Two Weight Problems and
Bellman Functions on filtered

probability spaces

by
Jingguo Lai
B. S., Fudan University; Shanghai, China, 2008
M. S., Michigan State University; East Lansing, MI, 2010

A Dissertation submitted in partial fulfillment of the
requirements for the Degree of Doctor of Philosophy

in the Department of Mathematics at Brown University

Providence, Rhode Island
May 2015



(© Copyright 2015 by Jingguo Lai



This dissertation by Jingguo Lai is accepted in its present form
by the Department of Mathematics as satisfying the

dissertation requirement for the degree of Doctor of Philosophy.

Date
Sergei Treil, Advisor
Recommended to the Graduate Council
Date
Jill Pipher, Reader
Date
Brian Cole, Reader
Approved by the Graduate Council
Date

Peter M. Weber, Dean of the Graduate School

iii



Curriculum Vita

Jingguo Lai was born in Shenyang, Liaoning, P.R. China on Feburary 11, 1985
to Changbin Lai and Lijie Xue. He completed the B.S. at Fudan University on July
2008 and the M.S. at Michigan State University on July 2010. After graduating, he
continued the study of mathematics at Brown University. He married Maggie Fong

in the summer of 2013. Jingguo completed this thesis under the supervision of Sergei

Treil.

iv



Dedicated to my beloved parents:
Changbin Lai and Lijie Xue



Acknowledgements

To my advisor, Prof. Sergei Treil for his invaluable mentoring over the past five
years. He suggested these problems, taught me the right way of thinking process, and

provided guidance and ideas for all the tough steps.

To my readers, Prof. Jill Pipher and Prof. Brian Cole for their careful reading,

gentle criticism, and insightful edits.

To Prof. Justin Holmer for his help and support along the way.

To the wonderful mathematics department staff, particularly Audrey Aguiar,

Larry Larivee, and Doreen Pappas.

To my parents Changbin Lai and Lijie Xue, and my wife Maggie Fong for their

love and support.

To my cat Gigi for bringing me so much fun.

vi



Contents

Curriculum Vita
Dedication
Acknowledgements

Chapter 1. Introduction
1. Two Weight Problems
2. Bellman Functions on filtered probability spaces

3.  Outline of the thesis

Chapter 2. Two weight estimates for a vector-valued positive operators
1. Thecase 1l <p<yq
2. The case ¢ < p < co: a counterexample

3. The case ¢ < p < 0o: necessity and sufficiency

Chapter 3. Two weight estimates for paraproducts
1. Construction of the stopping intervals
2. Thecasel <p <2
3. The case 2 < p < co: a counterexample
4. The case 2 < p < oo: trilinear forms and necessity
5. The case 2 < p < oo: from trilinear forms to shifted bilinear forms
6. The case 2 < p < oo: sufficiency
6.1. A modified stopping interval construction
6.2. Estimation of T}

6.3. Estimation of 15

vii

v

vi

10
10
11
12

17
17
18
19
21
22
24
25
26
30



Chapter 4. Bellman functions on filtered probability spaces I: Burkholder’s hull

and Super-solutions

1. Properties of the Bellman function B(F, f, M;C')

2. Properties of the Super-solutions

2.1. The super-solutions and the dyadic Caleson Embedding Theorem

2.2.  Further properties of B(F,f, M; ()

2.3. Regularization of the super-solutions

2.4. The main inequality in its infinitesimal version

33
33
34
34
35
36
37
38

3. Finding a super-solution via the Burkhoélder’s hull
3.1.  Burkholder’s hull and some reductions

3.2. The formula of the Burkholder’s hull and an explicit super-solution

Chapter 5. The Bellman functions on filtered probability spaces II: Remodeling
and proof of the main theorems
1. Properties of the Bellman function B/ (F,f, M, C)
2. Remodeling of the Bellman function B(F,f, M;C = 1) for an infinitely

refining filtration

3. The Bellman function B} (F\f, M; C) of Theorem 1.13

3.1. BY(F.f,M) < B(F,f, M)

3.2. BJ(F,f,M)=B(F,f, M) for an infinitely refining filtration

4. The Bellman function gf (F,f) of the maximal operators

A1. BI(F.f) < Bl (Ff,1)

4.2. BJ(F.f) =B/ (F f,1) for an infinitely refining filtration

Bibliography

viii

43
46
46
47
50
50
51

54



Abstract of ”Two Weight Problems and Bellman Funcfions on filtered
probability spaces”
by Jingguo Lai, Ph.D., Brown University, May 2015

Chapter 1 provides the necessary background and states the main results of the
thesis. Two seperate topics are studied. The first topic is on two weight problems.
The second topic is on Bellman functions on filtered probability spaces.

Chapter 2 proves a two weight estimation for a vector-valued positive operator.
We consider two different cases of this theorem. The easier case 1 < p < ¢ requires
only one testing condition. However, we construct a counterexample showing this
testing condtion alone is not sufficient for the case ¢ < p < co. We apply the Rubio
de Francia Algorithm to reduce our problem to the well-known two weight estimates
for positive dyadic operators.

Chapter 3 proves a two weight estimation for paraproducts. We again consider two
different cases seperately. The first few steps of the proof proceeds exactly the same
as in Chapter 2. However, for the harder case 2 < p < oo, we need to characterize a
two weight inequality for shifted bilinear forms, which takes up the majority of this
chapter.

Chapter 4 considers the celebrated Dyadic Carleson Embedding Theorem. We
streamline a way of finding a super-solution of the Bellman function via the Burkhdélder’s
hull. We give an explicit formula of the Burkholder’s hull and hence a super-solution
in this chapter.

Chapter 5 generalizes the Dyadic Carleson Embedding Theorem to the filtered
probability spaces and proves the coincidence of the Bellman functions on an infinite
refining filtration. The proof requires a remodeling of the Dyadic Carleson Embedding
Theorem. Finally, we also consider the Bellman function of the Doob’s Martingale

Inequality.



CHAPTER 1

Introduction

In this chapter we provide some useful background on the topics of this thesis.
First we establish the general setup of two weight problems and raise the questions
of interest. Then we introduce a well-known application of the Bellman function
techniques and pose the questions we want to solve. Further we provide a brief

outline of this thesis.

1. Two Weight Problems

The original question about two weight estimates is to find a necessary and suf-
ficient condition on the weights (non-negative locally integrable functions) w and v
such that an operator 7' : LP(w) — LP(v) is bounded for all 1 < p < oo, i.e. the

inequality

(1.1) /\Tf|pvd:1; < CP ~/]f|pwdx, for f € LP(w).

Let u = w™P/P. A symmetric formulation of (1.1), well-known from 80s, is

(1.2) /|T(uf)|pvdx < CP. / | flPudz, for f € LP(u).

(1.2) looks more natural than (1.1) in the two weight setting: in particular, if T is an
integral operator, then the integration in the operator is performed with respect to
the same measure udx as in the domain.

Denote p = udz and v = vdx. Let TH(f) := T (uf). We can rewrite (1.2) into

(13) / TH(f) Py < OP - / flPdp, for £ € L7(n)

Two weight problems are notoriously hard. The first few results are for 7" being

e Hardy operator by Muckenhoupt [1].

e Maximal operators by Sawyer [2], where a testing condition is introduced.
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e Fractional integrals by Sawyer and Wheeden [3] and [4].

For all these special operators, a characterization for all 1 < p < oo is given. In
particlar, Fractional integrals are examples of positive operators which are relatively
easier and more or less solved. To highlight some results of discrete positive operators,

we have results for 7" being

e Positive dyadic operators and p = 2 in [5].
e Positive dyadic operators and 1 < p < oo in [6].

e Vector-valued positive dyadic operators and 1 < p < oo in [9].
Several simplied proofs for the results listed above are also found. For example,

e [7] and [8] simplifies the proof given in [6].
e [10] simplifies the proof given in [9].

In rescent years, there is a breakthrough on this problem for singular operators.
Initiated by Nazarov, Treil and Volberg, and followed by Lacey, Sawyer, Uriarte-Tuero

et al., we have the following results for 7" being

e Haar multipliers in [5], which is the first case of discrete singular operators.

e Well localized operators including Haar shifts in [11].

e Sufficient conditions for Calderén-Zygmund singular integral operators, and
necessary and sufficient conditions for Calderén-Zygmund singular integral
operators together with two maximal operators in [12].

e Hilbert Transform in [13] and [14].

e Cauchy Transform in [15].

e Riesz Transform in [16].

Two weight problems for general Calderén-Zygmund singular integral operators re-

main unsolved. Note the original Two Weight Problems (1.1), (1.2), (1.3) make sence

for all 1 < p < co. However, rescent results in [5], [11]-[16] only consider for p = 2.
The two weight problems we are interested in are both discrete ones. The first

is a new two weight estimates for Vector-valued positive operators when 1 < p < oo.
2



The second is a two weight estimates for Paraproducts when 1 < p < oo. Our setup

follows from the one in [17], which is more general than the dyadic case.

DEFINITION 1.1. For a measurable space (X,7T), a lattice L C T is a collection

of measurable subsets of X with the following properties

(i) £ is a union of generations L,,,n € Z, where each generation is a collection
of disjoint measurable sets (call them intervals), covering X.

(ii) For each n € Z, the covering L, is a countable refinement of the covering
L,, i.e. each interval I € L, is a countable union of disjoint intervals
J € L,.1. We allow the situation where there is only one such interval J,

i.e. J = I; this means that I € £,, also belongs to the generation £, .

DEFINITION 1.2. For an interval I € L, let rk(/) be the rank of the interval I,
i.e. the largest number n such that I € £,,. For an interval I € L, rk([) = n, a child
of I is an interval J € L4 such that J C I (actually, J & I). The colletion of all

children of I is denoted by child([). Correspondingly, I is called the parent of J.

DEFINITION 1.3. For a positive measure p on (X, 7T) , define the averaging oper-
ator as

(14) 81 = (0,1, = (w0 [ rau)1,.

)

where 11 is the indicator function of the interval I. The martingale difference operator

is then defined to be

(1.5) Alf=—E'f+ > E"f.

Jechild(T)

From now on, we assume (X, 7) is a measurable space, £ C T is a lattice on X,
and p, v are two positive measures.

We denote the conjugate Holder exponent of p by p/, where 1/p+1/p’ = 1. Here,
and throughout the thesis, we use the notation A < B meaning that there exists an

absolute constant C, such that A < CB, and we write A~ Bif A< B S A.
3



DEFINITION 1.4. Let o = {ozl : I € L} be non-negative constants associated to

a lattice £ on (X, T). Define a vector-valued operator

(1.6) Tif ={a, E'f},_.

THEOREM 1.5 (Two weight estimates for a vector-valued positive operator [18]).

Letl<p<ooandl < g < 0.

(1.7) /X [Z

IeL

IS}

q

ocI-E‘;f

wzo [t
X

holds if and only if

(i) for the case 1 < p < q, we have

(1.8) /,

(ii) for the case ¢ < p < oo, we have both (1.8) and

o W

In particular, C ~ C7 + Cs.

p

dv < CP-u(J), JEL

al -1
I I
IeL:ICJ

ot YD

a(z)
< a/
L dp < C, v(J), J e L.
IeL:ICJ

REMARK 1.6. Vector-valued positive operators in the thesis are viewed as a simple

model of the paraproducts defined below.

DEFINITION 1.7. For a measurable function b, the paraproduct operator with sym-

bol b is
(1.10) mf=3 (E/;f) (A;b) .
Iel

Paraproducts play an important role in the investigation of the weighted inequal-
ities for the singular integral operators. The L?-boundedness of paraproducts is easy,
a necessary and sufficient condition (1.12) follows immediately from the Carleson
Embedding Theorem.

This necessary and sufficient condition (1.12) can be stated as a testing condition,

i.e. a paraproduct is bounded in L? if and only if there is a uniform estimate on all
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intervals. In the classical non-weighted situation, the L? boundedness is equivalent
to the boundedness of the paraproduct in all P, 1 < p < o0.

The weighted situation is much more interesting. It was shown in [17] that in
the one weight situation, the testing condition (1.12) is still necessary and sufficient,
but it now depends on p: the boundedness in L*° implies the boundedness in LP with
1 < p < po, but not in LP with py < p < .

Two weight case becomes even more interesting: while it is not hard to show that
for p < 2 the testing condition is still sufficient for the boundedness, we will present

a counterexample showing that for p > 2 the testing condition alone does not work.
THEOREM 1.8 (Two weight estimates for paraproducts [19]).

1.11 g < CP P

(1.11) Int e, <P,

holds if and only if

(i) for the case 1 < p <2, we have

du<Cp w(J), JeL,

(1.12) /J[ 3 ‘Au

Iel,ICJ

(ii) for the case 2 < p < oo, we have both (1.12) and

(1.13)
(3

12 © 2 (|anf

IeL I’echild(I)
I’CJ’

) dp < 022(%) v(J'), JeL,J € child(J).

In particular, C =~ C7 + Cj.

2. Bellman Functions on filtered probability spaces

Denote the Lebesgue measure of a set £ by |E|, the average value of f on an

interval [ by (f >1' The celebrated dyadic Carleson Embedding Theorem states



THEOREM 1.9 (Dyadic Carleson Embedding Theorem). Let D = {([0,1)+j)-2* :
J.k € Z} be the standard dyadic lattice on R, and let {ozI}IeD be a sequence of non-
negative numbers satisfying the Carleson condition that: a < C|I| holds

JeD,JCI
for all dyadic intervals I € D. Then the embedding

(1.14) Zal\(f>l|p <C,- CHinp holds for all f € LP, where p > 1.

1€D

Moreover, the constant C, = (p')P is sharp (cannot be replaced by a smaller one).

An approach of proving Theorem 1.9 is the introduction of the Bellman function.
Without loss of generality, we can assume f > 0. Following [20] and [21], we define

the Bellman function in three variables (F, f, M) as
(1.15)

B(F,f, M;C) = sup {|J\1 Z o <f>’1’  f {aI}I€D satisfy (i), (ii), (iii), and (iv)},

1€D,ICJ

() (f7), = F; (i) (f), =& (i) [J| 7' D o, = M; (iv) Y a, <C|J|forall J €D.

ICJ 1CJ

Note that the Bellman function B(F,f, M;C) defined above dose not depend on
the choice of the interval J.

In [20], (1.14) was first proved using the Bellman function method for the case
p = 2, and in [21], the sharpness for the case p = 2 was also claimed. Later, A. Melas
found in [22] the exact Bellman function for all p > 1 in a tree-like setting using
combinatorial and covering reasoning. In [23], an alternative way of finding the exact
Bellman function based on Monge-Ampere equation was also established.

The Bellman functions have deep connetions to the Stochastic Optimal Control
theory [21]. Finding the exact Bellman functions is a difficult task. Both the com-
binatorial methods in [22] and the methods of solving the Bellman PDE in [23] are
quite complicated. Luckily, the proof of Theorem 1.9 only needs a super-solution
instead of the exact Bellman function, see [20], [21]. In this thesis, we will present a

way of calculating a super-solution via the Burkholder’s hull.
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On the other hand, computation of the exact Bellman functions usually reflects
deeper structure of the corresponding harmonic analysis problem. It is interesting to
note that the exact Bellman function of Theorem 1.9 is not restricted to the standard
dyadic lattice. In [22], it also works for the tree-like structure. Let us consider a
more general situation here.

Let (X, F,{Fn}tn>0, ) be a discrete-time filtered probability space. By a discrete-

time filtration, we mean a sequence of non-decreasing o-fields
0x}=FCcFC..CF,C..CF.

We introduce notations f, = E*[f|F,] and <f>E7M = w(E) [, fdu.

DEFINITION 1.10. A sequence of non-negative random variables {a, },,>o is called

a Carleson sequence, if each «,, is F,,-measurable and

Zak‘fn

k>n

(1.16) E* < C for every n > 0.

DEFINITION 1.11. {F,},>0 is called an infinitely refining filtration, if for every
e > 0, every n > 0 and every set E € F,,, there exists a real-valued Fi-measurable

(k > n) random variable h, such that: (i) ]hlE] =1_and (ii) [5 |hnldp <e.

THEOREM 1.12 (Martingale Carleson Embedding Theorem). If f € LP(X, F, )

and {a, }n>o is a Carleson sequence, then

Zan|fn|p

n>0

(1.17) - <C, C-E*[|f]].

Moreover, if {F,}n>0 is an infinitely refining filtration, then the constant C, = (p')?

s sharp.

Here, again without loss of generality, we can assume f > 0. We define the

Bellman function B/ (F,f, M;C) in the martingale setting by

(1.18)

F O —
B, (F,f, M;C) = sup {E“

> an fg;] : £, {an bnso satisfy (i), (i), (iii) and (iv)},

n>0

7



(i) B¥(f7) = F; (i) B*[f] = £ (iii) B

Zan] = M; (iv) {ay }n>o satisfies (1.16).

n>0
Now, we are ready to state the first main theorem.

THEOREM 1.13 (Coincidence of the Bellman functions [24]).
F : :
(1.19) B, (F,f,M;C) < B(F,f, M;C).
Moreover, if {F, }n>o is an infinitely refining filtration, then

(1.20) B (F.f,M;C) = B(F,f,M;C).

For the Doob’s martingale inequality, recall the definition of the maximal function

associated to a discrete-time filtration {F,}5°,

(1.21) f(x) = sup | fu(z)].

n>0
THEOREM 1.14 (Doob’s Martingale Inequality). For every p > 1 and every f €
LP(X, F, i), we have

(1.22) Irl < @) -1

LP(X,F 1) LP(X,F 1)
Moreover, if {Fu}n>0 is an infinitely refining filtration, then the constant (p')? is

sharp.

The study of the LP-norm of the maximal function was initiated from the cele-
brated Doob’s martingale inequality, e.g. in [30]. The sharpness of this inequality
was shown in [26] and [27] if one looks at all martingales. For particular martingales
including the dyadic case, see [22] and [28]. Theorem 1.14 covers all these results.

Assuming f > 0, we define the Bellman function gf (F, f) associated to the Doob’s

martingale inequality by
(1.23) B (F,f) = sup {B*[|f*["] : E*[f"] = F, E'[f] =1}

The connection between the Carleson Embedding Theorem and the maximal the-
ory has been known and exploited a lot, e.g. in [20] and [22]. Using this connection,

we give a proof of the second main theorem.
8



THEOREM 1.15 (The Bellman function of the maximal operators [24]).
(1.24) Bl (F.f) < B} (F.f,1;C =1).
Moreover, if {F, }n>o is an infinitely refining filtration, then
(1.25) BF(F,f) =B} (F.f,1;C =1).
3. Outline of the thesis

In chapter 2, we prove Theorem 1.5. We discuss two cases 1 < p < ¢ and
q < p < oo seperately. The theorem is actually equivalent to two weight estimates
for positive dyadic operators.

In chapter 3, we prove Theorem 1.8. Again, we discuss two cases 1 < p < g and
q < p < oo seperately. The sufficiency part of the case ¢ < p < oo needs to be done
in greater detail.

In chapter 4, we find a super-solution of Theorem 1.9 via the Burkhélder’s hull,
which proves the existence of the Bellman function B(F, f, M; C).

In chapter 5, we present a remodeling of the Bellman function B(F,f, M;C) and

use this to prove the two main results Theorem 1.13 and Theorem 1.15.



CHAPTER 2

Two weight estimates for a vector-valued positive operators

In this chapter, we prove Theorem 1.5. We first discuss the easier case 1 < p <gq.
Then we present a counterexample that (1.8) itself dose not imply (1.7). Enventually,
we reduce Theorem 1.5 to the well-known two weight estimates for positive dyadic
operators and complete our proof. A comparison of our theorem and the main results

in [9] and [10] is also given.

1. The case 1 < p <q

We will see in this section that when 1 < p < ¢, (1.8) is equivalent to (1.7). On
one hand, (1.8) can be deduced from (1.7) by setting f = 1 . On the other hand,

consider the maximal function

(2.1) M,f(x) = sup [ELf(a)].

zel,IeL

The celebrated Doob’s martingale inequality asserts

2.2 M <yp- .
22) ML, <0

Let By :={x € X : M, f(x) > 2} and let &, := {I € L : I € E;}. Note that Ej is a
disjoint union of maximal intervals in &, maximal in the sense of inclusion. Denote
these disjoint maximal intervals by &;. Hence, Ej, = Ujgg;; J.

10



q
/[ZaI-E“f gZ/ > a BAfl | dr, 1<p<gq
X l1ec k7B | reg\&n
p
q
S k+1 / .11 dV
Ex 165k\£k+1
Y2
q
S z/ > |
k egr 7V Lreccy
< CP. 22“““ ), (1.8)

SO,

<Cr-@) -, (2.2).

LP (1)
2. The case ¢ < p < co: a counterexample

In this section, we see that (1.8) itself is not sufficient for (1.7) for the case ¢ <
p < o0.

Consider the real line R with the Borel o-algebra B(R). Let the lattice be all the
tri-adic intervals. We specify the positive measures pu, v, the non-negative constants
a= {al : I € L}, and the functions f in the following way.

Let C' = N,>oC,, be the 1/3-Cantor set, where Cy = [0,1),C; = [0,1/3) U [2/3,1)
and, in general, C,, = U {[w,x +3 ) =300 6537 ,¢5 €40, 2}}

(i) The measure p is the Lebsgue measure restricted on [0, 1) and the measure
v is the Cantor measure, i.e. v(I) = 27" for each I belongs to a connect
component of C,.

(ii) Define a = (2/3)™? for each I belongs to a connect component of C,,.

(iii) For the function f, consider the gap of C, i.e. [0,1)\ C. This is a disjoint
union of tri-adic intervals. Let f = (3/2)"/?-n~" for each I € [0,1)\ C with

length of I equals 37", where r is to be chosen later.

CrLAIM 2.1. The construction gives a counterexample with properly chosen 7.

11



PROOF. We begin with checking (1.8). It suffices to check for every J belongs to

a connected component of C,,, and thus p(J) = 37". Note that

iS]

ak | ¢ n
2\ 7 2
<x() =)

Z ai-l

IeL:I1CJ

Hence,

> a’-1, Zdu,g (g)n-y(J) = u(J).

IeLl:I1CJ

J

Next, we show that (1.7) fails. This requires a careful choice of 7 in the definition

of f. Picking r > %, we have

1
191, = [ e =3 (5) o e = S <o
n>1

n>1

Since ¢ < p < oo, we can pick r such that % <r< %. Note that for every [

belongs to a connected component of C,, we have

n+1

1/3\ »
EXf > 1)
25 (3) " o

Hence, consider Z,, = {I : I is tri-adic with length less than or equal to 37"},

Z‘a E“f Z%(g) (k+1)~ >Zk+1

1€, k<n k<n
And so,
P P
q q q
/ [ a, IE‘;f dv 2, [Z(l{: + 1)‘”] -v(Cy) — 00 as n — oo.
1€, k<n
We can see that the condition ¢ < p < oo is crutial in our construction. 0

3. The case ¢ < p < oo: necessity and sufficiency
We discuss the case ¢ < p < oo of Theorem 1.5 in this section. In particular,
we see that both (1.8) and (1.9) are testing conditions on some families of special

functions.
12



To start, since

q
2.3 T f]]? = su / ‘a -EH ‘ dv,
(23) T, = s X[Z B
L®/2) (v)
we can write
q
2.4 TH|| = su su / ‘oz - E# ‘ dv.
(2.4) I a”L”(#HLP(lqv”) [1£1] p)—1 llgll b =1 X[; ! If ’

LP(p L(p/q)/(,/)
Without loss of generality, we assume that both f and g are non-negative. The

following lemma reduces us to the scalar-valued case.

LEMMA 2.2.

l

2.5 TH||? A su su / al - EF(f1
@) T S p X[Zl ;)

Lp('u):l HgHL(?’/Q)/(V): Iel

gdv.

An easy application of Holder’s inequality shows that the LHS of (2.5) is no more
than its RHS. The other half of this lemma depends on the following famous Rubio

de Francia Algorithm.

LEMMA 2.3 (Rubio de Francia Algorithm). For every ¢ < p < oo and f € LP(u),
there ezists a function F € LP(p), such that f < F, ||F|] ~ |f]] and
LP () LP(p)
w()™! /quu < inf Fi(x), I € L.
I xel
ProOF. Consider the maximal operator M,, defined in (2.1). Doob’s martingale

inequality (2.2) implies

/

b
2.6 M <|(=].
(2.6) [ u|rm(mw,/w_(q)

Denote M = Id, M{" = M, and M* = M, o M{¥™". Define the function F
by

1
q

(2.7) F =

—k
2 M M) (4
S (20 gy ) M >]

k>0

First we check the validity of the definition for F'. Note that
13



we have also proved that ||F||

9
p

—k .
Fll2 = 2||M, M® (f9| d
7l Li;:(u A u<f4 !

k>0

q

—k
(k) z P . .. .
< Z (QHM HLP/q )—>LP/q(u)) (/X ‘Mu (f9)| du) , Minkowski inequality

k>0
—k
< 2 M q —9 q
;(H (. @umw)mm)nm [
Hence, F is the LP/9(y)-limit of the partial sums and thus well-defined. Moreover,

<
o S,
Considering only k£ = 0 in the definition for F', we have F' > f. And so || F| |L w
P(p

Q

||f||Lp(u). Finally, note that

2.5) WD) [ Fdp < it AP (a)

I

and

—k
— k+1
M, (F)=3" <2|\M [ HLM(M) V()

k>0

= 2[| M| (F* = f1) S F*.

2L 2T

Therefore, we deduce

,u(])_l/quug inf Fi(x), I € L.
T

zel

Applying Rubio de Francia Algorithm, we obtain

/[Zaq ]E’“” (f9) gdl/</ Zaq-E”(Fq) gdv
IeL LIeL ! !
< / al - <E“(F)>q gdv
X LIeLl ! !
< |7 Fll - 2.4
ITEL, iy WL Tl - 2:0)
< TH||9 = =1].
T2, (W1 =1l =1)

14



Now that our problem is reduced to determine a necessary and sufficient condition

of

(2.9 /

we may consult to the scalar-valued Theorem 2.4 below. Therefore, Theorem 1.8

Zaq ]E“

IeLl

dv<0p/ £l d,

follows from Theorem 2.4 for free, and both (1.8) and (1.9) are testing conditions
with respect to this derived scalar-valued problem.
Consider the linear operator defined by
(2.10) Thf =) a -EXf.
IeL

THEOREM 2.4. Let 1 < p < oo and let 1/p+1/p" = 1. TH : LP(u) — LP(v) if and

only if
P
(2.11) /J a 1| dv< CY-u(J), JeL
rec:acy
vy | y
(2.12) ’ > @D 1| du<Cy -v(J), JEL
recacy
In particular, ||Tg|pr(#HLP(V) ~ O + Cy.

REMARK 2.5. Theorem 2.4 is originally proved for the dyadic case. This general

version is explained in [7].

REMARK 2.6. In [9] and [10], to obtain the two testing conditions, they first
rewrite (1.7) into
(2.13) g@, BBy, v < Ol I8 e N,
Setting f = 1J, one deduces (1.8). For the second testing condition, one turns to
consider the family of functions {gI }IGE supported on J € £ with L*(l9, v)-norm

equal to 1. This gives

(2.14) /J

I) /
Z a (—[ gI d,ung-V(J), JeL.
reL:acJy !

15



Compare Theorem 1.5 with the main results in [9] and [10]. We have a very different
condition (1.9) than (2.14) with seemingly ’wrong’ exponents. However, both (1.8)
and (1.9) are testing conditions on some families of special functions as we have shown

in this chapter.

16



CHAPTER 3

Two weight estimates for paraproducts

In this chapter, we prove Theorem 1.8. We first follow the line of chapter 2. But
for the sufficient part of the case 2 < p < oo, we need to be more careful.

We start with some useful reductions. Obviously, it sufficies to constider only for
non-negative functions f > 0 in Theorem 1.8. Moreover, recall the following version

of Littlewood-Paley theorem

THEOREM 3.1 (Littlewood-Paley). If a function f has a Littlewood-Paley decom-
1
2} 2

PROOF. See [17]. O

position f =, . A;f, and define its square function to be S” f = [ZIGL ’Al;f

then || f|| = [|SY f]] foralll <p < 0.

LP(v) LP(v)

Applying this theorem, (1.11) is equivalent to

2

IeL

IS

2

2
‘A”b
I

I
EIf

B1)  sEDP = /X dv < OV /X FPdp.

LP(v)

We will consider (3.1) instead of (1.11) in the following,.

1. Construction of the stopping intervals

Let us construct a collection G C F C L of stopping intervals as follows. Given
a non-negative function f > 0. For J € F, let G*(J) be the collection of maximal

intervals I C F, I € J such that

(), >2f)

M T

In case there are more than one such intervals I, we choose the one from the smallest

generation. Note that intervals from G*(.J) are pairwisely disjoint. Let F(J) = {I €
17



F:IC J}andlet G(J)=U J]. Define also £(J) = F(J)\ U

Ieg*(J)
we have the following properties

F(I). Then
IeG*(J)

(i) For any I € £(J), <f>1,u < 2<f)J’#,
(it) w(G(T)) < ().

To construct a collection G, fix some large integer N € Z and consider all maximal
intervals J from {L4},~_y and J € F. These intervals form the first generation G of
stopping intervals. Inductively define the (n+1)-th generation of stopping intervals by

i1 = U G*(I) and we define the collection of stopping intervals by G = U,,>1G>.

Ieg;,
Property (ii) implies that the collection G of stopping intervals satisfies the famous

Carleson measure condition

(3.2) > ul) <2u(J), JeL.

Ieg,ICJ

A special form of the Martingale Carleson Embedding Theorem 1.12 says

THEOREM 3.2. Let p be a measure on (X,T) and let a, > 0, I € L satisfy the

Carleson measure condition
(3.3) > a <Cp)
Then for any measurable function f and any 1 < p < oo

(3.4) S, [ <o wrne,

N )
ez (X,T )

2. Thecase 1 <p <2

We will see in this section that when 1 < p <2, (1.12) is equivalent to (3.1). On
one hand, (1.12) can be deduced from (3.1) by setting f = 1 . On the other hand,
we can apply the stopping intervals with F = £ constructed in the previous section

to obtain

18



[N4S)
[SIiS]

2 2
/ ST B A dy_/ Z Z B f ‘A” dv,
X lrecice_y ! Y lvegrcew
g/ Z4(f2 )AV dv, 1<p<?2
Y lueg “Icg(J
g
<2y / 3 ‘A” dv, (1.12)
JEG | 1ce
<EY (O al), (3)

Jeg

<P YA,

Letting N — oo, we prove exactly (3.1). We can see 1 < p < 2 plays an important

role in this argument. There is no analogue for the case 2 < p < co.

3. The case 2 < p < co: a counterexample

In this section, we see that (1.12) itself is not sufficient for (3.1) for the case
2 < p<oo.

Consider the real line R with the Borel o-algebra B(R). Let the lattice be all the
tri-adic intervals. We specify the admissible measures p, v and the functions b, f in
the following way.

Let C' = N,>oC,, be the 1/3-Cantor set, where Cy = [0,1),C; = [0,1/3) U [2/3,1)
and, in general, C,, = U {[:B,x +3 M) x=>"_,¢;37¢; € {0, 2}}

j=1

(i) The measure p is the Lebsgue measure restricted on [0, 1) and the measure
v is the Cantor measure, i.e. v(I) = 27" for each I belongs to a connect
component of C,.

(ii) For the function b, we specify its martingale differences A’;b. Let \A;b[ =
(2/3)"/? for each I belongs to a connect component of C, such that
[ (Avb)dv = 0.

19



(iii) For the function f, consider the gap of C, i.e. [0,1)\ C. This is a disjoint
union of tri-adic intervals. Let f = (3/2)"/?-n~" for each I € [0,1)\ C with

length of I equals 37", where r is to be chosen later in the proof.
CrLAM 3.3. The above construction gives a counterexample.

PROOF. We begin with checking (1.12). It suffices to check for every J belongs

to a connected component of C,,, and thus u(J) = 37™. Note that

<6 =r
Hllet] = - G (-

Next, we show that (3.1) fails. This requires a careful choice of 7 in the definition

> |an

IcJ

Hence,

> [acef

1CJ

of f. Picking r > %, we have

1 n
3 —pr 1 n —pr
i, = [ ra=3 (3) w2 S <

n>1 n>1

1

Since 2 < p < oo, we can pick r such that % < r < 3. Note that for every I

belongs to a connected component of C,,, we have

“f> il)) (2)p(n+1)’“

Hence, consider Z,, = {I : I is tri-adic with length less than or equal to 37"},

2 2
I%E’;f ‘A;b '10"222%@) (k+1)" >;k¢+1
And so,
) 5 ) 5
I v =2l
/IGXI:TL’]EI]“‘ ’Ajb du%[;(k—l—l) ] v(Cp) = 00 as n — 0.

20



4. The case 2 < p < oo: trilinear forms and necessity

We discuss the necessity of Theorem 1.8 in this section. In particular, we see that
both (1.12) and (1.13) are testing conditions on some families of special functions. To
make our explanations more clear and also for later purpose, we generalize Theorem
1.8 to a trilinear form.

(1.12) is a simple testing condtion on functions of the form f = 1, but (1.13) is
not that clear. To deduce (1.13) from (3.1), we first note that A; b is constant on each

2
I' € child(7). Let 611, = <u([)*1 ‘A;b 11’) for each I" € child(7). (3.1) becomes

p

(3.5) / >y 8 </Ifd,u)21[, dygcp/xmpdu.

I€L I'echild(1)

Consider the following generalization of Theorem 1.8 to a trilinear form.

THEOREM 3.4 (Two weight estimates for a trilinear form). For every sequence of

non-negative constants {6 /} , define the trilinear operator
IeL,I’echild(1

o wan-g 5 0 () (o) ()

IeL I'echild(I

(3.7) (f,g,h) < IS, Ml 1R

LP(p) LP(u) L(%)/(y)

holds if and only if
(i)

(3.8) /J > Y s, dv < C? - u(J), JeL,

IeL,ICJ I’echild(I)
(i)
(3.9)

/ S a1, | ap< el ), se s e i)

IEL I'echild(I),I'SJ’

In particular, C =~ C; + Cs.
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REMARK 3.5. Note that Theorem 3.4 is written in duality form. In Theorem 3.4,

2
if we choose ¢ = f and ﬁn' = (,u([)_l ‘A;b 11'> , and take care of the powers of

the constants, then we recover Theorem 1.8.

All amounts to deduce (3.9) from (3.7). The argument depends on again the
Rubio de Francia Algorithm Lemma 2.3. Let f = g = F in (3.7), we obtain

I(F,F,h) =Y Z (/Iqu)z(/phdy)

IeL I'echild(1
2
/ 3 Z (/qu> ‘1, | hdy < || JIR]]
IeL I'echild(1 4 v i) )

By Lemma 2.3 with ¢ = 2, we have HFHLP(M) ~ HfHL,,( ) and

(/Iqu)z > p(1)? - inf F?(x) 2 p(l) - /]deu > (1) - /Ifzd“’

zel

thus we deduce
(3.10) / DY 6 )(/deu)'lj, pdv S CIAIE, Bl
I€L I'echild(] 1 (1) AN 0)

which implies

- hdv ) -1 2dv < C|IfI)? h .
LI > oo f )| rasennr,

IEL ['echild(I),I'SJ’

Testing on h = 1Ju we get exactly (3.9).

5. The case 2 < p < oo: from trilinear forms to shifted bilinear forms

In this section, we give an equivalent statement of Theorem 3.4 in terms of a
shifted positive operator. Based on this, we will prove the sufficiency in the next
section.

We start to understand Theorem 3.4 by two claims.

CLAIM 3.6.

I(f.g,0) <CIA L Mall Rl
LP(w) L&) )

LP ()

22



is equivalent to

I(f, f,h) < C||f|? h
(f, f,h) < ||f||Lp(M)H HL(p),

2/ (v)
PROOF. Only need to see the later implies the former. Since by definition (3.6),
we have

N(7..0) <G40+ g < 0 (U7, Dol Y IR
(5) (1)

Hence, by homogeniety, for every ¢t > 0,

I(f, g, zf,,<Ct22 2>h .
o) =05 0.0 <O (RIS, |+ BlolE, YL,

o 42
Taking t* = ||g||Lp(u)/||f||Lp(u)’ we conclude that

(£, 9.h) < ClIfll 0, ol 1L o

L\2) (v)

CrLam 3.7. II(f, f,h) < C||f||* ||k]] _,  holds, if and only if
LP(p) (%)

2/ (v)

(3.11)

2
¥ 3 s (f ) ([ra) <o, o

IEL I'cchild(] 2w L2 (v)

PROOF. In the last section, we have deduced that

1(f, f, h) < Cllfll2 Il @

implies (3.10), which is equivalent to (3.11). On the other hand, since u(1)- [, f>du >
(f; fdu)2, we know (3.11) implies
I(f, f,h) < C||f]? h
£ f R < ORI

L\2) (v)

O

Because of the two claims, if we supress notation a,, = ﬁH/ ~p(I) in (3.11) and
instead of assuming 2 < p < oo and considering p/2, we still let 1 < p < oo and

consider p. Theorem 3.4 can be restated into the following.

23



THEOREM 3.8 (Two weight estimates for shifted positive operator). For every

sequence of non-negative constants {ozH,} , define the shifted positive op-
I€L,I'€child([)
erator
(3.12) DI ( / fd,u) ( / gdu> |
IE€L I'echild(T I r
(3.13) T(f,9) <ClAlL, gl
LP () L (v)

holds if and only if

(i)

(3.14) /J Y Y a -1, dv<CP-pld), JeL,

I1eL,ICJ I'echild([)
(i)
(3.15)

/ oo Y e w1, | du<CYu(]), JeL,J e child(]).

I’
IeL I'echild(I),I'SJ’

In particular, C =~ C; + Cs.

6. The case 2 < p < oco: sufficiency

This section is dedicated to prove Theorem 3.8 and hence the sufficiency of The-
orem 1.8 for the case 2 < p < co. The idea of the proof is from [7] with some new
twists. It suffices to consider only for f > 0 and g > 0.

We split the estimate into two parts according to the following splitting condition:

L = AU B, where

(3.16) Az{[éﬁ:(f)p (1) > {g)? -y([)} and B= L\ A.

I Iv

Standard approximation reasoning allows us to assume that only finitely many

terms Q. , are Non-zero, so all the sums are finite.
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For an interval I € L, let I denote its parents. Using the splitting condition
(3.16), we can write T,,(f,g) = T1 + Ty, where

(3.17) T, = Zaﬁ </ffdp) (/Igdu) ,

IcA

(3.18) T, = Zaﬁ </deu) (/Igdl/) .

IeB
6.1. A modified stopping interval construction. To estimate 7} we need to
modify a bit the construction of stopping intervals from Section 1. The main feature
of the construction is that the stopping intervals well be the intervals I € A, but the
stopping criterion will be checked on their parents I.
We start with some interval J (not necessarily in A). For the interval J we define
the primary preliminary stopping intervals to be the maximal by inclusion intervals

1cC J, I € A, such that

(3.19) (- >2(f)

I J,,U,'

Note that different I € A can give the same f, but this 7 is counted only once.

It is obvious that these primary preliminary stopping intervals are disjoint and
their total y-measure is at most p(J)/2.

For each such preliminary stopping interval pick all its children L that belong to A
(there is at least one such L), and declare these children to be the stopping intervals.

For the children K ¢ A we continue the process: we will find the maximal by
inclusion intervals I C K , I € A satisfying (3.19), and declare these T to be the
secondary preliminary stopping intervals (note that in the stopping criterion (3.19)
we still compare with the average over the original interval J).

For these secondary preliminary stopping intervals we add their children L € A
to the stopping intervals, and for the children K ¢ A we continue the precess (again,
still comparing the averages with the average over the original interval J).

We assumed that the collection A is finite, so at some point the process will stop

(nol € A, ICK ). We end up with the disjoint collection G*(.J) of stopping intervals.
25



Since all the stopping intervals are inside the primary preliminary stopping inter-
vals, we can conclude that

(3.20) S ull) < guld)

2
Ieg*(J)

Let G(J) := Ujeg-(sy I~ Define E(J) = A(J) \ Ujege sy A(L), where A(J) = {I €
A:1C J} . It easily follows from the construction that for any I € £(J)

(3.21) (), <26,

T

To construct a collection G, we start with Gy of disjoint intervals covering the
set e AT. For each J € Gy we run the stopping intervals construction to get the
collection G*(J). The union (J;.g G*(J) give us the first generation of stopping
intervals G;. Define inductively G, = UJGQZ G*(J) and put G = U, Gr-

Note that the condition (3.20) implies that the collection G satisfies the following
Carleson measure condition
(3.22) > ud) <2u(J), JeL.

1€G,1CJ

we also can replace G by G U Gy here, and still have the same estimate.

6.2. Estimation of 7. We start with the estimation of 77. Using the modified
stopping intervals constructed in the previous subsection and remember that J € G,

is chosen such that J ¢ A, we obtain

o () (o)~ 2. 350 () ()

IeA JeGUGo IES

-®+0

0= % 5 o (fae) (for)

JeGUGo IeE(J),I

o=, () ([

Ieg

26



For piece @), by (3.21), we have

o< Y un, X a - [ow)

JEGUGo 1€E(J) I£]

=Y e, [| X D, | g
JEGUGo I\ 1eg(a), 140

-0+0

o= 3 2, [ N Y |

JEGUGy I€E(T) I£]

- > xn,, | o D1 | gav.
Z S nG ) 165§I¢J I !

JeGUGo
To estimate (D), since the sets J \ G(J) are pairwisely disjoint,
P15y 5

o< S, |[| X a b el [ s @)

JEGUGo I€E(),I#]

=

< Z 2<f>J,u Oy pu(J)e - {/ lg|P dy} Holder’s inequality
JegGuGo NG)

<(C;-2 Z / lg|” dl/] ,(3.4) and disjointness
NG

JeGUGo

DA ][

JeGuUGo

1
<C2 5, ol

To estimate (), since the sets from G*(J) are pairwisely disjoint and G(J) =

)

KeG*(J)

@=> 2N, > /K aﬁ-ﬂ(f)&[ gdv.

Jeg Keg*(J) 1€E(T) I#
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Note that the integrand is constant on every K € G*(J). Hence, we obtain

o- X un,, [ o w1, || S o, 1, |
JEGUGo 1€E(J),I£] KeG*(J)
1 r / i/
B p T2 p P
<> un, |/ ORI Y A D SRUIE W
JEGUGo |7 | ree(). 120 | Keg*(J)
_ p _% _ i
-y 2, |/ o D1 | | S @Y )
JEGUGo |7 |1eg() 1 I )

Using the splitting condition (3.16) for the definition A, we can estimate

=
o

@< Y 2f),, / Yo a -u(f)-ll dv > (F)r - u(K)
JEGUGo ’ T regd) 147 H Keg*(J) *
< DD AN, Cop)r | AN p(K)
JEGUGo KegH(J) ’
<Ce2) > e 'M(J)] > > (e -u(K)] s (34)
Jéguge M JEGUGy KeG ()

< Cueawy I,

Combine the estimation of () and 2). We conclude

<Oy -2ty C AP
® <02l ol + OGP,

v
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For piece (B), note that

IN

IN

<

To finish, we need the following lemma.

LEMMA 3.9. The sequence {oz[}

1
20 -p-llgll -
7' ()

>

Iec’

I’echild(1)

satisfies the Carleson measure condition.

Proor. For J € L, we have

2, @

Iel:ICJ

2. >

ICJ I'€G, I’ echild(I)

IN

2. 2

ICJ I'€G,I' echild(I)

ICJ I'eG,I'echild(I)

< C7- ().

Hence, we can estimate

1
<C,-2¢ -p-p -
®_ 1 p p ||f||LP(N)||g||Lpl( ?

o

D=

4 LIeg

> o Iy
II

1egG

(D)7 ()

r

29

a -u(l)-1

I

p

LP(v)
P

v

/JZ > a p(l)-1 | dy, (3.14)



which, together with the estimation of @), imply that

v

T, < Cp -2yl - O A | FIIP
<2l Nl GG U,

1
+Cy -2 - p-p | S

ool

)

6.3. Estimation of 75. Now we take care of the estimation of T5. The estimation
proceeds similar as in subsection 6.2. Using the stopping intervals constructed in

section 1 with F = B, we obtain

e () (o) = 32 32 e, () (o)

IeB Jeg Ie€ J)

-®+®

05 5 ) ()

JEG I€E(J),I£]

o=, () ([)

Jeg

Note here I # J, we can write

O, [| X o 1| fii-0+0

Jeg Ie&(J),I#T
-2, [ o (D) 1| fan
JEG © NG | regy a2
@-32),,- [ o vl 1| fip.
JEG v SINGU) | reg(y, 0
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To estimate (1), again since the sets J \ G(J) are pairwisely disjoint,

/

p

"d\‘

o<, |[| X a vl | [ ipa] )
J€G et res(na+s ! I\G(J)
<(Cy-2 ng<g>§y 'I/(J)] [2/ ]f]pd,u] , (3.4) and disjointness
S S

L7 (1) Hg”m’(u) '

< Cy- 297 p IS

To estimate (2), note again that the sets from G*(J) are pairwisely disjoint and

G(J)=U K. Hence,
Keg*(J)

@:ZQ( Y /K a_ - v(I)- 1| fdp.

Jeg " keg ) I€E(T),I£T

Since the integrand is constant on K, we have

=32, [| X a || X ), 1, d

JeG I reg(n), 140 M kége
_ p %

§Z2<g -Cy-v(J)r /J Z <f>K7u~1K du| , disjointness

Jeg i Keg*(J)

1
I

=N "2g), Cov(D)7 | D ()P -w(K)| |, splitting condition (3.16)

’ Kv/JJ
JEG | KeG*(J)

3=

S0, ~u<J>] > % yen

JeG Keg*(

< Gy 4(p)” - llgll”
v (w)

Combine the estimation of (I) and (2), we have

@ <Cy-2"7 p-|If]

Cy - v
oIl + Con 4 gl

v (1/)
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Finally, to estimate (B), note again

Jeg T v
< [Za; (T v(J) - ) ] [ZW}V ] 3.4)
Jeg o Jeg

Hg|| o [Zap' j (J)’(f){]p,LemmaS.Q

Jeg T

1
<Cr2 epif Wl ol

)

Hence, we deduce that

1
<G 2" pellfl,,,

lgll |, +Co-4) - [|g|l”
LP (

v) 7 (v)

1
C,-2v -p-p -
+C 27 pep I, Nl
Eventually, we conclude that

Toe(fag) :Tl +T2

1
S Ol ‘214’; .

i

14

/ /
. Oy AP || F|IP
17l el + Cuay i,

1
+Cy 2" p - |||

3

Cy - 4(p)?" - ||g||”
L,,(M)HQIILP,( +Cy - Ap)” - lgll”

v) LP (v)
C. 9y

+C- 2 eIl
By homogeniety, for every t > 0,

1
Ta(f,g>:Ta(tf,—g)§(01+Cz)-(tprHp + A, all —HgH” )
t LP(p) L) 7 () ' (v)

Taking t = ||g||% /||f||i , we prove exactly
Lp'(,,) LP ()

To(£.9) S (Ot Co) -MIf1], Mol

LP(p) v
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CHAPTER 4

Bellman functions on filtered probability spaces I:

Burkholder’s hull and Super-solutions

In this chapter, we find explicitly a super-solution of the dyadic Carleson Embed-
ding Theorem 1.9 via the Burkholder’s hull. We start with some properties of the
Bellman function B(F, f, M; C), in particular, we prove the main inequality. Then, we
define and discuss the super-solutions in detail. In the last section, we introduce the
Burkholder’s hull and solve for a super-solution of Theorem 1.9 via the Burkholder’s

hull. This chapter proves the existence of the Bellman function B(F, f, M;C).

1. Properties of the Bellman function B(F,f, M;C)

PROPOSITION 4.1 (Properties of the Bellman function B(F, f, M;(C)).

(i) Domain: Y < Fand 0 < M < C.
(ii) Range: 0 < B(F,f,M;C) < C,-C-F.
(iii) The main inequality: For all triples (F,f, M) and (Fy,fi, ML) belong to
the domain f” < F, 0 < M < C, with F = %(F+ +F), f= %(er +f_) and
M =AM + 3(My + M_), where 0 < AM < M, we have

1
(1) B(FA,M;C) = S {B(Fy f0, M5 C) + BF_ £, M_;C)} + AM - 7.

PrOOF. (i) follows from the Hélder’s inequality and that {aI}I€D is a Carleson
sequence. (ii) holds if we assume Theorem 1.9 is true. We explain (iii) in more detail.
Split the sum in the definition (1.15) of B(F,f, M) into three pieces

1
17 S a0 = S0 S a0+ S a (2 4 1T (£,

JCI JCI JCI_

where I, means the right and left halves of I, respectively.
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Now, we choose f* on the interval I, that almost give the supremum in the
definition (1.15) of B(Fy,fL, M), i.e. for small £ > 0,
- €
L7 OéJ<fi>]; > B(Fy, e, My;C) — 5
JCI+
and note that ][\_1041 <f>1; = AM - f, we conclude
1
’[|*1Za(]<f>‘p; Z §{B(F+7f+>M+7C) +B(F,,f,,M,7C)} _8+AM fpu

JCI

which yields exactly (4.1). O

REMARK 4.2. From (1.15), we know that the Bellman function B(F,f, M;C')
exists and 0 < B(F,f,M;C) < C, - C - F if and only if Theorem 1.9 is true. The

sharpness is explained as

_ /\DP
g p .
w<r, o<m<c  C-F (¥)

2. Properties of the Super-solutions

2.1. The super-solutions and the dyadic Caleson Embedding Theorem.

DEFINITION 4.3. A function satisfies Propositon 4.1 is called a super-solution. We

denote a super-solution by B(F, f, M;C').

We have seen that the dyadic Carleson Embedding Theorem 1.9 gives rise to
a super-solution B(F,f, M;C). On the other hand, to prove (1.14) and actually
Theorem 1.9, it suffices to find any super-solution.

Indeed, pick f > 0 and {al }IGD satisfying the Carleson condition. For every
dyadic interval I € D, let FI , f] , MI be the corresponding averages

Fo= (), f =) M =117 Y a .

JCI
— 1
(fI+ +f )and M, =AM + §(MI+ +M, ),

where 0 < AM = |I|_1oz] < M,. For the interval I, the main inequality (4.1)

_ 1 _
Note that F, = E(FI+ +F ) f =

1
2

implies

a (1) < I[B(F,.£, M :C) = |IL[B(F, £ .M, ;C)—|LIB(F, £ M, :C).

A
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Going n levels down, we get the inequality

o () SUB(F,£,M;C) = > JIB(F,.f,,M;0)

JCL|T[>2="]1] JCL|J|=2-"1]

< |I[B(F,.f M ;C) < C,-C|I|F, :Cp.c./lfp'

Applying the above estimate for the intervals [—2",0) and [0,2") and taking the

limit as n — oo, we prove exactly (1.14).

REMARK 4.4. To prove Theorem 1.9, all amounts to finding a super-solution
B(F,f, M;C). We will see in section 3 that the least possible constant for which
B(F,f, M;C) exists is C, = (p/)P.

2.2. Further properties of B(F,f, M;C). We start with the following cele-
brated theorem in convex analysis. We will give a proof for the sake of completeness,

for more details, see [29].

THEOREM 4.5. Let f : © — R be a locally bounded function defined on some
convexr domain 2 € R™ and f satisfies the midpoint concavity: f(%ﬂ) > w for

all z,y € Q. Then f is concave and locally Lipschitz.

PROOF. For concavity: If f is not concave, then there exist two points a,b € €2,
as well as the line segment connecting them [a,b] = {Aa+ (1 =A)b: 0 <A< 1} CQ,
such that the function ¢(\) = f(Aa + (1 — A\)b) — Af(a) — (1 — X\) f(b) verifies

—o00 < C =inf{p(N):0< A <1} <0.

Note that we have used () being convex and f being locally bounded here. Fur-
thermore, ¢(0) = ¢(1) = 0 and a direct computation shows that ¢ is also midpoint
concave. Take 0 < § < —% and let 0 < A\g < 1, such that ¢(\g) < C'+ 4, without loss
of generality, further assuming 0 < Ag < 3, hence we have ¢(0) = 0 and ¢(2Xg) > C,

however

C _ 9(0) +¢(2X0)

(M) <C+6 < 3= 5 , a contradiction!
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For locally Lipschitz continuity: Given a € ), we can find a ball B(a,2r) C Q2 on

which f is bounded by a constant M. For z # y in B(a,2r), put z =y + (£)(y — @),
where a = ||y — z||. Clearly, z € B(a,2r). Moreover, since y = = + 2z, from
the concavity of f we infer that f(y) > = f(z) + 55f(2). So [f(y) — f(z)| <
R 1f(2) = fla)) < oM 0

In the case of our main inequality (4.1), first put F = $(F + F_), f = $(f, +f)
and M = $(My + M_) (ie. AM =0) and assume all triples (F,f, M), (Fy,f., M)
are in the convex domain: f¥ < F,0 < M < (', then we obtain the midpoint concavity
of B(F,f,M;C). Apply Theorem 4.5 to the function B, so B is itself concave and
locally Lipschitz. In particular, B is a continuous function.

Nowlet 0 < A<land F=AF,(1-NF_,f=XM,(1-Mf , M =AM+ M, +
(1 — A)M_. The main inequality (4.1) and concavity of B imply that

AM - < B(F,£,M:C) — B(F,f, M — AM;C)
< B(F.£M;C) — {AB(Fy, £, M, ;C) + (1 — NB(F_,f_,M_;C)}.
Hence, the Bellman function B(F,f, M) is continuous and satisfies
(4.3)  B(F,£M;C) > AB(Fy, £y, My;C) + (1 — NB(F_, £, M_;C) + AM - .

2.3. Regularization of the super-solutions. As we have seen, the Bellman
function B is concave and locally Lipschitz, and thus continuous, but hardly any better
than that. Fortunately, we know that the proof of Theorem 1.9 boils down to finding
just a super-solution B. We recall the trick of regularization of the super-solutions
from [25].

Given a super-solution B(F. f, M;C) satisfying Proposition 4.1. Let ¢., ¢, :
(0,00) — [0,00) be any two nonnegative C*° functions, such that supp(¢.) C

[1, (14 ¢e)?], supp(v.) C [1+¢,1+ 2] and [;° @:(t)% = [ ¢.(t)% = 1. Define
F f M dudvdw
BEF,f,M;C = B ___§C Qba ¢6 (be
weano)= [f[ s ( ) -twi.o)on(w)

w v w UVW

s (£ (£ ()
(0,00)3 u v w uvw
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Note that the second representation shows B. € C*. Since B is continuous, the
family of smooth functions {B. : £ > 0} converges to B pointwisely as ¢ — 0.

To check Proposition 4.1 for B.. Note that the supports of ¢. and 1. guarantee
that B, is well-defined in the region {f’ < F, 0 < M < C} and an easy calculation
shows that 0 < B, < (), - C - F. For the main inequality, the first representation and
(4.1) imply that

1
BE(F7 f7 M7 C) - 5 {Bs(F+7f+7M+;C) +B€(F—7f—7M—;C)}

(L+e)P  pli2e p(l4e)? 4 dudvdw
> . —_—
> AM fp/1 /1 /1 Upwﬁbe(uwe(v)d)a(w)
1

te uvw

> AM - — AM - £ — 0.
= L+ 2e)P(1 + o) e
Hence, the proof of (1.14) given in subsection 2.1 works for the smooth function

B.(F,f, M;C) as well. In what follows, it suffices to consider only for smooth super-

solutions B(F, f, M; C).

2.4. The main inequality in its infinitesimal version. For a smooth super-
solution B(F, f, M; C'), being concave means the second differential d>B < 0. By the
main inequality (4.1), we have: B(F,f, M) — B(F,f M — AM) > AM - f’| and thus
B>

Therefore, the main inequality (4.1) implies the following two infinitesimal ones

(4.4) d’B(F,f,M;C) <0 and %B;(F,f,M;C’)ZfW.

Actually, (4.4) is equivalent to the main inequality (4.1). Since by (4.4), we can

deduce

AM - < B(F,f,M;C) — B(F,f, M — AM;C)
1
< B<Fa f: M7 C) - 5 {B(F-Hf-HM-i—;C) +B(F—7f—aM—7C)} :
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3. Finding a super-solution via the Burkholder’s hull

3.1. Burkhélder’s hull and some reductions. Assume B(F,f, M;C) is a
smooth super-solution. In this section, we present an explicit function B(F, f, M; C)

with the help of the Burkhélder’s hull.

DEFINITION 4.6. The Burkhélder’s hull of B(F,f, M;C) is defined by

(4.5) u(f, M;C) =sup{B(F.f,M;C)—-C,-C-F}, £f>0, 0< M <C.
F

REMARK 4.7. This trick of eliminating one variable is due to D. Burkholder [27].

It follows from the definition (1.15) of B(F,f, M;C') that
(4.6) B(F.f,M;C)=C-B(F,f,M/C;1). Scaling Property

Thus, it suffices to consider only for C' = 1. We adopt the notations B(F,f, M) =
B(F,f,M;C=1), B(F,f,M) =B(F,f,M;C =1) and u(f, M) = u(f, M;C = 1).

PROPOSITION 4.8. The Bukhdélder’s hull u(f, M) satisfies the following properties

ou

o Ou S . : .
(i) 8M<f’ M)>f and (i) u(f, M) is concave

ProoF. The proof follows from the definition (4.5).
(i) From 2% (F,f, M) > f*, we conclude that B(F,f, M + AM) — B(F,f, M) >
AM - . Choose Fy that almost gives the supremum in the definition of
u(f, M), i.e. for small ¢ > 0, B(Fy, £, M) — C, - Fy > u(f, M) — ¢, then
u(f, M + AM) — u(f, M)
Z [B(Fo,f,M—l—AM) - Cp : FQ] - [B(Fo,f,M) - Cp . Fo —|—€]
= [B(Fo,f, M + AM) — B(Fo,f, M)] — ¢

> AM -ff —¢.
Letting € — 0, so g—;}(f, M) > f.
(ii) We need the following simple lemma.
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LEMMA 4.9. Let o(x,y) be a convex function and let (z) = sup, o(z,y),

then ®(x) is also a concave function.

PROOF. We need to see ®(Ax; + (1 — A)xg) > AD(x1) + (1 — A)P(z5) for
all x1, 29 and 0 < X\ < 1. Again choose y; and ys in the definition of &(x),
such that for small € > 0, p(z1,y1) > ®(x1) — € and p(x9,ys) > P(x2) — €.
Then

AR(z1) + (1 = A)®(22) < Ap(w1, 1) + (1 = AN)p(w2,42) + €
< oAz + (1= Nag, Ayp + (1 — N)y) + ¢

< O((Azg + (1 — N)ag) + ¢,
which proves the lemma. 0

A direct application of this lemma gives (ii).

O

REMARK 4.10. From Proposition 4.8 and (4.5), if the dyadic Carleson Embedding

Theorem 1.9 holds with constant C),, then there exists a concave function wu(f, M)

satisfying 2 (f, M) > £ and —C, - f* < u(f, M) < 0. On the other hand, if such a
u(f, M) exists, then we can define B(F, f, M) = u(f, M)+C,-F for F > £ 0 < M <1,
and so B is a super-solution that proves the dyadic Carleson Embedding Theorem with

the same constant C),. Hence, the best constant in the dyadic Carleson Embedding

Theorem is exactly the best constant for which the fuction u(f, M) exists.
Now, note the definition (1.15) of B(F,f, M;C') implies that
(4.7) B(tPF,tf, M;C) =7 - B(F,f, M;C) for all t > 0. Homogeniety

Hence, u(tf, M) = t* - u(f, M), which means u(f, M) can be represented as u(f, M) =
7 - p(M). For such a function u(f, M), the Hessian equals
p(p = DEF (M) pf 1! (M)
PP (M) (M)
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so the concavity of u(f, M) is equivalent to the following two inequalities
p(M) <0 and pp" — (p)(¢/)* > 0for 0 < M < 1.

The inequality 2% (f, M) > f* means ¢'(M) > 1 and ¢(M) also satisfies —C,, <
e(M) <0.

Hence, our task is to find ¢(M), such that

(Hyo<M<i1

(ii
(iii
(i

and the least possible constant is €, = inf | SUD s {—p(M)}.

)
) C?<¢w@<0

i) ¢'(M) =

)¢¢-WPNWVZO,

3.2. The formula of the Burkholder’s hull and an explicit super-solution.

We first introduce ¢(M) = —p(M) > 0, then ¢(M) satisfies

() 0< M < 1; (i) 0 < (M) < Gy (i) ¢'(M) < —1; (iv) 96" — ()(#)* >0,

and we need to consider C), = 1nf¢ SUP e {o(M)}.

Rewrite 9" — ()(¢)* > 0 as ¢! - (¢//¢")" > 0 or equivalently (¢//¢") > 0
Let (¢//¢*) = g(M) > 0 and denote G(M) = fOMg, we can solve
p—1 "

M) =
o) CM+C — [ G

where ' and (5 are some constants, such that CoM +C; — fOM G>0for0< M <1.
~1
Note that ¢/'(M) < —1, so sup _ d(M) = ¢(0) = [pc;llr . All we need to do

<M<1

p—1
now is to minimize [pc;ll] among all possible ¢(M).
To this end, we compute

p

p—l (G — G(M)),

,M:—
¢'(M) i+ O G

and use again ¢'(M) < —1 with M = 1, which yields

B =

ols—02+/ola+<p—1>-[02—0<1>]
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Remember that G'(M) = g(M) > 0, thus G(M) is increasing, in particular, fol G <
G(l),s0Cy < —[Co—G)]|+(p—-1)-[Cy— G(l)]% An easy calculation gives the
maximum of the right hand side equals (p — 1) - (p')™" when Cy = G(1) + (p')77,
therefore, C} is at most (p — 1) - (p/) 77 and thus [pc;llr_l > (p)P.

To write down an explicit super-solution, simply take G(M) = 0, Cy = (p/)7?
and C; = (p—1) - (p/)7, then

p—1 _ P’
CoM +Cy — [ G (p—1)- M+ (p—-1p"
and recall the relation B(F.f, M) = u(f, M) + C,F = (p/)PF — ¥ - (M), we obtain
(pf)”

(p—1)- M+ (p-Dp"

(M) =

(4.8) u(f, M) = —

(pf)?
(p—1)-[M+ (-1t

In the general case, we have u(f, M;C) = C - u(f, M/C) and B(F,f,M;C) = C -

(4.9) B(F,f, M) = (p)"F —

B(F,f, M/C). Therefore, we have proved the following theorem.

THEOREM 4.11. The Burkholder’s hull of the dyadic Carleson Embedding Theorem

1.9 s given by

. (pF)P
(4.10) u(f, M;C) = — CM (pf) .
p—1-[&+@-1P
A super-solution that gives the sharpness C, = (p/)P is
C- (pf)r

(4.11) B(F,f,M;C) = (p/)'F —

(p=1)-[Eg+@-DP

REMARK 4.12. Now that the dyadic Carleson Embedding Theorem 1.9 is proved,
the Bellman function B(F,f, M;C) exists with C, = (p/)?. However, the super-
solution B(F, f, M; C') obtained above is not the real Bellman function, since on the
boundary F' = f” the real Bellman function must satisfy the boundary condition
B(F,f,M;C) = Mf’ = MF, but the function we constructed does not satisfy this
condition. So, this super-solution only touches the real one along some set. For the

exact Bellman function B(F,f, M; ('), see [22] and [23].
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CHAPTER 5

The Bellman functions on filtered probability spaces 1I:

Remodeling and proof of the main theorems

In this chapter, we prove the two main results: Theorem 1.13 and Theorem 1.15.
The proof depends on a remodeling of the Bellman function B(F, f, M;C = 1) for an

infinitely refining filtration.

1. Properties of the Bellman function B/ (F,f M, C)

The Bellman function B/f (F.f, M; () associated to the martingale Carleson Em-
bedding Theorem 1.13 does not formally have the main inequality. But it still satisfies

the following properties.
PROPOSITION 5.1 (Properties of the Bellman function B/ (F,f, M;C)).

(i) Domain: Y < Fand 0 < M < C.
(ii) Range: 0 < B) (F,f,M;C) < C,-C-F.
(iii) Homogeniety: B;; (t*F,tf, M;C) = t” - B} (F,f, M; C) for all t > 0.
(iv) Scaling Property: B/ (F,f, M;C) = C - B/ (F,f, M/C;1).
(v) BE(F,£, M;C) > BE(F,f,M — AM;C) + AM - for 0 < AM < M.
In particular, By (F,f, M;C) is increasing in M.

PRrROOF. (i) follows from the Holder’s inequality and that {a,,},>0 is a Carleson
sequence. (ii) holds if we assume Theorem 1.12 is true. (iii) and (iv) are obtained
directly from definition (1.18). We explain (v) in more detail. Choose f > 0 and

{an }n>0 that almost give the supremum in the definition (1.18), i.e. for small € > 0,

EH

n>0
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where E# [f?] = F, B* [f] = £, B* [Y soan] = M — AM and E* [}, ax|F,] < C
for every n > 0. Since 0 < M < (), if we increase ag to ag + AM then everything is

retained except we have now E [ano an] = M and

EH

Zanf,i’] > B (F.f,M — AM;C) — e+ AM - .

n>0

Letting ¢ — 0, we obtain Bf(F,f,M; C) > Bf(F,f,M—AM; C)+AM -f. |

2. Remodeling of the Bellman function B(F,f M;C = 1) for an infinitely

refining filtration

In this section, we present a remodeling of the Bellman function B(F, f, M;C = 1)
for an infinitely refining filtration, which is central to the proof of Theorem 1.13 and
Theorem 1.15. We use the notation B(F,f, M) = B(F,f, M;C = 1) in this and later
sections.

Consider the unit interval I = [0,1] € D, let {I]k 11 < j < 2%} be its k-th
generation desendant by subdividing I into 2* congruent dyadic intervals and denote
=1

Starting from the definition (1.15) of the Bellman function B(F,f, M), we can
find a function f > 0 with (fp)l = F, <f>1 = f and a sequence {a(]}

Jcr’

ZJ Lo, = M satisfying the Carleson condition with constant C' = 1, such that
-

the sum a (f)? (almost) attains B(F, f, M).
Jcr J J

To proceed, we further assume that the sequence {aJ} has only finitely many

JCI

non-zero terms. Hence, the indices of {aJ} , belong to the collection {If:1<k<

JC
N,1 < j < 2%} for some fixed integer N, i.e. _for all J ¢ {I]k 1<k <N, 1<5<2k)
we have o = 0. As a consequence, we can think the function f being piecewise
constant on all {7 :1 < j <2V}

Now, let us do the remodeling. Fix a small ¢, 0 < ¢ < 1. Consider a discrete-time
filtered probability space (X, F,{F,}n>0, ). The initial construction is A = X,

and this is F,, -measurable, where nog = 0. Assume that the F, -measurable sets

Xjk, 1 < j < 2% are constructed. We want to inductively construct JF,, .,-measurable
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sets Xf“, 1 <j <2M1 Take a Fn,-measurable set Xf. Our construction consists
of two steps.
The first step is a modification of the set Xj’“. For the given ¢ > 0 and Xjk €
Fa,, Definition 1.11 guarantees the existence of a real-valued F, x-measurable random
J
. . .. 2
variable h (n§ > ny), such that: (i) h1 | =1_ and (ii) fxf |y |dpe < S p(XT). The

condition (ii) is chosen in such a way that

(5.1) 0 ({x € XL |hy,| > g}) < §M<xjk).

Let 5(7“ = XF\ {z € X : |h, | >¢/2}. So we can conclude |h,, | < ¢/2 on )A(]?“, and
moreover, (1 —&/2) p(X}) < u(XF) < p(X}).

In the second step, we set X357 = k??ﬂ{h =1} and A} = jf\z?ﬂ{h = —1}. Since
'f;(} hdu‘ < S il < Sp(XF), which gives (A5 ) — p(A5)| < 5u(xf) <

Sp(XF), we have

(5.2) %(1 — &) < max {M(ijtH) N(X2’3+1)} < ;

eI A

Do this for all Xjk, 1 <j<2%and let ngy, = max{n? 11 < j <2k} Hence, we

construct f,, . -measurable sets Xf“, 1 < j < 2k Our construction stops when
k=N.
Now that we have constructed {Xf :0< k< N,1<j<2F} We can define a

new sequence {ay },>o on the space (X, F, 1) as

ky—1
Oy = uA) alf,

0, if € X\, X

ifxE./Yj!C

and «,, = 0 for all n’s different from n;,,1 <k < N.
Finally, set the new function fas flxN = flIN ;1 <5 <2V and set fv: 0 on
oN N . re ’ . ’ : k
X\ Uj_, &;". Note that the function f is also piecewise constant on all {X; : 0 <

k<N, 1<j <2k,
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REMARK 5.2. This construction guarantees that E* [ano o] = ZJCI a, =M
and E# [ﬂ = f>1 = f. Later in subsection 2.2 and subsection 3.2, we use a slightly

modified version of this construction.

We will frequently consult to the following proposition.

k+1 k+1
PROPOSITION 5.3. (i) 5(1 —¢) < max {”L)(Cij;)l), “L)((;jk))} <i(1+e).
J J

(ii) For every subset E € F,, and u(E N XF) >0, we have

p(ENXy) (BN Xy 1
(5.3) max{ I J < —-(1+e¢).
wW(ENXF) T w(EnX)) 2
Combined with (i), we have
5.4 u(EN X2kjt11) u(EN X2kj+1) < l+e wEN ng)
p( 2;'71) 1 2 ) 2 HA

(i) (1—e)f < ™) < (14 o) for all0< k< N,1<j <2,

(iv) (1—8)’“(f>IH < <f>XN7k7M < (1+5)’f<f>IH forall0 <k < N,1<j<2k
PRrROOF. (i) This is (5.2) from our construction.

(ii) This is an important extension of (i). But we only have the upper bound es-
timation in this general case. Recall that our construction gives |h,,| <

hdp| < [ < e lde < Su(E 0 XF), which is

/2 on Xf, so

fEm)?f
(BN XED) — (BN XET| < Sp(E N XF) < Su(E N XF). So we obtain
(5.3). (5.4) follows from (5.3) and (i).
iii) We prove this by induction. For k = 0, we have pu(X?) = |[I9| = 1. Assuming
1 1

(iii) holds for k, by (i) we can estimate for X}5*' (same for X)) that

k+1 k+1 k

(1 _S)kﬂ < M(X2j+ ) _9. N(XQJ‘ ) _ M(Xj) < +€)k+1'

TR (X 1y T

(iv) Again by induction, for £ = 0, since leN = fl[N’l <j <2V and f: 0
J J

on X'\ Ujil AN, we have <f>XN = <f>1N' Assuming (iv) holds for k, by
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(i) we have

A=) ey <D

N—(k+1)
j X N

X)) Xy ")

(DY g () g

S (@) o

3. The Bellman function Bf(F, f, M;C) of Theorem 1.13

3.1. B (F.f,M) < B(F,f,M). We show (1.19) for the case C' = 1 and the
general case follows from the scaling property. Take the Bellman function B(F, f, M)
of the dyadic Carleson Embedding Theorem. Consider an arbitrary function f > 0

and an arbitrary Carleson sequence {ay, },>0 with C' = 1. Set for every n > 0,

zakm]) |

k>n

X" = (F" 1, M") = (E“ 71 Fu]  BH Lf ], X

Fix the initial step

X0 = (E“[fp],w[f],w

ZanD = (F.f M).

n>0
By (1.16), we have 0 < M™ < 1. Also, " = f, and when n > 1, F" " and M" are

random variables.

LEMMA 5.4. For every n > 0, we have
EF [B(X™)] — B [B(X™)] > E* [, f2],
where B(X"™) = B(F™, f*, M™).

PROOF. Recall that the Bellman function B(F, f, M) satisfies (4.3). Note also we

have

X" = [X"F,] 4 (0,0, a).
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By (4.3) and the Jensen’s inequality, we deduce
B(X") > B (B [X"F]) + anf? > BF [B(X™)|F] + anf?.
Taking expectation, we prove exactly

B [B(X™)] — B [B(X™)] = B [on f] .

Summing up, we get the inequality

> anf?

n>0

E <> (BB — E*[B(X™™)]) < B(X").

n>0

Hence, we conclude that B} (F,f, M) < B(F,f, M).

3.2. B (F.f,M) = B(F,f, M) for an infinitely refining filtration. To show
(1.20), again we consider C' = 1. Note first that on the boundary ff = F, we
have Bf(F, £, M) = B(F,f,M) = MF. For the case f < F, we need to apply the
remodeling from section 1.

For technical issues, we slightly modify our remodeling here. First, by the conti-
nuity of B, there exists §; > 0, such that f < F' — 6; and B(F — §;,f, M) is close to
B(F,f, M). Next, by the definition of B, we can find a non-negative function f on
the unit interval I = [0, 1] with (fp>I = — 6y, <f>1 = f and a sequence {on}

Jcr’
ZJCI o, = M satisfying the Carleson condition with constant C' = 1, such that the
sum ZJCI a, (f >i (almost) equals B(F, f, M). Moreover, by again the continuity, we
can choose a finite subset of {aJ}Jg such that ZJCI a, = M — 0, for some 6, > 0

and ZJCI on( f )i still (almost) equals B(F, £, M). For simplicity, we assume exactly
(5.5) Z o (f)P = B(F,f M).

Let the indices of {a } _ belong to the collection {If :1<k<N,1<j<2%)
for some fixed integer N. Choose ¢ > 0, such that F' — §; < F/(1 +¢)". We do the
remodeling with this & > 0 to construct {XF:0 <k < N,1 < j < 2"}, {an}nzo and

fon the space (X, F, u). To proceed, we observe that
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LEMMA b5.5.

(5.6) B[P < a+e)¥im),.
PRroOF. By (iii) of Proposition 5.3,
P =, ) < DA (NI = (42,

O

So (5.6) and (f?) = F —6; < F/(1+¢)" imply that E* [fp} < F. Also recall
from the remodeling, we know E# [f] = (f )I = f. Let us further modify the function
f in the following way. Note that we are working on an infinitely refining filtration
(see definition 1.11). There exists a simple function g behaving like a Haar function,
such that g is supported on &7}, <g>XN# =0 and 0 < E#[|g|’] < oo. Consider the

1
continuous function

~ p
a(t)zE“[f#—L‘g’ ]
Thus, a(0) < F and lim;,o a(t) = oco. Hence, we can find t5 > 0, such that
E# [ ]?—l— tog‘p] = F. Update ]? to ]?—i— tog. We have then E* [ fﬂ = F and

E+ []7] = f. Note here the updated function f might be negative, however, all the

relevant average values we will use are still non-negative.

Now, let us discuss the properties of the Carleson sequence {a,}n>o. Directly
from the remodeling, we know E* [ano an] = ZJCI o, = M — 5. Moreover, we
can prove )

LEMMA 5.6. The non-negative sequence {auy, }n>o satisfies each o, is F,-measurable

and

(5.7) E*

(1+e)™
Zak]}" for every n > 0.

k>n )

PRrROOF. From the construction, it is clear that each «,, is non-negative and F,-

measurable. So we need to show for every JF,,-measurable set E, we have

1+e)V

Zakl ] < WM(E)
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Denote by kg = min{k : ny, > n}. Since E# [Zan aklE] = [E+ []E“ [Zkzko Oznk|fnko} 1E},

it suffices to show

E*

(1+e)V
> ank\fnko] (EEE

k>ko

or equivalently, for every JF,, -measurable set E, we have

(1+e)V
> anklE] < o~ - u(E).
Now the explicit computation shows

IURHES o i

k>ko k>ko j=1 J )

meﬂ
EH - @ J7

An iteration of (5.4) gives

pENXY) _ (4o wENXN)
WX S 1o (A

, whenever Xf C Xlko.

So we can estimate

(1+2)Y w(EnAR)
< . Carl
= Z (1—o)¥ M(Xlko) Z alf’ {oz]} arleson sequence

vk ko
koj:XECA)

2ko0
o+ 3 pENXR) |k
— !
=G

g%z EmX’“O)S%-u(E).

, Proposition 5.3 (iii)

To finish, we need one final lemma.
LEMMA 5.7.

(5.8) E fa

e

n>0

p] > (1= a (f).

J
JCI
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PROOF.

ol il =me T

Fur|

> Z Z a fnk Z Z a (f* , Proposition 5.3 (iv)

>
n>0

SUNEALES w oY

k>0 j=1 j,u

k>0 j=1 J j’ k>0 j=1 J
N N
(1—e) Zzalk fro==ePNy o (f).
E>0 j=1 JCI

O

Summarizing, we have constructed a function f and a Carleson sequence {a, }n>0

ﬂp] = £ [ﬂ = fand B [35 o50n] = 32 4=

satisfying (5.7) with E* [ .
M — §5. By (5.5) and (5.8), we deduce )

Br (F,f,M—52;0: %) > (1 —g)PNZaJ<f>§ = (1—e)"NB(F,f,M).

And Proposition 5.1 (iv) and (v) imply that

B <F £, M — 65, C = ((fj;));;) = ((11j§))21v35 (F £ %(M - 52))

(L+e)V »
< mb’” (£, f,M).

Letting € — 0, we prove exactly Bf(F, f, M) > B(F,f, M). The other inequality

is proved in the subsection 3.1.

4. The Bellman function gf (F,f) of the maximal operators

4.1. gf(F, f) < BJ(F,f,1). Let us relate the maximal function (1.21) to the

Bellman function B/f (F.f, M). Define a sequence of sets

E, = {x € X : n is the smallest non-negative integer, such that f*(z) = |f.(z)|}.
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Obviously, {E,},>0 forms a disjoint partition of X'. We can compute

p Pl = E¥ P1
1N ey = EVFT] >l ]
n>0
— EM ZEM |fn|p]
n>0

Let o, = E“[lE |Fn], n > 0. The connection between the maximal function (1.21)

and Bf (F, £, M) relies on the following simple fact.
LEMMA 5.8. {ay}n>0 is a Carleson sequence with C = 1. (see Definition 1.10).

PROOF. It is clear that each «,, is non-negative and JF,-measurable. Moreover,
for every set £ € F,,, we have E# [Zan aklE} = E# [Zan lEkﬂE} < u(E). So we

prove the claim. 0

To prove (1.24), fix E*[f?] = F and E*[f] = f. Since {an}n>0 is a Carleson
sequence with C' =1 and E# [ano @] = 1, we conclude that gf(F, f) < BJ(F,f,1).

4.2. gf(F, f) = Bf(F,f, 1) for an infinitely refining filtration. Again, we
appeal to the modified remodeling from subsection 2.2, but only with M = 1. Note

that we have

g .]}:“Lp =& ]?;Lk

fo

)

>
n>0

NS w ol

k>0 j=1 Xk

To proceed, we observe that

LEMMA 5.9. For every 0 < k< N and1 <7< 2k we have

< (1+E)k<f> .

—k‘ AN T (T =)k TaN ks

(5.9)

i

PROOF. First note that

an—k‘l;(JN—k = an_k 1)(].N—’€ for every 0 < k < N
and 1 < j < 2%, Induction on k, for k = 0, the construction of J?immediately

gives an 1XN = <f>XN , 1 < j < 2N Assuming (5.9) holds for k, then for every
i i
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.7:nN c 1)—measurable set B, E C X ~) and w(E) > 0, we can estimate
—(k+

/Ean_(kH) 1XJN7(k+1) i = /EnXN (k+1) fp= /EQXQN ¥ In N—k dp + /EmXQN—k an—k dp
(14 [, - )
ST [Py MED XNh ¢ (F) o HEN X .
=1 27 )

And hence, we deduce

- f N—(k+1)
/Ean—(lH-l) 1X,N—(k+1) du, (EC X, )
J

Qo[- wEAXYH o wEnX ]
T (L—e)t <f>xN b (B0 XNTE " <f>x;g*k7,ﬁ p(E N xNF) 1 (5:3)
< ;(1 + 5)’;“ [<f>xw—k + (f)XN_k , Proposition 5.3 (i)
251K 25 oH
A+ =
( )k+1 <f>X_N7(k+1)7u

J

Since this is true for every ]:”N o) -measurable set F/, E/ C Xij(kH) and p(E) >0,
+

we prove (5.9) for k + 1. O

Applying (5.9), we have

Salif] - SS e () < EI S i

k>0 j=1 .,p, k>0 ] 1 j M
And note that Proposition 5.3 (iii) implies

R+ };

J

1
Do oy, SIS o s for every 0 < ko < N.1 < jo < 2%
k,j: IJ’“QIJ

Now, let us recall a useful lemma established in [22], formulated in our language,

LEMMA 5.10. Suppose a, >0, where 0 < k < N,1 < j <2 satisfies
(5.10) > a, < Cp(Xk)
k.j Ifgjo

for some constant C > 0, then we can choose pairwise disjoint measurable .A? cXx

such that Ay C Xf and a, = Cu(AY).
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Proor. Without loss of generality, we can assume C' = 1. We start at the level
k = N. Since (5.10) with C = 1 implies a, < (X)) for every 1 < j < 2V, we can
choose AY € AN such that a, = = p(AY ) Assuming that we have chosen pairwise

disjoint measurable A;? for all k > ky+1 and 1 < j < 2% note that (5.10) with C' =1

gives

E ko ko k
a kg + alk = 'M(on )’ SO alko S p on \ U Aj ’
0 kgIECIO 70 ki IEGIO

and thus we can choose measurable set Afg - Xj \ Uk kg AP, such that al . =

,u(.Afg) Continue this process for all the indices. This proves the lemma. U

By Lemma 5.10, we can estimate

(1+
Zozn p] 1_§pNZZqu

n>0 k>0 j=1

E# fn

- pN ZZ T AN,

k>0 j=1 xF,
(L+ e 77 .
< m ZE“ 1| disiointness
>0 j=1
(L+e)PN TP
=1 = o)eN [ f ] :

Applying (5.5) and (5.8) with M = 1, together with Theorem 1.13, we have

> an p] > (1= ) a ()

JCI
= (1—e)P"B(F.f,1) = (1—¢)’"B} (F.f,1).

pN
(1+¢) a ]EE“

(1 — g) (p+1)N

E“[ f

Recall that E* |
gf(F, f) > B7(F,f,1). The other inequality is proved in the subsection 4.1.

p ~
ﬂ ] = F and E* [f} = f. Letting ¢ — 0, we prove exactly
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