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Chapter 1

Introduction

The spiking electrical activity of simultaneously recorded neurons is often modeled as a

multivariate binary time series [15, 10, 12, 39]. Inference about the fast temporal corre-

lation structure of this multivariate time series, such as zero-lag synchrony and precise

lag-lead relationships, is complicated by the time varying response of the neurons to their

many unobserved and correlated inputs[1, 11]. For example, Figure 1.1 shows the cross-
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Figure 1.1: Cross-correlation histogram between two spike trains recorded from monkey motor cortex
(Figure taken from Amarasingham et al. [1])

correlation histogram between two neuronal spike trains recorded from the motor cortex

of a monkey’s brain. We see a sharp spike close to 0 ms indicating zero-lag synchrony

between the two neurons N1 and N3. In addition, we also see positive correlation between

spiking around 0 ms, but at coarser time scales of ±100 ms. We want to be able to isolate

1
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the zero-lag synchrony from the other correlated effects at coarser time-scales.

The signal of interest is often synchronous firings or precise lag-lead relationships between

neurons at times scales that are consistent with mono-synaptic delays of 1-4 ms. We

want to separate these fast temporal dynamics from other slower dynamics that likely

result from different mechanisms. These background effects can be thought of as noise

in the system and modeling this noise often involves making some assumptions about its

structure. The background effects are often non-stationary in time and assuming them to

be stationary would lead to a misspecified model. Other assumptions, such as piecewise

constant background effects, lead to the incidental parameter problems, or the Neyman-

Scott [32] problem, in which the number of nuisance parameters grows with the size of the

data.

Instead of focusing inference efforts on capturing the noise model accurately, we develop a

conditional inference approach to infer the signal of interest (the fast temporal correlation

structures such as zero-lag synchrony) while being robust to the dynamics at slower time

scales. Previous work using conditional inference was focused on statistical hypothesis

testing, often called jitter [1, 22, 26]. Here, we explore the conditional framework on a

parametric model. In addition to identifying the significant dynamics, a parametric frame-

work shall allow us to compare different parameters against each other. We demonstrate

this conditional approach on log-linear models (maximum entropy models) for zero-lag syn-

chrony [30, 35, 39, 40, 41] but the analysis can easily be extended to incorporate lags and

leads, as well as other types of models. We also develop a composite likelihood (or pseudo-

likelihood) approximation to the conditional approach that can scale to larger number of

neurons and more complex models. In addition to these conditional methods, we also ex-

plore a Bayesian nonparametric approach with Dirichlet process mixture (DPM) priors to

model the background effects without imposing any parametric assumptions on the noise

model. The nonparametric framework helps avoid the incidental parameter problems that

arise while estimating the growing number of nuisance parameters.
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We begin by exploring the incidental parameter problem and the different approaches that

have been proposed in literature to tackle this issue. We then extend these techniques to

our setting of neuronal firings to estimate the synchrony parameter between neurons while

being robust to non-stationary firing rates of individual neurons.

1.1 Incidental parameter problem and background litera-

ture

The incidental parameter problem has been studied extensively in the statistics literature,

as well as in econometrics (for panel data models), and the psychometric and educational

testing literature (Rasch models).

The incidental parameter problem was first introduced and defined by Neyman and Scott

in 1948 [32]. In fact, the incidental parameter problem is often referred to as the Neyman-

Scott problem in literature. Lancaster [28] provides a brief survey of the incidental param-

eter problem in statistics and econometric literature starting with the Neyman-Scott [32]

paper. The paper defines two types of parameters, incidental and structural. Consider

a sequence of independent random variables (Xi) modeled by a set of parameters. The

structural parameters θ = (θ1, . . . , θd) are finite in number and appear in the probability

distribution of an infinite number of these random variables (Xi). Incidental parameters1

ν = (ν1, ν2, . . .) are those that appear in the distribution of only a finite number of random

variables, and hence information about each of these incidental parameters depends only

on a finite set of observations. As the number of observations increase, we gather more

information about the structural parameters θ, but information about each particular νi is

obtained only from few observations. In the standard setting – with finite parameters and

infinitely growing data – the theory of maximum likelihood estimation guarantees consis-

tent estimates for the parameters. However, in the presence of incidental parameters, we

1The term nuisance parameters refer to parameters that are not of ultimate interest, but necessary
in the model for inferring the parameters of interest. Incidental parameters are nuisance parameters that
appear in the distribution of only a finite number of data points and grow with the amount of data.
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cannot hope to get consistent estimates for the incidental parameters since they appear in

the distribution of only a finite number of observable variables. Furthermore, inference for

the structural parameters is also affected by the presence of the incidental parameters and

standard methods, such as maximum likelihood estimation, may not give consistent esti-

mates for the structural parameters as well. Neyman-Scott (1948) [32] illustrates mainly

two types of problems that arise in the presence of incidental parameters – one where the

estimates for structural parameters are not consistent, known as the ‘incidental parameter

problem’, and another where the estimates are consistent but not asymptotically normal.

We shall focus on the first type of problem and we analyze one of the examples from the

Neyman-Scott paper [32] in detail in Chapter 2.

In Section 1.1.1 we focus on incidental parameter problem in the statistics literature. We

explore the two main approaches used to tackle this problem – conditional approach and

marginal approach. In Section 1.1.2 we summarize the econometrics literature, particularly

the panel data models, and in Section 1.1.3 we survey the Rasch model literature.

1.1.1 Overview of statistics literature

The statistics literature has a rich history of research about dealing with incidental param-

eters.

Lancaster [28] provides a brief survey of the incidental parameter problem in the statistics

and econometric literature. Broadly speaking, there are two different approaches in the

statistics literature to tackle the incidental parameter problem - the conditional frequentist

approach, which involves conditioning on statistics sufficient for the incidental parameters,

and the Bayesian or the marginal approach, which involves integrating the incidental pa-

rameters out using a suitable prior. We introduce the two concepts briefly here, and will

explore each concept in more details as we see different examples (panel models in Section

1.1.2, Rasch models in Section 1.1.3, Neyman-Scott Gaussian model from [32] in Chapter

2 and our two-neuron zero-lag synchrony model).
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Conditional approach

The main idea in the conditional approach is to factor the likelihood into two parts such

that one part is independent of incidental parameters, and then we can use this partial

likelihood for inference. Lancaster [28] refers to this as partial likelihood [17] procedures

since the inference is based only on a part of the likelihood and summarizes the three main

categories of models where this idea can be applied. Let θ be the structural parameter,

ν = (ν1, ν2, . . .) be the incidental parameters and S(X) be a sufficient statistic for ν.

If the likelihood f factors as follows,

f(x|θ, ν) = g(S(x)|ν) · ψ(x|S(x), θ),

θ and ν are said to be likelihood orthogonal since ∂2

∂θ ∂ν log f = 0 and we can infer θ based

on ψ alone, since ψ has no dependence on ν.

This method works even in cases where the distribution g(S(x)) has θ dependence:

f(x|θ, ν) = g(S(x)|ν, θ) · ψ(x|S(x), θ).

Inference can still be based on ψ alone, although we would lose some information about θ

in g. We shall see later in Chapter 3 that the zero-lag log-linear model for neurons falls in

this category.

For the above two categories, estimation involves using only the conditional distribution ψ

and not the full likelihood f and hence these methods are known in the statistics literature

as the conditional likelihood approach.

The third category of problems mentioned in [28] where the partial likelihood methods can
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be applied is when there exists a statistic L(X) such that the likelihood factors as:

f(x|θ, ν) = g̃(L|θ) · ψ̃(x|L, ν, θ),

in which case inference can be based on g̃. In this thesis we focus on the first two categories

of problems.

Reid and Cox [18, 19, 34] have studied the conditional inference in depth for many years

for a variety of different problems. When a separation of likelihood discussed above is

not possible, but we have information orthogonality (i.e. block diagonality of the Fisher

information matrix), [18] suggests approximate conditional inference using conditional like-

lihood given the maximum-likelihood estimates of the orthogonalized parameters. They

have also studied pseudo-likelihood approximations to conditional inference [19] for high

dimensional parameters using only pairwise joint distributions. We shall use this idea for

our composite likelihood approach in Chapter 5.

Anderson [3] proved the consistency of the conditional maximum likelihood estimates

(CMLE) under strong conditions. These conditions are satisfied by the random effects

model (one where the incidental parameters ν are treated as random variables with some

probability distribution). He also proposed a conditional likelihood ratio test using the

conditional likelihood in [2], which can be inverted to obtain confidence intervals.

We explore the conditional inference approach in detail for our two-neuron zero-lag syn-

chrony model in Chapters 3 and 4. Anderson’s result from [3] does not directly apply to

our two-neuron model, but we adapt his proof to establish consistency of the CMLE in

our case. In addition to the point estimates, we also obtain confidence intervals using the

conditional likelihood as proposed in [2]. To scale more easily to larger networks, we de-

velop an approximate conditional method based composite likelihood (pseudo-likelihood)

as discussed in [19].
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Marginal approach

The marginal or the Bayesian approach involves treating the incidental parameters ν =

(ν1, ν2, . . .) as random variables and integrating them out using some prior. Berger inves-

tigated these integrated likelihood methods for different models in [6]. The choice of prior

is very important for this approach to work well, much more than in the classical finite-

dimensional parameter setting. In general, the Bayesian approach will not help resolve the

incidental parameter problem if the prior on ν’s is not accurate. We will see in Chapter 2

that a non-informative uniform prior on the incidental parameters ν for the Neyman-Scott

Gaussian model gives consistent estimates for the structural parameter θ [28], but using

other priors results in inconsistent estimates unless we know the true priors on ν exactly.

A hierarchical approach can solve this issue as long as we accurately identify the form of

the prior distribution on ν. Berger [6] suggests the use of uninformative flat priors (uni-

form priors), which works for a range of models (as in the case of Neyman-Scott Gaussian

model), but it does not solve the consistency issues for all problems, particularly in panel

models with logit or probit distributions [14, 28] (more details in Section 1.1.2). In general,

marginalizing may not solve the inconsistency issue for the structural parameter unless the

prior used in the model for the incidental parameters depicts the true prior, or the model is

flexible enough to capture any type of distribution of ν (for example, using non-parametric

priors on ν). Kiefer and Wolfowitz [27] prove the consistency of the maximum likelihood

estimates using the marginal likelihood when the distribution on ν is also inferred along

with the structural parameter θ (note that there is no parametric assumption on the distri-

bution on ν). This can be achieved by using a non-parametric framework. In Chapter 6, we

use a non-parametric Dirichlet process mixture (DPM) prior for the two-neuron zero-lag

model, which appears to address the incidental parameter problem.

So far, we have seen the overall approach used to handle the incidental parameters in the

statistics literature. We now take a closer look at some of the problems in panel model and

Rasch model literature where these methods are used. We shall then explore these ideas
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in detail on the Neyman-Scott Gaussian model in Chapter 2, before applying them to our

neuron model.

1.1.2 Panel data models

Incidental parameter problems also appear frequently in econometric literature in panel

data models with fixed agent-specific effects. Panel data refers to multivariate data for

multiple individuals or groups (known in the literature as agents or panels) recorded over

time at discrete time points. Panels could represent different individuals, groups of people,

economic firms, or even nations. In panel models the parameter of interest θ measures

the dependence of the response variable with the covariates, whereas nuisance parameters

νi’s are often introduced to capture the agent specific effects that may be correlated with

the covariates. Let us look at some examples of panel data models from [14, 28]. In these

examples, we use the notation Y for the response variable and X for the covariates and

i = 1, . . . , N indexes the panels.

Linear regression model with agent specific intercepts:

Yit = θXit + νi + εit , εit ∼ N (0, σ2)

Auto-regression model:

Yit = θYi,t−1 + νi + εit , εit ∼ N (0, σ2)

Panel logit: If yit is binary,

P(Yit = 1|νi, θ,X) =
eνi+θXit

1 + eνi+θXit

Panel probit: If yit is binary, and Φ(·) represents the standard normal cumulative distri-
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bution function,

P(Yit = 1|νi, θ,X) = Φ(νi + θXit)

There are two approaches to model the likelihood: fixed effects and random effects. In

a fixed effects model, the νi’s are treated as fixed constants and the likelihood is written

conditional on the νi’s. On the other hand a random effects approach treats the νi’s as

random variables and the likelihood is written marginal on the νi’s, i.e. we try to integrate

these parameters out with respect to some distribution. This distribution could depend

on the covariate sequence (Xit)’s, but is often modeled as independent of the covariates

[14, p. 233], [28, p. 396]. For example, a random effects approach for the linear regression

model might assume νi ∼ N (0, σ2
µ). These two approaches correspond to the conditional

and the marginal/Bayesian framework discussed in the previous Section 1.1.1.

Chamberlain [14] explores the method of conditioning on sufficient statistics as well as the

random effects approach for different panel data models – linear regression, auto regression,

multinomial logit model, etc. – to obtain consistency of structural parameters in presence

of incidental parameters. For both panel logit and panel probit, conditioning helps to

overcome the incidental parameter problem, but the random effects model with uniform

prior (as suggested by [6]) does not give consistent estimates for θ.

1.1.3 Rasch models

The Rasch models, which are widely used for social and psychological data and for item

analysis in educational testing, also suffer from the incidental parameter problem when the

number of tests or questions are held fixed, but the number of individuals being tested goes

to infinity. Consider a setting with n different individuals taking a test with k different

questions. Let the data be (Xij : i = 1, . . . n, j = 1, . . . , k) where each Xij indicates if

individual i responded to item j correctly. Then the basic Rasch model is given by

P(Xij = 1) =
e(νi−θj)

1 + e(νi−θj)
.
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Here νi is the ability parameter for the i-th individual and θj is the item difficulty pa-

rameter for the j-th item. The θ’s are the parameter of interest and ν’s are considered

nuisance parameters. In the setting when the number of items k is fixed, but the number

of individuals n goes to infinity, the standard maximum likelihood estimate (MLE) for θ

is inconsistent [23].

The Rasch model literature refers to the fixed effects model (where the ν’s are assumed to

be some fixed constants) as the functional model and the random effects model (where ν’s

are thought of as random variables with some distribution) as the structural model.

De Leeuw and Verhelst [20] unify all the different variations of the Rasch model used in

literature under one general Rasch model and use this to compare the different techniques

for handling incidental parameters, in particular the unconditional maximum likelihood

estimate(MLE), the conditional maximum likelihood estimate (CMLE) and the marginal

maximum likelihood estimate (MMLE). Let us denote the distribution on νi as Hi with

density hi. Based on what assumptions we make on the Hi we can have different models

and different types of estimates:

If Hi are assumed to be step functions with a single step, i.e the density hi is a Dirac-

delta function at a value ν̂i given by hi = δ(νi = ν̂i), then this model reduces to the

fixed-effects or the functional model and the estimates are the unconditional maximum

likelihood estimate (MLE).

If all Hi are assumed to be the same, Hi = H ∀i, then this is the same as the random

effects or the structural model. Further, H can be assumed to be exactly known, or to be

some parametric family, or even some nonparametric distribution. If H is assumed to be

known exactly, the ν’s can be integrated out using this H to get the marginal likelihood in

terms of θ. We refer to the maximum likelihood estimate of this marginal likelihood as the

maximum marginal likelihood estimate (MMLE) in Chapter 2. If instead H is taken to be

some parametric family with an unknown hyper-parameter c, the hyper-parameters can be

jointly estimated with θ. This is similar to a hierarchical Bayesian approach (see Section
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2.3 for more details) and we refer to the joint (θ, c) estimates as the hierarchical maximum

likelihood estimate (HMLE). A distribution that is often used for ν’s in the Rasch model

literature is the finite mixture model [29], where the population is treated as a collection

of different groups with group specific parameters and latent variables are introduced to

define the group assignment for each νi.

If we assume that the H is completely unknown, we can use a non-parametric distribution

on the ν’s. De Leeuw and Verhelst [20] refer to this type of model as the extended Rasch

model and treat it separately from the structural model. Another way to think about the

nonparametric framework is to extend the finite mixture model on ν’s to allow for variable

number of groups (one can estimate the number of groups) even including the possibility

of infinite groups. Lindsay et al. [29] refer to this model as a semi-parametric model (since

the distribution on incidental parameters ν is non-parametric, whereas the distribution

on the structural parameters θ is parametric). Kiefer and Wolfowitz [27] proposed and

proved consistency for this type of model (using a continuous distribution H on the ν’s

and estimating the distribution H simultaneously with θ) and hence these are also known

in literature as Kiefer-Wolfowitz estimates.

De Leeuw and Verhelst [20] and Lindsay et al. [29] also motivate conditional inference in

an alternate way, from a Bayesian perspective, by showing that the conditional MLE and

the Kiefer-Wolfowitz estimates are closely related, at least in the context of Rasch models.

[20] proves that the nonparametric marginal estimates (Kiefer-Wolfowitz estimates) are

identical to the conditional estimates with probability 1. The unified general Rasch model

framework allows for such a comparison to be made. See [29] and [20] for more details.

More recently, Zwinderman [42] suggested the use of composite likelihood (or pseudo-

likelihood) methods based on pairs of items taken together at a time. Our conditional

composite approach (Section 5) is similar to this idea.

We combine all these different ideas from literature and apply them to our log-linear model

for zero-lag synchrony.
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1.2 Outline

In Chapter 2 we explore the Neyman-Scott Gaussian model from [32] and various ap-

proaches to tackle the incidental parameter problem for this model in detail. We derive

the asymptotic properties for the Gaussian model analytically, and then extend the ideas

we develop here for our neuron model.

In Chapter 3 we introduce the two-neuron log-linear model for zero-lag synchrony. We ex-

plore how the stationary model leads to model misspecification, whereas the non-stationary

(piecewise-constant) model leads to incidental parameter problems on simulated data. We

introduce the idea of conditional inference for this model and demonstrate in simulation

how this leads to consistent estimates.

In Chapter 4 we prove consistency for the conditional maximum likelihood estimates

(CMLE) and also obtain confidence intervals using conditional likelihood. We then ap-

ply this method to neuronal recordings from the medial prefrontal cortex of a rat running

through a maze to infer neuron connectivity.

In Chapter 5 we extend the idea of conditioning to larger networks. As the network size

grows, the CMLE computation becomes more intensive. We explore composite likelihood

methods (also known as pseudo-likelihood methods) to tackle this computational issue.

In Chapter 6, we explore an alternate non-parametric Bayesian approach using Dirichlet

process mixture (DPM) priors on the incidental parameters.



Chapter 2

Neyman-Scott problem for

Gaussian distribution

In this chapter we explore the different approaches for estimating parameters of interest in

the presence of incidental parameters on a Gaussian model. Although Gaussian models are

not our eventual interest, the mathematics is easier in the Gaussian setting and is useful

for building intuition.

We first describe the problem setting. Section 2.1 explores the unconditional maximum

likelihood estimation, Section 2.2 looks at the conditional approach, and Section 2.3 looks

at the marginal approach using three different priors on the incidental parameters.

Let us focus on just one-dimensional data coming from a Gaussian probability density

function f . Let X = (X1, X2, . . . , XT ) be independent Gaussian random variables with

common variance θ and means µ = (µ1, µ2, . . . , µT ), so that

Xt | µ, θ ∼ N (µt,θ) ∀ t = 1, 2, . . . , T

fµ,θ(x) =

T∏
t=1

1√
2πθ

exp

(
−(xt − µt)2

2θ

)
.

13
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Further suppose also that µ is slow varying and can be taken to be piecewise constant in

smaller time windows of length D. Partitioning the data into W windows of length D,

where w-th window Ωw is given by Ωw = {t ∈ N : (w− 1)D+ 1 ≤ t ≤ wD}, we denote the

common value of µt in the w-th window to be νw: µt = νw ∀ t ∈ Ωw. For simplicity, let us

assume that T is a multiple of D and let W = T/D. This re-parameterization gives

Xt | ν, θ ∼ N (νw,θ) ∀ t ∈ Ωw, ∀ w = 1, . . . ,W.

We re-index the data with respect to which window they are in and denote Xt by Xwd,

where w = dt/De and d = t− (w − 1)D. Hence,

Xwd | ν, θ ∼ N (νw, θ) ∀ d = 1, . . . , D and w = 1, . . . ,W.

This was one of the examples used by Neyman and Scott in [32] to illustrate the incidental

parameter problem. Here θ is the parameter of interest and ν1, ν2, . . . , νW are the incidental

parameters.

We derive all the details in Appendix B and provide only the main results in this chapter.

2.1 Maximum likelihood estimation

The likelihood is given by

fν,θ(x) =
W∏
w=1

D∏
d=1

1√
2πθ

exp

(
−(xwd − νw)2

2θ

)

log fν,θ(x) = −WD

2
log 2π − WD

2
log θ −

W∑
w=1

D∑
d=1

(xwd − νw)2

2θ
.
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The maximum likelihood estimate (we shall denote this as the MLE from here onwards)

for this is given by

ν̂MLE
w =

1

D

D∑
d=1

xwd ∀ w = 1, . . . ,W

θ̂MLE =
1

WD

W∑
w=1

D∑
d=1

x2
wd −

1

WD2

W∑
w=1

(
D∑
d=1

xwd

)2

=
DM2 −M1

D
,

where

M2 =
1

WD

W∑
w=1

D∑
d=1

x2
wd and M1 =

1

WD

W∑
w=1

(
D∑
d=1

xwd

)2

. (2.1)

Assume that the data was generated with true parameters ν∗ = (ν∗w : w = 1 . . . ,W ) and

θ∗ as follows

Xwd | ν∗, θ∗ ∼ N (ν∗w, θ
∗) ∀ d = 1, . . . , D and w = 1, . . . ,W. (2.2)

We have E[X2
wd] = ν∗w

2 + θ∗ ∀ w, d and E[Xwd1Xwd2 ] = ν∗w
2 ∀ w, d1 6= d2.

Standard MLE gives inconsistent results (see Appendix B.1 for details). As we gather more

data and the number of windows W →∞, we get

θ̂MLE =
DM2 −M1

D
−→ D − 1

D
θ∗.

We are trying to infer large number of incidental parameters, each from a finite amount of

data. If we take the window width to be D, each νw is inferred from only the corresponding

D entries in each window. Since these estimates are used to calculate the MLE for θ, it

leads to inconsistent results for θ̂MLE. This is known as the incidental parameter problem.

In Chapter 1, we introduced the two main approaches suggested in literature to tackle

the incidental parameter problems. We now explore these methods, both conditional and

marginal, for this Gaussian model.
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2.2 Conditioning

The conditional approach involves finding some statistics of the data such that when you

condition on these statistics, the remaining conditional likelihood depends only on the

structural parameters θ. Conditioning on statistics sufficient for the incidental parameters

ν ensures that the conditional likelihood has no ν dependence. One can then infer the

structural parameters from the conditional likelihood.

The sum statistic Sw(X) ,
∑

dXwd is sufficient for the incidental parameters νw. We

condition on the observed values of the sum statistics sw = Sw(x) =
∑

d xwd. If f is the

density function for X, we can write f(x) = g(S(x)) · ψ(x|S(x)) where g is the marginal

density of S(X) and ψ is the conditional likelihood. The conditional MLE is given by (see

Appendix B.2 for details)

θ̂CMLE =
1

WD(D − 1)

W∑
w=1

D D∑
d=1

x2
wd −

(
D∑
d=1

xwd

)2


=
DM2 −M1

D − 1
,

where M1 and M2 are as defined in Equation (2.1). If the data is generated from the true

model (2.2), we get (see derivation of Equation (B.8) for details)

θ̂CMLE =
DM2 −M1

D − 1
−→ θ∗. (2.3)

Conditional Inference gives consistent estimates.

2.3 Marginalization

The marginal approach involves integrating the incidental parameters ν out [6, 28] to

get the marginal likelihood (also known as integrated likelihood) and using this marginal
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likelihood for estimating the structural parameter θ. This is also known in literature as

the random effects model. Let us explore if this approach resolves the consistency issues

for this model.

After assuming a certain prior on ν’s and integrating them out, we get the marginal

distribution in terms of θ alone. At this stage, we can use the frequentist approach and

maximize this integrated/marginal likelihood to get the marginal maximum likelihood

estimate for θ (we shall denote this as MMLE from here onwards). Alternately, we can

use some prior on θ and look at the posterior mode (MAP estimate). A fully Bayesian

framework would involve introducing priors on both θ and ν’s: after integrating the ν’s

out, we are left with only the posterior on θ and we can estimate θ by its posterior mean.

As we gather more data and as W →∞, the effect of the prior will die out and eventually

all these three estimates will converge to the same point. For this discussion, we shall focus

on the MMLE and look at its asymptotic properties.

In the following sections we explore the marginal approach using three different types

of priors on the incidental parameters – uniform prior in Section 2.3.1, and Gaussian

distributions in Section 2.3.3 (conjugate setting) and Section 2.3.2 (non-conjugate prior).

The uniform prior gives consistent estimates for this particular problem, but the Gaussian

priors do not.

For the cases where the MMLE is not consistent (Sections 2.3.3 and 2.3.2), we explore the

hierarchical approach. We try to be agnostic about the prior on ν’s; we assume that the

hyper-parameter c used to parameterize the prior distribution on the ν’s is also a random

variable that can be estimated. In the hierarchical Bayesian approach we would put a prior

on c and get a posterior mean, but for our discussion we stick to a frequentist approach

and infer c using a maximum likelihood estimation along with θ (we call these estimates

as the hierarchical maximum likelihood estimates or the HMLE).

To be truly agnostic about the form of the prior on ν’s, we can use a non-parametric

approach. We shall explore the non-parametric Dirichlet process mixture (DPM) prior on
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the incidental parameters for our neuron model in Chapter 6. However, for the Neyman-

Scott problem in this chapter, we stick to the domain of parametric models.

2.3.1 Using a (non-informative) uniform prior on ν

A prior often suggested in literature for nuisance parameters is a non-informative uniform

prior [6]. The likelihood of the data in terms of θ and ν is given by

fν,θ(x) =

W∏
w=1

D∏
d=1

1√
2πθ

exp

(
−(xwd − νw)2

2θ

)
.

Integrating each νw over R with respect to an improper uniform prior (see Appendix B.3.1

for details) gives

fmarginalθ (x) =
W∏
w=1

1

(2πθ)
D−1
2

√
D

exp

(
− 1

2θ

∑
d

(xwd − sw)2

)
,

where sw ,
∑

d xwd. Since we get this likelihood over θ by integrating the ν’s out, this is

known as the integrated likelihood[6] or the marginal likelihood. Now we maximize this

marginal likelihood to get the marginal maximum likelihood estimate (MMLE) given by

Equation (B.10) as

θ̂MMLE,unif =
1

W (D − 1)

W∑
w=1

(∑
d

(xwd − sw)2

)
=
DM2 −M1

D − 1
.

Note that this is the same as the CMLE in Equation (2.3) and hence if the data is generated

from the true model (2.2), we get

θ̂MMLE,unif =
DM2 −M1

D − 1
−→ θ∗.



19

2.3.2 Using a (non-conjugate) Gaussian prior on ν

Now let us try to integrate out ν with another prior:

νw | c ∼ N (0,c) ∀ w.

Our original model was Xwd | ν, θ ∼ N (νw,θ) ∀ d, ∀ w. Then we can write

Xwd = νw + Zwd ∀d, ∀ w,

where each Zwd iid ∼ N (0, θ) ∀w, ∀d and the Z’s are independent from the ν’s. Hence ∀w

E[Xw] = Eνw + EZwd = 0

E[X2
wd] = Eν2

w + EZ2
wd + EνwZwd = c+ θ

E[Xwd1Xwd2 ] = Eν2
w + EνwZwd1 + EνwZwd2 + EZwd1Zwd2 = c ∀ d1 6= d2,

and after integrating the ν’s out with the above prior, we get the integrated model

Xw | (θ, c) ∼ N
(
~0, Q

)
∀ w = 1, . . . ,W, (2.4)

where

Xw =



Xw1

Xw2

...

XwD


, Q =



θ + c c . . . c

c θ + c
...

...
. . . c

c . . . c θ + c


.

Log-marginal-likelihood is given by

Lmarginal
c (θ) = −WD

2
log 2π − W

2
log |Q| − 1

2

W∑
w=1

xTwQ
−1xw,
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which can be simplified to (see derivation of Equation (B.13) in Appendix B.3.2)

− 2

W
Lmarginal
c (θ) = D log 2π + (D − 1) log θ + log(θ + cD) +

M2D

θ
− M1cD

θ(θ + cD)
, (2.5)

where M1 and M2 are as defined in Equations (2.1) above.

Let the true prior on νw be νw ∼ N (0,c
∗) ∀ w. The true distribution of the data is then

given by

Xw | (θ∗, c∗) ∼ N
(
~0, Q∗

)
∀ w, (2.6)

where

Q∗ =



θ∗ + c∗ c∗ . . . c∗

c∗ θ∗ + c∗
...

...
. . . c∗

c∗ . . . c∗ θ∗ + c∗


.

This gives E[XwX
T
w ] = Q∗, E[X2

wd] = θ∗+ c∗ ∀ w, d and E[Xwd1Xwd2 ] = c∗ ∀ w, d1 6= d2.

Using this we get (see Equation (B.18) for more details) M1 → θ∗+ c∗D and M2 → θ∗+ c∗

MMLE

If we assume c to be a fixed constant, the maximum marginal likelihood estimate (MMLE)

is given by maximizing the marginal log-likelihood (2.5) over θ ∈ R for that fixed c. If the

data is generated from the true model (2.6), we get θ̂MMLE → θ∗ if and only if c = c∗, i.e.

we know the prior distribution on the ν’s exactly (see Appendix B.3.2 for more details).

Thus the MMLE need not be consistent in general.



21

HMLE

Instead of assuming c is a fixed constant, the hierarchical Bayesian approach treats c as

random variable with some distribution. Using some priors on c and θ, one can obtain the

joint posterior, and the hierarchical Bayesian estimates are given by the posterior mean.

However, for this discussion, we use a frequentist approach instead of a Bayesian one –

we estimate c jointly along with θ using maximum likelihood estimation and we call this

θ estimate the hierarchical maximum likelihood estimate (HMLE). As we get more and

more data, the effect of the prior (on θ and c) will eventually die out and the hierarchical

Bayesian estimates given by the posterior mean will converge to the HMLE.

Treating the hyper-parameter c as unknown and maximizing Equation (2.5) jointly over c

and θ simultaneously gives

ĉ =
M1 −M2

(D − 1)
and θ̂HMLE =

DM2 −M1

(D − 1)

and if the data is generated from the true model (2.6) we get θ̂HMLE → θ∗. Hence, θ̂HMLE

is consistent. Note that the HMLE in this case is the same as the CMLE from Equation

(2.3).

2.3.3 Using a conjugate prior on (ν, θ)

The conjugate prior setting for (ν, θ) is as follows:

θ | (a, b) ∼ Γ−1(a, b)

νw | (θ, c) ∼ N (0,θc) ∀ w

Π(ν, θ) =
ba

Γ(a)

(
1

θ

)a+1

exp

(
− b
θ

) W∏
w=1

(
1√

2πcθ
exp

(
− ν

2
w

2cθ

))
.
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Using this conjugate prior on ν we get the model similar to equation (2.4)

Xw = | (θ, c) ∼ N
(
~0, θR

)
∀ w = 1, . . . ,W,

where

R =



1 + c c . . . c

c 1 + c
...

...
. . . c

c . . . c 1 + c


.

Log-likelihood is given by

Lmarginal(θ,R) = −

(
WD

2
log 2π +

W

2
log |R|+ WD

2
log θ +

1

2θ

W∑
w=1

xTwR
−1xw

)
,

which can be simplified to (see derivation of Equation (B.21) in Appendix B.3.3)

− 2

W
Lmarginal(θ, c) = D log 2π + log(1 + cD) +D log θ +

D

θ

(
M2 −

c

1 + cD
M1

)
, (2.7)

where M1 and M2 are as defined before in Equations (2.1).

Let the true prior on νw’s have hyper-parameter c∗ and let the true structural parameter

be θ∗. Then the true distribution of the data is

Xw|(θ∗, c∗) ∼ N
(
~0, θ∗R∗

)
∀ w, (2.8)

where

R∗ =



1 + c∗ c∗ . . . c∗

c∗ 1 + c∗
...

...
. . . c∗

c∗ . . . c∗ 1 + c∗


.
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This gives E[XwX
T
w ] = θ∗R∗, E[X2

wd] = θ∗(1+c∗) ∀ w, d and E[Xwd1Xwd2 ] = θ∗c∗ ∀ w, d1 6=

d2. Using this we get (see Equation (B.23)) M1 → θ∗(1 + c∗D) and M2 → θ∗(1 + c∗).

MMLE

We can treat c as known and maximize the log marginal likelihood (2.7) over θ to get

θ̂MMLE = M2 −
c

1 + cD
M1 −→ θ∗

(
1 +

c∗ − c
1 + cD

)

if the data is generated from the true model (2.8). We will get θ̂MMLE → θ∗ if and only if

c = c∗, i.e. our prior assumption is correct.

HMLE

Treating the hyper-parameter c as unknown and minimizing the negative marginal log-

likelihood Equation (2.7) jointly over c and θ simultaneously gives

ĉ =
M1 −M2

DM2 −M1
and θ̂HMLE =

DM2 −M1

(D − 1)

and if the data is generated from the true model (2.8), we get θ̂HMLE → θ∗. The HMLE

with conjugate prior is also the same as the CMLE from Equation (B.8).

In Section 2.2 we assume that the data was sampled from the model (2.2) with true

parameters ν∗ = (ν∗1 , . . . , ν
∗
W ) and θ∗, and the CMLE converges to the true value θ∗.

In Sections 2.3.2 and 2.3.3, we assume that the data was generated from models (2.6)

and (2.6), with true ν’s drawn from Gaussian distributions N (0, c∗) and N (0, c∗θ∗) and

respectively. The formulae for HMLE in these sections is the same as that of the CMLE

from Section 2.2, and they also converge to the true θ∗. Thus under all three different

assumptions (2.2), (2.6) or (2.8), the CMLE (and the HMLE) is consistent.
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2.4 Summarizing the Neyman-Scott problem for the Gaus-

sian model

We can summarize the results of Chapter 2 as follows

1. MLE is inconsistent due to the incidental parameter problem.

2. Marginal MLE (MMLE) obtained by integrating out ν using a non-conjugate prior

νw ∼ N(0, c) ∀ w or a conjugate prior νw ∼ N(0, θc) ∀ w is consistent only if the

prior is accurate.

3. CMLE, HMLE (also estimate hyper-parameter c), and MMLE with non-informative

uniform prior are all consistent.

(a) Plate notation

(b) Simulation results for the case in Section 2.3.2 using a non-
conjugate Gaussian prior on ν’s: MSE (solid) and squared bias (dot-
ted)

Figure 2.1: Neyman-Scott problem in a Gaussian model with window width D

Figure 2.1 shows the plate notation for this type of problem on the left. On the right we have

results on simulated data with non-stationary ν’s. Solid lines represent the mean squared

errors (MSE) between estimated θ̂ and true θ∗ and dotted lines represent the squared

bias. We see that the non-stationary MLE, MAP (posterior mode) estimate, as well as

the MMLE with an incorrect prior appear to be inconsistent, whereas the CMLE, HMLE,

MMLE with the right prior or non-informative, uniform prior appear to be consistent in

simulations.
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In the next chapter we introduce the two-neuron log-linear model for zero-lag synchrony.

We shall explore how the above techniques for handling incidental parameter problems can

be extended to that model. We explore the conditional approach in the next three chapters

and the marginal approach in the final chapter.



Chapter 3

Two-neuron log-linear model for

zero-lag synchrony

We now introduce the two-neuron log-linear model for zero-lag synchrony. We explore how

the stationary assumption can lead to model misspecification (Section 3.1), whereas the

non-stationary model can lead to incidental parameter problems (Section 3.2). We then

introduce the idea of conditional inference in Section 3.3 for this model and demonstrate, in

simulation, how conditioning can overcome the incidental parameter problem and lead to

consistent estimates. We also look at the asymptotics of these three estimates for special

cases in Sections 3.4 and 3.5. We shall investigate the conditional inference in greater

depth in Chapter 4. We shall explore the marginal approach later in Chapter 6.

Basic two-neuron log-linear model for zero-lag synchrony

The data consists of time-discretized spike trains where each entry in the data gives a count

of the number of times a neuron cell spikes in the given time bin. If the time scale is fine

enough, we can see a maximum of one spike in each time bin. If we have data for T time

bins of 1 ms each, we get a 2×T matrix X = (Xit : i = 1, 2; t = 1, . . . , T ) ∈ X = {0, 1}2×T

26
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consisting of binary random variables Xit that indicate whether the neuron i spiked at any

time t. Let x ∈ X = {0, 1}2×T be the observed data. The full log-linear model is given by

P(X = x) =
T∏
t=1

e(µ1tx1t+µ2tx2t+θx1tx2t)

1 + eµ1t + eµ2t + e(µ1t+µ2t+θ)
. (3.1)

Here θ is the structural parameter we are interested in, which gives time-homogeneous

connectivity between the spiking of the two neurons. We are only interested in the param-

eter θ and want to be robust to the background effects. Parameters µ1 = (µ1t)t=1,...,T and

µ2 = (µ2t)t=1,...,T are the nuisance parameters that account for the variation in individual

neuron firing rates due to unobserved background effects.

This model with continuously changing µ’s is not identifiable. We need to make additional

assumptions on the structure of the nuisance parameters µ’s, or use a method that avoids

inferring the µ’s altogether. We can use domain knowledge to introduce some assump-

tions about the slowly varying background effects, such as assuming the µ’s are stationary

(explored in Section 3.1), or piecewise constant (explored in Section 3.2), etc. We can

then infer maximum likelihood estimates (MLE) for the nuisance parameters and substi-

tute these in the log-likelihood to estimate the structural parameters. This is the same

as trying to get a joint MLE for all the parameters together. The stationary assumption

can lead to model misspecification, whereas the piece-wise constant assumption leads to

incidental parameter problems. Regularization, i.e. introducing a prior distribution on

the nuisance parameters and maximizing the posterior to get the maximum a posteriori

(MAP) estimate, does not solve the issue either (Section 3.2).

The two approaches suggested in literature to tackle the incidental parameter problems

are conditioning and marginalizing.

We focus mainly on the conditional approach: conditioning on coarsened data so as to

be robust to the varying background effects. We shall first study this approach for the

two neuron case, where we shall compare the conditional approach to other approaches
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and explore the consistency of each method. We shall later extend this method for larger

networks and also devise some approximations that can scale with growing number of

neurons in Chapter 5.

In the marginal approach, we integrate the nuisance parameters out to get the marginal

likelihood in terms of the parameters of interest alone. Once we get the marginal likelihood

in terms of θ alone, we can either use the maximum likelihood approach to get the MMLE

or put a prior on θ to get the posterior mean. Note that this is different from the MAP

estimation, which involves getting the posterior mode for the full set of parameters - the

structural and the incidental. As we saw in Chapter 2, we need to accurately identify

the true prior on the incidental parameters for the marginalization approach to work. We

shall later explore the Bayesian non-parametric approach to achieve this using the Dirichlet

process mixture (DPM) prior in Chapter 6.

3.1 Stationary model: model misspecification

The stationary model assumes that the firing rates are constant over time. Let µ1t =

ν1, µ2t = ν2 ∀ t = 1, . . . , T . The stationary model is then given by

p(x|θ, ν1, ν2) =

T∏
t=1

e(ν1x1t+ν2x2t+θx1tx2t)

1 + eν1 + eν2 + e(ν1+ν2+θ)
. (3.2)

The log-likelihood of the observed data is given by

L(θ, ν1, ν2) = log p(x|θ, ν1, ν2)

= ν1

T∑
t=1

x1t + ν2

T∑
t=1

x2t + θ
T∑
t=1

x1tx2t − T log
(

1 + eν1 + eν2 + e(ν1+ν2+θ)
)

= ν1S1(x) + ν2S2(x) + θL(x)− T log
(

1 + eν1 + eν2 + e(ν1+ν2+θ)
)

= ν1s1 + ν2s2 + θl − T log
(

1 + eν1 + eν2 + e(ν1+ν2+θ)
)
,
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where the sufficient statistics for the data are S1(x) =
∑
x1t = s1, S2(x) =

∑
x2t = s2

and L(x) =
∑
x1tx2t = l and the maximum likelihood estimator (MLE) for this model is

given by

ν̂1 = log
s1 − l

T − s1 − s2 + l

ν̂2 = log
s2 − l

T − s1 − s2 + l

θ̂ = log
l (T − s1 − s2 + l)

(s1 − l) (s2 − l)
. (3.3)

If the data were to come from an experiment where the firing rates are held constant, then

the model gives accurate and consistent results, as seen in Figure 3.1. Here we simulated

data from the stationary model (3.2) with true parameters ν∗1 = −2.0842 and ν∗2 = −2.1952

and θ∗ ∼ Unif(−2, 2). Using MLE for the stationary model gives consistent results since

we use the accurate model.
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Figure 3.1: Stationary MLE on stationary data: On the left we have inferred θ̂ (stationary MLE) versus
true θ for various simulated trials with T = 12000 ms. On the right we have mean square error and squared
bias plots averaged over multiple simulations for varying values of T . Both the MSE and bias2 tend to
0 as T increases and the MLE is consistent. (Data generated from the stationary model (3.2) with true
parameters ν∗1 = −2.0842 and ν∗2 = −2.1952 and θ∗ ∼ Unif(−2, 2))

However, the assumption that the background effects are stationary is unrealistic. In any

real experiment, the firing rates vary over time. If the data were to come from a non-

stationary model with time-varying background effects, and we infer θ using a stationary

model (i.e. assuming that the ‘ν’s are constant over time), we have a problem of model
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misspecification, and we cannot expect to achieve consistency.

We show this on simulated data: we generate data from a non-stationary model (3.1) with

slowly varying (sinusoidal) ν1t and ν2t and θ∗ ∼ Unif(−2, 2). Figure 3.2 shows the results

for stationary-MLE on this non-stationary data. For this particular dataset, the stationary

MLE is lower than the true θ∗ for all simulations, and the average mean squared errors

and squared bias appears to saturate at a positive value and (does not tend to 0 as T

increases).
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Figure 3.2: Stationary MLE on non-stationary data: On the left we have inferred (stationary MLE)
versus true θ for various simulated trials with T = 12000 ms. The data is generated from a non-stationary
distribution (3.1) with smoothly varying ν’s but the inference uses MLE for the model 3.2. On the right
we have mean square error (MSE) and bias2 plots averaged over multiple simulations for varying values of
T . The stationary-MLE appears to be inconsistent (because of model misspecification).

3.2 Non-stationary model: incidental parameter problem

As seen earlier, the stationary model (3.2) is misspecified and the full log-linear model (3.1)

with time-varying firing rates is not identifiable. One way to get around the identifiability

issue is to introduce some assumptions on the structure of the firing rates, based on some

scientific knowledge in this domain. The firing rates vary slowly over the timescales we

are interested in. We can assume µ’s in Equation (3.1) to be piecewise constant in small

windows of width 4 or 5 ms, which will make the model identifiable.
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Let us take the window width to be D = 4 ms. For simplicity we assume that T is exactly

divisible by D and the number of windows is given by W = T/D. Let Ωw represent the

w-th bin: Ωw = {t : (w − 1)D < t ≤ wD} and µ1t = ν1w, µ2t = ν2w ∀ t ∈ Ωw for

each w = 1, 2, . . . ,W . The nuisance parameters for this piecewise constant model are

~ν1 = (ν1w : w = 1, . . . ,W ) and ~ν2 = (ν2w : w = 1, . . . ,W ). The non-stationary piecewise

constant model is then given by

p(x|θ, ~ν1, ~ν2) =
W∏
w=1

∏
t∈Ωw

exp(ν1wx1t + ν2wx2t + θx1tx2t)(
1 + eν1w + eν2w + e(ν1w+ν2w+θ)

)D . (3.4)

The sufficient statistics for the data are S1w(X) =
∑

t∈Ωw
X1t, S2w(X) =

∑
t∈Ωw

X2t in

each window, and L(X) =
∑

w Lw(X) with Lw(X) =
∑

t∈Ωw
X1tX2t ∀ w. Let the observed

statistics be s1w = S1w(x), s2w = S2w(x), lw = Lw(x) ∀ w and l = L(x) =
∑
lw.

The likelihood can be then written as:

p(x|θ, ~ν1, ~ν2) =
W∏
w=1

exp (ν1wS1w(x) + ν2wS2w(x) + θLw(x))(
1 + eν1w + eν2w + e(ν1w+ν2w+θ)

)D
=

W∏
w=1

exp (ν1ws1w + ν2ws2w + θlw)(
1 + eν1w + eν2w + e(ν1w+ν2w+θ)

)D .
The log-likelihood is:

L(θ, ~ν1, ~ν2) =
W∑
w=1

(
ν1ws1w + ν2ws2w + θlw −D log

(
1 + eν1w + eν2w + e(ν1w+ν2w+θ)

))
=

W∑
w=1

Lw(θ, ν1w, ν2w),

where

Lw(θ, ν1w, ν2w) = ν1ws1w + ν2ws2w + θlw −D log
(

1 + eν1w + eν2w + e(ν1w+ν2w+θ)
)
. (3.5)
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The non-stationary MLE for θ is given by maximizing this log-likelihood

θ̂ MLE = arg max
θ∈R

L(θ, ~ν1, ~ν2)

= arg max
θ∈R

W∑
w

sup
ν1w,ν2w

Lw(θ, ν1w, ν2w). (3.6)

Proposition 1. The windows where either s1w = 0, s2w = 0, s1w = D or s2w = D can be

ignored for the MLE calculation in (3.6)

Proof. Suppose sw = (s1w, s2w) = (0, 0), which will give lw = 0. Then

sup
ν1w,ν2w

Lw(θ, ν1w, ν2w) = sup
ν1w,ν2w

[
−D log

(
1 + eν1w + eν2w + e(ν1w+ν2w+θ)

)]
= −D log

(
inf

ν1w,ν2w

[
1 + eν1w + eν2w + e(ν1w+ν2w+θ)

])
= −D log(1) = 0.

Similarly if sw = (D, 0) or (0, D) or (D,D), we get supν1w,ν2w Lw(θ, ν1w, ν2w) = 0.

Suppose sw = (0, cD) where 0 < c < 1, then

sup
ν1w,ν2w

Lw(θ, ν1w, ν2w) = sup
ν1w,ν2w

[
cDν2w −D log

(
1 + eν1w + eν2w + e(ν1w+ν2w+θ)

)]
= D sup

ν2w

[
cν2w − log

(
inf
ν1w

[
1 + eν1w + eν2w + e(ν1w+ν2w+θ)

])]
= D sup

ν2w
[cν2w − log (1 + eν2w)]

= D(c log c+ (1− c) log(1− c)).

Note that there is no θ dependence. Similarly if sw = (cD, 0) or (D, cD) or (cD,D) for

0 < c < 1, supν1w,ν2w Lw(θ, ν1w, ν2w) = c log c + (1 − c) log(1 − c) is a constant that does

not depend on θ.

Thus whenever either of s1w or s2w is 0 or D, supν1w,ν2w Lw(θ, ν1w, ν2w) is either 0 or a

constant in θ and can be ignored in Equation (3.6).
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Let us define Sgood to be the set of all possible window sums n = (n1, n2)′ where the

windows are not degenerate, i.e.

Sgood =

n =

n1

n2

 : n1 6= 0, n2 6= 0, n1 6= D, n2 6= D


=

n =

n1

n2

 : n1, n2 ∈ {1, 2, . . . , (D − 1)}

 . (3.7)

Hence, we can ignore all the windows where sw /∈ Sgood. For all other non-degenerate

windows, supν1w,ν2w Lw(θ, ν1w, ν2w) is attained and is equal to the maximum. So we can

prune the degenerate windows and the θ̂MLE is given by maximizing

Lgood(θ, ~ν1, ~ν2) ,
∑

w:sw∈Sgood

Lw(x|θ, ν1, ν2) (3.8)

θ̂ MLE = arg max
θ∈R

max
~ν1,~ν2
Lgood(θ, ~ν1, ~ν2)

= arg max
θ∈R

∑
w:sw∈Sgood

max
ν1w,ν2w

Lw(θ, ν1w, ν2w). (3.9)

We equate the partial derivatives of Lgood(x|θ, ~ν1, ~ν2) ,
∑

w:sw∈Sgood Lw(x|θ, ν1, ν2) to zero:

s1w

D
− eν̂1w + eν̂1w+ν̂2w+θ̂

1 + eν̂1w + eν̂2w + eν̂1w+ν̂2w+θ̂
= 0 ∀w : sw ∈ Sgood (3.10)

s2w

D
− eν̂2w + eν̂1w+ν̂2w+θ̂

1 + eν̂1w + eν̂2w + eν̂1w+ν̂2w+θ̂
= 0 ∀w : sw ∈ Sgood (3.11)

∑
w:sw∈Sgood

(
lw
D
− eν̂1w+ν̂2w+θ̂

1 + eν̂1w + eν̂2w + eν̂1w+ν̂2w+θ̂

)
= 0 (3.12)

Solving Equations (3.10) and (3.11) simultaneously will give the MLE for ν̂1w and ν̂2w in

each window, as a function of θ. These can then be substituted in the likelihood to get the

profile likelihood and maximizing the profile likelihood over θ using (3.12) will give θ̂ MLE.

In simulations, θ̂ MLE can obtained numerically using a standard optimization solver.
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Figure 3.3: Non-stationary MLE (blue) and stationary MLE (black) on non-stationary data: On the left
we have inferred θ̂ (stationary MLE and non-stationary MLE) versus true θ for various simulated trials
with T = 12000 ms. On the right we have mean square error and squared bias plots averaged over multiple
simulations for varying values of T . Both stationary MLE and the non-stationary MLE appear to be
inconsistent

In Figure 3.3 we see how the non-stationary MLE compares with stationary MLE on the

same simulated non-stationary data described before. Both stationary and non-stationary

MLE results appear to be inconsistent. Stationary MLE gives incorrect results because

of model misspecification, whereas the non-stationary MLE suffers from the incidental

parameter problem. Size of ν grows as the number of windows grow, hence they are

incidental parameters. Each (ν1w, ν2w) pair is inferred from only the corresponding D

entries in each window xw. Since these estimates are used to calculate the MLE for θ, it

leads to inconsistent results for θ̂MLE.

Instead of the Maximum Likelihood Estimation (MLE), we could also use a a suitable prior

on the parameters and maximizing the posterior to get the MAP estimate. Figure 3.4

shows the simulation results with the MAP estimate included. The MAP estimates closely

resemble the non-stationary MLE and appears to be inconsistent as well. Regularization

doesn’t help overcome the incidental parameter problem.

We could also integrate out the incidental parameters to get the marginal likelihood as

a function of θ alone. We can then either use maximum likelihood estimation on this

marginal likelihood to get the MMLE, or use a full Bayesian approach with a prior on θ

and sample from the posterior. As we saw in Chapter 2, this approach works if we are able
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Figure 3.4: Map estimate (red), non-stationary MLE (blue) and stationary MLE (black) on non-stationary
data: On the left we have inferred θ̂ versus true θ for various simulated trials with T = 12000 ms. On
the right we have mean square error and squared bias plots averaged over multiple simulations for varying
values of T .

to accurately identify the true prior on the ν’s. We can achieve this by using a Bayesian

non-parametric approach with Dirichlet process mixture (DPM) prior on the ν’s, which

we shall explore in Chapter 6. Let us first explore the conditional approach to overcome

the incidental parameter problem.

3.3 Conditioning on coarse temporal structure

We are interested in the zero-lag connectivity of the neuron network, and this inference is

complicated by the non-stationary background effects. We want to develop an inference

procedure that will be robust to these coarse temporal effects, and at the same time be

able to capture the network connectivity of finer time scales.

The original data X ∈ X = {0, 1}2×T has a time resolution of 1 ms, so that each time-bin

of 1 ms has either 1 or 0 spikes. X contains information about fine temporal synchrony,

as well as, the coarse temporal background effects.

Let us now take a look at the same data coarsened over slightly larger time-windows. Let S

represent the coarsened data which keeps a count of the number of spikes in each coarsened
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time-window of width D. Theoretically, each bin can have up to D spikes. For simplicity

we assume that T is exactly divisible by D and the total number of windows in S is given

by W = T/D. If Ωw = {t : (w − 1)D < t ≤ wD} represents the w-th window, the coarse

data is given by the statistic S(X) = (Siw(X) : i = 1, 2; w = 1, . . . ,W ) ∈ {0, . . . , D}2×W

where Siw(X) =
∑

t∈Ωw
Xit as defined in the previous section (see Figure 3.5). S(X)

encodes some of the time-varying effects, however it contains little information about the

fine-temporal connectivities since now the data is aggregated over wider windows of D ms.

i 

j 
X 

j 

i 
S 

t 

X xw 
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2 

Figure 3.5: X is the original spiking data and S is its temporal coarsening using larger bins. We model
the conditional distribution of the precise spike timing, given the coarse data in S.

So far we have been modeling the probability of the entire data P(X = x), which can be

split as follows:

P(X = x) = P (S(X) = S(x)) · P (X = x|S(X) = S(x))

p(x) = g(S(x)) · ψ (x|S(x)) (3.13)

Instead of modeling all X, including S, we propose to focus inference on the conditional

distribution ψ(x|S(x)) of precise spike timing given coarse spike timing. This conditional

distribution contains the signal of interest about synchrony, while being completely robust

to the dynamics on coarser time scales.

For ease of notation, we also introduce some additional notation. Let Xw = (Xit :

i = 1, 2; t ∈ Ωw) ∈ {0, 1}2×D represent the data in the window Ωw. Hence the full data

is X = (X1, . . . , Xw). Let us define statistics on Xw ∈ {0, 1}2×D: S1(Xw) , S1w(X) =∑
t∈Ωw

X1t, S2(Xw) , S2w(X) =
∑

t∈Ωw
X2t. Let S(Xw) be the sum statistics for Xw given

by the two-dimensional vector S(Xw) , (S1(Xw), S2(Xw))′ = (S1w(X), S2w(X))′. We use
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a shorthand notations S1w and S2w to represent S1(Xw) and S2(Xw) respectively, and

Sw = (S1w, S2w)′ to represent S(Xw) = (S1(Xw), S2(Xw))′. We can then write the coarse

data statistic S(X) by putting all the Sw’s together as S(X) = (S1, . . . , Sw, . . . , SW ).

Furthermore, we define observed statistics by their corresponding small letters as follows:

If x ∈ X = {0, 1}2×T is observed data, then s represents the observed sum statistics

are s , S(x). We use xw = (xit : i = 1, 2; t ∈ Ωw) ∈ {0, 1}2×D to denote the

data in the w-th window of x and sw = (s1w, s2w)′ , (S1(xw), S2(xw))′, which gives

s = (s1, . . . , , sw, . . . , sW ).

Let us consider the stationary distribution:

P(X = x) =
1

Z(θ, ν1, ν2)

T∏
t=1

eν1x1t+ν2x2t+θx1tx2t ,

where the normalizing constant is Z(θ, ν1, ν2) = (1 + eν1 + eν2 + e(ν1+ν2+θ))T . Then,

P(X = x) =
1

Z(θ, ν1, ν2)

W∏
w=1

∏
t∈Ωw

eν1x1t+ν2x2t+θx1tx2t

=
1

Z(θ, ν1, ν2)

W∏
w=1

eν1S1(xw)+ν2S2(xw)+θL(xw),

where S1(xw) =
∑

t∈Ωw
x1t, S2(xw) =

∑
t∈Ωw

x2t, as defined above, and L(xw) =
∑

t∈Ωw
x1tx2t

counts the number of synchronies in xw.

Note that each window is independent and that the joint probability splits into the product

of individual window probabilities:

P(X = x) =
W∏
w=1

P(Xw = xw) =
W∏
w=1

eν1S1(xw)+ν2S2(xw)+θL(xw)

(1 + eν1 + eν2 + e(ν1+ν2+θ))D
.

Hence the probability of coarse data being the same as the observed coarse data P(S(X) =

S(x)) also splits into the product of P(S(Xw) = S(xw)). For each window, P(S(Xw) =

S(xw)) is given by summing over all possible y ∈ {0, 1}2×D which have S(y) = S(xw),
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i.e.S1(y) = S1(xw) and S2(y) = S2(xw). Hence

P(S(X) = S(x)) =
∏
w

P(S(Xw) = S(xw))

=
∏
w

∑
y

1(S(y) = S(xw)) · eν1S1(y)+ν2S2(y)+θL(y)

(1 + eν1 + eν2 + e(ν1+ν2+θ))D

=
∏
w

∑
y

1(S(y) = S(xw)) · eν1S1(xw)+ν2S2(xw)+θL(y)

(1 + eν1 + eν2 + e(ν1+ν2+θ))D

=
∏
w

eν1S1(xw)+ν2S2(xw)

(1 + eν1 + eν2 + e(ν1+ν2+θ))D

∑
y

1(S(y) = S(xw))eθL(y)

=
1

Z(θ, ν1, ν2)

∏
w

eν1S1(xw)+ν2S2(xw)
∑

y:S(y)=S(xw)

eθL(y).

In the conditional distribution, the terms corresponding to the nuisance parameters ν’s

cancel out to give

ψ (x|S(x), θ) = P(X = x|S(X) = S(x)) =
P(X = x)

P(S(X) = S(x))

=
W∏
w=1

eθL(xw)∑
y:S(y)=S(xw) e

θL(y)
. (3.14)

Instead of maximizing the full likelihood P(X = x) as done in standard maximum likeli-

hood methods, the conditional maximum likelihood estimate (CMLE) θ̂CMLE is given by

maximizing this conditional likelihood:

θ̂CMLE = arg max
θ

ψ (x|S(x), θ) .

Conditional inference focuses on the part of the likelihood that governs the fine-temporal in-

teractions that we are interested in, and avoids modeling the coarser dynamics g(S(x) = s),

in effect reducing the errors caused due to inaccurate modeling and inference of the back-

ground effects. Thus this inference technique applies to a wider class of models, with

different models for g(s) which still result in the same ψ(x|s). For example, the condi-

tional distribution obtained from the non-stationary model (3.4) will also give rise to the

same conditional distribution (3.14) which was derived from the stationary model (3.2).
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While computing the CMLE, instead of calculating the denominator in (3.14) by summing

over all possible y ∈ {0, 1}2×D, we can pre-calculate the coefficients:

∑
y:Sw(y)=sw

eθL(y) =
D∑
k=0

eθk ·#
{
y ∈ {0, 1}2×D : S(y) = S(xw) & L(y) = k

}
=

D∑
l=0

eθk · hS(xw)(k),

where the coefficient hS(xw)(k) is the hypergeometric coefficient which counts the num-

ber of 2 × D binary matrices with k number of synchronies and row sums given by

S(xw) = (S1(Xw), S2(xw))′. If n = (n1, n2)′, where n1 and n2 are integers, the hyper-

geometric coefficient is given by

hn(k) =

 D

n1


 n1

k


 D − n1

n2 − k

 , (3.15)

where

a
b

 =
a!

b!(a− b)!
if 0 ≤ b ≤ a, and 0 otherwise.

Using these coefficients we get

ψ (x|S(x), θ) =
∏
w

eθL(xw)∑
y:Sw(y)=S(xw) e

θL(y)
=
∏
w

eθL(xw)∑D
k=0 e

θkhsw(k)
=
∏
w

pw(xw|θ), (3.16)

where

pw(xw|θ) =
eθL(xw)∑

y:Sw(y)=S(xw) e
θL(y)

=
eθL(xw)∑D

k=0 e
θk · hS(xw)(k)

(3.17)

and the CMLE is

θ̂CMLE = arg max
θ

ψ (x|S(x) = s) = arg min
θ

∑
w

φw(Xw|θ), (3.18)

where φw(xw|θ) , − log pw(xw|θ) ∀ w is the negative log-likelihood for each window. Since

(3.16) is an exponential family, the function to be minimized is convex (see proof of The-

orem 1 for more details).
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Proposition 2. Let Sgood be as defined in (3.7).We can ignore degenerate windows where

sw /∈ Sgood in the CMLE computation and the CMLE can be defined as

θ̂CMLE = arg min
θ

∑
w:sw∈Sgood

φw(xw|θ). (3.19)

Proof. If either s1w = 0 or s2w = 0, we would have lw = 0 and also hsw(k) = 0 ∀ k 6= 0.

Hence pw(·|θ) would be a constant function in θ (in fact, pw(·|θ) = 1). Hence for all practical

purposes, we can ignore these degenerate windows from our calculations. The same applies

to windows where at least one of s1w or s2w is equal to D. Without loss of generality, let

s1w = D and 0 < s2w = c < D. Then we have lw = c and also hsw(k) = 0 ∀ k 6= c. So

pw(·|θ) has a term eθc in both the numerator and denominator, which cancels out to give

a constant term. So we can also ignore windows where either of the spike count sums is 0

or D. Ignoring the degenerate windows, we get

ψ (x|S(x) = s) ∝ ψgood (x|S(x) = s) =
∏

w:S(xw)∈Sgood

pw(xw|θ). (3.20)

We can now maximize this modified conditional likelihood ψgood (x|S(x) = s) to get the

conditional maximum likelihood estimate (CMLE):

θ̂CMLE = arg max
θ

ψgood (x|S(x) = s) = arg min
θ

∑
w:sw∈Sgood

φw(xw|θ), (3.21)

where φw(xw|θ) , − log pw(xw|θ) ∀ w

Each different D will give a slightly different θ. The choice of D depends on what time

scales we want to be robust to. If the background rates are suspected to change rapidly,

we will choose a small D, say 4-5 ms, but if we think the background effects vary slowly,

we will choose a larger D, say 10 ms, or 50 ms, etc. We look at some of these effects of

changing D in simulated data in Section 4.2.

Figure 3.6 shows the CMLE results superimposed on standard MLE results (stationary
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MLE and non-stationary MLE) on the same simulated non-stationary data from before.

We can see how the CMLE captures the true θ∗ more accurately as compared to the other

MLE estimates, and that the mean squared error and the squared bias appear to tend to

0 as T increases.

True 3
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Figure 3.6: Conditional inference on non-stationary data: stationary MLE (black), non-stationary MLE
(blue) and CMLE (pink). On the left we have inferred θ̂ versus true θ for various simulated trials with T =
12000 ms. On the right we have mean square error and squared bias plots averaged over multiple simulations
for varying values of T . Both stationary MLE and non-stationary MLE appear to be inconsistent, while
CMLE appears to be consistent.

In the next section we get analytic expressions for these different estimates (stationary

MLE, non-stationary MLE and conditional MLE) with D = 2 or D = 3 and explore

their asymptotic behavior. If the true data is generated from the stationary model or the

piecewise constant non-stationary model, we see that only the CMLE converges to the true

θ∗, whereas both stationary MLE and non-stationary MLE are inconsistent. We shall see

a more general proof for consistency of the CMLE in Chapter 4 and also obtain confidence

intervals.

Computing the normalizing constant in (3.17) involves summing over all possible combi-

nations of spikes with the same coarse temporal structure. This can get computationally

intensive for larger networks. As we begin to look at larger networks, we need to look at

different types of approximations for the conditional likelihood. We explore one such ap-

proximation – the composite likelihood (also knows as the pseudo-likelihood) in Section 5.2.



42

3.4 Asymptotic results for window width D = 2

We look at some asymptotic results, both consistency and asymptotic normality for the

three estimators we have seen so far - stationary MLE, non-stationary MLE and CMLE

for D = 2. We look at results on stationary data in Section 3.4.1, and non-stationary data

in Section 3.4.2. Detailed calculations are provided in Appendix C.1.

3.4.1 Results on stationary data

Let us assume that the data comes from a stationary model with true parameters ν∗1 , ν∗2 ,

and θ∗. Hence the true data probability is

P(X = x) =

T∏
t=1

e(ν
∗
1x1t+ν

∗
2x1t+θ

∗x1tx2t)

z∗
,

where the normalizing constant is given by z∗ = (1 + eν
∗
1 + eν

∗
2 + e(ν∗1+ν∗2+θ∗)). At each

time t, xt ∈ {(0, 0)′, (0, 1)′, (1, 0)′, (1, 1)′} has a categorical distribution with probabilities

(p00, p01, p10, p11) given by

p00 =
1

z∗
, p10 =

eν
∗
1

z∗
, p01 =

eν
∗
2

z∗
, p11 =

eν
∗
1+ν∗2+θ∗

z∗
. (3.22)

We can use Law of Large Numbers, Central Limit theorem and the Multivariate Delta

method (result A.3) to get the limiting values and the asymptotic distributions for the

three estimates. Refer to Appendix C.1.2 for details.

The limiting values are given by Equations (C.7), (C.12) and (C.15)

θ̂stat −→ log
e(ν∗1+ν∗2+θ∗)

eν
∗
1 · eν∗2

= θ∗ (3.23)

θ̂ nonstat −→ 2 log
2e(ν1∗+ν∗2+θ∗)

2e(ν1∗+ν∗2 )
= 2θ∗ (3.24)

θ̂CMLE −→ log
2e(ν1∗+ν∗2+θ∗)

2e(ν1∗+ν∗2 )
= θ∗ (3.25)
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which shows that the stationary MLE and the CMLE (with D = 2) are consistent for

stationary data, but the non-stationary MLE (with D = 2) is inconsistent.

The asymptotic distributions are given by Equations (C.9), (C.13) and (C.16):

√
T
(
θ̂ stat − θ∗

)
−→ N

(
0,

1

p00
+

1

p10
+

1

p01
+

1

p11

)
√
T
(
θ̂ MLE − 2θ∗

)
−→ N

(
0,

8

p111
+

8

p110

)
√
T
(
θ̂ CMLE − θ∗

)
−→ N

(
0,

2

p111
+

2

p110

)

where p110 = 2 · p10 · p01, p111 = 2 · p11 · p00 and p00, p10, p01, p11 are as defined in (3.22).

Simulation results for stationary data

Let us look at some simulated results. We took the true parameters to be ν∗1 = log(4),

ν∗2 = log(2), θ∗ = 1. This gives 1
p00

+ 1
p10

+ 1
p01

+ 1
p11

= 51.63, 2
p111

+ 2
p110

= 141.29 and

8
p111

+ 8
p110

= 565.17 and hence we get

√
T
(
θ̂ stat − θ∗

)
−→ N (0, 51.63)

√
T
(
θ̂ MLE − 2θ∗

)
−→ N (0, 565.17) (3.26)

√
T
(
θ̂ CMLE − θ∗

)
−→ N (0, 141.29)

We simulated 250 samples from this true distribution at T = 2 × 106 and calculated the

three estimators for each sample. In simulations, the sample variances for the normalized

estimators (from Equation (3.26)) were 62.3, 580 and 145 respectively.

The asymptotic theory predicts, in this case, that the distributions of the estimators are
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approximately

θ̂ stat d
≈ N (θ∗, 51.63/T ) = N

(
1, 2.58× 10−5

)
θ̂ MLE d

≈ N (2θ∗, 565.17/T ) = N
(
2, 2.83× 10−4

)
(3.27)

θ̂ CMLE d
≈ N (θ∗, 141.29/T ) = N

(
1, 7.06× 10−5

)

In simulations, at T = 2 × 106ms, the sample variances for the three estimators were

3.11 × 10−5, 2.90 × 10−4 and 7.25 × 10−5 respectively. The histograms for the three

estimates and their corresponding asymptotic distributions are shown in Figure 3.7.

(a) stat-MLE, N
(
1, 2.58× 10−5

)
(b) MLE, N

(
2, 2.83× 10−4

)
(c) CMLE, N

(
1, 7.06× 10−5

)

(d) all together

Figure 3.7: Distribution of the estimators (stat-MLE, MLE with D = 2 and CMLE with D = 2) for 250
samples with T = 2 × 106 on stationary data with true θ∗=1: Blue bar graphs are the histograms of the
estimators and red curves are the asymptotic distributions from Equations (3.27).

Figure 3.8 shows the mean squared errors (MSE), squared bias and variances (in logarithmic

scale) of the three estimates on simulated stationary data (same true parameters ν∗1 =

log(4), ν∗2 = log(2), θ∗ = 1 as above) with increasing T values.
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(a) MSE (solid line) and squared bias (dotted line) (b) Variance

Figure 3.8: MSE, squared bias and variance for the three estimators: stationary MLE (black), non-
stationary MLE (blue) and CMLE (pink), as T increases using 250 samples from stationary distribution
(with true parameters ν∗1 = log(4), ν∗2 = log(2), θ∗ = 1). Note that the y-axis has a logarithmic scale to be
able to distinguish between the stat-MLE and CMLE curves.

Asymptotic relative efficiency of CMLE to stationary-MLE

From (C.9) and (C.16), the Asymptotic Relative Efficiency (ARE) [13, Def (10.1.16)] of

the CMLE with respect to the stationary MLE is

ARE(θ̂CMLE, θ̂ stat) =

(
1

p00
+

1

p10
+

1

p01
+

1

p11

)
/

(
2

p111
+

2

p110

)
,

where p00, p10, p01, p11 are as defined in (3.22) and p110 = 2 ·p10 ·p01 and p111 = 2 ·p11 ·p00.

This gives

ARE(θ̂CMLE, θ̂ stat) =
eθ
∗
(p10 + p01) + (p11 + p00)

eθ∗ + 1

=
eθ
∗
(p10 + p01) + (p11 + p00)

eθ∗ + 1

∈
[

1

eθ∗ + 1
,

eθ
∗

eθ∗ + 1

]
≤ 1.

We see that the CMLE is less efficient than the stationary MLE, which is not surprising

since the data is generated from a stationary model. While the conditional inference

does give consistent results, we lose some information by ignoring g(S(x)) and using only

ψ(x|S(x)) from (3.13). We can see the variance of simulated estimates in Figure 3.8(b).



46

3.4.2 Results on non-stationary data

Now let us explore how these estimates behave asymptotically if the data is generated

from a non-stationary model. The simplest case would be if the data came from one set of

parameters for the first half and a different set of parameters for the second half. Let us

assume that T is divisible by 4 (we want each half to break into windows of width 2). Let

the parameters be (ν∗1 , ν
∗
2 , θ
∗) for t ≤ T/2 , and (λ∗1, λ

∗
2, θ
∗) for t > T/2. Hence the true

data probability is

P(X = x) =

T/2∏
t=1

exp (ν∗1x1t + ν∗2x1t + θ∗x1tx2t)

z∗ν

T∏
t=T

2
+1

exp (λ∗1x1t + λ∗2x1t + θ∗x1tx2t)

z∗λ
,

where the normalizing constants are given by z∗ν = (1 + eν
∗
1 + eν

∗
2 + e(ν∗1+ν∗2+θ∗)) and

z∗λ = (1 + eλ
∗
1 + eλ

∗
2 + eλ

∗
1+λ∗2+θ∗).

Detailed calculations are in Appendix C.1.3. The limiting values are given by (C.24),

(C.26) and (C.29) as

θ̂stat −→ θ stat
0 = θ∗ + log

(z∗λ + z∗ν)
(
z∗λe

ν∗1+ν∗2 + z∗νe
λ∗1+λ∗2

)(
z∗λe

ν∗1 + z∗νe
λ∗1
) (
z∗λe

ν∗2 + z∗νe
λ∗2
)

θ̂ nonstat −→ 2θ∗

θ̂CMLE −→ θ∗

For this non-stationary data, only the conditional MLE is consistent. θ̂stat is consistent if

and only if ν∗1 = λ∗1 or ν∗2 = λ∗2 (details in Appendix C.1.3). The asymptotic distributions

are given by (C.25), (C.28) and (C.30).
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Simulation results for non-stationary data

Let us look at some simulated results. We took the true parameters to be ν∗1 = log 4,

ν∗2 = log 2 for t ≤ T/2, λ∗1 = log 4, λ∗2 = log 3 for t > T/2, and θ∗ = 1 for all t.

This gives z∗ν = z∗λ = 7 + 8eθ
∗
and the categorical probabilities given by (C.18) and (C.19)

evaluate to

p1
00 = p2

00 =
1

7 + 8eθ∗
, p1

10 = p2
01 =

4

7 + 8eθ∗
, p1

01 = p2
10 =

2

7 + 8eθ∗
, p1

11 = p2
11 =

8eθ
∗

7 + 8eθ∗
.

Using these parameter values and Equations (C.24), (C.26) and (C.29), the limiting values

of the three estimators are given by

θ̂stat −→ θ∗ + log
8

9
, θ̂ nonstat −→ 2θ∗, θ̂CMLE −→ θ∗.

For this non-stationary data, only the conditional MLE is consistent.

Substituting these values in (C.25), (C.28), (C.30) gives

√
T

(
θ̂ stat −

(
θ∗ + log

8

9

))
=
√
T
(
θ̂ stat − 0.88

)
−→ N (0, 49.23)

√
T
(
θ̂ nonstat − 2θ∗

)
=
√
T
(
θ̂ nonstat − 2

)
−→ N (0, 565.17) (3.28)

√
T
(
θ̂ CMLE − θ∗

)
=
√
T
(
θ̂ CMLE − 1

)
−→ N (0, 141.29)

We simulated 250 samples for T = 2×106 ms from this non-stationary (piecewise constant)

distribution The sample variances for these normalized estimators (from Equation (3.28))

were 54.34, 579.99 and 145.00 respectively. The asymptotic theory (from (3.28)) predicts



48

(a) stat-MLE, N
(
.88, 2.46× 10−5

)
(b) MLE, N

(
2, 2.83× 10−4

)
(c) CMLE, N

(
1, 7.06× 10−5

)

(d) all together

Figure 3.9: Distribution of the estimators (stat-MLE, MLE with D = 2 and CMLE with D = 2) for 250
samples with T = 2 × 106 on non-stationary data with true θ∗=1: Blue bar graphs are the histograms of
three estimators and red curves are the asymptotic distributions from equations (3.29).

that the distributions of the estimators are approximately

θ̂ stat d
≈ N

(
0.88,

49.23

T

)
= N

(
0.88, 2.46× 10−5

)
θ̂ MLE d

≈ N
(

2,
565.17

T

)
= N

(
2, 2.83× 10−4

)
(3.29)

θ̂ CMLE d
≈ N

(
1,

141.29

T

)
= N

(
1, 7.06× 10−5

)
In simulations, the variances at T = 2×106 ms for θ̂ stat, θ̂ nonstat and θ̂ CMLE are 2.72×10−5,

2.90×10−4 and 7.25×10−5 respectively (see Figure 3.9). The Mean Squared Error (MSE),

squared bias and variance for the three estimators using these 250 samples at each T for

increasing values of T is shown in Figure 3.10. Comparing with Figure 3.8, we see that

the stationary MLE is also inconsistent, and only the CMLE gives results that appear to

be consistent.
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(a) MSE (solid line) and squared bias (dotted line) (b) Variance

Figure 3.10: MSE, squared bias and variance for the three estimators: stationary MLE (black), non-
stationary MLE (blue) and CMLE (pink), as T increases using 250 samples from non-stationary distribution
(with parameters θ∗ = 1, ν∗1t = log 4, ν∗2t = log 2 ∀ t ≤ T/2 and ν∗1t = log 2, ν∗2t = log 4 ∀ t ≥ T/2). The
y-axis has a logarithmic scale.

3.5 Asymptotic results for window width D = 3

We now explore the asymptotics for the case D = 3. We look at the asymptotic per-

formance of the non-stationary MLE and CMLE on stationary data in Section 3.5.1. In

Section 3.5.2, we look at simulation results on stationary data as well as non-stationary

data.

With window width D = 3, possible spike count sums in each window for each neuron are

0, 1, 2 or 3. For MLE and CMLE calculations, we ignore the degenerate windows with

sums 0 or 3. Hence the only non-degenerate windows have sums sw = (s1w, s2w)′ ∈ Sgood =

{(1, 1)′, (1, 2)′, (1, 1)′, (2, 2)′}. Let us denote the number of these non-degenerate windows

as W11, W12, W21 and W22 respectively, and in general we use Wijk to count the number

of windows with (s1w, s2w, lw) = (i, j, k).

The possible synchrony counts for windows with sums (1, 1), (1, 2) and (2, 1) are 0 and

1 and for windows with sums (2, 2), the possible synchronies are 1 and 2. Hence W11 =

W110 +W111, W12 = W120 +W121, W21 = W210 +W211 and W22 = W221 +W222.
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Non-stationary MLE with D = 3

The MLE is given by solving (3.10) and (3.11) to get ν̂1w and ν̂2w as a function of θ for

each window with sw ∈ Sgood and then substituting all these estimates in (3.12) to get

θ̂MLE . Detailed calculations are included in Appendix C.2.1.

The non-stationary MLE is given by θ̂MLE = log ρ̂, where ρ̂ is a root of h(ρ) given by

Equation (C.35)

h(ρ) ,
W111 +W121 +W211 +W221 + 2W222 − 3 (W11γ11 +W12γ12 +W21γ21 +W22γ22)

W
,

where γ11, γ12, γ21, γ22 are functions of ρ.

CMLE with D = 3

Using (3.17) and (3.20), the conditional distribution to be optimized is given by

ψgood(x|S = s) =
∏

w:sw∈Sgood

exp(θlw)∑D
k=0 exp(θk) · hs1w,s2w(k)

.

Then the CMLE that maximizes the above conditional likelihood is given by Equation

(C.41) (see Appendix C.2.2 for details) as

θ̂CMLE = log
(2A+B − 2C −D) +

√
(2A+B − 2C −D)2 + 4(A+ 2B)(C + 2D)

2(C + 2D)
,

(3.30)

where A = 2(W111 +W222), B = W121 +W211, C = 2(W120 +W210) and D = W110 +W221.
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3.5.1 Asymptotic results on stationary data

Let us assume that the data comes from a stationary model with true parameters ν∗1 , ν∗2 ,

and θ∗. Hence the true data probability is

P(X = x) =
T∏
t=1

e(ν
∗
1x1t+ν

∗
2x2t+θ

∗x1tx2t)

z∗
=

T∏
t=1

ax1t · bx2t · cx1tx2t
z∗

,

where a = eν
∗
1 , b = eν

∗
2 and c = eθ

∗
and the normalizing constant is given by z∗ =

1 + eν
∗
1 + eν

∗
2 + eν

∗
1+ν∗2+θ∗ = 1 + a+ b+ abc.

Asymptotic behavior of non-stationary MLE on stationary data

Equations (C.37) and (C.38) from Appendix C.2.1 give h(ρ)→ h∗(ρ) where

h∗(ρ) =
3ab

z∗3

([
c− (c+ 2)

2ρ+ 1−
√

8ρ+ 1

2(ρ− 1)

]
+ (a+ b)

[
2c− (2c+ 1)

3ρ−
√
ρ(8 + ρ)

2(ρ− 1)

]

+ abc

[
2(c+ 1)− (c+ 2)

4ρ− 1−
√

8ρ+ 1

2(ρ− 1)

])
.

If ρ̂ is a root of h and ρ0 is a root of the limiting function h∗, then ρ̂→ ρ0, since the roots of

a polynomial vary continuously with the co-efficients [24]. This gives θ̂MLE → θ0 = log ρ0.

Thus for the stationary distribution, θ0 (the limiting value of θ̂MLE) depends on the true

values of the incidental parameters as well. Hence we cannot use any sort of a clever

correction to correct the MLE (as we can do for the Gaussian case in the Neyman-Scott

problem). For varying ν1
∗ and ν2

∗, with θ∗ = 1, the mesh plot of the values of θ0 = log ρ0

is shown in Figure 3.11. For different values of ν1
∗ and ν2

∗, we get different limiting θ0,

and hence θ̂MLE is not consistent.
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Figure 3.11: Limiting values of θ̂MLE as a function of varying ν1
∗ and ν2

∗ with θ∗ = 1: θ̂MLE 9 θ∗ = 1

.

Asymptotic behavior of CMLE on stationary data

For a stationary data, the CMLE with D = 3 given by (C.41) converges to the true θ∗:

θ̂CMLE → θ∗ (see Appendix C.2.2 for details).

3.5.2 Simulation results

Simulation results for stationary data

For our simulations we use stationary data with parameters ν∗1 = log 4, ν∗2 = log 2 and

θ∗ = 1. Substituting these values in (C.38), the root of the limiting function h∗ is given

by ρ0 = 4.815 and hence θ̂MLE → log ρ0 = 1.5717. On the other hand, θ̂CMLE → θ∗ = 1.

Figure 3.12 shows simulated results for the MLE and CMLE with D = 3 in addition to

the ones shown in Figure 3.7,

Simulation results for non-stationary data

Figure 3.13 shows simulated results for the MLE and CMLE with D = 3 in our previous

simulations (non-stationary data with structural parameter θ∗ = 1 ∀ t and incidental
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Figure 3.12: Distribution of the estimators (stat-MLE, MLE with D = 2 and CMLE with D = 2, MLE
with D = 3 and CMLE with D = 3) for 250 samples with T = 2× 106 on stationary data with true θ∗=1:
Blue bar graphs are the histograms of the estimators and the red curves are the asymptotic distributions.

parameters ν∗1 = log 4 and ν∗2 = log 2 for t ≤ T/2, and λ∗1 = log 2 and λ∗2 = log 4 for

t > T/2) in addition to those shown in Figure 3.9

Figure 3.13: Distribution of the estimators (stat-MLE, MLE with D = 2 and CMLE with D = 2, MLE
with D = 3 and CMLE with D = 3) for 250 samples with T = 2 × 106 on non-stationary data with
true θ∗=1: Blue bar graphs are the histograms of the estimators and the red curves are the asymptotic
distributions.

So far we have seen that the stationary assumption can lead to model misspecification,

whereas the non-stationary model can lead to incidental parameter problems. Conditioning

appears to overcome the incidental parameter problem and lead to consistent estimates.

We shall investigate the conditional inference in greater depth in the next chapter. We

prove the consistency of the CMLE for this model and also obtain confidence intervals.

We also extend the conditional inference framework to networks with more neurons and

develop an approximate composite likelihood approach to scale to larger networks.



Chapter 4

Conditional Inference

So far we have seen that the stationary MLE and the non-stationary MLE were inconsistent

for simulated data, whereas the CMLE appeared to be consistent. In this chapter we take

a closer look at conditional inference.

We first prove the consistency of the CMLE for our two-neuron zero-lag synchrony model

in Section 4.1. We then explore the effect of varying the window width that we choose

for conditioning in Section 4.2: larger window widths can lead to model misspecification,

whereas smaller window widths can lead to over-conditioning. Next we see how to obtain

confidence intervals around the CMLE in Section 4.3. Finally, in Section 4.4, we demon-

strate our methods on data recorded from the medial prefrontal cortex of a rat running

through a maze to infer neuronal connectivity. We apply our methods to infer synchrony

between pairs of neurons, as well as lags and leads.

54
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4.1 Proof of consistency

In this section, we prove the consistency of the CMLE for data generated from some

true conditional distribution. Anderson [3] proved consistency of the CMLE for a general

setting which corresponds to our non-stationary model with piecewise constant incidental

parameters. Our two-neuron model does not satisfy some of the assumptions used in his

proof, but we adapt his proof to our case under a more general set of assumptions. We do

not make any assumptions about the structure of incidental parameters; instead we prove

consistency directly for the conditional model.

The full conditional likelihood is given by Equations (3.16) and (3.17):

ψ (x|S(x), θ) =
∏
w

pw(xw|θ)

where

pw(xw|θ) =
eθL(xw)∑

y:S(y)=S(xw) e
θL(y)

(4.1)

with each xw ∈ {0, 1}2×D. The CMLE is given by Equation (3.18):

θ̂CMLE = arg max
θ

ψ (x|S(x), θ) = arg min
θ

1

W

∑
w

φw(Xw|θ)

where φw(xw|θ) , − log pw(xw|θ) ∀ w.

We saw earlier, in Section 3.3, that we can ignore degenerate windows that do not con-

tribute to the conditional distribution and use only the windows with window sums sw ∈

Sgood where Sgood =

n =

n1

n2

 : n1, n2 ∈ {1, . . . , D − 1}

 . Ignoring the degenerate

windows, (3.20) gives

ψ (x|S(x), θ) ∝ ψgood (x|S(x) = s, θ) =
∏

w:sw∈Sgood

pw(xw|θ)
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Let Wgood = #{w : sw ∈ Sgood}. Then the CMLE becomes

θ̂CMLE = arg max
θ

ψgood (x|S(x) = s, θ) = arg min
θ

1

Wgood

∑
w:sw∈Sgood

φw(xw|θ) (4.2)

Theorem 1. Let Xw ∈ {0, 1}2×D, for D ≥ 2. Let the true parameter be θ∗ and let the

data X1, X2, . . . be drawn independently from the true conditional distribution

Xw ∼ pw(·|θ∗) independently ∀ w

where pw is as defined in (4.1). If S(Xw) = sw ∈ Sgood infinitely often, then the CMLE

θ̂CMLE, as defined by (4.2), is strongly consistent, i.e. θ̂CMLE a.s.−−→ θ∗

Proof. First let us assume that sw ∈ Sgood for all w = 1, . . . ,W . We have

φw(xw|θ) = log

 ∑
y:S(y)=S(xw)

eθL(y)

− θL(xw) = log
∑

y:S(y)=S(xw)

eθ(L(y)−L(xw)) . (4.3)

Note that φw(·|θ) is differentiable in θ for all w with

∂

∂θ
φw(xw|θ) =

∑
y:S(y)=S(xw) L(y)eθL(y)∑

y:S(y)=S(xw) e
θL(y)

− L(xw) .

Since (4.1) is an exponential family, φw(·|θ) is a convex function in θ. The second derivative

of φw(·|θ) with respect to θ is given by

∂2

∂θ2
φw(xw|θ) =

∑
y:S(y)=S(xw) L(y)2eθL(y)∑

y:S(y)=S(xw) e
θL(y)

−

(∑
y:S(y)=S(xw) L(y)eθL(y)∑

y:S(y)=S(xw) e
θL(y)

)2

= Eθ
[
L(X)2|S(X) = S(xw)

]
− Eθ [L(X)|S(X) = S(xw)]2

= Eθ
[

(L(X)− µL)2 | S(X) = S(xw)
]

= Vθ [ L(X) | S(X) = S(xw) ] ≥ 0 , (4.4)

where µL = Eθ [L(X)|S(X) = S(xw)]. Equality holds in Equation (4.4) if and only if

L(y) = µL ∀ y ∈ {y′ : S(y′) = S(xw)}. Since µL is a constant, equality holds only
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for those combinations of sw = (s1w, s2w) where all y ∈ {y′ : S(y′) = sw} give a single

value of L(y). For our case, this happens only for sw ∈ {(0, 0), (0, D), (D, 0), (D,D)}, i.e.

sw /∈ Sgood : L(y) = 0 for all y with S(y) ∈ {(0, 0), (0, D), (D, 0)} and L(y) = D for all y

with S(y) = (D,D). For all sw ∈ Sgood, ∂2φw(xw|θ)/∂θ2 > 0 for all θ, and φw(xw|θ) is a

strictly convex function in θ. Since we assumed sw ∈ Sgood for all w, φw(xw|θ) is a strictly

convex function for all w and hence 1
W

∑W
w=1 φw(xw|θ) is strictly convex in θ.

Now we know that for all y ∈ {0, 1}2×D we have 0 ≤ L(y) ≤ D and 0 ≤ L(xw) ≤ D

where D is the window width and the sample space had 4D points. This implies −D ≤

L(y)− L(xw) ≤ D and hence from (4.3) we get

φw(xw|θ) ≤ log

 ∑
y:S(y)=S(xw)

e|θ|D


≤ log

(
4De|θ|D

)
≤ D(|θ|+ log 4) .

Let us define µw(θ) and σ2
w(θ) as the mean and variance of φw(Xw|θ) under the true

probability distribution pw(·|θ∗) as follows:

µw(θ) , Eθ∗ [φw(Xw|θ)]

σ2
w(θ) , Vθ∗ [φw(Xw|θ)] ≤ Eθ∗

[
φw(xw|θ)2

]
≤ D2(|θ|+ log 4)2 .

Note that
∞∑
w=1

σ2
w(θ)

w2
≤ D2(|θ|+ log 4)2

∞∑
w=1

1

w2
< ∞ ∀ θ ∈ R.

Now we can use the Strong Law of Large Numbers for independent random variables (A.1)

to get

1

W

W∑
w=1

(φw(Xw|θ)− µw(θ))
a.s.−−→ 0 ∀ θ ∈ R. (4.5)
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Applying (4.5) simultaneously to θ∗ and (θ∗ + δ) for some small δ > 0, we get

1

W

W∑
w=1

{φw(Xw|θ∗ + δ)− φw(Xw|θ∗)} −BW
a.s.−−→ 0 , (4.6)

where

BW =
1

W

W∑
w=1

{µw(θ∗ + δ)− µw(θ∗)}

=
1

W

W∑
w=1

{Eθ∗ [φw(Xw|θ∗ + δ)]− Eθ∗ [φw(Xw|θ∗)]}

=
1

W

W∑
w=1

Eθ∗
[
log

pw(Xw|θ∗)
pw(Xw|θ∗ + δ)

]

=
1

W

W∑
w=1

D ( pw(·|θ∗) || pw(·|θ∗ + δ) )

≥ min
w
D ( pw(·|θ∗) || pw(·|θ∗ + δ) ) ,

where D(P ||Q) , EP [log(P (X)/Q(X))] represents the relative entropy [16, p. 18] or the

Kullback-Leibler divergence between probability distributions P and Q. The relative en-

tropy is always non-negative and 0 if and only if P = Q almost everywhere. Let us define

distribution ps(·|θ) for any x ∈ {0, 1}2×D as follows:

ps(x|θ) =
1(S(x) = s) · eθL(xw)∑

y:S(y)=s e
θL(y)

θ ∈ R.

The distribution ps is similar to pw in (4.1) before, but for a given fixed statistic s. Let us

define κ to be

κ(θ∗, δ) = min
s∈Sgood

D( ps(·|θ∗) || ps(·|θ∗ + δ) ).

In this case, ps(·|θ∗+δ) and ps(·|θ∗) will be equal almost everywhere only for the degenerate

windows s /∈ Sgood where ps(.|θ) is a constant function in θ. Hence κ(θ∗, δ) > 0. Since

sw ∈ Sgood for all windows w, we get

BW ≥ min
w
D ( pw(·|θ∗) || pw(·|θ∗ + δ) ) ≥ κ(θ∗, δ) > 0 , (4.7)



59

where κ(θ∗, δ) is a strictly positive lower bound on BW that does not depend on W .

From (4.6) and (4.7), we get

1

W

W∑
w=1

φw(Xw|θ∗ + δ) >
1

W

W∑
w=1

φw(Xw|θ∗) (4.8)

eventually with probability 1. Repeating this for (θ∗ − δ), we get

1

W

W∑
w=1

φw(Xw|θ∗ − δ) >
1

W

W∑
w=1

φw(Xw|θ∗) (4.9)

eventually with probability 1.

(4.8) and (4.9) combined with the fact that 1
W

∑W
w=1 φw(Xw|θ) is differentiable in θ implies

the existence of a critical point in the interval (θ∗ − δ, θ∗ + δ) eventually with probability

1. Also since 1
W

∑W
w=1 φw(Xw|θ) is strictly convex, the critical point is a global minimum.

Since δ > 0 can be arbitrarily small, we have θ̂CMLE → θ∗ with probability 1.

Now let us allow degenerate windows as well. Since sw ∈ Sgood infinitely often, we see that

Wgood →∞. Using (4.2), the proof immediately follows by considering only w ∈ Sgood.

4.2 Variation of window width D: over-conditioning versus

misspecification

The choice of window width D plays an important role in the inference procedure. If

we let D = T , this represents the stationary model from Section 3.1. In practice, the

choice of D will be influenced by how fast we think the firing rates vary. If we expect the

non-stationarities in the data to be minimal and the firing rates to vary very slowly with

time, we can choose a large D. On the other hand if we expect fast-changing firing rates,
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we would choose a smaller D.

We explore the effects of changing values of D on inference on simulated data - both

stationary and non-stationary data. We generate the non-stationary data from a piecewise

constant ν∗ with D∗ = 6, ν∗1w ∈ {−1,−2}, ν∗2w ∈ {−3,−2}. To generate the stationary

data, we use ν∗1 = −1.5 and ν∗2 = −2.5. The true θ∗ = 1 for both. We compare the CMLE

obtained by using different values of D = 2, 3, 6, 12, 18 in inference.

Figure 4.1 shows the mean squared error of the CMLE versus T in linear as well as logarith-

mic scale for both stationary and non-stationary data. On stationary data, the stationary-

MLE as well as the CMLE with all different D’s appear to be consistent. As D increases,

the MSE gets smaller and smaller, and we get the smallest errors for the stationary-MLE.

For non-stationary data, we initially see the same phenomenon, i.e. as D increases, the

MSE is smaller. But once D > D∗, we no longer get consistent estimates since the model

is now misspecified.

We need to choose D small enough to capture most of the variation in the firing rates,

since larger values of D could lead to model-misspecification. On the other hand, taking D

to be much smaller than needed leads to over-conditioning. As D gets smaller, the number

of statistics to be conditioned on increases. The more we condition, the more information

we lose. Even so, the estimates would still be consistent despite the slow convergence. It is

better to err on the side of smaller D’s and lose some efficiency than choose a large value

for D and lose consistency. Ultimately, the choice of D depends on the scientific questions

being asked and on what time scales we want to be robust to.

4.3 Confidence intervals

So far we have seen how to get the point estimates using conditional likelihood. We

now obtain confidence intervals around these point estimates. We can do so by one of
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Figure 4.1: Effect of changing window widths on CMLE: over-conditioning versus misspecification

two methods – either using the idea of significance testing by inverting p-values under

the conditional distribution)(Section 4.3.1), or by using conditional likelihood ratio tests

(Section 4.3.2)

4.3.1 Confidence intervals: significance testing

We can obtain confidence intervals by a two-sided hypothesis test under the null hypothesis

H0 : θ = θ0. The confidence interval at level (1− α) is given by

Cα = {θ0 : pθ0(x) > α},
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where pθ0(x) is the p-value i.e. the probability of obtaining a test statistic at least as ex-

treme as the one observed assuming that the null hypothesis is true. Suppose the observed

statistics are L(x) = l0 and S(x) = s = (s1, . . . , sw, . . . , sW ). The two-sided p-value, under

the conditional distribution ψθ(x|S(x)), is given by

pθ(x) = 2 min { Pθ(L(X) ≥ l0 | S(X) = s) , Pθ(L(X) ≤ l0 | S(X) = s) }

= 2 min


l0∑
l=0

Pθ(L(X) = l | S(X) = s),
T∑
l=l0

Pθ(L(X) = l | S(X) = s)


= 2 min


l0∑
l=0

βθ(l),
T∑
l=l0

βθ(l)

 ,

where

βθ(l) , Pψθ (L(X) = l | S(X) = s) =
∑

x:L(x)=l

∏
w

pw(xw|θ)

=
∑

lw:
∑
kw=l

∏
w

∑
xw:L(xw)=kw

pw(xw|θ)

=
∑

lw:
∑
kw=l

∏
w

qw(kw).

Here pw(·|θ) is as defined in Equation (3.17) and qw(k) is the probability of observing the

statistic L(xw) = kw in the w-th window given by

qw(k) =
∑

xw:L(xw)=k

pw(xw|θ)

=
∑

xw:L(xw)=k

1(S(xw) = sw) · eθL(xw)∑D
m=0 e

θm · hsw(m)

=
∑

xw:L(xw)=k

1(S(xw) = sw) · eθk∑D
m=0 e

θm · hsw(m)

=
eθk∑D

m=0 e
θm · hsw(m)

·#{xw : L(xw) = k, S(xw) = sw}

=
eθk · hsw(k)∑D

m=0 e
θm · hsw(m)

.
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Since each window is independent, we can compute βθ(l) as a W -fold convolution of qw(kw):

βθ(l) = (q1 ∗ q2 ∗ · · · ∗ qw ∗ · · · ∗ qW )(l).

For our p-value calculations, we need to calculate βθ(l) at all possible values of l, which

will require us to calculate qw(k) at all values of k. We pre-compute these and build a

table of all possible qw(·), convolve all combinations, and sum them up to get the p-value.

Inverting the p-value at a given level gives the confidence interval at that level. To find

the two end-points we can find the two roots of the θ equation pθ(x)− α = 0.

In Section 4.3.3 we show results for coverage probability on simulated data. In Section

4.4 we show how we can use the confidence intervals to make inferences about neuronal

connectivity. Before that, let us explore another method of getting confidence intervals.

4.3.2 Confidence intervals: likelihood ratio tests

We can also obtain a confidence interval by inverting a likelihood ratio test [13, p. 423], [38,

p. 384,447]. Anderson [2] shows that using the full likelihood for the likelihood ratio test

fails in the presence of incidental parameters, but suggests using the conditional likelihood

ratio (the likelihood ratio obtained from the conditional likelihood) instead. If x is the

observed data and θ̂CMLE is the conditional MLE, the conditional likelihood ratio is given

by

λθ(x) =
P (X = x | θ, S(X) = S(x))

P
(
X = x | θ̂CMLE, S(X) = S(x)

) =
ψθ(x|S(x))

ψθ̂CMLE (x|S(x))
.

Suppose we want to get the confidence interval Cα at level (1−α), i.e. we need to find the

region Cα such that

Pθ(θ ∈ Cα) < 1− α.

Asymptotically Λθ(X) = −2 log λθ(X) is a χ2 distributed random variable [2]. If h(·) is

the cumulative distribution function of a χ2 distribution, then

Pθ(Λθ(X) < h−1(1− α)) < 1− α.
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Let us denote cα , h−1(1− α). Then

Pθ (Λθ(X) < cα) = Pθ (−2 log λθ(X) < cα) = Pθ
(
λθ(X) > exp

(
−cα

2

))
< 1− α.

The confidence interval is then given by

Cα(x) =
{
θ ∈ R : λθ(x) > exp

(
−cα

2

)}
.

We can form a fine grid around θ̂CMLE to find the region where λθ > exp(− cα
2 ), or we can

get the boundary points of Cα by finding the two roots of the function λθ− exp(− cα
2 ) = 0.

4.3.3 Results for coverage probability of intervals

We simulate data from some true θ∗ and then obtain 95% confidence intervals using our two

methods: inverting p-values and using likelihood ratio tests (LRT). We then check whether

the intervals contain the true θ∗. We repeat this procedure with 2500 different datasets with

different values of θ∗. The simulation results are shown in Table 4.1. The true parameters

for the data were as follows: the ν∗’s are piecewise constant with true window width D∗ =

50, ν∗1w ∼ Unif(−5.2,−2.2), ν∗2w ∼ Unif(0, 5) ∀ w and θ∗ ∼ N (0, 0.8). For inference we use

D = 5 and increasing lengths of data: T = 1250, 2500, 5000, 10000, 20000, 40000 ms

and we repeat the procedure for 2500 different datasets to get the percentage of times

confidence intervals covered the true θ∗. We observe that the confidence intervals obtained

by inverting the p-values were wider than the ones obtained from the likelihood ratio tests,

and hence had higher coverage probabilities. We also see that as the data grows larger,

the confidence intervals appear to approach 95%.

Table 4.1: Simulation results for coverage probability of confidence intervals (percentage of simulations
where true θ is in the 95 % confidence intervals) with 2500 iterations.

T(ms) 1250 2500 5000 10000 20000 40000

p-value 97.47 % 96.44 % 96.40 % 96.44 96.40 % 95.92 %
LRT 94.98 % 94.67 % 95.32 % 95.28 95.92 % 95.52 %
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4.4 Results on neuronal recordings

We now apply this conditional inference technique to analyze neuronal recordings from the

medial prefrontal cortex of a rat running in a maze. This data was generously provided to

us by Fujisawa and Buzsaki and is described in more detail in [22]. We apply our methods

to infer lag-lead relationships (Section 4.4.1), as well as for synchrony between pairs of

neurons (Section 4.4.2).

4.4.1 Mono-synaptic connections (lag-lead relationships)

So far we have only looked at the two-neuron zero-synchrony model. We can easily extend

this to infer lags and leads between neuron cells by looking at shifted spike trains. If we

are interested in exploring the connection from neuron cell i to j at a time lag of l ms,

we can shift the spike train of neuron cell j by l ms to the left and then apply conditional

inference for the zero-lag model to get point estimates and confidence intervals.

Let us look at the dataset described in [22] and [25] for measuring mono-synaptic connec-

tions. The dataset includes spike train recordings with time bins of 1 ms (hence each bin

has at most 1 spike), recorded over a period of around 47 minutes (T = 2811890 ms) for

N=117 different neuron units. The observed data x = (xi,t : i = 1, . . . , N, t = 1, . . . , T ) is

a N×T binary matrix. We analyze each pair for lagged connections up to 4 ms. Hence θ is

a 117×116×4-dimensional. We take the window width D to be 10 ms, which corresponds

to the length of the jitter-interval used in [22] and [25]. To infer θijk using the two neuron

zero-lag synchrony model, we use the spike trains xi,1:T−l and xj,l+1:T .

Since we are interested in m = 117 × 116 × 4 = 54288 different simultaneous intervals,

we use the Bonferroni correction [38, p. 468-470]. If we wish to have an overall confidence

level of (1 − α), we use the level (1 − α/m) for each individual confidence interval. To

identify a network of excitatory and inhibitory connections between neurons, we can then
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prune all the edges that have 0 in their confidence intervals, and keep only the edges that

are entirely positive (excitatory) or entirely negative (inhibitory).

An alternate way of obtaining the same pruning, is to use a multiple testing framework by

computing the p-value of θijl 6= 0 and adjusting for multiple tests. If we use Bonferroni

correction, we get the same pruning as mentioned before. We can also use other corrections

such as the Benjamini-Hochberg-Yekutieli (BHY) [5] or the Benjamini-Hochberg (BH)

corrections [4]. (Appendix A.1 of [25] contains more details of each type of correction.)
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(b) Bonferroni: Edges weighted by the CMLE value
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(c) BHY pruning
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(d) BHY: Edges weighted by the CMLE value

Figure 4.2: Network visualization for lag-lead relationships using Bonferroni and BHY corrections: A
standard arrow (with arrow head) represents an excitatory connection (θijl > 0) and an arrow with a flat
head represents an inhibitory connection (θijl < 0). The number next to the arrow represents the lag. On
the right, we weight the thickness of the arrow using the absolute value of the CMLE.



67

Using α = 0.05, we obtained 31, 40 and 73 significant edges using the Bonferroni, the

BHY and the BH corrections respectively. Figure 4.2 shows a network visualization of our

results. The numbers inside the nodes represent the neuron unit number, as numbered

in the dataset. A standard arrow (with arrow head) represents an excitatory connection

(θijl > 0) and an arrow with a flat head represents an inhibitory connection (θijl < 0).

The number next to the arrow represents the lag in milliseconds. For the figures on the

right, the thickness of the arrows have been weighted by the value of the CMLE.

In Figure 4.3, we show condensed networks (using all three types of pruning) with only

a single connection shown between two neuron units when at least one of the 4 lags is

observed to be significant. This graph closely resembles the network visualization from [25,

p. 442, Fig. 4] and also [22, p. 826, Fig. 3d]. In this collapsed network, we get 26, 32 and

54 significant edges using the Bonferroni, the BHY and the BH corrections, respectively.

[22] reported 78 significant edges, whereas [25] obtained 26, 27, and 46 rejections for this

dataset.
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Figure 4.3: Condensed visualization for lag-lead relationships using Bonferroni, BHY and BH corrections:
A standard arrow (with arrow head) represents an excitatory connection (θijl > 0) and an arrow with a
flat head represents an inhibitory connection (θijl < 0).
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4.4.2 Zero-lag synchrony

We also analyzed the data for synchronous firing. The data was recorded using 8 different

shanks; we ignore the pairs of neuron units that belong to the same shank. Using a

confidence level of 99% (α=0.01) for each neuron pair, we get 41 significant edges as shown

in Figure 4.4.
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Figure 4.4: Synchronous pairs that are significant at p-value of 0.01.

We can also use a multiple testing correction for the network. Using the BHY and the

BH corrections at overall level 90% (α=0.1) gives 2 and 16 significant different-shank syn-

chronies respectively, whereas using the BH corrections at an overall level of 95% (α=0.05)

gives 7 synchronies as shown in Figure 4.5.
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(b) BH correction with overall α=0.1
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(c) BH correction with overall α=0.05

Figure 4.5: Synchronous pairs that are significant using Bonferroni, BHY and BH corrections.



Chapter 5

Composite likelihood approach

So far we explored the conditional inference for a two-neuron model. We even used our

two-neuron model to infer larger networks by estimating each edge independently. In this

chapter, we extend this technique to a model for larger networks that can estimate all

the different θ’s, corresponding to different neuron pairs, together. As the network size

grows, the CMLE computation becomes more intensive. We explore composite likelihood

methods (also known as pseudo-likelihood methods) to tackle this computational issue in

Section 5.2.

5.1 Log linear model for N neurons

Consider a network of N neurons. Let the pairwise coefficient for the interaction of unit i

and unit j be θij . The data is a N × T binary matrix given by x = (xit : i = 1, . . . , N t =

1, . . . , T ) ∈ X = {0, 1}N×T . The stationary log-linear model is of the form

p(x) =
1

Z(ν, θ)
exp

 T∑
t=1

 N∑
i=1

νixit +
N∑
i=1

∑
j>i

θijxitxjt

 ,
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where the normalizing constant is given by

Z(ν, θ) =
∑
y∈X

exp

 T∑
t=1

 N∑
i=1

νiyit +
N∑
i=1

∑
j>i

θijyityjt

 .

The conditional distribution is given by ψ(x|S = s) =
∏
w ψw(xw|S(xw) = sw), where

ψw(xw|S(xw) = sw) = P(Xw = xw|S(xw) = sw)

∝ exp

 N∑
i=1

∑
j>i

(
θij
∑
t∈Ωw

xitxjt

)1(S(xw) = sw)

∝ exp

 N∑
i=1

∑
j>i

θijL
ij
w(xw)

1(S(xw) = sw)

∝ exp (θ ·Lw(xw)) · 1(S(xw) = sw),

where θ is a vector obtained by concatenating all the θij ’s together, Lijw(xw) =
∑

t∈Ωw
xitxjt,

and Lw(xw) is a vector by concatenating Lijws.

The normalizing constant for each window is then given by summing over all possible

combinations yw ∈ {0, 1}N×D, where the sums of the spike counts in that window are the

same as those of the data:

Zw =
∑
yw

exp(θ ·Lw(yw))1(S(xw)(yw) = sw).

Hence we obtain

ψ(x|S = s) =
W∏
w=1

exp(θ ·Lw(xw)) · 1(S(xw) = sw)∑
yw

exp(θ ·Lw(yw)) · 1(S(xw)(yw) = sw)
(5.1)

=

W∏
w=1

exp(
∑

i

∑
j>i θijL

ij
w(xw)) · 1(S(xw) = sw)∑

yw
exp(

∑
i

∑
j>i θijL

ij
w(yw)) · 1(S(xw)(yw) = sw)

.

In principle, we can use the same gradient descent methods to find the CMLE in this

multidimensional setting.

Figures 5.1 and 5.2 show results for a 7-neuron network on simulated non-stationary data.
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Figure 5.1: Scatter plot of θ̂CMLE
ij versus θ∗ij for different neuron pairs on simulated trials at T = 60 s.

(a) Linear scale (b) Log scale

Figure 5.2: MSE (solid) and squared bias (dotted) for joint CMLE as T increases, for all θij ’s together.

We show scatter plots of θ̂CMLE
ij versus true θ∗ij for each of the 21 different pairs in Figure

5.1. Figure 5.2 shows the mean squared error and squared bias averaged over various

simulated trials for all the θij ’s combined. We see that the joint CMLE for this 21-

dimensional θ also appears to be consistent.

The normalizing constant involves summing over all possible yw ∈ {0, 1}N×D in a window

where S(yw) = sw. As the network size grows this becomes computationally burdensome.

In the next section we explore an approximate method that can scale better with growing

number of neurons.
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5.2 Composite likelihood method

Exact computation of the conditional distribution involves summing over all possible spike

trains with the same coarser dynamics and this can be computationally intensive as the

network size increases. [19] and [42] suggested using an approximate conditional approach

using composite likelihood (or pseudo-likelihood) for such cases with higher dimensional

θ. In this section we explore a similar composite likelihood framework for our model.

The exact conditional distribution is given by (5.1)

ψ(x|S(x) = s, θ) =

W∏
w=1

ψw(xw|S(xw) = sw, θ)

ψw(xw|S(xw) = sw, θ) =
exp(θ ·Lw(x)) · 1(S(xw) = sw)∑
yw

exp(θ ·Lw(yw)) · 1(S(yw) = sw)
,

where the normalizing constant for ψ is

Z =
∏
w

Zw =
W∏
w=1

(∑
yw

1(S(yw) = sw)· exp(θ ·Lw(yw))

)
.

Each window is independent, however within each window the normalizing constant calcu-

lation involves summing over all possible yw that have the same window sums as the given

data xw, which is a computationally burdensome as the number of neurons in the network

increases.

We shall explore a composite likelihood method. We approximate the conditional proba-

bility of the full window Xw given its sum S(Xw) by a composite likelihood consisting of

the conditional distribution of a particular neuron Xiw given its sum S(Xiw) and the re-

maining data (Xjw : j 6= i), and then we take the product over all neurons in the network.

In each window, this composite likelihood looks like

N∏
i=1

P (Xiw = xiw | S(xiw) = siw, Xwj ∀j 6= i) .
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(a) Conditional inference binning
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X xwi 

Swi 

(b) Composite conditional inference: Sliding windows

Figure 5.3: Schematic diagram depicting the difference between conditional likelihood and the approxi-
mate composite conditional likelihood for the log-linear model.

In addition, we average over sliding windows instead of looking at disjoint windows. There

are no discrete windows inherently present in the data – the concept of coarse binning was

introduced by us in the model. In an effort to average out this effect, we use sliding bins

and the composite likelihood is obtained as a product over all different sliding bins. So the

composite likelihood will be

T−D+1∏
w=1

(
N∏
i=1

P (Xiw = xiw | S(xiw) = siw, xwj∀j 6= i)

)
.

In simulations we see that our composite conditional approach gives very similar results as

the conditional inference. Figure 5.4 shows the results using this composite likelihood ap-

proach on the simulated data from Chapter 3, superimposed on the CMLE and stationary

MLE results. The composite CMLE appears to a good approximation to the CMLE and

shows very similar performance as the CMLE on our simulations.

We also include some simulation results for a three neuron network. In this case, there

are three parameters of interest, θ12, θ23 and θ13, each corresponding to the three pairwise

interactions. For each θij we see that composite inference closely resembles the exact

conditional inference and performs better than the stationary model.
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Figure 5.4: CMLE (pink) and composite CMLE (green) compared with stationary-MLE (black) on non-
stationary data from Chapter 3: On the left we have inferred θ̂ versus true θ for various simulated trials
with T = 12000 ms. On the right we have mean square error and squared bias plots averaged over multiple
simulations for varying values of T . Composite CMLE appears to be a good approximation to the CMLE.
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Figure 5.5: Scatter plot of inferred θ̂ij (on y-axis) versus true θ∗ij (on x-axis) at T = 12000 ms for a 3
neuron network: Black - stationary MLE, pink - CMLE, green - composite conditional MLE.



Chapter 6

Non-parametric Bayesian

approach with Dirichlet process

mixture prior

In Section 3.2 we introduced the non-stationary model with piecewise constant ν’s given

by Equation (3.4)

p(x|~ν1, ~ν2, θ) =
1

Z(~ν1, ~ν2, θ)

W∏
w=1

∏
t∈Ωw

exp(ν1wx1t + ν2wx2t + θx1tx2t).

We saw that the maximum likelihood estimate gave inconsistent results for θ because of

the incidental parameter problem. In Section 3.3 we saw that the conditional inference

approach gives us consistent results. We now explore the alternate marginal (Bayesian)

approach.

The marginal approach involves integrating out the incidental parameters using a prior

distribution. As we saw in Chapter 2, for a Bayesian approach to work we need to identify

this prior accurately. We need to be agnostic about the form of the prior and allow for
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our method to capture the true prior without imposing parametric restrictions. Kiefer and

Wolfowitz [27] proved consistency for this type of model (using a continuous distribution

H on the ν’s and estimating the distribution H simultaneously with θ). In practice we can

model the continuous distribution H by using a non-parametric prior on the ν’s.

In Section 6.1, we introduce the non-parametric Dirichlet process mixture (DPM) priors

and describe a Gibbs sampling algorithm to sample from a DPM distribution [31]. We

then use this DPM distribution as a prior on the incidental parameters ν1 and ν2 in our

two-neuron zero-lag synchrony model from Chapter 3. In Section 6.2 we use independent

DPM priors on ν1 and ν2, whereas in Section 6.3 we use a two-dimensional joint DPM

prior on ν = (ν1, ν2)′.

6.1 Dirichlet process mixture (DPM) priors

Let ν1, ν2, . . . , νW be distributed according to a Dirichlet process mixture (DPM) prior as

as described in [31]:

G ∼ DP (G0, α)

βw ∼ G

νw | βw ∼ F (·|βw)


(6.1)

Here, F (·|β) is a family of distributions parameterized by β and with corresponding densi-

ties f(·|β) with respect to some common measure. G is a random discrete measure over the

parameter space. Hence, given G, the ν’s are iid observations from an (infinite) mixture

model based on mixing F (·|β) over different β’s. The prior on G is the well-known Dirichlet

Process, DP (G0, α) with base measure G0 and concentration parameter α. The resulting

marginal distribution on the ν’s is called a Dirichlet process mixture prior [9, 21, 31, 36, 37],

which we denote as

ν = (ν1, . . . , νW ) ∼ DPM(F,G0, α) (6.2)
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Each νw can be multivariate with continuous or discrete components.

One way to think about the nonparametric framework is to use a finite mixture model

on the ν’s, and to allow for variable number of groups, even including the possibility of

infinite groups. Consider a finite mixture model with K clusters:

• Sample cluster parameters: φk ∼ iid G0 ∀ k = 1, . . .K

• Sample cluster weights: p = (p1, . . . , pK) ∼ Dirichlet
(
α
K , . . . ,

α
K

)
• Draw νw ∼ iid F0 ∀ w where F0 is a mixture distribution over F (·|φk)’s with

corresponding densities given by

f0 =
K∑
k=1

pk f(·|φk)

Letting K →∞ gives the DPM model described above in Equation (6.1).

The infinite mixture model representation of a DPM can be described directly by sampling

p from a stick-breaking prior [36] as follows:

• Sample cluster parameters: φ1, φ2, . . . ∼ iid G0

• Generate p1, p2, . . . s.t.
∑∞

k=1 pk = 1 from the stick breaking prior with concentration

parameter α:

q1, q2, . . . ∼ iid Beta(1, α)

pk = qk

k−1∏
j=1

(1− qj) ∀ k = 1, 2, . . .
(6.3)

• Sample νw ∼ iid F0 ∀ w where F0 is a mixture distribution over all F (·|φk)’s with

corresponding densities given by

f0 =

∞∑
k=1

pk f(·|φk)



79

To sample the νw’s from F0 we can use latent variables zw’s that represent the cluster

assignments1 for each νw:

• Sample zw ∼ iid Discrete (p1, p2 . . .) ∀ w

• Draw νw ∼ F (·|φzw) ∀ w

This can be represented in a plate notation as shown in Figure 6.1.

Figure 6.1: Plate notation for DPM sampling using latent cluster assignments

We use Gibbs sampling Algorithm 2 from [31], described below in Section 6.1.1, to sample

the z’s and φ’s given the ν’s. Let us use z−w = (zv : 1 ≤ v ≤ W, v 6= w) to denote all the

z’s except for zw and let nk = #{w = 1, . . . ,W : zw = k} represents number of elements

in cluster k for each unique k ∈ {z1, . . . , zW }. The conditional probabilities of zw given all

the other z−w are [9, 31]

P(zw = k | z−w) =


nk/b for existing k ∈ z−w

α/b for new k /∈ z−w

where b is some normalizing constant.

This is the prior distribution for zw used in the Gibbs sampling algorithm described below.

zw gets assigned to one of the existing clusters with probability proportional to the cluster

1We are brushing some details under the rug here; the zw’s do not actually refer to the cluster labels,
but are rather just a convenient shorthand for talking about the clusters themselves.
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size, or gets assigned to a new cluster with probability proportional to α. This is analogous

to the Chinese restaurant process [9]. We can think of zw as a new customer walking into a

restaurant with infinite number of tables, each of which can seat infinite number of people.

zw then decides to join one of the existing tables based on their popularity (i.e. with

probability proportional to the number of people already sitting at the tables) or decides

to sit at a new tables with probability proportional to the concentration parameter α.

Notation:

α : Concentration parameter

G0 : Base distribution [e.g: Normal-Inverse Gamma NΓ−1(a, b, c, µ0)]

φ1, φ2, . . . : Cluster parameters [e.g: φk = (µk, σ
2
k) ∼ G0 = NΓ−1(a, b, c, µ0)]

F : Distribution used to sample each νw [e.g: Gaussian N (µk, σ
2
k)]

p1, p2, . . . : Cluster weights sampled from a Stick-breaking prior [36]

z1, z2, . . . : Latent cluster assignment corresponding to each νw

z−w : all the z’s except for a particular zw, z−w = (zv : 1 ≤ v ≤W, v 6= w)

nk : number of elements in cluster k

6.1.1 Gibbs Sampling for conjugate setting (Algorithm 2 from [31])

If there are W windows, i.e. ν = (ν1, . . . , νW ), we can have a mixture of at most W distinct

clusters. We use C to denote the number of clusters at any stage of the sampling, where

1 ≤ C ≤ W . Corresponding to each cluster k ∈ {1, . . . , C} we have cluster parameters

φk ∈ φ = (φ1, . . . , φC). The cluster assignment for each data νw is given by the vector z =

(z1, . . . , zw, . . . , zW ), where each zw ∈ {1, . . . C}. Each νw is then drawn from the cluster

zw with parameter φzw . Let the current state of the Markov chain be z = (z1, . . . , zW ),

φ = (φ1, . . . , φC). In addition we keep track of number of observations in each distinct

cluster given by n = (n1, . . . , nC).

We use the notation f(νw|φk) to denote the probability density of observation νw under
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some distribution F (·|φk) and we use h(·) to denote the posterior density under prior

distribution G0. For this algorithm, we need G0 to be the conjugate prior corresponding

to the distribution F .

• Sampling z: For each w = 1, . . . ,W ,

– Set nzw = nzw − 1.

– If zw was the only observation in its cluster (i.e. zw 6= zv ∀ v 6= w and nzw = 0),

then remove the corresponding φzw from φ.

– Draw a new value of zw from the posterior given by the following distribution:

P(zw = k | z−w, νw, φ) ∝


nk · f(νw|φk) for existing k ∈ z−w

α · f̃G0(νw) for new k /∈ z−w

where f̃G0 =
∫
f(νw|φ)dG0(φ) is the prior-predictive density under the prior G0.

– If this sampled zw is a new cluster assignment not associated with the other

z−w, i.e. zw /∈ φ, draw φzw from the posterior distribution h under the prior G0

and a single observation νw, and add it to φ.

• Sampling φ: For each k = 1, . . . , C,

– Draw a new value for φk from the posterior distribution h under the prior G0

and all the νw’s associated with cluster k (i.e all νw where zw = k).

Using φ and z, the prior for each νw is given by F (·|φzw).

Let us now see how we can use this DPM prior for our two-neuron zero-lag synchrony

model.



82

6.2 Independent DPM priors on ν1s and ν2s

We use Metropolis-Hastings algorithm [7, p. 537-542] to sample ν1, ν2 and θ.

First, we assume ν1 and ν2 are drawn independently from the prior DPM (F,G0, α) de-

scribed above. For our DPM model, we take F to be a normal distribution with cluster

parameters φk = (µk, σ
2
k) and G0 to be the conjugate prior for normal distribution, which

is the normal-inverse-gamma NΓ−1 distribution with parameters (a, b, c, µ0).2 Thus the

generative DPM model for ν ∼ DPM
(
N , NΓ−1(a, b, c, µ0), α

)
is given by:

φ1 = (µ1, σ
2
1), φ2 = (µ1, σ

2
1), . . . ∼ NΓ−1(a, b, c, µ0)

p1, p2, . . . ∼ Stick-breaking prior(α)

z1, . . . , zW ∼ Discrete(p1, p2, . . .)

νw ∼ N
(
µzw , σ

2
zw

)
∀ w

(6.4)

We use this distribution as the prior in the Metropolis-Hastings algorithm for both ν1 and

ν2 (sampled independently):

ν1 = (ν11, . . . , ν1W ) ∼ DPM
(
N , NΓ−1(a, b, c, µ0), α

)
ν2 = (ν21, . . . , ν2W ) ∼ DPM

(
N , NΓ−1(a, b, c, µ0), α

)
.

We use algorithm 2 from [31] (described above in Section 6.1.1) to sample cluster assign-

ments z(1) and z(2) and cluster parameters φ(1) and φ(2) corresponding to ν1 and ν2

respectively. In our case where F is normal and G0 is the conjugate NΓ−1 distribution,

the posterior h is a NΓ−1 distribution as well, and the prior-predictive f̃G0 is a Student’s

t-distribution.

For θ we use the prior θ ∼ N (µθ, σ
2
θ).

2A sample (µ, σ2) from a normal-inverse-Gamma distribution NΓ−1(a, b, c, µ0) can be obtained by first
drawing σ2 from an inverse-Gamma distribution σ2 ∼ Γ−1(a, b) and then µ from a normal distribution

µ ∼ N
(
µ0,

σ2

c

)
.
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This model can be represented by the plate notation shown in Figure 6.2.

Figure 6.2: Plate notation for model with independent DPM priors

The overall algorithm steps are as follows:

• Sample z(1) and φ(1) given the current ν1 (Gibbs sampling from Section 6.1.1)

• Sample z(2) and φ(2) given the current ν2 (Gibbs sampling from Section 6.1.1)

• Sample ν1’s from the posterior distribution given the data x, and current sample

values for θ, z(1) and φ(1) (Metropolis-Hastings)

• Sample ν2’s from the posterior distribution given the data x, and current sample

values for θ, z(2) and φ(2) (Metropolis-Hastings)

• Sample θ from the posterior given the data x, and the current sample values of ν1

and ν2 using the N (µθ, σ
2
θ) prior on θ (Metropolis-Hastings)

6.2.1 DPM results on data with uncorrelated inputs

For our simulations, we generated data using the true parameter θ∗ = 2. The ν∗1w’s were

set to be -1 or -2 randomly with equal probability, and the ν∗2w’s were set to be -2 or -3

randomly with equal probability. Note that ν∗1 and ν∗2 are independent and not correlated

with each other. The prior model parameters were taken to be µθ = 0, σθ = 2.5, a = 1,

b = 0.1, c = 0.001, µ0 = 0 and α = 2. We took the window width to be D = 4 and varied
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the recording time from T = 500ms to T = 16000ms. We generated 30 data samples

for each value of T using the above mentioned true parameters, and inferred θ estimates

using all the different techniques seen so far, namely stationary-MLE, non-stationary-MLE,

CMLE and the Bayesian estimate using the nonparametric DPM prior. The relative mean

squared error and squared bias are as shown in Figure 6.3.
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Figure 6.3: Relative MSE (solid) and squared bias (dotted) for different estimates on data generated
from uncorrelated firing rates (ν’s) : In this case, stationary-MLE, CMLE and DPM estimates appear to
be consistent.

6.2.2 DPM results on data with correlated inputs

But now, if we use correlated ν∗1 and ν∗2 to generate the data, the model with the indepen-

dent DPM priors no longer gives us consistent results.

We set ν∗w = (ν∗1w, ν
∗
2w) to be (-1,-3) or (-2,-2) randomly with equal probability. At T =

16000 ms, the results for different estimates on the data generated from these correlated

inputs is shown in Table 6.1. Figure 6.4 shows the relative MSE and squared bias as T

increases. Only the CMLE appears to be consistent.
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Figure 6.4: Relative MSE (solid) and squared bias (dotted) for different estimates on data generated from
correlated firing rates (ν’s) : Model with independent-DPM priors on ν1 and ν2 gives biased results when
inputs are correlated. Only the CMLE appears to be consistent.

θ∗ = 2 stat-MLE nonstat-MLE CMLE DPM

Mean 1.7561 2.8721 1.9821 1.7965
Std Dev 0.0364 0.0870 0.0545 0.0308

MSE 0.0608 0.7679 0.0032 0.0423
Rel-MSE 0.0152 0.1920 0.0008 0.0106

Table 6.1: Numerical results on data with correlated inputs at T = 16000 ms.

Our model assumes ν1 and ν2 are independent and cannot capture their correlation struc-

ture. Instead, it inaccurately attributes this correlation to the synchrony parameter θ. In

our simulations, ν1 and ν2 are negatively correlated; assuming independence between them

reduces the inferred value of θ. θ̂ has to account for the reduced correlation in the neuron

spikes, which actually comes from the negatively correlated inputs. Hence the observed

θ̂ from this DPM model is smaller than the true θ∗ = 2. If the inputs had a positive

correlation, this model would compensate by estimating a larger value of θ̂.
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6.3 Two-dimensional joint DPM prior on ν = (ν1, ν2)
T

We need a model that can capture the correlation structure between the ν1 and ν2 inputs.

We can achieve this by using a two-dimensional joint-DPM prior on the νw = (ν1w, ν2w)T

simultaneously. We still use a similar framework as in (6.1), but now our distributions F

and G0 are two-dimensional distributions.

We can take F to be a multivariate-normal distribution MVN(µ,Λ) with mean vector µ

and precision matrix Λ. We take G0 to be the conjugate distribution of the MVN dis-

tribution, which is the normal-Wishart distribution NW parameterized by (a,Λ0, c,µ0).3

Here, a and c are real numbers, Λ is a 2× 2 matrix and µ0 is a two-dimensional vector.

Using this F and G0, our joint-DPM prior on the νw = (ν1w, ν2w)T s is given by

φ1 = (µ1,Λ1), φ2 = (µ2,Λ2), . . . ∼ NW(a,Λ0, c,µ0)

p1, p2, . . . ∼ Stick-breaking prior(α)

z1, . . . , zW ∼ Discrete(p1, p2, . . .)

νw ∼ MVN (µzw ,Λzw) ∀ w

(6.5)

We write this as ν = (ν1, ν2)T ∼ joint-DPM (MVN(·), NW(a,Λ0, c,µ0), α).

We use cluster assignments z = (z1, . . . , zW ) and cluster parameters φ = (φ1, . . . ,φC)

as described in the algorithm in Section 6.1.1. When we had independent DPM priors

on ν1s and ν2s, each had separate cluster assignment z(1) = (z
(1)
1 , . . . , z

(1)
W ) and z(2) =

(z
(2)
1 , . . . , z

(2)
W ). In our joint setting using the two-dimensional DPM, our cluster assign-

ments z = (z1, . . . , zW ) are common for both ν1 and ν2 and the cluster parameters

φk = (µk,Λk)’s are multivariate which helps to capture the correlation structure between

ν1 and ν2. This model can be represented by the plate notation shown in Figure 6.5.

3A sample (µ,Λ) ∼ NW(a,Λ0, c,µ0) from a normal-Wishart distribution can be obtained by first
drawing Λ from a Wishart distribution Λ | Λ0, a ∼ W(Λ0, a) and then µ from a multivariate normal
distribution µ | µ0, c,Λ ∼MVN

(
µ0, (cΛ)−1

)
.
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Figure 6.5: Plate notation for model with joint DPM prior

Since F is a multivariate normal distribution and G0 is the conjugate NW distribution,

the posterior h is a NW distribution as well, and the prior-predictive f̃G0 is a multivariate

t-distribution.

The overall algorithm steps are as follows:

• Sample z and φ given the current state ν = (ν1, ν2)T (Gibbs sampling algorithm

from Section 6.1.1)

• Sample ν = (ν1, ν2)T from the posterior given x, and current value for θ, z and φ,

where the prior for each νw = (ν1w, ν2w)T is given by F (νw|φzw) = MVN(νw|µzw ,Λzw)

(Metropolis-Hastings)

• Sample θ from the posterior given the data x, and the current sample values of

ν = (ν1, ν2)T where the prior on θ is N (µθ, σ
2
θ) (Metropolis-Hastings)

6.3.1 Joint-DPM results on data with correlated inputs

When the inputs are correlated, assuming independent DPM priors on ν1 and ν2 gives

biased results. However using a joint 2-D DPM prior on the ν’s can capture the correlation

structure and gives more accurate results. The θ estimates using the joint-DPM prior on

ν seems to be consistent as seen from results in Table 6.2 and Figure 6.6. Both the CMLE

and the Bayesian estimate using joint-DPM prior appear to be consistent.
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Figure 6.6: Relative MSE (solid) and squared bias (dotted) for different estimates on data generated
from correlated firing rates (ν’s) : CMLE and the joint-DPM estimates appear to be consistent, whereas
independent-DPM gives biased results when inputs are correlated.

θ∗ = 2 stat-MLE nonstat-MLE CMLE DPM joint-DPM

Mean 1.7561 2.8721 1.9821 1.7965 1.9688
Std Dev 0.0364 0.0870 0.0545 0.0308 0.0339

MSE 0.0608 0.7679 0.0032 0.0423 0.0020
Rel-MSE 0.0152 0.1920 0.0008 0.0106 0.0005

Table 6.2: Numerical results on data with correlated inputs at T = 16000 ms.

6.3.2 Joint-DPM results on data with uncorrelated inputs

For data generated using uncorrelated inputs, Bayesian estimates using either independent-

DPM or joint-DPM priors on the ν’s appear to be consistent as seen in Figure 6.7.

A fully Bayesian technique using joint-DPM priors on the incidental parameters gives

consistent results, however, it is computationally burdensome even for the two-neuron

zero-synchrony case. Comparatively, the CMLE computation takes a fraction of the time,

and seems to give similar results. As we scale to larger neurons and introduce lag-lead

relationships in the model, the conditional model will scale much better as compared to a

nonparametric model with a joint-DPM prior.
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Figure 6.7: Relative MSE (solid) and squared bias (dotted) for different estimates on data generated from
uncorrelated firing rates (ν’s) : In this case stationary-MLE, CMLE, independent-DPM and joint-DPM
appear to be consistent.



Chapter 7

Summary and future direction

Unconditional inference does not work well for realistic data with non-stationary back-

ground effects. Difficulties can arise from model misspecification or from incidental pa-

rameter problems. In the context of estimating parameters relating to fine-temporal spik-

ing dynamics, conditional inference largely avoids these problems by conditioning away the

coarse temporal dynamics. For larger networks, the two-neuron model can be used indepen-

dently for each pair of neurons, or one can also use a higher-dimensional model to capture

all pairwise effects simultaneously. Using a composite likelihood (or pseudo-likelihood)

to approximate the conditional distribution will improve computational efficiency when

working with larger networks or more complex models. A full Bayesian approach with

non-parametric priors on the incidental parameters also seems to work well in this con-

text, but is more computer intensive than the conditioning approach. To be able to use

the Bayesian framework for larger networks, we would need to develop better sampling

algorithms or explore other non-parametric approaches.

A natural extension for this work would be to develop the conditional inference framework

for different and more complex models, for example generalized linear models with covari-

ates. To extend this work to models that incorporate lag-lead relationships in addition to

zero lag synchrony, we would need to further investigate the composite likelihood approach

90
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or develop other similar approximations for the conditional likelihood. On the theoretical

side, we proved the consistency of the CMLE for the two-neuron model by adapting the

proof from [3]; next steps would be to try and adapt the asymptotic normality proof for our

model, to extend the consistency proof for a higher dimensional setting, and to investigate

the asymptotic properties of the composite likelihood method.



Appendix A

Results

Theorem A.1 (Strong Law of Large Numbers (Kolmogorov Theorem I) [33, p. 114]). Let

{Xi}, i = 1, 2, . . . be a sequence of independent random variables such that E(Xi) = µi and

V(Xi) = σ2
i . Then

∞∑
i=1

σ2
i

i2
<∞ =⇒ Xn − µn =

1

n

(
n∑
i=1

(Xi − µi)

)
a.s−−→ 0

i.e. the sequence obeys the Strong Law of Large Numbers.

Theorem A.2 (One-dimensional Delta Method [8, p. 492-493]). If µ̂n is a real valued

random variable and µ is a real valued parameter such that the asymptotic distribution of

µ̂n is as follows:
√
n(µ̂n − µ)

d−→ N (0, σ2(µ))

and if g is a function differentiable at µ, then the asymptotic distribution of g(µ̂n) is given

by:
√
n (g(µ̂n)− g(µ))

d−→ N
(
0, σ2(µ)(g′(µ))2

)
.

Theorem A.3 (Multivariate Delta Method [8, p. 492-493]). Let µ̂n be a k-dimensional

random vector µ̂n = (µ̂n1, . . . , µ̂nk) and let µ be a k-dimensional vector parameter: µ =

92
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(µ1, . . . , µk). Let µ̂n have an asymptotic normal distribution

√
n(µ̂n − µ)

d−→ N (0,Σ(µ))

where Σ(µ) is the k × k asymptotic covariance matrix of µ̂n. Let g be a function defined

on a open subset of k-dimensional space, taking values in R-dimensional space: g(µ) =

(g1(µ), . . . , gR(µ)) that is differentiable at µ. Then the asymptotic distribution of g(µ̂n)

is given by:
√
n (g(µ̂n)− g(µ))

d−→ N
(
0, (∇g)′Σ(∇g)

)
where

(∇g)′Σ(∇g) =
k∑
i=1

k∑
j=1

Σij(µ)
∂g(µ)

∂µi

∂g(µ)

∂µj



Appendix B

Neyman-Scott problem for

Gaussian distribution

Let us focus on just one-dimensional data coming from a Gaussian probability density func-

tion f . Let X = (X1, . . . , XT ) be independent Gaussian random variables with common

variance θ and means µ = (µ1, . . . , µT ), so that

Xt | µ, θ ∼ N (µt,θ) ∀ t = 1 . . . , T

fµ,θ(x) =
T∏
t=1

1√
2πθ

exp

(
−(xt − µt)2

2θ

)
.

Further suppose also that µ is slow varying and can be taken to be piecewise constant.

Partitioning the data into windows w of length D, where wth window is {(w − 1)D +

1, . . . , wD}, we denote the common value of µt in the w-th window to be νw. For simplicity,

let us assume that T is a multiple of D and let W = T/D.

µt = νw ∀ (w − 1)D + 1 ≤ t ≤ wD, ∀ w = 1, . . . ,W.
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This re-parameterization gives

Xt | ν, θ ∼ N (νw,θ) ∀ (w − 1)D + 1 ≤ t ≤ wD, ∀ w = 1, . . . ,W.

We re-index the data with respect to which window they are in and denote Xt by Xwd

where w = dt/De and d = t− (w − 1)D. Hence,

Xwd | ν, θ ∼ N (νw,θ) ∀ d = 1, . . . , D and w = 1, . . . ,W.

This is the classical Neyman-Scott problem from the statistics literature [32]. This can

also be written as

Xw =


Xw1

...

XwD

 | (ν, θ) ∼ N (νw uD, θ ID) ∀ w = 1, . . . ,W, (B.1)

where ID is the D-dimensional identity matrix and uD is a D × 1 vector of all ones.

B.1 Maximum likelihood estimation

The maximum likelihood estimate (we shall denote this as the MLE from here onwards)

for this is given by

ν̂MLE
w =

1

D

D∑
d=1

xwd ∀ w = 1, . . . ,W

θ̂MLE =
1

WD

W∑
w=1

D∑
d=1

x2
wd −

1

WD2

W∑
w=1

(
D∑
d=1

xwd

)2

=
DM2 −M1

D
(B.2)

=
1

WD

W∑
w=1

D∑
d=1

x2
wd −

1

WD2

W∑
w=1

s2
w

=
1

WD

W∑
w=1

D∑
d=1

(
xwd −

sw
D

)2
, (B.3)
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where sw ,
∑

d(xwd)
2 and

M2 =
1

WD

W∑
w=1

D∑
d=1

x2
wd and M1 =

1

WD

W∑
w=1

(
D∑
d=1

xwd

)2

=
1

WD

W∑
w=1

s2
w. (B.4)

Proposition 3. Suppose that the data was generated with true parameters ν∗ = (ν∗w : w =

1 . . . ,W ) and θ∗ as follows

Xwd | ν∗, θ∗ ∼ N (ν∗w, θ
∗) ∀ d = 1, . . . , D and w = 1, . . . ,W. (B.5)

Then the MLE given by Equation (2.1) is inconsistent.

Proof. From (B.5), we get E[X2
wd] = ν∗w

2 +θ∗ ∀ w, d and E[Xwd1Xwd2 ] = ν∗w
2 ∀ w, d1 6= d2.

Let Sw(X) ,
∑

dXwd, and hence

E

[(
Xwd −

Sw
D

)2
]

= E[X2
wd]−

1

D2
E[S2

w]

= E[X2
wd]−

1

D2
E

 D∑
d=1

X2
wd +

∑
d1

∑
d2

d1 6=d2

Xwd1Xwd2


= (ν∗w + θ∗)− 1

D2
[D(ν∗w + θ∗) +D(D − 1)ν∗w]

=
D − 1

D
θ∗ ∀ w, d.

Using the above equation and (B.3) we get

θ̂MLE =
1

WD

W∑
w=1

D∑
d=1

(
xwd −

sw
D

)2
−→ E

[(
Xwd −

Sw
D

)2
]

=
D − 1

D
θ∗ (B.6)

and

DM2 −M1 −→ (D − 1)θ∗. (B.7)
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Standard MLE gives inconsistent results since we are trying to infer large number of inci-

dental parameters, each from a finite amount of data. For a general window of width D,

each νw is inferred from only the corresponding D entries in each window. Since these esti-

mates are used to calculate the MLE of θ, it leads to inconsistent results for θ̂MLE. This is

known as the incidental parameter problem. This problem has been studied for a long time

in statistics and econometric literature and the two main approaches suggested to tackle

this problem are conditioning and marginalizing. Let us look at both these approaches

with respect to the Neyman-Scott problem.

B.2 Conditioning

The conditional approach involves finding some statistics of the data such that when you

condition on these statistics, the remaining conditional likelihood depends only on the

structural parameters θ. Conditioning on statistics sufficient for the incidental parameters

ν ensures that the conditional likelihood has no ν dependence. One can then infer the

structural parameters from the conditional likelihood.

The sum statistic Sw(X) ,
∑

dXwd is sufficient for incidental parameters νw. We condition

on the observed values of the sum statistics sw = Sw(x) =
∑

d xwd. If f is the density

function for X, we can write f(x) = g(S(x)) · ψ(x|S(x)) where g is the marginal density

of S(X) and ψ is the conditional density. The conditional MLE θ̂CMLE is given by

maximizing the log-conditional-likelihood Lconditional(θ) = logψθ(x | Sw = sw ∀ w).

Proposition 4. Suppose that the data was generated with true parameters ν∗ = (ν∗w : w =

1 . . . ,W ) and θ∗ as described in (B.5) . Then the CMLE is consistent: θ̂CMLE → θ∗.

Proof. Using our earlier notation from (B.1), we have Xw | (ν, θ) ∼ N (νw uD, θ ID) ∀ w

where ID is the D-dimensional identity matrix and uD is a D × 1 vector of all ones.
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Let us consider the transformation

Zw =



...

Zwa
...

Zwb


,



Xw1

...

Xw(D−1)

Sw


=


I(D−1)

~0

uT(D−1) 1


Xw = AXw,

where I(D−1) is the (D− 1)-dimensional identity matrix and u(D−1) is a (D− 1)× 1 vector

of all ones. For this section, let us drop the subscripts and use the notation I and u to

denote I(D−1) and u(D−1).

Now if Xw ∼ N (µw,Σ) then we have Zw = AXw ∼ N (Aµw, AΣAT ), with

AΣAT = θ

 I ~0

uT 1


 I u

~0 1

 = θ

 I u

uT D

 =

 Σaa Σab

Σab
T Σbb


Aµw = νw

 I ~0

uT 1

uD = νw

 u

2D − 1

 =

µwa
µwb

 ,
where µwa = νwu, µwb = (2D − 1)νw and Σaa = θI, Σab = θu, Σbb = θD.

Thus we have

Zw =

Zwa
Zwb

 ∼ N


µwa
µwb

 ,
Σaa Σab

ΣT
ab Σbb




∼ N

νw
u
D

 , θ
 I u

uT D


 .

The conditional distribution is then given by

Zwa|(Zwb = sw) ∼ N (µw,a|b,Σa|b),



99

where

µw,a|b = µwa + Σab · Σ−1
bb · (zwb − µb) = νwu+ θu

1

θD
(sw −Dνw) =

1

D
sw u

Σa|b = Σaa − Σab · Σ−1
bb · Σba =

(
θI − θu 1

θD
θuT

)
= θ

(
I − 1

D
uuT

)
.

The conditional log-likelihood is

Lconditional(θ) = logψθ(x | Sw = sw ∀ w) =
W∑
w=1

log Φ(zwa | µw,a|b,Σa|b )

= −
W∑
w=1

(
D − 1

2
log 2π +

1

2
log |Σa|b|+

1

2
(zwa − µw,a|b)TΣ−1

a|b(zwa − µw,a|b)
)
,

where Φ is the density for the multivariate normal distribution. Using the Sherman–

Morrison formula for matrix inversion and matrix determinant lemma, we get

|Σa|b| = θD−1

(
1− 1

D
uTu

)
=

1

D
θD−1

Σ−1
a|b =

1

θ

(
I +

1
D

1− 1
Du

Tu
uuT

)
=

1

θ

(
I + uuT

)
.

Hence the conditional log-likelihood to be minimized is

Lconditional(θ) = −
W∑
w=1

(
D − 1

2
log 2π +

1

2
log |Σa|b|+

1

2
(zwa − µw,a|b)TΣ−1

a|b(zwa − µw,a|b)
)

= −W (D − 1)

2
log θ − 1

2θ

∑
w

(
zwa −

swu

D

)T
(I + uuT )

(
zwa −

swu

D

)
− C,

where C is a constant.
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The θ̂CMLE that maximizes this conditional likelihood is given by

θ̂CMLE =
1

W (D − 1)

∑
w

(
zwa −

swu

D

)T
(I + uuT )

(
zwa −

swu

D

)

=
1

W (D − 1)

W∑
w=1

D−1∑
d=1

(
xwd −

sw
D

)2
+

(
D−1∑
d=1

(
xwd −

sw
D

))2


...

=
1

W (D − 1)D2

W∑
w=1

[
D2

D∑
d=1

x2
wd −Ds2

w

]

=
1

WD(D − 1)

W∑
w=1

D D∑
d=1

x2
wd −

(
D∑
d=1

xwd

)2


=
1

(D − 1)
(DM2 −M1) ,

where M1 and M2 are are defined in Equation (B.4). Using (B.7), we get

θ̂CMLE =
DM2 −M1

D − 1
−→ θ∗. (B.8)

Thus, conditional inference gives consistent estimates.

B.3 Marginalization

B.3.1 Using a (non-informative) uniform prior on ν

A prior often suggested is a non-informative uniform prior. Let us use a uniform prior on

the ν’s in the Neyman-Scott problem. The likelihood is

fν,θ(x) =

W∏
w=1

D∏
d=1

1

2πθ
exp

(
−(xwd − νw)2

2θ

)
.
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Integrating each νw over R with respect to an improper uniform prior gives

fmarginalθ (x) =

W∏
w=1

∫ D∏
d=1

1√
2πθ

exp

(
−(xwd − νw)2

2θ

)
dνw

=
W∏
w=1

1

(2πθ)
D
2

∫
exp

(
− 1

2θ

∑
d

(xwd − νw)2

)
dνw

=

W∏
w=1

1

(2πθ)
D
2

∫
exp

(
− 1

2θ

∑
d

(
(xwd)

2 − 2xwdνw + ν2
w

))
dνw

Let rw =
∑

d(xwd)
2 and sw =

∑
d xwd

fmarginalθ (x) =
W∏
w=1

1

(2πθ)
D
2

∫
exp

(
−rw − 2swνw +Dν2

w

2θ

)
dνw

=
W∏
w=1

1

(2πθ)
D
2

exp

(
−rw

2θ
+

s2
w

2θD

)∫
exp

(
−D

2θ

(
νw −

sw
D

)2
)
dνw

=
W∏
w=1

1

(2πθ)
D
2

exp

(
−rw

2θ
+

s2
w

2θD

)(
2πθ

D

) 1
2

...

=
W∏
w=1

1

(2πθ)
D−1
2

√
D

exp

(
− 1

2θ

∑
d

(
xwd −

sw
D

)2
)
. (B.9)

Since we get this likelihood over θ by integrating the ν’s out, this is known as the integrated

likelihood [6] or the marginal likelihood. Now we maximize the this integrated/marginal

likelihood to get the marginal maximum likelihood estimate (we call it MMLE).

Instead of maximizing the marginal-likelihood, we can maximize the log of the marginal-

likelihood given by

Lmarginal(θ) = log fmarginalθ (x) = −W (D − 1)

2
log θ − 1

2θ

W∑
w=1

(∑
d

(
xwd −

sw
D

)2
)

+ C,

where C is a constant. The maximum likelihood estimate that maximizes this log-marginal-



102

likelihood is given by

θ̂MMLE,unif =
1

W (D − 1)

W∑
w=1

(∑
d

(
xwd −

sw
D

)2
)

=
1

W (D − 1)

W∑
w=1

(∑
d

x2
wd −

(
∑

d xwd)
2

D

)

=
1

(D − 1)
(DM2 −M1) . (B.10)

Note that this is the same as the CMLE in Equation (B.8) and hence

θ̂MMLE,unif −→ θ∗.

Thus for the Neyman-Scott problem, conditioning and marginalizing (using a uniform

prior) approaches lead to the same inference.

B.3.2 Using a (non-conjugate) Gaussian prior on ν

Now let us try to integrate out ν with some other prior. Let us assume the following prior:

νw | c ∼ N (0,c) ∀ w.

Our original model was

Xwd | ν, θ ∼ N (νw,θ) ∀ d = 1, 2, . . . , D, w = 1, . . . ,W.

Then we can write

Xwd = νw + Zwd ∀d, ∀ w,
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where each Zwd iid ∼ N (0, θ) ∀w, ∀d and the Z’s are independent from the ν’s. Hence ∀w

E[Xw] = Eνw + EZwd = 0

E[X2
wd] = Eν2

w + EZ2
wd + EνwZwd = c+ θ

E[Xwd1Xwd2 ] = Eν2
w + EνwZwd1 + EνwZwd2 + EZwd1Zwd2 = c ∀ d1 6= d2.

Thus we get the model

Xw | (θ, c) ∼ N
(
~0, Q

)
∀ w = 1, . . . ,W, (B.11)

where

Xw =



Xw1

Xw2

...

XwD


, Q =



θ + c c . . . c

c θ + c
...

...
. . . c

c . . . c θ + c


.

Log-marginal-likelihood is given by

Lmarginal
c (θ) = log fθ,c(x) = −WD

2
log 2π − W

2
log |Q| − 1

2

W∑
w=1

xTwQ
−1xw

− 2

W
Lmarginal
c (θ) = D log 2π + log |Q|+ 1

W

W∑
w=1

xTwQ
−1xw.

We can write the log-likelihood explicitly in terms of c and θ by using the fact that Q =

θI+ cuuT where I is the D-dimensional identity matrix and u is a D×1 vector of all ones.

Using the Sherman–Morrison formula for matrix inversion and the Matrix Determinant

lemma, we get

|Q| = θD−1(θ + cD)

Q−1 =
1

θ

(
I − c

θ + cD
uuT

)
.
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This gives

− 2

W
Lmarginal
c (θ) = D log 2π + log(θ(D−1)(θ + cD)) +

1

θ

(
1

W

W∑
w=1

xTw

(
I − c

θ + cD
uuT

)
xw

)

= D log 2π + (D − 1) log θ + log(θ + cD) +
1

θ

1

W

(
N2 −

c

θ + cD
N1

)
(B.12)

= D log 2π + (D − 1) log θ + log(θ + cD) +
M2D

θ
− M1cD

θ(θ + cD)
(B.13)

= D log 2π + (D − 1) log θ + log(θ + cD) +
M2D

θ
− M1

θ
+

M1

θ + cD
, (B.14)

where

M2 =
1

WD

W∑
w=1

xw
Txw =

1

WD

W∑
w=1

D∑
d=1

x2
wd (B.15)

M1 =
1

WD

W∑
w=1

xw
TuuTxw =

1

WD

W∑
w=1

(
D∑
d=1

xwd

)2

=
1

WD

W∑
w=1

 D∑
d=1

x2
wd +

∑
d1

∑
d2

d1 6=d2

xwd1xwd2

 . (B.16)

Let the true prior on νw be νw ∼ N (0,c
∗) ∀ w which gives that the true distribution of

the data is

Xw | (θ∗, c∗) ∼ N
(
~0, Q∗

)
∀ w = 1, . . . ,W, (B.17)

where

Q∗ = E[XwX
T
w ] =



θ∗ + c∗ c∗ . . . c∗

c∗ θ∗ + c∗
...

...
. . . c∗

c∗ . . . c∗ θ∗ + c∗


E[X2

wd] = θ∗ + c∗ ∀ w, d

E[Xwd1Xwd2 ] = c∗ ∀ w, d1 6= d2.
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Using this in equations (B.15) and (B.16) gives

M1 −→
1

D

 D∑
d=1

E[X2
wd] +

∑
d1

∑
d2

d1 6=d2

E[Xwd1Xwd2 ]

 = θ∗ + c∗D

M2 −→
1

D

D∑
d=1

E[X2
wd] = θ∗ + c∗.


(B.18)

MMLE

If we treat the problem as estimating θ with hyper-parameter c assumed to be a known

constant, then we will prove (see Proposition 5 below) that θ̂MMLE → θ∗ if and only if

c = c∗.

With c fixed, the MMLE is given by the argument that maximizes Equation (B.13), which

is the solution to the following equation

0 =
∂

∂θ

(
D log 2π + (D − 1) log θ + log(θ + cD) +

M2D −M1

θ
+

M1

θ + cD

)
=

(D − 1)

θ
+

1

(θ + cD)
− M2D −M1

θ2
− M1

(θ + cD)2

=
θ3 + (2cD − c−M2) θ2 + (c2D(D − 1)− 2c(DM2 −M1)) θ − c2D(DM2 −M1)

θ2(θ + cD)2
.

Hence θ̂MMLE is a root of the cubic polynomial:

hW (θ) = θ3 + (2cD − c−M2) θ2 + (c2D(D − 1)− 2c(DM2 −M1)) θ − c2D(DM2 −M1).

Since θ̂MMLE is the maximum likelihood estimator of an exponential family, we know that

the likelihood is convex and that the MLE exists and is unique.

Note that M1 and M2 are dependent on window size W . In the limit we have M1 →

(θ∗ + c∗D) and M2 → (θ∗ + c∗) from equations (B.18). Hence we have the polynomial
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hW (θ)→ h∗(θ), where

h∗(θ) = θ3 + (2cD − c− c∗ − θ∗)θ2 + (c2D(D − 1)− 2c(D − 1)θ∗)θ − c2D(D − 1)θ∗.

We want are interested in investigating the conditions under which θ̂MMLE → θ∗.

Proposition 5. If the data is generated from the true model as described in (B.17), then

θ̂MMLE → θ∗ if and only if c = c∗:

Proof. Let us first prove θ̂MMLE → θ∗ only if c = c∗:

Suppose that the sequence θ̂MMLE converges to the true θ∗: θ̂MMLE → θ∗. We know

that θ̂MMLE are the roots of hW and that hW → h∗. The roots of a polynomial vary

continuously as a function of the coefficients [24]. This implies that the sequence θ∗ has to

converge to a fixed root of h∗. Hence θ∗ has to be a root of h∗, i.e.

0 = (θ∗)3 + (2cD − c− c∗ − θ∗)(θ∗)2 + (c2D(D − 1)− 2c(D − 1)θ∗)(θ∗)− c2D(D − 1)θ∗

= (θ∗)3 + (2cD − c− c∗)(θ∗)2 − (θ∗)3 + c2D(D − 1)θ∗ − 2c(D − 1)(θ∗)2 − c2D(D − 1)θ∗

= (c− c∗)(θ∗)2.

Since θ∗ > 0, we have c = c∗. Thus θ̂MMLE → θ∗ only when c = c∗.

Now we prove θ̂MMLE → θ∗ if c = c∗:

c = c∗ implies

h∗(θ) = θ3 + (2cD − 2c∗ − θ∗)θ2 + (c∗2D(D − 1)− 2c∗(D − 1)θ∗)θ − c∗2D(D − 1)θ∗

= (θ − θ∗){(θ + c∗(D − 1))2 + c∗2(D − 1))}. (B.19)

Since the second factor of the polynomial in (B.19) is always positive, h∗ has two complex

roots and one real root given by θ∗. Since the roots of a polynomial are continuous functions

of the coefficients, and since hW → h∗, there exists a sequence θ̂W of roots of hW that
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converge to the real root of h∗, i.e. θ̂W → θ∗. Now a cubic polynomial can have either

one real and two complex roots, or three real roots. There also exist sequences of roots of

hW that converge to the two complex roots of h∗. For sufficiently large W , these will have

to be non-real and therefore hW will have only one real root. Hence the sequence that

converges to the real root θ∗ is given by the unique real root of hW for sufficiently large

W . Therefore θ̂MMLE → θ∗.

Hence we have θ̂MMLE → θ∗ if and only if c = c∗, i.e. we know the prior distribution on

the ν’s exactly.

HMLE

In the hierarchical model, we treat the hyper-parameter c as unknown as well. We can

maximize jointly over the (θ, c) space to get the maximum likelihood estimate (we call this

the HMLE, short for hierarchical maximum likelihood estimate). Maximizing Equation

(B.12) or (B.13) over c and θ simultaneously, and using (B.18) gives

ĉ =
M1 −M2

(D − 1)
−→ c∗

θ̂HMLE =
DM2 −M1

(D − 1)
−→ θ∗, (B.20)

if the data is generated from the true model as described in (B.17). Hence, θ̂HMLE is

consistent. Note that the HMLE in this case is the same as CMLE from Equation (B.8).

We could have put a prior on c and θ to get Bayesian estimates. As we get more and

more data, the effect of the prior will eventually die out, and the posterior mean and the

posterior mode will both converge to the HMLE.
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B.3.3 Using a conjugate prior on ν and θ

Let us explore if similar results hold if we assume a different prior on the parameters. The

conjugate prior setting for (ν, θ) is as follows:

θ | (a, b) ∼ Γ−1(a, b)

νw | (θ, c) ∼ N (0,θc) ∀ w

Π(ν, θ) =
ba

Γ(a)

(
1

θ

)a+1

exp

(
− b
θ

) W∏
w=1

(
1√

2πcθ
exp

(
− ν

2
w

2cθ

))
.

Using this conjugate prior on ν we get the model similar to equation (B.11)

Xw =


Xw1

...

XwD

 | (θ, c) ∼ N
(
~0, θR

)
∀ w = 1, . . . ,W,

where

R =



1 + c c . . . c

c 1 + c
...

...
. . . c

c . . . c 1 + c


.

Log-likelihood is given by

Lmarginal(θ,R) = log fθ,R(x) = −W
2

(
D log 2π + log |R|+D log θ +

1

θW

W∑
w=1

xTwR
−1xw

)
.

We can write R as R = I + cuuT where u is the D × 1 vector of all ones. Using the

Sherman–Morrison formula for matrix inversion and the matrix determinant lemma, we

get

|R| = 1 + cD

R−1 = I − c

1 + cD
uuT .



109

Using this we get

− 2

W
Lmarginal(θ,R) = D log 2π + log |R|+D log θ +

1

θ

1

W

W∑
w=1

xTwR
−1xw

− 2

W
Lmarginal(θ, c) = D log 2π + log(1 + cD) +D log θ

+
1

θ

1

W

W∑
w=1

xTw

(
I − c

1 + cD
uuT

)
xw

= D log 2π + log(1 + cD) +D log θ · · ·

+
1

θ

1

W

W∑
w=1

∑
d

x2
wd −

c

1 + cD

(∑
d

xwd

)2


= D log 2π + log(1 + cD) +D log θ +
D

θ

(
M2 −

c

1 + cD
M1

)
, (B.21)

where M1 and M2 are as defined before in equations (B.15),(B.16).

Let the true prior for νw have parameter c∗ and let the true structural parameter be θ∗,

which gives that the true distribution of the data is

Xw ∼ N
(
~0, θ∗R∗

)
, ∀ w (B.22)

where

R∗ = θ∗



1 + c∗ c∗ . . . c∗

c∗ 1 + c∗
...

...
. . . c∗

c∗ . . . c∗ 1 + c∗


.

This gives

E[XwX
T
w ] = θ∗ ·R∗

E[X2
wd] = θ∗(1 + c∗) ∀ w, d

E[Xwd1Xwd2 ] = θ∗c∗ ∀ w, d1 6= d2.
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Using this in equations (B.15) and (B.16) gives

M1 −→
1

D

 D∑
d=1

E[X2
wd] +

∑
d1

∑
d2

d1 6=d2

E[Xwd1Xwd2 ]

 = θ∗(1 + c∗D)

M2 −→
1

D

D∑
d=1

E[X2
wd] = θ∗(1 + c∗D).


(B.23)

MMLE

We can treat c as known and maximize the marginal likelihood over θ. Then the maximum

marginal likelihood estimate (MMLE) is given by minimizing the negative log marginal

likelihood (B.21):

θ̂MMLE = M2 −
c

1 + cD
M1 −→ θ∗

(
1 +

c∗ − c
1 + cD

)
(B.24)

under the true model (B.22). We will get θ̂MMLE → θ∗ if and only if c = c∗, i.e. our prior

assumption is correct.

HMLE

Instead, we can treat the hyper-parameter c as unknown and try to estimate both c and

θ. The joint MLE is given my minimizing the negative log-marginal-likelihood (B.21) over

the (θ, c) space, and we get

ĉ =
M1 −M2

DM2 −M1
−→ c∗

θ̂HMLE =
DM2 −M1

(D − 1)
−→ θ∗, (B.25)

if the data is generated from true model (B.22). This HMLE with conjugate prior is also

the same as the CMLE from Equation (B.8).



Appendix C

Asymptotic results for two-neuron

model with D = 2 and D = 3

C.1 Asymptotic results for window width D = 2

Let us first get expressions for the different estimates, and then we shall explore their

asymptotic behavior.

C.1.1 Expressions for the three estimators - stationary MLE, non-stationary

MLE and CMLE

Stationary MLE

The MLE for this stationary model for θ is given by (3.3)

θ̂stat = log
l (T − s1 − s2 + l)

(s1 − l) (s2 − l)
,

111
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where s1, s2 and l are the observed sufficient statistics given by s1 = S1(x) =
∑
x1t,

s2 = S2(x) =
∑
x2t and l = L(x) =

∑
x1tx2t. Each xt = (x1t, x2t)

′ ∈ {0, 1}2×1 =

{(0, 0)′, (0, 1), (1, 0)′, (1, 1)′}. Let us change our notation slightly and use N00, N01, N10,

N11 to count each possible combination. Hence N10 = s1 − l, N01 = s2 − l, N11 = l and

N00 = T − s1 − s2 + l. In our new notation, the stationary MLE takes the form

θ̂stat = log
N00 ·N11

N10 ·N01
. (C.1)

Nonstationary MLE with D = 2

The MLE is given by solving (3.10) and (3.11) to get ν̂1w and ν̂2w as a function of θ for

each window with sw ∈ Sgood and then substituting all these estimates into (3.12) to get

θ̂MLE .

With window width D = 2, possible spike count sums in each window for each neuron

are 0, 1 or 2. We ignore the degenerate windows with sums 0 or 2. Hence the only non-

degenerate windows have sums sw = (s1w, s2w)′ = (1, 1)′ and Sgood = {(1, 1)′}. Let us

denote the number of these non-degenerate windows as W11. lw can take only 2 values: 0

or 1. Let W110 and W111 denote the number of windows with (s1w, s2w, lw) = (1, 1, 0) and

(s1w, s2w, lw) = (1, 1, 1) respectively. Note that W11 = W110 +W111.

Substituting s1w = 1, and s2w = 1 in equations (3.10) and (3.11) we get e ˆν1w = e ˆν2w =

1/
√
eθ̂ which can then be substituted back in (3.12) to get the non-stationary MLE:

∑
w:sw=(1,1)′

Lw
D

=
∑

w:sw=(1,1)′

eν̂1w+ν̂2w+θ̂

1 + eν̂1w + eν̂2w + eν̂1w+ν̂2w+θ̂

(1)W111 + (0)W110

2
= (W110 +W111)

√
eθ̂

2(1 +
√
eθ̂)

θ̂nonstat = 2 log
W111

W110
. (C.2)
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Conditional MLE with D = 2

Pruning away the degenerate windows, we are left with only the non-degenerate ones with

window sums s1w = 1, s2w = 1. The hypergeometric coefficients in Equation (3.15) for

D = 2 are h1,1(0) = 2, h1,1(1) = 2 and h1,1(2) = 0.

Using (3.17) and (3.20), the conditional distribution to be optimized is given by

ψgood(x|S = s) =
∏

w:sw∈Sgood

exp(θlw)∑D
k=0 exp(θk) · hs1w,s2w(k)

=
∏

w:sw=(1,1)′

e(θlw)

2 + 2eθ
(C.3)

logψgood(x|S = s) =
∑

w:sw=(1,1)′

(
θlw − log(2 + 2eθ)

)

The conditional MLE is given by equating the derivative to 0, we get

∑
w:sw=(1,1)′

lw =
∑

w:sw=(1,1)′

eθ̂

1 + eθ̂

(1)W111 + (0)W110 = (W111 +W110)
eθ̂

1 + eθ̂

θ̂CMLE = log
W111

W110
(C.4)

Note that in this case we have

θ̂CMLE =
1

2
· θ̂nonstat

C.1.2 Results on stationary data

Let us assume that the data comes from a stationary model with true parameters ν∗1 , ν∗2 ,

and θ∗. Hence the true data probability is

P(X = x) =

T∏
t=1

eν
∗
1x1t+ν

∗
2x1t+θ

∗x1tx2t

z∗
(C.5)
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where the normalizing constant is given by z∗ = 1 + eν
∗
1 + eν

∗
2 + eν

∗
1+ν∗2+θ∗ .

At each time t, xt ∈ {(0, 0)′, (0, 1)′, (1, 0)′, (1, 1)′} has a categorical distribution with prob-

abilities (p00, p01, p10, p11) respectively given by

p00 =
1

z∗
, p10 =

eν
∗
1

z∗
, p01 =

eν
∗
2

z∗
, p11 =

eν
∗
1+ν∗2+θ∗

z∗
. (C.6)

Stationary MLE for stationary data

When data is generated by the true stationary distribution, we expect the stationary MLE

to be consistent.

Proposition 6. For stationary data as described in (C.5), the stationary MLE given by

(C.1) is consistent: θ̂stat → θ∗, and asymptotically normal:

√
T
(
θ̂ stat − θ∗

)
→ N

(
0,

1

p00
+

1

p10
+

1

p01
+

1

p11

)
.

Proof. The stationary MLE for D = 2 was given by (C.1) as

θ̂stat = log
N00 ·N11

N10 ·N01
.

We know the true data (Xt : t = 1, . . . , T ) is iid from the discrete categorical distribution

(C.6). As T →∞, by Law or Large Numbers (LLN) we get

N00

T
=

1

T

∑
t

1(X1t = 0, X2t = 0) → E[1(X1 = 0, X2 = 0)] = p00 =
1

z∗

N10

T
=

1

T

∑
t

1(X1t = 1, X2t = 0) → E[1(X1 = 1, X2 = 0)] = p10 =
eν
∗
1

z∗

N01

T
=

1

T

∑
t

1(X1t = 0, X2t = 1) → E[1(X1 = 0, X2 = 1)] = p01 =
eν
∗
2

z∗

N11

T
=

1

T

∑
t

1(X1t = 1, X2t = 1) → E[1(X1 = 1, X2 = 1)] = p11 =
eν
∗
1+ν∗2+θ∗

z∗
,



115

and hence

θ̂stat = log
N00 ·N11

N10 ·N01
→ log

p00 · p11

p10 · p01
= log

eν
∗
1+ν∗2+θ∗

eν
∗
1 · eν∗2

= θ∗. (C.7)

This gives us consistency. Let us now look at asymptotic normality. Let us define MT , µ

and Σ as follows:

MT =



N00
T

N10
T

N01
T

N11
T


, µ =



p00

p10

p01

p11


, Σ =



p00(1− p00) −p00p10 −p00p01 −p00p11

−p00p10 p10(1− p10) −p10p01 −p10p11

−p00p01 −p10p01 p01(1− p01) −p01p11

−p00p11 −p10p11 −p01p11 p11(1− p11)


.

Using the Central Limit Theorem for multivariate random variables we get

√
T (MT − µ)→ N (0,Σ) .

For y = (y1, y2, y3, y4)′ ∈ R4×1, let us define the function g(y) = log y1 + log y4 − log y2 −

log y3. The value of g(.) at µ and MT is

g(MT ) = θ̂stat

g(µ) = log p00 + log p11 − log p10 − log p01 = θ∗.

Now we can use the Multivariate Delta Method (A.3) to get the limiting distribution of

the stationary MLE θ̂stat as follows:

√
T
(
θ̂stat − θ∗

)
=
√
T (g(MT )− g(µ))→ N

(
0 , (∇g)′Σ(∇g)

)
,

where (∇g)′Σ(∇g) =
∑

i

∑
j Σij

∂g(µ)
∂µi

∂g(µ)
∂µj

. Partial derivatives are continuous at µ and
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given by

∂g(µ)

∂µ1
= +

1

µ1
= +

1

p00

∂g(µ)

∂µ2
= − 1

µ2
= − 1

p10

∂g(µ)

∂µ3
= − 1

µ3
= − 1

p01

∂g(µ)

∂µ4
= +

1

µ4
= +

1

p11
,

and we can evaluate the new variance to be

(∇g)′Σ(∇g) =
∑
i

∑
j

Σij
∂g(µ)

∂µi

∂g(µ)

∂µj

=
1

p00
+

1

p10
+

1

p01
+

1

p11

=
(

1 + eν
∗
1 + eν

∗
2 + eν

∗
1+ν∗2+θ∗

)(
1 + e−ν

∗
1 + e−ν

∗
2 + e−(ν∗1+ν∗2+θ∗)

)
=

(
1 + eν

∗
1 + eν

∗
2 + eν

∗
1+ν∗2+θ∗

) (
1 + eν

∗
1θ
∗

+ eν
∗
2θ
∗

+ eν
∗
1+ν∗2+θ∗

)
eν
∗
1+ν∗2+θ∗

. (C.8)

Hence we get
√
T
(
θ̂ stat − θ∗

)
→ N

(
0,

1

p00
+

1

p10
+

1

p01
+

1

p11

)
. (C.9)

Non-stationary MLE with D = 2 for stationary data

Proposition 7. For stationary data as described in (C.5), the non-stationary MLE given

by (C.2) is not consistent.

Proof. The non-stationary MLE for D = 2 was given by (C.2) as

θ̂nonstat = 2 log
W111

W110
.

When D = 2, the probability for each non-degenerate window is

P(Xw = xw) =
eν
∗
1S1w+ν∗2S1w+θ∗Lw

(z∗)2
.
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Hence we get

p110 , P(S1w = 1, S1w = 1, Lw = 0)

=
∑
xw

eν
∗
1S1w+ν∗2S1t+θ∗Lw)

(z∗)2
1(S1w = 1, S1w = 1, Lw = 0)

=
2eν

∗
1+ν∗2

(z∗)2
= 2 · p10 · p01 (C.10)

p111 , P(S1w = 1, S1w = 1, Lw = 1)

=
∑
xw

eν
∗
1S1w+ν∗2S1t+θ∗Lw)

(z∗)2
1(S1w = 1, S1w = 1, Lw = 0)

=
2eν

∗
1+ν∗2+θ∗

(z∗)2
= 2 · p11 · p00. (C.11)

The Law of Large Numbers gives W110/W → p110,W111/W → p111 and

θ̂nonstat = 2 log
W111

W110
−→ 2 log

p111

p110
= 2 log

2e(ν1∗+ν∗2+θ∗)

2e(ν1∗+ν∗2 )
= 2θ∗ (C.12)

and shows that the non-stationary MLE is not consistent.

Using the Central limit theorem we get

√
W

 1

W

W111

W110

−
p111

p110


→ N


0

0

 ,
p111(1− p111) −p110p111

−p110p111 p110(1− p110)


 ,

and using the multivariate delta method from Theorem A.3 above with the function g(y) =

2 log y1−2 log y2 for y ∈ R2×1 gives the asymptotic distribution of the non-stationary MLE:

µ =

p111

p110

 , g(µ) = θ∗, g

 1

W

W111

W110


 = θ̂nonstat, ∇g(µ) = 2

+ 1
p111

− 1
p110

 ,

(∇g)′Σ(∇g) =
∑
i

∑
j

Σij
∂g(µ)

∂µi

∂g(µ)

∂µj
= 4

(
1

p111
+

1

p110

)
.
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This gives
√
W
(
θ̂nonstat − 2θ∗

)
→ N

(
0,

4

p111
+

4

p110

)
√
T
(
θ̂nonstat − 2θ∗

)
→ N

(
0,

8

p111
+

8

p110

)
, (C.13)

where

2

p111
+

2

p110
=

(z∗)2

eν
∗
1+ν∗2

+
(z∗)2

eν
∗
1+ν∗2+θ∗

=
(z∗)2

eν
∗
1+ν∗2+θ∗

(eθ
∗

+ 1). (C.14)

CMLE with D = 2 for stationary data

Proposition 8. For stationary data as described in (C.5), the CMLE given by (C.4) is

consistent and asymptotically normal.

The CMLE for D = 2 was given by (C.4) as

θ̂CMLE = log
W111

W110
=

1

2
· θ̂nonstat.

Using (C.12) and (C.13), we get

θ̂CMLE −→ θ∗ (C.15)

and
√
T
(
θ̂CMLE − θ∗

)
→ N

(
0,

2

p111
+

2

p110

)
. (C.16)

The CMLE is consistent and asymptotically normal.

Simulation results for stationary data

We show results on simulated data in the main Section 3.4.1.
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C.1.3 Results on non-stationary data

Now let us explore how these estimates behave asymptotically if the data is generated

from a non-stationary data. The simplest case would be if the data comes from one set of

parameters for the first half and a different set of parameters for the second half. Let us

assume that T is divisible by 4 (we want each half to break into windows of width 2). Let

the parameters be (ν∗1 , ν
∗
2 , θ
∗) for t ≤ T/2 , and (λ∗1, λ

∗
2, θ
∗) for t > T/2. Hence the true

data probability is

P(X = x) =

T/2∏
t=1

exp (ν∗1x1t + ν∗2x1t + θ∗x1tx2t)

z∗ν

T∏
t=T

2
+1

exp (λ∗1x1t + λ∗2x1t + θ∗x1tx2t)

z∗λ
,

(C.17)

where the normalizing constants are given by

z∗ν = 1 + eν
∗
1 + eν

∗
2 + eν

∗
1+ν∗2+θ∗ and z∗λ = 1 + eλ

∗
1 + eλ

∗
2 + eλ

∗
1+λ∗2+θ∗ .

The categorical probabilities for xt for the first half for ∀ t ≤ T/2 are given by

p1
00 =

1

z∗ν
, p1

10 =
eν
∗
1

z∗ν
, p1

01 =
eν
∗
2

z∗ν
, p1

11 =
eν
∗
1+ν∗2+θ∗

z∗ν
(C.18)

and

p2
00 =

1

z∗λ
, p2

10 =
eλ
∗
1

z∗λ
, p2

01 =
eλ
∗
2

z∗λ
, p2

11 =
eλ
∗
1+λ∗2+θ∗

z∗λ
(C.19)

for t > T/2.

Let us use N1
00, N1

01, N1
10, N1

11 to count each possible combination for t ≤ T/2 and N2
00,

N2
01, N2

10, N2
11 to count each possible combination for t > T/2.
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As T →∞, by Law or Large Numbers we get

N00

T
=

1

2

(
N1

00
T
2

+
N2

00
T
2

)
→ 1

2

(
p1

00 + p2
00

)
=

1

2

(
1

z∗ν
+

1

z∗λ

)
N10

T
=

1

2

(
N1

10
T
2

+
N2

10
T
2

)
→ 1

2

(
p1

10 + p2
10

)
=

1

2

(
eν
∗
1

z∗ν
+
eλ
∗
1

z∗λ

)
N01

T
=

1

2

(
N1

01
T
2

+
N2

01
T
2

)
→ 1

2

(
p1

01 + p2
01

)
=

1

2

(
eν
∗
2

z∗ν
+
eλ
∗
2

z∗λ

)
N11

T
=

1

2

(
N1

11
T
2

+
N2

11
T
2

)
→ 1

2

(
p1

11 + p2
11

)
=

1

2

(
eν
∗
1+ν∗2+θ∗

z∗ν
+
eλ
∗
1+λ∗2+θ∗

z∗λ

)
.

If we define M1T , µ1, M2T , µ2 Σ1, and Σ2 as

M1T =
2

T



N1
00

N1
10

N1
01

N1
11


, µ1 =



p1
00

p1
10

p1
01

p1
11


, M2T =

2

T



N1
00

N1
10

N1
01

N1
11


, µ2 =



p2
00

p2
10

p2
01

p2
11


,

Σ1 =



p1
00(1− p1

00) −p1
00p

1
10 −p1

00p
1
01 −p1

00p
1
11

−p1
00p

1
10 p1

10(1− p1
10) −p1

10p
1
01 −p1

10p
1
11

−p1
00p

1
01 −p1

10p
1
01 p1

01(1− p1
01) −p1

01p
1
11

−p1
00p

1
11 −p1

10p
1
11 −p1

01p
1
11 p1

11(1− p1
11)


, (C.20)

Σ2 =



p2
00(1− p2

00) −p2
00p

2
10 −p2

00p
2
01 −p2

00p
2
11

−p2
00p

2
10 p2

10(1− p2
10) −p2

10p
2
01 −p2

10p
2
11

−p2
00p

2
01 −p2

10p
2
01 p2

01(1− p2
01) −p2

01p
2
11

−p2
00p

2
11 −p2

10p
2
11 −p2

01p
2
11 p2

11(1− p2
11)


, (C.21)

using the Central Limit Theorem for multivariate random variables, we get

√
T

2
(M1T − µ1)→ N (0,Σ1)

√
T

2
(M2T − µ2)→ N (0,Σ2) .
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If MT = (M1T +M2T )/2 = [N00N10N01N11]′/T , µ = (µ1 +µ2)/2 and Σ = (Σ1 + Σ2)/2,

then by the independence of M1T and M2T , we get

√
T (MT − µ)→ N (0,Σ) .

Stationary MLE for non-stationary data

Proposition 9. For non-stationary data as described in (C.17), the stationary MLE given

by (C.1) is not necessarily consistent.

Proof. The limiting distribution of is given by

θ̂stat = log
N00 ·N11

N10 ·N01
−→ log

(
p1

00 + p2
00

) (
p1

11 + p2
11

)(
p1

10 + p2
10

) (
p1

01 + p2
01

) (C.22)

−→ log
(z∗λ + z∗ν)

(
z∗λe

ν∗1+ν∗2+θ∗ + z∗νe
λ∗1+λ∗2+θ∗

)(
z∗λe

ν∗1 + z∗νe
λ∗1
) (
z∗λe

ν∗2 + z∗νe
λ∗2
) (C.23)

−→ θ∗ + log
(z∗λ + z∗ν)

(
z∗λe

ν∗1+ν∗2 + z∗νe
λ∗1+λ∗2

)(
z∗λe

ν∗1 + z∗νe
λ∗1
) (
z∗λe

ν∗2 + z∗νe
λ∗2
) . (C.24)

Let us call this limiting value

θstat0 , θ∗ + log
(z∗λ + z∗ν)

(
z∗λe

ν∗1+ν∗2 + z∗νe
λ∗1+λ∗2

)(
z∗λe

ν∗1 + z∗νe
λ∗1
) (
z∗λe

ν∗2 + z∗νe
λ∗2
)

= θ∗ + log
z∗ν

2eλ
∗
1+λ∗2 + z∗λ

2eν
∗
1+ν∗2 + z∗νz

∗
λe
λ∗1+λ∗2 + z∗νz

∗
λe
ν∗1+ν∗2

z∗ν
2eλ

∗
1+λ∗2 + z∗λ

2eν
∗
1+ν∗2 + z∗νz

∗
λe
λ∗1+ν∗2 + z∗νz

∗
λe
ν∗1+λ∗2

.

The limit on the right will not be θ∗ for all choices of parameters (we show a particular

case in our simulations in Section C.1.3).
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θstat0 = θ∗ if and only if

z∗ν
2eλ

∗
1+λ∗2 + z∗λ

2eν
∗
1+ν∗2 + z∗νz

∗
λe
λ∗1+λ∗2 + z∗νz

∗
λe
ν∗1+ν∗2

z∗ν
2eλ

∗
1+λ∗2 + z∗λ

2eν
∗
1+ν∗2 + z∗νz

∗
λe
λ∗1+ν∗2 + z∗νz

∗
λe
ν∗1+λ∗2

= 1

iff eλ
∗
1+λ∗2 + eν

∗
1+ν∗2 = eλ

∗
1+ν∗2 + eν

∗
1+λ∗2

iff (eν
∗
1 − eλ∗1)(eν

∗
2 − eλ∗2) = 0

iff ν∗1 = λ∗1 or ν∗2 = λ∗2.

For our choice of parameters, θ̂stat is consistent if only if ν∗1 = λ∗1 or ν∗2 = λ∗2. Thus the

stationary MLE need not be consistent.

Using the function g(y) = log y1 + log y4 − log y2 − log y3, we get g(MT ) = θstat0 and

g(µ) = log((p1
00 + p2

00) · (p1
11 + p2

11))− log((p1
10 + p2

10) · (p1
01 + p2

01)) = θstat0 . The multivariate

delta method (A.3) gives

√
T
(
θ̂stat − θstat0

)
=
√
T (g(MT )− g(µ)) −→ N

(
0 , (∇g)′Σ(∇g)

)
, (C.25)

where

∇g(µ) =

[
1

(p1
00 + p2

00)

−1

(p1
10 + p2

10)

−1

(p1
01 + p2

01)

1

(p1
11 + p2

11)

]′
Σ =

Σ1 + Σ2

2
.

with Σ1 and Σ2 as defined previously in equations (C.20) and (C.21).

Non-stationary MLE with D = 2 for non-stationary data

Proposition 10. For non-stationary data as described in (C.17), the non-stationary MLE

given by (C.1) is not consistent.

Proof. Let us denote the number of windows with (s1w, s2w, lw) = (1, 1, 0) in the first half
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as W 1
110 and in the second half as W 2

110, and the number of windows with (s1w, l2w, Lw) =

(1, 1, 1) in the first half as W 1
111 and in the second half as W 1

111.

Each half is a stationary distribution with different sets of true parameters. The Law of

Large Numbers gives

W110

W
=

1

2

(
W 1

110
W
2

+
W 2

110
W
2

)
→ 1

2

(
p1

110 + p2
110

)
=

1

2

(
2eν

∗
1+ν∗2

(z∗ν)2
+

2eλ
∗
1+λ∗2

(z∗λ)2

)
W111

W
=

1

2

(
W 1

111
W
2

+
W 2

111
W
2

)
→ 1

2

(
p1

111 + p2
111

)
=

1

2

(
2eν

∗
1+ν∗2+θ∗

(z∗ν)2
+

2eλ
∗
1+λ∗2+θ∗

(z∗λ)2

)

and the limiting value of the non-stationary MLE is given by

θ̂nonstat = 2 log
W111

W110
−→ 2 log

p1
111 + p2

111

p1
110 + p2

110

= 2 log
z∗λ

2eν
∗
1+ν∗2+θ∗ + z∗ν

2eλ
∗
1+λ∗2+θ∗

z∗λ
2eν
∗
1+ν∗2 + z∗ν

2eλ
∗
1+λ∗2

= 2θ∗.

(C.26)

Using the Central limit theorem (CLT),

√
W

2

 2

W

W 1
111

W 1
110

−
p1

111

p1
110


 → N (0,Σ1) = N

0,

p1
111(1− p1

111) −p1
111p

1
110

−p1
111p

1
110 p1

110(1− p1
110)




√
W

2

 2

W

W 2
111

W 2
110

−
p2

111

p2
110


 → N (0,Σ2) = N

0,

p2
111(1− p2

111) −p2
111p

2
110

−p2
111p

2
110 p2

110(1− p2
110)




By independence of [W 1
111 W

1
110]′ and [W 2

111 W
2
110]′, we get

√
W

 1

W

W111

W110

− µ
→ N (0,

Σ1 + Σ2

2

)
, (C.27)

where µ =

[
p1111+p2111

2
p1110+p2110

2

]′
. We use the multivariate delta method (A.3) with the
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function g(y) = 2 log y1 − 2 log y2 to get the asymptotic distribution

√
T
(
θ̂nonstat − 2θ∗

)
=
√
T

g
 1

W

W111

W110


− g(µ)

 −→ N (0 , (∇g)′Σ(∇g)
)
,

(C.28)

where

∇g(µ) = 2

[
1

(p1
111 + p2

111)

−1

(p1
110 + p2

110)

]′
Σ =

Σ1 + Σ2

2

with Σ1 and Σ2 as defined previously in equations (C.20) and (C.21).

CMLE with D = 2 for non-stationary data

Proposition 11. For non-stationary data as described in (C.17), the CMLE given by

(C.4) is consistent and asymptotically normal.

Proof.

θ̂CMLE = log
W111

W110
−→ log

p1
111 + p2

111

p1
110 + p2

110

= log
z∗λ

2eν
∗
1+ν∗2+θ∗ + z∗ν

2eλ
∗
1+λ∗2+θ∗

z∗λ
2eν
∗
1+ν∗2 + z∗ν

2eλ
∗
1+λ∗2

. = θ∗ (C.29)

Using Equation (C.27) and the multivariate delta method (A.3) with the function g(y) =

log y1 − log y2 we get

√
T
(
θ̂CMLE − θ∗

)
=
√
T

g
 1

W

W111

W110


− g(µ)

 −→ N (0 , (∇g)′Σ(∇g)
)
, (C.30)
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where

∇g(µ) =

[
1

(p1
111 + p2

111)

−1

(p1
110 + p2

110)

]′
Σ =

Σ1 + Σ2

2

with Σ1 and Σ2 as defined previously in equations (C.20) and (C.21).

Simulation results for non-stationary data

We show results on simulated data in Section 3.4.2.

C.1.4 Results on data generated from conditional distribution given the

window sums (1, 1)

Let us assume now that the true data comes from a conditional model such that in each

window of width D = 2 the spike count sums are s1w = s2w = 1 and the true synchrony

parameter is θ∗. Using (C.3), the true conditional distribution of the data given θ∗ is

ψ(x|S = s) =

W∏
w=1

e(θ∗L(xw))

(2 + 2eθ∗)
,

since each window will have sw = (1, 1)′. Thus the probability of each possible xw is as

follows:0 1

1 0

,

1 0

0 1

 each with probability 1
2+2eθ∗

and

0 1

0 1

,

1 0

1 0

 each with proba-

bility eθ
∗

2+2eθ∗
.

Let W110 count the first two possibilities and W111 count the last two. In this case we also

have N00 = N11 = W111 and N10 = N01 = W110.
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If q110 = P (S1(xw) = 1, S2(xw) = 1, L(xw) = 0) and q111 = P (S1(xw) = 1, S2(xw) = 1, L(xw) = 1),

by the Law of Large Numbers,

N00

W
=
N11

W
=
W111

W
−→ q111 = 2× eθ

∗

2 + 2eθ∗
=

eθ
∗

1 + eθ∗

N10

W
=
N01

W
=
W110

W
−→ q110 = 2× 1

2 + 2eθ∗
=

1

1 + eθ∗
.

Hence the limiting value for the three estimators are:

θ̂stat = θ̂nonstat = log
N00 ·N11

N10 ·N01
= 2 log

W111

W110
−→ 2θ∗ (C.31)

θ̂CMLE = log
W111

W110
−→ θ∗ (C.32)

Also applying the Central Limit Theorem and the delta method as before, we get the

asymptotic distribution as

√
T
(
θ̂stat − 2θ∗

)
−→ N

(
0,

8(1 + eθ
∗
)2

eθ∗

)
√
T
(
θ̂nonstat − 2θ∗

)
−→ N

(
0,

8(1 + eθ
∗
)2

eθ∗

)
(C.33)

√
T
(
θ̂CMLE − θ∗

)
−→ N

(
0,

2(1 + eθ
∗
)2

eθ∗

)

Simulation results

Instead of generating data from the conditional distribution, we generate the data from a

stationary distribution, and ignore all windows except the ones with sums (1,1) which will

give data generated from the conditional distribution. We generated stationary data from

ν∗1 = log(4), ν∗2 = log(2) and θ∗ = −2. We choose a different value for θ∗ here because we

do not want the probability distributions p00 or p11 to dominate over the others. For this

set of true values we have p00 = 0.124, p10 = 0.495, p01 = 0.247, p11 = 0.134. (For the

earlier set, when θ∗ = 1, we had p00 = 0.035, p10 = 0.139, p01 = 0.069, p11 = 0.757.) We

generate 250 samples with a smaller T = 5 × 105 (computationally more intensive since

we sample more data, and throw away the windows with sums 0 or 2). The stat-MLE and
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nonstat-MLE are identical:

θ̂stat = θ̂nonstat d−→ N
(
−4, 1.52× 10−4

)
θ̂CMLE d−→ N

(
−2, 3.81× 10−5

)
In simulations, the variances for θ̂ stat = θ̂nonstat and θ̂CMLE are 1.455× 10−4 and 3.636×

10−5 respectively.

(a) Stat-MLE & Non-stat MLE, N
(
−4, 1.52× 10−4

)
(b) CMLE, N

(
−2, 3.81× 10−5

)

(c) all together

Normalized distribution of stat-MLE, MLE and CMLE on data generated from the conditional distribution
with 250 samples at T = 2× 105.

C.2 Asymptotic results for window width D = 3

With window width D = 3, possible spike count sums in each window for each neuron are

0, 1, 2 or 3. For MLE and CMLE calculations, we ignore the degenerate windows with

sums 0 or 3. Hence the only non-degenerate windows have sums sw = (s1w, s2w)′ ∈ Sgood =

{(1, 1)′, (1, 2)′, (1, 1)′, (2, 2)′}. Let us denote the number of these non-degenerate windows
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as W11, W12, W21 and W22 respectively, and in general we use Wijk to count the number

of windows with (s1w, s2w, lw) = (i, j, k).

The possible synchrony counts for windows with sums (1, 1), (1, 2) and (2, 1) are 0 and

1 and for windows with sums (2, 2), the possible synchronies are 1 and 2. Hence W11 =

W110 +W111, W12 = W120 +W121, W21 = W210 +W211 and W22 = W221 +W222.

C.2.1 Non-stationary MLE with D = 3

The MLE is given by solving (3.10) and (3.11) to get ν̂1w and ν̂2w as a function of θ for

each window with sw ∈ Sgood and then substituting all these estimates in (3.12) to get

θ̂MLE .

Let us denote exp(θ) as ρ. For each possible type of window, we get the estimates for ν̂1

and ν̂2 in terms of ρ by solving (3.10) and (3.10), which can then be substituted in (3.12)

to get ρ̂ = exp(θ̂). We use the notation

γij(ρ) ,
eν̂1w+ν̂2w+θ̂

1 + eν̂1w + eν̂2w + eν̂1w+ν̂2w+θ̂

for each term in (3.12) and hence ρ̂ is given by solving

∑
w:sw∈Sgood

lw
D

=
∑

w:sw∈Sgood

γs1w,s2w(ρ). (C.34)

The left hand side of the above equation is given by (W111+W121+W211+W221+2W222)/D.

For windows with sums (1, 1), we get

e ˆν1w = e ˆν2w =
−1 +

√
1 + 8ρ

4ρ
, γ11(ρ) =

2ρ+ 1 +
√

1 + 8ρ

6(ρ− 1)
.
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For windows with sums (1, 2), we get

e ˆν1w =
−√ρ+

√
8 + ρ

4
√
ρ

, e ˆν2w =

√
ρ+
√

8 + ρ

2
√
ρ

, γ12(ρ) =
4
√
ρ

9
√
ρ+ 3

√
8 + ρ

=
3ρ−

√
ρ(8 + ρ)

6(ρ− 1)
.

For windows with sums (2, 1), we get

e ˆν1w =

√
ρ+
√

8 + ρ

2
√
ρ

, e ˆν2w =
−√ρ+

√
8 + ρ

4
√
ρ

, γ21(ρ) =
4
√
ρ

9
√
ρ+ 3

√
8 + ρ

=
3ρ−

√
ρ(8 + ρ)

6(ρ− 1)
.

For windows with sums (2, 2), we get

e ˆν1w = e ˆν2w =
1 +
√

1 + 8ρ

2ρ
, γ22(ρ) =

4ρ− 1−
√

1 + 8ρ

6(ρ− 1)
.

Substituting these in the above Equation (C.34) gives

W111 +W121 +W211 +W221 + 2W222

3
−W11γ11(ρ)+W12γ12(ρ)+W21γ21(ρ)+W22γ22(ρ) = 0.

Let us define

h(ρ) ,
W111 +W121 +W211 +W221 + 2W222

W
· · ·

− 3
W11γ11(ρ) +W12γ12(ρ) +W21γ21(ρ) +W22γ22(ρ)

W
. (C.35)

If ρ̂ is a root of h(ρ), then the non-stationary MLE is given by θ̂MLE = log ρ̂.

Asymptotic behavior of non-stationary MLE on stationary data

Proposition 12. Let us assume that the data comes from a stationary model with true

parameters ν∗1 , ν∗2 , and θ∗:

P(X = x) =

T∏
t=1

e(ν
∗
1x1t+ν

∗
2x2t+θ

∗x1tx2t)

z∗
=

T∏
t=1

ax1t · bx2t · cx1tx2t
z∗

,
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where a = eν
∗
1 , b = eν

∗
2 and c = eθ

∗
and the normalizing constant is given by z∗ =

1 + eν
∗
1 + eν

∗
2 + eν

∗
1+ν∗2+θ∗ = 1 + a+ b+ abc. Then the non-stationary MLE is inconsistent.

Proof. We now explore how the non-stationary MLE behaves asymptotically. We know

that probability for each window is

P(Xw = xw) =
e(ν
∗
1 s1w+ν∗2 s2w+θ∗lw)

(z∗)D
=
as1w · bs2w · clw

z∗3
.

Let us define

pijk = P (s1w = i, s2w = j, lw = k) =
ai · bj · ck

z∗3
·#{y : S1(y) = i, S2(y) = j, L(y) = k},

where the last term counts all possible combinations of y ∈ {0, 1}2×3 that have the statistics

(S1(y), S2(y), L(y)) = (i, j, k). By Law of Large Numbers, we get

W111

W
→ p111 =

3ab

z∗3
(c)

W121

W
→ p121 =

3ab2

z∗3
(2c)

W211

W
→ p211 =

3a2b

z∗3
(2c)

W222

W
→ p222 =

3a2b2c

z∗3
(c)

W110

W
→ p110 =

3ab

z∗3
(2)

W120

W
→ p120 =

3ab2

z∗3
(1)

W210

W
→ p210 =

3a2b

z∗3
(1)

W221

W
→ p221 =

3a2b2c

z∗3
(2)

W11

W
→ 3ab

z∗3
(c+ 2)

W12

W
→ 3ab2

z∗3
(2c+ 1)

W22

W
→ 3a2b2c

z∗3
(c+ 2)

W22

W
→ 3a2b2c

z∗3
(c+ 2)


(C.36)

Using (C.35) and the asymptotic values of the ratios from above we get

h(ρ) −→ h∗(ρ), (C.37)
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where h∗(ρ) is given by

h∗(ρ) =
3ab

z∗3
[c− 3(c+ 2)γ11(ρ)] +

3ab

z∗3
(a+ b) [2c− 3(2c+ 1)γ12(ρ)]

+
3ab

z∗3
abc [2(c+ 1)− 3(c+ 2)γ22(ρ)]

=
3ab

z∗3

([
c− (c+ 2)

2ρ+ 1−
√

8ρ+ 1

2(ρ− 1)

]
+ (a+ b)

[
2c− (2c+ 1)

3ρ−
√
ρ(8 + ρ)

2(ρ− 1)

]

+abc

[
2(c+ 1)− (c+ 2)

4ρ− 1−
√

8ρ+ 1

2(ρ− 1)

])
. (C.38)

If ρ̂ is a root of h(ρ) and ρ0 is a root of the limiting function h∗(ρ), then ρ̂→ ρ0, since the

roots of a polynomial vary continuously with the co-efficients [24]. This gives θ̂MLE → θ0 =

log ρ0. Thus for the stationary distribution, θ0 (the limiting value of θ̂MLE) depends on the

true values of the nuisance parameters as well. Hence we cannot use any sort of a clever

correction to correct the MLE (as we can do for the Gaussian case in the Neyman -Scott

problem). For varying ν1
∗ and ν2

∗, with θ∗ = 1, the mesh plot of the values of θ0 = log ρ0

is shown in Figure below. For different values of ν1
∗ and ν2

∗, we get different limiting θ0,

and hence θ̂MLE is not consistent.

Limiting values of θ̂MLE as a function of varying ν1
∗ and ν2

∗ with θ∗ = 1: θ̂MLE 9 θ∗ = 1.
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C.2.2 CMLE with D = 3

Using (3.17) and (3.20), the conditional distribution to be optimized is given by

ψgood(x|S = s) =
∏

w:sw∈Sgood

exp(θlw)∑D
k=0 exp(θk) · hs1w,s2w(k)

.

Pruning away the degenerate windows, we are left with only the non-degenerate ones with

window sums (1, 1), (1, 2), (2, 1) and (2, 2). The hypergeometric coefficients for D = 3 are

given by:

h1,1(0) = h1,2(1) = h2,1(1) = h2,2(1) = 6 and h1,1(1) = h1,2(0) = h2,1(0) = h2,2(2) = 3

Hence the conditional distribution to be optimized is

ψgood(x|S = s) =
eW111

(6 + 3eθ)W11
· eW121

(3 + 6eθ)W12
· eW211

(3 + 6eθ)W21
· eW221+2W222

(6eθ + 3e2θ)W22

∝ eW111

(2 + eθ)W11
· eW121

(1 + 2eθ)W12
· eW211

(1 + 2eθ)W21
· eW222

(2 + eθ)W22

L(θ) = logψgood =
(
θW111 −W11 log(2 + eθ)

)
+
(
θW121 −W12 log(2 + eθ)

)
+
(
θW211 −W21 log(2 + eθ)

)
+
(
θW222 −W22 log(2 + eθ)

)
+ C,

where C is a constant.

The derivative of the above equation is

∂L
∂θ

= W111 −W11
ρ

2 + ρ
+W121 −W12

2ρ

1 + 2ρ
+W211 −W21

2ρ

1 + 2ρ
+W222 −W22

ρ

2 + ρ

=
2W111 − ρW110

2 + ρ
+
W121 − 2ρW120

1 + 2ρ
+
W211 − 2ρW210

1 + 2ρ
+

2W222 − ρW221

2 + ρ

=
(A+ 2B) + (2A+B − 2C −D)ρ− (C + 2D)ρ2

(2 + ρ)(1 + 2ρ)
, (C.39)

where A = 2(W111 +W222), B = W121 +W211, C = 2(W120 +W210) and D = W110 +W221.

ρ̂ is given by the positive root of the quadratic equation (C + 2D)ρ2 − (2A + B − 2C −
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D)ρ− (A+ 2B) = 0 which is

ρ̂ =
(2A+B − 2C −D) +

√
(2A+B − 2C −D)2 + 4(A+ 2B)(C + 2D)

2(C + 2D)
. (C.40)

Then the CMLE is given by θ̂CMLE = log ρ̂ :

θ̂CMLE = log
(2A+B − 2C −D) +

√
(2A+B − 2C −D)2 + 4(A+ 2B)(C + 2D)

2(C + 2D)
.

(C.41)

Asymptotic behavior of CMLE on stationary data

Using the asymptotic equations from (C.36), we get

A = 2(W111 +W222) → 6ab

z∗3
· (1 + abc) · c

B = W121 +W211 → 6ab

z∗3
· (a+ b) · c

C = 2(W120 +W210) → 6ab

z∗3
· (a+ b)

D = W110 +W221 → 6ab

z∗3
· (1 + abc).

Let us denote 6ab
z∗3

as κ, which gives

(2A+B − 2C −D) → κ ((2c− 1)(1 + abc) + (c− 2)(a+ b))

4(A+ 2B)(C + 2D) → 4κ2
(
2c(1 + abc)2 + 2c(a+ b)2 + 5c(1 + abc)(a+ b)

)
and substituting in Equation (C.40), we get

ρ̂ =
(2A+B − 2C −D) +

√
(2A+B − 2C −D)2 + 4(A+ 2B)(C + 2D)

2(C + 2D)

→ (2c− 1)(1 + abc) + (c− 2)(a+ b) + (2c+ 1)(1 + abc) + (c+ 2)(a+ b)

4(1 + abc) + 2(a+ b)

→ 4c(1 + abc) + 2c(a+ b)

4(1 + abc) + 2(a+ b)

→ c.
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Hence θ̂CMLE → log c = θ∗. Thus for a stationary distribution, the CMLE with D = 3 is

consistent.

C.2.3 Simulation results

Results on simulated data are shown in Section 3.5.2.



Bibliography

[1] Asohan Amarasingham, Matthew T Harrison, Nicholas G Hatsopoulos, and Stuart
Geman. Conditional modeling and the jitter method of spike resampling. Journal of
neurophysiology, 107(2):517–531, 2012.

[2] Erling B Andersen. The asymptotic distribution of conditional likelihood ratio tests.
Journal of the American Statistical Association, 66(335):630–633, 1971.

[3] Erling Bernhard Andersen. Asymptotic properties of conditional maximum-likelihood
estimators. Journal of the Royal Statistical Society. Series B (Methodological), pages
283–301, 1970.

[4] Yoav Benjamini and Yosef Hochberg. Controlling the false discovery rate: a practical
and powerful approach to multiple testing. Journal of the Royal Statistical Society.
Series B (Methodological), pages 289–300, 1995.

[5] Yoav Benjamini and Daniel Yekutieli. The control of the false discovery rate in multiple
testing under dependency. Annals of statistics, pages 1165–1188, 2001.

[6] James O Berger, Brunero Liseo, Robert L Wolpert, et al. Integrated likelihood meth-
ods for eliminating nuisance parameters. Statistical Science, 14(1):1–28, 1999.

[7] Christopher M Bishop et al. Pattern recognition and machine learning, volume 4.
springer New York, 2006.

[8] Fienberg S.E Bishop, Y.M.M and P.W Holland. Discrete multivariate analysis: Theory
and practice. 1975.

[9] David Blackwell and James B MacQueen. Ferguson distributions via pólya urn
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