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CHAPTER 1

Introduction

This thesis focuses on the study of singularities in algebraic geometry, and involve two broad

topics:

(i) logarithmic resolution of singularities,

(ii) and the monodromy conjecture of Denef-Loeser.

This thesis is based on four papers either authored or co-authored by the author. In chrono-

logical order, they are:

(i) [Que22al, which is the content of Chapter 3,

)
(ii) [QR21] co-authored with David Rydh, which is the content of Chapter 2,
(iii) [AQ21] co-authored with Dan Abramovich, which is the content of Chapter 4,
)

(iv) and finally, [Que22b], which is the content of Chapter 5.

In this thesis, all ideals considered on schemes (or more generally algebraic stacks) are
always quasi-coherent, finitely generated ideals. In addition, since toric geometry is prevalent

throughout this thesis, we shall fix, once and for all, the following:

Convention 1.0.1 (Conventions on lattices, fans, and their cones). For m € N, we set
m] = {1,2,...,m} (ie. [0] = &). We reserve the letter N = Z" (and sometimes L) for the
lattice of one-parameter subgroups of a torus G, and the letter M = NV := Hom(N, Z) for its
dual lattice of characters of GI,. The standard basis vectors of N will be denoted e; for i € [n],

while the standard basis vectors of M will be denoted e for i € [n].



For a subring R of R, we set Np = N ®z R with positive half-space Nj; = RYy C Ng
(where R>g = RN Rsg). Likewise we also set Mp = M ®z R with positive half-space M} =
Homn (R%g, R>0) C Mg. We write N* for N, and M+ for M.

Given a fan X in Ngr, Xy will denote the toric variety of 2. We will follow any conventions
in [CLS11]| pertaining to toric varieties. For a convex rational polyhedral cone o in Ng, the
dimension of its R-span will be denoted dim(o). Its relative interior (= the interior of ¢ in its
R-span in Nr) will be denoted as relint(o). Given another rational convex polyhedral cone o’
in Ng, we write 0’ < o to mean that ¢’ is a face of o. For any d € N, we will denote X[d]
(resp. old]) to be the d-dimensional cones in ¥ (resp. d-dimensonal faces o’ < o). The cones
in X[1] will be called rays. We usually denote rays by the letter p instead of o. The first lattice
point on each ray p € X[1] will be written as u, = (u,;) ;. The cones in X[dim(NN)] will be
called full-dimensional. We also write Y[max| to denote the set of maximal cones in 3. All
fans considered in this thesis fulfill the condition that X[max] = X[dim(/N)]. The support of 3
(= the union of all cones in 3) will be denoted by |¥|. For S C Ngr, we write (S) for the cone
in Nt generated by S.

Finally, o4q denotes the standard cone in Ng, that is, ogq = Z?:l R>pe;. We also set Ygq

for the standard fan in Ng, that is, the fan generated by the standard cone ogyq.

1.1. Weighted blow-ups

Scheme-theoretic weighted blow-ups appear naturally in the context of toric varieties and,
more generally, in locally toric situations. Given a lattice N, a fan > on Ng, a cone o, and a
lattice point v € relint(o), the star subdivision ¥*(v) of ¥ at v induces a map of toric varieties

If o is simplicial, then there is a unique way to write v = > " | d;u,, where p1, pa, ..., pp
are the rays of o with first lattice points u, ,u,,,...,u,,, and di,ds,...,d, € Nyo. If
Dy, D,, ..., D, are the torus-invariant divisors on Xy, corresponding to the rays pi, p2, ..., pn,



then Xy«(y) — Xy is the scheme-theoretic weighted blow-up along the “weighted center”

1 1
—DiN---N—D,.
dy ! d,

One way to make this precise is to take the usual blow-up of Xy along the integral closure of
the ideal

]%Dl_}_..._{_[an

dn
where N is a positive integer that is sufficiently divisible, and I is the ideal sheaf of a divisor
D on Xyx. If every cone containing ¢ is smooth, then the D; are Cartier divisors and if all
the multiplicities d; are equal, then Xy-(yy — Xy is the usual smooth blow-up of Xy along
the smooth closed subscheme Dy N Dy N --- N D,. If ¥ is smooth, then the weighted blow-
up Xy«(v) — Xy of the smooth toric variety Xy, is always singular unless the multiplicites d;
are equal. Fortunately, in that case, Xy«(y) is still a simplicial toric variety, and it is known
that a simplicial toric variety is always the coarse space of a smooth toric stack, cf. [BCS05,
Proposition 3.7] or [FMN10, Theorem II]. Therefore, if one wants to work with weighted blow-
ups of smooth objects, the above discussion suggests that there is more promise in considering

weighted blow-ups as stacks instead of schemes.

1.1.1 (Weighted blow-ups as stacks). As before, consider a smooth fan ¥. It turns out
that the toric stack 2, corresponding to the star subdivision ¥*(v) of ¥ at v, is what we
will refer to as the stack-theoretic weighted blow-up of X = Xy, along the smallest Z-graded
Ox-subalgbra I, C Ox|t] containing O in degree 0 and Ip, in degree d; for 1 < i < n. By

definition, this means that 2 is the stack-theoretic Proj:

Projx (1) = [Specx (L) N V(L+) / G-



We call I, a Rees algebra on X (Definition 2.3.1), and we express it as:
(1.1) I, = (Ip,,dy) + (Ipy,do) + - -+ (Ip,, dn), cf. Definition 2.3.5.

The exceptional divisor of this weighted blow-up is the stack-theoretic Proj of @, .n In/Int1
which is a weighted projective stack — a smooth stack whose coarse space is a weighted pro-
jective space.

Rees algebras provide a common framework for stack-theoretic weighted blow-ups of arbi-
trary algebraic stacks, that is independent of any toric connections. This framework includes

the following examples:

(i) the usual blow-up in the ideal I, which corresponds to the usual Rees algebra I, =
(1,1) = Dpzo 1™,

(ii) the dth root stack in the Cartier divisor D, which corresponds to the Rees algebra
I, = (Ip,d), and

(iii) the Cartierification of a Q-Cartier divisor D, which corresponds to the Rees algebra

Io == (IDal) + (12D72) +oee

Whereas usual blow-ups modify the space without introducing any stackiness, root stacks and
Cartierifications leave the coarse space unmodified and introduces stackiness in codimension 1
and codimension > 2 respectively. Toric stacks, with trivial generic stabilizer, can be obtained
from their coarse toric variety by taking Cartierifications and root stacks (Example 2.2.21).
Up to normalization, every weighted blow-up is a usual blow-up followed by a root stack
(Proposition 2.3.44).

Finally, we would like to point out that the Rees algebra in (1.1) is an example of a smooth
weighted center. These are the Rees algebras that can be locally written as (x1,d;) + (22, d2) +
-+ -+ (x,,d,) where x1, xs, ..., x, is a regular sequence and V (1, xs, . .., x,) is smooth. Smooth

weighted centers can also be characterized as the Rees algebras I, whose “weighted” normal



cone Specy (®n20 L)1) is a twisted weighted vector bundle (Definition 2.2.3) and whose

co-support V(1) is smooth, cf. Proposition 2.5.4.

1.1.2 (Applications). Besides arising naturally in the toric setting, weighted blow-ups have
also been an indispensible tool in algebraic geometry. For example, weighted blow-ups have been
used to study certain aspects of certain moduli stacks, e.g. in [Inc22]. More relevant to this
thesis is the recent prominent example of weighted resolution of singularities by Abramovich,
Temkin and Wiodarczyk [ATW19], which uses stack-theoretic weighted blow-ups in smooth
centers and is far more effective than Hironaka’s classical algorithm but at the expense of
using smooth stacks. In Chapters 3 and 4 of this thesis, we supply an enhancement of the
results in [ATW19] from which one can recover the key features in Hironaka’s resolution of
singularities. All these demonstrate that as opposed to usual blow-ups, weighted blow-ups
provide a significant amount of flexibility and simplification to many algorithms and arguments
in algebraic geometry.

It is also understood among experts that weighted blow-ups is a more valuable and con-
venient tool than usual blow-ups in recovering the necessary data needed to understand a
singularity. We mention a few examples illustrating this. For example, weighted blow-ups are
used to compute the log canonical threshold of a plane curve singularity, cf. [KSCO04, §6.5].
Weighted blow-ups also appear in the proof of Denef-Loeser’s motivic monodromy conjecture
for semi-quasihomogeneous singularities as in [BBV21]. Not surprisingly, this monodromy
conjecture happens to be the subject of Chapter 5 in this thesis, although we approach it using

the more efficient technique of multi-weighted blow-ups, which is the content of Chapter 4.

1.1.3 (Overview of Chapter 2). Chapter 2 forms the first portion of this thesis. In §2.1,
we study the stack-theoretic Proj. In particular, we describe its local charts (§2.1.C), its

tautological line bundles (§2.1.D), its universal property (Proposition 2.1.4), and its properties

(§2.1.E).



In §2.2, we give four examples of stack-theoretic Proj. The first example is weighted pro-
jective stacks, which includes root stacks of line bundles, and more generally twisted weighted
projective bundles (§2.2.A). The second example is root stacks of generalized Cartier divi-
sors (§2.2.B). The third example is a construction which transforms Q-invertible sheaf into
an invertible sheaf (§2.2.C), which generalizes Cartierification. This was prominently used
by Abramovich and Hassett [AH10] to treat families of Q-Gorenstein varieties. The fourth
example is a stack-theoretic amplification of GIT quotients (§2.2.D).

In §2.3, we finally introduce Rees algebras and weighted blow-ups (§2.3.A and §2.3.B). In
particular, we describe their exceptional divisor (Definition 2.3.13) and their universal property
(Theorem 2.3.20). We also give a simplified description of their universal property in the case
of normalized weighted blow-ups (Theorem 2.3.43). In §2.4, we treat weighted normal cones.
In particular, we describe how the extended Rees algebra I&* (Definition 2.3.3) gives rise to the
deformation to the weighted normal cone Spec(I&*) (§2.4.B).

In §2.5, we consider weighted blow-ups in regular and smooth centers. Firstly, we show
that various notions of quasi-regularity coincide, and are equivalent to the weighted normal
cone being a twisted weighted vector bundle (§2.5.A). Secondly, in §2.5.B, we show that when
a Rees algebra is locally generated by a weighted regular sequence, then its extended Rees
algebra has a very simple description (Proposition 2.5.9), which culminates in simple equations
for its weighted blow-up. Thirdly, we discuss weighted blow-ups along regular (resp. smooth)
centers (2.5.C, resp. §2.5.D), i.e. Rees algebras I, that are locally generated by a weighted
regular sequence and whose co-support V' (I;) is regular (resp. smooth).

In §2.6, we expand on some of the toric connections alluded to in the beginning of this
section. This naturally motivates a discussion of weighted blow-ups in the locally toric situation,
or even more generally, in the setting of logarithmic schemes. This is the content of §2.7. In

§2.7.A, we define the monomial part of a Rees algebra (2.7.4), before using it to define what



it means for a Rees algebra to be fs = fine and saturated (Definition 2.7.6). We also endow
logarithmic structures on weighted blow-ups in the logarithmic setting (4.2.18), so that the fs
category of logarithmic schemes is closed under the operation of weighted blow-ups along fs Rees
algebras. In §2.7.B, we work with schemes that are “étale locally toric”, namely toroidal (=
logarithmically regular) schemes. We define and discuss weighted blow-ups of toroidal schemes
along toroidal (= logarithmically regular) centers. Similar to §2.5.B, we give simple equations

for the weighted blow-up of a toroidal scheme along a toroidal center (Proposition 2.7.17).

1.1.4 (What’s missing from Chapter 2). Unlike the classical case where we treated both
reqular and smooth centers (cf. 2.5.C and 2.5.D), we did not define and treat weighted blow-ups
of logarithmically smooth schemes over a base scheme S along logarithmically smooth centers.
These do not play a part in this thesis, and have been omitted given the length of this thesis.
Also excluded from Chapter 2 is a section that demonstrates a GIT wall-crossing between
smooth Deligne-Mumford stacks is given by a stack-theoretic weighted blow-up followed by a
stack-theoretic weighted blow-down, both in regular centers. These will eventually appear in

[QR21] in the near future.

1.2. Resolution of singularities via logarithmic stacks

The middle portion of this thesis re-visits the celebrated theorem of Hironaka [Hir64]
that one can resolve the singularities of a reduced, closed, singular subscheme X of a smooth
scheme Y over a field k of characteristic zero, in a way that is functorial with respect to
smooth morphisms of such pairs (X C Y'). Over the years, the proof of this theorem has seen
simplifications, for example by Bierstone-Milman [BM97], by Encinas—Villamayor [EV03],
and by Wtodarczyk [W1to05]. Most recently, it was shown independently by Abramovich—
Temkin-Wtodarczyk [ATW19] and by McQuillan [McQ20] that one can do this by iteratively

blowing up the “worst singular locus” and immediately witnessing a visible improvement in



singularities, although one has to instead work with weighted blow-ups along smooth centers,
and admit smooth Deligne-Mumford stacks as ambient spaces.

In addition, one typically requires, for the sake of applications, that the singular locus of
X is transformed under the resolution into a simple normal crossings divisor. This was a
feature of Hironaka’s theorem in [Hir64], although it was only recently in a different paper of
Abramovich-Temkin-Wlodarczyk [ATW20a] that logarithmic geometry was first accessed as a
tool to account for this requirement, by encoding exceptional divisors as logarithmic structures.

We remark, however, that the resolution algorithm in [ATW19] does not address the afore-
mentioned requirement. It is thus natural to ask for an amalgamation of the two aforementioned

techniques, which we mark by below:

logarithmic geometry in

the service of resolution A

[ATW20a]g

resolution in the sense of
weighted blow-ups
Hironaka [Hir64], [ATW19, McQ20]
in the service
Bierstone-Milman [BM97],
of resolution

Encinas—Villamayor [EV 03|

In §1.2.A and Chapter 3, we realize as follows: the weighted blow-ups along smooth
centers in [ATW19] are replaced by their logarithmic counterpart — weighted blow-ups along
toroidal centers. It is essential to note that even if one takes a pair (X C Y') from before as
input for the algorithm in §1.2.A, one is inevitably led to admit toroidal Deligne Mumford stacks
as ambient spaces — these are logarithmically smooth over k, but not necessarily smooth over

k. As a consequence, one cannot expect to resolve the singularities of X solely via weighted



blow-ups along toroidal centers, and the best one can hope for at the end is toroidal singularities
(= logarithmic embedded resolution in the sense of Theorem A), where the singular locus of
X is now transformed into a divisor with toroidal support. Nonetheless this is not a concern,
since one can then apply resolution of toroidal singularities, cf. [KKMSD73, Theorem 11%*]
or [Wto20a, Theorem 6.5.1].

In §1.2.B and Chapter 4, we propose a different candidate for , although it is built on the
same backbone of ideas as the previous candidate. Namely, we use a construction of Satriano in
[Sat13, §3] to upgrade the aforementioned weighted blow-ups along toroidal centers to multi-
weighted blow-ups. This is carried out in §4.1.B, where certain multi-weighted blow-ups are
realized as canonical Artin stacks over weighted toroidal blow-ups. The reader can also find,
in §4.1.A, an account of local aspects of multi-weighted blow-ups. The key advantage of using
multi-weighted blow-ups over weighted toroidal blow-ups is that we remain in the ideal realm
of smooth ambient spaces, and hence we can do without resolution of toroidal singularities at
the end. However, the trade-off is that one has to work more broadly with Artin stacks as

ambient spaces.

1.2.A. Logarithmic resolution via weighted blow-ups in toroidal centers. Consider a
fs (Definition 2.7.1) logarithmic scheme Y which is logarithmically smooth over k, or equiva-
lently a toroidal k-scheme Y™ (Definition 2.7.10). More generally, we consider a toroidal Deligne—
Mumford stack Y over k [ATW20Db, §3.3.3]. We also consider a reduced, closed subscheme
X C Y, always endowed with the logarithmic structure .#x that is the pullback of the logarith-
mic structure .#y on Y under X < Y (so that the inclusion X < Y of logarithmic algebraic
stacks is strict). Additionally, we will always assume X is generically toroidal, that is, there is

a dense open U C X such that (U, #y|y) is toroidal. Such pairs (X C Y) form the objects of



a category, where a morphism between pairs (55 - 17) — (X CY) is a cartesian square

X=XxyY —Y
| J’
X ——Y
where f: Y = Y is logarithmically smooth and surjective. We refer to such morphisms as
logarithmically smooth, surjective morphisms of pairs. Note, however, that in certain situations
below, we do not demand surjectivity in our morphisms of pairs.
The goal of Chapter 3 is to define a “logarithmic embedded resolution” functor on the
aforementioned category, which assigns to each pair X C Y as above, a proper, birational
morphism II: Yy — Y such that both Yy and the proper transform Xy C X Xy Yy are

toroidal. More precisely:

Theorem A (Logarithmic embedded resolution via weighted blow-ups in toroidal centers).
Given a reduced, generically toroidal, closed substack X of a toroidal Deligne-Mumford stack

Y owver k, there exists a canonical sequence of weighted blow-ups along toroidal centers

MYt =Yy — s Vy g — s M Y=Y

together with proper transforms X; C Y; of X, such that:

(i) Xt := Xy is a toroidal Deligne—Mumford stack over k.
(i) II is an isomorphism over the toroidal (= logarithmically smooth) locus X'°s—s™ C X.

(iii) T1(X ~ X'87sm) s set-theoretically contained in the toroidal divisor of X+.

This procedure (X CY) — (X CY) is functorial with respect to every logarithmically smooth
morphism of such pairs ()? C 17) — (X C YY), whether or not surjective. In fact, Y+ =

? Xy Y.

10



Here, (i) is logarithmic embedded resolution of X, while (ii) and (iii) are the logarithmic
analogues of two essential features in Hironaka’s resolution of singularities [Hir64, Main The-
orem 1], cf. properties (ii) and (iii) in Corollary D below. Note that the Y;’s in Theorem A will
be toroidal but not necessarily smooth over k (cf. the example in §3.4.C), so it does not make
sense to ask for TT=1(X ~\ X!°8=m) 0 bhe a simple normal crossings divisor on X . Nevertheless,
(iii) gives us some control over the exceptional locus of TI. As one might already notice in
Corollary D, this control over the exceptional locus is sufficient for us to deduce Hironaka’s

resolution of singularities.

1.2.1 (On the role of idealistic exponents in Chapter 3). A convenient numerical tool for
representing and keeping track of toroidal centers is the notion of idealistic exponents, which we
detail in §2.3.G. Unlike the original papers [ATW19] and [Que22a] on which Chapter 3 is based
on, we have made the stylistic choice in this thesis to avoid any use of idealistic exponents in our
proofs, with the exception of the proof of Theorem 3.3.9(iii), cf. Remark 3.3.12. Nevertheless,
we still retain the language of idealistic exponents in our formulation of results throughout

Chapter 3, cf. Convention 2.3.79 and 3.1.6.

Returning back to Theorem A, one obtains Theorem A by taking at the (i + 1) step the
weighted blow-up of Y; along the “worst singular locus of X; C Y;”. We give a formal statement
of this procedure in Theorem B below. In the upcoming paragraphs, we will express the “worst

singular locus of X; C Y;” in terms of a local singularity invariant.

1.2.2 (A local singularity invariant). For a point y € |Y|, we will associate, in §3.3.A, a local
singularity invariant inv, (X C Y) of X C Y at y (which is an amalgamation of the invariants in
[ATW20a] and [ATW19)]), which is, very simply put, a non-decreasing truncated sequence of
non-negative rational numbers, where the last entry is allowed to be co. We can well-order the

set consisting of all local invariants of such pairs X C Y at points y € Y by the lexicographic

11



order < (cf. last sentence of Definition 3.3.4), but with a caveat: our lexicographic order
considers the truncation (from the end) of a sequence to be strictly larger than the sequence
itself, cf. an example in 3.3.1. Letting J C Oy denote the ideal underlying X C Y, the

invariant satisfies the following properties, cf. 3.3.5 and Lemma 3.3.6:

(a) invy (X C Y) = (0) if and only if y ¢ |X|. For y € |X]|, the invariant detects
logarithmic smoothness of X at y. Namely, inv,(X C Y') is bounded below (via the
lexicographic order < above) by the constant sequence (1,1,...,1) of length equal to
the height of J,, and equality holds if and only if X is toroidal at y.

(b) It is upper semi-continuous on Y.

(c) It is functorial with respect to logarithmically smooth morphisms of pairs X C Y,
whether or not surjective.

(d) The first term of inv, (X C Y') is the logarithmic order (Definition 3.1.3) of J at y. In

particular, it lies in N U {oo}.

This invariant will be constructed via logarithmic analogues of the classical notions of maximal

contact elements and coefficient ideals, which we detail in §3.2.

1.2.3 (“Worst singular locus”). Next, we set maxinv(X C Y) := maxy¢ x| inv, (X CY).
This global invariant is functorial with respect to logarithmically smooth, surjective morphisms
of pairs X C Y, cf. Corollary 3.3.7. Property (a) above suggests that the aforementioned “worst
singular locus of X C Y” can be loosely interpreted as the closed substack of X consisting of
points y € |X| such that inv, (X CY) = maxinv(X C Y). More precisely, this “worst singular
locus of X C Y7 will be the co-support of a toroidal center I, on Y, cf. Definitions 3.3.8
and 3.3.15, as well as the proof of Theorem A. Our next theorem says that the weighted blow-
up of Y along this “worst singular locus” I, improves the singularities on X immediately in a

visible way:
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Theorem B (Maximum invariant drops after each weighted blow-up). Given a reduced,
logarithmically singular, closed substack X of a toroidal Deligne—Mumford stack'Y overk, there

exists a canonical toroidal center I, on'Y , with weighted blow-up
Y =Bl Y LY

and proper transform X' C Y’ of X', such that:

(i) Y is a toroidal Deligne—Mumford stack over k, and the exceptional divisor of T is
set-theoretically contained in the toroidal divisor of Y.
(ii) 7 is an isomorphism over the open complement in Y of the closed locus of points
y € Y] with inv, (X CY) = maxinv(X CY).
(iii) maxinv(X’' C Y') < maxinv(X CY).
This procedure (X CY) — (X' CY’) is functorial with respect to every logarithmically smooth,

surjective morphism of such pairs ()~( C }7) — (X CY). In fact, Y' =Y xy Y

By iterating Theorem B, one can achieve the logarithmic analogue of principalization
[Kol07, Therem 3.35] for the underlying ideal of X C Y. In contrast, to achieve logarith-
mic embedded resolution of X C Y in the sense of Theorem A, some care needs to be taken
while iterating Theorem B. We give these details in §3.4.B. In §3.4.B, we will also prove the

following corollaries of Theorem A:

Corollary C (Logarithmic resolution). Given a pure-dimensional, reduced, generically
toroidal, fs logarithmic Deligne—Mumford stack X of finite type over k, there exists a proper,

birational morphism TT: X — X where:

(i) X is a pure-dimensional, toroidal Deligne—Mumford stack over k.
(i) TT 4s an isomorphism over X'08~s™ C X.

(iii) TT7H(X ~\ X'987sm) s set-theoretically contained in the toroidal divisor of X .
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This procedure X — X is functorial with respect to every logarithmically smooth morphism

X — X, whether or not surjective.

We will prove Corollary C by first embedding X, locally in the étale topology, as a closed
subscheme of pure codimension in a toroidal k-scheme Y, before applying Theorem A to obtain
local logrithmic resolutions of X. It then remains to show that one can patch these local
logarithmic resolutions. This is a consequence of the functoriality in Theorem A and a standard
“re-embedding principle” (Lemma 3.4.8). Finally, as promised earlier, we can also deduce, from

the above corollary, Hironaka’s resolution of singularities.

Corollary D (Resolution of singularities, a la Hironaka). Given a pure-dimensional, reduced
scheme X of finite type over k, there exists a projective, birational morphism ®: X+ — X

where:

(i) Xt is a pure-dimensional smooth k-scheme.
(ii) @ is an isomorphism over the smooth locus X*™ C X.

(iii) @~ H(X ~ X*™) is a simple normal crossings divisor on X .

This procedure X — X+ is functorial with respect to every smooth morphism X =5 X , whether

or not surjective.

Note that @ is not just proper, but projective. We prove Corollary D by first proving a
weaker version where @ is possibly only proper and X' is possibly a Deligne-Mumford stack
over k. This follows by applying resolution of toroidal singularities after the procedure in
Corollary C, as noted at the very start of this section. To complete the proof of Corollary D,

it remains to apply the destackification procedure of Bergh-Rydh [BR19].
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1.2.B. Resolution of singularities via multi-weighted blow-ups. As hinted at the start
of §1.2, we will provide, in this subsection, an adaptation of the main theorems in §1.2.A, in
terms of multi-weighted blow-ups.

Instead of toroidal Deligne-Mumford stacks over k, the “smallest” category of ambient
spaces that is closed under the operation of multi-weighted blow-ups is the category of smooth,
toroidal Artin stacks over k. Unlike toroidal Deligne-Mumford stacks over k, these objects
can be described without the language of logarithmic geometry: they can be thought of as
pairs (Y, ), where Y is a smooth Artin stack over k, and F C Y is a normal crossings divisor
(potentially @). For such a pair (Y, E), if weset U = Y\ E and j tobe U < Y, then Y would be
logarithmically smooth over k, under the logarithmic structure ay : Ay := j.(OF) N Oy — Oy
induced by E. Moreover, note that .#y is a sheaf in the Zariski topology if and only if £ C Y
is a simple normal crossings divisor. Therefore, smooth, strict toroidal Artin stacks over k are
simply pairs (Y, E') where Y is a smooth Artin stack over k, and E is a simple normal crossings
divisor on Y (potentially &).

Let us therefore consider a reduced, closed substack X in a smooth, toroidal Artin stack
Y over k. We always endow X with the logarithmic structure .#x that is the pullback of the
logarithmic structure .#y under the inclusion X < Y. Such pairs (X C Y) form the objects

of a category, where a morphism between pairs ()? C }7) — (X CY) is a cartesian square

X=XxyY —Y

| [

X ——Y
for a strict, smooth, and surjective morphism f: Y — Y. We refer to such a morphism as
a strict, smooth, and surjective morphism of pairs. At times we might drop surjectivity as a
condition, in which case we say f is a strict, smooth morphism of pairs. Chapter 4 concerns

following adaptation of Theorem A:
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Theorem E (Embedded resolution of singularities via multi-weighted blow-ups). Given a
reduced, generically toroidal, closed substack X of a smooth, toroidal Artin stack Y over k,

there exists a canonical sequence of multi-weighted blow-ups

YT =Yy — 5 Vy g ——t s Y=Y
together with proper transforms X; C Y; of X, such that:
(i) X := Xy is a smooth, toroidal Artin stack over k.

)
(ii) II is an isomorphism over X'°&—m C X.
(iii) TI-H(X ~\ X'8=Sm) 4s q simple normal crossings divisor on X .
)

(iv) Fach m; is birational, surjective, universally closed, and factors as Y; — Y; — Y4,
where Y; — Y, is a good moduli space of Y; relative to Y;_1, Y; is normal, and

Y; — Y;_1 is a schematic blow-up (whence birational and projective).

This procedure (X CY) — (XT CY™T) is functorial with respect to strict, smooth morphisms

of such pairs (X CY) — (X CY), whether or not surjective. In fact, Y =Y xy Y.

Similar to Theorem A, one obtains Theorem E by taking at the (i + 1)™ step the multi-
weighted blow-up of Y; along the same “worst singular locus of X; C Y;” in §1.2.3, constructed

using the local singularity invariant inv in 1.2.2. We formalize this in the following adaptation

of Theorem B:

Theorem F (Maximum invariant drops after each multi-weighted blow-up). Given a re-
duced, logarithmically singular, closed substack X of a smooth, toroidal Artin stack'Y over k,

there exists a canonical multi-weighted blow-up
Y =Y
with proper transform X' C Y’ of X, so that:
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(i) Y’ is a smooth, toroidal Artin stack over k, and the exceptional divisor of 7 is a union
of a subset of irreducible components of the simple normal crossings toroidal divisor
onY’.

(ii) 7 is an isomorphism away from the closed substack of X consisting of points y € | X|
such that inv, (X C Y) = maxinv(X CY).

(iii) maxinv(X’' C Y') < maxinv(X CY).
(iv) m is birational, surjective, universally closed, and factors as Y — Y' — Y, where
Y — Y’ is a good moduli space relative to Y, Y' is normal, and Y' — Y is a

schematic blow-up (whence birational and projective).

This procedure (X CY) +— (X' CY') is functorial with respect to strict, smooth, and surjective

morphisms of such pairs (X CY) — (X CY). In fact, Y =Y xy Y".

As hinted at the start of §1.2, various properties of Satriano’s construction [Sat13, §3] will
allow us to deduce Theorems E and F from Theorems A and B respectively. This will be done

in §4.3.B. In §4.3.B, we will also establish the following adaptation of Corollary C:

Corollary G (Resolution of singularities). Given a pure-dimensional, reduced, generically
toroidal, fs logarithmic Artin stack X of finite type over k, there exists a proper, birational

morphism TT: X+ — X where:

(i) X is a pure-dimensional, smooth, toroidal Artin stack over k.
(i) TT 4s an isomorphism over X'°8—s™ C X.
(iii) TT7H(X ~\ X'87sm) s q simple normal crossings divisor on X 7.
This procedure X — X is functorial with respect to every strict, smooth morphism X > X ,

whether or not surjective.

The proof of the above corollary proceeds in a similar way as the proof of Corollary C, once

one makes the relevant modifications. Finally, from Corollary G, one can deduce Hironaka’s
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resolution of singularities in the sense of Corollary D, although Bergh-Rydh’s destackification
is not the only ingredient. Prior to destackification, one needs to apply reduction of stabilizers

in the sense of Edidin-Rydh [ER20]. We sketch this toward the end of §4.3.B.

1.3. Monodromy conjecture of Denef-Loeser

For the final portion of the thesis, we consider a subfield k C C, and fix 0 # n € N. For

every a := (ay,...,a,) € N” let * denote the monomial z{* - - - x% in k[zy,...,2,]. Let

f= an-xa € klzy,...,x,]

acN”

be a non-constant polynomial satisfying cg = f(0) = 0, and let V(f) be the hypersurface
defined by f =0 in A" := Spec(k|xy,...,z,]). Let ', (f) denote the Newton polyhedron of f,

defined as the convex hull in R"™ of the finite union

U{a—i—RgO: a€eN", ¢y #0}.

In this section and Chapter 5, we impose the following condition on f:

Definition 1.3.1. For a face ¢ of I' (f), let us set
(1.2) fo = Z Ca - 2.

We say that f is non-degenerate with respect to ¢ if the closed subscheme V'(f.) C A™ is non-
singular in the torus GJ;, C A". We also say f is non-degenerate, it f is non-degenerate with

respect to all compact faces of 'y (f).

This non-degeneracy condition was first introduced in [Kou76], and it guarantees that the
singularity theory of V(f) C A™ at the origin 0 € A" is, to a certain extent, governed by I', (f).

The extent to which the former is governed by the latter is the main interest of Chapter 5.
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More precisely, Chapter 5 provides a geometric explanation (Theorem I) for the proposition in
[ELT22, Proposition 3.8] that any pole of the topological zeta function of f at 0 € A" [DL92a]
cannot arise exclusively from a set of Bj-facets of 'y (f) with consistent base directions. In the
process, we obtain a smaller set of candidate poles for the motivic zeta function of f at 0 € A"
[DLO1| than what was previously known in general (Theorem H), and in particular we also

deduce (via Theorem J) a new, geometric proof of:

Theorem (= [BV16, Theorem 10.3]). The motivic monodromy conjecture holds for non-

degenerate polynomials in n = 3 variables.

1.3.A. Statement of objectives, motivations, and results. We assume throughout this

subsection that f € k[z1,...,z,] is non-degenerate.

Convention 1.3.2 (Conventions on the Newton polyhedron of f). Let N = Z", and M
be the dual lattice NV. For reasons related to toric geometry (cf. Conventions 1.0.1), we view
It (f) as a polyhedron in Mz (instead of Ng). For a face ¢ of T'y(f),

(

d <c a face <’ of c.
d <lc a facet (= codimension 1 face) ¢’ of ¢.
we write for
vert(c) the set of vertices of c.
dim(c) the dimension of the affine span of <.
\ \

Whenever ¢ <! T, (f), we say ¢ is a facet of I',(f), and we usually use the letter 7 instead of
¢ to denote facets of T (f). If two facets 71 and 5 of I'(f) intersect in a common facet (i.e.

N <, T2), we say that 7 and 7, are adjacent, and write

T — T2.

19



Finally, for i € [n], let H; denote the coordinate hyperplane in Mg defined by e; = 0. For

7 <' T (f), let H, be its affine span in Mg, with equation
(1.3) {aeMg: a-u = N}

where the vector u, := (u,;)" is the unique primitive vector in N* that is normal to H,. If
N, >0 (i.e. 71is not contained in any coordinate hyperplane H; in Mg), the numerical datum

of 7 is defined as:
(1.4) n- = (N, |u,|) = (NT,UTJ + U+ o+ um)

and the candidate pole s, of T is defined as the root of the polynomial N.s + |u,|:

e

1.5 =
(15) sy 1= =2

Finally, for s, € Qg, we let F(f;s.) := {7 <'T.(f): N, >0 and s, = s,}.

1.3.3. The main theorem of Chapter 5 concerns the naive motivic zeta function of f at
0 € A" (cf. [DLO1, Definition 3.2.1], and [CLINS10, Chapter 7, §3.3.1]), which we shall
denote by Znoto(f;s), and is tied to the singularity theory of V(f) C A™ at 0 € A" via the
motivic monodromy conjecture of Denef-Loeser.

In our setting, their conjecture states that there should exist a set of candidate poles ©
for Zmoto(f;s) (in the sense of [BIN20, Definition 5.4.1]) such that every s, € © induces a
monodromy eigenvalue of f mnear 0 € C™ in the following sense: given any neighbourhood
U of 0 in f~1(0) C C", there exists z € U such that exp(2my/—1s,) is an eigenvalue of the
o

monodromy transformation acting on the singular cohomology P F ., Z) of the Milnor

i>0 ing(

fiber Fy, of f at x, cf. [Mil68] and [CLNS10, Chapter 1, §3.4.1].
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1.3.4. To start, it has been established in the literature (cf. [BV16, Theorem 10.5] or

[BN20, Theorem 8.3.5]) that
(1.6) O(f) :={-1} U {s;: 7 <' T (f) with N, >0}

is a set of candidate poles for Znuo(f;s). More precisely, the preceding statement can be

explicated as follows:

1

(L.7) Zwoto(f;8) € A [Lfs] 1L (Neto) - (N,v) €n(f)
where
(1.8) n(f) ={1,1}U{n,: 7 <" TL(f) with N, > 0}

and . denotes the localization of the Grothendieck ring Ky(Vary) of k-varieties (= finite-type
k-schemes) with respect to the class L of A'. Note that the letter T is sometimes used in place

of the indeterminate L~5.

1.3.5. Unfortunately, the main difficulty in establishing the motivic monodromy conjecture
for a non-degenerate polynomial f lies in the fact that not every candidate pole in ©(f) induces
a monodromy eigenvalue of f near 0 € A™. Therefore, one desires for a smaller set of candidate
poles for Zyoto(f;s). This chapter gives a partial answer to the question of when a strictly
smaller set of candidate poles than ©(f) exists for Zyot0(f;s), which can be seen as a motivic
upgrade of some existing general results in the literature pertaining to a “close relative” of
Zmot,0(f;s), namely the topological zeta function Zi.p0(f;s) of f at 0 € A", cf. [DL92a] and

[CLNS10, Chapter 1, §3.3.1, equation (3.3.1.3)].
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Remark 1.3.6. Indeed Zio,0(f;s) is a “close relative” of Zyo0(f;s) in the sense that

Zmot0(f;8) specializes to Zyopo(f;s) via the motivic measure:

Eu: 4 — Z

which sends a k-variety X to the topological Euler characteristic of X ®y C, cf. [DLO1, Section
3.4] for details. In particular, one recovers in this way an analogue of (1.7) for Ziop0(f; s) (which

was observed earlier in [DL92a, Theorem 5.3(ii)]), namely that every pole of Zi,,0(f;s) lies

in O(f).

1.3.7. To segue into the main results of Chapter 5, it is useful (as hinted in 1.3.5) to
first recall some existing results in the literature which demonstrate that occasionally some
candidate poles s, in O(f) ~\ {—1} are not actual poles of Zi,,0(f;s). Few of these results are
known for Zy,et0(f;s) prior to [Que22b], especially for general n. We start with the following

definition:

Definition 1.3.8 (Bj-facets, cf. [ELT22, Definition 3.1], [LPS22, Definition 1.4.1]). A
facet 7 of I'L(f) is called a B;-facet if there exists v € vert(r) and ¢ € [n] such that:
(a) The i*" coordinate of v is 1.
(b) @ # vert(r) N {v} C H,.
(c) T is compact in the i™ coordinate, i.e. T+ Rspe) ¢ 7 (cf. 5.1.8(iii)).
Note that in particular, (b) and (c) imply that H; N7 <! 7. In this case, we call v an apex
of 7 with corresponding base direction i € [n]. Note that the apex v and the base direction 4

uniquely determine each other.

1.3.9. Fix —1 # s, € Q-o. It is known that if F(f;s,) only consists of one B;-facet, then
So is not a pole of Ziyp0(f;s), cf. [ELT22, Proposition 3.7]. More generally one might guess

that conclusion is true whenever F(f;s,) comprises of only Bj-facets. However, this is false,
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cf. Example 5.2.13 and Remark 5.2.14 for a simple counterexample. One rectifies that guess

(cf. [ELT22, Proposition 3.8]) by further imposing the following condition on F(f;s,):

Definition 1.3.10. A set B of Bj-facets of ', (f) has consistent base directions if there
exists, for each facet 7 € B, a choice of a distinguished base direction b(7) € [n], such that
b(11) = b(my) for every pair of adjacent facets 7,7 € B. In this case we call {b(7): 7 € B} a

set of consistent base directions for 1B.
The main contribution of Chapter 5 can now be stated as follows:

Theorem H. Let B be a set of By-facets of T (f) with consistent base directions. Then
O (f) = {-1} U {s,: 7 <' Tu(f) with N, > 0 and T ¢ B}
is a set of candidate poles for Zno(f;s).

1.3.11. We prove Theorem H towards the end of §5.3.C. The centerpiece of our proof
(= Theorem I below) is perhaps more satisfying than Theorem H itself, especially given that
previous attempts to understand the topological zeta function analogue of Theorem H, or
even special cases of Theorem H, used roundabout methods: namely, they typically involve a
manipulation of some explicit formula for Ziop o(f;s) or Zmoto(f; ), cf. formulae in [DL92a,
Theorem 5.3(iii)], [DHO1, Theorem 4.2], and [BV16, Theorem 10.5]. In contrast, our proof is
geometric in nature, in the sense that we construct an appropriate embedded desingularization

of V(f) C A™ above 0 € A" that bears witness to Theorem H.

1.3.12. To put our approach to Theorem H into perspective, we temporarily shift our
attention to our approach towards its weaker counterpart (1.6), i.e. (1.7). Given that there is
a motivic change of variables formula for Z,.0(f;s) under any proper, birational morphism

m: X — A" (cf. [CLNS10, Chapter 6, §4.3]), one natural hope towards proving (1.7) would
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be to apply the change of variables to an appropriate embedded desingularization 7t: X — A"
of V(f) € A™ above 0 € A". A natural candidate for 7t would be the toric modification
sy Xsv — A" induced by any smooth subdivision ¥’ of the normal fan X(f) of I', (f). Indeed,
one can show that the non-degeneracy condition on f implies that 7tsy desingularizes V(f) C A"
above 0 € A", cf. [Var76, Sections 9 and 10]. Unfortunately, subdividing ¥(f) into ' usually
introduces new rays to X(f). One can show this process of adding new rays cannot show in

general the existence of a set of candidate poles for Zy,o10(f;s) as small as O(f).

1.3.13. The above discussion suggests that one should perhaps avoid the process of adding
new rays, and instead work directly on X( f) and its associated toric modification 7rs sy : Xy —
A", despite the fact that 7 is usually not an embedded desingularization for V(f) C A"
above 0 € A™ (as Xyy) is usually singular).

Nevertheless, this was the approach in a recent paper of Bultot—Nicaise [BN20], where they
instead showed that if one endows Xy, ) with the divisorial logarithmic structure .# associated

to the reduction of
Tty (V(F) UV (21) UV (22) U--- UV (2)) € Xy

the resulting logarithmic scheme (Xy(s),.#) is logarithmically smooth. They then related
Zmot,o(f35) to a different motivic zeta function associated to Xxs) and the Gelfand-Leray
form dxy Adxg A+ - Adx,,/df (cf. Loeser-Sebag [LS03] and [BN20, Definition 5.2.2]). Finally,
the logarithmic smoothness of (Xyy), .#) enables them to deduce an explicit formula for the

latter zeta function, from which (1.7) follows.

1.3.14. In contrast, our approach towards (1.7) is a stack-theoretic re-interpretation of
Bultot—Nicaise’s approach, and allows one to work directly on ¥(f) while still remaining in the
realm of smooth ambient spaces. The point here is that one can associate, to the potentially

singular toric variety Xy (s, a smooth toric Artin stack 25y whose good moduli space (in the
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sense of [Alp13]) is Xy5yy), cf. §5.2.A. One can then show that the composition

good moduli space TTS(f)

> Xg(f) —— s A"

Os(r): L)

desingularizes V(f) C A™ above 0 € A™ in the following sense:

Definition 1.3.15. A stack-theoretic embedded desingularization of V(f) C A™ above 0 €

A" is a morphism IT: 2~ — A" where:

(i) 2 is a smooth Artin stack over k admitting a good moduli space 2~ — X, and the
induced morphism 7t: X — A" is proper and birational.
(ii) TT=*(V/(f)) is a simple normal crossings divisor at every point in TT*(0) (in the stack-

theoretic sense, cf. [BR19, Definition 3.1]).

1.3.16. In §5.2.A we also discuss a motivic change of variables for Z,,o0(f;s) that is ap-
plicable to ¥y(s), although indirectly. By this we mean that one has to first take a simplicial
subdivision X(f) of X(f) without adding new rays. The effect of doing so is that the corre-
sponding toric stack 25y is Deligne-Mumford, and the morphism dss): Z5s) — A" factors
through dy5): Z5() = A™ as an open substack, i.e. 95y also desingularizes V(f) C A" above
0 € A". Finally we compute the set of numerical data associated to (f,dz(s)) (in the sense of
Definition 1.3.17 below), and show that it is the set n(f) in (1.8). Applying the aforementioned

motivic change of variables to Vg (s), the preceding sentence then implies (1.7).

Definition 1.3.17. Let TT: 2" — A" be a stack-theoretic embedded desingularization of
V(f) € A™ above 0 € A", such that 2" is a Deligne-Mumford stack. Let {E;: i € I} denote
the set of irreducible components of TT~! (V( f )) For each i € I, let N; (resp. v; — 1) denote
the multiplicity of E; in the divisor TT*(V(f)) (resp. the relative canonical divisor Ky of TT).

Then the set of numerical data associated to the pair (f,TT) is:

n(f,1) == {(Ni,): i € I}
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where each (N;,v;) is referred to as the numerical datum of the corresponding irreducible

component E; C TI7H(V(f)).

Similar to how the motivic change of variables in 1.3.16 reduces (1.6) to the existence of
a stack-theoretic desingularization of V(f) C A™ above 0 € A™ whose set of numerical data

equal to n(f), that same change of variables would also reduce Theorem H to the following;:

Theorem I ( <= Theorem 5.3.26). Given a set B of B;-facets of T (f) with consistent base
directions, there exists a stack-theoretic embedded desingularization T1: 2~ — A" of V(f) C A"

above 0 € A", such that 2 is a Deligne-Mumford stack, and whose set of numerical data is:
n"Bf) = {1, 1)} u{n: 7 <" TL(f) with N, >0 and 7 ¢ B}.

1.3.18. Our proof of Theorem I occupies the entirety of §5.3. As one might expect from
the discussion in 1.3.12 and 1.3.14, the proof should involve the construction of a fan X' that

subdivides Ny and satisfies the following:

(i) The set of rays in X7 comprises of rays in X(f) ezcept those that are dual to facets in
B.
(ii) The induced toric modification dyi: Zxi — A™ is a stack-theoretic embedded desin-

gularization of V' (f) C A™ above 0 € A™.

In the first two paragraphs of §5.2.B, we give a brief sketch as to how one could accomplish this
construction, and in §5.3.A and §5.3.B, we provide the details of the construction. In addition,
in §5.2.B we also verify our methods for three non-degenerate polynomials in n = 3 variables.

We hope to highlight, through these examples, various aspects of Theorems H and I.

1.3.19. Finally, we indicate in §5.4 the various aspects in which Theorem H is incomplete

for the motivic monodromy conjecture for non-degenerate polynomials (1.3.3), most of which
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we are pursuing separately in a sequel, using methods that are motivated by and similar to the
ones in this chapter.

Nevertheless, Theorem H in particular recovers the motivic monodromy conjecture for non-
degenerate polynomials in n = 3 variables, which was proven previously by Bories—Veys [BV16,
Theorem 10.3], although (as hinted in 1.3.11) via an approach different from Theorem I. Indeed,

in §5.4.A, we first show that Theorem H implies:

Theorem J (= Theorem 5.4.9). Let n =3, and let So C O(f) ~{—1}. If F(f;so) is a set
of Bi-facets of T (f) with consistent base directions for each s, € S, then O(f) N\ S, is a set

of candidate poles for Zyoo(f;s).

Note that by specializing Znot0(f;5) to Ziopo(f;s) (cf. Remark 1.3.6), Theorem J in
particular recovers [LVP11, Proposition 14]. Moreover, the authors in loc. cit. showed that
So € O(f) ~ {—1} induces a monodromy eigenvalue of f near 0 € C" (in the sense indicated

in 1.3.3) whenever F(f;s,) satisfies either of the following hypotheses:

(i) F(f;so) contains a non—Bi-facet of 'y (f) [LVP11, Theorem 10].
(ii) F(f;so) is a set of By-facets of 'y (f), but without consistent base directions [LVP11,

Theorem 15].

Therefore, we conclude from Theorem J and the preceding sentence that:

Corollary K. The motivic monodromy conjecture holds for non-degenerate polynomials in

n = 3 wvariables.
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CHAPTER 2

Weighted blow-ups

In this chapter, unless otherwise specified, we consider schemes (or more generally algebraic
stacks) X over an arbitrary base scheme S. Occasionally we take S to be the final object

Spec(Z) in the category of schemes, or Spec(k) for a field k.

2.1. Stack-theoretic Proj

Let R = @,,cn Rn be a quasi-coherent graded &x-algebra. The grading on R corresponds

to a co-action of Ox[t*!] on R:
B: R — R®g, Ox[t™] = R[t7]

mapping a section r of R, to rt", or equivalently, an action a: G,, X Specy(R) — Specy(R)
of G, = Spec(Z[t*']) on Specy (R). We denote by Ry the ideal @, ., R, C R, and we denote

the d"™ Veronese subalgebra @nZO Ry, by R@,

2.1.A. Stabilizers of G,,-action. Let x: Spec(k) — Specy(R) be a point. The stabilizer
group scheme of z, denoted G, is a closed subgroup of G,, ® k = Spec(k[tT!]), and sits in the

cartesian diagram

Gy > Spec(k)

| Jes

G, X Specy (R) Loma) Specy (R) X x Specy(R).

Thus, either G, = g ® Kk = Spec(/f[t]/(td — 1)) for some d > 1 or G, = G,, ® k. Equivalently,

the Cartier dual of G, is either Z/dZ or Z.
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Lemma 2.1.1. The Cartier dual of G, is Z/(d: x ¢ V(Ry)), that is,
(i) G. = G,, if and only if v € V(R,), and
(ii) pa C G, if and only if x € V(R,,) for alln € N such that d { n.

PrROOF. The question is local on X so we may assume that X is affine. Let p,: R — &
be the corresponding ring homomorphism. Then p; C G, if and only if x is pg-equivariant, or
equivalently, if and only if ¢, is Z/dZ-graded. This happens precisely when the kernel of ¢,

contains R,, for all n such that d { n. O

In particular, V(R ) precisely contains the points fixed by G,,, whence the action of G,, on
Specy (R) restricts to an action of G,, on W := Specy (R)\V(R;). Moreover, if R is generated
in degree 1, then this action of G,, on W is free, i.e. G, = {1} for all points = € W. This is

because in that case (R,: d{n) = R, whenever d > 1.

2.1.B. Definition of the stack-theoretic Proj. Let W := Specy(R) \ V(R,). The stack-

theoretic Proj of R is the stack quotient
P10jx(R) = [W | G,].

By Lemma 2.1.1, Zrojy(R) is a tame algebraic stack [AOV08]. If the orders of the stabilizer
groups of the points of Zrojy(R) are invertible on X, then Zrojy(R) is a Deligne-Mumford
stack. In particular, this holds in characteristic zero.

The G,,-equivariant map W — X, where X is equipped with the trivial action, gives a
map Zrojx(R) — X x BG,,. We let m: Proj(R) — X and p: Projyx(R) — BG,, be the

induced maps. Then p fits in the following cartesian square:
W —— %

[ )

Projx(R) —— BG,,
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where ¢: W — [W / G,,] is the quotient map. Note that since R is also an Ry-algebra, m
factors through Specy(Rp), and Zrojy(R) — Specy(Ry) is the stack-theoretic Proj of R as
an Rgp-algebra. It is thus harmless to assume that Ry = Ox.

If X is more generally an algebraic stack, the above definition still makes sense. In this case

W is an algebraic stack with an action of G,, [RomO05].

2.1.C. Local charts. We can give local charts of Zrojy(R) as follows. Let f; € R, be

homogeneous elements of degrees d; > 1, indexed by some indexing set I, such that R, C

V(fii€I). Then W = Specx(R) N V(Ry) = U,c; Specx (Ry,), so we have an open covering
P10jx(R) = U,e; D+(fi), where

(2.1) D (f) = [Specy(Ry) / @] = [Specx (Rp/(fi— 1) / pa]

and is called the f;-chart. The second equality in (2.1) follows from Lemma 2.1.2, with A = Z,
a =d;, R = Ry, and r = f;. The intersection of charts works as usual: D, (f;) N D4(f;) =

D, (f;f;) and the open inclusion Dy (f;) N Do (f;) C D4+(f;) is given by f; # 0.

Lemma 2.1.2 (Slicing). Let A be a finitely generated abelian group, with corresponding
diagonalizable algebraic group D(A). Let R = @ .4 Ra be an A-graded algebra, and let r € R
be a homogeneous element of degree a € A. Then R/(r —1) is an A/{a)-graded algebra and the

A/(a)-graded homomorphism R — R/(r — 1) induces a morphism of algebraic stacks

[Spec(R/(r —1)) / D(A/{a))] — [Spec(R) / D(A)].

This is an isomorphism if r is invertible and a has infinite order.

Note that as A-graded modules R ~ R/(r — 1)[r,r~!] but the algebra structures do not

coincide. Similarly, R/(r — 1) >~ @, jca,() Fa but only as A/(a)-graded modules.
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PROOF. Only the last statement requires proof. It suffices to prove that the natural D(A)-

equivariant map

Spec(R/(r — 1)) x PA/@) D(A) — Spec(R)

is an isomorphism. Let us elaborate on the left hand side. We have two commuting actions on

Spec(R/(r — 1)) x D(A) = Spec(R/(r — 1)[v]) := Spec(R/(r — 1)[v*: a € A]):

(i) the diagonal D(A/(a))-action, given by (y,t) - s = (ys, s 't), where in the first factor
the action corresponds to the induced A/(a)-grading on R/(r — 1), and

(ii) the D(A)-action on the second factor given by (y,t) - s = (y, ts).

The D(A/({a))-action is free with quotient Spec(R/(r — 1)) xPA/(@) D(A) = Spec(R°) where
R° is the degree 0 part of R/(r — 1)[v"] with the A/(a)-grading. The D(A)-action endows R°

with the following A-grading

R° = @(R/(T - 1))[041}0‘.

a€cA

The natural A-graded algebra homomorphism R — R° is thus an isomorphism. U

Remark 2.1.3. The full sub-category of algebraic stacks, whose objects are Zariski-locally
of the form [Spec(B) / D(A)] for a finitely generated abelian group A with diagonalizable
group scheme D(A) and an A-graded ring B, is closed under taking stacky Proj. Indeed, let
X = [Spec(B) / D(A)] as above, and let R be a quasi-coherent graded Ox-algebra, i.e. a
quasi-coherent (A x Z)-graded B-algebra. For a collection of (A x Z)-homogeneous elements
fi € Ry of degrees (a;,d;) such that R, C +/(f;: i € I), then Zrojy(R) is then covered by the

charts

D.(fi) = [Spec(Ry,) | D(A x Z)] = [Spec(Ry,/(fi = 1)) / D((A x Z)/{(ai,d:)))] -
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2.1.D. Tautological line bundles €(d). Let as before p: W — Zroj(R) denote the pre-

sentation. pullback of line bundles induces an isomorphism
p*: Pic(Projy(R)) —— Pic® (W)

where the right hand side denotes the G,,-equivariant Picard group of W. For each d € Z, there
are tautological line bundles & (d) on the stack-theoretic Proj, arising from the shifts R(d), as
well as natural maps 7*R; — €(d) induced from the multiplication maps R ®g», Rq — R(d).
Note that @(1) is invertible and that &'(d) = ¢/(1)®.

For each d € Z, we let q4: Projx(R) — BG,, = [* / G,,,] be the morphism classifying the
line bundle &'(d). Then ¢ = ¢, that is, (1) corresponds to the G,,-torsor W — Zrojy(R).
In particular, gz = (-)? o ¢ where (-)¢: BG,, — BG,, is induced by the d® power morphism.
Equivalently, ¢4: [W / G,] — [* / G,,] is induced by the structure morphism W — x and
()% G,, = G,,. Therefore, the morphism also fits in the following cartesian square [Ols16,

Exercise 10.F]:
W/ pa] ——

| |

Projy(R) —2= BG,y,.

2.1.E. Properties. The stack-theoretic Proj enjoys the following universal property:

Proposition 2.1.4 (Universal property). Let R be a graded quasi-coherent Ox-algebra.
Given a scheme T with a morphism f: T — X, a lift of f to Projx(R) corresponds to the
data of a line bundle £ onT'" and a graded homomorphism p: f*R — 69@0 LE" of sheaves of
algebras on T such that locally on T, o, : [*R, — L™ is surjective for all sufficiently divisible

n.
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Proor. To lift f to Zrojx(R), one needs to supply a G,,-torsor P over T" mapping G,,-

equivariantly to W making the following diagram commute:

P 5 W s Specy(R)

|

T s X

Every line bundle . on T gives rise to a G,,-torsor P = Spec (@ $®") over T, and

nez
conversely any G,,,-torsor P over T arises from some line bundle .Z on T'. Then a G,,-equivariant

morphism

P = Specy (@ ,%@”) NV (@ .,2”@") — Specy (R)NV(Ry) =W

n>0 n>1

making the diagram above commute, is equivalent to a graded homomorphism ¢: f*R —
@D,50-L¥" such that P,,., L" C Ve(f*Ry), ie. £ C \/o(f*Ry). Given a trivialization
t of £ over an open subset U C T, there therefore exists a positive integer N such that the
trivializing section t*V of Z“ over U lifts to f*Ry. Thus, whenever N divides n, ¢, : f*R,, —

Z®" is surjective over U. O

Proposition 2.1.5. Let R be a graded quasi-coherent O'x-algebra.

(1) Zrojx(R) has finite diagonal relative to X. In particular, Projx(R) is separated
over X.
) If R is finitely generated, then Projy(R) is proper over X.
) The coarse space of Projx(R), relative to X, is the usual Projy(R).
(iv) The morphism q1: Projx(R) — X x BG,, corresponding to €(1) is quasi-affine.
) The relative coarse space of qg: Projx(R) — X xBG,, is 210jx(RY), where RY =
D50 Ran-
(vi) If S is another graded Ox-algebra and ¢: R — S is a graded homomorphism such that
S, C \/p(Ry), then there is an induced affine morphism f: Projy(S) — Projx(R)
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such that f*0(1) = O(1). If R and S are of finite type and Ry — Sy is finite, then f

1s finite.

Here, (iv) is saying that &'(1) alone is generating for Zrojy(R) in the sense of [Grol7], cf.

[Grol7, Corollary 6.7].

PROOF. The questions are local on X, so we may assume that X = Spec(A) is affine. For (i),
we need to show that D (fif;) = D4 (f;) xx D+(f;) is finite. Over the tautological G2 -torsor
this map is Spec(Ry,,[u, u™']) — Spec(Ry,) X x Spec(Ry, ), where ¢: Ry, @4 Ry, — Ryy, [u,u™"]
is given by p(r®s) = rsul if s € Ry. It is finite since u = o(f; '@ f;) and u=% = ¢(f; ®fj’1).

For (iii), note that Projy(R) = (Spec(R) \ V(R:)) / G,,. Indeed, the coarse space of
D, (fi) = [Spec(Ry,) / Gy, is the spectrum of the invariant ring of Ry, that is, Rs,). For (ii),
if R is finitely generated, then Projy(R) — X is proper. Coupled with the fact that the coarse
space morphism Zroj¢(R) — Projy(R) is also proper, we conclude that &rojy(R) is proper
over X. For (iv), it suffices to note that the total space of the G,,-bundle corresponding to
O(1) is the quasi-affine scheme W = Spec(R) \ V(R ), which we saw in §2.1.D.

For (v), the question can be checked flat-locally, so we may pass to the total space of the
G,-bundle corresponding to &'(d), which is [W / 4] (by §2.1.D again), and which has coarse
space Spec(R@) V(Rf) ). Consequently, the relative coarse space of gq is [Spec(R@)
V(RY) | Gl = Projy (RD).

Finally, for (vi), we obtain an affine G,,-equivariant morphism Spec(S) — Spec(R) such that
the inverse image of V(R ) contains V(S ), whence we obtain an affine morphism f: Zroj(.5)
— Projx(R) over BG,,. If R and S are of finite type and Ry — S is finite, then both stacky

Proj are proper over Spec(Rp), and hence f is finite (as f is proper and affine). O

Note that (vi) with S = €D, ZL®" retrieves the universal property (Proposition 2.1.4).

In the terminology of [AH10, §2.3], the stack-theoretic Proj is a cyclotomic stack, i.e. has
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stabilizers py (Lemma 2.1.1), which is wuniformized by €(1), i.e. q: Projx(R) — BG,, is

representable (Proposition 2.1.5(iv)).

Corollary 2.1.6. Let R be a graded Ox-algebra. Projx(R) coincides with the usual
Projy(R) if and only if the action of G,, on W is free, in which case O(1) is very ample

relative to X. In particular, this happens when R is generated in degree 1.

PROOF. Z10j(R) coincides with the coarse space Projy(R) if and only if Zrojy(R) is

an algebraic space, if and only if the action of G,, on W is free. U

—_~—

Recall that the shift R(d) also gives rise to a coherent sheaf R(d) on Projy(R), but this
sheaf is not always invertible if R is not generated in degree 1. There is a canonical morphism

—_—~— e~/

R(d) ® R(e) — R(d+ e) but this is also not an isomorphism in general. If p: Zrojy(R) —

—_~—

Projy(R) denotes the coarsening morphism, then R(d) = p,.0(d).

Proposition 2.1.7. Let R be a graded Ox-algebra. If X is quasi-compact and R is finitely
generated, then R = @nzo Ry, is generated in degree 1 for all sufficiently divisible d. In
particular, the usual Projy(R) agrees with the stack-theoretic 210jx(RY) and is the relative

coarse space of qq.

PRrROOF. This can be verified locally on X so we can assume that X = Spec(A) is affine. If
R has generators fi,..., f,, with degrees di,ds, ..., d,,, then we claim that choosing d = m/
suffices, where ¢ is the least common multiple of the d;. Indeed, for every n > 0, R,, is generated
by fit--- fom with > a;d; = n. If n > ml, then for each such generator fi"*--- f&= there

exists some 1 < ¢ < m such that a;d; > ¢, i.e. fi*--- f% is divisible by ff/di € Ry. This shows

that R, = R,_,R, whenever n > m/, which implies the claim. O

Remark 2.1.8. If R has generators of degrees dy, ds, . . ., d,,, then it is not sufficient to take

d as the least common multiple ¢ of dy,ds, ..., d,, in Proposition 2.1.7.
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2.1.F. Embeddings into the stack-theoretic Proj.

2.1.9. In this section, let f: X — S be a qcgs morphism of algebraic stacks and % a line
bundle on X. If there exists for every x € X a positive integer N such that f*f, Z®N — &N
is surjective at x, then the homomorphism @nzo 28" — @nzo Z%" induces, via the

universal property (Proposition 2.1.4), a morphism
(2.2) vy X — gzrojs(@ f*.,zﬂ@")
n>0

such that ¢%,0(1) = Z. In particular, if £ is uniformizing relative to S, that is, the in-

duced morphism X — S x BG,, is representable, then so is the induced morphism ¢ ¢: X —

,@rojs(@nzo fzom).

Setup 2.1.10. Let f: X — S be a morphism of quasi-compact algebraic stacks with finite
diagonal. Then there is a relative coarse space p: X — X /5 and fe: X9 — S is separated.
Let % be a line bundle on X. Then for sufficiently divisible k, the line bundle .Z®* descends to

X5 [Ryd15]. To be precise, p,. £ is a line bundle and p*p,.Z%*F — Z%* is an isomorphism.

Definition 2.1.11 (Ampleness). In Setup 2.1.10, we say that £ is ample relative to S if

the line bundle p,.Z%* is ample relative to S.

Lemma 2.1.12. Keep the assumptions of Setup 2.1.10. If S is an affine scheme, then the
following statements are equivalent:
(i) & is ample.
(ii) The open subsets X,, for g € T'(X, L) where d is a positive integer, form a basis
for the topology on X.
(iii) There exists a positive integer d and finitely many sections f; € I'(X, £%?) such that

(Xes)y, is affine for all i, and such that X = J, Xy,.
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(iii") There exists a positive integer d and finitely many sections f; € T'(X, £%%) such that

(Xes) i 15 quasi-affine for all i, and such that X = J, Xy,.

This can be verified via passage to the coarse space X, and applying the analogous classical

result for p,.Z%*. The following example shows that some caution is warranted though.

Remark 2.1.13. Retain the situation of Setup 2.1.10. If .Z is ample, and F is a quasi-
coherent Ox-module of finite type, there does not always exist a positive integer ng such that
F ®g, L% is globally generated over S for all n > ng. It is also not true that F ®g, £%"
is globally generated over S for sufficiently divisible n. For example, take X = Bu,, £ = O,
and F' to be the universal torsion line bundle on X. Then F ®4, Z%" = F for every integer

n, and I’ has no global sections.

Proposition 2.1.14. In Setup 2.1.10, the following holds.
(i) If & is ample, then f*f,.L°N — LN is surjective for all sufficiently divisible N

and thus induces a morphism

oy X — «@rojs(@nzo f*i”@”)

as in (2.2).

(ii) If £ is ample and uniformizing, the induced morphism v is a quasi-compact, scheme-
theoretically dominant, open immersion (so in particular, quasi-affine). If in addition
f is proper, 0. is an isomorphism.

(iii) Assume there exists a positive integer N such that f* [, %N — LN is surjective. If

the induced morphism p.o is quasi-affine, then £ is ample and uniformizing.

PRrROOF. For (i), denote the induced morphism X.s — S by fe. Fix a positive integer
k such that .Z®* descends to X /5. Since p,.Z®* is ample over S, there exists a positive

integer N such that for all n > N, p, L% = (p,£%*)®" is globally generated over S, that
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iS, [5(fos)sDe LM — p, L%k is surjective. Applying p* and noting f = f. o p, we see that
[ f. LR s prp, LR S LBk s surjective, as desired.

For (ii), the question is local and so we may assume that S = Spec(A) is affine. Set
R =@, ['(X, Z%"). Since £ is ample, we may apply Lemma 2.1.12(iii) above and thus
X = |, X, for some homogeneous f; € R with (Xj,). affine. Since each [Spec(Ry,) / G
is an open substack of Zrojy(R), it suffices to prove that the induced morphism X —
[Spec(Ry,) / Gy,] is an isomorphism for every i. Therefore, we set up the following diagram

(where the reader should first disregard the dotted arrows and fill them in as the argument

progresses):
Z/ .,.ﬁm@» SpeCXf. (@nez g@n) I SpeC(sz) )
gaﬂine l l J
~ . Ix .

(2.3) Z o fmite Ly X, _ s [Spec(Ry,) / G| — S x BGyy

integral"'n_._,._ l l
.y

(XCS)fi E— Spec((Rfi)O)

Since X/, has finite diagonal over S (by assumption of Setup 2.1.10), there exists a finite cover
Z — Xy, from a scheme Z. Then Z is affine, since the composition Z — Xy — (Xe)y, is

integral, and (Xc)y, is affine. Set

7 =7 X Xy, SpeCXfi (@nez X@m) )

which is also an affine scheme. Since .Z is uniformizing, X/, is representable over S x BG,,, so
that Spechi (@nez $®”) is an algebraic space (over S). Moreover, it admits a finite surjection
from the affine scheme Z’, so Chevalley’s Theorem implies that it is also an affine scheme.

Hence, the morphism Specy (@nez 92”@”) — Spec(Ry,), which induces an isomorphism on
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global sections

(2.4 Ry, = (@nx, $®">) = @2,

n>0 i nez

must be an isomorphism, and hence so is Xy, — [Spec(Ry,) / G,,], as desired.

For (iii), the question is again local, so we assume that S = Spec(A) is affine. Evidently,
v is representable, whence so is the morphism X — BG,, induced by .Z. Thus, .Z is
uniformizing. To show that % is ample, let d be a positive integer, and let f € I'(X,.£%9).
Then wy|x,: Xy — Dy(f) is quasi-affine, whence (Xc); is quasi-affine over Spec ((Ry)o). In

particular, (iii’) of Lemma 2.1.12 is satisfied, so .Z is ample. 0

Remark 2.1.15. Let f: X — S and .Z be as in §2.1.9. In general R = @nzo .2 is
not finitely generated, so the corresponding stack-theoretic Proj is in general not proper over
S. However, if S is gcgs, then R is the union of its finitely generated, quasi-coherent graded
OUs-subalgebras Ry. Since X is quasi-compact, there exists an index Ay such that for all A > ),
the composition f*(Ry), — f*f..Z®" — L is surjective for all sufficiently divisible n. For
A > Ao, we get a morphism ¢, : X — Projg(R,), where the stack-theoretic Proj is now proper
over S, and such that ¢, factors (rationally) through p»: X — Projg(R).

Now assume that Setup 2.1.10 holds, assume that £ is ample and uniformizing, and that X
is of finite type over S. By Proposition 2.1.14(ii), p.¢: X — Projg(R) is an open immersion.
In this case, we will now show that, after increasing Ay, the induced morphism ¢): X —
Projg(R)) is an immersion for every A > Ao.

This is a local question on S, so we may assume that S = Spec(A) is affine and that
R = @, L% = @, (X, Z£%"). We apply Lemma 2.1.12: there exists a positive
integer d, as well as finitely many f; € T'(X, £%?) such that X = |J, X}, and each (Xe)y, is

affine (and each v #|x, : Xy, — D, (f;) is an isomorphism).
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Since X is of finite type over S, the Og-algebra Ry ~ @ _, (X, Z%") is generated

neZ

by finitely many homogeneous elements b;;. Using the isomorphism in (2.4), we may, for a

positive integer m, lift each b; to some s;;/ f]" € (Ry,)deg(s;,) for some s;; € T(X, & @madtdeg(bi;) )

Thus, for sufficiently large A > )¢, there exist homogeneous elements sg\j and f} of R, which
respectively lift each s;; and each f; to Ry. Therefore, for all such A\, ¢, maps each X/, into
Di(f}) C Projg(Ry). To complete the proof, it suffices to show each ¢y|x, is a closed

immersion. To this end, recall each ¢,|x, fits into the following cartesian square:

Specy, (B,,cz -Z") — Specg (<R/\>f?)

(2.5) l l

‘pA|Xfi

sz > D-‘r(fz)\)

and it suffices to show that the top row is a closed immersion. Since each X, has finite diagonal

and each (X7, ) is affine, we may argue, asin (2.3), that the algebraic space Specy, (B,cz-2%)
is an affine scheme. Then the top row of (2.5) is a morphism of affine schemes, which induces

a surjection on global sections

(R)\)fi’\ - Rfi — @F<Xfm$®n)v

neZ

and hence is necessarily a closed immersion, as desired.

2.1.G. Sequences of stack-theoretic Proj. A sequence of stack-theoretic Proj
X=X,—X,1——X —X

is not a stack-theoretic Proj because it need not be cyclotomic: the stabilizers are subgroups of
GI', not of G,,. Instead of a single uniformizing line bundle . = €(1), we have a uniformizing

collection of line bundles £, %, ...,.%, — the corresponding map to BG], is representable.
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In fact, as we shall see next, this collection is even generating in the sense of [Grol7]: locally
on X, every quasi-coherent sheaf on X’ of finite type is a quotient of a direct sum of line
bundles of the form .Z*" ® --- ® L% d; € Z. Equivalently, the corresponding map to BG",

is quasi-affine [Grol7, Corollary 6.7]. That is, X' is divisorial.

Proposition 2.1.16. Let X' .= X,, = X,,_1 = -+ = X1 = X be a sequence of n stack-

theoretic Proj. Let Ox,(1) € Pic(X;) denote the corresponding ample uniformizing line bundle

and let Z; be the pullback of Ox,(1) to X'.

(i) (A, %, ..., 2L, is generating, i.e. the induced morphism X' — BG!, is quasi-affine.
(ii) If X is quasi-compact, then the line bundle LN @ L2 @ -+ @ L3N is ample

relative to X for every Ny > Ny > --- > N,,.

PRrROOF. The first part is immediate and the second part follows from the following lemma

and the classical result for compositions of projective morphisms [EG Ay, Prop. 4.6.13 (ii)]. O

Lemma 2.1.17. Let f: X — Y be a qcgs morphism of algebraic stacks with finite inertia
and let fos: Xes = Yo be the induced morphism on coarse spaces. Let £ be an invertible sheaf

on Xes. If L|x is f-ample, then L is fes-ample.

PROOF. By definition of ample (Setup 2.1.10), we may replace X with Xy so that f
becomes representable. The question is also local on Y., so we may assume that Y, is affine
and that Y admits a finite flat presentation Y/ — Y of constant rank d. Let X' = X xy Y’ and
note that Y — Y5 and X’ — X are affine. Let 2 € | X| be a point. We need to find an affine
open neighborhood X, of z for some g € I'( X, .£®™) such that (X, ). is affine, or equivalently,
such that X is affine.

Consider the preimage Z C |X'| of z. Since Z is finite and £|yxs is ample, there exists

a section f € I'(X',£®") such that Z C X} [EGAy, Cor. 4.5.4]. The norm of f along
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X" = X gives a section g € I'(X, 2%") such that Z C X, C X} and X] is affine, cf. [EG Ay,

Cor. 6.5.7]. O

2.2. Examples of stack-theoretic Proj
In this section we give four examples of stack-theoretic Proj:

2.2.A) twisted weighted projective stacks, which include root stacks of line bundles,
2.2.B) root stacks of generalized Cartier divisors,
2

)
B)
.C) a construction that transforms Q-invertible sheaves to invertible sheaves,
2.2.D)

(
(
(2
( and stack-theoretic GIT quotients.

In the next section, we will also present weighted blow-ups as another example of the stack-

theoretic Proj construction.

2.2.A. Weighted projective stacks, root stacks of line bundles and twisted weighted

vector bundles.

Example 2.2.1 (Weighted projective stacks [AH10, §2.1]). An important class of examples
of stack-theoretic Proj is weighted projective stacks. Given weights dy, dy, ..., d, € Z~q we have

the smooth stack

@(do,dh...,dn) = @I‘ij(ﬁx[{f(),l’l,...,{[‘n])

where the degree of z; is d;. The generic stabilizer is g, where d = ged(dy, ds, . . ., d,), and the
coarse space is the usual, singular, weighted projective space P(dy, dy,ds, .. .,d,). Slightly more
general, given vector bundles &1,&5,...,&, on X and weights dy,...,d, € Z-, the weighted

(or graded) vector bundle & = & (—dy) & - -- & &,.(—d,) gives the smooth stack

P(&) = @(6"1(—(11) DD @@T(—dr)) = Pr0jy <® Sym, (é‘;(—dﬁ)) .
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The universal property of this stack is as follows (cf. Proposition 2.1.4): given a morphism
f: T — X, alift to #(&) corresponds to the data of a line bundle .Z on T" and homomorphisms
;1 f*& — L% such that locally on T at least one of the ¢; is surjective. An isomorphism
between two lifts (£, {¢;}) and (£, {¢}}) is an isomorphism .Z ~ £’ compatible with the ¢;

and ).

Example 2.2.2 (Root stacks of line bundles [Cad07a, Def. 2.2.6]). A special case of the
previous example is roots of line bundles. Given a line bundle & on X and a positive integer
d, the stack 33((5" (—d)) parameterizes, for a morphism of schemes f: T' — X, a line bundle
% on T together with an isomorphism f*& = Z®¢ The corresponding graded algebra is
R = Sym,. (é"(—d)) We call the corresponding stack-theoretic Proj the d'® root stack of the

line bundle &, and denote it by X s 4) or X({'Vg)
We will need the following generalization of weighted vector bundles:

Definition 2.2.3. A twisted weighted vector bundle on X is a smooth affine morphism
E — X with a G,,-action such that F is smooth-locally G,,-equivariantly isomorphic to X x A"

where G,, acts linearly with some weights dy, ds, ..., d, € Z.

The morphism F — X is called a G,,-fibration in [BB73, §3]. Equivalently, ' = Specy(R)
where R is a quasi-coherent graded Ox-algebra that smooth-locally looks like the symmetric
algebra over Ox of a graded vector bundle.

We will only need the case where all weights are positive (called fully definite in [BB73,
§2]). If X is a scheme and all weights are positive, then smooth-locally can be replaced with

Zariski-locally, see Remark 2.2.8.

Example 2.2.4 (Biatynicki-Birula decomposition [BB73, Thm. 4.1]). Let X be a smooth

quasi-projective variety with an action of G,,. Let F' C X®m be a connected component of the
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fixed locus. Let F* ={z € X : limy,ot.x € F}. Then F and F* are G,,-equivariant, F' is
closed, F'* is locally closed, F' and F* are smooth, and the natural map '™ — F is a twisted

weighted vector bundle with strictly positive weights.

Definition 2.2.5. A twisted weighted projective stack over X is the stack-theoretic Proj
of a graded algebra corresponding to a twisted weighted bundle on X with strictly positive

weights.

In what follows, we always assume that £ = Specy(R) is a twisted weighted bundle over a
connected scheme X. Then there exist a Zariski open cover U; of X, weights d = (d; < dy <

.-+ < d,), and dimensions n = (ny,ng, ..., n,) € ZL,, such that for every 4,

R

i=1 =1

Example 2.2.6. For a non-trivial example of a twisted weighted bundle, let us consider
the weights d = (di,ds,d3) = (1,2,4) and the dimensions n = (ny,n9,n3) = (1,1,1). Over

each U;, we have a graded isomorphism:

a;: Ry, —— Oy, [xi, yi, ],

where x; has weight 1, y; has weight 2, and z; has weight 4. Over pairwise intersections

Ui; == U; N Uj;, we then have the graded isomorphism on Uj;:

Ui; 7 ﬁUij [:E]'?y]'”zj]'

_ -1 =
Q5 = Oy, © Oéi’Uij- ﬁUij [xi,yh»%] > R

By considering the linear relations among the weights 1, 2, and 4, we deduce that these «;;’s

have the following form in general:
Ty = Qij - Ty
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Yi = big - (Y5 + dig - 75)

zi c - (z+ e - 2 + fig - 25y + gig - )

Where aij, bij; Cij - F(Uij, ﬁgﬁ) and dij; €ij, fw’, gij - F(Uij, ﬁUi].). Note that the data dm’, 61'3‘, fw’, gij
are precisely the “twists” in the twisted weighted bundle R. Over triple intersections U, :=

U; NU; N Uy, we have the following cocycle conditions:

2

a’
7k
Qi = Qi Qjk bi, = bijbjk Cik = CijCjk dip, = djk + b_dij
ik
and
4 2 2 2
€ik €k &jk ajkbjk : djk bjk . djk €ij
1
= i 2 2
ik Jie | T 0 afb- 1 b5 -2d | | fij
C]k
2
Gik Gk 0 0 by - 1 ij

Therefore, twisted weighted bundles R on X with weights d = (1,2,4) and dimensions n =

(1,1,1) are globally characterized by the Cech cocycles in H* (X ) G), where
G = (Gp x (G X Gy,) X G,)) x G2,
and the semidirect product are given by the actions:

(i) G, x G, — G, — Aut(G,) where (a,b) — %7
(ii) G, x (G, x G,,) x G,) — GL3 — Aut(G3) where

a* a*bd bV d?
1
(C, a, ba d) — E 0 CL2b 2b2d

0 0 b?

2.2.7 (General description of twisted weighted bundles). In general, twisted weighted bun-

dles R on X with weights d and dimensions n are globally characterized by their respective
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Cech cocycles in ﬁl(X ,Gan), where the group Gqn can be described as follows. If all weights
are equal, that is, r = 1, then Gy, ,, = GL,, and twisted weighted vector bundles are just
weighted vector bundles. If not, that is r > 1, set d' = (dy,...,d,—1), 0’ = (n4,...,n,_1), and

Gan is a semidirect product of the form
de = (GLnT XGd’,n’) X GZTNT,

where N, is the dimension of the d,* degree piece of a graded polynomial algebra with free
variables {z;;: 1 <i<r—1, 1 <j <mn;}, where z;; is given weight d;. That is,

r—1
T I (!

dr=3" ;>0 Midi =0

Remark 2.2.8. From the description of G4, we obtain an exact sequence
1 —Udgn — Gan — GL, — 1

where Uqgp is a smooth connected unipotent group scheme of dimension N(d,n) ="', n;N;
and GL, = GL,, x -+ x GL,,. In particular, Gqn is special in the sense of Serre, that is, the
Cech cohomology H'(X, Gan) can be calculated in the Zariski topology if X is a scheme.

In particular, if d; is not in the Zs-linear span of d;,...,d;_1, for every 1 < ¢ < r, then
N(d,n) = 0 and any twisted weighted bundle E with weights (dy,...,d,) is a weighted bundle,
ie. E “splits” as

E ~ Specy (Symﬁx (&(—dy) DD 5r(—dr)))

for vector bundles &7, ..., &, on X with respective dimensions nq,...,n,.

2.2.9 (Associated weighted vector bundle). To a twisted weighted vector bundle E =
Specy (R) we can associate a weighted vector bundle & := R, /R% on X. This is nothing

but the vector bundle corresponding to the image of E under H'(X,Gqn) — H'(X,GLy).

46



Since & is locally free, the quotient morphism Ry — R /R% = & locally admits a graded
section, which locally induces a graded isomorphism Sym, (&) = R. One can interpret the
presence of the “twists” in the twisted weighted bundle R as the obstructions to patching these
local isomorphisms to a global isomorphism. Note that the weights d and the dimension n can

be read off from &.

2.2.B. Root stacks of (generalized) Cartier divisors.

Definition 2.2.10. A generalized effective Cartier divisor on X is a pair (&, s) where .Z
is a line bundle and s € I'(X,.%) is a global section. Equivalently, s gives a homomorphism
sV LY — Ox. We say that (£, s) is ordinary if sV is injective, or equivalently, if (.Z,s) =
(Ox(D), sp) for an effective Cartier divisor D. Here, s, is the inclusion of the ideal Ip =

Ox(~D).

Example 2.2.11 (Root stacks of generalized divisors [Cad07a, Def. 2.2.1]). Given a gen-
eralized Cartier divisor (%, s) on X and a positive integer d, we consider the following graded

O'x-algebra

(2.6) R = @g@—rn/dw

n>0

where the multiplication in this algebra makes sense by using the homomorphism sV: £V — Ox
whenever applicable. For example, for 0 < k,¢ < d, the multiplication Ry ® Ry — Ry, is the
canonical Y @ £V — (LV)®?if k+( > d, and is given by £V @ LV — (£LV)%? Loy v
if k+ ¢ < d. We denote the corresponding stack-theoretic Proj by X(# 4, and call it the am
root stack of (£, s).

The root stack X ¢4 has the following universal property (cf. Proposition 2.1.4): if

f: T — X is amorphism then a lift to the root stack is equivalent to giving a generalized Cartier
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divisor (&,t) on T together with an isomorphism ¢: f*(.Z,s) = (&,t)%. The corresponding
universal generalized Cartier divisor on the root stack is (€(—1),t) where ¢V is given by the
natural map R(1) — R. An isomorphism between two lifts (&,t,¢) and (8',t,¢') is an
isomorphism & — &’ compatible with ¢, ¢/, © and ¢'.

Forgetting the section induces a morphism X ¢ 4 — X(#4) to the root stack of Exam-
ple 2.2.2. Note that X(¢q) ~ X(2v ).

Since R = Symg, (Z"), it follows that 7: X (¢ .4 — X is a coarse space. Since R is flat,

7 1s also flat.

Remark 2.2.12. When & is trivial, then &roj(R) is covered by a single chart as follows.
Let f € I'(X,Z) be an everywhere non-vanishing section. Then Zrojy(R) = D.(f) =
[Specx (R/(f —1)) / pa]. Note that R/(f — 1) ~ Ox|z]/(z? — %) where deg(z) = —1.

More generally, if there exists a line bundle & such that £ ~ &, then we can write the
root stack as a global quotient by p, by first twisting R with & so that

Specy <6_9 5”) /#d]

Projx(R) =

where &~" has degree —n and the multiplication is induced by sV: &9 = £V — Ox.

Example 2.2.13 (Root stacks of ordinary divisors). If D is an effective Cartier divisor on

X, the previous construction gives the following graded O'x-graded algebra:

R= @I,

n>0

We sometimes denote X sy (p),sp,d) OF X (\‘75) instead, and call it the d*® root stack of D. For
morphisms f: T — X such that f~*(D) is a Cartier divisor, the root stack has the following

universal property: a lift to the root stack is equivalent to giving an effective Cartier divisor £
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on T such that dE = f~!(D). In particular, the groupoid X(p (7 — X) is equivalent to a set
in this case, i.e. there are no non-trivial isomorphisms between lifts.
The morphism 7: X(p 4 — X is a flat coarse space which is an isomorphism outside D.

The morphism E — D is a gerbe isomorphic to the d'" root stack of the line bundle &'p (D).

2.2.C. Inverting Q-invertible sheaves.

Setup 2.2.14. Let X be a noetherian scheme satisfying Serre’s condition Sy (for example,
a normal scheme). Let F' be a coherent & x-module that is generically locally free, that is, there
exists a dense open jy: V < X on which F' is locally free. We say that F' has rank r if F|y is

locally free of rank r. Let tor(F) be the torsion submodule of F, i.e.
tOI’(F) = ker(F — ]V*(F‘V))

and set Fiy := F/tor(F). Note that tor(F") is independent of V' since X has no embedded
points.

Suppose that j: U < X is an open subset whose complement has codimension > 2 in X,
and on which Fi; is locally free. If X is normal, then this can always be arranged for since Fi;

is free at every point of codimension 1.

Lemma 2.2.15. The canonical morphism F — FVV can be identified with the canonical

morphism F — Fy — j.(Filv)-

We call FVY = j,(Fi|y) the reflexive hull of F. We say F is reflexive, if the canonical
morphism F — FYV = j,(Fi|y) is an isomorphism.
PROOF. Firstly, since X is Sy, FVV is also Sy, i.e. j.(FYV|y) = FYY. Next, since FV is

torsion-free, F' — FVV factors through Fi;, and the resulting morphism Fi;y — FVV induces a
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morphism j,(Fit|y) — 7«(FYV|y) = FYY of Sy-sheaves on X that is an isomorphism on U, and

hence is an isomorphism on X. Il

For every integer n > 0, we define the saturated n™ power of F to be FI" .= (F®")V. Note
that Fll = j, (F3"|y) since F|y is locally free.

We say that F' is Q-invertible if FIN is invertible for some positive integer N, locally on X.
Note that a Q-invertible sheaf has rank 1. In what follows, we consider the graded O'x-algebra

P =t

n>0

Proposition 2.2.16 (cf. [AH10, Prop. 5.3.2]). Let X' = Zrojy(F*)) with structure mor-

phism w: X' — X. If F is Q-invertible, then:

(i) FI* is finitely generated, and hence, X' is proper over X.

(ii) m: X’ — X is a coarse space and an isomorphism over U. In particular, m is quasi-
finite.

(iii) If FINl ~ 0x for some N > 1, then X' = [SpecX (@nN:_Ol F[”]) /IIN]

(iv) X' satisfies Sy. Moreover, if X is normal, so is X'.

(v) For every positive integer n, the canonical morphism F" — 7, 0x/(n) is an isomor-
phism, and the canonical morphism ™ F" — O (n) is a reflexive hull.

(vi) m: X' — X satisfies the following universal property: if T is a scheme satisfying
Sy (resp. T is a normal scheme) which admits a morphism f: T — X such that
codimy (T~ f7HU)) > 2 (resp. f~H(U) is dense in T), then there is a lift of f to X',

unique up to a unique 2-isomorphism, if and only if (f*F)"Y is invertible.

Before proving the proposition, we note that in (vi), the hypothesis that codimp (7T ~

f7HU)) > 2 is satisfied whenever f satisfies one of the following conditions:

(a) f is flat;
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(b) f is dominant and integral and T is integral; or

(¢) f is dominant and quasi-finite and 7' is integral.

PROOF OF PROPOSITION 2.2.16. All statements, except (iii), are local on X so we may
assume that FV is invertible for some integer N. For (i), note that the multiplication F*¥ @
Flrl — FIEN+7] s an isomorphism for all integers k,n > 0. Thus F[* is generated in degrees
< N. Since FI" is coherent for every n, we deduce that FI* is finitely generated. Thus, X' is
proper over X by Proposition 2.1.5(ii).

For (ii), we note that FIV* is generated in degree 1 and thus that the coarse space of X’
is Projy (F®) = Projy(FIV*) = P(FIM) = X (Proposition 2.1.5(iii)). Moreover, since Fy|y
is invertible, 7 is an isomorphism over U. For (iii), this follows from X’ = D, (f) where f is
a nowhere vanishing section of FIV (§2.1.C). For (iv), the question is local so we can assume
that FIN ~ ¢y and hence that we have a faithfully flat presentation Specy (@ff;ol F ["]) — X'

The result follows since @nNz_ol F is a coherent Sy-sheaf.

For (v), let U’ := 7~!(U), and consider the cartesian square:

Since FIM|; = F3"|y is invertible, the canonical morphism 7*FM — @y (n) is an iso-
morphism when restricted to U’. Moreover, since Ox/(n) is invertible, it is Sy and thus

Ox:i(n) = jL.(m*F"| ), i.e. Ox:(n) is the reflexive hull of 7*FI"). We also have that:
Fl~ g P~ 7 i B~ 1 O (n).

Finally, for (vi), by Proposition 2.1.4 a morphism 7' — X’ corresponds to a line bundle
% on T and a graded homomorphism ¢: f*Fl*) — @nzo %" of sheaves on T such that

n: fXFI — 2% is surjective for sufficiently divisible n, or equivalently, such that the induced
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(on)ee: (fFFIM)y — 2% is surjective for sufficiently divisible n. Since F[™|; is invertible,
f*FI" is invertible over f~1(U), so (¢,)u|s-1(1y is an isomorphism for sufficiently divisible n,
and hence an isomorphism for all n. This means the following:

(a) If T'is S, then by hypothesis, (@, )¢ is an isomorphism away from codimension > 2 for all
n. Since £%" is invertible, (¢, )i is the reflexive hull for all n, and thus so is ¢,.

(b) If T'is normal, then by hypothesis, ()¢ is generically an isomorphism for all n. In addition,
Serre’s condition R, implies that (f*FI™)y is invertible in codimension 1, so (¢, )¢ is an
isomorphism in codimension 1 for sufficiently divisible n, and hence an isomorphism in
codimension 1 for all n. In conclusion, (¢, )i is an isomorphism away from codimension

> 2, and the same argument as in (a) shows that ¢, is the reflexive hull for all n.

In either case, we conclude that such an £ and ¢ exist precisely when (f*F)YV is invertible
and then .Z = (f*F)YV. Finally, note that if FIV¥! is invertible, then ¢y is an isomorphism and

in particular surjective. U

Remark 2.2.17. When FIM is invertible, the construction X’ — X that makes F invertible
is closely related to taking the N*® root of the invertible sheaf FIV (Example 2.2.2). Since
Ox:(1)®" = Ox:(n) = m*FIN | there is a canonical map ¢: X’ — X(W) over X. This map
is representable, hence finite, since ¢* is compatible with tautological line bundles. That is, ¢
is also induced, via Proposition 2.1.5(vi), by the graded homomorphism

Symg, (FN(=N)) — 5 FIN.
n>0
The finite morphism ¢ is not an isomorphism. In fact, the root stack is a gerbe, whereas
X’ — X is generically an isomorphism (a stacky modification, i.e. proper and generically an
isomorphism). On the root stack, FINI has an N*" root, but it does not coincide with the
reflexive hull of the pullback of F' because it does not agree over U. This is explained by the

presence of torsion in the Picard group in the root stack over U.
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Example 2.2.18 (Q-Gorenstein varieties). We now apply Proposition 2.2.16 to the canon-
ical sheaf. Let X be a Q-Gorenstein variety of index N, that is, a normal variety of such that

the N pluricanonical divisor N Ky is Cartier. Let wg?] = Ox(nKx) denote the n'" pluricanon-

ical sheaf, or equivalently, (w5™)"". Then wg?} is a reflexive sheaf of rank 1, which is invertible
whenever N divides n. Let X' = Zroj X(w&?). Then 7: X’ — X is an isomorphism over the
locus where wy is invertible, i.e. where X is quasi-Gorenstein, that is, Q-Gorenstein of index
1. The coarse moduli space of X’ is Projy (w%v']) which equals X, and 7,0(n) = wg?] for every

positive integer n. The morphism 7: X’ — X only adds some stackiness in codimension > 2.

Finally, the canonical sheaf wx/ is (7*wx )", and hence is equal to Ox(1).

Example 2.2.19 (Cartierification). More generally, fix a normal noetherian scheme X,
with an effective Q-Cartier divisor D C X, say ND is Cartier. Let Ip = Ox(—D) be the ideal
of D C X, which is a reflexive &'x-submodule of 0y of rank one. Let U denote the largest open
subset of X on which D|y is Cartier (i.e. Ip|y = Ipj, is an invertible &y-submodule of &yr), so
that Ip = j.(Ip),). Recall that U O Reg(X) (the latter has complement of codimension > 2
in X), and moreover note that U D Y ~\ D.

We apply Proposition 2.2.16 with £ = Ip. Note that F[" = ]gl] is precisely the n'
symbolic power I,p of Ip, since all the associated points of Ip are non-embedded, and hence,
are contained in U. The Ox-algebra Fl* = I, = @nzo I,,p is called the symbolic Rees algebra
of D (or Ip). Let X' = Projy(lop) with structure morphism 7: X’ — X. The inverse image
of D under 7 is a Cartier divisor (v), and 7 satisfies the following universal property (vi): if
f: T — X is a morphism from a normal scheme T such that f~(D) is nowhere dense in T,
then f factors, uniquely, through = if and only the inverse image f*D of D under f is an
effective Cartier divisor on T'. Here, f*D is the Weil divisor on 7" whose underlying ideal sheaf

is (f*Ip)"V.
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As a final note, we will see later in Example 2.3.38 that @nZO I,p is the integral closure
of the Ox-subalgebra @nZO I ][\%N] of Example 2.2.13. In other words, there is a canonical

finite morphism X’ = rojy(lep) — X(N ND), which presents X’ as the normalization of

X(VND).

Example 2.2.20 (Stacky modifications given by inverting Q-invertible sheaves). Suppose
that 7: X’ — X is a proper quasi-finite morphism of noetherian stacks satisfying S,, that £ €
Pic(X’) is an ample and uniformizing line bundle relative to X, and that 7 is an isomorphism
over an open substack U C X and that U and 7~!(U) have complements of codimension at least
2. Then X' = P10jy(F*) where F = 7,.%. Indeed, first note that X’ — X is a relative coarse
space since X/ /x = X is a finite morphism between Sj-stacks that is an isomorphism outside
codimension 2, hence an isomorphism. It follows that 7, Z®" is a line bundle for sufficiently
divisible N (2.1.10). Moreover, X' = Projy (Gano m.£%") by Proposition 2.1.14(ii) so it

suffices to note that m, Z®" = 1,5/ j* LE" = j.(n|y).j* L% = j,j* F&" = Fl"l,

Example 2.2.21 (Toric varieties and toric stacks). Let X be a simplicial fan. Then the
associated toric variety Xs is normal and the torus-invariant divisors Dy, D, ..., D, are Q-
Cartier. The corresponding toric stack 2y is smooth with smooth toric divisors. We thus get
amap 2y — X' where X’ — Xy is the iterated stack-theoretic Proj that makes all the torus-
invariant divisors Cartier (Example 2.2.19). Since (0(D;), 0(D3),...,0(D,)) is uniformizing
on the toric stack 2% (by the Cox construction) as well as on X’ (see Proposition 2.1.16), it
follows that 2% — X' is a representable birational homeomorphism between normal stacks,
hence an isomorphism.

The toric stack 2y is the canonical stack associated to the variety Xy with finite quotient
singularities [FMIN10, §4]. The Cartierification thus gives a different description of the canoni-

cal stack for a toric variety. If X is a stacky fan, then the associated toric stack can be described
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as the Cartierification of the torus-invariant divisors of the associated toric variety followed by

taking root stacks of these divisors and then root stacks of line bundles [FMIN10, Thm. 1].

2.2.D. Stack-theoretic amplification of GIT quotients. Let X be a projective variety
with an action of a reductive group G and let .Z be an ample line bundle with a G-action.
Then we can form the GIT quotient X / G = Proj (@nzo I'(X, £%")%), where for each n > 0,
MX,£%")% denotes the G-invariant global sections of Z®". If X* C X denotes the semi-
stable locus of X, then X* — X /G is a good quotient. This can also be phrased as saying
that [X* / G] - X J/ G is a good moduli space.

It is very natural to also consider the “stack-theoretic GIT quotient”:

(X /) G] := Proj (@ I(X, ,z@n)G) :

n>0

Whereas [X* / G] is typically an Artin stack with infinite stabilizers, the stack [X /G| is a

tame Artin stack with finite cyclic stabilizers. We have

[Xss / G] rel. good mod. space/ [X//G] tame coarse space X//G

The stack-theoretic GIT quotient [X / G] was studied by Hassett [Has05, §3.1] and Gulbrand-
sen [Gulll] when X is the projective space of hypersurfaces in P" of degree d and G = SL(n+1)

for small d and n.

2.3. Rees algebras and weighted blow-ups

2.3.A. Rees algebras.

Definition 2.3.1 (Rees algebras). A Rees algebra on X is a quasi-coherent, finitely gener-

ated, graded Ox-subalgebra R = (P, I - t" of Ox][t] such that Iy = Ox and I,, D I, for
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every n € N. Equivalently, a Rees algebra is a descending filtration
I=(ID>hLD2ILD...)
of ideals of Oy, satisfying the following conditions:

(1) ]0 = ﬁx,
(i) Il C Lyym, for every n,m;
(iii) locally on X, there exists a sufficiently large positive integer d such that for all integers

n>1,

d
I, = (1f1[§2---15d: GeN, ) il :n> :

=1

in which case, we say that I, is generated in degrees < d. Equivalently, the graded

module Ry /R?% is concentrated in degrees < d.

Rees algebras are partially ordered by inclusion. The initial object is the zero Rees algebra
which is Ox in degree 0 and zero in positive degrees. For any positive integer d, we write Iy,

for the d'™ Veronese subalgebra of I,.

Remark 2.3.2.

(i) That I, is generated in degrees < d does not imply that the Veronese subalgebra
Ise is generated in degree 1 for ¢ the least common multiple of 1,2,...,d, cf. Re-
mark 2.1.8. But it does imply that the Veronese subalgebra I, is generated in degree
1 for sufficiently divisible d, see Proposition 2.3.7 below.

(ii) Rees algebras are called idealistic filtrations by Kawanoue [Kaw07]. Moreover, the
element gt" € I,t" is also written there as (g,n); however, we shall reserve that

notation for the smallest Rees algebra containing gt™.
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(iii) Encinas—Villamayor [EV0T7a] do not require their Rees algebras to satisfy I; D I;41.
This condition is, however, essential for the purpose of weighted blow-ups (Defini-
tion 2.3.12): without this condition, the exceptional divisor (Definition 2.3.13) of a

weighted blow-up would not make sense.

It is also convenient to account for the condition that I, is a descending filtration by ex-

tending Rees algebras trivially in negative degrees:

Definition 2.3.3 (Extended Rees algebras). An extended Rees algebra on X is a quasi-
coherent, finitely generated Z-graded Ox[t~1]-subalgebra I = @ _, I - t" of Ox|[t*!] such

neZ "n

that I§* = 0.

2.3.4. For an extended Rees algebra I3 on X, I, := €D, 5, [, - 1" is a Rees algebra on
X in the sense of Definition 2.3.1. Conversely, every Rees algebra I, on X can uniquely be

extended to an extended Rees algebra I on X by setting

. Ox., if n <0;
I =

1, ifn>0.

Definition 2.3.5. Given an ideal J C Ox and d > 1, we let (J,d) denote the smallest Rees
algebra containing J¢?. Given a finite collection of Rees algebras I; o we let Y, I; o denote the

smallest Rees algebra containing all the Ij, .

The marked ideal (J,d), used in resolution of singularities, can be identified with the Rees

algebra (J,d). Explicitly, we have that (J,d), = J™/4l that is:
(J,d)=0xJtoJP . o Jt'e 2t o 2o ..
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and that

([1,0 + -+ [r,o)n == Z [1,n1[2,n2 Tt [r,nT~

n=ni+--+n,

In particular, I, is generated in degree < d if and only if I, = (I1,1) + (I5,2) + -+ - + (Ig, d).

Example 2.3.6 (Ordinary Rees algebras). If a Rees algebra I, is generated in degree 1, i.e.
I, = I} for all n > 1, then we say that I, = I = (I7") = (I3, 1) is the Rees algebra of the ideal

I, C Ox.
The next proposition is a direct translation of Proposition 2.1.7:

Proposition 2.3.7. Let I, be a Rees algebra on X and suppose that X is quasi-compact.
Then for all sufficiently divisible d, we have I,q = (13)" for all integers r > 1, i.e. Iq is the

Rees algebra of the ideal 1,. O

Example 2.3.8. The graded Ox-algebra of the d'® root stack of the divisor D (Exam-
ple 2.2.13) is the Rees algebra (Ip,d). The symbolic Rees algebra I,p of the Cartierification of

D (Example 2.2.19) is also a Rees algebra.
We can also see (Ip,d) as a dilation of the ordinary Rees algebra (Ip, 1):

Example 2.3.9 (Dilation). Given a Rees algebra I, on X, and a positive integer d, the d*
dilation of I, is the Rees algebra D, := Ife/ay, i.6. D, := Iy/q) for every integer n > 0. Note

that the d' Veronese subalgebra of D, is I,, and I, C D,.
Taking the d'" dilation of the d'" Veronese subalgebra of a Rees algebra I, on X gives:

Example 2.3.10 (Truncation). Given a Rees algebra I, on X, and a positive integer d, the
d™ truncation of I, is the Rees algebra T, := Liresa) = Zd|n(In,n), i.e. T, = Igpn/a) for every

integer n > 0. Note that Ty, = I4e, and T, C I,.
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Remark 2.3.11. The Rees algebra P, ./ ][;Z [/)NW mentioned at the end of Example 2.2.19

is precisely (Ixp, N), i.e. the N truncation of I,p, since ND is a Cartier divisor.

2.3.B. Weighted blow-ups.

Definition 2.3.12 (Weighted blow-ups). If I, is a Rees algebra on X, the (stack-theoretic)

weighted blow-up of X along I, is defined as the stack-theoretic Proj
Bl;, X = Zrojy(l.) — X.

This morphism is proper (Proposition 2.1.5(ii)). Note that v/I,, = v/I; for any positive integer

n. We call V(1) the co-support of the weighted blow-up (or the Rees algebra).

Definition 2.3.13 (Exceptional divisor). Let X’ := Bl;, X = X. The natural inclusion
Iey1 = I, corresponds to the inclusion Ox/(1) < Ox:/(0) = O of invertible sheaves, and
defines an effective Cartier divisor £ on X’ such that Ox/(1) = Ox/(—FE). We call E the

exceptional divisor of Bl;, X.

Remark 2.3.14. Explicitly, if we write I, locally as (f1,dy) + -+ (fim, dm), then the ideal

sheaf Iy of E can be described locally on Bl;, X as follows. On the chart

Dy (f;- tdi) = [SpeCX(L[(fi : tdi)_l]) /Gm}

of Blj, X, the ideal sheaf I is generated by ¢! = % € L[(fi - t%)~1]. In particular, the

Cartier divisor d;F is principal and given by the vanishing of 771(f;) on this chart. Thus, for

all N divisible by dy,ds, ..., d,,, the Cartier divisor N E has ideal sheaf

[NE = (Wﬁl(fi)N/di D= 1,2,...,m).

99



Remark 2.3.15 (Weighted blow-ups in terms of extended Rees algebras). Note that if /&

denotes the extended Rees algebra of I, (2.3.4), then:
Bl;, X = Projx(I7) == [Specy (IS N V(IT*) / Gy .

Indeed, if we write I, locally as (f1,d1) + -+ -+ (fm,dm), then one has, for each 1 <1i < m, that

IE(f; - t9) 7Y = L[(f; - t%) 7], and thus

D (fi %) = [Specx (I[(fi ) 7']) / G] -

Evidently these identifications are compatible with each other.
Note too that the exceptional divisor £ of Bl;, X is induced by the principal divisor given by
t~! = 0 on Specy (I&*) whereas the ideal sheaf I, on Specy(1,), which is not even invertible,

only becomes principal over the localizations I[(f; - t%)~1] (Remark 2.3.14).

The next proposition, like Proposition 2.3.7, is a direct translation of Proposition 2.1.7:

Proposition 2.3.16. Let I, be a Rees algebra on X. The coarse space of Bly, X, relative
to X, is the ordinary blow-up Bl;, X for any positive integer d such that 1, is generated in

degree 1. Such a d always exists if X is quasi-compact (Proposition 2.3.7). U

Example 2.3.17 (Ordinary blow-ups). Let I C Ox be an ideal. The weighted blow-up

Blje X of X along the Rees algebra I* = (I, 1) of I is the usual blow-up Bl; X of X along I.

Example 2.3.18 (Root stack of a divisor). Given an effective Cartier divisor D on X, and a
positive integer d, the root stack X (\‘Vﬁ) is the weighted blow-up Bl7, 4) X (see Examples 2.2.13

and 2.3.8).
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Example 2.3.19 (Cartierification). If X is normal and noetherian and D is an effective
Q-Cartier divisor, then the Cartierification of D in X is Blj,, X (see Examples 2.2.19 and

2.3.8).

Theorem 2.3.20 (Universal property of weighted blow-ups). Let I, be a Rees algebra, and

let m: X' = Bl;, X — X be the corresponding weighted blow-up.

(i) For everyn € N we have an inclusion of ideals 7=(I,,)Ox: C I}, which is an equality
for all sufficiently divisible n (locally on X ).

(ii) Let f: T — X be a morphism such that U :=T ~ f~*(V (1)) is scheme-theoretically
dense. The groupoid of factorizations through m is equivalent to the set of effective
Cartier divisors D on T such that f~(1,)0r C I} for all n with equality for all

sufficiently divisible n (locally on T). If f =7 og, then D = g '(E).

Proor. By Proposition 2.1.4, a factorization of f through 7 corresponds to a line bundle
&£ on T together with a graded algebra homomorphism ¢: €@, f*In — €D,,5 £" which is
surjective for all sufficiently divisible n. The case T' = Bl;, X corresponds to . = Ox/(1) =
Ox:/(—F) with the canonical map .

Let N be a sufficiently divisible integer. We begin by noting that ¢y|y is an isomorphism
and hence that ¢|y is an isomorphism. Since j: U — T is scheme-theoretically dominant, we
have that Z" — 7,j*.Z" = j.j*Or is injective whereas the image of f*I,, — j.j*F*I,, = j.j*Or
is f~1(1,)Or. Tt follows that ¢ factors through an injective graded homomorphism

v @) or - Lo

n>0 n>0

In particular, 1y is an isomorphism. The composition of 95", the inclusion f~'(Ix)0r C
f~YIN_1)Or and ¥y _; gives an injective homomorphism ZV — ZN=1 or equivalently, an

injective homomorphism s: £ < Op. This defines the Cartier divisor D. Note that s|y =
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(¢1|r) ! so 1, together with s™ gives the inclusion of ideals f~!(I,,)0r < £" = Or(—nD) <

Or. O
Remark 2.3.21. For all n, we have a commutative diagram

nE — V(I,)

I /

Bl, X —~ 5 X

which is cartesian for sufficiently divisible n. Unlike the usual blow-up, the diagram is not
always cartesian for n = 1. Nevertheless:
(i) 7 is an isomorphism away from V' (I).
(i) Erea = 7V (11))red-
(iii) 7= *(V (1)) is of codimension 1 in Bl;, X and its complement is scheme-theoretically

dense in Bl;, X.

Remark 2.3.22. If one locally writes I, as (fi,d1) + - - + (fim, dm), then the condition in
Theorem 2.3.20(ii) that f~!(1,) C I} for all n with equality for sufficiently divisible n (locally
on T') can be explicated as the following equivalent condition: f~!(f;) € Ij‘l)i forall1 <i<m
and locally on T there exists an i such that [% = ( X fz)) The latter occurs on the preimage
of the chart D, (f;-t%) of Bl;, X (Remark 2.3.14). Thus, f~!(1,,)Or = I for every n divisible

by the dy,ds, ..., d,,.
The next corollary generalizes Example 2.3.18.

Corollary 2.3.23. Let I C Ox be an ideal, and fix a positive integer d. Then Bl gy X
coincides with the d™ root stack (Example 2.2.13) of the exceptional divisor of the usual blow-up

Bl; X of X along 1.

PROOF. Let X’ denote the d'" root stack of the exceptional divisor of Bl; X. For a morphism

T —X:
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(a) The groupoid of factorizations through X’ — X is equivalent to the set of effective Cartier
divisors D on T such that f~1(I)0r = I¢ (Example 2.2.13).

(b) The groupoid of factorizations through Bl 4 X — X is equivalent to the set of effective
Cartier divisors D on T such that f=1(I"/?) & C I for every n with equality whenever

d | n (Remark 2.3.22).

The groupoids in (a) and (b) are equivalent, and the corollary follows. O

Remark 2.3.24. The corollary shows that our definition of Bl(; 4 X agrees with the defi-
nition of Bl(; 4y X as the d"™ root stack of the usual blow-up in [Ryd09]. The weighted blow-up

Bl(;,q) X is called the d™ Kummer blow-up of X along I in [Ryd09].

Corollary 2.3.25 (Functoriality for weighted blow-ups). Let f: Y — X be a morphism of
schemes, and let I, be a Rees algebra on X. There is a unique morphism g: Bly-11,y6, Y —

Bl;, X making the following diagram commute:

(2.7) \ }l/ f I

and the induced morphism v is a closed immersion. Hence:

=
T
5
S
>.<
=
o
s
X
<
=
L’
=
o
S

(i) Bly-1(1,)6y Y is the scheme-theoretic closure of the complement of Ex xY in (Bl;, X)x x
Y.
(ii) If f is a closed immersion, then so is g: Bly-11,)0, Y — Bl;, X.

(iii) If f is flat (e.g. f is an open immersion), then v is an isomorphism.

PRrROOF. The existence and uniqueness of g follow from Theorem 2.3.20. To see that ¢ is a

closed immersion, note that ¢ is induced by the natural surjective morphism f*I, — f~1(I,) Oy
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of graded Oy-algebras, i.e.
v Bl-iyey Y = Projy (f71 (L) Oy) = Projy (f*1.) = (Bl;, X) xx Y.

Then parts (i) and (ii) are immediate. For part (iii), note that if f is flat, then f*I, — f~1(1,) Oy

is an isomorphism. O

Definition 2.3.26. In the above corollary, Bly-1(;,)4, Y is known as the proper (or strict)
transform of Y — X under the weighted blow-up Bl;, X = X, while 771(Y) = (Bl;, X) xx Y

is the total transform of Y — X under the weighted blow-up Bl;, X = X.

For the remainder of this section, we specialize to the case where Y = V(J) — X is a closed

subscheme, where J C Oy is an ideal.

Definition 2.3.27 (Admissibility). For z € X, we say that I, is J-admissible at x if (I,),
contains the Rees algebra J? of J,. Equivalently, (I1), D J,.
We also say [, is J-admissible if I, is J-admissible at every x € X. That is, I, D J°.

Equivalently, I; D J, i.e. the co-support (Definition 2.3.12) of I, is contained in V(J) C X.
We collate some straightforward properties:

Lemma 2.3.28 (Properties). Let di,...,d,, € Nsg, and Jy,...,J, be ideals on X. For
reX:
(i) Is s Y, Ji-admissible at x if and only if 1, is J;-admissible at x for every 1 < i < m.
(ii) If 14,6 is Ji-admissible at x for every 1 < i < m, then ls is |]; Ji-admissible at z,
where d :== ), d;.

(iii) For any d € Nsg, I, is J-admissible at x if and only if Iz is J%-admissible at x.

The following lemma says that we can check admissibility by passing to completions, and

is a consequence of faithful flatness of Oy, — % Xz, cf. [Mat89, Theorem 7.5].
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Lemma 2.3.29. For x € X, I, is J-admissible at x if and only if IlﬁX@ D Jﬁ’AX@.
The notion of admissibility is related to weighted blow-ups as follows:

Lemma 2.3.30 (Relationship with weighted blow-ups). Let w: X’ :=Bl;, X — X, and E
be the exceptional divisor on X' with ideal Ix C Ox:. For m € N, the following statements
are equivalent:

(1) Ine is J-admissible.

(i) m1(J)Ox C I, ice. (mH(J)Ox/) =1 J" for an ideal J' C Ox.

PROOF. For (i) = (ii), we use Theorem 2.3.20(i) to deduce from J C I,,, that w1 (J)Ox: C
(1) Ox: C I, as desired. For (ii) = (i), recall that X' = Proj(I&"), with I = (t7!) C

I8, Then (i) implies J - t™ C I;™ - (n'(J)Ox/) C 1, so that J C I, O

We conclude this section by defining one additional transform:

Definition 2.3.31 (Weak transform). Assume that X is noetherian. Let 7t: X' := Bl;, X —

X, and FE be the exceptional divisor on X’ with ideal I C Ox/. Let
¢ := max{m € Nyg: I, is J-admissible} = max{m € Nyo: n *(J)Ox, C I}

which exists by Krull’s intersection theorem. Then we call the ideal 77 1(J) := 7w '(J)Ox - I5*
the weak transform (also known as the birational or controlled transform) of J under 7, cf.
[Kol07, Definition 3.60].

Note that 7;%(J) is always contained in the proper transform J of J under 7 (Defini-
tion 2.3.26), with equality if J is locally principal. This follows from the fact that J =

(mY(J)Ox: 1) := U, en (T H(J)Ox 2 I), cf. [Lee20, Proposition A.2.2].
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2.3.C. Integral closure of Rees algebras.

Definition 2.3.32 (Integral closure). For a Rees algebra I, (or more generally, a quasi-
coherent Ox-subalgebra of Ox|t]) on X, we denote by 1C(1,) the integral closure of I, in Ox]|t].

We say I, is integrally closed if 1C(1,) = I,.
Note that if X is normal, then I, is integrally closed if and only if Specy(/,) is normal.

Remark 2.3.33. For a Rees algebra I, on X, note that (by definition) the integral closure

of I4, is the d™® Veronese subalgebra of IC(1,).

Remark 2.3.34. Given a Rees algebra I,, the integral closure IC(1,) is always a quasi-
coherent graded Ox-subalgebra of Ox[t] but not necessarily of finite type. However, if X is
integral and Nagata, then we claim that IC(l,) is of finite type over Ox, and hence a Rees
algebra on X.

Indeed, the question is local, so we may assume that X = Spec(A) is affine. Let K be the
fraction field of A. Let IC(,) be the integral closure of I, in K(t). Since A is Nagata, so is
I, (being a finitely generated A-subalgebra of A[t]). Since K (t) is also the field of fractions of
I,', we conclude that IC(I,) is finite over I,. In particular, it is a noetherian I,-module, so
its I,-submodules (e.g. IC(I,)) are finitely generated I,-modules, and hence, finitely generated

A-algebras.

2.3.35 (Integral closure of ideals). For an ideal I on X, the t'-graded piece of IC(I®) is
known in the literature (e.g. [Laz04, 9.6.A]) as the integral closure IC(I) of the ideal I C 0.

Note that I C IC(I) C V1.

Example 2.3.36. Let X be a normal scheme. If F is an effective Cartier divisor on X,
then the ordinary Rees algebra (Ig,1) of Ip = Ox(—FE) on X is integrally closed. Indeed,

locally on X, we have that I}, ~ Ox[t] which is integrally closed.
Ht 1, = 0 for n > 0, then IC(1,) = I, and there is nothing to prove.
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Example 2.3.37 (Integral closure of truncations). Let I, be a Rees algebra on X, and for
any positive integer d, let T, be the d" truncation of I, (Example 2.3.10). Then IC(I,) = IC(T5).
For this, it suffices to observe that the d'* Veronese subalgebra of IC(,) coincides with that of

IC(Ts).

Example 2.3.38 (Cartierification, II). Adopt the setup in Example 2.2.19. We shall now
show that lep = €D,,>¢ [np is the integral closure in Ox[t] of (Inp, N) = D, I][\%NW. Since
(Iyp,N) is the N*™® truncation of I,p (Remark 2.3.11(i)), it remains to show (because of
Example 2.3.37) that I,p is integrally closed.

For this, let U be as in Example 2.2.19. On U, we have I,p|y = (Ip,1)|r, and hence, by

Example 2.3.36, I,p|y is integrally closed. Thus, so is Iep = j«(lep|v)-

For integrally closed Rees algebras, we can generalize the operation of taking Veronese

subalgebra as follows:

Definition 2.3.39 (Veronese translate). For an integrally closed Rees algebra I, on X and

q = % € Qxo, the Veronese q-translate of I, is defined as
Ie:=1C (EB L - t”d> C Oxlt].
deN
Since we are passing to integral closures, I, is well-defined, independent of the presentation of
q as a quotient of two positive integers §. For d € N.g, note that the Veronese d-translate of
I, is the same as the d'" Veronese subalgebra of I,. By default, we shall also set IV .= Oy [t].

Finally, by a Veronese translate of I, we always mean I, for some ¢ € Qx.
With respect to the above definition, we can extend Lemma 2.3.28(ii) as follows:

Corollary 2.3.40. Let x € X, and let I, be an integrally closed Rees algebra on X. Let
Q- @m € Qso, and Jy, ..., Jy, be ideals on X. If 1,4 is J;-admissible at x for every 1 <1 <

m, then I, is [], J;-admissible at x, where ¢ :== ), q;.
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PROOF. Choose a common b € N+q so that for every 1 <14 < m, ¢; = ¢ for some a; € N,.
By Lemma 2.3.28(iii), the hypothesis implies that [&% = I, is JP-admissible at = for every
1 <i<m. Leta:=Ya. By Lemma 2.3.28(ii), I¢ = I, is (][], J;)-admissible at z. By

Lemma 2.3.28(iii) again, /J is [[, Ji-admissible at z. O

2.3.D. Normalized weighted blow-ups. In this subsection we assume that X is normal.

Definition 2.3.41 (Normalized weighted blow-ups). The normalized weighted blow-up of X
along a Rees algebra I, on X is the normalization of Bl;, X (denoted BI77™ X)), or equivalently,

Projy (IC(1)).

Note that IC(/,) is not always a Rees algebra (Remark 2.3.34), and thus the normalized
weighted blow-up BI}™™ X of X is not always proper (not always of finite type but always

separated, quasi-compact and universally closed) over X.

Example 2.3.42. Adopt the setup in Example 2.2.19. Then the Cartierification (Exam-
ple 2.3.19) of D in X is the normalized weighted blow-up of X along (Ixp,N) by Exam-

ple 2.3.38. In other words,

norm

Bli,, X = BIj ) X = (X(VND)).

The integral closure I,p = IC((I ND, N )) is always finitely generated and hence a Rees algebra

by Proposition 2.2.16(i).

The universal property of weighted blow-ups in Theorem 2.3.20 has a neater re-interpretation

after passage to normalizations:

Theorem 2.3.43 (Universal property of normalized weighted blow-ups). For a Rees algebra

I, on X, the normalized weighted blow-up m: BI}™ X — X satisfies the following universal
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property. Let f: T — X be a morphism, where T is normal and such that f~'(V(Iy)) is
nowhere dense. Then there exists at most one lift g: T — BI;™ X of f, and such a lift exists
if and only if IC(f~Y(I,)Or) = (Ip, 1) for some effective Cartier divisor D on T. If this is the

case, then D = g~ (F).

Proor. By Theorem 2.3.20, the lifts 7" — BI;)™ X are equivalent to the set of Cartier
divisors D such that f~1(IC(I,))0r C I} for every n > 1 with equality for sufficiently divisible
n (locally on T). Since T is normal, the Rees algebra (Ip, 1) is integrally closed and the condition
is equivalent to IC(f~!(1,)0r) C (Ip,1) with equality for sufficiently divisible n. This means
that we have an equality of Rees algebras (Examples 2.3.36 and 2.3.37). In particular, D is

unique. U

A partial converse to Corollary 2.3.23 is:

Proposition 2.3.44. Let X be a normal, quasi-compact scheme. Every normalized weighted

blow-up of X is a normalized Kummer blow-up BT} X of X.

PROOF. Let I, be a Rees algebra on X, and let X’ = Bly¢(;,) X. By Proposition 2.3.7, there
exists a positive integer d such that I, is generated in degree 1. Let T, be the d' truncation
of I,. By Example 2.3.37, IC(1,) = IC(T,), so X’ = Blig(r,) X. By definition, 7, is the d*™

dilation of Ip.. Thus, X’ = Blicir,) X = Blig(,.q X = BEY™ X. O

Under an additional hypothesis on stackiness, we can also describe a Kummer blow-up as

an ordinary blow-up followed by a Cartierification.

Proposition 2.3.45. Let X be a normal scheme, I C Ox be an ideal, and d be a positive
integer. If the normalized Kummer blow-up Blnorm X — X is representable over an open subset
U C Bliyy) X with complement of codimension > 2, then:

(i) BIJ™ X has an effective Q-Cartier divisor D such that dD is the exceptional divisor

on BI;"™ X.
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(ii) BIi7y X — X can be factored as follows:
BIYH X —— BIP™ X —— X

where q is the normalized blow-up of X along I, and p is the Cartierification of D in

BlIo™ X |

PROOF. Let E (resp. E') denote the exceptional divisor on BI;”™ X (resp. BIi7)' X). By
the universal property of BI}*™™ X, the map Bl7;) X — X factors uniquely through BI}*™ X
as follows:

BIfPH X L B 25 X

Since Bl X has no relative stackiness over X in codimension 1, and since p is a coarse
moduli space (Proposition 2.1.5(iii)), p is an isomorphism in codimension 1, and thus p induces
an identification of Weil divisors of both sides. Since p~!(E) = dE’ with £’ a Cartier divisor
on BI7y)' X, there exists a Weil divisor D on BI}*™ X such that dD = E.

Next, set Y := BI;*"™ X, and we show that p can be identified with the Cartierification of
D,ie. m: Bl,, Y =Y. We do so by comparing the universal properties of 7 and q o p. Let
f: T — Y be a morphism from a normal scheme T, where f~!(D) is nowhere dense in T, i.e.

(qo f)~™Y(V(I)) is nowhere dense in T (for example, f = 7w or f = p). Then:

(a) f factors uniquely through 7 if and only if f*D is an effective Cartier divisor on T (Exam-
ple 2.2.19).

(b) f factors uniquely through p if and only if

IC((go f)~"(I,d)0r) =1C(f~'(Ig,d)Or)

=1C(f '(1ap)Or) = LD
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is generated in degree 1 by the underlying ideal of an effective Cartier divisor on 7" (Theo-
rem 2.3.43). Note that the last equality above holds since both sides are integrally closed

Rees algebras whose d'"' Veronese subalgebras coincide.

By inspection, the universal properties in (a) and (b) coincide, as desired. O

2.3.E. Zariski-Riemann spaces. For the remainder of §2.3, we will give a convenient re-
formulation of integrally closed Rees algebras on varieties in terms of certain objects on their
Zariski-Riemann spaces. In this subsection, we begin by first recalling the notion of Zariski-
Riemann spaces, originally referred to as “Riemann manifolds” by Zariski [Zar39], in his proof
of resolution of singularities in dimensions 2 and 3. We fix a variety X over a field k (= integral,

separated scheme over k), and let K = K (X) be its field of fractions.

Definition 2.3.46 (Zariski-Riemann space of K/k). We define ZR(K/k) in steps:
(i) As a set,

ZR(K/k) := {valuation rings R of K containing k}.

We usually denote an element R of ZR(K /k) by its corresponding valuation v: K* —
G instead, where G = {aR: a € K*} is the value group of v. In that case, we write
R, for R, and G, for G. We denote the unique maximal ideal of R, by m,, and its
residue field by x, = R, /m,,.

(ii) As a topological space, ZR(K/k) has a basis of open sets of the form
U(al,aQ, e ,am) = {V € ZR(K/k) R, D k[al,ag, e ,am]}
where m € N and aq, as, ..., a, € K*.
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(iii) Finally, as a locally ringed space, ZR(K/k) is equipped with the sheaf of rings:

Ozrik 0 (U) = ﬂ R, where U C ZR(K /k) is open.

veu
In particular, Ozgr(k /) (U(a1, az, . .., an)) is the integral closure of k[ay, as, . . ., a,) in
K [Mat89, Theorem 10.4]. Then Ozr(x/x) is a subsheaf of the constant sheaf K on
ZR(K/k), and the stalk of Ozr(k/x) at v is R,.
(iv) ZR(K/k) also carries a sheaf of ordered groups I' = K* /07 .y, whose sections over

an open set U are:

for every v € U, there exists an open neighbourhood

($))vev € H G, : V C U of v and some a € K* such that for all v/ € V,
velU
Sy = V'(a)
and whose stalk at v is GG,,, with a morphism of sheaves of ordered groups val: K* — I'.

The image val(Ozr(x k) \ {0}) C I is the sheaf of monoids consisting of non-negative

sections of I', denoted I',. Its sections over an open set U are:

for every v € U, there exists an open neighbourhood

(s))vev € H G, : V C U of v and some 0 # a € Ozr(x)(V) such that

vel
forall v/ €V, s, = 1/(a)

Convention 2.3.47. If k = Q or Z/p (depending on its characteristic), we can neglect the

base k. That is, a k-variety will be called a variety, and we write ZR(K /k) as ZR(K).
We now focus on two properties of ZR(K/k). Firstly:
Lemma 2.3.48. ZR(K/k) is quasi-compact.

This is well-known, cf. [Mat89, Theorem 10.5]. Secondly and more importantly:
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Lemma 2.3.49. ZR(K/k) can be identified with the inverse limit of projective models of

K/k in the category of locally ringed spaces.

2.3.50. Let us expound on Lemma 2.3.49 further. A projective model of K/k is a projective
k-variety X whose field of functions K (X) is isomorphic to K. For every v € ZR(K/k), there

exists a unique dotted arrow making the triangles in the diagram below commute:

SpeC(K) generic pt. % X

Spec(R,) N Spec(k)

The composition Spec(k,) = Spec(R,/m,) — Spec(R,) ELND'S designates a point z, on X,
which is called the center of R, on X [Har77, Exercise I11.4.5]. This gives an injective local
k-homomorphism f#: Ox,, — R, of local rings whose field of fractions is K, in which case we
say R, dominates Ox ., [Har77, Lemma I1.4.4].

The projective models of K /k form an inverse system as follows. An arrow from a projective
model X, to another X}, is a birational morphism ¢, ,: X, — X,. For every v in ZR(K/k),
©q—sp necessarily maps the center (x,), of R, on X, to the center (z,), of R, on X,. In other
words, ° induces a local homomorphism wf _,;, of local rings with field of fractions K, which

makes the diagram below commute:

#
Pa—b

ﬁXav(xl/)a ’ ﬁxb»(xl’)b

(fu)k i Aﬁ

v

The join X of two projective models X, and X, admits birational morphisms X — X, and

X — Xj, whence this is indeed an inverse system.

PrROOF OF LEMMA 2.3.49. We prove this in steps.
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2.3.51 (Step 1: ZR(K/k) is the set-theoretic inverse limit). As shown above, a point
v € ZR(K/k) determines a collection of points {z, € X: X is a projective model of K/k},
which is compatible with the arrows in the inverse system, and hence determines a point in the
inverse limit.

Conversely, a point in the inverse limit is a collection of points ¥ = {yg € X: X is a
projective model of K /k} which is compatible with the arrows in the inverse system. Let R be
the direct limit of the system whose objects are the local rings O ..., and whose arrows are given
by the local k-homomorphisms of local rings. Note that R is a local ring. By [Har77, Theorem
[.6.1A], R is a valuation ring of K containing k, and hence determines a point v € ZR(K /k).
For each projective model X of K/k, Ox ., is the unique local ring of X dominated by R, i.e.
the center of R on X is xy. On the other hand, given a point v € ZR(K/k), R, is the direct
limit of the system of local rings Ox ., [Har77, Theorem 1.6.1A]. This establishes the desired

one-to-one correspondence of points.

2.3.52 (Step 2: ZR(K/k) is the topological inverse limit). The inverse limit topology
on ZR(K/k) is the coarsest topology such that for every projective model X of K /k, the map
wx: ZR(K/k) — X, which maps each v € ZR(K /k) to the center z, of R, on X, is continuous.
To see this, fix a projective model X of K/k. Let U = Spec(A) C X be an open affine subset.
Then 75" (Spec(A)) consists of those v € ZR (K /k) for which there exists a dotted arrow filling

in the diagram below:
%

R, +—k
Since A is a finitely generated k-algebra, write A = k[ai,as,...,a,] for a; € K*. Then
Ulay,as, ..., a,) =75 (Spec(A)). Conversely, given ay, as, ..., a, € K*, there are a, 1, ..., ay, €
K* such that A = klay,as, ..., an] has fraction field K. The projection T; — a; gives a presen-

tation of A as A ~k[T1,Ts,...,T,,]/p for some prime ideal p C k[T},Ts,...,T,,]. Homogenize
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p C k[T1,...,T,,] to a homogeneous prime ideal P C k[T}, ..., Ty, Trni1]. Then U = Spec(A)
is an open affine subset of X = Proj(k[T1,...,T,,41]/%B), which is a projective model of K/k
with 3! (Spec(A)) = Ulay, ..., a,,) C U(ay, ..., a,). Since open affines form a basis for Zariski

topology, this step is complete.

2.3.53 (Step 3: ZR(K/k) is the inverse limit in the category of locally ringed spaces).
Set 0 = @X 7 Ox, where the direct limit is taken over projective models X of K/k. In
other words, & is the sheaf of rings on ZR(K/k) as the inverse limit in the category of locally
ringed spaces [Gilll, Theorem 4 and Corollary 5]. It remains to show that & = O7R(K /x)-
For this, observe there are morphisms 71';(1 Ox — Ozr(k/x), adjoint to the canonical morphisms
Ox — (7x)«Ozr(k/x), for each projective model X of K/k. Together they culminate in a
morphism 0" — Ozr(k/x) which is an isomorphism on stalks, cf. second-to-last sentence in

2.3.51. U

Definition 2.3.54 (Zariski-Riemann space of a k-variety). More generally, we can define
the Zariski-Riemann space of the k-variety X. Let K(X) denote the field of fractions of X.
Note that not every v € ZR(K(X)/k) possesses a center z,, on X, but if it does, the center x,

is unique. Therefore, we set
ZR(X/k) :={v € ZR(K(X)/k): v has a center on X} C ZR(K/k).

Note that if X/k is proper, ZR(X/k) is simply ZR(K(X)/k). We let ZR(X/k) inherit its
topology, sheaf of rings Ozr(x/x), and sheaf of ordered groups I'y from ZR (K (X)/k). As before,
one can identify ZR(X/k) with the inverse limit of the system of modifications X’ — X in the
category of morphisms of locally ringed spaces with target X. We write mx for the morphism
ZR(X/k) — X sending each v € ZR(X/k) to the center of ¥ on X. As in Convention 2.3.47,

if k= Q or Z/p, we will write ZR(X/k) as ZR(X).
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2.3.55. ZR(X/k) is quasi-compact and open in ZR(K(X)/k). This can be seen as fol-
lows. First suppose X = Spec(A) is an affine k-variety, with A generated as a k-algebra by
x1,...,%, € K. In this case, we have seen earlier that ZR(X/k) is U(xy,...,x,), and is quasi-

compact [Mat89, Theorem 10.5]. In general, since X is covered by finitely many affine opens,

one deduces that ZR(X/k) is quasi-compact and open in ZR(K(X)/k).

2.3.56 (Functoriality with respect to dominant morphisms). If f: X’ — X is a dominant
morphism of k-varieties, f induces a morphism ZR(f): ZR(X'/k) — ZR(X/k) of locally ringed
spaces, which maps R, — R, N K(X). The morphism Ozr(x/x) = ZR(f).Ozr(x k) is given by
the inclusion (), o R, — ﬂneZR(f),l(U) R, over an open set U, and is stalk-wise given by the
local homomorphism R, N K(X) < R,. This morphism Ozr(x/x) = ZR(f).Ozr(x'/x) descends
to a morphism of sheaves of ordered groups I'xy — ZR(f).['x/, as well as a morphism of sheaves

of monoids I'x + — ZR(f).I'x/ 4.
We conclude this section with one more noteworthy fact:

Lemma 2.3.57. Let X be a k-variety, with mx: ZR(X/k) — X. Then X is normal if and

only if the morphism 7@%: Ox — (Tx)+Ozr(x/x) 15 an isomorphism of sheaves on X.

PROOF. Only the forward implication is not clear. Since open affines form a basis for the
Zariski topology on X, it suffices to check this isomorphism on open affines U = Spec(A) C X.

Since X is normal, Ox(U) = A is normal, whence by [Mat89, Theorem 10.4],
Ox(U) = {{R.: v € ZR(K(X)/k), R, D A}

But the set of v € ZR(K(X)/k) such that R, D A is precisely the set of v € ZR(X/k) which

has a center on U = Spec(A) C X. Thus, Ox(U) = ﬂVEW)_(l(U) R, = ﬁZR(K(X)/k)(ﬁ;(l(U)). O
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2.3.F. Valuative ideals and idealistic classes. As before, let X be a variety over a field
k. In this subsection and the next, we introduce the relevant objects on ZR(X) which would

allow us to re-formulate the notion of integrally closed Rees algebras on X.

Definition 2.3.58 (Valuative ideals, cf. [ATW19, §2.2]). A waluative ideal over X is

defined to be a section v € I'(ZR(X/k),'x 1).

2.3.59 (Ideals ~» Valuative ideals). A non-zero ideal I C Ox determines a valuative ideal
v over X as follows. For every v € ZR(X/k), recall that x, denotes the center of v on X, and

[#: Ox.,, — R, denotes the corresponding local k-homomorphism. We set

Y =min{v(g): g € I,, C Ox.,},

where v(g) will always be an abbreviation for v(f#(g)). This minimum exists in (G, ). Indeed,
if 1, is generated by g1,..., 9, € Ox,, then v, = min{v(g;): 1 < i <r}. Moreover, if we let
1 < j < r be such that v(g;) = 1., then f#(I,, )R, is the principal ideal (f#(g;))R, of R,.

We next claim that

(V1w )vezr(x/x) € H (G,)+
VEZR(X/K)

defines the desired valuative ideal 7; over X. For this we need to check that it is a com-
patible collection of germs of I'x ;. Indeed, fix an arbitrary v € ZR(X/k), and assume that
g1,---,9r € Ox, generate I, , with v(g;) = min{r(g;): 1 < i < r}. There exists an affine
open neighbourhood V,, of x, in X such that gy,..., g, extend to sections of I over V,, which
generate the stalk of I at every point in V,. Then U, = 75" (V,) N U(i—;: i # j) is an open

neighbourhood of v in ZR(X/k) such that for all v/ € U, v, = v/(g;).

In fact, the same argument shows that any valuative ideal over X arising from an ideal on

X is locally represented by generators of that ideal:
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Lemma 2.3.60. For a non-zero ideal I C Oy, there exist:
(i) a finite open affine cover V ={V;: 1 <€ <m} of X;
(ii) for each 1 < ¢ < 'm, a finite open cover Uy = {Up;: 1 < j <1} of 7' (Vi);
(iii) for each 1 < £ < m, sections {gr;: 1 < j < 1} of I over Vi, which generate I at
every point of Vy,

such that for each 1 < ¢ <m, each 1 < j <1y, and every v € Uy ;, we have vy, = v(ge;).

PROOF. For every x € X, there exists ¢1,...,9, € I, and an open affine neighbourhood
x € V, C X such that gi,..., g, extend to sections of I over V, generating I at every point
of V. Since X is quasi-compact, there exists a finite open subcover of {V,: x € X}, say
V={V;: 1<l <m}. Foreach ¢, let gs1,...,90,, € I(V) be the sections chosen earlier.

For each 1 < j < 1y, let Uyy = 7' (Vo) N U(%: i # 7). Forall v € 7'(Vy), we have
z, € Vy, whence I, is generated by {gr;: 1 < j < e}, so v, = min{v(ge;): 1 < j < re}.

From this, it is immediate that 73! (V) = UjZ, Ue;- The conclusion is also immediate. O

Definition 2.3.61 (Idealistic classes). Any valuative ideal v = 7, over X arising from a

non-zero ideal I on X will be called an idealistic class over X.

2.3.62 (Valuative ideals ~~ Ideals). Conversely, every valuative ideal v over X determines

an ideal I, on X, whose sections over an open set U C X are:
L(U) ={g € Ox(U): v(g) >, for every v € ny,"(U)}

where we remind the reader that 7' (U) = {v € ZR(X/k): z, € U}.

2.3.63. If [ is an ideal of a ring A, the integral closure 1C(I) of I [Laz04, §9.6.A] in A

consists of elements a € A which satisfy a “weighted integral equation”:
A"+ a4 a4 ¢, =0, where ¢; € I'.
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We say I is integrally closed in A if I = IC(I). Observe that I € IC(I) C v/I, where v/T is the
radical of I. In the next section, we will prove that:

(a) IC([) is an ideal of A,

(b) if I is an ideal on X, the presheaf IC(7) on X given by U — IC(I(U)) is a sheaf,

(c) and the following lemma, which was essentially noted in [Hir77]:

Lemma 2.3.64.

(i) If v is a valuative ideal over X, then I, is integrally closed in Ox.
(ii) Let I C Ox be a non-zero ideal, with associated idealistic class v =~y over X. Then
L, =1C(I).
In particular, 2.3.59 and 2.3.62 define a one-to-one correspondence between non-zero, integrally

closed ideals of Ox and idealistic classes over X.

2.3.G. Valuative Q-ideals and idealistic exponents. Fix a variety X over a field k as in

§2.3.F.

Definition 2.3.65 (Valuative Q-ideals). Let I'y q denote the sheaf of ordered groups I'y ®Q
on ZR(X/k), and let I'y g+ denote the sheaf of monoids on ZR(X/k) consisting of non-negative

sections of I'y q+. Then a valuative Q-ideal over X is a section v in I'(ZR(X/k),I'x q+)-

Remark 2.3.66. Since v is “locally constant” and ZR(X/k) is quasi-compact, there exists

a sufficiently large natural number N > 1 such that N - v is a valuative ideal over X.

2.3.67 (Rees algebras ~» Valuative Q-ideals). A non-zero Rees algebra I, (Definition 2.3.1)

on X determines a valuative Q-ideal v;, over X by:

Vi = (V1o w)vezr(X/K) € H (Q®G,)+
VEZR(X/K)
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where
1
o= min{ 1 vlg) s 0 00" € (T 2 1)
n
As before in 2.3.59, we have to show:

(i) this minimum exists in (Q ® G,),
(i1) (V1s)vezr(x/K) defines a compatible collection of germs, and hence, defines a valuative

Q-ideal over X.

For (i), fix v € ZR(X/k), and suppose ¢it™, ..., g,t"" generate (I,),, as a Ox 4, -algebra. Then

we claim:

)

1
Vv = min{— v(g): 1<i< 7’}

from which (i) is immediate. Indeed, suppose gt" € I,,. Then we can write

gtn = Z aq - H (gztnl)dl in ﬁX,mV [t]
d=(dy,...,dr) i=1
d1n1+“'+drnr:n

which means

g= Z ad'Hgfli in Ox,,.
i=1

d=(dy,...,dr)
dini+-+drnr=n

Consequently,

S|
=
2
V
=,
=
—
S|
-
&
S
7 N\

1
n_y(gz))dln1++drnrzn}

. 1 1 4
zmm{(Edei)-mm{;-u(gi):1§z§r}:d1n1+---+drnr:n}
<

)

as desired.
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For (ii), there exist an affine open neighbourhood V,, of z, in X such that ¢g;t™, ..., g.t""
extend to sections of I, over V,, which generate the stalk of I, at every pointinV,,. Let 1 < j <r
such that vy, , = - - v(g;). Then U, = 7' (V,) N U(g;”/g;": i # j) is an open neighbourhood

J

of v in ZR(X/k) such that for all v/ € U,, v, = n% V' (gy)-

Remark 2.3.68. Let I be a non-zero ideal on X, with Rees algebra I* (Example 2.3.6).

Then Yre = VI-
Moreover, imitating the proof of Lemma 2.3.60 yields the analogous lemma:

Lemma 2.3.69. For a non-zero Rees algebra I, on X, there exist:
(1) a finite open affine cover V = {Vy: 1 <l <m} of X;
(ii) for each 1 < € < m, a finite open cover Uy = {Up;: 1 < j <1} of mx' (Va);
(ili) for each 1 < € < m, sections {g¢;T™:1 < j <re} of I, over Vi, which generate I,
at every point of Vi (as a Ox ,-algebra),

such that for each 1 < <m, each 1 < j <1y, and every v € Uy ;, we have i, , = % -v(gej)-
3]

Definition 2.3.70 (Idealistic exponents, cf. [Hir77, Definition 3]). A valuative Q-ideal
v = 7y, over X arising from a non-zero Rees algebra I, on X will be called an idealistic exponent

over X.

2.3.71 (Valuative Q-ideals ~~ Rees algebras). Conversely, let v be a valuative Q-ideal over
X. Asin 2.3.62, v also determines an ideal I, on X whose sections g over an open set U satisfy
v(g) >, for every v € 7' (U) = {v € ZR(X/K): z,, € U}. Slightly more generally, given any
m € N, we have the valuative Q-ideal my, and similarly the ideal I,,, on X. Together these

I, form an Ox-subalgebra of Ox|t|:
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In general, I,, is not a Rees algebra on X, but Proposition 2.3.73(ii) below says I, is a Rees
algebra on X whenever v is an idealistic exponent over X. Note that I,, contains the Rees

algebra of I, but these are rarely equal, cf. Corollary 2.3.75.
Lemma 2.3.72. Let v be a valuative Q-ideal over X. Then I, is integrally closed in Ox]|t].

PRrROOF. It suffices to show that whenever a non-zero homogeneous section gt" of Ox[t] over

an open set U C X satisfies an equation of the form
GT")" +ar(gt)" ™ + -+ apa(gt) +a, =0, a; € I, (U),

then gt" is a section of I,, over U. By writing each a; as a sum of homogeneous sections in
I.,(U) and comparing degrees, we may assume that each a; is a;t" for some «; € I;(U). If

r = 0, there is nothing to show. If r > 0, we have
o g oy gta, =0 in Ox(U).

Let v € my' (U) C ZR(X/k). We claim that there must exist some 1 < j < n such that
jv(g) > v(a;). Indeed, if not, then iv(g) < v(a;) for all 1 < i < n, so v(g") < v(a;g"") for all
1 < ¢ < n. This implies ¢" + 19" ' + -+ + @19 + @, # 0, a contradiction. Now our claim

implies v(g) > %I/(aj) > 17,50 g € I,(U), as desired. O

Proposition 2.3.73. Let v = vy, be the idealistic exponent over X arising from a non-zero

Rees algebra Iy on X. Then:

(i) I, = IC(L.).

(ii) In particular, 1o, is a finite I,-module, and hence is a Rees algebra on X.

Recall that IC(/.,) denotes the integral closure of I, in Ox[t] (Definition 2.3.32).
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ProoOF. By Lemma 2.3.72, I,, contains IC(I,). We check the converse on stalks: let x € X
and it suffices to show that whenever a homogeneous element gt" of O ,[t] is not integral over
(Is)y, then gt™ is not in (I.,),. Fixing generators ¢;t™,...,g,t"" for (1,), as a Ox ,-algebra,

our goal is to find v € ZR(X/k) whose center z, on X is x, and such that

Let

A= Ox, {g—izlgigr]
g

and let I be the ideal of A generated by {g"/¢™: 1 < i < r} and the maximal ideal mx , of

Ox .. We claim that 1 ¢ I. If not,

(2.8) l=a+ Y. @-f[(g’n)ji

S . g
.!:(]17""7.77‘) =1
Jittir21

where oo € my, and only finitely many 3; € Ox , are non-zero. Since 1 — v is a unit in Oy,
we may assume « = 0. For each 1 < < r, let s; = max{ji: there exists j = (j1,...,J,) such

that f; # 0}. Multiplying (2.8) throughout by g2i=1 ™% = [T (g™)%, we get

r

922;1 nis; _ Z Bj H (g;lji . gni(si_ji)) _ Z (6.] ngnjz> . gEZ':l ni(si—ji)
i=1

=01,0r) =1 J=(1,e0r)
Jitetir21 Jitetir>1

which implies
CAESEEDY (ﬂj I1 <gz~tm>’“‘i> (B 2

.'j:(jlv"jj’r) 1=1
Jitetir2>1

which is an integral equation for gt" over (l,), = Ox.[g:t": 1 < i < r], a contradiction.

Therefore, I is a proper ideal of A, so there exists a maximal ideal p of A containing I. By

[Mat89, Theorem 10.2], there exists v € ZR(K(X),k) such that R, D A and m, N A = p.
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Consequently, {g/"/g": 1 < i <r} Cp Cm,, whence for each 1 <i <r, ¢g"/g' ¢ R,. This

means that for each 1 <7 <r,

i 1 1
v (gn) <0, which implies —v(g) < —v(g),
n i

g;

as desired. Moreover, p N Ox, = mx,, som, N Ox, = myx,. Thus, the center of v on X is
necessarily x. Note that in particular, v € ZR(X/k). This proves (i). Then (ii) is a consequence

of Remark 2.3.34. O

Corollary 2.3.74. Together 2.3.67 and 2.53.71 describe a one-to-one correspondence be-

tween non-zero, integrally closed Rees algebras on X and idealistic exponents over X.
This follows from Proposition 2.3.73, and so does the next corollary (cf. Remark 2.3.68):

Corollary 2.3.75. Let I be a non-zero ideal on X, with associated idealistic class v = 1

over X. Then the Rees algebra I, associated to vy is the integral closure of the Rees algebra I*

of I in Oxlt].

We can now tie some loose ends from the end of §2.3.F. If I is an ideal of a ring A, note
that the Rees algebra I*® of I is integrally closed in A[t] if and only if I is integrally closed
in A for all » > 1. In the same vein, IC(I") is the t"-graded piece of IC(I®) for all r > 1. In
particular, IC(I) must be an ideal of A, i.e. we get assertion (a) in 2.3.63. Assertion (b) in

2.3.63 is proven similarly. We also deduce Lemma 2.3.64 from results in this section:

PROOF OF LEMMA 2.3.64. Let v be a valuative ideal over X. By Lemma 2.3.72, I,, is
integrally closed in Ox[t]. Using the preceding paragraph, we get (i). For (ii), Corollary 2.3.75
says that I, being the t'-graded piece of I,, is equal to the ¢t'-graded piece of IC(I*®), i.e. equal
to IC(1). O

We conclude this subsection with some miscellaneous remarks. Firstly:
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2.3.76 (Functoriality with respect to dominant morphisms). Let f: X’ — X be a dominant
morphism of k-varieties. Recall from 2.3.56 that f induces a morphism ZR(f): ZR(X'/k) —
ZR(X/k) of locally ringed spaces, which induces a morphism of ordered groups I'y — ZR(f).[ x/,
as well as a morphism of sheaves of monoids I'x + — ZR(f).I'x/+. Tensoring with Q, we also
get a morphism of ordered groups I'y q — ZR(f).I'x".q, and a morphism of sheaves of monoids
I'xq+ — ZR(f).I'x' q+. In particular, for every valuative Q-ideal v over X, we can consider
the pullback of v to X', denoted f~1(y)Ox.. If v is an idealistic exponent 77, where I, is some
non-zero Rees algebra on X, then f~'(y)Ox/ is simply yp-1( )6y, More generally, whenever
f: X’ — X is a morphism of k-varieties satisfying the condition that I,0x is non-zero, we can

define the pullback f~!(v)O0x of v = (resp. v = 7,) as above.

Secondly, we give a re-characterization of admissibility (Definition 2.3.27) in terms of valu-

ative Q-ideals:

Lemma 2.3.77 (Valuative criterion for admissibility). If X is integral and © € X, then
(i) = (ii) = (iii), where:
(i) I, is J-admissible at x.
(ii) For every open affine neighbourhood Spec(A) C X of x, i1, < Vila-
(iii) There exists an open affine neighbourhood Spec(A) C X of & such that vi,, < V|,-
If I, is integrally closed, (iii) = (i). In particular, if X is a variety, I, is J-admissible implies

that vr, < 7, with the converse holding if I, is integrally closed.

PROOF. There is nothing to show for (ii) = (iii), and (i) = (ii) follows from 2.3.59 and
2.3.67. If I, is integrally closed, (i) is equivalent to the statement that I, is IC(.J)-admissible.

By 2.3.71 and Corollary 2.3.74, the latter is clearly implied by (iii). O

Thirdly, we can also translate the universal property of the normalized weighted blow-up

(Theorem 2.3.43) in terms of idealistic exponents:
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Theorem 2.3.78. Let v be an idealistic exponent on an normal k-variety X. The normal-
1zed weighted blow-up

Bl , X = Zrojx(l,4) —— X

satisfies the following universal property. Let f: T — X be a dominant morphism, where T is
a normal and integral scheme. Then there exists at most one lift g: T — Bl, X of f and such a
lift exists if and only if vOr is equal to the idealistic exponent over T arising from an effective
Cartier divisor D on T. If this is the case, then D = g~'(E), where E is the exceptional divisor

on Bl, X.

We remark that the morphism 7t in the above theorem is known as the weighted blow-up of
X along the idealistic exponent v in [ATW19, Section 3.3]. Finally, we introduce a convenient

notation that we shall adopt moving ahead, especially in Chapter 3:

Convention 2.3.79 (Convention on integrally closed Rees algebras). In light of the the dis-
cussion in this subsection, we adopt the following conventions in this thesis. For g; € T'(X, O)
and ¢; = ‘;—1 € Q-o, the notation I, = (g{', ..., g¥) refers to IC(Z,) or its corresponding ide-
alistic exponent, where I, = (¢1",b1) + --- + (g%, b,). It is important to note that because of
the passage to integral closure, this notation is well-defined, independent of the presentation of
¢; as a quotient of two positive integers ’Z—l The inspiration behind this notation is as follows.

Interpreting (¢7*,...,9%) as an idealistic exponent, its stalk at v € ZR(X/k) can be easily

remembered as:

(g1, ..., g%), = min{qv(g1),...,qv(g )}

Slightly more generally, for non-zero ideals I; C Ox and ¢; = ‘g— € Q-o, the notation I, =
(I, ..., I7) refers to IC(I,) or its corresponding idealistic exponent, where I, = (I{*,b) +

<+ (1%, b,)+ (1% b). Note that for I, = (I{*,. .., I%) as in the preceding sentence and ¢ € Q-,
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then the Veronese g-translate I,, (Definition 2.3.39) is
Ie= (1. .., I79)
so we occasionally write [, as (I{", ..., I7)%

2.4. Weighted normal cones

2.4.A. Weighted closed embeddings. A weighted closed embedding Z, — X is a sequence
of closed subschemes (7, C Zy C Z3 C ---) — X whose corresponding ideal sheaves (--- C

I3 C I, C I} C Ox) define a Rees algebra I, on X. We call Z; the co-support of Z,.

2.4.1. Given Z, — X as above, we can forget the weighting and form
(i) the conormal algebra Cy, ) x 1= @,5o(1)"/(I1)"*", and
(ii) the conormal sheaf A}/ \ = I,/I},
(iii) the normal cone Cz X := Specx(Cz,/x).
For every n, the weighting defines a decreasing filtration F on (I;)"/(I;)"*! where for d € N,

the d™ filtered piece is F* = ((11)" N Ig+ (L)"Y) /(L))"
We next introduce the weighted analogues of the above constructions:

Definition 2.4.2. Associated to a weighted closed embedding Z, < X are
(i) its weighted conormal algebra Cz,x := @, In/Iny1 = I/ (t71),
(i) its weighted conormal sheaf A7, = (Czux)+/(Cz.x)2, and
(iii) its weighted normal cone Cz, X = Specy(Cz, /x).
Note that the sheaf .47’ /X has a natural N-grading induced from that of the weighted conormal

algebra. Recall too from Definition 2.3.13 that:

(iv) the projectivized weighted normal cone Hrojx(Cz,/x) of Z, — X is the exceptional

divisor E of the weighted blow-up Blyz, X — X.
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In the event that Z; is a point, (iv) can also be considered as the projectivized weighted tangent

cone of Z, — X.

2.4.B. Deformation to the weighted normal cone. We will now generalize the classical
deformation to the normal cone [Ful84, §5.2] to the weighted case®. Recall that in the classical
case, given a closed embedding i: Z < X, there is a flat morphism 7: D, X — A'! such that
771(0) = CzX is the normal cone and 7—!(p) = X for all p # 0. More precisely, there is a
closed embedding k: Z x A! < D, X such that outside 0 € A!, the embedding k is identified
with k[ar o =i x 1: Z x G,,, — X x G, and over 0, the embedding k is the zero section
klo=s: Z — CzX of the normal cone. One can also replace A! with P!

Let us first begin with some generalities.

Definition 2.4.3 (Weighted cones). For a quasi-coherent, finitely generated graded O'x-

algebra R with Ry = Ox, we call C' = Specy(R) the weighted cone of R.

If R is generated in degree 1, we simply call C' the cone of R. Note that every twisted

weighted bundle (Definition 2.2.3) is a weighted cone.

2.4.4 (Zero section). Every weighted cone C' = Specy(R) over X admits a zero section
s: X — (', induced by the surjection R — Ry = Ox. This closed embedding s: X — C
fits into a weighted closed embedding s,: X, < C with s; = s. This weighted embedding

Se: Xo «— (' is defined by the Rees algebra I, on C given by
=R, fordeN.
n>d

Note that the weighted normal cone C'x,C recovers C'. Finally, C' — X is a twisted weighted

bundle, if and only if s, is a regular weighted embedding.

2We use the notation DzX C DzX instead of M5 X C MzX and the special point 0 instead of co.
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Definition 2.4.5. Let i,: Z, — X be a weighted embedding. The deformation to the

weighted normal cone is Dz, X = Specy (I&").

We make the following observations:

(i) The grading equips Dz, X with a G,,-action.
(i) The inclusion Ox[t™'] C I&* induces a G,,-equivariant map p: Dz, X — X x Al
(iii) The induced morphism 7: Dz, X — A! is flat since ¢~ is regular on I&.

)

(iv) The filtration (/$§) induces a weighted closed G,,-equivariant embedding k,: (Z x

Al). — DZ.X.

Note that k; is induced by the surjection I — I/(IT) = (Ox/L)[t™!] so (Z x A'), =
Zy x A'. In general, however, (Z x A'), # Z, x A', e.g. I /(125) is Ox /15 in degrees < 0

and I;/I5 in degree 1.

Proposition 2.4.6 (Deformation to the weighted normal cone). Consider the sequence

(Zx AV 25 Dy X B X x Al = AL

(i) Outside 0 € A, this restricts to
e X1

Z.xGm<—>X><Gm£>X><Gm—>Gm

(i) Over 0 € A, this restricts to

sex1

Ze =— C7, X — X — {0}

where s, 15 the weighted zero section.
PROOF. Outside 0, we are inverting t~!. This gives
It = Oox[t*]  and  (IZ9) = Lit™").
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Over 0, we are taking the quotient with ¢t~! which gives

It =@ /Iy = Czyx  and  (IS5) = P In/Tnsa. O

n>0 n>d

2.4.C. Compactified version. There is also a compactified version of the deformation to

the normal cone which is projective over X x A! (or X x P1). This is constructed as Dz X =

Blzyx o3 (X x A'). Similarly, given a weighted embedding is: Zo — X, we let
Dz, X = Blzx0y(X x AY)

where Z, x {0} = X x A! is the natural map. To describe Dz, X, we first need to introduce

projective completions of weighted cones.

Definition 2.4.7 (Projective completion). Fix a quasi-coherent, finitely generated graded
O'x-algebra R with Ry = Ox, with corresponding weighted cone C. Let y be an indeterminate
(with degree 1), and let R[y] denote the quasi-coherent graded &x-algebra whose degree d piece
is:

Rlyla:==Ry® Ra1 - y® - ® Ry -y* ' & Ry -y

Then the projective completion of C, denoted Z(C @ 1), is defined as
Z2(C 1) := Projx(Ry]).

The projectivized weighted cone P (C') := Proj x(R) sits inside Zrojy (R[y]) as the “hyperplane
at infinity” cut out by y = 0, whose complement is the y-chart D (y) := [Specx(R[y],) / Gn] =

Specy (R), which coincides with the cone C| cf. §2.1.C.

Proposition 2.4.8. Let Z, — X be a weighted embedding, and let m denote the composition
Dz X = Blz (X x A') £ X x AT 22 AL,
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Then:

(i) The exceptional divisor of Blz, «oy(X X A') is canonically identified with the projective
completion P(Cz, X @ 1) of the weighted normal cone Cz, X .

(i) 771(0) = p~' (X x {0}) is canonically identified with
Bly, X Ug Z(Cz, X 1)

where E = P(Cy,X) is the exceptional divisor of Bly, X.
(iii) The deformation to the weighted normal cone Dz, X is naturally identified as the open

substack Dz, X \ Blg, X.

PROOF. Let A' = Spec(Z[u]). Let J, be the Rees algebra of the embedding Z, x {0} < X x
A'. Then J& = I&u, U]/(t'U — ). In particular, Cz, (o} xxar = JE/(t7) = Cz, /x[U]
and the part (i) follows.

For part (ii), the fiber 771(0) corresponds to ¢t 'U = u = 0 and thus splits up in two
components. The first, t 71 = 0, is the exceptional divisor 2(Cz, X @ 1), the second, U = 0, is
Bly, X = P10jy(I&") and their intersection ¢! = U = 0 is the exceptional divisor E.

For part (iii), the open set in question is
D (U) = [Specy (1[0, U1]) / Gp] = Specy (I5%) = Dy, X. O

2.5. Weighted blow-ups along regular and smooth centers

Recall that if Z < X is a regular embedding, then it is a quasi-regular embedding [Stacks,
OOLN], i.e. the conormal sheaf Jﬁ/Z\; x = I/I? is locally free and the canonical surjection
Symg, (AN7)x) = Symg, (I/1%) = @,50 I"/ 1" = Cyz/x is an isomorphism. In this section we
first introduce and discuss the notions of quasi-reqular weighted embeddings and reqular weighted

embeddings. However, we forewarn the reader that even if Z, < X is a quasi-regular weighted
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embedding, there are only local isomorphisms between Symﬁz1 (A /X) and Cy,,x, which in
general are not compatible with each other. The former is a weighted (or graded) vector bundle
(2.2.9) while the latter in general is a twisted weighted vector bundle (Proposition 2.5.4).

In the noetherian case, a weighted embedding is regular, if and only if it is quasi-regular
(Corollary 2.5.11). In this case there is a simple description of the extended Rees algebra IS

(Proposition 2.5.9) and the charts of the weighted blow-up (Corollary 2.5.12).

2.5.A. Quasi-regular weighted embeddings. Let =1, xs,...,z,, be global sections of Ox
and dy,ds, .. ., d,, be positive integers such that I, = (x1,dy) + -+ (z, d,n). We consider the
graded polynomial ring (Ox/1)[ X1, Xs, ..., X;] where X; has degree d;. We have a natural

graded homomorphism

a: (Ox/0)[X1, Xa, ..., Xn] = Crx = @B I/ 1

n>0

taking X; to x; € Iy, /14, 1. This map is evidently surjective.

Definition 2.5.1. We say that (z1,d1),...,(zm,dy,) is a quasi-reqgular sequence if « is

bijective.

When dy =dy = --- =d,, =1, then I,, = I and this is the usual notion of a quasi-regular

sequence Ty, To, ..., Tpy.

Proposition 2.5.2. The following are equivalent:

(1) 1,2, ..., &y 1S quasi-reqular.

(i) (x1,d1)s -, (Xm, dm) is quasi-reqular for any dy,ds, ..., dy, € Zso.

PrROOF. We prove that if (z1,d;),...,(zm,d,) is quasi-regular for some dy,ds, ..., d, €

Zo, then so is (x1,€1), ..., (Tm, en) for every sequence ey, ey, ..., e, € Zsg. Let Jo = (x1,€1) +
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-+« + (2, en) and note that I; = J;. For a multi-index o € N™ | let |a|g = diag + -+ - + dppav,
and |l = ejag + -+ + €.
By quasi-regularity of (z1,d1),. .., (Tm,dn), we have that 1,/1,,1 is a free Ox/I;-module

with generators ® such that |a|; = a. We have a filtration
Ia/Ia—i-l = Ia N Jl/[a+l D) ([a N JQ + Ia+l)/[a+l DR
By definition, we have the inclusion

(2.9) P (Ox/1)a" € (1.0 Ty + Tosr) /Tasr.

lalg=a
ol >b

Claim. The inclusion (2.9) is an equality.

Proor or CrAmM. To see this, let z € I, N J,. Then by definition of .J,, we have that
2= ) |a).b Zax” for some (non-unique) z, € Ox. Let ¢ = min{|aly : 24 # 0}. If ¢ > a, then
z mod I, is in the left hand side and we are done.

If ¢ < a and there exists a with |a|q = ¢ and z, ¢ I;, then it follows by quasi-regularity of
(x1,d1), ..., (Tm,dy) that z € I. \ I.41. This contradicts that z € I,.

Finally, suppose that ¢ < a and z, € I = (z1,%2,...,2,,) for all @ such that |a|; = c.
Then z can be written as a polynomial ) Z,x“ where the non-zero terms have |a|; > ¢ and
|ale > b. Repeating the argument with this expression of z increases ¢ and eventually ¢ > a

and we get the desired equality. A

Next, we show that the equality (2.9) implies that (x1,e1),..., (Zm,en) i quasi-regular.
Indeed, let f(X) = Z\ale:b foX® € Ox[X1, Xa, ..., X be apolynomial that is homogeneous of
degree b with respect to the e;-grading, and such that the image of f in (Ox/J1)[ X1, X, ..., X
is non-zero. We want to show that f(z) ¢ Jyy1. Set a = min{|a|q: fo ¢ [}, so that by

the quasi-regularity of (z1,d1),...,(¥m,dyn), f(x) € I, \ I,41. Then the image of f(z) in
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(la N Jp+ I441)/1as1 is non-zero, and is not contained in (I, N Jyr1 + Io11)/Las1, by the claim
and the hypothesis that f(X) is homogeneous of degree b. In other words, f(x) ¢ Jy.1, as

desired. 0

Definition 2.5.3. A weighted closed embedding Z, < X is quasi-reqular if at every
point p € |Z;], there exists a smooth neighborhood U — X of p, a quasi-regular sequence

T1,%2, ..., Ty on U, and dy,dy, ..., dy, € Zsg, such that L|y = (z1,d1) + -+ + (T, dp).

Proposition 2.5.4. A weighted closed embedding Zo — X is quasi-reqular if and only if

the weighted normal cone Cz,/x — Zy is a twisted weighted vector bundle.

Proor. If Iy = (z1,dy) + -+ + (¥, d,,) for a quasi-regular sequence, then we have seen
that Cy, x is a graded polynomial ring. Conversely, if Cz, ,;x — Z; is a twisted weighted vector
bundle, then locally on X we have that C, /x is a graded polynomial ring &, [ X1, Xs, ..., Xp].
If we take any preimages x; € Iy, of X; € I, /14,41, then (zq,d), ..., (2m,d,) is quasi-regular.

g

Remark 2.5.5. Recall that the weighted conormal sheaf .47 /x Isa graded vector bundle
whereas the unweighted conormal sheaf .47’ /x 1s equipped with a filtration (§2.4). There is
a canonical surjection .47’ x Grp(A7y! /x) but it is not an isomorphism of &z -modules in

general, see Example 2.5.7. For d > 1, the d'" graded pieces are as follows:

Id/Id—H
AN
(A zayx)d (Ia/1a41) N (Czy/x)%
. I, - [d/Id+1

Gr%( Zl/X> =73 = D) :
(I +Top) N g (IR0 1a) + Tagr) /Lo

Remark 2.5.6. If Z, — X is quasi-regular, then the canonical surjection JVZY x
GrF(t/VZj / +) in Remark 2.5.5 is an isomorphism. Indeed, we may assume we are in the local

situation where I, = (z1,dy) + - -+ + (T, d,y) for a quasi-regular sequence zy, xa, ..., 2, € Ox,
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and positive integers dy, ds,...,d,,. By Definition 2.5.1, (‘/VZ\:/X)d is only non-zero (in which
case it is locally free as an €z -module) in degrees d € {dy,ds,...,d,,}, and the same holds for
Gr‘}(t/i/Zf / +)- It remains to note that the canonical surjection carries the free generators z; in

each non-zero degree of .47’ /x to free generators in the corresponding degree of Gr%(JVZ\I/ / )

Example 2.5.7. For a counterexample, consider on X = A} = Spec(k[z]) the Rees algebra
I = (v,1) + (2%,3). Then (A7 x)a # 0 if and only if d € {1,3}, where (A7) )1 = (v)/(2?)
and (Ay] )3 = (z?)/(2?). On the other hand, Gr%(JVZY/X) = (z)/(«?), and Gr%(JI/ZY/X) =0
for d # 1.

2.5.B. Regular weighted embeddings. As before, suppose first that we have global sections
T, %2, ..., Ty of Ox and positive integers dy, ds, . . ., d,, such that I, = (z1,d1) + -+ (T, dm)-

We have the graded polynomial ring
Oxt™', X1, X5, ..., X
where we let deg(t™') = —1 and deg(X;) = d;. There is a natural map
Ox[t™, X1, Xo, ..., Xpn] = 1T C Ox[t™]

of graded Ox-algebras that takes each X; to x;t% and t~! to t~'. We note that %X, — z; is

in the kernel of 3, so that we obtain a map
Bi=Ox[t™", X1, Xor oo, Xonl /(% Xi — 240 1 <0 <m) —2y I,
Note that f is surjective.

The next lemma generalizes [Stacks, 0GS8S].

95


http://stacks.math.columbia.edu/tag/0G8S

Lemma 2.5.8. The kernel of 8 equals the kernel of B — By-1, i.e. ker = J,,», Anng(t™").

In particular, 3 is bijective if and only if t™1 € B is a non-zero divisor.

PROOF. B 2 It — Ox[t*!] has the same kernel as 3, and factors through the localization

B — By-1. The result follows since B;-1 — Ox|[t*!] is an isomorphism. O

The following proposition generalizes [Stacks, 0BI()]. For the definition of Hj-regular se-

quences, see [Stacks, 062D]. For noetherian stacks, H;-regular is equivalent to regular.

Proposition 2.5.9. If xq,xs,...,2,, is an Hy-reqular sequence, then 3 is bijective, so that

~ Oxt ', X1, Xs,..., X
Bl;, X = Proj(I&') —— ,@rojx( x5 X X, m])

(t=4X; —x;: 1 <1< m)

PROOF. If 21,29, ..., 2, € Ox is an Hi-regular sequence, the sequence x1, T, ..., Ty, t !

in Ox[t™!, X1, Xy, ..., X,,] is also Hy-regular [Stacks, 0668]. At the same time, the sequence

X, — 2, 72Xy — 1y, .. 7 X,, — x,,,t7" generates the same ideal, and hence is also H;-
regular [Stacks, 066A]. Thus, t~! € B is a non-zero divisor [Stacks, 068L]. O
Question 2.5.10. Is x1,x9, ..., T, always an Hi-reqular sequence if B is bijective?

The following corollary shows that the answer is ‘yes’ in the noetherian case.

Corollary 2.5.11. Let I, = (z1,d1) + -+ + (T, dm) as before. Consider the conditions

(1) 1,29, ..., 2y is an Hy-reqular sequence.
(ii) (5 is bijective.
(ili) @1, 9, ..., Ty 1S a quasi-reqular sequence.

Then (i) = (i) = (ii). If X is locally noetherian, then the three conditions are equivalent.
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PROOF. We have seen that (i) = (ii) and if X is locally noetherian then (iii) = (i). It

thus remains to prove (ii) = (iii). But if / is bijective, then

CZ./X = ].eXt/(t_l) = ﬁX[t_l,Xl,XQ, . ,Xm]/(t_171'1,$2, ce 7$m)

= 04[X1, X2, ..., X}

so the sequence x1, xo, ..., x,, is quasi-regular. Ul

Note Bl;, X is covered by the charts D, (x; - tdi) for 1 < i < m. As a consequence of
Proposition 2.5.9 and Lemma 2.1.2 (with A = Z, a = d;, and r = x; - t%), we can explicate

these charts:

Corollary 2.5.12 (Charts for blow-ups along regular weighted embeddings). If z1, zo, ...

)

T, 18 an Hy-reqular sequence, then for each 1 < i <m, the chart D, (x; - t%) of Bl;, X is:

Ox[t™, X1, Xo, ..., Xo] [ X7
{SpeCX ( G0X,—a1<j<m) ) Cm

~ snec Ox[t™, X1, Xo, ... Xiy .o, X )
PEX\ e — ) T (B X, —2,: 1<j<m, j£3) ) ' H¥

where )A(Z means X; omitted, and the action of pq, corresponds to the weights wtg,q,(X;) = d;

for j # i, wtzq,(t7") = —1.

Slightly more generally, let A be a finitely generated abelian group, D(A) be the correspond-
ing diagonalizable algebraic group, and let D(A) act on X. Assume that z1,zs,...,2,, € Ox
is an A-homogeneous Hi-regular sequence, with weights wta(x;) = a; for 1 < i < m. Let
Iy = (z1,dy) + -+ + (T, dy). Then I, is an A-graded Rees algebra on X, so I, descends to a

Rees algebra .7, on [X / D(A)].
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Consider the diagram:

D+<l’i td’) < > BII.X >y X

| | i

(Do (i - %) / D(A)] —— [Bl;, X / D(A)] —— [X / D(A)]

where the right morphism in the bottom row is also the weighted blow-up Bl [X / D(A)] —
[X / D(A)]. The next corollary obtains a description for [D (z;-t%) / D(A)] which is analogous

to that for D (z; - t%) in the previous corollary:

Corollary 2.5.13 (Charts for blow-ups along regular weighted embeddings, with respect

to a D(A)-action). For 1 <i < m, the chart [Dy(x;-t%) / D(A)] of Bl [X / D(A)] is:

e X ,
Sjﬁm,j#i)> [ D

where A" = A(=5) := (A® Z)/{(a;,d;)) and the action of D(A’) corresponds to the weights

g ﬁx[t_17X1,X2,---)?m
ec
PeCx (t_di — LUZ> + (t_dej —Zj: 1

wta (X;) = a; — djg_: for j #i, wha(t71) = 4.

(3

ProOF. Note that the chart is, by Proposition 2.5.9:

S Ox[t™4, X1, Xo, ..., Xn][X; !
ec
peex (t74X; —z;: 1 <j<m)

])/DUDXG4

where the action of D(A) x G,, is expressed via the weights wtaez(X;) = (a;,d;) for 1 < j < m,
and wtagz(t™') = (0, —1). The corollary thus follows from Lemma 2.1.2, with A there replaced

by A ® Z here, a there replaced by (a;,d;) here, and r = Xj. O

Motivated by the results above, we conclude the subsection with:

Definition 2.5.14 (Regular weighted closed embeddings). A weighted closed embedding

Zy < X is regular if at every point p € |Z;|, there exists a smooth neighborhood U — X of
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p, a regular sequence x1, T, ..., T, on U, and positive integers dy,ds, ..., d,,, so that I|y =

<x17d1> + -+ (xrmdm)

2.5.C. Weighted blow-ups along regular centers. In this subsection we assume that X

is noetherian and regular, and we let Z, — X be a weighted closed embedding.

Definition 2.5.15 (Regular centers). A weighted closed embedding Z, < X is called a

reqular center, if its co-support Z; is regular and Z, <— X is a regular weighted embedding.

Recall that the latter condition is equivalent to the weighted normal cone Cz,,x — Z; being
a twisted weighted vector bundle (Proposition 2.5.4). Note that while Z; being regular ensures
that Z; — X is a regular embedding, it does not imply that Z, — X is a regular weighted
embedding (Example 2.5.7).

The above definition means that smooth locally around each point p € |Z], I, = (z1,d;) +
o+ (T, dy), where x1,29,. ..,z is a regular sequence that can be extended to a regular
system of parameters at p, and dy,ds, ..., d,, are positive integers. Note that Definition 2.5.15

coincides with the notion of “centers” in [ATW19, Section 2.4].

Corollary 2.5.16. If Z, — X is a reqular center, then the deformation to the weighted
normal cone Dz, X = Specy (I&Y) is reqular. In particular, the weighted blow-up Bly, X C

[DZ.X / Gm} is reqular.

Proor. By Proposition 2.5.4, the weighted normal cone Cz, X is a twisted weighted vector
bundle over Z;, hence regular if Z; is regular. Since O, X is the Cartier divisor t~! = 0 in

Dz X and its complement is X x G,,, it follows that D, X is regular. Ul
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2.5.D. Weighted blow-ups along smooth centers.

Definition 2.5.17 (Smooth centers). Let X — S be a smooth morphism of algebraic
stacks. A weighted closed embedding Z, < X is called a smooth center if Z; — S is smooth

and Z, — X is a regular weighted embedding.

Let X — S be a smooth morphism which is relatively Deligne-Mumford. We say that a
sequence xy, s, ...,z € ['(X, Ox) is a coordinate system if dxy,dz,, ..., dx, gives a basis for
Qx/s. Equivalently, the sections induce an étale morphism X — A%. Then smooth-locally on
X, a coordinate system always exists and given a smooth closed substack Z, a subset of the
coordinate system can be chosen to generate I.

Thus, Z, — X is a smooth center if and only if we can find, smooth-locally on X, a
coordinate system xq, s, ..., 2, such that I, = (x1,dy) + (z2,d2) + -+ + (¥, dp,) for m < r.
For the remainder of this subsection, we focus on the local case where this holds on X itself.

Adopting the notation in Corollary 2.5.12, Corollary 2.5.16 can be made more precise as follows:

Proposition 2.5.18. Let Z, — X be a smooth center. On Dz, X, the sequence
tilaXlaXZa cee 7Xmaxm+17 ceey Ty

15 a Zi-homogeneous coordinate system. In particular, it is a Z-homogeneous coordinate system
on the total space of the G,,-torsor on Bly, X. On the chart D, (x; - t%) of Bl;, X, we also
have a pq,-torsor as in Corollary 2.5.12 and on its total space, we have the Z/d;Z-homogeneous

coordinate system

til,Xl,XQ,...,)?i,...,Xm,l'erl,...,xr
In both cases, Wtz q,(t71) = =1 and wtz,4,(X;) = d;.

PROOF. Since X — AY is étale, we can assume that X = Spec Os[z1, xo,...,2,]. Then

Dz, X = Spec Os[t™4, X1, X, ..., Xy Tt - - - 7] = AT by Proposition 2.5.9 and the total
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space of the pg,-torsor is the closed subscheme defined by X; = 1, hence isomorphic to A¥%.

The proposition follows. 4

Slightly more generally, adopt the hypotheses and notations of Corollary 2.5.13, and more-
over assume that x,2s..., Ty, Tyt ..., T, is an A-homogeneous coordinate system. Equiva-

lently, the induced map X — [A"/D(A)] is étale. Then it is immediate that:

Corollary 2.5.19. Let Z, — X be a smooth center, and let .Z, be as in Corollary 2.5.13.

On the chart D, (x; - t%) of Bl [X / D(A)], the sequence
t_l,Xl,XQ,...,)?i,...,Xm,l'erl,...,xr

is an A’-homogeneous coordinate system on the total space of the D(A")-torsor with wta (t7!) =

o and wta(X;) = a; — d; g

The homogeneous coordinate systems above can also be interpreted as sequences of sections
of line bundles on the stack D (x;-t%) itself. Similarly, in the A-graded case x; - t% is also only

a section of a line bundle.

2.6. Toric weighted blow-ups

In this section, we consider toric varieties and stacks over S = Spec(Z). Let N be a lattice

and let X be a fan in Ng = N ®z R. Then associated to X is the toric variety Xs.

2.6.1 (Stacky fans). More generally, let (¥, 3) be a stacky fan [GS15, Definition 2.4]. That
is, X is a fan in Lr where L is a lattice, and §: L — N is a homomorphism of lattices with finite
cokernel. Associated to (3, 5) is the toric stack Xy 5 := [X5/Gp], where G is the kernel of the
homomorphism of tori Ts: 71, = Hom(L"Y,G,,) — Hom(N"Y,G,,,) = Ty induced by S, and Gg
acts on Xy via the inclusion of tori Gg C T, ~ X5. Every fan ¥ in Ng can be considered as

a stacky fan, by taking L = N and 8 to be the identity 1 on N, in which case Xy, = X5 1. In
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addition, if X[1] denotes the set of rays of ¥, we may also associate to X the stacky fan (f], B),

where:

(i) B: Z¥M — N sends each standard basis vector e, of Z*!! (for p € X[1]) to the first
lattice point on p, and
(ii) © is the fan in Z=1 generated by {5: ¢ € X}, where for every cone ¢ in X, & =
ZpEU[l] €p-
Since 3 is smooth, the associated toric stack 2y = Xg g 18 smooth, and moreover has good
moduli space Xyx. If ¥ is simplicial, Zs has finite stabilizers and coarse space Xyx. We refer

to this as Cox’s quotient construction of toric varieties [CLS11, Section 5.1]. For more details,

see [BCS05, FMN10, GS15] and §4.1.A.

2.6.2 (Coarse toric weighted blow-up). Let N be a lattice, and let ¥ be a smooth?® fan in
Nr = N ® R. Let 7 be a maximal cone in > with rays py, p2, ..., pn generated by primitive
lattice points uy, ug,...,u,. Let v be a lattice point contained in relint(vy). Then it can be
uniquely expressed as v =" | d;u; for some d; € N,.

Consider the subdivision ¥*(v) of ¥ at v, i.e. this is the set of all cones in ¥ \ {7}, as
well as the cones generated by subsets of {uj,uy,...,u,, v} not containing {u;,us,...,u,}.
Letting Xs«(v) be the corresponding toric variety, the identity map on NV is compatible with

the fans 3*(v) and X, and thus induces a toric morphism
XZ)*(V) — XE

which is the coarse space of the weighted blow-up of Xy, along I, := (Ip,,d1) +---+ (Ip,,d,)
(cf. 2.6.3), where each Ip, is the ideal of the torus-invariant divisor D; C Xy corresponding to

the ray p;. The new ray pp = R>(v in ¥*(v) corresponds to the exceptional divisor E.

3More generally, we only require every cone containing o to be smooth: this ensures that the D; are Cartier divi-
sors in a neighborhood of D;N---ND,,. Alternatively, if ¥ is not smooth, we could work with Cox’s construction,
namely the stacky fan (X, 3) as in 2.6.1 and the associated smooth toric stack Xg iE cf. Remark 2.6.4.
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2.6.3 (Toric weighted blow-up). In fact, we can recover the stack-theoretic weighted blow-
up in 2.6.2. To do so we deploy a “partial” Cox construction. Retaining the notation and
hypotheses in 2.6.2, consider the lattice N' = N & Z and the homomorphism 5: N’ — N

defined by $(u,0) = u and £(0,1) = v. This gives the exact sequence

B

0—7Z—2 s N

>N — 0 where (1) = (v, —1).

We lift the fan ¥*(v) in Ng to a fan ¥/(v) := {0’: ¢ € £*(v)} in Ng, where:
(a) we lift every ray p € X[1] with generator u to the ray p’ with generator u’ := (u,0),
and the ray pp = (v) is lifted to the ray p; generated by v/ := (0, 1),
(b) and generally, every o € ¥*(v) is lifted to the cone o’ =3 _ 1, ¢'.

Then S induces ¥'(v) — ¥*(v), which is a bijection on cones. It is also natural to augment

Y'(v) to ¥'(v) by adding the cones pj + -+ pf, and v := p} + - -+ + pl, + pl. Likewise /5 also

induces ¥/(v) — X, although it is only a bijection on maximal cones. We now claim that:
(i) Xsviv) = Spec(Ie) \ V(I}) = Xgrgy = Spec(I5),
(ii) « induces the G,,-action on both Xsv(v) = Xm and [ induces a toric morphism
XW — Xx.
(i) Xsv) = Xy — X descends to [Xy() / G < [XW / Gm} — Xy, which is
the weighted blow-up Bl;, X5, — X5, with Iy = (Ip,,d1) + -+ (Ip,,d,) as in 2.6.2.

In particular, Bl;, Xy is the toric stack Xy (v g associated to the stacky fan (X'(v), 3).

To see these, let 0 € ¥ be a maximal cone and let ¢’ € ¥/(v) be the corresponding maximal

cone. This induces a toric morphism U, — U, given by the monoid homomorphism

BY | meo

M, =0"NM —— ()N M = M,

induced by ¥: M := NY — (N')Y =: M' = M®Z where 8" (m) = (m,m(v)). Let c: M — M’

be given by «(m) = (m,0).
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projection

Case 1: If 0 # v, then M, = «(M,) @ Z = BY(M,) ® Z, so that U,y = U, x G, Us,,
and the G,,-action on U, is trivial on the first factor, and is given by multiplication
on the second factor.

Case 2: If ¢ = 7, then M, = «(M,) & N. Letting uy,uy,...,u, be the dual basis to
up, Uy, ..., U,, the G,-action on U, corresponds to the weights a”(u;,0) = u/(v) =

d; and a¥(0,1) = —1. Moreover, since 5Y(u)) = (u),d;) for every 1 < i < n, the

morphism U, — U, can be written as

t=diz) iz,

Spec(Z[z), zh, ..., 20, t71])

Y n’

Spec(Z[ry, w2, ..., xy))

where V(z;) = D;, V(x}) C U, is the torus-invariant divisor corresponding to p}, and

V(t~') € U, is the torus-invariant divisor corresponding to plg.

In addition, if Z is the union of the two torus orbits in Xm corresponding to the two cones
Py + -+ pl, and v/, then Z = V(a},...,2)) C Spec(Z[z},),... 2, t7']) = U,. These

’r¥n rn?

descriptions agree with Proposition 2.5.9.

Remark 2.6.4. More generally, let (X, L SN ) be a stacky fan where ¥ is smooth. Let
o € X be a maximal cone generated by rays pi,ps,...,p, with lattice generators u;. Pick
a lattice point v contained in relint(c) and write v as v = >_" | d;b; for unique d; € N.
As in 2.6.2, let ¥*(v) be the subdivision of ¥ at v. As in 2.6.3, define a homomorphism
p': L' = L& Z — L in the same manner, and lift ¥*(v) in Lg to a fan ¥'(v) in Ly in the
same manner. Set §'(v) := fop': L' — N, and let I, = (Ip,,dy) +---+ (Ip,,d,), where
each Ip, is the ideal of the torus-invariant divisor D; C Xy . Then the weighted blow-up

Bl;, X5 3 — X5 4 can be identified with the toric morphism Xsy(v) g (v) — Xz, induced by /.
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Example 2.6.5 (A local description of weighted blow-ups via root stacks and ordinary
blow-ups). The above toric interpretation also motivates a local description of weighted blow-
ups along regular centers via a sequence of root stacks (Example 2.2.13), followed by a usual
blow-up, and finally a sequence of “de-root-ings”. For convenience, let us illustrate this via an
example, which is no less informative than the general case.

Let X = A% = Spec(Clzy, 1)), i.e. the toric variety associated to the standard fan Y4
in R%. Consider the weighted blow-up of X along I, = (71,3) + (22,2). Let D; = V(z;) for

1 = 1,2. Then there exists a canonical identification as shown in the dotted arrow below:
2 ~ 9 sequence of
Bl y2) X (VD1 ¥/Dy) 7 (Bl X) (YD1 /Dp) — o Bl X

lusual blow-up weighted blow-up

X (¥/D1, ¥/Ds) » X

sequence of root stacks

where D) is the proper transform of D; in Bl;, X. The corresponding stacky fans are shown

below:

root
1
usual i weighted
blow-up blow-up
e
2 i
root 1@ .......... .....
0 @ f ‘ > €1
1 2 3

In the diagram above, each corner illustrates a fan ¥ in the usual lattice N = Z2, as well
as some markings which define a homomorphism 3: Z*¥ — N, where ((e;) is marked with the

circle that is labeled i. The data (X, 3) at each corner defines a stacky fan (X, 3).
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In addition, the diagram suggests that there are compatible canonical identifications be-

tween the (2 := 1 - t3)-chart (resp. (x}, := x5 - t?)-chart) of Bl;, X and the 23y _chart resp.
1 2 1

22/%Y_chart) of Bl 13 172y X (v D1, v/ Ds). This can be visualized as follows:
2 (z1/3,y1/2)

1/2 .
1/3 1/3
Il/ , 2 on the (ml/ )/-chart
root 1/3 1/2 blow-up T
(1, 22) ~ (2,7, 2, ~ s
1/2 1/2
(%,:@/ ) on the (xQ/ )'-chart
2
1
:1:1/3, # on the x| -chart
de-root (11 )
A
zp 1/2

3, Lo on the xb-chart.
&5
Zo

We leave it to readers to convince themselves of the general case.

2.7. Weighted blow-ups along toroidal centers

In this section, we require the language of logarithmic geometry, and we follow the conven-
tions in [Ogul8]. Throughout this section, fix a fs logarithmic scheme X. We use the same
letter X to refer to its underlying scheme, and we always denote the logarithmic structure on
X by a = ayx: #x — Ox, where #x is a sheaf of monoids. We also remind the reader that

M x denotes the characteristic .#x /0% of M x.

2.7.A. Fs logarithmic structures on weighted blow-ups. For most applications, it usu-

ally suffices to work within the fs category of logarithmic schemes:

Definition 2.7.1. We say a logarithmic scheme X is fs, if X admits a covering U (in the
Zariski or étale topology, depending if .#x is a sheaf in the Zariski or étale topology) such that
the pullback of .#Zx to each U € U admits a chart subordinate to a fs (= fine and saturated)
monoid M. Equivalently, each U € U admits a strict morphism U — Spec(M — Z[M]) for a

fs monoid M. See [Ogul8, Proposition II1.1.1.3, Definition 11.2.1.5, and Corollary 11.2.3.6].
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2.7.2. In what follows, z always denotes a point in X, while T denotes a geometric point

over . If X is fs, one can show the following desirable properties:

(i)

(i)

(iii)

Zigi is a free abelian group of finite rank r(z) [Ogul8&, Proposition 1.1.3.5(2)]. (Note
r(x) is independent of choice of T over x.)

r(z) = rank(%i&) is upper semi-continuous on X, i.e. for each n € N,
X(<n) ={reX: rank(%i’iz) <n}

is Zariski open in X [Ogul8, Corollary I1.2.16]. In particular, X* := {x € X: #xz =
0%z} is a Zariski open in X, called the locus of triviality of X.

For each n € N,
X(n) == {z € X: rank(:#/%5) =n} C X(<n)

is a Zariski closed subscheme of X (<n), and has the following étale-local description:
for all T € X(n), Oxmyz = Oxz/1(T), where I(Z) is the ideal of Ox 3 generated by
the image of the unique maximal ideal .# ;E of Mxz under M x z RNy xz [AT17,
2.2.10].

After replacing X by an étale neighbourhood of =, X admits a fine chart M —
['(X,.#x) that is neat at 7, i.e. the composition M — T(X, A#x) — Mxz — M xz

is an isomorphism [Ogul8, Proposition I11.1.2.7].

If .#x is Zariski, all statements apply with T replaced by the scheme-theoretic point x € X,

and (iv) holds after replacing X by a Zariski neighbourhood of x.

Following [AT17, 2.2.10], we make the following
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Definition 2.7.3. Let X be a fs logarithmic scheme. The logarithmic stratification of X
is the stratification given by {X(n): n € N} in 2.7.2. For each z € X, we set s, = X (n) for

n= rank(%i%), and s, is called the logarithmic stratum through x.
From now on, X denotes a fs logarithmic scheme. Let I, be a Rees algebra on X.

2.7.4 (Monomial part). The monomial part #;, of I, is the sheaf of monoids on X defined

as the cartesian product of the right square in the diagram:

o I

%X — «%XEBN E— ﬁx[t]

(2.10)

where #x ® N — Ox|t] is (m, k) — ax(m)t* for local sections m of .#x and k of N, and I,
and Ox|[t] are considered as sheaves of monoids under multiplication. Note that via the map
My 25 Oy =1 C I,, the injection #xy — #x & N factors through #;, — #x ® N. In

fact, the left square of (2.10) is also cartesian.
We can now define two properties:

Definition 2.7.5 (Monomial ideals and Rees algebras). We say I, is monomial if the image
of M1, — I, in (2.10) generates I, as a Ox-algebra. We also say an ideal I C Ox is monomial
if its associated Rees algebra I* (Example 2.3.6) is monomial. Equivalently, there exists an

ideal Q C .#x such that the image of Q under .#x =5 Ox generates I as an ideal.

Definition 2.7.6 (Fs Rees algebras). We say that [, is fs if its monomial part .7, is a fs

sheaf of monoids. Equivalently, .#, is saturated and finitely generated over .#x.

2.7.7 (Logarithmic structure on Bl;, X). Likewise, for the extended Rees algebra I¢** on

X, the monomial part ;e of I$ is the sheaf of monoids given by the cartesian product of
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the right square of the following diagram:

My @ (=N) <y M ——— T

o ]

Mx & (-N) —— My &L — Ox[t*]

where M x ®Z — Ox[t*!] is similarly defined, #x & (—N) < #x®Z is the canonical injection
which factors through .#ex, and likewise the left square of (2.11) is cartesian.

The top row Mpee — I of (2.11) defines a logarithmic structure (and not just a pre-
logarithmic sructure, cf. Lemma 2.7.8 below) on the deformation to the normal cone Spec y (I&),
as well as the weighted blow-up Bl;, X = Zrojy (1) = [Specy (I&*) N V() / G,). Note
that this logarithmic structure on Bl;, X can also be defined via the top row .#;, — I, of (2.10)
and the usual presentation Bl;, = [Specy(ls)\V (1) / G,,]. This can be checked by passage to
charts. For various reasons (e.g. the deformation to the normal cone, and Proposition 2.7.17),
we usually work with I&* rather than I,.

If 1, is fs, then .#xx is saturated and finitely generated over .#Zx @ (—N) (and vice versa),
in which case the aforementioned logarithmic structures are fs. Likewise, note too that I, is

monomial if and only if the image of e — I&* in (2.11) generates I as a Ox-algebra.

Lemma 2.7.8. Let I, be a Rees algebra on X. Then M, — 1o and Miee — I$ are both

logarithmic morphisms of sheaves of monoids.

PROOF. A local section Y i ,cit" of Ox[t*] is invertible if and only if d = e and ¢, is
invertible in &x. Therefore, the bottom row .#x & Z — Ox[t*!] in (2.11) is logarithmic.
Consequently, since the square (2.11) is cartesian, so is the top row .#je« — 19 in (2.11). The

same argument works to show the top row .#;, — I, in (2.10) is logarithmic. g
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Remark 2.7.9. Note that under the above logarithmic structure on Bl;, X in 2.7.7, the
ideal I = (t7') underlying the exceptional divisor £ on Bl;, X is a monomial ideal in the sense

of 2.7.5.

2.7.B. Weighted blow-ups along toroidal centers. In this subsection, we assume further

that X is toroidal, that is:

Definition 2.7.10. We say that a fs logarithmic scheme X is toroidal (or logarithmically
regular) at a point x € X [Kat94, Definition 2.1], if for some (and hence any) geometric point
T over x,

5, is regular at 7 and the equality dim(€x ) = rank(.# 5 5) + dim(&, 7) holds.
If X is a fs Zariski logarithmic scheme, we say X is logarithmically regular at x € X, if the
same statement holds with § replaced by the scheme-theoretic point x throughout. We say X

is toroidal (or logarithmically regular) if X is toroidal at every point x € X. We also say X is

strict toroidal if X is toroidal and .#x is a sheaf in the Zariski topology.
Let us first review some facts pertaining to toroidal schemes:

2.7.11. Let X be a fs logarithmic scheme.
(i) In general, for every x € X, dim(0xz) < rank(%_gx%) + dim(0;, z) [Kat94, Lemma
2.3].
(ii)) Let U = X* be the triviality locus of X, with open embedding j: X* — X. If X
is logarithmically regular, then ax: .#x — Ox is injective, and the image of ay is
J(OF) N Ox. It X # U, then D is a divisor on X, sometimes called the toroidal

divisor of X. See [Kat94, Theorem 3.2.4] and [Niz06, Proposition 2.6].

If A x is Zariski, then the above statements hold with T replaced by the scheme-theoretic points

r € X. In addition,
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(iii) If X is toroidal, X is Cohen-Macaulay and normal [Kat94, Theorem 4.1]. In particu-
lar, X is reduced, and if X is locally noetherian, X is a disjoint union of its irreducible
components. Moreover, X is catenary, so each non-empty logarithmic stratum X (n)
of X has pure codimension n.

(iv) If X is toroidal at all its closed points, X is toroidal [Kat94, Proposition 7.1].

(v) If f: X > Xisa logarithmically smooth morphism of fs logarithmic schemes with X

toroidal, then X is also toroidal [Kat94, Theorem 8.2].

2.7.12. Let k be a field, and endow Spec(k) the trivial logarithmic structure. Then:

(i) Every regular k-scheme is a toroidal k-scheme by equipping it the trivial logarithmic
structure. If k = k, strict toroidal k-varieties correspond to the toroidal embeddings
without self-intersections in [KKMSDT73]. More generally, toroidal k-varieties are
general toroidal embeddings, i.e. possibly with self-intersections.

(ii) If X is toroidal, X is logarithmically smooth over k. The converse is true if k is
perfect [Kat94, Proposition 8.3].

(iii) Assume X is strict toroidal. For z € X, fix xy,29,...,2, € Ox, which reduce to
a regular system of parameters z1,zs,...,z, of O, ., fix a local fs chart 3: M —
(U, #x) that is neat at z, and fix a coefficient field & for ﬁ’AX,m. Then the induced

surjective homomorphism

K[X1, Xo, . X, M —225 5 Oy,
is an isomorphism [Kat94, Theorem 3.2(1)]. For this reason, we call z1,xs,..., 2,

a system of ordinary parameters at x, and we call any element of 3(M ~ {0}) a

monomial parameter at x.

We are now ready to introduce the key notion of this subsection:
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Definition 2.7.13 (Toroidal centers). A fs weighted closed embedding Z, < X is toroidal
or logarithmically regular (resp. is called a toroidal center) if I, = ., + I, for a Rees algebra
I, on X such that V(I;0x)) — X(n) is a regular weighted closed embedding (resp. a regular

center) for every logarithmic stratum X (n) C X.

Setup 2.7.14. Let X be a toroidal logarithmic scheme, and Z, < X be a toroidal weighted
closed embedding. Our next goal is to give a local description of the weighted blow-up Bl;, X —
X, similar to the one for regular weighted blow-ups in Proposition 2.5.9. Fix z € X. After
replacing X by an étale neighbourhood of x in X, there is a fs chart M — T'(X, .#x) that is
neat at x.

We set up the following diagram, where M @& (—N) — M @Z factors through Me« — M@Z,

and the squares are cartesian:

M & (=N) ey Mg =By e ey [t

e IR

M@ (-N) —— M&Z <Y gy &7 — Ox[t*]

1,0
Then Mjext — Mex is a chart. Moreover, the induced injection M <u> M @ (=N) — Mjex

gives Z[Mext] the structure of a Z[M]-algebra, and the chart M — .#x also gives Ox the
structure of a Z[M]-algebra. Note too that because of the leftmost cartesian square in (2.12),
(Myge ) M = 7,

In addition, after possibly shrinking X further, there are global sections xq, s, ...,z of

O'x and positive integers dy, ds, . .., d; such that

Ith = lext + (Jfl,dl) + (.TQ,dQ) + -+ (l’k,dk).

chart

Let ax denote the ideal in &x generated by the image of M ~ {1} under M =5 #x 2% 0Oy,

and let a denote the ideal in Z[M] generated by M ~ {1}. Then ax = a0x, and V(ax) C X
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is the logarithmic stratum s, of X passing through z, and is also the logarithmic stratum with
the highest rank in X. Since I, is toroidal, we may also choose x1, s, ..., so that their
images T, @, ..., T under Ox — O,, = Ox /ax = Ox @z Z[M]/a form a regular sequence
in O,,. Furthermore, if I, is a toroidal center, we may also choose 1, zs,...,x; so that the

subscheme V (71, @o, ..., Tg) C 8, is regular.

Lemma 2.7.15 (Kato’s Lemma). Assume Setup 2.7.14. Then xy,zs, ..., x) is also a reqular
sequence in Ox. In fact, for every monoid homomorphism M — P with P a fine monoid, and

any ideal J of P, the images of x1,%a, ..., Ty in Ox @z L[P)/(J) remain a regular sequence.

PROOF. Let R := Ox @z Z[M]/a = Ox @z Z. Note that since the short exact sequence
0 — a— Z[M] — Z[M]/a = Z — 0 can be split by the canonical inclusion Z — Z[M], we
have R[M]| = Ox. Since the image Z; of x; under &x — R is a non-zero divisor, it follows that
11 € R[P] = Ox ®zu Z[P] satisfies the hypotheses in [Kat94, Lemma 6.3], so the image of
x1 in R[P]/(J) = Ox @z Z[P]/(J) is a non-zero divisor.

Next, suppose by induction that we have shown for some 1 < ¢ < k that the images of
x1,...,x, in R[P]/(J) is a regular sequence. Set Ry := Ox/(x1,%2,...,%) @z Z[M]/a =
Ox [(x1,%2,...,%¢) @z Z. Since the images Ty, T, ..., Ty, Tep1 of 21, 9,..., 24, 1o under
Ox — R form a regular sequence, it follows that x,1y € Ry[P| = Ox/(x1, 22, ..., T¢) @z L[ P]
satisfies the hypotheses in [Kat94, Lemma 6.3] (with respect to R, instead of R), so the image of
Topr in Ry[Pl/(J) = Ox /[(x1, %2, ..., %) @z ZIP)/(J) = R[P]/(J, 21,22, ...,2) is a non-zero

divisor. O

2.7.16. We return back to Setup 2.7.14. For every (m,e) € Mo« C M @ Z, let mt® be
the corresponding monomial in Ox ®z Z[Mjgx], where m € M is regarded as an element in
Ox under M chart, My 25 Ox. In particular, t7! € Ox ®zm) Z[Mg<]. Consider the graded

polynomial ring

ﬁX ®Z[M] Z[M]x.ext][Xl, X27 N 7Xk]
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where deg(X;) = d;, and deg(mt®) = e for (m,d) € Mexe C M @ Z. There is a natural map
Ox @z LM e[ X1, Xo, ..., Xi] = IS C Ox[t™]

chart

of graded Oy-algebras induced by Myext —— My — IS that takes each X; to z;t%. Note

that ¢t~%X; — x, is in the kernel of 3 for every 1 < i < k, so that we obtain a map
B = Ox @z L Mg | [X1, Xa, o Xon] /(4K — 2 1 < i < k) —2s I

Note that 3 is surjective. Similar to Proposition 2.5.9, we have:

Proposition 2.7.17. (§ is bijective, so that

~ 0 L\ Myt || X7, Xo, ..., X
Blz,X:L@ron(If‘Xt)%L@rojx< x Dzjun) Z[ Mg || X, X, 2 k])_

(t-4X;, —x;: 1 <1<k

PROOF. By the same argument as in Lemma 2.5.8, it suffices to show that t~! € B is a
non-zero divisor. By Kato’s Lemma 2.7.15, 21,73, ..., 7 is a Hy-regular sequence in Ox @z
Z[Mjex]/(t71). Thus, xq,29,..., 25,07 € Ox Rz L[Mext][ X1, X, ..., X}] is a Hj-regular
sequence [Stacks, 0668]. At the same time, the sequence t4 X| — 1,7 %2 Xy — 29, ..., t7* X}, —
xp,t7! generates the same ideal, and hence, is also H;-regular [Stacks, 066A]. Consequently,

t~! € B is a non-zero divisor [Stacks, 063L]. O
Corollary 2.7.18. If I, is monomial, then t: Bl;, X — X 1is logarithmically smooth.

Proor. This is a local question, so we may assume that we are in Setup 2.7.14. Then
Proposition 2.7.17 says 7t is 210 x(Ox @z L[ Me]) — X, with M75. /Me = Z, whence the

corollary follows. U
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For the next corollary, we fix (my, 1), (ma, €2), ..., (m,, e.) € My, so that M = <(m1, e1),

(ma, €2),...,(my, e,), M & (—N)), and hence
-[0 - (I17d1> + ($27d2) + - + (xkadk) + (mlael) + (m2762) + - + (mr,@,«)

where each m; is regarded as an element in Ox under M chart g v =X 0. Then Bl;, X is
covered by the charts D, (z;-t%) for 1 <i < k and D, (m;-t%) for 1 <i < r. As a consequence
of Proposition 2.7.17 and Lemma 2.1.2 (with A = Z, a = d; or ¢;, and r = x; - t% or m; - t),

we can explicate these charts:

Corollary 2.7.19 (Charts for blow-ups along toroidal weighted embeddings).

(i) For each 1 <i <k, the chart Dy (x; -t%) of Bly, X is:

Soec Ox @z LM o] [ X1, Xo, ..., X3 [ X7 /G
Peex (t74X; —a;: 1 <j<k) "

s Ox[t™, X1, Xo, ... Xiy .., X
- peCX (t_d ) /p‘dz

i—a)+ (X - 1< <k, jF£i

where )A(Z means X; omitted, and the action of pg, corresponds to the weights Wtz/di(Xj)
=d; for j #i, wt(mt®) = e for (m,e) € Mg

(ii) For each 1 <i <r, the chart D, (m;-t%) of Bl;, X is:

S ec ﬁX ®Z[M] Z[Mp.ext][(mitei)il][Xl,XQ, e ,Xk-] / G
Peex tHX, —2;:1<j<Fk) m

. ﬁX ®Z[M] Z[lext/«mi, 0) ~ (0, —ei)>] [Xl,XQ, Ce ,Xk]
= [Specx ( (tidej — oz 1< < /{) > /ll‘&']

where Myext /((m;,0) ~ (0, —e;)) is the quotient of Mex by the congruence relation
generated by (m;,0) ~ (0,—e;), and the action of p., corresponds to the weights

Wiz, (X;) = dj for j # i, wt(mt®) = e for (m,e) € Myex/((m;,0) ~ (0, —e;)).

Finally, let us specialize our discussion to the case of toroidal centers.
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Corollary 2.7.20. Let X be a toroidal logarithmic scheme. If Zy — X is a toroidal
center, then the deformation to the weighted normal cone Dz, X = Specy (I&*) is toroidal. In

particular, the weighted blow-up Bly, X C [DZ.X / Gm] 18 toroidal.

Proor. This is a local question, so we may assume that we are in Setup 2.7.14. By

Proposition 2.7.17, we have

.....

with (Mjex ) /M® = Z. This implies the weighted normal cone Cz, X = Specy (I&/(t71)),
endowed with the idealized logarithmic structure induced by Myexe < I&* — I&*/(t71) and the
ideal sheaf ((O, —1)) C Mg, is idealized logarithmically smooth over V(zy,xs,. .., zx) C X.
Since V(x1, 2z, ...,x,) C X is toroidal [ATW20b, Lemma 5.1.2], Cz, X is therefore idealized
toroidal. It then follows that Dz, X = Specy(Me — I$*) is toroidal at points in Cz, X =
V(t™') C Dz X. On the other hand, the open complement of Cz, X in Dy X is the toroidal

scheme X x G,,. This completes the proof. O

Corollary 2.7.21. Any toroidal center Iy on a toroidal scheme X is integrally closed in

Oxt].

PROOF. Since X and Dz X = Specy (I&') are toroidal, they are in particular normal

(2.7.11). Consequently, I¢** must be integrally closed. O
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CHAPTER 3

Logarithmic resolution via weighted blow-ups along toroidal centers

3.1. Toroidal centers in characteristic zero

3.1.A. Preliminaries. This chapter concerns the theorems outlined in §1.2.A. Throughout
this chapter, we fix a field k of characteristic zero. Although ideals on toroidal Deligne-Mumford
stacks over k [ATW20a, §3.3.3] are the main objects of interest in the results of §1.2.A, a
significant portion of the paper instead deals with ideals on strict toroidal k-schemes (Defini-

tion 2.7.10). There are two reasons for this:

(a) Etale locally a toroidal Deligne-Mumford stack over k is a strict toroidal k-scheme,
cf. [GR18, Proposition 12.5.46].
(b) The constructions and discussions in this paper are étale-local. This is indeed a feature
of Theorem A in §1.2.A.
Henceforth, we shall assume Y is a strict toroidal k-scheme (with the exception of Corol-
lary 3.3.17), and denote its logarithmic structure by ay : #y — Oy. We follow any conventions

and notations outlined in §2.7. We also fix the following notations:

2{ — logarithmic tangent sheaf of Y’
25— sheaf of logarithmic differential operators on Y [ATW20a, §3.3]
5” — sheaf of logarithmic differential operators on Y of order < n

At a closed point y € Y, the stalk of Z§ at y can be described as follows, cf. [ATW20a,
Lemma 3.3.4] or [Que22a, Lemma B.9]. Fix a system of ordinary parameters xq,xs, ..., , at
y, and fix a basis mi, ma, ..., My € My, =: M for the free abelian group %?jy of rank r(y).

With respect to these data are the following differential operators of order 1:

(i) O, which vanishes on M and satisfies 0,,(z;) = d;,

7
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ii) m;0,, which vanishes on every z; and satisfies m;0,,. (m;) = d;;m;.
i y j J

i

Then 9)1/’24 is a free Oy,-module with basis 0;,,0s,, - -, 02,0, Omy s Oy - - -, O, - Since we are in

r(
characteristic zero, Z5° is generated as a Oy-algebra by 2y (where the ring structure on Z5°
is given by composition). In addition, with respect to an ideal J on Y, we adopt the following

notations:

P5"(J) — ideal on Y generated by the image of J under 25"

2°(J) — ideal on Y generated by the image of J under Z5°

It turns out that 2¢°(J) coincides with the following notion, cf. the subsequent lemma:

Definition 3.1.1. The monomial saturation .#y (J) of J is the intersection of all monomial

ideals (Definition 2.7.5) on Y containing .J.

When Y is clear from context, we usually drop Y from the subscripts in the aforementioned

notations, e.g. we sometimes just write .# (J) instead of .4y (J).

Lemma 3.1.2 (cf. [AT'W20a, Corollary 3.3.12, Theorem 3.4.2 and Lemma 3.5.2]).
() Z2(T) = ().

(ii) J is monomial if and only if 25" (J) = J.

(iii) If f: Y - Y isa logarithmically smooth morphism of strict toroidal k-schemes,
then 25" (f71())05) = f7H(Z5"()))Op for all n € N, and M (f7(J)05) =
(A (1)) 5.

(iv) If Q is a monomial ideal on Y, then 95"(@ -J)=Q - Qén(c]) for all m € N.

Additionally, we require the following notion, which is the logarithmic analogue of the

classical order of ideals at points:

Definition 3.1.3. The logarithmic order of J at y is defined as log-ord, (J) := ord,(J]s,) €

N U {oo}, where s, is the logarithmic stratum through y, cf. Definition 2.7.3.

118



Lemma 3.1.4 (cf. [ATW20a, Lemma 3.6.3, Lemma 3.6.5, Corollary 3.66 and Lemma

3.6.8)).

(i) log-ord,(J) = inf{m € N: 25™(J), = Oy}, where inf(&) = oo.

(iii

)

(ii) log-ord,(J) = oo if and only if y € V(My(J)).
) My (J)y = Ovy if and only if log-ord, (J) < co.
)

(iv) If f: Y 5 Y isa logarithmically smooth morphism of strict toroidal k-schemes, and

JeY mapstoy €Y, then log-ord;(f~'(J)O5) = log-ord, (J).

Together the first two parts of the lemma say that log-ord, (/) is upper semi-continuous on
Y. Indeed:
(i) For n € N, V(25"(J)) is the locus of points y € Y satisfying log-ord, (J) > n,
(ii) V(y(J)) is the locus of points y € Y satisfying log-ord, (J) = oo.
Therefore, since Y is noetherian, the maximum logarithmic invariant

max log-ord(/J) := maxlog-ord, (J)

yey

of J exists. Finally, as specified in Theorem A, weighted blow-ups along toroidal centers
(Definition 2.7.13) play a big role in this chapter, and the next section studies them in the
setting of characteristic zero. To better formulate various results in this chapter, we make the

following definition:

Definition 3.1.5 (Q-toroidal centers). A Q-toroidal center on Y is any Veronese translate
(Definition 2.3.39) of a toroidal center on Y. We usually reserve the notation .#, for Q-toroidal

centers (as opposed to I,).

3.1.B. Weighted blow-ups along toroidal centers in characteristic zero. We start by

recalling and fixing some conventions for the remainder of this thesis:
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3.1.6 (Local presentation of toroidal centers). For the remainder of this subsection, let I,
be a toroidal center on Y. For each y € Y, fix a local fs chart 5: M — I'(U, .#y) that is neat at
y (so M ~ %Ky). Replacing Y by a neighbourhood of y, we may assume Setup 2.7.14 for I,.
Fix (mq,e1), (ma, €2),...,(m,,e.) € My, so that Mg« = ((my,e1), (ma, €2),..., (m,e,), M &

(—=N)), as in the paragraph before Corollary 2.7.19. Then
-[0 - (I17 dl) + (x27 d2) + - + (xka dk) + (mla 61) + (m27 62) + -+ (mr7 67")

in the sense of Definition 2.3.5, where each m; is regarded in Ox via M i My =5 Oy
Next, since I, is integrally closed (Corollary 2.7.21), we find it more convenient in this

chapter to follow Convention 2.3.79 and express I, as
(3.1) I, = (x}/dl,xé/dz’ M e e ,mi/€7'> |

Without loss of generality, we always assume dy > dy > -+ > dj,. Letting e :=lem(e;: 1 <@ <

r) and ) be the ideal

T

Q= (mi/el,mg/”,...,me/e*) C M,

we can further simplify I, as

(3.2) I, = (:Ei/dl,x;/dQ, . ,mi/dk, Ql/e>

Likewise, any Q-toroidal center .#, can be written in a neighbourhood of any y € Y as
(3.3) Fo = (', 252, ..., 2k, Q%)

for some positive rational numbers a; < ay < ... < a; and a, some ordinary parameters

T1,Tg, ..., 2 at y (cf. 2.7.12(iii)), and an ideal Q C .#y,,. The expression in (3.2) (resp. (3.3))
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will be referred to as a local presentation of a toroidal center I, (resp. a Q-toroidal center .#,)

at y.

3.1.7. Next, let us explicate the weighted blow-up of Y along I,. For the purposes of this
chapter, we will always work locally around some y € Y, and assume that I, has the local
presentation (3.1) at y (with d; > dy > --- > di). Replacing Y by the neighbourhood of y on
which that local presentation is defined, we recall from Proposition 2.7.17 that the weighted

blow-up of Y along I, can then be written as follows:

% Z[ Mg (2}, 2, . .., ] x
(34) Y/ = Bl[. Y = @rojy(]th) = @I'ij ( Y ®Z[M] [ I ][‘Thx% 7xk]) Y

(ubiz) —x;: 1 <i<k)

where u := ¢! is the monomial in Z[Mjex| given by (0, —1) € Mjext, and
T = t4 e I, for every 1 <i < k.

Recall that F = V'(u) is the exceptional divisor on Y’, ¢f. Remark 2.3.15. Let Ir denote the
ideal sheaf of E C Y’. By Corollary 2.7.20, Y’ is toroidal under the logarithmic structure

induced by Myex — I in (2.12). In addition, for each 1 <7 <r, let
m=m; -t € I,

be the monomial in Z[M/ex] given by (m;,e;) € Mjex. Then the map M — Mje, which is

part of the data of (3.4), maps
m; — uSim for every 1 <i <r.

Finally, recall that Y’ is covered by the charts D, (z}) for 1 < i < k, and the charts D, (m))
for 1 <4 <r, cf. Corollary 2.7.19 for a description of these charts. Then we have the following

fundamental lemma:
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Lemma 3.1.8. For any ideal J C Oy, we have
n (251())) Oy C I;M - 25 (1)) Oy) .

PROOF. Let W = Specy (I$*) N\ V(I$) be the total space of the G,,-torsor on Y”, which is
toroidal (Corollary 2.7.20). Letting 7t denote W — Y’ — Y| the map 7*Qy — Qpy is defined

by the following rules:

e .
dri = &4 g2 for1<i<k
x; z; u

dmy; dm; du ;

T — i e, &8 forl1<i<r
m; m; u

so that Ty, — *Ty is induced by

)
20y = 70y, for 1 <i<k

m;('?m; = MO, forl1 <i<r

\u@u = Zle dzxﬁxl + Z:Zl elmzamz
For 1 < i <k, the total space of the pg -torsor on the chart D (x}) of Bl;, X is V(2 —1) C W.

Letting 7, : V(2; —1) CW — Y’ =Y, the map Ty (1) — 7, Ty is then induced by

MOy, = m’»('?m;, for1<j<r

_ -1, —d; ! !
Oy, = di 'u™" (udy — Zlﬁ.gg’f 2500 = 21<jer eimjam;-)
V=)

Since d; > d;, the lemma holds on the chart D, (z}) of Bl;, Y. On the other hand, for 1 <i <,

the total space of the . -torsor on the chart D, (m}) of Bl;, X is V(m, — 1) C W. Letting
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T V(m; —1) CW = Y' = Y, the map Ty (1) — 7, Ty is similarly induced by

(

accj = uidjar’v for 1 S] <k
J

<mj(9mj:m;8m; for1<j<r j#i

-1 / /
mﬁmz =€ (u@u — Zlgjgk :L‘jagc; — 21%&9« elm]&n;)
\ J7

Since dy > 0, the lemma likewise holds on the charts D, (m}) of Bl;, Y for 1 <i <. O

The above lemma will allow us to extend Lemma 2.3.30, which says that for any ¢ € N,

Iss is J-admissible if and only if w=1(J)Oy, = IL, - J' for an ideal J' C Oy-.

Corollary 3.1.9. Assume that Iy, is J-admissible for an integer ¢ > dy, so that 7w (J) Oy =

IL - J' for an ideal J' C Oy:. Then for any integer 0 < j < |{/d], we have:
(3.5) ! (95]’ (J)) Oy C 15790 G5 ().

That is, m (257 () Oy = Ie7h J; for an ideal J; C PS1(J) C Oy

PROOF. We proceed by induction. We already noted the base case j = 0. Assume (3.5) for
some 1 < j < [¢/d;], and we shall prove (3.5) for j + 1. Since we are in characteristic zero, we

have 25" (J) = D5 (2™ (J)) for every m € N+, and thus:
1574 g5 = 75 (17 93(0) 5 75 (U (9 () 6y:) by (35)

S bt (@§j+1(J)> Oy by Lemma 3.1.8. O

The above corollary can in turn be combined with Lemma 2.3.30 to study the behaviour
of admissibility of Q-toroidal centers under the operation .@éj , cf. part (i) of the next lemma.

For the remainder of this subsection, let .Z, be a Q-toroidal center on Y. Fixing any y € Y and
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replacing Y by a neighbourhood of y in Y, we may also assume that .7, = (7', 252, ..., 2%, Q%)

as in (3.3).

Lemma 3.1.10. Assume y = (27, 25%, ..., 2%, Q%) is J-admissible, and let j € Ng.

Then:

a;—j
ai

(i) If a; > j, then ﬂ( >. is @;j(J)—admissible.
(ii) ,ﬂ(alﬂ.). is (] - J)-admissible.

al

PRrOOF. Fix a sufficiently divisible £ € N+ such that ., = I,, for some toroidal center I, =

(x}/dl,xé/@, . ,x,i/d’“,Q“/g) on Y. For (i), we have ¢ = a;d; > jdi, so Corollary 3.1.9 implies

a;—j
al

that w1 (257(J)) Oy C I;7". By Lemma 2.3.30, I w1s)e = Tesane 8 257 (J)-admissible.
For (i), since 21 = z,u®™ on Y’ = Bl;, Y, we have v '(z] - J)Oy C ' (J) Oy - I C I57",
where the last inclusion is provided by Corollary 3.1.9 again. Thus, by Lemma 2.3.30 again,

f(m), = L(o4jayye 18 (22 - J)-admissible. d

al

As a consequence, we obtain our first constraint on Q-toroidal centers that are admissible

at y. This constraint will be refined further in §3.2.B.

Corollary 3.1.11. Assume that log-ord,(J) = by < oo. If Fy = (ai',25°,..., 25, Q%) is

J-admissible at y with k > 1, then a; < by.

PROOF. By replacing Y by an open neighbourhood of y, we may assume that %, is J-
admissible and 2" (J) = (1). Assume for a contradiction that a; > b;. By Lemma 3.1.10(i),
we then have ﬂ(al_bl). is 25" (J)-admissible. Since 25 (J) = (1), this forces J(al_bl).

al

Oy [t]. But this is not possible, since

al

j(al—b1>. _ (xclll b17xt212(a17b1)/a1’ o wxzk(alfbl)/m’ Qa(al—ln)/al) with a; — b; > 0. 0
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3.1.C. Local invariants of Q-toroidal centers in characteristic zero. The preceding
Corollary 3.1.11 suggests that it is perhaps meaningful to consider the following local invariant

of a Q-toroidal center ., on a strict toroidal k-scheme Y":

Definition 3.1.12 (Local invariant of a Q-toroidal center). For y € Y, we define the

invariant of Z, at y as

(al,ag,...,ak,oo) lfQ#Q
inv,(A,) :=

(a17a27“'7ak‘) lfQZQ

where ., = (2,252, ..., 2", Q%) is a local presentation of .7, at y, as in (3.3). Note that if
(A)y = Oy,[t], then the local presentation of .Z, at y is Z, = (@) = &), so that inv,(5) = ().

The objective of this subsection is to show inv, is well-defined:

Theorem 3.1.13. inv, (%) and the number k of finite entries in inv, (%) are both inde-

pendent of choice of local presentation of %, at y.

To prove this theorem, fix y € Y. After replacing Y by a neighbourhood of y, we may assume

that globally on' Y, ., = (ai*,23%,..., 2%, Q%), where x1,2s, ..., x; are ordinary parameters
at y. For the next two lemmas, let us extend zy, xs, ...,z to a system of ordinary parameters
T1,Za,...,Ty at y.

Lemma 3.1.14 (Exchange). Suppose that k > 1. Assume that x',xo, ..., 2, is a system

of ordinary parameters at y for which %, is (z\")-admissible. After possibly replacing Y by a

az ag a

neighbourhood of y, we have Fy = ((x’l)‘”, 32, .., Tk, )

PROOF. The hypothesis says that .7, D ((x’l)al,xg"’, co Tk, Q“). This is necessarily an

equality, by passing to

ﬁﬁyvy = I{(y)[[‘rbx% s ,I‘n]] = ff(y)[[l’ll,l’g, .. 7:L‘n]]
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and observing that the x(y)-dimensions of each t"-graded piece of both sides match. U

Lemma 3.1.15. Suppose that k > 1. Let f-t* € F, = (af*,25%,...,27%,Q%) be a

-~

homogeneous section, and write its image f of [ under Oy — Oy, — O, — O, =

k(y)[z1, 22, ..., z,] as
f= Z eyt = Z R S for ¢y € K(y).
veENn v=(01,02,...,Un ) EN"

Then Zle 2> ( for every v € N™ with ¢, # 0.

PRrROOF. We may replace Y with s,, and reduce to the case where Y is a smooth k-scheme
with trivial logarithmic structure, and &, = (7', 252, ..., 2}*). By replacing %, with .#,, we

may assume ¢ = 1, i.e. .Z, is (f)-admissible. Next, note that:

(i) there are only finitely many v € N" for which ¢, # 0 and Zle vifa; = v(f) =
min{Z:f:1 vi/a;: v € N" ¢, # O}, and
(ii) A is (z¥)-admissible for any monomial 2V for which ¢, # 0, because .4, is the integral

closure of a Rees algebra generated by monomials.

Given these two reasons, we may simply consider R := k(y)[x1, 72, ..., z,], replace f by

Z cv ¥ ER

veN™
25:1 Ui/ai:’/(f)

and replace #, by S, N R = (21", 23?,...,2*) C R. Letting K be the field of fractions of R,

consider the following valuation v € ZR(K/k(y)) defined by:

k
y(Z ca-x"> :min{Z%:VEN”, CV#O}.

veNn i=1
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Since .7, is (f)-admissible, Lemma 2.3.77 implies
v(f) = Vv = Vdow = min{a;: v(z;): 1 <i<k}=1=~¢. O
We can now return back to our original goal:

PROOF OF THEOREM 3.1.13. Suppose .%, admits two local presentations at y:

(21", 5%, 2y, Q) = Fo = ((#)™, (2)™, -, (1), (@)°)

By considering the image .#, of %, under 0y — Oyvy — 0O, ,, note that k = 0 if and only
if #, = 0 if and only if £ = 0, in which case it is immediate that Q # @ if and only if
Q' # 9, i.e. the lemma is immediate. Henceforth, we may assume k,¢ > 1. By replacing
S, by 4, for some sufficiently divisible ¢ € N, we may assume aq,b; € N-o. In particular,
Sy = (a7, 252, ..., 2k, Q%) is («h)"-admissible. By Corollary 3.1.11, we have a; < b;. By

reversing roles, we also have a; > by, whence a; = b;. Applying Lemma 3.1.10(i) repeatedly,

we have H1/4,)0 = (xl,xgw“, . ,xzk/al,Q“/‘“) is (2})-admissible. Extending z1,zs, ...,z
to a system of ordinary parameters xy,zs,...,2z, at y, let us write the image of x| under
Oy = Oyy — Oy, — ﬁy,y = k(y)[r1, 22,. .., 2n] as D onn Oy - ¥ for some ¢, € K(y). By

Lemma 3.1.15, we see that for v.€ N™ with ¢, # 0, we have

k
vy + Zvial/ai > 1.
=2

Let ko := max{l < i < k:a; = a1} > 1. It follows from the above inequality that x| €
(1, T2y .oy Ty ) + mihy C 0O, y, where m, , is the maximal ideal of &, ,. Thus, after possibly
re-ordering xi, T, ..., Ty, we may replace =} so that (x,zs,...,x,) is a system of ordinary

parameters at y. Applying Lemma 3.1.14, we obtain

(@)™ a9 a0t Q) = S = ((a)™, (23)™, ., (23)™. (@)")



Let us now restrict to the hypersurface H = V(z}) C Y, where
(91;‘212, N Q”) = S0y = ((33’2)”2, ooy ()™, (Q’)a).
We now apply induction hypothesis to conclude k = ¢, a; = b; for 2 <i <k =/, and Q # @ if
and only if Q) # @ (so inv,(.4,) is well-defined). O
Because of Theorem 3.1.13, we can make the following definition:

Definition 3.1.16 (Reducedness). Let %, be a Q-toroidal center on Y. We say .4, is

reduced at y € Y if
mVy<f-) = (1/d1,1/dy, ..., 1/dy, *) (* = empty or co)

where either k = 0, or dy,...,d; € Nog with ged(dy,ds, ..., dy) = 1. We also say .7, is reduced

if it is reduced at every y € Y, in which case .#, is a toroidal center on Y.

3.1.17 (Reduction). Given any Q-toroidal center .#, on Y and y € Y, let inv,(.4,) =
(a1, as,...,ax,*), where the final entry x* is either empty or co. If k¥ > 1, there always exists
q € Q¢ such that:

(i) for every 1 <i <k, a;q = 1/d; for d; € N+,
(ii) and moreover, ged(dy, ds, ..., d;) = 1.

If k=0, set ¢ :== 1. Then .#,, is reduced at y, and is called the reduction of .7, at y.

3.2. Maximal contact elements and coefficient ideals

In this section, let J C Oy be an ideal on a strict toroidal k-scheme Y. In this section, we
extend various classical notions in the theory of resolution of singularities to the logarithmic

geometric setting.
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3.2.A. Maximal contact elements. Let y € V(J) C Y and assume a := log-ord, (.J) < oo.

Definition 3.2.1 (Maximal contact elements, cf. [Kol07, Definition 3.79]). A mazimal
contact element of J at y is an element of 2=*7!(.J), that has logarithmic order 1, i.e. can be
extended to a system of ordinary parameters at y. The vanishing locus of a maximal contact
element of J at y, defined locally around v, is called a hypersurface of maximal contact for J

at y. The ideal 2=°71(J), C Oy, is called the mazimal contact ideal of J at y.

It is well-known that hypersurfaces of maximal contact play a crucial role in resolution
of singularities in characteristic zero, in the sense that they always exist and they allow for
arguments to proceed via induction on dimension: namely, one passes to a hypersurface of

maximal contact in the induction step.
Lemma 3.2.2. If char(k) = 0, a mazimal contact element of J at y always exists.

PROOF. If char(k) = 0, then 2=(J) = 2=1(2=*"!(J)) for any a € N If a =

log-ord, (J), we have 2='(2=*"'(.J)), = (1), from which the lemma follows. O

Definition 3.2.3 (MC-invariant, cf. [Kol07, Definition 3.53]). We say .J is MC-invariant

at y it =1(J), - 2='(J), C J,.
The reason why we care about such a property is reflected in the following

Theorem 3.2.4 (Invariance of maximal contact for MC-invariant ideals). Assume J is
MC-invariant at y. For every pair of maximal contact elements x and x’ of J at y, there exist
strict and étale morphisms

~ ¢z

Y ———Y
b

from a strict toroidal k-scheme Y into Y, and a point § of Y such that ¢,(J) = y = ¢ (9),

satisfying the following properties:
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(i) 93.(J) = o5 (J);
(i) ¢x(z) = ¢% () in Z=*"(J), where J denotes the ideal in (i).

Our proof of Theorem 3.2.4 follows the proofs of [W1005, Lemma 3.5.5], [ATW20a, Lemma
5.3.3] and [Kol07, Theorem 3.92] very closely. For completeness, we provide it here. Let us
first fix some notation: let x/k be a field extension, M be a sharp monoid, and consider the
logarithmic k-algebra M — k[xy,...,z,, M] =: R, with maximal ideal m = (xy,...,z,, M \
{1}) and sheaf 2 = Py, g of logarithmic differential operators with order filtration <™. For
an ideal b C m of R, we say an automorphism ¢ of R is of the form 1 + b, if v fixes M and

maps each x; to z; + f; for some f; € b. Let J C R be an ideal.

Lemma 3.2.5 (cf. [Kol07, Proposition 3.94]). The following statements are equivalent:
(i) w(J) = J for every automorphism 1 of the form 1 + b.
(i) b-2=4(J) C J.

(iii) 6™ - 2="(J) C J for every m € Nq.

PROOF. Assume (iii). Let ¢ be an automorphism of the form 1 + b, and for all 1 <i <mn,

let b; € b such that (z;) = z; + b;. Similar to Taylor’s expansion, we have:

¢(f)=f+zbi-6xif+%Zbibj-axiaxjpr...
i=1

ij=1

i.e. for any ¢ > 1, we get
V() eT+b-25HI) 4+ 0" - 25(J) +m™ C T+ mtT

By Krull’s Intersection Theorem, this implies (f) € J, so we get (i).
Next, assume (i). Let b € b, and let 1 < i < n. For general A € k, the endomorphism on R,

which maps (x1,...,2,) = (21, ..., 21,2+ Ab, Zi41, . .., x,) and fixes M, is an automorphism
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of R of the form 1 + b. Therefore, for every f € J, and every ¢ > 1,

FAXN O f+-+ ()0 fep(f) +mT C T+ mH

For ¢ 4 1 general elements A = \g, ..., A¢ in k, the column vector obtained from
L X A5 0 A f
LA A2 - ) bO,, f
L X A2 - X b@ﬁi f

has entries in J +m‘*!, and the Vandermonde matrix (X/) is invertible. In particular, b-9,, f €
J +mf*. By Krull’s intersection theorem again, b- d,, f € J. Since b - 2=!(J) is generated by
elements of the form b- for b-0,,f forbe b, f € Jand 1 <i <n, we get (ii).

Finally, assume (ii). We prove by induction that b™ - 2=™(J) C J for every m € Ng. The
ideal b1 . 9=m+1(]) is generated by elements of the form by - - - b, - 2=1(g) for by, ..., b, € b

and g € 2=™(J). Then:

bo---bm-.@g(g):bo-.@ﬂ(bl---bm-g)—Z@Sl(bi)-(bo---E---bm-g)
=1

€b- 250" 25™(J)) + 6" - 2="(J) Cb- 2=NJ)+ 0™ 25(J) C J,
where the last two inclusions hold by the induction hypothesis. This proves (iii). O
We can now return back to our original goal:

PROOF OF THEOREM 3.2.4. Let x,..., 2, € O, , suchthat x,xs, ..., 2, and [ S

are both regular systems of parameters of &, ,. We have

klr,ze. .., Ty, M| = 53@ = k[2, 29, ..., 2y, M], where k = r(y) and M = A y,,.
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Consider the endomorphism 1 of ﬁAy,y, which maps (x, 29, ..., x,) = (' = x+(2'—x), 29, ..., )
and fixes M. Since 2/, xo, . .., x, are linearly independent modulo m%ay (where my,,, is the maxi-
mal ideal of Oy,,,), 1 is an automorphism of ﬁy’y. Moreover, since x and 2’ are maximal contact
elements at y, we have 2’ — x € .@Sa—l(:f;), whence 1 is an automorphism of ﬁxy of the form
1 —i—.@ga_l(jy). Finally, since J is MC-invariant at y, we have .@S“_l(jy)-ﬁfl(jy) C jy, whence
Lemma 3.2.5 implies 1(.J,) = J,,.

Our goal now is to “realize” this automorphism ) on 55@ on some strict, étale neighbour-

hood Y of y. We first extend both (z,xs,...,x,) and (2, 29, ..., z,) to systems of logarithmic

coordinates at y:

(JT,ZEQ...,{L’N,ML)F(U,,//y’U)) and (QT,,[EQ...,ZL‘N,MLF(U,%yhj)).

After shrinking Y if necessary, Y admits strict and étale morphisms

Y = Spec(M — K[X,, ..., Xy, M])

Tyt

induced by the ring morphisms 77, Tji k[Xy,..., X, = (Y, Oy) mapping (X1, Xs,..., Xy) —
(x,2z9,...,xy)and (X1, Xo, ..., Xn) = (', 29,...,xN) respectively, as well as the chart 5: M —
(Y, #y). Finally, we obtain the desired Y, by forming the following cartesian square (in the

category of fs logarithmic schemes):

Gyt

Y
Jo

Y ——— Spec(M — k[X1,..., Xy, M])

Since both 7, and 7,/ are strict and étale, ¢, and ¢, are also strict and étale. Moreover,
ot (z) = ¢i(1i(X4)) = oL (75(X1)) = ¢%(2'). Note that 7, and 7,, maps y to the same point

in Spec(M — k[X7,..., Xy, M]), so there is a unique point § € Y which is mapped to y via
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¢, and ¢,.. Finally, the completion of Y at y is the graph of the automorphism 1 on ﬁ’Ay,y, and

since w(j;) = jy, we may shrink Y if necessary to arrange for ¢%(J) = ¢%,(J). O

3.2.B. Coefficient ideals. In this section, we recall the method of taking coefficient ideals.
This method originates from Hironaka [Hir64], and has been studied extensively in the papers
of Bierstone-Milman ([BMOS8], etc), Encinas-Villamayor ([EV00], etc), Wlodarczyk [Wto05],
and many others. Our treatment closely follows [ATW19], which studies coefficient ideals from
the Rees algebra approach of [EV07b]. At the end of this section, we briefly indicate why they

are necessary for the purposes of this chapter.

Definition 3.2.6 (Coefficient Rees algebras). For a € N+, the a'* coefficient Rees algebra
of J is the Rees algebra G4(J,a) C Oy[t| on Y generated by 257(J) - t*7 for 0 < j < a. In
other words, its graded pieces are

a—1 a—

1
Gmn(J,a) = ( (2(J))%: ¢; €N, (@—j)e; > m) C Oy for m € N.
0 0

J= J=

The main reason for putting each 2=7(J) in degree a — j is the following easy lemma:

Lemma 3.2.7. Lety € V(J) C Y, a € Nyy.

(i) If log-ord,(J) > a, then log-ord, (G, (J,a)) > m for every m € N.

(ii) If log-ord,(J) < a, then Gy, (J, a), = (1).

PROOF. For (i), each term H?;& (259(J))% in G,,(J, a) has logarithmic order at y:

a—1 a—1 a—1
Z cj - log-ordy(@g(J)) = ¢;(log-ord, (J) — j) > cila—j)>m
=0 =0 =0
whence log-ord, (G (J,a)) > m. (i) follows from the inclusion 2=*"'(J)* C G (J, a). O

133



Remark 3.2.8. The formation of G(J,a) is functorial with respect to logarithmically
smooth morphisms, i.e. if f: Y 5> Yisa logarithmically smooth morphism of toroidal k-
schemes, then f~1(Ge(J,a))0p = Go(f~1(J)Oy,a). This is because the formation of 2=7(.J)

is likewise functorial with respect to logarithmically smooth morphisms.

Lemma 3.2.9. Leta € N+, and Gy = Go(J,a). Firy € V(J) CY such thatlog-ord,(J) =
a. Then:

(i) 2=YGmy1) = G for every m € N.

(ii) 2= (Gp) = Gy = 2=7'(J) for every m € N. In particular, m = log-ord,(G,,),
and any maximal contact element of J at y is also a mazimal contact element for
Gs(J,a) aty.

(iii) For every m € N, Gy, is MC-invariant at y.

(iv) G¢-Gry = Gy whenever m > (a—1)-lem(2, ..., a) and ¢ is a multiple of lem(2, ..., a).
In particular, this holds if m > a!.

(v) (G)? = G}y whenever m =1 -lem(2,...,a) for some r > a— 1. In particular, this
holds for m = a!.

(vi) (254(Gn))™ C G™" whenever m =1 -lem(2,...,a) for somer >a—1, and 0 <i <

m. In particular, this holds for m = al.

PRrROOF. This is the “logarithmic” analogue of [Kol07, Proposition 3.99]. The proof there
works verbatim, although we should point out an inconsequential difference: for the inclusion
G C 254G pny1) in (i), the proof utilizes a maximal contact element z of J at a point, which
in the logarithmic case is an ordinary parameter, and hence the corresponding logarithmic

derivation is still 8%. O

With the exception of property (vi), all the properties in Lemma 3.2.9 are self-explanatory.
For example, property (v) says that the a!-Veronese subalgebra Gue(J, a) of G¢(J, a) is gener-

ated in degree 1, i.e. it is the Rees algebra of:
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Definition 3.2.10 (Coefficient ideals). For a € Ny, the a™ coefficient ideal of J is

C(J,a) :=Gu(J,a) C Oy.

It is well-established in the literature that the coefficient ideal (and its variants) provides
a method to enrich an ideal with its higher derivatives, which retains information that would
otherwise be lost when one restricts the original ideal (as opposed to the coefficient ideal)
to a hypersurface of maximal contact. Next, let us explicate property (vi) in Lemma 3.2.9.

Following [Ko0l07, Definition 3.83], we first formalize it into a definition:

Definition 3.2.11 (Z-balanced). Let y € V(J) C Y such that a := log-ord, (J) < co. We

say J is P-balanced at y if
2= (J) c Iy for every 0<i<a.

In other words, property (vi) of Lemma 3.2.9 says that the a'" coefficient ideal C(J,a) is

P-balanced at points y € V(J) C Y satisfying log-ord, (J) = a.

3.2.12 (What does the “Z-balanced” property achieve?). The “Z-balanced” property plays
a subtle role in this chapter. To start, let y € Y, let 2 be a maximal contact element of J
at y € V(J) C Y. For simplicity, let us replace Y by a neighbourhood of y in Y so that the
hypersurface H = V(x) C Y of maximal contact for J at y is globally defined. If one extends

x to a system of ordinary parameters at y, it is not hard to see that
(3.6) PN JOy) C 21 (J))0y.

Note, however, that the reverse inclusion does not hold in general. To quote [Kol07, Definition

3.83], the “Z-balanced” property provides a partial remedy to this issue.
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To explain why the lack of equality in (3.6) poses an issue, consider the following setup.
Let .4, be a Q-toroidal center on Y, and assume the restriction Z,0y of .7, to H is JOy-
admissible at y. Then a repeated application of Lemma 3.1.10(i) tells us that after replacing
4,0y by some power of itself, .#,0y is 2='(J0y)-admissible at y. Unfortunately, since the

reverse inclusion in (3.6) does not hold,
IOy is 9='(JOy)-admissible at y =& S0y is 2='(J)Oy-admissible at y.

However, if .J is Z-balanced at y, i.e. 2(J)3 C Ji~*, then we obtain the following chain of

implications:

SOy is JOp-admissible at y = F(4_)eOp is J" O y-admissible at y
= Sa—ieOn is PD='(J)* Oy-admissible at y

= f(a;i).ﬁH is 25'(J)Oy-admissible at .

The first and last implications follow from Lemma 2.3.28(iii). It turns out that this strategy is

crucial in §3.3.B, cf. the proof of Theorem 3.3.9.

3.2.C. Formal decomposition of coefficient ideal. Let y € V(J) C Y, and assume a :=
log-ord, (J) < oo. Let x; be a maximal contact element of J at y € Y. Extending it to a system
of ordinary parameters x1,...,x, at y, we have 5’\;/,@, = k[z1,29. .., 2, M], where k = k(y)

and M = %yw. For m € N+, we set

~

(i) Gm(J, @) = G(J, a) Oy,

J— ~

(il) G(J,a) = Gp(J,a)/(x1) C K[za, ..., x,, M],

(i) and Gn(J,a) = Gu(J, a)k[z1, 2, . . ., T, M].
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Lemma 3.2.13 (Formal decomposition). For m € N, we have:
G(J.a) = (7)) + (27 )G (J.a) + - + (21)Ger (J; ) + G, a).
In particular, if 6(J, a) = C(J, a)é’\yﬂ, we have:
C(J,a) = (21) + (@"1)G1(J,a) + - + (21)Gar-1(J, a) + Ga(J, a).

Proor. We shall prove by induction on m. The base case m = 1 is clear from the definition
of G1(J,a). For integers N > m, we have the ideals (z¥") C G,,(J, a), which are stable under

N+1)

the linear operator z10,,. Thus, z;8,, descends to a linear operator on Gy, (J,a)/(x , and

decomposes it into a direct sum of ¢-eigenspaces for integers 0 < ¢ < N. These (-eigenspaces are
independent of choice of N > m. More precisely, the (-eigenspace is of the form z{ - @%)(J, a)

for a fixed subspace C/J\%)(J, a) C K[z, ..., x,, M] independent of N > m. That is,

N
G(J.a) /(2 H) = Pt - GO (J, a).
/=0

Here, G (J,a) = G (J, a), and G (J,a) = K[xs, ..., 2, M] for £ > m. For 0 < £ < m,

GO(J,a) = & (¢4 - GO(J,a)) € 254G (], a)) NE]2s, ..., 20, M]

= am_g(J, a) N k[zg, ... 00 M] C Gpi(J,a),
where the equality in the second line follows from Lemma 3.2.9(i). Thus, we get:
G(J,a) C Gu(J,a) + (21)Grr (J, @) + - - + (@ HG1 (S, @) + ().
The induction hypothesis gives:

(21)Gm1(J,a) + -+ @ HG1(J,a) + (@) = (21)CGm_1(J,a) C Gu(J, a).
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Since G (J,a) C G(J,a) as well, the lemma follows. O

3.3. A local singularity invariant in characteristic zero

In this section, we outline the main constructions and ideas involved in the proof of Theo-

rem A. As before, J denotes an ideal on a strict toroidal k-scheme Y.

3.3.A. Definition of invariant. Before defining a local singularity invariant for V(J) C Y,

let us first fix the following:

3.3.1 (A well-ordered set). For k € N+, we define:

NE = (b)h, e NF i by < < << Ok
- { 1 . (b1 —1)! H?:1 (bj — 1!

NG = (N5 x {oo}) UN,

and for d € N+, we set:

N;s’!::{mu(uN@g) and N;dv!:={<o>}u(uNz;).

k=0 k=0

We well-order the set NS by the lexicographic order <, with a caveat: our lexicographic order

considers truncations of sequences to be strictly larger, e.g. in NS*'| we have:
(0) < (1,2,8) < (1,3,6) < (1,3) < (1,4,24) < (1,00) < (1) < (o0) < ().

3.3.2. Next, we associate the following preliminary data to the ideal J at a point y € Y:

i) a sequence (by,...,bg) € N="! where k < n := codim, y}),
>0 y

ii) a finite sequence of ordinary parameters x1,...,x; at y,
y Y

(iii) and an ideal Q C M = Ay,,.

We define these in steps. To begin, let us consider cases:
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If log-ord,(J) =0 (ie. y ¢ V(J) CY), weset k:=1, b :=0, and Q := &. Let z; be
any ordinary parameter at p.

If log-ord, (J) = oo (i.e. .#Z(J), # (1)), we set k := 0, that is, we do not define any b,
or z;. Define @) to be the image of .Z(J), under .#y, — %y,y, which we denote by
my. Note that if J, = . #(J), =0, then Q = @.

If not, set b; := log-ord,(J) € N and let ; be a maximal contact element of J at

y (Definition 3.2.1).

In , set J[1] = J, and we shall define the remaining b;, z; and @ by means of induction.

Assuming that J[i], b;, x; are defined for i < ¢, we set

.....

structure ay (g, o) o0 V(z1,...,20). Note that since x1,..., 2, are

..........

ordinary parameters at y, V(z,...,2,) is a strict toroidal k-scheme under this logarithmic

structure [ATW20b, Lemma 5.1.2].

If log-ord, (J[€ +1]) = oo (i.e. A (J[{ +1]), # (1)), we set k := £, that is, no further
b; or z; are defined. Define @ to be the preimage of .#(J[¢ + 1]), under the canonical

isomorphism Ay, — M v (s, 00) -

If not, set byyy := log-ord, (J[¢ + 1]) € N.o, and define 4y, to be a lifting to Oy of

the maximal contact element of J[¢ + 1] at y.

This concludes the induction. Although different choices of ordinary parameters x; can be made

above, the next lemma shows that the b; and @) are well-defined:

Lemma 3.3.3. by, by, ..., b, and Q are independent of the choices of ordinary parameters

x;. In particular, the number of b;’s is also independent of choices of ordinary parameters x;.
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PRrOOF. Fix a choice of ordinary parameters xq,xs,..., 2, as in 3.3.2, and we proceed by
induction on k. The case k = 0 is and it occurs if and only if .Z(J), # (1),
in which case there are no b; and the definition of ) does not require choices. Henceforth,
consider k& > 1 (i.e. log-ord,(J) < oo). Evidently the integer b; = log-ord,(.J) requires no
choices. If by = 0, we are in and there is nothing to show as well. Thus, we
assume b; > 0. Let 2 be another maximal contact element of J at y. Because C(J,by) is
MC-invariant (Lemma 3.2.9(iii)), and x;, 2] are still maximal contact elements of C'(.J,b;) at y
(Lemma 3.2.9(ii)), we can apply Theorem 3.2.4 to C(J,b;): we get strict and étale morphisms
Guys Gt Y =Y, and a point § € Y such that ¢, (§) =y = ¢a1 (y). Moreover, ¢% (C(J, b)) =
65 (C(J,br)) = J and @3, (1) = @5 (¢4) = 2 € I. Letting J[2] = C(J,51)Ov () and J[2] =
C(J,b1) Oy (y), we have:

(3.7 6, (J12) = T Oy = 63, (T12).

If k=1, we are in above. By [Ogul8, Proposition IV.3.1.6] and Lemma 3.1.2(iii),
(3.8) 61, (A IR) = (TOvy) = 63 (A (J2]).

Since ¢,, is strict, ¢, s (My) — M5 is an isomorphism. We therefore get isomorphisms

‘%V(m),y é %Y,y ;> gb;;l (%y)g —>: %17,37

which maps .#(J[2]), on the left, isomorphically, onto ¢, (//(J[Q]))g on the right. The same
statement holds with V' (x1) replaced by V(z7), ¢,, replaced by ¢,,, and J[2] replaced by J[2'].
Combining this with (3.8), one concludes that @ is also independent of choices (and there can

be no more b;’s).
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On the other hand, if k£ > 2, we are in above. Then (3.7) implies
log-ord, (J[2]) = log—ordg(jﬁv(z)) = log-ord, (J[27]).

Thus, by is independent of choices. By induction hypothesis, the remaining bs, by, .

are independent of choices.

We are now ready to define the key invariant associated to an ideal at a point:

Definition 3.3.4 (Invariant). The invariant of J at y € Y is defined as:

b b b ;
v, () (bh (b1—21)!’ (b171)!5(‘b271)!’ U (kbi_1)!> Q=2
inv, = i
b b b ;
<b1> (b1_21)w (bl—l)!?bz—l)!’ B (kbr1)!’oo) itQ# o

..,bk andQ

g

where (b, ba, ..., b;) and @ are defined for J at y as in 3.3.2. For the remainder of this chapter,

we denote the finite entries of inv,(J) by ;. In particular, a; = b;. Note that the set of all

possible invariants of ideals at points in Y can be well-ordered by the same lexicographic order

in 3.3.1, since it is order-isomorphic to Nidim(y)" in 3.3.1.

3.3.5. Note that inv, (/) is:

(i) the empty sequence () if and only if J, =0, i.e. y ¢ Supp(J) (support of J).

(ii) (0) if and only if J, = (1), i.e. y ¢ V(J) C Y.

)
)

(iii) (@q) for an integer a; > 1 if and only if J, = (27*) for an ordinary parameter x; at y.
)

(iv) (o0) if and only if A#Z(J,) # (1),ie. y e V(4 (J)) C Y.

Lemma 3.3.6. inv, satisfies the following properties:

(i) If 1 < log-ord,(J) = a1 < 0o, and x1 is a mazimal contact element of J at y, then

(a1 —1)!

inVy(J) = (al, vy (C(J’al)ﬁ‘/(wl)) ) .

(ii) inv,(J) is upper semi-continuous on'Y, with respect to the lexicographic order in 3.3.1.
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(iii) Let V(J) inherit its logarithmic structure from 'Y wia the inclusion V(J) < Y. Then
V(J) is toroidal at y if and only if inv,(J) is the constant sequence (1,1,...,1) of
length equal to the height of J, C Oy,,.

(iv) If f: Y >5Yisa logarithmucally smooth morphism of strict toroidal k-schemes which

maps JEY toy €Y, then invg(f~1(J)05) = inv,(J).

PROOF. Part (i) is evident from Definition 3.3.4, while part (iv) follows from Lemma 3.1.4(iv)
and Remark 3.2.8. Part (iii) is a consequence of [AT'W20b, Theorem 5.1.2]. For part (ii), fix
some p € Y, and we need to show the locus Z := {y € Y: inv,(J) > inv,(J)} is closed in Y.
We do so by induction on k = length(J,y). If k =0, Z =Y \ Supp(J). Since Y is a disjoint
union of its irreducible components (2.7.11(iii)), Supp(J) is a union of some of the irreducible
components of Y, whence it is open (and closed) in Y, so Z is closed in Y. Now assume k > 1.
Ifa;=0,Z=Y. If ay = o0, then Z = V(#(J)) by Lemma 3.1.4(ii). Finally, if a; € N+,
then we first recall that the locus W of points y € Y with log-ord, (J) > ay is V(2= (J)), cf.
Lemma 3.1.4(i). Using part (i) of this lemma and induction hypothesis, the locus W' of points
y in V(1) such that inv, (C(J, a1) Oy (a,)) > (a1 —1)!- (as, ..., a;) is closed in V' (x;) (and hence,
in ). Note that if y € W', then log-ord,(J) > ay; if not, C(J,a1), = (1) (Lemma 3.2.7(ii)),
whence inv, (C(J,a1)Oy(z,)) = (0) < (a1 — 1)!- (as, ..., ax), a contradiction. By part (i) of this

lemma again, Z = W U W', so Z is closed in Y. U

Because Y is noetherian, part (ii) of the preceding lemma implies part (i) of

Corollary 3.3.7 (Maximum invariant).

i) maxinv(J) := max,cy inv,(J) exists.
y y
(i) If f: Y Y isa logarithmically smooth and surjective morphism of strict toroidal

k-schemes, then maxinv(f~*(J)0y) = maxinv(J).
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Definition 3.3.8. Let y € Y. For a choice of ordinary parameters x, xs, ..., ) associated

to J at y as in 3.3.2, we define a Q-toroidal center .#(.J,y), on a neighbourhood of y in Y

b
b b3 %
b1 (b1 —1)! (b —1)!-(bp—1)! [i—y (=1t : _
(xl,xQ , Tg R ifQ=90

ﬂ(‘]u y)' = by by . b 1
=y DT (551! M) 6=V ATE o1t .
(I?I’xébl ! 7 l’?()bl Dl (bg—1)! s T i=1 7 Qni:1 (b; 1)!) if Q 7£ o

where (by,...,b;) and @ are defined for J at y as in 3.3.2. We call .Z(J,y) the Q-toroidal

center associated to J at y. We take a moment to elucidate two “peculiar” cases:

(i) f k=0and Q =@ (ie. J, =0), then Z(J,y)s = () is the zero Rees algebra.
(i) If k¥ = 1 and by = 0 (i.e. J, = (1)), we use the convention that z{ := 1, i.e.

F(J,y)e = Oy,t].

For the remainder of this chapter, we denote . (J,y)e by (z{', 232, ..., 23%, QY?), where Q C
M = %xy is an ideal, a; were similarly defined in Definition 3.3.4, and d is always the positive

integer [[_, (b; — 1)!. Observe from definition that inv,(.#(J,y)s) = inv,(.J).

We will soon observe in Corollary 3.3.10 that the stalk of #(J,y)e at y does not actually
depend on the choice of ordinary parameters x1, xs, ...,z associated to J at y, which justifies

the omission of x1, s, ..., x; from the notation.

3.3.B. Unique admissibility of associated Q-toroidal centers.

Theorem 3.3.9 (Unique admissibility). Lety € Y, and let Z, be a Q-toroidal center on a

netghbourhood U of y € Y that is J-admissible at y. Then:

(i) For any choice of ordinary parameters x; aty as in 3.5.2, F(J,y)e is J-admissible at

Y.
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ii e have inv,(Z,) <inv . Consequently, we have the characterization:
ii) We have inv,(4,) < inv,(J). C tl have the characterizati
Sy is a Q-toroidal center on a neigh-
inv,(J) = max ¢ inv, (&) : bourhood of y that is J-admissible at
Y
(ili) Assume inv,(F) = invy(J), and let Sy = ((z1)*, (x5)*, ..., (z},)™, Q) be a local
presentation of Z, at y. For any choice of ordinary parameters xy,xs, ..., T aSSOCI-
ated to J aty as in 3.3.2, we have I, = (x{*, x5, ..., 2%, Q') after possibly shrinking

U.
Before proving the theorem, let us note an immediate consequence of Theorem 3.3.9:

Corollary 3.3.10. The stalk of Z(J,y)s at y does not depend on the choice of ordinary

parameters xi,To, . .., Ty associated to J aty.
The following lemma will be crucial in the induction step of the proof of Theorem 3.3.9:

Lemma 3.3.11. Let Z, = ((2})™, (z5)*, ..., (z}.)%,(Q")*) be a Q-toroidal center on a
netghbourhood of a point y € Y, where k > 1, and a; € N~y. Then:
(i) Suppose F, is J-admissible at y. Then for any integer 1 < a < ay and s > 1, Fn/a)e
is G (J, a)-admissible at y.
(ii) Conversely, if Fa-1ye is C(J,a)-admissible at y for some integer 1 < a < aq, then
Sy is J-admissible at y.
In particular, for any integer 1 < a < ay, F, is J-admissible at y if and only if F,—1)e is

C(J, a)-admissible at y.

Proor. If .#, is J-admissible at y, re-iterating Lemma 3.1.10(i) tells us that for all 0 <

j<a-1, ﬂ(L_j). is 959(J)-admissible at y. For cg,...,c,_1 € N, Lemma 2.3.28(ii) implies

al

that f<za71 i e is (H?;é (257(J))%)-admissible at y. Since a < a;, we have ©L <

§=0 “a; I
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GZ_:j for 0 < j < a — 1, whence f( ala—j, \, 18 (H?;é (.@Sj(J))Cj)-admissible at y. For

~—

7=0 a
(coy...,Ccam1) € N® satisfying Z;;S (a—=j)e; > m, we have > 77 “2e; > =, and hence,
F(m/aye 18 (Hj;é (2<7(J))%)-admissible at y. By Lemma 2.3.28(i) and Definition 3.2.6, (.7, )™/

is Gy, (J, a)-admissible at y. This proves (i).
Conversely, if F,_1y. is C(J,a)-admissible at y, then in particular #, 1y, is J(e=DL

admissible at y. By Lemma 2.3.28(iii), .%, is J-admissible at y. This proves (ii). O

PROOF OF THEOREM 3.3.9(i). Throughout this proof, let us write Z, = Z(J,y)e =
(z§, 292, ..., 25, QY4). We proceed by induction on the length L of inv,(J) = inv,(.4,).
There is nothing to show if L = 0. For L = 1, the case inv, (%) = (a1), with a; € N, is
evident. If inv, (%) = (c0), then .7, is J-admissible at y because .Z(J), D J,.

Henceforth, assume L > 2, so in particular, the first entry in inv,(.%,) is an integer
a; > 1. By Lemma 3.3.11(i), we may replace J by C' := C(J,a;) and replace .Z, by Z(4, 1.
By Lemma 2.3.29, we may pass to completion at y, and instead show that j(\al_l)!. =

Har—1 ;.ﬁyy OC* ﬁyy . C". By Lemma 3.2.13 we can decompose
C= @)+ @ NG+ + (@1)Gapor + Gayr, where Goyroi == Gayi(J,a1),

and therefore, it remains to show %1_1” D (2} - éalg,i) for every 0 <14 < a;!. The case i = a;!
is immediate from the definition of .%.

For the remaining 0 < i < ay!, let us replace Y by a neighbourhood of y so that the hyper-
surface H := V(x1) C Y of maximal contact for J at y is globally defined. By Lemma 3.3.11(i),
as well as the induction hypothesis (applied to COy at y € H), H4,-1)1eOp is COy-admissible

at y. By Lemma 2.3.28(iii), we see that

<$(212(a1—1)!(a1!—z‘) xak(al_l)!(al!_i)’Q(al D!(ay!— z)/d>

j(al Di(ar!— z)ﬁH: yor oy Ly
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is C(91'=9) @y -admissible at . (In the above expression, note that each x; is more precisely the
reduction of x; modulo x; = 0.) By parts (i) and (vi) (= C is Z-balanced at y) of Lemma 3.2.9,
we have (Go,1)3" = 25(C)3' € Cf'~". Thus, Ha,—1)i(ar1—i)eOn 1s also GZﬂ_iﬁH—admissible
at y. Consequently, by passing to the completion % .y and then extending to é’\yﬂ =0 mylxi],

the t'-graded piece of

- ai!(a1!=i) _as(a;—1)!(ay!—i)
(1’1 y Lo

lar-1)(ar1—i)e = gor(a=Diat=5) Q(arl)!(aﬂﬂ)/d)

gy Lp

contains CNJZS_Z Next, by Lemma 3.1.10(ii), the t'-graded piece of

— . ailay! a2(a1—1)lay! ag(a1—1)laq! a1—1)a1!/d
ﬂalfl)!allo - (331 y Lo yooey g ) Q( ) /

contains (" CNJZi:_Z), so Lemma 2.3.28(iii) implies that the t*-graded piece of j(\al_l)!. contains

18 - Gay1_y, as desired. O

The proof of the remaining parts is similar to the earlier proof of Theorem 3.1.13. We will

prove both parts simultaneously.

PrROOF OF THEOREM 3.3.9(ii) & (iii). Again, we prove both parts by induction on the
length L of inv,(J). There is nothing to show if L = 0. For L = 1, there is also nothing to
show for the cases inv,(J) = (0) and inv,(J) = (c0). If inv,(J) = (a1) with a; € Nsg, then
Jy = (27") for an ordinary parameter x; at y, and both parts are immediate.

Henceforth, assume L > 2. Let

Fo = ((xll)alv (wIQ)QQ’ SRR (fé)wa (Q/)a)

be a local presentation of .#, at y. Since L > 2, the first entry in inv,(J) is the integer

1 < a; = log-ord,(J) < co. Consequently, £ > 1. Applying Corollary 3.1.11, ay < ay. If

oy < aq, invy(A,) < inv,(J) follows. Thus, assume a; = a; for the remainder of this proof.
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Let x; be any maximal contact element for J at y. Applying Lemma 3.1.10(i) repeatedly,

I jarye = (@, (xh)2/a L (z))/ (Q' C M)/ is @=1~1(J)-admissible at y, and hence,

/

(x1)-admissible at y. Extending 2, 2}, ..., z} to a system of ordinary parameters z/, 25, ..., a2},

at y, and passing to completion at y, we can write the image of x; under Oy, — 0, , —
@yyy = rk(y)[x], ... 2] as D enn e (@) -+ - (7,)" for some ¢y € K(y). By Lemma 3.1.15, for

any v € N" such that ¢, # 0, we have:

k
v + Zvial/ai > 1.
i=2

Consequently, if we let {p = max{1 < i < {: oy = a1} > 1, then the image of z; in O,y

. . / / 2 . . . .
lies in (27,...,2y,) + m; . where mg , is the maximal ideal of &, . Therefore, after possibly
reordering ', ..., x; , we may replace x} by x; so that (z1,25,...,2;) is a system of ordinary

parameters at y. By Lemma 3.1.14, we obtain
Fo = (2", (25)%, . (1), (@)%)-

The next natural step is to pass to the induction step.
We may replace Y by a neighbourhood of y so that the hypersurface H := V(x;) of maximal
contact for J at y is globally defined. Let C':= C(J,a;). By Lemma 3.3.11(i), #(q,—1y is C-

admissible at y. In particular,
Tar-11eOp = ()2 7D (g )l (@) =Dl

is C'0y-admissible at y € H. By the induction hypothesis for part (ii) of the theorem (applied

to COy at y € H), we see that

vy (Fa,-11eO0n) = (a2(ar — 1)), ... ax(ar — 1)), %) < invy (COy)
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where the final entry * is either empty or oo, so that

inv, (SFOy) = (as, ..., a5 %) < -inv, (CO).

1
(CLl — 1)'
Applying Lemma 3.3.6(i), we obtain

inv, (COx)

invy(f.) = (Gl,@% . ,ak,*) = (al,invy(f.ﬁ}[)) S (al7 (al . 1)'

) = i, (J)

which completes the induction step for part (ii) of the theorem. On the other hand, in the event
that inv, () = inv,(J) (le. S = (7", (25)*, ..., (z},)™, (Q'))), then by Lemma 3.3.6(i), we
have

invy (e -1)0n) = (az(ar — 1), ... ap(ar — 1)}, %) = inv, (COy)

where the final entry x is either empty or co. For any extension of x; to a choice of ordinary
parameters xy, T, ..., T, associated to J at y (3.3.2), we may therefore apply the induction
hypothesis for part (iii) of the theorem (to #(4,_1y1e@y which is C0y-admissible at y € H) to
obtain:

SRR ((x/Z)(ma R (x;c)akv (Q,)a) = (ZESZ, S 71,21@’ (Q/)a)'

In the above expression, each x is more precisely the reduction of x; modulo z; = 0, and

similarly each x; is the reduction of x; modulo z; = 0. We claim that this implies
To = (27, (25), - (1) ™ (@)) = (21,25, 2, (Q)°)

This equality of integrally closed Rees algebras can be checked directly, but it is more straight-
forward to check it using idealistic exponents, cf. the next remark. This completes the induction

step for part (iii) of the theorem. O
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Remark 3.3.12. Let .4, be a Q-toroidal center, and assume that globally on Y we have

Ly = (0, 252, ..., 2%, Q%). For each 1 < ¢ < k. consider
1 %2 Mk o 9
;= Nz + -+ X)) + g,

where )\, ; are sections of Oy. Then we claim that ., = ((x})™, (x})**, ..., (z},)™, (Q")*). To
check this painlessly, we simply pass to idealistic exponents: it then suffices to check that for

every v € ZR(Y/k), we have the following equality:
min({av(z;): 1 <i <k} U{av(q): ¢ € Q}) = min({awv(2}): 1 <i <k} U{av(q): g € Q})
which is not a difficult exercise. More generally, note that one can replace each z; by
zp = Niax1 4+ Niia®ior) + T+ (N1 Tipn + -+ Aiede),
where ¢ = max{1l < j <k: a; = a;}, and once again \;; are sections of Oy.
Combining Theorem 3.3.9(ii) with Lemma 2.3.28 and Lemma 3.3.11, we obtain:

Corollary 3.3.13. Lety € Y. Then:
(i) inv,(J?) = d -inv,(J) for any d € N,.
(ii) If log-ord,(J) = a1 € Ny, then inv,(C(J,a)) = (a — 1)! - inv,(J) for any integer

1<a<a;.

3.3.C. The associated toroidal center. Recall from Corollary 3.3.7 that maxinv(J) :=
max,ey inv,(J) exists. In this subsection, we use unique admissibility from the previous sub-

section to prove:
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Theorem 3.3.14. There exists a unique J-admissible Q-toroidal center .Z(J)e on'Y such
that for ally € Y, the stalk of #(J)e aty is:

(T, Y)e if inv,(J) = maxinv(J)
(F()e)y =

Oyt if inv,(J) < maxinv(J).
The above theorem says that set-theoretically, the co-support of .#(.J), consists of points
y € Y for which inv,(J) = maxinv(J), and therefore by definition can be interpreted as the

“worst singular” locus of V(J) C Y. We make the following

Definition 3.3.15 (Associated toroidal center). The Q-toroidal center associated to J is
F(J)e in Theorem 3.3.14. We also define the toroidal center Z(J)s associated to J to be
the reduction (3.1.17) of #(J), at any point y € Y satisfying inv,(J) = maxinv(J). This is
well-defined, independent of the choice of y, by the previous theorem. Note too that Z(J)e is

a reduced toroidal center on Y in the sense of Definition 3.1.16.

PRrROOF OF THEOREM 3.3.14. Let V denote the open locus in Y whose points are those

y € Y where inv,(J) < maxinv(J). We need to show that we can glue the following:

(1) ﬁV[t]v and
(ii) for each y € Y with inv,(J) = maxinv(J), the Q-toroidal center .#(.J,y). restricted

to an sufficiently small open affine neighbourhood U of y.

To this end, fix y € Y with inv,(J) = maxinv(.J). Let
(3.9) I (T y)e = (a8, 252, ..., 2%, QYY)

be a local presentation of .#(J,y), at y as in Definition 3.3.8, defined on an open affine neigh-

bourhood U of y in Y. Recall that x,zs, ..., x; are choices of ordinary parameters associated
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that after possibly shrinking U, the following are true for any ¢y’ € U:

(a) If inv,/(J) = maxinv(J), then the stalks of #(J,y), and .#(J,y')e at 3’ coincide.

(b) If inv, (J) < maxinv(J), then the stalk of .7 (J,y)es at ¥ is Oy, [t].

For (a), z1,. .., xy are also ordinary parameters associated to J at y'. By Theorem 3.3.9(iii),

we can therefore express
j(‘L y/)O = (xclllv 5%, 7xzk7 (Q/)l/d>

where Q' = 4 (J[k +1]), C M (... an) < My, =1 M'. It remains to note that the ideal

of .#y|y generated by the image of Q) = my under a chart §: M — I'(U, #y) is
A (J[k + 1])), from which (a) follows.

For (b), let invy(J) = (a1, 9,...,0, %) < maxinv(J), where the final entry * is either
empty or oco. Note that we must have k < £. Let us first consider the case when there exists
1 < j <k such that a; < a;. Let jo = min{l < j < k: a; < a;}, so that xy,2s,...,2j,_1 are

ordinary parameters associated to J at y'. Let J[j — 1] C Oy(y, y be the ideal defined

----- Tjo-1
inductively as in 3.3.2. Then ay, < aj, implies that log-ord,, (J[j —1]) < log-ord, (J[j —1]) =: s,
so 2=571(J), # (1) but 2=71(J), = (1). Thus, there exists some section § € Z=5"1(.J) over
U such that ¢ is in the maximal ideal my,, of Oy, but is also an unit in Oy,,. (If U = Spec(A)
and y,y’ € U correspond to prime ideals p,p’ C A, then any 6 € 2=571(J)|y . p’ suffices.) By
replacing & by 0%, we may assume that 6 € mi. . If z;, is already a unit in Oy, (b) is evident
from (3.9). If not, z,, + ¢ is a unit in Oy, and is also an ordinary parameter associated to J
at y. Because of Theorem 3.3.9(iii), we are allowed to replace z;, by z;, + ¢ in (3.9), and (b)
follows.

The second case occurs when a; = a; for all 1 < ¢ < k. In this case, z1, 2o, ...,z are also

ordinary parameters associated to J at y’. We always rule out the case Q = @ (which occurs
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if and only if J[k + 1], = 0, or equivalently, inv,(J) = (a1,...,ax)), by shrinking U so that
U N Supp(J[k + 1]) = @. We then have Q # @, so that k < ¢ with o), < oo, and hence

A (J[k + 1)), = (1). Arguing as in (a) completes the proof for (b) in the second case. O

3.3.D. Functoriality of associated toroidal center.

Lemma 3.3.16. Let f: Y > Y bea logarithmically smooth morphism of strict toroidal

k-schemes, which maps y € Y toy € Y. Then

I e Oy = 7 (f7 ()05, 1)

on an open neighbourhood of § € Y. If f is moreover surjective, fHI(N)e) Oy = I(fHJ])O5).

ProOOF. We may replace Y with an open neighbourhood of y on which a presentation
I (y)e = (27,252, ..., 27, QY) as in Definition 3.3.8 is defined. We proceed by induction
on k. There is nothing to show if log-ord,(J) = 0, i.e. J, = (1). If log-ord,(J) = oo, then
N ())Oy = #(f1(J)Oy) by Lemma 3.1.2(iii), and the lemma is immediate. On the
other hand, if a; := log-ord,(J) € N.o, then any maximal contact element x; of J at y is
also a maximal contact element of f~'(J)0y at y. Let H (resp. H ) be the hypersurface
V(z1) CY (resp. V(z1) C Y) with the induced logarithmic structure from Y (resp. V). Then

f:H= f~Y(H) — H is logarithmically smooth, so Remark 3.2.8 gives:
C(f ()0, a1)05 = (fH(C(J, 1)) O5) O = fHC(J,a1)Op) 0.

The proof concludes by applying the induction hypothesis to the ideal C'(J,a;)0y on H, and

the morphism f: H= f"YH)— H. O
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Corollary 3.3.17. Let Y be a toroidal Deligne—Mumford stack over k, and fix an atlas

p1
7“:Y1::Y0><yY0:;YOL>Y

P2
for'Y, where Yy and Y; are strict toroidal k-schemes. Let y € |Y|.

(1) If yo, yy € Yo are points over y, then invy, (¢~ (J)Oy,) = invy (¢~ (J)Oy,).
(ii) If yo € Yy is a point over y, the Q-toroidal center % (q~(J)Oy,,y1)e descends to a

Q-toroidal center Z(J,y)s on an open substack of Y containing y.

In particular, the Q-toroidal center % (q ' (J)Oy,)s descends to a Q-toroidal center #(J), on

Y.

PROOF. Let (yo,y,) € Y1 denote the point mapping to y; via p; for i = 1,2. Since p;»
are both strict and étale, Lemma 3.3.6(iii) implies inv, (p~'(J)Oy,) = inv(y, ) (7~ (J)Oy,) =
inv,, (p~'(J)Oy,), so part (i) follows. If that invariant is equal to maxinv(p~'(.J)Oy,), then
Lemma 3.3.16 implies p;.7 (p~'(J)Oyys y0)e = F (r(J) Ovy, (o, %5)) . = P57 (07 () Oy 1))
If not, evidently the same equality holds (they are all equal to Oy, (4, 4)[t]). Therefore, we obtain
the desired descent in the final statement. Part (ii) is a consequence of the final statement by

replacing Y with an invariant open neighbourhood of y; on which . (J0y,,y1), is defined. 0O

3.4. Iterative logarithmic resolution in characteristic zero

3.4.A. Invariant drops with each weighted blow-up along associated toroidal center.
Let J be a non-zero ideal on a strict toroidal k-scheme Y. Write maxinv(J) = (ay, as, . . ., ak, *)
as in Definition 3.3.4, and let .7 (J), = (z§*,2%2,...,23%, Q) be a presentation of .#(.J), at
any y € Y with inv,(J) = maxinv(J) as in Definition 3.3.8. As always, * is either empty or
00, depending on whether () = @ or not.

Next, if £ > 1, since a; € N+, there exists a unique ¢ € N+ so that a;/¢ = 1/d; for every

1 <i <k, and ged(dy,ds, ... ,dy) =1 (cf. 3.1.17). If K =0, we set £ = 1. Then the toroidal
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center .Z(J), associated to J (Definition 3.3.15) has the following local presentation at every

y € Y with inv,(J) = maxinv(J):
(3.10) I(N)e = I () 1jne = (xi/dl7x;/d27 . ’l,llc/dk7Q1/d€> .

Recall that if £ = 0, d = 1. The main goal of this subsection is to demonstrate the following

Theorem 3.4.1 (Invariant drops). Let t: Y’ := Bly(;),(Y) = Y be the weighted blow-up
of Y along the toroidal center Z(J)s associated to J. Let E be the exceptional divisor of m,

with ideal sheaf Ip C Oy. Then:

(i) Y’ is a toroidal Deligne—Mumford stack over k.
(ii) 7 is an isomorphism away from the closed locus of points y € Y satisfying inv,(J) <
max inv(.J).
(iii) We have £ = max{m € N: = 1(J)Oy, C I}. In particular, if we write 7w (J) Oy =
IS - J', then J' C Oy is the weak transform 7;*(J) of J under .

(iv) maxinv(J') < maxinv(J).

For the definition of weak transform, see Definition 2.3.31. In fact, for the purposes of

induction, we must consider a slight generalization:

Theorem 3.4.2. More generally, for any ¢ € N~q, consider the weighted blow-up 7t: Y’ :=
Bly(5))0.(Y) = Y along the toroidal center Z(J)/c)e- Let E be the exceptional divisor of m,

with ideal sheaf [y C Oy:. Then:

(i) Y is a toroidal Deligne—Mumford stack over k.
(i) 7t is an isomorphism away from the closed locus of points y € Y satisfying inv,(J) <
max inv(.J).
(iii) We have bc = max{m € N: 7w (J)Oy: C I%}. In particular, if we write 1 (J) Oy =

I% - J', then J' C Oy is the weak transform 7,1 (J) of J under .
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(iv) maxinv(J') < maxinv(J).

We first prove the first three parts:

PROOF OF THEOREM 3.4.2(i), (ii) & (ii). Part (i) follows from Corollary 2.7.20, while
part (ii) follows from the definition of .Z(.J)s, cf. Theorem 3.3.14. For part (iii), we have
max{m € N: 7 (J)Oy, C I} = max{m € N: Z(J)(m/c)e is J-admissible}, by Lemma 2.3.30.

Since Z(J)pe = #(J)e, the latter is equal to fc by Theorem 3.3.9(i). O

We now work towards part (iv) of the theorem, starting with the case k = 0, i.e. maxinv(J) =
() or (00). If maxinv(J) = (), J vanishes on at least one connected component of Y. Since
J # 0, J is also non-zero on at least one component of Y. Then .#(.J), is the zero Rees algebra
on the components Y, of Y on which .J is zero, and is Oy, [t] on the remaining components Yj
of Y. Then the weighted blow-up Bl s, is simply the inclusion of the components | | sYg =Y

(i.e. it “blows the Y,’s out of existence”), and Theorem 3.4.2(iv) is clear. On the other hand:

Lemma 3.4.3 (“Cleaning up”). If maxinv(J) = (oc0), Theorem 3.4.2(iv) holds.

PRrOOF. Fix y € Y such that inv,(J) = maxinv(J) = (o00). It suffices to show that
inv, (J') < inv,(J) for every ¥ € |Y’'| mapping to y under 7. For that reason we replace Y by
a neighbourhood of y so that the presentation .#(.J), = (Q) at y (3.10) is defined on Y, i.e. we
have a chart M — ['(Y, #y) that is neat at y, with Q C M = .#y,. As in 3.1.7, we can then

write

Y’ = P10jy (Ox @z ZIM')) —— Y  where M’ = My (e,

where M — M’ maps m — u‘m’ for every m € Q. Here, u = t~! is the monomial in Z[M’]
corresponding to (0,—1) € M’, and m' = m - t° is the monomial in Z[M'] corresponding to

(m,c) € M'. Since m: Y/ — Y is logarithmically smooth (Corollary 2.7.18), Lemma 3.1.2(iii)
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implies that . (" Y(J)Oy:) = w Y (# (J)) Oy, so that
(3.11) M () Oy)y =1 (M(])y) Oy =T (Q) Oy

Since every m € Q C M factors as um’ in M', and Y” is covered by (m’)-charts where m varies

over a finite set of generators for @), we have:
(3.12) Q) Oy y = () = I,
Combining Theorem 3.4.2(iii) with (3.11) and (3.12), we obtain
w (J)Oyry =15, - I}y = AT (])Oy)y - T,
Taking .# (—) on both sides and applying Lemma 3.1.2(iv), we obtain
M) Oy = M) Oy - M (T,

so that by Nakayama’s lemma, .#(J'), = Oy, ie. a} = log-ord,(J') < oo. Thus,

invy, (J') = (a},...) < (c0) = inv,(J). O

For the case k > 1, the next lemma (and its corollary) shows we can replace J by the

coefficient ideal C' := C(J, ay):

Lemma 3.4.4 (cf. [BMO08, Lemma 3.3]). Assume k > 1, so that a; := log-ord, (J) € Nx.

Let C := C(J,a1). Then:

(i) T (C) Oy C I8¢ e, T H(C)Oyr = I8 C" for some ideal C' C Oy

(ii) We have the inclusions: (J')\@=V' c C' c C(J', ay).
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PRrROOF. By definition, we have:

a;—1 a1—1
T[il(C)ﬁy/ = (H (ﬁil(_@;j(ej)cj)ﬁy/ LG & N, Z (a1 - j)Cj 2 a1!> .
7=0

J=0

By Theorem 3.4.2(iii), m~}(J) Oy = [Z&dlc - J'. Therefore, by Corollary 3.1.9, we see that for

every 1 <7 < ay,
TN D) Oy C TN g=i( ),

Plugging this into the first equation yields:

a1—1 a1—1
N (C)Oys C Ig'he (H (@9 €N, S (a ey > '> = [ O ay).
7=0 7=0

From this, we obtain (i) and the second inclusion in (ii). Thus, we get the second inclusion

C" C C(J',ay). The first inclusion in (ii) follows from the inclusion
T[_l(O)ﬁy/ ») ﬂ_l(J(al_l)!)ﬁyl _ [CEI,‘l!dlc . (J/)(al—l)!
where the inclusion follows from the definition of C', and the equality follows from Theo-

rem 3.4.2(iii). O

Corollary 3.4.5. For every point iy € |Y'| over y, we have:

(i) invy (C") = (ag — 1)! - inv, (J').
(ii) inv, (J') <invy(J) if and only if inv, (C') < inv,(C).

PROOF. By Lemma 3.4.4(ii), we have:

inv, ((J) D) > inv,, (C') > inv, (C(J',a; — 1)),
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but Corollary 3.3.13(ii) implies inv, (C(J',a1)) = (a1 — 1)! - invy(J') = inv, ((J)@=Dh.
This forces equality throughout, yielding part (i). Part (ii) follows from part (i) and Corol-

lary 3.3.13(ii). O

PROOF OF THEOREM 3.4.2(iv). Fix y € Y such that inv,(J) = maxinv(J), and it suffices
to show that inv, (J') < inv,(J) for any ¢ € Y’ mapping to y under 7. For that reason we
replace Y by a neighbourhood of y so that the presentation .#(J), = (z',252,..., 23", QY?)
at y (3.10) is defined on Y.

We induct on the length L of inv,(J). First consider the base case L < 1. The cases
inv(J) = (o0) and inv,(J) = () have already been settled (resp. before) in Lemma 3.4.3. On
the other hand, if inv,(J) = (ay) with a; < oo, then J, = (z{'), and 7t is the weighted blow-up
of (m}/ ‘) with weak transform Jj, = (1). Henceforth, assume L > 2. In particular, & > 1.
Then we may and can replace J by C, because of Corollary 3.4.5, as well as the fact that
F(J)e = Z(C)a, which is implied by #(C)e = j(‘])(al—l)!o = I (J)artdse-

Let us outline the setup for induction. Let H := V' (z1) C Y, i.e. a hypersurface of maximal
contact for J at y. Let #(J)e denote the reduction of 7 (J)eOy = (252,..., 2, QY?) at y,
le.

Tu(D)e = I (D)@l = (2512, al/% Q1)

where ¢ := ged(dy, . .., dg). Then

j(CﬁH). = (x;Q(alfl)!7 e ,ka((ll*l)!’ Q(alfl)!/d) — <](§Il—1)!- = ﬁ(g})(@(a1,1>!).

C/

so Iu(J)e = F(COk),. Since the length of inv,(COf) is < L, the induction hypothesis

implies in particular that the invariant of C'0y at y drops after the weighted blow-up of H

along

X(CﬁH)(%). = fH((])(%). — (xé/d2c7 o 1/dkc Ql/d€c>
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which coincides with the the proper transform H' := V(x}) — V(z1) := H of H under the

1/dic 1/cd
/da :UQ/ 2

weighted blow-up along Z(J)(1/0e = (2,"", . ,:c,lg/d’“c, Q'4°). For the remainder of the

proof, we shall adopt all the conventions introduced in 3.1.7 for 7t: Y’ = Bl 4 Y =Y. To

J)(l/c)o

leverage on the preceding setup, we consider the following cases for y/:

(a) ¢ is in the z}-chart of Y”;
(b) otherwise, 3’ is in the proper transform H' = V().
For case (a), the local section 2" of C factors as 2" = u®'4c. 1 in COy = [4'M°. C" =

(ut'he . C"). Therefore, C;, = (1), i.e. invy(C") = (0) < inv,(C), as desired. For case (b), we

saw earlier that the induction hypothesis implies:
(313) iHVy/(C,ﬁH/) < iHVy(OﬁH).

Moreover, the local section 2" of C' now factors as 29" = u®'@¢. (/)" in C Oy = I3 C" =
(u'de. C"). Thus, (2})4! C C,/, so that log-ord,, (C') < a;!. We now split (b) into two further
sub-cases:

(bi) If log-ord,,(C") < ap!, then a fortiori inv,/(C") < inv, (C').

(bii) On the other hand, if log-ord,, (C') = a;!, then 27 is a maximal contact element for

C" at ¢, whence:

by Lemma 3.3.6(i)

inv, (C(C", a1!) O
inv, (C') = (alg, inv, (C(C", a1!) O ))

(a! = 1)!
< (all, invy/((ig?”_ﬁf;/', al!)>) since C(C',a") Oy D C(C' Oy, ay))
= (a1, invy (C'Oppr)) by Corollary 3.3.13(ii)
< (a1!,invy (COy)) by (3.13)
= (a1 — 1)! - inv,(J) by Lemma 3.3.6(i)
= inv, (C) by Corollary 3.3.13(ii).

159



This completes the proof of the induction step. O

3.4.B. Proof of main theorems in §1.2.A.

PrOOF OF THEOREM B. By hypothesis, X # Y. Let J be the underlying non-zero ideal
of X C Y. We take I, = Z(J)e (Definition 3.3.15), with weighted blow-up 7: Y" — Y to
be s, : Bly,Y — Y. Then part (i) follows from Theorem 3.4.2(i) and Remark 2.7.9,
while part (i) is Theorem 3.4.2(ii). For part (iii), the proper transform J of J under 7 always
contains the weak transform J’ of J under 7 (cf. Definition 2.3.31), and thus by definition,
max inv(.J) < maxinv(J’). Since maxinv(J') < maxinv(J) by Theorem 3.4.2(iv), we are done.

Finally, functoriality with respect to logarithmically smooth, surjective morphisms of pairs

follows from Lemma 3.3.16. O

To deduce Theorem A from Theorem B, we require an additional observation:

Lemma 3.4.6. Let J C Oy be an ideal. If maxinv(J) is the constant sequence (1,1,...,1)
of some length c, then the locus C' consisting of points y € Y such that inv,(J) = maxinv(.J)

1s both open and closed in X.

Proor. We may assume that Y is a smooth, strict toroidal k-scheme. We already know
from Lemma 3.3.6(ii) that C is also closed in X. To show C'is open in X, let y € C, and let
x1,...,x. be ordinary parameters associated to J at y (3.3.2), defined on some open U C Y.
Then .#(J,y), is simply the Rees algebra associated to the ideal (z1,...,x.), so that:

(a) J, C (z1,...,2.), by Theorem 3.3.9(i).
(b) By the definition of < in 3.3.1, note that for p € U N X, we have inv,(J) =
(ay,...,a;) <maxinv(J) = (1,1,...,1) (of length ¢), if and only if

length ¢
. Hg% .
inv,(J) = (1,1,...,1,act1,...,a) with £ > c.
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By 3.3.2, that happens if and only if Jp|v (. 20 # 0, ie. Jp & (21, ..., 2c).

Set U':=(UNX)~ V((xl, AR J). Then U’ is open in X, contains the point p (by (a)),
and is moreover contained in C' (by (b)). Since p € C was arbitrary, we conclude that C' is

open in X. U

PrROOF OF THEOREM A. If X =Y, there is nothing to show. If not, we define TT induc-
tively. After the k™ step of the algorithm (i.e. we have defined Y} LN VAL LN A

with proper transforms X; C Y; of X), we undertake the following steps for the (k + 1) step:

(i) If maxinv(X, C Y;) = (1,1,...,1) of some length ¢, then Lemma 3.4.6 says that
the locus C} consisting of points y € |Y)| such that inv,(X) C Y;) = maxinv(X; C
Yir) = (1,1,...,1) (of length ¢) is both open and closed in X}, and hence is a smooth
connected component of X;. We consider two cases:

(ia) If Cy = X}, we then stop at the k'™ step.

(ib) If C) # X} and maxinv(X, \ C, C Yy) = (1,1,...,1) of some length ¢ > ¢, we
repeat step (i) with Xy C Y} replaced by X \ Ck C Yj. Otherwise, we proceed
to step (ii) with X C Yj replaced by X ~\ Cy C Yj.

(i) If maxinv(Xy C Yy) # (1,1,...,1) of any length ¢, we apply Theorem B to X C Y%,
which gives us mpi1: Y1 — Yi and proper transform X,y C Yy, of X which

satisfies maxinv(Xy41 C Yiy1) < maxinv(Xy C Yy).

Under this procedure, observe that at every point y of X, the invariant of proper transforms
X, C Y; at points ¢y € X; above y must eventually drop to (1,1,...,1) of some length, and
moreover, cannot drop to (0) without first dropping to (1,1,...,1) of some length. This is
because X is reduced and generically toroidal, and therefore so are the proper transforms X;
of X. Since the lengths of these invariants are bounded above by dim(Y) = dim(Y”) (cf.

Definition 3.3.4), this procedure eventually terminates to the desired II.
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Finally, if f: Y 5 Yisa logarithmically smooth morphism of toroidal Deligne—-Mumford
stacks over k, and the logarithmic embedded resolution of X C Y is II: Yy N Vv, KRN
... I4 Yy = Y, then it follows from the functoriality in Theorem B that the logarithmic

embedded resolution of X xyY C Y agrees step-by-step with the pullback of II along f: Y 5 Y:

YNXY?ﬂ)YNfl Xyi\} ST fﬂl\i}

after removing any f*m; which are empty blow-ups, which may occur whenever f is not surjec-

tive. O

Remark 3.4.7. Note that the proof of Theorem A simplifies if one assumes X C Y is of pure
codimension c¢. In that case, one iterates Theorem B until maxinv(X, C Y;) = (1,1,...,1) of
length ¢, and the procedure terminates. Indeed, C), = X} in part (i) of the proof of Theorem A,
because they both contain the dense open X8~ C X and are both of pure codimension c

inY.
Next, to deduce Corollary C from Theorem A, we require the following:

Lemma 3.4.8 (Re-embedding principle for Theorem B). Let X be a reduced, closed substack
of a toroidal Deligne-Mumford stack Y over k. Let Y, be the fiber product Y & Al in the
category of fs logarithmic Deligne-Mumford stacks, where A := Spec(k[xo]) and k are given
the trivial logarithmic structure. Then:

(i) For every y € |X|, inv, (X CY;) is the concatenation (1,inv, (X C Y)).
(i) Let (X CY) — (X' CY’) be the procedure in Theorem B. Then Y’ is canonically
identified with the proper transform of Y =Y x {0} C Y} under the weighted blow-up

Y] = Y1. Under this identification, we have X' = X7.

PrROOF. We may assume Y is a strict toroidal k-scheme. Letting J denote the ideal of X

in Y, the ideal J; of X in Y; is (20) + J. For any y € |X|, 25" (J1), = (1), with z, being a
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maximal contact element for J;. As in 3.3.2, we then have J[2] = J Ov(zy)=y = J. Therefore,
part (i) follows by definition of the invariant (Definition 3.3.4).

For part (ii), part (i) implies that there is a canonical identification
{y € Y: inv,(J) = maxinv(J)} «+—— {p; € Y1: inv,, (J;) = maxinv(J;)}
which sends y — (y,0). Moreover, for any y € Y with inv,(J) = maxinv(J), if
I (T y)e = (25,252, ..., 2, QYY)
as in Definition 3.3.8, then
f(Jl, (v, 0)). = (zo, 27", ..., 2}F, Ql/d)

from which the first assertion of part (ii) follows. Moreover, if J' (resp. Jj) denotes the
underlying ideal of X’ C Y’ (resp. X| C YY), then I] = (z() + I’ where (z{) is the proper

transform of (z) under the weighted blow-up Y/ — Y7, whence X’ = X7. O

PrROOF OF COROLLARY C. Since X can be embedded, locally in the étale topology, as
a closed subscheme of pure codimension in a pure-dimensional, toroidal k-scheme, the corol-
lary follows once we show the following. Given two strict closed embeddings of X into pure-
dimensional, toroidal Deligne-Mumford stacks Y; over k (for i = 1,2), the logarithmic reso-
lutions of X obtained from the logarithmic embedded resolutions of X C Y; and X C Y5 in
Theorem A coincide. First assume that dim(Y;) = dim(Y5): in this case, the two embeddings
are étale locally isomorphic. By the functoriality of Theorem A, the logarithmic embedded res-
olutions of X C Y; and X C Y; are étale locally isomorphic, whence the resulting logarithmic
resolutions of X coincide. In general, this reduces to the earlier case, by a repeated application

of Lemma 3.4.8. O
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ProOF OoF COROLLARY D. We give X the trivial logarithmic structure, in which case
Xlog=—sm — xsm e apply Corollary C to produce a logarithmic resolution TT: X+ — X.
Since X is toroidal with toroidal divisor D := TT71(X ~\ X®™), we can apply [W1020b, The-
orem 6.5.1] to resolve its toroidal singularities: it gives us a projective, birational morphism
Y. X+ — X T where:

(i) X * is a smooth Deligne-Mumford stack over k.
(il) ¥ is an isomorphism over (X )™ C X,
(iii) W=1(D™) is a simple normal crossings divisor.
Moreover, the procedure Xt — X *T is functorial with respect to smooth morphisms X+ -

X, Noting that Xs™ ~ TT-}(X*™) C (X )™, the composition

v il

®,: Xt y X+ y X

supplies a weak version of Corollary D, namely: ®,, is proper, but possibly not projective, and
X" is not necessarily a scheme.

To deduce the corollary from its aforementioned weaker version, we apply destackification
in the sense of Bergh-Rydh [BR19, Theorem 7.1]. In the language of loc. cit, we apply
destackification to the standard pair (X, D) where D is the simple normal crossings
divisor TT™}(X ~ X*™), and the morphism ®,: X'™ — X. We obtain a projective, birational

morphism @: 2t — X** such that we have

(27,97 (D) —= (X5*, DiF) = X
relative coarse space over X l

(X+F, D+)

projective

and such that both (27,0 1(DF)) and (X™+, D™) are standard pairs. Moreover, this
procedure is functorial with respect to smooth morphisms that are stabilizer preserving. Con-

sequently, the diagonal arrow X+ — X supplies the desired @. O
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3.4.C. An example. We show, by way of example, that the toroidal Deligne-Mumford stacks
Y; in Theorem A is not necessarily smooth over k, and the proper transform Xy = Yy Xy Xy
is also not necessarily smooth over k. This necessitates the need for resolution of toroidal
singularities, as outlined in the proof of Corollary D above.

We revisit the following singular surface in [ATW19, §8.3]:
X=V(J)=V(*yz +y*2) CY = A}
While Y] and Y5 for this example are smooth over k, we will see below that Y3 is not. We do

this by focusing on a particular chart at each step of our logarithmic resolution.

3.4.9 (Step 1). Since 2=*(J) = (z,y, z), we have maxinv(X C Y) = inv( (X CY) =
(4,4,4), and #(J), = (z*,y*, z*). Thus, the first step in our logarithmic resolution involves
the blow-up Y; — Y along .#(J), = (z,v, z), which is not only a strict toroidal k-scheme, but
also smooth over k.

For convenience, let us replace Y; by one chart on this blow-up, namely:
le = SpeC(Nl — k[xlaylagl]) 71_1) Y = Spec(k[w,y, Z])

where z1u; <=z, y1u; 1Y, u; < 2z, and V(uy) C Y; is the equation of the exceptional divisor.
We underline u; because its vanishing locus also defines the toroidal divisor on Y;. On this

chart, the total transform of X C Y is uj(x7y; + yiu,) = 0, with proper transform

X1 := V() = V(aty + yiu) C Yy = Spee(N' = Klzy, y1,,]).

3.4.10 (Step 2). Next, 2=Y(Jy) = (x1y1, 23 + 4y3uy, yiu,) and 2=%(J;) = (z1,y1), whence

C(J1,3)]y1=0 = (29). Therefore, maxinv(X; C Y1) = (3,3) < (4,4,4) = maxinv(X C Y), and
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F(J1)e = (23, y}). The second step in our logarithmic resolution involves the blow-up Y; — Y}
along Z(J1)e = (x1,y1). Similar to the earlier step, Y3 is a smooth, strict toroidal k-scheme.

Again, we replace Y5 by one chart on this blow-up, namely:
Ys := Spec(N? — K[z, Uy, vy]) ——— Y1 = Spec(N! = k[, y1, 1))

where zovy 4 T1, UV, < Uy, Uy < Y1, and V(vy) C Y, is the equation of the exceptional
divisor. As before, we underline u, and v, because the union of their vanishing loci defines the
toroidal divisor on Y. On this chart, the total transform of X; C Y7 is v3(22 4 uyv,) = 0, with

proper transform
Xy =V (J) := V(23 + uyv,) C Yy = Spec(N? — k[zy, Uy, Us]).

3.4.11 (Step 3). Finally, 2=(Jy) = (w9, uyv,), whence maxinv(Xy C Y5) = (2,00) <
(3,3) = maxinv(X; C Y;). Since C(Ja,2)]s=0 = (uyv,), we have & (Jo)e = (23, uyv,). Thus,
the third step in our logarithmic resolution involves the weighted blow-up Y3 — Y5 along
I (J2)e = (72, (uyv,)'/?). We know Y3 is a toroidal Deligne-Mumford stack over k, but this

time the following chart of Y3 is a scheme that is not smooth over k:
Us := Spec(M — Kluy, vy, w, uyv,w™>]) C Yy — Yy = Spec(N? — K[z, uy, v,)).

Here, w <+ x9, V(w) is the equation of the exceptional divisor on Us, and M is the (saturated)
submonoid of N? generated by e;, ey, e;, and e; + e; — 2e3. As before, we underline u,,
vy, and w to indicate that the union of their vanishing loci defines the toroidal divisor on
the aforementioned chart. Moreover, on this chart, the total transform of X, C Y3 is w*(1 +

Usvw~2) = 0, with proper transform

X3NUs := V(1 + uyvw=?) < Us = Spec(M — Kuy, vy, w, usv,w?]).
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Note that maxinv(Us NY; C Us) = (1) < (2,00) = maxinv(Xy C Y3), so our logarithmic
embedded resolution algorithm stops here (for this chart). In other words, X3 is toroidal on

Us. However, as a scheme,

k[u, v, w]
X3 N U3 =~ Spec (m)

is not smooth over k.
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CHAPTER 4

Resolution of singularities via multi-weighted blow-ups

4.1. Multi-weighted blow-ups: local aspects

4.1.A. Multi-weighted blow-ups on affine spaces. Throughout this chapter, we follow the
conventions on fans in Convention 1.0.1. We first review the notion of fantastacks in [GS15].

In the process, we will also fix some notation.

Definition 4.1.1 (Fantastacks). Given a lattice N with dual lattice M = NV, let ¥ be a

fan in Ng, and §: Z" — N a homomorphism with finite cokernel, satisfying the conditions:

(a) Every ray in X[1] contains some [3(e;).

(b) Every ((e;) lies in the support of 3.
Let 3 denote the set of all sub-cones ¢’ of cones o in Ng such that ¢’[1] C ¢[1], in which case
we say o’ can be inscribed in o, and write o’ C 0. We call ¥ the augmentation of ¥.. For each
cone o in X, we associate to it the cone & in R” = Z" ® R generated by those e; such that
B(e;) € 0. Then 3 := {G: 0 € B} is a fan in R", that is generated by cones in {5: o € X}
The fantastack Zx s associated to (X, 3) is the toric stack Xy 5 associated to the stacky fan

(f],ﬁ) That is:
T
Inp = [Xi / Gﬁ} , where Gp:= Ker (G”m =Tz — TN)

where:

(i) Xg is the toric variety associated to the fan S on Z".
(ii) Ty = Homgrp-sen(NY, Gy,) (vesp. Tzr) is the torus of N (resp. Z7).

(ili) Tj is the homomorphism of tori induced by /.
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(iv) G acts on Xg as a subgroup of G], = Tyr.

4.1.2. Given a fan ¥ in Ngr, we saw in 2.6.1 that there is a canonical fantastack 2%
associated to the toric variety Xy. Slightly more generally, let 7 = #X[1], and define § so that
it sends each standard basis vector e, indexed by a ray p in X to some lattice point on p. For
each p € X[1], write B(e,) as b, - u, for some b, € N-(. Then we usually write 2% 3 as Zx b,

where b = (b)) ,exp) € NEE]. If b is the unit vector (1,1,...,1), then 2% = 2.
4.1.3 (Cox presentation for fantastacks). By [CLS11, §5.1], we can express

Xg = A"\ V(Jx) = Spec(K[zy, 22, ..., 2,]) N V(Iz) = | J{U,: o € S[max]}

where
Jy = 2, := H z;: 0 € Ymax]
1<i<r
Blei)¢o
is sometimes known as the irrelevant ideal, and U, := Spec(k[zy, 2o, ..., x,][z;']) for each

maximal cone o € . Then Z% 3 admits a covering by principal open substacks Dy (o) =
[U, /| Ggl, as o varies over all maximal cones of . We call D, (o) the x,-chart of 2% 5, and
sometimes denote it by D, (z,). We cana also define D, (o) for every cone o in the augmentation

Y of ¥

4.1.4. As already noted in 2.6.1, S is a smooth fan. Moreover, the torus of 25 5 is G}, /G,
which is isomorphic to T via Ts. In other words, fantastacks are smooth toric Artin stacks

with trivial generic stabilizer.

4.1.5 (Good moduli space of fantastacks). By definition, the morphism f is compatible
with the fans ¥ and ¥, and therefore induces a toric morphism Xg — X5, which descends to

the good moduli space Z% 5 — Xy, cf. [GS15, Example 6.24].
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We can now make the key definition of this chapter:

Definition 4.1.6 (Multi-weighted blow-ups on affine spaces). A multi-weighted blow-up of

the n-dimensional affine space A" is the composition

good moduli space
O %Z,b > XE — A"

where:

(i) X is a fan in R" = (Z")g with |X| = (Z")§ = R%, i.e. ¥ subdivides the standard
fan ¥4q in R™ and hence induces a proper, birational morphism Xy, — Xy, = A",
(ii) b e N2J as in 4.1.2,

(ili) and Z5p — Xy is the good moduli space in the preceding 4.1.4.

4.1.7. Every multi-weighted blow-up ¥ is birational, as explained in 4.1.4. By [Alp13,
Theorem 4.16], the good moduli space morphism 2% — Xy is universally closed and surjective.

Therefore, so is 9.

Convention 4.1.8. For the remainder of this thesis, set N = Z", and M = (Z")". We will
make the obvious identification Sga[1] = [n]. Given a fan ¥ in Ng whose support is Nij = RZ,
we always view [n] = Yqq[l] as a subset of X[1], and we denote the complement X[1] \ [n] by
Ylex]. We call the rays in [n] C X[1] standard rays, and the rays in X[ex]| ezceptional rays.
This terminology will be justified later, cf. 4.1.19. In addition, for a set S, we write A (resp.
Z°) to mean k[x,: s € S] (resp. the free Z-module with basis {e,: s € S}. Moving ahead, for

n € N, A" shall mean A, and Z" means Z".
4.1.9 (Explicating multi-weighted blow-ups). Let us further assume that
(4.1) b; =1 for every i € [n] = Xxa[l] C X[1].
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Then the homomorphism 3: Z*[) — Z" induced by b (as in 4.1.2) fits nicely into the short

B
a =
-1

where I denotes the identity matrix of order #Xex] and B = (B; ,)1<i<n, pexjey is the matrix

exact sequence:

i
\ ZE[”

0 — Z>lex] 7" — 0

whose p™-indexed column is u, for each p € X[ex]. Unravelling the definitions, let us highlight

some key details:

(i) The matrix § = l I, B] induces the following commutative diagram:

X = AN V(Tg) <25 A —— A" = Spec(k[zy, Ta, - . ., 22])
stack-theoretic quotientl
‘%Zb — [Xi / Gi[ex]] Iy

where we follow the preceding convention and write

AP = Spec (K[}, 25, ..., 2] [2,: p € ex(a)])
so that the morphism A*!! — A" is induced by the homomorphism k[zy, 2o, . .., 7,] —

K[z}, b, ... )] [2,: p € Llex]] which maps

r'n

v (e T e | = (o TT e

pE[ex] pEX[ex]

for every 1 < i < n. For p € ¥lex], the corresponding coordinate z/, of A= will

occasionally be written as u, during examples (e.g. §4.1.B and §4.4.A).

B
(i) On the other hand, the matrix a = determines the action of Go on X C

Iy
AP = Spec(K[a), @), ..., 2] [2),: p € Y[ex]]) as follows:

(a) For every 1 <i < n, 2} has Z**|-grading (Bip)pesiex] = (b - Upi) pesex-
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(b) For every p € ¥lex], x, has Z¥_grading —e, = (—0,5)pesjex-
(iii) By Definition 4.1.1(i), Z%p admits an open cover by ! -charts D, (o) = D4 (z]) =
[Ug / Grzn[ex}], where o varies over all maximal cones o of ¥. Recall from 4.1.3 that

for every cone o in ¥, we have:

U, = Spec (k[z}, 2}, ..., )] [ac;: p € ex(a)] [(2})7])

where

ro /
T, 1= | | T,

pEX[1]No[1]

(iv) The orbit-cone correspondence for X descends to an orbit-cone correspondence for
Zxp. More precisely, there is a correspondence between the torus orbits of Zy
and the cones in the augmentation 3 of ¥ as follows. For every cone o in %, its

corresponding GV oorbit O, of Xg:

closed

O, :=U, \U{UU/: o' C o, U’;éa} — U,
descends to its corresponding (G%‘m / Gfﬁf(a))—orbit O(o) of Zx:

O(0) == [0, | GZ]

closed

=D,(0) U{D+<J/)3 o'Co, o #o0}= V(:B'p: p € o[l]) —— D, (o).

Note that since U, = | [{O,: ¢’ T o}, we also have

D, (o) = |_|{O(a): o'Co}.

Convention 4.1.10. For most parts in this chapter (with the exception of §4.2.A), we

usually only consider b = (b,),exn.n] € NEE}] satisfying the hypothesis in (4.1), i.e. b; =1

for every i € [n] C X[1]. In this case, we usually view b as a vector in NE%X]. Vice versa,
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any b = (b,)pesjex € Nﬂfx} will always be considered as a vector (b,),exp] in Ni% ] by setting

b; =1 for every i € [n].

Remark 4.1.11. In the event that b, # 1 for some p € X[ex], one can still explicate the

multi-weighted blow-up Z5 1 in the same way as 4.1.9, although partially. Namely:

Lo = [(AMV(Iy)) / D(Coker(5Y))] —— A™

where 9 is induced by K[z, 22, ..., z,,] = K[z}, @), ..., @}][2): p € E[ex]] which maps

rn

XT; — (:L';)b’ . H (;C/p)bﬂ'up,i

pEX[ex]

and where D(Coker(/3¥)) acts via the morphism of diagonalizable groups obtained from (Z>M)V
—» Coker(3") by applying D(—) := Homgp-scn(—; Gy). Alternatively, one can resort to the
next remark. Finally, 2% likewise admits an open cover by / -charts D, (o) with the same

description, and the same orbit-cone corrrespondence for 25y, persists.

Remark 4.1.12. For i = 1,2, let b; = (b; ;) exp) € NEQ] be such that for each p € X[1],
by, =¢, b1, for some ¢, € Ny,.

Then Zyp, can be obtained from Zy 1, A™ by iteratively taking cpth root stacks (cf. Ex-
ample 2.2.13, [Cad07b, Definition 2.3.1], or [AGV08, Appendix B]) along each coordinate

hyperplane V (z},) of %l 1, A".

Most multi-weighted blow-ups on affine spaces A™ used in applications are “canonically

associated” to a monomial ideal a C k[x1,xs, ..., z,]. We focus on these next.
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Setup 4.1.13. Let N = Z" and M = (Z")". Consider a monomial ideal a of k[z1, x9, ..., 2]
under the logarithmic structure induced by the chart N — k[xy, 29, ..., x,] sending each stan-
dard basis vector e; of N™ to z; (cf. Definition 2.7.5). That is, a monomial in k|xy, 2, ..., x,]

aj a2

is 2 := z{'zy” - - - ¥~ for some a € N”, and a is generated by a finite set of monomials. Then

associated to a are the following classical notions:

(i) the submonoid I, ={a€e MT: 22 €a} C M™,
(ii) the Newton polyhedron Iy (a) of a given by the convex hull of T}, in M,
(ili) and the normal fan X, of I'y (a), which is a subdivision of ¥4 in N, and hence induces

a proper, birational toric morphism Xy, — A".

These are reviewed in slightly greater generality in the next chapter, cf. §5.1.A and §5.1.B. We
also follow the conventions pertaining to Newton polyhedra there. For example, we shall denote
faces of I'y (a) by ¢, and denote facets of I'y (a) by 7 instead of ¢. Additionally, for every integer
0 < k < n, there is an inclusion-reversing “dual” correspondence between k-dimensional cones

o of ¥, and (n — k)-dimensional faces ¢ of ', (a), and we notate this “duality” as follows:

(a) ¢, is the face of I'; (a) dual to a cone o in ¥,, while o, is the cone in X, dual to a face
cof I' (a).

(b) If ¢ is a maximal cone in X,, we denote the vertex ¢_ of I'.(f) by v, = (vo,)is,
instead. If ¢ is a facet 7 of I, (a), then we denote the ray o. as p, instead.

(c) Given a ray p in ¥ with dual facet 7 of I, (a), we denote the affine span of 7, by H,
or H.. We also let N,(a) = N,(a) be the natural number so that H, has the equation

{a€ Mgr:a-u,= N,(a)} in Mg.

Additionally, in this chapter, we usually write ex(a) := ¥,[ex], and we also set ex™(a) := {p €
Ya[1]: N,(a) > 0}. Note that ex™(a) D ex(a), since the set of rays in ex™(a) correspond to the

set of facets of I'y (a) that are not contained in any coordinate hyperplane in V.
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Remark 4.1.14. The Newton polyhedron I'; (a) is “invariant” under the lens of logarith-
mic geometry. More precisely, I'y(a) is independent, up to symmetry, of any change in local
coordinates at 0 € A"™ which respects the logarithmic structure on A" induced by the chart
N" — k[x1, 29, ..., z,| sending each e; — z;. Indeed, any such coordinate change corresponds
to a monoid automorphism of N™ & 03, 5, which must map each (e;, 1) to (e;, u) for some

j€lnland p € Opny.

Definition 4.1.15 (Multi-weighted blow-ups along monomial ideals). For b € NE‘(‘)[”, the

multi-weighted blow-up of A™ along a and b is the composition

good moduli space

Sa,b: E@la’b A" = %Ea,b Xga — A"

as in Definition 4.1.6. When b is the unit vector (1,1,...,1) in Ne>xo(a), we instead write the
above expression as ¥,: Al, A" — A™. This should not be confused with the usual blow-up of

A" along a, which we have denoted by Bl, A™. In fact, we will see later that the normalization

of Bl A" is precisely Xy, cf. Remark 4.2.15.

As hinted before Setup 4.1.13, A1, A" is, in a specific sense that will be spelled out later
in §4.2.A, the “canonical” multi-weighted blow-up of A™ associated to a. In fact, in §4.2.A,
we define more generally the “canonical” multi-weighted blow-up Al,, A™ of A" associated a

monomial Rees algebra a, on A™.

4.1.16. Two monomial ideals can possess the same normal fan, and thus yield the same
multi-weighted blow-up. Below we list some essential examples:

(i) Ty(a) =T (IC(a)), cf. 2.3.35 for definition of IC(a). Indeed, IC(a) = {z®: a € T (a)}.

(ii) Let fi,..., f, be monomials generating a. For any ¢ € N.g, [C(a*) = IC(f{,..., f5),

so (i) says a* and (ff,..., f*) have the same Newton polyhedra.
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(iii) For any a € N", ¥,a,, = ;. However, while the multi-weighted blow-up along z® - a
is the same as that along a, there might be a subtle difference in their “exceptional”
divisors (cf. Remark 4.1.24).

(iv) Lastly, as ¢ varies, although the Newton polyhedron of a’ varies, the normal fan of a*

remains the same, and so does the multi-weighted blow-up of a’.

4.1.B. Examples. We illustrate 4.1.9 via two examples. Both examples are multi-weighted
blow-ups along monomial ideals. The first example is old, i.e. we already encountered its kind

back in Chapter 2:

Example 4.1.17 (Weighted blow-ups). Let dy, ds, ..., d, € Ny, and £ := lem(dy, ds, . . ., d,).
The weighted blow-up of A™ = Spec(k[zy,zs,...,x,]) along the smooth center (z1,d;) +
(xe,da) + -+ + (zp,dy) = (xi/dl,xé/‘b, . ,x}/d”) (cf. Conventions 2.3.79) is also the multi-
weighted blow-up %l,p, A", where a = (xi/dl,xg/@, . ,xﬁ/d“) and b = ged(dy,dy, ..., d,) €
N.g = N,

Instead of showing this in full generality, it is more direct to demonstrate this claim via the

following explicit example. Namely, consider a = (22,43, 23) C k[z,y, 2|, and b = ged(2,3,3) =

1. We draw the Newton polyhedron Ty (a), which has four facets:
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Taking a cross-section of the normal fan >,, we obtain:

where u = (3,2,2) is the normal vector to the shaded facet of T'y(a) above. The vertices
(2,0,0), (0,3,0) and (0,0, 3) of 'y (a) correspond to the maximal cones of ¥, represented above
by brown, magenta and cyan-coloured triangles, which also correspond to the 2’, v’ and z’-charts
on Bl A’ = [Xg [ Gy, where Xg = A*\V(Jy,) = A*\V(2,¢/, 7).

As in 4.1.9, the morphism 9,: %l, A® — A3 can be read off the following matrix:

1003 r = z'u’
|::[3 u}: 0102 ~ y = y'u?
00 1|2 Y

and the G,,-action on Xﬁa can be read off from the matrix:

;

[ 3 ] 2’ has Z-weight 3
u 2 y' has Z-weight 2
= > g
-1 2 2" has Z-weight 2
-1 .
L u has Z-weight —1

This is precisely the description of the weighted blow-up of A? along (z,3) + (y,2) + (2,2) =

(z'/3,y/2,2'/%) as in Proposition 2.5.9.
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Example 4.1.18 (A new example). The Newton polyhedron I'y (a) of the monomial ideal

a = (22,9°2,2%) C k[z,y, 2] has five facets:

We sketch a cross-section of the normal fan X;:

where u; = (3,2,2) and uy = (1,0,2) are the normal vectors to the shaded facets of I'y(a)
above. The vertices (2,0,0), (0,2,1) and (0,0,3) of I (a) correspond to the maximal cones
of ¥, represented above by the brown, magenta and cyan-coloured regions, and these also
correspond to the 2/, y/2', and z'u;-charts on %l, A3 = [Xg, / G respectively, where Xg =

AS\V(Jg,) = AV (2, y7, 2 us).
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The morphism 9,: %Al A> — A3 can then be determined from the following matrix:

;

10 0/[3 1 T = r'uiuy
|:I3 o UQ:|: 01 1{2 0 ~ y:y/U%
00 1|2 2 2 = g

and the G2 -action on Xg_ can be determined from the matrix:

;

[ i 7’ has Z*-weight (3,1)
3 1
u;  up 2 0 y' has Z*weight (2,0)
-0 =12 2 ~ 2’ has Z*-weight (2,2)
o -0 uy has Z2-weight (—1,0)
0 -1
) - ug has Z2-weight (0, —1)

4.1.C. Exceptional divisors and transforms. The presentation9: Zxp = [Xi / ng[ex]} —

A" induces an isomorphism

~ [ex]
Pic (25p) —— Pic® " (Xg)

where the right hand side denotes the G?n[ex}—equivariant Picard group of Xg. In particular,

for ecach d € Z¥* there are tautological line bundles &(d) := Oy, (d) on 2%p, which

correspond to the trivial line bundle O on Xg endowed with the G2 linearization given by

the “d-shift”, i.e.
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—~

where (-) refers to the passage to the associated sheaf of Ox_-modules [Har77, Chapter IL5],
and the Z¥*J-grading of x; and x; in the right hand side can be obtained by subtracting d

from their respective Z**-gradings in 4.1.9(ii).

4.1.19 (Exceptional divisors on a multi-weighted blow-up). For every p € 3ex], recall that
the corresponding coordinate z/, on Xg has Z¥*)-weight —e, (4.1.9(iib)), and hence there is
an injection

Ole,) — 0(0) = O

/

induced by multiplication by 7,

which embeds O(e,) as an ideal sheaf on %25 cutting out
the divisor

Ep = V(I;) C %E7b

which we claim is an irreducible exceptional divisor of the multi-weighted blow-up ¥: Z5p —
A™ (which explains the terminology “exceptional rays” in Convention 4.1.8). Indeed, using

Lemma 2.1.2 and the description of Jx in 4.1.3, observe that ¥ maps the complement in 25,

of {E,: p € Xlex]}, i.e.

open substack

U = [Spec (K[}, 2., 2] [(2))*": p € Dlex]]) N V(Ix) / GE]

rn

b

isomorphically onto the complement U in A™ of the closed subscheme

codimension > 2, if #3[ex] > 1

Vv H x; : 0 € Y[max] | < > A"
i€[n]\oll]
Remark 4.1.20. If ¥ = ¥, for a monomial ideal a C k[z1, xo, ..., z,], we have

U=A"\V [z H 2 v e vert(Ty(a)) | = A"~V [a: H @

i€[n] i€[n]
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where the first equality follows from the inclusion-reversing correspondence between cones o in
3 and faces ¢ of 'y (a). Noting that a is the integral closure IC(z": v € vert(I'y(a))), we have

V(a) =V(zV: v € vert(I'.(a))), and therefore the second equality follows.

The remainder of this section is devoted to the various transforms of ideals under a multi-
weighted blow-up along a monomial ideal. We first make the following definition, which is part

of the subsequent proposition.

Definition 4.1.21. Given an ideal J C k[xq, s, ..., z,], the Newton polyhedron Iy (J) of
J is defined as the Newton polyhedron of the monomial saturation of .J (Definition 3.1.1) under
the logarithmic structure on A" induced by the chart N" — k[xy, 2o, ..., x,] sending each e;
to x;, cf. Setup 4.1.13. Therefore, for u = (u;)7; € N” and m € N, we will say that Iy (J) is
bounded below by the hyperplane )" ;- e; = m if for every g = Y \n Ca - 2* € J, we have

u - a > m whenever ¢, # 0.

Lemma 4.1.22. Let ¥: Zsp — A" be a multi-weighted blow-up of A", and O := Oy .

Then we have:
(i) Let J C K[x1, 29, ..., 2] be an ideal. For (n,),esp € N¥U, the ideal sheaf 971(J)O
underlying the total transform V(J) X any Zxp satisfies the inclusion
(o c ] @)
pEX[1]
if and only if for every p € X[1], the Newton polyhedron T'y(J) of J is bounded below
by the hyperplane > 7" u,;-€; =n,.
(ii) Moreover, if 8 = dqp: Blop A" — A" and J = a, we have equality in (i):
(4.2) dp@o= [ ()>"
pEext(a)

(cf. Setup 4.1.13 for the definitions of ex™(a), N;(a), and N,(a)).
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Before giving the proof, let us illustrate it by re-visiting Example 4.1.18:

Example 4.1.23. Let a = (22, 9%z, 2%), and consider 9,: %1, A3 — A3. Using the equa-
tions in Example 4.1.18, one computes the following:
(i) Let J = (2? + y* + 2%) C k[z,vy, z]. Its total transform d;1(J)Oz, a5 is (x?ubul +
y?ut + 2*utuj), which is contained in (u}), but is contained neither in (u}) for i > 5,
nor in (u}) for j > 1. This agrees with Lemma 4.1.22(i): the Newton polyhedron
of J has the vertices vi = (2,0,0), vo = (0,2,0) and v3 = (0,0,2), and we have
minj<;<3 ;- v; = 4 and min;<;<zug - v; = 0.

(ii) The total transform 9;'(a)0, as of a equals

6,2

( 26,2 12 1 6 2 _I13 6 6): (u1u2>.(x/2’y/22/7213).

LU, Y- 2 Uyt = Uty

The ideal (22,422, 2®) is the unit ideal on each chart of %1, A3 so 9, (a)0z a3 =
(ubu3). This agrees with Lemma 4.1.22(ii): note that N, (a) = 0 for 1 < i < 3,

Ny, (a) =6, and Ny, (a) = 2.

ProOF OoF LEMMA 4.1.22. It suffices to compute on the smooth cover Xg of Zyy. By
replacing J in (i) by its monomial saturation, we may assume J is monomial. Recall from

4.1.9(i) that for every monomial 2 € J, we have:
(4.3) =) I @)™ md())e.
i=1 pEX[ex]
Then part (i) follows from (4.3), since it says that for every p € Xex] (resp. ¢ € [n]) and
a €Ty (J), we have u,-a > n, (resp. a; > n;), if and only if (/)P divides 2* (resp. (z})""
divides z?).
The forward inclusion in (ii) follows from (i). For the reverse inclusion, it suffices to compute

locally on the open charts U, C Xg_as o varies over all maximal cones of ;. Therefore, fix a
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maximal cone o of ¥, and, as in Setup 4.1.13, let v, = (v,;)?_, be the corresponding vertex

of T'y(a). Setting a = v, in (4.3), we have

2 = @) I @) M) in 9} (a)0.

p

n
1=

1 pEex(a)
Recalling that ), is invertible on U, for any p € 3,[1] \ o[1], we obtain:

dop@o > @)= [[ @) [ @) ond,
i€[n]No(1] peex(a)No(l]

To complete the proof of (ii), it remains to note the following. For each p € ex(a)No[1], we have

V, € T,, which implies u, - v, = N,(a). Likewise, if p =i € [n]No[l], we have v,; = N;(a). O

Remark 4.1.24. In Lemma 4.1.22(ii), note that for every ¢ € [n], N;(a) > 0 if and only
if a C (x;), i.e. V(a) D V(z;). Analogous to how the usual blow-up of A" along a divisor D
does nothing except declare D to be “exceptional”, the multi-weighted blow-up 9,1 similarly
declares the divisor V(z}) C ABl,p A™ to be “exceptional” for every i € [n] Nex™(a), i.e. every
i € [n] with a C (z;). In this sense, Lemma 4.1.22(ii) expresses the total transform of a as a
sum of “exceptional” divisors V' (z/,) for p € ex*(a). This discussion should be compared to the

observation in Remark 4.1.20.

Next, we explicate two classical transforms for multi-weighted blow-ups along monomial

ideals:

Definition 4.1.25 (Proper transform). Set & := 0, , a». The proper (or strict) transform

of an ideal J C k[zy, zo, ..., x,] under the multi-weighted blow-up d,p: HBlap A" — A" is

Bg(\jﬁ:: 9, ()0 H ()] = U 9,p(J)O H ()™ ].
)

peEext(a) (np)eNex+(u) pEexT (a
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Equivalently, by Lemma 4.1.22(ii), the proper transform of V(J) C A" under 9, is the scheme-

theoretic closure of V(%;é(J) O) V(%;é(a) 0)in Blyn A"

Definition 4.1.26 (Weak transform). Set & := O, an. The weak (or birational, or con-
trolled) transform of anideal J C klxy, ..., z,] under the multi-weighted blow-up d,1,: HBlap A"
— A" is

Bap):'(J) = O (NO) - T] (@) e

pEext(a)

where for each p € ext(a), N,(J) is the largest natural number n, such that:
(i) ﬁgé(J)ﬁ C (x>, Le. 19;%([])@ = (a},)%" - J' for some ideal .J' C O;
(ii) or equivalently, by Lemma 4.1.22(i), the Newton polyhedron I'y(J) of J is bounded

below by the hyperplane 7" u,; - €; = n,.

Remark 4.1.27. Similar to what was noted in Definition 2.3.31, we always have

—_—

(Oap) ' (J) €Oy (S)O

with equality if J is a principal ideal. As with usual blow-ups, if J is radical, so is the proper

transform 1‘};%,(J )O. In other words, if V(J) C A" is reduced, so is its proper transform in

Bloy, A"

As with the case of usual blow-ups, it is a more intricate issue to identify generators of

proper transforms, as opposed to generators for weak transforms. For example:

Example 4.1.28. Consider the non-principal ideal J = (2? + %, 2 — 3?) C k[z,y, 2| and

the multi-weighted blow-up ¥, in Example 4.1.18.

e total transform v Bl A3 O under 71, 1S
i) Th 1 f f}al J)O 5, f J und i

2.6 2 2 4 12 9 24\ (o2 2 4 2 22 12 2 2
(ac UjUy + Y U, ZU UG — Y U1)— (Ul)(x Uy + Y Uy, 2 Uy — Y u1>‘
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Hence, the weak transform (7t,);*(J) of J under 9, is
07 (D)0, o = (0P + o 2 — o).
(ii) On the other hand, while we have

2 2 4 1,2, 2 /2 2 2 1,2 2,2
” 4y =y (Tujup +y7) and z -yt =i (2lup — YT u),

—_—

the proper transform 9;'(J)0z, as of J under 9, is not generated by the elements

'udul +y? and 2'uZ — y?u?. Indeed, note that 22 + 2 = (22 +4?) + (2 —y?) € J, and

2+ 2 = 2?uud 4 Yudud = wiud - (2] + 7).

—_——

Thus, 2?uf + 2" € 9. 1(J) Oz, as, but 2%uf + 2’ ¢ (a'udu3 + y'%, 2'u — y?u?).

4.1.D. Multi-graded Rees algebras and idealistic exponents. In this subsection, we re-
interpret some of the earlier discussions, in terms of multi-graded Rees algebras and idealistic

exponents.

4.1.29 (Multi-graded Rees algebras). The discussion in 4.1.9 can be summarized by the

compact, but notation-heavy, statement that %l,, A" equals:

B

(4.4) (Specan(Z)~V(Js,)) / [ ] Gex@

—1I,
where

(4.5) R = R (a,b) = Oanl),..., )] [2): p € ex(a)]

(l’; ’ HpEex(a) (x;)bp.up’i —z;: 1 <1< 7’L>
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and the matrix

B
— I
records the Z(®-grading of each x; and each :U’p as in 4.1.9(ii), and hence, describes the fof(a)—
action displayed above.
We provide a re-interpretation of the Z(®-graded Osn-algebra Z = Z%(a,b) as a multi-
graded Rees algebra on A™. Consider the homomorphism of Z*(®-graded €an-algebras Z —

Oanlty: p € ex(a)] defined by

i | - H tl;’fupvi forl1<i<n
(46) peex(a)
= (1t for p € ex(a).

This is an isomorphism of & onto its image

Ry = Opn [t;lz p € ex(a)] |- H t';f"u”vi: 1<i<n
(47) pEex(a)

C Oan [t;t: p € ex(a)] .

The image Z, is a Z°® -graded Rees algebra on A™, i.e. it is a finitely generated, quasi-coherent

7@ _graded O an-subalgebra

Ry = @ R C Onnlty: p € ex(a)]

meZex(a)
satisfying the following three conditions:
(i) Zo = Oan.
(i) 1-t,' € Z, for all p € ex(a).

(iii) For every m € Z(® we have %y = ) )%mp.eﬂ.

pEex(a

Note that under (i), (ii) is equivalent to:
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(it') Zmte, C Zm for every m € Z*® and p € ex(a).

In particular, (ii) already implies the forward inclusion in (iii). Moreover, note that (iii) is
redundant if #ex(a) = 1.

We usually make the identification # = %,, and hence, will not make any distinction
between both sides of (4.6). Occasionally we neglect the negative degrees, and only work
with the N*(®_graded part of Z,, which is a N _graded Rees algebra on A™, i.e. a finitely
generated, quasi-coherent N("-graded @sn-subalgebra P, nexw) Zm C Oanlt,: p € ex(a)]
satisfying (i), (ii’) and (iii) with the phrase “m € Z®®)” in the last two conditions are replaced

by “m c Nex(a)n‘

Remark 4.1.30 (Alternative description of the proper transform). It is also under the
interpretation in 4.1.29 that the proper transform of a closed subscheme V(J) C A™ under
Vopb: HBlapb A" — A" has a natural description. Namely, it is given by the similar-looking

expression:

(Specvu) (%ﬁv(ﬂ) AN V(Jga)) / Gfg(a)

B

—I
If one interprets this as the “multi-weighted blow-up of V(J) along Z0y ;)" , this description

parallels that in Corollary 2.3.25 and [Har77, Corollary I1.7.15].

For 4.1.31 below only, let Y denote a k-variety, e.g. ¥ = A”. In §2.3.G, we defined a
one-to-one correspondence between non-zero, integrally closed, N-graded Rees algebras on Y
and idealistic exponents over Y. This can be immediately promoted to an one-to-one corre-
spondence between non-zero, integrally closed, N*-graded Rees algebras %, on Y and k-tuples

v = (1. p € [1,k]) of idealistic exponents over Y.
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4.1.31 (Tuples of idealistic exponents). Let ZR(Y") denote the Zariski-Riemann space of Y,
and let 7ty : ZR(Y') — Y denote the morphism of locally ringed spaces which maps v € ZR(Y)

to the center x, of v on Y (Definition 2.3.54). Then:

(a) Given a k-tuple v := (yl?): p € [1,k]) of idealistic exponents over Y, let ZY be
the integrally closed, N-graded Rees algebra on Y associated to each 4[°). Then the
integrally closed N*-graded Rees algebra %, := P et #m - t™ on Y associated to
v is defined by Zm =) pell ] :_%—’7[5][) for every m € N*. In other words, for any open

Ucy,

v(g) > m, - (417, for every}

R (U) := {g € Oy(U):
v e, (U) and p € [1, k]

(b) Conversely, given an non-zero, integrally closed, N*-graded Rees algebra %, on Y, we
associate a k-tuple v := (y): p € [1,k]) of idealistic exponents over Y, where each
APl is the idealistic exponent over Y associated to the non-zero, integrally closed,
N-graded Rees algebra R = DB, .ecx Zm-e, - t™. In other words, the stalk of APl at
each v € ZR(Y) is:

. 1 m :
(7)), := min {E v(g): 0% g-t™ € (Ha)s, With m, > 1} :

p

Together, (a) and (b) give the desired one-to-one correspondence.

4.1.32. Under the above one-to-one correspondence, the N**(®)_graded part of %(a,b),
in (4.7) then corresponds to the tuple v(a,b) := (y(a,b)l: p € ex(a)) of #ex(a) idealistic

exponents over A", where each v(a,b)l! is defined stalk-wise at each v € ZR(A™) by:

(4.8) (v(a, b)) = min( ! ~1/(:ci)>.



Following Convention 2.3.79, for each p € [1, k|, we shall use the suggestive notation

1
(xf”'“”’i 11 € [n], u,; # 0)
to denote the corresponding integrally closed, N-graded Rees algebra % (a, b)lr.

Our next objective is to give a coordinate-free interpretation of the weak transform (Defi-

nition 4.1.26) in terms of the idealistic exponents in v(a, b).

Setup 4.1.33. For the remainder of this subsection, fix a monomial ideal a on A™ and

b e N%a). Let § := §a7b denote the composition

stack-theoretic Ya,b
X Sadctheoretic g b AT 222 AT

a quotient

aFor an ideal J on A" (or X5 ), let 7, denote the idealistic exponent over A™ (or Xg ) associated
to J (cf. 2.3.59). Let 971(7)@ denote the pullback of 7 to Xg_ via 9. Unless otherwise

mentioned, set & := Oy, , and set 7 := ~(a,b)l¥ for p € ex(a). For i € [n], we also set

= .
To re-interpret the weak transform, we begin with the elementary lemma:

Lemma 4.1.34. For (k,)pex.n) € N>l the following statements are equivalent:

PROOF. (i) <= (1) is evident. Both (i) <= (ii) and (I") <= (ii’) follow from the fact that

if X is a normal variety, J is an ideal on X, and D is a divisor on X with underlying ideal Ip,
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then vp < vy if and only if Ip D J. Indeed, by Lemma 2.3.57, both statements are equivalent

to J‘[51Cﬁx.

g

Our next goal is to provide a re-characterization of statement (ii’) in Lemma 4.1.34 in terms

of idealistic exponents over A". Before doing that, we need the following lemma:
Lemma 4.1.35. For each p € 34[1], we have:
9-1(~lrl
4 (pr)ﬁZfY(m;))
PROOF. Let v € ZR(Xg ) be arbitrary. If p =i € [n], the lemma then follows from:

YV = v(@l) = viz) = Y (b, ) - vlay) < viw) = (37'(31)0),.

pEex(a)

If instead p € ex(a), we have, for every 1 <1i < n such that u,; # 0:

v() —v(al) = Y (b upa) - v(af)

peex(a)~{p}

Taking the minimum over all such 1 < i < n, the lemma follows.

U

Let ZR(9): ZR(Xg ) — ZR(A") denote the morphism of Zariski-Riemann spaces induced

by 9 (cf. 2.3.56). For cach p € 34[1], let v, be the divisorial valuation on Xg induced by

V(z,) C Xg_, and let v, = ZR(9)(v},). By 4.1.9(1), v,(z;) = b, - u,; for every p € ¥4[1] and

p

1 <0< n.

Proposition 4.1.36. For p € 3,[1] and k € Q~o, the following statements are equivalent:

(i) 77 > k- Al

(i) 97 ()0 =k Yy
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(i) Yy =k (= k- (), = k- Ay )-

PROOF. (i) = (ii) follows from Lemma 4.1.35. For (ii) = (iii), we localize the inequality
in (ii) at v := v} to obtain v;,, = (g_l('yJ)ﬁ)V >k -vg,, = k. For (iii) = (i), (iii) says that
for f =), ca-2® € J, we have

(4.9) min {z": a; - (b, - up,i)} =,(f) = V50, = k.

ca#0

Then for arbitrary v € ZR(A™) and f =) ca-2* € J, we have

n n 1
/) > iy {Z | V<%>} SRR e i)

=1

where the last inequality follows from (4.9). Therefore, v, = min{v(f): f € J} > k- (41),.

O

Remark 4.1.37. The above discussion suggests that we can interpret v; as the “New-
ton polyhedron T'y(J) of J”, and ~/ as the “hyperplane >_" (b, u,;) -e; = k7. Then
Proposition 4.1.36(i) translates to the statement that “I'.(J) is bounded below by the hy-
perplane Y (b, - u,;)-€; = k” (Definition 4.1.21). Combining Lemma 4.1.34 and Proposi-
tion 4.1.36, we get a re-interpretation of Lemma 4.1.22(i) in terms of idealistic exponents. This

re-interpretation is justified by (4.9), which says that for every a € I'.(J), (b, -u,)-a > k.

Remark 4.1.38. Let us apply Proposition 4.1.36 to J = a. For every p € ¥,[1], one
can compute that v,,, = b, - N,(a), so the proposition says 7, > (b, - N,(a)) - APl In fact,

sup{k € Q=0: 7a = k- 7”1} = b, - N,(a), because whenever v, > k - 4l?| then k < Yo, =
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b, - N,(a). By Lemma 4.1.34, we therefore have 5_1(%)6" > Zpeex+(a) (b, N,(a)) Y- In

fact, Lemma 4.1.22(ii) says more: this inequality is an equality!

By the equivalences in Lemma 4.1.34 and Proposition 4.1.36, the following definition of the
weak transform is equivalent to Definition 4.1.26, and should be compared to Lemma 2.3.30

and Lemma 2.3.77:

Definition 4.1.39 (Weak transform, re-visited). Set &' := 0z, a». The weak transform
of an ideal J C k[z1,...,z,] under the multi-weighted blow-up &,p: Al,p A" — A™ can be

also be defined as

({}a,b)*_l(J) = (ﬁ;ll)(J)ﬁ) . H (:L,/p)pr(J)

pEext(a)

where for each p € ex™(a), K,(J) is the largest natural number k, such that v; > k, - v (or

equivalently, v, > k,).

4.2. Multi-weighted blow-ups: canonical aspects

4.2.A. Canonicity of multi-weighted blow-ups, 1. In this section, we continue to follow
the conventions in Setup 4.1.13, and we endow A" with the toroidal logarithmic structure
induced by N™ 225 K[z, 29, ...,2,]. Let a, be a monomial Rees algebra on A" under the
above logarithmic scheme (Definition 2.7.5), i.e. a finitely generated, N-graded &'a»-subalgebra
de = 6D, ,cn O - t™ C Oan|t] such that ag = Opn, a4, D apyq for every m € N, and each a,, is
a monomial ideal of k[xy, 2, ..., x,] in the sense of Setup 4.1.13.

We give a definition of #l,, A", which generalizes the notion of #l, A" (Definition 4.1.15)

for a monomial ideal a on A", before demonstrating that this notion is canonically associated

to d,.

Definition 4.2.1 (Multi-weighted blow-ups along monomial Rees algebras). Fix a suffi-

ciently large ¢ € N-g such that the /*® Veronese subalgebra as of a, is generated in degree 1.
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The multi-weighted blow-up of A™ along a, is then defined as:

Va

19 -
D Blog A" = Bl 5 A" A"

where

Pa, 1]

~ 14
b= (gcd(f, Ny(ag)) ’e Eag[1]> € Mo

(cf. Remark 4.1.11 and Convention 4.1.10). We endow Al,, A" with the toroidal logarithmic

e;—x;

structure “dictated by that of A™ = Spec(N™ — k[z1,...,2,]) and the exceptional divisors

on HAl,, A"”. Namely, it is obtained by descent from the following toroidal logarithmic structure
on ANV (Jy,):

NE o K[z, ... 2] [ p € ex(a)]

rn

which sends e, — z, for every p € ¥[1].

Note that if a, is generated in degree 1, then #l,, A" equals #Al,, A" in Definition 4.1.15.

It is also simple but essential to verify that:

Lemma 4.2.2. The definition of Bl,, A" does not depend on the choice of { € N<q such

that age s generated in degree 1.

PRrROOF. Let ¢,L € Ny be such that both as, and ap, are generated in degree 1. By
comparing ag and ar, with a,z., we reduce to the case where L = r¢ for some r € N+y. Then
ar, = (ay)", and thus the normal fans of a, and of a,, are identical. In particular, ¥,,[1] = X, [1].
Lastly, note that N,(ar) = r - N,(a,) for every p € 3,,[1] = %4, [1], so ¢/ ged(l, N,(ap)) =

L/ged(L,Ny(ar)). U

Remark 4.2.3.

(i) Note that %l,, A" = HBlic(a,) A", cf. 4.1.16.
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(ii) For any ¢ € N~ such that ag is generated in degree 1, consider the Veronese (1/¢)-

translate of the Rees algebra aj associated to the monomial ideal ay, i.e.

aél/@' —1C (@ oy - tde)

deN

cf. Convention 2.3.79. Then aél/ 0 is simply the integral closure IC(a,) of a, in Oan|t],
since they are both integrally closed and their £** Veronese subalgebras coincide. In

particular, Bl,, A" = %l /0. A"
(4

4.2.4. Before stating the key proposition of this subsection, let us temporarily assume
a, is integrally closed in Oax|t], and let us consider the weighted blow-up of A™ along a,
(Definition 2.3.12), i.e.

Blo, A" := 2210]jn(ds) ——— A"

€;—T;

Since A™ is toroidal under the logarithmic structure induced by N" ——= k[xy, z9, ..., x,],
and a, is monomial and integrally closed (and hence a toroidal center on A™), we know from
Corollary 2.7.20 that Bl,, A™ carries a logarithmic structure under which it is toroidal. As
in 2.7.7, this logarithmic structure is induced by the chart T' < a®* defined by the following

cartesian square

I« > Xt
(4.10) [ [
N'gZ — k[xl,l’g, R ,l’n][ti]

where the bottom row sends each (a,m) € N" @ Z to z2t™™, and a" is the extended Rees
algebra of a,, cf. 2.3.4. Recall that t~! € a®" cuts out the exceptional divisor E = V(¢7!) on
Bl,, A" = P10 o (a2°).

If we write a, = a/9* for a monomial ideal a on A™ and ¢ € N+ as in Remark 4.2.3(ii),

then I' can be explicated as the saturation of the submonoid of N @& Z generated by N*™! and
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(v, —0) for vertices v of the Newton polyhedron I'; (a), cf. 4.1.16(i). Moreover, as v varies over

the vertices of 'y (a), the (zV - t‘)-charts of Bl,, A"

D (¥ - t") := [Specan (aa[(z¥ - t)7']) / Gl .

form an open cover of Bl,, A", cf. §2.1.C and 4.1.16(i).

Then the “canonicity” implied in the title of this subsection is the following result:

Proposition 4.2.5. Zl,, A" is the canonical smooth, toroidal Artin stack over Blic(,) A".

The canonicity asserted in the above proposition is in the sense of Satriano in [Sat13],

which we will now recall in detail.

4.2.6. Given a toroidal k-scheme Y, Satriano demonstrates in [Sat13, §3] that there is a
smooth, toroidal Artin stack % over Y, which satisfies the following universal property. Any
sliced resolution [Sat13, Definition 2.6] from a fs logarithmic scheme (T, . #7) to (Y, .#y) factors
uniquely as a strict morphism (7', #r) — (¥, My ) followed by (¥, My ) — (Y, My ). We call
% — 'Y the canonical smooth, toroidal Artin stack overY .

In [Sat13, Proposition 3.1], Satriano gives the following local description of %" — Y. Let
Y = Spec(TI" < k[I']) for a sharp, toric monoid I'. Let C(T") denote the rational cone generated
by I' in Mg := T ®z R, and C(T")" be the dual cone in Ng := Mg. For an extremal ray p of
C(T)Y, we denote by u, the first lattice point on p.

Let F' denote the free monoid on the set S of extremal rays p of C(I')Y, and consider

t: I'— F which sends
(4.11) vi=(u,-Vv)es forvel cC).
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Then ¢ is a minimal free resolution, in the sense of [Sat13, Definition 2.3]. Setting D(—) :=

Homeyp—sen(—, Gy), ¢ induces the morphism
[Spec(F < k[F]) / D(F®”/T"®")] — Spec(TI" — k[I']) which is  — Y.

Remark 4.2.7. By descent, Satriano’s demonstration immediately generalizes for a toroidal
Artin stack Y over k. We may appeal to descent, because Satriano’s construction commutes
with strict, smooth morphisms. More precisely, given a strict morphism f: Y — Y between
toroidal Artin stacks, the canonical smooth, toroidal Artin stack over Y is the cartesian product
Y xy % in the category of fs logarithmic Artin stacks, where ° — Y is the canonical smooth,
toroidal Artin stack over Y. This can be seen using the universal property in 4.2.6. Indeed,
it suffices to note that given any sliced resolution ¢g: T — }7, the composition go f: T — Y
is still a sliced resolution, because the induced morphism ZK flp) = %?,p is an isomorphism

strict

for all geometric points p of Y. Thus, g o f factors uniquely as T' —— % — Y, and hence g

strict,

factors uniquely as T —— % Xy Y Y.

In particular, Satriano’s construction can be explicated for a toric Artin stack Y arising from
a stacky cone (o, ) [GS15, Definition 2.4]. Here, /5 is a homomorphism of lattices N — L with
finite cokernel, and we assume o is a strongly convex, rational cone in Ng := N ®z R. The
dual morphism Y: LY — NV is injective, and the dual cone ¢V in Ny yields the sharp, toric
monoid ' := ¢¥ N NV, and hence gives rise to the affine toric variety Spec(I" < k[I']). We then
get the toric stack Y := [Spec(I" <= K[I']) / G|, where G := D(Coker(S")) acts as a subgroup

of the torus T := D(N) (with D(—) := Homgp—sch(—, Gn))-

4.2.8. With the above notation, the canonical smooth, toroidal Artin stack ¢ over Y can be
constructed as follows. Let F' denote the monoid on the set S of extremal rays p of o = C(T")Y,

and set Np. := F®. The same rule in (4.11) defines an embedding of lattices n¥: NV < Ny,
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which restricts to a minimal free resolution ¢: I' < F', and fits in the commutative diagram:

B

0 » LV ——— N} » Coker(3Y.) —— 0

(4.12) H Inv T

0 —— LY <2 NV 4 Coker(8Y) —— 0

The stacky cone (ogq,r), Where ogq is the standard cone on Np and fSp: Np — L is
the dual of 8}, then induces the corresponding smooth toric stack [Spec(F — k[F]) / Gp],
where Gr := D(Coker(fF)) acts as a subgroup of the torus T, := D(Np) (with D(-) :=

Homeyp—sen(—, Gy)). Finally the above commutative diagram induces the toric morphism

[Spec(F < k[F]) / Gr] — [Spec(T" = k) / G] which is  — Y.

PROOF OF PROPOSITION 4.2.5. Without loss of generality (cf. Remark 4.2.3(i)), we may

1/0)e

replace a, by I1C(a,). Write a, = af for a monomial ideal @ on A", and ¢ € N.g. Our

approach is to first compute 4.2.8 for the toric Artin stack

M = |Specpn (T & a>") / G,

before doing the same for Bl,, A", which is a strict, open substack of 91.

4.2.9 (Step 1). By definition, the toric Artin stack 9t arises from the stacky cone (o, f),

whose dual is given by

BY = (1z0,0): Z" — Z"** and o'NZ"t =T

ie. 0:=C(Y Cc R"™ and B: Z"™' — Z" is the projection onto the first n factors. Next,
the extremal rays of o are the normal rays to the facets of C'(T'), and so the set S of their first

lattice points is the disjoint union of:

(i) {e;: 1 <i<mn}, and
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(ii) {ﬁp - (m u,, %) . p € Da[1] with N,(a) > o}.
Indeed, (i) is evident since the coordinate hyperplanes e; = 0 (1 < ¢ < n) intersect C(I') in
facets. For (ii), note that the intersection of C'(I") with the hyperplane e,, ;1 = —/ is canonically
identified with 'y (a), and the (non-empty) intersection of every other facet of C(I") with this

hyperplane e,; = —¢ corresponds to a unique facet 7, of 'y (a) satisfying N,(a) > 0.

4.2.10 (Step 2). Let us re-write S as the following disjoint union:
(i) Sy :={e;i: 1 <i < n with N;(a) > 0}, and

s N . ¢ Np(a) .
(i) 85 = {“p = <gcd<e,Np<a>> e gcd(éfzé(a») PEe Zam}'

We take the indexing set of Sy to be ¥,[1], and we denote the indexing set of S; by [ := {1 <

By 4.2.8, the canonical smooth, toroidal Artin stack .#Z over 9t arises from the stacky cone
(0sa, Br), where ogq is the standard cone on Z! @ Z*s[!l| and the dual of B fits in the following

commutative diagram:

L gl @ 7%y Coker(B)) —— 0

> 7"
(4.13) H ]nv ]
zr 2 g > Z > 0

Here, the matrix of ¥ has rows given by e; for i € I and u, for p € ¥,[1], and matrix of 3} is
obtained by deleting the last column of the matrix of V. Recall that 1" restricts to a minimal

free resolution ¢: I — N! @ N>«[1l. Explicitly:
M = [Spec(NI @ N¥ k[x;: i€ [][:c’p: pE Ea[l]]) / D(Coker(ﬁl\é))}

and .Z — M is induced by

Np(a)

¢ _ Ny
(4.14) T X H (x;)m'um and + ! — H (x:o) 2ed (6, N, (@)
pEXal] pEXq[1]
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where y; := 1 whenever i € [n] \ I.
4.2.11 (Step 3). We show, in this step, the following strengthening of Proposition 4.2.5:

Proposition 4.2.12. Let a, = a'/9* for some monomial ideal a on A™ and ¢ € N+q. For
every mazimal cone o of ¥4, Dy (o) C Bla, A" is the canonical smooth, toroidal Artin stack

over Dy (zV7 - t*) C Bl,, A™.

PROOF OF PROPOSITION 4.2.12. Since D, (z¥ - t¢) is a strict, open substack of I, Re-

mark 4.2.7 says that the canonical smooth, toroidal Artin stack over D (zVo - t*) is ., =

strict, open

Dy (2 -t xon M A . To explicate #,, note that (4.14) maps

4
R IR || (m;)m'@?ﬁVi'“pvf*Np(C‘))
el PEX[1]

where v,; > N;(a) > 0 for all ¢ € I, and > | v; -u,; — N,(a) > 0 if and only if v, ¢ 7,, i.e.

p ¢ o. Therefore, ., is equal to:
[Spec(N' @ N — k[xF: i€ 1] [2): p € Sa[1]] [(x],)""]) / D(Coker(8)))] -

For every i € I, note that the image of e; in Coker(}.) (= the weight of x; under the Coker(5}.)-

grading) has infinite order. Therefore, by Lemma 2.1.2, we have:
My = [Spec(N*1 = k[a): p € Ni[1]] [(«,)"]) / D(Coker(5"))]

= By rojection =
where 3V is the composition Z" < Z7 @ Z¥=[] 2T 7%a0] ang D(Coker(5Y)) acts as a
subgroup of the torus D(Z!) = Tys,n).
Since the matrix of BV has rows given by W;\G)(a)) -u,, for p € 34[1], it follows by definition

that 4, = D, (o) C Al,, A" (this also means that their logarithmic structures coincide). [
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Finally, as o varies over all maximal cones of ¥, the charts D, (o) cover Bl,, A", and the
charts D, (27 - %) cover Bl,, A™. Since Satriano’s construction is canonical, this completes the

proof of Proposition 4.2.5. Il

Remark 4.2.13. Let a, = al/9* be as before. Then the morphism

PBly, A" = [Spec(k[m’l, )l peex(a)]) NV (Is,) / D(Coker(ﬁv))}

|

Bly, A" = [Spec(a™) \ V(a$) / G,,]
is induced by:

4 4
— 7 T —7 7 Upi .
xT; (x;)gcd(e,wpw)) . | | (x;)gcdw,zvp(a)) P for1<i<n

pEex(a)

Ly H gcd(e Np(cl))

pESa[1]

(4.15)

Remark 4.2.14. The morphism Al,, A" — Bl,, A" is evidently toric (in particular,
logarithmically smooth), and birational. Since 9,,: %l,, A" — A" is universally closed
(Remark 4.1.7), and m,, : Bl,, A™ — A" is proper (Proposition 2.1.5(ii)), we deduce that
RBl,, A" — Bl,, A" is universally closed. Therefore, it is also surjective, since it is both dom-
inant and closed. Finally, as a birational morphism it is small, i.e. it has no exceptional
divisors. This can be seen from Remark 4.2.13, or directly from the fact that Bl,, A" is normal

and therefore smooth in codimension 1.

Remark 4.2.15. If a, is generated in degree ¢, the coarse moduli space of Bl,, A" is the
usual blow-up Blic(,) A™ of A™ along IC(a;) (Proposition 2.1.5(iii)). We claim that this coin-
cides with the good moduli space Xy, of #l,, A". The reader can check this computationally,

but we propose a more direct approach. By [Alp13, Theorem 6.6], there exists a unique
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morphism ¢: Xy, — Blic(,) A" making the following diagram commute:

good moduli space

%la. A" > XEW

|

coarse moduli space
Bla‘ A" > Bllc(a[) A"

It remains to note that ¢ is a birational and integral morphism between normal schemes, and
hence an isomorphism [Stacks, 0AB1]. Indeed, ¢ is birational, because %l,, A" — Bl,, A"
is an isomorphism above A" \ V(a;) C A". To see that ¢ is integral, it suffices, by [Stacks,

01WNM], to observe that:

(i) ¢ is affine. Indeed, for every vertex v of I'y(a,), the preimage of the coarse space of
D, (2V - tY) C Bl,, A" is the good moduli space of Dy (v) C %l,, A" (cf. Proposi-
tion 4.2.12), and they are both affine.

(ii) ¢ is universally closed, since %l,, A" — Blig,) A" is universally closed by Re-
mark 4.2.14 and [Ols16, Theorem 11.1.2(ii)], and good moduli spaces remain sur-

jective after any base change [Alp13, Propositions 4.7(i) and 4.16(i)].

4.2.B. Canonicity of multi-weighted blow-ups, II. We consider in this section a slightly
more general setting than §4.2.A. Given 0 < r < n, we instead endow A" with the following

logarithmic structure:

eiH£n7r+i

(4.16) A" = Spec(N" ——————— K[21, %2, .. ., Ty, Zpy s -+ Zy)).

r=n

Here, we underline z, for ¢ > n — r to emphasize that the union of their vanishing loci defines
the toroidal divisor on A™". Note that the case r = n was considered in §4.2.A. For a € N",

we write 2 for the image of a under N" — Kk[x1, %2, ..., Ty, Zpy iy .-, 2.
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Setup 4.2.16. Let j be an ideal on A™" of the form (xf*, 25> ..., 2%, a), where 0 < k <
n —r, a; € Nsg, and a is a monomial ideal on A™" in the sense of Definition 2.7.5, i.e. a is
generated by monomials in z,,_,.,...,z,. We set £ :=lem(ay,as,...,a;) (:=1if k =0), set
d; := {/a; for 1 < i < k, and set j, = j/** = (x}/dl,xé/dQ,...,x,lﬂ/d’“,al/z), i.e. the integral
closure in Oax[t] of the @an-subalgebra generated by {z; - t%:1 < i < k} and a - t*, cf.

Convention 2.3.79.

4.2.17. Analogous to 4.2.4, before stating our main objective of this subsection, let us

consider the weighted blow-up of A™ along j, (Definition 2.3.12), i.e.
Bl, A" := Z10jan(is) T A

Similar to before, we know from Corollary 2.7.20 that Bl;, A" carries a logarithmic structure
under which it is toroidal. As in 2.7.7, this logarithmic structure is induced by the chart

My < i< defined by the following cartesian squares

[y < » I < ’ ith
(4.17) j [ |
NT@Z (SN Nn@z (SN k[x17$27...,xn][ti]

where N"®Z — N"@®Z is induced by the canonical injection of N" into the last r coordinates of
N" and the identity on Z, N"®Z maps each (a,m) € N"@Z to x2t~™, and i is the extended
Rees algebra of j,, cf. 2.3.4. Moreover, via the canonical splitting N* @ Z = N"" @ (N" @ Z)

of N'®Z — N"®Z in (4.17), we can write I' =T & I, where:

(i) T denotes the submonoid of N™" generated by (e;, —d;) for 1 <1i < k and (e;,0) for
E<i<n-—r.
(ii) Ty denotes the saturation of the submonoid of N" & Z generated by N"*! and (v, —¢)

for every vertex v of ' (a).
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Recall again that t=' € i cuts out the exceptional divisor E = V(t7!) on Bl, A" =
Projan(id). Finally, Bl; A™" is covered by the following charts:
(i) Dy (zi-t%) = [Specan (iy [(z; - t%)7]) / Gp] for 1 <i <k, and

(i) Dy (z¥ - t) = [Specpn (is [(z¥ - t9)71]) / G,,] for vertices v of Ty (a).

4.2.18 (Logarithmic structure on %1, A™). On the other hand, we may also consider %l A"
as defined in Definition 4.1.15. For the next proposition, we endow Al A™ with the toroidal

logarithmic structure obtained by descent from the following toroidal logarithmic structure on
ABI SV (Iy)):
N" @ N0 - K[z, ..., 2/ ) [z p e ex(j)]

yYn—ry En—r+4+1

which sends e; — 27, ., for 1 <i <r, and e, — z/, for p € ex(j). We denote by Zl; A™" the
resulting logarithmic Artin stack. Using the language introduced in 4.2.6, we can now state the

main objective of this section:
Proposition 4.2.19. %l; A™" is the canonical smooth, toroidal Artin stack over Blj, A™".
We prove this via Proposition 4.2.5, and the following digression:

4.2.20. We return to the discussion in 4.2.8. Adopting the notation there, we suppose
further that NV = N @ Ny for sublattices NY C NV, and hence I' = I @ T for the submonoids
I :=TNNY CT, such that I} is a free monoid of finite rank satisfying I'** = N}/, i.e. its free

generators form a basis of Ny. We re-define Y as
Y :=[Spec(l: — Kk[I) / G]

which is a toroidal Artin stack by hypothesis. As before, our goal here is to explicate the

canonical smooth, toroidal Artin stack % over Y.
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Recall that in 4.2.8, F' denotes the free monoid on the set S of extremal rays p of o, Ny
denotes F®P, and we defined an embedding of lattices nV: NV < N}. which restricts to a
minimal free resolution ¢: I' — F. We claim that there exists free submonoids F; C F' such
that:

(i) F=F & F,.

(i) Set NY, := FEP. Thenn: NV = Ny decomposes as 1y @&ny , where ny = n' Iy NY =
Ny, which restricts to ¢;: [y = Fy, and ny = n"|ny: Ny = Ny, which restricts to a
minimal free resolution to: Iy < F5. Moreover, ¢t = 11 D ts.

Combining this claim with (4.12) yields the logarithmically smooth morphism
[Spec(Fy — Kk[F]) / G| — [Spec(ly — Kk[I) / G].

and moreover shows that it is % — Y.

PROOF OF cLAIM. For i = 1,2, let o; denote the dual cone in N of C(T;) € N C NV, and
let o] denote the dual cone in N; of C(T;) C NY. Since '=T1 & Ty C NY @ Ny = NV, we have
o = 01N oy, with:

op=0y®N, and ogy=N)&a.

Thus, we may decompose S = S L .Sy, where S; is the set of extremal rays of g;. For ¢ =1, 2,
let F; denote the free monoid on S;. Then part (i) is immediate, while part (ii) follows from

the definition of 7 (in 4.2.8), together with the following pair of observations:

(i) {u,: p € 51} ={(uz,0): p extremal ray of o} }
(ii) {u,: p € So} = {(0,u5): p extremal ray of o)}

where u; denotes the first lattice point on p. JAN

PROOF OF PROPOSITION 4.2.19. It suffices to assume k£ > 1, or else we are in the situation

of Proposition 4.2.5. We may also assume a # 0, or else Bl;, A" is already smooth over k and is
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equal to Al; A", cf. Example 4.1.17. Our approach is to first re-visit 4.2.10 for the toric Artin

stack

m .= [SpecAn(F &) i /G }

before using 4.2.20 to deduce the canonical smooth, toroidal Artin stack over

m' {SpecAn(B SN i/ Gy }

which contains Bl;, A™" as a strict, open substack.
4.2.21 (Step 1). Before re-visiting 4.2.10 for 91, let us first establish the following lemma:

Lemma 4.2.22. Assume k > 1 and a # 0. For any p € ex(j):
(i) £ divides N,(j).

7

(i) The corresponding facet 7, of T(j) contains the vertices {a;-e;: 1 <i < k}. In other
words, a; - u,; = N,(j) for every 1 < i <k.

(ili) uy; =0 for every k <i <mn —r.

PROOF OF LEMMA 4.2.22. Let p € ex(j). Let 7, denote the corresponding facet of ', (j),

whose affine span is given by > " | u,; - €; = N,(j).

On one hand, note that It (j) N {e,—,41 = --- = e, = 0} is the Newton polyhedron I'; (r) of
r= (xft, 292, ... x0k) C K[z, 29, ..., 2,—,], and that there is only one ray p € ex*(r), whose
corresponding facet 75 of ', (r) has the affine span ZZ 1o ei=L

On the other hand, 7, N {e,—,41 = -+ = €, = 0} is a facet of I, (r) whose affine span is

S, -e; = N,(j). Since p € ex(j), we must have N,(j) > 0, so the facet of I'y(¢) in the
preceding sentence must be 75 in the preceding paragraph. By comparing equations, and noting

that gcd( : 1 <i<k)=1, part (i) follows. Parts (ii) and (iii) are also now immediate. O

Let us note in addition that since & > 1 and a # 0, then ex™(j) = ex(j), i.e. N;(j) =0

for all i € [n]. Therefore, combining 4.2.10 with the above observations, the canonical smooth,
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toroidal Artin stack .# over 9t arises from the stacky cone (044, 8r), where ogyq is the standard

cone on Z¥M and the dual of fp fits in the following commutative diagram:

0 sz Py g Coker(SY) — 0
(4.18) H ]nv ]
0 sz <y g N/ > 0

Here, the matrix of n¥ has rows given by (up, "—(’) for p € E;[1], and the matrix of 8} has

rows given by u, for p € ¥;[1]. Explicitly:
M = [Spec(N> i k2! p € %[l 1) / D(Coker(5))]

and .#Z — M is induced by

(4.19) T X H () and = H

peex(j) peex(j)

4.2.23 (Step 2). By Lemma 4.2.22(ii), we have, for every 1 <1i < k:

(e, —di) = ei+ Y. <u,”— O) ‘e, = e

peex(j)

i.e. (4.19) maps x;-t% — z!. By part (iii) of the same lemma, we have, for every k <i <n-—r,
n¥(e;,0) = ey, i.e. (4.19) maps x; — . Therefore, n¥ maps I isomorphically onto N7
yARILE

On the other hand, it is plain that ¥ maps I into NP=7+17 g NexO) < z%[, By 4.2.20,
we know 7"[, is a minimal free resolution of 'y, and the canonical smooth, toroidal Artin stack

A" over M is the stack quotient of
Spec(NI= bl g N — ko), ah, ... 2, 2] ozl p e ex(j)])

y HMn—r) En—r+1)

by the action of D(Coker(8)") C D(Z®M) = Ty .
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4.2.24 (Step 3). By Remark 4.2.7, the canonical smooth, toroidal Artin stack over Bl A™"
is

. strict, open
Bl A" Xow M ———— A’

which is scheme-theoretically identical to Bl;, A™" xgp .#, i.e. the canonical smooth, toroidal
Artin stack over Blj, A™". By Proposition 4.2.5 and Lemma 4.2.22(i), the latter is %1 A™".
Therefore, the former is %) A™ with the logarithmic structure induced from that of .Z’, i.e.

70 O

Remark 4.2.25. The morphism %l; A™" — Bl;, A™" is logarithmically smooth. Of course,

it also satisfies all the properties listed in Remark 4.2.14 and Remark 4.2.15.

Remark 4.2.26. It is possible to say more in Lemma 4.2.22. First we note that ', (j)N{e; =

- =e,_, = 0} is the Newton polyhedron Iy (a) of a C k[z,,_y41, ..., 2,]. Correspondingly, for

p € ex(j), T,N{e; = -+ = e,_, = 0} must be a facet 7 of I'; (a) (for some p € ¥,[1]). Moreover,
since N,(j) > 0, we must have N;(a) > 0. Then p — p sets up a one-to-one correspondence
ex(j) = ext(j) = ext(a). Through this correspondence, Lemma 4.2.22 can be supplemented

as follows:

S S
7 = ged(l, My(@)
L NG)

) = L, M)

U forn—r<i<n

In particular, the number N”T(’) in (4.19) is equal to

N5(a)
ged(€,Np(a))”

Corollary 4.2.27. Suppose that ay divides lem(as, ..., a;) (=1 if k =1). Let A" 1" =
V(xr) C A™, and set i1 = jly@) = (257, ..., 2%, a) C K[z, ..., 20y, 2,1, 2,]. Then the

proper transform V(z) of V(x1) C A™" under 9: BL A™" — A™" is canonically identified

U/Zth ‘8]1 %1]1 ATL—].;’I“ _> An_l;’l”'
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PROOF. We saw at the start of 4.2.23 that V(w1 - t™) xpy_anr Bl A™" = V(7). Thus, by
Remark 4.2.7, V(z) is the canonical smooth, toroidal Artin stack over V (x - t41).
On the other hand, V(z; - t%1), being the proper transform of A""1" = V(x;) C A"

under Bl A" — A™" s equal to Bl A", where i, = iuJve) = i1’ -

By hypothesis,
¢ = lem(ag, . ..,ax), whence Proposition 4.2.19 implies that the canonical smooth, toroidal
Artin stack over V(zy - t%) is also %1, A"~'". Combining this with the preceding paragraph,

the corollary follows. O

To lift the hypothesis in Corollary 4.2.27, one needs to consider a natural extension of the
discussion in this section, which we do not need for purposes of this chapter. Nevertheless we

treat this briefly below:

4.2.28. Slightly more generally, for any ¢ € N+(, we may consider

:1/c :1/Lc — (l.}/dlc

jle.=j xl/dkc al/@c

poe )

i.e. the integral closure in @zx[t] of the Oan-subalgebra generated by {z;-t%¢: 1 <14 < k} and

a - t’. Scheme-theoretically, the multi-weighted blow-up of A™" along i¥/° is defined as:
9,
Buer Bl A" = Bl A" == A"

where

le N c _ exc(;
bi= (w—w“> wed (e ) €0

The same toroidal logarithmic structure on Al < V(Jy,) in 4.2.18 descends to a toroidal
logarithmic structure on %’lﬁ/c A" We denote by f%’lﬁ/c A"™" the resulting logarithmic Artin
stack. If ¢ = 1, note that %1, A"™" = Fl; A™". Then:

(i) By the same method of proof as Proposition 4.2.19, it is the canonical smooth, toroidal

Artin stack over Blil/c A" = Pr0jan (ﬂ/c).
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(ii) Corollary 4.2.27 has the following natural generalization, with a similar proof. Let
AME =V (zy) C A™ and j1 = j|v(sy), so that j;, = j}/él, where ¢; := lem(ay, . .., ax)
(:= 1if £k = 1). Then the proper transform V(z}) of V(x;) C A™" under Di1e s

811/66/: %lil/cc’ An_l;r — An_l;r, Where C, = g/gl
le le

4.3. Iterative resolution of singularities in characteristic zero

This section concerns the results outlined in §1.2.B. We adopt the same notations and
conventions outlined in §3.1.A. Similar to §3.1.A, while ideals on smooth, toroidal Artin stacks
over k are the main objects of interest in the results of §1.2.B, it suffices to consider ideals on
smooth, strict toroidal k-schemes.

Henceforth, fix a smooth, strict toroidal k-scheme Y, and an ideal J C 0y. With respect
to Y and J, the constructions and definitions in §3.3 apply, and we freely assume them and

their accompanying notation in this section. These include:

(i) the local invariant inv,(J) of J at y € Y as in §3.3.A, together with the preliminary
data xq,x9,..., 2Tk, b1, bo, ... by, and Q C M = %Ky as in §3.3.2,

(ii) the local Q-toroidal center .#(J,y)s = (x{", 252, ..., z3*, Q¥/¢) associated to J at y € Y
(Definition 3.3.8),

(iii) and the toroidal center £ (.J), associated to J (Definition 3.3.15).

4.3.A. Multi-weighted blow-up along the associated toroidal center. Motivated by

the discussion §4.2.B, we make the following:

Definition 4.3.1. The multi-weighted blow-up Bl s, Y of Y along F(J). is the compo-
sition

D %li(J).Y%BIX(J).YLY,
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where 7t is the weighted blow-up of Y along .#(J), (Definition 2.3.12), and
(4.20) BlynY —— Bl Y

is the canonical smooth, toroidal Artin stack, in the sense of 4.2.6 (i.e. [Sat13, §3]), over the

toroidal Deligne-Mumford stack Bly(), Y.

Remark 4.3.2. Since 7t is an isomorphism away from the closed locus of points y € Y such

that inv,(J) = maxinv(J) (Theorem 3.4.2(ii)), the same holds for 9.

While Bly (), Y is a global quotient stack, we warn that %l ,(;), Y is typically not. Never-

theless, Bl (5, Y is locally a quotient stack, cf. 4.3.3 and 4.3.5 below.

4.3.3 (Local description of the multi-weighted blow-up in Definition 4.3.1). Fix y € Y
such that inv,(J) = maxinv(J). Let us replace Y by a neighbourhood U of y on which a
presentation .#(J,y)s = (z5*,25%, ..., 25, Q%) as in Definition 3.3.8 is defined. In particular,
I(J)e = (254,252, ..., 23, Q%) cf. Theorem 3.3.14. Since Y is smooth and toroidal, we can
extend 1, Za, ..., T to a system of ordinary coordinates (x1, xo, ..., x, ) at y (withn—r > k)
and a system of mononial parameters (z,_,,,...,Z,) at y. After possibly shrinking U, this

local system of logarithmic coordinates at y then induces an étale, strict morphism

U —2— A™" = Spec(K[T1, T, . -+, Tnr, Tty - Tn))-
We set
j:= F(J)aN Oan = integral closure in Oan of (z'%, 2527, ... ke, a)
jo = (J)e N Opnr[t] = (x}/dl,xé/(b, . ,x,lﬁ/d’“, al/‘”)
where a := Q Nk[z,_,,,...,2,] is a monomial ideal on A"™" that generates (). Moreover,

jo = /%, with £ := lem(a;: 1 < i < k) (= 1if k = 0), cf. §4.2.B. Recall too that d = 1 if
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= (. Then we have the commutative diagram with cartesian squares:

étale, strict

@11(]). U L@lj AT

! J

(421) Bli(]). U étale, strict Bli. AT
U = » AN

where 71, is the weighted blow-up in 4.2.17, and 9; is the multi-weighted blow-up of A™ along
j, cf. Definition 4.1.15 and 4.2.18. Next, since z*j, = £ (J )., the bottom square of (4.21) is
cartesian, i.e.

Bly(, U =U X ans Bl A™".

Moreover, since #l; A™" is the canonical smooth, toroidal Artin stack over Bl;, A™" (Proposi-

tion 4.2.19), we deduce from Remark 4.2.7 that the top square of (4.21) is cartesian, i.e.
%IX(J). U= Bll(J). U XBli. Amnir @IJ A",

Finally, we make a few remarks:

(i) Since %L A™" — Bl A™" is logarithmically smooth, birational, universally closed,
surjective, and small (Remark 4.2.25), so is Bl s, U = Bl (., U.

(ii) Since 7 is birational, surjective, and universally closed (Remark 4.1.7), so is =.

(iii) If £ = 0, ¥ is logarithmically smooth (Corollary 2.7.20), and thus by (i), so is 7. This
is not true if k > 1.

(iv) On the other hand, if @ = 0, then Bly(, U is smooth over k, so #ly, U =
Bly()., U (cf. beginning of proof of Proposition 4.2.19).

(v) #ls(5. U admits a good moduli space, and it coincides with the coarse moduli space

of Bly(s), U, which is equal to the usual blow-up Bl,(s, U (Proposition 2.1.5(iii)).
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Indeed, because the bottom square of (4.21) is cartesian, we have
Blﬁ(]). U= Blﬂ((})d U XBlj An Bli. A",

Thus,
%IX(J). U= Bly((])d U ><]_3,1j An %l, A",

Since Bl A" is the good moduli space of %l A™ (Remark 4.2.25), it follows from

[Alp13, Proposition 4.7(i)] that Bl (s, U is the good moduli space of %Al (), U.

Remark 4.3.4. Because of Remark 4.3.2, the remarks in 4.3.3(i)—(v) globalize immediately.
For example, (v) implies that %l (), Y admits a good moduli space, and it coincides with the

coarse moduli space Bl (), Y of Bly(s,Y, cf. [Alp13, Proposition 4.7(ii)].

4.3.5 (Local description via multi-graded Rees algebras). Let y € U C Y be as in 4.3.3. As

in 4.1.29, one may express %l (s, U as
[Specy (ZY) \V(Is,) / GEU)]

where Y is the Z0)-graded Rees algebra
Oy [t;lz pE ex(j)] T+ H tEW': 1<i<n| C Oy [t;t: pE ex(j)]
peex(j)
and the GZV_action is induced by the Z=0)-grading on ZY. As in (4.6), we set z; = z; -

HPEeX(j) t,”" for 1 <i < n, and ), = t;l for p € ex(j). Moreover, if () # 0, the morphism

Bl U= [Spch (%#Y) ~V(Is,) / Gex0)

|

Bly (. U = [Specy (L(J)e) N V(L(J)1) / G
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is then induced by

T H (a:;)“f“'

peex(j)
| N i =0
B Np(j) HpGeX"’(a) <xp> ! !
(4.22) e [ @) = "
pEext(j) HpEex(j) (;p;)) Zd' if k Z 1

cf. (4.15) and (4.19).

We next turn our attention to the various natural transforms of J under the multi-weighted

blow-up of Y along .#(J).. We first recall the following:

4.3.6. Let Y := Bly(), Y, and let d and £ be as in 4.3.3. By Theorem 3.4.2(iii),
(4.23) () Oy = (tTHE - T

where (t71) is the ideal sheaf Iy, C Oy underlying the exceptional divisor E C Y’, and J’ C Oy~

is the weak transform 7t;'(.J) of J under 7t (Definition 2.3.31).

Definition 4.3.7. Let %" := Bl ), Y, Y :=Bly(;),Y,and (: #’ — Y’ as in (4.20). We

define the weak transform of J under 9: #’ — Y as

where J' is the weak transform of J under 7.

The next proposition shows the above definition agrees with Definition 4.1.26.
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Proposition 4.3.8 (Local description of weak transform of J). Let p € U C Y be as in

4.8.3, and set U' = Bl sy, U. Then the restriction of 9;(J) to %' C ¥’ is equal to

(19—1((])@%,) H (:L,;))—NP

peext(j)

where for each p € ex*(j), N, is the largest natural number n, such that 9~ (J) Oy C (x],)™.

PROOF OF PROPOSITION 4.3.8. If ) = 0, then #l (5, U = Bly(y, U, and there is noth-
ing to show. Henceforth, assume @ # 0. Let ZY be defined as in 4.3.5. Under the correspon-
dence in 4.1.31, ZY corresponds to a tuple v := (y/): p € ex(j)) of #ex(j) idealistic exponents
over U, where each v is the idealistic exponent over U associated to the following integrally

closed, N-graded Rees algebra on U:

1
R = (aczup 1€ [n], u,; # O)

cf. 4.1.32. For each i € [n], we also set 4} to be the idealistic exponent over U associated
to the ideal (x;) on U. Finally, v, denotes the idealistic exponent over U associated to JOy.

Then we have:

Proposition 4.3.9 (Local description of weak transform of J, explicated). With the above

hypotheses and notations, we have, for every p € ext(j):

where K, is the largest natural number k, such that v; > k, - AL If k> 1, this number is also

equal to a; - u,; for every 1 < i < k.

PROOF OF PROPOSITION 4.3.9. The equality N, = K, can be shown by the same methods

in the proofs of Lemma 4.1.34 and Proposition 4.1.36.
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For the equality N, = N”T(j), we prove the cases k = 0 and k£ > 1 separately. If & = 0,
we make the canonical identification ex™(j) = ex™(a), and for every p in that set, note that
N,(Gj) = N,(a). In this case, Z(J)e is the integral closure in Oy[t] of the Rees algebra of

Q) = #(J). By Lemma 4.1.22(ii):

YHQOu = ] (@)™

pEext(a)

Since @ D J, the left hand side contains ¥ !(J)0y:, so that N, > N,(a) for every p € ext(a).
Conversely, by the definition of N, 97'(J) 0 C [] coxs ) (2,)Ne. Taking monomial saturation
M (—), we get:

3N Q) Oy =M (N)Oy) C ] ()™

peexct (j)

where the first equality follows from Lemma 3.1.2(iii), since ¥ is logarithmically smooth if
k =0 (4.3.3(iii)). That inclusion shows the other inequality N,(a) > N, for every p € ex*(a),

as desired.

If kK > 1, we show instead that K, = N‘&(j). By Lemma 2.3.77,

K, = max{k, € No¢: %,[C’:}. is J-admissible}.

By Lemma 4.2.22(ii), N,(j) = (a;d) - u,; for every 1 <i <k andu,; =0forall k <i<n—r.

Therefore, we have

. ) 1/d
:@[(pl\’p(i)) N (I‘f17$g2’ s 7$Zk7 (gﬁvp(])/up’z: n—r<i< n, Up; % O> ) .
—a )

Letting p — p be the one-to-one correspondence ex*(j) — ex*(a) in Remark 4.2.26, the same

remark says that

5(0) /up i : 1/d
(4.24) f%’[(plw). = (9:‘1”,:16;2, co gk (gﬁvﬁ(a)/ Pin—r<i<n, u,; # 0> ) .
d
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By Remark 4.1.38, we have
(4.25) Yo > Ny(a) - 47 for every p € ex™(j)

where P! is the idealistic exponent over U associated to the integrally closed Rees algebra

<le/up fin—r<i<n Uy 7 0) on U. From (4.24) and (4.25), we deduce that %%}V o
d

tains & (J,y)e = (2f', 252, ..., 23*, Q"9). Since S (J, y)s is J-admissible at y (Theorem 3.3.9(i)),

) con-

so is ! whence K, > NeG)  On the other hand, a; = log-ord,(J), whence Corol-

(N(l)) ) d

lary 3.1.11 implies that for any k, > ’) %,[f ]. cannot be J-admissible at y, as desired. O

We return back to the proof of Proposition 4.3.8. Applying (~'(—)- Oy to (4.23) and then

applying (4.22) and Proposition 4.3.9, we obtain the desired equality:

YN Ow = (CINOw) - T @) =970 [ @)™, 0

pEext(j) p€ext(j)
The next proposition shows that the same equality in Definition 4.3.7 holds as well for

proper transforms:

Proposition 4.3.10. Let J (resp. jn) denote the proper transform of J under ¥: %' =

By Y =Y (resp. m: Y :=Bly),Y = Y). Then we have:
J = (N Jr) O
where ¢ was the morphism %" — Y' (4.20) in Definition 4.5.1.

PROOF. Recall that V(j) (resp. V(jﬂ)) is the smallest closed substack of #” (resp. Y”)
containing V (371(J) Oy ) NV (3L (J)1)Ox) (resp. V(' (J)Oy) NV (" (I (J)1)Oy)).

The proposition then follows from the following equalities:
V(N (D) Oy)) = V(O HT)Ou)
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V(N (L(IN) Oy) = V(@ HL())1)Os)
and the fact that ( is closed, cf. 4.3.3(i). 0

We can finally deduce:

Theorem 4.3.11 (Invariant drops in a well-ordered set). Let J C Oy be a non-zero ideal,

and let J be its proper transform under 9: %" := Bl 45, Y — Y. Then

max inv(J) < maxinv(9;'(J)) < maxinv(J).

and all three mazimum invariants are contained in the well-ordered set Ngodim(y)’!, cf. 3.3.1.
Proor. We adopt the notation in Definition 4.3.7, and Proposition 4.3.10. Since ( is

logarithmically smooth and surjective (4.3.3(i)), we have
max inv(9;"(J)) = maxinv (7' (J')0s) = maxinv(J') < maxinv(.J)

where the middle equality is given by Lemma 3.3.6(iii), and the strict inequality is given by
Theorem 3.4.2(iv). Recall from Definition 3.3.4 that the lengths of maxinv(J) and maxinv(J’)
are bounded above by dim(Y) = dim(Y”), and hence, so is the length of maxinv(d;'(J)).
Moreover, since J O 9;1(J) (Remark 4.1.27), we also have maxinv(.J) < maxinv(9;1(J)).

Finally, the proposition, together with Lemma 3.3.6(iii), imply that

maxinV(J) = maxinv((fl(Jn)ﬁg/) = max inv(Jﬁ).

Since the length of maxinv(.J;) is also bounded above by dim(Y) = dim(Y”), so is the length

of maxinv(j). O

217



4.3.12 (Functoriality). Given a strict, smooth, and surjective morphism f: Y — Y of

smooth, strict toroidal k-schemes, we have
}7 Xy %IX(J% Y = gglz(f—l((])ﬁ?) }7

where as always, the fiber product is taken in the category of fs logarithmic Artin stacks.
Indeed, since I (f1(J)0z)e = fH(F(J)e)05 (Lemma 3.3.16), we have Y xy Blyy), Y =

Bly(s-1(05). Y. As a consequence,

}7 Xy %11(]). Y = (}7 Xy Blz(J). Y) XBIX(J)-Y ﬁlz(J).Y

= Bly(-1(1)65)e XBlys,y Blr. Y.

Since HBly (s, Y is by definition the canonical smooth, toroidal Artin stack over Bly(;), Y,
Remark 4.2.7 implies that Y Xy Pl g1, Y is then the canonical smooth, toroidal Artin stack

over Bly(s-1(5)0,). }N/, and is therefore by definition %lz(ffl(‘])ﬁ?) Y.

4.3.B. Proof of main theorems in §1.2.B.

PrOOF OF THEOREM F. By hypothesis, X # Y. Let J be the underlying non-zero ideal
of X C Y. Weset m: Y' — Y to be m: Bly(y,Y — Y in Definition 4.3.1. Then part (i)
is immediate, part (ii) follows from Remark 4.3.2, part (iii) follows from Theorem 4.3.11, and
part (iv) follows from parts (ii) and (iv) of 4.3.3 (cf. Remark 4.3.4). Finally, functoriality with

respect to strict, smooth, and surjective morphisms of pairs follows from 4.3.12. Il

Proor oF THEOREM E. This can be deduced from Theorem F in the same way as how

one deduces Theorem A from Theorem B, cf. §3.4.B. We leave this to the reader. U

As in §3.4.B, to deduce Corollary G from Theorem E, we require the following adaptation

of Lemma 4.3.13:

218



Lemma 4.3.13 (Re-embedding principle for Theorem F). Let X be a reduced, closed sub-
stack of a smooth, toroidal Artin stack Y over k. Let Y be the fiber product Y @y Al in the
category of fs Artin stacks, where A' := Spec(k[zo]) and k are given the trivial logarithmic

structure. Then:

(i) For everyy € |X|, inv, (X C Y1) is the concatenation (1,inv, (X C Y)).
(ii) Let (X CY) — (X' CY') be the procedure in Theorem F. Then Y’ is canonically
identified with the proper transform of Y =Y x {0} C Yy under the weighted blow-up

Y] — Yi. Under this identification, we have X' = X].

PROOF. We may assume Y is a strict toroidal k-scheme. Then part (i) is Lemma 3.4.8(i).
Part (ii) also follows the same way as Lemma 3.4.8(ii), except that one also needs Corol-

lary 4.2.27. Il

PROOF OF COROLLARY G. Since X can be embedded, locally in the smooth topology, as
a closed subscheme of pure codimension in a pure-dimensional, smooth, toroidal k-scheme,
the corollary follows once we show the following. Given two strict closed embeddings of X
into pure-dimensional, smooth, toroidal Artin stacks Y; over k (for i = 1,2), the resolutions
of singularities of X obtained from the embedded resolutions of singularities of X C Y; and
X C Y3 in Theorem E coincide. First assume that dim(Y;) = dim(Y2): in this case, the two
embeddings are smooth locally isomorphic. By the functoriality of Theorem E, the embedded
resolutions of singularities of X C Y; and X C Y5 are smooth locally isomorphic, whence the
resulting resolutions of singularities of X coincide. In general, this reduces to the earlier case,

by a repeated application of Lemma 4.3.13. O

Finally, we sketch how one can obtain Corollary D from Corollary G. The first ingredient

is a special case of [ER20, Theorem 2.11].
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Theorem 4.3.14 (Reduction of stabilizers: smooth, toroidal case). Let X be a smooth
Artin stack over k that admits a good moduli space X, has affine diagonal, and has no generic
stackiness. Let E C X be a simple normal crossings divisor. Then there exists a canonical
sequence of saturated blow-ups [ER20, Definition 3.2] of Artin stacks ®: Xy o, Xn_1 m)

N Xo = X along smooth, closed substacks C; C X;, together with simple normal crossings

divisors E; C X; with Eg = E, such that:
(i) Each X; is a smooth Artin stack over k admitting a good moduli space X X,
(ii) Each |C;] is the locus in X; of points of mazimum dimensional stabilizer.

Fach E; is the inverse image of C;_1 U F;_1 under ¢;.

)
)
(iii) Each ¢; restricts to an isomorphism X; ~ ¢;(Ci_1) = Xi_1 ~ o (0i1(Ci_1)).
(iv)
)

(v) The mazimum dimension of the stabilizers of points of X; is strictly smaller than that
of the stabilizers of points of X;_1.

(vi) The final stack Xy has finite inertia, with coarse moduli space Xy ZN, Xy

(vii) Each ¢; induces a schematic blow-up of good moduli spaces X; — X,;_1, which is an

isomorphism over X;_ 1~ ¢;_1(Ci_1).

The sequence ® does not depend on E. This procedure X — Xy is functorial with respect to

strong morphisms [ER 20, Definition 6.8].

A SECOND PROOF OF COROLLARY D. We apply Corollary G to a pure-dimensional, re-
duced scheme X of finite type over k, endowed with the trivial logarithmic structure. We
obtain a proper, birational morphism TT: X* — X, where X is a pure-dimensional, smooth
Artin stack over k, TT is an isomorphism over X C X, and FE := TT"!(X ~ X®*™) is a simple
normal crossings divisor on X*. Now apply the above theorem to the pair (X, E) to obtain
a proper, birational morphism ®: X+ — X* such that X/ is a smooth Artin stack over

k with finite inertia, ®,, := ® o IT is an isomorphism over X* C X, and ®_ (X ~ X*™) is a
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simple normal crossings divisor on X 7*. The remainder of the proof now follows in the same

way as outlined in the second paragraph of the first proof of Corollary D in §3.4.B. U

4.4. Examples and further remarks

4.4.A. Examples. Throughout this section, we freely adopt the notation introduced in Chap-

ters 3.3, 4.2 and 4.3.

Example 4.4.1. Let Y = A% = Spec(N® — k[z,y, z]), and consider the following hyper-
surface:

X=V(J)=V(@®+y’2+2") CY.
Then maxinv(J) = (00), and .Z(J). is the integral closure in Oy[t] of the Rees algebra of
M(T) = (2%,y°2,2°). Let m:Y' := Bly(;),Y = Y, which was explicated in Example 4.1.18.
By the equations therein, the total transform of [ is:

(4.26) 7)) Oy = ufuj - (2 + y2' + 2°u3) .

-

TV
proper transform J’

Finally, 2='(J') = (2,y?2',2"u3) which is the unit ideal on the z'-chart, y'z'-chart, and

Z'uy-chart of Y'. Therefore, maxinv(J') = (1) < (c0) = maxinv(J), and we get resolution of

singularities in one step.

The above is an example of a polynomial that is not just non-degenerate, but in fact
non-degenerate with respect to all faces of its Newton polyhedron, cf. Definition 1.3.1. We
bring this to the reader’s attention because Example 4.4.1 is then manifested by a general
phenomenon which was earlier observed in [BN20, Proposition 8.31] for all polynomials that

are non-degenerate with respect to all faces of its Newton polyhedron:

Theorem 4.4.2. Let f € k[z1,...,x,] be a polynomial that is non-degenerate with respect

to all faces of its Newton polyhedron, and assume x; does not divide f for every1 < i < n. Then
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the multi-weighted blow-up of A™ along the monomial saturation acyy of (f) (Definition 4.1.21)
is an embedded resolution of singularities for V(f) C A™" = Spec(N" — k[z,,...,z,]).
In other words, the embedded resolution of singularities in Theorem FE, applied to the pair

V(f) € A™™ = Spec(N™ — K[z, ...,x,]), terminates after one step.

We remark that we impose the condition that z; does not divide f for every 1 < i < n,
so that V' (f) C A™" is generically toroidal, and hence satisfies the hypotheses of Theorem E.
The same proof below, with some minor modifications, continues to work if one drops that

condition.

PROOF. Let a := a(y), and m,: Bl A" = [Xia / Gﬁ(aq — A". Let 7 be an arbitrary cone
in ia, and let ¢ denote its image under the morphism 3: Z*() — Z" which sends e, — u,
for every p € ¥4(1) (Definition 4.1.15). By definition of S, there is a smallest cone o’ in g
such that o is a sub-cone of ¢’. Let 7 be the face of P, = Py dual to ¢’. If O(0) denotes the

G _orbit of Xg_ corresponding to @, we claim the proper transform of V/(f) C A" under
is non-singular on the (Gg{‘(l) / Gg(a)>—orbit [O(U) / GEJ“’] C [Xia / Gg(a)} = Bl A". This

claim proves the proposition, since Xg = |_|E€§u O(o). We prove the claim in three steps.

4.4.3 (Step 1). Let U, denote the affine toric variety associated to the cone @ in ia. By

(4.4) and (4.5), Dy (o) := [Uo / foﬂ C BL A" is:

Oanlxy, ... 2] [x;): p € E(a)] [(z,)7"]

/ GEe
(x; lpep (@) — 2 1 <i < n)

Specan

where

(4.27) z = xf,  with o(1):={pe Ta(1): pCa}.
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Next, by Lemma 2.1.2, the assignment 7, > 1 for every p € E(a) \ o(1) identifies D (o) with

Opnl2l, ... 2] [x;): peE@N J(l)] [(z)71]

o

<x; Tper@no) (@) — 2 1 <0< n)

(4.28) Specan / Gg(a)ma(l)

where we re-define 2/ as

t€[l,n]No(1)

4.4.4 (Step 2). Write f = > \n Ca - 2. By Lemma 4.1.22(i), the total transform of f on

(4.28) is:

peE(a)No(1) acN™ peE(a)no(1)

Vv
proper transform f’

Let us record two essential observations about f’:

(i) If a € N* N 7, then for every p € o(1), we havea € 7 C H,, i.e. a-u, = N,(a). In
particular, if p =i € [1,n] N o (1), we note separately that this means a; = 0.
(i) If a € N™ \ 7, there exists p € o(1) such that a€ N" \ H,, i.e. a-u, > N,(a). This

is because 7 = ﬂp@,/(l) H,= mpea(l) H,.

4.4.5 (Step 3). Finally,

closed

[O(0) / GEZ(“)} =V(z,: peo(l)) — Di(o).
Combining the above with (4.28), we get the identification

(4.29) [O<‘7) / Gﬂ(a)} = [Spec(k[(x’)i; i€[l,n]~ 0(1)}) / Gg(ﬂ)ﬂa(l)} '

%
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Moreover, by 4.4.4(i)—(ii), the restriction of f’ to (4.29) is:
Z Ca - (Z')2
acN"NT

Since the above expression matches that of f;, the claim follows. O

The next three examples (Examples 4.4.6, 4.4.7, 4.4.9) will re-visit the same hypersurface
X =V{I)=V(f):=V(x*>+y?2+ z3) C A? from before, but we explore what happens if we

vary the toroidal logarithmic structure on A3.

Example 4.4.6. Consider Y = A%? = Spec(N? — k[z,y, 2]). Then we have maxinv(J) =
(2,00), and £ (J)s = (z, (y*z,2%)"/?). The multi-weighted blow-up 7: Y’ := SBly ),V = Y
is schematically the same as the one in Example 4.4.1, and we still have (4.26) (but z’ is no

longer underlined) and resolution of singularities in one step.

Example 4.4.7. Next, consider Y = A3Y (trivial logarithmic structure). Then maxinv(J) =
(2,3,3), and Z(J)e = (z1/3,y"/2,2/2). The multi-weighted blow-up m: Y’ := Bl (5, Y =Y
is the weighted blow-up of Example 4.1.17. By the equations therein, the total transform of I
is:

W_l(J)ﬁy/ — QG . (:13,2 +y/QZ/ + 2/3) )

'
proper transform J’

We have 251(J") = (2,42, y"* + 32", 2"3) which is the unit ideal on the z’-chart, y/-chart,
and z'-chart of Y'. Thus, we have maxinv(J’') = (1) < (c0) = maxinv([), i.e. resolution of

singularities in one step.

Remark 4.4.8. Example 4.4.7 is also part of a more general phenomenon: namely, X =
V(J) has a (3,2, 2)-weighted homogeneous isolated singularity at 0 € A3, and hence, its singu-
larities are resolved after the (3,2, 2)-weighted blow-up of A3 in 0. From the viewpoint of the

monodromy conjecture of Denef-Loeser [DL92b], this resolution is “more minimal” than the
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one in Example 4.4.1, since it has one less exceptional divisor, namely the one corresponding to
the Bj-facet [LVP11, Definition 3] of the Newton polyhedron of (f). This begs the question
of whether in general and to what extent Theorem 4.4.2 can be refined in this direction. This

is the content of the following Chapter 5.

Example 4.4.9. Finally, consider Y = A%! = Spec(N — k[z,vy,z]). Then maxinv(J) =

(2,00) and I (J)e = (2,2"%). Then 7: V' := Bl (), Y — Y is

|:SpeCA3 ((x ﬁA3[I JZ_7Q:| ) N V(l'/721) / Gm N A3;1

"w— 1, 2'u? — 2)

so the total transform of J under 7 is

proper transform J’

Note that V(J') C Y is non-singular in every chart except the z’-chart of Y. Nevertheless, we
have maxinv(J') = (2,2,00) < (2,00) = maxinv(J), and .Z(J)s = (2, y,u?). The composition

™Y i= Bl Y =Y Y is

Os 2 y/ PR y] .
{SpeCAS ((x”u’v?’ _ x[y’z,ﬂ . 97 z/’u’%? ) NV (a"y, 22",y ) [ Gr | = A%
- Y = 9y = =

and the total transform of J under 7’ is

71'/_1(J) ﬁyu _ QQQG X (ZB”Z + y/2§/ + §/3E/4) ]
NS - >

proper transform J”’

We have 2=1(J") = (2”,y'2/,2"u}) which is the unit ideal on every chart of Y”. Thus,
maxinv(J”) = (1) < (2,2,00) = maxinv(J’), and we achieve resolution of singularities in

two steps.
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Remark 4.4.10. Note that the Newton polyhedron of the first center . (.J), = (z,2"/?) C
k[z,y, z] in Example 4.4.9 contains the Bj-facet of the Newton polyhedron of (f). As mentioned
in the preceding remark, Bj-facets are known to be “problematic” from the viewpoint of the
monodromy conjecture, cf. [LVP11]. Indeed, we saw above that the first multi-weighted

blow-up in Example 4.4.9 did not completely resolve the singularities of X = V(J) C Y.

226



CHAPTER 5

Around the monodromy conjecture of Denef-Loeser

5.1. Nuts and bolts

5.1.A. Newton Q-polyhedra and piecewise-linear convex Q-functions. We begin by
reviewing some fundamentals in convex geometry in §5.1.A and §5.1.B. A reader who is familiar
with convex geometry can skip to §5.1.C. Throughout this chapter, we adopt the conventions
in 1.3.2. Along the way we also fix some conventions and notations for the remainder of this

chapter.

Definition 5.1.1 (Newton Q-polyhedra). By a rational, positive half-space in Mg, we

mean any set of the form

Hf, ={aeMg:a-u>m} C M
for some 0 #u € N* and m € Nyy. We also set:

Hym={a€e Mj:a-u=m} C M.

We call an intersection of finitely many rational, positive half-spaces in Mg a Newton Q-
polyhedron (with the empty intersection defined as M), typically denoted by the letter T'.
Equivalently, a Newton Q-polyhedron is the convex hull in Mg of [J{a + Mg : a € S} for a

finite subset of points S C M.

Remark 5.1.2. If the vertices of a Newton Q-polyhedron I, also lie in M™*, then I, is

simply known as a Newton polyhedron.
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Convention 5.1.3 (Conventions on Newton Q-polyhedra). In Convention 1.3.2, we out-
lined a few conventions on the Newton polyhedron I'y(f) of a polynomial f € k[zq,...,x,].
The same conventions make sense for a Newton Q-polyhedron, and moving ahead we will also

adopt them for Newton Q-polyhedra.

5.1.4 (Piecewise-linear convex Q-functions). We may associate, to a Newton Q-polyhedron
I',, a piecewise-linear, convex function ¢: N — R defined as follows:

p(u) = inrf a-u for every u € Nyt
acl4

Recall this means that there exists a finite set S C My such that p(u) = minaeg a - u for every
u € Ng. Indeed, for the above ¢, we may take S = vert(I'y). In fact, since vert(Ty) C Mg,

@ is a piecewise-linear, convex Q-function, that is, either of the following equivalent conditions

hold for ¢:

(i) ¢ is a piecewise-linear, convex function such that ¢(NT) C Qxo.

(ii) There exists a finite set S C Ma such that ¢p(u) = mingega - u.
This sets up a one-to-one correspondence between:

piecewise linear, convex, Q-
{Newton Q-polyhedra in Mg} «—

functions ¢: N — R

Indeed, we claim that every ¢ in the right hand side arises uniquely from the following Newton

Q-polyhedron:

(5.1) No={acMira u>p)foralueNg}= ) H,

uGNg

)

PROOF OF CLAIM. It remains to demonstrate I'y is a Newton Q-polyhedron. Let S =
{aj,...,a,} C Mg be such that p(u) = minc,ja; - u for every u € Ng. Then Ty is the

intersection of all rational, positive half-spaces in My containing S:
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(i) If HF, contains S, then a; - u > m for every i € [r], so that if a € T, a-u >
min;ep) a; - u > m. Thus, Ty C HY, .

(ii) Conversely, let a € {H},,: u € N*, m € Ny, S C H{,,}. Toshow a € Iy, it
suffices to show for every u € N* that a-u > min,c,) a; - u. To this end, fix & € N5 so
that ka; € M for every i € [r], and set m := kminepja; - u € N5g. Then S C H;um,

so the hypothesis implies a € H,ju’m. This means that k(a-u) > m = kminya; - u,

l.e. a-u > minpa; - u as desired.

Thus, Ty is the convex hull in Mg of [J{a + Mg:a € S}. Since S C My is finite, so is
vert(I'y) C S. Therefore, I'y only has finitely many faces. For each facet 7 of 'y, let u, be the
unique primitive vector in N* that is normal to the affine hyperplane spanned by 7. Then T’}

is the following finite intersection of rational, positive half-spaces in My:
_ +
(52) Me= () HY o
T<1r+

and hence a Newton Q-polyhedron. A

5.1.5. As a consequence of (5.2), we obtain the following alternative description of ¢ in

terms of facets of I'y (as opposed to points in I} ):
¢ = min.%

where

{linear functions ¢: Ny — Rsg such}
S = :

that ¢(u,) > N, for every facet 7 < Ty

Recall from Convention 5.1.3 that for every 7 <! Iy, N, € Qs is defined via the equation

{a € Mg:a-u, = NT} of the affine span H, of 7 in Mg.
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5.1.B. Newton Q-polyhedra and their normal fans. We continue to follow Conven-

tion 1.3.2, and in addition, we follow any conventions on fans in Convention 1.0.1.

5.1.6 (Normal fans). Every Newton Q-polyhedron T'; also naturally induces a fan ¥ in Ny,
called the normal fan of I'y, whose cones ¢ correspond in an inclusion-reversing manner with
faces ¢ < I'y. Namely, let ¢ be the piecewise linear, convex, rational function associated to I'y,

and we define the normal fan X as follows:
Y= {aa: ac Mﬁ}

where for each a € T, ,

0a:={u€ N{: p(u)=a- u}.

This is a closed convex cone in Ng: indeed, if uy, uy € o, then
a-(wm+uw)=a-w+a-u=ypu)+e) <eu+u) <a-(u + uy)

which forces equality throughout, i.e. u; + uy € 0,. In particular, we obtain an alternative

characterization of oy,:

Corollary 5.1.7. Fora € T, 0, is the largest closed convex cone in Ny, on which ¢ is the

linear function u — a - u. O

5.1.8. Our next goal is to explicate o, further; in particular, we will see that o, is a convex
rational polyhedral cone in Nyt . To do this, let us first introduce a notion dual to o,. Namely,

for each u € Ny, the first meet locus of u is defined as:

¢, = {a€ Mg o) <a-u forall u' € N with equality if u' =u}
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Note that ¢, = I';. Here are some other observations about ¢ :

(i) For 0 # u € Ng, ¢, = Hupm) N T4, i.e. Hyyu is a supporting hyperplane of T
Every proper face of Il is ¢ fora 0 # u € Ng.

(ii) Every facet 7 of I is ¢ for a unique primitive vector u, € N*, namely the one
normal to the affine hyperplane spanned by 7.

(iii) For each i € [n], the following statements are equivalent:
(a) u; =0.
(b) ¢, is non-compact in the ith coordinate, i.e. ¢, + Rxoef = ¢

(c) There exists a € ¢ such that a+ e} € ¢.

In particular, (iii) says that ¢_ is compact if and only if all coordinates of u are non-zero. We

will also need the following lemma:

Lemma 5.1.9.

(i) Let uj,uy € Nﬁ. Then Sy, MGy, C¢ with equality if and only if Sy, NSy, #+ 2.

uit+ug’

(ii) Leta,a’ € . For every 0 <t <1, 04N 0w = Orat(i—t)a’-
PROOF. We first prove (i). Let a € Cu, MGy, Then

a-u t+a-u=p(u)+pu) <e(u +u) <a-(u; + uy)

which forces equality throughout, i.e. a € ¢ as desired. Conversely, if ¢, N¢, # &, then

u;t+ug’

U, Uy € 0, for somea €l Fora' €c, .,

a’ . (111 + 112) = gO(lll + u2)
= p(uy) + p(uy) by Corollary 5.1.7

<a  -u +a-u.
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This forces equality throughout, so ¢(u;) = a’- u; for each i = 1,2, ie. a' € ¢, N¢, . This
settles (i). Next, let us prove (ii). Firstly, if u € 0, N ow, then a,a’ € ¢,. By convexity of ¢,
we have

ta+ (1—t)a' ec,

for every 0 < ¢t < 1, ie. u € Opar—pa for every 0 < ¢ < 1. Secondly, if u € opay(1—¢)a for

0 <t<1,then

pu)=(ta+ (1—t)a')-u=ta-u+ (1 —t)a -u

> tp(u) + (1 = t)p(u) = ¢(u)

which forces equality throughout. Since ¢ > 0 and 1 — ¢ > 0, this means p(u) = a - u and

p(u)=a’ -u,ie u€og,Noy. O

The next lemma is the key step towards explicating o,:

Lemma 5.1.10. Fora € Ty and u € Nyj, u generates an extremal ray of o if and only if

aec, <'T.

PrOOF. We may assume u # 0. For the reverse implication, let u;, uy € o, such that
u; +uy € (u). We want to show uy, upy € (u). By Lemma 5.1.9(i), we have ¢, N¢, =
Cujtu, = Cu- By hypothesis, ¢ is maximal among all faces of Iy containing a, so the above
forces ¢, = ¢, for i = 1,2. Since the affine span of ¢ is an affine hyperplane in Ng, this means
that u; € (u) for i = 1,2, as desired.

Next, let us show the forward implication. Firstly, since u € 0,, a € ¢,. It remains to show
that ¢, is maximal among all proper faces ¢ < Iy containing a. To this end, let ¢ be a proper
face of Iy that contains ¢, and choose 0 # u’ € o, such that ¢ = ¢, For every i € [n] such

that u; = 0, we have

¢, T Reoef =¢, Cqy
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which implies uj = 0 (cf. 5.1.8(iii)). Therefore, for N > 0, Nu —u’ € Ny;. In fact, we claim
that for N >> 0, we also have Nu—u’ € g,. If not, for every N > 0, we have Nu—u' € N \0,,

i.e. there exists a)y € vert(I'y) so that

© u—iu’ =ay - u—iu’ <a- u—iu’
N N N N )

Since vert(I", ) is finite, there exists a constant subsequence (ay, )x>1 = (a’,a’,a’, - - +) of (ay ) ns0-

For all £ > 1, we have

1 1
(5.3) a' - (u — Eu’) <a- (u - Eu') .

Letting £ — oo, we obtain a'-u < a-u. Buta € ¢, s0oa-u = p(u) <a’'-u. This forces

!/

a’-u=a-u, ie a €c¢, . Inaddition, ¢, C¢,,s0a,a €¢,, ie a' -u =¢pl)=a- u.

However, these conclusions that 8’ -u=a-uand a’'-u’ = a-u’ would contradict (5.3). Thus,
our earlier claim holds, i.e. by replacing u by a sufficiently large multiple of itself, we may

assume u — u’ € g,. Since u generates an extremal ray of o,, one has that u’ and u — u’ both

lie in R>ou. In particular, ¢ = ¢, = ¢, as desired. O

Corollary 5.1.11. For a € Ty, o, is a convex rational polyhedral cone in Ng. More
precisely,

oa={u,;acrt<"T).
In particular, o, # {0} if and only if a lies in the boundary of T'y.

PROOF. Since o, is a closed convex cone inside Ng, 0, is generated by its extremal rays
[Roc70, Theorem 18.5]. Moreover, since there are finitely many facets of ', containing a, the

preceding lemma says o, has finitely many extremal rays. U

For the next corollary, we recall that the relative interior relint(c) of a polyhedron ¢ in Mg

is the interior of ¢ in its affine span in Mg.
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Corollary 5.1.12. For a € Mg and u € Ng, the following statements are equivalent:

(i) u € relint(o,).
(ii) ¢, = {7 =<' Th:a e 1}, where @ =Ty

(iii) a € relint(c).

Moreover, foru € o,, we have ({1 <'Tyrae 1} <c,.

PROOF. We may assume u # 0. Note that (ii) <= (iii), since ({7 <! T'.: a € 7} is the
unique face ¢ of I'y such that a € relint(c). For (i) <= (ii), it suffices to focus on the case
u € 0, (since otherwise, a ¢ ¢ ), and by the preceding corollary u = > . _ir, Aru, for some

Ar € R>o. By repeatedly applying Lemma 5.1.9(i), we have

Cu = m{C(ATuT)Z aer <! r+} = m{T <!'T.;a€7and )\, > O}

which contains ({7 <' Ty: a € 7} as a face. It remains to note that we can arrange {\,: a €

7 <' T} C Ry if and only if u € relint(c,). O
5.1.13. The preceding corollary sets up a natural correspondence between:

{faces ¢ < F+} — {cones o in E}
C—> o,
¢, 0o
which is defined as follows. Given ¢ < I'y, 0. := 0, for any a € relint(c). We call o, the cone

in ¥ dual to ¢. Conversely, given o in X, ¢ := ¢ for any u € relint(c). We call ¢_ the face of

I, dual to . Then:

(i) If faces ¢, < 'y correspond to cones o,0" in X, then ¢ < ¢ if and only if o > ¢’

Indeed, the reverse implication is given by the preceding corollary. For the forward
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implication, Corollary 5.1.11 says that every extremal ray of ¢’ is an extremal ray
of . We also note that if relint(c) N relint(o’) # @, then ¢ = ¢, = ¢ for any
u € relint(o) Nrelint(o’), i.e. ¢ = o’. The preceding two sentences together imply
that o/ < o.

(ii) If a face ¢ < 'y corresponds to a cone o in 3, then dim(c) +dim(o) = n. This follows
by induction on dim(c), where the induction step is supplied by (i).

(iii) If a facet 7 <' 'y corresponds to a ray p in 3, note that u, = u,.
Corollary 5.1.14. X is a fan in Ng whose support || equals Ny .

PROOF. That ¥ is a fan in Ng follows from Lemma 5.1.9(ii), Corollary 5.1.11, and 5.1.13.
It remains to see that [¥| D Ng. Indeed, if u € N, fix any a € ¢, < ', and we have u € o,

as desired. 0

Convention 5.1.15. For p € X[1], we will denote the facet S, = Sy <! T, dual to p by
T, or T, instead, cf. Convention 1.3.2. Likewise, for 7 <! T, we denote the ray o, € X[1]
dual to 7 by p, instead, c¢f. Convention 1.0.1. Then the following corollary is immediate from

Corollary 5.1.11 and Corollary 5.1.12:
Corollary 5.1.16. For a face ¢ < TI'y, we have:
0. = <pT: c <7<t F+>.

Dually, for a cone o in X, we have:

<, = ﬂ{TplpEO'[l]}, where ﬂ@ =T,

The next corollary follows from the preceding corollary, and 5.1.8(iii).
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Corollary 5.1.17. Let ¢ be a face of Ty, and o be the cone in ¥ dual to c. For i € [n],
let {e€) = 0} denote the coordinate hyperplane in Nr defined by e/ = 0. Then the following

statements are equivalent:

(i) o C {e/ =0}, i.e. for every p € o[l], u,; = 0.
(ii) ¢ is non-compact in the i™ coordinate, i.e. ¢+ Rxsgpe) = ¢.

(iii) There exists a € ¢ such that a+e) € c.

In particular, ¢ is compact if and only if o is not contained in any coordinate hyperplane

{e/ =0} in Ng.

Remark 5.1.18. In this paragraph, we give an alternative argument for the inequality
¢ <min.? in 5.1.5.

Let ( € ., fix any u € Ng, and it suffices to show £(u) > ¢(u). Indeed, let X be the fan
in Ng arising from I, as above. Since the support of 3 is Ny, u lies in relint(o) for some cone

o € 3. By Corollary 5.1.11, u = ) Aru, for some A\; € R, where A, > 0 if and only if

T<1r+

u, is an extremal ray of . Thus

E(u) - Z )\Tﬁ(uq.) > Z A N7 = Z )‘T()O(u‘r) = gp(u)

Ty Ty Ty

where the last equality follows from Corollary 5.1.7, as desired.

5.1.C. A quick lemma on multi-weighted blow-ups. Consider a fan ¥ in Ng whose
support || is N, e.g. the normal fan of a Newton Q-polytope as in §5.1.B. We recall from

Definition 4.1.6 that ¥ induces multi-weighted blow-ups of A™:
9: Pop = [Xg /GE] 5 A" for b= (b,)exp € N2y
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Starting from §5.2, our discussion will utilize multi-weighted blow-ups, and we will freely assume
any conventions introduced in §4.1, e.g. Convention 4.1.8 and the notations in 4.1.9. Our

discussion will also involve the next lemma, and more importantly, its corollary:
Lemma 5.1.19. Let o be a cone in the augmentation ¥ of X. If o satisfies the condition:
D.(0)N95(0) # &
then o is not contained in any coordinate hyperplane {e; = 0} in Ng.
PROOF. Indeed, for i € [n], we have:

o C{e/ =0} < u,; =0 for every p € o][1]

— ¥ (z;) = H (x;)bp'“f’*i is invertible on D (o)
pEX]]

— Di(o)nd'(V(xy) =&

— D,(0)N9:'(0) = @. O

Corollary 5.1.20. We have:
o € X not contained in
95'(0) C I_I O(o) : any coordinate hyperplane
m NR

Additionally, we relate the above corollary to §5.1.B as follows:

5.1.21. If ¥ is the normal fan of a Newton Q-polytope '\, note that a cone o € ¥ is not
contained in any coordinate hyperplane in Ng if and only if (\{7,: p € o[1]} < Ty is compact.
Indeed, if ¢ € ¥, we have ({7,: p € o[1]} = ¢, (Corollary 5.1.16), so the assertion follows

from Corollary 5.1.17. Otherwise, let ¢’ be the smallest cone in ¥ such that ¢ = ¢’. Then
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(Wi p € o[l]} = (Wrp: p € d'[1]} = ¢, (cf. 5.1.13 and Corollary 5.1.16), so the assertion

still follows from Corollary 5.1.17.

5.2. Preliminaries and examples

5.2.A. A stack-theoretic re-interpretation of a classical embedded desingularization
of non-degenerate polynomials. We return to the setting at the start of §1.3: namely, let
[ = > aenn Ca-2® € k[z1,...,2,] be a non-degenerate polynomial, and let T, (f) denote the
Newton polyhedron of f. Let X(f) denote the normal fan of I', (f), cf. §5.1.B.

It is known in the literature that one can construct, using ¥(f), an embedded desingulariza-
tion of V(f) C A™ above 0 € A™ (in fact, more is true, cf. the next theorem). This construction
manifests in various equivalent forms in the literature, e.g. in Varchenko [Var76, §10] and more
recently, in Bultot—Nicaise [BN20, Proposition 8.31] and Theorem 4.4.2 (= [AQ21, Theorem
5.1.2]). As motivated in §1.3 (cf. 1.3.12, 1.3.13, 1.3.14), we follow the last approach. Indeed,

by following the description in 4.1.9, the proof of Theorem 4.4.2 shows:

Theorem 5.2.1. The multi-weighted blow-up of A™:
sy Ly — A"

is a stack-theoretic embedded desingularization of V(f) UV (x12z2---x,) C A™ above the origin

0c A"
5.2.2. This means ﬁg(lf) (V(f)UV (z122- - x,)) is a simple normal crossings divisor at every
point in Bg(lf)(O). To explicate this, we note from 4.1.9(i) that:

W=D @) [ @)y

acN" peS(f)lex]
where for each a = (a,...,a,) € N, (2/)? = (2})®---(2},)*. Setting N, := N, =

n

infacr, (pya-u, for each p € X[1] (cf. Conventions 5.1.3 and 5.1.15, as well as 5.1.5), we
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define the proper transform of f under 9yy as:

(5.4) =

o
E(f)(f) T, = Z Ca - ()27 H (x;))aup—Np

[Lesinm (@ e pe2(f)lex]

where n := (N;: ¢ € [n]). In other words, V(f') C 2%y is the proper transform of all
irreducible components of V' (f) C A" that are not contained in V(zyz5---x,) C A" Note
that since f is non-degenerate, V(f') C Zy(s) is reduced. Then the preceding theorem is
asserting that at every point in ﬂggf)(O) C Zs(p), V(') C Zxy) is smooth, and intersects the

smooth divisors {V(z},) C Zx(p): p € X(f)[1]} transversely.

5.2.3. We next claim that via an appropriate motivic change of variables formula, the

desingularization 9y ) of V(f) C A" supplies a set of candidate poles for Zyor,0(f;5) given by
O(f) :=={-1 U {s;: 7 <" Ty (f) with N, >0}  (cf. (1.5)).

To this end, we find it the most convenient to appeal to the formula in [LCMMVVS20,
Theorem 4]. Other formulae that apply to our context include [BN20, Theorem 5.3.1], [Yas06,
Theorem 3.41], or [SU21, Theorem 1.3], although the first demands some background on
logarithmic geometry, and the latter two are less explicit. However, as it is, the embedded
desingularization 9y 5y of V(f) C A™ does not satisfy the key hypothesis of [LCMMVVS20,
Theorem 4], since 2%y typically does not have finite stabilizers. Nevertheless this can be

resolved by further subdividing the fan X(f) to a simplicial fan Z(f) without adding new rays.

5.2.4 (Frugal simplicial subdivisions). From 5.2.4 to 5.2.6, let ¥ be a fan in Ng whose

support |X] is Ng, and we fix a subdivision X of X such that:

(i) L is a simplicial fan, i.e. every cone o in X is a simplicial cone, i.e. o[1] is a linearly

independent set for every o € L.

239



(ii) Every cone ¢ in £ can be inscribed in some cone ¢ in ¥ (in which case one writes

o C d'), cf. Definition 4.1.1.

Such a X always exists by [DHO1, Lemma 2.8], and we call any such X a frugal simplicial

subdivision of ¥.. Note too that X[1] = X[1].

5.2.5. Let (&, 3) denote the stacky fan associated to ¥ in Ng, cf. 2.6.1. Since Z[1] = S[1],
the stacky fan associated to S is of the form ()E, f3) for the same homomorphism 3: Z*M = N =
N = Z"™ appearing in (i, 3). Moreover, T is a sub-fan of 3. Indeed, recall from Definition 4.1.1

that I is generated by {0: ¢ € £}, where for every cone ¢ in X,
o={(e,peafl])cZ = N.

If o is a cone in ¥ such that 6 C o, 0 is then a face of the cone 7 = (e,: p € o[1]) in 5, and
hence is in fl, as desired. Consequently, the toric morphism induced by the inclusion TcSis
a Gg-equivariant open immersion Xz — Xg, which descends to the open immersion of stacks

in the following commutative diagram:

2z = [X5/ Gg] - » [Xs / Gg] = 2%

> T

ATL

Explicitly, adopting the notations in the description of dy: 2y — A™ in 4.1.9, the open

immersion 2y — Zy identifies the former with the following open substack of the latter:
Ly = U{D+<0-): o € Zmax]} C 25

where for each o € Z[max], we set



and

(5.6) Dy (0) == [Spec(k[z), ... 2][2: p e Slex]] [25]) / G ¢ 25

rrn

is also the o-chart of 25 (4.1.9(iii)). Note too that for every ¢ in ¥ and o in X such that o C o,

we have D, (0) C D, (o), since x/ divides .

5.2.6. Since X is a simplicial fan, 25 has finite stabilizers, i.e. Xz has finite quotient
singularities. While this assertion is classical in toric geometry [CLS11, Theorem 11.4.8], we
will need, for each 6 € L[max], an explicit presentation of the o-chart D,(6) C Zz as the
stack quotient of a smooth k-scheme by an action of a finite abelian group. This presentation
will be used later in 5.2.7.

Let us start from the expression in (5.6). Firstly, since z/, is invertible on D, (o) for p €
Y[ex] \ o[1], and their Z¥*-weights {—e,: p € S[ex] \ o[1]} are linearly independent over Z,

we observe from Lemma 2.1.2 that by setting
z, =1 for every p € Xlex] \ of1]
we obtain an isomorphism

(5.7) D (0) = [Spec(k[z), ... a}][x): p € olex]] [z ']) / Go™]

rrn

where:

(i) ofex] = Sfex] N o[1].
(ii) x5 becomes [[;c i op Zi-
(iii) The action Go™ ~ Spec(k[z}, ..., "] [,: p € olex]][zg"]) is specified as follows.

For each i € [n], the Z°™-weight of z} is (u,;)pcolex], and for each p € olex], the

7o _weight of T, is —e,.
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Secondly, since o is simplicial,
{u,: peofl]} ={e:iec[n]no[l]}U{u,: pc olex]}

is linearly independent, and hence, so is

(5.8) (Up,i)icm)~olt] = Up — Z u,i€;: p € Olex]
i€[n]No[1]

Moreover, since dim(o) = n, we have #0[1] = n, so that:

solex] +n — #ofex] + # (1] No[1]) + #([n] ~ o))
= #0o]l1] + #([n] ~ 0‘[1]) =n-+ #([n] ~ 0'[1])

i.e. #([n] N\ o[l]) = #0lex]. Consequently, the vectors in (5.8) are the columns of an invertible

square matrix B of order #olex], which implies that the set of rows of B:
{(upi)peciexs: @ € [n] N O[1]} = {Z“[ex}—weights of 2: i € [n] \ o[1]}

is linearly independent. Together with the fact that z is invertible on D, (o) for i € [n] \ o[1],

we observe again from Lemma 2.1.2 that by setting

=1 for every ¢ € [n] \ o[1]
in (5.7), we obtain an isomorphism
(5.9) D, () = [Spec(k[z,: p € o[1]]) / p]

where:
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(i) p:= Homeyp—sch(A, Gp,), where A is the finite abelian group

zzakx}
((wp.i)pesient 1 € [n] N O[1])

A=

(ii) Letting (—) denote the quotient Z°™) — A, we specify the action g ~ Spec(k(z),: p €

o[1]]) as follows. If i € [n] N o[l], the A-weight of z/ is (u,,) If p € ofex], the

pECfex]”

A-weight of z), is —€,.

Since {D, (0): 6 € £[max]} covers Zs, the expression in (5.9) in particular shows that 25 has

finite stabilizers.

5.2.7. In this paragraph, we compute the relative canonical divisor Ky, of ¥z. For each

0 € X[max], recall that the composition

open

Vr0): Dy (0) 22 [Spec(k[2): p € o[1]]) / u] =5 25 25 A
is induced by the k-algebra homomorphism
95(0)": K[z, ..., x,] = k[2),: p € o[l]]
which maps

T; — H “f”—

peall]

for every ¢ € [n]. We then compute, for each i € [n]:

dx
19):(0-)*(d33'1) = Z Up,iCj * _,p
peall] Tp

Letting &([n], 6[1]) denote the set of bijections 6: [n] — o[1], we therefore have:

19;(0‘)*(dm1 ANdzag A --- A d:pn)
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Hle[n} Q

Moco %0 \ pesiprony ich

=[] @) (det(Bq) - Apeopnydal)

peo]l]

where:

(i) |up‘ = Upt Tt Upo o Uy,
(ii) Bg denotes the square matrix of order n whose p™ column is the vector u, for p € o[1],
which is invertible since ¢ is simplicial,

(ili) Apeoqrda), := dayy A dagoy A« -+ A dg, for a fixed 0 € &([n], o1]).

From the above computation, we obtain

K192|D+(°) - Z (|up| - 1) V(Ilp)

peoll]

Finally, since {D,(0): 0 € Z[max|} is an open cover of 25, we deduce that

(5.10) Ko, = Y (lu,|—1) - V().

peX(l]

5.2.8. Returning to our claim in 5.2.3, fix a frugal simplicial subdivision £(f) of the normal

fan 3(f). We then have:
— closed open =) n
coarse spacel coarse spacel /
— closed, TTS(f)
”z(lf) (V) <=5 Xz
where:

(i) 7tg(s) is proper and birational.
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(ii) Xg(s) has finite quotient singularities (5.2.6).

(iii) ﬁg(lf) (V(f)) is a Q-simple normal crossings divisor [LCMMVVS20, Definition 1.6]

(5.11)

at every point in ﬁg(lf)(()) C Xs(s)- Indeed, 95 (y) factors as 25y it Zs(p) B, An

in the above diagram. We therefore deduce, from (5.4), that:

¥ (V) = Z N, V(z

pEX(]

open

where each V' (z/), as well as V/(f’), is now regarded as a divisor in Zs ) —— Zx(y)

By Theorem 5.2.1, 19;(1 (V(f)) is a simple normal crossings divisor at every point
in 19):(1f)( ) C Zs(p)- It remains to note that Tt,_(f) (V(f)) is the coarse space of
Sg(lf) (V( f )), since the coarse space morphism 25y — Xz (y) maps the latter onto the

former.

In other words, 7g(s): Xg(y) — A" is an embedded Q-desingularization of V(f) C A™ above the

origin 0 € A™, in the sense that it satisfies (i), (ii) and (iii) above.

We additionally note that the motivic change of variables formula in [LCMMVVS20,

Theorem 4] applies more generally for any embedded Q-desingularization 7t: Y — X of Dy +

D, C X above a closed subscheme W C X: the proof in loc. cit. works verbatim, once one

recognizes that:

(a) [LCMMVVS20, Theorem 2] is a general change of variables rule for the Q-Gorenstein

motivic zeta function via any proper and birational morphism of pure-dimensional Q-

Gorenstein varieties.

(b) After applying [LCMMYV VS20, Theorem 2], note that the remainder of the proof of

[LCMMYVVS20, Theorem 4] only uses the fact that 7t=!(D; + Dy) C Y is a Q-simple

normal crossings divisor at every point in 7t~ ().
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We can therefore apply [LCMMVVS20, Theorem 4] with 7 := 7z (), Dy := V(f), Dy := 0,

and W = {0}. Together with (5.10) and (5.11), we deduce that Zy.to(f;s) lies in

1 1
M L] L _ L(s+1):| L T L WNstiu) P E 2(H]

ie. O(f) ={-1}U {—%: p € B(f)[1], N, >0} is a set of candidate poles for Zye,o(f;s).

5.2.B. A case study for Theorem H.

5.2.9. In §5.2.A we explained why there is a set of candidate poles O(f) for Zyoto(f;s)
whose elements, with the possible exception of —1, are naturally indexed by facets 7 < T’y (f)
satisfying N, > 0. Namely, the preimage of V(f) C A" under the multi-weighted blow-up

sy — A" is a simple normal crossings divisor at points above 0 € A", comprising of:

(i) the proper transform of the irreducible components of V(f) C A" that are not con-
tained in V(2129 - x,) C A",
(ii) the proper transform of V' (z;) C A™ for every i € [n] with z; | f,

(iii) and the irreducible exceptional divisors of Ty,

where the irreducible components in (ii) and (iii) are naturally indexed by the facets 7 <! I', (f)
satisfying N, > 0.

It is therefore natural to imagine that a proof of Theorem H would involve showing that
V(f) C A™ is also desingularized by a multi-weighted blow-up 0y of A" where T is the
normal fan of a Newton Q-polyhedron Fjr obtained from I'i(f) by “dropping the facets in B”
(cf. Theorem I). Ideally, one hopes that every supporting hyperplane of I'y(f), except those
intersecting I'y (f) in a face of some facet in B, should also be a supporting hyperplane of Fl.

In this section we show that this idea works for three non-degenerate polynomials.
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Example 5.2.10. Let f = 2?2 + 2,23 + z3x3 + 3. On the left side of the diagram below,
we shaded the facets of I'y(f) that are not contained in any coordinate hyperplane H; in Mg.

For now the red vertex and dashed lines, and the right side of the diagram, should be ignored.

Vv
€3

Among the shaded facets, we used a darker shade for the non—B;-facet

ni={ael(f):a u =18} where u; := 9e; + 4e, + Ges

with candidate pole —%, and used a lighter shade for the two B;-facets

ni={ael(f):a-u, =8}  where u, :=4e; + e, + Ses

T3 1= {aer+(f):a~u3:1} where uz :=e; +e3

with candidate poles —% and —2 respectively. Together 7, and 73 form a pair B of adjacent
Bi-facets of I'y(f) with consistent base direction 3. Then Theorem H asserts that @FB(f) =
{—1,-13} € {—1,—13, -3, -2} = O(f) is also a set of candidate poles for Zyo,0(f; s).

To show that we execute our idea in 5.2.9. Indeed, we first note that

M (f) = H,

uy,l

gmHLSmfﬁ

us,l

(cf. 5.1.1 for notation).
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Since Hy, s and Hy, 1 intersect Iy (f) in the two B;-facets 7 and 73, we “drop” H:;’S and Hj&l

from ', (f) to define the Newton Q-polyhedron:
ri = H:1,18

which we have outlined in red on the left side of the above diagram.

Illustrated on the right side of the diagram is a cross-section of the normal fan X of FL
except that the rays (uy) and (us), as well as the 2-dimensional cones (uy, uy), (us,uz) and
(e3,u,) which are outlined by dotted line segments, are not in X but originally in X(f). In
comparison, the 2-dimensional cone (es,u;) in X', which is outlined by the dashed thick line
segment, is originally not in X(f).

Finally, we consider the following multi-weighted blow-up of A3:
Oyi: Xt = [Spec(k[z], 2, 2, w1]) NV (2], zh, 25) / G| — A?

induced by the homomorphism 19§ : k[z1, zo, v3] — K[z}, T, 25, u1] mapping xy — zjul, xo >
rhut and x3 — xhus. We show next that 9y is a stack-theoretic embedded desingularization of
V(f) C A3 above 0 € A3. We first compute that 8§T(f) = ui®- f’, where the proper transform
of f under dy is given by f/:= 2 + @jafu] + xFz + 2. Since |95/ (0)| = |V (u1)] C | Zstl,
it suffices to show V(f'|vu,)) = V(2 + 25z} + 25) C V() is smooth. Indeed, if J(f/|v(uy))

denotes the Jacobian ideal of f|y(4,), note

V) + T (Flvon) = /(a4 25t 0§ + 305, 2) = (a1, 25, 55)

is the unit ideal on s+, as desired.

Remark 5.2.11. In the above example, note that unlike ', (f), F_JL has a vertex with non-

integer coordinates, namely the red vertex geg.

248



Remark 5.2.12. Moreover, the morphism ¥y is the weighted blow-up of A? along the
center (1,9) + (z2,4) + (x3,6) = (xi/g,a:;/zl, xém), cf. first paragraph of Example 4.1.17. We
also remark V(f) has a semi-quasihomogeneous singularity at 0 € A® (with the same weights

9 on x1, 4 on z3 and 6 on z3), and the strong monodromy conjecture is known for semi-

quasihomogeneous hypersurfaces, cf. [BBV21]. In fact, the proof also uses weighted blow-ups.

The next example, together with its remark, shows that the hypothesis in Theorem H that

“B has consistent base directions” cannot be dropped:

Example 5.2.13. Let f = 27 + xox3. In the diagram below we shaded only the facets of
'y (f) that are not contained in any coordinate hyperplane H; in Mg. As with the previous

example we ignore the red/blue vertices and dashed lines for now.

The two shaded facets of I', (f):

ni={ael(f):a-uy =2}  where u; :=e; + 2e,

Ty = {ae I (f): a~u2:2} where uy 1= e; + 2e3

are adjacent Bi-facets with the same candidate pole —%, but together they form a set of Bi-

facets with inconsistent base directions 2 and 3.
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Thus, Theorem H does not apply to the set B = {7, 72}. In fact, our idea in 5.2.9 fails
in this scenario. Indeed, “dropping” both H , and Hy, , from I'.(f) = H; , N Hy, , yields
I = Mg, but the multi-weighted blow-up of A? along Mg is the identity morphism on A?!

Nevertheless, in Theorem H one could take B to be either {71} or {m»}, although in either
case OMB(f) = {—1,—2} is the same set as O(f). In spite of that, our idea in 5.2.9 should
still say something of consequence. Namely, for B = {71} (resp. B = {72}), we claim that the

multi-weighted blow-up of A% along the Newton polyhedron

rom =mt

ug,2

(resp. T = A, )

is a stack-theoretic embedded desingularization of V' (f) C A® above 0 € A3,

To verify this claim, let us first outline, in the diagram above, the Newton polyhedra li’“
and Fl’TQ in blue and red respectively. On the left (resp. right) side of the diagram below, we
also sketched a cross-section of the normal fan 57 (resp. X172) of I"™ (resp. T1™), keeping

the same conventions as before in Example 5.2.10.

€1

From this diagram we see that the following multi-weighted blow-up of A3:
Ot : Xty = [Spec(k[x/l,xg,xg,ul]) V2, 2h) / Gm] — A3

7 K[wy, 2o, x3] — K[, 2, 23, u1] mapping x; — zus,

is induced by the homomorphism 9y, . :

xy — zhu? and w3 — x3. (This is the weighted blow-up of A3 along the center (xy, 1)+ (z9,2) =

(21, .7:;/2).) Thus, 19372 (f) =ui- f, where f':= 2 + xlx3 defines the proper transform of f
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under 9y, It remains to note the Jacobian ideal J(f’) of fis (2, z}, x3), i.e. the unit ideal

on Zsi. The same can be shown with 7 replaced by 7.

Remark 5.2.14. In fact, for f = 2% + zox3, O(f) = {—1,—-2} is the smallest set of
candidate poles for Z,o10(f;s). To see this, it suffices to show that —% is a pole of Ziopo(f;s)
(cf. Remark 1.3.6), which we compute via the embedded resolution of V(f) C A? given by the

blow-up of A% in 0 € A%:
7: Blg A® = Projas (ﬁAg [:v’l = a1, Ty = Xot, Ty 1= $375,t_1]) — A°

Here, ' (V(f)) = 2+ Ey + E», where E; := V(t7') is the exceptional divisor of 7, and
Ey = V(x’f + a:éxg) is the proper transform of V'(f) under 7t. Moreover, the relative canonical
divisor is K, = 2 - E;. Since w 1(0) = E; ~ P?  we have by definition [CLNS10, Chapter 1,

§3.3] that:

. EU(El AN EQ) EU(E1 N EQ)
- 25+3 (s +1)(2s+ 3)
_ Eu(P?\ V(2 +abay))  Eu(V(2f + ahat) C P?)
B 2s+3 (s +1)(2s + 3)
Eu(P? \ V(2 + zhaly))s + Eu(P?) GS) s+3
(s +1)(2s +3) (s+1)(2s+3)°

Ztop,O(f; S)

Example 5.2.15. Let f = zox3 + 22235 + 2223, Depicted on the left side of the diagram

below is ', (f), where a darker shade is used for the non—B;-facet:
T = {aEF+(f):a~u1:2} where u; :=es + e3
with candidate pole —1, and a lighter shade is used for the two B;-facets:
Ty 1= {a€F+(f):a-u2:2} where uy 1= e; + 2e,
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T3 = {aeﬂ(f): a~u3:2} where usz := e + 2e3

each with candidate poles —%. Although 7 and 73 have different base directions 2 and 3,

they are non-adjacent and hence still form a set B of Bj-facets of ' (f) with consistent base

directions.

!

Consequently, Theorem H says that ©VB(f) = {1} € {-1,—-2} = O(f) is also a set of
candidate poles for Z,o10(f;s). To see this, we proceed as with previous examples: we “drop”

and H

us,2

H+

us,2

from T (f) = N{H 5: 1 <i < 3} to define the Newton polyhedron r = H{ s,
which we have outlined in red on the left side of the above diagram.

On the right side we sketched the normal fan Xt of F_JL, keeping the same conventions as

before in Example 5.2.10. The multi-weighted blow-up of A3:
Oyt Zxi = Projas (ﬁAs [x'2 = Xot, 1y 1= x3t, Uy = t_l]) — A3,

is then simply the blow-up of A® along V(zy,23) C A3. We have 19;( f) = u?- f', where
[ = xhah + 2ix? + 23z defines the proper transform of f under 9y If J(f’) denotes the

Jacobian of f’, we then have:

VI +J() = \/(atlx’22 + @2, o + 2a3wh, oy + 2xial, hal)

_ / 2./ / 2./ ! Al / AN / /
= \/(x3 + 22135, Ty + 207X3, THX3, T1X5, x1x3) = (x2, x3)
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which is the unit ideal on 2%+, i.e. Oyt is a stack-theoretic embedded desingularization for

V(f) C A3 as desired.

Remark 5.2.16. While O(f) ~ {—2} = {—1} is a set of candidate poles for Zyoo(f;5),
—% still induces a monodromy eigenvalue of f near 0 € C3.
5.3. Proof of main theorem

5.3.A. Dropping a set of facets from a Newton Q-polyhedron. In this section, we fix a
Newton Q-polyhedron Iy, with associated piecewise-linear, convex Q-function ¢ (§5.1.A), and
associated normal fan ¥ in Ng (§5.1.B). We first fix the following conventions for the remainder

of this paper:

Convention 5.3.1. If two rays py, p2 € X[1] satisfy p; + ps € 3[2], we say that p; and py
are adjacent in X, and write

pr—~pe  in X

Given 7,7/ <! T\, note 7 ~ 7/ (Convention 5.1.3) if and only if p, ~ p, in ¥, cf. 5.1.13.

5.3.2. Throughout this section, consider a subset B of facets of I'y that are not contained

in any translate me; + H; of any coordinate hyperplane H; in Mg . For any such B, we set
S[1ls = {p- €X[1]: 7€ B} C [1].

As motivated in §5.2.B, we study in this section the Newton Q-polyhedron obtained from I’y

by “dropping the facets in B”:

Definition 5.3.3. Recalling from (5.1) that

r+: m H:T,NT

7'-<1F+
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we define the B-cut of 'y to be the following Newton Q-polyhedron:

M= (VWHS v o7 <'"Te, 7¢ By DT

We call its normal fan in Ng the B-cut of ¥, and denote it by X®. When B is unambiguous

from context, we write Il for I'"® and %t for £,

Lemma 5.3.4. Let 7 <' T, such that 7 ¢ B. Then:

i) There exists a (unique) facet 71 <! I such that 71 N =
Jr
(ii) If moreover T is not adjacent to any facet in B, then 71 = 7. In other words, T

remains a facet of Fi.

ProOOF. For (i), note that
T=Hyn N (WH N7 <" Te}

Set

mhi=Hy oy, OTL = Hy n. N m{H;:,NT: T < Ty, 7' ¢ B}

from which it follows that 71 N T, = 7. Since 7 C 77 C Hy, ., dim(77) =n — 1, i.e. Hy, ., is
a supporting hyperplane for Fi, and 71 is a facet of I'y. For (ii), note that since every face of 7

is the intersection of a subset of facets of 7, we have:
T = Hu7—7N-r N ﬂ{HlT/,N/: 7 -<1 l"+, 7! /‘\7’}.

By hypothesis, {7/ < Ty: 7 —~ 7} C {7/ < Ty,: 7 ¢ B}. Therefore, 7 D 77, which proves

(ii). O
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5.3.5 (A correspondence). The preceding lemma sets up an injection

{facets of Ty } N\ B —— {facets of Fi}
(5.12)

T o 7!
which is in fact a bijection, since we have assumed that each facet in B is not contained in
me; + H; for any i € [n] and m € Q-g. We will freely adopt this correspondence for the
remainder of this paper. Note that in particular, X1[1] = X[1] \ £[1]|p. For p € X[1], we may
therefore consider p as a ray in X[1]: in that case, we continue to denote by 7, the facet of Ty
dual to p in X[1]. On the other hand, we denote by 7} the facet of ' dual to p in f[1]. This

does not contradict the notation in (5.12).

5.3.6. Let pf: Nif — R be the piecewise-linear, convex Q-function corresponding to the

Newton Q-polyhedron Fl, cf. 5.1.4. By 5.1.5 and 5.3.5, ¢! can be explicated as
@' = min .7
where

T {linear functions ¢: Ny — Ry such that}
ot .

{(u,) > N, for every facet 7 <' ', not in B

We also note that for every facet 7 <! I', not in B,

(5‘13) ¢<u7> = NT - QOT(uT)‘

For the remainder of this section, we switch our focus to the cones in Xf. For later purposes
(e.g. in §5.3.C), we occasionally state some of our definitions and results for cones in the

augmentation 5 of Bf

Definition 5.3.7. We say a cone ¢ in T is old if o can be inscribed in some cone o’ in ¥

(in which case one writes o C o). If not, we say o is new.
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Lemma 5.3.8.

(i) For any cone o in X, the cone o' in Nr generated by rays in
o[l] N~ X[1]|s

is a cone in X1 (hence, all its faces are old cones in X1). Moreover, for every u € o',

pi(u) = p(u).

(i) For every facet T <' Ty with 7 € B, we have:

Pl(ur) < p(uy).

PROOF. For (i), let a € relint(c_), so that 0 = 0, = {u € Ng: p(u) = a-u}, cf. 5.1.13.
Let of := {u € Ng: ¢f(u) = a-u}, which by definition is a cone in 7. We claim that
ol[1] = ca[l] \ Z[1]|p, which would prove (i). Indeed, given any 7 <! I'; not in B, we have
¢'(u,) = p(u,), cf. (5.13), and hence we have ¢f(u,) = a - u, if and only if 7 is dual to a ray
in 0,[1] N\ X[1]|g. By Corollary 5.1.11 and 5.3.5, this proves our claim.

For (ii), we apply the above argument to the case where o is the ray p, in ¥ dual to 7 < T’y
and we obtain that for a € relint(7), we have {u € N : ¢'(u) = a-u} = {0}. Combining that

with the fact that a € Ty € T, we must have ¢f(u,) < a-u, = ¢(u,). O

Lemma 5.3.9. Let o be a cone in 2.

(i) If there is an extremal ray p of o that is not adjacent in 3 to any ray in X[1]|g, then
o s old.

(ii) If moreover dim(o) = 2, then o is a cone in 3.

PROOF. By Lemma 5.3.4(ii), the facet 7, <! Ty dual to p € X[1] remains a facet of l"jr.

Therefore, the face ¢ < Fi dual to o, being a face of 7,, remains a face of Fi. Consequently, for
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every 7 <! ', such that 7 ¢ B, we have the following equivalences:
(5.14) C=T <= ¢CHyn < =<7

The reverse implication in (5.14) means that o is inscribed in the cone in ¥ dual to the face
¢ < Iy, as desired.

If dim(o) = 2, let p and p’ be the extremal rays of 0. By Corollary 5.1.16, ¢ = T; N 7‘;,. By
(5.14), ¢ is a face of both 7, and 7,,. Since ¢ is a (n — 2)-dimensional face of 'y, ¢ is a face
of exactly two facets of I'y, which by the preceding sentence are necessarily 7, and 7,,. This
means that the cone in 3 dual to the face ¢ < I’y is generated by p and p/, i.e. is equal to o.

In particular, ¢ is a cone in X. U

By part (i) of the preceding lemma, we see that if o is a new cone in X, then all its extremal
rays must be adjacent in ¥ to some ray in X[1]|g. The next proposition refines that observation.

We first introduce some notation:

5.3.10 (An equivalence relation). For any subset B of facets of I'y, we use the same symbol
~ to denote the equivalence closure of —~ (cf. Conventions 5.1.3 and 5.3.1) on either B or

2[1]|p. We also let B, denote the set of equivalence classes of B under ~.

Proposition 5.3.11. Let k := #B,., and let B, = {71, T2,..., Tk} be a total order on
B,.., and for each { € [k], let 1<, := U{T1;: j < ¢}. Then for any new cone o in "B, there

exists a unique ¢ € [k] such that:

(i) o cannot be inscribed in any cone in XHT<t-1,

(ii) o is a cone in LTT<¢,

Moreover, every extremal ray of o is adjacent in 3 to some ray in X[Te].

Remark 5.3.12. We remind the reader that for any ¢ € [k], £77<¢ is the T<,-cut of ¥, as

in Definition 5.3.3. Note that if ¢ > 1, X17<¢ is also the T,-cut of XTT<¢-1. This observation will
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be used for the purposes of induction in the proof below. Finally, note that Xf'T<t is simply

»hEB,

PROOF. Proceed by induction on k = #B,.. If k = 1, this was Lemma 5.3.9(i). If £ > 1,

we consider two cases:

(a)

If o can be inscribed in some cone in £H7<k-1  then let o’ be the smallest cone in
»IT<k-1 such that ¢ © o/. Then we claim ¢ = ¢’. Indeed, by Lemma 5.3.9(i),

all the extremal rays of o’ are adjacent in ¥ to some ray in ¥[1]|;_,_,, and hence,

o'[11NX[1]|;, = 9. By Lemma 5.3.8(i), o’ is therefore a cone in X1T<k = 1B, Given

that o C ¢’ are both cones in X8, and o does not lie in any proper face of o' but
can be inscribed in o', we must have 0 = ¢’, as desired. Therefore, o was already a
new cone in X1 T<t-1_and the proposition follows by induction hypothesis.

Otherwise, only the last sentence of the proposition needs proof. By Lemma 5.3.9(i),
every extremal ray of o is adjacent in X1T<*-! to some ray in X[1]|;,. Since every ray
in 3[1]

is by definition not adjacent in ¥ to any ray in X[1] Lemma 5.3.9(ii)

|Tk |T§k717

says that every extremal ray of ¢ is in fact adjacent in ¥ to some ray in X[1]|;_, ;.

This completes the induction. Il

Remark 5.3.13. Given that the total order on B,. plays an auxiliary role in the above

proof, the following stronger assertion should be true. Namely, for any new cone ¢ in Xf, there

exists a unique 7 € B/ such that o was already a new cone in Y17 (so every extremal ray

of o is adjacent to some ray in X[7]). However, this stronger assertion is not needed for this

chapter.

We conclude this section with one more crucial observation:

Lemma 5.3.14. For a cone o in ET, the following statements are equivalent:

(i)

o 1S new.
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(i) N{r: p € o]} = 2.
Moreover, if o is old and not contained in any coordinate hyperplane {e;/ = 0} in Ng, then

(7,: p €o[l]} is a compact face of .

PRrROOF. For (ii) = (i), suppose o is inscribed in a cone ¢’ in ¥. By Corollary 5.1.16, the
face ¢ < Ty dual to o’ is ¢/ = ({7,: p € ¢'[1]}. Since o[1] C ¢'[1], we have ¢’ = ({7,: p €
o'[1]} € N{7,: p € o[1]}, so that in particular, the latter must be non-empty.

For (i) = (ii), set ¢ := ({7,: p € o[1]}. If ¢ # @, then ¢ is a (non-empty) face of I’;.
In that case we claim that o is inscribed in the cone @ in ¥ dual to ¢ < I'y, a contradiction.
Indeed, letting ¢ denote the face of Fl dual to o € Xf, the claim amounts to the following
implication for every 7 <! I';.:

g—<TT — ¢ < T.

That implication follows from {rf <' T'l: ¢ < 71} = {rl: p € o[1]} (Corollary 5.1.16) and
the definition of ¢. Finally, for the last statement, & is also not contained in any coordinate

hyperplane in Ng. By Corollary 5.1.17, ¢ is therefore compact. U

5.3.B. Dropping a set of B;-facets with consistent base directions. In this section,
let f € k[z1,...,x,] be a non-degenerate polynomial. We specialize the earlier discussion in
§5.3.A to the case when Iy is the Newton polyhedron I'y (f) of f, and B is a set of B;-facets of
'y (f) with consistent base directions, cf. Definition 1.3.10. As in §5.2.A, let 3(f) denote the

normal fan of I', (f). Before that, we state (without proof) some easy observations:

5.3.15. Suppose ' (f) has a Bj-facet 7 with apex v and corresponding base direction
i € [n]. Let J(7) :={j € [n]: T is non-compact in the j* coordinate} (cf. Corollary 5.1.17), so

that by definition ¢ ¢ J(7). Then:
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(i) Let 7¢ denote the convex hull of vert(r) = vert(H; N 7) U {v} in Mg. Then 7 =
T+ 2 i) Rxo0ej:
(i) H;nrt <'7.
(iii) 7 is not contained in any translate mey, + Hy of any coordinate hyperplane Hy in Mg.
(iv) The facet 7; of I'y (f) dual to the ray (e;) in X(f) is H;NTL(f). In other words, N,, =0

(recall 5.1.5 for definition of N,).

5.3.16. For a set B of By-facets of I'y(f), the following are equivalent:

(i) B is a set of Bj-facets of I', (f) with consistent base directions.
(ii) For every T € B/, there exists v € (({vert(r): 7 € T} and 7 € [n] such that every 7

in T is a Bj-facet with apex v and corresponding base direction 1.

In (ii), we call v an apezx of T with corresponding base direction i € [n].

Convention 5.3.17. Let I'l denote the B-cut of ', (f), and let £ denote its normal fan
in Ng. We also fix, for each T € B,., an apex v; of T and denote the corresponding base
direction by b(7). For the remainder of this section, we fix a new cone ¢ in Xf, and let ¢ denote
the face of Fl dual to 0. With respect to an auxiliary total order B, = {T1,7T2,..., Tk} on
B/, let £ be the unique natural number in [k] for which o satisfies the properties stated in

Proposition 5.3.11. We then set 7 := Ty.

Proposition 5.3.18. For each p € o[l], 7, is adjacent to some facet in 1. Moreover:

(i) (ey(y)) is an extremal ray of o.

(ii) The cone ° in Nr generated by the rays in

o[t~ {(evm) }

is a face of o (and hence is a cone in ¥1) that can be inscribed in the mazimal cone

in X(f) dual to the vertex v of TL(f).
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(iii) The face
“= s e (U} <o)

[

has empty intersection with Hyqy. Moreover, for every T € T, ¢° N7 is either {v;} or

a non-compact face of T containing vi.

PRroOOF. The first statement is a restatement of the last property in Proposition 5.3.11. For
p € o[1], let 7 be a facet in T adjacent to 7,. Then 7N 7, is a facet of 7, and if p # (eyy)), TN7,
cannot be equal to Hy;y N7, and hence must contain v; (cf. 5.3.15(i)). In particular, v; € 7,.

Therefore, we deduce that

(5.15) vi € (V{7 peall]~ {{esn)}}-

If (ep(r)) ¢ o[1], then (5.15) becomes v, € (\{7,: p € o[1]}, which contradicts Lemma 5.3.14.
This proves (i).

For (ii), (5.15) already shows that ¢° can be inscribed in the cone in ¥(f) dual to the vertex
v; of T (f). It remains to show ¢° is a cone in ¥t. More precisely, we show ¢° is dual to the

face

(5.16) ¢ = ﬂ{T;I p€o’l]} < .

By Corollary 5.1.16, this amounts to showing that {T;: pE 00[1]} are the only facets 71 <! Fl
containing ¢°. Indeed, any facet rt <1 Fl containing ¢® must also contain the face ¢ < F_JL dual
to o € ¥, and hence, must be dual to an extremal ray p in ¢[1]. It remains to observe that
that p cannot be (ey)), since v; € ¢° (5.15) but v; & Hyqy NTL(f).

Finally, we prove (iii). By Lemma 5.3.14, we obtain:
g = ﬂ{TpZ pE 0[1]} = (Hb(T) N F+(f)) N ﬂ{TpZ pE 00[1]}
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= Hyp Ne”.

In particular, for every 7 € T, ¢°N7 is a face of 7 that does not intersect the facet Hyq)N7 <7
By (5.15), ¢°N7 also contains v,. Since the only compact face of 7 satisfying those two conditions

is {v;} (cf. 5.3.15(i)), this proves (iii). O

As an immediate consequence of the preceding proposition, we have:
Corollary 5.3.19. Every a € ¢° has b(T)™ coordinate > 1.

PROOF. Since ¢® N Hyq) = @, all vertices of ¢° have b(T)"™ coordinate > 0. On the other
hand, since 'y (f) is a Newton polyhedron, all vertices of ¢° have integer coordinates, and hence,

must have b(T)™ coordinate > 1. O

For later purposes, the preceding corollary is however not sufficient. We instead need the

following refinement:

Proposition 5.3.20. If the face ¢ < Fl dual to o is compact, then every a € ¢® \{v;} has

b(T)™ coordinate > 1.

5.3.21. We prove the preceding proposition after a few observations and results. For the

remainder of this section, let ¢® denote the face of Fl dual to 0°, cf. (5.16). By Corollary 5.1.16,

we have:
¢= ﬂ{TpT: pE 0[1]} = (Hb(T) N Fi) N ﬂ{’f;: pE 00[1]}
(5.17)
= Hyq) N
and
gozﬂ{Tp:pEU }—ﬂ{TTﬂn_ : p € 0°[1]}
(5.18)

=" NTL(f).
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From these equalities we deduce the next lemma. In particular, note that part (ii) of the next

lemma refines Proposition 5.3.18(iii).

Lemma 5.3.22. If ¢ is compact, then:

th

(i) Both c® and ¢° are either non-compact in the b(T)"™ coordinate, or compact.

(ii) For any 7 € T, we have ° N7 = N1 = {v;}.

PROOF. (i) follows from (5.17) and (5.18), since Hy(;) is non-compact in the ¢*" coordinate
for i € [n] ~ {b(1)}. For (ii), we note, from (i) and the fact that any 7 € T cannot be non-
compact in the b(T)™ coordinate (Definition 1.3.8(ii)), that ¢° N 7 is a compact face of 7, and

hence is {v;} by Proposition 5.3.18(iii). Note finally that ¢° N7 =¢° N7 by (5.18). O

Proposition 5.3.23. If ¢ is compact, then <° is either {v;} or 1-dimensional. In the latter

case, the affine span of ¢° contains v, and intersects Hyyy at a point.

PROOF. By Lemma 5.3.22(ii), we have:

(5.19) <’ N U{T: TeT}h={v}.
To exploit the above equation, we consider the (B \ T)-cut of I'; (f), i.e.
(5.20) M =rin (Hi .y cTl
TET

and let ¥* be its normal fan in Ng. For p € 1] = X(f)[1] \ X[1]|g;, we also let 7} denote
the facet of Ffr dual to p. We make a few important observations:

(a) Firstly, by Lemma 5.3.4(ii), each 7 € 7 is still a facet of L. That is, for p € X[1],

Th =T,
(b) Secondly, by replacing B by B ~ (J{T,: j > ¢} (recall from Convention 5.3.17 that

B/w = {11, T2,---, Tk} with T = T¢), Wwe may assume that o cannot be inscribed in
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any cone in X, cf. Proposition 5.3.11. We then have:

o= (W peolll} by Lemma 5.3.14
= (HypnTH) N ({7} peo®l]}
= (HypnTH) N ({rinTi:peo[l]} by Lemma 5.3.4(i)
=T1 N (Hyy 0T 0 ({7 p € o®[1]}

o (5.17)

le. cCc®~ FJIF. In particular, ¢° ~ Fi # @. We also note that

o (518 o
cenrcenr

i.e. in particular, ¢° N Fi is a (non-empty) face of FL
(c) Thirdly, by (5.20), any line segment connecting a point in Fl ~ Fi to a point in l]ir

must pass through a point in

U{F}L NHy, N :TE T} 8) U{T: T E T}-

By (5.19), we therefore deduce that any line segment connecting a point in ¢° \ Fi to

a point in ¢° N Ffr < Fi must pass through v;.
We can now conclude the proof by considering two cases.

Case 1: Suppose that v; is always one of the two vertices of every line segment connecting a
point in ¢ \ Iﬁ to a point in ¢® N l]ir. Then we claim ¢° N F}r = {v;}. If not, choose
a point a; € (¢°NTL) ~ {v;}. By (b), we may also choose a point a, in ¢® ~ T

By (c), the line segment connecting a; to a, must contain v; in its relative interior,
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contradicting the hypothesis of this case. From our claim we obtain:

0 o (5.18) o
{vi} =< ﬂriDg NIL(f) = <" D {v4}
which forces ¢® = {v;}.
Case 2: Suppose there exists a line segment [ connecting some a; € ¢°~ F_f to some as € goﬂlﬁ
that contains v, in its relative interior. In particular, note a; # v; # as, so that

dim(c®) > dim(c° NTE) > 1. We claim that in fact
dim(¢®) = dim(c® N Fi) =1.

Indeed, given any aj € <® \ TL, (c) implies that the line segment connecting a) to
a, must contain vy, and thus aj must lie on the affine span of [. Likewise, given any
a, ec°n FL the line segment connecting a; to aj must contain v, and thus a) must
lie on the affine span of [.

Finally, by (5.18), <® = <° NI (f) € <°NTE, so dim(c®) < dim(c°NTE) = 1. Since

<® always contains v, we conclude that ¢° is either {v;} or 1-dimensional.

Together these two cases prove the first statement of the proposition. For the second statement,
first note that dim(c®) = 1 only occurs in Case 2. In that case, we also have dim(c°) = 1 and
NI (f) = ¢° so the affine span of ¢® must be equal to the affine span of ¢°. By (5.17), ¢°
has non-empty intersection with Hy(;) (namely, the face ¢ < ). That intersection must be a

point since v; € ¢ C ¢° has b(T)™ coordinate 1. O

Remark 5.3.24. From the proof above, one may supplement Proposition 5.3.23 as follows.
If dim(c®) = 1, then dim(¢°) = 1 and dim(c) = 0, i.e. o € Xf[max]. Note however that if

¢® ={v;}, dim(c°) and dim(c) are arbitrary.
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PROOF OF PROPOSITION 5.3.20. We saw that ¢° is either {v;} or 1-dimensional. There
is nothing to show in the former case. In the latter case, we saw that v, is the only point in ¢°

with b(T)*™ coordinate 1. Combining this with Corollary 5.3.19 finishes the proof. O

5.3.C. A refined desingularization of non-degenerate polynomials above the origin.
In this section, let f € k[xy, ..., z,] be a non-degenerate polynomial, and we continue adopting
the conventions outlined at the start of §5.3.B and in Convention 5.3.17. We show next that

the following multi-weighted blow-up of A™:
192T : 3{/1/21‘ — A"

supplies a stack-theoretic embedded desingularization of V(f) C A™ above the origin 0 € A"

(Definition 1.3.15). Let us first make this goal concrete.

5.3.25. For the remainder of this section, we write

f= an~xa€k[$1,...,xn]

acN”

where cg = f(0) = 0, and adopt the notations in 4.1.9 (but with ¥ there replaced by T here).

By 4.1.9(i), the total transform of f under dy; is:
(N =D e () [ @)™

where for each a = (ay,...,a,) € N?, (/)2 := (2})® .- (2/)%. Next, for each p € X[1] =

[n] U XTex] (cf. Convention 4.1.8), we set:

(5.21) N, =N, = inf a-u,= inf a-u,

acl(f) acr!
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cf. Conventions 1.0.1 and 5.1.3, as well as 5.1.5 and 5.3.6. In the same way as 5.2.2, we define

the proper transform of f under 9y as:

#
(5.22) fh= Math)__ Do @) I (@)

N,
Hp62T[1] ([E;)) " aenm peXtex]

where n := (Ni: 1€ [n]) We can now state our goal more precisely in the following theorem:

Theorem 5.3.26. At points in 9{(0) C X+, the divisor
V(f/> C st

is smooth and intersects the divisors {V(:z:’p) C Zsi: p € BM[1], N, > 0} transversely. In other
words,

S5t (V(f)) € s

1s a simple normal crossings divisor at every point in 1951(0) C Zsi.
ProoOF. We prove this theorem in steps.

5.3.27. Let I be the augmentation of X. For an arbitrary cone o in ET, we will need a

simplified presentation for the o-chart D, (o) of Z%i. Let us first recall from 4.1.9(iii) that

rrn

Da(o) = [Spec (K. ....a1) o) p € Sex] [57]) / @57

/

' is invertible on D (o) for p € Si[ex] \ o[1], and their

where 2, = [ sy, @) Since z
7> weights {—e,: p € Bf[ex] \ o[1]} are linearly independent over Z (4.1.9(ii)), we observe

from Lemma 2.1.2 that by setting
a, =1 for every p € Xf[ex] \ o[1]
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we obtain an isomorphism:
(5.23) D, (o) = [Spec (K2}, ..., z}] [a:;: p € olex]] [z51]) /G"[exq
where:

(i) olex] := Bfex] N ol[1].

(i) 7, becomes [T;c i op @i

Y n e

(iii) The action Goi™ ~ Spec(kz}, ..., 2/ J[2),: p € olex][z/"]) is specified as follows.
For each i € [n], the Z°l*-weight of z/ is (Up,i)peolex), and for each p € olex], the

7l weight of ), is —e, € Zolex!,

On the right hand side of (5.23), the expression for the proper transform f’' of f under 9y

becomes:

(5.24) F=> ca-@y™ I ).

aeNn pEoex]

5.3.28. For a cone o in ET, we deduce from (5.23) an expression for the (G,iT g / Gg[ex])—

orbit O(o) of Zxi corresponding to o, cf. 4.1.9(iv):

O(0) = [Spec(k[a: i € [n] ~ o[1]]) / G5]

(5.25)
closed
=V (a)): p € o[l]) — D4 (o).
For o € 5 not contained in any coordinate hyperplane {e/ = 0} in Ngr, we claim that

at every point in O(c), the divisor V(f') C Z%:t is smooth and intersects the divisors in
{V(z,) € Zsi:p € o[l], N, > 0} transversely. By Corollary 5.1.20, this claim proves the

theorem. We consider two cases.
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5.3.29 (Case A). Assume that o is old. Using the simplified expression for D, (o) in (5.23)
and the corresponding expression for f’ in (5.24), we claim:

Flv,: peoi)) = Z Ca- (2/)*™

aceN"N ({7,: peoll]}

- Y II @

aeN"N ({r,: peo(l]} i€n]\oll]

(5.26)

Indeed, the only a € N", whose corresponding monomial

COR | AR

pEariex]

in f’ remains non-zero after setting 7, = 0 for all p € o[1], must satisfy:

(i) a-u, = N, for every p € olex], i.e. a € 7, for every p € olex];

(ii) a-e; =a; = N; for every i € [n|No[l], i.e. a € 7; for every i € [n] No[l].

Next, since ¢ is old, we know from 5.1.21 and Lemma 5.3.14 that (\{7,: p € o[1]} is a (non-
empty) compact face ¢ < T. Then the expression for f'|v(u . peop)) in (5.26) matches the
expression for f./z™ (1.2), after replacing x; in the former with z; for each i € [n] \ o[1]. By
the non-degeneracy assumption on f, f./z™ is smooth on the torus Gj, C A", which implies

that

V(v peor) € O(0)

is smooth, i.e. at every point in O(c) C £+, the divisor V(f’) C 2+ is smooth and intersects

the divisors in {V/(7},) C Z%i: p € o[1]} transversely.

5.3.30 (Case B). Assume that o is new. Let o’ be the smallest cone in X1 such that o C o’
With respect to o', we fix, as in Convention 5.3.17, a corresponding T € B,. with apex v; and
base direction b(T), such that all the hypotheses, observations and results in §5.3.B hold. In

particular, R>oey) must be an extremal ray of o, or else o is old by Proposition 5.3.18(ii).
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Letting 0° be the cone in Ng generated by the rays in o[1] \ {(ey()) }, we consider the following

factorization of (5.25):

O(0) =V (x},: p € a[l]) = [Spec(k[e]: i €[] N o[1]]) / G7]

m

= V() peol]) = [Spec(k[x;m] [zF: i € [n] N o[1]]) /Gf,{exq

p 7

— D (o)

where the expression for V(x,: p € 0°[1]) is similarly deduced from (5.23). Next, set ¢° :=

({7,: p € 0°[1]}. Similar to Case A, we have:

f |V pGO’O[l —_ Z Ca (I/)afl’l

aceN"N ¢
(5.27)
= Z Ca * (Typ)) ™0 - H ()™
acN"N¢° i€[n]~o[1]

(Recall that Ny = 0, cf. 5.3.15(iii).) We now claim that there exists g € klzj )] [2]:4 €

[n] \ o[1]] such that
(5.28) f! ’V : peo[1]) = Cv, '%(T) : H ()N + (xb( )) g
i€[n]\o[l]

where each v; is the ™™ coordinate of v;. The general case can be reduced to the aforementioned
case where o € X1, This reduction is standard (similar to 5.1.21), so we have chosen to explicate

this separately in Remark 5.3.31 below. Consequently, we deduce from (5.28) that

Of'|v(at: peoe))
_ H (x{)vi—Ni

= Cy_ - i
axbm Vi) " emlol]

which is a unit on O(0) = V(z),: p € 0°[1]) N V(). since ¢y, # 0 (vy is a vertex of I'.(f))
and 2/ is invertible on O(o) for each i € [n] \ o[1] (5.25). Thus, V (/' V(a, . peoof1))) 1S smooth

at every point in O(0) C V(z: p € 6°[1]), i.e. at every point in O(c) C Zxt, the divisor
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V(f') € Zx: is smooth and intersects the divisors in
{V(a) € Zsi:peoll], N, >0} Cc {V(z]) C Zxi: peo’ll]}

transversely. This completes the proof.
O

Remark 5.3.31. In this remark, we prove (5.28) for all cones o € T'. Retain the notation
in the above proof. Letting (¢')° be the cone in Ng generated by the rays in o'[1] \ {{exq)) } (as
in Proposition 5.3.18(ii)), we have 0° = (¢/)°. In fact, (¢/)° is also the smallest cone in X' such
that 0° C (¢’)°. If not, o° lies in a proper face of (¢/)°. Since (¢/)° < ¢ (Proposition 5.3.18(ii)),
0 = 0° + (ey(y)) must also lie in a proper face of o' = (0/)° + (ey(;)), contradicting our choice of

o’. Consequently,
ﬂ{T;: pec’ll]} = ﬂ{TpT: p e (o)1)}
cf. 5.1.13 and Lemma 5.1.16. Intersecting both sides of the above equality by I'y(f), we obtain

=({r,: p € (¢/)°[1]}. Then (5.28) follows from the preceding sentence together with (5.27),

Proposition 5.3.20, and 5.1.21.

We conclude this section by proving the main theorems of this chapter:

PROOF OF THEOREMS H AND I. After replacing X(f) with X7, the argument in 5.2.8

works verbatim. Fixing a frugal simplicial subdivision LT of X7 (5.2.4), we have:

Vs,

Op! (V) =% Zx <55 2 — A7
coarse spacel coarse spacel
7_[)51 (V(f)) clos =t

where:

(i) 7tgt is proper and birational.
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(ii) Xzt has finite quotient singularities (5.2.6).

(iii) 75 (V(f)) C Xgr is a Q-simple normal crossings divisor [LCMMV VS20, Definition

open

m
1.6] at every point in 71);1(0) C Xgi. Indeed, O+ factors as Zs+ < Isit =l A" in

the above diagram. We therefore deduce, from (5.22), that:

(5.29) (V) =V + D N, V()
]

peXt(1

open

where each V(z},), as well as V(f’), is now regarded as a divisor in Zgi —— 2.
By Theorem 5.3.26, 1951 (V( f )) is a simple normal crossings divisor at every point in

951(0) = 95/ (0) N Z%+. It remains to note that 7 (V(f)) is the coarse space of

1

Vg (V( f))7 since the coarse space morphism Zzi — Xg+ maps the latter onto the

former.

In other words, 7zi: Xzt — A" is an embedded Q-desingularization of V(f) C A™ above
the origin 0 € A" in the sense that it satisfies (i), (ii) and (iii) above. As noted in 5.2.8,
[LCMMVVS20, Theorem 4] applies more generally to our case of 7 := 7z, Dy := V(f),

Dy := 0, and W = {0}. Together with (5.10) and (5.29), we deduce that Zy0(f;s) lies in

AL {1 —~ L1<s+1>] {1 — L(11Vp8+|upl) pe X1 = 3N~ 2B

ie. OMB(f)={-1} U {—%: p € S([1]NZ(f)[B] with N, > 0} is indeed a set of candidate

poles for Zyo0(f;s). O

5.4. Further remarks and future directions

5.4.A. On a potential refinement of Theorem H in the case of Bj-facets. In this
section, we revisit Theorem H and explain why the theorem does not seem to give a complete
answer even in the case of Bj-facets. Recall that Zi,,0(f;s) denotes the topological zeta

function of f at the origin 0 € A", cf. 1.3.5 and Remark 1.3.6.
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5.4.1. Using our conventions, [ELT22, Proposition 3.8] can be stated as follows. Let
So C O(f) ~{—=1}. If F(f;so) is a set of Bj-facets with consistent base directions for every
So € S, then every pole of Zi,,0(f;s) is contained in ©(f) \ S.. This can be seen as a
consequence of our Theorem H as follows. Indeed, we first note an immediate consequence of

Theorem H:

Corollary 5.4.2. Let s, € O(f) ~ {—1}. If F(f;s0) is a set of By-facets with consistent

base directions, then O(f) \ {so} is a set of candidate poles for Zyoo(f;:s).

PROOF OF STATEMENT IN 5.4.1. In view of Remark 1.3.6, Corollary 5.4.2 in particular

implies that for every s, € S, every pole of Zio,0(f;s) is contained in ©(f) \ {s.}. Thus,

every pole of Ziopo(f;5) is contained in O(f) NS, = ({O(f) \ {so}: 50 € S. }. O

5.4.3. Unfortunately, it is not immediate that the motivic analogue of 5.4.1 is true. Namely,
for S, € O(f) ~ {—1}, one could pose the following question. If F(f;s,) is a set of Bj-facets
with consistent base directions for every s, € S, then is O(f) \ S, a set of candidate poles for
Zmot,O(f; s)?

One key difficulty behind this question lies in our current lack of understanding of the zero
divisors in the localized Grothendieck ring of k-varieties .44, = Ko(Vark)[L!]. More precisely,
while Corollary 5.4.2 says that O(f) \ {s.} is a set of candidate poles for Zot0(f;s) for each
So € So, it is not clear if that would imply that ©(f) N S = {O(f) ~ {so}: 50 € So} is a set

of candidate poles for Zot0(f; ).

5.4.4. Nevertheless, one could try the following different line of attack to the question posed
in 5.4.3. For S, € O(f) ~ {—1}, one can hope that if F(f;s,) is a set of Bj-facets of I';(f)
with consistent base directions for each s, € S,, then so is F(f;S.) := | [{F(f;50): 5o € So}.
If this is true, Theorem H would give a positive answer to the question in 5.4.3. Unfortunately,

in general this statement is just not true. For that reason among others, we believe that the
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notion of “consistent base directions” is still incomplete for the case of Bj-facets. In what
follows, we present a broader notion that is motivated by [ELT22, Conjecture 1.3(i)], although

for the case of Bi-facets, ours is slightly broader than theirs.

Definition 5.4.5. A set B of Bj-facets of ' (f) has compatible apices if there exists, for
each facet 7 € B, a choice of a distinguished apex v, with corresponding base direction b(7),
such that b(7) = b(my) for every pair of adjacent facets 71, 75 € B sharing the same distinguished

apex v, = v,,. In this case we call {v,: 7 € B} a set of compatible apices for B.
Remark 5.4.6. If B has consistent base directions, then B has compatible apices, cf. 5.3.16.

In view of 5.4.4, the next lemma supports the narrative that the notion of “compatible

apices” is possibly the correct notion to consider:

Lemma 5.4.7. Let S; C O(f) ~ {—1}. If F(f;so) is a set of By-facets of T (f) with

compatible apices for each s, € Sy, then so is F(f;Ss) := | {F(f;50): so € So}.

PROOF. For every s, € S, fix a compatible set of apices {v,: 7 € F(f;s,)} for F(f;so).
We claim that {v.: 7 € F(f;S,)} is a compatible set of apices for F(f;S,). Suppose not.
Then there exists adjacent facets 7,7 € F(f;S,) such that v, = v,, =: v but b(71) # b(7).

Letting ¢ := 7, N 75, observe that:

(i) v € vert(c), and the b(71)™ and b(72)™ coordinates of v are both 1.
(ii) Any w € vert(c) \ {v} lies in Hyr) N Hy(ry)-
)th

(iii) ¢ is compact in the b(77)* and b(7)™ coordinates.

Together, these imply that ¢ is contained in the hyperplane H in Mg defined by ey(;,)—eyr,) = 0.
In fact, since ¢ <! 71,7, we have c = HN7 = HN 7. Fori = 1,2, 57, is the unique

positive rational number for which s;il (1,1,...,1) lies on the affine span of 7;, or equivalently,

-1,
Ti

s—1-(1,1,...,1) lies on the affine span of 7; 1 H = ¢. Since that last condition is independent

of 7, we deduce s,, = s.,, a contradiction to the first sentence of this proof. O
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Motivated by [ELT22, Conjecture 1.3(i)], one could ask the following:

Question 5.4.8. Are the following statements true?

(i) Let B be a set of By-facets of T (f) with compatible apices. Then
OB (f) = {-1}u {STZ 7 < To(f) with Ny >0 and 7 & ]B}

is a set of candidate poles for Zmeo(f;s).
(ii) Let So C O(f)~{—1}. If F(f;s0) is a set of By-facets of T (f) with compatible apices
for each s, € S, then O(f) N\ S, is a set of candidate poles for Zyoro(f; ).
Note (i) is a generalization of Theorem H, (i) implies (i) by Lemma 5.4.7, and (ii) in particular

gives a positive answer to the question posed in 5.4.3.

Unfortunately, these are false, as indicated by a counterexample in [LPS22, Example 2.2.2].
Nevertheless, some refinement should be true, and this will be pursued in a separate sequel.

For now, we have:
Theorem 5.4.9 (= Theorem J). If n = 3, Question 5.4.8(i) is positive.
Indeed, this follows from Theorem H and the following lemma:

Lemma 5.4.10. Let n = 3, and let B be a set of By-facets of Ty (f). Then B has consistent

base directions if and only if B has compatible apices.

PROOF. Suppose there exists a compatible set of apices {v,: 7 € B} for B. We then claim
that whenever two facets 71, 5 € B are adjacent and b(71) # b(72), then one of 71 or 7, say 7,

satisfies the following:

(a) 7 is the only facet in B adjacent to 7.

(b) v, is also an apex for 75, with corresponding base direction b(7y).
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Admitting this claim, we re-assign 7, with the base direction b(7;). Repeating this re-assignment

of base direction for all such pairs (71, 72) in B would then culminate in a set of consistent base

directions for B. To prove the claim, we make three successive observations:

(i)

(i)

(iii)

Firstly, every facet of 7, with the exception of Hy) N7 <! 71, contains v, (cf.
5.3.15(i)). Thus, v,, is a vertex of 71Ny <! 7. Likewise, v, is a vertex of ;N7 <! 7.
We conclude 71 N7y is the line segment in M;{ connecting the vertex v, to the vertex
Vo

Secondly, by re-ordering coordinates if necessary, we may assume b(71) = 1 and b(rz) =
2. Since v,, € vert(ry N7y) \ {v,,} C vert(r) \ {v,,}, the 2°¢ coordinate of v, is
0. Likewise, the 1% coordinate of v, is 0. Summing up, we have v,, = (1,0,a) and
v, = (0,1,b) for some a,b € N.

Thirdly, we claim that besides v, and v,, there can only be at most one other v €
vert(I';(f)) satisfying v - (e; +e2) < 1, and moreover such a v must equal (0,0, ¢) for
some ¢ € N. Indeed, if v = (v1, v, v3) € vert(I'y(f)) satisfies v-(e1+eq) = v1+vy < 1,
then (vy,v2) = (0,0), (1,0) or (0,1). The case (v1,v2) = (1,0) cannot happen since
otherwise v — v, € Rey, but no two distinct vertices of I', (f) can differ by a vector
in >  Rseef orin >  Rce). Likewise, (vi,v9) # (0,1), or else v — v,, € Rey.
Thus, (v1,v2) = (0,0). Note too that there cannot be two distinct v, v € vert(I'.(f))

of the form (0,0,c¢) for ¢ € N, or else v — v’ € Rey.

Returning back to the claim, we deduce from (iii) that the hyperplane He, 10,1 = {a € Mg : a-

(e1+e2) = 1} intersects 'y (f) in (11N 7y) +Rspey. Thus, if He, te, 1 is a supporting hyperplane

for Ty (f), either 7 or 7 is (11 N 72) + Rspey. Otherwise, by (iii) there must exist a unique

v € vert(I', (f)) such that v - (e; + e2) < 1, and v = (0,0, ¢) for some ¢ € N. Then the convex

hull of (7 N72) U{v} in Mg is a 2-dimensional face of I'.(f) that contains 71 N7 as a face, and
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hence, must be either 7 or 7. In either case one verifies from its respective conclusion that

our claim holds. O

5.4.B. Other remarks and directions.

5.4.11 (Looking beyond Bj-facets). It is natural to ask if the consideration of B;-facets
is sufficient for the monodromy conjecture for non-degenerate polynomials in n > 4 variables.
The answer is no: in [ELT22|, the authors described what they call a Bs-facet, and showed
that for the case n = 4, certain configurations of By and By-facets of 'y (f) contribute to fake
poles of Ziopo(f;s). For general n, the authors also gave, in [ELT22, Conjecture 1.3(i)], a
conjectural description of when a configuration of facets of I', (f) could culminate in fake poles
of Ziopo(f;s). There does not seem to be a clear connection between their conjectural descrip-
tion and our methods. In fact, Larson—Payne—Stapledon recently supplied a counterexample
[LPS22, Example 2.2.1] to that conjecture. Nevertheless we anticipate the case of By-facets,

which we are pursuing in a sequel, would demystify matters.

5.4.12 (On Corollary K). While half of the proof of Corollary K was input from this
chapter, the other half uses observations that are proven separately in [LVP11]. Nevertheless,
we expect that one can use the stack-theoretic embedded desingularization ds: Zyi — A" of
V(f) € A™ above 0 € A™ in §5.3.C to re-prove the other half of Corollary K, via a “stack-
theoretic analogue” of A’Campo’s formula [A’C75] for the monodromy zeta function, e.g.

[MM13, Theorem 2.8]. For brevity, we omit pursuing this here.
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