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This thesis is dedicated to exploring compression methods for large dynamic scenes. The first part

presents a case study of compressing aerial video using background modeling and JPEG2000. The

concepts used in the case study relate to state of the art compression frameworks and lay down the

foundation for the methods used to compress 4-d scenes in the second part. The algebra of random

variables and multiresolution analysis are used throughout this thesis as a means of compressing

large dynamic data. The second part of thesis presents a novel method to estimate dense scene

flow using volumetric and probabilistic 3-d models. The method first reconstructs 3-d models at

each time step using images synchronously captured from multiple views. Then, the 3-d motion

between two consecutive 3-d models is estimated using a formulation that is the analog of Horn and

Schunck’s optical flow method. This particular choice of 3-d model representation allows estimat-

ing highly dense scene flow results, tracking of surfaces undergoing topological change and reliably

recovering large motion displacements. The benefits of the method and the accuracy of 3-d flow

results are demonstrated on recent multi-view datasets. The second goal of this work is to compress

and reconstruct 3-d scenes at various time points using the estimated flow. A new method of scene

warping is proposed that involves partitioning the optical flow field in regions of coherent motion

which are subsequently parametrized by affine transformations. The compression objective of this

work is achieved by the low storage requirements of the affine parameters that describe the optical

flow field and the efficient reconstruction method through warping.
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Chapter 1

Introduction

The field of computer vision is dedicated to explaining and characterizing the world through visual

data. Up until recently, 2-d images were the de facto source on which inference about the world

was made. However, with the advent of more powerful hardware, interests in computer vision have

shifted to modeling and characterizing the 3-d world in its entirety. Since the mode of acquisition

hasn’t evolved much over time, 2-d images are still primarily the input for 3-d computer vision

algorithms. As a result, the topics of 3-d reconstruction from images have experienced a surge of

effort over the past decade. Moreover, older 2-d algorithms are being recast into 3-d in order to

improve inference about the physical world by making use of the third dimension. Also, adding a

temporal dimension to the 3-d world allows an even broader set of applications ranging from gam-

ing, urban city monitoring [105][120][106], construction site monitoring [51][50], telepresence [52],

3-d-TV [89] [41] and freeviewpoint video [44] [113]. These applications do not have a standardized

algorithm for modeling and reconstruction and, consequently, the quality of representation, ease of

reconstruction and ease of world inference on the reconstructed scene vary significantly. However,

the storage costs of an accurate depiction of the 3-d world are considerable, regardless of the recon-

struction and modeling method used. Thus the objective of compressing a 4-d world representation

follows immediately. Based on the modeling and reconstruction method used, redundancies in each

dimension can be exploited differently. Consequently, compressing the 4-d wold is intrinsic to its

representation.

The most common methods of physical world modeling can be separated into two different

categories, namely geometric based modeling and image based modeling. Geometric modeling in

1
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3-d typically involves representing objects through meshes and more recently point clouds. Research

in computer graphics, gaming and the movie industry adopted mesh-based geometric modeling as

a means of representing objects in the 3-d world which in turn enabled hardware manufacturers to

develop dedicated chips for mesh processing. However, in order to achieve photo-realism in a highly

dynamic scene, depth information, surface geometry and camera geometry is needed a priori. Thus

a high end production such as a movie requires user-driven interaction during the reconstruction

process. Sec. 4.1 will elaborate more on meshes and their use in 4-d characterization. The first

Figure 1.1: Mesh Based Modeling in the HBO Series "Game of Thrones"

existing image based modeling methods lie on the other extreme, avoiding the representation of

3-d geometry altogether. Instead, these methods provide only virtual views inferred from input

imagery. The theoretical basis behind initial image-based modeling methods relies on the sampling

of the plenoptic function [5]. This function parametrizes the intensity of light rays in 4-d space for

every position, every direction, every wavelength at any given time. Andelson and Berger coined

the term from the latin root plenus meaning complete or full, implying that the function provides

a complete representation of visual fields. Examples include ray-space representations [44][45] and

panoramic views which do not allow for completely arbitrary viewpoints [91] [110]. In addition,

to be able to re-create a photo-realistic virtual 3-d scene, a dense sampling of views is required. A

sparse distribution of cameras will significantly impact the scene reconstruction quality.

Some methods have the ability to represent pseudo 3-d surface geometry through depth-maps.

Each pixel in the depth map or Z-map contains the Z-coordinate of its projection in 3-d, assuming

the depth map frame is aligned with the 3-d X − Y axis. These methods are referred to as 2.5-d as

they do not explicitly represent surface geometry but rather give the impression of 3-d. The closest
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image based-modeling methods to geometric modeling methods are hybrid methods that actually

reconstruct surface geometry from imagery, including surface light fields [29] [136], view-dependent

texture mapping methods [94] [60] and voxel models [88] [100] [35] [108]. For the purposes of

this thesis the latter category of modeling is used as it assumes no prior information about scene

geometry. A detailed treatment of the 4-d world representation used is given in Chapter 4.

The first part of this thesis will address large time-varying 2-d data compression in order to

lay down the ground work for 4-d compression presented in the second part. The case study of

compressing large 2-d dynamic scenes involves using the JPEG2000 standard in conjunction with

background modeling. The JPEG2000 standard is used as a method for compression due to its

multiresolution implementation and increased performance in low-bitrate encoding. The theoretical

basis for this case study, including parameter estimation methods, multiresolution analysis and

random variable algebra will be used in the compression method presented in the second part. More

specifically, a motion based compression system based on the multiresoultion 3-d Horn and Schunck

optical flow over Probabilistic Volumetric Models is presented in the second part of the thesis. The

thesis contributions are listed in detail in Sec. 1.2

1.1 Prior Works

As previously stated, in order to describe a 4-d compression system, the entire context of acquisition,

reconstruction/representation, rendering, coding and transmission needs to be taken into account.

Among the 4-d representations previously categorized, free-viewpoint video is of notable interest

since it allows rendering from arbitrary viewpoints.

Compression techniques in the field of 4-d modeling via free-viewpoint video have been stan-

dardized for a particular set of representations, most of them falling into the class of image based

modeling with no explicit geometry. The most widely used codec for 2-d video compression is based

on the original MPEG standard [72], having many revisions with added functionality over the past

two decades. The initial MPEG-4 standard has been augmented with a format for 4-d scenes known

as MPEG-4 part 11 Binary Information for Scenes (BIFS) [73]. This format supports the integration

of audio, video and 3-d graphics through a hierarchical scene graph. In particular, panoramic views

are efficiently encoded through a patch decomposition system where only patches corresponding to

the current view are transmitted to the receiver in real time [62]. Omnidirectional video, typically
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captured by 11 cameras arranged on the faces of a dodecahedron is able to display a time vary-

ing 3-d world projected on a sphere. None of these representations, however, allowed for arbitrary

adjustment of views, allowing only certain restricted camera positions.

Later, an extension of BIFS was released called AFX [74] supporting light-field mapping, depth-

image based representation (DIBR), 3-d mesh object representation etc. Surface light-field mapping

combines image based modeling methods based on ray-space representations with geometric model-

ing using meshes. Namely, a surface light field assigns a color to each ray originating from a surface,

potentially the face of a polygonal mesh. Static objects can be rendered with photorealism using

view-dependent texture mapping as seen in [94] [60]. However, generating the view-depedent tex-

tures automatically from a set of views requires reliable standardized tools. View acquisition also

requires special equipment and preprocessing thus the 4-d representations in AFX are not supported.

Instead the depth map 2.5-d representation is used to give the viewer the impression of 3-d depth.

Consequently, each view comes with an associated depth map. For the case of stereo-vision where

only two views are available, depth is estimated from camera geometry. Compression work has been

done in encoding each view and the associated depth map [39] [125] [38][28]. Typically the H.264

codec [67] used in traditional video encoding has reported good results in depth map compression

along with the associated view streams. However, the JPEG2000 standard was used to code key-

frames in [90] while using depth-propagation [4] to recover depth for each view, reporting better

results than just encoding each view and associated depth map separately using H.264. The MPEG

committee later formed a group dedicated to researching the standardization of actual free-viewpoint

video named 3DAV (3D Audio-Video) [112]. The group focused on modeling methods based on

ray-spaces and light-fields. A light field is defined as radiance as a function of direction and position

over regions of empty space [82]. There exist also works that perform compression of ray-spaces

[84] [85], exploiting both temporal and inter-view redundancies. Note, however, that ray-spaces and

light-fields again do not reconstruct geometry but rather provide virtual displays of 3-d space with

arbitrary degrees of freedom. Matusik and Pfister describe a 3-d TV system from acquisition, trans-

mission and rendering using light fields in [89]. However, the compression method used involves

individual coding of view streams exploiting temporal redundancies using standard H.264 rather

than exploiting multi-view dependencies at a given frame set. Although yielding higher compres-

sion, exploiting multi-view redundancy is not scalable w.r.t. to the number of views on a set-top-box

processor designed for consumer use.
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Another compression method in image based modeling is the Multi-View Coding (MVC) exten-

sion of the H.264/MPEG-4 AVC standard, first released in March 2009 [129]. Currently, the basic

H.264 codec is the most widely used video compression system, reporting a compression rate from

50X to 150X depending on target quality and motion content [135]. H.264 relies on predicting

frame segments called macro-blocks using motion vectors and a set of cached reference frames and

neighboring frames. Specifically, I-frames or I-slices spatially predict macroblocks (typically 16× 16

samples) from neighboring regions within a frame, thus coining the term intra-frame prediction.

P-slices support intra-frame coding and inter-frame predictive coding, typically encoding one motion

vector per macroblock. A reference index is used to select a cached reference frame from which

the P-frame macroblock is reconstructed. B-frames support intra-frame coding, inter-frame coding,

and additionally, inter-frame bi-predictive coding, maintaining two reference indexes and two motion

vectors/ prediction signals. The predictive mode of B-frames is similar to that of P-frames except

that the decoder now maintains two distinct reference frame lists instead of one. Thus B-frame

reconstruction in predictive mode can use reference frames from either the first or the second image

list based on a rate-distortion metric. The bi-predictive reconstruction uses a weighted sum of values

derived in predictive mode from both reference image lists.

The MVC extension of H.264 allows for predicting views at a given time instance from different

views corresponding to the same instance. This way, inter-view redundancy is exploited. A sketch of

the MVC system is outlined in Fig. 1.2. Merkle and Smolic [92] demonstrated that the compression

gain of the MVC method versus the simultaneous coding of each invididual view stream can be as

high as 50% with an average of 20%.

Figure 1.2: Inter-view prediction of the MVC extension of H.264 as described by Merkle and Smolic
[92]
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So far, image-based modeling methods that do not estimate 3-d scene geometry have been pre-

sented. The 3DAV experts group issued a “call for papers” requesting surface geometry recon-

struction from imagery techniques. As AFX already supports meshes and more recently point

clouds, geometric modeling is expected to be standardized in future releases of the MPEG-4 AFX

amendment. However, representing surface geometry through meshes and point clouds comes with

disadvantages, which will be outlined in 4. Regardless, reconstructing surfaces rather than virtual

views enables a more accurate 4-d world representation, which in turn allows for easier physical

world inference in all four dimensions, the main objective of the field of computer vision. Thus, the

focus of this thesis will be steered towards 4-d modeling methods that recover surface geometry.

In the past, surface geometry has been typically modeled implicitly from imagery by fitting input

images to a known geometric model, recovering motion and pose which yield an approximation to

the actual 3-d geometry of the object [122][56] [20][83]. Over time there have appeared numerous

works which parametrize complex models of objects typically found in scenes, such as the human

body. For example Carranza and Theobalt [27] present a way to parametrize the human body

using 16 segments corresponding to various body parts and 17 joints connecting each segment.

Segments corresponding to limbs have four degrees of freedom consisting of local positions w.r.t. to

the connecting joint and rotations w.r.t. to a local axis. The surface corresponding to each segment is

represented by a closed triangular mesh that allows non-rigid deformations in order to accommodate

various body types. Silhouettes extracted from input imagery are fitted to the parametrized human

model using a pixel-wise energy function. Similar works achieved significant success in modeling and

tracking human actors in 4-d, provided that the 3-d human body model representation is accurate

[48] [37] [6] [57] [137] [65]. However, it is difficult to obtain or train models for generic scene objects,

as well as keeping track of them across a multi-object 4-d scene. Consequently, the scope of this thesis

is targeted towards generic scenes, where no geometric modeling is employed during reconstruction.

A popular scene geometry reconstruction technique that does not rely on models known a priori

is the visual hull/space-carving method [75] [76]. The algorithm starts by backprojecting the voxels

of a coarse bounding volume into each of the input views containing the silhouette of the object. If all

backprojections of a particular voxel are encompassed by a silhouette-view, then that particular voxel

is marked as being part of the object 3-d geometry. If a voxel’s backprojections are included only in

some silhuettes, it will be split , typically into 8 octants as seen in [118]. The process is re-iterated

until either a maximum octtree depth is reached or all voxels are marked. Improvements on the visual
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Figure 1.3: The pipeline proposed by Huang and Boyer [65]. Parameters of skeletal joint positions
are estimated by fitting a reference human model (represented as a patched mesh and a skeleton)
to reconstructed 3-d surfaces from imagery represented as a point cloud. The point cloud is then
partitioned and compared against the estimated model at the previous frame, producing the current
human model estimate. Image taken from Huang and Boyer [65].

hull method have been demonstrated in [115] [98] [114] [32] where photo-consistency measures across

views are used to improve the voxel carving process of the bounding volume. However, this form of

reconstruction is somewhat error-prone, especially in the presence of 3-d surface concavities. Bhotika

et al. [12] gave a stochastic treatment of the visual hull method, representing space occupancy as

a distribution rather than a binary in order to deal with scene uncertainty and ambiguity. This

treatment is closely related to the theoretical framework used in this thesis as a 4-d representation

which will be elaborated in chapter 4.3.

Figure 1.4: Visual Hull as seen in [32]

Thus this thesis will describe a motion-based compression system for a generic scene with no

a priori information about the content and minimal modeling assumptions. Camera geometry is

assumed to be known and input imagery is synchronized. The 4-d models used are based on Crispel’s

representation in 3-d [35] and their advantages are discussed in Chapter 4.3.
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1.2 Thesis Contributions

The chief contributions of this thesis can be summarized as follows:

• An extension of the JPEG2000 standard that supports the encoding of probabilistic models.

To do so, the algebra of random variables is explored, specifically for Gaussian mixture models

(GMMs). The sum of two GMMs is derived in closed form. The algebra of random vari-

ables is used during the computation of the Discrete Wavelet Transform of Random Variables

(DWTRV).

• An algorithm used to reconstruct large aerial scenes based on background modeling and the

JPEG2000 encoding of background models. The likelihood of a pixel being background is mea-

sured against the compressed background model. if this likelihood falls beneath a confidence

threshold, the actual distribution from the full resolution model is retrieved using the local-

decompression functionality of JPEG2000. The compression gain for 2-d scenes with sparse

motion, a characteristic of large aerial scenes, is as high as 100X.

• An multiresolution 3-d optical flow algorithm based on Horn and Schunck for probabilistic

volumetric models (PVMs). Typical scene flow algorithms rely on image correspondences or

depth maps to compute scene flow. The embedded multiresolution nature of PVMs and their

dense sampling of 3-d space allow for an efficient implementation on a Graphics Processing

Unit (GPU). GPUs have become widely popular during the past decade due to their immense

parallel computing power and relatively small costs. The output flow field is one of the densest

to the best of the author’s knowledge.

• A segmentation scheme based on a velocity and position feature vector that decomposes the

scene into regions of coherent motion. The regions are approximated by affine transformations

allowing for a novel warping technique that is equivalent to finding the inverse of the flow field

as a set of affine transform inverses.

• A 4-d compression and reconstruction scheme that uses the optical flow field in its affine

parameter representation to predict new time frames. The compression gain per frame can be

as high as 120X.
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1.3 Thesis Outline

The outline of this thesis can be broken down in two main parts: Chapter 2 and 3 are dedicated

to exploring the JPEG2000 standard and 2-d aerial video compression using background modeling,

respectively while, Chapter 4, 5 and 6 explores the motion based compression of 4-d models.

Taking a closer look at Chapter 2, the details of wavelet-based multiresolution analysis are

first explored in order to better understand the principles of JPEG2000 compression. Next, the

embedded-block-coding technique is presented, casting light on JPEG2000’s stream and layer or-

ganization of the compressed data. In addition, context-adaptive sample coding is described. The

JEPG2000 arithmetic coder will be presented last, giving an insight into how binary entropy coding

is performed. It’s worth noting that these principles, are re-used in other modern compression sys-

tems such as H.264, Google’s WebP and VP8 image and video compression standards. Chapter 3

reviews a compression system tailored to aerial video based on background modeling and JPEG2000.

By modeling a background distribution for every pixel, only moving objects need to be stored for

subsequent frames. JPEG2000 allows the caching of a very coarse resolution of the background

model as a result of the wavelet transform. In order to compress an array of random variables, the

algebra of random variables that are distributed according to a Gaussian mixture model is explored.

This technique will also be used in Chapter 5. When decoding a new frame, every pixel is com-

pared against the coarse background distributions. Under some conditions, it is necessary to refine

the coarse distributions through the inverse wavelet transform and local decompression of patches,

features which make JPEG2000 highly useful in this application.

Chapter 4 first explores the advantage of probabilistic volumetric models versus mesh-based and

point-based representations. Next, a theoretical treatment of learning, rendering and implementing

the PVM is given, as initially demonstrated by Crispell et al. [35]. Chapter 5 presents a novel

method of estimating Optical-Flow on probabilistic volumetric models. The classical Horn-and-

Schunck optical flow is recast into a 3-d multiresolution framework. The warping step specific to

all multiresolution optical flow approaches is based on the algebra of random variables presented

in Chapter 3. Rendering the flow in a probabilistic context is demonstrated and compared to

the output of 2-d image flow. Chapter 6 presents a method of compressing the flow field by re-

parametrizing it as a set of affine transormations. A reconstruction technique is given based on

warping a scene using the set of affine transformations and the algebra of random variables. The
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set of affine transformations is computed using a scene-segmentation process based on a position-

velocity feature and a Gaussian mixture model. Using this reconstruction method, the scene can

be compressed based on transmitting the tree structure and the re-parametrized flow field. Finally

Chapter 7 presents conclusions and future work.



Chapter 2

JPEG2000 as a Model for Large

Scale Encoding

Large dynamic scenes such as the ones produced by Wide Area Video Collectors [79] are the most

suitable for compression using background modeling. A background model typically estimates the

distribution of background at each pixel in a video. In the context of aerial video collection, the

background model is stored in the limited on-board memory of the collector which precludes the need

of recording every frame. However, the task of encoding a large data structure such as a background

model requires a feature rich standard with excellent compression performance. JPEG2000 has

many attractive features applicable to large scale images and video including but not limited to

bit-error detection and correction, local decompression, Region of Interest (ROI) coding, progressive

transmission of data, etc. However, one of the most attractive feature of this standard is the superior

quality of encoded images at very low bit rates w.r.t. to other standards. Since lossy compression of

data in 2-d and 3-d is one of the objectives of this thesis, JPEG2000 becomes an attractive choice

for a background based compression system. This chapter will present the details of the JPEG2000

standard underscoring the theoretical aspects which will be used during the next chapters.

JPEG2000 is developed by the Joint Photographic Experts Group (JPEG) [31] and was designed

to supersede the original, highly popular JPEG standard [66]. JPEG2000 comes with many im-

provements over the original JPEG standard. As mentioned previously, JPEG2000 has the ability

to encode images at bitrates in the order of 0.25 bits per sample (bps) without significant loss in

11
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Figure 2.1: JPEG2000 and JPEG compressed images at a compression rate of 1:80. While the arti-
facts on the JPEG-compressed image (right) are clearly noticeable, one needs to zoom in significantly
to notice the ones resulting from the JPEG2000 encoded image (left)

quality. Fig. 2.1 presents an image compressed by a factor of 1:80 with the JPEG and JPEG2000

standard, respectively. While the artifacts from JPEG compression are prominent, the JPEG2000

compressed image shows little loss in quality. The next section describes how the JPEG2000 inter-

nal engine avoids the blocking effect present in the JPEG-compressed images at low bitrates . In

addition to superior quality vs. compression results, JPEG2000 adds functionality to how an im-

age is decompressed, its paradigm being “compress once, decompress in many ways”. One of these

improvements is JPEG2000’s ability to progressively transmit data starting from a very coarse reso-

lution up to the finest available. This transmission mode is very useful in the context of large aerial

data, especially in applications where not all high frequency information is needed immediately. An

additional feature that JPEG2000 has over its predecessor is random access in the compressed code

stream which allows local decompression of spatial regions. Decompressing a rectangular patch from

the compressed code stream is desirable when dealing with large images and/or low bandwidth com-

munication channels. These features were implemented by redesigning the internal structure and

reformulating the compression engine rather than building upon or improving the original JPEG

standard. The following section will present the structure and the underlying mechanisms of the

JPEG 2000 standard which will underscore its high applicability to the compression of large data.
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2.1 The Discrete Wavelet Transform in JPEG2000

Unlike JPEG’s discrete cosine transform (DCT), the core of the JPEG2000 uses the discrete wavelet

transform (DWT). The output of the DWT is a series of high-pass and low-pass coefficients obtained

after convolving a signal with a high-pass and low-pass filter, respectively. The motivation behind

using the wavelet transform in compression systems is that the magnitude of high-pass coefficients is

small enough to be encoded with a small number of bits. By recursively applying the DWT R times

to the high dynamic range low-pass coefficients, their number will be halved each time, effectively

decomposing the original 1-d signal into R sets of high-pass coefficients and a single set of “DC”

coefficients. The following section will give an overview of wavelets, their properties in a multiscale

context, as well as methods of generating a wavelet basis including the Cohen-Daubechie-Feauveau

(CDF) wavelet used in JPEG2000 encoding.

2.1.1 Wavelets and their Filters

Given a family of orthonormal functions defined in Eq. 2.2,the continuous wavelet transform of a

signal x(t) using the wavelet basis is defined as

Wψf(2−j , 2−jk) = 1√
2−j

∫ ∞
−∞

ψ

(
2−jx− k

2−j

)
(2.1)

ψ = {ψjk|j, k ∈ Z , ψjk(x) = 2j/2ψ(2jx− k)} (2.2)

The family of functions ψjk is generated via translating and dilating an original function ψ, also

called the “mother” wavelet. In general, the wavelet transform Wψf(a, b) is a function of the scaling

and translation parameters a, b which define how the child wavelets are generated from the mother

wavelet. The example above presents the most commonly used wavelet generation, the binary

dilation a = 2−j and the binary position b = 2−jk.

The study of Multiresolution Analysis of signals [7] demonstrates that the Discrete wavelet

transform decomposes a signal x[n] into low-pass and high-pass coefficients by projecting it onto the

basis {φjk;ψjk} defined as:

φjk(x) = 2j/2φ(2jx− k) (2.3)

ψjk(x) = 2j/2ψ(2jx− k) (2.4)
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The coefficients Wφ[j0, k] and Wψ[j, k] are expressed as discrete scalar products below:

Wφ[j0, k] = 1√
M

∑
n

x[n]φj0,k[n] (2.5)

Wψ[j, k] = 1√
M

∑
n

x[n]ψj,k[n] , j ≥ j0 (2.6)

Using these coefficients the signal x[n] can be approximated as:

x[n] = 1√
M

∑
n

Wφ[j0, k]φj0,k[n] + 1√
M

∞∑
j=j0

∑
n

Wψ[j, k]ψj,k[n] (2.7)

Defining Vj = Span{φjk} and Wj = Span{ψjk}, a requirement of multiresolution function spaces is

Vj
⊕
Wj = Vj+1. This means that spaces spanned by lower order scaling functions are included in

the spaces spanned by higher order scaling functions. It follows immediately, that one can generically

express φ and ψ as a linear combination of recursive lower order scaling functions, as such:

φ(x) =
N−1∑
k=0

hφ[k]
√

2φ(2x− k) (2.8)

ψ(x) =
M−1∑
k=0

hψ[k]
√

2φ(2x− k) (2.9)

Typically, Eq. (2.8) is referred to as refinement, multiresolution or dilation equation. Note that

the Eq. (2.9)is a linear combination of recursive scaling functions φ, being consistent with the

requirement that Vj
⊕
Wj = Vj+1. For example, the multiresolution requirements for the Haar

wavelet shown in Fig. 2.2, are defined as :

φ0,0(x) = φ(x) = 1√
2
φ1,0(x) + 1√

2
φ1,1(x) (2.10)

ψ(x) = − 1√
2
φ1,0(x) + 1√

2
φ1,1(x) (2.11)

In order to find the filter impulse responses hφ[n] and hψ[n] that fit the above requirements, the

sum in Eq. (2.8) is expanded for M = N = 2 obtaining:

φ(x)︸︷︷︸
φ0,0(x)

= hφ[0]
√

2φ(2x)︸ ︷︷ ︸
φ1,0(x)

+hφ[1]
√

2φ(2x− 1)︸ ︷︷ ︸
φ1,1(x)

(2.12)
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The above equation can be written in terms of the basis functions φjk defined in (2.3). Consequently,

by looking closely at the Haar system requirements in Eq. (2.10), it follows that the coefficients of

the filter that gives the Haar scaling function are hφ[n] =
[

1√
2 ,

1√
2

]
.

Similarly, by expanding Eq. (2.9), and taking into account the Haar requirements from (2.10) it

follows that hψ[n] =
[
− 1√

2 ,
1√
2

]
. Thus the task of representing and generating a wavelet ψ involves

finding its scaling function φ and the coefficients hφ ,hψ.
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Figure 2.2: (a): Haar wavelet and Scaling function; (b): Haar wavelet Lowpass and Highpass filter
impulse responses hφ[n] and hψ[n], respectively

2.1.2 Determining Daubechie Wavelet-Filter Coefficients

By substituting x = x/2 and taking the Fourier transform, Eq. (2.8) and Eq. (2.9) become:

1√
2

Φ(2ω) = HωΦ(ω) 1√
2

Ψ(x) = HψΦ(ω) (2.13)

By applying the recursive relationship, the Fourier transform of the scaling function is expressed as:

Φ(ω) =
∞∏
p=1

Hφ(ω)√
2

Φ(0) (2.14)

Thus, the scaling function or father wavelet φ(x) can be determined, if the frequency domain filter

Hφ(ω) is known. The mother wavelet ψ is determined immediately as a result of Eq. (2.13).

Finding the final solution now involves solving a filter design problem. Daubechie [30] et al.,
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specified requirements for the set of high-pass and low-pass filters Hψ and Hφ respectively and their

implications. For a detailed overview please refer to page 260-280 of [87]. A summary of the filter

design specifications is presented below, resulting from bi-orthogonality and linear phase:

|Hφ(ω)|2 + |Hφ(ω + π)|2 = 2 |Hψ(ω)|2 + |Hψ(ω + π)|2 = 2 (2.15)

Hψ(ω)H∗φ(ω) +Hψ(ω + π)H∗φ(ω + π) = 0 (2.16)

A trivial result of the above constraints is found below, relating the dual filters,

Hψ(ω) = −e−jωH∗(ω + π) F⇐⇒ hψ[n] = (−1)nhφ[1− n] (2.17)

Next the first p vanishing moments of a wavelet are introduced as

∫ ∞
−∞

xkψ(x)dx = 0, for 0 ≤ k < p (2.18)

This integral diverges for integers k > p. It is proved that both Ψ(ω) and Hψ(ω) along with their

derivatives have p zeros at ω = π. For a detailed proof, please consult Theorem 7.4 of [87]. The latter

implies that the Fourier representation of Hφ(ω) contains the term (1 + e−jω)p in its factorization.

Hence,

Hφ(ω) =
√

2
(

1 + e−jω

2

)p
R(ω) (2.19)

Taking the magnitude of Eq. (2.19) the following is obtained:

|Hφ(ω)|2 = Hφ(ω)H∗φ(ω)

= 2
((

1 + e−jω
) (

1 + ejω
)

4

)p
|R(ω)|2

= 2 cos2p
(ω

2

)
P
(

sin2
(ω

2

))
(2.20)

In the above equation, knowing that |R(ω)|2 is real and even it can be expressed as a polynomial

in cos(ω), or equivalently, using the half angle formula, sin2(ω/2). By defining y , sin2(ω/2) and

using the results in Eq. (2.20) the magnitude constraint in Eq. (2.15) becomes:

(1− y)pP (y) + ypP (1− y) = 1 (2.21)
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2.1.3 Polynomial Factorization of Wavelet-Filter Frequency Response

The Daubechie wavelets use the minimum degree polynomial and Bezout’s [58] theorem to determine

the form of P .

P (y) =
p−1∑
n=0

(
p+ n− 1

n

)
yn (2.22)

The term |R(ω)|2 can be expressed in terms of P (ω) as such

P
(
sin2(ω/2)

)
= P

(
2− ejω − e−jω

4

)
= R(ω)R∗(ω) (2.23)

Depending on how R(ω) is factorized, different wavelet generating polynomials are obtained. For

example, by decomposing R as a product over its roots Eq . (2.23) becomes:

P

(
2− ejω − e−jω

4

)
︸ ︷︷ ︸

y

= r2
0

m∏
k=0

(
1− rke−jω

) (
1− rkejω

)
(2.24)

Equating the left hand side of the above equation to 0, the set of roots {ri, 1
ri

0 ≤ i < m} is

determined. Daubechie demonstrates that the degree of the polynomial is m = p − 1 and that the

minimum size filter h has a tap size of 2p. [30]. This provides a straightforward way of generating

the frequency response of Hφ(ω) and subsequently Hψ(ω) for any p using equation (2.19). Take

for example p = 2, which yields P (y) = 1 + 2y after using equation (2.22). After substituting

y = (2 − z − z−1) and solving P (z) = 0 the roots are found to be 2 ±
√

3. Thus the closed form

of P can be determined using Eq. (2.24) which factorizes over its roots. The wavelets used in

JPEG2000 however, factorize as P = QQ′. In the case of the previous example for p=2, the 5-3

CDF wavelet or Le Gall wavelet is obtained by setting Q = (1+2y) and Q′ = 1. This wavelet is used

for lossless image encoding in JPEG2000. The wavelet ψ, scaling function φ and the corresponding

filter impulse responses are plotted in Fig. 2.3

Once the filter Hφ(ω) is known, Eq. (2.14) provides a theoretical way of finding the scaling

function φ(x). In practice, however, the wavelet coefficients of a discrete signal, defined in Eq. (2.5),

(2.6) are determined using the Fast Wavelet Transform algorithm [86]. The implementation relies

on a recursive relationship between discrete wavelet coefficients at different scales j,

Wφ[j, k] = hφ[−2k]⊕Wφ[j + 1, 2k] Wψ[j, k] = hψ[−2k]⊕Wψ[j + 1, 2k] (2.25)
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For a detailed proof please consult [86]. By considering the original signal as a J-th order wavelet

approximation, i.e. x[n] = Wφ[J, n], the implementation recursively applies the filters hφ[n],hψ[n]

starting at x[n] and downsamples the outputs by a factor of two. JPEG2000 computes the wavelet

coefficients using the lifting scheme which is generally faster than traditional convolution [36]. A

brief overview of lifting will be given in the following section. Thus the scaling function φ is never

explicitly computed for the purposes of the DWT. However, it is essential to understand how φ and

ψ relate to the wavelet-impulse responses hφ and hψ and their construction.
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Figure 2.3: (a): The 5-3 Le Gall Scaling function φ and wavelet ψ used in JPEG2000 reversible
compression; (b): The 5-3 Le Gall Low Pass and High Pass filter impulse responses hφ[n] and hψ[n],
respectively. The number of filter taps in the two impulse responses earned its namesake.

2.1.4 The 2-d Wavelet Transform in JPEG2000

The previous section demonstrated how the wavelet transform decomposes a signal into a series of

high-pass and low-pass coefficients. Moreover, the scaling function and the wavelet used as a basis

for the DWT need not be computed explicitly. Instead a filter bank hφ, hψ consisting of a low-pass

filter and a high-pass filter is sufficient. The same principles can be extended in 2-d, however, instead

of obtaining two subbands after convolving once with each of the filters, four subbands are obtained.

The output subbands at a current resolution is typically labeled as LL,LH,HL and HH. The labeling

results from the order in which the filters are applied staring with the rows, i.e. subband HL is

obtained by first applying the the high-pass filter hψ on the rows, followed by the low-pass filter

hφ on the columns of the previous output. The transform is applied recursively on the LL band, J

times, thus the only LL subband explicitly represented is the LL0 subband. The latter represents a
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coarser representation of the original image, its dimensions reduced by a factor of 2J . It is obvious

now that different resolution levels of the original signal can be obtained by applying the inverse

transform starting from the LL0 subband,i.e. to obtain resolution level k, k < J one must apply the

inverse wavelet transform iDWT k times to obtain LLk. The multi-resolution decomposition of the

image also avoids the prominent blocking artifacts present in low-bitrate encoding of JPEG images

as a result of the tiling of the original image into 8 × 8 blocks. Instead of traditional convolution,

the DWT and iDWT are computed using the liftinging scheme [36]. This method computes wavelet

coefficients in-place, reducing memory requirements, while exposing a high-degree of parallelism as

seen in [77]. During the first stage of lifting, a 1-d signal assumed to be a J th order approximation

is split into even and odd coefficients SJ [n] = X[2n] and DJ [n] = X[2n + 1]. The second stage

evaluates the next level coefficients using the following equations:

DJ−1[n] = DJ [n] + a(SJ [n] + SJ [n+ 1]) (2.26)

SJ−1[n] = SJ [n] + b(DJ [n− 1] +DJ [n]) (2.27)

For the Le Gall (5,3) Wavelet a = −0.5 and b = 0.25. The 2-d lifting simply applies the same

equations to the rows and then to the columns of the previous output.

2.2 Data organization and Coding in JPEG2000

In addition to the multiresolution representation of the image, JPEG2000 encodes and orders the

wavelet coefficients in a way that enables the features briefly described at the beginning of this

chapter. For example, JPEG2000 introduces the concept of layers, allowing the decoding of wavelet

coefficients up to a certain numeric precision. However, the specified precision is not global, but

varies per sample such that a global convex function of quality distortion versus code length is

optimized. To implement such a feature along with the others that were previously mentioned, it is

necessary to present the organization of the code stream in JPEG2000.

Before taking the DWT of the image, a multicolor transform is applied such that color compo-

nents are in the Y CbCr color space. This transform results in components being minimally correlated

and resulting in a higher coding efficiency since components are minimally correlated [121]. After

the DWT has been applied for a specified number of levels, the wavelet coefficients are interleaved as
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a result of the lifting implementation [36]. The interleaving of samples allows for all subband coeffi-

cients corresponding to a certain spatial region to be stored in adjacent memory locations for every

resolution. These regions are called Precincts and allow for local decompression of data. One can

imagine that local decompression from a file stream would be cumbersome if the wavelet coefficients

were organized in memory according to the pyramidal representation in Fig 2.4. Each Precinct is

divided into rectangular regions named Code Blocks typically having a nominal width and height

of 64 or 128 samples, except at Precinct edges. A quantization step is applied to the samples con-

tained within each code-block. For more detail on the quantization and code block specifications in

JPEG2000 please consult [121].

Each codeblock is independently processed by the core coding engine of JPEG2000, the Embed-

ded Block Coder with Optimal Truncation (EBCOT). EBCOT is a two-tiered engine, Tier 1 Coding

is responsible Bitplane Coding and Entropy Encoding of each bit while Tier 2 handles rate distor-

tion optimization and code stream organization and formation. A diagram of the JPEG2000 data

hierarchy and coding flow is presented in Fig. 2.4. An overview of the Tier 1 coding mechanisms

that enable most of the features of JPEG2000 is given in the next section. For the purposes of this

thesis, the details of Tier 2 are omitted here, since they mostly handle the code-stream organization

through tag-trees, packets and various error-correction markers. The interested reader can consult

chapter 13 of Taubman’s book [121] for more details on Tier 2 coding.

2.2.1 JPEG2000 Bitplane Coding

The Tier 1 coding stage of EBCOT processes each code block independently, first starting with

the task of bit-plane coding. Instead of coding each codeblock sample directly, the bit-plane coder

processes the code-block bitplane by bitplane starting from the most significant bit (MSB). Bitplane

K of a codeblock is defined as the 2-d array containing the Kth bit of each sample in that code block,

starting from the MSB. Each bitplane is traversed in raster order, one stripe at a time. The stripe

is defined as a column of 4 bits in a given bitplane. A detailed view of bit-plane coding partitioning

is presented in Fig. 2.6 The complexity of the bit plane coder is augmented by the introduction of

three distinct coding passes. The next section will discuss the coding passes used during JPEG2000

bit plane coding (BPC) and their role in compression. However, before expounding on the concept

of passes, the term “coding” in JPEG2000 is first explained.
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Figure 2.4: JPEG2000 Data Organization and 2-d wavelet transform

JPEG2000 Coding Primitives

JPEG2000 employs four different coding operations or primitives termed “Zero Coding” (ZC), ”Sign

Coding”,(SC) “Run Length Coding” (RLC)and “Magnitude Refinement Coding“(MRC). Each of

these operations gathers certain state information from the neighborhood of the coded sample. This

information is called the context and is defined over a 3 × 3 window centered around that sample.

Based on a sample’s context, the coding operation produces an output and potentially changes state

information. The specific state information that the bit plane coder of JPEG2000 keeps track of

is stored in three different 2-d arrays labeled σ,σ′ and η, each having the same dimension as the

current code block. In addition to the state arrays, a sign array χ and the original sample array v

are maintained. The sign array indicates whether a sample is negative,i.e. χi,j = 1 if vi,j < 0. The
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Figure 2.5: Context Window (left) and Sign Context Window (right)

state arrays have the following properties:

• The array σ is called the significance array. σi,j = 1 if the first nonzero bit of sample vi,j

has been coded. Otherwise, σi,j = 0. Samples that have σ = 1 are considered “significant”

samples. The values in σ are conserved after each bitplane encoding up to and including the

last.

• The array σ′ represents the refinement state array. σ′i,j = 1 if any of the bits of sample vi,j

were coded using the Magnitude Refinement Coding (MRC) operation. Similar to the σ state

array, σ′ maintains its values until all bit-planes in the current code block are encoded.

• The array η represents the zero state array. ηi,j = 1 if a Zero Coding (ZC) operation has

been applied to sample vi,j . Unlike the previous two state arrays, η is reset after each bitplane

encoding.

Each coding operation analyzes the context of a sample via the 3× 3 context window and produces

a tuple containing that sample’s context Cx and a decision bit D. The context is an integer in the

range [0, 18] and is a function of the σ state bits contained in the 3 × 3 context window shown in

Fig. 2.5. Below are illustrated the specifics of each coding operation. As previously mentioned,

these operations are performed on bit samples in a given bit-plane.

• Zero Coding (ZC). This operation determines the context of a sample according to the rules

in Tables 2.1,2.2,2.3. Each table has different context formation rules based on the subband

that sample lies in. For example, the second row of table 2.1 indicates that if a sample has

more than one significant vertical neighbors, exactly one significant horizontal neighbor, its

context is 7. The X’s in the tables stand for “don’t care(s)”. The decision value generated by
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LL and LH Subbands Context∑
nHn

∑
n Vn

∑
nDn Cx

2 x x 8
1 ≥ 1 x 7
1 0 ≥ 1 6
1 0 0 5
0 2 x 4
0 1 x 3
0 1 ≥ 2 2
0 0 1 1
0 0 0 0

Table 2.1: Zero Coding - LL and LH

HL Subbands Context∑
nHn

∑
n Vn

∑
nDn Cx

x 2 x 8
≥ 1 1 x 7
0 1 ≥ 1 6
0 1 0 5
2 0 x 4
1 0 x 3
0 1 ≥ 2 2
0 0 1 1
0 0 0 0

Table 2.2: Zero Coding - HL

the ZC operation is equal to the sample’s bit in the current bit-plane. The ZC operation will

mark an insignificant sample as significant i.e. set σi,j = 1 if the sample’s first non-zero bit is

encountered. Thus the ZC operation may change the significance state information.

• Run Length Coding(RLC) This operation codes four consecutive samples in a column, i.e. an

entire stripe if none of them become significant in the current pass. Run mode assumes that

the run length is four samples. However, if a sample becomes significant the run is interrupted

and the length of the run is also coded. Samples coded using RLC are assumed to contribute

little to image quality thus they are essentially packed into a single (Cx,D) pair.

HH Subbands Context∑
n(Hn + Vn)

∑
Dn Cx

x ≥ 3 8
≥ 1 2 7
0 2 6
≥ 2 1 5
1 1 4
0 1 3
≥ 2 1 2
0 1 1
0 0 0

Table 2.3: Zero Coding - HH

σ
′

i,j

∑
n(Hn +Dn) Cx

1 x 16
0 ≥ 1 15
0 0 14

Table 2.4: Magnitude Refinement Coding
Rules

• Magnitude Refinement Coding (MRC). Unlike the previous operation, the state array used by

this operation is σ′ instead of σ. More specifically, the context is generated based on how many

neighbors in the context window have had a Magnitude Refinement Operation performed. The

rules are presented in Table 2.4. For example, if the current sample had experienced an MRC
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operation during a previous bitplane encoding, the generated context for that sample is 16.

Similarly, if the sample didn’t experience the MRC operation yet, but has at least one diagonal

or horizontal neighbor that did, its context is 15. During the description of each coding-pass

it will be revealed that the MRC operation is only performed on samples that are already

significant, i.e. the first non-zero bit of that sample has been coded in a previous bitplane.

Hence the name magnitude refinement. The decision bit accompanying the generated context

is again equal to the sample’s bit at the current bit-plane.

• Sign Coding (SC). Sign coding uses the horizontal and vertical neighbors presented in the Sign

Coding Window in Fig. 2.5.First, the following quantities are defined,

Hsc = min(1,max(−1, σi,j−1 × (1− 2χi,j−1) + σi,j+1 × (1− 2χi,j+l))) (2.28)

Vsc = min(1,max(−1, σi−1,j × (1− 2χi−1,j) + σi+1,j × (1− 2χi+1,j))) (2.29)

After their evaluation, Table 2.5 is used to determine the context generated by the SC opera-

tion. The decision value is equal to

Hsc Vsc χij Cx
1 1 1 13
1 0 0 12
1 -1 0 11
0 1 0 10
0 0 0 9
0 -1 1 10
-1 1 1 11
-1 0 1 12
-1 -1 1 13

Table 2.5: Sign Coding Rules

Bitplane coding Passes

The JPEG2000 coder traverses each bitplane three times until all the bits in a given bitplane are

coded. It is important to note that each bit will be coded once only during one of the three passes.

This scheme is based on the fractional bitplane coding scheme proposed by David Taubman in [121].

It can be intuitively thought of partitioning a given bitplane into three disjoint bit lists. Each list

has an associated score equal to the amount of image quality lost when the bits it contains are
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truncated from the corresponding samples. Thus the fractional bit-plane coding scheme gives the

user more flexibility in lossy coding. Instead of truncating all samples at a given precision K, the

fractional bit-plane passes or bit-lists allow for only some samples to have their Kth bit truncated.

Since the bit-lists or passes have an associated distortion score, the truncation decision at a sample

is given by the pass affiliation of its Kth bit. Consequently, the concept of truncation in JPEG2000

is recast from truncating the codestream at a precision K to truncating after pass p of bitplane K.

The coding passes will lay the foundation to JPEG2000 quality layers. To better illustrate how the

passes can essentially partition the bitplane into bit lists ranked according to their contribution to

image quality, an overview is given below:

• Significance Propagation Pass (SPP). During the first pass of bitplane processing, bits will

be coded if they are insignificant i.e. σi,j = 0 but have at least one significant neighbor in

their context window. This condition was motivated by the fact that insignificant bits with

significant neighbors are likely to become significant during the coding of the current bitplane.

It has been demonstrated that the bits coded during this pass are likely to yield the largest

distortion reduction relative to code length [95]. The coding operations that are applied to bit

samples in this pass are ZC, and SC. As mentioned during the description of ZC, if a sample’s

first non-zero bit is encountered, it will become significant. In addition, any sample coded in

this pass will have its corresponding zero state array updated, i.e. ηi,j = 1. The SC primitive

is invoked as soon as a sample becomes significant. One can realize that, according to these

rules, this pass is likely to chain-toggle the significance of samples with similar magnitudes

when traversing the bitplane in raster order.

• Magnitude Refinement Pass (MRP). The second pass handles bits that have already become

significant in a previous bitplane. The only coding operation used is MRC. This should be

evident, as SC is applied only when a sample becomes significant.

• Cleanup Pass (CUP). As the name suggests, this pass codes all the bits that were not coded

in the previous two passes, i.e. bits that have ηi,j = 0 and σi,j = 0. Note that, the zero-state

array η indicates whether a bit had experienced a zero coding operation during the SPP, as a

consequence of being a neighbor of a significant sample. As a result, it should be obvious that

these bits correspond to insignificant samples. The ZC, RLC and SC primitives are used in

this pass. Note that it is possible for a sample to become significant during this pass if its first



26

non-zero bit is encountered. Evidently, the bits coded during the cleanup pass will contribute

less to image quality, thus their distortion-reduction score relative to length is low.
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Figure 2.6: JPEG2000 Coding Pass Example. The second row represents an abstraction of the
bit-lists Pk,s corresponding to each coding pass. Note how the length Pk,s varies across bitplanes k
and passes s. The bottom part shows a detailed view of the (Cx,D) pairs resulting from encoding
the first bitplane

From Coding Passes to Quality Layers

It is worth mentioning that the bits in the first bitplane will all be coded during the CUP. This is

because no sample has a significant neighbor yet (σ is initialized with 0s), thus the rules for the SPP

are not met. The same goes for the MRP, which requires a sample to become significant during a

previous bitplane coding. Thus, for codeblock samples having a maximum of B bits of precision,

there are 3B−2 coding passes, as the first two passes are completely omitted during the first bitplane

coding. Thus on a Distortion vs Length plot, there will be a total of 3B − 2 discrete points. By

contrast, without the coding passes, the same plot will only have B points, evenly spaced along the
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Length axis. When attempting to optimize the Distortion vs Length plot, it is desirable to have

a denser sampling of points, which is exactly what the coding passes provide. For a more detailed

treatment of Rate-Distortion Optimization in JPEG2000 please consult section 8.3.5 of [121]. The

output of the optimization will yield a truncation point L from one of the 3B−2 total coding passes.

Thus JPEG2000 uses the coding passes as quality layers and will optimize to find the layer that is

closest to the target bit-rate.

An added benefit of coding passes other than layer formation and added truncation flexibility

is increased entropy coding performance which will be discussed in the next section. The example

in Fig. 2.6 shows the quality layers/coding passes resulting from the fractional bitplane coding

technique applied on a 5× 5 abstract codeblock.

2.2.2 Entropy Coding in JPEG2000

Sec. 2.2.1 described how each coding operation produces a (Cx,D) tuple containing the context

of the current bit sample and the a decision value. These values are sent to the entropy coder to

produce a compressed representation of the codestream.

Entropy coding in JPEG2000 is based on legacy arithmetic coding and is performed by the MQ

coder [18]. This binary coder creates a sequence of nested intervals based on a sample’s probability.

The coder keeps track of two symbols, the More Probable Symbol (MPS) and the Less Probable

Symbol (LPS). As decision bits are fed to the MQ coder, they are compared against the value of

the current MPS, which typically switches from 0 to 1 many times during encoding. The current

estimate of the probability of encountering a LPS is labeled Qe. The interval A that the MQ coder

starts off with is in the range [0, 1) and is parametrized by the base of the interval bi and its length

li. The rules of subdivision are given below:

if vi = MPS


li = A× (1−Qe)

bi = bi +A×Qe
if vi = LPS


li = A×Qe

bi = bi−1

(2.30)

Thus encountering an MPS frequently will cause the interval to shrink less, thus requiring less bits

to represent. Encountering an LPS would reduce A by a factor of Qe < 0.5 every time, requiring

more precision bits to represent. The MQ coder was designed to avoid the multiplication operation.
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By keeping the range of A around 1, the following approximation is used:

if A ≈ 1


A× (1−Qe) ≈ A−Qe interval corresponding to MPS

A×Qe ≈ Qe interval corresponding to LPS
(2.31)

The probability estimation for Qe is hard-coded using a lookup table built from a Markov model

proposed by Langdon et al. [18] consiting of a Finite State Machine with 46 states, presented in

Table 2.6. The Contexts from the (Cx,D) tuple govern the rules of state transition, as well as

the current MPS. Thus the MQ coder decides whether to encode a sample decision D by checking

whether D = MPS(Cx) and changes the next state according to the current context Cx. Thus

the MQ coder is a context adaptive encoder. Each state contains the current estimate of Qe and

a flag indicating whether the current MPS switches with the current LPS. In addition to the state

dependent role reversal, The MPS and LPS exchange roles when the interval adjustment causes

the segment corresponding to the MPS to be smaller than the one corresponding to the LPS,i.e.

A−Qe < Qe. A renormalization of A occurs in this case and the roles of MPS and LPS are again

switched.

Since there are a total of 19 different contexts, specific only to certain coding operations and

passes, the probability estimates for Qe are designed in a way to maximize coding efficiency.

2.3 Conclusion

This chapter demonstrated the internals of JPEG2000 and their relevance to the encoding of large

data files. The discrete wavelet transform stage was described in detail as it relates to the multi-

resolution analysis which stands at the basis of coarse-to-fine optical flow. The next chapter will

extend the highly useful JPEG2000 standard to compressing a background models. These models

are used in the segmentation and compression of large 2-d scenes.
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I Qe Value NMPS NLPS SWITCH
(hexa) (binary) (decimal)

0 0x5601 0101 0110 0000 0001 0.503 937 1 1 1
1 0x3401 0011 0100 0000 0001 0.304 715 2 6 0
2 0x1801 0001 1000 0000 0001 0.140 650 3 9 0
3 0x0AC1 0000 1010 1100 0001 0.063 012 4 12 0
4 0x0521 0000 0101 0010 0001 0.030 053 5 29 0
5 0x0221 0000 0010 0010 0001 0.012 474 38 33 0
6 0x5601 0101 0110 0000 0001 0.503 937 7 6 1
7 0x5401 0101 0100 0000 0001 0.492 218 8 14 0
8 0x4801 0100 1000 0000 0001 0.421 904 9 14 0
9 0x3801 0011 1000 0000 0001 0.328 153 10 14 0
10 0x3001 0011 0000 0000 0001 0.281 277 11 17 0
11 0x2401 0010 0100 0000 0001 0.210 964 12 18 0
12 0x1C01 0001 1100 0000 0001 0.164 088 13 20 0
13 0x1601 0001 0110 0000 0001 0.128 931 29 21 0
14 0x5601 0101 0110 0000 0001 0.503 937 15 14 1
15 0x5401 0101 0100 0000 0001 0.492 218 16 14 0
16 0x5101 0101 0001 0000 0001 0.474 640 17 15 0
17 0x4801 0100 1000 0000 0001 0.421 904 18 16 0
18 0x3801 0011 1000 0000 0001 0.328 153 19 17 0
19 0x3401 0011 0100 0000 0001 0.304 715 20 18 0
20 0x3001 0011 0000 0000 0001 0.281 277 21 19 0
21 0x2801 0010 1000 0000 0001 0.234 401 22 19 0
22 0x2401 0010 0100 0000 0001 0.210 964 23 20 0
23 0x2201 0010 0010 0000 0001 0.199 245 24 21 0
24 0x1C01 0001 1100 0000 0001 0.164 088 25 22 0
25 0x1801 0001 1000 0000 0001 0.140 650 26 23 0
26 0x1601 0001 0110 0000 0001 0.128 931 27 24 0
27 0x1401 0001 0100 0000 0001 0.117 212 28 25 0
28 0x1201 0001 0010 0000 0001 0.105 493 29 26 0
29 0x1101 0001 0001 0000 0001 0.099 634 30 27 0
30 0x0AC1 0000 1010 1100 0001 0.063 012 31 28 0
31 0x09C1 0000 1001 1100 0001 0.057 153 32 29 0
32 0x08A1 0000 1000 1010 0001 0.050 561 33 30 0
33 0x0521 0000 0101 0010 0001 0.030 053 34 31 0
34 0x0441 0000 0100 0100 0001 0.024 926 35 32 0
35 0x02Al 0000 0010 1010 0001 0.015 404 36 33 0
36 0x0221 0000 0010 0010 0001 0.012 474 37 34 0
37 0x0141 0000 0001 0100 0001 0.007 347 38 35 0
38 0x0111 0000 0001 0001 0001 0.006 249 39 36 0
39 0x0085 0000 0000 1000 0101 0.003 044 40 37 0
40 0x0049 0000 0000 0100 1001 0.001 671 41 38 0

b41 0x0025 0000 0000 0010 0101 0.000 847 42 39 0
42 0x0015 0000 0000 0001 0101 0.000 481 43 40 0
43 0x0009 0000 0000 0000 1001 0.000 206 44 41 0
44 0x0005 0000 0000 0000 0101 0.000 114 45 42 0
45 0x0001 0000 0000 0000 0001 0.000 023 45 43 0
46 0x5601 0101 0110 0000 0001 0.503 937 46 46 0

Table 2.6: The state machine table of the MQ coder [68]. The state index I is a function of
the 19 different coding contexts i.e. I(Cx). The table keeps track of the index of the next state
based on whether an LPS or MPS was coded. For example if, an LPS is coded, the next state is
NLPS(I(Cx)). Additionally, each state contains the current estimate of the LPS probability Qe



Chapter 3

High Resolution Video

Compression Using Background

Modeling and JPEG2000

Before proceeding to motion based compression in 4-d, the 2-d compression of Aerial Video is ex-

plored as a case study in this chapter, offering insights into the design of a compression system in

higher dimensions. Recent development of wide area aerial video collectors (WAVC) that acquire

1.5 Gpixel images at ten frames per second [79] imposes novel challenges for compression and trans-

mission of the video data. Acquisition and manipulation of wide area aerial surveillance video is a

challenging task due to limited on-board storage and bandwidth available for transferring video to

the ground. A collection mission of two hours produces 350 TeraBytes of data and a bandwidth of

50 Giga Bytes/sec to record a three-channel video at 10 frames per second. These high bandwidth

processing and storage requirements warrant the need for an efficient compression scheme.

The current approach to managing WAVC data is to encode the video with JPEG20000 on a frame-

by-frame basis using multiple Analog Devices ADV212 chips, operating on sections of the video

frame in parallel. However, with lossless compression this approach results in only a 3:1 compression

ratio and cannot achieve the required frame rate. Applying higher compression ratios is not feasible

since the loss of fidelity for small moving objects significantly reduces the performance of automated

30



31

algorithms, such as video processing.

The overall objective of this chapter is to describe an approach to the compression of high reso-

lution surveillance video using a background model that tolerates frequent variations in intensity

and also apparent intensity change due to frame mis-registration. Since total pixel area of moving

objects in a scene is relatively small, an approach based on selectively encoding moving objects in

each frame and only transmitting a full frame occasionally is likely to produce a high compression

factor. The success of this strategy depends on the ability to accurately detect foreground. It is

proposed to use a background model based on a mixture of Gaussians (GMM), where the model

is compressed using JPEG2000. This approach leads to an efficient foreground detection algorithm

and a model that is relatively inexpensive to compute and store.

Alternative strategies such as Motion JPEG and MPEG-4 Part 10/AVC (also known as H264) [67]

video compression standards are not practical in this application. Both methods require the memory

storage of past frames, especially in the case of H-264 which uses up to 16 bi-predictive frames in

motion estimation as well as multiple motion vectors for each block which point to different reference

frames. These reference frames would have to be stored in high-speed memory, which is very limited

and largely occupied with the formation of video frames, e.g. Bayer color restoration.

Several implementations of video compression based on background-foreground segmentation ex-

ist [9] [107] but none suggest a practical solution for the case of ultra-high resolution aerial video.

Moreover, pixel-based background models which are less computationally demanding than block-

based models require very large memory. For example, the robust pixel-based background modeling

scheme proposed by C. Stauffer and W. Grimson [116] uses a mixture of weighted normal distribu-

tions at each pixel. Consequently, for a 3-channel video a model with three mixture components at

every pixel requires 21 floating point numbers per pixel, or a storage of over 130 GBytes per frame.

W.R. Schwartz and H. Pedrini [107], extend the motion estimation approach of Babu on foreground

objects by projecting intra-frame blocks on an eigenspace computed using PCA over a set of con-

secutive frames, thus exploiting the spatial redundancy of adjacent blocks. The cost of estimating

the PCA basis as well as the requirement of observing foreground-free frames during the estimation

process renders this approach unsuitable.
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3.1 Surveillance Video Compression

In the approach to be described, foreground pixels are detected using a Gaussian mixture model

(GMM), which provides rapid adaptation to changing imaging conditions as well as a probabilistic

framework. Since a GMM is stored at each pixel, the storage requirement would be prohibitive

without some strategy for model compression. In the following, a technique for significant model

data reduction without loss in detection accuracy is described. The description starts with a review

of the GMM background model.

3.1.1 Background Modeling

The extensive literature on background modeling methods can be assigned to two major categories.

The first one exploits temporal redundancy between frames by applying a statistical model on each

pixel. Model parameters are estimated either on-line recursively or off-line using maximum like-

lihood. Although the normal distribution seems sound and inexpensive at first, it cannot cope

with wide variations of intensity values such as reflective surfaces, leaf motion, weather conditions

or outdoor illumination changes. A natural improvement is to use a mixture of weighted normal

distributions(GMMs), a widely used appearance model for background and foreground modeling.

However, the amount of storage required to maintain a GMM at each pixel is impractically large for

the WAVC application. In order for the GMM representation to be effective, the storage requirement

must be reduced by at least an order of magnitude. This section presents an innovative approach to

the compression of such models in order to detect moving objects in very large video frames. Before

presenting the new compression method, a survey of the GMM background modeling approach is

provided as background. Without compression, such models would require an impractically large

amount of storage.

Friedman and Russell successfully implemented a GMM background model over a traffic video se-

quence, each parameter being estimated using the general Expectation-Maximization algorithm [43].

However, the most popular pixel-based modeling scheme is that implemented by Stauffer and Grim-

son [116], which uses a fast on-line K-means approximation of the mixture parameters. Several

variations of this method were developed improving parameter convergence rate and overall robust-

ness [78][141].

The second category of background models analyzes features from neighboring blocks thus exploiting
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Figure 3.1: Background model maintaining the distribution of background as a mixture of Gaussians
at each pixel

spatial redundancy within frames. Although Heikkilä,and Pietikäinen [59] implemented an operator

that successfully depicts background statistics through a binary pattern, the relatively high com-

putational cost prevent its use in this application. W.R. Schwartz and H. Pedrini [107], propose

a method in which intra-frame blocks are projected on an eigenspace computed using PCA over

a set of consecutive frames, thus exploiting the spatial redundancy of adjacent blocks. The cost

of estimating the PCA basis as well as the requirement of observing foreground-free frames during

the estimation process renders this approach unsuitable. The same reason makes other block-based

methods that capture histogram,edge, intensity [69][70] and other feature informations unsuitable

for high resolution surveillance video.

In the proposed approach, the background model is based on a fast-converging extension of the

Stauffer and Grimson approximation presented by Dar-Shyang Lee [78] to model background. The

extension of Lee is explained by starting with a summary of the basic Stauffer and Grimson algo-

rithm. The value of each pixel is described by a mixture of normal distributions, as seen in Fig.
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3.1. Thus, the probability of observing a particular color tuple X at time t is given by

Pr(Xt) =
K−1∑
i=0

ωi,t ·N (Xt,µi,t,Σi,t) (3.1)

K is the number of distributions in the mixture (typically 3 to 5) and ωi,t represents the weight of

distribution i at time t. Each distribution in the mixture (also referred to as mixture component) is

normal with Pdf :

N (Xt, µ,Σ) = 1
(2π) n

2 |Σ| 12
exp

(
−1

2 (Xt − µt)T Σ−1 (Xt − µt)
)

(3.2)

The proposed method checks to see if a new incoming pixel color tuple Xt+1 is within a factor f

(typically 2.5) standard deviations from a normal distribution in the mixture. If no match is found

the least weighted component is discarded in favor of a new one with mean Xt+1 and a high variance.

The weights change according to:

ωi,t+1 = (1− α)ωi,t + α ·Mi,t (3.3)

The value of Mi,t is 1 for the distribution with the closest match ( if more than one distribution

matches, the one with the highest match ratio (i.e. ωi/|Σi| ) is chosen and 0 for the rest of the

distributions. The learning rate α represents how fast should the new weight change when a match

is found. Each component i in the mixture will be updated as follows:

µt+1,i = (1− ρt,i)µt,i + ρt,iXt (3.4)

Σt+1 = (1− ρt,i)Σt,i + ρt,i(Xt − µt)T (Xt − µt) (3.5)

Essentially, ρ is the probability of observing the tuple Xt given the mixture component i scaled by

the learning rate.

ρi,t = αPr(Xt|i, θi,t) = αN (Xt,µi,t,Σi,t) (3.6)

The parameter α causes many inaccuracies in various applications since a small value leads to slow

convergence and a large value will make the model sensitive to rapid intensity variations. This

problem is addressed by Lee’s implementation in which each mixture component i has its own
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adaptive learning rate which is a function of a global parameter α and a match count ci,t (i.e. the

number of times component i was a match up until the current time t). Let qi,t be 1 if component

i is the closest match at time t and 0 otherwise. The weight is updated as follows:

ωi,t+1 = (1− α)ωi,t + αqi,t (3.7)

The key difference from the Stauffer and Grimson algorithm is the following update equation,

ρi,t = qi,tα

(
1− α
ci,t

+ α

)
(3.8)

Since each component maintains a history of observations, the convergence rate of the true back-

ground distribution can be achieved much faster while maintaining robustness in the early stages of

learning. The background model for video frames of dimension w × h at time t can be regarded as

an image of random variables

Θ =
{

Xij
t )|i < w , j < h , Xi,j

t ∼M (ωrt ,µrt ,Σrt )
}

(3.9)

The sample space for each pixel, Xij
t is the set of all possible color tuples (e.g. all 8-bit RGB value

combinations) and the probability function is the mixture of normal distributions M (ωrt ,µrt ,Σrt ).

Storing Θ losslessly requires a large memory space is not a practical solution. A highly compressed

representation of Θ will make implementations tractable but with the risk of inaccurate classifica-

tion of foreground objects. As will be seen, JPEG2000 provides an effective compression scheme,

since regions that are detected to contain foreground based on a highly compressed model can be

refined locally without decompressing the entire model, and thus obtain the accuracy of the original

background model.

3.1.2 The JPEG2000 standard

As seen in Sec. 2.1 JPEG2000 applies a transform (DWT) to the image and then truncates the bit

resolution of the wavelet coefficients. The coefficients are then encoded using image neighborhood

context analysis followed by entropy coding. In the case of large single frames, JPEG2000 has bet-

ter compression quality, compared to other coding schemes such as JPEG or H264. The standard

also supports the concept of levels, where quality can be flexibly balanced with compression ratio.
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Additionally the hierarchical nature of the DWT intrinsically provides an image pyramid, which is

useful for visualizing large images.

A discrete wavelet transform (DWT) decomposes a signal into low and high frequency coefficients.

A single level of the 2-d transform divides the image in four high and low frequency subbands along

each direction (e.g. the HL subband emphasizes the high frequencies in the horizontal direction and

low frequencies in the vertical direction). The subband that contains low frequencies in both hori-

zontal and vertical directions (LL) represents a low-pass filtered and downsampled representation of

the original image. A recursive application of the transform on the LL band yields a pyramid with

multiple levels of decomposition of the original image. The subband size in each level is one fourth

the size of corresponding one from the level before.

The effective tiered decomposition of the original image in JPEG2000 permits its decompression

at various intermediate resolutions before reaching the original image resolution. Once the wavelet

domain is computed via the lifting scheme with the Daubechies 9/7 or 5/3 wavelet filters, the coef-

ficients are quantized and entropy coded. To further achieve scalability, the reader is reminded that

JPEG2000 introduces the concept of coding passes when sending wavelet coefficients’ bits to the

entropy encoder. Instead of using a raster-scan order to code the nth bit of each sample, the coding

passes prioritize the coding of bits that will reduce distortion the most from the overall image. In

the case of lossy encoding, instead of truncating the same number of bits for every sample in a re-

gion, JPEG2000 truncates a certain number of coding passes, effectively performing a "selective" bit

truncation per sample. Furthermore, JEPG2000 has a highly hierarchic partitioning policy which

permits random access and decoding of spatial regions in the codestream.

A detailed treatment of the codestream formation process in JPEG2000 is given in Sec. 2.2.1 of

Chapter 2.

3.1.3 Compression of Background Models using JPEG 2000

In order to compress the background model, which is an array of GMM distributions, it is necessary

to derive the associated GMM distribution for the DWT coefficients at each subband at each level of

the wavelet decomposition. Since the wavelet transform involves basic arithmetic operations such as

addition and scalar multiplication, the required transform of the GMM will be evaluated according

to the presented novel technique based on the algebra of random variables.
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Merge

Figure 3.2: Convolution of two GMMs increases the number of components; The two lowest weighted
components are merged until the desired number of components is reached

Algebra of Random Variables

To obtain the distribution of the sum of two independent random variables knowing each of their

distribution, one must convolve one pdf with the other. Mathematically,

PX+Y (z) = PX(x)⊗ PY (y) (3.10)

The operator ⊗ stands for convolution. Similarly, one can determine the distribution of an invertible

function g of a random variable as such [132]:

Pg(X)(y) = PX(g−1(y)) · dg
−1(y)
dy

(3.11)

for our purposes let g be a linear function of the form Y = g(X) = s ·X. Thus (3.11) becomes

PY = 1
s
PY/s (3.12)
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Extending these to normally distributed random variables we have for the sum operator [134]:

N (X,µX ,ΣX)⊗N (Y, µY ,ΣY ) = (3.13)

= N (X + Y, µX + µY ,ΣX + ΣY ) (3.14)

Similarly for scaling:
1
s
N

(
Y

s
, µ,Σ

)
= N

(
Y, s · µ, s2 · Σ

)
(3.15)

The order of summation and integration can transposed thus obtaining,

M (θr)⊗M (θq) =
∫
z

m∑
i=0

ωri PXi
(z)

n∑
j=0

ωqjPYj
(x− z)dz (3.16)

=
n∑
j=0

m∑
i=0

ωri ω
q
j

∫
z

PXi
(z)PYj

(x− z)dz (3.17)

=
n∑
j=0

m∑
i=0

ωri ω
q
jN (Xi, θ

r
i )⊗N (Xj , θ

q
j ) (3.18)

Note that the convolution of two mixtures of size m and n generally yields m · n modes. The scalar

multiplication of mixtures simply scales each mode thus:

s ·M (ωr,µr,Σr) = M
(
ωr, sµr, s2Σr

)
(3.19)

The wavelet transform of Random Variables

Based on these operations over random variables, the distribution for each wavelet coefficient can

be obtained. One issue is that convolution of distributions produces a number of components equal

to the product of the number of components in each distribution. It is necessary to prune back the

extra components. One approach is to delete the lowest weight components and then renormalize

the weights of the remaining components. Alternatively Z. Zhang et al. [140] propose an elegant

way of merging modes in a mixture. Essentially, two mixture modes with weights ωi and ωj will

yield a new mode with weight ωk = ωi +ωj after the merger. The underlying property of the newly

obtained mode is:

ωkPr(X|k) = ωiPr(X|i) + ωjPr(X|j) (3.20)
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Figure 3.3: Probability map evaluation using LL5

Taking the expectation operator on each side will give out the mean µk of the new distribution.

The covariance is similarly obtained by solving Σk = E[XXT |k]−µkµTk Finally we end up with the

following merger relationships:

ωkµk = ωiµi + ωjµj (3.21)

ωk
(
Σk + µkµTk

)
= ωi

(
Σi + µiµTi

)
+ ωj

(
Σj + µjµTj

)
(3.22)

After each addition operation, the extra modes are merged until the desired mixture size obtained,

e.g. three or five components, as seen in Fig 3.2. Using the lifting scheme [36] the approximate

distribution of wavelet coefficients is obtained. For each frame F in the video, the probability map

P is obtained by evaluating at every pixel (i, j) Pr(Xi,j
t = F ij) .Thresholding and binarizing P, a

mask is obtained to select the foreground pixels which will be encoded using standard JPEG2000.

According to A. Perera et al. [99] H.264 is reputed to have better performance in encoding foreground

blocks. However, as mentioned earlier, its memory cost preclude its application in wide area aerial

video collection.

It is desirable to work with a JPEG2000 compressed representation of Θ when obtaining P. A sound
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implementation is to store in high speed memory the lowest resolution LL band (typically LL5 ) and

and use its random variables to evaluate the probability map. Let the lowest LL band in the wavelet

transform decomposition of Θ be ΘLL. Because the size of ΘLL is 25 = 32 times smaller than Θ in

each dimension, each distribution in ΘLL will be used to measure the probability of the pixels in a

32x32 patch in the video frame F. A less accurate probability map will result than the one obtained

using the full model Θ. However, by taking advantage of the scalability features of JPEG 2000, the

accuracy of this probability map can be increased according to the method described below. Low

probability pixels are assumed to be due to the result of actual foreground or possibly due to the

inaccuracy of the distribution in ΘLL. Distributions from ΘLL are refined by local decompression

from the codestream in order to distinguish true foreground from model inaccuracy. Pixels that

are found to have low probability in a frame will have their corresponding distribution from Θ

determined via local JPEG2000 decompression. The probability for those pixels is then re-evaluated

with the decompressed distributions which are close to the distributions of the in original model Θ,

as shown in Figure 3.3. The model will not be exactly recovered due to the fact that JPEG2000

irreversible compression is employed on Θ in order to obtain higher compression gains.

It is safe to assume that foreground pixels exist in coherent regions. Therefore it is efficient that

a pixel needing local decompression causes the neighboring distributions to also be decompressed

due to the pyramid structure of the DWT. Thus, the overhead involved with performing the inverse

DWT and bitplane de-coding is minimized.

Algorithm 1: Frame Encoding using JPEG2000 compressed Background Model
Input : Compressed background model Θ̃, coarsest resolution n, input frame F, refinement

decision probability threshold τp
Output: Compressed Foreground F̃

1 ΘLL =J2KGetSubband (Θ̃,’LL’,n)
2 foreach i ∈ F do
3 P(i)=Pr (F(i,ΘLL(i)))
4 if P(i) < τp then
5 P(i) = Pr(F(i,J2KDecompress (Θ̃, i)))
6 end
7 end
8 F =ApplyMask (F,Threshold (P, 0.9))
9 return J2KCompressImage (F)
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(a) (b)

Figure 3.4: (a): Percent of pixels requiring local refinement vs. bit rate. Each curve represents a
different decision threshold T for local decompression. (b): ROC characteristic curves for various
bitrates

3.2 Experiments

In the first experiments, data that has been obtained from a high-definition video camera is used to

evaluate the proposed scheme. In a final experiment, the compression performance is evaluated on

ARGUS wide-area aerial video data taken from one of the focal planes. [121] As mentioned above,

if the probability of a certain pixel measured with ΘLL falls below a certain value, the pixel’s corre-

sponding distribution from the compressed Θ is extracted from the codestream. Several experiments

have been run with different decision thresholds, namely {0.01 , 0.1 , 0.3 , 0.5 , 0.7 , 0.9 , 0.99}.

Background models were encoded at various bitrates also starting at 0.05 and ending at 32 bps(bits

per sample ). A 1280 x 720 background model having a maximum of three components per mixture

and each component having an independent covariance matrix takes up 5.5 KB of storage when

JPEG2000 compressed at 0.05 bps. A higher rate like 32 bps will increase the storage cost per frame

to 3184 KB. On the other hand, higher bitrate models require a smaller number of local decompres-

sions when evaluating foreground probability. It can be noted that even the higher rate produces a

model that is approximately 100 times smaller than the original GMM and comparable in storage to

a single uncompressed color video frame. The JPEG 2000 library used was D Taubman’s "Kakadu"

2.2 library [121]
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(a) (b)

Figure 3.5: Number of local refinements required with a decision threshold of 0.7 and a model
compressed at a rate of (a) 0.05 bps and (b) 32 bps

Figure 3.5 shows the pixels which require local decompression when evaluating the probability map

on one of the frames with two differently encoded background models. Figure 3.4 (a) shows that the

number of lookups drops dramatically as bitrate increases from a fractional value to an integer one.

Moreover, the receiver operator characteristic (ROC) curves in figure 3.4 (b) depict that the True

Positive Rate (TPR) vs. False Positive Rate ( FPR) pairs approach the top left corner rapidly as a

function of the bitrate of the model used to measure foreground probability. From both figures, it is

clear that models encoded at bitrates ranging from 5bps and above exhibit very similar characteris-

tics both in the ability to correctly identify background and the in number of local decompressions

required during probability evaluation.

3.2.1 Results

Video id Model Θ Video - Lossless Video - Lossy
@ 0.05 bps

Still 720p Camera 96 4 31
ARGUS City Scene 96 16 87

Table 3.1: Compression Ratios for two Video Sequences.

After each probability map is evaluated with the method described above, a binary mask is

derived from it via probability thresholding and is applied on the corresponding frame. The resulting

foreground objects are encoded using JPEG2000. Once every 50 frames the mean image Mt,k of the
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Figure 3.6: (a) Mean image Mk,50 (b) probability map evaluated with model encoded at 5 bps (c)
Segmented Foreground (d) Reconstructed Frame d = a+ c

highest weighted component of the background model is encoded, where

Mt,k = {µijtk|i < w , j < h , k = arg max
r

(ωrt ) , Xi,j
t ∼M (ωrt ,µrt ,Σrt )} (3.23)

Figure 3.6 shows a video frame and associated probability map, foreground set and its reconstruction

post compression. A 600 frame 720p video , having each foreground object losslessly compressed

according to the described method, will reduce its overall storage reduced by a factor of 4. Each

foreground frame has an average of 0.02 bps. The lossy encoding of foreground objects is possible,

at the expense of reconstruction artifacts. These are due to the fact that JPEG2000 smooths with

each DWT level abrupt transitions from RGB values at foreground edges to the 0-value background

label. This behavior has been reported by Perera et al. [99]. One solution is to losslessly encode a

binary mask corresponding to the foreground and apply it on the decoded foreground to eliminate

the smoothing artifacts. The results of this masking technique are shown in Figure 3.7. A second

aerial video sequence,acquired from one of the ARGUS focal planes, has frame size 2740x2029 and

the pixel resolution of moving objects is 25 times lower than for the stationary camera.
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(a) (b)

(c) (d)

Figure 3.7: Encoded foreground (a) lossy 0.01 bps (no mask), (b) lossy at 0.01 bps , (c) lossy at 0.05
bps and (d) lossless

As a consequence, a high compression ratio is achieved since the relative area of moving objects is

much smaller. Scaling the results to the full 1.5 GByte ARGUS sequence, the encoding of moving

objects requires only 90 MBytes. The results for video and background model compression are

summarized in Table 1. In each case, moving objects are encoded with no compression. It should

be noted that in the ARGUS sequence additional bits were spent on encoding pixel intensities

near discontinuities (edges) that are labeled as foreground due to frame misalignment. However,

misalignment still accounts for a small fraction of the pixels. In addition, the representation in

Section 4.3 will provide the 3-d, more general solution to representing the appearances of objects,

not only limited to background. Representing aerial scenes in the 3rd dimension will obviate the

need for co-registering frames with homographies.

3.3 Conclusions

It has been demonstrated that efficient foreground detection and frame encoding can be achieved by

exploiting the intrinsic mechanisms of the JPEG2000 coding scheme. By encoding the probability
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distributions it is possible to reduce the storage cost of GMM per pixel to the same order as a

single video frame. The resulting accuracy in foreground detection, even for video that is registered

to a single ground plane, enables a significant advance in compression ratio without sacrificing the

quality needed for computer vision algorithms such as tracking.

Future work will focus on a GPU implementation of the proposed algorithm. Pixel-wise and frame-

wise parallelism is inherent will be exploited in the implementation. Another consideration is to

develop algorithms for the lossy encoding of foreground objects to further improve the compression

ratio. As noted by Perera et al. [99], such compression is not a trivial task since JPEG2000 smooths

with each DWT level abrupt transitions from RGB values at foreground edges to the 0-value back-

ground label . Moreover, such encoding will inevitably require closer integration with the computer

vision algorithms, such as encoding only the information that is actually used in tracking.



Chapter 4

4-d Modeling

As seen in Sec. 1.1 the best compression factors in 2-d video compression are obtained when

temporal redundancy is exploited efficiently through detected foreground motion. Therefore, this

thesis will focus on an approach to 4-d compression where 3-d object dynamics are directly encoded.

Time varying object surface position is estimated using 3-d optical flow vectors. As a result, the

chosen representation of 4-d space will be intrinsically linked to the accuracy of the estimated flow

and ultimately to compression gain and compressed scene quality. This chapter is first dedicated to

describing properties of commonly used methods of modeling 4-d space and their suitability for the

flow estimation process and compression.

Due to the high accuracy and robustness in dealing with scene uncertainty and ambiguity, the

probabilistic volumetric model is an attractive method of representing 4-d space which will enable

accurate motion estimation essential in a compression scheme. Consequently, the second part of this

chapter defines in detail the underpinnings of probabilistic volumetric models, the 4-d representation

used in this thesis.

4.1 Mesh Based Representation and Compression

Meshes are one of the most popular methods of representing 3-d space and time varying 3-d space

due to their early adoption in the field of computer graphics and theoretical formulation based on

combinatorial topology. Their early widespread popularity spurred the development of dedicated

GPU chips for mesh rendering and APIs specifically designed for mesh processing. A polygon mesh

46
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Figure 4.1: Mesh based representation by Arcila et al. [8]. Here mesh connectivity is unable to deal
with changing scene topology

is a set of vertexes, edges and faces that collectively represent the 3-d object. Faces are typically

triangles, convex polygons or quadrilaterals. Mesh based reconstruction generally involves fitting the

elements of the mesh to a known 3-d shape. The method in [131] involves deforming then refining an

initial mesh according to an objective function that maximizes a photo-consistency metric. Despite

successes in both indoor and outdoor data, these approaches require a priori topological information

of the initial mesh. Moreover, in 4-d mesh models, changing scene topology that’s not consistent

with the initial mesh topology will be modeled incorrectly. A scene consisting of a bouncing ball

between two actors will be difficult to reconstruct using meshes if no information is known about

the topology of the ball and the arms of the two actors, as is seen in Fig. 4.1 There are works

that have been successful in detecting and adjusting scene topology accordingly for simple objects

and small deformations [101, 139], but not for scenes with complex objects with rapid topological

changes. Methods that employ a global topology that is consistent with all temporal instances have

proven reasonably successful in indoor studios where a set of mesh refinement non-linear registration

and topological change detection tools were used [16, 80]. However, long outdoor scenes where a

global topology cannot be easily provided remain challenging. For these reasons, estimating the

motion of a dynamic scene with varying topology will prove to be a difficult task if meshes are the

representation of choice.

4.2 Point Based Representation and Compression

Point clouds and time-varying point clouds are characterized by a set of data points in a given

coordinate system. Under this representation, the data at each coordinate typically contains texture,

normal information, probability information etc. Since point connectivity is not explicit, point-clouds

are more flexible than meshes when dealing with topologically varying shapes. Among the attributes
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Figure 4.2: Surfel Representation as presented by Tonnesen et al. [119]. The non-connectivity
property of the point cloud allows the modeling of surface deformations such as a cloth tear.

listed above, point clouds can be augmented with a surface representation. For example, the work

of Szeliski and Tonnesen [119] uses small surface elements (surfels) at each coordinate allowing the

modeling complex shape deformations. In the context of 3-d reconstruction works like [26] estimate

attributes of surfels such as curvature, motion and position and use them to reconstruct small 3-d

volumes without a priori information. Patch segmentation and tracking were also utilized [102]

with reasonable success.

While these methods can be used to model arbitrarily changing shapes [26, 55, 71], point clouds

obtained from multi-view camera setups are typically sparse. The output of 3-d reconstruction meth-

ods, including the state of the art patch-based multi-view stereo (PMVS) proposed by Furukawa et

al. [47] typically exhibits surface irregularities, errors and holes especially in the presence of calibra-

tion errors, featureless surfaces and scene ambiguity in general. Additionally, since neighborhood

information isn’t explicit, many processing operations (e.g. filtering, interpolation) require added

complexity or additional data structures. For this reason, an implementation of an optical flow

algorithm performed directly on 3-d point-cloud will prove cumbersome. Also, due to the sparse

nature of point-clouds and generally poor quality of the resulting 3-d model, the accuracy of the

optical flow estimation is guaranteed to suffer. Recent work by Park et al. [71] show robust tracking

of thousands of points can be achieved using 480 cameras. However, this thesis focuses on more

traditional and practical motion capture studios containing at most 16 cameras while producing

highly dense motion estimates as shown in Ch. 5
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4.3 Probabilistic Volumetric Models

As noted in the previous sections, it is desirable to represent dynamic scenes over a continuous

domain. A dense sampling of space will enable a more accurate description of the motion contained

in a scene which in turn will allow for better compression and reconstruction. Voxel based repre-

sentations partition 3-d space into cubic primitives with a desired size which can record attributes

such as color or occupancy. The voxel grid thus enables a continuous domain over which surfaces

can be represented. Unlike meshes and point-clouds, the voxel grid is defined everywhere within the

scene domain. Thus, modeling topological changes of scene geometry over time is unnecessary since

neighborhood relations are maintained unambiguously by the grid. This continuous representation

allows for dense flow estimation, which will be key in scene reconstruction and ultimately compres-

sion. Another advantage of the voxel formulation is the ease of retrieving neighborhoods around a

certain location, unlike point-based methods where interpolation or additional data structures such

as K-d-trees are required.

It is desirable to combine the continuous formulation of PVMs with probabilistic inference at

every voxel in order to model scene uncertainty and ambiguity. There are many probabilistic methods

used in conjunction with the volumetric representation [12] [21] [17] [100], many of which estimate

the likelihood of a cell being occupied by a surface element via Bayesian inference. The PVM

framework was first introduced by Pollard and Mundy [100]. In their representation, the scene

volume is decomposed into a uniform grid of voxels, each voxel X containing a surface probability, i.e.

the probability that the voxel is occupied by a surface element, that is denoted by P (X ∈ S). Each

voxel also contains a surface appearance distribution. The term appearance refers to the observed

intensity or color of a surface element arising from its reflectance and incoming scene illumination.

Although this distribution is only meaningful for voxels containing surfaces, it is defined everywhere

since each voxel has some non-zero probability of containing a surface. Pollard and Mundy utilized

a mixture of Gaussians (MoG) distribution to model Lambertian surface appearance. The multi-

modal nature of the MoG makes it robust to camera calibration errors, occlusions and transient

objects. More specifically, the appearance distribution P (IR|VR(X) = X) represents the likelihood

that voxel VR(X) along ray R was responsible for the observed intensity IR. To reconstruct the

PVM from images (with known camera pose and calibration), they proposed an algorithm that

updates the surface probability and appearance distributions in the volume using a single image.
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Figure 4.3: The non-uniform voxel grid refines 3-d space corresponding to surfaces. Illustration
taken from Crispell et al. [35]

This online algorithm follows from the Bayesian update equations and jointly updates the geometry

and appearance in the model using pixel observations from the image. Section 4.3.1 will be dedicated

to describing in detail the underpinnings of the learning process of PVMs.

The PVM formulation for uniform grids was later adopted to non-uniform grids, and in particular,

the octree by Crispell et al. [35]. This octree extension led to higher quality 3-d models while

requiring less storage than the uniform grid implementation. In this work, the reparametrization

of surface probability per voxel as a probability density along a ray allowed for a non-uniform

subidivision of the voxel grid. The details along with the advantages of this implementation will be

presented in Sec. 4.3.2. The octree implementation was further refined using data structures that are

amenable to GP-GPU processing by Miller et al. [93]. Miller et al. also exploited parallel execution

in the GPU to gains on the order of 600x in speed for scene reconstruction and rendering. Their

implementation allows reconstruction of large-scale high resolution 3-d models particularly using

aerial photo collections [25, 93, 104]. Section 4.3.3 will offer details on how the surface probability

reparametrization allows for non-uniform grids which enable a significant reduction in storage.

Despite success in reconstructing complex urban scenery that includes featureless surfaces, mov-

ing objects, occlusions and specularities, volumetric models have not gained popularity due to their

prohibitive storage cost.

A seminal work in 4-d PVM compression is proposed by Ulusoy et al. [123]. The 4-d world is

represented by a time-space-partitioning (TSP) tree which was first introduced by Shen et al. [109].

This data structure stores binary time trees at the leaves of the spatial octree. Specifically, a location
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Figure 4.4: 4-d space representation using Time Trees as presented by Ulusoy et al. [123]

in space corresponding to an octree cell will contain a history of all the values of the parameters

at that location up to the current time. Thus the binary-tree corresponding to an octree cell will

adaptively subdivide to accommodate new time instances at that location. The gain in compression

comes from the fact that the binary time tree at each octree cell is only subdivided when the surface

and appearance parameters at that location change significantly over time. Thus, static regions will

contain root-level binary time trees while regions that change over time due to motion will cause the

binary time tree to subdivide. The appearance and surface information of the new time instance

is then stored at the newly created leaf. Motion is detected in this framework via the Kullback-

Leibler(KL) divergence. DKL(p||q) is a measure of how well q can approximate p and is defined in

Eq. (4.1) [33]. According to this metric, the algorithm decides whether the current surface and

appearance parameters are sufficient to approximate the corresponding parameters at the next time

instance. If the distance exceeds a threshold, the time-tree is subdivided to ingest the new set of

parameters. Specifically, Ulusoy et al. define an internal appearance distribution threshold τI and

surface probability distribution threshold τS . The subdivision in time will occur if the inequality in

Eq. (4.2) is satisfied.

DKL(p||q) =
∫
p(x) log p(x)

q(x) (4.1)

DKL(Pr(Xt ∈ S)||Pr(Xt+1) ∈ S) > τS ∨DKL(p(I;Xt)||p(I;Xt+1)) > τI (4.2)

The defined thresholds can be varied in order to achieve desired compression ratios and corre-

sponding scene qualities. However, because the time-tree depth is limited to 5 in order to allow

efficient access on the GPU fast memory, the 4-d model compression ratio can be at most 32. For

this reason, a system that actually estimates motion can achieve a higher degree of compression by

exploiting temporal redundancies more efficiently. The next section will present the atomic elements
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X

Figure 4.5: 3-d space modeling using probabilistic volumetric models. Surface geometry is encoded
using smaller volumetric elements (voxels) than the ones representing empty space. Scene structure
is maintained through octrees. The surface and appearance parameters at each cell are learned from
image intensity observations

that constitute the PVM, namely the appearance and surface distributions, along with the process

of learning their parameters. The theory behind these concepts will lay the foundation for the next

chapters where 3-d optical flow estimation and compression using optical flow is presented.

4.3.1 On-line PVM Inference

The on-line learning scheme proposed by Pollard and Mundy is used to estimate the surface ap-

pearance and occupancy probability in each voxel [100]. The appearance is modeled as a mixture

of Gaussians (MoG) where parameters are trained jointly from surface information using an on-

line algorithm similar to the one proposed by Stauffer and Grimson [116]. Every voxel in the grid

contains an appearance distribution and a non-zero probability of being a surface. Pollard and
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Mundy’s assumption is that only one voxel along the camera ray RX is responsible for the ob-

served image intensity or color IR(X). The random variable VR(X) models this responsibility for

each voxel along the ray RX originating from the camera center to X. As mentioned in Sec. 4.3,

the likelihood of observing IR(X) knowing voxel X was responsible is modeled by the distribution

Pr
(
IR(X)|VR(X) = X

)
. For a ray RX intersecting voxel X and intensity observation IR(X) from

the input image t + 1, the posterior surface probability Prt+1(X ∈ S|IR(X)) is updated according

to an online Bayesian formulation for every voxel X along the ray.

Prt+1 (X ∈ S|IR(X)
)

= Prt (X ∈ S)
Prt

(
IR(X)|X

)
Prt

(
IR(X)

) (4.3)

Looking closely at the terms in Eq. (4.3), one can identify that the prior Prn(X ∈ S) at iteration n

is scaled by the ratio between the probability of observing intensity IR(X) given that X is a surface

voxel, i.e. Prn(IR(X)|X ∈ S) and the probability of observing IR(X) “in general”. Unfortunately,

the voxel that produced the intensity is not known a priori, thus the likelihood in the numerator is

expanded as a sum over all the voxels along the ray according to Eq. (4.4).

Prn
(
IR(X)|X ∈ S

)
=

∑
X′∈R(X)

Prn
(
IR(X)|VR(X) = X ′,X ∈ S

)
Prn

(
VR(X) = X ′|X ∈ S

)
(4.4)

Conditioning on VR(X) = X ′ in the first term of the sum implies that X ′ produced the observed

intensity. Consequently, the fact that X ∈ S is no longer important. Thus the first term becomes

Prn
(
IR(X)|VR(X) = X ′

)
, which is the appearance model at voxel X ′. The next step of the process

involves modeling the distribution of the r.v. VR(X). Pollard and Mundy assume that a voxel X ′

will produce the observed intensity along a ray if it is visible and is a surface voxel. Thus it follows

that,

Prn
(
VR(X) = X ′

)
= Prn (X ′is visible) Prn (X ′ ∈ S) (4.5)

Consequently, the probability of a voxelX ′ being visible is expressed as a product over all the voxels

along the ray that are before X ′

Prn (X ′is visible) =
∏

X′′<X′

(1−Prn (X ′′ ∈ S)) , vis(X ′) (4.6)
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Thus expanding both the numerator and the denominator in Eq . (4.3) as a sum over all voxels

along the ray the update ratio becomes,

∑
X′∈R(X) Prn (I|V = X ′) Pr (V = X ′|X ∈ S)∑

X′∈R(X) Prn (I|V = X ′) Pr (V = X ′) (4.7)

Since the second term in the sum in the numerator conditions onX ∈ S, one can set Pr(X ∈ S) = 1,

for all the voxels X ′ <X. A further implication on this conditioning is that all the voxels X ′ >X

cannot be responsible for the observed intensity, thus Pr(V = X ′|X ∈ S) = 0, ∀X ′ > X. Thus the

numerator can be expanded as follows:

∑
X′∈R(X)

Prn (I|V = X ′) Pr (V = X ′|X ∈ S) = Prn (I|V = X) Pr (V = X|X ∈ S)︸ ︷︷ ︸
1·vis(X)

+ (4.8)

+
∑

X′<X

Prn (I|V = X ′) Pr (V = X ′) +
∑

X′>X

Prn (I|V = X ′) Pr (V = X ′|X ∈ S)︸ ︷︷ ︸
0

= (4.9)

=
∑

X′<X

Prn (I|V = X ′) Pr (V = X ′) + Prn (I|V = X) vis(X) (4.10)

Similarly, consider the sum of the voxels after X in the sum in the denominator of Eq. (4.7) which

can be expanded as follows:

∑
X′>X

Prn (I|V = X ′) Pr (V = X ′) = (4.11)

∑
X′>X

Prn (I|V = X ′) Prn(X ′ ∈ S)
∏

X′′<X′

Prn(X ′′ /∈ S) = (4.12)

Prn(X /∈ S)
∑

X′>X

Prn (I|V = X ′) Prn(X ′ ∈ S)
∏

Xp<X

Prn(Xp /∈ S)

︸ ︷︷ ︸
vis(X)

∏
X<X′′<X′

Prn(X ′′ /∈ S) =

(4.13)

Prn(X /∈ S) vis(X)
∑

X′>X

Prn (I|V = X ′) Prn(X ′ ∈ S)
∏

X<X′′<X′

Prn(X ′′ /∈ S) (4.14)

Here the probability of not being a surface is evidently Prn(X /∈ S) = 1−Prn(X ∈ S). In order to

analyze the properties of Eq. (4.7) in detail, it is useful to express the observation likelihoods as a

sum over voxels that are encountered before X i.e. X ′ <X and after X,i.e. X ′ >X, respectively.
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Namely,

preX =
∑

X′<X

Prn(I|V = X ′)Prn(X ′ ∈ S)
∏

X′′<X′

(1−Prn(X ′′ ∈ S)) (4.15)

postX =
∑

X′>X

Prn(I|V = X ′)Prn(X ′ ∈ S)
∏

X<X′′<X′

(1−Prn(X ′′ ∈ S)) (4.16)

Combining Eq. (4.8), (4.11) and using the quantities defined in Eq. (4.15) and (4.16) into Eq. (4.7)

the multiplier of Pr(X ∈ S) becomes:

preX + vis(X)Prn(I|V = X)
preX + vis(X) (Prn(X ∈ S)Prn(I|V = X) + (1−Prn(X ∈ S)) postX) (4.17)

Convergence The surface probability of a voxel is increased if it provides a better estimate of the

observed intensity than other voxels on the ray. Namely, the surface evidence of voxel X increases

if Prn(I|V = X) > postX . The algorithm is said to converge when

lim
n→∞

Prn(X ∈ S) = 1↔ lim
n→∞

Prn(X /∈ S) = 0∀X (4.18)

In addition, each appearance distribution converges if it contains only one mode with minimally

allowed nonzero variance. The latter implies that a surface voxel projects the same intensity in all

of the input images on convergence. Given enough viewpoints and iterations, a true surface voxel’s

evidence will increase with each iteration since the quantity postX becomes lower, which causes the

ratio multiplier to be greater than 1. More specifically, if the appearance distribution Prn(I|V =

X) explains a new observation better than the voxels after X its surface evidence will increase.

Conversely, as surface voxels’ evidence converges to certainty, empty voxels will have increasingly

lower evidence since the denominator in the update ratio increases with larger postX relative to

Prn(I|V = X). The resulting empty voxels will have a uniform weight and high variance distribution

as a result of non-consistent observations from multiple view-points/iterations. In reality, however,

total convergence is never achieved. Featureless surfaces (lack of texture) will enable a multitude of

solutions that explain well all of the observations. In addition, some surfaces are non-Lambertian

which will cause fluctuations in intensity or color depending on the view point. These issues are

referred to as scene ambiguity and scene uncertainty [12] and although the probabilistic approach

handles them well to a certain degree, 3-d reconstruction is still an ill-posed problem. As seen in Fig.

4.6, there is an infinite number of reconstruction solutions for the featureless colored segments. The
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Figure 4.6: Scene uncertainty and ambiguity as exemplified by Crispell et al. [35]. (a) Two cam-
eras capture three distinct featureless surfaces. (b) The Visual Hull Reconstruction method. (c)
The probabilistic model. Here, the true surface may lie anywhere within the shaded regions. (d)
Reconstruction using a prior shape model, i.e. the dotted line.

following section will focus on how appearance can be better modeled when there is a dependence

on viewpoint.

Appearance Modeling As mentioned in Sec. 4.3.1, the initial implementation of Pollard and

Mundy uses mixture of gaussians (MoG) as a model for surface appearance, typically containing

3 components as in Eq. (4.19). This multi-modal distribution accounts for appearance variations

due to occlusions, illumination conditions, transient objects and calibration errors. Its parameters

are learned using a slightly modified version of the on-line update scheme used by Stauffer and

Grimson [116]. Modes are ranked the same way as presented in Sec. 3.1.1 using the value of ωi/σi,

thus preferring higher weight and lower variances. If a new observation I is within 2.5 standard

deviations from the highest ranked component, its parameters will be updated with I. Since a

voxel’s probability of being a surface is not always 0, the appearance of all the voxels along the

ray need to be updated with the new observation I, despite that only one voxel is assumed to have

produced the observation. Consequently, a weighting scheme is introduced where voxels’ appearance
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parameters are weighted by their likelihood of being responsible for the observation, i.e. Pr(V = X).

p(I = IR(X)|VR(X) = X) =
3∑
i=1

ωi

σi
√

2π
exp

( (IR(X) − µi)2

2σ2
i

) 3∑
i=1

ωi = 1 (4.19)

As previously stated, surface evidence increases with how well the appearance distribution can

explain a new observation. However, if a surface has non-Lambertian reflectance the assumption

of a constant observed intensity for a surface element is violated. Specifically, specular surfaces

will be modeled by a high variance, uniform weight MoG since observations will be inconsistent

across views. This causes surface evidence of specular regions to decrease, similar to those of an

empty voxel. Ulusoy et al. [123] propose an appearance modeling scheme that deals with specular

surfaces efficiently. A specular variation could potentially be modeled by increasing the number

of MoG components, however, this would increase the storage cost of appearance parameters for

each voxel. Ulusoy et al. suggest that non-Lambertian surfaces’ appearance is highly correlated

with the viewpoint, thus can be better modeled by a view-dependent distribution. Thus, for a given

observation I from viewpoint V only the distribution corresponding to that viewpoint will be updated

with said observation i.e. pV(I). However, storing a distribution for each possible viewpoint is highly

unpractical, as the parameter space scales with the number of available viewpoints. Moreover,

training such distributions would require a significant number of observations per viewpoint in order

to reach convergence. To address this problem, Ulusoy et al. introduce the concept of canonical

viewpoints, a set of n vectors {Vi}n known a priori which are distributed to roughly cover the same

area as that of the camera views. Thus for a an arbitrary direction V, the resulting appearance

will be a weighted sum of appearances that are roughly in the same direction. A natural measure

of proximity to the current view is the negative inner product −Vi · V. This metric will attenuate

the contribution of canonical directions that don’t face the current view. Thus, the view-dependent

appearance model is defined as,

p(I,V) = 1∑
ωi

n∑
i=1

ωipVi
(I) (4.20)

ωi =


−Vi · V if Vi · V < 0

0 otherwise
(4.21)
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Figure 4.7: The view dependent appearance model as explained by by Ulusoy et al. [123]. Note
how the grayed directions do not contribute to the final distribution p(I;V ), as they face away from
the camera ray V . Since V1 faces V almost directly, it will have the highest contribution w1 while
canonical directions V2 and V3 will have some nonzero contributions w2 and w3, respectively

Pollard and Mundy demonstrated the robustness of the MoG when modeling intensity variation

and dealing with occlusion across multiple views. However, such distribution for each canonical view-

point will not be practical due to storage requirements and parameter estimation feasibility. More

specifically, for a set of 8 canonical viewpoints modeled using a 3-component MoG per viewpoint

the parameter space per voxel will be 88. The cost of storing such an appearance model for a

30M cell scene is prohibitive even for state of the art GPU hardware. Additionally, the number

of viewpoints required to estimate the parameters of each view-dependent distribution has to be

significantly larger as viewpoints with 0 weight do not contribute to a distribution’s update as seen

in Eq. (4.21). Consequently, Ulusoy et al. use the single Gaussian per canonical viewpoint thus

reducing the parameter space by a factor of roughly 4. This enables amenable storage costs and

feasible parameter estimation. Although, not as robust as the MoG when dealing with occlusions,

the single Gaussian update can be improved by re-initializing the parameters during the initial

iterations. The re-initialization will erase the parameters which might have been updated with

observations from occluding surfaces. Ulusoy et al. tested the view-dependent appearance in time-

varying 3-d reconstructions using multiple synchronized videos captured in an indoor studio setup.

In particular, they use sequences from the INRIA 4-d repository that provide videos from 16 cameras

distributed around a subject [2]. The proposed view-dependent distribution of surface appearance by

Ulusoy et al. was shown to capture the view-dependent variations in surface appearance and enables

reconstruction of reflective non-Lambertian surfaces as seen in 4.8. This is a major improvement

over the MoG PVM appearance model and many other multi-view reconstruction algorithms which
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Figure 4.8: Renderings of scene where appearance has been modeled using (a) Single-Gaussian,
(b) Mixture of Gaussians,(c) the View-dependent Appearance model. Image taken from Ulusoy et
al. [123]

rely on the Lambertian surface reflectance assumption and therefore have difficulty reconstructing

such reflective surfaces.

4.3.2 Occlusion Density and Visibility - How not to be Seen

As mentioned in Sec. 4.3, the implementation of the PVM on a non-uniform grid was introduced

by Crispell [35]. In order to be able to describe the process of Optical Flow estimation on the non-

uniform grid, the re-parametrization of surface voxels using occlusion density must be first presented.

The initial step of this re-parametrization involves revisiting the concept of visibility. As seen in

Eq. (4.6), each voxel intersected by the ray contributes its full probability amount to the product∏
i(1−Pr(X ∈ S)). Crispell proposed an alternative where the probability of each voxel Pr(X ∈ S)

is related to the length of the ray-voxel intersection. This way, voxels that contain larger segments

of the intersecting ray will have a higher surface probability contribution, as seen in Fig. 4.10. In

order to find the relationship between visibility and the length of ray-voxel interections, Crispell first

defines the probability of a point q being visible at distance s along a ray as Pr(V ) or, as defined

in the previous section vis(s). Additionally the probability of the occluding point is introduced as

Pr(Qls), i.e. point s is visible but point s + l is occluded along the ray. The two concepts can be

related as,

Pr(Qls) = Pr
(
Vs+l|Vs

)
= 1−Pr(Vs+l|Vs) (4.22)

Pr(Qls) = 1−

1︷ ︸︸ ︷
Pr(Vs|Vs+l) Pr(Vs+l)

Pr(Vs)
= vis(s)− vis(s+ l)

vis(s) (4.23)



60

Taking the limit liml→0 Pr(Qls) and dividing by ds, the probability per unit length, i.e. the occlusion

density, takes the following differential form,

Pr(Qdss )/ds = −d vis(s)
vis(s) = −vis′(s)

vis(s) , α(s) (4.24)

After integrating over the length of segment l, the probability that a point is visible over the interval

[0, l] is expressed as:

vis(l) = exp
(∫ l

0
α(s)ds

)
(4.25)

Now that visibility is expressed as a function of intersection length and the density per unit

length α(s), Crispell continues by expressing occlusion likelihood, Pr(Qls) using the same quantities.

Specifically,

Pr(Qls) = 1− exp
(∫ s+l

s

α(s′)ds′
)

(4.26)

An important observation that Crispell makes is that occlusion probability, a continuous quantity,

can be related to voxel surface probability by abandoning the ray geometry and using a canonical

length as the domain of integration. Assuming the occlusion density is constant inside a voxel

and using the voxel side-length l̂ as the canonical length, a voxel’s occluding likelihood or surface

probability can be expressed as:

Pr(Qls) = 1− exp(−l̂α) (4.27)

Finally, using the re-parametrization of surface probability as occlusion density, the update formula

from Eq. (4.7) can be expressed as:

Pr(α|I) = Pr(αi)
visi Pr(I|si ≤ V < si+1)

∑j−1
j=0 (1− exp(−αj lj)) visj Pr(I|sj ≤ V < sj+1)∑∞

j=0 (1− exp(−αj lj)) visj Pr(I|sj ≤ V < sj+1)
(4.28)

Please note that the appearance model is now conditioned over the voxel that contains the ray

intersection segment [sj , sj+1) as Pr(I|sj ≤ V < sj+1). Also, the visibility is computed using the

discrete form of Eq. (4.25), namely

visi = exp

− i−1∑
j=0

αj lj

 (4.29)

The motivation behind expressing the update and rendering equations as a function of partitioned
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ray segments is tied to the adaptive refinement of the voxel grid. The scene surface parameters are a

function of ray length intersections i.e. α(s) rather than being constant over a fixed-size voxel loca-

tion,i.e. Pr(X ∈ S) as in the case of the first implementation. Assuming that the occlusion density

is constant within a voxel, splitting a voxel in half won’t change the occlusion probability of the

resulting two voxels. Thus a non-uniform sampling of 3-d space is enabled by this reparametrization.

It should be noted that this continuous representation is essentially ray dependent and so model

properties at a given voxel are dependent on the image viewing directions that provided update

information to the model.

s

α
(s
)

Camera

s

vi
s(
s)

s

ω
(s
)

Figure 4.9: Quantities α, ω and vis corresponding to a ray piercing a hollow, transparent cube. The
voxels corresponding to the cube faces have surface probabilities that are less than 1. Note how
α(s) is maximal at the ray-cube intersection points. The visibility drops as the ray pierces the cube
faces. Evidently, the intersection point on the top face is more likely to be the ray occlusion point,
as seen in the ω(s) plot

The Expected Image A desirable property of the PVM is to be able to compute the expected

intensity from a given ray R. This will enable the user to render the model from various perspectives,

other than the ones used to train the model. In addition, the expected image can be used as a measure
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of model quality which will be later presented during the evaluation of compression and optical flow.

Before formally defining the expected image, the complement of visibility along a ray is introduced

as Ω(s) = 1 − vis(s). This quantity represents the likelihood that the ray will become occluded at

distance s from the camera center. Crispell defines this quantity as a probability per unit length,

ω(s)

ω(s) = d

ds
Ω(s) = d

ds
(1− vis(s))

ω(s) = − vis′(s) = α(s) vis(s)
(4.30)

Note that the last line of the above equation was derived using the differential form of visibility

defined in Eq. (4.24). It follows from the definition of ω in Eq. (4.30) that the point of occlusion

along the camera ray needs to be both visible to the camera and and have high surface likelihood.

This traces back to the discrete random variable VR(X) = X defined in Eq. (4.5), which represents

the likelihood that voxelX was responsible for a given observation along a ray. Pollard and Mundy’s

assumption was that the responsible voxel had to be both visible and have high surface evidence

which is equivalent to Ω(s). In order to better grasp the meaning of the quantities vis(s), ω(s) and

α(s) please refer to Fig. 4.9. It is also necessary to define the ancillary quantity vis(∞) which

represents the likelihood that a ray passes through space unoccluded and is defined as:

vis(∞) = 1−
∫ ∞

0
ω(s)ds (4.31)

Previously, appearance distributions were presented in the context of model learning and updating

and were evaluated at the observed intensity I via the Pr(·) operator. By contrast, the expected

image formulation will use the probability distribution function (PDF) of the appearance model.

Specifically, pA(I|R, s) represents the appearance PDF of the voxel at distance s along camera ray

R. Additionally, the corresponding appearance model of a ray R that passes unoccluded through

space is defined as p(I|R,∞) and is typically modeled in practice by a uniform distribution over

gray values. Finally, the intensity distribution of an image point parametrzied by camera ray R is

defined as,

P(I|R) =
∫ ∞

0
ω(s)pA(I|R, s)ds+ vis(∞)pA(I|R,∞) (4.32)
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Figure 4.10: The partitioning of a ray into segments bounded by ray-voxel intersections, as illustrated
by Crispell et al. [35]

The expected value of this distribution will yield a pixel value in the range [I0, I1] for image-ray R,

E [P(I|R)] = 1
I1 − I0

∫ I1

I0

ω(s)
∫ ∞

0
pA(I|R, s)ds di+ vis(∞)pA(I|R,∞)di (4.33)

=
∫ ∞

0
ω(s)E [pA(I|R, s)] ds+ vis(∞)E [pA(I|R,∞)] (4.34)

In practice, however, the expected intensity is computed much easier through the discrete parti-

tioning of the ray R into ray-voxel intersection segments as seen in figure 4.10.

When integrating the second relationship in Eq. (4.30) and assuming ω(s) is constant over the

segment [si, si+1) the probability of occluding the ray is:

Ωi =
∫ si+1

si

ω(s)ds = −
∫ si+1

si

vis′(s)ds = vis(si)− vis(si+1) (4.35)

Thus the discrete form of Ωi is the negative difference of two consecutive visibility probabilities.

Using the discrete Ωi’s at each voxel as weights, the discrete form of Eq. (4.33) is computed as

the weighted sum of the expected values of each appearance distribution pA(I|R, si, si+1) along the

partitioned ray R,

E[I] = vis∞ E[pA(I|R,∞)] +
S+1∑
i=0

ΩiE[pA(I|R, si, si+1)] (4.36)
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Figure 4.11: Expected Image Rendering of the Barus & Holley building at Brown University

Henceforth, the term ’rendering’ in the context of PVMs will refer to the process of computing the

expected image. A typical expected image is presented in Fig. 4.11. Expected images or scene-

renderings will be used throughout this thesis to measure reconstruction quality when warping a

scene instance into the next using the estimated flow.

4.3.3 GPU Implementation of the Non-Uniform Voxel Grid

Having presented the theoretical considerations of PVMs, it is necessary to give a brief overview of the

GPU implementation. The spatial structure of the PVM is tailored for fast memory operations on the

GPU allowing efficient neighborhood access. More specifically, A PVM’s voxel grid is implemented

as a 3-d array of complete octrees, i.e. each octree node has either 8 children or none. This property

allows the octree to be easily encoded as a binary word, each bit indicating whether a specific node

has descendants. The kth bit of the encoded word corresponds to the kth node encountered during

a breadth first search (BFS) traversal of the octree. For example, a complete binary bit-tree with 4

levels and its associated binary word is presented in Fig. 4.12. The bit under each node indicates

whether that node has children. The placeholder “×” indicates nodes that do not exist in the tree.

In this case, a 0 bit is placed in their corresponding location in the word. It is clear from this

example that the bit corresponding to the first child of node i is n · i+ 1, where n = 8 for the case

of the octree and n = 2 for the binary tree. Similarly, the parent of a node i is located at b i−1
n c.

These formulas provide trivial access to neighboring nodes, precluding the need to store additional

child or parent pointers. Moreover, the binary words can be stored in the fast, but limited GPU

local memory. In order to take advantage of fast memory access via local registers, the tree-depth is

limited to 4 which in turn limits the tree binary word length to less than 16 bytes. In order to access
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Figure 4.12: Binary bit tree and associated binary word. Note how C’s descendants are marked with
an × and their corresponding bit is set to 0

the appearance and surface parameters of a given node a lookup table is used to map bit indexes

to pointers into the slower GPU global memory where these quantities are stored. A representation

of this octree structure is shown in Fig. 4.13. A consequence of representing occlusion probability

Figure 4.13: Octree representation and associated data buffers

as a density per unit length is the ability to refine only the cells of surface voxels . The scene is

initialized as a uniform grid of root-only octrees. As soon as surface evidence for a given cell exceeds

a threshold, that cell is split into its 8 children, each one inheriting their parent’s occlusion density

while their appearance information is reset. The refinement check occurs after each input image

update. Miller et al. [93] provides an efficient scheme to refine octrees in parallel by keeping track of

pointers into an array of pre-allocated size. This algorithm achieves speedup of 600X over the C++

implementation, paralellizing the ray image space for each input image,i.e. a GPU thread handled the

update/expected value of all the voxels along a given ray . Thus 480p expected images are rendered
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at 30 fps. It should be evident now that parametrizing voxels using α(s) conserves probability

across 3-d space after the refinement operation. By integrating a child’s inherited occlusion density

over its side-length which is half the length of its parent, each child receives the same probability

contribution. The encoding of occlusion density per voxel as well as the resulting refinement process

will be essential during the optical flow computation which will be presented in the next chapter.

4.4 Conclusions

This chapter summarized various ways of representing 4-d space along with their feasibility in esti-

mating motion for the purpose of compression. Due to its accurate representation of 4-d space and

robustness in the presence of scene uncertainty and ambiguity the probabilistic volumetric model is

chosen as the framework for this thesis. The underpinnings of training the parameters of the PVM

using Pollard and Mundy’s initial method were first presented. Next, the improvements brought by

Ulusoy et al. and Crispell et al. in appearance modeling and surface likelihood reparametrization

were discussed, respectively. Additionally, a method of rendering the PVM from arbitrary viewpoints

is presented which is based on computing the weighted sum of expected appearances along a ray.

This method will be used as a means of evaluating the quality of scene reconstruction using optical

flow warping. A similar quantity, the expected flow, will be prsented in the following chapters which

will be used to render 3-d probabilistic flow onto the expected image. This theoretical foundation

of PVMs will provide a complete picture to the context of optical flow estimation and compression

in 4-d space.



Chapter 5

Multiresolution 3-d Optical Flow

5.1 Introduction

Progress in the accuracy and speed of 3-d reconstruction algorithms has motivated research in

the construction and analysis of dynamic 3-d scenes [24, 71, 97, 123, 126, 127]. A key attribute of

dynamic scenes is the instantaneous 3-d motion of surfaces in the scene. This motion field establishes

correspondences between surfaces at two consecutive time steps and it is commonly referred to as

scene flow [128].

This chapter presents a new method to estimate dense scene flow from calibrated multi-view

image sequences. The proposed method reconstructs 3-d models independently for each time step

using images synchronously captured from multiple viewpoints. Then, the method computes the

3-d flow between two consecutive 3-d models. The first contribution of the chapter is to formulate

the scene flow problem using a volumetric and probabilistic representation of 3-d surface geometry

and appearance. A typical result of the proposed algorithm is shown in Fig. 5.1. The 3-d models

are encoded in a multi-resolution grid that stores occupancy probability in each voxel, as well as

a surface appearance distribution. Here, surface appearance refers to the combination of surface

reflectance and illumination giving rise to the pixel intensity or color seen in images of the surface.

The second contribution of this work is presenting an improved method for scene reconstruction

and its applications in compression. A desirable property of the optical flow field is a compact

representation from which the inverse quantity can be derived. By modeling position and flow

vectors with a Gaussian mixture model (GMM), a scene can be decomposed into regions of similar

67
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motion. The flow field within each partition is assumed to be locally affine and consequently fitted to

a 12-parameter transform. Using the sets of affine transformations, a receiver can then reconstruct

scene instances after the first one, obviating the need to send the full model at every time step.

Time

V
iew

point

Figure 5.1: The estimated 3-d motion is visualized as 2-d line projections. The figure shows flow
results from three consecutive frames of the “Boy playing ball" sequence. Note that the flow vectors
correctly point in the direction of the ball’s motion.

The choice of 3-d model representation yields several advantages in estimating scene flow. First

of all, the representation encodes surface occupancy and appearance information in a dense manner,

i.e. estimates are available everywhere in the volume. This representation yields an analog of the

image domain in 3-d. An image encodes the perspective projection of surface appearance in a 2-d

regular pixel grid. This representation encodes probabilistic estimates of surface locations and their
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appearances in a 3-d voxel grid. This 3-d volumetric image representation enables the computation

of scene flow by classical optical flow methods. In this paper, the Horn and Schunck formulation for

optical flow [63] is adapted to compute dense scene flow in such 3-d models. It is emphasized that the

adaptation is not straightforward, given the probabilistic 3-d appearance and surface representation

of the PVM.

A second motivation is the recent progress in multi-view 3-d reconstruction algorithms that

estimate such representations from input images. In particular, Ulusoy et al. demonstrate that high

quality 3-d models which achieve free-viewpoint video realism can be obtained for the datasets used

in this chapter [123]. The results presented here utilize 3-d models obtained with their method. The

probabilistic treatment of this 3-d reconstruction method not only helps achieve better quality 3-d

models as demonstrated earlier [25, 104] but also allows retaining the uncertainties of reconstruction

from images, which is utilized by the subsequent scene flow algorithm.

The 3-d representation is stored in an octree, where fine resolution voxels are allocated only

near surface locations. This adaptive decomposition of space is essential to manage computational

requirements and in particular, processing in the GPU [35, 93, 123]. This embedded hierarchical

representation naturally provides a structure, similar to an image pyramid, to compute scene flow

using a coarse-to-fine scheme. As known from research in optical flow, such hierarchical computation

is essential to recover large motion displacements [117]. Results indicate the motion of fast moving

objects, such as the hands of the dancer in Figure 5.3 can be captured using this scheme.

Finally, this volumetric representation allows tracking surfaces undergoing changes in surface

topology. In contrast, many related methods utilize a mesh representation [6, 23, 37, 46, 48, 142]. As

seen in Sec. 4.1 The mesh representation complicates recovering motions that violate the topology

of the initial mesh and therefore such methods cannot deal with changes in topology. This advantage

of volumetric representations has also been a motivating factor for level-set methods [34, 96].

This chapter presents a new formulation of dense scene flow using probabilistic and volumetric

3-d models. To the best of the authors’ knowledge, the results demonstrate the densest flow fields

achieved in current datasets. Unfortunately, there exist no ground truth dataset to measure the

accuracy of the flow results. Instead, this work presents novel-view rendering experiments where

the scene flow that is computed between two models t and t + 1 is used to warp the model at t

and then compare the result with the t+ 1 model. High quality rendering results obtained in these

experiments are indicative of the accuracy of the scene flow estimates. This method of validation
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Time

Figure 5.2: Estimated 3-d flow projected using the Expected-flow method onto novel view rendering
of consecutive time instances of the “Adult Child Ball” sequence. Despite the ball’s large motion
(3-4 voxels at the coarsest level or 12 cm ) the flow is recovered properly

fits perfectly with the goals of scene reconstruction and compression of this thesis. More specifically,

it is desirable to measure the quality of scenes reconstructed using the re-parametrized flow and

the original flow itself. The affine re-parametrization process is a novel method that significantly

reduces flow field storage requirements and enables a more efficient scene warping technique.

5.2 Related Work in Scene Flow

Scene flow is a highly studied problem in computer vision. This section reviews some of the most

related works for the purposes of this chapter.

In recent years, there has been renewed interest in scene flow algorithms, particularly using

stereo [42, 111, 124, 130] or depth sensor input [54, 61, 64, 81, 103]. Since the input data is from one

or two views, these methods work with a view-centric 2.5-d surface representation, i.e. a depth map.

This thesis considers input from more than two cameras distributed roughly around the subject,

which allows producing much more complete 3-d models. This kind of data is typically obtained

in indoor studio settings and the datasets used in this paper are freely available at the INRIA 4-d

repository [2]. This type of input data allows building dense 3-d models and recover dense scene

flow.

Most methods that consider similar input data work with a mesh-based surface representation and

track the vertices of a base mesh obtained either through multi-view stereo in the first frame [24, 46]

or a detailed laser scan of the subject prior to recording [6, 37, 48]. The vertices are typically tracked

using image pixel intensities/colors, silhouette inputs while penalizing implausible deformations. As

mentioned earlier, the mesh representation complicates tracking motions that change the mesh

topology. Current research show robust topological change detection requires highly clean and
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Time

Figure 5.3: Estimated 3-d flow projected onto Novel-view rendering of consecutive time instances
of the “Dancer” sequence. The resultant flow in this sequence matches accurately the voxels in the
next time instance. Full video Sequence available in the supplementary material

manifold meshes [15]. It remains to be seen whether these methods can be applied to uncertain and

ambiguous 3-d data obtained from sparse camera setups considered in this paper.

Point clouds provide an alternative representation [26, 55, 71]. While they can be used to model

arbitrarily changing shapes, point clouds obtained from multi-view camera setups are typically

sparse. Recent work by Park et al. show robust tracking of thousands of points can be achieved

using 480 cameras. By contrast, the work reported here focuses more on traditional setups containing

at most 16 cameras while producing highly dense motion estimates as shown in Figures 5.1 and 5.3.

Volumetric models have also been proposed for 3-d motion estimation. Basha et al. utilize a

volumetric image similarity cost function to estimate scene flow [11]. Their method doesn’t explicitly

compute surface occupancy and therefore cannot deal with occlusions. Guan et al. use silhouette

inputs and solve for a 3-d model and flow vectors jointly [53]. The method presented here would

potentially benefit from such a joint approach too. Both works [11, 53] utilize an MRF-based

deformable registration algorithm by Glocker et al. [49] which produces a discrete set of flow vectors.

In contrast, the flow formulation in this thesis is continuous.

The rest of the chapter is organized as follows. Section 4.3 contains background information on

the 3-d models and associated reconstruction algorithms. The scene flow formulation is presented

in Section 5.3. Section 5.4 demonstrates a method of flow rendering in a probabilistic context while

synthetic results for optical flow estimation are presented in Section 5.5. The chapter is concluded

with a summary in Section 5.6.
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5.3 Coarse-to-fine Scene Flow

This section describes the 3-d multiscale adaptation of Horn and Schunck [63] to the probabilistic

volume model representation. The continuous formulation of Horn and Schunck lies at the the-

oretical basis of most modern dense flow algorithms making it an attractive choice for an initial

implementation on the PVM. Improvements coming from feature matching and penalty functions

involve significant overhead in a GPU application with potentially only minor gains for the purposes

of this paper. According to [10], the normalized interpolation error of Horn and Schunck evaluated

on realistic, high frame rate (HFR) dynamic scenes is on par with state of the art methods. Com-

pared to the other error metrics in [10], normalized interpolation error is the most relevant to the

objectives of reconstruction and compression of this paper. The best method within this evaluation

subset has an improvement in error of about 9% on average and 3% for 3 out of the 4 HFR datasets,

which doesn’t warrant the added complexity.

Since the voxel-world model stores data at each node in the tree, a multi-scale approach to

Horn and Schunck follows immediately. The data term is similar to the one in the classical Horn

and Schunck formulation, however, image intensity is replaced by the expected appearance measure

[104] which is the expected value of the appearance model I at a particular voxel X multiplied by

its surface probability P (X ∈ S). Assuming collected imagery is photoconsistent, the 3-d model

appearance and probability distributions are invariant to motion as in the optical flow brightness

constancy assumption. Moreover, the expected value operator takes into account evidence from

all the images at a particular location, providing added robustness in the presence of image-based

uncertainty. Hence the expected appearance is the appropriate substitute for image intensity in the

data term of the functional.

E(X) , E [I(X)]P (X ∈ S) (5.1)

Thus the Horn and Schunck energy functional becomes in 3-d:

E =
∫∫∫

V

(E(x + r, t+ 1)− E(x, t))2 + α2 (||∇u||2 + ||∇v||2 + ||∇w||2
)2
dv (5.2)

For convenience, denote the derivatives of the warped scene as such:

Ex ,
∂E(x + r)

∂x
; Ey ,

∂E(x + r)
∂y

; Ez ,
∂E(x + r)

∂z
(5.3)
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Minimizing the functional in (5.2) via Euler-Lagrange, the update equations for the incremental flow

take a similar form in 3-d as the ones in 2-d presented in [63]:

u(k) = ū(k−1) − Ex
Exū(k−1) + Ey v̄(k−1) + Ezw̄(k−1)

α2 + E2
x + E2

y + E2
z

v(k) = v̄(k−1) − Ey
Exū(k−1) + Ey v̄(k−1) + Ezw̄(k−1)

α2 + E2
x + E2

y + E2
z

w(k) = w̄(k−1) − Ez
Exū(k−1) + Ey v̄(k−1) + Ezw̄(k−1)

α2 + E2
x + E2

y + E2
z

This iterative scheme is applied several times per resolution level. After each pass and resolution, the

computed increment (u(k), v(k), w(k)) is added to a quantity representing the overall displacement

which is then used to warp the scene.

5.3.1 Derivative Estimation on a Non-uniform Volumetric Grid

The expected surface gradient ∇E is computed with a bank of three isotropic 3x3x3 kernels repre-

senting the first derivative w.r.t. to each canonical direction of a Gaussian with mean 0 and σ = 1.

The sizes are expressed in voxels at the coarsest level. When dealing with variable-sized grid filter-

ing, the occlusion density parametrization [35], helps estimate surface probability contributions from

larger cells that are not refined up to the current resolution level. The density is simply integrated

over the length of the voxel at the current resolution. The Laplacian of the incremental flow field

derived from the Euler-Lagrange minimization is approximated at every location with the difference

between the neighborhood average and the value at the location, i.e. for the x component of the

flow the Laplacian is ∇2u = ū− u.

5.3.2 Scene Warping using Estimated Flow

The unknown flow solved for at resolution level ` of the 3-d model at a particular voxel x is v(`)(x) =

(u, v, w). For the purposes of compression and tracking, a direct mapping from t to t + 1 at every

voxel is essential , thus the resultant flow is defined as :

r` (x) = r`−1(x) + v`(x + r`−1) (5.4)

This process produces a direct mapping between scene instances since it’s equivalent to tracking
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all voxel positions throughout the iterative warping process.

The incremental flow obtained at a particular resolution `−1 is resampled to the next resolution

level and the resultant flow r` is evaluated according to (5.4). At each level ` the original scene is

warped according to r`, establishing the initial conditions for the optical flow calculation at level `.

The warping is performed on the actual model thus the problem of resampling random variables

has to be addressed. This problem has been treated in detail in Sec. 3.1.3 treated this problem

in detail thus the random variables modeling a voxel’s appearance can be resampled accordingly.

Since surface probabilities are parametrized by α they are not modeled by a random variable, but

are rather individual samples. For a view-dependent distribution located at voxel X = (x, y, z) ,

parametrized by the set of means and variances µi , σi corresponding to each of the C canonical

direction define:

P (x, y, z) , {P (I|µi, σi)}C−1
i=0 (5.5)

Note that the scalar multiplication or r.v’s (?) defined in Eq (3.15) applies to each canonical Normal

distribution of the view-dependent appearance model as such

s ? P (I|µi, σi) = P (I|sµi, s2σi) 0 ≤ i < C (5.6)

Recall that the sum of two distributions is equal to their convolutions (⊗) in Eq. (3.10). Thus the

process of trilinear interpolation of appearance distributions is performed as such:

wx = x− x0

x1 − x0
wy = y − y0

y1 − y0
wz = z − z0

z1 − z0

PX00 = (1− wx) ? P (x0, y0, z0)⊗ wx ? P (x1, y0, z0)

PX10 = (1− wx) ? P (x0, y1, z0)⊗ wx ? P (x1, y1, z0)

PX01 = (1− wx) ? P (x0, y0, z1)⊗ wx ? P (x1, y0, z1)

PX11 = (1− wx) ? P (x0, y1, z1)⊗ wx ? P (x1, y1, z1)

PY00 = (1− wy) ? PX00 ⊗ wy ? PY10

PY01 = (1− wy) ? PX01 ⊗ wy ? PY11

P (x, y, z) = (1− wz) ? PY00 ⊗ wz ? PY01

(5.7)
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Time

Figure 5.4: Estimated scene flow projected onto Novel-view renderings of consecutive time instances
of the “Guard Punch Two” sequence. The flow is estimated robustly even in areas where surface
geometry is poorly reconstructed due to lack of camera coverage

The final optical-flow algorithm for the PVM can be summarized as follows: The motion tolerance

τm and the maximum iterations MAX_ITER are user defined. The maximum levels L = 4 of the

octree are set to 4.

Algorithm 2: 3-d Scene Flow on PVMs
Input : Scene St ,St+1, τm where 0≤ ` < L
Output: Flow field r = {(up, vp, wp) | p ∈ St}

1 for `← 0 to L do
2 i← 0
3 while (dr < τm ∨ i < MAX_ITER) do
4 ∇S`t+1 = [Ex, Ey, Ez, Et]`=SceneGradient (S`t+1)
5 dr =HornAndSchuckIteration (∇S`t+1)
6 r← r + dr
7 S`t+1 ←Warp (S`t+1, r)
8 end
9 end

10 return r

5.4 Expected Flow in 2-d

Once the algorithm produced the resulting flow field r, it can be projected onto a 2-d image for

visualization. Each 3-d point along a camera ray R will project into the same 2-d point i in the

image view with corresponding camera K . Thus the origin of all 3-d flow vectors along ray R will

be at i. However, the direction/ end point will be most likely different for each 3-d point along R.

The question is which particular flow vector end-point should be projected onto the image from all
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Figure 5.5: The expected flow is computed as the weighted sum of projected flow vector end-points.
The weights represent the likelihood that a voxel is occluding the viewing ray

the possible flow vectors on the ray. Since the PVM maintains a surface likelihood, it makes sense to

consider the point along the ray that is occluding the rest. Recall that the quantity Ω(s) presented

in Sec. 4.3.2 modeled the probability that the point at distance s along the viewing ray is the

occluding point. It follows therefore to use ω(s), i.e. the occluding density per unit length as the

weight of each flow value end-point along the viewing ray, as seen in Fig 5.5. Thus the expected

flow end-point at the local 2-d image view coordinate i, is computed as

F (i) =
∫ ∞

0
ω(s)K · (p(s) + r (p(s))) ds (5.8)

Note that the scene coordinates of 3-d point p located at distance s along the ray is p(s). Thus

when the ray is partitioned into voxel-ray intersections, the discrete form of (5.8) is:

F (i) =
S+1∑
i=0

ΩiK · (X(si, si+1) + r (X(si, si+1))) (5.9)

It should be evident that this is similar to equation (4.36), where the 3-d scene coordinates of the

voxel containing the ray segment [si, si+1) are defined as X(si, si+1).

In order to offer a qualitative comparison, a number of expected flow images are compared with 2-

d flow evaluations using state of the art methods. Specifically, the latest OpenCV 3.0 implementation

[19] of the Brox Flow [22], Farneback Flow [40] and TV-L1 Flow [138] was applied to scene

renderings. Results are presented in Figures 5.6,5.7,5.8,5.12,5.13. It is clear that in most cases,

the expected flow performs better. The method proposed by Brox et al. recovers flow accurately,
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(a) (b)

(c) (d)

Figure 5.6: Adult Child Ball 2-d Flow compared methods: Proposed Expected Flow (a), Brox (b)
[22], Farneback (c) [40], TV-L1 (d) [138]

especially for the “Boy Playing Ball Sequence”. However, their method is highly expensive in terms

of computation, even in 2-d which precludes the feasibility of a 3-d GPU implementation tailored to

the PVM for the time being.

5.5 Synthetic Data

In order to obtain direct 3-d validation of the flow result, a synthetic data experiment that consists

of a rotating cube, is also created. The accuracy of the resulting flow field is measured for a range

of rotation angles. A cube twenty voxels wide at the coarsest level was rotated by amounts ranging

from 5 degrees to 45 degrees and the flow was computed for each rotation. In Figure 5.11, the

synthetically rotated scene along with the original scene warped with the resultant flow are shown.

For higher rotation amounts, it is clear from the produced artifacts that the scene displacement

cannot be recovered accurately by the algorithm. However, for small rotation angles, the rendering

of the warped scene matches the one of the target scene. The angular error between the estimated
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(a) (b)

(c) (d)

Figure 5.7: Adult Child Ball 2-d Flow compared methods: Proposed Expected Flow (a), Brox (b)
[22], Farneback (c) [40], TV-L1 (d) [138]

flow field and the field corresponding to small rotations exceeded no more than 10%.The flow vectors

for each rotation are displayed in Figure 5.10. The flow error is quantified again using the SSIM

measure as above and the results are presented in Table 5.1.

As an additional quantitative evaluation, the synthetic cube was translated by various amounts

ranging from 2 to 8 voxels along each of the 3 canonical axes. Typically, error in estimated optical

flow is measured as the angle between the estimated flow and the true flow, or, as the magnitude

of the difference between the estimated flow and the true flow. These quantities are defined as

angular error and endpoint error, respectively and are plotted in Fig. 5.9 against the maximum

displacement of the synthetic cube.
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(a) (b) (c) (d)

Figure 5.8: Dancer 2-d Flow compared methods: Proposed Expected Flow (a), Brox (b) [22],
Farneback (c) [40], TV-L1 (d) [138]

5.6 Conclusions

This chapter presented a novel method to compute scene flow from synchronized multi-view image

sequences. The first important contribution of the method is to utilize probabilistic and volumetric

(dense) 3-d models for scene flow estimation. Formulating scene flow in this context offers a number

of advantages over previous works. Most importantly, the presented flow field results are the dens-

est to the best of the author’s knowledge. Moreover, the method can track the motion of surfaces

undergoing topological change, which is a highly difficult problem for methods that use mesh repre-

sentations. While the datasets used in the experiments do not provide scene flow ground truth, the

results presented qualitatively show the high accuracy flow obtained by the method. In addition,

qualitative comparisons of projected expected flow and state of the art methods were presented,

indicating the accuracy of the proposed algorithm.
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Figure 5.9: Flow Angular error in radians (top) and End-point error in voxels (bottom) as a function
of maximum displacement in voxels for the synthetic cube

Rotation amount 5◦ 10◦ 30◦ 45◦

Score 0.973 0.964 0.902 0.873

Table 5.1: SSIM measure comparing renderings of the cube warped with the estimated flow and the
synthetically rotated cube (target scene)

5◦ 10◦

30◦ 45◦

Figure 5.10: Estimated flow for synthetic cube for various amounts of rotation
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5◦ 10◦ 30◦

Figure 5.11: Synthetic Cube rotation and warping : Synthetically rotated (top), Warped with
resultant flow (bottom)

(a) (b) (c) (d)

Figure 5.12: Guard Punch Two 2-d Flow compared methods: Proposed Expected Flow (a), Brox
(b) [22], Farneback (c) [40], TV-L1 (d) [138]
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(a) (b) (c) (d)

Figure 5.13: Boy Playing Ball 2-d Flow compared methods: Proposed Expected Flow (a), Brox (b)
[22], Farneback (c) [40], TV-L1 (d) [138]



Chapter 6

Probabilistic Model

Reconstruction via Estimated

Motion

Motion provides an effective way of partitioning the scene into regions of similar spatio-temporal

characteristics. To demonstrate this benefit, an Expectation-Maximization (EM) algorithm is pro-

posed to cluster spatially close voxels with similar flow vectors. In particular, the algorithm

estimates the parameters of a K-component Gaussian mixture model (GMM) over the feature

f = (x, y, z, u, v, w) [14]. The cluster means, covariances and weights θ = {µi,Σ2
i , ωi} are esti-

mated using the standard EM equations 6.1 and 6.2 iteratively until convergence on the all N voxels

in the scene.

ωi = 1
N

N∑
k=1

Pr(fk|i,θ) µi =
∑N
k=1 Pr(fk|i,θ)fk∑N
k=1 Pr(fk|i,θ)

(6.1)

Σi =
∑N
k=1 Pr(fk|i,θ)fkf tk∑N
k=1 Pr(fk|i,θ)

− µµt (6.2)

The initial cluster centers (position and associated flow value) are picked at random from the scene,

with the constraint that they are at least d units apart, where d is a user initialization constant.

With the use of atomic arithmetic operations, which mitigate parallel accesses to the same GPU

memory location, parameter convergence was achieved in under one minute for all scenes used in

83
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Figure 6.1: Regions of coherent motion and corresponding histogram of flow vector orientations
for one instance of the "Dancer" sequence. The bins accumulate the magnitude of the optical flow
vectors, i.e. r · r

this paper. The cluster assignment L for each point p in scene S characterized by feature vector fv

is determined by maximizing the cluster posterior probabilities according to Eq. (6.3).

L (p) = arg max
i

Pr(fv(p)) = arg max
i

wiPr(fv|i,θ)∑K
k=1 Pr(fv|k,θ)

∀p ∈ S (6.3)

Similarly, the posterior probability field at each point p ∈ S is formally defined as:

P = {Pr (fv(p)) | ∀ p ∈ S} (6.4)

A key goal of this partitioning scheme is to produce a compact representation of the flow field.

Since PVMs are expensive in terms of storage, the need for compressing scene data is warranted.

Given flow field segmentation, the flow vectors in each cluster can be represented using a low-

dimensional motion model, e.g. rigid body or affine motion. The parameters for these motion

models can be used to encode the flow field instead of storing the flow value per voxel. Provided

that the flow field can be accurately represented with significantly fewer clusters than the number

of voxels, the cost of storing the motion parameters per cluster is much lower compared to the cost

of storing the individual flow value per voxel.
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6.1 Optical Flow Field Decomposition into Affine Motion

A reasonable assumption in realistic scenes is that instantaneous motion is locally linear. Thus it

follows immediately that the optical flow contained within the motion partitions can be characterized

by affine transformations. Let Tk be the 12-parameter affine transformation that maps points p in

cluster k to their displaced positions p+r by the flow field. The set of parameters T 0
k , T

1
k , ..., T

11
k can

be found by solving the matrix equation in (6.5) for the n cells found in cluster k. For convenience

the notation pi = [xi, yi, zi, 1] and ri = [u, v, w, 0]t is used for points and flow vectors, respectively.

The null 4-vector is defined as 0 = [0, 0, 0, 0]. A solution is easily obtained by applying SVD on the

3n x 12 sparse matrix.



p0 0 0

0 p0 0

0 0 p0

p1 0 0
...

...
...

0 pn−1 0

0 0 pn−1





T 0

T 1

...

T 11


=



p0 + r0

p1 + r1
...

pn−1 + rn−1


(6.5)

The affine motion fitting process is given by the following algorithm:

Algorithm 3: Optical Flow Field approximation using Affine Motion
Input : Scene S, flow field r = (u, v, w), feature vector fv
Output: Affine transformation set {Ti}K−1

i=0
1 P = PerformSceneEM(S|fv = (x, y, z, u, v, w)) //compute posterior field
2 L (p) = arg maxi P(p) , 0 ≤ i < K , ∀p ∈ S //compute label field as the index of the most
likely cluster for the feature at p

3 for i← 0, to K − 1 do
4 Ti ←SolveAffineFitMatrix (S,L −1(i), r)// fit the flow of 3-d points with label i
5 end
6 return {Ti}K−1

i=0

6.2 Scene Warping Using Affine Motion

A key problem of warping scene SA into scene SB using the estimated flow is the fact the flow field r

may not be “onto”. That is, ∃ a point p′ ∈ SB such that ∀p ∈ SA, p+ r(p) 6= p′. One example is the
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Figure 6.2: Four views of the Expected Flow (Top) and Affine Flow (Bottom) for one instance of
the “Boy Playing Ball” sequence

flow field corresponding to a scaling deformation. In addition, error in optical flow estimation can

yield flow vectors pointing to the same coordinate which will result in points in scene SB not having

correspondences in SA. However, if the flow is represented by an invertable transformation then the

warping can be carried out in the inverse direction ensuring that all target points are accounted for.

Interpolation in the source 3-d model ensures accurate parameter estimates.

This section proposes a robust method of scene reconstruction through warping by using the label

field L and the set of K affine transformations T, determined according to the method in Sec. 6.1.

To estimate the parameters in the target scene, a decision needs to be made on which matrix Ti

should be used to return to the original scene. To be able to carry out that decision, points in the

target scene, i.e. scene SB need to have a cluster assignment. Let the cluster posterior probability

field of scene SA be PA.

Note that for each voxel, the posterior probability is a K-vector, where K represents the number

of clusters. Using the optical flow field r, the probability field PA can be warped into scene SB ,

obtaining PB .

PB = r ◦PA (6.6)
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Figure 6.3: Four views of the Expected Flow (Top) and Affine Flow (Bottom) for one instance of
the “Dancer” sequence

Some points in SB might not have correspondences in SA as a result of r not being “onto”. How-

ever, assuming the field PB is continuous, the posterior of points pB ∈ SB without correspondences

is determined by sinc-interpolating PB over a neighborhood around those points. This neighbor-

hood is assumed to have at least one assigned posterior as a result of the warping operation ◦.

Consequently, now that all points in SB have an assigned posterior, a weighted sum of the cluster

inverse matrices is used to map points pA ∈ SA to pB ∈ SB according to:

pA =
K−1∑
i=0

PB(pB |i)
(
T−1
i · pB

)
(6.7)

From continuous posteriors to discrete labels The costs of storing and warping PA are

very high, taking up K floats per voxel. Consequently, a more efficient method in terms of storage

is to warp the label field LA corresponding to SA. The storage cost of LA is one int per voxel

with values in the range [0,K). Thus one can obtain the label SB ’s label field through warping, i.e.

LB = r ◦LA. This time, points in SB without correspondences in SA need to be assigned a cluster
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Figure 6.4: Four views of the Estimated Flow (Top) and Affine Flow (Bottom) for one instance of
the “Guard Punch Two” sequence

index instead of a cluster posterior. To do so, perform a local neighborhood search around those

points and assign the label of their closest neighbor. This serves as a nearest-neighbor interpolation

on the flow-warped label field LB . Finally, now that SB ’s label field LB has been augmented,

every point pB ∈ SB will have a correspondence in SA through Eq. (6.8). Thus to reconstruct

SB , map back every point pB into pA using the corresponding inverse transformation T−1
i , where

i = LB(pB), and fill its surface and appearance parameters by resampling around pA, using the

trilinear interpolation of random variables defined in (5.7).

pA = T−1
LB(pB) · pB (6.8)

The algorithm for warping SA to SB is described in Algorithm 4.

In order to find missing cluster posteriors/indexes, it might seem that sinc-interpolating the

continuous probability field PB is better than interpolating the discrete field LB using nearest-

neighbor. However, the results turn out to be similar . Reconstruction results show only a slight

improvement in the SSIM score when using (6.7) instead of Eq. (6.8). Note that these equations are

equivalent if the posterior of the most likely cluster is 1, i.e. Pr(fv |̂i,θ) = 1, where the most likely

cluster î = LA(v) = arg maxi PA. The latter implies that the GMM model converged to a single
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Figure 6.5: Two views of the Estimated Flow (Top) and Affine Flow (Bottom) for one instance of
the “Adult Child Ball” sequence

mode. In practice, most voxels in SA have the posterior Pr(fv |̂i,θ) = 1. As seen in Fig. 6.14,

only the voxels corresponding to cluster boundaries have the posterior of the most likely cluster

smaller than 1. These boundary voxels account for a very small fraction of the total surface voxels,

thus discretizing the probability field PA into LA through the arg max operation won’t impact the

inverse mapping significantly.
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Figure 6.6: Two views of the Estimated Flow (Top) and Affine Flow (Bottom) for one instance of
the “Adult Child Ball” sequence

6.3 Scene Compression and Reconstruction Using AffineMo-

tion

Having characterized the motion in a scene through K affine transformations and an integer label

field L , a method for compressing scene data follows immediately. The receiver will reconstruct

frames after the first one by using just the set of affine matrices T and the label field L as described

by 6.2. Since the cluster indexes are integers in the [0,K) range, they can be compressed with high

efficiency using standard entropy coding techniques. The full scene model is sent entirely to the

receiver only when the error due to warping exceeds a threshold. Note that this compression scheme

exploits the temporal redundancy in the scene similar to MPEG-4 video encoding. Qualitative scene
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Algorithm 4: Scene Warping using Motion Partitions and their Affine Transforms
Input : Scene SA with surface and appearance parameters ΘA, flow field r = (u, v, w),

Affine transformation set {Ti}K−1
i=0

Output: Resampled Scene SB with surface and appearance parameters ΘB

1 LB(pB) = Warp (L (pA), r)
2 foreach pB ∈ SB do
3 if LB(pB) = −1 then
4 LB(pB)←NearestNeighborSearch (pB)
5 end
6 i← LB(pB)
7 pA ← T−1

i · pB
8 ΘB(pB)←ResampleRandVarTrilinear (pA,ΘA)
9 end

10 return SB,ΘB

reconstruction results are presented in Figures 6.7 ,6.8 ,6.9 ,6.10 and 6.11, where reconstructed scene

instances are compared to the original scenes. The flow corresponding to the displacement produced

by the affine transformations T is coined as “affine flow”. The original estimated flow and the affine

flow is shown in Figures 6.2,6.3,6.4,6.5 and 6.6

Figure 6.7: Renderings of original scene (Top) and its reconstruction using Affine Flow and the
previous scene (Bottom) for one instance of the “Boy Playing Ball” sequence
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Figure 6.8: Renderings of original scene (Top) and its reconstruction using Affine Flow and the
previous scene (Bottom) for one instance of the “Dancer” sequence

6.4 Results and Discussion

The implementation is based on the VXL project [3]. Experiments are presented on sequences

obtained from the public INRIA 4-d repository [2] as well as a synthetic experiment to study the

flow results more carefully. The repository provides synchronized videos captured from multiple

viewpoints, as well as foreground masks for each frame and camera parameters. The 3-d models are

estimated from sixteen images with resolution 1624 x 1224. Then the proposed coarse-to-fine scene

flow formulation is used to compute the 3-d flow in each voxel. However, before the flow algorithm

is applied on the INRIA data, the interior voxels within each scene surface are removed to avoid

corruption of the flow field. The content of interior voxels is arbitrary since they are isolated from

image information after a few iterations of the online update algorithm as surface voxels attain a

high occlusion density value. Using the visibility measure defined in [35] voxels falling below a

visibility threshold are set to a state representing empty space.
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Figure 6.9: Renderings of original scene (Top) and its reconstruction using Affine Flow and the
previous scene (Bottom) for one instance of the “Guard Punch Two” sequence

The scene flow algorithm is iteratively executed at each resolution, until the computed incremen-

tal flow falls below a threshold. After each pass of the algorithm, the scene is warped with the flow

estimate from the previous iteration. Starting from the coarsest level, this process is repeated for all

resolutions. For all experiments in this thesis, the octree depth is limited to four levels for efficient

processing in the GPU [93]. Flow results for scenes “Dancer”, “Boy Playing Ball” , “Guard Punch

Two” and “Adult Child Ball” (names taken from the dataset) can be seen in Figures 5.3, 5.1, 5.4

and 5.2 respectively. For scenes with better camera coverage such as “Adult Child Ball” and ”Boy

playing ball” the flow was matched better than “Guard punch two” where the geometry was mod-

eled incorrectly in some locations due to reduced visibility from multiple viewpoints. Nevertheless,

the flow is estimated correctly for visible surfaces and robustly in the presence of change in surface

topology.

Unfortunately the INRIA dataset does not provide ground truth 3-d flow which could be used

to evaluate the 3-d accuracy of the flow field. In fact, to the best of our knowledge, there exist no

multi-view datasets with a wide coverage of views that provides ground truth 3-d motion. While

the flow renderings display correct direction and magnitude, it is not possible to validate them

quantitatively. Nonetheless, the following experiment is proposed to quantify error. The first scene

is warped according to the flow estimate and then compared to the second scene. If the flow estimate
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Figure 6.10: Renderings of original scene (Top) and its reconstruction using Affine Flow and the
previous scene (Bottom) for one instance of the “Adult Child Ball” sequence

is correct, then the warped scene and the second scene would match. This similarity between 3-d

models is quantified using a rendering experiment. The warped scene is rendered from multiple-

viewpoints and these renderings are compared to the renderings produced from the original second

scene. The images are compared using the Structural Similarity Index Measure (SSIM) [133]. The

scores are in the [0,1] range, 1 being the maximum value attainable when the source image matches

the target image .The results are averaged for all viewpoints over 100 frames and are tabulated in

Table 6.1. Scenes with fast motion such as “guard punch two” had a lower score due to inaccurate

flow estimation on fast moving surfaces. However, the scores for the rest of the sequences were

generally high. Experiments similar to the ones in [10] were also performed in which intermediate

frames are predicted using optical flow and interpolation error is evaluated. However, the results
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Figure 6.11: Renderings of original scene (Top) and its reconstruction using Affine Flow and the
previous scene (Bottom) for one instance of the “Adult Child Ball” sequence

were unsuccessful since INRIA scene motion between non-consecutive frames is too large. A motion

capture studio with high speed cameras such as the ones used in [10] would provide non-consecutive

time instances with spatio-temporal continuity.

Segmentation results are presented in Figure 6.15 for each of the sequences. No more than

8 clusters were needed to partition each scene in clusters of coherent motion. The clusters were

used to find a the set of affine parameters in Section 6.1. An example comparison of the original

flow field and the flow resulting from the local affine transformations on one of the frames of the

’Dancer’ sequence is presented in Figure 6.13. The SSIM is used once more to assess the quality of

scenes warped with the set of affine transformations. Results presented in Table 6.1 show that the

warping method proposed in Sec. 6.2 achieves better SSIM scores. This increase in accuracy can
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A B C

Figure 6.12: Comparison with the results from [53] on the “Dancer” sequence. (A) Estimated flow
for frame 11. Note how the dense optical flow is corresponding to the dancer’s the pirouette motion
both on the arms and on the dress. (B) frame 11 and frame 12 are overlayed, underscoring the
correct magnitude of the resultant flow. (C) Result obtained by [53] on the same frame. Although
the vectors seem correct, the lack of density shows little to no flow on the dress.

Sequence Resultant Warp Affine Warp
Dancer 0.71 0.74

Boy playing ball 0.78 0.82
Adult child ball 0.81 0.85
Guard punch two 0.68 0.69

Table 6.1: Average SSIM measure between warped scene renderings and original scene renderings
across 100 frames. The resultant flow was used to warp the sence in the first column while the set
of affine transforms was used in the second one

be appreciated on the rendering at the bottom of Figure 6.13. Since all points in the target scene

have a correspondences in the source scene through the inverse transforms, a higher quality warp is

achieved. In addition, the linear parametrization of local flow attenuates small errors in estimation.

On average, the compression factor of storing the entire flow field versus the field of cluster labels

per scene is roughly 176X. Results averaged over 100 frames for each sequence are tabulated in Table

6.2. Because the number of clusters experimented with vary from 5 to 12, the buffer that stores

the label field L is highly redundant from a compression point of view. Thus the general purpose

compression library zlib [1] was able to compress the label buffer much more efficiently that the

estimated flow buffer. The compression gain of storing L instead of the surface and appearance

parameters is also reported. Increasing the number of clusters K would yield a poorer estimation

of affine parameters as the regions of coherent motion would become too small to correctly describe
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A1 A2 B1 B2

Figure 6.13: Linearly fitted flow using Figure 6.5 (A1) and original resultant flow (A2); Rendering
of warped scene using to affine flow (B1) and estimated flow (B2)

Sequence Flow Field (X) Surface and Appearance Parameters (X)
Dancer 237 251

Boy playing ball 159 163
Adult child ball 155 180
Guard punch two 156 168

Table 6.2: Compression ratio between the storage cost of the label field L and the entire flow field
(left column) and scene parameters (right column)

the actual motion. In addition, the compression gain of using zlib on the label field was similar

despite varying K. Having many surfaces in motion, the “dancer” sequence naturally achieved a

higher compression ratio than sequences such as “Adult Child Ball” where only some surfaces were

in motion (i.e. the ball).

6.5 Conclusions

This chapter demonstrated a reconstruction method based on scene warping with a reparametrized

optical flow field. Decomposing the field into regions of coherent motion allows the fitting of the

flow vectors to an affine parameter space for each cluster. Reconstruction results prove successful for

most frames, as indicated by the SSIM quality measure on scene renderings from multiple viewpoints

as well as the qualitative renderings of reconstructed scenes. However, in locations where the optical

flow was incorrectly estimated, the accuracy of the segmentation and resulting affine fit dropped.

Although the algorithm is implemented in a coarse-to-fine manner, the motion of some very fast

moving objects, such has the left hand of the falling karate fighter is problematic as seen in the
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Figure 6.14: Top: Label field L containing the index of the most likely cluster at each voxel. Each
color represents an integer index; Bottom: The posterior probability field corresponding to the most
likely cluster, i.e. maxi P. Here, the [0, 1] range has been mapped to the R > G > B heatmap
encoding

renderings in Fig. 6.9. The flow estimates in these locations were not accurate. Increasing the

number of octree resolution levels as well as enclosing the data and smoothness term in the energy

functional with robust penalizing functions would potentially overcome this limitation. Since the

overall performance of this system depends on optical flow estimation quality, there are multiple

avenues for future work in pursuing better methods in flow estimation for PVMs.
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Figure 6.15: Segmentation into 5 clusters using position and estimated flow for one of the frames
from each of the tested sequences. Note how voxels with similar motion belong to the same cluster



Chapter 7

Conclusions and Future Work

This thesis gave a self-contained treatment of compression techniques designed for dynamic scenes

in 2-d and 3-d. The first tier of this thesis explored the case study of compressing videos acquired

by Large Aerial Video collectors. The methods used in this case study established the fundamental

concepts employed in compressing 4-d scenes. The principles of wavelets, embedded block coding,

context adaptive coding and multiplier-free arithmetic coding are widely used in most performance

compression systems today which motivates the use of JPEG2000 as a compression engine. The

algebra of random variables enables a sound theoretical treatment of manipulating random variable

spaces which are different from the image domain. This treatment enabled the formulation of

the wavelet transform of pixel-wise background models in 2-d and the resampling of probabilistic

volumetric models in 3-d. Results were presented in 2-d, demonstrating that large video can be

encoded with just a coarse resolution of the background model and only occasionally resorting to

the decompression of full resolution patches.

The second tier of this thesis described a method of estimating optical flow in 3-d on PVMs

based on Horn and Schunck’s method. Adapting this method to the PVM was not a trivial task,

as the domain of appearance random variables and surface probabilities as well as the non-uniform

voxel grid differes from the image domain and the isotropic image grid. Nontheless, accurate flow

estimation results were demonstrated for multiple scenes. Validation was evaluated using synthetic

generated data and quality of rendering using the SSIM measure. The accuracy and usefulness of

flow results were also demonstrated by segmentation and compression experiments. The second

contribution of this tier consists in significantly reducing the storage requirements of time-varying

100
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PVMs by as high as 230X, through optical flow field re-parametrization and warping.

There exist many directions of future work for the framework. First of all, the formulation in

this thesis is derived from the classical Horn and Schunck optical flow method, which was proposed

in 1981. The Horn and Schunck optical flow algorithm when properly implemented in a multi-

resolution framework performs comparably to other methods, but evaluating other state of the art

methods [117] is an important next step. Another interesting future direction is to jointly reconstruct

3-d models and estimate scene flow as proposed by Guan et al. [53] but with the dense flow enabled

by the PVM [10].

An additional improvement on the 4-d compression framework is by adjusting the EM initial-

ization such that the final cluster solution is not a local minimum of the likelihood function. Also,

increasing the feature size to include expected appearance or surface probability will likely improve

motion partitions. Imposing connectivity between clusters after EM convergence will also improve

the fitting process of flow vectors. This in turn will allow for more accurate reconstruction using the

fitted flow.

A final step in connecting the first tier of this thesis with the second one is to formulate the 3-d

Wavelet Transform on the non-uniform voxel grid. Unlike the 2-d wavelet transform, the 3-d wavelet

transform will produce eight subbands instead of four namely, LLH, LHL, LHH, LLL,HLH, HHL,

HHH, HLL. On a uniform grid the 3-d lifting scheme can be used to obtain the interleaved wavelet

coefficients of a given scene. These coefficients can be stored at the leafs of each octree. Thus instead

of storing the spatial data, the octree leafs can now be used to store the eight wavelet coefficients

of a single level of wavelet decomposition. As before, the transform can be recursively applied on

the collection of leafs representing the LLL subband. The resulting 2nd level coefficients can be

now stored at the next level in the octree. Having presented the algebra of random variables for

view-dependent appearance models, the 3-d Wavelet Transform for probabilistic volumetric follows

immediately. This in turn will open new avenues for JPEG2000 coding in 3-d. The bitplane coding

passes and contexts were designed for four 2-d subbands only, thus the problem of adding additional

contexts is raised. Evidently, more contexts will most likely change the state transition system in

the MQ coder in JPEG 2000 presented in Table 2.6. Also, it is not clear whether traversal of 3-d

Codeblocks slice by slice and applying traditional 2-d bitplane coding for each slice will have the

same performance in 3-d.

However, a 3-d JPEG2000 compressed probabilistic volumetric model similar to the compressed
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2-d background model proposed in Sec. 3.1.1 will be highly useful in the presented motion-based

compression system in Sec. 6.3. When the full model is needed by the receiver as a result of accu-

mulated reconstruction error, it can be sent as a 3-d JPEG2000 compressed bitstream. Additionally,

scene reconstruction and flow estimation with limited memory can also be addressed by using a

compressed representation of the PVM. For example, the initial optical flow iterations can be done

over the compressed representation of the scene i.e. the LLLk subband. Since JPEG2000 allows for

progressively transmitting resolution levels, the optical flow estimation process can be scaled to fit

the memory requirements.

While this sketch enables a straightforward way of evaluating the 3-d wavelet transform and its

subsequent use as a basis for 3-d JPEG-2000 compression, it remains to be seen how to account

for unrefined voxels during the filtering process, reformulate embedded block coding and context

adaptive coding as well as entropy coding. Regardless, these avenues are equally promising as they

are unexplored.
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