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Abstract

Abstract of “Vortex Wakes and the Mechanics of Membrane Wings—Problems In-

spired by Bat Flight,” by Rye M. Waldman, Ph.D., Brown University, May 2014

We present experimental investigations on two classes of problems that are inspired

by bat flight—vortex wakes and compliant membrane wings. Aerodynamic experi-

ments with flapping animals (such as bats and small birds) receive considerable atten-

tion because the unique approaches to low Reynolds number flight (Re ă 200, 000)

that animals employ may offer clues to engineers designing small autonomous air-

craft that operate under similar flight conditions. Previous particle image velocimetry

(PIV) measurements of bat and bird wakes have revealed complex vortex structures;

however, these studies have struggled to draw quantitative conclusions about the

aerodynamic forces generated in flight. Necessary compromises in the experimental

designs may lead to unsatisfactory dynamic range in the velocity measurements, which

in turn lead to reduced accuracy of the results. We performed a detailed analysis of

PIV wake measurements, determined the criteria for making accurate measurements,

and implemented a dual-plane PIV technique that satisfies these criteria and improves

the dynamic range of wind tunnel wake measurements. The increased dynamic range

of dual-plane PIV permits accurate aerodynamic force predictions from PIV measure-

ments in the wake of Seba’s short-tailed bats (Carollia perspicillata) and allows the

direct calculation of the aerodynamic cost of flight from the kinetic energy observed

in the wake.

One of the interesting features of bat morphology that allows bats extraordinary

flight capabilities is their membraneous wing skin—a feature that is unique among

extant flying animals. With compliant membrane wings that are initially tension-free

at rest, there are two issues to consider: (a) the static relationship between the net

aerodynamic forces and the bulk wing deformation, and (b) the interaction between

the membrane dynamics and unsteady flow structures. We developed a simple model
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of the finite deformation and natural frequency of an initially tension-free membrane

wing, which depends only on an aeroelastic parameter and shows good agreement

with experiments on low aspect ratio membrane wings with different support struc-

tures and thicknesses, over a broad range of flight parameters. Coupled membrane

shape, aerodynamic force, and PIV wake measurements indicate that membrane de-

formation affects the membrane vibration modes, which in turn affects the coupling

between the membrane and vortex shedding. Wings with different wing tip sup-

port but similar stiffness show similar static behavior but exhibit markedly different

dynamic behavior. Low wing aspect ratio is a common feature utilized by biological

fliers, where the influence of wing tip vortices affect the flow over the entire wingspan;

however, membrane wings may strongly interact with and affect the vortices at the

wing tips. The details of the membrane support play an important role in the fluid-

structure interaction. Our experiments show that freely fluttering wing tips disrupt

the structure of the tip vortices, leading to a diffuse, erratic vortex structure and re-

duced aerodynamic performance at high angle of attack compared to the tip vortices

formed on rigidly supported membrane wings.
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CHAPTER 1. Introduction

The myth of Icarus and Daedalus exemplifies how mankind’s fascination with animal

flight dates as far back as the ancient Greeks, yet only in the past century have

we developed the capability of sustained flight. Furthermore, despite the millennia

of inspiration from animal flight, the engines that power man-made flying craft are

rotating motors, which is in contrast to the linear actuation of the muscles that power

flapping wings for all biological fliers.

Passenger aircraft were the original focus of the pioneering aircraft designs, and

since the Wright brothers’ first flight, advances in technology and aerodynamic theory

have led to mature aircraft designs with lighter airframes, more efficient propulsion,

and superior aerodynamics. More recent advances in technology now allow small and

lightweight electronics, smart materials, and miniature sensors, which make possible

the design of small autonomous aircraft. Of particular interest are Micro Air Vehicles

(MAVs), which are small and maneuverable aircraft with wingspans less than 15 cm

and flying below 20 m{s [1]. At these small length and speed scales, the potential-

flow-based design principles that have been developed for large aircraft begin to break

down, and the details of viscous phenomena like flow separation, the transition to

turbulence, and reattachment become of increasing importance as Reynolds numbers

descend to the order of 105 [2]. Despite these challenges, small maneuverable fliers
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Figure 1.1: Pteropus vampyrus is a large fruit bat. The folded wing is very com-
pact yet can extend out for flight thanks to an articulated wing skeleton and a
highly compliant skin membrane. Chordwise muscles embedded in the wing skin—
plagiopatagiales—can be seen in the outstretched wing. (Photo courtesy of Jorn
Cheney)

offer many potential benefits for applications where direct human access would be im-

possible, inconvenient, or hazardous. Such missions might include search-and-rescue

missions in complex environments, routine maintenance inspections in dangerous en-

vironments, or military surveillance.

Nature has addressed the challenges of low Reynolds number flight (Re ă 200, 000)

over millions of years of evolution. Three extant animal groups—insects, birds, and

bats—have independently evolved the ability for self-sustained flight. Among them

are specialists with the efficiency to migrate thousands of miles, hawkers with the

agility to catch prey on the wing, and nectar feeders with the ability to hover. Further-

more, the different taxa accomplish these varied performance criteria with different

morphologies: insect wings are hinged, thin cuticle plates; bird wings are feathered,

jointed arms; and bats wings are composed of a highly compliant membraneous skin

supported by highly articulated forelimbs and hindlimbs [3]. Bat wing morphology is

the most complex, and their many-jointed wings offer the greatest potential for actu-

ation and flight control. Additionally, bat wing skin also features embedded muscles,

which may allow for additional control of the wing membrane (Fig. 1.1).
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Figure 1.2: Finite-span lifting wings form tip vortices at the wing tips. Traditional
lifting-line theory envisions a vortex sheet emanating from the wing, which is sim-
plified as a bound vortex—the “lifting line”—located at quarter-chord, whose local
strength is proportional to the local spanwise change in strength of the bound vor-
tex. This vortex sheet rolls up around each end of the vortex sheet into the two
characteristic tip vortices.

Like the ancient Greeks, we derive inspiration from fliers in the natural world.

The work in this dissertation is inspired by problems related to bat flight, and the

topics addressed herein are two-fold: namely, (a) the development and application of

experimental techniques for the accurate measurement of the vortex wakes behind low

speed fliers, and (b) theoretical and experimental investigations of the aeromechanics

of highly compliant membrane wings.

1.1 Wind Tunnel Measurements of Small Fliers

Vertebrate fliers cannot be directly tethered to a force balance for aerodynamic load

testing, for reasons including animal safety and behavioral tolerance. Thus, the aero-

dynamic forces must be inferred indirectly from wake measurements. The principles

for studying the aerodynamic forces on both free-flying animals and engineering mod-

els in wind tunnels are based on Kutta-Joukowski lift and finite-span aerodynamics.

The classic Kutta-Joukowski formula for the lift on a wing section is

l “ ρU8Γ, (1.1)

where l is the lift per unit span, ρ is the density of air, U8 is the forward flight

speed (or conversely, the freestream velocity if the frame of reference is fixed on the

flier), and Γ is the bound circulation. For real fliers (as opposed to the hypothetical,
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Tre tz plane

Figure 1.3: The Trefftz plane intersecting the wake behind a lifting wing.

two-dimensional fliers often studied in textbooks), the finite extent of the span will

introduce three-dimensional effects (Fig. 1.2). By application of Helmholtz’s vortex

theorems [4], the vortex lines in a flow cannot terminate within the fluid; rather, they

must either form closed loops or terminate at a solid boundary. In the case of steady,

level flight, the complete vortex system on a finite wing consists of the wing-bound

vortex connected to an initial starting vortex created at the onset of flight by the wing

tip trailing vortices. When the flier has reached steady-state flight, it is common to

assume that the starting vortex is infinitely far away and to picture a vortex system

consisting of the bound vorticity and two trailing vortices extending to ´8. Because

the vortex lines from the bound circulation extend to ´8 via each of the trailing

vortices, the wing circulation can be determined by measuring the circulation of the

trailing vortex in the flow-transverse plane behind the flier, i.e., the Trefftz plane

(Fig. 1.3).

In reality, the vortex systems of real wings are not quite as simple: the wing-

bound circulation varies with spanwise position, and as the strength of the wing-

bound circulation changes, vortex lines are shed into the wake, and the result is a

vortex system that is the superposition of many closed vortex loops. The total lift
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Figure 1.4: The wake structures behind a bat.

requires integrating the sectional lift coefficient over the span of the wing,

L “

ż

span

ρU8Γpyqdy, (1.2)

where L is the total lift. The lift distribution on the wing is related to the distribution

of vorticity in the wake [5]. Furthermore, the changing geometry of flapping fliers

leads to complex vortex wake topologies. Fig. 1.4 shows the wake structures behind a

flying bat: a network of vortex rings. This wake represents the aerodynamic footprint

of the flier and contains information regarding the time-space distribution of the

aerodynamic force production.

Multiple studies have been performed on various insect, avian, and mammalian

fliers and have illustrated inter- and intraspecific differences in wake structures [e.g.,

6–17]. Fig. 1.5 shows the typical configuration of an animal flight Trefftz plane PIV

measurement. These measurements push the limits of the capabilities of the PIV

systems, and some limitations in resolving the quantitative strength of the vortex

systems have been recognized. Several authors [11, 12, 15] have noted that their
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Figure 1.5: The typical configuration of an animal flight PIV measurement.

quantitative analyses of the strength of the measured vortex structures fail to explain

weight support of the free-flying animals. Thus, improving the quantitative measure-

ment accuracy of the PIV techniques used for measuring the wake structures typical

of animal flight experiments is essential.

Like aerodynamic force, the power expenditure of free-flying animals is difficult to

measure because of various obstacles in instrumenting the animal. However, under-

standing the energy cost of flight is important, both in an ecological context and for

the design of flying vehicles. The majority of literature on aerodynamic cost of flight

depends on simple models derived from traditional fixed-wing aerodynamic princi-

ples [e.g., 18, 19]. The only previous attempt to directly measure the aerodynamic

power expenditure of a free-flying animal was conducted using helium bubble tracking

by Spedding et al. [20]. Current state-of-the-art PIV measurement techniques present

the opportunity for improved accuracy in the direct measurement of the aerodynamic

power cost of flight.

1.2 Compliant Wings

Traditionally, aeroelasticity has a negative connotation with respect to aircraft be-

cause the elastic deformation of lifting structures can lead to divergent deformations

or cause the aerodynamic response of control surfaces to deviate from the design

performance. Furthermore, aeroelastic instabilities can lead to dangerous and unex-

pected limit cycle oscillations that cause catastrophic mechanical failures. However,
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in contrast to the rigid wing designs of traditional man-made aircraft, wing flexibility

is a common feature throughout biological flier morphologies. Insect wings can be

modeled as flexible plates subject to bending and torsion that allow passive wing

pitching [21], bird feathers can passively deform and may serve as flow control mech-

anisms [22], and bats feature highly compliant wing skin supported by a flexible wing

skeleton [3, 23].

Bats are particulary interesting because of their unique wing morphology. Their

highly compliant skin membrane and wing skeleton permit highly complex wing mo-

tion and control over many wing-shape degrees of freedom [24]. With their wings,

bats exhibit extraordinary flight capabilities with the agility to reverse flight direction

in a few wingbeats, hover in place, and flip upside-down with a single wing motion

to land on the ceiling. To separate the contribution that the wing membrane has

on the overall flight performance of bats, previous studies have examined membrane

wing models, both computationally [25–29], and experimentally [26, 30–36]. Mem-

brane wings exhibit aerodynamically advantageous features such as self-cambering,

soft stall, and enhanced performance at large angles of incidence, and the membrane

dynamics may interact with the flow and delay separation. Fig. 1.6 shows a model

membrane wing in a wind tunnel experiment in an unloaded and a loaded state. The

unloaded wing has a planar rectangular planform (Fig. 1.6a); however, after the wind

tunnel is turned on (Fig. 1.6b), the wing adopts a cambered mean line and exhibits

fluttering motion about its mean shape. Despite the growing body of experimen-

tal and computational work on membrane wings, a simple, self-contained theoretical

description that can make a priori predictions of a membrane wing’s response to a

given set of aerodynamic conditions is missing from the literature. Furthermore, it is

unclear how the membrane interacts with the flow to select the mode of membrane

vibration.

Because membranes are thin, deformable structures with zero bending rigidity,
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(a) Wind off (b) Wind on

Figure 1.6: A membrane wing mounted in a wind tunnel before (Fig. 1.6a) and
after (Fig. 1.6b) aerodynamic loading.

they require support structures to maintain a force-bearing wing shape, and the de-

tail of the support structure distribution is a critical component in determining the

overall stiffness of the membrane wings. Throughout the studies in the literature,

various membrane wing planforms and membrane support have been investigated,

with wing geometries varying from two-dimensional membranes with supported lead-

ing and trailing edges [25, 27, 28, 32, 33], two-dimensional membranes with flexible

leading- and trailing-edges [35], finite aspect ratio wings with distributed chordwise

battens and unsupported trailing edges [26, 31, 36], finite aspect ratio wings with

supported wing tips [29, 34], and finite aspect ratio wings with unsupported wing

tips [30]. In addition to the structural importance of the wing shape and support

distribution to the mechanical characteristics of the membrane wings, the wing plan-

form design has direct impact on the nature of the aerodynamic flow. Finite span

wings will experience the influence of a tip vortex at the ends of the wing, and the

relative importance of this three-dimensional flow feature will become of increasing

importance as the aspect ratio of the wings becomes small.

Although tip vortices are often associated with induced drag in traditional aero-

dynamic design, low aspect ratio wings may interact favorably with the tip vortices

to suppress stall and enhance lift at high angles of attack [37, 38]. In fact, delta wings

are designed specifically to form strong vortices from the leading edge that have low
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pressure centers above the wing surface that contribute vortex lift [39]. Vortex break-

down over the wing can lead to the loss of vortex lift and increased flow unsteadiness.

Biological fliers and MAVs can take advantage of both wing flexibility and low aspect

ratio; however, wing configurations with both low aspect ratio and wing flexibility

have received limited attention in the literature [26, 29, 30], and more work is needed

to understand the general interaction of low aspect ratio phenomena and compliant

wing mechanics.
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1.3 Outline of Dissertation

The focus of this dissertation is on two topics related to bat flight: (a) wind tunnel

measurements of vortex wakes, and (b) membrane wing mechanics. An experimental

technique for accurate measurement of vortex wakes is developed and applied to wake

measurements of bat flight in Chapters 2 and 3. Chapters 4 and 5 contain experimen-

tal, theoretical, and computational investigations of the fluid-structure interactions

of compliant membrane wings. The content and relevant contributions are as follows:

Chapter 1. Introduction. An introduction to low Reynolds number flight, the

application of wind tunnel experiments, and the importance of wing compliance in

both man-made and biological fliers.

Chapter 2. “Accurate measurement of streamwise vortices using dual-plane

PIV” by Rye M. Waldman and Kenneth S. Breuer. Experiments in Fluids, Vol. 53,

pp. 1487–1500, 2012. This study was performed in response to a growing trend in

the animal flight literature, where PIV wake studies failed to quantitatively explain

the weight support of free-flying animals in wind tunnels. The dynamic range of the

measurement is limited by the configuration of the experiments. We implemented

a dual-plane technique for improved measurement dynamic range that allows high-

accuracy measurements of streamwise vorticity. The experiments were conceived and

summarized by R. M. Waldman and K. S. Breuer. The execution of the experiments

and the analysis of the data was performed by R. M. Waldman.

Chapter 3. “The aerodynamic cost of flight in bats—comparing theory with

measurement” by Rhea von Busse, Rye M. Waldman, Sharon M. Swartz, Christian C.

Voigt, and Kenneth S. Breuer. Journal of the Royal Society Interface, in review, 2013.

The preexisting studies of flapping flight energetics rely primarily on measurements

of indirect metrics (such as metabolism) or on aerodynamic theories derived from

fixed wing aircraft. Direct measurements of aerodynamic power require accurate
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realizations of the structure and strength of the wake vorticity. We used dual-plane

PIV to make the first direct measurement of the aerodynamic power cost of flight in

bats using PIV, and we compared the results with metabolic measurements from the

same individuals and with the aerodynamic theories. R. von Busse, R. M. Waldman,

S. M. Swartz, C. C. Voigt, and K. S. Breuer conceived the experiments; R. von Busse

performed the experiments; R. M. Waldman and R. von Busse analyzed the data;

and the results were summarized by R. von Busse, R. M. Waldman, S. M. Swartz,

and K. S. Breuer. R. M. Waldman was responsible for implementing the dual-plane

PIV measurement system and developed the data analyis methods.

Chapter 4. “Shape, lift, and vibrations of highly compliant membrane wings” by

Rye M. Waldman and Kenneth S. Breuer. In 43rd AIAA Fluid Dynamics Conference,

2013. Bats feature highly compliant membrane wings supported by a highly artic-

ulated skeletal structure. The mechanics of the membrane wings depends on both

the membrane properties and the details of the supporting structure. We developed

a simple theory for a priori predictions of membrane wing behavior, and compare

theory with calculations and wind tunnel experiments. The theoretical analysis, ex-

ecution of the experiments, and data analysis was performed by R. M. Waldman.

Experiments and simulations were conceived and summarized by R. M. Waldman

and K. S. Breuer.

Chapter 5. “Vortex-Wing Interactions on Low Aspect Ratio Membrane Wings”

by Rye M. Waldman and Kenneth S. Breuer. In preparation. Low aspect ratio

membrane wings interact with vortices from the leading and trailing edges and wing

tips. We examine the wing dynamics and the wake structure of low aspect ratio

membrane wings with different wing tip support. The support structure of the wing

can have an important impact on the aerodynamic performance of the wing. The

execution of the experiments and the analysis of the data was performed by R. M.

Waldman. Experiments were conceived and summarized by R. M. Waldman and

11



K. S. Breuer.

Chapter 6. Conclusion. Concluding remarks on low Reynolds number flight,

wind tunnel experiments, and membrane wings, and recommendations for future

work.
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CHAPTER 2. Accurate Measurement of

Streamwise Vortices Using

Dual-Plane PIV

Abstract Low Reynolds number aerodynamic experiments with flapping animals

(such as bats and small birds) are of particular interest due to their application to

micro air vehicles (MAVs) which operate in a similar parameter space. Previous PIV

wake measurements described the structures left by bats and birds and provided in-

sight to the time history of their aerodynamic force generation; however, these studies

have faced difficulty drawing quantitative conclusions based on said measurements.

The highly three-dimensional and unsteady nature of the flows associated with flap-

ping flight are major challenges for accurate measurements. The challenge of animal

flight measurements is finding small flow features in a large field of view at high speed

with limited laser energy and camera resolution. Cross-stream measurement is further

complicated by the predominately out-of-plane flow that requires thick laser sheets and

short interframe times, which increase noise and measurement uncertainty. Choos-

ing appropriate experimental parameters requires compromise between the spatial and

temporal resolution and the dynamic range of the measurement. To explore these

challenges, we do a case study on the wake of a fixed wing. The fixed model simplifies
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the experiment and allows direct measurements of the aerodynamic forces via load

cell. We present a detailed analysis of the wake measurements, discuss the criteria

for making accurate measurements, and present a solution for making quantitative

aerodynamic load measurements behind free fliers.

2.1 Introduction

As aircraft scale down in size, the effectiveness of the traditional aerodynamic tools

founded upon potential flow analysis give way as the Reynolds number decreases.

The details of moderate Reynolds number (ă 200, 000) effects, such as boundary

layer separation, transition, and reattachment, play an increasingly important role

in determining aerodynamic performance [2]. The drive to design Micro Air Vehicles

(MAVs) has motivated the study of low Reynolds number aerodynamics, where effects

traditionally considered non-ideal—such as sharp leading edge, low aspect ratio, and

compliance—have been demonstrated to boost aerodynamic performance [30, 38, 40].

MAV design can be inspired by flapping animal flight; fliers that operate in a similar

parameter space and demonstrate a variety of approaches for low Reynolds number

flight. Studies have focused across the wide spectrum of animal fliers: insect [41],

mammalian, and avian [42].

Several aspects make live animal flight experiments uniquely challenging. For ex-

ample, vertebrate animal testing protocols require that aerodynamic forces be mea-

sured non-intrusively to the animal for both safety and behavioral reasons. Because

the animal cannot be instrumented directly, aerodynamic forces must be inferred from

the animal’s wake. As a flier generates aerodynamic forces, it imparts momentum into

the air, and the structure and the strength of the resulting wake contains the time-

history of the wing loading. Conversely, a detailed knowledge about the strength and

structure of the wake is requisite to understanding the history of the wing loading.

Fig. 2.1 depicts a classical wake roll-up behind a lifting body. In steady flight,
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Figure 2.1: The wake roll up into trailing vortices behind a flier and the Trefftz
plane. The flier has span s and generates lift L. The wake vorticity rolls up into
a trailing vortex of strength Γ. The laser sheet illuminating the Trefftz plane has a
thickness h and a width w. Under typical configurations, the component of velocity
in the Trefftz plane uθ is an order of magnitude smaller than the freestream U8. The
red marker at the leading edge wing tip marks the origin.

the wake is dominated by the tip vortices. Unsteady fliers (e.g., animals or flapping

micro air vehicles) can shed much more complex wake structures in which the tip

vortices shift and change in strength, and in which there might be spanwise vortex

structures as well as other discrete vortices. The vortex wake is advected with the

local velocity and may be measured downstream of the flier either in a streamwise

plane, or in a transverse (“Trefftz”) plane. The Trefftz plane is the streamwise normal

plane in the wake behind a flier (py, zq plane in Fig. 2.1). Lift can be estimated from

a measurement of the streamwise circulation in the Trefftz plane and application of

the Kutta-Joukowski formula, L “ ρU8Γs. Here L is the lift, ρ is the air density, U8

is the freestream velocity, Γ is the circulation, and s is the span.

Spedding et al. [43, 44] conducted PIV experiments in a vertically-oriented stream-

wise plane behind a thrush nightingale. They measured the spanwise vorticity in the

wake, and by applying Helmholtz’s theorem, inferred the complete topology of the
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vorticity distribution in the wake. From their experiments, Spedding et al. concluded

that for slow flight speeds, the wake consists of closed vortex loops formed during each

wing beat; whereas, for fast flight speeds, trailing vortices from each wing tip are inter-

mittently joined by alternating positive and negative vortical “rungs” in a ladder-like

topology.

Measurements in the Trefftz plane hold considerable appeal since, unlike the

streamwise plane, the entire wake structure can be determined from the measure-

ment. Hot wire measurements in the Trefftz plane were reported by Devenport and

Rife [45]. They investigated the roll-up of the tip vortex behind a fixed NACA 0012

wing (Re “ 530, 000) and developed a theory to correct for vortex wander. They

found that the shape of the roll-up spiral was approximately self-similar, growing as

the square root of downstream distance. They also concluded that the vortex core

was laminar. Gerontakos and Lee [46] used a seven-hole pressure probe to investigate

the near wake of sweptback and rectangular planform wings fixed in a wind tunnel.

At the location investigated behind the rectangular wing, they found that the tip

vortex contained only 70% of the wing-bound circulation. Furthermore, they found

that the vortex core contained only 75% of the tip vortex’s circulation. Karakus et al.

[47] used Trefftz plane PIV to study the development of the tip vortex on-wing and in

the near wake a fixed NACA 0012 wing mounted in a water channel at Re “ 32, 000q.

The found that tangential velocity in the vortex reached a maximum at the trailing

edge, and decreased with downstream distance. For angles of attack α “ 4–12˝ the

maximum velocities were 15–40% of the freestream. Kaplan et al. [38] investigated

the structure of vorticity behind several low aspect ratio fixed-wings at low Reynolds

number using Trefftz plane PIV and dye visualization. They noted that the force mea-

surements were in good agreement with the measured circulation despite differences

in vortex structure and vortex dynamics between different planforms.

Within the biological flight community, the Trefftz plane approach has also been
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popular for studying unsteady wakes. Time-resolved PIV measurements in the Trefftz

plane behind several species of bats and birds have been reported in recent years [6–

15]. These experiments have coupled measurements of the animals’ kinematics with

PIV wake measurements in the Trefftz plane, and have shown that these animals

shed complex wake systems with multiple vortex structures whose strength and time-

evolution vary, illustrating differences between birds and bats as well as between

different species of the same order.

However, despite their appeal, Trefftz plane measurements in unsteady flows push

the limits of PIV instrumentation, and there have been some concerns regarding the

measured strength of the vortex structures. The intensity of the wake structures are

relatively weak compared to the freestream velocity; therefore, adequately measuring

the structures using PIV is challenging. The challenge arises because the PIV tracer

particles are carried out of the interrogation volume by the freestream before their

in-plane displacements are sufficiently large enough to be resolved.

To illustrate this, suppose in Fig. 2.1 that the azimuthal velocity associated with

the streamwise vortex is uθ{U8 “ 0.1. We consider a “typical” PIV configuration

defined by a field of view measuring w ˆ w, where w might be 10 cm. In the time it

takes a tracer particle to travel 0.005w “ 0.5 mm in the py, zq plane, the particle’s x-

displacement is 0.05w “ 5 mm. To resolve this would require a laser sheet thickness, h

of at least 5 mm, which is considered to be thick. Furthermore, the small oil particles

typically used to seed air flows (« 1–10µm) are difficult to illuminate. Achieving

large illumination volumes with sufficient image contrast is beyond the capabilities of

typical PIV lasers.

These limitations in resolving the vortex strength have been recognized, and sev-

eral authors [11, 12, 15] have noted that their quantitative analyses of the strength

of the measured vortex structures fail to explain weight support of the free-flying

animals. Hubel et al. [11] hypothesize that lift is under-predicted because they under-
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measured the trailing vortex circulation. Henningsson et al. [12] instead argue that

Crow instability distorts the wake, leading to under-prediction of lift. One might

question the validity of any analysis based on experiments that fail to resolve the

strength and structure of the topic features.

In this paper we explore and quantify the challenges associated with PIV-based

wake measurements in the Trefftz plane behind low-speed fliers. We first develop a

simple model and use this to estimate the velocities in the Trefftz plane for a low-speed

flier with a given weight and aspect ratio. From this estimate, we demonstrate that

a traditional PIV measurement cannot hope to accurately capture the Trefftz plane

measurements with any desirable signal-to-noise ratio. In order to resolve this prob-

lem, we demonstrate a dual-plane PIV system that enables accurate measurements

in these aerodynamic systems. Our predictions are validated using both single-plane

and dual-plane PIV configurations in a model flow in the wake of a simple finite wing

at a fixed angle of attack. Although this does not exhibit any of the complexities of a

flapping wing wake (ladder structures, etc...), the simplification serves our objective

to demonstrate an accurate technique for streamwise vortex measurements.

2.2 Wake Measurements in Wind Tunnels Using PIV

2.2.1 Estimating wake behavior

An important consideration for Trefftz plane PIV measurements is the relative mag-

nitude of the in-plane velocity to the through-plane (freestream) velocity. We seek

an estimate for the Trefftz plane velocities behind a flier supporting a weight W . We

want a simple model to estimate the velocities that need to be resolved to accurately

measure the wake vortex strength, and to estimate the area in which these velocities

exist. We are not calculating the detailed vortex roll-up—for this, a sophisticated

mathematical model is required [see 5, 48, 49]. Our goal is to calculate a character-

istic wake size, r0, within which most of the root circulation is contained, and the
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characteristic velocity, uθpr0q, which represents the typical velocity which must be

resolved to measure the total circulation.

We assume the wake rolls up into a pair of axisymmetric trailing vortices. The lift

must exactly balance the weight in steady flight, therefore L “ W . The parameters

that describe the flier and wake are the freestream, U8, the air density, ρ, the chord

length, c, the span, s, the lift, L, the root circulation, Γ0, and the vortex size, r0.

To complete our analysis we require models for the lift distribution on the wing

and the structure of the vortices. For simplicity, we assume an elliptic lift distribution

Γ pyq “ Γ0

d

1´

ˆ

y

s{2

˙2

, (2.1)

and assume the Lamb-Oseen model for the spatial structure of the trailing vortex

uθ prq “
Γ0

2πr

˜

1´ exp

˜

´

ˆ

r

r0

˙2
¸¸

. (2.2)

Using the freestream velocity, U8, air density, ρ, and chord length, c, to normalize,

the resulting parameters are aspect ratio, A “ s{c, normalized lift, L˚ “ L{ρU2
8c

2,

normalized circulation, Γ˚ “ Γ{U8c, and normalized vortex size, r˚0 “ r0{c. It is worth

noting that our normalized lift is not the traditional lift coefficient CL “ 2L{ρU2
8sc,

but rather L˚ “ CL ¨A{2. This choice of definitions allows us to vary the weight of

the flier, L˚, and its geometry, A, independently.

The lift force is related to the wing root circulation by the Kutta-Joukowski for-

mula for an elliptically loaded wing, as given by Kundu and Cohen [50]

L “
π

4
ρU8Γ0s. (2.3)

In normalized form, Eqn. 2.3 simply becomes L˚ “ π
4
A ¨ Γ˚. To determine the size

of the vortex, we use the Betz circulation invariant in which the second moment of
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vorticity remains invariant in a wake [5]. Given a Lamb-Oseen vortex with strength

Γ0, the second moment of vorticity of is uniquely defined by the characteristic size

r0. Following Donaldson et al. [49], we equate the second moment of the Lamb-Oseen

vortex to the second moment of vorticity behind an elliptically loaded wing and solve

for the vortex size, r0, yielding

r˚0 “ 0.1116 ¨A. (2.4)

Combining these results, we can write the expected wake structure solely as a function

of the shape, A, and weight, L˚, of the flier:

uθ
U8

pr{cq “
2L˚

π2A ¨ r{c

˜

1´ exp

˜

´

ˆ

r{c

0.1116 ¨A

˙2
¸¸

. (2.5)

Fig. 2.2a shows the behavior of Eqn. 2.5 for L˚ “ 1 at different aspect ratios. Although

derived from assumptions about the lift and wake behavior, Fig. 2.2 demonstrates that

typical velocities in the wake are quite small compared to the freestream. Fig. 2.2b

demonstrates that velocities in the wake vary as A´2 because the increase in span

reduces the wing loading and because the larger span increases the expected vortex

size. Table 2.1 outlines the flight parameters of four different fliers: a Boeing 747

aircraft, an albatross, a common gull, and the model wing used for these experiments

with dimensions inspired by bats.

2.2.2 PIV measurements

We now consider a Trefftz plane PIV measurement behind a flier in a wind tunnel

and seek the required experimental parameters to accurately measure the flow. We

consider a flier with span, s, which generates a lift, L, in a freestream, U8, and use

the model developed in Sec. 2.2.1 to estimate the relevant properties of the wake. We

also suppose a camera system with an N ˆN pixel2 sensor. The typical experiment
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Figure 2.2: Fig. 2.2a shows how the trailing velocities can be expected to change
with aspect ratio for a flier supporting a weight W {ρU2c2 “ 1. The dashed line
denotes the location and magnitude of the maximum velocity as aspect ratio varies.
The slope, m “ ´2, indicates that the uθ,max9A

´2. Fig. 2.2b shows the maximum
velocity in the expected vortex profile as a function of aspect ratio A and lift L˚.
Lower aspect ratio wings support lift over a shorter span leading to smaller, more
intense wake vortices. The estimated example fliers from Table 2.1 are shown in
Fig. 2.2b.

configuration is shown in Fig. 2.1.

We first determine the interrogation region size required to capture the rolled-up

wake. The Lamb-Oseen vortex, given in Eqn. 2.2, contains 98% of the circulation

within 2 ¨ r0 of the vortex center. For a PIV camera with a w ˆ w field of view, we

require w “ 4 ¨ r0. The size of the wake after roll-up is given by Eqn. 2.4; namely,

r0 « 0.1116 ¨ s. For simplicity, w is given by:

w “ 4 ¨ r0 “ 4 ¨ 0.1116 ¨ s

«
s

2
. (2.6)

We now consider the particle image displacements, ∆ζ, on the camera sensor. The

one-quarter rule [53] specifies that the maximum permissible image displacement is

25% of the interrogation window; for example, with the commonly used 32ˆ32 pixel2,
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interrogation window the displacements should be ∆ζ ă 8 pixel. For this exercise, we

take ∆ζ “ 4 pixel as the maximum pixel displacement of the particle images on the

camera sensor. A pixel displacement of ∆ζ on an N ˆN pixel2 sensor will correspond

to the particle’s physical displacement, ∆z, given by

∆z “
∆ζ

N
w. (2.7)

The interframe time between PIV images (∆t) required to achieve the displace-

ment given by Eqn. 2.7 is determined by the in-plane velocities and the camera field of

view. Eqn. 2.5 gives the expected velocity distribution as a function of the span and

lift of the flier. Consider the maximum in-plane velocity in the wake, υ ” uθ,max{U8,

then the maximum particle displacement will be ∆z “ ∆t ¨ U8 ¨ υ. Rearranging for

∆t and using Eqns. 2.6 and 2.7 yields the requisite interframe time:

∆t “
∆ζ

N
¨

s

2 ¨ U8 ¨ υ
. (2.8)

The strong out-of-plane velocity (streamwise) limits interframe time delay to times

less than the seeding particles’ residence time in the interrogation volume. Consider

the laser sheet thickness h as shown in Fig. 2.1. The flow will displace a distance

∆x “ U8¨∆t between the image exposures. To ensure a good correlation requires that

a large percentage of the imaged seed particles are present in both images, namely

∆x ! h. Furthermore, as the freestream carries the particles out of the interrogation

volume between images, it introduces into the interrogation volume new particles

that increase the measurement noise via false correlation [54]. The strength of the

correlation depends on retaining the same seed particles in both PIV images. We call

23



the percentage of particles present in both images the volume retention VR:

VR “
h´ U8 ¨∆t

h` U8 ¨∆t

« 1´ 2
U8 ¨∆t

h
. (2.9)

Best results are achieved when VR is close to unity—this condition is satisfied by

choosing a sufficiently thick laser sheet. Combining Eqn. 2.8 and 2.9 yields the ex-

pression for the required laser sheet thickness:

h “
1

1´ VR
¨

∆ζ ¨ s

N ¨ υ
. (2.10)

Typical experimental parameters are given in Table 2.2. A 1 megapixel camera is

assumed for imaging the wakes of the fliers presented in Table 2.1. Eqns. 2.8 and 2.10

are used to calculate the parameters for Trefftz plane PIV measurement.

It is evident that the computed laser sheet thicknesses are impossibly large and

that the ideal conditions of 4 pixel displacements and 90% volume retention are

unreasonable using a fixed, thick laser sheet. Disturbingly, however, even when the

criteria for pixel displacement and volume retention are relaxed to very modest values

(∆ζ “ 1 pixel and VR “ 75%), the required laser sheet thickness is still prohibitively

thick. One must choose between measurement dynamic range and image contrast

when choosing an appropriate laser sheet thickness h and interframe time ∆t. Alter-

natively, the field of view, w, can be reduced at the expense of capturing the full wake

structure, or the volume retention, VR, can be relaxed at the expense of valid-peak

detection and measurement noise.

Animal flight experiments are subject to further experimental restrictions. For

example, the wing beat frequencies for bats are on the order of 5 ´ 10 Hz; therefore,

high-speed PIV systems are employed to resolve the flow structures throughout the

wing beat cycle [8, 11]. Additionally, large areas are swept by the wing throughout the
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Table 2.2: Hypothetical experimental parameters for a single plane Trefftz plane PIV
measurement. We assume the wake behaves according to Table 2.2. A 1 megapixel
camera is assumed (N “ 1024). The required field of view, w, is given for each flier.
The desired interframe time, ∆t, and laser sheet thickness, h, are calculated for the
specified ∆ζ and VR. The downstream displacement of the tracer particles ∆ζ is
shown for each flier-∆t combination

∆ζ “ 4 pixel ∆ζ “ 1 pixel
VR “ 90% VR “ 75%

w ∆t ∆x h ∆t ∆x h
[m] [µs] [mm] [mm] [µs] [mm] [mm]

Boeing 747 32.2 14000 4400 6.8 ¨ 104 3500 850 6.8 ¨ 103

Albatross 1.52 12400 240 4.8 ¨ 103 3100 60 4.8 ¨ 102

Common Gull 0.58 7600 70 1.4 ¨ 103 1900 17.5 1.4 ¨ 102

Bat 0.152 1900 9.4 190 470 2.3 19

flapping cycle, requiring fairly large interrogation areas to capture the entire wake.

High-speed systems are limited in camera resolution and laser energy and require

a compromise between measurement area and dynamic range. For example, Hubel

et al. [11] required a 200 Hz PIV system to study a bat wake. In contrast, Willert

et al. [55] studied the wake of a wing using a low-repetition, high-power PIV system

with a traverse mounted camera to scan the wake region. The high-power laser plus

the ability to scan permitted a thicker laser sheet and much higher spatial resolution.

Table 2.2 shows that prohibitively large h is a result of the requirement for ∆x ! h.

The compromise on the laser sheet thickness and interframe delay can be greatly

relaxed by displacing laser sheet by ∆x between images; however, moving the laser

sheet is an old concept. Several techniques have been previously employed to scan a

laser sheet to obtain velocity data throughout a volume [56]. These systems employed

motor driven scanners or rotating mirrored cylinders to move the laser sheet. Gharib

et al. [57] demonstrated three-component velocity measurements using a single camera

and image triplets (as opposed to standard image pairs), where the third image was

captured in a plane displaced in the out-of-plane direction of the laser sheet. This

system utilized a scanning mirror to displace the laser sheet for the third image. In
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the context of high-speed Trefftz plane measurements, an opto-mechanical system

for shifting the laser sheet would need to be capable of operating at the speed of

the PIV system, in this case 200 Hz. Another approach to laser sheet displacement

is to purposely misalign the beam-combining optics in a dual-cavity laser [38]. This

method allows a displacement comparable to the thickness of the laser sheet; however,

a drawback is that the misalignment is susceptible to drift and requires constant re-

tuning.

An interesting suggestion was made by Landreth and Adrian [58] for image shifting

with regard to issue of ambiguity removal for single-image, double-exposure PIV. They

propose an electro-optical method of modulating the optical path to the camera,

which has the benefits of being independent of mechanical motions, increasing the

repeatability and accuracy of the image shift. This electro-optical approach can be

applied for repeatable high-speed switching between two optical paths, and we chose

this approach for moving the PIV laser sheet.

2.3 Experimental Methods

We have selected a model experimental configuration on which to assess the limi-

tations of single-plane PIV and the advantages of dual-plane PIV. The model is a

fixed wing, with dimensions typical of moderately-sized animals and Micro Air Ve-

hicles, immersed in a free stream typical of these applications. All experiments were

conducted using the same wing model. The wing had a rectangular planform and

NACA 0015 cross-section. The rectangular planform was selected so as to provide

a well-defined wing tip for rapid tip vortex formation. The wing chord was 8.3 cm,

and the full span was 30.3 cm. The wing was mounted at the quarter-chord and at

mid-span. A matte black paint doped with florescent dye (Rhodamine-B) was used

to minimize glare from the wing during PIV experiments.
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2.3.1 Wind tunnel

The experiments were conducted in the Brown University low-speed wind tunnel. The

facility is a closed-return tunnel with a 60ˆ82 cm2 test section. The experiments were

conducted at freestream velocities of 5–7.5 m{s, which correspond to chord Reynolds

numbers of Re “ 27, 000–42, 000. Freestream turbulence levels are ă 0.1 %. The tun-

nel ceiling allows angular adjustment to compensate for wall boundary layer growth;

pitot tube measurements confirm (to within measurement accuracy of 1 % freestream)

that the freestream velocity is uniform along the length of the test section and uniform

across the central 90 % of the section width.

The test section is fitted with a 2 m linear rail on the tunnel floor to allow precise

placement of the model within the test section. The rail’s alignment with each other

and with the axis of the wind tunnel was within 0.1˝, corresponding to an absolute

position uncertainty between the far ends of the rail of less than 3.5 mm. The wing

was sting-mounted on a rail sled, which allowed the wing model to be moved to any

position along the linear rail. A 6-axis force/torque transducer (ATI nano17) was

fixed between the sting and the wing for direct force measurement. The force was

monitored at 2 kHz for 30 seconds during each trial.

The environmental conditions in the tunnel were monitored simultaneously with

the experiment. The freestream velocity was monitored with a pitot tube and dif-

ferential pressure transducer (Setra Model 239), while the atmospheric pressure was

monitored by an absolute pressure transducer (Setra Model 270). A thermistor probe

and digital controller (Omega DP25-TH) monitored the temperature. All signals were

sampled at 2 kHz for 30 seconds during each trial.

2.3.2 Single-plane PIV

The single-plane PIV setup was a conventional PIV system running commercial PIV

software (DaVis v7). The configuration was the same setup used by Hubel et al.
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[9, 11] except that only a single camera was required. The camera (Photron FAST-

CAM1024) was fitted with a 532 nm line-pass filter and Nikon Nikkor 105 mm/2.8 D

lens. The camera was mounted inside the test section behind the wing tip. The

camera was calibrated using a LaVision Type 31 calibration target and the software’s

single camera calibration routine. The imaged region measured 12.5ˆ 12.5 cm2, cor-

responding to R “ 8.1 pixel{mm, which was twice the linear spatial resolution used

by Hubel et al. [9, 11] for bat-flight experiments. The higher magnification was pos-

sible because the location of the wake behind a fixed-wing is more predictable than

behind a flapping-wing. Furthermore, because the increased spatial resolution pro-

vides larger pixel displacements, ∆ζ, for a given physical displacement, ∆z, as defined

above (Eqn. 2.7).

The laser used was a 200 Hz dual-oscillator frequency-doubled pulsed Nd:YAG

(Litron LPY-700). The measured energy per pulse was at least 45 mJ. The laser was

synchronized via trigger signals provided by a computer-programmed timing unit.

The laser output was guided to the test section with an articulated laser arm with a

focusable output optic and sheet forming optic (cylindrical lens, f “ ´20 mm). The

arm/lens system was affixed to the top of the test section via a positioning mechanism

that allowed precise control of the laser sheet position and orientation. The laser sheet

normal was aligned with respect to the axis of the test section to 0.1˝, aligned with

the wing’s trailing edge, and centered at the wing tip. The optics were focused at

a point far beyond the floor of the test section, such that the laser sheet thickness

was 2 mm at the location of the wing tip. The change in the laser sheet thickness

varied less than 0.5 mm throughout the imaged region. To meet the volume retention

condition (Eqn. 2.9), ∆t was chosen such that VR « 70%.

The flow was seeded with Di(2-ethylhexyl)sebacate oil droplets that were atomized

with a Laskin nozzle producing 1µm droplets. The camera lens was slightly defocused

to make the particle image size a few pixels in diameter; however, this was at the
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expense of decreasing the overall image contrast.

Experiments were conducted with the wing located several distances upstream

from the laser sheet (3, 4, 5, 10, 15, and 20 chords). A sequence of 750 image pairs

were captured at each location. The images were processed with a two-pass cross-

correlation algorithm. The first pass used a 64ˆ 64 pixel2 window, and the final pass

used a 32ˆ 32 pixel2 window with 50% overlap, corresponding to a vector spacing of

2 mm. The vector fields were imported into MATLAB for analysis. The vorticity was

calculated using a first-order differencing operator, and circulation was calculated

from the area integral of vorticity. The average vortex location was identified in

each trial from the location of maximum vorticity of the time-series average and

was calculated to sub-grid accuracy using a three-point Gaussian fit about the peak

value. The instantaneous vortex position was found by cross-correlating each vorticity

field with the time-averaged field to find the relative displacement from the average

position. These displacements were then used to recalculate the averages with all

vortex centers aligned.

2.3.3 Dual-plane PIV

The dual-plane PIV experiment was configured to move the laser sheet with the

freestream and is illustrated in Fig. 2.3. A Pockels cell (Linos LM8 99) was used

to modulate the polarization vector between laser pulses, switching between laser

sheet locations using a lateral displacement calcite crystal. The first laser pulse is

passed unmodulated and reaches the calcite polarized in the crystal’s ordinary axis;

the beam passes straight through as depicted by path (a). The half-wave voltage is

applied to the Pockels cell during the second laser pulse; the laser pulse reaches the

calcite polarized in the extraordinary axis and is displaced laterally as depicted by

path (b). The total displacement distance is only a function of the crystal length.

The Pockels cell was driven by a high-voltage pulse amplifier (Analog Modules
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Figure 2.3: The setup for the dual-plane PIV experiment is configured in the same
way as a typical stereo PIV experiment with the addition of a Pockels cell and a
calcite beam displacer (shown in red). The first image is captured at location (a).
The Pockels cell rotates the polarization of the second laser pulse, causing the beam
to be displaced by the calcite in the direction of the flow for the second image at
location (b).

8261A). A half-wave plate was mounted after the beam steering optics to orient the

polarization states to the axis of the beam displacement crystal (Thorlabs BD27).

The total beam displacement was 2.7 mm.

Synchronization between the PIV system and the beam-displacement system was

achieved by synchronizing a delay-generator with the second laser’s flashlamp trigger

signal. The delay-generator produced a delayed TTL pulse that was amplified by

the pulse amplifier to drive the Pockels cell. The required interframe delay time

depended on the time required for particles moving in the freestream to displace by

∆x “ 2.7 mm, namely ∆t “ ∆x{U8. The volume retention, VR, of the displaced laser

sheet system is unity (to first-order—out-of-plane particle losses may still be present

due to velocity deficit or surplus in the wing wake). The laser sheet thickness can be

reduced so that higher contrast images can be captured. The laser sheet waist was

0.5 mm.

A stereo PIV configuration was employed to accurately account for the very large

out-of-plane component of the particles’ motion. Dual cameras (Photron FAST-

CAM1024) captured the images. The cameras were mounted outside the test section
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and fitted with 50 mm Nikon lenses on Scheimpflug adapters to align the image planes

with the laser sheet plane. The angle between each camera axis and the laser plane

was about 43˝. Following initial camera calibration, the stereo auto-calibration rou-

tine was utilized to account for any misalignment of the calibration target with the

image plane. Five-hundred image pairs were captured for each downstream location.

The interrogation region was 24.5 ˆ 24.5 cm2, twice that of the single-plane PIV ex-

periments. The large field of view is a practical limitation of the camera arrangement

outside of the test section. This field of view yields a resolution of R “ 3.5 pixel{mm,

which is similar to that used by Hubel et al. [11]; therefore, it is a good demonstration

of this technique’s performance for animal flight studies. The images were processed

with a two-pass cross-correlation algorithm. Both passes used a 32ˆ32 pixel2 window

with 75% overlap, corresponding to a vector spacing of 2.3 mm. The vector fields were

imported into MATLAB, and the analysis described in Sec. 2.3.2 was repeated. The

PIV configurations are summarized in Table 2.3.

2.3.4 Uncertainty analysis

The two experiments described above were conducted with different magnification

factors, which will result in a difference between the pixel displacement uncertain-

ties of each experiment. Furthermore, the 3-component (3C) analysis of the stereo

measurement may reduce the measurement uncertainty in the dual-plane experiment

compared to the 2-component (2C) analysis of the single-plane experiment. We con-

sider these factors and compare the uncertainty in the measurement of the phys-

ical displacement of the tracer particles in each experiment. Consider the uncer-

tainty in pixel-displacement measurement of the single-camera cross-correlation to

be σ (typically, σ « 0.1 pixel [59]). Following the analysis of Lawson and Wu [60]

and Doorne and Westerweel [61], for cameras with off-plane angles of θ « 45˝, the

pixel-displacement uncertainty is σ in the out-of-plane direction and σ{
?

2 in the in-
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plane direction. Let the uncertainty of the physical particle displacements be δ. The

2C uncertainty is given by δ2C “ σ{R2C and the 3C in-plane uncertainty is given by

δ3C “ σ{
?

2R3C . The ratio of the displacement uncertainty between the two exper-

iments is δ2C{δ3C « 0.6. Clearly, the single-plane experiment is capable of resolving

smaller particle displacements than the dual-plane experiment; however, the larger

∆t in the dual-plane experiment allows resolution of smaller velocities. The veloc-

ity uncertainty is given by σu “ δ{∆t. The velocity uncertainty of the single-plane

measurement is 3% of the freestream, while the velocity uncertainty of the dual-plane

experiment is 0.8% of the freestream. The vorticity is calculated from finite differ-

ences in the velocity field and its uncertainty will depend on the velocity uncertainty

and the vector spacing. In our experiments, the vectors spacing was similar between

the single- and dual-plane measurements (2 mm vs 2.3 mm, respectively); therefore,

the ratio of uncertainties in the vorticity will reflect the ratio of uncertainties in the

velocity. Letting ∆y be the vector spacing, the uncertainty in the vorticity, σω, is

given by σω “
?

2σu{∆y. The normalized vorticity uncertainty σω ¨ c{U8 is 1.96 in

the single-plane experiment and 0.38 in the dual-plane experiment.

2.4 Results and Discussion

2.4.1 PIV measurement quality

We implemented a dual-plane PIV system to address the issue of small pixel displace-

ments inherent in the traditional PIV configuration. Fig. 2.4 shows the center of a

sample 64ˆ64 pixel2 cross-correlation map from each PIV technique. The maps were

sampled at the edge of the vortex core where velocity is the strongest. Fig. 2.4a shows

the single-plane correlation map and demonstrates how small the pixel displacements

are. Even in the strongest region of flow, the particle displacements are less than

1 pixel. Measurement of the velocity from the single-plane experiment is an exercise

in sub-pixel interpolation.
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Figure 2.4: Sample normalized correlation coefficient maps from the vortex core
region as measured from each experiment are shown. Fig. 2.4a demonstrates the
sub-pixel displacement from the region of largest displacement in the single-plane
measurement. Fig. 2.4b shows the drastic increase in the displacements using the
dual-plane technique. Note the secondary correlation peak at zero displacement.

Fig. 2.4b shows the correlation map from one camera recording the dual-plane

experiment. The peak correlation is located approximately 11 pixels from zero dis-

placement. This rather large pixel displacement is due to the large oblique camera

viewing angle inherent in stereo PIV configurations (Table 2.3). The wake structures

do not cause this large pixel displacement; rather, there is a large bias displacement

due to the component of the freestream velocity in the image sensor plane.

Fig. 2.4b also demonstrates an important feature of digital recording. The second

strongest peak in the correlation map is located at zero displacement. The presence

of a strong secondary peak at zero displacement suggests the presence of camera

ghosting. Ghosting is a residue of the previous exposure in the current image. The

consequences for image correlation are obvious: if a residue of the first image is

present in the second image of a PIV image pair, the residue will produce a “ghost”

correlation peak at zero displacement. If the true correlation peak is in the neighbor-

hood of the ghost peak, the computed correlation peak will be biased towards zero.

If the true correlation peak lies sufficiently far from the ghost peak, the bias will be
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negligible. An ideal camera sensor will exhibit zero ghosting; however, ghosting is

often present in real systems, as it is in this case. The impact of camera ghosting can

be difficult to quantify. Suppose two successive real images with no correlation are

recorded. Ghosting in the recorded images can be detected by a correlation between

the recorded images. However, in a PIV experiment the images are designed to be

strongly correlated. If particle displacements are sub-pixel, correlation due to camera

ghosting is indistinguishable from the desired correlation.

The maximum pixel displacement is important for understanding the dynamic

range of a PIV measurement, especially in a 2-component PIV experiment where the

camera is oriented normal to the interrogation plane. In a stereo PIV configuration,

however, the cameras are oriented at an oblique angle to the interrogation plane. The

dynamic range of the experiment depends upon the distribution of displacements.

Fig. 2.4a shows the large pixel displacement at one location, but that vector will be

distinguishable from other vectors only if there is an appreciable distribution in pixel

displacements.

Fig. 2.5 shows the distribution of pixel displacement magnitude in the single-

and dual-plane experiments. The single plane measurement (Fig. 2.5a) yields pixel

displacements that are all less than one pixel, limited by the restriction of short

interframe time delays. Outside of the vortex core, the flow-field is weak with pixel

displacements on the order of 0.2; this is very near to the resolution limit of the

cross-correlation algorithm, which is about 0.1 pixels. The strongest flow regions at

the core of the vortex have maximum pixel displacement magnitudes of 0.5 pixels;

hence, the dynamic range of the single-plane measurement is about 5.

The dual-plane experiment allowed longer interframe time delays resulting in a

broader range of pixel displacement values (Fig. 2.5b). The range of displacement

magnitudes vary from about 8 to 12. The distribution of displacements is much larger

than the single-plane experiment, providing an order of magnitude larger dynamic
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Figure 2.5: Distribution of pixel displacement magnitudes for the single-plane
(Fig. 2.5a) and the dual-plane experiments (Fig. 2.5b).

range (« 40). The increased dynamic range of the dual-plane experiment allows the

smaller velocities to be accurately resolved.

It should be noted that the spatial resolution of the single-plane experiment is more

than twice the spatial resolution of the dual-plane experiment. The magnification of

the single-plane experiment was increased from “typical” experiment parameters [e.g.,

11] to maximize the particle image pixel displacements.

2.4.2 Vortex structure

Fig. 2.6 shows typical time-averaged streamwise vorticity fields at a station 10 chords

downstream as measured by each of the PIV experiments. The vorticity contours

from the left wing tip region are shown on a logarithmic scale to emphasize the en-

tire structure, much of which consists of low-level vorticity outside the main core

region. Vorticity from the trailing edge of the wing rolls up in a spiral around a

well-developed vortex core that has been studied analytically [e.g., 48] and experi-

mentally [e.g., 45]. The single plane measurement (Fig. 2.6a) of the wake suggests a

low-level vorticity spiral around the vortex core, which has a maximum normalized

vorticity (10 ¨ log10pωc{U8q) of 7.8. The roll-up structure is verified by the dual-plane
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Figure 2.6: Measured vorticity contours from each experiment at x{c “ 10 are
plotted on a logarithmic scale (10 ¨ log10pωc{U8q). The single-plane measurement in
Fig. 2.6a has a peak value of 7.8. The dual-plane measurement in Fig. 2.6b very
clearly illustrates the vorticity spiral outside the vortex core and demonstrates a
stronger core with less noise in the outer flow. The peak value is 8.5.

measurement (Fig. 2.6b); however, the peak measured vorticity is 8.5. The vorticity

spiralling outside the core is about 15 dB below the peak values. The measurement

uncertainty of the vorticity is ´11.6 dB in the single-plane average and ´17.6 dB in

the dual-plane average. The “patchy” appearance of the vortex in Fig. 2.6a is likely

due to measurement uncertainty being same magnitude as the outer vorticity.

The estimated wake roll-up behavior from Sec. 2.2.1 predicted the radius of a

Lamb-Oseen vortex to be 0.4 chords. Both Fig. 2.6a and Fig. 2.6b indicate a vortex

much smaller than this estimated value. The disagreement is perhaps not surprising

since the model is derived from using the Betz’s circulation invariants assuming a

Gaussian vorticity distribution (i.e., Lamb-Oseen) and an elliptic wing loading. As

Fig. 2.6 shows, the vorticity distribution this close to the trailing edge is not Gaus-

sian, are there is still vorticity in the winding spiral outside the core. A reasonable

estimate of the distance downstream when the trailing vortices become approximately

Lamb-Oseen is given by Moore and Saffman [48] as x{c « 0.01ReA2. This distance

is 3700 chords in the single-plane experiment and 5500 chords in the dual-plane ex-
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Figure 2.7: Vortex profiles are compared. Fig. 2.7a shows the circulation profiles
from the single and dual-plane measurements at x{c “ 10. A Lamb-Oseen vortex
fit to the core of the dual-plane measurement and theory by Betz [5] are shown for
comparison. Fig. 2.7b shows the theta-averaged tangential velocity profile of the
trailing vortex measured by the dual-plane experiment. Two vortex fits are also
shown. The Lamb-Oseen vortex is fit to the core region of the vortex by finding the
location and value of the velocity maximum. The irrotational vortex has been fit to
the region outside the core using a least-squares fit.

periment. The implication of a small vortex core is that larger peak velocities exist

than are predicted by the analysis. Moore and Saffman [48] also give an estimate

for the radius of maximum tangential velocity, r{c “ 2.92
a

x{c ¨ Re´1{2. We com-

pare this prediction to the velocity profile measured at x{c “ 10 (Fig. 2.7b). Moore

and Saffman’s equation predicts maximum velocity at r{c « 0.056 compared to the

measured value r{c « 0.08. It should be noted that the correlation window used in

the PIV evaluation is 0.11c. Accurate measurement of the vortex core requires even

higher spatial resolution.

The fact that the model is based on an elliptic wing loading while the experiment

uses a rectangular wing also contributes to a difference between the model predictions

and the PIV measurements. However, for relatively low aspect ratio wings, as is the

case in these experiments, the difference between the wing loading on rectangular

and elliptical wings vanishes [62]. Furthermore, we emphasize that the objective of
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the model developed earlier is not to give a high-accuracy prediction of vortex wake

structure and strength, but only to provide a guide for PIV parameter choices.

Fig. 2.7a shows the circulation enclosed as a function of the radial distance from

the vortex center as measured by each PIV technique at x{c “ 10. A Lamb-Oseen

profile is fit to the measured core region and we see that a good fit is achieved for

r{c ă 0.1. Note that this is an empirical fit to the vortex core, and not to be confused

with the use of the Lamb-Oseen vortex in Sec. 2.2.1. The Lamb-Oseen vortex was

fit by matching the location of and magnitude of maximum tangential velocity. We

see that the Lamb-Oseen model is an appropriate description of the vortex in the

core; however, outside of the core, the measured circulation continues to increase

while the Lamb-Oseen circulation levels off. A theoretical prediction using the Betz

model (outlined in Donaldson et al. [49]) is shown in Fig. 2.7a. The model neglects

viscosity and thus fails in the core region; however, the model provides a reasonable

description of the wake outside of the core and of the total circulation as r{c increases.

The single-plane PIV measurement significantly under-predicts the circulation.

The steady increase in the circulation outside of the core indicates that the flow is

not irrotational. Fig. 2.6 clearly shows vorticity outside the vortex core. Outer flows

with vorticity have already been observed experimentally [e.g., 38, 45, 47, 63], and

predicted theoretically [e.g., 4]. Not all vorticity generated by the wing rolls into a

tight vortex core; however, the vorticity spiraling outside of the vortex core is part

the total circulation budget of the trailing vortex system in the wake. In order to

measure the full strength of the wing’s bound vortex, accurate flow measurement in

the region outside of the vortex core is required to resolve the vorticity that remains

exterior to the core. A measurement that is only capable of resolving the flow in the

core region will under-resolve the vortex strength because it is not capturing all of

the vorticity. Measuring the details inside the vortex core is not a requirement for

accurate measurement of the total circulation.
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Fig. 2.7b shows the dual-plane PIV measured velocity profile and the core-fit

Lamb-Oseen vortex. The inner vortex region matches the linear velocity behavior of

the viscous region of the Lamb-Oseen vortex; however, the measured data has a slight

upward shift. This appears to be due to a more gradual transition between the inner

and outer limiting behavior of the measured vortex. Recall that the Lamb-Oseen

vortex is the model for laminar decay of a line vortex, while the measured tip vortex

is the roll-up of a vortex sheet. The soft transition region between the viscous core

and outer region could be attributed to the smoothed out spiral structure described

by Saffman [4]. This region, however, occurs at the limit of the measurement’s spatial

resolution (« 0.06c); a higher resolution measurement would be required to investigate

this region in sufficient detail. Outside of the core (r ą 2rc), the Lamb-Oseen model

approaches 1{r behavior, and the measured velocity profile deviates from the model.

The outer vortex region was fit with an irrotational vortex in a least-squares sense.

The flow outside of the vortex core is not completely irrotational.

One method that has been proposed to calculate vortex strength from PIV data

involves thresholding the data and fitting a Gaussian vorticity distribution [12, 43, 44].

However, the low level vorticity outside of the vortex core is lost in this approximation

and the core-fit Gaussian vorticity distribution may not capture the full circulation

leading to an under-prediction of the vortex strength.

2.4.3 Vortex position

Even though the strength and structure of the measured vortices is not fully resolved

by the single-plane PIV, we can still ask if the overall wake topology and the location of

the wake vortices can be faithfully captured. To address this, the position of the vortex

core was measured as a function of downstream distance (Fig. 2.8). Both the single-

plane and dual-plane PIV measurements observe the same vortex trajectory. The

initial vortex position is just above and inside of the wing tip. As the measurement
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Figure 2.8: The measured vortex behavior from each experimental technique is
compared. The two experiments agree quite favorably on the evolution of the vortex
location downstream. Betz’s spanwise position asymptote for elliptical wing loading is
shown for comparison. The rate of vertical descent expected from the two oppositely
signed trailing vortices is also shown.

plane moves downstream and the vortex sheet rolls up, the spanwise position of the

vortex moves inboard and towards the position predicted by Betz’ analysis [5], plotted

for reference in Fig. 2.8. The measured vortex never reaches this asymptotic value,

probably due to the limited downstream distance over which the measurements were

performed (20 chords) and the difference between the experimental lift distribution

and the elliptic wing distribution assumed in the Betz theory.

Fig. 2.8 also shows the vertical position (z) of the vortices. Two oppositely signed

vortices translate together under each other’s influence; therefore, we expect the

steady decrease in the z-position of the vortex after the completion of roll-up. The

rate of descent estimated from the last measured vortex separation and strength is

shown. When x{c ą 10, this behavior is evident; however, in the near wake region,

the z-position is nearly constant. In fact, there is a slight increase in the z-position.

The vortex resulting from the roll-up of a semi-infinite vortex sheet has increasing

z-position [4]. Experimental observation of apparent upwash of the trailing vortex

system in the near wake of low aspect ratio wings at low Reynolds numbers was also
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Figure 2.9: The PIV measured circulation from each experiment is compared to the
direct lift measurement using the Kutta-Joukowski formula. The vortex strength is
captured in the dual-plane experiments, but only partially in the single-plane exper-
iments.

reported by Kaplan et al. [38].

Overall, the agreement between the two techniques in the measured vortex position

is quite good. Despite limited ability to capture low level vorticity outside the core,

the single-plane PIV technique appears capable of accurately locating the vortex

structures.

2.4.4 Recovered lift

The estimates of the lift force from the PIV measurements are shown as a function

of the downstream distance in Fig. 2.9. The force is predicted from the measured

circulation using the Kutta-Joukowski formula and is compared with the lift force

measured directly using the load cell. The dual-plane PIV measurement captures the

expected circulation; however, the measured circulation from the single-plane PIV

measurement fails to match the measured forces.

Circulation was calculated from integrating the vorticity over the measured Trefftz

plane. Fig. 2.6 demonstrates lower vorticity in the single-plane measurement com-

pared to the dual-plane measurement. Furthermore, it appears that parts of the vor-
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ticity spiraling outside the core are missing, apparently lost in the measurement noise.

Fig. 2.5 demonstrates the low dynamic range of the single-plane measurement—the

majority of the measured flow field is at the limit of uncertainty of the cross-correlation

algorithm. Fig. 2.7 shows the measured velocity contours and suggests that accurate

measurement in the outer spiral region of the wake is requisite to capturing the full

circulation strength. The sub-pixel displacements of the single-plane measurement is

subject to zero-bias if camera ghosting is present during the measurement. The under-

prediction of the velocity vectors results in under-prediction of the wake circulation

and, consequently, under-prediction of the lift.

2.5 Concluding Remarks

We developed a simple model for the rolled up wake behind a free-flier. The model as-

sumes the wake behind an elliptically loaded wing rolls into a pair of counter-rotating

Lamb-Oseen vortices, and provides a method for estimating the PIV parameters nec-

essary to resolve the wake. Trefftz plane velocities in the wake behind typical fliers

are typically much smaller than forward flight speed. Consequently, Trefftz plane

PIV experiments in wind tunnels suffer from short tracer particle residence times

in the illumination volume; hence, the experiments suffer necessarily small inter-

frame times. The limited dynamic range of single-plane PIV with strong out-of-plane

flow can be addressed by displacing the laser sheet with the freestream, allowing

longer interframe times without the penalty of losing image pairs. We introduced

an electro-optical method for switching between laser sheet planes at high speed and

high repeatability. The dynamic range of the PIV measurement can be increased by

an order of magnitude with the dual-plane approach.

We conducted PIV wake experiments on a fixed wing and studied the vortex

strength and behavior. Both techniques measure the same vortex position as a func-

tion of downstream distance; however, there is discrepancy between the measured
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vortex strengths. The limited dynamic range of traditional PIV measurement in

the Trefftz plane makes measurement outside of the trailing vortex core region very

challenging because the flow is necessarily very weak compared with the freestream

velocity. The interpretation of the spatial distribution of the vortex structures is not

restricted, and this is nicely demonstrated by the agreement between the two tested

measurements in their measured location of the trailing vortex.

The single-plane technique suffers some important disadvantages to the dual-plane

measurements. The dynamic range of this measurement is very small because of

the short interframe times permitted by through-plane motion of the seed particles.

The actual measurement is barely above the accepted threshold of the resolution of

the cross-correlation algorithm. Consequently, the uncertainty of the velocity and

velocity-derived quantities (e.g., vorticity) will be an order of magnitude larger in a

single-plane measurement as compared to a dual-plane measurement. Additionally,

sub-pixel biasing occurs towards integral pixel displacements [64]. The possibility

of camera ghosting (noticed in the dual-plane measurements but impossible to iden-

tify in the low-displacements of the single plane measurements) may further bias

the calculated displacement towards zero. These are systematic errors that lead to

under-predicting the velocity field (Figs. 2.7 and 2.9); however, they do not affect the

measured spatial vortex structure (Fig. 2.7) or development (Fig. 2.8). The measured

vortex profile (Fig. 2.7) shows that vorticity exists well outside the vortex core; there-

fore, accurate velocity measurements of the outer flow are required to capture the full

vortex strength. Fitting a vortex model to the core will inevitably under-predict the

full vortex strength because not all of the vorticity rolls into the core.

It should be noted that much of the understanding of the vortex structure in

the wakes of bats are derived from measurements which fail to quantitatively explain

weight-support Hedenström et al. [7, 8], Hubel et al. [9, 11]. While these authors have

acknowledged the under-prediction of weight-support in their data, they proceed to
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draw conclusions regarding wake structures from these data sets. One might question

the validity of these results; however, this study shows no evidence that the qualita-

tive observations of under-resolved measurements are invalid. While the single-plane

experiment failed to predict the load-cell measured lift, there was good agreement

in the vortex position during roll-up process with the dual-plane measurement tech-

nique. This suggests that despite the quantitative shortcoming of the vortex strength,

the conclusions regarding vortex structure are valid.

It is clear that accurate measurement of the vortex strength in the wake requires

one to accurately measure the subtle details in the outer flow; it is insufficient simply

to measure the maximum velocities at the core edge and then to extrapolate. The

dual-plane technique applied allowed an order-of-magnitude increase in the measure-

ment dynamic range, thus allowing the velocities in the outer flow to be accurately

captured. This technique can provide a method that can capture the qualitative as-

pects of the wake structure behind free-fliers—as in previous studies—as well as give

quantitative insight to the strength of the wake structures, which previous studies

have been challenged to do.

This work was supported by the AFOSR MURI on Bio-inspired flight, monitored by

Drs. Doug Smith and Willard Larkin.
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CHAPTER 3. The Aerodynamic Cost of Flight in

Bats—Comparing Theory with

Measurement

Abstract Aerodynamic theory has long been used to predict the power required for an-

imal flight, but widely used models contain many simplifications. It has been difficult

to ascertain how closely biological reality matches model predictions, largely because

of the technical challenges of accurately measuring the power expended when an ani-

mal flies. We designed a study to measure flight speed-dependent aerodynamic power

directly from the kinetic energy contained in the wake of bats flying in a wind tun-

nel. We compared these measurements to two theoretical predictions that have been

employed for several decades in diverse fields of vertebrate biology and to metabolic

measurements from a previous study using the same individuals. A high-accuracy dis-

placed laser sheet stereo PIV experimental design measured the wake velocities in the

Trefftz plane behind four bats flying over a range of speeds (3–7 m{s). We computed

the aerodynamic power contained in the wake using a novel interpolation method

and compared these results with the power predicted by Pennycuick’s and Rayner’s

models. The measured aerodynamic power falls between the two theoretical predic-

tions, demonstrating that the models effectively predict the appropriate range of flight

46



power, but the models do not accurately predict minimum power or maximum range

speeds. Mechanical efficiency—the ratio of aerodynamic power output to metabolic

power input—varied from 5.9 to 9.8% for the same individuals, changing with flight

speed.

3.1 Introduction

The evolution of vertebrates capable of flapping flight has produced tremendous di-

versity in ecology; specialists may hover to extract nectar from flowers, catch insects

on the wing, or snatch smaller vertebrates from the ground. Some species migrate

thousands of kilometers annually, while others never travel further than a few meters

from their roost or nest. The great diversity in flight ecology and behavior is mirrored

in a wide range of wing architecture and musculoskeletal structure in bats and birds.

One way in which efforts have long been made to relate wing morphology and

motion to flight performance is by understanding flight energetics, and for decades,

biologists have tried to estimate the flight power curve, the relationship between

aerodynamic energy required for flight and flight speed [e.g., 65]. However, measur-

ing or estimating aerodynamic power of flapping vertebrates is challenging, which

necessitates the use of simple models derived from fixed-wing aircraft and helicopter

theory. In particular two models, developed by Pennycuick [18] and Rayner [19], have

dominated the animal flight literature.

Because of the difficulty in making direct measurements of the aerodynamic power

required for animal flight, there has been only one attempt to validate these mod-

els [20]. Nevertheless, they have been widely employed to generate diverse predictions,

including not only the speed-dependent cost of flight, but also seasonal or life cycle

changes in flight behavior, habitat use, migration behavior, and morphological and

kinematic scaling [e.g., 66–69].

Both models assume that we can express the total aerodynamic power as the
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sum of three subcomponents: induced power, parasite power, and profile power. The

induced power, Pind, is the rate of work required to support body weight:

Pind “
2κ ¨ pmgq2

πρUb2
, (3.1)

where m is the mass of the animal, g, the acceleration due to gravity, ρ, the air density,

b, the wingspan, U , the flight speed and κ, a constant that both the Pennycuick and

Rayner models assign a value of 1.2, supported by recent experiments on two nectar-

feeding bat species [70].

Parasite power, Ppar, originates from the drag of the non-lifting parts (i.e., the

body) and again, both models have the same functional structure:

Ppar “
1

2
ρSbCD,parU

3, (3.2)

where the body frontal area Sb “ p8.13ˆ 10´3 m2kg´2{3q ¨m2{3, and the parasite drag

coefficient CD,par “ 0.4.

The profile power, Ppro, is associated with the aerodynamic drag of the wings

moving through the air. Pennycuick concluded that parasite power remains approxi-

mately constant in the mid-range of natural flight speeds [18]:

Ppro “ 8.4Pam{A (3.3)

where A is the aspect ratio of the wing, and Pam is the sum of Ppar and Pind at the

minimum power speed. In contrast, Rayner incorporates a drag-based calculation

that varies with the cube of the flight speed to estimate the profile power [19, 42]:

Ppro “
1

2
ρSCD,proU

3, (3.4)
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where S is the wing area and CD,pro is the coefficient of profile drag, with a typical

value of 0.02.

3.1.1 Measurements of the energetic cost of flight

Just as the conservation of momentum dictates that the weight of a flier is supported

by imparting equal but opposite momentum to the air in the wake, the conservation

of energy dictates that the work done by the flier on the air is reflected in the kinetic

energy of the wake. Measurements of animal wakes using Particle Image Velocimetry

(PIV) have become common in recent years [e.g., 7, 17, 43]. However, the technical

challenges are numerous. For bats and birds whose wings beat at frequencies of ap-

proximately 5–16 Hz, high-speed PIV systems capable of time-resolving the flapping

cycle are required. Constraints on laser energy and camera resolution limit the size

of the measured area, and compromises in experimental design can lead to inaccu-

rate measurements of the vorticity (or circulation) contained in the wake [11, 71]. In

the only study that has measured the kinetic energy in the wake of a flying verte-

brate [20], the calculated self-energy was less than 60% of the expected value pre-

dicted by theory, and the estimated lift was only slightly greater than 50% of that

required for weight support. Several other studies have reported that the measured

vortex structures contained only 50–60% of the circulation required to support body

weight [9, 20, 44, 72–74]. In one study that demonstrated weight support [14], vortex

circulation was not computed directly but instead was estimated by thresholding the

measured vorticity below a cut-off value and then extrapolated outside the vortices

using an assumed Gaussian tail to the vorticity distribution. This assumption may

not represent the actual circulation profile [71]. Other studies have used a variety

of ad hoc assumptions and explanations to account for the missing lift [7, 8, 11].

Recently, a novel PIV method (dual-plane illumination) was developed and used to

capture the complete circulation in the wake and to identify the sources of previous
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difficulties associated with this challenging measurement [71].

3.1.2 Metabolic cost of flight and efficiency

Another approach to estimating the cost of animal flight is to measure metabolic en-

ergy used and thus estimate power input, rather than power output. Metabolic power

can be measured directly from flying animals using a variety of techniques, including

respirometry (open flow or closed system), isotope labeling techniques (doubly-labeled

water or the sodium-bicarbonate method), and heat transfer modeling [75]. If both

metabolic power input and aerodynamic power output can be measured, it is possible

to estimate flight efficiency η, the ratio of metabolic and aerodynamic power of flight.

Efficiency is notoriously difficult to measure empirically and hence not well under-

stood for animal flight or even for terrestrial or aquatic locomotion. Estimates for

efficiency during flight obtained using diverse techniques range between 3 and 33%

for birds [76] and between 5 and 30% for bats [e.g., 77–79]. Flight efficiency may vary

with body mass both among and within species, and some evidence has suggested it

may change with flight speed [e.g., 80].

3.1.3 Current work

Here we report on a series of experiments designed to measure the aerodynamic power

of Seba’s short-tailed bats, Carollia perspicillata, flying in a wind tunnel. We compare

these measurements with values predicted using the prevailing theories and estimate

the energetic efficiency of bat flight over a range of flight speeds. We estimate the

cost of flight from wake velocity measurements using an approach that is novel in sev-

eral ways. First, we employ dual-plane, three velocity-component PIV, which enables

high accuracy velocity measurements in the Trefftz plane and which captures all of

the wake vorticity, without the need for corrections [71]. Second, we describe and

apply an analytical method, the Helmholtz-Hodge decomposition, with which we can
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accurately estimate the energetically significant wake velocity outside the measure-

ment zone. The Helmholtz-Hodge decomposition allows us to accurately calculate the

total aerodynamic power. Finally, we combine the measurements of flight power with

previous measurements of metabolic power, made in the same facility, from the same

individuals [81], to test the hypothesis that flight efficiency is flight-speed dependent.

3.2 Materials and Methods

3.2.1 Wind tunnel

Four non-reproductive Seba’s short-tailed bats (Carollia perspicillata) were flown in

the closed-loop, low-turbulence wind tunnel at the School of Engineering at Brown

University. The test section is 3.8 m long and has a cross section of 0.60 x 0.82 m, rel-

ative to a mean wingspan of 0.28 m of the experimental animals. More details of the

facility are reported by Hubel et al. [9]. Experiments were conducted at free stream

velocities from 1 to 6 m/s, measured with a pitot tube and differential pressure trans-

ducer (Setra Model 239). True forward flight speed was determined to be the sum

of the freestream and the animal’s velocity relative to the lab frame. Wind tunnel

temperature was monitored with a thermistor probe and digital controller (Omega

DP25-TH) and was 21.3 ˘ 0.6˝C (mean ˘ one standard deviation) during experi-

ments. The atmospheric pressure was monitored by an absolute pressure transducer

(Setra Model 270) and averaged 101.0 ˘ 0.9 kPa (mean ˘ one standard deviation).

The animals were released into the wind tunnel and trained to fly through a hole in a

net, emerging in the correct position within the test section such that forward flight

would take the bats through the PIV and kinematic interrogation areas and the laser.

The laser was triggered after the bats passed through the plane of the laser sheet

so as to prevent direct exposure of the animals to any laser light. A right-handed

coordinate system was defined with the x-axis aligned with the direction of the flow,

the y-axis transverse to the flow, and the z-axis vertical.
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Figure 3.1: Experimental setup, illustrating dual-plane, double stereo PIV in the
Trefftz plane. Four PIV cameras area used along with two kinematics cameras.

3.2.2 PIV measurement

The PIV experiment was controlled using commercial PIV software (DaVis v8). The

image pairs were captured with four high-speed cameras (three Photron FASTCAM

SA3 and one Photron FASTCAM SA5) using a 105 mm f/2.8D, a 60 mm f/2.8D, and

two 85 mm f/1.4D Nikkor lenses on Scheimpflug mounts. Optical bandpass filters

of 531 ˘ 22 nm were used to minimize stray light. The four cameras were arranged

into two stereo pairs with fields-of-view stacked vertically to give an increased mea-

surement region. The resulting combined field-of-view was approximately 22.7 ˆ 31.1

cm2 with a resolution of R “ 4.5 pixel/mm. The cameras were calibrated using a

LaVision Type 31 calibration target and the software’s stereo camera calibration rou-

tine. Laser sheet illumination (532 nm) was provided by a double-pulsed 200 Hz,

50 mJ laser (Litron LPY-732). The wind tunnel was filled with 1 µm droplets of

Di(2-ethylhexyl)sebacate (DEHS) generated using a Laskin nozzle. Image pairs were
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captured in the Trefftz plane py, zq behind the flying animal. At lower wind speeds

(1-3 m/s), where wake structures are of comparable strength to the freestream, we

used single-plane stereo PIV. At higher wind speeds (4-6m/s), we used a dual-plane

PIV measurement system [71] (Table 3.1, Fig 3.1). PIV images were processed in

DaVis, and cross-correlation was performed on a GPU using a multi-pass algorithm.

Analysis used two initial passes with a 128 ˆ 128 pixel2 rectangular window and three

passes with a final 64 ˆ 64 pixel2 Gaussian-weighted window and a window overlap

of 75%, corresponding to a vector spacing of 3.7 mm with an equivalent indepen-

dent vector spacing of 7.4 mm [82]. The resulting three component velocity fields,

u “ pu, v, wq, were imported into a custom Matlabr analysis program (Matlabr

R2011b, The MathWorks Inc., Natick, MA, USA) analysis program, where images

from the upper and lower regions were stitched together into a composite vector field.

The wake vorticity was computed from the measured velocity field using finite dif-

ferences. Only PIV trials that captured the entire vorticity within our measurement

region during a complete wingbeat cycle were included in the analysis. We analyzed a

total of 75 trials: 2, 3, 13, 18, and 38 wingbeats at flight speeds of 3, 4, 5, 6, and 7 m/s,

respectively. Since we only analyzed level flights with zero roll, we assumed sagittal

plane symmetry and mirrored the wake measurements about the median plane of the

animal.

3.2.3 Kinematics measurement

Bat kinematics were recorded synchronously with the PIV to enable spatial regis-

tration of the bat position and wake structures. Bats were filmed in ventral px, yq

and lateral px, zq view at 400 Hz with a pair of high-speed cameras (Photron FAST-

CAM1024) (Fig. 3.1). Position of the body, defined as the midpoint between the

legs (the coccyx) and wrist were digitized in both views and transformed into three-

dimensional coordinates by direct linear transformation (DLT) using a custom track-
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Figure 3.2: The stitched and mirrored PIV data are “stacked” to create a pseudo-
volumetric wake, here for trial at 6 m{s. Free stream and PIV acquisition frequency
used to assign streamwise spacing between successive PIV frames: hx “ U8{fPIV. end
us: end of upstroke; beg ds: beginning of the downstroke; mid ds: mid downstroke;
end ds: end of downstroke; beg us: beginning of upstroke; mid us: mid upstroke. The
q-criterion isosurfaces are colored by the local x vorticity.

ing routine [83]. The 3-dimensional marker locations were exported to MATLABr

and transformed to the PIV coordinate system for analysis. The bat’s velocity rel-

ative to the PIV coordinate system was measured using a linear least-squares fit of

body position versus time. Wingbeat frequency was calculated by fitting a sinusoid to

vertical wrist position. Each PIV frame was assigned a wingbeat phase by adjusting

the phase of the concurrent kinematic frame by the upstream position of the bat and

the freestream.
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3.3 Results

3.3.1 Wake structure

We quantified the wake structure in the Trefftz plane behind four Seba’s short-tailed

bats (Carollia perspicillata) flying freely in a wind tunnel at flight speeds of U8 “ 3–

7 m{s. The vortex structure of the wake (Fig. 3.2 and Fig. 3.3) is consistent with

previous studies [7–9, 11, 14, 15, 84, 85]. We find a strong tip vortex at the beginning

of the downstroke that persists until mid-upstroke (Fig. 3.3a,b), a wing root vortex

that is observed at the beginning of downstroke (Fig. 3.3a), and a reversed vortex

loop at the end of upstroke (Fig. 3.3c). The velocity fields (Fig. 3.3d–f) show a

velocity deficit associated with the vortex core during the beginning of the downstroke.

However, this changes to a wake velocity surplus by the end of downstroke. The

velocity field extends over a far greater area than the vorticity field and well beyond

the measurement area (Fig. 3.3g–i).

3.3.2 Lift

The wingbeat-averaged lift, L, can be calculated from the wake vorticity ω:

L “
ρU8
T

ż

wb

ż

Trefftz

y ¨ ω dA dt (3.5)

where the subscript “wb” denotes integration over a wingbeat cycle, and T is the

wingbeat period. We calculated lift-to-weight ratio as a function of flight speed

for each of 75 wingbeats using the appropriate average weight for each individual

(Fig. 3.4). At higher speeds, the average of the measured lift equals weight with no

additional assumptions (mean L{W “ 1.02 ˘ 0.15 std). At lower speeds, where we

did not employ the dual-plane PIV method, the measured lift was less than weight

(mean L{W “ 0.83˘ 0.05 std).
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Figure 3.3: Out-of-plane (streamwise) vorticity field (a,b,c), velocity field (d,e,f),
and velocity magnitude (g,h,i) contours for beginning of downstroke (a,d,g), end of
downstroke (b,e,h), and end of upstroke (c,f,i)
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Figure 3.4: Lift-to-weight ratio versus forward flight speed for four individuals; blue
background indicates use of dual-plane PIV method.

3.3.3 Aerodynamic power

Aerodynamic power was computed by measuring the total kinetic energy in the wake.

In the absence of flight, we observe only wind tunnel freestream flow, and any dif-

ference between the wake velocity field and the undisturbed freestream derives from

energy put into the wake by the bat. By measuring the wake velocities using PIV, we

can simply integrate the wake energy to find the aerodynamic power. As noted above,

velocity magnitude contours (Figs. 3.3g–i) indicate that nonzero wake velocities lie

beyond the measured region; thus, a simple wake integration of the measured veloci-

ties will underestimate the power. However, since we have measured all of the wake

vorticity (Fig. 3.3a–c), the velocity outside the measurement area can be uniquely

calculated using an exact extrapolation technique based on the Helmholtz-Hodge de-

composition [86]—a vector calculus theorem from nineteenth-century mathematical

physics. Given a vorticity field and assuming incompressible flow, we can use the

Helmholtz-Hodge decomposition to extend the wake velocity field (without approx-

imation) to include the entire wind tunnel test section, and with this we obtain a
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Figure 3.5: Typical contour of the wake velocity magnitude measured behind the
bat over entire wind tunnel region. White dotted line depicts the measurement area
over which wake velocities were measured using PIV. The complete wake velocity field
is achieved by reflecting the measurements about the meridional plane of the bat and
extending them beyond the measurement region by means of the Helmholtz-Hodge
decomposition.

much more complete measurement of the aerodynamic power (see Appendix B and

Fig. 3.5).

The total kinetic energy of a wingbeat was calculated from the extended velocity

field,

Ewb “

ż

wb

1

2
ρ|u|2 dV. (3.6)

and subsequently, the average aerodynamic power was calculated by multiplication

with the wingbeat frequency, fwb, as Pwb “ Ewb ¨ fwb. The measured aerodynamic

power falls between the two theoretical predictions (Fig. 3.6); Pennycuick’s model

shows higher, while Rayner’s model shows lower values compared to our measurements

(Fig 3.6). Aerodynamic power increases with speed (energy at 7 m{s is significantly

greater than that at either 5 or 6 m/s; Student’s t-test, p “ 0.0067).
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(a)
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(f )

Figure 3.6: Aerodynamic power (Watts) from PIV measurement (blue; y-error bars
are ˘ standard deviation of power, x-error bars are ˘ standard deviation of speed)
and power predictions based on Pennycuick [18] (green) and Rayner [19] (orange)
vs. flight speed. With the exception of the five wingbeats at the lowest speeds, the
data are binned to nearest integer [m/s] flight speeds. Induced and parasite power
(e and f) are estimated in the same way in the two models, but profile power (c and
d) and total power (a and b) differ between Pennycuick’s (a and c) and Rayner’s (b
and d) models. The uncertainty in total power prediction due to variation among
study subjects in input parameters (body mass, wingspan, wing area) is indicated by
shading around the solid green and orange lines. Pennycuick’s model is only valid for
flight speeds between minimum power and maximum range speed, indicated by the
fading curves.
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(von Busse et al. 2013)

9.8% 7.2% 5.9% 6.1%7.6%

Figure 3.7: Aerodynamic power output (black, left y-axis) and metabolic power
input (red, right y-axis) vs flight speed (metabolic data measured with Na-bicarbonate
method from von Busse et al. [81]). Metabolic power measured over 1 to 7 m/s
(median ˘ absolute deviation); aerodynamic power from 3 to 7 m/s (average ˘
standard deviation, where applicable). Percentages below symbols are mechanical
efficiency (aerodynamic power/metabolic power).

3.3.4 Mechanical efficiency of flight

In a prior study, using the 13C labeled Na-bicarbonate method [87], the same indi-

viduals in the same wind tunnel were found to exhibit a U-shaped dependence of

metabolic power over speeds ranging from 1–7 m{s [81]. The ratio of aerodynamic

power to metabolic power yields the mechanical efficiency of locomotion, η (Fig. 3.7).

Our measurements of both parameters from multiple individuals allow estimates of

efficiency at flight speeds between 3–7 m{s, and over this range η varies from 5.9% at

6 m{s to 9.8% at 4 m{s.

3.4 Discussion

Dual-plane PIV measurements and the Helmholtz-Hodge decomposition analysis have

allowed us to calculate the aerodynamic power expended by bats in free flight and

make comparisons with the leading aerodynamic theories. There are inherent chal-

lenges associated with both measurement and theory. Theoretical predictions are
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sensitive to model uncertainties [88], while experimental estimates are sensitive to

measurement accuracy.

At flight speeds above 4.5 m/s, we recover full weight support without any data

corrections. There is, of course, scatter about the mean, but this scatter is expected

given the fact that each point represents an individual wing beat. Using single-

plane PIV at lower speeds, however, we only recover 80% of the lift. The low-speed

data should be viewed with caution. First, at these lower speeds, it is difficult to

obtain PIV measurements of complete wingbeats at low wind tunnel speeds; animals

often prefer to fly through the measurement volume at a higher net airspeed or fly

in an unsteady manner. Consequently, the low-speed results are based on only five

wingbeats. Second, PIV measurement uncertainty is inversely proportional to the

time between laser pulses [71]; thus, our highest uncertainty occurs at low freestream

velocities (Table 3.1). Third, for our calculations to be valid, we assume that the

freestream dominates the streamwise velocity fluctuations in the wake. However,

this assumption breaks down at low flight speeds, where streamwise wake structures

increase in strength relative to the freestream, and the relative importance of wind

tunnel flow inhomogeneities and free stream turbulence increases. Nevertheless, there

is no reason to exclude the data from low-speed flights, and we present them for

completeness.

3.4.1 Measurement accuracy

The methodology described here makes two important contributions towards mini-

mizing error. First, we measure all three components of velocity. The streamwise

velocity component, u, has regions of both surplus and deficit (Fig. 3.3d–f), and if it

were ignored, the energy would be underestimated by over 20% (Table 3.2). Second,

the Helmholtz-Hodge decomposition, and the subsequent interpolation of the velocity

field throughout the full wind tunnel test section, ensures that all of the energy in
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the wake, including that falling outside the measurement field-of-view, is included

in the energy budget. This “exterior” flow contains roughly 8% of the total energy

budget (Table 3.2), thus a power estimate from only the directly measured region

(e.g., Fig. 3.3) systematically underestimates the total aerodynamic power.

Table 3.2: Percentage of total aerodynamic power obtained using (i) two-component
PIV with a single camera (only v, w components), or (ii) stereo PIV without using
the Helmholtz-Hodge decomposition to interpolate the wake velocities beyond the
experimental field-of-view.

Flight speed [m/s] 3 4 5 6 7

Single camera PIV [%] 75 83 81 77 73

Experimental field-of-view
only [%]

92 92 91 92 93

Analysis of tomographic PIV-based volumetric reconstructions of locust wakes

has highlighted several issues that may arise when representing the wake as a pseudo-

volume reconstructed from a time-series of planar measurements [17]. In particular,

the assumption that the wake is uniformly advected by the freestream can lead to

two sources of error: (i) flow structures smaller than the spacing between successive

measurements may not be detected, and (ii) wakes may undergo substantial deforma-

tion [17]. We evaluated the possibility that these phenomena could play a significant

role in our results. In the present case, we seek to quantify the linear momentum

and energy content of wakes. Conservation of energy ensures that the properties we

measure at the interrogation plane are conserved as they advect, despite any possible

distortion. The energy in the wake is contained in its large-scale structure (Fig. 3.8),

thus the smallest scale details that may be undetected between successive measure-

ments are also the least energetically significant. We also note that viscosity dissipates

kinetic energy from the viscous length scales,
?
νt. Here, ν is the viscosity of air, t

is the period of a wingbeat, and viscous length is approximately 1.4 mm, which is

smaller than the vector spacing of our PIV measurement. Viscosity critically affects

the energy content of a pigeon wake only after approximately 2.7 ˆ 103 s [20], and

63



10
1

10
2

10
3

10
−6

10
−5

10
−4

10
−3

10
−2

e
n

e
rg

y
 c

o
n

te
n

t 
p

e
r 

w
a

v
e

n
u

m
b

e
r,

 1
/2

 ρ  
 |
u

(k
)|

2

wave number, k = 2π/λ [m
−1

]

10 100 1000
0

1

c
u

m
u

la
ti
v
e

 ,
 Σ

k∞
 E

(k
) 

/ 
E

to
ta

l

wave number, k = 2π/λ [m
−1

]

Figure 3.8: Wake kinetic energy per wavenumber from the wingbeat shown in
Fig. 3.5. The bulk of the wake energy is contained in large-scale flow structures.
The inset shows the fraction of the energy contained in the first k wavenumbers. For
wavenumbers k ď 100 m´1, the error is less than 10%; hence, 90% of the wake energy
is contained in flow structures larger than 6.3 cm.

given that the wingbeat period for Carollia perspicillata is even shorter than that

of a pigeon, we can safely neglect the effects of viscosity. Furthermore, the far-field

influence of these structures depends only on the total strength of these conserved

quantities and not on the fine detail of their localized configuration. A discussion of

wake deformation can be found in Appendix A.

3.4.2 Uncertainty in theoretical models

The magnitude of aerodynamic power measured falls between the predictions of the

two most commonly used models for vertebrate flight energetics, those of Pennycuick

[18] and Rayner [19] (Fig. 3.6). These models differ in their calculation of profile

power. Pennycuick’s assumption for the estimation of profile power is only valid

between the minimum power and maximum range speed, in our case from around

5.0–8.5 m{s. Given the complex flow generated by flapping flight of compliant, highly

articulated wings and the relative simplicity of the models, it is not surprising that

the exact form of the predicted and observed power curves differ. Moreover, val-
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ues for minimum power and maximum range speeds estimated by these models are

very sensitive to the values of the input parameters. For example, the variation in

wingspan, wing area, and body mass among the individuals in this study produces

a range of predicted values for minimum power speed from 4.9–5.1 m{s using Pen-

nycuick’s model (see Fig. 3.6). However, due to the uncertainty in the predicted

power curve the power cost at these minimum power speeds does not differ from the

possible values of power cost between 3 and 7 m{s. Therefore, energetically, those

speeds are not distinguishable from the minimum power speed. This broad range

of speeds encompasses nearly the entire range of velocities tested in our study and

suggests that defining a minimum power speed may be of little practical relevance.

This uncertainty is often not recognized but may have significant implications where

computations of minimum power speeds are used, for example, in modeling migration,

predicting foraging behavior, etc. [67, 68, 89–91].

3.4.3 Flight efficiency

In previous studies of mechanical efficiency, estimates have been obtained by com-

paring metabolic power, usually measured by respirometry, to aerodynamic power,

often calculated from Pennycuick’s model [77, 80, 92–94]. These studies have yielded

efficiency estimates that range between 12–40%. The estimates of mechanical effi-

ciency we report here, using, for the first time, experimental measurements for both

metabolic and aerodynamic power, ranged from 5.6–11.3%. Those values are at the

low end of the recorded range for flying vertebrates and overlap with values reported

for hovering in glossophagine bats and hummingbirds [79]. However, we note that

previously reported values estimated aerodynamic power from Pennycuick’s model

and did not quantify power directly. Our empirical measurement of flight power

demonstrates that Pennycuick’s power curve, which makes a number of simplifying

assumptions, overestimates aerodynamic power, particularly at intermediate flight
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speeds (Fig. 3.6), which leads to artificially inflated estimates of mechanical efficiency.

Additionally, our data suggest an increase of aerodynamic power with the observed

lift, indicating a potential underestimation of our power estimates at low flight speeds

(Fig. 3.4), which would lead to an increased mechanical efficiency at low speeds.

Although flight energetics models typically assume constant efficiency, it has been

suggested previously that mechanical efficiency may vary as a function of flight speed

in flying vertebrates and that this variation could depend on the ecology and flight

specialization of a particular species [95]. Our results for Carollia perspicillata support

the idea that efficiency can be flight-speed dependent. At present, it is impossible

to know whether this is a general feature of bats or a trait that characterizes this

species; mainly feeding on nectar and fruit, these bats are not specialized to hunt

insects on the wing, nor are they known as particularly fast fliers. High efficiency

at low-to-intermediate flight speeds could be particularly beneficial for animals with

this kind of feeding ecology, but only comparisons with other, divergently specialized

species can test this hypothesis.

3.5 Concluding Remarks

We present here a sophisticated yet tractable method to calculate aerodynamic power

from the wake behind a flying animal. It is critically important that the measurement

recovers lift, contains all three velocity components, and accounts for the extended

spatial area that the wake energy occupies. The measured flight power does not show

a clear U-shaped relationship with speed, although the difficulties associated with

acquiring data at low speeds could affect this conclusion. Our aerodynamic power

measurements are bracketed by the two most widely-used theories for estimating

aerodynamic power, which confirms the utility and power of those relatively simple

models. Nevertheless, the models’ weak dependency on speed and the uncertainties

associated with determining basic parameters such as wingspan and weight, reinforce
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the caution that must be taken when applying such theories. We document a decline

in mechanical efficiency at higher flight speeds, which appears to arise primarily from

the increased metabolic power requirements of flight at these speeds.
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CHAPTER 4. Shape, Lift, and Vibrations of

Highly Compliant Membrane

Wings

Abstract Membrane wings are common in flying animals such as bats, lemurs, fly-

ing squirrels, and pterosaurs, as well as in low Reynolds number Micro Air Vehicles.

Vortices shed from the sharp leading and trailing edges and wing tips of membrane

wings, and the vortex interactions with the membrane play an important role in the

wing’s performance. With compliant membrane wings that are initially tension-free

at rest, there are two issues to consider: (a) the static relationship between the net

aerodynamic forces and the bulk wing deformation, and (b) the interaction between

the membrane dynamics and unsteady flow structures. We present a simple model

of the finite deformation and natural frequency of an initially tension-free membrane

wing, which depends only on an aeroelastic parameter. We extend our theory with

a computer model that accounts for nonuniform chordwise load. We conduct ex-

periments on low aspect ratio membrane wings with different support structures and

thicknesses, over a broad range of freestream velocities and angles of attack. We

measure wing shape and dynamics, aerodynamic force, and the wake, and find good

agreement between the experimental results, the computer model, and our theoretical
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model. Membrane deformation affects the membrane vibration modes, which in turn

affects the coupling between the membrane and vortex shedding. Wings with differ-

ent wing tip support, but similar stiffness show similar static behavior, but exhibit

markedly different dynamic behavior.

4.1 Introduction

Membrane wings are characteristic of flying animals such as bats, lemurs, flying squir-

rels, and pterosaurs as well as in low Reynolds number pRe ă 105q Micro Air Vehicles

(MAVs). These wings exhibit interesting features such as self-cambering, soft stall,

and enhanced performance at large angles of incidence [30]. Furthermore, these wings

operate in a parameter space where complex phenomena such as flow separation and

reattachment, and the unsteady interactions between the elastic and vortical struc-

tures over the wings may critically affect the wing’s aerodynamic performance. In

the literature, the modeling of elastic membrane wings has evolved from work on the

aeromechanics of inextensible sails [96, 97], where the shape of the sail is determined

by the requirement that each element of the sail is in mechanical equilibrium with

fluid stresses, and the fluid stresses in turn depend on the sail shape. In this case,

the tension in the sail acts as a Lagrange multiplier to satisfy the inextensibility con-

straint [98]. Membrane elasticity complicates the problem because the tension must

be related to the stretch of the deformed membrane, which manifests itself as an ad-

ditional equation for the elastic stress. The forces on the membrane result from fluid

forcing; therefore, an appropriate model for the fluid is required. In the literature,

the general approach to modeling membrane wings is to state an equation of motion

for the membrane, state a fluid-dynamical regime of operation (e.g., two-dimensional

steady laminar flow, turbulent flow, three-dimensional unsteady, etc...), and then to

solve the problem numerically by coupling a structural solver to a fluid dynamical

solver [25, 27–29, 99, 100].
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As an example, Smith and Shyy [25] modeled the membrane airfoil as a two di-

mensional linear elastic membrane governed by the Young-Laplace equation. In their

calculations, they assigned the membrane with a large modulus—sufficiently large to

make the wing approximately inextensible—and excess length, and coupled the mem-

brane solver with a Reynolds-averaged Navier–Stokes solver to compute equilibrium

two-dimensional configurations for the sail-like wing. Their calculations showed that

inviscid wing theory provides a reasonably accurate description for small angles of

attack and only for small excess length.

Elastic membrane wings present an additional challenge, because the tension and

length of the wing change with the aerodynamic load. Whereas inextensible sails have

a fixed excess length, elastic membranes may initially have zero excess length or even

pretension, and may still adopt a camber under aerodynamic load. Experiments by

Song et al. [30] examined elastic membrane wings with leading and trailing edge sup-

port and demonstrated enhanced lift and delayed stall compared to a rigid flat plate,

albeit at the expense of increased drag. The self-cambering of the compliant wing al-

lows positive lift to be sustained even at small negative angles of attack. Furthermore,

Gordnier’s [27] high-fidelity simulations of membrane wings show that compliance al-

lows positive average lift to be maintained at zero angle of attack. Experiments on

wings with free trailing edges passively change their angle of attack in response to

flow conditions [31, 36]. Changes in the Reynolds number lead to changes in the

boundary layer thickness and stability [27], which affects the pressure distribution on

the wing. Experimentally, it is difficult to independently vary Reynolds number and

effective membrane elasticity because both depend on the freestream velocity.

Membrane dynamics also play an important role in the behavior of membrane

wings [27, 30, 32, 33, 36]. Membrane wings may exhibit standing mode vibrations

near integer multiples of the membrane fundamental frequency [27, 30, 32, 33], or

they may exhibit traveling wave characteristics [27, 36]. The unsteady motions of
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the membrane lead to smaller separated regions over the membrane wing than on

identically shaped rigid wings [27, 32]. Membrane dynamics vary greatly with the

membrane pretension or excess length [30, 33], with the character of the membrane

supports [31, 35, 36, 101], and with the Reynolds number [27]. The natural modes in

the membrane and supports may interact with the natural modes in wake to select

the particular mode of vibration and vortex shedding.

Despite the experimental and computational work on compliant membrane wings,

relatively little effort has been spent on simple analytical descriptions that can provide

valuable insight as well as leading order predictions. Song et al. [30] developed a model

for membrane wing behavior by neglecting the complexities of chordwise load distri-

butions and assuming that a two-dimensional membrane was subjected to a uniformly

distributed load. Linear membrane behavior yields a parabolic shape; therefore, the

relationship between the membrane deflection and the force can be simply stated.

The resulting description of the membrane wing is a statement of equilibrium in the

final membrane configuration and is governed by a “Weber” number,

We “
L

Ehs
, (4.1)

which relates the aerodynamic forces on the wing (e.g., the lift), L, and the surface

force (e.g., membrane tension), characterized by the membrane modulus, E, thick-

ness, h, and span, s. Despite it’s simplicity, this theory compares favorably with

experimental data. However, the model is not predictive because the aerodynamic

load, L, must be specified. Furthermore, the wing loading depends on the camber,

which in turn depends on the wing loading. Clearly, a relationship that provides

camber as a function of aerodynamic loading is needed to provide a complete model

of the wing behavior.

Furthermore, modeling membrane wings without pretension presents mathemat-
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ical difficulties because the wing exhibits infinite compliance for small deformation;

hence, nonlinear geometry changes must be incorporated in the model of the aerody-

namic response. Stanford and Ifju [101] investigated the accuracy of linear and non-

linear membrane models applied to perimeter-supported circular membranes subject

to uniform load. They compared experimental measurements to different membrane

models and found that membranes without pretension require geometrically nonlin-

ear models and may also require the use of nonlinear material effects when subjected

to very large load.

To address the shortcomings of the current analytical framework, we expand upon

the model given by Song et al. [30] by adding a simple aerodynamic model for the

lift which accounts for self-camber (Sec. 4.2). The resulting theory provides a simple

but complete description of the static fluid-structure interaction. The model allows

the static behavior of the wing to be estimated, given a proposed set of aerodynamic

parameters (e.g., freestream velocity and angle of attack). Our model continues to use

the assumption that the membrane is subject to uniform aerodynamic loading. To

assess the validity of this assumption, we compare our results with a numerical model

(Sec. 4.3) that uses the true aerodynamic load to calculate the membrane shape.

Finally, we compare our results with wind tunnel experiments (Sec. 4.4) conducted

using low aspect ratio wings with two types of wing tip support. The unsteady motion

of the wing is also examined and the predictions of the analytical theory are compared

with the experimental observations in Sec. 4.5.

4.2 Theoretical Considerations

Song et al. [30] provided a simple theory for the static behavior of membranes subject

to uniform aerodynamic load in which the membrane camber is determined by the

total force on the membrane. Fig. 4.1 illustrates the two-dimensional membrane wing

problem. Because the deformed shape is determined via the uniform load assumption,
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Figure 4.1: The two-dimensional membrane wing of chord, c, under aerodynamic
load. The tension, T , and the curvature, κ, balance the normal aerodynamic load,
p. Under the assumption of uniform load, ppxq “ const, the solution to the Young-
Laplace equation governing the membrane shape is given by a circular arc segment,
in which case the curvature is given entirely by the membrane camber, zmax.

geometric nonlinearity is accounted for with an analytical expression for the mem-

brane tension in the deformed configuration, and camber is determined by making a

statement of force equilibrium between the membrane and aerodynamic forces in the

deformed configuration. However, the interesting feature of membrane wings is that

the aerodynamic forces are influenced by the membrane shape, and the description

given by Song et al. [30] fails to address the coupled nature of the fluid-structure

interaction. To address the coupled fluid-structure problem of the membrane wing,

we add an aerodynamic model to the membrane model established by Song et al. [30]

that relates the aerodynamic force to the wing shape.

4.2.1 Static wing configuration

The static equilibrium shape of a membrane under a pressure load is governed by the

steady-state Young-Laplace equation,

κ`
p

T
“ 0. (4.2)
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Here, the local membrane curvature κ balances the pressure load p divided by tension,

T . Previous works have used the Young-Laplace model for static [25] and dynamic [27]

simulations. For a spatially uniform load, the Young-Laplace equation states that the

curvature is everywhere constant; hence, the equilibrium shape is a circular arc. When

the Young-Laplace equation is linearized for small deformations, the curvature term

is replaced by a second derivative term, resulting in the Poisson equation,

∇2z `
p

T
“ 0. (4.3)

For a spatially uniform load, the Poisson equation states that the second derivative of

the membrane deflection is constant; thus, the solution defines a parabolic membrane

shape. The Poisson equation was used by Song et al. [30] to formulate their membrane

model.

In the case of an initially tension-free elastic membrane, the pressure term, p{T , is

singular and the membrane is infinitely compliant; hence, nonlinear geometry changes

must be considered. The governing equation for the membrane shape should be inter-

preted as a statement of equilibrium in the deformed configuration and should remain

valid in the presence of large deformations. We proceed with the more general Young-

Laplace membrane model for our analysis; however, the difference between the Young-

Laplace and Poisson models is minor (as we will see). We maintain the uniform-load

simplification used by Song et al., which leads to the circular arc membrane shapes.

Under this assumption, the deformed membrane configuration is uniquely defined by

its maximum camber, zmax. For convenience, we normalize the camber by the wing

chord, z˚ “ zmax{c. We can write the expression for the chord-normalized curvature

of the wing, κ˚, from the normalized camber,

κ˚ “
8z˚

1` 4z˚2
. (4.4)
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The membrane tension in the deformed configuration is given by the appropriate

material constitutive behavior. For simplicity, we use a plane-stress linear elastic

description for the membrane with a Young’s modulus, E, a thickness, h, and a

prestretch, λ0, in which case the tension is given as,

T “ Ehpλ´ 1q, (4.5)

where the chordwise stretch, λ, is the ratio of the total length of the deformed segment

to the chord length. The stretch is determined by the geometry of a circular arc with

camber z˚ (Fig. 4.1):

λ “ λ0
1` 4z˚2

4z˚
arcsin

ˆ

4z˚

1` 4z˚2

˙

. (4.6)

It should be noted that any suitable constitutive model for the membrane material

can be used. If very large deformations need to be modeled, then a nonlinear material

response may be required [101].

To complete the model, we need a description of aerodynamic behavior of a circular

arc segment. Circular arcs are a subfamily of Joukowski airfoils whose aerodynamic

response is easily written [50]; therefore, the Joukowski airfoil solution is the obvious

choice for a simple relationship for the membrane load in its deformed configuration:

p “
1

2
ρU2CL, (4.7)

CL “ 2π sin

ˆ

α `
1

2
arcsin

ˆ

4z˚

1` 4z˚2

˙˙

. (4.8)

Here, U is the freestream velocity, ρ is the density of air, CL is the coefficient of lift,

α is the angle of attack. Because this model is based on two-dimensional potential

flow, there is no drag in accordance with d’Alembert’s paradox.

After substituting the aerodynamic behavior (Eqns. 4.7 and 4.8) and the consti-
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tutive behavior (Eqns. 4.5 and 4.6) into the membrane force equilibrium equation

(Eqn. 4.2) and rearranging, we find that the resulting governing equation becomes

a function of a single dimensionless parameter, which we define as an aeroelastic

number, Ae:

Eh
1
2
ρU2c

`
CLpz

˚, αq

pλpz˚q ´ 1q ¨ κ˚pz˚q
“ 0, (4.9)

Ae “
Eh

1
2
ρU2c

. (4.10)

The second term in Eqn. 4.9 is a ratio of functions that depend only on the deformed

configuration of the membrane (z˚) and must exactly balance the aeroeleastic number.

These functions, κ˚pz˚q, λpz˚q, and CLpz
˚, αq are given by Eqns. 4.4, 4.6, and 4.8,

respectively. Therefore, upon specifying the aeroelastic number and the angle of

attack of a wing, the resulting camber can be predicted by solving Eqn. 4.9 implicitly

for z˚. We used a numerical scheme—e.g., MATLAB’s fsolve—to handle the implicit

nature of the equation. This model permits estimating the behavior of a membrane

wing a priori, whereas the model given by Song et al. [30] explains membrane behavior

a posteriori.

We have made several important simplifications to keep the model tractable. The

membrane is simplified as a massless, linear elastic, steady, two-dimensional struc-

ture under uniform load; the aerodynamic load is derived from a two-dimensional

potential flow model that neglects the effects of viscosity, separation, transition, and

unsteadiness. As these unaccounted phenomena become important, the accuracy of

the model will undoubtedly degrade. Nevertheless, we can still derive some insight

from the model.

4.2.2 Finite span wings

The preceding analysis for two-dimensional membrane wing sections can be adjusted

further to account for some limited three-dimensional effects, thereby allowing com-
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parison with experimental data from real wings. Here, we will introduce simple finite

wing corrections for the aerodynamic and structural components of our model.

The change in the aerodynamic forces due to finite aspect ratio,A, can be easily

approximated using a finite wing correction such as Helmbold’s formula [see 62],

BCL
Bα

“
2π

2
A
`

b

1`
`

2
A

˘2
.

This correction factor is used to correct the sectional lift coefficient given in Eqn. 4.8.

Furthermore, the induced drag may contribute to the chord-normal force at large

incidence, and its contribution can be approximated by CD “ C2
L{pπAq. The load

on the three-dimensional membrane wing can now be found by

CN “ CL cos pαq ` CD sin pαq .

The membrane mechanics are also affected by the finite extent of the wing geom-

etry and depend on the wing tip boundary conditions. The Young-Laplace equation

given by Eqn. 4.2 was simplified for two dimensions in which the membrane can only

have a single axis of curvature [50]. This two-dimensional membrane model only con-

siders a single axis of curvature and tension in the chordwise direction—in fact this is

a very reasonable approximation for a membrane wing with unrestrained wing tips or

one with high aspect ratio—but in general there can be both spanwise and chordwise

curvature in a finite membrane wing, and the membrane can support a biaxial stress

state.

We consider an isotropic membrane under equibiaxial loading, which is a good

approximation for a fully supported square membrane region under uniform load. The

stretches, stresses, and curvature are equal in the spanwise and chordwise directions
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and the Young-Laplace equation is simply [50, 102]

2κ`
p

Tbi

“ 0. (4.11)

Here, Tbi is the tension per length in both directions, and it is related to the equibiaxial

stretch λbi [102],

Tbi “
1` ν

1´ ν2
Ehpλbi ´ 1q. (4.12)

The Poisson ratio, ν, depends on the membrane material. The rubbers typical of

artificial membrane wings [30, 32, 36] are approximately incompressible [102]; there-

fore, we assume a Poisson ratio of ν “ 1{2, in which case 1 ` ν{p1 ´ ν2q “ 2. Thus,

the governing equation for this square membrane wing differs only by a factor of

four from the two-dimensional membrane—a factor of two from the curvature, and

a factor of two from the biaxial material response. If we simply define a modified

aeroelastic constant, Aebi “ 4 ¨ Ae2D, then we can use the same formulation that we

derived for the two-dimensional wing to describe the behavior of the square mem-

brane wing. We note that a similar modification can be made for finite wings with

aspect ratios between our limiting cases of A “ 1 and A “ 8 although we have

not explored this generalization. We also comment that the aerodynamic aspect ratio

and the membrane aspect ratio are not necessarily the same if the wing is composed

of multiple perimeter supported membrane regions, which is a common configuration

in the literature [31, 36].

4.2.3 Wing dynamics

Now that we have a model for the bulk wing deformation, we can address the unsteady

behavior of the wing about the equilibrium configuration. Previous works have found

that the membrane wings undergo standing mode vibrations [27, 30, 32, 35, 36];

however, the different authors present the dynamics in a different context. Song et
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al. [30] consider the natural frequency of the deformed membrane, Rojratsirikul et

al. [32, 103] consider the Strouhal number typical behind rigid airfoils, Arbos-Torrent

et al. [35] consider the natural frequency of the leading and trailing edge supports, and

Timpe et al. [36] consider a representative frequency that is based on characteristic

membrane values.

Following Song et al. [30], we use the natural modes of the deformed membrane

to predict the dynamics. The governing equation (Eqn. 4.9) determines the deformed

configuration of the membrane wing, so we can write the equation for the membrane

fundamental frequency:

f0 “
1

2λc

d

T

ρmh
, (4.13)

where the tension is given by constitutive model (Eqn. 4.5) and ρm is the membrane

density. We expect the fluid-structure interaction to be strongest when the frequency

of flow-instabilities match the membrane harmonics.

4.3 Computational Model

The model developed in the previous section assumes that the membrane wing is

subject to a uniformly distributed load that is predicted from the Joukowski airfoil

model (which is, of course, based on potential flow theory). This is a highly idealized

assumption, particularly given the fact that these thin wings operate at low Reynolds

number and often exhibit leading edge separation and unpredictable transition to

turbulence. To assess the validity of our theory, we have developed a numerical

model that couples a full aerodynamic model with the membrane wing deformations.

We start with a simple structural model (linear membrane equation) and couple it

with a simple flow solver (potential flow). We then progressively build up the model

with additional details—such as viscous flow and nonlinear membrane mechanics—

thus allowing us to systematically test the effect of each additional level of detail.
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This computational model allows us to validate our analytical model in Sec. 4.2 and

understand its strengths and limitations and serves as an intermediate step between

the theory and our experiments.

Our approach to the computational model is similar in approach to the previous

numerical works discussed [25, 28, 104]: A structural solver receives a pressure dis-

tribution from a flow solver and computes a membrane shape. Then, the structural

solver informs the flow solver of a new shape. This “hand-shaking” process is iterated

until an equilibrium configuration is achieved.

4.3.1 The structural model

The membrane shape is computed with a MATLAB program that solves the mem-

brane equation (Eqn. 4.3), given a pressure distribution ppxq provided by the aero-

dynamic model. The membrane is defined by its mean-line, zpxq, with leading and

trailing edge coordinates px, zq “ p0, 0q and pc, 0q respectively. The membrane is

assumed to be comprised of a linear elastic material, and the tension is given by

Eqn. 4.5. The membrane has a chord length c, a thickness h, an elastic modulus E,

and an unstressed initial length L0. The membrane prestretch is λ0 “ c{L0. The

deformed membrane length L is calculated by integrating the membrane arclength,

L “

ż c

0

d

1`

ˆ

d

dx
zpxq

˙2

dx. (4.14)

The tension in the membrane is calculated using linear elastic theory:

T “ Eh

ˆ

L

L0

´ 1

˙

“ Eh ¨

¨

˝

λ0

c
¨

¨

˝

ż c

0

d

1`

ˆ

d

dx
zpxq

˙2

dx

˛

‚´ 1

˛

‚. (4.15)

The integration in Eqn. 4.15 is approximated numerically with trapezoidal inte-
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gration. The governing equation is cast using finite-difference operators,

D2z`
1

T
p “ 0. (4.16)

Here, the membrane profile and pressure are represented at discrete locations in the

vectors z and p, respectively. The three-point, centered finite difference operator for

second derivatives D2 is an N ˆN tri-diagonal matrix.

The tension is a function of the camber profile, T pzq; therefore, the membrane

equation (Eqn. 4.16) is a nonlinear equation. However, because T pzq is a scalar factor

and the Poisson equation’s curvature operator is linear, Eqn. 4.16 can be solved by

assuming unit tension and then rescaling the amplitude of the deformation. The

final deformation is found by solving a nonlinear equation of a single variable—the

maximum camber—such that Eqn. 4.16 is satisfied in the deformed configuration.

The nonlinear problems are solved using MATLAB’s fsolve.

4.3.2 The aerodynamic model

The flow over the membrane wing was computed using XFOIL, a two-dimensional

steady airfoil code [105]. XFOIL uses an integral boundary layer method coupled with

an outer potential flow to calculate steady flow solutions over a wing section. We use

the membrane shape calculated from the structural solver to define the midline of a

1% thick membrane with rounded leading edge and cusped trailing edge and compute

the flow around this “thick” membrane. Details of the membrane profile definition

are described in Appendix C.

Simulations were conducted using a potential flow assumption (inviscid), and at

finite Reynolds numbers: Re “ 105 and 106. The XFOIL analysis yields pressure

and skin friction coefficients at each node. At the Reynolds numbers investigated,

the skin friction is two orders of magnitude less than the typical membrane tension
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values and is therefore neglected.

4.3.3 Implementation

We are interested in the equilibrium configuration of a membrane under specified flow

conditions. We began calculations at α “ 0 with a known solution of zpxq “ 0, then

proceeded through a series of α’s where the solution of the previous angle of attack

was used as the initial guess.

At each angle of attack, a new membrane profile zs was calculated from the pres-

sure distribution zj. The membrane profile was updated using a relaxation scheme:

zj`1
“ p1´ wq ¨ zj ` w ¨ zs (4.17)

where w is a relaxation parameter (typically, w “ 0.25). A new pressure distribution

pj`1 was then computed using zj`1 and the process was iterated until a self-consistent

configuration was achieved. Convergence was determined by the root-mean-square

change in the airfoil shape, normalized by camber:

∆z “

g

f

f

e

1

N
¨

N
ÿ

i“1

˜

zs ´ zj

max
i
pzsq

¸2

. (4.18)

When ∆z ă 5 ˆ 10´3, zs was accepted as the the converged solution. The behavior

at the next α was then computed using zs as the initial guess. Using this technique,

a sequence of solutions was calculated for various values of the Reynolds number Re,

the aeroelastic number Ae, and the prestretch λ0.

4.4 Experimental Methods

To validate the theoretical and numerical predictions, we performed a series of ex-

periments on low aspect ratio (A “ 2) rectangular membrane wing models with

either free or fixed wing tips. A single experiment simultaneously measured the time-

82



resolved membrane shape, aerodynamic lift and wake velocities over a large range of

the aeroelastic parameter.

The experiments were conducted in the Brown University low-speed wind tun-

nel. The facility is a closed-return tunnel with a 61 ˆ 58 cm2 test section. The

experiments were conducted at freestream velocities of 5–12 m{s, which correspond

to chord Reynolds numbers of 3.3 ˆ 104–8.0 ˆ 104. Freestream turbulence levels are

ă 0.01 % [30]. The environmental conditions in the tunnel were monitored simulta-

neously with the experiment. The freestream velocity was measured by a Baratron

pressure transducer (MKS 398HD, MKS instruments, Andover, MA), and the at-

mospheric pressure was monitored by an absolute pressure transducer (Model 270,

Setra, Boxborough, MA). A thermistor probe and digital controller (Omega DP25-

TH, Omega Engineering, Stamford, CT) monitored the temperature test section air

temperature. All signals were sampled at 14 kHz for 10 seconds during each trial.

Fig. 4.2 shows the wing models used in the experiments. The model wings are

comprised of a silicon rubber (Smooth-on Dragon Skin®Medium 10, Smooth-On

Inc., Easton, PA) supported by 3.2 mm diameter carbon fiber rods at the leading

and trailing edges. The rubber material is nearly incompressible and has a Youngs

modulus E “ 280 kPa. Two membrane thicknesses (h “ 150 and 300µm) and two

boundary conditions at the wing tip (free and fixed) were tested, for a total of four

wing models. The wings were clamped in the middle, dividing the wing into two

square membrane regions. In all cases the wing membranes were initially tension-

free. The forces were sampled from a 6-axis force/torque transducer (Nano17, ATI

Industrial Automation, Apex, NC) at 14 kHz for 10 seconds during each trial. Fig. 4.3

shows the broad range of aeroelastic constants covered by the experiments.

The membrane wing kinematics were captured by imaging a laser line that was

projected onto the wing chord using a high-speed camera (Photron APX, Photron,

San Diego, CA) at 1500 Hz. Two-dimensional direct linear transformation coefficients
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(a) Free wing tip (b) Fixed wing tip

Figure 4.2: The different wing configurations used in the experiments. The “free
wing tip” (Fig. 4.2a) and the “fixed wing tip” (Fig. 4.2b) models were constructed
with different thicknesses and tested across a range of freestream velocities 5–12 m{s
resulting in a Reynolds number range based on chord length of 3.3 ˆ 104–80 ˆ 104.
The wings were clamped at midchord, resulting in two square membrane regions that
were structurally independent.
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Figure 4.3: The experiments were performed over a broad range of aeroelastic
constant. The wing planform was identical between all wing models; therefore, the
range of Ae at a single freestream demonstrates the effect of membrane thickness and
boundary support.
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were computed using a calibration target in the plane of the laser sheet [106]. The

plane of measurement was located at mid-half-span.

Three thousand images were captured, yielding two seconds of membrane kine-

matics. The images were dewarped and transformed into a coordinate system aligned

with the wing chord. An FFT-based convolution of the image along the vertical di-

rection provided a fast algorithm for locating the center of the laser line. Sub-pixel

accuracy was achieved with a Gaussian sub-pixel peak finding algorithm identical

to the standard PIV technique. The wing camber was calculated from the ensemble

average of the digitized wing shapes. The instantaneous wing fluctuations were calcu-

lated by subtracting the time average shape from the instantaneous realizations. The

wing fluctuations were approximated by Fourier sine modes in space. Power spectra

of the sine mode coefficients were calculated to study the temporal behavior of the

wing dynamics.

The PIV experiment was controlled by commercial PIV software (LaVision DaVis

8). The cameras (Photron SA-3) were fitted with 532 nm line-pass filters and Nikon

Nikkor 85 mm/1.4 D lenses on Scheimpflug adapters. The imaged region measured

12.5 ˆ 12.5 cm2 and was illuminated with a 15 Hz dual-oscillator frequency-doubled

pulsed Nd:YAG (Quantel Evergreen). The sheet forming optics were focused at a

point far beyond the floor of the test section, such that the laser sheet thickness was

1.5 mm at the location of the wing tip and varied less than 0.5 mm throughout the

imaged region. The flow was seeded by a Laskin nozzle that produced 1µm DEHS

oil droplets.

The PIV trials consisted of 625 image pairs. Multipass cross-correlation with an

initial window size of 128ˆ 128 pix2 and final window size 32ˆ 32 pix2 with Gaussian

weight resulted in about 106 ˆ 124 vector fields with 1.2 mm spacing. The mean

and fluctuation velocity fields were calculated from the PIV measurements. The fluc-

tuation velocity fields were used to calculate root-mean-squared velocity fluctuation
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intensity maps, and proper orthogonal decomposition (henceforth, POD) of the mean-

subtracted velocity fields were calculated using the method of snapshots [107]. POD

(also “Principle component analysis” (PCA), “Karhunen–Loeve expansion,” and “the

method of empirical eigenvectors”), calculates a set of eigenvectors and coefficients

from a set of observations such that reconstruction with the first N eigenvectors pro-

vide the best N -order approximation of the observed data (see Berkooz et al. [108]).

In the case of velocity field data, the first POD eigenvector is the most energetic

mode, and the first N POD modes capture the most energy possible with an N -mode

reconstruction. POD has been applied to a wide range of related problems, including

model order reduction in aerodynamic flow models (e.g., Brunton and Rowley [109])

and PIV studies of aerodynamic wakes (e.g., Kim et al. [110]). Graftieaux et al. [111]

have suggested POD as a tool to separate large scale vortex structures from the small

scale fluctuations of turbulence or noise.

Coupled force-kinematics-PIV measurements for each wing were conducted for

α “ 0–35˝ in 5˝ increments. In a separate set of experiments, detailed force measure-

ments were performed for α “ 0–25˝ in 1˝ increments.

4.5 Results and Discussion

4.5.1 Static performance

To illustrate the difference between the aerodynamic behavior of the different wing

boundary conditions, we show the lift behavior of two different wings in Fig. 4.4.

These wings have the same membrane thickness (h “ 150µm) and are subject to

the same freestream velocity (U “ 12 m{s), but their different wing tip support leads

to different effective compliance (Aefixed “ 39 vs. Aefree “ 9.6). As seen in similar

studies such as Song et al. [30], Gordnier [27], and Rojratsirikul et al. [33], the wings

produce finite lift at zero angle of incidence. At low angles of attack, the lift slope is

fairly linear—indicating attached flow—until about 10–12˝ angle of attack when the
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Figure 4.4: The lift coefficient is plotted as a function of angle of attack (U “ 12 m{s
and h “ 150µm). The different wing tip boundary condition alters the post-stall
behavior, but the lift at moderate angles of attack is similar between the two wings.
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Figure 4.5: We show the directly measured lift coefficients versus the Joukowski
airfoil lift prediction with finite wing correction. The lift forces are measured directly
from the low aspect ratio wing models. The theory uses the wing angle of attack and
the measured camber to predict the lift from the finite wing. The model comes from
potential flow analysis and cannot capture viscous effects such as flow separation.
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lift coefficients start leveling off. The more compliant “free” tip wings (i.e., smaller

aeroelastic number) produce higher lift coefficients in the attached flow regime because

of their ability to camber. The onset of stall indicates a breakdown of the Joukowski

airfoil theory used in the theoretical model. At the onset of stall, the lift levels off

and remains relatively flat; however, there is a noticeable difference in the behavior

between the differently supported wings. The free wing tip model steadily declines in

lift from 15˝ onwards, whereas the fixed wing tip model continues to increase in lift

beyond 20˝.

Here, we compare the components of the theory developed in Sec. 4.2 to experi-

ments and calculations to demonstrate the capabilities and limitations of the theory.

4.5.1.1 Aerodynamic model

One of the contributions of this work is the incorporation of an aerodynamic model

to relate the aerodynamic forces to the shape of the membrane. Here, we test the

validity of the inviscid, two-dimensional Joukowski theory for a measured camber.

The Joukowski airfoil theory accepts the angle of attack and the camber as inputs

and provides the lift coefficient (Eqn. 4.8). We compare all of the experimentally

measured lift coefficients to the Joukowski airfoil prediction in Fig. 4.5. The line is

a reference for agreement between measurement and the model, and the data indeed

collect along this line. The data points tend to bunch near the upper end of the lift

coefficient values because nearly half of the data points occur after the onset of stall

where the lift remains nearly constant (Fig. 4.4).

4.5.1.2 We–z behavior

Following Song et al. [30], we have neglected the details of the aerodynamic load

distribution in order to simplify the analysis. The membrane camber is a function of

the normalized aerodynamic load, i.e., the Weber number (Eqn. 4.1), which in turn
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Figure 4.6: The maximum camber is given as a function of aerodynamic loading.
Fig. 4.6a gives the solutions from the numerical model with specified aeroelastic num-
ber (Ae “ 31.0 and 93.0) and specified prestretch (λ0 “ 0, 1.05, and 1.10, represented
by blue, blue-green, and green, respectively) at increasing angles of attack (α “ 0˝

through 10˝, symbol size scaled by α). The Reynolds numbers of 105, 106, and 8 are
shown, denoted by dark, shaded, and empty symbols, respectively. The solid blue
line is the theoretical prediction of the model developed in Sec. 4.2. The dashed lines
use the Poisson equation and are equivalent to the theory given by Song et al. [30].

is related to to the lift coefficient and the aeroelastic constant by We “ CL ¨ Ae
´1.

When we arrange the membrane wing governing equation (Eqn. 4.9) in terms of the

Weber number, we arrive at the relationship between camber and aerodynamic force,

We “ ´κpzq ¨ pλ pz, λ0q ´ 1q . (4.19)

Fig. 4.6 shows the theoretical Weber number–camber relationship (Eqn. 4.19) as

the solid blue line and compares this theory to the numerical model (Fig. 4.6a) and the

experiment (Fig. 4.6b). In Fig. 4.6a, symbols show results from the numerical model

for two choices of the aeroelastic number (Ae “ 31 and 93), three Reynolds numbers

(Re “ 105, 106, and potential flow), three prestretch values (λ0 “ 1, 1.05, and 1.10),

and angles of attack α “ 0˝–10˝. For each prestretch, a dashed line shows the theo-
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retical dependence of camber on the Weber number when the membrane is modeled

with the Poisson equation (Eqn. 4.3) [30]. The solid line represents the theoretical

prediction for λ0 “ 1 (Eqn. 4.19) that was derived using the Young-Laplace mem-

brane equation (Eqn. 4.2). Comparing the results using these two theories, we find

that at small values of camber the theories are in excellent agreement, but they begin

to deviate as the camber becomes large. When the camber is 15% of the chord, the

difference between the two models is 4%. The difference between theses two models

is small for the range of parameters calculated, thus validating the decision to use the

computationally simpler Poisson equation in the numerical model [101]. Comparing

the computed solutions in Fig. 4.6a to the theory, we find that the membranes without

prestretch exhibit large cambers that exceed the theoretical prediction—sometimes

by 10% or more for the most compliant wings. Conversely, the membranes with large

prestretch exhibit small cambers that are slightly less than predicted. These theo-

retical under- and over-predictions of the membrane camber are due to the changing

spatial distribution of the aerodynamic force as we will see in Sec. 4.5.1.3. This dif-

ference aside, the shape of the theoretical curves approximate the calculated data

quite well. Starting from a point on one of the theoretical curves, changes in the

aeroelastic number, Reynolds number, or angle of attack tend to move the solution

along the theoretical curve; however, given a wing that is operating under certain

flow conditions—namely, fixing the aeroelastic and Reynolds numbers—the calcula-

tions show that only a limited portion of the theoretical We–z curve is accessible.

For example, the calculations show that the wings without prestretch exhibit nonzero

camber and Weber numbers at zero angle of attack. These are the wings that exhibit

lift hysteresis [30] and can never reach zero Weber number. Furthermore, stall limits

how large the Weber number a given wing can attain because the Weber number is

proportional to the lift coefficient. The maximum reported lift coefficients for mem-

brane wings are in the range of 1–2 [27, 30, 103], placing an upper limit on the Weber
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number around Wemax „ 2 ¨Ae´1. For our calculations, the most compliant wing had

an Ae “ 31, therefore, Wemax „ 0.067. As shown in Fig. 4.6a, the only calculations

to reach and exceed this value were potential flow calculations; therefore, these hypo-

thetical solutions are unrealistic and demonstrate a limitation of potential flow-based

models. The limited range of Weber numbers accessible to a given wing results in the

clustered appearance of the data in Fig. 4.6a, which is especially evident in the zero

prestretch solutions. The Reynolds number plays a more subtle role in the operational

range of a wing along its We–z curve. In general, decreasing the Reynolds number

moves the operating point of the wing along its We–z curve toward the origin—i.e.,

less camber and less lift—a trend that has been reported in the literature [27, 28] and

is attributed to the changes in the boundary layer. The inability to account for these

Reynolds number effects is another limitation of potential flow-based aerodynamic

models.

Fig. 4.6b shows the experimental measurements plotted against the theory. The

agreement of the simple two-dimensional static theory to experimental data is good,

although not perfect, particularly at low We. Like the numerical model, the fixed

wing shows higher camber than predicted by the theory; however, the free wing tip

tends to camber less than the theory. It is possible that spanwise variations in lift

explain the discrepancy.

4.5.1.3 Chordwise load distribution

The details of the chordwise load distribution affect the We–z behavior. According

to the uniform assumption, the aerodynamic load is evenly spread along the chord of

the membrane; however, this is not the case in real membranes. Fig. 4.7a shows the

pressure load on a membrane wing with λ0 “ 1, Ae “ 31, and Re “ 105 at angles

of attack α “ 2–6˝. The circles mark the center of pressure. This wing has about a

15% camber (Fig. 4.6a). At the lowest angle of incidence, the pressure distribution is
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Figure 4.7: The XFOIL computed differential pressure profiles at Re “ 105, Ae “ 31
are shown for an unpretensioned (λ0 “ 1) and pretensioned (λ0 “ 1.1) membrane
wing. The center of pressure is denoted with a circle. The arrow indicates the
direction of increasing angle of attack.

concentrated near midchord where the membrane is most susceptible to deformation.

As the angle of attack increases, the center of pressure shifts forward toward the

leading edge support, and a leading edge suction peak develops. Fig. 4.7b shows the

pressure load on a membrane wing with λ0 “ 1.1, Ae “ 31, and Re “ 105 at angles of

attack α “ 2–12˝ and adopts cambers less than 4%. Here, the pressure distributions

on the membrane wing resemble those on a flat plate, exhibiting a leading edge suction

peak and a center of pressure located near the quarter chord location. As the wing

begins to stall around 10˝, the center of pressure moves rearward. These pressure

distributions are concentrated near the leading edge support, and consequently the

membrane cambers less than predicted by uniform load theory. Gordnier reported

calculations that exhibit a similar behavior where a membrane wing with Ae “ 50

and Re “ 2.5ˆ 103 increases in lift monotonically from α “ 0–20˝; however, pressure

distribution changes because of stall lead to the α “ 12˝ case having larger camber

despite the α “ 16˝ case having a higher lift coefficient [27]. Clearly, the details

in the aerodynamic lift distribution can play an important role on the behavior of
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Figure 4.8: The experimentally measured camber is compared to the theoretical
prediction using only Ae and α as inputs. The symbol color gives the angle of attack,
and the symbol size gives the freestream velocity where the smallest size corresponds
to 5 m{s and the largest corresponds to 12 m{s. The dashed line indicates perfect
agreement between the model and the experiment.

a membrane wing, and our theory’s uniform load assumption inhibits its ability to

capture these features.

4.5.1.4 A priori prediction of membrane wing aerodynamics

The advantage of composing simple models into the aeroelastic theory developed in

Sec. 4.2 lies in the ability to make a priori predictions of the wing’s aerodynamic

response. We predicted the maximum camber at each angle of attack and aeroelastic

numbers of our experiments. The predictions are plotted against the measured values

in Fig. 4.8. Each marker represents the maximum of the time-averaged camber mea-

surement at a given freestream velocity and angle of attack and the corresponding

prediction. The symbol size increases with the freestream and the color denotes the

angle of attack. The circles and squares denote free and fixed wing tip models, re-

spectively. For reference, the dashed line indicates the match between prediction and

measurement. The observed camber of the free-tip wing tends to be smaller than the

predicted camber, while the observed fixed-tip wing camber tends to exceed the pre-
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dicted camber. The exception is at very small expected cambers where both wing’s

observed camber is below the theoretical prediction. These problematic predictions

coincide with the smallest angle of attack and the highest aeroelastic constants where

the small expected lift coefficients are comparable to the weight of the membrane.

4.5.1.5 Membrane equilibrium at α “ 0˝

Normally, an uncambered membrane wing at α “ 0˝ will produce zero lift; therefore,

it is in static equilibrium in the uncambered configuration. However, any small per-

turbation to the membrane shape will result in the generation of an aerodynamic lift

force and a membrane restoring force. If the membrane restoring force is larger than

the aerodynamic force, then the membrane will return to its uncambered equilibrium

configuration; however, if the aerodynamic force is larger, then the membrane cam-

ber will further increase until the membrane reaches a new equilibrium configuration

with a self-sustained camber. Highly compliant membrane wings are known to ex-

hibit self-cambering around α “ 0˝ [30]. Like Euler buckling for beams, this tendency

for compliant membranes to adopt a deformed equilibrium configuration is due to a

mathematical instability in the membrane equilibrium equation.

We can use our theoretical model to determine the critical point where the un-

cambered configuration changes from a stable equilibrium to an unstable equilibrium.

We differentiate the Weber number (Eqn. 4.19) with respect to camber at zero cam-

ber and at zero angle of attack, and find the combinations of pλ0, Aeq that cause the

left-hand side to vanish:

B

Bz

“

Ae´1
¨ CL pz, aq ´ κpzq ¨ pλ pz, λ0q ´ 1q

‰

ˇ

ˇ

ˇ

ˇ

α“0
z“0

“ 0. (4.20)

We want to find the relationship between the prestretch and the aeroelastic num-

ber that describes the neutral stability of the uncambered equilibrium configuration.
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Combinations of pλ0, Aeq that result in the left-hand side of Eqn. 4.20 being positive

will result in a self-cambering wing; conversely, when the left-hand side is negative,

the wing is stable in its uncambered configuration. The criterion for stability of the

uncambered equilibrium configuration is given by

Aes ě
π

2 pλ0 ´ 1q
. (4.21)

We can compare the wing behavior computed with potential flow (Fig. 4.6a) to

the criterion of Eqn. 4.21. The aeroelastic numbers are 31 and 93, and at the com-

puted prestretches λ0 “ 1, 1.05, and 1.10, the criteria on the aeroelastic constant

for uncambered wings is Aes. ě 8, 10π, and 5π, respectively. From the stability

criterion, we expect the pretensioned cases with Ae “ 93 to tend to zero camber

as angle of attack tends to zero, namely, limαÑ0 z “ 0. Conversely, the stability

criterion indicates that the uncambered configuration is never a stable equilibrium

for unpretensioned membranes; hence, unpretensioned membrane wings will always

self-camber at α “ 0˝—this is also clearly the case in Fig. 4.6a. The interesting case

occurs at Ae “ 31 and λ0 “ 1.05. Our analysis indicates that in this example, the

stability criterion just barely exceeds the aeroelastic number (Aes “ 31.4); therefore,

this case should exhibit self-camber at zero angle of attack. Indeed, for this case,

z{c “ 5.1% ‰ 0 at α “ 0 as predicted; however, as viscous effects are introduced

and the Reynolds number reduced, we see that the α “ 0 camber is z{c “ 1.5%

at Re “ 106 and z{c “ 1.0% at Re “ 105. Our theory does not account for the

aerodynamic changes caused by viscous effects (such as boundary layers, separation

bubbles, stall, etc.), but it may be possible that the decrease in lift with a decrease

in Reynolds number (as described in Sec. 4.5.1.2) could stabilize a membrane wing’s

uncambered equilibrium that was otherwise deemed unstable by the potential flow

theory.
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Figure 4.9: The mean membrane shape with instantaneous shape measured at mid-
half-span for a fixed-tip wing at α “ 10˝ and U “ 10 m{s. A fourth-mode standing
wave dominates the membrane motion. Each kinematic time sequence was spatially
decomposed into Fourier sine modes, and time power spectra were used to identify
the dominate spatial vibration modes.

We find that our analysis is consistent with other wings reported in the literature.

Song et al. [30] report lift results from two compliant latex wings, a thin wing (h “

100µm and Ae « 10) with prestretch λ0 “ 1.04 and a thick wing (h “ 250µm and

Ae « 25) with prestretch λ0 “ 1.11. Applying Eqn. 4.21, we find that their thin wing

with less prestretch fails its stability criterion (Aes ě 39), while their thick wing with

more prestretch satisfies its stability criterion (Aes ě 14). As expected, the thin wing

self-cambered at zero angle of attack, while the thick wing remained uncambered [30].

4.5.1.6 Comment on aeroelastic constants

It should be noted that Smith and Shyy [25] use a slightly different aeroelastic param-

eter Π1 “
3
?
Ae, where the one-third power was inspired by the work of Seide [112].

Indeed, when we linearize the Weber number (Eqn. 4.19) about zero camber, we find

We „ 64
3
z3`O pz5q. This result is exactly the same as the solution given by Seide [112]

with the exception of the additional plane-strain factor of p1´ ν2q in Seide’s configu-
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ration. If we consider the possibility of a pretensioned membrane with initial stretch,

λ0, then we find,

We „ 8 pλ0 ´ 1q z `

ˆ

64

3
´ 32pλ0 ´ 1q

˙

z3
`O

`

z5
˘

. (4.22)

Therefore, if the membrane is pretensioned, camber will grow proportionally to We,

not 3
?
We.

4.5.2 Dynamic behavior

We characterized the membrane dynamics by decomposing the kinematic measure-

ments into spatial Fourier modes. Fig. 4.9 shows a typical instantaneous membrane

shape with a dashed line overlaid on the time-averaged membrane shape. Shown

below, a sample instantaneous fluctuation is calculated by subtracting the instan-

taneous shape from the time-average. Fig. 4.9 indicates a fourth-mode wave. The

mode amplitude is only about 10% of the mean deflection, supporting the idea that

the membrane vibrations are small fluctuations and secondary to the mean shape.

In Fig. 4.10 we the show the experimentally measured membrane vibration fre-

quency and compare with the standing mode estimate (Eqn. 4.13). For each mea-

surement, we calculate the tension from the uniaxial (Eqn. 4.5) or biaxial (Eqn. 4.12)

tension equation and predict the fundamental frequency of vibration (Eqn. 4.13). We

then use the Fourier analysis of the fluctuations to determine the dominant mode num-

ber, and we use the frequency of the dominant membrane mode to back-calculate the

membrane fundamental frequency. As mentioned in Sec. 4.2.3, the body of literature

on membrane wing dynamics provides numerous approaches for understanding wing

dynamics [27, 30, 32, 35, 36], including membrane natural frequency, vortex shedding

frequency, chordwise advection timescales, and support vibration frequency. The

validity of our choice to focus on membrane natural frequency is supported by the
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Figure 4.10: The membrane dynamics measured from the experiment are compared
with the model dynamics. The solid line is the expected frequency from the linear
membrane dynamics given in Eqn. 4.13. Each data point represents the expected
natural frequency of the measured membrane by normalizing the observed frequency
by the observed dominate mode and the expected wave speed, estimated from the
measured deformation. We only plot trials with vibration mode amplitudes larger
than the uncertainty of the kinematic measurement.

agreement between the predicted frequency and the observed frequency in Fig. 4.10.

Furthermore, recall that we only considered chordwise modes and neglected spanwise

dynamics. The experiments by Song et al. [30], Tregidgo et al. [34], and the simulation

by Gordnier and Attar [29] all show predominately chordwise mode shapes dominat-

ing the dynamics of low aspect ratio wings. While this demonstrates that our simple

model captures a dynamic behavior that is fundamental to membrane wings, it does

not explain the choice of membrane modes. To completely understand the problem,

we need to consider the other aspects that affect the wing dynamics—namely, the

vortex shedding and possibly the effects of the wing supports—and understand how

they relate and interact with the natural membrane modes. Song et al. [30] found the

observed membrane modes of their low aspect ratio wing to be various harmonics of

the fundamental frequency, with mode numbers increasing with We.

In our theoretical treatment of membrane dynamics, we simply used the deformed

configuration in static equilibrium to prescribe the membrane tension that governs

98



the membrane dynamics. In doing so, we imply that the equilibrium wing configu-

ration is determined independently of any wing dynamics; whereas, the membrane

dynamics are intimately dependent on the bulk wing deformation. However, calcula-

tions [27] and experiments [32] show that membrane dynamics enhance the average

flow structures over the wing, compared to rigid versions of identical mean shape.

We find evidence for strong interaction between the membrane dynamics and the

flow. Fig. 4.11 shows the lift unsteadiness as a function of angle of attack for the

h “ 150µm wings at U “ 12 m{s. The free-tip wing shows slightly enhanced force

unsteadiness at low angles of attack; whereas, the fixed-tip wing exhibits a greatly

enhanced response at moderate angle of attack. These two wings show similar lift

at the moderate angles (see Fig. 4.4); however, at α “ 10˝ the lift unsteadiness of

the fixed-tip wing (‹‹) is significantly higher than the free-tip wing (‹), despite the

average lift coefficients being similar. The spectra of the force unsteadiness for these

trials (Fig. 4.12) show that large force unsteadiness on the fixed-tip wing (‹‹) is domi-

nated by a single frequency component. The free-tip wing (‹) force spectrum exhibits

a peak 14.7 dB less than (‹‹) but with higher levels of broadband energy. Here, it

appears that (‹‹) exhibits a strong resonance with the flow, while (‹) does not. Thus,

while the bulk wing deformation determines membrane tension and, consequently, the

membrane natural frequency, the overall dynamics are determined by the membrane

harmonics that interact the most synergistically with the flow.

4.5.3 Wake measurements

Previous studies have shown 2-component PIV measurements over the suction surface

of membrane wings [31, 32, 34, 36, 103]. The studies have have provided insight to

the behavior of the time averaged streamlines and turbulence intensity as a function

of aerodynamic conditions and membrane properties; however, these measurements

fail to shed significant light on the coupling mechanism between the membrane and
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Figure 4.11: Lift coefficient unsteadiness are plotted as a function of angle of attack
(U “ 12 m{s and h “ 150µm). At α “ 10˝ the lift unsteadiness of the fixed-tip wing
is significantly higher than the free-tip wing, despite the average lift coefficients being
similar (Fig. 4.4).

the flow. Here, we examine the measured wakes behind the two cases examined in

the previous section, whose lift coefficients are similar but whose dynamics are dras-

tically different. Fig. 4.13 shows the measured flow field in the near wake behind

the free-tip wing (‹) and fixed-tip wing (‹‹) discussed in the previous section with a

cartoon wing (not to scale) illustrating the relationship between the field of view and

the approximate wing location. The first row shows contours of the fluctuation in-

tensity, the second row shows the largest POD mode as a vector field for the in-plane

velocity and with contours depicting the third out-of-plane velocity component, and

the third row shows the vorticity field of the largest POD mode. Perhaps unexpect-

edly, Fig. 4.13 shows that the wake with the highest velocity fluctuation intensity

(‹) is not the wing with the highest force unsteadiness. The free-tip wing (‹) wake

shows high intensity velocity fluctuations developing downstream of the wing above

the trailing edge. Also, high intensity velocity fluctuations emanate from the wing’s

trailing edge. Velocity fluctuations are completely absent in the region above the

fixed-tip wing (‹‹). Instead, the velocity fluctuations behind the fixed-tip wing are

restricted to a region approximately twice the height of the camber that emanates

100



10
1

10
2

−80

−60

−40

−20

0

Frequency, [Hz]

C
L
, 
[d

B
/H

z
]

 

 

α = 10
°

(a) (‹) Free tip

10
1

10
2

−80

−60

−40

−20

0

Frequency, [Hz]

C
L
, 
[d

B
/H

z
]

 

 

α = 10
°

(b) (‹‹) Fixed tip

Figure 4.12: The lift coefficient power spectra of the free- and fixed-tip wings are
plotted for α “ 10˝, U “ 12 m{s, and h “ 0.15 mm.

from the trailing edge.

The velocity fields of the first POD mode show that the large velocity fluctuations

behind the free-tip wing (‹) are associated with flow structures with a large out-of-

plane velocity component. The region behind the trailing edge of the free tip wing,

despite having significant velocity fluctuations, have no influence on the first POD

mode. Because POD modes are uncorrelated in time [108] we can conclude that the

flow structures forming downstream and above the wing are uncorrelated to the flow

structures being shed from the trailing edge. The dominant POD mode behind the

fixed-tip wing (‹‹) shows that velocity fluctuations in the wake result from a train of

vortical structures. The plot of the spanwise vorticity in the first POD mode indicate

alternate vortex shedding. The vorticity behind the free-tip wing (‹) is much less well

defined.

In each case, the second POD mode is very similar to the first POD mode, but

with a 90˝ phase shift, as would be expected from advecting flow structures [109].

Therefore, it seems possible that the vortex street behind the fixed-tip wing is ad-

vecting with the flow, and it represents periodic starting and stopping vortices, which

manifest with periodic incremental changes in the bound circulation on the wing and,
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consequently, in the lift. Timpe et al. [36] calculated correlation coefficients between

the membrane motion at the trailing edge of their wing and the wake velocity field.

They found that their correlation coefficient fields advected downstream, suggesting

that the unsteady flow structures are interacting with the membrane dynamics. Per-

haps the flow structures shed from the trailing edges of these wings are correlated

with the membrane dynamics. If this is the case, then the flow structures that form

downstream and above the free-tip wing (‹) are uncorrelated with the wing motion

at the trailing edge. The strong spanwise component of this POD mode suggest that

these flow structures instead emanate from a different spanwise location on the wing,

like the wing tip, and are convected into the current spanwise plane by the spanwise

velocity. Nevertheless, despite having significantly higher velocity fluctuations in the

wake, the free-tip wing has much smaller force unsteadiness than the fixed-tip wing.

Hence, coherent periodic vortex shedding is more important to force unsteadiness

than high levels of velocity fluctuation.

4.6 Concluding Remarks

We presented a simple description for the static and dynamic behavior of highly

compliant membrane wings, which is governed by an aeroelastic constant, Ae. We

conducted two-dimensional equilibrium simulations using a coupled flow and struc-

tural solver to consider the effects of chordwise load distribution. We tested several

membrane wing models over a large range of Ae and angles of attack. Good agree-

ment between our experimental results, simulations, and our predictions indicate that

we have captured the essential physics.

The simple model succeeds in providing reasonable agreement with the behavior

of compliant wing systems with only minimal information. The model is founded

on two-dimensional linear membrane theory and two-dimensional potential flow aero-

dynamics yet can be adapted to give a reasonable description of a low aspect ratio
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system at moderate Reynolds number. The simulations show that the uniform load

distribution assumption that makes the simple model tractable still provides reason-

able results. The model provides an explanation for the tendency of some membrane

airfoils to snap into a cambered configuration at zero angle of incidence as well as an

explanation of the vibration modes. The large wing deformation is determined by an

equilibrium of the membrane forces with the average aerodynamic forces, while the

membrane dynamics can be predicted from the average deformed membrane config-

uration.

By extending the model to simple three-dimensional geometry, we provide a sim-

ple but reasonably satisfactory explanation for the effect membrane support plays on

the membrane wing behavior. We found that the boundary support for our membrane

wings greatly affect their behavior—under certain conditions, the free wing tip model

experienced small force unsteadiness while the fixed wing tip model exhibited a res-

onance. The PIV-measured wakes suggest that a resonance between vortex shedding

and membrane dynamics can lead to very large unsteadiness in the force experienced

by a membrane wing. The relationship between the flow conditions, the membrane

mode number, and the amplitude of the membrane dynamics and forcing remains an

open question.

This work was supported by AFOSR MURI on bio-inspired flight for Micro Air Ve-

hicles, monitored by Drs. Douglas Smith and Willard Larkin
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CHAPTER 5. Vortex-Wing Interactions on Low

Aspect Ratio Membrane Wings

Abstract Low Reynolds number flight (Re ă 105) has recently received considerable

attention because of the interest in designing Micro Air Vehicles (MAVs) as well as

understanding the flight of animals who operate in similar flight conditions. Inspired

by the flight of bats, we present measurements on the steady and unsteady behavior

of low aspect ratio membrane wings. Membrane wings interact with the vortices shed

from the leading and trailing edges and wing tips. To investigate the fluid-structure

interactions on low aspect ratio membrane wings, we conduct wind tunnel experiments

with coupled force, kinematic, and flow field measurements, both on the wing and in the

near wake. Membrane wings interact strongly with the vortices shed from the leading

and trailing edges and the wing tips, and the details of the membrane support play

an important role in the fluid-structure interaction. Membranes that are supported at

the wing tip exhibit less membrane flutter, more coherent tip vortices, and enhanced

lift. The interior wake can exhibit organized spanwise vortex shedding and shows little

influence from the tip vortex. In contrast, membranes with an unsupported wing tip

show exaggerated static deformation, significant membrane fluttering, and a diffuse,

unsteady tip vortex. The unsteady tip vortex modifies the behavior of the interior

wake, disrupting the wake coherence.
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5.1 Introduction

Low Reynolds number (Re ă 105) flight has recently received considerable attention

because of the interest in designing Micro Air Vehicles (MAVs) as well as understand-

ing the flight of animals who operate in similar flight conditions [1, 2]. The complex-

ity, unsteadiness, and three-dimensionality of the flow features that are typical in

this flight regime warrant a different flight strategy than the traditional fixed-wing

approach suitable for man-made aircraft that operate at high Reynolds numbers. De-

sign features that are traditionally considered non-ideal—such as thin wing sections,

low aspect ratio, and wing compliance—have been demonstrated to boost aerody-

namic performance [30, 38, 40]. Biological fliers utilize these features to successfully

operate in a variety of flight modes, from hovering to migration [42].

Membrane wings are found in flying animals such as bats, gliding mammals such

as flying squirrels, as well as in MAVs. The aerodynamic characteristics of these

wings—e.g., self-cambering, soft stall, and enhanced performance at large angles of

incidence [30]—help these wings operate at low Reynolds number. In this regime,

complex phenomena such as flow separation and reattachment and the unsteady

interactions between the elastic and vortical structures over the wings may critically

affect the wing’s aerodynamic performance. Modeling membrane wing behavior is

challenging because the membrane wing’s shape is not known a priori. Instead, the

deformation of the membrane must be computed from the fluid forcing, which in turn

depends on the membrane deformation [25, 27–29, 99, 100].

Recently, Waldman and Breuer [113] considered a simple model of a membrane

wing where a time-independent equilibrium configuration of the membrane shape is

calculated and then the membrane dynamics are approximated as linearized vibra-

tion modes about the equilibrium shape. This approach simplifies the analysis by

decoupling the time-averaged membrane behavior from the dynamic effects and con-
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sidering each in turn. The time-averaged behavior of the membrane depends on the

aeroelastic number, Ae:

Ae “
Eh

1
2
ρU2

8c
. (5.1)

Here, the membrane elastic stiffness is characterized by the modulus of elasticity, E,

and the membrane thickness, h, while the aerodynamic load is characterized by the

dynamic pressure, ρU2
8{2, and the chord length, c.

The experiments by Song et al. [30] highlight some of the key time-averaged be-

haviors of membrane wings. Song et al. [30] examined elastic membrane wings with

leading and trailing edge support and demonstrated enhanced lift and delayed stall

compared to a rigid flat plate, albeit at the expense of increased drag. The experi-

ments also demonstrated that self-cambering of the compliant wing allows positive lift

generation even at small negative angles of attack. This self-cambering behavior was

also present in the high-fidelity simulations of membrane wings [27]. Here, compliance

allows positive average lift to be maintained at zero angle of attack. Waldman and

Breuer [113] determined that the criteria for the self-cambering depends on the pre-

stretch of the membrane and the membrane stiffness. The time-averaged behavior of

membrane wings also depends on the membrane’s boundary conditions. Membranes

with leading and trailing edge support passively change their camber in response

to flow conditions [27, 30, 113], while membranes with free trailing edges passively

change their angle of attack [31, 36].

Simulations by Gordnier [27] demonstrate how changes in the Reynolds number

alter the thickness and stability of the boundary layer, which affects the pressure dis-

tribution on the wing. Experimentally, it is difficult to independently vary Reynolds

number and effective membrane elasticity because both depend on the freestream

velocity.

Membrane dynamics also play an important role in the behavior of membrane

wings [27, 30, 32, 33, 36, 113]. Membrane wings may exhibit standing mode vibrations
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near integer multiples of the membrane fundamental frequency [27, 30, 32, 33, 113], or

they may exhibit traveling wave characteristics [27, 36]. Furthermore, the unsteady

motions of the membrane alter the flow over the wing. Experimental investigations

by Rojratsirikul et al. [32] and numerical studies by Gordnier [27] demonstrate that

wing compliance leads to smaller separated regions over two-dimensional membrane

wings than on identically cambered but rigid wings. Membrane dynamics vary greatly

with the membrane pretension or excess length [30, 33], with the character of the

membrane supports [31, 35, 36, 101], and with the Reynolds number [27]. The natural

modes in the membrane and supports may interact with the natural modes in the

wake to select the particular mode of vibration and vortex shedding. Experiments

show that the wing dynamics, vortex shedding, and force unsteadiness can be altered

by changing the membrane support [113] or by modulating the membrane tension at

the correct frequency [114].

Another feature that is common in biological fliers and MAV design is low aspect

ratio [1]. Low aspect ratio wings may take advantage of the tip vortices to entrain

the flow over the wing, delaying separation as well as generating vortex lift [37, 38].

The classic result for the contribution of vortex lift was first derived for the leading

edge vortices on delta wings by Polhamus [39] and later adapted for wing tip vortices

by Lamar [115]. Vortex lift introduces a non-linear contribution to the potential flow

lift, and the overall lift coefficient CL as a function of angle of attack α is given by

CL “ Kp sinα cosα2
`Kv cosα sinα2. (5.2)

Here, the empirical factor Kp is the potential flow lift slope and depends on the wing’s

planform [39], and in the case of an aspect ratio, A “ 2 wing, Kp « 2.5 [37, 38]. Kv

is the empirical factor for vortex lift and is typically taken to be Kv « π [e.g., 37, 38].

The lift slope for a finite aspect ratio wing can be estimated using Helmbold’s relation,
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which relates the lift slope of the finite wing to the lift slope of the two-dimensional

wing profile and the aspect ratio [62]:

BCL
Bα

“
2π

2
A
`

b

1`
`

2
A

˘2
. (5.3)

Experiments on low aspect ratio membrane wings with free wing tips show exagger-

ated wing tip dynamics and deformations compared to the midspan of the wing [30].

Computations on low aspect ratio membrane wings with fixed wing tips show that

the tip vortex strength and suction are enhanced by passive mean cambering near

the wing tip; however, it is unclear whether wing dynamics play an important role

in the behavior of the tip vortex [29]. Stereo PIV measurements were conducted in

a streamwise plane behind low aspect ratio wings with and without wing tip sup-

port [113] and show large magnitude spanwise velocity unsteadiness behind wings

with free wing tips; however, the wings with supported wing tips showed much lower

levels of spanwise velocity unsteadiness. Furthermore, despite having significantly less

wake unsteadiness, the fixed-tip wing showed much larger force unsteadiness than the

free-tip wing. Thus, the wing tip boundary condition seems to play a pivotal role in

the structure of the wake and in the generation of aerodynamic forces.

In the previous chapter, we considered how the wing tip boundary support modi-

fies the effective global stiffness of the membrane [113]; however, it is clear that there

is a local effect at the wing tip, which is of critical importance for low aspect ratio

wings. In this study, we investigate the relationship between the wing tip boundary

support and the kinematics and aerodynamics of low aspect ratio membrane wings.

We utilize Trefftz plane PIV to measure the near wake and tip vortex structure,

high-speed videography to measure the membrane shape and wing tip dynamics, and

direct force measurements to quantify the aerodynamic forces. We discuss the effects

of the wing tip support on the local fluid-structure interactions at the wing tip, and
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the consequences of these interactions on the generation of aerodynamic forces.

5.2 Experimental Methods

We performed a series of wind tunnel experiments on low aspect ratio (A “ 2.2) rect-

angular membrane wings. The experiments were conducted in the Brown University

low-speed wind tunnel using the same configuration as the experiments presented in

the previous chapter. The facility is a closed-return tunnel with a 61 ˆ 58 cm2 test

section. The experiments were conducted at freestream velocities of 5–12 m{s, which

correspond to chord Reynolds numbers of 3.3ˆ 104–8.0ˆ 104. Freestream turbulence

levels are ă 0.01 % [30]. The environmental conditions in the tunnel were monitored

simultaneously with the experiment. The freestream velocity was measured using a

Baratron pressure transducer (MKS 398HD, MKS instruments, Andover, MA), and

the atmospheric pressure was monitored using an absolute pressure transducer (Model

270, Setra, Boxborough, MA). A thermistor probe and digital controller (Omega

DP25-TH, Omega Engineering, Stamford, CT) monitored the test section air tem-

perature. The forces were measured using a 6-axis force/torque transducer (Nano17,

ATI Industrial Automation, Apex, NC). All signals were sampled at 14 kHz for 10

seconds during each trial.

The membrane wings are the same wings tested by Waldman and Breuer [113]

and therefore supplement the kinematic and PIV measurement data from the previ-

ous work. Fig. 5.1 shows the membrane wing models. The wings are comprised of

h “ 150µm thick silicon rubber (Smooth-on Dragon Skin®Medium 10, Smooth-On

Inc., Easton, PA) supported by 3.2 mm diameter carbon fiber rods at the leading

and trailing edges. The rubber material is nearly incompressible and has a Young’s

modulus E “ 280 kPa. The leading and trailing edge support rods are held apart

at c “ 10 cm by a 2.5 cm wide steel clamp at the center of the wing. The overall

wingspan is s “ 22.5 cm, hence separating the wing into two square membrane re-
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(a) Free wing tip (b) Fixed wing tip

Figure 5.1: The experiments were conducted on two rectangular planform mem-
brane wings. Both wings have rigidly supported leading and trailing edges and are
rigidly clamped at mid span; however, the wings have different membrane support at
the wing tips. The “free-tip” model has wing tips that are completely unrestrained
(Fig. 5.1a), while the “fixed-tip” model has rigidly supported wing tips (Fig. 5.1b).
The range of freestream velocities U8 “ 5–12 m{s corresponds to a chord-Reynolds
number range Re “ 3.3ˆ 104–80ˆ 104.

gions on either side of the clamp. Two boundary conditions at the wing tip (free and

fixed) and a 3 mm thick aluminum flat plate with identical planform were tested.

5.2.1 Kinematics

The membrane wing kinematics were captured by imaging a laser line that was pro-

jected near the wing tip using a high-speed camera (Photron APX, Photron, San

Diego, CA) at 1500 Hz. Two-dimensional direct linear transformation coefficients

were computed using a calibration target in the plane of the laser sheet [106]. The

plane of measurement was 16 mm from the wing tip. The measurement location is

depicted in Fig. 5.2.

Three thousand images were captured, yielding two seconds of membrane kine-

matics. The images were dewarped and transformed into a coordinate system aligned

with the wing chord. An FFT-based convolution of the image along the vertical

direction provided a fast algorithm for locating the center of the laser line (see Ap-

pendix D). Sub-pixel accuracy was achieved with a Gaussian sub-pixel peak finding
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U∞

Figure 5.2: The locations of the kinematic and PIV measurements are illustrated by
the dashed red lines and the solid green lines, respectively. The label (a) indicates the
location of previous kinematic measurements at 25% span and co-planar streamwise
wake PIV measurements [113]). The new kinematic measurements are located close
to the wing tip, and the PIV measurement is oriented in the flow-normal Trefftz plane,
which is labeled (b).
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algorithm identical to the standard PIV technique [54]. The wing camber was calcu-

lated from the ensemble average of the digitized wing shapes, and the instantaneous

wing fluctuations were calculated by subtracting the time average shape from the

instantaneous realizations. At each chordwise location, power spectra of the wing

fluctuations were calculated to quantify the wing dynamics.

5.2.2 Stereo PIV

The wake behind the left half of the wing was measured in the Trefftz plane using

stereo PIV. The PIV measurement location relative to the wing is depicted in Fig. 5.2.

At low-to-moderate angles of attack, the measurements were performed using the

dual-plane PIV technique for increased accuracy [71]. Single-plane PIV measurements

were conducted at post-stall angles of attack (α “ 20–25˝) to adequately capture the

large streamwise velocity deficits due to separated flow. The laser sheet thickness, h,

the laser sheet displacement, ∆x, the interframe time, ∆t, and the volume retention,

VR, were determined for each freestream velocity U8 “ 5–12 m{s based on the analysis

by Waldman and Breuer [71], and the experimental parameters are summarized in

Table 5.1.

Table 5.1: PIV experimental details

Angle of attack Laser Laser Interframe Vol. Ret.,
α thick., h disp., ∆x time, ∆t VR

[deg] [mm] [mm] [µs] [%]

Single-plane 20–25 3.0 0.0 100–40 71
Dual-plane 0–15 2.0 2.7 540–225 100

The PIV experiment was controlled by commercial PIV software (LaVision DaVis

8). The cameras (Photron SA-3) were fitted with 532 nm line-pass filters and Nikon

Nikkor 85 mm/1.4 D lenses on Scheimpflug adapters. The imaged region measured

20ˆ30 cm2 and was illuminated with a 15 Hz dual-oscillator frequency-doubled pulsed

Nd:YAG laser (Quantel Evergreen). The laser sheet was formed by a negative cylindri-
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cal lens (f “ ´25 mm), and the laser sheet thickness was controlled with a focusable

lens according to Table 5.1. The flow was seeded by a Laskin nozzle that produced

1µm DEHS oil droplets.

Each PIV trial consisted of 625 image pairs. Multipass cross-correlation with an

initial window size of 128 ˆ 128 pix2 and final window size 32 ˆ 32 pix2 with Gaus-

sian weight resulted in about 106 ˆ 124 vector fields with 1.2 mm spacing. The PIV

measurements were used to calculate the ensemble average velocity and the fluctua-

tion energy fields for each trial. The tip vortex properties were extracted from the

PIV measurements using the full-field vortex fitting approach proposed by Bhagwat

and Ramasamy [116]. Meander-corrected ensemble average and fluctuations were

calculated using the instantaneous vortex locations.

5.3 Results and Discussion

5.3.1 Lift

Fig. 5.3 shows measured lift coefficients from the membrane wings and the flat plate

for a freestream velocity U8 “ 12 m{s, and theoretical lift curves as given by Eqn. 5.2.

The non-zero lift evident at α “ 0˝ results from the self-cambering behavior of the

membrane wings. At low angles of attack, the lift from the wings increases linearly

with angle of attack until reaching a maximum around α “ 13˝. The linear lift

behavior at low angles of attack is consistent with previously reported experimental

measurements [30] and simulations [27]. After reaching maximum lift, the free-tip

wing exhibits a decrease in lift coefficient as the angle of attack further increases.

In contrast, after the fixed-tip wing initially stalls, the lift coefficient continues to

increase again with further increases in the angle of attack.

The measured lift coefficient of the flat plate wing is compared to Polhamus’

suction analogy prediction (Eqn. 5.2). Here, Helmbold’s relation (Eqn. 5.3) was used

to approximate Kp “ 2.82 for the A “ 2.25 wing, which is consistent with results
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Figure 5.3: The measured lift coefficient vs angle of attack for the two membrane
wings, a flat plate, and theoretical prediction based on the suction analogy are com-
pared. Measurements were taken at a freestream velocity U8 “ 12 m{s. The dashed
line is the full suction analogy originally given by Polhamus [39] for delta wings. The
dash-dot line is only the vortex-lift term from the full suction analogy.

of Torres and Mueller [37]. At low angles of attack, the measured flat plate lift slope

is slightly larger than the suction analogy prediction until the wing begins to stall at

about α “ 10˝. Fig. 5.3 also shows the contribution of the second term in the suction

analogy equation (Eqn. 5.2), the “vortex term,” which accounts for the nonlinear

contribution of the vortex to the total lift.

Fig. 5.4 shows the lift behavior of the membrane wings over the tested range of

freestream velocities. The error bars specify the standard error of each force mea-

surement, σ{
?
N . Here, σ is the standard deviation of each trial’s force samples,

and N is the number of independent measurements and is estimated as the num-

ber of chord lengths the freestream advects during the trial. For a given wing, the

aeroelastic number decreases proportional to inverse square of the freestream veloc-

ity (Eqn. 5.1), which leads to increases in wing camber and lift [113]; this can be

seen in Figs. 5.4a–d as a monotonic upward shift in the lift curves with increasing

freestream velocity. Across the tested freestream velocities, the wings consistently

exhibit linear lift dependence on angle of attack at low-to-moderate angles of attack.

At these pre-stall angles, the free-tip wing exhibits larger lift coefficients than the
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fixed-tip wing [113]; however, the difference between the free-tip and fixed-tip wings’

lift coefficients decreases as the freestream velocity increases. The theoretical model

developed in chapter 4 overpredicts the measured camber for the fixed-tip wing, but

the model underpredicts the measured camber for the free-tip wing (Fig. 4.8). Thus,

the decreasing difference between the lift coefficients of the free- and fixed-tip wings

may be caused by the wing camber effects that cannot be predicted by the two-

dimensional, potential flow theory.

At post-stall angles of attack, Fig. 5.4 shows that the fixed-tip wing exhibits

superior lift to the free-tip wing at some point after the onset of stall. Furthermore,

at the three highest freestream velocities tested, the fixed-tip wing lift coefficient is

still increasing with angle of attack beyond 25˝, while the free-tip wing lift coefficient

is monotonically decreasing from the maximum lift attained at the onset of stall.

The negative lift recorded at the lowest angles of attack at U8 “ 5 m{s highlights

a characteristic of highly compliant membrane wings that has been largely ignored in

previous studies—sagging under gravity. Previous studies on unpretensioned mem-

brane wings have neglected membrane weight in their models [e.g., 25, 27, 30, 113],

avoided data points near α “ 0˝ [e.g., 32, 33, 35], or have avoided the issue by mount-

ing the membrane wings vertically [e.g., 30]. Given a membrane wing configured in

the traditional sense, with the planform oriented normal to the direction of gravity,

the weight of the membrane effectively acts as a uniformly distributed negative lift.

The weight of the membrane wing will be significant when it is comparable to the lift

coefficient:

ρmgh
1
2
ρU2

8

vs. CL. (5.4)

Here, ρm is the membrane material density, h is the membrane thickness, and g is

the gravitational acceleration. For a freestream velocity U8 “ 5 m{s, and a mem-

brane density ρm “ 1.07 g{cm3, the membrane weight bias is ´0.105. Given that the

membrane wing experiences an effective negative lift coefficient of ´0.105 because of
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(d) U “ 12m/s

Figure 5.4: The free- and fixed-tip wing lift coefficients are plotted versus angle
of attack for each freestream velocity U8 “ 5–12 m{s. The error bars represent the
standard error of each measurement.

gravity, and the lift slope Kp “ 2.82 as estimated by Helmbold’s equation (Eqn. 5.3),

we can estimate an equivalent angle of attack bias due to gravity as αbias “ 2.2˝. This

bias estimate agrees with the positive-negative lift transition in Fig. 5.4a.

5.3.2 Kinematics

The wing tip membrane support plays an important role in the behavior of the mem-

brane wing by altering the global effective membrane stiffness [113] and by directly

affecting the membrane behavior in close proximity to the wing tip. Fig. 5.5 shows the
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ensemble-averaged camber of the wing as a function of angle of attack at both the mid-

half-span and near-wing-tip locations. The wing camber at mid-half-span (located at

25% span from the wing tip) reflects the aerodynamic forces on the wing. Similar to

the lift coefficient, the camber is initially positive at α “ 0˝ and steadily increases

with the angle of attack. As the wing begins to stall and the lift coefficient reaches a

maximum, the camber also reaches its maximum. Furthermore, as the free-tip wing

continues to lose lift with further increase in the angle of attack, the wing camber

also decreases with the angle of attack. Meanwhile, the fixed-tip wing lift and camber

begin to increase again with angle of attack in the post-stall regime. Overall, the lift

coefficients of the free- and fixed-tip wings are very similar; however, because of the

wing tip constraint, the fixed-tip wing exhibits smaller wing camber. This relation-

ship between the camber and the lift is consistent with membrane wing theory [25, 30]

and is consistent with the reported membrane behavior [27, 30, 32, 33, 113].

The camber near the wing tip (located at 7% span from the wing tip) shows

markedly different behavior. Near the fixed wing’s tip, because of the support of

the nearby rigid tip, the membrane camber resembles a scaled-down version of the

mid-half-span behavior. The free-tip wing, however, is unconstrained and exhibits

enhanced compliance in the wing tip region, which causes the wing tip to exhibit a

larger camber than observed at the inboard regions of the wing. Strangely, the wing

tip shows increasing camber all the way to α “ 20˝ despite the fact that the lift

coefficient is monotonically decreasing for α ą 14˝. Song et al. [30] reported measure-

ments that demonstrated exaggerated wing tip flare until α “ 30˝ and postulated the

presence of a strong tip vortex that was responsible for the wing tip behavior.

The error bars in Fig. 5.5 represent the root-mean-square amplitude of the mem-

brane deflections about the ensemble-averaged camber, and thus quantify the un-

steadiness of the membrane about its ensemble-averaged configuration. The free-tip

wing shows large membrane fluctuations at the wing tip when α “ 0˝, and the
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Figure 5.5: Membrane camber is shown as a function of angle of attack with a
freestream velocity U8 “ 12 m{s. The membrane camber was measured at two loca-
tions: mid-half-span (y{b “ 25%) and near-wing-tip (y{b “ 7%). The error bars show
the root-mean-square amplitude of the membrane deflection around the mean shape.
The mid-half-span membrane kinematics data are originally from [113].

presence of fluctuations throughout the post-stall angles. The fixed-tip wing’s mid-

half-span exhibits large membrane post-stall dynamics; however, at moderate angles

of attack, the membrane unsteadiness is very moderate. Near the fixed wing tip, the

membrane unsteadiness is moderate throughout all angles of attack, despite being in

close proximity to a rigid membrane boundary.

To investigate the details of the membrane dynamics, we calculated the power

spectra of the time-resolved membrane fluctuations. At each chordwise location,

we calculated the power spectral density of the membrane deflection using Welch’s

method [117] with 600-sample windows and 50% window overlap. The resulting pe-

riodogram versus chordwise position reveals the spatial distribution of the membrane

vibrations (Figs. 5.6 and 5.7 for the free-tip and fixed-tip wings, respectively). The

dynamics measured at mid-half-span (y{b “ 25%) are shown in the left column, and

the dynamics measured near the wing tip (y{b “ 7%) are shown in the right column.

Selected spectra are shown for the angles of attack, α “ 0˝, 10˝, and 25˝, which

represent the dynamics when the wings are under the smallest load, under pre-stall
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conditions, and under post-stall conditions, respectively.

First, consider the dynamics of the free-tip membrane wing shown in Fig. 5.6. At

α “ 0˝, the free-tip wing exhibits large amplitude dynamics with vibration energy

distributed throughout many frequencies and membrane modes. The most prominent

mode is the first-mode vibration at about 20 Hz, which is obvious at the wing tip

and present to a lesser degree on the inner wing. The center frequency of the first

vibration mode at the wing tip is below the frequency of the first mode observed

at mid-half-span, which indicates that the membrane tension (and consequently, the

wave speed) at the free wing tip is lower than the inner wing tension [113]. As the

angle of attack increases to α “ 10˝, the vibration energy is contained in a strong

sixth-mode vibration near 180 Hz, with some second-mode energy also present at

60 Hz. These modes imply that the membrane fundamental frequency is at 30 Hz,

which reflects the increase in tension with the increase in camber (Fig. 5.5). Further

increasing the angle of attack into the post-stall regime (α “ 25˝) results in the mid-

span dynamics reverting to a second-mode vibration just below 60 Hz. As the lift

decreases beyond stall (Fig. 5.4d), the wing camber decreases (Fig. 5.5) and results in

reduced membrane tension, wave speed, and fundamental frequency, which is seen by

the decrease in the second-mode frequency. At the wing tip, the membrane dynamics

are still dominated by vibrations just below 60 Hz, but the second-mode’s node is

missing. Additional energy is present at frequencies corresponding to third-mode

and higher harmonics and is spatially distributed along the chord. This distribution

of energy along the chord—along with second-mode dynamics expected from the

previous Fourier mode analysis [113]—suggests that the wing tip experiences traveling

wave motions. In all cases, the membrane dynamics at the mid-half-span show more

clearly defined standing mode shapes, whereas the wing tip dynamics are less clearly

spatially defined, indicating more traveling wave dynamics. Also, the dynamics near

the free wing tip shows more vibration energy in the background throughout the
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frequency and spatial range, thus demonstrating noisier, less coherent membrane

vibrations. For example, at the post-stall angle (α “ 25˝), the 60 Hz dynamics have

an amplitude of ´6 dB at both mid-half-span and at the wing tip; however, the

mid-half-span low frequency noise has a lower amplitude (´21 dB), is more spatially

localized (between x{c “ 0.3 and 0.6), and has a smaller bandwidth (f ă 6 Hz)

than the noise at the wing tip (´17.5 dB amplitude, between x{c “ 0.2 and 0.8, and

f ă 20 Hz).

The fixed-tip membrane dynamics are shown in Fig. 5.7. Similar to the free-

tip wing dynamics, at α “ 0˝, the fixed-tip wing dynamics show vibration energy

distributed over many modes and frequencies, especially in the first and third modes

at 20 and 60 Hz, respectively. At mid-half-span, the third vibration mode does not

show a clear separation between the second and third antinodes, indicating traveling

wave dynamics over the trailing edge half of the wing. Near the fixed wing tip, none

of the nodes in the third mode can be clearly identified between antinodes, and the

additional presence of the fourth and fifth modes indicate traveling waves dominate

the motion at the wing tip. At α “ 10˝, the membrane is in a standing fourth-mode

vibration just below a frequency of 100 Hz, with very little low frequency energy

present. At the post-stall angle α “ 25˝, the membrane motion is dominated by the

second mode with 60 Hz frequency, with very little low frequency energy present.

Both wings exhibit shifts in the natural frequency with changing angle of attack.

The changing natural frequency is expected as the wing camber and, consequently,

the wing tension changes with wing loading [113]. Comparing the magnitude of the

membrane unsteadiness, the fixed-tip wing exhibits much smaller background vibra-

tions near the wing tip compared to the free-tip wing. The energy in the fixed-tip

wing’s vibrations is concentrated in the dominant vibration mode of the given config-

uration, while free-tip wing’s vibration energy is distributed among larger background

vibrations and harmonics. Both wings show higher levels of broadband background
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Figure 5.6: Free-tip wing membrane dynamics at the mid-half-span (y{b “ 25%)
and near-wing-tip (y{b “ 7%) locations. The power spectra are plotted in a decibel
scale referenced to 1 mm displacement. The mid-half-span membrane kinematics data
are originally from [113].
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Figure 5.7: Fixed-tip wing membrane dynamics at the mid-half-span (y{b “ 25%)
and near-wing-tip (y{b “ 7%) locations. The power spectra are plotted in a decibel
scale referenced to 1 mm displacement. The mid-half-span membrane kinematics data
are originally from [113].
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vibration near the trailing edge across all angles of attack, which is visible as higher

concentrations of yellows, oranges, and reds at the trailing edge throughout the fre-

quency range in both Figs. 5.6 and 5.7. The higher concentration of broadband

vibrations at the trailing edge suggest that trailing edge flow separation occurs on all

models at all angles of attack. Previous experiments by Rojratsirikul et al. [32, 33]

show attached flow on the front of cambered membrane airfoils and the presence of

flow separation near the trailing edge. Furthermore, Rojratsirikul et al. [32] also re-

ported observing second-mode vibrations for angles of attack greater than 20˝, which

is consistent with our experimental data. It is important to note that the wing tip

dynamics were measured a short distance (7% span) inward from the actual wing

tip. On the fixed-tip wing, the membrane is rigidly constrained by the boundary

condition; thus, both the dynamics and camber line at the very tip of the wing are

necessarily zero. Meanwhile, the free wing tip will have both an exaggerated mean

camber and flutter. Thus, the kinematic measurements show that the free-tip wing

exhibits a highly deformed and unsteady wing tip, whereas the fixed-tip wing has a

flat, rigid wing tip.

5.3.3 Wake structure

The differences in the wing tip shape and dynamics lead to significant differences

in the structure of tip vortices behind the free- and fixed-tip membrane wings. The

ensemble-averaged streamwise vorticity contours (Fig. 5.8) show that for all angles

of attack, the free-tip wing has a large and diffuse tip vortex, while the fixed-tip

wing has a much smaller, more intense tip vortex. The strength of the tip vortex

behind the free-tip wing increases in intensity until α “ 15˝, after which the vortex

becomes very diffuse. The tip vortex behind the fixed-tip wing has a smaller size and

higher intensity and retains these features even beyond stall. Interesting features to

note are the small patches of opposite-signed vorticity on the right side of the figures
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near mid-span. These patches represent the vortex lines being shed from the wing

root as the bound circulation decreases with decreasing camber towards the clamp at

half-span.

The velocity unsteadiness helps to explain the difference between the tip vortex

structure of the two membrane wings. Fig. 5.9 shows the magnitude of the velocity

fluctuations, namely, the root-mean-square of the velocity fluctuations,

RMS pu1q “
a

u12 ` v12 ` w12. (5.5)

Here, the prime 1 denotes a fluctuation from the ensemble average, and u, v, and

w are the streamwise, spanwise, and vertical components of the velocity vector u,

respectively.

The impact of the free membrane boundary condition at the wing tip on the tip

vortex is very clear: in all cases, the extent of the wake unsteadiness is vastly increased

by the presence of a free wing tip. At pre-stall angles of attack, the extent of the

unsteadiness from the free wing tip nearly reaches across the entire span of the wake.

At post-stall conditions, massive flow separation across the wingspan contributes

additional velocity unsteadiness. The fixed-tip wing exhibits a much smaller unsteady

region emanating from the wing tip. At α “ 10˝, the velocity fluctuations exist in

a compact region around the wing tip, and the unsteadiness shed from the inner

wing is distinct from the wing tip unsteadiness. The wake shed from the inner wing

exhibits the expected spiral shape as the wake rolls around the tip vortex during the

roll-up process [4, 45]. After the onset of stall at α “ 20˝, the free-tip wing still shows

evidence of a highly organized tip vortex, even though the center of the wing has

stalled.

Trailing vortices are known to fluctuate about their average positions, and accu-

rately quantifying mean vortex properties requires a procedure to correct for vortex
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Figure 5.8: The streamwise vorticity contours for the free- and fixed-tip wings are
compared across a range of angles of attack at U8 “ 12m/s. The view is behind the
left half of the wing, located a distance 1.4c downstream of the trailing edge. The
scale bar indicates one chord length.
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Figure 5.9: The velocity fluctuation energy contours for the free- and fixed-tip wings
are compared for angles of attack α “ 0˝, 10˝, and 20˝, at U8 “ 12m/s. The view
is behind the left half of the wing, located a distance 1.4c downstream of the trailing
edge. The scale bar indicates one chord length.
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Figure 5.10: Comparison of tip vortex core sizes calculated from meander-corrected
measurements of the membrane wings and a flat plate. Calculated from PIV mea-
surements 1.4c downstream from the trailing edge.

meander [45]. Following Bhagwat and Ramasamy [116], we recalculated the velocity

fields and vortex properites, correcting for vortex meander using a global least-squares

fit of the data to the classic Lamb-Oseen vortex model,

uθ p|x´ x0|q “
Γ0

2π |x´ x0|

˜

1´ exp

˜

´

ˆ

|x´ x0|

r0

˙2
¸¸

. (5.6)

Here, the vortex is defined by its strength Γ0, its core size r0, and its location

x0, and these parameters are determined from the global least-squares fit of Eqn. 5.6

to each instantaneous PIV snapshot. Fig. 5.10 shows the ensemble average core size

of tip vortices, r0, from each of the membrane wing models and from the flat plate,

measured from the meander-corrected velocity fields. The fixed-tip wing and the

flat plate exhibit very similar vortex core sizes for all angles of attack, whereas the

free-tip wing’s vortex size is significantly larger than either of the other two wings.

Additionally, the free-tip wing’s tip vortex exhibits larger root-mean-square meander

amplitudes, σ, than the tip vortices from either the fixed-tip wing or the flat plate

(Fig. 5.11).
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Figure 5.11: Comparison of tip vortex core meander amplitude calculated from
meander-corrected measurements of the membrane wings and a flat plate. Calculated
from PIV measurements 1.4c downstream from the trailing edge.

Fig. 5.12 compares the velocity fluctuation intensity calculated before and after

applying the vortex meander correction to the velocity fields. The top row is the orig-

inal α “ 20˝ plots of the velocity fluctuation intensity from Fig. 5.9, and the second

row is the meander-corrected velocity fluctuation intensity. The velocity fluctuations

in the free-tip wing wake remain nearly unchanged by the vortex meander correction

in contrast to the fixed-tip wing, which exhibits a significant decrease in the velocity

fluctuation intensity in the tip vortex core. Hence, the apparent velocity unsteadiness

in the tip vortex behind the fixed-tip wing is largely due to the tip vortex meander,

whereas the velocity unsteadiness behind the free-tip wing is uncorrelated with the

tip vortex and therefore represents a highly turbulent wake. The 25% freestream

velocity fluctuation intensity levels present in the tip vortex wake behind the free-tip

wing are similar to freestream turblence levels that Sytsma and Ukeiley [118] found

to reduce lift coefficients on A “ 2 flat plates.

5.3.4 Streamwise wake structure

In the previous chapter, the fixed-tip wing was found to exhibit significantly larger

lift unsteadiness than the free-tip wing under otherwise identical flow conditions
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Figure 5.12: A comparision of the velocity fluctuation before and after vortex me-
ander correction. Free- and fixed-tip wings are compared for angles of attack α “ 20˝

at U8 “ 12m/s. The view is behind the left half of the wing, located a distance 1.4c
downstream of the trailing edge. The scale bar indicates one chord length.
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(U8 “ 12 m{s and α “ 10˝) and to exhibit very similar overall lift coefficients [113].

Streamwise PIV measurements behind the mid-half-span location showed that the

unsteadiness in the wake behind the fixed-tip wing was confined to a narrow region

immediately behind the wing’s trailing edge (Fig. 4.13). Proper orthogonal decom-

position analysis revealed that the unsteadiness was dominated by alternating sign

vortex shedding from the trailing edge. Surprisingly, the free-tip wing that exhibited

much smaller force unsteadiness produced substantially more flow unsteadiness in a

much larger wake than the fixed-tip wing. Fig. 5.13 shows the spatial relationship

between the Trefftz plane PIV measurements and the streamwise measurements from

chapter 4. The left column of Fig. 5.13 shows the streamwise sections of the wakes

relative to the time-averaged mid-half-span membrane camber profiles and the loca-

tion of the Trefftz plane measurement. The right side of Fig. 5.13 shows the velocity

fluctuation intensities measured in the Trefftz plane and the spanwise location of the

streamwise PIV measurements. In all quadrants, the velocity fluctuation intensities

are plotted for the same flow conditions. The first row in Fig. 5.13 shows the free-tip

wing and its wake with large fluctuation intensities in the regions behind the trailing

edge and above the wing. The second row in Fig. 5.13 shows the fixed-tip wing and

its wake with the velocity unsteadiness in a narrow wake behind the trailing edge.

Fig. 5.13 demonstrates that the large region of velocity unsteadiness in the streamwise

measurement that looms above and behind the free-tip wing is the large and highly

unsteady tip vortex produced from the freely-fluttering membrane wing tip. The

streamwise region behind the mid-half-span location on the fixed-tip wing remains

unaffected because the tip vortex lacks unsteady flow features.

5.4 Concluding Remarks

We presented detailed force, kinematic, and PIV wake measurements from wind tun-

nel experiments on low aspect ratio compliant membrane wings with different wing
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Figure 5.13: Streamwise and Trefftz plane views of the velocity fluctuation intensity
in the wake behind the free- and fixed-tip wings at α “ 10˝ and U8 “ 12 m{s. The
mean membrane shapes measured at mid-half-span are plotted to scale, relative to the
streamwise wake structures. The dashed section lines indicate the locations where the
orthogonal view is located. The streamwise plane PIV and mid-half-span membrane
kinematics data are originally from [113].
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tip boundary support, as well as a rectangular flat plate with identical planform. At

moderate angles of attack, the lift behavior of the flat plate agrees with the leading

edge suction analogy originally formulated for delta wings, and the lift behavior of

the membrane wings is consistent with previous experiments and simulations. At

post-stall angles of attack, we found that the membrane wing with free wing tips

exhibits monotonically decreasing lift with further increase in angle of attack, while

the membrane wing with fully restrained wing tips was able to sustain increasing

lift beyond the initial point of stall. We presented measurements of the membrane

wing camber and dynamics at two spanwise locations. At the mid-wing measurement

location on both membrane wings, the changes in wing camber reflect the changes

in lift coefficient. However, the membrane wing with free wing tips showed increas-

ing wing tip deflections with increasing angle of attack, even at post-stall conditions

when the overall lift on the wing was decreasing. We found both membranes to exhibit

standing and traveling mode vibrations, and both membranes show increased levels of

broadband vibrations near the trailing edges, suggesting that both wings experience

separated flow at the trailing edge. We also found that the free-tip wing experi-

ences high overall levels of broadband membrane vibration, especially near the wing

tip. Overall, the free-membrane wing tip exhibits exaggerated camber and greater

amounts of noise vibration than the mid-span location.

The Trefftz plane PIV measurements reveal the tip vortex structures of the mem-

brane wings exhibit drastically different behavior depending on the wing tip boundary

condition. The tip vortex behind a free membrane wing tip shows larger core size,

greater vortex meander, lower peak vorticity, and much higher unsteadiness compared

to the tip vortex from a fixed-membrane wing tip. Correcting for vortex meander had

negligible effect on the velocity unsteadiness in the wake of the free-tip membrane

wing, suggesting that the exaggerated camber and highly dynamic motion of the free

wing tip cause high levels of turbulence in the wake. The diffuse and unsteady tip

133



vortex structure, and the monotonic decline in lift coefficient with angle of attack

beyond the initial stall suggests that the free-tip membrane wing is unable to benefit

from vortex lift. In contrast, we found that the well-behaved fixed-tip membrane

wing produced strong tip vortices with little unsteadiness, which allows the fixed-tip

wing to generate higher lift at higher angles of attack than the free-tip wing. The

PIV measurements demonstrate that the previously observed wake unsteadiness in

the streamwise plane at mid-half-span is due to the extensive influence of the the tip

vortex emanating from the free-membrane wing tip.

Low aspect ratio wings offer a key advantage in low Reynolds number flight ap-

plications with their ability to operate at large angles of attack while maintaining

lift, facilitated by the influence of the tip vortices, which generate suction lift and

suppress separation [2, 37, 38, 118]. Membrane wings offer the advantages of passive

wing compliance, which allows wings to self-camber and to generate high values of

lift as well as to interact dynamically with the shear layer [27, 30–32, 36, 113]. Yet,

here it seems that aspect ratio and compliance are two features that may compete

against one another: the compliance of the free-tip wing results in a highly cambered

(Fig. 5.5) and highly dynamic wing tip (Fig. 5.6) that disrupts the size and structure

of the tip vortex (Figs. 5.8, 5.10, and 5.12), which leads to a decrease in the lift per-

formance (Fig. 5.4) at higher angles of attack. The reduction of lift performance with

added compliance is contrary to the general notion that compliance should enhance

lift [27, 30, 32, 36, 113]. Instead, because the compliance of the free tip wing is added

at the critical location where the tip vortex forms, the potential benefit of vortex

lift is lost. This study shows how the wing’s compliance is an important factor in

determining the wing’s aerodynamic performance.

These results have implications for the design of low aspect ratio membrane wing

MAVs. While the extra compliance of a free wing tip membrane may provide addi-

tional lift capability at low angles of attack, when operating at high angles of attack,
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a free-tip membrane wing is more prone to the dangers of stall—especially in gusty

conditions where a sudden change in wind direction could lead to loss of lift. Con-

versely, the unsteadiness of the free wing tip disrupts the coherence of the tip vortex

and the organization of the wake, which may suppress the development of highly

unsteady wing vibrations. It is interesting to note that bat wings exhibit wing tip

support from the elongated, swept third digit. Because bats flap their wings, the

angle of attack of the outer wing can reach α “ 50˝ [119]; hence, having a “fixed wing

tip” may allow more favorable tip vortex formation and allow bats to benefit from

vortex lift. However, it is unclear how the free trailing edge geometry of the bat wing

may or may not be susceptible to highly unsteady force resonances.

This work was supported by the Air Force Office of Scientific Research.
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CHAPTER 6. Conclusions

As technological advances have recently made the manufacture of small autonomous

fliers tractable and thus created interest in Micro Air Vehicle applications, so have

they created the necessity for understanding the principles of the low Reynolds num-

ber flight regime in which these MAVs operate. The natural world has “designed” its

own low Reynolds number fliers through millions of years of evolution; thus, inspira-

tion can be derived from the study of animal flight. Bats, which are the only flying

mammals, employ a unique approach to low Reynolds number flight, with wings com-

posed of a highly articulated wing skeleton supporting a compliant membrane skin.

However, there are many challenges associated with bat flight experiments. In this

thesis, we addressed two problems inspired by bat flight. We developed experimental

techniques for accurate wind tunnel measurements of aerodynamic force production

and energy expenditure in free-flying bats. Also, we performed theoretical, numerical,

and experimental studies on rectangular membrane wings, in particular to investigate

the effects of wing compliance and the importance of the membrane support geometry.

Previous wind tunnel investigations have utilized Trefftz plane PIV experiments to

study bat flight, but they have struggled to obtain quantitative agreement between the

measured strength of the vortex structures and the strengths expected due to animal

weight support [11, 12, 15]. We determined that the origin of the measurement error
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was insufficient dynamic range available in typical PIV measurement systems and

developed a dual-plane PIV technique that increases the dynamic range of Trefftz

plane measurements and allows accurate measurements of the vortex wakes behind

free-fliers. We demonstrated the technique by accurately measuring the lift of free-

flying bats in a wind tunnel. Furthermore, we used the dual-plane PIV measurements

and the Helmholtz-Hodge decomposition to perform the first direct PIV measurement

of the aerodynamic power of free-flying animals. Advances in PIV equipment will lead

to further improvements in the resolution and accuracy of Trefftz plane measurements,

and the emergence of high-speed tomographic systems will allow all three components

of the vorticity vector to be resolved. At this time, the Taylor hypothesis remains

a major assumption required in the calculation of extensive properties from Trefftz

plane wake measurements; however, a recent study shows that wake vortex structures

may exhibit significant deformation as they advect [17]. Because the mathematical

formulas relate the instantaneous vortex configuration to the appropriate quantity

(e.g., impulse or energy) [4], quantities derived from a time-series of measurements

will be in error when the wake is distorting. More work is needed to fully understand

this source of error when the Taylor hypothesis is a poor approximation.

Membrane wings are an attractive option for MAV design because they are lightweight

and offer the potential for passive control; however, because their shape and aerody-

namic response are strongly coupled, designing a wing is challenging. We developed

a theoretical model that makes a priori predictions of membrane wing aerodynamic

performance without the need for expensive computer simulations. However, because

our theory relies on two dimensional potential flow theory and assumes a single degree

of freedom deformation, it is unable to account for some of the interesting phenom-

ena observed in our membrane wing experiments, such as resonant coupling of the

membrane with the flow, and the dependance of the aerodynamic forces and wing tip

vortex on the membrane support at the wing tip. These phenomena could play an
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important role in the success of membrane wing designs, so it is necessary to improve

upon the current membrane wing theory. We still need a better understanding of

the mechanism that determines the formation of unsteady flow structures and mem-

brane dynamics. PIV measurements and CFD studies will help elucidate the nature

of the unsteady membrane wing interactions with the flow; however, each approach

offers its own set of challenges. Emerging kilohertz PIV systems provide the tempo-

ral resolution to resolve the development and advection of flow structures over the

wing [32, 36]; however, measuring the flow near the membrane surface is challeng-

ing because of the dynamic motion of the surface. High-fidelity CFD calculations

provide the ability to examine the flow near the membrane; however, these coupled

fluid-structure calculations currently remain prohibitively expensive for more than a

few test cases. Experimental studies have already begun on membrane wings with

free trailing edges [31, 36], which is a better approximation to bat wings, and a sim-

ple theoretical model for free-trailing-edge wings must address the inherent spanwise

variations.
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APPENDIX A. Comment on Vortex Impulse

Measurement

With the advent of high-speed PIV lasers, it is now common in wind tunnel ani-

mal flight studies to measure the wake by periodically sampling at a fixed station

downstream of the animal and to “stack” subsequent measurements, spaced by the

freestream speed and the measurement period, to obtain a pseudo-volumetric recon-

struction of the wake [e.g., 6–17]. These studies apply the fluid-dynamic principle

that the hydrodynamic impulse in the wake is generated from the force production

of the flier; therefore, one can infer information about the aerodynamic forces by

studying the wake structure.

A potential problem with this method is that different parts of the wake in the

volumetric reconstruction are measured at different instances in time from a flow

that is possibly unsteady and evolving in time, but the mathematical formulas from

vortex dynamics relate the hydrodynamic impulse to the instantaneous configuration

of the vorticity (see Eqn. A3). The general approach in the literature is to assert that

the strength of the vortex structures in the wake is small relative to the freestream

velocity and therefore to assume that the wake structures advect passively through

the measurement region.

In a recent paper, Bomphrey, Henningsson, Michaelis, and Hollis [17] (BHMH)
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presented tomographic particle image velocimetry (PIV) measurements of the near

wake of a tethered locust in a wind tunnel. They measured three components of veloc-

ity in the transverse plane, and the measurements were performed at sufficiently high

frequency such that the thick slices of velocity vectors overlapped between consecu-

tive measurements. With this volumetric data, they reconstructed a phase-averaged

volumetric representation of the wake generated during a complete wingbeat cycle.

BHMH visualized the wake by plotting the iso-surfaces of the Q-criterion and de-

termined that the wake structure was undergoing deformation from observation of

the imperfect vertical alignment of iso-surfaces between successive measurement sam-

ples. This misalignment of the vortex filaments suggests that the wake structures

were descending as they advected downstream. The deformation of the wake struc-

tures during the measurement can lead to errors in the impulse calculations, which

in turn lead to errors in both the lift and the thrust estimates derived from these

measurements.

A.1 Simple Wake Distortion Model

We seek a model for estimating the magnitude of wake deformation behind a flier.

The vertical descent of the wake observed by BHMH is similar to the steady descent of

counter-rotating trailing vortices under their mutual induced velocity [71]; therefore,

we construct a simple wake distortion model as a counter-rotating vortex pair whose

strength and separation are given by simple aerodynamic models based on steady

fixed-wing flight. Lift, L, of an elliptically loaded wing can be estimated as

L “
π

4
ρUΓb, (A1)

where ρ is air density, Γ is circulation, b is wingspan, and U is flight speed. Because

lift must balance weight, W “ mg “ L, the strength of the wake vortices will scale
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inversely with flight speed: Γ9W ¨ U´1. Following the analysis of Betz [5], who

considered the evolution of vortex groups by applying the principles of conservation

of impulse and conservation of moment of impulse, the spacing between the centroids

of the tip vortices is ∆y “ π ¨b{4. The combination of these results yields the induced

advection speed of one tip vortex due to the other, vwake, which represents the rate

of wake distortion and is estimated as

vwake

U
“

8W

π3ρU2b2
. (A2)

This ratio of vertical descent velocity to the freestream velocity represents a verti-

cal shear distortion of the wake. The vortex wake observed at some fixed distance

behind a steady flier will appear to remain in a steady location, when in fact the

wake is descending at a steady rate given by Eqn. A2. Thus, a pseudo-volumetric

wake reconstruction based on stacking a time series of wake observations will yield

a completely horizontal vortex system, when the actual vortex configuration is at an

angle θ “ arctan pvwake{Uq from the horizontal.

We can estimate this mode of wake distortion for some sample fliers. Typical

values of body weight W “ 177.0 mN and wingspan b “ 28.5 cm for the Seba’s

short-tailed bats (Carollia perspicillata) studied in Chapter 3 give induced velocities

that are a small percentage of the forward flight speed above 4 m{s, vwake{U ă 0.8%

(Fig. A1) and decrease as U´2. This corresponds to a self-induced wake distortion

angle θ ă 0.5˝. The same analysis for desert locust wakes [17] gives vwake{U « 0.8%

at a flight speed of 3.3 m{s (i.e., θ « 0.5˝).

For an animal flapping with a frequency fwb, we can estimate the total wake

displacement over a complete wingbeat cycle, ∆y, as vwake{fwb. The typical wingbeat

frequency for Seba’s short-tailed bats is fwb « 9 Hz, and thus the estimated wake

distortion is ∆y « 7 mm—2.5% of the wingspan. It thus seems reasonable to assume
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Figure A1: Predicted induced wake velocities for parameters typical of Carollia
perspicillata (W “ 177.0 mN, b “ 28.5 cm). The black line gives dimensional values;
the red line is normalized by flight speed. For flight velocities greater than 4 m{s, the
induced velocities are less than 1% of the flight speed, enabling pseudo-volumetric
reconstruction of three-dimensional wake structure from a stacked time series of planar
realizations.

that the wake distortion is small compared to its overall structure and that this

distortion is not a major source of error in the Chapter 3 analysis.

It is important to note that at slower flight speeds, the wake velocities induced

by the vortex structures quickly increase as the wing circulation increases to main-

tain weight-support (Eqn. A1). Furthermore, the wakes behind flapping animals are

significantly more complicated [6–17] than the simple two tip-vortex wake used in

our model, because of both the flapping kinematics and the complex wing planforms.

Our simple wake distortion model considers the relative magnitude of the wake’s self-

induced motion that originates from the momentum imparted into the wake by an

idealized flier generating lift. The complex wakes behind real fliers result from more

complicated lift distributions as well as from the production of thrust to counteract

drag, and it is the temporal and spatial distribution of the production of these forces

that result in the multi-vortex wake systems observed in the wake studies.
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Figure A2: The wake of a flapping flier contains a complex network of vortex
structures, in part because of time-varying force generation throughout the flapping
cycle. In general, this complex vortex structure can be simplified as the superposition
of simple vortex rings, amenable to simple analysis.

A.2 Example Wake Impulse Calculation

In general, the wake structure topology behind a flapping flier is more complex than

a simple vortex ring [17]; however, more complex wakes generated by circulation that

changes with time can be constructed using a superposition of nested vortex loops [4].

Fig. A2 depicts how a complex wake vortex system can be constructed from a single

vortex line contour or as the sum of multiple vortex loops. The superposition of

simple vortex loops can be repeated to fully reconstruct a complex vortex topology.

Therefore, it is sufficient to consider a single vortex ring to study the effect of wake

deformation on the estimation of vortex impulse.

BHMH use a thought experiment—a hypothetical isolated vortex loop—to explain

the origin of wake deformation error. However, they present their argument graph-

ically and without supporting mathematical arguments. Here, we present a simple

argument based on the vortex configurations proposed by BHMH. We demonstrate

that the error in the impulse caused by the mode of wake deformation described by

BHMH is restricted solely to the thrust direction, while the lift estimate remains

unchanged.

To explain the effect of wake deformation, BHMH introduce a simple wake that
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deforms (see Figure 7 in Bomphrey et al. [17]). The example wake is a single vor-

tex ring that advects downstream at the freestream velocity and whose self-induced

downwash causes it to descend vertically. BHMH illustrate the wake structure as

it would be reconstructed by periodically sampling the wake with tomographic PIV

(BHMH Figure 7c), by instantaneously sampling the entire wake (BHMH Figure 7d),

by periodically sampling the wake with planar stereo PIV (BHMH Figure 7e), and

by correcting the tomographic PIV measurement by vertically aligning the vortex

structures from adjacent measurements (BHMH Figure 7f).

To rigorously quantify the error in the impulse derived from an experimentally

sampled wake, we consider the model problem of an isolated vortex loop in an un-

bounded fluid and calculate the impulse of the system in its exact configuration and in

its hypothetically observed configuration. Without loss of generality, we first consider

a flat rectangular vortex loop—analogous to BHMH Figure 7d—which has a span b,

a streamwise extent a, and a circulation strength Γ. Fig. A3 shows the vortex config-

uration with a conveniently located coordinate basis ei. Here, the sense of circulation

is chosen such that the vertical impulse of the fluid is negative, as would be the case

in a wake of a weight-supporting flier. As with the scenario proposed by BHMH, our

hypothetical vortex loop advects downward, inducing an apparent vertical shear θ as

it is sampled along its extent (Fig. A4). The distorted vortex system still has a length

a but now has a vertical extent c. A new coordinate basis e1i, rotated by θ about the

span, is introduced for convenience. In this alternate basis, the sheared configuration

appears identical to the original configuration, except that the length of the vortex

ring is now a1 “
?
a2 ` c2.

We now consider the impulse generated by both the original and the distorted

vortices. The impulse I of an isolated vortex system contained in the volume V is

given by Saffman [4],

I “
1

2
ρ

ż

V

xˆ ω dV. (A3)
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Figure A3: A hypothetical wake vortex with a purely vertical impulse. The vortex
loop has strength Γ and is parameterized by the curve Rpsq. The vortex loop lies in
the pe1, e2q plane and has a horizontal extent a and a span b.

Here, ω is the vorticity and ρ is the fluid density. When the distribution of vorticity

is singular, as is the case for an ideal line vortex, the vorticity takes the form ω “

Γδpx´Rpsqqt, where the strength of the vortex is Γ, the contour of the vortex ring is

parameterized by s and is defined by Rpsq, and the unit tangent along that contour

is t . The equation for the impulse (equation A3) reduces to a contour integral,

I “
1

2
ρΓ

¿

Rpsq ˆ t ds. (A4)

For the rectangular vortex loop depicted in Fig. A3, the impulse is easily calculated

by summing the contributions from each segment of the contour:

I “
1

2
ρΓ

ż a

0

x1e1 ˆ e1 dx1

`
1

2
ρΓ

ż b

0

pae1 ` x2e2q ˆ ´e2 dx2

`
1

2
ρΓ

ż a

0

px1e1 ` be2q ˆ e1 dx1

`
1

2
ρΓ

ż b

0

x2e2 ˆ e2 dx2.

(A5)

The first and last integrals in Eqn. A5 contribute zero impulse, while the second and

third integrals in Eqn. A5 each contribute equally for a total impulse of ´ρΓab e3.

This result is exactly the area enclosed by the vortex loop times the vortex strength,
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Figure A4: The vortex as it would be reconstructed in a “stacked” sequence of
PIV measurements. The vortex loop still has a horizontal extent a and a span b,
but because of the downward self-advection of the vortices there is a shear angle θ,
and the vortex loop how has a height c in e3. We introduce a new basis e1i such that
the vortex loop lies in the pe11, e

1
2q plane. In this new basis the vortex loop appears

identical to the vortex in Fig. A3, except with an extent of a1.

and it points in the direction of the area-normal given by the right-hand-rule of the

circulation. Saffman gives an equivalent formula for the impulse of a line vortex based

on integrating the surface bound by a vortex loop [4]:

I “ ρΓ

ż

dS. (A6)

We repeat this approach to calculate the impulse of the deformed vortex shown

in Fig. A4, yielding

I “ ´ρΓa1b e13, (A7)

“ ρΓbpc e1 ´ a e3q. (A8)

Note that the vertical impulse of the two vortex loops is identical. However, a hori-

zontal impulse, which was zero for a flat vortex loop, has been introduced because of

the vertical shear deformation of the vortex structure. The magnitude of this error is

given by |I1| “ |I3|pc{aq “ |I3| tan θ.
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The results of this analysis have important implications for force calculations from

wake measurements. Only the horizontal extent of the wake is relevant for calculating

the vertical impulse, whereas only the vertical extent of the wake is relevant for

calculating the horizontal impulse. The downwash behind a flier distorts the wake

by causing the wake to descend vertically; however, it does not affect the horizontal

extent of the wake, and BHMH mistakenly argue that the distortion of the wake by

vertical shear leads to an error in the estimation of vertical impulse. They remain

correct in stating that the apparent inclination of the wake does lead to an error in

the horizontal impulse estimation.

Using their alignment technique, BHMH calculate that the angle of the primary

vortex structures in the wake changes from 32˝ to 20˝, and they conclude that the

lift and thrust forces are 111% and 65% of their true values. These estimates appear

to be derived from cosp20q{ cosp32q “ 1.11 and sinp20q{ sinp32q “ 0.65. Based on

our analysis, we propose that the lift force remains unchanged, while the thrust force

should be corrected by a factor of tanp20q{ tanp32q “ 0.58.

Another comment is warranted regarding the differences between tomographic

and “standard” stereo planar PIV. Both techniques are capable of capturing the hor-

izontal extent of the wake and the total vortex strength, and both measurements

will thus predict the same vertical impulse (to within measurement uncertainty);

consequently, traditional and tomographic PIV are equally capable of measuring the

lift generated by the flier. The difference, however, between tomographic and tradi-

tional PIV techniques is the ability to determine the horizontal component of impulse.

BHMH utilize the overlapping volumetric measurements to align vortex structures in

adjacent measurement volumes. The resulting wake provides a superior approxima-

tion of the actual instantaneous wake configuration; therefore, it will produce a more

accurate assessment of the horizontal component of impulse. This is an improvement

over traditional PIV, which is unable to discern the orientation of the vortex filament.
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A.3 Final Remarks

We have developed a simple model for estimating the magnitude of wake distortion of

a flier based on the strength and spacing of a trailing vortex pair behind an elliptically

loaded wing. Using typical flight parameters for Seba’s short-tailed bats and desert

locusts, the predicted wake distortion velocities are less than 1%. We also examined

a model wake vortex problem outlined in BHMH to calculate the wake impulse error

caused by the vertical shear distortion mode observed by BHMH. We determined that

this type of wake distortion leads to errors in observed thrust but does not affect the

lift estimate.

Tomographic PIV permits the direct measurement of the orientation of vortex

filaments; therefore, wake distortion can be detected within a pseudo-volumetric re-

construction. However, by assuming that successive tomo-volumes can be spaced by

the freestream velocity, the ability to fully correct for wake distortion is lost because

the details of the streamwise wake velocity are neglected. Correcting the wake distor-

tion between successive tomo-volumes requires that the vortex lines are aligned and

that corresponding material points are coincident.

How significantly the errors from wake distortion affect aerodynamic force esti-

mates from Trefftz plane PIV measurements remains unclear. To better quantify the

wake distortion and its error, an experiment utilizing simultaneous PIV measurements

at two different downstream stations behind the flier could be performed. This would

allow for the direct comparison of the wake structure and inferred aerodynamic force

history at each of the measurement stations.
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APPENDIX B. Helmholtz-Hodge Decomposition

B.1 Background

The Helmholtz-Hodge decomposition is a result from classical mathematics, originally

due to Helmholtz [86] and Hodge [120]. Helmholtz established that the motion of an

unbounded fluid can be decomposed into dilation, rotation, and expansion [86]. Bhatia

et al. [121] give a survey of the Helmholtz-Hodge decomposition and its applications.

We summarize the key points here.

The Helmholtz-Hodge decomposition expresses a velocity field as the sum of an

irrotational, a solenoidal, and a harmonic field. The decomposition’s uniqueness guar-

antees that the flow is uniquely defined by its divergence and curl, up to a harmonic

additive that is determined by boundary conditions.

Let u be the fluid velocity field, which we can express as an irrotational part ue,

a solenoidal part uv, and a harmonic part v:

u “ ue ` uv ` v (B1)

∇ˆ ue “ 0

∇ ¨ uv “ 0

∇ˆ v “ ∇ ¨ v “ 0.
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The divergence, ∆, and the vorticity, ω, can then be simply written as

∆ “ ∇ ¨ u “ ∇ ¨ ue

ω “ ∇ˆ u “ ∇ˆ uv. (B2)

Because ue is irrotational and uv is solenoidal, it is convenient to write them in terms

of a scalar and vector potential, respectively:

ue “ ∇φe, (B3)

uv “ ∇ˆBv. (B4)

B.2 Application to Low Speed Wind Tunnel Measurements

In the case of an incompressible fluid, ∆ “ 0, which is a valid assumption for low

Mach number aerodynamic flows, the velocity due to dilation is zero, ue “ 0. There-

fore, after dropping the dilational velocity field and substituting the vector potential

definition for the rotational flow (Eqn. B4), the velocity field decomposition (Eqn. B1)

becomes

u “ ∇ˆBv ` v. (B5)

We can derive a relationship between the vorticity and the vector potential by tak-

ing the curl of the incompressible Helmholtz-Hodge decomposition (Eqn. B5). The

harmonic field, v is irrotational and thus disappears. Applying the vector identity

∇ˆ∇ˆBv “ ∇ p∇ ¨Bvq ´∇2Bv, (B6)

and letting Bv be divergence free, we arrive at a Poisson equation for the vector

potential:

´ω “ ∇2Bv. (B7)
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B.3 Evaluation

The vorticity field is compact and is computed from the measured PIV data. For PIV

data assembled by stacking successive Trefftz plane measurements, the out-of-plane

vorticity components can be estimated by invoking Taylor’s hypothesis. Using this

data, we can integrate the Poisson equation (Eqn. B7) to find the vector potential, Bv,

and thereby evaluate the velocity field throughout the wind tunnel test section. The

boundary conditions enforce the fact that the test section has impermeable walls and

can be satisfied with the method of images by mirroring the velocity field about the

vertical and horizontal walls with infinite periodicity (Fig. B1). In the x-direction, we

assume an infinitely long periodic train of wake structures. Because the wake structure

behind a self-propelled object is essentially a vortex doublet with velocity decaying

as |x|´2, the details of the slowly deforming wake downstream, or the truncation of

the structures at the animal several body lengths upstream, have minimal effect on

a single wingbeat domain. The image vorticity outside the wind tunnel domain will

contribute a velocity field that is both irrotational and solenoidal inside the wind

tunnel domain, thus defining v from Eqn. B5.

Because of the periodic boundary conditions in all directions, we can solve Eqn. B7

efficiently using a simple Fast Fourier Transform-based spectral method, and the

velocity anywhere in the wind tunnel (Fig. B2) can thus be evaluated as

u “ ∇ˆBv. (B8)
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Figure B1: We show a slice of the computational domain used to solve the Poisson
equation (Eqn. B7) for the vector potential, Bv. The PIV-measured vorticity field
is the source term. The original half-span measurement region (denoted by λ) was
reflected about the meridional plane of the bat. The boundary conditions for the
wind tunnel walls are satisfied using the method of images by flipping and mirroring
the wind tunnel test section domain (denoted by β) and applying infinte periodicity
(denoted by the ellipses).

152



 

 

10 cm

0

0.04

0.08

0.12

0.16

0.2

0.24

0.28

0.32

0.36

0.4

v
e

lo
c
ity

 m
a

g
n

itu
d

e
, |u

|/U

λ

β
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β) is evaluated using Eqn. B8. The white box denotes the original PIV measurement
region (denoted by λ).
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APPENDIX C. Defining Thin Wing Sections for

Membrane Wing Aerodynamics

Analysis in XFOIL

XFOIL requires that the membrane is defined as a two-dimensional cross section,

given by a sequence of nodes representing a continuous surface. This aerodynamic

model of the membrane has a thickness which, in practice, is larger than the typical

membrane used in experiments (hexp « 0.1% chord). For the analysis, a thickness of

1% chord was used. This thickness was chosen because it represents an aerodynam-

ically thin cross section while also being sufficiently thick to minimize the numerical

complications in XFOIL that accompany excessively thin geometries. The model

also required aerodynamic leading and trailing edge geometry; the leading edge was

rounded, and the trailing edge formed a cusp.

The membrane cross section was defined by its mean-line and thickness. The

mean-line, zpxq, was represented by N “ 50 grid points such that the chord-normal

deflection and pressure load at xi is zi and pi. The boundary conditions at the end of

the membrane are z1 “ zN “ 0. The thickness profile was constructed to produce a

rounded leading edge, a sharp trailing edge, and a constant thickness between. The

equations for defining the membrane thickness are
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hpxq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

h0 ¨

ˆ

1´
´

x´4h0
4h0

¯2
˙

1
4

, 0 ď x ă 4h0,

h0, 4h0 ď x ď p1´ 8h0q,

h0 ¨

´

1´
´

x´p1´8h0q
8h0

¯¯
5
2
, p1´ 8h0q ă x ď 1.

(C1)

The aerodynamic model is then defined by a sequence of 2N ´ 1 nodes pXj, Zjq,

which start at the trailing edge, define around the leading edge, then terminate back

at the trailing edge. These nodes are defined as

Xj “

$

’

’

&

’

’

%

xN´j`1 `
tpxN´j`1q

2
¨ nxpxN´j`1q, j “ 1, 2, ...N,

xj´N`1 ´
tpxj´N`1q

2
¨ nxpxj´N`1q, j “ N ` 1, N ` 2, ...2N ´ 1.

Zj “

$

’

’

&

’

’

%

zN´j`1 `
tpzN´j`1q

2
¨ nzpxN´j`1q, j “ 1, 2, ...N,

zj´N`1 ´
tpzj´N`1q

2
¨ nzpxj´N`1q, j “ N ` 1, N ` 2, ...2N ´ 1.

(C2)

where pnx, nzq is the unit normal to the membrane surface, given by,

nxpxq “
´z1pxq

b

1` pz1pxqq2
, nzpxq “

1
b

1` pz1pxqq2
. (C3)

Here, the prime 1 denotes differentiation with respect to x.

When membrane geometries exhibit large cambers, or when solutions at large

angles of attack are sought, XFOIL may fail to find a solution to the viscous flow

problem (especially in the Reynolds number regime of Re « 105–106). To aid in suc-

cessful flow calculation, the flow was initially calculated over a flat plate at zero angle

of incidence. The membrane and angle of attack were then interpolated between the

flat configuration and the desired configuration using the interpolation scheme given

in Eqn. C4. Here, f P r0, 1s, with f “ 0 corresponding to a flat membrane at zero

155



angle of incidence and f “ 1 corresponding to the desired membrane configuration

at angle of attack α. This scheme ensures that local membrane orientations change

monotonically with f from the flat configuration to the desired configuration:

αf “f ¨ α

zf pxq “
tan pf ¨ arctan pz1p0qqq

z1p0q
¨ zpxq

(C4)

By starting with a configuration with a known solution and then gradually interpo-

lating the problem into the desired configuration, each step is near a known solution,

with the previous step’s solution providing a good initial guess to XFOIL’s Newton

solution method [105].

To simplify the viscous calculations, transition to turbulence was forced at the

leading edge. Because real membranes have sharp leading edges, flow usually sepa-

rates at the leading edge, leading to transition; therefore, we believe this transition

model is appropriate for the analysis.

156



APPENDIX D. Digitizing Two-dimensional Wing

Profiles

Measuring the dynamics of a fluttering membrane wing requires a measurement tech-

nique with high temporal and spatial resolution. Several techniques have been em-

ployed to track the wing kinematics of engineering models and biological fliers, in-

cluding marker tracking and digital image correlation [e.g., 9, 11, 24, 30, 34, 36, 85,

122, 123]. These techniques require multiple high-speed cameras and computational

resources (Fig. D1). High-resolution surface reconstructions from marker tracking

are laborsome and require large amounts of computational resources and time, which

makes digitizing large data sets implausible.

When the kinematics are predominately two-dimensional, the experimental re-

quirements are significantly simplified, and single-camera setups are sufficient. For

two-dimensional membrane wings, the membrane shape is specified by a camber as a

function of chord position. The membrane shape can easily be tracked by digitizing a

line drawn along the chord. The spatial resolution of the measurement will scale with

the camera resolution and depend on the accuracy of the algorithm. The temporal

resolution will be limited only by the frame rate of the camera and available illumi-

nation. This idea of tracking the chord line has been employed in previous membrane

wing studies where the line on the membrane is generated by a laser [32, 33] or is
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Figure D1: Calibrated stereo cameras can be used to track features in three-
dimensional space. High resolution surface reconstructions are laborsome and require
large amounts of computational resources and time.

painted on the membrane [35].

D.1 Experimental Configuration

The experimental configuration for measuring the two-dimensional surface profile of

a membrane wing is illustrated in Fig. D2. A laser line approximately 1 mm thick

is projected onto the membrane wing, generated by sheet-forming optics similar to

those used in PIV experiments. A 500 mW, 650 nm wavelength diode laser provides

sufficient illumination for fast camera frame rates (1500 Hz). A high-speed camera

is positioned slightly above the measurement surface to avoid occlusion from the

membrane flutter but to keep the camera axis as close to perpendicular as possible

to the plane defined by the laser sheet. The camera lens aperture should be set to

the highest possible f-number that still permits good laser line contrast at the target

frame rate. The goal of the camera setup is to image only the laser line, with the rest
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U∞

Figure D2: Experimental configuration for measuring the two-dimensional surface
profile of a membrane wing.

of the image completely dark.

D.2 Calibration

The laser sheet defines the measurement plane and any information captured by the

image sensor is assumed to lie in this plane. Two-dimensional direct linear transfor-

mation (DLT) parameters—which define a mapping between pixel locations on the

image sensor to lab-space locations in the laser sheet plane [106]—are calculated with

a calibration target placed in the laser sheet plane (Fig. D3).

D.3 Digitization

After the camera is calibrated, the wing kinematics are recorded in a high-speed

video. The digitization process is illustrated in Fig. D4. To facilitate the automatic

digitization of the membrane shapes, the leading and trailing edges of the membrane

wing must be manually clicked once for each video as a preprocessing step. The

manually clicked points are used to identify the target region in the video data for

image processing, which is defined as a cˆ c square region in the calibrated lab frame

centered on the wing (Fig. D4a). Here, c is the chord of the membrane wing and is

calculated from the clicked leading and trailing edges.
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Figure D3: The camera is calibrated from an image of a calibration target aligned
with the laser sheet. An automatic grid-detection code identifies all the target markers
from four manually clicked seed points.

The automatic digitizer uses the DLT parameters to dewarp the target region into

a wing-centric coordinate frame (Fig. D4b). Each column of pixels (e.g., the dashed

green box in Fig. D4b) is extracted as a pixel intensity profile, p, versus chord-normal

height, z. Fig. D4c shows the pixel intensity profile from the column highlighted

in Fig. D4b. The task now is to identify the location of the laser line from the

pixel intensity profile. Assuming that the profile of the laser line is symmetric and

taking the membrane height from the center of the laser line, the digitizer effectively

calculates the cross-correlation coefficients of ppzq with pp´zq, i.e., the convolution p˙

p (Fig. D4d). The location of the maximum convolution coefficient corresponds to the

location of center of the laser line and, therefore, the camber of the membrane. Three-

point Gaussian curve fitting is used to identify the convolution peak with subpixel

accuracy. Finally, the coordinates of the digitized points are transformed into the

calibrated lab coordinate frame.

To facilitate fast digitizing times, the image dewarping, convolution, peak finding,

and coordinate transformation algorithms were implemented for highly parallelized

160



−50 −40 −30 −20 −10 0 10 20 30 40 50
0

5

10

15

20

25

30

35

Vertical height, z [mm]

P
ix

e
l 
c
o

u
n

t,
 p

−50 −40 −30 −20 −10 0 10 20 30 40 50
0

500

1000

1500

2000

2500

Vertical height, z [mm]

C
o

n
v
o

lu
ti
o

n
, 
p

  
  
p

∗

−40

−30

−20

−10

0

10

20

30

40

0 10 20 30 40 50 60 70 80 90

(a) (b)

(c)(d)

Figure D4: A pictoral representation of the digitizing process is shown. Starting in
the upper left and proceeding in a clockwise direction, the steps are (a) identifying
the target region in the image (denoted by the blue box), (b) dewarping the target
region into a wing-centric coordinate frame where each column of pixels (denoted by
the green box) represent the intensity as a function of chord-normal displacement, (c)
extracting the pixel intensity map p at each chord-wise location, and (d) calculating
the convolution of the pixel intensity map with itself, p ˙ p, to identify the location
of the laser line.
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Figure D5: A wing camber value is calculated at each pixel along the chord.

calculation on a GPU using MATLAB’s Parallel Processing Toolbox. A video with

3000 frames and approximately 300 pixels along the chord can be digitized in about

2 minutes. The result is a time sequence of membrane shapes. Fig. D5 shows a de-

warped source image with the digitized membrane shape overlayed and demonstrates

the density of the information that is extracted from a membrane measurement.

162



References

[1] W Shyy, M Berg, and D Ljungqvist. Flapping and flexible wings for biological

and micro air vehicles. Progress in Aerospace Sciences, 35(5):455–505, 1999.

[2] T J. Mueller and J D. DeLaurier. Aerodynamics of small vehicles. Annual

Review of Fluid Mechanics, 35:89–111, 2003.

[3] S M Swartz, M S Groves, H D Kim, and W R Walsh. Mechanical properties of

bat wing membrane skin. Journal of Zoology, 239:357–378, 1996.

[4] P G Saffman. Vortex Dynamics. Cambridge University Press, 1992.

[5] A Betz. Behavior of vortex systems. NACA-TM-713, 1933.

[6] X Tian, J Iriarte-Diaz, K Middleton, R Galvao, E Israeli, A Roemer,

A Sullivan, A Song, S M Swartz, and K S Breuer. Direct measurements of the

kinematics and dynamics of bat flight. Bioinspiration & Biomimetics, 1:

S10–S18, 2006.

[7] A Hedenström, L C Johansson, M Wolf, R von Busse, Y Winter, and G R

Spedding. Bat flight generates complex aerodynamic tracks. Science, 316:

894–897, 2007.

163



[8] A Hedenström, F T Muijres, R von Busse, L C Johansson, Y Winter, and G R

Spedding. High-speed stereo DPIV measurement of wakes of two bat species

flying freely in a wind tunnel. Experiments in Fluids, 46:923–932, 2009.

[9] T Y Hubel, N I Hristov, S M Swartz, and K S Breuer. Time-resolved wake

structure and kinematics of bat flight. Experiments in Fluids, 46:933–943,

2009.

[10] L C Johansson and A Hedenström. The vortex wake of blackcaps (Sylvia

atricapilla L.) measured using high-speed digital particle image velocimetry

(DPIV). The Journal of Experimental Biology, 212:3365–76, 2009.

[11] T Y Hubel, D K Riskin, S M Swartz, and K S Breuer. Wake structure and

wing kinematics: the flight of the lesser dog-faced fruit bat, Cynopterus

brachyotis . The Journal of Experimental Biology, 213:3427–3440, 2010.

[12] P Henningsson, F T Muijres, and A Hedenström. Time-resolved vortex wake

of a common swift flying over a range of flight speeds. Journal of the Royal

Society Interface, 8:807–816, 2010.

[13] P Henningsson and A Hedenström. Aerodynamics of gliding flight in common

swifts. The Journal of Experimental Biology, 214:382–393, 2011.

[14] F T Muijres, M S Bowlin, L C Johansson, and A Hedenström. Vortex wake,

downwash distribution, aerodynamic performance and wingbeat kinematics in

slow-flying pied flycatchers. Journal of the Royal Society Interface, 9:292–303,

2011.

[15] T Y Hubel, N I Hristov, S M Swartz, and K S Breuer. Changes in kinematics

and aerodynamics over a range of speeds in Tadarida brasiliensis, the Brazilian

free-tailed bat. Journal of the Royal Society Interface, 9:1120–1130, 2012.

164



[16] L C Johansson, S Engel, E Baird, M Dacke, F T Muijres, and A Hedenström.

Elytra boost lift, but reduce aerodynamic efficiency in flying beetles. Journal

of the Royal Society Interface, 9(75):2745–2748, 2012.

[17] R J Bomphrey, P Henningsson, D Michaelis, and D Hollis. Tomographic

particle image velocimetry of desert locust wakes: instantaneous volumes

combine to reveal hidden vortex elements and rapid wake deformation.

Journal of The Royal Society Interface, 9(77):3378–3386, 2012.

[18] C J Pennycuick. Bird flight performance : A practical calculation manual.

Oxford University Press, 1989.

[19] J M V Rayner. A new approach to animal flight mechanics. The Journal of

Experimental Biology, 80:17–54, 1979.

[20] G R Spedding, J M V Rayner, and C J Pennycuick. Momentum and energy in

the wake of a pigeon (Columba livia) in slow flight. The Journal of

Experimental Biology, 111:81–102, 1984.

[21] W Shyy, H Aono, S K Chimakurthi, P Trizila, C-K Kang, C E S Cesnik, and

H Liu. Recent progress in flapping wing aerodynamics and aeroelasticity.

Progress in Aerospace Sciences, 46(7):284–327, 2010.

[22] A C Carruthers, A L R Thomas, and G K Taylor. Automatic aeroelastic

devices in the wings of a steppe eagle Aquila nipalensis . Journal of

Experimental Biology, 210:4136–4149, 2007.

[23] S M Swartz and K M Middleton. Biomechanics of the bat limb skeleton:

scaling, material properties and mechanics. Cells, tissues, organs, 187(1):

59–84, 2008.

165



[24] D K Riskin, D J Willis, J Iriarte-Dı́az, T L Hedrick, M Kostandov, J Chen,

D H Laidlaw, K S Breuer, and S M Swartz. Quantifying the complexity of bat

wing kinematics. Journal of Theoretical Biology, 254(3):604–15, 2008.

[25] R Smith and W Shyy. Computation of aerodynamic coefficients for a flexible

membrane airfoil in turbulent flow: a comparison with classical theory.

Physics of Fluids, 8(12):3346–3353, 1996.

[26] B Stanford, P Ifju, R Albertani, and W Shyy. Fixed membrane wings for

micro air vehicles: Experimental characterization, numerical modeling, and

tailoring. Progress in Aerospace Sciences, 44(4):258–294, 2008.

[27] R E Gordnier. High fidelity computational simulation of a membrane wing

airfoil. Journal of Fluids and Structures, 25(5):897–917, 2009.

[28] M Molki and K S Breuer. Oscillatory motions of a prestrained compliant

membrane caused by fluidmembrane interaction. Journal of Fluids and

Structures, 26(3):339–358, 2010.

[29] R E Gordnier and P J Attar. Aeroelastic simulations of an aspect ratio two

flexible membrane wing. In 50th AIAA Aerospace Sciences Meeting, Nashville,

Tennessee, 2012.

[30] A Song, X Tian, E Israeli, R Galvao, K Bishop, S Swartz, and K Breuer.

Aeromechanics of membrane wings with implications for animal flight. AIAA

Journal, 46:2096–2106, 2008.

[31] H Hu, M Tamai, and J T Murphy. Flexible-membrane airfoils at low Reynolds

numbers. Journal of Aircraft, 45(5):1767–1778, 2008.

[32] P Rojratsirikul, Z Wang, and I Gursul. Unsteady fluidstructure interactions of

166



membrane airfoils at low Reynolds numbers. Experiments in Fluids, 46(5):

859–872, 2009.

[33] P Rojratsirikul, Z Wang, and I Gursul. Effect of pre-strain and excess length

on unsteady fluidstructure interactions of membrane airfoils. Journal of Fluids

and Structures, 26(3):359–376, 2010.

[34] L Tregidgo, Z Wang, and I Gursul. Fluid-structure interactions for a low

aspect-ratio membrane wing at low Reynolds numbers. In 41st AIAA Fluid

Dynamics Conference and Exhibit, Honolulu, Hawaii, 2011.

[35] S Arbós-Torrent, B Ganapathisubramani, and R Palacios. Leading- and

trailing-edge effects on the aeromechanics of membrane aerofoils. Journal of

Fluids and Structures, 38:107–126, 2013.

[36] A Timpe, Z Zhang, J Hubner, and L Ukeiley. Passive flow control by

membrane wings for aerodynamic benefit. Experiments in Fluids, 54(3):

1471–1494, 2013.

[37] G E Torres and T J Mueller. Low aspect ratio aerodynamics at low reynolds

numbers. AIAA Journal, 42(5):865–873, 2004.

[38] S M Kaplan, A Altman, and M Ol. Wake vorticity measurements for low

aspect ratio wings at low Reynolds number. Journal of Aircraft, 44:241–251,

2007.

[39] E C Polhamus. A Concept of the Vortex Lift of Sharp-Edge Delta Wings

Based on a Leading-Edge-Suction Analogy. Technical report, NASA, 1966.

[40] E V Laitone. Wind tunnel tests of wings at Reynolds numbers below 70,000.

Experiments in Fluids, 23:405–409, 1997.

167



[41] S P Sane. The aerodynamics of insect flight. Journal of Experimental Biology,

206:4191–4208, 2003.

[42] U M Norberg. Vertebrate Flight: Mechanics, Physiology, Morphology, Ecology

and Evolution. Springer-Verlag, Berlin, 1990.

[43] G R Spedding, A Hedenström, and M Rosén. Quantitative studies of the

wakes of freely flying birds in a low-turbulence wind tunnel. Experiments in

Fluids, 34:291–303, 2003.

[44] G R Spedding, M Rosén, and A Hedenström. A family of vortex wakes

generated by a thrush nightingale in free flight in a wind tunnel over its entire

natural range of flight speeds. Journal of Experimental Biology, 206:

2313–2344, 2003.

[45] W J Devenport and M C Rife. The structure and development of a wing-tip

vortex. Journal of Fluid Mechanics, 312:67–106, 1996.

[46] P Gerontakos and T Lee. Near-field tip vortex behind a swept wing model.

Experiments in Fluids, 40:141–155, 2005.

[47] C Karakus, H Akilli, and B Sahin. Formation, structure, and development of

near-field wing tip vortices. Proceedings of the Institution of Mechanical

Engineers, Part G: Journal of Aerospace Engineering, 222:13–22, 2008.

[48] D W Moore and P G Saffman. Axial flow in laminar trailing vortices.

Proceedings of the Royal Society A: Mathematical, Physical and Engineering

Sciences, 333:491–508, 1973.

[49] C D Donaldson, R S Snedeker, and R D Sullivan. Calculation of aircraft wake

velocity profiles and comparison with experimental measurements. Journal of

Aircraft, 11:547–555, 1974.

168



[50] P K Kundu and I M Cohen. Fluid Mechanics. Elsevier, New York, 3rd

edition, 2004.

[51] T Gerz, F Holzapfel, and D Darracq. Commercial aircraft wake vortices.

Progress in Aerospace Sciences, 38:181–208, 2002.

[52] W Shyy, Y Lian, J Tang, D Viieru, and H Liu. Aerodynamics of Low Reynolds

Number Flyers. Cambridge University Press, 2008.

[53] R J Adrian. Dynamic ranges of velocity and spatial resolution of particle

image velocimetry. Measurement Science and Technology, 8:1393–1398, 1997.

[54] M Raffel, C E Willert, S T Wereley, and J Kompenhans. Particle Image

Velocimetry. Springer-Verlag, Berlin, 2001.

[55] C E Willert, M Raffel, J Kompenhans, B Stasicki, and C Kahler. Recent

applications of particle image velocimetry in aerodynamic research. Flow

Measurement and Instrumentation, 7:247–256, 1996.

[56] I Grant. Particle image velocimetry: a review. Proceedings of the Institution

of Mechanical Engineerings, Part C: Journal of Mechanical Engineering

Science, 211:55–76, 1997.

[57] M Gharib, M Raffel, O Ronneberger, and J Kompenhans. Feasibility study of

three-dimensional PIV by correlating images of particles within parallel light

sheet planes. Experiments in Fluids, 19:69–77, 1995.

[58] C C Landreth and R J Adrian. Electrooptical image shifting for particle

image velocimetry. Applied Optics, 27:4216–4220, 1988.

[59] J Westerweel. Fundamentals of digital particle image velocimetry.

Measurement Science and Technology, 8:1379–1392, 1997.

169



[60] N J Lawson and J Wu. Three-dimensional particle image velocimetry: error

analysis of stereoscopic techniques. Measurement Science and Technology, 8:

894–900, 1997.

[61] C W H Doorne and J Westerweel. Measurement of laminar, transitional and

turbulent pipe flow using stereoscopic-PIV. Experiments in Fluids, 42:

259–279, 2006.
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[80] S Ward, U Möller, J M V Rayner, D M Jackson, D Bilo, W Nachtigall, and

J R Speakman. Metabolic power, mechanical power and efficiency during

wind tunnel flight by the European starling Sturnus vulgaris . The Journal of

Experimental Biology, 204:3311–3322, 2001.

[81] R von Busse, S M Swartz, and C C Voigt. Flight metabolism in relation to

speed in Chiroptera: Testing the U-shape paradigm in the short-tailed fruit

bat Carollia perspicillata. Journal of Experimental Biology, 11(216):

2073–2080, 2013.

[82] A Eckstein and P Vlachos. Assessment of advanced windowing techniques for

digital particle image velocimetry (DPIV). Measurement Science and

Technology, 20(7):075402, 2009.

[83] A J Bergou, S Swartz, K Breuer, and G Taubin. 3D reconstruction of bat

flight kinematics from sparse multiple views. In 2011 IEEE International

Conference on Computer Vision Workshops (ICCV Workshops), Barcelona,

Spain, 2011.

[84] L C Johansson, M Wolf, R von Busse, Y Winter, G R Spedding, and

A Hedenström. The near and far wake of Pallas’ long tongued bat

172



(Glossophaga soricina). The Journal of Experimental Biology, 211(18):

2909–2918, 2008.

[85] M Wolf, L C Johansson, R von Busse, Y Winter, and A Hedenström.

Kinematics of flight and the relationship to the vortex wake of a Pallas’ long

tongued bat (Glossophaga soricina). Journal of Experimental Biology, 213

(12):2142–2153, 2010.
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