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Scattering amplitudes have undergone considerable study in the last few years.
Much of the progress has come from abandoning Feynman diagram techniques and
instead exploring and exploiting the physical constraints and mathematical structures
underlying amplitudes. In this thesis, we present a new, unexpected structure under-
lying certain amplitudes: cluster algebras. Harnessing the power of cluster algebras
allows us to calculate previously unknown amplitudes and points the way towards a
deeper mathematical understanding of quantum field theory.

We begin by introducing motivic amplitudes, which contain all of the essential
mathematical content of scattering amplitudes in planar AN/ = 4 supersymmetric
Yang-Mills theory. We then establish, through explicit calculations of the two-loop,
seven-particle motivic amplitude as well as n-particle two-loop differential, that the
amplitude only “depends on” on certain preferred coordinates known in the mathe-
matics literature as cluster X -coordinates on Conf,, (P?).

The connection between scattering amplitudes and cluster algebras prompts us to
define cluster polylogarithm functions, objects which elegantly (and uniquely) contain
beautiful motivic and cluster algebraic structure. In particular, cluster polylogarithms
allow us to associate specific polylogarithm functions to faces of generalized associ-
ahedrons, to which cluster algebras have a natural combinatoric connection. These
functions form a sufficient basis to express two-loop amplitudes, and we present an
analytic formula for the two-loop seven-particle amplitude as an example. Further-
more, we find intriguing connections between motivic amplitudes and the geometry of
associahedrons. For example, we show that the obstruction to the two-loop motivic
amplitude being expressible in terms of classical polylogarithms is most naturally

represented by certain quadrilateral faces of the appropriate associahedron.
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Chapter 1

Introduction



The development of quantum field theory and the mathematics of Feynman diagrams
in many ways recalls the formation of mechanics and calculus by Newton. In both
cases novel mathematics were invented principally to give language to an inchoate
understanding of the natural world. In the case of Newton, calculus quickly proved
far richer than was suggested by his initial work. In particular, the maturation
of the calculus of variations lead Euler, Lagrange, and Hamilton to discover the
underlying role of the principal of least action in classical mechanics. This principle
existed in the original Newtonian framework but was entirely hidden and unknown.
The computational power inherent in this deeper formulation of classical mechanics
allowed for a much wider range of problems to be solved than was previously possible.
Furthermore, this work presaged our current understanding of the quantum world,
where again the principle of least action plays a critical role.

Just as Lagrange and Hamilton were able to reformulate mechanics in a more
fundamental and computationally powerful way, the same effort is now being applied
to quantum field theory. Many exciting new discoveries made over the last few years
clearly point towards an intrinsically new understanding of quantum field theory, with
important theoretical and practical implications.

One of the most basic calculations in a quantum field theory is that of the scat-
tering amplitude. The technique for calculating these amplitudes with Feynman
diagrams is well understood. However, these computations are quite lengthy, even
for simple cases. For example, the tree-level contribution to the scattering amplitude
for two incoming gluons to produce four outgoing gluons involves thousands of dia-
grams. This amplitude was first evaluated by Parke and Taylor in 1985 with the aid
of a supercomputer, and their result was over 8 pages long [I]. Amazingly, they soon
found an expression that was mathematically equivalent to their previous answer but

only a single line long [2]. Even more impressive was that they had generalized their



result to involve any number of gluons. In modern notation, their result was:

AT, 24, i, et = <12><2<§§?”<n1>. (1.1)

Clearly, the final answer betrays a deep, underlying simplicity which was completely
hidden by the way it had originally been calculated.

Since Parke and Taylor’s discovery, there have been many leaps forward in our
understanding of perturbative quantum field theory. Much of the progress has come
from abandoning Feynman diagram techniques and instead exploring and exploiting
the physical constraints and mathematical structures underlying amplitudes. This
approach has led to many interesting discoveries and new methods for calculating
amplitudes, such as BCFW recursion relations at tree [3] and loop [4] levels, the
duality between color and kinematics [5], the duality between amplitudes and Wilson
loops [6H9], the dual conformal — Yangian symmetry [10], and the amplituhedron [11].

In this thesis we will focus on pure gluon amplitudes in planar A/ = 4 supersym-
metric Yang-Mills theory. We will further restrict ourselves to the maximally helicity
violating (MHV) amplitudes, where two gluons have positive helicity and the rest
have negative helicity, which is the simplest non-trivial case available. The all-loop

MHYV amplitude is conventionally written by factoring out the tree amplitude,
AN (e) = ADMIV PV (e) (1.2)

where A%O);MHV is just the Parke-Taylor formula, eq. 1) The regulator e controls
the IR-divergence of the amplitude. The function PMHV(¢) can then be expanded in
loop order as

Pole) = PO () + AP (&) + NP (e) + ..., (1.3)

where 77730) (e) = 1, and we’ve dropped the MHV superscript for notational clarity. The



form of PV (e) is also well-understood [I2] thanks to unitarity cuts. At two loops,
Anastasiou, Bern, Dixon, and Kosower [13] showed that the 4-particle amplitude

could be expressed in terms of the one-loop amplitude as
1 2
PP =5 [P 0] + PP (0 +C? + 0o (1.4)

where f®(e) and C® are known numerical constants and independent of the number
of particles. The iterative structure continues at three-loops, which motivated Bern,

Dixon, and Smirnov (BDS) [14] to conjecture the general form

PEDS(e) = exp [fj N(FP (PO (Le) + O+ 0(9)) | (15)

L=1

This function, known as the BDS ansatz, matches the known one-loop amplitudes as
well as the 4- and 5-particle two-loop amplitudes [15, [16]. Furthermore, it is believed
that eq. (1.5)) in fact captures the full IR-divergence of the n-particle MHV amplitude.

However, for n > 5, the remainder function

R\E) =P, (e) — PEPS(e). (1.6)

is non-zero. Still, not all hope is lost: R;L) is a fascinating quantity to study, and not

only because of it’s IR-finiteness. First, R is a function of uniform transcendentality

2L. Secondly, and perhaps most importantly, R satisfies not only the standard
conformal invariance but also a dual conformal invariance in terms of the variables
x; = pir1 — pi- These properties, along with many others (some of which will be
proposed in this thesis), combine to create a beautiful function which continues to
mystify and entrance physicists and mathematicians alike.

Rg) was initially calculated by Del Duca, Duhr, and Smirnov in 2010 [I7, [18].

Their 17-page result was simplified to a single line by Goncharov, Spradlin, Vergu, and



Volovich shortly thereafter [19] by use of powerful mathematical machinery, including
the symbol (explained in sec. . The concise form of the final result for R((f) gave
hope that higher-n results, and perhaps a general n-particle two-loop MHV amplitude,
might be arrived at swiftly, as was the case at tree-level with the Parke-Taylor formula.

The first understanding of the n-particle structure of RY? was given by Caron-
Huot in 2011 [20]. By exploiting the connection between Wilson loops, as well as a
conjectured extended supersymmetry, Caron-Huot was able to calculate the symbol of
Rg), which in this context can be thought of as essentially the differential dR,(lQ). With
this breakthrough, combined with a surprising simplicty of RéQ), it seemed inevitable
that a closed-form analytic expression for Rff) would soon be found. However, it was
quickly discovered that there were no sufficiently powerful mathematical tools that
could elevate the dR{? to a full function.

Progress in physics often relies on having some understanding of what the answer
is going to look like. The principle obstacle faced in the evaluation of R is that
the constituent functions, polylogarithms, are enormously complicated and satisfy
numerous identities. Before progress could be made on Rg), it was necessary to
discover some underlying principles that would remove this redundancy and provide
a clearer path towards the answer.

The essential result of this thesis is the discovery of hidden, unexpected mathe-
matical structure in Rg). In order to uncover this structure, we introduce motivic
amplitudes—objects which contain all of the essential mathematical content of scat-
tering amplitudes in planar SYM theory in a completely canonical way, free from the
ambiguities inherent in any attempt to choose particular functional representatives.
Studying motivic amplitudes allows us to uncover a striking connection between am-
plitudes and cluster algebras, a relatively new and exciting field of mathematics. We
expose deep connections between polylogarithms, cluster algebras, and scattering am-

plitudes that are as surprising as they are useful. In particular, with cluster algebras



as a guide, we are able to describe an algorithm which essentially solves the problem
of calculating RrRY.

In chapter [2| we introduce motivic amplitudes. We find that the cluster structure
on the kinematic configuration space Conf,(P?) underlies the structure of motivic
amplitudes. Specifically, we compute explicitly the coproduct of the two-loop seven-
particle MHV motivic amplitude A% and find that like the previously known six-
particle amplitude, it depends only on certain preferred coordinates known in the
mathematics literature as cluster X -coordinates on Conf,, (P?). We also find intriguing
relations between motivic amplitudes and the geometry of generalized associahedrons,
to which cluster coordinates have a natural combinatoric connection. For example,
the obstruction to A% being expressible in terms of classical polylogarithms is most
naturally represented by certain quadrilateral faces of the appropriate associahedron.

In chapter [3| we calculate the differential of the planar n-particle, two-loop MHV
scattering amplitude in N/ = 4 super Yang-Mills theory. The result is expressed
only in terms of the polylogarithm functions Lix(—z), for & = 1,2, 3, with arguments
x belonging to the special class of dual conformal cross-ratios known as cluster X'-
coordinates. The surprising fact that these amplitudes may be expressed in this
way provides a striking example of the manner in which the cluster structure on the
kinematic configuration space underlies the structure of amplitudes in SYM theory.

In chapter |4 we establish a surprising connection between cluster algebras and
polylogarithms, which we term cluster polylogarithm functions. We find that all such
functions of weight 4 are made up of a single simple building block associated to
the Ay cluster algebra. Adding the requirement of locality on generalized Stasheff
polytopes, we find that these A building blocks arrange themselves to form a unique
function associated to the As cluster algebra. This As function manifests all of the
cluster algebraic structure of the two-loop n-particle MHV amplitudes for all n, and

we use it to provide an explicit representation for the most complicated part of the



n = 7 amplitude as an example.

In chapter [5| we complete the calculation started in chapter 4] namely, that of
R?). Moreover, we describe a general algorithm which can construct explicit analytic
formulas for two-loop MHV amplitudes for any number of particles. The non-classical
part of an amplitude is built from Aj cluster polylogarithm functions; classical poly-
logarithms with (negative) cluster X-coordinate arguments are added to complete
the symbol of the amplitude; beyond-the-symbol terms proportional to 72 are deter-
mined by comparison with the differential of the amplitude; and the overall additive
constant is fixed by the collinear limit.

The algorithm described in chapter [5| essentially “solves” the problem of calculat-
ing two-loop MHV amplitudes, but only algorithmicially, and with much redundancy
still in place. In chapter [6] we present a concise, closed-form expression for the math-
ematically most complicated part (the A?B, coproduct component) of the n-particle
amplitude. This expressions makes manifest several striking features, including a form
of “locality” in cluster algebra space. These cluster features remain unexplained, and
it is yet unknown how far they can lead us to a closed-form representation of the
complete Rg).

Broadly construed, the results of this thesis suggest a novel paradigm for the
calculation of scattering amplitudes. It remains to see how far these techniques may
be generalized to cases beyond the very specific class of amplitudes considered here.
However, based on the approach described in this thesis, we can at least provide
a rough outline of how to possibly extend these methods for a general scattering

amplitude A.
1. precisely characterize the kinematic space upon which A depends,
2. identify a cluster algebra associated with this kinematic space,

3. map the cluster algebra to a space of functions which manifests the cluster



algebraic structure,

4. appropriately sum up these functions to determine A.

The essential idea underlying this scheme is that the kinematics of scattering heavily

constrains the functional form of amplitudes.



Chapter 2

Motivic Amplitudes and Cluster

Coordinates



2.1 Introduction

The overarching aim of this chapter is to show that SYM theory is an ideal setting in
which to study motivic amplitudes, as proposed a decade ago in [21] (see in particular
sec. 7). Why motivic amplitudes? It remains an important outstanding problem in
physics to determine explicit effective constructions for general amplitudes. However
the abundance of functional identities amongst generalized polylogarithms precludes
the existence of any particular preferred or canonical functional representation or
‘formula’ for general multi-loop amplitudes (the only exception is reviewed in sec-
tion . Our goal is to investigate, following [21], their motivic avatars—motivic
amplitudes—which are mathematically more sophisticated, but at the same time
much more structured and canonical objects. In particular they are elements of a
Hopf algebra. This Hopf algebra is the algebra of functions on the so-called mo-
tivic Galois group. The group structure of the latter is encoded in the coproduct of
the Hopf algebra. So by studying the coproduct of motivic amplitudes—a structure
totally invisible if we remain on the level of functions—we uncover their hidden mo-
tivic Galois symmetries. One cannot resist to think that these new symmetries will
eventually play an essential role in physics.

A similar upgrading, from multi-zeta values to motivic multi-zeta values, has re-
cently played a crucial role in unlocking the structure of tree-level superstring ampli-
tudes in the o expansion [22H25]. In SYM theory we expect the motivic approach to
be even more powerful since the amplitudes we deal with are not merely numbers but
highly nontrivial functions on the 3(n — 5)-dimensional kinematic configuration space
Conf, (P?), the space of collections of n points in the projective space P, considered
modulo the action of the projective linear group PGLy.

The one-sentence slogan of this chapter is that we find that the cluster structure
of the space Conf,(P3) underlies the structure of amplitudes in SYM theory. The

technical aspects of our work which support this conclusion can be divided into two

10



parts, which one can think of very roughly as kinematics and dynamics.

We can phrase the ‘kinematic’ question we are interested in roughly as: which
variables do motivic amplitudes in SYM theory depend on? Thanks to dual confor-
mal symmetry [0, [7, 26-31] it is known that appropriately defined n-particle SYM
scattering amplitudes depend on 3(n — 5) algebraically independent dual conformal
cross-ratios. However, all experience to date indicates that the functional dependence
of amplitudes on these variables always takes very special forms. For example, in the
case of the two-loop MHV amplitude for n = 6 (reviewed in section , which can
be completely expressed in terms of the classical polylogarithm functions Li,, [19],
only very particular algebraic functions of the three independent cross-ratios appear
as arguments of the Li,,’s. It is natural to wonder why these particular arguments
appear, and not others, and to ask about the arguments appearing in more general
amplitudes (including n > 6, higher loops, and non-MHV).

There is a more specific purely mathematical reason to concentrate on the study
of the motivic two-loop MHV amplitudes. These amplitudes are polylogarithm-like
functions of weight (also known as transcendentality) four. Any such function of
weight one on a space X is necessarily of the form log F'(x), the logarithm of a
rational function on X. Next, any weight two function can be expressed as a sum
of Liy’s and products of two logarithms of rational functions. Similarly, any weight
three function is a linear combination of Lis ’s and products of lower weight polylogs of
rational functions. So the question ‘which variables these functions depend on’ is well-
defined, up to the functional equations satisfied by Lis and Liz—a beautiful subject
on its own. However this is no longer true for functions of weight four [32]. There is
an invariant associated to any weight four function, with values in an Abelian group
A? By, reviewed in sec. [2.4] which is the obstruction for the function to be expressible
as a sum of products of classical polylogarithms Li,,. This makes the above question

ill-defined. However, upgrading weight four functions to their motivic avatars one

11



sees that their coproducts are expressible via classical motivic polylogs of weights
< 3, and so the question makes sense again. Finally, the coproduct preserves all
information about motivic amplitudes but an additive constant. So to understand
two-loop amplitudes we want first to find explicit formulas for the coproduct of their
motivic avatars. On the other hand, the two-loop amplitudes are natural weight four
functions, and so one can hope that their detailed analysis might shed a new light on
the fundamental unsolved mathematical problems which we face starting at weight
four. Therefore, although the level of precision one can reach studying the two-loop
motivic MHV amplitudes is unsustainable for higher loops, one can hope to discover
general features by looking at the simplest case.

In this chapter we propose that the variables which appear in the study of the
MHYV amplitudes in SYM theory belong to a class known in the mathematics literature
as cluster X -coordinates [33] on the configuration space Conf,, (P?).

Cluster X-coordinates in general describe Poisson spaces which are in duality with
cluster algebras, originally discovered in [34]35]. In particular, the space Conf,, (IP?) is
equipped with a natural Poisson structure, invariant under cyclic shift of the points.
This Poisson structure looks especially simple in the cluster X-coordinates: the log-
arithms of the latter provide collections of canonical Darboux coordinates. It seems
remarkable that the arguments of the amplitudes have such special Poisson proper-
ties, although at the moment we do not know how to fully exploit this connection
(see Chapter [f] for one application).

An immediate consequence of the cluster structure of the space Conf,(IP?) is that
its real part Conf, (RP?) contains a domain Conf; (RP?) of positive configurations of
n points in RP?. This positive domain is evidently a part of the Euclidean domain in
Conf, (CP?), the domain where the amplitudes are well behaved.

The configuration space Conf,(IP?) can be realized as a quotient of the Grassman-

nian Gr(4,C") by the action of the group (C*)"~!. This Grassmannian, describing

12



the external kinematic data of an amplitude, may look unrelated to those which star
in [4, B6H40] and involve also ‘internal’ data related to loop integration variables.
However the cluster structure and in particular the positivity play a key role in the
Grassmannian approach to amplitudes [40], and we have no doubt that a tight con-
nection between these objects will soon emerge.

Once one accepts the important role played by cluster coordinates as the kine-
matic variables which, in particular, the coproduct of the two-loop motivic MHV
amplitudes are ‘allowed’ to depend on, it is natural to ask the ‘dynamic’ question:
what exactly is the dependence on these coordinates? For example, what explains the
precise linear combination of Lis functions appearing in the two-loop MHV amplitude
for n = 67 There is a vast and rich mathematical literature on cluster algebras, which
are naturally connected [41] to beautiful combinatorial structures known as cluster
complexes and, more specifically, generalized associahedrons (or generalized Stasheff
polytopes) [42]. We defer most of the dynamic question to subsequent chapters but
report here the first example of a connection between these mathematical structures
and motivic amplitudes: we find that the ‘distance’ between a two-loop amplitude
and the classical Liy functions, expressed in the A% By-obstruction, is naturally for-
mulated in terms of certain two-dimensional quadrilateral faces of the associahedron
for Conf,(P?). Equivalently, the pairs of functions entering the Stasheff polytope
A% By-obstruction for the two-loop MHV amplitudes Poisson commute.

The outline of this chapter is as follows. In section we briefly review various
notations for configurations of points in P*~! and the appearance of the 3(n — 5)-
dimensional space Conf, (P?) as the space on which n-particle scattering amplitudes
in SYM theory are defined. We also review the relationship with the Grassmannian
Gr(4,C"™). In section we call attention to the very special arguments appearing
inside the Li, functions in the two-loop MHV amplitude for n = 6. Section [2.4|reviews

the mathematics necessary for the motivic amplitudes calculus. We present our result
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for the coproduct of the two-loop n = 7 MHV motivic amplitude in section (results
for all higher n will be given in chapter [6). In section we turn to cluster algebras
related to Gr(4,n), the construction of cluster coordinates, and the Stasheff polytope
and cluster X-coordinates for Conf, (P?). Finally section exhibits these concepts
for n = 6,7 in detail and contains some analysis of the structure of the two-loop
n = 7 MHV motivic amplitude and its relation to the Stasheff polytope. While the
n = 6 case is well known in the mathematical literature, the geometry of the cluster

X-coordinates in the n = 7 case is more intricate.

2.2 The Kinematic Configuration Space Conf,,(P?)

Having argued that scattering amplitudes are a collection of very interesting functions,
we begin by addressing a seemingly simple-minded question: what variables do these
functions depend on? Despite initial appearances this is far from a trivial question,
and somewhat surprisingly a completely satisfactory understanding has only emerged

rather recently.

2.2.1 Momentum twistors

The basic problem is essentially this: a scattering amplitude of n massless particles
depends on n four-momenta p; (which we can take to be complex), but these are
constrained variables. First of all each one should be light-like, p? = 0 with respect to
the Minkowski metric for all ¢, and secondly energy-momentum conservation requires
that p; 4+ -+ + p, = 0. These constraints carve out a non-trivial subvariety of C*".
It is desirable to employ a set of unconstrained variables which parametrize precisely
this subvariety. A solution to the problem is provided by momentum twistors, whose
construction we now describe.

In the planar limit of SYM theory we have an additional, and crucial, piece of

14



structure: the n particles come together with a specified cyclic ordering. This arises
because each particle lives in the adjoint representation of a gauge group and each
amplitude is multiplied by some invariant constructed from the gauge group gener-
ators of the participating particles. In the planar limit we take the gauge group to
be U(N) with N — oo, in which case only amplitudes multiplying a single trace
Tr[T - .- T] of gauge group generators are nonvanishing.

Armed with a specified cyclic ordering of the particles, the conservation constraint
is solved trivially by parameterizing each p; = x;_; — x; in terms of n dual coordinates
x;. The z; specify the vertices, in C*, of an n-sided polygon whose edges are the
vectors p;, each of which is null. A very special feature of SYM theory in the planar
limit is that all amplitudes are invariant under conformal transformations in this dual
space-time [0}, [7, 26-H31]

It is often useful, especially when one is interested in discussing aspects of confor-
mal symmetry, to compactify the space-time. For example, in Euclidean signature,
a single point at infinity has to be included in order for conformal inversion to make
sense. It is also convenient to complexify space-time. Different real sections of this
complexified space correspond to different signatures of the space-time metric. The
complexified compactification ]\74 of four-dimensional space-time is the Grassmannian
manifold Gr(2, 4, C) of 2-dimensional vector spaces in a four dimensional complex vec-
tor space Vj; in other words, there is a one-to-one correspondence between points in
M4 and 2-dimensional vector subspaces in V. We can projectivize this picture to say
that the correspondence is between points in complexified compactified space-time
and lines in P3.

In the Grassmannian picture two points are light-like separated if their correspond-
ing 2-planes intersect. So after projectivization, a pair of light-like separated points
in M4 corresponds to a pair of intersecting lines in P2. Conformal transformations in

space-time correspond to PGL, transformations on P3.
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This P3 space is called twistor space in the physics literature. The importance of
this space was first noted in the work of Penrose [43] [44] and more recently emphasized
by Witten [45] in the context of Yang-Mills theory scattering amplitudes. However
the twistors we need here are not the ones associated to the space-time in which the
scattering takes place, but rather the ones associated to the dual space mentioned
above, where the x; live and on which dual conformal symmetry acts. These were
called ‘momentum twistors’ in ref. [46], where they were first introduced. Momentum
twistor space has both a chiral supersymmetric version (see ref. [47]) and a non-
chiral supersymmetric version (see refs. [48-50]), but we will not make use of these
extensions in this chapter.

To summarize: a scattering amplitude depends on a cyclically ordered collection
of points x; in the complexified momentum space C*, each of which corresponds
to a projective line in momentum twistor space. Since each x; is null separated
from its neighbors x;_; and z;,1, their corresponding lines in momentum twistor
space intersect. We denote by Z; € IP3 the intersection of the lines corresponding to
the points x;_; and z;. Conversely, an ordered sequence of points Z,...,7, € P?3
determines a collection of n lines which intersect pairwise and therefore correspond

to n light-light separated points x; in the dual Minkowski space.

2.2.2 Bracket notation

The space we have just described—the collection of n ordered points in P* modulo
the action of PGLs—defines Conf, (P?), read as ‘configurations of n points in P?.
Scattering amplitudes of n particles in SYM theory are functions on this 3(n — 5)-
dimensional kinematic domain. This space can be essentially realized as the quotient
Gr(4,C")/(C*)" 1 of the Grassmannian by considering the space of 4 X n matrices
(being the homogeneous coordinates of the n points in P3) modulo the left-action

of PGL, as well as independent rescaling of the n columns. In this presentation
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the natural dual conformal covariant objects are four-brackets of the form (ijkl) :=
det(Z;Z;Z1.Z;), which is just the C* volume of the parallelepiped built on the vectors
(Zi, Z;, Zy, Zy).

More precisely, emphasizing the structures involved, given a volume form wy
in a four dimensional vector space Vj, we can define the bracket (vi,ve,vs,vy4) :=
wy(v1, Vg, U3, Vy).

These four-brackets are key players in the rest of our story, so we list here a few of
their important features. The Grassmannian duality Gr(k,n) = Gr(n — k,n) means
that configurations of n points in P* are dual to configurations of n points in P* %2,
Explicitly, at six points the relationship between four-brackets in P* and two-brackets
in P! given by

1

. 1 .
(1jkl) = Eeijklmn(mn% (ij) = Eeijklmn%lmn), (2.1)

while the relationship at seven points between four-brackets in P* and three-brackets

in P? is clearly
. 1 » 1
(ijkl) = geijklmnﬂmnp), (ijk) = Eeijklmw(lmnM' (2.2)

We find it useful to exploit this duality for six and seven points when doing so leads to
additional clarity. An invariant treatment of this duality is given below in sec. [2.2.3]

More complicated PGL,4 covariant objects can be formed naturally by using pro-
jective geometry inside four-brackets. Such objects will appear later in sec. 2.6 so we
review the standard notation for them here. Following the N notation introduced in

ref. [4] we define the four-brackets with an intersection to be

(ab(cde) N (fgh)) = (acde)(bfgh) — (bede){afgh). (2.3)
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This composite four-bracket vanishes when the line (ab) and the intersection of planes
(cde) N (fgh) lie in a common hyperplane.

Here is a slightly different way to think about . Consider a pair of vectors
v1, vy in a four dimensional vector space Vy, and a pair of covectors f1, fo € V. Then

we set

(v1,09; fr, f2) = fr(v1) f2(v2) = fr(v2) fa(v1). (2.4)

To get (2.3]) we just take the covectors fi(x) := (¢, d,e,*) and fo(x) := (f, g, h, *).
If we pick a vector ¢ in the intersection of the two hyperplanes, writing them as
(cagby) and (casbs), then we can rewrite it in a slightly different notation, making

more symmetries manifest:

<a1b1(6a262) N (C&gbg)) = —<C’CL1 X bl,ag X bg,ag X b3>, (25)

Precisely, consider the three dimensional quotient V,/(c) of the space V, along the
subspace generated by the vector c. The volume form wy in Vj induces a volume form
wy(e, *, %, %) in V3 /(c), and therefore in the dual space (Vy/{c))*. So we can define
three-brackets (x,*, %), in (V4/(c))*.

The other six vectors project to the quotient. Taking the cross-products x of

consecutive pairs of these vectors, we get three covectors in (Vy/(c))*. Their volume
—(a1 X by, as X by, asz x bs). equals the invariant (2.4]). So we get formula ([2.5)).

Notice the expansions, where we use €,3,€%(-, a,b) = agb, — a,bs:

<Cl1 X bl, a9 X bg, ag X b3> = Eagnya(', ai, bl>€ﬂ(', as, bg)E’y(‘, as, b3) (26)
= <a1a2b2><bla3b3> — <b1a2b2><a1a3b3> (27)
= —<a2a1b1><b2a3b3> + <a2a3b3><b2(l1b1> (28)

= (aza1b1) (bzasbs) — (asasbs)(bsaiby). (2.9)
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2.2.3 Configurations and Grassmannians

Let us formulate now the relationship between the Grassmannians Gr(k, C") and the
configuration spaces more accurately. We start with the notion of configurations.

Let Vj, be a vector space of dimension k. Denote by Conf, (k) the space of orbits
of the group GL; acting on the space of n-tuples of vectors in V. We call it the
space of configurations of n wvectors in Vj. It is important to notice that the sets
of configurations of vectors in two different vector spaces of the same dimension are
canonically isomorphic. Denote by Conf, (P¥~1) the space of PGLy-orbits on the
space of n-tuples of points in P!, called configurations of n points in P*~1.

We consider an n-dimensional ‘particle vector space’ C" with a given basis (e1, . . ., €,).
Then a generic k-dimensional subspace h in C" determines a configuration of n vec-
tors (f1,..., fn) in the dual space h*: these are the restrictions to h of the coordinate
linear functionals in C™ dual to the basis (ej, ..., e,). This way we get a well-defined

bijection only for generic h, referred to mathematically as a birational isomorphism,

Gr(k,C") = Conf, (k). (2.10)

The group (C*)" acts by rescaling in the directions of the coordinate axes in C*. This
action transforms into rescaling of the vectors of the configuration space Conf,, (k).

The diagonal subgroup Cf;,, C (C*)" acts trivially. So the quotient group (C*)"~! =

(CH/ Cliag acts effectively. Passing to the quotients we get a birational isomorphism
Gr(k,C™")/(C*)"t = Conf, (P*1). (2.11)

The dualities

Conf, (k) — Conf,(n — k),  Conf,(P*) — Conf, (P"*2) (2.12)
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are best understood via the identification with the Grassmannian ([2.10)), followed by
the obvious isomorphism Gr(k,C") = Gr(n — k,C"), obtained by taking the orthog-

onal planes.

2.2.4 The Euclidean region

Scattering amplitudes in field theory have a complicated singularity structure, includ-
ing poles and branch cut singularities. However, we can find regions in the kinematic
space where such singularities are absent. In particular, amplitudes are expected on
physical grounds to be real-valued and singularity-free everywhere in the Fuclidean
region, reviewed in this section. It was discussed in ref. [51] in connection with MHV
amplitudes in SYM theory.

The Euclidean region is defined most directly in the dual space parametrized by

the ;. We impose that the coordinates of the vectors z; are real and

(z; — 141)* =0, (z; — 27)* < 0, otherwise, (2.13)

where the distance is computed with a metric of signature (4, —, —, —) or (+, +, —, —).
These constraints define the Euclidean region in terms of the x; coordinates.

When transformed to twistor coordinates the first constraint in eq. is always
satisfied. However, the constraint that the components of the vectors x; should be
real is harder to impose. We can think about twistors as being spinor representations
of the complexified dual conformal group. This complexified dual conformal group
has several real sections: SU(4) which corresponds to Euclidean signature, SL(4,R)
which corresponds to split signature (+, +, —, —) and SU(2,2) which corresponds to
(+,—, —, —) signature.

In fact, there are two kinds of spinor representations which we call twistors (de-

noted by Z) and conjugate twistors (denoted by W). There is a Z and a W for every
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particle in a scattering process, which we denote by Z;, W;. Under the dual conformal
group the Z and W twistors and transform in the opposite way. That is, if M is a

dual conformal transformation,

W W =WM1, Z—7 =MZ. (2.14)

This implies that there is an invariant product W - Z.

Now we can study the reality conditions. We will not discuss the Euclidean
signature (4, +,+,4) any further since it does not allow light-like separation. For
split signature, the twistors transform under SL(4,R) so they can be taken to be
real and independent. For Lorentzian signature (+, —, —, —) the symmetry group is
SU(2,2). If M € SU(2,2), then MTCM = C, where C is a (2,2) signature matrix
which we will take to be real and symmetric. Then CZ transforms in the same way
as W1 so we can consistently impose a reality condition W1 = CZ. This implies that
(Wi - Z;)* = W; - Z;. The light-like conditions imply that W; = Z,_1 A Z; A Z; 14,
so the previous reality condition can be written in terms of the Z twistors only as
(i — lit 4+ 15)* = (j — 157 + 11).

Finally, let us translate the second condition in eq. into twistor language.
Space-time distances (x; — 2;;)® cannot be expressed in twistor variables without first
making an arbitrary choice of ‘infinity twistor’. However this choice cancels in confor-
mal ratios, and for these the dictionary between space-time and momentum twistor

space then implies that

(it + 157 + 1)(kk + 11l + 1)
(it + 1l + 1)(jj + 1kk + 1)

> 0, (2.15)

for all 4, 7, k, [ for which none of the four-brackets vanishes. This condition is certainly
guaranteed if (i 4+ 1jj + 1) > 0 for all nonvanishing four-brackets of this type.

We therefore define the Euclidean region in momentum twistor space by the con-
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dition that (ii 4+ 1jj + 1) > 0. It has two sub-regions

(2,2) signature: (1jkl) € R, (2.16)

(3,1) signature: (1 —lii 4+ 15)" = (j — 1jj + 1i). (2.17)

Note that the (2,2) signature region contains the positive Grassmannian which is
well-studied mathematically. In contrast, the (3,1) region does not seem to have

been studied in the mathematical literature.

2.2.5 Parity

In this section we give a brief introduction to the action of parity on the configuration
spaces discussed above. For a more thorough description, see Appendix A of [52]. In
this context, parity amounts to replacing the twistors Z; with their dual twistors W;.
Writing the dual twistors in terms of twistors asE| Wi=2Z; 1N\ Z; \ Z;y1, we see that

the effect of parity on four-brackets is

(1,141, 7, k) — (i—1,4,i+1,1+2) (i,i+1, (j—1, 4, j+1) N (k—1, k, k+1)). (2.18)

In effect, this amounts to replacing the volume form w with the dual volume form w

where lines have been swapped with points and vice versa.

Zi A NZiNZiqn
T (i)
The two-brackets (ij) are defined by choosing an arbitrary line I (also called ‘infinity twistor’) and
setting (ij) = (Iij). When constructing cross-ratios these two-brackets cancel out so in the following

we will not keep track of them.

I This is often written as W; = such that W; and Z; scale with opposite weight.
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2.3 Review of the Two-Loop n = 6 MHV Ampli-

tude

In the previous section we reviewed that n-particle scattering amplitudes in SYM
theory are functions on the 3(n — 5)-dimensional space Conf, (P?). Tt is further be-
lieved [40] that any MHV or next-to-MHV (NMHV) amplitude, at any loop order L
in perturbation theory, can be expressed in terms of functions of uniform transcen-
dentality weight 2L. A goal of this chapter is to make a sharper statement about the
mathematical structure of these functions. Specifically: that their structure is de-
scribed by a certain preferred collection of functions on Conf, (P?) which are known
in the mathematics literature as cluster X-coordinates. In this section we provide a
simple but illustrative example of this phenomenon.

The simplest nontrivial multi-loop scattering amplitude is the two-loop MHV
amplitude for n = 6 particles. This was originally computed numerically in [511 53],
then analytically in [I7, [I8] in terms of generalized polylogarithm functions, and
finally in a vastly simplified form in terms of only the classical Li,, functions in [19].

We present it here very mildly reexpressed as

3 4

1 1 (S ’ 1 72 T
2 : 1
=1

=1

in terms of the functions

(2.20)



and
13
_ + -
J = §i21€1(xi ) — El(‘ri )

(o(x) = %(Lin(—x) (—1)" Liy(—1/2)).

(2.21)

Our aim in reproducing this formula here is to highlight two rather astonishing facts.
The first is that the argument of each Li, function is the negative of one of the simple

cross-ratios

(35)(26) (13) (46) (15)(24)
YT 123y (56)” Y27 16y (34)” YT sy (12)
e e eeu)
L (12)(34)° 0 (56)(12) 3 (34)(56) ‘
(14)(56) _ (25)(34) _(36)(12)
‘17 45y (16) “2 7 193y (45)” 3 7 16 (23)

(or their inverses). We caution the reader that the 7 here are the negative of the

+

x; used in [19], while the v; used here are related to the three u; cross-ratios most
commonly seen in the literature by v; = (1 — w;)/u;. Of course, these 9 variables
are not independent—the dimension of Confs(IP?) is only three—so one could choose
any three of them in terms of which to express all of the others algebraically. It is
striking that the argument of each Li,, function in (2.19) is expressible as one of these
simple cross-ratios rather than, as might have been the case, some arbitrary algebraic
function of cross-ratios.

The second striking fact about (2.19)) is that out of the 45 distinct cross-ratios of

the form

o _ (ig) (kD)
r(i g k1) = GRYGDY (2.23)

only the 9 shown in (2.22]) actually appear. Note that here, as throughout the chapter,
we shall never count both x and 1/z separately.
The presentation of (2.19)) we have given here also highlights another theme which

will pervade this chapter: positivity. The cross-ratios defined in eq. (2.22)) all have the
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manifest property that they are positive whenever each ordered bracket is positive,
i.e. whenever (ij) > 0V i < j. As this example and others to be discussed below
suggest, we expect all MHV amplitudes will have particularly rich structure on the

positive subset of the domain Conf,(P?). The formula (2.19) is expressed in terms of

the natural polylogarithm function on the domain of positive real-valued x:

Li,(—z) = / log(1+t;)dlogta A--- Adlogt, := L,(x) (2.24)

x

where A, = {(t1,...,t,) : 0 <t <ty <--- <t, <x}. The proper continuation
of eq. to the part of the Euclidean region outside the positive domain was
discussed in [19].

In the rest of this chapter we will work almost exclusively not with amplitudes
but with coproducts of motivic amplitudes, reviewed in the next section. For such

purposes it is sufficient to highlight in Rg) only the leading terms
1
Ry = ZL )+ La(w]) = 5La(v) + -+ (2.25)

where the dots stand for products of functions of lower weight, which are killed by
the coproduct 4.

In a certain sense this example is too simple, as this amplitude is likely unique
in SYM theory in being expressible in terms of classical polylogarithm functions Li,,
only. We do not aim to write explicit formulas for more general amplitudes as there
would be no particular preferred or canonical functional form, so the question of what
variables the function depends on requires a more precise definition involving the more

sophisticated mathematics to which we turn our attention in the next section.
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2.4 Polylogarithms and Motivic Lie Algebras

In this section we review some of the necessary mathematical preliminaries on tran-
scendental functions and explain ways of distilling the essential motivic content of such
functions. The precise mathematical definitions of motivic avatars of polylogarithm-
like functions is given in [2I]. Taking for granted that such avatars exist, our goal is to
provide the elements of motivic calculus necessary to describe their basic properties.

We begin by recalling some elementary mathematical facts about polylogarithm
functions from [32, 54] (see [52, B5H57] for recent reviews written for physicists).
To each such transcendental function of weight k is associated an element of the k-
fold tensor product of the multiplicative group of rational functions modulo constants

called its symbol. For example, the classical polylogarithm function Lig(z) has symbol

~(1l-2)®z® - Q. (2.26)
—_————
k—1 times
A trivial way to make a function of weight k is to multiply two functions of lower
weights kq, ko with k& = ki + ko. It is often useful to exclude such products from
consideration and to focus on the most complicated, intrinsically weight k, part of a
function. This may be accomplished via a projection operator p which annihilates all

products of functions of lower weight. It is defined recursively by

P(a1®"'®ak):T[P<a1®"'®ak—1)®ak_P<a2®"'®ak)®a1] (2.27)

beginning with p(a;) = a;. Here, in a slight abuse of notation which we will perpet-
uate throughout this section, we display for simplicity not how p acts on a general
weight-k function but rather how it acts on the symbol of such a function.

We use L, to denote the algebra of polylogarithm functions modulo products of

functions of lower weight. It is a commutative graded Hopf algebra with a coproduct
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§ 1 Lo — A2L, which satisfies §2 = 0, giving it the structure of a Lie coalgebra.

Explicitly, § may be computed (again, at the level of symbols) by

o

-1

a1 ®@ - ®ay) = (a1®---®an)/\(an+1®---®ak). (2.28)

3
I

We let By, denote the Bloch group [58, 59] defined as the quotient of £, by the
subspace of functional equations for the classical logarithm function Lig. The case
=1 is trivial (any linear combination of logarithm functions can be combined into

a single logarithm) so we simply write “z” to denote the function log x and therefore
denote £; = C*, the multiplicative group of nonzero complex numbers. For £ > 1
elements of By, are finite linear combinations of objects denoted by {x}j, which can

be read as shorthand for the function — Li;(—x). These satisfyf]

S{a}s = 1+2) ANz k=2, (2.29)

{z}ro1 @z k>2.

For k = 2,3 it is a theorem that £, = Bi. At weight 4, for the first time, the

coproduct has two separate componentsﬁ

5(&1 X as ® as & CL4)|A2 By — p(a1 & CLQ) /\ p(a3 & CL4), (230)

d(a; ® as ® az @ ayg)|p; e = plag ® as ® az) ® ay — plag ® a3 @ ay) ® a. (2.31)

2The top line is an element of A2L;, while the bottom is the element of the summand in A?(Lj_1®
L1) given by vectors of the form fr_1 ® f1 — f1 ® frx—1, and we use the standard notation of denoting
such an element simply by fr—1 ® f1 € Lr—1 ® Ly.

3These expressions are simply transcriptions of the components of eq. . Specifically,
eq. (2.30) is the n = 2 term in eq. , while eq. is the sum of the n = 1 and n = 3
terms in eq. , with the n = 1 term receiving a minus sign when put into the order shown in
eq. as implied by the A in eq. . We have chosen to write some p’s explicitly in egs.
and (2.31)) but they are not necessary since p(x) and z represent the same element in L. For the
same reason, we could have acted on both sides of the A in eq. with the p operator without
changing the meaning of that definition.
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The classical function Liy(x) has coproduct components

5Li4(l‘)|A2B2 = 0, (232)

0 Liy(z)|pyecr = —{—z}s @, (2.33)

so it is clear that any polylogarithm function of weight 4 which has a nonzero A% B,
content cannot possibly be written in terms of classical functions. It is moreover
conjectured that the converse is true [32]@. In this sense we can say that it is the
A% B, coproduct component which measures the “non-trivial part” of a weight-four

polylogarithm function.

2.4.1 Integrability

Next we discuss the integrability condition which plays the crucial role in the following

two sections. A second application of § at weight 4 maps each of the two components

to By @A2C*, as indicated in the diagram(’}

Ly

A2 BQ B3 ®(C* )

By, @A%C*

More generally, it is conjectured that a weight-k function f, can be written in terms of the
classical polylogarithm Liy if and only if all components of d f; vanish except possibly L1 ® C*.

5Note that this is not a commutative diagram; indeed according to eq it is better thought
of as an anticommutative diagram.
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where the bottom two arrows are given explicitly by

dH{xta AMyte) ={yh@(1+2)ANe —{z} @ (1 +y) Ay, (2.34)

{z}s@y) ={r} @z Ay. (2.35)

Given arbitrary elements bys € A2 By and bs; € B3 ®C*, there does not necessarily
exist any function f; € £4 whose coproduct components are by and bs;. A necessary

and sufficient condition for such a function to exist is that the integrability condition
O - 52f4 == (5(622) + 5(1)31) (236)

is satisfied. Equivalently, we can say that a pair bas, b1 satisfying uniquely de-
termines a weight-four polylogarithm function (modulo products of functions of lower
weight).

It is important to note that given any element byy € A% B, there does exist some
function f; with by as its coproduct component (indeed Goncharov has written
down [60] an explicit map x : A2By — B3 ®C* such that the pair by, k(by) sat-
isfies for any by, € A%2B;), but for generic by the B3 @C* component #(by) of

that function will not have any cluster algebra structure of the type we study below.

2.4.2 Motivic scattering amplitudes

The L-loop n-particle MHV motivic amplitudes in SYM theory, considered modulo
products, are elements Aﬁ’/’L € Lo;,. The two-loop motivic amplitudes are therefore
elements

AN Zy, .. Zy) € Ly(F), F=Q(Z,...,2,) (2.37)

defined by a generic configuration of n points (7, ..., Z,) in P3. Therefore, as was

explained above, they can be expressed via Liy(z) if and only if the A2B, obstruction
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vanishes. This is exactly what happened in [19] where the two-loop n = 6 MHV
amplitude was calculated as a sum of classical 4-logarithms. The problem set out for

us here and in subsequent work is therefore:

Problem. Calculate the motivic n-particle two-loop MHV amplitudes for n > 6.

More specifically, this amounts to computing the coproduct
SMm(ANN(Z, ..., Z,)) € "By @D Bs ®C”. (2.38)

The coproduct determines the amplitude as a function up to a constant and prod-
ucts of similar functions of lower weight. The coproduct is given in terms of the groups
B,, n=1,2,3, and so its calculation is a precise problem. Let us emphasize that due
to the ‘one-variable’ nature of the groups B, to write an element in A?B, @ B; ®C*
we need a collection of functions on the configuration space Conf,, (P?)—the arguments
of the dilogarithms and trilogarithms. The only ambiguity of such a presentation re-
sults from the functional equations they satisfy.

As we show below, these functions for the 2-loop n-particle MHV motivic ampli-
tudes, where n = 6,7, are cluster X-coordinates on the space Conf, (P?). Moreover,
although functional equations do come into the picture, the ones we see for the two-
loop amplitudes are also of cluster nature, and discussed in Appendix B of [52]

We would like to stress that without the motivic approach one cannot even for-
mulate Problem [2.4.2}—there is no way to define the coproduct just on the level of

functions.
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2.5 The Coproducts of Two-Loop MHV Motivic
Amplitudes

Using the symbol of the two-loop n-point MHV amplitude, as computed in [20], one
can calculate the coproduct & (A%) of the corresponding motivic amplitude as defined
in the previous section and summarized in eq. . For n = 6 the A2 B, component
is trivial, as was noted already in [19], while the B3 @ C* part of the coproduct may

be read off immediately from (2.25)):

S(ALY) By o = Z{:ﬁ}g@z + {7 }s @ a7 —-{v,}gml (2.39)

We defer results for general n to a subsequent chapter and present here explicit
results only for n = 7, since our main goal at the moment is to call the reader’s
attention to the same two non-trivial features that we emphasized in section [2.3] The
first feature is that the entry z appearing inside each {z}s or {z}3 is a single cross-
ratio (rather than, as might have been the case, some arbitrary algebraic function
of cross-ratios); the second feature is that of the thousands of such cross-ratios one
can form at n = 7, only a small handful actually appear in the motivic amplitudes.
The structure of the results presented here will be extensively discussed in subsequent

sections.
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2.5.1 The A?B; component for n =7

We find that the A? By component of 6(A2%) can be expressed as

(Tx1,2x3,4x5) (2%x3,4%x6,7x1)
D <{ (127 (345) o (167)(234) },

Rt M e v Ayt MY

(713)(746)
(716)(734)

)

(2.40)

where the sum indicates that one should sum over the dihedral group Dih; acting on

the particle labels, resulting in a total of 3 x 14 = 42 terms.

It is important to note that this expression is of course not unique. There are two

kinds of ambiguities: first of all, there are dilogarithm identities which hold at the

level of By and are a consequence of Abel’s pentagon relation
5

=1

where L, is the Bloch-Wigner dilogarithm
Lo(2) := (Lig(—2) + arg(1 + 2)log|z]), z€C

and the cross-ratio r is defined as

(z1 — x9) (w3 — 24)
(22 —a3) (21 — 24)

r(xla T2, X3, x4) =
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One slightly non-trivial, but easily checked, example is

(127)(156) (345) (127)(256) (345)
_{<157><1 X 2,3 x 4,5 x 6>}QJr {<257><1 X 2,3 x 4,5 x 6)}2

0=
(567)(1 x 2,3 x 4,5 X 6) (127)(345)(567) (571)(562)
+{_(256)(1 X 7,3 x 4,5 % 6) }2_{_<157><2 X 7,3 x 4,5 % 6) }2_{ (512)(567) }2‘

(2.44)

Such identities relate different, but equivalent, expressions for the A2 By component
which in general have different numbers of terms.

Secondly there is ambiguity in writing (2.40) due to the trivial identities

{zte Ayt = —{1/zha AMybo = {1z A{1/y}2 = —{z}2 A{1/y} (2.45)

which preserve the number of terms.

Given these ambiguities one may wonder about the value in providing any explicit
formula such as . Is there some invariant way of presenting the A2 By part of the
coproduct of this amplitude, without having to commit any particular representation?
To phrase this question in language familiar to physicists: if we think about the
equations and as generating some kind of gauge transformations, then
what is the gauge-invariant content of the A? By component of this coproduct?

We pose this question here merely as a teaser; to answer it fully requires the
mathematical machinery to be built up in section 2.6, Nevertheless we will also tease
the reader here with the answer: the terms in are naturally in correspondence
with certain quadrilateral faces of the Eg Stasheff polytope, and there is a unique

representative with this property.
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2.5.2 The B3 ®C* component for n =7

In order to save space, we will make use of the dihedral symmetry and invariance under
rescaling of the MHV amplitude to write only the two independent B3 components
necessary to express the full answer. First, for the (124) component of C* we find the

B3 element

(127)(256) (345) (125)(234) (567)
{(257 1><23><45><6>} {(257 1x2 3><45><6>}3

(127)(234)(345) (567) " (124)(157)
(257)(347)(1 x 2,3 x 4,5 x 6) (127)(145) 124 (256)(517)

(127)(254) (516)
{ (214)(257) }3 {<412 )(435 }} {(412 (437) } { (147) 2452 2516
)4 (712)(

217)(245) 415) (423 417)(423) (142)(456) (517

(247)(453) (526) 12)(457) (512)( 712)(745)

{ (243)(456) (5 27)}3 { (417)(4 5>}3 { 517) >}3 { 715)(724)

{(413) 457)} {<423><457 } (2 M)\, (241){73)( }

417)(435) f, "\ (427)(435) [, (2 21 ;
(567

1)
3)
5
+{ e, - 2?3”} ~{ e ), }
)(5
(57

Iy 3
(524) (567) (453 742)
<5 >56>}3+ ™ (456) ><743>}' (2:46)

4
4

243/ 475)(
452)(576) (74
]t

{ <
)(453) (527) {
)(457)(521) {
(514) (567) {
(456) (571
76)(
572

BCC\@HHW—/H,—/

i
f

74

Secondly, for (125) (this is symmetric under 1 <> 2,7 <> 3,6 <> 4) we find

(157)(234) (123)(457) (127)(134) (567)
_{<1 X 2,3 % 4,5 x 7)}3_{<1 X 2,3 % 4,5 x 7>}3_{<167><1 X 2,3 % 4,5 x 7)}3
(127)(234) (567) (123)(345) (567)
* {(267><1 X 2.3 x 4.5 x 7)}3 * {(356>(1 X 2.3 x 4.5 x 7)}3
(124) (345) (567) (123)(145) , [ {125)(167)
a {<456><1 X 2,3 % 4,5 X 7 }3 {(125)(134)} a {(127)(156)

(412)(435) (512)(534) (231)(354) (526) (241)(453) (526)
+{<415><423>} {514 523} { (234)(356) (521 } +{_<243>(456)(521)}

{2 ><§§ii} F (145 2,7453,6 < 4). (247)
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The full B3 ® C* part of the coproduct of the two-loop n = 7 MHV motivic am-

plitude is assembled in terms of these two building blocks as

(124) (567)
2 {(eq‘ 20 © o7y iam6) ©

dihedral

(125)(167)(234)
(ca- B @ 1oy o7y(a56)

(2.48)

DN | —

Let us comment briefly on the action of parity on eq. . If we apply parity to
the first term in eq. and then the permutation (1,7,6,5,4,3,2), the C* term
is unchanged. The corresponding B3 terms are identical up to a 40-term Lis identity,
of the type discussed in Appendix B of [52]. The parity invariance of the second
term in eq. is easier to prove: applying parity followed by the permutation
(4,5,6,7,1,2,3) leaves both the C* term and the corresponding B part invariant.
Therefore in this case the parity invariance is manifest, without requiring any Lis
identities. We note with interest that the aforementioned 40-term identity is the only

nontrivial Liz identity which plays a role in elucidating the structure of this amplitude.

2.6 Cluster Coordinates and Cluster Algebras

Having presented concrete results of the calculation of the coproduct for the two-
loop n = 7 MHV amplitude, we now turn to a second main theme of the chapter:
establishing the connection between the coproduct of motivic amplitudes and cluster
algebras. We start with a short introduction to cluster algebras, which were discovered
and first developed in a series of papers [34, B5] by Fomin and Zelevinsky. The
configuration space Conf, (P*) of n points in P* has the structure of a cluster Poisson
variety [33]—a structure closely related to cluster algebras. This section is aimed
primarily at physicists since most of this material is a review of fairly well-known
mathematical facts, with a focus on the intended application to Conf,,(IP?), the space

on which scattering amplitudes live. Our aim in this section is to guide the reader
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quickly to an understanding of what cluster variables, which we refer to as cluster
A-coordinates, are for the Grassmannians, what cluster X'-coordinates are for the
configuration spaces Conf,, (P*~!), and how these coordinates may be systematically

constructed via a process called mutation.

To guide the reader, let us specify the spaces where different types of cluster
coordinates live. Recall (see sec. [2.2) that the Grassmannian Gr(k,n) is birationally
isomorphic to the configuration space of vectors Conf, (k). The latter projects onto

the space of projective configurations Conf, (Pk~1):
Gr(k,n) — Conf,(k) — Conf,(P*1). (2.49)

Cluster A-coordinates live naturally on the Pliicker cone Gr(k,n) over the Grassman-

nian rather then on the Grassmannian itself. This cone can be identified birationally

with the configuration space Conf, (k) of n vectors modulo the action of the group
S Ly rather then GLj. Abusing terminology, one often refers to them as coordinates
on the Grassmannian. Cluster X-coordinates live naturally on the smaller space
Conf,, (P*~1)—its dimension is n less then that of the (/j()\ll/fn(k>. They describe a col-
lection of log-canonical Darboux coordinate systems for the natural cyclic invariant

Poisson structure on the space Conf,(P*~1). Using the canonical projection
T (A}I"(k‘, n) — Conf, (P*1)

one can lift the cluster X-coordinates on Conf, (P*~!), and express them as monomials
of the cluster variables in the Grassmannian cluster algebra. One cannot extend,

however, the Poisson structure to the cluster algebra without breaking the cyclic

invariance. Notice that the cluster algebra structure itself on Conf, (k) is (twisted)

cyclic invariant. The cyclic invariance is a crucial feature of the planar scattering
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amplitudes. So it is important that both Grassmannian cluster algebra and the

cluster Poisson structure on Conf,, (P*~!) are cyclic invariant.

2.6.1 Introduction and definitions

We can informally define cluster algebras as follows: they are commutative algebras
constructed from distinguished generators (called cluster variables) grouped into non-
disjoint sets of constant cardinality (called clusters), which are constructed iteratively
from an initial cluster by an operation called mutation. The number of variables in a
cluster is called the rank of the cluster algebra.

A simple example is the A, cluster algebra defined by the following data:

cluster variables: a,, for m € Z, subject to a,,_10m11 =1+ ap,
e rank: 2
o clusters: {am,, ami1} for m € Z
e initial cluster: {a,as}
e mutation: {a,_1,an} — {am, ami1}-
Using the exchange relation a,, 10,11 = 1 + a,, one sees that

1+a l4+a;+a 1+a
asz = 2, a4:#, as = 1; ag = a1, Q7 = Q2. (250)
ay a1az a2

Therefore, the sequence a,, is periodic with period five and the number of cluster
variables is finite.

When expressing the cluster variables a,, in terms of a; and as, we encounter
two interesting features. First, the denominators of the cluster variables are always
monomials. In general the structure of an algebra is such that one might expect the

cluster variables to be more general rational functions of the initial cluster variables,
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but in fact the denominator is always a monomial. This is known as the ‘Laurent
phenomenon’ (see [34, 61]). A second feature is that, conjecturally, the numerator of
each cluster variable, expressed in terms of the original cluster variables, is always a
polynomial with positive integral coefficients.

Some cluster algebras may be defined in terms of another piece of mathematical
machinery: quivers. A quiver is an oriented graph, and in the following we restrict
to connected, finite quivers without loops (arrows with the same origin and target)
and two-cycles (pairs of arrows going in opposite directions between two vertices).

Given a quiver and a choice of some vertex k on that quiver we can define a new
quiver obtained by mutating at vertex k. The new quiver is obtained by applying the

following operations on the initial quiver:
e for each path i — k — j, add an arrow ¢ — j,
e reverse all arrows on the edges incident with &,
e and remove any two-cycles that may have formed.

The mutation at k£ is an involution; when applied twice in succession at the same
vertex we come back to the original quiver.
Quivers of the special type we restricted to are in one-to-one correspondence with

skew-symmetric matrices defined as

bij = (#arrows i — j) — (#arrows j — ). (2.51)

Since at most one of the terms above is nonvanishing, b;; = —b;. Under a mutation
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at vertex k the matrix b transforms to b’ given by

bij7 if bzkbkj S 07
[ (2.52)

1)
bij + birbyj, if big, by > 0,

bij — bikbkj; if bik, bkj < 0.

If we start with a quiver with n vertices and associate to each vertex i a variable

a;, we can use the skew-symmetric matrix b to define a mutation relation at the vertex

k by
apa, = H a4 H a; vk, (2.53)

ilbgg >0 ilbi <0
with the understanding that an empty product is set to one. The mutation at k
changes ay, to a), defined by eq. and leaves the other cluster variables unchanged.
To illustrate these ideas we note that the initial cluster of the as cluster algebra

can be expressed by the quiver a; — as. Then, a mutation at a; replaces it by

14+a2 —

P as and reverses the arrow. A mutation at as replaces it by al, =

a/l — 1+a;
a2

= U5

and preserves the direction of the arrow.

Cluster Poisson varieties. These are defined using the same combinatorial skele-
ton: quivers and mutations of quivers. We assign now to the vertices of the quiver

variables {x;} which mutate according to the following rule:

x;l, 1=k,
. . (2.54)

w4k

There is a natural Poisson bracket on the cluster X'-coordinates. It is enough to define

the Poisson bracket between the X'-coordinates in a given cluster, for which it is given
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in terms of the antisymmetric matrix b;; defined in (2.51)) by
{I’i,Ij} = bijxixj- (255)

An important property of this Poisson bracket is that it is invariant under mutations,
in the sense that

g

whenever z; and b; are obtained from z; and b;; by a mutation.
Given a quiver described by the matrix b, the cluster A- and X-coordinates can

be related as follows:

v =[] a;". (2.57)
J

This relation is preserved under mutations (changing, of course, the b;;-matrix).

We would like to stress that the cluster A- and X-coordinates live on different
spaces of the same dimension, denoted A and X. Indeed, the they are parametrized
by the same set, the set of vertices of the corresponding quiver. Formula is just
a coordinate way to express a canonical map of spaces p : A — X. The dimension of

the fibers of this map is the corank of the matrix b.

A sequence of cluster mutations can result in reproducing the original quiver, while
providing a non-trivial transformation of the cluster A- and X-coordinates. Such

transformations form a group, introduced in [33] under the name cluster modular

group.

2.6.2 Grassmannian cluster algebras and cluster Poisson spaces
Conf, (P*1)

In our application we are interested in a special class of cluster algebras called cluster

algebras of geometric type. They are also described by quivers, but some of the vertices
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fll f13 fl? '

f2l f23 f22 '
| fha | e [ frs | ity [ fi |

Figure 2.1: The initial quiver for the Gr(k,n) cluster algebra (see refs. [63, [64]).

are special and called frozen vertices. Edges connecting two frozen vertices are not
allowed [l and we also do not allow mutations on the frozen vertices. The variables
associated to the frozen vertices are called coefficients instead of cluster variables (and
the rank of the algebra is equal only to the number of unfrozen vertices). We define
the principal part of such a quiver to be the quiver obtained by erasing the frozen
vertices as well as all edges which connect them to any of the non-frozen vertices.
When drawing these special kinds of quivers, we will indicate each frozen node by
placing its label inside a box.

We now review the cluster algebras of geometric type which arise from the Grass-
mannian Gr(k,n) [62]. The Pliicker coordinates (i; . .. 1), being the minors obtained
by computing the determinant of the indicated columns 4, . ..7; of a matrix represen-

tative of a point in Gr(k,n), are examples of A-coordinates.

6There is a different approach, advocated in [33], where half-edges between frozen variables not
only allowed, but in fact play a crucial role in the amalgamation construction: building bigger cluster
structures from the smaller ones.
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The Pliicker coordinates satisfy the relation

(1,7, Yk, 1, T) = (i, k, 1) (5,1, ) + (i, 1, 1) {j, k, I), (2.58)

where [ is a multi-index with k£ —2 entries, which bears a resemblance to the exchange
relation shown in eq. (2.53). Indeed the cluster algebra for Gr(k,n) is constructed
by starting with an initial cluster whose variables are certain Pliicker coordinates.
The operation of mutation generates additional Pliicker coordinates, as well as other,
more complicated, cluster A-coordinates. For general k and n and with [ = n — k,
the appropriate initial quiver is given in ref. [63] (this construction is also reviewed

in ref. [64]) and shown in fig. 2.1} where

i1, ke kG, itk —1 . .

G T 3 i<l—j+1,

fij = (2.59)

(1, itj—l—1,i+1,... .k k+j,...n)
S 7

1>1—74+1

The boxes identify the frozen variables while the rest of the variables are unfrozen.
In order to obtain the quivers we will use below we need to make one last change
to the quiver above. We rescale all the coordinates, frozen and unfrozen, by (1,..., k).
This produces a frozen variable (1, ..., k) which connects to the node labeled by fy;
by an ingoing arrow. After this modification all the unfrozen vertices of the initial
quiver have an equal number of ingoing and outgoing arrows.
The simplest nontrivial example is that of Gr(2,5), which is relevant for configu-

rations of five points in P!. In this case the initial quiver is simply

N

(13) — (14) —[{15)]

NN N

(23)]  [34)]  [(45)]

42



where each node is labeled by its A-coordinate. In this case it is easy to check that
successive mutations on the two unfrozen vertices, in any order, generate only five
distinct quivers. The algebra so generated is nothing but the A, algebra defined at
the beginning of sec. [2.6.1} The name of the algebra comes from the fact that the
principal part of this initial quiver is the same as the Dynkin diagram of the A, Lie
algebra.

Let us use this example to calculate X-coordinates. There is one such coordi-
nate associated to each unfrozen node k, expressed by taking the product of the
A-coordinates on the nodes connected to k& by an incoming arrow, divided by the
product of the A-coordinates on the nodes connected to k by an outgoing arrow. So
in the Ay quiver shown above the X-coordinates associated to the nodes (13) and
(14) are (12)(34)/(23)(14) and (13)(45)/(34)(15) respectively. Cluster A-coordinates
are not invariant under rescaling of the individual vectors in a Gr(k,n) matrix, but
the X-coordinates are. Therefore only the latter are good coordinates on the quo-
tient Gr(k,n)/(C*)"~! = Conf,(P*"!) and are hence appropriate objects to appear
in motivic amplitudes.

To connect with the general cluster Poisson varieties and X-coordinates, in this
example we use only the unfrozen part of the quiver to build them. This leads to a
reduced cluster X-space X', and the map described coordinately in reduces to
a surjective map p' : A — X’ It describes the projection Gr(k, n) — Conf, (P*~1).

The two simplest examples relevant to SYM theory scattering amplitudes are
those for 6 or 7 points in P? (or, equivalently, in P* or P2 respectively). For the

former it is evident from fig. that the principal part of the quiver is the same as
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the As Dynkin diagram. For the latter the initial quiver is slightly more complicated:

(167)

NN e

(27} [123)  (234)  [345)

If we label the vertices occupied initially by (267), (367), (467), (126), (236), (346)
by numbers 1 through 6, then after a sequence of mutations at vertices 4, 3, 2, 5, 1,

4, 3, 4, 6, the principal part of the quiver is brought into the form of the Eg Dynkin

diagram(|

(256)
(2.62)

(124) =<— (247) —— (5x6,7x2,3x4) =<—— (3x4,5x6,7x1) —= (157)

Therefore the Gr(3,7) cluster algebra is also called the Fg algebra.

In [35] Fomin and Zelevinsky showed that a cluster algebra is of finite type (i.e., it
has a finite number of cluster variables) if there exists a sequence of mutations which
turns the principal part of its quiver into the Dynkin diagram of some classical Lie
algebra. However, if the principal part of the quiver contains a subgraph which is an
affine Dynkin diagram, then the cluster algebra is of infinite type.

In ref. [62], Scott classified all the Grassmannian cluster algebras of finite type.

As discussed in sec. the relevant Grassmannian for scattering amplitudes in SYM

If we order them in the same way as in the initial cluster, the A-coordinates after this sequence
of mutations are (3 x 4,5 x 6,7 x 1), (256), (124), (247), (5 x 6,7 x 2,3 x 4), (157).
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theory is Gr(4,n), for n > 6. If n = 6 we need Gr(4,6) = Gr(2,6) which is of
finite type As. If n = 7 we need Gr(4,7) = Gr(3,7) which is again of finite type
FEs. However, starting at n = 8 the relevant cluster algebras are not of finite type
anymore. This indicates that there are infinitely many different A-coordinates which
could appear in the symbol of these amplitudes, and infinitely many different X’-
coordinates could appear in their coproduct.

Besides the usual Pliicker determinants, mutations also lead in general to more

complicated A-coordinates. For example, with Gr(4, 8) one runs in to

(12(345) N (678)) = (1345)(2678) — (2345)(1678). (2.63)

As discussed in sec. 2.2 the notation with N emphasizes the following geometrical
fact: the composite bracket (12(345) N (678)) vanishes whenever the points 1 and 2
are coplanar with the projective line (345) N (678) obtained by intersecting the two
projective planes (345) and (678).

One miraculous feature of the mutations is that the denominator can always
be canceled by the numerator, after using Pliicker identities. Therefore, the A-
coordinates always end up being polynomials in the Pliicker coordinates. This is

an analog of the Laurent phenomenon mentioned above. An example which appears

for Gr(4,8) is

(1237)(1245)(1678) + (1278)(45(671) N (123))
(1267)

— (45(781) N (123)). (2.64)

Here the left-hand side is the raw expression obtained for a certain A-coordinate
following some mutation, while the right-hand side is a simplified expression where
the denominator has been canceled by applying a Pliicker relation to the numerator
in order to pull out all overall factor of (1267).

Both of these types of non-Pliicker A-coordinates, egs. and , appear
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in the symbol of the two-loop n = 8 MHV amplitude [20], and the simpler ones of the
typein eq. appear already for n = 7—indeed the long formulas in section are
littered with these composite brackets (though expressed there in the P? language).
However, since the number of A-coordinates is infinite for Gr(4,8), mutations
must eventually generate even more exotic A-coordinates. A still relatively simple

example is

—((123) N (345), (567) N (781)). (2.65)

This quantity vanishes when the lines (123) N (345) and (567) N (781) intersect, which
is equivalent to saying that the lines (345) N (567) and (781) N (123) intersect. But

there are even more complicated A-coordinates such as

(1246)(1256) (1378) (3457) — (1246)(1257)(1378)(3456) —
(1246)(1278)(1356) (3457) + (1278)(1257)(1346) (3456)+

(1236)(1278)(1457)(3456). (2.66)

Neither of these complicated quantities appears as an entry in the symbol of the
n = 8 MHV amplitude at two loops, but we know of no reason why they can not
appear at higher loops. However, it is obvious that only a finite subset of them can
appear at any given order in perturbation theory. It would be extremely interesting
to understand more about these algebras and their relation to amplitudes.

One final, important comment has to do with cyclic symmetry, which is an exact
symmetry of MHV amplitudes (and of all super-amplitudes). Notice that the initial
quivers we have been using break the cyclic symmetry of the configuration of points.
In order to see that the cyclic symmetry is preserved we need to show that by muta-
tions one can reach another quiver whose labels are permuted by one unit. For the
case of Gr(3,7) described above, this can not be done in fewer than six mutations,

since all the unfrozen A-coordinates need to change. Indeed one can easily show
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that after mutating in the vertices which are initially labeled by (126), (267), (236),
(367), (346) and (467), we obtain the cluster with the vertex labels shifted by one
(123) — (234), etc. This proves the cyclic symmetry for Gr(3,7). It is not hard to
imagine that a similar procedure can be applied in the general Gr(k,n) case, but we

do not provide a complete proof of cyclic symmetry here.

2.6.3 Generalized Stasheff polytopes

In this section we review the connection [41] between cluster algebras and certain
polytopes, including the generalized Stasheff polytope or associahedron [42]. Many
additional details and examples may also be found in [65].

The unfrozen vertices of a cluster algebra of rank r can be taken to be the vertices
of an r — 1-simplex. A k-simplex is a generalization of the notion of a triangle and can
be defined as a convex hull of its k£ 4+ 1 vertices. A 0-simplex is a point, a 1-simplex
is a line, a 2-simplex is a triangle, a 3-simplex is a tetrahedron, and so on.

If we take a subset of [ + 1 vertices of the k£ + 1 vertices of a k-simplex we can

form an [-simplex which is called a face of the k-simplex. The number of [-faces of a

kJrl).

k-simplex is (l T

When doing a mutation in a cluster algebra of rank r, one of the A-coordinates
changes while the other » — 1 stay unchanged. They define an r — 2-face of the initial
r — 1-simplex. Therefore, after mutation we obtain a new r — 1-simplex which shares
a r — 2-face with the initial simplex. We can glue them along this face to form an
r — 1-dimensional polytope. For cluster algebras of finite type, by doing all possible
mutations, we can build a polytope out of finitely many simplices.

In this language, the X'-coordinates of the cluster algebra correspond to r —2-faces
of the r — 1-simplex. The number of such faces is (Til) = r, which equal to the rank
of the algebra. Under mutations, one of the X'-coordinates transforms to its inverse

while the others transform in a more complicated way. So more properly we should
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associate to each r — 2-face the pair consisting of an X'-coordinate and its inverse.
The dual of the polytope we have described is called the Stasheff polytope (or
associahedron, for a reason we will describe in the following section) associated to
the cluster algebra. It is a theorem which is deduced from [34], that for any cluster
algebras, the faces are always either quadrilaterals or pentagons. For example, the
Stasheff polytope associated to Gr(2,6) has 3 quadrilateral faces and 6 pentagonal

faces, while the Gr(3,7) polytope has 1785 quadrilaterals and 1071 pentagons.

2.6.4 Poisson bracket and generalized Stasheff polytopes

There is a simple connection between the Poisson bracket and the geometry of the
Stasheff polytope, which plays an important role in elucidating the structure of mo-
tivic amplitudes.

Two X-coordinates x1, xo have zero Poisson bracket if the Stasheff polytope has

some quadrilateral face containing both x; and x5 at each vertex in the configuration

| {x,2o,.. .} |— {1/x1,20,...} ]
: (2.67)

[ en Uz 3 |— [ {en /a1 ]

where the dots stand for other X-coordinates (some of which may overlap between
some, but not all, of the four corners). In such a case the variables 1, zs form a
closed A; x A; subalgebra. Moving left-to-right or up-to-down is accomplished by
mutating on x; or xs, respectively.

Two X-coordinates x1, xo have Poisson bracket 41 if they form a closed A, sub-

algebra. In this case the Stasheff polytope has some pentagonal face containing
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and x5 in the configuration

‘ {[El—f-l'g—f—l'll'g,...} ‘

PN

[ {e0Fa) /x| [ {0 +a)/zy,...F - (2.68)

\ /

L fen b J—1 {2} |

2.6.5 Parity invariance

In this section we show that the parity operation is an element of the cluster modular
group. Specifically, we verify that the parity transform of any quiver is related by
a sequence of mutations to the original quiver. This implies that the set of cluster
X-coordinates is closed under parity. It would be very interesting to see if the rest of
the cluster modular group plays some role, or has a nice interpretation when acting
on motivic amplitudes.

Of course, in simple cases like six points in P? the parity invariance of the set of
cluster X-coordinates can be explicitly checked by enumerating all of them. However,
due to the large number of cluster coordinates, this is much more difficult for seven
points and it is impossible for more than seven points since then the cluster algebras
are of infinite type.

For six points in P? the initial quiver is shown in fig. . The parity conjugate is
obtained by replacing (ijkl) — [ijkl], and then rewriting the [ijkl] in terms of angle

brackets as follows

[1235] = (6123)(1234)(2456),  [1245] = (6123)(3456) (1245),
[1345] = (2345)(3456)(6124),  [1234] = (6123)(1234)(2345),

cyclic permutations of [1234].
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[(1234)] [(1456)]

N N

(1235) — [(1230) (2456) —> [(3450)
\ \
(1245) — [(1250] (1245) — (2375
\ \
(1345) — [{T450) (1246) — [(1234)
\ \
[@15)]  [3156] [(256)]  [(1236]

(a) (b)

Figure 2.2: The initial quiver (a) for Gr(4,6) and its parity conjugate (b).

The X-coordinates of the quiver in fig. generate parity conjugates of the X-
coordinates of the quiver in fig. [2.2al This quiver can be obtained from the initial
quiver by mutations, but with opposite directions of the arrows. Switching the direc-
tion of all arrows replaces all the cross-ratios by their inverses. This does not change
the set of cluster coordinates since if a cross-ratio is a cluster X'-coordinate then its
inverse is also a cluster X'-coordinate.

We should note here that the parity transformation is, up to signs, the same as
shifting all the points by three. For example, (1234) — (1456), (1235) — (2456).

The seven-point case is a bit more complicated. Here also we start with the
initial quiver in fig. to which we apply parity (ijkl) — [ijkl]. Let us focus on
the X-coordinate sitting at the vertex labeled by (1235) in fig. 2.3a] It is given by

(1234) (1256)
(1236) (1245) *

Using equations similar to the ones we used above for six points, we can write the
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[(1234)] [(1267)]

N N

(1235) —— (1236) — [{1237)] (1257) —— (1247) —— [{1237)]

(1245) —— (1256) — [{1267)] (1256) — (1245) —— [{1234)]

(1345) —— (1456) — [{1567)] (2567) —— (2456) —

[@5]  [3%56)]  [([4567)] [@s67)]  [@67)]  [(3456)
(a) (b)

Figure 2.3: The initial quiver (a) for Gr(4,7) and its partner (b) which makes the
parity conjugation property manifest.

parity conjugate of the quiver X-coordinate at vertex (1235) as

(1234)(1256)  [1234][1256]  (1256)(2345) (4567) 2 60
(1236)(1245)  [1236][1245] _ (1245)(2567)(3456) (2:69)

The parity conjugated cross-ratio is the same as the inverse cross-ratio sitting at the
opposite corner, at (2456) in the partner quiver in fig. m Each of the unfrozen
variables has a correspondent among the unfrozen variables of the partner quiver.
The X-coordinates of vertices which are in correspondence are inverse and parity
conjugate to one another. The correspondence between vertices is defined as follows:
the unfrozen vertices fit in a rectangular pattern. Flip this rectangular pattern along
the vertical and the horizontal. After these flips the pattern of unfrozen vertices fits
over the pattern of unfrozen vertices of the partner quiver (note that after superposi-
tion all the arrows point in the opposite directions after this sequence of operations).
For example, the correspondence between the vertices in figs. [2.34] is the fol-
lowing: (1235) <> (2456), (1245) < (1245), (1256) <> (1256), (1236) <> (2567),
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(1345) > (1247), (1456) «+> (1257).

Now we can show that the set of cluster X-coordinates is closed under parity
conjugation. First, it is easy to show that the quiver in fig. can be obtained from
the quiver in fig. after four mutations. Another way to show that the two quivers
can be obtained from one another by mutations is to notice that the quiver in fig. [2.3a]
can be transformed to the quiver in fig. by a dihedral transformation of external
data 1 <> 2, 3 <> 7, 4 <» 6. Then the conclusion follows from the dihedral symmetry
of the cluster algebra. So they generate the same cluster algebra. Moreover, for every
sequence of mutations in the quiver in fig. [2.3a] we can perform the same sequence
of mutations in the corresponding vertices of the partner quiver in fig. and we
obtain the inverses of parity conjugate X-coordinates. This analysis can be extended

without difficulty to the general case of cluster algebras G(4,n).

2.6.6 Cluster algebras and the positive Grassmannian

The positive Grassmannian is defined as the subspace of the real Grassmannian for

which the ordered Pliicker coordinates are all positive:

Grt(k,n) ={(c1 - ¢,) € Gr(k,n,R) : (ca, -+ Cq,) > 0 whenever a; < -+ < ag}.

The mutation relation clearly respects positivity: if the A-coordinates in
the initial cluster are all chosen to be positive, then all subsequently generated A-
coordinates, in every cluster, will continue to be positive. The same trivially holds
for X'-coordinates since they are just products of A-coordinates.

It is manifest that set of positive configurations of points on P? constitutes a
subspace of what physicists call the Euclidean region, in which scattering amplitudes
are expected to be smooth, real-valued functions. This is in strong accord with

the main slogan of [40], though we are talking here about positivity in the external
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kinematic data, rather than in the Grassmannian of internal (i.e., loop integration)
variables. It seems clear that the full power of positivity has not yet been unleashed.

By construction, any cluster X-coordinate x has the property that 1 + x factors
into a product of A-coordinates. We have found empirically that positivity allows
for a quick criterion to go the other way around: suppose we have identified some
cross-ratio r for which 1 + r so factors; how do we determine whether or not r is a

cluster X-coordinate? The answer is simply to evaluate the triple
{r,=1—r,—1-—1/r} (2.70)

at a random point in the positive Grassmannian. In all of our experience to date,
one of these three quantities will be positive and the other two negative; the positive
one is an X-coordinate and the other two are not. Certainly this criterion is valid for
n = 6,7 where we can enumerate all such possibilities, and it has held true at higher
n in all cases we have looked at. However in the infinite-dimensional algebras we can
not exclude the possibility that there might exist some sufficiently complicated cross-
ratio r for which 1+ r factorizes, yet no member of the above list is an X-coordinate.
Let us note also that for a given cross-ratio r, different elements of the above list may

be X-coordinates with respect to different orderings of the external points.

2.7 Cluster Coordinates and Motivic Analysis for
n==~06,7

We now have built up all of the machinery we need in order to carry out a full
motivic analysis of the two-loop n = 6,7 MHV amplitudes. To that end we begin this
section with a detailed discussion of the cluster coordinates and Stasheff polytopes

for Gr(2,6) and Gr(3,7).
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2.7.1 Clusters and coordinates for Gr(2,6)

Beginning with the initial quiver for Gr(2,6), we can generate all of the clusters and
their A- and X-coordinates by successively mutating at various vertices. The Aj
cluster algebra generated in this manner has a total of 15 A-coordinates, which are
the standard Pliicker coordinates (ij) on Gr(2,6). The six coordinates with i and j
adjacent (mod 6) are frozen, while the remaining nine are unfrozen.

However, in the special case of Gr(2,n) cluster algebras the mutations can also
be given a simple geometric interpretation which we now describe. The discussion in
this section follows ref. [33].

We start with a configuration of n points in P! with coordinates z;, i = 1,...,n
and we fix a cyclic ordering. To these points we associate a convex polygon, with
each vertex of the polygon labeled by one coordinate z;. Then, consider a complete
triangulation 7" of this polygon, as in fig.

A triangulation 7" and a diagonal E of that triangulation uniquely determine a
quadrilateral for which F is a diagonal. The points in P! corresponding to the vertices
of this quadrilateral have a cross-ratio in P*. For example, to the diagonal E in fig.

we associate the cross-ratio

(21 — 22) (23 — 25)

r(3,5,1,2) = r(1,2,3,5) = o)

(2.71)

Note that the vertices of the quadrilateral are read in the same order as the cyclic
order of the n points, starting at one of the points incident with the diagonal E. Note
that it doesn’t matter which of the two points incident with £ we start with, due to
the identity

r(k,l,i,5) =r(i,j, k,1). (2.72)

Moreover, if we read the list of vertices in the opposite order, we obtain the inverse
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1

Figure 2.4: A triangulation T of the hexagon. One of the edges of the triangulation
is marked by E.

cross-ratio since
1

(i, 1k, j) = kD)

(2.73)

Now we introduce a function b which associates to a pair of diagonals in a triangu-
lation a number which is 0 or 1. Two diagonals in a triangulation are called adjacent
if they are the sides of one of the triangles of the triangulation. If two diagonals F
and F' are not adjacent we set bgr = 0. If £ and F' are adjacent we set bpp = 1if F
comes before F' when listing the diagonals at £ N F' in anticlockwise order. Otherwise
we set bgr = —1.

Now we can define cluster transformations (or mutations). The starting point is a
triangulation, to which we can associate a set of cross-ratios, as described above (one
cross-ratio for each diagonal). A cluster transformation is obtained by picking one of
the diagonals and replacing it with the other diagonal in the same quadrilateral. A
sequence of such mutations is represented in fig. 2.5 where after five steps we reach
the original configuration.

It is not hard to show that the effect of a mutation on the diagonal labeled by k
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Figure 2.5: A sequence of mutations for five points. At each step the side colored in
red gets flipped.

\

on the cross-ratios X; corresponding to the other diagonals is given by

X i=k,
X! = X, = (2.74)

X@<1 +ngn(bzk))bzk’ i 7& k.

This is the same as eq. . As we noted before, flipping the diagonal produces the
inverse of the initial cross-ratio. The mutation in eq. reproduces this. Also,
the cross-ratios corresponding to diagonals non-adjacent to the diagonal being flipped
remain unchanged. This is obvious since in this case b;, = 0.

Now let us specialize to the case n = 6 of interest. A hexagon admits 14 distinct
complete triangulations, each having three diagonals. These correspond to the 14
different clusters, each with three X coordinates. Out of these 42 are 15 distinct
coordinates (as mentioned before we never count both x and 1/x separately). Nine
of these ratios were already displayed in eq. (2.22)); the remaining six have not been

given a name in previous literature on n = 6 scattering amplitudes since they do not
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appear in the two-loop answer. For completeness let us list here all 15 X-coordinates

v =71(3,5,6,2), vy =1(1,3,4,6), vy =71(5,1,2,4),
rf =7(2,3,4,1), 3 =71(6,1,2,5), 3 =1(4,5,6,3),
o =r(1,4,5,6), a5 =1(52,3,4), x5 =r(3,6,1,2), (2.75)
er =r(1,2,3,5), es =1(2,3,4,6), es =1(3,4,5,1),

ey =1(4,5,6,2), es =1(5,6,1,3), eg =1(6,1,2,4),

in terms of the P! cross-ratio defined in eq. .

Out of the 45 possible cross-ratios of the form r(i, j, k,1), the 15 X'-coordinates
are special in that they are precisely those in which the points ¢, j, k, [ come in cyclic
order. The three most well-known cross-ratios which are not cluster X-coordinates

are the ones known in the literature as

Uy = —T(3, 67572)7 Ug = —7”(1,4,3,6), U3z = _T(5’27174)' (276)

These are related to cluster X-coordinates by u; = 1/(1 + v;).

2.7.2 The generalized Stasheff polytope for Gr(2,6)

Let us now discuss the geometry of the Stasheff polytope for the Az cluster algebra
detailed in the previous section. In this case each cluster is in correspondence with
a 2-simplex, or a triangle. There are 14 clusters, to each of which corresponds a

triangle. We can label each triangle by the three A-coordinates which appear on its
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(15) (25)

Figure 2.6: The polytope obtained by gluing together the triangles associated to
clusters of the Gr(2,6) (i.e., A3) cluster algebra.

vertices:

(13), (14), (15),  (14),(15),(24),  (13),(15),(35),  (13),(14), (46),

(15),(24),(25),  (14),(24),(46),  (15),(25),(35),  (13),(35), (36)
(2.77)

(13),(36), (46),  (24),(25),(26),  (24),(26), (46),  (25),(26), (35),

(26), (35),(36),  (26), (36), (46).

These triangles fit together in a polytope with 14 triangular faces, shown in fig. 2.6
The polytope has 9 vertices given by the non-frozen A-coordinates (13), (14), (15),
(24), (25), (26), (35), (36) and (46), and 21 edges.

All faces are triangles, but there are two different types of vertices: (14), (25) and
(36) have valence four (they are incident with four edges) while the other six vertices
have valence five. The polytope has the topology of a sphere as can be confirmed by

computing the Euler characteristic xy =V — E+ F =9 —-21+ 14 = 2.
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(24) (46)

(16) (45) (12)(34)
(14) (56) (14)(23)
>€
(34)(56)
(36) (45)
(14)(23) (14) (56) (36)
(12)(34) (16) (45)
(15) (13)

Figure 2.7: The cross-ratios (X-coordinates) around a valence 4 vertex (a) and a
valence 5 vertex (b) of the polytope (fig. associated to the Gr(2,6) cluster al-
gebra. For clarity we have omitted the crucial overall minus sign in front of each
X-coordinate.

Now recall that to each edge of the polytope we can associate a pair consisting
of an X-coordinate and its inverse. Let us take a closer look at the X-coordinates
corresponding to the edges incident on the two kinds of vertices. In order for the
association between X'-coordinates and edges to be one-to-one, we need to pick an
orientation. Consider for example the valence 4 vertex shown in fig. . As we go

around it we encounter the cross-ratios

(2.78)

The third cross-ratio is an inverse of the first while the fourth is an inverse of the

second. Therefore, the cluster coordinates are the same as for the A; x A; cluster
algebra. This is the dual of the statement shown in eq. (2.67)).

On the other hand, if we consider for example the valence 5 vertex shown in
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fig. .70 the corresponding list of cross-ratios is

(2.79)

These are the X'-coordinates of an A, cluster algebra. It can be checked that these are
precisely the arguments of dilogarithms in the five-term dilogarithm identity .
This is the dual of the statement shown in eq. .

The dual polytope, shown in fig. 2.8 has 14 vertices and 9 faces, three of which
are quadrilaterals and six of which are pentagons. This is the Stasheff polytope or the
K5 associahedron. The name associahedron comes from the following construction:
consider n (in the case of K5 we take n = 5) non-commutative variables and all the
ways of inserting parentheses. For example, we have ((ab)(cd))e, (((ab)c)d)e, ete. In
total there are C,,_; ways of parenthesizing n variables, where C,, is the nth Catalan
number. Then, join together two such expressions if one can be obtained from the
other by applying the associativity rule once. By joining all these expressions, we

build up the Stasheff polytope.

2.7.3 Cluster coordinates for Gr(3,7)

Beginning with the initial quiver for Gr(3,7), we can similarly generate all of the
clusters and their A- and X-coordinates by successive mutations until all possibilities
are exhausted. The FEjg algebra generated in this manner has a total of 49 well-known
A-coordinates, composed of the 35 Pliicker coordinates (ijk) on Gr(3,7) together

with 14 composite brackets of the form

(1 x2,3x4,5x6), (1 x2,3x4,5x7) (2.80)

and their cyclic images. The seven coordinates (123),...,(712) are frozen, while the

remaining forty-two are unfrozen.
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1/es, 1/es, 1/er

wy, 1/zy, er

+

1/z7, es, x}

1§, ve, 1/ay

»t oo _
1/x3, eo, x5 1/x3, es, x5

Zy, €, 1/$Ir

1/eq, 1/es, 1/es

Figure 2.8: The Stasheff polytope for the Gr(2,6) (or A3) cluster algebra, also known
as the Kj associahedron. Each of the 14 vertices (clusters) is labeled by its three
X-coordinates. The 21 edges connect pairs of clusters which are related to each other
by some mutation. The 9 faces comprise three quadrilaterals (shown in blue) and
six pentagons (shown in red). These correspond respectively to A; x A; and A,
subalgebras.
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Mutation generates 833 distinct clusters, which altogether contain a total of 385
X-coordinates. We list all of them here by separating them into four classes, and use

the notation

(abc)(ade)
b,c,d,e) = ————— 2.81
rlalb.e.d.e) = 0 (281)
as well as the P? cross-ratio defined in eq.( [2.43)).
First of all there are 3 x 7 = 21 coordinates of the form
231)(456 127)(234)(345) (567

(4x5,6x1,2x3)" (257)(347)(1 x 2,3 x 4,5 X 6)

together with their cyclic images. Each of these cross-ratios is real (that is, equal to
its parity conjugate), and it suffices to take only their cyclic images since a dihedral
transformation (i.e., i — 8 — i) maps this set back to itself.

Secondly there are a further 2 x 14 = 28 real cross-ratios of the form

(127)(256) (345)

1,2,5,6,3,4
rs(1,2,5,6.34), e S 3 45 %6

(2.83)

together with their dihedral images.
Next come 6 x 2 x 7 = 84 complex (that is, not equal to their parity conjugates)

cross-ratios of the form

r(2(1,3,4,5), r(1]6,3,4,5), r(3[2,4,5,1
( | Y Y ) ) Y ) ) Y ) ) Y Y

(127)(234) (567)
(267)(3x 4,5 x 7,1 x 2’

T3(1,5,3,2,6,4), T3(17476a 27375)7 <284)

together with their parity conjugates and all cyclic images thereof.
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Finally we have the 9 x 2 x 14 = 252 complex cross-ratios

r(105,2,3,4), r(1]6,2,3,4), r(1]6,2,3,5), r(1]6,2,4,5), r(2|1,3,4,6),

(261) (345)
(4%x5,6x1,2x3)

(2.85)

T3(17274a67375)7 T3(1747376a572)7 T3(]—737576a2a4)7

together with their parity conjugates and all dihedral images thereof.

Note that we have expressed most of the cross-ratios above in a form in which they
do not depend explicitly on point number 7. The three most complicated cross-ratios
are exceptions to this, and for these three we find it worthwhile to display here the

non-trivial factorizations

127)(256) (345) 7x2,3x4,5x6

e _ sy )
(257)(1 x 2,3 x 4,5 x6)  (257)(1 x 2,3 x 4,5 % 6)’
L (12n3(GeT)  (257)(1x2.3x4,6x7)
(267)(3x 4,5 x 7,1 x2)  (267)(1 x2,3x4,5x7)’
m (127)(234)(345) (567) C{(1x2,3x4,5xT7)(7Tx2,3x4,5x%6)
(257)(347)(1 x 2,3 x 4,5 x 6)  (257)(347)(1 x 2,3 x 4,5 x 6)

(2.86)

All three of the cluster X-coordinates on the left-hand side of this equation appear

in the B3 ®C* part of the coproduct of the two-loop n =7 MHV amplitude.

2.7.4 Structure of the motivic two-loop n = 7 MHV ampli-

tude

Obviously it is impractical for us to display the Stasheff polytope for the Gr(3,7)
cluster algebra, with its 833 vertices, 2499 edges, and 2856 two-dimensional faces (of
which 1785 are quadrilaterals and the other 1071 are pentagons). However, we are in
a position now to carry out a ‘motivic analysis’ of the two-loop n = 7 MHV amplitude
using the information contained in the previous section.

First of all we note the amazing fact that all of the entries of {z}s and {z}3 in
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the results in sec. are always cluster X-coordinates of Conf;(P?). Interestingly,
of the 385 such coordinates available, only 231 of them actually appear in the n =7
MHYV amplitude at two loops. This might be a two-loop accident, but if it continues
to hold at higher loop order it would be important to find some sort of geometric
explanation.

Turning our attention now to the expression for the A2 By part of the coproduct
shown in eq. , we note first of all the further highly nontrivial fact that for each
term {xq fo A{x2}2, there is always at least one of the 833 clusters which contains both
x1 and zo. And more spectacularly, the variables always appear in pairs with Poisson
bracket {z1,z5} = 0. Now we understand the geometric meaning of the ambiguity
mentioned in eq. , in light of eq. —it is exactly the ambiguity of trying to
chose one of the four vertices of a quadrilateral, when there is no reason at all to have
to make a choice: each term in A% B, corresponds naturally to a certain quadrilateral
face.

We conclude that the most canonical, invariant way of expressing the A% B, part
of the coproduct of the two-loop n =7 MHV amplitude is not by the formula ,
but by writing it as a sum of 42 quadrilateral faces of the Ey Stasheff polytope. It is
obviously of paramount importance to understand what makes these 42 special, out
of the 1785 such faces available.

An analysis of the Bs @ C* part of the coproduct requires a classification of all of the
possible Az, Ay x A; and A; X Ay X Ay subalgebras of Eg. The Stasheff polyhedron has
1547 three-dimensional faces, consisting of 357 cubes (A; X A; X A;), 714 pentaprisms
(A x A;) and 476 of the Az polytopes shown in fig. 2.8 We expect these to play a
role in unlocking further structure in the two-loop n-point MHV amplitudes, which

we will explore in future chapters.
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2.8 Conclusion

Appropriately defined scattering amplitudes in maximally supersymmetric Yang-Mills
theory are functions on Conf,(P?) which have a very rich mathematical structure
but do not, in general, admit any particular canonical or even preferred functional
representation. The one important exception is the two-loop MHV amplitude for
n = 6 reviewed in section (2.3)), which does have a canonical form (up to trivial Li,,
identities): that in which it is expressed only in terms of the classical polylogarithm
functions, with only (minus) cluster X-coordinates as arguments.

More general amplitudes may be computed numerically if desired (for example
all two-loop MHV amplitudes may be evaluated with reasonable efficiency [66]), but
we do not strive to find any particular explicit analytic formulas for them. It often
happens in physics and in mathematics that when one reaches sufficiently deep into a
subject, one realizes that the appropriate objects of study are not what one originally
thought, but some suitable generalization or modification thereof. In this vein we
have proposed that our focus on the mathematical structure of scattering amplitudes
in SYM theory should fall on what we call motivic amplitudes, and in particular on
their coproducts, which capture the ‘mathematically most complicated part’ of an
amplitude.

By drawing on our explicit results for the two-loop n = 6 and n = 7 MHV motivic
amplitudes, we have shown that an important role is played by cluster coordinates,
which are preferred sets of coordinates on Conf,(P3) with very rich mathematical
structure. Specifically, we conjecture based on the examples presented here, as well
as others that we have computed, that for all MHV motivic amplitudes, to all loop
order, the following is true: given any iterated coproduct component expressible in
terms of the Bloch groups, the corresponding Bloch group elements {z}; are given
by cluster A'-coordinates x. The algebras relevant for n = 6,7 are of finite type,

being the A3 and Fj algebras respectively, while for n > 7 the relevant algebras are
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of infinite type.

If one accepts that cluster X-coordinates answer the ‘kinematical’ question which
variables do motivic amplitudes depend on?, it is natural to turn attention next to the
‘dynamical’ question of exactly in which combinations they appear in amplitudes. We
have provided a first glimpse by showing that the terms in A%2 B, component of the
coproduct of the two-loop n = 7 MHV amplitude—the component which measures the
obstruction to writing this amplitude in terms of the classical polylogarithm functions
only—are in correspondence with quadrilateral faces of the relevant Stasheff polytope
(i.e., with A; x Ay subalgebras of the cluster algebra). Again based on other examples
which we have analyzed, we conjecture that this statement remains true for all two-
loop MHV amplitudes. However a great deal of structure remains to be understood.
In particular, only a very small number of all possible quadrilaterals actually make
an appearance in A%B,; what, if anything, is the special geometric significance of
these particular quadrilaterals? What is the geometric significance of the cluster X-
coordinates appearing in B3 ® C*, or in non-MHV amplitudes, or at higher loops? A
few of these questions will be addressed in future chapters.

Many other interesting questions are also raised by our work. For example, Dixon,
Drummond and Henn have employed with great success the strategy of studying the
space of all integrable, conformally invariant symbols whose letters are drawn from the
collection of available A-coordinates at n = 6. By imposing all physical constraints
available to them at the time, they were able to determine the symbol of the two-
loop NMHV amplitude exactly [67], and that of the three-loop MHV amplitude up to
two parameters [68] which were subsequently determined in [69]. We have proposed
that only X-coordinates can appear in the coproduct of MHV amplitudes, which is
a stronger condition than that only A-coordinates can appear in their symbols. The
functions Li,, (14 z) and Li,,(1+1/x) for any X-coordinate x for example satisfy the

latter but not the former. Hence in particular we expect to see neither Li,,(u;) nor
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Li,, (1 — u;) anywhere in the coproduct of n = 6 MHV amplitudes, to any loop order.
It would be very interesting to investigate in detail how restrictive this condition
is in the space of all integrable symbols, in order to see whether our new ‘motivic’
constraint could aid future computations employing this strategy.

It is also important to point out that in the examples we've looked at, only a
fraction of all available X'-coordinates actually make an appearance. For example in
section we emphasized that only the 9 coordinates enter the two-loop n =6
amplitude, out of the 15 available. Then in section [2.5] we found that only 231 of
the 385 available X-coordinates make an appearance in the two-loop n = 7 motivic
amplitude. We do not yet have an understanding of the criterion which selects these
particular subsets of X'-coordinates, nor whether this phenomenon is just an accident
at two loops or continues to hold at higher loop order. If it does, this obviously
constrains the space of possible motivic amplitudes even more strongly than just the
X-coordinate condition discussed in the previous paragraph. We cannot help but
note with amusement the fact that 9/15 = 231/385, but we certainly have too little
data to speculate on whether or not this is just a coincidence.

A number of interesting questions about the connection between motivic ampli-
tudes, cluster coordinates and other recent approaches to scattering amplitudes can
now be asked. A fair amount of recent work has considered the behavior of ampli-
tudes in various restricted domains, such as two-dimensional or multi-Regge kinemat-
ics (see for example [T0H74] or [75-80], respectively), where in either case considerable
simplification occurs. Also, it has long been appreciated that the behavior of ampli-
tudes under collinear (and especially multi-collinear) limits strongly constrains their
structure, and the operator product expansion (OPE) to the null polygonal Wilson
loop [81H84] aims to compute arbitrary amplitudes at finite coupling in a systematic
expansion around the collinear limit. It would very nice to have a thorough under-

standing of these limits and expansions directly at the level of cluster algebras, or
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even individual quivers.

Finally, we have so far made no explicit reference to the integrability of planar
SYM theory (see the review [85]), which clearly plays a crucial but so far not fully
exploited part in unlocking the structure of its amplitudes (approaches other than the
OPE mentioned above include for example [10] [86-H88]). We hope that motivic ampli-
tudes and cluster coordinates will be found to be useful in these and other endeavors,
just as general ‘motivic’ methods based on the symbol calculus of polylogarithm func-
tions are finding ever wider applications to physical computations in quantum field
theory, including Feynman integrals, amplitudes, form factors, correlation functions,
and Wilson loops [55], 89-05], not just in SYM theory but even QCD [56], 96-98] and

string theory [22-25] as well.
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Chapter 3

Calculating dR?(fL2>
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3.1 Introduction

Insights gleaned from difficult calculations have driven much of the recent progress
in unlocking the structure of N’ = 4 super Yang-Mills (SYM) theory. The synergy
between technical and conceptual advances frequently enables the undertaking of
previously impossible calculations; the often surprising results of which in turn fuel
a deeper understanding of the theory. Indeed, in SYM theory the search for such
insights, rather than the need for busywork, is precisely the motivation for carrying
out arduous new calculations.

In this chapter we complete the analytic calculation of the differential dRY of
the planar two-loop n-particle MHV amplitudes (or, more properly, the ‘remainder
functions™—with infrared divergences subtracted off in a standard way [13],[14]). Rea-
sonably efficient numerical techniques for evaluating R'? have been available for some
time [66], and analytic formulas are known in two-dimensional kinematics [71] but
a breakthrough towards unlocking the general analytic structure of these amplitudes
was made by Caron-Huot in [20]. By considering the dual superconformal symme-
try of a certain generalization of scattering amplitudes depending on twice the usual
number of Grassmann variables, he was able to express dR? in terms of a certain
combination of one-fold integrals. Here we complete the evaluation of these integrals
and present analytic expressions for dR,(LZ). We find that they can be expressed com-
pletely in terms of the functions Lix(—=x), for & = 1,2,3 with arguments = always
belonging to the set of cluster X-coordinates on the kinematic configuration space
Conf,(P3). This provides strong support for the claim in chapter [2| that the cluster
structure of this space underlies the structure of amplitudes in SYM theory.

While this computation may seem modest in scope, we feel that it is a useful
example in which to showcase the power of the two most recent additions to the
amplitudeologist’s toolkit: positivity and cluster X-coordinates. In particular, the

positive domain, a subset of the kinematic domain Conf,,(P?), is evidently the natural
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habitat for amplitudes in SYM theory, and cluster X-coordinates provide a natural
set of arguments for these amplitudes to ‘depend on’. It is our hope that other
analytic formulae in SYM theory can be unlocked using these or similar approaches.
In particular, it would be very interesting to see if the monodromies of R,(f), which
were computed in integral form in [83] (see also [99]), can be similarly expressed only
in terms of Lig(—x).

Following ample motivation (but minimal review), we present our analytic expres-
sion for dR,(ZQ). For additional introductory material, we refer the reader to Chapter

and the references therein.

3.2 Motivation and Review

In [20], Caron-Huot expressed the differential of the planar two-loop n-particle MHV
amplitude as
dRY = " C;; dlog(i—1ii+1j) (3.1)
1,J
and presented a means of calculating the coefficient functions C; ;. Already the fact
that the differential may be expressed in the form of eq. is a nontrivial all-loop-
order prediction of [20].
Thanks to the full dihedral symmetry of the amplitude in the particle labels, it

is sufficient to focus on Cy;. This was given as a sum of four components Céai), for

a=1,2,3,4, two of which were represented analytically as

i—1 n+1 2 2
T T4
02(712.) = logu X E E Lig(1 — Uj,k,k—ld‘-t,-l) + log 2J’k log 2]’k (3.2)
e Tivie  Tje-1

. . . 2 _ .. . .
where for our purposes it is sufficient to take x7,; = (ii+1jj+1), and

2

1 1 1
C’Q(f’;) = —2Li3(1 — E) — Liy(1 — E) log u — g log® u + % log u, (3.3)
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where
(ii+177+1)(kk+1114+1)
(ii4+1kk+1)(j j+1114+1)

ui,j,k,l = (34)

and © = ug;-1,1- C’2 has the integral representation

i—2

Xz—lz _
j=4 Z.])
+ Lis(1 — w;j—1,5i-1) + Lia(1 —uxjj—1,-1) — Lis(1 — ux 1)
+logux i—1,;log uX7j7j_17i_1>
— [? (Xi—1i)
o 1 (L1t ) i =y
e3[R (10 = )+ 10 =
+Lig(1 —wyjj—1.x) — Lig(1 —w;—11.xj-1) — Lia(1 — wijj—1.x)
+ log ui—Ll,XJ' log ui,j,j—l,l)
? (Xi—1i)
+ dxlog ~———L (Lig(1 — g4 CLid(1 — o .
/1 X108 (X34) (Liz(1 = uz4-1,3) (1 — uxii-13)) (3.5)

and Cé Z) may be determined from 02 by imposing dihedral symmetry on eq. ,
which fixes

Céi)(l’ 2’ e 7n) = Céil)—l—n—i(g? 27 e 74) (36)

While egs. (3.2)) and (3.3]) along with the integral representation in eq. (3.5)) were
sufficient to compute the symbol of dR? in [20], any attempt at an analytic expression

for dR'? would have encountered two major obstacles:

Choosing a ‘Good’ Kinematic Domain

First of all, n-particle scattering amplitudes in SYM theory are multi-valued func-
tions on the 3(n — 5)-dimensional kinematic configuration space Conf, (P?), and in

computing scattering amplitudes it is often very difficult to get all of the branch cuts
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in the right place. In particular, Mathematica’s Integrate[] function has no a pri-
ori understanding of Conf, (P?) and cannot be expected to easily return an analytic
formula valid on the whole of this domain—at best it can produce numerical results
at specifically inputted kinematic points, or an analytic formula valid on some sub-
domain of its own choosing. On physical grounds, amplitudes should be real-valued
and singularity-free throughout the Euclidean domain, a subset of Conf,(P?). Even
for what is in some sense the simplest non-trivial multi-loop amplitude, Rg), find-
ing a formula with these properties was by far the hardest part of [19]. For n > 6,
where the kinematic configuration space is far more complicated (due to Gram de-
terminant constraints amongst dual conformal cross-ratios), finding explicit formulas
valid throughout even just the Euclidean domain seems like a daunting challenge.
Instead of giving up all hope, one would be content to find expressions valid even in
some subset of the Euclidean domain. But, which subset should one look at? What
principle, either mathematical or physical, could make any one subset more worthy

of attention than another?

Choosing ‘Good’ Li; Arguments

The second complication has to do with the class of iterated integrals of the type which
define generalized polylogarithm functions and which appear in the result of [20]. Such
functions can be partially characterized by their symbols, but integrating a function
of this type can generate a function whose symbol contains entries that are, in general,
arbitrary alebgraic functions of the entries in the symbol of the original function. Al-
ready Caron-Huot’s result for the symbol of R'? contains rather non-trivial algebraic
functions on Conf,(P?), and one might have worried that even more complicated
functions could appear after integration. Yet, true believers in SYM theory know
well that it only ever produces very special polylogarithmic functions, not ‘general’

ones. One would therefore have every reason to expect only relatively straightfor-
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ward expressions to actually appear in amplitudes. Unfortunately, unless one knows
in advance what to look out for, the plethora of identities amongst polylogarithm
functions makes it difficult to identify any particular set of arguments as preferred

over any other set.

3.3 Tools and Techniques

Fortunately, related recent advances have shown how to overcome both obstacles at

the same time.

Cluster X-coordinates

We begin by addressing the question of Li, arguments by noting that in chapter [2] it
was shown via examples at n = 6,7, and suggested more generally, that (in a sense
made precise in that paper) two-loop MHV amplitudes only ‘depend on’ certain very
special variables. These variables are called cluster X-coordinates on the kinematic
configuration space Conf,, (P?), which may be realized as the Grassmannian quotient
Gr(4,n)/(C*)" 1. For the purpose of this chapter, the notion of ‘depending on’ only
certain variables can be stated very clearly: in support of chapter [2] we find that the
differential dR? of all two-loop MHV amplitudes can be expressed only in terms of
the functions Liy(—x), for k£ = 1,2,3 with arguments x always belonging to the set
of cluster X-coordinates on Conf,, (P?).

In fact, we find that (in line with the expectation expressed in the previous section)
only relatively tame X'-coordinates appear in dR,(f), for any n. The most complicated

of these is the cross-ratio

(12i-14) (1235)(2—15j+1) (j—15i—Li) (37)
(127j+1)(2ji—1i) (i—1i(123)N(j —Ljj+1)) '

which depends on the eight points {1,2,3,5 —1,7,7 + 1,7 — 1,i}. The fact that the
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complexity of two-loop MHV amplitudes stabilizes (in this sense) already at n = 8
is manifest in the result of [20]. This implies that a full understanding of the cluster

structure on Confg(P?) is sufficient to understand the structure of all such amplitudes.

The Positive Domain

We now turn to the question of the kinematical domain, where the sole dependence
on cluster X-coordinates plays a fortuitous role. A salient feature of cluster X-
coordinates is that they are positive-valued everywhere in the positive domain, which
is the subset of the Euclidean domain defined by imposing that (abcd) > 0 when-
ever a < b < ¢ < d. With the differential dR,(f) expressed completely in terms
of the functions Liy(—x), it therefore becomes manifestly real-valued and singular-
ity free throughout the positive domain. (Moreover, we believe that R itself is also
positive-valued throughout the positive domain, but that is another matter.) The im-
portance of positivity for scattering amplitudes was first emphasized in [40], though
in a somewhat different context. Their Grassmannian for the integrand involves both
‘external’” kinematic data as well as ‘internal’ loop integration variables, but it is now
clear that positivity in the ‘external’ data alone plays a similarly important role for
the fully integrated amplitudes which we study here.

Before proceeding let us add one crucial disclaimer. As reviewed in chapter [2| for
n > 7 the cluster algebra associated to Conf,(P?) has an infinite number of cluster
X-coordinates (although of course only a finite number actually appear in ng)).
Moreover there is no known general classification of these coordinates, and given any
cross-ratio there does not exist any general algorithm for determining whether or not it
actually is a cluster X-coordinate. Therefore, for n > 7 we use the empirical criterion
discussed in section [2.6.6; we say that a cross-ratio x is a cluster X'-coordinate if 1+ x
factors into a product of four-brackets as a consequence of Pliicker relations and if

x > 0 everywhere inside the positive domain.
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Given the two advances we have reviewed—the understanding that the natural do-
main on which to study multi-loop amplitudes in SYM theory is the positive domain,
and that the natural set of arguments appearing inside the Li; functions for two-
loop MHV amplitudes are cluster X'-coordinates—analytically integrating eq.

transforms from being merely possible to being inevitable.

3.4 Results

In this section we present the Lis and Liy x Li; contributions to dR,(f). There are, in
addition, terms of the form Li? and 72 Li; which are too numerous to efficiently display
here. For this reason we attach to this submission a Mathematica notebook [100]
which contains the necessary expressions and which can construct the full analytic
formula for dRS? for any given n.

While the original integral representation of C; ; required the general object u; j 1,
the integrated result can be written in terms of the slightly smaller class of cross-ratios
defined by w; jr = i jki—1. The cluster X-coordinates related to the three-index u’s
(in the same sense that the v; and the u; used in Chapter [2| for n = 6 are related to

each other) are

L Gl )G ) (k k)
wijp (= likk+1){(ii+1554+1)

(3.8)

Vijk =

For any n, v; ;; is a cluster X-coordinate as long as i < j < k (mod n). We also find

it useful to define another type of ratio,

Vi k—1,kWi k—1,k
Wi jk = : : (3'9)
Vj k—1,k

which is a cluster X'-coordinate when ¢ = 7 + 1. Because we are interested only in

objects of the form Liy(—z), where x is a cluster X-coordinate, we will make one
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more definition

lig(z) = Liy(—x) (3.10)

purely in the interest of cleaning up the notation.
We begin with the essentially semantic task of converting C" and C'¥ into X-

coordinate form. Expressing C’éi-) in the desired form is trivial:

Céi) = -2 113 (’U277;_177;) - 1i2<v2,i—1,i) 111 (Ugﬂ'_l’i) -+ O(h:{’) (311)
22
CW is slightly more difficult, since it involves non-conformal objects such as log 2
k=1

Of course, the expression as a whole is conformally invariant, but it takes some
combinatoric effort to recast things as an explicit sum over conformal cross-ratios.
This is only a problem for the O(Li}) ratios, our results for this are in the attached
Mathematica notebook. For Lis x Li;, we find that the ratios appearing are in fact

already in cluster X-coordinate form, giving

i—2 n
Cg(,li) = — iy (vo,i-1,4) ( Z Z lig (V41 kh41)
J=2 k=i
n i—2
— Y lig(vpzio1) — ZnQ(vLm)) +0O@13). (3.12)
k=i+2 j=4

This sum looks slightly different than eq. because we find it useful to make
explicit the behavior of 1 — w;xr—1+1 at various upper and lower limits of the j, k
summation indices. The double-sum of eq. contains some boundary terms
which diverge—specifically, when j, k equal 2, n or i —2, 7. However, these divergences
cancel when the O(Li}) terms are added. The attached Mathematica file identifies
and discards these canceling divergent terms.

We now turn to the main focus of this chapter: the evaluation of the remaining

integrals in Céi-). For fixed 7, j, the terms on the first four lines of eq. |D altogether
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depend on at most nine distinct momentum twistors. We can therefore focus our
efforts entirely on evaluating the integrals for the case n = 9,7 = 8,7 = 5, and then
replace {4,5,6,7,8,9} — {j — 1,4,7 + 1,4 — 1,4, + 1} to recover the summand for
arbitrary 7, 7. One may immediately worry about divergences at boundary terms in
the sum, such as j = ¢ — 2; while these cases do create individual terms that are
divergent, these divergences cancel out in the full function.

In order to present our result for C’éi-) in a succinct fashion, let us define the

following permutation operators acting on the particle labels:

Oq = Lg-1 < Za+1 (313)
Oup =1—0,— 0+ 0,0 (3.14)
Oape =1—04—0p—0c+ 0,0p+ 0,0, + Op0. — 0,040, (3.15)

as well as the four cross-ratios

12j-15) (2i— 1i) (j—1jj+13)
2j—177+1)(12j4) (j—1ji—1d)’
2i—14i41)(12:5) (i—1ij—17)
120—14)(2ij—175) (i—14i+17)’
123j)(12i—14)(2j—17i)
1234)(125—15)(2i—1ij)’
(12i—13)(1235)(2j—15j+1) (j—1ji—13)

M= ) @i 1) - 1123 G — g+ 1)) (3.16)

R, =

_
A
_ 4
R = —
_
Ry = —

which are all cluster X-coordinates. Note that there is additional symmetry present
in in the arguments of R; and Ry, which are related via R — 1/R combined with
14> 7.

Given these definitions, we find that 02(’21-) has the following relatively simple Lis
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contribution:

lig(ve,i—1,) — lig (w3 2,) + liz (wa,3,)
i—2

-3 oni (113 (Ry) + lig (Ro) + liz (Rs) — lis (Ry) ) (3.17)

Jj=4

The three symmetries lead to 32 distinct Liz’s in each term in the 7 sum. This
presentation has discarded all terms which cancel telescopically in the sum. One can
alternatively incorporate the non-summand terms into the summand by including
some telescopic cancellations, thus increasing the total number of Liz terms (still all
with cluster X-coordinates as arguments) in the summand to 48.

While there are no remaining telescopic cancellations in eq , the full 32 Lis
terms do not appear for all values of 7 and jﬂ. For example, six of the Liz terms go
to zero at the upper limit of the sum, j =i — 2.

It is interesting to note that the evaluation of the integrals in eq. , for the
general case n = 9,7 = 8,7 = 5, necessarily produces Liz’s with non-cluster argu-
ments. However, these terms cancel telescopically in the j sum and are zero at the

7 =4 and j =i — 2 boundaries.

!The exact counting is: for n > 6 the total number of Lis terms in 02(721') is given by 32i — 172 for
5 < i< nand 26n — 142 for i = n. For n =6, Cy’y has 12 Liy terms. C} =0 for i < 5.
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Next we turn to the Liy X Li; contribution to Cg»), which we represent here as

li; (UZ,ifl,i) (1i2<vi,1,3) — lip (U3,i71,i)) - (lil (U2,i71,i) +1i; (US,ifl,i)) liy (w2,3,i>

= (am ( Iy (vs251) +Tiy (02.01.4) o) (lia (Ry) — iz (Ra))

1. ) i .
+g (i (vizg—1) + 1 (vi2,)) (2 (Ba) — lia (Rs))
1 /.. ) i 1.
+5 (111 (v2,4i-1) — 1 (vjio11) — 211 (vig 1) + 3 liy (Uz,j—l,j)>

X (1 — Uz) (112 (Rl) — 112 (Rg)))

+(1—0y) ( (liy (v2,5-1) + lix (v2,5-1,5)) (1 — 02)0; Lz (Ra)

L. . . . .
+§ (3 111 (U@Q,jfl) + 111 ('ULQJ)) (1 — O'Z')O'Q (112 (R4)) — 111 (Ugﬂ',l’i) 090, 112 (R4)

1/.. ) ) ) 1.,
+§ <111 (Uz,j,iq) — i (Uj,i71,1> + iy (%,2,]'71) + 1 (Uz',Q,j) + 5 li (Uz,j1,j)>
XO’Q,i (112 (R4)) >
+ 111 (Ugyi_lﬂ') O-i,jO-Q (112 (Rl) + 112 (Rg)) ) . (318)

It is important to emphasize that our particular expression for eq. is far from
being unique. Some additional symmetry can be introduced by adding terms that
telescopically cancel, as was the case with the Liz sum. Furthermore, there exist
numerous non-trivial identities amongst the Lis terms in eq. , introducing
additional redundancy. This particular representation was chosen simply because it
was the most typographically concise presentation we could deduce.

We conclude this chapter with a brief discussion of parity (see Appendix A for
a thorough introduction). The parity invariance of dR? follows from the fact that
xC;; = Cj; and ), C; ; = 0. These properties can be made manifest at the level of

the symbol, as was done in [20], but our integrated results sacrifice explicit parity
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invariance for brevity. Of course, parity invariance in our functional representation

can be confirmed through the application of (numerous) polylogarithm identities.
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Chapter 4

Cluster Polylogarithms
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There exists a vast mathematical literature on cluster algebras (see for example [101]),
and also a large literature on the mathematical structure of generalized polylogarithm
functions. One of the general themes to emerge this work so far has been the observa-
tion that the perturbative scattering amplitudes in N' = 4 supersymmetric Yang-Mills
(SYM) theory, which have also been the object of intense study in recent years, tie
these two topics intimately togethelﬂ

In this chapter we take a few steps towards a systematic investigation of the in-
tersection between these fields of mathematics. To that end we define and study the
simplest examples of cluster polylogarithm functions—pure transcendental functions
which “depend on” (in a way to be made precise below) only the cluster coordinates
of some cluster algebra. Even the mere existence of non-trivial examples of such func-
tions is not a priori obvious—for example, we will see that the Gr(3,5) cluster algebra
admits only a single non-trivial cluster function of weight four. Special functions
of this kind are apparently not known in the mathematical literature, but we know
they exist and are likely to have remarkable properties since SYM theory evidently
provides (in addition to numerous other generous mathematical gifts) at least one
infinite class of such functions: the two-loop n-particle MHV amplitudes.

In addition to the purely mathematical motivation for exploring this new class
of special functions, our work also has a practical application for physicists. The
symbol of all two-loop n-particle MHV amplitudes has been known for almost three
years from the work of Caron-Huot [20], but it remains an interesting outstanding
problem to write explicit analytic formulas for these amplitudesﬂ. So far this has
been accomplished [17, 18] only for the very special case of n = 6, where the result

surprisingly can be written entirely in terms of the classical polylogarithm functions

1See also [40] for a different relation between cluster algebras and scattering amplitudes.

2Considerable analytic progress has been made both at two loops and (in some cases) far be-
yond for special kinematic configurations, including for example multi-Regge kinematics [75}, [76] [79,
80, [102], the near-collinear limit [84] 103 [104], and 2d kinematics [7IH73, [105] (see also [106] for
comments on cluster structure in 2d kinematics). Fully analytic formulas for the differential of the
two-loop MHV amplitude for all n were computed in chapter
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Li, [19] (a curiosity which we “explain” below). To write analytic results for generic
scattering amplitudes, even in SYM theory, requires giving up the crutch of working
with only the relatively tame classical functions and entering the much larger and
wilder world of generalized polylogarithm functions. Several impressive analytic re-
sults of this type have been achieved for higher-loop or non-MHV n = 6 amplitudes
in SYM theory by Dixon and collaborators [67, 107]. Applying similar technology at
higher n looks challenging because the required computer power grows rapidly with n.
Ultimately this is due to the fact that absent other guidance, one would run the risk
of being forced to work with a vastly overcomplete basis of functions not specifically
tailored to the problem at hand.

When studying n > 6 amplitudes in SYM theory it is desirable, for both practical
as well as aesthetic reasons, to seek out functional representations which manifest (to
the extent possible) all of the important properties of an amplitude. For example, the
GSVV formula [19], unlike the previously known DDS formula, makes three important
properties of the two-loop n = 6 MHV amplitude trivially manifest: it is classical,
dihedral invariant, and real-valued everywhere inside the Euclidean domain. (There
is also one interesting property which the GSVV formula does not make manifest:
the fact that it is positive-valued everywhere inside the positive domain.) Working
with functional representatives which manifest as many properties as possible has
enormous practical advantages over working with a generic basis of functions, and
also helps to elucidate the deeper mathematical structure of the amplitudes. Of
course as time passes we may discover new, previously unnoticed properties, allowing
us the opportunity to further upgrade the class of functions we work with.

Suppose we were to commission some very special custom non-classical polylog-
arithm function (or collection of functions) specifically suited for the purpose of ex-
pressing the two-loop n-point MHV amplitudes. Based on what we know about these

amplitudes today, what properties should we demand these special functions mani-
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fest? The most basic property we should impose is that the symbol alphabet should
consist of the cluster A-coordinates of the Gr(4,n) cluster algebra, a property of the
amplitudes which is manifest in the result of [20]. We call such functions “cluster A-
functions”. For the special case of the Gr(4,6) algebra, relevant to n = 6 particle am-
plitudes, functions of this type (and satisfying also various other physical constraints)
were extensively studied, and fully classified through weight 6 in [67, [68, 107].
Taking inspiration from this program of classifying allowed functions, we consider
here two additional properties of the two-loop MHV amplitudes which were introduced
in chapter 2} (1) the coproduct of these amplitudes can be expressed entirely in terms
of X-coordinates [33] on the cluster Poisson variety Conf,(P?) (or equivalently, the
Gr(4,n) cluster algebra), and moreover (2) that the A? By component of the coproduct
can be expressed entirely in terms of pairs of variables which Poisson commute.
Remarkably we find that the two simplest non-trivial cluster polylogarithm func-
tions exactly fit the bill. Specifically, we find at transcendentality weight four that the
Gr(3,5) cluster algebra (also called A;) admits a unique non-trivial function satisfy-
ing property (1), and the Gr(4,6) (or As) cluster algebra admits a unique non-trivial
function (itself a linear combination of A, functions) which in addition satisfies prop-
erty (2). We have checked explicitly for a small handful of cluster algebras that the
functions associated with all A; and Az subalgebras provide a complete basis for all
weight-four functions satisfying these properties. It is certainly an interesting mathe-
matical problem to explore the universe of cluster functions for general algebras, but
for the more limited purpose of expressing two-loop MHV amplitudes it seems that
the six-particle Az function is all we need. Although the structure of the n-point
amplitude stabilizes at relatively small n (that means that higher n amplitudes can
be written in terms of building blocks involving smaller values of n), it is rather
surprising that the basic two-loop building block seems to involve only six particles.

In section we briefly review some mathematical background necessary for for-
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mulating our definition of cluster functions. In sections and respectively we
discuss the Ay and Aj functions, and in section we comment on the problem of
expressing two-loop n-point MHV amplitudes in terms of Az functions, providing an

explicit result for n = 7 as an example.

4.1 Cluster polylogarithm functions

Let us begin by providing a lightning review of (see Chapter [2] for details) of the
types of variables which make an appearance in the study of scattering amplitudes
in SYM theory: cluster A- and cluster X'-coordinates. Much of what we have to
say about cluster polylogarithm functions may be interesting to investigate in the
context of general algebras, but we restrict our attention here largely to Grassmannian
cluster algebras, and in particular to the Gr(4,n) algebra relevant to the kinematic
configuration space Conf, (P?) of n-particle scattering in SYM theory.

Examples of A-coordinates on Gr(4,n) include the ordinary Pliicker coordinates

(1jkl) as well as certain particular homogeneous polynomials in them such as

{a(be)(de)(fg)) = {abde)(acfg) — (abfg){acde),

(ab(cde) N1 (fgh)) = (acde)(bfgh) — (bede)(afgh),

(4.1)

while the X'-coordinates are certain cross-ratios which can be built from A-coordinates.
For n > 7 there exist arbitrarily more complicated A-coordinates on Gr(4,n).
These appear to play no role at two loops (they likely do appear at higher loop order)
since the symbol of the n-point two-loop MHV amplitude was computed in [20] and
nothing more exotic than the examples shown in eq. occurs.
We emphasize that not every homogeneous polynomial of Pliicker coordinates
is an A-coordinate, nor is every cross-ratio one can write down an X-coordinate.

The only surefire algorithm for determining such coordinates is via the mutation
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algorithm described in chapter [2, but we note here an empirical rule for selecting
X-coordinates for which we know no counterexample: a conformally invariant ratio
x of A-coordinates is an X-coordinate if 1+ x also factors into a ratio of products of
A-coordinates and if z is positive-valued everywhere inside the positive domain (this
is the subset of Conf,(P%) for which (abcd) > 0 whenever a < b < ¢ < d)ff} This

algorithm reveals for example that between

(1235)(1278)(2456) (5678) and (2(13)(56)(78))(5(12)(46)(78)) (4.2)
7 .

{
(1256)(2578) (78(123) N (456)) (1256)(2578) (78(123) N (456))

(whose difference is 1) only the first is an X'-coordinate.

4.1.1 Cluster polylogarithm functions

Now we turn to the heart of this chapter: providing a definition of cluster polylog-
arithm functions. Good definitions in mathematics must lie in a Goldilocks zone:
they must be sufficiently constraining so as to select out only certain objects with
interesting behavior, yet they must not be so constraining as to preclude the exis-
tence of any examples. In defining cluster polylogarithm functions we are guided by
the physics of two-loop MHV amplitudes in SYM theory: these functions certainly
exist, yet have properties which render them very special amongst the class of all
weight-four polylogarithm functions on Conf,, (P?).

We first define a cluster A-function of weight k to to be a conformally invariant
function of transcendentality weight & whose symbol can be written with only the A-
coordinates of some cluster algebra appearing in its entries. Functions of this type for
the Gr(4,6) cluster algebra (and satisfying various other physical constraints) were

extensively classified and studied in the papers [67, [68], 107].

3Tt is a logical possibility that there could exist some x which satisfies this criterion yet which
is not an AX'-coordinate, though we have never encountered such an object in various explorations
through n = 9.
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Our goal here is to impose additional mathematical constraints to focus on a
different (and at least for larger n, much smaller) collection of functions: those which
“depend on” only the cluster X'-coordinates of some cluster algebra. At weight k& < 4,
where we know that the classical polylogarithm functions generate all of L, we can
make this statement immediately precise: a cluster X'-function of weight k < 4 is
a linear combination of the functions — Lix(—z) for = drawn from the set of X-
coordinates of some cluster algebra.

At weight 1 there is no distinction between cluster A- and X'-functions because
any conformally invariant cross-ratio can be expressed as a ratio of products of X-
coordinates. Hence any conformally invariant linear combination of logarithms of A-
coordinates can be reexpressed as a linear combination of logarithms of X'-coordinates.

At weight 2 there is still no distinction; cluster A-functions consist of all functions
— Liy(—y) for which both y and 1+ y factor into ratios of products of A-coordinates.
But then either y or —(1+y) (whichever is positive throughout the positive domain) is
a cluster X-coordinate by the criterion discussed above. If y is not the X'-coordinate
then we can represent the function — Liy(—y) equivalently by Lis(1 + ) (modulo 2
and products of logs), establishing that it is a cluster X'-function.

At weight 3 there is a third term in the polylogarithm identity

— Lig(—y) — Lig(1 + y) — Li3(1 + 1/y) = 0 (modulo products of logs), (4.3)

which implies that “only half” of weight-3 cluster A-functions are X-functions. More
precisely: if m is the dimension of the space spanned by the functions — Liz(—x)
for all cluster X-coordinates x, then the space of weight-3 cluster A-functions is 2m
dimensional, containing in addition all functions of the form — Liz(1 + z).

Weight 4 is the first place where things become nontrivial. We first need a more

precise definition of cluster X-functions, since not every weight-four polylogarithm
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can be expressed in terms of the classical function Liy only. Motivated by the results
of chapter [2| we define a weight-four cluster X-function (henceforth referred to simply
as a cluster polylogarithm function or just cluster function) to be a cluster A-function
whose coproduct components can be written as a linear combination of {z; }2A{x;}s or
{z;}s ® x; for cluster X-coordinates x;, z;. Of course the classical function — Liy(—z)
is trivially such a cluster X-function whenever z is an X'-coordinate, so we will often
use the word “nontrivial” to denote those cluster X'-functions with nonzero A% B,
content.

We do not yet propose a definition of cluster functions for weight greater than
4. As mentioned above, an appropriate definition would be as restrictive as possible
without ruling out the existence of non-trivial examples, and should include inter-
esting examples of functions from SYM theory. We believe that the identification of
a suitable definition requires first a better understanding of the structure of MHV
amplitudes at higher loop order, of which the only example currently in the literature
is the tour de force calculation of the three-loop MHV amplitude for n = 6 in [107].

In the next two sections we classify and study the properties of the cluster func-

tions for the simplest nontrivial cluster algebras.

4.2 The A, function

Let us begin with the simplest nontrivial cluster algebra, the Gr(3,5) (or A,) algebra.
This algebra has five cluster X-coordinates which may be generated from an initial

pair x1, x9 via the relation

Tit1 = . (44)

Ti—1

Several relevant pieces of information about this algebra are encoded graphically in
the pentagon shown in fig. [f.1 To each oriented edge is associated a cluster X'-

variable x; in each case 1/x would be associated to the same edge with opposite
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X2 T

(1+.T2)/371 (1+$C1)/;E2
(1 + T + 1’2)/1'11132

Figure 4.1: The A, cluster algebra: to each oriented edge is associated a cluster X-
variable (reversing an arrow requires inverting the associated variable), and to each
vertex is associated the pair of variables (called the cluster) associated to the edges
emanating from that vertex. Moving from one cluster to an adjacent one along some
edge is accomplished by mutating on the variable associated to that edge.

orientation. To each vertex is associated the pair of variables (the cluster) given by
the edge variables emanating away from that vertex—so, for example, the cluster
associated with the top vertex in the figure contains the variables (z2,1/21).

We seek nontrivial cluster polylogarithm functions of weight 4—that is, solutions
of eq. for which bss and b3; can be written simply in terms of the five available
cluster X-coordinates. Since A, is a finite cluster algebra, this is a simple problem
in linear algebra. The dimension of B; is 5—spanned by the five multiplicatively
independent X-coordinates, the dimension of By is 4—spanned by the five {z;}s

subject to the Abel identity

and the dimension of Bj is again 5—spanned by the five {x;}3, which are independent.

It is simple to check that in the 10-dimensional space A% By, there is a unique ele-
ment bgy for which there exists a b3y in the 25-dimensional B3 @ C* satisfying eq. .
We call this solution the A function (or the pentagon function). The B3 @ C* com-
ponent of the A, function is not uniquely fixed by eq. since one always has the

freedom to add any linear combination of the five — Liy(—z;). We fix this freedom by
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choosing to define the A, function to have the coproduct components

5

0f (w1, w2) 2w, = Y it Ao,
i,j=1

(4.6)
5
0 fa, (21, 72)|B; 0o = 52 {zip1}s @ — {2i}s ® Tiq1) -

=1

This is the unique choice which is skew-dihedral invariant—that means it is (1) cycli-
cally invariant under x; — x;47 and (2) changes sign under z; — x6_;. A very
important facet of this definition is the antisymmetry of 6 fa,(z1,22)|B, oc+ under
{z}3 ® y = {y}3 ® z. In some sense we can therefore consider f4, to be a “purely
non-classical” cluster function (although this notion is not precisely defined), since
any linear combination of the classical functions — Liy(—z;) functions has a naturally
symmetric B3 @ C* component. This antisymmetry property of the A, function makes
them useful building blocks for expressing scattering amplitudes, as discussed below
in sec. 4.4

It is also interesting to note that the Bs @ C* content of f4, can be expressed in
an evidently “local” manner—by this we mean that the two X’-coordinates in each
term {z;}s ® x; always have j = i = 1 and therefore appear together inside some
cluster and moreover have Poisson bracket {z;, z;+1} = +1. In contrast, the A? By
component is non-local: the two variables appearing in each term {z;}2 A {z;}2 do
not in general appear together in a common cluster and do not have any particularly
simple Poisson bracket with each other.

Let us pause to clarify one point of notation which will allow us to avoid confusion
later. All five X'-coordinates appear on the right-hand sides of , but we appro-
priately write fa,(z1,x2) as a function of only two variables since the others may be
expressed in terms of these via the relation . Below we will frequently need to
discuss A, subalgebras of larger cluster algebras. Any such subalgebra is generated

by a pair of X'-coordinates which appear together inside some cluster and which have
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Poisson bracket {x,y} = 1. When this happens the corresponding A, function is
simply fa,(z,y). To summarize using the quiver notation reviewed in [52]: fa,(z,y)
is a function of any two X'-coordinates appearing inside a quiver as z — y.

We emphasize that the equations completely and unambiguously define the
Ag function as an element of £4—i.e., modulo products of functions of lower weight.
Nevertheless, the reader with an appetite for seeing an actual function with these
coproduct components may turn to appendix [A] for satisfaction, and we can write

here a relatively simple expression for the symbol of a representative of fa,:

| Ot

x Xz
Z $1®$2®$1®x_2+$1®$2®$2®—1. (47)

symbol(fa, (1, 22)) ~
skew-dihedral 5 L3

We write ~ instead of = because as long as we consider f4, only as an element of £,
its symbol is not even well-defined—eq. represents one particular way of fixing
the ambiguity associated to products of lower-weight functions (it is the choice which
makes the symbol an eigenvector of p), but we are not yet ready to commit to any
choice.

Although we believe this function to be new (and hopefully interesting) to the
mathematics community, it may seem that this example is too trivial to be relevant
to SYM theory, where the relevant algebras are Gr(4,n). For sure, Gr(4,n) contains
many A, subalgebras, and we may evaluate f4, on each of these, but are there any
other solutions of for these algebras? Surprisingly, we have checked in addition
to As the finite algebras Az, A4 and Dy, and in each case we have found that there
are no other solutions—for these cluster algebras, all non-trivial weight-four cluster
functions are linear combinations of As functz’omﬂ!

It remains an interesting mathematical problem to determine, for general cluster

algebras (even for infinite ones), the set of non-trivial cluster polylogarithm functions;

4This statement has also been verified for the Eg (= Gr(4,7)) cluster algebra by D. Parker and
A. Scherlis.
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that is, the subspace of A%2B, on which can be solved in terms of an element
b3, expressible purely in terms of cluster X-coordinates. However, even if more exotic
solutions exist in general, for the limited purpose of studying two-loop n-point MHV
amplitudes it seems clear that the A, functions are completely sufficient, in part
because these amplitudes only live in a finite (and small) piece of the relevant cluster

algebras, as discussed in sec. [£.4]

4.3 The A; function

We now turn our attention to cluster polylogarithms for the As cluster algebra, be-
ginning with the seed quiver x; — z9 — xgﬂ This quiver generates the following 15

cluster X-coordinates:

(1’2 -+ 1) (.%‘11’2133 -+ ToX3 -+ T3 + 1)

T11 =T T12 = 1/373 U1 =
19
19 + 29+ 1 r3+ 1
To21 = (.ZCliCQ —+ X9 + 1) T3 oo = — Vg =
T Tol3
.T2I3+.Z'3+1 $2$3+l’3+1
Ty = Tyo = 2031 vs= (11 + D ay  (4.8)
X9 T1X2T3
T1T2X3 + Tol3 + T3 + 1 1 (IL‘l + 1) ToT3
61 = 62 = —_— 63 = —
(ZL‘1+1)ZE2 (I2+1) T3 .173—{—]_
ZTo + 1 T (.1'3 + 1)
€4 = €5 = € = T2.
T1X2 T1XoT3 + Toxs + X3 + 1

The structure of the algebra is summarized in the Stasheff polytope shown in
fig. . The polytope has 9 faces (comprising six pentagons and three quadrilater-
als), 14 vertices, and 21 edges, each of which is labeled by an X'-coordinate.

We now review a few facts about the natural Poisson structure [33] on Conf,, (P?).
A pair of cluster X-coordinates has a simple Poisson bracket (“simple” means +1 or

0) only if they appear together inside some cluster. The coordinates in eq. (4.8]) have

®Note that this is really shorthand for “a triplet of X-coordinates {x1,z2, 23} that are all in the
same cluster (this distinguishes between x; and 1/z;) and have the Poisson structure {1,223} =

{22,253} =1, {z1,23} =07
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Figure 4.2: The Stasheff polytope for the A3 cluster algebra. The caption of fig.
applies, except that here a cluster of three X'-coordinates is associated to each vertex.
The three quadrilateral faces are shaded blue to distinguish them visually from the
six pentagonal faces. The interior of this polytope can be identified with the blow-up
of the positive domain in Confg(P?), see for example [108].
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the following Poisson structure:

{%‘,17%2} =0, {€i7€i+4} =1, {Uz‘7$iil,a} = Fl1, {eiaxi+1,a} = -1, (4-9)

where v and x have indices mod 3 and e has indices mod 6. This means that there
are 3 pairs of X-coordinates that Poisson commute and 30 pairs with Poisson bracket
+1.

Quadrilateral faces of a Stasheff polytope are in correspondence with pairs of clus-
ter X-coordinates which Poisson commute, thereby generating A; x A; subalgebras.
Pentagonal faces of a Stasheff polytope correspond to A, subalgebras, generated by
pairs of cluster X'-coordinates which have Poisson bracket 4+1. For the Ajz algebra
there are 30 such pairs—>5 (one at each vertex) each for the six pentagonal faces ev-
ident in fig. . The sign of the Poisson bracket is unfortunately not manifest in
the figure, so we record here explicitly the five X-coordinates (z1,...,x5) (following
the notation of sec. for each of the six Ay subalgebras:

(e4,1/€6, 211,03, T22), (e5,1/e1,92,v1,231),

(ela 1/63,1‘1,2,'03,1'271), (410)

(€6, 1/€2, 231,02, 21 2),

(e2,1/e4, 291,01, %32), (e3,1/e5, 32,09, 211).

(el & B
8 B 2

Each cyclically adjacent pair of variables appearing here, for example {eg,1/e4} or
{z21,e€1}, has Poisson bracket +1. The three entries in the left column can be read
off from fig. by going around the pentagons clockwise (as seen from outside
the Stasheff polytope), while the three entries in the right column must be read off

counterclockwise.
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Finally we come to the question of cluster functions for the A3 algebra. As revealed
already at the end of the previous section, it is a simple problem in linear algebra to
verify that the equation admits solutions only when by, lies in the 6-dimensional
subspace of A?2B, spanned by the six A, functions associated to . We may
represent these six functions as fa,(e;,1/e;42) for i = 1,...,6 thanks to the cyclic
invariance of the A, function.

It is now time, in our quest to cook up a fine selection of special functions for the
two-loop MHV amplitudes, to toss in one more very special ingredient. Beyond the
fact that they are cluster polylogarithm functions, an even more amazing property
of these amplitudes is that they have A? B, content which can be expressed entirely
in terms of pairs of cluster X-coordinates {z;}> A {z;}2 which Poisson commute:
{z;,z;} = 0! This was shown to be true for n = 7 in chapter , and is in fact known
to be true for all n (see chapter @

For the Aj algebra it is simple to check that there is a unique linear combination

of the six Ay functions with this property, which we naturally call the A3 function:

6
Az = io Z ) fas (e, 1/€iyn). (4.11)

The coproduct of the As function has the spectacularly simple, “local” A% B, content

3
0fasla2B, = Z{%‘,l}z A iz} (4.12)
i=1

We do not write the B3 ®C* component since it does not simplify beyond the alter-
nating sum of six copies of the corresponding component from the Ay function.

We observed beneath eq. that the B3 @ C* content of the Ay function is “lo-
cal” (involving only pairs of variables which appear in a common cluster), and the
Az function obviously inherits this property. However the A, function has a non-

local A%2B, component, so it is rather amazing that the particular linear combination
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of Ay’s appearing inside As give rise to the completely local eq. . Moreover,
the two coproduct components see distinct aspects of the geometry of the Stasheff
polytope—the A? By component involves the three quadrilateral faces (i.e., the A; x A;
subalgebras) while the B3 ® C* component involves the six pentagonal faces (the A,
subalgebras). It is tempting to anticipate the possibility that this notion of locality
within the Stasheff polytope might underlie the structure of SYM theory scattering
amplitudes in a very deep way. If this proves to be so, we cannot help but wonder
(following somewhat the motivation espoused by [40]) whether there exists an alter-
native formulation of SYM theory scattering amplitudes which makes this “locality
in the Stasheff polytope” manifest.

A conjecture central to our approach is that the set of f4, for all possible A3 sub-
algebras of Gr(4,n) spans the space of all weight-four cluster polylogarithm functions
whose coproduct components are completely “local” (involving only quadrilaterals in
A? By and only pentagons in B3 @C*).

We now display a simple realization of the A3 function in a familiar setting: the
Gr(4,6) algebra, relevant to 6-particle scattering, which is in fact isomorphic to As. In
order to align with the notation in chapter [2| we consider (xy, x5, 23) = (27, €6, 1/27)

and relate z;; = x; and x;9 = x]. The 15 X-coordinates can then be written as

(1246) (1345) ~ (1235)(2456) ~(1356)(2346)
UIT1234)(1456)° 2T (1256)(2345)7  ° T (1236)(3456)
. (1456)(2356) . (1346)(2345) L (1236)(1245)
1T 1956)(3456) U2 T (1234)(3456)° ' ® T (1234)(1256)
oo (2300356) (1256/136) (125366 o
b (1236)(2345) 2 (1236)(1456) P (1456)(2345) ‘
(1246) (3456) ~(1235)(1456) ~(1256)(2346)
VT 1456)(2346)° 2T (1256)(1345)  ° T (1236)(2456)’
(1236) (1345) (1234)(2456) ~(1356)(2345)
“T 1230 (1356) 0T (1246)(2345) 7 (1235)(3456)

Notably absent from this list are the three cross-ratios uq, us,us often used in the
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physics literature; these are related to the v;’s by u; = 1/(1+wv;). Evaluating eq.
on the variables in (4.13)) generates what we will call “the Gr(4,6) function”.

It is interesting to note that the transformation of the Gr(4,6) function with
respect to the dihedral group acting on the 6 particles is opposite to that of the 5-
particle dihedral group acting on the A, function. Specifically, the Gr(4,6) function
is invariant under flipping particle ¢ to particle 7 — i, but it is antisymmetric under
a cyclic rotation ¢ — ¢ + 1. This antisymmetry is manifest for example in eq.

upon noting that the azfE transform under a cyclic rotation according to

xi — k. (4.14)

The Gr(4,6) algebra has an additional involution of order 2, called parity in [52]
(it corresponds to complex conjugation in Minkowski space kinematics), under which

the X-coordinates transform according to

Vi > U4, xfﬁ — ] €; F> €i43. (4.15)

The Gr(4,6) function is antisymmetric under this parity operation.

The fact that MHV amplitudes are required to be fully invariant under both
parity and cyclic symmetry, yet the unique non-classical weight four function with
the right cluster properties is antisymmetric under these symmetries, “explains why”
the two-loop 6-particle MHV amplitude [19] must be expressible in terms of classical

polylogarithmsﬂ

6An explanation with the same flavor, but based on more physical constraints (rather than our
more mathematical constraints) was given in [67].

98



4.4 Cluster polylogarithms for Gr(4,7) and the am-
plitude R’

We now demonstrate the utility of the Az function for two-loop MHV scattering
amplitudes by providing, as an illustrative example, an explicit representation of the
two-loop 7-particle MHV amplitude (modulo products of functions of lower weight,
as always). We have carried out this exercise for n > 7 (where the cluster algebras
Gr(4,n) are of infinite type) with no difficulty, but we relegate a detailed analysis of
these more complicated results to chapter [f]

First let us take a look at the Ay subalgebras. The Gr(4,7) = Eg cluster algebra
has 1071 A, subalgebras (i.e., 1071 pentagonal faces on its generalized Stasheff poly-
tope) on which the Ay function can be evaluated, but only 504 of these give distinct
results. We can tabulate here the 504 “distinct Ay subalgebras” by providing their
quivers, in terms of cluster X'-coordinates for Gr(4, 7). First we have

(1245)(1567)
(1257)(1456)

(1247)(1256)(1345) (1237)(1245)(4567)

(1267)(1457)(2345)
(1234)(1257)(1456) (2457)(1(23)(45)(67)) - (416)

(2457)(1(23)(45)(67))’

—

and their cyclic images (2 x 7 = 14 total quivers). It suffices to take just the cyclic

images because both parity and ¢ — 8 — ¢ map this set back to itself. Next we have

(1236) (1245) (1237)(1246)  (1237)(1246) (1247)(1456) (2346)

(1234)(1256) * (1234)(1267) 7 (1234)(1267) ' (1234)(1467)(2456)

(1237) (1246) (1247)(3456)  (1236)(1345) (1237)(1346)

(1234)(1267) "~ (4(12)(35)(67))’ (1234)(1356) " (1234)(1367)" (4.17)
(1236) (1567) (1237)(1256)(1346) (1234)(1357) (1235)(1367)(3457) ’
(1267)(1356) " (1234)(1267)(1356)° (1237)(1345)  (1237)(1345)(3567)

(1246)(1345) _ (1247)(1346)

(1234) (1456) (1234)(1467) ’

along with their cyclic and parity images (7 x 14 = 98 total quivers). In this case it

suffices to take only these images since i — 8 — i maps this set back to itself. And
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finally,

(1236)(1245) _, (1246)(1345) (1234)(1256) _, (1235)(1267)(1456)
(1234)(1256) (1234)(1456) * (1236)(1245) (1236)(1245)(1567) ’

(1236) (1245) (1246)(2345)  (1234)(1256) (1235) (1267) (2456)
(1234)(1256) " (1234)(2456)° (1236)(1245) ' (1236)(1245)(2567)°
(1234)(1256) (1235)(1267)(3456)  (1235)(4567) (1236) (1245)
(1236)(1245) " (1236)(5(12)(34)(67))* (B(12)(34)(67)) (1234)(1256) *
(1235)(1456) _, (1237)(1245) (1287)(1245) (1247)(2345) (4.18)
(1256) (1345) (1234)(1257) » (1234)(1257) (1234)(2457) ’

(1234)(1257) . (1235)(1267)(2457) (1236)(1456) . (1237)(1246)

(1237)(1245) * (1237)(1245)(2567) > (1256)(1346) ' (1234)(1267)°

(1234) (1356) _, (1235)(1367)(3456) (1234)(1356) _, (1235)(1567)(3456)
(1236)(1345) " (1236)(1345)(3567) > (1236)(1345) ' (1256)(1345)(3567)"
(1235)(1567) _, (1287)(1256)(1345) (1234)(1267)(1356) _,  (1236)(1567)(3456)
(1257)(1356) (1234)(1257)(1356) * (1237)(1256)(1346) (1256) (1346)(3567) *

along with their dihedral and parity images (14 x 28 = 392 total quivers).

The A, function evaluates to 504 distinct results on these 504 algebras, but the
504 resulting quantities are not linearly independent: there are 56 linear relationships
amongst these A, functions. It would be interesting to clarify the geometric origin
of these linear relations. We conjecture, but lack the computer power to prove by
explicit computation, that these 504 quantities span the space of nontrivial weight-
four cluster functions for the Gr(4,7) algebra.

The Gr(4,7) algebras has 476 Az subalgebras on which we can evaluate fa,, but
only 364 of these give distinct results. We conjecture that these 364 quantities span
the space of non-trivial weight-four cluster functions with completely local coproducts
having the desired Poisson structure properties (0 in A2 By and +1 in B3 ®C*).

We can list the 364 distinct Az evaluations by separating them in to three classes,
and providing one (out of a possible six) generating quiver for each. First of all there

are 14 x 2 = 28 Aj3’s generated by the quivers

1236
1234

1256
1245

1245
1256

2345
2567

1234)
1246)

2456
2345

1246
1267

1256)
1245)

2345
2567

1236
1234

4567
3456

1245
1256

— —

Y

(4.19)

(4567
(3456

— —

Y

o~~~ o~~~
<= =
~l~ |~
~— = =
~h~ o~~~
o~~~
~— = ==
o~~~
T =
~l~ |~
I >

(
(
(2567)
(2456)

along with their dihedral images. Next there are 14 x 6 = 84 Aj3’s generated by the
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quivers

(1245)(3456) (1235)(1456) (1234) (1256)

(1456)(2345) * (1256)(1345)  (1236)(1245)

(1234)(1257) (1237)(1256) (1245)(1567)

(1237)(1245) ' (1235)(1267) ' (1257)(1456)

(1267)(1356) (1346) (3567) (1236) (1345)

(1236)(1567) * (1367)(3456) ' (1234)(1356)° (4.20)
(1237)(1245) (1234)(2457) (1257)(2345) (4567) )
(1234)(1257) * (1247)(2345) * (1245)(2567)(3457) "

(1237)(1246) (1234)(1267) (1456) (1256) (1346) (4567)

(1234)(1267) * (1247)(1256)(1346) ' (1246)(1567)(3456)’

(1257)(2345) (4567) (1247)(2567) (1237)(1245)

(1245)(2567)(3457)  (1267)(2457) ' (1234)(1257)

along with their cyclic and parity images. Finally we have the 9 x 28 = 252 Aj’s

generated by the quivers

(1256)(4567) . (1246)(1567) . (1236)(1245) (1236)(1245) . (1234)(1456) . (1256)(1345)(4567)
(1567)(2456) " (1267)(1456)  (1234)(1256)° (1234)(1256) ' (1246)(1345) ' (1245)(1567)(3456)’
(1245)(1567) _, (1235)(1456) _, (1234)(1257) (1234)(1257) _, (1237)(1256) _, (1245)(2567)

(1257) (1456) (1256)(1345) (1237)(1245) * (1237)(1245) (1235)(1267) (1257)(2456) °
(1245)(2567) _, (1235)(2456) _, (1234)(1257) (1257)(4567) _, (1247)(1567) _, (1237)(1245)
(1257)(2456) (1256)(2345) (1237)(1245) * (1567)(2457) (1267)(1457) (1234)(1257)
(1246)(1567) . (1236)(1456) . (1234)(1267) (1246)(1567) . (1236)(2456) . (1234)(1267)
(1267)(1456) " (1256)(1346)  (1237)(1246)> (1267)(1456) ' (1256)(2346)  (1237)(1246)"
(1345)(1567) _, (1235)(3456) _, (1234)(1357)

(1357)(1456) * (1356)(2345) ' (1237)(1345)

(4.21)

along with their dihedral and parity images.

While this collection of functions is dramatically more tame than the vastly over-
complete space of completely general non-classical polylogarithms at weight 4, there
are still 169 functional identities amongst these 364 f4,’s. Again, it would be very
interesting to understand these relations geometrically.

We now turn our attention to the two-loop 7-point MHV amplitude, whose co-
product was calculated in chapter 2l The B; ® C* portion of the coproduct can be
separated into symmetric and antisymmetric parts under {z}; ® y — {y}s ® z. The
antisymmetric part, which corresponds to non-classical polylogarithms, can be fit to
Az functions of the Gr(4,7) cluster algebra, and the symmetric part can be fit to
Lig(—X-coordinate).

The functional identities amongst A3 functions prevent us from writing down a
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unique representation of Rg) at this point. We settle here for the shortest possible

representationﬂ
R(2 (1245)(1567) (1235)(1456) (1234)(1257) (1345)(1567)  (1235)(3456) (1234)(1357)
7 fAs (1257)(1456) > (1256)(1345) > (1237)(1245) +5 ng (1357)(1456) > (1356)(2345) > (1237)(1345)
1 1
. (1234)(1256) (1234)(1257) . (1234)(1357) (1234) (1456)
+ Liy ( (1236) (1245) > ( (1237)(1245 ) + ZL14 ( (1237)(1345) > 4 <_ (1246)(1345>>
1L (1234)(1257)( _ (1234)(1267) (1356) 1L _ (1235)(1456)
Y (1237 Y(1256)( 4 (1237)(1256)(1346) 4 (1256)(1345)
1L’ _ (1234)(1257)(1456) 1  (1234)(1267)(1456) 1L’ (1234) (1457)
- 4_1 4 \ 7 (1247)(1256)(1345) 1345 - Z Iy T (1247)(1256)(1346) | Z T (1247)(1345)

+ dihedral 4 parity conjugate. (4.22)

As indicated by the ~, this result expresses the “most complicated part” of R§2)—
the difference between the function presented here and the actual amplitude is some
weight-four polynomial in the functions — Lix(—z) for k& = 1,2,3 (and 7?), with
arguments x drawn from the 385 X'-coordinates of the Gr(4,7) cluster algebra.

We end this section by reiterating some important features of the A, and As
functions as conveyed in eq. (4.22). Given the known symbol of Rg) there is no
difficulty in principle to find a representation of the non-classical component of this
amplitude in terms of (for example) the collection Lis s functions (see the appendix)
with simple ratios of X-coordinates as arguments. The problem with fitting the non-
classical portion of the amplitude to some general basis of this type is that these
functions in general have non-A4 coordinates as entries in their symbols. Therefore,
the remaining classical Li’s needed to express the full amplitude could then have arbi-
trarily complicated algebraic functions of A'-coordinates as arguments, which makes
constructing an ansatz exceptionally difficult. The Ay function solves this problem
because it has only A-coordinates in its symbol, therefore providing a basis which is

sufficient to capture the non-classical component while ensuring that the remaining

"Future developments may reveal that a different, longer representation is “better” by manifesting
other properties, either a physical property such as smooth behavior under the collinear limit or
possibly even an additional, so far unnoticed mathematical property.
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classical Li’s can be taken to have only (minus) X-coordinates as arguments. The
packaging of A, functions into As’s manifests even more structure of the amplitude
Rgz)—namely the complete (i.e., term-by-term) locality and Poisson structure of its

coproduct components.

4.5 Conclusion

Motivated by the cluster structure apparently underlying the structure of amplitudes
in SYM theory, in this chapter we defined and studied the simplest few examples of
cluster polylogarithm functions at transcendentality weight four. We found that the
A, algebra admits a single non-trivial function f4, of this type, and for several other
cluster algebras which we were able to analyze by explicit computation we found
that the space of cluster functions is spanned by fa, evaluated on all available A,
subalgebras. Interestingly, we found that these functions all have “Stasheff polytope
local” By ® C* content which can be expressed in terms of {x}3 ® y — {y}3 ® = with
pairs x,y having Poisson bracket 1 (and therefore associated to pentagonal faces of
the appropriate generalized Stasheff polytope).

We then considered an even more special collection of “Stasheff polytope local”
functions which have A2 B, content expressible in terms of {z}3A{y}» with z,y having
Poisson bracket 0 (and therefore associated to quadrilateral faces). For the Aj algebra
we found a unique nontrivial function f4, with this property, and conjectured that
the space of such functions for more general algebras is spanned by the function fy4,
evaluated on all available A3 subalgebras.

Obviously it would be of mathematical interest to further explore these classes of
functions, as well as suitable generalizations of them at higher weight and for more
general cluster algebras (especially algebras of infinite type).

We used the As function to write an explicit formula for the “most complicated

103



part” of the two-loop 7-particle MHV amplitude in SYM theory. We are confident
that the Az function suffices to similarly express two-loop MHV amplitudes for all n,
both because we have checked some cases explicitly but more importantly because we
know that these amplitudes have completely local coproducts in the sense mentioned
a moment ago (see chapter @

However a number of important questions about the cluster structure of these
amplitudes remain. For example, attention was called in chapter [2|to the curious fact
that the A2B, component of the 7-particle amplitude can be written as a 42-term
linear combination of {z;}2 A {z;}2 involving only 42 out of the 1785 distinct pairs
of Poisson commuting X-coordinates available in the Gr(4,7) cluster algebra. It was
natural to wonder whether there is any characteristic of these 42 which distinguishes
them from the rest, and which might be able to explain “why” the amplitude’s co-
product can be expressed in terms of only these 42. Unfortunately we are no closer
to answering this question than in chapter The first obstacle is that eq.
is not manifestly expressible in terms of A3 functions: there does not exist any As
subalgebra of Gr(4,7) which has a quadrilateral face corresponding to the first term
in eq. (nor to any of its symmetric images). In contrast, if we evaluate the
A%B, content of the amplitude by starting with eq. and associating to each
fa, the corresponding coproduct component shown in eq. we obtain a 56-term
linear combination which is nontrivially equal to the 42-term expression presented
in eq. |§| Also, the results of this chapter unfortunately shed no light on the
curiosity noted in chapter [2| that for both n = 6,7, the coproduct of the n-particle
two-loop MHV amplitude can be expressed in terms of only 3/5 of the X'-coordinates
available in the Gr(4,n) cluster algebra.

Our exploration of the appropriate function space for two-loop MHV amplitudes

8Tt turns out that 14 terms in the former correspond exactly to the 14 terms on the second line of
eq. (2.40) of the latter; so perhaps it would be better to say that the nontrivial relation is between
a 42-term expression and a 28-term expression in A%B,.
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at arbitrary n was strongly motivated by a similar exploration of functions appro-
priate for non-MHV and higher-loop n = 6 amplitudes by Dixon and collabora-
tors [67, [68] 107]. It would be very interesting to explore the (necessarily very close)
relationship between their “hexagon functions” and the various cluster functions we
have explored, which we leave to future work. Here however we have focused exclu-
sively on purely mathematical constraints: the A-coordinate condition on symbols,
the X-coordinate condition on functions, and the locality and Poisson structure con-
straints on the coproduct. These are listed in order of increasing mathematical power,
but also in order of increasing physical obscurity. We confess to having no physical
explanation of why SYM theory should select weight-four polylogarithm functions
whose coproducts are local in the generalized Stasheff polytope or have any partic-
ular relation to the Poisson structure, except to speculate that it might be related
to the integrability of SYM theory. Notice also that clusters represent sets of co-
ordinates that are compatible in some way. For instance, it is known [33] that for
Gr(2,n) the cluster structure is isomorphic to that of polygon triangulations, and
that in turn to planar tree diagrams. To each tree corresponds a cluster, which can
therefore be thought of as a channel for the tree amplitude. Cluster coordinates are
then compatible in the sense that they correspond to possible simultaneous poles in
planar scattering. Perhaps some more sophisticated version of this argument will hold
here. It is natural to wonder if there exists an alternative formulation for SYM the-
ory amplitudes which makes these (and perhaps other, still hidden) cluster algebraic
properties manifest.

With our current understanding of how to write down the most complicated part
of the two-loop MHV amplitudes it is reasonable to contemplate finding fully analytic
expressions for them. To this end the next step is to begin applying various physical
constraints to fix ambiguities involving products of functions of lower weight as well

as beyond-the-symbol terms. The most obvious such constraints include the first-
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and last-entry conditions on the symbol, the requirement of smooth behavior under
collinear limits, and especially the highly constraining requirement of analyticity in-
side the Euclidean kinematic region. We believe the last of these, in particular, might
be strong enough to fix a unique (or almost unique) “analytic tail” to the Az function,
perhaps similar in form to the analytic tail which appears in the L(z", z7) building
block of the GSVV formula [19]. Adding these terms of lower weight will help us
resolve the ambiguities present in eq. , where we had to arbitrarily choose one
out of many possible representations in terms of As functions. Moreover we suspect
that “the right” completion of the A function (once it is found) will continue to be
the unique non-classical building block for all n-particle two-loop MHV amplitudes.

Based on the surprising fact that the fundamental building block of the two-loop
MHYV amplitudes seems to be a function involving only n = 6 particles, it is natural
to hope that the available results on higher-loop and NMHV functions for n = 6,
when supplemented by suitable “cluster algebraic” constraints of the type we have
discussed in this chapter, may serve as a springboard for unlocking the structure of

n-particle MHV and NMHV amplitudes at higher loop order.
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Chapter 5

Calculating Réz)
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In this chapter we tie together several threads which have run through the earlier
chapters but have not yet been fully wrapped up. Our immediate goal will be to
construct an explicit analytic formula for the two-loop seven-point MHV amplitude
Rg) in SYM theor. While it may be interesting in its own right, we do not view the
formula itself as the primary result of this chapter. Rather our aim is to first review
the various obstacles that arise in the pursuit of writing such analytic formulas, and
then to bring together the relevant ideas and results from the previous chapters to
argue that the problem of constructing analytic formulas for RY? for any desired n
may be considered “solved” (modulo the availability of sufficient computer power,
of course). By this we mean that we describe an algorithm which, building on the
scaffolding provided by Caron-Huot’s computation [20] of the symbol of Rq(f), may
be used to construct an analytic formula for any desired n. The result for n = 6
appeared in [19], and we present a result for n = 7 here as a specific application of our
algorithm. Numerical studies of R have been carried out for n = 6 in [51], 53], 109
and for higher n in [66, 110], and explicit formulas are known for the special case
when all particles have momenta lying in a common R!! subspace of four-dimensional
Minkowski space [70), [71], [82].

We do not address here the question of how the computational complexity of our
algorithm scales with n because we hope that this will ultimately be an irrelevant
question. As has happened often before in physics, and especially so in the study of
SYM theory, we believe that once suitably packaged and digestible results accumulate
for various relatively small values of n, the structure might become clear enough that
one can extrapolate an all-n formula, which could subsequently be proven to be correct

or at least could be checked to be consistent with all known properties of the true

'More precisely R;L) stands for the n-particle L-loop remainder function, after the infrared
singularities of the amplitude have been subtracted in a now standard way following [13], [14]. Dual

conformal symmetry requires R,(zL) to vanish for n < 6 at any loop order [28, [30], but a numerical
study [I09] established that RéQ) is nonzero.
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amplitudes.

Amplitudeology is a data-driven enterprise where insights gleaned by analyzing
the results of a seemingly difficult calculation have often revealed hidden structure
which trivialize the original calculation, and help to make the next set of calculations
simpler (or even just possible). We very much anticipate that the formula we obtain
for Rg) will not be the simplest or “best” one possible, but hope that the algorithm
described in this chapter will prove useful for generating new data for the amplitude
community.

Section [5.1] contains some brief background material and definitions. Section [5.2
comments on the difficulties of integrating symbols in general, and on the tools we
employ to overcome these difficulties. We also discuss the relation of our work
to a complementary approach to similar problems which has been used by Dixon
and collaborators to achieve several impressive results on multi-loop six-point ampli-
tudes [67, 68, 107, TT1]. Section outlines our general algorithm, while section
discusses its application to the specific case of Rg), culminating in the construction of
a complete analytic formula for this amplitude, some properties of which are discussed

in section

5.1 Background

This section is a brief review of some of the more advanced mathematics that will ap-
pear throughout the rest of the chapter, namely the coproduct § and cluster algebras.
For a more thorough introduction to these topics, see chapters [2| and

The space of polylogarithm functions modulo products is a Lie coalgebra with
coprodudﬂ d. The coproduct maps a polylogarithm function of weight 4 (the case

of relevance to two-loop amplitudes) into two component spaces, A?By and Bz @ C*.

2Throughout this chapter, we use the word “coproduct” to denote &, which satisfies 62 = 0,
rather than A which operates by simply deconcatenating the symbol. We refer the reader to [55]
for additional details.
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Here, By refers to the Bloch group, which roughly speaking represents the space of
classical weight k polylogarithm functions modulo functional relationships amongst
Li; and modulo products of functions of lower weight. Elements of B are linear
combinations of objects denoted by {z}x, which stands for the equivalence class con-
taining the function — Lij(—x). The A? By component of the coproduct captures the
obstruction to writing a function in terms of the classical polylogarithm functions
Liy [32, 112]. The B3 ® C* component of the coproduct encapsulates all of the intrin-
sically weight 4 terms in a function.

Cluster algebras are generated by a preferred set of variables (“cluster coordi-
nates”) grouped in disjoint sets called clusters related to each other by a transfor-
mation called mutation. The cluster algebra relevant for two-loop MHV scattering
amplitudes in SYM theory is the Gr(4,n) Grassmannian cluster algebra, which is
related to the kinematic configuration space for n particles, Conf, (P?). These coordi-
nates come in two flavors, A- and X- coordinates. An example of A-coordinates are
the standard Pliicker coordinates (ijkl) = det(Z;Z;ZZ;) (in terms of momentum-
twistor variables [46]). Slightly more complicated examples that will appear later in

this chapter are of the type

{a(be)(de)(fg)) = {abde)(acfg) — (abfg)(acde), (5.1)

(ab(cde) N (fgh)) = (acde)(bfgh) — (bede){afgh). (5.2)

Cluster X-coordinates are a special class of cross-ratios built from A-coordinates.
These two topics, polylogarithms and cluster algebras, merge beautifuly in the
arena of SYM theory. Firstly, only cluster A-coordinates for Gr(4,n) appear in the
symbol for Rf). Moreover, the coproduct of Rg) was calculated in chapter |2| and it
was noted that the elements {x}, and {z}3 appearing in the coproduct were cluster X-

coordinates of the Gr(4,7) Grassmannian cluster algebra. Furthermore, it was noted
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that the function for Réz) obtained in [19] can be written purely in terms of classical
polylogarithms Li, with (negative) X-coordinates as arguments. In this chapter we
extend these connections to a general algorithm for constructing the function R,

Let us note that the Gr(4,n) cluster algebra has infinitely many A- and X-
coordinates when n > 7, but we believe that this presents no obstruction to our
algorithm since it is evident from the result of [20] that only finitely many (in fact,
precisely %n(n —5)?) of the A-coordinates actually appear in the two-loop MHV am-
plitude RSLQ), and our experience has shown that the “most complicated part” of these
amplitudes (see chapter {4 for details) can be expressed in terms of the X'-coordinates
belonging to finitely many As subalgebras of Gr(4,n). For the special cases n = 6,7,
we expect that the two-loop symbol alphabet (which contains already all available
A-coordinates) will be sufficient to express all amplitudes (whether MHV or not) to
all loop order, but for n > 7 we know of no reason to exclude the possibility that the
symbol alphabet could grow larger at higher loops (indeed we expect it to become
infinite for ten-point N3MHV amplitudes starting already at only two loops).

A salient feature of cluster X'-coordinates is that they are positive when evaluated
inside the positive Grasmmannian, defined as the subset of the Euclidean domain
where (ijkl) > 0 whenever i < j < k < [. This is incredibly important because it
allows us to impose analyticity inside the positive domain with relative ease (since
Lig(x) is smooth for < 0), in particular without having to worry about branch cuts.
It would be interesting to check the extension of our final formula to more general
Euclidean kinematics, for which it would be necessary to specify where to take the
branch cut of each Liy(x) (as was done for example in [19] for n = 6). It would also be
interesting to explore the analytic continuation to other regions outside the Euclidean
domain, for example to make contact with work on the seven-point amplitude in the
multi-Regge regime [77), 102 113].

Before we describe our algorithm we would first like to clarify the difficulties that
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our cluster algebraic approach allows us to overcome.

5.2 The Problem of Integrating Symbols

The problem of finding an explicit polylogarithm function whose symbol matches a
given random (but integrable) symbol is hopeless; no algorithm exists in general.
Fortunately, amplitudes in SYM theory do not have random symbols, nor do we
expect them to be expressed in terms of completely random functions.

In such happier cases the problem can be tractable if the desired function may be
expressed in terms of some class of generalized polylogarithm functions whose argu-
ments are all drawn from some particular finite collection of well-behaved variables.
Then the problem of integrating the symbol becomes simply one of linear algebra:
one writes a general linear combination of the functions in the ansatz, and chooses
the coefficients to match the desired symbol. Ideally, the ansatz should be just big
enough to contain the answer, and not too big. If the ansatz is too overcompleteﬂ
there can be considerable ambiguity in choosing a functional representative for the
integrated symbol.

If one were merely interested in being able to obtain numerical values for SYM
amplitudes, then such ambiguity would be of little concern. If the goal however
is to unlock their mathematical structure, then it is desirable to have functional
representations which manifest, to the extent possible, all of their known properties.
From this point of view, any ambiguity in how to write an amplitude is seen as an
inefficiency, a wasted opportunity.

In a series of papers [67, (68, 107, [IT1], Dixon and collaborators have pursued one

approach to this problem by studying “hexagon functions”, defined as polylogarithm

3Some overcompleteness is inevitable in our approach due to Lij identities involving configurations
of points in projective space (see for example [32], 112 [114]), but such identities are rare when the
arguments are restricted to be (negative) cluster X-coordinates. The only currently known non-
trivial identities of this type are the 5-term As identity (Abel’s identity) for Liz and the 40-term Dy
identity for Lig described in [52].
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functions whose symbol can be expressed in terms of a certain 9-letter alphabet (in
our terminology, the alphabet of A-coordinates for the Gr(4, 6) Grassmannian cluster
algebra) and which have the appropriate analytic structure for scattering amplitudes
(specifically, that they must be analytic everywhere inside the Euclidean domain, with
branch points on the boundary of the Euclidean domain when (ii+1jj+1) = 0 for
some i, 7). By systematically classifying such hexagon functions through weight eight,
and by using physical input about the near-collinear limit derived from the Wilson
loop OPE approach [84, 103, 104, 115, 116] and from the multi-Regge limit [68,
79, I17HI23], they have determined analytic expressions for the six-point NMHV
amplitude at two loops, and the six-point MHV amplitude at three and four loops.

It would be extremely interesting to pursue a similar approach for n > 6, by
exploring for example the space of “heptagon functions”. Our trepidation to take
this route stems from the fact that the required symbol alphabet grows rapidly with
n: as mentioned above, the symbol alphabet for R has %n(n — 5)% entries [20], so
the space of weight-four symbols has dimensionf| O(n'?).

We have pursued instead the somewhat orthogonal approach of organizing our
calculations not from left-to-right in the symbol, but rather in order of decreasing
mathematical complexity of the functional constituents. At weight four, this means
that we first focus our attention on the “non-classical” part of the amplitude: the A%2B,
component of its coproduct. The remaining purely classical pieces of an amplitude
can be systematically computed in order from most to least complicated by following
the procedure outlined in [19]. This approach has the disadvantage of leaving the
analytic properties of amplitudes obscure, while it has the advantage of making some
remarkable mathematical properties—the relation to the cluster structure on the
kinematic domain—manifest.

The very first step in this approach is the one most fraught with peril, as we now

4This is rather too pessimistic; the analyticity condition cuts this down by one power of n and
the integrability condition no doubt cuts down by some more powers of n.

113



explain. The A?B, component of the coproduct of R%? can be expressed as a linear
combination of various {z;}2 A {z,}2 where the 2’s are drawn from the X-coordinates
of the Gr(4,n) cluster algebra. Moreover, the z’s always appear together in pairs
satisfying {z;,z;} = 0 with respect to the natural Poisson structure on the kinematic
domain Conf,(P?); this implies that each pair of variables generates an A; x A;
subalgebra of the Gr(4,n) cluster algebra.

For several years a guiding aim of this research program, strongly advocated by
Goncharov, has been that it should be possible to write each amplitude under consid-
eration as a linear combination of special functions associated with smaller building
blocks (“atoms”). For example, it is well-known that the functionﬂ

1 [hadt

Laale) = 5 [ G li(=t0) Lis(~t9) = (2 ) (5.3)

has the simple A2By coproduct component {x}s A {y}s. Therefore one might be
tempted to construct the non-classical part of a desired R by writing down an
appropriate linear combination of Ly o(z;,x;) functions; the difference between this
object and R'? must then be expressible in terms of the classical functions Lij only.

The fatal flaw in this approach is that while Lo 5(;, x;) indeed has a simple coprod-
uct, it is poorly adapted to applications where one wants to manifest cluster structure
because its symbol has some entries of the form x; — x;, which is never expressible as
a product of cluster A-coordinates (and thus can never be an X-coordinate). There-
fore one would have to considerably enlarge the symbol alphabet under consideration
in order to fit all of the classical pieces of the amplitude left over by subtracting a
linear combination of Lgo’s. Just as bad, one would almost inevitably generate Lij

functions whose arguments range over the entire real line, greatly complicating the

SWe caution the reader that several variants of this function exist in the literature, beginning
with [60], all of which differ from each other by the addition of terms proportional to Liy, or products
of lower-weight Li’s. In fact even in this short chapter we will use a second variant K5 » momentarily.
All of these variants have the same A2Bj coproduct component. The particular L »(z,y) used here
may also be expressed as La2(x,y) = 3 Lis2(2/y, —y) — (z <+ y) in terms of the Lis 5 function.
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problem of arranging all of the branch cuts of the individual terms to conspire to
cancel out everywhere in the positive domain.

So if we want to maintain a connection to the cluster structure (and, more prac-
tically, to avoid enormously complicating the calculation by being forced to clean up
unwanted mess in the symbol), we should abandon the idea that each individual term
{x;}o AN{z;}2 may be thought of as an atomlﬂ. The problem of identifying the smallest
building block manifesting all of the known cluster properties of R'? was solved (at
least, for a few of the simplest cluster algebras, and more generally conjectured) in
chapter [l The solution is a function associated to the Az cluster algebra which we

can write in the form

3
ng (3317 T2, 553) = E K2,2($¢,1, xi,Z)a (5-4)
i=1
where
T11 = 71, T2 = 1/x3,
T129 + 22 + 1
xQ’l = (x1x2 + i) + 1) Zs, 132,2 = I—, (55)
1
rows + x3 + 1 ToTs + a3+ 1
I3 = ——"—"—", T39g=—"—"—
) T1T2T3
and

Kaa(i,y) = Lo, )~ |Lis(e/y) — 5 Lis(e/y) og(a/y) — (v ¢ )| 5 Lin(—) Lin(~p).

(5.6)
The expression for K, 5 given here differs from the one presented in appendix @ by the
addition of terms proportional to products of logarithms as well as the final Lis Liy

term, none of which affect the coproduct of Ky ,.

SInstead they are perhaps quarks: never allowed to appear alone, but always bound safely together
in Ay functions or perhaps other, not yet discovered, more exotic baryons.
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As long as the three x; generate an Az algebra x; — x5 — x3 (which could be a

subalgebra of a larger algebra), the Az function accomplishes a remarkable feat:

e the A2B, component of its coproduct, 37 {x;1}2 A {x;2}2, involves only pairs

of Poisson commuting X-coordinates;

e the B3®C* component of its coproduct can be written in terms of X'-coordinates

(the Liy term in Ky is crucial here);

e its symbol can be written entirely in terms of A-coordinates (here the Lizlog

term is crucial);

e and it is smooth and real-valued everywhere inside the positive domain (i.e.,

as long as x1,x9, r3 > 0), thanks to the terms which were added compared to
eq. (A.4).

The Liy Lis term in ([5.4)) is completely innocuous and was chosen for inclusion because
it was observed to nicely package together most of the Lis Lis terms in the amplitude
R§2). It would be very interesting to see if a more optimal packaging of subleading
terms could be obtained, whether for n = 7 or even for all n.

Working with As functions, rather than the underlying individual Ly ’s, therefore
allows us to avoid having to enlarge the symbol alphabet beyond the set of cluster A-
coordinates. Moreover, when expressing the classical contributions to an amplitude
we are able to restrict our attention to the functions Liy(—x), which are smooth and
real-valued throughout the positive domain as long as the arguments x are always

taken from the set of cluster X-coordinates.

5.3 The Algorithm for R7(12)

The algorithm is naturally broken into four steps. (1) As discussed in the previous

section, we start by writing down a linear combination of A3 cluster functions with
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the same A2B, content as the desired R\Y. After subtracting this linear combination
from the amplitude we are left with a function which (2) we express in terms of the
classical polylogarithms Li; following the algorithm described in [19]. One minor
difference with respect to [19] is that we prioritize the Liy terms over those which can
be written as products of lower-weight Li;’s, since only the former contribute to the
B3 ® C* component of the coproduct. So, to be explicit, we proceed in the following
order: fa,, Liy, Lis Lis, Lis loglog, Lislog, loglogloglog.

At this stage we have a function with the same symbol as the amplitude, so the
difference is expected to be equal to 72 times polylogarithm functions of weight two.
We ought not find any terms proportional to 77 times a function of weight three since
at each step we work with functions that are manifestly free of branch cuts in the
positive domain. (3) The O(7?) terms can be found by comparison to the all-n formula
for the differential dRq(f) of the amplitude calculated in chapter (4) Finally, the
overall additive constant in the amplitude can be determined by enforcing smoothness
of the collinear limit R — Rf_)l, a property which is built into the definition of the

remainder function [14].

5.4 The Construction of Rg)

We present here some details about the expression for Rg) generated by our algo-

rithm. Some of the contributions, in particular the terms of the form Lisloglog or
loglogloglog, are too numerous to reasonably display in the text, so we refer the
reader to the Mathematica file associated to [124] for the full symbolic result[].

We begin by recalling the representation of the non-classical pieces of Rg) in terms

In case of any discrepancy between formulas in the text and the Mathematica file, the latter is
authoritative.
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of Az functions, presented in chapter [4 as

1 (1245)(1567)  (1235)(1456) (1234)(1257) 1 (1345)(1567) (1235)(3456) (1234)(1357)
§fA (1257)(1456)  (1256)(1345) > (1237)(1245) ) T~ S fay (1357)(1456) > (1356)(2345) * (1237)(1345)

+ dihedral + parity conjugate. (5.7)

As we emphasized in chapter , the difference between Rg) and is a weight-four
polynomial in the functions Lij,(—z) for k = 1,2,3 (and 72), with arguments z drawn
from the 385 X'-coordinates of the Gr(4,7) cluster algebra.

The B3 ® C* component of the coproduct of RS) was computed in chapter . We

find that the Liy terms

1 1
. (1234)(1256) . (1234)(1257) . (1234)(1357) . (1234)(1456)
—Liy <_ (1236)(1245)) —Liy <_ <1237><1245>> - §Ll4 <_ <1237><1345>> - §L14 <_ (1246)(1345>>

+ dihedral 4 parity conjugate, (5.8)

must be added to eq. in order to correctly reproduce the full coproduct of the
amplitude.

At this stage we know that the difference between R;Z) and eqs. plus is
a product of Li; functions of weight strictly less than four. Following the procedure
outlined in [I9] we find that the missing Lis Lis terms (beyond the ones that we have

already snuck in via eq. (5.4))) are

. (30724 B6)) 1 [ (1456)(3(17)(24)(56)) (1234)(1257) (1234)(1457)
Liy ( (1237)(3456) ) Liy ( (1234) (1567) (3456) ) ( 1237)(1245)) Liy < (1247) 1345 )
1
. (1234)(1257) (1245)(1567) . (1234)(1357) (1345) (1567)
- §L12 (_<1237>(1245>> Liy ( (1257) (1456 >> Liy < <1237><1345>> Liy ( (1357) (1456 ))

. (1237)(1467) \ T - (1236) (2567) 1236) (2567) (2345)(3467)
— Liy <_(1267)(1347)) Liy ( (1267)(2356 ) + Lip ( (1267)(2356)) Liy ( (2347)(3456 )
(

+ dihedral + parity conjugate. (5.9)
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We also find the Lizlog terms to be

+<—%Li3 (_%) ;ng (_%)mg (_%)mg( zT1450) ;ggg)
(-1 (-1 o (-0 s (- %)gm( s 13:?)
)

—l—lLig <_<1246><1345>> +Lis (_(1247)(1345)) _ lLig <_<1257><1456>> _ lLig ( (1267)(1456)

(1234)(1456) (1234)(1457) (1245)(1567) (1246) (1567

2
1
: (1456) (2345) . (1457) (2345) . (1457)(2456) (1237)(1245)
- §L13 (_ (1245)(3456)) — Lig <_ (1245)(3457)) + Lig <_ <1245><4567>> ) log ((1234)(1257))

+ dihedral 4 parity conjugate. (5.10)

2

The remaining Lis 1og log and log log log log terms which must be added to egs. ,
., and in order to fully match the known symbol of R are too
numerous to display here and are recorded in the attached Mathematica file [124].
Next we turn to the problem of fixing “beyond-the-symbol” terms, given by nu-
merical constants (in this application, rational numbers times 7*) times functions
of weight 4 — k. The terms proportional to 72 may be deduced by computing the
full differential of all of the terms we have accumulated so far, and subtracting the
result from the known analytic formula for ng) [20, 100]. The result is a linear
combination (with rational coefficients) of terms like 72 log(a;)d log as for various A-
coordinates aq,as. This can be integrated analytically to a linear combination of
terms like 72 Liy(—x;) and 72 log(z;) log(xx) with all arguments being X-coordinates.

In this manner we find that the 72 Li, terms in our representation of R?) are given
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by

T (1247)(1345) . (1(23)(45)(67)) . . .
yry Li, (—m> -y Li, <—W> +dihedral+parity conjugate, (5.11)

while the 72 log log terms are again somewhat too numerous to efficiently display here.

At this point we have constructed a function which agrees with R;Q) up to a single
overall additive constantﬁ. This constant, expected to be a rational number times
74, can be determined by the requirement that Rg) — RéQ) smoothly in the collinear

limit. We choose to parameterize the 6 || 7 collinear limit following [20] by replacing
Z7 — Z7<t) = ZG — t(aZ1 + ﬁZg;) + t2Z2, (512)

with a and 3 being arbitrary parameters, and then taking the limit ¢ — 0. As long as
the starting point (Z, ..., Z7) is inside the positive domain and « and 3 are chosen
to be positive, then there exists a finite ¢ty > 0 such that (71, ..., Zs, Z7(t)) lies in the
positive domain for all 0 < ¢ < ty,. Then the collinear limiﬂ

lim R®(Zy, ..., Zs, Z:(t)) = RO(Z4, ..., Zs), (5.13)

t—0t

together with the known formula [19] for Rgf), determines the overall additive constant
in Rgz)'
Each cross-ratio appearing our formula for Rg) approaches either 0, oo, or a finite

value in the limit ¢ — 0T, so it is a simple matter to compute the limit of the formula

8There are no ((3)log terms since dR? is known [20] to not contain any terms proportional to
¢(3)-

9We caution the reader that our normalization convention for Rgz) agrees with that of [20], which
differs by a factor of four from that of [19], so the RéQ) appearing on the right-hand side of eq.

should be four times the function RéZ) given in the latter reference.
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using the asymptotic behavior of the polylogarithm functions

1. 5 w2
1 2
1 2 Tt
Lig(=1/t) ~ ——log*t — —log?t — — 5.16
L(—1/8) ~ g log £ = T log?t — 1 (5.16)

together with the asymptotic expansions (when x, ¢ and a are positive)

L272($, t) ~ O, (517)

1 2
Loa(x,1/t) ~ § Lia(~2) log” t + Lig(—a) log ¢ + Lia(~2) + % Lig(—z),  (5.18)

5t 1 1
Loo(1/t,a/t?) ~ Y log t + 3 log alog®t — 3 log? alog?t
2 4

7'('4 T T
—log?t — —log?a — —, (5.1
—|—24 og“t 51 og”a 30" (5.19)

where ~ signifies the omission of terms which vanish as powers of ¢ (or powers of ¢
times powers of logt). We have taken the limit of R;Q) by choosing various random
initial kinematic points in the positive domain with all momentum twistors having
integer entries. Then, after taking the limit ¢ — 0", the two sides of eq. can

be evaluated numerically with arbitrary precision. In this manner we find that that

we have to add —g37* to our formula for RS) in order for eq. (5.13]) to be satisfied.

5.5 The Function R;z)

Several very different ingredients have gone into the construction of our formula for
RS), from Caron-Huot’s calculation of symbols via an extension of superspace to the
mathematical structure of cluster algebras. As an independent test that all of these
ingredients have been put together correctly it is reassuring to compare our result to

numerical values for R(72) obtained in [66] via the Wilson loop approach to scattering
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amplitudes in SYM theory.
To get an intuition for a function it is often useful to see a plot of it, such as fig. 11

of [66] which shows Rg) evaluated on the “symmetric line”, the locus where
(14, U2s, Use, Uar, Uis, Use, Usr) = (U, Uy Uy Uy Uy Uy W) (5.20)

in terms of
(1141541 j4+2) (i+1i+2 5 j+1)
u.A —_—
Y i1 D) 12 541 42)

(5.21)

When the seven momentum vectors of the scattering particles are required to lie
in four spacetime dimensions, the wu;; are not free (indeed they cannot be, since the
dimension of Conf,(IP?) is only six) but are constrained to satisfy a particular seventh-
order polynomial equation called the Gram determinant constraint. The symmetric
line intersects the Gram locus only at isolated points (specifically, at the roots of
(1 +u)(1 — 4u + 3u® +u?)?). The authors of [66] evaded this constraint by allowing
the momenta to lie in arbitrary dimension. By making use of momentum twistor
machinery our result for Rg) is solidly tied to four-dimensional kinematics, although
we anticipate that it should not be very difficult to relax this constraint.

Until that is done we are therefore unable to provide a plot of our Rg) formula
along the symmetric line. Instead we display in fig. [5.1] a plot of this function along

the line segment

(1—u—u?)?

<U14, Ugs, U3, Uq7, U15, U6, U37) = (U, Uy Uy Uy Uy Uy 1—2u2 )

(5.22)

which satisfies the Gram constraint for all © and which lies in the positive domain
for 0 < u < ug = 0.35689586789 . .., this number being the smallest positive root of

1 —4u+ 3u?+u®=0.
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Figure 5.1: The two-loop seven-point MHV remainder function R(72) evaluated along
the line segment parameterized by eq. (5.22)) between u = 0 and the boundary of the
positive domain at u ~ 0.3569.

The endpoint of this line segment at u = wg is rather speciaﬂ: it touches the

symmetric line at the tip of the positive domain. At this special point we find
R (ug, ug, uo, o, o, U, to) = 10.4368451968 .. . . (5.23)

At a conveniently chosen non-symmetric point point satisfying the Gram constraint

we find for example
RW(L L L 111121y _ 938717948322 . .. . (5.24)

Both of these values are consistent with numerical results obtained using the Wilson
loop computation of [bb]ﬁ At all points in the positive domain where we have
evaluated R;z), we have always found it take positive values, supporting the conjecture

of [125].

10This point is a close analog to the special point (w14, uss,uss) = (i, i, %) in six-particle kine-
matics.

1We thank A. Brandhuber, P. Heslop and G. Travaglini for correspondence and for providing us
with their results at these kinematic points, which match egs. and to 0.003%, within
the estimated margin of error of their numerical calculation.
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5.6 Conclusion

We have described an algorithm for bootstrapping explicit analytic formulas for the
two-loop n-point MHV remainder functions Rff) in SYM theory from the differential
of R calculated in chapter . The algorithm expresses these amplitudes as linear
combination of Az cluster polylogarithm functions and (products of) classical polylog-
arithm functions Lig(—x) with arguments x drawn from the set of X'-coordinates [33]
for the Gr(4,n) cluster algebra. Each building block utilized in the construction is
manifestly real-valued and singularity-free inside the positive domain, ensuring that
the generated formula for R'? manifests this property as well.

As a sample application of this algorithm we have constructed an explicit analytic
representation for Rg). We would like to emphasize that we have put almost no
effort into optimizing our result, instead opting to see what we get by treating this
as nothing more than a “shift-enter” computation. Although we were somewhat
surprised that the answer came out as compact as it did, we anticipate that our result
for Rg) will not be the “best” representation possible but hope that it may provide
a useful starting point for further exploration of the structure of this amplitude. In
that sense we suspect our representation for Rg) may be more similar to the DDS
formula [I7, 8] than to the GSVV formula [19] for R

Let us end by speculating about some possible ways in which our representation
for R(72) (and R? more generally) ought to be improved. As a general statement, it
is our hope that amplitudes should admit natural functional representations which
are as canonical as possibleE] and that any unexplained ambiguity in how to write
an amplitude should be a cause for disappointment. This is because our ultimate
dream is that it should be possible to formulate a list of physical and mathematical

constraints which determine SYM theory amplitudes uniquely, and any free parameter

12Given the various known, but classifiable, polylogarithm identities—the 5-term A, identity for
Liy, the 40-term D, identity for Lisz, and other possibly existent identities not yet discovered.
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appearing in the representation of some amplitude represents a lost opportunity to
manifest some otherwise hidden property it satisfies.

For example, we find it suboptimal that (as mentioned in chapter [4)) the non-
classical part of Rg) may be expressed in many different ways in terms of A3 functions.
It would be fantastic if one could identify some particular Az subalgebras inside
the Gr(4,7) cluster algebra (or Gr(4,n) more generally) which are for some reason
preferred for expressing two-loop MHV amplitudes. Moreover it would be nice if all
of the classical terms tabulated in section 4 could be absorbed into an appropriate
redefinition of the A3 function given in eq. so that the complete formula for RgQ),
or even all Rg), could be written as a simple linear combination of suitably defined
Az functions and nothing else. If this magic Az function were positive-valued inside
the positive domain, it would furthermore manifest the conjectured [125] positivity of
R itself. It would be ideal if this could be done for all n in a way which manifests
collinear limits, with the various A3 functions appearing in R® tending either to zero
or to n—1-point As functions in the collinear limit. Finally, perhaps it is not the A
function but something else which is the right building block for realizing all of these

dreams.
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Chapter 6

Calculating 9 (Rg)) A2 Bs
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The scattering amplitudes of planar N/ = 4 supersymmetric Yang-Mills (SYM) the-
ory [126] comprise a collection of functions with remarkable mathematical properties,
tightly restricted by the physical constraints they must satisfy. Indeed the mathemat-
ical and physical properties of these amplitudes are, collectively, so restrictive that
one marvels that the functions can even exist at all. The program of using known (or
supposed) general properties of amplitudes to assemble concrete new results, which
can then be verified by applying consistency checks, is generally known as the ampli-
tude bootstrap. One of the ultimate goals of this program is to formulate a concise
list of simple physical and mathematical constraints which might uniquely determine
the precise functional form of all amplitudes in SYM theory.

The simplest incarnation of the bootstrap program applies to those L-loop n-
particle N°MHV amplitudes which belong to the class of generalized polylogarithm
functions [2I]. All amplitudes with L < 2 or n < 10 or k < 3 are believed [40]
to belong to this class. Tools for dealing with the classes of functions which might
appear in more general amplitudes are currently lacking, but there is every reason to
suspect that a bootstrap program will forge ahead once the appropriate techniques
are developed.

The essential tool for dealing with amplitudes of the generalized polylogarithm
type is the symbol map (see [127]). The symbol of an amplitude of weight w (= 2L)
is an element of the w-fold tensor product of the multiplicative group generated
by certain rational functions on the kinematic configuration space Conf,(P?) =
Gr(4,n)/(C*)" ! for n-particle scattering in SYM theory. A fundamental working
hypothesis of the bootstrap is that the set of rational functions allowed to appear in
the symbol of any amplitude (i.e., the “symbol alphabet”) is the set of A-coordinates
on the Gr(4,n) cluster algebra. Starting with the special collection of functions (or
symbols) of this type, one bootstraps an amplitude by applying constraints and com-

paring with independent data from the literature (for example, from the amplitude
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OPE expansion [81), [83], 84], 128§], or from multi-Regge limits [78], 117, 118, 123]), un-
til one arrives at a unique putative result. The cluster A-coordinate hypothesis is
supported by all explicit results for amplitudes available in the literature to date, in-
cluding two-loop MHV for all n [20], two-loop NMHYV for n = 6,7 [67, [69], three-loop
MHV and NMHYV for n = 6 [107, [129], and four-loop MHV for n = 6 [111].

Previous chapters have revealed that the connection between the cluster struc-
ture [33] on Conf,(P?) and the mathematical structure of amplitudes in SYM theory
runs much deeper than merely specifying the appropriate symbol alphabet. We use
the term “cluster bootstrap” to emphasize that our focus will be on understanding
the implications of these “more clustery” properties, and in particular on how to
harness their power via bootstrap. In this chapter our attention is focused specifi-
cally on the planar n-particle two-loop MHV amplitudes Rg). We argue that these
amplitudes are completely determined (modulo classical polylogarithm functions Li)
by a straightforward cluster property together with a few simple physical constraints.
Consideration of these constraints leads us to the concise explicit formula which

specifies R? modulo Liy’s.

6.1 Cluster Coordinates and Coproducts

Let us begin by recalling a few relevant facts about the Gr(4,n) Grassmannian cluster
algebra. Cluster X'-coordinates are a preferred set of cross-ratios (dual conformally
invariant [31] ratios of products of homogeneous polynomials in the A-coordinates) on
the kinematic domain Conf,, (P?). A “cluster” is a collection {z;} of 3(n —5) such co-
ordinates with the property that the Poisson bracket matrix B;; = {logz;,logz;} has
integer entries and maximal (if n is odd) or nearly maximal (if n is even) rank. Clus-
ter X-coordinates may be systematically constructed via a process called mutation,

and a given X-coordinate may appear in one or more clusters. For n = 6,7 iterated
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application of mutations close on a finite set of clusters (14 and 833, respectively)
containing a finite number of distinct X'-coordinates (15, 385).

For n > 7 one can mutate indefinitely to produce an infinite number of A- and
X-coordinates, but this poses no conceptual obstacle to the bootstrap program since
only finitely many can appear in any individual generalized polylogarithm function
(i.e., at any finite loop order). For example, the symbol of R? contains 2(3n* —
30n + 77) A-coordinates. These can easily be enumerated by inspecting the all-n
result of [20]: in the notation of that paper, there are n(n — 6) symbol letters of
the form (1(23)(n—1n)(ii+1)) (plus all cyclic partners), 5(n —6)(n —7) of the form
(127N j) (plus cyclic), and %(n — 5)(n — 6) of the form (1(n2)(ii+1)(jj+1)) (plus
cyclic). Finally, there are of course the simple Pliicker coordinates (ijkl), which
number (Z); however it is evident from [20] that the only ones which appear in the
two-loop MHV amplitudes are those in which at least one pair among 27, jk, ki or [z
are cyclically adjacent (for example, (1357) does not appear for n > 7), so we must
subtract 2(n — 5)(n — 6)(n — 7) from (7). Adding up all of these types we find a
total of 2(3n* — 30n + 77) symbol letters.

To determine whether a dual conformal cross-ratio R formed from these letters
is an X-coordinate, we apply a simple heuristic, originally described in sec. [2.6.6; R
is an X-coordinate if 1 + R can also be expressed as a ratio of products of letters
and if R is positive everywhere inside the positive domain (i.e., the domain in which
(1jkl) > 0 for all i < j < k < ). We know of no example where this heuristic fails.

Although the symbol of R is known for all n [20], explicit analytic results for the
function RY are available only for n = 6,7 [19, 124]. While obtaining more general

fully analytic results is certainly a worthwhile goal, in order to cut to the core of the

mathematical structure of these functions it is natural to focus on the coproduct
S(RY) € °B, @ Bs @C”. (6.1)
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We remind the reader that the Bloch group B,, is generated by elements denoted
{z},. Concretely, {x}, denotes the equivalence class of weight-n functions, modulo
products, containing — Li,(—z). Any generalized polylogarithm of weight 4 is deter-
mined, modulo products of functions of lower weight, by the two coproduct compo-
nents shown above. Moreover the A? B, component captures the “most nontrivial”
part of a function and determines the B3 @ C* component modulo terms involving the
quadrilogarithm function Liy [32, 112].

In principle one could compute the coproduct (5(R§f)) directly from the known
symbol of R'Y. However, the representation of the symbol given in [20] does not
have the appropriate cluster structure manifest, making such a calculation infeasible.
Instead we put aside our knowledge of the symbol for a moment while we bootstrap
our way towards an explicit formula for 5(R7(12))| A2B,, Shown in eq. 1) While
this formula is strictly speaking conjectural, being based on some presumed cluster
algebra structure of the amplitude, we have checked it by explicit comparison to the

results of [20] through n = 13.

6.2 Elements of the Cluster Bootstrap

The structure of MHV scattering amplitudes is heavily constrained at the level of the
symbol, a fact which Dixon and collaborators have exploited to great effect (see [130]
for a recent review on the n = 6 bootstrap). We wish to adopt a similar approach at
the level of the coproduct, specifically the A2 B, component. To this end we start by
formulating a hypothesis for what kinds of variables z, y the cluster bootstrap should
allow to appear in {z}sA{y}>. In chapter[2]it was observed “experimentally”, for small
values of n, that the two-loop MHV amplitudes have the very special feature that their
A% B, coproduct components are always expressible in terms of linear combinations

of terms {v}s A {z}2 where
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1. each v is drawn from a set of cluster X-coordinates specially adapted to the
analytic structure of the amplitude (related to what is called the “first-entry

condition”),

2. each z is drawn from a set of cluster X-coordinates specially adapted to the
supersymmetry properties of MHV amplitudes (related to what is called the

“last-entry condition”),

3. and the two variables v, z appearing in each term always belong to at least one
cluster in common (this means, in particular, that {logv,logz} € {—1,0,+1}

with respect to the natural Poisson bracket on the kinematic manifold Conf,, (P?)).

Let us explain these points in a little more detail.

First we recall that the analytic structure of color-ordered scattering amplitudes
is highly constrained: they may only have branch points on the boundary of the
Euclidean region at points where some sum of cyclically adjacent momenta becomes
null. Requiring that amplitudes have only physical singularities implies that the first
entries of the symbol of any amplitude must be drawn from the set of cross-ratios

given by
(Gl g 2) (L4255 41)

Ujj = 0 — — . . . 6.2
T i1 ) G142 541 5 +2) (6.2)

Unfortunately, none of the u;; are cluster X'-coordinates. Instead we consider the

closely related quantities

1 (i41(2i42)(j j+1)(k k+1))

vigk = m —l=- (it 1k k1) (i+1i+25 j+1) (6:3)
where
(a(be)(de)(fg)) = (abde)(acfg) — {(abfg){acde). (6.4)

vijk 1s a X-coordinates as long as ¢ < j < k (mod n). We can phrase the familiar

first-entry condition in terms of these unfamiliar variables by saying that only the
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quantities 1 + v;;; are allowed in the first entry of the symbol of any function with
physical branch cuts.

Secondly we recall the MHV last-entry condition [69], which states that the last
entry of the symbol of any MHV amplitude must, as a consequence of extended
supersymmetry, be drawn from the set of Plucker coordinates of the form (ij) =
(i—1lii+1j). We therefore might like to include ratios built purely out of these
objects in our ansatz. Unfortunately, no X-coordinates of this type exist. Instead we

consider the cross-ratios

A (ii+1jNk) — (ii+17k)(ii+2) (65)
YogmennT o GReg) |
where
(abe N d) = (a?)(bd) — (b¢)(ad). (6.6)

The zf;k are all cluster X-coordinates for Gr(4,n) as long as i < j < k (mod n), and

as suggested by the notation, z;]tk are parity conjugates of each other (see sec. for
a discussion of parity on Conf, (P?)). Despite appearances these are in fact intimately

tied to the last-entry condition since
' J k __ (i )

It is useful to define certain boundary cases of the above cross-ratios with overlapping
indices:

Vij = Vijiel,  Z = Zigge (6.8)
where parity takes z;; — z;;. Similar to what was done in the previous paragraph, we
may express the familiar last-entry condition in terms of these unfamiliar variables

by saying that only the quantities 1 + zz:]tk are allowed in the final entry of the symbol

of any MHV amplitude.
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Third, it is worth commenting on how the Poisson bracket {logz,logy} between
two X'-coordinates may be computed in practice. If one could enumerate all possible
clusters (and the Poisson bracket matrix in each cluster), by repeated application of
the mutation algorithm starting with the initial cluster reviewed in [124], then one
could scan that list to determine whether or not a given pair x,y appears together
inside any cluster (and, if so, then one could read off their Poisson bracket). For the
infinite algebras we encounter when n > 7 it is obviously not feasible to enumerate all
clusters. An alternative approach would be to express x and y as algebraic functions

of the X-coordinates (u,us,...) in the initial cluster and then to compute

dlogx Ology
Ologu; 0logu;

{log z,logy} = Z {logu;,logu;}. (6.9)
2%

If for a given pair x, y the right-hand side comes out to be 0 or 1, then it is guaranteed
that there exists a cluster containing both x and y, even if it would be computationally
infeasible to find a specific path of mutations connecting that cluster to the initial
cluster. However, we have found that the simplest way to compute {logz,logy} for
general z,y is to use the fact that the Poisson bracket on Gr(k,n) is induced from
the easily computible Sklyanin bracket on SL,,, as described for example in [63]E|.
The collection of all %n(n —5)? of the v’s and n(n —5)? of the 2’s constitutes what
we call the {v, z} basis. Noting that {1+x}s = —{x}s, the discussion in the previous
two paragraphs suggests that it is natural to seek a representation for 5(R£12))| A2 B,
as a linear combination of objects of the form {v}s A {z}> which capture, at the
level of the coproduct, the spirit of both the first- and last-entry constraints satisfied
by the symbol. Of course, the A-product obscures any precise notion of first or last
entries for the coproduct, so our argument for restricting to {v}s A {2z} is meant to be

suggestive rather than rigorous. The suitability of this ansatz is justified a posteriori

'We are very grateful to C. Vergu for pointing out this method to us.

133



because it leads to a successful bootstrap.

Based on these considerations, as well as explicit calculations at small n, we are
motivated to hypothesize that properties 1-3 listed above are true for general n, so
we adopt these as core elements of the cluster bootstrap for Rff). In addition we

impose that R? should be

4. invariant under the dihedral group acting on the n particle labels, as well as

under parity, and
5. well-defined under collinear limits.

We have found that these five simple physical and mathematical conditions uniquely
fix ¢ (Rg))| A2B, (up to a single overall multiplicative constant common to all n) to
take the value shown explicitly in eq. . Let us emphasize that in step 5 it is not
actually necessary to know the n—1-particle result in order to construct the answer
for n particles; it is sufficient merely to make an appropriate ansatz for the latter and
impose only that the n || n—1 collinear limit is well-defined. This determines both
the n- and n—1-particle results at the same time, and in particular ties together their

overall normalizations.

6.3 Applying the bootstrap

Let us explain in some detail how the procedure works beginning with n = 7. In this
case there are are 14 v’s and 28 2’s, so we start with the ansatz that §(RS)|x2p,
should be a linear combination of the 14 x 28 = 392 possible {v}s A {z}2’s. Only
70 of these pairs have Poisson brackets in the set {—1,0,4+1} (i.e., appear together

in a cluster), and after imposing dihedral and parity symmetries we are left with the
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three-parameter ansatz

<01 {vi}s AMz1aty+ o {via}s AM{z1s by + 03 {0146 1o A { 2624 ) + dihedral 4 conjugate.
(6.10)
We then take the collinear limit parameterized by Z,, — Z,_1 + a(Z,—o+ 821) + 77

with v — 0, then @ — 0, leaving S free. This leads to

Co (({vzsvzﬁ/(l + vag) by + {vas/ (1 4 v3p) },y) A {236}
+ {viaty A ({21aty + {205 }y) + {vsety A ({214}, + {236}5) >

4 (e1 — c3) ( (a5}, A {225}y — {35}y A {236}2) + conjugate, (6.11)

where v;3 = f(1ii4+16)/(ii+156) and “+ conjugate” applies to the entire expression.
For the collinear limit to be well-defined, i.e., independent of 5 (which specifies the
relative length of the collinear momenta 6 and 7), we require ¢; = ¢3 and ¢y = 0. We
have therefore determined that § (RéZ))| a2B, = 0 and also reproduce the result from

chapter 2] that
(5(R§2))]A2 By, = {V1a}o A {Z14}5 + {V146}5 A {zg24}2 + dihedral + conjugate, (6.12)

up to an overall multiplicative constant.

The analogous ansatz for n = 8 begins with 36 x 72 = 2592 terms of the form
{v}2 A {z}2. Restricting to pairs that appear together in a cluster reduces this to
400. After imposing the discrete symmetries only 15 free parameters remain, and
requiring the 8 || 7 collinear limit to be well-defined fixes all of them up to an overall

normalization, which in turn may be fixed by matching eq. (6.12)). The bootstrap
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may be carried out through sufficiently large n to motivate the all-n conjecture

SR em, = > <{vm}2A(—{zz-j}z—{zﬂi}ﬁ{zm}ﬁ{zﬂiﬂ}z—{zijﬂ2}2)

1<i<j<n

—{vita A ({zj_QiH}g + Z {ij}Q) + cyclic + Conjugate>. (6.13)

J<k<1

Here “+4 cyclic 4+ conjugate” applies to the both lines, and we note that eq.
does satisfy the full dihedral symmetry even though we have only chosen to manifest
+ cyclic. The multiple sums contain some boundary terms which evaluate to {0} or
{o0}s; these are understood to be omitted. We have explicitly checked (by comparing

its iterated coproduct) that this expression is consistent with the known symbol of

RY through n = 13.

6.4 Discussion

A striking and mysterious feature of eq. is that all of the pairs {v, z} appearing
in the formula have Poisson bracket zero. This feature is an output of the bootstrap;
the input was much weaker, with the initial ansatz also allowing pairs having Pois-
son bracket {logwv,logz} = +1. Geometrically, this means that the A% By coproduct
component wants to be expressed in terms of quadrilateral (rather than pentago-
nal) dimension-2 faces of the generalized Stasheff polytope associated to the Gr(4,n)
cluster algebra, as noted already in chapter [2]

It would naturally be interesting to formulate a bootstrap for computing the
B3 ®C* coproduct components of Rg), which contain information about Liy terms
that A? By does not know about. Unfortunately we have found that the {v, z} basis
provides an insufficient ansatz for Bs @ C* already at n = 7. Of course there is no
obstacle to computing this coproduct component on a case by case basis for small n

by starting with a larger collection of cluster X'-coordinates, but deriving (or even
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guessing) an all-n formula remains elusive.

It would also be interesting to extend eq. to capture more or even all of
Rq(f), including terms involving products of Lix’s. Interestingly we have found, using
the standard symbol-level (anti-)symmetrization techniques outlined in [19], that all

of the Lis Liy terms in Rg) are captured by the remarkable formula

“eq. (6.13 ”—( D LiQ(—vij)> , (6.14)

1<i<j<n

where the first term refers to eq. with the replacement {a}sA{b}s — Lis(—a) Liz(—b).
This is a strong indication that there is still more structure to discover in the two-loop
n-particle MHV amplitudes.

Surely the most important and interesting open question is whether a suitable
“cluster bootstrap” can be formulated for higher-loop MHV or non-MHV amplitudes.
The main obstacle is that so few explicit results for such amplitudes are known, even
just at the level of symbols, that we do not yet dare to speculate how elements 1-3

of the cluster bootstrap ought to be generalized.
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Appendix A

Functional Representatives

We present here functional representations for the A, and Az functions studied in
chapter . These functions are completely defined (as always, modulo products of
lower-weight functions) by their coproducts, shown in eqs. and , but some
readers may be comforted by seeing concrete functional representations for them.
However, we relegate these formulas to the appendix because they are provided as
is, with no express or implied warranty, and certainly not the implied warranty of
suitability for numerically evaluating actual SYM theory amplitudes. For such an
application one would first need to append to each of the functions shown below a
suitable “analytic tail” comprising a carefully chosen product of lower-weight func-
tions, specially crafted to give the functions the right analytic properties. Nevertheless
we do believe that these functions capture the “most complicated part” of all two-loop
MHYV amplitudes in SYM theory.

There are several different types of generalized polylogarithm functions in terms

of which non-classical functions can be expressed. At weight 4 it suffices to use the
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function Liss(x,y) (see for example [55] for a discussion), whose symbol is

y—-1DR@r-1)zy+y—-1)e@@-1)ys+y-1)@ye(r—-1)®x
—(ry-1)@@r-1)erzy—(ty-1)@@r-1)eyr—-—(ry-1)@ze(rz-1)®
+ry-)@rerer+(@y-1)Rrer0y+ @@y -1z (y—-1)ey
ty-)ereyer+(@y-1)e@y-)erey+@y-1)ey-1)eye

—(ry—- 1)@y @@r-1)Rz+(rty—-1)@yezrzr+(zy—1)ye(y—1)®y.

(A.1)
A.0.1 The A, function
The A, function may be represented as
5
Far ~ Y iLoo(wi, i) (A2)
2%

in terms of

Loo(z,y) = %Liz,z (g’ —3/> +% (Li4 (1;;) L (H))

1 1+=x 1 1l+=x 1 T 1+
— | Li -1 —Lig (=1 — | — . (A.
+5<14(9:y)+214(1+y))+213(y) Og<1+y) (@ ey). (A3)

The factor of j in the summand may seem awkward, but when fully expanded out

the sum generates a total of 20 Liso terms, each with coefficient j:% or i% (each
possibility occurs five times). Note that the function L, has the simple coproduct
0Los(z,y)|azB, = {x}2 A {y}2 (it is therefore very similar to Goncharov’s k(z,y)
function [60]). The rather strange looking Li, terms in eq. of course make no
contribution to A% By; they are carefully tuned to ensure that eq. has clustery
B3 ®C* content. The Lis - log terms are of course irrelevant inside L4, but they are

required for f4, to be a cluster A-function of the A, algebra. The symbol of eq. (A.2)

139



is not identical to the one shown in eq. (4.7), but the difference between the two is

annihilated by p (i.e., they differ by products of functions of lower weight).

A.0.2 The A3 function

The Az function may of course be written as the sum of eq. (A.3)’s for the six
pentagons in Az, but the simple form of 0fa,(x1, 22, x3)|r2B, suggests that there
is a more concise functional representation. Indeed, we find that a representative of

the As function can be written as

6

1 P
fA3 xl,x2,x3 ZK22 ZT; 1,$22 2 Z(-l)l L14(—€i) (A4)

=1

where the z; ; and e; are defined in (4.8) and we use here the new combination

Kol 0) = 3 Linao/y, ~y) — Lis(o/y) - 5 Lis(e/y) og(y) — ( ¢ 9). (A5)

As was the case for the A, function, the Lis - log terms are chosen so that the symbol

of (A.4)) is expressible entirely in terms of cluster .A-coordinates of the Aj algebra.
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