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Abstract of “Combinatorial and Geometric Structure in the Self-Assembly of Poly-
hedra ” by Daniel C. L. Johnson, Ph.D., Brown University, May 2015

We consider a discrete attachment model for the self-assembly of polyhedra called

the Building Game. The combinatorial configuration space of the model is computed

for the Polyhedra in the Platonic, Archimedean, and Catalan solids of up to 30 faces

and several novel enumerative results are generated. Further, we extend the Building

Game to include geometric information in the form of a polygonal linkage. Using

systems of constraints to specify the linkage, the geometric configuration space is

given as a solution manifold. A random walk scheme is used to simulate reflected

Brownian motion on the geometric configuration space manifolds. The combinatorial

and geometric aspects of the Building Game are combined and used in a Markov

process model for measuring statistics of the self-assembly process.
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Introduction
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Self-assembly is a class of formation process in which a product is constructed with-

out explicit manipulation of its individual parts: many—often identical—parts come

together by utilizing the dynamics of their environment to create the finished struc-

ture. Such processes can often be encouraged by manipulating broadly controlled

parameters of the assembly environment such as temperature, solution content, and

assembly subunit selection.

There are many examples of both natural and synthetic self-assembly process that

take a wide variety of length scales and serve a plethora of functions. An area of

much active research is the self-assembly of RNA, proteins, and viral capsids. These

biological processes act on the nano scale and, while it is known that their formation

can be aided by a variety of secondary mechanisms, the formation process is not

well understood in general. Synthetic examples of molecular self assembly include

the formation of supramolecular cages. These cages, composed of many subunit

molecules, are large enough to encapsulate smaller molecules and show promise in

contributing to a number of medical and scientific fields including drug delivery and

nano-scale circuits.

In general, the processes of biological self-assembly are not well understood due to

difficulties arising from their small length scale. Conversely, synthetic self-assembly

processes often lack the complexity and sophistication of their biological equivalents.

In both cases, central themes of self-assembly are similar. Of primary importance

is identifying the pathways of formation which consist of a specific order in which

unfinished intermediate states are visited before the assembly is completed. It is

thought that these pathways are often robust in the sense that the process follows a

very small number of pathways to form the end product, despite an overwhelmingly

large number of distinct pathways that are possible. It is also of interest to identify

mechanisms by which failed or flawed formations can be avoided or minimized. Pos-
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sible strategies include the selection of specific precursors, the selection of solution,

and the mid-assembly control of experimental parameters.

The goal of this work is to provide a framework in which the interplay between

the combinatorial and geometric aspects of self-assembly processes can be analyzed.

1.1 Polyhedra

We focus on the self-assembly of polyhedral structures for a number of reasons. First,

there is a rich history of using polyhedra as representative models for molecular

structure [26]. Whether it is treating carbon atoms like tetrahedra or the C60 Buck-

minsterfullerene as a truncated icosahedron, it is natural to model the connectivity

structure of molecules using polyhedra [7]. One could view each molecular subunit

(carbon atom in the case of C60) as a vertex and each subunit to subunit bond as an

edge to define the structure as a polyhedron. Sometimes the dual perspective–with

each subunit being a polyhedral face and edges existing between bonded subunits–is

more useful.

Aside from the clear connection to molecular structure, polyhedra are also mathe-

matical objects with a rich literature and known properties. From the ancient Greeks

to the present day, polyhedra have been a cultural fixture for thousands of years as

evidenced in the diverse fields of architecture, computer graphics, and board games.

As three dimensional structures composed of two-dimensional faces, the construction

and assembly of polyhedra is easier and more reliable than other three dimensional

alternatives.

There are a few fundamental classes of polyhedra we consider throughout this
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work. The Platonic solids, composed of the tetrahedron, cube, octahedron, do-

decahedron, and icosahedron are the five polyhedra that are composed of only one

type of regular polygon. The tetrahedron is self-dual with the cube-octahedron and

dodecahedron-icosahedron pairs dual to each other. The Archimedean solids are

defined by relaxing the Platonic conditions to allow its polyhedra to be composed

of two or more regular polygons. With a total of thirteen member polyhedra, the

Archimedean solids also have the property that each vertex has identical connectivity

properties. The Catalan solids are Dual to the Archimedean solids. Also composed

of 13 polyhedra, each Catalan solid has only one type of face, but that polygon is

not regular [3].

The theory of polytopes provides a d-dimensional generalization of polyhedra.

While we restrict our focus to 3-dimensional polytopes, the mathematical structure

of polytope theory is at times useful. In particular, a 0-dimensional polytope is a

point, a 1-dimensional polytope is an edge, a 2-dimensional polytope is a polygon

and a 3-dimensional polytope is a polyhedron. A polyhedron along with all of its 0,

1, and 2-dimensional substructures is called a polytopal complex [32].

1.2 Scientific Motivation

Polyhedra play in important role in many organic and synthetic self-assembly pro-

cesses. From being a model for molecular subunits to representing an assembled

spherical product, polyhedra form a natural construct for describing a variety of

these processes. We present a number of scientific applications that motivate the

interplay between polyhedra and self-assembly [24].
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1.2.1 Self-Folding Polyhedra

In experiment, Pandey et al. have been able to form closed sub-millimeter scale

polyhedral structures from the self-folding of flat polyhedral nets [22]. Using pho-

tolithography, these nets are cut from a two dimensional sheet with great precision.

By adding a specific amount of solder at the net’s hinges, surface tension from the

melted solder causes the net to fold up into the closed polyhedron. Several different

polyhedra have been attempted with varying degrees of success. The geometric struc-

ture of each net was shown to have a major influence on its propensity to successfully

assemble into the polyhedron. In some cases, two distinct polyhedral isomers can be

formed from the same net [23].

1.2.2 Molecular Cages

Self-assembly of molecular cages are the subject of much active research. By isolating

individual molecules of interest inside a molecular cage, targeted application of these

molecules is theoretically possible. This has enormous implications in the medical

industry. For example, if a drug molecule can be encapsulated in such a cage and

released when the cage is at a desired location in the body, side effects caused by

the drug interacting with other parts of the body can be reduced. Other medical

uses are foreseeable given that these molecular cages provide a framework for self-

assembling structures on the length scale of proteins. Additionally, by creating a

grid-like network of such cages, it may be possible to construct functional electric

circuitry on the nano scale [29].

Fujita et. al. have theorized and subsequently synthesized a family of organometal-

lic cages consisting of metallic connector molecules (M) that each connect four bent
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ligand molecules (L). With the M molecules as vertices and the L molecules as

edges, they can form polyhedral cages. Due to geometric constraints, the number

of M and L molecules in a completed cage must satisfy |M | = k and |L| = 2k for

k ∈ 6, 12, 24, 30, 60. Each of these five choice of k results in a cage that geometrically

resembles a specific Archemedian solid [15].

In one experiment, two different ligands (L1 and L2) with slightly different bend

angles were used. As the ratio of L1 : L2 was varied, each ratio only resulted in the

formation of one of the possible cages. More specifically, for ratios L1 : L2 < 0.25

onlyM12L24 formed and for L1 : L2 > 0.25 onlyM24L48 was formed. Explanation for

this steep and curious cutoff remains an open problem that mathematical approaches

could shed light on.

In experiments by Liu et al, polyhedral supramolecular cages made from different

molecular species were synthesized [17]. Theoretically, a tiling pattern of the molecu-

lar species is chemically possible, but it was not observed experimentally. Additional

experiments in which copies of two types of molecular species could be combined to

form two different polyhedral cages were proposed. It is unknown if both potential

polyhedral cages would form or if one would be significantly more favorable over the

other. Being able to predict the results of such experiments via mathematical anal-

ysis and simulation would be a significant contribution toward optimizing strategies

for the self-assembly of supramolecular cages.

1.2.3 Viral Capsid Assembly

A large class of biological viruses have a capsid with icosahedral structure. With

clear public health implications, understanding how viruses self-assemble is impor-
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tant. This topic has been well studied and a wide variety of mechanisms have been

evidenced to contribute, but there still is no general understanding of the process in

which a virus’ capsid is formed [1]. Viral capsids come in many shapes and sizes,

but a significant portion of them are icosahedral in structure. The seminal work

of Caspar and Klug identified this connection between polyhedra and viral capsids,

and continues to inform research on the process in which they are formed [2]. Un-

derstanding the pathways by which a viral capsid forms may be key in preventing

or slowing down replication in future medical research.

1.2.4 RNA and Protein Folding

Protein and RNA folding are active fields of research. If we can predict the three

dimensional structure of a RNA or protein based on its amino acid sequence, we will

know more about its biological function. As many human and animal disorders are

caused by proteins folding abnormally, their cures may lie in the understanding of

the folding pathway. While we do not directly consider applications relating to RNA

and protein folding, success with the above problems may also provide insights for

this complex topic [16].

1.3 Mathematical Constructs for Self-Assembly

Discrete geometric models for self-assembly are our primary focus. These models

often decompose the self-assembly process into many intermediate steps. Organizing

the space of these intermediate configurations as a graph, successful assemblies are

paths through this graph. Using the mathematical structure of the graph, a quan-
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titative analysis of the process is possible. The following are different mathematical

approaches to self assembly. The attachment and folding models employ the graph

enumeration strategy, but others are more qualitative.

1.3.1 Attachment

First proposed by Wales, the Building Game is a discrete attachment model that

simulates the sequential construction of polyhedral structures [30]. Subsequent work

by Zlotnick modified the original model and used it to examine icosahedral viral

capsid assembly [33, 6]. Much of our work revolves around the Building Game and

it is explained in great depth in the next chapter.

1.3.2 Folding

Another model–we refer to as the Folding Model–was used to model the self-folding

of meso-scale metallic polyhedra mentioned in section 1.2.1. In this model, a poly-

hedron’s net is sequentially folded up into the finished polyhedron. At each stage

one vertex is closed by a folding move. In analogy with the Building Game, we can

define folding intermediates to be partially folded states and a state spaces where

intermediates are connected if one can form the other by folding to close an addi-

tional vertex. One possible sequence of fold resulting in the octahedron is shown in

figure 1.1.

Interestingly, each polyhedron may has multiple nets. In fact, the number of

distinct nets grows rapidly with the size of the polyhedron. Certain nets have dif-

ferent folding pathways and measuring the favorability of one of these nets over
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another introduces an design problem. If nets that fold into the completed polyhe-

dron most reliably can be identified, the efficiency of the self-assembly process can

be optimized [22, 23]

Figure 1.1: A sequence of Folding Model intermediates beginning with an octahedron net and
successfully forming an octahedron.

Figure 1.2: A sequence of Folding Model intermediates beginning with an octahedron net and
resulting in the boat configuration.

The Folding Model allows folding sequences that do not result in the initially

intended polyhedron and can terminate in other polyhedra and blocked states. For

example, many of the intermediates that cannot fold into the octahedron end up

folding into a non-convex boat intermediate. This is depicted in figure 1.2. This

explicit modeling of misfoldings is an important feature of the Folding Model since it

allows for a mathematical treatment of the robustness of successful folding relative

to other possible outcomes.

1.3.3 Local Rules

Several previously studied models for self-assembly can be classified as local rules

based approaches. Such models typically consist of a collection of components that

can be combined according to a specified grammar. While this is a basic idea,
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the variety of possible component and grammars makes this a widely flexible class

of models. Schwartz et al used such a model to describe the assembly of viral

capsids [1, 27]. These capsids are composed of proteins that can each assume a

number of conformations; by putting a grammar on the ways in which proteins of

different conformation can combine, they were able to successfully form a variety

of viral capsids in simulation. While this class of models is powerful, we have not

actively pursued any such models. Introducing a local rules approach might allow

the Building Game to be generalized in a way that allows formation errors as in the

Folding Model.

1.3.4 Energy Landscapes

Due to the scale of many of these self-assembly processes, statistical mechanics pro-

vides a natural framework for thinking about these models. Each intermediate con-

figuration of self-assembly processes is a local minimum of the potential energy land-

scape and the Gibbs distribution provides the stationary measure for the process.

Dynamics of the process are dictated by energy barriers that must be overcome for

the process to transition between potential energy minima.

This idea carries over to our discrete model. Every intermediate is treated as a

local minimum and assigned an energy level. Graph connections are given energy

barrier heights that must be overcome. The dynamics of discrete process are modeled

using a reversible Markov process with transition rates proportional to energy barrier

differences. With this flexible mathematical machinery, a wide variety of questions

can be asked: from pathway probabilities to formation related stopping times.

Wales et al. introduced a graphical way to represent the structure of a potential



11

surface possessing many local minima and intermediary transition states [31, 4].

Named a discontinuity graph, the tree with leaves representing local minima of the

potential surface and other connecting nodes representing transition states that the

minima can be reached from. This provides a way of picturing the structure of

the a potentially high dimensional energy landscape that looks past simple energy

differences. The vertical height of each node is used to represent the potential energy

of that state. Horizontally, the tree is organized to partition these local minima into

corresponding funnels. If the graph is truncated at a specific energy level, two minima

are reachable via transitions to states strictly below this truncation energy if and

only if they remain connected in the truncated disconnectivity tree.

While not a quantitative way of assessing a model’s pathways, disconnectivity

graphs are extremely useful in identifying broad qualitative properties and can be

instrumental in gaining insight into a model’s dynamics. The use of such graphical

and otherwise qualitative techniques should not be overlooked as they can inspire

techniques for more quantitative analysis.

1.4 Original Contributions

The Building Game specifies a set of finite intermediate states that may be observed

in the successful self-assembly of a polyhedron. We provide a formal mathematical

definition for the Building Game and organize the set of allowed intermediates into

a graph called the combinatorial configuration space. We have enumerated the com-

binatorial configuration space for all Platonic, Archimedean, and Catalan solids up

to 30 faces. This constitutes the most comprehensive enumeration of the Building

Game to date. Graph statistics for these computations are presented in table 3.1.
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The relation between the Building Game and the mathematical concept of a shelling

is established. The shellable subgraphs of combinatorial configuration spaces are

computed with statistics recorded in table 3.2. Finally, the shellable subgraphs are

used to calculate the number of shellings for each polyhedra as seen in table 3.3. We

believe these to be previously unknown quantities.

Each Building Game intermediate is defined by its combinatorial structure, but

by treating it as a linkage in three dimensions its definition is extended in a ge-

ometric sense. Concatenating the 3-dimensional vertex locations, each geometric

configuration is specified as a point in an n-dimensional space. Since each geometric

configuration must satisfy certain combinatorial and geometric properties, we en-

force these conditions by using a set of algebraic constraint equations. The solution

set of these constraint equations specifies an algebraic variety in the n-dimensional

ambient space and the dimension of this variety gives information about the mobility

of the intermediate. To examine the geometric configuration space more thoroughly,

we consider a reflected Brownian motion on the variety. Boundaries here are added

to preclude the geometric configuration from intersecting itself when embedded in

three dimensions. A random walk rejection sampling scheme is used to sample paths

from the reflected Brownian motion. These samples allow us to address scientific

questions pertaining to self-assembly. Firstly, the role of rigidity in the self-assembly

intermediates is explored both in terms of degrees of freedom and with more nuanced

mobility statistics. Additionally, our framework allows for a natural method for ex-

tracting transition rates between intermediate, a task that is difficult to perform

experimentally. The combinatorial configuration space for the cube is illustrated in

figure 2.6 and different geometric configurations for one of the octahedron interme-

diates is shown in figure 4.1.

In this work we have shown ways in which combinatorial and geometric structure
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of self-assembly intermediates are related. We model the self-assembly process as a

Markov process using the Building Game combinatorial configuration space. It is

the addition of geometric information that allows us to define transition rates in a

physically meaningful way. The combination of these two perspectives allows for a

more complete understanding of the underlying processes than either could provide

individually.



Chapter Two

The Building Game: Modeling
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2.1 The Building Game as a Mathematical Frame-

work for Self-assembly

The Building Game was first introduced by Wales [30] as a model for the formation

of closo-boranes. Zlotnick subsequently altered the Building Game and used it as a

model for the assembly of polyhedral viral capsids [33]. In the model, a capsid is

idealized as a polyhedron with each face treated as a subunit. Assembly proceeds

from a single face with a second face attached to the first along an edge. At each

subsequent step of the process, an additional face is added along an edge of one of

the already added faces. The process ends when all of the faces have been added

resulting in a completed polyhedron.

A useful way to think about the Building Game is as a sequential coloring process.

Given a polyhedron with each face painted white, choose a face and paint it black.

At each subsequent step, choose a white face that is adjacent to a black face and

paint it black. Repeat until all faces are black. Here the black faces represent a face

being present at a given step of the assembly process.

2.2 Formal Definition

We formalize the Building Game in terms of the group action of the polyhedron’s

rotation group G acting on subsets of F , the polyhedron’s face set. Using the poly-

hedron’s dual graph G (F,E) whose nodes are the faces F of the polyhedron and

connections E correspond to the pairs of faces sharing an edge we can define the

mathematical structures that comprise different Building Game configurations.
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Definition 1. A Building Game state x ⊂ F is a non-empty subset of the faces

F of a polyhedron such that the sub-graph of G restricted to x, G|x, is a single

connected component. As a result, every state can be formed through the Building

Game attachment process.

Schlegel diagrams are two dimensional projections of the three dimensional poly-

hedron [28]. By coloring different subsets of faces, it is often useful to depict Building

Game states with Schlegel diagrams. Figure 2.1 uses Schlegel diagrams to depict all

of the states of the tetrahedron. Since every face of the tetrahedron is adjacent to

every other face, any non-empty subset of faces is a Building Game state. Thus,

there are
(

4
k

)

tetrahedron states that have k faces and 24 − 1 = 15 states in total.

As pictured in figure 2.3, some subsets of faces are not states. For instance, the

Figure 2.1: The Building Game states of the tetrahedron.

subset of octahedron faces with only two faces that are not adjacent is not a state.
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Similarly, the subset of two faces meeting only at a vertex is not a state as they are

not connected through edge adjacency in the graph G. However, when more faces

are added to connect these faces in G the subset is indeed a state.

Figure 2.2: Examples of octahedron states.

Figure 2.3: Examples of octahedron non-states.

2.2.1 Group Actions

It is easy to see that many states are combinatorially equivalent and are just rotations

of each other. As in Endres et al., we group the states into sets that are rotations of

each other [6]. However, to do so, we must first build the mathematical infrastructure

using group actions.

Definition 2. A group action of a group G on a set X is a function mapping

G × X to X with (g, x) 7→ g.x that satisfies: (i) (gh).x = g.(h.x) for g, h ∈ G and

(ii) e.x = x for e the identity element of G [25].
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We typically use a polyhedron’s rotation group or one of its subgroups as G and

2F , the set of subsets of F , as the set X that G acts on. In this case, the action

g.x permutes the faces of the polyhedron according to the element g of the rotation

group and results in a new subset of faces. Here, we introduce the concepts of orbits

and stabilizer subgroups as they play an important role in our later analyses.

Definition 3. Let G be a group acting on a set X, the orbit of an element x ∈ X

is the subset G.x
.
= {g.x : g ∈ G} of X [25].

We also use the shorthand notation [x] to refer to the orbit G.x since an orbit

can be thought of as an equivalence class under the relation x ∼ x̂ if there is a g ∈ G

such that x = g.x̂.

Definition 4. For a group G acting on a set X, the stabilizer subgroup for an

element x ∈ X is the subgroup Gx
.
= {g ∈ G : g.x = x} of G that fixes x [25].

Now, we introduce three classical results of group actions that relate orbits and

stabilizer subgroups and add a corollary that we will use frequently.

Theorem 1 (Orbit-Stabilizer [25]). Let G be a group acting on a set X, then for

any x ∈ X, |G.x| = [G : Gx], the number of left-cosets of Gx.

Theorem 2 (Lagrange [25]). If G is a finite group and S ≤ G, then |S| divides |G|

and [G : S] = |G|/|S|

Lemma 1 (Burnside [25]). Let G be a finite group acting on a set X, then

|X/G| = 1

|G|
∑

g∈G

|Xg|

where |X/G| is the number of orbits and |Xg| = {x ∈ X : g.x = x}
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Corollary 1. Let G be a finite group acting on a set X, then for any x ∈ X

|G.x| = |G||Gx|
.

Proof. This result follows trivially from the Orbit-Stabilizer and Lagrange’s theo-

rems.

2.2.2 Building Game Intermediates

With this framework of group actions, we now formally define the principal unit of

the Building Game.

Definition 5. A Building Game intermediate [x]
.
= {g.x : g ∈ G} is the orbit of

the state x under the polyhedra’s rotation group.

Since the orbits of a group action form a partition on the set it acts on, each

state belongs to a single intermediate and two states x and y are part of the same

intermediate if there is a g ∈ G such that y = g.x. In the case of the tetrahedron,

as pictured in figure 2.1, there are only four intermediates since any state with the

same number of faces can be rotated to reach the others.

Since we have defined the intermediates to be the orbits of states under the

polyhedral group, we are naturally also interested in stabilizer subgroups of Building

Games states.

Definition 6. The symmetry number rxj (or simply rj) of a state xj is the order

of its stabilizer subgroup |Gxj |.
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In figure 2.4 we see three states and their orbit stabilizer subgroups. The first

state, with only a single face, has a symmetry number of 3 since any rotation by a

multiple of 2π
3

fixes the face. The second has a symmetry number of 2 since only

the identity and a rotation by π will fix the faces. The final state, with three faces,

cannot be fixed by any rotation other than the identity and thus has symmetry

number 1.

Figure 2.4: The stabilizer subgroups for various octahedron states.

Theorem 3. If the states x and x̂ are members of the same intermediate [x], they

have the same symmetry number. Thus, we extend the notion of a symmetry number

to be a property of an intermediate.

Proof. By Corollary 1 and since G.x
.
= [x] = [x̂]

.
= G.x̂, the result follows.

rx = |Gx| (2.1)

=
|G|
|G.x| (2.2)

=
|G|
|G.x̂| (2.3)

= |Gx̂| (2.4)

= rx̂ (2.5)
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Since the Building Game is at its core an attachment model, we are interested in

which intermediates can be formed from others by attaching a face to a particular

intermediate.

Definition 7. Two distinct intermediates [x] and [y] are connected if there exist

states x ∈ [x] and y ∈ [y] such that one of the following holds:

• there is a face, f , in the state y such that y = x ∪ {f}

• there is a face, f , in the state x such that x = y ∪ {f}

Lemma 2. If intermediates [x] and [y] are connected, then for every state x ∈ [x]

there is a state y ∈ [y] such that ∃f ∈ y : y = x ∪ {f} or ∃f ∈ x : x = y ∪ {f}.

Proof. Without loss of generality, assume |x| < |y|. Since [x] and [y] are connected,

let x̂ ∈ [x], ŷ ∈ [y], and f̂ ∈ ŷ, be such that ŷ = x̂∪ {f̂}. Then, for any x ∈ [x], pick

g ∈ G such that x = g.x̂. By choosing y = g.ŷ and {f} = g.{f̂}, we have

y = g.ŷ (2.6)

= g.(x̂ ∪ {f̂}) (2.7)

= g.x̂ ∪ g.{f̂} (2.8)

= x ∪ {f} (2.9)

(2.10)

and our result is shown.

Definition 8. A Building Game pathway is a sequence of intermediates [xp1 ], [xp2 ],

. . . , [xpN ] such that [xpi ] is connected to [xpi+1 ], |xpi | = i, and xpN = F .
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Figure 2.5 shows a Building Game pathway for the octahedron using Schlegel

diagrams. The pathway has 8 intermediates since there must be exactly one inter-

mediate xpi satisfying h (xpi) = i for each i = 1, 2, . . . , 8.

Figure 2.5: One Building Game pathway for the Octahedron.

Definition 9. The Building Game combinatorial configuration space for a

polyhedron is a graph in which the nodes are the polyhedron’s intermediates and a

graph edge exists between two intermediates if and only if they are connected.

When the intermediates are partitioned by the number of faces they possess,

it is natural to arrange the combinatorial configuration space into columns or tiers

according to this partition. Figure 2.6 shows the Building Game state space for the

cube. As seen, each column has intermediates with the same number of faces and

connections thus exist with intermediates that are either in the tier directly above

or below them. We can also see that there are three distinct pathways contained in

the state space.

Interestingly, it is not the case that the addition or removal of each face of an

intermediate results in a distinct intermediate.

Definition 10. For two connected intermediates [xj] and [xk], the set of different
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Figure 2.6: The Building Game combinatorial configuration space of the cube.

faces

Fjk
.
=
{

f /∈ xj : xj ∪ {f} ∈ [xk]
}

∪
{

f ∈ xj : xj \ {f} ∈ [xk]
}

that can be added or removed from xj to get an element of [xk] is called the de-

generacy set and the number of such faces Sjk
.
= |Fjk| is called the degeneracy

number.

The act of attaching an additional face is referred to as a forward step in the

Building Game and the removal of a face is a backward step. As such, degeneracies

are sometimes referred to as forward or backward degeneracies. It is important

to note that in general the degeneracy number is not symmetric, i.e. Sjk 6=Skj for

some connections [xj]↔ [xk] in the state space. Figure 2.7 depicts the forward and

backward degeneracy numbers for a particular connection. As illustrated, there are

four faces that can be added to the first intermediate to form the second. However,

removing any of the two faces of the second intermediate will result in the first. Thus

the forward degeneracy number is four and the backward degeneracy number is two.

Finally, we extend the notion of a pathway to to be a sequence of intermediates of

arbitrary lengths, such that the sequence begins at an intermediate with a single face

and ends with the completed polyhedron and each pair of successive intermediates
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Figure 2.7: Degeneracies between two connected cube intermediates.

are connected.

Definition 11. A Building Game reversible pathway is a sequence of interme-

diates [xp1 ], [xp2 ], . . . , [xpN ] such that [xpi ] is connected to [xpi+1 ], |xp0 | = 1, and

|xpN | = |F |.

2.2.3 Group Theoretic Results

Lemma 3. Let g ∈ G and x, y ⊂ F . Then g.(x ∪ y) = g.x ∪ g.y

Proof. Let f ∈ g.(x ∪ y). Then g−1.{f} ∈ x ∪ y. Without loss of generality, assume

g−1.{f} ∈ x. It follows that f ∈ g.x and f ∈ g.x∪g.y as well. Therefore, g.(x∪y) ⊂

g.x ∪ g.y.

Conversely, suppose f̂ ∈ g.x∪ g.y and without loss pick f̂ to be in g.x. It follows

that g−1.{f̂} ∈ x, x∪y and subsequently f̂ ∈ g.(x∪y). From this we have the reverse

relation g.x ∪ g.y ⊂ g.(x ∪ y) which proves our equality.

Theorem 4. Let [xj ] and [xk] be two Building Game intermediates connected in
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the combinatorial configuration space. If rj and rk are the intermediates’ symmetry

numbers and Sjk and Skj are the forward and backward degeneracy numbers, then

rkSjk = rjSkj.

Proof. We prove the result by arguing the following three equalities.

rkSjk = |{(f, g) ∈ F ×G : xj ∪ {f} = g.xk}| =
∑

f∈F

|{g ∈ G : xj ∪ {f} = g.xk}|

(2.11)

= |{(f, g) ∈ F ×G : xk \ {f} = g.xj}| =
∑

f∈F

|{g ∈ G : xk \ {f} = g.xj}|

(2.12)

= rjSkj (2.13)

First, equality 2.11 is shown as follows.

|{(f, g) ∈ F ×G : xj ∪ {f} = g.xk}| =
∑

f∈F

|{g ∈ G : xj ∪ {f} = g.xk}| (2.14)

=
∑

f∈F jk

|{g ∈ G : xj ∪ {f} = g.xk}| (2.15)

=
∑

f∈F jk

|{g ∈ G : h(f).xk = g.xk}| (2.16)

=
∑

f∈F jk

|{g ∈ G : g−1h(f).xk = xk}| (2.17)

=
∑

f∈F jk

|{g̃ ∈ G : g̃.xk = xk}| (2.18)

=
∑

f∈F jk

|Gy| (2.19)
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= rkSjk (2.20)

This sum in 2.15 is reduced to be only over f ∈ F jk since the inner condition means

that xj∪{f} ∈ [xk] and thus f ∈ F jk. Since xj∪{f} ∈ [xk], in 2.16 there is a h(f) ∈ G

such that xj ∪ {f} = h(f).xk. Here the (f) superscript just denotes dependence on

the particular f in the sum. Equation 2.18 reindexes G using g̃ = g−1h(f) since this

still represents all elements in G.

Arguing similarly, we prove equality 2.13.

|{(f, g) ∈ F ×G : xk \ {f} = g.xj}| =
∑

f∈F

|{g ∈ G : xk \ {f} = g.xj}| (2.21)

=
∑

f∈Fkj

|{g ∈ G : xk \ {f} = g.xj}| (2.22)

=
∑

f∈Fkj

|{g ∈ G : h(f).xj = g.xj}| (2.23)

=
∑

f∈Fkj

|{g ∈ G : g−1h(f).xj = xj}| (2.24)

=
∑

f∈Fkj

|{g̃ ∈ G : g̃.xj = xj}| (2.25)

=
∑

f∈Fkj

|Gxj | (2.26)

= rjSkj (2.27)

It only remains to prove equality 2.12.

|{(f, g) ∈ F ×G : xj ∪ {f} = g.xk}| =
∑

g∈G

|{f ∈ F : xj ∪ {f} = g.xk}| (2.28)

=
∑

g∈G

|{f ∈ F : g−1.xj ∪ g−1.{f} = xk}|

(2.29)
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=
∑

g∈G

|{f ∈ F : g−1.xj = xk \ g−1.{f}}|

(2.30)

=
∑

g∈G

|{f̂ ∈ F : g−1.xj = xk \ {f̂}}| (2.31)

= |{(f̂ , g) ∈ F ×G : xk \ {f̂} = g−1.xj}|

(2.32)

=
∑

f̂∈F

|{g ∈ G : xk \ {f̂} = g−1.xj}| (2.33)

=
∑

f̂∈F

|{ĝ ∈ G : xk \ {f̂} = ĝ.xj}| (2.34)

= |{(f, g) ∈ F ×G : xk \ {f} = g.xj}| (2.35)

2.3 Stochastic Modeling Results

Since the Building Game is a sequential process with several choices at each step, it

is natural to consider it as a stochastic process. If we define a Building Game process

that allows faces to be sequentially added or removed in a reversible way, the process

consists of transitions from intermediate to intermediate along connections in the

combinatorial configuration space. By specifying a distribution on these transitions,

it will induce a stationary distribution on the state space and provide a framework

for compute relevant statistics such as expected formation times.

We define the Markov process Xt by the transition rate matrix Q from equa-

tion 2.36, with the heuristic that the rate of transition to an intermediate [xk] from
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an intermediate [xj] should be proportional to the number of faces that can be added

or removed from [xj] to reach [xk]. For this reason, we include the degeneracy num-

ber Sjk as a factor in the transition rate matrix. Furthermore, we model the process

using an energetic interpretation in which each intermediate has an energy and to

transition between intermediates, an energy barrier Ejk = Ekj must be overcome.

Qjk =































Sjke
−β(Ejk−Ej) if [xj]↔ [xk]

−zj if j = k

0 else

(2.36)

Here, zj
.
=
∑

ℓ:ℓ6=j Sjℓe
−β(Ejℓ−Ej) is the rate at which the process leaves xj.

Both [13] and [6] adopt a similar approach, but handle degeneracies differently

and use a different energy function.

2.3.1 Stationary Distribution

Theorem 5. Let D be a diagonal matrix with positive entries and C be a symmetric

matrix with Cjk > 0 for connected intermediates and Cjk = 0 for unconnected inter-

mediates. If a transition rate matrix can be factorized as Q = DC, then Xt has the

unique stationary distribution π = diag (D−1).

Proof. First, we show Q and π satisfy detailed balance.

πjQjk =

(

1

Djj

)

(DjjCjk) (2.37)

= Cjk (2.38)
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= Ckj (2.39)

=

(

1

Dkk

)

(DkkCkj) (2.40)

= πkQkj (2.41)

Now, since the combinatorial state space is connected and Qjk, Qkj > 0 for all

connected intermediates [xj] and [xk], the process is clearly aperiodic and positive

recurrent. Thus, π is the unique stationary distribution of the Markov process [21].

Theorem 6. The Markov process Xt defined by the transition rate matrix Q in equa-

tion 2.36 admits the unique stationary distribution 1
Zrj

e−βEj where Z
.
=
∑

ℓ
1
rℓ
e−βEℓ

is the partition function.

Proof. We take Cjk
.
=

Sjk

Zrj
e−βEjk and notice that it is symmetric by theorem 4. With

Djj
.
= Zrje

βEj we have our factorization

Qjk = Sjke
−β(Ejk−Ej) (2.42)

=
(

Zrje
βEj
)

(

Sjk

Zrj
e−βEjk

)

(2.43)

= DjjCjk. (2.44)

Thus, by theorem 5, πj =
1

Djj
= 1

Zrj
e−βEj .

2.3.2 Hitting Times

While the stationary distribution is an important piece in understanding the nature

of our Markov process, other statistics which describe the dynamics are also useful.
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For instance, we may be interested in the expected time it will take the process to

travel from an intermediate [xj] to a specific subset A of the combinatorial configu-

ration space. Equation 2.45 provides a mathematical definition for such a stopping

time.

τAj
.
= inf

{

t ≥ 0 : Xt ∈ A,X0 = xj
}

(2.45)

Often, we choose A to be the intermediate of the fully completed polyhedron. This

means the the stopping time will represent the expected formation time from a given

intermediate.

To assist in our calculations of hitting times, it is helpful to use Xt’s discrete

time jump process Yn. The jump process is simply a record of the sequence of

intermediates that Xt travels through. The discrete time Markov transition matrix

associated with Yn is defined using Q.

Pjk =















−Qjk/Qjj if j 6= k

0 if j = k

(2.46)

With this definition, the continuous time process Xt has the alternative interpre-

tation where the intermediate Xt changes according to the jump process Yn and

stays at each intermediate [xj] for an exponentially distributed amount of time with

parameter −Qjj [21].

The expected hitting time E
[

τAj
]

can be computed as the solution to se set of
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linear equations: one for each intermediate [21]. In the case of j 6∈ A:

1 = −
∑

k

QjkE
[

τAk
]

, (2.47)

and clearly for j ∈ A we trivially have a stopping time of zero

E
[

τAj
]

= 0. (2.48)

Putting together the two cases, we write the solution as a linear system with τA the

vector of stopping times with each possible initial intermediate

(diag (1A)− diag (1Ac)Q)E
[

τA
]

= 1Ac . (2.49)

Thus, we have

E
[

τA
]

= [(diag (1A)− diag (1Ac)Q)]−1
1Ac (2.50)

which contains the particular value E[τAj ] that we are interested in.

Further, we can also compute the exact distribution of the stopping times τA in

a similar manner [21]. First, we define the CDF as

ψA
j (t)

.
= P

(

τAj ≤ t
)

(2.51)

(2.52)

which gives rise to the system of differential equations and boundary conditions

dψA

dt
= diag (1Ac)QψA (2.53)

ψA (0) = 1A (2.54)
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ψA
j (t) = 0 ∀j ∈ A. (2.55)

This gives rise to the solution

ψA (t) = ediag(1Ac)Qt
1A (2.56)

for the CDF of the stopping time τA, but we can also compute the PDF explicitly

for t > 0.

p
(

τA = t
)

=
dψA

dt
(2.57)

= diag (1Ac)QψA (2.58)

Another hitting time statistic we may be interested in is, given an initial inter-

mediate, what is the probability we will hit a subset of intermediates A before some

other disjoint subset of intermediates B.

ρA,B
j

.
= P (τAj < τB) (2.59)

Trivially, we have

ρA,B
j = 1 if j ∈ A (2.60)

ρA,B
j = 0 if j ∈ B (2.61)

but must compute the case of j ∈ (A ∪ B)C .
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ρA,B
j = P (τAj < τBj ) (2.62)

=
∑

k

P (τAk < τBk )P (Y1 = k) (2.63)

=
1

Zj

∑

k 6=j

ρA,B
k Qjk (2.64)

0 = QρA,B (2.65)

Again, putting each of these cases together, we get the linear system

(

diag (1A) + diag (1B) + diag
(

1(A∪B)c
)

Q
)

ρA,B = 1A (2.66)

and our solution is

ρA,B =
[

diag (1A) + diag (1B) + diag
(

1(A∪B)c
)

Q
]−1

1A. (2.67)

Using this result, an insightful choice for A and B would be A = {xk} and

B = x|F |. Then, the value of ρA,B
1 would correspond to the probability that a

particular intermediate xk is in a reversible pathway between the intermediate with

a single face and the completed polyhedron.



Chapter Three

The Building Game: Enumeration
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3.1 Known Enumerative Results

When treating the Building Game for a polyhedron as a stochastic process, we must

first compute the combinatorial configuration space exactly. This is a computational

enumeration problem, but the results of this enumeration are also of mathematical

interest outside its stochastic use.

Attachment models like the Building Game have been the topic of much research

in combinatorial mathematics. A well known example of this is the study of polyomi-

noes. An n-omino is a configuration of n attached squares in a 2-dimensional lattice.

As seen in figure 3.1, the classic video game Tetris uses each of the seven rotation-

ally unique tetrominoes (n = 4) as game pieces. The enumeration of n-ominoes has

been extensively studied and there are many enumeration results, both explicit and

asymptotic. As in our case, the general goal is to enumerate the polyominoes that

are unique when acted on by some group (rotation, reflection, etc) or under certain

constraints which are often topological.

The Building Game contains a wealth of combinatorial enumeration problems.

Some have been addressed in the work of Endres et al. [6] in which they computed

the number of intermediates for each of the Platonic solids. Additionally, the entire

combinatorial configuration space for the dodecahedron is illustrated. Before [6],

David Wilson enumerated the number of intermediates composed of each number of

faces for the icosahedron [10]. This computation seems to have occurred indepen-

dent of the scientific context of self-assembly as Wilson’s enumerations are referred

to as the “Number of one-sided triangular n-ominoes (or triominoes) on the icosa-

hedron.” He also includes variants such as the “Number of triangular n-ominoes on

the icosahedron” which enlarges the equivalence classes to identify intermediate that
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Figure 3.1: The seven tetrominoes used in Tetris.

are reflections of each other.

3.2 New Enumerative Results

Previous enumeration results for the Building Game have focused on the number

of intermediates of the Platonic solids. We extend these results to also count the

number of Building Game connections and pathways in the combinatorial configura-

tion space. Additionally, we consider the Platonic, Archimedean, and Catalan solids

classes with these results presented in table 3.1.

As we consider polyhedra with more and more faces, there is a combinatorial

explosion in the number of intermediates in combinatorial configuration space. This

was noted in [6], where the dodecahedron has 73 intermediates and the icosahedron

has 2, 649 [6]. We have enumerated the intermediates for polyhedra of up to 30 faces
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in our three classes of polyhedra. The 30-faced rhombic triacontahdron has the most

intermediates of all polyhedra in our computation with 2, 423, 212.
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Figure 3.2: The relation between number of faces and intermediates in the Building Game com-
binatorial configuration space.

3.2.1 Shellability

The theory of polytopes provides a mathematical method for constructing a polytope

called a shelling. The process, similar to the Building Game, involves sequentially

adding facets of the polytope until all of the facets are added. However, the rules

as to which facets may be added at each step of the process are more restrictive.

Ziegler provides the following definitions of a polytopal complex, a shelling, and a

shellable polytopal complex [32]. Recall that a polytopal complex is

Definition 12. A (geometric) polytopal complex C in Rd is a collection of poly-

topes in Rd such that
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Figure 3.3: The relation between number of faces and connections in the Building Game combi-
natorial configuration space.

(i) the empty set is in C,

(ii) for any P ∈ C all faces of P are in C,

(iii) the intersection of any two polytopes in C is a face of both..

If all facets are of the same dimension then C is pure.

Definition 13. Let C be a pure k-dimensional polytopal complex C. A shelling of C

is a linear ordering F1, F2, . . . , Fs of the facets of C such that either C is 0-dimensional

(and thus the facets are points), or it satisfies the following conditions:

(i) The boundary complex of the first facet F1 has a shelling.

(ii) For 1 < j ≤ s the intersection of the facet Fj with the previous facets is

non-empty and is a beginning segment of a shelling of the (k − 1)-dimensional
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Figure 3.4: The relation between number of faces and paths in the Building Game combinatorial
configuration space.

boundary complex of Fj, that is,

Fj ∩
(

j−1
⋃

i=1

Fi

)

= G1 ∪G2 ∪ · · · ∪Gr

for some shelling G1, G2, . . . , Gr, . . . , Gt of C(∂Fj), and 1 ≤ r ≤ t. (In par-

ticular, this requires that Fj ∩ (
⋃j−1

i=1 Fi) has a shelling, so it has to be a pure

(k − 1)-dimensional, and connected for k > 1.)

Definition 14. A polytopal complex is shellable if it is pure and has a shelling.

Since we are only concerned with 3-dimensional polyhedra, the corresponding

polytopal complex simply consists of the faces, edges, and vertices of the polyhedron.

The facets of the complex are just the faces.

Definition 15. A Building Game intermediate x is called a shellable intermedi-

ate if for every state x ∈ [x] there is a linear ordering f1, f2, . . . , f|x| on the faces
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Figure 3.5: The relation between number of intermediates and the number of connections in
polyhedra.

of x such that this ordering is a beginning of a shelling f1, f2, . . . , f|x|, . . . f|F | of the

polytopal complex F ∪ E ∪ V .

Lemma 4. The polytopal complex consisting of the edges and vertices of a polygonal

face is shellable.

Proof. We see that condition (i) from definition 13 is satisfied since the boundary

complex of each edge is 0-dimensional.

Condition (ii) is also satisfied since each newly attached edge and the existing

partial shelling is a subset of the attached edge’s vertices. Since the vertices of the

attached edge are 0-dimensional, any linear order of its vertices is a shelling.

Definition 16. A Building Game connection is said to be a shellable connection

if the two connected intermediates are both shellable. A shellable pathway is a

Building Game pathway composed entirely of shellable intermediates and connections.
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Figure 3.6: The relation between number of intermediates and the number of pathways in poly-
hedra.

Table 3.2 details the shellability statistics for the Platonic, Archimedean, and

Catalan solids classes. Because of the added shellability restriction, these count

statistics are lower than in the general case, but the combinatorial growth as the

number of faces increases is similar.

3.2.2 Shelling Enumeration

To our knowledge, the enumeration of the number of shellings of the polyhedra in the

Platonic, Archimedean, and Catalan solid classes remains an open problem. Here we

present these enumerations for the polyhedra of up to 30 faces. Since the concept of

a shelling is similar to to that of a Building Game pathway, we use the structure of

each computed combinatorial configuration space to derive an efficient method for

counting the number of shellings of a polyhedron.
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Figure 3.7: The relation between number of connections and the number of pathways in polyhedra.

Theorem 7. The total number of shellings for a polyhedron is

#(shellings) =
∑

shellable
pathways:

p1,p2,...,p|F |

|[xp1 ]|
|F |−1
∏

j

Spjp(j+1)
. (3.1)

Proof. We use the function that returns whether adding fk to the existing sub-

shelling f1, . . . , fk−1 is itself a sub-shelling and call it sh({f1, . . . , fk−1}, fk). Further,

a Building Game shellable connection between two intermediates is denoted [xpi ]
sh−→

[xpi+1 ]. Using this notation, we compute the result directly:

#(shellings) =
∑

f1∈F

1sh(∅,f1) · · ·
∑

fk∈F\{f1,...,fk−1}

1sh({f1,...,fk−1},fk)

· · ·
∑

f|F |∈F\{f1,f2,...,f|F |−1}

1sh({f1,f2,...,f|F |−1},f|F |)

=
∑

f1∈F

1sh(∅,f1) · · ·
∑

fk∈F\{f1,...,fk−1}

1sh({f1,...,fk−1},fk)
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Figure 3.8: The relation between number of faces and shellable intermediates in the Building
Game combinatorial configuration space.

· · ·
∑

x
p|F | :[x

p|F |−1 ]
sh−→[x

p|F | ]

Sp|F |−1p|F |

=
∑

f1∈F

∑

xp2 :[xp1 ]
sh−→[xp2 ]

Sp1p2 · · ·
∑

x
p|F | :[x

p|F |−1 ]
sh−→[x

p|F | ]

Sp|F |−1p|F |

=
∑

[xp1 ]:|xp1 |=1

|[xp1 ]|
∑

xp2 :[xp1 ]
sh−→[xp2 ]

Sp1p2 · · ·
∑

x
p|F | :[x

p|F |−1 ]
sh−→[x

p|F | ]

Sp|F |−1p|F |

=
∑

shellable
pathways:

p1,p2,...,p|F |

|[xp1 ]|
|F |−1
∏

j

Spjp(j+1)
.

Using dynamic programming we can compute the number of shellings explicitly

without having to explicitly consider each pathway individually. Define the quantity
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Figure 3.9: The relation between number of faces and shellable connections in the Building Game
combinatorial configuration space.

aik as

ai,k
.
=

∑

shellable subpaths:
p1,...,pk
xpk∈[xi]

|G.xp1 |
k−1
∏

j=1

Spjpj+1
(3.2)

where a subpath is the first k intermediates in some valid pathway. Using this

definition, we first note that the number of shellings, which is the quantity of interest,

is equal to aN,|F | where x
N = F . Now, we set up the following recursion that will be

the basis for our computation.

ai,k
.
=

∑

shellable subpaths:
p1,...,pk
xpk∈[xi]

|G.xp1|
k−1
∏

j=1

Spjpj+1
(3.3)

=
∑

[xℓ]:[xℓ]
sh−→[xi]

∑

shellable subpaths:
p1,...,pk−1

xpk−1∈[xℓ]

|G.xp1|Sℓi

k−2
∏

j=1

Spjpj+1
(3.4)
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Figure 3.10: The relation between number of faces and shellable paths in the Building Game
combinatorial configuration space.

=
∑

[xℓ]:[xℓ]
sh−→[xi]

Sℓi

∑

shellable subpaths:
p1,...,pk−1

xpk−1∈[xℓ]

|G.xp1|
k−2
∏

j=1

Spjpj+1
(3.5)

=
∑

[xℓ]:[xℓ]
sh−→[xi]

Sℓiaℓ,k−1 (3.6)

Thus, using the base cases aj,1 = |G.xj| for each single faced intermediate [xj ], we

can use this relation to recursively solve for the number of shellings aN,|F |.

3.2.3 Bounds and Asymptotics

There is a clear relation between the number of faces in a polyhedron and then

number of intermediates it has. However, that relationship also greatly depends

on the polyhedral symmetry group. For instance, if the polyhedron has a small
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Figure 3.11: These are the largest polyhedron from each of the polyhedral classes that we compute
the Building Game for. The icosahedron of the Platonic solids has 20 faces. The Truncated
Cuboctahedron of the Archimedean solids has 26 faces. The Rhombic Triacontahedron of the
Catalan solids has 30 faces.

number of faces and a trivial rotation group consisting only of the identity, every

edge-connected subset of the polyhedron’s faces will be a distinct intermediate. In

aggregate, this may mean that the polyhedron has more intermediates than another

polyhedron with more faces, yet a larger symmetry group.

An upper bound on the number of intermediates is possible using the theory

of group actions. Consider the set of all subsets 2F of a polyhedron with rotation

group G. Trivially |2F/G| is an upper bound on the number of intermediates since

it simply relaxes the connectivity requirement for a subset to be a Building Game

state. Using Burnside’s lemma, we see that

|2F/G| = 1

|G|
∑

g∈G

|(2F )g| (3.7)

>
|(2F )e|
|G| (3.8)

=
|2F |
|G| (3.9)

=
2|F |

|G| (3.10)

which is not a particularly good bound in practice. The precise value of |2F/G| is



47

Polyhedra Name |F | Intermediates Connections Pathways
Tetrahedron 4 4 3 1
Cube 6 8 9 3
Octahedron 8 14 21 14
Dodecahedron 12 73 263 17,696
Icosahedron 20 2,649 17,241 57,396,146,640
Truncated Tetrahedron 8 28 63 402
Cuboctahedron 14 340 1,634 10,170,968
Truncated Cube 14 499 2,729 101,443,338
Truncated Octahedron 14 555 3,069 68,106,377
Rhombicuboctahedron 26 638,850 6,459,801 164,068,345,221,515,292,308
Truncated Cuboctahedron 26 1,525,658 17,672,374 13,837,219,462,483,379,105,902
Triakis Tetrahedron 12 98 318 38,938
Rhombic Dodecahedron 12 127 493 76,936
Triakis Octahedron 24 12,748 81,296 169,402,670,046,670
Tetrakis Hexahedron 24 50,767 394,377 4,253,948,297,210,346
Deltoidal Icositetrahedron 24 209,675 1,989,548 418,663,242,727,526,726
Pentagonal Icositetrahedron 24 345,938 3,544,987 2,828,128,000,716,774,492
Rhombic Triacontahedron 30 2,423,212 26,823,095 161,598,744,916,797,017,978,128

Table 3.1: Building Game combinatorial configuration space enumerative results for the Platonic,
Archimedean, and Catalan solids.

calculable with minimal computer assistance, but details of this computation are

omitted due to its relative uselessness. For the cube, the bound is fairly tight, only

including the two non-intermediates corresponding to the empty subset of faces, and

the non-connected subset consisting of the top and bottom faces. Thus the cube has

the bound |2F/G| = 10 ≥ 8. In the case of the tetrahedron, the only over-counted

subset of faces is the empty one and the bound is |2F/G| = 5 ≥ 4. However, in

the case of the icosahedron we have |2F/G| ≥ 220

60
≈ 17476.3 ≫ 2649. Here we use

the approximate bound 2|F |

|G|
which is the largely dominant term in the sum from

equation 3.7.

We can get a similar bound on the number of intermediates with a particular

number of faces,

|{x ∈ 2F : |x| = k}/G| = 1

|G|
∑

g∈G

|{x ∈ 2F : |x| = k}g| (3.11)

>
|{x ∈ 2F : |x| = k}e|

|G| (3.12)
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Shellable Shellable Shellable
Polyhedra Name |F | Intermediates Connections Pathways
Tetrahedron 4 4 5 1
Cube 6 7 7 2
Octahedron 8 11 13 4
Dodecahedron 12 52 155 2,166
Icosahedron 20 469 1,985 105,999,738
Truncated Tetrahedron 8 21 40 174
Cuboctahedron 14 136 468 477,776
Truncated Cube 14 247 1,000 5,232,294
Truncated Octahedron 14 342 1,464 5,704,138
Rhombicuboctahedron 26 70,887 462,721 64,308,526,503,247,584
Truncated Cuboctahedron 26 515,335 4,070,813 13,890,723,216,176,694,816
Triakis Tetrahedron 12 48 115 5,012
Rhombic Dodecahedron 12 67 195 6,258
Triakis Octahedron 24 1,021 4,237 210,459,770,300
Tetrakis Hexahedron 24 4,224 21,125 5,894,431,702,846
Deltoidal Icositetrahedron 24 33,046 208,317 703,619,122,996,096
Pentagonal Icositetrahedron 24 95,326 657,013 7,572,459,719,248,765
Rhombic Triacontahedron 30 97,741 702,219 7,057,239,571,753,327,764

Table 3.2: Building Game enumerative shellability results for the Platonic, Archimedean, and
Catalan solids.

=
|{x ∈ 2F : |x| = k}|

|G| (3.13)

=

(

|F |
k

)

|G| (3.14)

but again, this is not particularly useful, especially for intermediates with around

1
2
|F | faces.

Since the Building Game is similar in spirit to polyomino enumeration, one might

try to assimilate some the techniques used for polyominoes. For example, through

fairly simple arguments, one can show that smsn ≤ sm+n where sm is the number of

unique polyominoes with m subunits [14]. This leads to the bound sm ≤ (const)m.

Unfortunately, this approach is cannot be applied to the Building Game as there is

a fundamental difference between the two growth models. In the polyomino case,

there is no limit to the number of subunits that can be considered. Importantly, this

is not the case for the Building Game since an intermediate can only have |F | faces
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Polyhedra Name |F | Shellings
Tetrahedron 4 24
Cube 6 480
Octahedron 8 4,224
Dodecahedron 12 19,041,600
Icosahedron 20 1,417,229,099,520
Truncated Tetrahedron 8 9,216
Cuboctahedron 14 113,055,744
Truncated Cube 14 654,801,408
Truncated Octahedron 14 937,087,104
Rhombicuboctahedron 26 4,728,400,467,971,102,208
Truncated Cuboctahedron 26 688,499,026,944,479,645,952
Triakis Tetrahedron 12 587,040
Rhombic Dodecahedron 12 5,836,800
Triakis Octahedron 24 66,063,419,534,592
Tetrakis Hexahedron 24 1,389,323,257,015,296
Deltoidal Icositetrahedron 24 125,987,819,253,281,472
Pentagonal Icositetrahedron 24 1,144,572,832,023,047,616
Rhombic Triacontahedron 30 15,574,782,555,813,226,074,240

Table 3.3: Number of Shellings for the Platonic, Archimedean, and Catalan solids of up to 30
faces.

at most. Thus any such recurrence relation for the Building Game will result in a

good upper bound for the intermediates with a small number of faces at best.

The formulation of meaningful bounds for the number of Building Game inter-

mediates with k faces remains an open problem, especially for k ∼ 1
2
|F |. At the root

of the problem is the difficulty in mathematically describing the subsets of F are

edge connected. Future approaches may incorporate enumeration results for con-

nected sub-graphs or Hamiltonian paths since these topics explicitly acknowledge

connectedness properties.

From looking at the statistics on number of faces |F | of a polyhedron and the

number of intermediates in its combinatorial configuration space, it is natural to want

to make statements about the asymptotic growth of the combinatorial configuration

space’s size. Unfortunately, when formed in this way, the problem is ill-posed. To
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Figure 3.12: The relation between number of faces and the number of shellings a polyhedron has.

discuss asymptotics, we must first specify an infinite class of polyhedra. The Platonic,

Archimedean, and Catalan Solid classes that we’ve worked with thus far are all

finite though, so other choices must be considered. One option is to take an existing

polyhedron in one of these classes and create an infinite family by describing finer and

finer tilings on top of the polyhedron’s faces. If designed carefully each member of

the tiled polyhedron family will have the same symmetry group, even as the number

of faces grows.

3.3 Computational Methods

We use a brute force method to compute the combinatorial configuration space and

enumerate the intermediates for a particular polyhedron. Computation begins by

first enumerating the intermediates with a single face. The results of this enumeration
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are then used to compute the intermediates with two faces. This process proceeds

iteratively until all intermediates are accounted for. Figure 3.13 outlines the detailed

algorithm for this computation.

At each stage of our algorithm, we know the set of intermediates that have k

faces, which we call Ak. This information is then used to compute the set of faces

with k + 1 faces, Ak+1. Since all intermediates in Ak+1 must be formed by adding

a single face to an intermediate from Ak, we take each intermediate [x] ∈ Ak and

try adding each face to x that is allowable under the Building Game rules. This

means we look at every face f ∈ F \ x and look for another face f̂ ∈ x such that f

and f̂ share an edge. For every such face f , we look at the new (k + 1)-faced state

y
.
= x ∪ {f}. Since we know that [y] is a Building Game intermediate, it must be

represented in Ak+1, however before adding y to Ak+1, we must verify that there is

no ŷ already in Ak+1 such that y ∈ [ŷ].

The act of comparing two states y and ŷ to check if they are members of the same

intermediate is the task where the majority of computational time is spent. The

brute force method of checking if y ∼ ŷ involves checking if g.y = ŷ for each g ∈ G.

If a g is found that makes this equality hold, then [y] = [ŷ] and the computation

terminates and we know that [y] is not a new intermediate. In this case, nothing is

added to Ak+1 but a connection x ↔ ŷ is added in the combinatorial configuration

space. Furthermore, by tracking how many time a particular connection x ↔ ŷ is

found, the forward degeneracy numbers can be computed quickly.
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A1 ← {{f} : f ∈ F}
for {f} ∈ A1 do

if ∃{f̂} ∈ A1 \ {f} : [{f̂} ] = [{f}] then
A1 ← A1 \ {{f}}

end if

end for

A2, . . . , A|F | ← {}
for k = 0, . . . , |F | − 1 do

for x ∈ Ak do

for f ∈ F \ x such that ∃f̂ ∈ x with f and f̂ sharing an edge. do

NewIntermediate ← True
for ŷ ∈ Ak+1 do

if y ∈ [ŷ] then
NewIntermediate ← False
Add connection [x]↔ [ŷ] to combinatorial configuration space.

end if

end for

if NewIntermediate = True then
Ak+1 ← Ak+1 ∪ {y}
Add connection [x]↔ [y] to combinatorial configuration space.

end if

end for

end for

end for

Figure 3.13: Algorithm for iteratively enumerating the Building Game combinatorial configura-
tion space.

3.3.1 Efficient Congruence Testing

Similar to the approach of [22], we implement a hash function h that maps each

state to an integer with the property that [y] = [ŷ] if and only if h(y) = h(ŷ). By

designing such a function, checking for congruence between two states just amounts

to a comparison of the states’ hash values.

Given an enumeration of the polyhedron’s faces, each state may be represented

by a binary vector giving each face’s inclusion or exclusion in the state. The hash

we use is the base ten integer corresponding to the minimal binary representation of
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the state taken over all possible rotations

h(y) = min
g∈G

int(g.y). (3.15)

While this does require considering each possible rotation for every proposal state,

this computation must only be performed once.

3.3.2 Data Structures

Before the computation of the combinatorial configuration space, we hard-code an

enumeration f1, . . . , f|F | of the faces of our polyhedron. Then, any state x is repre-

sented by a binary vector of length |F | with a one in the kth entry if fk ∈ x and

zero otherwise. With this convention, each rotation g ∈ G corresponds to a permu-

tation of the indices of x. Each such permutation in the group is precomputed and

then applied as necessary when performing a rotational comparison of two states.

To track the connectivity structure of the polyhedron, an adjacency list on faces is

stored as a two dimensional array. For each face number, the adjacency list specifies

the index of adjacent faces.

Each group of k-faced intermediates Ak is stored as a hash table using the pre-

viously described hash function. This allows for order one look-up of intermediates

already in the Ak that match the hash of a new proposal intermediate.
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3.3.3 Run Time

The computing time required to enumerate the combinatorial configuration space is

heavily dependent on the number of intermediates that are found. Since we do not

have a tight bound on the number of intermediates as a function of simple statistics of

the polyhedron (faces, edges, etc.), it is difficult to provide a meaningful estimates on

the time required to compute the combinatorial configuration space without explicit

knowledge of its size a priori.

That said, we can express an upper bound on the number of state to state

comparisons that are required as a function of the intermediate sets A1, . . . , A|F |.

#comparisons ≤
|F |−1
∑

k=1

∑

x∈Ak

∑

f∈F\x

∑

ŷ∈Ak+1

1 (3.16)

≤ |F |
|F |−1
∑

k=1

|Ak||Ak+1| (3.17)

3.3.4 Implementation

All computation was carried out on a desktop computer running 64-bit Ubuntu

14.04 LTS with 15.6 GiB memory and a quad-core 3.20GHz Intel processor. To

compute the Building Game combinatorial configurations space, we developed C++

code with the help of the Boost graph library for storing the connectivity structure.

Computation of the combinatorial configuration space took less than a minute for

most polyhedra, though–as expected–this time grew dramatically with the number

of faces. Our largest case, the 30-faced Rhombic Triacontahedron took on the order
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of 10 minutes to compute.

Additional computation–especially for pathway and shelling statistics–was com-

pleted using Python and the mpmath module for arbitrary precision arithmetic [11].



Chapter Four

Constraint Models and Embedding

Intermediates in Space
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While models such as the Building Game treat assembly intermediates as idealized

structures, the intermediates of the physical application we are modeling may face

unpredictable forces. To realistically model the ways in which our intermediate might

flex and move under these forces, we use a constraint model in which individual faces

of an intermediate are rigid, but with the edges at which two faces meet modeled

as a hinge. As seen in figure 4.1, this approach allows for a variety of geometric

configurations while the combinatorial connectivity properties of the intermediate

remain unchanged. This geometric framework provides a physically motivated way

of addressing questions that strictly combinatorial models cannot adequately answer.

Figure 4.1: Different geometric configurations of an octahedron intermediate.

Definition 17. The canonical configuration of a Building Game intermediate [x]

is the configuration that is the 3-dimensional embedding of the polyhedron restricted

to the faces in x

For example, in the case of the cube, the canonical configuration would have all

of the faces of the intermediate meeting at right angles just as they do in the cube

itself, however this is just one possible geometric configuration.
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4.1 Geometric Configuration Space

Using a system of constraint functions, we can mathematically define the space of

different geometric configurations that a given intermediate can take. Since we are

treating each intermediate as collection of rigid polygons attached to each other

along hinged edges, there are two basic types of constraint we must enforce. First,

we must ensure that the each individual face is rigid and has the correct geometric

shape. Additionally, each edge to edge connection must remain fixed with only hinge-

like motion allowed. By defining this set of constraints as a single constraint function

c : Rn → R

n−m, the solution set Ω
.
= {z ∈ Rn : c(z) = 0} is the set of points where

all of the constraints are simultaneously satisfied. This constraint system implicitly

specifies all of the ways in which an intermediate has freedom to move if it is able

to move at all. If c is composed of polynomial functions, then the solution set is an

algebraic variety. If this variety has no singularities, then it is also a manifold.

Definition 18. The geometric configuration space of a Building Game inter-

mediate is an algebraic variety corresponding to a system of polynomial constraints

that enforces the rigidity of individual faces and hinged motion along connected edges.

To mathematically describe a particular configuration, we must specify the loca-

tions of the vertices of each face. Thus, for an intermediate [x], its Building Game

configuration space can be represented as a subset of the ambient space R3×Nx where

Nx
.
=
∑

f∈x sf where sf is the number of sides (and vertices) of face f . Using this

representation, we must then identify the corresponding constraint equations that

give rise to the combinatorial configuration space as a function of points in ambient

space.

It is worth noting that while we represent each face with 3× sf coordinates, only
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Constraint Type Constraint Equation

edge length cj,kedge (z) =
∣

∣vj,k − vj,k−1
∣

∣

2 − (ℓj,k)
2

angle cj,kang (z) = (vj,k−1 − vj,k) · (vj,k+1 − vj,k)− ℓj,kℓj,k+1 cos(θj,k)

2D face cj,k2D(z) = v1,k + ℓj,k,1R(vj,0 − vj,1)− vj,k
vertex identification cj1,k1,j1,k1,dident (z) = vj1,k1d − vj2,k2d

Table 4.1: The different types of polynomial constraint equations used to describe the geometric
configuration space.

6 are required to specify a face’s position and orientation if they are chosen carefully.

With this in mind, we will typically use a function of 6 of a face’s vertex coordinates

to constrain each of the face’s remaining vertex coordinates.

Notationally, we refer to the kth vertex of the jth face of x as vjk =
(

vjkx , v
jk
y , v

jk
z

)

.

Since the context of a solution variety requires a function c : Rn → R

n−m, we flatten

the matrix of vertex coordinates into a vector of length n = 3Nx.

z =







































v1,1

...

v1,sf1

...

v|x|,1

...

v
|x|,sf|x|







































∈ Rn (4.1)

There are four fundamental types of constraint equations: edge length con-

straints, angle constraints, and 2D face constraint to enforce the rigid structure

of each face as well as vertex identification constraints to enforce the hinged connec-

tions. The equations for these constraints are outlined in table 4.1 with an extended

discussion appearing in section 4.2
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4.1.1 Special Case of Triangular Faces

In the case where all of the faces of the polyhedron we consider are triangles (tetra-

hedron, octahedron, icosahedron, etc.) we notice that by simple enforcing that each

edge of each triangle has a specified length, the triangle will be rigid. This means

that we do not have to use the angle and 2D face constraints. Further, rather than

explicitly using vertex identification constraints, we can either treat them as length

constraints with zero length between identified vertices or we can simply reindex the

vertices so that identified vertices are actually treated as a single vertex. With either

choice, in the triangular case, we may only deal with length constraints if we wish.

This will be a useful property in the next chapter.

4.2 Degrees of Freedom

Roughly speaking, the degrees of freedom of a system are the different independent

motions the system is able to exercise. Since the concept of degrees of freedom

exists in many diverse scientific fields, such as mechanical engineering and statis-

tical physics, many different formal definitions of degrees of freedom are used in

the literature [5]. McCarthy defines degrees of freedom of a mechanical system as

follows [18].

We derive formulas for the number of parameters needed to specify the

configuration of a mechanism, in terms of the number of links and joints

and the freedom of movement allowed at each joint. This number is the

degrees of freedom or mobility of the mechanism. Changing the values

of these parameters changes the configuration of the mechanism. Thus,
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if we view the set of all configuration available to a mechanism as a

manifold, then the mobility of the mechanism is the dimension of this

manifold.

Since our geometric configuration space is an algebraic variety and not a manifold

in general, this definition must be modified to make degrees of freedom a statistic of

each individual configuration rather than a global statistic of the geometric configu-

ration space.

Definition 19. The number of degrees of freedom of a Building Game interme-

diate at configuration z is the dimension of the geometric configuration space at z.

If z is a singularity of the algebraic variety, then the degrees of freedom is undefined.

In most cases we consider, rigid rotation and rigid translation will preserve the

value of the constraint function since they do not move the vertices relative to one

another. In other words, if c(z) = 0 then we also have c(Rz + T ) = 0 where

R ∈ R

n × n rotates each vertex in the configuration by some R̂ ∈ SO(3) and

translates each vertex by T̂ ∈ R

3. With this definition, R is the block diagonal

matrix with each of the n/3 block being R̂ ∈ SO(3) and T ∈ Rn is composed of

n/3 copies of T̂ ∈ R3 stacked upon each other. These rigid body rotations account

for 6 of the configuration’s degrees of freedom: 3 rotational degrees of freedom and

3 translational and are called the trivial degrees of freedom. Thus, the degrees of

freedom we are most interested in are those that do represent movement of the

vertices and faces relative to each other. The internal degrees of freedom a Building

Game intermediate at configuration z are the degrees of freedom that are not trivial.
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4.2.1 Computing Degrees of Freedom

For a generic solution variety, we can find the dimension of the space at a point

z by looking at the Jacobian matrix C(z) ∈ R(n−m)×n of the constraint function

c. Since the number of degrees of freedom is defined to be the dimension of that

space, we look at the rank of the Jacobian. Since this rank quantifies the number of

independent constraints given by c at z, the number of degrees of freedom is given

by the following.

DoF
.
= n− rank ((C(z)) (4.2)

Since the rank can take values between 0 and min{n, n−m} = n−m, there can be

anywhere from 0 degrees of freedom, when there are functionally no constraints on

z, and m degrees of freedom in the case where all n − m constraint equations are

independent and C(z) is of full rank.

In the typical case in which the constraint equations are invariant under three-

dimensional rotation and translation, there will be six trivial degrees of freedom. The

number of internal degrees of freedom would then be n−rank ((C(z))−6. If there are

zero internal degrees of freedom at a configuration z, we say that the configuration

is rigid.

To actually compute the number of degrees of freedom for configurations of Build-

ing Game intermediates, we must first find an explicit form for the the constraint

function c and its Jacobian matrix C.

Edge length constraints enforce that the lengths of the edges of each face in

an intermediate cannot change. If the kth edge is defined to be that between the
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(k − 1)st and kth vertices, we use the following function to constrain its lengths to

a known value ℓjk.

cj,kedge (z) =
∣

∣vj,k − vj,k−1
∣

∣

2 − (ℓj,k)
2 (4.3)

=
(

vj,k1 − vj,k−1
1

)2

+
(

vj,k2 − vj,k−1
2

)2

+
(

vj,k3 − vj,k−1
3

)2

− (ℓj,k)2 (4.4)

This uses the notational convention that vj,0
.
= vj,sj . For reasons that will be ex-

plained, we only explicitly enforce the lengths of two edges (k = 1, 2) per face, so

there are a total of 2|x| edge length constraints.

Angle constraints ensure that each face’s polygonal angles are conserved. Using

the dot product formula for angles, we can write this constraint as a polynomial.

cj,kang (z) = (vj,k−1 − vj,k) · (vj,k+1 − vj,k)− ℓj,kℓj,k+1 cos(θj,k) (4.5)

Here, θj,k is the angle at vj,k between kth and (k + 1)st edges. This angle is a

constant that is known a priori as it is one of the polygonal angles appearing in a

rigid subunit. In practice, we only enforce that the k = 1 angle constraint for each

face.

Now, between the two edge constraints and one angle constraints, we have de-

scribed 3 constraints as a function of 9 vertex coordinates per face. Thus for any

choice of the 6 coordinates, vj,11 , vj,12 , vj,13 , vj,21 , vj,22 , vj,01 , the remaining 3 coordinates,

vj,23 , vj,02 , vj,03 , are specified by the 3 constraint equations. Similarly, since each face’s

location and rotational orientation can be defined by this choice of 6 coordinates, we

have enough information to specify the coordinates of the remaining vertices.

Since the positions of the first three vertices dictate the locations of the remain-
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ing vertices, the 2D face constraints use a map from the known vertex coordinates

to the yet unknown locations. Using a template for what the ideal polygonal struc-

ture for each face should be, we use a rotation matrix to specify these remaining

vertices. If this template has vertices v̂j,0, v̂j,1, v̂j,2, . . . , v̂j,k, . . . and the locations for

vj,0, vj,1, and vj,2 are known, we can identify the location of vj,k for k > 2. Using this

template, we can define the following length and angle constants.

ℓj,k1,k2
.
= |v̂j,k1 − v̂j,k2| (4.6)

φj,k1,k2,k3 .
= cos−1

(

(

v̂j,k1 − v̂j,k2
)

·
(

v̂j,k3 − v̂j,k2
)

(ℓj,k1,k2)(ℓj,k3,k2)

)

(4.7)

Our basic strategy is to first place a point v̄j,k in the span of vj,0 − vj,1 at a

distance of |v̄j,k − vj,1| = ℓj,k,1. The choice v̄j,k = vj,1 + ℓj,k,1

ℓj,0,1
(vj,0 − vj,1) will work,

since

|v̄j,k − vj,1| = |ℓ
j,k,1

ℓj,0,1
(vj,0 − vj,1)| (4.8)

=
ℓj,k,1

ℓj,0,1
|vj,0 − vj,1| (4.9)

= ℓj,k,1. (4.10)

Then, a rotation matrix is used to rotate v̄j,k by the correct angle into its position

vj,k. The rotation matrix is centered at vj,1 and its axis of rotation is defined by

u = 1
ℓj,0,1ℓj,2,1

(vj,0 − vj,1) × (vj,2 − vj,1). Similarly, the angle of rotation φj,0,1,k is

the angle created by the two line segments in the template (v̂j,0, v̂j,1) and (v̂j,2, v̂j,1).

Thus, using R = R(φj,0,1,k, u) and our equation for vj,k is

vj,k = v1,k +R(v̄j,k − vj,1) (4.11)

= v1,k + ℓj,k,1R(vj,0 − vj,1) (4.12)
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Since R is polynomial in vj,0, vj,1, vj,2, we get the following polynomial 2D face con-

straint for each k > 2.

cj,k2D(z)
.
= v1,k + ℓj,k,1R(vj,0 − vj,1)− vj,k (4.13)

The final constraint type, vertex identification, is used to enforce that the con-

nection between edges of two faces has the mobility of a hinge. To do this, we

simply need to ensure that that corresponding vertices on each edge share identical

locations. This results in the relatively simple constraints:

cj1,k1,j1,k1,dident (z)
.
= vj1,k1d − vj2,k2d (4.14)

(4.15)

where vj1,k1 and vj2,k2 are corresponding vertices from the faces j1 and j2 meeting

at a hinged edge. If there are |Ex| of these hinged connections in a Building Game

state x, there must be 6|Ex| corresponding vertex identification constraints.

With all four constraint types explicitly defined, the aggregate constraint function

for x will have n−m = 2|Fx|+|Fx|+(Nx−3|Fx|)+6|Ex| = Nx+6|Ex| total constraints.

Below are the partial derivatives of the constraint functions we specified above.

∂cj,kedge
∂zi

=































2
(

vj,kd − vj,k−1
d

)

if zi = vj,kd

−2
(

vj,kd − vj,k−1
d

)

if zi = vj,k−1
d

0 else

(4.16)
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∂cj,kang
∂zi

=















































vj,k+1
d − vj,kd if zi = vj,k−1

d

2vj,kd − vj,k−1
d − vj,k+1

d if zi = vj,kd

vj,k−1
d − vj,kd if zi = vj,k+1

d

0 else

(4.17)

∂cj,k2D
∂zi

=































































if zi = vj,0d

if zi = vj,1d

if zi = vj,2d

−1 if zi = vj,kd

0 else

(4.18)

∂cj1,k1,j2,k2,dident

∂zi
=































1 if zi = vj1,k1d

−1 if zi = vj2,k2d

0 else

(4.19)

Since the number of degrees of freedom is defined as a local property of a specific

configuration z, different configurations of the same Building Game intermediate

could theoretically have differing numbers of degrees of freedom. However, we have

yet to observe a Building Game intermediate that has this property. A contrived

case in which a linkage of squares leads to a configuration space with differing degrees

of freedom is described in section 4.2.2. When we report the number of degrees of

freedom that a Building Game intermediate has, we use its canonical configuration

in computation.

In practice, we use NumPy’s numpy.linalg.svd module to take the singular value

decomposition of the compute Jacobian matrix in Python. The rank of the Jacobian
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Figure 4.2: A linkage of 6 squares with configurations of different degrees of freedom.

is then the number of effectively non-zero singular values where a small cutoff is used

to determine whether a small singular value is indeed zero or non-zero.

4.2.2 A Configuration Space that is no a Manifold

Consider the linkage of six squares arranged in a 2× 3 lattice depicted in figure 4.2.

This linkage has three lines of hinges: 2 across and 1 down. As shown, the two

horizontal hinges can be manipulated independently with each of the vertical hinges

maintaining at an angle of π degrees. This seems to indicate two internal degrees of

freedom. Alternatively, when folded along the vertical crease, the horizontal hinges

remain fixed with dihedral angle π. This configuration corresponds to just a single

internal degree of freedom. Thus, the transition between these two modes, when

the linkage is completely planar, there is a singularity and the number of degrees of

freedom is not defined.

As stated previously, we have not observed this type of behavior from any Build-

ing Game intermediates. This leads us to speculate that the degenerate nature of

this example is down to an uncommon alignment of the hinged edges. Clearly, this

linkage could never be an intermediate of a convex polyhedron. Perhaps the Building

Game geometric configuration space has no singularities and is hence a manifold for
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all convex polyhedra.

4.2.3 Results

0 1 2

Degrees of Freedom

0

1

2

3

4

5

6

7

N
u

m
b

er
o

f
In

te
rm

ed
ia

te
s

Cube Degrees of Freedom Histogram

Figure 4.3: Distribution of internal degrees of freedom amongst Cube intermediates.

Using the Jacobian method for computing internal degrees of freedom, we have

computed the number of degrees of freedom for all intermediates of the Platonic

solids. Figures 4.3, 4.4, 4.5, and 4.6 are histograms of the number of internal degrees

of freedom for the intermediates of each of the Platonic solids. We do not include

the Tetrahedron, since it only has four intermediates and only the one composed

of two triangles is not rigid. Interestingly, the cube and dodecahedron have a large

number of rigid intermediates due to the fact that their vertices are the rigid meeting

of only three faces. The octahedron, with four faces meeting at each vertex has a

more varied distribution of internal degrees of freedom. The icosahedron, however,
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Figure 4.4: Distribution of internal degrees of freedom amongst Octahedron intermediates.

has a very small number of rigid intermediates with some intermediates having as

many as 13 internal degrees of freedom.

To provide a more detailed look at the distribution of internal degrees of freedom,

figures 4.7, 4.8, 4.9, and 4.10 break down the previous histograms by the number of

faces in the intermediate. Each column of the plots is a histogram for the number of

internal degrees of freedom for the intermediates with that specific number of faces.

The general theme seems to be that intermediates with almost all or almost none of

their faces are most rigid and the intermediates with around half of the total possible

faces have the most internal degrees of freedom. The most interesting case remains

the icosahedron with a wide variation in internal degrees of freedom for most face

counts.
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Figure 4.5: Distribution of internal degrees of freedom amongst Dodecahedron intermediates.

4.2.4 Explicit Removal of Trivial Degrees of Freedom

Since we are often solely interested the internal degrees of freedom, there are a few

was to augment the constraint equations to mod out the translation or rotations

causing the trivial degrees of freedom. One possible choice is to pick a face and con-

strain its vertex locations to match a fixed template. The corresponding constraint

equations for fixing the jth face would be

cj,k,dfix (z) = vj,kd − v̂j,kd (4.20)

∂cj,k,dfix

∂zi
=















1 if zi = vj,kd

0 else

(4.21)
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Figure 4.6: Distribution of internal degrees of freedom amongst Icosahedron intermediates.

for each dimension d of each vertex k of face j. For reasons we will explain in the

next chapter, this may not always be an ideal choice if there is information other

than the degrees of freedom we which to derive from the constraint equations.

An alternative that prevents translation, but does allow rotation is to fix the

configuration’s center of mass.

cdcom (z) =

|Fx|
∑

j=1

sfj
∑

k=1

vj,kd (4.22)

∂cdcom
∂zi

=















1 if zi = vj,kd

0 else

(4.23)

This amounts to the sum over the dth entry of each vertex in the configuration.
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Figure 4.7: Each vertical column gives a histogram of the number of internal degrees of freedom
k-faced intermediates of the cube have.
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k-faced intermediates of Octahedron have.
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Figure 4.9: Each vertical column gives a histogram of the number of internal degrees of freedom
k-faced intermediates of the Dodecahedron have.
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k-faced intermediates of the icosahedron have.



Chapter Five

Processes in Constraint Spaces
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5.1 Constrained Dynamics

Sometimes we are interested in more than simply the number of degrees of freedom a

particular configuration has. To explore the configuration space, find similarities be-

tween different configurations, analyze the geometric configuration space’s topology,

or compute other relevant statistics, it can be useful to compute dynamic processes

on the geometric configuration space. There are clear computational challenges to

computing such dynamics due to computational handling of constraints, the lack

of an explicit parameterizations, and the fact that geometric configuration space is

often of much smaller dimension than the ambient space it sits in.

5.2 Brownian Motion on a Manifold

To explore various properties of the Building Game geometric configuration spaces,

we simulate a Brownian motion on the corresponding constraint space. Assuming

that the constraint space has no singularities, it is a manifold. Brownian motion on

a Riemannian manifold is defined as a diffusion process generated by ∆/2 where ∆

is the Laplace-Beltrami operator

∆ = gij
∂2

∂xi∂xj
− gijΓk

ij

∂

∂xk
[9]. (5.1)

Since the geometric configuration space is defined implicitly by constrain functions,

an analytic solution of the Brownian density function is not possible. Using a two step

scheme, we use a random walk to approximate the Brownian motion. To compute

each new random walk step, we first take a step in the tangent space and then project

this point back to the manifold.
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5.2.1 Computational Scheme

Suppose we have a m dimensional manifold M ⊂ R

n defined implicitly by M .
=

{z ∈ Rn : c (z) = 0} for some function c : Rn → R

n−m with c1, . . . , cn−m indepen-

dent constraint functions. We seek to approximate a Brownian motion on M by

constructing a random walk. As mentioned before, this is done in two stages; start-

ing at a point z ∈ M we take a step of size
√
∆t in a tangent direction w and then

we project the point z +
√
∆tw back ontoM.

Sampling in Tangent Space

At each point z ∈ M the tangent space is TzM .
= {w ∈ Rn : C (z)w = 0} where

C : Rn → R

(n−m)×n is the Jacobian of c. Thus, sampling from the tangent space

reduces to sampling from the null space of C(z).

First we must construct a basis for TzM. Let A = [CT (z)B] be the concatenation

of CT (z) and a randomly drawn matrix B ∈ Rn×m. We assume each entry of B is

independent with Bjk ∼ unif(0, 1).

Lemma 5. The matrix A is of full rank with probability 1.

Proof. Since the constraints of c are independent, C is of full rank. Additionally,

since B is drawn randomly, each column of B will be independent of the columns

of CT and also the other columns of B almost surely. Thus, the columns of A are

independent and A is of full rank.
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Now, we compute the QR decomposition

A =
[

CTB
]

= QR =
[

Q(1)Q(2)
]

R (5.2)

where Q(1) ∈ R(n−m)×n and Q(2) ∈ Rm×n.

Theorem 8. The columns of Q(2) are an orthonormal basis for TzM = N(C) and

the columns of Q(1) are an orthonormal basis for (TzM)⊥ = (N(C))⊥.

Proof. The second claim is true by simple linear algebra arguments and the proper-

ties of the QR decomposition.

col(Q(1)) = col(CT ) (5.3)

= ((col(CT ))⊥)⊥ (5.4)

= (N((CT )T )⊥ (5.5)

= (N(C))⊥ (5.6)

Here we use the vector space identities X = (X⊥)⊥ and (colX)⊥ = N(XT ). This

shows that columns of Q(1) are an orthonormal basis for (TzM)⊥. Now, since

col(Q(1))⊕ col(Q(2)) = col(A) (5.7)

= R

n (5.8)

= (N(C))⊕ (N(C))⊥ (5.9)

= (N(C))⊕ col(Q(1)) (5.10)

we must have that col(Q(2)) = N(C) and that the columns of Q(2) provide an or-

thonormal basis for TzM.
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Now, with our orthonormal basis for TzM, we can define any w ∈ TzM by a

vector α ∈ Rm as follows.

w =
m
∑

i=1

αiQ
(2)
i = Q(2)α

So, for any two w, w̃ ∈ TzM we can define the manifold metric g as

g(w, w̃) = g

(

m
∑

i=1

αiQ
(2)
i ,

m
∑

j=1

α̃jQ
(2)
j

)

(5.11)

=
m
∑

i=1

m
∑

j=1

αiα̃jg
(

Q
(2)
i , Q

(2)
j

)

(5.12)

=
m
∑

i=1

m
∑

j=1

αiα̃jGij (5.13)

= αTGα̃ (5.14)

Then, our goal is to sample uniformly from ΩG =
{

w = Q(2)α : αTGα = 1
}

. Since

this set corresponds to a level set of the Multivariate normal distribution with mean

zero and covariance matrix G−1, our sampling problem reduces to sampling u ∼

N (0, G−1). Given u, w
.
= u

|u|
is sampled from ΩG as desired. We generally choose

G = I, but this is not required.

Projection onto M

After making a step away from z of size
√
∆t in the direction w ∈ N(C), our new

point z +
√
∆tw is not likely to be in M. To return our point to M, we make a

projection step w⊥ ∈ (N(C))⊥. Since Q(1) provides a basis for (N(C))⊥, we can

write any such step as

w⊥ =
n−m
∑

i=1

γiQ
(1)
i = Q(1)γ.
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with γ ∈ Rn−m. Thus, we want to identify a γ such that c(z +
√
∆tw +Q(1)γ) = 0.

Since c is nonlinear, we use Newton-Raphson iteration to solve for γ. By defining an

objective function F and its Jacobian J as

F (γ) = c(z +
√
∆tw +Q(1)γ) (5.15)

Jjk(γ) =
∂Fj

∂γk
(γ) (5.16)

=
n−m
∑

i=1

∂cj
∂zi

(z +
√
∆tw +Q(1)γ)Q

(1)
ik (5.17)

J (γ) = C(z +
√
∆tw +Q(1)γ)Q(1) (5.18)

we arrive at the iteration routine below, which typically commences with the initial

guess γ0 = 0.

C(z +
√
∆tw +Q(1)γ)Q(1) (γk+1 − γk) = J (γk) (γk+1 − γk) (5.19)

= −F (γk) (5.20)

= −c(z +
√
∆tw +Q(1)γ) (5.21)

Sampling Algorithm

5.2.2 Validation and Test Cases

An interesting test of our sampling scheme is unitary matrices. Since unitary ma-

trices are complex matrices that satisfy U∗U = UU∗ = I, we can use a system

constraints to represent the space of unitary N × N matrices as an algebraic va-

riety sitting in a n = 2N2 dimensional ambient space. If we use the coordinates

U = A+ iB for real, N ×N matrices A and B. We use the constraints given by the
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for k = 1, . . . , N do

B ← unif(0, 1)n×m

A←
[

CTB
]

[Q(1), Q(2)], R←QRdecomposition(A)
α← N (0, G−1)

w ← Q(2)α
|Q(2)α|

γ ← 0n−m

while |c(z +
√
∆tw +Q(1)γ)| > ǫ do

∆γ ← (C(z +
√
∆tw +Q(1)γ)Q(1))−1(−c(z +

√
∆tw +Q(1)γ))

γ ← γ +∆γ
end while

z ← z +
√
∆tw +Q(1)γ

end for

Figure 5.1: Random Walk algorithm onM.

following.

I = U∗U (5.22)

= (AT − iBT )(A+ iB) (5.23)

= (ATA+BTB) + i(ATB + BTA) (5.24)

1j=k = Aj · Ak + Bj ·Bk (5.25)

0 = Aj ·Bk + Ak ·Bj (5.26)

Considering each 1 ≤ j ≤ N gives us 2 ∗ (N + 1
2
N(N − 1)) = N +N2 independent

polynomial constraint equations.

Using our random walk scheme to simulate a Brownian motion of the constraint

space. Considering first the case of N = 3, the ambient space is R18. The resulting

constraint manifold has dimension 6 with the co-dimension 12 corresponding to the

12 = 3 + 32 independent constraints imposed.

A uniform distribution according to the Haar measure corresponds to a uniform

sampling of of the arguments θ of the matrices eigenvalues [19]. Using our scheme,
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Figure 5.2: Empirical distribution of 3× 3 Unitary matrices is uniform.

3, 000, 000 samples were drawn for both N = 3 and N = 10. Figures 5.2 and 5.3

show the eigenvalue distribution of our sampled matrices to be uniform.

5.2.3 Brownian Motion on Geometric Configuration Spaces

As an initial test case of our Brownian Motion scheme on Building Game geometric

configuration spaces, we first consider two simple triangle linkages. The first is

a dimer composed of two triangles linked together along a hinged edge. As seen in

figure 5.4, the linkage can be specified by the 3-dimensional locations of four vertices,

giving an ambient space of R3. In addition to the six trivial degrees of freedom, this

configuration also carries an internal degree of freedom corresponding to the dihedral

angle formed at the hinged edge. Figure 5.5 shows a histogram of this dihedral angle

as sampled using out random walk scheme. Interestingly, the distribution is not

uniform and appears to be of the form α0 + α1 cos(θ) + α2 cos(2θ).
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Figure 5.3: Empirical distribution of 10× 10 Unitary matrices is uniform.

A second test case we consider is a linkage with three triangles. As depicted

in figure 5.6, the configuration is composed of an interior triangle connected along

two of its edges to an additional two triangles and is parameterized by five vertices.

This configuration has two internal degrees of freedom, which are represented my the

two dihedral angles. Figure 5.7 is a 2-dimensional histogram of the dihedral angles

sampled by our scheme. As a test of convergence for our scheme, figure 5.8 show

the Kolmogorov-Smirnov distance of the empirical distribution on the first dihedral

angle of the three triangle linkage as a function of the number of samples. The line

of best fit has a slope of −0.461. This is nearly −0.5 indicating that the expected

square root rate of convergence is close to being achieved.



83

Figure 5.4: Two triangle linkage.

Fixing Trivial Degrees of Freedom

Since we are only interested in internal degrees of freedom and statistics invariant

to rigid body movement, the inclusion of the six trivial degrees of freedom in our

simulations may not be necessary. In fact, if the geometric configuration space is

reduced by six dimensions, sampling efficiency will improve.

As mentioned in section 4.2.4, one way of fixing the translational degrees of free-

dom is to fix the center of mass of the configuration. While this method does not

address the rotational degrees of freedom, it does appear to maintain the same dis-

tribution on the internal modes. In fact, the Kolmogorov-Smirnov distance between

the sampled points for the first dihedral angle in figures 5.7 and 5.10 is just 0.00296

indicating an excellent agreement. Thus, it remains to account for the rotational

degrees of freedom separately.

Now, to address rotations, we seek to find the three dimensional subspace of
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Figure 5.5: Histogram of the dihedral angle in sampled configurations of a two triangle linkage.
The red curve has the form α0 + α1 cos(θ) + α2 cos(2θ).

the tangent space and restrict our random walk to the space orthogonal to these

rotational directions. Since such a step in the tangent space is then projected to the

manifold, some rotation may occur in the projection step. To account for this, we

must add a correction step that rotates the configuration back to its original frame

of reference.

We treat our constraint space as the product of the special orthogonal group (ro-

tations) and an algebraic variety corresponding to the remaining degrees of freedom

M = SO(3)×M̃. For every non-singular z ∈M we notice that there is a local dif-

feomorphism fromM to SO(3)×M̃. Using this knowledge, we aim to find local coor-

dinates Q ∈ SO(3) and z̃ ∈ M̃ such that the tangent space TzM = TQSO(3)×Tz̃M̃.

Since we already have a method for deriving TzM, the goal now is to decompose

this tangent space into the two orthogonal subspaces corresponding to the rotational

and internal degrees of freedom.
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Figure 5.6: Three triangle linkage.

Since z = (v1, v2, . . . , vN) for vi ∈ R3, the rotation by a Q ∈ SO(3) is really

the vertex-wise rotation Q̄z = (Qv1, Qv2, . . . , QvN). In the case of Q = I the

tangent directions are generated by the skew-symmetric matrices. A basis for the

skew-symmetric matrices is given by

e1 =













0 1 0

−1 0 0

0 0 0













(5.27)

e2 =













0 0 1

0 0 0

−1 0 0













(5.28)

e3 =













0 0 0

0 0 1

0 −1 0













. (5.29)

Thus, in the case of Q = I we can represent the rotational directions of the tangent
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Figure 5.7: Histogram of the dihedral angle in sampled configurations of a three triangle linkage.

space as TISO(3) = span(w1, w2, w3) where the bases w1, w2, w3 are defined by

w1 = (e1v
1, e1v

2, . . . , e1v
N) (5.30)

w2 = (e2v
1, e2v

2, . . . , e2v
N) (5.31)

w3 = (e3v
1, e3v

2, . . . , e3v
N). (5.32)

With this formulation, we can alter our method for finding the bases of the

tangent space from theorem 8 to get the decomposition we desire. Specifically,

setting

Ã =
[

CT (z)(w1, w2, w3)B̃
]

where B ∈ Rn×(m−3) is again random and taking the QR decomposition will give us

Ã =
[

Q(1)Q
(2)
rotQ

(2)
int

]

R.
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Figure 5.8: Convergence of the sampling scheme for the three-triangle linkage.

As before, Q(2) =
[

Q
(2)
rotQ

(2)
int

]

is a basis for TzM, but we will also have Q
(2)
rot as a

basis for the rotational directions TISO(3) and Q
(2)
int as a basis for the remaining

internal tangent directions Tz̃M̃. Thus by modifying our random walk routine to

sample from the directions of Q
(2)
int, we will fix the rotation of the proposed step in

the tangent space.

Two issues must still be addressed. First, we have assumed that that the local

rotation coordinate Q is the identity. Additionally, even though our step in tangent

space does not contain any of the rotational directions, when it is projected back

to the constraint space, some rotation may occur. We address these two issues

simultaneously in the form of a correction step after the projection has been made.

To do this, the configuration is simply rotated back to its original frame of reference

using the Kabsch algorithm which finds the optimal rotation by which to match two

sets of points in three dimensions [12]. The implicit assumption here is that if we

have bad a sufficiently small random walk step, the resulting configuration will be
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Figure 5.9: Sampling of two triangle linkage with fixed center of mass. The red curve has the
form α0 + α1 cos(θ) + α2 cos(2θ).

close to the one at the previous step. Moreover, if Q = I at the previous step, this

rotation will bring the configuration back to the same frame of reference.

Figure 5.11 shows the results for a sampling of configurations for the two triangle

linkage. The distribution of dihedral angle takes the form of a cosine function which

differs from the method which does not fix rotations. Similarly, the three triangle

linkage also produces a different distribution on dihedral angles. As seen in fig-

ure 5.12, the distribution is not the simple product of one-dimensional distributions.

There are local maxima at (0, 0), (π
3
, 5π

3
), and (5π

3
, π
3
) With a local minima at (π, π).

Since the fixing of rotation alters our sampling distribution, this method is not

optimal. An approach that may be considered in the future is to use the quotient

metric for g as was similarly used in [8].
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Figure 5.10: Sampling of three triangle linkage with fixed center of mass.

5.3 Reflected Brownian Motion on a Manifold

In our sampling of Building Game geometric configurations, we see that many of the

sampled configurations of Brownian motion paths are self-intersecting. These con-

figuration are nonphysical and can be avoided by using reflected Brownian motion.

5.3.1 Computational Scheme

To sample from a reflected Brownian motion on the manifold, we use a rejection

scheme that first generates a proposal configuration according to the previous ran-

dom walk scheme. Using our implicit boundary function that simply returns true

if a proposed configuration is valid (not self-intersecting), and false otherwise, we

accept or reject the proposed configuration. This process repeats until a proposal is

accepted.



90

0 1 2 3 4 5 6

Dihedral Angle

0.00

0.05

0.10

0.15

0.20

F
re

q
u

en
cy

Two Triangle Linkage with Fixed Center of Mass and Rotation with No Boundaries

Figure 5.11: Sampling of two triangle linkage with fixed center of mass and rotations. The green
curve has the form α0 + α1 cos(θ).

Testing for Self-Intersection

In order to compute our implicit self-intersection function at each step, we must

ensure that no two triangles intersect. Thus, for an intermediate [x], each function

call requires that 1
2
|x|(|x| − 1) pairs of triangle be tested for intersection. For the

scheme to remain computationally feasible, it is imperative that these comparisons

are carried out as efficiently as possible. We use an algorithm presented by Möller,

which has been shown to be effective [20].

5.3.2 Validation and Test Cases

One way to test whether our rejection scheme has the properties that coincide with a

reflected Brownian motion is to look at its distribution after a finite amount of time
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Figure 5.12: Sampling of three triangle linkage with fixed center of mass and rotations.

rather than only looking at long time statistics. In figure 5.13 we consider the case

of a d-dimensional hyper-cube for d = 2, 3, 4, 5 and compare the distribution after a

finite simulation time with the exact solution. The results match almost perfectly

with the biggest errors occurring at the boundaries. This is to be expected since the

rejection method biases the sampling slightly to points away from the boundary.

5.3.3 Reflected Brownian Motion on Geometric Configura-

tion Spaces

Now, we again consider the two and three triangle linkage examples from sec-

tion 5.2.3. Figure 5.14 depicts the same conditions (no fixed trivial degrees of free-

dom) as figure 5.5 previously, but with the addition of boundaries that prevent the

two triangles from rotating through each other. The agreement in the two histograms

is strong with the greatest differences being at the boundary as expected.
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Similarly, we consider the three triangle linkage with no fixed degrees of freedom

and impose boundaries. This test is less trivial than the two triangle linkage since the

exterior triangles of the linkage may interact more easily. Comparing the original in

figure 5.7, there is nice agreement except in the regions in the lower-right and upper-

left corners of the plot which correspond to the aforementioned triangle intersection.

Also, a noticeable layer of lower probability is seen around the periphery of the

plot which reflects the boundary preventing the triangles from rotating through each

other.

Again, we test the convergence for our scheme, using show the Kolmogorov-

Smirnov distance of the empirical distribution on the first dihedral angle of the three

triangle linkage with boundaries as a function of the number of samples. As seen in

figure 5.16 the line of best fit has a slope of −0.449 which is again close to square

root convergence.

Now we compare the analogous cases in which we fixed all of the trivial degrees

of freedom with and without a boundary. Figure 5.17 is the boundaried version

of figure 5.11 and figure 5.18 is the boundaried version of figure 5.12. Both cases

exhibit a close comparison to their counterparts with the regions near the boundary

possessing the largest deviations.

5.4 Computational Implementation

As with our enumeration work, simulations were carried out on a desktop computer

running 64-bit Ubuntu 14.04 LTS with 15.6 GiB memory and a quad-core 3.20GHz

Intel processor. The module for simulating the Brownian motion on a manifold was
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implemented in Python and was able to sample at a rate on the order of 3, 000, 000

samples per hour. This rate varies with use of a boundary and the dimension of the

manifold and ambient spaces as well.
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Figure 5.13: Finite time distribution of first dimension of rejection sampled points in hyper-cubes
of increasing dimension across different choices of timestep.
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Figure 5.14: Sampling of two triangle linkage with boundaries. The red curve has the form
α0 + α1 cos(θ) + α2 cos(2θ).
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Figure 5.15: Sampling of three triangle linkage with boundaries.
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Figure 5.16: Convergence of the sampling scheme for the three-triangle linkage with self-
intersection boundaries.
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Figure 5.17: Sampling of two triangle linkage with boundaries and fixed center of mass and
rotations. The green curve has the form α0 + α1 cos(θ).
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Figure 5.18: Sampling of three triangle linkage with boundaries and fixed center of mass and
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Chapter 2 has provided a framework for modeling the self-assembly of a polyhedron

using a Markov process. When using a transition rate matrix of the form

Qjk =































Sjke
−β(Ejk−Ej) if [xj]↔ [xk]

−zj if j = k

0 else

(6.1)

the intermediate energies Ej and transition barrier energies Ejk must be specified.

Using minus the number of closed edges in an intermediate has a nice, physically

motivated interpretation. The choice of barrier heights, however, has not yet been

addressed. Using information of an intermediate’s geometric configuration space

that can be gathered using our manifold reflected Brownian motion scheme, we

derive energy barrier heights and thus the rate matrix Q. This combination of

combinatorial and geometric structure provides a unique insight into the various

themes of self-assembly.

6.1 Deriving Rates

Consider the process of adding a face to an intermediate. In the combinatorial con-

figurations space this is a transition from one node of the graph to another. However,

for this transition to occur in a more physical setting, the geometry of the interme-

diate plays a large role. One can imagine that there are geometric configurations

are contorted in a way as to prevent a face from being added at a particular loca-

tion. For instance consider the linkage of two triangles as an intermediate of the

tetrahedron. Since the combinatorial configuration space is rather trivial, adding

a face will results in the rigid linkage of three triangles all sharing a vertex. Since
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the equilateral triangle has angles of π
3
, the angle between the two edges of the two

triangle linkage that the third face attaches to must be close to π
3
for it to attach

easily. We extend and formalize this idea for face attachment on a Building Game

intermediate to obtain the rates we desire.

If there are three vertices va, vb, vc in the intermediate that each combine with

one of the three vertices on the added triangle, and (va, vb) and (vb, vc) are edges

in one of the intermediate’s existing triangles, the rate of attachment for the face

is given by the proportion of time the configuration–undergoing manifold reflected

Brownian motion–has π
3
− ǫ < ∠(va, vb, vc) <

π
3
+ ǫ. Here ǫ is a parameter reflecting

how close to the ideal angle the configuration must be in order to allow attachment.

If there are no such triplets va, vb, vc where a face is being attached, the attachment

occurs at a unit rate. If there are more than one triplet va, vb, vc, the attachment rate

is averaged across each such triplet. Taking this empirical rate and summing over

the other faces corresponding to the degeneracies of the transition of interest, the

empirical forward transitions rates Q̂jk are derived. By comparing these computed

rates with the analytic form for our transition rate matrix, we can derive the barrier

heights Ejk for each transitions. Since the barriers are symmetric, this information

also gives the reverse transition rates Qkj.

Q̂jk = Q0
jk (6.2)

= Sjke
β0(Ejk−Ej) (6.3)

Ejk = Ej −
1

β0
log
(

Q̂jk/Sjk

)

(6.4)

Here β0 is the inverse temperature used to derive the barriers from the empirical

computations. Since

Qjk = Sjke
β(Ejk−Ej) (6.5)
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= Sjke
−β

(

Ej−
1
β0

log(Q̂jk/Sjk)−Ej

)

(6.6)

= Sjk

(

Q̂jk/Sjk

)
β
β0 , (6.7)

the choice of β0 effectively specifies the units of β. Typically, we choose β0 = 1.

To derive the empirical rates, each intermediate was simulated for 10, 000, 000

steps with a stepsize of h = 0.05. By storing each of the relevant angles either step

by step, or in a histogram, the rates can be computed for each choice of ǫ at a later

time as needed.

6.2 Self-Assembly Statistics

After we have computed the rate matrix Q for the octahedron as a function of ǫ and

β, we are now able to compute the different statistics derived in section 2.3. For

instance, the stationary distribution of each octahedron intermediate is plotted as

a function of β in figure 6.1. To better view how these probabilities decay as the

temperature decreases, figure 6.2 presents the natural logarithm of these stationary

probabilities.

With the rate matrix, we can also look at how the occupation probabilities change

over time. If the process begins with a single face, the probabilities diffuse through

the graph according to eQte1 and eventually converge of the stationary distribution

π as t→∞. Figure 6.3 shows how these occupation probabilities change over time.

Another way to visualize the dynamic behaviors of our Markov process is to look

at individual transitions and the rates with which they occur. Figure 6.4 shows the
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Figure 6.1: Octahedron stationary distributions as a function of β.

octahedron combinatorial configuration space with the edges labeled with the joint

transition rate πjQjk = πkQkj for the choices β = 0.8 and ǫ = 0.5.

Since our model uses the two parameters ǫ and β, it is of particular interest to

examine how the choice of these parameters affects the behaviors of the Markov pro-

cess. Figure 6.5 shows how the stationary distributions (node size) and the transition

rates (edge thickness) change for three choices of ǫ and three choices of β. These

plots provide and effective way of visualizing which edges and pathways are more

probable for different parameter choices.

One of the most interesting Markov process statistics is the expected formation

time E[τ ]. Figure 6.6 shows the relation between β and the expected formation time

for several choices of ǫ. At β = 0, the Markov process is essentially a random walk

on the graph, weighted only by the degeneracy of each transition and unaffected

by the choice of ǫ. On the other end, as β gets higher and higher, each transition
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Figure 6.2: Natural log of the octahedron stationary distributions as a function of β.

occurs with an increasingly small rate. This leads to a sharp increase in formations

times. Interestingly, there is an intermediary range of betas where a minimum of the

formation time function occurs.
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[20] T. Möller. A fast triangle-triangle intersection test. Journal of Graphics Tools,
2:25–30, 1997.

[21] J. Norris. Markov Chains. Cambridge University Press, New York, 1998.

[22] S. Pandey, M. Ewing, A. Kunas, S. Ngyen, D. Gracias, and G. Menon. Algo-
rithmic design of self-folding polyhedra. Proceedings of the National Academy
of Sciences, 108:19885–19890, 2011.

[23] S. Pandey, D. Johnson, R. Kaplan, J. Klobusicky, G. Menon, and D. Gracias.
Self-assembly of mesoscale isomers: The role of pathways and degrees of free-
dom. PLoS ONE, 9(10), 10 2014.

[24] S. Pandey D. Gracias G. Menon R. Kaplan, J. Klobusicky. Building polyhedra
by self-folding: theory and experiment. Artificial Life, 20:409–439, 2014.

[25] J. Rotman. An Introduction to the Theory of Groups. Springer-Verlag, New
York, NY, fourth edition, 1995.

[26] H. Sachse. Ueber die geometrischen isomerien der hexamethylenderivate.
Berichte der deutschen chemischen Gesellschaft, 23(1):1363–1370, 1890.

[27] R. Schwartz, P. Shor, P. Prevelige Jr., and B. Berger. Local rule simulation
of the kinetics of virus capsd self-assembly. Biophysical Journal, 75:2626–2636,
1998.

[28] D. Sommerville. Introduction to the Geometry of N Dimensions. Mesthuen &
Co. Ltd., London, 1929.



108

[29] Q. Sun, J. Iwasa, D. Ogawa, Y. Ishido, S. Sato, T. Ozeki, Y. Sei, K. Yamaguchi,
and M. Fujita. Self-assembled M24L48 polyhedra and their sharp structural
switch upon subtle ligand variation. Science, 328:1144–1147, 2010.

[30] D. Wales. Closed-shell structures and the building game. Chemical Physics
Letters, 141:478–484, 1987.

[31] D. Wales, M. Miller, and Y. Walsh. Archetypical energy landscapes. Nature,
394:758–760, 1998.

[32] G. Ziegler. Lectures on Polytopes. Springer-Verlag, New York, NY, 1995.

[33] A. Zlotnick. An equilibrium model of the self assembly of polyhedral protein
complexes. Journal of Molecular Biology, 241:59–67, 1994.


