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Chapter One

Overview



2

In biological and material systems, understanding a phenomenon at the molecular

level is of great importance, and the molecular dynamics (MD) simulation technique

has played a crucial role in this understanding [161]. In the classical description of

any such system, where quantum effects are assumed not to be significant, the time

evolution of the system is described by Newton’s equations of motion for all atoms

and can be calculated by numerically solving a large set of ordinary differential equa-

tions. Although in principle any molecular phenomenon can be investigated with this

approach, the computation quickly becomes prohibitively expensive as the number

of atoms in the system and/or the time scale of the phenomenon increase. Hence,

higher-level descriptions, which require a smaller number of degrees of freedom with

larger temporal and spatial scales, are necessary, and it is therefore desirable to make

use of both microscopic and higher-level descriptions in a complementary fashion.

At the macroscopic scale, the description of a system is based on the continuum

hypothesis [111]. The dynamics of the system is described by field variables such

as pressure, temperature, density, velocity, etc., which satisfy a set of partial dif-

ferential equations (e.g., the Navier–Stokes equations). Transport coefficients (e.g.,

viscosity and diffusion coefficient), which appear in the partial differential equations,

represent material properties which are inherent in the microscopic structure of the

system. Statistical mechanics connects the microscopic and macroscopic descriptions

by providing formulas for the transport coefficients that can be calculated by MD

simulations. Conceptually, since an infinitesimal volume element in the continuum

description is considered as a molecular subsystem, transport coefficients can be

obtained by averaging certain quantities over the microscopic configurations which

the molecular subsystem undergoes over time. As a result, while in the microscopic

description the system is subject to thermal fluctuations due to molecular motions,

such fluctuations do not appear in the macroscopic description and only smooth
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changes in the state of the system are depicted.

For a complex system, where the macroscopic continuum description is not possi-

ble, the mesoscopic description can be a more promising approach. At the mesoscopic

scale, the interaction is broken down into random thermal fluctuation and smoothed

interaction, the magnitudes of which are comparable. For example, proteins sus-

pended in water are subject not only to random bombardment of water molecules but

also to hydrodynamic interaction with water. As a result, in the mesoscopic descrip-

tion, the time evolution equations contain both stochastic and deterministic terms.

The mesoscopic description can be obtained from both microscopic and macroscopic

descriptions. In the bottom-up approach, the concepts of coarse-graining and im-

plicit solvation are employed to obtain the dissipative particle dynamics [72] and the

Langevin/Brownian dynamics [168]. In the top-down approach, following Landau

and Lifshitz [109], stochastic fluxes are incorporated to the continuum description

to obtain fluctuating hydrodynamics methods [8, 137].

This study as a whole addresses issues related to the connection between the mi-

croscopic and higher-level descriptions for molecular systems and presents relevant

analysis of these descriptions and the MD simulation technique. In Part A, I explain

how the mesoscopic description is obtained from the microscopic description. Al-

though this has been extensively investigated in the literature, in most cases, results

have been obtained under the Markovian assumption that the mesoscopic time scale

is fully separated from the microscopic time scale. By using the memory function

approach, I present a clear picture for a continuous transition to the mesoscopic

stochastic description as the time-scale separation is realized. I consider a colloidal

particle suspended in a molecular fluid and investigate its Brownian motion. In

Part B, I demonstrate a theoretical and computational framework for the uncer-

tainty quantification in MD simulation results. Two types of intrinsic uncertainty
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present in MD simulation results—statistical errors and finite-system-size effects—

are analyzed. Although the MD procedure and underlying theory for the calculation

of transport coefficients have been well established and computational power has

been drastically increased, due to severe limitations of the MD simulation technique

on time and spatial scales, systematic qualitative analysis on these uncertainties is

still required for the accurate estimation of material properties. As an example of

a transport coefficient, I consider the diffusion coefficient and analyze the statistical

errors and the finite-system-size effects in its evaluation.

In the rest of this chapter, I provide background for Part A (in Section 1.1) and

Part B (in Section 1.2) and synopses for each chapter within them (in Section 1.3).

Note that, for the completeness of each chapter, some equations in this chapter

reappear, sometimes with appropriate modifications.

1.1 Background for Part A

Brownian motion When a colloidal particle is suspended in a fluid, it undergoes

a random motion—Brownian motion. Since Einstein explained that this erratic

motion is caused by the random bombardment of surrounding fluid particles [43],

it has been extensively investigated and well understood both experimentally and

theoretically. Due to its broad applications in many areas of science and engineering,

there has been a recent increase of interest in this phenomenon. For the history of

Brownian motion, the reader is referred to the web page of Professor Peter Hänggi

of Universität Augsburg [75], where all important historic sources are accessible, and

to Ref. [142], where the history of mathematical formulation of Brownian motion is

presented in parallel. The reader is also referred to Ref. [160] for a review of the
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phenomenon from the hydrodynamic point of view, to Ref. [121] for recent progress

on experimental observation of Brownian motion at short time scales, and to Ref. [60]

for applications of Brownian motion to soft matter and biological systems.

Langevin equation The Langevin equation is a phenomenological equation for

the velocity V of a colloidal particle suspended in a fluid,

MV̇(t) = −γV(t) +
√

∆Ẇt, (1.1.1)

where M and γ are the mass and friction coefficient of the particle, respectively, and

Ẇt is the standard Gaussian white noise. Here, the noise intensity ∆ satisfies the

fluctuation-dissipation relation with γ,

∆ = 2γkBT, (1.1.2)

where T is the temperature of the system. Compared with the seminal work on

Brownian motion by Einstein [43] and Smoluchowski [167], Langevin’s description

of Brownian motion [110, 116] was the first dynamical theory in Newton’s sense.

Experimentally, Brownian motion in a gas is well described by the Langevin equation,

whereas for the description of Brownian motion in a liquid the hydrodynamic effects

of the surrounding fluid is also required to be considered [121].

Microscopic theory of Brownian motion Investigation on the connection of

the Langevin description to the microscopic description has been initiated by the

pioneering work of Kirkwood [98]. He showed that γ is expressed as the time integral
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of the autocorrelation function of the total force F on the colloidal particle,

γ =
1

dkBT

∫ ∞
0

lim
M→∞

〈F(0) · F(t)〉 dt, (1.1.3)

where d is the dimensionality of the system and the brackets 〈 〉 denote the equi-

librium average. Subsequently, it has been shown that, for a microscopic system

consisting of a colloidal particle and surrounding solvent particles, the Langevin

equation is obtained in the Brownian limit [112, 113, 158].

The derivations essentially rely on the time-scale separation between the colloidal

particle and solvent particles. As the ratio of the mass M of the colloidal particle to

the mass m of a solvent particle becomes larger, the colloidal particle is expected to

move slower due to the equipartition theorem

1

2
m
〈
v2
〉

=
1

2
M
〈
V2
〉

=
d

2
kBT, (1.1.4)

where v is the velocity of a solvent particle. In other words, the colloidal particle

moves in a different time scale of the order of
√
M/m, which is called the Brownian

time scale τBr. Assuming this time-scale separation, for the time evolution equa-

tion of the probability distribution for the colloidal particle, the leading-order terms

with respect to
√
m/M are collected to obtain the Fokker–Planck equation, which is

equivalent to the Langevin equation. Although the Kirkwood formula, Eq. (1.1.3),

is also obtained from this approach, it is difficult to investigate finite-mass Brownian

motion by further analyzing higher-order terms. This is because the approach em-

ploys complicated formal operator manipulation. In addition, the Kirkwood formula

has some delicate issues when it is employed in MD simulations [51]. The Brownian

limit M → ∞ and the time integral operator are not interchangeable in the for-

mula and the time integral of the total force autocorrelation function 〈F(0) · F(t)〉
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eventually becomes zero for a system containing a finite number of solvent particles.

Generalized Langevin equation (GLE) Compared with the Langevin equation,

Eq. (1.1.1), in the generalized Langevin equation,

MV̇(t) = −
∫ t

0

K(t− t′)V(t′)dt′ + F+(t), (1.1.5)

the friction term −γV(t) is replaced by a time convolution term with the memory

function K(t) and the Gaussian white noise term
√

∆Ẇt is replaced by the fluctu-

ating force F+(t). Correspondingly, the fluctuation-dissipation relation becomes

〈
F+(0) · F+(t)

〉
= dkBTK(t). (1.1.6)

In addition, the assumption that the noise is an independent process is weakened as

the following uncorrelatedness condition

〈
V(0) · F+(t)

〉
= 0. (1.1.7)

From the microscopic time evolution equations, Mori obtained the GLE [140] by

using the projection operator technique, which is also known as the Mori–Zwanzig

formalism. Contrary to the Langevin equation, which becomes valid only on the

Brownian time scale τBr in the Brownian limit M → ∞, the GLE is equivalent to

the microscopic description and is valid at all time scale and for any value of M .

It is noted that this form of the time-convolution memory term in the GLE

leads to a time homogeneous process. Although its use (instead of a more general

kernel [133, 173] for nonequilibrium systems) may restrict the physics of the model,

it allows a system to attain ergodicity. It is also noted that the GLE has been also
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Figure 1.1: Schematic plot for the scaling behavior of the memory function KBr(τBr)
on the Brownian time scale τBr. As the mass M of the colloidal particle increases,
the width of the memory function decreases, whereas its height increases. Compared
with the red curve, the orange, green, and blue curves correspond to the cases of
larger mass M by factor of 4, 16, and 64, respectively.

used to describe other types of motion such as rotation [32] and vibration [67, 183]

as well as chemical kinetics [182].

Heuristic explanation on the transition to the Langevin description By

using the GLE, it can be heuristically explained how the microscopic description

becomes the Langevin description as the mass M of the colloidal particle increases.

First, it is observed that, if K(t) = 2γδ(t), the GLE is reduced to the Langevin

equation. The time convolution term is reduced to −γV (t), whereas by Eq. (1.1.6)

the fluctuating force becomes δ-correlated and its noise intensity satisfies Eq. (1.1.2).

Second, it can be argued that, on the Brownian time scale, the memory function

actually becomes a delta function as the mass M increases. From τBr =
√

m
M
t, the

memory function KBr(τBr) on the Brownian time scale τBr is written as

KBr(τBr) =

√
M

m
K

(√
M

m
τBr

)
. (1.1.8)
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As shown in Fig. 1.1, the shape of KBr(τBr) becomes a delta function in the Brownian

limit M →∞. Hence, by combining these two observations, it can be described how

the transition from the microscopic description to the Langevin description occurs

under the Brownian limit. In addition, the following expression is obtained:

γ = lim
M→∞

∫ ∞
0

K(t)dt. (1.1.9)

However, this heuristic argument assumes that (1) the shape of K(t) does not change

significantly as M increases, and (2) the effects of the long-time tail of K(t) are

negligible.

Volterra equation Although the memory function K(t) is defined as the auto-

correlation function of the fluctuating force F+, see Eq. (1.1.6), in Mori’s derivation,

calculating K(t) from this definition is not practical, because the time evolution of

F+ is formally defined by certain operators. Instead, K(t) can be calculated by the

following Volterra equation:

MĊ(t) = −
∫ t

0

K(t− t′)C(t′)dt′, (1.1.10)

where C(t) is the velocity autocorrelation function 〈V(0) ·V(t)〉. In other words,

by obtaining C(t) from MD simulation, Eq. (1.1.10) is numerically solved for K(t).

This equation is obtained by multiplying V(0) to Eq. (1.1.5), taking the equilibrium

average, and using Eq. (1.1.7).

The following observations are made on the Volterra equation and the memory

function. First, as is true for the GLE, the Volterra equation is valid at all time

scales and for any value of M . Second, once either K(t) or C(t) is known, the other

can be calculated by solving the equation for the latter. Since the mean-squared
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displacement can be calculated from C(t) through the relation

〈
[X(t)−X(0)]2

〉
= 2

∫ t

0

dt′
∫ t′

0

dt′′ C(t′′) (1.1.11)

and vice versa, K(t) actually contains information on Brownian motion that is equiv-

alent to the velocity autocorrelation function and the mean-squared displacement.

Memory function approach In the memory function approach, the memory

function K(t) is assumed to be a more fundamental quantity and its behaviors are

investigated to understand the behaviors of the original correlation function (i.e.,

C(t)). Once a certain behavior of K(t) is found, a corresponding behavior of C(t) is

investigated through the Volterra equation.

For example, the heuristic scenario of the Brownian motion given above can be

examined by the following asymptotic behavior of the memory function for large

M [89],

K(t) ≈ K0(t) +
1

M
K1(t). (1.1.12)

This asymptotic form can be verified by numerically calculating K(t) from MD result

of C(t), whereas a corresponding asymptotic expansion of C(t) can be derived by

analytically solving the Volterra equation for C(t) in terms of K0(t) and K1(t).

The limit memory function K0(t) = limM→∞K(t) satisfies the fluctuation-

dissipation relation

〈F0(0) · F0(t)〉 = dkBTK0(t) (1.1.13)

with the force F0 on the Brownian particle in the frozen dynamics. In this dynamics,

the colloidal particle is assumed to be fixed due to its infinite mass and only the

solvent particles move under the external potential due to the presence of the fixed
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colloidal particle. It is noted that, contrary to the velocity autocorrelation function

and the mean-square displacement, which become singular in the Brownian limit,

the memory function possesses a proper limit, which is defined through the frozen

dynamics.

Rayleigh gas model A Rayleigh gas is an ideal gas containing a colloidal particle.

In other words, each gas particle does not interact with other gas particles and only

interacts with the colloidal particle. As a result, any hydrodynamic effects of the

surrounding particles is neglected and only direct interaction between the colloidal

particle and gas particles is considered. Although this model loses many interesting

physics due to the non-interacting bath assumption, this assumption allows analytic

tractability. Mathematical proofs for the Brownian limit are available [39, 108] and

analytic results for the friction coefficient are also available [44, 70, 96, 128, 138].

Roughly speaking, this analytic tractability is attributed to the fact that the dy-

namics of each gas particle becomes decoupled from those of other gas particles in

the frozen dynamics.

1.2 Background for Part B

Model and parametric uncertainties in MD simulation The force field is

a mathematical model which estimates the potential energy of a molecular system

using a certain functional form with a set of parameter values. Since the force

exerted on each atom is determined by the force field, the accuracy of MD simulation

is critically dependent on it. However, for the sake of computational efficiency,

a simple form is usually assumed (e.g., excluding many-body interactions) and the
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corresponding parameter set is calibrated by matching some material properties with

experimental values. Hence it is important to understand how the uncertainties in

the force field affect the resulting values for material properties.

Two types of intrinsic uncertainty in MD simulation Severe limitations on

the time-step size and the number of particles in MD simulation impose the following

uncertainties in MD simulation results. First, statistical errors arise from insufficient

MD runs, which in turn may result from the constraint on the time-step size. While

a very small time step (. 1 fs) must be used in order to resolve atomic interactions,

only a sufficiently long run will allow a system to explore the entire accessible region

of phase space. As a result, an average calculated from an insufficient MD run is

different from the true value. The error is random in nature because of the ergodic

hypothesis of molecular systems; this is why it is called the statistical error. Second,

the finite-system-size effects are due to the relatively small number of atoms in

MD simulation. Despite modern computing power, the possible number of atoms

that can be calculated in MD simulation is much less than Avogadro’s number. To

approximate the behavior of a macro-scale system, periodic boundary conditions are

usually imposed at the boundaries of the MD simulation box. However, because of

the unphysical interaction of a system with its own periodic image, MD results may

be affected by the system size, which is called the finite-system-size effect.

It is important to note that, before quantifying the model and parametric un-

certainties in MD simulation, one must suppress these intrinsic uncertainties. In

fact, in order to analyze any systematic error, the level of statistical error must

be smaller than the systematic error. Also, MD results should be corrected through

finite-system-size correction before parametric uncertainty quantification. Therefore,

accurate prediction of the level of the statistical error and accurate finite-system-size
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correction are an important first step before any other type of uncertainty quantifi-

cation in MD simulation.

1.3 Synopses

Synopsis of Chapter 2

For the Rayleigh gas model, analytic expressions for the frozen dynamics force au-

tocorrelation function 〈F0(0) · F0(t)〉 and the friction coefficient γ are obtained in

terms of single-gas-particle trajectory by the ensemble-average method and the ray

representation approach. For the hard-sphere interaction and the square-well po-

tential between the colloidal particle and a gas particle, closed-form expressions are

obtained.

Through the ray representation approach, the microscopic picture near the Brow-

nian limit can be clearly understood. For example, how the total force autocorrela-

tion function 〈F(0) · F(t)〉 becomes 〈F0(0) · F0(t)〉 in the Brownian limit and how the

latter is interpreted as a delta function on the Brownian time scale can be explained

within a mathematical probabilistic setting. In this approach, the noise intensity ∆

is obtained in the time-average sense.

In the MD simulation part, MD simulation results for the Rayleigh gases un-

der the Lennard-Jones (LJ) and Week–Chandler–Andersen (WCA) potentials are

presented. Three force autocorrelation functions, 〈F(0) · F(t)〉, 〈F+(0) · F+(t)〉, and

〈F0(0) · F0(t)〉 are calculated. 〈F0(0) · F0(t)〉 is compared with the analytic results

and the convergence behaviors of 〈F(0) · F(t)〉 and 〈F+(0) · F+(t)〉 to 〈F0(0) · F0(t)〉
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are investigated. The time integrals of the three force autocorrelation functions are

also calculated and the issues that the Kirkwood formula poses are discussed.

Synopsis of Chapter 3

From the asymptotic behavior of the memory function K(t) given in Eq. (1.1.12), the

asymptotic behaviors of the time correlation functions 〈V(0) ·V(t)〉, 〈V(0) · F(t)〉,

and 〈F(0) · F(t)〉 are investigated and the numerical procedures to estimate the fric-

tion coefficient γ from these time correlation functions are analyzed. For large M ,

the asymptotic expansions for the time correlation functions are obtained in terms

of K0(t) and K1(t). It is shown that the numerical methods of estimating γ from

the exponential decay of the time correlation functions produce γ +O(M−1), where

the first-order correction depends on the microscopic nature of K0(t) [i.e., deviation

of K0(t) from the delta function 2γδ(t)] as well as the contribution of K1(t) [i.e.,

deviation of K(t) from K0(t)].

In the MD simulation part, the asymptotic behavior of K(t) is numerically con-

firmed, and the analytic results for the asymptotic behaviors of the time correlation

functions and the γ +O(M−1) behaviors of the γ estimates are numerically verified.

Although all theoretical results are valid for a general case (i.e., without the non-

interacting bath assumption), MD simulations are performed for the Rayleigh gases

under the LJ and WCA potentials. This is because the analytic result for K0(t)

is available for the Rayleigh gas model so K1(t) can be numerically calculated with

accuracy. By comparing the LJ and WCA cases, the effects of the tail in the memory

function on the evaluation of γ are discussed.
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Synopsis of Chapter 4

Despite the importance of Brownian motion in many fields of science, it seems that

the microscopic picture available to general scientists has not been improved com-

pared to Einstein’s original explanation. One of the reasons may be that most of

the microscopic theories of Brownian motion rely on formal operator manipulation,

which is exact but usually turns out to be intractable for practical purposes. Using

the concepts of the conditional expectation and the infinitesimal deviation of trajec-

tories, a tangible quantitative interpretation of the phenomenon at the microscopic

level is presented.

I present a new microscopic interpretation of the friction force on a Brownian

particle of finite mass suspended in a fluid: it originates from the deviation of the

system trajectory due to the movement of the particle. I perform a systematic

theoretical investigation on the observation that, compared with the frozen dynamics

of the fluid, the movement of the Brownian particle perturbs the trajectory of the

fluid particles and correspondingly the force on the Brownian particle. I show that as

the mass M of the Brownian particle increases, the drag force becomes the ensemble

average of the force deviation over the fluid configurations, whereas the thermal

noise due to the fluctuation of the fluid becomes the force in the frozen dynamics.

In addition, I obtain asymptotic expansions (with respect to M) of the friction force

and thermal noise defined by the memory function and derive several expressions for

single-particle Brownian motion near the Brownian limit. I perform a MD simulation

study on the Rayleigh model, which provides a clear validation of the theory. I

observe the skewness in the force distributions and the bath-particle density on the

simulation, which further explains the microscopic-time-dependent behavior of the

drag force.
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Synopsis of Chapter 5

When Brownian motion occurs in a confined fluid, many interesting behaviors may

be observed. This is attributed to additional interactions of the colloidal particle

and solvent particles with the boundaries of the system, which enhance long-time

memory of the system. I demonstrate how the effects of confinement are investigated

through the memory function approach.

To this end, I study confined Brownian motion by investigating the memory

function of a d-dimensional hypercube (d ≥ 2), which is subject to a harmonic

potential and suspended in an ideal gas confined by two parallel walls. For elastic

walls and under the infinite-mass limit, I obtain analytic expressions for the force

autocorrelation function and the memory function. The transverse-direction memory

function possesses a nonnegative tail decaying like t−(d−1), from which anomalous

diffusion is expected for d = 2. For d = 3, the position-dependent friction coefficient

becomes larger than the unconfined case and the increment is inversely proportional

to the square of the distance from the wall. I also perform MD simulations with

thermal walls and/or a finite-mass hypercube. I observe faster decay due to the

thermal walls (t−3 for d = 2 and t−5 for d = 3 under the fully thermalizing wall) and

convergence behaviors of the finite-mass memory function, which are different from

the unconfined case.

Synopsis of Chapter 6

I analyze two standard methods to compute the diffusion coefficient of a tracer

particle in a medium from MD simulation, the velocity autocorrelation function

(VACF) method, and the mean-squared displacement (MSD) method. I show that
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they are equivalent in the sense that they provide the same mean values with the

same level of statistical errors. I obtain analytic expressions for the level of the

statistical errors present in the time-dependent diffusion coefficient as well as the

VACF and the MSD. Under the assumption that the velocity of the tracer particle

is a Gaussian process, all results are expressed in terms of the VACF. Hence, the

standard errors of all relevant quantities are computable once the VACF is obtained

from MD simulation. For validation, I perform MD simulations for the self-diffusion

of a Lennard-Jones fluid and the diffusion of a large and massive colloid particle

suspended in the fluid. In the addendum, I also present a validation case-study for

MD simulation of ethylene carbonate liquid.

Synopsis of Chapter 7

I investigate the finite-system-size effects on the evaluation of the diffusion coefficient

D. Since D can be calculated from the time integral of the VACF, the finite-system-

size effects of D can be understood by those of the VACF. However, due to huge

relative statistical errors, it is computationally challenging to observe the long-time

behavior of the VACF, which is known to be sensitive to the system size. By perform-

ing large-sized-ensemble MD runs, I obtain very accurate results for the long-time

tail and time integral of the VACF. For a sufficiently large system, I clearly observe

the algebraic decay t−3/2 of the VACF at large times.

By using MD simulation results for two states of the WCA fluid, I demonstrate

that, in order to observe the 1/L dependence of D (where L is the MD simulation

box size), D should be estimated from the time-dependent diffusion coefficient D(t)

(which is the time integral of the VACF up to time t) at larger time t for a larger

system. This is because, in a larger system, the faster decay of the VACF due to
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finite system size occurs at larger time. By comparing the 1/L dependence obtained

from MD simulation with that predicted by the hydrodynamic theory, I examine the

validity of the hydrodynamic finite-system-size correction. In addition, by using an

asymptotic behavior of the memory function K(t) with respect to L (i.e., the finite-

system-size effects of K(t)), which is proposed by MD simulation data, I obtain

corresponding asymptotic behaviors of the VACF and D(t) for large L.
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2.1 Introduction

While Brownian motion has inspired researchers from various fields of science [76, 77]

as a canonical example of stochastic processes, it has also served as an archetypal

model in non-equilibrium statistical mechanics. One of the fundamental questions is

how the dynamics of Brownian particles can be described without knowing the dy-

namics of the entire system. The microscopic theory of Brownian motion addresses

how mesoscopic equations for the Brownian particles are derived starting from first

principles, i.e., without introducing any a priori stochastic features to a microscopic

system except the concept of ensemble, and how the parameters of resulting meso-

scopic equations are related with the microscopic structure of the system.

In this context, the simplest physical system is arguably a system consisting of

a single spherical Brownian particle of mass M surrounded by solvent particles of

mass m; this system has been extensively studied [130]. In the Brownian limit m�

M , the momentum P of the Brownian particle obeys Langevin’s phenomenological

equation [110, 116],

Ṗ(t) = − γ

M
P(t) + Γ(t), (2.1.1)

where γ is the friction coefficient, Γ(t) is d-dimensional Gaussian white noise with

noise intensity ∆, i.e., 〈Γ(t) · Γ(t′)〉 = d∆δ(t − t′), and d is the dimension of the

space.
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2.1.1 Microscopic expressions of γ

One of the heuristic scenarios toward Eq. (2.1.1) in the Brownian limit can be sug-

gested by the generalized Langevin equation for P, which was derived by Mori [140],

Ṗ(t) = − 1

M

∫ t

0

K(τ)P(t− τ)dτ + F+(t), (2.1.2)

where K(t) is the Mori memory kernel and F+(t) is the corresponding fluctuating

force. Assuming that the interaction between the Brownian particle and each sol-

vent particle becomes instantaneous on the time scale of the Brownian particle in the

Brownian limit, it is expected that the fluctuating force F+(t) exerted on the Brow-

nian particle by the solvent becomes delta-correlated. By the fluctuation-dissipation

theorem

K(t) =
β

d

〈
F+(0) · F+(t)

〉
, (2.1.3)

the memory kernel K(t) also becomes a delta function. Here, β is the inverse tem-

perature of the system and the brackets denote the equilibrium average. Hence, in

the near-Brownian-limit (NBL) regime, a Markovian approximation of Eq. (2.1.2)

due to the large time scale separation leads to Eq. (2.1.1) and γ is approximated by

the time integral of K(t), which is equal to

γ+ =
β

d

∫ ∞
0

〈
F+(0) · F+(t)

〉
dt. (2.1.4)

There have been similar expressions of the Green–Kubo type, which relate the

friction coefficient γ with the time integrals of some force autocorrelation functions.
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Kirkwood has proposed the following expression [98]

γ∗ =
β

d

∫ τ∗

0

〈F(0) · F(t)〉 dt, (2.1.5)

where F(t) is the total force exerted on the Brownian particle. Since the time integral

would vanish if the upper time limit is increased to infinity, a cut-off τ ∗ is introduced

under the assumption that the time integral presents a plateau and its value does not

depend on the precise value of τ ∗. It has been demonstrated that the thermodynamic

limit, where the number of the solvent particles tends to infinity, is essential for the

existence of τ ∗ [51, 145].

Another expression which we also consider in this chapter is given from the frozen

dynamics, where the infinite mass limit M → ∞ is taken so that the Brownian

particle is held fixed and the solvent particles move under the external potential due

to the presence of the Brownian particle. Under a certain assumption on the time

scales of the bath, Mazur and Oppenheim have performed a detailed analysis [131]

to show that in the Brownian limit, the friction coefficient γ is given by

γ0 =
β

d

∫ ∞
0

〈F0(0) · F0(t)〉 dt, (2.1.6)

where F0(t) is the force exerted on the fixed Brownian particle in the frozen dynamics.

In addition, the value of γ can also be estimated from the momentum autocor-

relation function in the NBL regime through the relation

〈P(0) ·P(t)〉 =
dM

β
e−γt/M , (2.1.7)

which is derived from Eq. (2.1.1).
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Molecular dynamics (MD) simulation studies using these relations and corre-

sponding theories have been extensively performed on the system of a single Brow-

nian particle (or a trace particle with different mass and size) in a simple fluid.

However, since MD simulations in the NBL regime require high computational cost,

it was not until recently that systematic investigations by using long-time and large-

size MD simulations were attempted [103, 114, 145]. Specifically, the increase in

computational cost of the MD simulation with smaller mass ratio m/M is not only

due to the larger time scale separation in the system, but also due to a larger number

of solvent particles that are necessary to satisfy the condition M � Nm, where N is

the number of the solvent particles. For this reason, determining a precise value of γ

from a direct MD simulation approach is not a routine computation of this juncture.

The primary objective of this chapter is to systematically explore the limiting

behavior of the system in the NBL regime. More specifically, the physical quantities

of main interests are the total force autocorrelation function 〈F(0) · F(t)〉 and the

fluctuating force autocorrelation function 〈F+(0) · F+(t)〉 in the NBL regime as well

as the frozen dynamics force autocorrelation function 〈F0(0) · F0(t)〉. We investigate

the convergence of the total force and fluctuating force autocorrelation functions in

the Brownian limit and compare them with the frozen dynamics force autocorrela-

tion function. Long-time and large-size MD simulations with carefully chosen MD

parameters are performed so that the tails of the force autocorrelation functions are

clearly compared and the numerical integration of the force autocorrelation func-

tions provides numerically reliable values. Compared to recent related numerical

studies [103, 114, 145], we use all methods of obtaining the friction coefficient (i.e.,

the time integration of the three force autocorrelation functions and the decay rate

of the momentum autocorrelation function) and adopt a synergistic approach with

analytic methods, which will be described below.
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2.1.2 Rayleigh model

We introduce the non-interacting bath assumption to our system, which allows us an

alternative analytic approach. Under this assumption, no solvent particle interacts

with the other solvent particles, and solvent particles interact only with the Brownian

particle. Hence, in the frozen dynamics, the dynamics of each solvent particle is

decoupled from those of the other solvent particles. This feature enables us to

derive analytic expressions for 〈F0(0) · F0(t)〉, which are given in terms of one-particle

trajectory. A numerical evaluation of the analytic expression for the frozen dynamics

force autocorrelation function allows us to adjust MD simulation parameters. Also,

the numerical results with no statistical errors help us to interpret the MD simulation

results more clearly. We note that there is a trade-off with the introduction of the

non-interacting bath assumption. The system becomes analytically more manageable

but it loses some physically interesting features, such as the hydrodynamic effect of

the bath [135]. However, the system still legitimately describes a certain physical

phenomenon, i.e., Brownian motion in a gaseous medium.

The Rayleigh model (a massive particle in an ideal gas) has been extensively

studied with the assumption of elastic collisions. An explicit expression of the friction

coefficient γ in the Brownian limit has been derived by various methods [70, 128, 129,

138], and the velocity autocorrelation function and the Mori memory kernel in the

NBL regime have been also investigated [88]. Mathematically rigorous results have

been available for the one-dimensional model with various limiting procedures toward

the Brownian limit [176], and some multi-dimensional extensions [39] and subsequent

generalizations to introduce rotational motion to the Brownian particle [40] and

to impose a reflecting boundary to the system [19] have followed. Some progress

in the generalization of the interaction structure other than elastic collisions and
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multiple Brownian particles has been recently made by Kusuoka and Liang [108].

The Rayleigh model has also been studied in the context of the adiabatic piston

with nonequilibrium conditions [24, 62, 127, 141, 151, 152, 185] and the reactive

Rayleigh gas [143].

An equally important objective of this chapter is to comprehensively understand

the version of the Rayleigh model where an internal structure of interaction is consid-

ered, compared to the version of the Rayleigh model where only elastic collisions are

considered. As specific examples, we consider four typical interaction potentials: the

hard-sphere (HS) interaction and the square-well (SqW) potential as analytic exam-

ples, and the Lennard-Jones (LJ) and Weeks-Chandler-Andersen (WCA) potentials

as numerical examples. First, for a general short-ranged interaction potential, we

derive two new expressions for the force autocorrelation function 〈F0(0) · F0(t)〉 of

the frozen dynamics and corresponding new expressions for the friction coefficient γ.

The first one is obtained from the ensemble average, whereas the other is from the

time average and is given in terms of the ray representation following Kusuoka and

Liang’s approach [108]. Then, we apply these results to the four potentials. For the

HS interaction and the SqW potential, closed-form expressions for γ are obtained,

the latter of which is new. For the WCA and LJ potentials, we numerically evaluate

the expressions and compare them with the MD simulation results. Based on the re-

sults for the four potential cases, theoretical and practical aspects for the evaluation

of 〈F0(0) · F0(t)〉 and γ are presented.

The rest of the chapter is organized as follows. In Section 2.2, the system is de-

fined and previous theoretical results are summarized. In Section 2.3, the ensemble-

averaged expressions for 〈F0(0) · F0(t)〉 and γ are derived. In Section 2.4, some

relevant portion of Kusuoka and Liang’s work is presented with physical explanation

followed by the ray representation expressions for 〈F0(0) · F0(t)〉 and γ. In Sec-
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tion 2.5, analytic results for the HS interaction and the SqW potential are derived.

In Section 2.6, numerical results for the WCA and LJ potentials are presented and

discussed. In Section 2.7, we provide a summary with some discussion.

2.2 System and known results

2.2.1 System

We consider a system consisting of a single spherical Brownian particle of mass M

and a total of N non-interacting solvent particles of mass m. The dimension of the

space and the inverse temperature of the system are denoted by d (d = 2 or 3) and β,

respectively. X and P denote the position and momentum of the Brownian particle,

respectively, and xN = (x1,x2, . . . ,xN) and pN = (p1,p2, · · · ,pN) denote those of

the solvent particles. The interaction potential U(r) between the Brownian particle

and a solvent is a function of inter-particle distance. We assume that the potential is

short-ranged with a cut-off radius R0. The Hamiltonian H of the system is written

as

H =
N∑
n=1

[pn · pn
2m

+ U (|xn −X|)
]

+
P ·P
2M

. (2.2.1)

Although all particles, including the Brownian particle, have point masses and only

their translational motions are considered, the form of U(r) may introduce the size

of the Brownian particle. That is, for example, for the LJ and WCA potentials with

parameters ε and σ, we may think that the radius of the Brownian particle is σ.

In the frozen dynamics, the Brownian particle is held fixed at a certain position
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X and the solvent particles move under the bath Hamiltonian

H0 =
N∑
n=1

[pn · pn
2m

+ U (|xn −X|)
]
. (2.2.2)

Since H0 is the sum of one-particle Hamiltonians, the motion of each solvent particle

becomes independent in the frozen dynamics. To distinguish from the frozen dy-

namics, we call the dynamics under the system Hamiltonian H as the full dynamics.

We introduce two statistical averages. The full-system equilibrium average of a

physical quantity θ is defined as

〈θ〉 =

∫
θ ρ dX dP dxN dpN , (2.2.3)

where ρ is the equilibrium distribution

ρ = e−βH
/∫

e−βH dX dP dxN dpN . (2.2.4)

On the other hand, the bath equilibrium average is defined as

〈θ〉b =

∫
θ ρb dx

N dpN , (2.2.5)

where ρb is the bath equilibrium distribution

ρb = e−βH0

/∫
e−βH0 dxN dpN . (2.2.6)

Note that the bath equilibrium average can be defined for the full dynamics as well

as for the frozen dynamics. For the former case, 〈θ〉b is a function of X and P.

If 〈θ〉b does not depend on X, 〈θ〉 is equal to the average of 〈θ〉b over the Maxwell

distribution of P. For notational simplicity, we drop the subscript for 〈F0(0) · F0(t)〉b
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throughout the chapter, i.e., 〈F0(0) · F0(t)〉 ≡ 〈F0(0) · F0(t)〉b.

2.2.2 Force autocorrelation functions and their time inte-

grals

As stated in Section 2.1, three force autocorrelation functions, 〈F(0) · F(t)〉,

〈F+(0) · F+(t)〉, and 〈F0(0) · F0(t)〉 and their time integrals are investigated in this

chapter. While F(t) is the force exerted on the Brownian particle in the full dy-

namics, F0(t) is the force in the frozen dynamics. In other words, for the Liouville

operators iL and iL0 corresponding to H and H0, respectively, F(t) = eiLtF and

F0(t) = eiL0tF. On the other hand, F+(t) is defined for the full dynamics through

the generalized Langevin equation, Eq. (2.1.2). We note that for the theoretical

results summarized in this subsection, the non-interacting bath assumption is not

necessary.

Before stating the relations of these force autocorrelation functions in the Brow-

nian limit, we specify the limiting procedure toward the Brownian limit to be con-

sidered in this section. The infinite mass limit M →∞ has been mainly considered

in the physics literature. In this limiting procedure, all parameters except the mass

M of the Brownian particle are assumed to be fixed. However, as Español and

Zúñiga pointed out [51], it has been implicitly assumed that the thermodynamic

limit N → ∞ is taken before the infinite mass limit. This is clearly seen through

the relation, see Ref. [51],

〈P ·P〉 =
d

β

MNm

M +Nm
≡ d

β
µ, (2.2.7)

which shows that the condition M � Nm should be satisfied in order to have
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〈P ·P〉 = β−1dM . Hence, we also assume that the condition is valid along the

infinite mass limit so that µ ≈M .

In the infinite mass limit, 〈F(0) · F(t)〉 and 〈F+(0) · F+(t)〉 coincide. This can

be shown by the relation of the Laplace transforms of these force autocorrelation

functions, see Ref. [51],

C̃+(s) = C̃(s)

[
1− βC̃(s)

dµs

]−1

, (2.2.8)

where C̃(s) and C̃+(s) are the Laplace transforms of C(t) = 〈F(0) · F(t)〉 and

C+(t) = 〈F+(0) · F+(t)〉, respectively. By letting µ → ∞ (i.e., M → ∞ after

N →∞), we see that C̃(s) and C̃+(s) coincide.

Mazur and Oppenheim have investigated the asymptotic form 1 of 〈F(0) · F(t)〉

in the Brownian limit under the assumption that correlation functions which are

governed by the frozen dynamics are short-lived [131]. This assumption means that

there is a characteristic time τb of the bath such that, for t > τb,

〈
A0(t1)eiL0tB0(t2)

〉
b

= 〈A0(t1)〉b 〈B0(t2)〉b , (2.2.9)

where A0(t1) = eiL0t1A and B0(t2) = eiL0t2B. By using projection operator tech-

niques [68] with the projection operator 〈 〉b, they have derived an exact equation

for P, which is different from Eq. (2.1.2). For the corresponding fluctuating force

F+
MO(t), they have shown that

〈
F+

MO(0) · F+
MO(t)

〉
b

has a well-behaved series expan-

sion in powers of the mass ratio m/M with 〈F0(0) · F0(t)〉, the lowest order term.

They have also obtained an asymptotic form of 〈F(0) · F(t)〉b, containing a slowly de-

caying contribution proportional to M−1e−γ0t/M . By taking the Maxwellian average

1In this chapter, we use the term asymptotic form (of a force autocorrelation function) only to
refer to the Brownian limit m�M and not to refer to a long-time limit.
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to 〈F(0) · F(t)〉b, we have the same form for 〈F(0) · F(t)〉,

〈F(0) · F(t)〉 ≈ 〈F0(0) · F0(t)〉 − dγ2
0

βM
e−γ0t/M . (2.2.10)

We note that from Eq. (2.2.10) it can be shown that
∫∞

0
〈F(0) · F(t)〉 dt = 0.

Under the same assumption for the time scale τb, Hynes et al. have shown that

the autocorrelation function of the Mori fluctuating force F+(t) has the following

form [89]: 〈
F+(0) · F+(t)

〉
=
dM

β
[iΩ11(t) + ∆11(t)] . (2.2.11)

The first term β−1dMiΩ11(t) is equal to the Maxwellian average of Mazur-

Oppenheim fluctuating force autocorrelation function
〈
F+

MO(0) · F+
MO(t)

〉
b

and thus

it has a well-behaved series expansion. On the other hand, the second term

β−1dM∆11(t) is proportional to M−3e−3γ0t/M . The exponential decay term, how-

ever, does not change the behavior of the time integral significantly in this case,

because its contribution to γ+ in Eq. (2.1.4) is O(M−2). Therefore, in the Brownian

limit, 〈F+(0) · F+(t)〉 and its time integral γ+ converge to 〈F0(0) · F0(t)〉 and γ0 (i.e.,

γ), respectively.

2.3 Ensemble-averaged expressions for 〈F0(0) · F0(t)〉

and γ

As discussed in Section 2.2.2, the frozen dynamics force autocorrelation function

〈F0(0) · F0(t)〉 provides the asymptotic form 1 of 〈F+(0) · F+(t)〉 in the Brownian

limit and its time integral is equal to γ. In this section, under the non-interacting
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bath assumption, we derive ensemble-averaged expressions for 〈F0(0) · F0(t)〉 and γ,

which are expressed by one-particle ensemble-averaged quantities.

2.3.1 Expression for 〈F0(0) · F0(t)〉

Since 〈F0(0) · F0(t)〉 does not depend on the fixed position of the Brownian particle,

we assume that the Brownian particle is fixed at the origin. We denote the force

exerted on a solvent particle located at x by f(x), i.e., f(x) = −U ′(|x|) x
|x| . For the sol-

vent with initial configuration
{
xN ,pN

}
, the net force F0(0) exerted on the Brownian

particle by the solvent is given as −
∑N

i=1 f(xi). Likewise, F0(t) = −
∑N

i=1 f(xi(t)),

where xi(t) = eiL0txi. Then, we have the following form

〈F0(0) · F0(t)〉 = N 〈f(x1) · f(x1(t))〉b . (2.3.1)

The cross terms 〈f(xi) · f(xj(t))〉b with i 6= j disappeared in Eq. (2.3.1), since xi and

xj(t) are independent and 〈f(xi)〉b = 0 by the symmetry of ρb. The average with

respect to ρb can be reduced to the average with respect to one-particle Boltzmann

distribution. With subscript 1 dropped, Eq. (2.3.1) is expressed as follows:

〈F0(0) · F0(t)〉 =
N

V ∗

∫
dp φ(p)I(p, t), (2.3.2)

where V is the volume of the system and

I(p, t) =

∫
V

dx e−βU(|x|)f(x) · f(x(t)), (2.3.3a)

φ(p) =

(
β

2πm

)d/2
e−

β
2m

p·p, (2.3.3b)

V ∗ =

∫
V

dx e−βU(|x|). (2.3.3c)



33

As expected, 〈F0(0) · F0(t)〉 is proportional to the number density of the solvent.

We note that for a sufficiently large value of V and a short-ranged potential U(r),

N/V ≈ N/V ∗.

Since the interaction potential U is a function of the inter-particle distance with

cut-off R0, Eq. (2.3.2) can be further simplified. For d = 2, by introducing new

variables r, θ, u, and φ, we parametrize x = (r cos θ, r sin θ) and p = (u cos(θ +

φ), u sin(θ + φ)). Then, f(x) · f(x(t)) is a function of r, u, and φ, but does not

depend on θ. Also, for φ and −φ, f(x) · f(x(t)) has the same value. Hence, we obtain

〈F0(0) · F0(t)〉 =
2aβ

m

∫ ∞
0

du

∫ π

0

dφ

∫ R0

0

dr r u e
−β

[
u2

2m
+U(r)

]
f(x) · f(x(t)), (2.3.4)

where a is the number density of the solvent particles and f(x) · f(x(t)) is calculated

for x = (r, 0) and p = (u cosφ, u sinφ). Similarly, for d = 3, we obtain

〈F0(0) · F0(t)〉 =8π2a

(
β

2πm

)3/2 ∫ ∞
0

du

∫ π

0

dφ

∫ R0

0

dr

× e−β
[
u2

2m
+U(r)

]
r2u2 sinφ f(x) · f(x(t)).

(2.3.5)

Note that since the trajectory under U(r) is on a plane, we can use the same function

f(x) · f(x(t)) as d = 2.

2.3.2 Expression for γ

From Eqs. (2.1.6) and (2.3.2), we can obtain an expression for γ. Since
∫ t

0
f(x(s))ds =

p(t)− p, we have

γ =
aβ

d
lim
t→∞

∫
dp φ(p)

∫
V

dx e−βU(|x|)f(x) · (p(t)− p). (2.3.6)
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σ

R0

Figure 2.1: A typical trajectory of a solvent particle trapped in the well of the (trun-
cated) LJ potential is depicted by the red line. The solid circle of radius σ indicates
the Brownian particle, whereas the dotted circle of radius R0 = 2.5σ indicates the
interaction range.

For a purely repulsive potential, p∞ = limt→∞ p(t) is always well-defined, since every

trajectory quickly leaves the interaction range and the momentum no longer changes

after it leaves the interaction range. Hence, we can take the limit t → ∞ inside

by replacing p(t) with p∞. For a potential containing an attractive component,

however, some trajectories are trapped in the potential well and the corresponding

solvent particles interact with the Brownian particle forever and p∞ is not well-

defined. For the LJ potential, for example, if

|p|2

2m
+ U(|x|) =

|p⊥|2

2m

|x|2

r2
∗

+ U(r∗), (2.3.7)

where p⊥ is defined so that p = p‖+ p⊥ and x ·p⊥ = 0, has a root r∗ in the interval

(|x|, R0), the particle cannot escape from the potential well, see Fig. 2.1. However,

we can show that the net contribution of the trapped particles to γ disappears. The

ensemble average of the product of f(x) and p(t) over the trapped particles becomes

decoupled as t tends to infinity so that it shrinks to zero. Also, the ensemble average

of f(x) · p over the trapped particles is zero by the time reversal property. Hence,
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we obtain

γ =
aβ

d

∫ ∫
non-trapped

dxdp φ(p)e−βU(|x|)f(x) · (p∞ − p). (2.3.8)

As we did in Section 2.3.1, Eq. (2.3.8) is further simplified; for d = 2,

γ =
aβ2

m

∫ ∞
0

du

∫ π

0

dφ

∫ R0

0

dr r u e
−β

[
u2

2m
+U(r)

]
I(x,p)f(x) · (p∞ − p) (2.3.9)

and, for d = 3,

γ =
8

3
π2aβ

(
β

2πm

)3/2 ∫ ∞
0

du

∫ π

0

dφ

∫ R0

0

dr

× e−β
[
u2

2m
+U(r)

]
r2u2 sinφ I(x,p)f(x) · (p∞ − p),

(2.3.10)

where I(x,p) = 0 if the trajectory is trapped and equal to 1, otherwise.

2.4 Ray representation approach

In this section, an alternative method of studying the microscopic theory of Brownian

motion is discussed and then applied to obtain a microscopic formula for the frozen

dynamics force autocorrelation function. It was devised for the Rayleigh model, and

microscopic formulas for the friction coefficient γ and the noise intensity ∆ have

been derived in terms of the ray representation by Kusuoka and Liang [108]. Instead

of considering the ensemble of the solvent and taking the ensemble average (as we

did in Section 2.3), they have obtained their results by time-averaging for a given

realization of the initial solvent configuration. For mathematical convenience, some

restrictive assumptions on the interaction potential and the initial solvent configu-
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ration have been made. Under these assumptions, for sufficiently small mass ratio

m/M , every incoming solvent particle penetrates the Brownian particle. However,

the penetration of solvent particles into the Brownian particle is not valid for our

solid Brownian particle case. Specifically, neither the interaction potentials we con-

sider in this chapter nor the Boltzmann distribution satisfy the assumptions. Here

we discuss and examine the validity of the ray representation approach beyond the

original Kusuoka and Liang’s assumptions [108].

Specifically, in this section, we use a different limiting procedure from the infinite

mass limit, which has been used in Kusuoka and Liang’s work. Roughly speaking,

we consider m → 0 rather than M → ∞ to achieve the Brownian limit m/M →

0. Since the momentum of the Brownian particle obeys the Ornstein–Uhlenbeck

process without scaling under this limit, this limit is more favorable for presenting

mathematically rigorous statements and proofs; it has also been used in Refs. [39,

40, 19]. However, we can also use the infinite mass limit with the ray representation

approach and the main results under the infinite mass limit are presented below in

Section 2.4.6.

We first present some relevant parts of Kusuoka and Liang’s work with the em-

phasis on physical meaning. In Section 2.4.1, a system and a limiting procedure to be

considered in this section are introduced. The ray representation and the adiabatic

trajectory are explained in Sections 2.4.2 and 2.4.3, respectively. In Section 2.4.4,

Kusuoka and Liang’s result for the noise intensity ∆ is presented in a heuristic way.

Then, we derive a new microscopic expression for the frozen dynamics force auto-

correlation function in Section 2.4.5. In Section 2.4.6, we present the expressions for

〈F0(0) · F0(t)〉 and γ under the infinite mass limit with further simplified forms.
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2.4.1 System description

We consider a Brownian particle of mass M surrounded by an infinite number of

solvent particles of mass m in d-dimensional space (d = 2 or 3). The position and

velocity of the Brownian particle at time t are denoted by X(t) and V(t), respectively,

while the positions and velocities of the solvent particles are denoted by xi(t) and

vi(t), respectively, with label i = 1, 2, . . . . The Brownian particle interacts with each

solvent particle via a short-ranged interaction potential U , but there is no interaction

between the solvent particles. We further assume that the interaction potential is a

function of the inter-particle distance between the Brownian particle and a solvent

particle, i.e., U = U(r), and that the potential has a cut-off R0, i.e., U(|X− xi|) = 0

if |X− xi| > R0. We use the notation ∇U(x) = U ′(|x|) x
|x| for x ∈ Rd.

Since the total energy of the system is given as

1

2
MV2 +

∑
i

(
1

2
mv2

i + U (|xi −X|)
)
,

the equations of motion for the Brownian particle are given as

Ẋ(t) = V(t), (2.4.1a)

V̇(t) = − 1

M

∑
i

∇U (X(t)− xi(t)) . (2.4.1b)

Note that the sum is over all solvent particles, but it actually contains a finite number

of particles at each time since U(r) is a short-ranged potential. On the other hand,

the equations of motion for each solvent particle are given as

ẋi(t) = vi(t), (2.4.2a)

v̇i(t) = − 1

m
∇U (xi(t)−X(t)) . (2.4.2b)
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The only randomness we introduce to the system is the initial conditions of

the solvent particles. While the initial conditions for the Brownian particle, i.e.,

X(0) = X0 and V(0) = V0, are deterministic, the initial configuration of the solvent

particles in the 2d-dimensional (x,v) space is given by the Poisson field with intensity

λ(dx, dv) =
a√
m
e−βU(|x−X0|)

(
mβ

2π

)d/2
e−

1
2
βm|v|2dx dv, (2.4.3)

where a is introduced as a density parameter and β is the inverse temperature of

the solvent. The number of the particles that are found in the volume element

dx dv obeys the Poisson distribution with mean λ(dx, dv) and is independent of

those in other non-overlapping volume elements. By integrating λ over v, we see

that the number density of the solvent particles beyond the interaction range of

the Brownian particle has mean a/
√
m. In turn, by integrating λ over x, we see

that the velocity distribution of the solvent particles obeys the Maxwell-Boltzmann

distribution. Hence, the initial solvent configuration obtained from the Poisson field

is a realization of the solvent configuration in equilibrium.

The Brownian limit we consider in this section is achieved by decreasing m to

zero with M fixed. Meanwhile, we fix the parameters a and β and the interaction

potential U(r). As we see in Eq. (2.4.3), however, as the Brownian limit is achieved,

the system contains a larger number of solvent particles in a unit volume and the

solvent particles become lighter and faster. In other words, as m goes to zero, the

velocities of the solvent particles increase like O(1/
√
m) and so does the number

density of the solvent.

Comparison of the two settings considered in Sections 2.2.1 and 2.4.1 follows.

Two different settings of the systems (i.e., a finite number of solvent particles in

a finite volume versus an infinite number of solvent particles in a whole space) do
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not make any essential difference, if sufficiently large values of N and V are used

in the previous setting and the number densities of the solvent particles are the

same. On the other hand, the two limiting procedures are not equivalent and result

in the Langevin equations with different values of γ and ∆. In order to derive the

Langevin equation from the infinite mass limit considered in the previous section, the

momentum P and time t need to be scaled. For the limiting procedure considered in

this section, no scaling is required. However, we note that a system with a non-zero

mass ratio m/M � 1 can be interpreted by either of the two limiting procedures.

In the rest of Section 2.4, we assume that the interaction potential is purely

repulsive. In this case, every solvent particle interacts with the Brownian particle

for a finite time and then leave the interaction range. On the other had, if the

potential contains an attractive component, some solvent particles are trapped in

the potential well and it is less likely for them to escape from the well as the mass

ratio m/M has a smaller value. Some comments for this case are made in this section

if necessary, but the overall discussion takes place in Section 2.6.

2.4.2 Ray representation

The initial conditions of the solvent particles can be equivalently expressed by the

ray representation. This is based on the observation that every incoming solvent

particle undergoes a free motion until it interacts with the Brownian particle. Hence,

its trajectory can be labeled as a corresponding free motion—a ray.

For a solvent particle with initial position x and initial velocity v at time t = 0,

we consider free motion x + tv. We denote t̄ as the time when the position becomes

the closest to the origin and x̄ as the position of the particle at this moment, see
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Figure 2.2: Schematic diagram for the ray representation. The dotted line indicates
the trajectory of free motion of a particle with initial position x (point A) and initial
velocity v at time t = 0, which is parametrized by x + tv. The ray representation of
(x,v) is given by (t̄, x̄, ṽ), where x̄ is the closest point (point B) on the line to the
origin O (i.e., x̄ ⊥ v), t̄ is the time when the particle arrives at x̄ (i.e., x + t̄v = x̄),
and ṽ is the normalized velocity of v (i.e., ṽ =

√
mv).

Fig. 2.2. Hence, the scalar t̄ and vector x̄ satisfy

v · (x + t̄v) = 0, (2.4.4a)

x̄ = x + t̄v. (2.4.4b)

Note that t̄ may have a negative value. Also, since v increases like O(1/
√
m) as

m→ 0, we introduce the normalized velocity

ṽ =
√
mv. (2.4.5)

Then, our ray representation of (x, v) is given as (t̄, x̄, ṽ). We note that bar notation

is used for ray representation, whereas tilde notation is used to indicate that a

variable is scaled.

There is a one-to-one correspondence between the two representations, i.e., be-

tween (x,v) with v 6= 0 and (t̄, x̄, ṽ) with ṽ 6= 0 and ṽ · x̄ = 0. For ṽ 6= 0, we define

Eṽ to be the hyperplane perpendicular to ṽ, i.e., Eṽ = {x̄ : ṽ · x̄ = 0}. Due to the

constraint, the dimension of Eṽ is d− 1. We denote a volume element on Eṽ by d̄x̄.
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Figure 2.3: A typical trajectory of a solvent particle that interacts with the Brownian
particle under a purely repulsive interaction potential. Point O denotes the origin
of the space, while the solid circle B denotes the Brownian particle. The smaller
circle indicates the interaction range of the Brownian particle while the larger circle
indicates some bounded region containing the origin and the Brownian particle. For
a solvent particle with its ray representation (t̄, x̄, ṽ), we denote the times when the
free motion x + tṽ/

√
m (drawn by the dotted line) enters and exits the region by

t̄ − ε1 and t̄ + ε2, respectively, and the times when the particle enters and exits the
interaction range by t∗ and t∗ + ε3, respectively.

We also define a (2d− 1)-dimensional space

E = {(x̄, ṽ) : ṽ 6= 0, x̄ · ṽ = 0} . (2.4.6)

We note that the volume element d̄x̄ in Eṽ and the space E appear in the micro-

scopic formulas for the noise intensity ∆ and the autocorrelation function of F0, see

Eqs. (2.4.25) and (2.4.32).

From the ray representation of the initial solvent configuration, one can approx-

imate the times when each solvent particle interacts with the Brownian particle,

which is advantageous for our problem. If a solvent particle with ray representation
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(t̄, x̄, ṽ) interacts with the Brownian particle, the interaction time is approximated

as t̄ and this approximation becomes more accurate as m has a smaller value. To

see this clearly, we introduce a region centered at the origin, which is assumed to be

bounded but sufficiently large so that the Brownian particle moves within the region,

see Fig. 2.3. Since the solvent is an ideal gas, the solvent particle undergoes free mo-

tion until it enters the interaction range of the Brownian particle. We denote the

time interval when the free motion x + tṽ/
√
m stays in the region by (t̄− ε1, t̄+ ε2),

and the time interval when the solvent particle interacts with the Brownian particle

by (t∗, t∗ + ε3). Clearly, t∗ is contained in (t̄ − ε1, t̄ + ε2) and εi (i = 1, 2, 3) are

O(
√
m). Hence, we can approximately consider that the interaction occurs at time

t̄ with a short duration of order
√
m. Note that this argument is heuristic and it

implicitly assumes that the Brownian particle moves much more slowly than the

solvent particles and that each solvent particle interacts with the Brownian particle

at most once, which is valid for a small value of m.

Now we express the Poisson field for the initial configuration of the solvent in

terms of the ray representation. Since we can label the initial configuration of the

solvent particles by {(xi,vi)}, we can also express it in terms of the ray represen-

tation, i.e., {(t̄i, x̄i, ṽi)}. We define N(dt̄, d̄x̄, dṽ) as the corresponding Poisson field

on (t̄, x̄, ṽ) space and want to find its intensity λ̄(dt̄, d̄x̄, dṽ). We assume that the

initial position of the Brownian particle is at the origin, i.e., X0 = 0. For sufficiently

small m, if a solvent particle is initially positioned inside the interaction range (i.e.,

|x| ≤ R0), then it leaves the interaction range in a very short time and then no

longer affects the movement of the Brownian particle. Thus, if we are interested in

long time average, the initial solvent configuration near the Brownian particle does

not need to be imposed precisely. We approximate λ(dx, dv) in Eq. (2.4.3) by the
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following intensity λ0(dx, dv):

λ0(dx, dv) =
a√
m

(
mβ

2π

)d/2
e−

1
2
βm|v|2dxdv. (2.4.7)

Note that λ0 is the intensity of the Poisson field for a free ideal gas since U(r) = 0

everywhere in this case. Since ṽdt̄ ⊥ d̄x̄ and v = m−1/2ṽ, we can express the volume

elements

dx =
1√
m
|ṽ| d̄x̄dt̄, (2.4.8a)

dv = m−d/2dṽ, (2.4.8b)

and thus we obtain the intensity of the Poisson field

λ̄(dt̄, d̄x̄, dṽ) =
a

m

(
β

2π

)d/2
e−

1
2
β|ṽ|2|ṽ| dt̄ d̄x̄ dṽ. (2.4.9)

Note that Eq. (2.4.9) is obtained from Eq. (2.4.7) rather than Eq. (2.4.3). For

a purely repulsive potential, the difference between the initial configurations near

the Brownian particle affects the dynamics of the Brownian particle only for the

initial time, the duration of which is of the order of
√
m. On the other hand, if the

interaction potential has an attractive component, a particle initially located inside

the potential well may be trapped depending on its initial velocity and stay for an

infinite time as m tends to zero. Hence, in this case, a different initial configuration

may cause different dynamics of the Brownian particle for a long time. Thus, we

should treat the contribution of those particles precisely and may not approximate

λ(dx, dv) by λ0(dx, dv).

Since N(dt̄, d̄x̄, dṽ) is a random discrete measure concentrated on {(t̄i, x̄i, ṽi)},
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an integral with respect to N(dt̄, d̄x̄, dṽ) is interpreted as follows:

∫
(0,t]×E

N(dū, d̄x̄, dṽ)A(ū, x̄, ṽ) =
∑

0<t̄i≤t

A (t̄i, x̄i, ṽi) . (2.4.10)

Its compensated field is denoted by N0(dt̄, d̄x̄, dṽ), i.e.,

N0(dt̄, d̄x̄, dṽ) = N(dt̄, d̄x̄, dṽ)− λ̄(dt̄, d̄x̄, dṽ). (2.4.11)

2.4.3 Adiabatic trajectory ψ

As discussed in Section 2.4.2, if the system is near the Brownian limit, a solvent

particle interacts with the Brownian particle for a very short time. An adiabatic

approximation is considered in order to estimate how this instantaneous collision

affects the motion of the Brownian particle. In other words, while the Brownian

particle interacts with a certain solvent particle, we assume that its position does

not change, and observe the motion of the solvent particle. Then, the equations of

motion of the solvent particle are decoupled from those of the other solvent particles.

For a solvent particle with its ray representation (t̄, x̄, ṽ), the interaction occurs

near at time t = t̄ and its duration is O(
√
m). Hence, we introduce a scaled time

s̃ =
t− t̄√
m
. (2.4.12)

We also assume that the Brownian particle is held fixed while the interaction occurs,

i.e., X(s̃) = X(t̄). The adiabatic trajectory ψ(s̃) = ψ(s̃; x̄, ṽ,X(t̄)) of the solvent

particle satisfies

d2

ds̃2
ψ(s̃) = −∇U (ψ(s̃)−X(t̄)) . (2.4.13)
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The initial conditions of Eq. (2.4.13) are given by the fact that before the particle

enters the interaction range (i.e., s̃ has a sufficiently large negative value), it satisfies

ψ(s̃) = x̄ + s̃ṽ. (2.4.14)

Under the adiabatic assumption, the total impulse exerted on the Brownian par-

ticle during the interaction is given as

A(t̄, x̄, ṽ) =
√
m

∫ ∞
−∞
∇U (ψ (s̃; x̄, ṽ,X(t̄))−X(t̄)) ds̃. (2.4.15)

We note that the actual integration is over a finite time interval when the particle

stays in the interaction range.

2.4.4 Noise intensity ∆

Now we approximate the random force exerted on the Brownian particle. The un-

derlying idea is as follows. In the Brownian limit, a solvent particle with its ray

representation (t, x̄, ṽ) interacts with the Brownian particle instantaneously at time

t. The impulse exerted on the Brownian particle by the solvent particle is approxi-

mated by A(t, x̄, ṽ). We approximate the force exerted on the Brownian particle at

time t by the sum of delta impulses (occurring at time t) having intensity A(t, x̄, ṽ).

By defining

H(t) =

∫
(0,t]×E

N(du, d̄x̄, dṽ)A(u, x̄, ṽ), (2.4.16)

we approximate the time integral of the random force exerted on the Brownian

particle up to time t. Hence, the random force itself is approximated by the (formal)
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time derivative of H(t), i.e.,

Fδ(t) = Ḣ(t), (2.4.17)

where we used superscript δ to emphasize that the force consists of the sum of delta

peaks by its definition. We can show that in the Brownian limit, the quadratic

variation of H(t) is deterministic (i.e., independent of the realization of the initial

solvent configuration) and it grows linearly with time. However, in order to obtain an

expression for the slope of the quadratic variation versus time, it suffices to calculate

E [|H(t)|2], where E[ ] denotes the expectation over the initial solvent configurations.

We decompose H(t) into H0(t) + H1(t), where

H0(t) =

∫
(0,t]×E

N0(du, d̄x̄, dṽ)A(u, x̄, ṽ), (2.4.18a)

H1(t) =

∫
(0,t]×E

λ̄(du, d̄x̄, dṽ)A(u, x̄, ṽ). (2.4.18b)

Due to the symmetry properties of the potential U and the intensity λ̄, we have

H1(t) = 0 and thus H(t) = H0(t). By the Itô isometry, we have

E
[
|H(t)|2

]
=

∫
(0,t]×E

λ̄(du, d̄x̄, dṽ)E
[
|A(u, x̄, ṽ)|2

]
. (2.4.19)

We note that the dependencies on m of A (proportional to
√
m) and λ̄ (proportional

to m−1) cancel in Eq. (2.4.19); the latter equation can be further simplified. The

time dependence of A(u, x̄, ṽ) is only through the position X(u) of the Brownian

particle, and the integral

∫
E

λ̄(u, d̄x̄, dṽ)|A(u, x̄, ṽ)|2

does not depend on X(u) due to the translational invariance of λ̄. Thus, it is a

constant with respect to u. Hence, we may evaluate it with the assumption that the
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Brownian particle is at the origin. By introducing

Ã(x̄, ṽ) =

∫ ∞
−∞
∇U (ψ (s̃; x̄, ṽ, 0)) ds̃, (2.4.20)

E [|A(u, x̄, ṽ)|2] is replaced by m|Ã(x̄, ṽ)|2 in Eq. (2.4.19), and we obtain from

Eq. (2.4.9)

E
[
|H(t)|2

]
= dt∆, (2.4.21)

where

∆ =
a

d

(
β

2π

)d/2 ∫
E

∣∣∣Ã(x̄, ṽ)
∣∣∣2 e− 1

2
β|ṽ|2 |ṽ|d̄x̄dṽ. (2.4.22)

By comparing Eq. (2.4.21) with the relation

E
[
|H(t)|2

]
=

∫ t

0

du

∫ t

0

du′E
[
Fδ(u) · Fδ(u′)

]
, (2.4.23)

we have

E
[
Fδ(t) · Fδ(t′)

]
= dδ(t− t′)∆, (2.4.24)

which means that ∆ is actually the noise intensity of Fδ. Eq. (2.4.22) can be written

as follows:

∆ =
a

d

∫
E

∣∣∣∣∫ ∞
−∞
∇U [ψ(s̃; x̄, ṽ, 0)] ds̃

∣∣∣∣2 ρ̄(x̄, ṽ)d̄x̄dṽ, (2.4.25)

where

ρ̄(x̄, ṽ) =

(
β

2π

)d/2
e−

1
2
β|ṽ|2|ṽ|. (2.4.26)

Hence, ∆ is expressed as the average of the square of the total momentum change

after each collision over the rays with weight ρ̄.

As mentioned above, the quadratic variation of H(t) is dt∆ in the Brownian limit

and ∆ is obtained from this relation. Hence, for each initial solvent configuration,

almost surely, we can obtain ∆ from the time average, which means that the use of
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the expectation E[ ] is not essential.

2.4.5 Time-averaged expression for 〈F0(0) · F0(τ̃)〉

For a small value of m�M , the frozen dynamics force autocorrelation function has

a time scale of order
√
m. By using the tilde notation τ̃ for microscopic time, we

denote the autocorrelation function by 〈F0(0) · F0(τ̃)〉. As we did in Section 2.4.4,

we derive a microscopic expression for 〈F0(0) · F0(τ̃)〉 by taking the time average of

E [F0(t) · F0(t+ τ̃)], i.e.,

〈F0(0) · F0(τ̃)〉 = lim
T→∞

1

T

∫ T

0

E [F0(t) · F0(t+ τ̃)] dt. (2.4.27)

Since F0(t) is the sum of the forces exerted by the colliding solvent particles at time

t, i.e., F0(t) =
∑

i fi(t), F0(t) · F0(t+ τ̃) is decomposed into two parts:

F0(t) · F0(t+ τ̃) = I1 + I2, (2.4.28)

where I1 contains the overlap of the forces of the same particle, i.e.,
∑

i fi(t) ·fi(t+ τ̃),

and I2 contains the overlap of the forces of different particles, i.e.,
∑∑

i 6=j fi(t)·fj(t+

τ̃). For a colliding particle with ray representation (t, x̄, ṽ), the total overlap between

the force and its translation by time τ̃ is given in terms of the following function:

B̃(τ̃ , x̄, ṽ) =

∫ ∞
−∞
∇U [ψ(s̃; x̄, ṽ, 0)] · ∇U [ψ(s̃+ τ̃ ; x̄, ṽ, 0)]ds̃. (2.4.29)

In other words, we have

I1dt = m

∫
E

N(dt, d̄x̄, dṽ)B̃(τ̃ , x̄, ṽ), (2.4.30)
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and thus, by Eqs. (2.4.9) and (2.4.26), we obtain

E[I1] = a

∫
E

B̃(τ̃ , x̄, ṽ)ρ̄(x̄, ṽ)d̄x̄dṽ. (2.4.31)

On the other hand, by the independence of two colliding particles and the isotropy

of λ̄, we have E [I2] = 0. Therefore, E [F0(t) · F0(t+ τ̃)] = E[I1] is stationary and we

obtain the following expression for 〈F0(0) · F0(τ̃)〉:

〈F0(0) · F0(τ̃)〉 = a

∫
E

B̃(τ̃ , x̄, ṽ)ρ̄(x̄, ṽ)d̄x̄dṽ. (2.4.32)

Now we show that Kusuoka and Liang’s microscopic expression [108], Eq. (2.4.25),

can be derived from Eq. (2.4.32) by using the Mazur and Oppenheim’s result [131].

From Eq. (2.1.6) and the fluctuation-dissipation relation β∆ = 2γ, we have

∆ =
2

d

∫ ∞
0

〈F0(0) · F0(τ̃)〉 dτ̃ . (2.4.33)

Since

2

∫ ∞
0

B̃(τ̃ , x̄, ṽ)dτ̃ =

∣∣∣∣∫ ∞
−∞
∇U [ψ(s̃; x̄, ṽ, 0)] ds̃

∣∣∣∣2 , (2.4.34)

we retrieve Eq. (2.4.25) from Eqs. (2.4.32) and (2.4.33).

We also discuss the validity of Eq. (2.4.32). Since ρ̄ is obtained from λ̄ and, in

turn, λ̄ is obtained from λ0 rather than λ, the validity of the expression depends on

whether λ is correctly approximated by λ0. As we discussed in Section 2.4.2, for a

purely repulsive potential, the difference of the initial configurations near the Brow-

nian particle does not affect the long time dynamics and thus the approximation is

valid. On the other hand, for a potential containing an attractive component, we

cannot neglect the initially trapped particles, which will stay in the potential well
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forever in the frozen dynamics. Clearly, the contribution of such particles is not con-

sidered in Eq. (2.4.32) since their trajectories cannot be expressed by the adiabatic

trajectory ψ, which describes a solvent particle entering and then leaving the poten-

tial range. Actually, 〈F (0) · F (τ̃)〉 in Eq. (2.4.32) contains only the contribution of

the incoming solvent particles, and it results from the Poisson field whose intensity

is given as follows:

λ1(dx, dv) = λ0(dx, dv)I(x), (2.4.35)

where I(x) = 1 if |x| > R0 and I(x) = 0 otherwise. Note that if λ1(dx, dv) is assumed

for the Poisson field, then there is no trapped particle in the frozen dynamics.

2.4.6 Results under the infinite mass limit

We present the ray representation results under the infinite mass limit, which is

considered in Sections 2.2 and 2.3. For ray representation, we use momentum p

instead of velocity. For (x̄,p) ∈ E, where E =
{

(x̄,p) ∈ R2d : x̄ · p = 0, p 6= 0
}

,

we define the adiabatic trajectory ψ(t) = ψ(t; x̄,p) satisfying

mψ′′(t) = −∇U(ψ(t)) (2.4.36)

and ψ(t) = x̄ + t
m
p for sufficiently negatively large t (i.e., before the particle enters

the interaction range). The expression for the frozen dynamics force autocorrelation

function is given as

〈F0(0) · F0(τ)〉 = a

∫
E

B(τ, x̄,p)ρ̄(x̄,p)d̄x̄dp, (2.4.37)
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where a is the number density of the solvent particles,

B(τ, x̄,p) =

∫ ∞
−∞
∇U(ψ(t)) · ∇U(ψ(t+ τ))dt, (2.4.38a)

ρ̄(x̄,p) =

(
β

2πm

)d/2 |p|
m
e−

β
2m
|p|2 . (2.4.38b)

The expression for the friction coefficient is given as

γ =
aβ

2d

∫
E

|p∞ − p|2 ρ̄(x̄,p)d̄x̄dp, (2.4.39)

where p∞ = m limt→∞ ψ
′(t).

Since the interaction potential U is a function of inter-particle distance,

Eqs. (2.4.37) and (2.4.39) can be further simplified. For d = 2, x̄ and p can be

parametrized as follows: x̄ = (−r sinφ, r cosφ) and p = (u cosφ, u sinφ) with u > 0,

0 ≤ φ < 2π, −R0 ≤ r ≤ R0. Since B(τ, x̄,p) does not depend on φ, we introduce

B0(τ, r, u) = B(τ, x̄0,p0), (2.4.40)

where x̄0 = (0, r) and p0 = (u, 0), and integrate Eq. (2.4.37) over φ to obtain in the

two-dimensional case:

〈F0(0) · F0(τ)〉 =
2aβ

m2

∫ ∞
0

du

∫ R0

0

dr e−
β

2m
u2

u2B0(τ, r, u). (2.4.41)

We also used the fact that B0(τ,−r, u) = B0(τ, r, u). Likewise, for d = 3, we have

〈F0(0) · F0(τ)〉 =
8π2a

m

(
β

2πm

)3/2 ∫ ∞
0

du

∫ R0

0

dr

× e−
β

2m
u2

ru3B0(τ, r, u).

(2.4.42)

Note that a (2d − 1)-dimensional integration in Eq. (2.4.37) is reduced to 2-
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dimensional integrations in Eqs. (2.4.41) and (2.4.42). Similarly, we obtain simplified

expressions for γ; for d = 2,

γ =
aβ2

2m2

∫ ∞
0

du

∫ R0

0

dr e−
β

2m
u2

u2|p∞ − p|2, (2.4.43)

and, for d = 3,

γ =
4π2aβ

3m

(
β

2πm

)3/2 ∫ ∞
0

du

∫ R0

0

dr e−
β

2m
u2

ru3|p∞ − p|2. (2.4.44)

2.5 Analytic results

In this section, we derive analytic expressions of γ for the HS interaction and the

SqW potential and show that the ensemble-averaged expression, Eq. (2.3.8), and

the ray representation expression, Eq. (2.4.39), produce identical results for each

potential. For the numerical values of γ for these potentials and the comparison

with the WCA and LJ potential, see Figs. 2.15 and 2.16. The HS interaction has

parameter R as the radius of the Brownian particle; when the inter-particle distance

between a solvent particle and the Brownian particle becomes R, an elastic collision

occurs. The SqW potential we consider has the following form:

USqW(r) =


∞ if r < R1,

−ε if R1 < r < R2,

0 if r > R2.

(2.5.1)

The closed-form expression of γ for the three-dimensional HS system, Eq. (2.5.5),

has been derived by the generalized Fokker-Planck equation, the calculation of the
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Figure 2.4: Some variables used in the calculation of γ of the HS system for (a) the
ray representation approach, and (b) the ensemble average.

distribution of changes of momentum of the Brownian particle, and Kirkwood for-

mula [70], by the density expansion of the momentum autocorrelation function [128],

and by the Boltzmann equation [138]. An equivalent expression under the limiting

procedure considered in Section 2.4 has been derived by a mathematically rigorous

probabilistic method [39].

2.5.1 HS interaction

2.5.1.1 Ray representation

For d = 2, we use Eq. (2.4.43) and consider a particle with x̄ = (0, r) and p = (u, 0).

For non-zero p∞ − p, it suffices to consider 0 ≤ r ≤ R. By introducing the angle θ,

which satisfies sin θ = r
R

, see Fig. 2.4 (a), we express the magnitude of momentum

change as follows:

|p∞ − p| = 2u cos θ. (2.5.2)
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From Eq. (2.4.43), we have

γ =
2aRβ2

m2

∫ π
2

0

dθ

∫ ∞
0

du u4 cos3 θ e−
β

2m
u2

, (2.5.3)

and thus

γ = 2aR

√
2πm

β
. (2.5.4)

Similarly, for d = 3, from Eqs. (2.4.44) and (2.5.2) we obtain

γ =
8

3
aR2

√
2πm

β
. (2.5.5)

2.5.1.2 Ensemble average

In Eqs. (2.3.9) and (2.3.10), f(x) · (p∞−p) is non-zero only when r = R. To express

this as a delta function, we only need to consider r ≥ R. In order to have a collision

with the wall, the angle φ should be in the range of
[
π − arcsin R

r
, π
]
. The angle of

incidence is denoted by χ, which satisfies sinχ = r
R

sinφ, see Fig. 2.4 (b). The time

∆t that it takes for the particle to hit the wall is expressed as follows:

∆t = −
(

cosχ+
r

R
cosφ

) mR
u
. (2.5.6)

By denoting the momentum change after the collision by ∆p, we have

f(x(t)) = ∆p δ(t−∆t), (2.5.7)

p(t) = p + ∆pH(t−∆t), (2.5.8)
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Figure 2.5: Two cases to be considered in the calculation of γ for the SqW system
by the ray representation approach. Panel (a) corresponds to the case (θ, u) ∈ D1,
whereas panel (b) corresponds to (θ, u) ∈ D2.

where H(t) is the Heaviside step function, and thus

f(x) · (p∞ − p) = |∆p|2δ(∆t)H(∆t). (2.5.9)

In order to have an instantaneous collision (i.e., ∆t = 0), the limit r → R with

π
2
≤ φ ≤ π is considered, which leads χ → π − φ. Since ∂∆t

∂r
= − m

u cosφ
and |∆p| =

−2u cosφ under the limit, we obtain

f(x) · (p∞ − p) = − 4

m
u3 cos3 φ δ(r −R)H(r −R). (2.5.10)

Hence, for d = 2, by introducing θ = π − φ, we obtain the identical integral for γ

to Eq. (2.5.3) and thus the identical result to Eq. (2.5.4). Similarly, for d = 3, we

obtain Eq. (2.5.5) from Eqs. (2.3.10) and (2.5.10).
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2.5.2 SqW potential

2.5.2.1 Ray representation

Since we only need to consider 0 ≤ r < R2, we introduce the angle of incidence to

the outer wall, θ, which satisfies sin θ = r
R2

, see Fig. 2.5. We also denote the angle

of refraction and the magnitude of refracted momentum by χ and ū, respectively,

which satisfy

1

2m
ū2 − ε =

1

2m
u2, (2.5.11a)

ū sinχ = u sin θ. (2.5.11b)

The condition sinχ < R1

R2
is equivalent to the condition that the refracted particle

collides with the inner wall. Hence, when sin θ < R1

R2
, the particle hits the inner wall

for all u > 0. If sin θ > R1

R2
, we define

u∗ =
R1

√
2mε√

R2
2 sin2 θ −R2

1

. (2.5.12)

If u < u∗, the particle hits the inner wall, otherwise, the particle passes through

the interaction range without colliding with the inner wall. Hence, we calculate the

integral

γ =
aR2β

2

2m2

∫ π
2

0

dθ

∫ ∞
0

du u2 cos θ e−
β

2m
u2 |p∞ − p|2 (2.5.13)
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by dividing the domain into D1 and D2 defined as follows:

D1 =

{
0 ≤ θ < arcsin

R1

R2

, u > 0

}
∪
{

arcsin
R1

R2

< θ <
π

2
, 0 < u < u∗

}
,

(2.5.14a)

D2 =

{
arcsin

R1

R2

< θ <
π

2
, u > u∗

}
. (2.5.14b)

For the case of a collision with the inner wall, (i.e., for (θ, u) ∈ D1), we denote

the angle of incidence on the inner wall by ω, see Fig. 2.5 (a), which satisfies

sinω =
R2

R1

sinχ. (2.5.15)

We also denote the momentum changes after refraction, reflection, and subsequent

refraction by ∆p1, ∆p2, and ∆p3, respectively. Then, the total momentum change

is given as p∞ − p = ∆p1 + ∆p2 + ∆p3, and we have

|∆p1| = |∆p3| = ū cosχ− u cos θ ≡ A(u, θ), (2.5.16a)

|∆p2| = 2ū cosω ≡ B(u, θ), (2.5.16b)

∆p1 ·∆p2 = ∆p2 ·∆p3 = −A(u, θ)B(u, θ) cos(ω − χ), (2.5.16c)

∆p1 ·∆p3 = A2(u, θ) cos 2(ω − χ). (2.5.16d)

Note that we defined A and B as functions of u and θ since other variables such as

ū, χ, and ω are the functions of u and θ. Then, for (θ, u) ∈ D1, we have

|p∞ − p|2 = 2A2 [1 + cos 2(ω − χ)]− 4AB cos(ω − χ) +B2. (2.5.17)

For the case of no collision with the inner wall, the momentum changes ∆p1 and
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∆p2 after two sequential refractions satisfy

|∆p1| = |∆p2| = A(u, θ), (2.5.18a)

∆p1 ·∆p2 = −A2(u, θ) cos 2χ. (2.5.18b)

Hence, for (θ, u) ∈ D2, we have

|p∞ − p|2 = 2A2 [1− cos 2χ] . (2.5.19)

By combining the results for two cases, we obtain a formula for γ as the sum of

two integrals defined in Eqs. (2.5.13) and (2.5.14). The expressions for |p∞ − p|2

are given in Eqs. (2.5.17) and (2.5.19). The explicit expressions for the intermediate

variables as functions of u and θ are given as follows:

A(u, θ) =
√
u2 cos2 θ + 2mε− u cos θ, (2.5.20a)

B(u, θ) = 2

√(
1− R2

2

R2
1

sin2 θ

)
u2 + 2mε, (2.5.20b)

cos(ω − χ) =
B(u, θ)

√
u2 cos2 θ + 2mε

2(u2 + 2mε)
+

R2u
2 sin2 θ

R1(u2 + 2mε)
, (2.5.20c)

1− cos 2χ =
2u2 sin2 θ

u2 + 2mε
. (2.5.20d)

2.5.2.2 Ensemble average

For instantaneous collisions of non-trapped particles, we consider the following limits:

• (E1) r → R2 − 0 with 0 ≤ φ ≤ π
2

• (E2) r → R1 + 0 with π
2
≤ φ ≤ π
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Figure 2.6: Four cases to be considered in the calculation of γ for the SqW system
by using the ensemble-averaged expression. Panels (a), (b), (c), and (d) correspond
the limits (E1), (E2), (E3), and (E4), respectively, in the text.

• (E3) r → R2 + 0 with π
2
≤ φ ≤ π (with collision with the inner wall)

• (E4) r → R2 + 0 with π
2
≤ φ ≤ π (without collision with the inner wall)

In order to use the expressions we obtained in the ray representation calculation,

we use u as the magnitude of the momentum outside the potential range and ū as

the one inside the potential range. Hence, the magnitude of the initial momentum

is denoted by ū in cases E1 and E2, whereas it is denoted by u in cases E3 and

E4. Also, the angles of incidence and refraction when the particle passes through

the outer wall from inside are denoted by χ and θ, respectively. If the particle hits

the inner wall, the angle of incidence is denoted by ω. For the definition of those

variables in each case, see Fig. 2.6.

Since the particle is initially located inside the potential range in cases E1 and

E2, there are minima ū
(1)
∗ and ū

(2)
∗ for the magnitude of the initial momentum in

order for the particle to escape from the interaction range for the two cases. Under

the limits E1 and E2 they are given as

ū(1)
∗ =

√
2mε

cosφ
, (2.5.21a)

ū(2)
∗ =

√√√√ 2mε

1− R2
1

R2
2

sin2 φ
. (2.5.21b)
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On the other hand, under the limits E3 and E4, the angle of incidence θ becomes

π − φ. For (θ, u) ∈ D1 there is a collision with the inner wall (i.e., belonging to case

E3), whereas there is no collision (i.e., E4) for (θ, u) ∈ D2.

In case E1, the magnitude of momentum change ∆p1 after the refraction is given

as

|∆p1| = A(u, θ), (2.5.22)

and thus we have

f(x) · (p∞ − p) =
1

m
ū cosφ δ(r −R2)H(R2 − r)|∆p1|2. (2.5.23)

The contribution of case (E1) to the integral for γ is given as

γ(1) =
aR2β

2

2m2

∫ π
2

0

dχ

∫ ∞
ū

(1)
∗

dū ū2 cosχA2(u, θ)e
−β

[
ū2

2m
−ε

]
, (2.5.24)

and by the change of variables from (χ, ū) to (θ, u) we have

γ(1) =
aR2β

2

2m2

∫ π
2

0

dθ

∫ ∞
0

du u2 cos θ A2(u, θ)e−
β

2m
u2

. (2.5.25)

For the other cases, we can similarly express each contribution to γ by an integral

for θ and u:

γ(k) =
aR2β

2

2m2

∫ ∫
D(k)

dθ du u2 cos θ e−
β

2m
u2

I(k), (2.5.26)
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where D(1) = D1 ∪ D2, D(2) = D(3) = D1, D(4) = D2,

I(1) = A2, (2.5.27a)

I(2) = B2 − 2AB cos(ω − χ), (2.5.27b)

I(3) = A2 [1 + 2 cos 2(ω − χ)]− 2AB cos(ω − χ), (2.5.27c)

I(4) = A2 [1− 2 cos 2χ] . (2.5.27d)

Therefore, we obtain the identical expression for γ = γ(1) + γ(2) + γ(3) + γ(4) to the

ray representation approach.

2.6 Numerical results

2.6.1 MD set-up

For the LJ and WCA potentials, we perform two-dimensional NV E molecular dy-

namics simulations for the full dynamics to observe the convergence of the total

force autocorrelation function and the fluctuating force autocorrelation function in

the Brownian limit. In other words, we numerically obtain force autocorrelation

functions 〈F(0) · F(τ̃)〉NBL and 〈F+(0) · F+(τ̃)〉NBL in the near-Brownian-limit (NBL)

regime, which are defined as follows:

〈F(0) · F(τ̃)〉 = 〈F(0) · F(τ̃)〉NBL +O
(m
M

)
, (2.6.1a)〈

F+(0) · F+(τ̃)
〉

=
〈
F+(0) · F+(τ̃)

〉
NBL

+O
(m
M

)
, (2.6.1b)

where τ̃ is the microscopic time defined as t/
√
m. These two functions are intro-

duced for numerical purposes but we do not claim that the rate of convergence in
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Eq. (2.6.1) is uniform for all time scales. We also perform the corresponding frozen

dynamics simulations to obtain the frozen dynamics force autocorrelation function

〈F0(0) · F0(τ̃)〉 and then compare the MD simulation results with the results evalu-

ated from the analytic expressions.

The system parameters for the MD simulations are defined as follows. The mass

of a solvent particle is set as m = 0.01 and the number of the solvent particles is

set as N = 104. The simulation domain is a square with side L = 100 and periodic

boundary conditions are imposed. For the full dynamics, the massM of the Brownian

particle is increased from M = 0.01 to M = 1. Note that N is chosen sufficiently

large so that M
Nm
≤ 0.01. The temperature of the system is defined in terms of the

average kinetic energy of the system and the inverse temperature is given as β = 1.

For the interaction potential between the Brownian particle and a solvent particle,

the WCA potential with parameters σ = 1 and ε = 1 (cut-off R0 = 21/6σ) is chosen

for a purely repulsive potential and the LJ potential with parameters σ = 1 and

ε = 1 (cut-off R0 = 2.5σ) is chosen for a potential with an attractive component.

All results are given in reduced units with ε the unit of energy, σ the unit of length,

and M the unit of mass.

The Brownian particle is initially located at the origin. The initial positions

of the solvent particles are chosen randomly so that they are distributed uniformly

outside the interaction range of the Brownian particle. The velocities of the solvent

particles are chosen from the Maxwell-Boltzmann distribution. The time integra-

tion is performed by the velocity Verlet algorithm with time step size ∆t = 10−4.

The temperature scaling is performed at time t = 100n (n = 1, 2, · · · , 10). From

t = 103 to t = 104, the momentum autocorrelation function 〈P(0) ·P(t)〉 (t = 10−3n,

n = 0, . . . , 104) is calculated and averaged over the samples, which is used to estimate

the exponential decay rate. From t = 104 to t = 1.5× 104, the correlation functions
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〈P(0) ·P(t)〉, 〈P(0) · F(t)〉, and 〈F(0) · F(t)〉 (t = 10−4n, n = 0, . . . , 104) are calcu-

lated and averaged over the samples. By using those three correlation functions, the

Mori memory kernel K(t) and, thus from Eq. (2.1.3), the fluctuating force autocor-

relation function 〈F+(0) · F+(t)〉 are calculated following the procedure described in

Ref. [164].

For each set of the simulation parameters, a total of 8 samples with different

initial solvent configurations are prepared in thermal equilibrium through tempera-

ture scaling. For each correlation function 〈A(0) ·B(t)〉, we have 〈Ax(0)Bx(t)〉 and

〈Ay(0)By(t)〉, which are equal to 1
2
〈A(0) ·B(t)〉. Hence, from n = 16 samples, we

estimate the value of the correlation function as twice of the sample mean and its

standard deviation σ is estimated as

σ =
2sn√
n
, (2.6.2)

where s2
n is the sample variance. The statistical errors of the simulation results are

suppressed within 1 percent of the maximum magnitude of the correlation functions,

see Figs. 2.7, 2.8, 2.12 for the statistical errors of the force autocorrelation functions

and Fig. 2.13 for that of the momentum autocorrelation function.

The effect of the boundary conditions, which are introduced due to the finite

size of the MD simulation domain, is also investigated. Some artificial effects may

be possible due to the possibility that a solvent particle which collided with the

Brownian particle can collide again with the Brownian particle after leaving and

re-entering the domain. Also, two definitions of the number density of the solvent

particles (i.e., N/V or N/V ∗) may result in different values, unless the volume of the

Brownian particle is negligible compared to the volume of the system. To this end,

smaller values of the box size L are used and the results are compared. In addition,
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Figure 2.7: Plots of 〈F(0) · F(τ̃)〉 (in panels (a) and (c)) and 〈F+(0) · F+(τ̃)〉 (in
panels (b) and (d)) for various values of the mass ratio m/M from 1 to 0.01. The
results are obtained from the MD simulations of the full dynamics under the WCA
potential for panels (a) and (b) and under the LJ potential for panels (c) and (d),
respectively. The results for m/M = 0.01 (depicted by the red solid lines) are chosen
as 〈F(0) · F(τ̃)〉NBL and 〈F+(0) · F+(τ̃)〉NBL and used in the succeeding figures. Note
that the microscopic time τ̃ = t/

√
m is used and the force autocorrelations are scaled

by the number density a of the solvent particles. In the insets, the standard deviation
σ is plotted, see Eq. (2.6.2).

we impose the reflecting boundary conditions for the frozen dynamics simulations

and compare the results to the system with the periodic boundary conditions. Hence,

we confirm that such effects are negligible in our MD simulation results.

2.6.2 Force autocorrelations

We first observe how the total force autocorrelation function and the fluctuating

force autocorrelation function change as the value of m/M is decreasing. In Fig. 2.7,
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Figure 2.8: Comparison of 〈F(0) · F(τ̃)〉NBL and 〈F+(0) · F+(τ̃)〉NBL with
〈F0(0) · F0(τ̃)〉 obtained from the frozen dynamics MD simulation. The results for
the WCA potential are plotted in panel (a) and those for the LJ potential are in
panel (b). For 〈F(0) · F(τ̃)〉NBL and 〈F+(0) · F+(τ̃)〉NBL, the full dynamics MD sim-
ulation results for m/M = 0.01 are plotted. In the insets, the standard deviation σ
is plotted.

Figure 2.9: For the full dynamics (with m/M = 0.01) and the frozen dynamics MD
simulations under the LJ potential, the radial distribution functions g(r) are plotted.
The distance r is the inter-particle distance between the Brownian particle and a
solvent particle. The full dynamics result coincides with e−βU(r), while the frozen
dynamics result agrees well with the curve calculated from the ray representation
approach.
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Figure 2.10: Comparison of the curves of 〈F0(0) · F0(τ̃)〉 obtained by numerical eval-
uation of the ensemble-averaged expression (i.e., Eq. (2.3.4)), the ray representation
expression (i.e., Eq. (2.4.41)), and the frozen dynamics MD simulation. The results
are shown in panel (a) for the WCA potential and in panel (b) for the LJ potential,
respectively. In panel (b), the ensemble average over the non-trapped particles is
also plotted.

Figure 2.11: For various values of the ε parameter of the LJ poten-
tial, 〈F+(0) · F+(τ̃)〉NBL obtained from the full dynamics MD simulation and
〈F0(0) · F0(τ̃)〉 obtained from the ensemble-averaged expression are compared, and
〈F0(0) · F0(τ̃)〉 obtained from the ensemble average over the non-trapped particles
and 〈F0(0) · F0(τ̃)〉 obtained from the ray representation expression are also com-
pared. The inverse temperature is fixed as β = 1. In the insets, positive values of
the force autocorrelation functions are plotted for short times.
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Figure 2.12: Plots of the tails (i.e., long time behavior) of the force autocorrela-
tion functions. The results for the WCA potential are plotted in panel (a), whereas
those for the LJ potential are in panel (b). In the upper plot of each panel, plotted
are 〈F0(0) · F0(τ̃)〉 (evaluated from the ensemble-averaged expression, Eq. (2.3.4)),
〈F+(0) · F+(τ̃)〉NBL and 〈F(0) · F(τ̃)〉NBL (obtained from the full dynamics MD sim-
ulation). In the lower plot, three curves of 〈F0(0) · F0(τ̃)〉 obtained by the following
methods are plotted: numerical evaluation of the ensemble average over the non-
trapped particles, numerical evaluation of the ray representation expression, and the
frozen dynamics MD simulation. For the MD simulation results, error bars with 2σ
are also plotted.

these autocorrelation functions obtained from the full dynamics MD simulations are

plotted for various values of the mass ratio. The microscopic time τ̃ = t/
√
m is used.

Since the magnitude of the force autocorrelations is proportional to the number

density a of the solvent particles, they are also scaled by a. For both interaction

potentials, it is clearly observed that 〈F(0) · F(τ̃)〉 and 〈F+(0) · F+(τ̃)〉 converge. By

choosing the results for m/M = 0.01 as 〈F(0) · F(τ̃)〉NBL and 〈F+(0) · F+(τ̃)〉NBL,

the rate of convergence is investigated. For both potentials, the overall deviation

(∫ ∞
0

|〈F(0) · F(τ̃)〉 − 〈F(0) · F(τ̃)〉NBL|
2 dτ̃

)1/2

(2.6.3)

is decreasing with O(m/M) and the same rate of convergence is observed for the

fluctuating force autocorrelation function. For the WCA potential, pointwise con-

vergence of both force autocorrelation functions is clearly observed to be first order

in m/M for all times where the force autocorrelation functions have non-zero val-
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ues. For the LJ potential, clear first-order convergence in m/M is observed for short

times τ̃ < 0.2 for 〈F(0) · F(τ̃)〉 and τ̃ < 0.5 for 〈F+(0) · F+(τ̃)〉, respectively. We

also observe that although two force autocorrelations eventually converge to the same

time profile (see Fig. 2.8), for the intermediate values of m/M , the time profiles of

〈F+(0) · F+(τ̃)〉 are much closer to the limiting time profiles than 〈F(0) · F(τ̃)〉 for

both potentials.

We compare 〈F(0) · F(τ̃)〉NBL and 〈F+(0) · F+(τ̃)〉NBL with the frozen dynam-

ics autocorrelation function 〈F0(0) · F0(τ̃)〉 obtained from the frozen dynamics

MD simulations in Fig. 2.8. As expected from Eq. (2.2.8), 〈F(0) · F(τ̃)〉NBL and

〈F+(0) · F+(τ̃)〉NBL coincide for both potentials. On the other hand, 〈F0(0) · F0(τ̃)〉

coincides with these two functions for the WCA potential, but for the LJ potential

there is a clear discrepancy, which results from the initial configuration of the sol-

vent we imposed in the frozen dynamics MD simulation. Since the initial positions

of the solvent particles are uniformly distributed outside the interaction range, every

solvent particle initially has positive total energy and no particle is trapped in the

potential well. However, in order that the frozen dynamics correctly describe the full

dynamics in the NBL regime, the trapped particles should also be considered. This

can be clearly shown by the radial distribution function g(r) of the inter-particle

distance r between the Brownian particle and a solvent. As shown in Fig. 2.9, even

though identical initial conditions are used for the full dynamics and the frozen dy-

namics simulations, the radial distribution function of the frozen dynamics is quite

different from that of the full dynamics in the NBL regime. In the full dynamics,

g(r) has the form e−βU(r), which indicates that the system is in the equilibrium state.

In the frozen dynamics, g(r) has smaller values in the potential well region. This is

because there is no contribution from the trapped solvent particles. Since the full

dynamics is a many-body problem whereas the frozen dynamics is eventually a set of
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one-body problems, even if the initial solvent configuration is not in the equilibrium

state, the full dynamics attains the equilibrium state by the ergodic postulate but

the frozen dynamics may fail to do so. If the initial condition is chosen as described

above, the inconsistency between the initial condition and the equilibrium state oc-

curs inside the interaction range. The inconsistency quickly disappears for the WCA

potential, but it remains forever for the LJ potential.

Next we compare the time profiles of the frozen dynamics force autocorrelation

function 〈F0(0) · F0(τ̃)〉 obtained by numerical evaluation of the analytic expres-

sions and the frozen dynamics MD simulation. For the numerical evaluation of the

ensemble-averaged expression, Eq. (2.3.4) is used. The one-particle trajectory x(t)

is calculated by the fourth-order Runge–Kutta method with m = 1 and ∆t = 10−3.

For the integrations over r and φ variables, the trapezoid rule with 103 subinter-

vals is used. The integration interval for r is chosen as [0.7, 2.5]. Then, for the

integration over u variable, Gaussian quadrature [156] with density e−au
2

(u > 0)

is employed with 30 quadrature points. Similarly, to numerically evaluate the ray

representation expression, Eq. (2.4.41), the fourth-order Runge–Kutta method with

m = 1 and ∆t = 10−3 is used for the calculation of the trajectory ψ(t). Also, the

trapezoid rule with 103 subintervals is employed for the integration over r and then

Gaussian quadrature with 30 quadrature points is used for the integration over u

variable. Fig. 2.10 shows that the three methods produce identical results for the

WCA potential, whereas for the LJ potential the ray representation result and the

frozen dynamics MD result coincide but they are different from the ensemble aver-

age result. The coincidence of the ray representation result and the frozen dynamics

MD result is explained by the initial configuration of the solvent that is assumed in

the ray representation approach to be identical to the one we imposed in the frozen

dynamics MD simulation, see Section 2.4.5. Hence, the discrepancy between the
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ray representation result and the ensemble average result is also attributed to no

consideration of the trapped particles in the ray representation approach. This can

be verified by evaluating the ensemble-averaged equation only over the non-trapped

particles. As expected, the resulting time profile coincides with the ray representa-

tion result. In addition, we confirm that the radial distribution function obtained

from the ray representation approach coincides with that obtained from the frozen

dynamics MD simulation, see Fig. 2.9.

Therefore, we have the following relations of the ensemble-averaged expression,

Eq. (2.3.2), and the ray representation expression, Eq. (2.4.37), of 〈F0(0) · F0(τ̃)〉 to

the fluctuating force autocorrelation function 〈F+(0) · F+(τ̃)〉NBL in the NBL regime.

• For a purely repulsive potential, both expressions produce 〈F+(0) · F+(τ̃)〉NBL.

• For a potential containing an attractive component, the ensemble-averaged

expression produces 〈F+(0) · F+(τ̃)〉NBL, whereas the ray representation ex-

pression produces only the contribution of the non-trapped particles.

We further confirm these by comparing 〈F+(0) · F+(τ̃)〉NBL, ensemble average results

over all particles and only over the non-trapped particles, and ray representation

results for various values of the potential parameters. Fig. 2.11 shows the results

under the LJ potential for various values of ε. It is observed that for a larger value of ε,

the discrepancy between the ensemble averages over all particles and over the trapped

particles becomes larger. In other words, the contribution of the trapped particles to

〈F+(0) · F+(τ̃)〉NBL increases as the attractive component of the potential is stronger.

It is also observed that the contribution of the trapped particles complicates the tail

behavior of 〈F+(0) · F+(τ̃)〉NBL with a longer correlation time length.
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We also investigate the long-time behavior of the force autocorrelation functions,

which is shown in Fig. 2.12. For the WCA potential, 〈F0(0) · F0(τ̃)〉 quickly decays

to zero without attaining negative values. This can be explained by the fact that

every one-particle trajectory x(t) under the WCA potential quickly escapes from the

interaction range and the two-time force product f(x)·f(x(t)) has non-negative values

for all times. The coincidence of 〈F+(0) · F+(τ̃)〉NBL to 〈F0(0) · F0(τ̃)〉 is observed for

all times. On the other hand, although the overall shape of 〈F(0) · F(τ̃)〉NBL coincides

with 〈F0(0) · F0(τ̃)〉 for short times (see Fig. 2.8), the total force autocorrelation

function has a negative tail, which is expected from Eq. (2.2.10). The magnitude

of the negative tail, which is proportional to the mass ratio, is negligible to the

magnitude at time τ̃ = 0, but due to its existence the time integral of the total force

autocorrelation function eventually decays to zero. Similarly, for the LJ potential,

we confirm the coincidence of 〈F+(0) · F+(τ̃)〉NBL to 〈F0(0) · F0(τ̃)〉 for all times and

observe that 〈F(0) · F(τ̃)〉NBL has slightly smaller values than 〈F+(0) · F+(τ̃)〉NBL and

〈F0(0) · F0(τ̃)〉. In addition, we also compare the ensemble average 〈F0(0) · F0(τ̃)〉

over the non-trapped particles, the ray representation result, and the frozen dynamics

MD simulation result. For both potentials, the three results agree very well for

all times, which confirms that the ray representation approach only considers the

contribution of the non-trapped particles.

2.6.3 Friction coefficient γ

We first estimate the friction coefficient γ from the exponential decay rate of the

momentum autocorrelation function of the Brownian particle. Fig. 2.13 shows the

time profile of 〈P(0) ·P(τ̃)〉, which is obtained from the full dynamics MD simulation

under the LJ potential with m/M = 0.01. In a wide time interval, 〈P(0) ·P(τ̃)〉 ex-
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Figure 2.13: The log plot of the momentum autocorrelation function 〈P(0) ·P(τ̃)〉.
The blue dotted line indicates the straight line ln c1 − c2τ̃ , where c1 and c2 are
evaluated from the nonlinear least-squares fitting of 〈P(0) ·P(τ̃)〉 with the form
c1e
−c2τ̃ . Error bars with 2σ are also plotted. Since the magnitude of statistical

errors is comparable for all times, the error bars become longer for longer times in
the log plot. In the inset, the time profile of 〈P(0) ·P(τ̃)〉 is plotted with c1e

−c2τ̃ for
short times.

Figure 2.14: Plotted are the time-dependent friction coefficients γens
0 (τ̃), γray

0 (τ̃),
γ+(τ̃), and γ∗(τ̃), defined in Eq. (2.6.4), for the LJ potential. The black horizontal
line indicates the value estimated from the exponential decay rate of the momentum
autocorrelation function of the Brownian particle for m/M = 0.01.
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The ray representation expression for d = 2, Eq. (2.4.43), is used. The other param-
eters are fixed as σ = 1, β = 1, and a = 1. The values of γ of the HS system with
R = 0.972σ and R = σ are also plotted by the horizontal lines.
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Figure 2.16: Plot of m−1/2γ as a function of the ε parameter of the LJ potential. The
ray representation expression for d = 2, Eq. (2.4.43), is used. The other parameters
are fixed as σ = 1, R0 = 2.5σ, β = 1, and a = 1. The values of m−1/2γ of the SqW
system with ε = 1, R1 = 1, and different values of R2 (1.5, 2, and 3) are also plotted
by evaluating Eq. (2.5.13). Note that as ε → 0, the value of γ of the SqW system
becomes the value for the HS system with R = R1.
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hibits exponential decay. By using the nonlinear least-squares Marquardt–Levenberg

algorithm [156] with the form c1 exp(−c2τ̃) for 0 ≤ τ̃ ≤ 100, c2 is estimated as

5.76 × 10−2 and, from Eq. (2.1.7), m−1/2γ is estimated as 5.76. From Eq. (2.6.2)

with n = 16 samples, the standard deviation of the estimated value is estimated

as σ = 0.10. The deviation from the exponential decay for short times is expected

from the fact that the second derivative of the momentum autocorrelation function

is equal to the negative of the total force autocorrelation function. Also, the zero

slope of 〈P(0) ·P(τ̃)〉 at τ̃ = 0 is clearly observed. In addition, the initial value of

the momentum autocorrelation function is 1.98, which is expected from Eq. (2.2.7)

with N = 104 and m/M = 0.01. On the other hand, the decay of the momentum

autocorrelation function for long times appears to be algebraic.

Next we investigate the following time integrals of the force autocorrelation func-

tions:

γ∗(τ̃) =
β
√
m

d

∫ τ̃

0

〈F(0) · F(s̃)〉 ds̃, (2.6.4a)

γ0(τ̃) =
β
√
m

d

∫ τ̃

0

〈F0(0) · F0(s̃)〉 ds̃, (2.6.4b)

γ+(τ̃) =
β
√
m

d

∫ τ̃

0

〈
F+(0) · F+(s̃)

〉
ds̃. (2.6.4c)

For 〈F0(0) · F0(τ̃)〉, both the ensemble-averaged expression and the ray representa-

tion expression are used and the corresponding time-dependent friction coefficients

are denoted by γens
0 (τ̃) and γray

0 (τ̃), respectively. In Fig. 2.14, these time-dependent

friction coefficients are plotted for the LJ potential. Although γ∗(τ̃) appears sim-

ilar to γens
0 (τ̃) and γ+(τ̃) for short times, it eventually decays without attaining a

stationary value. On the other hand, γens
0 (τ̃) and γ+(τ̃) have very similar time pro-

files and appear to have the same stationary value. Although the time profile of

γray
0 (τ̃) is quite different from that of γens

0 (τ̃), its stationary value appears to be the
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same as that of γens
0 (τ̃). This confirms that the net contribution of trapped solvent

particles to the value of γ is zero. However, to determine the precise value of γ

from the time integral γens
0 (τ̃) or γ+(τ̃), τ̃ = 10 is rather short, since 〈F0(0) · F0(τ̃)〉

or 〈F+(0) · F+(τ̃)〉NBL still attains non-zero oscillating values and the corresponding

time integral has also an oscillation, the magnitude of which is not negligible. The

value of m−1/2γ is roughly estimated as 5.8 ± 0.2 for γens
0 and γ+. On the other

hand, γray
0 (τ̃) attains an almost complete plateau for τ̃ > 5 and m−1/2γ is estimated

as 5.79, which is consistent with the value, 5.76 with σ = 0.10, estimated from the

exponential decay rate of the momentum autocorrelation function. The time integral

γ̌ens
0 (τ̃) of the ensemble average only over the non-trapped particles (cf. γens

0 (τ̃)) has

the same time profile as γray
0 (τ̃) and hence gives the same value of γ. Note that

obtaining γ from γ̌ens
0 (τ̃) and γray

0 (τ̃) is equivalent to the evaluation of Eq. (2.3.9)

and Eq. (2.4.43), respectively.

We evaluate the values of γ of the WCA and LJ potentials as a function of ε and

compare them with the results of the HS interaction and the SqW potential. For

d = 2, Eq. (2.3.9) and Eq. (2.4.43) are used for the ensemble average result and the

ray representation result, respectively, which produce identical results. In Fig. 2.15,

the WCA potential result for ε ≤ 3 with β = 1 is presented. As ε increases, γ

also increases. The friction coefficient γWCA of the WCA potential with σ = 1 is

compared with the friction coefficient γHS of the HS system. For all values of ε, γWCA

is always smaller than γHS with R = 21/6σ. As shown in Fig. 2.15, for ε = 1, γWCA

is equal to γHS with R = 0.972σ, and for ε = 1.9, γWCA is equal to γHS with R = σ.

Similarly, the LJ potential result is presented and compared with the SqW potential

result in Fig. 2.16.
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Figure 2.17: In the left plot, the contour plot of limt→∞ f(x) ·p(t), which appears in
Eq. (2.3.8), is presented. The initial position x and the initial momentum p of the
solvent particle are given as (r, 0) and (u cosφ, u sinφ), respectively, and the value
u = 1 is used. The gray region indicates the initial values that cause the particle
trapped in the potential well forever so that the limit is not defined. The red and blue
regions are for positive and negative values of the limit, respectively. The white lines
are for the contour with zero value and the red dashed and solid lines are for 0.1 and
0.3, respectively. Similarly, the blue dashed and solid lines are for −0.1 and −0.3.
The black points on the boundary of the gray region and the contour line passing
through point A indicate that the trajectories with these initial conditions are still
inside the interaction range up to t = 10 so that the value of the limit is indecisive
from the numerical calculation of trajectories up to t = 10. In the right diagram,
the trajectory x(t) with the initial condition designated by point A is plotted until
it leaves the interaction range.

2.7 Summary and Discussion

For the Rayleigh model, the microscopic theory of Brownian motion has been in-

vestigated by analytic methods and extensive MD simulations. For a comprehensive

understanding of the model in the NBL regime, four typical interaction potentials

(the HS interaction, the SqW potential, and the WCA and LJ potentials) have been

considered. The physical quantities of main interests are the asymptotic form of the

force autocorrelation function of the Brownian particle in the Brownian limit and

the friction coefficient γ in the Langevin equation. As pointed out in 1, we always



77

use the term asymptotic form to refer to the Brownian limit rather than to refer to a

long time limit. To investigate these quantities, the ensemble-averaged expressions

and the ray representation expressions have been derived and numerically evaluated,

and MD simulations of the full dynamics with small mass ratio and of the frozen

dynamics have been performed.

The theoretical predictions, which have been numerically confirmed, are sum-

marized as follows. As the mass of the Brownian particle increases, the total force

autocorrelation function 〈F(0) · F(t)〉 and the fluctuating force autocorrelation func-

tion 〈F+(0) · F+(t)〉 have similar time profiles to the frozen dynamics force autocor-

relation function 〈F0(0) · F0(t)〉 (ensemble average over the bath equilibrium ρb in

Eq. (2.2.6)). However, the time integral of 〈F(0) · F(t)〉 eventually decays, whereas

the time integrals of the other autocorrelation functions have the same non-zero

stationary value, which is also equal to the friction coefficient estimated from the

exponential decay rate of the momentum autocorrelation function of the Brownian

particle. Therefore, the asymptotic form of the force autocorrelation function and

the friction coefficient can be obtained from 〈F0(0) · F0(t)〉.

We have derived two expressions for 〈F0(0) · F0(t)〉, Eq. (2.3.2) and Eq. (2.4.37),

by using ensemble averaging and the ray representation approach, respectively. From

the property that the dynamics of each solvent particle is decoupled from those of

the other solvent particles in the frozen dynamics of the Rayleigh model, these ex-

pressions are given in terms of one-particle trajectory, which enables one to obtain

the desired quantity without performing MD simulations. By time integration, the

corresponding expressions for γ have been obtained, see Eq. (2.3.8) and Eq. (2.4.39).

For a potential depending only on the inter-particle distance, further simplified ex-

pressions have also been derived. The ensemble-averaged expressions are reduced to

be three-dimensional integrations, whereas the ray representation expressions are to
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be two-dimensional integrations.

We have shown that the ensemble average and the ray representation approach

produce identical results for a purely repulsive potential, and that these results also

agree very well with the full dynamics and frozen dynamics MD simulation results.

Hence, it has been confirmed that the ray representation approach is valid for an un-

bounded potential containing no attractive component such as the WCA potential,

and it is expected that the analysis performed by Kusuoka and Liang [108] under

restrictive assumptions can be extended to this case. From the numerical point of

view, among the methods we employed to obtain the asymptotic form of the force au-

tocorrelation function and the friction coefficient, the most efficient and numerically

reliable one is the ray representation in this case since each one-particle trajectory

needs to be calculated for a short time and only a two-dimensional integration needs

to be performed. In addition, Gaussian quadrature can be used for both integration

variables, which enables one to obtain numerically reliable results with a relatively

small number of trajectory calculations.

For a potential containing an attractive component such as the LJ potential, how-

ever, it has been observed that there is a clear discrepancy between the ensemble

average result and the ray representation result for 〈F0(0) · F0(t)〉 and it has been

shown that the ray representation only produces the contribution of the non-trapped

solvent particles. The initial configuration of the solvent particles which is assumed

in the ray representation is that the solvent particles are uniformly distributed out-

side the interaction range, which is different from the bath equilibrium distribution.

Contrary to the purely repulsive potential case where the difference quickly disap-

pears, the difference remains forever in this case since incoming solvent particles to

the interaction range cannot be trapped by the potential and thus the contribution

of the trapped particles is still missing. The same problem has been observed when
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the same initial configuration of the solvent is used for the full dynamics and frozen

dynamics MD simulations and the results are compared. These discrepancies are

attributed to the fundamental difference between the frozen dynamics and the full

dynamics of the Rayleigh model. While the full dynamics always attains the equi-

librium distribution by the ergodic postulate, for the frozen dynamics the postulate

is no longer valid and thus the equilibrium may fail to be achieved even after a

long period of time; also, a time average quantity may be different from the one

obtained from the ensemble average depending on the choice of the initial solvent

configuration near the Brownian particle. Hence, for the asymptotic form of the

force autocorrelation function, if the interaction potential has an attractive com-

ponent, the only alternative method to the full dynamics MD simulation would be

the numerical evaluation of the ensemble-averaged expression. The frozen dynamics

MD simulation method with the initial solvent configuration sampled from the bath

equilibrium distribution is not efficient since a single sample cannot represent the

bath equilibrium and thus a large number of samples should be run. However, if

the precise value of the friction coefficient is the only quantity of interest, which is a

quite usual case, the ray representation approach and the frozen dynamics MD sim-

ulation method can be employed. Actually, it has been shown that they provide a

numerically more reliable value of γ than their alternative methods. This is based on

the observation that although the contribution of the trapped particles to the time

integral of the force autocorrelation function is zero, it complicates the tail behavior

of the force autocorrelation function and prevents the time integral from attaining a

stationary value.

Another issue that arises for a potential containing an attractive component is

the possible existence of the non-trapped trajectories that revolve around the Brow-

nian particle several times, see Fig. 2.17. For some initial conditions, the trajectories
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revolve infinitely many times and slight changes in the initial conditions result in

large changes in the momentum change ∆p = p∞ − p. Hence, ∆p oscillates very

rapidly as the initial condition approaches these points and the analytic expressions

we have derived may have some problem with these singular points. Since the set of

the singularities has measure zero and we can find a bound for ∆p from the conser-

vation of energy, we can show that all expressions are well-defined even in this case.

However, the numerical integration of the expressions should be carefully performed

and may need more computation time. For example, the use of Gaussian quadra-

ture for all integration variables may not be efficient due to the non-smoothness of

the integrand. We note that the SqW potential does not have such complicated

trajectories.

Finally, closed-form expressions of γ for the HS interaction and the SqW potential

have also been derived. Using these results, it has been analytically confirmed for

these potentials that the ray representation approach yields the identical expression

of γ to the ensemble average. Although not included in this chapter, expressions for

〈F0(0) · F0(t)〉 can also be obtained by following similar procedures performed in Sec-

tion 2.5. For the HS interaction, it can be easily shown that 〈F0(0) · F0(t)〉 = dDδ(t),

where D = 2β−1γ. For the SqW potential, it can be shown that the expression for

the contribution of the non-trapped particles obtained by ensemble averaging is equal

to the expression obtained by the ray representation approach.



Chapter Three

Time Correlation Functions

in the Near-Brownian-Limit

Regime
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3.1 Introduction

The friction coefficient is one of the essential parameters for simulating transport

phenomena in colloidal systems, and estimating it precisely in a systematic man-

ner is important from both theoretical and practical points of view. In addition,

as experimental techniques have been improved so that the trajectories of Brown-

ian motion can be observed on shorter time scales than the diffusive time scale of

the colloid particles [87, 120], understanding the corresponding phenomena at the

molecular level becomes more important.

When a Brownian particle suspended in a fluid has much larger mass than the

fluid particles, its velocity satisfies the phenomenological Langevin equation [116],

where the friction coefficient γ enters as a parameter. The microscopic theory of

Brownian motion has addressed the issue of deriving the Langevin equation from first

principles (i.e., from the Hamilton’s equation or Liouville’s equation of the molecular

system) and expressing the transport coefficient γ in terms of quantities that can be

obtained from the microscopic trajectory of the system, hence computationally from

molecular dynamics (MD) simulations.

One such formula proposed by Kirkwood [98] is given by the Green–Kubo ex-

pression, where the friction coefficient is related to the time integral of the force

autocorrelation function. However, it has a so-called plateau problem that the value

of the time integral decays to zero as the upper limit of time integration is increased

to infinity. Another formula, which has a similar form but does not decay, has been

obtained by various techniques [113, 158, 196]; γ is given as the time integral of the

force autocorrelation function of the reference system. The latter is defined as the

frozen dynamics, where the Brownian particle is assumed to be fixed in space and the
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fluid particles move under the external potential due to the presence of the Brownian

particle. Using the projection operator technique, Mazur and Oppenheim [131] per-

formed a detailed analysis of this formula. They defined a projection operator, which

is different from the well-known Mori’s projection operator [140], and showed that

the corresponding memory function has a well-behaved series expansion in powers

of the mass ratio of a fluid particle to the Brownian particle, and that γ is obtained

from the zeroth-order term. They also showed that the total force autocorrelation

function has a negative and slowly decaying tail, which makes the time integral of

the Kirkwood formula vanish. Based on Mazur and Oppenheim’s analysis, Hynes et

al. [89] performed a similar analysis on the generalized Langevin equation derived

by Mori [140] to show that the Mori memory function also has a slowly decaying tail

but its contribution to the time integral is so negligible in the Brownian limit that

the Langevin equation can be derived from the generalized Langevin equation.

Significant progress on understanding the finite-size effect, which is important

in MD simulation studies, was made by Español and Zúñiga [51]. They showed

that for a Brownian particle suspended in a bath consisting of a finite number of

particles, the reduced mass µ enters in the generalized Langevin equation rather

than the actual mass M of the Brownian particle. Then, they obtained asymptotic

expressions for the time correlation functions of the Brownian particles for large µ

and t (see also [114, 145]):

〈P(0) ·P(t)〉 ≈ d

β
µ e−

γ
µ
t, (3.1.1a)

γ(t) =
β

d

∫ t

0

〈F(0) · F(u)〉 du = −β
d
〈P(0) · F(t)〉 ≈ γ e−

γ
µ
t, (3.1.1b)

where P is the momentum of the Brownian particle and F is the force on the Brown-

ian particle by the fluid (for detailed definitions of other symbols, see Section 3.2.1).
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Hence, γ can be estimated from the exponential decay rate of 〈P(0) ·P(t)〉 and,

alternatively, 〈P(0) · F(t)〉 or the time integral of 〈F(0) · F(t)〉 can be used to deter-

mine γ by its extrapolated value at t = 0 or by its exponential decay rate. Español

and Zúñiga also pointed out that in Mazur and Oppenheim’s work [131], the thermo-

dynamic limit N →∞, where N is the number of the bath particles, was implicitly

assumed when the infinite mass limit M →∞ was taken and, hence, the Brownian

limit is achieved as µ → ∞. From the hydrodynamic point of view, the density

ratio of the Brownian particle and the surrounding fluid is also an important param-

eter [79]. If the ratio is comparable to unity, the motion of the Brownian particle is

affected by the long-lived vortices in the fluid, which were developed by its movement

in previous times. This hydrodynamic memory explains that the velocity autocorre-

lation function of the Brownian particle has a long-time tail of the form t−3/2 [84].

For an incompressible fluid, the hydrodynamic Brownian motion is described by the

generalized Langevin equation with the Boussinesq–Basset force [124]. The effect

of compressibility has been investigated to explain the initial rapid change of the

velocity autocorrelation function [198]. Since these hydrodynamic effects become

negligible as µ→∞, we do not further investigate them in this chapter.

Numerous MD studies have been performed on the single Brownian particle sys-

tem from various points of view and we only mention herein recent work which is rel-

evant to our present work. Through large-size MD simulations, the time-dependent

friction coefficient γ(t), defined as the time integral of the total force autocorrelation

function, see Eq. (3.1.1b), has been investigated to determine the friction coefficient

γ [114, 145]. The Mori memory function of Brownian motion has been calculated

from MD simulations and investigated for various physical parameters in [102, 164].

The convergence of the Mori memory function under the Brownian limit has also been

observed [96, 103]. Using the linear response theory and performing non-equilibrium
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MD simulations, it has been shown that the aforementioned finite-size effect is due

to the finite mass of the bath rather than the finite volume of the bath [150] and an

alternative method of estimating γ from a finite system has been proposed [149]. An

ad hoc correction of finite-volume effect has also been attempted [174].

The Rayleigh gas model, which additionally assumes no interaction between bath

particles (i.e., a Brownian particle in an ideal gas), has provided plenty of insights

on Brownian motion. Owing to the non-interacting bath assumption, the system

becomes analytically more manageable so that some exact and explicit results are

available. The explicit expression for the friction coefficient has been obtained un-

der the assumption of elastic collisions by various techniques [44, 70, 128, 138] and

the convergence of the motion of the Brownian particle to the Ornstein–Uhlenbeck

process has been proved [39]. Recently, a corresponding proof for a continuous in-

teraction potential case has been provided [108]. Another favorable feature of the

Rayleigh gas model is that an infinite bath is naturally introduced and results with-

out any finite-size effect can be obtained. The force autocorrelation function of the

infinite reference system, the time integral of which gives the friction coefficient, has

been investigated for various types of interaction potentials [96]. This quantity was

accurately calculated from numerical integration of one-particle trajectories of a bath

particle and then compared with MD simulation results.

In this chapter, we develop a theory that enables precise and systematic analysis

of MD simulation results of the single Brownian system in the near-Brownian-limit

regime. More specifically, we obtain asymptotic expansions of the time correlation

functions 〈P(0) ·P(t)〉, 〈P(0) · F(t)〉, and 〈F(0) · F(t)〉 with respect to µ. Noting

that the asymptotic behaviors in Eq. (3.1.1) for large t and µ have been extensively

used to determine the value of γ but very little has been theoretically investigated

about the criteria for choosing the large values of t and µ and the convergence rate of
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the evaluated values to γ, we tackle these issues using asymptotic expansions of the

time correlation functions. Although we can retrieve Eq. (3.1.1) from the asymptotic

expansions for large t, it is noted that t is not an asymptotic parameter in these

asymptotic expansions and hence we can use them for short and intermediate times

as well. Unless explicitly indicated as t-asymptotic or (t, µ)-asymptotic, we use the

term asymptotic as µ-asymptotic in the rest of the chapter. To derive the asymptotic

expansions of the time correlation functions, we use the asymptotic expansion of

the Mori memory function K(t). Since the form of the asymptotic expansion of

K(t) depends on the limit procedure of achieving the Brownian limit, we consider

two important cases. For the first case, where the infinite mass limit M → ∞

is taken under the assumption that the thermodynamic limit N → ∞ has been

already achieved (i.e., a finite-mass Brownian particle in an infinite bath), we perform

detailed analysis on the numerical methods of determining γ based on Eq. (3.1.1).

In addition, we analyze the ratio of 〈P(0) · F(t)〉 to 〈P(0) ·P(t)〉, which gives an

instantaneous exponential decay rate. For the second case, where an infinite mass is

assumed for the Brownian particle and the thermodynamic limit is taken (i.e., frozen

dynamics in a finite bath), a Rayleigh gas is considered and the finite-volume effect

due to the boundary conditions is investigated. To demonstrate the validity of the

theory, we perform extensive MD simulations of the Rayleigh gas for the two limit

cases.

The rest of the chapter is organized as follows. We derive the asymptotic ex-

pansions of the time correlation functions in Section 3.2. We present the analysis

on the numerical methods of evaluating the friction coefficient in Section 3.3. The

MD simulation results are given in Section 3.4. We provide a summary with some

discussion in Section 3.5.
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3.2 Asymptotic expansions of time correlation

functions

3.2.1 System

We follow the standard setting of the system for microscopic description of a single

Brownian particle [89, 131]. A Brownian particle of mass M is suspended in a

bath of volume V in a d-dimensional space (d = 2 or 3). The bath consists of N

bath particles of mass m. The inverse temperature of the system is denoted by

β = (kBT )−1. Although assuming a specific form of interaction potentials between

the Brownian particle and a bath particle and between bath particles is not essential,

we introduce a usual assumption that they are functions of inter-particle distance

and they are short-ranged. The latter is introduced because the interaction between

the Brownian particle and a bath particle is assumed to be instantaneous on the

Brownian time scale.

We denote the momentum of the Brownian particle by P and the force on the

Brownian particle by F. We note the following relation, which was derived by

Español and Zúñiga [51], see also Ref. [184]:

〈P ·P〉 =
d

β
µ, (3.2.1)

where the brackets denote the equilibrium average and the reduced mass µ is defined

as

µ =
MNm

M +Nm
. (3.2.2)

In this chapter, the Brownian limit is defined as µ → ∞, which is equivalent to
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achieving both the infinite mass limit M →∞ and the thermodynamic limit N →∞.

When increasing the number of bath particles, we also increase the volume of the

system so that the number density N/V stays constant. Other physical conditions

such as the temperature and parameters of the interaction potentials, including the

size of the Brownian particle, do not change when these limits are achieved.

As mentioned in the introduction, we are interested in the time correlation func-

tions 〈P(0) ·P(t)〉, 〈P(0) · F(t)〉, and 〈F(0) · F(t)〉 in the near-Brownian-limit regime

µ� m (or, equivalently, M � m and N � 1).

3.2.2 Generalized Langevin equation

The starting point of the theory is the following generalized Langevin equation [51,

140]:

Ṗ(t) = − 1

µ

∫ t

0

K(t− u)P(u) du+ F+(t), (3.2.3)

where K(t) is the Mori memory function and F+ is the fluctuating force satisfying

〈
F+(t)

〉
= 0,

〈
P(0) · F+(t)

〉
= 0, F+(0) = F(0). (3.2.4)

It is important to realize that this equation is exact although the explicit form of

K(t) is unknown. The fluctuation-dissipation relation is given as

K(t) =
β

d

〈
F+(0) · F+(t)

〉
. (3.2.5)

As mentioned in the introduction, it is noted that because of Eq. (3.2.1), the factor

in Eq. (3.2.3) is µ−1 rather than M−1.
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We denote the momentum autocorrelation function as

C(t) = 〈P(0) ·P(t)〉 . (3.2.6)

Then, the other time correlation functions are given as time derivatives of C(t):

〈P(0) · F(t)〉 = Ċ(t), 〈F(0) · F(t)〉 = −C̈(t). (3.2.7)

From Eqs. (3.2.1), (3.2.3), and (3.2.4), we obtain a Volterra integro-differential equa-

tion for C(t):

Ċ(t) = − 1

µ

∫ t

0

K(t− u)C(u) du, C(0) =
d

β
µ. (3.2.8)

3.2.3 Solution of Eq. (3.2.8)

By using the Laplace transform technique, we solve Eq. (3.2.8) for C(t) [i.e., express

C(t) in terms of K(t)]. We denote the Laplace transform of a function by using tilde

notation and we use s as the Laplace variable. For example,

C̃(s) =

∫ ∞
0

C(t)e−stdt. (3.2.9)

From Eq. (3.2.8), we obtain

C̃(s) =
C(0)

s+ 1
µ
K̃(s)

=
C(0)

s

∞∑
n=0

(
− 1

µs
K̃(s)

)n
, (3.2.10)

where we assumed that the series expansion is well-defined. Then, we obtain the

following series solution for C(t):

C(t) = C(0)

[
1 +

∞∑
n=1

(−1)n

µn

∫ t

0

G∗n(u) du

]
, (3.2.11)
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where

G(t) =

∫ t

0

K(u) du, (3.2.12)

and G∗n(t) is the n-fold convolution power of G(t) defined recursively as

G∗1(t) = G(t), G∗(n+1)(t) = (G∗n ∗G)(t) =

∫ t

0

G∗n(t− u)G(u) du. (3.2.13)

To obtain Eq. (3.2.11), we used properties such as G̃(s) = K̃(s)/s and G̃∗n(s) =[
G̃(s)

]n
.

3.2.4 K0(t) and C0(t)

Although we expressed C(t) in terms of K(t) in Eq. (3.2.11), it is noted that the

explicit form of K(t) is unknown in practice and, in an MD simulation study, it is

obtained by calculating the time correlation functions (i.e., C(t) and its derivatives)

and solving Eq. (3.2.8) for K(t) [164] (see also [101]). It is also noted that when the

value of N or M varies, both K(t) and C(t) vary. Hence, it appears that there is

not much gain from the solution Eq. (3.2.11). However, as observed in several MD

simulation studies [96, 102, 164], compared to the change of the overall shape of C(t)

and its derivatives for varying µ, that of K(t) is much smoother. In addition, while

C(t) does not possess a proper limit under µ → ∞, K(t) has a well-defined limit,

denoted by K0(t). For the finite value of µ, we express K(t) as follows:

K(t) = K0(t) + δK(t). (3.2.14)

Using K0(t) and the lowest-order term K1(t) of δK(t), we shall obtain an asymptotic

expansions of C(t) with respect to µ in Section 3.2.5.
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The friction coefficient γ is expressed in terms of K0(t) as follows. Since both

〈F(0) · F(t)〉 and 〈F+(0) · F+(t)〉 converge to the frozen dynamics force autocorre-

lation function of the reference system [51], we have the following relations using

Eq. (3.2.5):

K0(t) =
β

d
lim
µ→∞

〈
F+(0) · F+(t)

〉
=
β

d
lim
µ→∞

〈F(0) · F(t)〉 . (3.2.15)

Since γ is given as the time integral of limµ→∞ 〈F(0) · F(t)〉 [131], we have

γ =
β

d

∫ ∞
0

lim
µ→∞

〈F(0) · F(t)〉 dt =

∫ ∞
0

K0(t) dt. (3.2.16)

Now, using K0(t), we define C0(t) as

C0(t) = C(0)

[
1 +

∞∑
n=1

(−1)n

µn

∫ t

0

G∗n0 (u) du

]
, (3.2.17)

where G0(t) is correspondingly defined as

G0(t) =

∫ t

0

K0(u) du. (3.2.18)

It is noted that C0(t) is the solution of Eq. (3.2.8) if K(t) would be replaced by K0(t).

Following the procedure demonstrated in [12] with K̃0(0) = γ from Eq. (3.2.16), it

can be shown that, for large µ and t,

C0(t) ≈ C(0) e−
1
µ
K̃0(0)t =

d

β
µ e−

γ
µ
t. (3.2.19)

Hence, the comparison of Eqs. (3.1.1a) and (3.2.19) shows that C(t) and C0(t) have

the same lowest-order asymptotic expressions. Roughly speaking, asK(t) approaches

K0(t) for large µ, C(t) can be approximated by C0(t). However, in order to make



92

this argument rigorous, we need to take the term δK(t) into account and obtain

an asymptotic expansion of C(t) for large but finite µ. In Section 3.2.5, we obtain

such an expansion, which has C0(t) as the lowest-order term and higher-order terms

of which are given as convolutions of C0(t) and δK(t). In addition, we note that

although C0(t) and C(t) have the same lowest-order asymptotic expressions, their

higher-order corrections of the (t, µ)-asymptotic exponential decay behaviors are

different due to the contribution of δK(t), see Sections 3.3.1 and 3.3.2.

3.2.5 Asymptotic expansion of C(t)

It is important to realize that the deviation δK(t) of K(t) from K0(t) depends on

the limiting procedure of achieving the Brownian limit µ→∞ (i.e., how M and N

are increased). We shall obtain asymptotic expansions of C(t) and its derivatives for

two specific forms of δK(t). For each case, we first discuss when the assumed form

of K(t) appears and then obtain the asymptotic expansions.

3.2.5.1 Case A (µ ≈M)

Here, we assume that

K(t) ≈ K0(t) +
1

µ
K1(t), (3.2.20)

where K1(t) does not depend on µ. This form of K(t) appears when we take the

infinite mass limit M → ∞ assuming the thermodynamic limit N → ∞ is already

achieved or assuming the condition M � Nm. Hence, in this case, µ is approx-

imately equal to M . Hynes et al. [89] considered this case and showed that the

Mori memory function is decomposed into two contributions, which they denoted as



93

iΩ11(t) and ∆11(t). In particular, iΩ11(t) is given as the Maxwellian average (with

respect to P) of the Mazur-Oppenheim memory function [131], which allows a well-

behaved expansion in powers of the mass ratio m/M , whereas ∆11(t) decays on the

slow time scale of the Brownian particle, which does not allow such an expansion.

However, it was shown that the magnitude of ∆11(t) is negligible [i.e., o(m/M)].

Hence, we have Eq. (3.2.20) with K1(t) given as the first-order term in the expan-

sion of iΩ11(t).

By substituting Eq. (3.2.20) into Eq. (3.2.10), we obtain,

C̃(s) ≈ C(0)

s+ 1
µ
K̃0(s)

∞∑
n=0

(
−

1
µ2 K̃1(s)

s+ 1
µ
K̃0(s)

)n

, (3.2.21)

and, subsequently, by introducing

C̃0(s) =
C(0)

s+ 1
µ
K̃0(s)

, (3.2.22)

we obtain

C̃(s) ≈ C̃0(s)
∞∑
n=0

(
− 1

C(0)µ2
K̃1(s)C̃0(s)

)n
. (3.2.23)

Hence, we obtain the following asymptotic expansion of C(t):

C(t) ≈ C0(t) +
∞∑
n=1

(
− 1

C(0)µ2

)n
K∗n1 ∗ C

∗(n+1)
0 (t). (3.2.24)

We note that, contrary to the expansion of C0(t), see Eq. (3.2.17), keeping a finite

number of lower terms does not cause divergence as t→∞ owing to the exponential

decay of C0(t) (for the decay behavior of the lowest-order term C0(t) and the higher-

order terms, see Eqs. (3.3.8) and (3.3.9), respectively). Hence, in practice, we can



94

use the following asymptotic expansion:

C(t) ≈ C0(t)− 1

C(0)µ2
(K1 ∗ C0 ∗ C0) (t). (3.2.25)

The corresponding asymptotic expansions of the first and second derivatives are

given as

Ċ(t) ≈ Ċ0(t)− 1

µ2
K1 ∗ C0(t)− 1

C(0)µ2

(
K1 ∗ C0 ∗ Ċ0

)
(t), (3.2.26)

C̈(t) ≈ C̈0(t)− C(0)

µ2
K1(t)− 1

µ2
K1 ∗ Ċ0(t)− 1

C(0)µ2

(
K1 ∗ C0 ∗ C̈0

)
(t). (3.2.27)

However, as shown in Section 3.3.2, by including all terms in Eq. (3.2.24), we obtain

the correction to the exponential decay rate of C(t) due to K1(t). Roughly speaking,

Eq. (3.2.25) approximates Eq. (3.2.24) under the assumption that the approximation

e
− K̃1(0)

µ2 t ≈ 1− K̃1(0)

µ2
t (3.2.28)

is valid.

3.2.5.2 Case B (frozen dynamics of a Rayleigh gas)

Here, we consider a fixed Brownian particle immersed in a bath with a finite number

of bath particles. Hence, we achieve the Brownian limit by increasing the number

of bath particles (i.e., by taking the thermodynamic limit). To the best of our

knowledge, how the Mori memory function of a finite system converges to that of

the infinite reference system has not been known in this case. We investigate this

problem under the non-interacting bath assumption. In other words, we obtain the

form of δK(t) for the frozen dynamics of the Rayleigh gas in a finite bath. We first
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obtain the form of the tail appearing in the force autocorrelation function in the

finite system and then derive the form of δK(t).

In order to make the argument clear, we assume that the volume of the bath is

given as V = Ld, where L is the side of the bath, and periodic boundary conditions

are imposed. In addition, we assume that the interaction between the Brownian

particle and a bath particle is purely repulsive. Since the number of bath particles,

N , is increased with N/V constant, µ is proportional to Ld. Contrary to the force

autocorrelation function 〈F(0) · F(t)〉 of the infinite reference system, which is es-

sentially zero at large times, that of the finite system has a small magnitude at large

times. This is attributed to the re-collisions of bath particles to the fixed Brownian

particle (in the image cells), which is resulted from the introduction of the boundary

conditions.

As derived in Appendix, the force autocorrelation function of the Brownian par-

ticle interacting with the gas through elastic collisions has a negative tail of a form

L−df(t/L). Roughly speaking, this is because the time scale of the re-collision is pro-

portional to L and the probability of the re-collision decays like O(Ld−1). We borrow

this result for the purely repulsive potential case. Then, by using Eq. (3.2.15), the

force autocorrelation function of the finite system is expressed as

〈F(0) · F(t)〉 =
d

β
K0(t) +

1

µ
f

(
t

µ1/d

)
. (3.2.29)

We note that only the contribution of the first re-collisions to the nearest periodic

images (i.e., separated by L) is considered in Eq. (3.2.29). However, the other colli-

sions occur at longer times and Eq. (3.2.29) is a good enough approximation for our

purpose.
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To derive the form of δK(t), we use the following equation, which is obtained by

differentiating Eq. (3.2.8) with respect to t:

K(t) = −β
d
C̈(t)− β

dµ
K ∗ Ċ(t). (3.2.30)

Substituting Eq. (3.2.29) into Eq. (3.2.30), we obtain

K(t) = K0(t) +
β

dµ
f

(
t

µ1/d

)
− β

dµ
K ∗ Ċ(t). (3.2.31)

Hence, we obtain K(t) ≈ K0(t) + µ−1K1(t), where

K1(t) = −β
d
K0 ∗ Ċ0(t) +

β

d
f

(
t

µ1/d

)
. (3.2.32)

We note that K1(0) = 0 and the convolution term initially dominates K1(t) until

the effect of re-collisions becomes significant.

By following the same procedure as in Section 3.2.5.1 and using the Laplace

transform of K(t),

K̃(s) = K̃0(s) +
1

µ

K̃2
0(s)

s+ 1
µ
K̃0(s)

+
β

d

1

µ1−1/d
f̃(µ1/ds), (3.2.33)

we obtain the same form of the asymptotic expansions, Eqs. (3.2.25), (3.2.26), and

(3.2.27) with K1(t) defined in Eq. (3.2.32).
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3.3 Evaluation of γ

In this section, we analyze the numerical methods of evaluating γ that make use of

the long-time behavior of C(t) or Ċ(t). More specifically, we consider the following

values:

• γ1 obtained from the exponential decay rate of C(t) at large times;

• γ2 obtained from the extrapolated value at t = 0 from Ċ(t) at large times;

• γ3 obtained from the exponential decay rate of Ċ(t) at large times;

• γ4 obtained from the extrapolated value at t = 0 from the instantaneous ex-

ponential decay rate −Ċ(t)/C(t) at large times.

Throughout this section, we consider Case A (i.e., assuming M � Nm and finite-

volume effect is not significant). In addition, we introduce some time scales τ0 and

τ1 on K0(t) and K1(t), respectively, so that we assume

K0(t) = 0, for t > τ0, (3.3.1a)

K1(t) = 0, for t > τ1. (3.3.1b)

We note that τ0 is comparable to or longer than the time duration of a single collision

between the Brownian particle and a bath particle. Since K0(t) and K1(t) smoothly

decay to zero, the assumptions in Eq. (3.3.1) do not hold exactly in practice. For a

typical shape of K0(t) and K1(t), see Figure 3.3.
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By using the following three parameters, we shall obtain the asymptotic behavior

of γ1, γ2, γ3 and γ4:

γ ≡
∫ τ0

0

K0(u) du, α ≡ γτ0 −
∫ τ0

0

G0(u) du, ζ ≡
∫ τ1

0

K1(u) du. (3.3.2)

While the total effect of K0(t) and K1(t) is considered in γ and ζ, respectively, the

effect of microscopic structure of K0(t) [i.e., deviation of K0(t) from Dirac delta

function γδ(t)] is reflected in α.

We first obtain (t, µ)-asymptotic expressions of C0(t) and C(t) in Sections 3.3.1

and 3.3.2, respectively, to find estimates for γ1, γ2, γ3, and γ4. Then, to address

the issue of the validity time interval, we analyze lower-order terms with respect

to µ, which contribute linear approximations of C(t) and Ċ(t) with respect to t in

Sections 3.3.3, 3.3.4, and 3.3.5.

3.3.1 (t, µ)-Asymptotic expression of C0(t)

Under the assumption given in Eq. (3.3.1), we have, for t > τ0,

∫ t

0

G0(u) du = γt− α. (3.3.3)

Similarly, after some transient time nτ0, the time integral
∫ t

0
G∗n(u)du exhibits t-

asymptotic behavior and becomes a polynomial of t having degree n. We obtain the

two highest-order terms in the polynomial by using the following identity:

∫ t

0

G∗n0 (u) du =

∫ t

0

dt1 G0(t1)

∫ t−t1

0

dt2 G0(t2) · · ·
∫ t−

∑n−1
k=1 tk

0

dtn G0(tn), (3.3.4)
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which can be easily shown by mathematical induction. For large t, by approximating

the integrand G0(t1) . . . G0(tn) as a constant equal to γn over the whole region, we

obtain the leading term as γntn/n!. To obtain the next highest term, we assume

t > nτ0 and consider the following subregions. In the region satisfying tk > τ0 for

k = 1, . . . , n and
∑n

k=1 tk < t, the integrand is exactly γn and hence the integration

over this region is equal to γn(t − nτ0)n/n!. In the region satisfying 0 < t1 < τ0,

tk > τ0 for k = 2, . . . , n and
∑n

k=2 tk < t− τ0, the integrand becomes G0(t1)γn−1 and

hence the integration over the region is equal to γn−1(γτ0 − α)(t− nτ0)n−1/(n− 1)!.

Since there are n − 1 similar subregions and the volume of the remaining region is

o(tn−1), we obtain

∫ t

0

G∗n0 (u) du =
1

n!
γn(t−nτ0)n+

n

(n− 1)!
γn−1(γτ0−α)(t−nτ0)n−1+o(tn−1), (3.3.5)

and equivalently,

∫ t

0

G∗n0 (u) du =
1

n!
γntn − n

(n− 1)!
αγn−1tn−1 + o(tn−1). (3.3.6)

By substituting Eq. (3.3.6) to Eq. (3.2.17), we have

C0(t) ≈ d

β
µ
∞∑
n=0

1

n!

(
−γ
µ
t

)n [
1 +

(n+ 1)α

µ

]
, (3.3.7)

and by using the approximation (1+α/µ)n+1 ≈ 1+(n+1)α/µ for large µ, we finally

obtain

C0(t) ≈ d

β
µ

(
1 +

α

µ

)
exp

[
−γ
µ

(
1 +

α

µ

)
t

]
. (3.3.8)

We note that although we assumed both t and µ are large in the above derivation,

it is not clear what the criteria for t and µ are for Eq. (3.3.8) to be valid. Especially,

the validity time interval for Eq. (3.3.6), t > nτ0, depends on n. We revisit this issue

in Sections 3.3.3, 3.3.4, and 3.3.5.
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3.3.2 (t, µ)-Asymptotic expression of C(t)

Using the asymptotic expansion of C(t), Eq. (3.2.24), and the first-order-corrected

asymptotic expression of C0(t), Eq. (3.3.8), we obtain the (t, µ)-asymptotic expres-

sion of C(t). We introduce the following rather crude assumptions to estimate the

correction terms in Eq. (3.2.24). We assume that C0(t) is exactly given by Eq. (3.3.8)

for all t and K1(t) is a Dirac delta function, ζδ(t) (i.e., G1(t) =
∫ t

0
K1(u)du = ζ for

all t). Then, we obtain

1

[C0(0)]n
K∗n1 ∗ C

∗(n+1)
0 (t) =

1

n!
ζntnC0(t), (3.3.9)

and by substituting this into Eq. (3.2.24), we finally obtain

C(t) ≈ d

β
µ

(
1 +

α

µ

)
exp

[
−γ
µ

(
1 +

α + ζ/γ

µ

)
t

]
. (3.3.10)

Then, by differentiating Eq. (3.3.10), we obtain

Ċ(t) ≈ −d
β
γ

(
1 +

2α + ζ/γ

µ

)
exp

[
−γ
µ

(
1 +

α + ζ/γ

µ

)
t

]
. (3.3.11)

By using Eqs. (3.3.10) and (3.3.11), we can obtain the following estimates of γ1,

γ2, γ3, and γ4:

γ1 ≈ γ3 ≈ γ4 ≈ γ

(
1 +

α + ζ/γ

µ

)
, (3.3.12a)

γ2 ≈ γ

(
1 +

2α + ζ/γ

µ

)
. (3.3.12b)
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3.3.3 Linear approximation of C(t)

As mentioned above, the time interval where the exponentially decaying behavior

with the first-order-corrected prefactor and decay rate occurs is not clearly defined.

We investigate this issue by analyzing the lowest-order terms in C(t) with respect to

µ which contribute a linear approximation of C(t) with respect to t.

From Eqs. (3.2.17) and (3.2.25) or alternatively from Eqs. (3.2.11) and (3.2.20),

we obtain the following series:

C(t) ≈ d

β
µ

[
1− 1

µ

∫ t

0

G0(u) du− 1

µ2

∫ t

0

G1(u) du+
1

µ2

∫ t

0

G0 ∗G0(u) du

]
.

(3.3.13)

The validity of the above approximation is guaranteed if the higher-order terms

are negligible compared with these lowest-order terms. By a rough estimate, the

condition is given as γ
µ
t� 1, so by increasing µ, we have a longer time interval.

By using Eq. (3.3.3) and the following t-asymptotic expressions,

∫ t

0

G1(u) du = ζt+ const, for t > τ1, (3.3.14a)∫ t

0

G0 ∗G0(u) du =
1

2
γ2t2 − 2αγt+ const, for t > 2τ0, (3.3.14b)

we obtain, for t > max{2τ0, τ1},

C(t) ≈ d

β
µ

(
1 +

α

µ

)[
1− γ

µ

(
1 +

α + ζ/γ

µ

)
t

]
. (3.3.15)

Since the validity of Eq. (3.3.13) is guaranteed under the condition γ
µ
t � 1, we

collected only constant terms and linear terms in t and neglected γ2t2/µ2. Then we

kept only up to the first-order correction terms for the constant terms. Eq (3.3.15) is
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the correction to C(t) ≈ C(0) exp
(
− γ
µ
t
)
≈ C(0)

[
1− γ

µ
t
]

and the estimate of γ1 is

retrieved from it. It is also noted that we have confirmed that this estimate is valid

at least in the time interval max{2τ0, τ1} < t� µ
γ
.

3.3.4 Linear approximation of Ċ(t)

Similarly, we obtain the following expansion

Ċ(t) = −d
β

[
G0(t) +

1

µ
G1(t)− 1

µ
G∗20 (t) +

1

µ2
G2(t)− 2

µ2
G0 ∗G1(t) +

1

µ2
G∗30 (t)

]
,

(3.3.16)

where we introduced the second-order correction G2(t) of G(t) by employing the

second-order correction K2(t) of K(t) and assuming the existence of τ2. By using

the following relations

G0 ∗G0(t) = γ2t− 2αγ, for t > 2τ0, (3.3.17a)

G0 ∗G1(t) = γζt+ const, for t > τ0 + τ1, (3.3.17b)

G0 ∗G0 ∗G0(t) =
1

2
γ3t2 − 3αγ2t+ const, for t > 3τ0, (3.3.17c)

we obtain, for t > max{3τ0, τ0 + τ1, τ2},

Ċ(t) = −d
β
γ

(
1 +

2α + ζ/γ

µ

)[
1− γ

µ

(
1 +

α + ζ/γ

µ

)
t

]
, (3.3.18)

and hence we retrieve the estimates for γ2 and γ3 given in Eq. (3.3.12). We note

that although we introduced the second-order correction G2(t), we neglected its

contribution, which is a second-order correction to the constant term.
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3.3.5 Linear approximation of −Ċ(t)/C(t)

By using Eqs. (3.3.15) and (3.3.18), we obtain the following linear approximation of

the instantaneous exponential decay rate of C(t):

− Ċ(t)

C(t)
=
γ

µ

(
1 +

α + ζ/γ

µ

)
, (3.3.19)

which is valid for max{3τ0, τ0 + τ1, τ2} < t � µ
γ
. Hence, we retrieve the estimate

for γ4. We note that the slope (with respect to time t) is zero in this first-order

correction with respect to µ [i.e., the slope is o(µ−2)].

We also derive the limit of the instantaneous exponential decay rate normalized

by µ. From Eqs. (3.3.13) and (3.3.16), we obtain

− µĊ(t)

C(t)
≈ G0(t) +

1

µ
G1(t) +

1

µ

∫ t

0

G0(u) [G0(t)−G0(t− u)] du. (3.3.20)

Since G1(t) and the integral in Eq. (3.3.20) are bounded, we obtain

lim
µ→∞

[
−µĊ(t)

C(t)

]
= G0(t). (3.3.21)

We note that the time interval where the approximation, Eq. (3.3.20), is valid be-

comes larger as µ→∞ and thus the relation, Eq. (3.3.21), is valid for all t.

3.4 MD simulation results

To confirm the theoretical predictions obtained in Sections 3.2 and 3.3, we perform

MD simulations of the Rayleigh gas system. Although the theoretical predictions
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obtained for Case A is valid for an interacting bath as well as for an non-interacting

bath, we choose this system for the following reasons. First of all, K0(t) and γ can

be accurately obtained from numerical integration of one-particle trajectories of a

bath particle for this system [96]. Also, when a purely repulsive interaction potential

between the Brownian particle and a bath particle is chosen, K0(t) and K1(t) satisfy

the assumption on the existence of time scales τ0 and τ1 and hence we can verify the

results in Section 3.3. On the other hand, when an interaction potential contains an

attractive component, these time scales become much longer and may not be clearly

defined [96]. By comparing with the results in the purely repulsive potential case, we

can observe how the failure of the time scale assumption, which may also occur for

Brownian motion in an interacting bath, affects the behavior of the time correlation

functions.

Three sets of MD simulations are performed. The first two sets correspond to

Case A with a purely repulsive interaction potential and an interaction potential

with an attractive component, respectively. The last set is the frozen dynamics

simulations corresponding to Case B.

3.4.1 MD setup

We perform two-dimensionalNV E MD simulations. The Weeks–Chandler–Andersen

(WCA) potential and the truncated Lennard-Jones (LJ) potential with cutoff 2.5σ

are chosen as a purely repulsive interaction potential and an interaction potential

containing an attractive component, respectively. The truncated LJ potential V (r)
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with cutoff rcut is defined as

V (r) =


V0(r)− V0(rcut) if r < rcut,

0 otherwise,

(3.4.1)

where r is the inter-particle distance between the Brownian particle and a bath

particle and V0(r) is the LJ potential with parameters ε and σ, defined as

V0(r) = 4ε

[(σ
r

)12

−
(σ
r

)6
]
. (3.4.2)

The WCA potential is defined as the truncated LJ potential with cutoff 21/6σ, where

the minimum of V0(r) is attained. We choose σ as the radius R = 1 of the Brownian

particle and ε = 1.

The system parameters are chosen as follows. For the first two sets of MD

simulations, various values of the mass M of the Brownian particle are used: M = 2,

5, 10, 20, 50, 100. The mass m of a bath particle is set as m = 1 and the number

of bath particles is N = 104. The simulation box is a square with side L = 100 and

periodic boundary conditions are imposed. The inverse temperature of the system is

set as β = 1. For the last set of MD simulations, the WCA potential is used. Various

values of the side of the simulation box are used: L = 10, 15, 20, 30, 50, 70, 100. The

number of bath particles is correspondingly increased so that the number density is

equal to N/L2 = 1. The other parameters are the same except that the mass of the

Brownian particle is not defined (i.e., infinite) in this case. All simulation results are

reported in reduced units with ε the unit of energy, σ the unit of length, and m the

unit of mass.

The MD simulations are performed as follows. For the first two sets of MD
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simulations, the initial position of the Brownian particle is randomly chosen with a

uniform distribution in the simulation box and then the initial positions of the bath

particles are randomly chosen with a uniform distribution outside the interaction

range of the Brownian particle. The initial velocity of the Brownian particle is set

as zero whereas the velocities of the bath particles are sampled from the Maxwell–

Boltzmann distribution. The velocity Verlet algorithm is used for time integration

and the time step size is set as ∆t = 10−3. To obtain a sample in equilibrium,

temperature scaling is performed ten times at every 106 time steps. Then, the

trajectory is obtained for 5 × 106 time steps for the WCA potential case and for

107 time steps for the LJ potential to calculate 〈P(0) ·P(t)〉, 〈P(0) · F(t)〉, and

〈F(0) · F(t)〉. For the last set of MD simulations, all procedures are the same except

that the Brownian particle is fixed at the randomly chosen initial position and the

momentum of the Brownian particle is defined as the negative of the total bath

momentum [51].

A total of 128 samples are obtained for each set of the simulation parameters.

When a certain physical quantity, for example K(t), is calculated from the time

correlation functions, the statistical error present in the quantity is estimated as

follows. The samples are grouped into n = 8 bins and the time correlation functions

are obtained by averaging over each bin. Using these averaged time correlation

functions, 8 samples of the physical quantity are obtained and the sample variance

s2 is calculated. Then, the standard deviation of the quantity obtained from the

fully averaged time correlation functions over the whole samples is estimated by

σ = s/
√
n. Owing to a large number of samples, the limiting behavior of the time

correlation functions are clearly observed without any significant interference with

statistical errors. However, when the first-order corrections for the limiting behavior

is investigated, the statistical errors are no more negligible. In these cases, the error
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Figure 3.1: For Case A with the WCA potential, the normalized momentum auto-
correlation function C(t)/C(0) is plotted for various values of the mass M of the
Brownian particle for long times in panel (a) and for short times in panel (b). Note
that the vertical axis in panel (a) is logarithmic scale.

bars corresponding to 3σ are also plotted.

3.4.2 Case A with WCA potential

We first observe the behavior of the time correlation functions for various values of

the mass M of the Brownian particle. Then, we confirm the estimates, Eq. (3.3.12),

of γ1, γ2, γ3, and γ4 from the time correlation functions after we discuss the be-

havior of the Mori memory function K(t). Figure 3.1 shows the time profiles of

C(t) = 〈P(0) ·P(t)〉 for various values of M . As expected from Eq. (3.1.1a), C(t)

decays exponentially at large times and the exponential decay rate is inversely pro-

portional to the reduced mass µ. However, from the short-time behavior of C(t)

it is observed that the slope at t = 0 is zero and it takes some time for C(t)

to exhibit a linear decay. The initial zero slope is expected from the fact that

C(t) is an even function (i.e., C(t) = C(−t)) or from a short-time expansion

C(t) = C(0)
[
1− 1

2!
ω

(2)
v t2 + 1

4!
ω

(4)
v t4 ± . . .

]
, where ω

(n)
v is the n-th frequency mo-
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Figure 3.2: For Case A with the WCA potential, the negative of the momentum-
force correlation function, −〈P(0) · F(t)〉 = −Ċ(t), is plotted for various values of
the mass M of the Brownian particle for long times in panel (a) and for short times
in panel (b). The black solid lines indicate the plateau value d

β
γ. Note that the

vertical axis in panel (a) is logarithmic scale.

ment [13]. The time profiles of Ċ(t) = 〈P(0) · F(t)〉 are shown in Figure 3.2. As

expected from Eq. (3.1.1b), Ċ(t) exhibits an exponential decay, at large times, with

the same exponential decay rate as C(t). From the short-time behavior of Ċ(t) it is

observed that the magnitude of Ċ(t) is initially zero and, after attaining the max-

imum, it exhibits a linear decay. As M becomes larger, the maximum approaches

the theoretical plateau value d
β
γ = − limt→∞ limµ→∞ Ċ(t).

We observe the Mori memory functionK(t) in Figure 3.3. It is calculated from the

time correlation functions following the procedure presented in [164]. Its limit under

the Brownian limit, K0(t) = limµ→∞K(t), is obtained by numerical integration of

one-particle trajectories of a bath particle following the procedure presented in [96].

In the left panel of Figure 3.3, the time profiles of K(t) for various values of M as

well as that of K0(t) are shown. The convergence of K(t) to K0(t) is clearly observed

as M increases. The next-order correction K1(t), defined in Eq. (3.2.20), is obtained

by using K(t) for intermediate values of M and calculating µ [K(t)−K0(t)]. The

time profiles of K1(t), obtained from the results for M = 5 and 10, are shown in
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Figure 3.3: For Case A with the WCA potential, the Mori memory function K(t) is
plotted for various values of the mass M of the Brownian particle in panel (a). The
limit K0(t) = limµ→∞K(t) is also plotted. In panel (b), the time profile of K1(t),
which is obtained by subtracting K0(t) from K(t) for M = 5 or 10 and multiplying
by the corresponding value of µ, is plotted with the error bars corresponding to 3σ.

the right panel of Fig 3.3, which show close agreement with each other. As expected

from the fact that the initial value K(0) is equal to 〈F · F〉 regardless of the value of

M , the initial value of K1(t) is shown to be zero. The time profile of K1(t) attains a

negative peak and then decays to zero. From the time profiles of K0(t) and K1(t), we

estimate the time scales of τ0 and τ1 of K0(t) and K1(t) as 0.2 and 0.3, respectively.

The parameters defined in Eq. (3.3.2) are evaluated as γ = 4.87, α = 0.22, and

ζ = −2.1.

Using the estimated values of γ, α, and ζ, we confirm the estimates of γ1, γ2,

γ3, and γ4 given in Eq. (3.3.12). For the log plot of the normalized momentum

autocorrelation function C(t)/C(0) versus t, linear regression is performed and the

slope and intercept are obtained. The time interval for the linear regression is chosen

such that the lower endpoint is set as τ0 + τ1 = 0.5 and the upper endpoint is chosen

as the time when C(t) decays to one half of the initial value. For M = 100, the half-

life is longer than t = 10 and time interval [0.5, 10] is used instead. The prefactor of

the exponential decay of C(t)/C(0) at large times is estimated from the intercept and
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Figure 3.4: For Case A with the WCA potential, the prefactor of the exponential
decay of the normalized momentum autocorrelation function at large times is plotted
versus the reciprocal of the reduced mass µ in panel (a). The values of γ1, γ2, and
γ3 are plotted versus µ−1 in panels (b), (c), and (d), respectively. All values are

obtained from the linear regression of log(C(t)/C(0)) or log
∣∣∣Ċ(t)

∣∣∣. For details, see

the text. The error bars corresponding to 3σ are also plotted. The green dotted line
in each panel is the theoretical prediction: for (a), 1 +α/µ and for (b), (c), and (d),
see Eq. (3.3.12).

plotted versus µ−1 in panel (a) of Figure 3.4. The dependence of the prefactor on µ is

explained very well by 1 +α/µ, which is obtained from Eq. (3.3.10). From the slope

of the linear regression, the value of γ1 is estimated by using Eq. (3.3.10) and plotted

in panel (b) of Figure 3.4. As predicted by Eq. (3.3.12), it is observed that as M

increases, the value of γ1 converges to the value of γ and the deviation is proportional

to µ−1. For the momentum-force correlation function Ċ(t) = 〈P(0) · F(t)〉, linear

regression is performed to its log plot using the same time interval as the normalized

momentum autocorrelation function. Using Eq. (3.3.11), the values of γ2 and γ3 are

estimated from the intercept and slope of the linear regression and plotted in panels

(c) and (d) of Figure 3.4, respectively. Their asymptotic behavior is well explained

by Eq. (3.3.12). Although the values 2α and ζ/γ, which appears in the estimate of γ2,

happen to cancel each other so we cannot accurately estimate the value 2α+ ζ/γ, it

is clearly seen that the slope of the deviation (γ2−γ) with respect to µ−1 is different
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Figure 3.5: For Case A with the WCA potential, the instantaneous exponential
decay rate −Ċ(t)/C(t) normalized by the reduced mass µ is plotted, in panel (a),
for various values of the mass M of the Brownian particle. The plateau values in
panel (a), which correspond to γ4, are plotted, with the error bars corresponding to
3σ, versus the values of µ−1 in panel (b). The dotted green line in panel (b) indicates
the prediction of Eq. (3.3.12).

from that of γ1 and γ3.

Next, we compile the instantaneous exponential decay rate −Ċ(t)/C(t). In the

left panel of Figure 3.5, its time profiles for various values of M are plotted. The

instantaneous exponential decay rate attains a plateau after some time which corre-

sponds to τ0 = 0.2. As M increases, the plateau value, which is normalized by factor

µ, increases and approaches to the value of γ. Using the same time interval as the

above cases, an extrapolated value at t = 0 is obtained from linear regression for each

value of M . It is noted that for linear regression, we use −Ċ(t)/C(t) itself rather

than its logarithm in this case. In the right panel of Figure 3.5, these extrapolated

values, which correspond to γ4, are plotted versus µ−1. The convergence of γ4 to γ

is well explained by Eq. (3.3.12). It is also clearly seen that the asymptotic behavior

of γ4 is very similar to those of γ1 and γ3.
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Figure 3.6: For Case A with the LJ potential, the normalized momentum auto-
correlation function C(t)/C(0) and the negative of the momentum-force correlation
function, −Ċ(t), are plotted in panels (a) and (b), respectively, for various values
of the mass M of the Brownian particle. The plateau value d

β
γ is also plotted as a

black solid line in panel (b). Note that the vertical axis in panel (a) is logarithmic
scale.

3.4.3 Case A with LJ potential

We first compare the decay behavior of the time correlation functions in the LJ

potential case with that of the WCA potential case. In Figure 3.6, the normalized

momentum autocorrelation function and the momentum-force correlation functions

are shown for various values of M . Although the decay rate decreases as M increases

in both correlation functions, the decay is far from being a pure exponential decay.

This implies that K(t) has a tail and the microscopic structure of K(t) affects the

time correlation functions even at large times.

In Figure 3.7, the time profiles of K(t) are shown for various of values of M ,

as well as K0(t) and K1(t). Convergence of K(t) to K0(t) is clearly observed for

increasing values of M , and the time profiles of K1(t) obtained from the results for

M = 5 and 10 agree very well with each other, which confirms our assumption on

the asymptotic form of K(t), Eq. (3.2.20). However, the time scales τ0 and τ1 cannot
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Figure 3.7: For Case A with the LJ potential, the time profiles of the Mori memory
function K(t) are plotted for various values of the mass M of the Brownian particle
in panel (a). The limit K0(t) = limµ→∞K(t) is also plotted. In the inset, the main
peak of K(t) at short times is plotted. In panel (b), the time profiles of K1(t), which
are obtained by using the results of M = 5 and M = 10, are plotted with the error
bars corresponding to 3σ. In the inset, the tails of K1(t) are plotted.

be clearly defined in this case; K0(t) has an oscillating tail due to the effect of the

trapped bath particles to the potential well of the LJ potential [96] and it is observed

that K1(t) also has an oscillating tail.

Since both the exponential decay and the influence of the microscopic structure

affect the time correlation functions over the whole time interval of our observation,

we fail to accurately estimate the values of γ1, γ2, and γ3. These values vary for

different choices of the time interval for the curve fitting since the time correlation

functions do not exhibit a pure exponential decay. However, for γ4, it is expected

that the effect of the exponential decay disappears or is reduced significantly since

the exponential decay of C(t) and Ċ(t) may cancel in the instantaneous exponential

decay rate, −Ċ(t)/C(t). In Figure 3.8, the instantaneous exponential decay rate is

plotted for various values of M . It does not exhibit an exponential decay and at

large times it starts to form a plateau. For M = 100, the instantaneous exponential

decay rate is calculated up to t = 20 and it is confirmed that it attains a plateau. In
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Figure 3.8: For Case A with the LJ potential, the instantaneous exponential decay
rate −Ċ(t)/C(t) normalized by factor µ is plotted for various values of the mass M
of the Brownian particle in panel (a). The time integral of K0(t), i.e., G0(t), is also
plotted. As M increases, the deviation of −µĊ(t)/C(t) from G0(t) is observed to
decrease like O(µ−1) for all points on the time axis. Two time points t = 5 and
t = 10, representative of the cases t < τ0 and t ≈ τ0, are chosen and their values
−µĊ(t)/C(t) versus µ−1 are plotted with corresponding linear regressions in panel
(b). To reduce statistical errors, the time-averaged values of −µĊ(t)/C(t) over short
time intervals [5,5.1] and [9.9,10] are used. The error bars correspond to 3σ. The
blue square for t = 10 and M = 10 is omitted since the value is not reliable due to
large decay of C(t) and Ċ(t). The arrows in panel (a) indicate the location of the
time points (t = 5 for the red one and t = 10 for the blue one) where two sets of
data in panel (b) are obtained, whereas the arrows at the vertical axis in panel (b)
indicate the corresponding values of G0(t).
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Figure 3.9: For Case B (with the WCA potential), −Ċ(t) evaluated from the time
integral of the force autocorrelation function is plotted for various values of the box
size L in panel (a). In panel (b), the same quantity is plotted near the value of γ,
which is plotted as a gray dotted line. It is noted that the error bars corresponding
to σ rather than 3σ are plotted for clear presentation.

addition, as predicted from Eqs. (3.3.20) and (3.3.21), it is observed that for each t,

−Ċ(t)/C(t) approaches G0(t), which is the time integral of K0(t), as M increases.

The deviation is inversely proportional to the reduced mass µ.

3.4.4 Case B

We first observe a characteristic behavior of Ċ(t) in the frozen dynamics of the

Rayleigh gas system. Figure 3.9 shows the time profiles of −Ċ(t) for various values

of the simulation box size L. We use the values of Ċ(t) obtained from the time

integral of the force autocorrelation function rather than those obtained from the

momentum-force correlation function since the latter contain much larger statistical

errors than the former. This is because the momentum of the Brownian particle

is defined as the negative of the total momentum of the bath particles and thus

its variance is very large in this case. Contrary to Case A, we observe that Ċ(t)

attains a plateau before it starts to decay. For L = 10, 15, and 20, the duration of
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Figure 3.10: For Case B, the time profiles of the force autocorrelation function for
various values of the box size L are plotted in panel (a). Following Eq. (3.2.29),
scaled time t/η and scaling factor η2 are used. In panel (b), the tails of the force
autocorrelation and the Mori memory function for L = 10 are compared. The time
profile of K0 ∗ Ċ0(t) is also plotted.

exhibiting such a plateau is proportional to L and the plateau value becomes closer

to the value of γ as the system size increases. The deviation of the plateau value

from γ is observed to be inversely proportional to L2. It is also observed that even

after the plateau region, Ċ(t) does not exhibit a clear exponential decay.

As mentioned in Section 3.2.5.2, this characteristic behavior of Ċ(t) is explained

by the tail of the force autocorrelation function which develops in the finite-size

Rayleigh gas system. In the left panel of Figure 3.10, the time profiles of the force

autocorrelation function for L = 10, 15, and 20 are compared by using scaled time

t/L and scaling factor L2. The scaled tails show good agreement with each other,

which confirms Eq. (3.2.29). In the right panel of Figure 3.10, the Mori memory

function is compared with the force autocorrelation function for L = 10. The overall

shape of K(t) is similar to 〈F(0) · F(t)〉 and it is lifted by − β
dµ
K0 ∗ Ċ0(t) as predicted

from Eq. (3.2.31).

For larger values of L, the decay is not observed and the momentum-force cor-
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relation function maintains the plateau up to t = 10, which is the maximum time

of our observation. In this case, the momentum autocorrelation function exhibits a

pure exponential decay.

3.5 Summary and discussion

For a Brownian particle suspended in a bath, corrections to the (t, µ)-asymptotic

expressions of 〈P(0) ·P(t)〉 and 〈P(0) · F(t)〉, Eqs. (3.1.1a) and (3.1.1b), have been

obtained in Eqs. (3.3.10) and (3.3.11). Using these corrections, it has been shown

that various numerical methods which estimate the value of the friction coefficient γ

using the exponential decay of the time correlation functions at large times, produce

γ +O(µ−1), see Eq. (3.3.12).

To obtain these results, the asymptotic expansion of C(t) = 〈P(0) ·P(t)〉,

Eq. (3.2.24), has been derived by solving the Volterra integro-differential equation,

Eq. (3.2.8), and by introducing the asymptotic expansion of the Mori memory func-

tion K(t). The lowest-order term C0(t) in the asymptotic expansion of C(t) is defined

in terms of the Mori memory function K0(t) of the infinite reference system. C0(t)

itself is given as a series of convolution powers and higher-order terms in the asymp-

totic expansion of C(t) are given as multiple convolutions of C0(t) with higher-order

terms in the asymptotic expansion of K(t).

By introducing time scales τ0 and τ1 of K0(t) and K1(t), (t, µ)-asymptotic ex-

pressions of C0(t) and C(t), Eqs. (3.3.8) and (3.3.10), have been derived. However,

owing to a feature of convolution, each term in the asymptotic expansion of C0(t) and

C(t) has different length of transient time before it exhibits a t-asymptotic behavior,
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and hence the time intervals, where the asymptotic expressions are valid, become

questionable. To address this issue, lower-order terms in the asymptotic expansions

of C(t) and Ċ(t) have been analyzed and the validity time intervals for the linear

decay expressions, Eqs. (3.3.15) and (3.3.18), have been found. The lower endpoint

of the time intervals is determined by τ0 and τ1, whereas the upper endpoint is given

by the condition γ
µ
t � 1. However, it is noted that our result does not imply that

the exponential decay behavior is only valid in these intervals. Our analysis demon-

strates one of the essential reasons that the evaluation of the friction coefficient is not

straightforward; there are two limits involved (i.e., the Brownian limit and the long

time limit) and they are not interchangeable with each other. Since it is virtually

impossible to simulate the infinite reference system using MD simulation technique,

Eq. (3.2.16) cannot be used as it is from MD simulations. Instead, a finite system

corresponding to a large value of µ is simulated and a long-time behavior in a certain

time interval is observed. As shown in our analysis, an appropriate choice of the time

interval depends on not only the microscopic times t0 and t1 but also the condition

determined by the value of µ.

For a Rayleigh gas under the WCA potential, which satisfies the time scale as-

sumption, the theoretical predictions have been confirmed by a systematic MD sim-

ulation study. In particular, as predicted from Eq. (3.3.12), γ2 has been shown to

have a different first-order correction from those of γ1, γ3, and γ4. Then, to observe

a case where the assumption of the time scales fails, a counterpart system under the

LJ potential has been investigated. Due to the influence of the oscillating tail, it

has been observed that the decay is not clearly exponential even at large times and

accurate evaluation of γ1, γ2, and γ3 fail. However, the normalized instantaneous

exponential decay rate defined as −µĊ(t)/C(t) has been observed to have the fol-

lowing favorable features which makes γ4 be a practically better measure of γ rather
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than γ1, γ2, and γ3: first, the quantity does not exhibit an exponential decay and

eventually forms a plateau; second, it is easily calculated from the time correlation

functions; third, for each t, it converges to the time integral of the Mori memory

function up to time t as µ→∞, see Eqs. (3.3.20) and (3.3.21).

Our approach is new in the sense that the Mori memory function is employed

and explicit dependence of the time correlation functions in the near-Brownian-

limit regime on the memory function is determined. A close connection of the Mori

memory function to the Brownian motion theory has been pointed out from several

points of view [51, 89, 103]. Compared with Mazur and Oppenheim’s memory func-

tion, Mori’s memory function K(t) can be relatively easily calculated from the time

correlation functions. However, since its analytic properties are not so favorable as

those of the former [89], determining an asymptotic expansion of K(t) may not be

straightforward and some physical arguments or numerical experiments are needed.

For the infinite mass limit (i.e., Case A), by previous theoretical analysis [89, 131],

a simple form, Eq. (3.2.20), has been found. As a counter example, we have consid-

ered the frozen dynamics of the Rayleigh gas in a finite bath. We have demonstrated

that due to the boundary conditions Ċ(t) exhibits a characteristic behavior, which

is not explained by the asymptotic expression of C0(t), and K(t) has a different

form from Case A. Considering that several MD simulation studies have performed

frozen dynamics simulations and determined the value of γ by using Eq. (3.1.1), a

future investigation on asymptotic behavior of the time correlation functions along

the thermodynamic limit is called for.

In this chapter, we have analyzed one of the prototypical systems where mul-

tiscales are present and play an important role. Our work has provided a method

of evaluating the friction coefficient γ in a systematic manner. A precise evalua-

tion of γ is essential for mesoscopic simulation methods such as Langevin/Brownian
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Figure 3.11: A typical trajectory of a bath particle sequentially colliding with the
fixed Brownian particle at the origin O and its image at O′. The Brownian particle
and its image are represented as disks of radius R and the bath particle elastically
collides at points A and B. The angles ∠AOO′ and ∠BO′O and the angle between
AB and the horizontal line are denoted as θ, ψ and φ, respectively. While θ and
φ are anticlockwise angles from the horizontal lines, ψ is a clockwise angle. It is
assumed that the separation L between the Brownian particle and its image is much
larger than R.

dynamics and dissipative particle dynamics. Since the time scale of the Brownian

motion is not completely separated from that of the surrounding fluid particles in the

phenomena simulated by these methods, consideration of the asymptotic behavior

of the time correlation function of the Brownian particle at microscopic times will

help to develop a more realistic model.

3.6 Appendix

The scaling property of the tail present in the force autocorrelation function due to

the re-collisions of bath particles to the periodic images of the Brownian particle is

derived for a finite-volume Rayleigh gas under periodic boundary conditions, where

the fixed Brownian particle interacts with the gas through elastic collisions. By

considering a bath particle colliding with the Brownian particle and subsequently
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with its periodic image, we calculate the autocorrelation function of the force exerted

on the Brownian particle or its image by the bath particle. The scaling parameter

is the separation distance L between the Brownian particle and its image, which is

assumed to be much larger than the radius R of the Brownian particle. We first

consider the two-dimensional case and then discuss the general case.

For simplicity, we assume that there is a single image. We denote the po-

sitions of the Brownian particle and its image by O(0, 0) and O′(L, 0), respec-

tively. By introducing θ and ψ, we denote the points at which the bath par-

ticle collides with the Brownian particle and its image as A(R cos θ, R sin θ) and

B(L − R cosψ,R sinψ), respectively (see Figure 3.11). We also denote the an-

gle formed by the line AB and the horizontal line as φ and its possible range as

φ1 < φ < φ2. Since limL→∞ Lφ1 = −R(1 + sin θ) and limL→∞ Lφ2 = R(1 − sin θ),

we have φ = O(L−1). By denoting the magnitude of the bath particle’s veloc-

ity as v and the time duration that it moves from A to B as tAB, vtAB satisfies

(R cos θ + vtAB cosφ− L)2 + (R sin θ + vtAB sin θ)2 = R2. Since vtAB = L+ δx with

δx = O(1) for large L, we obtain δx = −R cos θ−
√
R2 − (R sin θ + Lφ)2 + O(L−1).

Hence, we obtain an expression for ψ in terms of θ and φ: sinψ = sin θ+ Lφ
R

+O(L−1).

The impulses exerted on the bath particle during the collisions at A and B are ex-

pressed as IA = 2mv cos(θ−φ)(cos θ, sin θ) and IB = 2mv cos(ψ+φ)(− cosψ, sinψ),

respectively. By denoting the time when the bath particle collides at A by

tA, the force it exerts on the Brownian particle or its image is expressed as

F(t) = −IAδ(t − tA) − IBδ(t − tA − tAB). Hence, we have 〈F(0) · F(t)〉 =

〈|IA|2δ(−tA)δ(t− tA)〉 + 〈IA · IBδ(−tA)δ(t− tA − tAB)〉 ≡ c1(t) + c2(t). The first

term c1(t) corresponds to the result for the infinite reference system (i.e., without

the image of the Brownian particle), whereas the second term c2(t) is the contribu-

tion of the re-collision to the image. Following a similar procedure demonstrated
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in [96], the ensemble averages c1(t) and c2(t) are obtained by averaging with re-

spect to the equilibrium distribution of the initial condition of the bath particle. We

denote the initial position and velocity as (r cosχ, r sinχ) and (v cosω, v sinω), re-

spectively, and assume that the equilibrium measure is approximated by that of the

infinite reference system [i.e., (aI{r≥R}rdrdχ)(mβ
2π
e−

1
2
βmv2

vdvdω) with a the number

density of bath particles], which becomes valid for r � L and R� L. By using that

δ(tA) = v| cos(χ−ω)|δ(r−R) for 1
2
π+χ < ω < 3

2
π+χ, we perform integration with

respect to r and consider r → R+ for the remaining integration with respect to χ, ω,

and v. By symmetry, we only need to consider the case 0 < χ < π
2

and multiply by

factors 4 and 2 for c1(t) and c2(t), respectively. We have θ → χ and φ→ 2χ−ω− π

as r → R+. Through the following integration

4m2aR

(∫ ∞
0

mβ

2π
v4e−

1
2
βmv2

dv

)(
4

∫ π
2

0

dχ

∫ χ+ 3
2
π

χ+ 1
2
π

| cos(χ− ω)|3dω

)
δ(t), (3.6.1)

we obtain c1(t) = 8aR
β

√
2πm
β
δ(t), which leads to the friction coefficient γ = 2aR

√
2πm
β

for the infinite reference system [96].

In order to estimate c2(t), we note that the interval of ω for the re-collision is of

length O(L−1) from the constraint φ1 < φ < φ2. Since ω ∈ (2χ−π−R
L

(1−sinχ), 2χ−

π + R
L

(1 + sinχ)), we approximate the integrand by its value at ω0 = 2χ − π and

consider the width of the interval ∆w = 2R
L

. We note that ω0 corresponds to the

case that the trajectory of the bath particle from A to B is parallel to the horizontal

line. Then, IA · IB is approximated by −4m2v2 cos2 χ cos 2χ, whereas δ(tA) is by

v cosχδ(r − R). On the other hand, since tA → 0 as r → R+, δ(t − tA − tAB)

can be replaced by δ(t − tAB) in the integrand, which is further approximated by
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δ(t− L
v
) = L

t2
δ(v − L

t
). Hence, through the following integration

− 4m2aR

(
L

t2

∫ ∞
0

mβ

2π
v4e−

1
2
βmv2

δ

(
v − L

t
dv

))(
2∆w

∫ π
2

0

cos3 χ cos 2χdχ

)
,

(3.6.2)

we finally obtain

c2(t) ≈ −16aR2m3β

5πL2

(
L

t

)6

e−
1
2
mβ(Lt )

2

. (3.6.3)

Hence, c2(t) has a form of L−2f
(
t
L

)
.

For the three dimensional case, the integration with respect to two spherical

angles for the initial velocity gives O(L−2) dependence. This is because in order

for the bath particle to collide with the image, both angles should be in narrow

intervals of length O(L−1). The integration with respect to the magnitude v of

the bath particle’s velocity gives the same form of the L-dependence as in the two-

dimensional case. That is, integrating g(v)δ(t − tA − tAB) with respect to v gives

L
t2
g(L

t
). Hence, we obtain L−3f( t

L
).



Chapter Four

Microscopic Theory of

Brownian Motion
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4.1 Introduction

Brownian motion, a random movement caused by thermal agitation of the surround-

ing particles, is a phenomenon pervasively observed in many fields of science [60].

Leaving aside its traditional fields such as physics and chemistry, it has been realized

that Brownian motion provides an efficient transport mechanism for many biological

functions at the cellular and subcellular level [177] and plays an important role in

the movement and chemotaxis of microorganisms [125, 119]. Although in many ex-

perimental studies Brownian motion is considered as something to be suppressed or

controlled for better observations [25], its use as a probing tool investigating topolog-

ical and rheological properties of soft materials has been of great interest [181, 165].

Spatial and temporal resolutions of observing Brownian motion have been greatly

increased, and the transition from ballistic to diffusive Brownian motion has been

observed in gases [11, 120] and in liquids [126, 87]. For Brownian motion in a

gas, it has been shown that the standard Langevin description explains very well

experimental results. On the other hand, for Brownian motion in a liquid, where the

densities of the Brownian particle and the fluid are comparable, the hydrodynamic

memory effect by the inertia of the surrounding fluid cannot be neglected [160].

Hence, the thermal noise is no more assumed to be white and its color has been

experimentally determined [56, 90]. However, we note that direct observation of

Brownian motion on the time scale of molecular collisions is still experimentally

infeasible.

Macroscopically, a moving object immersed in a fluid experiences a friction force

with the friction coefficient defined as the ratio of the friction force to the moving

velocity. In contrast, at the microscopic level, the total force F on a Brownian
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particle can be decomposed as:

F = Fext + Ffr + Fth, (4.1.1)

where Fext denotes the force due to any external potential and Ffr and Fth denote the

friction force and the thermal noise exerted by the surrounding fluid, respectively.

Specifically, Ffr describes the collective motion of the surrounding fluid, whereas

Fth reflects the randomness of each interacting fluid particle. Despite their different

characters, they share the same origin, i.e., the interaction between the Brownian

particle and the fluid, and hence they are related by the fluctuation-dissipation re-

lation [107]. This form of force decomposition is adopted by mesoscopic simulation

methods such as Langevin/Brownian dynamics [161, 168] and dissipative particle

dynamics [72] with simplified forms of Ffr and Fth.

In the Langevin equation (assuming Fext = 0)

F(t) = −γV(t) +
√

∆Ẇt, (4.1.2)

Ffr is assumed to be linearly proportional to the instantaneous velocity V of the

Brownian particle with γ the friction coefficient, while Fth is given as independent

Gaussian white noise with ∆ the noise intensity and W the standard Wiener pro-

cess. This Markovian approximation is valid only on the time scale of the Brownian

particle and only in the Brownian limit, i.e., when the mass ratio of the Brownian

particle to a fluid particle tends to infinity. Microscopic justification of the phe-

nomenological Langevin equation has been presented in [30, 51, 112, 113, 131, 158].

In the corresponding generalized Langevin equation derived by Mori [140],

F(t) = −
∫ t

0

K(t− s)V(s)ds+ F+(t), (4.1.3)
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Ffr is defined as the convolution of V with the memory function K(t) and Fth is

given as the fluctuating force F+. Eq. (4.1.3) is obtained by the projection operator

technique [68]; it is formally exact and, hence, it is valid on all time scales. How-

ever, despite its appealing form, which heuristically suggests Eq. (4.1.2) through

the Markovian approximation in the Brownian limit, investigating the microscopic

structure of the memory function K(t) is not straightforward [89].

In this chapter, we investigate Eq. (4.1.1) on the microscopic time scale for the

system in the near-Brownian-limit regime. More specifically, we propose a force de-

composition of the total force on the Brownian particle, which leads to new interpre-

tation of Ffr and Fth. Compared with traditional approaches [30, 112, 113, 131, 158]

which employ formal operator algebra, we introduce two types of dynamics (the

frozen dynamics and the constant-velocity dynamics) and explain the form of Ffr

and Fth in the near-Brownian-limit regime. Through this approach, we obtain not

only well-known results for the Brownian limit but also higher-order corrections for

finite mass ratio. In Section 4.2, we first present our theoretical results. In Sec-

tion 4.3, we provide our MD simulation results. In Section 4.4, we conclude the

chapter with a brief discussion.

4.2 Theoretical Results

We describe the system and introduce a conditional expectation based on assump-

tions on the equilibrium distribution of the system. Under this setup, we propose a

force decomposition and obtain asymptotic expansions of the time correlation func-

tions. Our approach is also applied to the pulling experiment of an object in a fluid

and previously known results are derived. Finally, from the comparison with the
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memory function approach, we obtain asymptotic expansions for the friction force

and the thermal noise.

4.2.1 Microscopic model for Brownian motion of a single

particle

We follow the standard setting for a Brownian particle suspended in a bath [131, 51].

In addition, we assume that the bath is unbounded. The mass M of the Brownian

particle is finite but much larger than the mass m of a bath particle. We first describe

this finite-mass dynamics and then, in order to approximate it, we introduce two

types of the infinite-mass dynamics.

The position and velocity of the Brownian particle are denoted by X and V, re-

spectively, whereas the position and velocity of the i-th bath particle are denoted by

x(i) and v(i), respectively. Collectively, the positions and velocities of bath particles

are denoted by x = {x(i)} and v = {v(i)}, respectively. The Brownian particle inter-

acts with a bath particle through the interaction potential U1, while the interaction

potential between bath particles is denoted by U2. The time evolution of the system

follows the Newtonian dynamics. The initial condition {X(0),V(0),x(0),v(0)} is

assumed to be sampled from the equilibrium distribution and the trajectory of the

system at time t is denoted by {X(t),V(t),x(t),v(t)}. To distinguish this dynamics

from the two types of infinite-mass dynamics to be defined below, we call it the full

dynamics.

If the Brownian particle has an infinite mass, its motion would not be affected by

collisions with bath particles and thus its trajectory can be specified irrespective of

the motion of the bath particles. In order to approximate the trajectory {X(t),V(t)}
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by some infinite-mass dynamics trajectories, we note that for large M , V(t) is very

small and does not change very much. Rough estimates give that |V(t)| is O(M−1/2)

from the equipartition theorem, see Eq. (4.2.4), and that the velocity autocorrelation

function 〈V(0) ·V(t)〉 decays in time as 〈V ·V〉 e−γt/M from Eq. (4.1.2). Hence, the

crudest approximation is given as X0(t) = X(0) and V0(t) = 0, which means that the

Brownian particle is assumed to be fixed at the initial position X(0). A more accurate

approximation is that the Brownian particle moves at a constant velocity V(0), i.e.,

X1(t) = X(0)+tV(0) and V1(t) = V(0). Under the infinite-mass dynamics provided

with the specified trajectory {Xk(t),Vk(t)} (k = 0 or 1), the bath particles move

under the external potential due to the presence of the Brownian particle and the

bath trajectory is denoted by {xk(t),vk(t)}. We call the case with k = 0 as the frozen

dynamics, whereas for k = 1 as the constant-velocity dynamics. The initial condition

{xk(0),vk(0)} of the bath for both infinite-mass dynamics is given as {x(0),v(0)}.

The forces on the Brownian particle in the full, frozen, and constant-velocity

dynamics are denoted by F(t), F0(t), F1(t), respectively. We note that they are

completely determined by the initial condition {X(0),V(0),x(0),v(0)} and F(0) =

F0(0) = F1(0).

Through their Hamiltonians, the time evolution of these dynamics can be ob-

tained. The Hamiltonians are written as

H(x,p,X,P) =
1

2m
p·p+

1

2M
P·P+

∑
i

U1(x(i)−X)+
∑
i

∑
j>i

U2(x(i)−x(j)) (4.2.1)

for the full dynamics, and

Hk(x,p, t) =
1

2m
p · p +

∑
i

U1(x(i) −Xk(t)) +
∑
i

∑
j>i

U2(x(i) − x(j)) (4.2.2)
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for the frozen dynamics (k = 0) and the constant-velocity dynamics (k = 1). Here,

P = MV and p = mv. For the two types of the infinite-mass dynamics, the forces

on the Brownian particle are expressed as Fk(t) =
∑

i∇U1(x
(i)
k (t)−Xk(t)) and the

equations of motion of the bath particles are given as

mẍ
(i)
k (t) = −∇U1

(
x

(i)
k (t)−Xk(t)

)
−
∑
j 6=i

∇U2

(
x

(i)
k (t)− x

(j)
k (t)

)
, (4.2.3)

For the full dynamics, we have expressions of the same forms for the force F(t) and

the equations of motion of the bath particles, where x
(i)
k (t) and Xk(t) are replaced

with x(i)(t) and X(t).

4.2.2 Equilibrium distribution and conditional expectation

We sample the initial condition {X(0),V(0),x(0),v(0)} from the equilibrium dis-

tribution of the full dynamics, on which we make the following assumptions. First,

the distribution is completely decomposed into that of V and that of the other

variables. By denoting Θ = {X,x,v}, the equilibrium density is expressed as

ρ(X,V,x,v) = ρΘ(Θ)ρV(V). Second, ρV is a normal probability density satisfy-

ing

〈V ·V〉 =
d

βM
, (4.2.4)

where d is the dimensionality of the space and β = (kBT )−1 is the inverse temperature

of the system with kB the Boltzmann constant. Third, ρΘ does not depend on the

massM of the Brownian particle. Lastly, we assume that the equilibrium distribution

is isotropic. We note that these assumptions are easily shown to be valid for the

canonical ensemble. We also note that V(0) can be roughly estimated as O(M−1/2)

from Eq. (4.2.4).
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We denote by the brackets 〈·〉 the ensemble average (i.e., average over ρ) and by

〈·〉Θ the average over ρΘ. We note that 〈·〉Θ may depend on V(0), in general, if the

quantity to be averaged depends on V(0); in fact, 〈·〉Θ is the conditional expectation

given V(0). For notational simplicity, we omit the dependence on V(0). When

we evaluate the ensemble average, we use the following property of the conditional

expectation: for arbitrary functions f and g,

〈f(V)g(V,Θ)〉 = 〈f(V) 〈g(V,Θ)〉Θ〉 . (4.2.5)

In other words, we first take the conditional average over ρΘ and then take average

over ρV.

4.2.3 Force decomposition

We express the total force F(t) on the Brownian particle in the full dynamics as

follows:

F(t) = F0(t) + δF(t) + F̃(t), (4.2.6)

where δF(t) = F1(t) − F0(t) and F̃(t) = F(t) − F1(t). Using the fact that the

force deviation is explained by the system trajectory deviation, which, in turn, is

attributed to the deviation between the Brownian particle trajectories, we obtain

the following asymptotic expansions (see below Tensor notation and Derivation):

δF(t) ≈ A1(t)V(0) + A2(t)V2(0) + A3(t)V3(0), (4.2.7)

F̃(t) ≈ 1

M
[B1(t) + B2(t)V(0)] . (4.2.8)
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Here, An(t) and Bn(t) are (n+ 1)th- and nth-rank tensors, respectively, and Vn(0)

are the nth tensor power of V(0). Appropriate inner products are implicitly (i.e.,

without any dot product notation) assumed so that An(t)Vn(0) and B2(t)V(0)

become first-rank tensors. We note that An(t) and Bn(t) depend not on V(0) but

on Θ(0) and that terms up to O(M−3/2) are considered in Eqs. (4.2.7) and (4.2.8).

Tensor notation We explain the tensor notation used in this chapter. For V(0) =

{Vi}, its nth tensor power Vn(0) is defined as (Vn(0))i1i2···in = Vi1Vi2 · · ·Vin . For a

n-th rank tensor C = {Ci1i2···in}, the products CVn−1(0) and CVn(0) are defined

as (CVn−1(0))i = Cii1···in−1Vi1 · · ·Vin−1 and CVn(0) = Ci1···inVi1 · · ·Vin , respectively,

where the Einstein summation convention is used. For F(0) = {Fi} and a n-th

rank tensor D = {Di1i2···in}, the product F(0)D is defined as (F(0)D)i1i2···in−1 =

FiDii1···in−1 .

Derivation of Eqs. (4.2.7) and (4.2.8) By relating the force deviations with

the bath trajectory deviations, we derive their asymptotic expansions shown in

Eqs. (4.2.7) and (4.2.8). We first investigate the deviations between the two infinite-

mass dynamics. The bath trajectory deviation, defined as δx1(t) = x1(t)− x0(t), is

attributed to the deviation between the two prescribed trajectories of the Brownian

particle, i.e., X1(t) −X0(t) = tV(0). Hence, for sufficiently small V(0), δx1(t) also

has a small magnitude. Then, we obtain the leading term of δF(t) in terms of δx1(t)

as follows:

δF(t) ≈
∑
i

∇2U1

(
x

(i)
0 (t)−X(0)

) [
δx

(i)
1 (t)− tV(0)

]
. (4.2.9)

The error in Eq. (4.2.9) is estimated as O(|V(0)|2). This is because for infinitesimal

V(0), the magnitude of δx
(i)
1 (t) is linearly proportional to that of V(0), which can

be shown as follows. From Eq. (4.2.3), the equations of motion of the infinitesimal
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deviation δx1(t) are given as

mδẍ
(i)
1 (t) =−∇2U1

(
x

(i)
0 (t)−X(0)

) [
δx

(i)
1 (t)− tV(0)

]
−
∑
j 6=i

∇2U2

(
x

(i)
0 (t)− x

(j)
0 (t)

) [
δx

(i)
1 (t)− δx(j)

1 (t)
]
.

(4.2.10)

We note that the system of differential equations, Eq. (4.2.10), is linear and its initial

condition is given as δx1(0) = 0. Since the non-homogeneous terms are proportional

to V(0), it follows that δx1(t) is also proportional to V(0). By applying this fact

to the expansion of δF(t) with respect to δx
(i)
1 (t)− tV(0), we obtain the asymptotic

expansion of δF(t) with respect to V(0) shown in Eq. (4.2.7). We note that the

microscopic expression for A1(t)V(0) is given in Eq. (4.2.9).

Similarly, the deviation δx2(t) = x(t) − x1(t) is attributed to the deviation of

the Brownian particle trajectory. However, in this case, the latter deviation X(t)−

X1(t) = 1
M

∫ t
0
ds
∫ s

0
du F(u) is not known a priori. In fact, F(t) is the quantity we

want to investigate through approximations. However, since we can approximate

F(t) by F0(t), which does not depend neither on V(0) nor on M , X(t) − X1(t) is

expected to be linearly proportional to M−1 for sufficiently large M . Hence, by the

same argument as in δF(t), the leading term F̃(t) is linearly proportional to M−1,

which allows us to introduce B(t) such that F̃ (t) = 1
M

B(t) + O(M−2). Since B(t)

is dependent on x1(t), it has dependence on V(0) as well as Θ(0). By considering

up to its linear dependence on V(0) (i.e., B(t) ≈ B1(t) + B2(t)V(0)), we obtain the

asymptotic expansion of F̃(t) shown in Eq. (4.2.8).
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4.2.4 Time correlation functions

Using the force decomposition with the asymptotic expansions above, we express the

time correlation functions 〈V(0) · F(t)〉 and 〈F(0) · F(t)〉. For the tensors An(t) and

Bn(t), we introduce corresponding scalar functions, which can easily be estimated by

the standard time-averaging technique of MD simulation. We use the dot product

notation only for inner products between first-rank tensors.

To obtain an expression for 〈V(0) · F(t)〉, we multiply V(0) with Eq. (4.2.6)

and take the ensemble average by using Eq. (4.2.5). Because of the isotropy of the

equilibrium distribution, some terms such as 〈V(0) · F0(t)〉 disappear. Moreover, we

can express the nonzero terms in a simpler way. That is, we can introduce scalar

functions a1(t), a3(t), and b2(t) such that

〈A1(t)〉Θ = a1(t)I, (4.2.11a)

〈B2(t)〉Θ = b2(t)I, (4.2.11b)

〈A3(t)〉Θ V3(0) = a3(t) |V(0)|2 V(0). (4.2.11c)

Here, we have used properties of isotropic tensors (see below Derivation). From

Eqs. (4.2.7) and (4.2.8), we obtain

〈V(0) · δF(t)〉 ≈ 〈V ·V〉 a1(t) +
〈
|V|4

〉
a3(t), (4.2.12a)

〈V(0) · F̃(t)〉 ≈ 1

M
〈V ·V〉 b2(t). (4.2.12b)

Hence, by using Eq. (4.2.4) and
〈
|V|4

〉
= d+2

d
〈V ·V〉2, we obtain

〈V(0) · F(t)〉 ≈ d

βM

[
a1(t) +

d+ 2

βM
a3(t) +

1

M
b2(t)

]
. (4.2.13)
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To obtain a similar expression for 〈F(0) · F(t)〉, we follow the same procedure as

above. The only difference is that the tensors are averaged after multiplied by F(0)

since F(0) depends not on V(0) but on Θ(0). Hence, by introducing ā2(t) and b̄1(t)

(see below Derivation) such that

〈F(0)A2(t)〉Θ = ā2(t)I, (4.2.14a)

〈F(0) ·B1(t)〉Θ = b̄1(t), (4.2.14b)

we have

〈F(0) · δF(t)〉 ≈ 〈V ·V〉 ā2(t), (4.2.15a)

〈F(0) · F̃(t)〉 ≈ 1

M
b̄1(t). (4.2.15b)

Therefore, we obtain

〈F(0) · F(t)〉 ≈ 〈F0(0) · F0(t)〉+
d

βM
ā2(t) +

1

M
b̄1(t). (4.2.16)

Derivation of Eqs. (4.2.11) and (4.2.14) We explain how we use properties of

isotropic tensors, when we obtain the asymptotic expansions of 〈V(0) · F(t)〉 and

〈F(0) · F(t)〉 by introducing the scalar functions a1(t), ā2(t), a3(t), b̄1(t), and b̄2(t).

By the isotropy of the equilibrium distribution function, the conditional averages

of several tensors become isotropic. Since there is no isotropic first-rank tensor,

we show that 〈F0(t)〉Θ, 〈B1(t)〉Θ, 〈F(0)A1(t)〉Θ and 〈F(0)B2(t)〉Θ are zero. Since

every isotropic second-rank tensor is expressed as λI for some scalar λ, we can

introduce a1(t), b2(t), and ā2(t) from 〈A1(t)〉Θ, 〈B2(t)〉Θ, and 〈F(0)A2(t)〉Θ, respec-

tively. For the conditional averages of third-rank tensors, we use that there is no

two-dimensional isotropic tensor and every three-dimensional isotropic tensor is a



136

scalar multiple of the permutation tensor, i.e., λεijk. For a third-rank isotropic ten-

sor C = {λεijk}, we can show that CV2(0) and CV3(0) are zero by using εijk =

−εikj. Hence, for d = 2, 3, we show that 〈A2(t)〉Θ V2(0) and 〈F(0)A3(t)〉Θ V3(0)

are zero. Finally, by using that every fourth-order isotropic tensor has a form

λ1δijδkl + λ2δikδjl + λ3δilδjk, we can show that 〈A3(t)〉Θ V(0)3 = a3(t)|V(0)|2V(0),

where a3(t) is the sum of the constants λ1, λ2, and λ3 of 〈A3(t)〉Θ.

4.2.5 Resulting relations

Now we derive relations for the scalar functions a1(t), ā2(t), ā3(t), b̄1(t), and

b2(t). By substituting Eqs. (4.2.13) and (4.2.16) into the relation 〈V(0) · F(t)〉 =

− 1
M

∫ t
0
〈F(0) · F(s)〉 ds and equating terms with the same order of M , we obtain

a1(t) = −β
d

∫ t

0

〈F0(0) · F0(s)〉 ds, (4.2.17)

d+ 2

β
a3(t) + b2(t) = −

∫ t

0

ā2(s)ds− β

d

∫ t

0

b̄1(s)ds. (4.2.18)

We note that in order to derive relations, which are valid under the Brownian limit

(i.e., leading-order relations), Eq. (4.2.17) is used. For the next-order corrections,

Eq. (4.2.18) is also needed. For example, by using Eqs. (4.2.12a) and (4.2.17), we

obtain

− lim
M→∞

〈V(0) · F1(t)〉
〈V ·V〉

=
β

d

∫ t

0

〈F0(0) · F0(s)〉 ds. (4.2.19)

We note that δF(t) has been replaced by F1(t) in Eq. (4.2.19) since 〈F0(t)〉Θ = 0

and thus 〈δF(t)〉Θ = 〈F1(t)〉Θ.
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4.2.6 Pulling experiment

We demonstrate that the linear response expression of the pulling experiment, which

has been derived in [150], can be obtained by our approach. We assume that an

object is held fixed in an unbounded equilibrium bath for t < 0 and it starts to be

pulled at a constant velocity U at t = 0. The force on the object at time t > 0

is denoted by FU
1 (t) and the quantity of interest is the ratio of the average force〈

FU
1 (t)

〉
to U. We note that this pulling experiment corresponds to the constant-

velocity dynamics, where the constant velocity V(0) is replaced by U and that the

average in this case is actually the conditional average 〈·〉Θ given V(0) = U. Hence,

we have
〈
FU

1 (t)
〉
≈ a1(t)U for small U and obtain

− lim
U→0

〈
FU

1 (t)
〉

U
=
β

d

∫ t

0

〈F0(0) · F0(s)〉 ds. (4.2.20)

Furthermore, by noting that at large time t the left-hand side of Eq. (4.2.20) tends to

γ from the macroscopic definition of the friction coefficient, we obtain the microscopic

formula for γ [131, 51]:

γ =
β

d

∫ ∞
0

〈F0(0) · F0(t)〉 dt. (4.2.21)

4.2.7 Comparison with the memory function approach

We first obtain relations between the memory function K(t) in Eq. (4.1.3) and our

scalar functions. For a Brownian particle embedded in an unbounded bath, the

memory function K(t) is known to have the following asymptotic expansion for large

M [89]: K(t) ≈ K0(t) + 1
M
K1(t). Then, the time correlation functions 〈V(0) · F(t)〉

and 〈F(0) · F(t)〉 have the following asymptotic expansions with respect to M , the
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first two coefficient functions of which are given in terms of K0(t) and K1(t) [97]:

〈V(0) · F(t)〉 ≈ − d

βM

[
G0(t) +

G1(t)−G0 ∗G0(t)

M

]
, (4.2.22)

〈F(0) · F(t)〉 ≈ d

β

[
K0(t) +

K1(t)−K0 ∗G0(t)

M

]
, (4.2.23)

where Gi(t) =
∫ t

0
Ki(s)ds for i = 0, 1 and ∗ denotes convolution. We compare these

expansions with Eqs. (4.2.13) and (4.2.16). By equating the leading order terms,

we retrieve the fluctuation-dissipation relation for the frozen dynamics and express

a1(t) in terms of K0(t):

K0(t) =
β

d
〈F0(0) · F0(t)〉 , a1(t) = −

∫ t

0

K0(s)ds. (4.2.24)

We also obtain expressions for the next order:

K1(t) = ȧ1 ∗ a1 + ā2 +
β

d
b̄1 = ȧ1 ∗ a1 −

d+ 2

β
ȧ3 − ḃ2. (4.2.25)

Using these results, we obtain asymptotic expansions for the memory term

−
∫ t

0
K(t−s)V(s)ds and the fluctuating force F+(t). Following their physical mean-

ing, we denote them by FMori
fr (t) and FMori

th (t), respectively. Their two lowest order

terms are expressed as

FMori
fr (t) = a1(t)V(0) +

1

M
a1 ∗ F0(t) + O

(
M−3/2

)
, (4.2.26)

FMori
th (t) = F0(t) + [A1(t)− a1(t)I] V(0) + O

(
M−1

)
, (4.2.27)
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(see below Derivation). Hence, we obtain the following approximations

FMori
fr (t)=〈F1(t)〉Θ+O

(
1
M

)
, (4.2.28)

FMori
th (t)=F0(t)+O

(
1√
M

)
=F1(t)−〈F1(t)〉Θ+O

(
1
M

)
. (4.2.29)

We note that FMori
fr (t) and FMori

th (t) depend on both V(0) and Θ(0), whereas their

leading terms 〈F1(t)〉Θ and F0(t) are functions of only V(0) and Θ(0), respectively.

Hence, we show the independence of the friction force and thermal noise in the

Brownian limit as follows. As M → ∞, the friction force loses its dependence on

Θ(0), whereas the thermal noise loses its dependence on V(0).

Derivation of Eqs. (4.2.26) and (4.2.27) We obtain the asymptotic expansions

up to the order of M−3/2. In order to handle the memory term, we use the following

equation:

K ∗V(t) = G(t)V(0) +
1

M
G ∗ F(t). (4.2.30)

The right-hand side of Eq. (4.2.30) is obtained by substituting V(s) = V(0) +

1
M

∫ t
0

F(u)du into the convolution K ∗V(t) and using a change of variables. On the

other hand, for the total force F(t), we use its asymptotic expansion defined through

Eqs. (4.2.6), (4.2.7), and (4.2.8). By introducing the asymptotic expansions of G(t)

and F(t) to Eq. (4.2.30), we obtain

K ∗V(t) ≈ G0(t)V(0) +
G0 ∗ F0(t)

M
+
G1(t)−G0 ∗G0(t)

M
V(0). (4.2.31)

By using G0(t) = −a1(t) and Eq. (4.2.25), we obtain

FMori
fr (t) ≈ a1(t)V(0) +

1

M
a1 ∗ F0(t) +

1

M

(
d+ 2

β
a3(t) + b2(t)

)
V(0). (4.2.32)
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By subtracting this from the asymptotic expansion of F(t), we also obtain that of

FMori
th (t) ≡ F+(t), the two lowest order terms of which are shown in Eq. (4.2.27).

4.2.8 Further investigations

By using our asymptotic expansions, we investigate the following interesting prop-

erties of the fluctuating force F+(t).

Dependence of 〈F+(t)〉Θ on V(0) Although 〈F+(t)〉 = 0, the conditional average

〈F+(t)〉Θ is non-zero. We can show that 〈F+(t)〉Θ is parallel or antiparallel to V(0)

depending on the magnitude of V(0) as follows. Since F+(t) = F(t) − FMori
fr (t), we

calculate 〈F+(t)〉Θ from 〈F(t)〉Θ and 〈FMori
fr (t)〉Θ. From the discussion above about

isotropic tensors, we have

〈F(t)〉Θ ≈ a1(t)V(0) + a3(t)|V(0)|2V(0) +
1

M
b2(t)V(0). (4.2.33)

Hence, by using Eqs. (4.2.32) and (4.2.33), we obtain

〈
F+(t)

〉
Θ
≈ a3(t)

[
|V(0)|2 − d+ 2

d
〈V ·V〉

]
V(0). (4.2.34)

We note that all the lower-order terms than O(M−3/2) cancel. We also note that the

contribution of the leading term shown in Eq. (4.2.34) disappears when 〈F+(t)〉Θ

and V(0) · 〈F+(t)〉Θ are averaged over ρV, as expected from 〈F+(t)〉 = 0 and

〈V(0) · F+(t)〉 = 0. From Eq. (4.2.34), we show that the conditional average of

the fluctuating force given initial velocity of the Brownian particle does not vanish.
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Linear regression of F+ with respect to F We can also explain the following

near-Brownian-limit regime simulation result reported in [164]: for linear regression

F+ = cF + ξ with ξ the error term, the coefficient c is observed to be 1− O(M−1).

In [164], it was discussed that the O(M−1) dependence is faster than expected from

the rough estimate F+(t) = [1 + O(M−1/2)]F(t). Theoretical explanation for this

observation can be given as follows. Since the error term ξ is uncorrelated with

F by assumption, we obtain 〈F · F+〉 = c 〈F · F〉. Since 〈F · F〉 is an equilibrium

quantity that does not depend on M , we only need to investigate the M dependence

of 〈F · F+〉. We first obtain asymptotic expansion of 〈F(t) · F+(t)〉 and then take the

limit t→∞ to obtain the stationary value. By multiplying F(t) with the generalized

Langevin equation and taking the ensemble average, we obtain

〈
F(t) · F+(t)

〉
= 〈F · F〉+

∫ t

0

K(s) 〈V(0) · F(s)〉 ds, (4.2.35)

where we have used 〈F(t) · F(t)〉 = 〈F · F〉 and 〈V(s) · F(t)〉 = 〈V(0) · F(t− s)〉.

By using Eq. (4.2.22), the leading term of the integral in Eq. (4.2.35) is obtained as

− d
βM

∫ t
0
K0(s)G0(s)ds, which is further reduced to − d

2βM
G2

0(t). Since limt→∞G0(t) =

γ, we obtain 〈
F · F+

〉
≈ 〈F · F〉 − dγ2

2βM
(4.2.36)

and c is evaluated as 1− dγ2

2βM
〈F · F〉−1.

4.3 Verification by MD simulation

To confirm our theoretical results, we perform MD simulations of the two-dimensional

Rayleigh model (i.e., a colloidal particle in an ideal gas). While this model possesses

essential features of physical Brownian motion in a gas, it can be studied with math-
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ematical rigor [39, 40, 19, 108] and allows some analytical results [44, 70, 128, 138].

Formulas for the frozen dynamics force autocorrelation function 〈F0(0) · F0(t)〉 and

the limit memory function K0(t) have been obtained in terms of the average over

the trajectories of a single bath particle and precisely calculated [96]. For a purely

repulsive interaction potential between the Brownian particle and a bath particle,

K0(t) has no oscillating tail and decays to zero after a short time. Along with the

availability of the analytic method, this behavior enables us to clearly confirm our

theoretical predictions.

In order to calculate various ensemble-averaged quantities, we perform MD simu-

lations for the full dynamics and the two types of the infinite-mass dynamics as well

as the pulling experiment. We also observe the skewness in the force distributions

and the bath-particle density to further investigate the microscopic origin of the drag

force.

4.3.1 MD procedures

The MD simulation setting for the two-dimensional Rayleigh model is as follows.

The interaction potential U1 between the Brownian particle and a bath particle is

the Weeks–Chandler–Andersen (WCA) potential with parameters ε = 1 and σ = 1.

While the mass of a bath particle is fixed at m = 1, the mass of the Brownian

particle (in the full dynamics) is varied from M = 5 to 100. The simulation box is

a square with side L = 100 and the number of the bath particles is set as N = 104.

Periodic boundary conditions are imposed in both x and y directions. The inverse

temperature of the system is set to β = 1. All simulation results are reported in

reduced units with ε the unit of energy, σ the unit of length, and m the unit of mass.
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For all MD simulations, the velocity Verlet algorithm is employed with integration

time step ∆t = 5 × 10−3. Subsequently, a total of 400 configurations of the system

are collected from the full dynamics simulation of the sample at every 2× 104 time

steps. For each set of the parameters, 128 samples are calculated and thus a total

of 51200 configurations are collected as the initial condition {X(0), V(0), x(0),

v(0)}. For each configuration, three types of simulations—the full dynamics, the

frozen dynamics, and the constant-velocity dynamics—are performed for 400 time

steps and the forces F(t), F0(t), and F1(t) are obtained up to time T = 2 from the

corresponding simulations, respectively.

For the pulling experiment, the initial equilibrium configurations are obtained

from the frozen dynamics. The equilibration process of the frozen dynamics and

the other parameters except the mass M of the Brownian particle are the same as

above. For each configuration, F0(t) and F1(t) are obtained from the frozen and

the constant-velocity dynamics simulations, respectively. The pulling velocity U is

along the x-axis, i.e., U = (Ux, 0) and its magnitude is set from Ux = 0.05 to 2.

Since the main purpose of our simulation study is to confirm the theoretical

results for the microscopic system described by Hamilton’s equations, we do not

use any thermostat, which can alter the microscopic trajectory of the system, for

all three types of dynamics. Hence, the total energy of the system is conserved in

the full dynamics and frozen dynamics simulations, whereas it is increasing in the

constant-velocity dynamics simulation. However, we confirm that the heat generated

in the constant-velocity dynamics does not perturb the system so much that the

surrounding fluid is nearly in equilibrium for our choice of large system size L and

short simulation time Tsim = 2. This can also be shown as follows. Since the drag

force is roughly estimated as −γV, the rate of increase of the total energy of the

system is γV ·V. Compared to the initial kinetic energy of the bath estimated as
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Nβ−1, the increased total energy of the system up to time Tsim, which is estimated

as γTsimM
−1β−1, is very small. Moreover, for the Rayleigh model under a purely

repulsive potential, a bath particle interacts with the Brownian particle again only

after a long time since it needs to cross the periodic boundary at least once. Hence,

if Tsim is much smaller than this time scale, the Brownian particle is surrounded by

the bath particles, which have entered the interaction range for the first time and

thus the environment can be assumed to be in the thermal equilibrium.

4.3.2 Full dynamics and the two types of the infinite-mass

dynamics

We present simulation results of various ensemble-averaged quantities. First, we

compare the mean-squared forces of the full, frozen, and constant-velocity dynam-

ics. Second, we observe the correlation between the forces of these dynamics and

investigate the magnitude of the force deviations. Third, we estimate the limit mem-

ory function as well as the higher-order contributions.

While the mean-squared forces 〈F(t) · F(t)〉 and 〈F0(t) · F0(t)〉 are constant in

time, 〈F1(t) · F1(t)〉 changes at short times and eventually becomes stationary, see

Fig. 4.1(A). Since for the full dynamics the system is in equilibrium, the mean-

squared force can be denoted by 〈F · F〉 and it can be calculated from the bath-

particle density, which can be deduced from ρΘ. For the Rayleigh model, from

the Boltzmann distribution law, the bath-particle density for the Brownian particle

located at X is given as ρB
fl (r−X), where ρB

fl (r) = ae−βU1(r) with r a d-dimensional

vector and a the number density of the bath particles. From the assumption on

ρΘ, 〈F0(t) · F0(t)〉 is also equal to 〈F · F〉. The simulation results for the mean-
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Figure 4.1: Constant-velocity dynamics. (A) The deviation of its mean-squared
force 〈F1(t) · F1(t)〉 from 〈F · F〉 reveals the development of a different bath en-
vironment around the Brownian particle. The deviation is proportional to M−1.
(B) The limit memory function K0(t) can be estimated from the time profile of
〈V(0) · F1(t)〉 / 〈V ·V〉, which converges to −G0(t) = −

∫ t
0
K0(s)ds as M increases.

The friction coefficient γ is also estimated from its plateau value. For a smaller value
of M , there is clear deviation due to higher-order contributions. The time profile
of K0(t) is shown in the inset, from which the time scale of a collision between the
Brownian particle and a bath particle can be estimated. For the simulation results,
error bars corresponding to ±2 standard deviations are shown together.



146

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.5  1  1.5  2

n
o

rm
a
li

z
e
d

 <
 F

0
(t

)⋅
F

(t
) 

>

time t

M = 5
M = 10
M = 20
M = 50
M = 100

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.5  1  1.5  2

n
o

rm
a
li

z
e
d

 <
 F

1
(t

)⋅
F

(t
) 

>

time t

M = 5
M = 10
M = 20
M = 50
M = 100

Figure 4.2: Correlations of the forces between the full dynamics and the infinite-
mass dynamics. From the normalized correlation functions 〈F0(t) · F(t)〉 and
〈F1(t) · F(t)〉, we observe the validity of approximating F(t) by F0(t) and F1(t).
As the mass M of the Brownian particle increases, the normalized correlation func-
tions maintain their values around the unity for longer times. For the same value of
M , the correlation with F1(t) is closer to the unity than that with F0(t). For k = 0
and 1, 〈Fk(t) · F(t)〉 is normalized by the root mean-squared averages of Fk(t) and
F(t). The error bars correspond to ±2 standard deviations.

squared forces of the full and frozen dynamics agree very well with the theoretical

value of 〈F · F〉, which is obtained from ρB
fl (r). Contrary to these dynamics, the

constant-velocity dynamics is near-equilibrium dynamics, which is perturbed by the

rectilinear movement of the Brownian particle. Although its mean-squared force

is initially equal to 〈F · F〉, 〈F1(t) · F1(t)〉 increases in time until it achieves the

stationary value. Since F1(t) ≈ F0(t) + A1(t)V(0), the increase is proportional to

〈V ·V〉 or M−1 as shown in Fig. 4.1(A). In addition, the stationary value shown

at larger times indicates that a stationary state for the surrounding bath particles

emerges. We shall revisit the distribution of the surrounding bath particles below.

In order to investigate the validity of Eq. (4.2.6), we examine the force-force

correlation functions 〈F0(t) · F(t)〉 and 〈F1(t) · F(t)〉 (see Fig. 4.2) and the mean-

squared values of δF(t) and F̃(t) (see Fig. 4.3). As M increases, the normalized

force-force correlation functions resist decaying from the unity for larger times. For

the same value of M , the decay is faster for F0(t) than for F1(t). The mean-squared
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Figure 4.3: Mean-squared values of the force deviations. From these values, we
confirm that the magnitude of δF(t) is O(M−1/2), whereas that of F̃(t) is O(M−1).
At short times, 〈δF(t) · δF(t)〉 and 〈F̃(t) · F̃(t)〉 are proportional to M−1 and M−2,
respectively. The mean-squared values increase as t increases, which indicate that
the approximations F(t) ≈ F0(t) and F(t) ≈ F1(t) become gradually less accurate.
The error bars correspond to ±2 standard deviations.

values of δF(t) and F̃(t) increase in time at short times. The former is proportional

to M−1, whereas the latter to M−2. Although these mean-squared values eventually

become stationary, the times when they become saturated increase as M increases.

All these observations are consistent with our theoretical predictions: F0(t) is the

zero-order approximation of F(t), whereas F1(t) is the O(M−1/2) approximation;

the corresponding time intervals where these approximations are valid increase as M

becomes larger.

We compare the time profile of 〈V(0) · F1(t)〉 / 〈V ·V〉 with the time integral

of the limit memory function K0(t), which is calculated by the method in [96]. As

shown in Fig. 4.1(B), close agreement is observed for larger M , whereas there is clear

deviation for smaller M . The deviation is expected from Eq. (4.2.12a) and the time

profile of a3(t) is obtained. Similarly, the other higher-order correction coefficients

ā2(t), b̄1(t) and b2(t) are calculated from Eqs. (4.2.12b) and (4.2.15), see Fig. 4.4.

The estimation of these coefficients for several values of M produces very similar

results, which further confirm the validity of our approach.
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Figure 4.4: Time profiles of the higher-order correction coefficients ā2(t), a3(t), b̄1(t),
and b2(t). These scalar functions are evaluated from the time correlation functions
obtained from MD simulations by using Eqs. (4.2.12) and (4.2.15). The coincidence
of the results for various values of M shows the validity of our force decomposition.
The error bars correspond to ±2 standard deviations.

4.3.3 Pulling experiment

To clearly observe the dependence of F1(t) on a given moving velocity U, we simulate

the pulling experiment. We denote by F0(t) the force in the corresponding frozen

dynamics (i.e., U = 0) and by δFU(t) the force difference FU
1 (t)−F0(t). We impose

the moving velocity along the x-axis, i.e., U = (Ux, 0).

The drag force at time t is obtained from the average force
〈
FU

1 (t)
〉
. Alternatively,〈

δFU(t)
〉

can be used since 〈F0(t)〉 = 0. Although FU
1 (t) and δFU(t) have the

same mean, they have different variances; the variance of the latter is smaller at

short times but it eventually becomes larger. Since F0(t) is close to FU
1 (t) at short

times, subtracting it reduces the variance. However, since it eventually becomes

independent of FU
1 (t), subtracting it rather increases the variance. Hence, δFU(t) is

a better estimate for the drag force at short times, whereas FU
1 (t) is better for large

t. In Fig. 4.5(A), the ratios of
〈
FU

1 (t)
〉

and
〈
δFU(t)

〉
to U are compared with the

time integral of K0(t).



149

-6

-4

-2

 0

 0  0.5  1  1.5  2

 

time t

A
< F

U
1x(t) > / Ux

< F
U
1x(t) - F0x(t) > / Ux

- G0(t)

 0

 0.01

 0.02

 0.03

 0.04

 0.05

-50 -25  0  25  50

ρ
F

1U
 (

F
x
)

Fx

B Ux = 0

Ux = 0.5

Ux = 1

Ux = 2

Figure 4.5: Pulling experiment. (A) From the ratio of the average force
〈
FU

1 (t)
〉

to
the pulling velocity U, the time integral of the limit memory function, denoted by
G0(t), and the friction coefficient γ can be estimated.

〈
FU

1 (t)
〉

can be replaced by〈
FU

1 (t)− F0(t)
〉
. The simulation results for U = (0.2, 0) are shown with the error

bars corresponding to ±2 standard deviations. (B) The skewness in the stationary
distribution of the force FU

1 against the direction of U explains the drag force on the
pulled Brownian particle. For U = (Ux, 0), the marginal density for the x-component
of FU

1 is plotted. The statistical errors are very small and error bars are omitted for
clear presentation. For larger Ux, the distribution becomes more negatively skewed
and the magnitude of the mean force becomes larger.
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Figure 4.6: Force difference between the frozen and the constant-velocity dynamics
in the pulling experiment. Besides the skewness, its distributions at short times
exhibit some interesting structures. For U = (0.1, 0), its densities ρδF(t)(Fx, Fy)
at different times t are plotted. In each plot, the x and y components of a point
correspond to Fx and Fy and the color at the point shows the density value ρδF(t)

according to the color box on the left. The region where the density value is greater
than 0.5 is colored in yellow. At t = 0.05, the density has a local minimum, which
is surrounded by the yellow ring. As t becomes larger, although the surrounding
ring becomes less distinct, the ring shape is maintained with its diameter increasing.
In addition, while the density spreads as t increases, the region in front of the ring
shape gains weight.
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Figure 4.7: Development and decline of the skewness in the fluid environment for
the full dynamics. In order to clearly see the skewness in the density of the bath
particles located inside the interaction range, its marginal density ρfl,int(x, t) along
the direction of V(0) at time t is presented. (A) Initially, the fluid environment is
isotropic and ρfl,int(x, 0) coincides with the theoretical prediction ρB

fl,int(x) obtained
from the Boltzmann distribution law. (B) The skewness in the marginal density
increases as t increases at short times and then decreases and eventually disappears.
The results for M = 5 are shown. While the simulation results in panel (A) are
plotted with the error bars corresponding to ±2 standard deviations, error bars are
omitted in panel (B) for clear presentation.

Now we investigate the distribution of F1(t), the mean of which becomes the

drag force at time t. The distribution is initially isotropic and, at short times, it

becomes more skewed against the direction of U as t increase. Eventually, it becomes

stationary, which gives a stationary value of 〈F1(t)〉. In Fig. 4.5(B), the stationary

distribution of the x-component of F1 is plotted and its dependence on Ux is shown.

For short times, the asymmetry developing in the system, which is introduced by

pulling, is clearly observed from the distribution of δFU(t) and shown in Fig. 4.6.

We also note that for small U and small t, the distribution of A1(t) can be estimated

from this distribution.
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4.3.4 Surrounding bath distribution in the full dynamics

Since the instantaneous force on the Brownian particle is determined by the ar-

rangement of the bath particles inside the interaction range, the drag force is closely

related to the skewness of the surrounding bath distribution. In order to observe

time-transient change in the surrounding bath distribution, we consider the marginal

density ρfl,int(x, t) of the bath particles inside the interaction range along the direc-

tion of V(0). In other words, for the position r inside the interaction range of the

Brownian particle located at X, x is defined as (r − X) · V(0)/|V(0)|. We note

that ρfl,int(x, t) is a ρ-averaged quantity. For the equilibrium bath density ρB
fl (r), the

corresponding marginal density is denoted as ρB
fl,int(x). In Fig. 4.7(A), the initial

marginal densities for two values of M are plotted and compared with ρB
fl,int(x). The

observed agreement reveals the validity of the assumptions made on the equilibrium

distribution ρ.

In Fig. 4.7(B), the skewness developed at different times is observed through

ρfl,int(x, t) − ρB
fl,int(x). The marginal distribution becomes more positively skewed

at short times and achieves the maximal skewness. Then, it becomes less skewed

and eventually retrieves its initial symmetry. The deviation ρfl,int(x, t) − ρB
fl,int(x) is

observed to be proportional to M−1/2. The time τmax for the maximal skewness is

independent of M and the decay rate of the skewness after τmax decreases as M

increases.

We note that ρfl,int(x, t) is closely related with 〈V(0) · F(t)〉 and that our obser-

vations for ρfl,int(x, t) are consistent with the time behavior of 〈V(0) · F(t)〉. At short

time, it grows negatively as − d
βM

∫ t
0
K0(s)ds and then it decays asymptotically as

− dγ
βM

exp(− γ
M
t). The long-time decay of skewness in the surrounding bath distribu-

tion can be understood as follows. If we consider a very large number of realizations
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of the system with given V(0), the bath arrangement in each realization tends to

be skewed against V(0) around time τmax. Similarly, at large time t, the bath ar-

rangement is maximally skewed against V(t − τmax). Since the correlation between

V(t − τmax) and V(0) decreases exponentially as exp(− γ
M

(t − τmax)), the skewness

in the bath arrangement at time t against V(0) becomes less distinct as t increases.

4.4 Discussion

Based on our theoretical and simulation results, we conclude that the friction force

originates from the deviation of the system trajectory due to the movement of a Brow-

nian particle. The trajectories of the surrounding bath particles become perturbed

compared to the frozen dynamics and, correspondingly, the deviation of the force on

the Brownian particle is observed for each initial configuration of the system. We

interpret the force in the frozen dynamics as the thermal noise and the average force

deviation over the initial configurations with given initial condition of the Brownian

particle as the friction force. Our interpretation explains the physical intuition that

the friction force is proportional to the velocity of the Brownian particle. In addi-

tion, the microscopic expression for the noise intensity ∆ = 2
d

∫∞
0
〈F0(0) · F0(t)〉 dt,

which is obtained by combining Eq. (4.2.21) and the fluctuation-dissipation relation

2γ = β∆ of Eq. (4.1.2), reveals that the thermal noise becomes the frozen dynamics

force in the Brownian limit.

As shown in Eqs. (4.2.26) and (4.2.27), our interpretation is consistent with

the memory function approach in the Brownian limit. However, the microscopic

interpretations of Eq. (4.1.1) are different, which are explained as follows. Since

the fluctuation-dissipation relation, which should be provided with the microscopic
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interpretation of Eq. (4.1.1), is expressed by the ensemble average, the microscopic

definition of the friction force and the thermal noise for each configuration of the

system does not need to be unique. We emphasize that compared with the memory

function approach, our approach gives a very clear picture of Brownian motion in

the near-Brownian-limit regime. In addition, our approach allows all the quantities

introduced in the theory to be evaluated by MD simulations.

Heuristic explanation of the Langevin description in the near-Brownian-limit

regime follows through the time scale separation of the microscopic time scale τm

and the larger Brownian time scale τBr. While τm is chosen as the time that K0(t)

shrinks to zero (i.e., K0(t) = 0 for t > τm), τBr is given as M
γ

from the exponential

decay of the velocity autocorrelation function. If we can assume a time scale τ∗ such

that τm � τ∗ � τBr, for each time interval nτ∗ < t < (n + 1)τ∗, V(t) is almost con-

stant, i.e., V(t) ≈ V(nτ∗). Hence, after time τm, the drag force becomes stationary,

i.e., for nτ∗ + τm < t < (n + 1)τ∗, Ffr(t) = −γV(nτ∗). By neglecting time-transient

behavior of duration τm, we have Ffr(t) = −γV(t) on the time scale τ∗. At the same

time, since Fth is approximated by F0 and the correlation length of F0 is τm by the

fluctuation-dissipation relation, the autocorrelation function of Fth is approximated

by a δ function on the time scale τ∗ (i.e., Fth becomes white noise). As explained

from Eqs. (4.2.28) and (4.2.29), the independence of Ffr and Fth follows. Since we

can achieve the time scale separation by increasing M , the Langevin equation is

valid in the Brownian limit. It is also expected that a larger value of M is needed if

K0(t) exhibits an oscillating tail and does not decay fast (i.e., τm is large). We note

that there is another reason for the failure of the Langevin description for small M .

In this case, since the inertia of the fluid cannot be neglected, K(t) has a long tail

which extends beyond the microscopic time scale τm estimated from K0(t).

Finally, we note that our approach can be used to investigate interesting results of
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the single-particle Brownian motion. We have demonstrated that previously known

results for the microscopic theory of Brownian motion are derived, including the

formula for γ, the linear response expression for F0 and F1, the independence of

Ffr and Fth and the fluctuation-dissipation relation in the Brownian limit. We have

also explained that, for linear regression F+ = cF + ξ with ξ the error term, the

coefficient c is observed to be 1−O(M−1). Furthermore, we have obtained the higher-

order corrections of the time correlation functions 〈V(0) · F(t)〉 and 〈F(0) · F(t)〉,

the forces FMori
fr and FMori

th , and the memory function K(t). We have also observed

the dependence of 〈F+(t)〉Θ on V(0). Since the leading-order terms cancel in the

quantity, the higher-order results are employed to derive the leading term of the

quantity. Depending on the magnitude of V(0), 〈F+(t)〉Θ is parallel or antiparallel

to V(0).



Chapter Five

Rayleigh Gas Model:

Effects of Confinement



156

5.1 Introduction

The generalized Langevin equation (GLE) approach [168], which is also known as

the memory function method, provides an effective tool to analyze the phenomena

of Brownian motion and anomalous diffusion. The approach has a solid theoret-

ical background. The equation has been derived from a microscopic equilibrium

system [107, 140] and from an incompressible fluid described by the fluctuating hy-

drodynamics [79] and shown to hold for a broad class of stochastic processes [148].

Reduction to the Langevin equation has been demonstrated on microscopic scales [89]

and on hydrodynamic scales [79]. Generalization to nonequilibrium systems has also

been considered [95]. In addition, the GLE is versatilely applicable to interpret exper-

imental data over a broad range of time scales. Theoretical predictions on Brownian

motion at short time scales have been experimentally confirmed by single-particle

tracking techniques in the framework of the GLE [121]. A model based on the GLE

and the fractional Gaussian noise has been used to explain subdiffusion dynamics in

the conformational fluctuation of a protein molecule [105] and a phenomenological

model, which combines the Basset force and the generalized Stokes force, has been

proposed for the hydrodynamic and subdiffusive motion of a tracer in a viscoelastic

medium [69].

There are two types of the GLE approach. In the first approach, diffusion and ve-

locity relaxation of a tracer particle are investigated through the deterministic GLE,

which is formally derived by the projection operator technique [107, 140]. Two es-

sential quantities are the memory function and the autocorrelation function of the

fluctuating force. They are related by the fluctuation-dissipation theorem [107, 140],

and several methods have been proposed to determine these functions from trajectory

realizations [22, 101, 136, 164]. The temporal behavior of the velocity autocorrela-
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tion function and the mean square displacement function is explained by the memory

function [102, 164, 194]. In addition, whether the diffusion is normal or anomalous

is determined by the tail behavior of the memory function [100, 139]; only if the

time integral of the memory function converges to a positive value, the diffusion

is normal. On the other hand, the second approach employs the stochastic GLE,

where the fluctuating force in the deterministic GLE is replaced by an independent

random noise process. Considering that the relationship between the fluctuating

force and the velocity is complicated in the deterministic GLE, the stochastic GLE

is more easily investigated analytically and numerically and used in stochastic mod-

eling. For a Gaussian random process (such as the Gaussian colored noise or the

fractional Gaussian noise) and a certain analytic form of the memory function (such

as exponential and power-law decaying functions), plenty of analytic results are avail-

able [33, 104, 155, 168, 186, 190]. Also, one can use standard numerical techniques

to generate sample trajectories of the stochastic GLE [9, 168].

If the mass of a tracer particle is much larger than that of a fluid particle, the

time scale of the movement of the former is correspondingly larger than that of the

latter. Due to large time scale separation, the motion of the Brownian particle is

approximately described by a Markovian process (i.e., the Langevin equation) [172].

Complete time scale separation would occur in the Brownian limit, where the Brow-

nian particle has an infinite mass. Microscopically, this corresponds to the frozen

dynamics, where the Brownian particle is fixed and the fluid particles move under the

presence of the Brownian particle. The force autocorrelation function of this dynam-

ics provides information not only for the macroscopic Markovian description through

the adiabatic approximation but also for the microscopic description of systems in

the near-Brownian-limit regime. The friction coefficient in the Langevin equation is

calculated from the time integral of the frozen dynamics force autocorrelation func-
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tion. As the mass M of the Brownian particle increases, the autocorrelation function

of the fluctuating force converges to the frozen-dynamics force autocorrelation func-

tion and, by the fluctuation-dissipation theorem, the Brownian limit of the memory

function, which we will call the limit memory function, is also obtained by the frozen

dynamics [51]. An asymptotic expression for the velocity autocorrelation function

with respect to M is available in terms of the limit memory function [97].

In this chapter, we investigate Brownian motion in a confined Rayleigh gas

through the deterministic GLE. The Rayleigh gas is a simplified model consisting of

a heavy Brownian particle and a surrounding ideal gas, where elastic collisions of the

Brownian particle with gas particles are usually assumed. Owing to the noninter-

acting bath assumption, hydrodynamic effects of the surrounding fluid become sup-

pressed whereas the effects of direct interaction between the Brownian particle and

gas particles become dominant. The unconfined Rayleigh gas has been extensively

studied by analytic means. It has been proved that the motion of the Brownian parti-

cle converges to the Ornstein–Uhlenbeck process in the Brownian limit [39, 175]. The

friction coefficient [44, 70, 96, 138] and the velocity autocorrelation function [88, 128]

have been obtained by various techniques. The convergence proofs have also been

given for the systems generalized in the following ways: the Brownian particle has

a convex shape and rotates [40]; the space is confined by a wall [19]; there are sev-

eral Brownian particles and the elastic collisional dynamics is replaced by dynamics

under a continuous interaction potential [108]. In a confined Rayleigh gas, a gas

particle can perform a series of collisions alternately with the Brownian particle and

the boundary wall. As a result, the interaction between the Brownian particle and

the ideal gas becomes complicated and a long-time tail in the memory function is

expected to emerge. Although a tail is also present in the memory function in the

unconfined case, it decays exponentially and its magnitude becomes negligible when
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the mass of the Brownian particle is sufficiently large [88]. Hence, by investigating

the long-time tail in the memory function of the confined case, we discuss the effects

of confinement in the Rayleigh gas. More specifically, we observe the power-law tail

and investigate its dependence on system parameters such as the dimensionality of

the space and the size of confinement. In addition, we investigate the effects of the

stochastic thermal wall satisfying Maxwell boundary condition [178, 180]. However,

we note that the confinement effects observed in our model are different in nature

from those on Brownian motion in a liquid, where hydrodynamic interactions play

an important role [21, 91, 189].

We use both an analytical approach and molecular dynamics (MD) simulation

approach in a complementary way, which have been employed to investigate the

memory function of the unconfined Rayleigh gas with a continuous interaction po-

tential function [96]. From the analytical approach, we obtain an expression for the

limit memory function by using an analytic expression of the frozen dynamics force

autocorrelation function. In the frozen dynamics of the Rayleigh gas model, the

dynamics of each gas particle becomes decoupled from those of the other gas parti-

cles and, thus, each relevant physical quantity is written as an ensemble average of

a functional of the single-gas-particle trajectory. On the other hand, from the MD

simulation approach, we investigate the system with a finite-mass Brownian particle

and/or the stochastic thermal walls. However, in general, analyzing the tail of a time

correlation function by means of MD simulations is not so straightforward due to

the difficulty in accurately estimating the time correlation function over a large time

interval. In this case, analytic results for the limiting situation are very helpful for

guiding the MD simulation approach. In turn, we also confirm the analytic results

by the MD simulation results.

In order to make full use of analytic features, we consider a cube of fixed ori-
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entation as the Brownian particle rather than a spherical shape. We shall see that

by assuming all collisions are elastic, the diffusions along the directions other than

the transverse direction1 to the channel become identical to the unconfined case and

decoupled from the one along the transverse direction in the Brownian limit. Since

the generalization to a higher-dimensional space is straightforward, we consider a

hypercube in d-dimensional space with d ≥ 2. A similar setting of the system (a

hypercube in a half space confined by a single wall) has been considered in the math-

ematical proof for the convergence of the diffusion process [19]. A sufficient condition

for the convergence has been given in terms of the velocity distribution of gas parti-

cles. For the three-dimensional equilibrium ideal gas, which satisfies the condition,

the diffusion process in the Brownian limit becomes the Ornstein–Uhlenbeck-type

process with a position-dependent friction coefficient. However, it has been pointed

out that the condition does not hold in the two-dimensional equilibrium case, which

suggests the possibility of failure in converging to normal diffusion. We shall see that

the tail of the memory kernel decays like t−1 in the two-dimensional case with the

elastic walls, which implies anomalous diffusion.

The rest of the chapter is organized as follows. In Section 5.2, we explain the

system. In Section 5.3, we present analytic results. In Section 5.4, we show MD

simulation results. In Section 5.5, we provide the derivation of two analytic results:

the GLE and the frozen dynamics force autocorrelation function. In Section 5.6, we

present a summary and discussion.
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Figure 5.1: In panel (a), the geometry of the system is depicted for the three-
dimensional case. For the definitions of the symbols, see the text. In panel (b), a
trajectory of a gas particle colliding alternatively with the (purely elastic) upper wall
and the upper face of the fixed cube is depicted.

5.2 System

We consider the d-dimensional space with d ≥ 2 and denote the coordinates of a

point as (x1, x2, · · · , xd). Two parallel walls normal to the xd-axis are located at

xd = h±. In the space between the two walls, a hypercube with sides L1, L2, · · · ,

Ld is placed. We fix the orientation of the cube so that the edges with length Li

(i = 1, 2, · · · , d) are parallel to the xi-axes, respectively. Then, two faces of the

cube are parallel to the walls. Depending on their xd-coordinates, we call the two

walls as the upper and lower walls and the two faces of the hypercube as the upper

and lower faces. We also call the direction parallel to the xd-axis as the transverse

direction (to the channel). The remaining space between the walls is filled with an

ideal gas. We denote the mass of a gas particle as m and the number density of the

gas as a, respectively. For the geometry of the walls and the hypercube for d = 3,

see Fig. 5.1 (a).

1The definition of the transverse and longitudinal directions used in this chapter may be opposite
to what has been employed in some literature.
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We first explain the dynamics of the system with a finite-mass hypercube and

elastic walls. For the frozen dynamics and the stochastic thermal walls, see below.

We denote the mass of the hypercube as M and assume that it collides with a gas

particle elastically. When a gas particle with velocity (v1, v2, · · · , vd) collides with

the hypercube with velocity (V1, V2, · · · , Vd) through one of the faces normal to the

xi-axis, the ith velocity components of the gas particle and the hypercube become

vi → vi −
2M

m+M
(vi − Vi), Vi → Vi +

2m

m+M
(vi − Vi), (5.2.1)

respectively, and the other components do not change. When a gas particle collides

with one of the elastic walls, its velocity (v1, v2, · · · , vd) becomes (v1, v2, · · · ,−vd).

We assume that gas particles do not interact among themselves.

In addition, we introduce a harmonic potential to the hypercube along the trans-

verse direction. By denoting the force constant as k, the hypercube located at

(X1, X2, · · · , Xd) experiences the linear restoring force (0, 0, · · · ,−kXd). In order

to avoid the direct interaction of the hypercube with the walls, we assume that k

is sufficiently large so that there is almost no chance for it to reach the walls. We

note that in the Brownian limit considered in Ref. [19] (i.e., m → 0 while the mass

and the size of the cube are kept fixed and the number density and the velocity

distribution of the ideal gas are appropriately scaled), it has been proved that the

cube never reaches the wall. We also note that a similar experimental setting (i.e.,

a particle under a harmonic potential, which is suspended in a liquid confined by a

wall) has been employed to investigate confined colloidal diffusion at hydrodynamic

scales by the optical trap technique [21, 91, 189].

We assume that the system is in equilibrium and obeys the Boltzmann distribu-

tion. We denote the inverse temperature of the system by β = (kBT )−1. We call
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this dynamics (i.e., with the finite-mass hypercube under the harmonic potential)

full dynamics.

Frozen dynamics In this dynamics, the hypercube is assumed to have an infinite

mass so that it is held fixed at given position regardless of elastic collisions with gas

particles. If a gas particle with velocity (v1, v2, · · · , vd) collides with a face normal

to the xi-axis, the ith component becomes −vi and the other components do not

change. We denote the distances between the upper wall and the upper face and

between the lower wall and the lower face as ∆+ and ∆−, see Fig. 5.1 (a). We note

that, in the frozen dynamics, neither M nor k is defined and the separation distances

∆± are given as parameters.

Thermal walls We employ a stochastic thermal wall model satisfying the Maxwell

boundary condition [178, 180]. We first explain the thermalizing procedure of the

gas-particle velocity at the walls. If a gas particle collides with one of the walls,

the particle is instantly released from the wall with a randomly sampled velocity

(v1, v2, · · · , vd) from the following distributions

ψ‖(vi) =

√
βm

2π
e−

1
2
βmv2

i , i = 1, 2, · · · , d− 1, (5.2.2a)

ψ⊥(vd) = βm|vd|e−
1
2
βmv2

d , (5.2.2b)

where ψ⊥(vd) is defined for vd > 0 at the lower wall and for vd < 0 at the upper wall.

Then, we define the accommodation factor 0 ≤ φ ≤ 1, which is the probability that

gas particles are thermalized when colliding with the walls. We call the cases φ = 0

and φ = 1, respectively, purely elastic and fully thermalizing walls.
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5.3 Analytic results

Throughout this section, we only consider the purely elastic walls so that every

collision occurring in the system is elastic and the dynamics is deterministic. We

present analytic results as follows. We first consider the full dynamics and present the

form of the GLE for the finite-mass hypercube in Section 5.3.1. Then, we investigate

its Brownian limit. We provide an analytic expression of the frozen dynamics force

autocorrelation function and investigate its power-law decaying tail in Section 5.3.2.

We obtain the limit memory function in Section 5.3.3. We discuss the Langevin

description and obtain its position-dependent friction coefficients in Section 5.3.4.

We present the derivation of the GLE and the frozen dynamics force autocorrelation

function in Section 5.5.

5.3.1 GLE

By using the Mori projection method [140, 168], we show in Section 5.5.1 that the

position X = (X1, X2, · · · , Xd) and velocity V = (V1, V2, · · · , Vd) of the hypercube

having mass M satisfy the following GLE:

Ẋi(t) = Vi(t), (5.3.1a)

MV̇i(t) = −
∫ t

0

Ki(t− s)Vi(s)ds+ F+
i (t), i = 1, 2, · · · , d− 1, (5.3.1b)

Ẋd(t) = Vd(t), (5.3.1c)

MV̇d(t) = −kXd(t)−
∫ t

0

Kd(t− s)Vd(s)ds+ F+
d (t), (5.3.1d)
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where the memory function Ki(t) and the fluctuating force F+
i (t) satisfy the

fluctuation-dissipation relation

Ki(t) = β
〈
F+
i (0)F+

i (t)
〉
, i = 1, 2, · · · , d, (5.3.2a)〈

F+
i (0)F+

j (t)
〉

= 0, for i 6= j. (5.3.2b)

In addition, the fluctuating force is uncorrelated with Xd(0) and V(0):

〈
Xd(0)F+

i (t)
〉

= 0, i = 1, 2, · · · , d, (5.3.3a)〈
Vi(0)F+

j (t)
〉

= 0, i, j = 1, 2, · · · , d. (5.3.3b)

We note that since V(t) changes discontinuously whenever it collides with gas parti-

cles, its time derivative V̇(t) = 1
M

F(t) is understood as a formal derivative containing

a series of Dirac delta functions and so is the fluctuating force. We also note that

Eq. (5.3.1) is exact and equivalent to the original time evolution equation although,

in general, it cannot be used to generate sample trajectories because the fluctuating

force is very complicatedly related with X and V.

In order to derive the GLE, we make the assumption that the harmonic potential

is so stiff that the direct interaction between the hypercube and the walls is negligible.

In Section 5.5.1.1, we show that in this case the following equilibrium distribution

of the hypercube along the transverse direction can be assumed:

ρ(Xd) =

√
βk

2π
e−

1
2
βkX2

d . (5.3.4)

Since this distribution becomes exactly valid in the case that the hypercube is subject

to a harmonic potential but suspended in an unbounded ideal gas, Eq. (5.3.1) is exact

in the latter case.
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5.3.2 Frozen dynamics force autocorrelation function

Denoting the force exerted on the fixed hypercube by the ideal gas as F0 =

(F0,1, F0,2, · · · , F0,d), we derive the following analytic expression for the frozen dy-

namics force autocorrelation in Section 5.5.2:

〈F0,i(0)F0,i(t)〉 =
8a

β

√
2m

πβ

(
d∏
j=1
j 6=i

Lj

)
δ(t), i = 1, 2, · · · , d− 1, (5.3.5a)

〈F0,d(0)F0,d(t)〉 =
8a

β

√
2m

πβ

(
d−1∏
j=1

Lj

)
δ(t) + I+

2 (t) + I−2 (t). (5.3.5b)

Here, I±2 (t) = I2(t; ∆±), where

I2(t; ∆) = A(t; ∆)
d−1∏
i=1

B(t;Li), (5.3.6a)

A(t; ∆) = 4am2

∞∑
n=1

(2n∆)4

t5
ϕ

(
2n∆

t

)
, (5.3.6b)

B(t;L) = L erf

(
L

t

√
βm

2

)
− t
√

2

πβm

(
1− e−

βmL2

2t2

)
, (5.3.6c)

with ϕ(v) =
√

βm
2π
e−

βm
2
v2

and erf(x) = 2√
π

∫ x
0
e−y

2
dy. The longitudinal-direction

force autocorrelation functions 〈F0,i(0)F0,i(t)〉 (i = 1, 2, · · · , d − 1) contain only a

delta function2. This indicates that the effects of collisions are instantaneous and

uncorrelated as in the unbounded case. On the other hand, the transverse-direction

force autocorrelation function 〈F0,d(0)F0,d(t)〉 contains also slowly decaying parts

I+
2 (t) and I−2 (t), which result from repeated collisions with the upper and lower wall,

respectively. As ∆→∞, I±2 (t) becomes zero and we retrieve the unbounded case.

We make the following observations on the time profile of I2(t; ∆). It is zero

2we use
∫∞
0
δ(t)dt = 1

2

∫∞
−∞ δ(t)dt = 1

2 rather than
∫∞
0
δ(t)dt = 1.
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at t = 0 and nonnegative for all t. At short times, it has very small values until

it exhibits a sharp increase and attains a maximum, and then it monotonically

decreases to zero. The short-time behavior of I2(t; ∆) is explained by that it takes

time for a gas particle to collide again with the hypercube. Hence, the time when

the maximum value appears is of the order of ∆/ 〈|vd|〉. On the other hand, at large

time t, A(t; ∆) and B(t;L) become

A(t; ∆) ≈ 2am2

∆

∫ ∞
0

y4ϕ(y)dy =
3a

β2∆
, (5.3.7a)

B(t;L) ≈ L2

t

√
βm

2π
. (5.3.7b)

Hence, we obtain

I2(t; ∆) ≈ 3a

β2

(
βm

2π

) d−1
2 L2

1L
2
2 · · ·L2

d−1

td−1∆
, (5.3.8)

and observe that the tail decays like t−(d−1). In addition, we observe that at large

times the magnitude of the tail is inversely proportional to the separation distance

∆ and proportional to the square of the area of the upper or lower face.

In Fig. 5.2, the time profile of 〈F0,d(0)F0,d(t)〉 is shown for the two-dimensional

case. If the hypercube is fixed at the center of the channel (i.e., ∆+ = ∆− = ∆),

〈F0,d(0)F0,d(t)〉 = 2
β
γ∗dδ(t)+2I2(t; ∆) and we observe the shape of I2(t; ∆). Otherwise,

the tail may have two local maxima as a result of superposing I2(t; ∆+) and I2(t; ∆−).

5.3.3 Limit memory function

As the mass of the Brownian particle increases, the memory function Ki(t) defined in

Eq. (5.3.1) converges to the limit memory function KBL
i (t), where BL stands for the

Brownian limit M → ∞. Compared with the free Brownian case in an unbounded
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Figure 5.2: The frozen dynamics force autocorrelation function for the transverse
direction to the channel in the two-dimensional case. The width of the channel is 6
(i.e., h± = ±3) and the hypercube has sides L1 = L2 = 1 and is fixed at Xd = 0 (i.e.,
∆± = 2.5) in panel (a) and at Xd = −1 (i.e., ∆+ = 3.5 and ∆− = 1.5). The other
parameters are given as m = a = β = 1. The analytic result (depicted by the dashed
line), see Eq. (5.3.5b), is compared with the frozen dynamics MD simulation result
(depicted by the solid line). The error bars correspond to statistical errors with two
standard deviations. The long-time asymptotic result, see Eq. (5.3.8), is also plotted
by the dotted line. In the inset of panel (b), the time profiles of I±2 (t) = I2(t; ∆±),
see Eq. (5.3.6), are plotted.
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space, where a simple relation KBL
i (t) = β 〈F0,i(0)F0,i(t)〉 holds, the frozen dynamics

force autocorrelation function depends on the position of the hypercube (through

the separation distance ∆±) and the limit memory function KBL
i (t) is expected to

be expressed as the average of 〈F0,i(0)F0,i(t)〉 over the equilibrium distribution of the

hypercube. By assuming

KBL
i (t) = β

∫
ρ(Xd) 〈F0,i(0)F0,i(t)〉 dXd (5.3.9)

and using Eq. (5.3.5), we obtain the limit memory function as follows:

KBL
i (t) = 2γ∗i δ(t), i = 1, 2, · · · , d− 1, (5.3.10a)

KBL
d (t) = 2γ∗dδ(t) + K̃BL

d (t), (5.3.10b)

where

γ∗i = 4a

√
2m

πβ

d∏
j=1
j 6=i

Lj, i = 1, 2, · · · , d, (5.3.11)

K̃BL
d (t) = β

∫
ρ(Xd) [I2(t; ∆+) + I2(t; ∆−)] dXd. (5.3.12)

We note that the separation distances ∆± are functions of Xd defined as ∆+ =

h+ − Xd − 1
2
Ld and ∆− = Xd − 1

2
Ld − h−, see Fig. 5.1 (a). In addition, by letting

∆ → ∞, we see that γ∗i is the friction coefficient of the unbounded case. Rather

than analytically investigating the convergence of Ki(t) to KBL
i (t) in the Brownian

limit or the validity of Eq. (5.3.9), numerical validation by using MD simulations is

performed, see Fig. 5.7.
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5.3.4 Langevin description

Based on the adiabatic approximation due to time scale separation, the following

Langevin equation is proposed in the Brownian limit:

Ẋi(t) = Vi(t), (5.3.13a)

MV̇i(t) = −γ∗i Vi(t) + Γi(t), i = 1, 2, · · · , d− 1, (5.3.13b)

Ẋd(t) = Vd(t), (5.3.13c)

MV̇d(t) = −kXd(t)− γd(Xd)Vi(t) + Γd(t), (5.3.13d)

where γ∗i and γd(Xd) are the friction coefficients in the corresponding directions and

Γi(t) (i = 1, 2, · · · , d) is Gaussian white noise.

For the longitudinal directions (i = 1, 2, · · · , d−1), γ∗i is expressed by Eq. (5.3.11)

from γ∗i = β
∫∞

0
〈F0,i(0)F0,i(t)〉 and the noise correlation is correspondingly given as

〈Γi(t)Γj(t′)〉 =
2γ∗i
β
δijδ(t− t′). Hence, the Langevin description in these directions is

identical to the unbounded case. On the other hand, for the transverse direction,

since 〈F0,d(0)F0,d(t)〉 depends on the position of the hypercube through Xd, γd(Xd)

becomes a position-dependent friction coefficient. For d = 2, since the time inte-

gral of 〈F0,d(0)F0,d(t)〉 diverges from Eq. (5.3.8), the Langevin description fails and

anomalous diffusion is expected. For d ≥ 3, we have

γd(Xd) = γ∗d + δγ(∆+) + δγ(∆−), where δγ(∆) = β

∫ ∞
0

I2(t; ∆)dt. (5.3.14)

We note that due to the presence of the walls, γd depends on the separation distances

∆± and becomes larger than the unconfined one. In case of normal diffusion, Γd(t) is

given as
√

2γd(Xd)
β

Ẇt, where Wt is the standard Wiener process independent of Γi(t).
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An asymptotic expression of δγ(∆) for large ∆ is obtained as follows. As ∆

becomes larger, it takes longer time for a gas particle to recollide with the wall and

the time interval where A(t; ∆) attains considerable values appears later. In this

case, we approximate I2(t; ∆) in Eq. (5.3.6a) by replacing B(t;L) with its long-time

asymptotic expression given in Eq. (5.3.7b). Then, by integrating this with respect

to t, we obtain

δγ(∆) ≈ 64am2β

(
βm

2π

)d/2 L2
1L

2
2 · · ·L2

d−1

∆d−1

∞∑
n=1

1

nd−1

∫ ∞
0

yd+2e−2βmy2

dy. (5.3.15)

From Eq. (5.3.15), we see that for d = 2, δγ(∆) diverges and for higher d, it is

proportional to ∆−(d−1). For d = 3, Eq. (5.3.15) becomes

δγ(∆) ≈ a

3

√
2πm

β

L2
1L

2
2

∆2
. (5.3.16)

In Fig. 5.3, the dependence of δγ(∆) on ∆ is plotted for d = 3 and compared with

Eq. (5.3.16).

Before closing this section, we obtain the friction coefficient γd−sphere of a d-

dimensional hypersphere by using the analytic expression of 〈F0,i(0)F0,i(t)〉. We

note that its δ-weight is proportional to the area of corresponding face and that the

contribution of the collisions on an area element is uncorrelated with that on the

other area elements. Hence, we can define its density 〈F0(0) · F0(t)〉 = 4a
β

√
2m
πβ
δ(t)

per unit area, from which the friction coefficient γd−sphere for a hypersphere of radius

R in the unbounded d-dimensional space is obtained. By denoting the area of the

hypersphere as Sd−1(R), we have 〈F0(0) · F0(t)〉 = 〈F0(0) · F0(t)〉Sd−1(R). From the

relation γ = β
d

∫∞
0
〈F0(0) · F0(t)〉 dt for the isotropic case [89], we obtain

γd−sphere = 2a
π(d−1)/2

Γ
(
d
2

+ 1
)√2m

β
Rd−1. (5.3.17)
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Figure 5.3: Log-log plot of the increment δγ(∆) in the transverse-direction friction
coefficient γd due to the wall separated by distance ∆, see Eq. (5.3.14), versus ∆.
The result is obtained from the three-dimensional case and the other parameters are
given as L1 = L2 = 1, and m = a = β = 1. The asymptotic expression of δγ(∆) for
large ∆, see Eq. (5.3.16), is also plotted by the dotted line.

This general formula coincides with the previous results for d = 2 and 3 [44, 70,

96, 128, 138] and even for d = 1 [31]. We also note that a similar argument can be

applied to the computation of the friction coefficient of a convex body [40].

5.4 MD simulation results

In this section, we present MD simulation results for the frozen and full dynamics of

the two- and three-dimensional confined Rayleigh gas. In Section 5.4.1, we explain

the MD procedures as well as the simulation parameters. In Section 5.4.2, we confirm

the analytic results for the frozen dynamics and investigate the effects of the thermal

walls. In Section 5.4.3, we observe the memory function of the finite-mass hypercube

under the harmonic potential.
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5.4.1 MD procedures

Physical parameters For the two-dimensional system, a square with L1 = L2 = 1

in a channel of width Hchannel = 6 (i.e., h± = ±3) is considered. In order to mimic

an infinite channel, the length of the channel is set as Lchannel = 100 and periodic

boundary condition is imposed along the direction of the channel axis. The mass m

of a gas particle and the inverse temperature β and number density a of the ideal

gas are chosen as m = β = a = 1. In the frozen dynamics, the hypercube is fixed in

the middle of the channel (i.e., ∆± = 2.5) and the accommodation factor φ of the

thermal walls is varied from φ = 0 (purely elastic) to φ = 1 (fully thermalizing). The

hypercube fixed at Xd = −1 (i.e., ∆+ = 3.5 and ∆− = 1.5) is also simulated with

φ = 0. In the full dynamics, the force constant k of the harmonic potential is chosen

as k = 4, 6, and 8 and the mass M of the square is chosen as M = 10, 20, 50, 100,

200, and 500. Only the purely elastic walls are considered. For the frozen dynamics

of the three-dimensional system, a cube with L1 = L2 = L3 = 1 in a channel with

Hchannel = 6 is considered and periodic boundary condition with Lchannel = 100 is

imposed to the x1- and x2-axes. While the same values m = β = 1 are used, a = 0.01

is used to reduce the mean number of the gas particles. The value of φ is varied from

φ = 0 to φ = 1.

In order to investigate the case of a single-wall system, we additionally simulate

the frozen dynamics of the two- and three-dimensional systems with larger values of

Hchannel = 12, 24, and 48 but with ∆+ = 2.5 fixed and observe 〈F+(0)F+(t)〉. When

we increase the volume of the system, we correspondingly decrease the value of a

so that the mean number of the gas particles remains the same, which is for com-

putational convenience. Since the frozen dynamics force autocorrelation is linearly

proportional to a, we normalize it by a before comparison.
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Generating initial configurations For the frozen dynamics, the initial con-

figuration of the ideal gas is sampled from Eq. (5.5.13). In other words, the

number of the gas particles is sampled from the Poisson distribution with mean

a(HchannelLchannel−L1L2) for d = 2 and a(HchannelL
2
channel−L1L2L3) for d = 3. Then,

the position and velocity of each gas particle are sampled from the uniform distri-

bution and the Maxwell–Boltzmann distribution, respectively. For the full dynam-

ics, the initial position (X1, X2, · · · , Xd) of the hypercube is determined as follows:

X1 = · · · = Xd−1 = 0 and Xd is sampled from Eq. (5.3.4). Its velocity is sampled

from the Maxwell–Boltzmann distribution. Then, the initial configuration of the

ideal gas is sampled as in the frozen dynamics case.

Calculating trajectories For the MD simulations of the frozen dynamics, a stan-

dard event-driven algorithm for hard-core systems [2, 4] is employed. In other words,

we repeat the following procedure: calculate the next collision time from the smallest

collision time among all possible collisions; move all particles forward until collision

occurs; implement collision dynamics for the colliding gas particle. For the MD

simulation with the finite-mass hypercube under the harmonic potential, where an

event/time-driven hybrid method should be used in order to properly handle with

the collisional dynamics as well as the dynamics under the continuous potential, the

collision Verlet algorithm [86] is employed. The basic idea is to approximate the

continuous dynamics between the collisions by the Verlet map. In our case (i.e.,

under the harmonic potential), the collision time between the hypercube and a gas

particle under the Verlet map is formally solved for and thus the next collision time

is accurately estimated without employing any iterative solver.
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Evaluating forces and time correlation functions In frozen dynamics, the

force F0(t) on the fixed hypercube at time t is calculated from the average force in

the time interval [t, t+ ∆t] (i.e., the impulse divided by ∆t). Every time step, each

component of F0(n∆t) is calculated and, for the transverse direction, F+(n∆t) and

F−(n∆t) are separately calculated. In full dynamics, the total force F(t) is obtained

from the sum of the harmonic force (0, · · · , 0,−kXd(t)) and the average force due to

the collisions in the time interval [t, t + ∆t]. Every time step, F(n∆t) is calculated

along with the trajectory (X(n∆t),V(n∆t)).

Using a standard technique to estimate time correlation functions [4], the follow-

ing time correlation functions are calculated: 〈F0,i(0)F0,i(t)〉 and 〈F±(0)F±(t)〉 for

the frozen dynamics and the auto/cross-correlation functions among X(t), V(t), and

F(t) for the full dynamics. The δ-weights in the force autocorrelation functions are

separately estimated as follows. For each collision with the faces normal to the xi-

axis, we calculate the square of the momentum change of the colliding gas particle.

From the sum of these values divided by the total simulation time, we estimate the

δ-weight in the force autocorrelation function of the xi-component of the force.

The procedures to calculate the force and the δ-weight in the force autocorrelation

function are elaborated by considering the frozen dynamics. For the full dynamics,

the procedures are essentially the same. In the frozen dynamics, the force F0,i(t) is

expressed as

F0,i(t) = −
∑
k

∆pi,kδ(t− τk), (5.4.1)

where ∆pi,k and τk are, respectively, the momentum change of a colliding gas particle

in the xi-direction and the collision time at kth collision. The force at the time step
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n∆t is estimated as

FMD
0,i (n∆t) =

1

∆t

∫ (n+1)∆t

n∆t

F0,i(t)dt = − 1

∆t

∑
τk∈[n∆t,(n+1)∆t)

∆pi,k. (5.4.2)

The force autocorrelation function 〈F0,i(0)F0,i(n∆t)〉 is evaluated from FMD
0,i (t) except

the point n = 0 where the delta function affects the value. The expression for the

δ-weight in 〈F0,i(0)F0,i(t)〉 is obtained from the following time average expression:

〈F0,i(0)F0,i(t)〉
T →∞

=
1

T

∫ T
0

F0,i(τ)F0,i(τ + t)dτ

=
1

T
∑

τk∈[0,T ]

∑
l

∆pi,k∆pi,lδ(t+ τk − τl).
(5.4.3)

Here, the last equality is obtained by substituting Eq. (5.4.1) and integrating the

delta function δ(τ − τk). Hence, the δ-weight is estimated from 1
T
∑

τk∈[0,T ] ∆p2
i,k.

Calculating the memory function Next, we explain how to evaluate the

transverse-direction memory function Kd(t). For the other directions, the same

procedure with k = 0 can be applied. In principle, we need to solve the following

Volterra equation for Kd(t):

〈Vd(0)Fd(t)〉 = −k 〈Vd(0)Xd(t)〉 −
∫ t

0

Kd(s) 〈Vd(0)Vd(t− s)〉 ds. (5.4.4)

This is obtained by multiplying Vd(0) to Eq. (5.3.1d) and taking ensemble average

with Eq. (5.3.3b). One expected difficulty we encounter in the collisional dynamics

is that the memory function contains a δ-peak, which should be handled with care

separately from the continuous part. In addition, since Eq. (5.4.4) is the first kind

Volterra equation, its solution is numerically unstable. To resolve these issues, we
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convert Eq. (5.4.4) into its second kind equation by differentiating with respect to t:

〈Fd(0)Fd(t)〉 = kM 〈Vd(0)Vd(t)〉+
1

β
Kd(t) +

∫ t

0

Kd(s) 〈Vd(0)Fd(t− s)〉 ds. (5.4.5)

Then, we decompose 〈Fd(0)Fd(t)〉 and Kd(t) into the δ-peaks and continuous parts:

〈Fd(0)Fd(t)〉 = a1δ(t) + a2(t), Kd(t) = b1δ(t) + b2(t). (5.4.6)

By substituting Eq. (5.4.6) into Eq. (5.4.5) and equating the δ-peaks and continuous

parts, we obtain

b1 = βa1, (5.4.7)

1

β
b2(t) +

∫ t

0

b2(s) 〈Vd(0)Fd(t− s)〉 ds

= a2(t)− kM 〈Vd(0)Vd(t)〉 −
1

2
b1 〈Vd(0)Fd(t)〉 .

(5.4.8)

The numerical procedure to calculate the δ-peak and continuous part of Kd(t)

is summarized as follows. By using the δ-weight a1 of 〈F0,d(0)F0,d(t)〉, which is esti-

mated from MD simulation as described above, b1 is determined by Eq. (5.4.7). Then,

the continuous part b2(t) of Kd(t) is obtained from numerically solving Eq. (5.4.8).

The convolution integral is discretized by the trapezoidal rule and the values of

b2(n∆t) is successively obtained for n = 1, 2, · · · [123, 164].

Numerical parameters Each trajectory is calculated up to time Tsim = 103 with

∆t = 0.01. The time correlation functions are calculated up to time Tcorr from

each trajectory and their ensemble averages are obtained from Nsample samples.

Correspondingly, the memory function is calculated up to time Tcorr. The values

of Tcorr and Nsample are chosen as follows: for the two-dimensional frozen dynam-

ics, Tcorr = 20, Nsample = 220 ≈ 106; for the three-dimensional frozen dynamics,
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Figure 5.4: For the two-dimensional systems with two values of the accommodation
factor φ = 0 (purely repulsive) and φ = 1 (fully thermalizing), the time profiles of
the frozen dynamics force autocorrelation function 〈F0,d(0)F0,d(t)〉 for the transverse
direction are plotted by the dashed and solid lines, respectively. The separation
distances are ∆+ = ∆− = 2.5. In the inset, negative values in the tail of the
fully thermalizing case are shown with the error bars corresponding to two standard
deviations.

Tcorr = 10, Nsample = 220 ≈ 106; for the two-dimensional full dynamics, Tcorr = 100,

Nsample = 218 ≈ 2.6× 105 or Tcorr = 250, Nsample = 217 ≈ 1.3× 105 (only used in the

computations for Fig. 5.10).

5.4.2 Frozen dynamics results

We first observe MD simulation results with purely elastic walls, by which we can

numerically confirm our analytic results presented in Section 5.3.2. For the two-

dimensional system with the parameters given in Section 5.4.1, the estimated values

of the δ-weights in 〈F0,i(0)F0,i(t)〉 (i = 1, 2) coincide with the theoretical value. The

ratio of the statistical errors to the theoretical value is estimated as 1 × 10−4. The

MD result for the tail part of 〈F0,d(0)F0,d(t)〉 also agrees very well with the analytic
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F+ is observed through the log-log plot of the normalized I+

2 (t) versus t. Error bars
correspond to the statistical errors with two standard deviations. For comparison,
the decays of t−3 and t−5 are also plotted.

result, see Fig. 5.2. The statistical error at the maximum of the tail is estimated

as 7 × 10−3 of the theoretical value. Similarly, for the three-dimensional system,

excellent agreement of the MD results with the analytic results is observed. The

ratios of the statistical errors to the theoretical values are estimated as 5× 10−4 for

the δ-weights and 0.06 for the maximum value of the tail, respectively.

Now we observe the effects of the thermal walls. While the δ-weight of

〈F0,d(0)F0,d(t)〉 does not depend on the accommodation factor φ, the tail part has

the following dependence on φ. As the stochastic character of the walls increases

(i.e., φ increases), the tail appears at a later time and decays faster. In addition,

its maximum has a smaller value and appears at a later time. In Fig. 5.4, the time

profiles of the tail for the two extreme cases φ = 0 and φ = 1 are compared for d = 2.

The tail behavior with faster decay and smaller maximum can be explained by that
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the repeated collision pattern is destroyed and randomized when the colliding parti-

cle is thermalized by the wall. The time delay in the appearance of the tail can be

understood as follows. The time when the tail appears is related with the time for

a gas particle to recollide with the hypercube. Specifically, the time when the tail

is about to appear and increase is related with the recollisions of gas particles with

large velocities in the transverse direction. If these particles are thermalized, their

new velocities tend to be smaller and thus it takes more time for them to recollide

with the wall.

One more interesting observation is that under the thermal walls, the tail exhibits

negative values as shown in the inset of Fig. 5.4. We note that this is possible only

when F+ and F− are correlated. Actually, under the thermal walls, there is a nonzero

probability that a gas particle collides sequentially with the upper face, the upper

wall, the lower wall, and the lower face, which contributes to the correlation of F+

and F−. Hence, the superposition of the wall effects separately calculated from F+

and F−, see Eq. (5.3.5b), is no more valid.

We also investigate the long-time tail decay behavior under the thermal wall and

compare it with the purely elastic wall case, i.e., t−(d−1). As described above, the

long-time decay also becomes faster as φ increases. By sufficiently increasing the

separation distance ∆− from the lower wall, we mimic the system with a single wall

and investigate the long-time decay of I+
2 (t) or 〈F+(0)F+(t)〉 − 〈F+〉2. As shown in

Fig. 5.5, under the fully thermalizing wall, the tail is observed to decay like t−3 for

d = 2 and t−5 for d = 3. Under the stochastic walls, the tail is also observed in

the longitudinal-direction force autocorrelation function. However, the magnitude is

much smaller than the transverse direction, and the decaying exponent cannot be

estimated due to relatively large statistical errors.
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5.4.3 Full dynamics results

From the two-dimensional full-dynamics simulations, we mainly observe the memory

function KM
i (t) in the xi-direction, where the superscript M indicates the mass of

the hypercube. As we increase M , we compare this function with the corresponding

limit memory function KBL
i (t) to confirm the analytic expression of KBL

i (t), see

Eq. (5.3.10), and investigate the convergence behaviors of KM
i (t) to KBL

i (t). We

decompose KM
i (t) as the sum of the δ-peak and tail parts: KM

i (t) = 2γM,δ
i δ(t) +

K̃M
i (t). We added the superscript δ in the δ-weight to emphasize that it is obtained

from the δ-peak rather than the time integral of KM
i (t). We first observe the δ-peak

in the memory function and then the tail part.

For both longitudinal and transverse directions to the channel (i.e., i = 1, 2), we
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observe that γM,δ
i has a smaller value than γ∗i and converges to γ∗i as M increases.

We also observe that γM,δ
1 /L2 and γM,δ

2 /L1 have the (statistically) same value for

a wide range of values of M . Although this would be quite expected in the free

unbounded case, this implies, in our case, that the δ-peak depends neither on the

confined geometry nor on the external potential as long as the surrounding ideal gas

stays in the identical equilibrium state. In Fig. 5.6, the deviation γM,δ
i −γ∗i is plotted

versus M , where a clear linear dependence on M−1 is shown. Hence, we observe

γM,δ
i = γ∗i −O(M−1), i = 1, 2, · · · , d. (5.4.9)

Now we observe the convergence of the tail part K̃M
d (t). In Fig. 5.7, the time

profiles of K̃M
d (t) are plotted for various values of M . For sufficiently large values

of M , the tail has a similar shape to the limit memory function; after achieving

the maximum, the tail monotonically decreases. From these results, we confirm the
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convergence of K̃M
d (t) to K̃BL

d (t); as M increases, the magnitude of the tail increases

and it becomes closer to K̃BL
d (t). Then, we investigate the scaling behavior of the

deviation K̃M
d (t) − K̃BL

d (t) with respect to the mass M . In Fig. 5.8, the following

form of scaling behavior is tested

K̃M
d (t) ≈ K̃BL

d (t) +
1√
M
g

(
t√
M

)
. (5.4.10)

From the coincidence of the scaled curves, Eq. (5.4.10) is confirmed and the shape

of the function g(t) is obtained.

For the other values of the force constant k, we similarly observe the convergence.

In Fig. 5.9, the time profiles of K̃M
d (t) with the largest value ofM = 500 are compared

with those of the corresponding K̃BL
d (t) for various values of k. For each value of

k, two time profiles show clear agreement, which confirms again Eq. (5.3.10). As k

increases, the tail appears later. This is because the hypercube tends to stay in the

middle of the channel under a stiffer harmonic potential and thus it takes more time

for a gas particle to recollide with either the upper or lower face. For the chosen

values of k, the decaying parts of the tail are quite similar.

We finally report that a slow oscillation is observed after the main peak of the

tail for small values of M . We first check whether it is a numerically spurious

one. We note that insufficient sample averaging of the time correlation functions

may cause a spurious oscillatory tail as follows. When we determine the value of

KM
d (n∆t) from Eq. (5.4.8), we use estimated values of the δ-weight and estimated

time correlation functions up to time n∆t, which contain statistical errors. As a

result, the solution also accumulates errors. In this case, the error in the solution

satisfies a similar Volterra equation [123] and thus it is proportional to the statistical

errors in the input values. We observe that the use of insufficient sample average
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causes a spurious oscillatory tail, the magnitude and phase of which may be very

different among independent realizations. This unfavorable effects of course can be

reduced by increasing the size of sample average, which, however, seriously increases

computational cost. By increasing the sample size, we rule out the possibility that

numerically originated spurious oscillation dominates the long-time tail. In Fig. 5.10,

the slow oscillations in KM
d (t) are shown for small values of M . We observe that the

period is inversely proportional to
√
k and the magnitude is proportional to

√
k. In

addition, we observe that as M increases, the magnitude decreases and the period

increases. Due to the computational limitations, however, quantitative analysis is

not systematically performed.
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5.5 Derivation

5.5.1 GLE

In order to derive Eqs. (5.3.1)–(5.3.3), we use the Mori projection method [140, 168].

Since the Mori projection operator is defined in terms of equilibrium average, we

discuss the equilibrium distribution of the hypercube and the ensemble averages of

relevant quantities in Section 5.5.1.1. We present the standard form of the GLE

obtained from the Mori projection method in Section 5.5.1.2. Then, we show how

this equation is reduced to Eq. (5.3.1) in our specific case in Section 5.5.1.3.

5.5.1.1 Equilibrium distribution and average

We assume the system is in equilibrium and follows the Boltzmann distribution. The

equilibrium distribution of the hypercube is expressed as

ρeq(X,V) = ρ1(X1, X2, · · · , Xd−1)ρ2(Xd)ρV(V) (5.5.1)

and ρ1 and ρV follow the uniform and Maxwell–Boltzmann distribution, respectively.

The approximation of ρ2(Xd) by ρ(Xd) defined in Eq. (5.3.4) for large k is explained

as follows. Suppose that a repulsive interaction potential U between the hypercube

and the walls is imposed and it depends on the separation distance from a wall with

short cutoff distance ε. Then, ρ2(Xd) is expressed as

ρ2(Xd) ∝ e−β[
1
2
kX2

d+U(h+−Xd− 1
2
Ld)+U(Xd− 1

2
Ld−h−)] (5.5.2)
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for Xd ∈
(
h− + 1

2
Ld, h+ − 1

2
Ld
)
. If k is sufficiently large that the probability of the

hypercube being in the interaction range of U is negligible, ρ2(Xd) is approximated

by ρ(Xd). Hence, the validity depends on the distances |h± ∓ ε| as well as k and β.

Actually, the assumption becomes exactly valid as h± → ±∞, which corresponds to

the case that the hypercube is subject to the harmonic potential but suspended in

an unbounded ideal gas.

From Eq. (5.5.1) with ρ2(Xd) replaced by ρ(Xd), we obtain the following equilib-

rium averages, which are used in Section 5.5.1.3:

〈
V 2
i

〉
= (βM)−1 , 〈ViFi〉 = 0, for i = 1, 2, · · · , d,〈

X2
d

〉
= (βk)−1 , 〈XdVd〉 = 0, 〈XdFd〉 = −β−1,

(5.5.3)

where F = (F1, F2, · · · , Fd) ≡ MV̇. The other ensemble averages containing two

quantities from different directions (e.g., 〈XdV1〉) are all zero.

Ensemble averages containing the force need some discussion. In a collisional

dynamics, 〈Vi(0)Fi(t)〉 has a jump discontinuity at t = 0, which can be seen from

that its time derivative − 1
M
〈Fi(0)Fi(t)〉 has a delta function due to elastic colli-

sions. Hence, 〈ViFi〉 is actually undefined. This is also explained by that the veloc-

ity of the hypercube discontinuously changes whenever a collision occurs and thus

〈Vi(0)Fi(0+)〉 and 〈Vi(0)Fi(0−)〉 are different. On the other hand, in a system under

a continuous interaction potential, 〈Vi(0)Fi(t)〉 is continuous t = 0 and 〈ViFi〉 = 0

from 〈Vi(0)Fi(−t)〉 = −〈Vi(0)Fi(t)〉. By considering that our system is obtained as a

limit where a continuous repulsive potential becomes an infinite potential barrier, we

formally define 〈ViFi〉 = 0. The average 〈XdFd〉 is obtained from that the conditional

expectation of Fd given Xd is −kXd and thus 〈XdFd〉 = −k 〈X2
d〉.
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5.5.1.2 Mori projection

For a phase variable A = (A1, A2, · · · , An)T defined on a Hamiltonian system, the

Mori projection operators are defined as

P(•) = 〈 •A∗〉 〈AA∗〉−1 A, Q = I − P , (5.5.4)

where subscripts T and ∗ denote the transpose and the conjugate transpose, re-

spectively, and I is the identity operator. The time evolution equation of A,

Ȧ(t) = iLA(t), where iL is the Liouville operator of the system, is cast into the

following GLE:

d

dt
A(t) = iΩA(t)−

∫ t

0

K(t− s)A(s)ds+ B(t), (5.5.5)

where the frequency matrix iΩ, the fluctuating force vector B(t), and the memory

function matrix K(t) are defined as

iΩ = 〈(iLA)A∗〉 〈AA∗〉−1 , (5.5.6a)

B(t) = eQiLtQiLA(0), (5.5.6b)

K(t) = 〈B(t)B∗(0)〉 〈AA∗〉−1 . (5.5.6c)

Since PB(t) = 0, the following condition holds:

〈B(t)A∗(0)〉 = 0, (5.5.7)

which implies every pair of a component of A(0) and that of B(t) is uncorrelated.
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5.5.1.3 Derivation of Eqs. (5.3.1)–(5.3.3)

We apply the results in Section 5.5.1.2 to phase variable A = (Xd, V1, V2, · · · , Vd)T .

A technical difficulty of including Xi (i = 1, 2, · · · , d− 1) is that 〈X2
i 〉 is not clearly

defined. Since Eq. (5.3.1b) for V̇i(t) (i = 1, 2, · · · , d − 1) does not contain Xi(t),

Eq. (5.3.1a) for Ẋi(t) can be included after obtaining Eqs. (5.3.1b)–(5.3.1d).

The frequency matrix iΩ is calculated from Eq. (5.5.6a). By substituting

Eq. (5.5.3) into 〈(iLA)A∗〉 and 〈AA∗〉, iΩ becomes a matrix containing two nonzero

elements (iΩ)1,d = 1 and (iΩ)d,1 = − k
M

. Hence, we obtain

iΩA(t) =

(
Vd, 0, 0, · · · ,−

k

M
Xd

)
. (5.5.8)

Many components of K(t) and the first component of B(t) become zero in our

case, as seen in Eq. (5.3.1). Although the resulting equation is consistent with

physical intuition, showing this without relying on it is not straightforward. It is

because K(t) is defined through the fluctuation-dissipation relation, Eq. (5.5.6c), in

terms of the orthogonal dynamics B(t). We first consider the simplest case d = 2

and show which components of K(t) and B(t) are nonzero. Then, we discuss the

general case and derive Eqs. (5.3.1)–(5.3.3).

For d = 2, the GLE is written as


Ẋ2

V̇1

V̇2


t

=


V2

0

− k
M
X2


t

+

∫ t

0

ds


K11 K12 K13

K21 K22 K23

K31 K32 K33


s


X2

V1

V2


t−s

+


B1

B2

B3


t

,

(5.5.9)

where the subscripts in the matrix and vectors indicate the time that their compo-
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nents are evaluated. Since Ẋ2 = V2, the first component of vector equation (5.5.9)

becomes

∫ t

0

K11(s)X2(t− s)ds+

∫ t

0

K12(s)V1(t− s)ds+

∫ t

0

K13(s)V2(t− s)ds+B1(t) = 0.

(5.5.10)

By multiplying X2(0), V1(0), and V2(0) and taking average, we have

∫ t

0

K11(s) 〈X2(0)X2(t− s)〉 ds+

∫ t

0

K13(s) 〈X2(0)V2(t− s)〉 ds = 0, (5.5.11a)∫ t

0

K12(s) 〈V1(0)V1(t− s)〉 ds = 0, (5.5.11b)∫ t

0

K11(s) 〈V2(0)X2(t− s)〉 ds+

∫ t

0

K13(s) 〈V2(0)V2(t− s)〉 ds = 0. (5.5.11c)

Here, we have used Eq. (5.5.7). Differentiating Eq. (5.5.11a) with respect to t and

adding Eq. (5.5.11c), we obtain 〈X2
2 〉K11(t) = 0 and thus K11(t) = K13(t) = 0.

From Eq. (5.5.11b), we have K12(t) = 0. Hence, we have B1(t) = 0 and the

first component of the vector equation becomes Ẋ2 = V2, as expected. For

the other components, the same procedure is applicable to show that K21(t) =

K23(t) = K31(t) = K32(t) = 0. Therefore, only K22(t) and K33(t) are nonzero

components. In addition, from Eq. (5.5.6c), we have K22(t) = βM 〈B2(0)B2(t)〉,

K33(t) = βM 〈B3(0)B3(t)〉, 〈B2(0)B3(t)〉 = 〈B3(0)B2(t)〉 = 0. From Eq. (5.5.7), we

also have 〈X2(0)Bi(t)〉 = 〈V1(0)Bi(t)〉 = 〈V2(0)Bi(t)〉 = 0 for i = 2, 3.

For the d-dimensional case, we can similarly show (i) Kii(t) and Bi(t) (i =

2, 3, · · · , d + 1) are nonzero; (ii) Kii(t) = βM 〈Bi(0)Bi(t)〉; (iii) 〈Bi(0)Bj(t)〉 = 0

for i 6= j; (iv) 〈Xd(0)Bi(t)〉 = 0 (i = 2, 3, · · · , d + 1); and (v) 〈Vi(0)Bj(t)〉 = 0

(i = 1, 2, · · · , d and j = 2, 3, · · · , d + 1). Eq. (5.3.1) is obtained by defining Ki(t)

and F+
i (t) (i = 1, 2, · · · , d) in Eq. (5.3.1) as MKi+1,i+1(t) and MBi+1(t), respectively.

Then, Eqs. (5.3.2) and (5.3.3) are obtained from (ii)–(v).
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5.5.2 Frozen dynamics force autocorrelation function

In this section, we derive the analytic expression for 〈F0,i(0)F0,i(t)〉 (i = 1, 2, · · · , d)

given in Eq. (5.3.5). For the frozen dynamics with the purely elastic walls and the

fixed hypercube of the upright orientation, we make the following observations, which

our derivation is based on:

(i) if a gas particle collides with a face, it never collides with the other faces;

(ii) repeated collisions with the hypercube are possible only when a gas particle

collides with the upper or lower face;

(iii) F0,i(t) is attributed to the collisions with the faces normal to the xi-axis.

For the schematic of the repeated collisions in the case of d = 3, see Fig. 5.1 (b).

From observations (i) and (iii) and 〈F0,i〉 = 0 (i = 1, 2, · · · , d) by symmetry,

all cross-correlations 〈F0,i(0)F0,j(t)〉 (i 6= j) become zero. From observation (ii),

〈F0,i(0)F0,i(t)〉 (i = 1, 2, · · · , d − 1) contains only a δ-peak. We also note that the

form of the δ-weight is the same as that of 〈F0,d(0)F0,d(t)〉. In fact, by taking the

separation distances ∆± to infinity, we have I±2 (t) → 0 and retrieve the unconfined

case. Hence, in what follows, we only derive Eq. (5.3.5b). To this end, we decompose

the force F0,d = F+ + F−, where F+ and F− are the forces on the upper and lower

faces, respectively. By using that F+ and F− are uncorrelated, we have

〈F0,d(0)F0,d(t)〉 = 〈F+(0)F+(t)〉+ 〈F−(0)F−(t)〉+ 2 〈F+〉 〈F−〉 . (5.5.12)
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In Section 5.5.2.1, we explain in detail the geometry and initial configuration

of the system in the frozen dynamics. In Section 5.5.2.2, we express 〈F+〉 and

〈F+(0)F+(t)〉 as ensemble averages of functionals of the single-gas-particle trajectory.

In Section 5.5.2.3, we analyze the single-gas-particle trajectories contributing to the

ensemble averages. In Section 5.5.2.4, we obtain analytic expressions for 〈F±〉 and

〈F±(0)F±(t)〉 and, thus, Eq. (5.3.5b).

5.5.2.1 Geometry and initial configuration

Since translating the system does not affect the frozen dynamics, we assume that

the upper wall is located at xd = ∆+ and the upper face of the fixed hypercube is

on the plane xd = 0. Furthermore, we assume that the domain of the upper face on

the plane is denoted as (0, L1) × (0, L2) × · · · × (0, Ld−1). For the case d = 3, see

Fig. 5.1 (b).

We assume that the system is initially at equilibrium and the initial configuration

of the system is described by the Poisson field as follows. By denoting the position

and velocity of a gas particle as x = (x1, x2, · · · , xd) and v = (v1, v2, · · · , vd), re-

spectively, the probability that a gas particle is found in the volume element dxdv

is given as

λ(dx, dv) = a

(
d∏
i=1

ϕ(vi)dxidvi

)
Igeom(x), (5.5.13)

where ϕ(v) =
√

βm
2π
e−

βm
2
v2

and Igeom(x) is 1 if x is in the geometrically accessible

region (i.e., outside the hypercube and between the walls) and otherwise 0. In other

words, the gas particles are distributed uniformly outside the hypercube with the

number density a and their velocities following the Maxwell–Boltzmann distribution.
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5.5.2.2 Reduction to single-gas-particle properties

Since the dynamics of each gas particle is decoupled from those of the other gas

particles in the frozen dynamics, we express 〈F+〉 and 〈F+(0)F+(t)〉 in terms of

a single particle quantity. By denoting the xd-component of the force exerted on

the upper face by the gas particle with initial condition (x,v) as f+(t; x,v), these

quantities are expressed as

〈F+〉 =

∫
f+(0; x,v)λ(dx, dv), (5.5.14)

〈F+(0)F+(t)〉 =

∫
f+(0; x,v)f+(t; x,v)λ(dx, dv) + 〈F+〉2 . (5.5.15)

These expressions are obtained as follows. By denoting the initial configuration of

the ideal gas as
{
x(α),v(α)

}∞
α=1

, we define the corresponding measure µ(dx, dv) =∑∞
α=1 δ(x − x(α))δ(v − v(α))dxdv. Since the initial configuration is given as the

Poisson field with mean λ(dx, dv), we have 〈µ(dx, dv)〉 = λ(dx, dv). Hence, from

F+(t) =
∫
f+(t; x,v)µ(dx, dv), we obtain Eq. (5.5.14). We obtain Eq. (5.5.15) by

using the decomposition µ(dx, dv) = λ(dx, dv)+µ̃(dx, dv) and applying the following

Itô isometry for µ̃(dx, dv)

〈∫
f+(0)µ̃(dx, dv)

∫
f+(t)µ̃(dx, dv)

〉
=

∫
f+(0)f+(t)λ(dx, dv). (5.5.16)

As in Eq. (5.5.16), we suppress the dependence on (x,v) unless needed.

5.5.2.3 Meaningful trajectories

In Eqs. (5.5.14) and (5.5.15), we note that we only need to consider gas particles

colliding with the upper face instantaneously (i.e., at t = 0). However, in order to
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properly handle with the δ-character in f+(0), we consider all gas particles colliding

first with the upper face. By introducing the indicator function I(A), which is 1 if

the condition A is valid and otherwise 0, these particles are characterized by the

following function:

I0(x,v) = I (0 < xd < ∆+, vd < 0)
d−1∏
i=1

I
(

0 < xi −
xd
vd
vi < Li

)
. (5.5.17)

For the gas particle satisfying I0 = 1, the collision time is given as τ0 = −xd/vd and

f+(t) is expressed as

f+(t) = 2mvd

[
I0δ(t− τ0) +

∞∑
n=1

Inδ(t− τn)

]
, (5.5.18)

where In indicates whether the (n+ 1)th collision with the upper face occurs and τn

is the corresponding collision time.

5.5.2.4 〈F±〉 and 〈F±(0)F±(t)〉

Calculating 〈F+〉 is straightforward. We first integrate f+(0) = −2mv2
dI0δ(xd) with

respect to xd and obtain
∫
f+(0)dxd = −2mv2

d Ī0, where

Ī0 = I(vd < 0)
d−1∏
i=1

I(0 < xi < Li). (5.5.19)

We note that integrating δ(xd) led us to take the limit xd → 0 for the remaining

terms and the overbar notation was introduced for this limit. By further integrating

with respect to (x1, x2, · · · , xd−1) and v, we obtain

〈F+〉 = −2m(aL1L2 · · ·Ld−1)

∫ 0

−∞
v2
dϕ(vd)dvd = −a

β
L1L2 · · ·Ld−1. (5.5.20)
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We note that 〈F+〉 does not depend on the separation distance ∆+.

Now we obtain an analytic expression for 〈F+(0)F+(t)〉. As we did for f+(0)

above, we first integrate f+(0)f+(t) with respect to xd and obtain

∫
f+(0)f+(t)dxd = −4m2v3

d

[
Ī0δ(t) +

∞∑
n=1

Īnδ(t− τ̄n)

]
, (5.5.21)

where

Īn = Ī0

d−1∏
i=1

I
(

0 < xi −
2n∆+vi
vd

< Li

)
, τ̄n = −2n∆+

vd
. (5.5.22)

We note that Īn checks whether the gas particle collides with the upper face of the

hypercube instantaneously at t = 0 and then has further n successive collisions. From

Eq. (5.5.21), the integration of f+(0)f+(t) with respect to λ(dx, dv) is decomposed

into two parts as follows:

∫
f+(0)f+(t)λ(dx, dv) = I1δ(t) + I+

2 (t). (5.5.23)

We note that the δ-peak is attributed to the instantaneous collision whereas the tail

part I+
2 (t) is due to the repeated collisions. We obtain the intensity of the δ-peak as

follows:

I1 = −4m2(aL1L2 · · ·Ld−1)

∫ 0

−∞
v3
dϕ(vd)dvd =

4a

β

√
2m

πβ
L1L2 · · ·Ld−1. (5.5.24)

Calculating the tail part is more involved since the domain of integration with

respect to (x1, x2, · · · , xd−1) and (v1, v2, · · · , vd−1) is restricted by Īn = 1. I+
2 (t) is
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expressed as

I+
2 (t) = −4am2

∞∑
n=1

∫ 0

−∞
dvd δ

(
t+

2n∆+

vd

)
v3
dϕ(vd)

d−1∏
i=1

Ji,n(vd, t), (5.5.25)

where

Ji,n(vd, t) =

∫ Li

0

dxi

∫ − vd(Li−xi)
2n∆+

vdxi
2n∆+

dviϕ(vi). (5.5.26)

By using δ
(
t+ 2n∆+

vd

)
= 2n∆+

t2
δ
(
vd + 2n∆+

t

)
, we perform the integration with re-

spect to vd and finally obtain I+
2 (t) = I2(t; ∆+).

For the force F−, we follow the same procedure to obtain 〈F−〉 = −〈F+〉 and

similar expressions to Eqs. (5.5.15) and (5.5.23) with all plus subscripts replaced

with minus ones and I−2 (t) = I2(t; ∆−). By substituting them into Eq. (5.5.12), we

finally obtain Eq. (5.3.5b).

5.6 Summary and discussion

We have systematically investigated Brownian motion of the d-dimensional hyper-

cube in the slit-pore through the analytical and computational analysis of its memory

function. The hypercube interacts with the surrounding ideal gas particles via elastic

collisions. To avoid direct interaction with the walls, the hypercube is also subject

to a stiff harmonic potential along the transverse direction to the channel.

In the analytic approach, for the case where the hypercube has a finite mass

and every collision in the system is elastic, we have obtained the GLE [Eqs. (5.3.1)–

(5.3.3)] from the Mori projection method. Then, we have obtained the limit memory

function [Eq. (5.3.10)] from the analytic expression of the frozen dynamics force auto-
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correlation function [Eq. (5.3.5)] through the adiabatic approximation [Eq. (5.3.9)].

From the emergence of the power-law decaying (t−(d−1)) tail in the transverse di-

rection [Eq. (5.3.8)], we have observed the anomalous diffusion for d = 2 and the

increase in the position-dependent friction coefficient for d = 3 [Eqs. (5.3.14) and

(5.3.16)].

In the MD simulation approach, we have numerically verified our analytic results

by observing the convergence of the finite-mass memory function to the limit memory

function. We have also observed its converging behaviors [Eqs. (5.4.9)–(5.4.10)]. In

addition, the effects of stochastic thermal walls have been investigated. We have

observed that the superposition of wall effects is no more valid and that the long-

time decay of the transverse-direction memory function due to a single wall becomes

faster (t−3 for d = 2 and t−5 for d = 3).

We have used these two approaches in a complementary way. Elastic collisions

introduce a series of delta functions in the force on the hypercube. Hence, handling

the force properly with care is required in the analytic approach. Moreover, results

obtained by using delta functions cannot be rigorously justified. Our analytic results

possessing the following issues have been numerically verified by MD simulations:

application of the Mori GLE to collisional dynamics, formal definition of 〈ViFi〉 = 0,

approximation of ρ(Xd), adiabatic approximation [Eq. (5.3.9)], convergence of the

memory function. In addition, by MD simulations, we have observed the system with

the finite-mass hypercube and/or thermal walls, which is not easily investigated

by the analytic approach. On the other hand, we have developed the numerical

procedure to calculate the δ-weight and continuous part of the memory function

from MD trajectories and verified it with the analytic results.

The deviation of the finite-mass memory function from its limit memory function
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is related with how inaccurate the adiabatic approximation is for a given value of

mass M . We have observed that the scaling behavior of the deviation with respect

to M is different from the free unbounded case [89, 97]. In the free unbounded case,

the leading term in the deviation is attributed to nonzero velocity of the Brownian

particle, which we believe is also true in our case. Compared with the free unbounded

case, where the linear dependence on the velocity disappears by the isotropy of

the system, we expect that this linear dependence does not disappear in our case,

which may be related with the
√
M -dependence of the tail deviation (note that the

velocity is O(M−1/2) from the equipartition theorem). Another possible origin of

the deviation is the coupling with the harmonic force. For small values of M , we

have clearly observed that the memory function contains a slow oscillation and its

magnitude and period depend on the force constant k as well as the mass M . We

expect that for larger value of M this oscillatory tail is still present although it is

computationally difficult to clearly characterize it due to its small magnitude and its

large period.

Finally, we discuss the fixed upright orientation of the hypercube. As demon-

strated in this chapter, it allows enormous analytic tractability for the analysis of the

frozen dynamics. The trajectories of gas particles become simple and the effects of

the two purely elastic walls can be separately considered and superimposed. Using

these properties, we have obtained the analytic expressions and expected anoma-

lous diffusion in the two-dimensional case. As mentioned in Section 5.1, our results

explain why the convergence to normal diffusion has not been proved for the two-

dimensional case in Ref. [19]. However, we think that the t−1 decay behavior may

be singular in the sense that under any tilted orientations faster decay is expected.

It is because the repeated collisions with the same patterns are no more possible

under these orientations. In addition, the regular collision patterns are also easily
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destroyed by the thermal walls, which causes faster decay. Regarding the effects of

geometric shape, we are currently investigating the Brownian motion of a disk and a

sphere in a slit pore with thermal walls and the effects of confinement with thermal

walls and we will present our results in the future publication.
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the Diffusion Coefficient
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6.1 Introduction

The estimation of transport coefficients is one of the most notable applications of

the molecular dynamics (MD) simulation technique [4, 73, 59, 157, 52]. They can be

calculated through nonequilibrium MD simulation methods [52], which are direct and

intuitive but require to generate nonequilibrium steady states. Statistical mechanics

provide two types of relations by which the transport coefficients can be computed

from equilibrium MD simulations [4, 73, 59, 157]. In the Green–Kubo relations [71,

106], the transport coefficients are expressed as the time integrals of corresponding

time autocorrelation functions. On the other hand, in the Einstein–Kubo–Helfand

relations [80, 187, 188], they are expressed as the long-time slopes of the mean-

squared differences of corresponding Helfand moments. For example, the diffusion

coefficient D of a tracer particle can be estimated from the slope of the mean-squared

displacement (MSD) at large time:

D = lim
t→∞

〈
[x(t)− x(0)]2

〉
2t

=
1

2
lim
t→∞

d

dt

〈
[x(t)− x(0)]2

〉
, (6.1.1)

where x is one component of the particle’s position vector and the brackets denote

the ensemble average over the equilibrium distribution of the system. Alternatively,

D can be estimated from the time integral of the velocity autocorrelation function

(VACF):

D =

∫ ∞
0

〈v(0)v(t)〉 dt, (6.1.2)

where v is one component of the particle’s velocity vector. In an isotropic case,

one may use 〈[x(t)− x(0)]2〉 and 〈v(0) · v(t)〉, where x and v are the d-dimensional

position and velocity vectors of the particle. Then, in Eqs. (6.1.1) and (6.1.2), they

are normalized by the dimensionality d.
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Figure 6.1: Typical MD simulation results for the evaluation of the diffusion coef-
ficient of a tracer particle in a fluid by the VACF and MSD methods. The diffusion
coefficient is calculated either from the time integral of the VACF or from the long-
time slope of the MSD, see Eq. (6.1.3). For detailed description of the system, see
Section 6.4.1. The standard errors are estimated from 16 independent MD runs and
the error bars denote two standard deviations.

6.1.1 Computational considerations

When transport coefficients are computed from an equilibrium MD simulation, var-

ious types of errors may be involved. One possible source of errors is inaccuracy

of the MD simulation model [58], which is due to approximate interaction potential

function [5], finite system size [195, 81], large time step size, and insufficiently equi-

librated initial configuration, to name but a few. Another source of errors comes

from evaluation methods for transport coefficients: truncation of the time integral in

the Green–Kubo relations or evaluation of the slope at a finite time in the Einstein–

Kubo–Helfand relations. These two types of errors are reproducible and called sys-

tematic errors. On the other hand, the estimated values of transport coefficients

are subject to random fluctuations as the estimated time correlation functions or

mean-squared differences are. Since the latter quantities are defined in terms of

equilibrium averages of the system and the equilibrium MD simulation technique is

based on sampling method, finite sampling inevitably introduces statistical errors.

The uncertainty due to the statistical error can be quantified in terms of the standard
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error (i.e., the standard deviation of the statistical error). It has been known that

when the length of a sample trajectory, T , or the number of independent sample

trajectories, N , increases, the standard error of an averaged quantity decreases like

T −1/2 or N−1/2 [4, 59, 147, 197]. It is noted that, in order to computationally inves-

tigate systematic errors, the level of statistical errors should be suppressed. Hence,

quantifying statistical errors is crucial for the accurate estimation of transport coef-

ficients. In this chapter, we mainly investigate statistical errors by theoretical and

computational means. We demonstrate our approach by analyzing the VACF and

MSD methods for the diffusion coefficient D of a tracer particle in a fluid.

In order to introduce the motivating questions for this chapter, we first consider

typical MD simulation procedures of evaluating D. As shown in Fig. 6.1, after the

MSD or the VACF is evaluated from an MD simulation, the time-dependent diffusion

coefficient D(t) is calculated by

D(t) ≡ 1

2

d

dt

〈
[x(t)− x(0)]2

〉
=

∫ t

0

〈v(0)v(t′)〉 dt′, (6.1.3)

and D is estimated from the long-time plateau value of D(t). In order to estimate

the standard errors of the MD simulation results, a number of independent MD runs

are performed. Then, a natural question would be which method is better. Fig. 6.1

shows that the VACF and MSD methods seem to produce the same mean values

with the same level of the statistical errors. The coincidence is not accidental but is

typically observed in various molecular systems. We shall theoretically confirm the

equivalence of the two methods by addressing the following two questions.

• How are the statistical errors in the original MD data (i.e., the VACF or the

MSD) propagated into the time-integrated or time-differentiated data (i.e.,

D(t))?



205

It is important to note that, in principle, even if we know the standard errors (i.e.,

error bars) of the VACF or the MSD, we cannot calculate the standard errors (i.e.,

error bars) of D(t). This is because the statistical errors, ε(t1) and ε(t2), at different

times in the original data are correlated with each other and thus we need to know

the error correlation function 〈ε(t1)ε(t2)〉. We shall derive relations between the

standard errors of D(t) and the error correlation functions of the VACF and the

MSD. Hence, from the latter functions, we can calculate the standard errors of D(t)

as well as the VACF and the MSD.

• Can we calculate the error correlation functions of the VACF and the MSD

from the VACF under some reasonable assumptions?

If this is the case, once the VACF is calculated in order to estimate D(t), the stan-

dard errors of both quantities can be readily estimated without an additional MD en-

semble run. For various averaging procedures such as time-averaging and ensemble-

averaging, we shall derive expressions for the error correlation functions of the VACF

and the MSD. Combining these expressions with the aforementioned relations, we

shall obtain expressions for the standard errors of D(t).

6.1.2 Theoretical considerations

Theoretical analysis on the statistical errors in MD simulation data dates back to

early days of MD simulations. Zwanzig and Ailawadi [197] have investigated the

statistical errors occurring in the evaluation of time correlation function 〈A(0)A(t)〉

for a general property A. For time-averaging procedure over a long time interval

of length T , they have obtained an expression for the error correlation function of
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〈A(0)A(t)〉 in terms of 〈A(0)A(t)〉. As expected, the error correlation function has

been shown to be inversely proportional to T . In the derivation, they have introduced

the Gaussian process approximation (GPA) of the underlying process A(t). Since all

high-order statistics can be expressed in terms of the second-order statistics under the

GPA, they have expressed the four-time correlation function 〈A(0)A(t1)A(t2)A(t3)〉

in terms of 〈A(0)A(t)〉. Frenkel [57] has applied their results to two types of corre-

lation functions for a system consisting of N identical particles. For a correlation

function of a single-particle property (e.g., the VACF), he has shown that averaging

over particles also introduces the N−1/2-scaling behavior in the standard errors. How-

ever, for an N -particle property (e.g., the total dipole moment), he has concluded

that such a scaling behavior is not expected. Recently, Jones and Mandadapu [93]

have employed the error analysis of Zwanzig and Ailawadi [197] and Frenkel [57] and

investigated the statistical errors present in the time integral of a time correlation

function. They have obtained an upper bound for the variance of the statistical error

and employed it for the development of an adaptive Green–Kubo methodology to

calculate transport coefficients. To the best of our knowledge, despite extensive use

of the MSD method, systematic error analysis of the method has not been available.

Through our theoretical approach, we present a complete systematic analysis of the

statistical errors occurring in the VACF and MSD methods. By assuming the GPA

and following Zwanzig and Ailawadi [197] and Frenkel [57], we obtain explicit ex-

pressions for the standard errors of the time-dependent diffusion coefficient D(t) as

well as the VACF and the MSD. Besides the time-averaging procedure over a single

sample trajectory, we analyze various averaging procedures, including averaging over

independent sample trajectories and averaging over identical particles.
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6.1.3 Comparison

In our computational approach, we confirm our theoretical results as follows. We

first verify them by simulating the Langevin equation, where the GPA is exactly

valid. Then, we validate them by performing MD simulations for the self-diffusion in

a Lennard-Jones (LJ) fluid and the tracer diffusion of a large and massive colloidal

particle in the fluid. In other words, for these molecular systems, we computation-

ally investigate the validity of the GPA and the agreement of our theory with the

simulation results. These systems have been extensively investigated and the diffu-

sion coefficient has been reported for various fluid states and various tracer-particle

parameters. For recent MD simulation studies on the self-diffusion of pure LJ flu-

ids, we refer the reader to Refs. [134, 20]. For the tracer diffusion in LJ fluids, we

refer to Refs. [144, 162, 163, 146]. We note that, despite extensive MD studies on

these systems, systematic estimation of the standard errors in estimated transport

coefficients has not been performed.

In order to accurately estimate the level of the statistical errors, we perform

large-sized MD ensemble runs. With the help of parallel computing techniques,

independent sample trajectories are concurrently simulated, MD simulations results

are collected, and the mean values and standard errors are computed. We do not use

the block averaging technique [54], which has been used for estimating the standard

error of a simple (i.e., time-independent) equilibrium average [4, 59, 157]. However,

we shall discuss a relevant concept, which is similar to the statistical inefficiency in

correlated data [61]. The latter indicates the time difference of two time points in a

time series which can be considered to be effectively uncorrelated.

The rest of the chapter is organized as follows. In Section 6.2, we present our the-

oretical results, including the statistical error estimates for the VACF, the MSD, and
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the time-dependent diffusion coefficient as well as relations for the uncertainty prop-

agation in simulations under time integration and differentiation. In Section 6.3, we

verify our theoretical results by using the Langevin equation model. In Section 6.4,

we perform two kinds of MD simulations and validate the GPA and our theoreti-

cal estimates. Finally, we conclude the chapter by providing a brief summary and

discussion in Section 6.5.

6.2 Theoretical error estimates

In this section, we obtain theoretical estimates for the level of the statistical errors

present in the VACF, the MSD, and the time-dependent diffusion coefficient D(t).

After setting up notations and defining the VACF, the MSD, and the time-dependent

diffusion coefficient D(t) in Section 6.2.1, we consider three types of averaging pro-

cedures and formulate our problem by defining estimators representing the VACF

and MSD methods in Section 6.2.2. In Section 6.2.3, we derive relations between

the error statistics of the time-differentiated/integrated data and the original data.

After discussing the assumptions of our theoretical approach in Section 6.2.4, we

derive explicit expressions for the error estimates of the VACF, the MSD, and D(t)

in Section 6.2.5.

6.2.1 VACF, MSD, and time-dependent diffusion coefficient

D(t)

For a tracer particle undergoing free Brownian motion, we denote a component of

the position vector as x and the corresponding component of the velocity vector as
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v. Then, we have

ẋ(t) = v(t), x(t)− x(0) =

∫ t

0

v(t′)dt′, (6.2.1)

and the MSD and VACF of the particle are denoted as 〈[x(t)− x(0)]2〉 and 〈v(0)v(t)〉,

respectively, where the ensemble average over the equilibrium distribution of the

system is denoted by the brackets 〈 〉. Later, we also use Var [ ] and Cov [ , ] to

denote the variance and covariance over the equilibrium distribution.

The time-dependent diffusion coefficient D(t) is defined through either the MSD

or the VACF, see Eq. (6.1.3). Equality of the two expressions in Eq. (6.1.3) can

be readily shown as follows. By the invariance of an equilibrium average under

the shift of time origin, we have 〈[x(t)− x(0)]2〉 = 〈[x(0)− x(−t)]2〉. Then, after

differentiating both sides with respect to t and applying the time shift invariance

again, we obtain

〈[x(t)− x(0)] v(t)〉 = 〈[x(t)− x(0)] v(0)〉 . (6.2.2)

By noting that putting the differential and integral operators inside the brackets

on both sides of Eq. (6.1.3) leads to those of Eq. (6.2.2), we show the equality in

Eq. (6.1.3).

6.2.2 Formulation

Here, we formulate our problem by introducing estimators that correspond to aver-

aging and time-differentiating/integrating procedures performed in MD simulations.

In Table 6.1, we summarize the estimators to be defined in this subsection. In

Fig. 6.2, we present schematic diagrams for three types of averaging procedures to

be considered in this subsection.
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Figure 6.2: Schematic diagrams for three types of averaging procedures in
VACF/MSD evaluation. The straight lines represent MD sample trajectories and
the points on them indicate discrete times i∆t (i = 0, 1, 2, · · · ). We depict the case
that VACF/MSD for t = n∆t (with n = 3) is calculated. The pairs of two time
points connected by curly lines are used to calculate averages. In (a) and (c), the
value of T is chosen as 10∆t. In (b) and (c), a total of N (with N = 3) line seg-
ments represent independent MD trajectories. The sample trajectories needed for
the calculation of VACF/MSD up to time nmax∆t (with nmax = 4) are drawn.
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Estimator for Defined in Eq.

ŷ(t) VACF at time t (6.2.4a), (6.2.6a), (6.2.7a)

ẑ(t) Time integral of VACF up to time t (6.2.8)

D̂VACF(t) Time-dep. diff. coeff. from VACF method (6.2.10a)

b̂(t) MSD at time t (6.2.4b), (6.2.6b), (6.2.7b)

â(t1, t2) Average slope of MSD over time interval [t1, t2] (6.2.9)

D̂MSD(t) Time-dep. diff. coeff. from MSD method (6.2.10b)

Table 6.1: Summary of the estimators to be analyzed in this chapter. Their physical
meanings and equation numbers for definition are listed. Note that each estimator
is defined for three types of averaging procedures, which are specified by subscript,
(e.g., ŷtime(t), ŷens(t), and ŷhybrid(t)).

Time-averaging In an MD simulation, the VACF and the MSD are usually esti-

mated through time-averaging as follows:

〈v(0)v(n∆t)〉 ≈ 1

N

N−1∑
i=0

v(i∆t)v((i+ n)∆t), (6.2.3a)

〈
[x(n∆t)− x(0)]2

〉
≈ 1

N

N−1∑
i=0

[x((i+ n)∆t)− x(i∆t)]2 , (6.2.3b)

where 0 ≤ n ≤ nmax and N is the number of sample pairs used for time-averaging.

We note that N is usually much larger than nmax and the sample trajectory needs

to be calculated up to (N + nmax − 1)∆t = O(N∆t), see Fig. 6.2(a). In order to

analyze these time-averaging procedures, we define the following estimators ŷtime(t)

and b̂time(t), respectively, for the VACF and the MSD:

ŷtime(t) =
1

T

∫ T
0

v(t′)v(t′ + t)dt′, (6.2.4a)

b̂time(t) =
1

T

∫ T
0

[x(t′ + t)− x(t′)]
2
dt′. (6.2.4b)

We note that, by taking ∆t → 0 in Eq. (6.2.3) with T = N∆t fixed, we retrieve

Eq. (6.2.4). In practice, slightly different definitions may be used: for a sample
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trajectory of length T , 1
T −t

∫ T −t
0

v(t′)v(t′ + t)dt′ and 1
T −t

∫ T −t
0

[x(t′ + t)− x(t′)]2 dt′.

However, under the usual assumption t � T , these definitions produce identical

asymptotic results for large T .

Ensemble-averaging By generating a total of Nsample independent equilibrated

samples and simulating them up to time nmax∆t, the VACF and the MSD can be

estimated through ensemble-averaging as follows:

〈v(0)v(n∆t)〉 ≈ 1

Nsample

Nsample∑
k=1

v(k)(0)v(k)(n∆t), (6.2.5a)

〈
[x(n∆t)− x(0)]2

〉
≈ 1

Nsample

Nsample∑
k=1

[
x(k)(n∆t)− x(k)(0)

]2
, (6.2.5b)

where the subscript (k) indicates that the labeled quantities belong to the kth sam-

ple, see Fig. 6.2(b). We analyze these ensemble averages by defining the following

estimators ŷens(t) and b̂ens(t):

ŷens(t) =
1

N

N∑
k=1

v(k)(0)v(k)(t), (6.2.6a)

b̂ens(t) =
1

N

N∑
k=1

[
x(k)(t)− x(k)(0)

]2
. (6.2.6b)

We have replaced Nsample with a general finite-sampling parameter N in order to

also consider averaging over identical particles later. But, in this section, we assume

that the processes {x(k)(t), v(k)(t)}Nk=1 are independent of one another.

Hybrid ensemble/time-averaging From an ensemble of sample trajectories, the

VACF and the MSD can be estimated through the ensemble averages of the time

averages, see Fig. 6.2(c). We call them the hybrid ensemble/time-averages. In this
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case, estimators for the VACF and the MSD are defined as follows:

ŷhybrid(t) =
1

NT

N∑
k=1

∫ T
0

v(k)(t′)v(k)(t′ + t)dt′, (6.2.7a)

b̂hybrid(t) =
1

NT

N∑
k=1

∫ T
0

[
x(k)(t′ + t)− x(k)(t′)

]2
dt′. (6.2.7b)

Estimators for time-integrated/differentiated MD data Now we define es-

timators for the time-dependent diffusion coefficient D(t) by considering two types

of operations on the VACF and MSD estimators. For estimators ŷens(t), ŷtime(t), and

ŷhybrid(t) for the VACF, we define their time integral estimators ẑens(t), ẑtime(t), and

ẑhybrid(t) as follows:

ẑ•(t) =

∫ t

0

ŷ•(t
′)dt′, (6.2.8)

where the bullets indicate that for any type of averaging procedure, including the

three averages defined above, its time integral is correspondingly defined. Similarly,

for the estimators b̂•(t) for the MSD, we define their average slope estimators over

the interval [t1, t2] as follows:

â•(t1, t2) =
b̂•(t2)− b̂•(t1)

t2 − t1
. (6.2.9)

Then, following Eq. (6.1.3), we define estimators for D(t) from the VACF and MSD

methods as follows:

D̂VACF
• (t) = ẑ•(t), (6.2.10a)

D̂MSD
• (t) =

1

2
lim

∆t→0
â•(t, t+ ∆t). (6.2.10b)
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Unbiasedness of estimators Before closing this subsection, we show that all

estimators are unbiased. Since 〈v(t′)v(t′ + t)〉 and
〈
v(k)(t′)v(k)(t′ + t)

〉
are equal to

〈v(0)v(t)〉, we obtain 〈ŷ•(t)〉 = 〈v(0)v(t′)〉 after taking average in Eqs. (6.2.4a),

(6.2.6a), and (6.2.7a). Similarly, for the MSD estimators defined Eqs. (6.2.4b),

(6.2.6b), and (6.2.7b), we obtain 〈b̂•(t)〉 = 〈[x(t)− x(0)]2〉. Hence, all estimators

for D(t) are also unbiased:

〈D̂VACF
time (t)〉 = 〈D̂VACF

ens (t)〉 = 〈D̂VACF
hybrid(t)〉

= 〈D̂MSD
time (t)〉 = 〈D̂MSD

ens (t)〉 = 〈D̂MSD
hybrid(t)〉 = D(t).

(6.2.11)

6.2.3 Relations for time integration and linear regression of

MD data

In Section 6.2.2, we have defined ẑ• and â• in terms of ŷ• and b̂•, respectively.

Hence, the statistical errors present in the former estimators are attributed to those

in the latter estimators. Here, we investigate how the standard errors of ẑ• and â•

are expressed in terms of the error correlation functions of ŷ• and b̂•, respectively.

Since the resulting relations do not depend on which type of averaging procedure is

employed, we drop the subscripts on the estimators in this subsection. In addition,

we consider a linear regression estimator Â, which generalizes the estimator â.

Relation for time integration For estimators ŷ(t) and ẑ(t) satisfying

ẑ(t) =

∫ t

0

ŷ(t′)dt′, (6.2.12)
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their statistical errors, defined as εŷ(t) = ŷ(t) − 〈ŷ(t)〉 and εẑ(t) = ẑ(t) − 〈ẑ(t)〉,

satisfy the following relation:

〈
ε2
ẑ(t)
〉

=

∫ t

0

dt′
∫ t

0

dt′′ 〈εŷ(t′)εŷ(t′′)〉 . (6.2.13)

Eq. (6.2.13) is obtained as follows. From the interchangeability of time inte-

gral operator with the ensemble average 〈 〉, 〈ε2
ẑ〉 = 〈ẑ2(t)〉 − 〈ẑ(t)〉2 is equal to∫ t

0
dt′
∫ t

0
dt′′ Cov [ŷ(t′), ŷ(t′′)]. Then, Eq. (6.2.13) follows from Cov [y(t′), y(t′′)] =

〈εŷ(t′)εŷ(t′′)〉.

Relation for average slope For estimators b̂(t) and â(t) satisfying

â(t1, t2) =
b̂(t2)− b̂(t1)

t2 − t1
, (6.2.14)

their statistical errors, defined as εb̂(t) = b̂(t) −
〈
b̂(t)
〉

and εâ(t1, t2) = â(t1, t2) −〈
â(t1, t2)

〉
, satisfy the following relation:

〈
ε2
â(t1, t2)

〉
=

〈
[εb̂(t2)− εb̂(t1)]2

〉
(t2 − t1)2

. (6.2.15)

Eq. (6.2.15) is obtained as follows. After substitution of Eq. (6.2.14) and subsequent

simple algebra, 〈ε2
â(t1, t2)〉 = 〈â2(t1, t2)〉−〈â(t1, t2)〉2 becomes (t2− t1)−2{Var[b̂(t1)]−

2Cov[b̂(t1), b̂(t2)] + Var[b̂(t2)]}. Then, by using Var[b̂(ti)] = 〈ε2
b̂
(ti)〉 (i = 1, 2) and

Cov[b̂(t1), b̂(t2)] = 〈εb̂(t1)εb̂(t2)〉, Eq. (6.2.15) is obtained.

Relation for linear regression The above result for the average slope can be

generalized to the simple linear regression of an m-point data set {ti, b̂(ti)}mi=1. For
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the least squares estimator for the slope written as

Â(t1, t2, · · · , tm) =

∑m
i=1

∑m
j=i+1

[
b̂(tj)− b̂(ti)

]
(tj − ti)∑m

i=1

∑m
j=i+1(tj − ti)2

, (6.2.16)

the variance of its statistical error 〈ε2
Â

(t1, t2, · · · , tm)〉 = Var[Â(t1, t2, · · · , tm)] is ex-

pressed as

m∑
i=1

m∑
j=i+1

m∑
k=1

m∑
l=k+1

〈[εb̂(tj)− εb̂(ti)] [εb̂(tl)− εb̂(tk)]〉 (tj − ti)(tl − tk)[∑m
i=1

∑m
j=i+1(tj − ti)2

]2 . (6.2.17)

We note that for m = 2, Eq. (6.2.17) reduces to Eq. (6.2.15). Eq. (6.2.17) is obtained

as follows. By using Var[
∑

iXi] =
∑

i,j Cov[Xi, Xj], the variance of Â is expressed

as a weighted sum of Cov[b̂(tj)− b̂(ti), b̂(tl)− b̂(tk)]. Then, after replacing the latter

by 〈[εb̂(tj)− εb̂(ti)] [εb̂(tl)− εb̂(tk)]〉, Eq. (6.2.17) is obtained.

Discussion Before closing this subsection, we discuss the resulting relations,

Eqs. (6.2.13), (6.2.15), and (6.2.17). Most importantly, these relations demonstrate

that the level of statistical errors in the processed data is determined by the error

correlation function of the original data, i.e., 〈εŷ(t′)εŷ(t′′)〉 or 〈εb̂(t′)εb̂(t′′)〉. Since the

statistical errors in the original data at different times are correlated, the levels of

their standard deviations, i.e., 〈ε2
ŷ(t)〉 or 〈ε2

b̂
(t)〉, provide insufficient information. As

mentioned in the Introduction, this implies that even if the error bars are available

in the VACF or MSD data obtained from MD simulations, we cannot, in principle,

estimate the error bars in the estimated values of D(t) unless we estimate the er-

ror correlation function from MD simulations, which requires huge computational

overhead. We shall see that this issue can be circumvented by introducing the GPA.
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For the instantaneous slope of b̂ at time t, lim∆t→0 â(t, t+ ∆t) is considered. By

applying L’Hôpital’s rule twice to Eq. (6.2.15), we obtain the following equation for

the level of the statistical error in the instantaneous slope:

lim
∆t→0
〈ε2
â(t, t+ ∆t)〉 = lim

∆t→0

d2

d∆t2

[
1

2
〈ε2
b̂
(t+ ∆t)〉 − 〈εb̂(t)εb̂(t+ ∆t)〉

]
. (6.2.18)

We use this later to calculate the standard errors of D̂MSD(t).

6.2.4 Assumptions

Before presenting our theoretical error estimates in Section 6.2.5, we summarize the

assumptions to be introduced.

Assumptions on the dynamics The most important assumption is the GPA

of the underlying process stating that the velocity process v(t) is a Gaussian pro-

cess. This assumption implies that, for any finite set of time points {ti}, the joint

distribution of {v(ti)} follows a multivariate normal distribution [94]. As shown in

Ref. [197], we shall see that the error correlation function 〈εŷ(t′)εŷ(t′′)〉 contains a

four-time correlation function of v. Under the GPA, we decompose the latter into

the sum of the products of two-time correlation functions:

〈v(0)v(t1)v(t2)v(t3)〉 = 〈v(0)v(t1)〉 〈v(0)v(t3 − t2)〉

+ 〈v(0)v(t2)〉 〈v(0)v(t3 − t1)〉

+ 〈v(0)v(t3)〉 〈v(0)v(t3 − t2)〉 .

(6.2.19)

Hence, under the GPA, we can express relevant quantities in terms of the VACF. In

addition, we note that, from Eq. (6.2.1), the GPA of v(t) implies that the process
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x(t)−x(0) is also a Gaussian process. We shall use this property to express the error

correlation function 〈εb̂(t′)εb̂(t′′)〉.

It is important to note that the GPA is not always exactly valid even if the

marginal distribution of v(ti) is Gaussian at each time ti. Hence, the GPA needs

to be validated for each case. One plausible explanation for the GPA in particle

diffusion phenomena is given by the generalized Langevin equation [168], which is a

formally exact equation for the dynamics of a tracer particle:

mv̇(t) = −
∫ t

0

K(t− t′)v(t′)dt′ + f+(t), (6.2.20)

where f+(t) is the fluctuating force and K(t) is the memory function. In the case

of a large tracer particle suspended in a dense fluid, where the distribution of the

fluctuating force becomes Gaussian [164], the linearity of Eq. (6.2.20) implies that

v(t) also becomes a Gaussian process. The limiting case of this argument is the

Langevin equation, where the fluctuating force becomes Gaussian white noise and

the memory function becomes a delta function.

Although analyzing the force on the tracer particle seems useful for investigating

the validity of the GPA, it is also important to note that our theoretical framework

does not rely on any assumption on the form of the force. For the dynamics of the

system, we only assume the relation between x and v, see Eq. (6.2.1), and the GPA

of v. Hence, our theoretical approach is applicable not only to MD systems where

the force is fully deterministic but also to mesoscopic simulation methods such as the

Langevin dynamics [168] and the dissipative particle dynamics [72], where stochastic

forces are introduced. However, our approach may not be applicable to the Brownian

dynamics [168], where Eq. (6.2.1) does not hold.
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Assumptions on averaging procedures For time-averaging, we assume that

the VACF eventually decays to zero and the length T of the time-averaging interval

is much longer than the characteristic decay time scale of the VACF. We need these

assumptions to obtain the T −1-dependence of the error correlation functions. We

use the following approximation, which becomes asymptotically valid for large T :

1

T 2

∫ T
0

dt′
∫ T

0

dt′′ h(t′ − t′′) ≈ 1

T

∫ ∞
−∞

h(α)dα, (6.2.21)

where h(t) is an integrable function decaying sufficiently fast. This approximation

has been heuristically introduced in Refs. [59, 197, 57]. In 6.6.1, we provide the error

term of the approximation and a condition for the decay rate of h(t).

For ensemble-averaging, we assume that {x(k)(t), v(k)(t)}Nk=1 are independent of

one another and each of them has the same statistical properties as {x(0), v(0)}. In

other words, they are independent replicas. Since we are interested only in average

values, we actually need a weaker condition: uncorrelatedness rather independence.

When we take particle-average in an MD simulation of a system consisting of identical

particles, we shall investigate the uncorrelatedness assumption.

Finally, we assume that ∆t is sufficiently small that any systematic error due to

discretization is negligible. For the errors due to insufficient equilibration and early

truncation of the time integral of the VACF, we refer the reader to Ref. [93].

6.2.5 Main theoretical results

Here, we present theoretical estimates for the standard errors of the VACF, the MSD,

and D(t), which are obtained from the error correlation functions of the VACF and
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the MSD. Since the error correlation functions depend on the type of averaging pro-

cedure, we calculate them and present the resulting theoretical estimates for each

type of averaging procedure. From these results, we show that the standard er-

rors of D̂VACF
• (t) and D̂MSD

• (t) are identical. We start with the ensemble-averaging

case, which is the simplest, in Section 6.2.5.1 and the time-averaging and hybrid

ensemble/time-averaging cases follow in Section 6.2.5.2 and Section 6.2.5.3, respec-

tively. In Section 6.2.5.4, we compare our theoretical results with previous results.

6.2.5.1 Ensemble-averaging case

In 6.6.2, we derive the following expression for the error correlation function of ŷens:

〈εŷens(t
′)εŷens(t

′′)〉 =
1

N
[
〈v2〉 〈v(0)v(t′′ − t′)〉+ 〈v(0)v(t′)〉 〈v(0)v(t′′)〉

]
. (6.2.22)

Hence, the mean-squared errors in ŷens and ẑens are written as

〈ε2
ŷens

(t)〉 =
1

N
[
〈v2〉2 + 〈v(0)v(t)〉2

]
, (6.2.23)

〈ε2
ẑens

(t)〉 =
1

N

∫ t

0

dt′
∫ t

0

dt′′
[
〈v2〉〈v(0)v(t′′−t′)〉+〈v(0)v(t′)〉 〈v(0)v(t′′)〉

]
. (6.2.24)

Here, we have used Eq. (6.2.13) to obtain Eq. (6.2.24).

We also derive the error correlation function of b̂ens in 6.6.2:

〈
εb̂ens

(t′)εb̂ens
(t′′)
〉

=
2

N
〈[x(t′)− x(0)] [x(t′′)− x(0)]〉2 . (6.2.25)

Hence, the mean-squared error in b̂ens is expressed as

〈ε2
b̂ens

(t)〉 =
2

N
〈
[x(t)− x(0)]2

〉2
. (6.2.26)
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As discussed in Section 6.2.3, the mean-squared error in the instantaneous slope of

b̂ens is calculated from Eq. (6.2.18). By substituting Eq. (6.2.25) to Eq. (6.2.18) and

simplifying the result using Eqs. (6.2.1) and (6.2.2), we obtain

lim
∆t→0
〈ε2
âens

(t, t+ ∆t)〉 =
4

N
[
〈v2〉〈[x(t)− x(0)]2〉+ 〈[x(t)− x(0)]v(0)〉2

]
. (6.2.27)

In order to compare the standard errors of D̂VACF
ens (t) and D̂MSD

ens (t), we com-

pare Eqs. (6.2.24) and (6.2.27). By using the relations
∫ t

0
dt′
∫ t

0
dt′′ 〈v(t′)v(t′′)〉 =

〈[x(t)− x(0)]2〉 and
∫ t

0
〈v(0)v(t′)〉 dt′ = 〈v(0)[x(t)− x(0)]〉, we show that the vari-

ance in Eq. (6.2.24) is one fourth of that in Eq. (6.2.27). Hence, from Eq. (6.2.10),

we conclude that the two methods produce the same level of statistical errors for

D(t):

Var
[
D̂VACF

ens (t)
]

= Var
[
D̂MSD

ens (t)
]
. (6.2.28)

6.2.5.2 Time-averaging case

As mentioned in Section 6.2.4, all expressions presented here become asymptotically

valid for large T . In 6.6.3, the error correlation function of ŷtime is derived as follows:

〈εŷtime
(t′)εŷtime

(t′′)〉 =
1

T

∫ ∞
−∞

dα [〈v(0)v(α)〉〈v(0)v(α + t′′ − t′)〉

+〈v(0)v(α− t′)〉〈v(0)v(α + t′′)〉] .
(6.2.29)
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Hence, the mean-squared errors in ŷtime and ẑtime are written as

〈ε2
ŷtime

(t)〉 =
1

T

∫ ∞
−∞

dα
[
〈v(0)v(α)〉2 + 〈v(0)v(α− t)〉 〈v(0)v(α + t)〉

]
, (6.2.30)

〈ε2
ẑtime

(t)〉 =
1

T

∫ ∞
−∞

dα

∫ t

0

dt′
∫ t

0

dt′′
[
〈v(0)v(α)〉 〈v(0)v(α + t′′ − t′)〉

+ 〈v(0)v(α + t′)〉 〈v(0)v(α− t′′)〉
]
.

(6.2.31)

Here, we have used Eq. (6.2.13) to obtain Eq. (6.2.31).

For the MSD estimator b̂time, we similarly derive the error correlation function

in 6.6.3:

〈εb̂time
(t′)εb̂time

(t′′)〉 =
2

T

∫ ∞
−∞

dα 〈[x(t′)− x(0)][x(α + t′′)− x(α)]〉2. (6.2.32)

Hence, the mean-squared error of the estimator is given as

〈ε2
b̂time

(t)〉 =
2

T

∫ ∞
−∞

dα 〈[x(t)− x(0)] [x(α + t)− x(α)]〉2 . (6.2.33)

From Eq. (6.2.15), the variance of the instantaneous slope estimator is obtained.

After lengthy algebra, we obtain the following expression showing that the variance

is four times that of the time integral estimator ẑtime:

lim
∆t→0

Var
[
âtime(t, t+ ∆t)

]
= 4Var [ẑtime(t)]

=
4

T

∫ ∞
−∞

dα
[
〈v(0)v(α)〉〈[x(t)− x(0)][x(α + t)− x(α)]〉

+ 〈v(0)[x(α)− x(α− t)]〉〈v(0)[x(α + t)− x(α)]〉
]
.

(6.2.34)

Hence, from Eq. (6.2.10), we show that the two estimators for D(t) produce the same
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level of statistical errors:

Var
[
D̂VACF

time (t)
]

= Var
[
D̂MSD

time (t)
]
. (6.2.35)

6.2.5.3 Hybrid ensemble/time-averaging case

In this case, all results are essentially the same as the time-averaging case, see

Eqs. (6.2.29)–(6.2.34), except that N−1-dependence appears. Hence, the equiva-

lence of the two methods is established also in this case. The variances of the two

estimators for D(t) are expressed in terms of the VACF, f(t) = 〈v(0)v(t)〉, as follows:

Var
[
D̂VACF

hybrid(t)
]

= Var
[
D̂MSD

hybrid(t)
]

=
1

NT

∫ ∞
−∞

dα

[
f(α)

∫ t

0

dt′
∫ α+t

α

dt′′f(t′ − t′′) +

∫ α+t

α

f(t′)dt′
∫ α

α−t
f(t′)dt′

]
.

(6.2.36)

6.2.5.4 Comparison with previous results

We compare our results for the time-averaging case with previous results by Zwanzig

and Ailawadi [197], by Frenkel [57], and by Jones and Mandadapu [93]. Only Zwanzig

and Ailawadi have considered the error correlation function of ŷtime rather than di-

rectly calculating the mean-squared error 〈ε2
ŷtime

(t)〉. However, they have estimated

the error correlation function very roughly as a constant: 〈εŷtime
(t′)εŷtime

(t′′)〉 ≈
2
T

∫∞
−∞〈v(0)v(t)〉2dt. Frenkel and also Jones and Mandadapu have shown that

〈ε2
ŷtime

(t)〉 =
a(t)

T

∫ ∞
−∞
〈v(0)v(α)〉2dα, (6.2.37)
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where a(0) = 2 and limt→∞ a(t) = 1. By using Eq. (6.2.29), we can easily show

Eq. (6.2.37).

We can also re-derive the following result obtained by Jones and Mandadapu:

lim
t→0

d

dt
〈ε2
ẑtime

(t)〉 = 0, lim
t→∞

d

dt
〈ε2
ẑtime

(t)〉 =
4D2

T
. (6.2.38)

By differentiating Eq. (6.2.31) with respect to t, we have

d

dt
〈ε2
ẑtime

(t)〉 =
2

T

∫ ∞
−∞

dα

∫ t

0

dt′ [f(α)f(α + t− t′) + f(α)f(α + t+ t′)]

=
2

T

∫ ∞
−∞

dα

∫ 2t

0

dt′ f(α)f(α + t′),

(6.2.39)

where f(t) = 〈v(0)v(t)〉. Hence, the first result in Eq. (6.2.38) is easily obtained and

the second one is obtained from

lim
t→∞

d

dt
〈ε2
ẑtime

(t)〉 =
4

T

(∫ ∞
0

f(t′)dt′
)2

. (6.2.40)

In addition, from Eq. (6.2.39), we can also obtain the second derivative of the mean-

squared error of ẑtime as follows:

d2

dt2
〈ε2
ẑtime

(t)〉 =
4

T

∫ ∞
−∞

f(α)f(α + 2t)dα. (6.2.41)
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6.3 Verification: Langevin equation

In this section, we investigate the statistical errors occurring in simulation of the

following Langevin equation:

mv̇(t) = −γv(t) + ξ(t), (6.3.1)

where m and γ are the mass and friction coefficient of the particle, respectively,

and ξ(t) is Gaussian white noise satisfying 〈ξ(t′)ξ(t′′)〉 = 2kBTγδ(t
′ − t′′) with the

temperature of the system T .

This system has the following features that enable us to verify our theoretical

estimates given in Section 6.2. First, the velocity process v(t) is a Gaussian process.

Second, this system allows full analytic tractability. The VACF, MSD, and time-

dependent diffusion coefficient are given as

〈v(0)v(t)〉 =
kBT

m
e−

γ
m
|t|, (6.3.2)

〈[x(t)− x(0)]2〉 =
2kBT

γ
|t| − 2mkBT

γ2

(
1− e−

γ
m
|t|
)
, (6.3.3)

D(t) =
kBT

γ

(
1− e−

γ
m
t
)
, for t ≥ 0, (6.3.4)

respectively. In Section 6.3.1, we obtain closed-form expressions for the theoretical

error estimates. In Section 6.3.2, we present simulation results and compare numer-

ical error estimates with the theoretical ones. Since the GPA is exactly valid, they

are expected to match, from which we verify our theoretical results.
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6.3.1 Closed-form expressions for the error estimates

Ensemble-averaging case Substituting Eq. (6.3.2) into Eq. (6.2.22), we obtain

the error correlation function and the mean-squared error of ŷens:

〈εŷens(t
′)εŷens(t

′′)〉 =
1

N

(
kBT

m

)2 (
e−

γ
m
|t′−t′′| + e−

γ
m

(t′+t′′)
)
, (6.3.5)

〈ε2
ŷens

(t)〉 =
1

N

(
kBT

m

)2 (
1 + e−

2γt
m

)
. (6.3.6)

Similarly, by using Eq. (6.3.2), we obtain the following expression for the error cor-

relation function of b̂ens from Eq. (6.2.25): for 0 ≤ t1 ≤ t2,

〈εb̂ens
(t1)εb̂ens

(t2)〉 =
2

N

(
kBT

γ

)2 [
2t1 −

m

γ

(
1− e−

γt1
m − e−

γt2
m + e−

γ(t2−t1)
m

)]2

.

(6.3.7)

Here, we have used 〈[x(t1)−x(0)][x(t2)−x(0)]〉 =
∫ t1

0
dt′
∫ t2

0
dt′′〈v(0)v(t′′−t′)〉. Then,

the mean-squared error of the estimator is written as

〈ε2
b̂ens

(t)〉 =
2

N

(
kBT

γ

)2 [
2t− 2m

γ

(
1− e−

γt
m

)]2

. (6.3.8)

The variances of the two estimators for D(t) are calculated from the error correlation

functions. For D̂VACF
ens (t), Eq. (6.3.5) is substituted into Eq. (6.2.13). Similarly, for

D̂MSD
ens (t), Eq. (6.3.7) is substituted into Eq. (6.2.15). Finally, we obtain

Var
[
D̂VACF

ens (t)
]

= Var
[
D̂MSD

ens (t)
]

=
1

N

(
kBT

γ

)2 [
2γt

m
− 1 + e−

2γt
m

]
. (6.3.9)
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Time-averaging case By substituting Eq. (6.3.2) into Eq. (6.2.29), we obtain the

following error correlation function of ŷtime: for 0 ≤ t1 ≤ t2,

〈εŷtime
(t1)εŷtime

(t2)〉

=
1

T

(
kBT

m

)2

e−
γ(t1+t2)

m

[
m

γ

(
1 + e

2γt1
m

)
+ t1

(
1− e

2γt1
m

)
+ t2

(
1 + e

2γt1
m

)]
,

(6.3.10)

Hence, the mean-squared error of ŷtime is written as

〈ε2
ŷtime

(t)〉 =
1

T

(
kBT

m

)2 [
m

γ

(
1 + e−

2γt
m

)
+ 2te−

2γt
m

]
. (6.3.11)

By using Eq. (6.3.2), the error correlation function of b̂time is calculated from

Eq. (6.2.32). The function 〈[x(t1) − x(0)][x(α + t2) − x(α)]〉 in Eq. (6.2.32) is

calculated from
∫ t1

0
dt′
∫ α+t2
α

dt′′〈v(0)v(t′′ − t′)〉. Since the explicit expression of

〈εb̂time
(t′)εb̂time

(t′′)〉 is complicated, we only present the mean-squared error of b̂time:

〈ε2
b̂time

(t)〉 =
1

T
· 4(kBT )2

3γ5

[
15m3

(
3− 4e−

γt
m + e−

2γt
m

)
−6m2γt

(
4 + 2e−

γt
m − e−

2γt
m

)
+ 4γ3t3

]
.

(6.3.12)

As in the ensemble-averaging case, the variances of the two estimators for D(t) are

obtained from the error correlation functions as follows:

Var
[
D̂VACF

time (t)
]

= Var
[
D̂MSD

time (t)
]

=
1

T

(
kBT

γ

)2 [(
4 + 2e−

2γt
m

)
t− 3m

γ

(
1− e−

2γt
m

)]
.

(6.3.13)

6.3.2 Simulation results and discussion

By numerically generating sample trajectories of the Langevin equation (6.3.1), we

calculate the VACF, the MSD, and time-dependent diffusion coefficient D(t) through
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Figure 6.3: Numerical simulation results of the Langevin equation (6.3.1) with
m = γ = kBT = 1. The VACF, MSD, and time-dependent coefficient D(t) and their
standard errors are calculated through either ensemble-averaging with N = 1000 or
time-averaging with T = 1000 by generating a total of Nr = 32768 realizations. The
time profiles of the three quantities are shown in the plots in the top row. The nor-
malized standard errors (SE) are presented in the middle row for ensemble-averaging
and in the bottom row for time-averaging. The standard errors are normalized by√
N for the ensemble-averaging case, whereas they are normalized by

√
T for the

time-averaging case, see Eq. (6.3.15). Hence, the standard errors of the mean values
in the top row are estimated from the normalized standard errors σ̄ as σ̄/

√
NrN

in the ensemble-averaging case and σ̄/
√
NrT . The red lines depict analytic results,

whereas four different symbols depict simulation results: filled green squares (VACF
method, ensemble-averaging), empty green squares (VACF method, time-averaging),
filled blue circles (MSD method, ensemble-averaging), and empty blue circles (MSD
method, time-averaging).
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ensemble-averaging and time-averaging, and estimate the standard errors in the

VACF, the MSD, and D(t). The system parameters are chosen as m = γ = kBT = 1.

Sample trajectories are generated by the Euler scheme [99] with ∆tLE = 0.001. The

initial condition of v is sampled from the equilibrium distribution of v,

ρeq(v) =

√
m

2πkBT
exp

(
− mv2

2kBT

)
, (6.3.14)

by a standard Gaussian random number generator. The VACF, MSD, and D(t) are

calculated up to time Tmax = 10 with ∆t = 10∆tLE = 0.01. The finite sampling size

parameters are chosen as N = 1000 and T = 1000 for ensemble averaging and time

averaging, respectively. In order to estimate the standard errors of the estimators

ŷ•, D̂
VACF
• , b̂•, and D̂MSD

• , a total of Nr = 32768 realizations for each estimator are

obtained. In other words, a total of NNr trajectories of length Tmax are calculated

for ensemble-averaging, whereas a total of Nr trajectories of length T are calculated

for time-averaging. For each quantity, the mean-squared error 〈ε2(t)〉 is estimated

from Nr realizations and the normalized standard error σ̄ is calculated as follows:

σ̄ens =
√
N〈ε2

ens(t)〉, σ̄time =
√
T 〈ε2

time(t)〉. (6.3.15)

Then, the normalized standard error is expected to have little dependence on the

sampling size parameters N and T and the mean value obtained from averaging

over Nr realizations has standard error σ̄ens/
√
NrN in the ensemble-averaging case

and σ̄time/
√
NrT in the time-averaging case. Simulation results are compared with

theoretical results in Fig. 6.3. The agreement is excellent, so we verify our results in

this case.

We make several observations on the time profile of the standard errors of the

estimators. As expected from Eq. (6.2.37), the initial value of the standard error
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of ŷtime eventually decreases by factor of 1√
2
. Although the same ratio of the long-

time value to the initial value is observed for ŷens, the time profile at short times is

different from the former case and the transition is faster than the former case. This

is because the time average uses correlated sample points and the statistical errors

at different times are more correlated. By comparing Eqs. (6.2.22) and (6.2.29), we

see that the same expression is obtained as the coefficient of N−1 dependence in

Eq. (6.2.22) if α = 0 is substituted into the integrand in Eq. (6.2.29). This implies

that the integration with respect to α in the time-averaging case blurs the temporal

dependence in the error correlation function. In the MSD calculation, the standard

error asymptotically increases like t in the ensemble-averaging case and t3/2 in the

time-averaging case. For the evaluation of D(t), even after D(t) attains a plateau,

the standard deviations of the estimators increase asymptotically as
√
t in both

averaging cases.

Based on these observations, we discuss the long-time behavior of the relative

errors. Since the VACF decays rapidly as t → ∞ but its standard error decreases

only by factor 1√
2
, the relative error increases rapidly. Hence, in order to guarantee

statistical reliability of the long-time tail of the VACF, one needs to severely increase

the values of sampling size parameters such as N and T . For the MSD, the long-time

behaviors of the relative errors are very different depending on the type of averaging

procedure. Since the MSD asymptotically becomes proportional to t, the relative er-

ror becomes constant in the ensemble-averaging case, but it asymptotically increases

like
√
t in the time-averaging case. Since the standard errors of D(t) asymptotically

increase like
√
t in both cases, the relative errors also increase like

√
t.

Before closing this section, we consider a time scale τ ∗ such that a sample point

after time τ ∗ can be regarded as an uncorrelated sample point. Then, we may

consider a time average over a trajectory of length T as an ensemble average over
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Figure 6.4: For the VACF, MSD, and time-dependent diffusion coefficient, the ratio
of Itime(t) to Iens(t) is plotted. For the definition of Itime(t) and Iens(t), see the text.
The ratio can be considered as a time scale τ ∗ such that two points in a sample
trajectory are effectively uncorrelated if their time difference is greater than τ ∗.

a total of N ∗ = T /τ ∗ uncorrelated samples. By denoting the coefficients of N−1-

and T −1-dependence for the ensemble and time averaging, respectively, as Iens(t)

and Itime(t) (see, e.g., Eqs. (6.2.23) and (6.2.30)), we equate 1
T Itime(t) with 1

N ∗ Iens(t),

which yields

τ ∗ =
Itime(t)

Iens(t)
. (6.3.16)

For the VACF, the MSD, andD(t), the time profiles of τ ∗ calculated from Eq. (6.3.16)

are shown in Figure 6.4. For the VACF and D(t), τ ∗ maintains consistent values

over the time interval, meaning that τ ∗ is well-defined for these quantities. On the

other hand, τ ∗ increases linearly for the MSD, so τ ∗ is not well-defined in this case.

From the closed-form expressions for the error estimates, we obtain the long-time

limits of the ratio Itime(t)/Iens(t) for the three quantities:

IVACF
time (t)

IVACF
ens (t)

→ m

γ
,

IMSD
time (t)

IMSD
ens (t)

→∞, IDtime(t)

IDens(t)
→ 2m

γ
. (6.3.17)

We note that the time scale for the exponential decay of the VACF (see Eq. (6.3.2))
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is m/γ. Hence, Eq. (6.3.17) shows that the time scale τ ∗ for uncorrelated sample

points depends on the quantity to be averaged and may not always be well-defined.

6.4 Validation: MD simulation

In this section, we investigate the error statistics involved in the estimation of the dif-

fusion coefficient for two kinds of MD systems: a pure LJ fluid and a colloidal particle

suspended in a LJ fluid. We observe the self-diffusion of a fluid particle in the former

case and the tracer diffusion of a colloidal particle in the latter case. We call the

two systems as the pure LJ fluid system vs. the colloidal system or the self-diffusion

case vs. the tracer diffusion case. Based on the discussion given in Section 6.2.4,

see Eq. (6.2.20), the GPA is expected to be better satisfied in the tracer diffusion

of a larger and heavier colloidal particle. We investigate the validity of the GPA in

the MD systems by calculating the covariance function Cov[v(0)v(t1), v(0)v(t2)] and

comparing both sides of the following relation, which holds under the GPA:

Cov[v(0)v(t1), v(0)v(t2)]
GPA
= 〈v2〉〈v(0)v(t1 − t2)〉+ 〈v(0)v(t1)〉〈v(0)v(t2)〉. (6.4.1)

Then, we assess the agreement of our theoretical predictions with the actual stan-

dard errors estimated from MD simulations and relate the level of agreement with

the level of validity of the GPA. In addition, for the pure LJ fluid system, we con-

sider averaging over identical particles and investigate the scaling behavior of the

standard errors on the number of averaged particles. For accurate estimation, all

calculations are carried out with a large-sized MD ensemble of 32768 independent

sample trajectories.
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6.4.1 Simulation details

We report all simulation quantities in the LJ reduced units. In other words, we

choose the mass of a fluid particle mfl, the diameter of a fluid particle σfl, and the

energy parameter of the LJ potential εfl as the units of mass, length, and energy,

respectively.

System parameters The pure LJ fluid system is defined as follows. The number

density and temperature of the system are chosen as ρfl = 0.8442 and T = 0.722,

which is close to the triple point of the fluid. This state has been frequently used as

a reference state after investigated in Ref. [118]. The number of fluid particles is set

Nfl = 2048, so the side of the cubic simulation box Lbox is 13.44. Periodic boundary

conditions are imposed for all directions. A sufficiently long cutoff radius rcut = 5 is

used.

For the colloidal system, a colloidal particle of mass Mtracer = 60 is placed in

the LJ fluid system described above. The interaction potential between a colloidal

particle and a fluid particle is given as the Week–Chandler–Andersen potential with

σfl−tracer = 2.5 and εfl−tracer = 1. In other words, the interaction potential is a shifted

LJ potential with cutoff 21/6σfl−tracer, which contains only a repulsive contribution.

From the values of σfl and σfl−tracer, we can infer that the radius of the colloidal

particle is Rtracer = 2.

MD simulation procedures The same simulation procedures are performed for

the pure LJ fluid system and the colloidal system. A total of Nr = 32768 sample

trajectories are calculated by the velocity Verlet algorithm with time step size ∆t =
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0.0025. The initial configurations for the samples in equilibrium are prepared as

follows. After the position and velocity of each particle are randomly sampled from

the uniform distribution and the Maxwell-Boltzmann distribution, respectively, a

total of 20 velocity scaling procedures are performed after every run of 104∆t = 25.

So, the whole equilibration procedure is performed through the period of 2×105∆t =

500.

The evaluation procedures of the VACF and the MSD are performed as fol-

lows. They are calculated up to time 10 through the ensemble-averaging and time-

averaging procedures. In the ensemble-averaging case, the normalized standard error

(see Eq. (6.3.15)) is calculated for N = 1 with Nr = 32768 realizations. This is be-

cause the generation of equilibrium samples through long equilibration is expensive.

In the time-averaging case, the normalized standard error is calculated for T = 500

with the same number of realizations.

For the calculation of the covariance function Cov[v(0)v(t1), v(0)v(t2)], the cor-

relation function 〈v(0)v(t1)v(0)v(t2)〉 (t1, t2 ∈ [0, tmax]) is additionally calculated in

an ensemble-averaging manner as follows:

1

mNr

Nr∑
k=1

m−1∑
i=0

v(k)(itmax)v(k)(itmax + t1)v(k)(itmax)v(k)(itmax + t2). (6.4.2)

For both systems, it is roughly calculated with m = 1 and tmax = 10 and. Then, it

is more accurately calculated with m = 64 and tmax = 1 for the pure LJ fluid and

tmax = 4 for the colloidal system.

For averaging over identical particles in the pure LJ fluid, the number of averaged

particles n varies from 1 to 2048. Since the calculation of the VACF and the MSD

for each fluid particle requires large memory and computational time in the time-
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averaging case, we reduce the computation size by simulating a smaller number of

sample trajectories, Nr = 512.

Mean-squared velocity 〈v2〉 In order to confirm that the equilibration is well

performed and the temperature is well maintained during production runs, the mean-

squared velocity 〈v2〉 is monitored. For the pure LJ fluid system, we obtain 〈v2〉 =

0.7218 with standard error 9.7× 10−5 from time-averaging, which is consistent with

the equipartition theorem 〈v2〉 = kBT/mfl with the target temperature T = 0.722.

For the colloidal particle system, we obtain 〈v2
tracer〉 = 1.1684 × 10−2 with standard

error 3.7 × 10−6 from time-averaging. In this case, we need to compare this value

with the value estimated from the following expression for NV EPG ensemble [184]:

〈
v2

tracer

〉
=

kBT

Mtracer

Nflmfl

Mtracer +Nflmfl

. (6.4.3)

In other words, for a finite multi-component system, if a microcanonical-ensemble

(i.e., NV E) MD simulation is performed under periodic boundary conditions, the

equipartition theorem 〈v2
tracer〉 = kBT/Mtracer does not exactly hold. This is at-

tributed to constraints on P (total linear momentum) and G (generator of infinitesi-

mal Galilean boosts), which are additionally imposed on the system. Since the values

of the mean-squared velocity predicted by Eq. (6.4.3) and the equipartition theorem

are 1.1691 × 10−2 and 1.2033 × 10−2, respectively, the simulation result accurately

confirms Eq. (6.4.3).

6.4.2 Simulation results
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predictions from Eq. (6.4.1) are also plotted by the dashed lines.
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Validity of GPA As mentioned above, the validity of the GPA is investigated by

the covariance function Cov[v(0)v(t1), v(0)v(t2)]. For each system, the MD result

calculated from the direct calculation of 〈v(0)v(t1)v(0)v(t2)〉 is compared with the

GPA result calculated through Eq. (6.4.1) by using the VACF. Figure 6.5 shows the

time profile of the VACF and the comparison of the MD and GPA results for the

covariance function. Although the VACF of the tracer particle decays more slowly

due to its large mass than the VACF of a fluid particle, the time profiles of the

two VACFs have similar shapes containing a negative tail. While the agreement

of the MD and GPA results for the covariance function is overall good in the self-

diffusion case, the agreement is excellent in the tracer diffusion case. This observation

is consistent with the physical explanation of the GPA based on the generalized

Langevin equation given in Section 6.2.4, see Eq. (6.2.20). We also note that the

tracer diffusion case, where the GPA holds very accurately, is different from the

Langevin model system, see Eq. (6.3.1), since its VACF has a negative tail.

Time profiles of VACF, MSD, and D(t) Before analyzing the error statistics,

we observe the time profiles of the VACF, the MSD, and D(t), which are shown in

the top row of Fig. 6.6 for the self-diffusion case and Fig. 6.7 for the tracer diffusion

case. As mentioned above, the time scale for the decay of the VACF is larger in the

tracer diffusion case due to large mass of the tracer particle. This time scale can be

also found in the asymptotic linear increase of the MSD and the long-time saturation

of D(t). However, except different magnitudes of the time scales, the overall shapes

of the three quantities are more or less similar for the two cases. Hence, we may not

predict the level of validity of the GPA by investigating the VACF or the MSD.

Since the time profiles of the VACF, the MSD and D(t) presented in Fig. 6.6 and

Fig. 6.7 are obtained from the time-averaging, their statistical errors are estimated as
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Figure 6.6: For the pure LJ fluid system, the time profiles of the VACF, the MSD,
and the time-dependent diffusion coefficient and their normalized standard errors
(SE) are presented. The MD simulation data obtained from the time-averaging pro-
cedure with T = 500 and Nr = 32768 realizations are plotted in the top row and
their normalized standard errors σ̄ (see Eq. (6.3.15)) are plotted in the middle row.
The standard errors of the three quantities plotted in the top row are estimated by
σ̄/
√
NrT . In the bottom row, the normalized standard errors estimated from the

ensemble-averaging procedure with N = 1 and the same number of realizations are
plotted. The red lines with the triangles indicates the GPA prediction estimated
from the VACF and the MSD through our theoretical error estimates derived in
Section 6.2.5. The green lines with the squares and the blue lines with the cir-
cles indicate the MD simulation results obtained by the VACF and MSD methods,
respectively.
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Figure 6.7: For the colloidal system, the time profiles of the VACF, the MSD, and
the time-dependent diffusion coefficient and their normalized standard errors (SE)
are presented. Since the plots are presented in the same manner as in Fig. 6.6, see
the caption of Fig. 6.6.
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σ̄/
√
NrT from the normalized standard errors σ̄. From the plateau values ofD(t), the

diffusion coefficients are estimated from time interval [9, 10] as 3.303×10−2±5.3×10−5

in the self-diffusion and 6.083×10−3±9.6×10−6 in the tracer diffusion case. The value

of the self-diffusion coefficient is consistent with the value 3.2619× 10−2 obtained by

using 1372 fluid particles in Ref. [134].

Validity of theoretical error estimates In Fig. 6.6 and Fig. 6.7, the standard

errors estimated from the MD ensemble runs are compared with our theoretical

error estimates derived in Section 6.2.5. While the agreement is overall good in

the self-diffusion case, the agreement is perfect in the tracer-diffusion case. This

is consistent with the observation for the level of validity of the GPA in the two

systems. Considering that even rough error estimates are useful in practice, our

theoretical error estimates provide fairly accurate information for the level of the

statistical errors even if the GPA does not hold exactly.

Scaling behavior of standard errors for particle-averaging Finally, we con-

sider averaging over identical particles and investigate the scaling behavior of the

statistical errors for the number of averaged particle n. If n is much smaller than the

total number N of identical particles in the system, then we expect that the velocity

processes of the averaged particles are almost uncorrelated and thus the statistical

errors decrease by factor of n−1/2. However, if n is comparable to N , then we may not

neglect the correlation among the velocity processes and the scaling behavior n−1/2

may fail to hold. In 6.6.4, under the GPA of the velocity processes, we show that this

scaling behavior still holds for the NV EPG ensemble of a pure fluid system. We

test this prediction for the pure LJ fluid system. For various values of n from 1 to

Nfl = 2048, we calculate the normalized standard errors by additionally multiplying
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Figure 6.8: For the pure LJ fluid system, the normalized standard errors (SE) esti-
mated from the ensemble-particle and time-particle averaging procedures are plotted.
Due to additional averaging over identical particles, the standard errors are also nor-
malized by

√
n, where n is the number of averaged particles. The accordance of

the curves indicates the scaling behavior of the statistical error as n−1/2. Due to
expensive computation, a smaller number of realizations Nr = 512 is used.

the factor
√
n. As shown in Fig. 6.8, the scaling behavior of the standard errors is

well maintained up to n = 256 for all quantities. However, beyond this value of n,

the scaling behavior fails in some cases. In the ensemble-averaging case, it is well

maintained for the VACF and D(t). Even for the MSD, it is still valid for short

times. In the time-averaging case, it is roughly valid for the VACF and only valid

at short times for D(t). We guess that the failure of the prediction given in 6.6.4 is

due to the failure of the GPA for the velocity processes, which is even stronger than

the GPA for a single velocity process.
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6.5 Summary and discussion

For the evaluation of the diffusion coefficient D from MD simulations, we have in-

vestigated the uncertainty due to finite sampling (i.e., statistical errors). We have

analyzed two standard methods, which use the time integral of the VACF and the

long-time slope of the MSD. By using theoretical and computational approaches, we

have presented a complete systematic analysis on the standard errors of all quantities

involved in both methods. We have concluded that the VACF and MSD methods

are equivalent in the sense that they provide the same mean values with the same

standard errors. The equivalence of the VACF and MSD methods can be understood

as follows: although the quality of the MSD data is much better than that of the

VACF data, the former becomes worse through time differentiation and the latter

becomes better through time integration.

In our theoretical approach, we have derived explicit expressions for the standard

errors of the VACF, the MSD, and the time-dependent diffusion coefficient D(t),

see Section 6.2.5. It is the error correlation functions of the VACF and the MSD

that play a crucial role. Compared with the standard errors of the VACF and the

MSD, they contain additional information on the error statistics between different

times. We have derived relations (6.2.13) and (6.2.15), which have enabled us to

calculate the standard errors of D(t) from the error correlation functions. However,

since the direct calculation of the error correlation functions from MD simulations is

impractical due to huge computational overhead, we have introduced the GPA of the

velocity process. By using the property that all higher-order statistics of a Gaussian

process can be expressed in terms of the second-order statistics, we have expressed all

theoretical error estimates in terms of the VACF. For example, see Eq. (6.2.36) for the

mean-squared error of D(t) estimated from hybrid ensemble/time-averaging. Since
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the error correlation functions depend on the type of averaging procedure, we have

defined estimators representing several averaging procedures and calculated their

error correlation functions. We have considered time-averaging, ensemble-averaging,

hybrid ensemble/time-averaging as well as averaging over identical particles.

In our computational approach, we have investigated the validity of our theoret-

ical results. Most importantly, since the accuracy of our theoretical error estimates

largely relies on the validity of the GPA, we have investigated the latter for two

kinds of molecular systems: the pure LJ fluid system and the colloidal system. In

both cases, we have observed that the GPA holds very well. As expected from the

physical explanation of the GPA based on the generalized Langevin equation, see

Eq. (6.2.20), we have also observed that the GPA holds almost perfectly for the tracer

diffusion of a large and heavy colloidal particle. Then, by comparing the standard

errors estimated from MD simulations with our theoretical error estimates, we have

confirmed the validity of our theoretical results. In order to accurately estimate the

standard errors in a direct way from MD simulations, we have performed large-sized

MD ensemble runs of size Nr = 32678.

The practical implications of the present work are as follows. First of all, once

the VACF is roughly estimated, the order of magnitude for the standard errors

of all relevant quantities can be readily estimated from our theoretical estimates.

This is useful especially when MD simulation is so expensive that the standard

errors cannot be directly estimated from a large-sized ensemble run. Second, for

a pure fluid system, averaging over all identical particles is favorable for ensemble

averaging but not so practical for time averaging. While the all-particle-averaging is

not so expensive for the ensemble-averaging procedure, it requires huge memory and

computational time for the time-averaging. Furthermore, it has been observed that

the n−1/2 scaling behavior of the standard errors on the number of averaged particle
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n quickly fails when n increases in the time-averaging case.

Our theoretical approach has the following advantageous features. First, it is

applicable to particle-based methods such as the Langevin dynamics and the dis-

sipative particle dynamics. As discussed in Section 6.2.4, it basically requires only

the condition ẋ(t) = v(t) and the GPA of v. Second, it can be generalized to the

evaluation of other transport coefficients such as the shear viscosity and the thermal

diffusivity, which are computable from the Green–Kubo relations or the Einstein–

Kubo–Helfand relations. The most important issue may be the validity of the GPA

for the underlying process.

6.6 Appendix

6.6.1 Asymptotic approximation for large T

For an arbitrary integrable function h(t), the following relation holds:

1

T 2

∫ T
0

dt′
∫ T

0

dt′′ h(t′ − t′′) =
1

T

∫ ∞
−∞

h(α)dα + ε (6.6.1)

where

ε = − 1

T 2

∫ T
0

dt

∫ ∞
t

dα [h(α) + h(−α)] . (6.6.2)

We obtain Eq. (6.6.1) as follows. By introducing a new variable α = t′ − t′′ to the

inner integral of the left-hand side of Eq. (6.6.1), we have 1
T 2

∫ T
0
dt′
∫ t′
t′−T dα h(α).

By approximating the latter by 1
T 2

∫ T
0
dt′
∫∞
−∞ dα h(α) (i.e., by extending the inte-

gration range of its inner integral), we obtain the first term in the right-hand side of

Eq. (6.6.1). The error of the approximation becomes the term ε defined in Eq. (6.6.2).
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If h(t) becomes zero rapidly as t → ±∞, ε becomes negligible in Eq. (6.6.1) as

T → ∞. More precisely, if Iε = −
∫∞

0
dt
∫∞
t
dα [h(α) + h(−α)] is finite, then we have

T 2ε → Iε as T → ∞ and, thus, T ε → 0. Hence, for large T , we can neglect the ε

term in the right-hand side of Eq. (6.6.1), which is equal to 1
T

(∫∞
−∞ h(α)dα + T ε

)
.

Two simple examples of h(t) having finite Iε are as follows: (1) If there is a time

scale τ such that h(t) = 0 for |t| > τ , then Iε = −
∫ τ

0
dt
∫ τ
t
dα [h(α) + h(−α)]; (2) If

h(t) decays exponentially, i.e., h(t) = Ae−|t|/τ , then Iε = −2Aτ 2.

6.6.2 Derivation of Eqs. (6.2.22) and (6.2.25)

In the ensemble-averaging case, the following relations for covariance are used:

Cov[X, Y ] = 〈(X − 〈X〉)(Y − 〈Y 〉)〉, (6.6.3)

Cov
[∑

iXi,
∑

j Yj
]

=
∑

i,j Cov[Xi, Yj], (6.6.4)

Cov[X, Y ] = 0, if X and Y are uncorrelated. (6.6.5)

Eq. (6.2.22) is obtained as follows:

〈εŷens(t
′)εŷens(t

′′)〉 = Cov[ŷens(t
′), ŷens(t

′′)]

= 1
N 2

∑
k,l Cov[v(k)(0)v(k)(t′), v(l)(0)v(l)(t′′)]

= 1
NCov[v(0)v(t′), v(0)v(t′′)].

(6.6.6)

Here, the first and second equalities are obtained from Eqs. (6.6.3) and (6.6.4),

respectively. Since the covariance terms with k 6= l become zero from Eq. (6.6.5),

the last expression is obtained. By applying the GPA (i.e., Eq. (6.2.19)) to the latter,

Eq. (6.2.22) is obtained.
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Similarly, Eq. (6.2.25) is obtained as follows:

〈εb̂ens
(t′)εb̂ens

(t′′)〉 = Cov[b̂ens(t
′), b̂ens(t

′′)]

= 1
N 2

∑
k,l Cov

[ (
x(k)(t′)− x(k)(0)

)2
,
(
x(l)(t′′)− x(l)(0)

)2 ]
= 1
NCov

[
(x(t′)− x(0))2 , (x(t′′)− x(0))2 ].

(6.6.7)

Here, the first, second, and third equalities are obtained from Eqs. (6.6.3), (6.6.4),

(6.6.5), respectively. Eq. (6.2.25) is obtained by applying the GPA of x to the last

expression.

6.6.3 Derivation of Eqs. (6.2.29) and (6.2.32)

In the time-averaging case, Eq. (6.6.3) and the following relation for covariance are

used:

Cov
[ ∫ t

0
X(t′)dt′,

∫ t
0
Y (t′′)dt′′

]
=
∫ t

0
dt′
∫ t

0
dt′′ Cov[X(t′), Y (t′′)]. (6.6.8)

Eq. (6.2.29) is obtained as follows:

〈εŷtime
(t1)εŷtime

(t2)〉 = Cov[ŷtime(t1), ŷtime(t2)]

= 1
T 2

∫ T
0
dt′
∫ T

0
dt′′ Cov[v(t′)v(t′ + t1), v(t′′)v(t′′ + t2)]

= 1
T 2

∫ T
0
dt′
∫ T

0
dt′′
[
〈v(0)v(t′′ − t′)〉〈v(0)v(t′′ − t′ + t2 − t1)〉

+ 〈v(0)(t′′ − t′ − t1)〉〈v(0)v(t′′ − t′ + t2)
]
.

(6.6.9)

Here, the first and second equalities are obtained from Eqs. (6.6.3) and (6.6.8), re-

spectively. By applying the GPA (i.e., Eq. (6.2.19)) to the covariance term, the last

expression is obtained. Eq. (6.2.29) is obtained from the asymptotic approxima-

tion (6.6.1) for large T .
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Similarly, Eq. (6.2.32) is obtained as follows:

〈εb̂time
(t1)εb̂time

(t2)〉 = Cov[b̂time(t1), b̂time(t2)]

= 1
T 2

∫ T
0
dt′
∫ T

0
dt′′ Cov

[
(x(t′ + t1)− x(t′))2 , (x(t′′ + t2)− x(t′′))2 ]

= 2
T 2

∫ T
0
dt′
∫ T

0
dt′′ 〈[x(t′ + t1)− x(t′)] [x(t′′ + t2)− x(t′′)]〉2

= 2
T 2

∫ T
0
dt′
∫ T

0
dt′′ 〈[x(t1)− x(0)] [x(t′′ − t′ + t2)− x(t′′ − t′)]〉2 .

(6.6.10)

Here, the first and second equalities are obtained from Eqs. (6.6.3) and (6.6.8),

respectively. The third equality is obtained by applying the GPA of x to the co-

variance term and the fourth one is obtained from the invariance of shifting time

origin. Eq. (6.2.32) is finally obtained from the asymptotic approximation (6.6.1)

for large T .

6.6.4 Scaling behavior of standard errors for particle-averaging

in a pure liquid

For a pure fluid system consisting of N identical fluid particles, we first investigate

a scaling behavior of the standard errors for a particle-averaging estimator for the

VACF and then discuss a general scaling behavior for an estimator including particle-

averaging. The particle-averaging estimator for the VACF is defined as follows:

ŵ(t) =
1

n

n∑
i=1

vi(0)vi(t) (6.6.11)

where n is the number of identical particles to be included for averaging and vi is

the velocity of the ith particle. Then, we have 〈ŵ(t)〉 = 〈v(0)v(t)〉 and

Var[ŵ(t)] =
1

n2

n∑
i=1

n∑
j=1

Cov[vi(0)vi(t), vj(0)vj(t)]. (6.6.12)
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Under the GPA of the processes {vi(t)}Ni=1, we have

Var[ŵ(t)] =
1

n

{
〈v2〉2 + 〈v(0)v(t)〉2

}
+

1

n2

n∑
i=1

∑
j 6=i

{
〈vivj〉2 + 〈vi(0)vj(t)〉〈vj(0)vi(t)〉

}
.

(6.6.13)

Hence, if the processes {vi(t)}ni=1 are uncorrelated, then we obtain the same result as

the ensemble-averaging case, see Eq. (6.2.23). However, in the NV EPG ensemble,

we have
∑N

j=1 vj(t) = 0. By multiplying vi(0) and taking average, we obtain

〈vi(0)vj(t)〉 = − 1

N − 1
〈v(0)v(t)〉, for i 6= j. (6.6.14)

By substituting Eq. (6.6.14) into Eq. (6.6.13), we obtain

Var[ŵ(t)] =
1

n

[
1 +

n− 1

(N − 1)2

]{
〈v2〉2 + 〈v(0)v(t)〉2

}
. (6.6.15)

The scaling factor behaves almost like 1
n

for 1 ≤ n ≤ N ; even in the case n = N , the

scaling factor becomes 1
N−1

.

We note that the same argument is applicable to the error correlation function of

ŵ, and hybrid estimators including particle-averaging for the VACF. Hence, almost-

like 1√
n

scaling behavior of the standard errors is expected for the VACF method.

Similarly, it is applicable to the MSD method. However, we note that the GPA of

the processes {vi(t)}Ni=1 is even stronger than that of a single process v(t).
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Figure 6.9: (a) Structural formula of ethylene carbonate. (b) Snapshot of the MD
simulation for ethylene carbonate liquid.

6.7 Addendum: Validation case-study—MD sim-

ulation of ethylene carbonate liquid

In order to investigate the validity of our theoretical error estimates for realistic MD

simulations, an ethylene carbonate (EC) liquid system is considered. EC is a polar

aprotic organic solvent, see Fig. 6.9 (a), which has played an important role in the

lithium battery development; currently, most lithium batteries employ EC mixed

with one or more linear carbonates as a solvent [193]. By using a highly transfer-

able, quantum-chemistry-based force field, which is called the atomistic polarizable

potential for liquids, electrolytes, & polymers (APPLE&P) [14], we perform MD

simulations for the EC liquid system. In Section 6.7.1, we describe MD simulation

details. In Section 6.7.2, we present and analyze MD simulation results.
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Figure 6.10: In the left panel, the time profile of the MSD of an EC molecule is
plotted with the error bars. The MSD results averaged over 512 molecules are used
and the error bars correspond two standard deviations. In the right panel, the time
profiles of the normalized standard error aMSD(t) are plotted. The red solid line
indicates the MD result which is estimated from the MSD values calculated from a
single molecule. The blue dashed line depicts the values predicted by our theoretical
error estimate based on the GPA.

6.7.1 MD simulation details

A constant-temperature and constant-volume (NV T ensemble) MD simulation is

performed for a three-dimensional, periodic cubic simulation cell consisting of 512

EC molecules, see Fig. 6.9 (b). The simulation box size is 38.61 Å, which corresponds

to density 1.321 g/cm3. The temperature is set to 313.15 K. The MD simulation is

run for 2.4 ns and the configuration of the system is saved every 3 fs. The system

trajectory is divided into 16 segments of length 150 ps. From each segment, the

MSD is calculated for a single molecule (i.e., without particle average) and for 512

molecules (i.e., with particle average), and the time-dependent diffusion coefficient

D(t) and the VACF are calculated by numerical differentiation of the MSD. The

standard errors present in these quantities are estimated from 16 segments.
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Figure 6.11: Time profiles of the time-dependent diffusion coefficient D(t) of an EC
molecule (in the left panel) and its normalized standard error aD(t) (in the right
panel). Since the plots are presented in the same manner as in Fig. 6.10, see the
caption of Fig. 6.10.
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6.7.2 Results

The time profiles of the MSD, D(t), and VACF are given in the left panels of

Figs. 6.10, 6.11, and 6.12, respectively. The plateau in the time profile of D(t)

is observed and the diffusion coefficient is estimated as D = 7.9 × 10−6 cm2/s with

standard error 3 × 10−7 cm2/s, which is consistent with an experimental value for

the diffusion coefficient of EC pure solvent, D = 7.641× 10−6 cm2/s [23].

In order to investigate the validity of our theoretical error estimates, for the

three quantities, we calculate their normalized standard errors a(t) defined through

the relation √
〈ε2(t)〉 =

a(t)√
NT

. (6.7.1)

Here,
√
〈ε2(t)〉 is the standard error of a quantity calculated from a single molecule

and the values of N and T are 16 and 150 ps, respectively. On the other hand, the

analytic expressions for a(t) are obtained from Eqs. (6.2.33), (6.2.31) and (6.2.30),

and their values are calculated by using the VACF result obtained from MD simula-

tion. As shown in the right panels of Figs. 6.10, 6.11, and 6.12, our theoretical error

estimates accurately predict the standard errors in the MD simulation results for the

three quantities. Hence, for a polar organic solvent system, the GPA is shown to be

valid.

Finally, we investigate the reduction of the standard error due to particle-

averaging. If n molecules are used for average and their motions are uncorrelated,

the right-hand side of Eq. (6.7.1) becomes a(t)/
√
nNT . However, since the motions

of the molecules are correlated in general, n is replaced by the effective particle num-

ber n∗, where 1 ≤ n∗ ≤ n. From the standard errors
√
〈ε2(t)〉n (from n-particle
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average) and
√
〈ε2(t)〉 (without particle-averaging), n∗ is estimated as

n∗ =

(√
〈ε2(t)〉1√
〈ε2(t)〉n

)2

. (6.7.2)

For n = 512, the values of n∗ are calculated for the three quantities. Although the

relative errors are significant due to relatively small number of samples N = 16, the

values of n∗ are estimated as n∗ ≈ 50 for the MSD around t = 4 and n∗ ≈ 100 for

D(t) around t = 2. Because of fast decay of the VACF, n∗ cannot be estimated.

However, n∗ ≈ n is expected at large times. It is also observed that n∗ increases

as time increases. This is due to the fact that the correlation of motions of two

molecules becomes weak at large times due to diffusion.



Chapter Seven

Finite-System-Size Effects:

Evaluation of the Diffusion

Coefficient
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7.1 Introduction

Due to severe limitation on the number of particles that can be calculated by the

molecular dynamics (MD) simulation technique, the usual MD system size is much

smaller than the macroscopic continuum scale. To make a system more like an infinite

system, periodic boundary conditions (PBCs) are usually employed by repeating the

MD simulation box without introducing any physical boundary. However, material

properties which are calculated under the PBCs may be still different from the true

ones that would be obtained from the infinite system.

Finite-system-size effects are unphysical behaviors observed in a finite system.

For a system under the PBCs, they are due to the spurious interaction of the system

with its PBC images. As the system size increases, the deviations between MD

results and the true values are expected to decrease, which can be described by

asymptotic expressions in terms of the system size. A finite-system-size correction

refers to the estimation of the true value for a physical quantity from an MD value by

using such an asymptotic expression. Finite-system-size corrections are important for

periodic systems under long-range interactions such as electrostatic or hydrodynamic

interactions, which are usually analyzed by the Ewald summation method [53, 115].

In this chapter, we investigate finite-system-size effects on the MD evaluation of

the diffusion coefficient D. They have been extensively investigated by using the

following finite-system-size correction with respect to the system size L [38]:

D∞ = DL +
2.837kBT

6πηL
, (7.1.1)

where η is the shear viscosity of the solvent and DL and D∞ are the diffusion co-

efficient of a solute particle in the finite and infinite systems, respectively. For the
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literature review on this correction and MD case studies, see Section 7.2.2. However,

we note that the correction is obtained from the hydrodynamic theory, the validity

of which should be verified in each case. Rather than relying on the hydrodynamic

description (based on the Markovian and continuum assumptions), we investigate

the finite-system-size effects on D by investigating the velocity autocorrelation func-

tion C(t).

As deduced from the relation between D and C(t),

D =

∫ ∞
0

C(t)dt, (7.1.2)

finite-system-size effects on D can be analyzed by the corresponding finite-system-

size effects on the VACF. In fact, even since the early days of MD simulation, the

following observations have been made [1, 3]; due to its algebraic decay, t−3/2, for the

three-dimensional case, the long-time tail of the VACF significantly contributes to

the time integral value of the VACF (i.e., D), but the tail behavior is very sensitive

to the finite system size. For the literature review on the algebraic decay of the long-

time tail of the VACF, see Section 7.2.1. Finite-system-size effects on the long-time

tail of the VACF have been discussed by using the time scale τs = L/cs of the sound

wave crossing a simulation box (cs = speed of sound, L = simulation box size) [58]. It

is advised that the values of the VACF after this time scale may not be very reliable

because of the fast decay resulting from the spurious correlation of the acoustic mode.

However, although this type of qualitative discussion has been given frequently in the

literature [58], quantitative and systematic analysis on the finite-system-size effects

on the VACF has been very limited. This is largely due to computational limitation.

While the magnitude of the long-time tail is much smaller than the initial value of

the VACF, the level of statistical errors present in the former is comparable to that

in the latter [197]. Hence, relative errors in the long-time tail are very large, which
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render the clear observation of the tail challenging; in a sufficiently large system,

large sampling is required so that the statistical errors be suppressed. In addition,

except for theoretical predictions of the mode-coupling theory [48], very little has

been theoretically known about asymptotic behaviors of the VACF with respect to

the system size.

By using both computational and theoretical approaches, we investigate the

finite-system-size effects on the VACF and discuss implications to the evaluation of

the diffusion coefficient. By performing large-sized-ensemble MD runs, we calculate

the long-time tail of the VACF so accurately that finite-size-effects are clearly ob-

served. We also calculate the memory function of the VACF and find its asymptotic

expression for the system size, from which we deduce the corresponding asymptotic

expressions of the VACF and the diffusion coefficient.

The rest of this chapter is organized as follows. In Section 7.2, we provide litera-

ture reviews on the long-time tail of the VACF and the finite-system-size correction

of the diffusion coefficient. In Section 7.3, we present MD simulation results for two

states of the Week–Chandler–Andersen (WCA) fluid. In Section 7.4, we provide our

memory function approach analysis. In Section 7.5, we conclude this chapter with

summary and discussion.
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7.2 Literature review

7.2.1 Long-time tail of the VACF

The algebraic decay of the VACF has been first reported computationally by Alder

and Wainwright from MD simulations of the hard-sphere system [3]. Subsequently, it

was explained theoretically using kinetic theory by Dorfman and Cohen [35, 36, 37]

and using the hydrodynamic mode-coupling theory by Ernst, Hauge, and van

Leeuwen [46, 47]. For a binary mixture, the algebraic decay has been also theo-

retically explained by Pomeau [153]. For a review, see Ref. [154]; see also a critique

regarding the rigor of theoretical and computational approaches on this subject [55].

As demonstrated by Alder and Wainwright [3], the physical origin of the long-time

tail is the formation of a vortex ring, which is related to the ring-collision events in

the kinetic theory [26, 27]. The algebraic decay of the VACF has turned out to be

universal, and similar power-law decay patterns have been observed in various time

correlation functions [45].

From both the kinetic theory and the mode-coupling theory, the following ex-

pression has been obtained for the VACF at large time t [35, 46]:

C(t) =
1

3
〈v(0) · v(t)〉 =

2kBT

3ρm

[4π(ν +D)t]−3/2 , (7.2.1)

where ρm is the mass density of the fluid and ν = η/ρm is the kinematic viscosity

of the fluid. For a heuristic but insightful derivation of Eq. (7.2.1), see Refs. [7, 34,

85]. This derivation not only demonstrates that Eq. (7.2.1) results from a coupling

between particle diffusion and shear modes in the fluid, but also suggests that this

form may be applicable to a general case (i.e., for a broad range of fluid densities
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or for the VACF of a colloidal particle in a fluid). By using a finite-system version

of the mode-coupling theory, Wood and Erpenbeck have obtained a corresponding

expression for the VACF CL(t) of a finite system with box size L [48].

The validity of Eq. (7.2.1) has also been investigated in the literature. Wood and

Erpenbeck have extensively investigated the hard-disk and hard-sphere systems and

addressed issues on the finite-system-size effects [48, 49, 50]. Levesque and Ashurst

have investigated a continuous potential case by considering the WCA fluid [117].

Subsequently, McDonough, Russo, and Snook [132] and Dib, Ould-Kaddour, and

Levesque [34] have extended this investigation by considering the Lennard-Jones

(LJ) fluid and investigating a broader range of fluid densities. McDonough, Russo,

and Snook [132], Schmidt and Skinner [162], and Ould-Kaddour and Levesque [146]

have investigated the mass and size effects of a colloidal particle in a binary mixture

system.

7.2.2 Finite-system-size correction of D

By noting that the finite-system-size effects on the diffusion coefficient are due to

the long-range hydrodynamic interaction, Dünweg and Kremer [38] and Yeh and

Hummer [195] have obtained the finite-system-size correction, Eq. (7.1.1). Although

many case studies have followed after their work, Hasimoto had earlier obtained a

similar result with the next-order correction by considering the viscous flow past

lattices of spheres [78]:

D∞ = DL +
kBT

6πηL

(
2.837− 4πR2

3L2

)
, (7.2.2)
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where R is the radius of a spherical solute. For the hard-sphere system, Fushiki [63]

has proposed the following correction:

D∞ = DL +
2.902kBT

6πηL

ν

ν +DE

, (7.2.3)

where DE is the Enskog estimate of the diffusion coefficient. Compared with

Eq. (7.1.1), the slightly different constant 2.902 is due to the approximation of the

unit cell with the Wigner–Seitz sphere [191]. More importantly, following a similar

argument for the long-time behavior of the VACF made by Alder and Wainwright [3],

the correction factor ν/(ν +DE) is included to account for the intermolecular diffu-

sion, particularly at low densities. Botan, Marry, Rotenberg have derived a finite-

system-size correction formula for anisotropic systems [18].

The validity of Eq. (7.1.1) has been investigated for various systems. The system

size dependence has been investigated for homogeneous systems under the hard-core

interaction or the WCA potential [63, 82, 81] and for binary systems [169, 146]. It

has been also investigated for water molecules [65, 159, 179], cations in electrolyte

solutions [170], ionic liquids [64], and star polymers [166].

7.3 MD simulation results

We perform two sets of MD simulations for the WCA fluid for two states correspond-

ing to ρ = 0.2, T = 2.07 and ρ = 0.85, T = 1 (in the usual reduced units for the

LJ/WCA system with m = σ = ε = 1), which we call the lower and higher density

cases, respectively. The lower density case has been simulated in Ref. [34], whereas

the higher one in Ref. [20]. Compared with these previous MD studies, we perform
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large-sized-ensemble MD runs (with 32768 samples) for various system sizes (up to

65536 particles) so that the finite-system-size effects be clearly observed without the

interference of statistical errors.

In Section 7.3.1, we describe the MD simulation details. In Section 7.3.2, we

present the MD simulation results for the VACF and the time-dependent diffusion

coefficient D(t) and analyze the finite-system-size effects.

7.3.1 MD simulation details

In order to investigate the finite-system-size effects, the number of fluid particles in a

system is increased from Nfl = 32 to 65536. The simulation box size L is accordingly

increased by L = 3

√
Nfl

ρ
. As mentioned above, fluid particles interact under the WCA

potential and PBCs are imposed in all directions.

A total of Nsample = 32768 equilibrium samples are generated as follows. Initial

configurations are randomly generated. For equilibration, a prerun of length Tequil =

2500 is performed with velocity scaling every Tscaling = 250. For the time integration

of the MD simulation, the velocity Verlet scheme is used with time-step size ∆tMD =

0.0025.

The VACF and its time integral are calculated during the main run of length

Tsim = 1000 by using time-averaging. Except for Nfl = 32, particle-averaging with

64 particles is also used. Then, the quantities are obtained from the ensemble average

of Nsample samples. The magnitudes of the standard errors of the VACF at time zero

and large times are evaluated as 6.4×10−5 and 3.8×10−5, respectively, for the lower

density case with Nfl = 65536. Considering that the ratio of the standard error to
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the mean value at time zero is 3 × 10−5, our MD simulation results have a much

higher level of precision than usual MD studies.

In order to calculate the values of the time-dependent diffusion coefficient D(t)

at very large times (> 100), the MSD is also calculated. For the calculation of the

memory function K(t) of the VACF C(t), which satisfies the Volterra equation

mĊ(t) = −
∫ t

0

K(t− t′)C(t′)dt′, (7.3.1)

the procedure described in Ref. [164] is employed.

7.3.2 Results

In order to observe behaviors of the VACFs in the infinite-system case, C∞(t), we

first observe the time profiles of the VACFs of the largest systems, which are shown

in Fig. 7.1. In the lower density case, after an initial exponential decay, the long-time

tail appears. On the other hand, in the higher density case, after a rapid decay, the

VACF has negative values in the intermediate time region, and then the long-time

tail appears. The rapid decay and the negative values in the higher density case are

explained by the cage effect due to neighboring particles. For both cases, the long-

time tails have positive values and decay like t−3/2. In the lower density case, the

long-time tail appears in a larger time with smaller magnitudes than in the higher

density case.

To confirm that these tails are the ones which would be observed in the infinite

systems and to observe finite-system-size effects on CL(t), we compare the time

profiles of CL(t) for various values of the system size L. As shown in Fig. 7.2, the
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Figure 7.1: Log-log plots of the VACFs C(t) and the memory functions K(t). In
panels (a) and (b), results for the lower and higher density cases with Nfl = 65536
are plotted, respectively. The red lines depict the values of |C(t)|, whereas the green
lines correspond to |(kBT )−1D2K(t)|, see Eq. (7.4.1). For positive and negative
values, the solid and dotted lines are used, respectively. The black lines correspond
to αt−3/2, where α is obtained by fitting the function to C(t).
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Figure 7.2: Log-log plots of the VACFs for various system sizes. Results for the
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dotted lines depict the values predicted by the hydrodynamic theory, Eq. (7.2.1).
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time profile of the VACF of a smaller system deviates from that of the largest system

and the time scale for the onset of the deviation is proportional to the system size L.

In the lower density case, it is observed that the time scale is accurately predicted

by τs = L/cs with cs = 2.682 [34]. After CL(t) deviates from the algebraic decay

pattern of C∞(t), its decay becomes faster as predicted in Ref. [48]. By using the

values of D, which are obtained from a procedure to be described below, and the

values of ν from Refs. [20, 34], the theoretical values of the prefactor αtheory for the

algebraic decay are estimated from Eq. (7.2.1). By using the MD results of the

largest systems, corresponding values of αMD are estimated from linear fitting. For

the lower density case, we obtain αtheory = 0.0269 (from D = 1.50 and ν = 1.71) and

αMD = 0.035, and the theory underestimates the value of α by about 25%. For the

higher density case, we obtain αtheory = 0.00409 (from D = 0.0685 and ν = 2.58)

and αMD = 0.0037, and the theory overestimates the value of α by about 10%. We

note that the estimated values of αtheory may contain significant errors due to the

uncertainty in the values of ν, which are obtained from the literature [20, 34]. For

the accurate comparison of αtheory and αMD, an accurate estimation of ν is required.

Using the VACF data, we investigate the scaling behaviors of the finite-system

deviation ∆CL(t) = CL(t) − C∞(t) of the VACF (not shown). For the infinite-

system VACF C∞(t), the VACFs of the largest systems are used. As expected, the

magnitude of ∆CL(t) decreases as L increases. However, it is difficult to find any

clear scaling behavior for the magnitude. Also, an attempt to fit ∆CL(t) into the form

of L−af(t/Lb) or the sum of a few terms with this form was not successful. It will

be shown in Section 7.4.1 that the finite-system deviation ∆KL(t) = KL(t)−K∞(t)

of the memory function has some scaling behaviors with respect to the system size

L and can be fitted into the sum of three terms of the form L−af(t/Lb). By using

this asymptotic expansion, we will derive a corresponding expression for ∆CL(t) in
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Figure 7.3: Plots of the time-dependent diffusion coefficients DL(T ) versus 1/L for
various values of T . Results for the lower and higher density cases are plotted in
panels (a) and (b), respectively. The dotted lines depict the linear fits obtained from
the results for T = 200 (lower density case) and T = 100 (higher density case).

Section 7.4.2.

Now we investigate the finite-system-size effects on the diffusion coefficient D.

Although DL =
∫∞

0
CL(t)dt should be estimated from the time integral of CL(t) over

the entire time interval, in practice it is estimated by the time-dependent diffusion

coefficient

DL(T ) =

∫ T

0

C(t)dt, (7.3.2)

which is estimated at a certain time T . As shown in Fig. 7.3, for a fixed value of T ,

the value of DL(T ) converges to a certain value as L increases. However, the limit

value, which is not the true value D, depends on the value of T , and it increases as

T increases. This behavior can be explained by the fast decay of CL(t) due to the

finite system size. If the fast decay of C(t) occurs before time T , its values at times

larger than T become negligible and DL(T ) ≈ DL. For a sufficiently large system,

where the fast decay occurs much later than time T , DL(T ) is different from DL

since
∫∞
T
CL(t)dt is not negligible. Hence, if we do not increase T as L increases, we

cannot observe the 1/L-dependence of DL, which is predicted by Eq. (7.1.1), from
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Figure 7.4: The 1/L dependence of the finite-system diffusion coefficient DL and
the finite-system-size correction. Results for the lower and higher density cases are
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DL(T ) for T = 200 (lower density case) and T = 100 (higher density case), and
plotted by the red solid lines. The linear fits are also plotted by the black dotted
lines. The hydrodynamic corrections obtained from Eq. (7.1.1) are plotted by the
green solid lines.
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the values of DL(T ). In other words, in order to estimate the value of D from DL(T ∗)

by using

D = lim
L→∞

DL(T ∗), (7.3.3)

the truncation time T ∗ of the time integral should be increased as L increases. From

the time scale τs, it is expected that T ∗ should be linearly proportional to L. As

shown in Fig. 7.4, for each case, the value of D is estimated from DL(T ) with a

very large value of T . As reported above, the diffusion coefficients are estimated as

D = 1.50 for the lower density case and D = 0.0685 for the higher density case.

Our value of D for the higher density case is larger than the value 0.062 reported in

Ref. [20], where the DL values were reported for Nfl = 256 to 8192 and they converged

to 0.062 for Nfl ≥ 2048. Although the exact value of the truncation time T for DL(T )

was not reported in Ref. [20], based on our discussion for the convergence of each

curve in Fig. 7.3, we suspect that the value of T was not sufficiently large. We note

that similar flaws in Refs. [41, 42, 171] have been discussed by Erpenbeck and Wood

in Ref. [50].

Finally, we examine the validity of the finite-system-size correction given in

Eq. (7.1.1). As shown in Fig. 7.4, the correction is more accurate in the higher

density case. For the lower density case, the slope of the 1/L-dependence is esti-

mated as −0.625 and the slope in the correction is 0.910 (error = 45%). For the

higher density case, the slope is estimated as −0.0638 and the slope in the correc-

tion is 0.0687 (error = 8%). By introducing the scaling factor ν/(ν + DE) [63],

see Eq. (7.2.3), the correction becomes more accurate for the lower density case.

This is because the diffusion of a tracer particle is not considered in the correction,

Eq. (7.1.1). In the lower density case, where D is comparable to ν, the scaling factor

improves the quality of the correction, whereas in the higher density case, where

D � ν, the improvement is not significant.
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Figure 7.5: Scaling behaviors of the finite-system deviation ∆KL(t) of the memory
function. For the lower density case, the time profiles of ∆KL(t) are plotted under the
following scalings. Panel (a): ∆KL versus t; panel (b): L3∆KL versus t; panel (c):
L3∆KL versus t/L; panel (d): L2∆KL versus t/L. The system size L is equal to
3
√
Nfl/ρ.

7.4 Memory function approach

In Section 7.4.1, we propose an asymptotic expression for the finite-system deviation

∆KL(t) = KL(t) − K∞(t) from the MD results. In Section 7.4.2, by using this

expression, we derive corresponding asymptotic expressions for CL(t) and DL.
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7.4.1 Asymptotic scaling behaviors of ∆KL(t)

We first investigate behaviors of the infinite-system memory function K∞(t) by ob-

serving KL(t) of the largest systems. As shown in Fig. 7.1, in the lower density case

the value of the memory function changes its sign once, whereas in the higher density

case three times. In each case, a long-time tail is observed. Its value is negative and

it decays algebraically like t−3/2 as the VACF. In fact, this has been predicted by

Corngold [28, 29]; for large t,

C(t) = − D2

kBT
K(t). (7.4.1)

In Fig. 7.1, we computationally confirm this long-time relation between C∞(t) and

K∞(t). We also observe that, for the lower density case, there is a large time scale

separation between C(t) and K(t) and the algebraic decay of K(t) occurs earlier.

Now we observe the scaling behaviors of ∆KL(t). As shown in Fig. 7.5 (b), the

short-time region is well fitted into the form L−3A1(t). However, the second peak in

the intermediate-time region is better fitted when the scaled time t/L is used, see

Fig. 7.5 (c). As shown in Fig. 7.5 (d), for large times, ∆KL(t) is well fitted into

the form L−2A3(t/L). From these observations, we propose the following asymptotic

expression for ∆KL(t):

∆KL(t) = KL(t)−K∞(t) =
1

L3
A1(t) +

1

L3
A2

(
t

L

)
+

1

L2
A3

(
t

L

)
. (7.4.2)

We note that although the validity of Eq. (7.4.2) largely depends on the reliability

of our computational results, it is clearly observed that there are at least two contri-

butions with time scales t and t/L. The contribution with time scale t is dominant
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at small times. By considering the relation

K(0) =
〈F · F〉
3kBT

(7.4.3)

and the fact that the mean-squared force on the particle can be calculated by the

radial distribution, this contribution can be explained by the finite-system-size effects

on the distribution of surrounding fluid particles, which is expected to have a 1/Nfl-

dependence (i.e., a 1/L3-dependence). On the other hand, the contribution with

time scale t/L can be explained by the finite-system-size effects on the momentum

diffusion.

7.4.2 Asymptotic expressions for CL(t) and DL

For the asymptotic expression for KL(t) = K∞(t) + ∆KL(t), Eq. (7.4.2), we first de-

rive a corresponding asymptotic expression for CL(t) by using the Laplace transform

technique. A similar procedure has been used in Ref. [97].

By denoting the Laplace transform of a function f(t) by f̃(s) =
∫∞

0
e−tsf(t)dt,

the Laplace transform of the Volterra equation, Eq. (7.3.1) becomes

m
(
sC̃(s)− C(0)

)
= −K̃(s)C̃(s). (7.4.4)

Hence, by using C(0) = kBT/m, we have

C̃L(s) =
kBT

ms+ K̃L(s)
, (7.4.5)

C̃∞(s) =
kBT

ms+ K̃∞(s)
. (7.4.6)
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By substituting K̃L(s) = K̃∞(s) + ∆K̃L(s) into Eq. (7.4.5), we have

C̃(s) =
kBT

ms+ K̃∞(s)

1

1 + ∆K̃L(s)

ms+K̃∞(s)

. (7.4.7)

By using Eq. (7.4.6) and assuming that ∆K̃L(s) is sufficiently small, we have

C̃L(s) = C̃∞(s)
∞∑
k=0

(
− ∆K̃L(s)

ms+ K̃∞(s)

)k

. (7.4.8)

By using Eq. (7.4.6) again, we obtain

C̃L(s) = C̃∞(s) + C̃∞(s)
∞∑
k=1

(
− 1

kBT
∆K̃L(s)C̃∞(s)

)k
. (7.4.9)

Note that in Eq. (7.4.9) we have expressed C̃L(s) in terms of C̃∞(s) and ∆K̃L(s).

Hence, we finally obtain

CL(t) = C∞(t) + C∞(t) ∗
∞∑
k=1

(
− 1

kBT
∆KL(t) ∗ C∞(t)

)∗k
, (7.4.10)

where ∗ and ( )∗k denote convolution and k-fold convolution, respectively. By as-

suming ∆KL(t) ≈ 1
L2A3

(
t
L

)
from Eq. (7.4.2), we obtain the lowest-order correction

CL(t) ≈ C∞(t)− 1

kBT
A3

(
t

L

)
∗ C∞(t) ∗ C∞(t) · 1

L2
. (7.4.11)

Now we obtain an asymptotic expression for DL from Eq. (7.4.9). From DL =

C̃L(0) and D∞ = C̃∞(0), we have

DL = D∞ +D∞

∞∑
k=1

(
−∆K̃L(0)D∞

kBT

)k

. (7.4.12)
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By introducing ai =
∫∞

0
Ai(t)dt (i = 1, 2, 3), we have

∆K̃L(0) =

∫ ∞
0

∆KL(t)dt =
a1

L3
+
a2

L2
+
a3

L
, (7.4.13)

and thus

DL = D∞

[
1 +

∞∑
k=1

(
−D∞
kBT

)k ( a1

L3
+
a2

L2
+
a3

L

)k]
. (7.4.14)

Hence, we obtain the lowest-order correction of DL:

DL ≈ D∞

(
1− D∞a3

kBT
· 1

L

)
. (7.4.15)

By introducing the Stokes–Einstein relation D∞ = kBT/(6πηR) into Eq. (7.4.15),

we obtain the following form, which is similar to Eq. (7.1.1),

DL ≈ D∞

(
1− a3

6πηR
· 1

L

)
. (7.4.16)

7.5 Summary and discussion

In this chapter, we have investigated the finite-system-size effects on the VACF C(t)

and the diffusion coefficient D. By performing large-sized-ensemble MD runs for

two states of the WCA fluid, we have presented the time profiles of the VACF for

various system sizes, where the statistical errors were substantially suppressed. From

these results, the algebraic decay pattern as well as the fast decay pattern due to

the finite system size have been clearly observed. By investigating the dependence

of the time-dependent diffusion coefficient DL(T ) on both the system size L and the

evaluation time T , we have shown that in order to observe the 1/L-dependence of
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DL, the value of T should be increased as L increases. This has been explained by

the fast decay of the VACF due to the finite system size.

By investigating the scaling behaviors of KL(t) with respect to L, we have ob-

tained the asymptotic expressions of CL(t) and DL. From the computational results

of KL(t), we have proposed its asymptotic expression given in Eq. (7.4.2). We have

shown that there are two time scales in ∆KL(t). The contribution with time scale

t/L have been explained as the finite-system-size effects on the momentum diffusion,

whereas the contribution with time scale t have been explained as the finite-system-

size effects on the surrounding fluid distribution. Then, we have obtained the corre-

sponding expressions for CL(t) and DL, see Eqs. (7.4.11) and (7.4.15), by using the

Laplace transform technique.

The theoretical predictions for the prefactor of the algebraic decay in the long-

time tail of the VACF and the slope of the 1/L-dependence of DL have been observed

to be more accurate for the higher density case. This is consistent with the fact that

these theoretical predictions are obtained from the hydrodynamic theory. For the

lower density case, where the diffusion coefficient D is comparable to the kinematic

viscosity ν, it has been observed that the scaling factor ν/(ν + DE) improves the

quality of the correction.

We note that the finite-system-size correction for DL, Eq. (7.1.1), does not use

any information about a tracer particle and uses only the viscosity of the solvent.

Although this simple form may be practical and useful, it may pose a subtle issue

when it is applied to a multi-component system. It will be interesting to compare

Eq. (7.1.1) with our asymptotic expression, Eq. (7.4.15), which has been obtained

from the memory function approach.



Chapter Eight

Future work
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8.1 Memory function approach for molecular sys-

tems

GLEs for multiple particles

Compared with the generalized Langevin equation (GLE) formulation for a single

particle, GLEs for multiple particles have not been rigorously formulated very well.

For example, although the following form of GLEs has been, in practice, employed

MiV̇i(t) = −
∑
j 6=i

∇U eff
ij (|Xi(t)−Xj(t)|)−

∫ t

0

Ki(t− t′)Vi(t
′)dt′ + F+

i (t), (8.1.1)

it is not derived from the Mori–Zwanzig formalism. In fact, the effective force part

has been borrowed from Zwanzig’s approach, where the conditional expectation is

used as the projection operator, whereas the form of the time convolution and the

fluctuating force has been suggested by Mori’s approach, where the linear (or vector)

projection is used [66]. In addition, a valid form of the fluctuation-dissipation relation

is required to be used [192]. The assumption on the form of the effective potential

(i.e., the sum of pairwise interaction potentials) also needs to be investigated. Hence,

investigation of Eq. (8.1.1) from a rigorous theoretical view point is needed. In other

words, it is necessary to understand how, or under which conditions, a general form of

GLEs [83] is reduced to Eq. (8.1.1). On the other hand, from a practical view point,

it is necessary to develop an efficient method to estimate U eff , Ki, and 〈Fi(0)Fj(t)〉

from MD simulations.

The GLEs for multiple particles can be used to provide an improved model for

mesoscopic multiscale methods such as the dissipative particle dynamics (DPD).

To this end, it is favorable to include state dependence (e.g., on the inter-particle



277

distance) in the memory term and the fluctuating force. For the development of a

DPD model from MD simulation under the Markovian assumption, see Ref. [122]. By

developing a DPD model with state-dependent memory, one can simulate a system

where complicated molecular interactions are important. Both the construction of

the model from MD simulation and the implementation of the model should be

efficient.

Brownian motion in electrolyte solutions

Although Brownian motion usually occurs in electrolyte solutions, corresponding

microscopic models and relevant microscopic theories have been limited. This is

because the description of a microscopic system containing all four types of species—

colloidal particles, solvent particles, cations, and anions–is challenging. Hence, one

needs to rely on computational results from MD simulation. By comparing the

memory function of a colloidal in an electrolyte solution with that in a neutral

solvent, essential effects of charged species can be investigated. This can be used to

understand limitations of the primitive model and to develop an improved model.

In addition, Brownian motion in electrolyte solutions can be used as a test problem

for multiple-particle GLEs.

Anomalous diffusion phenomena in confined systems

It has been reported that the confinement of a system may induce an anomalous

diffusion behavior [6, 10, 92]. However, in many cases, it takes long time for this

behavior to be clearly observed from the mean-squared displacement or the velocity

autocorrelation function, which may prevent one from observing the phenomenon
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directly from simulation. Since the algebraic decay exponent of the memory function

is identical to that of the velocity autocorrelation function [28, 29], the anomalous

diffusion behavior can be investigated by the memory function. In the case that

the onset of the algebraic decay in the memory function is earlier than that in the

velocity autocorrelation function (for example, when the particle has large mass),

investigation through the memory function is more effective.

8.2 Uncertainty quantification for MD simulation

Accurate assessment of the validity of the hydrodynamic de-

scription

The investigation of the validity of the hydrodynamic description at the molecular

level has up to the present time been only qualitative and in many cases inconclusive

(even for the Stokes–Einstein relation). This is partially because, while the investiga-

tion mainly relies on MD simulation results, these results are not usually sufficiently

accurate and precise. By performing large-sized-ensemble MD runs and subsequently

applying a valid finite-system-size correction procedure, one can examine the validity

of hydrodynamic relations and expressions in a quantitative manner.

UQ analysis for MD simulation of battery electrolytes

Our theoretical and computational uncertainty quantification (UQ) framework is

applicable to more practical MD simulations. For example, the analysis of the

pure EC solvent system can be extended to lithium-salt-doped EC systems such
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as EC:DMC/LiPF6 (DMC = dimethyl carbonate) [16, 17], which have direct appli-

cations to lithium battery development. Due to the formation of Li+–EC complexes

in such systems, the validity of the GPA becomes highly questionable. Hence, these

systems may serve as a nontrivial case that should be investigated in order to estab-

lish the general validity of the GPA and of our theoretical statistical-error estimates.

One of the unphysical features of the finite-system-size correction, Eq. (7.1.1)

is that it does not use any information about a tracer particle (e.g., the size

of the particle). For multi-component systems, this leads to the same correc-

tions to the values of the diffusion coefficients of all species even if the diffusion

coefficients are very different. This problem can be effectively investigated by

the AN-LiCF3CO2 and AN-LiFSI electrolyte systems (AN = acetonitrile, FSI− =

bis(fluorosulfonyl)imide) [15, 74]. The former is a strongly aggregated case (where

the salt is not dissociated into ions), whereas the latter is a largely dispersed case

(where the salt is dissociated into cations and anions). By comparing these two

cases, it can be found how the finite-system-size correction can be improved for

multi-component systems. It will be also interesting to observe how the correlation

due to aggregation influences the finite-system-size errors.
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[64] Gabl, S., Schröder, C., Steinhauser, O.: Computational studies of ionic liquids:
Size does matter and time too. J. Chem. Phys. 137, 094,501 (2012)

[65] Gereben, O., Pusztai, L.: System size and trajectory length dependence of the
static structure factor and the diffusion coefficient as calculated from molecular
dynamics simulations: The case of SPC/E water. J. Mol. Liq. 161, 36–40
(2011)

[66] Givon, D., Kupferman, R., Hald, O.: Existence proof for orthogonal dynamics
and the Mori–Zwanzig formalism. Israel J. Math. 145, 221–241 (2005)

[67] Goodyear, G., Larsen, R., Stratt, R.: Molecular origin of friction in liquids.
Phys. Rev. Lett. 76, 243–246 (1996)

[68] Grabert, H.: Projection Operator Techniques in Nonequilibrium Statistical
Mechanics. Springer-Verlag, New York (1982)

[69] Grebenkov, D., Vahabi, M., Bertseva, E., Forró, L., Jeney, S.: Hydrodynamic
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