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CHAPTER One

Introduction

Integral to the field of harmonic analysis are maximal functions and singular integrals. Maximal
functions allow us to study behavior of functions through behavior of averages, such as the standard
Hardy-Littlewood maximal function: M f(z) := supgs, fQ | fldz. Singular integrals are prevalent
in many applications, such as Fourier analysis, complex function theory and PDE. The integrals
are called singular due to the failure of their kernels to be integrable. A classic example to
keep in mind is the Hilbert transform, which we can understand in the principal value sense as:
Hf(x):= p.v.% | c<y<R i(fyy)dy. The Hilbert transform arises in a plethora of contexts ranging from
convergence of Fourier series and potential theory to cosmology. Its discrete form is prevalent

in signal processing and it was the motivating example for the Calderén and Zygmund school of

analysis.

An important problem in the field was to bound maximal functions and singular integral
operators on Banach and Hilbert spaces. For example, knowledge of LP bounds for the Hilbert
transform tells us that partial summation operators also converge in L”. Thus, a single operator
controls convergence of an entire family of operators. A naturally arising generalization of the

Hilbert transform is a Calderén-Zygmund Singular integral operator (CZO). Calderén-Zygmund



operators have kernels which satisfy certain decay and smoothness conditions. These will be
discussed in more detail later, but for now we will say that these decay and smoothness conditions
mimic the decay of the Hilbert transform kernel and the decay of its derivative. Due to the
delicate cancellation present in their kernels, bounding CZOs in different contexts in often difficult.
Proving LP bounds for different types of CZOs was the extensive work of the Calderén-Zygmund
and David-Journé programs. From here, boundedness in more general contexts than Euclidean
space with Lebesgue measure were considered. For instance a question that was asked was, if y is
a measure such that du = w(x)dz do these LP bounds still hold? This was a natural question to
ask since for the Riesz transforms to be bounded on Lebesgue space (the n-dimensional analogues
of the Hilbert transform and another example of CZOs), it is required that the new measure
be absolutely continuous with respect to Lebesgue measure [28]. If such a w is nonnegative a.e.
and locally integrable, it is called a weight. Weighted norm inequalities arise naturally in many
contexts such as boundary value problems for Laplace’s equations. Weights are also a key part in
the theory of extrapolation. Extrapolation due to Rubio de Francia allows us to obtain LP bounds

from weighted L? ones.

Muckenhoupt introduced in [60] the A, classes to answer the necessary and sufficient conditions

for the boundedness of the maximal function on weighted LP spaces, that is for 1 < p < o0,

M f] Loy < ClFllzew) (1.1)

if and only if w e A,

[, = sup 72 w (]é w) <o, (1.2)

Similar theorems do hold for some singular integrals — in fact the ”if” direction holds for any

CZO (see [12], [28], section 4.6 in [77]).

In this thesis, I will discuss a framework for obtaining bounds (even sharp bounds) for CZOs,



started by Lerner, that I extended to a more general setting. This treatment of CZOs is the main
result of this thesis and led to a wide range of applications such as sharp estimates in weighted

norm inequalities (Chapters and a generalization of classical extrapolation (Chapter [5)).

Andrei Lerner published a series of papers that culminated in a breakthrough in 2012 on how to
approach CZOs. Singular integrals come in many types, such as convolution and non-convolution.
Boundedness of convolution-type operators in L? is usually determined by the Fourier multiplier,
but to get to LP bounds from L? is difficult — this was the purpose of the Calderén-Zygmund
program. For non-convolution type, even L? is difficult — this was the purpose of the David-Journé
program, via their famous 7'(1) theorem. Lerner was able to understand all CZOs through a special
collection of positive operators. Using elegant tools originally from statistics such as percentile
rankings, he showed that in fact any CZO could be bounded above in norm by a suprenum of
dyadic positive operators called sparse operators [48]. This was surprising as the kernels of CZOs
are not positive, but yet by summing simple averaging operators over a distinguished collection of

dyadic cubes, Lerner was able to bound the norm of a CZO in any Banach function space.

Though at first it seemed like the techniques used by Lerner were specific to R™, I soon dis-
covered that they were much more general. Together with Armen Vagharshakyan, we were able
to extend the tools of Lerner to spaces of homogeneous type (SHT) [58]. These extend Euclidean
spaces, and include C* compact Riemannian manifolds and graphs of Lipschitz functions (see [10],

[14] for more examples). Our theorem is the following:

Theorem 1 (Lerner (R™), TCA and Vagharshakyan (SHT)). Let T be a CZO. Then we have
ITf|x < esup [T £l x (1.3)
DS

where the TS f = ZQeS (f f) Xq are sparse operators, S is a sparse family and X is a Banach

function space, such as L*(w).

The supremum is taken over the finite number of dyadic grids in an SHT as well as over all

sparse families, a collection of dyadic cubes such that for Q,Q’ € S,



u (UQ/;Q Q’) < @ These collections generalize the Calderén-Zygmund decomposition.

To prove[l], we introduced a more general decomposition that works in SHT which behaves like
a median on a continuous set of data. This is defined for 0 < A < 1 on a finite measure space @
with measure p as wy(F) =sup{a > 0: u(f < a) < u(Q)A} for 0 < A < 1. Another feature of our
proof is the use of a new modern refinement by Hyténen and Kairemaof a dyadic system on SHT

by Christ [35], [10].

This treatment of CZOs is intimately connected to weighted norm inequalities. In the last
decades, harmonic analysts have paid much attention to the area of weighted inequalities for
singular integrals. Many have sought a deeper understanding of how the constants present in such
weighted inequalities depend on [w]4,. Knowing sharp bounds has applications to elliptic PDE
and quasiconformal mappings (see [20] and [26]). The search for these generated much research

over the past 20 years. The first main result in this area was due to Buckley, who proved that
1
IM ] 2y < [w]{?

where M is the Hardy-Littlewoord maximal function [§]. Buckley’s bound is sharp, meaning that

if one lowers the exponent on [w]4,, then the bound does not hold.

Since then, much work was put into solving the so-called As conjecture, which stated that the
constant in the corresponding weighted norm inequality for Calderon—Zygmund singular integrals
depended linearly on the As constant, and that this bound was sharp. From there, one could
extrapolate to get the A, dependence [23]. This open question was recently solved by Hyt6nen in
[33]. See also [39] for a survey about the history of the conjecture. Hytonen used as encompassing
and technical argument using Haar functions and relied on probability, random dyadic grids, and

nonhomogeneous analytic techniques.
However, using Lerner’s decomposition, the Ay theorem follows in only a few lines ([51]).

The methodology developed in SHT, led to my work on several other problems in weighted



norm inequalities. Together with Wendolin Damian, I also obtained a variety of other weighted
bounds for CZOs [3], using the new technology of sparse operators to extend results to SHT as well
as to greatly simplify the proofs even in R™. This led to other work in weighted norm inequalities
such as resolving the boundedness of a certain maximal function in [I] (based on work of Pérez in

[66]).

Another direction where technology involving CZOs was used is weighted norm inequalities
where the weights are different. Precise conditions on the weights w and v that ensure the following
LP bound for all CZOs

/ (Tf)Pwdz < C fPudx (1.4)
n Rn

are not known. This difficult problem has recently been attacked on an operator by operator
basis, see for example [45] [44]. Classical extrapolation due to Rubio de Francia allows one to get
LP bounds from weighted L? ones. These techniques are frequent in modern harmonic analysis
(see the thorough reference [18]). Extrapolation techniques involving A, weights have been used
often in one-weighted theory to obtain LP bounds. In the two-weighted theory there is no single
natural substitute for the A, condition. However, by relying on a different kind of weight called
the reverse Holder weights, I introduced a new two-weighted extrapolation technique to obtain LP
bounds, such as the one above, via a weighted L' bound of a CZO by a maximal function. The
novelty in this extrapolation technique is that instead of working with either of the given weights

w or v, we insert a new weight p from a different weight class [1J.

The organization of this thesis is as follows: in Chapter[2] we gives basic background information
about spaces of homogeneous type, dyadic systems, Calderén-Zygmund operators, weights. and
norms. Chapter [3] proves the the main theorem [1] as well as the As theorem on Spaces of Homoge-
neous type, and explains the deep connections between the two. Chapter 4] shows how techniques
used in Chpater [3] can be used in proving a variety of other sharp weighted bounds. Finally,
Chapter [b| presents new results on the two-weighted boundedness of Calderén-Zygmund operators

and LP boundedness of the Orlicz maximal function, richly involved with the two-weighted theory.

Remark 1. Chapter [3| was partially taken from the published manuscript [5] that was jointly



written by both authors. Chapter |4 was partially taken from the submitted manuscript [3] that
was jointly written by both authors. Chapter [f] was partially taken from the accepted manuscript

[1] that was written by the author.



CHAPTER Two

Background

2.0.1 Spaces of homogeneous type

A space of homogeneous type is a general extension of R™. Specifically,

Definition 1. Following [10] we define a space of homogeneous type as a triple (X, p, ) where X

is a set, p is a quasimetric, that is:
L. p(z,y) = 0 if and only if z = y,

2. p(z,y) = p(y,x) fo all z,y € X,
3. p(x,2) < Colp(z,y) + ply, z)) for all x,y,ze€ X

for some absolute constant Cy > 0 (property 3 is called the quasitriangle inequality), and the

positive measure p is doubling:
0 < pu(B(w0,2r)) < Capt(B(o, 7)) < +0

for some absolute constant Cy.



We say that a constant is absolute if it only depends on the space (X, p, u).

We will use the abbreviation SHT to refer to both the singular and plural form of space of
homogeneous type. For a discussion of these spaces, see the original paper of Coifman and Weiss

[15] and Christ [10].

Some examples of SHT include:

1. R™ with Lebesque measure

2. C* compact Riemannian manifolds

3. Graphs of Lipschitz functions F where u(F(F)) = |E|

4. Certain Cantor sets using Hausdorff measure (fractal connection)
5. 7Z with counting measure

6. Homogeneous space from algebra/Riemann surface theory (A group G acting continuously

and transitively on a topological space X), is a particular case

These spaces are important since SHT are some of the most general extensions of R”™ where all

of the following hold:

1. Vitali covering lemma: a way to decompose a set into simpler geoemtric objects
2. Whitney covering lemma - a different decompostion of sets into simpler objects
3. Lebesgue dominated convergence

4. Calderén-Zygmund decomposition - a way of bounding functions on certain spaces, to be

discussed later

5. T'(1) theorem - a famous theorem of David and Journé on testing simple classes of functions

to obtain bounds of operators



6. Lebesgue Differentiation Theorem - describes the almost everywhere convergence of averages

The Lebesgue Differentiation theorem has been proved with additional related assumptions,
but as far as we are aware was proved for the first time in [2]. We include this proof here, along
with two remarks and a corollary, mentioning that the proof of the lemma consists of assembling

pieces already present in the literature and can easily be derived from Toledano [79]. We use the
: _ 1

notation f, = @) Jo

Lemma 1. Given an SHT (X, p, ), the Lebesgue differentiation theorem holds: for p-almost every

re X,

e,

lim ————= [f(y) = f(2)dp(y) = 0. (2.1)
r—0 M(Bp(l.? T)) B, (x,r)

Proof. Macias and Segovia, building on their earlier work in [58], showed in [57] that given any SHT

(X, p, ), there exists an equivalent quasidistance § (i.e., there exist constants c¢;, co depending on

X such that for all z, y € X, cip(z,y) < d(x,y) < cap(x,y)), such that given any ball Bs with

respect to d, then (Bs, 0, 1) is again a space of homogeneous type, and the constants are independent

of the ball Bjy.

Toledano [79] proved that since p(Bs) < 0o, the measure pu when restricted to Bs is regular.
The Lebesgue differentiation theorem holds for regular measures: this follows from the standard
argument (cf. Rudin [75, Chapter 7]) using the fact that the maximal operator is weak (1,1) on
LY(Bs, i) (Christ [10]) and that smooth functions of compact support are dense in L'(Bs, u) ([75,

Chapter 3]). Therefore, we have that for py-almost every = € By,

lim |f(y) — f(@)]du(y) = 0.

=0 B (x,r)

Since p and § are equivalent and f is doubling, it follows immediately that (2.1) holds in B,. Since

X can be covered by a countable collection of p-balls, it holds for p-almost every = € X. O

Remark 2. As a corollary to this proof we also have that C*(X) is dense in L'(X, u). This fact,
together with Lemma (1] can be used to simplify the hypotheses for results in a number of papers:

see, for example, [6] 9].



Corollary 1. Given an SHT (X, p, ) and a dyadic grid D that satisfies the hypotheses of The-
orem then for p-almost every x € X, if {Qr} is the sequence of dyadic cubes in D such that
NkQr = {z}, then

lim  [f(y) — f(z)dp(y) = 0. (2.2)

k—o0 Qr

Proof. First note that since p is a quasi-distance and p is doubling, if x € B,(zo,7), then there

exists a constant K such that B,(xg,r) € B,(x,2Kr) and p(B,(z,2K7r)) ~ p(B,(xo,r)). Hence,

1, oy W)~ F@) duly) < O () — £(@)] d(y).

B, (z,2Kr)

Therefore, if By, is a sequence of balls such that (), By = {z}, then it follows from Lemma [1] that

lim | f(y) — f(z)|du(y) = 0. (2.3)

k—o0 By,

Now for any k, by Theorem there exists a ball By such that x € Qp < By and u(Bj) <
Cu(Qg). Then ((2.2)) follows at once from (2.3)). O

Remark 3. Corollary (1| was stated in [5] without proof and with a reference to [79]. However, as

we noted, this result was only implicit there. This result is used in chapter

2.0.2 Dyadic systems

On the real line, dyadic cubes are intervals [n2¥, (n + 1)2¥) for n, k € Z These have key structural
properties, together making up a dyadic system. Michael Christ developed a construction of a
dyadic system in SHT that preserved many key properties found in the dyadic intervals ([10]). A

further sophisticated refinement was completed by Hytonen and Kairema [35].

Theorem 2 (Hytonen and Kairema). There exists a family of sets D = Uyez Dy, called a dyadic
decomposition of X, constants 0 < C,e < o0, and a corresponding family of points {x.(Q)}gep

such that:

10



1. X = UQeDk Q, for all k e Z.
2. If Q1 0 Q2 # J, then Q1 € Q2 or Q2 S Q1.
3. For every QQ € Dy, there exists at least one child cube Q. € Dy_1 such that Q. < Q.

4. For every Q € Dy, there exists exactly one parent cube Q, € Dyy1 such that Q S Qp.

5. If Qo is a child of Q1 then u(Q2) = eu(Q1).

6. B(z.(Q), %) c Q c B(x.(Q),Cd").

The motivation for using the Hytonen-Kairema cubes over the Christ cubes in this thesis was
mainly due to property 4, as it was critical in a stopping time argument used in Chapter [3] that
every cube have precisely one parent. In the Christ construction, only cubes on certain levels k
are stated to have exactly one parent (note the indexing for the Chrsit cubes is different from the

one above).

We also need to use the fact that there are a finite number of distinct dyadic systems in SHT
[35]. This is a generalization of the ”1/3” trick on the real line that says that any interval can be
contained in a dyadic interval or a shifted dyadic interval (by 27% . % for level k) of approximately
the same size. We will call a set of dyadic systems distinct if it satisfies Mei’s criterion that
every cube is contained in a cube from one of the dyadic systems of approximately the same size
(described more precisely below). Therefore the dyadic and shifted dyadic system described above
on the real line are distinct, and in general there are n + 1 distinct dyadic systems in R™, and this
number is sharp [16]. In a SHT we will use the analogous result of Hyronen and Kairema [35] to

be described further in Chapter [3].

A way to generate a distinct dyadic system in R is to use a d-modulated dyadic grid Dg, where

d is far from the dyadic rationals [54]. We define Djs to be

Ds = | J Dy

meZ

11



where for m > 0

D} ={I+6:1eDp}

and for m < 0, m even

k 0 k41 2 :
Dj' =4 | g +0+ do27, ; +6+ Y, 27¥|:kel
J=(m/2)+1 j=(m/2)+1

and along with the nesting property of dyadic systems completely determines D" for m odd.

We say that a number is ¢-far if it is distant enough from all rationals of the form qik for

i,k € Z. More precisely,

Definition 2. We say that a real number § is g-far if there exists a C(d) such that for all n € Z
and for all k € Z,
16— k/g"| > C/g" (2.4)

C is a positive constant that may depend on § only. We now generate some g-far numbers.

Lemma 2. Let q be prime, and p be a prime such that q # p. We have that 1/p is g-far.

Proof. We must show which is equivalent to showing that

q" —kp

qn

‘ > Cp/q"

or that

q" = p(C+k)orq" <pk-0C).

Now let C' = 1/p. Then for all n, k, we need ¢" > 1 + kp or ¢" < pk — 1. Since ¢" € Z, the only

time our requirement would not be satisfied is when ¢" = kp. So for 1/p to be g-far, we need

q" #0 (mod p)
for all n. However, we have that ged(p,q) = 1, so gcd(¢™,p) = 1, which implies that ¢" £ 0

12



(mod p) for all n.

When ¢ = 2, we also call 2-far ”far from the dyadic rationals”. Note that 1/3 is 2-far.

Remark 4. The choice of C above is the best possible. This is due to an argument using Fermat’s
Little Theorem (FLT). We need to show that if C' > 1/p then the criterion fails for p and ¢
(where we still have ged(p,q) = 1). So if C = 1/p + ¢ for any € > 0, then we would need to show
that

q" = pk+1+peorq" <pk—1-—pe.
Thus we would need to prevent ¢" = pk + 1 and ¢" = pk — 1 for all n and k. But by FLT,

@ '=1 (modp),
SO

¢t =pk+1,

a contradiction. Thus C' = 1/p is the best possible. This C' of course corresponds to d(9).

Remark 5. In a similar way, we can also prove that 1/m is g-far where ¢ does not divide m.

Lemma 3. We have that % + %% is g-far for ged(p,qm) = 1.

Proof. We must show that
h 1m k

¢ pg Q" /

or in other words, that

hq"Ip 4+ mg"I — kp
’ 0 = Cp/q".

(qnfj (m+hp)

When we work out the inequalities, we must show that there are no integers in the range >

C, W + C). Letting C' = 1/p, we can easily see that there are no integers in the range

(q”_j (m+hp)—1 ¢ I (m+hp)+1

7 , 7 ) since ged(p, ¢/ (m+hp)) = 1so (¢" 7 (m+hp))P~t =1 (mod p). O

13



Remark 6. An easy observation is that any repeating decimal expansion in base ¢ is g-far. This is
because any g-rational has a finite decimal expansion, so upon subtraction of any finite decimal, a

repeating decimal will always be bounded away from 0.

In [54] is the fact that on R, if § is far from the dyadic rationals, then Dy satisfies a generalization
of the ”1/3 trick;” this is called Mei’s criterion since it was originally done for the torus by T.
Mei (note also that Mei uses a slightly different Ds [59]). Mei’s criterion says that any cube in is

comparable to a cube in D or Dg. More precisely, stated here for our Dg on the real line:

Proposition 1. Let 6 € (0,1) be far from the dyadic rationals. Then there exists a constant K (0)

such that for each interval Q) € R, there exists an interval I € R such that
Qcl
i) < K(8)|Q
iii)[ € D or I € Dg
This constant K(9) can be taken to be 2/C(0)

Remark 7. Note that in the statement in [54], K (0) is stated differently, but can be easily seen to

be equivalent to 2/5. Their proof follows Mei’s proof for the torus [54].

Remark 8. Note that one can easily extend this result to R" by repeating the argument for each
of the n sides of the cube ) and show that each side is contained in some interval I € D or I € Dy.
There are 2" choices of n-tuples of D and Djs’s, so with 2™ grids, Mei’s criterion holds in R™. This

number was achieved by Hyténen and Pérez [30].

We use a variant of Mei’s criterion in a key point in Chapter

Given a dyadic grid D, we define a dyadic maximal function

_ _ o
MPf(z) = sup |fldu=sup |f|
Q22.QeD JQ 4o QeD

14



We will also need a Calderdn-Zygmund decomposition. This is a way of decomposing a function
into level sets. We use a decomposition used by the author, David Cruz-Uribe, and Kabe Moen

in [2]. The following description of this decomposition was taken from this article.

To begin to define a Calderén-Zygmund deomposition, we need the dyadic maximal function

to construct level sets.

Theorem 3. Given an SHT (X, p, i) such that u(X) = 00, a dyadic grid D, suppose that f is a

measurable function such that | f|q := JCQ |flduw — 0 as 1(Q) — 0. Then the following are true:

1. For each X\ > 0, there exists a collection {Q;} < D that is pairwise disjoint, mazimal with

respect to inclusion, and such that
M o={eeX: M fx)> )\ = ]Q;
J
Moreover, there exists a constant C(X) such that for every j,

A<|fle, < C(X)A.

2. Given a > 2/e, where € is as in Theorem @ for each k € 7 let {Q;‘“}] be the collection of

mazimal dyadic cubes in (1) with
Q= {re X : MPf(x)>a"} = JQF
J

Then the set of cubes S = {Qf} is sparse (see definition @), and E(Qf) = fo’\QkH.

If (X)) < o, then (1) holds provided that X > f |f(x)|du(x), and (2) holds for all k such

that a¥ > £y | f(z)|dp(z).

The proof of Theorem [3] is essentially identical to that in the Euclidean in case: see, for

example, [I8, Appendix A.1]. The constant C'(X) in (1) depends on the doubling constant of
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. When pu(X) < oo some minor modifications to the proof are necessary; these correspond
to what is often referred to as a “local” Calderén-Zygmund decomposition. To make them it
suffices to note that in this case X is bounded (see [29]). Therefore, by Theorem [2| for all

dyadic cubes @ sufficiently large, X = @, and so the argument for (1) still holds if we take
A > fylf @) dp(z) = fo | f(2)] du(z).

Theorem 4. Given an SHT (X, p, ) such that (X) = o0, and a dyadic grid D, suppose f is a
function such that | f|g — 0 as u(Q) — . Then for any XA > 0 there exists a pairwise disjoint
family {Q;} < D and functions b and g such that:

1. f=b+g;

2. 9= [Xfe:mPp)<ny T 205 fQ;5

3. for p-a.e. x€ X, |g(x)| < C(X)A;

4. b=3;b;, where bj = (f — fq,;)Xq;:

5. the support of bj is a subset of Q; and fQj bj(z)du(xz) = 0.
If (X)) < o0, then this decomposition still exists if we take A > fy | f(x)| du(x).

Theorem [4]is proved exactly as in the Euclidean case, taking {Q;} to be the cubes from (1) in

Theorem (3] The proof that g € L* requires the Lebesgue differentiation theorem, Corollary

2.0.3 Weights and operators

The basis of much of our analysis is on LP spaces, the space of functions on (X, 1) with bounded

1/p
I fllzr(x) == </X !f\pdu> < .

We typically take 1 < p < oo, (for p < 1, this quantity is no longer a norm, but we will not be

LP norm:

using this case).
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We will also need the L® norm, which measures the supremum of a function outside a set of

measure 0:

[l (x) = esssup{|f(z)[}

Then L(X) = {f : |fllz(x) < o0}
We typically use the shorthand || f||z» or | f|, and similarly for L*.

We also use the space BMO, which is the space a bounded mean osciallation. It contains L*

and useful in many applications since many operators map L* to BMO.

Definition 3. Let || f|pmo = supg JCQ |f— fQ |fl|dp. We say f e BMO if | f|pymo < .

We define a Calderén-Zygmund Kernel in both R™ and SHT. First in R™:

Definition 4. We'll say that K : R" x R"\{z = y} — R is a Calderén-Zygmund kernel if there exist

€ > 0 and C < oo such that for all g # y € R™ and x € R" it satisfies the decay condition:

C
K(zo,9)| < ——— 25
Ko < (2:5)
and the smoothness condition for 2|zg — x| < |z¢ — y|:
Cle — xol®
K(a.9) ~ K(zo9)| < 2] (2.6

= m — y[rte’

Clz — zol°
K - K S —————-
| <y7$) (y,.’L'())‘ ’xo — y|n+5

And in SHT:

Definition 5. We'll say that K : X x X\{z =y} — R is a Calderén-Zygmund kernel if there exist

n > 0 and C < o such that for all 2y # y € X and x € X it satisfies the decay condition:

C
(B(zo, p(70,y)))

| K (z0,y)] <
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and the smoothness condition for p(zg, z) < np(xg,y):

K (,y) — K(xo.y) < (p(”““”“) !

n
p<x0,y>) u(Bao, p(w0,9))) (2:8)

p(ma$0)>n c
p(zo,y) ) w(B(zo, p(x0,9)))

K (y.2) — K(y,20)] < (

Now for both R™ and SHT we have

Definition 6. Let T be a singular integral operator associated to Calderén-Zygmund kernel K. If

in addition T is L? bounded, we say that T is a Calderdn-Zygmund operator.

By associated we mean that we have the inner product

(Tf,g9) = / / K(z,y)f(x)g(y)du(z)du(y)
XJx
where f and g have disjoint supports.

Now we list some basic background results for operators on SHT.

Theorem 5. [58] We can define an equivalent quasimetric p', induced by the topology of the balls

of X. If all balls are open, then p is equivalent to p'.

Theorem 6. [10] The Hardy-Littlewood mazximal functional M(f) = supp f5|f(x)| for balls
B(x,r) is weak (1,1), strong (2,2), and bounded on L*(w).

Theorem 7. [13] Let T' be a Calderon-Zygmund operator on an SHT. Then T is weak L;.

We will be invoking sparse operators to bound our Calderén-Zygmund operators using the
formula originally due to Lerner [5I]. Before we discuss this, we need to define a sparse family on
a dyadic grid D = U Dy.

Definition 7. A sparse family S = USk, S € Dy on D is a collection of dyadic cubes such that
for Q',Q €S,

p( | @) < “(QQ)
Q'2Q
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Definition 8. Given a sparse family .S, we define a sparse operator as follows

Spy v,
T5(f) Qgsqéf) X

A way to construct a disjoint family from a sparse one, where the measure of each cube in §

is approximately the same as a disjoint partner, is the following:

Definition 9. Let

It is easy to see using the definitions that E(Q) is disjoint and that

n(E(Q)) < n(Q) < 2u(E(Q)).

And finally, we introduce the definitions of a BM O function and the iterated commutators of

Calderén—Zygmund operators with functions in BM O in spaces of homogeneous type.

Definition 10. For a locally integrable function b: X — R we define

1
|[bl| Baro = sup

Q Q)

where the supremum is taken over all dyadic cubes in X, and

/ 1b(y) — boldp(y) < o,
Q

1
bg = M(Q)/Qb(y)dﬂ(?/)-

Definition 11. Given a Calderén—Zygmund operator 1" with kernel K and a function b in BMO,

we define the k-th order commutator with b, for an integer k£ = 0, as follows

Ty(f)() =/X(b(:r)—b(y))kK(x,y)f(y)du(y)-
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In the particular case when k = 1, Tb1 is the classic commutator and we will denote it by Tj.
Here we define weights:

A weight w is a nonnegative locally integrable function on (X, u) that takes values in (0, c0)
almost everywhere. For any 1 < p < o0 we define the A, constant of the weight w on the space of

homogeneous type X as follows

[l = s (oo / w)in) (o / w<x>1p’du)p1. (2.9)

where @ is a dyadic cube. We could also define this with respect to balls as

p—1
sup][ w ][ w = [w]a,,B < .
r>0 JB(z,r) B(z,r)

Note that if w € A, (with respect to balls), then w € A, with respect to cubes (see remark .

2.0.4 Orlicz classes

The Orlicz classes and Young functions arise in Chapter 5l In [67], Carlos Pérez defined a property
of Young functions termed “the B, condition”, which is important to boundedness of different types

of maximal functions, important in weighted theory and discussed in Chapter

Definition 12. A Young function is a a convex, increasing, continuous function A : [0,0) — [0, c0)

such that A(0) =0 (see [64]).

We sometimes normalize A(1) = 1.

Definition 13. Let A be a Young function. The complementary Young function A is defined as:

A(s) = Sltlp{st — A1)},
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(see [18]).

Now, we can use a Young function to define the Orlicz norm.

Definition 14. Given a Young function A and a set E such that u(E) > 0, define the Orlicz space

norm of a function v € Llloc,

[olag = inf{\>0: ][

E

A(H) gy

Definition 15. The corresponding Orlicz maximal function is

Ma(v(z)) = sup |v]a,p,

Bazx

where B ranges over balls.

Note that sometimes we define this maximal function with respect to cubes or to dyadic cubes.

Remark 9. Note that if A = P, this norm becomes the normalized LP norm, that is: | f],o =

(F7)""

All Young functions satisfy Young’s inequality, that is
ab < A(a) + A(b).
The reason why is

ab = A(a) + ab — A(a) < A(a) + sgp{ab — A(a)} = A(a) + A(D).

This property underlies a geometrical argument using convexity: if we graph the function A’(t)

and integrate, we see that

a b
ab < / Al(t)dt + / Al(s)ds = A(a) + A(b)
0 0
since ab, the area of the rectangle, is less than or equal to the sum of integrals by convexity.
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We also have the generalized Holder’s inequality:

/ f9.< 1f1algl 4.
X

This can even be stated in the context of a Banach function space (to be discussed later in Chapter
5).

Definition 16. A Young function A(t) is doubling if
A(2t) < CA(t)
for all ¢ and for a fixed constant C.

Some examples of Young functions include power functions ¢°, log bumps

tP
In**o(1 + t)

and loglog bumps
P

In(1 +¢)(Inln(1 + ¢))1+9

for 6 > 0.

For notation, we use the standard H < I to mean H < C1, where C' is a constant. We typically

use the letters C' and K to denote constants, even if they change from line to line.
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CHAPTER Three

A framework for representing Calderén-Zygmund operators on spaces of

homogeneous type and connections to the A, theorem

Here we show that Lerner’s method of local mean oscillation gives a simple proof of the As
conjecture for spaces of homogeneous type: that is, the linear dependence on the Ay characteristic
for weighted L? bounds of CZOs. Weighted norm estimates for singular integral operators in
Euclidean space and, more generally, spaces of homogeneous type are classical results. More
recently, a variety of methods have been developed which yield the sharp (linear) dependence
of norm bounds for such operators with respect to the Muckenhoupt Ao weight class. In [33],
Hytonen gave the first complete proof of these linear bounds, the so-called Ay conjecture, and in
[62], the Ay conjecture was proven for geometric doubling spaces by adapting the technology of
random dyadic grids. Subsequently, an extremely elegant and different approach due to Lerner

yielded another proof of the conjecture in the Euclidean setting [51].

We show here that Lerner’s simple approach to the As conjecture also works in the setting of
spaces of homogeneous type. The main tool that is necessary to carry out this approach is the
additional dyadic structure developed in [35], specifically a version of T. Mei’s family of dyadic

spaces whereby any ball can be covered by some “dyadic cube” of roughly the same size. Our
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objective then is to give a simple proof of this theorem:

Theorem 8. Let T' be a Calderon-Zygmund operator and X a SHT. Then for any w € As,

1T 2wy < C(T, X)[w]a,-

The simplicity of our arguments comes from a version of Lerner’s local mean oscillation decom-
position. This concept appeared in the work of [42] and [78] and has gained popularity through its
development in several papers of Lerner [49],[51],[50]. The technique requires very few assumptions

on the measure space.

The strategy of the proof is to adapt Lerner’s elegant maximal decomposition of a Calderson-
Zygmund operator, together with the additional dyadic structure provided by Mei’s lemma, which
was shown in [35]. The proof we give is completely self contained. This chapter is organized in
the following way: relying on few a priori assumptions, we begin section 1 with a review of the
median and its generalization. Spaces of homogeneous type appear next, leading to our maximal
decomposition. We discretize the operator in section 3. Finally, section 4 is devoted to proving
by showing a linear A bound for an operator from our maximal decomposition. The structure of
the proof is as in Lerner [51], but steps 3 and 4 of Lemma [29| and Lemma [32{ are new. We finally
remark that all absolute constants in this chapter depend only on the space X and the operator

T.

Earlier important contributions to this subject can be found in: [81], [7], [8], [17], [20], [33],

138], [40], [A1], A7), [62], [71], [72), [6]], and [73].

3.1 Median

We collect some standard properties of the median and its generalizations. Note that few assump-

tions are required on the measure. Let (@, A, |- |) be a measure space where |Q| < 0. Let u be
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the corresponding normalized measure so that pu(Q) = 1. Note that for this section the measure

is not yet assumed to be doubling. For a measurable function:

f:Q—-R

denote by F(a) = u(f < a) its distribution function.

Definition 17. The median of f, m(f), is defined as

m(f) =sup{a e R: F(a) < 1/2}.

Now we’ll point out several properties of the median that we’ll be using.

Lemma 4. We have

{a: F(a) < 1/2} = (—oo;m(f)],

in particular,

F(m(f)) <1/2.

Proof. The fact that the set {a: F'(a) < 1/2} includes its supremum follows from the left continuity
of the distribution function F'. O
Lemma 5. We have

u(f <m(f)) =1/2.

Proof. Observe that u(f < m(f)) = lime_o+ F(m(f) +€) and F(m(f) +¢€) > 1/2 by thus the

claim follows. ]

Lemma 6. If f < g, then m(f) < m(g).

Lemma 7. |m(f)| < m(|f]).
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Proof. By () we have m(f) < m(|f|). On the other hand by (F)),

u(f <m(f) = 1/2

so that u(f > m(f)) < 1/2. Equivalently u(—f < —m(f)) < 1/2, hence by the definition of the

median of —f,

This coupled with @ gives:

O

Lemma 8. For any c € R,

m(f —c¢) =m(f) —c
Lemma 9. We have
m(lf ~m(f)) <2 nfm(1f )
Proof. We have
m(|f —m(f)]) =m(f—c—m(f—c)) <m(f —c|l+Im(f—c)])
=m(|f —c]) +[m(f — )] <2m(|f —¢])
where we applied [§ [0} [§ again and finally O

It is important to note that the triangle inequality fails to hold for the median, as illustrated

by the following example.

Example 1. Let Q = [0,1] with | - | as Lebesgue measure. Let f(x) = 1xjo3/8) + %X[g/&l] and

9(x) = IxX[0,58 + 1xX(5/8,1]- Then m(f + g) = 5/4, but m(f) = m(g) = 1/4.

However, we have the following:
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Lemma 10.

m(|f]) < [f = glle +m(lgl)

Proof.

m(|f]) <m(f =gl +19) < m(|f = gl +l9) = [/ = gllc +m(lg])

using [f] twice, followed by [ Note that we could replace |f — g| with | f — g]« inside the median

since the median does not change upon removing a set of measure 0. O

Lerner discusses a generalization of the median value, w).

Definition 18. For 0 < A < 1 and define
wx(f) =sup(a: F(a) <1-—N).

Remark 10. The median is a special case: wy/s(f) = m(f).

If unclear from the context, we’ll write wy(f, Q) instead of wy(f) to emphasize the domain of

f.
The analogues of [4] ] [6] [I0] and [§] for w) hold, for example the analogue of [I0] is:

Lemma 11. For any 0 < XA < 1

wx(If) < [f = glleo + wallgl)

The analogue of [9] holds only for a range of \’s.

Lemma 12. For all 0 < X < 1/2 we have:

wr(lf =m(F)]) < 2inf wr(| — e
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Proof. Arguing just like in [0l we get

wr([f =m(H)]) = wx([f —c—=m(f —c)) S wr(lf =l + [m(f = )]) < wr(lf —¢l) + m(|f —c]),

but wy(|f —¢|) + m(|f — ¢|]) < 2wx(|f — ¢|) since m(|f]) < wa(|f]) only for 0 <\ < 1/2. O

We additionally point out the following lemma that will relate wy to the maximal operator:

Lemma 13. For 0 < A <1 we have

1
A < —
mﬂﬂ@%<@LLV|

Proof. Let
1
a= )\|Q|/Q |f1.

We only need to consider the case a > 0.

By Chebychev’s inequality, we get

_reQi@lzal 1 1o
p(lf(@)] > a) = 3 <a @hLUW A

Consider the two possible cases

pllf ()] = a) < Xand p(|f(z)] = a) = A

In the first case, u(|f(z)| < a) > 1 — A, hence wy(|f],Q) < a.

In the second case, when the Chebychev inequality is an equality, the function |f| can take

only two values: 0 and a (up to a set of measure zero), so then |{z : |f| = a}| = A|@Q|. This implies
wA(lf], Q) = a and
1
xar(lf1.Q) = i [ 111
Ql Jg
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The following lemma relates wy to the weak L“® norm:

Lemma 14. For any 0 < A < 1 we have

wr(|f]) < A|1Q,\|fu1,oo

Proof. Using the definition of w), taking the complement of the set involved, we have,

A< ullf] = wn(f)) - L |J|12|> 20 < w|A|<f|’}|1>’TOQ|

The final lemma of this section relates wy to the values of function via the Lebesgue differen-

tiation theorem.

Lemma 15. Let 0 < A < 1 and xg € @, where @, is a sequence of sets such that

/ = flao)| = 0.
Qn

Then
wr(f, @n) — f(xo0).

Proof. By [13] we have

oa(FQu) = £(a0)l = oa(lf = £l @) < 1 £ 17 = flan)] 0
Qn

Finally we note that we can define an equivalent BMO norm using the median values as our

sequence of constants instead of averages. To be precise, first recall another BMO definition:
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Lemma 16. Let | f].« = supg fQ |f — fQ f| be the usual BMO norm. Then

1 .
oIl <swint £ 17 ~al < |71,
Q aeR Q

50 sup infer JCQ |f — a| defines an equivalent norm.

The proof can be found in [24].

Now we define the space BMO,, and show that it is equivalent to BMO. Let mg(f) be the

median with respect to the cube @, that is m(f) = sup{a € R: F(a) < |Q|/2}.

Definition 19. Let | f|m = supq f, |f — mq(f)|. We say f € BMOy, if | f|m < 0.

Lemma 17. Let f € BMO. Given {mq(f)}, a sequence of medial values, we have that

supf = mo()] <3|f]
Q JQ

Proof. By [§ we have

]é\me(fH:]élfch(fC)|<]é|fCI+]élmQ(fC)l<é|/Q|fCI

by [7] and [13] Hence
sup][ |f —mq(f)] <3supinf][ |f —al.
Q@ Ja Q R /g

Now the main result:

Theorem 9. We have that BMO,, ~ BMO, that is | f|l« ~ || f|m-

Proof. Since clearly supg infuer fQ |f — al < supg fQ |f — mq(f)], using the lemma and putting

30



everything together, we have

1 .
oIl <swpint 7 ~al <sup £ |f ~mo () <301
Q «RJg Q JQ

completing the proof. ]

Remark 11. Instead of using {mg(f)} we could also use {wx(f,Q)}q to define BMO. The proofs

follow in the same way, except instead of the constant 3, we get 1+ 1/A.

3.2 Maximal decomposition

We prove the analogue of Theorem 2.3 in [51] for SHT. We recall the definition of a dyadic system

with the notation that we will use in the proof. We now assume (X, p,|-|) is an SHT.

Theorem 10. [10] and [35] There exist absolute constants C > 0, § > 0, 0 < € < 1, a family
of sets D = Uyez Dy, (called a dyadic decomposition of X ) and a corresponding family of points

{z.(Q)}qep that satisfy the following properties:

X = U Q, forallkeZ (3.1)
QeDy,
If Q1,Q2 € D then either Q1 N Qo = & or one is contained in the other. (3.2)

For any Q1 € Dy, there exists at least one Q2 € D41 so that Q2 < Q1 (called a child of Q1)

(3.3)

and there exists exactly one Q3 € Dy_1 so that Q1 < Q3 (called the parent of Q1) .
If Q2 is a child of Q1 then |Q2] = €|Q1]. (3.4)
B(z.(Q), ") ¢ Q c B(x.(Q),Cd") (3.5)

Definition 20. For a @ € D we’ll denote by k(Q) € Z the only integer for which @ € Dy q)-

Definition 21. For a.e. x € X for any k € Z there exists a unique set denoted by Q(z) for whom

T € Qk(az) € Dk.
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We emphasize that though much of the dyadic terminology is the same for SHT and with
Euclidean space, the usual concepts of centers and side lengths, and dilations of cubes do not exist

as in Euclidean spaces.

Definition 22. Let D be a dyadic decomposition of the space X and @ € Dj. For a number A > 1

we’ll denote by AQ the ”"dilated” set
AQ = B(z.(Q), \C5¥),

where the constant C' is the one provided by The set A\Q will play the role of the dilation of
the set @ by the number A\. However, note that even in the Euclidean case, AQ is not necessarily

a dilation with respect to the center of Q).

Remark 12. From[3.5] and the fact that the measure is doubling it follows that if w is an Ay weight

][ w][ w™! < Do[w] 4,
Q JQ

then for any Q € D,

where Dg is an absolute constant.

Let D be a dyadic decomposition of X. Fix Qg € D and a measurable function f : Qy — R.
In the rest of this section we’ll construct the maximal decomposition of f (stated in . For

convenience denote f,, = |f —m(f, Qo)|-

Definition 23. Denote by M those elements @) of D that lie in (Qy and that are maximal under

inclusion with respect to the following property:

m(fma Q) > W5/4(fm; Qo)a

(where 0 < € < 1 is the number provided by Theorem .

Take the set of parents of M, then take all the maximal elements in this set under usual

inclusion of cubes. Denote this set by M. Note that the elements of M are disjoint and for Q) € M:

m(fm, Q) < weya(fm, Qo). (3.6)
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Also,

Lemma 18. We have the following:

Qo
> lel< =7~ (3.7)

QEM

Proof. For QQ € M we have that m(fm, Q) > w./a(fm,Qo), so that

< o€ Q: ful@) 2 ml£n Q1 < 1w € Q: fie) > (s Q)]

where the first inequality is by [bl The elements of M are disjoint, so summing over these elements

we get

5 Z QI < [{z € Qo fn(@) > weya(fm, Qo)}| < €

QeM

1Qol
1

where the second inequality is due to the analogue of 5| for wy. By

=Y lal< Z Q| < 5'Q°

QeM QGM

Remark 13. Note that implies that Qg ¢ M.

Remark 14. For any x € Qg we have the following decomposition
F(@) = m(£.Q0) = (f(z) — m(£. Qo)) Xqnog (@) +

+ > (fl@) =m(f,Q) xe(x) + Y, (m(f,Q) —m(f,Qo))xq

QeM QeM

We'll be estimating parts of that decomposition. We first need the following results: see

Chapter

Theorem 11. We call x a Lebesgue point if fB(x ") |f(z)] = f(z) as |B] — 0 (note that | - | is

the homogeneous measure). If f € L'(X) then almost every point is Lebesgue.
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Lemma 19. Let x € Qg be a Lebesgue point of f, then

1
m Qk(x) ’f_f(x)’_)07 GSI{I—>+OO,

where Q(z) is defined in[21]

Proof. To prove this, we use a few key facts. If k is sufficiently large then Qg (x) < Qp. Since

B(zc(Qr),0") € Qk(2) < B(ae(Qk), C3Y),

by applying the doubling property, we can arrive at the result. O

The following lemma estimates the first term in

Lemma 20. For a.e. x € Qp\ Y genr Q

|f(z) —m(f, Qo)| < we/a(fms Qo)

Proof. For an x € Qp\ Ugenr @ we have that Jm(x) > weys(fm, Qo). Since x is a Lebesgue point
for f,,, then by

m(fm, Qr(7)) > we/a(fm, Qo) for a sufficiently large k,

implying that Qx(x) is a subset of an element of M, thus a subset of an element of M. In particular,

T € UQEMQ, a contradiction. O

Remark 15. Also, using 3.6/ we get that for any Q € M:

im(f, Q) —m(f, Qo)| = [m(f —m(f,Qo), Q)] < m(fm, Q) < We/a(fm,Qo)-

Remark 16. Using the estimates in [T4] we get that for a.e. x € Qq:

[f(x) = m(f, Qo)l <
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M, o (D@ Xanoy 0 @) +woga(lf —m(f, Qo) Qulxao@) + 3 1f — m(£.Q)lxo ().

QEM

where

M o, ()(@) = sup{wa(If —m(f,Q).Q): z€Q < Qo,Q e D},

following Lerner’s notation.

Theorem 12. Applying the estimate of inductively (to the last term in the sum) and usmg

we get that for a.e. x € Qy:

@) —m(f.Q)l < ME, o (D@ + Y wullf — m(£,Q) Qxola),
QeD(Qo)

where the sum is spread over a family of sets D(Qq) which is sparse in Qo with respect to the

dyadic decomposition D. Namely we have

D(QO) = Sn

n=0,1,...

(where n represents the step in the induction), where:

1. Each element of D(Qqo) belongs to D and is a subset of Q.
2. The elements of each family S, are disjoint.

2. 50 ={Qo}.

3. If n > 0 then each QQ € Sy, is a subset of an element of S,,_1
5

. For any Q' € S,, we have that:

]

Q' 5 "

Q'eSn+1,Q'EQ

Condition 5 is the sparsity criterion. Note how this relates to[3.7

35



3.3 Discretization of operator

In this section, we follow Lerner’s strategy in [51] in order to reduce estimates of a Calderon-

Zygmund operator to the case of a discrete operator.

Lemma 21. Let T be a Calderon-Zygmund operator (see @, Q € D be an element of a dyadic
decomposition D of the space X (see @) and 0 < € < 1 be a constant provided by . Note that

we can assume that n < 1. We then have the following:
o0
1
o114 =m(TS.Q)LQ) < D1 Y, g £, Wy
i=1 i

where 2'Q is defined in[29 and Dy is an absolute constant.

Proof. For compactness denote z. = z(Q) (see 21)) and k = k(Q) (see 20). By define Q* =
%Q = B(x., %6’“)where 7 is the constant provided by the smoothness condition for T (see . For

a function f denote

Ji=1[ Xxg* and fa = f - xx\0*

By [12] and [T1] we have
wes(|ITf =m(Tf,Q)], Q) < 2wepu(|Tf — (Tf2) ()], Q) (3.9)

< 2w, 0 (ITf1 + Tfo — (Tfa)(xe)|, Q) < 2w pa(IT 1], Q) + 2|(T f2) (z) — (T f2)(2e) | oo ()

For the first term in the right side of note that the operator T" is of weak type (1,1), thus by
I4:

ATAle _ ATl (LAl _ 4T e Q]

T < X ~
w5/4(\ fl,Q) < € Q| € Q| € Q) Q*

/]

Note that by

Q°] _ |Blae, C8* /)
QI = IBaed)

which is bounded by an absolute constant due to the doubling property.
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In second term in the right side of for x € Q we have:
plz,z.) < Co*

for y € X\Q* we have:

26’“ < p(xe, ), (3.10)

and due to there exists unique 7 > 1 so that:
27168 < pae,y) < 270",

We can then apply the kernel estimate

p(z, zc)\" 1
K T,y - K Le, Y < ( >
’ ( ) ( )| p(.’EC,y) |B(xcap($cvy))|
< C.Y/L— ()
S 9 | Bz, 2-10F)| \Blre2'd) W
3 (2C)" [B(x,2'Co%)| 1

| Bla, 210 2igrel)

where the second factor is bounded by an absolute constant due to the doubling property. Thus

[(T'f2)(x) — (T f2) ()| < /X\Q* |fa()||K (z,y) — K(2¢,9)|dy
< Dl;W’"I;’QI /X o | f2(y) X210 (v)dy

L1
_ DY L f F()ldy,
i:ZIQT] QiQ

for some absolute constant D;. ]

Let T be a Calderon-Zygmund operator (see . Let D be a dyadic decomposition of the space
X (see . Fix an arbitrary Qg € D. By for a.e. x € @y we have:

(TF)(x) =m(Tf,Qo)l < Mf;4,QO(Tf)(x) + Y, weullTf —m(Tf,Q),Q)xo(x).
QeD(Qo)
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By , following Lerner’s approach,

(@)@ < Im(TF.Q0) + Do M(P)@) + D1 Y o ][ Fhxola

i=1 QeD(Q

where Dy is a certain constant depending on the operator 7' (on the parameter 7 to be precise).

Let w be an Ay weight. Then

7 lli2mn) < 1T 5. @olliznn) + Dol (Dlzzgman + D1 Y o || 5 ][ flxa

i=1 QeD(Qo) L2(w)

Note that the sharp bound for the maximal function is due to the result in [35] (stated for metric
spaces, but holds for SHT as well), a generalization of Buckley’s result (see . We’ll now estimate

the last term. By [T4}

11 (Qo)
|Qol

T 1] 21,00(0)

Applying Holder’s inequality and recalling that [w]a, = 1, we get:

T 1/2
Im(T5.Q0)lzing0 < o= ([ ) Wl < )
0

. B 1/2 /2 4 , 12
T 00l £ 22 (w,0) w w < 11,0011 22 (w,00) [w] 4,
Qo 0 |Q |

7Q0[]

Thus, in order to prove [§ (i.e. the linear Ay bound for T) if suffices to show a linear Ay bound

for the discrete operator:

an= Y f flxer i=1.2,. (3.12)
QeD(Qo)

with a norm estimate depending linearly on the parameter ¢ (i is called the complexity of the

discrete operator A;). This will be proved in the next section.
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3.4 Linear bound with respect to complexity of discrete operators

By Theorem 4.1 in [35] there exist constants J € N and D > 0 depending only the space X and
there exists a corresponding collection of dyadic decompositions {D7: j = 1,2...,.J} of the space
X such that for every ball B(z,r) there exists some 1 < j < J and Q* € D7 with B(x,r) < Q*
and diam(Q*) < Dr.

Hence in order to prove a linear A bound for the operator it suffices to prove a linear A,

bound, depending linearly on the complexity ¢, for the operators of the following form:

1 .
Bji(f)= > m/*f-m j=1,2,...,J (3.13)
QeD'(Qo) @

The sum in the definition of B; ; is spread over D'(Qo) which is a certain subset of D(()o) which
has the following property: for any @Q € D’(Qo) there exists a set in D7 denoted by Q* € D’ so
that

2'Q = B(xc(Q),2'CMV) = Q* (3.14)

and

diam(Q*) < D - 2'CF @), (3.15)

where k(Q) was defined in Thus D'(Qo) = uS), where some levels may be empty.
In the future we’ll write B instead of Bj;, suppressing the dependence on the parameters 7 and j.

We’ll also need the formal adjoint of B:

1
B*(f) = Z Tl I Xxox
QeD’(Qo) Q| /Q

The rest of the paper will be devoted to the proof of a linear As bound of the discrete operator B
depending linearly on the complexity 4, proved in thus completing the proof of 8| We follow
the outline from Lerner, but emphasize that due to the design of SHT, our argument in steps 3
and 4 of 29 is different. In [32] we give an argument for an estimate which is implicit, but not

stated in [51].
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Lemma 22. For a constant v > 0 depending on the space X only,

1B(Nl2 = [1B*(H)ll2 < I £1l2

Proof. For any @ € C), denote E(Q) = Q\ UQlean Q1. The sets E(Q) are pairwise disjoint, and
by [3.8] we have: |E(Q)| < |Q|/2, thus for any f,g e L*(X):

f ~][|g~|@r<
QeD'(Qo) Q

2 3 f - fulE@li<z / (Mf-Mg) <2 | (M7 Mg) <lfllalall

QeD'(Qo) QeD'(Q

lABU%g<

which finishes the proof. ]

Lemma 23. There exists an absolute constant 3 so that we have:

I1B* (Nl < Bill f]1,

Proof. Step 1.

The set Q = {(M f)(z) > a} is open and bounded (since |Q| < o). Denote by {W;};cr the family
of elements W; of the dyadic decomposition D that lie in the set 2 and which are maximal with
respect to the following property diam(W;) < dist(W;, Q2¢). The sets W; are disjoint by maximal-
ity. Additionally Q = u;W.

Indeed, for a point z € ) consider the sets Q(z) introduced in[21} We have that diam(Qy(z)) —
0 and by quasitriangle inequality dist(Q;(x), Q) = dist(x,Q¢)/Cy as k — +00. Thus Qr(z) <
and diam(Qy(x)) < dist(Qx(x),2°) for a sufficiently large k € Z.
Step 2.

Set

bi = <f—][W_f>XW“ b=2bin g=f-b

iel
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For any a > 0 we have:

{z: [(B*f)(@)| > a}| < [Q] + {z: [(B*9)(z)] > a/2}| + [{z € Q°: [(B*b)(z) > a/2}|.  (3.16)

In order to prove 29| we estimate the terms on the right of For the first term we use that the

maximal function is weak L1, thus:

2 < 22|71,
for an absolute constant Ds.
Step 3.
For the second term we first note that
9(z) < Ds-a (3.17)

for some absolute constant D3 > 0. Indeed, if z € Q€ then |g(x)| = |f(z)] < a.

Now if € Q then z € W; for some i € I. Denote by W? the parent of W; in the dyadic
decomposition D. Two cases are possible:

Case 1. diam(W?) > dist(W?, Q°).

Case 2. ! contains a point in Q°.

Consider case 1. There exist y € Q° and z1 € W so that

diam(W?F) > p(z1,y).

Let x5 be an arbitrary point in W;. By quasitriangle inequality:

p(z2,y) < Co(p(z2,21) + p(21,y)) < 2Codiam(W]) (3.18)

Hence

W; < B(y, 2Cydiam(W})) =: B (3.19)
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But y € Q° so that (M f)(y) < a. Hence, we can estimate:

x)|=‘][wif‘<wli|/31f\<%]iﬂ<

|B]

_ 1Bl "
[Wil

= Wi

(M)(y) <

In order to estimate the fraction |B|/|W;|, take x2 to be x.(W;) in to claim:
p(zc(W;),y) < 2Codiam(WY)
which together with implies that
p(xc(WPF),2Codiam(W?)) < Colp(y, zc) + p(y, 2Codiam(W?))) < 2Cy(2Codiam(W?)

so it follows that

B c B(z:(W;),4CEdiam(W?)).

So that we can estimate.

B _ |B(ec(W)). 4C3diam(W))|
But due to that quantity is bounded by an absolute constant by the doubling property.
Note that in case 2 it is still true that for a certain y € Q¢ we have (M f)(y) < a and W; < B so
that case 2 can be treated similarly.

Now we are ready to estimate the second term of [3.25] Use [22] and [3:26] to write:

47D3 47D3

4 4y
[{o: [(B*9)(2)] > a/2] < S |IB*(9)ll3 < —lglf5 < gl < £

Step 4. In order to estimate the third term of fix z € Q2° and consider:

(B*h) () = ZezQ(@*i / ) Yor(a (3.20)
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Assume that for certain () and W; we have that:

</Qbi>~XQ*(a:)7é0

Then Q N W; # . But also W; ¢ Q as fWi b; = 0 by definition. Finally both W; and @ belong

to the same dyadic decomposition D. Thus we must have that @ < W;. Also xg=(x) # 0 implies

x € Q*. Using all of these and we can estimate:

diam(W;) < dist(W;,Q°) < dist(2+(Q), z) < diam(Q*) < D-2'C6* @) < 2°. DC - diam(Q) (3.21)

Recall that by [20| k(W;) denotes the only integer for whom W; € Dy y,). We have:
diam(W;) = W) < 2. DCdiam(Q) < 2 - DC - 2C,C*(@)
We have that for some absolute constants Dy, D5 > 0,

where the left hand side follows from @ < W; and right hand side follows from plugging [3.31] into

Thus, for our fixed x € Q¢ we can write

(B @) <Y v (- / ) - xor (o),

lel Q : k(W)<k(Q)<D4i+k(W;)+Ds

but the sets @ for which the number k(Q) is the same are disjoint, thus

(BB)@) < Y. 3 ( /Q ybl|) <

Qe lel Q : k(W)<k(Q)<Dai+k(W;)+Ds

S\(Dii+Ds) [ bl < 2ADak + Da)l1l
lel Wi

So that we can estimate the third term in [3.25] as follows:

Dy + Ds)il| f||1
a

2 2
o < Q% [(BD)@)] > a/2)] < 2B M1, ) <
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Lemma 24. For any Q1 € D7 we have that:

we(IB*(F) — m(B*(F))], Q1) < Dyi ]é I

where € is the constant provided by B = B; j and D¢ is an absolute constant.

Proof. Note that the function

2 <IQ*| >XQ*

Q: QeD'(Q0),Q15Q*

is constant on @ as both @Q; and the sets Q* involved in the sum are in D’. Thus, using [12| we

can write:
wos(|B*(f) = m(B*(N), Q1) < weu | |B*(f) - > <|Q*| )m* Q1
Q: QeD’'(Qo),Q1EQ*
= w6/4 < > XQ* 7Q1
Q: QeD'(Qo),R*<cQ1 @ ‘

= We/a (|B*(f 'XQ1)|7Q1) < We/4 (B*(|f| 'XQl)an)

Further by [14] and 29 we have

4 4
wesa (B*(If] - x@1), @1) < ’Q |H U x| Ly m@i) < @ﬁillﬂlm(@l) < 52]2 |1

Lemma 25.

1B* ()l 2wy < D7 - i[w]a || f1] 2 w)

where B = B; j and D7 is an absolute constant.
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Proof. Let Q2 € D’ be a set satisfying:
diam(Qz) > D - 2°C*(Q0),

where Qg is the set involved in the definition of B (see [3.13)). (This can always be achieved by

taking Qo from a sufficiently high level of the dyadic decomposition D7). Then for any Q* from
using we have that diam(Q*) < diam(Q2) and hence

Q2 ¢ Q* (3.23)

Apply the maximal decomposition [12| for the function B*(f) taking the Qo of |12| to be Q2 and

apply the estimates obtained in |30| to estimate:

|(B*f)(x)] < |m(B*f,Q2)| + D¢ - k- (M f)(x) + Dg - i - Z ][ for a.e. T € Q2

Q1€DI(Q2)
And thus:
[1B* fll 12(w,02) < Im(B*f, Q2)l|2(w,gs) + De - i - [|M £l 12 (w,0) (3.24)
+Dg -1 - Z |f’XQ1
QIEDj(QZ) & L2(w,Q2)

The first term of will be estimated in [32] and the second term in thus finishing the proof
of 311

Lemma 26.

Im(B*f, Q2)l|12(w,Q2) < Billfll12(w,qs)[w] 42,

Proof. Decompose:

. * R
Bf= ) \Q\/fXQ+ 2. |Q*1/Q”Q

QeD'(Q0),Q* Q2 QeD’(Qo),Q2&Q*

1

QeD'(Qo),Q*NQ2=T
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Here the third term will be identically zero on ()2 and the second term is zero due to Thus

for m(B* f,Q2) only the first term matters. Using Q) < Q* we get:

m(B*f,Q2) = m(B*(f - x@,), @2)

By [14] and

||B* (f ’ XQ2)HL1,00(Q2)
Q2|

HfHLl(Qz)
Q2|

Im(B*(f - XQ2), @2)| < < pi

so that applying Holder’s inequality and [12| we get

17 2
[m(B* £, Q)| L2 (w0 <m|Q—;<|Q2‘> ( /Q w) < Billf1] 22 w0 [w] 4,
2

Lemma 27.

S (f 1w <l

Q1eD7(Q2) @ L2(w,Q2)

We first note that for any function g € L?(w™!),

[ fiaw owals X fif el

Q1€D7(Q2) Q1€DI(Q2)

> 5 f U el

Q1€DI(Q2)

where for every Q1 € D7(Q2) we denoted

EQu=\ | @

QeD(Q2),Q%Q1

and used Now let w(Q) = [, w and M,-1(f) = supq w( f | fw|w™t. We further estimate:
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S, weeo< w3 (=i L 1) (g [, bt e

Q1€DI(Q2 Q1€DI(Q2)

< [wly, Y / My () M (gu™)
Q1€Di(Q2) E(Q1)

N

(], /X M1 (fu) My (g™

N

[w] 4o || May=1 (Fw)l| 22 (1) M (g™ ) L2 )

A

Dr[w]ap | f1l2w) 9] £2(0-1)

Where we use the fact that M, is bounded on L?(w) indepedent of [w]a,. Taking the suprenum

over ||g|[r2(u-1) =1,

> (fQ | 11) xeul@)

Q1€DI(Q2)

< Dr[w]a,

L2 (w)

3 (72 | 11) xeu @)

Q1€DI(Q2)

L2('UJ,Q2)

Lemma 28.

IB(Nllz2@w) < D7 - i[w]as | £l L2(w),

fO?” B = Bz‘,j-

Proof. For any g € L?(w™!) using 31| we have:
[ Bha= [ 1@ = [ 1B (@) < |l Bl

< Drilw ™ a1 f 11 2 191 2201
so that the claim of the lemma and our main theorem follows. O

Lemma 29. There exists an absolute constant 8 so that we have:

I1B*(Pllee < Bill f]1,
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Proof. Step 1.

The set Q = {(M f)(z) > a} is open and bounded (since |Q| < o). Denote by {W;};c; the family
of elements W; of the dyadic decomposition D that lie in the set 2 and which are maximal with
respect to the following property diam(W;) < dist(W;,2¢). The sets W, are disjoint by maximal-
ity. Additionally Q@ = u;W;.

Indeed, for a point € 2 consider the sets Qx(z) introduced in[21} We have that diam(Qx(z)) —
0 and by quasitriangle inequality dist(Q;(x),Q¢) = dist(x,Q)/Cy as k — +00. Thus Qx(x) < Q
and diam(Qx(x)) < dist(Qk(x), Q) for a sufficiently large k € Z.
Step 2.

Set

For any a > 0 we have:

{z: [(B*)(@)| > a}| < Q] + {z: [(B*9)(z) > a/2}| + [{z € Q°: [(B*b)(z)| > a/2}|.  (3.25)

In order to prove 29 we estimate the terms on the right of For the first term we use that the

maximal function is weak L1, thus:

9 < 22|71,
a
for an absolute constant Ds.
Step 3.
For the second term we first note that
g(x) < Ds-a (3.26)

for some absolute constant D3 > 0. Indeed, if z € Q€ then |g(x)| = |f(z)] < a.
Now if z € Q then x € W for some [ € I. Denote by Vle the parent of W, in the dyadic
decomposition D. Two cases are possible:

Case 1. diam(W}) > dist(W},Q°).
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Case 2. I/le contains a point in °.

Consider case 1. There exist y € Q¢ and x; € W} so that
diam(W}) > p(z1,y).
Let x4 be an arbitrary point in Wj. By quasitriangle inequality:
p(x2,y) < Co(p(xa, 1) + p(x1,y)) < 2Codiam(W})

Hence

Wi < By, 2Codiam(W})) =: B

But y € Q¢ so that (M f)(y) < a. Hence, we can estimate:

_ 1 1Bl
'g(”””)"’fwlf‘é i 1< i £, 1<

18| 1B,

Let z € B. In order to estimate the fraction |B|/|W;|, take z2 to be x.(W}) in to claim:
p(ze(W1),y) < 2Codiam(W})
which together with implies that
p(ze(WF), 2) < Co(py, xc) + p(y, 2)) < 2Co(2Codiam(W))

so it follows that

B < B(z.(W)),4C3diam(W})).

We can estimate.
B| _ |Blao(W). ACRdiam(W}))|
W Wil

But due to that quantity is bounded by an absolute constant by the doubling property.
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Note that in case 2 it is still true that for a certain y € Q¢ we have (M f)(y) < a and W; < B so

that case 2 can be treated similarly.

Now we are ready to estimate the second term of Use [22| and to write:

4vDs 4vDs
2591l < =

. 4 9 4y 2
o (B*9)(@)| > a/2] < 5 1B* ()l < llgll < =5 :

Step 4. In order to estimate the third term of fix x € Q¢ and consider:

(B @) =YY (‘Qﬂ /Q bz) Xg+()

lel Q

Assume that for certain () and W; we have that:

(/le> Yo () 0.

11

(3.29)

Then Q N W; # &. But also W; ¢ @ as le b; = 0 by definition. Finally both W; and Q belong

to the same dyadic decomposition D. Thus we must have that Q@ < W;. Also xg=(x) # 0 implies

x € Q*. Using all of these and we can estimate:

diam(Wy) < dist(Wy, Q°) < dist(z.(Q), z) < diam(Q*) < D-2'C6* Q) < 2°. DC - diam(Q) (3.30)

Recall that by [20| k(W;) denotes the unique integer for which W; € Dy,y,). We have:
diam(Wy) = 6*W) < 9°. DCdiam(Q) < 2° - DC - 2C,C*@)
We have that for some absolute constants Dy, D5 > 0,

k(Q) < k(Wl) < k(Q) + Dy i+ Ds

(3.31)

where the left hand side follows from () < W; and right hand side follows from plugging [3.31| into
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[3:30l Thus, for our fixed z € Q¢ we can write

(B <Y 3 (éﬂAMOtmﬂw

lel Q : k(Q)<k(W;)<D4i+k(Q)+Ds

but the sets @ for which the number k(Q) is the same are disjoint, thus

(B*) @) < ) D <LM0<

|
Qe lel Q : k(Q)<k(W;)<Dui+k(Q)+Ds

Zum+Dw/|m<2wn+Dmuh

lel Wi

so that we can estimate the third term in [3.25 as follows:

2(Dy + Ds)il| f||1
a

. 2
[tz € Q% |(B*0)(2)] > a/2}] < —||B*bl|1, 0¢) <

Lemma 30. For any Q1 € D we have that:

cwdwﬂﬂ—m@WﬁMQn<Dmf\ﬂ

Q1

where € is the constant provided by B = Bj; and Dg 1s an absolute constant.

Proof. Note that the function

2 <M;w/gf>XQ“¢)

Q: QeD'(Qo), Q1 =Q*

is constant on @ as both @Q; and the sets Q* involved in the sum are in D?. Thus, using [12| we

o1



can write:

cnB G - mB WL < e |F0- ¥ (g 7 ) vor@) @
Q: QeD'(Qo),Q1EQ*

= We/4 Z < / )XQ* )| Q1
Q: QeED'(Qo),Q*cQ1

= We/4 (|B*(f 'XQl)‘7Q1) S Weya (B*(’f‘ 'XQl)le)

Further by [14] and 29] we have

4 4 4
e (B*(11] - x1)-Q0) < 511B *<|f|-><Ql>||Ll,oo<Ql><E‘Ql,ﬁi||f|m@1><fi]{2 71

Lemma 31.

IB*(Nr2w) < D7 - ilw]anl| 1l 2(w),

where B = Bj; and Dy is an absolute constant.

Proof. Let Q2 € D7 be a set satisfying:
diam(Q2) > D - 2!C 6" (Q0),

where Qg is the set involved in the definition of B (see |3.13)). (This can always be achieved by

taking Q2 from a sufficiently high level of the dyadic decomposition D7). Then for any Q* from
using we have that diam(Q*) < diam(Q2) and hence

Q¢ Q* (3.32)
Apply the maximal decomposition for the function B*(f) taking the Qo of [12] to be Q2 and
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apply the estimates obtained in |30| to estimate:

|(B*F)(@)| < [m(B*£,Q2)| + Do -i- (Mf)(@) + Dg-i- Y. ][ for ae. 7€ Qy

Q1€DI(Q2)
And thus:
[1B* fll 12(w,02) < [Im(B*f, Q2)l|2(w,g) + De - i - [|M £l 12 (w,0) (3.33)
+Dg || ] ][ |fIxqn
Q€D Q2) L2(w,Q2)

The first term of will be estimated in [32] and the third term in thus finishing the proof of
B3I

Lemma 32.

Im(B* f, Q2) L2 (w,@2) < Bl F1|L2(w,02) (0] 45

Proof. Decompose:

er . b v
B*f = D ‘Q‘/foJr > |Q*’/QfXQ

QeD’(Qo),Q*<Q2 QeD'(Qo),Q2&Q*

1
N 2, Q"] / fxr-
QeD'(Q0),Q* Q2= Q

Here the third term will be identically zero on Q2 and the second term is zero due to[3.32] Thus

for m(B* f,Q2) only the first term matters. Using @ < Q* we get:
m(B*f,Q2) = m(B*(f - Xq,), Q2)

By [14] and

HB* (f : XQZ)HLI,OO(QQ)
Q2]

1112, 02

Im(B*(f - xq,), Q2)| < Q2|

< Bi
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so that applying Holder’s inequality and [12| we get

|11 v
|[m(B* f, Q2)|| L2 (w,q2) < ﬁl‘Qi;(’QZ) (/Q w) < Bill 12w, [w] 4,
2

Lemma 33.

< D7[w]A2

L2 (vaQ)

> (f, 1) e

Q1€DI(Q2)

We first note that for any function g € L?(w™!),

Lo 2 fimew sonls 3 A inf la-iai <
> 3 A el

Q1€D1(Q2)

where for every Q1 € D7(Q2) we denoted

EQu=\ |J @

QeD(Q2),Q1

and used E Now let w(Q) = fQ w and M,,-1(f) = supg ﬁ [ |fw|w™!. We further estimate:

S f i lelip@ii< fws, ZQ)<w_f(Ql> L191) (o L 191) 126

Q1€DI(Q2) Q1€DI(Q2
wla, Y / My () M (gu™)
QieDi(Q2) 7 (@)

N

N

" /X M1 (fu) My (g™

[w] 4o || M1 (Fw)l| 22 (uo1) M (g™ 22

Drfw]as |[£1 2w 191 201

A

N

o4



where we use the fact that M, is bounded on L?(w) independent of [w]4,. Taking the suprenum

over |[g[pz(u-1) =1,

S (f e -l S (f )e@| <ol

QieDi(Q2) N €@ 2w || @EDI@Q2) M 12 (w)

O]

Lemma 34.

B2y < D7 - ilw]agll £l 22(w)s
for B = Bj;.
Proof. For any g € L?(w™!) using [31| we have:
[ Bha = [ 15 @ = [ 1B @) < il Bl
< Drilw ™ a1 £l 2 191 22001
so that the claim of the lemma and our main theorem follows. O

Underlying the arguments employed above (and from [5]), is the trademark decomposition of

a CZO into sparse operators, done first by Lerner in R™, and written out is full detail in [2]:

Theorem 13. Given an SHT (X, p, ) and a Calderén-Zygmund operator T', then for any Banach
function space Y (see for a discussion),

IT(Hlly < O(X, T)sup IT5(f)lly (3.34)

where the supremum is taken over every dyadic grid D in (X, p, ) and over every sparse family

S in D.

Taking Y = L?(w) is the case of interest and easily yields the Ay theorem by reduction to the

sharp constants for sparse operators.
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We include the proof that appeared in [2] for completion, based on original notes of the author

derived from [5].

Proof. As was proved in [34, Proposition 4.3], if we fix a point z¢ € X, we can construct a dyadic
grid D* satisfying Theorem [10| that contains a sequence of nested dyadic cubes {Qxn} such that
xo is the center of each cube Qn and such that | Jy @~ = X. Therefore, by duality and Fatou’s

lemma, there exists ¢ in the associate space Y, |g|ly» = 1, such that

N—w0

ITflly =/X|Tf(fv)|9(w)du($) <liminf/ T f(x)]g(x) dp(z).

Fix N > 0; we will prove that the final integral is bounded by C'sup |T° f|y, where the supremum
is taken over some collection of S and D, but the constant is independent of these and also

independent of N.

As was proved in [5 Section 5], there exist C, Ca, n > 0 such that for u-a.e. z € Qp,

o0

TF@)] < CMF) +Co Y oo Af(), (3.35)
=1

where

Aif(x) = >, 1 f)duy) - xe(@)
QeSy /2@

and Sy is a sparse subset of D* that consists of dyadic sub-cubes of Q. The constants depend
only on X and T in particular C; depends on the fact (see [10]) that T : LY(X, u) — LY (X, ).

Therefore, by Holder’s inequality (with respect to Y and Y”),

/Q ITf(2)|g(x) du(x) < C1|M[ - xQnlly + Ca D 27" Aif - xQully = T + L.
N 7

To estimate I; we give a pointwise estimate for M f(x). By [35, Theorem 7.9] there exists a
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constant K = K(X) and a collection D!,..., D¥ of dyadic grids such that for every z € X,
K
Mf(x) < C(X) Y, M*f(x), (3.36)
k=1

where M* = MP" is the dyadic maximal operator defined with respect to D¥. We claim that for

each k there exists a sparse subset Sy (depending on f) such that
MFEf(x) < C(X)T f(). (3.37)

This follows from (2) in Theorem |3 With the notation of this result, let Sy = {Q;} e D* be the

sparse family. Then given z € Q;\Q;1, there exists Q; such that

Mf(z)<ad™' <a ; fy) du(y);

hence, for p-a.e. x,

MA@ <a X f T dnt) xoyle) = TS @)

If we now combine inequalities (3.36]) and (3.37)), we have that

K
L <C(T,X)|Mfly < C(T,X) Y |T5 fly < (T, X) sup IT5f|ly-
k=1 s

To estimate I, we will decompose each A; f and apply duality. By [35, Theorem 4.1] there exists
a family of dyadic grids D',..., D”, satisfying the properties of Theorem [10| with the additional
property that given any ball B,, there exists j and Q* — D7 such that B, < Q% and u(B,) ~ u(Q*),
with constants depending only on X. Recall that 2¢Q is defined to be a ball. Therefore, if we

define

Sk =1{Qe Sy :3Q* e D7, 2'Q  Q*),
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then

Aif( Z D ][f )du(y) - xe(@ ZB”f

7j=1 QGSJ
2iQcQ*

Arguing as in [5, Section 6] (see especially Lemmas 6.5 and 6.13) we apply the same argument
used to prove (3.35) for T to the adjoint operators B;’jj. Key to this is the fact that adjoint
operators are weak (1,1) with a constant that is linear in 4. This yields the following pointwise

estimate:

B, f(x) < iC1(X)Mf(z) +iCo(X) Y] 72 F(v) duy) - xo(a)

QESi

= iC1(X)M f(z) +iCo(X)T5 ;5 f(x),

where SI < D7 is sparse. Therefore, repeating the above argument for bounding the maximal
operator, we have that B ;18 bounded pointwise by a finite sum of sparse operators TS 1<i<L
(defined with respect to a finite collection of dyadic grids D). We can now estimate o by duality

using the fact that the operators T " are self-adjoint: there exists a collection of g; € Y, |gi|y» = 1,
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such that
I = C(T,X)ZTWHAZ-f “XQw Iy

= C(T, —in iJx)gi\x x

T2 /QNAf( )gi(x) dpu()
. J

<omx P2y, / By (x)gi(x) du(z)
C(T, X) 22“72/f 739i(z) dp(z)
TXZzQ “722/1” dp(x)

Jj=1l=1

- o(r,x)) 12"722/# z)gi(x) dp(x)

=1i=1
J L

C(T,X) 23027 3 1T flvlgil
Jj=1l=1

< C(T, X)sup [Ty
D,S

This completes the proof of Theorem
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CHAPTER Four

More sharp weighted estimates and applications of the techniques of Lerner

After the solution of the Ay conjecture, an improvement of this result was obtained in [36]. This
new result can be better understood if we first consider the case of Buckley’s estimate for the

maximal function. For the case p = 2, the maximal estimate is given by [§]

[ M 2wy < cn [w]a,-

An idea is to replace a portion of the As constant by another smaller constant defined in terms of

the A, constant given by the functional

1
[w]a, = sup/ M(wxq). (4.1)
Q w@ o ¢
To be more precise, the improvement of Buckley’s theorem is the following “As — Ay” estimate

1/2 _111/2
|M | 2wy < e [w] 42 w12
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which can be found in [36] along with its LP counterpart. The Ay constant as given by (4.1))
was originally introduced by Fujii in [27] and rediscovered later by Wilson in [82]. This definition

is more suitable than the more classical condition due to Hruséév [32], which is defined by the

[w]f, = Sup (@/@w(t)dt) exp <|22|/Qlogw(t)ldt> :

[w]a, < en W], ,

expression

since

as it was observed in [36]. In fact it is shown in the same paper with explicit examples that [w]a,,

is much smaller (actually exponentially smaller) than [w]goo.

Considering the case of singular integrals, the mixed sharp As — Ay result below obtained in

[36] improves the A theorem:
1/2 1 —191/2 1/2
T2y < en 0] (w2 + [w]{2):

This is the right estimate when compared with M since this reflects the property that 7" is (essen-

tially) self-adjoint.

In this paper we follow this idea of replacing a portion of the A, constant by the Ay constant for

the problems considered in [52] and improved in [53], within the context of spaces of homogeneous

type.

To do this we will prove first the following proposition which follows essentially from [53], but

in this stated form can be found in [70].

Theorem 14. Let T be a Calderon—Zygmund operator and let 1 < p < co. Then for any weight

wandr>1,

1
T £ ey < Cpp' ()" | Fll Le (Mya0) - (4.2)

This mixed theorem leads to sharp mixed A; — Ay weighted bounds for Calderén—Zygmund
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operators using simple properties of A, weights:

T F 1l oy < Cop Tl {21 A1 2oty (4.3)
and if we A,
T f 1l oy < Cpp'[w]4¥ Tl Y211 £1] 1o ) (4.4)

where C' is a dimensional constant that also depends on T'.

Recent results relating to the simple proof of the Ay conjecture have allowed us not only to
simplify and streamline the proof of this theorem, but to also extend it to the versatile spaces of
homogeneous type. This extension is due to the fact that every Calderén—Zygmund operator is
bounded from above by a supremum of sparse operators in spaces of homogeneous type. Recall

that a sparse operator is an averaging operator over a sparse family of cubes of the following form,

TSf = Z(fQ Nxe

QeS

where a sparse family S is defined by the property that if Q € S

W U <"

Q'EQ,Q'eS 2

Then the decomposition

ITfly < sup [Ty,
S,D

where Y is a Banach function space, and D a dyadic grid, was shown to hold in R™ by Lerner and
was key in his proof of many weighted conjectures [51], as it was in the extension of these results

to spaces of homogeneous type [2] and [5].

A similar approach can also be done with sharp weak bounds. We have the following sharp

bound of Lerner, Ombosi and Pérez in [53],

IT| ey < Cpp'[w]a,,
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which led to the following endpoint estimates in [36]. Namely,

1. fwe Ay

T flL10 () < Clog (€ + [w]a )| fI| 1 (atw)-
2. fwe Al

T fllzroe ) < Clwlay log (e + [w]a )l w)-

Again, we can update this proof by applying recent estimates in sharp weighted theory as well
as extend to SHT. We will employ a new sharp reverse Holder inequality for spaces of homogeneous
type (see Lemma . By a Calderén-Zygmund decomposition and an estimate of the maximal

function that comes about from the use of sparse operators, we arrive at the result.

We are also able to extend the sharp LP and A, bounds from Duoandikoetxea [25] to SHT in

as we show in the following result.

Corollary 2. Let T be an operator such that

T fllr(wy < ON([w]a)If ] Lew)

for all weights w e Ay and all 1 < p < o0, with C independent of w. Then we have

T f ey < CN([w]a)lf e w) (4.5)

where N is an increasing function, for all w e Ay and 1 < ¢ < p < o, with C independent of

w,

Finally, we show sharp weighted bounds for commutators of Calderén—Zygmund operators with
functions in BMO and their iterates. These questions have been considered before in [I1] and

lately improved in [36] but our bounds are new in the context of spaces of homogeneous type.
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Moreover, we adapt the necessary lemmas to our situation, such as the sharp John-Nirenberg

inequality.

The organization of this chapter will be as follows. In Section [4.1] we give some background
and definitions which will help us to prove our main results, listed in Section [£.2] Finally, Section

contains all the proofs as well as some remarks.

4.1 Preliminaries

Thankfully, many basic constructions and tools for classical harmonic analysis still exist in some
form in spaces of homogeneous type, such as certain covering lemmas. We will especially use the

Lebesgue Differentiation Theorem

We also rely on a dyadic grid decomposition, and use the new construction of [35] described in

the background section.

Recall the A, constant of the weight w on the space of homogeneous type X

b, = smp (s [ wona) (55 [ w(xﬂ—p’du)p_l. (16)

It is crucial to note that we will take this constant with respect to cubes (by which we always
will mean dyadic cubes), because the A, constant below is not comparable between cubes and

balls in the same way, even in the classical Euclidean case.

We define the Fujii-Wilson A, constant in a space of homogeneous type as follows:



While this Ay, constant is comparable using dyadic cubes or balls, the constant of comparison
depends on the measure w (which is doubling since w € Ay ). Hence to achieve sharp bounds in
SHT we cannot simply switch between these constants defined with respect to cubes or balls since
we introduce a w-dependent factor. This is reflected in the difference between the sharp reverse
Holder inequalities involving this A, constant: if defined with respect to cubes we get a sharp
reverse Holder (see Lemma , but if defined with respect to balls we only get a sharp weak
version (see [37]). This motivates the definition of a weak Ay, class in [4]; see this reference for

more discussion.

4.2 Main results

Our goal is to prove the following results.

Theorem 15. Let T be a Calderén—Zygmund operator and let 1 < p < . Then for any weight

w andr > 1,

1
||Tf||LP(w) < Cpp,(r/) v’ ||f| |LP(MT.w)7 (47)

where C' is an absolute constant that also depends on T

Applying a sharp version of a reverse Holder inequality, from the previous theorem we obtain

the following estimates as immediate corollaries.

Corollary 3. Let T be a Calderén—Zygmund operator and let 1 < p < oo. Then if w € Ay we

obtain

T F 1l oy < Cop Tl {211 2o (vt (4.8)

and if we Ay,
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T Fl oy < Cop Tl ¥ Tl {711 F 1 1o () (4.9)

where C' is an absolute constant that also depends on T'.

As an application of (4.7)) we obtain the following endpoint estimate.

Theorem 16. Let T be a Calderon—Zygmund operator. Then for any weight w and r > 1,

T £l 1oy < Clog (e + 1) £l Lt (M) (4.10)

where C is an absolute constant that also depends on T.

Additionally we get the following estimates as corollaries of the above result choosing r as the
sharp exponent in the reverse Holder inequality for weights in the Ay, class in the setting of SHT

(see Lemma and taking into account that r’ ~ [w],,.

Corollary 4. Let T be a Calderén—Zygmund operator. Then

1. Ifwe Ay

T fllLre0 ) < Clog (e + [wla)|[fl L1 (agw):

2. IwaAl

T fl oo ) < Clw]a, log (e + [w]ag)[ L1 w)-
In both cases C' is an absolute constant that also depends on T'.

A natural extension of our earlier listed results for Calderén—Zygmund operators is a version of
an extrapolation theorem from Duoandikoetxea [25], for SHT. Here we get sharp bounds involving

the A, weight constant through an initial A,, boundedness assumption.

Theorem 17. Assume that for some family of pairs of nonnegative functions (f,g), for some

po € [1,0), and for all w € A, we have
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( / gmw)l/po < ON([u]a,,) ( /. fp°w>1/p0,

where N is an increasing function and the constant C does not depend on w. Then for all 1 <

p < o0 and all w e A, we have

() <o ([ )"

where

N[w]a, 2| M|l @) P, if p < po;
K(w) = Ao ()

S p—Po .
N[w]fz{p ' (2HMHLPI(UJ1*P/)> Pl pr > Po-

max{l,pO—f})

In particular, K(w) < ClN(CQ['U)]Ap P for w e Ay where Cy is an absolute constant.

As an application of the last result we obtain an estimate for LP(w) norms with A, weights for
q<p.

Corollary 5. Let T be an operator such that

T fllze(w) < CN([w]a)l[flle w)

for all weights w e Ay and all 1 < p < o0, with C independent of w. Then we have

T Fll e w) < CN([w] a1 Le ) (4.11)

for allw e Ay and 1 < q < p < w0, with C independent of w. In particular, (4.11)) holds with

N(t) =t if T is a Calderén—Zygmund operator.

We also prove the following bound for a Calderén—Zygmund operator that is useful to get sharp

Ay — Ay bounds for the commutators in SHT.
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Theorem 18. Let T be a Calderon—Zygmund operator and w € As. Then the following sharp

weighted bound in an space of homogeneous type holds:

1/2

HT||L2(w) < C[w]A2 ([w]AOO + [U]Aw)l/z.

And finally as a corollary of the previous result and using a precise version of the John—
Nirenberg inequality proved in Section [£.3.4 we prove the following generalized sharp weighted

bound for the k-th iterate commutator of a Calderén—Zygmund operator.

Corollary 6. Let T be a Calderon—Zygmund operator defined on a space of homogeneous type and
be BMO. Then

ITE () 22) < C[w]i{f([w]% + [0) )M V2 6] Bacol 1l 22 w)- (4.12)

where C' is an absolute constant. In particular, for the classical commutator we get the following
estimate

ITo()l 22wy < ClwliZ ([w]as + (0142 [bl Baco ] £l 22w (4.13)

Remark 17. The optimality of the exponents in these results follow from the corresponding results
in R™ which were obtained by building specific examples of weights for each operator. However,
a new approach to derive the optimality of the exponents without building explicit examples can

be found in [56].

4.3 Proofs

4.3.1 Proofs of Theorem [15 and Corollary

First, we will prove an inequality of Coifman—Fefferman type, bounding a CZO by a maximal

function.
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Proposition 2. Let T' be a Calderén—Zygmund operator and let 1 < p < 0. If we A, then

[ 12t @) @) < Clol, [ Mf(e)u)dutz), (4.14)

where C is an absolute constant that depends also on T.

Before proving Proposition [2| we need to recall the following lemma that will allow us to obtain
the precise constant in (4.14]) and that can be found in [31, Ex. 9.2.5] as well as in |28, p. 388] in

the context of two weights.

Lemma 35. Let i be a positive doubling measure and 1 <p < 0. If we A, then

n(A)\? w(A)
(@) <enigr o)

where A c Q is a p-measurable set and Q) is a cube.

Proof of Proposition[J We have that

[ @t ) < Cxramp /

S (]é 1)) xel@

w(@)du(x)

by the formula of Lerner proved in the homogeneous setting in [2]. Using (4.15]), we obtain that

J 1zt cXTsupQgs(f It )

CXT,psup & (7[ f(z ) (@)

< Cxplw Asupz/ M f(@)u(@)dpu(a),

=} QesS

Finally, since the family E(Q) is disjoint, we can bound the above by
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/ T ()| w(a)du(z) < Clw]a, sup / M () (@) dp(x)
X D,SJX

1, /X M f () (@) du(z),

where C' is an absolute constant that depends also on T" and p, proving (4.14) as wanted.

Now we prove the following lemma.

Lemma 36. Let w be any weight and let 1 < p,r < co. Then there is a constant C = Cx 1 such

that

T fl e ((vtw)i—r) < CPIM ]| oo (M) -2) -

The proof of this lemma is based in a variation of the Rubio de Francia algorithm that can be

found in [70].

Proof of Lemma[30. We want to prove

LP(MT'LU) LP Mru))

By duality we have

| frre
LP(M,w)

for some h such that ||A|] L#' (Myw) = 1- By a variation of Rubio de Francia’s algorithm adapted

/ITf )I1h(2) dps(z),
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to SHT (see [70, Lemma 4.4]) with s = p’ and v = M, w there exists an operator R such that

1. 0<h < R(h).

2. HR(h)HLp’(MTw) <2Cxp |hHLP'(MTw)‘

3. [R(R)(M,w)/P 4, < Cxp.

Let us recall two facts: First, if two weights wy,ws € A1, then w = wlwé_p € A, and [w]Ap <

[w1]a, [wg]i_ll. Second, by the Coifman-Rochberg theorem in spaces of homogeneous type (this
follows [I8, Prop. 5.32]), if 7 > 1 then (M f)Y/" € A; and [(M f)"/"]4, < Cxr'. Combining these

facts and (3) we obtain

[R(h)]a, = [R(R) (Myw)' P (Myw) ) 2] 4,
< [R(R)(Myw) 7], [(Myw) 2T,

< Cxp((29'r)")? < Cxp,
since (2p'r) < 2.

Thus, by Proposition and using (1) and (2), we obtain

/ T ()| h(x)du(z) < / T ()| R(h) () dpa(z)
X X
B, /X M(f) () R(h) (@) dpu()

N /X M(f)(@)R(h)(x)

x (Myw(z)) " Myw(z)du(z)
ML)
M,w

M(f)
M,w

| ’R(h) ’ ‘LP/ (Myw)
Lp(Myw)

< C[R(h)]A:s

< CLR(h)] a4

| |h‘ |LP/(Mrw)
Lp(Myw)

)

LP(Mrw)
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and we are done.

O
And finally using Lemma [36| applied to T™ we can prove Theorem
Proof of Theorem [15. First we are going to prove the following inequality
1T Hllzoy < Co0' 07 1 lleo ot (4.16)

from which follows (4.7). We have

1 11 1 1 1
l-—=l-Z4-—==

pr p p pr P pr

and since t > 1, it follows that

Next consider the dual estimate of (4.16)), namely

.
||T*f”Lp’((Mrw)1—p’) < CPP/(T,)l - Hf”Lp’(wl—p/);

where T™* is the adjoint operator of T'. Since T is also a CZO, we can apply Lemma [36| to T,

we get

/

My

< Cp M,w
T

T*f
M,w

LP (Myw) LP' (Myw)
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Using Holder’s inequality with exponent pr we have

1 -1/p, 1/p
— w w'Pd
|@Lf g

1 Upr s 4 1/(pr)
< (= rd —1/py(er) g ) 7
<Qm4w“> Q@/”w )7 dula)

and hence,

M(FYY < (Myw)s M((fur V) em) w//or).

From this and the boundedness of the unweighted maximal function in SHT that can be easily

obtained from the proof in [30], changing the dimensional constant for a geometric one, we obtain

</ (J\]f fuf)) > < ; M((fw~Y/ry@r)yp /<pr),du> 1y

1/(pr)’ 1/p
1
< (7) (/ )

1/(pr)’

() [,

1-1/pr f

=C =
( r—1 ) W Lo/ (w)

1-1/pr

r f
<C = ,
p<7“—1> W Lo/ (w)

proving (4.16]) and therefore (4.7]).
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Proof of Corollary[3. The proofs of and follow immediately. In the first case, the
estimate is derived by applying the sharp reverse Holder inequality for weights in the A class
proved in Lemma [41] to and using the fact that ' ~ [w]a,. Corlollary is is a direct
consequence of since w € Aj. O

4.3.2 Proof of Theorem [16

First we establish a lemma which follows similar ideas of [28, Ch. 4, Lemma 3.3], that we will

need for the proof of Theorem

Lemma 37. Let T be a CZO. Let w be a weight and a € L'(w) be supported in a cube Q with
fQ a(y)du(y) = 0 and n be the smoothness constant from the definition of a CZO kernel in SHT.

Then, if we set Q = LQ for a large L > 1/n > 0, the following inequality holds

/ T (@) (@) [w(z)du(z) < C / o) Mw(a)dp(z), (4.17)
xX\Q X

with C' an absolute constant depending on the kernel K.

Proof. Fix yo € X and assume for simplicity that Q = B(yo, R), with R > 0. Now making use of

the cancellation property of a, we obtain

/ T () (@) (@) dp(x) = / \ / K (2, y)a(y)du(y)| w(z)du(z)

X\Q X\Q V@
< z,y)— Kz, w(x)du(z)|laly)|d
</Q/X\@'K< y)— K(z, yo) [w()dju(z) a(y)| duy)

_ / 1(y)la(y)|du(y).
Q

We only need to prove that I is bounded by CMw(y) where C' = Cx i is an absolute constant

also depending on the kernel K. For every y € (), using the smoothness property of K in the
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second variable (since p(y,yo) < np(z,yo)), we obtain

I(y) = /X VK@)~ K wuute)

Py, yo)\" 1
s /X\Q ( (, 3/0)) N(B(y(),p(x’yo)))w(x)dﬂ(x)

(Y, y0) \" 1
chZ / w10 <p (@ y0>) 1B, plago))) VD

u (yo, 2'R)) 1
CXKZ /lQ 2ln B(yo, 2I-1R)) M(le)w(x)d,u(x)

Cx.k 2 0 i{ 21 /Q w(z)dp(x)
< Cx,KMw(y).

Above we have used the fact that p(y,yo) < R and since p(z,yo) > LR, there exists [ > 1, so that
2I71R < p(x,yo) < 2'R. Thus we have shown that (4.17) holds.

Proof of Theorem [16. The proof of Theorem [16]is based on several ingredients that we will mention
as we need them. We follow the proof of Theorem 1.6 in [65]. We claim that the following inequality

holds: for any 1 < p,r < o

T fllpreo @) = Asupw({y € X+ |Tf(y)] > A})
A>0 (4.18)
< CPP PP N (atws

and this claim implies (4.10)). Indeed, it suffices to fix » > 1 and choose p = 1+ log% (then p? = C).
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We then obtain

1T fl] L1y < C@PHL +Log ') ()P H | f1] 1 )

< Clog (e + )| Il L1 (at,w)-

since p' = 1+ logr/, (p')P~' = (1 + log(r"))/1°8(") < e, (+/)P~1 = (+/)/192(") = ¢ and 1 + log ' =

log (er’) < 2log(e + 17).

We now prove (4.18)). By the Calderén—Zygmund decomposition of a function f € Ci°(X)
at a level A (see background section), we obtain a family of non-overlapping dyadic cubes {Q;}

satisfying

IQJI |f( )du(z) < Cx .

Let Q = u;€; and let us denote @j = 2@, and QO = Uj@j. We write f = g + b where
9(x) = 2 fo;xq, (x) + f(z)xae and b = 3 ; bj with b;(z) = (f(z) — fq,)xq,(x). We have

w({y e X [Tf(y)] > A}) <w(@) +w({y e ()°: [Tg(y)| > A/2})

w({y e ()°: |Tb(y)| > A/2}) =1 + 1T + II1.

Now

I:w(ﬁ)éCEZ((g)) Q) < % Q

AZ/”rf )| M) /‘erw<mm>

<A4umewwm.

The second term is estimated as follows using Chebyshev’s inequality and (4.7)). For each p > 1
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we get

11 = w(fz € ) : [To)(x)] > A/2))
<CoWP P 55 [ 1ol My )duta)

< cpp<p’>P<r’>p/p’§ [l xg )
/ / i1
< OPWPE P S ( / oMy Jana) + /| Iger(wX(ﬁ)c)dM(fE)>

_ cpp(p’)p(r/)p/pé(ul LI,

It is clear that

1= [ oMy )dut@) < [ 1M wduta).
xX\Q X

Next, we estimate Il as follows
11 = | 1ol (wx,gy.) @)d(a)

<3 / 1y |M (wx e ) (@)ei)
<3 / on) / )l duly) M, (wx ) (@)da(a)
02/ £ )55 0 My D)

<C M,w(y)d

< ;/Qj |f ()| Myw(y)dp(y)

<C [ 15@IMwdnt),

where we have used that for any r > 1, non-negative function w with M,w(z) < o a.e., cube Q;

and x € Q); we have

My () () S inf My () () (419)

where the implicit constant depends only on the doubling constant Cy. This is proved in [2]. In

the classical case with the Hardy—Littlewood maximal operator M, see for instance [28, p. 159].
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Combining both estimates we obtain

w({z € (Q)°: |T(9)(x)| > A/2}) <

> Q

POV b (o) -

Next we estimate the term I77, using the estimate in Lemma and replacing w by wx 5. we
J

have

1T = w({y € X\@)F : [TO)(w)] > 5D
< f o) |w(y)du(y)
x\Q

C
< A; /X o 1B
< f; /X 10 ()M (wx x\g5,) () dps(y)

< f;/@ [b(y)[M (wx x\a5,) () du(y)

<53 ( | 1w + |

= %(Im + IT1,).

l9(y) IM(wxX\@j)(y)du(y)>

J

To conclude the proof we only need to estimate I11s.

111, = ] [ 10, 1M wxg ) )i
1
= ;/] 1(Q;) /Qj |/ (@)ldpu() M (wxge) (y)dp(y)
<3 [, @lante) gt M)
<X [ @M g @t
j j

<C /X (@) [ Muw(z)du(z),

Combining the three estimates proves (4.18]) and this concludes the proof of the theorem.
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4.3.3 Proofs of Theorem and Corollary

Now, we turn to the proof of Theorem This extrapolation proof is reminiscent of the style of
proof for Theorem We first need two lemmas, originally in [25]. The first is presented here in
detail for SHT.

Lemma 38 (Factorization). If w € A, and u € Ay, we have that

1. For 1 <p <pg < 0, then wuP™?° is in A,, and

[wup_pO]Apo

1
2. For 1 <py <p < o0, then (wPo—1PyP~P0) =1 js in A, and

Proof of Lemma[38 To prove (1) we observe since p — py < 0, using the definition of the A;

constant we obtain

Po—p Po—p Po—p
(][ u) uP™Po < <][ u> esssupu !
Q Q Q

< [u]ﬁjlip °

So that
p—po
uPPo g <][ u> [ul0 7. (4.20)
Q
On the other hand, using Holder inequality with exponents 1=2 = Po=1 gapq 1= — po=l g,
1-p 1 Po—P Po—P
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have

po—1
<][ wl—p6u(p—po)(1—p6)> ’ <
Q

(po=D(1-p() (Pp=r")(po—1)

=0 0 — 1—ph)(1—p’ 1—p/
g (][ w1P’> = (7[ UW> ’ (4.21)
Q Q
p—1 Po—P
() (1)
Q

Thus combining (4.20) and (4.21]) we obtain

-1
<][ wupp0> <][ wlpf)u(ppo)(lpw)po < [w]a, [Wf377
P 1
Q Q

Finally taking supremum over all cubes ) on the left hand side we get the desired result.

To show (2) we use a dualization argument on the weights and apply (1). We have that

1
VA e e
po—1 p—pg po—1 p—pQ L=pp | pf—1
w p—1 qq p—1 = w p—1 q p—1
A

Ap6

1
—1 vanry
= [wr_lup’—p{)] L
A
Po

since ’;—fplo(l —ph) = p' — pj. Next, using (1) since w' ™ € Ay, uwe Ay and pj > p', we get the

desired result

where we have used in the next to last inequality that [w]ilp_l = [w'™7] 4, and in the last

1 _ po—1
= 0.

- _ p—po p—
-7 = po1 and —

. . Py
inequality the fact that o 1=
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The second lemma is a Rubio de Francia algorithm for building A; weights. We omit the proof

of this result since it follows exactly in the same manner as in [25].

Lemma 39 (Rubio de Francia’s algorithm). Let p > 1. Let f be a nonnegative function in LP(w)
and w € A,. Let M* be the k'™ iterate of M, M° = f, and [|[M||p(w) be the norm of M as a

bounded operator on LP(w). Define

& MFf(x)
Rf(z) = § A
2 2AM[E,,

Then f(x) < Rf(x) a.e., ||[Rf||zrw) < 2fl|zr(w), and Rf is an Ay weight with constant [Rf]a, <
2[|[M|| Lo (w)-

Proof of Theorem [I7. The proof of this result follows from Duoandikoetxea’s proof except for the
fact that we have to replace the sharp bound for the Hardy—Littlewood maximal function by the
new Buckley’s theorem in Hytonen and Kairema [35], so the constant Cy in the proof now depends

on p and X. O

Proof of Corollary[3 This follows directly from the proof in [25]. O

4.3.4 Proof of Theorem [1§ and Corollary [6]

To prove the main result in this section we first need the following lemmas. The first is a sharp
reverse Holder inequality for A, weights in SHT adapted from an argument due to Hytonen,
Pérez, and Rela whose proof can be found in [37]. Before we state and prove this, we note that
in this same paper there is a weak version of this inequality stated below. They call this result a
weak inequality since on the right hand side we have the dilation 2Cy B of the ball B (recall Cy is

the quasitraingular constant).
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Lemma 40 ([37]). Let w e Ay and define

1 1
—_— = 1
+ 6(32C3(4C3 + Cp)?)C[w] a,,

where T depends on Cy, the quasimetric constant of X. Then

1/r
<][ w’du) < <2(4C’0)Cd][ wd,u> )
B 2CoB

for any ball B € X.

However, this lemma is not sufficient for our purposes. The difficulty lies in the fact that the
Fujii-Wilson Ay, constant is comparable when it is defined with respect to cubes or balls, but the
constant of comparison depends on the weight w. This provides a difficulty in converting between
the constants, and since cubes are essential in the following lemmas, we need a sharp reverse Holder

inequality with cubes. Here is the lemma that we use with respect to cubes.

Lemma 41. Let we Ay and let

< = ,
0<"S ula, =1~ 2D[wla, =1

with D = 1/e, where € is the absolute constant appearing in the dyadic decomposition of X. Then

1+7
][ w T dp < 2 <][ wdu) ,
Q Q

for any cube Q c X.

The proof will use the following sublemma.

Lemma 42. Let w € Ay and Qg a cube. Then for all

1
2D[w]a, — 1

ve}

O<r<
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we have

][O(Mw)l”du < 2[w]o (fo wd,L)Hr.

Proof of Lemma[{3 Assume without loss of generality that w = wxg,. Let Q) = Qon{Mw > A}.
Then

a0
/ (Mw)" " dy = / AT Maw(Qy)dpd\
0 0

wQ o0
B / rATT [ Mwd) + / AT Mw () dA.
0 Qo wQ,
Now select a dyadic cube @Q; if it is maximal with respect to the following condition: A < wg;.

Then Q) = U,;Q; where A < fQj w < %)\ and ¢ is the absolute constant from Theorem Hence

we have

[ @) < iy k@) + [ )

’LUQO

rATIY [ Mwdpd).
- Qj

Now we can localize

Muw(z) = M(wxq,)(x)

by the maximality of the Qs for any = € Q;. Then,

Muwdp = / M(wxg,;) < [w]ow(Q)) < [w]ocw(Qj)
Qj Qj

. 1
= [wlowg, n(Qj) < [wleA-p(@5),

where Qj is the parent of the cube (); and we have used the definition of A and the maximality

and containment properties of the cubes. Call % = D. Hence

SO
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Dividing by 1(Qo), we obtain

147 1+r rD[w]e 147

and by subtracting the last term on the left hand side from both sides of the equation, to get

the desired constant of 2 we must have that

1— % > 1
1+7r 2
Afte some calculation, this results in choosing 0 < r < W as stated. O

Proof of Lemma {1, Without loss of generality let w = wxg,. Then

o6}
/ w1+T</ (Mw)rw—/ AT w(Q))d,
0 0 0

where Q) = Qo n {Mw > A}. Note that as in the previous lemma we can decompose Q) = U;Q;

where the (); are the Calderén-Zygumnd cubes. Then splitting up the integral we get

wQO 0]
/ AT A +/ AT L () dA
0

OOQO
< wh,w(Qo) + / rAT Y w(Q))dA.
wQ, j

1

Now by the decomposition, we have that wg, < CxAu(Q;), where Cx = - since the decom-

position is with respect to dyadic cubes, so we get
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0

/ (Mw)"wdp < wg,w(Qo) + rC’X/

0 wQq

A (@) dA
J

. rC
< wgow(Qo) +rCx / N u(@)dA < wip,w(Qo) + 1 / (Mw)™.
wQO 0

Hence, dividing by w(Qp) and using Lemma we arrive at

147
][ Wt < war i rCx)2[w]o0 <][ w>
Qo L+r 0
< rCx2[wlew + 1+ 7 (f w)HT.
0

1+

Therefore, choosing ¢ in the mentioned range, we can make the constant on the right hand side

less than or equal to 2.

The next lemma is a precise version of John-Nirenberg inequality in SHT that will be very

useful in the following results.

Lemma 43 (John-Nirenberg inequality). There are absolute constants 0 < ax < 1 < Bx such

that

1 ax
— —1b(y) — bgl|d < Bx. .
D) o g P0) — baldy) < x (422)

In fact, we can take ax = In/2¢, where 0 < & < 1 is an absolute constant.

Proof of Lemma[{3 For the proof of this lemma we follow the scheme of proof showed in [43].
Suppose that b is bounded, so that the above supremum makes sense for all «. Then we will prove

(4.22]) with a bound independent of ||b||s.
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Fix a cube Qg and a dyadic cube Q € D(Qg). Denote by Q the parent of Q.
Then we can show that
‘b b~‘<1|yby\ (4.23)
Q Q| = - BMO; .

where 0 < £ < 1 is an absolute constant from the dyadic decomposition.

‘bQ—bQ‘gu(lQ)/Q‘b—bQ‘

(@ 1
<Z(Q)M(Q>/Q‘b—bé‘

1
< gllbllBMo-

Next, consider the Calderén-Zygmund decomposition of (b — bg,) xq, for the level 2||b||grro-
Then there exists a collection of pairwise disjoint cubes {Q;} < D, maximal with respect to

inclusion, satisfying

1
2|b||BMo</ (b~ boy) x| < 2C:|[bl 510

and

(b= bQ) X@o| < 2lIl|Br0, on (VQ:)".

Clearly, QQ; < Qg for each j, and
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16— bgo)xQullzt _ #(Qo)
2||bl[ a0 2

p(u@;) <

Since the cubes @; are maximal, we have that (|b — bQO|)§ < 2||b||pmo- Using the last

inequality together with (4.23) we get

1
o, ~ baol < Iba — by + g — bl < (£ +2) 1l

Denote X(a) = supg m fQ exp H’)Hﬁw — bgldp(x), which is finite because b is bounded.

From the properties of the cubes @QQ; we get

1 «
Qo) /Q P (HbHBMo o= bQO‘)““‘(”””)
1

< 2ad
S Qo) /Qo\u@ e dulz)

S TR SN PR

< e 4 %e%”)aX(a).

Taking the supremum over all cubes )y, we get the bound

X(a) (1 _ ;e(i”)a) < e,

which implies that X («) < C, if « is small enough.

. . . 1
Since 0 < ¢ < 1, if we impose that %e(e”)"‘ < 1, then a < gghﬁ Therefore we can choose a
smaller parameter o, such as ax = In v/2¢. ]
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Now we will prove two lemmas related to the As and A, constants of a particular weight that

we will need in the following, which are extensions of a result from [36].

Lemma 44. There are absolute constants v and c such that
[wQQReZb]AQ < c[w]A2

for all

< ol
[0l Brmo([w]ay, + [0]a,)’

2|

where v = max{Cyax,Coax} with C1 and Cy absolute constants.

1
T[w]ag

Proof of Lemma [} We will use the sharp reverse Holder inequality twice, first for 7 = 1+

and then for r =1+ ﬁ. With the sharp reverse Holder inequality for the first choice of r,

Holder’s inequality and the sharp John-Nirenberg inequality (4.22), we have

1/r 1/r
][ weltes? < <][ wr) <][ er’Rez(be)> eRezbq
Q Q Q
< (2][ w> . By - eftebe,
Q

. Note that the constant ax comes from (4.22) and C; is an absolute
oe]

Ciax
< —_tiax
for 2] < mrayobla

constant from the sharp reverse Holder inequality since by our choice of r, 7’ = C1[w]a,, (we can
even calculate that 7[w]a, <7’ < (74 1)[w]a,. We can also get a similar bound as above for the

second choice of r =1 4+ ﬁ, giving us
o0

][w—le—Rezb < <2][ ,w—1> ’BX'B_ReZbQ
Q Q

Coax Multiplying these two estimates and taking supremum, we finish the proof
e8]

for |2| < mroaoleTay

by showing that for all z as in the assumption

<][ weRezb) (][ wleRezb) < 45?{[w]A2-
Q Q
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We also have a similar lemma for the A, weight constant.

Lemma 45. There are absolute constants v and c such that

[we? 2] 4, < c[w]a

0

for all

/

v

2] < ,
16 Baro([w]a.,)

where we can take

T

being T an absolute constant from Lemma [{1]

Proof of Lemma[{J The proof follows in a similar way as in [LI], substituting the appropriate

constants from the sharp John Nirenberg inequality in and the sharp reverse Holder inequality

in Lemma M1l

Next we will prove Theorem obtaining a mixed As — A, bound for Calderén—Zygmund

operators in SHT. Due to Lerner’s decomposition in SHT from section [3, we can fairly easily prove

the mixed result. The proof essentially follows from [39]. Only a brief sketch is given below.

Proof of Theorem[18. As stated in [39, Sect. 2D], Theorem follows from verifying the following

testing conditions:

L [1Sg(o - x@)llr2w) < Cilxellr2(s)
2. 1Sq(w - xQ)2(0) < C2lx@l r2(w)
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where

Sof = ( f) ,
¢ LGS;LZQQ ]i w

and S is a sparse family (this is a sparse operator). This is still the case in SHT due to the

mentioned result of Treil [80], which holds in SHT.

To verify the testing conditions, one simply follows the argument outlined in [39} Sect. 5A]. O

Finally, we can prove the results involving the commutator and its iterates. These proofs follow

the scheme from [11].

Proof of Corollary[6. First, we prove (4.13]). We will “conjugate” the operator T as follows, that

is, for any complex number z we define

T.(f) = T (e " f).

By using the Cauchy integral theorem, we get for appropriate functions,

Ty(f) = d%Tz(f)!z:o = 21m./||_ Tz(f)d,u(z), >0,

Therefore, we can write

90

(4.24)



T —zb
IT(f) | 22y = | (270) ! / ) T(fe™) e

22

L2 (w)

< /| (/. !T(fe‘z”)eZb!deu(x))l/z e

Con
= ;HT(fe b)HLZ(wEZREZb)

C
~ [w€2Rezb] 114/2([we2Rezb]Aoo + [a_eQRezb]A

2 0

1/2
</ ’erb|2w€2ReZbdM>
X

C
_ ;[wQQRezb]Xf([we2Rezb]Am + [U€2Rezb]Aw)1/2

([ |f|2wdu(:v))l/2,

where we have used the Minkowski inequality for integrals and the As theorem for SHT. We also

)1/2

A\

X

have

[weQREZb]A2 < c[w]a, (4.25)

and similarly for the A, constants, for all |z| < y where the ¢ is the minimum

)
6] Brro([w]ag +o]ag

of the absolute constants from the corresponding lemmas.

All that remains is to bound

C
g[w]Az Hf||L2(w)-

. _ . . B ~
Since |z| = € we are restricted to certain e by (4.25]), so we choose € = BTsaroTwlan FloTas) SO
that
1 1
= = =([wla, + [o1a,) Plsaro
as wanted.

Putting everything together gives us the desired bound
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1T ()l 22wy < Clo) i ([wla, + [o]a, )2 1Bl marol| 1] 2 w)-

Finally, to prove the general estimate (4.12)), we use again the Cauchy integral theorem to write
the k-th commutator for appropriate functions as

d" k! T.(f
= ﬂTz(f)\Z:O = — sz(ﬂ) du(z), >0,

211 |Z‘=5

Ty (f)

where T, is defined as in (4.24)). Then, following the computation for 7, we can arrive at the

desired bound for Tlf“‘ . O

Remark 18. Corollary [6] can be proved under the weaker assumption that 7' is a linear operator

that satisfies the sharp weak mixed As — Ay in spaces of homogeneous type.

92



CHAPTER Five

Lerner techniques and extrapolation in the two-weighted setting

An active area of harmonic analysis lately has been discovery of the precise dependence of the
constants in weighted norm inequalities for Calderén-Zygmund singular integral operators (CZOs).
In searching for a proof for the Ay theorem, analysts further developed the new theory of non-
homogeneous analysis. A natural follow-up to the one-weighted results are related questions about
two-weighted norm inequalities for CZOs, but in most cases basic bounds are not even known. For
example, necessary and sufficient conditions for P boundedness are only known for a few operators,
such as the maximal function [76] and Hilbert transform [46], [44]. The two-weighted theory is a
developing field, with relatively little known compared to the one-weighted theory. We hope that

the background and results discussed further propel development in these areas.

We seek to determine sufficient conditions on the weights (w,v) that give us a two-weighted

bound for most CZOs, that is, a bound of the form:

1T £ e(w) < Clf e

The bump condition theory that we will discuss was introduced to help answer this question. We

will relate some history of determining necessary and/or sufficient conditions for L? boundedness
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in the classical case of R” with Lebesgue measure. We assume 1 < p < o unless otherwise stated.

An initial idea to find sufficient conditions for LP boundedness in the two-weight case was to

form a two-weighted analogue of the Muckenhoupt A, condition, that is, for a pair of weights

p—1
sup][ wdp <][ U_p//pdu> < 0, (5.1)
Q JQ Q

where @ is a cube. However, [5.1| was only necessary and sufficient for the maximal function to be

(w,v):

bounded on weak LP, and only necessary for boundedness of some ”interesting operators” under
consideration (see [61] and [76] for a discussion of this). Therefore, other conditions were then
proposed on (w,v) to give sufficient boundedness conditions for CZOs. Neugebauer helped to

pioneer this effort [63], by ”bumping up” the power on the weights into a condition like:

1/pr ) 1/p'r
sup (][ wprdu> <][ v P Tdu) < o0, (5.2)
Q@ \JQ Q

for » > 1. This condition was strong enough to ensure that both the maximal function and CZOs
were bounded from LP(vP) to LP(wP). A further generalization of came from Orlicz space
theory. Orlicz norms provide a finer scale of norms ”in between” the L? ones, which we will make
precise later. Andrei Lerner used Orlicz B, norms on both weights in his assumption to prove
sufficiency for strong LP boundedness of all CZOs, answering a question of Cruz-Uribe and Pérez

).

This section contains two main results. The first is a Coifman-Fefferman inequality: bounding
a singular integral operator by a corresponding maximal function, which in many cases, leads to a
two-weighted bound for CZOs. Our assumptions are related to those in the still open ”separated
bump conjecture” (see [18], [19], [2], [62]), but not exactly the same since they represent a hybrid of
both Neugebauer’s and Lerner’s assumptions. The proof is a twist on an extrapolation technique
from one-weighted theory. As far as we are aware, the use of the reverse Holder extrapolation in

the two-weighted theory is new.

To state this result, we recall that Lerner proved that every CZO can be bounded above in
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norm by a supremun of sparse operators in a space of homogeneous type (see Chapter (3 [2] and

[51)-

Theorem 19. Let Y be a Banach function space (if Y = LB this is the Orlicz norm), T® be a

sparse operator on R™ with Lebesgue measure and 1 < p < 0. Let (w,v) be weights such that

w0lvtlv.g < K for some ¢ >p and all Q € S. Then

supq |w

| @Storay<cr [ oy (53

where My is a generalization of the Orlicz maximal function.

If the maximal function My~ is bounded on weighted LP, then we obtain a two-weighted LP
bound for CZOs. For R™, broader results are known — see [50] and [2I]. The proof of this theorem

is general enough that it extends to spaces of homogeneous type.

Secondly, we prove that the Orlicz maximal function, an extension of the usual Hardy-Littlewood
maximal function, is bounded on LP in spaces of homogeneous type without assuming that the
associated Young function is doubling. This generalizes a result of Pérez [67]. The importance of
the Orlicz maximal function is underscored by its appearance in the proof of the first main result.
Moreover, this maximal function has become an integral part of the bump theory and the search

for sufficient conditions for two-weighted bounds.

This Chapter is organized in the following fashion. We introduce some background in section
2 and mention a few preliminary results in section 3, including the result on the Orlicz maximal
function. Section 4 contains some background for the two-weighted theorem, proved in section 5. In
section 6, we give some corollaries, including a strong two-weighted bound for Calderén-Zygmund

operators, and examples.
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5.1 B, classes and maximal function results

The following class of Young functions is useful in both boundedness of associated maximal func-

tions and in two-weight norm inequalities.

Definition 24. A Young function A belongs to B, (we write A € B)) for some 1 < p < o if

/OO A(t) dt
—— < o,
. Pt

for some ¢ > 0.

It would be desirable to determine when the Orlicz maximal function is bounded. We start by

mentioning the L* bound, whose proof is included for completeness.

Lemma 46. If A is a Young function then |Maf||ro < |f|re.

Proof. Let @ be a cube and let A = | f|o, then @ < 1 a.e on ). Since A is increasing and

A(1) =1, it follows that

/

A

fa(se)) o,

inf ]2 4 (’f(j”') <1} < | f o

This is true for all @, so by taking supremums, the result follows. O

A<|f(y>|><1

a.e. on ). Hence

Therefore

Many LP results concerning the maximal function can be found in [64], [67], [69]. One of the

most useful criteria is an L” boundedness result on R" explicitly tied to the B, condition.

Theorem 20. [64] Let 1 < p < 0 and A be a doubling Young function with @ mcreasing,

A(t) > w0 ast — w0, and A(1) = 1. Then the following are equivalent:
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1. Ae B,

2. There is a constant ¢ such that |Maf|, < c|f|p for all nonnegative f.

Though doubling was originally assumed, it is actually not needed (see below .

If (X, p,p) is an SHT and pu(X) = oo then this theorem is still true [74]. However, if u(X) < o,

this theorem fails (see the counterexample given in [74]).

Inspired by a question from Cruz-Uribe and recent result from [55] where a similar proof is
done in R", we present the following which extends [20] to the setting of infinite measure spaces of

homogeneous type, without requiring the doubling of the Young function.

Theorem 21. Let (X, p, ) be a space of homogeneous type with doubling constant Cy and pu(X) =
0. Let the assumptions of [20 hold, except for doubling of A. Then My is bounded on LP if and
only if A€ B).

Proof. Since the same argument of @ applies in showing that if A € B, then M4 is bounded, we
will only show the converse. Assume that M, is bounded. Then using the definition, one can

show for any measurable set B that

1
Ma(xp)(z) = sup —————
B'sa Afl(iugg,mg))

where B’ are balls (see for example, [69]). Note that if 2z € B, Ma(xp)(z) = 1 and for x ¢ B,

1

1> Ma(xs)(x)

where B’ 5 z. Assume for the moment that X is nonatomic and fix zg € X. Later we will lift the

nonatomic assumption. Define r := r, = p(x, z¢) for any z € X. Let



Clearly F' is non-decreasing. Since u(X) = o0, we can define an inverse for F' as

Fl(s) = inf{r: F(r)=s} :F(r)=s for some r

sup{r: F(r) < s} otherwise

Note that since z is not an atom, then every s has a well-defined inverse. Hence, if B’ =

B(xg,r), we have that

pwreX Malxp)z)>t)zplezeX: —————<>t|=ploeX: —F—— >t

by -4}

Denote p(B) = b. Since M4 is bounded on LP, then surely it is bounded for the function

f = xB, so using the above estimate:

0
1
oo>/MA(XB)(:U)pd,u>p/ tPu reX: ——0 <>t dt
X 0 A—l( (7’)> t

a0 0
>p/ i (A <1>b>F(r)> dt>p/ tu <F1A <1>b>r>dt
0 ¢ t 0 t t

since {r: F~1(s) > r} < {r: s > F(r)}. Continuing, the above

@ 1 ®© 1
o[ errt(a()y) Tee [ ea(y) ot
0 t t 0 t) Cyt
Here we have used an important fact from the definition of F~1: if F(r;) = FF~!(s) then

1 1
—s< —F <F
Cds c, (r1 +¢) (

T+ €
2

> < F(r) = FF1(s),

for some € > 0 such that F(™5<) < F(r1). This is where doubling of the measure p is used. For
many s, we have FF~!(s) = s and do not need to use the above fact. However, for certain s that

fall in the range on the s-axis where F' has a jump discontinuity; doubling allows us to replace
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FF-1(A(3)b) by A (L) &

Call C% = (’'. We can finish the argument by recalling that
o0 to 0
w0 > C/p/ 14 <1> dt > C’p/ w14 <1) dt — C/p/ At) dt
0 t 0 t 1/t0 Pt

Thus we have actually found that

p [ A(t)dt
C/ t(p)t < | Malf,
d J1/to

since [xs/%, = b.

Now, if x¢ is an atom, then u(zg) = u(B(xg,€)) = § for some €, § > 0, so F~1(s) is defined for

s > 6. For atoms, the only issue that arises in the proof is when we take F~! (A (%

) b), so as long

as A (%) > %, no adjustment to our argument is needed.

In other words, F~! (A (%) b) only fails to be defined when A (%) < %. Therefore, if § < b,

F~1(A(2)b) can only fail to be defined when ¢ > 1 since A is increasing and A(1) = 1.

However, for ¢t > 1, u(z € X : Ma(xp)(z) > t) = 0. We only need to consider level sets where

t < 1 in our argument, and F~! exists for all points in these sets.

Since from the beginning, we were free to choose any measurable B, let B = B(xg,¢) for some

atom xg. Then

b= u(B) = u(B(xo,€)) =6,

as wanted. Therefore, the above proof holds for spaces where every point is an atom as well.

Remark 19. If u(X) < oo, then there exists some R such that B(xg, R) = X. Then in the above

proof, sup{r : F(r) < F(R) + 1} = o, so F~! would not be well-defined. Since u(X) = oo, then
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for all s there exists r such that F(r) > s.

Note that we could also have defined F~! using inf{r : F(r) > s} instead of sup{r : F(r) < s}.

This definition would have led to the same result.

We now give some background so we can state an earlier theorem of Pérez about maximal
function bounds. Let Y be a Banach function space normed in the following manner: |v|y,g =

sup{ [ [vg|du : |glly = 1}, where Y is the associate space:

Y = {f measurable : | f|ys := sup / |fgldu < oo}.
X

lglly <1

Banach function spaces include Orlicz spaces and LP spaces. For example, if Y = L4 with A4 a

Young function, then | - |y = | - |4 and Y’ = LA, For more information, see [67] or [50]. Let

My f(z) = sup | f(z)]y"q
Q3x
for cubes Q, be the associated maximal function.

Now we can state the theorem of Pérez [67].

Theorem 22. Assume My is bounded on LP(R™) where Y is a Banach function space and let

(w,v) be a pair of weights such that

v g < K. (5.5)

sup [[w]p.q
Q

Then
/ (My/ fw)Pdx < c/ (fv)Pdx

for all nonnegative f.

This theorem is also true in an SHT (see [69]).
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5.2 Preliminary weighted results

To prove our two-weighted extrapolation result, we need the Reverse Holder classes ([22]).

Definition 25. Fix 1 < p < oo. We say that a weight p belongs to the Reverse Holder class p,
denoted RH,, if for all cubes @,

(é ppd,u> " < Iig Eg; (5.6)

The smallest such « is called [p]rm,

Though general cubes are not well-defined in an SHT, we have a dyadic cube construction (see
[10], [34]). In our main theorem, we only work with dyadic cubes, so we can take |5.6| with respect

to dyadic cubes. We remark that all Ay, weights satisfy the reverse Holder property.

Lemma 47. If w e Ay, then
w(Q) < yw(E(Q))

where v depends on X and on [w]a,, only, and E(Q) is the disjoint family created from a sparse

ve}

one.

Proof. Let Jgcg.ges@ =T Due to the condition of sparse family, we have

1Q)
w(T) < N

so by the definition of A, we have that

or
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We now come to the proof of

5.3 Proof of two-weighted theorem

Proof. First, in Step 1, we show for p = 1 and any p € RH,y where ¢ is in the above range that

/X T% fwpdu(y) < C/X My (fv)(y)pdp(y).
We then move to the main statement via an extrapolation argument in Step 2.

Step 1 For this step, we use the notation wp(Q) = fQ wpdp. Then

[ 7 puput) = z (]é f) wp(@) = Y. (é f-v-v1> wp(Q)

QeS

S Z HfU“Y’,QH”_lHY,pr(Q) = Z Ifolly.q !U_l\xQM
Qes Oes p(Q)

p(Q) =1

Now, estimating part of this expression, we get

KQ“;)/ES%) <lv v (/Q wqdu> 1/q (/Q pq/dp> 1/q ‘ p(l)

1/q . 1/q
() () 29 <

_1|

v

= o7

by and Then

1< Kyig Y. [ folyrgrQ) < vKqrg . [ folyr.op(E(Q))

QeS QeSS
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due to 7] The above is bounded by

C My (fv)dp( My (fv)pdu(y),
Qze;g/ yr(fv)dp(y /yvpu

where C' = yK kq. This gives Step 1.

Step 2: For extrapolation, we’ll follow the procedure of Rubio de Francia. However, we need

to adapt this to Reverse Holder classes since Step 1 is a statement for all p € RH .

Define the Rubio de Francia operator

Let
Note that for h e L¥ (dpu),

1. h < R(h)
2. |R(W)y <247 |y

3. M(R(h)) < 2|M]| /s R(R7)

Item 1 is clear since all terms are positive. Item 2 can be seen by the following argument:

1/q’
~ ro1/d
rR<h>upf=HR(hq>Hp,/7q,=(rZMW /) <

'/q'

q 1/q e
HMk( )”p’/q’ 1 k /
i | <\ X mrr w1 e
(Z 2K M Zkl(mMyp,/q,)k I 15 1

k '/qd

rv1/a’ ’ ’
= |n 2 = 27 |y
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Item 3 implies that R(h?) = R(h)? € A;, and since by a similar calculation, we also have
R(h) € Ay, then R(h) € RHy. (All of these norms are with respect to du.) Notice that we need

p' > ¢ (equivalently p < ¢) for the maximal function norm to be bounded.
Then we run the Rubio de Francia machine: by duality,
75wl = [ 75 fw- hdy
X

for some h € L¥ (du) with norm 1. Now by property 1 of Rh, followed by the fact that R(h? )V e
RH,

55l < [ 7570 Rojdn < C [ My(fo)Ri) <
X X

¢ (/X My (fo)dn > "’ (/X(Rh)p/d“) "o (/X MY/<fv)pdu> : (/X hp’du> :

= e[ Myoran's

Taking pth powers, we get as wanted.

Tracing the constant from Step 1, we see that C' = 21/q/Kq : [R(h)]RHq, -7y, where v depends
on [Rh]a,,SHT. Since we can bound [R(h)]RHq, < [R(W)]a, < (QHMHP//q,)l/q/ we have that

’ 1/q"
C < PWE M|y f, -

5.4 Corollaries and examples

Corollary 7. Let the conditions of [19 hold. Then
T f Lo wry < Cl My (fo)]p.
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Proof. By the main decomposition in chapter
IT()lz < C(SHT, T) sup IT5(f)llz (5.7)

where D is a dyadic grid and Z is a Banach function space, such as LP(u) (note that Z is not
necessarily the same as the Banach function space Y in the theorem). Recall that LP(u) is a
Banach function space whenever udy is a locally integrable positive function, that is, when u is

any weight. O

Corollary 8. Let My be bounded on LP(y), and the conditions of [19 hold. Then,

1T ze(wry < ClfllLrwr)-

Remark 20. We can apply [19|to the case v = w = uP and Y’ = LP. Then our assumption becomes

the A, condition. However, [§| does not hold since My = M,, is not bounded on L?.

A version of the following Corollary appeared in [21].

Corollary 9. Let A be a Young function such that A € B, and the conditions of hold. Then

T £l Lo wry < CIfllLe(or)-
Proof. In this case, Y/ = LA, and M z is bounded by [20 O
A

Step 2 can be written as a general extrapolation theorem for Reverse Holder classes:

Theorem 23. Fiz 1 <p < . Let S1(z) and Sa(x) be two objects (operators, functions, etc) such

that
/Sl(fv)pdué/ Sa () pdp
X X

for all x € X and for allpe RHy, q€ (p,p+¢€) or g€ (p,0). Then we have that

[ si@yan< [ (sa)yan
X X
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Now we discuss some examples of weights that satisfy the conditions of the extrapolation

theorem.
It is interesting to note the following about power weights.

Remark 21. Let w = |z|™® and v = |77 in R. Then

pelv ™ yo < K

1w

if and only if w = wv. This is due to the stringent requirements on the exponents when we
integrate over a cube containing the origin. This eliminates certain power weight examples from

our consideration.

(we can see this with X = R and Q = [—c¢, ¢] where ¢ = @) Then (as long as a-p # 1),

<72 wp> v- <|f)|_z<g>1 ‘Cc> " g

AN (e N o
<][QU p) - ( DZ(Q) |—c> _DZ(Q) )

where D and D’ are constants. Hence since there are both arbitrarily small and large cubes centered

Similarly,

at the origin, in order to have the suprenum over these cubes finite, we must have that o = .
1/r
Even if we use the Young function B(t) = ¢" for r < p/, the calculation above for (J[Q v*") is

the same for cubes around the origin, and we still get that a = .

Note that the following examples are variations of the classic two-weight ” Ay pair” (u, M,,)

18]

Example 2. Take M, to be the LY normalized Hardy-Littlewood maximal function with respect to
(dyadic) cubes. We will show that the pair (u, Myu), where u is a weight, satisfies our assumptions

for [19| with the pairs: (p, B) and (g, B), where B is a Young function.
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We have then the following bound (adapted from [2]). For ¢ > p

Myu(z) = |u|

7,Q

for all z € @ so that

| Mg(u)™"|

lullgq B.q < [ulgqlul,olxelsqe = 1.

This is true since | [ul 3]0 = lul 5oLy = [ul5'glxaly.o = [ul5g. Here we have used the

normalization B(1) = 1. We also get that

lulp@IMy(w)~ | B.q < lulgqlMe(w) o =1

by Holder’s inequality. Hence, the pair (u, M,(u)) satisfies the conditions of

Example 3. Take the pair (Mau'~P, w) where A is a Young function and u,w are weights. If we

also assume that HuH}[SHw_lHB,Q < K for all Q, then

— — 1— —
[Maw'Plplw [B.q < [ul bl o < K.

Moreover, if we change the first norm to the | - 4,0 norm, the bound remains the same. Thus

(M gu'~P,w) satisfies
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