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Abstract of “ Moderate Deviations and Subsolution-Based Importance Sampling for Re-
cursive Stochastic Algorithms ” by Dane Johnson, Ph.D., Brown University, May 2015

We prove a moderate deviations principle for the continuous time linear interpolation
of discrete time recursive stochastic processes, and then investigate importance sampling
schemes based on subsolutions to the Hamilton-Jacobi-Bellman equation associated with
the moderate deviations structure. Both the proof of the moderate deviations principle
itself as well as the proof of the asymptotic performance of importance sampling schemes
based on moderate deviations rely on proving tightness of the empirical measures of the
conditional means of the controlled noises as well as the controlled processes themselves.
This is more complex than what is needed in the large deviation setting primarily because
of the moderate deviations scaling which amplifies the noise and the weaker assumptions
imposed on the moment generating function. The main tools used are the relative entropy

representation of exponential integrals and the weak convergence of probability measures.

The resulting moderate deviations structure is essentially a linear approximation of the
large deviations dynamics and a quadratic approximation of the large deviations costs,
both centered around the law of large numbers limit. Consequently importance sampling
schemes based on moderate deviations subsolutions generally don’t perform as well as their
large deviations counterparts, but the subsolutions themselves are typically easier to find.
For this reason we recommend using importance sampling based on moderate deviations
when finding large deviation subsolutions is prohibitively difficult, which can occur even
in simple situations, or when considering events that are rare but not too rare so that the
moderate deviation approximation centered around the law of large numbers limit captures

the distributional properties which are important for determining the probability.
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1 INTRODUCTION

In this thesis we prove a moderate deviations principle and then study the effectiveness (includ-
ing asymptotic optimality) of importance sampling schemes based on moderate deviations. The

importance sampling results presented here involve R%valued discrete time processes of the form
Zig1 = Zi + b(Z;) + evi( Zy), Zo = 2, (1.1)

where {v;(+) }ien, are zero mean random independent and identically distributed (iid) vector fields,
and their continuous time piecewise linear interpolations {Z(t)}o<i<r with Z(ei) = Z; (see (2.7)
for the precise definition). Here € is some fixed small, positive real number. This could easily
be built into the drift I;(Zz) and noise v;(Z;), we include it to indicate that we are interested in

processes which are close to Z°(t) given by the ordinary differential equation (ODE)
Z{(t) = b(Z°(1)), Zo = =0,

which would be the law of large numbers limit if we sent € — 0. We specify that Z(t) be close to
its law of large numbers limit because our importance sampling changes of measure are based on

the moderate deviations asymptotics of sequences of processes

1 1
=X+ ﬁb(in) + ﬁui(in)» Xy = o



for n € N, where the {u;(-)}ien, are zero mean iid vector fields. In order to do this we must embed
the general process Z; in such a sequence and use the resulting moderate deviations information
for the sequence to suggest importance sampling schemes for the original process Z;.

The large deviations of the continuous time linear interpolations X™ € C([0,T] : R%) have been
studied extensively under various conditions (see, e.g., [1, 10, 12, 21, 23]). Here we introduce a
scaling a(n) satisfying a(n) — 0 and a(n)y/n — oo, and study the amplified difference between X"
and its noiseless version X?:

Y™ = a(n)yvn(X" — X9).

We demonstrate, under weaker conditions on the noise u;(-) than are necessary when considering
X" that Y™ satisfies the large deviation principle on C([0,7] : R?) with a “Gaussian” type rate
function. As is customary for this type of scaling, we refer to this as moderate deviations.

To demonstrate this result we prove the equivalent Laplace principle, which involves evaluating

limits of quantities of the form

a(n)2log E [exp {—a (;)ZF(Y”)H

when F' is bounded and continuous. This is done by representing each of these quantities in
terms of a stochastic control problem, and then using weak convergence methods as in [12]. Key
results needed in this approach are establishing tightness of controls and controlled processes, and
identifying their limits.

While one might expect the proof of this moderate deviations result to be similar to the corres-
ponding large deviations result, there are important differences. For example, the tightness proof is
significantly more complicated in the case of moderate deviations than it is in the case of large de-
viations. For large deviations one is able to establish an a priori bound on certain relative entropy
costs associated with any sequence of nearly minimizing controls, and under this boundedness of
the relative entropy costs, the empirical measures of the controlled driving noises as well as the
controlled processes are tight. However, owing to the scaling in moderate deviations, even with
the information that the analogous relative entropy costs decay like O(1/a(n)?n), tightness of the

empirical measures of the noises does not hold. Instead, one must consider empirical measures of



the conditional means of the noises, and additional effort is required for the law of large numbers
type result that shows that the conditional means are adequate to determine the limit. This extra
difficulty arises for moderate deviations (even with the vanishing relative entropy costs), because
the noise itself is being amplified by a(n)/n.

A second way in which the proofs for large and moderate deviations differ is in their treatment of
degenerate noise, i.e., problems where the support of u;(-) is not all of R?. This leads to significant
difficulties in the proof of the large deviation lower bound, and requires a delicate and involved
mollification argument. In contrast, the proof in the setting of moderate deviations, though more
involved than the nondegenerate case, is much more straightforward.

The existing literature on moderate deviations considers various settings. Baldi [2] considers
the same scaling used here but with no state dependence. For the empirical measure of a Markov
chain, de Acosta [8] and de Acosta and Chen [7] prove lower and upper bounds, respectively. Guillin
[25] considers inhomogeneous functionals of a “fast” continuous time ergodic Markov chain, and
in [26] this is extended to a small noise diffusion whose coefficients depend on the “fast” Markov
chain. There are also results for martingale differences such as Dembo [9], Gao [22], and Djellout
[11]. For various reasons, the issues previously mentioned regarding the difficulties in the proof of
the upper bound and the simplification in the lower bound for degenerate noise do not play a role
in these papers. For instance, proving tightness in a moderate deviations setting for continuous
time processes is typically much easier. This is because measures on path space that have bounded
relative entropy with respect to a continuous time process generally have significantly less variability
than those with bounded relative entropy with respect to a discrete time process. This is illustrated
by the convenient alternative formulations of the relative entropy repesentation for some continuous
time processes (see [5] for Brownian motion and [6] for Poisson random measures). The present
situation essentially deals with central limit theorem and moderate deviations issues simultaneously.
Although all proofs are given for the time interval [0, 1], they extend with only notational differences
to [0, 7] for any T € (0, c0).

We then apply the moderate deviations information to the problem of importance sampling.
Accurately estimating the probability of an event using Monte Carlo can be computationally de-
manding if the event is sufficiently rare. Importance sampling can reduce the number of samples

needed by changing the underlying measure of the dynamics and then adjusting the estimate using



the likelihood ratio. Its first use in the context of rare events appears in [28]. While a well chosen
change of measure can improve the accuracy substantially, a poor choice can make the importance
sampling scheme worse than standard Monte Carlo. It was generally expected that if the process
could be embedded in a sequence satisfying a large deviations principle information contained in
the large deviations rate function could be used to suggest effective changes of measure. For a
discussion on some nonrigorous and in some sense misleading early approaches to the problem of
algorithm design see [24]. It turns of that a rigorous and proper approach to design can be based on
subsolutions to a Hamilton-Jacobi-Bellman (HJB) equation associated with the large deviation rate
function [19] (see also the related notion of Lyapunov inequality [3]). This approach has been fur-
ther developed in various ways and for many different process models [14, 13, 18, 19, 20, 17, 16, 15].
In all of these papers some form of “asymptotic optimality” of the scheme is considered as the large
deviation parameter tends to its limit.

The use of asymptotic methods introduces a more simplistic approximate description, i.e., the
large deviation approximation. As demonstrated in the references, in many cases this simplification
can be exploited. Schemes can be explicitly constructed based on the asymptotic approximation,
which are then shown to yield good importance sampling schemes for the original process. Of
course a process model such as (1.1) can be embedded as an element of many different sequences
with possibly different asymptotic behavoirs. The large deviation limit mentioned previously is
one such sequence, and indeed a very natural one when the event of interest (i.e., the events that
largely determine Ee P2y )) are rare. There are, however, other useful sequences into which (1.1)
can be embedded which may suggest different importance sampling schemes. There are, of course,
tradeoffs. The performance of differing schemes may be better or worse depending on how well the
asymptotics capture the essential aspects of the distribution of (1.1). The schemes may also be
simpler or more complicated to implement, depending on the complexity of the approximation.

In this thesis we investigate the use of moderate deviations as a tool for importance sampling
scheme design. Thus we will embed (1.1) into a sequence of processes satisfying a moderate devi-
ations principle, and choose a change of measure based on moderate deviation asymptotics. This
will naturally limit the range of functionals F' to those for which a moderate deviations approxim-
ation captures the distributionals properties of {Z;} that are important in determining Ee—FZn),

Intuitively, these should be functionals and events determined by trajectories falling somewhere



between a law of large numbers approximation and the full large deviation approximation (i.e.,
rare but not too rare). In exchange for this restriction on the class of functionals, one gets to
work with an approximation (i.e., a rate function) that is typically more tractable than the large
deviation rate.

One may ask if in this situation of “rare but not too rare” events it is really worth the bother to
use importance sampling, and if instead one should use standard Monte Carlo. That will depend
on the difficulty and cost of generating samples. One can imagine at least three scenarios where
it is worth the bother. One is when the generation of even a single trajectory of {Z;} is time
consuming, e.g., when {Z;} corresponds to a discrete time approximation to a stochastic partial
differential equation. The second is when a quantity such as EeF(ZN) must be computed many
times, such as when the output is used as part of an optimization scheme. A third is when the
event of interest is only marginally within the moderate deviations regime, but schemes based on
the large deviation rate are simply intractable, and the improvement may be sufficient to make
the numerical problem feasible. However, the moderate deviation approximation is not a panacea,
and there are many situations (e.g., in the analysis of metastability issues) for which it is simply
inadequate.

In both the large deviations and moderate deviations approaches the construction of an im-
portance sampling scheme is based on the construction of a subsolutions to a related nonlinear
partial differential equation (PDE) associated with the rate function (see [19] for the case of large
deviations). However, fewer restrictions are needed on the process dynamics to embed Z; in a mod-
erate deviations sequence, and in fact for some choices of the stochastic kernel fi(-| z) the moderate
deviations scaling may be all that is available. In general one expects that the moderate deviations
rate function to involve a linear approximation of the dynamics and a quadratic approximation
of the costs found in the large deviations rate function, centered around the law of large numbers
limit. This corresponds to a “local Gaussian” approximation, and the PDEs are those associated
with the famous “linear-quadratic-regulator,” whose solution can be constructed in terms of the
solution to an appropriate Ricatti equation.

In an analagous manner to the proof of the moderate deviations principle, proving the asymp-
totic properties of importance sampling schemes in the moderate deviations setting involves chal-

lenges not found in the large deviations setting. Once again proving tightness of the empirical



measures of the noises is not possible due to the moderate deviations scaling, and we must instead
settle for tightness of the empirical measures of the conditional means of the noises. In addition,
proving the large deviations principle for these types of processes requires assuming that the noise
has a finite moment generating function everywhere. In the moderate deviations setting we make
only the weaker assumption of a finite moment generating function in a neighborhood of the origin,

and this makes the tightness proof more complex.



2 PRELIMINARIES

Let

Ziv1=Z; + GB(ZZ) + G’Ui(ZZ'), Zo = 29 (2.1)

where the {v;(-) }ien, are zero mean iid vector fields with distribution given by the stochastic kernel
fu(-| 2). Let B(R?) be the Borel o-algebra on R%. Then fi(-| z) is a probability measure on B(R%)
for all z € RY, P(v;(2) € B) = ji( B| 2) for all z € RY, B € B(R?Y) and i € Ny, and z — ji( B| z) is

Borel measurable for all B € B(R?). We will also consider sequences of processes
i1 = X+ S b(XT) + —w(XT), Xo = 2o (2.2)

where the {u;(-) }sen, are zero mean iid vector fields with distribution given by the stochastic kernel
w(-|x). We will make the following assumptions on p(-|z) and b(z) in the case of {X}°; and
fi(+] z) and b(2) in the case of Z;, although we will only state them for (-] z) and b(z) for brevity.
Define

Ha(z,a) = log ( /R () x))

for o € R%. The subscript ¢ reflects the fact that this log moment generating function uses the
centered distribution p(-| z), rather than the usual H(z,a) = He(x, ) 4 (o, b(x)). We will use the

following.



Condition 2.1 e There exists A > 0 and K,,4r < oo such that

sup sup He(z,a) < Ky (2.3)
z€RY [Jaf|[<A

o x — u(-|z) is continuous with respect to the topology of weak convergence.

e b(x) is continuously differentiable, and the norms of both b(x) and its derivative are uniformly

bounded by some constant K < oo.

Throughout this paper we let ||a||% = (a, Aa) for any o € R? and symmetric, nonnegative

definite matrix A. Define

A@) = [ wa(dula),

and note that the weak continuity of p(-|x) with respect to = and (2.3) ensure that A(z) is

continuous in z and its norm is uniformly bounded by some constant K 4. Note that

0H.(x,0) ‘ B
o /Rduz,u,(du]x) =0

and
0?H,.(x,0)
T - /R i dul 2) = Ay ()

for all 4,5 € {1,...,d} and z € R? and that A(z) is nonnegative-definite and symmetric. ~For

z € R? we can therefore write

Alz) = Q(2)A(2)Q (), (2.4)

where Q(z) is an orthogonal matrix whose columns are the eigenvectors of A(z) and A(x) is the

diagonal matrix consisting of the eigenvalues of A(x) in descending order.

Definition 2.2 For a symmetric, nonnegative definite matriz A, ||o||%-1 will mean the value oo
for o € R% not in the linear span of the eigenvectors corresponding to the positive eigenvalues, and

<a, A*1a> for vectors a € R% in that linear span where A~ is defined.



Assumption (2.3) implies there exists some Kp4 < oo and Apa € (0, A] (independent of x) such

that
O3 H.(x, ) Kpa
sup sup max , 2.5
z€R4 |la||<Apa 1,5,k 80@8043'80% a3 ( )
and consequently for all ||a|| < Apa and all z € R?
L2 *Kpa<H < Lo ‘K 2
B el = llell” Kpa < He(z, ) < B sy + llall” Kpa. (2.6)

These assumptions will allow us to prove a moderate deviations principle {X['}7° ;. and will allow
us to embed Z; in a sequence satisfying a moderate deviations principle so that we can use that
information to choose importance sampling schemes.

Define the continuous time linear interpolation of X by X"(i/n) = X for i = 0,...,n and
X"(t)=(+1—nt)X]" + (nt —9) X} (2.7)
for t € (i/n,i/n+1/n). In addition, define

1
0 ,0 ,0 0
Xﬂl_Xi" +Eb<XZ." ),Xg =20

()

and let X™0(¢) be the analogously defined continuous time linear interpolation. Clearly X™°(¢) —
XO(t) in C([0,1] : RY), where
t
X0(t) = / b(X(s))ds + 0.
0

Since Eu;(x) = 0 for all € R, we know that X™(¢) — X°(t) in C([0, 1] : R%) in probability. One
can estimate probabilities for events involving paths outside the law of large numbers limit X by

proving a large deviation principle and finding the corresponding rate function.

Definition 2.3 Let {Z™, n € N} be a sequence of random variables defined on a probability space
(Q, F, P) and taking values in a Polish space Z. A function I : Z — [0, 00| is called a rate function
if for any M < oo the set {x : I(x) < M} is compact in Z. The sequence {Z"™} satisfies the large

deviation principle on Z with rate function I and sequence r(n) if the following two conditions hold.

e Large Deviation Upper Bound: for each closed subset F' of Z



limsupr(n)log P(Z" € F) < — inf I(z).

n—00 zeF

e Large Deviation Lower Bound: for each open subset G of Z
liminfr(n)log P(Z" € G) > — inf I(2).
n—oo zeG

Under significantly stronger assumptions, including the assumption

sup sup H.(z,a) < oo,
z€Rd aeRd

it has been shown that X™(t) satisfies the large deviation principle on C([0,1] : R%) with sequence

r(n) = 1/n and rate function

1 t
1,(6) = inf { /O Le((s),u(s))ds : ¢ (t) = 7o + /O b((s))ds

+/0tu(5)ds,t e [0, 1]} :

where

L.(z,p) = sup {{c, B) — He(z, ) }

acRd
is the Legendre transform of H.(x,«) [12, 29, 30, 31, 32].
Assume a(n) satisfies

a(n) — 0 and a(n)y/n — occ. (2.8)

We define the rescaled difference

Y"(t) = a(n) V(X" (t) - X"0(1)). (2.9)

Note that

10



Due to Condition 2.1

sup HX”’O(t) - Xo(t)H =0(1/n)
t€[0,T]

and it is straightforward to demonstrate that the results we prove for Y” also hold for

YI" = a(n)v/n(X? — XO(i/n)).

)

For 7, u € P(R?) [the set of probability measures on B(R?)] , the relative entropy of 7 with respect

to p is defined by

Ry = [ toe (G ) atao) € 0]

if i is absolutely continuous with respect to u, and R(n| p) = oo otherwise. In addition, for a

general bounded, measurable function G : R — R we have the variational formula

~log ( /R d eG(z),u(dx)> _ o { B G(az)n(da:)+R(77|]u)} (2.10)

neP(RY)

For a proof of this or for general properties of relative entropy we refer to [12, Section 1.4]. Through-
out the paper we will use the following notation when we want a new process with the same structure

as Y" but driven by a new measure.

n
n—1

Construction 2.4 Given a probability measure 7 € P((R})"), let (4, ..., 4, ;) have distribution

1. Define

_ _ 1 1 _
Xl = X+ 0 (X) + —af, X = wo

and the scaled difference

Y™ = Vna(n)(X™1 — X™0),

Define also the continuous time linear interpolations X™"(¢) and Y™"(¢) as in (2.7). Let 1, denote

the conditional distribution of @] given (ag,...w; ;), with the understanding that we generally

supress the dependence on (4, ...w, ;) in the notation. Define the conditional means of the noises

w™(t) = /Rdun?(du) forte [i, Lr 1> ,

n n

11



the amplified conditional means

w™(t) = a(n)vnw™(t),
and random measures on R? ® [0, 1]

g”’”(dw X dt) = (Swn,n(t) (dw)dt = 5a(n)\/ﬁw”v"(t) (dw)dt

The variational formula (2.10) and chain rule [12, Theorem C.3.1] imply that

Z R(n|| p(| X)) + F(Y™)

2 sy zF(Y™
—a(n)?log £ |e am 1nf E
=0

for any bounded, measurable F' : C([0,1] : R?) — R. Both the proof of the moderate deviation
principle as well as the asymptotic performance of a class of importance sampling changes of measure
rely heavily on the following tightness result. The proof of this is rather long and consequnetly

has been moved to Appendix A for the convenience of the reader.

Theorem 2.5 Let {n"} be a sequence of measures, each n* € P((RY)™), and define the corres-

ponding random variables as in Construction 2.4. Assume that for some Kg < oo

sup {a(n)QnE

neN

n—1

1 n vn,n"

~ > ROn?| p( X} ))” < Kp. (2.11)
i=0

Then the {s™""} are uniformly integrable in the sense that

lim limsup £
C—o00 p—oo

=0 (2.12)

/ Jw|| ™" (dw ® dt)
{wilwl[>C}

and {(c"™"", Y™V} en is tight in P(R? @ [0,1]) ® C([0,1] : RY). Consider a subsequence (keeping

the index n for convenience) such that {(<™"", Y™™ )} converges weakly to some (s,Y). Then with

12



probability 1 ¢o(dt) is Lebesque measure and

t t
Y(t) = /0 Db(X°(s))Y (s)ds + /0 (s)ds, (2.13)

where

In addition,

n—1 1

o 1 . - 1.

lim inf a(n)*nE ;5 R(ni | u(-] X)) >E[/O §||w(3)||,24—1(X0(s))d8 - (2.14)
1=0

Proof. The proof is in Appendix A. =

13



3 MODERATE DEVIATIONS PRINCIPLE

3.1 Statement of Result

As noted in the introduction, the result stated below also holds with the interval [0, 1] replaced by
[0,T], T € (0,00). Let

¢ ¢
o (t) = / Db(X%(s))¢"(s)ds +/ u(s)ds. (3.1)
0 0
and let D denote the gradient operator.

Theorem 3.1 Assume Condition 2.1. Then {Y"}, _y satisfies the large deviation principle on

C([0,1] : RY) with sequence a(n)? and rate function

nuto) =it {5 [ a1 60 = [ Dox0(s)otelas
- / t AY2(XO(s))u(s)ds, t € [0, 1]} .
0

Is is essentially the same as what one would obtain by using a linear approximation around

the law of large numbers limit X of the dynamics and a quadratic approximation of the costs in

14



Ir,. To prove the LDP, it suffices to show the Laplace principle [12, Theorem 1.2.3]

1 n
lim —a(n)*log E [ea(”ﬂF(Y )] (3.2)

n—oo
_ ¢ ds + F AW(XO)}
e (3 ) s (5707)

where ¢A1/2(X0)“ is given by (3.1). From (2.10) we have

Z R(n|| p(] X)) + F(Y™)

=0

1 p
—a(n)2logE[e a2 1O } 1nf (3.3)

for any bounded, continuous F : C([0,1] : RY) — R, where n;, X™" and Y™" are given by
Construction 2.4 in terms of 7.

We will prove (3.2) by proving the lower bound

n—oo

> £ ds + F (A2 (X0 }
_ueLgégle{ /Hu )P ds+ F (p470")

_ 1 n
liminf —a(n)?log E {e a7 )} (3.4)

and the upper bound

< f ds + F (¢A?(Xu }
_ueL2%][%1 Rd){ /'u H - (¢ )

The results of Theorem 2.5 will be used in the proofs of both of these bounds.

__1 n
limsup —a(n)*log E [e atmz Y )} (3.5)

3.2 Laplace Upper Bound

The goal of this section is to prove (3.4), which due to the minus sign corresponds to the Laplace

upper bound. Suppose for each n that n™ comes within ¢ of achieving the infimum in (3.3), so that

__1 n
liminf —a(n)?log E [e awz )} +€ (3.6)
> liminf B Z RO (| XM7)) + F(Y™")
=0

15



Since sup,cga |F(z)| < KF for some Kp < 0o, we also have

n—1

1 -
Z;R(m | (] X7 ))] <2Kp +e.
1=0

supa(n)’nFE

n

Consequently we can choose a subsequence of {n™} (we retain n as the index for convenience) along

which the conclusions of Theorem 2.5 hold. Combining this with (3.6) gives

n—oo

__1 n
liminf —a(n)?log E [e LA )} +e

1
a(n)?R(n} || p(-| X)) + F(Y™1")

n

> liminf

n—oo

Il
o

i

11 . .
Z E |:/0 5 ||w(8)‘|,24*1(X0(s)) ds + F(Y):| .

Recalling
V() = /O Db(X0(s))V (5)ds + /0 io(s)ds,

it follows that

11 . N
B| [ 5106 B ds + 7))

. 11 w
> inf {/0 3 () %=1 (x0(s)) ds + F (& )}

weL2([0,1]:R%)
1
4 1 2 A1/2 XO
ot A S as s p (o700 L

with ¢" defined as in (3.1). Since € > 0 is arbitrary, we have the lower bound (3.4).
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3.3 Laplace Lower Bound

The goal of this section is to prove (3.5). Note that for u,v € L2([0,1] : R?) with ¢A1/2(XO)“ and

qul/Q(XO)U given by (3.1)

¢A1/2(X0)u(t) _ ¢A1/2(XO)U(t)

-/ ' DB(s)) (847X (s) — A0 ()) ds
0

t
+ / (AV2(XO(s)u(s) — AY2(XO(s)v(s))ds.
0
Thus by Gronwall’s inequality

/ u / v
sup |7 CE(1) — g2 )| (3.7)
te(0,1]

1
<1 +KbeKb)/0 HAl/Q(XO(s)u(s) - A1/2(X0(S)U(S)H ds

< (1+ KyeFo) K (/01 lu(s) — U(s)||2ds>% .

Since C([0,1] : R?) is dense in L2([0,1] : RY), the proof of the Laplace lower bound is reduced to

showing that for an arbitrary u € C([0, 1] : R%)

S v 1
limsup —a(n)?log E [e a2 Y )] < ;/ u(s)||* ds + F <¢A1/2(X0)”) . (3.8)
0

The main difficulty is to deal with the possible degeneracy of the noise. Recall the orthogonal

decomposition of A(z) (2.4). Define

A (z) = Q)AL (2)Q" ()

where Ax'(z) is the diagonal matrix such that A;lK(x) = Aj;'(x) when A;'(z) < K? and

A;lK(x) = K? when Aj;'(z) > K% Note that by [27, Theorem 6.2.37] AY?(z), Ax'(z) and

A%z (z) are continuous functions of A(x), and consequently they are also continuous functions of
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In addition define

z € R%,
u(s) for [lu(s)| < K
ug(s) = )
o for Jlu(s)| > K
Let ¢ (t) o4 X0) A2 (XO)ug (t) recalling (3.1), and note that ¢“X solves
(3.9)

o0 = | " DB(XO()g" " (5)ds

" / A(X(5) AR (XO(s)usc (5)ds
0

|nt| /n, where |a] is the integer part of a

To simplify notation we define s}’ =i/n and s"(t)
Note that s"(¢) — ¢t — 0 uniformly for ¢ € [0, 1] as n — oo. For n sufficiently large

} = a(n;ﬁKQ = Ap4

)} as in Construction 2.4 where

i)

AR (X0 (1)) e s

max
0<i<n—1 { n)y/n

n,u, K TL,’U,,K gn,nn,u,K
)

n,u, K on s
Y

and we can define the sequence {(X™"
is defined in terms of the conditional distributions

n,u,K 3
n

nuK(dv)
—-1/2 (XO( )) UK( n)>
nuK)'

:eXp{< <§f K
o (X S A () e (D)) f ] X

Using (2.5) and the fact that
/ wexp{(u, a) — Ho(z, ) bu(du| 2) = DoHo(z, o)
R

(3.10)

we have for ||a| < Apa
2
< Kpallal®.

| wexp{(u.a) = Ho(w. o)}l dulz) - A

The next result identifies the limit in probability of the controlled processes and an asymptotic
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bound for the relative entropies.

Theorem 3.2 Let u € C([0,1] : R?) and K € (0,00) be given, construct

{(xmn™™ oyt n”’“’K,gn’”n’u’K)} as in this section and define ¢“¥ by (3.9). Then

n,u, K

ymrttt gk (3.11)
in C([0,1] : RY) in probability, and
1 n—1 X
. 2 - 75U, K n,n™"
hgsgpa (n)nE - Z R ( H p(| X" ))] (3.12)
/ HA V20X (s)yug (s )H ds
A(XO(s))
Proof. From (2.6) and (3.10) we have for all n sufficiently large that a(nﬁ\/ﬁKQ < Apa

i 527

:/ < ()\FA;/Q(XO( ") uk (8! )> P (dy)

. (XnnM AR (X )k ()
(v

( e K) AR (X0 (7)) ure (s7)
1
1< A (R ) A2 (0 ) e (5

AR (X0 ) e () )
L4 (x0 MY+ e KpakK®
aln)n’ K (X7 (s1) uk (5] )> + a(n)3n3/2 DA

1 ~1/2 /0 2 6
=—||A XV (s? o KpaK
2a(n)%n ‘ i (X)) ur (57) ARy + (n)3n3/2 bAa
Consequently
1 n—1 X
2 - U, K n,n™%
llﬂsogpa (n)nE - ;_0 R ( H p(| X, ))] (3.13)
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where in fact

lim Sup o E KK,

n—oo

Zl 4R 00 629) e (5

N |

‘2
n,u <
AR | T

(recall (2.3)). Therefore (2.11) is satisfied by {n™*“%}, so we can apply Theorem 2.5 and choose a

. . . . K oy s K
subsequence (keeping n as the index for convenience) along which {(¢™7""" Y™ ")} converges

u,K7 Yu,K)

weakly to some limit (¢ , where gg’K is Lebesgue measure and

YK () /Db (XO>s)) YK (s ds+// wcl‘z (dw|s)d
R4

This implies

ap [0y - X000
te(0,1]
in probability. Because of this, the uniform bound on A'/2(z) and the continuity of A'/2(x), we

have (recall that s"(t) = [nt] /n)

s AV (51 (1)) = AVA(XO(s" (1)) | - 0

in probability. However, the continuity of A/2(X O)A;(I/ 2 (XOug gives

sup || AM2(x(s" () A2 (XO(s" (8)) e (57 (1))

te[0,1]

—AR(XO) A KO (8)]| - 0.

Combining these limits, and using the fact that A;/ 2 (X% ug is uniformly bounded, shows that

n,u, K

sup [ AV (5 (1)) A (O (8) e (57 (1)) (3.14)

t€[0,1]

—AVAXO) AL (X 1) (1)]| - 0

in probability. This combined with the uniform bounds allows us to use dominated convergence
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to get

lim sup & 1/1 |(A*W(Xo(sn(t)))uK(s”(t))H2 dt
nooo  [2Jo ITK A K (sn (1))
L (Y212, w0 2
-1 /0 | 2x (t))uK(t)HA(XO(t)) dr.
Combining this with (3.13) shows (3.12).
To prove (3.11) we will show that in fact
K
¢“Fdvedt) =46, ACXO(E)) A2 (x0 ())UK(t)(dv)dt.

For all o > 0 let
G, = {(z,t) e RY % [0,1] Hz - A(XO(t))A;”(XO(t))uK(t)H < a} ,

and note that by weak convergence limsup,, ., E[<™7""" (G,)] < E[¢*¥(G,)]. Note also that

n,u, K

B (Gy)
> | swp Jatoyva [ ong(ao A(X“(t))A;S/Q<X°<t>>uK<t>HScr].
tEOl

However, by (3.10) we can choose n large enough to make

sup
te[0,1]

a(n)v/n / vnrfnquK

—a (g <s”<t>>) AL (X 60) e (70 |

arbitrarily small, and the proof that

n,u, K

sup. {| ACK™ (57 () A (X0 (0) e (5(8)

t€[0,1]

—AX )AL t)] - 0
in probability is identical to the proof of (3.14). Therefore limsup,, ., E[¢™"""" (G,)] = 1 for all
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o >0, and so E[¢"“*(NyenG1/y)] = 1. This implies that with probability 1

s (11) = 8, (o aga 2 xomyune ()

for a.e. t. It follows that
t t
Ve () = / Db(X%(s))Y" " (s)ds + / AXO(5)) A2 (XO(s))uk (s)ds,
0 0

and therefore Y7 — #“ " weakly. This implies (3.11) and completes the proof. m

The second theorem in this section allows us to approximate F(¢A1/2(XO)“) by F(¢“¥) and

zfo |u(s || ds by
5 ) IRl o,

Theorem 3.3 Let u € C([0,1] : R?) and define ¢A1/2(X0)“ by (3.1) and ¢*% by (3.9). Then

¢u,K N ¢A1/2(X0)u

in C([0,1] : RY) and

sup / HA—W (XO(s))ux (s >H2 ds < 1/1 u(s)])? ds.
Ke(0,00) A(XO@s) T 2 )

Proof. Note that
| 472X (5) AR X0 (5)puse(s) | < )]

for all s € [0,1] and K € (0,00) so

sup 1/01 HA;Q/?(XO(S))UK(S)HA(XO < 2/ lu(s)|2 ds. (3.15)

Ke(0,00)

In addition,

AM2(XO(5) AV (XO(s)) Al (X0 (5) s (5) — AV2(XO(s)Ju(s)

and

| AM2XO() A2 (5) A A (X () urc(s) | < || AVt
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for all s € [0,1] so dominated convergence gives
AV (X0 AV (X0 AL (XOVuge — AYA(XO)u

in L'([0,1] : R%). Combining this with the second line of (3.7) and using the definition of ¢*¥ in
(3.9) shows that

¢u,K N ¢A1/2(Xo)u
in C([0,1] : RY). m

Using (3.3) and the fact that any given control is suboptimal,

1 n
—a(n)QlogE |:€ a(n)zF(Y ):|

n,u, K

<E

n—1
> _a(n)’R (n"“KH p(-| X3 )) + F(Y”m"’“’K)] .
1=0

Using Theorem 3.2, this implies

1 pyn
limsup —a(n)?log E [e a2 707

n—oo

2

<5/ Ao, o+ FE)

Sending K — oo and using Theorem 3.3 gives (3.8), and hence completes the proof of the lower

bound (3.5).
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4 IMPORTANCE SAMPLING SCHEMES

4.1 Preliminaries and Statement of Result

Recall from Sections 1 and 2 that in order to choose an importance sampling scheme for the process
Z; given by (2.1) we study the asymptotic properties of schemes acting on sequences of processes
Y™(t) given by (2.9) which satisfy the moderate deviations principle given in Chapter 3. The

Laplace principle (3.2) indicates that for any bounded, continuous function G : R¢ — R

__1 n
lim —a(n)?log Fe a2 G0 D)
n—oo

) 1 T t
—int {3 [ IR+ o) o0 = [ X))t
t
+/ AYV2(XO(s))u(s)ds, t € [O,T]}.
0
However, we are interested in the larger class of functions which are lower semicontinuous and

bounded from below. Let F' be one such function. Then the Laplace principle upper bound

can be extended using approximation by uniformly bounded, Lipshitz continuous functions [12,
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Theorem 1.3.6] to give

l%%ni)ig‘}f —a(n)?log EefﬁF(Yﬂ(T)) (4.1)
T t
sz{i | e+ P o) = [ Dbx(o)etspas

+ /t AYV2(XO(s))u(s)ds, t € [o,:r}} .

0
Define
T S
Vit =int {5 [ TP dr+ PO 006 =y + [ DU
+ / ) AYV2(XO(r))u(r)dr, s € [t,T]} (4.2)

and note that (4.1) gives

__1_pyn
lim inf —a(n)?log Ee ? FY™(T))

n—oo

> V(0,0).

We will use various families of changes of measure for importance sampling on the sequence
{Y"}5° ;. As in [19], each change of measure will be obtained from a subsolution to an associated
HJB equation. The subsolutions are often constructed as minimums or maximums of some finite
collection of smooth (classical sense) subsolutions. When a single smooth subsolution can be
used, the change of measure can be identified as an “exponential tilt” of the underlying true
distributions, with the tilt determined by the gradient of the subsolution. When the minimum of
smooth subsolutions is used, one molifies it to get another smooth subsolution. The mollification
procedure is outlined below, and the implementation of this mollification can be done in either the
traditional or a randomized way which will be explained later (see also [19]). We will first state the
partial differential equation (PDE) dynamics and give the definition of a classical sense subsolution

to those dynamics. A classical sense solution to the PDE dynamics is smooth and satisfies

W (9.1) = 5 IDW (0, 0)[Fy o) — (DW (u:1), DHX*()y) (4.3)
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and a classical sense subsolution to this PDE is smooth and satisfies
1
Wiy 1) 2 5 IDW (0,01 cxoqe) — (W (u:8), DB(X°(0)y) (4.4)
For a € C(R? x [0,T] : RY) let

lalle = sup  fla(y,t)]. (4.5)
(y,t)ERIX[0,T]

The following construction defines the class of smooth subsolutions we use for importance sampling

changes of measure.

Construction 4.1 Let

So = {W € CY (R x [0,T] : R) : W satisfies (4.4)and | DW]|, < oo} .

o0

o 1 according to

For W € Sy define the corresponding importance sampling random variables {r"

1
r’ = e an)?

. |Tn dﬂ(-[f(."”") -1
roty p (2 "

n

where the distribution of ﬂzn, given ﬂ; ,7=0,...,4— 1, is defined by

— AT 1 )
P (dul XM = —————F=DW (Y, —
GRS e"p{<“’ an)v/n ( n)>
— n ]_ — n Z — n
~H (XM, - Dw (¥~ du| X7
( 7 a(n)y/n (’ ’n))}u< ul X; >’

and (ﬂ”n X" }7”’7") are defined in terms of 4™ as in Construction 2.4, with y" defined implicitly

in terms of the conditionals ~}'.

Note that for n sufficiently large m | DW||, < A (recall (2.3)) so this is well defined.

Clearly the estimates are unbiased, meaning

I n
E[f" =E [e amr FY (T”} .
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For this reason minimizing the variance is equivalent to minimizing the second moment. Con-

sequently we evaluate the effectiveness of these schemes by evaluating
lim inf —a(n)? log E[(r")?] (4.6)

and naturally prefer higher values since that means a faster rate of decay. Note that we have not
yet specified the terminal conditions for the subsolutions W € Sy. Specifying that the subsolution

is less than or equal to the function F,

W(y,T) < F(y) for all y € RY, (4.7)

allows us to get a lower bound on (4.6). Consequently we will also define the following class of

subsolutions

Definition 4.2 Let
S = {W €Sy:W(y,T) < F(y) for ally eRd}.

In order to find a subsolution in Sy which satisfies this terminal condition it may be useful
to take mollified minimums and maximums of subsolultions in Sy as long as these mollifications

remain in Sg. We introduce the following mollifications which accomplish this.

Definition 4.3 Given K functions f* : R? ® [0,T] — R define the smooth approximation to
min({f*}/< )
K
DS ({0 (. 6) = —dlog {Ze“k“””}

k=1

and the smooth approzimation to max({f*}< )

K
U™ ({f* 1) (1) —5log{z A }

k=1
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In addition, define the weightings

K
A APHL (nt) = HO0 [ 3w
k=1

and

K
max l l
P (1) = s/ @D /Zegf’“(y,t) _
k=1
Note that
~Slog K + min({7},) < USR({ ) < min({FH)
and

—8log K +max({f*}i2,) < UP™({f*}H)) < max({F*}H2y).

In addition, if we set U(y,t) = US™n({WFIE )(y,t) and p,(y,t) = pi’mm({Wk}kK:l)(y,t) or
Uy, t) = USm({WRHE ) (y,t) and py(y, £) = o™ ({W*H,)(y, 1) then

DU (y,t) = kZipk(:% t)DW*(y,1) (4.8)
and ;
Us(y, t) = kzl prly, OWE(y, ) (4.9)
for all (y,t) € R% x [0,T]. Let
W(R? x [0,T7]) (4.10)

K
= {p € C(R % [0,7]:10,11%), Y p(y,t) = 1 for all (y,£) € R? x [O,T]}
k=1

be the class of continuous weightings and note that p>™»({Wk}E )(y, ), pomx({WHFLHE ) (y,t) €
W(R? x [0,T]). The next lemma states that the class Sy is closed under these types of mollifica-
tions.

Lemma 4.4 If Wk € Sy for k=1,...,K then USmin({WF}E ) yomax({WWrE ) e .

Proof. For convenience denote (U™ ({WHHE ) pomin({yrLE ) LIWWELE ) or

28



(OO (W), pPm (WL AWRHL,) by (U p, AWFHE). Recall that (U, p, {W*}H))
satisfies (4.8) and (4.9). Clearly p, € C(R? x [0,7] : R) for k = 1,..., K and by assumption
Wk e CYR? x [0,T] : R) for k = 1,...,K so U € CY(R? x [0,7] : R). In addition |DU||_, < oo
follows from the fact that HDW’“HOO < oo for k =1,..,K and p € W(R? x [0,T]). Also U

automatically also satisfies (4.4) since the convexity of ||o<||?4 implies

Ui(y

~+~
~—

Pk (y7 t)Wtk (ya t)

1> [0

> S 00 (3|0 ] )~ (07 00 D001 )
k=1
LIl 2 K
Z 5 Zpk(yvt)DWk (yat) - <Zpk(y7t)DWk (yat) 7Db(X0(t))y>
k=1 A(XO(1)) k=1

= 5 IDU Doy — (DU 1), DB ().

This completes the proof. m

Because the first derivatives of USma({W*}K ) and USmax({IWW*} K ) are weighted combina-
tions of the first derivatives of W1, ..., WE with weights given by pi’min({Wk},i{:l) and
pi’max({Wk}le), respectively, the exponential tilt change of measure given by Construction 4.1
for one of these mollifications is a weighted combination of the exponential tilts given by the indi-
vidual subsolutions. Motivated by this property of the mollifications we introduce the next class
of changes of measure to provide an alternative implementation of importance sampling schemes
based on mollifications of subsolutions which can be easier to implement for complex problems.

The following is referred to as the randomized implementation of a mollification of subsolutions.

Construction 4.5 Let

MSy = {(U, p AW ) p e WRE % [0,T]), U € So, WF € S fork=1,.., K,

and (U, p, {W*YE ) satisfies (4.8) and (49)}

For (U, p, {Wk}szl) € MSy define the corresponding importance sampling random variables ac-
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cording to

. |Tn] n ( ’?%7")
P e—a(i)zF(Y”” (7)) H u(fﬂ")
i=0 du(-| X37) ’

n

where the distribution of fozn, given a] ,3=0,...,1—1, is defined by

K . .
— n — n 1 — n Z
"(d Xm>:§: A —————=DW* [y, —
71 ( 'LL‘ I k:1pk( 7 7n exp u, a(n)\/ﬁ 7 77’L
— n 1 — n Z — n
—H (X", - pwk (vt L (dul X7
<Z TOND ( n>>}“ ul &)

and (fﬂn,X " Y”’Vn) are defined in terms of v” as in Construction 2.4.

Note that given any W € Sy we have (W, 1, W) € MSy, and the two implementations, Con-
struction 4.1 for W € Sy and Construction 4.5 for (W, 1,W) € MSy, give the same importance
sampling scheme. In addition, given any {W*}X  with W* € Sy for k = 1, ..., K we have (recalling
that
(Uomin({WhIE ), pomin({WhE ) TWEE ) satisfies (4.8) and (4.9))
(Uomin({WHFHE ), pomin({WRHE ) {WFHE 1) € MSo. Analogously
(Uomax({IkLE ) pomax((JRLE ) LIWRLE ) € MS,.  Therefore the two implementations of
importance sampling schemes based on U™ ({W*}X_ ) are Construction 4.1 using US™® ({WFIE ) €
Sp and Construction 4.5 using (U™ ({WHFHE ) pomin({WHHE ) {WFIE ) € MSy. The same
holds analogously for U%™a*({W*}K ) We now introduce notation for mollified subsolutions

which satisfy the terminal condition.

Definition 4.6 Let
MS = {(U, p, AWFIE Y e MSo: W (y,T) < F(y) for ally € Rd} '

The following theorem gives a lower bound on (4.6) based on the value of the subsolution at

the origin.
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Theorem 4.7 For an arbitrary (U, p, {W*}E ) € MS let {r"}>2, be the importance sampling

n=1

random variables given by Construction 4.5. Then

lim inf —a(n)? log E[(r™)%] > V(0,0) + U(0,0).

n—oo
Proof. See Section 4.2 m

This gives us a measure of the asymptotic performance of an importance sampling scheme given
by the mollification of subsolutions (U, p, {W*}£ ) € MS using the randomized implementation
given in Construction 4.5. The following corollary gives the same bound for an importance sampling
scheme based on a subsolution W € S using the standard implementation given by Construction

4.1.

Corollary 4.8 For an arbitrary W € S let {r"}>2, be the importance sampling random variables
given by Construction 4.1. Then

lim inf —a(n)? log E[(r™)?] > V(0,0) + W (0,0).

n—oo

Proof. This follows easily from Theorem 4.7 and the fact that the importance sampling random
variables given by W € S under the standard implementation in Construction 4.1 and the import-
ance sampling random variables given by (W, 1, W) € MS under the randomized implemenation
in Construction 4.5 are identical. =

Note that given any (U, p, {W*}£ ) € MS we also have U € S, and Constructions 4.5 and 4.1
give distinct (assuming K > 1) changes of measure whose estimators satisfy the same asymptotic
lower bound on their second moments. We include the randomized implementation in Construction
4.5 because for complex problems it is more convenient to work with, so it is useful to know that
the asymptotic bound the second moment holds for this implemenation as well. Because, as was
stated earlier, it is a generalization of the standard implementation given in Construction 4.1 it

suffices to investigate the randomized implementation.

31



4.2 Proof of Theorem 4.7

The proof of the asymptotic bound on the second moment of importance sampling estimators based
on subsolutions in the moderate deviations setting differs from the proof of it in the large deviations
setting found in [19] because of tightness complications. Similar to the proof of the moderate
deviations principle, we can only get tightness of the occupation measure of the conditional means
of the controlled noises, rather than tightness of the controlled noises themselves (which exists in the
large deviations setting). In order to acquire this tightness we use the result of Theorem 2.5 which
requires a bound on the relative entropy cost of the control measure with respect to the original
measure. This bound is also required for the tightness proved in [19], however it can be attained
more easily there. This is done by employing a change of measure to equate the expectation of the
second moment of the estimator to an expectation under the measure of the original process. An
extension of the variational formula (2.10) is then employed, and it can be shown that the relative
entropies of near minimizing measures in the variational formulas are uniformly bounded. However,
doing so uses the fact that the moment generating function of the noise u;(z) is finite everywhere,
an assumption made in the large deviation setting but not in the moderate deviations setting.
Without this assumption the approach used in [19] becomes signfiicantly more complicated, and to
avoid this we employ a second change of measure to the second moment of the estimator. This
gives us an expecation of a bounded function which is more convenient, but it is no longer under
the original measure (see [16]). More work is then needed to get a bound on the relative entropy
costs of the near minimizing measures in the variational formula with respect to the measures of
the original processes in order to employ Theorem 2.5.

Recall that r" and (@7, X"™7",Y™7") are given by (U,p, {W*}H,) € MS C MS as in
Construction 4.5. First of all if

lim inf —a(n)? log E[(r")?] = co

then the result is true trivially, so we assume

lim inf —a(n)?log E[(r")?] = L < . (4.11)

n—oo
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Since removing one likelihood ratio amounts to replacing the processes under 7" by the original

ones, it follows that

E[(r™)?)
[ 2
_ I_Tnj Sn.y"
__1 n,y" D¢ Y n
= E |e a2 FT (D) [] ijn) (ﬂz )
im0 i1 XT)

[Tn] / K . )
_ Ly 2F(Yy™(T)) n 1 k g
=F |e aw? H ( E Pk <YZ ’n> exp {<uZ(X;”), _a(n)\/ﬁDW (an, n>>

1=0 \k=1

ol ())}) ]

This is the first change of measure which equates the second moment with an expectation under

the measure of the original process. In contrast to the approach taken in [19] (which involves a
large deviations scaling as opposed to moderate deviations) we find it convenient to make a second

change of measure to remove the exponential tilt term. Note that Jensen’s inequality gives

o )i (o.2)) - 5o ()
oo o (72) (oo (1)

ol ()}

This allows us to employ a second change of measure. Define (ﬂen, Xm0 37”’9”) in terms of 8" as

in Construction 2.4 where the conditional distribution of af" given ﬂ?", j < i, is given by

07 (dul XY = exp {<u Woz (YZ."»@", ;) > (4.12)

and

=

ay,t) =Y pr(y,t) DW* (y,1). (4.13)
k=1

Note that this measure is well defined for n sufficiently large because HDW’“HOO for k=1,..., K.
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Then

T Lj’j (kzipk (1@ )exp{< \/ﬁDW’“ <Yn>> (4.14)
(3 g (o >>}>]

i ot 00 T o {50, (12,2 (s b mow (172
(i)

o >>exp{;§;pk (7 ) e (30 ot (772

o (50 e (7))

The variational formula (2.10) can be extended in the following manner. For a proof see [12,

E

=F

Proposition 4.5.1].

Lemma 4.9 Let X be a Polish space and let P(X) be the collection of probability measures on X
with the Borel o-algebra. Let g be a Borel measurable function that is bounded from below. Then

for any p € P(X)

—log /X e 9 u(da) —neigfx){R(nHu)Jr /X g(w)n(dw)}-

Using (4.14) and Lemma 4.9 we can write

—a(n)*log E[(r")?] (4.15)

> inf {a(n)2R(77 167) + E |2F(7"(T))

\
2
3
e
RS
El
7N
&<
3
3
3|
N———
=
7N\
>
s.P
LS
2
S
~—| =
B
>
S
ol
7 N
:\.
N———
N———
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where (1277", X ”’77",)7””7") is defined in terms of of ™ as in Construction 2.4. Let
[oWHHE, | = max{|[DW? | o [ DWE ) (4.16)

where ||-||, is given by (4.5). Given any € > 0 let {n"} come within € of achieving the infimum in

(4.15). Then for all n

—a(n)’log E[(r")*] + & > a(n)*R(y" [|§")

[Tn| i
_ n — n 1 — n 1
n,1 _ 2 n,n nnt °
+ E |2F(Y™"(T)) — a(n) ;O H, (XZ PN (1@ n))

|Tn| K . )
2 VAU g 1 k[ ynam
_ Y - Hc X s — DW Y s 9
o) Z,-:o kzzlp’f( Z n> < NG ( Z n)>

and in particular due to (2.3) and (2.6) for all n sufficiently large that a(nﬁ\/ﬁ H{Wk}leﬂoo < Apa

(recall (4.13))
2 n\2 KA k1K 2 :
—a(n)?log B[(r")’] + ¢ + ( T=* + TApaKpa H{DW }HH ~2 inf F(y)
o0 y

> a(n)’R(n" [|0").

Combining this with (4.11) implies we can choose a subsequence of {n™,r"}, retaining n as the

index for convenience, such that

limsup a(n)?R(n™[|6") < oo

n—oo
and

lim —a(n)?log E[(r")?] = L.

n—oo
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Note that the subsequence satisfies

L+e (4.17)

> lim sup (a(n)2R(nn 60")+ E [2F(Yn’nn (T))]

[Tn] .
— n ]_ — n 1
_ 2 . na® L
Bt 3 He <Xl SN <YZ n)>
LTn] K i 1 i
-E a(n)Q p <§7in,n”’ ) H, (Xvinm”’ _ DWk <Yin,n"’ >>
Zz; kzl k a(n)y/n n

Note that we have to keep the linear combination of the H.(x, DW*) with weights p; instead of
replacing it with H.(x,a) because H. is convex rather than concave. Using the chain rule for
relative entropy [12, Theorem C.3.1] we can write

|Tn)

a(n RO 0" = B |+ S a(n)nR (n]

=0

07 (-1 X))

. . . . . . —_ n . - n . . . .
where 77 is the conditional distribution on 4, given ug for 7 < ¢ under 0™ as in Construction

LTn)
2.4. The following lemma allows us to use the bound on F % Z a(n)*nR (nf 07 (| X'Z-n’"n))
=0
LTn)
to get a bound on E |2 Z a(n)*nR (77? (-] X?’WL)) . This new bound will allow us to invoke
=0

Theorem 2.5.

Lemma 4.10 Let {n"} be a sequence of measures with ™ € P((RY)™1) and define the correspond-
ing random variables based on these measures as in Construction 2.4. Given some (U, p, {Wk}le) €

MSy as in Construction 4.5 define the measures 0" using (4.12). If

| Tn)

1 T
limsup F | — Z a(n)*nR (nf o7 (.| X" )) < o0
e iz

then ~

g ,
limsup | = 3 a(n)?nk (i} || w1 X717 )| < oc. (4.18)
oo "o



Proof. We have from (4.12)

_ dn o (| Xmm)
R |p(| X)) = [ lo i (u) ————t—2(u) | ni(du
dn
log | ———%—— *(du

de" |X "
lo *(du

ot
(XM <>ﬁ“<}7jmn’i>>
1K) s oW | [ e

because H. > 0, where H{DW’“}szlHoo is given by (4.16). Therefore

/
= (i
<A (i

[Tn]

LSt (n7 u(1X0)

=0

limsup &£

n—oo

|Tn]
. 1 2 — n
< S - nllgn (.| X"
<limsup £ | z; a(n)*nR (771 0i' (-] X; ))]
1 [T
+ H{DWk}k 1” limsup F Z a(n)v/n / uny (du)
n—oo i—0 R4
and the result (4.18) follows if we can show
[T
) 1
limsup E | — Za(n)\/ﬁ / uny (du) ] < 0. (4.19)
n—oo n i—0 R4

There exists Ny,, < oo such that W H{DWk}szlHoo < /\’% for all n > N, ,, where Apj is

given by (2.5). Then using (2.3) and (4.12) we have

max sup sup log (/ e<d’“>9?(du]$)> < 2K g6
0<i<|Tn| yeRrd lall<Apa/2 Rd
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which combined with Lemma A.1 gives

RO 1) 2 swp { (6 [ wnptan) —vou ([ eopanxz™) a

£cRe
n S, 1 - i
STy A )

Let e; denote the ith unit vector and note that if n > N, , then for all z,y, 3 € R and t € [0, T

(P sup {<g, 8) — H, <:17,§ - - (ni N (y,t))}

> a(n)2n {<:|: H{Dwk}é{:luooe“ﬁ> — H. (.’E,:l: ||{DW]€}£{:1H006 — 1 o (y’t)) }

aln)v/n NN

=+ H{Dwk}szluoo a(n)v/nf; — a(n)*nH, (33, + H{Dwk}szl}}mei T 1 a (yvt)>

a(n)v/n ONG

> [ (oW | atm)vas, - 25 (W — axparpa[iow

2
o0
where for the last inequality we used (2.3) and (2.6). Therefore

oy {6 e (26 gyme )}

+ 28 |[{DWHHL || d+ MpaKpa [{DWHHL|| a2 atm)vais)

and combining this with (4.20) gives gives

|Tn)

d 1
E |- a(n)?nR (n}
WL | 2 R o

o7 (| X))
12K, H{Dw’f}kf;lH d+ NpaKpa H{DW’“},CK:lH d

[Tn]
/ wrf(du)
Rd

1
>FE |-
> - Z a(n)v/n
whenever n > Ny, ,. Hence (4.19) and also (4.18) are valid, which concludes the proof. m

1=0

Recall the definitions of w™"" (t), w™"" (t), and ¢™"" given by Construction 2.4 in terms of the

measures 1"". Lemma 4.10 allows us to apply Theorem 2.5 and choose a (further) subsequence of
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{(c™n", Y™"")} (we retain n as the index for convenience) along which {(¢™"",Y™"")} converges
weakly to some limit (¢,Y) in P(R% ® [0,7T]) ® C([0,T] : R%), where ¢3(dt) is Lebesgue measure
with probability 1,

Y (t) = /0 t Db(X°(5))Y (s)ds + /0 tﬁ)(s)ds

with

i) = [ weraldult),

and the {¢"""} are uniformly integrable in the sense that

lim limsup F =0.

—X0 n—oo

/ lw]| ™" (dw @ dt)
{w[w]=C}

Because (4.12) gives

a(n)*nR (|07 (1 X1))

=a(n)*nR (77?

Sn.n™ 1 —n.n" 1
+alny il <Xi PN (Yi ! n))

we have

07 (-] Xi"’”n)) (4.21)

— 1 — . .on 4
2 n,n n,n
_ H. (X", Y. , —
ottt (K17 e (V)
K . .
~atnn Y gy (V0 ) (0 D (7 )))]
— n a(n)y/n n

= B |Fy™ (1)) + % LTZ? a(n)’nR (n} (- X7")) | + BB (1)
B i %: (ot [unt(any.a (v 1) >]
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Note that Lemma 4.9 combined with the chain rule for relative entropy [12, Theorem C.3.1] gives

[Tn]

—a(n)?log E[r"] = i%f EF(Y™(T)) + % Z a(n)*nR (77?

uCIXPT)) b

=0
which combined with (4.1) and the fact that 7" is unbiased implies

[ Tn)
liminf E | F(Y™""(T)) + 1 Z a(n)’nR (nn

n—00 n 4 v
=0

u(~\5(?’"n))

> lim inf —a(n)?log E[r"]

n—~oo

__1 n
= liminf —a(n)?log Ee «? F(Y™T))

n—oo

> V(0,0).

where the last inequality comes from (4.2). Because Y™"" — Y weakly and F' is bounded from

below and lower-semicontinuous we can apply a weak convergence version of Fatou’s lemma to get

lim inf E[F(Y™""(T))] > E[F(Y(T))].

n—oo

In addition
[Tn]

E % Z <a(n)\/ﬁ/Rd yn; (dy), a (YM;»

=0

/[O,T}(g)]Rd <w» a <Y”7”” <V:;J) , LnntJ> > ¢ (dw @ dt)

and using (2.12), the continuity and boundedness of «, and the fact that (¢""",Y™"") — (¢,Y)

=F

weakly it follows that

o (2.2
_B /[07T1®Rd ( )> (dw ® dt)
= e[ [ (a0 (v0.0))ai]
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Finally (2.6), the continuity and boundedness of DW* and the weak convergence of Y™"" to Y

imply

nmooE[ > oS (17 ) (07 g o (7 Z’M
o[$° [ (r0.) vt (ro) [, ]

Consequently along this subsequence (recall (4.13))

[Tn]

lim inf (E [F(Y”’"" (T)) + % > a(n)’nR (77?

1=

p(| X7 )] + B[RV (1))

—E % gj <a(n)\/ﬁ/yn£‘(dy),a <Y¢”’”n, :1) >]
B }fzj nzp (7 2 ) (0 s pw (v J)D
> V(0,0) + B | F(Y(T)) - ;/T o (V(0).1) ({(), DW* (V(1).1))

which combined with (4.17) and (4.21) gives (recall (4.11))

lim inf —a(n)? log E[(r")?] + ¢

n—oo

K
> V(0,0)+ E |F

Z/OT o (V(0).8) (), DW* (¥ (0),1))

HDwk’Ef? 1 ) )

Finally, (2.13) and (U, p, {W*}£ ) € MS with MS given by Definition 4.6 (recall this means the
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WF satisfy (4.4)) imply

=3 [ (v00) (Gotw. o (0.0) o o (Fn) [, )
FOY(T)) /T< ipk< )DW"’(())>dt

k=1

_ /0 <kzl pi (V1)) DWF (Y (2), 1) ,Db(XO(t))f/(t)> dt
_ /OT f:pk <Y(t),t) Wk (f/(t),t) dt]
k=1

EE[F(Y(T))/OTCZU( (t), )dt}

> U(0,0).

>F

Therefore

lim inf —a(n)?log E[(r™)?] + ¢ > V(0,0) + U(0,0)

n—oo

and because € > 0 was arbitrary this completes the proof of Theorem 4.7.
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5 INVARIANCE OF EMBEDDING

Recall that we want to estimate

Ee-F(2(T)

where F is an arbitrary lower semi-continuous function bounded from below, Z; is given by (2.1),

and Z(t) is the continuous time linear interpolation of Z; given by Z(ei) = Z; for i =0, ...,T'/e and

2() = ((i+ 1)/e =) Zs + (t — /) Zi (5.1)

for t € [i/e,(i +1)/€]. In order to use the results of Theorem 4.7 to suggest a change of measure
on the original process Z; we must embed it in a sequence of processes {X"} as in (2.2) which
satisfy Condition 2.1. In order to do this we assume that b(z) and fi(-| z) satisfy Condition 2.1.

We consider the following class of embeddings.

Construction 5.1 Let { X"} given by (2.2) with xo = 2o be such that there exists ne € N satisfying
—b(z) = eb(x) (5.2)

and
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in distribution. Then for some arbitrary a(n) satisfying (2.8) let
F(y) = a(n)* (X" (T.) + y/a(ne)v/ne)

where F is used in (4.7) with
T. =T/ (en,).
Then

1
Z=X"=X"+ — "
a(ne)y/ne

and the quantity of interest is

e P2@) Z peatoz (T,

Note that due to (5.2) and (5.3) b(z) and ju(-|z) satisfy Condition 2.1 because b(z) and fi(] z)
do, so the results of Theorem 4.7 hold. For some (U, p, {W*}£ ) € MS the change of measure

given by Construction 4.5 is given by the conditional distributions

K . .
— Ne — Ne 1 — Ne 2
re (du| X" = e L e ) LUGH B S
’YZ ( u‘ i ) ;Pk< 7 77’1,6) GXP{<U, a(ne)\/ﬁ 7 ’TLE
= Ne 1 — Ne ’L — Ne
—H. (X[~ DWE (Y L (du) X7
(o (7 ) o (%

as in Construction 2.4 and the importance sampling estimate is

_ ne
rite = 6_ a(nle)2 F(Y"e (Te))

e -1
[Tene] [ dryre (, X )
( .

— al )
i=0 p(-] X7) !

Our goal in this section is to show that the choice of embedding does not impact the changes of
measure suggested by this subsolution approach to importance sampling. Recall in (2.9) that by
working with Y™ instead of X™ we are amplifiying the noise by a(n)y/n, and the limit results in a
first order approximation of the drift. In order to account for this a 1/a(n)y/n term is present in the
exponential tilt, essentially reducing the conditional mean of the controlled noise at the same rate

that the noise is being amplified. Because of this effective cancellation the particular embedding
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doesn’t make a difference, we always end up with a first order approximation of the dynamics and
a quadratic approximation of the cost in the control problem (4.2) determining our PDE. We now
work with the original process Z; in order to demonstrate this.

Define H,. (z, ) and A(z) in terms of fi(-| z) analogously to how H, (z, o) and A(z) were defined
in terms of (-] x) in the Introduction. We introduce the following processes to get a class of

subsolution changes of measure analogous to MS but in terms of our original process Z. Let
0 0 700 0
29 =24+ eb(Z;°), Zy =z

and let Z%¢(¢) be the continuous time linear interpolation constructed in the same manner as (5.1).

Let Z°(t) be given by the ODE
Z0(t) = b(Z°(t)), 2°(0) = 2
and consider the partial differential inequality

Wiy, 1) > 5 IDW (31 DW (y,), DUZ°(0))y) (54)

2
Pz — ¢

Note that Zio’E = Xio’ne and Z°(t) = X%(t/en.). We now define subsolutions in terms of Z.

Construction 5.2 Recall the definitions of W(R? x [0,T]) in (4.10) and ||-||, in (4.5). Let

Mms? = LW, p AWHHLY) 1 p € WR? x [0,T]), WF € C'(R? x [0,T] : R),
HDW’“H < o0, and W* satisfies (5.4) fork=1,.... K,
(U, p, AW L)) satisfies (4.8) and (4.9)

and U(y,T) < eF(Z%(T) +v) for all y € Rd} .

For (U, p, {Wk}szl) € MS? define the corresponding importance sampling estimate

_ -1
P (1)) LTHM i (127)
Tz =€ —Z (T)z' )
i=0 du(-| Z;")
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where

— 7z

— 7 — 7 A~ =~z Z
Zl o =2Z] +eb(Z] )+ ev] ,Z) =z

zZ zZ
and the conditional distribution of v, given 5]7 for j <1, is

K
vz (dv| Z?Z) = Zpk (Z;YZ — Z?’e,ez') exp {<v, —DW* (ZZZ - Zio’e,ei)>
0. (7], —pw* (27" = 20 ei) ) pin (av] 2)7)
We now introduce definitions which will help us show that the choice of embedding does not

matter. The following will be called the MS? version of a subsolution in MS.

Definition 5.3 For an arbitrary embedding in Construction 5.1 and given any (U, p, {W*}E ) €
MS define

U (y,1) = - (;6)2U(a(n€)\/n7y7t/ene),
pZ(yv t) = p(a(ns)\/ay) t/ene);

and

WZk(y,t) = Wk (a(ne)v/ney, t/ene).

€
a(ne)?
The following will be called the MS version of a subsolution in MS?.

Definition 5.4 For an arbitrary embedding in Construction 5.1 given any (U, p, {W*}E_ ) € MS?

define

a(n6)2

UX (y7 t) = U(y/a(ne)\/'rTev enet)y

pX(y> t) = p(y/a(ne)\/’rzv EnGt)ﬂ

and

aln 2
Wk, 1) = Lk fa(n) Vi end).

The following theorem demonstrates that all embeddings given in Construction 5.1 suggest the

same importance sampling schemes.
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Theorem 5.5 Consider an arbitrary embedding given by Construction 5.1. Given any
(U, p, {WFIE ) € MS define (UZ, p? {WZF}E ) according to Definition 5.3. Then
(UZ, p? {WZFE ) € MSZ and the importance sampling scheme given by (U, p, {WF}E ) € MS

in Construction 4.5 is identical to the importance sampling scheme given by (UZ, 0%, {WZ’k}szl) €

MSZ in Construction 5.2. Similarly, given any (U, p, {WF}E ) € MS? define

(UX, pX {WXFLE ) according to Definition 5.4. Then (UX,pX {WXKIE ) € MS and the

importance sampling scheme given by (U, p, {W*}E ) € MSZ in Construction 5.2 is identical to

the importance sampling scheme given by (UX, pX, {WX’k}szl) € MS in Construction 4.5.

Proof. First let (U, p, {W*}E ) € MS be arbitrary and let (UZ, p?, {WZk}E ) be given by

Definition 5.3. Then

DU%(y,t) = D( Ula(ne)v/ney,t/ene))

a(ne)Q
- %EDU(@(ne)\/rTe t/ene)
K
= > pulaln) gt fen) S DWHane) iy en)
k=1 €
K
- Zka(y,t)DwZ,k(y’t)
k=1

and

UZ ) = jt<a(€ U (alna) ey, tfenc)

= Ui(a(ne)v/ney, t/enc)

a(ne)zn6

k=1 €

K
= Y aln) eyt en) s WE o) i eno)
K

= > sty )Wy, 1)
k=1
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o (UZ,p? {WZF}E ) satisfies (4.8) and (4.9). In addition,

UZ(y, T) = a(;E)ZU(a(nE)\/rzy,T/enE)

= U(a(ne)vney, Te)

a(”s)
< eF(X"NT) +y)

= F(2(T) +y)

for all y € R%  Clearly p? € W(R? x [0,T]) because p € W(R? x [0,7.]) and W%* ¢ C1(R? x
[0,7] : R) and HDVVZJ‘“‘HOo < 00 because Wk € Sy for k = 1,...,K. In order to prove that
(U2, p? {WZFLE ) € MS? it remains to show that the {WZF}K | satisfy (5.4). Note that
Construction 5.1 gives

n2eA(z) = A(x)

and
neeDb(z) = Db(x)
WO (011) = e W alne) i ten).
EHDWZ,k( t)H2 = 7“DW a(ne)y/ney, t/en )
2 YU Ao a(ne)?ne2 IV BN ) x0(t/ene))
and
(DW (4. DUZ°(0)y) = g (DWW (aln) i tfene) DB (¢ eno)Ja(mo) i)

Then because W* € Sy we have

a(”el)znewtk (a(ne)v/ney, t/ene)
B W HDW (n€)\/7TEya t/ene) A(XO(t/ene))
- a(nel)Qne <DW (a(ne)y/ney,t/ene) ,Db(XO(t/ene))a(ne)\/TTey>
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or equivalently

1 2
Wk (,1) = 5 [DW 2 (.1

A2o) <DWZ’k (y.1) 7D8(Zo(t))y> .

This completes the proof that (UZ, p?, {W%*1K ) € MS?. To show that the scheme given by
(U, p, {W*}HE ) € MS in Construction 4.5 is identical to the scheme given by (UZ, p?, {WZF}E_ ) €

MS?Z in Construction 5.2 recall that for all z € R? ev;(z) = u;(z) in distribution where the dis-

Tre

tribution of v;(x) is given by fi( du| x) and the distribution of u;(x) is given by u(du| ). Then given
K

any {oy o, € R% and {p, } K |, p, € [0,1], Zpk = 1 we have ev;(z) = n%ﬂl(:c) in distribution
k=1
where v;(x) has distribution

K
Z pr exp{ (encay, v) — He(z, o) Y dv| ).
k=1

and w;(x) has distribution

= 1 1
;Pk exp {<6n€04k, U> — He(x, mak)} p(dul ).

€

However, the conditional distribution of a]”e under (U, p, {WF}E ) € MS in Construction 4.5

given X' " = g s
i< (du| z)

: N
Dw* (anviete - x07, L) ) Laul )

_ épk (a(ne)\/ni(ﬂs _ x0ne), rj> exp {<u, _a(neleDWk (a(ne)\/ni(m — X", Z>>

1
e (v~
K
= pr (:c - Z,?’e, ei) exp {<u, —;lEDWZ’k <x - ZZQ’E, ez)>

=1

1
—H. (x, ——DW?%* <x - 72 ez)) } p (du| x)

€Ne
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and the conditional distribution of E;YZ under (UZ, p?, {W#F}K ) € MSZ in Construction 5.2

. 7’}12 .
given Z,;! =uxis

K
N (dv|z) = pr (93 - ZZQ’E7 ei) exp {<v, —DW%k (m - ZZ-O’E, ez)>
k=1

—H, (x, —DW%k (Z;YZ - Z?’E, 61)) } i (dv|x).

Combining this fact with the definition of X in terms of Z; given by Construction 5.1 and the
definitions of r™< and rz in terms of Constructions 4.5 and 5.2 demonstrates that the scheme given
by (U, p, {W*}K ) € MS in Construction 4.5 is identical to the scheme given by
(UZ,p? {WZFE ) € MS?Z in Construction 5.2. The proof in the other direction, that given an
arbitrary (U, p, {W*}E ) € MSZ and (UX, pX, {WXF}E ) as in Definition 5.4
(UX, pX AWXFLE ) € MS and the scheme given by (U, p, {W*} ) € MSZ in Construction 5.2
is identical to the scheme given by (UX, pX {WX*1K ) € MS in Construction 4.5, follows in the
same manner. m

In addition, Definitions 5.3 and 5.4 demonstrate that a ranking of subsolutions based on their
value at a particular position and time of the original processs (Z(t),t) (such as at (z9,0) which is
motivated by Theorem 4.7) is preserved under a change of embeddings. Consequently the choice
of embedding can be determined by convenience, they all suggesst the same changes of measure on

the original process Z; in the same order of preference.

50



6 CONSTRUCTING SUBSOLUTIONS

In order to use the result of Theorem 4.7 we need a subsolution (U, p, {W*}E ) € MS where MS
is given by Definition 4.6. Because the resulting estimates r™ given by Construction 4.5 satisfy the
following asymptotic decay rate of their second moments

lim inf —a(n)? log E[(r™)?] > V/(0,0) 4+ U(0,0)

n—o0

we prefer U with large values at the origin (0,0) (such a U is necessarily less than V).

Our approach is to find relatively simple class of elements in Sy which is broad enough to
allow us to build desirable subsolutions (U, p, {W*}K ) € MS using (possibly compositions of)
minimum and maximum mollifications found in Definition 4.3. This is similar to pevious work
done in a large deviations setting, such as [19]. The difference in the moderate deviations control
problem is that the drift is linear in the position and the control cost is quadratic (and independent
of the position). This results in the linear-quadratic-regulator PDE which is relatively easy to
work with. We can find classical sense solutions to (4.3) with quadratic terminal conditions, and
for arbitrary terminal conditions we can write the control problem (2.9) as an infimum over the
terminal condition and a quadratic final position cost (this is described in Theorem 6.5). Here
we propose using classical sense solutions to (4.3) with affine terminal conditions (as opposed to
quadratic) because many functions can be approximated well from below with an arbitrary number

of minimums and maximums of affine functions, and the numerical work needed for solutions with
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affine terminal values does not depend on the affine parameters. Consequently once it is done you

have the solution for any affine terminal condition. However, there may be situations where a

quadratic terminal condition is superior.

Definition 6.1 Let Q(s,t) be the time dependent matriz which satisfies

% exp{Q(s, )} = Db(XO(t)) exp{Q(s, )}

for s <t and

Q(s,s) =0.

It can be easily verified that this implies

dt

Note that (s, t) can be easily approximated numerically [4].

Definition 6.2 Given arbitrary ¢ € R and & € R? let

T
WSy, 1) = (exp{ Ot T)T e, y) — 567 /t exp{Q(s, T)}A (X0 (s)) exp{Q(s, T)T }dsé +

4 exp{Q(t, 7)1} = —Db(X° ()T exp{Q(t, T)T}.

The following theorem asserts that the functions given in Defintition 6.2 are in fact the classical

sense solutions we seek.

Theorem 6.3 W(y,t) is a solution to (4.8) with terminal condition

W (y,T) = (&) +c.

Proof. Clearly

W (y, T) = (exp{QUT, T)"}¢,y) + ¢ = (&,y) + ¢

from Definition 6.1. It remains to show that

W (y,1) = — (DWS (y,0), DO(X°(0)y) + 3 [ Dee (3, 0) |
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We have
. d 1
Wit (y,t) =" exp{Q(t T)TH + €7 exp{Q(E T)}A (X° (1) exp{Q(t, )T}
which combined with (6.1) gives

W (5,1) = — (exp{2(t, 1)), DBX(0)y) + 5 et 7)Yl oy

— <DW°’5 (y,1) ,Db(XO(t))y> + % HDWC’g (. t)Hi(XO(t))

and proves the result. m

Note that

sup DGy, 1) < ligll sup flexp{Q(s, T < o
(y,t)eRI®[0,T] t€[0,77]

so W € 8. The two quantities that need to be approximated numerically to compute W¢ from
Definition 6.2,
exp{Q(t, T)"}

and

T
/t exp{Q(s, T)}A (X° (s)) exp{Q(s, T)" }ds,

do not depend on the choice of ¢ € R and ¢ € R?.  Consequently we can use a large number of
these solutions in our creation of (U, p, {Wk}le) € B without substantially increasing the numerical
work.

Given any (U, p, {W*}E ) € MS we have for all (y,t) € R ® [0, 7]
Uly,t) < V(y,t)

where V' is given by (4.2). We want to use available information about V' to assist us in constructing
a subsolution (U, p, {IW*}E ) € MS that is large (or analogously close to V) around the origin.
The following quadratic "costs" will allow us to write V' as an infimum of the sum of two functions

over final positions z € R%.
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Definition 6.4 Define

C(y,t,z,1)

r —1
=wwmmwmw(jaﬂMwﬂMﬂ@nmm@N%@ (2 — exp{Qt.7)})

for0<t<r<T andy,z € R? using Definition 2.2 for the inverse of a symmetric, nonnegative

definite matriz. In addition, use the convention that
C(zv T) = 0(07 0, z, T)

for 0 <r <T and z € R,

We now show how V' can be written as a minimization over the quadtratic "position costs"

defined above and terminal condition F'.

Theorem 6.5 Let C(y,t,z,r) be given by Definition 6.4 and let V (y,t) be given by (4.2). Then

foranyy € R and 0 <t < T
V(g.t) = inf {C(y,t,2T) + F(2)}.
2€Rd

In particular,

V(0,0) = Zieand{C(z, T)+ F(z)}.

Proof. The proof is in Appendix B. =

Recall that our method of building subsolutions involves approximating F' from below by a
function G which is given by minimums and maximums of affine functions, and then using the
mollifications given in Definition 4.3 to get a classical sense subsolution U for the PDE (4.3) with
terminal condition G instead of F. If we let V¢ be the true solution to the PDE (4.3) with terminal
condition G we have

V(y,t) > VE(y,t) > Uy,t)
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for all (y,t) € R?® [0,T]. We want U to be as large as possible at the origin, and we can make
U(y,t) arbitrarily close to V& (y,t) by making the mollification parameter § used in Definition 4.3
smaller. However, in most problems we are interested in the origin is an attractor (because Y is a
scaled version of X" centered around its law of large numbers limit). Subsolutions with large second
derivatives at the attractor (as we send § — 0 the mollification approaches the nonsmooth function,
either min or max, that it is approximating) can have large second moments for some finite noise
values despite performing well asymptotically in accordinance with the result of Theorem 4.7. This
is discussed thoroughly in the setting of one-dimensional diffusion processes in [17]. Although our
present situation isn’t the same, these issues may arise here and we recommend not making § too
small because you might hurt performance rather than enhance it (for instance in [17] § = 2¢ was
shown to be effective where ¢ was the variance of the noise). Consequently we turn our attention

to decreasing V (y,t) — V& (y,t) with our choice of G. Theorem 6.5 gives

V(y7 t) - VG(y) t)
= Zieand{C(y,t, 2, T)+ F(2)} — Zieand{C(y,t, z2,T)+ G(2)}
and in particular
V(0,0) — VE(0,0)
= inf {C(2,T) + F(2)} — inf {C(2,T) +G(2)}.

2z€R4 2€R4

Consequently, we can ensure that

zieand{C(z’ T)+ G(2)} (6.2)
is close to
zienlgd{C(z, T)+ F(2)} (6.3)

by ensuring that G approximates F well at the near minimizing z € R? in (6.3) and that the
approximation does not degrade substantially enough away from these points to allow new minim-
izers in (6.2) that significantly reduce the infimum. Recall that with the method proposed here

G is constructed by taking minimums and maximums of affine functions (however quadratic func-
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g3(z) /// \

Figure 1: G(z) = max{g3(z), min{gi(z), g2(2)}} is an approximation of F'(z) from below

tions could also be used). This method will be demonstrated in the examples, but an illustration
is provided in Figure 1. Here the affine functions are g1(z), g2(x), and gs(x) and we are using
G(z) = max{gs(z), min{g1(2),g2(2)}} to approximate F(z) from below.

An additional issue to consider for subsolution creation is that we only specified the moment
generating function be finite on a neighborhood around the origin, not necessarily on all of R%.
For this reason we must restrict ourselves to subsolutions whose negative gradients stay within
this neighborhood so that the exponential tilts they suggest can be implemented. Recall that if
(U, p, {W*}E ) € MS then U € S. The randomized implementation usinig (U, p, {W*}£ ) € MS
in Construction 4.5 involves randomly selecting a k € {1, ..., K} at each time step using the weights
given by p and using —DW* as our exponential tilt. The standard implementation using U € S
according to Construction 4.1 involves implementing an exponential tilt which is a linear combina-
tion of {—DWk }i{:l according to the weights p at each time step. We have observed comparable

performance by both implementations, but for complex problems the randomized implementation
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may be easier to work with.
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7 NUMERICAL EXAMPLES

In this section we test the performance of importance sampling schemes based on moderate de-
viations subsolutions in a variety of problems. When possible we compare them to their large
deviations counterparts, and we investigate where they break down and why. In the last example
(Section 7.4) we consider a problem with dynamics complex enough to make finding near-optimal
large deviations subsolutions challenging, and we investigate the benefit of adding additional sub-

solutions to the mollifications in Definition 4.3.

7.1 One-Dimension, Bernoulli Noise and Linear Drift

We first consider a one-dimensional example where {£;}3°; are iid with

and
Ziv1 = Zi —€Z;i + €€;, Zp = b.
Consequently
b(Zi) = —7Z;
and
vi(Zi) =&



We will use the embedding in Construction 5.2. The law of large numbers limit is
ZO(t) = 5e~ for t € [0, 1]
and we are interested in estimating the probability

p*=P(Z(1) ¢ (5e7 ! —a, 57! + )

=P(Z(1) - Z2°(1) ¢ (-, @)
for some o« > 0. Based on Theorem 6.5

V(0,0) = ;Iellg{OOI(fa,a)(z) +C(z,1)}

_ 201 _ —2\—1
_;gﬂ%{WI(—a,a)(z) +z (1 € ) }

and clearly the minimizers are z = +a. In order to approximate col_, 4)(2) from below with the

minimum of affine functions G in such a way that
inf {00l(_ap(2) + C(z, 1)} = mf{G(z) + C(2,1)},
z€R ’ z€R

as was suggested in Section 6, we exploit the convexity of the terminal position cost C(z,1) by
choosing an affine function (which is a line here since d = 1) for each minimizer +« which is 0 at
the minimizer and has slope equal to —C,(z, N) at the minimizer. We define classical solutions to

(4.3) WerPi(y, t) and We2P2(y, t) as in Definition 6.2 with
Br=2a(l—e e =ab

By = —2a(1—e )\ ey = —af,

which have terminal values

Wbz, 1) = ¢ + B2
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Figure 2: F'(2) = 00l(_q,0)(2) and G(z) = min{cy + 512, c2 + By2}

and

WC2’B2(Z, 1) = c3 + Byz.

Note that

G(z) = min{WP1(2,1), W*P2(2,1)} < 00l(_q,a)(2)

for all z € R and

it {G(z) +2(1 - 7))

. 201 _ —2\—1
_;gﬂg{ml(—a,a)(z)_‘_z (1 € ) }

=V(0,0)

again with minimizers z = +a. Consequently we used a change of measure based on
U omin (pirenfy Wc2"32) given by Definition 4.3. We also implemented a change of measure based on

a subsolution to the corresponding large deviation PDE as in [19]. This large deviations subsolution
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was created in analagous way to what was done above. It is the mollification of the minimum of
two exact solutions based on affine terminal conditions which have the same value at the origin as
the true solution. It is worth noting that more effort was needed to do this using the large deviation
framework and in more complex situations the effort required could be prohibitively demanding.
Due to concerns about a large second derivative at the attractor 0 mentioned in section 6 we choose
d = 2¢ (see [17] for a detailed discussion of this in the case of a one dimensional diffusion process).
What is provided in the table below is an estimate of the standard deviation of the importance
sampling estimator divided by an estimate of the probability of interest. Because these quantities
are unknown we used 100,000 simulations to estimate the standard deviations and an independent

100,000 simulations using the large deviations subsolution to estimate the probability of interest.

We used the randomized implementation given by Construction 4.5.

e=1/100 a=.4 a=.5 a=.6
Mod Std/Prob | 4.45 11.08 197.15
Large Std/Prob | 3.39 3.84 4.01

Prob 3.84210710 | 5.98210716 | 6.8021072°

Table 1: Comparing Moderate and Large Deviations IS for Bernoulli Noise

Note that because the drift is linear nothing is lost in the moderate deviations approximation
of it (it is a linear approximation). The error comes from the quadratic approximation of the cost.
As expected the importance sampling schemes based on moderate deviations perform comparably
to those based on large deviations when estimating probabilities of events near the law of large
numbers limit (small o) but are less effective when estimating probabilities of events farther away

from this limit where the appoximation is less accurate (large «).

7.2 One-Dimension, Exponential Noise and Linear Drift

Recall that both the moderate deviations rate function and the result on asymptotic efficiency
of importance sampling schemes given by subsolutions only require that the moment generating
function of the noise be finite in a neighborhood of the origin, unlike in the large deviations setting
Although the large

where it must be finite everywhere. ~We explore one such example here.
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deviations results don’t apply here, we can still choose a scheme based on them formally and
compare its performance to a scheme based on moderate deviations. Let {6;}?°, iid exponential

random variables with rate parameter 1 and let

Let
ZiJrl =Z;—€Z; + €§i> Zo=25

so the drift is the same as in the previous example (Section 7.1). Despite the fact that the noise
is different, the variance is still 1 so the moderate deviations approximations for these problems
are identical. Consequently we use the same subsolutions and importance sampling scheme given
in Section 7.1. Because the moderate deviations appromixation essentially assumes that the noise
is normally distributed, for values of a larger than (1 — e~2)/2 moderate deviations importance
sampling suggests exponential tilts which are outside the region where the moment generating
function of &, is finite (consequently they cannot be implemented). This suggests that as we
approach this value of o the moderate deviations approximation of the noise is inadequate which
may result in poor performance.

We created a large deviations subsolution (see [19]) in an analogous way to what we did for
moderate deviations in that it is the mollification of the minimum of two exact solutions based on
affine terminal conditions which have the same value at the origin as the true solution. It should be
noted that unlike the large deviations subsolution in the first example (Section 7.1) where the noise
was symmetric, or the moderate deviations subsolution which assumes that the noise is symmetric
(in one dimension) due to its "Gaussian approximation," this large deviations subsolution takes
into account that the noise behaves differently in the positive and negative directions and adjusts
the scheme accordingly. Once again we choose § = 2¢ due to concerns about the rest point at
0 (see Sections 6 and 7.1 and [17]), and we consider an estimate of the standard deviation of
the importance sampling estimator divided by an estimate of the probability of interest. Because
these quantities are unknown we used 10,000 simulations to estimate the standard deviation and an

independent 10,000 simulations using the large deviations subsolution to estimate the probability
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of interest. We used the randomized implementation given by Construction 4.5.

e =1/200 o=.2 a=.3 a=.4
Mod Std/Prob | 4.88 114.26 1.89210-%
Large Std/Prob | 2.20 2.72 3.21

Prob 3.43z107° | 6.912107% | 2.09210~13

Table 2: Comparing Moderate and Large Deviations IS for Exponential Noise

Once again because the drift is linear the only error in the moderate deviations "approximation"
of the large deviations dynamics comes from the quadratic approximation of the cost. As expected,
importance sampling based on moderate deviations performs well for smaller values of o where the
approximation is accurate and degrades as « gets larger. Note that for &« = .4 the ratio in
Table 2 is small but I am almost certain that this is only because the performance of the scheme
has degraded to the point where 10,000 samples is no longer adequate to estimate the standard
deviation. This explanation is supported by the fact that the estimate of the probability was of
the order of 1073 which very far off from the true value. Recall that a = .4 is close to the region
where the exponential tilts suggested by moderate deviations cannot even be implemented because
the approximation of the dynamics is very inaccurate. It is worth noting that the importance
sampling scheme based on large deviations performs very well despite the fact that the analysis

(the rate function and asymptotic optimality) do not pertain to this problem.

7.3 Two-Dimensions with Linear Drift

In this subsection we combine the first two numerical examples given in Sections 7.1 and 7.2 into

a two-dimensional problem. We have

Zig1 = 2y — €Zi + €€;, Zo = (5,5)

where now Z; € R? and the {£,;}2°, are iid with

& =(0i1,0i2—1)
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where

P01 =1)=P(fi1=—-1)=.5

)

and 0; 2 is exponentially distributed with rate parameter 1 and is independent of §; ;. The dynamics
in the two dimensions are independent, with the first dimension using the dynamics from the
example in Section 7.1 and the second dimension using the dynamics from the example in Section

7.2. Consequently

and

We will use the embedding in Construction 5.2. The law of large numbers limit is
Z0(t) = (5e7t, 5e7) for t € [0, 1]

and we are interested in estimating the probability

=P(Z(1) - Z2°(1) ¢ (—a, @) X (—a, )
for some o« > 0. Based on Theorem 6.5
V(O, 0) = inf {OO[(,a7a)X(,a,a)(Z) + C(Z, 1)}

z€R2

. 2 —2\—1
— inf {00l _qax(-am(® + 2 (L - )71},

Consequently we can use the subsolutions from Section 7.1 to handle the first dimension and the
subsolutions from Section 7.2 to handle the second dimension. Let V11 = We.81 and V12 = Wez2he
where WeP1 and We2#2 are given by Section 7.1 and let V2! = WeA1 and V22 = W#2 where
Werhi and We2P2 are now given by Section 7.2 (in fact the definitions of We#1 and W22 given
in Sections 7.1 and 7.2 are identical, but we specify the dependence on the section because for large

deviations the subsolutions in the two sections are not the same). If we write z = (21, 22) then
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VEL(29,1), VI2(21,t), V2L (29,t), V??2(22,t) are all subsolutions,
G(2) = min{ V¥ (2, 1)} < 001 )(2)
for all z € R and

nf{G(2) + 12l (1 - e7) 7"}

= if {00 a)(2) + 212 (1= €371

= V(0,0).

Consequently we used a change of measure based on

pomin(/LL /L2 3721 1722) given by Definition 4.3. We create a subsolution to the large deviation
problem in the same manner. We use the two large deviations subsolutions from Section 7.1 to
handle the first dimension and the two large deviations subsolutions from Section 7.2 to handle
the second dimension (note that unlike the moderate deviations situation the subsolutions in these
two sections are not the same). We then get our large deviations subsolution from a minimum
mollification of these four subsolutions as in Definition 4.3.

In contrast to the modereate deviations subsolutions the large deviations subsolutions in the
second dimension (the one with exponential noise) take into account the lack of symmetry in
the dynamics. We choose § = 2¢ due to concerns about the rest point at (0,0) (see Sections
6 and 7.1 and [17]), and we consider an estimate of the standard deviation of the importance
sampling estimator divided by an estimate of the probability of interest. Because these quantities
are unknown we used 10,000 simulations to estimate the standard deviation and an independent
10,000 simulations using the large deviations subsolution to estimate the probability of interest.

We used the randomized implementation given by Construction 4.5.

e =1/200 a=.2 a=.3 a=.4
Mod Std/Prob | 7.32 37.01 1.892107°
Large Std/Prob | 2.23 2.78 3.10

Prob 3.372107° | 6.7021079 | 2.28210713

Table 3: Comparing Moderate and Large Deviations IS in 2-dimensions

65



Once again the drift is linear so the error in the moderate deviations approximation comes from
the quadratic approximation of the cost rather than the linear approximation of the drift. The
results are similar to the previous example. Recall in Section 7.2 that the moderate deviations
"Gaussian approximation" of the exponential noise is inaccurate for large o and suggests exponen-
tial tilts which in the positive direction amplify the controlled noise excessively. Here the moderate
deviations algorithm still struggles for o = .4 because of the exponential noise in the second di-
mension (the ratio in Table 3 is small due to very poor performance of the algorithm rather than
success, the estimate of the probability itself was very far off). However, for smaller values of «
moderate deviations importance sampling schemes perform comparably to their large deviations

counterparts.

7.4 One-Dimension, State Dependent Noise and Nonlinear Drift

Our last numerical example considers more complex dynamics but in one-dimension. The drift is

quadratic and the noise is Bernoulli but the variance depends on the state. The dynamics are
Ziv1=Zi—eZ2 +e€,(Z), Zo =5

and

P(&,(Z;) = Zy) = P(&(Z;) = —Z;) = 5.

Note that the process cannot escape the compact set [—5, 5] so Condition 2.1 holds. We have
b(Zi) = -7}

and

vi(Z;) = §i(Zi).

We will use the embedding in Construction 5.2. The law of large numbers limit is

Z%t) =1/(2+1) for t € [0, 1]
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and we are interested in estimating the probability

pe,=PZ()e[l/(2+t) —a—n1/(2+t) —a]U[1/(24+1) +a,1/(2+1t) +a+1n)])

= P(Z(1) - 2°(1) € [~a —n,—a] U [, + 1))

for some a,n > 0.

The purpose of this example is to investigate how well moderate deviations performs under
these more complex dynamics and to compare two schemes based on different moderate deviations
subsolutions. One of them takes into account that the set of interest is [—a — 7, —a] U [a, a + 7]
rather than simply (—oo, —a] U [a, 00) by using a maximum mollification in addition to a minimum

mollification, and the other does not. We have
C(z,1) = 223(1.21)/(1.23 — .23),

C.(z,1) = 26(1.24)/(1.23 — .23),

oot = (25)

acew) = (55

and

T
;/t exp{Q(s, T)}A (X° (s)) exp{Q(s, )" }ds = (1.23 — (.2 +1)*)/(6(1.2%)).

Using Theorem 6.5

V(0,0) = Zig]g{OOI(—oo,—a—n)U(—a,a)U(a+17,oo) (2) +C(z,1)}

= igﬂg{OOI(foo,fafn)U(fa,a)U(oz+17,oo) (Z) + z23(1'24)/(1'23 - 23)}

and clearly the minimizers are z = +«a. Analogously to what was done in Section 7.1 we choose

By = ab(1.24)/(1.23 = .23),¢; = afB;
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Figure 3: F'(2) = 000, —a—n)U(—a,a)U(atn,00) (2) and G(z) = min{cy + B2, c2 + By}

By = —a6(1.24)/(1.23 — .2%), ¢c0 = —af3y

and define WeP1(y, ) and W2(y, ) as in Definition 6.2. The terminal values are

Wcl”Bl(z, 1)=c1+ b2

and

We2P2(2,1) = ¢y + Bz

Note that

G(z) = min{WCl’ﬁl (z,1), We2B2 (z,1)}

IN

OOI(—oo,—a—n)U(—oa,a)U(oz+77,oo)(Z)
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for all z € R and

inf {G(2) + 223(1.2%)/(1.23 — .2%)}

z€R

= Zhellg{OOI(7oo,fafn)U(fa,a)U(a+17,oo)(2) + 223(124)/(123 - 23)}

— 1(0,0)

again with minimizers z = +«. Consequently we create the subsolution given by U 5’min(W‘31’B 1 WC2’52)
using Definition 4.3. In what follows we will refer to importance sampling based on this subsolution

as the "Min" scheme. This is the same subsolution that we would use for the terminal condition
F(Z) - OOI(—a,oa) (Z)

(or equivalently entry into the set (—oo, —a] U [, 00)). Although the "Min" scheme performs well
asymptotically according to Theorem 4.7, it continues to push the process to co once it exceeds a+n
and to —oo once it falls below —a — 7. To change this we introduce two additional subsolutions

with affine terminal conditions. Let
By = —a6(1.2%)/(1.2° — .2%), ¢35 = (1) B3,

By =ab(1.2")/(1.2° - .2%),cs = —(a+ 1),

and define W73 (y,t) and WP (y, t) as in Definition 6.2. Note that

G(z) = max{min{Wcl’ﬁl (z,1), WezBs (z, 1)}, WwesBs (z,1), WC4’B4(Z, 1)}

< ooI(_oQ_a_n)u(_a@)u(aw;,oo)(Z)
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Figure 4: F(z) = 00l(_oo,—a—n)U(—a,a)U(a+n,00) (2) and G(z) = max{min{c; + B2, c2 + B2}, c3 +
6327 c4+ 542}

for all z € R and

;Ielﬂfe{G<z) +2%3(1.21)/(1.2% — 23}

= Zirelﬂg{OOI(—oo,—a—n)U(—oz,a)U(oc-‘rn,oo)(z) + 223(1'24)/(1'23 - 23)}

=V(0,0)

again with minimizers z = +a. We also create the subsolution given by

pomax (gromin(jirenBy J7e2.f2) 1 es.fs 7¢481) using Definition 4.3 and refer to importance sampling
based on this subsolution as the "MaxMin" scheme. The idea behind this scheme is to discourage
the process from exceeding o + 7 or falling below —a — . However, additonal subsolutions and
mollifications require more work. They could also result in second derivative problems like those
discussed in [17] (we describe them briefly in Sections 6 and 7.1). In an attempt to account for those
second derivative problems we continue to use mollification parameter § = 2¢ in these simulations.
Due to the complexity of this problem we did not try to a find large deviations subsolution. The

tables below contain estimates of the standard deviation of the importance sampling estimators
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based on the "Min" and "MaxMin" schemes, as well as their estimates of the probability of interest.

These are all based on 100,000 simulations.

Construction 4.5.

We used the randomized implementation given by

€=1/400,a=.1 | n=.0015 | n=.001 | n=.0005
Min Est 1.29210~% | 2.072107° | 4.70210~°
Min Std Est 3.1721072 | 2.80z1073 | 4.05210~*
MaxMin Est 2.442107° | 1.692107° | 6.372106
MaxMin Std Est | 1.3221073 | 1.3921073 | 4.29210*

Table 4: Comparing "Min" and "MaxMin’ Schemes for a = .1

€=1/400,a = .11 | n =.0015 | n=.001 |5 =.0005
Min Est 1.612107% | 5.242107 | 6.522107
Min Std Est 1.21210~* | 6.802107° | 8.442107°
MaxMin Est 4.3321076 | 5.622107% | 1.9021076
MaxMin Std Est 5.242107% | 1.0921073 | 2.68x10~*

Table 5: Comparing "Min" and "MaxMin’ Schemes for oo = .11

€=1/400,cc = .12 |  =.0015 | =.001 |7 =.0005
Min Est 3.40210~7 | 3.49210~7 | 1.81210°7
Min Std Est 2.682107° | 3.192107° | 2.78z~°

MaxMin Est 3.78210~7 | 4.00210~7 | 1.10210°7
MaxMin Std Est 3.402107° | 4.092107° | 8.56210~6

Table 6: Comparing "Min" and "MaxMin’ Schemes for oo = .12

Although the results are comparable for both schemes, it does seem like the "MaxMin" scheme,
which attempts to discourage the process from going too far away from the law of large numbers limit
by employing a maximum mollification of additional subsolutions, performs slightly better for small
n as expected. Overall both moderate deviations based schemes performed fairly well despite the
complexity of this problem and the relative ease of finding moderate deviations subsolutions. More
investigation is necessary to determine near-optimal mollification parameters, when it is worthwhile
to add additional subsolutions, and if subsolutions based on quadratic terminal conditions can be

useful.
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A  TIGHTNESS PROOF

Assume that the bound (2.11) holds. We will show tightness of the {¢"""} measures using the

following lemma.

Lemma A.1 Let u € P(RY) be arbitrary, define

H(a) = log ( /R d€<u’a>,u,(du))

and assume there exists X > 0, K,4p < 0o such that

sup |[H ()| < Kpgy. (A.1)
lall<A
Then if
L(B) = Sélﬂgd{@é,@ — H(a)} (A2)

is the Legendre transform of H(-) we have for any n € P(R?)

Rl = £ [ unta).

Proof. While the result is likely known we could not locate a proof (see [12, Lemma 6.2.3(f)] for a

proof when H («) is finite for all & € R?), and so for completeness provide the details. If R(n||u) =
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oo the lemma is automatically true, so we assume R(n]|| 1) < co. Define ¢(b) = blogb —b+ 1 and

note that for a,b > 0

ab < % + ((b).

From (A.1) we have

2
/ e\/EHuHu(du) < 2%eBnst < o0,
Rd

Therefore

/Rd\;\& Il ;lZ(U)u(du)
< /Rdefauu(du) + /Rdé (ZZ(U)) pu(du)

< 2%eFmet 4 R(n|| p),

and consequently for any o € R¢

dn Vel (oa x
7 < mgf . .
[ Nl el 5 oty < S (218t Rl ) < o0 (A3)

Define the bounded, continuous function

(o,u)y if [{a,u)] < K

K{a,u)
[(a,u)]

Fr(u,a) =
otherwise,

and note that (A.3) and dominated convergence give

lim [ Fi(u, 0)n(du) = <a, /R dun(du)>.

K—oo Jpd

In addition, dominated convergence gives

lim e ) 1y (du) :/ el 1y (du)
K—oo {u{a,u)<0} {u:{a,u)<0}
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and monotone convergence gives

lim ek (W) 1y (du) :/ el y(du),
K=00 J{u:(a,u)>0} {u:(0,u) >0}

SO

lim log (/ eFK(“’a)u(du)) = H(a).
Rd

K—oo

By the Donsker-Varadhan variational formula [12, Lemma 1.4.3(a)]

d

Roil) > [ Fictwsantan) ~tog [ (e

for all K < oo and o € R%, and so

Rl > sup {{a [ ontaw) = m@} = 2( [ wnia).

which completes the proof of the lemma. m

The lemma implies the following theorem, which in turn will give tightness of {#"}.

Theorem A.2 Assume Condition 2.1 and (2.11). For the processes {w™"" } obtained in Construc-

tion 2.4
1
sup E {/ a(n)v/n [[w™"" (s)] ds] < 0.
0

neN

In addition, {a(n)y/nw™"" ()},cy 18 uniformly integrable in the sense that

—00 n—oo

1
lim limsupE |:‘/0 1{a(n)\/ﬁHw"v""(s)||>C}a(n)\/ﬁHwnm (S)H d8:| = 0.

Proof. We use the following inequality. Let G > 0 satisfy Apa minyen{a(n)y/n} = VG [recall
(2.8)] so that Aps > v/G/a(n)y/n for all n. Define L. by (A.2). Let K = ApaKpa + K/2. Then
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with e; denoting the standard unit vectors

a(n)QnLc(m, B)
= sup [a()v/ (@ a(n)vAB) — a(n)*nH.(z, )]

acRd

> +/Ga(n)vi; — 3G |A@)] ~ CApaKpa

i, A\ T n _an2n x ﬁe’
€, ( )\F6> ( ) HC< ’ia(n)\/ﬁ z)

> +vGa(n)v/nB; — GK,

where the first inequality follows from making a specific choice of « and the second uses (2.6).
Therefore

da(n)®nLe(z, B) + dGK > VGa(n)vn 3] (A.4)

Using the bound on L. from Lemma A.1 together with (2.11),

d <§g i @K) (A.5)
5 da%% [ /0 ‘L. (X <L’;J> ,wnm"<s)> ds] L aVGE

. [/01 a(m)va [ (5)| ds] |

For the uniform integrability, let C' € (1, 00) be arbitrary and consider n large enough that

NG
a(m)v/n

min{Apa,1} >
Since Apa > 1/a(n)y/n (which corresponds to using the estimate above with G = 1) we have
! n 1
E [ / a(n)v/n [ (s)]| ds] <K*=d (KE + o KAt ADAKDA) :
0

Therefore
1 K*
. [/0 1{a<n>ﬁ||wn<s>|r>c}ds] =

5



which combined with the estimate (A.4) with G replaced by C and (A.5) gives

1
ver Uo oyl o)y 2V w7 ()] ds]
=F d/ll a(n)®nLe ( X" [ns] w™"(s) | + CK ) ds
= 0 {a(n)\/ﬁHwn,nvt(s)H>C} c n ,
1
cois [ (50 (1) 1)
0 n

1
+ CdKFE [/0 1{a(n)\/ﬁ||wmn" (s)||>C’}dS]

<K'd(1+K).

We conclude that

1
lim limsup & |:/0 1{a(n)\/ﬁ||w"’""(s)H>C}a(n)\/ﬁHwnm (s)H ds| =0,

C—o0o n—oo
which is the claimed uniform integrability. m

This gives (2.12), and we now continue to prove the rest of Theorem 2.5. Note that g(w,t) =

|w|| is a tightness function on RY ® [0, 1], so by [12, Theorem A.3.17]

G(n) = / ]l n(dw ® di)
RA®[0,1]

is a tightness function on P(R% ® [0,1]) and

OB Y N U ECTETRRED

is a tightness function on P(P(R? ® [0,1])). Since

1
sup EG(¢™") = sup E [/ |wl s (dw ® dt)} =sup F [/ a(n)\/ﬁHwn’”n(s)H ds| < oo,
neN neN neN 0

{c™""} is tight and consequently there is a subsequence of {¢™""} which converges weakly. To
simplify notation we retain n as the index of this convergent subsequence, and denote the weak

limit of {¢™""} by ¢. Note that for all n the second marginal of ¢™"" (dy ® dt), which we denote

76



by gg’"n (dt), is Lebesgue measure, and therefore ¢3(dt) is Lebesgue measure with probability 1.
Our aim is to show that Y™7" () — Y (t) weakly in C([0,1] : R%), where Y (t) is given by (2.13)
in terms of the weak limit ¢. To achieve this we introduce the following processes which serve as

intermediate steps. Let Y/On’”n =0 and

- n - n 1 - n a(n) n 7/
gy M) () eno vt —p (xm0 G e (L
AN ) i e (’)+\/ﬁw )

together with its continuous time linear interpolation defined for ¢ € [i/n,i/n + 1/n] by

YOI () = (41— nt) ¥+ (nt — i)V

Also let
t t
ynn" (t) = / Db (XO(S)) Y”W"(S)ds -|-/ ™" (s)ds (A.6)
0 0

where

(0 = [ el (ol
]Rd

as in Construction 2.4. These are both random variables taking values in C([0,1] : R%). Note
that Y""" differs from Y""" because Y™"" is driven by the actual noises and Y™"" is driven by
their conditional means. While the driving terms of Y™ and Y™7" are the same [recall that
a(n)y/nw™"" (t) = w™"" (t)], they differ in that Y™"" is still a linear interpolation of a discrete time
process whereas Y™1" satisfies an ODE. The goal is to show that along the subsequence where
™M — ¢ weakly

=, n ~ n ~, n A n IS n ~,
yrnt _ynnt 0,y — et 0, and Y Y

in C([0,1] : RY), all in distribution. ~To show Y™"" — Y we show that {Y"™""} is tight in

C([0,1] : R?) and use the mapping defined by (A.6) from [;&™"" to Y"™"". Let

0N (t):/o Db(Xo(s))qb“(s)ds—i—/O u(s)ds. (A.7)

Recall that sup,cpa [[Db(z)|| < Kjp. The following lemma is an easy consequence of Gronwall’s

inequality.
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Lemma A.3 Letuc L'([0,1] : RY) be arbitrary and ¢* be defined as in (A.7). Then for 0 < s <

t<1

1 t
168(6) — 6*(s)]| < (¢ — 8)Fpe™ /O ()| dr + / ()| dr-

With this lemma and the uniform integrability of {¢™""} given in Theorem A.2, tightness

follows.

Lemma A.4 Assume Condition 2.1 and (2.11). The sequence {Y™""} defined in (A.6) in terms

of the measures {n™} via Construction 2.4 is tight in C([0,1] : R?), as is { [;&"™"" ds}.

Proof. It suffices to show that for any £ > 0 there is § > 0 such that

>E><€.

lim sup P ( sup Hf/nm" (t) — Y™ (s)

n—o0 [s—t|<d

Define
1 n
T(C) = limsupFE [/0 1{Huv"m"(t)\|>(}} Hwn,n (t)Hdt]

= limsup F

n—oo

/ lw]| ™" (dw © dt)
{Ilwl>C}

By Theorem A.2 T'(C)) — 0 as C — oo. Define also K, = sup,, ey £ fol ||@™" (t)]| d¢, which is finite
by Theorem A.2. Let € > 0 be arbitrary. Then for any s < ¢ satisfying t — s < § the previous

lemma implies

1 t
[ oy = 3 )| < et [ pan ol ar - [ o)

Since

1
wn,n"(r)\\dr§05+/o Ljjanam o>y 12" ()| dr,

[

it follows that

A

Y™(t) - Y”(S)H <4 <c + Kpel /01 ([ () dr)

1
" /0 L om0y 12" ()| dr-
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Hence by Markov’s inequality

lim sup P < sup Hl}”’”n (t) —ymn" (S)H > 5)

n—o0 |s—t|<d

5 1
< —limsup [(C—i—KbeKb/
0

€ mn—oo

™" ()| dr> ]

1. ! An,n™
+ —limsup £ {/0 1{”wnm"(r)||>c} Hw " (T)H dr}

€ mn—oo

1
< g(c + Ky Ky) + ~T(O).

Choose C < oo such that T(C) < €2/2 and then choose § > 0 so that the §(C + K,e®r K,)) < £2/2.
This shows the tightness of {¥"}. The tightness of { Jo @™ ds} is simpler, and follows from the

bound

¢
lim sup P ( sup / Hw"""(r)u dr > 5) < (53 + éT(C’).

n—00 |s—t|<6

We still need to show that Y™7" converges to Y. This also relies on the uniform integrability

given by Theorem A.2.

Lemma A.5 Assume Condition 2.1 and (2.11). Let the sequence {Y™" (t)} be defined by (A.6),
let Y(t) be defined by (2.13), and consider a convergent subsequence {(Y™"" ¢ )} with limit

(Y*,5). Then w.p.1Y* =Y.
Proof. We can write

t t n
Y (t) = / Db(X%(s))Y™"" (s)ds + / / ws"™" (dw @ ds).
0 0 JR

Using the uniform integrability proved in Theorem A.2 and that ¢o is Lebesgue measure w.p.1,

sending n — oo and using the definition of W gives

Y¥(t) = /0 t Db(X°(s))Y*(s)ds + /0 t /R we(dw @ ds)

t

&

By uniqueness of the solution, Y* =Y follows. m

79



It remains to show Y7" —Y™1" — (0 and Y™ —y™1" — 0. We begin with Y™" —y™1" — 0.
Recall that the difference between Y™" and Y™7" is that the first is driven by the actual noises
and the second is driven by their conditional means. The following theorem is a law of large
numbers type result for the difference between the noises and their conditional means, and is the

most complicated part of the analysis.

Theorem A.6 Assume Condition 2.1 and (2.11). Consider the sequence {E?’”n}i:gw,n_l of con-
trolled noises and {w™"" (i/n)}io,..n—1 of means of the controlled noises as in Construction 2.4.

Forie{l,...,n} let

W = % S atmir (" = w" /)

Then for any 6 > 0
lim P [ max }HWan > 5] =0.
n—oo  |ie

20y

Proof. According to (2.11)

n—1

LS RGP < B
=0

Because of this the (random) Radon-Nikodym derivatives

dny

() = S onnte
dp(-| X7)

(u)

are well defined and can be selected in a measurable way. We will control the magnitude of the

noise when the Radon-Nikodym derivative is large by bounding

for large r.

From the bound on the moment generating function (2.3),

A
Sup/ e2dHuHu(du|x)§2dedK‘“gf.
x€R JRY
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Let o0 = min{\/2%1, 1} and recall the definition £(b) = blogb — b + 1. Then

—nn"
u;

/ lall £7 () X?’””)]
{u: fr(u)>r}

k3

1n—l
|-15

1 n—1
n Z; E [1{f?(ﬂ?’”")2r}
1=

and the bound ab < e® + ¢(b) for a,b > 0 with a = o ||u|| and b = f]'(u) gives that for all

E / el £ (w)p X?’””)]
{u:f(u)>r}

1 / eIl dul X'?’"n)
{uw:flr(u)>r}

<-—-F
Since ¢(b) > 0 for all b >0

1
+>E
g

/ 00 () X?’””)] .
{u:fIr(u)>r}

g

E

<p| [ i 5]

(" (u du| X™"
/{WW} (£ () ] KT

= E[R(n} | (| X)),

and by Holder’s inequality

/ eUH“H,u(du] X'in’"")]
{us 7 (u)>r)

L 1

o\ 2 " a3

(/ L pr(uy>ry i dul X7 )) (/ 2l du) X7 )) ]
R4 Rd

= [u({u: f(u) = r}| X]T)3] (2%enst)

E

IN

E

-

In addition Markov’s inequality gives for r > e~!

R (| X))

p(fu: fP () 2 r} X7 < rlogr

/ log(f7"(u)) £ (w)p( du| X" =

rlogr
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Therefore

1 n—1

R

1=0

(3

11 (2 el X" )\ 11 -
d dKpn gt 27 ? _— n . ?1,77
(2etfne) nz ( foer + == > BRI uC X))

1=0

/ el £ (u)pl X?’””)]
{u: fI*(u)>r}

<

Qlr

Since by Jensen’s inequality

L5y (R(n?!u('le’""))>l

rlogr

[ V)
N
=
O% —
<
S~
D=
N
S|+
. 3
L[]
—

&

—~

3

=

—

>

3

3

=
~
=

we obtain the overall bound

n—1
1 o
gZE[l{fm?)zT} u; " ] (A.8)
=0
1 101 ?
< = 2d degf 2 E X
< o (o) (o Z (| X))
+ L35 pr ) 22
on UIRINE i
1
<1 Kp (Qdedegf>; Ly, 1 K
~ oga(n)y/n rlogr oa(n)?n

Using this result we can complete the proof. Define

al" oAt frE) <o

5”# - t
. =

0 otherwise.
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For any § > 0
1 i
P - =n,n" nn™ [ °
{k H,la,}ri 1{|n Zo < — (”)>
< P{ max
k=0,...,n—1
+ P { max
k=0,...,n—1

+ P max
k=0,...,n—1

1 k
_ T _ n d
LS amyva (sz S i u>>

1=0

. z_; almyvn (wwn <TZL> . /{u:f,?(U)<r} uﬁﬂdu))

The first term satisfies

n

The second term is a submartingale so by Doob’s submartingale inequality

k
1
P max - a(n)v/n (5?’T — / UU?W”)) > 5}

{k —=0,...n—1 ; {u:f (u)<r}

1 1 n—1 2
< SE |- an)vn (5?’T — / Wl?@“))

) n 0 {w:f(u)<r}

2

1 a(n)? = n n
=5 ()5~ p ‘(5 ”“—/ un; (du)>

) n s {uw: I (u)<r}

1 a(n)? = nk ||
< 2 n ZOE §;

1 a(n)? — _/ 2 "
- E [Jull* £ (w) p( du| X37)

(52 n g |/ {we i (w)<r}

2 n—1 r

r a(n o nan"

< LS w [ ulP a2
i—0 L/R?

r 2

< 5—2(1(71) K, 2,
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where

K> = sup / Jul® (] ) < oo,
xcRd JRd

and the finiteness is due to (2.3). We can use Jensen’s inequality with the third term and get the

y

same bound that was shown for the first. We have

iia(n)ﬁ (w (1)- / o un?(dU)>
(77 () o) |

/ ! (du) ]
i=0 i {u:f*(u)>r}

1 1 [
< —a(n)vn— FE u|| n? (du
< sa( )\Fnz /{u:f?(u)zr} [l 7 ( )]

Combining the bounds for these three terms with (A.8) gives

n
=11
(2

n—1
1 1 -
= v, ;0 E L@y

k .
1 n 2 Z
P — a" —w™m | — > 30
{k:(r)?i}ri—l n ;a(n)\/ﬁ (ul v (n)> B }
2 1 r
S ga(n)\/ﬁg E |:]_{f1n(’a;n,,7n)27‘} 'a?’n Hi| + ?CL(,’%)Q‘[(M,2
=0

D=

2 1 % 1 2 2 KE
7K2 <2d degf) _ 7K .
oo BT C rlogr * o0 a(n)y/n +a(n) 52 2

IN

Choosing r = 1/a(n) and using a(n) — 0,a(n)/n — oo gives

k . o
(a7 (2)

P { max
k=0,...,n—1
as n — 0o, which completes the proof. m

This theorem, combined with the following discrete version of Gronwall’s inequality, will allow

x 7 n s n
us to prove Y™ — Y™ — (.
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Lemma A.7 If {an}, {bn}, and {c,} are nonnegative sequences defined for n = 0,1,... and sat-

1sfying X
e
an < cp + Z bkaka
k=0
then

n—1 n—1
anp < cn + Zbkckexp{ Z bl} .

k=0 i=k+1

Theorem A.8 Under the conditions of Theorem A.6 Y™ — Y™™ — ( in probability.

Proof. Recall that

and

i a(n) 1 Al a(n) i
Yt — b x™0 yrnt) —p (x™0 — L (=
[P IING ( < TN ) ( )>+i0 n <n>

so with W} defined as in Theorem A.6

~ n

_nnn vnnn n k-l Kb —nnn n,n
[T v || < iwl+ 30 = g - v
=0

)

Using Lemma A.7 gives

k—1 K K
Snat v b b ,
bl B R SATE R O R
=0

< (14 Kyelr) Z,G?llaxk}{HWi”H}

SO

v 7L < (1 K max (W)
1€

max {‘ i
1€{1,....,n} yeee}

Since max;e1 . o3 { W[} — 0 in probability

max {Hﬁ”"ﬂ - Y@”’WLH} — 0 and hence sup Hi_”“”n (t) — ymn" @®)| —o0
ie{l,...,n} te[0,1]

85



in probability. =

To complete the proof of the convergence we need to show Y™"" — Y™i1" — 0. Recall that these

two processes have the same driving terms but different drifts, in that Yy satisfies the ODE

Y”’”n(t):/o Db(XO(s))Y"’”n(s)ds—i—/O ™" (s)ds

while Y™"" is the linear interpolation of the discrete time process defined by Yon’”n =0 and

752 () ) 2 ()
However, essentially the same arguments as those used in Lemma A.4 to show tightness of {Y””n}
can be used to prove tightness of {Y”’”"}, and then it easily follows as in Lemma A.5 that any
limit will satisfy the same ODE (2.13) as the limit of {Y”""}, and therefore Y™7" — y™1" — ()
follows.

Combining Y™"" — ymn" — 0, ynn" — yni1" - 0, and Y™ — Y demonstrates that along
the subsequence where ¢ — ¢ weakly Y™ — Y in distribution, which implies that along this
subsequence (¢, Y™1") = (¢,Y) weakly. We have already shown that with probability 1 ¢o(dt)

is Lebesgue measure and

f/(t):/o Db(XO(S))Y(s)ds+/O /Rdw§1|2(dw|s)ds,

so the proof of convergence (i.e., the first part of Theorem 2.5) is complete.
To finish Theorem 2.5 we must lastly show the bound (2.14). Note that the weak convergence
of Y™ implies

sup HX"’""(LntJ /n) — Xo(t)H — 0 in probability. (A.9)
t€[0,1]

Now define random measures on RY @ R? @ [0, 1] by

V" (dx @ dw @ dt) = 8 g ((ng) jmy (d) ™ (dw @ dt) .
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Note that the tightness of {7"} follows easily from (A.9) and from the tightness of {¢™""}. Thus
given any subsequence we can choose a further subsequence (again we will retain n as the index

for simplicity) along which {7"} converges weakly to some limit v on P (R? ® R? ® [0,1]) with
Vo3 (dw ® dt) = ¢ (dw @ dt) ,

where 7, 3 is the second and third marginal of 7. If we establish (2.14) for this subsequence it

follows for the original one using a standard argument by contradiction. For o > 0 let

GX° = {(z,w,t) : || ' ®)| <o}

g

be closed sets centered around X (¢) in the x variable, and note that by (A.9) and weak convergence,

for all o >0

L= tmswp e [y (627)] < B [ (62°)]

n—oo
Thus

B (i) =1

so with probability 1 v puts all its mass on {(:1:, w,t):x = X" (t)} Therefore with probability 1,

for a.e. (w,t) under v, 5 (dw ® dt),

Yij2,3 (dx|w,t) = 6 x0() (dx).

Combined with the fact that the second marginal of ¢ (dw ® dt) is Lebesgue measure, this gives

v (dr ® dw @ dt) = 6 x0(y) (dz) < (dwlt) dt. (A.10)
Let
Lic (@ 8) = sup 4 (@, 8) - a3 — s [laf?
i (z, —jélﬂ}{g)d a, 5 lolia@) — 55 e .

Then uniformly in & and compact subsets of 3

lim inf a(n)?nL, (m Wﬁ) > L (x.8),

n—oo
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and as K — oo

1
K (2,8) 15 181512

for all (z, ) € R??. Combining this with Lemma A.1 and using Fatou’s lemma for weak conver-

gence,

liminf a(n)?nE

n—1
S SR X?’””))]

1=0

1
a(n)?nL. <x, w> " (dx @ dw ® dt
/Rd®Rd®[O,1] () a(n)y/n t )

/ Lg (z,w) v (dz ® dw ® dt)
RIQRI®[0,1]

> liminf F

n—oo

> F

for all K. Then using the monotone convergence theorem, the decomposition (A.10), and Jensen’s

inequality in that order shows that

n—1

S LR(o ) £7)

1=0

lim inf a(n)?nE
n—~oo

> lim F

/ Ly (x,w) 7 (dz ® dw ® dt)
RIQRIRI[0,1]

1
=F / - HwHi,l(w)’y(da:@dw@dt)
RIQRI®[0,1] 2

r rl
1 2
=k /0 /Rd 2 [wlFa-1(xo(ry) s (dwl?) dt]

o
> 5|5 [ 10 ]

which is (2.14).
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B TERMINAL POSITION COST PROOF

Here we provide the proof of Theorem 6.5. The goal is to show that the minimal running cost in
(4.2) to go from (y, t) to (z,r) is given by C(y, t, z,7). This would be a simple verification argument
except for the fact due to the possible degeneracy of the noise certain locations (z,r) may not be

attainable from certain (y,t). Let

Clotzr) =int {5 [ @l da: 666) = 006 =+ [ DX (@)0la)as

+ [P0 ). € [m]}

and note that by (4.2)
V(y,t) = inf {C(y,t,2,T) + F(2)}
z€Rd

for all y € R? and t € [0,T]. However if

o(s) =y + / " Db(XO(q))$(q)dg + / " AV2(X0(g))u(q)dg

for s € [t,r] then using Definition 6.1 it is clear that

o(s) = exp{Q(t, 5)}y + / " exp{Q(g, 5)}AV2(XO(q))u(q)dg (B.1)
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for s € [t,r]. Consequently we can write

Clotzr) =int {5 [ @I da' 2~ exp(@(e. )y = [ exp(0(a,n}A @) u(a)da .

In order to prove that

C(y,t,z,r) = C(y,t,z,1)
for all y,z € R¢ and 0 < t < r < T we introduce the following functions. Let
Af(z) = A(z) + €l.
and for any 0 <t < r < T define

Bt r) = / " exp {Q0q.7)} AX(q)) exp {2, )"} da,

B(t,r) = / " exp {Q(q, 1)} A“(XO(q)) exp { Qg )T} da,

and

Dt,r) = / " exp {Q(q, 7)) exp { g, )"} dg

and note that

Be(t,r) = B(t,r) + eD(t,r).

In addition, for any w € R% and 0 <t < r < T define (using Definition 2.2)
L 7 -1
R(w,t,r) = W B(t,r) " w,

1
R (w,t,r) = inBE(t, r) " lw,

and

Rty =it {5 [ oo = [ ep(@0e) a0l
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Note that for all y, z € Riland 0<t<r<T
C(ya ta Z, T) = R(Z - eXp{Q(tv T)}y, tv T)

and

C(y,t,z,r) = R(z — exp{Q(t,7)}y, t,7)
so the result of Theorem 6.5 will follow if we can show that for any w € Rland 0<t<r<T

R(w,t,r) = R(w,t,r).

We first prove the following.

Theorem B.1 Let R(w,t,r), R(w,t,r) and R(w,t,r) be defined by (B.3), (B.4) and (B.5). Then

forallw e R and 0 <t <r <T
R(w,t,7) < R(w,t,7) < R(w,t,r).
Proof. Recall the definition of B¢(¢,r) in (B.2). Because B(t,r) is positive definite and hence

invertible we have

1 d
Rf’(wa t T) = in%(Bs(t r)_l)w

LT B B ) B )

and

BE(t,r) = AS(XO(r)) + Db(X°(r))BE(t,r) + BE(t,r)(Db(X°(r))T

which gives

Ri(w,t,r) = —%wTBE(t,r)*lAE(XO(r))BE(t,r)*lw — wTBe(t, )1 Db(XO(r))w
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In addition

DR (w,t,r) = B(t,r) lw.

Given any w € R? and 0 < ¢t < r < T such that R(w,t,7) < co we can choose for any § > 0 a

d-near minimizing (u, ¢,) in (B.5), meaning that

1 /7
R('wvtﬂ') +0 > 2/ HU(Q)H2dT7
t

w=g(r) = / " exp{Q(g, 1)} AV2(XO(q))u(q)dg.

and

buls) = / " exp{9(q, 5)}AY2(XO(q) u(q)dg

for s € [t,r]. Because

1 T
3 [ lu@ldr < oo
t
it follows that

liﬁl R (¢,(s),t,s) =0.

Consequently

R(w,t,r) = R (¢, (1), t, 1)
= [ G @) tes
_ /t " DR (6, (5,1, 5) AV2(XO(s))u(s)ds
+ [ DR (04(5).8.5) DUX®(3))6, ()
+ [ RS0t
= [ o) B ) A )
[ SO B ) AT B ) o (5)ds

— [ GO B ) Py (5)ds
<5 [ Iuts)as

D |
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Because § was arbitrary we have for all € > 0, w € Rland 0<t<r<T
R (w,t,7) < R(w,t,1).
In addition, for any w € R? and 0 <t < r < T such that R(w,t,7) < oo let

r —1
u(s) = A3(XO(s)) exp {5, )} ( / exp{@(q,r>}A<X°<q>>exp{Q<q,r>T}dq) w
and
buls) = / exp{Q(q, 5)}AV2(X°(q) u(q)dg

for s € [t,r]. Then using (B.1) we have
Gu(r) = w

and clearly

;/tr lu(s)||? ds = %wT (/tr exp {Q(q, )} A(X°(q)) exp {Q(q, )T} ds) w

= R(w,t,r).
Therefore for all € > 0, w € R and 0 < ¢t < r < T we have

R(w,t,r) < R(w,t,r) < R(w, t,r).

This combined with the following theorem shows that for all w € Rland 0<t<r<T

R(w,t,r) = R(w, t,r).

Theorem B.2 Let R(w,t,7) and R(w,t,r) be defined by (B.4) and (B.3). Then for all w € RY
and 0 <t<r<T

lim R (w, t,r) = R(w,t,r).

e—0

Proof. Recall that
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Rlw,t,r) = %wT(B(t,r))_lw

and

R (w,t,r) = %wT(B(t,r) + eD(t, 7)) w

where B(t,r) is symmetric and nonnegative definite and D(t,r) is symmetric and positive definite

with || D|| = supg<;<,<r [[D(t,7)|| < 00. Assume ||w|| =1 and B(t,r)w = 0. Then

1= HwT(B(t,r) +eD(t,r))(B(t,r) + eD(t, r))_le
= HwTeD(t,r)(B(t,r) + eD(t,r))_le

< €| D|||(B(t,r) + eD(t,r))  w)|
H(B(t,?“) + eD(t, T))_le > 1/¢||D]|| .

Let k be the smallest eigenvalue of D(¢,r). Then

in(B(t, P+ eD(t,r) " w > |[(B(t,r) + eD(t, 7)) w|

SO

wl (B(t,r) + eD(t,r)) " w > k/e||D|?

and wT (B(t,r) 4+ eD(t,r)) "w — oo as € — 0. For w € R? and 0 < t < r < T such that w is not
orthogonal to the null space of B(t,r) we can write w = wy, +wo where w), is orthogonal to the null

space and wy is in the null space. Then

(wg (B(t,r) + eD(t, 7)) wo)/? < (wl (B(t,r) + eD(t, 7)) w,)/?

+ (Wl (B(t,7) + eD(t,r)) " tw)/?

94



SO

(w” (B(t,r) + eD(t, 7)) w)/? > (wl (B(t, ) + eD(t, 7)) twg)'/?
— (Wl (B(t,7) + eD(t, 7)) " w,)/?
> (wg(B(t, r) + eD(t, 7‘))*1w0)1/2

— (w] (B(t,r)) wp)/?
where the last inequality comes from Theorem B.1. However,
wg(B(t,T))flwp < 0

SO

lim w? (B(t,r) + eD(t, 7)) tw = oco.

e—0

For an arbitrary w € R? and 0 < t < r < T where w is orthogonal to the null space of B(t,r) we can
I

write w = Z cie; where {e;}1_; are orthonormal eigenvectors of B(t,r) with positive eigenvalues
=1
{\i}_,. Again, letting k be the smallest eigenvalue of D(t,r) we have

(B(tr) + eD(t, 1) eil|P < el (B(t,r) + eD(t,r) e

IA
|
Q)
!
w
\’@F
Z
gﬁ—‘

ekX;
where the second inequality comes from Theorem B.1. Then

1
VekN;

[(B(t,r) + eD(t,)) e <
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for all i € {1,...,I}. Consequently

)\l — el (B(t,r) + eD(t, 7)) " te;| = )\% |eiTD(t,T)(B(t, r) + eD(t,r))_lei‘

%

N

)\ii Dl ||(B(t,r) + eD(t,r)) e

Vek 2T D]

IA

and

1
lim |— — el (B(t,r) + eD(t,7)) te;| = 0

e—0 | A;

forall ¢ € {1,...,1}. In addition, for 4,5 € {1,...,1} with i # j

0=¢] Ie;
= GZT(B(t,T) +eD(t,r))(B(t,r) + eD(t,r))_lej

= )\ieiT(B(t, r) + eD(t, r))*lej - eeiTD(t, r)(B(t,r) + eD(t, r))*lej

|eiT(B(t,r) + eD(t,r))_lej| < 6)\;1 1Dl H(B(t,r) + 6D(t,r))_1ejH

< Ve A2 D)

and

lim ‘elr(B(t,r) + eD(t,r))*lej‘ =0.

e—0
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Therefore

I T

lim w” (B D “lw =i € D(

61_1r)r(1)w( (t,r)+eD(t,r))  w lim (Z;czel> (B(t,r) +eD(t,r)) (chez>
1=

I
= lim Z cicjel (B(t,r) + eD(t,r)) " te;

e—0

5,j=1

= Z ¢icj li_f{(l)ef(B(t, r) +eD(t, 7)) "¢
"j_l

= Zcz)\_
=wl(B(t, 7)) tw.
Therefore for all w e RY and 0 <t <r < T
lim R (w,t,r) = R(w,t,r)

€—00

and the proof is complete. =
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