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CHAPTER One

Introduction

Integral to the field of harmonic analysis are maximal functions and singular integrals. Maximal

functions allow us to study behavior of functions through behavior of averages, such as the standard

Hardy-Littlewood maximal function: Mfpxq :“ supQQx
ffl
Q |f |dx. Singular integrals are prevalent

in many applications, such as Fourier analysis, complex function theory and PDE. The integrals

are called singular due to the failure of their kernels to be integrable. A classic example to

keep in mind is the Hilbert transform, which we can understand in the principal value sense as:

Hfpxq :“ p.v. 1π
´
εăyăR

fpyq
x´ydy. The Hilbert transform arises in a plethora of contexts ranging from

convergence of Fourier series and potential theory to cosmology. Its discrete form is prevalent

in signal processing and it was the motivating example for the Calderón and Zygmund school of

analysis.

An important problem in the field was to bound maximal functions and singular integral

operators on Banach and Hilbert spaces. For example, knowledge of Lp bounds for the Hilbert

transform tells us that partial summation operators also converge in Lp. Thus, a single operator

controls convergence of an entire family of operators. A naturally arising generalization of the

Hilbert transform is a Calderón-Zygmund Singular integral operator (CZO). Calderón-Zygmund
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operators have kernels which satisfy certain decay and smoothness conditions. These will be

discussed in more detail later, but for now we will say that these decay and smoothness conditions

mimic the decay of the Hilbert transform kernel and the decay of its derivative. Due to the

delicate cancellation present in their kernels, bounding CZOs in different contexts in often difficult.

Proving Lp bounds for different types of CZOs was the extensive work of the Calderón-Zygmund

and David-Journé programs. From here, boundedness in more general contexts than Euclidean

space with Lebesgue measure were considered. For instance a question that was asked was, if µ is

a measure such that dµ “ wpxqdx do these Lp bounds still hold? This was a natural question to

ask since for the Riesz transforms to be bounded on Lebesgue space (the n-dimensional analogues

of the Hilbert transform and another example of CZOs), it is required that the new measure

be absolutely continuous with respect to Lebesgue measure [28]. If such a w is nonnegative a.e.

and locally integrable, it is called a weight. Weighted norm inequalities arise naturally in many

contexts such as boundary value problems for Laplace’s equations. Weights are also a key part in

the theory of extrapolation. Extrapolation due to Rubio de Francia allows us to obtain Lp bounds

from weighted L2 ones.

Muckenhoupt introduced in [60] the Ap classes to answer the necessary and sufficient conditions

for the boundedness of the maximal function on weighted Lp spaces, that is for 1 ă p ă 8,

}Mf}Lppwq ď C}f}Lppwq (1.1)

if and only if w P Ap,

rwsAp “ sup
Q

 
Q
w

ˆ 
Q
w1´p1

˙p´1

ă 8, (1.2)

Similar theorems do hold for some singular integrals – in fact the ”if” direction holds for any

CZO (see [12], [28], section 4.6 in [77]).

In this thesis, I will discuss a framework for obtaining bounds (even sharp bounds) for CZOs,
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started by Lerner, that I extended to a more general setting. This treatment of CZOs is the main

result of this thesis and led to a wide range of applications such as sharp estimates in weighted

norm inequalities (Chapters 3, 4) and a generalization of classical extrapolation (Chapter 5).

Andrei Lerner published a series of papers that culminated in a breakthrough in 2012 on how to

approach CZOs. Singular integrals come in many types, such as convolution and non-convolution.

Boundedness of convolution-type operators in L2 is usually determined by the Fourier multiplier,

but to get to Lp bounds from L2 is difficult – this was the purpose of the Calderón-Zygmund

program. For non-convolution type, even L2 is difficult – this was the purpose of the David-Journé

program, via their famous T p1q theorem. Lerner was able to understand all CZOs through a special

collection of positive operators. Using elegant tools originally from statistics such as percentile

rankings, he showed that in fact any CZO could be bounded above in norm by a suprenum of

dyadic positive operators called sparse operators [48]. This was surprising as the kernels of CZOs

are not positive, but yet by summing simple averaging operators over a distinguished collection of

dyadic cubes, Lerner was able to bound the norm of a CZO in any Banach function space.

Though at first it seemed like the techniques used by Lerner were specific to Rn, I soon dis-

covered that they were much more general. Together with Armen Vagharshakyan, we were able

to extend the tools of Lerner to spaces of homogeneous type (SHT) [58]. These extend Euclidean

spaces, and include C8 compact Riemannian manifolds and graphs of Lipschitz functions (see [10],

[14] for more examples). Our theorem is the following:

Theorem 1 (Lerner (Rn), TCA and Vagharshakyan (SHT)). Let T be a CZO. Then we have

}Tf}X ď c sup
D,S

}TS |f |}X (1.3)

where the TSf “
ř

QPS

`ffl
f
˘

χQ are sparse operators, S is a sparse family and X is a Banach

function space, such as L2pwq.

The supremum is taken over the finite number of dyadic grids in an SHT as well as over all

sparse families, a collection of dyadic cubes such that for Q,Q1 P S,
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µ
´

Ť

Q1ĹQQ
1
¯

ď
µpQq

2 . These collections generalize the Calderón-Zygmund decomposition.

To prove 1, we introduced a more general decomposition that works in SHT which behaves like

a median on a continuous set of data. This is defined for 0 ă λ ă 1 on a finite measure space Q

with measure µ as ωλpF q “ supta ą 0 : µpf ă aq ď µpQqλu for 0 ă λ ă 1. Another feature of our

proof is the use of a new modern refinement by Hytönen and Kairemaof a dyadic system on SHT

by Christ [35], [10].

This treatment of CZOs is intimately connected to weighted norm inequalities. In the last

decades, harmonic analysts have paid much attention to the area of weighted inequalities for

singular integrals. Many have sought a deeper understanding of how the constants present in such

weighted inequalities depend on rwsAp . Knowing sharp bounds has applications to elliptic PDE

and quasiconformal mappings (see [20] and [26]). The search for these generated much research

over the past 20 years. The first main result in this area was due to Buckley, who proved that

}M}Lppwq À rws
1{p
Ap

where M is the Hardy-Littlewoord maximal function [8]. Buckley’s bound is sharp, meaning that

if one lowers the exponent on rwsAp , then the bound does not hold.

Since then, much work was put into solving the so-called A2 conjecture, which stated that the

constant in the corresponding weighted norm inequality for Calderón–Zygmund singular integrals

depended linearly on the A2 constant, and that this bound was sharp. From there, one could

extrapolate to get the Ap dependence [23]. This open question was recently solved by Hytönen in

[33]. See also [39] for a survey about the history of the conjecture. Hytönen used as encompassing

and technical argument using Haar functions and relied on probability, random dyadic grids, and

nonhomogeneous analytic techniques.

However, using Lerner’s decomposition, the A2 theorem follows in only a few lines ([51]).

The methodology developed in SHT, led to my work on several other problems in weighted
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norm inequalities. Together with Wendoĺın Damián, I also obtained a variety of other weighted

bounds for CZOs [3], using the new technology of sparse operators to extend results to SHT as well

as to greatly simplify the proofs even in Rn. This led to other work in weighted norm inequalities

such as resolving the boundedness of a certain maximal function in [1] (based on work of Pérez in

[66]).

Another direction where technology involving CZOs was used is weighted norm inequalities

where the weights are different. Precise conditions on the weights w and v that ensure the following

Lp bound for all CZOs ˆ
Rn
pTfqpwdx ď C

ˆ
Rn
fpvdx (1.4)

are not known. This difficult problem has recently been attacked on an operator by operator

basis, see for example [45] [44]. Classical extrapolation due to Rubio de Francia allows one to get

Lp bounds from weighted L2 ones. These techniques are frequent in modern harmonic analysis

(see the thorough reference [18]). Extrapolation techniques involving Ap weights have been used

often in one-weighted theory to obtain Lp bounds. In the two-weighted theory there is no single

natural substitute for the Ap condition. However, by relying on a different kind of weight called

the reverse Hölder weights, I introduced a new two-weighted extrapolation technique to obtain Lp

bounds, such as the one above, via a weighted L1 bound of a CZO by a maximal function. The

novelty in this extrapolation technique is that instead of working with either of the given weights

w or v, we insert a new weight ρ from a different weight class [1].

The organization of this thesis is as follows: in Chapter 2 we gives basic background information

about spaces of homogeneous type, dyadic systems, Calderón-Zygmund operators, weights. and

norms. Chapter 3 proves the the main theorem 1 as well as the A2 theorem on Spaces of Homoge-

neous type, and explains the deep connections between the two. Chapter 4 shows how techniques

used in Chpater 3 can be used in proving a variety of other sharp weighted bounds. Finally,

Chapter 5 presents new results on the two-weighted boundedness of Calderón-Zygmund operators

and Lp boundedness of the Orlicz maximal function, richly involved with the two-weighted theory.

Remark 1. Chapter 3 was partially taken from the published manuscript [5] that was jointly
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written by both authors. Chapter 4 was partially taken from the submitted manuscript [3] that

was jointly written by both authors. Chapter 5 was partially taken from the accepted manuscript

[1] that was written by the author.
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CHAPTER Two

Background

2.0.1 Spaces of homogeneous type

A space of homogeneous type is a general extension of Rn. Specifically,

Definition 1. Following [10] we define a space of homogeneous type as a triple pX, ρ, µq where X

is a set, ρ is a quasimetric, that is:

1. ρpx, yq “ 0 if and only if x “ y,

2. ρpx, yq “ ρpy, xq fo all x, y P X,

3. ρpx, zq ď C0pρpx, yq ` ρpy, zqq for all x, y, z P X

for some absolute constant C0 ą 0 (property 3 is called the quasitriangle inequality), and the

positive measure µ is doubling :

0 ă µpBpx0, 2rqq ď CdµpBpx0, rqq ă `8

for some absolute constant Cd.
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We say that a constant is absolute if it only depends on the space pX, ρ, µq.

We will use the abbreviation SHT to refer to both the singular and plural form of space of

homogeneous type. For a discussion of these spaces, see the original paper of Coifman and Weiss

[15] and Christ [10].

Some examples of SHT include:

1. Rn with Lebesque measure

2. C8 compact Riemannian manifolds

3. Graphs of Lipschitz functions F where µpF pEqq “ |E|

4. Certain Cantor sets using Hausdorff measure (fractal connection)

5. Z with counting measure

6. Homogeneous space from algebra/Riemann surface theory (A group G acting continuously

and transitively on a topological space X), is a particular case

These spaces are important since SHT are some of the most general extensions of Rn where all

of the following hold:

1. Vitali covering lemma: a way to decompose a set into simpler geoemtric objects

2. Whitney covering lemma - a different decompostion of sets into simpler objects

3. Lebesgue dominated convergence

4. Calderón-Zygmund decomposition - a way of bounding functions on certain spaces, to be

discussed later

5. T p1q theorem - a famous theorem of David and Journé on testing simple classes of functions

to obtain bounds of operators
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6. Lebesgue Differentiation Theorem - describes the almost everywhere convergence of averages

The Lebesgue Differentiation theorem has been proved with additional related assumptions,

but as far as we are aware was proved for the first time in [2]. We include this proof here, along

with two remarks and a corollary, mentioning that the proof of the lemma consists of assembling

pieces already present in the literature and can easily be derived from Toledano [79]. We use the

notation
ffl
Q “

1
µpQq

´
Q

Lemma 1. Given an SHT pX, ρ, µq, the Lebesgue differentiation theorem holds: for µ-almost every

x P X,

lim
rÑ0

1

µpBρpx, rqq

ˆ
Bρpx,rq

|fpyq ´ fpxq| dµpyq “ 0. (2.1)

Proof. Maćıas and Segovia, building on their earlier work in [58], showed in [57] that given any SHT

pX, ρ, µq, there exists an equivalent quasidistance δ (i.e., there exist constants c1, c2 depending on

X such that for all x, y P X, c1ρpx, yq ď δpx, yq ď c2ρpx, yq), such that given any ball Bδ with

respect to δ, then pBδ, δ, µq is again a space of homogeneous type, and the constants are independent

of the ball Bδ.

Toledano [79] proved that since µpBδq ă 8, the measure µ when restricted to Bδ is regular.

The Lebesgue differentiation theorem holds for regular measures: this follows from the standard

argument (cf. Rudin [75, Chapter 7]) using the fact that the maximal operator is weak p1, 1q on

L1pBδ, µq (Christ [10]) and that smooth functions of compact support are dense in L1pBδ, µq ([75,

Chapter 3]). Therefore, we have that for µ-almost every x P Bδ,

lim
rÑ0

 
Bδpx,rq

|fpyq ´ fpxq| dµpyq “ 0.

Since ρ and δ are equivalent and µ is doubling, it follows immediately that (2.1) holds in Bρ. Since

X can be covered by a countable collection of ρ-balls, it holds for µ-almost every x P X.

Remark 2. As a corollary to this proof we also have that C8c pXq is dense in L1pX,µq. This fact,

together with Lemma 1, can be used to simplify the hypotheses for results in a number of papers:

see, for example, [6, 9].
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Corollary 1. Given an SHT pX, ρ, µq and a dyadic grid D that satisfies the hypotheses of The-

orem 10, then for µ-almost every x P X, if tQku is the sequence of dyadic cubes in D such that

XkQk “ txu, then

lim
kÑ8

 
Qk

|fpyq ´ fpxq| dµpyq “ 0. (2.2)

Proof. First note that since ρ is a quasi-distance and µ is doubling, if x P Bρpx0, rq, then there

exists a constant K such that Bρpx0, rq Ă Bρpx, 2Krq and µpBρpx, 2Krqq « µpBρpx0, rqq. Hence,

 
Bρpx0,rq

|fpyq ´ fpxq| dµpyq ď C

 
Bρpx,2Krq

|fpyq ´ fpxq| dµpyq.

Therefore, if Bk is a sequence of balls such that
Ş

k Bk “ txu, then it follows from Lemma 1 that

lim
kÑ8

 
Bk

|fpyq ´ fpxq|dµpyq “ 0. (2.3)

Now for any k, by Theorem 10 there exists a ball Bk such that x P Qk Ă Bk and µpBkq ď

CµpQkq. Then (2.2) follows at once from (2.3).

Remark 3. Corollary 1 was stated in [5] without proof and with a reference to [79]. However, as

we noted, this result was only implicit there. This result is used in chapter 3.

2.0.2 Dyadic systems

On the real line, dyadic cubes are intervals rn2k, pn` 1q2kq for n, k P Z These have key structural

properties, together making up a dyadic system. Michael Christ developed a construction of a

dyadic system in SHT that preserved many key properties found in the dyadic intervals ([10]). A

further sophisticated refinement was completed by Hytönen and Kairema [35].

Theorem 2 (Hytönen and Kairema). There exists a family of sets D “ YkPZDk, called a dyadic

decomposition of X, constants 0 ă C, ε ă 8, and a corresponding family of points txcpQquQPD

such that:
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1. X “
Ť

QPDk
Q, for all k P Z.

2. If Q1 XQ2 ‰ H, then Q1 Ď Q2 or Q2 Ď Q1.

3. For every Q P Dk there exists at least one child cube Qc P Dk´1 such that Qc Ď Q.

4. For every Q P Dk there exists exactly one parent cube Qp P Dk`1 such that Q Ď Qp.

5. If Q2 is a child of Q1 then µpQ2q ě εµpQ1q.

6. BpxcpQq, δ
kq Ă Q Ă BpxcpQq, Cδ

kq.

The motivation for using the Hytönen-Kairema cubes over the Christ cubes in this thesis was

mainly due to property 4, as it was critical in a stopping time argument used in Chapter 3 that

every cube have precisely one parent. In the Christ construction, only cubes on certain levels k

are stated to have exactly one parent (note the indexing for the Chrsit cubes is different from the

one above).

We also need to use the fact that there are a finite number of distinct dyadic systems in SHT

[35]. This is a generalization of the ”1/3” trick on the real line that says that any interval can be

contained in a dyadic interval or a shifted dyadic interval (by 2´k ¨ 1
3 for level k) of approximately

the same size. We will call a set of dyadic systems distinct if it satisfies Mei’s criterion that

every cube is contained in a cube from one of the dyadic systems of approximately the same size

(described more precisely below). Therefore the dyadic and shifted dyadic system described above

on the real line are distinct, and in general there are n` 1 distinct dyadic systems in Rn, and this

number is sharp [16]. In a SHT we will use the analogous result of Hyrönen and Kairema [35] to

be described further in Chapter 3 .

A way to generate a distinct dyadic system in Rn is to use a δ-modulated dyadic grid Dδ, where

δ is far from the dyadic rationals [54]. We define Dδ to be

Dδ “
ď

mPZ
Dm
δ

11



where for m ě 0

Dn
δ “ tI ` δ : I P Dm

δ u

and for m ă 0, m even

Dm
δ “

$

&

%

»

–

k

2m
` δ `

0
ÿ

j“pm{2q`1

2´2j ,
k ` 1

2n
` δ `

0
ÿ

j“pm{2q`1

2´2j

fi

fl : k P Z

,

.

-

and along with the nesting property of dyadic systems completely determines Dm
δ for m odd.

We say that a number is q-far if it is distant enough from all rationals of the form i
qk

for

i, k P Z. More precisely,

Definition 2. We say that a real number δ is q-far if there exists a Cpδq such that for all n P Z

and for all k P Z,

|δ ´ k{qn| ě C{qn (2.4)

C is a positive constant that may depend on δ only. We now generate some q-far numbers.

Lemma 2. Let q be prime, and p be a prime such that q ‰ p. We have that 1{p is q-far.

Proof. We must show 2.4, which is equivalent to showing that

ˇ

ˇ

ˇ

ˇ

qn ´ kp

qn

ˇ

ˇ

ˇ

ˇ

ě Cp{qn

or that

qn ě ppC ` kq or qn ď ppk ´ Cq.

Now let C “ 1{p. Then for all n, k, we need qn ě 1 ` kp or qn ď pk ´ 1. Since qn P Z, the only

time our requirement would not be satisfied is when qn “ kp. So for 1{p to be q-far, we need

qn ı 0 pmod pq

for all n. However, we have that gcdpp, qq “ 1, so gcdpqn, pq “ 1, which implies that qn ı 0

12



pmod pq for all n.

When q “ 2, we also call 2-far ”far from the dyadic rationals”. Note that 1{3 is 2-far.

Remark 4. The choice of C above is the best possible. This is due to an argument using Fermat’s

Little Theorem (FLT). We need to show that if C ą 1{p then the criterion 2.4 fails for p and q

(where we still have gcdpp, qq “ 1). So if C “ 1{p` ε for any ε ą 0, then we would need to show

that

qn ě pk ` 1` pε or qn ď pk ´ 1´ pε.

Thus we would need to prevent qn “ pk ` 1 and qn “ pk ´ 1 for all n and k. But by FLT,

qp´1 ” 1 pmod pq,

so

qp´1 “ pk ` 1,

a contradiction. Thus C “ 1{p is the best possible. This C of course corresponds to dpδq.

Remark 5. In a similar way, we can also prove that 1{m is q-far where q does not divide m.

Lemma 3. We have that h
qj
` 1

p
m
qj

is q-far for gcdpp, qmq “ 1.

Proof. We must show that
ˇ

ˇ

ˇ

ˇ

h

qj
`

1

p

m

qj
´

k

qn

ˇ

ˇ

ˇ

ˇ

ě C{qn

or in other words, that
ˇ

ˇ

ˇ

ˇ

hqn´jp`mqn´j ´ kp

qn

ˇ

ˇ

ˇ

ˇ

ě Cp{qn.

When we work out the inequalities, we must show that there are no integers in the range p q
n´jpm`hpq

p ´

C, q
n´jpm`hpq

p ` Cq. Letting C “ 1{p, we can easily see that there are no integers in the range

p
qn´jpm`hpq´1

p , q
n´jpm`hpq`1

p q since gcdpp, qn´jpm`hpqq “ 1 so pqn´jpm`hpqqp´1 ” 1 pmod pq.

13



Remark 6. An easy observation is that any repeating decimal expansion in base q is q-far. This is

because any q-rational has a finite decimal expansion, so upon subtraction of any finite decimal, a

repeating decimal will always be bounded away from 0.

In [54] is the fact that on R, if δ is far from the dyadic rationals, thenDδ satisfies a generalization

of the ”1/3 trick;” this is called Mei’s criterion since it was originally done for the torus by T.

Mei (note also that Mei uses a slightly different Dδ [59]). Mei’s criterion says that any cube in is

comparable to a cube in D or Dδ. More precisely, stated here for our Dδ on the real line:

Proposition 1. Let δ P p0, 1q be far from the dyadic rationals. Then there exists a constant Kpδq

such that for each interval Q P R, there exists an interval I P R such that

iqQ Ă I

iiq|I| ď Kpδq|Q|

iiiqI P D or I P Dδ

This constant Kpδq can be taken to be 2{Cpδq

Remark 7. Note that in the statement in [54], Kpδq is stated differently, but can be easily seen to

be equivalent to 2{δ. Their proof follows Mei’s proof for the torus [54].

Remark 8. Note that one can easily extend this result to Rn by repeating the argument for each

of the n sides of the cube Q and show that each side is contained in some interval I P D or I P Dδ.

There are 2n choices of n-tuples of D and Dδ’s, so with 2n grids, Mei’s criterion holds in Rn. This

number was achieved by Hytönen and Pérez [36].

We use a variant of Mei’s criterion in a key point in Chapter 3.

Given a dyadic grid D, we define a dyadic maximal function

MDfpxq “ sup
QQx,QPD

 
Q
|f |dµ “ sup

qQx,QPD
}f}Q.
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We will also need a Calderón-Zygmund decomposition. This is a way of decomposing a function

into level sets. We use a decomposition used by the author, David Cruz-Uribe, and Kabe Moen

in [2]. The following description of this decomposition was taken from this article.

To begin to define a Calderón-Zygmund deomposition, we need the dyadic maximal function

to construct level sets.

Theorem 3. Given an SHT pX, ρ, µq such that µpXq “ 8, a dyadic grid D, suppose that f is a

measurable function such that }f}Q :“
ffl
Q |f |dµÑ 0 as µpQq Ñ 8. Then the following are true:

1. For each λ ą 0, there exists a collection tQju Ă D that is pairwise disjoint, maximal with

respect to inclusion, and such that

Ωλ “ tx P X : MDfpxq ą λu “
ď

j

Qj .

Moreover, there exists a constant CpXq such that for every j,

λ ă }f}Qj ď CpXqλ.

2. Given a ą 2{ε, where ε is as in Theorem 2, for each k P Z let tQkj uj be the collection of

maximal dyadic cubes in p1q with

Ωk “ tx P X : MDfpxq ą aku “
ď

j

Qkj .

Then the set of cubes S “ tQkj u is sparse (see definition 7), and EpQkj q “ Qkj zΩk`1.

If µpXq ă 8, then p1q holds provided that λ ą
ffl
X |fpxq| dµpxq, and p2q holds for all k such

that ak ą
ffl
X |fpxq| dµpxq.

The proof of Theorem 3 is essentially identical to that in the Euclidean in case: see, for

example, [18, Appendix A.1]. The constant CpXq in p1q depends on the doubling constant of
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µ. When µpXq ă 8 some minor modifications to the proof are necessary; these correspond

to what is often referred to as a “local” Calderón-Zygmund decomposition. To make them it

suffices to note that in this case X is bounded (see [29]). Therefore, by Theorem 2, for all

dyadic cubes Q sufficiently large, X “ Q, and so the argument for p1q still holds if we take

λ ą
ffl
X |fpxq| dµpxq “

ffl
Q |fpxq| dµpxq.

Theorem 4. Given an SHT pX, ρ, µq such that µpXq “ 8, and a dyadic grid D, suppose f is a

function such that }f}Q Ñ 0 as µpQq Ñ 8. Then for any λ ą 0 there exists a pairwise disjoint

family tQju Ă D and functions b and g such that:

1. f “ b` g;

2. g “ fχtx:MDfpxqďλu `
ř

j fQj ;

3. for µ-a.e. x P X, |gpxq| ď CpXqλ;

4. b “
ř

j bj, where bj “ pf ´ fQj qχQj ;

5. the support of bj is a subset of Qj and
ffl
Qj
bjpxq dµpxq “ 0.

If µpXq ă 8, then this decomposition still exists if we take λ ą
ffl
X |fpxq| dµpxq.

Theorem 4 is proved exactly as in the Euclidean case, taking tQju to be the cubes from p1q in

Theorem 3. The proof that g P L8 requires the Lebesgue differentiation theorem, Corollary 1.

2.0.3 Weights and operators

The basis of much of our analysis is on Lp spaces, the space of functions on pX,µq with bounded

Lp norm:

}f}LppXq :“

ˆˆ
X
|f |pdµ

˙1{p

ă 8.

We typically take 1 ă p ă 8, (for p ă 1, this quantity is no longer a norm, but we will not be

using this case).
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We will also need the L8 norm, which measures the supremum of a function outside a set of

measure 0:

}f}L8pXq “ ess supt|fpxq|u

Then L8pXq “ tf : }f}L8pXq ă 8u.

We typically use the shorthand }f}Lp or }f}p and similarly for L8.

We also use the space BMO, which is the space a bounded mean osciallation. It contains L8

and useful in many applications since many operators map L8 to BMO.

Definition 3. Let }f}BMO “ supQ
ffl
Q |f ´

ffl
Q |f ||dµ. We say f P BMO if }f}BMO ă 8.

We define a Calderón-Zygmund Kernel in both Rn and SHT. First in Rn:

Definition 4. We’ll say that K : RnˆRnztx “ yu Ñ R is a Calderón-Zygmund kernel if there exist

ε ą 0 and C ă 8 such that for all x0 ‰ y P Rn and x P Rn it satisfies the decay condition:

|Kpx0, yq| ď
C

|x0 ´ y|n
(2.5)

and the smoothness condition for 2|x0 ´ x| ď |x0 ´ y|:

|Kpx, yq ´Kpx0, yq| ď
C|x´ x0|

ε

|x0 ´ y|n`ε
, (2.6)

|Kpy, xq ´Kpy, x0q| ď
C|x´ x0|

ε

|x0 ´ y|n`ε
.

And in SHT:

Definition 5. We’ll say that K : X ˆXztx “ yu Ñ R is a Calderón-Zygmund kernel if there exist

η ą 0 and C ă 8 such that for all x0 ‰ y P X and x P X it satisfies the decay condition:

|Kpx0, yq| ď
C

µpBpx0, ρpx0, yqqq
(2.7)
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and the smoothness condition for ρpx0, xq ď ηρpx0, yq:

|Kpx, yq ´Kpx0, yq| ď

ˆ

ρpx, x0q

ρpx0, yq

˙η 1

µpBpx0, ρpx0, yqqq
, (2.8)

|Kpy, xq ´Kpy, x0q| ď

ˆ

ρpx, x0q

ρpx0, yq

˙η C

µpBpx0, ρpx0, yqqq
.

Now for both Rn and SHT we have

Definition 6. Let T be a singular integral operator associated to Calderón-Zygmund kernel K. If

in addition T is L2 bounded, we say that T is a Calderón-Zygmund operator.

By associated we mean that we have the inner product

xTf, gy “

ˆ
X

ˆ
X
Kpx, yqfpxqgpyqdµpxqdµpyq

where f and g have disjoint supports.

Now we list some basic background results for operators on SHT.

Theorem 5. [58] We can define an equivalent quasimetric ρ1, induced by the topology of the balls

of X. If all balls are open, then ρ is equivalent to ρ1.

Theorem 6. [10] The Hardy-Littlewood maximal functional Mpfq “ supB
ffl
B |fpxq| for balls

Bpx, rq is weak (1,1), strong (2,2), and bounded on L2pwq.

Theorem 7. [13] Let T be a Calderon-Zygmund operator on an SHT. Then T is weak L1.

We will be invoking sparse operators to bound our Calderón-Zygmund operators using the

formula originally due to Lerner [51]. Before we discuss this, we need to define a sparse family on

a dyadic grid D “ YkDk.

Definition 7. A sparse family S “ YkSk, Sk P Dk on D is a collection of dyadic cubes such that

for Q1, Q P S,

µp
ď

Q1ĹQ

Q1q ď
µpQq

2
.
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Definition 8. Given a sparse family S, we define a sparse operator as follows

TSpfq “
ÿ

QPS

p

 
Q
fq ¨ χQ.

A way to construct a disjoint family from a sparse one, where the measure of each cube in S

is approximately the same as a disjoint partner, is the following:

Definition 9. Let

EpQq “ Qz
ď

Q1ĹQ,Q1PS

Q1.

It is easy to see using the definitions that EpQq is disjoint and that

µpEpQqq ď µpQq ď 2µpEpQqq.

And finally, we introduce the definitions of a BMO function and the iterated commutators of

Calderón–Zygmund operators with functions in BMO in spaces of homogeneous type.

Definition 10. For a locally integrable function b : X ÝÑ R we define

||b||BMO “ sup
Q

1

µpQq

ˆ
Q
|bpyq ´ bQ|dµpyq ă 8,

where the supremum is taken over all dyadic cubes in X, and

bQ “
1

µpQq

ˆ
Q
bpyqdµpyq.

Definition 11. Given a Calderón–Zygmund operator T with kernel K and a function b in BMO,

we define the k-th order commutator with b, for an integer k ě 0, as follows

T kb pfqpxq “

ˆ
X
pbpxq ´ bpyqqkKpx, yqfpyqdµpyq.
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In the particular case when k “ 1, T 1
b is the classic commutator and we will denote it by Tb.

Here we define weights:

A weight w is a nonnegative locally integrable function on pX,µq that takes values in p0,8q

almost everywhere. For any 1 ă p ă 8 we define the Ap constant of the weight w on the space of

homogeneous type X as follows

rwsAp :“ sup
Q

ˆ

1

µpQq

ˆ
Q
wpxqdµ

˙ˆ

1

µpQq

ˆ
Q
wpxq1´p

1

dµ

˙p´1

. (2.9)

where Q is a dyadic cube. We could also define this with respect to balls as

sup
rą0

 
Bpx,rq

w

˜ 
Bpx,rq

w1´p1

¸p´1

“ rwsA2,B ă 8.

Note that if w P Ap (with respect to balls), then w P Ap with respect to cubes (see remark 12).

2.0.4 Orlicz classes

The Orlicz classes and Young functions arise in Chapter 5. In [67], Carlos Pérez defined a property

of Young functions termed “the Bp condition”, which is important to boundedness of different types

of maximal functions, important in weighted theory and discussed in Chapter 5.

Definition 12. A Young function is a a convex, increasing, continuous function A : r0,8q Ñ r0,8q

such that Ap0q “ 0 (see [64]).

We sometimes normalize Ap1q “ 1.

Definition 13. Let A be a Young function. The complementary Young function Ā is defined as:

Āpsq “ sup
t
tst´Aptqu,
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(see [18]).

Now, we can use a Young function to define the Orlicz norm.

Definition 14. Given a Young function A and a set E such that µpEq ą 0, define the Orlicz space

norm of a function v P L1
loc,

}v}A,E “ inftλ ą 0 :

 
E
A

ˆ

|vpxq|

λ

˙

dµ ď 1u.

Definition 15. The corresponding Orlicz maximal function is

MApvpxqq “ sup
BQx

}v}A,B,

where B ranges over balls.

Note that sometimes we define this maximal function with respect to cubes or to dyadic cubes.

Remark 9. Note that if A “ tp, this norm becomes the normalized Lp norm, that is: }f}p,Q “
´ffl

Q f
p
¯1{p

.

All Young functions satisfy Young’s inequality, that is

ab ď Apaq ` Āpbq.

The reason why is

ab “ Apaq ` ab´Apaq ď Apaq ` sup
a
tab´Apaqu “ Apaq ` Āpbq.

This property underlies a geometrical argument using convexity: if we graph the function A1ptq

and integrate, we see that

ab ď

ˆ a

0
A1ptqdt`

ˆ b

0
Ā1psqds “ Apaq ` Āpbq

since ab, the area of the rectangle, is less than or equal to the sum of integrals by convexity.
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We also have the generalized Hölder’s inequality :

ˆ
X
fg ď }f}A}g}Ā.

This can even be stated in the context of a Banach function space (to be discussed later in Chapter

5).

Definition 16. A Young function Aptq is doubling if

Ap2tq ď CAptq

for all t and for a fixed constant C.

Some examples of Young functions include power functions ts, log bumps

tp

ln1`δp1` tq

and loglog bumps

tp

lnp1` tqpln lnp1` tqq1`δ

for δ ą 0.

For notation, we use the standard H À I to mean H ď CI, where C is a constant. We typically

use the letters C and K to denote constants, even if they change from line to line.
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CHAPTER Three

A framework for representing Calderón-Zygmund operators on spaces of

homogeneous type and connections to the A2 theorem

Here we show that Lerner’s method of local mean oscillation gives a simple proof of the A2

conjecture for spaces of homogeneous type: that is, the linear dependence on the A2 characteristic

for weighted L2 bounds of CZOs. Weighted norm estimates for singular integral operators in

Euclidean space and, more generally, spaces of homogeneous type are classical results. More

recently, a variety of methods have been developed which yield the sharp (linear) dependence

of norm bounds for such operators with respect to the Muckenhoupt A2 weight class. In [33],

Hytönen gave the first complete proof of these linear bounds, the so-called A2 conjecture, and in

[62], the A2 conjecture was proven for geometric doubling spaces by adapting the technology of

random dyadic grids. Subsequently, an extremely elegant and different approach due to Lerner

yielded another proof of the conjecture in the Euclidean setting [51].

We show here that Lerner’s simple approach to the A2 conjecture also works in the setting of

spaces of homogeneous type. The main tool that is necessary to carry out this approach is the

additional dyadic structure developed in [35], specifically a version of T. Mei’s family of dyadic

spaces whereby any ball can be covered by some “dyadic cube” of roughly the same size. Our
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objective then is to give a simple proof of this theorem:

Theorem 8. Let T be a Calderon-Zygmund operator and X a SHT. Then for any w P A2,

}T }L2pwq ď CpT,XqrwsA2 .

The simplicity of our arguments comes from a version of Lerner’s local mean oscillation decom-

position. This concept appeared in the work of [42] and [78] and has gained popularity through its

development in several papers of Lerner [49],[51],[50]. The technique requires very few assumptions

on the measure space.

The strategy of the proof is to adapt Lerner’s elegant maximal decomposition of a Calderson-

Zygmund operator, together with the additional dyadic structure provided by Mei’s lemma, which

was shown in [35]. The proof we give is completely self contained. This chapter is organized in

the following way: relying on few a priori assumptions, we begin section 1 with a review of the

median and its generalization. Spaces of homogeneous type appear next, leading to our maximal

decomposition. We discretize the operator in section 3. Finally, section 4 is devoted to proving 8

by showing a linear A2 bound for an operator from our maximal decomposition. The structure of

the proof is as in Lerner [51], but steps 3 and 4 of Lemma 29 and Lemma 32 are new. We finally

remark that all absolute constants in this chapter depend only on the space X and the operator

T .

Earlier important contributions to this subject can be found in: [81], [7], [8], [17], [20], [33],

[38], [40], [41], [47], [62], [71], [72], [68], and [73].

3.1 Median

We collect some standard properties of the median and its generalizations. Note that few assump-

tions are required on the measure. Let pQ,A, | ¨ |q be a measure space where |Q| ă 8. Let µ be
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the corresponding normalized measure so that µpQq “ 1. Note that for this section the measure

is not yet assumed to be doubling. For a measurable function:

f : QÑ R

denote by F paq “ µpf ă aq its distribution function.

Definition 17. The median of f , mpfq, is defined as

mpfq “ supta P R : F paq ď 1{2u.

Now we’ll point out several properties of the median that we’ll be using.

Lemma 4. We have

ta : F paq ď 1{2u “ p´8;mpfqs,

in particular,

F pmpfqq ď 1{2.

Proof. The fact that the set ta : F paq ď 1{2u includes its supremum follows from the left continuity

of the distribution function F .

Lemma 5. We have

µpf ď mpfqq ě 1{2.

Proof. Observe that µpf ď mpfqq “ limεÑ0` F pmpfq ` εq and F pmpfq ` εq ą 1{2 by 17, thus the

claim follows.

Lemma 6. If f ď g, then mpfq ď mpgq.

Lemma 7. |mpfq| ď mp|f |q.
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Proof. By (6) we have mpfq ď mp|f |q. On the other hand by (5),

µpf ď mpfqq ě 1{2

so that µpf ą mpfqq ď 1{2. Equivalently µp´f ă ´mpfqq ď 1{2, hence by the definition of the

median of ´f ,

´mpfq ď mp´fq.

This coupled with (6) gives:

´mpfq ď mp´fq ď mp|f |q

Lemma 8. For any c P R,

mpf ´ cq “ mpfq ´ c

Lemma 9. We have

mp|f ´mpfq|q ď 2 inf
cPR

mp|f ´ c|q

Proof. We have

mp|f ´mpfq|q “ mp|f ´ c´mpf ´ cq|q ď mp|f ´ c| ` |mpf ´ cq|q

“ mp|f ´ c|q ` |mpf ´ cq| ď 2mp|f ´ c|q

where we applied 8, 6, 8 again and finally 7.

It is important to note that the triangle inequality fails to hold for the median, as illustrated

by the following example.

Example 1. Let Q “ r0, 1s with | ¨ | as Lebesgue measure. Let fpxq “ 1χr0,3{8s `
1
4χr3{8,1s and

gpxq “ 1
4χr0,5{8s ` 1χr5{8,1s. Then mpf ` gq “ 5{4, but mpfq “ mpgq “ 1{4.

However, we have the following:
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Lemma 10.

mp|f |q ď }f ´ g}8 `mp|g|q

Proof.

mp|f |q ď mp|f ´ g| ` |g|q ď mp}f ´ g}8 ` |g|q “ }f ´ g}8 `mp|g|q

using 6 twice, followed by 8. Note that we could replace |f ´ g| with }f ´ g}8 inside the median

since the median does not change upon removing a set of measure 0.

Lerner discusses a generalization of the median value, ωλ.

Definition 18. For 0 ă λ ă 1 and define

ωλpfq “ suppa : F paq ď 1´ λq.

Remark 10. The median is a special case: ω1{2pfq “ mpfq.

If unclear from the context, we’ll write ωλpf,Qq instead of ωλpfq to emphasize the domain of

f .

The analogues of 4, 5, 6, 10 and 8 for ωλ hold, for example the analogue of 10 is:

Lemma 11. For any 0 ă λ ă 1

ωλp|f |q ď }f ´ g}8 ` ωλp|g|q

The analogue of 9 holds only for a range of λ’s.

Lemma 12. For all 0 ă λ ď 1{2 we have:

ωλp|f ´mpfq|q ď 2 inf
cPR

ωλp|f ´ c|q
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Proof. Arguing just like in 9 we get

ωλp|f ´mpfq|q “ ωλp|f ´ c´mpf ´ cq|q ď ωλp|f ´ c| ` |mpf ´ cq|q ď ωλp|f ´ c|q `mp|f ´ c|q,

but ωλp|f ´ c|q `mp|f ´ c|q ď 2ωλp|f ´ c|q since mp|f |q ď ωλp|f |q only for 0 ď λ ď 1{2.

We additionally point out the following lemma that will relate ωλ to the maximal operator:

Lemma 13. For 0 ă λ ă 1 we have

λωλp|f |, Qq ď
1

|Q|

ˆ
Q
|f |

Proof. Let

a “
1

λ|Q|

ˆ
Q
|f |.

We only need to consider the case a ą 0.

By Chebychev’s inequality, we get

µ p|fpxq| ě aq “
|tx P Q : |fpxq| ě au|

|Q|
ď

1

a
¨

1

|Q|

ˆ
Q
|f | “ λ.

Consider the two possible cases

µp|fpxq| ě aq ă λ and µp|fpxq| ě aq “ λ.

In the first case, µp|fpxq| ă aq ą 1´ λ, hence ωλp|f |, Qq ď a.

In the second case, when the Chebychev inequality is an equality, the function |f | can take

only two values: 0 and a (up to a set of measure zero), so then |tx : |f | “ au| “ λ|Q|. This implies

ωλp|f |, Qq “ a and

λωλp|f |, Qq “
1

|Q|

ˆ
Q
|f |.
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The following lemma relates ωλ to the weak L1,8 norm:

Lemma 14. For any 0 ă λ ă 1 we have

ωλp|f |q ď
1

λ|Q|
||f ||1,8

Proof. Using the definition of ωλ, taking the complement of the set involved, we have,

λ ď µp|f | ě ωλp|f |qq “
|tx P Q : |f | ě ωλp|f |qu|

|Q|
ď

||f ||1,8
ωλp|f |q|Q|

The final lemma of this section relates ωλ to the values of function via the Lebesgue differen-

tiation theorem.

Lemma 15. Let 0 ă λ ă 1 and x0 P Qn where Qn is a sequence of sets such that

ˆ
Qn

|f ´ fpx0q| Ñ 0.

Then

ωλpf,Qnq Ñ fpx0q.

Proof. By 13 we have

|ωλpf,Qnq ´ fpx0q| “ ωλp|f ´ fpx0q|, Qnq ď
1

λ

 
Qn

|f ´ fpx0q| Ñ 0

Finally we note that we can define an equivalent BMO norm using the median values as our

sequence of constants instead of averages. To be precise, first recall another BMO definition:
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Lemma 16. Let }f}˚ “ supQ
ffl
Q |f ´

ffl
Q f | be the usual BMO norm. Then

1

2
}f}˚ ď sup

Q
inf
aPR

 
Q
|f ´ a| ď }f}˚,

so supQ infaPR
ffl
Q |f ´ a| defines an equivalent norm.

The proof can be found in [24].

Now we define the space BMOm and show that it is equivalent to BMO. Let mQpfq be the

median with respect to the cube Q, that is mpfq “ supta P R : F paq ď |Q|{2u.

Definition 19. Let }f}m “ supQ
ffl
Q |f ´mQpfq|. We say f P BMOm if }f}m ă 8.

Lemma 17. Let f P BMO. Given tmQpfqu, a sequence of medial values, we have that

sup
Q

 
Q
|f ´mQpfq| ď 3}f}˚.

Proof. By 8, we have

 
Q
|f ´mQpfq| “

 
Q
|f ´ c´mQpf ´ cq| ď

 
Q
|f ´ c| `

 
Q
|mQpf ´ cq| ď

3

|Q|

ˆ
Q
|f ´ c|

by 7 and 13. Hence

sup
Q

 
Q
|f ´mQpfq| ď 3 sup

Q
inf
aPR

 
Q
|f ´ a|.

Now the main result:

Theorem 9. We have that BMOm « BMO, that is }f}˚ « }f}m.

Proof. Since clearly supQ infaPR
ffl
Q |f ´ a| ď supQ

ffl
Q |f ´mQpfq|, using the lemma and putting
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everything together, we have

1

2
}f}˚ ď sup

Q
inf
aPR

 
Q
|f ´ a| ď sup

Q

 
Q
|f ´mQpfq| ď 3}f}˚,

completing the proof.

Remark 11. Instead of using tmQpfqu we could also use tωλpf,QquQ to define BMO. The proofs

follow in the same way, except instead of the constant 3, we get 1` 1{λ.

3.2 Maximal decomposition

We prove the analogue of Theorem 2.3 in [51] for SHT. We recall the definition of a dyadic system

with the notation that we will use in the proof. We now assume pX, ρ, | ¨ |q is an SHT.

Theorem 10. [10] and [35] There exist absolute constants C ą 0, δ ą 0, 0 ă ε ă 1, a family

of sets D “ YkPZDk (called a dyadic decomposition of X) and a corresponding family of points

txcpQquQPD that satisfy the following properties:

X “
ď

QPDk

Q, for all k P Z (3.1)

If Q1, Q2 P D then either Q1 XQ2 “ H or one is contained in the other. (3.2)

For any Q1 P Dk there exists at least one Q2 P Dk`1 so that Q2 Ă Q1 (called a child of Q1)

(3.3)

and there exists exactly one Q3 P Dk´1 so that Q1 Ă Q3 (called the parent of Q1) .

If Q2 is a child of Q1 then |Q2| ě ε|Q1|. (3.4)

BpxcpQq, δ
kq Ă Q Ă BpxcpQq, Cδ

kq (3.5)

Definition 20. For a Q P D we’ll denote by kpQq P Z the only integer for which Q P DkpQq.

Definition 21. For a.e. x P X for any k P Z there exists a unique set denoted by Qkpxq for whom

x P Qkpxq P Dk.
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We emphasize that though much of the dyadic terminology is the same for SHT and with

Euclidean space, the usual concepts of centers and side lengths, and dilations of cubes do not exist

as in Euclidean spaces.

Definition 22. Let D be a dyadic decomposition of the space X and Q P Dk. For a number λ ą 1

we’ll denote by λQ the ”dilated” set

λQ “ BpxcpQq, λCδ
kq,

where the constant C is the one provided by 10. The set λQ will play the role of the dilation of

the set Q by the number λ. However, note that even in the Euclidean case, λQ is not necessarily

a dilation with respect to the center of Q.

Remark 12. From 3.5 and the fact that the measure is doubling it follows that if w is an A2 weight

then for any Q P D,  
Q
w

 
Q
w´1 ď D0rwsA2

where D0 is an absolute constant.

Let D be a dyadic decomposition of X. Fix Q0 P D and a measurable function f : Q0 Ñ R.

In the rest of this section we’ll construct the maximal decomposition of f (stated in 12). For

convenience denote fm “ |f ´mpf,Q0q|.

Definition 23. Denote by M those elements Q of D that lie in Q0 and that are maximal under

inclusion with respect to the following property:

mpfm, Qq ą ωε{4pfm, Q0q,

(where 0 ă ε ă 1 is the number provided by Theorem 10).

Take the set of parents of M , then take all the maximal elements in this set under usual

inclusion of cubes. Denote this set by M̂ . Note that the elements of M̂ are disjoint and for Q P M̂ :

mpfm, Qq ď ωε{4pfm, Q0q. (3.6)
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Also,

Lemma 18. We have the following:

ÿ

QPM̂

|Q| ď
|Q0|

2
(3.7)

Proof. For Q PM we have that mpfm, Qq ą ωε{4pfm, Q0q, so that

|Q|

2
ď |tx P Q : fmpxq ě mpfm, Qqu| ď |tx P Q : fmpxq ą ωε{4pfm, Q0qu|.

where the first inequality is by 5. The elements of M are disjoint, so summing over these elements

we get

1

2

ÿ

QPM

|Q| ď |tx P Q0 : fmpxq ą ωε{4pfm, Q0qu| ď ε
|Q0|

4

where the second inequality is due to the analogue of 5 for ωλ. By 3.4,

ε

2

ÿ

QPM̂

|Q| ď
1

2

ÿ

QPM

|Q| ď
ε|Q0|

4
.

Remark 13. Note that 3.7 implies that Q0 R M̂ .

Remark 14. For any x P Q0 we have the following decomposition

fpxq ´mpf,Q0q “ pfpxq ´mpf,Q0qqχQ0zYQPM̂Q
pxq`

`
ÿ

QPM̂

pfpxq ´mpf,QqqχQpxq `
ÿ

QPM̂

pmpf,Qq ´mpf,Q0qqχQ.

We’ll be estimating parts of that decomposition. We first need the following results: see

Chapter 2.

Theorem 11. We call x a Lebesgue point if
ffl
Bpx,rq |fpxq| Ñ fpxq as |B| Ñ 0 (note that | ¨ | is

the homogeneous measure). If f P L1pXq then almost every point is Lebesgue.
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Lemma 19. Let x P Q0 be a Lebesgue point of f , then

1

|Qkpxq|

ˆ
Qkpxq

|f ´ fpxq| Ñ 0, as k Ñ `8,

where Qkpxq is defined in 21.

Proof. To prove this, we use a few key facts. If k is sufficiently large then Qkpxq Ă Q0. Since

BpxcpQkq, δ
kq Ď Qkpxq Ď BpxcpQkq, Cδ

kq,

by applying the doubling property, we can arrive at the result.

The following lemma estimates the first term in 14.

Lemma 20. For a.e. x P Q0z YQPM̂ Q

|fpxq ´mpf,Q0q| ď ωε{4pfm, Q0q

Proof. For an x P Q0z YQPM̂ Q, we have that fmpxq ą ωε{4pfm, Q0q. Since x is a Lebesgue point

for fm, then by 19,

mpfm, Qkpxqq ą ωε{4pfm, Q0q for a sufficiently large k,

implying that Qkpxq is a subset of an element of M , thus a subset of an element of M̂ . In particular,

x P YQPM̂Q, a contradiction.

Remark 15. Also, using 3.6 we get that for any Q P M̂ :

|mpf,Qq ´mpf,Q0q| “ |mpf ´mpf,Q0q, Qq| ď mpfm, Qq ď ωε{4pfm, Q0q.

Remark 16. Using the estimates 15, 20 in 14 we get that for a.e. x P Q0:

|fpxq ´mpf,Q0q| ď
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M#
ε{4,Q0

pfqpxqχQ0zYQPM̂Q
pxq ` ωε{4p|f ´mpf,Q0q|, Q0qχQ0pxq `

ÿ

QPM̂

|f ´mpf,Qq|χQpxq,

where

M#
λ,Q0

pfqpxq “ suptωλp|f ´mpf,Qq|, Qq : x P Q Ă Q0, Q P Du,

following Lerner’s notation.

Theorem 12. Applying the estimate of 16 inductively (to the last term in the sum) and using 3.7

we get that for a.e. x P Q0:

|fpxq ´mpf,Q0q| ďM#
ε{4,Q0

pfqpxq `
ÿ

QPDpQ0q

ωε{4p|f ´mpf,Qq|, QqχQpxq,

where the sum is spread over a family of sets DpQ0q which is sparse in Q0 with respect to the

dyadic decomposition D. Namely we have

DpQ0q “
ď

n“0,1,...

Sn

(where n represents the step in the induction), where:

1. Each element of DpQ0q belongs to D and is a subset of Q0.

2. The elements of each family Sn are disjoint.

2. S0 “ tQ0u.

3. If n ą 0 then each Q P Sn is a subset of an element of Sn´1

5. For any Q1 P Sn we have that:

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

Q1PSn`1,Q1ĹQ

Q1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
|Q|

2
. (3.8)

Condition 5 is the sparsity criterion. Note how this relates to 3.7.
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3.3 Discretization of operator

In this section, we follow Lerner’s strategy in [51] in order to reduce estimates of a Calderon-

Zygmund operator to the case of a discrete operator.

Lemma 21. Let T be a Calderon-Zygmund operator (see 5), Q P D be an element of a dyadic

decomposition D of the space X (see 10) and 0 ă ε ă 1 be a constant provided by 10. Note that

we can assume that η ă 1. We then have the following:

ωε{4p|Tf ´mpTf,Qq|, Qq ď D1

8
ÿ

i“1

1

2iη

 
2iQ
|fpyq|dy,

where 2iQ is defined in 22 and D1 is an absolute constant.

Proof. For compactness denote xc “ xcpQq (see 21) and k “ kpQq (see 20). By 22, define Q˚ “

1
ηQ “ Bpxc,

C
η δ

kqwhere η is the constant provided by the smoothness condition for T (see 5). For

a function f denote

f1 “ f ¨ χQ˚ and f2 “ f ¨ χXzQ˚

By 12 and 11 we have

ωε{4p|Tf ´mpTf,Qq|, Qq ď 2ωε{4p|Tf ´ pTf2qpxcq|, Qq (3.9)

ď 2ωε{4p|Tf1 ` Tf2 ´ pTf2qpxcq|, Qq ď 2ωε{4p|Tf1|, Qq ` 2}pTf2qpxq ´ pTf2qpxcq}L8pQq

For the first term in the right side of 3.9 note that the operator T is of weak type p1, 1q, thus by

14.:

ωε{4p|Tf1|, Qq ď
4||Tf1||1,8

ε|Q|
ď

4||T ||1,8
ε

¨
||f1||1

|Q|
ď

4||T ||1,8
ε

¨
|Q˚|

|Q|

 
Q˚
|f |

Note that by 3.5,

|Q˚|

|Q|
ď
|Bpxc, Cδ

k{ηq|

|Bpxc, δkq|
,

which is bounded by an absolute constant due to the doubling property.
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In second term in the right side of 3.9, for x P Q we have:

ρpx, xcq ă Cδk

for y P XzQ˚ we have:

C

η
δk ď ρpxc, yq, (3.10)

and due to 3.10 there exists unique i ą 1 so that:

2i´1δk ď ρpxc, yq ď 2iδk.

We can then apply the kernel estimate

|Kpx, yq ´Kpxc, yq| ď

ˆ

ρpx, xcq

ρpxc, yq

˙η 1

|Bpxc, ρpxc, yqq|

ď
p2Cqη

2iη
¨

1

|Bpxc, 2i´1δkq|
χBpxc,2iδkqpyq

ď
p2Cqη

2iη
¨
|Bpxc, 2

iCδkq|

|Bpxc, 2i´1δkq|
¨

1

|2iQ|
χ2iQpyq,

where the second factor is bounded by an absolute constant due to the doubling property. Thus

|pTf2qpxq ´ pTf2qpxcq| ď

ˆ
XzQ˚

|f2pyq||Kpx, yq ´Kpxc, yq|dy

ď D1

8
ÿ

i“1

1

2iη|2iQ|

ˆ
XzQ˚

|f2pyq|χ2iQpyqdy

“ D1

8
ÿ

i“1

1

2iη

 
2iQ
|fpyq|dy,

for some absolute constant D1.

Let T be a Calderon-Zygmund operator (see 5). Let D be a dyadic decomposition of the space

X (see 10). Fix an arbitrary Q0 P D. By (12) for a.e. x P Q0 we have:

|pTfqpxq ´mpTf,Q0q| ďM#
ε{4,Q0

pTfqpxq `
ÿ

QPDpQ0q

ωε{4p|Tf ´mpTf,Qq|, QqχQpxq.
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By (21), following Lerner’s approach,

|pTfqpxq| ď |mpTf,Q0q| `D2 ¨Mpfqpxq `D1

8
ÿ

i“1

1

2iη

ÿ

QPDpQ0q

 
2iQ
|f |χQpxq,

where D2 is a certain constant depending on the operator T (on the parameter τ to be precise).

Let w be an A2 weight. Then

||Tf ||L2pw,Q0q
ď ||mpTf,Q0q||L2pw,Q0q

`D2||Mpfq||L2pw,Q0q
`D1

8
ÿ

i“1

1

2iη

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

QPDpQ0q

 
2iQ
|f |χQ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pwq

Note that the sharp bound for the maximal function is due to the result in [35] (stated for metric

spaces, but holds for SHT as well), a generalization of Buckley’s result (see 1). We’ll now estimate

the last term. By 14:

|mpTf,Q0q| ď
||Tf ||L1,8pQ0q

|Q0|
ď ||T ||1,8

||f ||L1pQ0q

|Q0|

Applying Holder’s inequality and recalling that rwsA2 ě 1, we get:

||mpTf,Q0q||L2pw,Q0q
ď
||T ||1,8
|Q0|

ˆˆ
Q0

w

˙1{2

||f ||L1pQ0q ď (3.11)

||T ||1,8||f ||L2pw,Q0q

ˆˆ
Q0

w´1

˙1{2 ˆˆ
Q0

w

˙1{2 1

|Q0|
ď ||T ||1,8||f ||L2pw,Q0q

rws
1{2
A2

ď ||T ||1,8||f ||L2pw,Q0q
rwsA2 .

Thus, in order to prove 8 (i.e. the linear A2 bound for T ) if suffices to show a linear A2 bound

for the discrete operator:

Aipfq “
ÿ

QPDpQ0q

 
2iQ
|f |χQ, i “ 1, 2, . . . (3.12)

with a norm estimate depending linearly on the parameter i (i is called the complexity of the

discrete operator Ai). This will be proved in the next section.
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3.4 Linear bound with respect to complexity of discrete operators

By Theorem 4.1 in [35] there exist constants J P N and D ą 0 depending only the space X and

there exists a corresponding collection of dyadic decompositions tDj : j “ 1, 2 . . . , Ju of the space

X such that for every ball Bpx, rq there exists some 1 ď j ď J and Q˚ P Dj with Bpx, rq Ă Q˚

and diampQ˚q ď Dr.

Hence in order to prove a linear A2 bound for the operator 3.12 it suffices to prove a linear A2

bound, depending linearly on the complexity i, for the operators of the following form:

Bj,ipfq “
ÿ

QPD1pQ0q

1

|Q˚|

ˆ
Q˚

f ¨ χQ j “ 1, 2, . . . , J (3.13)

The sum in the definition of Bi,j is spread over D1pQ0q which is a certain subset of DpQ0q which

has the following property: for any Q P D1pQ0q there exists a set in Dj denoted by Q˚ P Dj so

that

2iQ “ BpxcpQq, 2
iCδkpQqq Ă Q˚ (3.14)

and

diampQ˚q ď D ¨ 2iCδkpQq, (3.15)

where kpQq was defined in 20. Thus D1pQ0q “ YS
1
n where some levels may be empty.

In the future we’ll write B instead of Bj,i, suppressing the dependence on the parameters i and j.

We’ll also need the formal adjoint of B:

B˚pfq “
ÿ

QPD1pQ0q

1

|Q˚|

ˆ
Q
f ¨ χQ˚

The rest of the paper will be devoted to the proof of a linear A2 bound of the discrete operator B

depending linearly on the complexity i, proved in 34, thus completing the proof of 8. We follow

the outline from Lerner, but emphasize that due to the design of SHT, our argument in steps 3

and 4 of 29 is different. In 32, we give an argument for an estimate which is implicit, but not

stated in [51].
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Lemma 22. For a constant γ ą 0 depending on the space X only,

||Bpfq||2 “ ||B
˚pfq||2 ď γ||f ||2

Proof. For any Q P C 1n denote EpQq “ Qz
Ť

Q1PCn`1
Q1. The sets EpQq are pairwise disjoint, and

by 3.8 we have: |EpQq| ď |Q|{2, thus for any f, g P L2pXq:

ˆ
X
Bpfq ¨ g ď

ÿ

QPD1pQ0q

 
Q˚
|f | ¨

 
Q
|g| ¨ |Q| ď

2
ÿ

QPD1pQ0q

 
Q˚
|f | ¨

 
Q
|g||EpQq| ď 2

ÿ

QPD1pQ0q

ˆ
EpQq

pMf ¨Mgq ď 2

ˆ
X
pMf ¨Mgq ď γ||f ||2||g||2

which finishes the proof.

Lemma 23. There exists an absolute constant β so that we have:

||B˚pfq||1,8 ď βi||f ||1,

Proof. Step 1.

The set Ω “ tpMfqpxq ą au is open and bounded (since |Q| ă 8). Denote by tWiuiPI the family

of elements Wi of the dyadic decomposition D that lie in the set Ω and which are maximal with

respect to the following property diampWiq ď distpWi,Ω
cq. The sets Wi are disjoint by maximal-

ity. Additionally Ω “ YiWi.

Indeed, for a point x P Ω consider the setsQkpxq introduced in 21. We have that diampQkpxqq Ñ

0 and by quasitriangle inequality distpQipxq,Ω
cq ě distpx,Ωcq{C0 as k Ñ `8. Thus Qkpxq Ă Ω

and diampQkpxqq ă distpQkpxq,Ω
cq for a sufficiently large k P Z.

Step 2.

Set

bi “

ˆ

f ´

 
Wi

f

˙

χWi , b “
ÿ

iPI

bi, g “ f ´ b
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For any a ą 0 we have:

|tx : |pB˚fqpxq| ą au| ď |Ω| ` |tx : |pB˚gqpxq| ą a{2u| ` |tx P Ωc : |pB˚bqpxq| ą a{2u|. (3.16)

In order to prove 29 we estimate the terms on the right of 3.25. For the first term we use that the

maximal function is weak L1, thus:

|Ω| ď
D2

a
||f ||1,

for an absolute constant D2.

Step 3.

For the second term we first note that

gpxq ď D3 ¨ a (3.17)

for some absolute constant D3 ą 0. Indeed, if x P Ωc then |gpxq| “ |fpxq| ď a.

Now if x P Ω then x P Wi for some i P I. Denote by W p
i the parent of Wi in the dyadic

decomposition D. Two cases are possible:

Case 1. diampW p
i q ą distpW p

i ,Ω
cq.

Case 2. W p
i contains a point in Ωc.

Consider case 1. There exist y P Ωc and x1 PW
p
i so that

diampW p
i q ą ρpx1, yq.

Let x2 be an arbitrary point in Wi. By quasitriangle inequality:

ρpx2, yq ď C0pρpx2, x1q ` ρpx1, yqq ă 2C0diampW
p
i q (3.18)

Hence

Wi Ă Bpy, 2C0diampW
p
i qq “: B (3.19)
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But y P Ωc so that pMfqpyq ď a. Hence, we can estimate:

|gpxq| “

ˇ

ˇ

ˇ

ˇ

 
Wi

f

ˇ

ˇ

ˇ

ˇ

ď
1

|Wi|

ˆ
B
|f | ď

|B|

|Wi|

 
B
|f | ď

ď
|B|

|Wi|
pMfqpyq ď

|B|

|Wi|
a

In order to estimate the fraction |B|{|Wi|, take x2 to be xcpWiq in 3.27 to claim:

ρpxcpWiq, yq ă 2C0diampW
p
i q

which together with 3.28 implies that

ρpxcpW
p
i q, 2C0diampW

p
i qq ď C0pρpy, xcq ` ρpy, 2C0diampW

p
i qqq ď 2C0p2C0diampW

p
i q

so it follows that

B Ă BpxcpWiq, 4C
2
0diampW

p
i qq.

So that we can estimate.

|B|

|Wi|
ď
|BpxcpWiq, 4C

2
0diampW

p
i qq|

|Wi|

But due to 3.5 that quantity is bounded by an absolute constant by the doubling property.

Note that in case 2 it is still true that for a certain y P Ωc we have pMfqpyq ď a and Wi Ă B so

that case 2 can be treated similarly.

Now we are ready to estimate the second term of 3.25. Use 22 and 3.26 to write:

|tx : |pB˚gqpxq| ą a{2| ď
4

a2
||B˚pgq||22 ď

4γ

a2
||g||22 ď

4γD3

a
||g||1 ď

4γD3

a
||f ||1

Step 4. In order to estimate the third term of 3.25 fix x P Ωc and consider:

pB˚bqpxq “
ÿ

iPl

ÿ

Q

ˆ

1

|Q˚|

ˆ
Q
bi

˙

¨ χQ˚pxq (3.20)
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Assume that for certain Q and Wi we have that:

ˆˆ
Q
bi

˙

¨ χQ˚pxq ‰ 0

Then Q XWi ‰ H. But also Wi Ć Q as
´
Wi
bi “ 0 by definition. Finally both Wi and Q belong

to the same dyadic decomposition D. Thus we must have that Q Ă Wi. Also χQ˚pxq ‰ 0 implies

x P Q˚. Using all of these and 3.14, 3.15 we can estimate:

diampWiq ď distpWi,Ω
cq ď distpxcpQq, xq ď diampQ˚q ď D ¨2iCδkpQq ď 2i ¨DC ¨diampQq (3.21)

Recall that by 20 kpWiq denotes the only integer for whom Wi P DkpWiq
. We have:

diampWiq ě δkpWiq ď 2i ¨DCdiampQq ď 2i ¨DC ¨ 2C0Cδ
kpQq (3.22)

We have that for some absolute constants D4, D5 ą 0,

kpWiq ď kpQq ă kpWiq `D4 ¨ i`D5

where the left hand side follows from Q ĂWi and right hand side follows from plugging 3.31 into

3.30. Thus, for our fixed x P Ωc we can write

pB˚bqpxq ď
ÿ

lPI

ÿ

Q : kpWlqďkpQqďD4i`kpWlq`D5

ˆ

1

|Q˚|

ˆ
Q
|bl|

˙

¨ χQ˚pxq,

but the sets Q for which the number kpQq is the same are disjoint, thus

ˆ
Ωc
|pB˚bqpxq| ď

ÿ

lPI

ÿ

Q : kpWlqďkpQqďD4i`kpWlq`D5

ˆˆ
Q
|bl|

˙

ď

ÿ

lPI

pD4i`D5q

ˆ
Wl

|bl| ď 2pD4k `D5q||f ||1

So that we can estimate the third term in 3.25 as follows:

|tx P Ωc : |pB˚bqpxq| ą a{2u| ď
2

a
||B˚b||L1pΩcq ď

2pD4 `D5qi||f ||1
a
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Lemma 24. For any Q1 P D
j we have that:

ωε{4p|B
˚pfq ´mpB˚pfqq|, Q1q ď D6i

 
Q1

|f |,

where ε is the constant provided by 10, B “ Bi,j and D6 is an absolute constant.

Proof. Note that the function

ÿ

Q : QPD1pQ0q,Q1ĹQ˚

ˆ

1

|Q˚|

ˆ
Q
f

˙

χQ˚pxq

is constant on Q1 as both Q1 and the sets Q˚ involved in the sum are in Dj . Thus, using 12 we

can write:

ωε{4p|B
˚pfq ´mpB˚pfqq|, Q1q ď ωε{4

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

B˚pfq ´
ÿ

Q : QPD1pQ0q,Q1ĹQ˚

ˆ

1

|Q˚|

ˆ
Q
f

˙

χQ˚pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

, Q1

˛

‚

“ ωε{4

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

Q : QPD1pQ0q,Q˚ĂQ1

ˆ

1

|Q˚|

ˆ
Q
f

˙

χQ˚pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

, Q1

˛

‚

“ ωε{4 p|B
˚pf ¨ χQ1q|, Q1q ď ωε{4 pB

˚p|f | ¨ χQ1q, Q1q

Further by 14 and 29 we have

ωε{4 pB
˚p|f | ¨ χQ1q, Q1q ď

4

ε|Q1|
||B˚p|f | ¨ χQ1q||L1,8pQ1q ď

4

ε|Q1|
βi||f ||L1pQ1q ď

4β

ε
i

 
Q1

|f |

Lemma 25.

||B˚pfq||L2pwq ď D7 ¨ irwsA2 ||f ||L2pwq,

where B “ Bi,j and D7 is an absolute constant.
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Proof. Let Q2 P D
j be a set satisfying:

diampQ2q ą D ¨ 2iCδkpQ0q,

where Q0 is the set involved in the definition of B (see 3.13). (This can always be achieved by

taking Q2 from a sufficiently high level of the dyadic decomposition Dj). Then for any Q˚ from

3.13 using 3.15 we have that diampQ˚q ă diampQ2q and hence

Q2 Ć Q˚ (3.23)

Apply the maximal decomposition 12 for the function B˚pfq taking the Q0 of 12 to be Q2 and

apply the estimates obtained in 30 to estimate:

|pB˚fqpxq| ď |mpB˚f,Q2q| `D6 ¨ k ¨ pMfqpxq `D6 ¨ i ¨
ÿ

Q1PDjpQ2q

 
Q1

|f | for a.e. x P Q2

And thus:

||B˚f ||L2pw,Q2q
ď ||mpB˚f,Q2q||L2pw,Q2q

`D6 ¨ i ¨ ||Mf ||L2pw,Q2q
(3.24)

`D6 ¨ i ¨

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

Q1PDjpQ2q

 
Q1

|f |χQ1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pw,Q2q

The first term of 3.33 will be estimated in 32 and the second term in 33, thus finishing the proof

of 31.

Lemma 26.

||mpB˚f,Q2q||L2pw,Q2q
ď βi||f ||L2pw,Q2q

rwsA2 ,

Proof. Decompose:

B˚f “
ÿ

QPD1pQ0q,Q˚ĂQ2

1

|Q˚|

ˆ
Q
f ¨ χQ˚ `

ÿ

QPD1pQ0q,Q2ĹQ˚

1

|Q˚|

ˆ
Q
f ¨ χQ˚

`
ÿ

QPD1pQ0q,Q˚XQ2“H

1

|Q˚|

ˆ
Q
f ¨ χQ˚ .

45



Here the third term will be identically zero on Q2 and the second term is zero due to 3.32. Thus

for mpB˚f,Q2q only the first term matters. Using Q Ă Q˚ we get:

mpB˚f,Q2q “ mpB˚pf ¨ χQ2q, Q2q

By 14 and 29:

|mpB˚pf ¨ χQ2q, Q2q| ď
||B˚pf ¨ χQ2q||L1,8pQ2q

|Q2|
ď βi

||f ||L1pQ2q

|Q2|

so that applying Holder’s inequality and 12 we get

||mpB˚f,Q2q||L2pw,Q2q
ď βi

||f ||L1pQ2q

|Q2|

ˆˆ
Q2

w

˙1{2

ď βi||f ||L2pw,Q2q
rwsA2 .

Lemma 27.
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

Q1PDjpQ2q

ˆ 
Q1

|f |

˙

χQ1pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pw,Q2q

ď D7rwsA2

We first note that for any function g P L2pw´1q,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˆ
X

ÿ

Q1PDjpQ2q

 
|f |χQ1pxq ¨ gpxqdx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

Q1PDjpQ2q

 
Q1

|f |

 
Q1

|g| ¨ |Q1| ď

2
ÿ

Q1PDjpQ2q

 
Q1

|f |

 
Q1

|g| ¨ |EpQ1q|

where for every Q1 P D
jpQ2q we denoted

EpQ1q “ Q1z
ď

QPDpQ2q,QĹQ1

Q

and used 3.8. Now let wpQq “
´
Qw and Mw´1pfq “ supQ

1
wpQq

´
|fw|w´1. We further estimate:
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ÿ

Q1PDjpQ2q

 
Q1

|f |

 
Q1

|g||EpQ1q| ď rwsA2

ÿ

Q1PDjpQ2q

ˆ

1

w´1pQ1q

ˆ
Q1

|f |

˙ˆ

1

wpQq

ˆ
Q1

|g|

˙

|EpQ1q|

ď rwsA2

ÿ

Q1PDjpQ2q

ˆ
EpQ1q

Mw´1pfwqMwpgw
´1q

ď rwsA2

ˆ
X
Mw´1pfwqMwpgw

´1q

ď rwsA2 ||Mw´1pfwq||L2pw´1q||Mwpgw
´1q||L2pwq

ď D7rwsA2 ||f ||L2pwq||g||L2pw´1q

Where we use the fact that Mw is bounded on L2pwq indepedent of rwsA2 . Taking the suprenum

over ||g||L2pw´1q “ 1,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

Q1PDjpQ2q

ˆ 
Q1

|f |

˙

χQ1pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pw,Q2q

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

Q1PDjpQ2q

ˆ 
Q1

|f |

˙

χQ1pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pwq

ď D7rwsA2

Lemma 28.

||Bpfq||L2pwq ď D7 ¨ irwsA2 ||f ||L2pwq,

for B “ Bi,j.

Proof. For any g P L2pw´1q using 31 we have:

ˆ
X
Bpfqg “

ˆ
X
fB˚pgq “

ˆ
X
fw1{2B˚pgqw´1{2 ď ||f ||L2pwq||B

˚g||L2pw´1q

ď D7irw
´1sA2 ||f ||L2pwq||g||L2pw´1q

so that the claim of the lemma and our main theorem follows.

Lemma 29. There exists an absolute constant β so that we have:

||B˚pfq||1,8 ď βi||f ||1,
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Proof. Step 1.

The set Ω “ tpMfqpxq ą au is open and bounded (since |Q| ă 8). Denote by tWluiPI the family

of elements Wl of the dyadic decomposition D that lie in the set Ω and which are maximal with

respect to the following property diampWlq ď distpWl,Ω
cq. The sets Wl are disjoint by maximal-

ity. Additionally Ω “ YlWl.

Indeed, for a point x P Ω consider the setsQkpxq introduced in 21. We have that diampQkpxqq Ñ

0 and by quasitriangle inequality distpQipxq,Ω
cq ě distpx,Ωcq{C0 as k Ñ `8. Thus Qkpxq Ă Ω

and diampQkpxqq ă distpQkpxq,Ω
cq for a sufficiently large k P Z.

Step 2.

Set

bl “

ˆ

f ´

 
Wl

f

˙

χWl
, b “

ÿ

lPI

bl, g “ f ´ b

For any a ą 0 we have:

|tx : |pB˚fqpxq| ą au| ď |Ω| ` |tx : |pB˚gqpxq| ą a{2u| ` |tx P Ωc : |pB˚bqpxq| ą a{2u|. (3.25)

In order to prove 29 we estimate the terms on the right of 3.25. For the first term we use that the

maximal function is weak L1, thus:

|Ω| ď
D2

a
||f ||1,

for an absolute constant D2.

Step 3.

For the second term we first note that

gpxq ď D3 ¨ a (3.26)

for some absolute constant D3 ą 0. Indeed, if x P Ωc then |gpxq| “ |fpxq| ď a.

Now if x P Ω then x P Wl for some l P I. Denote by W p
l the parent of Wl in the dyadic

decomposition D. Two cases are possible:

Case 1. diampW p
l q ą distpW p

l ,Ω
cq.
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Case 2. W p
l contains a point in Ωc.

Consider case 1. There exist y P Ωc and x1 PW
p
l so that

diampW p
l q ą ρpx1, yq.

Let x2 be an arbitrary point in Wl. By quasitriangle inequality:

ρpx2, yq ď C0pρpx2, x1q ` ρpx1, yqq ă 2C0diampW
p
l q (3.27)

Hence

Wl Ă Bpy, 2C0diampW
p
l qq “: B (3.28)

But y P Ωc so that pMfqpyq ď a. Hence, we can estimate:

|gpxq| “

ˇ

ˇ

ˇ

ˇ

 
Wl

f

ˇ

ˇ

ˇ

ˇ

ď
1

|Wl|

ˆ
B
|f | ď

|B|

|Wl|

 
B
|f | ď

ď
|B|

|Wl|
pMfqpyq ď

|B|

|Wl|
a.

Let z P B. In order to estimate the fraction |B|{|Wl|, take x2 to be xcpWlq in 3.27 to claim:

ρpxcpWlq, yq ă 2C0diampW
p
l q

which together with 3.28 implies that

ρpxcpW
p
l q, zq ď C0pρpy, xcq ` ρpy, zqq ď 2C0p2C0diampW

p
l q

so it follows that

B Ă BpxcpWlq, 4C
2
0diampW

p
l qq.

We can estimate.

|B|

|Wl|
ď
|BpxcpWlq, 4C

2
0diampW

p
l qq|

|Wl|
.

But due to 3.5 that quantity is bounded by an absolute constant by the doubling property.
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Note that in case 2 it is still true that for a certain y P Ωc we have pMfqpyq ď a and Wl Ă B so

that case 2 can be treated similarly.

Now we are ready to estimate the second term of 3.25. Use 22 and 3.26 to write:

|tx : |pB˚gqpxq| ą a{2| ď
4

a2
||B˚pgq||22 ď

4γ

a2
||g||22 ď

4γD3

a
||g||1 ď

4γD3

a
||f ||1.

Step 4. In order to estimate the third term of 3.25 fix x P Ωc and consider:

pB˚bqpxq “
ÿ

lPl

ÿ

Q

ˆ

1

|Q˚|

ˆ
Q
bl

˙

¨ χQ˚pxq (3.29)

Assume that for certain Q and Wl we have that:

ˆˆ
Q
bl

˙

¨ χQ˚pxq ‰ 0.

Then Q XWl ‰ H. But also Wl Ć Q as
´
Wl
bl “ 0 by definition. Finally both Wl and Q belong

to the same dyadic decomposition D. Thus we must have that Q Ă Wl. Also χQ˚pxq ‰ 0 implies

x P Q˚. Using all of these and 3.14, 3.15 we can estimate:

diampWlq ď distpWl,Ω
cq ď distpxcpQq, xq ď diampQ˚q ď D ¨2iCδkpQq ď 2i ¨DC ¨diampQq (3.30)

Recall that by 20 kpWlq denotes the unique integer for which Wl P DkpWlq
. We have:

diampWlq ě δkpWlq ď 2i ¨DCdiampQq ď 2i ¨DC ¨ 2C0Cδ
kpQq (3.31)

We have that for some absolute constants D4, D5 ą 0,

kpQq ď kpWlq ă kpQq `D4 ¨ i`D5

where the left hand side follows from Q ĂWl and right hand side follows from plugging 3.31 into

50



3.30. Thus, for our fixed x P Ωc we can write

pB˚bqpxq ď
ÿ

lPI

ÿ

Q : kpQqďkpWlqďD4i`kpQq`D5

ˆ

1

|Q˚|

ˆ
Q
|bl|

˙

¨ χQ˚pxq,

but the sets Q for which the number kpQq is the same are disjoint, thus

ˆ
Ωc
|pB˚bqpxq| ď

ÿ

lPI

ÿ

Q : kpQqďkpWlqďD4i`kpQq`D5

ˆˆ
Q
|bl|

˙

ď

ÿ

lPI

pD4i`D5q

ˆ
Wl

|bl| ď 2pD4i`D5q||f ||1

so that we can estimate the third term in 3.25 as follows:

|tx P Ωc : |pB˚bqpxq| ą a{2u| ď
2

a
||B˚b||L1pΩcq ď

2pD4 `D5qi||f ||1
a

Lemma 30. For any Q1 P D
j we have that:

ωε{4p|B
˚pfq ´mpB˚pfqq|, Q1q ď D6i

 
Q1

|f |,

where ε is the constant provided by 10, B “ Bj,i and D6 is an absolute constant.

Proof. Note that the function

ÿ

Q : QPD1pQ0q,Q1ĹQ˚

ˆ

1

|Q˚|

ˆ
Q
f

˙

χQ˚pxq

is constant on Q1 as both Q1 and the sets Q˚ involved in the sum are in Dj . Thus, using 12 we
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can write:

ωε{4p|B
˚pfq ´mpB˚pfqq|, Q1q ď ωε{4

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

B˚pfq ´
ÿ

Q : QPD1pQ0q,Q1ĹQ˚

ˆ

1

|Q˚|

ˆ
Q
f

˙

χQ˚pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

, Q1

˛

‚

“ ωε{4

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

Q : QPD1pQ0q,Q˚ĂQ1

ˆ

1

|Q˚|

ˆ
Q
f

˙

χQ˚pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

, Q1

˛

‚

“ ωε{4 p|B
˚pf ¨ χQ1q|, Q1q ď ωε{4 pB

˚p|f | ¨ χQ1q, Q1q

Further by 14 and 29 we have

ωε{4 pB
˚p|f | ¨ χQ1q, Q1q ď

4

ε|Q1|
||B˚p|f | ¨ χQ1q||L1,8pQ1q ď

4

ε|Q1|
βi||f ||L1pQ1q ď

4β

ε
i

 
Q1

|f |

Lemma 31.

||B˚pfq||L2pwq ď D7 ¨ irwsA2 ||f ||L2pwq,

where B “ Bj,i and D7 is an absolute constant.

Proof. Let Q2 P D
j be a set satisfying:

diampQ2q ą D ¨ 2iCδipQ0q,

where Q0 is the set involved in the definition of B (see 3.13). (This can always be achieved by

taking Q2 from a sufficiently high level of the dyadic decomposition Dj). Then for any Q˚ from

3.13 using 3.15 we have that diampQ˚q ă diampQ2q and hence

Q2 Ć Q˚ (3.32)

Apply the maximal decomposition 12 for the function B˚pfq taking the Q0 of 12 to be Q2 and
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apply the estimates obtained in 30 to estimate:

|pB˚fqpxq| ď |mpB˚f,Q2q| `D6 ¨ i ¨ pMfqpxq `D6 ¨ i ¨
ÿ

Q1PDjpQ2q

 
Q1

|f | for a.e. x P Q2

And thus:

||B˚f ||L2pw,Q2q
ď ||mpB˚f,Q2q||L2pw,Q2q

`D6 ¨ i ¨ ||Mf ||L2pw,Q2q
(3.33)

`D6 ¨ i ¨

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

Q1PDjpQ2q

 
Q1

|f |χQ1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pw,Q2q

The first term of 3.33 will be estimated in 32 and the third term in 33, thus finishing the proof of

31.

Lemma 32.

||mpB˚f,Q2q||L2pw,Q2q
ď βi||f ||L2pw,Q2q

rwsA2 ,

Proof. Decompose:

B˚f “
ÿ

QPD1pQ0q,Q˚ĂQ2

1

|Q˚|

ˆ
Q
f ¨ χQ˚ `

ÿ

QPD1pQ0q,Q2ĹQ˚

1

|Q˚|

ˆ
Q
f ¨ χQ˚

`
ÿ

QPD1pQ0q,Q˚XQ2“H

1

|Q˚|

ˆ
Q
f ¨ χQ˚ .

Here the third term will be identically zero on Q2 and the second term is zero due to 3.32. Thus

for mpB˚f,Q2q only the first term matters. Using Q Ă Q˚ we get:

mpB˚f,Q2q “ mpB˚pf ¨ χQ2q, Q2q

By 14 and 29:

|mpB˚pf ¨ χQ2q, Q2q| ď
||B˚pf ¨ χQ2q||L1,8pQ2q

|Q2|
ď βi

||f ||L1pQ2q

|Q2|
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so that applying Holder’s inequality and 12 we get

||mpB˚f,Q2q||L2pw,Q2q
ď βi

||f ||L1pQ2q

|Q2|

ˆˆ
Q2

w

˙1{2

ď βi||f ||L2pw,Q2q
rwsA2 .

Lemma 33.
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

Q1PDjpQ2q

ˆ 
Q1

|f |

˙

χQ1pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pw,Q2q

ď D7rwsA2

We first note that for any function g P L2pw´1q,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˆ
X

ÿ

Q1PDjpQ2q

 
|f |χQ1pxq ¨ gpxqdx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

Q1PDjpQ2q

 
Q1

|f |

 
Q1

|g| ¨ |Q1| ď

2
ÿ

Q1PDjpQ2q

 
Q1

|f |

 
Q1

|g| ¨ |EpQ1q|

where for every Q1 P D
jpQ2q we denoted

EpQ1q “ Q1z
ď

QPDpQ2q,QĹQ1

Q

and used 3.8. Now let wpQq “
´
Qw and Mw´1pfq “ supQ

1
wpQq

´
|fw|w´1. We further estimate:

ÿ

Q1PDjpQ2q

 
Q1

|f |

 
Q1

|g||EpQ1q| ď rwsA2

ÿ

Q1PDjpQ2q

ˆ

1

w´1pQ1q

ˆ
Q1

|f |

˙ˆ

1

wpQq

ˆ
Q1

|g|

˙

|EpQ1q|

ď rwsA2

ÿ

Q1PDjpQ2q

ˆ
EpQ1q

Mw´1pfwqMwpgw
´1q

ď rwsA2

ˆ
X
Mw´1pfwqMwpgw

´1q

ď rwsA2 ||Mw´1pfwq||L2pw´1q||Mwpgw
´1q||L2pwq

ď D7rwsA2 ||f ||L2pwq||g||L2pw´1q
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where we use the fact that Mw is bounded on L2pwq independent of rwsA2 . Taking the suprenum

over ||g||L2pw´1q “ 1,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

Q1PDjpQ2q

ˆ 
Q1

|f |

˙

χQ1pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pw,Q2q

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

Q1PDjpQ2q

ˆ 
Q1

|f |

˙

χQ1pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pwq

ď D7rwsA2

Lemma 34.

||Bpfq||L2pwq ď D7 ¨ irwsA2 ||f ||L2pwq,

for B “ Bj,i.

Proof. For any g P L2pw´1q using 31 we have:

ˆ
X
Bpfqg “

ˆ
X
fB˚pgq “

ˆ
X
fw1{2B˚pgqw´1{2 ď ||f ||L2pwq||B

˚g||L2pw´1q

ď D7irw
´1sA2 ||f ||L2pwq||g||L2pw´1q

so that the claim of the lemma and our main theorem follows.

Underlying the arguments employed above (and from [5]), is the trademark decomposition of

a CZO into sparse operators, done first by Lerner in Rn, and written out is full detail in [2]:

Theorem 13. Given an SHT pX, ρ, µq and a Calderón-Zygmund operator T , then for any Banach

function space Y (see 5.1 for a discussion),

}T pfq}Y ď CpX,T q sup
D,S

}TSpfq}Y , (3.34)

where the supremum is taken over every dyadic grid D in pX, ρ, µq and over every sparse family

S in D.

Taking Y “ L2pwq is the case of interest and easily yields the A2 theorem by reduction to the

sharp constants for sparse operators.
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We include the proof that appeared in [2] for completion, based on original notes of the author

derived from [5].

Proof. As was proved in [34, Proposition 4.3], if we fix a point x0 P X, we can construct a dyadic

grid D˚ satisfying Theorem 10 that contains a sequence of nested dyadic cubes tQNu such that

x0 is the center of each cube QN and such that
Ť

N QN “ X. Therefore, by duality and Fatou’s

lemma, there exists g in the associate space Y 1, }g}Y 1 “ 1, such that

}Tf}Y “

ˆ
X
|Tfpxq|gpxq dµpxq ď lim inf

NÑ8

ˆ
QN

|Tfpxq|gpxq dµpxq.

Fix N ą 0; we will prove that the final integral is bounded by C sup }TSf}Y , where the supremum

is taken over some collection of S and D, but the constant is independent of these and also

independent of N .

As was proved in [5, Section 5], there exist C1, C2, η ą 0 such that for µ-a.e. x P QN ,

|Tfpxq| ď C1Mfpxq ` C2

8
ÿ

i“1

1

2iη
Aifpxq, (3.35)

where

Aifpxq “
ÿ

QPSN

 
2iQ

fpyq dµpyq ¨ χQpxq

and SN is a sparse subset of D˚ that consists of dyadic sub-cubes of QN . The constants depend

only on X and T ; in particular C1 depends on the fact (see [10]) that T : L1pX,µq Ñ L1,8pX,µq.

Therefore, by Hölder’s inequality (with respect to Y and Y 1),

ˆ
QN

|Tfpxq|gpxq dµpxq ď C1}Mf ¨ χQN }Y ` C2

ÿ

i

2´iη}Aif ¨ χQN }Y “ I1 ` I2.

To estimate I1 we give a pointwise estimate for Mfpxq. By [35, Theorem 7.9] there exists a
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constant K “ KpXq and a collection D1, . . . , DK of dyadic grids such that for every x P X,

Mfpxq ď CpXq
K
ÿ

k“1

Mkfpxq, (3.36)

where Mk “MDk is the dyadic maximal operator defined with respect to Dk. We claim that for

each k there exists a sparse subset Sk (depending on f) such that

Mkfpxq ď CpXqTSkfpxq. (3.37)

This follows from p2q in Theorem 3. With the notation of this result, let Sk “ tQ
i
ju P D

k be the

sparse family. Then given x P ΩizΩi`1, there exists Qij such that

Mfpxq ď ai`1 ă a

 
Qij

fpyq dµpyq;

hence, for µ-a.e. x,

Mkfpxq ď a
ÿ

i,j

 
Qij

fpyq dµpyq ¨ χQij
pxq “ aTSkfpxq.

If we now combine inequalities (3.36) and (3.37), we have that

I1 ď CpT,Xq}Mf}Y ď CpT,Xq
K
ÿ

k“1

}TSkf}Y ď CpT,Xq sup
D,S

}TSf}Y .

To estimate I2 we will decompose each Aif and apply duality. By [35, Theorem 4.1] there exists

a family of dyadic grids D1, . . . , DJ , satisfying the properties of Theorem 10 with the additional

property that given any ballBρ, there exists j andQ˚ Ă Dj such thatBρ Ă Q˚ and µpBρq « µpQ˚q,

with constants depending only on X. Recall that 2iQ is defined to be a ball. Therefore, if we

define

SjN “ tQ P SN : DQ˚ P Dj , 2iQ Ă Q˚u,
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then

Aifpxq ď CpXq
J
ÿ

j“1

ÿ

QPSjN
2iQĂQ˚

 
Q˚

fpyq dµpyq ¨ χQpxq “ CpXq
J
ÿ

j“1

Bi,jfpxq.

Arguing as in [5, Section 6] (see especially Lemmas 6.5 and 6.13) we apply the same argument

used to prove (3.35) for T to the adjoint operators B˚i,j . Key to this is the fact that adjoint

operators are weak p1, 1q with a constant that is linear in i. This yields the following pointwise

estimate:

B˚i,jfpxq ď iC1pXqMfpxq ` iC2pXq
ÿ

QPSj˚

 
Q
fpyq dµpyq ¨ χQpxq

“ iC1pXqMfpxq ` iC2pXqTi,jfpxq,

where Sj˚ Ă Dj is sparse. Therefore, repeating the above argument for bounding the maximal

operator, we have that B˚i,j is bounded pointwise by a finite sum of sparse operators TS
l
, 1 ď l ď L

(defined with respect to a finite collection of dyadic grids D). We can now estimate I2 by duality

using the fact that the operators TS
l

are self-adjoint: there exists a collection of gi P Y
1, }gi}Y 1 “ 1,
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such that

I2 “ CpT,Xq
ÿ

i

2´iη}Aif ¨ χQN }Y

“ CpT,Xq
ÿ

i

2´iη
ˆ
QN

Aifpxqgipxq dµpxq

ď CpT,Xq
ÿ

i

2´iη
J
ÿ

j“1

ˆ
QN

Bi,jfpxqgipxq dµpxq

ď CpT,Xq
ÿ

i

2´iη
J
ÿ

j“1

ˆ
X
fpxqB˚i,jgipxq dµpxq

ď CpT,Xq
ÿ

i

i2´iη
J
ÿ

j“1

L
ÿ

l“1

ˆ
X
fpxqTS

l
gipxq dµpxq

“ CpT,Xq
ÿ

i

i2´iη
J
ÿ

j“1

L
ÿ

l“1

ˆ
X
TS

l
fpxqgipxq dµpxq

ď CpT,Xq
ÿ

i

i2´iη
J
ÿ

j“1

L
ÿ

l“1

}TS
l
f}Y }gi}Y 1

ď CpT,Xq sup
D,S

}TSf}Y .

This completes the proof of Theorem 13.

59



CHAPTER Four

More sharp weighted estimates and applications of the techniques of Lerner

After the solution of the A2 conjecture, an improvement of this result was obtained in [36]. This

new result can be better understood if we first consider the case of Buckley’s estimate for the

maximal function. For the case p “ 2, the maximal estimate is given by [8]

}M}L2pwq ď cn rwsA2 .

An idea is to replace a portion of the A2 constant by another smaller constant defined in terms of

the A8 constant given by the functional

rwsA8 “ sup
Q

1

wpQq

ˆ
Q
MpwχQq. (4.1)

To be more precise, the improvement of Buckley’s theorem is the following “A2 ´A8” estimate

}M}L2pwq ď cn rws
1{2
A2
rw´1s

1{2
A8

60



which can be found in [36] along with its Lp counterpart. The A8 constant as given by (4.1)

was originally introduced by Fujii in [27] and rediscovered later by Wilson in [82]. This definition

is more suitable than the more classical condition due to Hrusčěv [32], which is defined by the

expression

rwsHA8 “ sup
Q

ˆ

1

|Q|

ˆ
Q
wptqdt

˙

exp

ˆ

1

|Q|

ˆ
Q

logwptq´1dt

˙

,

since

rwsA8 ď cn rws
H
A8 ,

as it was observed in [36]. In fact it is shown in the same paper with explicit examples that rwsA8

is much smaller (actually exponentially smaller) than rwsHA8 .

Considering the case of singular integrals, the mixed sharp A2 ´ A8 result below obtained in

[36] improves the A2 theorem:

}T }L2pwq ď cn rws
1{2
A2
prw´1s

1{2
A8
` rws

1{2
A8
q.

This is the right estimate when compared with M since this reflects the property that T is (essen-

tially) self-adjoint.

In this paper we follow this idea of replacing a portion of the Ap constant by the A8 constant for

the problems considered in [52] and improved in [53], within the context of spaces of homogeneous

type.

To do this we will prove first the following proposition which follows essentially from [53], but

in this stated form can be found in [70].

Theorem 14. Let T be a Calderón–Zygmund operator and let 1 ă p ă 8. Then for any weight

w and r ą 1,

||Tf ||Lppwq ď Cpp1pr1q
1
p1 ||f ||LppMrwq. (4.2)

This mixed theorem leads to sharp mixed A1 ´ A8 weighted bounds for Calderón–Zygmund
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operators using simple properties of Ap weights:

||Tf ||Lppwq ď Cpp1rws
1{p1

A8
||f ||LppMwq, (4.3)

and if w P A1,

||Tf ||Lppwq ď Cpp1rws
1{p1

A8
rws

1{p
A1
||f ||Lppwq, (4.4)

where C is a dimensional constant that also depends on T .

Recent results relating to the simple proof of the A2 conjecture have allowed us not only to

simplify and streamline the proof of this theorem, but to also extend it to the versatile spaces of

homogeneous type. This extension is due to the fact that every Calderón–Zygmund operator is

bounded from above by a supremum of sparse operators in spaces of homogeneous type. Recall

that a sparse operator is an averaging operator over a sparse family of cubes of the following form,

TSf “
ÿ

QPS

p

 
Q
fqχQ,

where a sparse family S is defined by the property that if Q P S,

µp
ď

Q1ĹQ,Q1PS

q ď
µpQq

2
.

Then the decomposition

}Tf}Y ď sup
S,D

}TSf}Y ,

where Y is a Banach function space, and D a dyadic grid, was shown to hold in Rn by Lerner and

was key in his proof of many weighted conjectures [51], as it was in the extension of these results

to spaces of homogeneous type [2] and [5].

A similar approach can also be done with sharp weak bounds. We have the following sharp

bound of Lerner, Ombosi and Pérez in [53],

}T }Lppwq ď Cpp1rwsA1 ,
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which led to the following endpoint estimates in [36]. Namely,

1. If w P A8

||Tf ||L1,8pwq ď C log pe` rwsA8q||f ||L1pMrwq.

2. If w P A1

||Tf ||L1,8pwq ď CrwsA1 log pe` rwsA8q||f ||L1pwq.

Again, we can update this proof by applying recent estimates in sharp weighted theory as well

as extend to SHT. We will employ a new sharp reverse Hölder inequality for spaces of homogeneous

type (see Lemma 41). By a Calderón-Zygmund decomposition and an estimate of the maximal

function that comes about from the use of sparse operators, we arrive at the result.

We are also able to extend the sharp Lp and Aq bounds from Duoandikoetxea [25] to SHT in

as we show in the following result.

Corollary 2. Let T be an operator such that

||Tf ||Lppwq ď CNprwsA1q||f ||Lppwq

for all weights w P A1 and all 1 ă p ă 8, with C independent of w. Then we have

||Tf ||Lppwq ď CNprwsAqq||f ||Lppwq (4.5)

where N is an increasing function, for all w P Aq and 1 ď q ă p ă 8, with C independent of

w,

Finally, we show sharp weighted bounds for commutators of Calderón–Zygmund operators with

functions in BMO and their iterates. These questions have been considered before in [11] and

lately improved in [36] but our bounds are new in the context of spaces of homogeneous type.
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Moreover, we adapt the necessary lemmas to our situation, such as the sharp John-Nirenberg

inequality.

The organization of this chapter will be as follows. In Section 4.1 we give some background

and definitions which will help us to prove our main results, listed in Section 4.2. Finally, Section

4.3 contains all the proofs as well as some remarks.

4.1 Preliminaries

Thankfully, many basic constructions and tools for classical harmonic analysis still exist in some

form in spaces of homogeneous type, such as certain covering lemmas. We will especially use the

Lebesgue Differentiation Theorem 1.

We also rely on a dyadic grid decomposition, and use the new construction of [35] described in

the background section.

Recall the Ap constant of the weight w on the space of homogeneous type X

rwsAp :“ sup
Q

ˆ

1

µpQq

ˆ
Q
wpxqdµ

˙ˆ

1

µpQq

ˆ
Q
wpxq1´p

1

dµ

˙p´1

. (4.6)

It is crucial to note that we will take this constant with respect to cubes (by which we always

will mean dyadic cubes), because the A8 constant below is not comparable between cubes and

balls in the same way, even in the classical Euclidean case.

We define the Fujii–Wilson A8 constant in a space of homogeneous type as follows:

rwsA8 “ sup
Q

1

wpQq

ˆ
Q
MpwχQqdµ.
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While this A8 constant is comparable using dyadic cubes or balls, the constant of comparison

depends on the measure w (which is doubling since w P A8). Hence to achieve sharp bounds in

SHT we cannot simply switch between these constants defined with respect to cubes or balls since

we introduce a w-dependent factor. This is reflected in the difference between the sharp reverse

Hölder inequalities involving this A8 constant: if defined with respect to cubes we get a sharp

reverse Hölder (see Lemma 41), but if defined with respect to balls we only get a sharp weak

version (see [37]). This motivates the definition of a weak A8 class in [4]; see this reference for

more discussion.

4.2 Main results

Our goal is to prove the following results.

Theorem 15. Let T be a Calderón–Zygmund operator and let 1 ă p ă 8. Then for any weight

w and r ą 1,

||Tf ||Lppwq ď Cpp1pr1q
1
p1 ||f ||LppMrwq, (4.7)

where C is an absolute constant that also depends on T .

Applying a sharp version of a reverse Hölder inequality, from the previous theorem we obtain

the following estimates as immediate corollaries.

Corollary 3. Let T be a Calderón–Zygmund operator and let 1 ă p ă 8. Then if w P A8 we

obtain

||Tf ||Lppwq ď Cpp1rws
1{p1

A8
||f ||LppMwq, (4.8)

and if w P A1,
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||Tf ||Lppwq ď Cpp1rws
1{p1

A8
rws

1{p
A1
||f ||Lppwq, (4.9)

where C is an absolute constant that also depends on T .

As an application of (4.7) we obtain the following endpoint estimate.

Theorem 16. Let T be a Calderón–Zygmund operator. Then for any weight w and r ą 1,

||Tf ||L1,8pwq ď C log pe` r1q||f ||L1pMrwq, (4.10)

where C is an absolute constant that also depends on T .

Additionally we get the following estimates as corollaries of the above result choosing r as the

sharp exponent in the reverse Hölder inequality for weights in the A8 class in the setting of SHT

(see Lemma 41) and taking into account that r1 « rwsA8 .

Corollary 4. Let T be a Calderón–Zygmund operator. Then

1. If w P A8

||Tf ||L1,8pwq ď C log pe` rwsA8q||f ||L1pMrwq.

2. If w P A1

||Tf ||L1,8pwq ď CrwsA1 log pe` rwsA8q||f ||L1pwq.

In both cases C is an absolute constant that also depends on T .

A natural extension of our earlier listed results for Calderón–Zygmund operators is a version of

an extrapolation theorem from Duoandikoetxea [25], for SHT. Here we get sharp bounds involving

the Ap weight constant through an initial Ap0 boundedness assumption.

Theorem 17. Assume that for some family of pairs of nonnegative functions pf, gq, for some

p0 P r1,8q, and for all w P Ap0 we have
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ˆˆ
X
gp0w

˙1{p0

ď CNprwsAp0 q

ˆˆ
X
fp0w

˙1{p0

,

where N is an increasing function and the constant C does not depend on w. Then for all 1 ă

p ă 8 and all w P Ap we have

ˆˆ
X
gpw

˙1{p

ď CKpwq

ˆˆ
X
fpw

˙1{p

,

where

Kpwq “

$

’

&

’

%

N rwsApp2}M}Lppwqq
p0´p, if p ă p0;

N rws
p0´1
p´1

Ap
p2}M}Lp1 pw1´p1 q

q
p´p0
p´1 , if p ą p0.

In particular, Kpwq ď C1NpC2rws
maxt1,

p0´1
p´1

uq

Ap
, for w P Ap where C2 is an absolute constant.

As an application of the last result we obtain an estimate for Lppwq norms with Aq weights for

q ă p.

Corollary 5. Let T be an operator such that

||Tf ||Lppwq ď CNprwsA1q||f ||Lppwq

for all weights w P A1 and all 1 ă p ă 8, with C independent of w. Then we have

||Tf ||Lppwq ď CNprwsAqq||f ||Lppwq (4.11)

for all w P Aq and 1 ď q ă p ă 8, with C independent of w. In particular, (4.11) holds with

Nptq “ t if T is a Calderón–Zygmund operator.

We also prove the following bound for a Calderón–Zygmund operator that is useful to get sharp

A2 ´A8 bounds for the commutators in SHT.
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Theorem 18. Let T be a Calderón–Zygmund operator and w P A2. Then the following sharp

weighted bound in an space of homogeneous type holds:

}T }L2pwq ď Crws
1{2
A2
prwsA8 ` rσsA8q

1{2.

And finally as a corollary of the previous result and using a precise version of the John–

Nirenberg inequality proved in Section 4.3.4, we prove the following generalized sharp weighted

bound for the k-th iterate commutator of a Calderón–Zygmund operator.

Corollary 6. Let T be a Calderón–Zygmund operator defined on a space of homogeneous type and

b P BMO. Then

}T kb pfq}L2pwq ď Crws
1{2
A2
prwsA8 ` rσsA8q

k`1{2}b}BMO}f}L2pwq. (4.12)

where C is an absolute constant. In particular, for the classical commutator we get the following

estimate

}Tbpfq}L2pwq ď Crws
1{2
A2
prwsA8 ` rσsA8q

3{2}b}BMO}f}L2pwq. (4.13)

Remark 17. The optimality of the exponents in these results follow from the corresponding results

in Rn which were obtained by building specific examples of weights for each operator. However,

a new approach to derive the optimality of the exponents without building explicit examples can

be found in [56].

4.3 Proofs

4.3.1 Proofs of Theorem 15 and Corollary 3

First, we will prove an inequality of Coifman–Fefferman type, bounding a CZO by a maximal

function.
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Proposition 2. Let T be a Calderón–Zygmund operator and let 1 ă p ă 8. If w P Ap then

ˆ
X
|Tfpxq|wpxqdµpxq ď CrwsAp

ˆ
X
Mfpxqwpxqdµpxq, (4.14)

where C is an absolute constant that depends also on T .

Before proving Proposition 2 we need to recall the following lemma that will allow us to obtain

the precise constant in (4.14) and that can be found in [31, Ex. 9.2.5] as well as in [28, p. 388] in

the context of two weights.

Lemma 35. Let µ be a positive doubling measure and 1 ă p ă 8. If w P Ap then

ˆ

µpAq

µpQq

˙p

ď rwsAp
wpAq

wpQq
, (4.15)

where A Ă Q is a µ-measurable set and Q is a cube.

Proof of Proposition 2. We have that

ˆ
X
|Tfpxq|wpxqdµpxq ď CX,T sup

S,D

ˆ
X

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

QPS

ˆ 
Q
fpxq

˙

χQpxq

ˇ

ˇ

ˇ

ˇ

ˇ

wpxqdµpxq

by the formula of Lerner proved in the homogeneous setting in [2]. Using (4.15), we obtain that

ˆ
X
|Tfpxq|wpxqdµpxq ď CX,T sup

S,D

ÿ

QPS

ˆ 
Q
|fpxq|

˙

wpQq

ď CX,T,p sup
S,D
rwsAp

ÿ

QPS

ˆ 
Q
fpxq

˙

wpEpQqq

ď CX,T,prwsAp sup
D,S

ÿ

QPS

ˆ
EpQq

Mfpxqwpxqdµpxq,

Finally, since the family EpQq is disjoint, we can bound the above by
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ˆ
X
|Tfpxq|wpxqdµpxq ď CrwsAp sup

D,S

ˆ
X
Mfpxqwpxqdµpxq

ď CrwsAp

ˆ
X
Mfpxqwpxqdµpxq,

where C is an absolute constant that depends also on T and p, proving (4.14) as wanted.

Now we prove the following lemma.

Lemma 36. Let w be any weight and let 1 ď p, r ă 8. Then there is a constant C “ CX,T such

that

||Tf ||LpppMrwq1´pq ď Cp||Mf ||LpppMrwq1´pq.

The proof of this lemma is based in a variation of the Rubio de Francia algorithm that can be

found in [70].

Proof of Lemma 36. We want to prove

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Tf

Mrw

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

LppMrwq

ď Cp

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Mf

Mrw

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

LppMrwq

.

By duality we have

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Tfpxq

Mrwpxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

LppMrwq

“

ˇ

ˇ

ˇ

ˇ

ˆ
X
Tfpxqhpxqdµpxq

ˇ

ˇ

ˇ

ˇ

ď

ˆ
X
|Tfpxq||hpxq|dµpxq,

for some h such that ||h||Lp1 pMrwq
“ 1. By a variation of Rubio de Francia’s algorithm adapted
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to SHT (see [70, Lemma 4.4]) with s “ p1 and v “Mrw there exists an operator R such that

1. 0 ď h ď Rphq.

2. ||Rphq||Lp1 pMrwq
ď 2CX,p||h||Lp1 pMrwq

.

3. rRphqpMrwq
1{p1sA1 ď CXp.

Let us recall two facts: First, if two weights w1, w2 P A1, then w “ w1w
1´p
2 P Ap and rwsAp ď

rw1sA1rw2s
p´1
A1

. Second, by the Coifman-Rochberg theorem in spaces of homogeneous type (this

follows [18, Prop. 5.32]), if r ą 1 then pMfq1{r P A1 and rpMfq1{rsA1 ď CXr
1. Combining these

facts and p3q we obtain

rRphqsA3 “ rRphqpMrwq
1{p1ppMrwq

1{2p1q´2sA3

ď rRphqpMrwq
1{p1sA1rpMrwq

1{2p1s2A1

ď CXppp2p
1rq1q2 ď CXp,

since p2p1rq1 ă 2.

Thus, by Proposition 4.14 and using p1q and p2q, we obtain

ˆ
X
|Tfpxq|hpxqdµpxq ď

ˆ
X
|Tfpxq|Rphqpxqdµpxq

ď CrRphqsA3

ˆ
X
MpfqpxqRphqpxqdµpxq

“ CrRphqsA3

ˆ
X
MpfqpxqRphqpxq

ˆ pMrwpxqq
´1Mrwpxqdµpxq

ď CrRphqsA3

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Mpfq

Mrw

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

LppMrwq

||Rphq||Lp1 pMrwq

ď CrRphqsA3

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Mpfq

Mrw

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

LppMrwq

||h||Lp1 pMrwq

ď Cp

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Mpfq

Mrw

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

LppMrwq

,
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and we are done.

And finally using Lemma 36 applied to T ˚ we can prove Theorem 15.

Proof of Theorem 15. First we are going to prove the following inequality

||Tf ||Lppwq ď Cpp1pr1q
1´ 1

pr ||f ||LppMrwq, (4.16)

from which follows (4.7). We have

1´
1

pr
“ 1´

1

p
`

1

p
´

1

pr
“

1

p1
´

1

pr1
,

and since t ě 1, it follows that

pr1q
1´ 1

pr “ pr1q
1
p1
´ 1
pr1 ď r

1
p1 .

Next consider the dual estimate of (4.16), namely

||T ˚f ||Lp1 ppMrwq1´p
1
q
ď Cpp1pr1q

1´ 1
pr ||f ||Lp1 pw1´p1 q

,

where T ˚ is the adjoint operator of T . Since T is also a CZO, we can apply Lemma 36 to T ˚,

we get

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

T ˚f

Mrw

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Lp1 pMrwq

ď Cp1
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Mf

Mrw

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Lp1 pMrwq

.
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Using Hölder’s inequality with exponent pr we have

1

|Q|

ˆ
Q
fw´1{pw1{pdµ

ď

ˆ

1

|Q|

ˆ
Q
wrdµ

˙1{pr ˆ 1

|Q|

ˆ
Q
pfw´1{pqpprq

1

dµpxq

˙1{pprq1

,

and hence,

Mpfqp
1

ď pMrwq
p1

pMppfw´1{pqpprq
1

qp
1{pprq1 .

From this and the boundedness of the unweighted maximal function in SHT that can be easily

obtained from the proof in [30], changing the dimensional constant for a geometric one, we obtain

˜ˆ
X

Mpfqp
1

pMrwqp
1´1

dµ

¸1{p1

ď

ˆˆ
X
Mppfw´1{pqpprq

1

qp
1{pprq1dµ

˙1{p1

ď C

ˆ

p1

p1 ´ pprq1

˙1{pprq1 ˆˆ
X
fp
1

w1´p1dµ

˙1{p1

“ C

ˆ

p1

p1 ´ pprq1

˙1{pprq1 ˇ
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

f

w

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Lp1 pwq

“ C

ˆ

rp´ 1

r ´ 1

˙1´1{pr ˇ
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

f

w

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Lp1 pwq

ď Cp

ˆ

r

r ´ 1

˙1´1{pr ˇ
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

f

w

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Lp1 pwq

,

proving (4.16) and therefore (4.7).
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Proof of Corollary 3. The proofs of (4.8) and (4.9) follow immediately. In the first case, the

estimate is derived by applying the sharp reverse Hölder inequality for weights in the A8 class

proved in Lemma 41 to (4.7) and using the fact that r1 « rwsA8 . Corlollary (4.9) is is a direct

consequence of (4.8) since w P A1.

4.3.2 Proof of Theorem 16

First we establish a lemma which follows similar ideas of [28, Ch. 4, Lemma 3.3], that we will

need for the proof of Theorem 16.

Lemma 37. Let T be a CZO. Let w be a weight and a P L1pwq be supported in a cube Q with
´
Q apyqdµpyq “ 0 and η be the smoothness constant from the definition of a CZO kernel in SHT.

Then, if we set Q̃ “ LQ for a large L ě 1{η ą 0, the following inequality holds

ˆ
XzQ̃

|T paqpxq|wpxqdµpxq ď C

ˆ
X
|apxq|Mwpxqdµpxq, (4.17)

with C an absolute constant depending on the kernel K.

Proof. Fix y0 P X and assume for simplicity that Q “ Bpy0, Rq, with R ą 0. Now making use of

the cancellation property of a, we obtain

ˆ
XzQ̃

|T paqpxq|wpxqdµpxq “

ˆ
XzQ̃

ˇ

ˇ

ˇ

ˇ

ˆ
Q
Kpx, yqapyqdµpyq

ˇ

ˇ

ˇ

ˇ

wpxqdµpxq

ď

ˆ
Q

ˆ
XzQ̃

|Kpx, yq´Kpx, y0q|wpxqdµpxq|apyq|dµpyq

“

ˆ
Q
Ipyq|apyq|dµpyq.

We only need to prove that I is bounded by CMwpyq where C “ CX,K is an absolute constant

also depending on the kernel K. For every y P Q, using the smoothness property of K in the
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second variable (since ρpy, y0q ď ηρpx, y0q), we obtain

Ipyq “

ˆ
XzQ̃

|Kpx, yq ´Kpx, y0q|wpxqdµpxq

À

ˆ
XzQ̃

ˆ

ρpy, y0q

ρpx, y0q

˙η 1

µpBpy0, ρpx, y0qqq
wpxqdµpxq

ď CX,K

8
ÿ

l“1

ˆ
2lQz2l´1Q

ˆ

ρpy, y0q

ρpx, y0q

˙η 1

µpBpy0, ρpx, y0qqq
wpxqdµpxq

ď CX,K

8
ÿ

l“1

ˆ
2lQ

2η

2lη
µpBpy0, 2

lRqq

µpBpy0, 2l´1Rqq

1

µp2lQq
wpxqdµpxq

ď CX,K

8
ÿ

l“1

1

2lη
1

µp2lQq

ˆ
2lQ

wpxqdµpxq

ď CX,KMwpyq.

Above we have used the fact that ρpy, y0q ă R and since ρpx, y0q ą LR, there exists l ą 1, so that

2l´1R ă ρpx, y0q ď 2lR. Thus we have shown that (4.17) holds.

Proof of Theorem 16. The proof of Theorem 16 is based on several ingredients that we will mention

as we need them. We follow the proof of Theorem 1.6 in [65]. We claim that the following inequality

holds: for any 1 ă p, r ă 8

||Tf ||L1,8pwq “ λ sup
λą0

wpty P X : |Tfpyq| ą λuq

ď Cpppp1qppr1qp´1||f ||L1pMrwq,

(4.18)

and this claim implies (4.10). Indeed, it suffices to fix r ą 1 and choose p “ 1` 1
log r1 (then pp “ C).
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We then obtain

||Tf ||L1,8pwq ď Cpp1qp´1p1` log r1qpr1qp´1||f ||L1pwq

ď C log pe` r1q||f ||L1pMrwq.

since p1 “ 1 ` log r1, pp1qp´1 “ p1 ` logpr1qq1{logpr1q ď e, pr1qp´1 “ pr1q1{logpr1q “ e and 1 ` log r1 “

log per1q ď 2 logpe` r1q.

We now prove (4.18). By the Calderón–Zygmund decomposition of a function f P C80 pXq

at a level λ (see background section), we obtain a family of non-overlapping dyadic cubes tQju

satisfying

λ ă
1

|Qj |

ˆ
Qj

|fpxq|dµpxq ď CXλ.

Let Ω “ YjΩj and let us denote rQj “ 2Qj and rΩ “ Yj rQj . We write f “ g ` b where

gpxq “
ř

j fQjχQj pxq ` fpxqχΩc and b “
ř

j bj with bjpxq “ pfpxq ´ fQj qχQj pxq. We have

wpty P X : |Tfpyq| ą λuq ď wprΩq ` wpty P prΩqc : |Tgpyq| ą λ{2uq

` wpty P prΩqc : |Tbpyq| ą λ{2uq ” I ` II ` III.

Now

I “ wprΩq ď C
ÿ

j

wp rQjq

µp rQjq
µpQjq ď

C

λ

ÿ

j

wp rQjq

µp rQjq

ˆ
Qj

|fpxq|dµpxq

ď
C

λ

ÿ

j

ˆ
Qj

|fpxq|Mwpxqdµpxq ď
C

λ

ˆ
X
|fpxq|Mwpxqdµpxq

ď
C

λ

ˆ
X
|fpxq|Mrwpxqdµpxq.

The second term is estimated as follows using Chebyshev’s inequality and (4.7). For each p ą 1
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we get

II “ wptx P prΩqc : |T pgqpxq| ą λ{2uq

ď Cpppp1qppr1qp{p
1 1

λp

ˆ
X
|g|pMrpwχprΩqcqdµpxq

ď Cpppp1qppr1qp{p
1 1

λ

ˆ
X
|g|MrpwχprΩqcqdµpxq

ď Cpppp1qppr1qp{p
1 1

λ

˜ˆ
XzΩ

|g|MrpwχprΩqcqdµpxq `

ˆ
Ω
|g|MrpwχprΩqcqdµpxq

¸

“ Cpppp1qppr1qp{p
1 1

λ
pII1 ` II2q.

It is clear that

II1 “

ˆ
XzΩ

|g|MrpwχprΩqcqdµpxq ď

ˆ
X
|f |Mrwdµpxq.

Next, we estimate II2 as follows

II2 “

ˆ
Ω
|g|MrpwχprΩqcqpxqdµpxq

ď
ÿ

j

ˆ
Qj

|fQj |MrpwχprΩqcqpxqdµpxq

ď
ÿ

j

ˆ
Qj

1

µpQjq

ˆ
Qj

|fpyq|dµpyqMrpwχprΩqcqpxqdµpxq

ď C
ÿ

j

ˆ
Qj

|fpyq|dµpyq
1

µpQjq
inf
Qj
MrpwχprΩqcqµpQjq

ď C
ÿ

j

ˆ
Qj

|fpyq|Mrwpyqdµpyq

ď C

ˆ
X
|fpyq|Mrwpyqdµpyq,

where we have used that for any r ą 1, non-negative function w with Mrwpxq ă 8 a.e., cube Qj

and x P Qj we have

MrpuχΩ̃cqpxq À inf
yPQj

MrpuχΩ̃cqpyq (4.19)

where the implicit constant depends only on the doubling constant Cd. This is proved in [2]. In

the classical case with the Hardy–Littlewood maximal operator M , see for instance [28, p. 159].
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Combining both estimates we obtain

wptx P prΩqc : |T pgqpxq| ą λ{2uq ď
C

λ
pppp1qppr1qp´1||f ||L1pMrwq.

Next we estimate the term III, using the estimate in Lemma 4.17 and replacing w by wχ
Xz rQj

we

have

III “ wpty P XzprΩqc : |T pbqpyq| ą
λ

2
uq

ď
C

λ

ˆ
XzrΩ

|bpyq|wpyqdµpyq

ď
C

λ

ÿ

j

ˆ
Xz rQj

|bjpyq|wpyqdµpyq

ď
C

λ

ÿ

j

ˆ
X
|bjpyq|MpwχXz rQj qpyqdµpyq

ď
C

λ

ÿ

j

ˆ
Qj

|bpyq|Mpwχ
Xz rQj

qpyqdµpyq

ď
C

λ

ÿ

j

˜ˆ
Qj

|fpyq|Mwpyqdµpyq `

ˆ
Qj

|gpyq|Mpwχ
Xz rQj

qpyqdµpyq

¸

“
C

λ
pIII1 ` III2q.

To conclude the proof we only need to estimate III2.

III2 “
ÿ

j

ˆ
Qj

|fQj |MpwχΩ̃cqpyqdµpyq

ď
ÿ

j

ˆ
Qj

1

µpQjq

ˆ
Qj

|fpxq|dµpxqMpwχΩ̃cqpyqdµpyq

ď
ÿ

j

ˆ
Qj

|fpxq|dµpxq inf
Qj
MpwχΩ̃cq

ď
ÿ

j

ˆ
Qj

|fpxq|MpwχΩ̃cqpxqdµpxq

ď C

ˆ
X
|fpxq|Mwpxqdµpxq,

Combining the three estimates proves (4.18) and this concludes the proof of the theorem.
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4.3.3 Proofs of Theorem 17 and Corollary 5

Now, we turn to the proof of Theorem 17. This extrapolation proof is reminiscent of the style of

proof for Theorem 15. We first need two lemmas, originally in [25]. The first is presented here in

detail for SHT.

Lemma 38 (Factorization). If w P Ap and u P A1, we have that

1. For 1 ď p ă p0 ă 8, then wup´p0 is in Ap0 and

rwup´p0sAp0 ď rwsAprus
p0´p
A1

.

2. For 1 ă p0 ă p ă 8, then pwp0´1pup´p0q
1
p´1 is in Ap0 and

rpwp0´1up´p0q
1
p´1 sAp0 ď rws

p0´1
p´1

Ap
rus

p´p0
p´1

A1
.

Proof of Lemma 38. To prove p1q we observe since p ´ p0 ă 0, using the definition of the A1

constant we obtain

ˆ 
Q
u

˙p0´p

up´p0 ď

ˆ 
Q
u

˙p0´p
˜

ess sup
Q

u´1

¸p0´p

ď rusp0´pA1
.

So that

up´p0 ď

ˆ 
Q
u

˙p´p0

rusp0´pA1
. (4.20)

On the other hand, using Hölder inequality with exponents 1´p1

1´p10
“

p0´1
p´1 and 1´p1

p10´p
1 “

p0´1
p0´p

, we

79



have

ˆ 
Q
w1´p10upp´p0qp1´p

1
0q

˙p0´1

ď

ď

ˆ 
Q
w1´p1

˙

pp0´1qp1´p10q

1´p1

˜ 
Q
u
pp´p0qp1´p

1
0qp1´p

1q

pp10´p
1q

¸

pp10´p
1qpp0´1q

1´p1

“

ˆ 
Q
w1´p1

˙p´1 ˆ 
u

˙p0´p

(4.21)

Thus combining (4.20) and (4.21) we obtain

ˆ 
Q
wup´p0

˙ˆ 
Q
w1´p10upp´p0qp1´p

1
0q

˙p0´1

ď rwsAprus
p0´p
A1

.

Finally taking supremum over all cubes Q on the left hand side we get the desired result.

To show p2q we use a dualization argument on the weights and apply p1q. We have that

„

w
p0´1
p´1 u

p´p0
p´1



Ap0

“

«

ˆ

w
p0´1
p´1 u

p´p0
p´1

˙1´p10
ff

1
p10´1

Ap10

“

”

w
´1
p´1up

1´p10

ı
1

p10´1

Ap10

,

since p´p0
p´1 p1´ p

1
0q “ p1 ´ p10. Next, using p1q since w1´p1 P Ap1 , u P A1 and p10 ą p1, we get the

desired result

„

w
p0´1
p´1 u

p´p0
p´1



Ap0

ď rws

p1´1

p10´1

Ap
rus

p10´p
1

p10´1

A1

ď rws
p0´1
p´1

Ap
rus

p´p0
p´1

A1
,

where we have used in the next to last inequality that rwsp
1´1
Ap

“ rw1´p1sAp1 and in the last

inequality the fact that
p10´p

1

p10´1
“

p´p0
p´1 and p1´1

p10´1
“

p0´1
p´1 .
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The second lemma is a Rubio de Francia algorithm for building A1 weights. We omit the proof

of this result since it follows exactly in the same manner as in [25].

Lemma 39 (Rubio de Francia’s algorithm). Let p ą 1. Let f be a nonnegative function in Lppwq

and w P Ap. Let Mk be the kth iterate of M , M0 “ f , and ||M ||Lppwq be the norm of M as a

bounded operator on Lppwq. Define

Rfpxq “
8
ÿ

k“0

Mkfpxq

2||M ||kLppwq
.

Then fpxq ď Rfpxq a.e., ||Rf ||Lppwq ď 2||f ||Lppwq, and Rf is an A1 weight with constant rRf sA1 ď

2||M ||Lppwq.

Proof of Theorem 17. The proof of this result follows from Duoandikoetxea’s proof except for the

fact that we have to replace the sharp bound for the Hardy–Littlewood maximal function by the

new Buckley’s theorem in Hytönen and Kairema [35], so the constant C2 in the proof now depends

on p and X.

Proof of Corollary 5. This follows directly from the proof in [25].

4.3.4 Proof of Theorem 18 and Corollary 6

To prove the main result in this section we first need the following lemmas. The first is a sharp

reverse Hölder inequality for A8 weights in SHT adapted from an argument due to Hytönen,

Pérez, and Rela whose proof can be found in [37]. Before we state and prove this, we note that

in this same paper there is a weak version of this inequality stated below. They call this result a

weak inequality since on the right hand side we have the dilation 2C0B of the ball B (recall C0 is

the quasitraingular constant).

81



Lemma 40 ([37]). Let w P A8 and define

r “ rw “ 1`
1

τ rwsA8
“ 1`

1

6p32C2
0 p4C

2
0 ` C0q

2qCdrwsA8

where τ depends on C0, the quasimetric constant of X. Then

ˆ 
B
wrdµ

˙1{r

ď

ˆ

2p4C0q
Cd

 
2C0B

wdµ

˙

,

for any ball B P X.

However, this lemma is not sufficient for our purposes. The difficulty lies in the fact that the

Fujii-Wilson A8 constant is comparable when it is defined with respect to cubes or balls, but the

constant of comparison depends on the weight w. This provides a difficulty in converting between

the constants, and since cubes are essential in the following lemmas, we need a sharp reverse Hölder

inequality with cubes. Here is the lemma that we use with respect to cubes.

Lemma 41. Let w P A8 and let

0 ă r ď
1

τ rwsA8 ´ 1
“

1

2DrwsA8 ´ 1
,

with D “ 1{ε, where ε is the absolute constant appearing in the dyadic decomposition of X. Then

 
Q
w1`rdµ ď 2

ˆ 
Q
wdµ

˙1`r

,

for any cube Q Ă X.

The proof will use the following sublemma.

Lemma 42. Let w P A8 and Q0 a cube. Then for all

0 ă r ď
1

2DrwsA8 ´ 1
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we have  
Q0

pMwq1`rdµ ď 2rws8

ˆ 
Q0

wdµ

˙1`r

.

Proof of Lemma 42. Assume without loss of generality that w “ wχQ0 . Let Ωλ “ QoXtMw ą λu.

Then ˆ
Q0

pMwq1`rdµ “

ˆ 8

0
rλr´1MwpΩλqdµdλ

“

ˆ wQ0

0
rλr´1

ˆ
Q0

Mwdλ`

ˆ 8

wQ0

rλr´1MwpΩλqdλ.

Now select a dyadic cube Qj if it is maximal with respect to the following condition: λ ă wQj .

Then Ωλ “ YjQj where λ ă
ffl
Qj
w ď 1

ελ and ε is the absolute constant from Theorem 10. Hence

we have ˆ
Q0

pMwq1`r ď wrQ0
rws8wpQ0q `

ˆ 8

wQ0

rλr´1
ÿ

j

ˆ
Qj

Mwdµdλ.

Now we can localize

Mwpxq “MpwχQj qpxq

by the maximality of the Q1js for any x P Qj . Then,

ˆ
Qj

Mwdµ “

ˆ
Qj

MpwχQj q ď rws8wpQjq ď rws8wpQ̂jq

“ rws8wQ̂jµpQ̂jq ď rws8λ
1

ε
µpQjq,

where Q̂j is the parent of the cube Qj and we have used the definition of A8 and the maximality

and containment properties of the cubes. Call 1
ε “ D. Hence

ÿ

j

ˆ
Qj

Mwdµ ď
ÿ

j

rws8λDµpQjq ď rws8λDµpΩλq

so
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Q0

pMwq1`r ď wrQ0
rws8wpQ0q ` rrws8D

ˆ 8

wQ0

λrµpΩλqdλ.

Dividing by µpQ0q, we obtain

 
Q0

pMwq1`r ď w1`r
Q0
rws8 `

rDrws8
1` r

 
Q0

pMwq1`r,

and by subtracting the last term on the left hand side from both sides of the equation, to get

the desired constant of 2 we must have that

1´
rDrws8

1` r
ě

1

2
.

Afte some calculation, this results in choosing 0 ă r ď 1
2Drws8´1 as stated.

Proof of Lemma 41. Without loss of generality let w “ wχQ0 . Then

ˆ
Q0

w1`r ď

ˆ
Q0

pMwqrw “

ˆ 8

0
rλr´1wpΩλqdλ,

where Ωλ “ Q0 X tMw ą λu. Note that as in the previous lemma we can decompose Ωλ “ YjQj

where the Qj are the Calderón-Zygumnd cubes. Then splitting up the integral we get

ˆ wQ0

0
rλr´1dλ`

ˆ 8

wQ0

rλr´1wpΩλqdλ

ď wrQ0
wpQ0q `

ˆ 8

wQ0

rλr´1
ÿ

j

wpQjqdλ.

Now by the decomposition, we have that wQj ď CXλµpQjq, where CX “
1
ε since the decom-

position is with respect to dyadic cubes, so we get
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ˆ
Q0

pMwqrwdµ ď wrQ0
wpQ0q ` rCX

ˆ 8

wQ0

rλr
ÿ

j

µpQjqdλ

ď wrQ0
wpQ0q ` rCX

ˆ 8

wQ0

λrµpΩλqdλ ď wrQ0
wpQ0q `

rCX
1` r

ˆ
Q0

pMwq1`r.

Hence, dividing by wpQ0q and using Lemma 42, we arrive at

 
Q0

w1`r ď w1`r
Q0

`
rCXq2rws8

1` r

ˆ 
Q0

w

˙1`r

ď
rCX2rws8 ` 1` r

1` r

ˆ 
Q0

w

˙1`r

.

Therefore, choosing ε in the mentioned range, we can make the constant on the right hand side

less than or equal to 2.

The next lemma is a precise version of John-Nirenberg inequality in SHT that will be very

useful in the following results.

Lemma 43 (John-Nirenberg inequality). There are absolute constants 0 ď αX ă 1 ă βX such

that

sup
Q

1

µpQq

ˆ
Q

exp
αX

||b||BMO
|bpyq ´ bQ|dµpyq ď βX . (4.22)

In fact, we can take αX “ ln 3
?

2ε, where 0 ă ε ă 1 is an absolute constant.

Proof of Lemma 43. For the proof of this lemma we follow the scheme of proof showed in [43].

Suppose that b is bounded, so that the above supremum makes sense for all α. Then we will prove

(4.22) with a bound independent of ||b||8.
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Fix a cube Q0 and a dyadic cube Q P DpQ0q. Denote by Q̃ the parent of Q.

Then we can show that

ˇ

ˇ

ˇ
bQ ´ bQ̃

ˇ

ˇ

ˇ
ď

1

ε
||b||BMO, (4.23)

where 0 ă ε ă 1 is an absolute constant from the dyadic decomposition.

ˇ

ˇ

ˇ
bQ ´ bQ̃

ˇ

ˇ

ˇ
ď

1

µpQq

ˆ
Q

ˇ

ˇ

ˇ
b´ bQ̃

ˇ

ˇ

ˇ

ď
µpQ̃q

µpQq

1

µpQ̃q

ˆ
Q̃

ˇ

ˇ

ˇ
b´ bQ̃

ˇ

ˇ

ˇ

ď
1

ε
||b||BMO.

Next, consider the Calderón–Zygmund decomposition of pb´ bQ0qχQ0 for the level 2||b||BMO.

Then there exists a collection of pairwise disjoint cubes tQiu Ă D, maximal with respect to

inclusion, satisfying

2||b||BMO ă
1

µpQiq

ˆ
Qi

|pb´ bQ0qχQ0 | ă 2CX ||b||BMO

and

|pb´ bQ0qχQ0 | ă 2||b||BMO, on pYQiq
c.

Clearly, Qi Ă Q0 for each j, and
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µpYQiq ď
||pb´ bQ0qχQ0 ||L1

2||b||BMO
ď
µpQ0q

2
.

Since the cubes Qi are maximal, we have that p|b ´ bQ0 |qĂQi
ď 2||b||BMO. Using the last

inequality together with (4.23) we get

|bQi ´ bQ0 | ď |bQi ´ bĂQi | ` |bĂQi ´ bQ0 | ď

ˆ

1

ε
` 2

˙

||b||BMO.

Denote Xpαq “ supQ
1

µpQq

´
Q exp α

||b||BMO
|b´ bQ|dµpxq, which is finite because b is bounded.

From the properties of the cubes Qi we get

1

µpQ0q

ˆ
Q0

exp

ˆ

α

||b||BMO
|b´ bQ0 |

˙

dµpxq

ď
1

µpQ0q

ˆ
Q0zYQi

e2αdµpxq

`
ÿ

j

µpQiq

µpQ0q

1

µpQiq

ˆˆ
Qi

exp

ˆ

α

||b||BMO
|b´ bQi |dµpxq

˙

ep
1
ε
`2qα

˙

ď e2α `
1

2
ep

1
ε
`2qαXpαq.

Taking the supremum over all cubes Q0, we get the bound

Xpαq

ˆ

1´
1

2
ep

1
ε
`2qα

˙

ď e2α,

which implies that Xpαq ď C, if α is small enough.

Since 0 ă ε ă 1, if we impose that 1
2e
p 1
ε
`2qα ă 1, then α ă ε ln 2

2ε`1 . Therefore we can choose a

smaller parameter α, such as αX “ ln 3
?

2ε.

87



Now we will prove two lemmas related to the A2 and A8 constants of a particular weight that

we will need in the following, which are extensions of a result from [36].

Lemma 44. There are absolute constants γ and c such that

rwe2RezbsA2 ď crwsA2

for all

|z| ď
γ

}b}BMOprwsA8 ` rσsA8q
,

where γ “ maxtC1αX , C2αXu with C1 and C2 absolute constants.

Proof of Lemma 44. We will use the sharp reverse Hölder inequality twice, first for r “ 1` 1
τ rwsA8

and then for r “ 1 ` 1
τ rσsA8

. With the sharp reverse Hölder inequality for the first choice of r,

Hölder’s inequality and the sharp John-Nirenberg inequality (4.22), we have

 
Q
weRezb ď

ˆ 
Q
wr

˙1{r ˆ 
Q
er
1Rezpb´bQq

˙1{r1

eRezbQ

ď

ˆ

2

 
Q
w

˙

¨ βX ¨ e
RezbQ ,

for |z| ď C1αX
}b}BMOrwsA8

. Note that the constant αX comes from (4.22) and C1 is an absolute

constant from the sharp reverse Hölder inequality since by our choice of r, r1 “ C1rwsA8 (we can

even calculate that τ rwsA8 ă r1 ď pτ ` 1qrwsA8 . We can also get a similar bound as above for the

second choice of r “ 1` 1
τ rσsA8

, giving us

 
Q
w´1e´Rezb ď

ˆ

2

 
Q
w´1

˙

¨ βX ¨ e
´RezbQ

for |z| ď C2αX
}b}BMOrσsA8

. Multiplying these two estimates and taking supremum, we finish the proof

by showing that for all z as in the assumption

ˆ 
Q
weRezb

˙ˆ 
Q
w´1e´Rezb

˙

ď 4β2
XrwsA2 .
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We also have a similar lemma for the A8 weight constant.

Lemma 45. There are absolute constants γ and c such that

rwe2RezbsA8 ď crwsA8

for all

|z| ď
γ1

}b}BMOprwsA8q
,

where we can take

γ1 “
αX
4τ

being τ an absolute constant from Lemma 41.

Proof of Lemma 45. The proof follows in a similar way as in [11], substituting the appropriate

constants from the sharp John Nirenberg inequality in 4.22 and the sharp reverse Hölder inequality

in Lemma 41.

Next we will prove Theorem 18 obtaining a mixed A2 ´ A8 bound for Calderón–Zygmund

operators in SHT. Due to Lerner’s decomposition in SHT from section 3, we can fairly easily prove

the mixed result. The proof essentially follows from [39]. Only a brief sketch is given below.

Proof of Theorem 18. As stated in [39, Sect. 2D], Theorem 18 follows from verifying the following

testing conditions:

1. }SQpσ ¨ χQq}L2pwq ď C1}χQ}L2pσq

2. }SQpw ¨ χQq}L2pσq ď C2}χQ}L2pwq
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where

SQf “
ÿ

LPS,LĎQ

ˆ 
L
f

˙

χL,

and S is a sparse family (this is a sparse operator). This is still the case in SHT due to the

mentioned result of Treil [80], which holds in SHT.

To verify the testing conditions, one simply follows the argument outlined in [39, Sect. 5A].

Finally, we can prove the results involving the commutator and its iterates. These proofs follow

the scheme from [11].

Proof of Corollary 6. First, we prove (4.13). We will “conjugate” the operator T as follows, that

is, for any complex number z we define

Tzpfq “ ezbT pe´zbfq. (4.24)

By using the Cauchy integral theorem, we get for appropriate functions,

Tbpfq “
d

dz
Tzpfq|z“0 “

1

2πi

ˆ
|z|“ε

Tzpfq

z2
dµpzq, ε ą 0,

Therefore, we can write
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}Tbpfq}L2pwq “

›

›

›

›

›

p2πiq´1

ˆ
|z|“ε

T pfe´zbq

z2
ezb

›

›

›

›

›

L2pwq

ď
1

Cε2

ˆ
|z|“ε

ˆˆ
X
|T pfe´zbqezb|2wdµpxq

˙1{2

|dµpzq|

“
C

ε
}T pfe´zbq}L2pwe2Rezbq

ď
C

ε
rwe2Rezbs

1{2
A2
prwe2RezbsA8 ` rσe

2RezbsA8q
1{2

ˆ

ˆˆ
X
|fe´zb|2we2Rezbdµ

˙1{2

“
C

ε
rwe2Rezbs

1{2
A2
prwe2RezbsA8 ` rσe

2RezbsA8q
1{2

ˆ

ˆˆ
X
|f |2wdµpxq

˙1{2

,

where we have used the Minkowski inequality for integrals and the A2 theorem for SHT. We also

have

rwe2RezbsA2 ď crwsA2 (4.25)

and similarly for the A8 constants, for all |z| ď δ
}b}BMOprwsA8`rσsA8 q

where the δ is the minimum

of the absolute constants from the corresponding lemmas.

All that remains is to bound

C

ε
rwsA2}f}L2pwq.

Since |z| “ ε we are restricted to certain ε by (4.25), so we choose ε “ γ
}b}BMOprwsA8`rσsA8 q

, so

that

1

ε
“

1

δ
prwsA8 ` rσsA8q}b}BMO

as wanted.

Putting everything together gives us the desired bound
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||Tbpfq||L2pwq ď Crws
1{2
A2
prwsA8 ` rσsA8q

3{2}b}BMO||f ||L2pwq.

Finally, to prove the general estimate (4.12), we use again the Cauchy integral theorem to write

the k-th commutator for appropriate functions as

T kb pfq “
dk

dzk
Tzpfq|z“0 “

k!

2πi

ˆ
|z|“ε

Tzpfq

zk`1
dµpzq, ε ą 0,

where Tz is defined as in (4.24). Then, following the computation for Tb we can arrive at the

desired bound for T kb .

Remark 18. Corollary 6 can be proved under the weaker assumption that T is a linear operator

that satisfies the sharp weak mixed A2 ´A8 in spaces of homogeneous type.
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CHAPTER Five

Lerner techniques and extrapolation in the two-weighted setting

An active area of harmonic analysis lately has been discovery of the precise dependence of the

constants in weighted norm inequalities for Calderón-Zygmund singular integral operators (CZOs).

In searching for a proof for the A2 theorem, analysts further developed the new theory of non-

homogeneous analysis. A natural follow-up to the one-weighted results are related questions about

two-weighted norm inequalities for CZOs, but in most cases basic bounds are not even known. For

example, necessary and sufficient conditions for Lp boundedness are only known for a few operators,

such as the maximal function [76] and Hilbert transform [46], [44]. The two-weighted theory is a

developing field, with relatively little known compared to the one-weighted theory. We hope that

the background and results discussed further propel development in these areas.

We seek to determine sufficient conditions on the weights pw, vq that give us a two-weighted

bound for most CZOs, that is, a bound of the form:

}Tf}Lppwq ď C}f}Lppvq.

The bump condition theory that we will discuss was introduced to help answer this question. We

will relate some history of determining necessary and/or sufficient conditions for Lp boundedness
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in the classical case of Rn with Lebesgue measure. We assume 1 ă p ă 8 unless otherwise stated.

An initial idea to find sufficient conditions for Lp boundedness in the two-weight case was to

form a two-weighted analogue of the Muckenhoupt Ap condition, that is, for a pair of weights

pw, vq:

sup
Q

 
Q
wdµ

ˆ 
Q
v´p

1{pdµ

˙p´1

ă 8, (5.1)

where Q is a cube. However, 5.1 was only necessary and sufficient for the maximal function to be

bounded on weak Lp, and only necessary for boundedness of some ”interesting operators” under

consideration (see [61] and [76] for a discussion of this). Therefore, other conditions were then

proposed on pw, vq to give sufficient boundedness conditions for CZOs. Neugebauer helped to

pioneer this effort [63], by ”bumping up” the power on the weights into a condition like:

sup
Q

ˆ 
Q
wprdµ

˙1{pr ˆ 
Q
v´p

1rdµ

˙1{p1r

ă 8, (5.2)

for r ą 1. This condition was strong enough to ensure that both the maximal function and CZOs

were bounded from Lppvpq to Lppwpq. A further generalization of 5.1 came from Orlicz space

theory. Orlicz norms provide a finer scale of norms ”in between” the Lp ones, which we will make

precise later. Andrei Lerner used Orlicz Bp norms on both weights in his assumption to prove

sufficiency for strong Lp boundedness of all CZOs, answering a question of Cruz-Uribe and Pérez

[48].

This section contains two main results. The first is a Coifman-Fefferman inequality : bounding

a singular integral operator by a corresponding maximal function, which in many cases, leads to a

two-weighted bound for CZOs. Our assumptions are related to those in the still open ”separated

bump conjecture” (see [18], [19], [2], [62]), but not exactly the same since they represent a hybrid of

both Neugebauer’s and Lerner’s assumptions. The proof is a twist on an extrapolation technique

from one-weighted theory. As far as we are aware, the use of the reverse Hölder extrapolation in

the two-weighted theory is new.

To state this result, we recall that Lerner proved that every CZO can be bounded above in
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norm by a supremun of sparse operators in a space of homogeneous type (see Chapter 3, [2] and

[5]).

Theorem 19. Let Y be a Banach function space (if Y “ LB this is the Orlicz norm), TS be a

sparse operator on Rn with Lebesgue measure and 1 ă p ă 8. Let pw, vq be weights such that

supQ }w}q,Q}v
´1}Y,Q ď K for some q ą p and all Q P S. Then

ˆ
Rn
pTSfwqpdy ď Cp

ˆ
Rn
MY 1pfvqpyq

pdy, (5.3)

where MY 1 is a generalization of the Orlicz maximal function.

If the maximal function MY 1 is bounded on weighted Lp, then we obtain a two-weighted Lp

bound for CZOs. For Rn, broader results are known – see [50] and [21]. The proof of this theorem

is general enough that it extends to spaces of homogeneous type.

Secondly, we prove that the Orlicz maximal function, an extension of the usual Hardy-Littlewood

maximal function, is bounded on Lp in spaces of homogeneous type without assuming that the

associated Young function is doubling. This generalizes a result of Pérez [67]. The importance of

the Orlicz maximal function is underscored by its appearance in the proof of the first main result.

Moreover, this maximal function has become an integral part of the bump theory and the search

for sufficient conditions for two-weighted bounds.

This Chapter is organized in the following fashion. We introduce some background in section

2 and mention a few preliminary results in section 3, including the result on the Orlicz maximal

function. Section 4 contains some background for the two-weighted theorem, proved in section 5. In

section 6, we give some corollaries, including a strong two-weighted bound for Calderón-Zygmund

operators, and examples.
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5.1 Bp classes and maximal function results

The following class of Young functions is useful in both boundedness of associated maximal func-

tions and in two-weight norm inequalities.

Definition 24. A Young function A belongs to Bp (we write A P Bp) for some 1 ă p ă 8 if

ˆ 8

c

Aptq

tp
dt

t
ă 8,

for some c ą 0.

It would be desirable to determine when the Orlicz maximal function is bounded. We start by

mentioning the L8 bound, whose proof is included for completeness.

Lemma 46. If A is a Young function then }MAf}L8 ď }f}L8.

Proof. Let Q be a cube and let λ “ }f}8, then |fpyq|
λ ď 1 a.e on Q. Since A is increasing and

Ap1q “ 1, it follows that

A

ˆ

|fpyq|

λ

˙

ď 1

a.e. on Q. Hence  
Q
A

ˆ

|fpyq|

λ

˙

ď 1.

Therefore

inf
λą0
tλ :

 
Q
A

ˆ

|fpyq|

λ

˙

ď 1u ď }f}8.

This is true for all Q, so by taking supremums, the result follows.

Many Lp results concerning the maximal function can be found in [64], [67], [69]. One of the

most useful criteria is an Lp boundedness result on Rn explicitly tied to the Bp condition.

Theorem 20. [64] Let 1 ă p ă 8 and A be a doubling Young function with Aptq
t increasing,

Aptq Ñ 8 as tÑ8, and Ap1q “ 1. Then the following are equivalent:

96



1. A P Bp

2. There is a constant c such that }MAf}p ď c}f}p for all nonnegative f .

Though doubling was originally assumed, it is actually not needed (see below 21).

If pX, ρ, µq is an SHT and µpXq “ 8 then this theorem is still true [74]. However, if µpXq ă 8,

this theorem fails (see the counterexample given in [74]).

Inspired by a question from Cruz-Uribe and recent result from [55] where a similar proof is

done in Rn, we present the following which extends 20 to the setting of infinite measure spaces of

homogeneous type, without requiring the doubling of the Young function.

Theorem 21. Let pX, ρ, µq be a space of homogeneous type with doubling constant Cd and µpXq “

8. Let the assumptions of 20 hold, except for doubling of A. Then MA is bounded on Lp if and

only if A P Bp.

Proof. Since the same argument of 20 applies in showing that if A P Bp then MA is bounded, we

will only show the converse. Assume that MA is bounded. Then using the definition, one can

show for any measurable set B that

MApχBqpxq “ sup
B1Qx

1

A´1p
µpB1q

µpB1XBqq

where B1 are balls (see for example, [69]). Note that if x P B, MApχBqpxq “ 1 and for x R B,

1 ěMApχBqpxq ą
1

A´1
´

µpB1q
µpBq

¯ ,

where B1 Q x. Assume for the moment that X is nonatomic and fix x0 P X. Later we will lift the

nonatomic assumption. Define r :“ rx “ ρpx, x0q for any x P X. Let

F prq “ µpBpx0, rqq (5.4)
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Clearly F is non-decreasing. Since µpXq “ 8, we can define an inverse for F as

F´1psq “

$

’

&

’

%

inftr : F prq “ su : F prq “ s for some r

suptr : F prq ă su otherwise

Note that since x0 is not an atom, then every s has a well-defined inverse. Hence, if B1 “

Bpx0, rq, we have that

µ px P X : MApχBqpxq ą tq ě µ

¨

˝x P X :
1

A´1
´

µpB1q
µpBq

¯ ą t

˛

‚“ µ

¨

˝x P X :
1

A´1
´

F prq
µpBq

¯ ą t

˛

‚

by 5.4.

Denote µpBq “ b. Since MA is bounded on Lp, then surely it is bounded for the function

f “ χB, so using the above estimate:

8 ą

ˆ
X
MApχBqpxq

pdµ ě p

ˆ 8

0
tpµ

¨

˝x P X :
1

A´1
´

F prq
b

¯ ą t

˛

‚

dt

t

ě p

ˆ 8

0
tpµ

ˆ

A

ˆ

1

t

˙

b ą F prq

˙

dt

t
ě p

ˆ 8

0
tpµ

ˆ

F´1A

ˆ

1

t

˙

b ą r

˙

dt

t

since tr : F´1psq ą ru Ď tr : s ą F prqu. Continuing, the above

“ p

ˆ 8

0
tpFF´1

ˆ

A

ˆ

1

t

˙

b

˙

dt

t
ě p

ˆ 8

0
tpA

ˆ

1

t

˙

b

Cd

dt

t
.

Here we have used an important fact from the definition of F´1: if F pr1q “ FF´1psq then

1

Cd
s ď

1

Cd
F pr1 ` εq ď F

ˆ

r1 ` ε

2

˙

ď F pr1q “ FF´1psq,

for some ε ą 0 such that F p r1`ε2 q ď F pr1q. This is where doubling of the measure µ is used. For

many s, we have FF´1psq “ s and do not need to use the above fact. However, for certain s that

fall in the range on the s-axis where F has a jump discontinuity; doubling allows us to replace
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FF´1
`

Ap1
t qb

˘

by A
`

1
t

˘

b
Cd

.

Call b
Cd
“ C 1. We can finish the argument by recalling that

8 ą C 1p

ˆ 8

0
tp´1A

ˆ

1

t

˙

dt ą C 1p

ˆ t0

0
tp´1A

ˆ

1

t

˙

dt “ C 1p

ˆ 8

1{t0

Aptq

tp
dt

t
.

Thus we have actually found that

p

Cd

ˆ 8

1{t0

Aptq

tp
dt

t
ď }MA}

p
Lp

since }χB}
p
Lp “ b.

Now, if x0 is an atom, then µpx0q “ µpBpx0, εqq “ δ for some ε, δ ą 0, so F´1psq is defined for

s ě δ. For atoms, the only issue that arises in the proof is when we take F´1
`

A
`

1
t

˘

b
˘

, so as long

as A
`

1
t

˘

ě δ
b , no adjustment to our argument is needed.

In other words, F´1
`

A
`

1
t

˘

b
˘

only fails to be defined when A
`

1
t

˘

ă δ
b . Therefore, if δ ď b,

F´1
`

A
`

1
t

˘

b
˘

can only fail to be defined when t ą 1 since A is increasing and Ap1q “ 1.

However, for t ą 1, µpx P X : MApχBqpxq ą tq “ 0. We only need to consider level sets where

t ă 1 in our argument, and F´1 exists for all points in these sets.

Since from the beginning, we were free to choose any measurable B, let B “ Bpx0, εq for some

atom x0. Then

b “ µpBq “ µpBpx0, εqq “ δ,

as wanted. Therefore, the above proof holds for spaces where every point is an atom as well.

Remark 19. If µpXq ă 8, then there exists some R such that Bpx0, Rq “ X. Then in the above

proof, suptr : F prq ă F pRq ` 1u “ 8, so F´1 would not be well-defined. Since µpXq “ 8, then
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for all s there exists r such that F prq ě s.

Note that we could also have defined F´1 using inftr : F prq ą su instead of suptr : F prq ă su.

This definition would have led to the same result.

We now give some background so we can state an earlier theorem of Pérez about maximal

function bounds. Let Y be a Banach function space normed in the following manner: }v}Y,Q “

supt
´
X |vg|dµ : }g}Y 1 “ 1u, where Y 1 is the associate space:

Y 1 “

#

f measurable : }f}Y 1 :“ sup
}g}Y ď1

ˆ
X
|fg|dµ ă 8

+

.

Banach function spaces include Orlicz spaces and Lp spaces. For example, if Y “ LA with A a

Young function, then } ¨ }Y “ } ¨ }A and Y 1 “ LĀ. For more information, see [67] or [50]. Let

MY 1fpxq “ sup
QQx

}fpxq}Y 1,Q

for cubes Q, be the associated maximal function.

Now we can state the theorem of Pérez [67].

Theorem 22. Assume MY 1 is bounded on LppRnq where Y is a Banach function space and let

pw, vq be a pair of weights such that

sup
Q
}w}p,Q}v

´1}Y,Q ď K. (5.5)

Then ˆ
Rn
pMY 1fwq

pdx ď c

ˆ
Rn
pfvqpdx

for all nonnegative f .

This theorem is also true in an SHT (see [69]).
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5.2 Preliminary weighted results

To prove our two-weighted extrapolation result, we need the Reverse Hölder classes ([22]).

Definition 25. Fix 1 ă p ă 8. We say that a weight ρ belongs to the Reverse Hölder class p,

denoted RHp, if for all cubes Q,

ˆ 
Q
ρpdµ

˙1{p

ď κ
ρpQq

µpQq
. (5.6)

The smallest such κ is called rρsRHp .

Though general cubes are not well-defined in an SHT, we have a dyadic cube construction (see

[10], [34]). In our main theorem, we only work with dyadic cubes, so we can take 5.6 with respect

to dyadic cubes. We remark that all A8 weights satisfy the reverse Hölder property.

Lemma 47. If w P A8, then

wpQq ď γwpEpQqq

where γ depends on X and on rwsA8 only, and EpQq is the disjoint family created from a sparse

one.

Proof. Let
Ť

Q1ĹQ,Q1PS Q
1 “ T . Due to the condition of sparse family, we have

µpT q ď
µpQq

2

so by the definition of A8 we have that

wpT q ď βwpQq

for some 0 ă β ă 1. Thus, wpQq “ wpT q`wpEpQqq ď βwpQq`wpEpQqq so p1´βqwpQq ď wpEpQqq

or

wpQq ď
1

1´ β
wpEpQqq.
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We now come to the proof of 19.

5.3 Proof of two-weighted theorem

Proof. First, in Step 1, we show for p “ 1 and any ρ P RHq1 where q is in the above range that

ˆ
X
TSfwρdµpyq ď C

ˆ
X
MY 1pfvqpyqρdµpyq.

We then move to the main statement via an extrapolation argument in Step 2.

Step 1 For this step, we use the notation wρpQq “
´
Qwρdµ. Then

ˆ
X
TSfwρdµpyq “

ÿ

QPS

ˆ 
Q
f

˙

wρpQq “
ÿ

QPS

ˆ 
Q
f ¨ v ¨ v´1

˙

wρpQq

ď
ÿ

QPS

}fv}Y 1,Q}v
´1}Y,QwρpQq “

ÿ

QPS

}fv}Y 1,Q}v
´1}Y,Q

wρpQq

ρpQq
ρpQq :“ I.

Now, estimating part of this expression, we get

}v´1}Y,Q
wρpQq

ρpQq
ď }v´1}Y,Q

ˆˆ
Q
wqdµ

˙1{q ˆˆ
Q
ρq
1

dµ

˙1{q1

¨
1

ρpQq

“ }v´1}Y,Q

ˆ 
Q
wqdµ

˙1{q ˆ 
Q
ρq
1

dµ

˙1{q1 µpQq

ρpQq
ď Kqκq,

by 5.5 and 5.6. Then

I ď Kqκq
ÿ

QPS

}fv}Y 1,QρpQq ď γKqκq
ÿ

QPS

}fv}Y 1,QρpEpQqq

102



due to 47. The above is bounded by

C
ÿ

QPS

ˆ
EpQqq

MY 1pfvqdρpyq ď C

ˆ
X
MY 1pfvqρdµpyq,

where C “ γKqκq. This gives Step 1.

Step 2: For extrapolation, we’ll follow the procedure of Rubio de Francia. However, we need

to adapt this to Reverse Hölder classes since Step 1 is a statement for all ρ P RHq1 .

Define the Rubio de Francia operator

Rh “
8
ÿ

k“0

Mkh

2k}M}k
Lp
1{q1

.

Let

R̃phq “ Rphq
1

q1{q
1

.

Note that for h P Lp
1

pdµq,

1. h ď R̃phq

2. }R̃phq}p1 ď 21{q1}h}p1

3. MpRphq
1

qq ď 2}M}Lp1{q1Rph
q1q

Item 1 is clear since all terms are positive. Item 2 can be seen by the following argument:

}R̃phq}p1 “ }Rph
q1q}

1{q1

p1{q1 “

˜

}
ÿ

k

Mkphq
1

q

2k}M}kp1{q1
}p1{q1

¸1{q1

ď

˜

ÿ

k

}Mkphq
1

q}p1{q1

2k}M}kp1{q1

¸1{q1

ď

˜

ÿ

k

1

p2}M}p1{q1qk
}M}kp1{q1}h

q1}p1{q1

¸1{q1

“ }hq
1

}
1{q1

p1{q12
1{q1 “ 21{q1}h}p1
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Item 3 implies that Rphq
1

q “ R̃phqq
1

P A1, and since by a similar calculation, we also have

R̃phq P A1, then R̃phq P RHq1 . (All of these norms are with respect to dµ.) Notice that we need

p1 ą q1 (equivalently p ă q) for the maximal function norm to be bounded.

Then we run the Rubio de Francia machine: by duality,

}TSfw}p “

ˆ
X
TSfw ¨ hdµ

for some h P Lp
1

pdµq with norm 1. Now by property 1 of R̃h, followed by the fact that Rphq
1

q1{q
1

P

RHq1 ,

}TSfw}p ď

ˆ
X
TSfw ¨ R̃phqdµ ď C

ˆ
X
MY 1pfvqR̃phq ď

C

ˆˆ
X
MY 1pfvq

pdµ

˙1{pˆˆ
X
pR̃hqp

1

dµ

˙1{p1

ď C

ˆˆ
X
MY 1pfvq

pdµ

˙1{pˆˆ
X
hp
1

dµ

˙1{p1

“ Cp

ˆ
X
MY 1pfvq

pdµq1{p

Taking pth powers, we get 5.3 as wanted.

Tracing the constant from Step 1, we see that C “ 21{q1Kq ¨ rR̃phqsRHq1 ¨ γ, where γ depends

on rR̃hsA8 , SHT . Since we can bound rR̃phqsRHq1 ď rR̃phqsA1 ď p2}M}p1{q1q
1{q1 we have that

C ď 22{q1Kq}M}
1{q1

p1{q1 ¨ γ.

5.4 Corollaries and examples

Corollary 7. Let the conditions of 19 hold. Then

}Tf}Lppwpq ď C}MY 1pfvq}p.
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Proof. By the main decomposition in chapter 3,

}T pfq}Z ď CpSHT, T q sup
D,S

}TSpfq}Z (5.7)

where D is a dyadic grid and Z is a Banach function space, such as Lppuq (note that Z is not

necessarily the same as the Banach function space Y in the theorem). Recall that Lppuq is a

Banach function space whenever udµ is a locally integrable positive function, that is, when u is

any weight.

Corollary 8. Let MY 1 be bounded on Lppµq, and the conditions of 19 hold. Then,

}Tf}Lppwpq ď C}f}Lppvpq.

Remark 20. We can apply 19 to the case v “ w “ up and Y 1 “ Lp. Then our assumption becomes

the Ap condition. However, 8 does not hold since MY 1 “Mp is not bounded on Lp.

A version of the following Corollary appeared in [21].

Corollary 9. Let A be a Young function such that Ā P Bp and the conditions of 19 hold. Then

}Tf}Lppwpq ď C}f}Lppvpq.

Proof. In this case, Y 1 “ LĀ, and MĀ is bounded by 20.

Step 2 can be written as a general extrapolation theorem for Reverse Hölder classes:

Theorem 23. Fix 1 ă p ă 8. Let S1pxq and S2pxq be two objects (operators, functions, etc) such

that ˆ
X
S1pxqρdµ ď

ˆ
X
S2pxqρdµ

for all x P X and for all ρ P RHq1, q P pp, p` εq or q P pp,8q. Then we have that

ˆ
X
pS1pxqq

pdµ ď

ˆ
X
pS2pxqq

pdµ.

105



Now we discuss some examples of weights that satisfy the conditions of the extrapolation

theorem.

It is interesting to note the following about power weights.

Remark 21. Let w “ |x|´α and v “ |x|´β in R. Then

}w}p,Q}v
´1}p1,Q ď K

if and only if w “ v. This is due to the stringent requirements on the exponents when we

integrate over a cube containing the origin. This eliminates certain power weight examples from

our consideration.

(we can see this with X “ R and Q “ r´c, cs where c “ lpQq
2 ). Then (as long as α ¨ p ‰ 1),

ˆ 
Q
wp

˙1{p

“

ˆ

|x|´α¨p`1

D ¨ lpQq
|c´c

˙1{p

“ D1lpQq´α.

Similarly,
ˆ 

Q
v´p

1

˙1{p1

“

˜

|x|β¨p
1`1

DlpQq
|c´c

¸1{p1

“ D1lpQqβ,

whereD andD1 are constants. Hence since there are both arbitrarily small and large cubes centered

at the origin, in order to have the suprenum over these cubes finite, we must have that α “ β.

Even if we use the Young function Bptq “ tr for r ă p1, the calculation above for
´ffl

Q v
´r
¯1{r

is

the same for cubes around the origin, and we still get that α “ β.

Note that the following examples are variations of the classic two-weight ”A1 pair” pu,Muq

[18].

Example 2. Take Mq to be the Lq normalized Hardy-Littlewood maximal function with respect to

(dyadic) cubes. We will show that the pair pu,Mquq, where u is a weight, satisfies our assumptions

for 19 with the pairs: pp,Bq and pq,Bq, where B is a Young function.
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We have then the following bound (adapted from [2]). For q ą p

Mqupxq ě }u}q,Q

for all x P Q so that

}u}q,Q}Mqpuq
´1}B,Q ď }u}q,Q}u}

´1
q,Q}χQ}B,Q “ 1.

This is true since }}u}´1
B,Q}p1,Q “ }u}

´1
B,Q}1}p1,Q “ }u}

´1
B,Q}χQ}p1,Q “ }u}

´1
B,Q. Here we have used the

normalization Bp1q “ 1. We also get that

}u}p,Q}Mqpuq
´1}B,Q ď }u}q,Q}Mqpuq

´1}B,Q “ 1

by Holder’s inequality. Hence, the pair pu,Mqpuqq satisfies the conditions of 19.

Example 3. Take the pair pMAu
1´p, wq where A is a Young function and u,w are weights. If we

also assume that }u}1´pA,Q}w
´1}B,Q ď K for all Q, then

}MAu
1´p}p,Q}w

´1}B,Q ď }u}
1´p
A,Q}w

´1}B,Q ă K.

Moreover, if we change the first norm to the } ¨ }q,Q norm, the bound remains the same. Thus

pMAu
1´p, wq satisfies 19.
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reverse hölder property in a space of homogeneous type. 2014. Submitted.

[5] Theresa C. Anderson and Armen Vagharshakyan. A Simple Proof of the Sharp Weighted Esti-

mate for Calderón–Zygmund Operators on Homogeneous Spaces. J. Geom. Anal., 24(3):1276–

1297, 2014.

[6] A. Bernardis, G. Pradolini, M. Lorente, and M. Riveros. Composition of fractional Orlicz

maximal operators and A1-weights on spaces of homogeneous type. Acta Math. Sin. (Engl.

Ser.), 26(8):1509–1518, 2010.

[7] Oleksandra V. Beznosova. Linear bound for the dyadic paraproduct on weighted Lebesgue

space L2pwq. J. Funct. Anal., 255(4):994–1007, 2008.

108



[8] Stephen M. Buckley. Estimates for operator norms on weighted spaces and reverse Jensen

inequalities. Trans. Amer. Math. Soc., 340(1):253–272, 1993.

[9] A.-P. Calderón. Inequalities for the maximal function relative to a metric. Studia Math.,

57(3):297–306, 1976.

[10] M. Christ. Lectures on singular integral operators, volume 77 of CBMS Regional Conference

Series in Mathematics. Published for the Conference Board of the Mathematical Sciences,

Washington, DC, 1990.

[11] Daewon Chung, M. Cristina Pereyra, and Carlos Perez. Sharp bounds for general commutators

on weighted Lebesgue spaces. Trans. Amer. Math. Soc., 364(3):1163–1177, 2012.

[12] R. R. Coifman and C. Fefferman. Weighted norm inequalities for maximal functions and

singular integrals. Studia Math., 51:241–250, 1974.

[13] R. R. Coifman and G. Weiss. Analyse harmonique non-commutative sur certains espaces
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[38] Tuomas Hytönen, Carlos Pérez, Sergei Treil, and Alexander Volberg. Sharp weighted esti-

mates for dyadic shifts and the A2 conjecture. J. Reine Angew. Math., 687:43–86, 2014.

[39] Tuomas P. Hytönen. The A2 theorem: remarks and complements. In Harmonic analysis

and partial differential equations, volume 612 of Contemp. Math., pages 91–106. Amer. Math.

Soc., Providence, RI, 2014.

[40] Tuomas P. Hytönen, Michael T. Lacey, Henri Martikainen, Tuomas Orponen, Maria Carmen

Reguera, Eric T. Sawyer, and Ignacio Uriarte-Tuero. Weak and strong type estimates for

maximal truncations of Calderón-Zygmund operators on Ap weighted spaces. J. Anal. Math.,

118(1):177–220, 2012.

111



[41] B. Jawerth and A. Torchinsky. Local sharp maximal functions. J. Approx. Theory, 43(3):231–

270, 1985.

[42] F. John. Quasi-isometric mappings. Seminari 19621963 di Analisi, Algebra, Geometria e

Topologia, Ist Nazarene Alta Matematica 2 (Edizioni Cremonese, Rome, 1965), 462473.
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[78] Jan-Olov Strömberg. Bounded mean oscillation with Orlicz norms and duality of Hardy

spaces. Indiana Univ. Math. J., 28(3):511–544, 1979.

[79] R. Toledano. A note on the Lebesgue differentiation theorem in spaces of homogeneous type.

Real Anal. Exchange, 29(1):335–339, 2003/04.

[80] S. Treil. A remark on two weight estimates for positive dyadic operators. preprint, 2012.

[81] Armen Vagharshakyan. Recovering singular integrals from Haar shifts. Proc. Amer. Math.

Soc., 138(12):4303–4309, 2010.

[82] J. M. Wilson. Weighted inequalities for the dyadic square function without dyadic A8. Duke

Math. J., 55(1):19–50, 1987.

115


	Vitae
	Acknowledgments
	Introduction
	Background
	Spaces of homogeneous type
	Dyadic systems
	Weights and operators
	Orlicz classes


	A framework for representing Calderón-Zygmund operators on spaces of homogeneous type and connections to the A2 theorem
	Median
	Maximal decomposition
	Discretization of operator
	Linear bound with respect to complexity of discrete operators

	More sharp weighted estimates and applications of the techniques of Lerner
	Preliminaries
	Main results
	Proofs
	Proofs of Theorem 15 and Corollary 3
	Proof of Theorem 16
	Proofs of Theorem 17 and Corollary 5
	Proof of Theorem 18 and Corollary 6


	Lerner techniques and extrapolation in the two-weighted setting
	Bp classes and maximal function results
	Preliminary weighted results
	Proof of two-weighted theorem
	Corollaries and examples


