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Yue Yu, Ph.D., Brown University, May 2014

In recent years, there has been great interest in fluid-structure interaction (FSI) problems due

to their relevance in structural engineering and biomedical applications. However, several difficul-

ties have hindered the development of partitioned FSI algorithms in large-scale simulations: the

relatively small values of the mass ratio between the arterial wall and the blood will cause insta-

bilities in coupled solvers; the arterial wall responses are very complicated therefore difficult to be

described by classical structural models; accurate simulations in patient-specific geometries require

large CPU time; and so on. To resolve these difficulties, design and analysis of efficient and stable

numerical schemes for structure solver, fluid solver, and fluid-structure interaction procedure are

considered in this thesis, with contributions on:

• developing and accelerating the spectral/hp element method structure solvers for linear elastic,

hyperelastic and viscoelastic models;

• validating the spectral/hp element method fluid solver in image-based computational biofluid

mechanics;

• stabilizing the partitioned fluid-structure interaction procedure and resolving the added-mass

effect;

• developing and employing fractional PDEs solvers to model the complex biomechanical vis-

coelastic properties of patient-specific arteries.

Specifically, on the structure side firstly a mixed formulation for nearly incompressible nonlinear

elasticity is investigated, which has superior accuracy and efficiency compared with the displacement-

only formulation. Moreover, a semi-local solver is developed for spectral/hp element discretization

of the linear elasticity equations, from which we obtain good scalability in large scale parallel

computing. To better capture the complex biomechanical viscoelastic properties of soft tissue in

arteries, the governing equations for structure are extended to fractional viscoelasticity models, and

their sensitivities to the patient-specific viscoelastic coefficients are numerically investigated. On

the fluid side, the spectral element method solver is validated by comparing the simulation results

with clinical angiographic images and with numerical solutions from other research groups. Lastly,

two new schemes (fictitious methods and stabilized explicit algorithm) for fluid-structure interac-

tion (FSI) are designed to stabilize and accelerate the communications between fluid and structure

solvers, with analysis for choosing the optimal coefficients provided. To validate the optimal coef-

ficient analysis, the FSI framework is applied to patient-specific aneurysms and also to deepwater

offshore risers covered with fairings, hence demonstrating the general applicability of the developed

methodology.
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Chapter 1

Introduction

Cerebral aneurysm is pathological dilatation of intracranial artery, and its rupture is the leading

cause of subarachnoid hemorrage [2]. However, the current clinical technology could not provide a

lot of detailed information in vivo. Computational simulations then appear as an effective alterna-

tive approach for understanding the mechanisms behind aneurysm growth and rupture, which rely

heavily on the fluid-structure interaction (FSI) methods. Regarding the numerical approaches, the

high-order spectral/hp element method has demonstrated particular advantages because of its high

resolution in space which makes it possible to capture the complicated patient-specific aneurysm

geometry, and to predict possible flow instabilities. Moreover, similar FSI coupling approaches are

also required in offshore engineering, and in particular in vortex-induced vibrations of long rises.

Therefore, this thesis will focus on developing and bringing to real-life applications high-fidelity and

high-performance numerical tools for fluid-structure interaction, with spectral/hp element methods.

To accelerate the structure solver, we first present a mixed formulation for high-order spectral/hp

element methods in chapter 2.1, and investigate its stability in large strain analysis of nearly incom-

pressible solids. Specifically, we employ the displacement/pressure formulation and use a pressure

projection method along with general Jacobi polynomial bases to derive the discrete equations. We

first study the convergence of the method for smooth and singular solutions of elastic and hyperelas-

tic problems for various combinations of mixed elements. Subsequently, we investigate numerically

the validity of ellipticity and inf-sup conditions for various test problems including cases with large

deformation. We find that the inf-sup condition is satisfied even when the pressure interpolation

order Op is equal to the displacement order Ou, but to resolve the locking-free behavior it is re-

quired that Op = Ou− 1, and this choice also gives the best convergence rate. In large deformation

analysis, surprisingly the results are more stable for Ou ≥ Op ≥ Ou − k because the ellipticity

1



in kernel is better satisfied, with higher k as Ou increases. Compared to the displacement-only

formulation, the mixed formulation seems to have superior accuracy and it is overall more efficient,

especially for problems with high bulk modulus.

Moreover, in the simulations we have realized that the conjugate gradient procedure in the

structure solver is a bottle-neck for efficiency. In chapter 2.2 we therefore develop an efficient

semi-local method for speeding up the solution of linear systems arising in spectral/hp element

discretization of the linear elasticity equations. The main idea is to approximate the element-wise

residual distribution with a new localization operator, and subsequently solve the local linear sys-

tem. Additionally, we decouple the three directions of displacement in the localization operator,

hence enabling the use of an efficient low energy preconditioner for the conjugate gradient solver. In

numerical tests, we verify that there is no loss of accuracy in the semi-local method, and we obtain

good parallel scalability and substantial speed-up compared to the original formulation. In particu-

lar, our tests of fluid-structure interaction problems modeling a 3D patient-specific brain aneurysm

show that this semi-local method benefits the partitioned FSI procedure without increasing the

required subiteration numbers in each time step.

Furthermore, we develop fundamental new numerical methods for fractional order PDEs, and

investigate the fractional order models for arterial walls in chapter 2.3. Specifically, the arterial

wall is a heterogeneous soft tissue with complex biomechanical properties, and its constitutive laws

are typically derived using integer-order differential equations. However, recent simulations on

1D model [3] have indicated that fractional order models may offer a more powerful alternative

for describing arterial wall mechanics, because they are less sensitive to the parameter estimation

compared with the integer-calculus-based models. We study the specific fractional PDEs that

better model the properties of the 3D arterial walls, and for the first time employ them into FSI

simulations for patient-specific arterial flows in chapter 4.3.

We now turn to the fluid side in chapter 3.1, in which we investigate the predictive capacity of

the image-based computational fluid dynamics model for the study of blood flow dynamics. Firstly,

to see if the model indeed reproduces the in vivo hemodynamic environment, we develop a parallel

advection-diffusion solver with high-order spectral/hp element method and mimic the dye injection

procedure. For the purpose of validating patient-specific CFD models, a time-series of virtual

angiographic images is constructed from the computed 3D contract agent flow dynamics, and is

shown to be in excellent agreement with the corresponding clinical images. To further validate our

solver directly, we participated in the CFD challenge workshop organized by Prof David Steinman

[1]. The sensitivity of CFD predictions to different solvers is evaluated across many research

groups, by comparing the blood flow simulation results on the same giant aneurysm geometry
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but with different numerical solvers. Concordance of pressure drop predictions are obtained in the

comparison across a wide range of solvers and solution strategies.

To stabilize the fluid-structure interaction solver, in chapter 4.1 we present a new fictitious

pressure method for fluid-structure interaction (FSI) problems in incompressible flow, by general-

izing the fictitious mass and damping methods published previously in [4]. The fictitious pressure

method involves modification of the fluid solver whereas the fictitious mass and damping methods

modify the structure solver. We analyze all fictitious methods for simplified problems and obtain

explicit expressions for the optimal reduction factor (convergence rate index) at the FSI interface

[5]. This analysis also demonstrates an apparent similarity of fictitious methods to the FSI ap-

proach based on Robin boundary conditions, which have been found to be very effective in FSI

problems. We implement all methods, including the semi-implicit Robin based coupling method, in

the context of spectral element discretization, which is more sensitive to temporal instabilities than

low-order methods. In numerical tests, we verify the selection of optimal values for the fictitious

parameters for simplified problems and for vortex-induced vibrations (VIV) even at zero mass ratio

(“for-ever-resonance”). We also develop an empirical a posteriori analysis for complex geometries

and apply it to 3D patient-specific flexible brain arteries with aneurysms for very large deforma-

tions. We demonstrate that the fictitious pressure method enhances stability and convergence, and

is comparable or better in most cases to the Robin approach or the other fictitious methods.

Although the fictitious methods have successfully stabilized the FSI solver, it could only be

applied on the implicit coupling procedure where subiterations are employed in each time step. In

section 4.2 we further develop a new stabilized explicit coupling partitioned scheme for the fluid-

structure interaction problem, to the case where the pressure and velocity are decoupled, i.e. the

fluid part is solved with projection methods. Specifically, proper penalty terms are applied on the

displacement, pressure and velocity solvers separately, to control the variations at the interface.

Using energy stability analysis, it can be shown that the scheme is stable independent of the fluid-

structure density ratio. Numerical examples are provided to show that although the penalty terms

will degrade the time accuracy of the scheme to half order, optimal accuracy can be recovered by

performing defect-correction subiterations. On vortex-induced vibration problems the performance

of this stabilized explicit algorithm is investigated for low fluid-structure density ratios, and very

stable results are achieved.

On the other hand, we extend the fictitious methods into an important application for offshore

oil operations–fairings, and quantify numerically for the first time various salient features of free-

to-rotate devices for VIV suppression and relate them to modified flow structures in the near wake.

Specifically, fairings are nearly-neutrally buoyant devices, which are fitted along the axis of long
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circular risers to suppress vortex-induced vibrations (VIV) and possibly reduce the drag force. In

chapter 4.4 we study numerically how VIV can be practically eliminated by using free-to-rotate

fairings. Since the rotational inertia is low for the fairings, direct numerical simulations based on

standard fluid-structure interaction algorithms may fail because of the so-called added mass effect.

With the fictitious inertia method we successfully stabilize the simulations. We then investigate

the effect of rotational friction Cf on the stabilization effect of the fairings. In particular, we

find that when the Reynolds number is low (Re=100), Cf = 0 is the most effective choice in

suppressing VIV. Moreover, at this low Reynolds number there exists a critical value of Cf around

which large oscillations and non-symmetric trajectories are observed. On the other hand, at higher

Reynolds number (Re=500) a different behavior emerges, i.e. VIV are suppressed continuously as

Cf increases.

Lastly, we summarize in chapter 5, and suggest several problems as a natural next step.
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Chapter 2

Solid Mechanics: Models and

Algorithms

2.1 Mixed formulation for nearly-incompressible nonlinear

elasticity

2.1.1 Overview and difficulties

High-order finite elements, especially the p− and hp−versions, lead to exponential convergence

rate for smooth solutions and for singular solutions (hp−version) [6, 7, 8, 9]; they also enable

flexibility in discretization as their accuracy does not depend strongly on the aspect ratio of the

elements [6]. In the field of solid mechanics, p−FEM and hp−FEM have been studied theoretically

[10, 11, 12, 13, 14, 15] for linear elasticity, and numerical results have been provided for hyperelastic

[16, 17, 18] and plastic materials [19], exhibiting locking-free behavior for both nearly-incompressible

[12, 17, 18] and plate/shell problems [13, 20, 21, 22, 23, 24, 25, 26].

From the numerical standpoint, the spectral/hp element version based on general Jacobi poly-

nomials provides further flexibility in generating elements (e.g., hexahedral, tetrahedral, triangular

prisms and even pyramids). Moreover, the polynomial basis is hierarchical and is well conditioned

for enhanced computational efficiency and scalability. These aspects have led to the implementation

of a displacement formulation of the method for linear elasticity and geometrically nonlinear prob-

lems in [27], where high accuracy and parallel scalability were demonstrated for several prototype

problems as well as for arterial mechanics problems.

With regards to nearly incompressible problems, there are two main strategies for overcom-
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ing volumetric locking: the displacement-only formulation with higher-order elements and the

modified variational forms, including the mixed formulations and reduced integration methods.

Both analytical and computational results were provided for the first strategy, e.g. [12, 17, 18],

demonstrating that locking-free results can be obtained by using sufficiently high polynomial or-

der Ou for displacement. However, when the Poisson ratio is close to 0.5 (or bulk modulus for

hyperelastic materials satisfies k ≫ 1), one has to increase Ou to resolve the volumetric lock-

ing problem, see, e.g. [12, 18]. On the other hand, the modified variational form does not

have this problem, and hence it exhibits the correct approximability for both h− and p−versions
[10]. Among the methods of the second strategy there are several interesting modifications,

e.g. enhanced strain formulations [28, 29, 30, 31, 32] and displacement/pressure formulations

[10, 11, 15, 20, 33, 34, 35, 36, 37, 38, 39, 40, 41]. Here we will concentrate on the later. For the

large deformation problems, these formulations were mainly applied to lower-order elements (usu-

ally Ou ≤ 3), although combining the mixed formulations and high-order elements was proposed in

the analysis of [10]. Also, the violation of ellipticity condition in large deformation problems was

found for the displacement/pressure formulations but has not been investigated for different com-

binations of high-order elements, e.g. see [41, 42, 43]. Therefore, for large deformation problems,

computational results of mixed formulation on high-order elements are needed to investigate both

the locking phenomena and ellipticity condition. In addition, a reduced-integration method (noted

also as reduced-constraint method in [15], or pressure projection method in [38, 39] and herein) for

hyperelastic material was introduced by [38, 39], hence the displacement/pressure formulation can

be reduced to displacement only without losing the similarity to mixed formulations [15].

We extend the method presented in [27] to fully nonlinear elastic problems with large defor-

mations following a mixed formulation and using a pressure projection scheme [38, 39] unlike the

displacement-only formulation employed in [27]. Unfortunately, the mixed formulation approach

complicates both the numerical implementation as well as the theoretical framework of the method

as compatibility of the spaces for the displacement and pressure fields should be established even

for linear elasticity problems, e.g. see [33]. In addition, for large deformations the issue of ellipticity

of the discrete formulation will be addressed following [41, 42], where the conditions for lower order

elements were studied. To this end, upon formulating and implementing in 3D the mixed formula-

tion, we set up several numerical tests that address these issues and highlight the fast convergence,

the locking-free behavior, and the stability of the high-order mixed method in large deformation

analysis of nearly incompressible solids. Compared to the displacement-only formulation of p-type

finite elements presented in [17, 18], which also overcomes volume locking for sufficiently large

interpolation order, our numerical results here demonstrate that the mixed formulation – despite

6



the aforementioned difficulties and the added computational efforts – seems to be more efficient,

especially for problems with high values of the bulk modulus.

We consider the problem in Lagrangian coordinates X, both for infinitesimal and finite defor-

mations. Specifically, we aim to obtain the displacement field η(X) in a 3D solid domain Ω ⊂ R3,

with given traction and body forces, satisfying [44, 45]

div(S) + f = 0 (2.1.1)

in some weak sense, where f is the body force and S is the appropriate stress tensor. In our

implementation, we employ the hierarchical shape functions based on Jacobi polynomials for spatial

discretization (see Appendix A.1) to obtain high-order accuracy. In the mixed formulation, we

introduce the hydrostatic pressure p = trS
3 into the equilibrium equation, and solve for (η, p) [41].

However, by introducing another variable p, the computational cost for inverting the linear system

increases. To this end, we employ a pressure projection method [38, 39], by which we only need to

compute (once or iteratively via Newton-Raphson in the nonlinear case) the linear system for the

η part, while the pressure field is obtained from the displacement field [38].

The chapter is organized as follows: In section 2.1.2 we present briefly the linear and nonlinear

material models we use, and in section 2.1.3 we present the weak formulation and the projection

method. In section 2.1.4 we demonstrate the convergence rates of the method for linear and

nonlinear elasticity problems. In sections 2.1.5-2.1.6 we present the main results, first focusing on

the issue of stability in section 2.1.5, by investigating numerically the validity of the ellipticity and

inf-sup conditions, then turning to the locking phenomena in section 2.1.6. We finish in section

2.1.7 with the main conclusions.

2.1.2 Material models

We mainly consider two models represented by the following strain energy density functions:

• Linear elastic model [44, 45]:

Ψ(E) =
λ

2
(trE)2 + µE : E, (2.1.2)

where E = 1
2

(

(

∂η
∂X

)T

+
(

∂η
∂X

)

)

is the strain tensor, and µ, λ are the shear and Lame

modulus, respectively.

7



• Mooney-Rivlin model [38, 39, 45]:

Ψ(E) = A10(I1J
−2/3 − 3) +A01(I2J

−4/3 − 3) +
k

2
(J − 1)2, (2.1.3)

where E = 1
2

(

(

∂η
∂X

)T

+
(

∂η
∂X

)

+
(

∂η
∂X

)T (
∂η
∂X

)

)

is the Green Lagrange strain tensor, A10,

A01 are constants describing the behavior of the material, and k is the bulk modulus. Also I1,

I2, J are related with the deformation gradient F = I+ ∂η
∂X and the right Green deformation

tensor C = FTF as

I1 = tr(C), I2 =
1

2
((trC)2 − tr(C2)), J = det(F).

This model is a simple isotropic approximation for materials with rubber-like properties [46],

in the region of large deformation and large strain. In this expression, we separate the

distortional and dilatational deformation using Penn’s approach [47] as this facilitates the use

of the pressure projection technique we will use in the next section; see also [38].

By using the hyper-elasticity relations, the second Piola-Kirchhoff stress tensor S = ∂Ψ
∂E for these

two cases can be expressed as

• Linear elastic model:

S = λ(trE)I+ 2µE. (2.1.4)

• Mooney-Rivlin model:

S =2A10J
−2/3I+ 4A01J

−4/3((trE+ 1)I−E)

+ (−2

3
A10I1J

−2/3 − 4

3
A01I2J

−4/3 + kJ(J − 1))C−1.
(2.1.5)

After introducing the hydrostatic pressure p, the models can be re-written as

• Linear elastic model [33]:

Ψ(E) =
p

2
trE+ µE : E, (2.1.6)

where the hydrostatic pressure p = λtrE.

• Mooney-Rivlin model [45]:

Ψ(E) = A10(I1J
−2/3 − 3) +A01(I2J

−4/3 − 3) +
p

2
(J − 1), (2.1.7)
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where the hydrostatic pressure p = k(J − 1), and the last term corresponds to the “material

constraint” [48].

Correspondingly, the second Piola-Kirchhoff stress tensor S = ∂Ψ
∂E related with the hydrostatic

pressure can be expressed as

• Linear elastic model:

S = pI+ 2µE. (2.1.8)

• Mooney-Rivlin model:

S =2A10J
−2/3I+ 4A01J

−4/3((trE+ 1)I−E)

+ (−2

3
A10I1J

−2/3 − 4

3
A01I2J

−4/3 + Jp)C−1.
(2.1.9)

2.1.3 Formulation

Next, we will derive the formulation for solving the displacement field η(X) in a three dimen-

sional object occupying domain Ω ⊂ R3 with boundary ∂Ω = ∂ΩD ∪ ∂ΩN . Here Dirichlet type

boundary conditions are provided on ∂ΩD, Neumann type boundary conditions (traction) on ∂ΩN ,

Ω stands for the initial configuration of the object, and Ωe stands for the initial configuration of

each element.

Linear elastostatics

First, we consider infinitesimal deformations. The weak form of the equilibrium equation can

be expressed as follows [44]:

∫

Ω

S : ∇vdΩ−
∫

∂ΩN

T · vdΓ−
∫

Ω

ρf · vdΩ = 0, ∀v ∈ U0, (2.1.10)

where the displacement field η(X) ∈ U = {w(X) ∈ [H1(Ω)]3|w(X) = ηD(X) on ∂ΩD}, and

U0 = {w(X) ∈ [H1(Ω)]3|w(X) = 0 on ∂ΩD}. S, T, f and ρ are the stress tensor, external traction

force (non-follower load) on ∂ΩN , external body force, and mass density, respectively.

For the linear elastic model (2.1.2), we can rewrite the problem as follows [33]: find the dis-

placement field η(X) ∈ U such that

µ

∫

Ω

ǫ(η) : ǫ(v)dΩ + λ

∫

Ω

div(η) div(v)dΩ−
∫

∂ΩN

T · vdΓ−
∫

Ω

ρf · vdΩ = 0, ∀v ∈ U0, (2.1.11)

where the operator ǫ is defined as ǫ(·) = 1
2

(

(

∂(·)
∂X

)T

+
(

∂(·)
∂X

)

)

. We will refer to the above form as

9



the displacement formulation. For the discretization of (2.1.11), one can see [27] for details.

For the mixed formulation, model (2.1.6) is considered. Problem (2.1.11) should be modified

following [33]:

µ

∫

Ω

ǫ(η) : ǫ(v)dΩ +

∫

Ω

p div(v)dΩ−
∫

∂ΩN

T · vdΓ−
∫

Ω

ρf · vdΩ = 0, ∀v ∈ U0, (2.1.12)

along with the weak form of the definition for hydrostatic pressure p:

∫

Ω

div(η)qdΩ =
1

λ

∫

Ω

pqdΩ, ∀q ∈ L2(Ω). (2.1.13)

Next, we consider the discretization of (2.1.12). Based on the shape functions defined in Ap-

pendix A.1, on each element we expand the displacement ηe = ((ηe)1, (ηe)2, (ηe)3) and the test

function ve = ((ve)1, (ve)2, (ve)3):

(ηe)i(X) =

(Ne)u
∑

k=1

(η̂e)ikφk(X), (vi)e(X) =

(Ne)u
∑

k=1

(v̂e)ikφk(X), i = 1, 2, 3, (2.1.14)

where (Ne)u is the total number of shape functions for displacement on this element, φk(X) are

the shape functions, and (η̂e)ik, (v̂e)ik are the expansion coefficients. For the local hydrostatic

pressure pe, with the set of shape functions for pressure {φk(X), k = 1, · · · , (Ne)p} ⊆ {φk(X), k =

1, · · · , (Ne)u}, we can expand the pressure pe:

pe(X) =

(Ne)p
∑

k=1

(p̂e)kφk(X), (2.1.15)

where (p̂e)k are the corresponding expansion coefficients.

Following the steps in [38], we carry out the projection of the hydrostatic pressure pe at the

element level onto the selected pressure function space. For the linear case, this reduced constraint

method is actually equivalent to the mixed formulation [15]. Here we consider the problem of

approximating pe at the element level in a least-squares sense, by a linear combination of a sequence

of shape functions {φk(X), k = 1, · · · , (Ne)p} in L2(Ωe) as in (2.1.15). That is, we choose

Pe = [(p̂e)1, · · · , (p̂e)k, (p̂e)k+1, · · · , (p̂e)(Ne)p ]
T . (2.1.16)

to minimize

||pe −QPe||2L2(Ωe)
(2.1.17)

10



where || · ||L2(Ωe) is the L
2 norm in the element domain Ωe and

Q(x) = [φ1(X), φ2(X), · · · , φ(Ne)p(X)]. (2.1.18)

So the minimization leads to

(Me)pPe = De, (2.1.19)

where the element mass matrix for the pressure is of size (Ne)p × (Ne)p as follows:

(Me)p =











m11 · · · m1(Ne)p

...
. . .

...

m(Ne)p1 · · · m(Ne)p(Ne)p











, mij =

∫

Ωe

φiφjdΩe, (2.1.20)

and the right hand side of (2.1.19) is a vector of size (Ne)p:

De = [

∫

Ωe

φ1pedΩe,

∫

Ωe

φ2pedΩe, · · · ,
∫

Ωe

φ(Ne)ppedΩe]

= [λ

∫

Ωe

φ1divηedΩe, λ

∫

Ωe

φ2divηedΩe, · · · , λ
∫

Ωe

φ(Ne)pdivηedΩe]

= λ((Ke)p)
TUe,

(2.1.21)

where the vector of unknown expansion coefficients for displacement U has length 3(Ne)u. In order

to have smaller bandwidth for the coefficient matrix [27], it is organized in a way such that the

three displacement components corresponding to a particular mode are adjacent, as follows:

Ue = [((Ue)1)
T · · · , ((Ue)k)

T , ((Ue)k+1)
T , · · · , ((Ue)(Ne)u)

T ]T ,

(Ue)k = [(η̂e)1k, (η̂e)2k, (η̂e)3k].
(2.1.22)

The pressure matrix (Ke)p with size 3(Ne)u× (Ne)p is composed of (Ne)u× (Ne)p numbers of 3×1

submatrices:

(Ke)p =











((Ke)p)11 · · · ((Ke)p)1(Ne)p

...
. . .

...

((Ke)p)(Ne)u1 · · · ((Ke)p)(Ne)u(Ne)p











,

((Ke)p)ij = [

∫

Ωe

∂φi
∂X

φjdΩe,

∫

Ωe

∂φi
∂Y

φjdΩe,

∫

Ωe

∂φi
∂Z

φjdΩe]
T ,

i = 1, · · · , (Ne)u, j = 1, · · · , (Ne)p.

(2.1.23)
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Therefore, the element coefficients for the projected hydrostatic pressure should be

Pe = λ((Me)p)
−1((Ke)p)

TUe. (2.1.24)

We assemble the local displacement expansion coefficients Ue of all elements into a global form

U and upon substitution into (2.1.12), we obtain

−(Ku +K∗
u)U+ F = 0, (2.1.25)

where Ku is the stiffness matrix for µ
∫

Ω
ǫ(η) : ǫ(v)dΩ, and K∗

u corresponds to
∫

Ω
p div(v)dΩ.

Here, the 3(Ne)u × 3(Ne)u matrix (Ke)u for each element is organized into a matrix of (Ne)u ×
(Ne)u blocks, and the 3 × 3 submatrix ((Ke)u)ij (i, j = 1, · · · , (Ne)u) is given by ((Ke)u)ij =
∫

Ωe
(Dφi)

TB(Dφj)dΩe, where

Dφi =











∂φi

∂X 0 0 ∂φi

∂Y 0 ∂φi

∂Z

0 ∂φi

∂Y 0 ∂φi

∂X
∂φi

∂Z 0

0 0 ∂φi

∂Z 0 ∂φi

∂Y
∂φi

∂X











T

, B = µ





2I

I



 . (2.1.26)

On the other hand, the matrix K∗
u is assembled based on local matrices from the element-wise

pressure projections

(K∗
e)u = λ(Ke)p((Me)p)

−1((Ke)p)
T . (2.1.27)

On each element, the vector of the external forces Fe has the same length and ordering of

indices as Ue. That is, Fe = [((Fe)1)
T , · · · , ((Fe)k)

T , ((Fe)k+1)
T , · · · , ((Fe)(Ne)u)

T ]T , where

(Fe)k = [(Fe)1k, (Fe)2k, (Fe)3k], (Fe)ik =
∫

∂(Ωe)N
TiφkdΓe +

∫

Ωe
ρfiφkdΩe and Ti, fi (i = 1, 2, 3)

are the components of the external traction and body forces, respectively.

In the implementation, the contribution from known expansions (due to Dirichlet boundary

conditions ∂ΩD) are moved to the right-hand-side before the equation is solved.

Although (2.1.25) is equivalent to solving the larger system (U,P), the size of unknowns is by

one-fourth smaller. For details on the iterative solution of the linear system, we refer the reader to

[27].

Nonlinear elastostatics

Next we consider a solid object with finite deformation. Similar to the linear elastostatics, X

stands for the position vector of a material point in the initial configuration Ω, and x(X) denotes the

position vector in the deformed configuration. The weak form of displacement formulation for the
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equilibrium is: find the displacement field η(X) ∈ U = {w(X) ∈ [H1(Ω)]3|w(X) = ηD(X) on∂ΩD}
(where ΩD denotes the Dirichlet boundary in the initial configuration), which satisfies

P(η) =
∫

Ω

S :
1

2

(

(

∂v

∂X

)T

F(η) + F(η)T
(

∂v

∂X

)

)

dΩ−
∫

∂ΩN

T · vdΓ−
∫

Ω

ρf · vdΩ

= 0, ∀v ∈ U0,

(2.1.28)

where U0, T, f and ρ have the same meaning as for linear elastostatics case, but with respect to the

initial configuration. Note here that we assume the external T to be deformation-independent (i.e.,

non-follower load). Also, F(η) is the deformation gradient tensor defined as F(η) = ∂x
∂X = I+ ∂η

∂X .

To rewrite (2.1.28) into the mixed formulation framework, we consider S related with the hy-

drostatic pressure as in (2.1.9), and divide it into two parts: with and without the pressure term p.

Although it can be generalized to other cases, here we take S as in (2.1.9), i.e., S can be divided as

S̃ = 2A10J
−2/3I+ 4A01J

−4/3((trE+ 1)I−E) + (−2

3
A10I1J

−2/3 − 4

3
A01I2J

−4/3)C−1, (2.1.29)

S = JpC−1. (2.1.30)

Correspondingly, the elasticity tensor C = ∂S
∂E can also be divided into two parts (see [48, 40] for

the explicit expressions for these two fourth-order tensor of Mooney-Rivlin model):

C̃ = ∂S̃

∂E
, C = ∂S

∂E
, (2.1.31)

where E is the Green Lagrange strain tensor, with E(η) = 1
2 (F

T (η)F(η) − I). Also, C can be

further divided into two parts

C = C1 + C2, C1 = p
∂(JC−1)

∂E
, C2 = JC−1 ∂p

∂E
. (2.1.32)

Following [27], we use P int(η, p) to denote the virtual work due to the internal stress, which

is the first term in (2.1.28), and we use Pext(η) to denote the last two terms, representing the

virtual work due to the external forces. Separating the stress tensor and the elasticity tensor into
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volumetric and distortional parts, we can rewrite (2.1.28) as

P(η, p) =
∫

Ω

(S̃(η) + S(η)) :
1

2

(

(

∂v

∂X

)T

F(η) + F(η)T
(

∂v

∂X

)

)

dΩ

−
∫

∂ΩN

T · vdΓ−
∫

Ω

ρf · vdΩ

=0,

(2.1.33)

which, along with the weak form of the definition for hydrostatic pressure p:

∫

Ω

(J(η) − 1)qdΩ =
1

k

∫

Ω

pqdΩ, ∀q ∈ L2(Ω), (2.1.34)

forms a closed system for mixed formulation [45].

Assuming that p can be approximated by a function of η as in the linear case, in (2.1.33)

P is nonlinear with respect to η, so we need to solve for η iteratively. In our implementation we

employed the Newton-Raphson iterative procedure. Let ηk denote the solution at the kth iteration,

this procedure can be written as:

Loop over k until convergence is reached for a pre-specified tolerance:

1. Based on the known information η
k, update the derivative of P with respect to η, which is

denoted as DP [η](ηk).

2. Solve the following system of equations for the increment △η with a linear solver:

DP [η](ηk)△η = −P(ηk), ∀v ∈ U0. (2.1.35)

3. Update the solution

η
k+1 = η

k +△η. (2.1.36)
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Before spatial discretization, we write out the explicit form for the derivative:

DP [η](η)(△η)

=(DP int[η](η) + DPext[η](η))(△η)

=

∫

Ω

1

2

(

(

∂v

∂X

)T

F(η) + F(η)T
(

∂v

∂X

)

)

: (C̃(η) + C(η)) : 1
2

(

(

∂(△η)

∂X

)T

F(η)

+F(η)T
(

∂(△η)

∂X

))

dΩ+

∫

Ω

(S̃(η) + S(η)) :

(

(

∂(△η)

∂X

)T (
∂v

∂X

)

)

dΩ

=

∫

Ω

1

2

(

(

∂v

∂X

)T

F(η) + F(η)T
(

∂v

∂X

)

)

: (C̃(η) + C1(η)) : 1
2

(

(

∂(△η)

∂X

)T

F(η)

+F(η)T
(

∂(△η)

∂X

))

dΩ+

∫

Ω

1

2

(

(

∂v

∂X

)T

F(η) + F(η)T
(

∂v

∂X

)

)

: (JC−1dp)dΩ

+

∫

Ω

(S̃(η) + S(η)) :

(

(

∂(△η)

∂X

)T (
∂v

∂X

)

)

dΩ

(2.1.37)

where

dp =
1

2
kJC−1 :

(

(

∂(△η)

∂X

)T

F(η) + F(η)T
(

∂(△η)

∂X

)

)

(2.1.38)

with C−1 denoting the inverse of the right Green deformation tensor C. Note that the external

loads are deformation-independent under our assumption, thus DPext[η](η) = 0.

Similar to the linear elastostatics case, the discretization for the displacement formulation was

detailed in [27]. For the mixed formulation, to discretize (2.1.35) in one element we expand △ηe

in terms of the shape functions as in (2.1.14):

(△ηe)i(X) =

(Ne)u
∑

k=1

(△η̂e)ikφk(X), i = 1, 2, 3. (2.1.39)

Also, the local hydrostatic pressure pe is expanded as in (2.1.15), while the increment of hydrostatic

pressure dpe is expanded as

dpe(X) =

(Ne)p
∑

k=1

(dp̂e)kφk(X), (2.1.40)

where (△η̂e)ik and (dp̂e)k are the corresponding expansion coefficients.

Similarly as in the previous section, we carry out the projections on each element for both

hydrostatic pressure pe and its increment dpe. For the pe part, we write the coefficients as in

(2.1.16), and we minimize the function as in (2.1.17). So the minimization leads to (2.1.19) with
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the element mass matrix for pressure the same as in (2.1.20) and the right hand side of size (Ne)p:

De =

[∫

Ωe

φ1pedΩe,

∫

Ωe

φ2pedΩe, · · · ,
∫

Ωe

φ(Ne)ppedΩe

]

=

[

k

∫

Ωe

φ1(J(ηe)− 1)dΩe, k

∫

Ωe

φ2(J(ηe)− 1)dΩe, · · · , k
∫

Ωe

φ(Ne)p(J(ηe)− 1)dΩe

]

.

(2.1.41)

Therefore, the projected hydrostatic pressure p∗e can be approximated as

p∗e = Q((Me)p)
−1De. (2.1.42)

For the increment of hydrostatic pressure, a similar procedure can be followed. We organize the

coefficients dPe for dpe as in (2.1.16) and we minimize

||dpe −QdPe||2L2(Ωe)
, (2.1.43)

to obtain

(Me)pdPe = dDe, (2.1.44)

with

dDe =

[∫

Ωe

φ1dpedΩe,

∫

Ωe

φ2dpedΩe, · · · ,
∫

Ωe

φ(Ne)pdpedΩe

]T

=
k

2

[

∫

Ωe

φ1JC
−1 :

(

(

∂(△η)e
∂X

)T

F(η) + F(η)T
(

∂(△η)e
∂X

)

)

dΩe, · · · ,

∫

Ωe

φ(Ne)pJC
−1 :

(

(

∂(△η)e
∂X

)T

F(η) + F(η)T
(

∂(△η)e
∂X

)

)

dΩe

]T

= k((Ke)p)
T△Ue,

(2.1.45)

where △Ue are the coefficients for △ηe organized in the same way as in (2.1.22), and the matrix

(Ke)p is a 3(Ne)u × (Ne)p matrix organized into (Ne)u × (Ne)p matrix of blocks, with each block

being a 3× 1 submatrix ((Ke)p)ij (i = 1, · · · , (Ne)u, j = 1, · · · , (Ne)p):

((Ke)p)ij,m =
3
∑

k,l=1

∫

Ωe

JφjC
−1
kl

1

2

(

∂φi
∂Xk

Fml + Fmk
∂φi
∂Xl

)

dΩe, m = 1, 2, 3, (2.1.46)

where Fij , C−1
ij and Xi are the components for the deformation tensor F, the inverse of the

right Green deformation tensor C and the position vector in initial configuration X, respectively.
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Therefore, the projected increment for the hydrostatic pressure dp∗e can be approximated as

dp∗e = kQ((Me)p)
−1((Ke)p)

T (△U)e. (2.1.47)

Similarly as in (2.1.25), we assemble the local displacement expansion coefficients (△U)e of all

elements into the global form △U and substitute it into (2.1.35), to obtain

(Ku +K∗
u +K∗∗

u )△U = Ru, (2.1.48)

where Ku, K
∗
u and K∗∗

u are the stiffness matrices for the discretization of

∫

Ω

1

2

(

(

∂v

∂X

)T

F(η) + F(η)T
(

∂v

∂X

)

)

: C̃(η) : 1
2

(

(

∂(△η)

∂X

)T

F(η) + F(η)T
(

∂(△η)

∂X

)

)

dΩ

+

∫

Ω

S̃(η) :

(

(

∂(△η)

∂X

)T (
∂v

∂X

)

)

dΩ,

(2.1.49)

∫

Ω

1

2

(

(

∂v

∂X

)T

F(η) + F(η)T
(

∂v

∂X

)

)

: C1(η) : 1
2

(

(

∂(△η)

∂X

)T

F(η) + F(η)T
(

∂(△η)

∂X

)

)

dΩ

+

∫

Ω

S(η) :

(

(

∂(△η)

∂X

)T (
∂v

∂X

)

)

dΩ,

(2.1.50)

and
∫

Ω

1

2

(

(

∂v

∂X

)T

F(η) + F(η)T ·
(

∂v

∂X

)

)

: (JC−1dp)dΩ (2.1.51)

respectively.

Therefore, on each element the stiffness matrices (Ke)u and (K∗
e)u are 3(Ne)u × 3(Ne)u matrix

organized into (Ne)u × (Ne)u matrix blocks, with each block being a 3 × 3 submatrix ((Ke)u)ij

(i, j = 1, · · · , (Ne)u) given by

((Ke)u)ij,ms =

3
∑

p,q,k,l=1

∫

Ωe

1

2

(

∂φi
∂Xp

Fmq + Fmp
∂φi
∂Xq

)

C̃pqkl
1

2

(

∂φj
∂Xk

Fsl + Fsk
∂φj
∂Xl

)

dΩe

+ δms

3
∑

p,q=1

∫

Ωe

S̃pq
∂φi
∂Xp

∂φj
∂Xq

dΩe, m, s = 1, 2, 3,

(2.1.52)
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and

((K∗
e)u)ij,ms =

3
∑

p,q,k,l=1

∫

Ωe

1

2

(

∂φi
∂Xp

Fmq + Fmp
∂φi
∂Xq

)

C1∗pqkl
1

2

(

∂φj
∂Xk

Fsl + Fsk
∂φj
∂Xl

)

dΩe

+ δms

3
∑

p,q=1

∫

Ωe

S
∗

pq

∂φi
∂Xp

∂φj
∂Xq

dΩe, m, s = 1, 2, 3,

(2.1.53)

respectively. For the local matrix (K∗∗
e )u on each element, upon substitution of (2.1.47) into

(2.1.51), we have

((K∗∗
e )u)ij,ms = k

3
∑

p,q=1

(Ne)p
∑

a=1

∫

Ωe

1

2

(

∂φi
∂Xp

Fmq + Fmp
∂φi
∂Xq

)

J(C−1)pqφa(((Me)p)
−1((Ke)p)

T )aj,sdΩe

= k

3
∑

p,q=1

(Ne)p
∑

a=1

∫

Ωe

1

2

(

∂φi
∂Xp

Fmq + Fmp
∂φi
∂Xq

)

J(C−1)pqφadΩe(((Me)p)
−1((Ke)p)

T )aj,s

= k

(Ne)p
∑

a=1

((Ke)p)ia,m(((Me)p)
−1((Ke)p)

T )aj,s

= k((Ke)p((Me)p)
−1((Ke)p)

T )ij,ms.

(2.1.54)

In the above expressions, Fij , S̃ij , Sij , C̃ijkl, Cijkl, (C−1)ij and Xi are the components for the

deformation tensor F, the distortional part of the second Piola-Kirchhoff tensor S̃, the volumetric

part S, the distortional part of elasticity tensor C̃, the volumetric part C, the inverse of the right

Green deformation tensor C and the position vector in initial configuration X, respectively. Also,

δms stands for the Kronecker delta. The ∗ symbols for C1∗pqkl and S
∗

pq in (2.1.53) means they are

dependent on the hydrostatic pressure pe, while in these expressions the local hydrostatic pressure

after projection p∗e is substituted in.

Regarding the residual vectors on each element, in (2.1.48) the right-hand-side (Re)u has length

3(Ne)u, with the same ordering as △Ue. Similarly to what we did for P , we can divide this vector

into two contributions (here we denote its element as ((Re)u)ij , i = 1, 2, 3 and j = 1, · · · , (Ne)u):

(Re)u = ((Re)u)
int + ((Re)u)

ext, (2.1.55)

where ((Re)u)
int represents the contribution from the internal stress

((Re)u)
int
ij = −

3
∑

k,l=1

∫

Ωe

(S̃kl + S
∗

kl)
1

2

(

∂φj
∂Xk

Fil + Fik
∂φj
∂Xl

)

dΩe, (2.1.56)
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and ((Re)u)
ext represents the contribution from the external loads

((Re)u)
ext
ij =

∫

∂(Ωe)N

TiφjdΓe +

∫

Ωe

ρfiφjdΩe. (2.1.57)

Here S is also marked with ∗ in (2.1.56) because the hydrostatic pressure after projection p∗e is

employed.

Correspondingly, the Newton-Raphson iterative procedure with pressure projection will be mod-

ified as follows:

Loop over k until the convergence tolerance is reached:

1. Based on the known information Uk, update for the projected hydrostatic pressure p∗e.

2. Update the volumetric stress tensor S
∗
and volumetric elasticity tensor C1∗ based on (2.1.30)

and (2.1.32).

3. Update the stiffness matrices (2.1.52), (2.1.53) and (2.1.54) if needed. Update the internal

right hand side as in (2.1.56).

4. Solve (2.1.48) for the increment △U with a linear solver.

5. Update for displacement

Uk+1 = Uk +△U. (2.1.58)

2.1.4 Convergence studies

Now we investigate the accuracy of the pressure projection method in nearly incompressible

problems by comparing simulation results against analytical solutions.

Linear elastostatics

We first investigate the convergence of the scheme for linear elastostatic problems and solve the

equilibrium equations for infinitesimal deformation (2.1.12) using the pressure projection method.

Three kinds of convergence (p, h, hp) are studied for solutions with and without singularities. For

the material properties, we will use Young’s modulus E and the Poisson ratio ζ, which are related

with the material properties λ and µ in (2.1.2) by

µ =
E

2(1 + ζ)
, λ =

ζE

(1 + ζ)(1 − 2ζ)
. (2.1.59)
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Linear elastostatics with smooth solution: p−convergence

Figure 2.1: p−convergence test: cubic object discretized with 8 hexahedral elements.

To study the p−convergence, we consider the deformation of a cubic solid occupying the domain

0 ≤ X ≤ 1, 0 ≤ Y ≤ 1 and 0 ≤ Z ≤ 1 discretized by 8 hexahedral elements as in Figure 2.1, where

the thick solid lines mark the edges of the elements. For the test example, we use an analytic

solution similar to [27], but with ζ = 0.49, that is, which corresponds to nearly incompressible

material. The displacements on the face X = 0 are

η1 = 0.0, η2 = B sin bY, η3 = 0, (2.1.60)

where η1, η2 and η3 are the displacements in X , Y and Z directions, respectively; also, B, b are

prescribed constants. A traction force field, T = (T1, T2, T3), is applied on the rest of the faces and

is given by

T1 = nxλ(aA(
1

ζ
− 1) cos aX + bB cos bY ), T2 = nyλ(bB(

1

ζ
− 1) cos bY + aA cos aX),

T3 = nzλ(aA cos aX + bB cos bY ),

(2.1.61)

where n = (nx, ny, nz) is the outward-pointing unit vector normal to the surface, and A, a are also

prescribed constants. A body force field, ρf = (f1, f2, f3) is applied on the solid with components:

f1 =
λ(1− ζ)

ζ
a2A sin aX, f2 =

λ(1 − ζ)
ζ

b2B sin bY, f3 = 0. (2.1.62)
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This problem has the following analytic solution for the displacement of the object:



















η1 = A sin aX,

η2 = B sin bY,

η3 = 0,

(2.1.63)

so we see that the object is not totally incompressible (p = λ(aA cos aX + bB cos bY )).

In our test, we use the following parameters:

A = B = 0.2, a = b = 5.0, E = 1000, ζ = 0.49, (2.1.64)

to study the convergence behavior. We first vary the element order Ou for displacement (i.e.,

highest polynomial degree in the expansions) from 1 to 10, for various pressure orders Op = 0, 1,

3, 5, as in the upper plots of Figure 2.2. Then in the lower plots, for fixed displacement orders

Ou = 4, 6, 8, 10 we show the results for different choices of pressure orders Op. To compare the

computational errors with respect to the exact solution, for each element order pair (Ou, Op) we

calculate the relative errors for pressure in the L2 norm, and for displacement in the energy norm

as follows

ep =
||pa − pc||2
||pa||2

, eu =
||ηa − ηc||E
||ηa||E

, (2.1.65)

where pa = λdiv(ηa) and ηa are the analytic solutions for pressure and displacement, respectively,

while pc and ηc are results from computation. We plot these errors in logarithmic scale, as a

function of Ou (or Op in the lower plots) which is in linear scale.

From the upper plots of Figure 2.2, we see that for every fixed interpolation order Op of pressure,

the computational results do not converge to the analytic solution when Ou increases. On the other

hand, in the lower plots, for each fixed Ou considered approximately straight lines are obtained

in the range of Op < Ou, indicating that the numerical errors decrease exponentially fast as the

element order Op for pressure increases. So for slightly compressible problems, the element order

Op for pressure is more important for obtaining accurate results. Also, as shown in the upper right

plot, for each fixed Op, the two cases with Ou = Op and Ou = Op + 1 give the best results for

displacement. Combining these results with results of the the upper left plot, which shows that

Ou = Op gives the largest pressure error, we can see that in this test Ou = Op+1 is the best choice

for accuracy.

Linear elastostatics with smooth solution: h−convergence

Now we focus on the h−convergence on the problem described in equations (2.1.60)-(2.1.63)
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Figure 2.2: p−refinement test for the smooth problem in linear case: upper: relative errors as a
function of the element order Ou for displacement; lower: relative errors as a function of the element
order Op for pressure; left column: relative errors for pressure; right column: relative errors for
displacement.

using uniform tesselations with i× i× i (i = 1, 2, · · · , 8) hexahedral elements, while i = 2 was used

for all cases in the p−convergence tests (seeing Figure 2.1). The displacement order Ou = 5 is

employed here while runs with four choices of pressure orders Op = 1, 3, 4, 5 are tested. Similar to

the p−convergence tests, in Figure 2.3 we calculate the relative errors of pressure and displacement

in appropriate norms. We plot these errors in logarithmic scale as a function of element size h = 1
i

which is in inverse logarithmic scale.

From Figure 2.3, we see that in most of cases, a fixed element order Op for pressure gives a

Op + 1 order accuracy for h−convergence, except when Op = Ou which shows an Op order. The

results, especially those for the case of Op = Ou − 2, are consistent with the analysis in [10, 15].

Also, the right plot shows a 5.5 order accuracy with the choice Op = Ou − 1 = 4 (green curve),

which is the best convergence rate we obtain from h−refinement in this test.

Linear elastostatics with singularities in its solution: p−convergence

Now we will investigate the p−convergence for problems with singularities. As in the previous

two tests, we consider the deformation of a cubic solid occupying the domain 0 ≤ X ≤ 1, 0 ≤ Y ≤ 1
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Figure 2.3: h−refinement test for the smooth problem in linear case: relative errors as a function
of the element size. Left: relative errors for pressure. Right: relative errors for displacement.

and 0 ≤ Z ≤ 1, but discretized by i (i = 1, 2, · · · , 7) layers of prismatic elements. In Figure 2.4 we

show the 1− and 3− layer meshes, with the thick solid lines marking the edges of the elements.

Figure 2.4: Multi-layer meshes refined near the singularities of the solution. Left: 1−layer mesh.
Right: 3−layer mesh.

We use a similar analytic solution as in [7, 8], which is singular at the line X = Y = 0. The

displacements on the faces X = 0, Y = 0 and Z = 0, 1 are known

η1 = A
√

X2 + Y 2, η2 = B
√

X2 + Y 2, η3 = 0, (2.1.66)

where A, B are prescribed constants. On face X = 1, a traction force field T = (T1, T2, T3) is

applied as

T1 = −
λ(AX −BY − AX

ζ )
√
X2 + Y 2

, T2 =
µ(BX +AY )√

X2 + Y 2
, T3 = 0, (2.1.67)
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and on face Y = 1

T1 =
µ(BX +AY )√

X2 + Y 2
, T2 =

λ(AX −BY + BY
ζ )

√
X2 + Y 2

, T3 = 0. (2.1.68)

The body force field ρf = (f1, f2, f3) applied on the solid can be described as:

f1 =
λ(AX2(2ζ − 1) + 2AY 2(ζ − 1) +BXY )

2ζ(X2 + Y 2)3/2
,

f2 =
λ(2BX2(ζ − 1) +BY 2(2ζ − 1) +AXY )

2ζ(X2 + Y 2)3/2
,

f3 = 0.

(2.1.69)

In this problem the displacement of the object has the following analytic solution:



















η1 = A
√
X2 + Y 2,

η2 = B
√
X2 + Y 2,

η3 = 0.

(2.1.70)

We test this problem on 1−, 2− and 3− layer meshes, with the following parameters:

A = B = 1.0, E = 1000, ζ = 0.49, (2.1.71)

to study the convergence behavior. On each mesh, we systematically vary the element order Ou for

displacement from 1 to 16. Based on our previous results of smooth solutions, all errors presented

correspond to the (best) choice Op = Ou − 1. In Figure 2.5, we give the relative errors for pressure

and displacement in logarithmic scale as a function of Ou which is also in logarithmic scale. We

see that all results from the 1−layer mesh are approximately on a straight line with Ou increasing.

Instead of the exponential convergence for smooth solutions as in the p−convergence tests, a second-
order convergence rate is obtained. Although 2− and 3−layer meshes are refined near the singularity

leading to smaller errors compared with what from the 1−layer mesh, when Ou becomes sufficiently

large (say, larger than 3 in the right plot), they also show a second-order convergence. These results

correspond to slightly higher convergence rates compared to the estimates in [10, 15], because the

rα type of singularity is at an endpoint of the element, and this type of mesh gives a 2 − ǫ order
accuracy for this case according to [8].

Linear elastostatics with singularities in its solution: hp−convergence

We now study the hp−convergence on the same problem introduced in equations (2.1.66)-
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Figure 2.5: p−refinement test for the singular problem in linear case: elative errors as a function
of the element order Ou for displacement. Left: relative errors for pressure. Right: relative errors
for displacement.

(2.1.70). Similar as in [7, 8, 9], we refine the meshes graduately as the element order increases.

Namely, for increasing displacement order Ou, we use i = Ou layers mesh in the test. In Figure 2.6

we calculate the relative errors of pressure and displacement in appropriate norms, for Op = Ou−2,

Op = Ou−1 and Op = Ou. We plot these errors in logarithmic scale, as a function of element order

Ou for displacement (also the number of layers) which is in linear scale. We see that approximately

straight lines are obtained for all cases, which indicates the exponential convergence, as expected

from the analysis in [7, 8]. Also, consistent with the previous tests, we obtain larger errors when

Op = Ou − 2, while the results from Op = Ou − 1 and Op = Ou are similar with each other.
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Figure 2.6: hp−refinement test for the singular problem in linear case: elative errors as a function
of the element order Ou for displacement (which is equal to the number of mesh layers). Left:
relative errors for pressure. Right: relative errors for displacement.
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Nonlinear elastostatics

Next we investigate the convergence of the projection spectral/hp element method for nonlinear

elastostatic problems. We employ the Mooney-Rivlin model (2.1.3), and solve the equilibrium

equation (2.1.33). We consider the same domain as in the linear case shown in Figure 2.1, and both

h− and p−convergence tests are preformed for problems with smooth solutions.

Nonlinear elastostatics with smooth solution: p−convergence

In this test example, we choose the material property parameters as

A10 = A01 = 1, k = 100. (2.1.72)

The face X = 0 is clamped, and the displacements on the rest of the faces are given as follows:

η1 = A sin aX, η2 = 0, η3 = 0; (2.1.73)

where A, a are prescribed constants. A body force field, ρf = (f1, f2, f3) is also applied on the

object:

f1 =
4Aa2 sin aX

9(aA cos aX + 1)10/3
((225(aA cos aX)3 + 625(aA cosaX)2 + 675aA cosaX + 225)

(aA cos aX + 1)1/3 + aA cos aX((aA cos aX + 1)2/3 − 1)(aA cos aX + 2)

+ 6 + 6(aA cos aX + 1)2/3),

f2 =f3 = 0.

(2.1.74)

The displacements of the solid for this problem can be expressed by the following analytic functions

:


















η1 = A sin aX,

η2 = 0,

η3 = 0,

(2.1.75)

and pressure p = k(aA cos aX), with constants A = 0.04, a = 2.0. Similar as in the linear case, this

problem is not totally incompressible.

Similar to the linear case, we study the p−convergence by two ways: first vary the element

order Ou for displacement up to 7, with fixed orders of pressure Op = 0, 1, 2, 3; then exchange the

positions of Ou and Op, i.e., compare the results from different Ou (Ou = 7, 6, 5, 4) for increasing

Op in the range of 0 ≤ Op ≤ Ou. We calculate the relative errors of the computed displacement
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and pressure fields for each element order pair as in previous tests, see Figure 2.7, these errors are

plotted in logarithmic scale as a function of element order (in linear scale).

Consistent with the results from p−convergence tests for the linear case, we see that for each

fixedOu, increasingOp gives almost exponential convergence, while for each fixedOp and sufficiently

high Ou, increasing Ou further does not help to decrease the errors. Also, among the cases in the

upper plots, the best results are obtained by the choice Ou = Op + 1; this is also similar to Figure

2.2 for the linear case.
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Figure 2.7: p−refinement test for the smooth problem in nonlinear case: upper: relative errors
as a function of the element order Ou for displacement; lower: relative errors as a function of the
element order Op for pressure; left column: relative errors for pressure; right column: relative errors
for displacement.

Nonlinear elastostatics with smooth solution: h−convergence

In this section, the same problem as in the p−convergence tests is used, but with coefficients

A = 0.01, a = 2.0 for stability. To study the h−convergence, we perform the tests on evenly

discretized meshes with i × i × i (i = 1, 2, · · · , 8) hexahedral elements as previously for the linear

case. With a fixed displacement order Ou = 4, results from different pressure orders Op = 0, 2, 3, 4

are studied. In Figure 2.8 we show the relative errors of pressure and displacement, and plot these
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errors in logarithmic scale, as a function of element size h = 1
i which is in inverse logarithmic scale.

We see similar results as in Figure 2.3 for the linear case: when Op < Ou, convergence rate of

Op + 1 order is obtained; when Op = Ou, only Op order is given. Here results from Op = Ou and

Op = Ou − 1 have similar convergence rates, while in the linear case the former gave a 1/2 order

higher.
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Figure 2.8: h−refinement test for the smooth problem in nonlinear case: relative errors as a function
of the element size. Left: relative errors for pressure. Right: relative errors for displacement.

2.1.5 Stability: ellipticity condition and inf − sup condition

In this section we perform several numerical tests in order to investigate the performance of the

high-order projection method with respect to ellipticity condition and the inf-sup condition.

Ellipticity condition and large deformation

As mentioned in [41, 43], for the large deformation cases, sometimes the solver fails even when

the element satisfies the inf − sup condition because the ellipticity condition fails in the discrete

problem (i.e., (2.1.48)). Here, we will test the ellipticity condition following proposition 6 of [42].

With (η̂, p̂) denoting the initial conditions, and test function q ∈ L2(Ω), considering static and

nearly incompressible problems for which k >> 1, (2.1.34) can be approximated as

∫

Ω

(J − 1)qdΩ = 0 (2.1.76)

and we linearize it, to obtain

b(△η, q) =

∫

Ω

1

2

(

(

∂(△η)

∂X

)T

F(η̂) + F(η̂)T
(

∂(△η)

∂X

)

)

: (JC−1)(η̂)qdΩ = 0, (2.1.77)

where △η denotes the increment of u for each step in the Newton-Raphson iteration. In the
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continuous problem, by denoting Û and P̂ the admissible displacement and pressure spaces, the

ellipticity in kernel is

inf
v∈K

a(v,v)

||v||2 > 0, (2.1.78)

where

K = {v ∈ Û and b(v, q) = 0, ∀ q ∈ P̂} (2.1.79)

a(v,v) =

∫

Ω

1

2

(

(

∂v

∂X

)T

F(η̂) + F(η̂)T
(

∂v

∂X

)

)

: (C̃(η̂) + C1∗(η̂, p̂))

:
1

2

(

(

∂v

∂X

)T

F(η̂) + F(η̂)T
(

∂v

∂X

)

)

dΩ

+

∫

Ω

(S̃(η̂) + S
∗
(η̂, p̂)) :

(

(

∂v

∂X

)T (
∂v

∂X

)

)

dΩ.

(2.1.80)

On the other hand, after discretization, the ellipticity in kernel is:

inf
V∈Kh

VT (Ku +K∗
u)V

||V||2 > 0, (2.1.81)

where

Kh = {V|KT
p V = 0}. (2.1.82)

We consider two test examples, and we investigate the influence of different element orders for

pressure on the ellipticity condition. From intuition, we can see that for the same element order of

displacement, the smaller element order we use for pressure, the larger Kh will be, and therefore

the more likely is that the ellipticity condition will be violated. We will demonstrate the extent of

this violation by obtaining the minimum eigenvalue of Ku(ηh, ph) in Kh(ηh, ph), where (ηh, ph) is

the projection of an analytic solution (see below) in the space formed by the shape functions. A

similar strategy was employed in [41] for testing the ellipticity condition.

In our first example, the Mooney-Rivlin model is considered with the following material property

coefficients:

A10 = 2.0, A01 = 0.2, k = 1000, (2.1.83)

and the domain for initial configuration is as in Figure 2.9. In this test, a prescribed displacement

L is applied on X = 1:

η1 = −L, η2 = 0, η3 = 0 (2.1.84)

to describe the extent of compression. For the faces X = 0, Y = 0, we clamp them in the normal

direction. That is, on X = 0, we fix η1 = 0, and on Y = 0, we fix η2 = 0. To balance the system,
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Figure 2.9: Domain for elllipticity and inf − sup condition tests.

on Y = 1 a traction force field is applied as

T1 = T3 = 0, T2 = 0.4L
(4L2 − 16L+ 27)L− 22

L− 1
. (2.1.85)

Here we employ a 3D code to obtain a 2D solution and hence we impose on Z = 0 and Z = 1

periodic boundary conditions, i.e., η|Z=0 = η|Z=1.

Using a single hexahedral element as the mesh for this domain, we obtain the minimum eigen-

values of the stiffness matrix as in (2.1.81) which is evaluated at the projected exact solution (η, p).

Next we study the minimum eigenvalues of Ku(ηh, ph) in Kh(ηh, ph) by systematically changing

the element orders of displacement and pressure. Similar to what we did for the convergence rate

tests, fixing the element order Ou of displacement (Ou = 2, 3, 4, 5), the minimum eigenvalue versus

L for different element orders Op of pressure (Op = 0, · · · , Ou) are plotted in Figure 2.10: The

horizontal axis denotes the displacement L on X = 1, which represents the extent the object is

compressed. The different lines correspond to different constant k which represents the element

order combinations (Ou, Op = Ou − k).
In Figure 2.10, we see that for a fixed element order pair (Ou, Op), as L increases, the minimum

eigenvalues should decrease. That means, the larger the deformation is, the more severe the ellip-

ticity is violated, which was also demonstrated in [42, 43] for low-order elements. We also notice

that for a fixed element order Op for pressure, when Ou − Op ≤ 1, the minimum eigenvalues are
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Figure 2.10: Ellipticity test: minimum eigenvalues for element order pairs (Ou, Op). Upper left:
Ou = 2. Upper right: Ou = 3. Lower left: Ou = 4. Lower right: Ou = 5.

much larger than for Ou satisfying Ou − Op ≥ 2. On the other hand, it is interesting that when

Ou−Op ≥ 2, the minimum eigenvalues have about the same magnitude independent of an increase

in Ou. For example, for L = 0.9, when Op = 1 the minimum eigenvalue is −753.43 for Ou = 2,

−814.11 for Ou = 3, −839.19 for Ou = 4 and −841.80 for Ou = 5. Similarly, when Op = 2 the

minimum eigenvalue is −379.38 for Ou = 2, −538.43 for Ou = 3, −691.14 for Ou = 4 and −733.14
for Ou = 5. These results suggest that for a fixed integer k, the pair (Ou, Ou−k) should yield better

performance as Ou increases. For example, for k = 2 at L = 0.9 as highlighted by the red circles,

we obtain the minimum eigenvalue for (Ou, Op) = (3, 1), (4, 2) and (5, 3) as −814.11, −691.14 and

−511.86, respectively. These results point to a particular trend, namely that for high-order Ou of

displacement there are more values of the pressure order Op that lead to simultaneous validity of

the ellipticity condition and of the inf − sup condition.

In this second example we will investigate the aforementioned finding by testing the stability

of the numerical solver for different pairs of interpolation order. We consider the cubic object

(0 ≤ X ≤ 1, 0 ≤ Y ≤ 1, 0 ≤ Z ≤ 1), with the mesh composed by a single hexahedral element. The
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Mooney-Rivlin model is specified by the following material property coefficients:

A10 = A01 = 1.0, k = 1000. (2.1.86)

For this case, the face X = 0 is clamped, and a traction force field (T1, T2, T3) is applied on the

rest of the faces:

At X = 1:

T1 = −2X2

25
, T2 =

4X

5
, T3 = 0; (2.1.87)

at Y = 0 and Y = 1:

T1 = ny(
4X

5
+

2X3

125
), T2 = −ny

2X2

25
, T3 = 0; (2.1.88)

at Z = 0 and Z = 1:

T1 = T2 = T3 = 0, (2.1.89)

where n = (nx, ny, nz) is the outward-pointing unit vector normal to the surface. The following

body force ρf = (f1, f2, f3), is also applied on the object:

f1 =
4X

25
, f2 = −4

5
, f3 = 0. (2.1.90)

This problem has the following analytic solution for the displacements of the object:

η1 = η3 = 0, η2 = 0.1X2. (2.1.91)

For this test, the increment method (see Appendix A.2) is applied by separating the external

load into N = 10 parts. In Table 2.1, we list the results of the stability study for different pairs of

element order (Ou, Op) (Op ≤ Ou and Ou = 2, · · · , 11); we leave the pairs with Op > Ou as blank

because they were not tested. Also, we mark with ∗ the point where the range of choices for Op,

which yield stable results, increases. We can see that for Ou ≤ 5, we can only use Op ≥ Ou − 1 to

maintain stability; when 6 ≤ Ou ≤ 10, the range is broadened to Op ≥ Ou − 2; and for Ou ≥ 11,

all Op ≥ Ou − 3 are appropriate to obtain numerical stability for this test problem.

Inf − sup condition

In all the examples we presented so far (convergence and ellipticity tests) we obtained stable

numerical results even when Op = Ou. To further investigate the inf − sup condition, we revisit

here the problems defined in equation (2.1.75) and in figure 2.9, and perform further numerical tests
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Ou\Op 0 1 2 3 4 5 6 7 8 9 10 11
2 × √ √

3 × × √ √

4 × × × √ √

5 × × × × √ √

6 × × × × ∗√ √ √

7 × × × × × √ √ √

8 × × × × × × √ √ √

9 × × × × × × × √ √ √

10 × × × × × × × × √ √ √

11 × × × × × × × × ∗√ √ √ √

Table 2.1: Ellipticity test: stability test for the second test problem. A checkmark denotes stability
whereas an “x” instability. The star “*” indicates transition in the stability behavior from one
regime to another.

with many non-hexahedral elements, including distorted 3D elements, and compare the accuracy

of the results. In addition, we compute the inf − sup constant explicitly for different interpolation

orders (Ou, Op).

For both test problems we use three types of meshes with different number of elements as in

Figure 2.11. Among these meshes, the prismatic elements might be especially problematic according

to [49, 50]. For the problem defined in equation (2.1.75) and for any pairs of (Ou, Op) we tested in

the range of Ou ∈ {1, 2, 3, 4, 5, 6, 7} and Op ≤ Ou, we did not observe any instabilities. The relative

errors for the choices of Op = Ou−2, Op = Ou−1 and Op = Ou are shown in Figure 2.12. Although

the magnitudes of these errors are different, all the lines are parallel to each other, indicating that

we obtained the same convergence rate with either the (Ou, Op = Ou − 2), (Ou, Op = Ou − 1) or

the (Ou, Op = Ou) pairs. For the problem defined in figure 2.9 and imposing a load L = 0.1, we

found similar results. Also, following [51, 52, 53], we obtained the inf − sup constant

β = inf
q∈P̂

sup
v∈Û

b(v, q)

|v|H1 ||q||L2

(2.1.92)

for a mesh with one hexahedron, where b(v, q) is defined as in (2.1.77). The results are shown in

Figure 2.13; we see that for (Ou, Op = Ou) cases, the constant β > 0 and is decreasing as Ou

increases. However, for (Ou, Op = Ou−1) the constant is at least an order of magnitude larger. By

decreasing further the pressure interpolation order, i.e., for the pair (Ou, Op = Ou − 2) the results

remain essentially the same as in the case (Ou, Op = Ou − 1).

2.1.6 Accuracy: volumetric and shear locking phenomena

In this section we perform several numerical tests in order to investigate the performance of the

high-order projection method with respect to volumetric locking, and shear locking.
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Figure 2.11: Meshes for inf − sup condition test with example in 5.1.1: Left: skewed hexahedral
elements (MESH1); Middle: prismatic elements (MESH2); Right: Many prismatic and distorted
elements (MESH3).

Volumetric locking

For low-order elements the displacement-only formulation suffers from the volumetric locking

behavior for problems with very high bulk modulus. This can be overcome by increasing the

displacement order, i.e. typically for Ou ≥ 4 [18]. Here, we compare the mixed formulation

with the displacement formulation for a thick-walled tube benchmark problem, first proposed in

[17], but here we are using a three-dimensional mesh. We use a neo-Hookean material model

with A01 = 0.0;A10 = 0.5. Shown in Figure 2.14, the thick-walled tube is under pressure load

Pinner = 0.5 MPa (applied along the radial direction); the tension on the outer surface is 0 MPa.

The inner and outer radii are 10 mm and 30 mm, respectively. Along the Y−direction, the tube

has length 30 mm. Therefore, on the inner and outer surfaces the boundary conditions are (here

we use a follower load approach, see [45])

−σrr(10) = 0.5, σrr(30) = 0. (2.1.93)

On surface X = 0 and Z = 0, the displacements vanish along the normal directions. In other

words,

η1 = 0 onX = 0; η3 = 0 onZ = 0. (2.1.94)

In order to describe a tube with infinite length, on surfaces Y = 0 and Y = 30, the periodic

boundary condition is applied: η|Y=0 = η|Y=30. All the displacements are set to 0 as the initial

configuration. As in Figure 2.14, the domain is decomposed into four hexahedral elements.

We test both mixed and displacement-only formulations for this problem, with displacement or-

der Ou = 2, 3, 4 in the displacement formulation, and displacement/pressure order pairs (Ou, Op) =

(2, 1), (3, 2), (4, 3) in the mixed formulation; in addition we perform a simulation with Ou = 2, Op =
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Figure 2.12: Inf − sup condition test for the problem in 4.2.1., with relative errors as a function
of the element order Ou for displacement: upper: results for MESH1; middle: results for MESH2;
lower: results for MESH3; left column: relative errors for pressure; right column: relative errors for
displacement.

2. The bulk modulus k = 1, 10, 100, 1000, 10000, 100000 are tested. The results for the maximum

relative error of displacement along the radial r direction (marked as ur) at the inner boundary

r = 10 mm are showed in Figure 2.15. In this test, the increment method (see Appendix A.2) is

applied by separating the external load into 10 parts.

From Figure 2.15 we can see that using low-order elements for displacement, the displacement-

only formulation suffers from volumetric locking problem, while the mixed formulation does not.
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Figure 2.13: Inf − sup test: inf − sup constants for problem defined in figure 2.9 with one
hexahedron element mesh.

Figure 2.14: Volumetric locking test: mesh for thick-walled tube.

When the order Ou is increased to as high as 4, the displacement formulation overcomes the

volumetric locking behavior. This result is in agreement with the findings of [18]. When the

bulk modulus is larger than 10, 000 (MPa), the accuracy with mixed formulation is more than an

order of magnitude higher than that of the displacement formulation, reaching almost two-orders of

magnitude higher accuracy for k = 100, 000. It is interesting to also note that the mixed formulation

case of Op = Ou = 2 leads to volumetric locking identical to the displacement-only formulation for

Ou = 2.
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Figure 2.15: Volumetric locking test: maximum relative error for ur at inner boundary r = 10 mm,
with two formulations in thick-walled tube problem.

Shear locking

Next we investigate the performance of the high-order pressure projection method in shear

locking with a numerical example very similar to [16]. It is known [16, 26, 54] that for thin plates,

high-order elements can overcome the shear locking problem. Here we use a 5× 0.02× 5 test mesh

for the Mooney-Rivlin model. Based on our results for convergence rate tests, here we simply use

Op = Ou − 1 and consider polynomial orders Ou from 2 to 9.

In this example, we test the thin mesh by applying a traction T2 = 0.00001 at the end X = 5.

We choose the material coefficients for the Mooney-Rivlin material according to [54], as follows:

A01 = 0.045, A10 = 0.177, and since incompressibility does not effect the shear locking phenomenon,

we use a smaller bulk modulus k = 0.66666. The numerical results are summarized in Figure 2.16.

We also compare the results for deformation length L between our formulation and the commercial

code ABAQUS [55] in Tables 2.2-2.3. In ABAQUS, we used 2500 incompatible-mode elements to

overcome the shear locking problem. We take the results with quadratic elements in ABAQUS as

the reference solution Ls for the comparison of relative errors eR = |L−Ls|
Ls

.

ABA Order 1 ABA Order 2 NEK Order 2 NEK Order 3 NEK Order 4
L 3.80724 3.78787 0.37777 2.34947 3.64134

NEK Order 5 NEK Order 6 NEK Order 7 NEK Order 8 NEK Order 9
L 3.77218 3.77723 3.78631 3.79046 3.79920

Table 2.2: Shear locking test: comparison of length L (deformation on the end X = 5) between
ABAQUS (ABA) with 2500 elements and our formulation (NEK) with one element.
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Figure 2.16: Shear locking test: Mooney-Rivlin model

ABA Order 1 ABA Order 2 NEK Order 2 NEK Order 3 NEK Order 4
eR 5.11369e-3 0 9.00268e-1 3.79738e-1 3.86840e-2

NEK Order 5 NEK Order 6 NEK Order 7 NEK Order 8 NEK Order 9
eR 4.14217e-3 2.80897e-3 4.11841e-4 6.83762e-4 2.99113e-3

Table 2.3: Shear locking test: comparison of relative errors for L between ABAQUS (ABA) with
2500 elements and our formulation (NEK) with one element.

From Figure 2.16 and Tables 2.2-2.3, we can see that using low-order polynomial interpolation

the deformation is much smaller than the accurate solution, which indicates that the shear locking

phenomenon appears. However, by using higher order elements, the deformation is larger and it

finally converges to the accurate solution. Hence, we obtain converged solutions for this problem

for Ou ≥ 4, which is consistent with the observations in [26]. We note that for the shear locking

test we obtained similar results with either the (Ou, Op = Ou − 1) or the (Ou, Op = Ou) pairs.

2.1.7 Summary

We have presented a pressure projection method for nearly incompressible materials in solid

mechanics using a general Jacobi polynomial basis that can be used to generate 3D polymorphic

high-order elements. We investigated the convergence rates of the method for both smooth and

singular solutions of linear and nonlinear elasticity problems, and numerically in some depth the

issue of stability of the method for large deformations. We found that for linear problems the

mixed formulation is stable even for elements with pressure interpolation order Op equal to the
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displacement order Ou, while Op = Ou − 1 gives the best solution accuracy. On the other hand, to

resolve the volumetric locking problem for hyperelastic material, it is required that Op = Ou − 1

and in that case we obtained accuracies superior to displacement-only formulation, especially at

high values of the bulk modulus, e.g. by almost two orders of magnitude. For large deformations

we examined the stability of the method by considering the discrete ellipticity in kernel as has been

suggested previously for low-order elements [42]. In this case, stability is enhanced by restricting

the pressure space, i.e. Ou ≥ Op ≥ Ou − k, where k depends on the specific value of Ou. For

example, our numerical tests suggest that for low values of Ou ≤ 5 we require that k = 1; for

intermediate values of Ou ≤ 10 we require that k = 2, and for Ou ≥ 11 we require that k = 3.

These rather surprising results deserve further theoretical investigation, especially for understanding

the interplay between the discrete ellipticity condition and the discrete inf-sup condition in large

deformation analysis. From the practical standpoint, the present study suggests that the most

robust choice of interpolation order in the mixed formulation is Op = Ou− 1, leading to stable and

accurate results for linear and nonlinear problems with large deformations, including resolution of

the volumetric and shear locking phenomena.

2.2 Acceleration method for parallel linear solver

2.2.1 Overview and motivation

Because of its high convergence rate as well the flexibility in discretization, the spectral/hp

element method has been applied on various applications during the past two decades [6, 56, 21,

15, 22, 18, 57, 58, 59, 60]. The bases of spectral/hp finite elements can be classified as two types:

the modal bases which are constructed from hierarchical expansion basis, and the nodal bases which

are associated with a set of nodal points. Regarding the choices of nodal points, the Gauss-Lobatto

points are commonly used [56], which can be chosen by minimization of an electrostatic potential

[61] or the Lebesgue constant (Fekete points) [62] for unstructured elements. For the modal bases,

the mass matrix is generally not diagonal and therefore lumped or spectral diagonal mass matrix

can not be easily applied without sacrificing the accuracy. However, one can choose the expansion

bases to achieve better conditioning and sparsity [6, 63, 64]. Among all these choices, the Jacobi

polynomials have been employed in the construction of several recent expansion bases [6, 65, 66, 67],

and have been proved to be very successful in computational fluid dynamics. From the numerical

standpoint, the spectral/hp element version based on general Jacobi polynomials gives a good

sparsity and is well conditioned for enhanced computational efficiency and scalability as shown in

[68, 69]. It also provides further flexibility in generating polymorphic elements, e.g., hexahedral,
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tetrahedral, triangular prisms and even pyramids.

For problems of solid mechanics (especially elasticity), the high-order methods possess additional

advantages, e.g., the accuracy does not depend strongly on the aspect ratio of the elements [6],

and locking-free behavior with respect to the Poisson ratio for nearly incompressible materials

[12, 17, 18]. The spectral/hp element methods are also extended in recent years to nonlinear

problems [16, 17, 70, 19, 71] and plate/shell problems [25, 23]. However, in the computational

tests we realized that the structure solver was a bottle neck in fluid-structure interaction (FSI)

simulations, especially for large-scale cases such as the patient specific aneurysm problems. In

general, the problem is more severe when higher-order polynomial order is employed, because the

high-order mass and stiffness matrices are denser and require more operations for the solution of

systems of equations by iterative methods.

The current work is motivated by two previous studies. The first one comes from [72] where

an element-wise least square based algorithm was developed with high-order nodal expansion bases

for the explicit time integration scheme. The solution was obtained based on an element-wise

diagonal solver: the residual was first distributed on each element, then the element-wise mass

matrix was inverted to achieve the element-wise results and finally the results on the element

boundary were smoothed in the least square sense. All the operations are local, i.e., element-wise.

However, this completely local method can only be applied to the nodal basis, and its stability

is highly mesh-dependent while applying to problems subjected to distributed loads. To improve

the method and apply it to the spectral/hp element discretization based on modal basis, a global

inversion of the linear system is required to approximate the residual on each element, which calls

for the second idea which comes from our three dimensional fluid solver. In the Navier-Stokes

solver, we apply the rotational velocity-correction projection scheme in time [73, 74], and the three

components of velocity and the pressure are all decoupled. A low energy preconditioner can be then

applied in the conjugate gradient solver, to solve efficiently the Poisson problem for pressure and

the three Helmholtz problems for the velocity components. This preconditioner is developed by a

transformation from an analytic unstructured expansion, which ignores the Jacobian of the mapping

to the physical elemental region, and the target matrix must be free of axis rotations. Numerical

tests in [75, 76] showed great success of this preconditioner in improving the conditioning and

therefore the computational cost compared to the diagonal preconditioner, especially for polynomial

orders greater than 4.

In the current work, we perform all the operations in the solid solver locally, except when

distributing the global residual. To approximate this element-wise distribution more efficiently, we

decouple the three components of the solid solver, and extend the idea of low energy preconditioner
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onto the linear solver for each component. The chapter is organized as follows: In section 2.2.2

we first present briefly the fully discretized formulation for the spectral/hp element method as a

background. Then we introduce the main contribution of this chapter: a modified version of the

original spectral/hp element formulation which we refer to as the semi-local method. In the last

part of this section, the modified low energy preconditioner is illustrated for distributing the residual

based on the localization operator of the semi-local method. To demonstrate convergence, in section

2.2.3 we test the p−, t− and h− convergences of the semi-local method. Finally, the main results

for efficiency tests are presented in section 2.2.4, including an elastic tube case, which involves only

the solid solver, and two fluid-structure interaction cases for a patient-specific aneurysm simulation.

We finish in section 2.2.5 with a summary.

2.2.2 Formulation

In this section, we derive the formulation for the displacement field η(X, t) in a three-dimensional

object occupying the domain Ω ⊂ R3 with boundary ∂Ω = ∂ΩD ∪ ∂ΩN . Here Dirichlet type

boundary conditions are prescribed on ∂ΩD, Neumann type boundary conditions (traction) on

∂ΩN , and Ω stands for the initial configuration of the object. The linear elastic model with

infinitesimal deformations is considered in this chapter. In the following, we will denote by Ae the

element-wise expression for any given global quantity A.

Original spectral/hp element formulation

Before introducing the semi-local method, we first present the standard spectral/hp element

method for linear elastic problems. The standard spectral/hp element formulation illustrated in

the following will be referred as the original spectral/hp element formulation, to be contrasted with

the modified version, i.e., the semi-local method.

For linear elasticity with infinitesimal deformations, we can write its strain energy density

function as [44, 45]:

Ψ(E) =
λ

2
(trE)2 + µE : E, (2.2.1)

where E =
1

2

(

(

∂η

∂X

)T

+

(

∂η

∂X

)

)

is the strain tensor, and µ, λ are the shear and Lame constants,

respectively. The Cauchy stress tensor S =
∂Ψ

∂E
can be expressed as in (2.1.4). Then the weak form

of the equation describing the object deformation can be given as [44]:

∫

Ω

ρ
∂2η

∂t2
vdΩ +

∫

Ω

S : ∇vdΩ −
∫

∂ΩN

T · vdΓ−
∫

Ω

f · vdΩ = 0, ∀v ∈ U0, (2.2.2)
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where the displacement field η(X, t) ∈ U(t) = {w(X, t) ∈ [H1(Ω)]3|w(X, t) = ηD(X, t) on ∂ΩD},
and U0 = {w(X) ∈ [H1(Ω)]3|w(X) = 0 on ∂ΩD}; T, f and ρ are the external traction force on

∂ΩN , external body force, and mass density, respectively.

Next, we consider the discretization of (2.2.2) similarly as in chapter 2.1. Based on the high-

order hierarchical shape functions as defined in Appendix A.1, on each element we expand the

displacement ηe = ((ηe)1, (ηe)2, (ηe)3) and the test function ve = ((ve)1, (ve)2, (ve)3):

(ηe)i(X) =

Ne
∑

p=1

(η̂e)ipφp(X), (ve)i(X) =

Ne
∑

p=1

(v̂e)ipφp(X), i = 1, 2, 3, (2.2.3)

where Ne is the total number of shape functions for displacement on this element, φk(X) are the

shape functions, and (η̂e)ip, (v̂e)ip are the expansion coefficients. Substituting expression (2.2.3)

into the weak form (2.2.2) and assembling globally, we obtain

M
d2U

dt2
= −KU+ F. (2.2.4)

Here U is the global vector of unknown expansion coefficients, which is assembled from the cor-

responding element expansion coefficient vectors Ue. In order to have smaller bandwidth for the

coefficient matrix, Ue is organized in a way such that the three displacement components corre-

sponding to a particular mode are adjacent, as shown in (2.1.22). Since the interior modes are

coupled with the boundary modes of the same element only, while assembling the local vector Ue

into the global vector U, we arrange the modes following the “vertex-edge-face-interior” sequence

as in [6]. F is the global vector of the external forces organized in the same ordering of indices as

U. On each element, Fe is a vector of length 3Ne, with components

(Fe)ip =

∫

∂(Ωe)N

(Te)iφpdΓe +

∫

Ωe

(fe)iφpdΩe, i = 1, 2, 3, (2.2.5)

where (Te)i and (fe)i are the components of the external traction and body forces applied on this

element, respectively. Correspondingly, on each element we have a 3Ne × 3Ne local mass matrix

Me, which is organized as a matrix of Ne ×Ne blocks, with each block being a 3× 3 submatrix:

Me =











(Me)11 · · · (Me)1Ne

...
. . .

...

(Me)Ne1 · · · (Me)NeNe











, (Me)pq =

(∫

Ωe

ρφpφqdΩe

)

I. (2.2.6)

Here I is the 3 × 3 identity matrix. Similarly, on each element we can organize the 3Ne × 3Ne

42



stiffness matrix K into Ne ×Ne blocks, with each 3× 3 submatrix (Ke)pq being

(Ke)pq =

∫

Ωe













(λ+ µ)
∂φp
∂X

∂φq
∂X

+ α λ
∂φp
∂X

∂φq
∂Y

+ µ
∂φp
∂Y

∂φq
∂X

λ
∂φp
∂X

∂φq
∂Z

+ µ
∂φp
∂Z

∂φq
∂X

λ
∂φp
∂Y

∂φq
∂X

+ µ
∂φp
∂X

∂φq
∂Y

(λ+ µ)
∂φp
∂Y

∂φq
∂Y

+ α λ
∂φp
∂Y

∂φq
∂Z

+ µ
∂φp
∂Z

∂φq
∂Y

λ
∂φp
∂Z

∂φq
∂X

+ µ
∂φp
∂X

∂φq
∂Z

λ
∂φp
∂Z

∂φq
∂Y

+ µ
∂φp
∂Y

∂φq
∂Z

(λ+ µ)
∂φp
∂Z

∂φq
∂Z

+ α













dΩe,

(2.2.7)

where α = µ

(

∂φp
∂X

∂φq
∂X

+
∂φp
∂Y

∂φq
∂Y

+
∂φp
∂Z

∂φq
∂Z

)

.

To discretize in time, two types of methods are employed: the Newmark scheme as a start up in

the first two steps, and a three-step backward differentiation formula (BDF) [77] for the other steps.

They can be defined by different expressions for the acceleration and velocity approximations. Let

n denote the index of the time step, in the Newmark scheme based on the current displacement

coefficients Un, previous time step displacement Un−1, velocity U̇n−1 and acceleration Ün−1, we

can approximate the acceleration and velocity at the n-th step as:

U̇n = U̇n−1 +∆t
(

(1− θ1)Ün−1 + θ1Ü
n
)

, (2.2.8a)

Ün =
1

∆t2θ2

(

Un −Un−1 −∆tU̇n−1 − ∆t2

2
(1 − 2θ2)Ü

n−1

)

, (2.2.8b)

where we have used “ · ” to denote the temporal derivatives. Substituting into (2.2.4), we obtain

the fully discretized formulation for the Newmark scheme:

(

M

∆t2θ2
+K

)

Un = F+
M

∆t2θ2

(

Un−1 +∆tU̇n−1 +
∆t2

2
(1− 2θ2)Ü

n−1

)

. (2.2.9)

Depending on the requirements of accuracy and stability, different values can be set for the pa-

rameters (θ1, θ2). In the following, we will use the parameters (θ1, θ2) = (0.5, 0.25) which lead to a

second-order scheme.

In the three-step BDF scheme, the acceleration and velocity approximations are also expressed

based on the current information (Un, U̇n) and previous time steps results (Un−i, U̇n−i) as:

U̇n = A1U
n +B1U

n−1 + C1U
n−2 +D1U

n−3, (2.2.10a)

Ün = A2U̇
n +B2U̇

n−1 + C2U̇
n−2 +D2U̇

n−3, (2.2.10b)

and correspondingly the fully discretized formulation for the three-step BDF scheme is:

(A1A2M+K)Un =F−M(A2(B1U
n−1 + C1U

n−2 +D1U
n−3)

+ (B2U̇
n−1 + C2U̇

n−2 +D2U̇
n−3)).

(2.2.11)
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Here Ai, Bi, Ci and Di (i = 1, 2) are defined as follows

A1 =
θ1
∆t

, B1 =
2.5− 3θ1

∆t
, C1 =

3θ1 − 4

∆t
, D1 =

1.5− θ1
∆t

, (2.2.12a)

A2 =
θ2
∆t

, B2 =
2.5− 3θ2

∆t
, C2 =

3θ2 − 4

∆t
, D2 =

1.5− θ2
∆t

, (2.2.12b)

and (θ1, θ2) are also decided based on considerations of stability and dissipation. To be specific,

we will use (θ1, θ2) = (5/3, 5/3) in this chapter because of its enhanced stability [77]. This pair of

parameters corresponds to a three-step second-order scheme.

While solving the linear system (2.2.9) or (2.2.11), a Schur complement reformulation is per-

formed. Then all the interior modes are condensed out and the elemental boundary unknowns are

solved with a direct solver on each element. Globally, only the boundary modes need to be solved

with the preconditioned conjugate gradient solver, where the diagonal preconditioner is employed

[27].

Semi-local method

In the semi-local method, we are solving for the displacement on each element. In the following,

for any given global vector V, we organize its components into three vectors as Vi (i = 1, 2, 3). To

be specific,

Vi = [· · · Vi,p Vi,p+1 · · · ]T . (2.2.13)

is the collection of components in the corresponding direction. Here ai,p is defined following the

same way as in (2.1.22).

To maintain the accuracy of the time integration schemes, on each step we perform subiterations

until reaching the convergence tolerance ǫ

||Un,k −Un,k−1|| < ǫ (2.2.14)

at the n-th time step and k-th subiteration. In the semi-local method, the formulations (2.2.9) and

(2.2.11) are modified as

Newmark:

(

Me

∆t2θ2
+Ke

)

Un,k
e = Le

(

F̂n,k−1 −
(

M

∆t2θ2
+K

)

Un,k−1

)

+

(

Me

∆t2θ2
+Ke

)

Un,k−1
e ,

BDF: (A1A2Me +Ke)U
n,k
e = Le

(

F̂n,k−1 − (A1A2M+K)Un,k−1
)

+ (A1A2Me +Ke)U
n,k−1
e ,

(2.2.15)

44



where F̂ is the right hand side of (2.2.9) and (2.2.11):

Newmark: F̂n,k−1 = Fn +
M

∆t2θ2

(

Un−1 +∆tU̇n−1 +
∆t2

2
(1 − 2θ2)Ü

n−1

)

,

BDF: F̂n,k−1 = Fn −M(A2(B1U
n−1 + C1U

n−2 +D1U
n−3)

+ (B2U̇
n−1 + C2U̇

n−2 +D2U̇
n−3)),

(2.2.16)

and Le is a localization operator for each element e, which maps a global vector a onto a local

vector ae. From expressions (2.2.15) , we can see that the function of localization operator Le is

to distribute the global residual from the last subiteration onto each element. By comparing with

the original spectral/hp element method formulations (2.2.9) and (2.2.11), this operator should be

taken as:

Newmark: Le(a) =
(

Me

∆t2θ2
+Ke

)

(

(

M

∆t2θ2
+K

)−1

a

)

e

,

BDF: Le(a) = (A1A2Me +Ke)
(

(A1A2M+K)−1 a
)

e
.

(2.2.17)

However, by doing so, we have to invert the original 3N × 3N global linear system, and hence we

gain no efficiency. We will therefore try to decompose the global linear system into three smaller

N ×N systems related with the three components of the displacement U1, U2 and U3, which are

the displacements in x, y and z directions, respectively. One possible way is to project the operator

we proposed in (2.2.17) with respect to these components separately, which will be noted as Lie
(i = 1, 2, 3). For the Newmark scheme, we have

L1e(a1) =

(

M1e

∆t2θ2
+K1e

)

(

(

M1

∆t2θ2
+K1

)−1

a1

)

e

,

L2e(a2) =

(

M2e

∆t2θ2
+K2e

)

(

(

M2

∆t2θ2
+K2

)−1

a2

)

e

,

L3e(a3) =

(

M3e

∆t2θ2
+K3e

)

(

(

M3

∆t2θ2
+K3

)−1

a3

)

e

,

(2.2.18)

and for the BDF scheme, we have

L1e(a1) = (A1A2M1e +K1e)
(

(A1A2M1+K1)−1 a1
)

e
,

L2e(a2) = (A1A2M2e +K2e)
(

(A1A2M2+K2)
−1

a2
)

e
,

L3e(a3) = (A1A2M3e +K3e)
(

(A1A2M3+K3)
−1

a3
)

e
,

(2.2.19)

where M1, M2, M3 are the projections of the mass matrix M related to U1, U2 and U3,
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respectively:

M1e = M2e = M3e =











∫

Ωe
ρφ1φ1dΩe · · ·

∫

Ωe
ρφ1φNe

dΩe

...
. . .

...
∫

Ωe
ρφNe

φ1dΩe · · ·
∫

Ωe
ρφNe

φNe
dΩe











, (2.2.20)

and K1, K2, K3 are the projections of the stiffness matrix K:

Kie =











(Kie)11 · · · (Kie)1Ne

...
. . .

...

(Kie)Ne1 · · · (Kie)NeNe











, i = 1, 2, 3, (2.2.21)

(K1e)pq =

∫

Ωe

[

(λ+ µ)
∂φp
∂X

∂φq
∂X

+ α

]

dΩe

(K2e)pq =

∫

Ωe

[

(λ+ µ)
∂φp
∂Y

∂φq
∂Y

+ α

]

dΩe

(K3e)pq =

∫

Ωe

[

(λ+ µ)
∂φp
∂Z

∂φq
∂Z

+ α

]

dΩe

(2.2.22)

with α = µ

(

∂φp
∂X

∂φq
∂X

+
∂φp
∂Y

∂φq
∂Y

+
∂φp
∂Z

∂φq
∂Z

)

. Since each 3× 3 submatrix (Me)pq is proportional

to the 3×3 identity matrix I, all the information of the mass matrixM is kept while being projected

into Mi (i = 1, 2, 3). However, while projecting the stiffness matrix K into Ki (i = 1, 2, 3), we

abandon all the nondiagonal terms in (2.2.7). Therefore, the subiteration is required because of the

loss of information in K, i.e., the more M dominates the linear system, the less subiterations will

be required to reach convergence.

In each subiteration, one has to generate a global expression for displacement Un,k after the

element-wise results Un,k
e are obtained from (2.2.15). An assembly globalization operator G is

therefore defined as the least square fit of the local solution. For the j-th global mode, which

corresponds to the je-th mode on each related element Ωe, we have

(G(a))j =

∑

e∈Sj
(measure(Ωe)(ae)je)

∑

e∈Sj
measure(Ωe)

, (2.2.23)

where ae and G(a) are the local vector on element Ωe and the global vector after assembling,

respectively. Moreover, the measure(Ωe) is the size of element Ωe, and the set of elements Sj is

the union of elements which contributes to the j-th global mode. To see this more clearly, the

procedure for a case with two elements Ω1 and Ω2 is illustrated in Figure 2.17: the vertex j1-th

mode of element Ω1 and the vertex j2-th mode of element Ω2 are related with the j-th mode of the
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Figure 2.17: Sketch illustrating the construction of the assembly globalization operator G, see text
for details.

global vector, therefore the set of elements Sj in (2.2.23) is {Ω1,Ω2}. To generate the j-th number

of the global vector G(a), two local vectors a1 (from element Ω1) and a2 (from element Ω2) are

involved. More precisely, one should calculate the weighted average of the j1-th number in a1 and

the j2-th number of a2, where the weight is taken as the ratio of element size.

To summarize, at the n-th time step, we solve for the displacement coefficients Un using the

following algorithm:

1. Set

η
n,0 = η

n−1, η̇n,0 = η̇
n−1, η̈n,0 = η̈

n−1, (2.2.24)

2. for k = 1 : kmax, do

(a) Update F̂n,k−1 as in equation (2.2.16) and calculate the global residual:

Newmark: F̂n,k−1 −
(

M

∆t2θ2
+K

)

Un,k−1,

BDF: F̂n,k−1 − (A1A2M+K)Un,k−1.

(2.2.25)

(b) Distribute the global residual (2.2.25) onto each element with the localization operator

Lie (i = 1, 2, 3) as defined in (2.2.18) and (2.2.19):

Newmark: Le
(

F̂n,k−1 −
(

M

∆t2θ2
+K

)

Un,k−1

)

,

BDF: Le
(

F̂n,k−1 − (A1A2M+K)Un,k−1
)

.

(2.2.26)
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(c) Obtain the element-wise approximation for displacement Un,k
e following the formulation

(2.2.15).

(d) Assemble the global expression for displacement coefficients with the assembly global-

ization operator G as defined in (2.2.23):

Un,k = G(Un,k
e ). (2.2.27)

(e) Calculate the displacement approximation η
n,k and also the velocity and acceleration

η̇
n,k and η̈

n,k based on the Newmark scheme (2.2.8) or BDF scheme (2.2.10).

(f) Check convergence: if

||ηn,k − η
n,k−1|| < ǫ, (2.2.28)

set k = kmax and update the results as

η
n = η

n,k, η̇n = η̇
n,k, η̈n = η̈

n,k. (2.2.29)

Else, continue to the (k + 1)-th subiteration.

3. Go to time step n+ 1.

Low energy preconditioner

While solving the three global N × N linear systems in (2.2.18) or (2.2.19), a parallel low

energy preconditioner [75, 76] is used in the conjugate gradient solver, which greatly decreases

the condition number and consequently increases the efficiency of the conjugate gradient solver,

as shown in [75, 76]. For any given symmetric matrix Si which is arranged from the element-wise

matrix Sie, on each element we apply the transformation matrix Re such that Tie = ReSieR
T
e

forms the low energy preconditioner. To decrease the condition number, Re should be chosen to

decouple the vertex, edge and face modes of the matrix Sie. Here we write the target elemental

matrix Sie into the form

Sie =





(Sie)vv (Sie)v,ef

(Sie)
T
v,ef (Sie)ef,ef



 =











(Sie)vv (Sie)ve (Sie)vf

(Sie)
T
ve (Sie)ee (Sie)ef

(Sie)
T
vf (Sie)

T
ef (Sie)ff











, (2.2.30)

where (Sie)vv denotes all the couplings between the vertex modes, and (Sie)v,ef contains all the cou-

plings between the vertex modes and edge/face modes. The other terms are defined similarly. The
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transformation matrix Re is arisen from a transformation of basis, which has an upper triangular

form

Re =





I (Re)v

0 (Re)ef,ef



 =











I (Re)ve (Re)vf

0 I (Re)ef

0 0 I











, (2.2.31)

where (Re)v = [(Re)ve (Re)vf ]. (Re)ve, (Re)vf represent the modification of the vertex modes by

the edges and faces modes respectively, and (Re)ef represents the modification of the edge modes

by the face modes. Then, the transformed elemental matrix Tie can be expressed as

Ti =





Tivv ((Sie)v,ef + (Re)v(Sie)ef,ef )(Re)
T
ef,ef

(Re)ef,ef ((Sie)
T
v,ef + (Sie)ef,ef (Re)

T
v ) Tief,ef





(2.2.32)

where

Tief,ef =





Tiee (Sie)ef + (Re)vf (Sie)ff

(Sie)
T
ef + (Sie)ff (Re)

T
vf (Sie)ff



 . (2.2.33)

Tivv = (Sie)vv + (Re)v(Sie)
T
v,ef + (Sie)v,ef (Re)

T
v + (Re)v(Sie)ef,ef (Re)

T
v ,

Tiee = (Sie)ee + (Re)vf (Sie)
T
ef + (Sie)ef (Re)

T
vf + (Re)vf (Sie)ff (Re)

T
vf .

We first consider the case when Si is isotropic, and the problem is defined within a rotational

symmetric standard element. To completely orthogonalize the vertex modes with the edge and face

modes we require that

(Re)v = −(Sie)−1
ef,ef (Sie)

T
v,ef .

Similarly, to decouple the edge modes from the face modes, we should have

(Re)ef,ef = −(Sie)−1
ff (Sie)

T
ef .

However, in our localization procedure as in (2.2.18) and (2.2.19), we are considering Sie =
Mie
∆t2θ2

+

Kie for the Newmark scheme and Sie = A1A2Mie +Kie for the BDF scheme. It should be noted

that: firstly, generally the elements are not rotationally symmetric; secondly, these matrices are

not isotropic. From [75, 76] we can see that because of these two features, the transformation

Re generated from Sie would destroy the boundary decomposition of the vertex and edges modes,

which will cause difficulties in generating a global expansion from the elemental definitions. To

resolve the first problem, in this section we will construct the transformation matrix Re from the

standard region, which means that we do not take account of the Jacobian of the mapping between
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each element and the standard region. Accordingly, the edges in the global components will not

be completely decoupled from the surrounding elements, but the low-energy basis will still provide

a good preconditioner as demonstrated in [75, 76]. Regarding the second problem, to generate the

transformation matrix Re from an isotropic matrix we consider an approximation of Sie as

Newmark: Ŝie =
Mie
∆t2θ2

+ K̂e,

BDF: Ŝie = A1A2Mie + K̂e,

(2.2.34)

where

(K̂e)pq = α = µ

(

∂φp
∂X

∂φq
∂X

+
∂φp
∂Y

∂φq
∂Y

+
∂φp
∂Z

∂φq
∂Z

)

.

In summary, before the simulation we can generate and save the transformation matrix Re for

the isotropic matrix Ŝie on the standard region for each element, then assemble the low energy

preconditioner Ti from the element-wise matrix Tie = ReSieR
T
e . This preconditioner Ti is applied

in the conjugate gradient solver, while generating the localization operator as in equations (2.2.18)

and (2.2.19).

2.2.3 Convergence studies

In this section, we investigate the accuracy of the semi-local method by comparing simulation

results against analytical fabricated solutions. Three kinds of convergence (p, t, h) will be stud-

ied, and the errors will be compared with that from the original spectral/hp element formulation

described in (2.2.4). For the material properties, we will use Young’s modulus E and the Poisson

ratio ζ, which are related to the material constants λ and µ in (2.2.1) by

µ =
E

2(1 + ζ)
, λ =

ζE

(1 + ζ)(1 − 2ζ)
. (2.2.35)

In this section, we take a tolerance as ǫ = 10−12 to check the subiteration convergence in each time

step.

p−convergence

Now we will consider the deformation of a cubic solid occupying the domain 0 ≤ X ≤ 1,

0 ≤ Y ≤ 1 and 0 ≤ Z ≤ 1 discretized by eight hexahedral elements as in the left plot of Figure 2.18,

where the thick solid lines mark the edges of the spectral elements. For the test example, we use a

fabricated problem as in [27]. The face X = 0 is clamped, and a traction force field T = (T1, T2, T3)
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Figure 2.18: Meshes for convergence tests. Left: mesh for the p, t convergence tests and the 2×2×2
mesh in the h convergence test. Right: the 4× 4× 4 mesh in the h convergence test.

is applied on the rest of the faces, which is given by

T1 = nx(λ + 2µ)(A+ B sin at+ bC cos bX),

T2 = nyλ(A+B sin at+ bC cos bX),

T3 = nzλ(A+B sin at+ bC cos bX),

(2.2.36)

where n = (nx, ny, nz) is the outward-pointing unit vector normal to the surface, and A, B, C, a, b

are prescribed constants. A body force field f = (f1, f2, f3) is applied on the solid with components:

f1 = (λ+ 2µ)b2C sin bX/ρ− a2BX sinat, f2 = f3 = 0. (2.2.37)

When t = 0, the displacement and velocity fields are provided as the initial conditions:

η1 = AX + C sin bX, η2 = η3 = 0,

η̇1 = BaX, η̇2 = η̇3 = 0,
(2.2.38)

where η1, η2 and η3 are the displacements in X , Y and Z directions, respectively. This problem

has the following analytic solution for the displacement of the object:

η1 = (A+B sin at)X + C sin bX, η2 = η3 = 0. (2.2.39)

In this test, we use the following parameters:

A = 1.9, B = 0.1, C = 1.4, a = 1.0, b = 10.2, E = 100, ρ = 1000, ζ = 0.3, ∆t = 0.01, (2.2.40)
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to study the convergence behavior at time T = 0.1. We first vary the element order (i.e., highest

polynomial degree in the expansions) from 1 to 13, as in the left plot of Figure 2.19. To compare

the computational errors with respect to the exact solution, for each element order we calculate the

errors in the relative energy norm. Here the relative energy norm is defined as in (2.3.21). We plot

these errors in logarithmic scale, as a function of polynomial orders which is in linear scale. The red

lines show the results from semi-local method, and the blue lines give the results from the original

spectral/hp element formulation. From the left plot in Figure 2.19, we see that the numerical errors

decrease exponentially fast as the element order increases, indicating an exponential convergence

rate of the semi-local scheme spatially. On the other hand, the red and blue lines coincide, therefore

the semi-local method achieves the same accuracy as the original spectral/hp element formulation.
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Figure 2.19: Left: errors as a function of the element order for displacement in p−refinement test.
Right: errors as a function of the time step sizes in t−convergence test.

t−convergence

As in the p−convergence tests, we consider the deformation of the same cubic solid with the

same mesh, but with parameter values

A = 1.2, B = 0.5, C = 0.01, a = 1.0, b = 0.02, E = 100, ρ = 1000, ζ = 0.3. (2.2.41)

to study the convergence behavior on time. Here we take a larger B and smaller C so that the

errors from numerical integration in time dominate. All the tests are performed with polynomial

order 6, and this structure problem is simulated from t = 0 to t = 4. In the right plot of Figure

2.19, we give the relative energy errors for displacement as a function of time step size ∆t. Both the

errors and the time step size are in the logarithmic scale. We see that the results from semi-local

method are the same as that from the original spectral/hp element formulation, and all results are
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approximately on a straight line with the polynomial order increasing. To be specific, a second-order

convergence rate in time is obtained for the proposed semi-local method.

h−convergence

Now we focus on the h−convergence on the same problem employed by the p − convergence
tests, and use 8 layers of meshes. These meshes are formed by 2i×2i×2i (i = 1, 2, · · · , 8) hexahedral
elements, while the first mesh (i = 1) was also employed for the cases in the previous two sections

2.2.1 and 2.2.1. The mesh for i = 1 is plotted in the left plot of Figure 2.18, and the mesh for i = 2

is given in the right plot. In this section, runs with three choices of polynomial orders 1, 2, 3 are

tested. Similar to the previous tests, in Figure 2.20 we give the plot for the relative energy errors

from the semi-local method and the original spectral/hp element formulation. All these errors are

plotted in logarithmic scale as a function of the number of elements in each direction, which is also

in logarithmic scale. From Figure 2.20, we see that the semi-local method has the same accuracy

as the original formulation: a fixed element order P gives an P -th order in the relative energy

norm. The results are consistent with the analysis of h−convergence for the original formulation

for structure problems in [15].
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Figure 2.20: Errors as a function of element number in h−refinement test.

2.2.4 Efficiency tests: arterial walls and aneurysms

To test the efficiency of the method, we perform simulations for two cases: first, the structure-

only simulations on a tube geometry, and then fluid-structure interaction (FSI) simulations on a

patient-specific aneurysm model. In the following, the diagonal preconditioner is applied while

solving the global 3N × 3N linear system (2.2.9) or (2.2.11) in the original spectral/hp element

formulation. For the semi-local method, while solving the three N ×N systems in the localization
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operator Lie (2.2.18) or (2.2.19) we employ the low energy preconditioner in the conjugate gradient

solver.

Structure only: tube case

Figure 2.21: Mesh for arterial wall test.

In the following we investigate the performance of semi-local method with various polynomial

orders, considering a straight tube as an idealization of the arterial wall. The geometry and mesh

are as illustrated in Figure 2.21, with inner radius 2mm, axial length 32mm, and wall thickness

0.4mm. The inlet is located at Z = 0mm, centered at the origin. The mesh is composed of 4383

tetrahedral elements, and modeled by linear elastic material with the structure density 1.27g/cm3

since the material density of the arterial wall is known to be close to that of the blood. The Poisson

ratio is set to ζ = 0.3, and the Young’s modulus of the vessel walls is E = 0.3MPa, which is in the

physiological range of intracranial vessels of size 2− 4mm [78]. To simulate the pressure from the

blood, a periodic traction load is applied on the interior surface of the arterial wall as

T1 = 1787nx

(

1− cos

(

2πt

T

))

Pascal,

T2 = 1787ny

(

1− cos

(

2πt

T

))

Pascal,

T3 = 1787nz

(

1− cos

(

2πt

T

))

Pascal,

(2.2.42)

where n = (nx, ny, nz) is the outward-pointing unit vector normal to the surface. Here the length

of one cardiac cycle is taken to be T = 0.8sec, with time step size 1.9 × 10−6sec. On each time

step, the subiteration convergence tolerance in (2.2.28) is taken as ǫ = 2 × 10−11mm. With the

inlet clamped, at t = 1.5T we get the distribution of radial and axial displacements as shown in

Figures 2.22. In Figure 2.23, the time traces for displacements at two sample points (0, 2.4, 15.8) and

(−2.4, 0, 32) are displayed. From these figures we can see that the arterial wall deforms periodically,

since the traction force is periodic and the problem is linear. The largest radial displacement reaches

0.14mm, which is approximately 7% radial change. This is within the physiological radial change
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as reported in [79, 80].

Figure 2.22: Displacements (in millimeters) for the arterial wall test at t = 1.5T . Left: radial
displacement. Right: axial displacement.
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Figure 2.23: Time traces in the arterial wall test. Left: radial displacement at sample points.
Right: radial velocity at sample points.

Next we compare the efficiencies of the original spectral/hp element formulation with that of

the semi-local method, with the mesh shown in Figure 2.21 and polynomial orders from 2 to 7. The

averaged subiteration numbers of a cardiac cycle required by the semi-local method are provided

in Figure 2.24, as a function of the element orders. On the other hand, the averaged CPU time

(sec) spent on each time step and each subiteration is shown in the left and right plots of Figure

2.25, respectively. Since there is no subiteration in the original spectral/hp element formulation, we

consider the subiteration number as always 1 for each time step in its tests. We can observe that

although the averaged subiteration number is increasing with the increase of polynomial orders,

when the polynomial order is larger than 4, the semi-local method requires less time for each time

step. To further compare these two formulations, in Figure 2.26 we plot the speed-up factor we

can gain from replacing the original spectral/hp element formulation with the semi-local method.

In this Figure, the left plot shows the speed-up factors per time step and the right plot gives the

factors per subiteration. From the left plot, we can see that we generally get higher speed-up from
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the semi-local method while using larger polynomial order elements. When using elements with

polynomial order 7, the semi-local method accelerates the algorithm by almost 3 times for each time

step. On the other hand, concerning the efficiency per subiteration, it is shown in the right plot

of Figure 2.26 that we achieve as high as 25 times of speed-up from the semi-local method, when

the element polynomial order reaches 7. Therefore, although for the semi-local method additional

subiterations are required for each time step, and the averaged subiteration number is increasing

with the polynomial order, it is still more efficient than the original formulation when using high

order spectral/hp elements. Also, the larger the polynomial order is, the higher speed-up from this

method should be expected.
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Figure 2.24: Averaged subiteration numbers of the semi-local method in the arterial wall test.
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Figure 2.25: Averaged CPU time (Sec) in the arterial wall test. Left: each time step. Right: each
subiteration.

Fluid-structure interaction: aneurysm case

In this part we consider patient-specific aneurysm models, with the arterial geometry extracted

from Magnetic Resonance Imaging data [4]. This aneurysm is located in the cavernous segment
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Figure 2.26: Speed-up factor from semi-local method in the arterial wall test. Left: each time step.
Right: each subiteration.

of the right internal carotid artery at the eye level. We will perform our simulations with the

partitioned fluid-structure interaction code documented in chapter 4.1. Here the structure solver

employs our semi-local method. In these simulations, subiteration is needed on each time step

to guarantee continuity at the interface, and it can be combined with the subiteration required

by the semi-local method. Two sets of meshes will be tested: in Test I the structure subdomain

covers the aneurysm sac only, as shown in Figure 2.27, while in Test II it covers the whole arterial

wall as in Figure 2.28. In order to resolve the boundary layers, in both tests the fluid subdomain

has finer elements near the vessel wall, while the solid subdomain is composed of two layers of

triangular prismatic elements on the vessel wall. We imposed a Womersley velocity profile with

eight harmonics at the inlet boundary of the fluid solver, and a zero Neumann boundary condition

for velocity at the outlet. The outlet pressure p̄ is flow-dependent and is determined from the flow

rate Q(t), the resistant R, and the capacitance C [4]

p̄(t) +RC
dp̄(t)

dt
= Q(t)R. (2.2.43)

The arterial outlet is assumed to be undeformed when the outlet pressure p̄(t) reaches its lowest

point at t = 0.0571sec. To generate the initial conditions, the fluid model is simulated separately for

three cardiac cycles. We then start the FSI simulations from the resultant flow field (where we set

t = 0 as the starting time of FSI). The structure is considered undeformed at t = 0. To integrate in

time, we employ a second-order splitting scheme for the fluid solver [73, 74], and the BDF formula

for the structure side. All the simulations are based on the physical and numerical parameters

summarized in Table 2.4. Note that all the physical parameters are consistent with those in [81].

In the simulations, we take the subiteration tolerance on the structure side as ǫ = 10−7mm, and a

relative tolerance as 10−5 on the fluid side.
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Figure 2.27: Meshes for patient-specific aneurysm model, test I. Left: structure mesh (with 5628
triangular prismatic elements); right: fluid mesh (with 58939 tetrahedral elements).

Figure 2.28: Meshes for patient-specific aneurysm model, test II. Left: structure mesh (with 16912
triangular prismatic elements); right: fluid mesh (with 42065 tetrahedral elements).

Fluid-structure interaction: blood flow in aneurysm test I

First we perform FSI simulations on the meshes as shown in Figure 2.27, with polynomial

order three for each element for both the fluid and structure sides. To overcome the added-mass

effect which causes the divergence of the subiterations [82, 83], a fictitious mass method [4, 81] is

applied with an optimal coefficient 250, (this formulation is presented provided in Appendix A.3,

and more details will be provided in chapter 4.1). Since the material density of the arterial wall

is known to be close to that of the blood, we take the structure density ρs to be 1.06g/cm3. In

[84] the experimental results suggest a range for the moduli of arteries with cerebral aneurysms as
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Poisson ratio 0.3
Blood density 1.06g/cm3

Wall thickness 0.01cm
Inlet radius 0.224cm

Kinematic viscosity 3.8× 10−2cm2/s
Womersley Number 4.2
Average flow rate 70ml/min
Time step size 4.29× 10−6s
Mass damping 0.35s−1

Stiffness damping 2.9× 10−4s
Resistant 7.844× 102dyn · s/cm5

Capacitance 7.285× 10−5cm5/dyn

Table 2.4: Parameters used in the patient-specific aneurysm simulations.

0.9 − 4.0MPa, therefore the Young’s modulus in this test is set to be E = 3MPa. To quantify

the evolution of the aneurysm deformation we obtain displacement time traces for three points on

the interface. The locations of these points are shown in Figure 2.29, when the wall deformation

is near the maximum. The inlet flow profiles and the time traces for all three points are shown

in Figure 2.30. To investigate the displacement distribution on the whole aneurysm, we take four

time instants in a cardiac cycle: 2
1

7
T , 2

2

7
T , 2

4

7
T , 2

6

7
T as marked by red lines in the bottom right

plot of Figure 2.30, and show their corresponding displacement amplitudes in Figure 2.31. From

the results we can see that the maximum deformation is achieved at t = 2.3T , which is right after

the systolic peak. The maximum displacement amplitude is about 0.87mm near the top of the

aneurysm sac. This is consistent with the physiological range from the measurements as reported

in [85].

Figure 2.29: Positions of the history points in patient-specific aneurysm test I at t = 2 2
7T .

To test the performance of the semi-local method, we employ polynomial orders 2 − 5, with

16− 128 processors. In Table 2.5, we compare the averaged subiteration numbers required for the
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Figure 2.30: Time traces in patient-specific aneurysm test I. Upper left, upper right, bottom left:
displacement profiles for corresponding points; bottom right: flow rate imposed at the inlet.

fluid-structure interaction simulation, while using the semi-local method or the original spectral/hp

element formulation for the structure solver. From this table we can see that the semi-local method

generally needs a comparable number of subiterations as that for the original spectral/hp element

formulation. To further investigate the performance of the low energy preconditioner, the averaged

iterations required by the conjugate gradient solver is compared in Table 2.6. We remind the reader

that for the original spectral/hp element formulation a 3N×3N system is solved, while in the semi-

local method we are solving three N ×N systems. From this table we can see that when using the

diagonal preconditioner, the semi-local method generally requires a smaller number of iterations

in the conjugate gradient solver. While considering the comparison between preconditioners, in

the semi-local method the conjugate gradient solver with the diagonal preconditioner needs more

than 2 times of the iterations compared with the that with the low energy preconditioner, and this

ratio increases with the polynomial order. On the other hand, the averaged CPU time is compared

in Figure 2.32, where we also show the averaged speed-up factor we can gain from the semi-local

method in each subiteration. It can be observed from the left plot that when using polynomial
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Figure 2.31: Displacements (in mm) for patient-specific aneurysm test I at 2
1

7
T (upper left), 2

2

7
T

(upper right), 2
4

7
T (bottom left) and 2

6

7
T (bottom right).

Order 2 3 4 5
original formulation 23.6 25.5 25.3 23.1
semi-local method 26.3 23.2 24.2 26.4

Table 2.5: Blood flow in aneurysm test I: averaged subiteration number.

order larger than 2, the semi-local method is more efficient than the original spectral/hp element

formulation. This can be seen more clearly from the right plot of Figure 2.32: the larger the

polynomial order is, the more time we can save by using the semi-local method. While employing

elements with polynomial order 5, the semi-local method accelerates the FSI solver nearly three

times. Here we note that the speed-up factor for this case is smaller than that in the arterial wall

test as shown in Figure 2.26, where polynomial order 5 elements accelerates the solver by about 10

times. That is because the CPU time counted here includes the time consumed by the fluid part,

and the fluid mesh has a much larger number of elements than that in the structure part.
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Order 2 3 4 5
original formulation 140.9 200.0 289.8 361.0

semi-local (low energy) 61.5 64.4 75.0 71.9
semi-local (diagonal) 130.0 161.3 236.9 295.4

Table 2.6: Blood flow in aneurysm test I: averaged number of conjugate gradient iterations.
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Figure 2.32: Blood flow in aneurysm test I. Left: averaged CPU time (Sec) in each subiteration.
Right: speed-up factor in each subiteration.

Fluid-structure interaction: blood flow in aneurysm test II

Now we study a larger problem in which the structure mesh covers both the arteries and

aneurysm, as shown in Figure 2.28. This test is performed with the same settings as in the patient-

specific model test I, except with polynomial order two, the Young’s modulus is E = 3.6MPa

and structure density is ρs = 2.12g/cm3. Since the arterial wall is also included in the structural

subdomain, the added-mass operator becomes more complicated, resulting to slower subiteration

convergence rates. To stabilize the fluid-structure interaction, the fictitious mass method with a

larger optimal coefficient 425 is employed. To simulate the supports from the surrounding tissues,

we put six support points on the arterial walls and at the neck of the aneurysm. At t = 2 4
7T ,

the deformation reaches the maximum, and the displacement amplitudes are shown in Figure 2.33

where 4 sample points are marked out. Similarly as in the aneurysm test I, we provide the dis-

placement time traces of these 4 points in Figure 2.34. The displacement distributions at four time

instants 2
1

7
T , 2

2

7
T , 2

4

7
T and 2

6

7
T are shown in Figure 2.35, and these time instants are also as

marked by red lines in the bottom right plot of Figure 2.30.

Similarly as in the aneurysm test I, in Table 2.7 we compare the averaged subiteration required

by the semi-local method and the number required by the original spectral/hp element formulation.

In these cases, the semi-local method also requires comparable numbers of subiterations compared

with that for the original spectral/hp element formulation. In Table 2.6 we show the averaged
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Figure 2.33: Positions of the history points in patient-specific aneurysm test II at t = 2 4
7T .
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Figure 2.34: Time traces of displacement profiles for corresponding points in patient-specific
aneurysm test II.

iterations required by the conjugate gradient solver. One can again observe that the semi-local

method generally requires a smaller number of iterations than that for the original spectral/hp
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Figure 2.35: Displacements (in mm) for patient-specific aneurysm test II at 2
1

7
T (upper left), 2

2

7
T

(upper right), 2
4

7
T (bottom left) and 2

6

7
T (bottom right).

Order 2 3 4 5
original formulation 81.3 81.8 99.8 84.9
semi-local method 88.4 87.6 81.6 76.2

Table 2.7: Blood flow in aneurysm test II: averaged subiteration number.

element formulation in the conjugate gradient solver, while using the diagonal preconditioner. On

the other hand, the semi-local method with the low energy preconditioner is about three times

faster than that with the diagonal preconditioner in the conjugate gradient solver. The averaged

CPU time is compared in Figure 2.36, where we also show the speed-up factor from the semi-local

method in each subiteration. When using polynomial order larger than 2, the semi-local method

is more efficient than the original spectral/hp element formulation, and while employing elements

with polynomial order 5, the speed-up factor can be as high as 4.5. This is larger than that in

the test I, because the size of structure mesh in the case is larger, therefore more comparable with

the size of the fluid mesh. In this case the slow original spectral/hp element formulation for the

structure part consumes a larger percentage of the simulation time, therefore the faster semi-local

method could help more in accelerating fluid-structure interaction simulations.

64



Order 2 3 4 5
original formulation 167.2 715.9 430.9 650.8

semi-local (low energy) 85.5 169.2 138.3 187.6
semi-local (diagonal) 165.0 452.0 330.0 475.0

Table 2.8: Blood flow in aneurysm test II: averaged number of conjugate gradient iterations.
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Figure 2.36: Blood flow in aneurysm test II. Left: averaged CPU time (Sec). Right: speed-up
factor in each subiteration.

2.2.5 Summary

We have developed a fast solver for spectral/hp element discretization of the linear elasticity

equations. A modal hierarchical trial basis is employed using Jacobi polynomials in polymorphic

domains, including hexahedra, tetrahedra and triangular prisms. The solver is based on decoupling

the three directions of displacement, hence enabling the use of an efficient low energy preconditioner

for the conjugate gradient solver. The semi-local method could achieve the same order of accuracy

with that of the original spectral/hp element formulation involving the coupled displacements.

We have performed several numerical tests to investigate the efficiency of the semi-local solver,

considering both structure only as well as fluid-structure interaction problems. For the former,

the semi-local method is more efficient than the original formulation when the polynomial order is

high (p ≥ 4), although subiterations are required by the semi-local method at each time step. For

fluid-structure interaction tests, the subiteration in the semi-local method could be combined with

the subiteration required by the partitioned algorithm for the coupled fluid-structure problem. In

this case, using the semi-local method to replace the original formulation in the structure solver,

the average subiteration number does not increase whereas the time spent on each subiteration

decreases, especially for high polynomial orders.

With regards to nonlinear elasticity problems, the semi-local solver can also be used with the

subiterations combined with the subiterations required by the Newton-Raphson procedure. How-

ever, the expected speed-up gains would not be as substantial as the linear elasticity case, because
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the most time consuming part in the nonlinear elastic solver is in generating the stiffness matrix.

On the other hand, additional savings can be realized if the global matrix in the residual distri-

bution step involves only the vertex modes, instead of the currently employed full spectral modes.

This would require further investigation on the effects of accuracy of the solution.

2.3 Fractional order models for viscoelastic materials

2.3.1 Overview and motivation

In this chapter, we are interested in developing fundamental numerical methods for nominally

second-order fractional PDEs and performing complete numerical analysis for this new class of

PDEs. Specifically, the arterial wall is a heterogeneous soft tissue with complex biomechanical

properties, and these properties vary over locations and the temporal state of deformation. Because

the arterial wall is composed by three different layers, to describe such a structure the model has to

highlight two functions: the reversible energy storage (elasticity) and energy dissipation (viscosity).

Typically, constitutive laws for arterial walls are derived using integer-order differential equa-

tions that model stress-strain relations. Among those integer-order models, the Fung’s quasilinear

viscoelastic model [86] was widely employed, and one of its simplest example is the Kelvin-Zener

(Standard Linear Solid or SLS) model. The SLS model accounts for creep, hysteresis and stress

relaxation phenomena, and it can be described as a parallel combination of a spring with a spring

and a dashpot in series. The second Piola-Kirchhoff stress tensor S = ∂Ψ
∂E for the 3D SLS model

can be expressed as:

S+ τS
∂S

∂t
= λ(tr(E+ τE

∂E

∂t
))I + 2µ(E+ τE

∂E

∂t
). (2.3.1)

where E = 1
2

(

(

∂η
∂X

)T

+
(

∂η
∂X

)

)

is the strain tensor, and µ, λ are the shear and Lame modulus, re-

spectively. τS , τE are the relaxation parameters which capture effects of creep and stress relaxation.

Here we note that when τS = τE , the purely elastic model (2.1.2) is retrieved.

However, estimating the relaxation parameters remains a challenging task in clinic. On the other

hand, it was reported in [87] that the Fung’s quasilinear viscoelastic model is very sensitive to these

parameters, which is a limiting factor for employing the interger-order models in fluid-structure

interaction simulations for arterial flows. Therefore, the models based on fractional calculus have

been introduced and studied, as an alternative approach to modeling the viscoelastic behavior of

arteries[88, 87, 3]. Recent simulations on 1D model [3] have indicated that fractional order models

are less sensitive to the parameter estimation compared with the integer-calculus-based models,
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which motivates our current study on 3D simulations.

In the chapter, we will numerically investigate a 3D fractional-order SLS model [89, 90], by

employing the Grüwald-Letnikov formula. We first briefly describe the model governing the arterial

wall response as well as the numerical formulation in section 2.3.2. Then in section 2.3.3 we

demonstrate the time convergence rates for the Grüwald-Letnikov formula on numerical examples

with fabricated solutions, and conduct numerical simulations on a straight tube as an idealization

of a section of arterial wall. Lastly, we finish in section 2.3.4 with the main conclusions.

2.3.2 Formulation

In the fractional-order SLS model, we generalize the SLS model described in (2.3.1) by employing

the so-called spring-pot which interpolates between the purely viscous and elastic behaviors:

S+ ταS
∂αS

∂tα
= λ(tr(E+ ταE

∂αE

∂tα
))I + 2µ(E+ ταE

∂αE

∂tα
), (2.3.2)

where µ, λ are the shear and Lame modulus, and τS , τE are the relaxation parameters, respectively.

Here we use the Riemann-Liouville definition for the fractional derivative of order α (0 ≤ α < 1)

RL
a Dα

t f(t) =
1

Γ(1− α)
d

dt

∫ t

a

(t− υ)−αf(υ)dυ (2.3.3)

which is a non-local operator that depends on the history of function f(t). The Γ function is defined

as

Γ(r) =

∫ ∞

0

e−ttr−1dt.

From the physical point of view, the model in (2.3.2) is constructed as a parallel combination

of a spring with a spring and a spring-pot in series. In this chapter, we study the infinitesimal

deformations for simplicity, with the assumption that both the stress tensor S and the strain tensor

E are continuously differentiable. One can observe that when τE = τS , (2.3.2) also reduces the

purely elastic model (2.1.2). If further assume that the object is at a static status when t ≤ 0, i.e.,

S and E vanish before t = 0, then we can set the lower limit of the fractional derivative (2.3.3) to

be a = 0. Consequently, when α = 1 the model (2.3.2) reduces to the integer-order SLS model as

described in (2.3.1).

Next we will derive the formulation for solving the displacement field η(X), in a three dimen-

sional object occupying domain Ω ⊂ R3 with boundaries ∂Ω = ∂ΩD ∪ ∂ΩN . On ∂ΩD and ∂ΩN

the Dirichlet type boundary condition and the Neumann type boundary conditions (traction) are

provided, respectively. With test functions v, the deformation of this object is governed by the
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following weak formulation:

∫

Ω

ρ
∂2η

∂t2
vdΩ +

∫

Ω

S : ∇vdΩ −
∫

∂ΩN

T · vdΓ−
∫

Ω

f · vdΩ = 0, ∀v ∈ U0, (2.3.4)

where the displacement field η(X, t) ∈ U(t) = {w(X, t) ∈ [H1(Ω)]3|w(X, t) = ηD(X, t) on ∂ΩD},
and U0 = {w(X) ∈ [H1(Ω)]3|w(X) = 0 on ∂ΩD}; T, f and ρ are the external traction force on

∂ΩN , external body force, and mass density, respectively.

While considering the temporal discretization for fractional derivative, based on the assumption

that S and E are both continuously differentiable, the Riemann-Liouville fractional derivative

(2.3.3) is equavalent to the Grüwald-Letnikov fractional derivative [91]

G
a D

α
t f(t) = lim

∆t→0+

1

∆tα

(t−a)/∆t
∑

r=0

(−1)r




α

r



 f(t− r∆t). (2.3.5)

This fact enables a popular way of descritizing the fractional derivative, i.e., the Grüwald-Letnikov

formula:

RL
a Dα

t f(t) = lim
∆t→0+

1

∆tα

(t−a)/∆t
∑

r=0

GLα
r f(t− r∆t) (2.3.6)

with

GLα
0 = 1, GLα

r =
r − α− 1

r
GLα

r−1. (2.3.7)

Substituting (2.3.6) into (2.3.2), at the n−th time step we obtain that

Sn +
ταS
∆tα

(

n
∑

r=0

GLα
r S

n−r

)

=λ

(

tr(En +
ταE
∆tα

(

n
∑

r=0

GLα
rE

n−r

))

I+ 2µ

(

En +
ταE
∆tα

(

n
∑

r=0

GLα
rE

n−r

))

,

(2.3.8)

which yields

Sn =
∆t−α

1 + ταS∆t
−α

n
∑

r=1

GLα
r (τ

α
E

(

λ
(

trEn−r
)

I+ 2µEn−r
)

− ταS Sn−r) +
1 + ταE∆t

−α

1 + ταS∆t
−α

(λ (trEn) I+ 2µEn) .

(2.3.9)
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Therefore, the weak formulation (2.3.4) can be rewritten as

∫

Ω

ρ
∂2ηn

∂t2
vdΩ +

∆t−α

1 + ταS∆t
−α

n
∑

r=1

GLα
r (τ

α
E

∫

Ω

Sn−r
0 : ∇vdΩ

− ταS
∫

Ω

Sn−r : ∇vdΩ) + 1 + ταE∆t
−α

1 + ταS∆t
−α

∫

Ω

Sn
0 : ∇vdΩ

=

∫

∂ΩN

Tn · vdΓ +

∫

Ω

fn · vdΩ,

(2.3.10)

where

Sn
0 := λ (trEn) I+ 2µEn,

To approximate the acceleration
∂2η

∂t2
at the n−th time step, we employed the Newmark scheme

(2.2.8) as a start up in the first two steps, and a three-step backward differentiation formula (BDF)

(2.2.10) for the other steps. Let n denote the index of the time step, in the Newmark scheme we

obtain the temporal discretized formulation:

∫

Ω

ρ
η
n

∆t2θ2
vdΩ +

1 + ταE∆t
−α

1 + ταS∆t
−α

∫

Ω

Sn
0 : ∇vdΩ

=

∫

∂ΩN

Tn · vdΓ +

∫

Ω

fn · vdΩ +

∫

Ω

ρ
1

∆t2θ2

(

η
n−1 +∆tη̇n−1 +

∆t2

2
(1 − 2θ2)η̈

n−1

)

vdΩ

− ∆t−α

1 + ταS∆t
−α

n
∑

r=1

GLα
r (τ

α
E

∫

Ω

Sn−r
0 : ∇vdΩ− ταS

∫

Ω

Sn−r : ∇vdΩ),

(2.3.11)

with the parameters (θ1, θ2) = (0.5, 0.25) which lead to a second-order scheme. Similarly, in the

three-step BDF scheme we obtain the temporal discretized formulation:

∫

Ω

ρA1A2η
nvdΩ +

1 + ταE∆t
−α

1 + ταS∆t
−α

∫

Ω

Sn
0 : ∇vdΩ

=

∫

∂ΩN

Tn · vdΓ +

∫

Ω

fn · vdΩ −
∫

Ω

ρ(A2(B1η
n−1 + C1η

n−2 +D1η
n−3)+

(B2η̇
n−1 + C2η̇

n−2 +D2η̇
n−3))vdΩ

− ∆t−α

1 + ταS∆t
−α

n
∑

r=1

GLα
r (τ

α
E

∫

Ω

Sn−r
0 : ∇vdΩ− ταS

∫

Ω

Sn−r : ∇vdΩ),

(2.3.12)

where Ai, Bi, Ci and Di (i = 1, 2) are defined as

A1 =
θ1
∆t

, B1 =
2.5− 3θ1

∆t
, C1 =

3θ1 − 4

∆t
, D1 =

1.5− θ1
∆t

, (2.3.13a)

A2 =
θ2
∆t

, B2 =
2.5− 3θ2

∆t
, C2 =

3θ2 − 4

∆t
, D2 =

1.5− θ2
∆t

, (2.3.13b)
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and we take (θ1, θ2) = (5/3, 5/3) based on considerations of stability and dissipation.

To discretize in space, we employ the high-order hierarchical shape functions as defined in

Appendix A.1. To avoid redundancy, we refer the interested readers to section 2.2.2 for further

details. We mark U as the global vector of unknown expansion coefficients, which is assembled

from the corresponding element expansion coefficient vectors Ue in (2.1.22). With the mass matrix

M and stiffness matrix K as the global matrix assembled from the local mass matrix in (2.2.6) and

the local stiffness matrix in (2.2.7), in each time step we calculate and store the memory load as

HISn =
∆t−α

1 + ταS∆t
−α

(ταE

∫

Ω

Sn
0 : ∇vdΩ− ταS

∫

Ω

Sn : ∇vdΩ)

=
ταE∆t

−α

1 + ταS∆t
−α

KUn − ταS∆t
−α

1 + ταS∆t
−α

∫

Ω

Sn : ∇vdΩ

=
ταE∆t

−α

1 + ταS∆t
−α

KUn − ταS∆t
−α

1 + ταS∆t
−α

(

1 + ταE∆t
−α

1 + ταS∆t
−α

KUn

+
∆t−α

1 + ταS∆t
−α

n
∑

r=1

GLα
r

(

ταE

∫

Ω

Sn−r
0 : ∇vdΩ − ταS

∫

Ω

Sn−r : ∇vdΩ
)

)

=

(

ταE∆t
−α

1 + ταS∆t
−α
− ταS∆t

−α(1 + ταE∆t
−α)

(1 + ταS∆t
−α)2

)

KUn − ταS∆t
−α

1 + ταS∆t
−α

n
∑

r=1

GLα
rHIS

n−r.

(2.3.14)

Starting from the static status,

U0 = 0

we solve the system with Newmark scheme (2.3.11) or BDF scheme (2.3.12) following the algorithm:

• Set

U0 = 0, U̇0 = 0, Ü0 = 0, HIS0 = 0

• for the n−th time step, do

1. When n ≤ 2, solve for Un with the Newmark scheme

(

1

∆t2θ2
M+

1 + ταE∆t
−α

1 + ταS∆t
−α

K

)

Un

=Fn −
n
∑

r=1

GLα
rHIS

n−r +
1

∆t2θ2

(

Un−1 +∆tU̇n−1 +
∆t2

2
(1− 2θ2)Ü

n−1

)

M;

(2.3.15)
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else, solve with the three-step BDF scheme

(

A1A2M+
1 + ταE∆t

−α

1 + ταS∆t
−α

K

)

Un

=Fn −
n
∑

r=1

GLα
rHIS

n−r − (A2(B1U
n−1 + C1U

n−2 +D1U
n−3)

+ (B2U̇
n−1 + C2U̇

n−2 +D2U̇
n−3))M.

(2.3.16)

2. Calculate and store the memory load HISn following (2.3.14).

3. Approximate U̇n and Ün following (2.2.8) (Newmark scheme) or (2.2.10) (three-step

BDF scheme).

• Go to time step n+ 1.

2.3.3 Numerical simulations

Convergence studies

Now we investigate the temporal accuracy of the forementioned formulation by comparing sim-

ulation results against analytical solutions. In this section, we will use Young’s modulus E and the

Poisson ratio ζ, for the material properties

µ =
E

2(1 + ζ)
, λ =

ζE

(1 + ζ)(1 − 2ζ)
. (2.3.17)

We consider the deformation of a cubic solid occupying the domain 0 ≤ X ≤ 1, 0 ≤ Y ≤ 1 and

0 ≤ Z ≤ 1 discretized by eight hexahedral elements as in the left plot of Figure 2.18. For the test

example, we use four fabricated problems with parameters as listed in Table 2.9

α τE τS
FS1 0.25 0 10.5
FS2 0.75 0 10.5
FE1 0.25 10.5 0
FE2 0.75 10.5 0

Table 2.9: t−convergence tests for fractional-order SLS model: parameters for cases.

In cases FS1 and FS2, the face X = 0 is clamped, and a traction force field T = (T1, T2, T3) is
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Figure 2.37: Errors as a function of the time step sizes in t−convergence test. Left: τE = 0 cases.
Right: τS = 0 cases.

applied on the rest of the faces, which is given by

T1 = nx(λ+ 2µ)t3+α,

T2 = nyλt
3+α,

T3 = nzλt
3+α,

(2.3.18)

where n = (nx, ny, nz) is the outward-pointing unit vector normal to the surface. A body force

field f = (f1, f2, f3) is applied on the subject with components:

f1 = x((3 + α)(2 + α)t1+α + ταS Γ(4 + α)t), f2 = f3 = 0. (2.3.19)

When t = 0, the displacement and velocity fields vanish. This problem has the following analytic

solution for the displacement of the object:

η1 = x

(

t3+α +
ταS Γ(4 + α)

6
t3
)

, η2 = η3 = 0. (2.3.20)

To study the convergence behavior at time T = 0.4, we vary the time step size ∆t from 0.000078125

to 0.02, as in the left plot of Figure 2.37. To compare the computational errors with respect to the

exact solution, for ∆t we calculate the errors in the relative energy norm. Here the relative energy

norm is defined as

||η||RE =
||ηa − ηc||E
||ηa||E

, (2.3.21)

where

||a||E = µ

∫

Ω

ǫ(a) : ǫ(a)dΩ + λ

∫

Ω

div(a) div(a)dΩ,

ηa are the analytic solutions for displacement, and ηc are results from computation. We plot
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these errors in logarithmic scale, as a function of time step sizes which is also in logarithmic scale.

Different colors of lines shows the results from different cases. From the left plot in Figure 2.37,

we see that the numerical errors decrease almost in a straight line as the time step size decreases,

indicating a first-order convergence rate in time.

In the FE1 and FE2 cases, the problem arises from the following fabricated solution for the

displacement of the object:

η1 = xt3+α, η2 = η3 = 0. (2.3.22)

The face X = 0 is also clamped, with a traction force field T = (T1, T2, T3) applied on the rest of

the faces as

T1 = nx(λ+ 2µ)

(

t3+α +
ταEΓ(4 + α)

6
t3
)

,

T2 = nyλ

(

t3+α +
ταEΓ(4 + α)

6
t3
)

,

T3 = nzλ

(

t3+α +
ταEΓ(4 + α)

6
t3
)

.

(2.3.23)

Similar as in the FS cases, we apply a body force field f = (f1, f2, f3) on the subject with compo-

nents:

f1 = x((3 + α)(2 + α)t1+α, f2 = f3 = 0. (2.3.24)

When t = 0, the displacement and velocity fields vanish. We numerically integrate this problem

from T = 0 to T = 0.4, and compare the energy relative errors (2.3.21) for time step sizes from

0.000078125 to 0.02. We plot the relative energy errors as a function of time step sizes and both

axis are in logarithmic scale, as shown in the right plot of Figure 2.37. Similar as in the FS cases,

it can be observed that a first-order convergence rate in time is achieved.

Structure only: tube case

We now perform simulations on a slender tube geometry, which can be seen as an idealization

of the arterial wall. Here we employ the same settings as that in the tube case of section 2.2.4,

i.e., the tube is with inner radius 2mm, axial length 32mm, and wall thickness 0.4mm. On the

mesh as shown in Figure 2.21, the simulations are performed with spectral elements of polynomial

order 4. The inlet is located at Z = 0mm, centered at the origin. We will investigate and compare

the simulation results from a purely elastic wall model, interger order SLS models, and fractional

order SLS models. All cases are with the structure density 1.27g/cm3 which is close to the density

of the blood. The Poisson ratio is set to ζ = 0.3, and the Young’s modulus of the vessel walls is
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E = 0.3MPa. To simulate the pressure from the blood, we apply a periodic traction load on the

interior surface of the arterial wall as

T1 = 1787nx

(

1− cos

(

2πt

T

))

Pascal,

T2 = 1787ny

(

1− cos

(

2πt

T

))

Pascal,

T3 = 1787nz

(

1− cos

(

2πt

T

))

Pascal.

(2.3.25)

The length of one cardiac cycle is taken to be T = 0.8sec, with time step size 1.89 × 10−3sec.

Since our goal will be the comparison of different viscoelastic models, the elasticity parameters

ζ and E will be kept the same for all cases. We will test different parameters (τS , τE) for the

integer order SLS model (2.3.1), and various (α, τS , τE) for the fractional order SLS model (2.3.2).

It should be noted that the nature of these paramters is patient- and location-specific, and we

therefore focus on the paramter sets from the literatures [92, 93, 87, 94, 3]. Table 2.10 summarizes

the viscoelastic models we are going to investigate, from which one can see that the parameters

vary significantly between cases. With the inlet clamped, at t = 9.5T we get the distribution of

α τE (sec) τS (sec)
SLS1 N/A 0.05 0.025
SLS2 N/A 29.3 16.9

FOV-SLS1 0.29 1.84 0.076
FOV-SLS2 0.20 11.74 7.61

Table 2.10: Parameters employed in fractional-order SLS models: solid tube case.

radial and axial displacements as shown in Figures 2.39. Comparing with the results from purely

elastic model as demonstrated in Figure 2.38, the viscoelastic models give smaller predictions to

the wall deformations. In Figure 2.40, the time traces for radial displacements (left plot) and

axial displacements (right plot) at point (0, 2.4, 15.8) is displayed. From these figures we can see

that although the largest radial displacement varies for different cases, it stays within the range of

0.08− 0.13mm which is consistent with the physiological radial change as reported in [79, 80]. In

figure 2.40 we observe that while the cases SLS1 and FOV-SLS2 lead to very similar deformation

as that from the pure elastic model. In the other two cases (SLS2 and FOV-SLS1), the tube

deformation is decreased by 38%, which also highlights the fact that the arterial wall response vary

greatly among different patients and anatomic locations.
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Figure 2.38: Displacements (in millimeters) for the arterial wall test at t = 9.5T , from elastic model.
Left: radial displacement. Right: axial displacement.

To better understand the role of fractional order α and the relaxation parameters τE and τS ,

we vary the fractional order α between 0 ≤ α ≤ 1 while fixing the relaxation times as τE = 0.05

(sec) and τS = 0.025 (sec). The time traces for displacement at point (0, 2.4, 15.8) are provided

in Figure 2.41. On the other hand, in Figure 2.42 we illustrate the effects of varing τE and τS ,

with α = 0.2 and α = 1. Here we note that while α = 1 the model returns the solution of the

integer order SLS model. From Figure 2.41, it can be observed that while fixing the relaxation time

parameters, varying α results to a relatively minor change in the structural displacement. When

considering the model sensitivity to different relaxation parameters, in Figure 2.42 we can see that

as the fractional order increases, the choice of relaxation times has a more significant impact on

the computed solution, and this observation is consistent with [3].

2.3.4 Summary

We have developped a numerical method for the 3D fractional order standard linear solid (SLS)

model (2.3.2) based on a general Jacobi polynomial basis that can be used to generate 3D poly-

morphic high-order elements. The convergence rates are investigated on a problem with fabricated

solution, to show that this numerical scheme is of first-order accuracy. In numerical tests, we per-

form simulations on a straight tube subjected to periodic inner pressure, which can be seen as an

idealization of a section of arterial wall. We have also observed that comparing to the interger-order

SLS model, the fraction order SLS model is generally less sensitive to the selection of relaxation

time parameters. Such observation verifies the findings in 1D simulations [3]. However, comparing

with the 1D simulation results, the 3D fraction order SLS model is generally more affected by the
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Figure 2.39: Displacements (in millimeters) for the arterial wall test at t = 9.5T , from different
viscoelastic models. Upper row: radial displacement. Lower row: axial displacement.

variation of viscoelastic parameters (α, τE , τS).
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Figure 2.40: Time traces in the arterial wall test, from viscoelastic models listed in Table 2.10.
Left: radial displacement at sample point. Right: radial velocity at sample point.
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Figure 2.41: Time traces in the arterial wall test, from τE = 0.05, τS = 0.025 and 0 ≤ α ≤ 1. Left:
radial displacement at sample point. Right: radial velocity at sample point.
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Figure 2.42: Time traces in the arterial wall test, from different τE and τS . Upper row: alpha = 0.2.
Lower row: α = 1.0. Left column: radial displacement at sample point. Right column: radial
velocity at sample point.

78



Chapter 3

Bio-fluid Mechanics: Simulations

3.1 Blood flow simulation validation in patient-specific brain

aneurysm geometries

3.1.1 Overview

Our spectral element based Navier-Stokes solver NEKTAR has been developped for more than

30 years, and has tackled problems in blood flow simulations [6]. Especially we have studied blood

flow in the brain arterial network and aneurysms with emphasis on the computational scalability

as well as flows from the clinical point of view [95]. To achieve the goal of helping the diagnosis

and treatment of cardiovascular disease, we have employed the image-based computational fluid

dynamics to develop patient-specific blood simulations. To be more specific, we derive the lumen

geometry from 3D angiography, then conduct the numerical simulations for the blood flow on this

patient-specific geometry. However, there is much uncertainty in the lumen geometry owing to

the segmentation method and the imaging resolution, which might introduce variabilities into the

CFD solutions. Moreover, in larger arteries the rigid wall and fully-developed inflow assumptions

are thought to result a second order effect. Therefore, before the image-based computational fluid

dynamics (CFD) models can be used in a predictive capacity, it must be shown that they indeed

reproduce the in vivo hemodynamic enviroment.

In this chapter, we aim to validated the blood flow simulations in patient-specific brain aneurysm

geometries, with two ways. Firstly, the governing equations of blood flow model and corresponding

boundary conditions are briefly described in section 3.1.2. Then for the purpose of indirectly

validating patient-specific CFD models, we implemented a parallel advection-diffusion solver with
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high-order spectral/hp element method and simulated the the injection of contrast agent into a

precomputed, patient-specific model. A time-series of virtual angiographic images were constructed

from the computed 3D contract agent flow dynamics, and compared with corresponding clinical

images in section 3.1.3. To further validate our solver directly, we participated in the CFD challenge

workshop and evaluated the sensitivity of CFD predictions to different solvers, by simulating the

blood flow in the same provided giant aneurysm geometry [1]. The variability in the prediction of

pressures is then assessed cross research groups, as illustrated in section 3.1.4.

3.1.2 Navier-Stokes solver

With the assumption of rigid arterial walls, we model the blood flow as incompressible and

Newtonian. Here we suppose that the blood occupies the volume Ω, and ∂Ωi, ∂Ωo denote the inlet

and outlet boundaries, respectively. A non-slip boundary condition is adopted at the arterial walls.

The flow is then governed by the incompressible Navier-Stokes equations

∂u

∂t
+ u · ∇u = −∇p

ρf
+ ν∇2u, in Ω, (3.1.1a)

∇ · u = 0, in Ω. (3.1.1b)

Here, u, p, ρf , and ν stand for the blood velocity, pressure, density, and the kinematic viscos-

ity, respectively. At the inlets ∂Ωi, the blood velocity is given as a problem-dependent pulsatile

Womersley profile [96]. At the outlets, we assume that the velocity profile is fully developed, i.e.,
∂u

∂n
= 0, and the pressure p̄ is set to flow-rate dependent using RC-type boundary conditions [4]:

p̄(t) +RC
dp̄(t)

dt
= Q(t)R (3.1.2)

determined by the flow rate Q(t), the resistant R, and the capacitance C.

To solve numerical equations (3.1.1), we employ the parallel Navier-Stokes solver NEKTAR

[73, 6]. The Navier-Stokes equations are discretized in time first using a high-order splitting scheme,

and then one pressure Poisson equation and three Helmholtz equations for velocity components

are discretized spatially via spectral elements. At each time step, the solver updates explicitly

the previous time step solution with the nonlinear convection contribution. Then, the pressure

is obtained by a Poisson equation using the updated intermediate velocity and Neumann pressure

boundary conditions. At the third substep, the velocity is obtained by solving three inhomogeneous

Helmholtz equations. To be more specific, at time step n we solve for un and pn from previous
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time step results un−i [97]:

ũn −∑J
i=1 αiu

n−i

∆t
= −Nn, (3.1.3a)

˜̃u
n − ũn

∆t
= −∇p

n

ρf
, (3.1.3b)

βun − ˜̃u
n

∆t
= ν∇2un, (3.1.3c)

where
∂pn

∂nf
= −ρf

(

∂un

∂t
+ νRn +Nn

)

· nf , on ∂Ωi. (3.1.4)

and

Nn =

J
∑

i=1

α̂iu
n−i · ∇un−i, Rn =

J
∑

i=1

α̂i∇×∇× un−i. (3.1.5)

Here J denotes the time integration order, and αi, β, α̂i are the corresponding coefficients of the

J−th order backward differentiation formulas [6]. In this chapter, we take J = 2 for all numerical

simulations of blood velocities and dye concentrations. In (3.1.4), nf is the normal vector pointing

outward on the boundaries. Hence, our parallel solver, NEKTAR, is categorized into velocity

correction scheme and semi-implicit scheme treating the nonlinear term explicitly and the viscous

term implicitly. The unknowns, i.e., velocity and pressure, are expressed as a linear combination

of a Jacobi polynomial basis, and C0 continuity is imposed at the boundary of the elements. Any

type of elements and their hybridization can be used but tetrahedral elements with NEKTAR can

deal with different types of 3D elements in space, including hexahedrons, prisms, tetrahedrons and

pyramids, but in this chapter we employ the tetrahedral elements only.

3.1.3 Diffusion solver: comparison with tomography data

Contrast agents are typically used to improve the visibility of blood flow patterns in X-ray

based imaging techniques. In computed tomography (CT), the contrast agent is usually iodine

based and its concentration should be proportional to the change in signal intensity. Therefore,

we could simulate the distribution of contrast agent concentration, and mimick the radiological

procedure. A virtual angiogram can be constructed, by simulating the injection of constrast agent

into a patient-specific aneurysm model. By simulating the attenuation of X-rays through the

contrast agent flow dynamics, we can get a time-series of images, and compare the resulted virtual

angiographic images with the corresponding clinical images.

In this section, we examine via visualization the structure of flow in internal carotid arteries

laden with two different types of aneurysms:
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• case1: a wide-necked saccular aneurysm,

• case2: two adjacent saccular aneurysms.

By comparing the concentration field calculated from simulated velocity field and the MRI images

from dye injection, we aim to qualitatively validates our spectral element simulations for velocity

field. On the other hand, since the complex geometry of aneurysms may cause instabilities in

velocity field [98], we will investigate if the concentration field can also reveal this phenomenon.

Formulation

To generate a virtual angiogram, we first compute the blood velocity field by numerically solving

the Navier-Stokes equation following (3.1.3), on the patient-specific geometries as shown in Figure

3.1. Then with the underlying velocity field u, we can solve for the transport of the contrast agent.

Figure 3.1: Meshes of patient-specific aneurysms for comparison with tomography. Left: case1;
right: case2.

To avoid the heavy computational expense of coupling Navier-Stokes and transport equations, we

assume that the solution of contrast agent transport and that of the blood flow may be decoupled.

For this diffusing and passively advected dye, the relative concentration field c is governed by the
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following equation

∂c

∂t
+ u · ∇c = κ∇2c, in Ω. (3.1.6a)

Here, κ stand for the dye diffusivity. The dye injection lasts for 1.5 secs, which is approximately two

cardiac cycles. Since the injection takes place at relatively far upper stream and we do not have the

detailed injection profile at the computational domain’s inlet, we assume that the nondimensional

concentration field c is evenly distributed at the inlet and during all time in this two cycles, i.e.,

c = 1, at ∂Ωi, for 0 ≤ t ≤ 1.5secs. (3.1.7)

On the other hand, we assume that the injection starts (t = 0) when the inlet flow rate Q(t)

reaches its trough. At the arterial walls and the outlets, zero Neumann boundary conditions are

applied, i.e.,
∂c

∂nf
= 0. To solve (3.1.6) on the original tetrahedral element meshes, we employ the

semi-implicit scheme similar to (3.1.3)

c̃n −
∑J

i=1 αic
n−i

∆t
= −

J
∑

i=1

un−i · ∇cn−i, (3.1.8a)

βcn − c̃n
∆t

= ν∇2cn, (3.1.8b)

where

c = 0 on Ω when t = 0. (3.1.9)

Here J = 2 denotes the time integration order, and αi, β are coefficients defined as that for the

Navier-Stokes solver (3.1.3). Regarding the spatial discretization, the dye concentration field c is

also expressed as a linear combination of a Jacobi polynomial basis as what described in section

2.1.3.

With characteristic velocity U and length D, we defined the Peclet number as

Pe =
UD

κ

which can be seen a measure of the relative importance of advection to diffusion. If considering the

molecular properties of blood and iodine-based contrast agent, the Peclet number tends to be as

large as the order of 106−107, i.e., Pe ≈ 10000Re where Re is the Reynolds number Re = UD
ν . But

with that we have to use very small time steps to keep the numerical stability. Fortunately, in virtual

angiography such fine-scale gradients in the dye distribution can not be resolved using available
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imaging modalities, and are therefore not particularly relevant. As reported in [99], as long as

Pe ≫ 1, the dynamics remains advection-dominated and increasing the effective diffusivity would

still reasonably represent the coarse-grained concentration patterns. In Figure 3.2 we compare

the virtual angiographic images from two increased Pe numbers: Pe = Re and Pe = Re/10. It

can be observed that the increasing Peclet number does not change the major pattern of the dye

concentration. In the following contents we will fix Pe = Re for all simulations.

Figure 3.2: Virtual angiographic images from increased effective diffusivities. Left: Pe = 77 = Re;
right: Pe = 7.7 = Re/10.

Results

For case1, figure 3.3 demonstrates the virtual cine X-ray angiograms from the computed CFD

data, and compares with the real angiograms at corresponding time instants. It can be seen that

generally the concentration field calculated from simulated velocity field looks similar with the

real angiogram near the aneurysm region. However, at the region near the inlet, the idealized

concentration profile (3.1.7) introduces errors. Unfortunately, in our case there is no available

detailed information about the injection profile. In the future, we might consider the algorithm

introduced in [99] to refine (3.1.7) and hopefully a more quantitative comparison can be achieved.

Moreover, it was reported in [98] that on case2, spatio-temporal changes of wall shear stress

(WSS) vectors and velocity time traces revealed the speculated flow instability of about 20− 50Hz

inside the aneurysm. Specificly, at the points marked in the left plot of figure 3.4, oscillations and

directional changes of WSS and velocity vectors around impingement regions were quantified and
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Figure 3.3: Comparison between virtual angiographic images and corresponding real angiograms.
Upper row: virtual; lower row: real.

clarified. Now we will investigate if the dye injection process can reflect the instabilities of blood

flow in complex blood vessel geometries. In the right plot of figure 3.4, we show the time traces

of c at the sample points marked in the left plot. It can be observed that during the process of

dye resolution filling aneurysm region, high frequency oscillations appear in these time traces near

the systolic peak, which is also the period that WSS and velocity instabilities appear. Therefore,

although the current technique could not provide enough temporal resolution (e.g., only 2 plots per

second in case1), if with high enough time resolution the dye injection process has the potential to

reveal the oscillated flow structures near aneurysms. Note that by using the real Peclet number of

dye the smoothing out effect should be less, and therefore we can expect the real angiography to

reveal these instabilities more obviously.

3.1.4 Navier-Stokes solver: cross-solver validation

In this section, we aim to determine the “real world” variability of CFD solutions. The same

lumen geometry and flow rate boundary conditions are provided for 25 participated groups [1],

then each group simulate the blood flow with various solution strategies and discretizations. On

the other hand, we want to investigate how sensitive the results are to the non-patient-specific flow

rates.
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Figure 3.4: Time traces of dye concentration at sample points (case2). Left: position of sample
points; right: flowrate and dye concentration time traces.

Phase I Phase II
Viscosity (dyn− s/cm2) 0.0400 0.0401

Density (g/cm3) 1.000 1.113
Period (sec) 0.990 1.164

Table 3.1: Prescribed fluid parameters in cross-solver Navier-Stokes solver validation.

Methods

Together with other 24 groups, we have participated in two phases of the CFD Challenge project:

the phase I aims to compare the numerical solution in a cross-group way, to test the variability of the

contributed solutions; the phase II aims to validate the computed pressure drops to those measured

in physical model of the same geometry. Here we will focus more on the numerical simulation part,

i.e., on phase I. The fluid and parameters for these two phases are summarized in Tables 3.1-3.2,

and the computational domain includes a giant cerebral aneurysm with a constriction procimal

to the aneurysm ostium, as shown in Figure 3.5. In each phase, two pulsatile inflow boundary

conditions are provided based on the same Womersley profiles, but with different amplitudes. By

doing so, we can investigate that how the choice of flow rate might affect the pressure drop. We

also carry out four steady flow rate simulations in each phase, corresponding to the cycle-averaged
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Phase I
Steady1 Steady2 Steady3 Steady4 Pulsatile1 Pulsatile2
5.13 6.41 9.14 11.42 Peak=5.13, Mean=9.14 Peak=6.41, Mean=11.42

Phase II
Steady1 Steady2 Steady3 Steady4 Pulsatile1 Pulsatile2
5.10 6.36 9.17 11.36 Peak=4.40, Mean=9.34 Peak=6.16, Mean=11.25

Table 3.2: Prescribed flow rates (mL/sec) in cross-solver Navier-Stokes solver validation.

Figure 3.5: Geometry employed in cross-solver Navier-Stokes solver validation [1].

and peak-systolic inflow conditions for the two pulsatile cases.

Results

In our group, all simulations are performed on a parallel cluster at NICS, Kraken XT5 exploiting

42 nodes, i.e. 504 cpus. With polynomial order 6 basis, one cardiac cycle took 96 hours and steady

cases took 200 hours in order to reach stationary state.

Convergence of solutions is confirmed in many different aspect; h−type refinement and p−type
refinement tests are performed in steady and pulsatile cases. Three cardiac cycles are simulated

to make sure that the third cycle reaches a solution. The time step size is 1.17 × 10−6(sec) with

number of steps 850000 in the pulsatile simulations for polynomial order 6; smaller time steps are

used for higher polynomial order.
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Figure 3.6: 3D flow patterns and surface pressures in CFD challenge phase I. Upper row: pulsatile
case with average flow rate (VFR) 5.13ml/sec; Bottom row: pulsatile case with VFR 6.41ml/sec.
Left column: velocity contours and streamlines; Right column: pressure contours.

To resolve the correct pressure patterns, we used polynomial order 6 and 8 elements for the

pulsatile cases with average flow rate 5.13ml/sec and 6.41ml/sec, respectively. For the steady

cases, elements with polynomial order 6, 6, 10, 10 are employed for flow rate 5.13ml/sec, 6.41ml/sec,

9.14ml/sec and 11.42ml/sec cases, respectively.

For the pulsatile cases, the 3D flow patterns and surface pressures at the systolic peak are

shown in Figure 3.6. The peak systolic and cycle-averaged pressures for the second pulsatile case

is compared cross-groups in [1] with our results marked by letter “X”, as shown in Figures 3.7-3.8.

It can be seen that our solution agrees well with most solutions, approximating the pressure in

aneurysm sac as around 105mmHg at the systolic peak (i.e., a pressure drop of 15mmHg from
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Figure 3.7: Surface maps of peak systolic pressures for pulsatile case 2 in phase I [1].

Figure 3.8: Surface maps of cycle-averaged pressures for pulsatile case 2 in phase I [1].

the inlet). Moreover, the velocity isosurfaces are also compared, as shown in Figures 3.7-3.8, which

reveal a larger degree of variability among the solutions. Although the flow patterns from our

solution look generally consistent with most of other solutions, at the systolic peak only several

groups (including us) report evidence of flow instabilities in the velocity isosurfaces. This might

due to the high temporal and spatial resolution we have employed. On the other hand, while

considering the cycle-averaged flow patterns, the results are more similar across the solutions.
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Figure 3.9: Systolic peak velocity isosurfaces of magnitude at 50cm/s, for pulsatile case 2 in phase
I [1].

Figure 3.10: Cycle-average velocity isosurfaces of magnitude at 50cm/s, for pulsatile case 2 in phase
I [1].

To investigate the similarities between pulsatile solutions and steady solutions, we plot the

pressure along the centerline in Figure 3.11. In the left plot the systolic peak pressures in pulsatile

cases are compared with steady cases with corresponding inlet flow rates (case Steady 3 and Steady

4); while in the right plot the cycle-averaged pressures are compared with case Steady 1 and Steady
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Figure 3.11: Pressure along the centerline. Left: comparison between systolic peak pressures and
corresponding steady cases; Right: comparison between cycle-averaged pressures and corresponding
steady cases.

Figure 3.12: Pressure along the centerline comparison between our group and Prof Sherwin’s group.
Upper row: pusatile case 1; Lower row: pusatile case 2. Left column: cycle-averaged pressure; Right
column: systolic peak pressure.

2. One can see that the differences for peak systolic and cycle-averaged pressure drops relative

to their steady flow counterparts are almost negligible, which indicates the posibility of a quasi-

steady approximation. Moreover, to compare across groups, we plot our centerline pressure results
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against that from Veronique Peiffer, Yumnah Mohamied and Spencer Sherwin at Imperial College

London, as shown in Figure 3.12. Except at the outlet region where outflow boundary conditions

(RCR at Imperial college but RC at out group) introduce differences, remarkable consistency is

demonstrated in Figure 3.12.

Regarding the instabilities, unstable and chaotic flows are generated even in the steady inflow,

and the characteristic frequencies vary at different points of the artery. Generally, we observed

higher frequencies after the stenosis and aneurysm, where the geometry complicates. At a given

point in the artery, the characteristic frequencies increase if a larger inlet flow rate is imposed. Here

we focus on the spectrum of 4 points: one at the stenosis, one at the center of aneurysm neck, one at

the center of aneurysm, and the last at the outlet. In the steady case with flow rate 5.13ml/sec, the

velocities at these four points have characteristic frequencies from 4.70 to 4.88Hz. With flow rate

6.41ml/sec, these frequencies increase to 5.33-8.1999Hz. When the flow rate is further increased

to 9.14ml/sec and 11.42ml/sec, the frequency spectrum is broadened to 22.30-39.11Hz and 34.66-

97.05Hz, respectively. For the cases with pulsatile inflows, a significant unstable pattern starts at

the systolic peak and becomes the strongest at the declining systole. When the average flow rate

is 5.13ml/sec, the velocities at those four points have frequencies from 13.96 to 24.52Hz. On the

other hand, a higher flow rate (6.41ml/sec) gives frequencies 13.10-28.63Hz.

3.1.5 Summary

In this chapter, we have validated our Navier-Stokes solver in two ways: (1) by simulateing

the distribution of contrast agent concentration and qualitatively comparing the virtual angiogram

with the corresponding clinical X-ray images; (2) by comparing the velocity and pressure numerical

solutions in a cross-group way. In both projects we have observed concordances in the comparisons,

although the inflow and outflow boundary conditions may introduce errors. On the other hand, be-

cause of the unstable flows, instabilities appear in the time traces of concentration field inside/near

aneurysm sac at the systolic peak. This suggests the possibility of observing flow instabilities in the

dye injection process, if with high enough time resolution. Such instabilities are also observed in

the second project especially in the pulsatile cases, which shows that although the steady flow cases

provide a good approximation for the centerline pressure drops, they generally do not represent the

unsteadiness of the pulsatile flow.
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Chapter 4

Fluid-Structure Interaction:

Algorithms and Simulations

4.1 Generalized fictitious methods

4.1.1 Overview

In recent years, there has been great interest in fluid-structure interaction (FSI) problems due

to their relevance in structural engineering and biomedical applications. In particular, the hemo-

dynamic problem has received more attention [100, 101, 102, 103, 104, 105, 106, 107, 108] not

only because of its clinical importance but also due to the numerical challenges resulting from the

relatively small values of the mass ratio between the structure and the fluid [83, 82, 109, 110].

Different numerical approaches have been proposed for FSI problems [111, 106, 112, 113, 114, 115,

116, 117, 118, 119, 120, 4], which can be broadly classified as either monolithic or partitioned.

In the monolithic method, the fluid and structure equations are solved simultaneously as a large

nonlinear system. This approach is advantageous from the stability standpoint because the energy

balance between fluid and structure is automatically satisfied at each time step. On the other

hand, in the partitioned method the FSI system is split into separate fluid and structure solvers

so that software modularity is possible and hence different solvers can be re-used. Moreover, the

partitioned method is scalable to large-scale parallel computing, and hence this is the approach

we adopt in the current work with the aim of coupling our existed spectral element fluid solver

NEKTAR [6] with the structure solver stressNektar [27, 121].

In the partitioned approach, a coupling algorithm is required with proper transmission condi-

93



tions to reinforce the energy balance. Specifically, in hemodynamic problems where the fluid and

structure densities are close, convergence of the coupled solvers is especially problematic because

of the so-called added-mass effect [83]. When the added-mass effect is strong, the weakly coupling

schemes will be severely affected and may even become unstable, unless special treatments are

introduced in the procedure [122, 123]. In these cases, a strong coupling is required to impose

continuity at the interface through fixed-point iterations [113, 124, 125] or Newton-type iterations

[109, 119, 114, 126, 127] at each time step. However, calculating the Jacobian in the Newton-type

methods can be very expensive, and hence, several variants have be developed to reduce the compu-

tational cost [128, 109, 129, 116]. On the other hand, fixed-point iteration algorithms are relatively

easier to implement but have slower convergence rate. To this end, additional acceleration schemes

can be employed, e.g. the Aitken acceleration, to enhance the convergence rate [130, 124, 131].

A number of other approaches have been developed more recently to accelerate convergence of

the partitioned algorithm, including the Robin-Robin scheme [112, 113, 114, 5, 120], the interface

artificial compressibility [110, 132], the stabilized explicit method [133, 122], and our own fictitious

mass and damping methods [4]. In the Robin-Robin method, velocity and stress continuity at the

interface are treated with Robin type mixed transmission conditions. With optimized coefficients,

this method achieves good convergence rates for strong added-mass effect problems. In the interface

artificial compressibility method, a local and linearized version of the structural model is included

in the flow equations in the form of pressure-dependent source terms. This method is able to

enhance stability and has been shown to have some similarities with the Robin method [116]. The

stabilized explicit method can be viewed as a numerical resolution of the monolithic formulation,

where a time penalty term is added into the partitioned equations, which effectively controls the

fluid pressure variations at the interface. The fictitious mass and damping methods aim to balance

the added-mass effect by putting additional acceleration and damping terms in the structure solver.

In this method, the mass matrix and stiffness matrix are kept unchanged, which greatly saves the

effort of modifying any existing solvers. Moreover, the additional terms are applied to the entire

structure domain, hence providing further stabilization for problems with large deformation rates.

In this chapter, we revisit and generalize the fictitious methods by developing a similar modified

governing equation but for the flow solver. In addition, we demonstrate that the generalized

fictitious methods can be interpreted analogously to recovering the exact coupled solution. We also

develop a more rigorous analysis for predicting (a priori in simple geometries and a posteriori in

more complex geometries) the values of the optimal coefficients for the fictitious methods, building

upon some preliminary ideas first presented in [4]. We have implemented the generalized fictitious

methods using the spectral/hp element method, which is in general more sensitive to temporal
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instabilities. Therefore, we will also investigate the effect of polynomial order on the convergence

rate in prototype FSI problems. In addition to convergence and accuracy verification tests, we also

test the flexibility of the fictitious methods for different FSI problems, including vortex-induced

vibrations (VIV) with mass ratio approaching zero [134, 135], and a large-scale hemodynamic

problem with patient-specific arterial geometry [4]. Generalized fictitious methods can provide

great flexibility for implementation; for example, one can combine a fluid open source code with

a black box structure code by employing the fictitious pressure method or a fluid black box code

with a structure open source code by employing the fictitious mass (or damping) method.

This chapter is organized as follows. In section 4.1.2 we describe the FSI governing equations

and discretization methods and the interface transmission conditions. The FSI coupling procedure

at each time step for the full partitioned algorithm is summarized. The fictitious pressure method is

presented in section 4.1.3 including analysis of convergence rate for simplified problems. In section

4.1.4 we apply the fictitious methods on both 2D and 3D systems to confirm our aforementioned

analysis and also to demonstrate the relative advantages of our solver by comparing with a Robin

based semi-implicit coupling solver. We end in section 4.1.5 with a brief summary. The appendices

A.4-A.8 include additional technical details on the analysis of the generalized fictitious methods

and other formulations.

4.1.2 Settings and formulation

In FSI problems, the domain Ω ⊂ R
3 is composed of two parts: the fluid subdomain Ωf (t)

occupied by the fluid, and the structure subdomain Ωs occupied by a compliant or deformable

structure, as shown in Figure 4.1. There is a common boundary between the two subdomains, which

is the fluid-structure interface Σ(t) = Ωf (t) ∩ Ωs. The fluid problem will be stated in an arbitrary

Lagrangian-Eulerian framework [136] since the fluid domain is changing with the movement of the

interface, while for the structure kinematics a purely Lagrangian approach is adopted. Roughly

speaking, we aim to solve for three sets of variables in this FSI system: the fluid velocity u(x, t),

the fluid mesh velocity w(x, t), and the structure displacement η(X, t). Here x = x(t) and X are

the position vectors in the deformed configuration and initial configuration, respectively.

In this section, we will present the models for fluid and structure subdomains, respectively,

and describe a strong coupling partitioned method, which solves the FSI system with the stan-

dard Dirichlet-Neumann boundary condition at the interface. In the following, we assume that

suitable Dirichlet or Neumann boundary conditions are imposed on the boundaries ∂Ωf (t) \ Σ(t)
and ∂Ωs \ Σ(t), and will therefore omit them in our descriptions. To ensure the continuity on the

interface, subiterations are employed on each time step. In the following sections, we will denote
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Figure 4.1: Sketches for problems of interest. Left: vortex induced vibration. Right: flow inside an
arterial bifurcation.

the subiteration number by the subscript k, and the time step number by the superscript n.

Fluid model

The fluid is assumed to be incompressible and Newtonian, hence, it can be described by the

incompressible Navier-Stokes equation in the arbitrary Lagrangian-Eulerian (ALE) framework,

∂u

∂t
+ (u−w) · ∇u = −∇p

ρf
+ ν∇2u, in Ωf (t), (4.1.1a)

∇ · u = 0, in Ωf (t), (4.1.1b)

combined with the initial condition

u(x, t = 0) = u0(x), in Ωf (0), (4.1.2)

and the Dirichlet boundary conditions on the interface, i.e.,

u =
∂η

∂t
, on Σ(t), (4.1.3)

which enforces the continuity of velocities. Here, w, p, ρf , and ν stand for the mesh velocity,

pressure, fluid density, and the kinematic viscosity, respectively.

The current configuration x of the fluid subdomain is defined as a lifting from the structure

displacement on the interface: given the displacement on the interface η|Σ, we are looking for a

mapping from the initial fluid configuration Ωf (0) to the current configuration Ωf (t). Here we
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construct the mapping from a harmonic extension operator, i.e. the mesh velocity w satisfies

∇2w = 0, in Ωf (t), (4.1.4a)

w =
∂η

∂t
, on Σ(t), (4.1.4b)

which is endowed with vanishing boundary conditions on the other boundaries:

w = 0, in ∂Ωf (t) \ Σ(t). (4.1.5)

At each time step, the mesh position x will be obtained from the integration of the mesh velocity.

To solve numerical equations (4.1.1) and (4.1.4), we employ the parallel Navier-Stokes solver

NEKTAR [6]. The spectral element method with Jacobi polynomial basis is used to represent the

fluid velocity, fluid pressure and mesh velocity. It can deal with different types of 3D elements

in space, including hexahedrons, prisms, tetrahedrons and pyramids. In NEKTAR, the Navier-

Stokes equation is discretized in time using a high-order splitting scheme, with three parts: first

the nonlinear terms are treated explicitly, then the pressure is obtained by a Poisson equation

solver, and finally the viscous terms are treated implicitly [73]. In the strongly coupled FSI system,

we employ subiterations to ensure continuity at the fluid-structure interface at each time step.

Therefore, at time step n and subiteration step k, we solve for un
k and pnk from previous time step

results un−i and previous subiteration solution un
k−1 [97]:

ũn −∑J
i=1 αiu

n−i

∆t
= −Nn

k−1, (4.1.6a)

˜̃u
n − ũn

∆t
= −∇p

n
k

ρf
, (4.1.6b)

βun
k − ˜̃u

n

∆t
= ν∇2un

k , (4.1.6c)

where

Nn
k−1 = (un

k−1 −wn−1) · ∇un
k−1, (4.1.7)

and
∂pnk
∂nf

= −ρf
(

∂un
k

∂t
+ ν∇×∇× un

k−1 +Nn
k−1

)

· nf , on Σ(t). (4.1.8)

Here J denotes the time integration order, and αi, β are the corresponding coefficients of the J−th
order backward differentiation formulas [6]. In (4.1.8), nf is the normal vector of fluid subdomain

pointing outward on the interface Σ(t).
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Similar to the Navier-Stokes equation, at each time step the mesh velocity is obtained by solving

the Laplace equation (4.1.4) with the spectral element method. The current configuration x(t) is

updated from:

xn −∑J
i=1 α̂ix

n−i

∆t
=

J
∑

i=1

ˆ̂αiw
n−i. (4.1.9)

Here α̂i and ˆ̂αi are the coefficients for the corresponding time integration schemes, as in [73]. For

more details about the fluid solver, we refer the interested readers to [4].

Structure model

For the structure subdomain we follow the Lagrangian approach, so all physical variables are

described in the initial configuration X. A linear elastic model and infinitesimal deformations are

mainly considered in this chapter, noting that a hyperelastic model with finite deformations [121]

can readily be substituted in. The equation describing the deformation can be expressed as follows:

ρs
∂2η

∂t2
− div(S) = ρsf , in Ωs, (4.1.10)

with the Neumann boundary condition at the interface

Sns = −[−pI+ ρfν(∇u+ (∇u)T )]nf , on Σ(t), (4.1.11)

and the proper initial deformation

η(x, t = 0) = η0(x), in Ωs. (4.1.12)

In the above equations, S, f and ρs are the second Piola-Kirchhoff stress tensor for the specific

material, the body load on the structure, and the structure density, respectively. On the interface

Σ(t), ns stands for the normal vector pointing outward from the structure subdomain. Considering

the geometrically linear elastodynamics, the second Piola-Kirchhoff stress tensor is given by

S =
ζE

2(1 + ζ)(1 − 2ζ)

[

tr

(

∂η

∂x
+
∂η

∂x

T
)]

+
E

2(1 + ζ)

(

∂η

∂x
+
∂η

∂x

T
)

, (4.1.13)

where E and ζ are the Young’s modulus and the Poisson ratio of the material, respectively. On

the right hand side of (4.1.11), we note that−pI+ ρfν[∇u+ (∇u)T ] represents the hydrodynamic

stresses at the interface from the flow. Therefore, while the transmission condition (4.1.3) enforces

the continuity of velocities, the Neumann boundary condition in (4.1.11) enforces the continuity of
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the normal stresses at the interface.

The structure problem is solved with a parallel spectral element method code, StressNEKTAR

[27]. Spatially, the variables in StressNEKTAR are discretized in a similar way as in NEKTAR: a

continuous Galerkin formulation is employed, with Jacobi polynomials as trial and test functions.

To discretize in time, two types of methods are implemented in StressNEKTAR: the Newmark

scheme and a three-step backward differentiation formula (BDF) [77]. They can be defined by

different expressions for the displacement and velocity at the next time step. Let n denote the

index of the time step, and k the index of subiteration step; from (4.1.10) and (4.1.11) we have

ρs
∂2ηn

k

∂t2
− div(S(ηn

k )) = ρsf
n
k , (4.1.14)

and

S(ηn
k )ns = −[−pnk−1I+ ρfν(∇un

k−1 + (∇un
k−1)

T )](nf )
n, on Σ(t). (4.1.15)

In the Newmark scheme, based on the current displacement η
n
k , previous time step displacement

η
n−1, velocity η̇

n−1 and acceleration η̈
n−1, we can approximate the acceleration and velocity at

the n-th step as:

η̇
n
k = η̇

n−1 +∆t[(1 − θ1)η̈n−1 + θ1η̈
n
k ], (4.1.16a)

η̈
n
k =

1

∆t2θ2

(

η
n
k − η

n−1 −∆tη̇n−1 − ∆t2

2
(1− 2θ2)η̈

n−1

)

, (4.1.16b)

where we have used “ · ” to denote the temporal derivatives. Depending on the requirements of

accuracy and stability, different values can be set to the parameters (θ1, θ2). In the following, we

will use the parameters (θ1, θ2) = (0.5, 0.25).

In the three-step BDF scheme, the acceleration and velocity approximations are also expressed

based on the current information (ηn
k , η̇

n
k ) and previous time steps results (ηn−i, η̇n−i) as:

η̇
n
k = A1η

n
k +B1η

n−1 + C1η
n−2 +D1η

n−3, (4.1.17a)

η̈
n
k = A2η̇

n
k +B2η̇

n−1 + C2η̇
n−2 +D2η̇

n−3. (4.1.17b)

Here Ai, Bi, Ci and Di (i = 1, 2) are related following the rule

A1 =
θ1
∆t

, B1 =
2.5− 3θ1

∆t
, C1 =

3θ1 − 4

∆t
, D1 =

1.5− θ1
∆t

, (4.1.18a)

A2 =
θ2
∆t

, B2 =
2.5− 3θ2

∆t
, C2 =

3θ2 − 4

∆t
, D2 =

1.5− θ2
∆t

, (4.1.18b)
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and (θ1, θ2) are also decided based on considerations of stability and dissipation. To be specific,

we will use (θ1, θ2) = (5/3, 5/3) in this chapter because of its enhanced stability [77]. This pair of

parameters corresponds to a three-step second-order scheme.

In some of our tests, we employ the Rayleigh damping to simulate the structural damping in

the FSI problems. With damping parameters (ξ1, ξ2), our linear elastic model (4.1.10) is changed

to

ρs
∂2η

∂t2
+ ξ1ρs

∂η

∂t
− div(S)− ξ2div(S(

∂η

∂t
)) = ρsf , in Ωs, (4.1.19)

where the map S : R3 7→ R
3 is defined as

S(c) = ζE

2(1 + ζ)(1 − 2ζ)

(

tr

(

∂c

∂x
+
∂c

∂x

T
))

+
E

2(1 + ζ)

(

∂c

∂x
+
∂c

∂x

T
)

. (4.1.20)

Correspondingly, we can write the semi-discrete equation (4.1.14) with structure damping as

ρs
∂2ηn

k

∂t2
+ ξ1ρs

∂ηn
k

∂t
− div(S(ηn

k ))− ξ2div(S(
∂ηn

k

∂t
)) = ρsf

n
k , (4.1.21)

where the acceleration and velocity can be approximated using either the Newmark (4.1.16) or the

three-step BDF scheme (4.1.17), as presented before.

Figure 4.2: FSI coupling procedure at time step n and subiteration step k. Here t = (−pI +
ρfν(∇u + (∇u)T ))nf stands for the normal hydrodynamic stress at the interface, and circled
numbers indicate the order of execution.
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Partitioned algorithm

To strongly impose the continuity of the interface, at each time step we perform subiterations

for the FSI system until a convergence is obtained. In each subiteration step, the fluid and structure

solvers work separately, then interact by exchanging suitable transmission conditions at the interface

Σ(t), as sketched in Figure 4.2. Here the Aitken relaxation, see Appendix A.4, is employed in both

the structure and fluid solvers, to accelerate the convergence. To be specific, at the n-th time step,

we solve the FSI system following the fixed point algorithm:

1. Set

(Solid) ηn
0 = η

n−1, η̇n
0 = η̇

n−1, η̈n
0 = η̈

n−1, (4.1.22a)

(Fluid) un
0 = un−1, pn0 = pn−1. (4.1.22b)

2. for k = 1 : kmax, do

(a) (Solid) Solve the elastodynamics equation (4.1.14) with external traction force

−[−pnk−1I+ ρfν(∇ũn
k−1 + (∇ũn

k−1)
T )](nf )

n

applied on the interface, and update the displacement results ηn
k .

(b) (Solid) Perform the Aitken relaxation on η
n
k , and obtain the relaxed displacement η̃n

k .

(c) (Solid) From η̃
n
k , calculate the velocity and acceleration η̇

n
k and η̈

n
k based on the New-

mark scheme (4.1.16) or BDF scheme (4.1.17).

(d) (Solid) Pass the velocity and acceleration at the interface to the fluid solver.

(e) (Fluid) Update the velocity boundary condition un
k = η̇

n
k and the pressure boundary

condition
∂pnk
∂nf

= −ρf
(

η̈
n
k + ν∇×∇× un

k−1 +Nn
k−1

)

· (nf )
n at the interface.

(f) (Fluid) Solve the Navier-Stokes equation (4.1.6), and obtain updated velocity and pres-

sure (un
k , p

n
k ).

(g) (Fluid) Apply the Aitken relaxation on un
k to obtain the relaxed velocity ũn

k .

(h) (Fluid) Calculate the normal stress −[−pnkI+ ρfν(∇ũn
k +(∇ũn

k )
T )](nf )

nat the interface

(i) (Fluid) Pass the normal stress at the interface to the structure solver.

(j) (Solid and Fluid) Check convergence on both solvers. If

||η̃n
k − η̃

n
k−1||, ||ũn

k − ũn
k−1||, ||pnk − pnk−1|| < ǫ, (4.1.23)
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set k = kmax and update the results as

(Solid) ηn = η̃
n
k , η̇

n = η̇
n
k , η̈

n = η̈
n
k , (4.1.24a)

(Fluid) un = ũn
k , p

n = pnk . (4.1.24b)

Else, continue to the (k + 1)-th subiteration.

3. (Mesh) Update the mesh velocity boundary condition at the interface with wn = η̇
n.

4. (Mesh) Get the mesh velocity wn by solving (4.1.4).

5. (Mesh) Update the mesh positions for the fluid subdomain using the numerical integration

as in (4.1.9).

6. Go to time step n+ 1.

4.1.3 Fictitious methods and analysis for optimal coefficients

It was shown in [83] that in the presence of large added-mass, the coupling procedure introduced

in Figure 4.2 exhibits very slow convergence, or sometimes even no convergence at all. To overcome

this problem, fictitious mass and damping methods were introduced in the structure solver [4], as

an effective way of stabilization and convergence acceleration. A brief review of these methods will

be given in this section, and the idea will be extended to the fluid solver, to develop the fictitious

pressure method. Moreover, a convergence analysis will be provided for all cases for simplified

problems, which will provide us with some guidance in choosing the optimal parameters in the

applications.

Added mass effect

Before discussing the fictitious methods, we would like to simplify the FSI problem in order to

motivate our approach. A half plane domain Ω = {x = (x, y) ∈ R
2 : x ≤ 0} is considered, with the

fluid subdomain Ωf as

Ωf = {x = (x, y) ∈ R
2 : x < 0}, (4.1.25)

and the FSI interface being the line

Σ = {(x, y) ∈ R
2 : x = 0}. (4.1.26)

In this simplified model, the structure subdomain Ωs coincides with the interface Σ, and the defor-

mation of the structure is assumed to be very small, therefore the fluid domain can be considered
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fixed. Here we will use a linear incompressible inviscid model for the fluid, and a generalized string

model as described in [137] for the structure:

ρf
∂u

∂t
+∇p = 0, in Ωf , (4.1.27a)

∇ · u = 0, in Ωf , (4.1.27b)

u · n =
∂η

∂t
, on Σ, (4.1.27c)

p = ρsHs
∂2η

∂t2
+G1Hsη −G2Hs

∂2η

∂y2
, on Σ. (4.1.27d)

Here Hs is the thickness of the structure, and G2 = KE
1+ζ with K being the Timoshenko correction

factor. The reaction term G1 is introduced to take into account transverse membrane effects. For

an arterial vessel with radius R0, this term can be approximated as G1 ≈ E
(1−ζ2)R2 under the

assumption of linear elastic behavior, as illustrated in [137]. The displacement η in this problem

lies in the x direction, which is also the direction normal to the interface. Moreover, from the left

hand side of (4.1.27d) we can see that the continuity of normal stresses between the fluid and solid

subdomains is naturally embedded in governing equation of the structure model.

Similarly as in [83], the fluid problem in system (4.1.27) could be reformulated as:

−∆p = 0, in Ωf ,

∂p

∂x
= −ρf

∂2η

∂t2
, on Σ,

p = p(t) or
∂p

∂n
= 0, on ∂Ωf \ Σ.

(4.1.28)

and the value of the pressure at the interface can be decomposed into two parts:

p = −ρfM(
∂2η

∂t2
) + p0, (4.1.29)

where p0 takes into account non-homogeneous boundary conditions on ∂Ωf \ Σ, and the map

M : H−1/2(Σ) 7→ H1/2(Σ) stands for the added-mass operator. This map is defined as: given

ω ∈ H−1/2(Σ), find q(ω) ∈ H1(Ωf ) such that

−∆q(ω) = 0, in Ωf ,

∂q(ω)

∂x
= ω, on Σ,

q(ω) = 0 or
∂q(ω)

∂n
= 0, on Ωf \ Σ.

(4.1.30)

103



and extract the values of the solution q(ω) on Σ; here, ∆ is the Laplacian operator. From the

above we see that the exact pressure condition on the interface involves a nonlocal operator. With

the expression (4.1.29) for pressure, the continuity of stresses at the interface (4.1.27d) becomes

[ρsHs + ρfM]
∂2η

∂t2
+G1Hsη −G2Hs

∂2η

∂y2
= p0. (4.1.31)

From the above we can see that if we add a term in the structure momentum equation (4.1.19),

which is of the same order as the added-mass operator, the FSI solver will perform more like an

exact coupled solver, and hence a better convergence can be achieved. Similarly, by substituting

the decomposed pressure into (4.1.27a), one could obtain that

ρf
∂u

∂t
+∇

[

−ρfq
(

∂2η

∂t2

)

+ p0

]

= 0, in Ωf . (4.1.32)

Therefore, an additional term fp∇p, which is of the same order as ∇
(

−ρfq
(

∂2η
∂t2

))

, would also

give a partitioned solution, which is closer to the exact coupled solution.

Fictitious mass and damping methods

In the fictitious mass and damping methods [4], the structure momentum equation (4.1.19) is

solved with additional acceleration and damping terms. These terms aim to balance the added-

mass operator as shown in (4.1.31). Considering the fictitious mass coefficient fm and damping

coefficient fd, equation (4.1.21) is modified as

ρs(1 + fm)
∂2ηn

k

∂t2
+ ρs(ξ1 + fd)

∂ηn
k

∂t
− div(S(ηn

k ))− ξ2div
[

S(∂η
n
k

∂t
)

]

= ρsf
n
k + ρsfm

∂2ηn
k−1

∂t2
+ ρsfd

∂ηn
k−1

∂t
.

(4.1.33)

Here we note that when the subiteration is converged, we have η
n
k ≈ η

n
k−1 and

∂ηn
k

∂t ≈
∂ηn

k−1

∂t .

Therefore, the scheme with fictitious mass and damping of equation (4.1.33) should converge to the

same results as the original scheme of equation (4.1.21) at the end of each time step. Moreover, if

we substitute ρsHsfm = ρfM into (4.1.33), then we recover the right hand side of (4.1.31). So the

fictitious mass method can be thought of as mimicking an exact coupled solver, with the optimal

value of fm being a good approximation to
ρfM
ρsHs

.

104



Fictitious pressure method

Now we will extend the idea of fictitious methods to the fluid solver, on the pressure term in

(4.1.1a). By introducing the fictitious pressure coefficient fp, the splitting scheme for the Navier-

Stokes equation (4.1.6) can be written as

βun
k −

∑J
i=1 αiu

n−i

∆t
+Nn

k−1 − fp
∇pnk−1

ρf
= −(1 + fp)

∇pnk
ρf

+ ν∇2un
k . (4.1.34)

Similarly, a splitting scheme can be generated

ũn −∑J
i=1 αiu

n−i

∆t
= −Nn

k−1, (4.1.35a)

˜̃u
n − ũn

∆t
− fp

∇pnk−1

ρf
= −(1 + fp)

∇pnk
ρf

, (4.1.35b)

βun
k − ˜̃u

n

∆t
= ν∇2un

k , (4.1.35c)

with the definition of Nn
k−1 the same as in (4.1.7). To be consistent with the new scheme, the

pressure boundary condition on the interface should be modified as

(1 + fp)
∂pnk
∂nf

= fp
∂pnk−1

∂nf
− ρf

(

∂un
k

∂t
+ ν∇×∇× un

k−1 +Nn
k−1

)

· nf . (4.1.36)

As in the fictitious mass and damping methods, the new scheme (4.1.35) converges to the same

values as the original one (4.1.6) at the end of each time step. Therefore, the fictitious pressure

method will not change the physical solution of the FSI problem.

Analysis of a simplified problem

Now we will investigate the effects of fictitious methods on the simplified problem as described

in (4.1.27). Let n be the time step index, and k the subiteration index, then the corresponding

J-th order time splitting scheme for the simplified fluid model reads

ũn −∑J
i=1 αiu

n−i

∆t
= 0, (4.1.37a)

βun
k − ũn

∆t
= −∇p

n
k

ρf
, (4.1.37b)

combined with the Dirichlet velocity and Neumann pressure boundary conditions on the interface

unk =
∂ηnk
∂t

,
∂pnk
∂x

= −∂u
n
k

∂t
. (4.1.38)
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Here we denote the velocity components in the x and y directions as u and v, respectively. On the

other hand, the three-step BDF scheme is applied to the generalized string model:

ρsHsη̈
n
k +G1Hsη

n
k −G2Hs

∂2ηnk
∂y2

= pnk−1,

η̇nk = A1η
n
k +B1η

n−1 + C1η
n−2 +D1η

n−3,

η̈nk = A2η̇
n
k +B2η̇

n−1 + C2η̇
n−2 +D2η̇

n−3.

(4.1.39)

The entire partitioned algorithm can be rewritten as:

• Structure problem

A1A2ρsHsη
n
k +G1Hsη

n
k −G2Hs

∂2ηnk
∂y2

= pnk−1 + F1, on Σ, (4.1.40)

• Fluid problem

ρf
βun

k

∆t
+∇pnk + F2 = 0, in Ωf , (4.1.41a)

∇ · un
k = 0, in Ωf , (4.1.41b)

unk = A1η
n
k + F3, on Σ, (4.1.41c)

where F1, F2, F3 account for terms at previous time steps. The following analysis will be performed

on the n-th step, therefore we will omit the step numbers.

Similar to the analysis in [5], our convergence analysis will be based on the Fourier transform

in the y direction, which is also the tangential direction to the fluid structure interface. For any

function c(x, y) ∈ L2(R2), its Fourier coefficient ĉ(x, γ) is defined as

ĉ(x, γ) =

∫

R

e−iγyc(x, y)dy, (4.1.42)

which corresponds to the frequency γ. To quantify the error for pressure at the k-th subiteration,

on the interface we define a reduction factor in the frequency space

ρk(γ) :=
|p̂k(0, γ)− p̂(0, γ)|
|p̂k−1(0, γ)− p̂(0, γ)|

, (4.1.43)

where p̂(x, γ) is the Fourier coefficient of the exact pressure p(x, y) at the current time, and p̂k(x, γ)

is the Fourier coefficient of the numerical approximation for pressure at the k-th subiteration, see

equations (A.5.1)-(A.5.3) in Appendix A.5. If ρk(γ) is less than 1 for all relevant frequencies at
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every subiteration step, the algorithm converges. Moreover, the smaller this reduction factor is, the

faster the rate of convergence will be.

Reduction factor of the fictitious mass and damping methods

In the fictitious mass and damping methods, the structure solver is modified, with the fluid

solver unchanged. Denoting the fictitious mass and damping coefficients (fm, fd), the simplified

structure model (4.1.40) becomes

(1 + fm)A1A2ρsHsηk + fdA1ρsHsηk +G1Hsηk −G2Hs
∂2ηk
∂y2

= pk−1 + fmA1A2ρsHsηk−1 + fdA1ρsHsηk−1 + F1.

(4.1.44)

We have derived the following:

Property 4.1.1. With fictitious mass and damping coefficients fm and fd, respectively, the re-

duction factor of frequency γ is independent of the subiteration step and it is given by:

ρFM (γ) =

∣

∣

∣

∣

Pk(γ)− 0

Pk−1(γ)− 0

∣

∣

∣

∣

=

∣

∣

∣

∣

A1[βρf − γ(fmA2 + fd)ρsHs∆t]

γ∆t[(A2 + fmA2 + fd)A1ρsHs +G1Hs + γ2G2Hs]

∣

∣

∣

∣

, (4.1.45)

where Pk(γ) is defined in (A.5.3), β and Ai, i = 1, 2 are the coefficients of the J-th splitting scheme

for the fluid solver and of the BDF scheme for the structure solver, respectively, and Hs, G1, G2 are

the thickness and material coefficients of the structure model. The derivation details are provided

in Appendix A.5.

To compare with the Dirichlet-Robin method in [5], we apply a first-order scheme for both the

fluid and structure subdomains to obtain a reduction factor as

ρ̄FM (γ) =

∣

∣

∣

∣

∣

∣

∣

ρf − γ(fm + fd∆t)ρsHs

γ∆t2((1 + fm + fd∆t)
ρsHs

∆t2
+G1Hs + γ2G2Hs)

∣

∣

∣

∣

∣

∣

∣

. (4.1.46)

Next we substitute fm + fd∆t =
αs∆t
ρsHs

, where αs is the coefficient for Robin boundary condition on

the solid side as defined in [5]. The reduction factor for the fictitious mass and damping methods

becomes

ρ̄FM (γ) =

∣

∣

∣

∣

∣

ρf − γαs∆t

γ∆t2(ρsHs

∆t2 + αs

∆t +G1Hs + γ2G2Hs)

∣

∣

∣

∣

∣

, (4.1.47)

which has the same form as that for the Robin boundary condition on the solid side.

• • Therefore, by tuning the coefficients properly, the fictitious mass and damping methods have
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the same effect on the reduction factor as the Dirichlet-Robin transmission conditions for this

model problem.

Reduction factor of the fictitious pressure method

Now we will report the reduction factor from Fourier analysis for the coupling algorithm with the

original structure solver (4.1.40) and the fictitious pressure fluid solver as defined in (4.1.35). Given

a fictitious pressure coefficient fp, the first equation of the fluid solver (4.1.41) can be rearranged

as

ρf
βuk

∆t
+ (1 + fp)∇pk − fp∇pk−1 + F2 = 0, in Ωf . (4.1.48)

We have derived the following:

Property 4.1.2. The reduction factor for the fictitious pressure coefficient fp of frequency γ can

be written as

ρFP (γ) =

∣

∣

∣

∣

Pk(γ)− 0

Pk−1(γ)− 0

∣

∣

∣

∣

=

∣

∣

∣

∣

A1βρf − fp∆tγ(A1A2ρsHs +G1Hs + γ2G2Hs)

(1 + fp)∆tγ(A1A2ρsHs +G1Hs + γ2G2Hs)

∣

∣

∣

∣

, (4.1.49)

which is independent of the subiteration number k. Note that Pk(γ) is defined similarly as in (A.5.3)

in Appendix A.5, β is a parameter in the J-th splitting scheme for the fluid solver as defined in

(4.1.6), A1, A2 are parameters in the BDF scheme for the structure solver as in (4.1.17), and Hs,

G1, G2 are the thickness and material coefficients of the structure model. The derivation details

are given in Appendix A.6.

For the cases with small Young’s modulus E or small time step size, we have G1∆t ≪ 1 and

G2∆t ≪ 1. It was reported in [83] that such cases suffer from severe added-mass effect, and

therefore very slow convergence. For these cases, the reduction factor for the fictitious pressure

method (4.1.49) can be approximated as

ρFP (γ) =

∣

∣

∣

∣

βρf − fpA2∆tγρsHs

(1 + fp)A2∆tγρsHs

∣

∣

∣

∣

, (4.1.50)

which has the same expression as the reduction factor for the fictitious mass and damping methods

(4.1.45)

ρFM (γ) =

∣

∣

∣

∣

βρf − (fmA2 + fd)∆tγρsHs

(A2 + fmA2 + fd)∆tγρsHs

∣

∣

∣

∣

, (4.1.51)

by taking fp = fm + fd/A2. Therefore, when G1∆t ≪ 1 and G2∆t ≪ 1, the fictitious pressure

method also has an equivalent reduction factor as the Dirichlet-Robin transmission condition given

in [5], and its optimal coefficient should be comparable with that from the fictitious mass method.
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On the other hand, when the material has a large modulus or we use a large time step size, i.e.,

G1∆t≫ 1 and G2∆t≫ 1, the reduction factor for the fictitious pressure method reads

ρFP (γ) =

∣

∣

∣

∣

fp
1 + fp

∣

∣

∣

∣

. (4.1.52)

Therefore a small fp would be preferred for a faster convergence in these cases.

Remark: When the Young’s modulus E → ∞, we have G1, G2 → ∞. The reduction factor

(4.1.49) with fm = fp = 0 can be expressed as

ρ(γ) =

∣

∣

∣

∣

Pk(γ)− 0

Pk−1(γ)− 0

∣

∣

∣

∣

=

∣

∣

∣

∣

A1βρf
∆tγ(A1A2ρsHs +G1Hs + γ2G2Hs)

∣

∣

∣

∣

→ 0,

which indicates that the original partitioned procedure will be very stable and hence no fictitious

method is needed.

Tube domain

Here we consider a simple model for an artery modeled as a straight tube. The problem is

solved in a cylinder with radius R and length L, as shown in Figure 4.3, in which a Neumann

boundary condition ∂u
∂n = 0 is set on BC1 and BC2, and Dirichlet boundary condition p = p̄(t)

for pressure. In the cylindrical coordinate system (r, θ, y), this problem is independent of the angle

θ, therefore the fluid model degenerates into {(r, y) ∈ [0, R) × [0, L]} ⊂ R
2. Adopting the linear

incompressible inviscid model for the fluid and the generalized string model for the structure, the

structure subdomain coincides with the interface

Σ = {(r, y)|r = R and y ∈ [0, L]}. (4.1.53)

Figure 4.3: Domain for the flow in a tube model.
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Similar to the assumptions for the simplified model in (4.1.27), the displacement η ≪ 1, hence the

fluid subdomain is considered fixed. The FSI system is governed by the following equations

ρf
∂u

∂t
+∇p = 0, in Ωf , (4.1.54a)

1

r

∂(rur)

∂r
+
∂uy
∂y

= 0, in Ωf , (4.1.54b)

u · n =
∂η

∂t
, on Σ, (4.1.54c)

∂u

∂n
= 0, p = p̄(t) on BC1 ∪BC2, (4.1.54d)

p = ρsHs
∂2η

∂t2
+G1Hsη −G2Hs

∂2η

∂y2
, on Σ, (4.1.54e)

where the components of u in r and y directions are denoted as ur and uy, respectively. In the

structure model, the displacement η lies in the r direction, with Hs, G1, G2 as the thickness and

the material coefficients. Here the pressure can be decomposed into two parts: one given by the

interaction with the structure at the interface, and another one related to the other boundaries Ωf\Σ
only, as in (4.1.29). Our main focus will be on the first part, which is influenced by the added-mass

operatorM; the boundary conditions p = p̄(t) on BC1∪BC2 are assumed to be vanishing. We will

therefore analyze the convergence of pressure to the zero solution. Since pk(r, y) = 0 when y = 0

or y = L, for every fixed r, the Fourier sine series {sin
(

γπr
L

)

}, γ = 1, 2, · · ·∞ forms a complete

orthogonal basis for pk(r, y). In the following analysis, the reduction factor will be defined by the

Fourier sine coefficients: given a function c(x, y),

ĉ(x, γ) =
2

L

∫ L

0

c(x, y) sin
(γπy

L

)

dy. (4.1.55)

Discretizing (4.1.54) in time with the J-th splitting scheme for fluid and three-step BDF scheme

for the structure, similar as our derivations for the previous model as in Appendices A.5 and A.6,

a general solution for the pressure can be obtained

p̂k(r, γ) = Pk(γ)I0(
γπr

L
) (4.1.56)

for a suitable Pk(γ). Here I0 is the modified Bessel function

I0(r) =

∞
∑

m=0

1

m!

( r

2

)2m

. (4.1.57)
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Therefore, the aforementioned reduction factors can be similarly derived for the fictitious mass and

damping approach or the fictitious pressure, respectively:

ρFM (γ) =

∣

∣

∣

∣

A1(βρf − µ(γ)(fmA2 + fd)ρsHs∆t)

µ(γ)∆t((A2 + fmA2 + fd)A1ρsHs +G1Hs + γ2G2Hs)

∣

∣

∣

∣

, (4.1.58)

ρFP (γ) =

∣

∣

∣

∣

A1βρf − fp∆tµ(γ)(A1A2ρsHs +G1Hs + γ2G2Hs)

(1 + fp)∆tµ(γ)(A1A2ρsHs +G1Hs + γ2G2Hs)

∣

∣

∣

∣

(4.1.59)

where

µ(γ) :=
γπI ′0(

γπR
L )

LI0(
γπR
L )

, (4.1.60)

β is the coefficient of the J-th splitting scheme for the fluid solver as defined in (4.1.6), A1, A2 are

the coefficients of the BDF scheme for the structure solver as in (4.1.17), and Hs, G1, G2 are the

thickness and material coefficients of the structure model. Comparing with the added-mass operator

given in [83], we can see that 1/µ(γ) is actually the γ−th eigenvalue of the added-mass operator

M in this case. We will check the validity of the formulas (4.1.58)-(4.1.59) with corresponding

simulations in the next section.

4.1.4 Numerical simulations

In this section, we present a series of numerical tests using the fictitious methods. With these

tests, we aim to provide a validation for our theoretical analysis, and to demonstrate the capability

of our parallel code in solving realistic physiological problems in computational domains with a large

number of elements. Since (4.1.45) suggests that the fictitious mass and fictitious damping methods

will have the same effect by taking fm = fd/A2, in the following tests we will only employ the

fictitious mass method as a representative case. In particular, we consider two types of interesting

FSI problems: the first one is related to vortex induced vibrations (VIV) in offshore structures

while the second one models compliant brain arteries and blood flow. In both applications the

mass ratio is relatively low, and in fact we consider even the case of zero mass in VIV simulations.

Vortex-induced vibrations (VIV)

In the following we consider a classical problem in vortex-induced vibration (VIV), namely

the transverse free oscillation of a circular cylinder, as illustrated in the left plot of Figure 4.1.

One of the open problems in numerical simulations of VIV is the case of structures with mass

ratio approaching zero. This leads to the so-called “for-ever-resonance” effect, irrespective of the

characteristic frequency. We will test our FSI code for a wide range of density ratios and with

various fictitious methods and corresponding parameters. The simulations are performed in a 2D
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domain [−5, 20] × [−5, 5], with a cylinder of radius 0.5 at the origin. At the inlet x = −5, a

uniform steady flow with U∞ = 1 is imposed, and at the outlet x = 20 a zero Neumann boundary

condition is employed. Along the crossflow direction, a periodic boundary condition is applied. In

this test, we assume the fluid density to be ρf = 1 and Reynolds number Re = 100 based on the

cylinder radius. In these units, the added-mass coefficient is reported to be about 1.5 [138]. In

the following simulations, a second-order splitting scheme is applied on the fluid, and Newmark

scheme on the structure. To obtain a fair comparison between our cases, we take a uniform time

step size ∆t = 0.01. In the following tests, all the simulations are done using spectral elements

with polynomial order 4.

Optimal coefficients

As discussed before, the fictitious mass method works the best if it approximates an exact

coupled algorithm, which happens when fmρs is close to the actual added-mass ρa = 1.5. Therefore,

the optimal choice for fm in our VIV tests should be fm = ρa

ρs
. In order to estimate the optimal

value of the fictitious pressure coefficient, we will determine an equivalent fp for any given fm.

Based on the standard VIV model as shown in [139], we have the modified structure solver with

added-mass ρa as:

(ρs + ρa)
∂2ηn

k

∂t2
+ ξ

∂ηn
k

∂t
+ ω2

nη
n
k =

∮

(nf )
n · [−pnk−1I+ 2ρfν(∇un

k−1 + (∇un
k−1)

T )]ds+ ρa
∂2ηn

k−1

∂t2
,

(4.1.61)

where ξ and ωn are the structural damping coefficient and the natural frequency of the cylinder,

respectively, and the integration is performed around the circumference of the cable. With the

assumptions of small damping, small time step and small viscosity, the fictitious mass structure

solver (4.1.61) and the standard fluid solver (4.1.1a) can be approximated as

(ρs + ρa)
∂2ηn

k

∂t2
= −

∮

pnk−1(nf )
nds+ ρa

∂2ηn
k−1

∂t2
, (4.1.62)

∂un
k−1

∂t
+ (un

k−1 −wn−1) · ∇un
k−1 = −∇p

n
k−1

ρf
, (4.1.63)

which is equivalent to solving with the fictitious pressure method

∂un
k−1

∂t
+ (un

k−1 −wn−1) · ∇un
k−1 = −(ρs + ρa)

∇pnk−1

ρsρf
+ ρa

∇pnk−2

ρsρf
, (4.1.64a)

ρs
∂2ηnk
∂t2

= −
∮

pnk−1(nf )
nds, (4.1.64b)
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which means the optimal value of fictitious pressure in this case is indeed fp = ρa

ρs
.

Effect of fictitious methods on number of subiterations

Next we investigate the numerical performance of our fictitious methods on a canonical VIV

case with the mesh as shown in Figure 4.4, and verify our optimal coefficient estimations in the

previous section. In the following we first set the density ratio between structure and fluid as

ρs

ρf
= 1 and the structural damping coefficient ξ = 0.01. The natural frequency of cylinder is set

to be ωn = 2π × 0.215, which is close to the vortex shedding frequency of the stationary cylinder,

and therefore in the lock-in range. The time trace of the structural displacement is illustrated in

Figure 4.5, starting from the convergent flow field generated by a fixed cylinder at t = 0. It can

be observed that the cylinder is quickly excited by the resonance, then vibrates periodically with a

response amplitude as large as 0.52.

For this case, we have studied systematically various coefficients for both fictitious mass and

fictitious pressure methods. In the right plot of Figure 4.5 we show a zoom-in of displacement results

from various test cases, from which one could see that the amplitude change between different cases

is negligible. To demonstrate the effects of fictitious methods on accelerating the convergence, we

take the average of subiteration numbers over one vortex shedding cycle (Strouhal period) as a

comparison index. In table 4.1 we list these averaged subiteration numbers with different fictitious

mass and fictitious pressure coefficients, where the values nearest to the optimal given above are

marked by “(opt)”. Comparing with the case “F1” where no fictitious method is applied, we can

see that both the fictitious mass and fictitious pressure methods help decreasing the subiteration

number, and therefore accelerating the convergence. Moreover, the smallest subiteration numbers

are obtained when ρsfm or ρsfp is at 1.5, which is the approximate value for added-mass in this

case. This observation validates our previous analysis. On the other hand, in the “FA” cases

we tested the methods without the Aitken relaxation, from which we could see that the fictitious

Figure 4.4: Mesh employed in the VIV test; only the spectral elements are shown.
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Figure 4.5: Time trace of displacement of the cylinder in the VIV test, when ρs

ρf
= 1, ξ = 0.01 and

ωn = 2π× 0.215. The right plot is a zoom-in of the left plot, showing results from various fictitious
parameters.

fm fp Aitken Avg subiteration
F1 0.0 0.0 Y 35.4
FM1 0.5 0.0 Y 14.1
FM2 1.0 0.0 Y 13.6
FM3 1.5(opt) 0.0 Y 13.1
FM4 2.0 0.0 Y 13.4
FP1 0.0 0.5 Y 15.4
FP2 0.0 1.0 Y 13.4
FP3 0.0 1.5(opt) Y 13.0
FP4 0.0 2.0 Y 13.1
FA1 0.0 0.0 N 97.2
FA2 1.5 0.0 N 53.5
FA3 0.0 1.5 N 17.8

Table 4.1: Averaged subiteration number for VIV test, when ρs

ρf
= 1, ξ = 0.01 and ωn = 2π×0.215.

methods still help stabilizing the solver in these cases, while the fictitious pressure method performs

much better.

Approaching zero mass ratio

Here we present direct numerical simulations of VIV at zero mass ratio for the so-called “for-ever-

resonance” case. In particular, it was demonstrated in [134, 140] that large amplitude vibrations

appear for structure density less than a critical mass ratio, even when the vortex shedding frequency

is much larger than the natural frequency of the cylinder. In this section, we will confirm this

phenomenon in our numerical experiments, on a cylinder with vanished natural frequency ωn = 0

and zero structural damping ξ = 0. In order to appreciate the transition of response as the mass

ratio changes, we vary the cylinder mass ratio from 0 to 0.75. As ρs → 0, the optimal fictitious mass

coefficient fm →∞, and here we take fmρs = 1.5, which is the value suggested in our analysis. We

also performed other simulations for the zero mass ratio case with different values of fmρs in the
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range of 1− 2.5 and similar convergence was obtained.

Starting from a fully converged flow field but for a fixed cylinder, the time traces of structural

displacements for mass ratio 0, 0.05, 0.1 and 0.15 are plotted in Figure 4.6. Here we mark the

starting time as 0, and all the simulations are performed until converged flow fields are reached.

It can be seen in Figure 4.6 that from ρs/ρf = 0.1 to ρs/ρf = 0.05, the maximum displacement

ηmax in the converged flow field increases dramatically. When the density ratio is further decreased

to 0, ηmax is as large as 0.42, which is quite close to the maximum displacement of the resonant

oscillation shwon in Figure 4.5. To further investigate these changes, we vary the density ratio from

0 to 0.75, and plot the corresponding response amplitudes and frequencies versus ρs/ρf in Figure

4.7. We can see that when the density ratio ρs/ρf is larger than 0.1, the response amplitudes

are about the same, and all smaller than 0.1, showing the absence of any significant oscillations

as can be expected from the classical assumptions [141]. However, if one further decreases this

density ratio, the response amplitude curve exhibits a sudden jump between ρs/ρf = 0.1 and

ρs/ρf = 0.05. On the other hand, the response frequency curve also has a turning point in that

regime, as shown in the left plot of Figure 4.7. Noticing that the natural frequency is 0 in this

test, this behavior actually illustrates that ‘resonant’ large-amplitude oscillations can be observed

even when the oscillation frequencies are much larger compared to the natural frequency. Taken

together, our findings suggest that for this low Reynolds number there exists a critical mass ratio,

which lies between 0.05 and 0.1. This is lower than the experimental value of about 0.5 but for

Re = 4, 000− 22, 000, see [134].

Blood flow in an artery

In this section we investigate the performance of fictitious methods with optimized parameters,

considering a straight tube with pulsatile inflow as an idealization of an arterial flow. The fluid

domain is as illustrated in Figure 4.3, with R = 1mm and L = 4mm. The arterial wall is modeled

by a layer of linear elastic material on the tube wall, with thickness Hs = 0.105mm. In all tests

we take the fluid density as ρf = 1060kg/m3, and the structure density ρs = 1.2ρf since the

material density of the arterial wall is known to be close to that of the blood. On the fluid solver, a

Womersley velocity profile with 8 Fourier coefficients is imposed at the inlet boundary, with a mean

velocity 0.106m/sec. On the outlet, a constant pressure boundary condition p = 0MPa and a zero

Neumann boundary condition for velocity are imposed. For the fluid model, the kinematic viscosity

for the fluid is set to 3.8× 10−6m2/s. In the structural model, the Poisson ratio is set to ζ = 0.3,

and the Young’s modulus of the vessel walls E = 0.6MPa, which is in the physiological range

of intracranial vessels of size 2 − 4mm [78]. In the following simulations, the first-order splitting
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scheme (β = 1.0) is applied on the fluid, and the BDF scheme on the structure, with time step size

1.9× 10−5(sec); we chose the first-order scheme and very small time step as this is one of the most

difficult cases. The meshes for both subdomains are as shown in Figure 4.8; the inlet is located at
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z = 0mm, with its center at the origin. To eliminate the influence of transients during start up, all

the tests shown here are restarted from the end of the first cardiac cycle.

Figure 4.8: Meshes for blood flow in an artery. Left: structure mesh; right: fluid mesh.

With polynomial order 3 for the velocity, pressure and displacement elements, the results for

fluid velocity and structural displacement are shown in Figures 4.9 and 4.10. In Figure 4.9, the

time traces for inlet flow and the velocity/displacement at a sample point (1, 0, 2) are displayed. In

the bottom right plot of Figure 4.9, the red lines mark four time instants in the cardiac cycle, which

correspond to T
11 ,

3T
11 ,

6T
11 ,

9T
11 . In Figure 4.10, we show the distribution of structural displacements

at these time instants.

Effect of fictitious methods on number of subiterations

Next we investigate the optimal values of the fictitious coefficients for the cylindrical artery, and

test the effect of these coefficients for both fictitious mass and fictitious pressure methods. In the

following, all the simulations are performed with spectral elements of polynomial order 3, on the

meshes shown in Figure 4.8.

The similarity between the fictitious methods and Dirichlet-Robin transmission conditions sug-

gests that their optimized coefficients should be close, if the same time integration schemes are

applied for the fluid and structure solvers. For the simplified model described in (4.1.27), when

discretized the fluid and structure solvers in time with first-order accuracy an optimized coefficient

αs =
2ρf

∆tγmax
was provided in [5] for the Dirichlet-Robin conditions, where γmax is the maximum

frequency supported by the numerical grid (which is 8 in our simulations). Therefore, for the

cylindrical case with first-order splitting scheme (which gives β = 1) for the fluid and a three-step

BDF formula (which gives A1 = A2 = 5
3∆t ) for structure, we can derive the optimal fictitious mass
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Figure 4.9: Time traces in the tube test. Upper left: radial displacement at point (1, 0, 2); upper
right: radial velocity at point (1, 0, 2); bottom left: inlet pressure; bottom right: inlet flow rate.

coefficient for (4.1.58):

fm =
2βρf

µ(γmax)A2ρsHs∆t
≈ 1.7 (4.1.65)

and the optimal fictitious pressure coefficient for (4.1.59):

fp =
2βρfA1

µ(γmax)∆t(A1A2ρsHs +G1Hs + γ2maxG2Hs)
≈ 1.3, (4.1.66)

where ∆t = 1.89 × 10−5sec. The estimate in (4.1.66) is given based on the approximations that

G1 ≈ E
(1−ζ2)R2 and G2 ≈ KE

1+ζ , with K ≈
(1+ζ)
2+ζ for the thin-walled cylinder [142].

To investigate the effect of different coefficients, we test the two fictitious methods with coef-

ficients fp, fm = {0.44, 0.87, 1.3, 1.7, 2.16, 2.61}. The averaged subiteration numbers are listed in

Table 4.2. To diminish the influence of transient starting phase, all the subiteration numbers are

averaged after 2500 time steps. At the same time, in Figure 4.11, the subiteration numbers are plot-

ted for the choices of fp = {0.87, 1.3, 1.7} and fm = {1.3, 1.7, 2.16}. To get a better estimate of the

trend, we smooth the curve over 100 steps, i.e., the subiteration number shown for step i is actually
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Figure 4.10: Displacements (in millimeters) for the tube test at t = T
11 (upper left), t = 3T

11 (upper

right), t = 6T
11 (lower left), t = 9T

11 (lower right).

the average for i to the i + 99 time steps. We can see that after the starting phase, the fictitious

pressure methods generally require less subiteration steps compared to the fictitious mass. From

Table 4.2 we can see that among all fictitious mass coefficients, the smallest subiteration number is

obtained by fm = 2.16, while the theoretically optimal choice fm = 1.7 gives a subiteration number

slightly larger than this. On the other hand, for the fictitious pressure method, fp = 0.87, fp = 1.3

and fp = 1.7 obtained similar subiteration numbers, while fp = 1.3 is the best case over all. This

finding is consistent with our estimation in (4.1.66). In summary, in this case the fictitious pressure

method gives a smaller subiteration number than the fictitious mass method.

Now we will investigate the effects of different fictitious methods with various Young’s modulus

and time step sizes. In all cases, the averaged subiteration numbers are obtained with the theoretical

optimal coefficients

fm =
2βρf

µ(γmax)A2ρsHs∆t
, or fp =

2βρfA1

µ(γmax)∆t(A1A2ρsHs +G1Hs + γ2maxG2Hs)
, (4.1.67)

with all these approximated coefficients listed in Table 4.3. From this table we can observe that in

the cases with large E and/or large ∆t, the theoretical optimal values of fp and fm are close. On

the other hand, when the Young’s modulus E and/or ∆t are small, the optimal fp will be much

smaller than fm. This also validates our previous discussion motivated by the equations (4.1.50)

and (4.1.52).
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Fic mass Fic pressure Avg subiteration
T1 0.0 0.0 no convergence
TM1 0.44 0.0 80.6
TM2 0.87 0.0 76.0
TM3 1.3 0.0 45.4
TM4 1.7(opt) 0.0 28.7
TM5 2.16 0.0 27.6
TM6 2.61 0.0 29.8
TP1 0.0 0.44 22.7
TP2 0.0 0.87 18.7
TP3 0.0 1.3(opt) 17.7
TP4 0.0 1.7 19.8
TP5 0.0 2.16 21.3
TP6 0.0 2.61 60.1

Table 4.2: Averaged subiteration number for the cylindrical artery test: effect of different methods.
E = 0.6MPa, ∆t = 1.89× 10−5sec.
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Figure 4.11: Subiteration number (averaged over 100 time steps) for the cylindrical arterial test.
E = 0.6MPa, ∆t = 1.89× 10−5sec.

We first vary the Young’s modulus from 0.15MPa to 19.2MPa with fixed time step size ∆t =

1.89 × 10−5sec, and obtain the averaged subiteration numbers as shown in the left plot of Figure

4.12. It can be observed that when the Young’s modulus is as small as 0.15MPa, the fictitious mass

method requires 251.2 averaged subiterations while the fictitious pressure method only requires 29.5.

When the Young’s modulus increases, both methods converge faster and the averaged subiteration

number from the fictitious mass method is closer to that from the fictitious pressure method, but

the latter still performs better. On the other hand, we fix the Young’s modulus as E = 0.6MPa

and increase the time step sizes from 9.43× 10−6sec to 1.51× 10−4sec. The averaged subiteration
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E (MPa) ∆t (sec) fm fp
0.15 1.89× 10−5 1.7 1.57
0.3 1.89× 10−5 1.7 1.49
0.6 1.89× 10−5 1.7 1.34
1.2 1.89× 10−5 1.7 1.14
2.4 1.89× 10−5 1.7 0.87
4.8 1.89× 10−5 1.7 0.59
9.6 1.89× 10−5 1.7 0.36
19.2 1.89× 10−5 1.7 0.2
0.6 9.43× 10−6 1.7 1.57
0.6 1.89× 10−5 1.7 1.34
0.6 3.77× 10−5 1.7 0.87
0.6 7.55× 10−5 1.7 0.36
0.6 1.51× 10−4 1.7 0.11

Table 4.3: Optimal fictitious coefficients for the cylindrical artery test: various E and ∆t.

numbers from the fictitious methods are plotted in the right plot of Figure 4.12, from which we can

see that when ∆t = 9.43× 10−6sec, the fictitious pressure method performs better: the fictitious

mass method takes 270.1 averaged subiterations while the fictitious pressure method only 34.7.

However, this difference gets smaller when the time step size increases to 7.55× 10−5sec, where the

fictitious mass method requires 20.3 subiterations while the fictitious pressure requires 19.2. If we

further increase the time step size to 1.51 × 10−4sec, the fictitious mass method preforms better

(with 16.0 averaged subiteration number) than the fictitious pressure method (with 18.0 averaged

subiteration number). Overall, from these results we can see that the fictitious pressure method

is much more efficient when the Young’s modulus and/or the time step size are small. When the

Young’s modulus and/or the time step size get increased, the performance from the fictitious mass

method will become comparable with that from the fictitious pressure method, and might be even

slightly better.
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Figure 4.12: Averaged subiteration number for the cylindrical artery test. Left: varying Young’s
modulus; right: varying time step sizes.
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Effect of different polynomial orders

It is known that the high order spectral element method may be more sensitive to time step

restrictions and also to temporal instabilities. Here we test the effect of increasing element poly-

nomial orders on fictitious methods. With the same settings as in the previous section Case TP3,

polynomial orders 2, 3, 4 and 5 are tested, with the averaged subiteration number listed in Ta-

ble 4.4, from which we can see that the averaged subiteration number is not changing much with

the increase of element polynomial order. Therefore, with the optimal coefficient in the fictitious

methods, p refinement will not degrade seriously the subiteration convergence in this case.

Fic mass Fic pressure order Avg subiteration
TP3 0.0 1.3 2 18.3
TP3 0.0 1.3 3 17.7
TP3 0.0 1.3 4 16.6
TP3 0.0 1.3 5 19.4

Table 4.4: Averaged subiteration number for the cylindrical artery test: effect of increasing poly-
nomial orders.

Blood flow in a patient-specific aneurysm

In this section patient-specific aneurysm models will be tested, with the arterial geometry ex-

tracted from Magnetic Resonance Imaging data [4]. This aneurysm is located in the cavernous

segment of the right internal carotid artery at the eye level. We will perform our simulations

on the two sets of meshes as shown in Figures 2.27-2.28 of section 2.2.4. In order to resolve the

boundary layers, in both tests the fluid subdomain has finer elements near the vessel wall, while

the solid subdomain is composed of two layers of prismatic elements on the vessel wall. Similar to

the cylindrical artery model in the previous section, we imposed a Womersley velocity profile with

8 harmonics at the inlet boundary of the fluid solver, and a zero Neumann boundary condition for

velocity at the outlet. The outlet pressure p̄ is flow-dependent and is determined from the flow rate

Q(t), the resistant R, and the capacitance C [4]

p̄(t) +RC
dp̄(t)

dt
= Q(t)R. (4.1.68)

The arterial outlet is assumed to be undeformed when the outlet pressure p̄(t) reaches its lowest

point at t = 0.0571sec. To generate the initial conditions, the fluid model is simulated separately

for three cardiac cycles. We then start the FSI simulations from the resultant flow field (where we

set t = 0 as the starting time of FSI). The structure is considered undeformed at t = 0. To integrate

in time, we employed the second-order splitting scheme for the fluid solver, and the BDF formula
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Parameter value
Young’s Modulus 3Mpa
Poisson ratio 0.45
Blood density 1.06g/cm3

Wall thickness 0.01cm
Inlet radius 0.224cm

Kinematic viscosity 3.8× 10−2cm2/s
Womersley Number 4.2
Average flow rate 70ml/min
Time step size 1.43× 10−3s

Mass damping parameter 0.35s−1

Stiffness damping parameter 2.9× 10−4s
Resistant parameter 7.844× 102dyn · s/cm5

Capacitance parameter 7.285× 10−5cm5/dyn
Polynomial order 3

Table 4.5: Parameters used in the patient-specific aneurysm simulations.

for the structure side. All the simulations are done with the physical and numerical parameters

summarized in Table 4.5. Note that all the physical parameters are consistent with those in [4],

except the Young’s modulus which we adjusted to be 3MPa according to [84], since the experimental

results suggest a range for the moduli of arteries with cerebral aneurysms as 0.9− 4.0MPa.

Patient-specific model: test I

To quantify the evolution of the aneurysm deformation, we obtain velocity and displacement

time traces for three points on the interface. The locations of these points are shown in Figure

4.13, at a specific time instant on the descending systole peak. In [4], it was reported that different

density ratios have small impact on the results, while using a large Young’s modulus E = 33MPa.

To further investigate this with smaller modulus, we performed simulations for both ρs/ρf = 1 and

ρs/ρf = 2. The inlet flow profiles and the time traces for all three points are shown in Figure 4.14-

4.15, from which we can see that doubling the density ratio does not change the displacement and

velocity results appreciably. To investigate the displacement distribution on the whole aneurysm,

we take four time instants in a cardiac cycle: T
7 ,

2T
7 , 3T

7 , 5T
7 as marked by red lines in the bottom

right plot of Figure 4.15, and show their corresponding displacement amplitudes in Figure 4.16. We

observe that the pressure drop is around 33mmHg between the diastole and systolic peak, which is

within the range of physiological pressure variation in a healthy subject [143, 100]. The maximum

displacement amplitude is about 0.8mm, which is obtained near point 1. This is also consistent

with the physiological range obtained from the measurements, as reported in [85].

Next, we will investigate the effect of various fictitious methods, by comparing the subiteration

numbers. Before demonstrating any results, an estimation of the optimal coefficients is needed.

Since the artery with aneurysm is a complicated geometry, we cannot obtain any reasonable ana-
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Figure 4.13: Positions of the history points in patient-specific aneurysm test I at t = 3T/7.

2.2 2.4 2.6 2.8
0

0.2

0.4

0.6

0.8

1

t/T

m
ag

ni
tu

de
 o

f d
is

pl
ac

em
en

t (
m

m
)

 

 

2.2 2.4 2.6 2.8
0

0.2

0.4

0.6

0.8

t/T

m
ag

ni
tu

de
 o

f d
is

pl
ac

em
en

t (
m

m
)

 

 

2.2 2.4 2.6 2.8
0

0.1

0.2

0.3

0.4

0.5

0.6

t/T

m
ag

ni
tu

de
 o

f d
is

pl
ac

em
en

t (
m

m
)

 

 

2.2 2.4 2.6 2.8
60

70

80

90

100

t/T

pr
es

su
re

 a
t i

nl
et

 (
m

m
H

g)
Pt 1, ρ

s
/ρ

f
=2

Pt 1, ρ
s
/ρ

f
=1

Pt 2, ρ
s
/ρ

f
=2

Pt 2, ρ
s
/ρ

f
=1

Pt 3, ρ
s
/ρ

f
=2

Pt 3, ρ
s
/ρ

f
=1

Figure 4.14: Time traces in patient-specific aneurysm test I. Upper left, upper right, bottom left:
displacement profiles for corresponding points; bottom right: pressure imposed at the inlet.

lytical value from Fourier analysis. Instead, this value will be obtained from the post-processing of

several sample tests. We assume that the added-mass operator for the arterial geometry can also

be decomposed to a set of orthogonal basis, and therefore the reduction factors can be expressed
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Figure 4.15: Time traces in patient-specific aneurysm test I. Upper left, upper right, bottom left:
velocity profiles for corresponding points; bottom right: flow rate imposed at the inlet.

as in (4.1.58) and (4.1.59):

ρFM (γcri) =

∣

∣

∣

∣

A1(βρf − µ(γcri)fmA2ρsHs∆t)

µ(γcri)∆t((1 + fm)A1A2ρsHs +G1Hs + γ2criG2Hs)

∣

∣

∣

∣

, (4.1.69)

ρFP (γcri) =

∣

∣

∣

∣

A1βρf − fp∆tµ(γcri)(A1A2ρsHs +G1Hs + γ2criG2Hs)

(1 + fp)∆tµ(γcri)(A1A2ρsHs +G1Hs + γ2criG2Hs)

∣

∣

∣

∣

(4.1.70)

with µ(γcri) being the critical eigenvalue of the added-mass operator in this case, β the coefficient

of the J-th splitting scheme for the fluid solver, A1, A2 the coefficients of the BDF scheme for the

structure solver, and Hs, G1, G2 the thickness and material coefficients of the structure model.

To diminish the effect of added-mass corresponding to the critical eigenvalue, we should have the

fictitious mass coefficient fm(opt) and fictitious pressure coefficient fp(opt) satisfying

ρFM (γcri) = 0 and ρFP (γcri) = 0.
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Figure 4.16: Displacements (in mm) for patient-specific aneurysm test I at T
7 (upper left), 2T

7

(upper right), 3T
7 (bottom left) and 5T

7 (bottom right).

Therefore, the fictitious coefficients can be optimized as

fm(opt) =
βρf

µ(γcri)∆tA2ρsHs
, fp(opt) =

A1βρf
∆tHsµ(γcri)(A1A2ρs +G1 + γ2criG2)

. (4.1.71)

Inserting (4.1.71) into the relation between Pk(γcri) and Pk−1(γcri) for the fictitious mass method

as expressed in (A.5.11), we have the following:

Pk(γcri)− P̂ (γcri)
Pk−1(γcri)− P̂ (γcri)

=
fm(test)− fm(opt)

fm(test) + fm(opt)/fp(opt)
, (4.1.72)

where Pk is the coefficient from the k-th subiteration pressure results pk, as defined in (4.1.56), and

P̂ is the coefficient from the accurate solution. Similarly, for the fictitious pressure method, we can
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derive the relation from (A.6.6):

Pk(γcri)− P̂ (γcri)
Pk−1(γcri)− P̂ (γcri)

=
fp(test)− fp(opt)

1 + fp(test)
. (4.1.73)

For any given tolerance ǫ at a fixed time step, the subiteration stops when ||pk − pk−1||2 < ǫ.

Therefore, in the last subiteration step we should have ||pk − pk−1||2 = Cǫ where the constant C

satisfies C = O(1). We will estimate the subiteration number N from

||pN − pN−1||2 ≈ ǫ. (4.1.74)

With γcri being the critical eigenvalue, its effect dominates pk when k ≫ 1, and hence we can

further approximate (4.1.74) as

|PN (γcri)− PN−1(γcri)| ≈ ||pN − pN−1||2 ≈ ǫ.

Dividing it by |P0(γcri)− P̂ (γcri)| and combining with (4.1.72) and (4.1.73), this yields

ǫ

|P0(γcri)− P̂ (γcri)|

≈
∣

∣

∣

∣

∣

PN (γcri)− PN−1(γcri)

P0(γcri)− P̂ (γcri)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

(PN (γcri)− P̂ (γcri))− (PN−1(γcri)− P̂ (γcri))
P0(γcri)− P̂ (γcri)

∣

∣

∣

∣

∣

=























∣

∣

∣

∣

∣

(

fm(test)− fm(opt)

fm(test) + fm(opt)/fp(opt)

)N

−
(

fm(test)− fm(opt)

fm(test) + fm(opt)/fp(opt)

)N−1
∣

∣

∣

∣

∣

, for fic mass;
∣

∣

∣

∣

∣

(

fp(test)− fp(opt)
1 + fp(test)

)N

−
(

fp(test)− fp(opt)
1 + fp(test)

)N−1
∣

∣

∣

∣

∣

, for fic pressure;

:=ρ̂(test).

(4.1.75)

Based on these formulas, we can estimate fm(opt) and fp(opt) from simulation of any three runs:

given the averaged subiteration numbers Ni, (i = 1, 2, 3), we can write the corresponding expression

of ρ̂(test) for each case, and estimate the optimal coefficients fm(opt) and fp(opt) from

|ρ̂(test1)| ≈ ǫ

|P0(γcri)− P̂ (γcri)|
≈ |ρ̂(test2)| ≈ |ρ̂(test3)| . (4.1.76)

In the following we will confirm the previous estimate. The results will also be compared with
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Fic mass Fic pressure Robin coef Avg subiteration
B1 0.0 0.0 0.0 18.4
BR1 0.0 0.0 350 12.4
BM1 0.5 0.0 0.0 16.2
BM2 2.08 0.0 0.0 12.4
BP1 0.0 0.2 0.0 14.7
BP2 0.0 0.119 0.0 12.3

Table 4.6: Averaged subiteration number in patient-specific aneurysm test I.

those from a Robin based semi-implicit coupling method proposed in [112] (see Appendix E for

details of our implementation). Here all the simulations are performed with density ratio 1. Since

the Young’s modulus E is large here, based on our results in Table 4.3, here we take a smaller

value for fp as the initial guess. Firstly, the averaged subiteration numbers for three sample cases

B1 : fm = fp = 0, BM1 : fm = 0.5, fp = 0 and BP1 : fm = 0, fp = 0.2 are computed, as shown in

Table 4.6. Substituting these results into equation (4.1.75):

∣

∣

∣(−fp(opt))18.4 − (−fp(opt))17.4
∣

∣

∣

≈
∣

∣

∣

∣

∣

(

0.5− fm(opt)

0.5 + fm(opt)/fp(opt)

)16.2

−
(

0.5− fm(opt)

0.5 + fm(opt)/fp(opt)

)15.2
∣

∣

∣

∣

∣

≈
∣

∣

∣

∣

∣

(

0.2− fp(opt)
1.2

)14.7

−
(

0.2− fp(opt)
1.2

)13.7
∣

∣

∣

∣

∣

(4.1.77)

the estimates for fp(opt) and fm(opt) can be obtained: fp(opt) ≈ 0.119, fm(opt) ≈ 2.08. Note that

the optimal coefficient for the fictitious pressure method is smaller than that for the fictitious mass

method, and this is consistent with our previous discussion in the ananlysis for fictitious pressure

method. The averaged subiteration numbers obtained from fp(opt) = 0.119 and fm(opt) = 2.08

are also listed in Table 4.6, while the smoothed (averaged over 20 neighboring steps) subiteration

numbers are plotted in Figure 4.17. To demonstrate the effects of these coefficients, the subiteration

numbers obtained from the Robin-based coupling method with its optimal coefficient 350 is also

provided. It can be seen that the fictitious methods with estimated optimal coefficients require

smaller subiteration numbers compared to the original sample simulations. Among all, the test

with fp = 0.119 has the best performance, which is slightly better than that from fm = 2.08 and

the Robin based coupling method. Comparing with the fictitious pressure method with its optimal

coefficient, the optimized fictitious mass method has a similar efficiency here. Since the Young’s

modulus E = 3MPa in these simulations is large, this finding actually confirms our previous

discussion.
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Figure 4.17: Subiteration numbers in patient-specific aneurysm test I.

Patient-specific model: test II

This test is performed with the same settings as in the patient-specific model test I, except with

polynomial order 2 elements and on different meshes, as shown in Figure 2.28. Since the arterial wall

is also included in the structural subdomain, the added-mass operator becomes more complicated,

resulting to slower subiteration convergence rates. To simulate the supports from the surrounding

tissues, we put 6 support points on the arterial walls and at the neck of the aneurysm. At t = 3T/7

when the deformation reaches the maximum, the displacement amplitudes are shown in the left

plot of Figure 4.18. Comparing with the displacement distribution from patient-specific aneurysm

test I at the same time instant, we can see that the model including arterial walls generates much

larger deformations. All the simulations are done with the density ratio ρs/ρf = 2.0.

The optimal coefficients are approximated from formula (4.1.75). In this case we cannot get

convergence from the original solver. Therefore we test with one fictitious pressure coefficient

FP1 : fp = 1 and two mass coefficients FM1 : fm = 25, FM2 : fm = 50. The averaged

subiteration numbers are as listed in Table 4.7. Based on these results, the procedure in (4.1.77)
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Figure 4.18: Displacements (in mm) for Patient-specific aneurysm tests, at 3T
7 . Left: test II

(structure domain covering both arterial walls and the aneurysm); right: test I (structure domain
covering the aneurysm sac only).

can be repeated

∣

∣

∣

∣

∣

(

1− fp(opt)
2

)85.2

−
(

1− fp(opt)
2

)84.2
∣

∣

∣

∣

∣

≈
∣

∣

∣

∣

∣

(

25− fm(opt)

25 + fm(opt)/fp(opt)

)88.0

−
(

25− fm(opt)

25 + fm(opt)/fp(opt)

)87.0
∣

∣

∣

∣

∣

≈
∣

∣

∣

∣

∣

(

50− fm(opt)

50 + fm(opt)/fp(opt)

)89.6

−
(

50− fm(opt)

50 + fm(opt)/fp(opt)

)88.6
∣

∣

∣

∣

∣

(4.1.78)

and we obtain the following estimates

fp(opt) ≈ 1.365, fm(opt) ≈ 34.93.

The results from these two coefficients and from the optimized Robin-based coupling method are

also listed in Table 4.7, demonstrating that indeed the optimal fictitious mass coefficient requires

the least subiteration numbers among all the simulations. This also validates our findings in Figure

4.12: when the Young’s modulus and time step size are large, the efficiencies from the two fictitious

methods tend to be similar, and the fictitious mass method may perform slightly better.
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Fic mass Fic pressure Robin coef Avg subiteration
F1 0.0 0.0 0.0 no convergence
FR1 0.0 0.0 2500 128.3
FP1 0.0 1.0 0.0 85.2
FP2 0.0 1.365 0.0 77.2
FM1 25 0.0 0.0 89.0
FM2 50 0.0 0.0 89.6
FM3 34.93 0.0 0.0 75.2

Table 4.7: Averaged subiteration numbers in Patient-specific aneurysm test II.

4.1.5 Summary

In this chapter we generalized the idea of fictitious mass method first presented in [4], by

introducing the fictitious pressure method. Both fictitious methods are obtained by changing the

coefficients of the pressure or acceleration terms in the fluid or structure equations, respectively,

which can be easily extended and implemented in any existing FSI solver. We also presented new

theoretical analysis for simple geometries that provided optimal values for the fictitious parameters

but also revealed a similarity with the Robin-based approach. We verified this a priori analysis

with corresponding numerical tests. Taken together, the analysis and simulations suggest that

for small Young’s modulus and/or small time step size, the fictitious pressure method is a better

choice for a faster convergence. However, when the Young’s modulus or time step size increases, the

performance of the fictitious pressure and fictitious mass methods is comparable, and the fictitious

mass method might be slightly better in cases with large time step. In the analysis of section 4.1.3,

the fictitious methods are shown to be equivalent to the Robin boundary condition on the structure

side at least for the prototype problem. However, published results [5, 113], suggest that the Robin

condition on the fluid side may be even more effective than other interface conditions. In principle,

it may be possible to extend the generalized fictitious methods to mimic the Robin-Neumann or

Robin-Robin conditions.

4.2 Explicit coupling method

4.2.1 Overview and motivation

As mentioned in chapter 4.1, in hemodynamic problems the fluid and solid densities are close,

which causes instability because of the severe added-mass effect. In such situations explicit coupling

(where the fluid and structure are only solved once per time step) is known to be insufficient,

unless special treatments are introduced in the procedure [122, 123]. An implicit coupling is oftenly

required to impose continuity at the interface through additional subiterations between fluid and

solid solvers at each time step. Although many recent approaches, including our fictitious method
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[81], have been introduced to stabilize and accelerate the convergence of these subiterations, they

still consume a huge computational effort. Therefore, many efforts have been put on developping

a stable explicit coupling method for fluid-structure interaction (FSI) [122, 144]. In [122], Burman

and Fernandez have proposed a stabilized explicit coupling scheme based on the Nitsche’s method,

by introducing a time penalty term at the fluid-structure interface to control the fluid pressure

variations. They have proved that thie new scheme is stable irrespectively of the added-mass effect

in the energy norm. However, the penalty term introduces additional errors, and therefore in

[144] the authors proposed a penalty-free non-symmetric Nitshe method, where the main source

of consistency error was eliminated but a non-symmetric stiffness matrix is evolved in the fluid

solver. In both papers the fluid velocity and pressure are solved together, which increases the

computational cost of the fluid solver.

In this chapter, we develop a new stabilized explicit coupling partitioned scheme or the fluid-

structure interaction problem, to the case where the pressure and velocity are decoupled, i.e. the

fluid part is solved with projection methods. Specifically, proper penalty terms are applied on the

displacement, pressure and velocity solvers separately, to control the variations at the interface.

Using energy stability analysis, it can be shown that the scheme is stable independent of the fluid-

structure density ratio. All the implementations are done with the spectral element method as

explained in chapter 4.1. Numerical examples are provided on problems with fabricated solutions,

to show that although the penalty terms degrade the time accuracy of the scheme to half order,

optimal accuracy can be recovered by performing defect-correction subiterations. Moreover, we

verified this scheme on vortex-induced vibration problems, and numerically validated that with

sufficiently large penalty coefficients, stability is achieved irrespective of the fluid-solid density

ratio.

An outline of this chapter is as follows. First we introduce the numerical scheme in section 4.2.2,

with energy based stability analysis provided. Then in section 4.2.3 we discuss the effect of the

penalty terms might have on the numerical accuracy, and proposed the defect-correction version

of the algorithm as a possible compensation. The performances of stabilized explicit algorithm are

investigated on the vortex-induced vibration problem in section 4.2.4, to demonstrate that very low

density ratio cases can be numerically simulated without suffering from the added-mass effect. We

finish in section 4.2.5 with a brief summary.

4.2.2 Formulation and analysis

Similar as the model in chapter 4.1, we consider the domain Ω which is composed of the fluid

subdomain Ωf (t) and the structure subdomain Ωs, with a common boundary Σ(t). The partitioned
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algorithm is adopted, where the FSI system is split into separate fluid and structure solvers. The

fluid problem is described in an arbitrary Lagrangian-Eulerian framework, and the structure kine-

matics is in a purely Lagrangian approach. Three sets of variables in this FSI system are solved:

the fluid velocity u(x, t), the fluid mesh velocity w(x, t), and the structure displacement η(X, t).

Fluid/structure models and numerical solvers

The incompressible Navier-Stokes equation in the ALE framework can be written as:

∂u

∂t
+ (u−w) · ∇u = −∇p

ρf
+ ν∇2u, in Ωf (t), (4.2.1a)

∇ · u = 0, in Ωf (t), (4.2.1b)

combined with the Dirichlet boundary conditions on the interface, i.e.,

u =
∂η

∂t
, on Σ(t), (4.2.2)

which enforces the continuity of velocities. Here, w, p, ρf , and ν are the mesh velocity, pressure,

fluid density, and the kinematic viscosity, respectively. To get the current configuration x, we

construct a mapping from a harmonic extension operator, i.e., the mesh velocity w satisfies

∇2w = 0, in Ωf (t), (4.2.3a)

w =
∂η

∂t
, on Σ(t), (4.2.3b)

which is endowed with w = 0 on the other boundaries. The mesh position x can then be obtained

from the integration of w. To solve for u we employ the velocity-correction method as described in

chapter 4.1, but without subiterations. Moreover, in analysis we take first order non-incrememtal

velocity correction scheme for simplicity:

ũn − un−1

∆t
= −Nn, (4.2.4a)

˜̃u
n − ũn

∆t
= −∇p

n

ρf
, (4.2.4b)

un − ˜̃u
n

∆t
= ν∇2un, (4.2.4c)
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where
∂pn

∂nf
= −ρf

(

∂un

∂t
+Nn

)

· nf , on ∂Ωi. (4.2.5)

and

Nn = un−i · ∇un−1. (4.2.6)

In (4.1.8), nf is the normal vector of fluid subdomain pointing outward on the interface Σ(t). This

scheme is reported to be with 1st order accuracy for velocity and half order accuracy for pressure

as the optimal convergence rate in the L2 sense.

On the structure side, the equation describing the structure deformation can be expressed as:

ρs
∂2η

∂t2
− div(S) = ρsf , in Ωs, (4.2.7)

with the Neumann boundary condition at the interface

Sns = −[−pI+ ρfν(∇u + (∇u)T )]nf , on Σ(t) (4.2.8)

which enforces the continuity of the normal stresses at the interface. Here f and ρs are the body

load and the structure density, respectively. On the interface Σ(t), ns stands for the normal vector

pointing outward from the structure subdomain. Considering the geometrically linear elastody-

namics for simplicity, the second Piola-Kirchhoff stress tensor is given by

S =
ζE

2(1 + ζ)(1 − 2ζ)

[

tr

(

∂η

∂x
+
∂η

∂x

T
)]

+
E

2(1 + ζ)

(

∂η

∂x
+
∂η

∂x

T
)

, (4.2.9)

where E and ζ are the Young’s modulus and the Poisson ratio of the material, respectively. Note

that a hyperelastic model with finite deformations [121] can also be substituted in. To integrate in

time, in the analysis we consider a first order BDF scheme

ρs
δηn − δηn−1

∆t
− div(S(ηn−1/2)) = ρsf

n, (4.2.10)

here δηn := ηn−ηn−1

∆t and ηn−1/2 := ηn+ηn−1

2 . To enforces the continuity of the normal stresses at

the interface, we set

S(ηn−1/2)ns = −[−pn−1I+ ρfν(∇un−1 + (∇un−1)T )]nf , on Σ(t). (4.2.11)
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A traditional explicit algorithm in weak form

From the fluid and structure models described above, on the n−th time step we can naturally

have a explicit algorithm in the finite element method framework:

Structure side: Solve for ηn in the weak form with test function ψ:

∫

Ωs

ρs
δηn − δηn−1

∆t
· ψdx = −S(ηn−1/2, ψ) +

∫

Ωs

ρsf
n · ψdx

−
∫

Σ

((

−pn−1I + ν(∇un−1 + (∇un−1)T )
)

· nf

)

· ψds,
(4.2.12)

here δηn = ηn−ηn−1

∆t , ηn−1/2 = ηn+ηn−1

2 and S(ηn−1/2, ψ) =
∫

Ωs
Sn−1/2 : ∇ψdx.

Fluid side: Neglecting the nonlinear advection term, we solve for (un, pn) in the weak form with

test functions (φ, ξ, q):

∫

Ωf

∇pn · ∇qdx =

∫

Σ

(

−δη
n − un−1

∆t
· nf

)

qds−
∫

Ωf

1

∆t
∇ · un−1qdx,

∫

Ωf

1

∆t
(ũ− un−1) · ξdx +

∫

Ωf

∇pn · ξdx = 0

∫

Ωf

1

ν∆t
un · φdx+

∫

Ωf

∇2un · φdx =

∫

Ωf

1

ν∆t
ũ · φdx,

(4.2.13)

with δηn = un imposed on Σ at the last step. Here we take the fluid density ρf to be of one

unit, and the fluid-structure density ratio therefore be ρs. Although this explicit algorithm looks

very natural, when density ratio is small it suffers from added-mass effect and the simulation may

blow up. In the following contents, we refer this natural explicit algorithm as the standard explicit

algorithm, and our stabilized algorithm which is introduced in the next section as the stabilized

explicit algorithm.

Stabilized explicit algorithm

In the standard explicit algorithm, the small disturbance in the structure solver

∫

Σ

((

−(pn − pn−1)I + ν(∇(un − un−1) + (∇(un − un−1))T )
)

· nf

)

· ψds

breaks the normal stresses continuity and therefore also the energy balance. Then in the fluid solver

the strong Dirichlet boundary condition δηn = un at interface further reinforce the error and causes

instability. Therefore, we consider two strategies to stabilize this system:

• treating the velocity continuity condition δηn = un in a weak way;
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• applying additional penalty terms to control the pressure variations at the interface [122],

and propose a stabilized explicit algorithm:

Structure side: Solve for ηn with the test functions ψ

∫

Ωs

ρs
δηn − δηn−1

∆t
· ψdx+ S(ηn−1/2, ψ) +

∫

Σ

b

∆x
(δηn − un−1) · ψds−

∫

Ωs

ρsf
n · ψdx

=−
∫

Σ

((

−pn−1I + ν(∇un−1 + (∇un−1)T )
)

· nf

)

· ψds
(4.2.14)

Fluid side: Mark ǫ(u) = (∇u+∇uT )/2, we solve for (un, pn) with the test functions (φ, ξ, q):

∫

Ωf

∇pn · ∇qdx+

∫

Σ

a∆x

∆t
(pn − pn−1)qds (4.2.15a)

= −
∫

Ωf

1

∆t
∇ · un−1qdx+

∫

Σ

(

−
(

δηn − un−1

∆t

)

· nf

)

qds, (4.2.15b)

∫

Ωf

1

∆t
(ũ− un−1) · ξdx+

∫

Ωf

∇pn · ξdx = 0 (4.2.15c)

∫

Ωf

1

∆t
(un − ũ) · φdx++2ν

∫

Ωf

ǫ(un) : ǫ(φ)dx +

∫

Σ

b

∆x
(un − δηn) · φds (4.2.15d)

= 2ν

∫

Σ

ǫ(un−1) · nfφds+

∫

Σ

(pn − pn−1)nf · φds. (4.2.15e)

Here a and b are the penalty constants which can be adjusted to achieve the optimal balance of

stability and accuracy. Note that in the implementation the step (4.2.15c) is actually in the strong

form
1

∆t
(ũ− un−1) +∇pn = 0. (4.2.16)

Energy based stability analysis

Assume that the external body load f = 0, next we prove that the stabilized explicit algorithm

proposed above is stable when the constants a and b are large enough. From (4.2.15a) we have

∫

Σ

∂pn

∂nf
qds = −

∫

Σ

((

δηn − un−1

∆t

)

· nf

)

qds− a∆x

∆t

∫

Σ

(pn − pn−1)qds, (4.2.17)

which could be combined with (4.2.16) and yields

∫

Σ

ũ · nfqds =

∫

Σ

un−1 · nfqds−∆t

∫

Σ

∂pn

∂nf
qds

=

∫

Σ

(δηn · nf ) qds+ a∆x

∫

Σ

(pn − pn−1)qds.

(4.2.18)
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Taking proper test functions q = (∆t)2pn, ξ = ∆tũ, ψ = ηn − ηn−1 = ∆tδηn, φ = ∆tun in

equations (4.2.14) and (4.2.15) yields:

ρs
2

(

||δηn||2Ωs
+ ||δηn − δηn−1||2Ωs

− ||δηn−1||2Ωs

)

+
1

2

(

S(ηn, ηn)− S(ηn−1, ηn−1)
)

+
b∆t

∆x

∫

Σ

(

δηn − un−1
)

· δηnds−∆t

∫

Σ

pn−1nf · δηnds+ 2ν∆t

∫

Σ

(

ǫ(un−1) · nf

)

· δηnds = 0,

(4.2.19a)

(∆t)2||∇pn||2Ωf
+ a∆t∆x

∫

Σ

(pn − pn−1)pnds+∆t

∫

Ωf

∇ · un−1pndx

+∆t

∫

Σ

(

δηn − un−1
)

· nfp
nds = 0, (4.2.19b)

1

2

(

||ũ||2Ωf
+ ||ũ− un−1||2Ωf

− ||un−1||2Ωf

)

+∆t

∫

Ωf

∇pn · ũdx = 0 (4.2.19c)

1

2

(

||un||2Ωf
+ ||un − ũ||2Ωf

− ||ũ||2Ωf

)

+ 2ν∆t||ǫ(un)||2Ωf
− 2ν∆t

∫

Σ

(

ǫ(un−1) · nf

)

· unds

+
b∆t

∆x

∫

Σ

(un − δηn) · unds = 0 (4.2.19d)

where the equality

a(a− b) = 1

2
(a2 − b2 + (a− b)2)

is employed. Substituting (4.2.18) with q = pn into (4.2.19c), we could obtain

0 =
1

2

(

||ũ||2Ωf
+ ||ũ− un−1||2Ωf

− ||un−1||2Ωf

)

+∆t

∫

Ωf

∇pn · ũdx

=
1

2

(

||ũ||2Ωf
+ ||ũ− un−1||2Ωf

− ||un−1||2Ωf

)

+∆t

∫

Σ

pnnf · ũds−∆t

∫

Ωf

pn∇ · ũdx

=
1

2

(

||ũ||2Ωf
+ ||ũ− un−1||2Ωf

− ||un−1||2Ωf

)

+∆t

∫

Σ

δηn · nfp
nds

+ a∆t∆x

∫

Σ

(pn − pn−1)pnds−∆t

∫

Ωf

pn∇ · ũdx.

(4.2.20)

Furthermore, with the fact from (4.2.18)

∆t

∫

Σ

(δηn − ũ) · nfqds = −a∆t∆x
∫

Σ

(pn − pn−1)qds,
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summing up (4.2.19b) and (4.2.20) yields

0 =
1

2

(

||ũ||2Ωf
+ ||ũ− un−1||2Ωf

− ||un−1||2Ωf

)

+ (∆t)2||∇pn||2Ωf
+∆t

∫

Σ

δηn · nfp
nds

+ 2a∆t∆x

∫

Σ

(pn − pn−1)pnds+∆t

∫

Ωf

pn∇ ·
(

un−1 − ũ
)

dx+∆t

∫

Σ

(

δηn − un−1
)

· nfp
nds

=
1

2

(

||ũ||2Ωf
+ ||ũ− un−1||2Ωf

− ||un−1||2Ωf

)

+ (∆t)2||∇pn||2Ωf
+∆t

∫

Σ

δηn · nfp
nds

+ 2a∆t∆x

∫

Σ

(pn − pn−1)pnds+∆t

∫

Σ

pnnf ·
(

un−1 − ũ
)

ds

−∆t

∫

Ωf

∇pn ·
(

un−1 − ũ
)

dx+∆t

∫

Σ

(

δηn − un−1
)

· nfp
nds

=
1

2

(

||ũ||2Ωf
+ ||ũ− un−1||2Ωf

− ||un−1||2Ωf

)

+ (∆t)2||∇pn||2Ωf
+∆t

∫

Σ

δηn · nfp
nds

+ 2a∆t∆x

∫

Σ

(pn − pn−1)pnds− (∆t)2
∫

Ωf

∇pn · ∇pndx+∆t

∫

Σ

(δηn − ũ) · nfp
nds

=
1

2

(

||ũ||2Ωf
+ ||ũ− un−1||2Ωf

− ||un−1||2Ωf

)

+∆t

∫

Σ

δηn · nfp
nds

+ a∆t∆x

∫

Σ

(pn − pn−1)pnds.

(4.2.21)

Combining (4.2.19a), (4.2.19d) and (4.2.21), we get

ρs
2

(

||δηn||2Ωs
− ||δηn−1||2Ωs

+ ||δηn − δηn−1||2Ωs

)

+
1

2

(

S(ηn, ηn)− S(ηn−1, ηn−1)
)

+
1

2

(

||un||2Ωf
− ||un−1||2Ωf

+ ||ũ− un−1||2Ωf
+ ||un − ũ||2Ωf

)

+ 2ν∆t||ǫ(un)||2Ωf

+ 2ν∆t

∫

Σ

(

ǫ(un−1) · nf

)

· (δηn − un) ds ← T1

+
b∆t

∆x

∫

Σ

(

δηn − un−1
)

· δηn + (un − δηn) · unds ← T2

+ a∆t∆x

∫

Σ

(

pn − pn−1
)

pnds ← T3

+∆t

∫

Σ

(

pn − pn−1
)

nf · (δηn − un)ds ← T4

=0

(4.2.22)

where

T1 = 2ν∆t

∫

Σ

ǫ(un−1) · nf · (δηn − un)ds

≥ −ν∆t∆x
Cti

||ǫ(un−1||2Σ −
ν∆tCti

∆x
||δηn − un)||2Σ

≥ −ν∆t||ǫ(un−1)||2Ωf
− ν∆tCti

∆x
||δηn − un||2Σ

(4.2.23)
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T2 =
b∆t

∆x
(

∫

Σ

(un − δηn) · unds+

∫

Σ

(δηn − un−1) · δηnds)

=
b∆t

∆x
(||un − δηn||2Σ +

∫

Σ

(un − un−1) · δηnds)

=
b∆t

∆x
(||un − δηn||2Σ +

∫

Σ

(un − un−1) · (δηn − un)ds

+

∫

Σ

(un − un−1) · unds)

≥b∆t
∆x

(||un − δηn||2Σ −
1

2
||un − un−1||2Σ −

1

2
||δηn − un||2Σ

+
1

2
||un||2Σ −

1

2
||un−1||2Σ +

1

2
||un − un−1||2Σ)

=
b∆t

2∆x
(||un − δηn||2Σ + ||un||2Σ − ||un−1||2Σ)

(4.2.24)

T3 = a∆t∆x

∫

Σ

(pn − pn−1)pnds

=
a∆t∆x

2
(||pn||2Σ − ||pn−1||2Σ + ||pn − pn−1||2Σ)

(4.2.25)

T4 = ∆t

∫

Σ

(pn − pn−1)nf · (δηn − un)ds

≥ −∆t∆x

b
||pn − pn−1||2Σ −

b∆t

4∆x
||δηn − un||2Σ.

(4.2.26)

Here Cti stands for the constant in the trace-inverse inequality satisfying

||v||2Σ ≤
Cti

∆x
||v||2Ωf

,

which is determined by the shape and size of the fluid subdomain. Substituting equations (4.2.23)-

(4.2.26) into (4.2.22), one could obtain the following

1

2
(||un||2 − ||un−1||2 + ρs||δηn||2 − ρs||δηn−1||2 + S(ηn, ηn)− S(ηn−1, ηn−1))

+ 2ν∆t||ǫ(un)||2Ωf
− ν∆t||ǫ(un−1)||2Ωf

+

(

b∆t

4∆x
− ν∆tCti

∆x

)

||η̇n − un||2Σ

+
b∆t

2∆x
(||un||2Σ − ||un−1||2Σ) +

a∆t∆x

2
(||pn||2Σ − ||pn−1||2Σ)

+

(

a∆t∆x

2
− ∆t∆x

b

)

||pn − pn−1||2Σ

≤ 0.

(4.2.27)

Therefore, when

b ≥ 4νCti, a ≥ 2

b
(4.2.28)
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and mark the energy norm as

En =||un||2 + ρs||δηn||2 + S(ηn, ηn) + 4ν∆t||ǫ(un)||, (4.2.29)

we have

En +
b∆t

∆x
||un||2Σ + a∆t∆x||pn||2Σ ≤ E0 +

b∆t

∆x
||u0||2Σ + a∆t∆x||p0||2Σ.

Since a and b depends on the domain only, this stabilized explicit algorithm is stable irrespective

of the fluid-structure density ratio, i.e., it resolves the added-mass effect.

4.2.3 Convergence studies

However, such superior stability is in the price of sacrifying accuracy. In (4.2.14) and (4.2.15)

we introduced three penalty terms to stabilize the FSI procedure:

∫

Σ

b

∆x
(δηn − un−1) · ψds

in the structure solver,
∫

Σ

a∆x

∆t
(pn − pn−1)qds

in the pressure solver and

2ν

∫

Σ

ǫ(un − un−1) · nfφds+

∫

Σ

(pn − pn−1)nf · φds

in the velocity solver.

While taking the time step size satisfying the CFL condition ∆t = O(∆x2), these terms in-

troduce errors of order O(∆t
1
2 ). Therefore, although the optimal convergence rates for velocity

and displacement should be first order from the numerical schemes (4.2.4) and (4.2.10) we have

adopted, we can only expect half order convergence in time for all variables (η,u, p) from the

stabilized explicit algorithm. Fortunately, the optimal accuracy can be recovered by performing

defect-correction subiterations in each time step:

∫

Ωs

ρs
δηnk − δηn−1

∆t
· ψdx+ S(ηn−1/2

k , ψ) +

∫

Σ

b

∆x
(δηnk − un

k−1) · ψds (4.2.30a)

=−
∫

Σ

((

−pnk−1I + ν(∇unk−1 + (∇unk−1)
T )
)

· nf

)

· ψds. (4.2.30b)

∫

Ωf

∇pnk · ∇qdx+

∫

Σ

a∆x

∆t
(pnk − pnk−1)qds (4.2.30c)

= −
∫

Ωf

1

∆t
∇ · un−1qdx+

∫

Σ

(

−
(

δηnk − un−1

∆t

)

· nf

)

qds, (4.2.30d)
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∫

Ωf

1

∆t
(ũ− un−1) · ξdx+

∫

Ωf

∇pnk · ξdx = 0 (4.2.30e)

∫

Ωf

1

∆t
(un

k − ũ) · φdx ++2ν

∫

Ωf

ǫ(un
k ) : ǫ(φ)dx+

∫

Σ

b

∆x
(un

k − δηnk ) · φds (4.2.30f)

= 2ν

∫

Σ

ǫ(un
k−1) · nfφds+

∫

Σ

(pnk − pnk−1)nf · φds. (4.2.30g)

After K corrections, the solution is expected to be of order O(∆t + ∆tK/2) for velocity and

displacement and O(∆t1/2) for pressure. That is, with 1 additional subiteration in each time

step, we could recover the optimal convergence rates for the first order non-incremental velocity

correction scheme and the first order BDF scheme.

Now we consider a simplified numerical experiment shown in Figure 4.19 by coupling the 2D

Stokes equations with linear elasticity equations. All boundaries of either the fluid and solid sub-

domain are discretized into Nx even parts. The FSI system is numerically integrated till T = 0.5,

with ∆t = 25
2N2

x
. Moreover, as inspired by (4.2.28) we take the penalty parameter b = 10ν which

is proportional to the viscosity coefficient ν, and a = 2/b. This test is done with the opensource

software Freefem [145]. P2 elements are employed for discretizing velocity and displacemenet in

space, and P1 elements are used for the pressure. With prescribed constants A and B, on the fluid

side the Dirichelet type boundary conditions are applied on all except the interface Σ(t) as

u1 = − sin(Aπt) cos(Bx) sin(By);

u2 = sin(Aπt) sin(Bx) cos(By);

p = −B sin(Bx) sin(By) (E cos(Aπt)/((1 + ζ)πA) + 2ν sin(Aπt)) .

(4.2.31)

The whole fluid subdomain is subjected to a body force field ρf = (f1, f2)

f1 = −cos(Bx) sin(By)((2B2µ+A2π2) cos(Aπt) + 4AB2πν sin(Aπt))

Aπ
;

f2 = − sin(Bx) cos(By) cos(Aπt)(2B2µ−A2π2)

Aπ
.

(4.2.32)

On the structure side, the displacement field η = (η1, η2) is known on ∂Ωs \ Σ(t)

η1 = cos(Aπt) cos(Bx) sin(By)/π/A;

η2 = − cos(Aπt) sin(Bx) cos(By)/π/A.
(4.2.33)
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E ζ ν A B ρs
eg1 1 0.3 0.04 2 1 0.215
eg2 1 0.3 40 1 0.25 2.15

Table 4.8: Parameters employed in the convergence tests for stabilized explicit algorithm.

A body force field, ρf = (f1, f2) is applied on the solid with components:

f1 =
cos(Bx) sin(By) cos(Aπt)(2B2µ−A2π2ρs)

Aπ
;

f2 = −cos(Aπt) sin(Bx) cos(By)(2B2µ−A2π2ρs)

Aπ
.

(4.2.34)

This problem has the following analytic solution for the displacement of the object:

u =







− sin(Aπt) cos(Bx) sin(By);

sin(Aπt) sin(Bx) cos(By);

p = −B sin(Bx) sin(By) (E cos(Aπt)/((1 + ζ)πA) + 2ν sin(Aπt))

η =







cos(Aπt) cos(Bx) sin(By)/π/A;

− cos(Aπt) sin(Bx) cos(By)/π/A;

Two cases with different choices of ν and ρs are investigated, with parameters summarized in Table

4.8. We note that in case “eg1” the kinetic viscosity ν and ρs are closer to real values in arterial

flows, and therefore we concentrate more on this case.

Figure 4.19: Geometry employed in the convergence tests for stabilized explicit algorithm.

First we investigate the impact of the added-mass effect on the stability by showing the time

trace for pressure at the middle point of fluid-structure interface in Figure 4.20, with coefficients of

case “eq1”. Here different density ratios ρs are employed: in the left plot we take ρs = 0.215, and
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in the right plot the density ratio is increased by 1000 times. The red line shows the results from

the standard explicit algorithm, which blows up when ρs = 0.215 but works fine for larger ρs. This

fact indicates that the standard explicit algorithm suffers from added-mass effect and lose stability

when the density ratio is small. However, the results from stabilized explicit algorithm are stable

in both plots. Therefore the stabilized algorithm successfully resolves the added-mass effect in this

case.
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Figure 4.20: Time trace of pressure at (π/2, π/2) for various density ratios in eg1. Left: ρs = 0.215.
Right: ρs = 215.

To investigate the convergence rates for the two cases listed in Table 4.8, we vary the ∆x and

correspondingly ∆t with Nx = 10 − 60 and study the L2 errors of all variables. In all tests we

employ the first order standard incremental velocity correction scheme for the fluid solver, and the

first order BDF scheme for the structure solver, i.e., the optimal convergence rates for (η,u, p) are

all first order. In Table 4.9 we list the convergence rates with respect to ∆t, and in Figure 4.21

we plot the L2 errors in logarithmic scale as a function of ∆t which is also in logarithmic scale. It

can be observed that half order accuracy in time is achieved for all variables, as we have predicted

before. Secondly we focus on case “eg1” and investigate the effect of defect-correction subiterations,

by varying the subiteration numbers K from 1 to 2 and 4. Note that when K = 1, the stabilized

explicit algorithm with defect-correction subiterations (4.2.30) be equavalent to the one without

subiterations (4.2.14)-(4.2.15). We list the convergence rates of time in Table 4.10, and plot the L2

errors in logarithmic scale as a function of ∆t in Figure 4.22. With one additional subiteration, i.e.,

K = 2, we have recovered the optimal convergence rates for all variables. Lastly, we investigate

the performances of our stabilized explicit algorithm with different penalty parameters b, with the

relation a = 2/b fixed and no defect-correction subiteration applied. The results are provided in

Table 4.11 and Figure 4.23. It could be observed that when we decrease b from 10ν to ν, the

errors got decreased, and the optimal convergence rates are recovered for all variables although
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u p η
eg1 0.4389 0.6562 0.7110
eg2 0.6545 0.4506 0.4481

Table 4.9: Convergence rate with respect to ∆t, for different ν and ρs.

u p η
subiter 1 0.4389 0.6562 0.7110
subiter 2 0.8182 0.9179 0.8885
subiter 4 1.1355 0.9588 0.9704

Table 4.10: Convergence rate with respect to ∆t, with defect-correction subiterations.

no subiteration is applied. However, if a smaller b is applied as 0.1ν, the algorithm becomes less

accurate for this case. We are still working on the rigorous error analysis to explain this phenomena.
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Figure 4.21: Errors tests in the linear case for cases “eg1” and “eg2”, with standard incremental
method and no defect-correction subiterations.

4.2.4 Numerical simulations

In the following we consider a vortex-induced vibration (VIV) problem of a circular cylinder, as

illustrated in the left plot of Figure 4.1. To investigate the performances of the stabilized explicit

algorithm on eliminating added-mass effect, we conduct tests for a wide range of density ratios.

The simulations are performed in a 2D domain [−5, 20]× [−5, 5], with a cylinder of radius 0.5 at the

origin. A uniform steady flow with U∞ = 1 is imposed at the inlet x = −5, and a zero Neumann

boundary condition is employed at the outlet x = 20. Along the crossflow direction, we take a

periodic boundary condition, i.e., we are actually simulating a serie of cylinders. The fluid density

is assumed to be ρf = 1 and Reynolds number Re = 100 based on the cylinder radius. All the
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Figure 4.22: Errors tests in the linear “eg1” case, with standard incremental method and varying
subiteration numbers.

u p η
b = 10ν 0.4389 0.6562 0.7110
b = ν 1.1617 0.9819 0.9746
b = 0.1ν 1.1710 0.8884 1.0404

Table 4.11: Convergence rate with respect to ∆t, with no defect-correction subiterations.

0.125 0.0313 0.0139 0.0078 0.005 0.0035
10

−2

10
−1

10
0

∆ t

L
2  e

rr
or

s

 

 

b=10ν: velocity
b=10ν: pressure
b=10ν: displacement
b=ν: velocity
b=ν: pressure
b=ν: displacement
b=0.1ν: velocity
b=0.1ν: pressure
b=0.1ν: displacement

1
1

1
0.5

Figure 4.23: Errors tests in the linear “eg1” case, with no defect-correction subiteration and from
different penalty parameter b.

results are obtained with polynomial order 3 elements, in our spectral element solver NEKTAR. A

second order rotational increment velocity correction scheme is employed for the fluid solver, and

the Newmark scheme is applied in the structure solver. Therefore, the optimal convergence rates

for (η,u, p) are (2, 2, 1.5), respectively. To obtain a fair comparison between our cases, we take a
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uniform time step size ∆t = 0.005 except in the time convergence studies. Note that in this section

the cylinder can move in both transverse (y) and streamwise (y) directions. when ρs/ρf = 4,

the time trace of displacements in x and y direction are plotted in Figure 4.24. We can see that

the cylinder is quickly excited, then vibrates periodicly in both directions. In Figure we show the

pressure coefficient contours and velocity vectors when the cylinder is crossing the line y = 0 from

the bottom side, as marked by the red circle in Figure 4.25. Low pressure region is attached on the

top side of the cylinder, which yields a total force to push up the cylinder.
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Figure 4.24: Time trace of displacement of the cylinder when ρs = 4.

Figure 4.25: Pressure coefficient contours and velocity vectors when the velocity in y reaches
maximum.

Now we investigate the convergence rates on this VIV case, by studying the errors of cylinder

displacement in y direction at T = 1. The mesh is fixed, and the penalty parameters are taken as

b
∆x = 100, a∆x = 2∆x

b = 0.02. A reference solution is achieved from the implicit algorithm with

∆t = 0.0001 and polynomial order 5 elements. Here implicit algorithm means that subiterations

are employed in each time step as illustrated in Figure 4.2, while the fictitious mass method is
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adopted with the fictitious coefficient fm = 1 and the subiteration convergence tolerance is set as

10−9. In the left plot of Figure 4.26, the convergence rates in time are studied for the stabilized

explicit algorithm, with varying time step sizes from 0.0125 to 0.0625. We plot the errors of

cylinder transverse displacement in logarithmic scale, as a function of time step size which is also

in logarithmic scale. We see that a first order accuracy is obtained from the stabilized explicit

algorithm, which is better than the half order accuracy we have expected from the previous analysis

in section 4.2.3. On the other hand, from the implicit algorithm the optimal convergence rate

(second order) is achieved. To demonstrate the effect of defect-correction subiterations, we fix

∆t = 0.005 and vary the subiteration number K from 1 to 11. In the right plot of Figure 4.26, the

transverse displacement errors are shown as a function ofK. It can be observed that a much smaller

error is achieved, by increasing K from 1 to 2. Moreover, if we further increase the subiteration

number K to 11, the error get decreased by 1000 times. The finding is also validated in Figure

4.27, where we compare the time traces from various defect-correction subiteration numbers versus

the reference solution. We can observe that when K ≥ 2, the results are visually consistent with

the reference solution. Therefore, we now take K = 2 defect-correction subiterations per time step,

and investigate the impact of the added-mass effect by decreasing the density ratio ρs, as shown

in Figure 4.28. Very stable results are obtained even when the density ratio is as low as ρs = 0.5,

which could not be done with the standard explicit algorithm.
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Figure 4.26: Convergence study for ρs/ρf = 4. Left: the convergence rate of stabilized explicit and
and implicit algorithms. Right: the errors from increasing defect-correction subiteration number
K when ∆t = 0.005.

4.2.5 Summary

In this chapter, we proposed a new stabilized explicit coupling partitioned scheme for the fluid-

structure interaction problem, where the pressure and velocity are decoupled. Using energy stability
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Figure 4.27: Time trace of displacement of the cylinder for various defect-correction subiteration
number K, when ∆t = 0.005 and ρs/ρf = 4.
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Figure 4.28: Time trace of displacement of the cylinder for various density ratios, with ∆t = 0.005
and K = 2 defect-correction subiterations per time step.

analysis, it can be shown that the scheme is stable independent of the fluid-structure density ratio.

However, the penalty terms degrade the time accuracy of the scheme, only half order accuracy in

time can be expected for the structure displacement, fluid velocity and fluid pressure. Fortunately,

the optimal accuracy can be recovered by performing several defect-correction subiterations in each

time step. In the future, performances on higher order elements with more complicated geometries

(eg. patient-specific aneurysm) should be investigated.

4.3 Fractional order structure model

As investigated in chapter 2.3, the fractional order models

S+ ταS
∂αS

∂tα
= λ(tr(E+ ταE

∂αE

∂tα
))I+ 2µ(E+ ταE

∂αE

∂tα
) (4.3.1)
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provide a more powerful alternative for describing arterial wall mechanics, because they are less

sensitive to the parameter estimation compared with the integer-calculus-based models

S+ τS
∂S

∂t
= λ(tr(E+ τE

∂E

∂t
))I + 2µ(E+ τE

∂E

∂t
). (4.3.2)

Here S, E are the second Piola-Kirchhoff stress tensor and the strain tensor, and µ, λ are the shear

and Lame modulus, respectively. In this chapter, we employ the fractional order model for the

structure part, and investigate the performances of viscoelastic models in simulating the coupled

blood flow and arterial wall. This fluid-structure interaction (FSI) problem is numerically solved

with the partitioned fluid-structure interaction procedure described in chapter 4.1, based on spectral

element method. On the fluid side the parallel Navier-Stokes solver NEKTAR [6] is employed, and

on the structure side we use the Grüwald-Letnikov formula as developed in section 2.3. To resolve

the added-mass effect which appears in the hemodynamic FSI simulations, we adopt the fictitious

mass method with optimal coefficients suggested by the analysis in chapter 4.1.

In this chapter, the contents are organized as follows. We first investigate the interaction of a

rigid circular cylinder with surrounding flows in section 4.3.1, where the damping term is modeled

by fractional derivatives. In section 4.3.2 we consider a straight tube with pulsatile inflow as an

idealization of an arterial flow, and investigate the performance of fractional order arterial wall

models with various viscoelastic parameters. To further assess the need for 3D simulations, the

simulation results are compared with those obtained from 1D models in [3]. In section 4.3.3 a

patient-specific aneurysm model is tested, whose arterial geometry is extracted from Magnetic

Resonance Imaging data. We end in section 4.3.4 with a brief summary.

4.3.1 Vortex-induced vibrations

In the following we consider the transverse free oscillation of a circular cylinder excited by the

vortex shedding of the surrounding fluids, as a classical problem in vortex-induced vibration (VIV).

The cylinder movement in y direction is described by the fractional order model

ρs
d2η

dt2
+ 2ρsξωn

dαη

dtα
+ ρsω

2
nη =

∮

nf · [−pI+ 2ρfν(∇u +∇uT )]ds, (4.3.3)

where ξ and fn = ωn/(2π) are the structural damping factor and the natural frequency of the

cylinder, respectively. α stands for the fractional order, with the fractional order derivative defined

in the Riemann-Liouville sense as in (2.3.3). Here the spring-pot element 2ξωs
∂α

η

∂tα [3] governs

the damping behavior which interpolates between the purely elastic and viscous behaviors. To

investigate the numerical performance of the fractional order model, we employ the mesh as shown
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in Figure 4.4. To discretize in time, the second order derivative is approximated with the Newmark

scheme (4.1.16), and for the fractional order derivative we employ the Grüwald-Letnikov formula

(2.3.6). In the following, we take ρs = 1 for all tests and analysis, and assume that

η(t) = 0,
dη(t)

dt
= 0 (4.3.4)

for t ≤ 0. Under these assumptions, we have

lim
α→0

dαη

dtα
= η(t),

lim
α→1

dαη

dtα
=
dη(t)

dt
.

Therefore, 2ξωn can be viewed as a stiffness coefficient when α → 0, and it plays as a damping

coefficient when α→ 1.

Before the fluid-structure iteraction simulations, we first analyze the resonance frequency via

Fourier expansion and validate the estimates in forced vibration cases. Taking a sinusoidal forcing

term F0 sin(ωt), we could obtain the solution for

d2η

dt2
+ 2ξωn

dαη

dtα
+ ω2

nη = F0 sin(ωt) (4.3.5)

as

η(t) = η0 sin(ωt− φ) (4.3.6)

where the ampitude η0 is

F0/m
√

(ω2
n − ω2 + 2 cos(απ/2)ωαωnξ)2 + (2 sin(απ/2)ωαωnξ)2

(4.3.7)

and the phase angle φ satisfies

tanφ =

(

2 sin(απ/2)ωαωnξ

ω2
n − ω2 + 2 cos(απ/2)ωαωnξ

)

. (4.3.8)

Based on equation (4.3.7) we can estimate the resonant structural ωn and the corresponding am-

plitude for any fixed forcing frequency ω. Taking ω = 1, we can validate the above estimates in

Table 4.12 for three α values 0.25, 0.75, 1.0 and different pairs of (ωn, c = 2ξωn). One can see the
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α = 0.25
(ωn, c) (0,1.0) (0.283,1,0) (0.4,1.0) (0.707,1.0) (1.0,1.0) (0.283,0.5)
est η0 2.56 2.61 2.55 1.75 1.0 2.0

comp η0 2.57 2.62 2.56 1.75 1.0 2.0
α = 0.75

(ωn, c) (0,0.5) (0.707,0.5) (0.894,0.5) (1.0,0.5) (1.225,0.5) (1.225,2.0)
est η0 1.07 1.80 2.16 2.00 1.20 0.45

comp η0 1.10 1.81 2.17 2.00 1.20 0.45
α = 1.0

(ωn, c) (0.935,0.468) (0.987,0.494) (0.88,0.44) (0.82,0.41) (1.04,0.52) (2.0,1.0)
est η0 2.07 2.02 2.02 1.91 1.91 0.32

comp η0 2.07 2.02 2.02 1.91 1.91 0.32

Table 4.12: Estimated and computational oscillation ampitudes for fractional order cylinder body
oscillator.

theoretical oscillation amplitude matches well with the computational results.

Now we will turn to the vortex-induced vibration cases. Similar as in section 4.1.4, the simu-

lations are performed in a 2D domain [−5, 20]× [−5, 5], and the cylinder is of radius 0.5 with its

center at the origin. A uniform steady flow with U∞ = 1 is imposed at the inlet x = −5, and at the

outlet x = 20 a zero Neumann boundary condition is applied. Along the crossflow direction, we set

a periodic boundary condition. In this test, we assume both the fluid density and the cylinder mass

to be of one unit: ρf = ρs = 1, and fix the damping factor as ξ = 0.25. The Reynolds number is set

to be Re = 100 based on the cylinder radius. To obtain a fair comparison between our cases, we

take a uniform time step size ∆t = 0.01, and all the simulations are done using spectral elements

with polynomial order 2. To investigate the lock-in region for different fractional order α, we vary

the natural frequency fn for each fixed fractional order α = 0.25, 0.5, 0.75 and 1. With a static

cylinder, this problem has corresponding fluid vortex shedding frequency as f = ω/(2π) = 0.1783.

In the left plot of Figure 4.29, we show the maximum cylinder displacement as a function of the

fluid/cylinder natural frequency ratio f/fn = ω/ωn, and in the right plot the resultant VIV fre-

quency fo is displayed as a function of the structural natural frequency fn. From the results we

can see that when α increases, stronger damping can be observed. Concerning the effect of varying

cylinder natual frequency fn on vortex-induced vibration frequency fo, the response from fractional

order damping are still quite consistent with what for the classical VIV: when fn is around 0.7f to

1.2f we have the lock-in region for VIV.

4.3.2 Blood flow in an artery

In this section, we consider a idealized model for an artery modeled as a straight tube. The fluid

subdomain is taken as a cylinder with radius 1mm and length 4mm, and the structure subdomain is

the thin-layered arterial wall with a thickness 0.105mm, which covers the fluid subdomain uniformly.

The meshes for both subdomains are as illustrated in Figure 4.8. In all tests we take the fluid density
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Figure 4.29: VIV results for cylinder y displacement. Taking ξ = 0.25. Left: amplitude. Right:
frequency ratio.

Parameter value

Young’s Modulus 0.3Mpa
Poisson ratio 0.3
Blood density 1.06g/cm3

Wall thickness 0.0105cm
Inlet radius 0.1cm

Kinematic viscosity 3.8× 10−2cm2/s
Average flow rate 20ml/min
Time step size 9.4× 10−5(sec)s

Polynomial order 3

Table 4.13: Parameters used in the idealized artery model simulations.

as ρf = 1060kg/m3, and the structure density ρs = 1.2ρf . On the fluid solver, a Womersley velocity

profile with 8 Fourier coefficients is imposed at the inlet boundary, and on the outlet, a vanishing

pressure boundary condition p = 0MPa as well as a zero Neumann boundary condition for velocity

are imposed. The arterial wall at the inlet are clamped, and we apply no traction load at the

external surface and the outlet. All the other physical and numerical parameters are summarized

in Table 4.13, noting that all the physical parameters are consistent with those in the second

numerical example of chapter 4.1, except the Young’s modulus which is adjusted to be 0.3MPa

here. All the results shown here are generated on elements with polynomial order 3. For more

details, we refer the interested readers to section 4.1.4.

Comparison between different models

While considering a pure elastic model for the arterial wall, in Figure 4.30 we show the distribu-

tion of structural displacements at four time instants: 2T , t = 2 2T
9 , t = 2T

2 and t = 2 13T
18 . Similar

as in [3], four viscoelastic models will be studied for the arterial wall. In Table 4.14 we summarize

the viscoelastic parameters employed in these models, and we will compare their performances
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α τE (sec) τS (sec)
SLS1 N/A 0.05 0.025
SLS2 N/A 29.3 16.9

FOV-SLS1 0.29 1.84 0.076
FOV-SLS2 0.20 11.74 7.61

Table 4.14: Parameters employed in fractional-order SLS models: solid tube case.

with that from the pure elastic model. To compare with the results from viscoelastic models, in

Figure 4.30 we first show the distribution of structural displacements from pure elastic arterial wall

model, at four time instants: 2T , t = 2 2T
9 , t = 2T

2 and t = 13T
18 . In figure 4.31, the displacement

distribution from elastic models are displayed, at the systolic peak t = 2 2T
9 . It could be observed

that all viscoelastic models the viscous dissipation decreases the deformation in different extents:

the FOV-SLS2 case gives results which are the closest to that from the pure elastic model, and

in cases SLS2 and FOV-SLS1 the new models greatly decrease the predicted deformation. To see

the temporal changes of arterial wall deformation more clearly, in Figure 4.32, the time traces for

displacement at a sample point (1, 0, 2) are displayed, with the pressure-radial displacement hys-

teresis loop shown in Figure 4.33. Note that in the left plot of Figure 4.32, the black lines mark

four time instants in the cardiac cycle, which correspond to the time instants for the displacement

magnitudes shown in Figure 4.30. We can see that although the elastic response dominates in all

models, the varying viscoelastic parameters result a significant change in displacements. Among all

models, the SLS2 and FOV-SLS1 models produce relatively stiffer responses, and therefore predict

much smaller arterial wall displacements. Moreover, it is shown in Figure 4.33 that the viscous

dissipation can be clearly observed from SLS1 model, but not that much from the SLS2 model.

This finding highlights that the integer order SLS model is sensitive to the relaxation parameters.

However, the fractional order model appears to be much more sensitive to the parameters, while

arising from 1D to 3D: Comparing the two fractional order model cases FOV-SLS1 and FOV-SLS2,

the maximum radial displacement varies by 50%, which is opposite to the observations in [3] where

these two models predicted very close results.

Effect of varying viscoelastic coefficients

To further evaluate the sensitivity of the 3D viscoelastic arterial wall models, we will study the

behavior of fractional order arterial wall models by varying the viscoelastic parameters α, τE and

τS . We first vary the fractional order α between 0 ≤ α ≤ 1 while keeping the same relaxation

times of SLS1 model: τE = 0.050Sec, τS = 0.025Sec. The displacement time traces at the middle

of tube are compared in Figure 4.34, for α = 0.0, 0.2, 0.4 and 1.0. Note that while α = 0 the
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Figure 4.30: Displacements (in millimeters) for the elastic tube test at t = 2T (upper left), t = 2 2T
9

(upper right), t = 2T
2 (lower left), t = 2 13T

18 (lower right).

Figure 4.31: Displacements (in millimeters) for the viscoelastic tube test at systolic peak t = 2 2T
9 .

From left to right are obtained with: model SLS1; model SLS2; model FOV-SLS1 and model
FOV-SLS2.

pure elastic model is recovered, and while α = 1.0 we obtain the solution of the SLS1 model.

Although the displacement time trace results in Figure 4.34 do not vary much, from the pressure-

radial displacement hysteresis loop in Figure 4.35 we can see that when α increases the viscous

dissipation becomes more important. This is consistent with the discussions in [3]. Moreoever,

now we will investigate how sensitive the solution is to the choice of relaxation parameters τE

and τS . In Figures 4.36-4.37, we include results for fixed α = 0.2 with various relaxation time
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Figure 4.32: Time traces at point (1, 0, 2) in the tube test, from varying viscoelastic models. Left:
radial displacement; right: axial displacement.
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Figure 4.33: Pressure-radial displacement hysteresis loop at point (1, 0, 2) in the tube test, from
varying viscoelastic models.
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Figure 4.34: Time traces at point (1, 0, 2) in the tube test, from fixed τE = 0.05, τS = 0.025 and
varying α. Left: radial displacement; right: axial displacement.

parameters, and the solutions for α = 1.0 are displayed in Figures 4.38-4.39. When α = 1.0, more

noticeable visous response can be observed, and the arterial wall deformation is more sensitive to

the relaxation spectrum used. That means, when the fractional order α is relatively small, the
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Figure 4.35: Pressure-radial displacement hysteresis loop at point (1, 0, 2) in the tube test, from
fixed τE = 0.05, τS = 0.025 and varying α.
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Figure 4.36: Time traces at point (1, 0, 2) in the tube test, from fixed α = 0.2 and varying relaxation
parameters. Left: radial displacement; right: axial displacement.
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Figure 4.37: Pressure-radial displacement hysteresis loop at point (1, 0, 2) in the tube test, from
fixed α = 0.2 and varying relaxation parameters.

effect of the fractional order SLS model (2.3.2) has low sensitivity on the relaxation parameters.

Therefore it overcomes the caveat for using the integer order SLS model in simulating arterial

networks, because we can only hope to get estimates of τE and τS at limited anatomic locations.
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Figure 4.38: Time traces at point (1, 0, 2) in the tube test, from fixed α = 1.0 and varying relaxation
parameters. Left: radial displacement; right: axial displacement.
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Figure 4.39: Pressure-radial displacement hysteresis loop at point (1, 0, 2) in the tube test, from
fixed α = 1.0 and varying relaxation parameters.

Comparison between 1D and 3D simulations
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Figure 4.40: 1D-3D comparison of time traces at point (1, 0, 2) in the tube test, from pure elastic
model. Left: radial displacement; right: pressure.

The above findings reveal differences between 1D and 3D simulations, i.e., the 3D solutions
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Figure 4.41: 1D-3D comparison of time traces at point (1, 0, 2) in the tube test, from SLS1 model.
Left: radial displacement; right: pressure.
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Figure 4.42: 1D-3D comparison of time traces at point (1, 0, 2) in the tube test, from SLS2 model.
Left: radial displacement; right: pressure.
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Figure 4.43: 1D-3D comparison of time traces at point (1, 0, 2) in the tube test, from FOV-SLS1
model. Left: radial displacement; right: pressure.

seem more sensitive to the viscoelastic parameters. Now we will compare the 1D and 3D computed

solutions in the terms of radial displacement and the pressure waveform at the middle point. In

Figures 4.40-4.44 we present the results from the pure elastic model and the viscoelastic models

with parameters listed in Table 4.14. Generally the 1D simulations overestimate the blood pressures
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Figure 4.44: 1D-3D comparison of time traces at point (1, 0, 2) in the tube test, from FOV-SLS2
model. Left: radial displacement; right: pressure.

and therefore also the arterial wall deformations. In most of cases (except the FOV-SLS1 model),

the 1D models provide good prediction on the maximum radial displacement. However, to get more

reliable predictions and to enable the possibility of simulating on complicated geometries, the 3D

models are recommended.

4.3.3 Blood flow in a patient-specific aneurysm

In this section we will investigate the fractional order models on a patient-specific aneurysm

geometry, which was extracted from Magnetic Resonance Imaging data [4], and also employed in

the FSI simulations with pure elastic arterial wall model in chapter 4.1. This aneurysm locates at

the eye level, in the cavernous segment of the right internal carotid artery. We will perform our

simulations on the meshes as shown in Figures 2.27, where the fluid subdomain has finer elements

near the vessel wall to resolve the boundary layers, and the solid subdomain is composed of two

layers of prismatic elements on the vessel wall. A Womersley velocity profile with 8 harmonics is

imposed at the inlet boundary of the fluid solver, and a zero Neumann boundary condition for

velocity is employed at the outlet. The outlet pressure p̄ is determined from the flow rate Q(t), the

resistant R, and the capacitance C following [4]

p̄(t) +RC
dp̄(t)

dt
= Q(t)R. (4.3.9)

The arterial outlet is assumed to be undeformed when the outlet pressure p̄(t) reaches its lowest

point at t = 0.0571sec. We start the FSI simulations from the resultant flow field of rigid wall

simulations on the fluid subdomain (where we set t = 0 as the starting time of FSI). The structure

is considered undeformed at t = 0. To integrate in time, we employed the second-order splitting

scheme for the fluid solver, as illustrated in section 4.1.2. On the structure side, the first-order

159



Parameter value
Young’s Modulus 3Mpa
Poisson ratio 0.3
Blood density 1.06g/cm3

Arterial wall density 1.06g/cm3

Wall thickness 0.01cm
Inlet radius 0.224cm

Kinematic viscosity 3.8× 10−2cm2/s
Womersley Number 4.2
Average flow rate 70ml/min
Time step size 6.3× 10−4s

Mass damping parameter 0s−1

Stiffness damping parameter 0s
Resistant parameter 7.844× 102dyn · s/cm5

Capacitance parameter 7.285× 10−5cm5/dyn
Polynomial order 3

Fictitious mass coefficient 2.08

Table 4.15: Parameters used in the patient-specific aneurysm simulations with fractional order
models.

Grüwald-Letnikov formula introduced in chapter 2.3 is used, with fictitious mass method applied

to stabilize the FSI partitioned procedure. All the simulations are done with the physical and

numerical parameters summarized in Table 4.15.

To compare the computed evolution of the aneurysm deformation from different models, we first

display the displacement time traces of three points on the interface. The locations of these points

are shown in Figure 4.13. The computed inlet pressure and the time traces for displacements

at these three points are shown in Figure 4.45, for the pure elastic model, the FOV-SLS1 and

the FOV-SLS2 models. Similar to what we have observed in section 4.3.2, the FOV-SLS1 model

predicts a much smaller deformation comparing with that from the other two models, which results

a larger blood pressure drop in each cardiac cycle. To investigate the displacement distribution on

the whole aneurysm, we take four time instants in a cardiac cycle: T
7 ,

2T
7 , 3T

7 , 5T
7 (as marked by

black lines in the inlet pressure plot of Figure 4.45), and display their corresponding displacement

amplitudes from the pure elastic, FOV-SLS1 and FOV-SLS2 arterial wall models in Figures 4.46,

4.47 and 4.48, respectively. It can be observed that although the displacement magnitudes vary

while simulating with different arterial wall models, they all reach the maximum deformation near

the systolic peak, and the distribution pattern does not change much.

4.3.4 Summary

In this chapter, we investigate the performances of viscoelatic models in fluid-structure interac-

tion simulations. To be more specific, we first analyze and simulate the vortex-induced vibration

problem with fractional order damping terms, with special emphasis on the resultant lock-in re-

gion. It is observed that when α increases, stronger damping can be observed, but the resonant
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Figure 4.45: Time traces in patient-specific aneurysm with viscoelastic arterial wall models. Upper
left, upper right, bottom left: displacement profiles for corresponding points; bottom right: pressure
imposed at the inlet.

Figure 4.46: Displacements (in mm) for patient-specific aneurysm with pure elastic arterial wall
model, at T

7 (upper left), 2T
7 (upper right), 3T

7 (bottom left) and 5T
7 (bottom right).

behavior does not vary much. In the second part, the coupled problem of blood flow and arterial

wall movements is studied. We compare several models with the same elasticity parameters and

different viscoelastic parameters which are calibrated from data in the literature. This comparison

study indicates that for the integer order SLS models, the viscous behavior strongly depends on the

relaxation parameters τE and τS , while the fractional order models are less sensitive. Especially

when the fractional order α→ 0, the viscous response gets less noticeable, and the fractional model

is tuned by the fractional order α. This finding is consistent with what observed in the 1D models

[3]. The only difference is, in the 3D cases varying the viscoelstic parameters from model FOV-SLS1
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Figure 4.47: Displacements (in mm) for patient-specific aneurysm with FOV-SLS1 model, at T
7

(upper left), 2T
7 (upper right), 3T

7 (bottom left) and 5T
7 (bottom right).

Figure 4.48: Displacements (in mm) for patient-specific aneurysm with FOV-SLS2 model, at T
7

(upper left), 2T
7 (upper right), 3T

7 (bottom left) and 5T
7 (bottom right).

to model FOV-SLS2 results to a significant change in the arterial wall deformation, which is not

observed in the 1D simulations. This finding shows that when the fractional order is small, the 3D

fractional-order models are more sensitive to the fractional order α comparing with the 1D models.

4.4 Application: fairing performance evaluation

4.4.1 Background

In deepwater offshore oil operations, riser interference and vortex-induced vibrations (VIV) are

severe problems for risers, umbilicals and tendons in areas of strong currents. Such industry de-

mands have greatly motivated the investigations of various methods for suppressing vortex-induced

vibrations either experimentally [146, 147, 148, 149, 150, 151] or numerically [152, 95], over the

past decades. In theory, an effective VIV suppression device should not only eliminate the vortex

shedding, but also help reducing the drag force thereby resolving the concern of the loads caused

by strong currents. To get a comprehensive review of solutions for VIV suppression, we refer the

readers to [153, 154] and the references therein. Among all these VIV suppression solutions, free-
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to-rotate suppressors such as splitter plates and fairings with different sharps are widely studied

and employed to mitigate VIV and avoid interference as they reduce both drag forces and VIV

[146, 148, 149]. Assi et al [148] found that with a pair of parallel plates installed on the sides of the

cylinder, the maximum VIV suppression and drag reduction occurred, and the level of rotational

friction between the fairing and the cylinder played an important role. Specificly, the rotational

damping and friction needs to be high enough to stablize the device and achieve a better suppres-

sion performance. This requirement draws attention to the importance of parametric studies in

fairing design and analysis. Hence, the critical parameters for fairing stability and performance

need to be identified, and the effects of varying Reynolds number needs to be investigated. How-

ever, experimentally the hydrodynamic performance evaluation for fairings is done by tank testing,

which is expensive and very difficult to find model basis availability. Therefore, computational

fluid dynamics seems a favored option for fairing design and analysis, because it avoids schedule

issues with testing, reduces the cost of testing, and improves quality. In the present work we will

contribute to the understanding of a type of fairing (see Figure 4.49) employed in industry, by run-

ning fluid-structure interaction (FSI) simulations with our general purpose spectral element solver

NEKTAR. To the authors’ best knowledge, this is the first thorough numerical study of the VIV

suppressing performances for varying rotational damping and friction coefficients, and also for a

fairing with a pair of parallel plates attached.

In the numerical simulations, we are going to adopt the partitioned method where the fluid-

structure interaction system is split into separate fluid and structure solvers, because of its better

computational scalability and software modularity. However, the partitioned procedure in the

fairing simulations is problematic, because of the so-called added-mass effect [83]. Especially when

the structure is light, or when the fairing has low rotational inertia, the added-mass effect becomes

stronger and severely affects the stability of the fluid-structure interaction (FSI) procedure. To

resolve these instabilities, a strong coupling is required to impose continuity at the interface at

each time step. A number of approaches have been developed more recently to accelerate the

convergence of the partitioned algorithm, including the Robin-Robin scheme [112, 113, 120], the

interface artificial compressibility [110, 132], the stabilized explicit method [133, 122], and our

fictitious methods [4, 81]. In this work, we will adopt and generalize the fictitious methods, by

developing a similar modified governing equation for the fairing rotational equation. In this new

fictitious inertia method, additional acceleration terms are introduced in the structure solver to

balance the added-mass effect caused by low rotational inertia and to provide further stabilization

for problems with large fairing rotations.

The chapter is organized as follows. In section 4.4.2 we describe the FSI governing equations
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and discretization methods: firstly the governing equations of cylinder and fairing models are

derived from conservation laws; then the numerical methods for the fluid and solid models are

described; lastly, we introduce the fictitious inertia method in the solid model, and summarize the

FSI coupling procedure at each time step for the full partitioned algorithm. Various numerical tests

are performed in section 4.4.3, for two values of Reynolds numbers. To demonstrate the effect of

our method and investigate the optimal fictitious coefficient, firstly we apply the fictitious method

with varying coefficients, and compare the averaged subiteration numbers required for each time

step. With the optimal fictitious coefficients, we then provide a thorough parametric study on the

fairings, with emphasis on their performances in VIV suppression and drag force reduction. When

Re = 100 and Re = 500, the critical parameters for fairing stability and performance are identified,

more specifically the rotational damping and friction. We end in section 4.4.4 with a brief summary.

Additional details on the expression for friction between the cylinder and fairing are derived in the

appendix.

4.4.2 Models and formulation

Figure 4.49: Coordinate system and symbol definition for fairing and cylinder motions.

In this section we will describe the formulation for VIV of a rigid, spring mounted cylinder, which

is covered with fairings as shown in Figure 4.49. The cylinder is free to respond in both cross-flow

and stream-wise directions. The fairing moves following the cylinder, with an additional degree

of freedom because it can rotate around the cylinder axis subjected to the hydrodynamic torque.

The equations for fairing and cylinder motions will be derived, and our fluid-structure interaction

procedure with fictitious methods will be employed to solve these equations. The geometry and

mesh used in the following derivations and simulations are shown in Figure 4.50. To be more

specific, the flow is simulated in a 2D domain [−5, 20] × [−5, 5], with a solid cylinder of radius
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0.5 at the origin and a fairing surrouding the cylinder. At the inlet, a uniform steady flow with

U∞ = 1 is imposed, and at the outlet a zero Neumann boundary condition is employed. Along

the crossflow direction, a periodic boundary condition is applied. Therefore, we are simulating the

motions of an array of cylinders which are arranged in the crossflow direction. The domain in

Figure 4.50 is of length 10 in y direction, which yields a gap size between each two neighboring

cylinders as 10. The fairing is composed by two parts: firstly the circular body part, which covers

3
4 of the cylinder and centered at the cylinder center with radius 0.6; the other part is a pair of

parallel plates attached to the top and bottom points of the fairing circular part (see Figure 4.49).

As shown in the right plot of Figure 4.50, in the initial configuration the plates are parallel to the

stream-wise direction, with a length of 1.0, i.e., one cylinder diameter D. The mass on fairing is

assumed to be evenly distributed, and therefore in the initial configuration the fairing’s center of

gravity locates at (0.085, 0).

Figure 4.50: Left: mesh and geometry for fluid solver. Right: detailed mesh near the fairing and
cylinder and structure geometries; here we use green to represent the cylinder and red to represent
the fairing.

Cylinder and fairing models

The cylinder is assumed to be subjected to vortex-induced vibration with two degrees of freedom

(DOF) in the (x, y) plane. The fairing is in contact with the cylinder and is free to rotate. There

is a small gap between the fairing and cylinder with a single point of contact, where the fairing

is pressed against the cylinder. As shown in Figure 4.49, the system allows body motions with

five degrees of freedom, including the cylinder’s horizontal and vertical motions (cx and cy), and

the fairing’s horizontal, vertical motions (fx and fy) and rotational angle (θ). Here we define the

following symbols to be used in the equations of motions:

• CGc, CGf : gravity center of cylinder and fairing, respectively.

• a: distance from CGc to CGf .
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• fc: coefficient of friction between the cylinder and fairing.

• Fchx, Fchy: hydrodynamic force applied on the cylinder in the x and y directions, respectively.

• kx, ky: cylinder spring constant in the x and y directions, respectively.

• Ffhx, Ffhy: hydrodynamic force applied on the fairing in the x and y directions, respectively.

• If : fairing rotational inertia about CGf .

• mc,mf : mass of cylinder and fairing, respectively.

• Mfh: hydrodynamic angular momentum applied on the fairing about CGf .

• R: cylinder radius.

• β: contact angle.

• Fn: cylinder-fairing normal contact force.

• Ft: cylinder-fairing tangentail contact force.

To derive the equations of motions for the cylinder and fairing, we make the following assumptions:

1. There is no damping from the structure in translational and rotational directions;

2. The cylinder and the fairing are always in touch and have only one contact point;

3. The tangential contact Force Ft between the cylinder and the fairing is related to the normal

contact force Fn following Ft = fcFn, where fc is proportional to the sign function of
∂θ

∂t
with a constant sliding friction coefficient Cf , i.e.,

fc = Cf sgn

(

dθ

dt

)

. (4.4.1)

Here Cf can be seen as an index for the rotational damping and friction. More details about

this formula are provided in Appendix A.9.

Based on these assumptions, the equations of motions for the cylinder are written about CGc:

mc
∂2cx
∂t2

+ kxcx − Fn(cosβ + fc sinβ) = Fchx,

mc
∂2cy
∂t2

+ kycy − Fn(sin β − fc cosβ) = Fchy,

(4.4.2)
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and the equations of motions for the fairing are written about CGf :

mf
∂2fx
∂t2

+ Fn(cos β + fc sinβ) = Ffhx,

mf
∂2fy
∂t2

+ Fn(sinβ − fc cosβ) = Ffhy.

(4.4.3)

From the right plot of Figure 4.49 we can see that the gravity centers of the cylinder and fairing

are geometrically related as

cx = fx − a cos θ,

cy = fy − a sin θ.
(4.4.4)

Substituting these expressions into (4.4.2), the equations of motion for cylinder become:

mc

[

∂2fx
∂t2

+ a

(

(

∂θ

∂t

)2

cos θ +
∂2θ

∂t2
sin θ

)]

+ kx [fx − a cos θ]− Fn (cosβ + fc sinβ) = Fchx,

mc

[

∂2fy
∂t2

+ a

(

(

∂θ

∂t

)2

sin θ − ∂2θ

∂t2
cos θ

)]

+ ky [fy − a sin θ]− Fn (sinβ − fc cosβ) = Fchy.

(4.4.5)

In addition, we can derive another equation from the conservation of angular momentum. The

total angular momentum If θ̈ about CGf should be equivalent to the resultant angular momentum

exerted by cylinder-fairing contact force and the hydrodynamic angular momentum Mfh from the

fluid. To be more specific, the torque of the cylinder-fairing normal contact force Fn about CGf is

a sin(β−θ), and the torque of the cylinder-fairing tangential contact force Ft is −(a cos(β−θ)+R).
Therefore, we have the resultant angular momentum as

Mfh + Fna sin(β − θ)− Ft(a cos(β − θ) +R).

By substituting the relation Ft = fcFn, the conservation of angular momentum can be expressed

as

If
∂2θ

∂t2
− Fn[a sin(β − θ)− afc cos(β − θ)−Rfc] =Mfh. (4.4.6)
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Combining the equations of motion for the fairing (4.4.3) and the equations for cylinder (4.4.5), we

obtain a system with 5 equations consisting of 5 unknowns (fx, fy, θ, β, Fn):

mc

[

∂2fx
∂t2

+ a

(

(

∂θ

∂t

)2

cos θ +
∂2θ

∂t2
sin θ

)]

+ kx [fx − a cos θ]− Fn (cosβ + fc sinβ) = Fchx,

(4.4.7a)

mc

[

∂2fy
∂t2

+ a

(

(

∂θ

∂t

)2

sin θ − ∂2θ

∂t2
cos θ

)]

+ ky [fy − a sin θ]− Fn (sinβ − fc cosβ) = Fchy,

(4.4.7b)

mf
∂2fx
∂t2

+ Fn(cos β + fc sinβ) = Ffhx, (4.4.7c)

mf
∂2fy
∂t2

+ Fn(sin β − fc cosβ) = Ffhy, (4.4.7d)

If
∂2θ

∂t2
− Fn[a sin(β − θ)− afc cos(β − θ)−Rfc] =Mfh. (4.4.7e)

Fluid-structure interaction

The right hand sides in the governing equations (4.4.7) for cylinder and fairing indicate that

the motions of cylinder and fairing are subjected to the hydrodynamic forces and hydrodynamic

angular momentum. On the other hand, the motions of cylinder and fairing in turn change the

fluid domain and the boundary conditions. Therefore, this is a coupled fluid-structure interaction

problem whose domain Ω ⊂ R
2 is composed of two parts: the fluid subdomain Ωf (t) occupied by

the fluid, and the structure subdomain Ωs occupied by the cylinder and fairing. There is a common

boundary between the two subdomains, which is the fluid-structure interface Σ(t) = Ωf (t) ∩ Ωs.

For the structure kinematics we solve the system (4.4.7) with the Newton-Raphson procedure. On

the other hand, the fluid problem is solved with the spectral element solver NEKTAR [6]. The

Navier-Stokes equation is stated in an arbitrary Lagrangian-Eulerian framework [136] since the

fluid domain is changing with the movement of the cylinder and fairing. Roughly speaking, we

aim to solve for three sets of variables in this FSI system: the fluid velocity u(x, t), the fluid

mesh velocity w(x, t), and the 5 structure unknowns (fx, fy, θ, β, Fn). Here x = x(t) and X are the

position vectors in the deformed configuration and initial configuration, respectively. In the current

work, we will employ the partitioned procedure as illustrated in [4, 81] to solve the fluid-structure

interaction problem. To ensure the continuity on the interface, subiterations are employed at each

time step. In the following sections, we will denote the subiteration number by the subscript k,

and the time step number by the superscript n.
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Fluid solver

In the fluid model we employ the incompressible Navier-Stokes equation:

∂u

∂t
+ (u−w) · ∇u = −∇p

ρf
+ ν∇2u, in Ωf (t), (4.4.8a)

∇ · u = 0, in Ωf (t), (4.4.8b)

combined with the initial condition

u(x, t = 0) = u0(x), in Ωf (0), (4.4.9)

and the Dirichlet boundary conditions on the interface, i.e.,

u =
∂η

∂t
, on Σ(t), (4.4.10)

which enforces the continuity of velocities. Here, w, p, ρf , and ν stand for the mesh velocity,

pressure, fluid density, and the kinematic viscosity, respectively; η is the displacement of the specific

point at the cylinder or fairing surface, which can be calculated from the structure simulation results

as:

η(x, t) =



































cx(t)

cy(t)



+X, on cylinder;





cx(t)

cy(t)



+





cos θ(t) − sin θ(t)

sin θ(t) cos θ(t)



X, on fairing.

(4.4.11)

At each time step, the mesh position x will be obtained from the integration of the mesh velocity.

To generate the mesh velocity w, we define a “lifting” from the structure displacement on the

interface: given the displacement on the interface η|Σ, we employ a harmonic extension mapping

from the initial fluid configuration Ωf (0) to the current configuration Ωf (t). The mesh velocity w

satisfies (4.1.4).

To solve equations (4.4.8) and (4.1.4) numerically, we employ the Navier-Stokes solver NEKTAR

[6] in which the spectral element method with Jacobi polynomial basis is used to represent the fluid

velocity, fluid pressure and mesh velocity. To integrate in time, we use a high-order splitting scheme

with three parts: first the nonlinear terms are treated explicitly, then the pressure is obtained by

a Poisson equation solver, and finally the viscous terms are treated implicitly [73]. In the strongly

coupled FSI system, we solve for un
k and pnk following the numerical scheme described in (4.1.6) of

chapter 4.1. Similar to the Navier-Stokes equation, at each time step the mesh velocity is obtained
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by solving the Laplace equation (4.1.4), and the current configuration x(t) is updated from (4.1.9).

For more details, we refer the interested readers to chapter 4.1.

Structure (cylinder and fairing) solver

We discretize the structure system (4.4.7) in time with the Newmark scheme: for the object

function a(t), based on the current value an, previous time step values an−1, velocity approximation

ȧn−1 and acceleration approximation än−1, we can approximate the acceleration and velocity at

the n-th step as:

ȧn = ȧn−1 +∆t
(

(1−D1)ä
n−1 +D1ä

n
)

, (4.4.12a)

än =
1

∆t2D2

(

an − an−1 −∆tȧn−1 − ∆t2

2
(1− 2D2)ä

n−1

)

, (4.4.12b)

where we have used “ · ” to denote the approximated temporal derivative. Depending on the

requirements of accuracy and stability, different values can be set for the parameters (D1, D2).

In the following, we will use the parameters (D1, D2) = (0.5, 0.25) which lead to a second-order

scheme. Substituting into (4.4.7), we obtain the discretized formulation for cylinder and fairing

equations in the strongly coupled FSI system at time step n and subiteration step k:

mc[(f̈x)
n
k + a((θ̇nk )

2 cos θnk + θ̈nk sin θnk )] + kx[(fx)
n
k − a cos θnk ]

− (Fn)
n
k (cosβ

n
k + (fc)

n
k−1 sinβ

n
k ) = (Fchx)

n
k−1, (4.4.13a)

mc[(f̈y)
n
k + a((θ̇nk )

2 sin θnk − θ̈nk cos θnk )] + ky[(fy)
n
k − a sin θnk ]

− (Fn)
n
k (sinβ

n
k − (fc)

n
k−1 cosβ

n
k ) = (Fchy)

n
k−1, (4.4.13b)

mf (f̈x)
n
k + (Fn)

n
k (cosβ

n
k + (fc)

n
k−1 sinβ

n
k ) = (Ffhx)

n
k−1, (4.4.13c)

mf (f̈y)
n
k + (Fn)

n
k (sinβ

n
k − (fc)

n
k−1 cosβ

n
k ) = (Ffhy)

n
k−1, (4.4.13d)

If θ̈
n
k − (Fn)

n
k [a sin(β

n
k − θnk )− a(fc)nk−1 cos(β

n
k − θnk )−R(fc)nk−1] = (Mfh)

n
k−1, (4.4.13e)

where the hydrodynamic forces and angular momentum are updated from the following expressions:





(Fchx)
n
k−1

(Fchy)
n
k−1



 =

∮

Σ(t)c

nf · [−pnk−1I+ 2ρfν(∇un
k−1 + (∇un

k−1)
T )]ds, (4.4.14)





(Ffhx)
n
k−1

(Ffhy)
n
k−1



 =

∮

Σ(t)f

nf · [−pnk−1I+ 2ρfν(∇un
k−1 + (∇un

k−1)
T )]ds, (4.4.15)
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(Mfh)
n
k−1 =

∮

Σ(t)f

r(x) × [−pnk−1I+ 2ρfν(∇un
k−1 + (∇un

k−1)
T )]ds, (4.4.16)

where Σ(t)c is the interface between fluid and cylinder, Σ(t)f is the interface between fluid and

fairing, and r(x) is a vector pointing from x to the fairing gravity center at the current configuration.

Fictitious FSI stabilization method

In industrial applications, the values of fairing rotational inertia If are generally very low. In this

case, the convergence of partitioned procedure is problematic because of the so-called added-mass

effect [83]. In this work, additional acceleration schemes are employed to enhance the convergence

rate. To be more specific, the Aitken acceleration [130, 124, 131] and the fictitious methods [4, 81]

are used. The combination of these two approaches was shown to be successful in the previous

study [81].

The main idea of the Aitken relaxation in the fluid solver [130, 155] is to perform under-relaxation

at each sub-iteration step. At time step n and subiteration step k, we obtain the results c̃nk from

the unrelaxed ones cnk and a relaxation parameter τk, based on the rule described in Appendix A.4.

On the other hand, in the fictitious inertia method additional terms are introduced in (4.4.6) to

balance the added-mass operators. At time step n and subiteration step k, the discretized moment

equation for fairing (4.4.13e) is replaced by:

If (1 + fI)θ̈
n
k − (Fn)

n
k [a sin(β

n
k − θnk )− a(fc)nk−1 cos(β

n
k − θnk )−R(fc)nk−1] = (Mfh)

n
k−1 + IffI θ̈

n
k−1,

(4.4.17)

where fI is the fictitious inertia coefficient. Here we note that when the subiteration converges, we

have θ̈nk ≈ θ̈nk−1. Therefore, the scheme (4.4.17) with fictitious inertia method should converge to the

same results as the original scheme of equation (4.4.13) at the end of each time step. Moreover, as

discussed in [81], the fictitious method works the best if it approximates an exact coupled algorithm,

which happens when IffI is close to the actual added-mass operator. In the applications with

complicated geometries such as the fairings here, we cannot obtain any reasonable analytical value

for the optimal fictitious coefficient If . Therefore, we will investigate this optimal coefficient from

numerical tests.

In summary, at the n-th time step, we solve the FSI system following the fixed point algorithm:

1. Set

(Solid) (fx)
n
0 = (fx)

n−1, (fy)
n
0 = (fy)

n−1, θn0 = θn−1, βn
0 = βn−1, (Fn)

n
0 = (Fn)

n−1,

(4.4.18a)
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(Fluid) un
0 = un−1, pn0 = pn−1. (4.4.18b)

2. for k = 1 : kmax, do

(a) (Solid) Solve the cylinder/fairing equations (4.4.17) with hydrodynamic forces generated

as in (4.4.14)-(4.4.15) and hydrodynamic angular momentum as in (4.4.16), then update

the cylinder/fairing results

((fx)
n
k , (fy)

n
k , θ

n
k , β

n
k , (Fn)

n
k ).

(b) (Solid) From ((fx)
n
k , (fy)

n
k , θ

n
k , β

n
k , (Fn)

n
k ), calculate the velocity and acceleration approx-

imations based on the Newmark scheme (4.4.12).

(c) (Solid) Generate ηn
k at the fluid-strucuture interface following (4.4.11) and approximate

velocity approximation η̇
n
k and acceleration approximation η̈

n
k . Pass these approxima-

tions to the fluid solver.

(d) (Fluid) Update the velocity boundary condition un
k = η̇

n
k and the pressure boundary

condition
∂pnk
∂nf

= −ρf
(

η̈
n
k + ν∇×∇× un

k−1 +Nn
k−1

)

· nf at the interface.

(e) (Fluid) Solve the Navier-Stokes equation (4.1.6), and obtain updated velocity and pres-

sure (un
k , p

n
k ).

(f) (Fluid) Apply the Aitken relaxation on un
k to obtain the relaxed velocity ũn

k .

(g) (Fluid) Calculate the normal stress −[−pnkI+ ρfν(∇ũn
k + (∇ũn

k )
T )]nfat the interface.

(h) (Fluid) Pass the normal stress at the interface to the structure solver.

(i) (Fluid) Check convergence: if

||ũn
k − ũn

k−1||, ||pnk − pnk−1|| < ǫ, (4.4.19)

set k = kmax and update the results as

(Solid) (fx)
n = (fx)

n
k , (fy)

n = (fy)
n
k , θ

n = θnk , β
n = βn

k , (Fn)
n = (Fn)

n
k , (4.4.20a)

(Fluid) un = ũn
k , p

n = pnk . (4.4.20b)

Else, continue to the (k + 1)-th subiteration.

3. (Mesh) Update the mesh velocity boundary condition at the interface with wn = η̇
n.
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Parameter value
mc 6.0
mf 1.0
kx, ky 10.949
If 0.6
a 0.0851
R 0.5
ρf 1.0

Polynomial order 3

Table 4.16: Non-dimensional parameters used in the numerical simulations.

4. (Mesh) Obtain the mesh velocity wn by solving (4.1.4).

5. (Mesh) Update the mesh positions for the fluid subdomain using the numerical integration

as in (4.1.9).

6. Go to time step n+ 1.

4.4.3 Numerical results

In this section, we present series of numerical tests on the fairings’ suppression of vortex-induced

vibrations. With these tests, we aim to demonstrate the capability of our fictitious inertia method

in stabilizing the fluid-structure interaction simulations, and investigate parametrically the effect of

fairings on VIV suppression and drag force reduction. To be more specific, the effect of varying the

rotational damping and friction is investigated with different Reynolds numbers. In particular, we

consider cases with two Reynolds numbers based on the cylinder diameter D = 1: Re = 100 and

Re = 500. To perform simulations for Re = 500 in a relatively short domain, a robust and accurate

outflow boundary condition as shown in [156] is employed at the outlet in the fluid solver. All the

simulations are performed with the physical and numerical parameters summarized in Table 4.16

unless stated otherwise. All the parameters are in non-dimensional units. Note that the mass ratio

between cylinder and fairing is mc/mf = 6, which is consistent with the settings in industrial use.

Effect of fictitious method

Before performing the simulations, we first investigate the numerical performance of our ficti-

tious inertia method and look for the optimal fictitious coefficient. With Cf = 0, various values

of fI from 0.0 to 15.0 are tested and the averaged subiteration numbers needed for each fI are

compared in Table 4.17. The optimal fictitious coefficient fI will be employed in all the simulations

in the later simulations.
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Re = 100
fI 0.0 0.5 1.0 1.5 2.0(o) 2.5 3.0 4.0 5.0 7.0 10.0 15.0

Avg subiter No conv 13.8 10.1 8.6 7.7 7.9 8.0 8.0 8.1 8.2 8.3 8.6
Re = 500

fI 0.0 0.5 1.0 1.5 2.0 2.5(o) 3.0 4.0 5.0 7.0 10.0 15.0
Avg subiter No conv 12.8 9.3 7.9 7.5 7.3 7.7 8.2 8.3 8.7 9.3 9.7

Table 4.17: Averaged subiteration number for VIV test for Cf = 0. When Re = 100, ∆t = 0.0025;
when Re = 500, ∆t = 0.0005.
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Figure 4.51: Pressure change of each subiteration in the first time step, when Re = 100 and
Cf = 0.0.

Re = 100

For the case Cf = 0 and time step size ∆t = 0.0025, we study systematically various values of

fI . To demonstrate the effect on accelerating the convergence, we take the average of subiteration

numbers over one vortex shedding cycle (Strouhal period) as a comparison index. In the first part

of table 4.17 we list these averaged subiteration numbers with different fictitious coefficients, where

the value nearest to the optimal is marked by “(o)”. To illustrate the effect of various fictitious

coefficients more clearly, in Figure 4.51 we plot the pressure changes of each subiteration in the first

time step, for four cases with different If . From the results we can see that when no fictitious method

is applied (fI = 0.0), the subiteration diverges in the first time step. Therefore, the fictitious inertia

method helps stablizing the simulations and accelerating the subiteration convergence. Among all

cases, the best performance is achieved when fI = 2.0, which would be the coefficient we employ

for all the Re = 100 simulation cases.
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Re = 500

For Re = 500 cases, a smaller time step size ∆t = 0.0005 is employed to enhance the stability

and accuracy. We also investigate the optimal fictitious coefficient through performing numerical

tests for the Cf = 0. The averaged subiteration numbers over one vortex shedding cycle (Strouhal

period) are computed for fI from 0.0 to 15.0, and listed in the second part of table 4.17. Here

the value nearest to the optimal is also marked with “(o)”. Since the subiteration is not converged

when fI = 0.0, in this higher Reynolds number case the fictitious inertia method is also required to

stabilize the fluid-structure interaction simulations. On the other hand, the smallest subiteration

number is obtained by fI = 2.5, which is close to the optimal fictitious coefficient for the Re = 100

case. This implies that the added-mass operator does not change much with the increase of Reynolds

number. In the remaining simulations of Re = 500 cases, the fictitious inertia method with fictitious

coefficient fI = 2.5 will be applied.

Simulation results

Figure 4.52: Instantaneous pressure coefficient contours and velocity vectors for plain cylinder cases.
Left: Re = 100; right: Re = 500 (small domain).

Next we present the simulation results from various friction coefficient Cf from 0.0 to 0.5,

to study its effect in suppressing VIV. Figure 4.53 presents the instantaneous pressure coefficient

contours and velocity vectors when the cylinder is crossing the centerline from bottom to top, i.e.,

when the transverse velocity of cylinder reaches the maximum. Here the pressure coefficient is

defined with respect to the pressure at the inlet center (−5, 0) as:

Cp(x, y) =
2(p(x, y)− p(−5, 0))

ρfU2
∞

.

To provide a comparison and demonstrate the effects of fairing more clearly, Figure 4.52 shows

the instantaneous pressure coefficient contours and velocity vectors obtained from plain moving

cylinder, i.e., without any fairing. In Figure 4.54 and Figure 4.55 we show trajectories of motions

and forces along various values of friction coefficient, for Re = 100 and Re = 500, respectively,
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Figure 4.53: Instantaneous pressure coefficient contours and velocity vectors for fairing cases. Left
column: Re = 100; right column: Re = 500 (small domain). First row: Cf = 0.0; second row:
Cf = 0.1; third row: Cf = 0.2; fourth row: Cf = 0.3

compared with the response of a plain cylinder (in red). The amplitudes of vibration, the averages

and frequencies in each cycle are provided in Figure 4.56 as functions of friction coefficient Cf for

both Re = 100 (in the left column) and Re = 500 (in the right column), with different colors and

symbols representing the results of different variables of (cx, cy, θ, β, Fn). Similarly, in Figure 4.57

we show the results of hydrodynamic forces and angular momentum. Note that the hydrodynamic

forces are calculated as the total forces on the whole structure system including the fairing and

cylinder, and the hydrodynamic angular momentum is calculated on the fairing only.
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Figure 4.54: Trajectories of motion and force when Re = 100. The horizontal axis represents
selected values of Cf and the trajectory centered at a specific value of Cf shows the computational
results of that friction coefficient. Upper: cx − cy trajectories. Middle: θ− β trajectories. Bottom:
total hydrodynamic drag forces-lift forces trajectories.

Re = 100

Comparing the velocity vectors in the left column of Figure 4.53 with the results from the

plain cylinder in Figure 4.52, it can be observed that in all the cases with fairing the instantaneous

transverse velocities of cylinder are smaller than that from the plain cylinder simulation. Regarding

the pressure coefficient contours, when Cf = 0.2 the pressure contours show a region of lower

pressure developed along the upper side of the upper fairing plate especially, which indicates a

stronger transverse force in the same direction as the cylinder motion comparing with that in the

lower Cf cases. As we further increase Cf to 0.3, there also exists a lower pressure region near the

cylinder and fairing. However, this region is attached at the tip of the upper fairing plate instead

of covering the whole upper side of the fairing plate as in the Cf = 0.2 case. This suggests that
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Figure 4.55: Trajectories of motion and force when Re = 500 (small domain). The horizontal
axis represents selected values of Cf and the trajectory centered at a specific value of Cf showes
the computational results of that friction coefficient. Upper: cx − cy trajectories. Middle: θ − β
trajectories. Bottom: total hydrodynamic drag forces-lift forces trajectories.

the shear layers that stem from the cylinder are now attached to the tip of fairing plate, and this

pattern has the effect of stabilizing the near wake flow. Therefore, the transverse force developed

in the Cf = 0.3 case should be smaller than that in the Cf = 0.2 case. The above observations

are further reinforced in Figure 4.54 and Figure 4.56. In the upper plot of Figure 4.54 we can see

that the cylinder motion trajectories with fairing show lower amplitudes of vibration for both the

streamwise and transverse responses than those for a plain cylinder. However, this is not evident

from computing the hydrodynamic forces. Although in all cases the fairing helps reducing the

amplitude of drag forces, when Cf < 0.3 the hydrodynamic lift forces with fairing are even higher

than that computed for the plain cylinder. While comparing the effects of different Cf values,

among all cases Cf = 0.0 performs the best in suppressing VIV and reducing the drag force. On
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Figure 4.56: Computational results of (cx, cy, θ, β, Fn) from increasing Cf . Left column: Re = 100;
right column: Re = 500 (small domain). Upper row: amplitudes of vibration in each cycle. Middle
row: averages of cyclic response. Bottom row: frequencies of cyclic response.

the other hand, in the left column of Figure 4.56 it is especially worth noticing that when Cf is

around 0.15−0.2, the amplitudes of vibration and the averages of all variables reach the maximum.

Moreover, in the upper plot of Figure 4.54 we can observe that only the Cf = 0.2 case generates a

non-symmetrical cx − cy trajectory. Therefore, in this low Reynolds number case Cf = 0.2 seems

to be a critical value for the dynamic responses.

In summary, when Re = 100 the fairing in all cases helps in reducing the displacement responses
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Figure 4.57: Computational results of total hydrodynamic drag/lift forces and fairing angular
momentum from increasing Cf . Left column: Re = 100; right column: Re = 500 (small domain).
Upper row: amplitudes of vibration in each cycle. Middle row: averages of cyclic response. Bottom
row: frequencies of cyclic response.

and the hydrodynamic drag forces, but not the hydrodynamic lift forces applied on the cylinder

and fairing. To achieve the best performance in VIV suppression and drag reduction, Cf = 0.0

is the most effective choice. Moreover, there exists a critical value of the friction coefficient Cf

around 0.15 − 0.2: when Cf is lower than this value, larger values of Cf are less effective in VIV

suppression. On the other hand, when Cf exceeds this critical value, further increasing Cf will

help more in supressing the VIV.
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Re = 500 (small domain)

Similar to the simulations for Re = 100, when Re = 500 the comparison of the velocity vectors

in Figure 4.52 and those in Figure 4.53 also implies that the fairing helps reducing the magnitudes

of cylinder transverse velocities. Comparing the pressure coefficient contours at Re = 100 to that

at Re = 500, we can see that when Re = 500 the lower pressure regions are attached at the tip of

the upper fairing plate, which is close to the pattern we observed in the Re = 100, Cf = 0.3 case.

Therefore, we can expect that the transverse forces are reduced in the fairing cases. Moreover, in

the Re = 500 cases, when Cf increases the low pressure region expends more to the tip of the

lower fairing plate, which indicates a smaller transverse force. These findings can be seen more

clearly in Figure 4.55, where the trajectories of motion and force for various values of friction

coefficient are presented. Compared with the trajectory of the plain cylinder (in red), the fairing

is found to suppress not only the cylinder displacments but also the hydrodynamic forces. While

considering the effect of different values of Cf , in the right column of Figure 4.56 the computations

of responses suggest that a higher Cf is generally more effective in suppressing VIV for the cylinder

displacements and fairing rotational angle. In contrast to the findings in the Re = 100 cases,

there exists no obvious critical value of Cf in the Re = 500 cases. The trajectory patterns are

more complicated for all fairing cases when Re = 500, as all the cylinder motion trajectories are

non-symmetric. On the other hand, the motion trajectory in the plain cylinder case shows a more

complicated behavior: a quasi-periodic flow occurs because of the secondary frequency in the x

displacement time trace, as displayed in the left plot of Figure 4.58. To investigate the cause,

we increase the cylinder gap size from 10 to 20 and show the results in the right plot of Figure

4.58: the secondary frequency disappears and the cylinder motion becomes periodic. Therefore,

this secondary frequency is generated from the effect of the periodic boundary condition in the

vertical direction i.e., the influences from neighboring cylinders. In the next section, we will further

investigate the results from this larger domain as shown in Figure 4.59.

In summary, when Re = 500 the fairing helps to reduce both the displacement responses and

the hydrodynamic forces, and the device with higher Cf works more effectively. This finding is also

consistent with the experiments in [148, 149] where fairings with different designs were employed

and tested.

Re = 500 (large domain)

In this section, a larger domain as shown in Figure 4.59 is employed, to diminish the influences

of neighboring cylinder interactions and outflow boundary conditions. Because of the increased
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Figure 4.58: Computational results of plain cylinder displacement in x direction when Re = 500.
Left: with smaller domain ([−5, 20]× [−5, 5]) we get a quasi-periodic flow; right column: with larger
domain ([−10, 40]× [−10, 10]) a single frequency limit cycle emerges in the simulations.

Figure 4.59: Fluid mesh in the larger domain simulations.
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Figure 4.60: Computational difficulty of the arbitrary Lagrangian Eulerian (ALE) framework (4.1.4)
when using a larger domain. Left: time trace of rotational angle θ when Cf = 0, at the starting
stage; right column: distorted mesh generated from ALE, with low aspect ratio elements near the
fairing tips circled by red.
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Figure 4.61: Trajectories of motion and force with cylinder gap size 20 and Re = 500. The
horizontal axis represents selected values of Cf and the trajectory centered at a specific value of Cf

showes the computational results of that friction coefficient. Upper: cx − cy trajectories. Middle:
θ − β trajectories. Bottom: total hydrodynamic drag forces-lift forces trajectories.

element number and thereby the computational cost, all the following simulations are based on

lower (2nd) order polynomial elements.

For the plain cylinder case, the amplitude of cylinder transverse displacement is slightly increased

compared to the results from the smaller domain, namely from 0.516 to 0.575. Regarding the

fairing cases, this larger domain also generates approximately 10% larger vibration amplitudes for

(cx, cy, θ, β, Fn) and hydrodynamic forces. The increased rotational angle θ is problematic while

updating the mesh in the arbitrary Lagrangian Eulerian (ALE) framework (4.1.4) for the cases with

Cf ≤ 0.15. As illustrated in the left plot of Figure 4.60 where the simulation starts from developed

flow around the static cylinder and fairing at time 0, it can be observed that the amplitude of

rotational angle grows rapidly and reaches 0.24 at the time instant marked by a green circle. At

that time instant, the right plot of Figure 4.60 demonstrates the updated mesh generated from
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Figure 4.62: Computational results from increasing Cf with cylinder gap size 20 and Re = 500.
Left column: motion variables (cx, cy, θ, β, Fn); right column: total hydrodynamic drag/lift forces
and fairing angular momentum. Upper row: amplitudes of vibration in each cycle. Middle row:
averages of cyclic response. Bottom row: frequencies of cyclic response.

ALE, in which the mesh is greatly distorted near the fairing tips. The aspect ratios of the nearby

elements become very small, which renders the simulation unstable. To resolve this problem, we

note that our fictitious inertia method (4.4.17) can not only balance the added-mass effect, but also

play as a relaxation for the rotational angle. When Cf = 0.15, we take a large fictitious coefficient

If = 200 at the starting stage, then graduatly decrease it to the optimal coefficient If = 2.5 after

a periodic fluctuation is reached. On the other hand, if we further investigate a smaller friction

coefficient Cf = 0.1, the amplitude of θ reaches θ = 0.35 at the starting stage. To stablize this
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case, a further larger fictitious coefficient If is required, which however greatly slows down the

subiteration convergence as can be seen in Table 4.17. Fortunately, we are less interested in the

small friction coefficient cases since they are less effective in suppressing VIV, as studied in the

previous section. Therefore, in this section we concentrate on the simulation results for Cf > 0.1

cases.

To be consistent with the results in Figure 4.52, we also define the pressure coefficient with

respect to the pressure at (−5, 0), and observe the same patterns as that in the corresponding

cases on small domain. Similar as the plots for small domain results, in Figures 4.61 we display

the trajectories of motions and forces, and in Figure 4.62 the amplitudes of vibration, the averages

and frequencies are ploted as functions of Cf . Comparing these plots with the results in Figures

4.53-4.57 in the last section, we can see that although the vibration amplitudes and trajectory

patterns vary, the main observation still holds: fairings with larger Cf are generally more effective

in supppressing both the cylinder motions and hydrodynamic forces.

4.4.4 Summary

Physical findings:

• At Re = 100 there exists a critical value of friction coefficient fc, around which large oscilla-

tions and non-symmetric trajectories are observed.

• AtRe = 500 a different behavior emerges, i.e. VIV are suppressed continuously as fc increases.

Numerical findings:

• Fictitious inertia method is effective in stabilizing the FSI procedure in two ways: firstly in

balancing the added-mass effect, and secondly when fairing rotational angle is as large as

0.25, large fictitious inertia If is needed for stabilization at the starting stage.

• In larger domain simulations, the observation on fairing performances still holds.
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Chapter 5

Summary and Future Work

This thesis centered around numerical analysis and large-scale scientific computing for phys-

ical and biomedical real-life problems with specific focus on fluid-structure interaction problems.

Specifically, this thesis can be summarized into three parts:

• Structure: A pressure/displacement mixed formulation in high-order spectral/hp elements is

developed, and it is documented that the most robust choice of interpolation order in the

mixed formulation is Op = Ou − 1 leading to stable and accurate results. Compared to the

displacement-only formulation presented in [18], the mixed formulation has superior accuracy

and is overall more efficient, especially for problems with high bulk modulus [121]. Moreover,

an efficient semi-local method is designed for speeding up the solution of the linear systems of

the high-order element discretization of the 3D linear elasticity equations. By approximating

the element-wise residual distribution with a localization operator and subsequently solving

smaller linear systems on each element, good parallel scalability and substantial speed-up are

achieved, especially for FSI simulations. Furthermore, a 3D viscoelastic arterial wall model is

investigated numerically, whose constitutive law is derived using fractional-order differential

equations. Comparing with the classical integer-order model, it is shown that the fractional-

order model offers a more powerful alternative for describing patient-specific arterial wall

mechanics, because the later is less sensitive to the parameter estimation.

• Fluid: A parallel advection-diffusion solver is implemented with high-order spectral/hp el-

ement method, and the injection procedure of contrast agent into a precomputed patient-

specific model is numerically simulated. By comparing the virtual angiographic images with

the real X-ray CT images, we examine via visualization the structure of flow in internal carotid

arteries laden with different types of aneurysms. To further validate the fluid solver directly,
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our prediction of pressure and flow are compared with that from 24 different research groups,

on a given giant aneurysm geometry. Remarkable consistency in the pressure patterns and

pressure drops are obtained [1].

• Fluid-structure interaction: A family of fictitious methods is developed and analyzed for FSI

problems, where additional terms are introduced in the fluid/structure equations to balance

the added-mass effect and make the partitioned FSI solver perform more like an exact cou-

pled solver [4, 81]. The fictitious methods can be implemented by changing the coefficients

of the pressure or acceleration terms in the fluid or structure equations, respectively, and

therefore can be easily extended and adopted in any existing FSI solver. As a validation for

the methods on complex geometries, we also conducted simulations and provided theoretical

analysis to obtain optimal values for the fictitious parameters in 3D patient-specific brain

arterial geometries with aneurysms. Furthermore, the fictitious method is extended to ap-

plications of deepwater offshore oil operations, and various salient features of free-to-rotate

devices for VIV suppression are quantified numerically for the first time [157]. Moreover, to

further accelerate the FSI procedure, a new stabilized explicit coupling partitioned scheme

is proposed for FSI [158], whose stability does not depend on the added-mass effect, and no

subiteration is needed. On vortex-induced vibration problems, it is numerically validated that

with sufficiently large penalty coefficients, stability is achieved irrespective of the fluid-solid

density ratio.

In the future, we will further develop coupling schemes for FSI with better efficiency and accu-

racy, and apply the related domain decomposition approaches in other multiscale and multiphysics

problems, for example, multi-phase flows, atomistic-to-continuum coupling problems, etc.
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Appendix A

Appendix

A.1 Shape functions

We employ the hierarchical shape functions based on Jacobi polynomials (see [6] for details).

Firstly, we introduce three principal functions φai (x), φ
b
ij(x) and φ

c
ijk(x) (where the integers i, j, k

are in the ranges 0 ≤ i ≤ I, 0 ≤ i ≤ I, 0 ≤ i ≤ I, respectively), which are defined on the domain

−1 ≤ x ≤ 1:

ψa
i (x) =



















1−x
2 , i = 0,

1−x
2

1+x
2 P 1,1

i−1(x), 1 ≤ i < I,

1+x
2 , i = I,

(A.1.1)

ψb
ij(x) =































ψa
j (x), i = 0, 0 ≤ j ≤ J,

(1−x
2 )i+1, 1 ≤ i < I, j = 0,

(1−x
2 )i+1 1+x

2 P 2i+1,1
j−1 (x), 1 ≤ i < I, 1 ≤ j < J,

ψa
j (x), i = I, 0 ≤ j ≤ J,

(A.1.2)

ψc
ijk(x) =























































ψb
jk(x), i = 0, 0 ≤ j ≤ J, 0 ≤ k ≤ K,
ψb
ik(x), 0 ≤ i ≤ I, j = 0, 0 ≤ k ≤ K,

(1−x
2 )i+j+1, 1 ≤ i < I, 1 ≤ j < J, k = 0,

(1−x
2 )i+j+1 1+x

2 P 2i+2j+1,1
k−1 (x), 1 ≤ i < I, 1 ≤ j < J, 1 ≤ k < K,

ψb
ik(x), 0 ≤ i ≤ I, j = J, 0 ≤ k ≤ K,
ψb
jk(x), i = I, 0 ≤ j ≤ J, 0 ≤ k ≤ K,

(A.1.3)

here Pα,β
n (x)(α, β > −1) are the Jacobi polynomials.

Next we define the shape functions in three-dimensional space based on these three principal
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functions. Denote the coordinates of the standard domain as ξ1, ξ2, ξ3, respectively. Then the

hierarchical shape functions are

• For a hexahedral element {(ξ1, ξ2, ξ3)| − 1 ≤ ξ1, ξ2, ξ3 ≤ 1}, the shape function is defined by

φpqr(ξ1, ξ2, ξ3) = ψa
p(ξ1)ψ

a
q (ξ2)ψ

a
r (ξ3). (A.1.4)

• For a prismatic element {(ξ1, ξ2, ξ3)| − 1 ≤ ξ1, ξ3; ξ1 + ξ3 ≤ 1; −1 ≤ ξ2 ≤ 1}, the shape

function is defined by

φpqr(ξ1, ξ2, ξ3) = ψa
p(η̄1)ψ

a
q (ξ2)ψ

b
pr(ξ3), (A.1.5)

where η̄1 = 2(1+ξ1)
1−ξ3

− 1.

• For a tetrahedral element {(ξ1, ξ2, ξ3)| − 1 ≤ ξ1, ξ2, ξ3; ξ1 + ξ2 + ξ3 ≤ 1}, the shape function

is defined by

φpqr(ξ1, ξ2, ξ3) = ψa
p(η1)ψ

b
pq(η2)ψ

c
pqr(ξ3), (A.1.6)

where η1 = 2(1+ξ1)
−ξ2−ξ3

− 1, η2 = 2(1+ξ2)
1−ξ3

− 1.

• For a pyramid element {(ξ1, ξ2, ξ3)| − 1 ≤ ξ1, ξ2, ξ3; ξ1 + ξ3 ≤ 1; ξ2 + ξ3 ≤ 1}, the shape

function is defined by

φpqr(ξ1, ξ2, ξ3) = ψa
p(η̄1)ψ

a
q (η2)ψ

c
pqr(ξ3), (A.1.7)

where η̄1 = 2(1+ξ1)
1−ξ3

− 1, η2 = 2(1+ξ2)
1−ξ3

− 1.

A.2 Increment method

The increment method is a widely used method in solving nonlinear elastic problem such as

(2.1.28). By dividing the external load

rext =

∫

∂ΩN

T · vdΓ +

∫

Ω

ρf · vdΩ (A.2.1)

into N parts, one can enhance the stability in the Newton-Raphson iterative procedure while

applying a large load directly. Take the displacement formulation, for example, (the increment

method for mixed formulation can be derived similarly), this method can be rewritten as follows:
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• With the initial condition of problem (2.1.28), solve

P(w1) =

∫

Ω

S(w1) :
1

2

(

(

∂v

∂X

)T

F(w1) + F(w1)
T

(

∂v

∂X

)

)

dΩ

− 1

N
(

∫

∂ΩN

T · vdΓ +

∫

Ω

ρf · vdΩ)

=0, ∀v ∈ U0,

(A.2.2)

by Newton-Raphson iterative procedure, and get w1.

• For the i-th step, take wi−1 and its derivative as the initial condition, solve

P(wi) =

∫

Ω

S(wi) :
1

2

(

(

∂v

∂X

)T

F(wi) + F(wi)
T

(

∂v

∂X

)

)

dΩ

− i

N
(

∫

∂ΩN

T · vdΓ +

∫

Ω

ρf · vdΩ)

=0, ∀v ∈ U0,

(A.2.3)

by Newton-Raphson iterative procedure, and get wi, until i = N .

• Take wN as the final solution for problem (2.1.28).

A.3 Fictitious mass method for semi-local method

In the fictitious mass method [4, 81], the structure problem (2.1.10) is solved with additional

acceleration terms. Considering the fictitious mass coefficient fm, at the n-th time step and k-th

subiteration the Newmark formulation (2.2.9) can be modified as:

(

(1 + fm)M

∆t2θ2
+K

)

Un,k = F+
M

∆t2θ2

(

Un−1 +∆tU̇n−1 +
∆t2

2
(1− 2θ2)Ü

n−1 + fmUn,k−1

)

;

(A.3.1)

and the BDF formulation (2.2.11) can be modified as:

(A1A2(1 + fm)M+K)Un,k =F−M(A2(B1U
n−1 + C1U

n−2 +D1U
n−3)

+ (B2U̇
n−1 + C2U̇

n−2 +D2U̇
n−3) +A1A2fmUn,k−1).

(A.3.2)

Here the modified terms aim to balance the added-mass operator. On the other hand, in the
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semi-local method, the formulations (2.2.15) can be modified as

Newmark:

(

(1 + fm)Me

∆t2θ2
+Ke

)

Un,k
e = Le

(

F̂n,k−1 −
(

M

∆t2θ2
+K

)

Un,k−1

)

+

(

(1 + fm)Me

∆t2θ2
+Ke

)

Un,k−1
e ,

BDF: (A1A2(1 + fm)Me +Ke)U
n,k
e = Le

(

F̂n,k−1 − (A1A2M+K)Un,k−1
)

+ (A1A2(1 + fm)Me +Ke)U
n,k−1
e .

(A.3.3)

Here we note that when the subiteration is completed, we have Un,k
e ≈ Un,k−1

e . Therefore, the

scheme with fictitious mass should converge to the same results as the original semi-local scheme

of equation (2.2.15) at the end of each time step. Moreover, as analyzed in section 2.2.1, when

increasing the fm, the mass matrix part
(1 + fm)Me

∆t2θ2
or A1A2(1 + fm)Me dominates more in the

system (A.3.3). Therefore, the fictitious mass method would help accelerating the convergence of

the subiterations in the semi-local method.

A.4 Aitken relaxation

In both the structure and fluid solvers we employ the Aitken relaxation to accelerate the con-

vergence of the FSI system [130, 155]. The main idea is to perform under-relaxation at each

sub-iteration step. At time step n and subiteration step k, we obtain the results c̃nk from the

unrelaxed ones cnk and a relaxation parameter τk, based on the following rule:

c̃nk = τkc̃
n
k−1 + (1 − τk)cnk . (A.4.1)

Here τk is updated according to the Aitken rule [130]:

τk = τk−1 + (τk−1 − 1)
(Qk−1 −Qk) ·Qk

||Qk−1 −Qk||2
, where Qk = c̃nk−1 − cnk . (A.4.2a)

To get a better control on the convergence rate, we can set the relaxation parameter τk within a

range [τmin, τmax], depending on the specific applications [4].

A.5 Analysis of the fictitious mass and damping methods

In this section we give the proof for property 4.1.1. Since the problem involved here is linear,

in the following we analyze the convergence to the zero solution when F1 = F2 = F3 = 0, without

loss of generality.

By applying the divergence operator on (4.1.41a) and combining the resulted equation with the
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divergence-free condition on u, we obtain an equation for the unknown pressure in Ωf :

∆pk = 0. (A.5.1)

Applying the Fourier decomposition pk = p̂k(x, γ)e
iγy in the y direction, the above Laplacian

equation can be rewritten as an ordinary differential equation

−∂
2p̂k
∂x2

+ γ2p̂k = 0, (A.5.2)

in the range of x ∈ (−∞, 0). This equation has solutions with the general form p̂k(x, γ) = Pk(γ)e
γx+

Qk(γ)e
−γx. Since pk is assumed to be bounded at −∞, Qk(γ) must vanish. Therefore

p̂k(x, γ) = Pk(γ)e
γx. (A.5.3)

For notational simplicity, all the (x, γ) is omitted in the Fourier coefficients p̂k(x, γ) and η̂k(x, γ)

in this section.

At the x direction, (4.1.41a) gives the relation between pressure pk and velocity in the x direction,

uk:
∂pk
∂x

= −ρf
βuk
∆t

in Ωf . (A.5.4)

Substituting it into the Dirichlet interface condition (4.1.41c), we can write the interface conditions

on Σ as

− ∆t

βρf

∂pk
∂x

= A1ηk, (A.5.5)

which is combined with the expression for the structure model (4.1.44) and obtain

(1 + fm)A1A2ρsHsηk + fdA1ρsHsηk +G1Hsηk −G2Hs
∂2ηk
∂y2

=pk−1 + fmA1A2ρsHsηk−1 + fdA1ρsHsηk−1.

(A.5.6)

Taking the Fourier transform in the y direction for the above equations, the Fourier coefficients

corresponding to y should obey a similar relation, i.e.,

− ∆t

βρf

∂p̂k
∂x

= A1η̂k, (A.5.7)

and

(1 + fm)A1A2ρsHsη̂k + fdA1ρsHsη̂k +G1Hsη̂k + γ2G2Hsη̂k

=p̂k−1 + fmA1A2ρsHsη̂k−1 + fdA1ρsHsη̂k−1.
(A.5.8)
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Given the general solution (A.5.3) for p̂k, we get

− ∆t

βρf
γPk(γ)e

γx = A1η̂k, (A.5.9)

and
[

(1 + fm)A1A2ρsHs + fdA1ρsHs +G1Hs + γ2G2Hs

]

η̂k

=Pk−1(γ)e
γx +A1ρsHs(fmA2 + fd)η̂k−1,

(A.5.10)

which yield

Pk(γ) = −A1βρfe
−γx

γ∆t
η̂k

= −A1βρfe
−γx

γ∆t
· Pk−1(γ)e

γx +A1ρsHs(fmA2 + fd)η̂k−1

(1 + fm)A1A2ρsHs + fdA1ρsHs +G1Hs + γ2G2Hs

= −A1βρfe
−γx

γ∆t
· Pk−1(γ)e

γx − γ(fmA2 + fd)ρsHs∆tPk−1(γ)e
γx/(βρf )

(1 + fm)A1A2ρsHs + fdA1ρsHs +G1Hs + γ2G2Hs

=
−A1(βρf − γ(fmA2 + fd)ρsHs∆t)

γ∆t[(1 + fm)A1A2ρsHs + fdA1ρsHs +G1Hs + γ2G2Hs]
Pk−1(γ).

(A.5.11)

On the third step of the above derivations, the relation between P and η̂ in the (k−1)-th subiteration

− ∆t
βρf

γPk−1(γ)e
γx = A1η̂k−1 was applied. From the definition (4.1.43), we obtain the reduction

factor for fictitious mass and damping methods as

ρFM
k (γ) =

∣

∣

∣

∣

Pk(γ)− 0

Pk−1(γ)− 0

∣

∣

∣

∣

=

∣

∣

∣

∣

A1[βρf − γ(fmA2 + fd)ρsHs∆t]

γ∆t[(A2 + fmA2 + fd)A1ρsHs +G1Hs + γ2G2Hs]

∣

∣

∣

∣

, (A.5.12)

which is actually independent of the subiteration step k.

A.6 Analysis of the fictitious pressure method

In this section, we provide the proof from Fourier transform for property 4.1.2. Similar to the

former section, with forcing terms F1, F2, F3 vanished, the divergence free condition (4.1.41b) on

the fluid velocity allows us to rewrite (4.1.48) into

(1 + fp)∆pk = fp∆pk−1. (A.6.1)

From the fact that the fictitious pressure method converges to the same result un−1 as the original

Navier-Stokes splitting algorithm (4.1.41a), the pressure pn−1 satisfies ∆pn−1 = 0. Combining this

with our initialization at the beginning of subiterations (4.1.22b), in the first subiteration step the

pressure satisfies ∆p0 = 0. Recursively, ∆pk = 0 can be obtained, which means (A.5.1) is recovered,

and hence the general solution for p̂k(x, γ) in equation (A.5.3) is recovered as well.
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For the pressure and the velocity along the x direction, (4.1.48) gives the relation:

ρf
βuk
∆t

= −(1 + fp)
∂pk
∂x

+ fp
∂pk−1

∂x
, (A.6.2)

and correspondingly the interface conditions (4.1.41c) and (4.1.40) can be written as

− ∆t

βρf

(

(1 + fp)
∂pk
∂x
− fp

∂pk−1

∂x

)

= A1ηk,

A1A2ρsHsηk +G1Hsηk −G2Hs
∂2ηk
∂y2

= pk−1.

(A.6.3)

Therefore, the Fourier coefficients of pk and ηk satisfy

− ∆t

βρf

(

(1 + fp)
∂p̂k
∂x
− fp

∂p̂k−1

∂x

)

= A1η̂k,

A1A2ρsHsη̂k +G1Hsη̂k + γ2G2Hsη̂k = p̂k−1.

(A.6.4)

Having p̂k(x, γ) = Pk(γ)e
γx as given in (A.5.3), the above equations read

−∆tγeγx

βρf
((1 + fp)Pk(γ)− fpPk−1(γ)) = A1η̂k,

A1A2ρsHsη̂k +G1Hsη̂k + γ2G2Hsη̂k = Pk−1(γ)e
γx,

(A.6.5)

and correspondingly:

Pk(γ) =
∆tγeγxfpPk−1(γ)/(βρf )−A1η̂k

∆tγeγx(1 + fp)/(βρf )

=
∆tγeγxfp/(βρf )−A1e

γx/(A1A2ρsHs +G1Hs + γ2G2Hs)

∆tγeγx(1 + fp)/(βρf )
Pk−1(γ)

=
fp∆tγ(A1A2ρsHs +G1Hs + γ2G2Hs)−A1βρf
(1 + fp)∆tγ(A1A2ρsHs +G1Hs + γ2G2Hs)

Pk−1(γ)

(A.6.6)

Therefore, the reduction factor for the fictitious pressure coefficient fp is obtained

ρFP
k (γ) =

∣

∣

∣

∣

Pk(γ)− 0

Pk−1(γ)− 0

∣

∣

∣

∣

=

∣

∣

∣

∣

A1βρf − fp∆tγ(A1A2ρsHs +G1Hs + γ2G2Hs)

(1 + fp)∆tγ(A1A2ρsHs +G1Hs + γ2G2Hs)

∣

∣

∣

∣

. (A.6.7)

Note that this expression is independent of the subiteration number k.

A.7 Analysis of the combined fictitious methods

Now we investigate the effect of combining the fictitious mass (and damping) method with the

fictitious pressure method. Similarly to the previous sections, we perform the Fourier transform for
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conditions on the fluid-structure interface and obtain

− ∆t

βρf

(

(1 + fp)
∂pk
∂x
− fp

∂pk−1

∂x

)

= A1ηk, (A.7.1)

(1 + fm)A1A2ρsHsηk + fdA1ρsHsηk +G1Hsηk −G2Hs
∂2ηk
∂y2

=pk−1 + fmA1A2ρsHsηk−1 + fdA1ρsHsηk−1,

(A.7.2)

which lead to the relationship for the Fourier coefficients p̂k and η̂k as

− ∆t

βρf

(

(1 + fp)
∂p̂k
∂x
− fp

∂p̂k−1

∂x

)

= A1η̂k, (A.7.3)

and

(1 + fm)A1A2ρsHsη̂k + fdA1ρsHsη̂k +G1Hsη̂k +G2Hsγ
2η̂k

=p̂k−1 + fmA1A2ρsHsη̂k−1 + fdA1ρsHsη̂k−1.
(A.7.4)

From the divergence-free condition (4.1.41b) on the fluid velocity, the pressure pk satisfies the

Laplacian equation (A.5.1), as derived in A.6. Therefore, we can substitute the general solution

p̂k(x, γ) = Pk(γ)e
γx into (A.7.3)-(A.7.4) and obtain:

−∆tγeγx

βρf
((1 + fp)Pk(γ)− fpPk−1(γ)) = A1η̂k, (A.7.5)

(1 + fm)A1A2ρsHsη̂k + fdA1ρsHsη̂k +G1Hsη̂k +G2Hsγ
2η̂k

=Pk−1(γ)e
γx + fmA1A2ρsHsη̂k−1 + fdA1ρsHsη̂k−1.

(A.7.6)

At the k-th and (k − 1)-th subiteration steps, (A.7.5) gives the expressions for η̂ as

η̂k = −∆tγeγx

A1βρf
((1 + fp)Pk(γ)− fpPk−1(γ)),

η̂k−1 = −∆tγeγx

A1βρf
((1 + fp)Pk−1(γ)− fpPk−2(γ)),

(A.7.7)

which can be combined with (A.7.6):

(J1+J2)(1+fp)Pk(γ)−
(

(J1 + J2)fp + J1(1 + fp)−
βρfA1

∆tγ

)

Pk−1(γ)+J1fpPk−2(γ) = 0, (A.7.8)

where

J1 = A1ρsHs(fmA2 + fd), J2 = A1A2ρsHs +G1Hs + γ2G2Hs. (A.7.9)
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When fmA2 + fd 6= 0 and fp 6= 0, we can get the roots for the quadratic function

(J1 + J2)(1 + fp)q
2 −

(

(J1 + J2)fp + J1(1 + fp)−
βρfA1

∆tγ

)

q + J1fpPk−2(γ) = 0 (A.7.10)

as

q1 =

−
(

(J1 + J2)fp + J1(1 + fp)−
βρfA1

∆tγ

)

+ J3

2(J1 + J2)(1 + fp)
,

q2 =

−
(

(J1 + J2)fp + J1(1 + fp)−
βρfA1

∆tγ

)

− J3

2(J1 + J2)(1 + fp)
.

(A.7.11)

where

J3 =

√

(

(J1 + J2)fp + J1(1 + fp)−
βρfA1

∆tγ

)2

− 4(J1 + J2)(1 + fp)J1fp.

A general expression for Pk(γ) can be obtained as

Pk(γ) = Q1q
k
1 +Q2q

k
2 , when q1 6= q2,

Pk(γ) = (Q1 +Q2k)q
k
1 , when q1 = q2;

(A.7.12)

where the constants Q1 and Q2 are given by the initial values P0(γ) and P1(γ). When k ≫ 1, we

have the following trends for the reduction factor:

ρFM+FP
k (γ) =

∣

∣

∣

∣

Pk(γ)

Pk−1(γ)

∣

∣

∣

∣

≈ max(|q1|, |q2|), when q1 6= q2,

ρFM+FP
k (γ) =

∣

∣

∣

∣

Pk(γ)

Pk−1(γ)

∣

∣

∣

∣

≈ |q1|, when q1 = q2.
(A.7.13)

Therefore, the combined fictitious method converges when |q1| < 1 and |q2| < 1.

A.8 Robin based coupling method

The Robin based coupling scheme in this paper is a modified version of that in [112]. It follows

the steps we demonstrated in section 4.1.1, but with the interface boundary conditions changed

to the Robin type. To be more specific, for any given Robin coefficient θ, on the structure side,

instead of the Neumann boundary condition (4.1.11) we impose

Sn
kns = −[−pnk−1I+ ρfν(∇un

k−1 + (∇un
k−1)

T )]nf + θν(un
k−1 −

∂ηn
k

∂t
), (A.8.1)

at the n-th time step and k-th subiteration. Correspondingly, on the fluid side, the pressure
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boundary condition (4.1.8) is kept the same, but the velocity condition (4.1.3) is modified:

2ǫ(un
k ) · nf + θun

k = 2ǫ(
∂ηn

k

∂t
) · nf + θun

k−1, (A.8.2)

where ǫ(c) = 1
2 (∇c + ∇cT ). Comparing with what proposed in [112], our Robin based coupling

reinforced the implicitness by including their explicit viscous-structure coupling into subiterations.

This not only helps the convergence, but also generates a more fair comparison with our fixed-point

methods.

In our comparisons, only the results from the optimal Robin coefficients were presented. To

obtain the optimal Robin coefficient in each case, various Robin coefficients are tested with numer-

ical simulations, and we took the one that generated the smallest number of averaged subiterations

without affecting the accuracy at the interface.

A.9 Expression for coefficient of friction between the cylin-

der and fairing

To evaluate the relative velocity of fairing with respect to the cylinder, we consider the expres-

sions of cylinder/fairing velocities at the contact point C. Since the cylinder does not rotate, every

point on it has the same velocity as CGc. Therefore, the tangential velocity of point C on the

cylinder can be expressed as
∂cx
∂t

sinβ − ∂cy
∂t

cosβ. (A.9.1)

On the other hand, now we consider the fairing side. Along the x direction, we have the velocity

of fairing gravity center CGf as
∂fx
∂t

, the relative velocity of CGc to CGf as a
∂θ

∂t
sin θ, and the

relative velocity of contact point to CGc as R
∂θ

∂t
sinβ. Therefore, the velocity of point C along x

direction is
∂fx
∂t

+ a
∂θ

∂t
sin θ +R

∂θ

∂t
sinβ, (A.9.2)

and the velocity along the y direction can be similarly written as

∂fy
∂t
− a∂θ

∂t
cos θ −R∂θ

∂t
cosβ. (A.9.3)

Based on (A.9.2) and (A.9.3), we have the tangential velocity of point C on the fairing as

(

∂fx
∂t

+ a
∂θ

∂t
sin θ +R

∂θ

∂t
sinβ

)

sinβ −
(

∂fy
∂t
− a∂θ

∂t
cos θ −R∂θ

∂t
cosβ

)

cosβ. (A.9.4)
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Combining (A.9.1) with the geometry relation (4.4.4), we can rewrite the tangential velocity ex-

pression on the cylinder side as

(

∂fx
∂t

+ a
∂θ

∂t
sin θ

)

sinβ −
(

∂fy
∂t
− a∂θ

∂t
cos θ

)

cosβ. (A.9.5)

Substracting (A.9.5) from the tangential velocity on the fairing side (A.9.4), we have the relative

tangential velocity of fairing to cylinder at point C as R
∂θ

∂t
. Therefore, the coefficient of friction

between the cylinder and fairing should be proportional to the sign function of
∂θ

∂t
. Note that

sgn

(

∂θ

∂t

)

is not a C1 function since it has a jump when
∂θ

∂t
= 0. In the numerical simulations,

this formulation might cause problems known as the Gibbs phenomena. Therefore, we employ a

smoothed expression for fc as

fc = −Cf sgn

(

∂θ

∂t

)

exp









−0.001
∣

∣

∣

∣

∂θ

∂t

∣

∣

∣

∣









in all the numerical simulations.

A.10 Manual for structure solver–StressNEKTAR

This document is meant as an introduction to the parallel spectral/hp element solver “Stress-

NEKTAR”, in the user and developer level.

A.10.1 For users

Installation

Before we start, first check if the software package contains the following seven folders:

include, Flags, Veclib, gs, Metis, HlibFS, Nektar3dS,

then make sure that the mpi compiler and the linear algebra packages

scalapack, lapack, blas, blacs

are all properly installed. To use the StressNEKTAR to solve linear elastic problems, first compile

and install following the steps:

1. Edit the manifest file Linux.inc in the directory Flags, by providing the pathes of all required

compilers and libararies.

2. In the folder V eclib, enter the commands in a shell window as
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gmake ARCH=Linux

and copy the resultant library libvec.a into the directory HlibFS/Linux.

3. In the folder gs, compile with the commands

gmake ARCH=Linux mopt

and also copy the resultant library libgs.a into the directory HlibFS/Linux.

4. Now enter the folder Metis/metis-4.0/Lib and type

gmake ARCH=Linux

then find the resultant library libmetis.a inMetis/metis−4.0 and copy it intoHlibFS/Linux.

5. In the directory HlibFS/Linux, compile the library for structure solver by entering

gmake ARCH=Linux PARALLEL=1 SOLID=1 mopt

6. Lastly, we can generate the structure solver nektarSLinm in the directory Nektar3dS/Linux

with the commands

gmake ARCH=Linux PARALLEL=1 mopt

To compile the structure solver for nonlinear elastodynamics, finish the first five steps of the

above procedure, and in the last step we compile in the directory Nektar3dSN/Linux with the

commands

gmake ARCH=Linux PARALLEL=1 mopt

Then the numerical solver nektarSNonLm for hyperelastic materials is generated.

Learning by example

Now we introduce the input file format for StressNEKTAR with an example file, which is in flat

text and can be downloaded at

https://www.dropbox.com/s/d31u05t2egrs1md/skewcubic.rea
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This input file describes the test problem employed in section 2.3.3 for testing the p−convergence
of the semi-local method. The input file is composed by eight main sections: PARAMETERS,

MESH DATA, CURVED SIDE DATA, BOUNDARY CONDITIONS, INITIAL CONDITIONS,

HISTORY AND INTEGRAL DATA, DRIVE FUNCT DATA and Exact, among which the sections

MESHDATA, CURVED SIDE DATA, HISTORY AND INTEGRAL DATA, DRIVE FUNCT DATA

and Exact are completely inherited from the fluid solver NEKTAR, and we therefore refer the

interested readers to the fluid NEKTAR manual [159] to avoid redundancy. Next we explain the

other three sections one by one, with special emphasis on the parts which differ from the fluid

NEKTAR.

PARAMETERS

The purpose of each parameter line can be described as

****** PARAMETERS *****

24 PARAMETERS FOLLOW

0.01 DT --time step size

10 NSTEPS --number of time steps to run for

1 IOSTEP --the frequency that the output will be dumped to file

1.9 YUA --constant used in this input file

0.1 YUB --constant used in this input file

1.4 YUC --constant used in this input file

1.0 YUa --constant used in this input file

10.2 YUb --constant used in this input file

100 DMODULUS --Youngs modulus

1000 STRUCTDENSITY --the structure density

0.3 DPOISSONRATIO --the Poisson ratio

(1.0-DPOISSONRATIO)*DMODULUS/((1.0+DPOISSONRATIO)*(1.0-2.0*DPOISSONRATIO)) DE1

--constant used in this input file

DPOISSONRATIO*DMODULUS/((1.0+DPOISSONRATIO)*(1.0-2.0*DPOISSONRATIO)) DE2

--constant used in this input file

0.25 DNM_BETA --the second parameter for the Newmark scheme

0.5 DNM_GAMMA --the first parameter for the Newmark scheme

0.5 DTHETA1 --the first parameter for the BDF scheme

0.5 DTHETA2 --the second parameter for the BDF scheme

500 IMAXIT --maximum number of subiterations in each time step
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0.000000000001 DITTOL --convergence tolerance for subiterations

0.0 DLOWER_LIMIT --lower bound of \tau_k in the Aitken relaxation

0.98 DUPPER_LIMIT --upper bound of \tau_k in the Aitken relaxation

0.3 DINITRELAX --initial value of \tau_k in the Aitken relaxation

0 PRECON --choice of preconditioner: 0=diagonal; 3=low energy

0.0000000000001 TOLCG --convergence tolerance for the conjugate gradient method

0 Lines of passive scalar data follows --dummy line

0 LOGICAL SWITCHES FOLLOW --dummy line

BOUNDARY CONDITIONS

This section provides the information about which elements share a common face, and specifies

the boundary conditions on the boundary faces. We now discuss the format for element 2:

s 2 1 0. 0. 0. --non-follower traction load applied on the 1st face of element2

tx = 0 --x-component of surface load

ty = 0 --y-component of surface load

tz = DE2*(YUA+YUB*sin(YUa*t)+YUb*YUC*cos(YUb*x)) --z-component of surface load

s 2 2 0. 0. 0. --non-follower traction load applied on the 2nd face of element2

tx = 0

ty = -DE2*(YUA+YUB*sin(YUa*t)+YUb*YUC*cos(YUb*x))

tz = 0

v 2 3 0. 0. 0. --Dirichlet type boundary for displacement on the 3rd face of element 2

u = YUC*sin(YUb*x) --x-component of displacement

v = 0 --y-component of displacement

w = 0 --z-component of displacement

E 2 4 4 2 --the 4th face of element 2 is connected with the 2nd face of element 4

E 2 5 1 3 --the 5th face of element 2 is connected with the 3rd face of element 1

E 2 6 6 1 --the 6th face of element 2 is connected with the 1st face of element 6

and there is another possible type of boundary condition not employed in this example, namely

W 1 1 0. 0. 0. --zero Dirichlet boundary for displacement on the 1st face of element 1

INITIAL CONDITIONS

As the initial condition, both the displacement field and the velocity field should be provided,

with the format explained as below
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7 INITIAL CONDITIONS ***** --number of lines to read in

Given --specify initial condition as functions

u = YUA*x+YUC*sin(YUb*x) --x-component of initial displacement

v = 0.0 --y-component of initial displacement

w = 0.0 --z-component of initial displacement

dudt = YUB*YUa*x --x-component of initial velocity

dvdt = 0.0 --y-component of initial velocity

dwdt = 0.0 --z-component of initial velocity

Alternatively, the user could start from the checkpoint files as

2 INITIAL CONDITIONS ***** --number of lines to read in

Restart --read checkpoint file for the initial fields

skewcubic_0.chk.rst --name of the check file

at the same time, the user should copy the other two checkpoint files following the commands

cp skewcubicold_0.chk.rst skewcubic_old

cp skewcubicoldt_0.chk.rst skewcubic_oldt

Here the file skewcubic old, skewcubic oldt stores the displacement and velocity fields of the pre-

vious two time steps. By doing so, we diminish the fluctuations caused by restarting.

Running and post-processing

Copy the executable file nektarSLinm and the input file skewcubic.rea into the current direc-

tory, then the command line to start up a simulation should be

./nektarSLinm -n6 -i -v -V -S -chk skewcubic.rea

The parameters used in the command line have the following functions:

-n6: use 6th expansion order in each element, which is equivalent to 5th order polynomials.

-i: solve the linear system with the iterative solver.

-v: print out details of solving process to help debuggers.

-V: the boundary conditions and the body forces may be time-dependent.

-S: do not overwrite the checkpoint files.

-chk: dump the solution fields into checkpoint file every IOSTEP.

For post processing, we introduce the .chk files which are slightly different with that from the

fluid solver. As mentioned above, in every IOSTEP three classes of checkpoint files are produced

to record:
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skewcubic_3.chk --the displacement, velocity, acceleration fields at step 4*IOSTEP

skewcubicold_3.chk --the displacement, velocity, acceleration fields at step 4*IOSTEP-1

skewcubicoldt_3.chk --the displacement, velocity, acceleration fields at step 4*IOSTEP-2

A.10.2 For developers

In this section, we describe the principal functions in drive.C, as a reference for future developers.

Firstly, for the linear elastic solver:

• StartUp Newmark Schur: computes the initial acceleration following

Ü0 = M−1(−KU0 + F0).

• StiffMat Schur new: forms and saves the mass matrix M in Usys− > Mmat and the

stiffness matrix K in Usys− > Gmat.

• BuildLoad Schur new: calculates and saves the external load

∫

∂ΩN

(T )iφpdΓ +

∫

Ω

(f)iφpdΩ, i = 1, 2, 3 (A.10.1)

into uf [0], vf [0] and wf [0].

• AddInertiaForceToLoad Schur: when step< 2 generates the internal load following the

Newmark scheme as

1

∆t2θ2

(

Un−1 +∆tU̇n−1 +
∆t2

2
(1− 2θ2)Ü

n−1

)

M, (A.10.2)

or calculates the internal load following the BDF scheme when step≥ 2

(A2(B1U
n−1 + C1U

n−2 +D1U
n−3) + (B2U̇

n−1 + C2U̇
n−2 +D2U̇

n−3))M, (A.10.3)

and adds the results into uf [0], vf [0] and wf [0].

• D solve Schur: inverts the linear system with Conjugate Gradient method, to solve for Un.

• DAnalyser Schur: dumps the history data into .his files and saves the displacement, velocity

and acceleration fields into the checkpoint files.

Similarly, for the nonlinear elastodynamics solver there are eight principal functions:
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• NONLStartUp Newmark Schur: computes the initial acceleration with the algorithm

described in [27]:

Ü0 = M−1

(

−
∫

Ω

S :
1

2

(

(

∂v

∂X

)T

F(η) + F(η)T
(

∂v

∂X

)

)

dΩ + F0

)

.

• BuildLoad Schur new: calculates and saves the external load (A.10.1) into uf [1], vf [1]

and wf [1].

• AddInertiaForceToLoad Schur: generates and adds the internal load (A.10.2) or (A.10.3)

into uf [1], vf [1] and wf [1].

• NONL PreCalc Schur new: computes the Green-Lagrange strain tensor, the second Green-

Kirchoff stress tensor and the elasticity tensor and stores them into StrainE, Stress2nd and

ElasT ensor, respectively.

• NONL StiffMat Schur: forms and saves the stiffness matrix K into Usys− > Gmat, and

stores the contribution from the internal stress

−
3
∑

k,l=1

∫

Ω

Skl
1

2

(

∂φj
∂Xk

Fil + Fik
∂φj
∂Xl

)

dΩ, (A.10.4)

into Uf , V f and Wf .

• NONL IterDepInertiaLoad Schur: calculates the sum of (A.10.4) and

− 1

∆t2θ2
MUn,k for Newmark scheme

or

A1A2MUn,k for BDF scheme,

then saves the resultant vectors into Uf , V f and Wf .

• NONL D solve Schur: inverts the linear system and solves for the displacement increment

△U of the Newton-Raphson iterative procedure.

• DAnalyser Schur: dumps the history data and saves the displacement, velocity and accel-

eration fields into the checkpoint files. Additionally, the second Green-Kirchoff stress tensor

is stored in the stress checkpoint files.
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A.11 Manual for FSI solver

In the part, we introduce the coupling of the parallel spectral/hp element fluid solver “NEK-

TAR” and the structure solver “StressNEKTAR”.

A.11.1 For users

Installation

To compile for the needed executable files, the package should include all the folders listed in

Appendix A.10.1, as well as a folder for the fluid part

Nektar3dF.

The mpi compiler and the linear algebra packages are also required. Additionally, the mpi com-

mands should support the “multiple program multiple data” (MPMD) style launches, either from

the command line or from a file. First, compile for the basic libraries

libvec.a, libgs.a, libmetis.a

following the steps 1-4 in the installation part of Appendix A.10.1. Then:

1. In the directory HlibFS/Linux, compile the library for structure solver by entering

gmake ARCH=Linux PARALLEL=1 SOLID=1 mopt

and compile the library for fluid solver with the command

gmake ARCH=Linux PARALLEL=1 FLUID=1 mopt

2. In the directoryNektar3dS/Linux, generate the structure numerical solver nektarSLin.fsim

with the command

gmake ARCH=Linux PARALLEL=1 FSI=1 mopt

and similarly obtain the fluid numserical solver nektarF.woom.fsi.alem by typing

gmake ARCH=Linux PARALLEL=1 FSI=1 ALE=1 WOMERR=1 mopt

To compile the nonlinear elastodynamics solver for FSI, simular as in Appendix A.10.1 in the

last step we compile in the directory Nektar3dSN/Linux by typing as follows
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gmake ARCH=Linux PARALLEL=1 FSI=1 mopt

Then the numerical solver nektarSNonL.fsim for hyperelastic materials could be employed in

FSI.

Learning by example

We now study the input files for the straight tube with pulsatile inflow case in section 4.1.4.

The input files involved can be downloaded at

https://www.dropbox.com/s/cp1i1f8sbbe8qbt/tube_fluid_L4_6.rea

https://www.dropbox.com/s/dnib05zkz7co3oa/tube04_yyu_solid_6.rea

https://www.dropbox.com/s/r6dqdh7w4oka8g3/tube_fluid_L4_6.RC

The last file gives the needed constants for fluid outflow boundary condition (4.1.68):

0.0 0.0

where the first 0.0 indicates the parameter R and the second 0.0 is the parameter C, which together

determine the flow-dependent outlet pressure p̄. The first and second files provide the input for fluid

solver and for structure solver, respectively. Here we only describe the parameters and boundary

conditions related with fluid-structure interaction, to avoid redundacy. Note that other details

regarding the fluid input file are described in the manual [159] and for more about the structure

input file we refer the interested readers to Appendix A.10.

PARAMETERS

In the fluid input file, the following 8 parameters are required for the coupling:

0.0 DSEND_ZERO_FORCES_TIME --before this time, set the hydrodynamic stress to zero.

1000 IMAXIT --maximum subiteration number in each time step.

1e-6 DITTOL --tolerance for subiteration convergence.

0.3 DINITRELAX --initial relaxation parameter \tau_0 for Aitken.

0 ITSTART --the time step number where subiteration starts.

0. DLOWER_LIMIT --lower bound for the Aitken relaxation parameter.

0.98 DUPPER_LIMIT --upper bound for the Aitken relaxation parameter.

0.0 DADDEDMASS --fictitious pressure coefficient.

On the structure side, there are 10 parameters related with fluid-structure interaction coupling:
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2.0 DADDEDMASS --fictitious mass coefficient.

0.0 DAMPING_C1 --the first Rayleigh damping parameter.

0.0 DAMPING_C2 --the second Rayleigh damping parameter.

0.0 FICDAMPING --fictitious damping coefficient.

1000 IMAXIT --maximum subiteration number in each time step.

0.3 DINITRELAX --initial relaxation parameter \tau_0 for Aitken.

0 ITSTART --the time step number where subiteration starts.

0.0 DLOWER_LIMIT --lower bound for the Aitken relaxation parameter.

0.98 DUPPER_LIMIT --upper bound for the Aitken relaxation parameter.

1e-5 DITTOL --tolerance for subiteration convergence.

BOUNDARY CONDITIONS

On the fluid-structure interface, the “L” type of boundary condition should be specified for the

related element faces on both the fluid and structure sides

L 1 1 0. 0. 0. --FSI interface boundary for displacement on the 1st face of element 1

A.11.2 For developers

In this section, we describe the FSI related functions employed in drive.C for future developers.

In the fluid solver we have

• data zero: zeros out the normal hydrodynamic stress.

• data send: sends the normal hydrodynamic stresses to the structure side.

• data receive: receives the structure velocity and acceleration information from the structure

side.

• macc save: saves the structure acceleration information.

• mvel save: saves the structure velocity information.

• forces: calculates the normal hydrodynamic stresses on the fluid-structure interface, and

copies them into send datax, send datay and send dataz.

• BndryMeshAcc: copies the structure acceleration information into Ubc, V bc and Wbc.

• BndryMeshVelocity: copies the structure velocity information into Ubc, V bc and Wbc.
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• Update Mesh Velocity: generates the mesh velocity and saves the corresponding compo-

nents in MeshV [0], MeshV [1] and MeshV [2].

• Update Mesh Outside: numerically integrates the mesh velocity and obtains the updated

fluid mesh.

In the structure side, we have the following functions for coupling:

• data send: sends the velocity and acceleration information to the fluid side.

• data receive: receives the normal hydrodynamic stresses from the fluid side.

• macc save: stores the normal hydrodynamic stresses into macc datax, macc datay and

macc dataz.

• data prepare: copies the structure velocity/acceleration information into send datax, send datay

and send dataz.
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