2 1.0487e − 2
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Table 3.3: 40D example: comparison of ℓ1 and reweighted ℓ1 minimization with 3 iterations (lmax =
2) for the three trials in Figure 3.8. 200 uniform points are employed in each trial. ā = 0.1, σa =
0.021, d = 40, ǫ = 10−3, τ = 10−3.

Relative error in the mean εm Relative error in the s.d. εs

ℓ1 rw ℓ1 ℓ1 rw ℓ1
trial 1 2.7113e − 4 6.1976e − 5 1.3064e − 2 8.3692e − 3
trial 2 4.6284e − 4 9.8414e − 4 2.2842e − 2 7.5808e − 3
trial 3 4.6676e − 4 1.3727e − 4 1.6061e − 2 3.7268e − 3

minimization reduces the L2 error of the solution when uniform points or Chebyshev points are

employed. A quantitative comparison of the error of statistics at x = 0.5 is shown in Table 3.4 (for

d = 14) and Table 3.5 (for d = 40). As a comparison, e.g., for d = 14, the error by level 1 sparse

grids method (29 samples) is 9.4387e − 4 for the mean and 5.0068e − 2 for the standard deviation

while the corresponding data for level 2 sparse grids method (421 samples) is 3.2826e − 5 and

1.4532e−3. We can observe that, for the estimate of the mean (i.e., c0), neither methods guarantee

that the accuracy is better than level 1 sparse grids method and few trials reach the accuracy

of level 2 sparse grids method. However, for higher requirement of the accuracy, reweighted ℓ1

minimization performs well. For example, in Table 3.4, 75% tests with reweighted ℓ1 method show

an error in the mean less than 5e − 4, which is about half of the error by the level 1 sparse grid

method. Without the reweighted iterations, this percentage is only 7%. Similar conclusions can be

drawn for the comparisons of the error of the standard deviation.

Table 3.4: 14D example: number of trials out of 1000 with corresponding error at x = 0.5 for
different methods for d = 14. 120 uniform points are employed in each trial. lmax = 2, ā =
0.1, σa = 0.03, d = 14, τ = 10−3. As a comparison, the error of level 1 sparse grids method (29
samples) 9.4387e−4 for the mean and 5.0068e−2 for the standard deviation while the corresponding
data of level 2 sparse grids method (421 samples) is 3.2826e − 5 and 1.4532e − 3.

Relative error in the mean εm Relative error in the s.d. εs

ℓ1 rw ℓ1 ℓ1 rw ℓ1
< 9.4e − 4 380 975 < 5e − 2 1000 1000
< 5e − 4 71 747 < 1e − 2 167 850

< 3.3e − 5 0 42 < 1.5e − 3 2 60

Moreover, we consider the global error of statistics (mean and the standard deviation) over

the physical domain x ∈ [0, 1] by selecting equi-distance points xi = 0.05 × i, i = 1, · · · , 19
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Figure 3.9: 14D example: L2 error of the solution at x = 0.5. x-axis is the range of the error and
the histograms demonstrate the number of trials with the error in specific ranges. In each trial, 120
sampling points are employed and 1, 000 trials are tested to present the histograms. “ℓ1” denotes
the standard ℓ1 minimization; “rw ℓ1” denotes reweighted ℓ1 minimization; “unif” denotes that only
uniform points are used; “Cheb” denotes that Chebshev points are employed in the sampling points.
In (a) and (b) the sampling points are uniform points; in (c) and (d) the first d′ dimension of the
sampling points are Chebyshev and the remainings are uniform. ǫ is obtained by cross-validation
and lmax = 2, ā = 0.1, σa = 0.03, d = 14, d′ = 6, τ = 10−3.

and computing the error of statistics at each point. Specifically, we compute the l2 error of the

statistics at these points. For example, to investigate the global error of the mean, we compute

(∑19
i=1 |E(u)|x=xi

− E(ũ∗
P )|x=xi

|2
)1/2

/
(∑19

i=1 |E(u)|x=xi
|2

)1/2

, where u is the reference solution

and ũ∗
P is the approximated solution. The results are presented in Figure 3.11 (for d = 14) and
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Figure 3.10: 40D example: L2 error of the solution at x = 0.5. x-axis is the range of the error and
the histograms demonstrate the number of trials with the error in specific ranges. In each trial, 120
sampling points are employed and 1, 000 trials are tested to present the histograms. “ℓ1 denotes
the standard ℓ1 minimization; “rw” denotes reweighted ℓ1 minimization; “unif” denotes that only
uniform points are used; “Cheb” denotes that Chebshev points are employed in the sampling points.
In (a) and (b) the sampling points are uniform points; in (c) and (d) the first d′ dimension of the
sampling points are Chebyshev and the remainings are uniform. ǫ is obtained by cross-validation
and lmax = 2, ā = 0.1, σa = 0.021, d = 40, d′ = 3, τ = 10−3.

Figure 3.12 (for d = 40). We observe that the reweighted iterations improve the results when

uniform points are employed. We list in Table 3.6 the 95% confidence interval of the mean of

the global error of statistics by Monte Carlo method (without post processing) and by reweighted

ℓ1 minimization. It is clear that the reweighted ℓ1 minimization reduces the error of the mean by

about 85% for both d = 14 and d = 40. It reduces the error of the standard deviation by about

78



Table 3.5: 40D example: number of trials out of 1000 with corresponding error at x = 0.5 for
different methods for d = 40. 200 uniform points are employed in each trial. lmax = 2, ā =
0.1, σa = 0.021, d = 40, τ = 10−3. As a comparison, the error of level 1 sparse grids method (81
samples) 4.3655e−4 for the mean and 6.4767e−2 for the standard deviation while the corresponding
data of level 2 sparse grids method (3281 samples) is 1.9131e − 5 and 3.6733e − 3.

Relative error in the mean εm Relative error in the s.d. εs

ℓ1 rw ℓ1 ℓ1 rw ℓ1
< 4.4e − 4 682 993 < 6.5e − 2 1000 1000
< 1.0e − 4 63 463 < 1.0e − 2 287 983
< 1.9e − 5 16 87 < 3.7e − 3 13 534

65% for d = 14 and 70% for d = 40. The performance is slightly different for the two cases. There

are two main reasons that affect the efficiency of the method in our test cases: (1) for these two

different cases, the “sparsity” of the coefficients is different; (2) we expand the solution of d = 14

case with P = 3 while the solution of d = 40 case with P = 2 due to computational limitations,

which is not adequate for higher accuracy. Since the standard deviation depends on the coefficients

of all the Legendre polynomials except for c0 (which is the mean), the accuracy not only depends

on the performance of ℓ1 minimization but also relies on the gPC expansion of the solution.

Table 3.6: 95% confidence interval of the mean of relative error of statistics over the entire physical
domain when uniform points are employed. “MC” denotes the result without any post processing,
“rw ℓ1” denotes reweighted ℓ1 minimization.

Relative error in the mean Relative error in the s.d.
MC rw ℓ1 MC rw ℓ1

d = 14 [8.8e− 3, 9.5e− 3] [1.4e− 3, 1.5e− 3] [5.8e− 2, 6.1e− 2] [2.0e− 2, 2.1e− 2]
d = 40 [3.6e− 3, 3.8e− 3] [4.7e− 4, 4.9e− 4] [4.3e− 2, 4.6e− 2] [1.3e− 2, 1.4e− 2]

Remark 3.3.1. In these tests, there are analytical results guaranteeing that the solutions are

sparse in the random space no matter which physical point is considered, hence, we obtain a good

global recovery. For problems in which the sparsity varies at different locations, our method is

effective on the area with sparse solution while less effective on the area with less sparse solution.

This is a multiscale problem and requires further investigation.

Reweighted ℓ1 minimization combined with Chebyshev points

Similar to the tests of the 1-D case, we also compare the results by different sampling strategies
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Figure 3.11: 14D example: relative (global) error in the mean and the standard deviation (“s.d.”)
of the approximated solution over the physical domain with the coefficients c recovered from ℓ1
or reweighted (“rw”) ℓ1 minimization with uniform points. In each trial, 120 sampling points are
employed and 1, 000 trials are tested. ǫ is obtained by cross-validation and lmax = 2, ā = 0.1, σa =
0.03, d = 14, τ = 10−3.

with or without reweighted iterations. Figure 3.9 presents the results for d = 14 case. It is clear

that Chebyshev points help to improve the result as (c) shows better results than (a), and (d) shows

better results than (b). A very important point is that instead of using Chebyshev point in all the

dimensions, we only use for the first d′ (< d) dimensions and in the remaining dimensions we still

use uniform points. We notice that this is the most effective way to apply this sampling strategy

in this case. Our numerical tests show that 3 ≤ d′ ≤ 7 are good choices, and we present the results

80



0 1 2 3 4 5 6

x 10
−4

0

50

100

150

200

250

(a) mean with ℓ1

0 1 2 3 4 5 6

x 10
−4

0

50

100

150

200

250

(b) mean with rw ℓ1

0 0.005 0.01 0.015
0

50

100

150

200

250

300

350

(c) s.d. with ℓ1

0 0.005 0.01 0.015
0

50

100

150

200

250

300

350

(d) s.d. with rw ℓ1

Figure 3.12: 40D example: relative error (global) in the mean and the standard deviation (“s.d.”)
of the approximated solution over the physical domain with the coefficients c recovered from ℓ1
or reweighted (“rw”) ℓ1 minimization with uniform points. In each trial, 200 sampling points are
employed and 1, 000 trials are tested. ǫ is obtained by cross-validation and lmax = 2, ā = 0.1, σa =
0.021, d = 40, τ = 10−3.

for d′ = 6 in this section. For d = 40, as shown in Figure 3.10, we observe a different phenomenon,

i.e., Chebyshev points may not improve the estimate, e.g., at x = 0.5, especially when reweighted

ℓ1 is employed. Our tests show that for the estimate of the solution on the entire physical domain,

1 ≤ d′ ≤ 3 are good choices, and we present the result of d′ = 3 for this test case.

Tables 3.7 and 3.8 present comparison between ℓ1 minimization and reweighted ℓ1 minimization

when Chebyshev points are employed. It is clear that the reweighted iterations improve the accuracy
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of the recovery. Comparing these two tables with Tables 3.4 and 3.5, we observe that the benefit

of employing Chebyshev points is clear for d = 14 and the estimate of the standard deviation

for d = 40. However, for the estimate of the mean for d = 40 case when reweighted ℓ1 is used,

there is no improvement by employing Chebyshev points. The global error of statistics over the

physical domain is presented in Figure 3.13 and Figure 3.14 for d = 14 and d = 40, respectively.

We can observe the improvement by applying the reweighted iterations. Also, comparing these

results with those in Figures 3.11 and 3.12, where only uniform points are employed, we notice that

when standard ℓ1 minimization is used, Chebyshev points improve the results for both d = 14 and

d = 40 case. When reweighted iterations are employed, Chebyshev points improve the results for

d = 14. However, for d = 40 there is improvement for the estimate of the standard deviation but

no improvement for the mean. This findings implies that for mildly high dimension, e.g., d = 14,

the combination of reweighted ℓ1 and Chebyshev points works well while for higher dimensions,

e.g., d = 40 only applying reweighted ℓ1 minimization is sufficient. We list in Table 3.9 the 95%

Table 3.7: 14D example: number of trials out of 1000 with corresponding error at x = 0.5 for
different methods for d = 14. 120 sampling points are employed in each trial. lmax = 2, ā =
0.1, σa = 0.03, d = 14, d′ = 6, τ = 10−3. As a comparison, the error of level 1 sparse grids
method (29 samples) 9.4387e−4 for the mean and 5.0068e−2 for the standard deviation while the
corresponding data of level 2 sparse grids method (421 samples) is 3.2826e − 5 and 1.4532e − 3.

Relative error in the mean εm Relative error in the s.d. εs

ℓ1 rw ℓ1 ℓ1 rw ℓ1
< 9.4e − 4 920 975 < 5e − 2 1000 1000
< 5e − 4 690 792 < 1e − 2 841 958

< 3.3e − 5 59 68 < 1.5e − 3 181 238

Table 3.8: 40D example: number of trials out of 1000 with corresponding error at x = 0.5 for
different methods for d = 40. 200 sampling points are employed in each trial. lmax = 2, ā =
0.1, σa = 0.021, d = 40, d′ = 3, τ = 10−3. As a comparison, the error of level 1 sparse grids
method (81 samples) 4.3655e−4 for the mean and 6.4767e−2 for the standard deviation while the
corresponding data of level 2 sparse grids method (3281 samples) is 1.9131e − 5 and 3.6733e − 3.

Relative error in the mean εm Relative error in the s.d. εs

ℓ1 rw ℓ1 ℓ1 rw ℓ1
< 4.4e − 4 795 988 < 6.5e − 2 1000 1000
< 1.0e − 4 207 414 < 1.0e − 2 655 998
< 1.9e − 5 43 70 < 3.7e − 3 92 754
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Figure 3.13: 14D example: relative (global) error in the mean and the standard deviation (“s.d.”)
of the approximated solution over the physical domain with the coefficients c recovered from ℓ1 or
reweighted (“rw”) ℓ1 minimization with Chebyshev points. In each trial, 120 sampling points are
employed and 1, 000 trials are tested. ǫ is obtained by cross-validation and lmax = 2, ā = 0.1, σa =
0.03, d = 14, d′ = 6, τ = 10−3.

confidence interval of the mean of the global error of statistics by Monte Carlo method (without

post processing) with uniform points and by reweighted ℓ1 minimization with Chebyshev points.

We observe that the reweighted ℓ1 minimization reduces the error of the mean by nearly 90% for

both d = 14 and d = 40. It reduces the error of the standard deviation by nearly 80% for d = 14

and 74% for d = 40. Comparing the results in Table 3.9 with those in Table 3.6, we notice that

the combination of Chebyshev points and reweighted ℓ1 minimization is the best choice for d = 14,

but this is not true for d = 40. The reweighted ℓ1 with uniform points provides better estimate
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Figure 3.14: 40D example: relative (global) error in the mean and the standard deviation (“s.d.”)
of the approximated solution over the physical domain with the coefficients c recovered from ℓ1 or
reweighted (“rw”) ℓ1 minimization with Chebyshev points. In each trial, 200 sampling points are
employed and 1, 000 trials are tested. ǫ is obtained by cross-validation and lmax = 2, ā = 0.1, σa =
0.021, d = 40, d′ = 3, τ = 10−3.

of the mean while the reweighted ℓ1 with Chebyshev points shows better estimate of the standard

deviation. These results are consistent with the comparison of Figure 3.12 (b) and Figure 3.14 (b)

as well as comparison of Figure 3.12 (d) and Figure 3.14 (d). In this specific case, the exact mean

is more than 50 times larger than the exact standard deviation. Hence when we compare the L2

error at fixed spatial points, the reweighted ℓ1 method with uniform points performs better. This

is consistent with the comparison of Figure 3.10 (b) and (d). The above results imply that for

moderately high dimensional (∼ 10) problems, combination of reweighted ℓ1 and Chebyshev points
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is a good choice while for higher dimensional problems, reweighted ℓ1 only might be a better choice

than combining it with Chebyshev points.

Table 3.9: 95% confidence interval of the mean of relative error of statistics over the entire physical
domain. “MC unif” denotes the results by Monte Carlo method with uniform points and without
any post processing; “rw ℓ1 Cheb” denotes the results by employing reweighted ℓ1 minimization
method and Chebyshev points.

Relative error in the mean Relative error in the s.d.
MC unif rw ℓ1 Cheb MC unif rw ℓ1 Cheb

d = 14 [8.8e− 3, 9.5e− 3] [9.9e− 4, 1.0e− 3] [5.8e− 2, 6.1e− 2] [1.2e− 2, 1.3e− 2]
d = 40 [3.6e− 3, 3.8e− 3] [4.2e− 4, 4.4e− 4] [4.3e− 2, 4.6e− 2] [1.1e− 2, 1.2e− 2]

Remark 3.3.2. In this section we use reweighted ℓ1 minimization, Chebyshev points and the

combination of these two approaches to improve the accuracy of the recovery of the coefficients

in the gPC expansion of the solution of SPDEs. We point out that in the optimization problem

(P1,ǫ) we set the bound of the “noise” by the cross-validation method, for which we do not tune

the parameters precisely since our purpose is to demonstrate the improvement by the new method.

Therefore, for some trials, the result by cross-validation may not be as accurate as using a randomly

or empirically chosen parameter.

Remark 3.3.3. When applying Chebyshev points to high dimensional problems, we use an empir-

ical parameter d′ < d because d′ = d is not a good choice. We observe that when using Chebyshev

points in ℓ1 minimization, the results are better than the standard ℓ1 minimization where only

uniform points are employed. As pointed out in [163], when Chebyshev points are applied to high

dimensional problems, the number of samples to accurately recover the coefficients scales as 2d.

We reduce this by selecting d′ < d, that is, employing Chebyshev points in only a few dimensions.

Hence we can still take advantage of this sampling strategy especially in moderately high dimen-

sional (∼ 10) problems. In our test, we know a priori that the first several dimensions are more

important due to the expression of diffusion coefficients (represented by the hierarchical Karhunen-

Loève expansion), hence we employ Chebyshev points in these dimensions. For the reweighted ℓ1

method, Chebyshev points only help in the moderately high dimensional (∼ 10) case. An impor-
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tant reason is that we employed a lower order gPC expansion, e.g., P = 2 for d = 40. The upper

bound K of the L∞ norm of the basis is
√

5, which is already very low. Since the Chebyshev points

improve the recovery by controlling K (see Remark 3.1.6), it contributes only a little to the case

with very low gPC order. This contribution is negligible compared with the improvement from

reweighted iterations.

Comparison of the effectiveness

We now consider an increasing number of random samples to evaluate the solution and compare

the global relative error with different methods, including Monte Carlo method and (reweighted)

ℓ minimization (with uniform points or Chebyshev points). For each case we compute the results

at x = 0.1, 0.2, · · · , 0.9 on the physical domain to obtain the global error. For d = 14, we consider

m = {29, 60, 120, 200, 300, 421, 600}. We note that sample size m = 29 and m = 421 correspond

to the number of sparse grid method of level 1 and 2, respectively. In this test, for sample size

m = {29, 60, 120} we attempt to recover the gPC coefficients of the 3rd-order gPC expansion. For

larger sample size m, we also include the first 320 basis function from the 4th-order gPC expansion,

resulting in m = 1000 (see also Case I in [39]). We test 1000 trials for each sample size m and

present the mean of the relative error in Figure 3.15. We observe that when a sufficient number

of solution samples is available, which in Figure 3.15 is 120, ℓ1 minimization shows an advantage

over the Monte Carlo method. If reweighted iterations are employed, the ℓ1 minimization begins

to show an advantage with a smaller number of samples as pointed out in [29]. As the number of

samples increases, we observe a more considerable improvement over the Monte Carlo method. For

example, when m = 600, the mean of the relative error in the mean by reweighted ℓ1 (both uniform

points and Chebyshev points) is only about 1.5% of the error by the Monte Carlo method, i.e., our

method increases the accuracy by about two orders in the estimate of the mean. Also, for this test

case, we notice that with the same number of samples (m = 421), the accuracy of the estimate of

the mean by our method is close to that by sparse grid method of level 2 while the estimate of
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the standard deviation by our method is better. We also present a line of slope 1 in Figure 3.15

to compare the behavior of our method. Theorem 3.6 in [39] provides an upper bound of the L2

error of the solution, which is approximately O(m−1/2). Figure 3.15 implies that in practice we

can expect faster convergence in the estimate of statistics, which is also reflected in Figures 3 and

5 in [39]. Moreover, we notice that the reweighted iterations do not change the rate of convergence

substantially, but reduce the error by around 50% ∼ 60% for the mean and 60% ∼ 70% for the

standard deviation. We present the error bars of the 1000 trials for different sample size by the

Monte Carlo method and (reweighted) ℓ1 minimization method in Figure 3.16. This figure also

implies that reweighted iterations improve the estimate of the solutions, when a sufficient number

of samples is available.
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Figure 3.15: 14D example: mean of the relative error (global) in the mean and the standard
deviation (“s.d.”) of the approximated solution over the physical domain by different methods.
“unif” means uniform points, “Cheb” means Chebyshev points, “rw” means reweighted method.

Similar results for d = 40 are presented in Figures 3.17 and 3.18. In this test we chose m =

{81, 120, 200, 400, 600, 800, 1000}. For sample size m = {81, 120, 200}, we attempt to recover the

gPC coefficients of the 2nd-order gPC expansion. For larger sample size m, we also include the

first 639 basis function from the 3rd-order gPC expansion, hence m = 1500 (see also Case II in

[39]). Figure 3.17 implies that m = 200, is the smallest size of the samples in our test which

guarantees that ℓ1 minimization performs better than the Monte Carlo method. However, we note
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Figure 3.16: 14D example: error bars (mean and standard deviation) of the relative error (global)
in the mean and the standard deviation (“s.d.”) of the approximated solution over the physical
domain by different methods. “unif” means uniform points, “rw” means reweighted method.

that when the reweighted ℓ1 minimization is employed, m = 120 is sufficient to enable a better

estimate. Also, similar to the d = 14 case, the reweighted ℓ1 minimization method, even the

standard ℓ1 minimization, shows an advantage over the sparse grid method when sufficient samples

are available. Moreover, we observe an even faster convergence rate than the d = 14 case as shown

by a line of slope 1.8 for comparison. This again implies that in practice, we may expect a much

faster convergence rate than 0.5. We also notice that the reweighted iterations do not change this

rate substantially as in d = 14 case.
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Figure 3.17: 40D example: mean of the relative error (global) in the mean and the standard
deviation (“s.d.”) of the approximated solution over the physical domain by different methods.
“unif” means uniform points, “Cheb” means Chebyshev points, “rw” means reweighted method.

88



10-5

10-4

10-3

10-2

 10  100  1000

R
el

at
iv

e 
er

ro
r 

in
 th

e 
m

ea
n

Number of samples

MC unif
ℓ1 unif
rw unif

(a) Error bar of the mean.

10-3

10-2

10-1

 10  100  1000

R
el

at
iv

e 
er

ro
r 

in
 th

e 
s.

d.

Number of samples

MC unif
ℓ1 unif
rw unif

(b) Error bar of the s.d.

Figure 3.18: 40D example: error bars (mean and standard deviation) of the relative error (global)
in the mean and the standard deviation (“s.d.”) of the approximated solution over the physical
domain by different methods. “unif” means uniform points, “rw” means reweighted method.

3.4 Parameter identification in mesoscopic model

3.4.1 Introduction of mesoscopic model

It is well known that many of the macroscopic properties observed in soft matter systems, such

as liquid crystals, polymers, and colloids are natural consequences of the physical processes at the

microscopic level. Accurate modeling of the corresponding processes enables us to successfully

predict the properties of these material systems as well as, in turn, calibrate the parameters of

the models. Molecular dynamics (MD) simulation, in conjunction with optimized force fields, has

been successfully applied to study various physical systems [77, 136]. However, due to the explicit

modeling of individual atomistic particles, the MD simulation method is limited and cannot reach

the spatial and temporal scales relevant to the collective motion we are interested in, i.e., at the

mesoscale.

To overcome this limitation, an alternative approach is to coarse grain (CG) the system by

representing several atomistic particles as a single virtual particle. The essential idea is to eliminate

the fast modes and corresponding degrees of freedom (DOF) while only keeping those DOFs relevant

to the scale of our interest, represented as the CG particles. The static properties of the CG system

is closely related to the governing force field, which has been studied extensively [41, 82, 102, 80, 9,
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67, 52]. Remarkably, Espanol [41] modeled the DPD particles by grouping several Lennard Jones

(LJ) particles into clusters, and derived the conservative force field from the radial distribution

function of the clusters. Bolhuis et al. [102] mapped the semi-dilute polymer solution onto soft

particles via an effective pairwise potential. Kremer et al. [67] and Fukunaga et al. [52] extracted

the effective force field for complex polymers from the distribution functions of the bond length,

bending angle and torsion angle. By carefully choosing the CG sites (“super atoms”) and tuning

the CG force field parameters, these CG models can reproduce the specified structural properties

of the atomistic systems.

However, currently there are still two open questions for constructing the CG model and force

field. First, most of the CG force fields are constructed by targeting certain static properties (e.g.,

the pair and angle distribution functions) of the atomistic system, while the constructed CG force

fields show limitation if we consider other static properties (e.g., the equation of state) [8, 86].

In particular, how to construct a CG model with a thermodynamically consistent force field is

still an open question. Moreover, the CG force fields are insufficient to reproduce the dynamic

properties of the atomistic system. Instead, two additional (dissipative and random) force terms

should be introduced to compensate for the eliminated atomistic DOFs during the CG procedure

[81]. This is represented by the force terms in mesoscopic simulation methods such as dissipative

particle dynamics (DPD) [73, 42]. Computing the dissipative and random force terms directly

from the atomistic systems is a non-trivial task. Eriksson et al. [40] estimated the dissipative

force term by the force covariance function, whereas Lei et al. [86] and Hijon et al. [68] computed

the dissipative force term using the Mori-Zwanzig formulation [112, 173]. While the computed

dissipative force terms successfully reproduce the dynamic properties in the dilute and semi-dilute

regime, the force terms show limitation in reproducing the dynamic properties for highly correlated

systems. Currently, it is still unclear how to determine the optimized CG force terms with correct

dynamic properties over the entire density regime.
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3.4.2 Parameter induced uncertainty

To circumvent those difficulties discussed above, we study the CG systems by considering an alter-

native question: what is the distribution of those dynamic properties, if we specify the CG force

field within certain confidence range instead of a single deterministic value over the parameter

space. That is, how do we quantify the propagation of the CG force parameter-induced uncertainty

at the microscopic scale throughout the observed properties at the macroscopic scale? Such study

enables us to analyze the sensitivity of the macroscopic quantities on individual force parameters,

as well as validating the physical model or inferring the force field parameters if the macroscopic

quantities at certain parameter values are known. For example, Rizzi et al. [126, 127] used the

generalized polynomial chaos (gPC) [57, 157] expansion to construct a surrogate model and inferred

the three-dimensional force parameters in TIP4P water model by using the macroscopic properties.

Koumoutsakos et al. [10] implemented the transitional Markov chain Monte Carlo (TMCMC) algo-

rithm to investigate the MD system of liquid and gaseous argon by adopting the kriging algorithm

as the adaptive surrogate model.

In this section, we aim to investigate the static and dynamic properties of mesoscopic systems

governed by dissipative particle dynamics (DPD) force field within a high dimensional random pa-

rameter space. In particular, we study the dynamic properties of two mesoscopic systems: a simple

Newtonian fluid system governed by DPD force field over a three-dimensional parameter space,

and a non-Newtonian polymer melt system governed by DPD force field over a six-dimensional

parameter space. The target property is approximated by a gPC expansion in the form of a linear

combination of a set of special basis functions defined in the parameter space. Hence, the estimate of

this property with a specific parameter set can be considerably accelerated by evaluating the value

of the gPC expansion instead of running costly simulations. Within this framework, we can exploit

features of several approaches proposed recently on uncertainty quantification (UQ), e.g., (adap-

tive) sparse grid method [156, 53, 48, 117, 105] or (adaptive) ANOVA method [107, 47, 169, 164].
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All these methods are categorized as probabilistic collocation methods (PCM) as they provide

smart strategies to select sampling points to obtain a good estimate of the statistics of the system

efficiently. However, in practice, the curse of high-dimensionality is still a big issue. The adap-

tive methods developed in [126, 164] provide some choices to deal with this issue but they require

suitable empirical adaptivity criteria, which may not always be effective.

In recent years, some efforts have been made to propose a non-adaptive but simple and accurate

method for high dimensional problems [94, 39, 163, 165] when the system is sparse, which within

the UQ framework means that only a small portion of the gPC coefficients has relatively large

values while the others are close to zero. This idea stems from the compressive sensing area

[28, 38, 22]. More precisely, if we know a priori that the vector of gPC coefficients is sparse, we

can employ compressive sensing techniques to “recover” these coefficients accurately using only a

few (deterministic) simulation data. This method can be considered as post processing of Monte

Carlo method (or PCM method), hence it is flexible as we can always incorporate new available

data and obtain better estimates. This has an advantage over many of the popular methods, e.g.,

the standard sparse grid method, which is a golden standard in UQ today, as it requires a fixed

number of additional simulations to reach the next accuracy level. This requirement is prohibitive

in practice when the dimension of the problem is high. Even with the adaptive method, the selection

of adaptivity criteria can be constrained by the limitation of computational resources. Moreover,

in MD and DPD simulations, due to the existence of the thermal noise, it is difficult to obtain a

highly accurate gPC surrogate model. In other words, even if we can afford running simulations

with high order PCM method, we may not be able to reduce the error of the surrogate model. This

is different from research on UQ in solving stochastic PDEs, where high accuracy can be expected

with high order methods. Therefore, it is more helpful to find a method which can obtain a gPC

expansion with small errors (ideally close to the thermal noise level) fast.

After obtaining a good surrogate model of the response surface of the target property, we employ

Bayesian inference to explore suitable model parameters in DPD. With the gPC expansion, we are

92



able to dramatically reduce the cost of evaluating the likelihood, since we do not need to run the

whole DPD simulation when this evaluation is needed. This type of gPC based Bayesian inference

has been applied in several inverse problems, e.g., [110, 109], and we adopt a similar framework

but employ a new technique to construct the gPC expansion. Thus, for practical material design

problems, given the desirable target properties P t, we can firstly build a DPD model with empirical

constants. Then, we parametrize these constants to obtain a parameter set θ. Next, we run the

DPD simulation with different sets of θ to obtain samples of target properties P S and build the

gPC approximation (surrogate model) of target properties depending on θ via compressive sensing.

Finally, we implement Bayesian inference based on P t and the gPC expansion to infer suitable θ

for the DPD model. The above procedure can be repeated until the DPD model reaches required

the accuracy by increasing the accuracy of the surrogate model or by modifying the range of the

parameters. Figure 3.19 provides an overview of the entire procedure of inferring the parameters

in the DPD model via gPC expansion and compressive sensing. The difference between P t and

P DPD can be measured by the summation of relative error of each target property.

3.5 Simulation method and physical model

3.5.1 Dissipative Particle Dynamics

Dissipative Particle Dynamics (DPD) [73, 62] is a particle based mesoscopic simulation method.

Each DPD particle represents a coarse-grained virtual cluster of multiple atomistic particles [86].

In standard DPD formulation [73], the motion of each particle is governed by

dri = vidt

dvi = (F C
i dt + F D

i dt + F R
i

√
dt)/m,

(3.5.1)
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Figure 3.19: Overview of estimating parameters to achieve desired material properties using the
DPD model.

where ri, vi, m are the position, velocity, and mass of the particle i, and F C
i , F D

i , F R
i are the

total conservative, dissipative and random forces acting on the particle i, respectively. Under the

assumption of pairwise interactions the DPD forces can be decomposed into pair interactions with
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the surrounding particles by

F C
ij =





a(1.0 − rij/rc)eij , rij < rc,

0, rij > rc,

F D
ij = −γwD(rij)(vij · eij)eij ,

F R
ij = σwR(rij)ζijeij ,

(3.5.2)

where rij = ri − rj , rij = |rij |, eij = rij/rij , and vij = vi − vj . rc is the cut-off radius beyond

which all interactions vanish. The coefficients a, γ and σ represent the strength of the conservative,

dissipative and random force, respectively. The dissipative and random force terms are coupled

with the system temperature by the fluctuation-dissipation theorem [42] as σ2 = 2γkBT . Here, ζij

are independent identically distributed (i.i.d.) Gaussian random variables with zero mean and unit

variance. The weight functions wD(r) and wR(r) are defined by

wD(rij) =
[
wR(rij)

]2
,

wR(rij) = (1.0 − rij/rc)
k,

(3.5.3)

where k is a parameter that determines the extent of dissipative and random force envelopes.

While this method was initially proposed [73] to simulate the complex hydrodynamic processes

of isothermal fluid systems, the particle based feature enables us to easily incorporate additional

physical models and extend its application to various soft matter and complex fluid systems, such

as polymer and DNA suspensions [135, 43, 139], platelet aggregation [122], colloid suspension [21],

droplet wetting [95] and blood flow systems [121, 88, 87]. However, we note that the intrinsic

relationship between DPD and the atomistic force field is not well understood yet. The force

parameters of the mesoscopic models are usually chosen empirically (and often as a specific “point”

in parameter space) while the variation of the macroscopic properties over the global parameter

space has not been fully studied. Alternatively, in this work, we simulate the Newtonian fluid
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and the non-Newtonian polymer melt systems by choosing the force parameters varying within a

range of empirical values and we aim to systematically investigate the sensitivity dependence of the

dynamic viscosity on individual force parameters.

The Newtonian fluid is modeled by homogeneous DPD particles in a domain of 40×20×20 with

periodic boundary condition. The number density n is 3.0 and the system temperature kBT = 1.0.

The force parameters in Eq. (3.5.2) and Eq. (3.5.3) are given by

a(ξ1) = 〈a〉 + σaξ1,

γ(ξ2) = 〈γ〉 + σγξ2,

k(ξ3) = 〈k〉 + σkξ3,

(3.5.4)

where ξ1, ξ2 and ξ3 are i.i.d. random variables uniformly distributed on [−1, 1]. The random force

parameter σ is coupled with the dissipative force coefficient γ through σ2 = 2γkBT . Other force

parameters are listed in Table 3.10.

Table 3.10: Typical DPD force parameters for Newtonian fluid system. 〈⋆〉 and σ⋆ represent
the average and the magnitude of the random variables for the conservative force magnitude a,
dissipative force coefficient γ and the power index of the dissipative force envelop k, respectively.

a γ k
〈⋆〉 25.0 8.0 0.25
σ⋆ 10.0 2.0 0.15

3.5.2 Polymer model and parameter uncertainty

The polymer melt system is modeled by Np flexible polymer chains in a domain of 50 × 20 × 10

with periodic boundary conditions with total DPD particle number density n = 3.0. Each polymer

chain consists of Nb = 2 ∼ 5 DPD particles connected by the Finitely Extensible Non-Linear Elastic

(FENE) potential given by

UFENE = −ks

2
r2
max log

[
1 − |ri − rj |2

r2
max

]
, (3.5.5)
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where ks is the spring constant. The spring extension r is limited by its maximum value rmax

attained when the corresponding spring force becomes infinite. The force parameters of the polymer

melt system are given by

a(ξ1) = 〈a〉 + σaξ1,

γ(ξ2) = 〈γ〉 + σγξ2,

k(ξ3) = 〈k〉 + σkξ3,

rc(ξ4) = 〈rc〉 + σrc
ξ4,

ks(ξ5) = 〈ks〉 + σks
ξ5,

rmax(ξ6) = 〈rmax〉 + σrmax
ξ6

(3.5.6)

where ξ1, ..., ξ6 are i.i.d. random variables uniformly distributed on [−1, 1]. To investigate the

numerical performance of the compressive sensing method on different parameter spaces, we choose

three parameter sets with different variance values, as shown in Table 3.11.

Table 3.11: DPD force parameters for non-Newtonian polymer melt system. 〈⋆〉 and σ⋆ represent
the average and magnitude of the random variables for the values of the conservative force magni-
tude a, dissipative force coefficient γ, the power index of the dissipative force envelop k, the cutoff
distance of DPD interaction rc, the bond spring constant ks, and the maximum bond extension
distance rmax, respectively. The superscript l, m and s represent the three parameter sets with
different variance values.

a γ k rc ks rmax

〈⋆〉 25.0 8.0 0.25 1.0 25.0 1.0
σl

⋆ 15.0 4.0 0.18 0.06 15.0 0.06
σm

⋆ 10.0 2.0 0.15 0.05 10.0 0.05
σs

⋆ 6.0 1.2 0.08 0.03 6.0 0.03

3.5.3 Shear viscosity rheometer

In traditional approaches, the shear viscosity of fluid system is usually determined either by the

linear response theory with calculation of the stress auto-correlation function terms in equilib-

rium state, or by modeling the steady shear flow with the Lees-Edwards boundary conditions [85].
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However, both approaches incorporate the calculation of the stress field, which is extremely noisy

in equilibrium or low shear rate regime. Therefore, a large numerical error is anticipated in the

regime where the thermal fluctuation dominates over the ensemble average value. Moreover, unlike

a simple Newtonian fluid system, polymeric fluids typically exhibit non-Newtonian behavior with

shear rate dependent viscosity. As shear rate approaches zero, the normal stress and viscosity value

typically approach a constant low-shear-rate plateau, which is usually inaccessible due to rheometer

limitations [83].

gravity field -g

gravity field g

L = 25

W
 = 10

Figure 3.20: Sketch of the simulation polymer melt system. Np = 15, 000 polymer chains are
placed in the simulation domain with size 50 × 20 × 10 in DPD reduced units (only 2% of the
simulation chain is visualized). Each polymer chain consists of Nb = 2 DPD particles, represented
by the particles in blue color. Individual polymer chains are connected by FENE bond potential,
as defined by Eq. (3.5.5).

Alternatively, we compute the low-shear-rate viscosity values using the reverse Poiseuille flow

rheometer. This approach was initially proposed for computing the shear viscosity for Newtonian

flow system. However, a later study showed that this approach can be well extended to study the

complex fluid system with non-Newtonian behavior [44]. This approach generates more accurate
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results than the previous two methods as it replaces the expensive stress calculation with the

calculation of velocity profile. Here we briefly review the method and we refer to [12] and [44] for

details.

As shown in Figure 3.20, we simulate Np = 15, 000 polymer chains in a domain of 50× 20× 10

DPD units with periodic boundary conditions. The domain is divided into two regimes at center

(x = 0), where an equal but opposite gravity force f between 0.015 and 0.05 is applied on each

DPD particle in each half of the domain. At the cross-stream position x and time t, we have

ρ
∂u

∂t
=

∂τxy

∂x
− fn, (3.5.7)

where n is the number density. Under steady state flow, the left hand side of Eq. (3.5.7) vanishes

and the shear stress τxy is linear across the channel with maximum value fnH/2 across the virtual

wall boundary, where H = 50 is the length of the channel.

Having computed the shear stress profile, the shear-rate-dependent viscosity η(x) can be calcu-

lated by

τxy(x) = η(x)γ̇(x), (3.5.8)

where γ̇(x) is the shear rate across the channel. Therefore, the calculation of shear viscosity is

transformed into the calculation of the velocity derivatives across the channel. For the Newtonian

fluid system, the shear viscosity across the channel is nearly a constant and the steady flow velocity

keeps the quadratic order. For the non-Newtonian polymer melt system, the shear viscosity is inho-

mogeneous across the channel. In particular, the low-shear-rate viscosity values are extracted from

the velocity regime with a plateau profiles where a relatively larger numerical error is anticipated.

To further reduce the numerical error, we fit the velocity profile of Newtonian fluid and polymer

melt system using a 2nd and 4th-order polynomial, respectively:

V (x) = Vc ± C2(x ± H/4)2, (3.5.9a)
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V (x) = Vc ± C2(x ± H/4)2 ± C4(x ± H/4)4, (3.5.9b)
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Figure 3.21: Typical steady reverse Poiseuille flow velocity profiles of the Newtonian and polymer
melt system. The points represent the direct simulation results. The solid line represents the 4th
order polynomial fitting curve for the polymer melt system. The dash lines represent the 2nd order
polynomial fitting curves for the polymer melt and Newtonian flow systems.

For each parameter set, we conduct three independent reverse Poiseuille flow simulation: 800, 000

steps are performed for each simulation and the velocity profile sampling is taken during the last

700, 000 steps; a time step dt = 0.01 is adopted for all the simulations. Figure 3.21 shows an exam-

ple of the steady velocity distribution across the channel for both the polymer melt and Newtonian

fluid systems. The Newtonian fluid system maintains a near constant viscosity value across the
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Figure 3.22: Shear-rate-dependent viscosity µ(γ̇) computed from the simulated velocity profiles for
the polymer melt given a = 20.0, γ = 8.0, k = 0.26, rc = 1.0, ks = 40.0 and rmax = 1.0 and
Newtonian flow systems given a = 40.0, γ = 4.5 and k = 0.2. The zero-shear-rate viscosity of the
polymer melt system is computed by taking the limit of µ(γ̇).

channel and the velocity profile can be well fitted by Eq. (3.5.9a). On the contrary, the poly-

mer melt system exhibits varying viscosity value across channel, resulting in a poor fitting by Eq.

(3.5.9a). Instead, high order terms in Eq. (3.5.9b) are essential to capture the non-Newtonian

properties. With the fitted velocity profile, the shear viscosity of the Newtonian fluid is determined

by nf
2C2

and the zero-shear-rate viscosity is computed by taking the limit η0 = limx→±H/4 η(x),

where η(x) is low-shear-rate viscosity determined by the local shear viscosity determined by Eq.

(3.5.8) and Eq. (3.5.9), as shown in Figure 3.22.
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3.6 Stochastic sparse modeling for mesoscopic model

3.6.1 gPC expansion for target property

In this section, we introduce an efficient approach to approximate the response surface of the target

property by generalized polynomial chaos (gPC) depending on the model parameter θ. Due to the

linear relation between θ and ξ in this section (see Eq. (3.5.4) and Eq. (3.5.6)), we consider gPC

depending on ξ instead. Given a set of parameter ξ, the output X(ξ) obtained from the DPD

simulation is

X(ξ) = µ(ξ) + φ, (3.6.1)

where µ(ξ) is the value of target property, and φ represents the intrinsic thermal noise discussed in

the previous section. In order to compute µ(ξ), we simulate multiple replicas for the parameter set

ξ. As the number of replica increases, the average of X(ξ) converge to µ(ξ) as we assume φ to be a

Gaussian random variable. In the present work, we take three identical independent simulations for

each ξ and consider the average X̄(ξ) as a good approximation of µ(ξ). With the same approach

as in [126], we verify that in the cases we study, the magnitude of the fluctuation is O(0.1%) (or

smaller) of the target property. Hence, the error from the intrinsic thermal noise is much less than

that from quantifying the parameter uncertainty.

Given X̄(ξ), we employ gPC to represent the target property:

X̄(ξ) =

∞∑

|α|=0

cαψα(ξ), (3.6.2)

where α is a multi-index, ξ = (ξ1, ξ2, · · · , ξd) is a vector of d i.i.d. random variables, ψα is a set of

orthonormal polynomials associated with the probability measure ν of ξ and cα is the coefficient.
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We truncate the expression (3.6.2) up to polynomial order P , hence X̃ is approximated as:

X̄(ξ) ≈ X̃(ξ) =

P∑

|α|=0

cαψα(ξ). (3.6.3)

We use c to denote the vector of the gPC coefficients, i.e., c = (cα1
, cα2

, · · · ). By sorting the indices

αi we can also write it as c = (c0, c1, · · · ), where c0 is the coefficient of the zero-th order gPC basis

function. The gPC representation X̃ is constructed by computing the coefficients cα, which can

be accomplished by using the probabilistic collocation method (PCM) [156]. For example, tensor

product points or sparse grid points can be employed. After obtaining X̄1, X̄2, · · · , X̄M , which are

values of X̄ at sampling points ξ1, ξ2, · · · , ξM , we can compute the gPC coefficients of X̄ as follows:

cα =

∫
X̄(ξ)ψα(ξ)dν(ξ)∫

ψ2
α(ξ)dν(ξ)

, (3.6.4)

where ν is the probability measure of ξ and the integrals are multi-variate integrals depending on

the dimension of ξ and are approximated by Gauss-type quadratures, e.g.,

∫
X̄(ξ)ψα(ξ)dµ(ξ) ≈

M∑

i=1

X̄iψα(ξi)wi. (3.6.5)

Here wi is the corresponding weight for ξi.

3.6.2 Sparsity and compressive sensing

For systems with relatively high dimensions, e.g., the polymer melt model with d = 6, the method

to compute the gPC coefficients described in Section 3.6.1 may not be efficient in that in order

to increase the accuracy, the increment of the number of simulations is fixed and this number

can be very large (O(102) ∼ O(103) or larger). Hence these methods can be prohibitive for DPD

simulations which are usually very costly. Another drawback of this method is that it requires

results from all the sampling points. If the DPD code fails at some sampling points, the method
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fails, although we may employ other approaches to obtain a less accurate result. To overcome the

above difficulties, we compute the gPC expansion by applying the compressive sensing method as

post processing for the Monte Carlo method as discussed below.

We first generate M random samples of the parameter sets ξj , j = 1, · · · ,M based on the

distribution of the random variables. Notice that ξj is a random vector with i.i.d entries. In this

section, we generate M such random vectors based on the uniform distribution U [−1, 1]. Then we

input these vectors in the DPD code to obtain M outputs X̄ = (X̄1, X̄2, · · · , X̄M ), respectively.

Based on (3.6.3), we obtain the following linear system:




ψα1
(ξ1) ψα2

(ξ1) · · ·

ψα1
(ξ2) ψα2

(ξ2) · · ·
...







cα1

cα2

...




=




X̄(ξ1)

X̄(ξ2)

...




+ ε,

or equivalently,

Ψc = X̄ + ε, (3.6.6)

where Ψ is the “measurement matrix” with entries Ψi,j = ψαj
(ξi), c is the vector of the gPC

coefficients, X̄ is the vector consisting of the outputs and ε is related to the truncation error. Here

Ψαj
is the tensor product of normalized Legendre polynomials since ξ is uniformly distributed.

According to the compressive sensing theory, when c is sparse and Ψ satisfies certain conditions,

we can recover it from Eq. (3.6.6) by solving the following ℓh minimization problem:

(Ph,δ) : min
c

‖c‖h subject to ‖Ψc − X̄‖2 ≤ δ, (3.6.7)

where h = 1 or 0, δ = ‖ε‖2, ‖c‖1 =
∑ |ci| and ‖c‖0 = number of nonzero entries of c.

In this section we employ ℓ0 minimization, i.e., the results of (P0,δ). To solve this minimization

problem, we employ the greedy algorithm orthogonal matching pursuit (OMP) presented in Algo-
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rithm 5. The threshold ǫ0 in Step 6 is set as δ in Eq. (3.6.7) obtained by the cross-validation

method (see Section 3.1.4). The algorithm of the entire procedure is presented in Algorithm

7. In this section, the OMP method is achieved by SparseLab [5]. We use “a trial” to denote

completing Algorithm 1 once. For different trials, we employ different sets of sampling points

(ξ1, ξ2, · · · , ξM ). Finally, since M different samples of ξj lead to M different X̄j , we use “number

of samples” to refer to M .

Algorithm 7 Compressive sensing method to obtain gPC surrogate model for DPD

1: Generate M sampling points ξ1, ξ2, · · · , ξM based on the distribution of ξ. Run the DPD
code with inputs ξ1, ξ2, · · · , ξM to obtain M outputs X̄1, X̄2, · · · , X̄M , respectively. Denote
X̄ = (X̄1, X̄2, · · · , X̄M ) and it is the “observation” in (P0,δ). The “measurement matrix” Ψ in
is constructed as Ψi,j = ψαj

(ξi), where ψαj
are the basis functions. The size of Ψ is M × N ,

where N is the total number of basis functions depending on P in (3.6.3).
2: Set the tolerance δ in (P0,δ) by employing cross-validation method (see Section 3.1.4).
3: Solve the weighted ℓ0 minimization problem

c = arg min ‖c‖0 subject to ‖Ψc − u‖2 ≤ δ.

As we are need to construct an accurate surrogate model to approximate the response surface,

we check the relative L2 error:

ε0 =

√∫
|µ(ξ) − X̃(ξ)|2dν(ξ)∫

|µ(ξ)|2dν(ξ)
, (3.6.8)

where µ is the target property and X̃ is the gPC expansion of X̄ (see Eq. (3.6.3)). Since we

approximate µ with X̄, we check the following error instead:

ε =

√∫
|X̄(ξ) − X̃(ξ)|2dν(ξ)∫

|X̄(ξ)|2dν(ξ)
. (3.6.9)

As mentioned in Section 3.6.1, in our numerical examples, the thermal noise is about 10−3 (or

smaller) of the target property, i.e., |µ − X̄|/|µ| ∼ O(10−3). Take the shear-rate viscosity for

example, the relative error of approximating X̄ by X̃ is O(10−2) (as we will see in this section),

namely, |X̄ − X̃|/|X̄| ∼ O(10−2), which reflects that |µ − X̃|/|µ| ∼ O(10−2). Hence, ε is a good
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approximation of ε0. The integrals in Eq. (3.6.9) are approximated by quadrature rules based on

the tensor product or by the sparse grid method. The error by these methods is far below the

magnitude of the thermal noise as we use high order quadrature points or a high level sparse grid

method to approximate the integral.

3.6.3 Bayesian inference and Markov chain Monte Carlo

3.6.4 Newtonian flow

Figure 3.23 represents the shear viscosity of the Newtonian fluid system measured at the 7× 7× 7

Gauss quadrature points with tensor product rule ξi = (ξi
1, ξ

i
2, ξ

i
3), i = 1, 2, · · · , 343. The positive

correlation of the viscosity with ξ1 and ξ2 and the negative correlation with ξ3 can be understood

as follows: ξ1 and ξ2 determine the magnitude of the conservative and dissipative pairwise force

interaction between DPD particles, respectively. Larger values enhance the momentum transport

between a target DPD particle with its neighboring particles, resulting in larger shear viscosity val-

ues. On the other hand, ξ3 quantifies the decay of dissipative force between two DPD particles with

respect to the distance. A smaller value represents slower decaying of the dissipative interaction,

resulting in larger shear viscosity values.

With the value of X̄ at these quadrature points we compute a gPC expansion with order P = 6

by Eq. (3.6.4) and use it as the reference solution. The integrals in Eq.(3.6.9) are approximated by

the 7× 7× 7 tensor product Gauss quadrature points. We compute gPC expansions with 3× 3× 3

and 4 × 4 × 4 tensor product Gauss quadrature points to construct 2nd-order and 3rd-order gPC

expansions of X̄ respectively. The corresponding errors are presented in Figure 3.24. We then

run Monte Carlo simulations and use the OMP method to construct a six-th order gPC expansion,

which contains 84 basis functions. The results of two independent trials are also presented in Figure

3.24. We can observe that the L2 error by 3× 3× 3 and 4× 4× 4 tensor product points are already

very small. The OMP method shows better accuracy over the 3×3×3 tensor product points when
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Figure 3.23: Shear viscosity of the Newtonian fluid computed at the different seventh-order tensor
product Gauss quadrature points ξi.

the number of samples is above 52. Hence, if due to the limitation of the computation resource, we

are not able to run all the 4× 4× 4 tensor product points, we can turn to the compressive sensing

based method to obtain more accurate result. Also, generally speaking, with the increase of the

number of samples, the accuracy of our method increases; but we should point out that this is a

asymptotic property as investigated in [39, 163, 165]. Also, this example is a demonstration of the

accuracy and flexibility of our method as we can use an arbitrary number of samples (as long as

this number is beyond a certain threshold see [28, 38]) to construct the gPC expansion.

For relatively low dimensional problems (i.e., only 2 or 3 uncertain parameters), standard PCM

methods, e.g., the sparse grid method is efficient. Hence, compressive sensing method does not

107



show substantial advantage. However, for high dimensional problems the benefit of employing

compressive sensing method is significant, as we will demonstrate in the example in the next

subsection. Furthermore, in order to improve the efficiency of the compressive sensing method, a

possible way is to combine this method with special sampling strategies, e.g., see [123, 163, 165],

which we will not discuss in this section.
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Figure 3.24: L2 error of the response surface of shear viscosity of the Newtonian fluid. The dotted
lines represent the results by 3× 3× 3 and 4× 4× 4 tensor product (TP) Gauss quadrature points.
The symbols “©” and “¤” denote the results by OMP method of two different trials.

3.6.5 Polymer melt model

Next we consider a polymer melt system with six-dimensional parameter space and study three

different cases with different parameter sets as presented in Section 3.5.2. We use the compressive

sensing based method to construct a third-order gPC expansion as the surrogate response surface.

The total number of basis functions is 84, i.e., the measurement matrix Ψ has N = 84 columns.

In this example, the L2 error defined in Eq.(3.6.9) is computed by approximating the integrals
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with level 4 sparse grid method. The sparse grid method mentioned in this section is based on

Clenshaw-Curtis abscissas.

Since it is impossible to visualize a 7D hyper-plane, we present the response surface of the shear

viscosity by fixing part of the entries of ξ in Figure 3.25 to help understand the sensitivity of the

parameters. These results are based on the simulation results of the level 4 sparse grid method.

For example, in Figure 3.25(a), we set ξ3 = ξ4 = ξ5 = ξ6 = 0 to plot the response surface with

respect to ξ1 and ξ2. The nearly planar response surface indicates that the momentum transport is

proportional to the magnitude of the repulsive and dissipative force interactions. On the other hand,

the curved response surfaces in Figure 3.25(b) and Figure 3.25(c) indicate the nonlinear dependence

of the shear viscosity on the dissipative interaction profile and the force interaction cut-off range.

Moreover, the response surface in Figure 3.25(d) indicates that the shear viscosity of the polymer

melt system further depends on the elasticity of the polymer model. To systematically study the

dependence of the shear viscosity on individual parameters, we compute the gPC expansion using

the OMP method introduced previously with fewer samples and use the results by level 4 sparse

grid point as reference solution. Similar procedures are followed for different physical properties.

Figure 3.26 presents the L2 errors with the parameter set σl
∗, i.e., the parameter set with the

largest perturbation around the mean, hence the response surface is more complicated than the

parameter sets σm
∗ and σs

∗. In this figure, when the number of samples is larger than 75 we also

include 46 gPC basis functions of the fourth-order polynomials. We observe that the error of

our method is decreasing as more simulation results become available. For example, if only 65

simulations are affordable, our method can provide a result with accuracy about the same level

of that by the level-2 sparse grid method. If 75 or more samples are available, the accuracy of

our method exceeds that of the level-2 sparse grid method, which requires 85 samples. When 95

or more samples are available, our method yields more accurate results than level-3 sparse grid

method. As a comparison, if we employ the level-3 sparse grid method, we need 304 additional

simulation results given the 85 simulation results for the level-2 sparse grid method. Hence, our
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Figure 3.25: Response surface of the shear viscosity by fixing the value of the rest entries of ξ.
(a) ξ3 = ξ4 = ξ5 = ξ6 = 0, (b) ξ1 = ξ4 = ξ5 = ξ6 = 0, (c) ξ3 = ξ4 = ξ5 = ξ6 = 0, and (d)
ξ1 = 1.0, ξ2 = 0.0, ξ3 = 0.0, ξ6 = −1.0.

method is much more flexible than the standard sparse grid method.

Figure 3.27 presents the same error analysis for the parameter sets σm
∗ and σs

∗ and we only

employ third-order gPC expansions. It also illustrates the accuracy and flexibility of our method

as Figure 3.26 does since the error decreases as the number of samples increases, and there is no

restriction on the increment of the number of samples. Moreover, by comparing Figure 3.26 and

Figure 3.27, we notice that in this model a smaller perturbation in the parameters yields smaller

difference between the results by level-1 and level-2 sparse grid method. This is because the higher

order basis in the gPC expansion makes smaller contributions, which in turn implies that the vector

of the gPC coefficients is more sparse given a fixed number of basis functions N . Therefore, we
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Figure 3.26: L2 error of the zero-shear-rate viscosity of the polymer melt model with parameter
sets σl

∗. Results of two different trials (denoted by “©” and “¤”) are presented. Results of sparse
grid method (“Sp”) of level 1, 2 and 3 are presented for comparisons.

observe that with 55 samples, our method exceeds the level-2 sparse grid method for the parameter

set σs
∗ while this is not the case for the other two parameter sets. This comparison implies that the

sparser the system is the more efficient our method is. On the other hand, in order to increase the

accuracy of the gPC expansion, we may include more basis functions, which helps to reduce the

truncation error and also helps to increase the sparsity as long as the higher order basis functions

make small contributions. However, we cannot arbitrarily increase the number of basis function

since the compressive sensing algorithm will fail if N is too large given fixed number of samples. In

this section, we keep the number of basis M to be larger than 0.4N .
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(a) L2 error with σm
∗
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(b) L2 error with σs
∗

Figure 3.27: L2 error of the zero-shear-rate viscosity of the polymer melt model with parameter sets
σm
∗ (left) and σs

∗ (right). Results of two different trials (denoted by “©” and “¤”) are presented.
Results of sparse grid method (“Sp”) of level 1 and level 2 are presented for comparisons.

3.6.6 Inference of parameters in the model

3D model

Similar to the shear viscosity of the polymer melt system discussed in Section 3.6.4 and Section

3.6.5, we can use the OMP method to construct the response surfaces of various properties of the

systems, from which we are able to infer the different force parameters of the mesoscopic model.

As a simple demonstration, we consider a polymer melt system with Nb = 4, n = 3.0 by fixing

(γ, k, rc) = (8.0, 0.25, 1.1) while the parameter space (a, ks, rmax) is defined by

a(ξ1) = 25.0 + σaξ1,

ks(ξ5) = 60.0 + σks
ξ5,

rmax(ξ6) = 0.8 + σrmax
ξ6,

(3.6.10)

where (σa, σks
, σrmax

) = (15.0, 30.0, 0.2) and ξ = (ξ1, ξ5, ξ6) are i.i.d uniform random variables on

[−1, 1]. In this test we construct a sixth-order gPC expansion with Legendre polynomials as the

surrogate model based on 54 samples of DPD simulations.

For the system defined above, we target three bulk properties: the zero-shear-rate viscosity

112



(η), the average value of radius of gyration (Rg), and the pressure (P ). Here Rg of an individual

polymer is defined by

R2
g =

Nb∑

i=1

(ri − rc)
2/Nb (3.6.11)

where ri and rc represent the position of individual bead i and the center of mass, respectively.

Given the (approximated) response surface of η, P and Rg, we aim to infer the parameter

(a, ks, rmax) with the three desirable target properties

P t = (η,Rg, P ) = (4.457, 0.09862, 15.54).

In order to infer a, ks, rmax, we follow the framework in [127] and employ the Bayesian theorem. In

this case, θ = (a, ks, rmax) and we denote (G1, G2, G3) = (η,Rg, P ) as in [127]. The desirable P t

can be written as

Gm = {Gk
m}3

k=1, m = 1, 2, 3, (3.6.12)

where Gk
m represents the k-th replica for the m-th target property. A direct Bayesian framework

is employed to infer the posterior probability density:

π(θ|{Gm}3
m=1) ∝ L({Gm}3

m=1|θ)q(θ), (3.6.13)

where L is the likelihood and q is the prior. Due to the linear relation between θ and ξ in Eq.

(3.6.10), we can equivalently consider the following posterior:

π(ξ|{Gm}3
m=1) ∝ L({Gm}3

m=1|ξ)q(ξ). (3.6.14)
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We employ the same posterior as in [127]:

π(ξ, σ̃2|{Gm}3
m=1) ∝

3∏

m=1

K∏

k=1

exp

(
[Gk

m − X̃m(ξ)]2

2σ̃2
m

)

√
2πσ̃2

m

q(σ̃2
m), (3.6.15)

where X̃m(ξ) is the value of the surrogate model at ξ for the m-th observable, and {σ̃2
m}3

m=1 are

hyperparameters given a Jeffreys prior of the form

q(σ̃2
m) =

1

σ̃2
m

, m = 1, 2, 3. (3.6.16)

We use the Metropolis-Hasting Markov chain Monte Carlo (MCMC) method to sample the posterior

probability density Eq. (3.6.15) by running 105 steps and setting burn in period as 50, 000. The

posterior distribution is estimated by kernel smoothing function in MATALB. The results are

presented in Figure 3.28. In this case, due to the property of the model and the selection of the

macroscopic observables, all the three PDFs are single modal. Thus, these parameters can be

selected by maximum a posteriori estimation probability (MAP) estimate based on the inferred

PDFs. The set θ we select is listed in Table 3.12. The DPD simulation results P DPD and the
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Figure 3.28: PDFs of a, ks and rmax by Bayesian inference.

Table 3.12: Inferred parameters θ for the 3D polymer melt system.

a ks rmax

θ 11.35 33.60 0.696
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relative errors based on this selected θ are listed in Table 3.13. It is clear that with the inferred

Table 3.13: Validation of the inferred parameters θ for the 3D polymer melt system. The DPD
simulation results for three target properties are listed. The relative error of each target property
is also listed.

η Rg P
P DPD(θ) 4.381 0.09893 15.40

|P t
i (θ) − P DPD

i |/|P t
i | 1.7% 0.31% 0.89%

parameters, the relative error for each target property is O(1%) or smaller, which implies that our

selection of θ is good.

Remark 3.6.1. There are different approaches to infer the model parameters and here we employ

a simple and direct one in our demonstration since we focus on how to construct the surrogate

model fast. More sophisticated methods, e.g., adaptive MCMC [64], DRAM [63], TMCMC [10] can

be applied once the surrogate models are constructed and the desirable properties are given.

6D model

We now study the full polymer melt system with six parameters discussed in Section 3.6.5 with

Nb = 5, n = 3.0 and kBT = 1.0, given the parameter space (a, γ, k, rc, ks, rmax) defined by

a(ξ1) = 25.0 + σaξ1,

γ(ξ2) = 8.0 + σγξ2,

k(ξ3) = 0.25 + σkξ3,

rc(ξ4) = 1.35 + σrc
ξ4,

ks(ξ5) = 50.0 + σks
ξ5,

rmax(ξ6) = 0.85 + σrmax
ξ6,

(3.6.17)

where (σa, σγ , σk, σrc
, σks

, σrmax
) = (15.0, 4.0, 0.1, 0.05, 30.0, 0.25) and ξ = (ξ1, ξ2, ..., ξ6) are i.i.d

uniform random variables on [−1, 1]. We aim to infer all six parameters in the DPD model given

macroscopic observables properties. More precisely, we set θ = (a, γ, k, rc, ks, rmax), and target
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the following six properties: viscosity at shear-rate 0.06, 0.07, 0.08 (η0.06, η0.07, η0.08), diffusivity

(D), average of radius of gyration (Rg) and pressure (P ). In this test we construct a surrogate

model with up to third-order Legendre polynomials as well as 46 fourth-order Legendre polyno-

mials based on 110 samples of DPD simulations. We denote P t = (G1, G2, G3, G4, G5, G6) =

(η0.06, η0.07, η0.08,D,Rg, P ), and similar to Equation (3.6.12) the replicas of the properties are writ-

ten as

Gm = {Gk
m}3

k=1, m = 1, 2, 3, 4, 5, 6. (3.6.18)

Then we employ Eq. (3.6.15) again by changing the upper range of m to 6 since we have six

properties. We set the desirable target property as

P t = (29.12, 27.96, 26.88, 0.003563, 0.1726, 73.69).

Figure 3.29 presents the inference results for ξ1, ξ4, ξ5, ξ6. We can see that these four parameters

can be inferred by MAP. However, for ξ2 and ξ3, we obtain bi-modal PDFs. Hence, we plot MCMC

samples of (γ, k) in Figure 3.30 to investigate the correlation between these two parameters. This

plot reveals a strong correlation between γ and k. We also obtained similar plots to check the

possible correlation between other pairs of parameters (not presented here) but we did not observe

similar correlations.

Therefore, in order to verify the inference results, we select two parameter sets for test (see Table

3.14). The locations of (γ, k) are presented in Figure 3.30 with square points. Notice that here we

Table 3.14: Two sets of inferred parameters θ for the 6D polymer melt system.

a γ k rc ks rmax

θ1 22 5.76 0.20 1.38 39.2 0.9575
θ2 22 6.20 0.22 1.38 39.2 0.9575

fixed ξ1, ξ4, ξ5, ξ6 and select two different sets of (ξ2, ξ3) according to Figure 3.30. We obtain two

sets of target properties from the DPD simulation as presented in Table 3.15. The relative error of
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Figure 3.29: PDFs of a, rc, ks and rmax by Bayesian inference.

each target property is also listed. We observe that the relative error is O(1%) or smaller, hence,

the selections of both parameter sets are good. This implies that in our DPD model we only need

to keep γ or k and use the correlation revealed in Figure 3.30 to set the other parameter. Thus,

we achieve a model reduction by decreasing the degree of freedom of the model by one. In other

words, the Bayesian inference result implies that, in this polymer melt system, we only need five

parameters in our DPD model to capture the six target properties we need.

Remark 3.6.2. In Table 3.15, we notice that the relative errors of different bulk properties varies.

For example, the error of the pressure is smaller than other bulk properties. This is because: (1)

the thermal noise has very little impact on the pressure; (2) the surrogate model for the pressure

is more accurate than other properties due to the sparsity of its gPC coefficients; (3) the pressure
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Figure 3.30: MCMC samples of (γ, k). The two square points are specified in Table 3.14.

Table 3.15: Validation of the inferred parameters θ1 and θ2 for the 6D polymer melt system. The
DPD simulation results for six target properties with different θ are listed. The relative error of
each target property is also listed.

η0.06 η0.07 η0.08 D Rg P
P DPD(θ1) 29.38 28.05 26.83 0.00358 0.1722 73.65

|P t
i (θ1) − P DPD

i |/|P t
i | 0.89% 0.32% 0.19% 0.48% 0.23% 0.05%

P DPD(θ2) 29.47 28.13 26.90 0.00354 0.1722 73.65
|P t

i (θ2) − P DPD
i |/|P t

i | 1.20% 0.61% 0.07% 0.65% 0.23% 0.05%

is less sensitive with respect to the parameters within the range of inferred parameter values.

Since the Bayesian inference result indicates that there exists certain parametric redundancy

we were not aware of when constructing the mesoscopic model for the polymer melt system in

Section 3.5, in order to further validate this hypothesis, we investigate the dynamic properties of

the polymer melt system with two different parameter sets θ1 and θ2 in Table 3.14. We compute

various dynamic properties of the polymer melt system, as shown in Figure 3.31. First, we compute

the shear viscosity as a function of shear rate following the method explained in Section 3.5.3.

The two response curves show good agreement within the whole shear rate regime. Next, we
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consider the bulk diffusivity by computing the mean square displacement of the individual DPD

bead as well as the center of mass of individual polymer. Again the two parameter sets generate

consistent results. Moreover, we consider the relaxation time of individual polymer determined by

the time correlation of the end-to-end vector of individual polymers, e.g., 〈R(0)R(t)〉, where R(t)

represent the instantaneous end-to-end vector of an individual polymer under equilibrium state.

The simulation results agree well with each other. Finally, we consider the relaxation process of

the polymer melt system from a periodic opposite pressure driven flow as sketched in Figure 3.20.

The initial state is obtained by applying equal but opposite body force g = 0.2 on individual

DPD particles. At t = 0, we remove the body force and compute the evolution of individual

polymer using 〈R(0)R(t)〉. Figure 3.31 validates that the two parameter sets result in the same

simulation results. We have also conducted the above study for other parameter sets, generating

similar consistent results. All these results validate that there exists parameter degeneracy in

the mesoscopic model of the polymer melt system. Therefore, the present model can be further

simplified by parameter compression according to the correlation function identified from the above

analysis.

Remark 3.6.3. Based on the framework presented in this section, we may obtain several sets of

parameters that are able to capture the target properties. This is not only because there may be

correlations between the parameters as studied in the 6D polymer melt system, but it may also

be because there are indeed several sets of suitable parameters with no correlation between them

given a wide parameter confidence range. Therefore, it is possible that with a different approach to

obtain the posterior in the Bayesian inference, we may obtain different sets of parameters. Hence,

we can introduce more target properties to select the optimal parameter, or narrow the parameter

confidence range according to empirical values, or select the one with the smallest error for the

target properties we are more interested in.

To conclude, accurately recovered gPC coefficients of the target properties over the random
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Figure 3.31: The shear viscosity, mean square displacement both individual DPD bead and center
of mass of polymer (MSD), bulk relaxation time and relaxation time from reverse Poiseuille flow
for the polymer melt systems with the parameter set θ1 and θ2 in Table 3.14.

parameter space enables us to calibrate the model parameters with respect to the observed target

property values. For models with high dimensional random parameter space, the present work also

provides a framework for model optimization/reduction through identification of all possible pa-

rameter degeneracies. We note that the dual effects from multiple parameters on target properties

of the mesoscopic models may not be easily identified on pure theoretical modeling aspect. Sys-

tematically analysis on the intrinsic relationship between those parameters relies on the fully and
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accurate access to the response surface of the target properties obtained from the present study.

We also emphasize that several factors not considered in the present work may further affect

the performance of present method. First, we note that the present method, theoretically, relies on

a prior assumption that the solution (gPC coefficients) is “sparse” in gPC basis; otherwise we may

not be able to obtain accurate results by means of compressive sensing. However, this condition, in

practice, is usually not that strong for most mesoscopic model systems. Given a system governed

by regular Hamiltonian formulation, the physical properties can usually be well approximated

by several orders of polynomial function over parameter space. Second, we emphasize that the

parameter degeneracy and model reduction/optimization discussed in the present work depends on

the specific physical properties we target to recover. For example, we find the parameter ξ2 and ξ3

are degenerated given the polymer melt model and conditions defined in Sec. 3.6.6. However, we

note that ξ2 and ξ3 may not be degenerated if we specify more target parameters. For instance, if

we assume the mesoscopic force field of the polymer melt system weakly depends on the polymer

number density (e.g., weak many-body effect, see [86] for details discussion) and infer the parameters

by targeting the dynamic properties with number density n = 3 and n = 5, ξ2 and ξ3 may not be

degenerated. However, this result is not unexpected since the spirit of coarse-graining is to utilize

simple formulation to recover less number of target properties. The more properties we target, the

more parameters we need to incorporate into our model. In practice, we need to calibrate both

the model parameter and the formulation according to the target properties we are interested in.

Third, we consider the systems with small thermal noise in this paper. For systems with large

thermal noise, we may need to modify our method by employing gPC with uncertain coefficients

e.g., see [126, 127], or by including another gPC expansion to present the thermal noise. Finally, we

note that the present work can not be directly applied to study systems with parameter confidence

range across the phase transition regime. Special treatment is needed to take care of the abrupt

discontinuity near the phase transition regime. All these issues need further study and will be

addressed in the future work.
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Chapter 4

Rare Events

4.1 Narrow escape problem

The narrow escape problem has gained increasing interest in biology, biophysics, cellular biology,

etc, e.g., [13, 61, 72, 129]. The formulation is the following [2]: a Brownian particle in a bounded

domain Ω with reflecting boundary, except for a small window through which it can escape or to

be absorbed. Figure 4.1 is an example of this type of problem [120]. The narrow escape problem is

that of calculating the mean escape time. This time diverges as the window shrinks, thus rendering

the calculation a singular perturbation problem. The motion of the particle is described by the

Smoluchowski limit of the Langevin equation:

dXt =
1

γ
F (x)dt +

√
2DdWt, (4.1.1)

where X is the location of the particle, D is the diffusion coefficient of the particle, γ is the friction

coefficient, F is the force and Wt is a Brownian motion. We are interested in the the mean first

passage time (MFPT) of the particle. The definition of MFPT is the expectation value of the time

T for the Brownian particle starting from X(0) = x ∈ Ω to reach the escaping window or the

122



Figure 4.1: Sketch of a Brownian trajectory in the two-dimensional unit disk with absorbing win-
dows on the boundary.

absorbing boundary somewhere in ∂Ω, i.e.,

u(x) = E{T |X(0) = x}. (4.1.2)

Asymptotic analysis of this problem for some special cases has been studied, e.g., [120, 31, 132, 130,

131]. For example, from [72, 130] we know that for a two-dimensional domain Ω with a smooth

boundary with one small window of length O(ε) on its boundary, the leading-order expansion for

the MFPT is

u(x) =
|Ω|
πD

[− log ε + O(1)]. (4.1.3)

Notice that this leading-order result is independent of x and the location of the window on ∂Ω.

Here the length of each absorbing arc (see Figure 4.1) is assumed to be εlj , where lj = O(1). Also

it is assumed that the windows are well separated in the sense that |xi − xj | = O(1) for i 6= j.
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4.1.1 Problem set up

The problem we considered here is a variant of the original problem: instead of imposing a reflecting

boundary, we add a potential on the domain to trap the particle as long as possible. In other word,

we aim to optimize the shape of the potential such that the mean escape time of the particle is

maximized. It is well known that (e.g., see [118]) the MFPT of a particle governed by Eq. (4.1.1)

in domain Ω starting at points x is the solution of the following boundary value problem:

D∆u(x) +
1

γ
F (x) · ∇u(x) = −1,x ∈ Ω

u(x) = 0,x ∈ ∂Ω.

(4.1.4)

Now that we consider imposing a potential on the domain to trap the particle, the force can be

expressed as F (x) = −∇V (x), where V (x) is the potential we aim to optimize. For simplicity,

we set D = 1, γ = 1. Hence, we consider the Dirichlet boundary condition problem in a bounded

domain Ω:

∆u(x) −∇V (x) · ∇u(x) = −1 in Ω,

u(x) = g(x) on ∂Ω,

(4.1.5)

where V is the potential of the field. We want to solve the following optimization problem:

max
V

J (V ) = max
V

{
max

x
u + penalty

}
. (4.1.6)

We consider two types of penalty terms:

1. Integral penalty, i.e.

penalty = −λ

∫

Ω

|∇V |2dx,

where λ > 0 is a constant.

2. From a Bayesian point of view, consider a Gaussian random field with zero mean and covari-
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ance function C(x,y). For grid points {xi}, {V (xi)} is a multivariate Gaussian with mean

zero and covariance matrix Cij = C(xi,xj). The corresponding penalty is

penalty = −λ
∑

i,j

V (xi)(C
−1)ijV (xj), (4.1.7)

where λ > 0 is a constant.

4.1.2 Computational Details

In this section, we use a one-dimensional problem to explain the computational details. Consider

a 1D problem on Ω = [0, 1] with an integral penalty:

max
V

J (V ) = max
V

{
max

x
u − λ

∫

Ω

|V ′|2dx

}
, (4.1.8)

where u solves the equation

u′′(x) − V ′(x) · u′(x) = −1 in Ω,

u(x) = 0 on ∂Ω.

(4.1.9)

Solve the BVP problem

We use collocation spectral method to Eq. (4.1.9). We denote the first and second-order derivative

matrix with D1 and D2 respectively. Let xj = cos(jπ/N), 0 ≤ j ≤ N be the collocation points,

{uj}N
j=0 be the values of u at these points, we have

u′′(x)
∣∣
x=xj

− V ′(x)
∣∣
x=xj

· u′(x)
∣∣
x=xj

= −1, j = 1, · · · , N − 1,

u0 = 0, uN = 0.

(4.1.10)

125



Hence we obtain a system of linear equations

N−1∑

j=1

(
(D2)ij + (D1)jkV (xk)(D1)ij

)
uj = −1, j = 1, · · · , N − 1. (4.1.11)

Or equivalently,

(
D

2 + diag(D1V )
)
u = −1, (4.1.12)

where V = (V (x1), V (x2), · · · , V (xN−1)), u = (u1, u2, · · · , uN−1), 1 = (1, 1, · · · , 1). Currently, the

maximum is taken over all xj , j = 0, · · · , N . This may need modifying since usually the discrete

random walk is considered on a uniform grid. In our computation, we set N = 50 and due to the

optimization solver SNPOT we use, we minimize the following object function instead:

min
V

J (V ) = min
V

{
−max

x
u + λ

∫

Ω

|∇V |2dx

}
, (4.1.13)

Notice that the spectral method in this problem is sufficiently accurate, we don’t need large

N , hence, we can reduce that to a smaller number, e.g., 16,20,32, etc. And we can use spline

interpolation to plot the graphs. In 2D tests, in order to obtain the result quickly, we set Nx =

Ny = 12, i.e., 169 points in total. The formulation for a 2D problem is

(
I ⊗ D

2 + D
2 ⊗ I + diag(Vx)I ⊗ D

1 + diag(Vy)D1 ⊗ I
)
u = −1. (4.1.14)

Here we stretch the matrix of the solution U to be a long vector u, ⊗ is the Kronecker product,

diag(Vx) is the diagonal matrix generated from the stretched matrix Vx. For Poisson equations

this is a inefficient way to solve it. However, for our problem, Vx and Vy are changing in each

optimization iteration, hence we use the most brutal force way to solve the 2D BVP problem. Also

remember that D1,D2 are parts of the corresponding derivative matrix since we consider Dirichlet

problem.
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Compute the integral in the penalty term

Since we use Chebyshev points we can use either Fejér (second rule) weights or Clenshaw-Curtis

weights. The former does not use the two end points in the integration while the latter one uses.

Let θk = kπ/N , and we list the weights below:

� Fejér weights:

wF
k =

4

N
sin θk

[N/2]∑

j=1

sin(2j − 1)θk

2j − 1
, k = 0, 1, · · · , N. (4.1.15)

� Clenshaw-Curtis weights:

wCC
k =

ck

N


1 −

[N/2]∑

j=1

bj

4j2 − 1
cos(2jθk)


 , k = 0, 1, · · · , N, (4.1.16)

where the coefficients bj , cj are defined as

bj =





1, j = n/2

2, j < n/2

, ck =





1, k = 0 or n

2, otherwise

. (4.1.17)

In practice, we use Clenshaw-Curtis weights to approximate the integral. In 2D tests, we employ

tensor product rule to generate collocation points as well as the corresponding weights.

Solve the optimization problem

We use SNOPT [4] to solve the optimization problem. The penalty term is necessary otherwise we

will obtain irregular solution. When λ is small, e.g., for the integral penalty with λ < 0.075 we will

also see very huge max u and irregular V ′. In the optimization solver, we do not use the gradient

of the object function yet. The result will be affected by the magnitude of the penalty. The initial

guess is V (x) = −0.01(cos2(πx) − 1).

Notice that since the penalty only depends on the gradient of V , for this case we only consider
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inner points in the optimization problem. For example, for 1D test, if the spatial points are

x0, x1, · · · , xN , then x0 = 0 is fixed and we only have N variables in the optimization problem.

If the penalty is the covariance kernel prior function, since all the xi are included in the penalty,

hence they are all considered as variables in the optimization problem.

We select several kernel functions to generate Gaussian random fields from [6] for the second

type of test, i.e., when V (x) is a Gaussian random field.

4.1.3 Numerical results 1D

In this section we present the results for 1D problem. N is set to be 50 in these tests. As is

mentioned before, smaller number is sufficient.

Integral penalty

We present the result by employing integral as the penalty, i.e., Eq. (4.1.8). In Figure 4.2 we

present the value of u, V, V ′ with N = 50 and λ varying from 0.1 to 100. We notice that when λ

increases from 1 to 100, max u changes slightly, and both V and V ′ decrease with the same order

as λ increases, namely, V and V ′ shrink to 10% as λ increases to 1000%. We can observe that

max u converge to 0.5 as we keep increasing λ. This is because as λ increases, the penalty term is

decreasing and V ′ reduces to 0, hence the solution of (4.1.8) converges to the solution of

u′′(x) = −1, x ∈ Ω,

u(x) = 0, x ∈ ∂Ω.

(4.1.18)

which is the case when no potential is imposed on the domain Ω. The solution is simply

u(x) = −1

2
(x2 − x).
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Figure 4.2: 1D case: u, V and V ′ for different λ with integral penalty.

In Figure 4.3, the potential V with λ = 1, 10, 100 are compared with rescaled (and shifted)

cosine function. We can observe that the potentials for λ = 10 and 100 are very close to the cosine

function. Here the rescaling is accomplished by fitting the peak and valley of the curve with the

cosine function. Hence, it is very probable that the optimal potential is a cosine function. Also,

we present max u − 0.5 and λ
∫
Ω
|∇V |2dx in Figure 4.4, which implies that both the “convergence
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Figure 4.3: Comparison of potential V for different λ and rescaled cosine function.

rate” of max u and the penalty are 1 with respect to λ. Based on the above observation, we adopt

the results with λ = 0.1 as the optimal shape of V (x).
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Figure 4.4: Change of maxu − 0.5 (left) and penalty λ
∫
Ω
|∇V |2dx (right) with respect to λ.

Gaussian random field penalty

We present the results of employing several different covariance matrix bellow. For simplicity, we

consider the isotropic Gaussian random fields, i.e., the covariance function depends only on the
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distance of two points:

C(x,y) = C(τ), τ = ‖x − y‖. (4.1.19)

In this case, we use the correlation function ρ(τ) to denote covariance function C(τ) as in [6].

Spherical covariance

The correlation function of 1D sphere is

ρ(τ,R) = 1 − τ/R. (4.1.20)

Here we set R = 2r = 2 since our computational domain is a 1D ball B1(0). u, V, V ′ with different

λ are presented in Figure 4.5. In fact these results are very close to those with integral penalty

term. We neglect the comparison between V and cosine function here. The optimal shape can be

chosen as V (x) with λ = 0.1.

Exponential covariance

The 1D exponential correlation function is

ρ(τ) = e−3(τ/R)ν

. (4.1.21)

Here we set R = 1. Results for ν = 1 are presented in Figure 4.6. The shape of u are still the same

as the above two examples. Also, as λ increases, the maximum of u converges to 0.5. Although the

potential is different in this case, the change of magnitude of V and V ′ is still proportional to the

change of λ. However, the shape of V is different from the previous two cases. The peaks of curve

V (x) are not on the boundary of the domain but are in it. The optimal shape can be chosen as

V (x) with λ = 0.1.

Next we fix λ = 1.0 and test different ν. In Figure 4.7 we observe that the value of u are similar

and it increases as ν increases. For the potential V , the magnitudes of the gradients at the two

boundary points decreases as ν increases. We list V ′ for ν ≥ 1.0 for comparison. We can observe
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Figure 4.5: 1D case: u, V and V ′ for different λ with 1D spherical kernel ρ(τ) = 1 − τ/R,R = 2.

that V ′ becomes less steep near the boundary as ν increases. This can be related to following

property of the Gaussian random field with exponential covariance : the larger the ν, the smoother

the random field.
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Figure 4.6: 1D case : u, V and V ′ for different λ with exponential kernel ρ(τ) = e−3(τ/R)ν

, ν =
1.0, R = 1.0.

4.1.4 Numerical results 2D

In this section, we present results for 2D tests. The computational domain is Ω = [0, 1]× [0, 1]. We

set Nx = Ny = 16, where Nx + 1 is the number of Chebyshev collocation points on x-axis and

Ny is the number of Chebyshev collocation points on y-axis. Tensor product rule is employed to
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Figure 4.7: 1D case: u, V and V ′ for different ν with λ = 1.0 and exponential kernel ρ(τ) =
e−3(τ/R)ν

, R = 1.

generate 2D collocation points.

Integral penalty

We first present the results of with the integral penalty in Figures 4.8-4.11. The shapes of V (x) with

different λ are very similar while the magnitudes of V (x) and ∇V (x) are different. The selection of

λ = 0.1 is sufficient to provide a regular solution for this case. The optimal choice of the potential

can be as that in 4.8(b).

Gaussian random field penalty

In this subsection we only present the results with exponential correlation function since the spher-

ical correlation function corresponds to the case with the domain being a disk. The 2D exponential

correlation function is given as:

ρ(τ,R) = e−3(τ/R)ν

. (4.1.22)

Here we set R = 1, ν = 1. The results in Figure 4.12-4.14(where λ = 0.1, 1.0, 10.0 respectively)

imply that the shape of V is similar for different λ as we see in the 1D case. The only difference is

the magnitude of the solution V (x) and ∇V (x). In this case, we choose the results of λ = 0.1 as

the optimal potential.

Now we fix λ = 1.0 and see the effect of ν in the exponential kernel. The results in Figure

4.15-4.18 imply that larger ν yield less steep ∇V (x) near the center of the domain.
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Figure 4.8: u, V and ∇V for λ = 0.1 with integral penalty.

4.2 Stochastic domain decomposition

Schwarz method [78, 145, 15, 143, 160, 161] for parallel domain decomposition of deterministic

problems are well-established and have become popular over the last decades. New algorithms based

on more effective transmission of information on the interfaces of subdomains are also proposed, e.g.,

[54, 55, 56, 65]. However, if the governing equation in some subdomains is not deterministic, or if

different sources of uncertainty exists in different subdomains, the classical methods is not effective

to solve the problem. The most natural approach to apply the classical domain decomposition skill

is to first generate sampling points (e.g., based on Monte Carlo method, sparse grid method, etc. )
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Figure 4.9: u, V and ∇V for λ = 0.5 with integral penalty.

of the system, then for each sampling point, employ the Schwarz method for deterministic problem

to solve it. After the solution of each sampling points are collected, some post processing steps are

implemented to obtain the estimate of the statistics or other physical properties of the system e.g.,

[99, 167]. Alternatively, another type of method based on the popular UQ framework is to first

implement a global Galerkin projection based on gPC or its variant, then decompose the global

linear algebra problem into subproblems and solve them them, e.g., [128, 76]. This type of method

relies on the numerical linear algebra skills, e.g., preconditioning, Schur complement, etc. These

methods construct global deterministic problems first then use the existing skills to decompose the
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Figure 4.10: u, V and ∇V for λ = 1.0 with integral penalty.

deterministic problem into subproblems and solve them. The main limitation of these methods is

that the constructed deterministic problems can be very costly to solve. For example, for the non-

intrusive method, if the dimension of the random space is high, large number of advanced sampling

points (e.g., sparse grid points) are needed to obtain sufficiently accurate results due to the curse

of high-dimensionality or Monte Carlo sampling points have to be used. For the intrusive method,

the linear algebra system obtained from the Galerkin projection is huge due to the number of basis

functions needed in the expansion of the solution in the random space. Another concern about

the intrusive method is that it is hard to be extended to more general models. In other words,
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Figure 4.11: u, V and ∇V for λ = 10.0 with integral penalty.

the Galerkin projection is mainly used for solving PDEs or stochastic PDEs. However, in many

applications, the physical system is simulated by particle method, e.g., MD, DPD, SDPD, etc.

Hence, it is impossible or very hard to achieve the Galerkin projection or other intrusive method.

Therefore we aim to propose a new framework, which is non-intrusive and does not require to

construct a huge deterministic system.

Another motivation to consider the domain decomposition method for stochastic problems is

that a general way to represent a random field is to use KL expansion. Take a 1D domain for

example, given the correlation length for a random field, we need more eigvenfunctions in the KL
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Figure 4.12: u, V and ∇V for different λ = 0.1 with ν = 1 in 2D exponential kernel.

expansion for larger domain because the correlation length is smaller with respect to the length

of the domain. Hence if we project the global random field into subdomains, we can obtain low-

dimensional representation of the random field in each subdomain. Notice that the construction of

low-dimensional representation of the random field should be treated carefully. It does not mean

that we only need to compute eigenvalues and eigenfunction for the KL expansion within sub-

domains. Because the correlation between the points in different subdomains will be eliminated,

hence some information of the global random field is lost. Therefore, unlike the deterministic do-

main decomposition problem, the first problem we are face to is to present the problem in each

subdomain! This problem is solved in one of our ongoing work to some extend. The next problem
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Figure 4.13: u, V and ∇V for different λ = 1.0 with ν = 1 in 2D exponential kernel.

is the information to be transferred through the interface of subdomains. This is the most critical

part of the stochastic domain decomposition method. Unlike the deterministic cases, where value

of the solution (for Dirichlet boundary condition), derivative of the solution (for Neumann bound-

ary condition) or the combination of value and derivative of the solution (for the Robin boundary

condition) is passed across the interface, we need to transfer sufficient stochastic/statistical infor-

mation through the boundary to guarantee the accuracy. However, this step is extremely hard

and can even be not achievable in some cases. For example, consider a case in which we apply

MD simulation in a subdomain and solve Navier-Stokes equation in the adjacent domain. It is

easier to extract information from MD simulation and pass it to the Navier-Stokes solver. This
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Figure 4.14: u, V and ∇V for different λ with ν = 1 in 2D exponential kernel.
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Figure 4.15: u for different ν in 2D exponential kernel with λ = 1.

is because the macroscopic properties, e.g., viscosity, velocity, can be obtained by take average in

the MD simulation. Unlike this up-scaling step, for the down-scaling step, which is transferring

information from the Navier-Stokes solver to the MD simulation, we will have infinite number of
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Figure 4.16: V for different ν in 2D exponential kernel with λ = 1.
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Figure 4.17: Vx for different ν in 2D exponential kernel with λ = 1.
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Figure 4.18: Vy for different ν in 2D exponential kernel with λ = 1.

choice of the configurations. This is because we only have the information of the mean. Although

some techniques have been proposed to deal with this problem (e.g., see [152]), these types of

constrained method relies on some assumption and lose some accuracy. An alternative solution to

this problem is to use the “triple-decker” skill [45], which introduce a mesoscopic layer between

the miscroscopic and macroscopic model. It requires constructing the mescopic model which is not

easy. Moreover, the convergence of the method by passing specific stochastic boundary condition
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across the interface remains to be proved. The techniques for analysing the convergence of the

deterministic equation (e.g., [100, 101]) is NOT directly applicable.

In this section we consider the domain decomposition problem with stochastic/deterministic

coupling and stochastic/stochastic coupling. More specifically, for the first case, we consider a

problem with two non-overlapping subdomains. The governing equation on one subdomain includes

random coefficients while the governing equation on the other subdomain is deterministic. For the

second case, we consider a problem with overlapping subdomains and the random coefficients have

differenet representation on different domains.

4.2.1 Problem set up

We consider the elliptic equation

− (a(x; ξ)u(x; ξ)′)′ = f(x), x ∈ (xl, xr),

u(xl) = ul, u(xr) = ur.

(4.2.1)

where ξ is i.i.d. U [−1, 1] and a(x; ξ) is a random field. The domain is decomposed into several

subdomains, and a(x; ξ) denotes different random fields in different subdomains. Figure 4.19 is a

demonstration of two non-overlapping adjacent domains. In this figure τi,j denotes the information

transferred from Di to Dj , and τj,i denotes the information from Dj to Di. Figure 4.20 is a

demonstration for two-overlapping domains. Similarly, τi,j denotes the information from Di to Dj

and so on. In this thesis, we decompose the entire domain into two subdomains. The idea can be

directly extended to dealing with multiple subdomains. We denote the two subdomains D1 (see Di

in Figures 4.19, 4.20) and D2 (see Dj in Figures 4.19, 4.20).

The analytic solution for deterministic version of the problem (i.e., when ξ is fix in Eq. (4.2.1))

is

u(x) = ul +

∫ x

xl

a(xl)u
′(xl) −

∫ s

xl
f(t)dt

a(s)
ds, (4.2.2)
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Figure 4.19: Demonstration of two non-overlapping domains.
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Figure 4.20: Demonstration of two overlapping domains.

where

a(xl)u
′(xl) =

(
ur − ul +

∫ xr

xl

∫ s

xl
f(t)dt

a(s)
ds

)/(∫ xr

xl

ds

a(s)

)
. (4.2.3)

The reference solution of Eq. (4.2.1) is obtained by PCM method, i.e., by employing Eq. (4.2.2)

for different samples of ξ, then compute the statistics with corresponding weights for each ξ.

4.2.2 Stochastic/deterministic coupling

For the stochastic/deterministic coupling problem, we set the domain D = [−1, 1] and we decompose

it into two non-overlapping subdomains (see Figure 4.19). We set

D1 = [−1, γ], D2 = [γ, 1].

We consider the case when a(x; ξ) is a random field in D1 and it is a constant in D2. On D1

we impose Dirichlet boundary condition on both ends while on D2 we impose Neumann boundary

condition on the left end (x = γ) and Dirichlet boundary condition on the right end (x = 1). For
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deterministic case, the analytic solution on D1 is given in Eq. (4.2.2) with

a(−1)u′(−1) =

(
u(γ) − u(−1) +

∫ γ

−1

∫ s

−1
f(t)dt

a(s)
ds

) / (∫ γ

−1

ds

a(s)

)
. (4.2.4)

The analytic solution on D2 ([γ, 1])is

u(x) = u(1) −
∫ 1

x

a(γ)u′(γ) −
∫ s

γ
f(t)dt

a(s)
ds, (4.2.5)

We use 200 elements with 5 Gauss quadrature points in each to compute the integral, hence the

error of solving the deterministic system can be neglected.

We propose an optimization method based on the gPC approximation of the solution at x = γ.

We first approximate u(γ) as

u1(γ; ξ) ≈
P∑

|α|=0

cαψα(ξ). (4.2.6)

Here the subscript “1” indicates that this expansion will be used as the boundary condition for

solving the subproblem on D1. Notice that if we obtain an accurate gPC expansion in the above

gPC approximation, we can solve the Dirichlet-Dirichlet problem on D1 accurately, then based on

the this result, compute an accurate gPC expansion of u(γ; ξ)′, next, solve the Neumann-Dirichlet

problem on D2. Hence the key point is to obtain the gPC coefficients of u(γ; ξ). This is accomplished

by the optimization procedure. We start from a initial guess of cα, which can be obtained by solving

a deterministic problem (e.g., set a(x; ξ) = ā) on the global domain. This is nothing more than

solving the global problem once. After this step, we will obtain c0 which is the solution of the global

problem at x = γ and set other entries of c to be zero. Based on c we can solve the subproblem on

D1 first then solve the subproblem on D2. After the Neumann-Dirichelet problem on D2 is solved,

we can obtain another gPC expansion of u(γ; ξ):

u2(γ; ξ) ≈
P∑

|α|=0

c̃αψα(ξ). (4.2.7)
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Here the subscript “2” that this solution is obtained by solving the subproblem on D2. We aim to

minimize the difference between u1 and u2, namely ‖u1(γ; ξ) − u2(γ; ξ)‖2. If we use the same sets

of the basis in the gPC expansion in D1 and D2, this is equivalent to minimizing ‖c − c̃‖2. As a

summary, the problem is set as the following optimization problem:

minJ (c) = min
c

{‖c − c̃‖2 | c̃ = L2(L1(c)), } (4.2.8)

where L1 the mapping c 7→ c∗ where c∗ is the gPC coefficients of u1(x;x)′ on the boundary x = γ

and L2 is L2 is the mapping c∗ 7→ c̃ where c̃ is the gPC expansion of u2(x; ξ) on the boundary

x = γ.

Since we consider a deterministic/stochastic coupling problem, we set the random field a(x; ξ)

as follows:

a(x; ξ) =





1.0 + σG(x; ξ)M(x; γ, δ) x < γ,

1.0 x ≥ γ.

(4.2.9)

Here G(x; ξ) is the KL expansion of a random field on [−1, γ], σ is the magnitude of the perturbation

which is selected to guarantee the positivity of a(x; ξ), M(x; γ) is the following mollifier:

M(x; γ, δ) =





1.0 x ≤ γ − δ,

exp

(
1.0 − 1.0

1.0 − |[x − (γ − δ)]/δ|2
)

γ − δ < x < γ

0.0 x ≥ γ.

(4.2.10)

We set δ = 0.2 here. Notice that the mollifier is a C∞ function see Figure 4.21.

We first set G(x; ξ) = ξ where ξ ∼ U [−1, 1], i.e., a uniform random variable distributed on

[−1, 1]. We set σ = 0.5, which implies that the range of a(x; ξ) is [0.5, 1.5]. γ is set to be 0.5. We

solve the elliptic equation on [−1, 1] with 9 Gauss quadrature points to obtain the reference solution

ug. Then we approximate u1(γ) with a fifth-th order gPC expansion, hence we have 6 variables

146



−1 −0.5 0 0.5 1

0

0.2

0.4

0.6

0.8

1

Figure 4.21: Demonstration of mollifier.

in the optimization problem. The optimization is achieved by SNOPT [4] package. We compare the

first fourth-order moments of the solution by the domain decomposition method and the reference

solution at 21 equi-distance points on [−1, 1]:

µr(xi) = E(u(xi; ξ)r), i = 0, 1, · · · , 21; r = 1, 2, 3, 4. (4.2.11)

Figure 4.22 presents the comparison results, where solid lines are reference solutions and circles

are results by optimization-based domain decomposition. Obviously, it is impossible to observe the

difference on this figure. We compute the relative l2 error of each moments over the physical space

and present the results in Table 4.1. From this table we observe that the error is small and the

error is larger for larger r. Notice that in our test we use the same number of Gauss quadrature

point in random space for global problem and the domain decomposition problem, the error here

consists of two parts: 1) the truncation error of the gPC approximation of the u1(γ; ξ), u1(γ; ξ)′

and u2(γ; ξ); 2) the accuracy of the optimization solver. If the truncation error is the same as

the global solution and if the optimization solver provides the global minimum of the optimization

problem, the results by domain decomposition should be the same as the global solution since the

solution of this equation is unique.
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Figure 4.22: 1D case: comparison of the first four moments for the stochastic domain decomposition
problem. Solid lines are the reference solution and circles are the results by the decomposition.

Table 4.1: 1D case: relative error (in L2 norm) of the estimated first four moments.

µ1 µ2 µ3 µ4

1.098e − 6 7.769e − 6 3.208e − 5 9.909e − 5

We also test a multi-D case in which we use the KL expansion with Gaussian kernel to represent

the random field. We set the correlation length to be 0.2. The KL expansion on [−1, 0.5] requires

10 eigenvalues cover 99% of the “energy”, i.e., the summation of all the eigenvalue. Level 3 sparse

grid points are employed to compute the global solution and to obtain the gPC expansion in each

subdomain in each iterations within the optimization solver. The gPC expansion for u1(γ; ξ) is

truncated up to P = 2, hence we need to identify 66 coefficients. The comparison of the results

by different methods are presented in Figure 4.23 and the error of different moments are listed in
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Table 4.2. We can see that the results by the domain decomposition method is very accurate.
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Figure 4.23: 10D case: comparison of the first four moments for the stochastic domain decomposi-
tion problem. Solid lines are the reference solution and circles are the results by the decomposition.

Table 4.2: 10D case: relative error (in L2 norm) of the estimated first four moments.

µ1 µ2 µ3 µ4

3.752e − 7 2.544e − 6 8.225e − 6 1.969e − 5

For the above two cases, we require that the gPC expansion of the solution at the boundary from

different subdomain should be the same. This is a very strong requirement, hence yields accurate re-

sults but it is costly. For higher dimensional problems, especially for stochastic/stochastic coupling

problems, we may relax the requirement to matching the first several moments of the solution from

different subdomains. Moreover, with this method we do not explicitly transfer the information

across the interface since the optimization solver accomplishes this task in each iteration. However,
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for the problems with many subdomains, the complexity of the optimization problem increases

very fast as the number of unknown becomes larger. Hence, a more delicate optimization solver is

needed. Alternatively, an efficient approach to explicitly transfer the stochastic information across

the interface is necessary.

4.2.3 Stochastic/stochastic coupling

In this section, we consider two adjacent domains with different correlation lengths, i.e., a(x; ξ)

are different random fields in different subdomains. We decompose the domain D = [0, 1] into two

overlapping domains (see Figure 4.20) D1 = [0, 0.8],D2 = [0.6, 1.0]. The random fields a(x; ξ) is

given as the following KL expansion:

a(x; ξ) = ā +
∑

k

√
λkφk(x)ξk.

Here (λk, φk) are eigenpairs of the following modified Gauss covariance kernel:

C(x, y) = exp


− |x − y|2

[
l(x) + l(y)

2

]2


 , (4.2.12)

where the correlation length is given as:

l(x) = M(x; γ, δ) ·
(

1

10
− 1

40

)
+

1

40
(4.2.13)

with γ = 0.8, δ = 0.2 (see Figure (4.24)). In other words, on [0, 0.6] the correlation length is 1/10,

on [0.8, 1.0] the correlation length is 1/40, and on [0.6, 0.8] the correlation length is a C∞ function

connecting 1/10 and 1/40. We select the overlapping domain as [0.6, 0.8], i.e., the domain with

mollified correlation length. The covariance matrix is given in Figure 4.25. We can see from this

Figure that the correlation length on [0, 0.6] and [0.8, 1.0] are constants. [0.6, 0.8] is a transition
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area in which the correlation length decreases smoothly. To represent the random field based on

the eigenpairs of kernel (4.2.12), we need 21 terms in KL expansion to cover 99.3% of the total

energy. A realization of this random field is given in Figure 4.26 as an example.
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Figure 4.24: Correlation length of the random field of the stochastic/stochastic coupling problem.
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Figure 4.25: Demonstration of covariance kernel C(x, y) given by Eq.(4.2.12).

In order to represent the random field in subdomains, we firstly construct the covariance matrix

C based on the quadrature points. As is well known that to compute the eigenpairs, we discretize

the integral equation
∫

C(x, y)φ(y)dy = λφ(x)
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Figure 4.26: One realization of the random field with covariance kernel C(x, y) given by Eq.(4.2.12).

by approximating the integral with quadrature rule. Hence we need to solve the following eigenvalue

problem:

CWv = λv,

where W is a diagonal matrix consists of the weights of the corresponding quadrature points. Here

v should be a normalized since ‖φ‖2 = 1. The matrix C we use in this section is presented in Figure

4.25. Here we decompose domain [0, 1] into 100 equi-distance elements and use 3 Gauss quadrature

points in each element. The random field on [0, 1] is represented by the following KL expansion:

Rg(x; ξg) = ā +

Kg∑

k

√
λgkφgk(x)ξk, ξi ∼ i.i.d. U [−1, 1]. (4.2.14)

Next, we decompose the covariance matrix C into three (overlapping) sub-covariance matrix

Ci, i = 1, 2, 3 as shown in Figure 4.27. Each Ci is the covariance matrix for a subinterval of [0, 1]:
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Figure 4.27: Demonstration of decomposing the covariance matrix C .





C1(x, y) : x, y ∈ [0, 0.6],

C2(x, y) : x, y ∈ [0.3, 0.9],

C3(x, y) : x, y ∈ [0.8, 1.0].

(4.2.15)

Notice that with this decomposition we do not keep all the information of the covariance kernel. For

example, the correlation between x = 0.2 and y = 0.8 is neglected. However, the value of covariance

between these two points are very small: C(0.2, 0.8) ∼ O(10−7). Due to the correlation length and

the size of the sub-covariance matrix, we keep most information of the covariance matrix C . More

specifically, if we set C̃ = C , and set all the entries of C̃ , the corresponding location point (x, y) is not

included in any of Ci in Figure 4.27, to be zero, the relative L2 error ‖C −C̃‖2/‖C‖2 = 1.96×10−11.

In order to obtain Ci, we multiply the corresponding part of C by a weight matrix Hi:

Ci = (C (mi : ni,mi : ni) · Hi)p, i = 1, 2, 3.
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where (·)p is point-wise product between two matrices (i.e., if C = (A · B)p, then Cij = AijBij),

Hi are weight matrices:

H1 =





M((x + y)/2; 0.6, 0.3), (x, y) ∈ [0.3, 0.6]2;

1, (x, y) ∈ [0, 0.6]2/[0.3, 0.6]2;

(4.2.16)

H2 =





1 −M((x + y)/2; 0.6, 0.3), (x, y) ∈ [0.3, 0.6]2;

1 −M((x + y)/2; 0.9, 0.1), (x, y) ∈ [0.8, 0.9]2;

1, (x, y) ∈ [0.3, 0.9]2/([0.3, 0.6]2 ∪ [0.8, 0.9]2);

(4.2.17)

H3 =





M((x + y)/2; 0.9, 0.1), (x, y) ∈ [0.8, 0.9]2;

1, (x, y) ∈ [0.8, 1]2/[0.8, 0.9]2.

(4.2.18)

Notice that the entries of the weight matrices are 1 except for the area where different Ci overlap.

For example, at point (0.2, 0.2) the corresponding entry of the weight matrix is 1 while at point

(0.5, 0.5) the corresponding entry of the weight matrix is between 0 and 1. To construct the weight

matrix in the overlapping area, we employ the mollifying function. Figure 4.28 presents three

weight matrices we use. Each weight matrix corresponds to a block of the covariance matrix C .

The three sub-covariance matrices are presented in Figure 4.29. In each subdomain, we solve a
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Figure 4.28: Weight matrices.
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local eigenvalue problem

CiW (mi : ni,mi, ni)vi = λivi,

where W (mi : ni,mi, ni) is a block of quadrature weight matrix W corresponding to the block of

C , based on which Ci is constructed. Hence, we can obtain three KL expansion based on three
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Figure 4.29: Sub covariance matrices.

different Ci:

KL1(x; ξ1) =

K1∑

k=1

λ1kφ1k(x)ξ1k, x ∈ [0, 0.6];

KL2(x; ξ2) =

K2∑

k=1

λ2kφ2k(x)ξ2k, x ∈ [0.3, 0.9];

KL3(x; ξ3) =

K3∑

k=1

λ3kφ3k(x)ξ3k, x ∈ [0.8, 1];

(4.2.19)

where ξik(i = 1, 2, 3) ∼ i.i.d. U [−1, 1]. Based on these KL expansions, we construct the random

field on D1 and D2 as follows:

R1(x; ξ1, ξ2) = ā + KL1(x; ξ1) + KL2(x; ξ2)1[0,0.6], x ∈ D1;

R2(x; ξ2, ξ3) = ā + KL3(x; ξ3) + KL2(x; ξ2)1[0.6,1], x ∈ D2,

(4.2.20)

where 1[·] is the indicator function. With the correlation length given in Eq.(4.2.13), we use Kg = 21

random variables in Rg to represent the random field, the relative L2 error of the reconstructed

covariance matrix based on 21 eigenfunction φgk(x) is 1.3× 10−4. We set K1 = 7,K2 = 10,K3 = 9

for KL1,KL2,KL3, respectively. The relative L2 error of the reconstructed covariance matrix
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based on these three KL expansion is 1.4 × 10−4.

Similar to the stochastic/deterministic coupling, we use optimization method to solve this prob-

lem. On both D1 and D2 we solve Dirichlet boundary problem to obtain solution u1(x; ξ1, ξ2) and

u2(x; ξ2, ξ3), respectively. Here we need to provide the expression of u1 at the boundary of D1, i.e.,

x = 0.8 and the expression of u2 at the boundary of D2, i.e., x = 0.6. Hence, we assume the gPC

expansion of u1 and u2 at these two points are:

u1(0.8; ξ1, ξ2) =

P1∑

|αj |=0

cαj
ψαj

(ξ1, ξ2),

u2(0.6; ξ2, ξ3) =

P2∑

|βj |=0

dβj
ϕβj

(ξ2, ξ3).

(4.2.21)

We aim to minimize the difference of the statistics of the u1 and u2 at the boundary of D1 and D2.

More specifically, based on u1(0.8; ξ1, ξ2) we can obtain u1(0.6; ξ1, ξ2) and based on u2(0.6; ξ2, ξ3)

we can obtain u2(0.8; ξ2, ξ3). We aim to minimize the following object function:

J (u1, u2) =

R∑

r=1

wr

[
|µr(u1(0.6)) − µr(u2(0.6))|2 + |µr(u1(0.8)) − µr(u2(0.8))|2

]
, (4.2.22)

where µr is the r-th order moments, wr is a weight since the magnitude of different order moments

are different. Now that u1 and u2 at the boundaries are approximated by gPC expansions u1(cα)

and u2(cβ), the objection function can be expressed as the function of cα and dβ in Eq. (4.2.21):

J (cα, dβ) =

R∑

r=1

wr[|µr(L1(cα)) − µr(u2(dβ))|2 + |µr(L2(cβ)) − µr(u1(dα))|2], (4.2.23)

where L1 is the mapping cα 7→ u1(0.6; ξ1, ξ2) and L2 is the mapping dβ 7→ u2(0.6; ξ1, ξ2) In this

problem, we set P1 = P2 = 2 in Eq. (4.2.21), R = 2 in Eq. (4.2.23), wr = 20 in Eq. (4.2.23).

We use SNOPT [4] to minimize J(cα, dβ), and the results are presented in Figure 4.30. Here we

use level 2 sparse grid method to compute the statistics of u1 and u2. The reference solution is
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obtained by solving the global problem on [0, 1] with 21 random variables in the expansion of the

random field Rg, i.e., Kg = 21 in Eq. (4.2.14). The relative errors of the first four moments are

listed in Table 4.3. We notice that for the estimate of the higher order moments, the accuracy is

decreasing. The error is large near x = 0.5 and is small near the boundary. This is because we set

u = 0 on both ends of the domain.
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Figure 4.30: 21D case: comparison of the first four moments for the stochastic domain decomposi-
tion problem. Solid lines are the reference solution and circles are the results by the decomposition.

Table 4.3: 21D case: relative error (in L2 norm) of the estimated first four moments.

µ1 µ2 µ3 µ4

1.266e − 3 7.684e − 3 2.297e − 2 4.739e − 2

Also, if we compare these results with those in the stochastic/deterministic coupling, the error

here is larger. This is because for the stochastic/deterministic coupling, we match the gPC expan-
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sion at the boundary, which indicates that we match each trajectory of the local solution at the

boundary. However, for the stochastic/stochastic coupling, we only match several moments of local

solutions at the boundary, hence, the results is less accurate.

Remark 4.2.1. We use PDE constrained optimization method to solve the stochastic domain

decomposition problem. With this method we do not need to provide an explicit form of the

information transferred across the boundary.However, if we decompose the entire domain into more

subdomains, the computational cost may increase fast since we will have more unknowns in the

system. Therefore, an appropriate expression of the information to pass as well as a quick iteration

method is required. This will be our future work.
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Chapter 5

Summary and Future Work

In this thesis, we present adaptive ANOVA method for high-dimensional problems, gPC based

compressive sensing method to obtain a surrogate model efficiently and the narrow escape problem

as well as stochastic domain decomposition.

In Chapter 2, we propose a criterion based on the variance of the component functions in (an-

chored) ANOVA decompositions. Hence the selection pool of the higher order component functions

is decided by the lower order component functions. In both compressible flow and ring oscillator

models presented in this Chapter, we can see that the most important interaction terms are the

second-order interactions, i.e., second-order component functions make main contribution to the

ANOVA decomposition. The high-order component functions are neglected, hence the computa-

tional cost is dramatically reduced. For the 100 dimensional case of the compressible flow, due to

the magnitude of the perturbation, we only need first-order component functions to capture mean

and standard deviation of the system. These examples imply that in practical problems, even the

nominal dimension of the system is high, a draconian truncation of the ANOVA expansion may

lead to accurate solutions.

In Chapter 3, we consider systems with sparse gPC expansions. We test the reweighted ℓ1

minimization method and also combine the reweighted ℓ1 minimization with the Cheyshev sampling
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strategy to propose a efficient way to construct the gPC expansion. This method can be considered

as a post processing of Monte Carlo method if no special sampling strategy is employed, hence, it is

flexible. We point out that for high-dimensional problem, the Chebyshev measure based sampling

strategy is not a good choice, and reweighted ℓ1 alone is sufficient. We also notice that the upper

bound of the accuracy of this method is not sharp since it predicts that the error is O 1√
m

, where

m is number of samples we use. Our numerical results for stochastic elliptic equations show higher

accuracy than this. In the second part of Chapter 3, we use gPC expansion to construct the

surrogate model of the response surface of two DPD systems. Based on the physical knowledge of

the system we select the macroscopic properties of system such that their gPC expansions are sparse.

Hence, we are able to compute the gPC coefficients based on limited number of DPD simulations,

which are usually very costly. Further, this accurate response surface enables us to apply Bayesian

inference to identify the parameters in the DPD model. Notice that the inference procedure is

based on the MCMC, which requires evaluating the system tens of thousands of times. Therefore,

our method is very suitable for this type of problems since the surrogate model is accurate and

extremely easy to evaluate. This approach provides a general framework for mescoscale model

calibration, and it leads to parametric compression and dimensionality reduction.

In Chapter 4, we firstly consider the narrow escape problem. The mean first passage time is

maximized by imposing a potential to trap the Brownian particle. This type of research can be

applied to many rare events problems where reaction rate is of interest since it can be expressed

as a function of the MFPT. Our optimization results show the optimal shape of different types of

potentials for 1D and 2D cases. This will help to identity ways to accelerate the reactions in biology,

chemistry, etc. Moreover, an optimization based method to solve stochastic domain decomposition

problem is proposed. This method is very accurate as long as the gPC expansion of the solution

on the boundary is small. It helps to understand the propagation of uncertainties across different

domains and different scales. Therefore, it is helpful to study the rare events generated by the small

perturbation induced by the uncertainty from different domain or different scales.
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In the future, we would like to extend research to multiscale modeling, simulation of complex

materials. We would like to develop a systematic approach of model calibration for mesoscale

models as well as other multiscale models. We aim to to develop new sampling strategies which are

capable of selecting sampling points more efficiently. Next, in order to exploit information from the

simulation results, we plan to develop a hybrid ANOVA-compressive sensing method. This method

takes advantage of both adaptive ANOVA and compressive sensing based UQ method. More

specifically, the ANOVA method helps to determine the important variables and the CS based UQ

method constructs a gPC surrogate model with a few simulations results. As the adaptive ANOVA

is a hierarchical approach, this new hybrid method will be able to identify additional sampling

points that can be tested to further enhance the accuracy of the approximation. In the last step,

Bayesian inference is employed to search for suitable parameters and achieve model reduction by

identifying existing correlations between parameters. Moreover, we plan to develop algorithms

based on the aforementioned methods to study the rare events. One possible approach that we

would like to explore in the near future is the following. As CG model allows larger time steps, it

can serve as a guidance for the MD simulation to explore the free energy surface. We can use a

CG model to first probe the free energy surface (relatively) quickly, and then use MD simulations

to detect the detailed structure, e.g., local/global minima, saddle points, etc. In this “prediction-

correction” procedure, a suitable CG model is critical. We will aim to design better approaches to

determine optimal parameters in the CG model and to select proper collective variables. Further,

we will continue our work on the stochastic domain decomposition, which helps to understand the

perturbation inducing rare events across scales more efficiently, and propagation of uncertainty in

multiphysics problems.
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