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Abstract

Accurate prediction of hypersonic aerothermodynamic flow fields is critical
for atmospheric entry vehicle design, yet high-fidelity computational fluid dy-
namics (CFD) simulations remain prohibitively expensive due to the need of
fine grids required to resolve strong shock waves, thin boundary layers, and
stiff thermochemical reaction networks. This thesis investigates the use of
Deep Operator Networks (DeepONets) as surrogate models for steady-state
laminar hypersonic flow over a generic sphere—cone entry configuration with
an 18-species thermochemical nonequilibrium reacting flow model and carbon
surface ablation.

Both single-fidelity (SF) and multi-fidelity (MF) neural operator architec-
tures are developed and evaluated. High-fidelity training data are generated
using the NASA’s FUN3D solver, which solves the compressible Navier—Stokes
equations with two-temperature non-equilibrium chemistry, while lower-cost
aerodynamic data are obtained using the engineering-level CBAero code. The
multi-fidelity framework combines these heterogeneous data sources through
a shared trunk network encoding a common output function space represen-
tation, with separate branch networks capturing fidelity-specific corrections.

The MF-DeepONet achieves the largest improvement for pressure, reduc-
ing the relative L? error from 9.77% to 2.04%, with consistent improvement
also observed for density. Temperature fields show more modest gains due to
weaker cross-fidelity correlation arising from nonequilibrium thermochemical
processes not captured by the low-fidelity model. Sensitivity studies confirm

that incorporating even modest amounts of low-fidelity data substantially sta-



bilizes training when high-fidelity supervision is sparse.

The influence of multi-fidelity loss weighting strategies on convergence and
accuracy is also investigated. Results indicate that pressure and density ben-
efit from stronger high-fidelity supervision, while temperature fields respond
better to curriculum-style schedules. Once trained, both surrogate models pro-
vide inference times orders of magnitude faster than CFD, supporting their
use in parametric studies and design-space exploration for atmospheric entry

applications.
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1 Introduction

Modeling atmospheric re-entry is one of the central challenges in hypersonic ve-
hicle design. Vehicles entering Earth’s atmosphere at hypersonic speeds (Mach
Number, Ma > 5) encounter extreme aerodynamic heating caused by strong
shock waves, high-temperature gas effects, and complex chemical reactions.
These conditions produce a highly nonlinear aerothermodynamic environment
in which accurate prediction of surface temperature and heat flux is critical
for assessing thermal protection system performance and ensuring structural
survival of the vehicle [7, 29]. In particular, high-temperature gas chemistry
and surface ablation introduce strong coupling between fluid dynamics, ther-
modynamics, and material response, significantly increasing the complexity of
the governing models.

Traditionally, these hypersonic flow problems are studied using high-fidelity
computational fluid dynamics (CFD). Modern solvers resolve the compress-
ible Navier—Stokes equations together with multi-species chemical kinetics and
thermochemical nonequilibrium models. While these approaches provide ac-
curate predictions, they are computationally expensive. A single high-fidelity
simulation of a hypersonic entry configuration may require tens of thousands
of core-hours due to the need to resolve strong shocks, thin boundary layers,
and stiff chemical reaction networks. As a result, tasks that require repeated
evaluations—such as parametric sweeps, uncertainty quantification, shape op-
timization, or large-scale data generation—can quickly become computation-
ally prohibitive [30].

The computational burden becomes particularly pronounced for the class



of problems considered in this work. Hypersonic entry flows require very fine
spatio-temporal discretization to resolve thin boundary layers and steep tem-
perature gradients even in the absence of shock. In addition, the present con-
figuration includes multi-species thermochemical non-equilibrium with an 18-
species reacting flow model and carbon ablation at the vehicle surface. These
effects introduce numerous additional transport equations and stiff chemical
reaction networks that significantly increase the cost of each numerical solve.
Consequently, even steady-state laminar simulations of relatively simple ge-
ometries, such as the sphere—cone configuration considered here, can require
substantial computational resources.

These computational challenges motivate the development of efficient sur-
rogate models capable of approximating high-fidelity simulations at signifi-
cantly reduced cost. In recent years, neural operators [21, 19] have emerged
as a promising class of machine learning models for this purpose. Unlike
conventional neural networks that learn mappings between finite dimensional
vectors, neural operators are designed to learn mappings between functional
spaces (Infinite dimensional function spaces), effectively approximating the so-
lution operator of governing partial differential equations. Once trained offline,
these models can infer the flowfields orders of magnitude faster than traditional
numerical solvers while retaining much of their predictive capability and accu-
racy. Furthermore, multi-fidelity learning frameworks enable neural operators
to combine information from sparse high-fidelity simulations with larger quan-
tities of inexpensive low-fidelity data, improving accuracy while reducing the

number of expensive CFD evaluations required [22].



In this study, neural operator methods are applied to model steady-state
laminar hypersonic flow over a generic sphere—cone entry vehicle. The con-
figuration includes multi-species thermochemical non-equilibrium and carbon
ablation represented through an 18-species reacting flow model [20]. High-
fidelity data are generated using the NASA FUN3D solver [2], while lower-cost
aerodynamic data are obtained using the engineering-level CBAero code [17].
The goal is to construct surrogate models capable of predicting the aerody-
namic and thermodynamic flow fields across a range of Mach numbers and
altitudes representative of atmospheric entry conditions.

Specifically, this work implements Deep Operator Networks (DeepONets)
as surrogate models for the hypersonic flowfield surrounding the sphere—cone
configuration. Both single-fidelity and multi-fidelity neural operator architec-
tures are investigated and compared in terms of predictive accuracy and data
efficiency. In addition, the effectiveness of weighting strategies for combining
different data fidelities and emphasizing important spatial regions of the flow-
field is examined. In short, it was found that a multi-fidelity DeepONet is a
cost effective surrogate model in terms of computational resources, time, and
accuracy.

The remainder of this thesis is organized as follows. Section 2 introduces
the computational foundations underlying neural networks. Section 3 presents
neural operators and the DeepONet architecture. Section 4 describes multi-
fidelity learning strategies. Section 5 introduces the residual-based attention
weighting scheme and other weighting strategies used in this work. Section 6

presents the results and discussion, and Section 7 outlines directions for future



research.

2 Neural Networks

Neural networks have become powerful tools for approximating complex non-
linear mappings arising in scientific and engineering applications. In partic-
ular, they provide flexible parametric models capable of approximating high-
dimensional functions from data. This section introduces neural networks as
universal function approximators, which form the conceptual foundation for
neural operators introduced in the following section.

Neural networks are machine learning models inspired by biological neural
systems and are formulated as computational graphs of artificial neurons [10].
Numerical inputs are transformed through successive layers parameterized by
weights and biases, with optimal parameters obtained by minimizing a loss
function using gradient-based optimization. This process relies on automatic
differentiation and backpropagation for efficient computation of gradients.

A fundamental neural network architecture is the Multi-Layer Perceptron
(MLP), first introduced in 1958. Given an input vector « € R"*  each layer
applies an affine transformation followed by a nonlinear activation function.
The first layer is given by

L' =Wz + by, (1)

where W; € RE'>m p e RE'™*! and the layer width L' is a tunable hyperpa-

rameter.



Subsequent layers are defined recursively as
Ly = WiLg—1 + by, (2)

with W), € R¥*%-1 and b, € R**!. The output of an MLP with N layers is

expressed as the composition
Oy(z) =LyoooLy_jo---ocolL'. (3)

For regression tasks, the output layer typically employs the identity activation
function, resulting in a linear mapping from the final hidden representation to
the predicted output [10].

Training a neural network can be formulated as an unconstrained optimiza-
tion problem:

min £(6), (4)

OERP

where 6 denotes the set of model parameters and £(0) is a task-dependent
loss function. For supervised learning over a dataset {(z;,v;)}~;, a common

choice is the mean squared error (MSE),

£0) = > Mol = il o)

or alternatively the mean absolute error (MAE).
While conventional loss functions are purely data-driven, Physics-Informed

Neural Networks (PINNs) augment the objective by incorporating residuals of



governing partial differential equations (PDEs):

L(0) = Laata(0) + A Lepr(0), (6)

where Lppg penalizes violations of the underlying physical laws and A is a
weighting parameter. This formulation enables learning consistent with both
observational data and physical constraints [26].

Model parameters are updated using gradient-based optimization methods.

A standard gradient descent iteration is given by

oD — g) _ o ,L(0%)), (7)

where a > 0 is the learning rate. In practice, adaptive methods such as the
Adam optimizer are often preferred, as they scale parameter updates using
estimates of the first and second moments of the gradients [15].

Gradients of the loss function are computed via backpropagation over the
network’s computational graph. The compositional structure of neural net-
works allows efficient evaluation of derivatives via the chain rule, while auto-

matic differentiation enables accurate and scalable computation of gradients.

2.1 Deep Learning Frameworks

The widespread adoption of neural networks has led to the development of
open-source deep learning frameworks such as TensorFlow, PyTorch, and JAX.
These platforms provide tools for constructing and training neural networks,

including support for defining model architectures, initializing parameters, for-



mulating loss functions, and implementing optimization algorithms.
The key components involved in building and training neural networks are

summarized as follows:

1. Architecture: Specifies the structure of the network, including hyper-
parameters such as depth, width, and activation functions. Task-specific
layers, such as convolutional, recurrent, or transformer modules, may

also be incorporated.

2. Initialization: Model parameters are initialized prior to training. Ini-
tialization strategies influence training stability and convergence behav-

ior.

3. Loss Function: The loss function defines the learning objective and

measures the discrepancy between predictions and target values.

4. Loss Weighting: When multiple objectives or imbalanced outputs are

present, weighting individual loss terms can guide the training process.

5. Optimizer: Optimization algorithms update model parameters using
gradient information. Choices of optimizer and learning rate schedule

affect convergence speed and final performance.

6. Data Processing: Preprocessing steps such as normalization and scal-

ing improve numerical conditioning and training stability.

Neural network design is largely guided by empirical considerations, as

theoretical guarantees for convergence and performance remain limited. Con-



sequently, architecture selection, initialization, loss formulation, and optimiza-
tion strategies are often problem-dependent, and parametric studies are com-

monly used to identify effective configurations.

2.2 Universal Approximation and Error Sources

The universal approximation theorem states that a sufficiently wide multilayer
perceptron (MLP) can approximate any continuous function to arbitrary ac-
curacy using a single hidden layer [10]. While this result is theoretically sig-
nificant, practical neural networks rarely achieve negligible error, particularly
when restricted to shallow architectures. In practice, convergence behavior de-
pends on multiple interacting factors, and general error bounds remain difficult
to establish.

The total error of a neural network model is commonly decomposed into
three components: approximation error, estimation error, and optimization
error. Approximation error measures the discrepancy between the target func-
tion and the best representation achievable within a given model class. Es-
timation error quantifies the gap between this ideal representation and the
best model learned from finite data. Together, these two terms define the gen-
eralization error, which characterizes how well the trained model represents
the target distribution. Optimization error arises from the training process
itself and is often the dominant source of error in neural networks due to the
non-convexity of the loss landscape.

Formally, let g be a target function and H a model class. Denote by h,



the best approximation to g within 4. The approximation error is defined as

Eapprox = |9 = hyl- (8)

This error reflects the inherent expressive limitation of the model class and is
typically the primary concern in classical regression problems involving convex
or orthogonal spaces.

Estimation error becomes significant when learning from finite or sparse
data. Let gy = [g(21),9(x2), ..., g(xn)] denote sampled evaluations of g , and
let hg, be the best approximation of gy within H. The estimation error is

given by

Eest = |lhg = hgy||- (9)

A representative example is aliasing in frequency-domain approximations,
where insufficient sampling leads to large estimation error even when the ap-
proximation error is zero.

The final contribution is optimization error, which arises from imperfect
minimization of the loss function. Unlike traditional regression methods with
closed-form solutions, neural networks rely on iterative optimization of non-
convex objectives. Let hope denote the model obtained at an optimally reached

training state. The optimization error is defined as

E0pt = thN - h0pt||- (10)



This term captures the discrepancy caused by convergence to suboptimal
local minima or saddle points.

Despite the empirical success of neural networks, a comprehensive theoreti-
cal understanding of convergence and error behavior remains incomplete. Con-
sequently, model design is often guided by empirical intuition and parameter
sweeps. However, in many scientific computing applications, the objective is
not merely to approximate a finite-dimensional function but rather to approx-
imate the solution operator of a partial differential equation. Such operators
map input functions or parameters, such as boundary conditions or physical
coefficients, to solution fields. This perspective motivates the development of
neural operators, which extend neural network approximation from functions

to operators.

3 Neural Operators

Neural operators aim to approximate mappings between functions rather than
finite-dimensional vectors, thereby extending neural network methodologies
to infinite-dimensional function spaces. In the context of scientific computing,
such mappings can be interpreted as solution operators of partial differential
equations, which map problem inputs—such as boundary conditions, param-
eters, or forcing functions—to the corresponding solution fields.

One of the earliest and most influential approaches for learning opera-
tors with neural networks is the Deep Operator Network (DeepONet), which

provides a practical and theoretically grounded framework for approximat-

10



ing nonlinear operators [21]. Since its introduction, several alternative neural
operator architectures have been proposed, including Fourier Neural Opera-
tors (FNOs), which leverage spectral representations [19], and Laplace-based
neural operators, which exploit integral transform formulations [6].

In addition, multiple variants of the original DeepONet architecture have
been developed to improve accuracy, stability, and adaptability to specific
classes of problems. In this work, we focus on selected DeepONet variants and
introduce a novel weighting strategy aimed at improving surrogate modeling
performance for the hypersonic generic sphere—cone configuration.

Before introducing the DeepONet architecture, it is important to distin-
guish between function approximation and operator approximation. Con-
ventional neural networks approximate mappings between finite-dimensional
spaces:

fo: R% — R, Ty = fo(x), (11)

where € R% is a fixed-dimensional input vector and y € R% is the cor-
responding output. Such models are well-suited for standard regression or
classification tasks.

In contrast, many problems in scientific computing involve mappings be-
tween infinite-dimensional function spaces. Let X and ) denote Banach (or

Hilbert) spaces of functions. The goal is to approximate a nonlinear operator

G: X =Y, u—Gu), (12)

where u is an input function (e.g., initial conditions, boundary conditions, or

11



coefficients), and G(u) is the corresponding solution field.
A prototypical example arises from partial differential equations (PDEs).

Consider a parametrized PDE of the form

N(u;pu) =0 in Q, (13)

subject to appropriate boundary and/or initial conditions, where A is a (pos-
sibly nonlinear) differential operator, w is the solution field, and p denotes
input parameters or forcing terms. The associated solution operator can be

written as

G:u—u, (14)

or more generally as a mapping from input functions (e.g., boundary data) to
solution functions.

Neural operators aim to approximate G directly:

Go ~ G, (15)

such that for any admissible input function u € X, the model produces an
accurate approximation Gyp(u) € Y. Unlike classical neural networks, neural
operators are designed to generalize across discretizations, enabling learning
at the level of function spaces rather than fixed grids.

This perspective is particularly advantageous for parametric PDE prob-
lems, where the objective is to efficiently evaluate solution fields across vary-

ing inputs, such as boundary conditions, geometries, or flow parameters. In

12



such settings, neural operators provide a powerful framework for constructing
fast and scalable surrogate models that retain the underlying structure of the

governing equations.

3.1 DeepONet

The Deep Operator Network (DeepONet) is motivated by the universal ap-
proximation theorem for operators, which establishes that certain neural net-
work architectures can approximate nonlinear operators between infinite-dimensional
function spaces [31, 21]. Given an operator G, the objective is to learn its ac-

tion on an arbitrary input function f € X

G:feGlfl. (16)

DeepONet achieves this by combining two neural networks with comple-
mentary roles (see Figure 1A). The first component, referred to as the branch
network, encodes the input function. In accordance with the theoretical frame-
work, the function f is evaluated at a fixed set of sensor locations {z;}7; C €,

producing a finite-dimensional representation

fs = (21), f(x2), ..., fwm)] € R™. (17)

This discretized input is passed through the branch network, yielding a latent

representation

c(0; f) € R, (18)

13



where 6 denotes the trainable parameters and N, is the latent dimension.
The second component, known as the trunk network, encodes the depen-
dence of the output on the evaluation location x € €2. Its role is to learn a set

of basis functions spanning the output function space:

o(p; ) € RV, (19)

where 1 denotes the trunk network parameters.
The outputs of the branch and trunk networks are combined via an inner
product, consistent with the structure implied by the operator approximation

theorem. The resulting approximation of the operator is given by

Ny

Golf](w) = Y 05 o) dulps ) = (c(6; f2), b1; ) (20)

i=1

Here, the latent dimension N, determines the expressiveness of the shared
representation and can be interpreted as the number of learned basis functions.
Training the DeepONet consists of minimizing a data-driven loss over a set

of input functions {f)} and evaluation points {z}:

2

Ny N, Ny
min + 30361 N@) - Y N olwa)| 2D
7=1 k=1 i=1

This optimization problem is inherently non-convex and is typically solved
using gradient-based methods such as stochastic gradient descent or adaptive
optimizers. As a result, DeepONet models are subject to approximation, esti-

mation, and optimization errors, analogous to those encountered in standard

14



neural networks (see Section 2). From a modeling perspective, DeepONet can
therefore be interpreted as a natural extension of classical neural networks to
operator-valued learning tasks.

In this study, we employ both a standard (vanilla) DeepONet and a multi-
fidelity DeepONet architecture. These models are evaluated for their ability to
approximate the solution operator associated with the hypersonic flow problem
described in Section 5. Furthermore, we investigate the effectiveness of loss-

weighting strategies in improving surrogate model accuracy and robustness.

4 Multi-Fidelity Learning

Multi-fidelity learning leverages data of varying accuracy and computational
cost to efficiently approximate high-fidelity solutions. In computational sci-
ence and engineering, data can often be obtained from multiple sources—such
as coarse-grid simulations, reduced physical models, or experimental measure-
ments—each offering different trade-offs between fidelity and expense. The
fundamental objective of multi-fidelity learning is to combine these heteroge-
neous sources in a way that maximizes predictive accuracy while minimizing
the reliance on costly high-fidelity data.

High-fidelity simulations, such as those produced by direct numerical sim-
ulation (DNS) or high-order computational fluid dynamics (CFD) solvers,
provide accurate representations of the underlying physics but are often pro-
hibitively expensive. In contrast, low-fidelity models—including inviscid flow

solvers, empirical correlations, reduced-order models, or coarse-grid simula-

15



tions—are computationally inexpensive but capture only partial or approxi-
mate physics. As a result, many scientific and engineering problems are char-
acterized by an abundance of low-fidelity data and a scarcity of high-fidelity
data due to computational or experimental constraints.

Long before the advent of data-driven machine learning methods, researchers
sought to exploit this imbalance through physics-based multi-fidelity strate-
gies. One prominent example is the space mapping technique, originally devel-
oped for electromagnetic optimization, which couples fast, low-fidelity models
with a small number of expensive high-fidelity simulations through an explicit
parameter-space transformation. By iteratively aligning the coarse model to
the fine model, space mapping directs the bulk of the optimization effort to
the inexpensive model while retaining the accuracy of the high-fidelity rep-
resentation [5]. This approach can be viewed as an early precursor to mod-
ern multi-fidelity learning, albeit one based on hand-crafted mappings and
problem-specific structure rather than data-driven inference.

Modern multi-fidelity learning generalizes this idea by replacing explicit
analytical or heuristic mappings with learned statistical or machine-learning
models that infer the relationship between fidelity levels directly from data.
Rather than discarding inexpensive low-fidelity data, these methods leverage it
to guide and regularize the learning of high-fidelity predictors. This paradigm
has been shown to significantly improve data efficiency and predictive perfor-
mance across a wide range of applications, including aerodynamics, materials
science, and structural analysis [22, 11, 13, 34, 18]. In this sense, contemporary

multi-fidelity machine learning can be interpreted as a data-driven extension

16



of earlier physics-based approaches such as space mapping, offering greater
flexibility, scalability, and applicability to complex, high-dimensional systems.
Mathematically, consider two models that approximate an unknown target

function f(z):

fu(x) = f(x) +eu(z), fulz)=pf(r)+eL(2), (22)

where fy and f;, denote high- and low-fidelity outputs, respectively, and ey, €/,
represent their respective discrepancies. A central assumption in multi-fidelity
modeling is that the low-fidelity model is correlated with the high-fidelity
model, allowing inexpensive low-fidelity data to inform predictions of the more
accurate high-fidelity response. The goal of multi-fidelity learning is to con-
struct a surrogate model fH(x) that closely approximates fy(x) while exploit-
ing the cheaper information available from fy ().

Various multi-fidelity strategies have been proposed, ranging from co-kriging
in Gaussian process models to deep neural network architectures that explic-
itly encode fidelity relationships. In particular, neural operator frameworks
provide a natural extension to multi-fidelity learning by modeling mappings
between function spaces at multiple fidelity levels.

In hypersonic flow modeling, high-fidelity simulations that include detailed
thermochemistry and ablation physics are computationally expensive, while
lower-fidelity aerodynamic models can be evaluated rapidly but lack physical
accuracy. Multi-fidelity learning provides a mechanism to exploit the abun-

dance of inexpensive low-fidelity simulations while incorporating the accuracy

17



of sparse high-fidelity CFD data. This approach is particularly attractive for
surrogate modeling in design studies, where rapid prediction of flow fields

across large parameter spaces is required.

4.1 Multi-Fidelity DeepONet

The Multi-Fidelity Deep Operator Network (MF-DeepONet) extends the stan-
dard DeepONet framework to simultaneously learn from multiple data fideli-
ties [22]. The key idea of MF-DeepONet is to share information between fi-
delity levels by learning a common representation of the output function space
while allowing separate components to model fidelity-specific discrepancies.

While a conventional DeepONet seeks to approximate a single operator

G fu = Gulful, (23)

a multi-fidelity formulation jointly approximates operators corresponding to

low- and high-fidelity data,

Gr: fo— Gilfil, Gu : fu = Gulful. (24)

The MF-DeepONet architecture incorporates two sets of branch networks,
one for each fidelity, which share a common trunk network to enforce a shared
representation of the output function space (see Figure 1. This shared trunk
encodes physical correlations across fidelities, while separate branches capture
fidelity-specific discrepancies.

Let Br(fr) and By (fm) denote the branch network outputs correspond-

18



ing to low- and high-fidelity inputs, respectively, and let 7 (x) denote the
trunk network output evaluated at spatial or parametric location x. The MF-

DeepONet output is then given by
QL(x) = Br(fr) - T(x), (25)

QAH(UU) = [pB(fL) + 0 Bu(fu)] - T(x), (26)

where p and § are trainable coefficients controlling the degree of informa-
tion transfer between the two fidelities. The term pBpr(fy) introduces the
low-fidelity correlation, while § By (fy) captures the high-fidelity residual cor-

rection.

A DeepONet B Residual

- O UX 0.(0)(©)

) v(x2) L6

v {2 » ¢ gi)_. Gu(v)(€)
V()

O G()(€) C Input augmentation

L / v Gr(v)

¢ —v@ Gu(v)(§)

£ Gr)(§)

D Multifidelity DeepONet: Residual & Input augmentation

v Gr(v)(€)
| |
¢ | DeepONety  [~@®— Gu(v)(¢)

Figure 1: Architectures of DeepONet and MF-DeepONet. Original figure in
[22]. (A) Overview of the DeepONet architecture. (B) Residual learning ap-
proach where DeepONet predicts the discrepancy between high and low fidelity
solutions. (C) Input augmentation approach where the low-fidelity solution is
provided as an additional input to the network. (D) Input-augmentation and
residual learning approach, which is used in this study.
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For the DeepONet surrogate models developed in this work, the branch
network encodes the operating condition associated with each sample, repre-
sented by the freestream Mach number and altitude (in Figure 1, this is v).
The trunk network encodes the spatial dependence of the solution through the
coordinates of points on the sphere-cone surface mesh (in Figure 1, this is ).
This model will be call the single-fidelity (SF) model. In the multi-fidelity
(MF) architecture, the branch input is further augmented by the low-fidelity
model output (in Figure 1, this is G7(v)(§)), enabling the high-fidelity predic-
tor to learn a correction informed by both the freestream condition and the

low-fidelity approximation. This will be called the MF model.

4.2 Loss Function Formulation

Training the MF-DeepONet involves jointly minimizing errors across both fi-
delity levels while maintaining consistency between fidelity levels. A typical
multi-fidelity loss function is constructed as a weighted combination of fidelity-

specific objectives:

‘CMF = )\L EL + )\H EH + )\C 'Ccorru (27>
where
1 N . R 2
Lo =57 2 |9lfEN@) = Gl (28)
L=
1 Du A . : 2
Lo = 5> |Gl 1) = Guls )| (29)
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Algorithm 1 Augmented Residual Multi-Fidelity DeepONet

Require: {U%, X¢ Y}, {U" X" Y"}, weights wy, wy, epochs E
Inputs normalized jointly across fidelities via min-max scaling.

1: Initialize LF branch/trunk (B¢, 7*¢) and HF branch/trunk (B" T") with
Glorot init

2: fore=1to F do

3: LF prediction at LF and HF' coordinates:

Yo = B(UO THXYT, Y= B0 T(X")T
4: Augment HF input with LF correction:

Uh o [Uh H ?h}

aug

5: HF residual and final prediction:

Yh 4= Y/h + Bh(Uh )Th<Xh>T

pre aug

6: Weighted MSE loss and AdamW update:

£ = w|[ Vg — V| wn | Vg — V"

2
pred }

7: 0+ 0—-VyL (AdamW)
8: end for
9: return 6*

21



and L., enforces correlation between fidelity levels, typically formulated as

N¢

1
‘Ccorr = N_C Z

=1

GulfP)(x) — aGrlfP)(z) (30)

‘ 2

The weighting parameters Ay, Ay, Ac control the contribution of each fi-
delity to the total loss. A common approach is to increase Ay during later
training stages, progressively emphasizing high-fidelity accuracy after the low-
fidelity representation has been captured.

In practice, adaptive or residual-based weighting schemes can be employed
to dynamically balance fidelity contributions, ensuring that model updates
prioritize the regions and fidelities most relevant to improving generalization.
This hybrid loss formulation allows the MF-DeepONet to exploit the abundant
structure of low-fidelity data while refining its predictions through sparse high-
fidelity samples, yielding a model that is both data-efficient and physically

consistent.

4.3 Overview of Loss Weighting Strategies

This section reviews loss weighting strategies in both single-fidelity and multi-

fidelity settings.

4.3.1 Single-Fidelity Loss Weighting

In the single-fidelity setting, the training objective is typically expressed as

L(0) = A Lres(0) + M Loe(0) + AaLogara(0), (31)
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where L, enforces the governing partial differential equations, L. enforces
boundary or initial conditions, and Lg., penalizes discrepancies with observed
or simulated data. The coefficients A, Ay, and Ay determine the relative im-
portance of each term.

Early PINN formulations typically relied on fixed, manually tuned loss
weights. While simple, this approach is highly problem-dependent and often

requires extensive hyperparameter tuning.

4.3.2 Adaptive and Residual-Based Weighting

To mitigate sensitivity to fixed loss weights, several adaptive strategies have
been proposed. One prominent approach is residual-based attention, in which
the contribution of the PDE residual is adaptively reweighted based on its
magnitude during training. Regions with large residuals are emphasized, lead-
ing to improved convergence and stability, particularly for stiff or multiscale
problems [1].

An alternative viewpoint frames PINN training as a multitask learning
problem, where each loss term is treated as a competing task. Adaptive weight-
ing schemes then seek to balance optimization rates or gradient norms across
tasks, improving robustness and reducing training pathologies [23, §].

More recently, residual-based weighting has been embedded into variational
and risk-aware formulations, providing a unified theoretical framework appli-

cable to both PINNs and neural operators [32].
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4.3.3 Multi-Fidelity Loss Weighting

In multi-fidelity PINNs and neural operators, the loss function must addition-
ally balance multiple data sources of differing fidelity, accuracy, and computa-

tional cost. A common formulation is
L(0) = A Lres(0) + Z N LG (0) (32)

where Eé’;)ta corresponds to the k-th fidelity level (e.g., low- and high-fidelity
simulations or measurements), and )\Eik) controls its influence.

Several early multi-fidelity PINN approaches adopt fixed fidelity weights,
chosen to reflect trust in each data source or estimated noise levels. One
study explicitly introduces tunable weights between low- and high-fidelity data
and study their influence in noisy and data-scarce regimes [28]. Similarly,
another study emphasized cost-aware fidelity weighting, highlighting the trade-
off between abundant but biased low-fidelity data and scarce but accurate
high-fidelity data [24]. More recent approaches introduce adaptive fidelity
weighting strategies, in which the relative influence of different fidelities evolves
during training. Curriculum-style schemes typically emphasize low-fidelity
data during early optimization stages and progressively increase the weight
of high-fidelity data to refine the solution [27].

Across both single and multi-fidelity settings, loss weighting plays a critical
role in training effectiveness. While fixed weights remain widely used, recent
approaches increasingly favor adaptive and residual-based strategies that dy-

namically adjust loss contributions based on optimization difficulty, fidelity
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level, or uncertainty. In multi-fidelity contexts, appropriate weighting between
data sources is particularly important, as an imbalance can prevent the model

from effectively exploiting high-fidelity information.

5 Multifidelity CFD Data

Two different solvers, NASA FUN3D and CBAero, were used to generate high-
fidelity and low-fidelity data for steady-state flow over a sphere—cone configu-
ration, respectively. A sphere—cone consists of a spherical forebody smoothly
joined to a conical afterbody and is commonly used as an idealized geometry
for atmospheric entry vehicles due to its simple axisymmetric shape and its
ability to capture the dominant aerodynamic and aerothermodynamic features
of blunt-body reentry flows. The datasets were generated across a range of
freestream Mach numbers and altitudes representative of hypersonic atmo-
spheric entry conditions. The sampling intervals and number of cases used for
the high- and low-fidelity datasets are summarized in Table 1.

The following subsections describe the numerical tools used to generate the
high and low-fidelity aerodynamic datasets, as well as the pre-processing steps

applied prior to training the neural operator models.

Table 1: Mach number and altitude ranges, sampling intervals, and dataset
sizes for high- and low-fidelity simulations.

Mach Number Altitude (km)
Dataset Min Max AM Min Max Ah +# Cases
High-Fidelity 15 30 5 30 50 10 12
Low-Fidelity 10 35 1 20 60 2 336
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5.1 Data Generation
5.1.1 High-Fidelity Solver: NASA FUN3D

High-fidelity aerodynamic data for this study were generated using NASA’s
FUN3D computational fluid dynamics solver. FUN3D is a state-of-the-art
unstructured finite-volume code developed at NASA Langley Research Cen-
ter for the simulation of compressible viscous flows over complex geometries
[4, 3]. The solver advances the compressible Navier-Stokes equations on
mixed-element unstructured meshes using an implicit upwind discretization
and has been extensively validated for hypersonic entry, descent, and land-
ing applications [9]. For this work, simulations were performed using FUN3D
version 14.02.

The generic gas path formulation of FUN3D was used, which solves the
Navier—Stokes equations with optional models for turbulence and thermo-
chemical nonequilibrium [3]. For hypersonic entry environments, the solver
supports multi-species reacting flows with separate translational and vibra-
tional temperatures. In the present study, a two-temperature nonequilibrium
model was employed to represent high-temperature gas effects surrounding
the vehicle. The reacting species set was selected to be consistent with a pure

carbon ablator and included the species

N., N, Os,0,NO,N*, 0+, N, 05, NO*, e, C,C*, CO, COy, Cy, Cs, CN.
(33)

Reaction rates and thermodynamic properties were computed using the default
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models provided in FUN3D [3]. Ablation of the thermal protection system was
represented using an equilibrium char assumption, with the vehicle surface
modeled as graphite.

The configuration considered in this work is a 7-degree half-angle sphere—cone
representative of a generic atmospheric entry vehicle. Due to geometric sym-
metry, only a quarter of the vehicle was modeled to reduce computational cost.
Simulations were conducted at zero angle of attack over a range of Mach num-
bers and altitudes representative of hypersonic reentry conditions. Figure 77
illustrates the vehicle geometry, computational mesh, and an example Mach
number contour.

All CFD simulations were performed by Draper Laboratory using comput-
ing resources on AWS GovCloud. Each simulation used approximately 768
processor cores and required roughly 12 hours of wall-clock time to converge,
highlighting the significant computational expense associated with generating
high-fidelity training data for the surrogate modeling framework developed in
this work.

The resulting CFD solutions serve as the high-fidelity dataset used to train
and evaluate the neural operator models developed in this work. For each
simulated flight condition, FUN3D provides detailed spatial fields of aerody-
namic and thermodynamic quantities over the vehicle surface and within the
surrounding flowfield. These solutions capture the coupled effects of com-
pressibility and high temperature chemistry structure that arise in hypersonic
atmospheric entry. Due to the significant computational expense of these

simulations, the number of high-fidelity cases that can be generated is limited.

27



Consequently, the FUN3D dataset provides accurate but sparse supervision for
the learning framework, while the lower-cost CBAero simulations described in
Section 5.1.2 are used to augment the dataset with a larger number of approx-

imate flow realizations.

5.1.2 Low-Fidelity Solver: CBAero

In addition to the high-fidelity CFD simulations performed with FUN3D, a
lower-cost aerodynamic model is used to generate additional training data
for the multi-fidelity framework. For this purpose, the engineering-level aero-
dynamic analysis tool CBAero is employed. CBAero was developed under
NASA’s Second Generation Launch Vehicle Program to support conceptual
and preliminary vehicle design [33, 16]. The solver belongs to a class of rapid
aerodynamic modeling approaches based on classical Newtonian impact theory,
shock—expansion relations, and Prandtl-Meyer flow theory [33]. These meth-
ods estimate aerodynamic loads using local surface geometry and freestream
conditions rather than resolving the full three-dimensional flow field, allowing
aerodynamic trends to be evaluated rapidly across large parameter spaces.
Unlike high-fidelity computational fluid dynamics (CFD) solvers that solve
the governing equations throughout a volumetric mesh, CBAero evaluates
aerodynamic quantities directly on a surface representation of the vehicle [?].
Aerodynamic pressures are computed panel-by-panel using local surface incli-
nation methods, which provide computational efficiency but do not capture
globally coupled flow interactions or complex viscous phenomena. Conse-

quently, CBAero is treated in this work as a low-fidelity aerodynamic model
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that provides trend-correct approximations of hypersonic flow behavior at a
fraction of the computational cost of CFD.

For the present study, the same outer mold line surface mesh used in the
FUN3D simulations is employed in CBAero. However, the geometry is repre-
sented using triangulated surface elements to satisfy the solver’s requirements.
Aerodynamic cases are evaluated at the same Mach numbers and angles of
attack used in the high-fidelity simulations.

A key difference between the two solvers lies in their freestream param-
eterization. FUN3D directly accepts Mach number, altitude, and angle of
attack, with atmospheric properties internally determined from altitude. In
contrast, CBAero requires Mach number, dynamic pressure, and angle of at-
tack. To ensure consistent freestream conditions across solvers, the dynamic
pressure corresponding to each Mach—altitude pair was computed prior to run-
ning CBAero. For a given altitude, the freestream density p., and speed of
sound a., were obtained from the standard atmosphere, and the freestream ve-
locity was evaluated as V,, = Ma.,. The dynamic pressure was then computed

as

U %poovgo- (34)

This conversion ensures that both solvers are evaluated under physically
equivalent freestream conditions despite their differing input parameteriza-

tions.
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5.2 Data Processing
5.2.1 Normalization and Scaling of the Data

Prior to training the neural operator models, all input features were normal-
ized to improve numerical conditioning during optimization. The aerodynamic
and thermodynamic variables contained in the dataset span several orders of
magnitude due to variations in Mach number, altitude, and local flow condi-
tions. Without appropriate scaling, variables with large numerical ranges can
dominate gradient updates and degrade training stability [12].

In this work, min—max normalization was applied to all input variables,
mapping each feature to the interval [0,1]. The normalized variables include
the freestream input parameters (Mach number and altitude) as well as the
flowfield quantities predicted by the CFD solvers: pressure, density, transla-
tional temperature, and vibrational temperature. For a given variable x, the
normalized value * was computed as

T — Tpin

F=———mn (35)

Tmax — Lmin
where z.;, and z,.c denote the minimum and maximum values of that
variable within the dataset. This transformation preserves the relative struc-
ture of the data while ensuring that all features contribute comparably during
gradient-based optimization.
For the multi-fidelity dataset, normalization was performed jointly across
the combined high-fidelity and low-fidelity data rather than independently

for each fidelity level. Specifically, the global minimum and maximum values
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were computed using the union of both datasets and applied consistently to
all samples. This approach ensures that the two fidelity levels remain on a
common numerical scale, which is essential for effective information transfer in
the multi-fidelity learning framework. By enforcing consistent scaling across
fidelity levels, the neural operator can learn relationships between the low-
and high-fidelity solutions without introducing artificial discrepancies caused

by inconsistent feature ranges.

5.3 Dataset Analysis
5.3.1 Low and High Fidelity Data Correlation

The potential benefit of multi-fidelity learning can often be assessed a priori by
analyzing the statistical relationship between low- and high-fidelity datasets.
Cross-plots and correlation measures provide insight into whether the low-
fidelity data carries informative structure about the high-fidelity response;
stronger correlation generally indicates greater potential performance gains
from multi-fidelity modeling [14, 25].

In addition to statistical dependence, the relative distribution of the param-
eter space between fidelity levels is critical for effective information transfer.
The low-fidelity dataset spans the same Mach-altitude distribution as the high-
fidelity simulations and extends modestly beyond those bounds. Within the
high-fidelity parameter envelope, low-fidelity samples are significantly denser,
providing improved coverage of the input space while preserving alignment be-
tween fidelity levels. This design enables the neural operator to learn dominant

global trends from abundant low-cost simulations, while sparse high-fidelity
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solutions anchor the model to physically accurate flow behavior. The slight
extension of the low-fidelity parameter space further promotes robustness by
exposing the model to nearby out-of-distribution conditions, improving gener-
alization without requiring additional expensive high-fidelity computations.
As illustrated in Figure 2, the cross-plots demonstrate a clear positive cor-
relation between the low- and high-fidelity datasets for all thermodynamic
quantities considered. In each case, the data points cluster around the di-
agonal reference line, indicating that increases in the low-fidelity predictions
correspond to consistent increases in the high-fidelity responses. The pres-
sure and density fields exhibit particularly strong linear alignment, with rel-
atively tight clustering across Mach-altitude conditions, suggesting that the
low-fidelity model captures much of the dominant physical behavior. The
translational and vibrational temperatures also show a clear monotonic rela-
tionship, though with moderately increased dispersion, indicating the presence
of nonlinear discrepancies while still preserving strong statistical dependence.
Overall, these figures confirm that the low-fidelity data retains significant
informative structure with respect to the high-fidelity solutions. The observed
correlation across all variables supports the assumption that the low-fidelity
model provides a meaningful prior approximation of the high-fidelity response.
Consequently, these results provide a priori justification for the use of multi-
fidelity learning, as the demonstrated inter-fidelity correlation suggests strong
potential for performance gains through information transfer between fidelity

levels.
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Figure 2: Cross-plots comparing normalized low- and high-fidelity predictions
for translational temperature, vibrational temperature, density, and pressure.
The dashed red line denotes y = .
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Table 2: Comparison of high-fidelity and low-fidelity aerodynamic solvers used

for data generation

Attribute High-Fidelity Solver: Low-Fidelity Solver:
NASA FUN3D CBAero
Solver type Full computational fluid dy- FEngineering-level aerody-

Governing equations

Spatial domain

Numerical method

Flow coupling

Viscous effects

Velocity field

Geometry handling

Computational cost

namics (CFD) solver

Reynolds Averaged Navier-
Stokes Equations with 18
species  Park  chemistry
model and carbon ablation

Three-dimensional volu-

metric flow field

Finite volume method

Globally coupled solution
across the computational
domain

Resolved directly (bound-
ary layers)

Computed as part of the
coupled flow solution

2,534,400 brick elements for
volume and 21,120 quad el-
ements for surface

High (hours to days per con-
figuration)

namic analysis tool

No governing PDEs solved;
relies on algebraic and semi-
empirical models

Surface only

Independent local panel
methods (Modified New-
tonian, Tangent Wedge,
Tangent Cone)

No global coupling; panels
treated independently

Approximated using engi-
neering correlations (e.g.,
Eckert reference enthalpy
method)

Reconstructed algebraically
from surface normals and
freestream conditions

42,240 triangular elements
(elements from high-fidelity
surface mesh divided to two
triangles each)

Low (seconds to minutes
per configuration)
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6 Results

This section presents a quantitative and qualitative comparison between the
single-fidelity (SF') neural operator and the proposed multi-fidelity (MF) neu-
ral operator. Predictions are evaluated against high-fidelity CFD solutions for
pressure (p), density (p), translational temperature (7;), and vibrational tem-
perature (7). Both global relative Ly errors and spatially resolved error dis-

tributions are examined to assess overall accuracy and localized performance.

6.1 Global Error Comparison

Table 4 summarizes the relative Ly errors for the single- and multi-fidelity
models. The most significant improvement is observed in the pressure field,
where the error is reduced from 9.77% to 2.04%, corresponding to a substan-
tial improvement in predictive accuracy. Density error is also reduced from
4.67% to 3.49%, indicating consistent benefit from incorporating low-fidelity
information.

For the temperature fields, improvements are more modest. The trans-
lational temperature error decreases slightly from 5.18% to 4.98%, while the
vibrational temperature error shows a small increase from 4.70% to 4.92%.
Overall, these results indicate that multi-fidelity learning provides the largest
gains for pressure and density, while temperature predictions are already rea-

sonably captured by the single-fidelity model.
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6.2 Computation Time Comparison

Table 3 compares the computational cost associated with the numerical solvers
and neural operator surrogates. As expected, the surrogate models incur an
upfront training cost, with the MF DeepONet requiring a longer average train-
ing time (262.41 s) than the SF DeepONet (73.87 s) due to the additional
complexity associated with learning from both fidelity levels. However, once
training is complete, both surrogate models provide extremely rapid predic-
tions. The SF DeepONet achieves an average inference time of 2.41 x 107% s,
while the MF DeepONet requires 1.69 x 1072 s per evaluation.

Although the MF model is more expensive to train and evaluate than the
SF model, its inference cost remains negligible compared to the cost of generat-
ing new high-fidelity CFD solutions. This trade-off is favorable for applications
involving repeated evaluations, such as parametric studies or design-space ex-
ploration, where the one-time training expense can be amortized over many
predictions. These results further support the use of neural operator surro-
gates as efficient alternatives to repeated numerical simulation in hypersonic

flow modeling.

Table 3: Comparison of average training, inference, and solution times across
methods. GPU used for DeepONet training was the Nvidia RTX 3090. NASA
FUN3D computations were conducted and provided by Draper Laboratory and
took 768 x 12 hours for one solution. CBAero computations were conducted
on a Dell Latitude 5400 with an Intel i7-8665U.

NASA FUN3D CBAero SEF DeepONet MF DeepONet
Average Training Time - - 73.87 s 262.41 s
Average Inference/Solution Time 9,216 core-hours 1 core-minute 2.41 x 10™*s  1.69 x 1072 s
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6.3 Sensitivity to Low- and High-Fidelity Training Pro-
portions

To further investigate the impact of multi-fidelity learning, a sensitivity study
was conducted by varying the proportion of low-fidelity (LF) and high-fidelity
(HF) training data. Figures 3A-3D show the relative Lo error as a function
of the LF training proportion for pressure, density, translational temperature,
and vibrational temperature. Each curve corresponds to a fixed fraction of
high-fidelity training data.

Across all variables, the largest errors occur when no low-fidelity data is
used. In this regime, the model relies solely on sparse high-fidelity samples,
resulting in significantly reduced predictive accuracy, particularly when the
available HF fraction is small. For example, when only 8% of the HF data is
used, the pressure error exceeds 80% without LF augmentation.

As the proportion of LF training data increases, the prediction error de-
creases rapidly. For pressure and density, even modest LF inclusion (approxi-
mately 10-20%) dramatically stabilizes the model and reduces error to below
10%. This behavior indicates that the low-fidelity model captures strong struc-
tural trends in the flow field that are highly informative for training the neural
operator.

The temperature fields exhibit a similar but less pronounced trend. Trans-
lational and vibrational temperature errors decrease as LF data is incorpo-
rated, though the reduction is smaller than for pressure and density. This sug-
gests that thermochemical effects governing the temperature fields are more

weakly correlated between fidelity levels, which is illustrates in Figure 2 Thus,
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Figure 3: Relative L2 error vs proportion of low fidelity training data.
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the degree of information transfer.
Overall, these results confirm that incorporating even modest amounts of
low-fidelity data significantly improves model stability and predictive accuracy,

particularly in regimes where high-fidelity training data is sparse.

6.4 Surface Field Comparisons

Comparisons between CFD solutions and neural operator inferences in Figure 6
demonstrate that both models capture the dominant hypersonic flow features,
including stagnation heating at the nose and gradual expansion along the
cone surface . The SF and MF networks reproduce the overall magnitude and
spatial distribution of T}, T,, p, and p, with discrepancies primarily localized
near the nose and aft portion of the body.

The spatial distribution of prediction error is further examined using one-
dimensional L; error profiles extracted along a surface-aligned slice from the
nose (/L = 0) to the aft (x/L = 1), as shown in Figure 9. These profiles
provide a detailed comparison of error magnitude and localization between the
SF and MF models.

For both pressure and density (Figures 9B and 9A), the largest errors occur
near the stagnation region at the nose, where strong compression induced
gradients are present. In this region, both models exhibit sharp error spikes;
however, the MF model consistently reduces the peak magnitude relative to
the SF model. Moving downstream along the body, the MF model maintains
lower and more uniform error levels, while the SF model exhibits broader

regions of elevated error, particularly in the mid-body region (z/L ~ 0.2-0.6).
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Near the aft region (z/L — 1), both models again show increased error due
to strong gradients, though the MF model generally produces smaller peak
values.

For translational temperature (Figure 9C), the error behavior is more com-
plex. While the MF model reduces error near the stagnation region, it in-
troduces larger deviations across portions of the mid-body, where the MF
curve exhibits higher amplitude fluctuations compared to the SF model. This
behavior indicates that, unlike pressure and density, temperature fields are
strongly influenced by nonequilibrium thermochemical processes that are not
captured by the low-fidelity model. Consequently, the cross-fidelity correlation
is weaker, reducing the effectiveness of information transfer in the multi-fidelity
framework.

A similar trend is observed for vibrational temperature (Figure 9D). The
MF model shows improved accuracy near the nose but exhibits increased error
in downstream regions relative to the SF model. In particular, the MF predic-
tions display larger deviations across the mid-body, indicating that vibrational
nonequilibrium effects are more difficult to capture through cross-fidelity cor-
relation.

Overall, these results demonstrate that multi-fidelity learning provides the
greatest benefit for flow quantities that are strongly governed by macroscopic
flow features, such as pressure and density. In contrast, temperature fields,
especially vibrational temperature, exhibit more complex nonlinear behavior
that is less directly transferable from low-fidelity models. Nevertheless, the

MF model reduces peak errors in critical regions such as the stagnation point,
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indicating improved robustness in regions of strong flow gradients.

6.5 Multi-Fidelity Loss Weighting

The effect of loss weighting on MF-DeepONet training was investigated using
several fixed and adaptive strategies. The fixed strategies included low-fidelity-
only weighting, high-fidelity-only weighting, and equal weighting of the low-
and high-fidelity losses. Two curriculum-style schedules were also considered:
a linear schedule that gradually shifted emphasis from low-fidelity to high-
fidelity data, and a piecewise schedule in which training initially emphasized
low-fidelity data before switching to high-fidelity weighting at a prescribed
epoch. In addition, a trainable weighting parameter a was introduced so
that the relative contribution of the fidelity losses could be learned during
optimization.

Figures 4A-4D show the relative Ly error histories for pressure, density,
translational temperature, and vibrational temperature under these weight-
ing strategies. Several trends are evident. First, the weighting strategy has
a substantial influence on both convergence behavior and final accuracy, par-
ticularly for the temperature variables. Second, purely low-fidelity weighting
consistently performs poorly for pressure and density, indicating that low-
fidelity data alone is insufficient for accurate recovery of the high-fidelity so-
lution. Third, no single schedule is uniformly optimal across all variables.
For pressure and density, strategies that retain strong high-fidelity influence,
such as high-fidelity-only weighting or the trainable-a formulation, produce

the smallest final errors. In contrast, the temperature variables benefit more
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Relative L2 error vs. epoch — loss weight schedule comparison
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(A) Pressure relative Ly error versus
training epoch for different multi-fidelity
loss-weighting strategies.
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(C) Translational temperature relative
Lo error versus training epoch for differ-
ent multi-fidelity loss-weighting strate-
gies.
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Relative L2 error

0 2500 5000 7500 10000 12500 15000 17500 20000
Epoch

(B) Density relative Lo error versus
training epoch for different multi-fidelity
loss-weighting strategies.
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(D) Vibrational temperature relative Lo
error versus training epoch for different
multi-fidelity loss-weighting strategies.

Figure 4: Comparison of relative Ly error histories for several multi-fidelity
loss-weighting strategies. The strategies include fixed low-fidelity-only weight-
ing, fixed high-fidelity-only weighting, equal weighting, a linear low-to-high
fidelity schedule, a piecewise low-to-high fidelity schedule, and a trainable

weighting parameter a.
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Switch Epoch vs Relative L2 Error
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loss-weight combinations on final rela-
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(C) Effect of the initial value of the trainable
weighting parameter a on final relative Ly error.

Figure 5: Sensitivity of MF-DeepONet performance to different multi-fidelity
loss-weighting choices. The plots show the influence of the switching epoch for
the piecewise schedule, the fixed balance between low- and high-fidelity losses,
and the initialization of the trainable weighting parameter «.
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from curriculum-style training, with the piecewise low-to-high fidelity schedule
yielding the lowest final errors. This behavior suggests that pressure and den-
sity are more directly corrected by strong high-fidelity supervision, whereas
the temperature fields benefit from first learning coarse low-fidelity structure
before refinement with high-fidelity data.

The epoch histories also clarify differences in optimization behavior. The
trainable-a strategy generally produces rapid early error reduction and com-
petitive final performance, particularly for pressure, density, and translational
temperature. The linear schedule is more stable than the abrupt piecewise
switch, but it does not consistently achieve the lowest final error and performs
especially poorly for vibrational temperature. The piecewise schedule exhibits
a visible transient at the switching epoch, reflecting the abrupt change in loss
weighting, but this temporary instability is followed by improved asymptotic
accuracy for the temperature fields.

To examine the piecewise schedule in more detail, the switching epoch was
varied and the resulting final relative Lo errors are summarized in Figure 5A.
The results indicate that the optimal switch time is variable-dependent. For
pressure and density, the best performance is obtained when the transition to
high-fidelity emphasis occurs after an initial low-fidelity training period but
before the final stages of optimization. For translational and vibrational tem-
perature, earlier switching generally yields lower errors than very late switch-
ing, while excessively delayed transitions lead to clear degradation for all vari-
ables. These results indicate that prolonged training under predominantly

low-fidelity weighting can bias the model toward low-fidelity structure that is
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difficult to correct later.

Figure 5B shows the effect of fixed low- and high-fidelity loss weights on the
final relative Ly error. Intermediate weight combinations generally outperform
the extreme cases, demonstrating that a balanced contribution from both fi-
delity levels is beneficial. Purely low-fidelity weighting produces the largest er-
rors, especially for density and the temperature variables. Purely high-fidelity
weighting is more competitive, but still not optimal across all quantities. The
pressure field shows a stronger sensitivity to the chosen weight ratio, whereas
the temperature fields are relatively flat over a broad range of intermediate
weights before degrading at the extremes. This again supports the conclusion
that the value of low-fidelity information is variable-dependent and should not
be incorporated with a fixed uniform weighting chosen a priori.

Finally, the sensitivity of the trainable-a approach to its initialization is
shown in Figure 5C. Over a broad range of intermediate initial values, the
final errors remain relatively stable, indicating that the trainable weighting
formulation is reasonably robust. However, initialization at the extreme low-
fidelity-dominated limit leads to substantial degradation for all variables. This
behavior suggests that although the weighting parameter can adapt during
training, the optimization still benefits from an initial balance that allows
both fidelity levels to influence the early stages of learning.

Overall, these results show that multi-fidelity loss weighting is a critical
design choice in MF-DeepONet training. The best strategy depends on the
output variable of interest: pressure and density favor stronger high-fidelity

supervision, while the temperature fields benefit more from staged low-to-high
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fidelity training. Among the strategies considered, the trainable-a and piece-
wise schedules provide the most favorable balance between convergence and
final accuracy, though their relative benefit depends on the physics represented

by each predicted quantity.

6.6 Discussion

Taken together, the results show that the success of the multi-fidelity frame-
work depends on two related factors: the degree of physical correlation between
fidelity levels and the training strategy used to transfer information from the
low-fidelity model to the high-fidelity prediction. The strongest evidence of
this is observed in the pressure field, where the MF DeepONet reduces the
relative L? error from 9.77% to 2.04%, with density also showing consistent
improvement (see Table 4. These quantities appear to retain strong struc-
tural agreement across fidelity levels, allowing the low-fidelity data to provide
a useful prior that the network can refine with sparse high-fidelity supervision.
In contrast, the translational and vibrational temperatures show only modest
improvement, and in the case of vibrational temperature a slight degradation,
indicating that the corresponding fidelity gap is larger for thermochemical
quantities than for macroscopic aerodynamic quantities.

This interpretation is reinforced by the sensitivity study on training data
proportions illustrated in Figure 3. When the amount of high-fidelity data is
small, the inclusion of even a modest amount of low-fidelity data leads to large
reductions in error, especially for pressure and density. Thus, the main value of

the low-fidelity dataset is not simply to increase sample count, but to provide
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broad coverage of the parameter space and stabilize learning when high-fidelity
supervision is sparse. However, the weaker improvement observed for the
temperature variables indicates that low-fidelity information is not equally
informative for all outputs. In the present problem, the engineering-level low-
fidelity model captures large-scale aerodynamic trends more effectively than
the detailed nonequilibrium thermochemical behavior represented in the high-
fidelity CFD solutions.

The spatial error comparisons further clarify this point. Along the sur-
face slice from nose to aft, the MF model reduces pressure and density errors
over much of the body, especially away from the most difficult regions near
the nose and aft end. For the temperature variables, however, the MF model
shows mixed behavior: although error is reduced near the nose in some cases,
larger deviations persist or emerge over other portions of the surface. This
suggests that low-fidelity information is most beneficial when the target vari-
able is governed primarily by geometric and compressive flow structure, and
less beneficial when the target depends more strongly on fidelity specific ther-
mochemical modeling.

The loss-weighting study provides an important extension of this interpre-
tation. These results show that multi-fidelity learning is not determined solely
by whether both fidelity levels are included, but also by how their contributions
are scheduled during optimization. For pressure and density, strategies with
stronger high-fidelity influence or adaptive weighting produced the best final
errors, indicating that these quantities can benefit from low-fidelity guidance

but still require sustained high-fidelity correction for best accuracy. For trans-
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lational and vibrational temperature, curriculum-style strategies performed
better, particularly piecewise schedules that first allowed the model to learn
coarse low-fidelity structure and then shifted emphasis to the high-fidelity
data. This indicates that, for variables with weaker fidelity correlation, the
training process must more carefully manage the transfer from low to high
fidelity information.

The switching epoch and fixed weight sweeps also show that excessive re-
liance on low-fidelity loss can be detrimental. If the model is trained too long
with predominantly low-fidelity weighting, it becomes biased toward the low-
fidelity solution manifold, making later correction more difficult. Conversely,
using only high-fidelity loss discards useful low fidelity structure and reduces
the data efficiency advantage of the multi-fidelity framework. The best re-
sults therefore arise from a balance: enough low-fidelity influence to provide
global structure and regularization, but sufficient high-fidelity emphasis to
recover the physics absent from the low-fidelity model. In this sense, the loss-
weighting results demonstrate that multi-fidelity learning is fundamentally an
optimization problem as well as a data-fusion problem.

From a practical perspective, these findings are important for surrogate
modeling of hypersonic flows. They show that low-fidelity aerodynamic sim-
ulations can substantially reduce the amount of expensive high-fidelity CFD
data needed to obtain accurate predictions for quantities such as pressure and
density, while still preserving extremely fast inference once the network is
trained. At the same time, they indicate that temperature-related quantities,

especially those associated with nonequilibrium effects, require more careful
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treatment. For such variables, the design of the fidelity-transfer mechanism,
including the weighting schedule, switching time, or adaptive coefficients, is
critical to achieving robust performance.

Overall, the results support that multi-fidelity neural operators provide
an effective and computationally efficient surrogate modeling strategy for hy-
personic flowfields, but their performance is strongly variable-dependent and
closely tied to the fidelity relationship embedded in the data. The low-fidelity
model is most valuable when it captures the dominant structural trends of the
high-fidelity solution, and the greatest gains are obtained when the training
process is designed to exploit that structure without allowing low fidelity bias

to dominate the final prediction.

Table 4: Relative Ly error comparison between single-fidelity and multi-fidelity
neural operator models.

Quantity Single-Fidelity Error (%) Multi-Fidelity Error (%)
Pressure 9.77 2.04
Density 4.67 3.49
Translational Temperature 5.18 4.98
Vibrational Temperature 4.70 4.92

49



CFD

SF Net

Absolute Error

P 0102 03 04 05 06 0.7 0.8 0.9

P 0102 03 04 05 06 0.7 0.8 0.9

P 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 ‘

(A) CFD Pressure

CFD

(B) SF Pressure

SF Net

(C) Pressure Ly Error

Absolute Error

rho 2 4 6 8 1012 14 16 18 20

(D) CFD Density

rho 2 4 6 8 1012 14 16 18 20

(E) SF Density

rho 02040608 1 121416

(F) Density Ly Error

CFD
EE— |

t 1000 1500 2000 2500 3000 3500 4000 4500

(G) CFD Ty

SF Net

S

t 1000 1500 2000 2500 3000 3500 4000 4500 5000

(H) NN T,

Absolute Error

tt 50 150 250 350 450 550 650

(I) Ty Ly Error

CFD

SF Net

tv 1000 1500 2000 2500 3000 3500 4000 4500

tv 1000 1500 2000 2500 3000 3500 4000 4500

Absolute Error

tv 50 150 250 350 450 550

(J) CFD Vibrational Tem- (K) SF Vibrational Tem- (L) Vibrational Tempera-

perature

perature

ture L1 Error

Figure 6: Comparison between high-fidelity CFD solutions and DeepONet
inference on test sample inputs of Maoll 20 and an altitude of 30km.
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7 Conclusion

This thesis investigated the use of neural operator methods as surrogate mod-
els for hypersonic aerothermodynamic simulations involving thermochemical
nonequilibrium and carbon ablation. Accurate prediction of these flows is es-
sential for atmospheric entry vehicle design, yet high-fidelity CFD simulations
are computationally expensive due to the need to resolve strong compres-
sion, thin boundary layers, and complex chemical reaction networks. These
challenges motivate the development of efficient surrogate models capable of
approximating CFD solutions at significantly reduced cost.

In this work, DeepONets were applied to model steady-state laminar hyper-
sonic flow over a generic sphere—cone configuration with an 18-species reacting
flow model. Both single-fidelity and multi-fidelity neural operator architec-
tures were investigated. High-fidelity training data were generated using the
NASA FUNS3D solver, while lower-cost aerodynamic data were obtained using
the engineering-level CBAero code. Results demonstrate that neural opera-
tors can successfully approximate complex hypersonic flow fields, reproducing
the dominant spatial structures in pressure, density, and temperature distribu-
tions. The multi-fidelity model significantly improved predictive accuracy for
quantities strongly correlated across fidelity levels, particularly pressure and
density, while temperature fields exhibited more modest improvements due to
the increased complexity of thermochemical effects.

Sensitivity studies further showed that incorporating even modest amounts
of low-fidelity data substantially improves model stability and prediction ac-

curacy when high-fidelity training data are sparse. These findings highlight
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the effectiveness of multi-fidelity neural operators for leveraging inexpensive
aerodynamic models to augment limited high-fidelity CFD data. As a result,
the proposed framework provides a promising approach for accelerating hy-
personic flow simulations and enabling more efficient parametric exploration
of atmospheric entry conditions.

Future research may extend this work in several directions. First, the
present study focused on steady-state laminar flow; extending neural operator
models to turbulent or unsteady hypersonic flows would significantly broaden
their applicability. Second, more complex vehicle geometries could be investi-
gated to evaluate the generalization capability of the surrogate model. Third,
improved multi-fidelity training strategies, including adaptive fidelity weight-
ing and active learning approaches for selecting high-fidelity simulations, may
further enhance data efficiency. Finally, incorporating additional physics-based
constraints into neural operator training may improve accuracy in regions with
strong gradients, such as shock layers and stagnation regions.

Overall, this work demonstrates that multi-fidelity neural operators offer a
viable and computationally efficient surrogate modeling strategy for hypersonic
aerothermodynamic simulations, with potential applications in rapid design
iteration and reduced-cost simulation workflows for atmospheric entry vehicle

analysis.
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