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Abstract of “From Kinetic Theory to Fluid Mechanics: Viscous Surface Wave and
Hydrodynamic Limit” by Lei Wu, Ph.D., Brown University, May 2015

In this dissertation, we mainly discuss two topics of partial differential equations in

fluid dynamics and kinetic theory: viscous surface wave and diffusive limit.

With respect to viscous surface wave, we consider an incompressible viscous flow
without surface tension in a finite-depth domain of three dimensions, with a free top
boundary and a fixed bottom boundary. The system is governed by the Navier-Stokes
equations in this moving domain and the transport equation on the moving boundary.
Following the framework of geometric mapping by Y. Guo and I. Tice, we further
prove the local well-posedness with general smooth data and give a simpler proof of
global well-posedness. Also, we construct a stable numerical scheme to simulate the

evolution of this system by discontinuous Galerkin method.

With respect to diffusive limit, we revisit the asymptotic analysis of a steady
neutron transport equation in a two-dimensional unit disk with one-speed velocity.
We disprove the classical boundary layer theory by a concrete counterexample with
a different boundary layer expansion with geometric correction. Also, we provide the

correct boundary layer construction with both in-flow and diffusive boundary.
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CHAPTER ONE

Introduction



In classical mechanics, matter can be described under different scales: for microscopic
scale, Newton’s laws dominate the movement of atoms and molecules; for macroscopic
objects, fluid mechanics and solid mechanics provide effective tools to predict the
behavior; in between, from mesoscopic viewpoint, kinetic theory states the statistical

rules of the pattern of particles.

Hilbert’s Six Problem in axiomatization of physics attempts to connect the funda-
mental laws behind these theories, i.e. to derive the mesoscopic and macroscopic rules
from basic Newton’s laws in microscopic scale. Following the path Hilbert himself
proposed, the first step from microscope to mesoscope is the justification of kinetic
theory, which involves the unfinished project of rigorous derivation of Boltzmann e-
quation. The second step from mesoscope to macroscope is the hydrodynamic limit,
which is the bridge between fluid equations and kinetic theory. Our research focuses
on the second step and we will mainly discuss the decay of viscous surface wave and

diffusive limit of neutron transport equation.

In Chapter 2, we will first discuss the local and global well-posedness and decay
of viscous surface wave under the framework of geometric mapping. In Chapter 3,
we will provide a stable numerical scheme to viscous surface wave with discontinuous
Galerkin method and analyze its convergence. In Chapter 4, we turn to the boundary
layer effect in steady neutron transport equation and provide a detailed analysis of

Milne problem with geometric correction.



CHAPTER TWwO

Well-Posedness and Decay of

Viscous Surface Wave



2.1 Introduction

2.1.1 Problem Presentation

We consider an incompressible viscous flow in the moving domain

Q) ={y e xR : —bly1,y2) < yz < ny1,y2,t)}. (2.1.1)

Here we can take either ¥ = R? or ¥ = (L;T) x (LyT) for which T denotes the
1-torus and L', L? > 0 the periodicity lengths. The lower boundary b is fixed and

given satisfying

0 < b(y1,vy2) < b=constant and be C>®(N). (2.1.2)

When Y = R? we further require b(y;, y2) — by = positive constant as |y;|+|ya| — oo
and b — by € H*(X) for any s > 0. When ¥ = (L1T) x (LoT), we just denote by =
1/2(max{b(y1,y2)} + min{b(y1,y2)}). It is easy to see this also implies b—by € H*(X)
for any s > 0 since ¥ is bounded. We denote the initial domain (0) = €. For
each t, the flow is described by its velocity and pressure (u, p) : () — R3 x R which

satisfies the incompressible Navier-Stokes equations

Ou+u-Vu+ Vp = pAu in  Q(t),

V-u=0 in  Q(t),
(pI — pD(u))v = gnv on  {ys =y, y2, 1)},
u=0 on {ys = —b(y1,42)}, (2.1.3)

atn = Uz — ulayln - UQayQT] on {y?) = 77(917 Y2, t)}7
u(t =0) = ug in o,

n(t=0) =mno on X,



for v the outward-pointing unit normal vector on {ys = n}, I the 3 x 3 identity matrix,
(Du);; = Oju; + Oju; the symmetric gradient of u, ¢ the gravitational constant and
i > 0 the viscosity. The fifth equation in (2.1.3) implies the free surface is convected
with the fluid. Note that in (2.1.3), we have shifted the actual pressure p by the

constant atmosphere pressure py., according to p = p + gys — Patm-

We always assume a natural condition that there exists a positive real number p
such that ny+b > p > 0 on X, which means the initial free surface is strictly separated
from the bottom. Also without loss of generality, we may assume y =g = 1. In the

following, we will use the term “infinite case” when ¥ = R? and “periodic case” when

2 = (I, T) x (L,T).

The problem (2.1.3) possesses a natural energy structure that for the solution

triple (u,p,n) which is sufficiently regular, we have

(2.1.4)
1/ o 1 s 1/ 2 1 9 1 2

L +—/|n<t>| +—/ Du(s)Pds= = [ o+ [ pmol.

2 Jaw 2 Js 2.Jo Jaw 2 Jo, 2 )y

The first two integrals represent the kinetic energy and potential energy, while the

third represents the dissipation.

2.1.2 Previous Results

Historically, this problem has been studied in several different settings according to

whether we consider the viscosity and surface tension.

In the inviscid case, traditionally we replace the non-slip condition v = 0 with



non-penetration condition u-n = 0 on the bottom boundary. It is often assumed that
the initial fluid is irrotational and then this curl-free property is preserved in the later
time. This allows to reformulate the problem to one only on the free surface. Local
well-posedness in this framework was proved by Wu [51, 52| and Lannes [31]. On the
other hand, local well-posedness without this irrotational assumption was proved by
Zhang-Zhang [55], Christodoulou-Lindblad [12], Lindblad [42], Coutand-Shkoller [16]
and Shatah-Zheng [44]. In the viscous case, vorticity is naturally introduced at the
free surface, so the surface formulation is not valid. Also, in the inviscid irrotational
case, global well-posedness was shown by Wu [53] and Germain-Masmoudi-Shatah

[20].

In the viscous case without surface tension, local well-posedness was proved by
Solonnikov and Beale. Solonnikov [46] employed the framework of Hélder spaces to
study the problem in a bounded domain, all of whose boundaries are free. Beale [§]
utilized the framework of L? spaces to study the domain like ours. Both of them took
this system as a perturbation of parabolic equations and made use of the regularity
results for linear equations. Abel [1] extended this result to the framework of L?
spaces. Also, Hataya [29] proved global well-posedness in the periodic case. Many
authors have also considered the effects of surface tension, which can help stabilize
the problem and gain regularity. e.g. global well-posedness in the small data case

was shown by Bae [7].

The idea of mapping the moving domain into a fixed domain can date back to
Beale’s work in [8] for graph-like domains and was also utilized by Lannes in [31]. A
recent progress in this field is by Shatah-Zeng [45], which can deal with more general

domains by maps with harmonic extensions.

Most of above results are built in the Lagrangian coordinates and do not utilize



the natural energy structure of the problem in a direct manner. Hence, showing decay
becomes very difficult. In [26], [25] and [24], Y. Guo and I. Tice introduced a geometric
energy framework and proved the solutions with small data are globally well-posed
and decay in time. The main idea in their proof was that, instead of considering
the perturbation of parabolic equations, they showed the regularity under a time-

dependent basis. In our paper, we follow this path and employ a similar argument.

In [26], it is assumed the initial data ug and 7y are sufficiently small to guarantee
that: (1) the transform between the fixed domain and the moving domain is a dif-
feomorphism; (2) the elliptic estimates in the linear Navier-Stokes problem achieve
the optimal regularity; (3) in proving boundedness and contraction of the iteration
sequence, the constant is small enough to obtain desired estimates. In Section 2.2 of
this dissertation, we drop this smallness assumption and prove local well-posedness
for general initial data. Basically, we should use different techniques to recover above

three properties.

Also, in proving global well-posedness and decay in [25], the authors introduced
a quite complicated interpolation argument to improve the decaying rate of energy
with minimal counts. In Section 2.3 of this dissertation, through redefining the en-
ergy and dissipation, we greatly simplify the proof in: (1) avoiding the complicated
bootstrapping argument in the interpolation estimates; (2) avoiding the bootstrap-
ping argument in the comparison estimates; (3) handling the energy and dissipation

with 1-minimal count and 2-minimal count simultaneously instead of separately.



2.1.3 Geometric Formulation

In order to work in a fixed domain, we need to flatten the free surface via a coordinates
transform. We follow the idea in [8] and [26], and use a slightly modified version as

the geometric transform. Define a fixed domain
Q={reXxR|—b <z3<0}, (2.1.5)

for which we write the coordinates z € €. In this slab, we take X : {x3 = 0} as
the upper boundary and %, : {x3 = —by} as the lower boundary. Simply denote
/

' = (x1,72) and = = (21, x2,23). We need to utilize slightly different techniques to

construct the extension of free surface in the local and global cases.

Geometric Formulation in the Local Case

In the local case, we cannot apply the idea in [26] directly. We introduce a parame-

terized transform instead. Define the e-Poisson integral for n:

Sz (E)eclelmse2min g in the infinite case,
7 ="Pn= (2.1.6)
2m'n-m/€6|n|mg

Zne(Lflz)X(L;Z) e n(n) in the periodic case,

where 7(§) and 7(n) denote the Fourier transform of n(z’) in either continuous or
discrete form and 0 < € < 1 the parameter. The detailed definitions are shown in
(2.2.1) and (2.2.16).

Consider the geometric transform from € to (¢):

b x
O : (11,29, 23) > (21, Ta, BT +7°(1 + b_3>) = (y1,Y2,Y3)- (2.1.7)
0 0



This transform maps €2 into §2(¢) with the Jacobi matrix

1
Voe = 0
AE
and the transform matrix
Qfﬁ — ((VCI)e)fl)T —
where
~ xS
b=1+ =
+ by’
b
Af = aixg + 6177 b,
bo
b -
€ __ o 7¢h
J bo + b() + 8377 s

0 0
1 0 (2.1.8)
B Je
1 0 —A°Ke
0 1 —BK* (2.1.9)
00 K¢
b ~
B = iixg + Oyi°D, (2.1.10)
0
1
Ke=—.
Je

Notice that this transform is not necessarily a homeomorphism for arbitrary ¢ > 0.

By our assumption 7y(z") + b(x’) > p > 0 and Theorem 2.2.7, we can always choose

a sufficiently small € depending on ||7g]| ;s/» such that there exists a § > 0 satisfying

J(0) > 0 > 0. Then this positive Jacobi matrix implies the transform ®¢(¢) is

a homeomorphism at ¢ = 0. Furthermore, based on Lemma 2.2.2, Lemma 2.2.3,

Lemma 2.2.5 and Lemma 2.2.6, we can deduce ®¢(0) is actually a C! diffeomorphism.

In the following, we just write 7 instead of 7 for simplicity, and the same convention

applies to &/, &, A, B, J and K.
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Define the transformed operators as follows:

(Vo f)i = #;0;f,

V- §= 09,

Ayf=Vug -Vyf,

N = (=0, =0, 1),
(Dyu)ij = HipOku; + 0k,

(2.1.11)

Sa(p,u) =pl —Dyu,

where the summation should be understood in the Einstein convention. If we extend
the divergence V- to act on symmetric tensors in the natural way, then a straight-
forward computation reveals V. - Sy (p,u) = Vp — Agu for vector fields satisfying
Vo -u=0.

In our new coordinates, the original system (2.1.3) becomes

8tu—8tﬁl;K83u+u~VMu—Adu+Vdp:O in
Vﬂ cu =0 in Q,
S@i(pv u)‘/V = ?7'/V on 27
u=20 on Xy,
(2.1.12)
u(z,0) = ug(x) in Q,
O + u101m + u202m = ug on X,
L n(2,0) = mo(z') on .

Since 7 is determined by 7 through the transform, all the quantities above are related
to n, i.e. the geometric structure of the free surface. This is the central idea of our
proof. It is noticeable that in proving local well-posedness, we need to verify ®(t) is

a C! diffeomorphism for any ¢ € [0, T], where the theorem holds.
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Geometric Formulation in the Global Case

In the global case, we focus on the infinite domain which always possess a flat bottom,
i.e. b = constant. Since our theorem only holds for sufficiently small data, we may
directly define 7 as the Poisson integral of 1 which is shown in [26, (A-8)] and [26,

(A-14)], i.e. 7 = Pn. Then the map can be taken as

x
D : (21,19, 23) = (21, T2, 3 + (1 + f)) = (Y1, Y2, Y3), (2.1.13)

which also transforms €2 to Q(t). It is obvious that the Jacobi matrix and the trans-
form matrix are identical to those in the local case except that we need to redefine

the quantities

l~7 = 1 + :1:3/6,
A=0db, B=0dmb, (2.1.14)

J=1+47/b+ 0s7b, K=1/J.

Naturally, the definitions of the weighted operators in (3.1.7) and the transformed
equations (2.1.12) are the same as those in the local case with replacing the related
quantities with above definitions. We can easily see as long as ||1o|| /2y, is sufficiently
small, @ is a C'* diffecomorphism. Hence, the smallness itself can guarantee the validity

of the transform.

2.1.4 Main Theorems

Theorem 2.1.1. Let N > 2 be an integer. Assume the initial data ny + b >

2000 > 0 for some & > 0. Suppose (ug,m0) satisfies the estimate Ko = ||uo||3on +
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||770||§{2N+1/2(2) < 0o as well as the N compatibility conditions (2.2.159). Then there
exists a 0 < Ty < 1 such that for any 0 < T < Ty, there exists a solution (u,p,n) to
the system (2.1.12) on [0,T] that satisfies the initial data. Furthermore, the solution

obeys the estimate

N N T ‘ )
(Z sup HGJUHH%’ 2j +Z/ H&{UHH2N2J'+1) (2.1.15)
=0 0

—0 0<t<T

N-1
<Z sup Ha]pHHWV 2j—1 +Z/ ||8§p||H2N 2])
J=

0<t<T

+<Osup HUHH2N+1/2 +Z sup Hatn||H2N 2j+3/2(%))

N+1
‘f‘Z/ {3577”}121\7 23+5/2(2)) < 0(9075) (KO)a

where C(£9,9) is a positive constant depending on the initial domain Qo and the
separation quantity 6, and P(-) is a polynomial in one variable satisfying P(0) = 0.
The solution is unique among functions that satisfy the initial data and for which the
left-hand side of the estimate (2.1.15) is finite. Moreover, n is such that the mapping
(t) defined by (2.1.7) is a C*N=L diffeomorphism for each t € [0,T).

Remark 2.1.2. Since the map ®(t) is a C*N=1 diffeomorphism, we may change the

variables to y € QU(t) to produce the solution of (2.1.3).



13

Remark 2.1.3. Define quantities Ean, Fon and Gy as follows:

(2.1.16)
n n_l
Euz = [0+ D 00 s+ 1Dl + 3 000
=1 =
n ) 9
+ ||D277Hi{2n72<z) + 102215
j=1
" n—1
Ena = N1Dullfns + D10l oy + 10PNz + 3 0D ] a2y 1(21:17)
j=1 =
L VIR 21
j=1
n ' ) n—1 ] 9
gn _ ”I,\U“i[ﬂ + HI)\UHJ%IO(E) + Z ||8§u”H2n_2j + Z HangH2n—2j—1 (2118)

J=0 Jj=0

n
2
+ Z Hag””mnfzj(z) ’

=0
where Iyu and Iyn denote the Riesz potential of w and n as defined in (A.1.10) and
(A.1.11).

Fon = [nllraws12(s) - (2.1.19)

The total enerqgy is defined as follows:

2
.FQN(T)

Gn(t) = sup En(r) + su + )" A iam(T) + su
w{l) O<7~I<)t 2| ZO<TI<)t )" ez () 0<rI<)t (1+7)

(2.1.20)

Theorem 2.1.4. Let N > 4 be an integer. Suppose the initial data (ug,no) satisfies

the compatibility conditions (2.2.159). Then there exists a k > 0 such that if

(92]\](0) + .FQN(O) S K, (2121)
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there exists a unique solution (u,p,n) to the system (2.1.12) on [0,00) that satisfies

the initial data. Also, the solution obeys the estimate

Gn(00) < C(Ean(0) + Fan(0)) < Ok, (2.1.22)

where C > 0 1s a universal constant.

Remark 2.1.5. Based on above theorem, naturally global well-posedness implies decay

of Eng and &, 1.

2.1.5 Convention and Terminology

We now mention some of the definitions, notation and conventions we use throughout

this chapter.

1. Unless specified, we use exactly the same notation as in [26] and [25].

2. Throughout this chapter, C' > 0 denotes a constant that only depends on the
parameters N and €2 of the problem, but does not depend on the data. It is
referred as universal and can change from one inequality to another. When we
write C'(z), it means a certain positive constant depending on quantity z.
There are two exceptions to above rule in Section 2.2. The first one is in
the elliptic estimates and Korn’s inequality, there are constants depending on
the initial domain €y. The second one is the constant C(d) depending on the
separation quantity 6. Though they are related to the initial domain €y, we
still call them universal since they are given implicitly. Apart from these, all
the other constants related to the initial data €2y, ug and 7y should be specified

in detail.
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a < b denotes a < Cb, where C' is a universal constant as defined above.

. We write P(-) to denote polynomials in one variable. The polynomials always
satisfy P(0) = 1 unless specified as exceptions. They may change from one

inequality or equality to another.

. We write the multi-indices N'*™ = {a = (ag,ay,...,q,,)} to emphasize the
0-index term is related to the temporal variable. For just spatial variables,
we write N” without the 0-index. We define the parabolic counting of such
multi-indices as |a| = 20 + a1 + ... + a,,. We always write D f to denote the
horizontal derivatives of f and V f for the full derivatives.

For a given norm ||-|| and integers k, m > 0, we introduce the following notation

for the sums of derivatives:

(728 N 17 2 R vA | S N 1705

aeN? m<|a|<k aeN3 m<|al<k
= 2 — 2
1Dnfl = >l IVeAT= S el
aeNIT2 m<|a|<k a€eNIH3 m<|a|<k

where D and V denote spacial derivatives and D and V denote full derivatives.

Also we define

2
)

|0 £ = | DL

| D £ = || DL

V41 = 19

A = 9
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2.2 Local Well-posedness for General Data

2.2.1 e-Poisson Integral

In this section, we define the e-Poisson integral which is utilized to construct the

geometric transform (2.1.7), and discuss its fundamental properties.

Poisson Integral in the Infinite Case

For a function f defined on ¥ = R?, the e-Poisson integral is defined by
P Sl as) = | f(€)elemsermi S (2.2.1)
]RQ

where f(€) denotes the Fourier transform of f(z') in R? and 0 < e < 1 is a parameter.
Although P¢f is defined on R? x (—o00,0), we only consider the part R? x (—by, 0)

here.
Lemma 2.2.1. Let Pf be the e-Poisson integral of function f which is in the ho-
mogeneous Sobolev space HI"Y2(2) for ¢ € N. Then we have

¢ C
V9P Flliro < — 1 Fra-sr2 (2.2.2)

where C' > 0 is a constant independent of €. In particular, we have

¢

1P F Il < =

Hf”i]qflm(z) . (2.2.3)

Proof. By the definition of the Fourier transform, Fubini’s theorem and Parseval’s
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identity, we may bound

0 . 2
Vsl < eom [ 1e [fe)] e agas (2.2.4)

2% T R A
< (np [ e [fof ag [ eiimas,
B 2 PPNE: 1_6—2ebolfl>
= np [ 1 o] (S )

(2m)* 201 e[
S AL UG
<

™ 2
v -

We can simply take C' = 7 to achieve the estimate. Furthermore, considering

1 — e—2ebolé] 1
— < mi — b 2.2.5
<) (229
and 0 < € < 1, we have
€ 7Tb0
P 10 < 2 g (2:26)
Hence, (2.2.3) easily follows. O

Lemma 2.2.2. Let P<f be the e-Poisson integral of function f. Then for ¢ € N and

s > 1, we have

. C
VPl < = 1 Mo (227)

Proof. A simple application of the Sobolev embedding theorem and Lemma 2.2.1

reveals

C
VP e < CUVTP Flpanre < — | Flgarecsy - (228)
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The following lemma illustrates the special properties of the vertical derivative.

Lemma 2.2.3. Let P¢f be the e-Poisson integral of function f. Then we have
105 fll7oe < Cellf 2wy - (2:2.9)

where C' > 0 is a constant independent of €.

Proof. We can simply bound
105P fllze < CHOP 72 < Ce [P flzza < Ol fllzags; (2:2.10)

Note the first inequality is based on the Sobolev embedding theorem and the third
one is a straightforward application of Lemma 2.2.1, so we only need to verify the
second inequality in detail.

By definition, it is easy to see

0P = [ 1€l Fe)erem s, (22.11)
R2

Hence, we have

0
€r|2 _ 2 2
P Al = [ [
2 0
— (2;)2 ((27'(')2 /]RQ /—bo |£‘2
2

€ € 2
22 101P f | 570 -

fle)| eesagax, (2.2.19)

o g,

IN
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Similarly, we can show for 7,7 =1,2,3

2

€ € €
||83i7) f”?{o < W ||(91173 f”i]o ) (2.2.13)
2
€ € €
105 P fll 70 < 2n) 10111 P f || 70 - (2.2.14)
Thus we have
105Pf|12e < CE P fI2s (2.2.15)
O
Poisson Integral in the Periodic Case
Suppose 3 = (L;T) x (LyT), we define the e-Poisson integral as follows:
Pef(x/, Z‘3) — Z 627rin-z/€e|n|23f(n> (2216)
ne(Ly ' Z)x(Ly ' 7)
where
iy = [ sy ax (2.217)
n)= x X 2.
b LyLy

Now we need to show the same types of estimates as in the infinite case. Since the
main ideas and the basic techniques are quite similar, we omit the detailed proofs

here and only present the results.

Lemma 2.2.4. Let P¢f be the e-Poisson integral of function f which is in the ho-

mogeneous Sobolev space Hq’l/Q(E) for q € N. Then we have

| Q

IVIP fllr0 < = [1f I3gamsse (2.2.18)

€
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where C' > 0 is a constant independent of €. In particular, we have

. C
1P f s < M W rarr2gsy - (2.2.19)

Lemma 2.2.5. Let P f be the e-Poisson integral of function f. Then for ¢ € N and

s > 1, we have

C
< = | rarscsy (2.2.20)

€

€ 2
IVIPf[ oo
Lemma 2.2.6. Let P¢f be the e-Poisson integral of function f. Then we have
10sP f I 7 < Cell N5y (2.2.21)

where C' > 0 1s a constant independent of €.

Homeomorphism of the Geometric Transform

Theorem 2.2.7. If the initial data satisfies no +b > p > 0 for all ' € 3, then
we can choose a sufficiently small € > 0 such that there exists a § > 0 satisfying

J(0) >4 >0.

Proof. Naturally there always exists a § > 0, such that ny(z’) + b(z") > 2byd > 0 for
any ' € ¥. Based on Lemma 2.2.3 and Lemma 2.2.6, if taking € < 62/(4C? ||no|5/2),

we have

10575 ]| Lo < 0/2, (2.2.22)

where 7§ denotes 7° at t = 0. Furthermore, by the fundamental theorem of calculus,
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we can estimate for any z3 € [—by, 0] and 2’ € X

0
762", w3) — 75(, 0)] < / |05 (z", 2)| dz < bo [| 057 | oo < D06/2. (2.2.23)

—bo

Since 7§(2’,0) = no(x’), we have

b by 7 — .
JO) = —+ M4 gpep =210 T~ | g5 5eh (2.2.24)
bo ' bo by bo

> 26-0/2-6/2=26>0.

Therefore, for given initial data 1y, by taking € = 62/(4C? ||1||%s/2), We can guarantee

J>6>0. [l

2.2.2 Preliminaries

Preliminary Lemmas

Throughout this chapter, we employ the functional spaces defined in [26, Section
2. We write H*(Q) and H*(X) for usual Sobolev space of either scalar or vector

functions. Define

HA(t) = {u(t) € HHQ) : u(t)]s, = 0},
X(t) = {u(t) € H(Q) : ult)]s, =0, V.au - ult) = 0},

(2.2.25)

Moreover, let L2([0, T]; H*(Q2)) and L*([0, T]; H*(X)) denotes the usual time-involved

Sobolev space. Define

HE = {u e L*([0,T]; H*()) : uls, = 0}, (2.2.26)
Xr={ue L*([0,T]; H(Q)) : ulg, =0,V4-u=0}.
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Define the inner product (-, ), to denote the normalized inner product in H* as

(u,v)yo = /Q Ju - v, (2.2.27)

(U, V)31 = / JDgu : Dy, (2.2.28)
Q

and (-, )4+ to denote the normalized inner product in L*([0, T]; Hf), i.e.

(1, V) = /0 (11, D). (2.2.29)

It is easy to see HE(t), X(t), HE and Xy are all Hilbert spaces with above inner
products.

Also we will need an orthogonal decomposition H? = Y (¢) & Y (t), where

YH(t) = (Vage(®)  olt) € H'(1). ()]s = 0}, (2:2.30)

In our use of these spaces, we will often drop the (¢) when there is no potential of
confusion.

Finally we will define the regular divergence-free space in H'(2).
oH! ={ue H(Q): ulg, =0,V -u=0}. (2.2.31)

Basically, following the path of [26], we need to recover all the necessary lemmas
in the general data case. Since most of the results can be generalized to our case
with obvious modifications, we omit the details and only present some important
propositions. Only when key different techniques are employed, are all the details of

the lemmas and proofs given.

The following result gives a version of Korn’s type inequality for the initial domain
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. Here we apply Beale’s idea in [8].

Lemma 2.2.8. Suppose € is the initial domain and ny € H**(X). Then
2 2
HUHHl(QO) S ||DU||H0(QO)7 (2.2.32)

for any v € H'(Qy) and v =0 on {y3 = —b}.

Proof. In the periodic case, X is bounded and vy, = 0, so naturally Korn'’s inequality
is valid (see the proof of [8, Lemma 2.7]). Then we consider the infinite case. First
we prove decay of the initial surface 7, i.e. for |a| < 1, |0%7g| — 0 as |x| — oo in the

slab. For the horizontal derivative 0%, we have

“n = / (2mi€)™e s Itle?m ™ €y (£)d, (2.2.33)
R2

where 1)y is the Fourier transform of 7y in R%. Then

| |@mig) e (&) dg (22.34)

< o pewslé] | 7 5/4 ;)
S R e

1/2 26x3\5|d5 1/2
200 |~ (0|2 5/4\2 €
([t ter aierpa) ([ i)

626x3|§|d§ 1/2
S Ml ([ S) <

The last inequality is valid since x3 < 0. Hence, (2mi€)*e™Slijy(¢) € L'(R?). A

IN

similar proof can justify the result if 0% = 05 the vertical derivative. Since |z| —
oo naturally implies |2'| — oo in the slab, the Riemann-Lebesgue lemma implies

|0%T0| — 0 as |z| — oo.

We construct a mapping & = ®(0) as defined in (2.1.7), which maps Q = {R3 :
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—by < x3 < 0} to Q. Denote g(x) = x 4 o(x). The above decaying property and

our assumption on b lead to 0% (z) — 0 as |z| — oo for |a| < 1.
We partition the slab €2 into cubes
Qir={r:j<xi<j+Lk<zy<k+1 —by <x3<0}. (2.2.35)
In each cube, we have Korn’s inequality
101y < CUDI G0y + 10l710g)- (2.2.36)

Employing the compactness argument as Beale [8] did, under the condition v = 0 on

{z3 = —by}, we can strengthen this result to

[0l 70) < C1Doll501g (2.2.37)
This argument relies on the fact that for such v

HUHéO(Q) <cC HDU”?LIO(Q)' (2.2.38)

Now suppose D C ) is the image of the union of such cubes contained in {|z| > R}
for some R. Applying last estimate to v = u o & and then transforming to 2y, we

have
[ull gy < C DUl oy + 0 llull gy » (2.2.39)

where # < 1 when R is large enough based on the decaying property. Then we use
Korn’s inequality in the bounded domain 2y — D and combine with above estimates

to obtain the desired result. O
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Next, we show the weights introduced by J and & do not affect the Sobolev
norms. Although this result is quite obvious for the small data (see [26, Lemma 2.1]),

now we need to utilize above Korn’s inequality to show it for the general data.

Lemma 2.2.9. There exists a 0 < ey < 1, such that if ||n — noll sz < €0, then the

following relations

2 2 2
memSLﬂM§ﬂ+memMMm@7 (2.2.40)

(2.2.41)
1
(1+ H770HH5/2(2))

2 2 2
NwmmSAJWWISOH%MW@WMM@»

hold for all u € H!.

Proof. (2.2.40) is just a natural corollary of the relation § < || J]|;00 S (1+||VA] 1) S
(L4 1nllgs2) S (L4 ||70l| gs/2) based on our assumptions and the Sobolev embedding

theorem.

To derive (2.2.41), notice
Q Q Q

For the first term on the right-hand side of (2.2.42), based on the integral substitution

and Korn’s inequality we proved above, we have

/J|1D>%u|2dx (2.2.43)
Q
L /J D, ul*d L |Dv|*d
0| Vegpu| dX = vl ay
L+ ol grsr2sy Jo ! L+ noll grsr2sy Joo
1 ) 1 )
2 HU”Hl(QO) Z ||“”H1(Q)'

L+ ||770||H5/2(2) (1+ ||770||H5/2(2))3
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For the second term on the right-hand side of (2.2.42), using Korn’s inequality in slab

), we can naturally estimate

(2.2.44)

/ J(D%U—FDMOU) : (D%u — ]D)%u)
Q

< Nl 17 + ol 7 — Sl / IV

AN

o1+ [1oll ey / Duf?

2
S oL+ ol grs/20s)* Nl o -

For given initial data, we can always take ¢, sufficiently small to absorb (2.2.44) into

(2.2.43). Then we have

1 2
J|Dyul® > ]| : (2.2.45)
/Q (L4 ol gorasy)®

The first part of (2.2.41) is verified. For the second part, notice

[Tl S (1 allgn) [ Dol (2246
Q Q

2 2 2 2
S (L lnoll gar) max{1, |AK |7 , | BE oo, [ K| 7o0 } 1l g -
Since it is easy to see

max{L, JAK |2 IBE 20 KRR} S 14 (14 (Va2 I (2:247)

~Y

S 1+ ||770||H5/2(z))27

then the second part of (2.2.41) follows.

]

Remark 2.2.10. Throughout this section, we can always assume the restriction of n

depending on € is justified, and finally we verify this closeness condition fort € [0,T]
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in the iteration.

It is easy to see [26, Lemma 2.4] still holds in our settings. In the following, we

give an updated version of [26, Lemma 2.5]. Define

K 0 0
M=M({t)=KVd=| ¢ K 0 |- (2.2.48)
AK BK 1

Then M induces a linear operator M; : u — M;(u) = M(t)u.

Lemma 2.2.11. For each t € [0,T], k = 0,1,2, M, is a bounded linear iso-
morphism from H%(Q) to H*(Q) and from (HX(Q)) to X(t). The constant is giv-
en by P(|n(@)| o). If we further define M by Mu(t) = Mul(t), then it is
a bounded linear isomorphism from L?*([0,T); H*(Q)) to L*([0,T); H*(Q?)) and from

L2([0, T30 Hy () to Xr. The constant is given by P(supg<,<r [|1(0) || g7/2(s))-

Proof. 1t is easy to see for each t € [0, 7],

Ml o S IMellco [[ull go S PUNEO /2(s)) N1l o (2.2.49)
[IMeull g S Ml l[ull e S PUARO oo (s)) 1l 1 (2.2.50)
(2.2.51)

[Miullge S IMillon lull gz + lullgo IMill g2 S PR 72 (s) el 2 -

This implies M, is a bounded operator from H* to H¥. Since M, is invertible,
we can estimate [|[M™lo|lp S P([ln()lgr/2(s)) lvllge.  Hence, M; is an isomor-

phism between H*. Also [26, (2-18)] implies M; maps divergence-free functions to

divergence-o/-free functions. Then it is also an isomorphism from (HL(Q) to X(¢).
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A similar argument can justify the case of L*([0,T]; H*) and Xr. O

Pressure as a Multiplier

It is well-known that in the Navier-Stokes equations, pressure can be taken as a
multiplier. With the free surface involved, [26, Proposition 2.9] gives a construction
of pressure from the transformed equation (2.1.12), which is valid for small data.

With obvious modifications, we can achieve the following result.

Proposition 2.2.12. If A, € (Hi(t))* such that A(v) = 0 for all v € X(t), then

there exists a unique p(t) € HO(t) such that
(p(t), V. - 0o = A(v) for all v € H(t) (2.2.52)

and |[p(t)ll30 S PO grer2 ) Al 209+

If A € (HY)* such that A(v) =0 for allv € X, then there exists a unique p € HY.
such that

(P, Vir - 0)g0 = Av) for all v € H (2.2.53)
and |[pllyg S P(supocicr 10 grrz i) 1A a3
Proof. Similar to the proof of Lemma 2.2.11, we can easily recover [26, Lemma 2.5 -

Lemma 2.8] with only replacing the universal constant C' by P([|n(t)| y7/2(x;). Hence,

our results naturally follow. O
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2.2.3 Elliptic Equations

In this section, we study two types of elliptic problems, which are employed in deriving
the linear estimates. For both equations, we prove well-posedness to the higher order

regularity.

o7/-Stokes Equation

Let us consider the stationary Navier-Stokes problem.

Vo Sypu)=F in Q,

Vo u=G in
(2.2.54)

Sgczf(pa u)'/V =V on 27

\u:O on .

Since this problem is stationary, we temporarily ignore the time dependence of 7,
o/, etc. The existence and uniqueness are shown in [26, Lemma 3.5 - Lemma 3.6].
Notice the estimate in [26, Lemma 3.6] does not achieve the optimal regularity of
(u,p). Hence, we employ an approximation argument to improve this estimate. This
is a similar result as in [26, Lemma 3.7|, but with different techniques. For clarity,
we divide it into two steps. In the next lemma, we first prove that the constant can

actually only depend on the initial free surface.

Lemma 2.2.13. Let k > 3 be an integer and suppose n € H*'Y/2(L) and ny €
H¥V2(S). Then there exists e > 0 such that if || — noll s/ < €0, the solution

(u,p) to the system (2.2.54) satisfies

el e + ol rs < Cloo) ( VFllgea 4 1G s + 1V sy ) (2.2.55)
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forr=2,... k—1, whenever the right-hand side is finite, where C'(no) is a constant

depending on ||nol| gr+1/2(s)-

Proof. Based on [26, Lemma 3.6], we have the estimate

[ull g + N2l g S C () < [E e + 1Gl rs + IV gr-sr2sy ) (2.2.56)

for r = 2,...,k — 1, whenever the right-hand side is finite, where C(n) is a constant
depending on ||1[| g+1/2(y)- Define &€ =1 — o, then £ € H*/2(X).
Let us denote % and .44 as quantities in terms of 1y. We rewrite the system (2.2.54)

as a perturbation of the initial status

Vi Swp(pu)=F+F° in Q

V{;Z{O'UZG—FGO in €,
(2.2.57)

S (pyu) M=V + VO on X,

| u= 0 on i,

where

FO = VMO,W : S@V(p, U) + VKQ{O : SDQ{O,%(]?, u), (2.2.58)
G' = Vo u, (2.2.59)
VY = Supu)( N — AN) + Sy (D). (2.2.60)

Suppose [[§]|yx-s/2(s;) < 1, which implies H§||iqk—3/2(2) < [[€ll gga-s/2(sy < 1forany I > 1.
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A straightforward calculation reveals

1)

w0 O Imoll o) €l me-sre sy (Nl g + 1Pl e—1){2-2.61)

I16°)

w0 OO Imollgrenres) 1€l s sy lull g (2.2.62)

IVl sy < CQ ol gerveqsy)* €N areqsy (lull g + 1Pl grr-1)(2.2.63)
forr=2....k—1.

Since the initial surface function 7y satisfies all the requirements of [26, Lemma

3.6], we arrive at the estimate that for r =2 ... k—1

HUHHT+||p||HT 1 f§ C 770 <HF+FO‘ Hr— 2+“G+GO‘ Hr— 1+HV+VO‘ HT_?’/Q(E))’
(2.2.64)
where C'(1) is a constant depending on ||7o|] ;x+1 /2(x;)- Combining all above, we obtain
[ull g + 1PNl e (2.2.65)

< Cm) ( [Fl s+ Gl pes + ||V||Hr3/2@>)

+C(0) (1 + 0]l pprsrsaqssy)* 1€l prnmsragssy (el e + 12l g )-

So if

lél = {1 i } o
) min 7 B
HkE=3/2(%) = 274CC (o) (1 + ||770||Hk+1/2(2))

we can absorb the extra terms on the right-hand side of (2.2.65) into the left-hand

side and get a succinct form

[ull g + 12l rr S C0) ( IE N e + 1Gl rs + IV o323y ) (2.2.67)
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forr=2,...,k—1. O

The next result allows us to achieve the optimal regularity.

Proposition 2.2.14. Let k > 3 be an integer. Suppose n € H*/2(X) and 1y €
H*Y2() satisfying ||n — Moll gresr/2sy < €0. Then the solution (u,p) to the system
(2.2.54) satisfies

[l g + 121 - S C(0) ( [E e (Gl s + IV r-3r2s; ) (2.2.68)

forr=2,... k+1, whenever the right-hand side is finite, where C(ny) is a constant

depending on ||T]0||Hk+1/2(z)'

Proof. 1f r < k—1, then this is just the conclusion of Lemma 2.2.13, so our main goal
is to gain more regularity for » = k and r = k4 1. The main ideas here is utilizing the
equations to control the higher order vertical derivatives by the horizontal derivatives.

The weight o7 makes this procedure quite complicated.

In the following, we first define an approximating sequence for n. In the infinite
case, we let p € C5°(R?) be such that supp(p) C B(0,2) and p = 1 for B(0,1). For
m € N, define n™ by 7™(&) = p(§/m)n(§) where " denotes the Fourier transform. For
each m, n™ € H’(X) for arbitrary j > 0 and also n™ — 1 in H**/2(X) as m — co. In
the periodic case, we define 7™ by throwing away the higher frequencies: 7™ (n) = 0
for |n| > m. Then n™ has the same convergence property as above. Let &/™ and
™ be defined in terms of n™.

Consider the problem (2.2.54) with o/ and .4 replaced by &/™ and 4™. Since

n™ € H*5/2 we can apply [26, Lemma 3.6] to deduce the existence of (u™, p™) that
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solves )
Vgm - Sgm(p™,u™)=F in
ng U =G in Q,
(2.2.69)
Som (™ u™) M =V on X,
\ u™m = on Xy,
and such that
(2.2.70)

[ e + 1™ W s S CUN™ s o) ( 1EW ez + Gl s + IIVIIHrs/z(z)),

forr=2,...,k 4+ 1. We can rewrite above equations in the following shape:

;

—Aymu™ +Vymp™ =F +VymG in Q,
V,Q/m U™ =G n Q,
(2.2.71)
(@™ = Dymu™) AN ™ =V on X,
u™ =0 on 2.

\

In the following, we prove an improved estimate for (u™, p™) in terms of ||| jxs1/2(x-

We divide the proof into several steps.

Step 1: Preliminaries.

To abuse the notation, within the following procedure, we always use (u, p,n) instead
of (u™,p™,n™) to make the expressions succinct. Also it is easy to see the term
VgmG does not affect the estimates because ||Voym G|l -1 S 10" || grsrsoisy Gl e

Hence, we still write F' to indicate the forcing terms.
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We write explicitly each term in above equations,

011u1 -+ 822U1 + (1 -+ A2 + B2)K2833u1 — 2AK813U1 — 2BK823u1

HAKy(AK) + BK0y(BK) — 0y(AK) — 05(BEK) + KOy K )1 + dyp — AKdsp — Fi,
(2.2.72)
O11us + Opotig + (1 + A? + B?)K2033uy — 2AKO13u9 — 2BK a3
HAK(AK) + BEOy(BK) — 01(AK) — 0s(BK) + Ky K)0yus + dyp — BKdsp — F,
(2.2.73)
O11us + Oz + (1 + A% + B?)K20s3u3 — 2AKO13u3 — 2BK Oa3us3

H(AKO3(AK) + BKOy(BK) — 0\(AK) — 95(BK) + K03K)d5uz + Kdsp = Fi,

(2.2.74)
8lul - AK63U1 —+ 32u2 — BK83U2 + K83U3 = G, (2275)

For convenience, we define
2 = C(m)P(n) ( VF s + G + IV 2 ) (2.2.76)

where C(1) is a constant depending on [[no| gr+1/2(x) and P(n) is a polynomial of

H77‘|Hk+1/2(2)'
Step 2: r = k case.
With the (k — 1) order elliptic estimate, we have

ull s + 12l 52 < C o) ( 17— + G 5pn-s + IIVIIqus/z(z)) S 20 (2277)

By Lemma 2.2.13, the constant C(ny) only depends on ||nol| yrs12. For i = 1,2,



(Oyu, O;p) satisfies the equations

;

~Ay (D) + Vo (dp) = F in 9

Vo (0u) =G in ),

((Oip)I =Dy (Ou)) N =V on X,

\ O;u=20 on Xy,

where

s
Il

&;F —+ V&.Q/ Vayu+ V- vaidu - Vaimfp,

()
Il

0,G — Vo, - U,

V = 81‘/ — (p] — Dg/u)ay/i/ —f—]DaZQ{U(/V

Employing the (k — 1) order elliptic estimate, we have
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(2.2.78)

(2.2.79)
(2.2.80)

(2.2.81)

orulscs 4 10e S Clm) (IF s + Gl 4 17 sy ) (2282

Except for the derivatives of F'; G and V, all the other terms on the right-hand side

have the form ||A - B|

gy in which A = 9°7 and B = 0%u or 9°p. These kinds of

estimates can be achieved by [26, Lemma A.1 - Lemma A.2]. Hence, we have the

forcing estimate

||F||§{’“*3 + Hé}li{kﬂ + HVHZk75/2

(2.2.83)

S M2 + G s + 1V a2y + Clo0) () ( [ ||p||§kz>

N

Z.
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In detail, this means

|0vull s + 110121 iz + 10sull s + 12pll e S 2. (2.2.84)

~Y

Hence, most parts in ||u||;« + ||p|| y+-: have been covered by this estimate, except
those with the highest order derivative of d3. Multiplying (2.2.74) by A and adding

it to (2.2.72) eliminate the Osp term and lead to

(811u1 + A811U3) + (622u1 + A822U3) + (]_ + A2 + B2)K2<833U,1 + A633u3)
—2AK(813U1 + A813U3) - 2BK(623U1 + A823U3)
+(AK85(AK) + BKO3(BK) — 0,(AK) — y(BK) + K05 K)(dyuy + Adyus)

—l—@lp = F1 + AFg
(2.2.85)

Then taking derivative 952 on both sides, we can focus on the term (1 + A% +

B?)K?(0%uy + Ad¥u3). The estimates of all the other terms in H° norm imply
88wy + Adbus|[0 < 2. (2.2.86)

Similarly, we have

|05 us + Bokus| e < Z. (2.2.87)

Rearranging the terms in (2.2.75), we get

K(l + A2 + 32)83U3 =G — 81114 — 82’&2 + AK(@gul + A83U3) + BK(a3u2 + Bag’u;;).
(2.2.88)

Taking derivative 05! on both sides, we obtain

|88 us||0 < 2. (2.2.89)
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Combining (2.2.86), (2.2.87) and (2.2.89), it is easy to see
105 [0 + ([0l o < 2. (2.2.90)
Plugging this into (2.2.74) and taking derivative 9572 on both sides, we get
185 || S 2. (2.2.91)
Combining this with all above estimates, we have proved

el + lpllpes S 2. (2.2.99)

~

This is the result for the case r = k.

Step 3: r = k + 1 case: horizontal derivatives.
We can take 0; derivative for 4, j = 1,2 on both sides of (2.2.78). Then by a similar

argument as in Step 2, we obtain

10116 Frems + [|Oroul|5pums + [|Oo2ul| s + 101D 5z + 10128 5z + |002p | 7z S 2.
(2.2.93)

Step 4: r = k + 1 case: mixed derivatives.
Similar to the » = k case argument, for ¢« = 1,2, taking derivative 8§_28Z- on both

sides of (2.2.85) and focusing on the term 959;u; + Ad5d;uz, we get

|05 Dur + ABE D[y < 2. (2.2.94)
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Similarly, we have

|85 05uz + BOEOus|| e S Z. (2.2.95)

Plugging this result into (2.2.85) and taking derivative 95720; on both sides, we get
|85 Dsus |0 < 2. (2.2.96)
The direct estimates for these three terms imply
[0k Dul|5, < 2. (2.2.97)
Plugging this into (2.2.74) and taking derivative 95720; on both sides, we get
1851 ||50 S 2. (2.2.98)
Combining all above estimates, we have shown
|05 2es + || Osip |52 < 2. (2.2.99)
This is actually

1Osull7s + [|O2sul| Freer + [|O13p] iz + |02l Fpn2 S 2. (2.2.100)

Step 5: r = k + 1 case: vertical derivatives.
Again we use the same trick as above. Taking derivative 95 * on both sides of (2.2.85)
and focusing on the term 05 *'u; +Ad5 ™ uz, we can bound 05 u; — A9Y T us. Similarly,

we control 8§+1u2 — BG§+1u3. Plugging this result into (2.2.75) and taking derivative
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0¥~ on both sides, we can estimate 95 'us. Then we have
|05+ u?, < 2. (2.2.101)
Plugging this into (2.2.74) and taking derivative 057! on both sides, we get
105p]50 < 2. (2.2.102)
Combining all above estimate, we get

sl s + [9aspl e S 2. (2:2.103)

Step 6: r = k + 1 case: conclusion.
To synthesize, (2.2.93), (2.2.100) and (2.2.103) imply all the second order derivatives
of u in the (k — 1) order Sobolev norm and p in the (k — 2)"* order Sobolev norm

are bounded, so we naturally have the estimate

laleon + ol < Clo) P(n) ( VEI s+ G+ VI e ) (2.2.104)

Now let us go back to the original notation. Since P(-) is a fixed polynomial, this
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gives the estimate

[ i (2.2.105)

< Cl)P™) ( VFRys + G2 + ||V||zm@>)
< Cm)P) ( IF IRy + 1G] + aniwm)
< Clnm)P) ( 1F s + G + Hvui]wm)
< Clm) ( s 4+ G + V] vy )
where C(no) depends on [|1o|| gu+1/2(y)- This bound implies the sequence (u™,p™) is

uniformly bounded in H**! x H* so we can extract weakly convergent subsequence

u™ — 4% and p™ — p°.

In the second equation of (2.2.69), we multiply both sides by J™w for w € C§° to

achieve

(2.2.106)
/QGme = /Q(Vdm cuMwJ™ = —/Qum (Vgmw)J™ — —/Quo (Vgw)J
— (9

which implies V,, - u® = G. Then we multiply the first equation of (2.2.69) by wJ™

for w € H! and integrate by parts to get

1

2 Q Q Q P

Passing to the limit m — oo, we deduce

1
—/]D)duo:deJ—/pOVd~wJ:/F-wJ—/V‘w, (2.2.108)
2 Ja Q Q >
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which reveals, upon integrating by parts again, (u°, p°) satisfies (2.2.54). Since (u, p)

0

is the unique strong solution to (2.2.54), we have u® = u and p° = p. The weak lower

semi-continuity and the estimate (2.2.105) imply (2.2.68). O

<7/-Poisson Equation

We consider the elliptic problem

A;zfp = f n Q>

Vyp-v=v on .

The existence and uniqueness of this equation can be found in [26, Lemma 3.8]. A

similar argument as in Proposition 2.2.14 shows the following result.

Proposition 2.2.15. Let k > 3 be an integer. Suppose n € HFYY2(X) and ny €
H*V2(S)). Then there exists a e > 0 such that if ||[n — nol| gr—s/» < €0, solution p to

the system (2.2.109) satisfies

12l - < C(110) ( 1 L + gl 12wy + 0l gr-s/2 s, > (2.2.110)

forr=2,... k—1, whenever the right-hand side is finite, where C(ny) is a constant

depending on ||1o]| grs1/2(x; -
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2.2.4 Linear Navier-Stokes Equations

In this section, we show the well-posedness of the linear Navier-Stokes problem

3tu — A,Q{U + VEQ{U =F in Q,
VJZ{ -u=0 in Q,

(2.2.111)
(pl —Dyu)V =V on X,

u=>0 on .

\

Following the path of I. Tice and Y. Guo in [26], the result is quite obvious and we

only present the main propositions.

Initial Data and Compatibility Conditions

We need to define the energy and dissipation in our estimates. It is noticeable that our
definitions are slightly different from those in [26]. Here are some quantities related

to the initial data.

N N-1
Holw,p) = D [0 [onss + OO o aes s (22112)
J=0 j=0
Ko(ug) = |luoll3pon , (2.2.113)
N
Ho(n) = [1n(0) 3220wy + 9 10000) | ar—ssvaas, (2.2.114)
j=1
Ko(m) = lImollfzni/zcsy (2.2.115)
N— N-1

Ho(F, V) = ZH@JF ] AL ] — ey - (2:2.116)

Jj=0 j=0



Furthermore, we need to define mappings G* on Q and G2 on X.
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G'v,q) = —(R+0JK)A v —0,Rv+ (0,JK + R+ R")V 4q (2.2.117)

G*(v.q) =

The mappings above allow us to define the higher order forcing terms.

1,..., N, we define

VO

FI

VI

Finally, we define the general quantities we need to estimate as follows:

+V - (DQ{(RU) — RD v + Dat@ﬂ}),

DW(R'U)JV — (q[ — de)ate/’/ —|-Dat%'U</V.

- F

=V,

— D 4 GN DI, 007 p)

— DIF+ Ji DG (D™, o),
=0

= DV 4+ GH(DI w87 p)
i—1

= DIV S PGP o).
=0

N N—-1
; 2 ; 2
— § E J
- HaguHLooHQN—% + HatpHLooH2N—2j71 ’
j=0 Jj=0

N N-1

— E § J

- HatjuHL2H2N—2j+1 + Hatp”LQHQN—Qj 9
Jj=0 J=0

= &(u,p) +D(u,p),

(2.2.118)

For j =

(2.2.119)
(2.2.120)

(2.2.121)

(2.2.122)

(2.2.123)

(2.2.124)

(2.2.125)
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N
Em) = ||77||iooH2N+1/2(z) + Z HagnHiooHWﬁjH/z(z) ) (2.2.126)
=1
N+1 ) ) ’
D) = > )0l papon-asiorns (2.2.127)
j=2
K(n) = &)+ D(n), (2.2.128)
(2.2.129)
N-1 _ N ) N ' )
KIEV) = S0 g [N+ D2 [0V s
— £
j N—-1 N-1 ’

B S T2 R
0 =0

j=

For j =0,...,N — 1, we say that the j* compatibility conditions are satisfied if

Dlu(0) € H2(Q) N X(0),

| (2.2.130)
o(VI(0) 4+ Dy D u(0)Ag) = 0,
where
Dy =0u—Ru for R=0MM™", (2.2.131)
M is defined in (2.2.48) and
o(v) = v — (v- )N | M| 2 for A= (—=ding, —Damo, 1). (2.2.132)

The construction of the higher order initial data satisfying these conditions are dis-

cussed carefully in [26, pp.327-328]. Under this construction, we have the estimate

Ho(u, p) S P(Ho(n)) + P(Ko(uo)) + P(Ho(F, V). (2.2.133)
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Local Well-posedness of Linear System

Theorem 2.2.16. Suppose Ko(ug) < 0o, K(n) < oo and the initial conditions are
constructed to satisfy the 5 compatibility conditions (2.2.130) for j = 0,1,...,N—1,
with the forcing functions satisfying IC(F, V') + Ho(F, V) < oo. Then there ezists a
universal constant Ty(n) > 0, which depends on L(n) as defined in the following, such
that if 0 < T < Ty(n), then there exists a unique strong solution (u,p) to the system

(2.2.111) on [0,T] such that

dHu e L0, T); HN -2+ N ([0, T); H*N=%) for j=0,...,N,(2.2.134)
o/p € L([0,T]; H*N"2)n C°([0, T}; H*N"7) for j=0,...,N -1,

ONthy € X
Also, the pair (u,p) satisfies the estimate
K(u,p) < L(n) (P(/Co(u())) + P(Ho(F,V)) + P(K(F, V))) (2.2.135)

where

Lin) = PK(n)) cxp (TPUC(n))). (2.2.136)

Furthermore, the pair (Diu,d/p) satisfies the system

;

0/(Dju) — Ay (Dju) + V. (8p) = FI in Q,
V.- (Dlu)=0 mn €,
”(t? (2.2.137)
Sw/(Ofp, Dju)N =V on X,
\ Dju=0 on Xy,

in the strong sense for j =0,..., N —1 and in the weak sense for j = N.
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Proof. This theorem is almost identical to [26, Theorem 4.8]. Since our free surface 7
can be general, the only difference here is we keep the polynomials of K(n) and Ho(n)

in the final estimate instead of further simplifying them. ]

2.2.5 Transport Equation

In this section, we prove the well-posedness of the transport equation

oM + w101 + uedon = ug on X,

(2.2.138)
n(t=10)=mno on .
Local Well-posedness of Transport Equation
Define the quantity
N o A S
oI NN (12471 | N S N 127271 e (2.2.139)
J=0 j=0

Obviously, we have the relation Q(u) < KC(u,p). Simply taking temporal derivative
on both sides of (4.1.1), we can iteratively define the higher order initial data, which

satisfy the estimate

Ho(no) S P(Kolmo)) + P(Ho(u,p)).- (2.2.140)

Theorem 2.2.17. Suppose Ko(n) < oo and Q(u) < co. Then the problem (4.1.1)
admits a unique solution n obeying KC(n) < oo and satisfying the initial data 3!n(0)

for 7 =0,...,N. Moreover, there exists a 0 < T(u) < 1, depending on Q(u), such
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that if 0 < T < T, then we have the estimate

Kn) < P(Ko(n)) + P(Qw)), (2.2.141)

where P(-) is a polynomial satisfying P(0) = 0.

Proof. This can be done following a similar path as in [26, Lemma 5.4], so we omit

it here. O

Next, we introduce a lemma to describe the difference between n and 7y in a small

time period.

Lemma 2.2.18. If Q(u) + Ko(no) < 0o and Ho(u,p) < 0o, then for any 6 > 0, there
exists a T(0) > 0 depending on Q(u) and Ko(no), such that for any 0 < T < T, we

have the estimate

||77 - 770”%00112N+1/2(2) <. (2.2.142)

Proof. & = n — ny satisfies the transport equation

O + u101€ + ue0o€ = ug — u101mp — ugdomny on X,
£(0) = 0.

(2.2.143)
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By the transport estimate in [26, Lemma A.11], we have

€11 oo pransiras; (2.2.144)

T
S (o R T —y

T
< ( | st®) = 09 — w0l dt)
0

IN

S VT (VIQW ) (PUalm)) + Pla(u,p) + P(QW) ).

Hence, when T is small enough, our result naturally follows. O]

Forcing Estimates

Now we need to estimate the forcing terms which appear on the right-hand sides
of the linear Navier-Stokes equations. Compared to the system (2.1.12), the forcing

terms are as follows:

F = OnbKdsu —u-Vu, (2.2.145)

Vo= nA. (2.2.146)

Recall we define the forcing quantities as follows:

(2.2.147)
N-—1
KEV) = Y N s o + 10 I+ 3100V
i=0 =0
’ N—-1 ‘ ) N-1 .
T {72 PRI 4 R
=0 =0
N-1

Ho(F,V) = HM ][ +ZH@W O rav-ssaagyy - (22148)

M
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In the estimates of the Navier-Stokes-transport system, we also need some other

forcing quantities.

(2.2.149)
2 2 N
FEY) = SN0 s + 108 g+ S VI sy
=0 =0
s S Nl
%(F7 V) - HagFHLQHQN—Qj—l + Z HagvHLzHy\ffg]',l/g(E) . (22150)
=0 =0
Theorem 2.2.19. The forcing terms satisfy the estimates
K(F,V) < P(K(n)+ P(Q(uw)), (2.2.151)
Ho(F\ V) S P(Ko(no)) + P(Ko(uo),) (2.2.152)
F(FV) < P(K(n)+ P(Qu)), (2.2.153)
H(F,V) < T(P(K(n)) +P(Q(u))), (2.2.154)

where P(+) is a polynomial with P(0) = 0.

Proof. The estimates follow from simple but lengthy computations, involving the

standard argument, so we only present a sketch of the proof here.

After we expand all the terms with the Leibniz rule and plug into the definitions
of FJ and V7 it is easy to see the basic form of estimate is || XY |22 5 or || XY ||3
where X includes the terms only involving 7 and Y includes the terms involving
u, p, F or V. Employing [26, Lemma A.1 - Lemma A.3|, we can always bound
XY e S IX g 1Y B 08 1XY e S X g [V 2200, and also
IXY (|3 o i SUXN e gty 1Y ][5 00 5o - The principle of choice in these two options for
L?H* is not to exceed the highest order of derivatives in the right-hand sides of the

estimates. A detailed analysis shows this goal can always be achieved. In (2.2.151),
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note the trivial bound

107 F | SOV F[ a0 - (2.2.155)

* o~
XT

Also in (2.2.154), the key part is the appearance of the constant 7. We first trivially

bound it as follows:

N-1 ‘ ) N-1 ‘ )
Z H&{F”L2H2N72jf1 + Z Hagv”LszN_g]-_l/g(E) (22156)
] N-1 4] ) N-1 . )
SO DICTY ANNEES SiC 1Y -
J=0 j=0

Then an application of the inequality 2ab < a? + b? implies the desired estimate. [

Remark 2.2.20. The reason why we can get the constant T lies in that, in the
nonlinear Navier-Stokes equations, velocity in the nonlinear terms actually has one
less derivative than the linear terms, which makes it possible to use Lemma A.1.15.
The appearance of T in (2.2.154) plays a key role in the following nonlinear iteration

argument.
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2.2.6 Navier-Stokes-Transport System

In this section, we study the nonlinear system

o — 6tﬁl~)Kc93u +u-Vyu—Ayu+Vyp=0 in €,

Vd cu=20 n Q,
S&V(pa U)JV = 77]‘/1/ on Ea
u=0 on Xy,

(2.2.157)
u(z,0) = up(x),

Ogn + u101n + ua0on = ug on X,

[ (2", 0) = no(").

We first show the compatibility conditions and then construct an iteration to show

the well-posedness.

Initial Data and Compatibility Conditions

Define

Ko = Ko(uo) + Ko(no)- (2.2.158)

We say (ug, 10) satisfies the N** order compatibility conditions if

V. - (DIu(0)) =0 in
DJu(0) =0 on Y, (2.2.159)
IIo(VI(0) 4+ Dy DIu(0)AG) =0 on X,
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for j =0,...,N — 1. The details can be found in [26, pp.338-339]. The following is

a direct estimate of this construction.

Theorem 2.2.21. Suppose (ug,1n0) satisfies Ky < co. Let du(0), d/n(0) for j =
0,...,N and &p(0) for j =0,...,N — 1 be defined to satisfy the N compatibility

conditions. Then

for a given polynomial P(-) with P(0) = 0.

Construction of Iteration

For given initial data (ug, 1), by the Sobolev extension theorem in [26, Lemma A.5],
there exists a u” defined in Q x [0, 00) such that Q(u°) < Ko(up) coinciding with the
initial data to the N** order. By solving the transport equation with respect to u°,
Theorem 2.2.17 implies there exists a 7" defined in Q x [0,7p) such that K(n°) <

(1+ Ko(no))P(Q(u?)) < P(Ky) < oo. This is our starting point.

For any integer m > 1, define the approximating sequence (u™,p™,n™) on the

existence interval [0, T,,) by solving the system

ou™ — Agymau™ + Vymp™ = 8tﬁm_1l~)Km_183um_l in €,

Vym-1-u™=0 in €,

] —Dymau™) AL = gl ymet on X,
v rm-iu”) K (2.2.161)
u™ =0 on X,

o™ + ur o™ + uy'Oon™ = uy’ on X,
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where (u™,n™) satisfies the common initial data (ug,no), and ™, A K™ are
given in terms of ™.

This is only a formal definition of iteration. In the following theorems, we finally
prove this approximating sequence can be defined for any m € N and the existence

intervals T;,, do not shrink to 0 as m — oo.

Boundedness Theorem

Before we start to prove the boundedness result, it is useful to notice that, based on
the linear estimate (2.2.135) and the forcing estimates in Lemma 2.2.19, this sequence
can always be constructed and we can directly derive an estimate

K(u™ %, p™ ) + K™ < P(Qu™) + K(n™) + Ko), (2.2.162)

~Y

when T is sufficiently small, where P(-) is a polynomial satisfying P(0) = 0. Since the
initial data may not be small, this estimate cannot meet our requirements. Hence,

we have to go back to the energy structure and derive a stronger estimate.

Theorem 2.2.22. Assume J° > § > 0 and the initial data (ug,no) satisfies the N
compatibility condition. Then there exists a constant 0 < Z < oo and 0 < T <
1 depending on Ky, such that if 0 < T < T and Ky < oo, then there exists an

infinite sequence (u™,p™,n"™)5°_, satisfying the iteration equation (2.2.161) within

the existence interval [0,T) and the following properties.

1. The iteration sequence satisfies the estimate

Qu™) +K(n™) < Z (2.2.163)
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for arbitrary m, where the temporal norm is taken with respect to [0,T).

2. For any m, J™(t) > §/2 for 0 <t <T.

Proof. This theorem is basically an updated version of [26, Theorem 6.1]. However,
this proof is much more complicated than the original one. The original proof directly
applies the estimates in the Navier-Stokes equations and the transport equation. In
our case, without the smallness assumption, the iteration will not be bounded with

the same method. Hence, we have to go back to the natural energy structure.

Let’s denote the above two assertions related to m as statement P,,. We use an

induction to prove this theorem.

Step 1: Py case.
This is only related to the initial data. Obviously, the construction of u° leads to
Q(u’) < K. By the transport estimate in Lemma 2.2.17, we have K(n°) < P(Ky)

for P(0) = 0. We can choose Z > P(Ky), so the first assertion is verified.

Define £ = n° — 1y the difference between the free surface at later time and its
initial data. Then the estimate in Lemma 2.2.18 implies [|€°]] ;w52 < T'Z. Naturally,

Y

supeior) |/0(t) = J2(0)] S €% oo grse < T'Z. Thus when we take T' < §/(2Z), then

JO(t) > §/2. So the second assertion is also verified. In a similar fashion, we can

verify the closeness assumption in Remark 2.2.10. Hence, Py is true.

In the following, we assume P, ; is true for m > 1 and prove P, is also true.
As long as we can show this, by induction, P, is valid for arbitrary n € N. Cer-
tainly, the induction hypothesis and (2.2.162) imply Q(u™ 1) + K(n™ ') < Z and
K™ p™) +Kn™) < CP(Ko + 2).
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Step 2: P, case: estimates of v via energy structure.
By Theorem 2.2.16, the pair (DNu™ 0Nu™) satisfies the equations (2.2.137) in the

weak sense, i.e.

Oh(DNu™) — A ym—1 (DN u™) + Vym—1 (0N p™) = FN in Q,
Vgm-1-(DNu™) =0 in €,

omot (D) (2.2.164)
Sym—1(DNu™ ONp™) N = VN on X,
DNy™ =0 on X,

where 'V and V¥ are given in terms of u™ and ™ ~!. Hence, we have the standard

weak formulation, i.e. for any test function v € X;"~', the following holds

1
(DY U™, )9 + §<]D>W_1D5V U™ D ym-1th) g0, = (DN u™, FN) 30 — (DY u™, VN o1

(2.2.165)
Therefore, when plugging into the test function ¢ = DNu™, we have the natural

energy structure

t
1/J|vaum]2+l/ /J\]D)W_lD,{Vumf: (2.2.166)
2 Ja 2 Jo Ja
t
1/J(0)1ngum(0)}2+1/ /atJ\DgVumf
2 Q 2 0 JQ

t t
+/ /JFN~DgVum—/ /VN~D,fVum.
0 JQ 0 JQ

We can easily give the preliminary estimates for the left-hand side (LHS) and the
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right-hand side (RHS).

LHS Z ||[DNu™([; 0+ |DNu™ |0 (2.2.167)
RHS < P(Ko) +TZ||DNMu™|} o (2.2.168)
FVTZ[[FN|| o DN | e o + VTNV e ooy 198 0™ gy

S P(Ko) + TZ||DNu™ |} pyo + VT [ FV][} 20

VT ZDYU" [ o + VTNV [y + VT IO [

for a polynomial P(0) = 0. Taking 7' < 1/(16Z%) and absorbing the extra terms on

RHS into LHS imply

(2.2.169)

(L S 2T e

< P(Ko) + VT HFNHiQHO +VT HVN”Z;OOH*/?@) '

Dropping the ||Div umHioo o term, we derive the further estimate for ONu™

10N 2 S PUCo) + VT FY o + VT VY| oty (2:2.170)

()

N, m N, m||2
+{[DM ™ = 0N ™[ g

Then we need to estimate each term on RHS. For the middle two terms, it suffices to
show they are bounded, However, for the last term, we need a temporal constant T

within the estimate, which can be done by Lemma A.1.15.

(2.2.171)
FY < P (S o + S i P F(F,V
[EN g S PEG™ N D 0™ agye + D 10007 [ o | + FEV)
j=0 7=0

< P(Ko+ 2)+ F(F, V),
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(2.2.172)
, N-1 , No1o
HVNHLOOH*W(E) S PRG™) ( Z H@fumHLwﬁﬂ T Z Hatjpm”LOOHl) +F(EV)
5=0 §=0
S PKo+ Z)+ F(E V),
(2.2.173)
1D um = ™| oy S VT (IDY0™ = O™ |
N-1
m— i ml|?
< VIR 00 e )
§=0
< VTP(Ky + Z).
Therefore, to sum up, we have
10N U™, S P(Ko) + VTP(Ko + Z) + VTF(F,V). (2.2.174)
Step 3: P, case: estimates of u™ via elliptic estimates.
For 0 < n < N — 1, the n*" order Navier-Stokes system is as follows.
(
O(Dju™) — Ay (Dpu™) + Vo (Opp™) = F™ in - Q,
V- (DM™) =0 in Q,
! (D) (2.2.175)
S (D™, O p™) N = V" on X,
| Diu™ =0 on X,

where F™ and V™ are given in terms of «™ and n™~1.
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A straightforward application of the elliptic estimates reveals

(2.2.176)

||D’tnum||iQH2N72n+l 5 ||8tD?um||iQH2N72nfl + ||Fn||i2H2N72n71 + ||Vn||i2H2N72n71/2 .

By triangle’s inequality, we have

(2.2.177)

S ) | S 1 [

~

190Dy — Opu™) |2 gronancs + D™ — O™ |22 pron s

Then we give a detailed estimates for the terms on RHS. These estimates can be

easily obtained as what we did before, so we omit the details here.

[P /Frymsa—— (2.2.178)

N-2 N—2
N TP(/C(nm_l)) ( Z HagumHioonzv—%—l + Z Hat]pmHioon—zj—z) +H(EV)

J=0 J=0

S TP(Ko+ Z)+H(EV),

IV 72 gov-2n1r2(xy (2.2.179)

N-2 N-2
TPKm™) ( Sy S Hazpmu;HW)

J=0 J=0

N

YH(E,V)

S TP(Ko+ 2Z)+H(EFV),
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10:(Dyu™ — O u™) |72 gaw—2as (2.2.180)

TP(K(" ) ( NZ (A — )

TP(Ky+ 2),

N

N

| DPu™ — 0P u™ |3 prow—am i1 (2.2.181)

N-2
TP<fc<nm1>>(Z Hai'um||iwmmm)
=0

TP(Ko + 2).

AN

N

Therefore, to sum up, we have

N-1
> l0pum 12 apgan—2nis S TP(Ko + 2) + H(F V). (2.2.182)
n=0

Step 4: P, case: synthesis of estimates for u™.

Combining (2.2.174), (2.2.182) and Lemma A.1.14, we can deduce
Q(u™) < P(Ko) + VTP(1+ Ko+ Z) + VTF(F, V) +H(F,V). (2.2.183)
Then, by the forcing estimates in Lemma 2.2.19, we have

F(FV)

AN

P(K(™ 1) + P(Q(u™)) S P(2) (2.2.184)

P
HF,V) < T(P(/C(nm—l))+P(Q(um—1)))5TP(Z). (2.2.185)



60

Hence, to sum up, we achieve the estimate
Q(u™) < P(Ko) + VTP(Ko + Z). (2.2.186)

This is actually
Q(u™) < CP(Ky) + VTCP(Ko + Z) (2.2.187)

for some universal constant C' > 0. So we can take Z > 2CP(K,). Taking T suffi-

ciently small depending on Z, we can bound Q(u™) < 2CP(Ky) < Z.

Step 5: P, case: estimate of ™ via transport estimate.

The transport estimate in Lemma 2.2.17 leads to
K(n™) < P(Ko) + P(Q(u™)) (2.2.188)
for P(0) = 0. Hence, we can take Z > P(Ky) + P(2C'P(Ky)) to obtain

K™ < Z. (2.2.189)

Step 6: P, case: estimate of J"(t).
For ™ = 0™ —nj, the transport estimate in Lemma 2.2.18 implies ||| ;o g5z S T 2.
Naturally, sup;eio 7y [J™(t) — J™(0)| S 1€ | poc sz S TZ. Thus taking 7' < 6/(22),

we have J™(t) > 6/2. A similar argument can justify the closeness assumption in

Remark 2.2.10.
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Synthesis.
Above estimates show we can take Z = CP(Ky) and T small enough depending on
Z to obtain

Qu™) +K(n™) < Z, (2.2.190)

and

J™t)>6/2 for tel0,T] (2.2.191)

Therefore, P, is verified. By induction, we conclude P, is valid for any n € N. It is

noticeable we can take Z = P(Ky) where P(-) satisfies P(0) = 0. O

Theorem 2.2.23. Assume exactly the same conditions as Theorem 2.2.22. Then we
have the estimate

K™, p™) + K(n™) < P(Ko) (2.2.192)

for a polynomial satisfying P(0) = 0.

Proof. This is a natural corollary of above theorem. Since we know Q(u™!) < Z,
by relation (2.2.162), it implies I(u™, p™) is bounded for any m € N. O
Contraction Theorem
Define
. _ 2 2 2 2 2 2
N, ¢;T) = ol gz + [[0ll7255 + 1000[ oo o + 1000|720 + lall oo + llallz22
2 2 2
MG T) = (1€ 00 g5y + 100 113725y + 107N 2o sy
(2.2.193)

Theorem 2.2.24. For j = 1,2, suppose v/, ¢/, w? and {7 satisfy the same initial
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conditions for different j and the system

(

0! — Ayyv? + Vo qf = DK O5w? — w -V yw? in Q,
V-0 =0 in €,
Syil(@ NN =T NI on
a1(¢5 ) ¢ (2.2.194)
v =0 on Xy,
07 = w? - NI in €,
\

where /7, A7 and K7 are in terms of (7. Assume K(w?,0), K(v/,¢) and K({) is
bounded by Z. Then there exists 0 < T < 1 such that for any 0 < T < T, we have

the contraction relations

Nt — 02, ¢' — ¢ T) < N(w' —w?, 0;7T), (2.2.195)

1
2
M — ¢ T) <N(w —w?, 0; 7). (2.2.196)

Proof. We divide this proof into several steps.

Step 1: Lower order equations.

1

Define v = v! —v?%, ¢ = ¢! — ¢®, w = w' —w? and ¢ = ¢ — (2, which has trivial initial

condition. Then they satisfy the equation as follows:

8tv + VA1 : S_Al (q,v) = H! + V&ﬂ . (D(<Q{1_M2)1}2) in Q,

Va, -v=H? in ,
(2.2.197)
S.A1 (q,v),/Vl = H3 + D(JZﬂ,MQ)UQr/Vl on X,

\v:() on X,



where

Hl

H2

H3

63

(2.2.198)

= Vi _w2y(Dy2v?) — (' — Z*)Vp? + 0, 0K Osw + 0, COK Oz

+0,CMO(KY — K2)03uw? — w - V ow' — w? - Vow — w? - V(ﬂl_%2)w2,

= —V(yi_o2 -V, 2.2.199
( )

= =@ (N = A+ D 0* (N = N?) = D2y (N — A?)2.2.200)

A+ G (A= ).

The solutions are sufficiently regular for us to differentiate in time, which are the

following;:

( ~
01(0) + Va1 - Sa1(0hq, 0v) = H' + V1 - (D(g, 1 —9,02)v°) in €,
Vg, - 0w = H? in Q,
) (2.2.201)
S.Al (atQ> atU)JVl =’ + ]D(at(za/l—atﬂ%v%/’/l on 27
\ o =0 on Xy,
where
(2.2.202)

OH" + Voo + (Do —r2)0®) + Vi - (D1 -2 040%) + Vg, - (D)

+V o1 (Do, 1v) — Vo114,

OH? — V0 - v, (2.2.203)
(2.2.204)

6tH3 + D(gdl_dz)@tv{/ﬂfl + ID)(&{I_&{Q)’UZata/Vl — S (q, U)atJVl + ]D)atﬁlvt/i/l.

Step 2: Energy evolution for 0v.
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Multiply J*9,v on both sides to get the natural energy structure:

1 1 [t
—/ |8tv|2J1+—/ /|]D_Qﬂatu|2J1 (2.2.205)
2 Q 2 0 JQ
t t t
= //Jlﬁl'ﬁtv+/ /J1ﬁ2atq_/ /]5{3.8151)
0 Q 0 Q 0 )

1 [ 1 [t
-+ 5/ / \8,51)\28,5J1 — 5/ / Jl]D)(at{Q{l_atﬂz)UQ . D%@tv.
0 Q 0 Q

LHS is simply the energy and dissipation term, so we focus on estimate of RHS.

(2.2.206)

I_}l

Nl o S 2 1000l e o VT |

~Y

L2HO

t t
//Jlﬁl.atv < z/
0 Q 0

< TZVo ||H!

L2HO

t t
/ / T2, < / Jlqi? — / / (T q B2 + T g0, B) (2.2.207)
0 Q Q 0 Q

S /leqHQ_FHqHLOOHO \/TZHH2 ‘L2H0+Hq”L°°HO \/Tz‘atHZ o
< | JHP+VTZV Hm‘ +‘5tg2‘
Q L2HO L2HO
(2.2.208)
¢ t
~ - ~3
/0 /EH s /0 " HH‘W(E) 10l ﬁHH HLooH—l/z(z) 10l 2r1r2(s)

< VTV ﬁa] ,
Lo H-1/2(%)
! 2 2
//|8t'0\ It S 0T e g2 TNOWI e 110 (2.2.209)
0 JQ

< TZnN.
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So we need several estimates on H'. For the following terms, it suffices to show they
are bounded. We use the usual way to estimate these quadratic terms. Since we have

repeatedly used this method, we will not give the details here.

(2.2.210)
o L2 g0 S Z( ”CHL2H3/2 + HatCHL2H1/2 + HaECHL2H—1/2 + Hw“L2H1 + HathHHl
lollsge + lallo
< Z(v‘ﬁ” + VI + vﬁﬁ),
(2.2.211)
|2, s z( 10 2grsre + 1€ ez + ||v||L2H1) S z(wn_v T Fzm),
(2.2.212)
’ @]:12 1250 S Z( Hat2CHL2H1/2 + ||at<||L2H1/2 + ||C||L2H1/2 + HatU”L?Hl + ||U”L2H1 >
< (v )
(2.2.213)
7] Sz

1€ s + 196 g+ Nl s + Hvuw)

< z mwﬁ).

LeH-1/2(x) (
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Also we have the following estimate.

/ T < Z gl o
Q

H2H (2.2.214)

L~ HO

< 2l (ncnmm 1l e + anm)

S 2V (16l + 10 g + ol ).
Since ( satisfies the equation

0¢ + wid +wide( = — N2 - w,
¢(0) =0,

employing transport estimate and the boundedness of higher order norms, we have
ICl o S VT Z |wll opgse S VT2V, (2.2.215)
0,( satisfies the equation

(2.2.216)
D1(01C) + Wi (9C) + wy2(0eC) = — N2 - Dpw — OpN? - w — DpwiDIC — w3 DaC,
0,¢(0) = 0.

Similar argument as above shows that

10y srore < ﬁZ( I kupm) <VTZVED,  (22217)
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Combining above transport estimate and lemma A.1.14, we have the final version

/ JUH? < VTZVNVNY + 2V |0]] o (2.2.218)
Q

< VTZVITVT + VT ( — ||atv||L2Ho)

< VTZVVme + ﬁzmv( 0] oo g2 + 11060 oo gro )

AN

VTZ (\/mv\/mw + m) :
Then we consider simplify the last term in RHS of energy structure:

(2.2.219)

t
1 2
/ / Jl]D)(atﬂl_atm/Q)U2 : Dﬂlat’l) 5 4_6 ||J1D(3t%1—8tﬂ2)1}2”L2H0 +e€ HDﬂ1atUHizHo 5
0 JQ

where € should be determined in order for the second term in RHS to be absorbed in

LHS.
2 2
| 7' Dt 020 || 20 S VT [T Dot —0,02)0? || oo gro S VT ZM. (2.2.220)
To summarize, using Cauchy inequality, we have

100l o + 00l S VTZ(R® 4+ 9 4 M), (2.2.221)

Step 3: Elliptic estimate for v.

Based on standard elliptic regularity theory, we have the estimate

ol ez + Nl S 100l + | HY | + [[HE e + || H (2.2.222)

2
B2 (x)
2

i{r + HD(dl_dz)U{/’/l‘ H’”+%(E) .

+ vajl . (D(EQ{I_EQ{%’UQ)‘
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Setting » = 0 and taking L*° on both sides implies

(2.2.223)
1007 sz + llaliorn S 100150 + 1 H e gro + 1 eprs + 1HP e i

2 2
+{[Vort - (Dot -0 e gro + [Port o2y V| L 5 -
Setting r = 1 and taking L? on both sides yields

(2.2.224)
HUHiQH3 + HquQHQ S HatUHi2H1 + HH1||2L2H1 + ”HQHisz + HHP’H;H%(E)

T S LRV Al e

We need to estimate all the RHS terms. We can employ the usual way to estimate
quadratic terms in L?H* norm, however, for L°H* norm, we use lemma A.1.14.

Then we have the estimate
RHS < |02 + 1000|300 + TZ (mw + zm> . (2.2.225)
To summarize, we have

2 2 2 2
||U”L<>OH2 + ||q||L°°H1 + ||v||L2H3 + ||Q||L2H2 (2-2-226)

S 100l + 100 + T2 (9 1+ 20).
In total of (2.2.221) and (2.2.226), we get the succinct form of estimate

N SVTZ(MY 4+ N + M). (2.2.227)



69

Step 4: Transport estimate for (.

( satisfies the equation

atc + w181§ +w 82C = — W
¢(0)=0

(2.2.228)

A straightforward application of transport estimate can show

¢ e sy S exp( /|yw1|\H3)/ A% ]| ooy (2:2.229)
S \/_Z”wHL2H0/2 <\/_me

Similar to the proof of transport estimate in theorem 2.2.17, we can use the transport

equation to estimate the higher order derivatives.

(2.2.230)
HatC”QL“H?’/?(E) HC2||LooH5/2 ||w||L°°H3/2(E) + ||C||L°°H5/2 () ||w1||iooH3/2(z) 5 ZN°.
In the same fashion, we can easily show
102¢] e S 20 (2.2.231)
To sum up, we have the estimate
M < ne. (2.2.232)

Step 5: Synthesis:

In (2.2.227), for T sufficiently small, we can easily absorbed all 9" term from RHS
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to LHS and replace all 9t with 91 to achieve

N < VTZN. (2.2.233)

Certainly, the smallness of T' can guarantee the contraction. O

Local Well-posedness Theorem

Now we can combine Theorem 2.2.23 and Theorem 2.2.24 to produce a unique strong

solution to the system (2.1.12).

Theorem 2.2.25. Assume (u°,n°) satisfies Ko < oo. Then there exists a 0 < Ty < 1
such that for any 0 < T < Ty, there exists a solution triple (u,p,n) to the system

(2.1.12) on [0,T] that satisfies the initial data and obeys

K(u,p) + K(n) < CP(Kyp) (2.2.234)

for a universal constant C > 0 and a polynomial P(-) satisfying P(0) = 0. The
solution is unique among functions that satisfy the initial data and K(u,p) + K(n) <
0o. Moreover, 1 is such that the mapping ® is a C*N~1 diffeomorphism for each

t€10,7].

Proof. See [26, Theorem 6.3]. O
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2.3 Global Well-posedness for Horizontally Infi-

nite Domain

2.3.1 Preliminaries

In this section, we present two forms of system (2.1.12) and describe the corresponding

energy structures. More details can be found in [25, Section 2].

Geometric Structure Form

Suppose 1, u are known and o/, 4", etc. are given in terms of n as usual. Then we

consider the linear equations for (v, g, &)

v — ObK v +u- Vv +Vy-Sy(g,v)=F' in Q,
V- -v=F? in €,
§ So(qu) NV =EN + F3 on ¥, (2.3.1)
Ol —v- N =F*4 on 3,
v=20 on Y.

Lemma 2.3.1. Suppose (u,p,n) satisfies the system (2.1.12) and (v,q,§) is the so-

lution of the system (2.3.1). Then

1 1 1
8,5(—/J|v|2—|——/ Ié\Q) +—/J|11)me|2 (2.3.2)
2 Ja 2 Js 2 Ja

:/J(v-F2+qF2)+/—v~F3+§F4.
Q %

The geometric structure form is utilized to estimate the temporal derivatives.
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Hence, we may apply differential operator 0% = 9;° to the system (2.1.12) with the

resulting equations being (2.3.1) for v = 0%u, ¢ = 0*p and £ = 0“n, where

F' = P FY2 4 Yy Py PO Pl (2:3.3)
P o= Y Copd®(0mbK)0"Posu; + > Cop0* 000" (BK)dsu;,(2.3.4)
0<B<a 0<f<a
FP? = -3 Caﬁ( (w; )0 P Ou; + 8B~Q7jkaa_ﬁakp), (2.3.5)
0<p<a
E = N Capd® 0P O Oty + SO, (2:3.6)
0<B<a
FM = 3 Coptpdh0° tad®Pou; + 0° o "), (23.7)
0<fB<a
EM = 0°0,7bK dsu;, (2.3.8)
F = a0 (0° Oy + 0° yopu;), (2.3.9)
F? = p*l4 22 (2.3.10)
2l Z Ca’ﬁaﬁﬂijaa*%jui’ (2.3.11)
0<f<a
F2? = —0°d,;0;u, (2.3.12)
F3 — P34 p32 (2.3.13)
F3,1 — Z OaﬂaﬁD/r](aa_BT]—aa_ﬂp)) (2314)
0<B<La
. ca,ﬁ(aﬂwmmma—ﬁamuj+aﬁw%>6a—ﬁamui),<2.3.15>
0<f<
= Z Co 30’ Dy - 0° Pu, (2.3.16)
0<p<La

In all above, C,, 3 represents constants depending on a and f.
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Perturbed Linear Form

We may also take the system (2.1.12) as a perturbation of the linear system

ou—Au+Vp=G' in Q,

V-u=G? in Q,

(pI —Du—nl)es =G> on %, (2.3.17)
O —uz = G* on X,

u=70 on Y.

\

Lemma 2.3.2. Suppose (u,p,n) satisfies the system (2.3.17). Then
(2.3.18)

1 1 1
8t(—/|u|2+—/|?7|2>+—/J|]Du|2:/u-G2+pG2+/—u-G3+77G4.
2 Ja 2 s 2 Ja Q D

Compared to the system (2.1.12), we can write the detailed forms of the pertur-

bation terms.

G' = GM+ G+ G+ G+ G (2.3.19)
Gyt o= (8 — )0, (2.3.20)
G = u s, (2.3.21)
G = [K*(1+ A? + B?) — 1|0s3u; — 2AK0y3u; — 2BK O3y, (2.3.22)
Gyt = [K3(1 + A% 4+ B?)0sJ + AK*(91J + D3A) (2.3.23)

+BK?(0yJ + 03B) — K(01A + 0,B)|0su;,

G = 9,7i(1 + 23/b) K Dsus, (2.3.24)

G2 = (1 — J)(@lul + 62U2> + A@gul + B@gu2, (2325)



p—n—2(0u; — AKD3uy)
G? = a177( —0Ostt; — O1ug + BKO3uq + AKOsus )
—O1us — KOsuy + AKOqus
—Ohug — O1ug + BKOsuy + AK Ozus
+32n( p — 1 — 2(dyuy — BKdsusy) )
—Ohus — KOsuy + BKOsus
(K — 1)03u; + AKOsus
+< (K — 1)03us + BKOsug );
2(K — 1)03us

where based on the equations we have

p—n = 8177(—81U3 — K@gul + AK@gU,g)

+0on(—0huz — KO3us + BKO3u3) + 2K 03us,

G*=—Dn-u.

2.3.2 Definitions of Energy and Dissipation
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(2.3.26)

(2.3.27)

(2.3.28)

In this section we give the definitions of energy and dissipation with or without

minimal counts. Compared to those in [25, (2.46) - (2.55)], the main differences here

lie in the dissipation definitions, where we consider at most two vertical derivatives

for velocity and one vertical derivative for pressure. It is this key improvement that

significantly simplifies the whole proof.
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We define the energy and dissipation with 2-minimal count as follows:

_ _ 2 _
Enz = | DY + |DD* Y[ + Hx/?afu ot HDgnnHiIO(E), (2.3.29)

D,» = ||D¥Du,- (2.3.30)
(2.3.31)
n n—1
Enz = D%l pacs + D [0l + 1D s+ D [0l e
j=1 j=1
D70 oy + D N0 nas sy
j=1
Dz = ||D5" " ully. + [V D5 bl (2.3.32)
n+1
11030l 2y + 1003 12y + D A DE 2012y -
=2

We define the energy and dissipation without minimal count as follows, where I u

and I,n denote the Riesz potential of v and 7 as defined in [25, (A.7) - (A.8)]:

= Il + 1nlowy + D3l + 1080 [0y (2:333)

D, = DLl + || D2Dulf, . (2.3.34)
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n n—1
& = ||I>\“||ilo + ”b\nH?{O(E) + Z Héguuipnﬂj + Z Hangj'_IQ”rLfijl (2'3'35)
§=0 J=0

+ Z HagnHHQ"*%(E) ’
=0

Dy = |yullzps + | D3 ull s + |V D5l (2.3.36)
n+1
D8 0l 2y + 10DE 20y + D 0D 0 1y -
j=2

Finally, we define the energy with 1-minimal count as follows:

(2.3.37)

n n—1
Eur = IDulZpzns + S (|07l posy + 10D 2 znmz + > |07D| ey

Jj=1 J=1

+ HDnHiI%—l(Z) + Z Haganqzn—zj(z) :

j=1

Since we only consider the decay of energy and utilize the interpolation relation
between &, 2 and &, ; to estimate it, it is not necessary to define the dissipation with

1-minimum count and other horizontal quantities.

Some other useful quantities are as follows:

2
2
K= Vul7e + [ V2|, + D 1 Duill s, - (2.3.38)
=1
Fon = ||7]||§{4N+1/2(2) . (2.3.39)

The total energy is defined as follows:

2
Gn(t) = sup En(r) + Z sup (14 7)™ Enram(r) + su Fon(r) (2.3.40)

0<r<t “— o<r<t o<r<t (L +7)
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Note that our definition of total energy is different from [25, (2.58)], since we do
not include the integral of dissipation and merely concentrate on the instantaneous

quantities.

2.3.3 Interpolation Estimates

In the following, we provide several interpolation estimates in the form of

IX11° S (Ensa2)’(Ean) ", (2.3.41)
IX1* S (Dw22)"(Ean)' ", (2.3.42)
where 6 € [0,1], X is some quantity, and ||-|| is some norm.

For brevity, we employ the notation in [25] to write the interpolation power in the

tables below. For example, the following part of the table

L? Ent22 | Dnioo (2.3.43)
X 0 K
should be understood as
X172 S (Ens22)’(Ean)' 7, (2.3.44)
X172 S (Dnaz)(Ean)" " (2.3.45)

When we write En402 ~ D129 in a table, it means 0 is the same when interpolating
between Enio9 and &y, and between Dy o9 and Eyy. When we write multiple en-
tries, it means the same interpolation estimates hold for each item listed. Sometimes,

an interpolation index r appears. Then we can always take arbitrary r € (0,1). More



detailed properties of these tables can be found in [25, pp.20].
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Lemma 2.3.3. The following tables encode the power in the L™ or L? interpolation

estimates for u with its derivatives either in 0 or 3.

L> | Enioa~Dnyioo L? | Ento2 ~ Dyian
u 1/2 u A +2)
Du 2/(2+7r) Du | (A+1)/(A+2)
Vu 1/2 Vu A (A+2)
DVu 2/(2+7r) DVu | (A+1)/(A+2)
V2u 1/2 Vau | AO+2)
DV?u 2/(2+7) DV2u | (A +1)/(A+2)

(2.3.46)

The following tables encode the power in the L™ or L* interpolation estimates for n

and 1 with their deriwatives either in 2 or X.

L>® Eni22 Dni2p
1,17 (A+1)/(A+2) (A+1)/(A+3)
Dn, Vi | (A +2)/(A+2+7)| (A+2)/(A+3)
D?*n, V7 1 A+3)/(A+3+T)
o, O 1 2/(2+7)
L? Engap Dni22
0.7 M(A+2) (A +3)
D,V |(A+1)/(A+2) | (A+1)/(A+3)
D?n, V7?7 1 A+2)/(A+3)
o, Oii) 1 1/2

(2.3.47)

(2.3.48)

The following tables encode the power in the L™ or L? interpolation estimates for p



with its derivatives either in § or Y.

L® | Enias Dni22 L?* | Eny22 | Dnios
vp | 12 1/2 vp | 0 0
Dp [2/@+7)| 2/3 pp | 12 | 1/3
DVp|2/2+r)|2/2+r)| | DVp| 172 | 172
D?%p 1 2/(2+7) D?*p 1 2/3
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(2.3.49)

The following tables encode the power in the L> or L? interpolation estimates for

Gi,.

L>* | Enyan D22
a1 | BAE5)/A16)
DG! 1 1

G? 1 1
DG*| 1 1
VG? 1 1

Gl | (B3A+5)/(2)+6)
DG? 1 1

G* 1 1

(2.3.50)
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L2 Ensaz Dyia22
G' | (3A+2)/(2A+4)) | BX +3)/(2A + 6)
DG! 1 (3A+5)/(2) + 6)
G? 1 ms
DG? 1 1
(2.3.51)
VG2 1 Mo
GP o A+ /(A+2) m
DG? 1 mo
D*G? 1 1
Gt 1 Moy
for
my = min{(2A* + 6 + 2)/(A* + 5\ + 6), (3\ + 3)/(2) + 6)}, (2.3.52)
my = min{(2\* + 7T\ +4)/(A* + 5\ + 6), (3A +5)/(2) + 6)}. (2.3.53)

Proof. The estimates follow directly from the Sobolev embedding theorem and [25,

< 52]\/7

~J

Lemma A.6 - Lemma A.8], using the bounds |1 7]|%0 < Ean and ||1\0i1]| 70

which can be directly deduced from [25, Lemma 2.8]. For G*, we may utilize the

product rules

XY < IXN Y] (2.3.54)
IXYI[7. < 1X)7 Y3, (2.3.55)
IXY)2: S IX)Z Y] (2.3.56)

where in the L? bound, we may take the larger value of 6 produced by the two

options. ]
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Then we can show several important lemmas to improve above estimates.

Lemma 2.3.4. We have the estimate

r/(24+71) 02/ 247
£ s aee

Proof.

2
K= IVulfe + | V2ull e + D 1Dl s -

i=1

We need to estimate each term above.

Step 1: [|Vul|3 .

By definition, we have
2 2
IVullw S 1Dl + [18sull -
By the divergence equation in (2.3.17), we have

10sus|? S D2 + || G2|[5. .

For ¢ = 1,2, by the Poincaré inequality we can naturally estimate

2 2 2
1051l oo S (05w | e + 110510 oo )
The upper boundary condition in (2.3.17) implies

Haauiﬂioo(m S HDUSHiw(Z) + HGSHiw(E

S IDVus + | 6

(2.3.57)

(2.3.58)

(2.3.59)

(2.3.60)

(2.3.61)

(2.3.62)
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Considering the Navier-Stokes equations in (2.3.17), we have
Hagquioo S 0|7 + HD2U2‘||ioo + || Dpl| 7 + ||G1||ioo : (2.3.63)

Therefore, we obtain

(2.3.64)
IVulie S 1Dulie + [|G°[; + 1DVus]l7 e + | GP sy + 100ill 7 + | D]
+[1GM [ + 122l
The estimate of each term above with Lemma 2.3.3 satisfies our requirement.
Step 2: || V2ul[; .
By definition, we have
IV2u|; o S IDVull3e + [|02us[; . + || 02us][; . - (2.3.65)

The first term naturally satisfies our requirement while the second term has been
successfully estimated in the first step above. Hence, we only need to estimate the

third one. Taking 05 in the divergence equation of (2.3.17) reveals

102us|s . S 1DV} + || VG (2.3.66)

2
Iz

where all the terms can be easily estimated via Lemma 2.3.3.

2 2
Step 3: Zi:l ||Dui||H2(Z)'
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By the trace theorem and the Poincaré inequality, we have
2
2 2
> DGy S | D* Vil o + |1D* Vi 0 + | Duil |3 - (2.3.67)
i=1

The first and second term are naturally estimated, so we only need to focus on the

last one. By the Poincaré inequality, we have

| Duillin S D05l o + || D?us 0 (23.65)
and also
1DOsu: 30 < || DO [0 + 1D D530 - (2.3.69)
The boundary condition in (2.3.17) shows
1 DA 30y S 11D us| oy + DG oy S 1D%stus| 30 + | DG [, (2:3.70)
By the Navier-Stokes equations in (2.3.17), we have
1D willyy0 S 11D0wsl70 + | D*wil [0 + D%l + [ DG [0 (2:3.71)
Hence, in total, we achieve
2
; 1D (2.3.72)

S 1*Vullgo + D%l + 1 D*05t |0 + | DG [0y + 1 DOl

D%l + 1DG [0-

The estimate of each term above with Lemma 2.3.3 satisfies our requirement, so we

finish this proof. O
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Lemma 2.3.5. We have the estimate

Enion S EpTIDGTY O (2.3.73)

Proof. The dissipation Dy92 can control all the terms in g N+2,2 except O, D?p and

D*WV+2)p The standard Sobolev interpolation estimate reveals
2 1/(AN—T) (AN —8) /(AN 7
P P U T 237

Since N > 3, above estimate satisfies our requirement. Also Lemma 2.3.3 reveals
the estimate of D?n is not an obstacle. Hence, the dominant term is d;n. By the

transport equation in (2.3.17), we have
10mIlos) S TusllFrogs) + 16 ocs, - (2.3.75)
By the Poincaré-type inequality in Lemma A.1.4, we can estimate
s | oy S 195usll 50 (2.3.76)
Then the divergence equation in (2.3.17) and the Poincaré inequality imply

19513 %0 < 1 Duillo + 1G5 < 1DBsulo + |1G? (23.77)

2
I -

Similar to the third step in the proof of Lemma 2.3.4, by the Poincaré inequality, we

have

2
1Ddsus |50 S | DO o + 1 D5l o s - (2.3.78)
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The upper boundary condition in (2.3.17) shows

(2.3.79)
| DOswillzgn(sy S | D%usll sy + PG [0y S 1005050 + | DG [0 -
By the Navier-Stokes equations in (2.3.17), we have
D80 < NP0+ D+ D%l + DG (2350)
where D?p dominates. Utilizing the Poincaré inequality, we have
10?00 < 127050l 0 + | D% 0, - (2.3.81)

in which we may again use the upper boundary condition in (2.3.17) to estimate
HDQPHZO(Z) S HDaniIO(Z) + HD283“3H20(2) + ”DQGgHiIO(z) : (2.3.82)
Hence, in total, we achieve

101770 (2.3.83)
S 1D?8sus| 0 + [1DG? [0 sy + D050 + || Duil o + ([ DG [0
+ D25 50 + D700, + 12?050y + 162150 + 16 [0,

10 sy -

We may easily check via Lemma 2.3.3 that each term above satisfies our requirement,

so we finish this proof. O
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Lemma 2.3.6. We have the estimate

Ento1 S 5](\?:217)2/(A+2)521]/\f()‘+2). (2.3.84)

Proof. We only need to estimate the lowest order terms that only appear in Enyo1,
which are Du, Dp and Dn. Based on Lemma 2.3.3, the estimates of Du and Dn
satisfy our requirement, so we focus on Dp. By a similar argument as in the proof of
Lemma 2.3.5, we have

IDpll50 < I1DPlFros) + 1DIspll 30 (2.3.85)

~Y

S Doy + D30 + G| 0(sy + 1 DA + [ DG [0

where each term can be estimated directly through Lemma 2.3.3. Then our result

easily follows. O]

2.3.4 Nonlinear Estimates

Now we give several estimates for the nonlinear terms in the perturbed linear form.
Similar to [25, Theorem 4.1 - Theorem 4.2], the methods are quite standard, so we

simply give the basic rules in estimating:

1. Since all the terms are quadratic or of higher order, we may expand the differen-
tial operators with the Leibniz rule and estimate the resulting quadratic terms
by the basic interpolation estimates in Lemma 2.3.3 either in L> or L? norm,
combining with the definitions of energy and dissipation, the trace theorem and
the Sobolev embedding theorem. For the options of form (2.3.55) or (2.3.56),

we should always take the higher interpolation index for €429 and Dy2o.
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2. For the 2N level, there is no minimal count for the derivatives, so we only need
to refer to the definitions of energy and dissipation; however, in the N + 2 level,

we have to resort to Lemma 2.3.3 for terms that cannot be estimated directly.

3. Note the most important difference between our proofs and those of [25, Theo-
rem 4.1 - Theorem 4.2] is we concentrate on the horizontal derivatives instead
of the full derivatives. Thereafter, in the estimates related to D22, we should
try to avoid the introduction of vertical derivatives via the Sobolev embedding

theorem, especially for pressure p.

4. For the term in the form of || X || m2(x): instead of using the trace theorem directly,
we should first write it into || X | o s+ DX || o) + 1 D? X || o ) and then apply

the trace theorem, which only produces one vertical derivative rather than three.

Lemma 2.3.7. There exists a 8 > 0 such that

HD2V0 (N+2)- Gl ‘DQVO (N+2)- sz (2.3.86)
HO
2
2(N42)—4
V( +2)— G3HH1/2(E) S EgNENng,g,
and
HDQ(N”) 1G1 o+ HD (N+2)- GZH (2.3.87)
(N+2)—1 ~3 N+2 4 < 6
+| D HH/ ey S EDriz
Lemma 2.3.8. There exists a § > 0 such that
Ve 26 [ + I8 G20 + 196V 2 G2 12y S €377 (2.3.88)
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and

D51 o + 155N G2 + || DSV G2 (2.3.89)

[y

i ||DSN_1G4H21/2(E) < ggNDQN + KFon.

The other nonlinear terms have been proved in [25, Proposition 4.3 - Proposition
4.5]. Although our definitions of energy and dissipation are a little different, we do

not even need to revise the proofs there.

2.3.5 Energy Estimates

In this section, we present the energy estimates for the horizontal derivatives. Since
this part has been carefully studied in [25, Section 5] and is not the main improvement
of our new proof, it is not necessary to show all the details. The following is an

example to demonstrate how we can obtain the same types of results as before.

Lemma 2.3.9. Let 0% = 0N and let F' be defined as in the geometric structure

form. Then
1E o + 10T o+ IF* oy + IF oy S EavDivzze (2:3.90)
Also, if N > 3, then there exists a 8 > 0 such that

HF2||ZO S EnEnsan. (2.3.91)

Proof. This is a revised version of [25, Theorem 5.2]. The proof of the first part

is exactly the same as that of the original theorem. However, we utilize different
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techniques in the second part. By definition, F? = F*! + F?2. By the same argument

as [25, (5.5)], we have
HF2’1H20 S 829N5N+2,2~
For F>2, a calculation reveals
2 = ONF2(O DK ) Dy + ONTH (DK ) Dgug — ONTEK Dgus.

We can estimate

(817_]Z~JK)83U1

H3N+2 0 UbK)H |05t ||7 -
Lemma 2.3.4 implies
9strll70e S IVullye S ER*TELSS.
Also, for 0 < |a| < N + 2, there exists a # > 0 such that
105 il 0 S NOF 7205y S NOEN g0 sy 1050 g1 ) S Ean” Envaaa:

Hence we have

(017D H Z 107 0171l 37o

Then when r is sufficiently small, we can naturally estimate

(81775K)83u1

2
< gv & )
‘HO ~ “2NCN+2,2

~ 2
Nk S EErsnn

(2.3.92)

(2.3.93)

(2.3.94)

(2.3.95)

(2.3.96)

(2.3.97)

(2.3.98)
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Similarly, we have

. 2
85V+2(62775K)63U2HH0 S EnEnqag. (2.3.99)

The same argument as [25, (5.11)] shows
HatNHKa?»UBHiIo N 529N5N+2,2- (2.3.100)

Therefore, our result easily follows. O

In a similar fashion, we can recover all the other lemmas in [25, Section 5]. Finally,

we can show the same energy estimates.

Proposition 2.3.10. Let F? be given with ON2. Then there exists a @ > 0 such that
8,5 <SN+2 2 — 2/ K8N+1pF2) + DN+2 2 5 < SQNDN+2 2. (23101)
Proposition 2.3.11. There exists a 8 > 0 such that

EQN / DQN dr <€2N( ) (SQN( ))3/ —l—/ (gQN( )) Dszr (23102)

/ v/ Dan (r)K (r) Fon (r)dr.

2.3.6 Comparison Estimates

In this section, we prove several comparison estimates between the horizontal deriva-
tives and the full derivatives, both in energy and dissipation. This is the key improve-

ment in our proof, so we present all the necessary details.
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Dissipation Comparison Estimates

Proposition 2.3.12. There exists a 0 > 0 such that

D122 S Dyyos + EonDias. (2.3.103)

Proof. We define

2

_ 2 _
Ynizo = HDS(N“)‘lGlHHOJrHDi(N“"lG?‘ (2.3.104)

H1

_ 2
n HDf(N+2)71G4‘
) H/2(%)

_ 2
i HDS(NH)AGg‘

H/2(S

and
Z - @N+2’2 + yN+272. (23105)

Then the proof is divided into several steps.

Step 1: Application of Korn’s inequality.
Since any horizontal derivatives of velocity vanishes on the lower boundary, we can

directly apply Korn’s inequality to achieve

3 2 _ 2 _
HDS(NH)U‘ < HDS(NH)DUH = Dyios < Z. (2.3.106)
"~ HO T

Step 2: Initial estimates of velocity and pressure.

Let 0 < j < (N+2)—1and o € N? be such that 2 < 2j + || < 2(N +2) — 1. Hence,
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we naturally have

2
<z (2.3.107)

~Y

Joroi ull < | DR

H1

We apply the operator 80‘81{ 05 to the divergence equation in (2.3.17) and rearrange

the terms as follows:
%0 5(D5usz) = 0“0 D3(—Oyuy — Dyuy) + 0“0 3G (2.3.108)
Thus we have
10703 020 S HD§<N+2)UH; a2, < 2. (2.3.109)
Hence, it easily implies
A0 g S 2. (2.3.110)
Applying the operator 8@ to the third equation in (2.3.17), we have

lordpomly < loroiaal + P2l < 2 28111

So we only need to estimate the terms related to d3u; and 9;p for i = 1,2.

Step 3: Estimates of velocity and pressure in the upper domain.

In order to achieve above estimates, we need to employ a localization argument.
Define a cutoff function y; = xi(x3) given by x1 € CX(R) with x(x3) = 1 for
x3 € Q1 = [—2b/3,0] and x;(x3) =0 for z3 ¢ (—3b/4,1/2).
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Define the curl of the velocity w = V x u, which means wy; = Jyuz — J3us and

wy = Oguy — Oyus. Therefore, yyw; for i = 1,2 satisfies the equations

A&O‘(‘?f (Xlwl) = Xl@“@f“wi + 2(33)(1)(8&81{83102) (23112)

+(03x1)(0*0]w;) — xaV x (0°0]G")
in 2 as well as the boundary conditions

0° (x1wy) = 20,0 ug + 0“9/ G® - e;  on X,
0°0] (x1ws) = —28,0°N ug — °HG® - e, on ¥, (2.3.113)
aaag(Xlwl) = aaaz(Xﬂl&) =0 on Xp.

Based on the standard elliptic estimate of the Poisson equation, we have

16°07 (xvwi) [s < (180708 Garwn) |51 + 10°0 ) [y - (2:3.114)

Hence, we have to estimate each term on the right-hand side.
Let ¢ € H}(Q). For a # 0 we may write « = 8 + (o — ) with |3] = 1. Then an

integration by parts reveals

—2(N
< H¢“H1 Xng( +2)wi

,-(23.115)

/ ¢X18aag+1wi
Q

/ P px10°7 PO
Q

Since 2(j + 1) + |a — | € [3,2(N + 2)], we naturally have

[

Then if we take the supremum over all ¢ such that ||¢]|,;; < 1, then we may get

_ 2 2
D2y, <z (2.3.116)

~J

< Hbg(Nw)u

HO H1

ao°of wi ;- S 2. (2.3.117)
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A similar argument without integration by parts shows above result is also true for
a = 0 since in this case j < (N +2) — 1 implies 4 < 2(j +1) < 2(N +2). In a similar
fashion, we may apply integration by parts for 05 for the other terms in H~! norm

and achieve

(2.3.118)
; _ 2
l200)@ w5 5 (0wl + [8xals) [ D3|
< HDQ(N+2)U‘ 2 <z
~ 2 il ~ )
. _ 2
@)@ dw)|- S 1182 HD§<N+2>wi HO (2.3.119)

2
S|P s 2,
H

o 0J 2 M - 2
¥ % @A [0 S (hallie + l0salt-) | 327 6| | s 2.23.120)
In total, above estimates together yield

A0 (1w)|| ;0 S 2. (2.3.121)

~

Then for the boundary terms, a direct application of the trace theorem shows

2

|0 00| oy + 90 Oats oy S || DRV S 20 (2:3.122)
o 9 _ B 2
[CRTER S HDS(N+2) Jes . <z (2.3.123)
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Then above implies

Hﬁaaf(xlwi)\@m@) <Z (2.3.124)

Hence, the elliptic estimate gives us the final form

|0°0w; s |0°8] (wi) [ S 2. (2.3.125)

2
(P

Since 020°0u; = 9500 (wy + dyus) and 920 uy = 930°0 (Dyus — wy), we can

deduce from above that for i = 1, 2,

10300 il [0, S 2. (2.3.126)

which, by considering the Navier Stokes equations in (2.3.17), further implies
10:0°02p|[ 100y S Z- (2.3.127)

Combining all above, we have achieved

2 2

HDQ(N+2)—1U‘

n Hl—)g(NJrz)—lvp‘

<z (2.3.128)
HO(Q1)

[\

H2()

Step 4: Estimates of velocity and pressure in the lower domain.

Now we extend above estimates to the lower domain Qy = [—b, —b/3]. Define a
cutoff function xo € C°(R) such that xa(x3) = 1 for z3 € Qy and yo(z3) = 0 for
x3 ¢ (—2b,—b/6). Notice this cutoff function satisfies supp(Vyxz) € €1, which will

play a key role in the following.
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Then the localized variables satisfy the equations

—A(x2u) + V(x2p) = —0i(xau) + x2G' + H' in €,
V- (xou) = x2G? + H? in Q,
Oeau) = xe (2.3.129)
xou =0 on X,
| Xou = 0 on Xy,
where
Hl = 83)(2(]?63 - 28371) - (8§X2)U H2 = 83)(2’&3. (23130)

Let 0 < j < (N+2)—1and a € N? be such that 2 < 25 + |a| < 2(N +2) — 1. Then
we may apply the differential operator 8“8{ on (2.3.129) and the elliptic estimates of

the steady Navier-Stokes equations imply

||6 A 0;(x2u HH1 - H@“@JO Xap HHO < Haaaﬁla (x2u HH L (2.3.131)

+ 10000, (xaG* + HY|[ -1 + 0000 (326 + H)|[ 10

Similar to the argument in the upper domain, via integration by parts, it is easy to

deduce the H~! estimate that

070 0y (o) || s + [|0°000: 2G|y + |07 000 (2G| [0 S 2. (2.3.132)

-

For the remaining part, we may directly estimate

|ocaio,H" ||

|, + ||0°0l o H? 0°0j0,H' || + 0" 0l 0 H?| 0 (2.3.133)

o <1
2

< HDS(NH)AU <z

+HD (N+2)— V)

H2(O1) HO()
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where we utilize the property for Vy, stated above. Thus we have
oai. |12 o 97 2
Haia 8§Z?HHO(QQ) S H8 aiaz‘(sz)HHo S Z, (2.3.134)
which, based on the Navier-Stokes equations in (2.3.17), further implies

108020 ul| 0 ) S 2 (2.3.135)

~

Combining all above, we have

2 2

< Z. (2.3.136)
HO(Q2)

[\

HD2(N+2)—1U‘

| I HDg(NH)_le‘

H2(Q

Step 5: Estimates of free surface.
With all above estimates in hand, we may derive the estimates for n by employing

the boundary condition of (2.3.17), i.e.
n=p—305us — G3. (2.3.137)

We may take horizontal derivatives on both sides of above equation, which shows for

a € N? and 3 < |a] < 2(N +2) — 1, we have

1e% 2 oY 2 o 2 a 2
|0 77||H1/2(2) < o pHHl/?(z) + 1|0 a3U3||Hl/2(z) + Ha GgHHl/z(z) (2.3.138)

_ 2 _ 2
foseull o,

2
HY/2(%)

A

, +10°Gs]

A

Z.

For the temporal derivatives of 7, we need to resort to the transport equation in



98

(2.3.17), i.e.
o = ug + G*. (2.3.139)

For o« € N? and 1 < |a| < 2(N +2) —1, by the trace theorem, the Poincaré inequality

and the divergence equation V - © = G2, we have

a ) a 2 feY
10°0mlnre S 10%uslli e + [|0°G*

~Y

[y (2.3.140)

< llovuslin + 2

< 10%us||ho + [0 Dus| 50 + 10°05us| 0 + 2
< 0% 0sus0 + 2

< |0 Dull + ||0°G?|[50 + 2

< Z

Similarly, for j = 2,..., (N +2)+ 1, we may apply 5{‘1 to the transport equation to

obtain that for & € N with 0 < |a| < 2(N +2) — 25 + 2, we have

000y S 1070 sl + 007G sy 2:3201)

N

|00 w0 + 2

Z.

N

Step 6: Synthesis.

To summarize all above, since {2 = ; U {25 we have the estimate

Doz S Dnias + Vnioo: (2.3.142)
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By Lemma 2.3.7, it is obvious that there exists a ¢ > 0 such that

Yni2,2 < 529N'DN+272- (2.3.143)

Therefore, our result naturally follows. O]

Proposition 2.3.13. There exists a 8 > 0 such that

Dyn S Dan + ESnDan + KFon. (2.3.144)

Proof. 1t is easy to see most of the proof is identical to that of Proposition 2.3.12,
except that we do not need the minimal counts and interpolation now. Also we utilize
Lemma 2.3.8 instead to estimate the nonlinear terms in the perturbed linear form.

Finally, the direct estimate for Riesz potential term
Iullin S DIl (2.3.145)

can close the proof. O

Energy Comparison Estimates

Proposition 2.3.14. There exists a 8 > 0 such that

Enioo S Enyon + ENENTo0. (2.3.146)
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Proof. We define

2

o o 2
Wiize = ||DVeM27a | || 2w ce | 28.47)
H H
o _ 2
—0—HD2V§(N+2) 403‘
H/2(%)
and
Z =ENny22+ Whiiao. (2.3.148)

Then we can directly apply the elliptic estimate in [26, Lemma A.15] to the perturbed

linear form. For a € N? and |a| = 2, we have

(63 (03 (0% (63 2
10%ull e s-2 + 10°Pl 2o S 110 Orullracnsr-a + [|0°GH [ ain s -4 (2:3.149)

+ ||8°‘G2||22(N+2)_3 + HaaT]HiIz(N-s-Q)—wz(z) + “aaG?’“iIQ(N+2)—7/2(E) :
Naturally, we have

(2.3.150)

HﬁaGlHip(sz + HaaGQH;(Mz)—s + HaaGgHZQ(N-&-2)—7/2(g) SWhip S 2,
and
100 e -1/20s) S Envian S 2. (2.3.151)
So the only remaining term is
10°Byul G20 S 10l Ggaen2)2 (2.3.152)

which should be estimated with a finite induction in the following.
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For j =1,...,(N +2) — 1, we have the elliptic estimate

(2.3.153)
g, |2 il < [|a7+L,, 112 j 1|2
HatuHHQ(N+2)72j + HatpHH2(N+2)—2jfl ~ H&Z UHH2<N+2)*2]'72 + HatG HH2<N+2>*2j72

+ HagG2||i[2(N+2)f2jfl + Hagn||§{2(N+2)72j73/2(2) + H@gG3||i{2(N+2),2j73/2(2) .
By definition, it is easy to see

(2.3.154)

18 G [ asmr-ass + [ G paininasos + |G [ ainsar-as-asagy S Wavsza S 2.
and
107z s2r-25-ar203y S Eniap S 2 (2.3.155)
When j = (N 4 2) — 1, we have
107 ]| sy ay 2 = 0N 2|0 S Envaa S 2. (2.3.156)
Hence, the elliptic estimate shows
|08l + (107 20 S 2 (2.3.157)

Inductively, we can estimate all the temporal derivatives of velocity and pressure for

j=1,..., N to close the proof.

Therefore, we have shown

Entoo S ENya2 + Whias. (2.3.158)
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Based on Lemma 2.3.7, there exists a 6 > 0 such that
Whvio2 S EovEntas. (2.3.159)

Hence, our result naturally follows. O]

Proposition 2.3.15. There exists a 8 > 0 such that

Eon S Ean +ED. (2.3.160)

Proof. 1t is easy to see the proof is almost the same as that of Proposition 2.3.14 except
that there is no minimal counts now and we should utilize Lemma 2.3.8 instead. So

we omit the proof here. m

2.3.7 A Priori Estimates

We may check [25, Lemma 9.1 - Corollary 9.3] can be recovered with obvious modi-

fications, which is the following result.
Proposition 2.3.16. There exists a universal constant 0 < 0 < 1 such that if

GnN(T) <6, then

t
sup Fon(r) S Fan(0) +t/ Dy (r)dr, (2.3.161)
0

0<r<t

and

t t
/ K () Fon (r)dr < §EFV/EHN T 0(0) 4 gEF2V/(EHY / Dy (r)dr, (2.3.162)
0 0
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t ¢
/ V/ Dan (r)K(r) Fon (r)dr < Fon (0) + §E20/A6+63) / Doy (r)dr  (2.3.163)
0 0

forall0 <t <T.

Hence, we naturally have the a priori estimate for the 2N level.

Theorem 2.3.17. There ezists a universal constant 0 < § < 1 such that if Gn(T) <

0, then

t

Fon(r
sup En(r)+ | Doy + sup v (7)
0<r<t 0 o<r<t 14T

< Ean(0) + Fon(0) (2.3.164)

forall0 <t <T.

Proof. This is identical to [25, Theorem 9.4]. Notice that in the section of energy
estimates and comparison estimates, we have recovered all the necessary results for

the 2N level a priori estimate here. O

Then we consider the a priori estimate for the N + 2 level.

Theorem 2.3.18. There ezists a universal constant 0 < § < 1 such that if Gn(T') <

0, then

sup (1 +7)*™Exy22(r) < En(0) (2.3.165)

0<r<t

forall0 <t <T.

Proof. Utilizing Lemma 2.3.5, we may employ the same argument as in [25, theorem

9.7] to show this. O
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Next, we give an interpolation argument to achieve the decay of energy with

different minimal counts.

Theorem 2.3.19. There ezists a universal constant 0 < § < 1 such that if Gn(T') <

0, then

sup (1 + 7)€ 12.1(r) < En(0) (2.3.166)

0<r<t
forall0 <t <T.
Proof. By Lemma 2.3.6, we have

Envan S Enray TVELEY. (2.3.167)
Combining with Theorem 2.3.18 and Theorem 2.3.17, we can easily see

(2.3.168)

(1+N)/(24)N) 1/(24X)
(141 Eana(r) < ((1 ; r>2“eN+2,2<r>) (em(m)

(1+2)/(2+X) 1/(2+2)
¢ ()" (20) et

Hence, our result easily follows. m

Finally, we can sum up all above to achieve the a priori estimate.

Theorem 2.3.20. There ezists a universal constant 0 < § < 1 such that if Gn(T') <

0, then

Gn(t) S Ean(0) + Fon(0) (2.3.169)
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forall0 <t <T.

2.3.8 Global Well-posedness

Finally, we come to the conclusion of global well-posedness. With the a priori estimate

in hand, we may directly refer to [25, Theorem 11.2], which completes the whole proof.

Theorem 2.3.21. Suppose the initial data (ug,no) satisfies the 2N compatibility
condition. There exists a k > 0 such that if ||uol| v + ||7]0||?{4N+1/2(2) < k, then there

exists a unique solution triple (u,p,n) on the interval [0,00) that satisfies the initial

data. The solution obeys the estimate

G (00) < Cllluolzgan + lmolzran1regs)) < Ck. (2.3.170)
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3.1 Introduction

We consider a two-dimensional incompressible viscous flow in the moving domain

Q) ={y = (y1,92) €S xR : =1 <y <n(y1,t)}, (3.1.1)

where 3 = T for which T denotes the 1-torus. We denote the initial domain ©(0) =
Q. For each t, the flow is described by its velocity and pressure (u,p) : Q(t) — R*Zx R

which satisfies the incompressible Navier-Stokes equations

ou+u-Vu+Vp=vAu+ S in  Q(t),

Vou=0 in - Q(t),

(pI = vD(u))p = gnp on {y2 =n(y,1)},

u=20 on {ys = —1}, (3.1.2)
Oin = uz — u10y,1 on {y2 =1n(y1,1)},

u(t =0) = ug in Q,

n(t =0) =mno on X%,

for y1 the outward-pointing unit normal vector on {y2 = 1}, I the 2x 2 identity matrix,
(Du);; = O;u; + 0ju; the symmetric gradient of u, g the gravitational constant, v > 0
the viscosity and S = S(t,y1,y2) an external source term. The fifth equation in
(3.1.2) implies the free surface is convected with the fluid. Note in (3.1.2), we have

shifted the actual pressure p by the constant atmosphere pressure pu., according to

P:ﬁ+gy2 — Patm-

We always assume the natural condition that there exists a positive number § such
that 7o +1 > 0 > 0 on X, which means the initial free surface is strictly separated

from the bottom.
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Traditionally, based on the handling of the free surface, this type of problems can
be solved via moving-grid technique as in [47], marker-and-cell method as in [28],
volume-of-fluid method as in [30] and level-set method as in [23]. In each case, finite
difference method, finite volume method and finite element method can be applied
to solve the Navier-Stokes equation in €(t). However, to the best of authors’ knowl-
edge, there is very little in the literature on solving this problem with discontinuous
Galerkin method other than [23]. On the other hand, in spite of many computational
tests presented in the literature, there is very little discussion on the stability and
convergence of the numerical scheme. In this chapter, we employ the idea from [26],

[24] and [50], to construct a stable numerical scheme and give detailed analysis.

Our central idea is to flatten the free surface via a coordinates transform. First,

we define a fixed domain

Q={r=(x,22) € EXR|=1< 1y <0}, (3.1.3)

for which we write the coordinates z € €. In this slab, we take ¥ : {xs = 0} as the

upper boundary and ¥, : {x3 = —1} as the lower boundary.

Consider the geometric transform from € to €(¢), which is first introduced in [§]

and further extended in [26] and [50]:

O (21, x2) = (1,22 + (1 + 22)) = (y1, y2). (3.1.4)

We may directly verify this transform maps € into Q(¢) with the Jacobi matrix

Vo = : (3.1.5)
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and the transform matrix

1 —AK
= (Vo)™ ™HT = : (3.1.6)

where

b=1+ 2, Az@mg,
J=14+n K=1/J

Here we denote the derivative with respect to x; as 0y and with respect to x5 as 0s.

Define the transformed operators as follows:

(Ve f)i = ;0 f,

V-G = %09,

Ayf=Vy -Vyf,

N = (=0n, 1), (3.1.7)
X = O,

(Dyu)ij = ipOpu; + 0k,

S(p,u) = pl —Dyu,

where the summation index should be understood in the Einstein convention. If we
extend the divergence V- to act on symmetric tensors in the natural way, then a
straightforward computation reveals V. - Sy(p,u) = Vup — Ay u for vector fields

satisfying V- u = 0.
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In our new coordinates, the original system (3.1.2) becomes

Oy — 8ml~)K82u +u-Vyu—vAyu+Vyp=S in Q,
Vy{ -u=20 in Q,
S (pyu) N = gnAN on X,
u=2~0 on Eb?
(3.1.8)
u(x,0) = ug(x) in Q,
on=u-N on X,
| n(z',0) = no(z') on .

Since &7 depends on 7 through the transform, most of the operators in the Navier-
Stokes equations are related to the free surface n. Hence, the Navier-Stokes equations

and the transport equation are essentially coupled.

Based on [26], the equation (3.1.8) with S = 0 possesses a natural energy equality

as follows:

/ ) Ju(t)|? +g/|77 ) +y// ) Dy u(s)|’ ds (3.1.9)
[ 10w+ [ o

Hence, we try to construct a numerical scheme to recover this energy stability for the

numerical solution.

In the following, we refer to the term “continuous case” when we consider the exact
solution triple (u,p,n) which is sufficiently smooth. On the other hand, we refer to

the term “discrete case” when we consider the numerical solution triple (wup, pn, ns)-

Throughout this chapter, C' > 0 denotes a positive constant that only depends
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on the parameters 2, g and v of the problem, and the exact solution (u,p,n). It
is referred as universal and can change from one inequality to another. When we
write C(z), it means a positive constant depending on the quantity z. a < b denotes

a < Cb, where C' is a universal constant as defined above.

The method we discuss in this paper belongs to the class of discontinuous Galerkin
(DG) methods. DG methods are finite element methods which use completely discon-
tinuous piecewise polynomial solution and test spaces. They are particularly useful for
convection dominated wave problems, and have the advantage of flexibility in adap-
tivity and efficient parallel implementation. We refer to the references [14, 13, 15, 49]

for more details.

3.2 Numerical Scheme

3.2.1 Basic Settings

In our construction and analysis of the numerical scheme, we focus on the semi-
discrete form of the system. The time discretization is based on the Runge-Kutta
method for differential-algebraic equations of index 2, as presented in [27]. We do not

discuss the fully-discrete scheme in this paper.

We choose the bulk domain as Q : (x1,22) € [0,1] x [—1,0] and the surface
domain as ¥ : x; € [0,1], which are 1-periodic in the x; direction. The surface
mesh is defined by dividing ¥ into N uniform elements with length h = 1/N. The
bulk mesh construction can be divided into two steps: First we divide €2 into N x N

uniform squares, where each element is sized h x h. Then, we divide each square
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into two right triangles by cutting along the diagonal from the left-up corner to the

right-down corner. The bulk mesh is shown in Figure 3.1.

Remark 3.2.1. Since the discretization of the weighted differential operators V .,
Ve and Ay depends on n, i.e. the surface variable, we need the bulk discretization
to match the surface discretization in the vertical direction. Hence, we need to first
choose the strip-shape mesh as in Figure 3.2, whose projection on the upper boundary
1s exactly the surface mesh. Then in each strip, any triangulation is permitted. For

convenience, we made the choice as in Figure 3.1.

Figure 3.1: Mesh Distribution in N =4  Figure 3.2: Strip-Shape Mesh Distribution in
N =14

Let &, be the set consisting of all the triangular elements in the bulk mesh and
0&, be the set of all the sides of the triangular cells. Let Fj, be the set consisting of
all the interval elements in the surface mesh and 0.F), be the set of all the boundary

points of intervals.

Define the usual Sobolev space in Q as H¥(Q2) and in ¥ as H*(X). We define the
space PF(Q) where f € PF(Q) if and only if f|gp € P*(E) for all E € &, (P*(E)
denotes the set of polynomials of degree at most k defined on E). Similarly, we can

define the space PF(Y).
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We define the solution spaces as

XF o= {un € (LX) uy, € (PF(Q))?Y, (3.2.1)
My = {p, € L*(Q): p, € PF(Q)}, (3.2.2)
Sp = {mel’X): me P} (3.2.3)

for k > 1.

For discrete functions f, € XF and g, € SF, we may define the Hj; norms as

follows:

2 2
HthHh = Z HthHl(E)7 (3.2.4)
Ecé&y
2 2
thHHh = Z “thHl(F)' (3.2.5)
FeF,

Define the X} norm for vy, € X,’f as

1
oty = X (190l + [ ). (326)

Ecé&y

Before stating the scheme, we announce the notation used below. For a given bound-
ary belonging to a reference cell E € &, and a function f defined in 2, f*#) denotes
the value of f read from the exterior direction on the boundary and f"*¥) denotes
that read from the interior direction. Also for the boundary shared by two cells, we

define

() = Sy e (327)

[f) = frmE — e, (3.2.8)

For the side on the boundary of 2, we make a special definition that on ¥, f™ ) =
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{f} = [f] and fet®) = 0, while on X, fintE) = feat(B) = [} and [f] = 0. The
definitions are reasonable, since the system (3.1.8) for u gives Dirichlet-type condition

on Y, and Neumann-type condition on ..

The numerical scheme is based on the weak formulation of the system (3.1.8).
Taking test functions vy, € XJ and ¢, € M, ,’f’l. We multiply Jv, and Jq;, respectively

on both sides of the Navier-Stokes equations and integrate over £ € &, to obtain

/J@tu-vh—/J(ﬁmi)Kﬁgu)-vh (3.2.9)
E E
—|—/J(u-Vdu)mh—V/JAMu-Uh%—/Jvdpmh:/J(Smh),

E E E E
/J(Vﬂ-u)qhzo. (3.2.10)
E

Considering the transport equation in (3.1.8), we make an addition and subtraction

to modify two terms in above formulation as

( /E Joyu - vy — /E J(améKaw).UH% /8 Emzam(“'”h)) (32.11)
+(/EJ(“'VQ/U) 'Uh—%/aEmZ(U-JV)(U-vh))

—y/JA%u-vh—l—/JV%pmh = /J(S~vh),

E E E
/J(Vdu)qh = 0, (3.2.12)
E

where OF denotes the boundary of the triangular element E. This trick is to enforce

the transport relation and shows its power in the stability proof.

Multiplying a test functions ¢, € S¥ on both sides of the transport equation and

integrating over F' € Fj, we obtain

/F@tﬁ¢h+/Fu181n¢h—/FU2¢h:0, (3.2.13)
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where %; and %y denote the traces of u; and uy on X.

The weak formulations of the system (3.1.8) are based on the integration by parts
of (3.2.11), (3.2.12) and (4.1.1). In the following, we define and analyze the numerical

scheme term by term.

3.2.2 Discretization

We define the semi-discrete scheme as follows:

Ke(Nh, up, ¢n) = 0,

/\F(Xha ¢h) - 07
4 (3.2.14)
Ce (N, un, vn) + YE(Un, Mhy Un, VL) + VOE(Mh, Uh, Mh, V)

+ﬂE(ph7nhavh) +gﬂ’E(nh7nhavh) == wE(nh7vh>7

pE(Uh, Mh, Qh) = 07

for any test functions ¢, € SF, ¥n € SF, v, € XJ and ¢, € Mf_l, where the
first two equations denote the transport discretization and the last two equations
denote the fluid discretization. This forms a complete differential-algebraic system
for m,(t) € SF, xu(t) € SE, up(t) € XF and py,(t) € M}, The detailed definitions of

above multi-linear terms &, A, (, v, «, 8, i, w, and p are in the following.



116

Discretization of Transport Terms as kr and \p

We define

Kr (s Un, On) (3.2.15)

= /Famh%—/F(%)h%—A31(U1)hﬁh¢h—/F(U1)h77h31¢h

N e SN 1/ _ -
+(U1)h7]h¢h |F+1/2 - (U1)hﬁh¢Z|F—1/z + 5 <77h % [Uh”F-i-l/Q - n;@b}—i_[uh”F—l/Q)

Ar(Xh, Un) (3.2.16)

= /Xh% +/7lh31¢h — 00y | P12 + 00 P12,
F F

where F' — 1/2 and F' + 1/2 denote the left and right boundary points of F. Here,
for each boundary point, “—” means the value read from the left and “4” means the
value read from the right. Also, (%) 7, denotes the numerical flux on the boundary.

We always take

(@)n = {(@1)n}, (3.2.17)

and 7, should be determined from the sign of {(u1),} following the upwinding rule
as

i = m, i {(@)n}t =0, (32.18)

3 {(@)a} <0,

1
where (1), is the trace of (u1), on X. Note 5 (n,:gb,: [up ]| pr1/2 —ni o [uh]|p1/2) are
extra penalty terms, which helps to show the stability. Since w, is also discontinuous
across the boundary point, these penalty terms are used to transform wuy, into {us}

on the boundary after integrating by parts in (3.2.15).
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In all the applications below, we use yj, to discretize 017, and 7, to discretize 7.
Hence, we denote .A4;, for the vector (—yp, 1). Also, Ap, Jp, Kj, and 7, can be defined

in the same convention.

Spacial Discretization of Temporal Terms as (g

We define

Ce(Nh, tn, vn) (3.2.19)

- / at<Jhuh) “Up + / atnhi)Uh . azvh — 8t77h6(ﬁh . Uznt(E))nz
e E OF
1

+§/ O (up - vg),
BENS

where ng = (ny,n2) denotes the outward normal vector on OE. The last term in
(3.2.19) is the newly-added penalty term in the formulation (3.2.11). The argument
N in Cg(nn, un, v,) denotes 7y, and its derivatives. We utilize the upwinding flux in

this scheme, i.e.

b if Omub > 0,
= M= (3.2.20)
U]: if 8t77hb < 07

where “4” denotes the value read from the up direction and “—” denote that from

the down direction. If a side is vertical, then its contribution is zero.
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Discretization of Convection Terms as g

We define

VE(Whs Nns Un,y Vn) (3.2.21)
1
= 5 [ )+ [ V) o
OENY E

1 1 uznt(E) . vint(E)
+—/ Jh(vﬁyh . uh)(uh . Uh) — —/ [uh . Jhﬂh] . HE%
2Jg 2 Jom\o0 2

e e =) ),
OE~
where V; is understood as in (3.1.7) with o replaced by 7, and
0FE™ = {.’L’ € OF : {uh . Jhéth} ‘np < O} (3222)

The first term in (3.2.21) is the newly added penalty term in the formulation (3.2.11).

Since

Jh _Ah

Jnty, = , (3.2.23)

we only need one 7, argument in yg(up, Nx, Up, Vp).
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Discretization of Diffusion Terms as ap

We utilize the Symmetric Internal Penalty Galerkin Method (SIPG) or the Nonsym-

metric Internal Penalty Galerkin Method (NIPG) to define

ag (M, Un, M, Un) (3.2.24)

1 in
= 5/ JhDLQ{huh : ]D)dhvh — / {Ddhthh%} *NE - Uh HE)
E OE\X

1 m m mn mn
i§/ D%mtwwh t(E)Jh t(E)th t(E) g [Uh] + E/ [uh] -, t(E)'
AE\Y M h Jor

For the third term, if we take +, it is NIPG and if we take —, it is SIPG. The
penalty constant o can always be taken as 1 for NIPG and a sufficiently large number
for SIPG. Note that we need two 7, arguments in ag(n, un, nn, vn) to denote the

dependence of .«7,.

Discretization of Pressure Terms as (g

We define

Be(ph, s vn) = —/ InpnV - Un +/ vflnt(E) ApnInty} - np. (3.2.25)

E OE\S
Discretization of Forcing Terms as g
We define
115 (Mhs M, V) (3.2.26)

_ 15 - 15
= / Nn(v2)p — / oK (01)n + —[U?L]Uh |6Em2+1/2 - —[Ui]vﬂamz—uz;
dENY OENE 4 4
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where 0ENY +1/2 and 0FE N'Y — 1/2 denote the left and right boundary points of
OFE N X respectively, i.e. similar to F' —1/2 and F' + 1/2. Note that the forcing term

is nontrivial only for the top cells and for all other cells it is zero, pg(nn, nh, va) = 0.

1 1
Z[?’]}QL]TJ}:|8EQE+1/2 — Z[ni]@ma]gmg_l/g are extra penalty terms, which help to show the

stability. Since 7y, is discontinuous across the boundary, these penalty terms are used

to transform 77 into {n?} on the boundary after integrating by parts in (3.4.60).

Discretization of Source Terms as wg

We define

wE(nh,vh) = / JhS * VUp. (3227)
E

Discretization of Divergence Terms as pg

We define

PE(Un;s M, qn) (3.2.28)

- _/ InqnV g, - un + 5/ [un] - @y t(E)Jh t(E)g{h UE) g
E OE\X
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3.2.3 Properties and Estimates of Discretization
Estimate of Temporal Terms

We consider the temporal terms, i.e.

(/ Jowu - vy, — / J(@tngKﬁgu) Sup + L / om(u - vh)) (3.2.29)
E E 2 Jorrs

In the continuous case, a direct integration by parts reveals

/ Jowu vy, = / O (Ju) - v, — / O J (u - vp), (3.2.30)

E E E

—/ J(@mZ)K@QU) cup = —/ atngazu-vh (3.2.31)
E E

= /8tn5u~82vh+/82(8tnl~))(u'vh)— aml;(u-vh)m.
E E

oF

Since 0;,J = 0, (8ml~)), we can simplify above terms into

/ JOwu - vy, — / J(OmbK dyu) - vy, (3.2.32)
E E

= / O(Ju) - v, + / &ml;u - Oqup, — 8t77[~)(u - U )Na.
E E

OF

Hence, we may define the discretization of the temporal term as (3.2.19). Since in
our bulk mesh, there are only two effective boundary integrals for each triangle, we
may call them the upper boundary 0F + 1/2 and lower boundary 0E — 1/2 without

ambiguity. If we denote f(uy) = —dm,buy, then (3.2.19) is actually

1
Ce (M, un, vn) — 5/ O (ur, - vn) (3.2.33)
DENS

J— . J— . ¢ . I ¢ . J’»
/Eat(Jhuh) vy, /Ef<uh) 82?Jh+/8E+1/2 fup) - v, /BE—1/2 flup) vy,
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where the flux reduces to

. ) if Oyub > 0,
flun) = fny = § T e (3.2.34)
f(u,) if Ompb < 0.

Lemma 3.2.2. If we take vy, = uy, the discretized temporal term satisfies

1
Z Ce (M, un, up) > 5815/ Tp |un)? - (3.2.35)

Eet&y, Q

Proof. Note the fact that 0,J;, = 82(8t77hl~)). We can directly compute

1
Ce(nn, un, up) — 5/ A [un|? (3.2.36)
DENS

~ ~

= /Eat(c]huh) S Up — [Ef(uh) - Ogup, + /8E+1/2 flup) -u, — /E)E_l/2 fup) - uyf

1 1 1 ~
= 5@:/ Jh|uh|2+§/5tJh |Uh|2_§/a2(at77hb) Ju |
E E E
1 _ 1
5 | sy [
2 Jors1)2 2 Jor-1)2

Flup) - us — Fuy) - u
+/<‘9E+1/2f(Uh) n /<9E—1/2f(Uh) o

1
— §at/EJh|Uh|2

1 B 1
DE+1/2 0E—1/2

N

¢ . I . +
+/6E+1/2 flun) -y /8E1/2 flun) -

1 R N
= 5@/ Tn |un? + Fopyrja — Fop_1/2 + Op,
E

where

| = DN =

+ /8E+1/2 fup) - uy, (3.2.37)

Sl

/ f(uy) - u

0E+1/2

/ fluy) -u; + / flup) - uy, (3.2.38)
0E—1/2 OE—1/2

Fopr12 =

FaE_1/2 =
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and

or = 3/ (6t - = a7 ) (32.39)

o (7 = ) - ).

Based on the flux definition (3.2.34), we have the estimate

~ + -
Op = / (atnhb(u;[ —uy) - (- M)) > 0. (3.2.40)
OE—1/2 2

Hence, combining with (3.2.36), we obtain

1 1 . .
CE(nha Up, uh) P / 8tnh ’uh’2 > _8t/ Jh ‘Uh‘2 + F8E+1/2 — FaEfl/Q. (3241)
2 Jopns 2 Je

When summing up over all £ € &, we can easily see when OF C (), all the terms

involving F' are canceled out. Therefore, only the terms on 0f) remain, i.e.

1
> ol un, up) — 5/@% [un? (3.2.42)
Eeéy >
1 , . )
> Z §8t/EJh|uh| + Z Fopi1/2 — Z Fop—1/2.
Ees, OENT#D OENS, £

On X, we have u, =0, so —FaE_l/Q =0, i.e.

Z FaE_l/Q == 0 (3243)
BEMEH&@

On ¥ we have v = u; = uy|y; and we always take 4y, = uy, so it implies
h h h Y h h>

1

. 1 . A _
Fopi1)2 = -3 /8E / fuy )u, + /8E / flup)u, = —3 /{9E Eatnh |uh|2 .(3.2.44)
1+1/2 +1/2 n
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Then summing up over E € &, gives a full integration over X, i.e.

- 1
> Foppijp = -3 / Ay |un” . (3.2.45)
b))

OENZ#()

Therefore, combining (3.2.42), (3.2.43) and (3.2.45), we deduce

1 1 1
> Getmunw) =5 [ Gl = 500 [ hlunl =5 [ dmful*. (3246
b E %

Eecéy

Hence, our result easily follows. O

Remark 3.2.3. This proof is based on the mesh as in Figure 1. For general trian-
gulation, it is possible to have three effective boundaries for each element. However,

it is easy to see Lemma 3.2.2 still holds.

Estimate of Convection Terms

We consider the convection term

[EJ(u-Vﬂu)-vh—%L(u-%)(u-vh). (3.2.47)

This is the key nonlinear term in the Navier-Stokes equations. Our discretization
is inspired by the idea in [22]. In the continuous case, when summing up over all

E € &, we can see

> ve(u,m,u,0m) (3.2.48)

Ecé&y

1

_ /QJ(U-Vﬂu)-Uh+%/§2J(VM'U)(U'Uh)—§/E(U'</V)(U‘Uh)a
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where all the other boundary terms vanish. Hence, considering the continuous &7-

divergence-free condition for u, this discretization is consistent.

Lemma 3.2.4. If we take v, = uy, the discretized convection term satisfies

Z Ve (Uhs My Un, up) > 0. (3.2.49)

Ee&y

Proof. We divide the proof into several steps:

Step 1: Direct integration by parts.

We plug the test function v, = u;, into (3.2.21) to obtain

1
Ve (Uhs My Un, Up) + 5 / (un - M) |un|” (3.2.50)
F

1
= / Jh(uh . Vﬁhuh) “Up + = / Jh(Vﬂ«h . uh)(uh . uh)
E 2 E

1 uznt(E) . umt(E)
2 Jomon 2

+ /8E— |{uh . thQ{h} . nEl (U;Lnt(E) . UZﬁ(E)) . u;’:zt(E))

A direct integration by parts yields

/Jh(uh'v_;yhuh) *Up (3251)
E
= /Jh(uh V;yhuh Uh—/Jh Vﬂh Up (uh Uh)

E E

+/ (u;lnt(E)Jznt( )dznt E) ‘n )(u;lnt(E) u;lnt(E)>
OFE
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Therefore, (3.2.50) can be simplified as

1
YE(Uh, Thy Un, Un) + 5/ (up - A7) [un|? (3.2.52)
OENE

— _</Ejh(uh-vﬂhuh)-uh+%/EJh(V,Q¢h 'Uh)(uh'uh))

int(E) uznt(E)

1
——/ -+ Tnith] -
2 Jop\on 9
+/ ’{uh . Jhleh} . nE| (uZnt(E) _ uzxt(E)) ) UZnt(E)
OE~
+/ (u;‘lnt(E) . Jént(E)%nt(E) . nE)(uZnt(E) . uﬁlnt(E))
oF

= [+ 1T+ III+1V,

where

[ —</EJh(uh-Vﬂhuh) -uh+%/EJh(V% -uh)(uh-uh)), (3.2.53)

and I, II] and IV can be understood respectively.

Step 2: Estimates of I1 and IV.

In IV, for e € OF\OS), we have the decomposition

WTHE) | Jini(B) g ini(E) (3.2.54)

1 in in in ex ex ex
= {un- T}y + S GOzt B et e

For e C OE\0S2, we can sum up the second term on the right-hand side of (3.2.54)

over E/ and its neighboring cells, which have the opposition outward normal vectors,
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to show
(3.2.55)
1 int(E int(E int(E ext(E ext(E ext(E int(E int(E
/E(uh (B) | Jint(B) gyint(B) _ eat(B) | jeotlB) pyest(B)) py - int(E) _ imt(B)y
1 ext(E ext(E ext(E int(E int(E int(E ext(E ext(E
+/§(uh (B) | jest(B) gyest(B) _ int(B) | gintB) oyint(E)y [(_py -y eot(B)  cot(E))

B /e[uh - Inh] - nefun - upt,

where n, denotes the normal vector read from the same reference cell as [uy, - Jp<%,].

Note for e C F N 9Q, u'"E) . jintE) orintlE) _ 14, J. a4}, Therefore, we obtain
h h h

Siwo= % /{uh-Jth}nE(uZnt(E)~u2m(E)) (3.2.56)

Ec&, ecoE, ¥ ¢

+ Z /e[uh - Inp)] - ne{up, - up}

e€dER\ O

Also, in 11, for e C OE\0S, we can sum up over F and its neighboring cells to achieve

(3.2.57)
1 uznt(E) . uint(E) 1 uezt(E) . uewt(E)
__/[uh.Jhﬂh].nE%__/(_[uh.Jh%]>.(_nE) h h
2. 2 2. 2
1
= —5 /[uh . Jhdh] . ne{uh . uh},

which further leads to

Z I =—- Z %/[Uh . JhJth} : ne{uh . Uh}. (3258)

Ee&y, ecdER\IN €

Step 3: Further estimates in (3.2.52).

Hence, summing over all £ € &, in (3.2.52) and combining (3.2.56) and (3.2.58), we
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deduce

1
Z Ve (Uns My Un, Up) + 5/(% - M) || (3.2.59)
>

Eeé&,

1
= —</ Jn(un - Vgup) - up + 5/ IV, - up)(up - up)
Q Q

- > / up - Jndh) - np{un - uh}>

ecog\oQ ~ V¢

T Z (/ Hun - Jnsth} - ngl (u, int(E) uzxt(E))_u;‘Lm(E)
OB~

Eeg,

+ /a E{uh Tnih} - () u;'lntw))) '

We can further estimate the last two terms in (3.2.59) as follows:

Z (/a {un - Jniy} - | (uit™ B — ) B3 9 60)
o

Eegy,

{uh - Jnaty} - nE(uznt(E) : uznt(E))>

- Z/a Hup - Jpoty} - nE|ue$t(E) (el’t(E) uZnt(E))
B

Ee&y,
+ / {un - Tt} - np(uy " )
Feg, Y OETNoQ
+ 2 / {un - T} - np(u" ),
OE—NX

Eeg),



Then combining (3.2.59) and (3.2.60), we have the complete form

2

1
Z YE(Un, My, Un, up) + —/(Uh - M) |Uh|2
5

Ee&y,

1
= —(/Jh(uh-Vﬂhuh)-uhnLi/Jh(Vﬂh-uh)(uh-uh)
Q Q

e€IEy

+ Z / H{up - Jnsth} - ngl u;”(E) , (uzxt(E) _ ul}'Lnt(E))
OB~

Ecé&y

+ / {un - Tt} - np(uy ")
bea, JoE+TNoQ

£ 3 [ e ) nsa u),
OE—NX

Step 4: Synthesis.

Ee&y,

Summing up (3.2.50) over F € &, and adding it to (3.2.61) imply

v

1
Z Ve (Wn, Mhy Un, up) + = /(Uh - M) |Uh|2
D

2
Ee&y

1
32 | K- gt}

Ee&y

. 2
ext(F) int(F)
U, — Up

1 int(E int(E
+2 5/8 {wn - Tt} - (" - ")

Eegh E+NoQ

1 i i
+> 5 / {un - Tnch} - np (i) ity
OE—NX

Ecé&y

1 in in
2.3 / {un - Inh} - n (- )
OE+TNE

E€E&y,

1 n n
2.3 / {wn - Tt} - g (" - ")

Eegh OE—NX

1 n n
2 /Z{uh Tt} - np(uy )

1
5 [ wn A
b
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(3.2.61)

(3.2.62)
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where the last equality can be directly verified by the definitions of J,, <%, and .A4;.

Then our result naturally follows. m

Estimate of Diffusion Terms

In order to show the coercivity of the diffusion term, we need the discrete form of

Korn’s inequality. The proof here is based on [48].

Lemma 3.2.5. Assume f;, € X} satisfies for e C 0, N %y, it holds that f£°]. = 0.

Then for sufficiently large o¢ > 0, we have

> (ol + X 2 162 2 10, 2 1, (32.63)

EeE&y, ecoEy,

Proof. The second inequality has been shown in [22], so we turn to the first one. Tt
is easy to see the key part is to show the derivatives of f; can be controlled. Hence,

we only need to show

> /E|th|2+ > %/[ﬁf 2 1 all, (3.2.64)

Ee&y, e€oEy

If this is not true, then we can construct a sequence fi' € XF satisfying

i, =1, (3.2.65)

and

D DR ey + D % / i) < % (3.2.66)

Ecé&y e€oEy,
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To abuse the notation, we can extract the weakly convergent subsequence

fir— f, in HY(E) for VE € &,. (3.2.67)

By the compact embedding theorem in each cell £ and the weak lower semi-continuity

of HY(E) norm, we have the strongly convergent subsequence

S = fu in LA(Q). (3.2.68)
By (3.2.66), we also have

ST ey = 0. (3.2.69)

Eeé&y,

Notice the fact that in each cell E, we still have the continuous Korn’s inequality

15 = Tl ey S DS = D 2y + 3" = filll 2y for ¥m,m € N.(3.2.70)

Hence, combining all above, we know f}' is a Cauchy’s sequence under the norm

H'(E), which means it is a Cauchy’s sequence under the norm Hj,. Then

foo = fn in Hp. (3.2.71)

Thus this means

[ full g, = 1, (3.2.72)

which further implies

Df, =0 in VE € &, (3.2.73)
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and

3 UO/fh = 0. (3.2.74)

e€dEy

This means
fn=(a,b) + c(—z1, 12), (3.2.75)

for some constant a, b, c and f;, is continuous in 2. Certainly, the zero bottom implies
fn-= 0, which contradicts |[fn|[;;, = 1. Therefore, our hypothesis is invalid and

(3.2.64) holds. O
Lemma 3.2.6. Assume f, satisfies for e C 0&, N Xy, it holds that f£*|. = 0. Also,

N, satisfies n, +1 >0 > 0 and

Q = sup [7allyree(ry < oo (3.2.76)

FeFy,

Then for sufficiently large og > 0, we have

Z/@mmm+2“jﬂ,v Q) I1hl% 2 C@ Il - (3277

Ecé&y, e€oE),

Proof. Note that in each cell E, the free surface 7, is smooth. Hence, we can change

it back by the transform @, to a curved cell ®,'F which satisfies

| @ P ax= [ | DrmP (32.78)

h

Hence, in this curved cell, we have the Korn’s inequality

||fh||H1(<1>;1E) S HthHB(q);lE) + HthL?(cp;lE) : (3.2.79)
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Since the transform ®,"' is a diffeomorphism between E and ®,'(E), then the H*

norms in these two spaces are comparable. Hence, we have

1l 2y S C(Q)(/EJh D, Sl + Hfh||L2(E))- (3.2.80)

Then a similar proof as that of Lemma 3.2.5 naturally yields the desired result. [

Lemma 3.2.7. Assume f, satisfies for e C 0&, N Xy, it holds that fi**|. = 0. Also,

nn satisfies n, +1 >0 > 0 and

Q= sup [mnllypree ) < 0. (3.2.81)

FeFy,

Then there exists a sufficiently small constant &' > 0 such that for n' satisfying

sup |17, = nllyr0e ) < 9, (3.2.82)
FeFy,

and for sufficiently large o, > 0, we have

Z/Jh‘Dﬂ’fh‘ + ) Uo/fh 2 C@Q) %, 2 CW@Q) Ifall7, - (32.83)

Ecé&y e€0Ey

Proof. By Lemma 3.2.6, we know

3 / TP i+ 3 2 / B2 C@QIRE 2 C@InIE, . (3.2.84)

Ec&, ecoEy,

We can rewrite our formula in a perturbed form as

Z/Jh‘D%’fh‘ - Z/Jh D fol® (3.2.85)

Beg, Beg),
= Z/Jh(Dw M;th> (Q]D)yihfh‘f‘Dd/ thfh) Z/ (Jh = Jn) Dy ful®
Eegy Eeg)

S Ol -
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Naturally, when taking ¢’ sufficiently small, we can absorb the perturbation into the

principle part. Then our result easily follows. O]

For the diffusion term

—/ JA gu - vy, (3.2.86)
B

a direct integration by parts implies

-y / TALu - o, (3.2.87)

Ee&y,

Q . .

e€E,\T

Also in the continuous case, our discretization yields

> (.1, v) (3:2:88)
Ecé&y
1
= 5/ JDu: Dyv, — Z {Dyul -ng} - [vp).
& ecdE\T ¥ €

We can notice the difference is the extra physical boundary term — / (Dyu) N -
b

vznt(E), which contributes to the boundary condition on .. This is separately added

to the scheme as a forcing term later combined with the pressure contribution. Hence,

our scheme is consistent.

Lemma 3.2.8. Assume n, satisfies n, +1 > 0 > 0. If we take vy, = uy and choose

the penalty constant o properly, the discretized diffusion term with NIPG satisfies

Z aE(nh7uh777hauh) > / Jh |Dgz¢huh|2 . (3289)
Q

Ee&y,
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If we further assume ny, satisfies

Q) = sup thHWLOO(F) < 00, (3290)
FeFy,

then the discretized diffusion term with SIPG or NIPG satisfies

> s un s un) 2 C(Q) unlly, - (3.2.91)

Eegy,

Proof. We can directly compute

Z B (Th, W, M, V) (3.2.92)
Ecé&y,
1

Eee, ' E ccdE\E Y €

+ Z {DMhUthgQ{h . nE} : [Uh] + % Z [Uh][?]h].

eeﬁgh\E € ecdEy

For NIPG, when v, = uy, (3.2.92) reduces to

1
Z @E(Uhauhanhauh) = 5/

Ee&y Q

g
Jh ]]D)%uhf + E Z[uh]z. (3293)

Hence, we may simply take the penalty ¢ = 1 and by the discrete Korn’s inequality
in Lemma 3.2.6, our result naturally follows.

For SIPG, when v, = uy, (3.2.92) reduces to

Z aE(nhauhanhauh) (3294)

Ecé&y

1 o
= = /Q Jh |Dﬂ¢huh|2 -2 Z {]D)_Q{huhjhﬁfh . TLE} . [Uh] + E Z [Uh]Z.

2 e
ee(%‘h\E eco&y
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By the discrete Korn’s inequality in Lemma 3.2.6, we have

> [ apanl+ Y% [ 2 0@ hull, 2 CQ I, - (:29)

Ee&y, e€0Ey

Then we utilize Holder’s inequality, the trace theorem and Cauchy’s inequality to

estimate

> [{Daundnh - ng} - ) (3.2.96)
ccdEN\n ¢
< C(@Q) Z IVunll 2oy Nun]ll r2 e
c€OEL\IN
< C(@Q) Z ||uh||H1(e)||[uh]||L2(e)
cCOEL\IN
@)1
< 0@ Y hlmlg+ SLL ST g,
e€dER\ O e€0ERL\OQL
C(O)1
< C0@Q) Y Mgy + S S el B
E€E&), c€OER\IN
CO) 1
< 0O@Q) Il + S22 ST il e
e€0ER\ON

The last inequality is valid since uj, € PfF. Then we take C sufficiently small, and o >

o+ C(Q)/(4C) to absorb (3.2.96) into (3.2.95). Hence, our result easily follows. [

Estimate of Pressure Terms

For the pressure term

/ IV p - vp, (3.2.97)
E
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a direct integration by parts reveals the following equality in the continuous case

> /E INVap - vp (3.2.98)

Ee&,

— —/JPVM-/Uh—i_ Z /[Uh]'(p‘]%)'ne)‘i‘/pJV.U}Zlm(E)
Q . g

e€IEL\T

It is easy to see in the continuous case, our discretization reduces to

> Bulp,n.vn) = —/QJpV,Qf-vth S v () e, (32.99)

Eegy, ecdE\D Y €

We can notice the difference is the extra physical boundary term / p N - pmHE)
by

which contributes to the boundary condition on . This is separately added to the

scheme as a forcing term later combined with the diffusion contribution. Hence, our

scheme is consistent.

Lemma 3.2.9. When we take v, = uy, the discretized pressure term satisfies

Z Be (P M, un) = —/ InPrV o, - Up + Z [un] - {pnJnth} - ne,(3.2.100)
Q

Eegy, ecdEL\D ¥ €

where n, denotes the outward normal vector read from the same direction as [up).

Proof. This is a direct corollary of the definition, so we omit the proof here. [
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Estimate of Forcing Terms

Considering the physical boundary condition on ¥ of the system (3.1.8), we need to

take the upper boundary condition as a forcing term, i.e.
(pl —Dyu)V =nA on X. (3.2.101)

Multiplying the test function v, and integrating over F' yield

/FUJVUh - /F?7(772)h—/F77(9177(771)h- (3.2.102)

In the continuous case, our discretization reduces to

Z pe(n,n,v) = /277(772)h_/2778177(771)h7 (3.2.103)

Ee&y,

and the penalty terms vanish. Hence, this discretization is consistent.

Lemma 3.2.10. When we take v, = uy,, the discretized forcing term satisfies

1
Z e (N, hy Un) > /@s \Uh! (3.2.104)

Ecé&y

Proof. We may sum up over E € &, to obtain

Z 15 (Mh, Mk, Un) (3.2.105)

Eeé&y,

= /Zﬁh(?72)h+/7lhamh(171)h
+ Z ( Dy )2 psaje — {(ul)h}(nft)2|F1/2>-

FE]'—h
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Taking ¢, = n;, in the transport discretization (3.2.15) and integrating by parts imply

(3.2.106)
1
3 ol = [ @+ [ @0 = @) 05 Fleve + @) 67 Pl

e PN 1 _
+ (1) n0nny, [ P12 — (@) RO =12 + 3 <(77h Y [un)|Fi1/2 — (U;T)Q[UhHF—uQ) =0,

which further leads to

%/Fat |nh|2—/F(uQ)hnh+/F(U1)h77h3177h (3.2.107)
—{ @)y )2 pyry2 + {(@)n} )21y

+ (1) n iy, |12 — (@) RTnmy | p—1/2 = 0.

Summing over F' € Fj implies

3 Lodm = [@n+ [ @hndomn — 3 (@ e (32108

FeFy,

+ > A@)RY 0 rp = D @iy lrsaje + Y (@)wiany [p1/2 = 0.

Fery, FeFy FeFy

Since we always take @; = {(u1)}, combining (3.2.105) and (3.2.108) yields

D (1 s vn) (3.2.109)
Ee&y
= 5 foamt+ X (= @R Plere + a0 e

FeF,

(@)}, |Pr1y2 — {(ﬂl)h}ﬁhn}—l_|F—1/2)-
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We can decompose the boundary terms in (3.2.109) to obtain

_%{(Ul)h}(n;)2|F+1/2 + %{(U1)h}(77:)2|F—1/2 (3.2.110)
@)Yy | rray2 = {(@)n}nny [r-1/2

= VUpii2— VYp 12 + Op,

where
1 - — A —
Upyrp = —5{(ﬂ1)h}(77h V112 + {(@)nyonmy, | F a2, (3.2.111)
1 A —
Uroap = =5 {@)n3 05 lroae + {@)a Yy [poaps (3:2.112)
and
Leon 12 1. .
Or = @} lr1e = @0 Plere (3:2113)

—{(@)n Y |12 + (@) Yy |p-1/2-

By the flux definition (3.2.18), we can derive

or = {an (- ) (5 —n) 20 2

When we sum up (3.2.110) over F' € Fy, all Wy q/5 are canceled out due to the

periodicity. Then we have

Z ( - %{(ﬂl)h}(nﬁ)2|F+1/2 + 1‘{(1_61)}1}(7];[)2|F_1/2 (3.2.115)

2
FeF,

H{(@1)n 9y, lpg1y2 — {(u1>h}ﬁhn2—|F—l/2) > 0.

Hence, combining (3.2.109) and (3.2.115), we can obtain the desired result. O
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Estimate of Divergence Terms

In the continuous case, our discretization reduces to

> pe(umn.qn) = —/QJ(V@%'U)%. (3.2.116)

Ee&y

Hence, this discretization is consistent.

Lemma 3.2.11. When we take q, = py,, the discretized divergence term satisfies

(3.2.117)
Z PE(Un; Thy Pr) = —/ InpnV o, - up + Z [un] - {pnInh} - Ne.
EEEy Q ecdE\D V€
Proof. This is a natural corollary of the definition, so we omit the proof here. m

3.3 Stability Analysis

Condition 3.3.1. The free surface n,(t) satisfies 1 + np(t) > 0 > 0 for some § > 0

independent of h and t.

Condition 3.3.2. The free surface nu(t) satisfies supper, [[7n(8)|ly1epy < @ for

some Q > 0 independent of h and t.

Theorem 3.3.3. IfS = 0, suppose Condition 3.5.1 is valid int € [0,T)] for some T >

0. Then there exists a unique numerical solution triple (up, pn,nn) € XF X M}'f_l X S¥
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to the scheme (3.2.14) with NIPG, which satisfies the estimate

Nezottl

2 t )
12(9) + g ||77h(t)||i2(2) + V/ / Jh(s) |Ddh(s)uh(3)‘ ds (3.3.1)
<|vaamol’,,

+ | (0 )”22(2) )
for any t € [0,T7].

For general S, suppose Condition 3.3.1 and Condition 3.3.2 are valid int € [0, T
for some T' > 0. Then there exists a unique numerical solution triple (up,pn,nn) €

XF x MF' x SF to the scheme (3.2.14) with SIPG or NIPG, which satisfies the

estimate

VAT, + I+ [ T, (332
cQ)(H\/Jh(o)uh(mH;m)+th( e, //\s ‘dr)

for any t € [0,T7].

Proof. The existence and uniqueness follow from a standard argument for the differential-
algebraic equations, so we omit it here and focus on the energy estimate. In the system
(3.2.14), we take the test function v, = wj, and ¢, = pp, and sum up over E € &,.

Then it yields

> Colnn un, un) + Y e (un, ma, tn, un) (3.3.3)

EGS}L EGS}L

+v Z ag My, Un, M, up) + Z BE(Dh, Mhy un)
Ec&;, Ec&y

+9 Y me(n s un) = D wn(nh, un),

Eeéy Eecéy

Z pE(Un, Mn, pr) = 0. (3.3.4)

Ee&y



143

By Lemma 3.2.9 and Lemma 3.2.11, we have

> Bu(pns s wn) = D p(un, s pa) = 0. (3.3.5)

Ee&y Ee&y,

Hence, we can simplify (3.3.3) into

Z Ce(Nns uns un) + Z Ve (Un, Nhs Un, Un) (3.3.6)
Eegh Eegh
v Z ap(Nh, Un, h, Un) + g Z 1 (hs s ) = Z wWe (1, tn).
Eegy, Eeé&y, Eegy,

Then by Lemma 3.2.2, Lemma 3.2.4, Lemma 3.2.8 and Lemma 3.2.10, we have

1
5at/ Jh|uh|2+gat/ il + COQ) funllk, < S welun). (3.3.7)
Q b))

Eeé&y,

Note Condition 3.3.1 and Condition 3.3.2 guarantee the existence of C'(Q) > 0 which

is independent of . An application of Cauchy’s inequality implies

1 1
> welwn) <€ [ Rl + 1 [ 158 <@ lwl, + 15 [ 157, 338

Ecé&y

In (3.3.8), when taking C” sufficiently small, we can always absorb it into CC(Q) ||up, ||2Xh

in (3.3.7). Hence, we have

1 cc
30 [l 2o, [P+ SSL g, <c@ [1sP. 639
Q b Q

Then integrating over [0, t] leads to the desired result. The S = 0 case is easily derived

from the general case without discussion of the source term. O]

Remark 3.3.4. Condition 3.5.1 and Condition 3.53.2 are not always satisfied a priori.
In [41], [3] and [43], this type of assumptions were also introduced in the numerical

analysis.
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3.4 Discussion on the Error Analysis

For the continuous solution (u,7n), the analysis in [50] reveals in the Navier-Stokes
equations of (3.1.8), we need H' norm of 7(t) to bound L? norm of u(t). However,
the result in [17] implies in the transport equation of (3.1.8), we need H? norm of u(t)
to control H' norm of n(t). This type of inconsistent coupling cannot be improved
even if we go to higher order derivatives. Hence, this implies the coupled system in
(3.1.8) is not closed in the usual Sobolev norms, which means we cannot expect to

obtain the error estimates for the whole system (3.1.8).

In the following, we mainly analyze the error in the Navier-Stokes equations pro-

vided we have the error estimates of the free surface.

Condition 3.4.1. The free surface ny, satisfies the error estimates

= nll S REF (3.4.1)
ln =l S RF, (3.4.2)
Ixn = xll 2 S B, (3.4.3)
Ixn = Xl < A (3.4.4)
10:(mn =z S A", (3.4.5)
18 = )l e S AT (3.4.6)

3.4.1 Velocity Error Estimates

In this section, we give the complete error estimates of the Navier-Stokes equations.
Although the expressions look rather complicated, the basic ideas behind are rela-

tively simple. Since most of the terms have been clearly estimated in [22], here we



145

mainly illustrate the basic estimating rules.

Rule 1:

For the estimates of the product terms as

/ RE,.. . F, (3.4.7)

we usually apply the Holder’s inequality to obtain two terms in the L? norm and

several terms in the L> norm. The priority of taking the L* norm is as follows:

1. F; only containing the exact solution (u, p,n) has the highest priority.

2. F; containing the free surface error n, —n, xn — x or 9y(n, —n), or the numerical

solution 7, xp or Oy has the second priority.

3. F; containing the projection error u — Pu or p — Pp for some P has the third

priority.

4. F; only containing the velocity error u, — Pu or the pressure error p, — Pp for

some projection P, or the numerical solution wu; or py, has the lowest priority.

In this fashion, we can make the best use of the regularity of the exact solutions and
the known error estimates in the free surface to avoid the estimates for numerical

solution in undesired norm due to the embedding theorem.

Rule 2:

For the boundary term, we always apply the trace theorem

1 2oy S NE vy » (3.4.8)
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for r > 1/2. This introduces more regularity in the estimates, so we should always
try to avoid to use it directly and apply certain projection property to eliminate the

boundary terms.

Rule 3:

Note the simple fact that for » > 0, we have

W ||Fh||HT(E) S ||Fh||L2(E) 5 (3.4.9)

where h is the mesh size and Fj, € PF. This can bound the higher order Sobolev

norm by the lower norm at the price of sacrificing some orders of h.

Since in the following estimates, above rules can be applied in a very direct fashion,

we do not give all the details, but just remark when necessary.

We decompose the velocity error and the pressure error as follows:

up, —u = (up —Pu)+ (Pu—u) =€, + 0y, (3.4.10)

ph—p = (on—Pp)+(Pp—p) =6+ 0y, (3.4.11)

where P is some projection such that Pu € PF and Pp € P}f’l achieving the optimal

accuracy, i.e.

18ull 2 S A5 (3.4.12)
16, S B (3.4.13)

Hence, the key part of the the error estimates is €, and .
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Lemma 3.4.2. Suppose Condition 3.3.1, Condition 3.3.2 and Conditions 3.4.1 are
valid. Assume the ezact solution satisfies u € C*1(Q), p € C*(Q) and n € C*1(X).
Then for h sufficiently small, the numerical solution to the scheme (3.2.14) satisfies

the estimate

8t/QJh el + leal, (3.4.14)

S C@) (hk” leulls, + 2 llepll 2 + H%Hiz) for 12 <r<1.

Proof. The discretization of the Navier-Stokes equation is

CE(th Up, Uh) + ’YE(Uh; Nk Uh, Uh) + VO[E(T]}L, Up, TR, Uh) (3415)
+Be(Ph, Mhy V) + BEhs Mhsvr) = WE(R, Vh),

pE(Un; My qr) = 0. (3.4.16)

The consistency implies the exact solution also satisfies this scheme, i.e.

CE(Th u, Uh) + 'YE(U, n,u, Uh) + VaE(n: u,n, Uh) (3417)
+Be(p,n,vn) + pe(n,n,0n) = we(n,vn),

Therefore, taking the difference of above two sets of equations, we obtain the error
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equations

(CE(nh,Uh,Uh) Ce(n,u, v ) (3.4.19)

+v| ag

+(7E(uh,77h,uh,vh) ve(u,n,u, vy
( (Uh,uh,ﬁh,vh) — Qp 777“ 1, Un

)
)
+(BE(pha77havh> Bep.n,vn )
)

— <wE(nh,Uh) —wg(n, Uh))v

+(ME(77hanh7Uh) HE 77 1, Un

(pE(uh,nh,Qh)—pE(u,n,Qh)) = 0. (3.4.20)

Now we need to analyze each term in the error equations (3.4.19) and (3.4.20). We
always decompose the difference of the bilinear forms into two parts: the energy part

E, and the remaining part R,, such that
Difference = F, + R,, (3.4.21)

where F, builds the main body of the error equations and is put in the left-hand
side (LHS), and R, is moved into the right-hand side (RHS) and can be taken as the
perturbed source term. The * can be (, v or «, etc. In the following, we give details
on how to make this decomposition in our settings and define each E, and R,. In all

the forms, we take the test functions v, = €, and g, = €,.

Step 1: Pressure Term and Divergence Term.

We define the extended pressure form as

(3.4.22)

B(ph, h, vn) = _Z/Jhphvaih vy, + Z /Uh {pnInt} - ne,

E€E), e€OER\S
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and define the extended divergence form as

(3.4.23)
plgn, ) = — Y / VYAPIRTE Y /[Uh] Aan I} - ne.
Beg, U E ecdE\T Y €
The pressure error term can be decomposed as follows:
BPn> 1w, vn) — B,y o) = BPa — P10y vn) + B, 0w — 1, vn) (3.4.24)

= 5(ph — D57, eu) + B(pa Nh — 1, Gu)
= Blep, M, €u) + (ﬁ(ép, Ny €u) + B, M1 — 1, eu)>

= Eg+ Rg.
The divergence error term can be decomposed as follows:

0 = p(an, 1, un) = plan,m,w) = p(qn, s un — w) + p(qn, nn — 1, 1) (3.4.25)
= plep, Mn, un — w) + pep, mn — 1, 1)
= p(€p77]h7 €u) + <p(€p777h7 5u) + P(Gpﬂ?h - 7]7”))

= FE,+ R,
As in the proof of stability, the energy part satisfies

6(61)77]]17611,) = p(epanh7€u)7 (3426)

which means they can be canceled out, so we only need to estimate the remaining

part. We can directly obtain

B@pimed) S B ey, (3.4.27)



B —me) S R ey, -
By applying the trace theorem for 1/2 < r < 1, we can obtain
plepsmn:0.) S P el e
Note the boundary terms vanish in the following term, so we have
plepsmn —mu) S W el

Hence, in total we achieve

E/B = Epa
[Rsl < W Hleully,
R, < R el for 1/2<r <1

Step 2: Temporal Term.

We define the extended temporal form as

C(n’w Up, Uh)

/& Jhuh - Up + Z / 8t77hbuh 82vh - Z 8tnhl~7(7l

Ecé&), Ec&), Ecg, Y OF

+ Z / O (up, - vp,).

Beg, < JoBNS

X int
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(3.4.28)

(3.4.29)

(3.4.30)

(3.4.31)
(3.4.32)

(3.4.33)

(3.4.34)

)na
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The temporal error term can be decomposed as follows:

Cms un, o) — €0y uyvn) = C(Mhy un — u,vp) + C(Np — 1, u, Vy) (3.4.35)
= g(nhaeuavh) + C(lrlhaduvvh) + C(nh —nu, 'Uh)
= C(nh»euaeu) + (C(T/haéuaeu) + C(nh - nauaeu))

= Ec+ Re.
In the stability proof, we have shown

1
E¢ = C(nh, €us €u) 2 5&/ I leul”. (3.4.36)
Q

Hence, we only need to estimate the remaining part. A direct estimate shows

Cny O en) S B Nleully, - (3.4.37)

Applying the trace theorem for 1/2 < r < 1, we can obtain

Com—musen) S W leuly, - (3.4.38)

Hence, in total we achieve

vV

1
E; 50 /Q In el (3.4.39)

[Re| < W' leully, for 1/2<r <L (3.4.40)

Step 3: Convection Term.
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We define the extended convection form as

>y (un, s un, vi) (3.4.41)
Eeg&,
1
= _25/ (un - A1) (un - vn)
Ecé,, OIpNY
1
+ ) / Tn(un - Vo un) - op + Y 5/ In(Vap, - un)(up - vp)
E€éy, E Eeg&y, B
1 uint . Uint
_Zi/ un  Tsth] - s U
bee, £ Jomaan
S [ e s e = i) o
Ee&y OB~

The convection error term can be decomposed as follows:

Y (Whs My Uy vr) — ¥ (us 7w, vp) (3.4.42)
= Y(wh, My un — w, vp) + Y (un, mp — 0w, vR) +y(un — u,n,u, vp)
= Y(wh, Nns €u, Vn) + Y(Uns My O V1) + Y (Wny g — M, w, 08) + y(up — w,m, u, vn)
= (un, Nh, €us €4) + (v(uh, My Ous €0) + Y (Uny n — 1,4, €4) + ¥ (up — w1, u, eu))

— E,+R,.

Note the last term in (3.4.41) vanishes for the exact solution, so we do not need to

worry about £~ definition. In the stability proof, we have shown
E, = ~v(un, h, €y, €4) > 0 (3.4.43)

Hence, we only need to estimate the remaining part. Here we have more tools to
utilize other than the rules listed before. Consider the results from [22, Proposition
4.1].  Although the norm there is |||y, , based on the proof, it is easy to see we

can further extend it to the norm |||, , i.e. for r > 2, w sufficiently small and



up, wp, vy, € P we have

V(s s Wiy on) S Nnllwoe [[unll g, llwnll g, [lonll g, 5

N

Y (Uhs My W, VR ) 7 llyyroo 1l g2 1wl g2 [lvnll,
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(3.4.44)
(3.4.45)

(3.4.46)

s — Pwon) S el ( 3 —PwHHz(E)) ol ol

Eeéy

Combining this with the rules before, we can get the estimate

Y,y Ouyea) S PTHL A+ lleall ) leull,

’Y(Uh?nh =1, U, Eu) S hk_l ||€u||Hh )

Ylun —wn,uen) SR leully, + lleallze leally,

Hence, in total we achieve

1

v

0,

1Ryl S PPN Dleallze) leull, + leall 2 lleally, -

Step 4: Diffusion Term.

(3.4.47)

(3.4.48)

(3.4.49)

(3.4.50)

(3.4.51)
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We define the extended diffusion form as

(T, Un, Mh, Vr) (3.4.52)
1
= 3 > / InDapun : Dgvn — Y /{Dmhthh% np} - [vp]
EBeg, U E ecdEL\Z ¥ €
o
+ Z e{ID)Mh’Uth”Q{h . nE} : [uh] + E Z [uh] [Uh].
e€IER\X e€dEy

The diffusion error term can be decomposed as follows:

& (Nh, Un, M, V) — a(n, u,m, vp) (3.4.53)
= &, un — U, Mh, Vn) + (1 — 1, U, Mh, VR) + (1), U, N — 1, Vp)
= (N, €us M, Un) + (s Ouy s V1) + (N — 0,8, My On) + (1, Uy 1 — 1, Vp)
= (1, €u, My €u) + (a(nh, Ous s €u) + (M — 1, U, M, €4) + (N, ws g — 1, %))

= b, + R,.
In the stability proof, we have shown
Eo = (i, €us iy €a) > K [leullFy, - (3.4.54)
Hence, we only need to estimate the remaining part. It can be directly shown that

a(nhaéuanhaeu) S hk ||€u||Hh’ (3455)
almn —mumme) S R ey, (3.4.56)

a(nuymn —ne) SR leully, - (3.4.57)
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Hence, in total we achieve

E, > Klell, (3.4.58)

Ral S BV leully, - (3.4.59)

~

Step 5: Forcing Term.

We define the extended forcing form as

(s s V) Z /a (v2)n — Z / MO - (V1) (3.4.60)
EﬂE

Ecé&, Eeg;, Y OENY

- 1
+ Z 1[7713] Uy lopnsy1/2 — Z 1[7);21] -V lopnz—1/2-

Ecé&y Eegy,

The forcing error term can be decomposed as follows:

w0, My o) — p(n, o) = (o — 0,04, vs) + p(n,ma —n,v,)  (3.4.61)
= pu(n =0, hs €0) + (0, M0 — 1, €4)

= R,.
There is no energy part here, so we only need to estimate the remaining part.

plmn = nmns ) S 0 el (3.4.62)

p(n, o —ne) S R ledly, - (3.4.63)

Hence, in total we achieve

~Y

R S W el (3.4.64)
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Step 6: Source Term.

We define the extended source form as

wE(nh,vh) = Z /EJhS * VUp. (3465)

Ecé&y
Then we can directly estimate
w(np, S,vp) —€(n, S,vn) = wlny —n, S, vp) (3.4.66)
- W(nh -1, SJ Eu)
= R,.

There is no energy part here, so we only need to estimate the remaining part.
wny — 1,8, 6,) < R ||€u||H,, ) (3.4.67)
Hence, it is easy to see that Hence, in total we achieve

[Ro| < B leully, - (3.4.68)

~

Step 7: Synthesis:

We can summarize all above to simplify the error equations (3.4.19) as

Ec+E,+BEy+E; = —Rc—R,—R,—Rs—R,—R,,  (3.4.69)

E, = —R,. (3.4.70)
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Then we can utilize the known facts about the energy part to simplify it as
1
50 /Q Jnled® + K lleully, SR, — R — Ry — Ro — Rg — R, — R, (3.4.71)
Utilizing the known facts about the remaining part, we can further obtain

1 —1-r -r
5(91:/9Jh leul” + K lleullzy, < 5" lleall, + 5" el 2 (3.4.72)

+hk_1(1 + [leullz2) ||Eu||Hh + [l€ull 2 ||€u||Hh for 1/2<r <1

The stability shows both u;, and u are bounded in L2, so ¢, is also bounded in L2.

Then we get

1
§at/Jh|eu|2+K||eu||§{h (3.4.73)
Q

SH T el + R el e +lleallz lleully, — for 1/2<r <1
Applying Cauchy’s inequality to the last term implies

1
5at/ I leul® + K [eul, (3.4.74)
Q

|€U”iQ+CH€uH§{h for 1/2<r<1.

L . 1
ST leull, + A el + 45 |

Taking C' sufficiently small, we can absorb it into the left-hand side to achieve

1 K
—6’t/Jh]eu|2+—Heu||12q < (3.4.75)
2% | 2 h

B eull, + 0 el e+ lleallze for 1/2 << 1.

This is the desired result.
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3.4.2 Pressure Error Estimates

In order for further analysis, we first need to show the inf-sup condition for our

pressure discretization.

Lemma 3.4.3. In the pressure discretization B(pn,Mn,vn) = Y _peg, BE(Ph, My vn),
suppose Condition 3.5.1, Condition 3.53.2 and Conditions 3.4.1 are valid. Assume the
ezact solution satisfies n(t) € C*TL(X). Then for sufficiently small time T which is

independent of h, there exists a constant = > 0 such that

B(Ph, M, Vi)

inf  sup > =, (3.4.76)
e ext 1Pnll 2 [[onll g,
fort € [0, T], where Z is independent of h.
Proof. The pressure discretization is as follows.
(3.4.77)
Bon,mvn) = — > / Tnpn (Vg - on) + Y /[Uh] Apnnh} - ne.
Eeg, U F ecdE\T Y €

We divide our proof into several steps:

Step 1: Classical Inf-sup condition.
In [21], it is shown that for any v € H'(f2), there exists a projection Rjv € X}J such

that

/ V- (Rpv —v) = 0 for Vr, € PP (3.4.78)
B

/ rp[Rpv] = 0 for WheP,’f‘l, (3.4.79)
OF

|Rwo —lly, < Cllol. (3.4.80)
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Also, it is a classical result that for g, € M;~1(Q) and v € H}(R), there exists Z; > 0

such that

qn(V-v)
sup M > =1 lanll 2 - (3.4.81)
very Ml

Combining above results, taking v, = Rjv, we can naturally show

an(V - vn) _ _
sup 2 et Jp ) > Zs lgnll L - (3.4.82)

UheX;f ||Uh||Hh

Step 2: Inf-sup condition without perturbations.
Let Jyof, denote the values of Jo7 at t = 0, and Jo.of, denote the average of Jy.o% in
each cell E which is a piece-wise constant. Then considering the mapping between

Qo and €2, we can obtain

Jogn(Vagy - v) _
sup Jo Joan(Viay - v) > Zy [lgnll 2 - (3.4.83)

UEH& HUHHl

Since we can naturally obtain

| Joto — Joto|| . < Coh, (3.4.84)

[P

which implies

fQ quh(V% )

’UGH& “UHH1

> (Z3 — Coh) llanll - - (3.4.85)

Furthermore, from a lengthy but not difficult computation, we can easily see property
(3.4.78), (3.4.79) and (3.4.80) are still valid if we replace the usual gradient operator

V by weighted gradient jov% This means we can still find the projection Rjv for
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each v € H} such that

/rhjov%-(th—v) = 0 for Vr, GP/f_l, (3.4.86)
E
/ ru[Rpv] = 0 for Vr, € PF1, (3.4.87)
OE
1B =l < Cllol (3.455)

Hence, by taking v, = Rjv, based on the property (3.4.86) and (3.4.88), we can show

> pee, Sz Joan (Vo7 - vn) S =3 — Coh

sup > llanll ;= - (3.4.89)
vpEX) thHHh 1+C g
In the following, we consider a perturbation of this inf-sup condition.
Step 3: Time perturbations.
We turn to our pressure discretization. Since
JV%'U = Jal'l}l — Aaﬂ)l -+ 82'112. (3490)
We can separate the bulk integral as follows.
(3.4.91)

—Z/Jhphvﬂh-vh = - Z/Jphvy/'vh_ Z/ph<t]hvy/h_<]vp{)'vh-
E E E

Ecéy Eeé&y, Ec&y
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we can directly estimate

-y / TV - (3.4.92)
E

Ee&y,
= — Z / JopnV ot Vb — Z /ph(JV,@f — JoV) - vn
Eeg, VE gee, VB
= - Z /phjov% *Uh — Z /Ph(JovmJ - jov%) *Un
Ee&;, E Ee&;, E
=Y [ Ve = D)
Eeé&y, E

By the analysis in Step 2, we have

sup ZEegh fEPhJOV% *Up, S =3 — Cph

> pnll,2 - (3.4.93)
vhEXf lonll g, 1+C g

By Taylor’s expansion around the average and continuity of exact solution, we have

3 / P (0¥ oy — To¥z) - v < Crle [pnll e ol (3.4.94)
E

Ee&y,

for some Cy > 0. Furthermore, for sufficiently small time T, [2] shows ||n(t) — nol| ;1

can be arbitrarily small. Then we can obtain

=Y [V = ) < GO il ol (3:495)
E

Ee&y

Also, by the error estimates for the free surface, there exists constants C's > 0 satis-

fying

-3 / pn( TV = TVe) - on < G5B lpalle lonllyy, - (3.4.96)
E

Ecé&y
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In summary, we have

(3.4.97)

=3 — Coh
-) / InpnV e, + Vn = (u — Cih = Cy(T) — C'3hk_1> 12all2 [vall g, -
Ecé&y E 1+ ¢

Step 4: Boundary perturbations.
On each boundary, taking E as a reference cell, denoting p* as the value read from

outside and p read from inside, we have

1 1
{pndnth} = §pthWh+§p2JZ»‘Zf; (3.4.98)
1
= 5(Cpn+Cp) + ({pth%} — (Cpn + C*p’ﬁ))-
where J*o7* is taken in the same convention of p*, and matrix C' is the average of

Jnety, and C* of J*o7* on that boundary. By Taylor’s expansion around the average

and the continuity of the numerical solution in each cell, we have the natural estimate

1
{pnJnth} — §(Cph +Cpy) (3.4.99)

1 1
= 3 (Jhdh — C)ph + 5(%’;%" - C*)pZ < h( [pu| + [Py )

Then we can decompose the boundary integral in the same fashion as

1
Z /[Uh] APnInh} - e Z /[vh] : é(Cph + C*p}) - e (3.4.100)
eeaéh\E € 6€agh\2 ¢
1
= [l ({pthwh} (Ot c*p;;>) .
eeash\E

Since we define v, = Ryv, due to py, p;, € P,’f_l, we can utilize the orthogonal property
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(3.4.87) to show

> /[vh] (Cpn + C"p}) - me = 0. (3.4.101)

eeagh\E

For the remaining term in (3.4.100), we can apply Holder’s inequality and the trace

theorem to obtain

) / [vn] <{pth%} — (Cpn + C*p,t)) N (3.4.102)

e€IEL\X

S h Z thHLQ(e) HUhHLZ(e)
e€HEL\S

S h Z ||ph||H3/4(E) thHHh

Eegy,

< DY pwll 2 llonll, -

In summary, we have

> [ (oo} e < C ol el (3.4.103)

e€dEL\T

Step 5: Synthesis.

In total, summarizing (3.4.97) and (3.4.103), we can obtain

(3.4.104)

=3 — Cyh
sup ﬁ(phan/hvh) Z ( 1?[—{— C? o Olh . CQ(T) . Cr3hk—1 . C’4h1/4) ||ph||L2 ]

oext  lonllm,

(U5 can be arbitrarily small as long as we take 7" sufficiently small. Hence, if A is also

sufficiently small, we can obtain

) ’/U E
sup B(pn; 1ns vn) > % Ipnll L2 - (3.4.105)
mext lvnllg,
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Hence, taking = = =3/(2C'), we have shown

B(Pr, Mh, V1)

inf  sup > =, (3.4.106)
PREM, ™ v, eXE [pnll 2 1oall g
which is the inf-sup condition desired. 0

Lemma 3.4.4. Suppose Condition 3.3.1, Condition 3.3.2 and Conditions 3.4.1 are
valid. Assume the ezact solution satisfies u € C*1(Q), p € C*(Q) and n € C*1(X).
Then for sufficiently small T and h, the numerical solution to the scheme (3.2.14)

satisfies the estimate

t
/0||€p||L2 (3.4.107)
< c<@>(hk o / leall o + llea(®)l2 + / ||eu||Hh) for 12 <1 <1,

within t € [0, 7).

Proof. We can take any test function v, € XF in the error equation (3.4.19) and
integrate over time [0,¢]. Here we do not distinguish between the energy part and

remaining part, but only concentrate on

T
/ B(Phs Mhs vn)- (3.4.108)
0

All the other terms can be moved into the right-hand side and estimated in terms of
|vn|l g, - Basically, the estimates are similar to the velocity error estimates and the
only exception is the energy part, where we cannot obtain the perfect estimates as in
the stability proof now. Hence, we need to give some explanations for their estimates.

For the temporal term, since vy, is independent of time, we can integrate by part for
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the temporal derivative and obtain

t t
/ Cms €urvn) S ll€a®)]l 2 IIUhIIHh+||thIHh/ €ull - (3.4.109)
0 0

We may directly estimate the convection term as

t
/ 7(uh7nha€uavh) (34110)
0

t t
1
NHMMAWMMMMJNMMAEMMAMM

1 t
S EHUhHHh/ leull s, -
0

N

Also, we can estimate the diffusion term as

t t
/a(nh,eu,nh,vh) S thlth/ ll€ull g, - (3.4.111)
0 0

Based on the inf-sup condition in Lemma 3.4.3, we can deduce the desired result. [

3.4.3 Error Analysis of the Fluid

Theorem 3.4.5. Suppose Condition 3.3.1, Condition 3.3.2 and Conditions 3.4.1 are
valid. Assume the exact solution satisfies u € C*1(Q), p € C*(Q) and n € C*1(T).
Then for sufficiently small T' and h, the numerical solution to the scheme (3.2.14)

satisfies the estimates

lun —ull . S C@QBTT, (3.4.112)
t 1/2
([rw-ut) s c@u 3.4113)
0
t
/th_pHL2 < OB for 1/2<r <1, (3.4.114)
0
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inte[0,T].

Proof. In Lemma 3.4.2 and Lemma 3.4.4, we have shown

8t/QJh|eu|2+ leull?, (3.4.115)

S CQ) (hk_l_r l€ullg, + R el o + ||6u\|i2> for 1/2 <r <1,

and

t
/O||ep||L2 (3.4.116)
t 1 t
< c@(#+ [+l + 1 [ e, ) for 1/2<r <1
0 0

Integrating over [0,¢] for any ¢ € [0,7] in (3.4.115), we obtain

/QJh(t)\eu(t)|2+/0 leall?, (3.4.117)

t t t
< c<@>(h'€“+hk” [ et 5 [l | Heuu;)-

Then we plug (3.4.116) into (3.4.117) to eliminate €, and obtain

t
/QJh(t)\eu(t)|2+/o leull?, (3.4.118)
t t
c(Q) (hz’“‘l‘“rh’“‘l‘r/o leull 7, +P5" New(®)]l 2 +/0 ||6u||iz>
t 2 t
S C(Q)<h2’“2’"+h2“2’“+ (/ HEuHHh) +her€u(t)HL2+/ H%Hiz)
0 0

t t
(@) <h2“2’"+\/¥/0 leallF, + R llea(®)ll 2 +/0 Hﬁulliz)-

A

When T is sufficiently small, we can absorb C(Q)v/t fg ||eu||§{h into the left-hand side
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of (3.4.118) to achieve

(3.4.119)

t t
[ e+ [ e, £ c@(m 22+ n el + [ el )
0 0
Since (3.4.119) holds for any ¢ € [0, 7], we can take the maximum to get

(3.4.120)

ma w0 5 (@) (47 4 1 e (0] + 7 s a0 ).

t€[0,T] t€[0,T] t€[0,T

When T and h are sufficiently small, we can absorb C(Q)(h*~" + T) maxcio.1] || €ul|72

into the left-hand side of (3.4.120) to obtain

max NI, < Q 222 4.121
tE[Oa,/T] ||€u( )||L2 ~ C( ) (3 )
Then this leads to
max ||e,(t < CQ pE-1-T, 3.4.122
te[ng} [l €u( )HL? S Q) ( )

Hence, we plug (3.4.122) into (3.4.119) and (3.4.116) to achieve

0 leull;, S C@Qn*27, (3.4.123)
t
lepll . S C@RP. (3.4.124)
0
Combining with the projection errors 9, and d,, we show the desired result. [

Remark 3.4.6. The convergent rate k — 1 — r is not optimal. If we can obtain a

nicer error estimate of the temporal term, then this rate can be further improved.
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3.5 Numerical Tests

We perform the accuracy tests for our numerical scheme. Our tests are based on a

set, of exact solutions

n = Zsin(2n(x; —t)), (3.5.1)
uy = Z(6x5+ 1525 + 1275 + 3x3) sin(2m (2 — t)) + (625 + 5y + 1), (3.5.2)
uy = wZ%(4a§+ 1525 + 21x5 + 1325 + 323) sin(dr(z; — 1)) (3.5.3)

+2r Z (425 + T + 225 — x3) cos(2m(xy — 1)),

p = Zsin(2w(x; —t)), (3.5.4)
with the source term

St = (up)s — n(1 + x9) Koy + (u1(81u1 — AKyuy) + Kugf)gul) (3.5.5)
—v (811u1 + (1 + A?)K?0pu; — 2AK 0101,
HAK20,A — ADK — K@lA)agul) 4 (Ohp — AK Do),
So = (ug)y — (1 + x9) KDyus + (u1(81u2 — AKOyus) + Kugﬁgug) (3.5.6)
—V(@HUQ + (1 + A?)K?0puy — 2AK O10usy
+(AK?0,A — AOLK — K@lA)aqu) + K0Osp,
where 0 < Z < 1 can be any fixed constant, A and K are defined as in (3.1.7), and

differential operators 0y, 0; and 0;; are defined in the usual sense. In the following

test, we always take Z = 0.1, » = 0.05 and 7' = 1/8.
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3.5.1 Accuracy Tests with SIPG

The following are the error tables for our numerical scheme with SIPG:

Table 3.1: L2 Error Table for X}L - M}OL — S}L formulation with SIPG

(a) Free Surface Error 7 — 1y, (b) Velocity Error u — uy,
N Error Order N Error Order
4 | 9.4028E-4 - 4 | 4.8233E-2 -

8 | 2.5493E-4 | 1.8830 8 | 1.3863E-2 | 1.7988
16 | 6.6612E-5 | 1.9362 16 | 3.6182E-3 | 1.9378
32 | 1.7409E-5 | 1.9359 32 | 9.4871E-4 | 1.9312
64 | 4.9397E-6 | 1.8173 64 | 2.4593E-4 | 1.9477

(c) Pressure Error p — py,

N Error Order
4 | 3.1028E-3 -

8 | 1.6255E-3 | 0.9327

16 | 8.2709E-4 | 0.9748

32 | 4.1570E-4 | 0.9925

64 | 2.0818E-4 | 0.9977
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Table 3.2: L2 Error Table for X,% — M,% — S}% formulation with SIPG

(a) Free Surface Error n — ny, (b) Velocity Error u — uy,
N Error Order N Error Order
4 | 1.4435E-4 - 4 | 5.8590E-3 -

8 | 1.6283E-5 | 3.1481 8 | 7.7408E-4 | 2.9201
16 | 2.1495E-6 | 2.9213 16 | 9.8674E-5 | 2.9717
32 | 2.9961E-7 | 2.8428 32 | 1.2586E-5 | 2.9709

(c) Pressure Error p — pp,

N Error Order
4 19.6076E-4 -

8 | 2.3182E-4 | 2.0512

16 | 5.4527E-5 | 2.0880

32 | 1.2942E-5 | 2.0749

3.5.2 Accuracy Tests with NIPG

The following are the error tables for our numerical scheme with NIPG:



Table 3.3: L? Error Table for X} —

(a) Free Surface Error n — np,

M — S} formulation with NIPG

(b) Velocity Error u — uy,

N Error Order N Error Order
4 | 9.3809E-4 - 4 | 4.5428E-2 -
8 | 2.5179E-4 | 1.8975 8 | 1.8218E-2 | 1.3182
16 | 6.5861E-5 | 1.9347 16 | 6.7565E-3 | 1.4310
32 | 1.7258E-5 | 1.9322 32 | 2.1758E-3 | 1.6347
64 | 4.9108E-6 | 1.8132 64 | 7.5074E-4 | 1.5352

(c) Pressure Error p — py,

N Error Order

4 | 3.2035E-3 -

8 | 1.6481E-3 | 0.9588

16 | 8.4487E-4 | 0.9640

32 | 4.2453E-4 | 0.9929

64 | 2.1239E-4 | 0.9992
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Table 3.4: L2 Error Table for X ,3 —

(a) Free Surface Error n — np,

M} — 57 formulation with NIPG

(b) Velocity Error u — uy,

3.5.3 Discussion on the Numerical Tests

N Error Order N Error Order
4 | 1.4810E-4 - 4 | 6.0580E-3 -
8 | 1.7895E-5 | 3.0489 8 | 1.2693E-3 | 2.2548
16 | 3.3218E-6 | 2.4295 16 | 1.9305E-4 | 2.7170
32 | 8.5392E-7 | 1.9598 32 | 2.7534E-5 | 2.8097

(¢) Pressure Error p — py

N Error Order

4 | 9.2305E-4 -

8 | 2.8213E-4 | 1.7100

16 | 7.5701E-5 | 1.8980

32 | 2.0531E-5 | 1.8825
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In above accuracy tests, we can obtain the optimal order of convergence when applying

scheme (3.2.14) with SIPG, and the sub-optimal order with NIPG. However, in both

cases, our numerical results are much better than the analytical result obtained in

Theorem 3.4.5.

3.6 Conclusions and Remarks

In this chapter, we construct a stable numerical scheme to solve the system (3.1.8)

with discontinuous Galerkin method, and discuss the error analysis in the fluid with
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certain assumptions.

Although we focus on the 2-D fluid throughout this chapter, it is easy to see
this scheme can be naturally extended to the 3-D case with periodic settings for two
horizontal directions. The main restriction to our scheme is that we require the free
surface to be a single-valued function of the horizontal variables, which is not always
true in practice, especially when the topological structure of the free surface varies
during the evolution. Our scheme is non-conservative. Hence, it might not give the
qualitatively correct simulation if the exact solution possesses singularities. However,
for smooth exact solutions, our scheme can give a quite good approximation. Here we
use the piecewise polynomial P*¥ due to the connection between the bulk discretization
and surface discretization. Note that Q*, which denotes the piecewise polynomials of
degree at most k for each variables, is acceptable in the scheme, but not suitable in
analysis since it cannot satisfy the desired inf-sup condition for pressure term in the

error analysis.



CHAPTER FOUR

Asymptotic Analysis of Neutron

Transport Equation
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4.1 Introduction and Notation

4.1.1 Problem Formulation

We consider a homogeneous isotropic steady neutron transport equation in a two-
dimensional unit disk Q = {& = (1, 25) : |Z] < 1} with one-speed velocity ¥ = {w =

(wy,ws) : W e S} as

ew-Vyu - +u—u = 0 in €,
(4.1.1)
u (%o, W) = g(&o,w) for w-1 <0 and Zy € 01,
where
() = 5 [ (s (112
w (%) = — | u(Z,)dw. 1.
2 St ’

and 77 is the outward normal vector on 02, with the Knudsen number 0 < € << 1.

We will study the diffusive limit of u¢ as € — 0.

Based on the flow direction, we can divide the boundary I' = {(Z, @) : & € 0Q}

into the in-flow boundary I'", the out-flow boundary I'*, and the grazing set I'V as

I~ = {(#w): €0, @ i <0}, (4.1.3)
It = {(#w): €0, @ i >0}, (4.1.4)
I’ = {(#w): €0, @i =0} (4.1.5)

It is easy to see I' = 't UT~ UT?. Hence, the boundary condition is only given on

r-.



176

The study of neutron transport equation dates back to 1950s. The main methods
include the explicit formula and spectral analysis of the transport operators(see [33,

32, 35, 34, 36, 37, 38, 40, 39]). A classical result in [9] states that

[ — Uy — || .. = O(e) (4.1.6)

where % is the Knudsen layer to the Milne problem (4.2.25) while Uy is the corre-
sponding interior solution to the Laplace equation (4.2.26). The goal of this paper is

to construct a counterexample to such a result in a disk.

4.1.2 Main Results

Theorem 4.1.1. Assume g(Zy,w) € C3(I'"). Then for the steady neutron transport

equation (4.1.1), the unique solution u(Z,w) € L>(Q) x St) satisfies

lu® = U5 = % | p= = O(e) (4.1.7)

where the interior solution U§ and boundary layer %y are defined in (4.2.51) and

(4.2.50). Moreover, if g(0,¢) = cos ¢, then there exists a C > 0 such that

[u€ — Up — || ;o > C >0 (4.1.8)

when € is sufficiently small, where Uy and %, are defined in (4.2.26) and (4.2.25).

Remark 4.1.2. 0 and ¢ are defined in (4.2.13) and (4.2.37). For the diffusive
boundary case, the zeroth order classical Knudsen layer is always absent. Our method

leads to a counterexample to the classical Knudsen layer expansion at first order(see

Theorem 4.6.9).
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Our results demonstrates that the classical Knudsen layer expansion in Theorem
4.2.1 breaks down in a unit disk in L*>. Even though the e-Milne equation with
geometric correction (4.2.50) only modifies the Milne equation (4.2.25) with an € order
term, the difference between the solutions can be order 1 via a contradiction argument
in Step 5 of Section 5. We remark that L™ is a natural space to characterize boundary
layer contributions, whose LP norm is O(e!/?) for 1 < p < oo. Unfortunately, our new
expansion can only be established in a disk. A new mathematical theory is needed
to characterize such a diffusive limit in a general domain. Our analysis is based
on a careful study of the e-Milne problem with geometric correction. Our proof is
self-contained and without any use of probabilistic techniques as in [9]. Some recent

results on stationary Boltzmann equation with a similar type of techniques can be

found in [5, 4, 6].

4.1.3 Notation and Conventions

Throughout this chapter, C' > 0 denotes a constant that only depends on the param-
eter (), but does not depend on the data. It is referred as universal and can change
from one inequality to another. When we write C'(z), it means a certain positive

constant depending on the quantity z.
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4.2 Asymptotic Analysis

4.2.1 Interior Expansion

We define the interior expansion as follows:

U(Z,0) ~ > Up(F, 0), (4.2.1)
k=0

o0

where Uy can be defined by comparing the order of € via plugging (4.2.1) into the

equation (4.1.1). Thus, we have

U —-U, = 0, (4.2.2)
U1 - Ul == —'LU . VIUO, (423)
U2 - UQ == —'U_j . szh (424)
U, —U, = —-V,Us;. (4.2.5)

The following analysis reveals the equation satisfied by Uy:

Plugging (4.2.2) into (4.2.3), we obtain

Uy =U, —w-V,U. (4.2.6)

Plugging (4.2.6) into (4.2.4), we get

U2 - UQ = —- Vx(Ul — - VxUQ) = —0- V$U1 + U_JQAJ;UO + 2w1w28x1x200(4.2.7)
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Integrating (4.2.7) over « € S', we achieve the final form

AUy =0, (4.2.8)

which further implies Uy (7, ) satisfies the equation

Uy = Uy
(4.2.9)
A(EUO - O
Similarly, we can derive Uy (&, w) for k > 1 satisfies
Up = Up—w- VUi
(4.2.10)

AU, = 0

4.2.2 Milne Expansion

In order to determine the boundary condition fir Uy, it is well known that we need

to define the boundary layer expansion. Hence, we need several substitutions:

Substitution 1:
We consider the substitution into quasi-polar coordinates u(x1, re, wy, we) — u(p, 0, wy, wsy)

with (p, 0, wy,ws) € [0,1) X [—7,7) x S' defined as

r1 = (1 —p)cosd,
v = A=w (4.2.11)

xo = (1—p)sind.
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Here p denotes the distance to the boundary 02 and 6 is the space angular variable.

In these new variables, equation (4.1.1) can be rewritten as

€ €

( 0
—€ <w1 cos 6 + wy sin @ ¢ <w1 sin 6 — wy cos 6) Y

op  1—p 00

1
+uf — — u'dw = 0, (4.2.12)
2 S1

\ u(0,0,wy,wy) = g(f,wy,wy) for wycosf+ wqsin < 0.
Substitution 2:
We further define the stretched variable n by making the scaling transform for u(u, 6, wy, wy) —

us(n, 0, wy, we) with (n,0,wy,wy) € [0,1/€) x [—m,m) x S as

= 67
n= (4.2.13)
0 = 0,
which implies
€ 1 €
u' _ 10w (4.2.14)
o € 0n
Then equation (4.1.1) is transformed into
( a € 8 €
—<w1 cos —l—wzsinﬁ) 31;7 — 71 _6677 (w1 sin @ — wy cos@) 52
1
+uf — — u'dw = 0, (4.2.15)
27 S1
u(0, 8, wy,wy) = g(0,wy,wy) for wycosfh + wsysinf < 0.

\

Substitution 3:

Define the velocity substitution for u¢(n, 8, wy, wy) — u(n, 0, &) with (n,0,£) € [0,1/¢€)x
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[—7,m) X [—7, ) as

wy = —sing, (4.2.16)

wy = —cosé.

Here £ denotes the velocity angular variable. We have the succinct form for (4.1.1)

as
. ou’ €
sin(6 + &) — cos(0 + f) - — €d§ =0,
on  1l—en (4.2.17)
u(0,6,&) = g(6,&) for sin(f + 5) > 0.
We now define the Milne expansion of boundary layer as follows:
U0,0,0) ~ Y ¢U(n,0,0), (4.2.18)
k=0

where %), can be determined by comparing the order of € via plugging (4.2.18) into

the equation (4.2.17). Thus, in a neighborhood of the boundary, we have

sin(6 + 5)0—?;0 + Uy — Uy = 0, (4.2.19)
0% - 1 0%,

s1n(0—|—§)—77 +U -1 = = ncos(8+§) 50 (4.2.20)

sm(@—i—ﬁ)—n + Uy — Uy = e cos(f + &) (39 : (4.2.21)

where

1 s
= / U, 0, €)d¢. (4.2.22)



The construction of Uy and % in [9] can be summarized as follows:

Step 1: Construction of %4 and Uj.

Assume the cut-off function ¢ and 1)y are defined as

1 0<pu<1/2
Y(p) = <1/
0 3/4<pu< o0
1 0<pu<1/4,
wolp) = swslf

0 3/8<u< o0

Then the zeroth order boundary layer solution is defined as

( (0.0, = volen) (u000.6) ~ fux.0)).
sin(9—|—f)aa—{70+fo—f0 = 0,
fo(0,0,6) = 9(0,€) for sin(0+€) >0,
| e 00 = foloo,)
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(4.2.23)

(4.2.24)

(4.2.25)

Assuming g € L*>°(I'"), by Theorem 4.4.12; we can show there exists a unique solution

fo(n,0,&) € L*([0,00) x [—7,m) X [—m,7)). Hence, %, is well-defined. Then we can

define the zeroth order interior solution as

UO = UO?
ACCUO = 0 in Q,
Uy = fo(oo,0) on 09.

Step 2: Construction of %4 and Uj.

(4.2.26)



183

Define the first order boundary layer solution as

W0.0.6) = volen) (f1<n,e 6) - f1<oo,e>),

V(en) 0%
1—en 06 (4.2.27)

f1(0,0,6) = -V, Up(Zo,w) for sin(f+¢&) >0
1imn—>oof1(77707€) = fl(OO,Q)

51n(0+§)—fnl+f1 fi = cos(@+&)——

where (Zp, W) is the same point as (0,6, ¢). Define the first order interior solution as

Ul - Ul_w'sz()?
AU = 0 in Q, (4.2.28)
Uy = fi(oo,0) on 09.

Step 3: Generalization to arbitrary k.

Similar to above procedure, we can define the k™ order boundary layer solution as

' 0. = dulen) (1.0, - flox.0) ),
sin(0 + f) fk + fr—fr = cos(f+ 5) 1/)(677) 8?; 1, (4.2.29)
fk(O, 0,§) = wW-V Up_1(Zo,w) for sin(@+¢) >0
K hmﬁ—mo fk<n7(97£) - fk(oo,Q)

Define the k" order interior solution as

Uk = Uk_w'vak—h
AU, = 0 in Q, (4.2.30)
Uy, = fr(oco,0) on S

In [9, pp.136], the author proved the following result:

Theorem 4.2.1. Assume g(Zy, W) is sufficiently smooth. Then for the steady neutron
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transport equation (4.1.1), the unique solution u(T,w) € L>=(Q x St) satisfies

u€ — Uy — %], = O(e). (4.2.31)

Our work begins with a crucial observation that based on Remark 4.4.15, the existence

of solution f; requires the source term

cos(f —i—f)L% € L>(]0,00) X [=m,m) X [—7,7)). (4.2.32)

Since the support of ¥ (en) depends on ¢, by (4.2.25), this in turn requires

%(fo(ﬁ, 0,&) — f0(00,9)> € L>([0,00) X [—m,m) X [—7,)) (4.2.33)

Note that Z = 0y(fo — fo(o0, 8)) satisfies the equation

( Sin(0+§)g—§+2_2 - —Cos(9+§) fo
2(0,0,8) = 39(;0, & 8f0(8000’0) for sin(6+ &) >0, (4.2.34)
\ lim,, o Z(n,0,8) = Z(oo,0).

In order for Z € L*°([0,00) X [—m,7) X [—m, 7)), assuming the boundary data dyg €

L*>(I"7), we require the source term

9fo

— cos(f —1—5) o € L>([0,00) X [—m,7) X [—m,7)). (4.2.35)

On the other hand, as shown by Lemma B.1.1, we can show for specific g, it holds
that 0, fo ¢ L>([0,00) x [—7m,m) x [—m,7)). Due to intrinsic singularity for (4.2.25),

the construction in [9] breaks down.
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In fact, in general geometry with curved boundary, we need to control the normal

derivative of the boundary layer solution for the Milne expansion.

4.2.3 e-Milne Expansion with Geometric Correction

Our main goal is to overcome the difficulty in estimating

v o
1—en 00

cos(f + &)

We introduce one more substitution to decompose the term (4.2.36).

Substitution 4:

(4.2.36)

We make the rotation substitution for u€(n, 8, &) — u(n, 0, ¢) with (n,0, ¢) € [0,1/€)x

[—m,m) X [—7, ) as

n o=,
0 = 0,
¢ = 0+¢,

and transform the equation (4.1.1) into

. ouf € out  Ouf A
31n¢8n—1_€ncos¢(a¢+ae>+u—% utdg = 0,

u(0,0,0) = g(0,¢) for sing > 0.

—T

(4.2.37)

(4.2.38)

Inspired by [11], [54] and [5], the most important idea is to include the most singular

term

(4.2.39)
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in the Milne problem.

We define the e-Milne expansion with geometric correction of boundary layer as

follows:

o

U (0,0,0) ~ Y _ % (n,0,9), (4.2.40)

k=0

where 7, can be determined by comparing the order of € via plugging (4.2.40) into

the equation (4.2.38). Thus, in a neighborhood of the boundary, we have

o ou . .
sin ¢ R cos ¢ 90 + U — U = 0, (4.2.41)
. 0Uf € OU . e 1 OUy
sin ¢ o T—en cos ¢ 90 + U — U = e cos ¢ 5 (4.2.42)
. 0US € oUs . e 1 owUs
sin ¢ o —1_€ncos¢ 90 + U — U = 1_6ncosgb 20 (4.2.43)
where
_ 1 (™
U (n,0) = %/ (0,0, ¢)de. (4.2.44)

It is important to note the solution %, depends on e.

We refer to the cut-off function ¢ and ¢y as (4.2.23) and (4.2.24), and define the

force as

: (4.2.45)
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Define the interior expansion as follows:
US(Z,0) ~ Y _ UL (&, ) (4.2.46)
k=0

where Uf satisfies the same equations as Uy in (4.2.9) and (4.2.10). Here, to high-
light its dependence on € via the e-Milne problem and boundary data, we add the

superscript e.

The bridge between the interior solution and the boundary layer solution is the

boundary condition of (4.1.1), so we first consider the boundary condition expansion

Us+% = g, (4.2.47)
Us+u¢ = 0, (4.2.48)
U+ % = 0. (4.2.49)

The construction of Uy and %, are as follows:

Step 1: Construction of % and U.

Define the zeroth order boundary layer solution as

Ys(n.0,6) = volen) (f5<n, 0.6) — fi(oo. e)),

afé € __ fe __
agfrf0 o =0, (4.2.50)

f600,0,0) = g(0,¢) for sing >0,
hmn—>oof(§(77>97¢) = fé(ooag)

9fs
on

sin ¢ + F(€e;m)cos o

In contrast to the classical Milne problem (4.2.25), the key advantage is, due to the
OF (e;1)
00

geometry, = 0, such that (4.2.50) is invariant in 6.
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Then we define the zeroth order interior solution U§(Z) as

Ui = T
AU = 0 in Q, (4.2.51)
Us = f5(c0,0) on 0.

U
00
By Theorem 4.4.13, we can easily see f¢ is well-defined in L>(£2x 8') and approaches

Step 2: Estimates of

f§(00) exponentially fast as 7 — co. Then we can naturally derive Z = y( f§— f§(c0))

also satisfies the same type of e-Milne problem

sin(baa—Z+F(e;n)cos¢a—Z—l—Z—Z = 0,
Ui

0
’ dg  Ofg(c0)
Z(0,0,0) = % o0

lim, ,o0 Z(n,¢) = C.

for sing > 0, (4.2.52)

By Theorem 4.4.13, we can see Z — (' exponentially fast as n — oo. It is natural
to obtain this constant C' must be zero. Hence, if g € C"(I'7), it is obvious to check
f§(00) € CT(09). By the standard elliptic estimate in (4.2.51), there exists a unique

solution U§ € WP(Q) for arbitrary p > 2 satisfying

1Us

Wrp(Q) < CQ) ||f5<OO>HW7‘—1/P7P(8Q) ) (4.2.53)

which implies V, U5 € W=12(Q), V,Us € W=1=1/P»(9Q) and U5 € C"~H1-2/7(Q).

Step 3: Construction of % and Uj.
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Define the first order boundary layer solution as

Yi(n.6,6) = volen) (ffw, 0,6) — fi(oo, e)),
of
0

‘ ofe . W(en) Uy
1 ) 1 € fe = °
. +F(e,77)cosgz§a¢ +/fi-h 1—en cos ¢ o0 (4.2.54)

5(0,0,¢) = -V, U§(Zo, W) for sing >0,

limn—wo ff(na 07 gb) = f16<007 0)

sin ¢

—

where (Zy,w) is the same point as (0,0, ¢). Then we define the first order interior

solution Uf(Z) as

Us = Ut —- VU,
AUS = 0 in Q, (4.2.55)
Us = fi(oco,0) on 09.

0
Step 4: Estimat f .
ep stimates of —

By Theorem 4.4.13, we can easily see ff is well-defined in L>(Q x §') and approaches

f(o0) exponentially fast as 7 — co. Also, since @ - V,US € W=1=1/PP(9Q), 9, f5 is
well-defined and decays exponentially fast. Hence, f{(co,d) € W=1=1/PP(9Q)). By the
standard elliptic estimate in (4.2.55), there exists a unique solution Uf € W"~1P(Q)

and satisfies

U5

Wr=1p(Q) <C(Q) ”fle(oo)HWr—l—l/p,p(aQ) ) (4.2.56)

which implies V,U¢ € WT=22(Q), V,US € W=2-1/P2(9Q) and Us € C7=21-2/r(Q)).

Step 5: Generalization to arbitrary k.

In a similar fashion, as long as g is sufficiently smooth, above process can go on. We
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construct the £ order boundary layer solution as

' %00.0) = volen) (f1006.0) - fi(.6) ).
sing 0k + Flen) coso St + i i = 10 cos 6721, -
F0,0,8) = @ - VLU (To,d) for sing >0,
\ livy o f5(0,0,6) = fi(00,0).

Then we define the k" order interior solution as

Ug = Ui —w- VU,
AU = 0 in Q, (4.2.58)
Us = fi(c0,0) on 05

For g € C*¥(I'7), the interior solution and boundary layer solution can be well-

defined up to k™ order, i.e. up to US and %.

4.3 Well-posedness of Steady Neutron Transport

Equation

In this section, we consider the well-posedness of the steady neutron transport equa-
tion

ew-Vyu+u—u = Z,w) in §,
/&) (4.3.1)

u(Zo, W) = g(Zo,w) for #y € 0N and W -7 < 0.
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We define the L? and L™ norms in Q x St as usual:

1/2
12 @xsty = (/Q . If(:f:’,w)ﬁdvvd&) : (4.3.2)
||f||L°°(Q><51) = sup |f(Z, ). (4.3.3)
(Z,)eQxS1

Define the L? and L*™ norms on the boundary as follows:

1/2
1l = ( // |f<f,w>|2|w-ﬁ|dv~vdf<) , (43.4)

1/2
ey = ( J[, W@ 1a alawes) (43.5)

||f||LDO(F) = sup |f(f7 w)| ) (436)
(Z,W)er

[fllpeoqrey = sup  [f(& D). (4.3.7)
(%, w)el'+

4.3.1 Preliminaries

In order to show the L? and L* well-posedness of the equation (4.3.1), we start with

some preparations with the penalized neutron transport equation.

Lemma 4.3.1. Assume f(Z,%) € L (2 x S') and g(xy, W) € L>°(T"). Then for the

penalized transport equation

- =

Auy + e - Vauy +uy = Z, W) in €,
* o = fED) (4.3.8)

ux(Zo, W) = ¢g(Zo, W) for Ty € 0N and -1 <O0.

with X > 0 as a penalty parameter, there exists a solution uy(Z,w) € L>®(Q x S)

satisfying

HUA”LOO(stl) < HfHLOO(QXSl) + ||g||L°°(F*) : (4.3.9)
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Proof. The characteristics (X (s), W(s)) of the equation (4.3.8) which goes through

(&, W) is defined by

[ (x(©).w() = @)
d)éis) = eW(s), (4.3.10)
AW(s)

\ ds =0

which implies

X(s) = @+ (eW)s (4311)

Wi(s) = o

Hence, we can rewrite the equation (4.3.8) along the characteristics as

(4.3.12)

ty
uy(Z, W) = mf—dmmmeumu+/‘ﬂf—dn—@@wk(”W%$®,
0
where the backward exit time ¢ is defined as
tp(Z, W) = inf{t > 0: (¥ — etd, W) € T~ }. (4.3.13)

Then we can naturally estimate

1 — 67(1+)\)tb

—(1+A
Hu)\HL"O(stl) < e (X% HgHLOO(Ff) + 14+ X

HfHLOO(QX,Sl) (4.3.14)

A

< lglpeo—y + 1 e sty -

Since uy can be explicitly traced back to the boundary data, the existence naturally

follows from above estimate. O

Lemma 4.3.2. Assume f(Z, %) € L2 x S') and g(xg, W) € L>°(T'~). Then for the
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penalized neutron transport equation

Auy + e - Vouy +uy —uy = f(Z,40) in €,
(&) (4.3.15)
ux(Zo, W) = g(Zo, W) for Toe I and w-n <O0.
with X > 0, there exists a solution uy (T, W) € L>®(Q x St) satisfying
1+ A
HU/\HLM(stl) < N ( HfHLoo(stl) + HQHLoo(rf) ) (4.3.16)
Proof. We define an approximating sequence {u5}2 ., where u§ = 0 and
b el Voub +uf — @bt = f(Z, @) in Q,
’ o . (4.3.17)
uk (T, W) = g(To,w) for Tpe€ dQ and -7 < 0.

By Lemma 4.3.1, this sequence is well-defined and Hu’iH Loo(@xsty < OO

)

The characteristics and the backward exit time are defined as (4.3.10) and (4.3.13),

so we rewrite equation (4.3.17) along the characteristics as

ub (Z,10) (4.3.18)

123
I A L
0

We define the difference v* = uf — ui~! for k > 1. Recall (4.1.2) for o*, then v*

satisfies

123
(T, ) = / (T — ety — )T, @)e- B4 (4.3.19)
0
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Since H@kHLw(stl) < Hvk”Loo(stl)’ we can directly estimate
(4.3.20)
k1 k A (tms) 1—e (0
HU HLOO(QXSl) < HU HLDO(stl)/O € ds < H_—)\HU HLOO(QXSl)'
Hence, we naturally have
H”k+1HLoo(Qx51) = T+ ||UkHL°°(Q><Sl)' (4.3.21)

Thus, this is a contraction sequence for A > 0. Considering v! = u}, we have

1 k—1
HkaLoo(QxSl) < (1_'_—)\) ||u}\HLoo(Q><51)7 (4322)

for k > 1. Therefore, u§ converges strongly in L™ to a limit solution uy satisfying

[e.e]

1+ A
lull sy < D210 |ty £ 7 10l sy (4.3.23)
k=1

Since u} can be rewritten along the characteristics as

(4.3.24)

tp
ul(Z, @) = ﬂf—ammmeUW%+/iﬂf—dn—@@wy<HW%@@,
0
based on Lemma 4.3.1, we can directly estimate

||u§\HLoo(Q><Sl) < ”fHLOO(QXSl) + HgHLOO(F_) : (4325>

Combining (4.3.23) and (4.3.25), we can easily deduce the lemma. O
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4.3.2 L? Estimate

It is easy to see when A — 0, the estimate in Lemma 4.3.2 blows up. Hence, we
need to show a uniform estimate of the solution to the penalized neutron transport

equation (4.3.15).

Lemma 4.3.3. (Green’s Identity) Assume f(Z,w0), g(Z,@) € L*(Q x S8') and @ -

Vaof, W-V,g € L*(Q x SY) with f, g€ L*(T). Then

//stl ((w-vxf)g—l-(w-vxg)f)dkdﬁ/: /ngd% (4.3.26)

where dy = (W - 1)ds on the boundary.

Proof. See [10, Chapter 9] and [19]. O

Lemma 4.3.4. The solution uy to the equation (4.53.15) satisfies the uniform estimate

€ laall Lo axs (4.3.27)

< Q) ( [ux = all 2 usty + 1 lL2iaxsty + €lluall ooy +€llgll 2o >v

for0<A<<land 0 <e<<1.

Proof. Applying Lemma 4.3.3 to the solution of the equation (4.3.15). Then for any
¢ € L*(Q2 x 8t) satisfying @ - V,¢ € L*(Q x S§') and ¢ € L*(T"), we have

(4.3.28)

e
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Our goal is to choose a particular test function ¢. We first construct an auxiliary
function ¢. Since uy € L>®(Q x 8'), it naturally implies @y € L>°(€) which further

leads to @y € L*(2). We define ((Z) on € satisfying

AC = Uy in Q,

(4.3.29)
¢ = 0 on ON.
In the bounded domain €2, based on the standard elliptic estimate, we have
11 20y < CE) 1l L2 - (4.3.30)
We plug the test function
¢p=—w-V,( (4.3.31)

into the weak formulation (4.3.28) and estimate each term there. Naturally, we have
161l 12(0) < C ISl 1) < CE) ltall f2q) - (4.3.32)
Easily we can decompose

(4.3.33)
—e / /Q Ve = / /Q V)i = / /Q (V) — ).

We estimate the two term on the right-hand side separately. By (4.3.29) and (4.3.31),
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we have

—e//QXSI(w-qub)uA (4.3.34)
= e// Uy <w1(w1511C + w012¢) + wp(w1012¢ + wﬁm())
OxS1t

= 6// ﬂ,\ <wf011C + wg(?ggg)
OxS?t

= €7T/ U (011¢ + 0220)
Q

= e€m Ha/\Hi?(Q)

|
= §€Hu/\”L2(Q><Sl)'

In the second equality, above cross terms vanish due to the symmetry of the integral
over S'. On the other hand, for the second term in (4.3.33), Holder’s inequality and

the elliptic estimate imply

—6//QX$1(U7 Vi) (un — )

IN

C(Q>€ ||U)\ - ?_LA||L2(Q><51) ||<||H2(Q) (4335)

< C(Q)e[lux — ﬂk“w(@xsl) ||ﬂA||L2(Qx31) :

Based on (4.3.30), (4.3.32), the boundary condition of the penalized neutron transport
equation (4.3.15), the trace theorem, Holder’s inequality and the elliptic estimate, we

have

e/uA¢dfy
r

€ /1“+ uxody + € / uxpdy (4.3.36)

< C(Q) (5 luall 2oy lEall z2ansry + €N9l 2oy llaall 22 nesry >’
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A//QXS1 Uy = )\//stl uxg + /\//QXSI(U)\ — Uy (4.3.37)
- //M )

< QA || g2 (QxSh) [Jux — u>\||L2(Q><Sl) )
I =06 < 0O gy = gy (4339
X
fo < C) luall r2ansty 1 n2axsy - (4.3.39)
OxS?t

Collecting terms in (4.3.34), (4.3.35), (4.3.36), (4.3.37), (4.3.38) and (4.3.39), we

obtain

e larll 2 xsr) (4.3.40)

< C(Q) ((1 e+ A) [lux = Uallp2iousty + € luallzsy + 11 2@nsty + €9l 2 )7

When 0 < A< 1and 0 < e < 1, we get the desired uniform estimate with respect to

A O

Theorem 4.3.5. Assume f(Z,w) € L>®(Q x 8') and g(xo, W) € L=(T'"). Then for
the steady neutron transport equation (4.5.1), there exists a unique solution u(Z, W) €

L2(2 x 8') satisfying
1 1
[ull r2axs1) < C () 2 1l 2 @xsty + SV 191l 20—y |- (4.3.41)

Proof. In the weak formulation (4.3.28), we may take the test function ¢ = u, to get
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the energy estimate

1 _
A ||u/\||iQ(Q><81) + 56/ |UA|2 dy + [Jun = U/\”i%msl) = // fun. (4.3.42)
r OxSt

Hence, this naturally implies

1 _ 1 2
5€ ||UA||i2(r+) + [Jux — u>\||2L?(Q><51) < // fux+ 5€ ||9||L2(r—) : (4.3.43)
QxS1t

On the other hand, we can square on both sides of (4.3.27) to obtain

¢’ ||ﬂA||iQ(stl) (4.3.44)

— 12 2 2 2
< Q) ( lux = allz2ansty + (11 z2xs) + ¢ [unllz2@ry + ¢ 9/lz2r- )

Multiplying a sufficiently small constant on both sides of (4.3.44) and adding it to

(4.3.43) to absorb ||u>\||%2(r+) and |luy — a/\||i2(szxsl)v we deduce

— — 2
€ ||u)\||§12(1"+) + 62 ||u/\||iQ(Q><$1) + ||u/\ - u>\||L2(Q><Sl) (4345)
2
< 0O (Il + [ it eloliag, )
X

Hence, we have

(4.3.46)

2 2 2 2
el ey + € loslBsacssy < OO (1B + [ fur+ellalie, )
X

A simple application of Cauchy’s inequality leads to

1 2 2
//Q o fux < 102 HfHL2(Q><Sl) +Cé Hu/\HLQ(stl) : (4.3.47)
X
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Taking C sufficiently small, we can divide (4.3.46) by €* to obtain

1 1 1
. ||UA||i2(r+) + ||u>\||§12(§2><82) <C(Q) (6_4 ||f||iQ(Q><82) + . ||9||i2(r7) ) (4.3.48)

Since above estimate does not depend on A, it gives a uniform estimate for the penal-
ized neutron transport equation (4.3.15). Thus, we can extract a weakly convergent
subsequence uy — u as A — 0. The weak lower semi-continuity of norms [|-[| ;2 g s2)
and [[+[| o+ implies w also satisfies the estimate (4.3.48). Hence, in the weak formu-
lation (4.3.28), we can take A — 0 to deduce that u satisfies equation (4.3.1). Also

uy — u satisfies the equation

ew - Vy(uy —u)+ (uy —u) — (uy —u) = —Auy in €,
(tx )+ )~ (s ) * (4.3.49)
(uy —u)(Zy, W) = 0 for &) € N and &-7 < 0.
By a similar argument as above, we can achieve
2 A 2
lix = sy < CEO( 5 lualaanss) ). (4.3.50)

When A — 0, the right-hand side approaches zero, which implies the convergence is
actually in the strong sense. The uniqueness easily follows from the energy estimates.

[]

4.3.3 L Estimate

Theorem 4.3.6. Assume f(Z,w) € L>(Q x 8') and g(x¢, W) € L*(T"). Then

for the neutron transport equation (4.5.1), there exists a unique solution u(Z,w) €
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L>(Q2 x S8Y) satisfying
1 1
||u||L°°(Q><81) <C(Q) 3 ||f||L°°(Q><Sl) + 32 ||g||L°°(F*) : (4.3.51)

Proof. We divide the proof into several steps to bootstrap an L? solution to an L*

solution:

Step 1: Double Duhamel iterations.
The characteristics of the equation (4.3.1) is given by (4.3.10). Hence, we can rewrite

the equation (4.3.1) along the characteristics as

w(Z, W) = g(T — ety, W)e ™ +/ f(Z — e(ty — s)w, w)e~®*)ds (4.3.52)

I e
J— T — ety — R b—S)
+27T (/Slu(x ety — s)W, W)

where the backward exit time ¢, is defined as (4.3.13). Note we have replaced @
by the integral of u over the dummy velocity variable ;. For the last term in this
formulation, we apply the Duhamel’s principle again to u(Z¥ — €(t, — s)w,w;) and

obtain

w(Z, ) (4.3.53)

B g(I N Etbw w o +/ f T — 6( b — S)’LU, w)e_(tb—s)ds
/ / 9(T — e(ty — $)i0 — esyiy, W;)e*de” @ ds
S1
+ / (/ (& — e(ty — s)w — e(sp — 1)}, wt)e—(sb—r)dr> dvre~t=9ds
0 S1 0

( ) /Sf

5p
(/ / —(sp—7) E(tb _ S)Q/_j — E(Sb — T)?Bt, ws)dv?zsdr) d\X/tdS,
0 St
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where we introduce another dummy velocity variable w, and

sp(Z, W, s, ;) = inf{r > 0: (¥ — e(t, — s)W — erwy, W) € '™ }. (4.3.54)

Step 2: Estimates of all but the last term in (4.3.53).

We can directly estimate as follows:

|9(% — ety wW)e ™| < 9]l oo - » (4.3.55)

/ / ety — )W — esytly, Wy) e~ dwge” B =2ds| < g1l oo -y » (4-3.56)
2T St

/ f(Z — e(ty — s)w, W)e ®~9ds

< [l sty (4.3.57)

(4.3.58)

/ / (/ f(& — €e(ty — s)wW — €(sp — 1)k, wt)e—(sb—r)dr> dWee B9 ds
2 St

< N fllzee@nsty -

Step 3: Estimates of the last term in (4.3.53).

Now we decompose the last term in (4.3.53) as

ty Sp ty ty
/// / :/ // /+/ // /:11+12, (4.3.59)
0 StJo St 0 St Jsp—r<é J S 0 St Jsp—r>6 J S
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for some 0 > 0. We can estimate I directly as

ty Sp
L < / o~ (ts=9) (/ [wll oo xst) dr) ds <6 ||ullpw@xsr) - (4.3.60)
0

max(0,sp—9)

Then we can bound I, as

ty max(0,sp—9)
I, < O/ // (4.3.61)
o JstJo

X [u(Z — €(ty — ) — e(sy, — )Ty, W) | e~ B~ dwdrdwyds.
S1

By the definition of t, and s;, we always have ¥ — e(t, — s)w — €(s, — r)w; € Q. Hence,

we may interchange the order of integration and apply Hoélder’s inequality to obtain

max(0,sp—0)
I, < // //19.:5—6151,—3) —e(sp —r)wy)  (4.3.62)
st /st

|u(Z — e(ty — s)W — €(sp — 1)y, Wy)| € ~(=9) v, dw.drds

R

1/2
\u(Z — e(ty, — )0 — e(sp — 7)1, Ws)|° dwtdr> e~ dw ds.

IA

Note 1, € S, which is essentially a one-dimensional variable. Thus, we may write

it in a new variable ¥ as W, = (cos®,sinv). Then we define the change of variable

=) X R = Q: (,7) = (g1, y) = § = & — ety — )i — e(s, — 1), e,

= 11— €(lp — s)wy — €(sp — 1) CcosY,
Y1 1 (o Jwi (sp ) (0 (4.3.63)
Yo = o — €(ty — s)we — €(sp — 1) sin .
Therefore, for s, —r > 9, we can directly compute the Jacobian
A1, 12) —€(sp —7)sinty  ecosy ) )
RACASE- VA - = —7) > €. 4.3.64

€(sp —r)costy) esiny



Hence, we may simplify (4.3.62) as

C tp 5 1/2 ¢ )
I, < —/ / (/ u(y, Wy dy) e T dwds.
LS Je U
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(4.3.65)

Then we may further utilize Cauchy’s inequality and the L? estimate of u in Theorem

4.3.5 to obtain

I

IN

c o[ 2 Y2 s
— (1, W)|” dydwy e~ h=s)dg
< (//uy g )

= —C /tb 6_(tb_s) ||UH 2 1 dS
6\/3 0 L2(QxSt)

C
m HUHL2(Qx31)

@) /1 1
(51N + 7z ol )

c@) /1 1
A (S Mmoot + 3 19 ).

IN

IN

IN

(4.3.66)

In summary, collecting (4.3.55), (4.3.56), (4.3.57), (4.3.58), (4.3.60) and (4.3.66), for

fixed 0 < § < 1, we have

|u(Z, )| < 0 |[ull oo ansry

e

Then we may take 0 < 6 < 1/2 to obtain

C(Q)

1
6_3 ||f||LOO(Q><31) + m ||g||Loo(I‘\7) > (4.3.67)

oL 1 1 1
[u(Z, )| < 2 ||u||L°°(Q><$1) + W (6—3 ||f||L°°(Q><81) + 372 ||g||L°°(F—) ) (4.3.68)

Taking supremum of u over all (Z, @), we have

C(Q) ( 1

HUHLOO(Q><81) < ) HuHLw(QxSI) + Nz

1
6_3 HfHLoo(Q><31) + 637 HgHLoo(F—) ) (4369)
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Finally, absorbing [[u([ ;e (gxs1), for fixed 0 < < 1/2, we get

1 1
||u||L°°(Q><81) <C(Q) (6—3 ||f||L°°(Q><Sl) + 32 ||gHL°°(F))‘ (4.3.70)

4.3.4 Well-posedness of Transport Equation

Theorem 4.3.7. Assume g(xo, W) € L>®°(I'"). Then for the steady neutron transport

equation (4.1.1), there exists a unique solution uc(Z,w) € L>®(Q) x S') satisfying
¢ 1
||u ||L°°(Q><81) < 0(9)637 ||g||L°°(F—) . (4371)

Proof. We can apply Theorem 4.3.6 to the equation (4.1.1). The result naturally
follows. O]

4.4 e-Milne Problem

We consider the e-Milne problem for f€(n,0,¢) in the domain (n,6,¢) € [0,00) X

[—m,m) X [—7, )

of

€ af&
on

99

Sin¢ + fﬁ . fc — S€<U797¢),
790,0,¢) = h9(6,¢) for sing >0, (44.1)

lim, e f<(7,60,0) = f<.(6),

+ F(e;m) cos ¢
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where
Fn0) =5 [ rn6. o) (1.4.2)
F(e;m) is defined as (4.2.45),
|h*(0, )| < M, (4.4.3)
and
151,60, 0)] < Me™ "7, (4.4.4)
for M > 0 and K > 0 uniform in € and 6.

We may further define a potential function V(e;n) satisfying V(e;0) = 0 and
F(e;n) = —0,V(e,n). The following lemma illustrates the main properties of F' and
V.

Lemma 4.4.1. V(e;n) is monotonically increasing with respect to n and satisfies

0<V(en) <Ind (4.4.5)
Define
Voo(€) = lim V(e;n). (4.4.6)
n—00

Then V. (€) = Vi independent of €. For any 0 <y < z < 00

—In4 < / F(e;n)dn < 0. (4.4.7)
Yy



For any o > 0 and n > 0, we have
eVt =V < 1 4 4eo.

Moreover, we have

/ / |F(y))* dydn < 3 — In4.
0 n

/ F(e;n)2dy < 3c.
0

[F(&m)e < 4e
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(4.4.8)

(4.4.9)

(4.4.10)

(4.4.11)

Proof. Since F(e;n) < 0, by definition, we know V'(¢;7) is monotonically increasing

with respect to 1. Since V(e;0) = 0, V(¢;n) > 0. Then based on (4.2.23), we can

direct estimate

Vien) = V(G;O)—/OHF(E;y)dyzfon Mdy

1—ey
y=1

= In4.

3

e €
< / dy = —In(1 — ey)
0

1—ey

y=0

This verifies (4.4.5).

Also, letting pu = en, we have

(4.4.12)

(4.4.13)

V() - _/0°° elb(en)dn __ [T Md(en) _ _/OOO %du < Ind.

1—en o l—en
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Hence, we have V(€) = V independent of €. Since
/Z Flen)dn =V(ey) — V(e 2), (4.4.14)
v
we can naturally obtain (4.4.7).

Moreover, we have

e(ey) dy

4.4.15
— (4.4.15)

Vireo) v = = [ P = [

min{(ﬁJrU):%} y:min{(n"’o’)v%
< / ' ?Z’(—Gy)dy < —In(1 - ey) (4.4.16)
" - y=n
3
If n+ o0 < -, we have
Vv < 12N gy iy (4407)

1—e(n+o) 1—€(n+o)
On the other hand, if n + o > % and n < %, we define o’ = % — 1 to obtain
eVrta)=Vin) < Vit )=V < 1 4 4eg’ < 1 + 4eo. (4.4.18)
Finally, it n 4+ 0 > % and n > %, we have

e =e'=1. (4.4.19)

Therefore, (4.4.8) follows.



Furthermore, considering the cut-off function (4.2.23), we have

/ / y)[ dydy
3 3
e (ey) 1 f[ae €2
wiey) ddns/ / & dydy
/ / 1_€y 0 n (1_€y)2
—3 3
e de €
LD
o \l—ey|,_, 0 1 —en

= (4677 +1In(1 — en)) 3

IA

N=Zc

IS

=3 —In4.

n=0
Also, we can directly estimate

00 0o 2.2 2 2
Fle: 2d — Md i E—d
/0 [F(e;m)|" dn /0 T—en? nS/O A= ez

-3
N=%¢

= 3e.

€

1—en =0
Finally, based on the definition of F' and 1, we obtain

eth(en)

—€n

€

— 1 _ 3
164e

= 4e.

|E(e; )\—
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(4.4.20)

(4.4.21)

(4.4.22)

For notational simplicity, we omit € and 6 dependence in f€ in this section. The

same convention also applies to F'(e;n), V(e;n), S(n,0, ¢) and h*(0, ¢). However, our

estimates are independent of € and 6.

In this section, we introduce some special notation to describe the norms in the



space (1, ¢) € [0,00) x [—m, 7). Define the L? norm as follows:

1)l = ( | |f(n,¢)|2d¢)1/2,

;To T 1/2
1 llpore = ( /0 / |f<n,¢)|2d<z>dn) |

Define the inner product in ¢ space

(. 9)oln) = / " Fn, 8)g(n, $)d.

Define the L norm as follows:

IfDlge = sup [f(n, )],

d)G[—ﬂ',ﬂ)

HfHLOCLOo = sup ’f(na ¢)‘ J

(77745)6 [0700) X [_W’W)

™ 1/2
1fllpers = sup ( / |f<n,¢>|2d¢) |

n€[0,00) —T
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(4.4.23)

(4.4.24)

(4.4.25)

(4.4.26)

(4.4.27)

(4.4.28)

Since the boundary data h(¢) is only defined on sin ¢ > 0, we naturally extend above

definitions on this half-domain as follows:

1/2
hll = ( / ¢>0|h<¢>|2d¢) |

[Pl = sup |h(®)].

sin >0

Lemma 4.4.2. We have

171l .

IN

C bl < CM
M
ISl < CF

151/ o< 12

IN

IN

ClSl e = €M

(4.4.29)

(4.4.30)

(4.4.31)
(4.4.32)

(4.4.33)
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Proof. They can be verified via direct computation, so we omit the proofs here. [J

4.4.1 L? Estimates
Finite Slab with S =0

Consider the e-Milne problem for f%(n, ¢) in a finite slab (1, ¢) € [0, L] x [—7,7)

of- oft ;
sin¢a—{7+F(n)cos¢W+fL—fL = S(n,9),

fL(0,0) = h(¢) for sing <0, (4.4.34)
fr(L,¢) = fH(L,Rg),

where Rp = —¢ and S satisfies S(n) = 0 for any 7. We may decompose the solution

fHn, 0) = a5 (n) +r7(n, 9), (4.4.35)

where the hydrodynamical part qf is in the null space of the operator fX — f* and

the microscopic part rf is the orthogonal complement, i.e.

) =5 [ P thmo) = e - gkl (1436)

In the following, when there is no confusion, we simply write f* = ¢~ + rZ.

Lemma 4.4.3. Assume S(n) = 0 for any n € [0, L] with (4.4.3) and (4.4.4). Then
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there ezists a solution f(n, @) to the finite slab problem (4.4.34) satisfying

L 9 M 2
/O [ () dn - < C(MJr?) < o0, (4.4.37)

K
(sing,r")s(n) = 0, (4.4.39)

Il < C(1+M+%)2<1+771/2+HTL(H)Hm)’ (4.4.38)

for arbitrary n € [0, L].
Proof. We divide the proof into several steps:

Step 1: Assume ||H||;w 00 < 00 and |||, < oo, then the solution fy(n,¢) to

the penalized e-transport equation

Mt sin 62 4 Pn)cos6 50 + 1y = H(n ),
£r00,0) = h(p) for sing <0, (4.4.40)
H(L,¢) = (L, Ro).
satisfies
Al poe oo < NPl poo + 1H | poo oo - (4.4.41)

The proof of (4.4.41): To construct the solution of (4.4.40), we define the energy as

E(n, $) = cos pe” V™. (4.4.42)

This curve with constant energy is the characteristics of the equation (4.4.40). Hence,
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on this curve the equation can be simplified as follows:
Afa + sin gbi—% + hHh=H (4.4.43)
An implicit function ™ (n, ¢) can be determined through
|E(n, ¢)] = eV, (4.4.44)

which means (9™, ¢o) with sin ¢y = 0 is on the same characteristics as (1, ¢). Define

the quantities for 0 <7’ < n™ as follows:

¢ (¢,m,m) = cos (cos e’ M=V (4.4.45)

R§ (¢,n,1) = —cos™*(cos ge¥ VD) = —¢' (¢, m, 1), (4.4.46)

where the inverse trigonometric function can be defined single-valued in the domain
[0, 7) and the quantities are always well-defined due to the monotonicity of V. Finally

we put

N W\
Cr(9) = / ENCIEXN3) Al (4.4.47)

We can define the solution to (4.4.40) along the characteristics as follows:
Case I:

For sin¢ > 0,

(4.4.48)

TH(n',¢'(¢,n,1'))
sin(¢'(¢,1,1'))

Pnd) = h(@(6m0))exp(~GAo) + / exp(—G2, )i

Case II:
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For sin ¢ < 0 and |E(n, )| < eV,

Am¢) = h(¢(¢,n,0)exp(—Gro— G1,) (4.4.49)

S (URACKND) N
_G ,_G d
([ S oGy~ Gl

L H(U/; R¢,(¢7 7, 77,)) A /)
xp(G, . )dn' ).
) sm@ ) D)
Case I1I:
For sin ¢ < 0 and |E(n, ¢)| > eV,
f/\(nv ¢) = h(¢/(¢v UE 0)) eXp(_G7>7\+,O - G7>7\+,17) (4450)

" HG ¢(6.0.1) N
X _G+ /_G+ d
" ( @ o)) SR CGar = Cre)

" H(n', R (¢, 1))
- L exp(G? dn’).
y @) PG
Note the fact
d 14+ A
— G (P = — _ 4.4.51
ay O = @G ) Al
Hence, we can directly estimate as follows:
In Case I:
| f2(n, @) (4.4.52)
K 1
< exp(=G ) Al e + || H oooo/ . exp(—G2 dn/
DG e+ 1l | s expl(=Gi)
1 T]
= (o) Ml + g Hle e e0(=G)|

1
exp(—G,’;p) |\ P]] e + T (1 — exp(—Gf‘hO)) | H || oo poe < 1Pl oo 4 1H || oo poo-
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In Case II:
(. 9)] < exp(=Glo— G, 1l (4.4.53)
1
1 { exp(=G1,,) (1 - GXP(—GQo)) [ H || oo oo
#(1- (=61 ) i
< Pl + I1H || oo oo -
In Case III:

(@)l < exp(=Gor g = Goe ) 1Bl
1
1 + )\{ exp(=Giye ) (1 - eXp(_G:\ﬁ,o)) [H | oo oo

n (1 - exp<—G,§+,n>) HHHLW}

1P oo =+ 1 [| oo foc -

IN

This completes the proof of (4.4.41).

Step 2: Assume ||S|;w;e < 00 and ||h]|;. < oo, then the solution f¥(n,¢) to

the penalized e-Milne equation

ofy
on

ofx

Ay +sing 6

+ Fln)cos g5+ fE = = S(0.9)
[E0,6) = h(¢) for sing <0, (4454)

fX(L,¢) = fY(L Ro).
where fF is defined as (4.4.2), satisfies

1+ A
i < S5 (Wl + 18T ) (1.4.59



216

The proof of (4.4.55): In order to construct the solution of (4.4.54), we iteratively

define the sequence {fL}>_, as f& =0 and

fL
99

L
M —I—smgbi%—F( )cos p—2m 4 fL_ fL = S(n,¢),
FE0,6) = h(¢) for sing < 0(44.50)

fu(L,¢) = fn(L,Ro).

Based on the analysis in Step 1 with H = S + f~ |, we know f% is well-defined and
| FE|l e < 00. We further define gk = fL — fE_, for m > 1. Then g% can be
rewritten along the characteristics as follows: Case I:

For sin¢ > 0,

(" ght) ,
(1) = /0 w0 (@ () 2L )T (4.4.57)

Case II:
For sin¢ < 0 and |E(n, ¢)| < e V),

i) = ([ sy -G el 1459

L
G, dn' ).
/s1n¢’¢7777))eXp( "’")n)

Case I1II:
For sin¢ < 0 and |E(n, ¢)| > e V1),

nt =L (o
I (1,6) = (/0 Sin(j,?;?;m,)) exp(—Gyty — G p)dn’  (4.4.59)

gk () ,)
Ndn' ).
+ /77 sin(¢/ (¢, n, 1)) &Gy )dn
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In all three cases, we can always obtain

g1 oo < H—)\Hgﬁl”LwLw- (4.4.60)
For A\ > 0, this is a contraction sequence. Also, we have
19l e = 1 | oo < Wl poe + 11 e oo (4.4.61)

Hence, fL converges strongly in L>°([0, L] x [—7, 7)) to f£ which satisfies (4.4.54).

Also, fI satisfies

1+
| e < 5 (Wl + 18T ). (14.62)
Naturally, we obtain ff € L*([0, L] x [—m,)).

However, we can see the estimate blows up when A\ — 0. Therefore, we need to
show the uniform estimate of f{ with respect to A. Similarly, we can define r¥ and

q¥ for fL asin (4.4.36).

Step 3: r¥ satisfies

L L
2
/ x|z dn - < 4||h||12+8/ 1S()172 dn. (4.4.63)
0 0

The proof of (4.4.63): Multiplying f& on both sides of (4.4.54) and integrating over

¢ € [—m, ), we get the energy estimate

d
@(ff’ fx sing)s(n) (4.4.64)

ofx

o P eond)oln) + (. )o(n).

= A = o). = Fo)
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A further integration by parts reveals

off

S fheosahn) = —3FO)UL fsind)oln). (4469

—Fm) (==

Also, the assumption S(n) = 0 leads to

(S, fx)s(n) = (S,ax)s(n) + (S,rx)e(n) = (S,73)s(n). (4.4.66)

Hence, we have the simplified form of (4.4.64) as follows:

33 Uk s 6ol (4.4.6)
= AN~ Ik — S FOSL £ s 8)on) + (S, ().

Define

oln) = 5 s 0)a() (1.4.65)

Then (4.4.67) can be rewritten as follows:

=M = I = Faatn + Skt (4469

We can integrate above on [, L] and [0, n] respectively to obtain

aln) = atyess / LF<y>d<y>) (4.470)
" / Cexp ( / "Fean) (MW + I (5 )a,
al) = a)esp ( - /O"F<y>d<y>) (LaT)
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The specular reflexive boundary ff(L,¢) = fF(L,R¢) ensures a(L) = 0. Hence,

based on (4.4.70), we have

a(n) > /n C e < /n ’ F(z)dz) ( (s, r§>¢(y))dy. (4.4.72)

Also, (4.4.71) implies

aln) < a0) exp[V(ﬁ)]JF/OneXp (_/yT7

A

[\

=

—_—s

(V)

+
o\

3

0]

]

ko]
VR

|
<

3
=
~—~

N

S~—

o,

N
N— S
//\\

k2

3

>~

g

=
~_

o,

=

due to the fact

N | —

a(0) = %(singbffvffM(U) < (/ ¢>Oh(gb)281ngbd¢) < % A2, (4.4.74)

Then in (4.4.71) taking n = L, from «(L) = 0, we have
L y L
/ exp ( / F(z)dz) X (W)||= dy (4.4.75)
0 0

a0+ [ ([ Fle1as) 5. rhratwna
st [ oo ([ Fe1a) 5. rtwray

IN

IN

On the other hand, by (4.4.7), we can directly estimate as follows:

[Cow ([ re) kolaas = [ ol @

Combining (4.4.75) and (4.4.76) yields

[ Irtan < 20t [ eso ([ rep) s buwaiar
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By Cauchy’s inequality and (4.4.7), we have

/OL exp < /Oy F(Z)dz) (s, r§>¢(y)dy’ <

1 L . 9 L )
< 5 [ k@I dnez [ sl an

/ s, r§>¢<y>dy‘ (4.4.78)

Therefore, summarizing (4.4.77) and (4.4.78), we deduce (4.4.63).

Step 4: ¢¥ satisfies

gk )]}, < 256W2(1+A)<1+771/2+ Hri(n)Hm) (4.4.79)

L n
x(1+||h||12+ / 150122 dn + / 1), dy).

The proof of (4.4.79): Multiplying sin ¢ on both sides of (4.4.54) and integrating over

¢ € [—m,m) lead to

d%@inz O, f{)e(n) = —Xsing, fi)s(n) — (sing,ry)s(n) (4.4.80)
—F(n)(sin ¢ cos ¢, %M(n) + (sin ¢, S) (7).

We can further integrate by parts as follows:

(4.4.81)
—F(n)(sin ¢ cos ¢, %M(n) = F(n){cos(29), fX)e(n) = F(n){cos(2¢),75)s(n),
to obtain
d%@iﬂz o, fs(n) = —Asing, f{)e(n) — (sind,r{)e(n) (4.4.82)

+F(n){cos(20),75)s(n) + (sin ¢, S)4(n)-
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Define

B (n) = (sin® ¢, f{)o(n)- (4.4.83)

Then we can simplify (4.4.80) as follows:

dgk I
dinA = Dy(n, ¢), (4.4.84)
where
Dx(n,¢) (4.4.85)
= —Xsing, f{)s(n) — (sind,13)6(n) + F(n){cos(20),73)s(1) + (sin é, S)(n).
Since
(4.4.86)
—Asing, f{)s(n) = —Alsing, 13)e(n) — Alsind, 43)(1n) = —Asin ¢, 75)4(n).
we can further get
Dx(n,¢) (4.4.87)

= —Asing,m3)e(n) — (sin g, 73)s(n) + F(n){cos(20),m3)s(n) + (sin ¢, S),(n).

We can integrate over [0, 7] in (4.4.84) to obtain

8t = 80 + | " D)y, (4.4.88)

0

It is important to note that DY only depends on r¥ and is independent of ¢¥. Then
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we can directly estimate

DX ()| o (4.4.89)

< 27r(1 s |F<n>|) 1P| + 150D < 471+ X P2+ IS@I] -

Also, for the initial data

BY(0) = (sin® @, £{)4(0) (4.4.90)

1/2 1/2
< <<ff,f§!sin¢!>¢(0)) ||sm¢||i/fS8(<ff,ff|sm¢r>¢<o>) .

Obviously, we have

2
<ff,ff\sin¢\>¢(0)=/ h*(¢)singdp — [ b (ff(0,¢)) sin ¢dg. (4.4.91)

sin ¢p>0
However, based on the definition of «(n) and (4.4.72), we can obtain

2
/ h?(¢) sin ¢pd + / (ff(o,qs)) sin ¢d¢ (4.4.92)
sin ¢p>0 sin ¢p<0
= 2a/(0)

o [ ([ Fera) (= tsirb1atw) )y

-5 | (Shletaay

v

v

Hence, we can deduce

2
— / (ff(o,gb)) sin ¢pd¢ (4.4.93)
sin p<0

IN

1 L
[ w@snodss [ (s
sin ¢>0 0

I 2 IS
<l g [ k@l g [ IS@IE
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From (4.4.63), we can deduce

B (0)? (4.4.94)
L ¢L|.: 2 r L 2 k 2
< 64/, 3 Isingl)o(0) < 128 ||hllze +16 [ [lrx(n)|[ . dn+16 [ [IS(n)l}2 dn
0 0

L
< 192 ||h||§2+192/ 1S ()II72 dn.
0

From (4.4.63), (4.4.88), (4.4.89) and (4.4.94), we have

185 )] 1o (4.4.95)
L
< s 192 Al + 192 [ ISGIEs dy
0
n n
w2 [t @l v+ [ 150 ay
0 . 0 :
< szl +192 [ IS dn+ [ IS0 dy
no o 0
Lor(1 4 A2 ( / Ik dy)
0 / :
< 647?(1+A)(1+771/2)(Hh!|iz+ | 1soiean+ [ HS(y)HLwdy).

By (4.4.83) this implies

(4.4.96)

@5 < 2(|BFM)|],2 + 2 Irk)]|,o < 47 |BEO) || + 2 IrE )|

which completes the proof of (4.4.79).

Step 5: Passing to the limit.
Since estimates (4.4.63) and (4.4.79) are uniform in A\, we can take weakly convergent
subsequence ff — f& e L*([0,L] x [—m, 7)) as A — 0. Hence, fr is the solution of

(4.4.34) and satisfies the estimates (4.4.37) and (4.4.38).
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Step 6: Orthogonality relation (4.4.39).

A direct integration over ¢ € [—m, ) in (4.4.34) implies

din<sm¢, 7Y o(n) = —F(cos 6, %M(n) +8(n) = —Flsing, fX)4(n). (4.4.97)

thanks to S = 0. The specular reflexive boundary fX(L,¢) = fL(L, R¢) implies
(sing, f¥)4(L) = 0. Then we have

(sin 6, ) 4(n) = 0. (1.4.98)
It is easy to see

(sin ¢, ¢")y(n) = 0. (4.4.99)
Hence, we may derive

(sin g, %) 4(n) = 0. (4.4.100)
This leads (4.4.39) and completes the proof of (4.4.3). O

Infinite Slab with S =0

We turn to the e-Milne problem for f(n, ¢) in the infinite slab (n, ¢) € [0, 00) X [—7, 7)

o _
sin¢%+F(n)cos¢£+f—f = S(n,¢),

f(0,¢) = h(¢) for sing >0, (4.4.101)
lim, oo f(1,0) = [
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Define r and ¢ for f as v’ and ¢* for f~.

Lemma 4.4.4. Assume S(n) = 0 for any n € [0,00) with (4.4.3) and (4.4.4). Then

there exists a solution f(n,®) of the infinite slab problem (4.4.101), satisfying

IN

71 22 12

K
(sing,r)s(n) = 0, (4.4.103)

2
O(M + M) < o0, (4.4.102)

for any n € [0,00). Also there exists a constant ¢oo = foo € R such that the following

estimates hold,

M 2
Igo| < C<1+M+E) < 00, (4.4.104)

(4.4.105)

la() = auelle < c( Il + [ FG sy + [ 1500 dy),

IN

M 2
1q — Gooll z2 12 C<M + —) < 0. (4.4.106)

K

The solution is unique among functions such that (4.4.102), (4.4.104)and (4.4.106)
hold.

Proof.

Step 1: Existence and estimates (4.4.102) and (4.4.103).

By the uniform estimates from Lemma 4.4.4, the solution f¥ of the finite problem
(4.4.34) in the slab [0, L] is uniformly bounded in L2 ([0, 00); L?[—m, m)). Then there

loc

exists a subsequence such that

¢ — q, (4.4.107)

ko (4.4.108)
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weakly in L7 ([0, 00); L*[—m, 7). Also, f = g+ r satisfies the boundary condition at
n = 0. This shows the existence of the solution. Then property (4.4.102) naturally
holds due to the weak lower semi-continuity of norm ||-||;2;.. Also, the orthogonal

relation (4.4.103) is preserved.

Step 2: Estimates (4.4.104), (4.4.105) and (4.4.106).
We continue using the notation in Step 5 of the proof of Lemma 4.4.3. Recall (4.4.83)
to (4.4.85) with A = 0 and L = co. We have

Bn) = (sin® ¢, f)s(n) (4.4.109)
and
dg
an D(n, ¢), (4.4.110)
where
D(n, ¢) = —(sing,r)y + F(){cos(2¢),7)¢ + (sing, S)4(n). (4.4.111)

The orthogonal relation (4.4.103) implies

D(n, ¢) = F(n){cos(2¢), 1) + {sin ¢, .5)4(n). (4.4.112)
Hence, we can integrate (4.4.110) over [0, 7] to show
80— 5(0) = [ P lcos(20) o)y + [ fsino, $)u(u)dy.  (44113)

Based on Lemma 4.4.1, since F' € L'[0,00) N L?[0,0), r € L*([0,00) x [, 7)), and

S exponentially decays, by (4.4.94) and (4.4.102), there exists some constant (., such
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that fo = lim, - B(n) satistying

(4.4.114)

Bl < [BO)]+ / " (sin, S)o(y)dy

[ Pweostz0).0t0) dy‘ .

< 8+ 192|hll7 +200/ ISz di + 27| Fll pape 7l poe
0

M2
< 1+M+—) .
< c{irar+ i)

We define go, = Bao/ ||sing||7,. Hence, the estimate of |gu| in (4.4.104) is valid.

Moreover,

(4.4.115)

B — B(n) = /OO D(y)dy = /oo F(y){cos(2¢),7)4(y)dy + /oo<sin ¢, S)g(y)dy.

Bn) = (sin® g, fls(n) = (sin” @, q)e(n) + (sin® ¢, r)s(n)  (4.4.116)

= q(n) [sin | 7. + (sin® 6, 7) ().

Thus we can estimate

sin @[|7 [lg(n) = gooll 2 (4.4.117)

= Vo [sin 6 llg(n) — quoll e = V37 (5(77) — (sin? 6, () — @oo)

IN

var (it o] + [ 1F ) eos26), oyl d
+ [l s)otlay)

IN

2 (Il + / " 1P )l 2 dy + / TS0l dv ).
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This implies (4.4.105). Furthermore, we integrate (4.4.117) over n € [0, 00). Cauchy’s

inequality and (4.4.9) imply

(4.4.118)

/OOO (/noo|F<y)le<y)llL2 dy>2dn <l 3ags /Ooo/nmm@)pdydn

C.

IN

The exponential decays shows

/Ooo (/noo 1S W) oo dy)2dn <C. (4.4.119)

Hence, the estimate of ||¢ — goo|| 272 In (4.4.106) naturally follows.

Step 3: Uniqueness
In order to show the uniqueness of the solution, we assume there are two solutions f;
and f, to the equation (4.4.101) satisfying (4.4.102) and (4.4.103). Then f' = fi — fo

satisfies the equation

singb%—{; —i—F(n)cosd)a—/—i-f’—f’ = 0,

9¢
/"0, 9)
limy oo f'(,0) = [

0 for sin¢g > 0, (4.4.120)

Similarly, we can define v’ and ¢’. Multiplying e=" f’ on both sides of (4.4.120) and

integrating over ¢ € [—m, ) yields

o (1 Fsinghme @) == (Il ™) <0 a2



229

This is due to the fact

%_(U Famame _V(n)) (4.4.122)
— ( f,—smcb (n)e” ’7)) +%( (n)(f”f’sin¢>¢(n)6—V(n)>
- (f’_sm¢ ne- )) ( ()<f,£cos¢>() >>'

Thus, we have

30) = 50 sin g me™ . (14123)

is decreasing. Since 1’ € L*([0,00) x [—m, 7)) and ¢’ — ¢, € L*([0,00) X [—7, 7)), there
exists a convergent subsequence 7, — oo satisfying ||r'(ng)|| ;. — 0 and ¢’ () — ¢& —

0. Hence, this implies
%W, 7' sin @) () eV ) = 0. (4.4.124)
Also, due to the fact that ¢’(nx) is independent of ¢ and it is finite, we have
~v(nk) — 0. (4.4.125)

By the monotonicity, v(n) decreases to zero and v(n) > 0. Then we can integrate

(4.4.121) over n € [0, 00) to obtain

+(o0) — 4(0) = 2 / @) e Wy, (4.4.126)

which implies

7(0) = (f', f'sin¢)g(0)e ™V =2 /0 17 () ]|22 e~V @ dy. (4.4.127)
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Also, we know

(4.4.128)
1 . . 1 ) .
0 < S(f, fsing)s(0)eV O = (1, fsing)y(0) < / (f)2(6) sin 6dgs = 0.
2 2 sin ¢>0
Naturally, we have
(f', f'sing)y(0)e" = 2 / N I ()]|% eV @ dy = 0. (4.4.129)
0

Hence, we have ' = 0 and f'(n, ¢) = ¢'(n). Plugging this into the equation (4.4.120)
reveals 0,¢' = 0. Therefore, f'(n, ¢) = C for some constant C'. Naturally the bound-
ary data leads to C' = 0. In conclusion, we must have f’ = 0, which means f; = f5,

and the uniqueness follows. O

S # 0 Case

Consider the e-Milne problem for f(n,¢) in (n,¢) € [0,00) x [—m, 7) with a general

source term

singb% + F(n) cosgb% +f—F = Sne),
f(0,9) = h(¢) for sing >0, (4.4.130)

lim, o fn,0) = fw.

Lemma 4.4.5. Assume (4.4.3) and (4.4.4) hold. Then there exists a solution f(n, ®)
of the problem (4.4.130), satisfying

M 2
17l 22 <CO+M+E)§m, (4.4.131)

(sing,m)y(n) = —/OO VM=V S(y)dy. (4.4.132)
77
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Also there exists a constant oo = foo € R such that the following estimates hold,

M 2
[ - C<1+M+E) < 00, (4.4.133)
(4.4.134)
la(m) = alls < C(nr(mnw / F)| rw)l],a dy + / ||S<y>||mdy),
MTI2 n
g = Gooll o < C<1+M+E> < 0. (4.4.135)

The solution is unique among functions satisfying ||f — feoll f272 < 00.

Proof. We can apply superposition property for this linear problem, i.e. write S =
S+ (S —S8) = Sg+ Sk Then we solve the problem by the following steps. For
simplicity, we just call the estimates (4.4.131), (4.4.133), (4.4.134) and (4.4.135) as

the L? estimates.

Step 1: Construction of auxiliary function f*.

We first solve f! as the solution to

of! of! _
oG+ P eoso' g+ '~ ' = Saln.o)
F10,6) = h(¢) for sing >0, (44.130)

limy o0 fH(0,0) = fi.

Since Sp = 0, by Lemma 4.4.4, we know there exists a unique solution f! satisfying

the L? estimate.

Step 2: Construction of auxiliary function f2.



We seek a function f? satisfying

of?

——/ (smgb——l—F( D eos o

)d¢>+sQ:o.
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(4.4.137)

The following analysis shows this type of function can always be found. An integration

by parts transforms the equation (4.4.137) into

—/ smgzﬁidqb ' F(n)sin¢f2d¢ + 27Sg = 0.

—T

Setting

f2(#,n) = a(n)sin ¢.

and plugging this ansatz into (4.4.138), we have

U ™

dn

—T —T

Hence, we have

—— — F(n)a(n) + 2S¢ = 0.

_da sin® pd¢ — F(n)a(n) / sin® ¢d¢ + 2mSg = 0.

(4.4.138)

(4.4.139)

(4.4.140)

(4.4.141)

This is a first order linear ordinary differential equation, which possesses infinitely

many solutions. We can directly solve it to obtain

n
a(n) — e Jo F(y)dy (CL(O) + / efoy F(Z)dZQSQ(y)dy) .
0

We may take

a(0) = —/ elo P29, (y))dy.
0

(4.4.142)

(4.4.143)
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Based on the exponential decay of Sg, we can directly verify a(n) decays exponen-

tially to zero as n — oo and f? satisfies the L? estimate.

Step 3: Construction of auxiliary function f3.

Based on above construction, we can directly verify

s f2 f2 -~
/ <—s1n<b—n—F(77)cos¢a¢ f2+f2+SQ)d¢:O. (4.4.144)

Then we can solve f3 as the solution to

(4.4.145)
( Sln¢a—f:+F(n)COS¢a§ fP=f = —Slnqﬁi;—F(n)cosgbaJ:;
—f2 + f2 + So.,
2(0,¢) = —a(0)sing for sing >0,
imy oo f2(0,0) = [

\

By (4.4.144), we can apply Lemma 4.4.4 to obtain a unique solution f? satisfying the

L? estimate.

Step 4: Construction of auxiliary function f4.

We now define f4 = f2 + f3 and an explicit verification shows

f4
¢

4
f40,¢) = 0 for sing >0, (4.4.146)

hmn—mo f4(77a ¢) = élov

and f* satisfies the L? estimate.
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In summary, we deduce that f* + f* is the solution of (4.4.130) and satisfies the L?
estimate. A direct computation of (sin ¢, f*)4(n) for i = 1,2,3,4 leads to (4.4.132).

From || f — follj2z2 < 00 , we deduce ||f — fx < 00, a similar argument as in

212
Lemma 4.4.4 shows the uniqueness of solution. O

Combining all above, we have the following theorem.

Theorem 4.4.6. For the e-Milne problem (4.4.1), there exists a unique solution

f(n,®) satisfying the estimates

M
1f = fooll 2z < 0(1 + M+ ?) < o0, (4.4.147)
for some real number f., satisfying
M2
| fool < C<1+M+?> < 00. (4.4.148)

4.4.2 L Estimates

Finite Slab

Consider the e-transport problem for f(n,$) in a finite slab (1, ¢) € [0, L] x [—m, 7)

g%+ Fn)coss 2L 5 = Hino).
f(0,¢) = h(¢) for sing >0, (4.4.149)

f(L,¢) = f(L,R¢).
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Define the energy as follows:

E(n, $) = cos pe” V™. (4.4.150)

In the plane (1, ¢) € [0,00) X [—m,7), on the curve ¢ = ¢(n) with constant energy,

we can see

dE  O0E  0EO0¢ V) e v 99
an ~ on + 96 00 cos pF(n)e sin ¢e an 0, (4.4.151)
which further implies
d¢p  cosF(n)
T (4.4.152)
Plugging this into the equation (4.4.149), on this curve, we deduce
df 9f ofde 1 [ . Of of
T —- F(n)=— ). 4.4.1
a ~ on + 960y smo (81n¢an + cos ¢ (77)8¢ ( 53)

Hence, this curve with constant energy is exactly the characteristics of the equation

(4.4.149). Also, on this curve the equation can be simplified as follows:
i ¢df+f H (4.4.154)
sin p— = H. 4.
dn
An implicit function ™ (n, ¢) can be determined through

|E(n, ¢)] = V0", (4.4.155)
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which means (77, ¢p) with sin ¢y = 0 is on the same characteristics as (7, ¢). Define

the quantities for 0 < 7’ < n* as follows:

¢'(¢,m,1) = cos " (cos ge” )7V, (4.4.156)

R¢/(6,mm) = —cos (cosge” VD)= _gf(g,m,1f),  (4.4.157)

where the inverse trigonometric function can be defined single-valued in the domain
[0,7) and the quantities are always well-defined due to the monotonicity of V. We

can see (1, ¢’ (¢,n,1')) and (1, ¢) are on the same characteristics. Finally we put

g 1
G = | S B

We can rewrite the solution to the equation (4.4.149) along the characteristics as

follows:

Case I:

For sin¢ > 0,

(4.4.159)

TH(n',¢'(¢,n,1'))
sin(¢/ (¢, n,7'))

ﬂm@th@mﬁ»%M4%w+A exp(— G )1

Case II:
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For sin ¢ < 0 and |E(n, )| < eV,

fn,¢) = h(¢'(¢,n,0))exp(=Gro—Gry) (4.4.160)
YHW, 6 (¢,n,17))
i ( sin(@ (6,7, 7))

exp(=Gpr.y — Gpr,)dny’

“H(n',R¢'(¢,n,1)) ,)
X G / d .
L (@@ ) CP Gl
Case I1I:
For sin ¢ < 0 and |E(n, )| > eV,
fn,0) = h(¢'(¢,1,0)) exp(=Gp+ o — Gy ) (4.4.161)

nt Hn'. & /
_|_ ( (77 7¢ (gb? T]? /’7 )) eXp(—Gnﬂn/ _ Gn+,n)dT]/
0

sin(¢'(¢,n,7'))
" H(y', R¢'(¢,n,7))
,  sin(¢'(é,m, 1))

exp(Gnm/)dn’) :

Infinite Slab

Consider the e-transport problem for f(7, ¢) in an infinite slab (n, ¢) € [0, 00) X [—m, 7)

9 %)
sin %—{] + F(n) cos ezﬁa—é +f = H(n9¢),
f(0,9) = h(¢) for sing >0, (4.4.162)

hmn—>oo f(777 ¢) = feo-

We can define the solution via taking limit L — oo in (4.4.159), (4.4.160) and (4.4.161)

as follows:

f(n,¢) = Ah(¢) + TH(n, ¢), (4.4.163)
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where
Case I:
For sin¢ > 0,

Ah(¢) = h(¢'(d,1,0)) exp(—Gi o) (4.4.164)

_ ["HW. (b)) :
TH(n,¢) = /0 S0 (& (. 0.7)) exp(—G,y)dn . (4.4.165)

Case II:
For sin¢ < 0 and |E(n, ¢)| < e V=,

Ah(¢) = 0 (4.4.166)

* H(n',R¢'(6,n,1))

TH(n,¢) = . sin(@(o,m, 7))

exp(G .,y )dn'. (4.4.167)

Case III:
For sin¢ < 0 and |E(n, ¢)| > e V=,

An(¢) = h(¢'(¢,1,0)) exp(—=Gpt o — Gt ) (4.4.168)
_ " H, ¢ (¢,n,7)) )

TH(n,¢) = (0 S0 6.1 exp(—Gp+ y — Gy )y’ (4.4.169)

" H (i, R¢'(,n,7)) ,)

Gy )dn' ).

T, @G PG
Notice that

lim exp(—Gp,) =0, (4.4.170)

L—oo
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for sing < 0 and |E(n, ¢)| < e V. Hence, above derivation is valid. In order to

achieve the estimate of f, we need to control 7 H and Ah.

Preliminaries

We first give several technical lemmas to be used for proving L estimates of f.

Lemma 4.4.7. For any 0 < 8 < 1, we have
" AR|| . < 1|0 - (4.4.171)
In particular,

AR oo < (1A pos - (4.4.172)

Proof. Since ¢’ is always in the domain [0, 7), we naturally have
0 < sin(¢'(¢,n,€)) < 1, (4.4.173)

which further implies

1

o) - " LAy

Combined with the fact n™ > 7, we deduce

IN

exp(—Gy o) e (4.4.175)

exp(—=Gut o — Gpry) < exp(—=Gyurp) <exp(—=Gyo) <e . (4.4.176)

Hence, our result easily follows. O



Lemma 4.4.8. The integral operator T satisfies
[T H| oo poe < ClIH| oo oo
and for any 0 < 5 <1/2
e TH e o < Clle™ H | o e

where C' is a universal constant independent of data.

Proof. For (4.4.177), when sin ¢ > 0

TH| < /”|H<'¢'<¢ ) p—
— 0 777 777777 Sln(¢/(¢’n,nl))
N 1
H| ;oo 7o - -G, .)dn'.
< s | sy PG

We can directly estimate

n 1 [e'e)
, exp(—G, ,)dn < / e *dz =1,
/0 (@ (g m) SR G < J

and (4.4.177) naturally follows. For sin¢ < 0 and |E(n, ¢)| < e V=,

1
sin(¢'(¢, n,1'))

exp(G, .y )dn'.

TH| < / H$6,m.1))]
n

IA

- 1
Py ey

we have

0

= 1
— / eXpG,/dn’S/ e*dz = 1,
/n @ @) PG < |

eXp (Gnm’ ) dn’

240

(4.4.177)

(4.4.178)

exp(—G,,,y)dn (4.4.179)

(4.4.180)

(4.4.181)

(4.4.182)
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and (4.4.177) easily follows. The case sing < 0 and |E(n, )| > eV can be proved
combining above two techniques, so we omit it here.

For (4.4.178), when sin¢ > 0, n > n' and < 1/2, since G,,,y > n —1', we have

1 1

/ / 1 /
Bl =) = Gy < B =) = 50 = 1) = 5CGnp < =5 Gy (4.4.183)

Then it is natural that

/0 sin(¢/( Cbﬂ? 7)) exp(B(n —n') = Gy )dnf (4.4.184)

n
/0 sin(¢/( ¢ n,1')) xP( =Gy /D

< / e ?%dz = 2.
0

This leads to

" TH| (4.4.185)
< H(n ! Gy )dnf
< & [N HOL 6] s exp(=Gg
1 / /
< ||eﬁ’7H||LmLm/0 (@ oy SPB0 =1) = G )dn

< CfleH] o e
and (4.4.178) naturally follows. For sin¢ < 0 and |E(n, )| < eV, note for / > n

1 1 1
“(n—1)+ §G7m/ < EGW?/, (4.4.186)

B =)+ Gy <Bn—1')+ 5

Then (4.4.178) holds by obvious modifications of sin¢ > 0 case. The case sin¢ < 0
and |E(n,¢)| > e V= can be shown by combining above two cases, so we omit it

here. O

Lemma 4.4.9. For any § > 0 there is a constant C(5) > 0 independent of data such
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that

ITH| o2 < CO)H o2 + 0l HI| oo oo (4.4.187)
Proof. We divide the proof into several steps.

Step 1: The case of sin¢ > 0.

We consider

/ o |'TH(n)]* dop (4.4.188)

TR ——

2 2
= / ( / Lsing'(omm)y>my -+ | + / ( / 1{Sin(¢’(¢mm’))<m}“')

= L + [,

By Cauchy’s inequality and (4.4.180), we get

L < /¢( I ¢nn))l2dn’) (1.4.189)

exp(—2G,,,y) ,)
X 1 sin(¢’ . ’ d d
( /0 {sin( G )>m) B G ) n |de

1 2 / (/77 exp(—2Gyy) /)
< — H 1 in(¢’ (¢,n,m’ . 7 dT] d¢
m|| 17212 o \ (@@ >md n (&' (6,1, 17))
T
< EHHH;LQ'

On the other hand, for ' < 7, we can directly estimate ¢'(¢,n,n') > ¢. Hence, we

have the relation

sin ¢ < sin(¢' (¢, n,1')). (4.4.190)
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Therefore, we can directly estimate I as follows:

(4.4.191)

n 1 2
bo< |l [ ( J T eXp(—G7/)d77’) a0
L°L 0 . {sin(¢’(¢,n,1')) < }Sln(¢/(¢,77,77/)) 1

n 1 2
< HQMO/ (/1m exp—G/d'>d¢
H HL L sin ¢>0 0 feino= }Sln(cb’(d),nm’)) ( W) 7

n 1 2
= |HIP., o 1icng<m —G. ') de.
1Az /¢ frino< }(/ (@ () P Cnr) ”) ’

Note

n 1 00
xp(—G,, . )dn’ < “*dz = 1. 4.4.192
| oy -G < [ .

Therefore, for m sufficiently small, we have

oS Wl [ Vngemdo < amlHl g (4193

sin ¢p>0

Summing up (4.4.189) and (4.4.193), for m sufficiently small, we deduce (4.4.187).

Step 2: The case of sin¢ < 0 and |E(n, )] < eV,

We can decompose

/'¢ 01{\E<n,¢>|3e—Voo}!THl2d¢ (4.4.194)
sin <<

> H(y', R¢' (¢, 0, 1)) ,)2
— 1 e~ Voo ; ex G , d d
/SM<O {1Bm6)|<e-" }( i@ (@) p(Gyp)dn ) do

2 2

/ ( / 1{sin<¢'<¢,n,n'>>>m}---> + / ( / 1{sin(¢’(¢m/>)§m}1{n'nzo}--->
2
/(/1{sin(¢’(¢ﬂ7m’))§m}1{n’—n§0}"')

= L+ 1L+
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We can directly estimate I; as follows:

> / / Ny |12 /
o< /(ﬁ( / H( . R (6 1,1)) dn) (4.4.195)

oo eXP(2Gn n’) />
X ]- sin(¢’ (¢,n,n’ my ’ dn d¢
(/17 {sin(¢'(¢,n,1"))> }Sm2(¢/<¢777717’))

1 9 > exp(2G,,) ,

< Sl [ (/1 RIS
m Lz sin ¢p<0 n fin(@tomn))> }Sln(¢/(¢a77;7]/))
T

< TR

On the other hand, for I, we have

I, < ||H||iooLoo/ 1iEm.6)<e-voy (4.4.196)

sin p<0

2
00 exp(Gnn/) ] / 1 z
X ]- sin(¢’(¢,m,m'))<m ' z ] 0] (26 7 77 .
(/ { ( ( 7177)) } {7] n }Sln( /( ’77777/))

Note

K 1 n —n o
Gy :/ : dy < — =2, (4.4.197)
i y sin(e/( m

Then we can obtain

—o/m 2
</ ezdz> dop = de™m ||H||3 w oo (4.4.198)

[e.9]

2
bo< |l [

sin ¢p<0

For I3, we can estimate as follows:

Iy < HHHiwLw/ , Ol{m(n,@ge—vw} (4.4.199)
s o<

oo ’
exp(Gy.y) /)
X 1sin/,,’<m1 '—n<oc} . ) d?] d¢
(/n {sin(e (oD <mp Lot —n<ord G g Sy

2
< |[H[ oo / LiiBm.e)<eveo}
sin p<0

d exp(Gy ) 2
X / Lsin(e' (6. <m} Ly —n<o} = L dn’) do.
( ) sin(¢'(¢,m, 7))
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Note

0

& 1
/ (@ 6.1 17)) exp(G,,y)dn < / e*dz = 1. (4.4.200)
n s ' —00

Then 1 < a = V=V < V0to)=V0) < 1440 due to (4.4.8), and for ' € [, n+0],

sin¢'(¢,m,n')) = sin (cos_l(a oS gb)), sin(¢'(¢,m,1')) < m lead to

(4.4.201)
5 gb ( ) \/Of2 - (1 - Sin2 ¢/(¢a 7, 77/))
. Cos ! ¢7 77’ n/
lsing| = \/1—cos2¢:\/1— o = ”
o Ver—l4m? V(1 +40)2 —1+m? < Voo
< a < " SV
Hence, we can obtain
(4.4.202)
2 2
o< Wi | Swnomdd < e | 1 mrrmds
sin ¢p<0 sin ¢p<0

< 4v90 + m2.

Summarizing (4.4.195), (4.4.198) and (4.4.202), for sufficiently small o, we can always

choose m small enough to guarantee the relation (4.4.187).

Step 3: The case of sing < 0 and |E(n, ¢)| > e~ V>.
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We can decompose T H as follows:

TH(n,¢) (4.4.203)

+ +

n n
= (/ o exp(=Gyr oy — G+ )dn' + / . .eXp(Gn,n/)dn')
0 n

"
= / .exp(—Gyr y — Gyt p)dn
0
7]+

7]+
- (/ o exp(=Gyry — Gy )y’ + / . .exp(Gnvn/)dn')
n n
= I+ .

For I, we can apply a similar argument as in Step 1 and for I, a similar argument

as in Step 2 conclude the lemma. n

Estimates of e-Milne Equation

Consider the equation satisfied by z = f — f. as follows:

sin¢g—; + F(n) Cosgbg—; +2z = 248,
2(0,9) = p(¢) =h(¢) — fo for sing >0, (4.4.204)

limy,, o z(n,¢) = 0.

Lemma 4.4.10. Assume (4.4.3) and (4.4.4) hold. Then there ezists a constant C

depending on the data such that the solution of equation (4.4.204) verifies

M
120l oo poo < 0(1 + M+ =+ HzHLzLQ). (4.4.205)
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Proof. We first show the following important facts:

122 < M2l oo (4.4.2006)
_ 1
ol pooree = golzlpm g (4.4.207)

We can directly derive them by Cauchy’s inequality as follows:

1215, = /0 h /_ 7; (%)X /_ :z(n,¢)d¢>2d¢dn (4.4.208)
[ L) ([ oo asan
- [T [ Awoas)an =

I 2
|2l e = supzi(n) = sup (—/ z(n,¢>)d¢) (4.4.209)

n n 27 -7

o (52) ([ o) ([ e

1 ™
= —sup (/ 22(77a ¢)d¢) = ||z||i°°L2‘

2m n -

IN

IN

By (4.4.204), z = Ap + T (2 + S) leads to
T(z+5)=2—Ap, (4.4.210)
Then by Lemma 4.4.9, (4.4.206) and (4.4.207), we can show

12 — Apl| oo 12 (4.4.211)
0 (HzHLzm ; HSHW) n 6(qumw ; HSHLW)

0 <HZ||L2L2 ; ||SHW) n 6(Hz||m2 ; HSHW)-

IA

IA
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Therefore, based on Lemma 4.4.7 and (4.4.211), we can directly estimate

121l oo 2 (4.4.212)

[AP][ o +C(0) <||Z||L2L2 + ||S||L2L2) + 5(||Z||LooLz + IISIILooLoo)

IN

IN

o+ €00) (Il + 180522 ) + 6 Bellmg + 1Slms ).
We can take § = 1/2 to obtain

2]l o 2 < C(HZHHL? F 50 2o + 151 Lo e + HPHLoo)- (4.4.213)
Therefore, based on Lemma 4.4.8, (4.4.213) and (4.4.207), we can achieve

2]l foo oo (4.4.214)

< bl + TG+ Sl g < c( T —— HSHW>
< c( 1Pl + 151 o + ||z||mz)

< o( 19l + 18] o goe + ISl g2z2 + ||z||L2L2)-

Since ||p|| s [|S|lz272 and ||S] ;e are finite, our result easily follows. O

Lemma 4.4.10 naturally implies the following.

Theorem 4.4.11. The solution f(n, ) to the Milne problem (4.4.1) satisfies

M
1f = fooll oo < C(l + M+ - fooHLQLQ). (4.4.215)

Combining Theorem 4.4.11 and Theorem 4.4.6, we deduce the main theorem.

Theorem 4.4.12. There ezists a unique solution f(n,¢) to the e-Milne problem
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(4.4.1) satisfying

M
1f = fooll oo < 0(1 + M+ ?). (4.4.216)

4.4.3 Exponential Decay

In this section, we prove the spatial decay of the solution to the Milne problem.

Theorem 4.4.13. Assume (4.4.3) and (4.4.4) hold. For Ky > 0 sufficiently small,
the solution f(n, @) to the e-Milne problem (4.4.1) satisfies

15on(F = )|, < 0(1 Iy %) (4.4.217)

Proof. Define Z = efong for 2 = f — f... We divide the analysis into several steps:

Step 1: We have

00 s 2
123202 = /0 e2K0”(/ (f(n, ) — foo)zdd)) dn < C<1 + M + %) (4.4.218)

—T

The proof of (4.4.218): The orthogonal property (4.4.39) reveals

(f, [sing)(n) = (r,rsing)s(n). (4.4.219)

Multiplying e*207 f on both sides of equation (4.4.1) and integrating over ¢ € [—m, ),

we obtain
1d 250 (r 1 sin @) 4 (n) +1F( ) 20 (1,7 sin @) (n) (4.4.220)
2d7] 5 ¢ n 2 n e r,rs é n 4.

2o (Ko<r, rsin ), (n) — (r, T>¢(n)> = (S, o).
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For Ky < min{1/2, K}, we have

2 Il > —Kolr,rsiného(n) + {rrdolm) > 5 Ir()lFe. (44221)

Similar to the proof of Lemma 4.4.3 and Lemma 4.4.4, formula as (4.4.220) and
(4.4.221) imply
2

00 M
el = [ ortnnatman < o(14ar+ )L @az)
0

From (4.4.105), Cauchy’s inequality and (4.4.9), we can deduce

/0 gzt ( / () - foo)ngb) dn (4.4.223)

—T

/OOO e ( /z r?(n, cb)dcb) dn + /Ooo et < /:(Q(n) - qoo)2d¢> dn

< / 250 ||1(1) |2
0

o [T ([Tl ) i+ [l [ dyfdn

M 2
i M)

+C’</ €2K077||7”(77)||i2 dﬁ)(/ / 62Ko(n—y)F2(y)dydn)
0 0
0o 00 2 !
o [T T8l ar)
0 n

M 2
C<1+M+E)

wo( etz an) (7 )7 o)
e [T [T iswlar) @

M 2
(s MY

IN

IN

IN

IN

This completes the proof of (4.4.218) when S = 0. By the method introduced in
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Lemma 4.4.5, we can extend above L? estimates to the general S case. Note all the

auxiliary functions constructed in Lemma 4.4.5 satisfy the estimates (4.4.218).

Step 2: We have

M
12l e < 0(1 YL ||Z||W). (4.4.224)

Proof of (4.4.224): Z satisfies the equation

sin gzﬁa—Z + F(n) cos (ba—Z +7 = Z+efS + Kysin¢Z,
on 0¢ (4.4.225)

2(0,6) = p(#) = h(@d) — fou for sing > 0.

Since we know Z = Ap + T (Z + eX01S + Kysin ¢Z) leads to
T(Z + 58 + Kysin¢Z) = Z — Ap, (4.4.226)

then by Lemma 4.4.9, (4.4.206) and (4.4.207), we can show

1Z = Apl| oo 2 (4.4.227)
< OO (12l + 158 s + Kol 2l

4812l + 1Sl + Bl 2l )
<

) (nznw llekons]) , , + Ko||Z||L2L2)

+

5(HZHM e — Konzumm)
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Therefore, based on Lemma 4.4.7 and (4.4.211), we can directly estimate

| Z]| ;o2 (4.4.228)

< Jpl +c<5>(nzum s +K0||Z||L2L2)

+6(HZ||M e — Kouznpom)

IN

ol +2C(8) (”Z”Lm + !!eK°"SHL2L2)

#3121+ 55+ Fal 2l )
We can take § = 1/2 to obtain

(4.4.229)

121 oo 2 < C(HZ”L2L2 F 115122 + 151 oo oo + 1Pl e + KOHZ||L°°L°°)'

Then based on Lemma 4.4.7, Lemma 4.4.8 and Lemma 4.4.9, we can deduce

120 e < (€5 A || + 1" TS| o + 1 2] (4.4.230)
<l + 1€ o g + 12 e
< Pl + 17| o oo + 1211 oo 2
<

C(||Z||L2L2 + HGKOWSHL2L2 + HGKOUS”LOOLOO + HpHLoo + K0||Z||L°°L°°)‘

Taking K sufficiently small, this completes the proof of (4.4.224).

Combining (4.4.218) and (4.4.224), we deduce (4.4.217). O
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4.4.4 Maximum Principle

Theorem 4.4.14. The solution f(n, ) to the e-Milne problem (4.4.1) with S = 0

satisfies the maximum principle, i.e.

in h < < h(o). 4.4.231

Jnin A(¢) < f(n,¢) < max h(g) ( )

Proof. We claim it is sufficient to show f(n,¢) < 0 whenever h(¢) < 0. Suppose
this claim is justified. Denote m = ming, >0 h(¢) and M = maxg, =0 h(¢). Then

f! = f — M satisfies the equation

1 1
o+ i) cosoi + 1= 1 = 0,
F10,6) = h(¢)— M for sing >0, (44232)

hnln%oo f1(777 ¢) = folo

Hence, h — M < 0 implies f' < 0 which is actually f < M. On the other hand,

f? = m — f satisfies the equation

2 2
sin d)% + F(n) cosabaa—(b +fP=f =0,
12(0,¢) = m—nh(¢p) for sing >0, (4.4.233)

lim,, 00 f2(777 ¢) = fgo

Thus, m — h < 0 implies f? < 0 which further leads to f > m. Therefore, the

maximum principle is established.
We now prove if h(¢) < 0, we have f(n, ¢) < 0. We divide the proof into several steps:

Step 1: Penalized e-Milne problem in a finite slab.
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Assuming h(¢) < 0, we then consider the penalized Milne problem for f(n, ¢) in the
finite slab (n, ¢) € [0, L] x [—m, )

ofx

ME +Slngb o1 +F(n)cos¢a¢

+R-R =0
f2(0,¢) = h(¢) for sing < 0,4-4.234)

(L, ¢) = fL(L, Ro).

In order to construct the solution of (4.4.234), we iteratively define the sequence

{frﬁ};.:;:l as f({; =0 and

(4.4.235)
fL
06

fL
)\fL—l—squ +fE—fE =0,

fL0,¢) = h(¢) for sing <0,
fo(L,d) = fr(L,Ro).

+ F'(n) co

Along the characteristics, it is easy to see we always have fZ < 0. In the proof of
Lemma 4.4.3, we have shown fL converges strongly in L*([0,L] x [, 7)) to f&
which satisfies (4.4.234). Also, ff satisfies

1—|—)\
HffHLooLoo < —— 1l - (4.4.236)

Naturally, we obtain ff € L*([0, L] x [-m, 7)) and f& <0.

Step 2: e-Milne problem in a finite slab.
Consider the Milne problem for f%(n, ¢) in a finite slab (n, ¢) € [0, L] x [—7,7)

sm¢inL+F(n)cos¢ fL—i—fL—fL = 0,

0¢
FE0,6) = h(p) for sing <0, (44.237)

fHL,¢) = fHL, Re).
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In the proof of Lemma 4.4.3, we have shown f{ is uniformly bounded in L?([0, L) x
[—7, 7)) with respect to A, which implies we can take weakly convergent subsequence

fE— fFas A — 0 with f£ € L([0, L] x [—m, 7)). Naturally, we have fZ(n, ) <0.

Step 3: e-Milne problem in an infinite slab.

Finally, in the proof of Lemma 4.4.4, by taking L. — oo, we have
fE—f in L} .([0,L) x [-7,T), (4.4.238)

where f satisfies (4.4.1). Certainly, we have f(n,¢) < 0. This justifies the claim in

Step 1. Hence, we complete the proof. O

Remark 4.4.15. Note that when F' = 0, then all the previous proofs can be recov-
ered and Theorem 4.4.12, Theorem 4.4.13 and Theorem 4.4.14 still hold. Hence, we
can deduce the well-posedness, decay and mazimum principle of the classical Milne

problem

0 _
singgl+7 - = 501.6),

f0,¢) = h(¢) for sing >0, (4.4.239)
11m77—>00f(777¢) = foo'

4.5 Proof of Theorem 4.1.1

We divide the proof into several steps:

Step 1: Remainder definitions.
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We may rewrite the asymptotic expansion as follows:
ut o~ Z FUS + Z FUE. (4.5.1)
k=0 k=0

The remainder can be defined as

N N
Ry = ue—ZekUﬁ—ZekOZ/,f =u—Qn — 2y, (4.5.2)
k=0 k=0
where
N
Qv = > €U, (4.5.3)
k=0
N
2y = ) Uy (4.5.4)
k=0

Noting the equation (4.2.38) is equivalent to the equation (4.1.1), we write £ to denote

the neutron transport operator as follows:

Lu = el -Vyu+u—1u (4.5.5)

— 1 (ﬁ@— € ¢ @4_@ +u—u
= Sin 81’] 1—6’[7COS a¢ 89 u Uu.

Step 2: Estimates of LQy.

The interior contribution can be estimated as

LQy= el -V,Qo+Qo— Qo = e VU + (U — US) = ew - V,UE. (4.5.6)

We have

lew - VUS| < Ce |V, Us| < Ce. (4.5.7)



This implies

|£Q0| S Ce.

Similarly, for higher order term, we can estimate

EQN = €w - VxQN + QN - QN = ENHU_f : V:chev-

We have
| N VLU | < CEVTH VUS| < OV
This implies

ILQy| < CeNTL,

Step 3: Estimates of LZ2y.
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(4.5.8)

(4.5.9)

(4.5.10)

(4.5.11)

The boundary layer solution is % = (ff — fi(00)) 1o = Yo where f(n,0, ¢) solves

the e-Milne problem and %, = ff — ff(oc0). Notice 1y) = 1y, so the boundary layer



contribution can be estimated as
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L2, (4.5.12)
aQO € (830 80@0)
= qub — 0s
1—en
- Sln¢(¢oa% A0 ) = T oo T+ %) o — %
on 1—en [9J0)

: 0 Y 0V _
= sino(vo g+ ) - fjﬁcow(%u ) ko — i
ok e ¢o %
= wo(smqﬁ i — cos¢a¢ ”//o> +sm¢ cosgb 50
B wo e %
= qub T cosgb 20

Since ¥y = 1 when n < 1/(4e), the effective region of 0,1 is n > 1/(4¢€) which is

further and further from the origin as ¢ — 0. By Theorem 4.4.13, the first term in

(4.5.12) can be controlled as

sin ¢ﬂ%

For the second term in (4.5.12), we have

%
00

(b— < Ce

‘_ doe 0%

1—677

This implies

|£Qo‘ S Ce.

< (Ce.

(4.5.13)

(4.5.14)

(4.5.15)



Similarly, for higher order term, we can estimate

.09y € 02y 02y _
L2y = sing an 1_€ncosgb( 9 + 50 )—I—QN DN
k k+1
= Zei sin ¢%7/¢ _ Yoe cos ¢87/k.

on 1—en ol

=0
Away from the origin, the first term in (4.5.16) can be controlled as
k

Z €' sin gb%%
i=0 on

For the second term in (4.5.16), we have

— — < .
' 1 encosqﬁae Ce 50 Ce
This implies

|£QN| < O€k+1.

Step 4: Proof of (4.1.7).
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(4.5.16)

(4.5.17)

(4.5.18)

(4.5.19)

In summary, since Lu® = 0, collecting (4.5.2), (4.5.11) and (4.5.19), we can prove

’ERN| S C€N+1.

(4.5.20)

Consider the asymptotic expansion to N = 3, then the remainder Rj satisfies the

equation

Ew'vag—f-Rg,—Rg = LR; for fEQ,

R3(Zy,w) = 0 for -7 <0 and Ty € 0N.

(4.5.21)



By Theorem 4.3.6, we have

c©) )
sl ety < 5t IERsl e sy < — g5 (Ce') = C@)e
Hence, we have
3 3
ue—ZekU,j—Zek%,f = O(e).
k=0 k=0 Lo (xSt
Since it is easy to see
3 3
ZekU,§+Zek%k€ = O(e),
k=1 k=1 Lo (QxSt)

our result naturally follows. This completes the proof of (4.1.7).

Step 5: Basic settings to show (4.1.8).

By (4.2.25), the solution fy satisfies the Milne problem

sin(6 + f)%—{; +fo—fo = 0,

f0(0,0,6) = g(6,&) for sin(d+¢) >0,
hmﬂ—)OOfO(nuevf) = fO(OO,H)
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(4.5.22)

(4.5.23)

(4.5.24)

(4.5.25)

For convenience of comparison, we make the substitution ¢ = 6 + £ to obtain

aa—"?‘i‘fo—fo = 0,
f0(0,0,¢) = g(0,¢) for sing >0,

hmﬁ—wo f0(777 Qa gb) = f0(007 6)

sin ¢

(4.5.26)
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Assume (4.1.8) is incorrect, such that
ity (U + %) — (U5 + %) | = 0. (45.27)

Since the boundary g(¢) = cos¢ independent of 6, by (4.2.25) and (4.2.50), it
is obvious the limit of zeroth order boundary layer fo(co,6) and f§(oo,6) satisfy
fo(oo,0) = Cy and f§(oc0,0) = Cy for some constant C and Cy independent of 6.
By (4.2.26) and (4.2.51), we can derive the interior solutions are indeed constants

Uy = Cy and U§ = Cy. Hence, we may further derive
lm | (fo(00) + %) — (f(00) + %))l = 0. (45.28)

For 0 < n < 1/(2¢), we have ¢y = 1, which means fy = % + fo(occ) and f§ =
Us + fi(o0) on [0,1/(2€)]. Define u= fo+2,U = f§+2and G =g+ 2= cos¢+ 2,

then u(n, @) satisfies the equation

sin¢g—z+u—ﬂ = 0,
u(0,9) = G(¢) for sing >0, (4.5.29)

limy, oo u(n, @) = 2+ fo(o0),

and U(n, ¢) satisfies the equation

oU oU _
3 . —_—
singp— + F(e;n)cosp—+U —U = 0,

U0,0) = G(¢) for sing >0, (4.5.30)

lim, oo U(n,¢) = 24 f§(c0).

Based on (4.5.28), we have

tim [[U(7. ¢) — u(n, &)l| -« = 0. (4.5.31)
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Then it naturally implies

lim ||U(n) — a(n)||,. = 0. (4.5.32)

e—0

Step 6: Continuity of # and U at n = 0.

For the problem (4.5.29), we have for any ro > 0

(4.5.33)

)=o) < ([ o) -l dos [ jutne)—u(0.0)ld0).

sin p>rg

Since we have shown u € L*([0,00) x [—m, 7)), then for any 6 > 0, we can take rg

sufficiently small such that

1

27 sin p<rg

>

lu(n, ) —u(0,¢)|dep < < arcsinry < —. (4.5.34)
2 2

For fixed ry satisfying above requirement, we estimate the integral on sin¢ > rg.
By Ukai’s trace theorem, u(0,¢) is well-defined in the domain sin¢ > ry and is
continuous. Also, by consider the relation

Bu (0) — u(0, ¢)

8_77(0’ ¢) = e (4.5.35)

we can obtain in this domain 9,u is bounded, which further implies u(7, ¢) is uniformly

continuous at n = 0. Then there exists o > 0 sufficiently small, such that for any
0 <n <y, we have

1 1 4] 4]

< 5

27 sin ¢>rg
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In summary, we have shown for any 6 > 0, there exists o > 0 such that for any

0 <n < do,
1)
+ 3 =4. (4.5.37)

Hence, u(n) is continuous at 7 = 0. By a similar argument along the characteristics,

we can show U(n, ¢) is also continuous at 1 = 0.

In the following, by the continuity, we assume for arbitrary § > 0, there exists a

09 > 0 such that for any 0 < n < §y, we have

=
=
|
N
=
[\
e

(4.5.38)

(4.5.39)

=
=
|
S
=
IN
(%)

Step 7: Milne formulation.
We consider the solution at a specific point (1, ¢) = (ne, €) for some fixed n > 0. The

solution along the characteristics can be rewritten as follows:

u(ne, €) = G(e)e mme" +/ e~ e (") (k) dk, (4.5.40)
0

= Geg)e B b l/“ L
U(ne,e) = G(eo)e + i e singb(m)U(K)dm (4.5.41)

where we have the conserved energy along the characteristics

E(n,¢) = cospe V™, (4.5.42)

in which (0, €) and ((, ¢(C)) are in the same characteristics of (ne, ).
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Step 8: Estimates of (4.5.40).

We turn to the Milne problem for u. We have the natural estimate

ne 1 ne 1
/ e—ﬁ(ne—n) —dk = / 6_%(7“_5) —dk + O(E) (4543)
0 S1n € 0 €

ne " 1
= e‘”/ ec—dr + o(e)
0

€

= e" /On e*d¢ + o(e)

= (1—e)+ o(e).
Then for 0 < € < dy, we have |u(0) — u(x)| < §, which implies

ne 1 1 ne 1 1
/ efﬁ(nefﬁ)—ﬁo@)d/i = / eim(neiﬁ) —’I_L(O)dli + O((S) (4544)
0 0

sin € sin €

= (1 —e™u(0)+ o(e) + O(9).
For the boundary data term, it is easy to see
Gle)e m™ = e "G(e) + ofe) (4.5.45)
In summary, we have

u(ne,€) = (1 —e ™) a(0) + e "G(e) + o(e) + O(9). (4.5.46)

Step 9: Estimates of (4.5.41).
We consider the e-Milne problem for U. For e << 1 sufficiently small, ¢)(¢) = 1. Then

we may estimate

cos p(¢)e™V© = cosee™V ("9, (4.5.47)
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which implies

1 — ne?

1—€C

cos (C) = COSE. (4.5.48)

and hence

sin p(¢) = /1 — cos? ¢(() = \/e(ne — 2(3 ZC;g —ne’) cos? € +sin®e.  (4.5.49)

For ¢ € [0, €] and ne sufficiently small, by Taylor’s expansion, we have

1—e¢ = 1+o(e), (4.5.50)
2—e( —ne? = 24 o0(e), (4.5.51)
sine = € +o(€), (4.5.52)
cos’e = 1—¢e +o(e). (4.5.53)
Hence, we have
sin ¢(¢) = v/e(e + 2ne — 2¢) + o(€?). (4.5.54)

Since /e(e + 2ne — 2¢) = O(e), we can further estimate

1 1
sing(C)  \/e(e + 2ne — 20) ol (4.5.55)

| B €+ 2ne — 2¢
WA TR

(4.5.56)

e €+ 2ne — 2K
+O(€):1—\/f+0(6).

K
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Then we can easily derive the integral estimate

ne e g 1
K~ sin¢(€) d 4557
/ c sin ¢(k) " ( )

€ 27L€ 2K 1
= / Ve dr + o(e)

\/ (€ + 2ne — 2kK)

1 ) (1+2n)e
- = 4
26/6 e \/_ o+ o(e)

11 14+2n /5
= —e e p—dp—i—oe
s | ool

= 61

VT
/ edt + ofe)
1

= (1 -7V 4 o(e).

Then for 0 < € < &y, we have |U(0) — U(k)| < &, which implies

R e ¢ L d 4
/0 e singzﬁ(/f)U(ﬁ) K (4.5.58)
ne ne 1 B
— T U0)dk + O(6
/Oe U0k + 000

= (1 -V T(0) + ofe) + O(6).
For the boundary data term, since G(¢) is C*, a similar argument shows
G(eo)e I wemde = el G (V1 + 2ne) + o(e). (4.5.59)

Therefore, we have

U(ne,e) = (1 — e VI T(0) + e VI G(V/1 + 2ne€) + o(e) + O(8).  (4.5.60)

Step 10: Proof of (4.1.8).



267

In summary, we have the estimate

u(ne,e) = (I—e ™u(0)+e "G(e) + o(e) + O(9), (4.5.61)
(4.5.62)

Une,e) = (1— e VI T(0) + e V2 G(VT + 2n€) + o(e) + O(6).

The boundary data is G = cos ¢ + 2. Then by the maximum principle in Theorem
4.4.14, we can achieve 1 < u(0,¢) <3 and 1 < U(0,¢) < 3. Since

(4.5.63)
w0 = o [ w0oao=g [ w00y [ w00
1 1
= 5 Sin¢>0(2 + cos ¢)do + o /sin¢><o u(0, ¢)do
1
= 1+ % in <0 u<07 (b)d(by

we naturally obtain 3/2 < @(0) < 5/2. Similarly, we can obtain 3/2 < U(0) < 5/2.

Furthermore, for € sufficiently small, we have

G(V1+2ne) = 3+ o(e), (4.5.64)
G(e) = 3+o(e). (4.5.65)
Hence, we can obtain
u(ne,e) = u(0) 4+ e "(—u(0) + 3) + o(e) + O(0), (4.5.66)
Ulne,e) = U(0) + V2 (=T(0) 4 3) + o(e) + O(6). (4.5.67)

Then we can see lime ||U(0) — @(0)]|, . = 0 naturally leads to

lime ||(=(0) 4+ 3) — (=U(0) + 3)|| j. = 0. Also, we have —u(0) +3 = O(1) and
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—U(0) +3 = O(1). Due to the smallness of € and 4, and also e™™ # e!~VI*2" we can

obtain
|U(ne, €) —u(ne, e)| = O(1). (4.5.68)

However, above result contradicts our assumption that lim._o [|[U(n, ¢) — u(n, @)| ;00 =

0 for any (1, ¢). This completes the proof of (4.1.8).

4.6 Neutron Transport Equation with Diffusive Bound-

ary

4.6.1 Problem Settings

We consider the steady neutron transport equation in a two-dimensional unit disk
with diffusive boundary. In the space domain 2 = {Z : |Z| < 1} and the velocity

domain ¥ = {w : « € 8'}, the neutron density u®(Z, @) satisfies

e - Vou' + (1+u —u = 0 in Q,
ut(Zo, W) = Pu(Ty) + eg(Zo, ) (4.6.1)

for w-n <0 and 7y € 01,

where

/ u(F, @), (4.6.2)
Sl
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Put(7y) = / @ @)@ (4.6.3)

with the Knudsen number 0 < € << 1.

4.6.2 Interior Expansion

We define the interior expansion as follows:

U(Z, @) ~ > FU(T, 0), (4.6.4)
k=0

where Uy can be defined by comparing the order of € by plugging (4.6.4) into the

equation (4.6.1). Thus we have

U —Uy = 0, (4.6.5)
U—-U, = —-V,U, (4.6.6)
Uy—Uy = —-V,U — U, (4.6.7)
Ui—Up = —0-VoUe1 — Up_s. (4.6.8)

The following analysis reveals the equation satisfied by Uy:

Plugging (4.6.5) into (4.6.6), we obtain



Plugging (4.6.9) into (4.6.7), we get

Ug—ﬁg = —wvx(Ul—u?Von)

= —- Vxﬁl + U_JQAzUO + 2wxwy8$yU0 — Uo.

Integrating (4.6.10) over @ € S*, we achieve the final form
AUy — Uy = 0.
which further implies Uy (7, ) satisfies the equation

UO - (707
AU — Uy = 0.

In a similar fashion, U; satisfies

Uy = Uy—w-V,Uy,
AxU1 - Ul - —/ ?17 : Vond\X/
S1

Also, Uy (&, w) for k > 2 satisfies

U, = U, —@V,Upy — U,

AxUk - Uk = —/ U7 . Vxkald‘?V - Uk,Qd\X/'.
S1

Sl

4.6.3 Milne Expansion
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(4.6.10)

(4.6.11)

(4.6.12)

(4.6.13)

(4.6.14)

In order to determine the boundary condition for Uy, it is well known that we need

to define the boundary layer expansion. We still perform the substitutions (4.2.11),



(4.2.13) and (4.2.16) to the equation (4.6.1) to obtain the form

ou‘ € ou®
o 1o cos(0 + &)

u(0,0,&) = Pu(0,0) + eg(6,¢) for sin(d+¢) >0

sin(f + §)

where

Pu(0,0) = — - / e u (0,0, ¢) sin(0 + £)de.

Define the Milne expansion of boundary layer as follows:

U0,0.0) ~>_ U(n.0.0)
k=0

1 ™
2\, € _— € —
o0 T+ 27r/_7rUd§ 0
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(4.6.15)

(4.6.16)

(4.6.17)

where %, is defined by comparing the order of € via plugging (4.6.17) into the equation

(4.6.15). Thus, in a neighborhood of the boundary, we have

Sm(9+§)a—%)—l—%—%o = 0,
0% B 1 0,
Sm(9+f)—n+02/1 U = T cos(0 + &) —— 50
_ 1
Sm(9+€)8_02;2+%2 Uy = = ncos(0+§)%—%,
0w, _ 1 0w,
sin(6 + g)—n’“ U~ U = p” cos(f + €) al; L~ Y s,

where

1 s
-5 | wnooe

(4.6.18)
(4.6.19)

(4.6.20)

(4.6.21)

(4.6.22)
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The construction of Uy and % in [9] can be summarized as follows:

Step 1: Construction of %4.
Define ¢ and vy as (4.2.23) and (4.2.24). Then the zeroth order boundary layer

solution can be defined as

% = wlen)(fun.6) ~ (o0.0)).

fo
0+ + fo— = 0,
@+ &), + o= (4.6.23)
fo((),@,f) = Pfo(0,0) for sin(@+¢) >0
\ hmn%oo fO(U?euf) = f0(0079)7
with
P £0(0,6) = 0. (4.6.24)
It is easy to see %y = fo = 0.
Step 2: Construction of %4 and Uj.
Define the first order boundary layer solution as
(
% = olen) (f1(7779 §) — fl(oo,e)),
df1 v 1/’(677) 8%
0 = 0+
sl + &), +h—fi = coslOF g (4.6.25)

f1(0,0,8) = Pf1(0,9)+g1(9,§) for sin(@+¢&) >0
\ hmn%oofl(naeaf) = fl(oo,e)’

with



where gy = -V, Uy —P(w -V, Uy) +
point.

[—m, 7
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g in which (Zy, @) and (0,6, ) denote the same

Since %, = 0, we can obtain a unique fi(n,6,&) € L*([0,00) X [—m,7) X

)). Hence, 7, is well-defined. By the compatibility condition (4.6.99), we can

define the zeroth order interior solution as

(

UO = UO?
AU —Uy = 0 in Q, (4.6.27)
oU, 1/ .
— = - g9(0,&)sin(0 + £)dE on 01.
L on T Jsin(6+€)>0 (6, £)sin( )
Step 3: Construction of % and Uj.
Define the second order boundary layer solution as
% = valen)( 20069 - falox.) ),
of2 _ Y(en) 0%
J @Oy = s+ OF LG e U090, |, oo
f2(0,0,8) = Pfa(0,0) +g2(0,&) for sin(f+¢&) >0
L hmﬂ—>00 fQ(nvgag) = f2(0070)7
with
P £2(0,0) = 0. (4.6.29)

where go = W - V, U — P(w - V. Uy) + Uy

— PU,. By the compatibility condition

(4.6.99), we define the first order interior solution as

;

Ul - Ul_w'va()v
Ax[jl—Ul = —/ (’Lﬁ V Uo)d\xf in Q, (4630)
% _ / / ) oso 1 6) %( 0,€)dgds on D9,
n
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Step 4: Generalization to arbitrary k.

Define the k" order boundary layer solution as

% = wnlen)(£0.0.9 - loc.0)),

o0,
0+ e+ fo o = cos(0+ O — ulen) sl 0.6),
f1(0,60,8) = Pfr(0,0) + gp(0,£) for sin(@+&) >0
k 11m77—>oo fk(777975) = fk(OO,e),
with
Pf1(0,0) = 0. (4.6.32)

where g, = W - VU1 — P(W - V,Ux_1) + Ug_a — PUr_5. By the compatibility

condition (4.6.99), we can define the (k — 1) order interior solution as

(4.6.33)
U1 = Upy — 0 V,Upg — Up_s,

Axkal_kal = —/ (wang)de—/ kagdﬁf in Q,
St St

_ 1/( VL Uk 4 Us 3>)sin¢d¢

o Lo

—¢(es)02/k_2) (s,e,g)dgds on 9.

\

In [9, pp.143], the author proved the expansion can be applied to the second order
of €. Based on Remark 4.6.8 to the Milne problem, in order to show the existence of

a solution f5(n,0,&) € L>(]0,00) X [—m,7) X [—m, 7)), we at least require the source
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term

cos(6 +§)%80—62§1 € L>([0,00) X [—m,7) X [-7, 7)), (4.6.34)

since %y = 0. We thus need to require

9(f1 = fi(o0,0))
0

€ L>([0,00) X [-m,m) X [—7,m)). (4.6.35)

Since Z = 0y(f1 — f1(00)) satisfies the equation

sin(0+§)g—i+Z—Z = —COS(Q-FO%—{;, (£6.36)
Z(0,0.¢) = PZ(O,G)—I—%(G,&) for sin(6+ &) > 0,

in order for Z € L*([0,00) X [—m,7) X [—m, 7)), assuming the boundary data dyg; €

L>(I'"), we require the source term

— cos(6 + f)aa—{]l € L>([0,00) X [=m,7) X [—7,7)). (4.6.37)

On the other hand, by Lemma B.2.1, we can show for specific g, it holds that 0, f1 ¢
L*>®([0,00) X [-m,7m) x [—=7,m)). Due to the intrinsic singularity in the solution to

(4.6.25), the construction in [9] breaks down.

4.6.4 e-Milne Expansion with Geometric Correction

In order to overcome the difficulty in estimating

Y OU

cos(6 —1—5)1 — EHW’

(4.6.38)
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we introduce one more substitution (4.2.37) to decompose this term and transform

the equation (4.6.1) into

. ouf € Juc  Ouf o e LT
sin ¢ i cosgzﬁ( +80)+(1+6)u—%/ﬂud¢—0,

0 1—en 09 (4.6.39)
u(0,0, ) = Pu(0,0) + €g(0, ¢) for sing >0,
with
1
Pu(0,0) = ——/ u(0,0, &) sin ¢pdo. (4.6.40)
sin p<0
We define the e-Milne expansion of boundary layer as follows:
U (,0,0) ~ Y U (n,0,0) (4.6.41)
k=0

where 7%, can be defined by comparing the order of € via plugging (4.6.41) into the

equation (4.6.39). Thus, in a neighborhood of the boundary, we have

. OU € OUy _
— C— U = 46.
sin ¢ o 1_677(:os<;§ 90 + Uy — U 0 (4.6.42)
. OUf € OU . e 1 OUs
sin ¢ o e cos ¢ 90 + U - U = e cos ¢ 50 (4.6.43)
OUS € OUsf | OUy ¢
sin ¢ an 1_677cos<b 9 + U — U = 1_€ncos¢ o0~ Y (4.6.44)
(4.6.45)
L 0UE € OU e . - 1 OUE .
sin ¢ 877k —l_enCOqu a¢k+%k—%k = l_encosgzﬁ 821_%]“_2
where
_ 1 [~
Uin,0) = | % (n,0,0)do. (4.6.46)



277

We refer to the cut-off function ¢ and v as (4.2.23) and (4.2.24), and define the force

as (4.2.45). Define the interior expansion as follows:

US(Z,10) ~ Y _ UL (&, D) (4.6.47)

k=0
where Uf satisfies the same equations as Uy in (4.6.12), (4.6.13) and (4.6.14). Here,
to highlight its dependence on € via the e-Milne problem and boundary data, we add

the superscript e.

The bridge between the interior solution and the boundary layer solution is the

boundary condition of (4.6.1), so we first consider the boundary condition expansion:

(Us +%5) = PUs+ %), (4.6.48)
U+ %) = PU +%)+g, (4.6.49)
(Us+Uy) = PUs+ %), (4.6.50)
(Ug+ %) = PUg+ ). (4.6.51)

Note the fact that Uf = PUf, we can simplify above conditions as follows:

U = PU, (4.6.52)
U = PU+ (WU — P Ug)) + g, (4.6.53)
U = PU + (w-Uf =P U)) + (Us — PU), (4.6.54)

U = P+ W-Uy =PW-Ugy)) + Uiy = PUgy).  (46.55)

The construction of Ug and %, are as follows:
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Step 1: Construction of % .

Define the zeroth order boundary layer solution as

Yi0.0.6) = wolen) (f5<n, 0.6) — fi(oo. e>)7
dfe o fe _
f5(0,0,¢) = Pf5(0,0) for sing >0,
\ 11m77->©©f5<77707¢) = fé(oo70)>
with
Pf5(0,6) = 0. (4.6.57)

By Theorem 4.6.5, % is well-defined. It is obvious to see f§ = f§(co) = 0 is the only

solution.

Step 2: Construction of % and U.

Define the first order boundary layer solution as

Ue(n.0,6) — %(en)(ffm,e,@—ff(ooﬁ)),

fs ' Off | e 72 _ Wlen) 0%y
oy TE(EmeosdTl [ i = g cosdpgn, (4.6.58)

fi(0,0,0) = Pfi(0,0) +g1(0,¢) for sing >0,
11H1n_)oof1€(77,67¢) = fle(oo7‘9>7

sin ¢

with

P fi(0,0) =0, (4.6.59)
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where
g = (- V. U(7) = P(w - V. Us(70))) + 9, (4.6.60)
with & is the same boundary point as (0, 6) and

w = (—sin(¢p —0),—cos(¢ —0)), (4.6.61)

n = (cosf,sinf). (4.6.62)

To solve (4.6.58), we require the compatibility condition (4.6.99) for the boundary

data

/ (g B VL US(T,) — Po - szg(;zo))> sin dop (4.6.63)
sin ¢>0

Y R OU _
+/0 /ﬂe o cos ¢ 20 (5,0, ¢)deds 0.

Note the fact

/ (w VLU(F) — P vag(fo))) sin ¢dg (4.6.64)
sin ¢p>0
= / (w0 - V,Us5(%p)) sin pdg — 2P (w - V,US(Zo))

sin ¢>0

- (@ - V,U()) sin ¢de + / (@ - V,US (%)) sin ¢d¢b

sin ¢>0 sin ¢p<0

= / W - VLU (o)) sin ¢dep

8U6<£C0)

pr— _— ‘,L.UE T . _):
7V US(Zo) - 1T o7
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We can simplify the compatibility condition as follows:

/ 4(6) sin ¢ — 7 20010) (4.6.65)
sin ¢>0 on
+/0 /ﬂe—v@lf cosgbagg (s,0,¢)dpds = 0.
Then we have
(@) (4.6.66)
on
1
= o[ gsmodss > [T [ eVt oo (50,0)00s
s sin >0 00
1 .
= —/ g(0, @) sin ¢do.
s sin >0
Hence, we define the zeroth order interior solution U§(Z, @) as
( —
vs = U
AU —Us = 0 in Q, (4.6.67)
. |
880;0 = —/ g(0,¢)sinpdgp on 0f.
( n T Jsin ¢>0

Step 3: Analysis of Us and %"

By Theorem 4.6.6, we can easily see ff is well-defined in L*°(€2 x §') and approaches
f5(00) exponentially fast as n — oo. Since f§ =0, then if g € C"(I'7), it is obvious to
check 0,U§ € C"(092). Hence, by the standard elliptic estimate, there exists a unique

solution U§ € W' T1P(Q) for arbitrary p > 2 satisfying

|Us : (4.6.68)

Wr=1/p.p(5Q)

e inoey <

|5

which implies V, U5 € W (Q), V,Us € W=1/PP(9Q) and U§ € C™1~2/7(Q).
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Step 4: Construction of % and Uj.

Define the second order boundary layer solution as

Us(n.0,6) — ¢<en>(f5<n,e,¢>—ff(oo,e)),

e O fe _ OUE
052 + Flen) coso e + f5— fi = f(_gg; s g VUL 6 60)

f500,0,0) = Pf3(0,0) + g2(0,¢) for sing >0,
hmn—>oof2€(77=6=¢) = f2€(oo7‘9>7

with
P f5(0,0) =0, (4.6.70)
where
g2 = (0 VUi(Zo) = P(w - Vo Ui(0))) + Us(Zo) — PUG(Zo).  (4.6.71)

In order for equation (4.6.69) being well-posed, we require the compatibility condition

(4.6.99) for the boundary data

/ <w VLU — P - Vfo(:E’o)))) sneds  (4.6.72)
sin ¢p>0

] T _V(s) w a%le
Jr/o /71'6 (1_€Scos¢ 00

Similarly, we can directly verify the relation

(s,e,¢)—¢%€(s,9,¢))d¢ds = 0.

U (%o)
on

/ (w-V$Uf(fo)—P(@U-Vfo(fo))) sngdg — —r (4.6.73)
sin >0
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We can simplify the compatibility condition as follows:

(4.6.74)
OU; (7o) /Oo /7r v Y OUy e _
o + i 77r€ 1_Escosgb 50 (s,0,0) — V% (s,0,0) |dpds = 0.
Then we have
(4.6.75)

oU¢ (7 L[ Uy
o i(7o) _ ;/0 /_We—\/(s)(liﬂes cos ¢ 5 L (5,0,0) — V% (s,0, ¢))d¢>ds

on
= 1 T —V(s) w 802/16
oo /0 [w ‘ 1—es cos ¢ o0 (5,0, ¢9)dods.

Hence, we define the first order interior solution Uf(Z) as

AUf —Uf = _/ (@0 - V,US)dw in €, (4.6.76)
_ 81
an 1 oo T V(g w(es) 6%15
T or e 8, ¢)ded Q.
N on 77/0 /We 1—€8COS¢ 56 (s,0,0)dpds on @

Step 5: Analysis of Us and %;’.

By Theorem 4.6.6, we can easily see f5 is well-defined in L*°(2 x §') and approaches
f5(00) exponentially fast as 7 — co. By above analysis, it is obvious to check 9,Us €
C™1(09). Hence, by the standard elliptic estimate, there exists a unique solution
Us € W™P(Q) for arbitrary p > 2 satisfying

- U
100w < € (|2

+ HvagHWT_Q,p(Q)) (4.6.77)

erlfl/p,p(aﬂ)

which implies V,US € Wr=b2(Q), V,US € W=1=1/Pr(9Q) and U € C7~11=2/p(Q)).
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Step 6: Generalization to arbitrary k.
Then this process can proceed to arbitrary k as long as ¢ is sufficiently smooth.
We can always determine %, and U;_; simultaneously based on the compatibility

condition. Define the k' order boundary layer solution as

%n0.0) = wlen)(£1.0.0) - fit0.0))
fk ofr e (0 OU_y .
smqﬁ + F(e;m) 90 - fi = T cos ¢ 0 VU, (46.78)

f5:0,0,0) = Pfi(0,0) + gr(0,6) for sing >0,

\ hmﬁﬁoo flg(naev ¢) = flg(ooﬂe)u

with

P fr(0,0) =0, (4.6.79)
where

gk = (- VU (Fo) = P(@ - VoUp (7o) + Ug_o(T0) — PU;_5(70)4.6.80)

Hence, we define the (k — 1) order interior solution as

(

Uiy = Uiy —w- V.U —Up_s,

oUf_,
on

= 1/7r 0 Va(@- Uy + Us_3) ) sinpde (4.6.81)

/ / e~ V() 63) ¢802/k6—1
o 1-— es 00

—w<es>%,:2) (5,0,¢)dods on 0.

\

In particular, for ¢ € C*¥*1(I'"), we can define the interior solution up to k™ order

and the boundary layer solution up to (k + 1) order, i.e. up to Uf and %5, ;.
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4.6.5 Well-Posedness of Steady Neutron Transport Equation

In this section, we consider the well-posedness of the steady neutron transport equa-

tion

i -Vou+ (1+Su—u = f(7a) in Q,
uw(Zy, W) = Pu(Zy) + eg(Zo, W) (4.6.82)

for w-n <0 and Z, € ON.

We define the L™ norms in 2 x S' as usual:

1l oeonsy = sup [f(Z @) (4.6.83)

(Z,5) e xS

Theorem 4.6.1. Assume f(Z,w) € L®(Q x S8') and g(x¢,w) € L>=(T'"). Then for

the transport equation

ai-Vou+ (1+Su—u = f(F0) in Q,

w(@p, W) = Pu(Zo) + eg(Zo, W) (4.6.84)

for ¥y € 00 and w-n <0,

there exists a unique solution u(Z,w) € L®(Q x S') satisfying

1 1
||U||Loo(ﬂxsl) < C(E_g ||f||Loo(stl) + 2 ||g||L°°(F*) ) (4.6.85)

Proof. We iteratively construct an approximating sequence {u*}?°; where v = 0 and

e - Vouk + (1 4+ Ek —a" = f(#,4@) in Q,
ut (T, @) = Put(To) + eg(Zo, W) (4.6.80)

for Zp € 02 and W -n < 0.
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By Lemma 4.3.1, this sequence is well-defined and Huk”Loo(stl) < 00. We rewrite

equation (4.6.86) along the characteristics as

uF(Z,0) = (eg+ Put ) (T — etyd, @)1 (4.6.87)

ty
—l—/ (f + @ )& — e(ty — s)w, W)e 1T B=9)qg,
0

where the backward exit time ¢, is defined as (4.3.13). We define the difference

vF = uF — uF 1 for kK > 1. Then v* satisfies

(4.6.88)
t
PN E, @) = PoM(T — ety w)e” T 4 / T @ — ety — 5)id, B)e” TN,
0
Since HQ_’kHLw(stl) < HkaLw(stl) and ||ka”L°°(Q><$1) < HkaLw(QxSl)’ we cal
directly estimate
(4.6.89)

ty
H”kHHLw(stw < e ||vk+1HL°°(Q><Sl) + HkaLw(stl)/o () (0-9) g

< o (et HkaHLw(stl) + m(l _ e*(1+62)tb) HkaLOO(stl) .
Hence, we naturally have
o1 < el 16.90)
U llzmaxsy = T2 1Y e axst) - (4.6.

1

Thus, this is a contraction iteration. Considering v' = u', we have

1 \*!
HU,CHL*(QX«SU = (@) HUIHLOO(stl)' (4.6.91)
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for k > 1. Therefore, u* converges strongly in L™ to the limiting solution u satisfying

(4.6.92)

[e.o]

1+ € 2
[ull oo (xsty < Z kHLOO(QxSl < e ”ul“LOO(QxSl) < 2 ||u1||L°°(Q><51)'

Since u! satisfies the equation
2 t 2
uHZ, W) = g(T — ety W)e T 4 / f(Z = e(ty — s)w, w)e 1T t=s)ds,
0
Based on Lemma 4.3.1, we can directly estimate

] e sty < I ety + 191 qey- (4.6.93)

Combining (4.6.92) and (4.6.93), we can naturally obtain the existence and estimates.

Also, the uniqueness easily follows from the energy estimates. m

Theorem 4.6.2. Assume g(xg, W) € L>°(I'"). Then for the steady neutron transport

equation (4.6.1), there exists a unique solution u®(Z,w) € L>(Q x S') satisfying

10| Los (e HgHLoo : (4.6.94)

Proof. We can apply Theorem 4.6.1 to the equation (4.6.1). The result naturally
follows. o
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4.6.6 e-Milne Problem

We consider the e-Milne problem for f¢(n,6,¢) in the domain (n,0,$) € [0,00) x

[—m,m) X [—7, )

(4.6.95)
afe € _
b Flameosolh 1 1= T = S06.0)
0,0,0) = h0,0)+Pf(0) for sing >0,

limy, o0 f(0,0,0) = [5(0),

sin ¢

where

Prme) =5 | r(.6.0)sneds, (1.6.96)

sin <0
F(e;n) is defined as (4.2.45),
|h°(0, 9)| < M, (4.6.97)
and
1S(n, 0, ¢)| < Me™ "7, (4.6.98)
for M and K uniform in € and 6.

For notational simplicity, we omit € and 6 dependence in f€ in this section. The
same convention also applies to F'(e;n), V(e;n), S(n, 0, ¢) and h*(0, ¢). However, our

estimates are independent of € and 6.



288

Compatibility Condition

Lemma 4.6.3. In order for the equation (4.6.95) to have a solution f € L*(]0, 00) x
[—7,m)), the boundary data h and the source term S must satisfy the compatibility

condition

/sin¢>o )sin ¢do + / / ¢)dgds = 0. (4.6.99)

In particular, if S = 0, then the compatibility condition reduces to
/ h(¢) sin ¢d¢ = 0. (4.6.100)
sin >0

Proof. We just integrate over ¢ € [—m,7) on both sides of (4.6.95) and integrate by

parts to achieve

d% / ﬂf(n,qb) sin ¢d¢ + F (1) / ﬂf(n, P)singdg = | S(n,¢)de.  (4.6.101)

—T

This is a first order ordinary differential equation for ffﬁ f(n, @) sin ¢de. The initial

data is

/_ " 1(0,6)singd — / _ J0.)sinodg / £0,6)sinédé  (4.6.102)

sin ¢<0

_ / ( +7>f<o>) sin ¢dp + / £(0,6) sin 6deb
sin ¢>0 sin p<0

_ / 6) sin ¢ + / P(0) sin ¢de — 2P £(0)
sin ¢>0

sin >0
= / ) sin ¢d¢.
in >0
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Hence, we can directly solve (4.6.101) as

(4.6.103)
/W f(n, @) sinpde = ev(")(/ - 51ngbdgb+/ / dgbds)

The problem (4.6.95) requires f(n,¢) — fs as n — oo. Hence, we must have

lim /7T f(n, ¢)sin pde = 0. (4.6.104)
n—oo J_

Therefore, the only possibility to justify above requirement is

/sin¢>o ) sin ¢do + / / S(s, ¢)deds = 0. (4.6.105)

This is the desired compatibility condition. If S = 0, then above condition reduces to

/ h(¢) sin pd¢ = 0. (4.6.106)
sin ¢p>0

Reduction to In-flow e-Milne Problem

It is easy to see if f is a solution to (4.6.95), then f + C is also a solution for any
constant C'. Hence, in order to obtain a unique solution, we need a normalization

condition

PF(0) = 0. (4.6.107)
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The following lemma tells us the problem (4.6.95) can be reduced to the e-Milne

problem (4.4.1) with in-flow boundary.

Lemma 4.6.4. If the boundary data h and S satisfy the compatibility condition
(4.6.99), then the solution f to the e-Milne problem (4.4.1) with in-flow boundary
as f = h onsing > 0 is also a solution to the e-Milne problem (4.6.95) with dif-
fusive boundary, which satisfies the normalization condition (4.6.107). Furthermore,

this is the unique solution to (4.6.95) among the functions satisfying (4.6.107) and

1f = fooll 22 < 00

Proof. Consider f satisfies the e-Milne problem with in-flow boundary as follows:

af

sin¢8—n+F( )cosgzﬁ f

f =S
36 +f=f (n,9),

f(0,9) = h(¢) for sing >0, (4.6.108)
hmn—mo f<n7¢) - foo.

Then there exists a fo such that ||f — foo|lfeope < 00 and f decays to f, exponen-

tially. Therefore, z = f — f. satisfies the equation

Sinqﬁg—; + F(n )cos¢g—¢ +z—2z = S(n,9),
2(0,¢0) = h(¢) — fo for sing >0, (4.6.109)

lim, ,o 2(n,¢) = 0.
Multiplying e~V on both sides of (4.6.109) and integrating over ¢ € [—m, ) imply

din ’ e VM z(n, ¢) sin pdg = ' e VM S(n, ¢)do. (4.6.110)

—T

Since z decays exponentially with respect to 1, we know z € L!([0,00) x [—7,7)).
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Hence, we can integrate (4.6.110) over n € [0, 00) to obtain

O—/:e )2(0, ¢) sin pd = //7r ¢)deds, (4.6.111)

which further implies

/ﬁ )sin gdg + / / e VS(s,¢)dgds = 0. (4.6.112)

Then we may compute

(4.6.113)

| w0.0smots — [ ,0.9)singdg+ [ so0ysiods

sin ¢p<0

-/ _(19) = i) sin s —2P2(0)

= / ) Oh(d)) sin ¢pdg — 2(7>z(0) + foo)-

Combining (4.6.112), (4.6.113) and the compatibility condition (4.6.99), we have
P2(0) + foo = 0. (4.6.114)

Since

Pz(0) =Pf(0) = Pfe(0) =Pf(0) = foo- (4.6.115)

naturally, we have P f(0) = 0. Hence, f is a solution to the e-Milne problem (4.6.95)
with the normalization condition (4.6.107). By Cauchy’s inequality, we can deduce

the fact that ||f — fooll;2;2 < oo implies Hf— fooH < 00. Then by a similar

L2[2

argument as Step 3 in the proof of Lemma 4.4.4, we can show the uniqueness. O]
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In summary, based on above analysis, we can utilize the known result for e-Milne
problem with in-flow boundary to obtain the well-posedness, decay and maximum

principle of the solution to the e-Milne problem (4.6.95).

Theorem 4.6.5. There exists a unique solution f(n, ¢) to the e-Milne problem (4.6.95)

with the normalization condition (4.6.107) satisfying

M
If = fooll poo oo < C(1+M+?). (4.6.116)

Theorem 4.6.6. For Ky > 0 sufficiently small, the solution f(n,®) to the e-Milne

problem (4.6.95) with the normalization condition (4.6.107) satisfies

[ e5on(f — foo)HLwLoo < C’(l + M + %) (4.6.117)

Theorem 4.6.7. The solution to the e-Milne problem (4.6.95) with S = 0 and the

normalization condition (4.6.107) satisfies the mazimum principle, i.e.

min h(¢) < f(n,¢) < max h(¢p). (4.6.118)

sin >0 sin >0

Remark 4.6.8. Note that when F = 0, then all the previous proofs can be recovered
and Theorem 4.6.5, Theorem 4.6.6 and Theorem 4.6.7 still hold. Hence, we can obtain

the well-posedness, decay and maximum principle of the classical Milne problem

0 _
Sin%_i;Jrf—f = S(n,9),
f(0,¢) = PfO)+h(®) for sing >0, (4.6.119)
11m77->00f<777¢> = f007

with the normalization condition (4.6.107). Note that now we always have V(n) = 0.
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4.6.7 Main Results

Theorem 4.6.9. Assume g(Zy,w) € C3(I'"). Then for the steady neutron transport

equation (4.6.1), the unique solution u(Z,w) € L>(Q) x St) satisfies
[u® = U5 — % || . = Oe), (4.6.120)
Moreover, if g(0,¢) = cos ¢, then there exists a C > 0 such that
|u® — Uy — % — €Uy — €2 ||« > Ce >0, (4.6.121)

when € is sufficiently small.

Proof. We can divide the proof into several steps:

Step 1: Remainder definitions.
Note that the boundary layer solution depends on € due to the force and the inte-
rior solution also depends on € due the boundary condition. We may rewrite the

asymptotic expansion as follows:
ut o~ Y UL Sy (4.6.122)
k=0 k=0
The remainder can be defined as

N N
Ry = u = U= U =u—Qn— 2y, (4.6.123)
k=0 k=0



where

N
E k
QN = € UkG;v
k=0
N

2y = ) Uy

k=0
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(4.6.124)

(4.6.125)

Noting the equation (4.6.39) is equivalent to the equation (4.6.1), we use £ to denote

the neutron transport operator as follows:

Lu = eb-Vou+ (1+e)u—1u

., Ou € ou  Ou 9 _
= sin a——l_encosqS(%—i-%)—i-(l—l—e)u—u

Step 2: Estimates of LQ .

The interior contribution can be estimated as

LQo = el -V,Qo+ (1+€)Qo— Qo

= (Qu — Qo) + e - VL U§ + €U = e - V,US + EU§.

We can directly estimate

e - VUS| < Ce|V,US| < Ce,

US| < Ce|Us| < Cé.
This implies

ILQo| < Ce.

(4.6.126)

(4.6.127)

(4.6.128)

(4.6.129)

(4.6.130)
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For higher order term, we can estimate

(4.6.131)

LOn =el -V, Qn +(1+)Qn — Qn = V0V, UG + VP20 + U5
We have

|- VLU < CNTHVLUR| < CeNT (4.6.132)

|V P2UL + NTUS_ | < CNTPUR| + CeM US| < CeNTL(4.6.133)
This implies
ILQN| < CeNTL (4.6.134)

Step 3: Estimates of L2y.

The boundary layer solution is %, = (ff — fi(00)) 1o = Yo where f(n,0, ¢) solves

the e-Milne problem and %, = ff — ff(oc0). Notice 1y) = 1y, so the boundary layer



contribution can be estimated as

L2,

€ o (&% 02

1 —€n
() (e

+(1+ € )wo% — %%
= Sm¢(w0 —1—”//08w ) _ Yoye Cos¢(aaj/0

on 1—en 0¢
+(1+€ )7?07/0 — oY%

= 1y ( sin ¢ — 61/}677 cos qﬁa;;)

) 1—|—€ QO—QO

8%)

oY}
+ °>

+ Y — 7/0) +sin¢%7/0
on
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(4.6.135)

Since ¥y = 1 when n < 1/(4e), the effective region of 0,1 is n > 1/(4€) which is

further and further from the origin as ¢ — 0. By Theorem 4.6.6, the first term in

(4.6.135) can be controlled as

sin ¢%%
n

For the second term in (4.6.135), we have

0,
_ < _
(b Ce v

‘_ B o7

1—677

For the third term in (4.6.135), we have

}€2¢07/0| < Ce.

< (.

(4.6.136)

(4.6.137)

(4.6.138)
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This implies

L2 < Ce. (4.6.139)

For higher order term, we can estimate

(4.6.140)
. 02 € 02 02 _
,CQN = Smgb anN — 1— en COS¢<8—¢N + a—eN) + (1 + 62)91\[ - QN
N N+1
= Z €' sin gbawo 7/2 — woﬁ COS ¢a/1/N + €N+2’I7Z)07/N + 6N+1w07/N_1.
— on 1—en 00
Away from the origin, the first term in (4.6.140) can be controlled as
N
> €sin ¢?% < Ce < 0N (4.6.141)
- n
=0
For the second term in (4.6.140), we have
PoeVH! OV N1 | 9N N+1
— —| < : 4.6.142
‘ 1—677COS¢89 < C 50 < Ce (4.6 )
For the third term in (4.6.140), we have
|V 2ho W + €V P Wy | < CeNHL (4.6.143)
This implies
IL2y| < OV (4.6.144)

Step 4: Proof of (4.6.120).
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In summary, since Lu = 0, collecting (4.6.123), (4.6.134) and (4.6.144), we can prove

|£RN| S CEN+1.

(4.6.145)

Consider the asymptotic expansion to N = 2, then the remainder R, satisfies the

equation

Ew'va2+R2—R2 = LRQ for fEQ,

Ry = PRy for w-n <0 and Zy € 0f.

By Theorem 4.6.1, we have

Ce3
1Rsll e ety < 5 I£R2ll e sty < —5- = Ce
Hence, we have
2 2
UE—ZEkUE—ZEk%kE = Ofe).
Since it is easy to see
2 2
Ze’“U,ﬁJrZek%,f < C,
k=1 k=1 L

our result naturally follows. This completes the proof of (4.6.120).

Step 5: Proof of (4.6.121).

(4.6.146)

(4.6.147)

(4.6.148)

(4.6.149)
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By (4.6.25), the solution f; satisfies the Milne problem

f1+f1 fi =0,
on

f1(0,0,&) = Pf1(0,0) 4+ ¢1(0,€) for sin(9+§)>0’(4.6.150)
lim, oo f1(n,0,€) = fi(o0,0).

sin(f + §)

For convenience of comparison, we make the substitution ¢ = 6 + £ to obtain

L
n

f1(0,0) = Pf1(0)+ ¢1(0,¢) for sing >0, (4.6.151)
hmn—)oofl(nae,f) == fl(oo,é)

Assume (4.6.121) is incorrect. For our g(¢) = cos ¢ which is independent of 6, since

Uy = U =0 and Uy = Us = 0, we have
iy |(Us + ) — (Uf + %)= = 0. (4:6.152

Since now % and % are independent of 0, by (4.6.30) and (4.6.76), we can directly

estimate

(4.6.153)
o0 . e
87?1 - /o /_7r e (;ﬁfz cos ¢ 891 (s,0) — v(es) % (s, ¢)) d¢ds = 0,
and also
(4.6.154)
8U ou
ouy / /_7r (1 _527 cos ¢ (‘361 (s,0) —(es)W (s, ¢)>d¢ds —0.

Hence, we have Uf = U, in the domain, which further implies US = U;. Therefore,
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we can obtain
lim |24 — % ‘||~ = 0. (4.6.155)
e—0

Then on the boundary of sin ¢ > 0, these two boundary layer solutions satisfy

U = g— fi(c0), (4.6.156)

v = g— fi(o0). (4.6.157)

Naturally, we have the estimate lim._, || f{(0c0) — f1(00)||,~ = 0 based on above as-

sumptions. Hence, we may further derive
lim [(f1(00) +24) — ((00) + %) |1 = 0. (4.6.158)

For 0 < n < 1/(2¢), we have g = 1, which means f; = % + fi(o0) and f; =
UL+ fi(o00) on [0,1/(2€)]. Since we have PZ(0) = — ff(o0) and P2 (0) = — f1(c0),
we have recovered the normalization condition, i.e. Pf1(0) = Pff(0) = 0. Note
that ¢ satisfies the compatibility condition (4.6.100). Therefore, the e-Milne problem
satisfied by f; and f; can be reduced to the e-Milne problem with in-flow boundary.
Hence, we can naturally obtain the desired result through the proof of Theorem

4.1.1. [l
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In this dissertation, we mainly talk about the viscous surface flow and diffusive limit
in neutron transport equation. In the future, we would like to extend these results to

more general settings and get a deeper understanding of these phenomena.

For the viscous surface wave, in the domain with infinite cross-section and curved
bottom, although the local well-posedness has been proved in Chapter 2, the global
well-posedness is still open. The main difficulty is the curved bottom will absorb
the derivatives aiming at interpolation estimates with minimal counts and lower the
decaying rate. This requires us to delicately redesign the energy and dissipation and
improve interpolation exponent. On the other hand, we can also consider the problem
in more general models, either in an infinite-depth domain, or with surface tension

involved.

For the hydrodynamic limit, although we disprove the classical boundary layer
theory, the current technique can only tackle the two-dimensional steady problem in
a unit plate. There are at least three directions to extend this result: two-dimensional
steady problem in general smooth convex domain, which involves more complicated
influence due to non-constant boundary curvature and requires further decomposition
of the tangential component; three dimensional steady problem in a unit ball, which
includes more tangential components in the Milne problem and natural singularity
due to coordinate substitution; one-dimensional unsteady problem with general initial
and boundary data, which requires a composite of initial layer, boundary layer, and
initial-boundary layer whose analysis involves evolutionary Milne problem. Further,
if we extend the result from neutron transport equation to Boltzmann equation, a new
type of difficulty arising is the regularity requirement. Since we do not general know
whether there exist smooth solutions to fluid equations and kinetic equations, the

analysis of boundary effect has to be in a new framework with weaker assumptions.
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As for the numerical analysis, it is a classical problem to treat multi-scale problem
in simulation of kinetic equations. We intend to utilize the asymptotic-preserving
scheme to construct a uniform scheme for these two domains. The main difficulty
is the analyze of discrete boundary layer, especially discrete Milne problem. This
requires us to recover the results for continuous Milne problem in the discrete settings

with weaker assumptions.
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A.1 Analytic Tools

A.1.1 Products in Sobolev Space

We will need some estimates of the products of functions in Sobolev spaces. Since
these results have been proved in lemma A.1 and lemma A.2 of [?], we will present

the statement of the lemmas here without proof.

Lemma A.1.1. Let U denote either X or €.

1. Let 0 <r < s; < sy be such that sy >n/2. Let f € H*(U), g € H**(U). Then
fge H(U) and
1fallgr S IIf]

o1 9 oo - (A.1.1)

2. Let 0 < r < s; < sy be such that s > r+n/2. Let f € H**(U), g € H*>(U).

Then fg € H"(U) and

1 gll e < 111

e 19 gres - (A.1.2)
3. Let 0 <1 < 81 < 59 be such that so >1r+n/2. Let f € H(X), g € H2(X).

Then fg € H™*(X) and

19l o0 S WS gl e - (A.1.3)

Lemma A.1.2. Suppose that f € CY(X) and g € H'*(X). Then fg € HY*(X) and

19l S Wl gl e - (A.1.4)
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A.1.2 Poincare-Type Inequality

We need several Poincare-type inequality in €. Since all these lemmas have be proved

in lemma A.10-A.13 in [25], we will only give the statement here without proof.

Lemma A.1.3. It holds that

2 2 2
12y S 12y + 195 F 1220 » (A.1.5)

for all f € HY(Q). Also, if f € Wh>(Q), then

11z S N zeesy + 105F I oe ey - (A.1.6)

Lemma A.1.4. [t holds that || f|| oz S 1051l go for f € H'(Q) such that f =0 on
Xp. It also holds that || f[|eo(sy < [105f || ooy for | € Wbt (Q) such that f =0 on
.

Lemma A.1.5. It holds that ||ul| ;1 S [|Dul| e for all u € HY(; R?) such that f =0

on 2.

Lemma A.1.6. It holds that || f]l ;0 S IV fll o for all f € HY(Q) such that f =0 on
Sy Also, || fllwree ) S IVl ooy for all f € WE(Q) such that f =0 on Y.

A.1.3 Poisson Integral

For a function f defined on ¥ = R?, the Poisson integral Pf in R?* x (—00,0) is

defined by

Pra) = [ @i, (ALT)



307

where f(€) is the Fourier transform of f(z') on R2. Then within the slab B2 x (—b, 0),

we have the following estimate based on lemma A.5 in [25].

Lemma A.1.7. The Poisson integral satisfies that for ¢ € N,

2 2
||quf||H0 5 ||f||Hq—1/2(2) )

2 2
||vq7)f||H0 S HfHHq(z) )

where H* denotes the usual homogeneous Sobolev space.

A.1.4 Riesz Potential

For a function f defined in €2, we define the Riesz potential

0
e = [ fea 6 e agaxe

Similarly, for f defined on X, we set

D) = [ fe e enas

(A.1.8)

(A.1.9)

(A.1.10)

(A.1.11)

We have the following lemmas to describe the product of Riesz potential and its

interaction with the horizontal derivatives as lemma A.3 and A.4 in [25].

Lemma A.1.8. Let A € (0,1). If f € H°(Q) and g, Dg € H'(Q), then

A -
I3 (f9) 10 S 1 f 1o gl 1 Dgll -

(A.1.12)
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If f € HY(X) and g, Dg € H'(X), then
1A (F oy S I N rzogsy N9l sy 1D sy - (A.1.13)
Lemma A.1.9. Let A € (0,1). If f € H*(Q) for k > 1 an integer, then

|08 o < Do 0% (A.1.14)

A.1.5 Interpolation Estimates

Here we record several interpolation estimate utilized in our proof. Since they have

been proved in lemma A.6-A.8 and lemma 3.18 in [25], we will omit the proof now.

Lemma A.1.10. For s,q >0 and 0 < r < s, we have the estimate

ey S NG A, (A.1.15)

/]

whenever the right hand side is finite.

Lemma A.1.11. Let Pf be the Poisson integral of f, defined on . Let A > 0,

q,s € N, and r > 0. Then the following estimates hold.

1. Let
1—-0= ————. (A.1.16)

:q+s—|—/\7 g+ s+ A

Then

0 1-6
1P sl 5 (110 ) (107l ) (AL17)
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2. Letr+s>1,

r+s—1 g+A+1

= 1—-0=——"—. A.1.18
q+s+r+A qg+s+r—+A ( )
Then
0 , \
1vPsie s (I ) (1071l ) (AL19)
3. Let s > 1. Then
IVOPfll7e S ID e - (A.1.20)

Lemma A.1.12. Let f be defined on 3. Let X > 0. Then we have the following
estimates.
1. Let q,s € (0,00) and

s q+ A
= 1-f0=—. A.1.21
q+3+/\’ q—|-5_|_)\ ( )

Then
0 ) 1-6
2 2 s
1D 1 (HAfHHO) (Hw fHH0> | (A122)

2. Letq,s e N, r>0,r+s>1,

-1 A+1
QZL, g 1A (A.1.23)
q+s+r+A q+s+r+A

Then

0 1-6
||DQinws(||fAfuim) (\\Dq+8f|;) . (A.1.21)



Lemma A.1.13. Let f be defined in Q. Let A >0, q,s € N, and r > 0.

have the following estimates.

1. Let

_ S _g__atX
qg+s+ N qg+s+ A

Then
0 ) 1-0
D18 5 (11 ) (107115 )

2. Letr+s>1

orts—1 ) g+ A+1
gt sHr4+N g+ sHT AN
Then
0 ) 1-6
2 2 s
1D < (uwum) (HDq+ /] H) |
and

0
1D f[[ e sy S (HAinp) (HD‘”SH

A.1.6 Continuity and Temporal Derivative

1-0
2
Hr+1 .

310

Then we

(A.1.25)

(A.1.26)

(A.1.27)

(A.1.28)

(A.1.29)

In the following, we give two important lemmas to connect L2H* norm and L>H*

norm.

Lemma A.1.14. suppose that u € L*([0,T]; H**(Q)) and dyu € L*([0,T); H*2(Q))
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for sy > s3> 0 and s = (s; + $2)/2. Then u € C°([0,T); H*(Q)) and satisfies the
estimate

ullZoe e < M1u(O)IZzs + ullZo o + N0l Z2gg2, (A.1.30)

where the L*H* norm and L>*H* norm are evaluated in [0,T).

Proof. Considering the extension theorem in Sobolev space, we only need to prove
this result in the R™ case. The periodic case can be derived in a similar fashion.

Using Fourier transform,

Orl[u(t)]

I 29%( / n(gﬁ%(g,ﬂde) (A.1.31)
< 2 [ @l llo. ol
= 2 [ (1l e o g
< [ @l 0P+ [ (€rot P

2

= Ju®zs + 10l

So integrate with respect to time on [0, ¢]

i < wO) s + lwllZ2ger + 10ullZz prs2 - (A.1.32)

[u(t)]

The following lemma shows the estimate in another direction.

Lemma A.1.15. For any u € L>®([0,T]; H*) within [0,T], we must have u €

L*([0,T); H*) and satisfies the estimate

[l < TllullF e - (A.1.33)
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Proof. The result is simply based on the definition of these two norms. O]

A.1.7 Extension Theorem

The following are two extension theorems which will be used to construct start point
of iteration from initial data in proving well-posedness of Naiver-Stokes-transport

system. Since it is identical as lemma A.5 and A.6 in [26], we omit the proof here.
Lemma A.1.16. Suppose that &/u(0) € H*N=2(Q) for j = 0,..., N, then there
exists a extension u achieving the initial data, such that

8w € L2([0,00); H*=27+1(Q)) N L>([0, 00); H*N ()

for j=0,...,N. Moreover,

N N
Z HaguHiszNfsz + HaijuHiooH2N—2j ,S Z Hagu(o)Hiprzj : (A'1'34)

Jj=0 j=0

Lemma A.1.17. Suppose that &/p(0) € H*N=2-1Q) forj =0,...,N—1, then there

exists a extension p achieving the initial data, such that
Atp € L*([0, 00); H*™2 () N L=([0, 00); H*¥~71(Q2))

for 7=0,...,N —1. Moreover,

N-1 N—

Z HangizHQNﬁj + HatijiooHZN—Qj—l SJ Z Hagpa))HipNﬂjﬂ : (A'1'35)
=0

—_

=
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A.2 Estimates for Fundamental Equations

A.2.1 Transport Estimates

Let X be either infinite or periodic. Consider the equation

om+u-Dnp=g, in X x(0,T)

n(t = 0) = no.

(A2.1)

We have the following estimate of the regularity solution to this equation, which is a
particular case of a more general result proved in proposition 2.1 of [17]. Note that
the result in [17] is stated for ¥ = R?, but the same result holds in the periodic case

as described in [18].

Lemma A.2.1. Let n be a solution to equation (A.2.1). Then there exists a universal

constant C' > 0 such that for any s > 3

t
i) (il + [ o)

Proof. Use p =ps =2, r =2 and 0 = s in proposition 2.1 of [18]. See the proof of

t
1l rze < exp (c [ 1) . dr). (4.22)

Theorem 5.4 in [25]. O

Lemma A.2.2. Let n be a solution to (A.2.1). Then there is a universal constant

C > 0 such that for any 0 < s < 2

(A.2.3)

() dr) .

t t
1l e < exp (c [ 10U e dr) (Hnol w+ [ lotr)

Proof. The same as lemma A.9 in [25]. O
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A.2.2 Elliptic Estimates

We need two different type of elliptic estimates in our proof either in weak sense or

strong sense.

Lemma A.2.3. (weak solution) Assume [, dx = 0. We call (u,p) € Hy(Q2)x H(Q)

a weak solution to the elliptic equation

(

—Au+Vp=9¢ec HYQ), in
V-u=1¢e HQ), in
v ) (A.2.4)
u =0, on
| u=0, on Xy

if Vou=1inQ and (u,p) satisfy the weak formulation that for arbitrary f € Hg (L),

it holds that

(Du:Df)go+ (0, V- fluo = (o, flu—1, (A.2.5)

where (-,-)yo represents the inner product in H°(Q) and (-,-)y-1 denotes the dual

pairing between H () and H=1(Q). Then we have the estimate

2 2 2 2
[l + [pllo S Nl + 1410 - (A.2.6)

Proof. An obvious modification for the proof of lemma 3.3 in [8] implies that for any
Y € H°(Q), there exists a v € H}(Q) such that V- v = ¢ in Q and satisfies the

estimate [|v]|71 < ||v]|50. Then we may change to the unknown w = u — v, which
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satisfies the system
.

—Aw+Vp=¢+ Av, in
V-w=0, in Q
g (A.2.7)
w =0, on X
w = 0. on X

\

Then we have the new weak formulation that for arbitrary f € H{(£2), it is valid that

(Dw :Df)ypgo +(p, V- fymo = (o, [lu-1 — (Dv : Df)po. (A.2.8)

We may further restrict that f satisfies V- f = 0 as the pressureless weak formulation

that

(Dw : Df) o = (b, flr-1 — (Do : Df) . (A.2.9)

Riesz theorem implies that there exists a pressureless weak solution w € Hj(Q)

satisfying V - w = 0 and the estimate

lwllzn S Il + 1ollzn S Il + 1l 5o - (A.2.10)

Then it is wellknown that pressure can be taken as the multiplier for the Navier-Stokes
system. Similar to proposition 2.9 in [26], we have that there exists a p € H(2) such

that the weak formulation (A.2.8) holds and it satisfies

2 2 2 2 2 2
Ipzr0 S N1 + 110 + lwllz S WOl + 1910 - (A.2.11)

Therefore, (u, p) satisfy the weak formulation (A.2.5) and our result easily follows. [



Lemma A.2.4. (strong solution) Suppose (u,p) solve the equation

/

—Au+Vp=¢e H3Q), in
V-u=1v e H(Q), in
(pI —Du)es =p € H32(X), on ¥

u =0, on

in the strong sense. Then forr > 2,

el + ol S UGN+ I + ol rrsre

whenever the right hand side is finite.

Proof. The same as lemma A.15 in [26].
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(A.2.12)

(A.2.13)
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Transport Equation
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B.1 Construction of the Counterexample with In-

Flow Boundary

Lemma B.1.1. For the Milne problem

0+ €5 + -7 = o
£(0,0,8) = ¢(0,&) for sin(0+&) >0, (B.1.1)
lim,, o f(n,0,6) = f(oo,0),

if g(0,&) = cos(3(0 +€)), then we have

of

o ¢ L>(]0,00) X [—m,m) X [—7,T)). (B.1.2)

Proof. We divide the proof into several steps: we first assume 0,f € L*([0,00) x

[—7,m) x [—7, 7)) and then show it can lead to a contradiction.

Step 1: Maximum principle
Theorem 4.4.14 implies the solution f to the problem (B.1.1) satisfies the maximum

principle, i.e. for any (1,6, ¢)

i 0.¢) < 0.£) < 9.£). B.1.3
Sin(rgn+13>09( &) < f(n,6,6) _Sm{glfgwg( ¥3) ( )

We can see the data g(0,§) = cos(3(0+¢)) satisfying ¢g(0, —0) = 1 and |g| < 1. Based

on the maximum principle, we can derive for any (7,0, €)

f(n,6,8) < 1. (B.1.4)

Hence, certainly we have f(0,6,¢) <1 for sin(6 + &) < 0.
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Step 2: Estimates of £(0,6).

We can directly estimate

f(0,6) = /_7r £(0,0,6)d¢ (B.1.5)

1
o
1
= — 0,0,&)d 0,0,¢)d
27(/sin(9+5)<0 10.6:¢) éJr/sm(eJrg)>o 110,6,¢) f)
1 £(0.6,)d + 5.

2m sin(0+¢)>0

IN

By the choice of g, we naturally have

[ gweoa = [ g0 (B.1.6)
sin(04-£)>0 sin(6+4£)>0

Then this implies

- 1
£(0,0) < 3" (B.1.7)
Step 3: Definition of trace.
It is easy to see 0, f satisfies the Milne problem
a(0 —
sin(f + &) (a;f) +0,f —0,f = 0. (B.1.8)

Since we have 9, f € L>([0,00) x [—m, ) x [, 7)) which implies 9, f € L>([0, L] x
[—m, 7)), by Ukai’s trace theorem, we may define the trace of 0, f on n = 0 satisfying
8nf(07 07 ¢) S Loo[_,n.7 7T) X [_7?7 7T).

However, we can define the trace of 9, f in another fashion. For any § # —6 and

€ #m— 0, we have sin(6 + £) # 0. Since we have f € L*([0,00) X [—m,7) X [—7, 7))
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as well as f € L>[0,00) x [—, ), by the Milne problem (B.1.1), it is naturally to

define for n > 0

f<7770)_f<7770)§)

8Tlf(n7 97 5) = sin(@ + 5)

(B.1.9)

Since 9, f € L*([0,00) x [, 7) x [=m, 7)), we know f is continuous with respect to

n for a.e. (0,&). Taking n — 0 defines the trace for 9, f at(0,6,¢)

f(O,G) B f(()?e?g)
sin(0+¢&)

9,1(0,0,8) = (B.1.10)

Since the grazing set {(0,£) : 6 +& =0 or 6+ ¢ = 7w} is zero-measured on the

boundary 1 = 0, then we have the trace of 9, f is a.e. well-defined.

By the uniqueness of trace of 0,f, above two types of traces must coincide
with each other a.e.. Then we may combine them both and obtain 0,f(0,6,&) €

L>®[—7,m) x [—=m, ) is a.e. well-defined and satisfies the formula

f(()?e)_f(()?e?g)

0,f(0,0,¢) = B.1.11
nf( ) af) sin(9 + 5) ( )
Step 4: Contradiction.
Therefore, we may consider the limiting process
1 — =1 i B.1.12
A At M Y ) (B.1.12)
Since we know as £ — —6T, it follows that
sin(0+¢&) — 0F (B.1.13)

f(0,0) — £(0,0,¢) — f(0,0)—g(0,—0) = f(0,0) —1<0. (B.1.14)
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Then this leads to

oy B
§£$+ 8—77(0,9,5) = —00. (B.1.15)

which means 0, f(0,60,§) ¢ L>[—n,m) x [—m, 7). This contradicts our result in the
previous step. Hence, our assumption that d,f € L*([0,00) x [—m,m) X [—m,T))

cannot be true.

Step 5: Another contradiction.

There is another way to show this fact. Since 0,f € L>([0, L] x [—m,7) X [—m,)).
Also, we have f € L*([0,L] x [-m,7) X [—=7,7)). Then this implies f is Lipschitz
continuous in [0, 00) with respect to 1 for a.e. (6,£). Hence, this implies f is al-
so Lipschitz continuous in 7 € [0,00). Without loss of generality, we may assume

10, f|. < M. Thus we have for a.e. (6,¢) € sin(6 + ¢) > 0

[f(n,0,8) = f(0,0,§)] < Mn (B.1.16)
| f(n,6) — f(0,6)] < Mn. (B.1.17)
Then
> ‘f(0707§) - f(070)| - |f(77a‘97€) - f(oa‘gaf” - ‘f_(na‘g) - _(070)}
> ‘f(07€) - 9(07 _9>‘ - 2M77-

Since we know | f(0,6) — g(,—60)| > C > 0 for some constant C. Then as long as
n < C/(4M), we have

ol O
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Since for (0, €) not in the grazing set, we always have

f(77> 9) — f(77> 975)
sin(+¢&)

Oy f(n,0,8) = (B.1.20)

then |0, f| can be arbitrarily large as long as sin(f + ) is sufficiently small, and also
it possesses a positive measure. This implies d,f € L>([0,00) X [—m,7) X [—m, 7))

cannot be true. O

B.2 Construction of the Counterexample with D-

iffusive Boundary

Lemma B.2.1. For the Milne problem

0+ 5L+ f~F = 0
£0,0,6) = PF0,0)+g1(0,€) for sin(@+¢) >0, ([B:21)
hmﬂ—NXJ f(n707§> = f(0079>7

with
Pf(0,0) =0. (B.2.2)

If g(0,&) = cos(3(0 + €)), then we have

of

6_77 ¢ L>([0,00) X [—m,7) X [—m,7)). (B.2.3)

Proof. For g(6,&) = cos(3(0 + &)), we can easily derive Uy = 0. Hence g, = g.

Note that ¢ satisfies the compatibility condition (4.6.100). With the normalization
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condition P f(0,0) = 0, we can see this problem reduces to the Milne problem with

in-flow boundary

+f_f = 07
£(0,0,6) = g(0,€) for sin(6+¢) >0, (B.2.4)

hmn—>oof<7]707§) = f1<0070>

sin(60 + f)g—i}c

Therefore, we can complete the proof by Theorem B.1.1. O
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