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Abstract of “Sobolev Estimates for Fractional Partial Differential Equations 7, by
Yanze Liu, Ph.D., Brown University, May 2023

In this thesis, we study the non-local differential equations.

The first part is a comprehensive study of L, estimates for time fractional wave
equations of order e € (1,2) in the whole space, a half space, or a cylindrical domain.
We obtain weighted mixed-norm estimates and solvability of the equations in both
non-divergence form and divergence form when the leading coefficients have small

mean oscillation in small cylinders.

In the second part, we obtain L, estimates for fractional parabolic equations with
space-time non-local operators. We also derive a weighted mixed-norm estimate for
the equations with operators that are local in time, i.e., @« = 1, which extend the

previous results by using a quite different method.
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CHAPTER ONE

Introduction



1.1 Introduction to Chapter 2

Chapter 2 is devoted to the study of L, (and L,,) estimates for non-divergence
form fractional wave equations (1.1.1) and divergence form fractional wave equations

(1.1.2) with a non-local type time derivative term in nondivergence form
Ofu — a’(t,x)Diju — b'(t, ) Dyu — c(t, x)u = f(t, ) (1.1.1)
as well as in divergence form
Ofu — Di(a” Dyu + a'u) — b'Dyu — cu = D;g; + f, (1.1.2)

with zero initial conditions u(0,-) = 0 and J;u(0,-) = 0 in a cylindrical domain
(0,T) x Q, where 0fu is the Caputo fractional derivative of order a € (1,2) and 2
is the whole space R?, a half space RY := {(z',...,2%) € R?: 2! > 0}, or a domain
in R%. See the precise definition of 9%u in Section 2.1. When Q = ]Rﬂlr or a domain,
we also impose the zero Dirichlet boundary condition: wu(t,z) = 0 for ¢ € (0,7") and

x € 0f).

Fractional wave equations have many applications in mechanics and probability.
For example, they govern the propagation of mechanical diffusive waves in viscoelas-
tic media Mainardi (1995), and they also appear in the probability theory related
to non-Markovian diffusion processes with a memory Metzler and Klafter (2000).
There is a vast literature about fractional parabolic equations (when o € (0,1)) and

fractional wave equations (when « € (1,2)).



Such equations are also closely related to a type of Volterra equation Priiss (1993):

u(t, z) + /0 a(t — s)Au(s,x)ds = f(t, x),

where A is a time-independent R-sectorial operator. Using this interpretation, an
operator-theoretic approach was applied in Zacher (2005) to prove the existence of
unique solutions under the assumptions that a¥ = 67, « € (1,2), p = ¢, and that «

and p satisfy the algebraic condition

a @ {2/(2p—1),2/(p—1),1/p+1,3/(2p - 1) +1}.

In Kochubei (2014), for o € (1,2), assuming that the coefficients depend only on
x, and are bounded and uniformly Hélder continuous with a Holder exponent v €
(2 — 2/, 1], the author established the unique solvability of (1.1.1) by using Levi’s
parametrix method together with the fundamental solution of 9 — A constructed

earlier in Pskhu (2009).

There are also many work on L, and L, , estimates for fractional parabolic and
wave equations. In Kim et al. (2017), under the assumptions that a € (0,2), and
a’(t,z) are piecewise continuous in ¢ and uniformly continuous in xz, the authors
proved a priori L, , estimates and the existence of unique solutions to (1.1.1) in the
whole space. Their proofs are based on estimates of the fundamental solution of
0 — A and classical tools from the PDE theory, in particular the Fefferman-Stein
sharp function theorem, the Hardy-Littlewood maximal function theorem, and the
Calderén-Zygmund theorem. Quite recently, the results were extended in Han et al.
(2020), where mixed norms with Muckenhoupt weights were considered under the
assumption that the leading coefficients are constants. In these work, the proofs rely

on various estimates of the fundamental solutions.



In Dong and Kim (2019), the authors derived L, estimates and solvability of
(1.1.1) when « € (0,1) under the weaker assumption that the leading coefficients
have small mean oscillations with respect to the spatial variables only. See also Dong
and Kim (2020) for results about divergence form equations with a € (0,1). Later
in Dong and Kim (2021), they further obtained weighted mixed-norm estimates for
(1.1.1) when « € (0, 1) under the same assumption on the coefficients. In contrast to
the aforementioned previous works, the proofs in Dong and Kim (2019, 2020, 2021)
do not rely on the estimates of fundamental solutions. Instead, the argument is based
on a level set argument or a mean oscillation argument, a bootstrap argument, and
Sobolev type embeddings with fractional derivatives. The starting point is the Lo

estimate, which is obtained by testing the equation with u, noting that the integral

t
[ ruts. Diuts. p-2uts. ) ds (113
0
is nonnegative when « € (0, 1] and p € (1, 00).

In Chapter 2, we consider the equations (1.1.1) and (1.1.2) when a € (1,2)
and the leading coefficients a” = a%(t,z) locally have small mean oscillations as
functions of (¢,x). See Assumption 2.1.2 () for details. Our main theorem for non-
divergence form equations reads that for any p,q¢ € (1,00), Muckenhoupt weights
wy € Ay(R),wa(z) € A (), and a¥’s with small mean oscillations, if u satisfies
(1.1.1) with the zero initial conditions (and the zero Dirichlet boundary condition in

the cases of the half space and C*! domains), then we have
2
ZH‘Dlu“Lp,q,w(QT) + ||atau||Lp,q,w(QT) S N”fHLp,q,w(QT)?
i=0

where w(t,z) = wi(H)we(x), Qr = (0,T) x Q, N is independent of u and f, and

the definition of the L, ,,, norm is given in Section 2.1. Furthermore, for any f €



Ly ,w((0,T) x ), there exists a unique solution u to (1.1.1) in the appropriate
weighted mixed-norm Sobolev space defined in Section 2.1 with the zero initial (and
boundary) conditions. This, in particular, extends the previous results in Kim et al.
(2017), Han et al. (2020), Kochubei (2014) by relaxing the regularity assumption on
the coefficients. Moreover, we obtain the a priori estimate and unique existence of
solutions in the appropriate weighted mixed-norm Sobolev space to equations with
non-initial conditions

4

Ofu — (a¥Dyju+b'Du+cu)=f  in R
9 (0, ) = ug(-) in R (1.1.4)

ui(0,) = us () in R,

\

where uy and u; are taken from appropriate trace space. See Corollary 2.1.12 for
details. Furthermore, we also obtain the results to equations in the half space and

domains with the Dirichlet boundary condition.

Our main theorem for divergence form equations reads that for any p, ¢ € (1, 00),
Muckenhoupt weights w; € A,(R), wq(z) € A,(Q2), and a*’s with small mean oscil-
lations, if u satisfies (1.1.2) with the zero initial conditions (and the zero boundary

condition in the cases of the half space and Lipschitz domains), then it holds that

(QT) S N||f||Lp,q,w(QT) —I— N||g||Lp,q,w(QT)’

p,q,w

1
Y ID%ullny w00y + 110l
i=0

where N is independent of u, f and g, and the definitions of the norms are given
in Section 2.1. Furthermore, for any f,g € L, ,.,((0,7) x ), there exists a unique
solution u to (1.1.2) in the appropriate space defined in Section 2.1 with the zero
initial (and boundary) conditions. Moreover, the a priori estimate and unique exis-

tence of solutions for divergence form equations with non-zero initial conditions are



obtained in Corollary 2.1.13.

For the proof of the a priori estimate for (1.1.1) in the whole space, we adapt the
argument in Dong and Kim (2021) by establishing a mean oscillation estimate of D?u
(see Proposition 2.3.1) together with the Fefferman-Stein theorem for sharp func-
tions and the Hardy-Littlewood theorem for (strong) maximal functions in weighted
mixed-norm spaces, where u is a strong solution to (1.1.1). For this, we first con-
sider the case when ¥ = §% without lower-order terms, and decompose v = w + v,
where w is constructed using Fourier series and solving an ODE in the time direction
in cylindrical domains (see Lemma 2.2.6), and v := u — w satisfies a homogeneous
equation. To estimate v and w, we consider the infinite cylinder (—oo, ) X B,(xo),
instead of the usual parabolic cylinder Q,(to, o). In particular, we obtain an L, es-
timate of w by taking periodic extensions in the spatial directions and applying the
Poincaré inequality so that the constant in the estimate is independent of the length
of the time interval. See Lemma 2.2.7 for details. In contrast to the case a € (1,2),
when o > 1, the time integral given in (1.1.3) may not be nonnegative. here instead
we use the results from Kim et al. (2017), which are derived from the fundamental
solution mentioned above, as well as a suitable extension argument. For v, we derive
a Holder estimate of D?v by adapting a delicate bootstrap argument in Dong and
Kim (2021): locally improve the regularity of v using Sobolev embedding together
with suitable cutoff functions. Compared to the case considered in Dong and Kim
(2021), where a € (0, 1), and only the first-order derivative in time appears in the
definition of 0¢, the estimate of v for @ € (1,2) is more involved due to the presence
of an extra first-order term in the fractional derivative when we take the cutoff func-
tion in time to apply the bootstrap argument. To overcome this difficulty, we take
a sequence of cutoff functions in time and apply an interpolation inequality for the

time derivatives. The mean oscillation estimate enables us to treat VMO coeflicients



in a natural way by using a frozen coefficient argument. For non-divergence form
equations in the half space, the results follow from taking suitable extensions, and
in smooth domains by a partition of unity argument together with S. Agmon’s idea,

adapted from the proofs in (Krylov, 2008, Ch. 8).

The results for divergence form equations are obtained by applying the results
for non-divergence form equations and taking weak derivatives on both sides of the
non-divergence form equations (see Proposition 2.5.1) together with a similar per-

turbation argument.

Finally, to deal with equations with nonzero initial conditions, we reduce the
problem to equation with the zero initial conditions by constructing auxiliary solu-

tions explicitly using the fundamental solutions of 9" — A. See Lemma 2.8.1.

Chapter 2 is organized as follows. In Section 2.1, we introduce notation, defi-
nitions, and the main results of the Chapter 2. Equations in non-divergence form
(1.1.1) are studied in Sections 2.2, 2.3, and 2.4. Particularly, in Section 2.2, we esti-
mate the mean oscillation by using a decomposition argument mentioned above. In
Section 2.3, we complete the proof of the theorem for non-divergence form equations
in the whole space. In Section 2.4, we prove the results for non-divergence form
equations in the half space and smooth domains. Finally, the results for divergence
form equations (1.1.2) are proved in Section 2.5. In Section 2.6, we prove miscella-
neous lemmas used in the main proofs. In Section 2.7, we give the details about the
proofs for equations in domains, such as the extension of weights. In Section 2.8, we

prove the results for equations in the whole space with non-zero initial conditions.



1.2 Introduction to Chapter 3

Chapter 3 is devoted to a study of L, (and L, ,) estimates for non-divergence form

equations with space-time non-local operators of the form
Ofu— Lu+ A u=f in (0,T) x R? (1.2.1)

with the zero initial condition u(0,-) = 0, where 7" € (0,00), 9fu is the Caputo

fractional derivative of order a € (0, 1], and L is an integro-differential operator

Lu(t,z) = /]Rd (u(t, T4 y) —u(t,z) —y - Vau(t,z)x (y)) K(t,z,y)dy, (1.2.2)

where X(")(y) = loe(1,2) + lo=11jy<1, and K is nonnegative. A simple example of L
is the fractional Laplacian —(—A)?/2 for o € (0,2). We refer the reader to Section

3.1 for the precise definitions of Jf'u and L.

Fractional parabolic equations of the form (1.2.1) have applications in various
fields, including physics and probability theory. For example, by viewing the funda-
mental solution of (1.2.1) as the probability density of a peculiar self-similar stochas-
tic process evolving in time, we can see that the equation is related to the continuous-

time random walk Gorenflo and Mainardi (2003).

There are many works regarding L, (or L, ,) estimates for parabolic equations
with either fractional derivatives in time or integro-differential operators in space or

both. Equations with non-local time derivatives of the form

Ofu — a" (t,x)Diju = f(t, ), (1.2.3)



were studied in Kim et al. (2017), Han et al. (2020), Dong and Kim (2019, 2021),
Dong and Liu (2022), Park (2021). In Kim et al. (2017), the authors derived mixed-
norm estimates for (1.2.3) with a € (0,2) under the assumption that a” are piece-
wise continuous in ¢ and uniformly continuous in z. In Han et al. (2020), a weighted
mixed-norm estimate was obtained when « € (0,2) and a”= §,;. More general coeffi-
cients a” were studied in Dong and Kim (2019, 2021), where the L, and the weighted
mixed-norm estimates were obtained respectively for a € (0,1) under the assump-
tion that @ have small mean oscillations with respect to the spatial variables. Quite
recently, in Dong and Liu (2022) the weighted mixed-norm estimates are obtained
for & € (1,2) under the assumption that a” have small oscillations in (¢,z). Fur-
thermore, a weighted mixed-norm regularity theory for (1.2.3) was obtained in Park

(2021) when the coefficients are at least uniformly continuous in both ¢ and x.

Equations with non-local operators in x of the form

Owu(t,z) — Lu(t,z) = f(t,z) (1.2.4)

with L defined in (1.2.2) were studied in Mikulevi¢ius and Pragarauskas (1992, 2014,
2019), Zhang (2013), Dong et al. (2021). In Mikulevi¢ius and Pragarauskas (1992),
using the Fourier multiplier theorem, the authors derived an L, estimate for (1.2.4)
under the conditions that p is sufficiently large, and the operator satisfies an ellipticity

condition, and K(t,x,y) ’y‘dw

is homogeneous of order zero and smooth in y, and
its derivatives in y are continuous in x uniformly in (¢,y). In Mikulevicius and
Pragarauskas (2014), an L, estimate for (1.2.4) was obtained under the conditions
that p is sufficiently large, and K (¢, x,)|y|*" is bounded from above and below
and Hoélder continuous in x uniformly in (¢,y). No regularity assumption is assumed

for K in t and y. In particular, when K = K(t,y), i.e., independent of x, and f is

sufficiently smooth, using a probabilistic method, they constructed the solution for
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(1.2.4) explicitly as the expected value involving some stochastic processes, and when
K = K(t,z,y), they applied the frozen coefficient argument. For time-independent
equations with K = K (y), such result was obtained earlier in Dong and Kim (2012)
by using a purely analytic method. It has been an open question whether in the case
when K = K(t,x,y), the restriction of p in Mikulevicius and Pragarauskas (2014)
can be removed. This problem was resolved in a recent paper Dong et al. (2021)
by using a weighted estimate and an extrapolation argument. In Zhang (2013),
by a probabilistic representation of the solution, the authors investigated the L,-
maximal regularity of (1.2.4) as well as more general equations with singular and

non-symmetric Lévy operators.

Sobolev type estimates for equations with space-time non-local operators similar
to (1.2.1) were studied in Kim et al. (2021) by deriving fundamental solutions using

probability density functions of some stochastic processes. Particularly, the equation

u — p(A)u = f (1.2.5)

is considered, where a € (0,1) and ¢ is a Bernstein function satisfying a certain
growth condition. The authors obtained a mixed-norm estimate of (1.2.5) based on
estimates of the fundamental solution from Bogdan et al. (2009) together with the

Calderén-Zygmund theorem.

In Chapter 3, we obtain the a priori estimate and the unique solvability for (1.2.1)
with space-time non-local operators. Compared to Kim et al. (2021), our estimates
do not directly rely on the representation of the fundamental solution. However, to
apply the method of continuity, we need the results in Kim et al. (2021) or Fackler
et al. (2020). Indeed, for K = K (t,y), we only require that K (¢,y)|y|*" is bounded

from above and below and measurable, an assumption for which the fundamental
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solution is unavailable. Furthermore, when o = 1, we obtain the weighted mixed-
norm estimate for (1.2.1), where the weights are taken in both spatial and time
variables. The results are further extended to the case when K = K (t,z,y), under
the assumption that K is Holder continuous in x uniformly in (¢, y). See Assumptions
3.1.1 and 3.1.3 for details. We also consider equations which contain lower-order
terms. These, in particular, extend the aforementioned results in Mikulevicius and
Pragarauskas (2014), Zhang (2013), Dong et al. (2021) to the weighted mixed-norm
setting by using a quite different method. Our main theorem reads that for any
p € (1,00) and the kernel K such that K(t,y)|y|?*° is bounded from above and

below, if u satisfies (1.2.1) with the zero initial condition, then we have

(1 — A)‘7/2U||Lp(o,T)de) + 1107 ull 1,0, xrey < NI fll 2,0, xR4)5

where N is independent of u and f. Furthermore, for any f € L,((0,T) x R?), there
exists a unique solution u to (1.2.1) with the zero initial condition in the appropriate
Sobolev spaces defined in Section 3.1. Moreover, when a = 1, the a priori estimate
and the unique solvability hold for (1.2.4) in the appropriate weighted mixed-norm

Sobolev spaces with Muckenhoupt weights.

For the proof of the L, estimates for (1.2.1) when a € (0, 1], we apply a level set
argument together with Lemma 3.4.5 (“crawling of ink spots lemma”) by adapting
the argument in Dong and Kim (2019). More precisely, we first prove the theorem
for p = 2 by using the Fourier transform. Then, we apply a bootstrap argument:
assuming the theorem holds for py and estimating the solution by a decomposition, we
show that the theorem holds for p € (py, p1) for some p; > po such that the increment

p1 — po is independent of py. Indeed, for (ty,zo) € (0,7] x R? we decompose the
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solution u to (1.2.1) into u = w + v such that

Ofw — Lw 4+ w = Cf in (tg — 1,19) x R? (1.2.6)

with the zero initial condition at t =ty — 1, where ( is a suitable cutoff function sat-
isfying ¢ = 1 in Q1(tp, ). Then v satisfies the homogeneous equation in Q1 (%o, o).
We bound w by the maximal function of f using the global L, estimate and prove a
higher integrability result for v. See Proposition 3.2.6. Compared to Dong and Kim
(2019), our proof is more involved since we need to deal with the nonlocality in both
space and time. For the proof of the weighted mixed-norm estimates of (1.2.1) when

7/2y, where u is a solution to

a = 1, we derive a mean oscillation estimate of (—A)
(1.2.1), by using an iteration argument. To this end, for tq € (0, 7], we decompose

u = w + v, where

8tw—Lw—|—)\w:f n (to-l,to)XRd

so that v satisfies the homogeneous equation in the strip (tg—1,¢y) x R?. Compared to
the estimate of w in the previous case (cf. (1.2.6)), here we cannot directly apply the
global L, estimate since the right-hand side is not compactly supported in z. Our
idea is to use a localization and iteration argument. See Proposition 3.3.3. We also
establish a Hoélder estimate of v by using a delicate bootstrap argument: first derive
a local estimate by using an estimate of the commutator (Lemma 3.4.3) and then
apply the Sobolev embedding theorems (Lemmas 3.4.6 and 3.4.7). For this proof,
it is crucial that v satisfies the homogeneous equation in the strip (o — 1,%) x R?
instead of just in a cylinder. The weighted mixed-norm estimates then follow by using
the Fefferman-Stein theorem for sharp functions and the Hardy-Littlewood theorem
for (strong) maximal functions in weighted mixed-norm spaces. For the general

cases when K = K (t,x,y), we use a boundedness result in Dong et al. (2021) with a
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perturbation argument and an extrapolation theorem. Finally, we extend our results
to equations in the whole space with non-zero initial conditions, in which we focus

on equations in weighted mixed-norm spaces with o = 1 and power weights in time.

Chapter 3 is organized as follows. In Section 3.1, we introduce notation, defi-
nitions, and the main results of the Chapter 3. In Section 3.2, we obtain the L,
estimates using the level set argument. In Section 3.3, we first estimate the mean
oscillation of solutions by using the decomposition mentioned above, and then prove
the weighted mixed-norm estimates. In Section 3.4, we prove miscellaneous lemmas
used in the main proofs. In Section 3.5, we consider equations with non-zero initial

conditions.



CHAPTER TWwWO

The Fractional Wave Equations



15

2.1 Notation and Main Results

We first introduce some notation used throughout the Chapter 2. For a € (0,2) and

S € R, we denote
1

m/s (t — 5)* u(s, z) ds,

Igu =

and for a € (1,2)

o, 1 ! 1—an2
8tU—m/0(t—s) O7u(s, x)ds.

Note that we have d%u = 0213 “u for a sufficiently smooth u with u(0,z) = 0 and
Oyu(0,2) = 0. In some places, without assuming S = 0, we still use d{u to indicate
9212y when u(S,z) = 0 and du(S,z) = 0. Moreover, for 5 € (0,1), we use du

to indicate ;15 "u when u(S,z) = 0.

For o € (1,2), 1,75 > 0, and (t,z) € R¥! we denote the parabolic cylinder by

Qrimy(t,2) = (t —12/* 1) x B, (z) and Q.(t,z) = Q,,(t, ),

where B,,(z) = {y € R : |y — 2| < ry}. We often write B, and Q, for B,(0) and
Q,(0,0). Furthermore, for z € R? and r > 0, we denote 2’ = (22,...,2¢) € R%!
and B.(2) :={y € R¥': |2’ — 4| <r}. Next, for p € (1,00), k € {1,2,...} and a
domain 2 C R*, let A,(Q, dx) be the set of all non-negative functions w on © such

that

[W]a,@) =  sup (f w(x) dx) (][ (w(z))7 T dx) < 00,
20 ERFNQ,r>0 \J By (z0)NQ By (z0)NQ2

where B,(zg) = {z € R" : |t — zo| < r}. Recall that [w]s, > 1. Furthermore,

for a constant K; > 0, we write [w],,0 < K; and [w],, < K; when Q = R? if
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w = wy (t)wy(x) for some wy and wy satisfying

wy(t) € Ap(R,dt), wy(x) € Ag(Q dw), [wi]a, < Ki, and [wa]a, ) < K.

For a domain Q C R%, let (0,7) x Q := Qp and particularly, (0,7) x R? := R{.
For a given w(t,z) = wy(t)ws(x), where (t,z) € R x Q, wy € A,(R,dt), and wy €
A,(Q,dx), we denote Ly ,.,(2r) to be the set of all measurable functions f defined

on (p satisfying

T P/q 1/p
11ty n(ary = (/ (Q\f<t,x>rqw2<x>dx) w1<t>dt) < .

When p = g and w = 1, L, ,.,(€r) becomes the usual Lebesgue space L,(Qr). We

write u € H)'w (Q7) if there exists a sequence of smooth functions {u,} such that

qu

u, € C=([0,T] x Q) vanishing for large |z], u,(0,2) = 0, du,(0,z) = 0, and

ZHDlun D'ullp g0 + 10510 — Ofullp g — 0
=0

Hun - UHHS(?U) QT
as n — 00, where [|-||pqw = [|l|£,.4.. ) We often write pro(QT) if p = q and use

the notation u € ]I-I[;‘O2 oc(R%) to indicate the function satisfying

€ H25((0,T) x Bg) := H27o((0,T) x Bg)

for any R > 0. Furthermore, we denote u € Ho‘qw o(Qr) ifu € Haqw o(Qr) satisfies
u=0on (0,T) x 9Q. In other words, the defining sequence u,, — u in Hp7,,(Qr)

can be taken to satisfy the following conditions:

u, € CL([0,T] x Q),  u,(0,-) =0, Oun(0,) =0, up(-,2)=0 for x€ N,
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In Section 2.5, we consider equations in divergence form. Therefore, we define

the following. For u € L, ,.,((S,T) x Q), we say 0fu € HL ((S,T) x Q) if there

p,q,w

exist f,9; € Lpqw((S,T) x Q), 1 =1,...,d, such that for any ¢ € C5°([S,T) x ),

LTAQfU¢dxdt:/STAf¢dmdt—/ST/QgiDigbda:dt, (2.1.1)

and we write

|0 U||H;q w((S,T)x0)

= inf { ZHgiHL%q’w((S’T)XQ) 1 flleygwt(sTyxe)  (2.1.1) s satisﬁed}.

i=1

Let HL,((S,T) x Q) be the collection of functions u € Ly, ., ((S,T) x ) such that

p,q,w

Du € L, ,.,((S,T) x Q) and 0fu € H L ((S,T) x ), and denote

p,q,w

Hu”?{qulw((ST xQ) = [|0}" U||Hp}w ST)XQ)+Z||Diu||Lp,q,w((SvT)><Q)’
i=0

Then, we define u € Hoo o o((S,T) x Q) if u € HEL ((S,T) x ), and there exists a

pqu D,q,w

sequence of {u,} C C*([S9, T] x Q) vanishing for large |z|, u, (S, z) = 0, Qyu, (S, x) =
0 and

T

(ST)xQ) 0 as n — oo.

We denote u € Hpqwo((S, T) x Q) if u € Hpqwo((S,T) x 1) satisfies u = 0 on
(0,7) x 092 In other words, the defining sequence u, — w in Hg:! ((S,T) x Q) can

be taken to satisfy the following conditions:

u, € C([S,T] x Q),  u,(S,") =0, wu,(S,")=0, wu,(-,x)=0 for z €N
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a,l

ool (S, T) x ) satisfies the divergence form equation

Moreover, we say that u € H
Ofu — Di(a” Dyju + a'u) — b'Dyu — cu = D;g; + f
for f,9; € Lpqw((S,T) x Q) if

T T
/ / I3 udf ¢ dadt + / / (¢ D;uD;¢ + a'uD;¢ — b Diug — cup) ddt
S Q S Q

= [ [0~ apis)doat

for any ¢ € C5°([S,T) x Q).

In this paper, we use maximal functions and strong maximal functions defined,

respectively, by

Mf(t,z) = sup ][ |f(r, 2)|xp dz dr
Qr(s,y)3(t,x) J Qr(syy)

and

(SMf)(t,e)=  sup f 1 (r, 2)lxp dz dr
Qry,ro(5,y)

Q"'l o (S,y) el (tvx)

for f € Ly oc defined on D C R and (¢,x) € D.

In order to consider equations with non-zero initial conditions, we introduce the
trace space as follows. For p,q € (1, 00), a non-integer 6 > 0 with k being the integer
part of 6, and wy € A,(R?), we define

BY iy (RY) i= {0 € Ly (RY) : [y, ) < 00},

p,q, w2 wo

where

(Rd) = [U]Bg’q’w2 (]Rd) + Z H.DCYUHL(MU2 (]Rd)
|| <k

ul| 5o
|| Bp,q,w2
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and

1/p
] g0 (RY) = (/RdHDku(. +y) — Dku(')”iq,wz|?/|_d_p(9_k) dy) ’

P,q, w2

Note that when p = ¢ and wy, = 1, B, (R%) = sz(Rd), the usual Besov space.

p,q,w2

For 6, € R, we denote Xy = L., when 6y < 0,X, = B% . (R?) when 6, > 0 is

p,q,w2

a non-integer, and X, = BY%Fe (R?) for arbitrary e > 0 when 6, is a nonnegative

integer. For a different #; € R, we define X} similarly.

Finally, we write N = N(...) if the constant N depends only on the parameters

in the parentheses.
Next, we present the assumptions for the coefficients and domains. Assumption
2.1.1 for a fixed ¢ is imposed throughout the chapter 2.

Assumption 2.1.1. There exists 6 € (0,1) such that for any (¢,z) € R4 and
§ ERY,
a”(t,x)€'¢ > 6¢)* and  |aY|, |6, |c] < 07

Assumption 2.1.2 (7). There exists Ry € (0, 1] such that for any (o, 7o) € R

and 0 < r < Ry,

Sup][ la” — @] < o,
Z”j Qr(t()vx())

where

ad = ][ a¥ dxdt.
Qr(to,z0)

Remark 2.1.3. If we take zop € Q@ = RZ and define

@’ = ][ a’ dxdt,
Qr(to,z0)NQr
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then by Assumption 2.1.2 (vy), we have
Y]

sup ][ la¥ — @] dxdt < 4.
Qr(to,x0)NQ7

Assumption 2.1.4 (#). There exists Rs € (0, 1] such that for any z € 09, there

exists a Lipschitz function ¢ : R¥~! — R satisfying
QN Br,(2) = {x € Br,(2) : ' > ¢(2')}
and

<@

w9 =00

! oyl
x’,y’GBQQ (2"), 2" #y’ |x Yy ‘

in a new coordinate system.

We need a stronger assumption on the domains when non-divergence form equa-

tions are considered.

Assumption 2.1.5. There exists Ry € (0, 1] such that for any z € 952, there exists

a C1! function ¢ : R¥™1 — R satisfying
QN Bg,(2) = {x € Bg,(2) : ' > ¢(2)},

¢(0) =0, V¢(0)=0, and sup |[D?¢| <57

B, (/)

in a new coordinate system.

With the assumptions above, we are ready to state the main theorems of chapter



21

Theorem 2.1.6. Leta € (1,2), T € (0,00), p,q € (1,00), K € [1,00), and [w],, <
K. There ezists yo = Yo(d, 0,0, p,q, K1) € (0,1) such that under Assumption 2.1.2

(7o), the following holds. For any u € H®?  (R%) satisfying

P,q,w,0

Ofu—a"Dyu —b'Dyu —cu= f in RS, (2.1.2)

we have
102 ullp.g0 + 1ullp.ga + 1Dllpgw + 1D*llpg0 < N f lpgos (2.1.3)
where ||||p.gw = ||'||Lp’q7w(R%) and N = N(d,6,a,p,q, K1, Ry, T). Moreover, for any

f € LpgwRE), there exists a unique solution u € HY?  (R%) to (2.1.2).

D,q,w,0

Next, we introduce the results for the half space and smooth domains under the

zero initial conditions and the zero boundary condition.

Theorem 2.1.7. Let Q = R%, a € (1,2), T € (0,00), p,q € (1,00), K; € [1,00)
and (w0 < Ki. There exists vo = Yo(d,d,a,p,q, K1) € (0,1) such that under

Assumption 2.1.2 (7o), the following holds. For any u € H*? (Qr) satisfying

P,q,w,0

Ofu —a’Dyju —b'Diju—cu=f in Qr, (2.1.4)
we have
167 wllp.gw + Nttllpgw + 1 Dllp g0 + 1D*llpg0 < N fllpgo:
where ||-||lpgw = |-|2,00@r) and N = N(d,0,c,p,q, Ky, Ry, T). Moreover, for any

f € Ly ,w(Qr), there exists a unique solution u € ]ﬁlg:;wp(ﬂ’f) to (2.1.4).

Theorem 2.1.8. Let Q be a C' domain, o € (1,2), T € (0,00), p,q € (1,00),



22

Ky € [1,00) and [w]pq0 < Ky. There exist a constant o = o(d, 0, a, p,q, K1) €
(0,1) and 0 =60(d,d,a,p,q, K1) € (0,1/3) such that under Assumption 2.1.2 (7o)

and Assumption 2.1.5(0), the following holds. For any u € ﬁ§7’;7w70(QT) satisfying

Ofu —a’Dyju—b'Dju—cu=f in Qp, (2.1.5)

we have
107 ullpg0 + ellpga + 1DUlp g + 1D*ullpgw < N fllpg: (2.1.6)
where |||[pgw = |-z, 40 and N = N(d,d,a,p,q, K1, Ry, Ry, T'). Moreover, for

any f € Ly qw(Qr), there exists a unique solution u € H™2  (Qr) to (2.1.5).

D,q,w,0

Next we state the results for equations in divergence form under the zero initial

conditions and the zero boundary condition.

Theorem 2.1.9. Leta € (1,2), T € (0,00), p,q € (1,00), K € [1,00), and [w],, <
K. There ezists vo = Yo(d, 0, a,p,q, K1) € (0,1) such that under Assumption 2.1.2

(7o), the following holds. For any u € HY) ., o(R%) satisfying

P,q,w,0

0w — Di(a” Dju+ a'u) — b'Dyu — cu = Dig; + f in R%, (2.1.7)
we have

10F ullggy s, + lullpguw + 1 Dllpgw < N[ fllpgw + [[9llpgmw), (2.1.8)
where [|*lpgw = [I'llz,,.@s) and N = N(d,d,a,p,q, K1, Ro,T'). Moreover, for any

[+ i € Lpqw(RE), there exists a unique solution u € H;"’;wvo(Rifp) to (2.1.7).

Theorem 2.1.10. Let @ = R4, a € (1,2), T € (0,00), p,q € (1,00), K7 € [1,00),
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and [wl, .0 < Ki. There exists vo = Y(d,0,a,p,q, K1) € (0,1) such that under

a,l

Assumption 2.1.2 (7o), the following holds. For any u € ﬁp,q,w,O(QT) satisfying

Ofu — Di(aiiju +a'u) — b'Dju — cu = Dig; + [ in Qr, (2.1.9)
we have

107 ullg, 2, + N[llpgw + 1DUlpgw < N fllpgw + 119lpg0), (2.1.10)
where ||-||pgw = |"|2p00@r) and N = N(d,d,a,p,q, K1, Ry, Ry, T). Moreover, for

any f,gi € Lpqw(Qr), there exists a unique solution u € ﬁ;}’;’w,o(QT) to (2.1.9).

Theorem 2.1.11. Let Q be a Lipschitz domain, o € (1,2), T € (0,00), p,q €
(1,00), Ky € [1,00), and [w]p 40 < Ki. There exist vo = vo(d, 0, o, p,q, K1) € (0,1)
and 0 = 0(d,d,a,p,q, K1) € (0,1/3) such that under Assumption 2.1.2 (o) and

Assumption 2.1.4 (), the following holds. For any u € H! (Qr) satisfying

P,q,w,0

Ofu — Di(a” Dju + a'u) —b'Diu — cu = Dig; + fin Qr, (2.1.11)
we have
107wl + lullpgw + 1Dullpgw < N[ fllpgw + [9llp.qw),
where ||||pgw = |1, 0w and N = N(d,d,a,p,q, K1, Ry, Ry, T'). Also, for any

£,9i € Lyqw(Qr), there exists a unique solution u € H} () to (2.1.11).

P,q,w,0

Finally, we state the results for equations in the whole space with nonzero initial

conditions,

D (u—ug — tur) — (@’ Dyju+ b'Dyu + cu) = f in R},
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which is equivalent to (1.1.4).

Corollary 2.1.12. Let a € (1,2), T € (0,00), p,q € (1,00), K7 € [1,00), p €
(=1,p — 1), and w = w(t)wy(z), where wy(t) = t* and wy(z) € A (R? dx) with
[wala, < Ky. Let g =2—=2(1+p)/(ap), 61 =2—2/a—2(1+pu)/(ap), and recall the
definitions of the spaces Xy and Xy above. There exists o = Yo(d, d, ., p,q, Ky, 1) €
(0,1) such that, under Assumption 2.1.2 (vo), the following holds. For any f €
Lpgw®RE), ug € Xy, and uy € Xy, there exists a unique function u in R% satisfying

(1.1.4) with the estimate

Hataqu,q,w + HquJLw + HDu”p,q,w + HDQUHP,q,w

< N[ fllp.gw + Nlfuollao + Nl (2.1.12)

where |||y = Iz, .@e) and N = N(d, 6, a,p,q, K1, Ko, Ro, T, ).

For equations in divergence form

r
0tu — Di(a"Dju+ a'u) — b Diu —cu = Digi + f  in R&

u(0,-) = ug :=Dug1(-) + tga(-) in R? (2.1.13)

kut(O, ) =wuy :=Duy1(-) +ur2(+) in RY

that is,
D (u —ug — tuy) — Di(a? Dju+ a'u) — b'Dju —cu = f in RE,

we have the following results.

Corollary 2.1.13. Let « € (1,2), T € (0,00), p,q € (1,00), K1 € [1,00), p €

—1,p—1), and w = wy(t)ws(z), where wy(t) = t* and wy(xz) € A (RY, dx) with
( g
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[wala, < Ky. Let Oy =2—=2(1+p)/(ap), 01 =2—2/a—2(1+pu)/(ap), and recall the
definitions of the spaces Xy and Xy above. There exists vy = Yo(d, 0, v, p,q, K1, 1) €
(0,1) such that, under Assumption 2.1.2 (o), the following holds. For any f,g €
Lp7q,w(RdT), Up1, U2 € Xp, and uy1,u1 2 € X, there exists a unique function u in R%
satisfying (2.1.13) with the estimate

HatauHH;}Lw

< NI+ 19lllp.gw + Nluo] + |uozlllxy + N[lura| + [urol 2,

+ ||u||p,q,w + ||DU||p,q,w

where ||| p.gw = ||-||Lp7q’w(R%) and N = N(d,6,a,p,q, K1, Ko, Ry, T, ).

At the end of this section, we derive an useful property of functions satisfying
Assumption 2.1.2 (7). The following lemma implies that Assumption 2.1.2 ()
gives a control over the mean oscillation on sets that are large in the time direction

and small in the spatial directions.

Lemma 2.1.14. If a satisfies Assumption 2.1.2 (7o), h > r¥* =7, and r < Ry <

Ry, where Ry = 2-%?R,. Then

][ ][ la — @] dedt < Nhr=2/%,,
(tofh,to) T(xo)

where @ = er(to vy @ 0nd N = N(a, d).

Proof. Suppose that (k — 1)7 < h < kr for some integer k > 2. Then,

1 [t
][ ][ la —a| dzdt < —/ ][ la — a| dxdt
(to—hoto) J By (zo) h Joo—ki J B, (x0)

~ k—1

r to—j7
< —Z][ ][ |a — @| dxdt. (2.1.14)
his ) J By (ao)

to—(j+1
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For each term in the sum of the right-hand side of (2.1.14), we have
to—j7 to—jr _ _
][ |a—a\d:cdt<][ ][ (la —b;| + |a — b;|) dedt
to—(j+1)7 J Br(zo) (J+1)7 J Br(zo)

<0+ @ — byl (2.1.15)

where

to—Jr
][ ][ adxdt for 7=0,1,2,....
(G+1)7 J By (wo)

Note that by = @. By the triangle inequality,
@Bl < 3 b= Bl (2.1.16)

Also, we have

_ _ to—iT tof(’i+1)F
|b; — bip1| = ][ ][ adxdt — ][ ][ adxdt
(i+1)7 J Br(zo) (i4+2)7 J Br(z0)
to—ir to—ir
][ ][ adxdt — ][ adxdt
to—(i+1)7 J By (z0) to—(i+2)7 J B, a2, (%0)
to—(i+1)7r to—1ir
][ ][ adxdt — ][ ][ a dxdt
—(i4+2)7 J Br(x0) (i4+2)7

Byasz,(
2r(2a/2 )

IA

+

Yo = 42/ 2, (2.1.17)

where for the last inequality, we used that for A C B,

_][ ‘ ||]A3|| ][ f - (2.1.18)

and the oscillation of @ on Qqa/2,(tg — i, ¢) can be controlled by 7o. Therefore, by
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(2.1.16) and (2.1.17),

which together with (2.1.15) implies that

][ ][ |a—a|dxdt<—2[ro+|a—b|]
(to—h,to) (o) —

< — k — [42“/2 + 1] < N(a, d)kyy < Nhr—2
=0

The lemma is proved. O]

2.2 Mean Oscillation Estimates

Throughout the section, we assume that a”’s are constants, b’ = c =0, T € (0, 00),
and p = ¢, i.e., the space with unmixed norm. The main goal of this section is to

derive a mean oscillation estimate of u € H;‘OQO oo (R%) satisfying

Qf“u — a”Diju = f in R%lw

when py € (1,2). For ty € (0,7], 7 > 0, and Q = (—r,7)¢ D B,, we are going to

decompose u = v +w in (0,%) x 2, where w,v € H °((0,9) x Q) satisfy

Ofw — a’ Dyyw = f (2.2.1)
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in (0,%9) x ©Q, w =0 on (0,%y) x I, and
Ofv —a”’Dijv =0 (2.2.2)
in (O,to) x €.

In Subsections 2.2.1 and 2.2.2, we estimate v and w separately. Then, in Subsec-

tion 2.2.3, we combine the results to get the estimate of u.

2.2.1 Estimates of v, the homogeneous part

We begin with a formula for computing the fractional derivative of the product with

a cutoff function in time.

Lemma 2.2.1. Let p € [1,0), a € (1,2), —c0 < S <ty < T < o0, and v €
HZ:S((S, T) x Q). Then, for any infinitely differentiable function n defined on R such

that n(t) =0 fort < ty, we have nu € Hg‘v’g((to, T) x ) and
Oy (nu)(t,x) = 07 I (nu)(t, ) = n(t)oI5 “v(t,z) + g(t,x)

for (t,x) € (to, T) x Q, where

ott:2) = SO [ (¢ )7 as) —e) — 0 — s ) s
+ﬁn’(t)& /S (t— )0 (s, ) ds. (2.2.3)

Proof. The fact that nv € H;‘:g ((to, T) x Q) follows from the density of smooth
functions in the space. The proof for the case of a € (0,1) is given in (Dong and

Kim, 2019, Lemma 3.6), and it works here with minor modification. We skip the
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details. It remains to show (2.2.3). Without loss of generality, we assume ¢y = 0.

Also, recall that 9% = 9215 ®. Therefore,

g(t,z)l'(2 - )
=07 [/Ot(t — ) 7 n(s)v(s, x) ds] — 0} [n(t) /St(t — 8) (s, 7) ds]
+ 20 (t)0, /t

S

t

(t—s)' " v(s, ) ds + 1 (t) /s (t —s)'"*v(s, x) ds. (2.2.4)

The first two terms of the right-hand side of (2.2.4) equal

[ [ (=5 lnts) = nto)ots.) ]
=0, [/s (1 —a)(t—s)"*n(s) —nt)v(s,x)ds — /S (t — )= (t)v(s,z) ds
= o] [ (1= a)(t = 9)7"s) = 0lt) = /()5 = s, ) ds
T /5 (o — 2)(t — 8)% (H)o(s, ) ds}
= /S (—a)(1—a)(t —s)"* " n(s) —n(t) —n'(t)(s — t)]ov(s, x) ds

+ /S (1 —a)(t—s)' 0" (t)v(s,x) ds + (a — 2)1"(t) /s (t—s) (s, 7)ds
+a-2moal [

S

t

(t—s)" (s, ) ds].

Thus, by (2.2.4),

t

g(t,0)I'(2 = a) = afa = 1) /S (t =) n(s) = n(t) —n'(t)(s — B)]v(s, x) ds

+ om’(t)@t/s (t — 5)""*v(s, ) ds.

The lemma is proved. O

Remark 2.2.2. If there exists a function £ € C*°(R) such that £(t) = 0 for ¢ < ¢, for

some t, € (S,1), and £ = 1 in suppn, then we can rewrite the second term of ¢ in
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(2.2.3) as follows. With = a — 1,

77/<t)at/s (t =)' (s, z)ds = Z/((tt)) (F(l — B)E(t, 2)dPu(t, a:))
n'(t)
= D) I'l—p) [5(75, x)atﬁv(t, x) — 3?(51})(15, x) + 85(50)@7 x)})

0O (TA=BB [ ae(a) — eRluls. ) ds e
=T [ =97t - oty s+ 11 - (e >>

A0 [(a - 1)/5 (t = s)"[&(s) = €(B)]v(s, x) ds] +T(2— a)@f(ﬁv)(t,x}),
where we used (Dong and Kim, 2019, Lemma 3.6) in the second last equality.

The following interpolation inequality for the time derivatives will be used for

the estimate of g in Lemma 2.2.1.

Lemma 2.2.3. For anye >0, 3 =a —1, py € (1,00), any open set G C R?, and

v e HY((0,T) x G), we have

Po,0

||61?U||Lp0((0,T)><G) < el|0p vl L,y 0.1y + N(a, po) T2 H[vl L, (0% ).
Proof. Using 2.6.1 and (Dong and Kim, 2021, Lemma 5.5), we conclude

107012,y (077 x6) < ENOFV | 0,1y x0) + N TP ] 1, (0.1%c)

< &[0l L, 0.y + N(a, po) T e vl 1, (0,19 x6)-

Note that in (Dong and Kim, 2021, Lemma 5.5), the author assumes « € (0, 1), but

the proof works for all a € (0, 00). O

Next, we estimate v by using cutoff functions together with the Sobolev embed-

ding.
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Proposition 2.2.4. Let py € (1,00), tg € (0,00), r >0, and v € Hpoo((O,to) X B;)

satisfy (2.2.2) in (0,t9) X B,. Then, for any p1 € (po, 00) satisfying

1/py < 1/po —2/(d +2),

we have v € H~ %,((0, 1) x B, 2) and

1 a) 1
(|D21)|p1) /10/12@1 0 < NZ] (1+ |D2v|p°) /po i) (2.2.5)
j=1
for any t; < to, where N = N(d,d,a,p1,po). If po > d/2+ 1, then
a 1
D20, i) Za Dyl L (2.26)

for any ty < toy, where 0 = o(d, ., po) € (0,1) and N = N(d, 0, c,py). Moreover, for

any p1 € (po, 00), we have

1 a) 1
(|D2U|p1>Q/TP/12(t1 0) < NZJ (1+ |D2U|p0) /Po G- Lr2e0) (2.2.7)
7j=1
for any t; < to, where N = N(d,6,a,p1,po). Furthermore,
) 1
[D*0]coarzo(q, at1,0) ZJ W (ID>[P) gk e (2.2.8)

for any t; < tyg, where 0 = o(d,a,pp) € (0,1) and N = N(d, 6, c, pp).

Proof. Step 0. We first note that (2.2.7) and (2.2.8) follow from (2.2.5) and (2.2.6) by

a finite iteration argument. See (Dong and Kim, 2021, Proposition 4.3) for details.
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Step 1. By scaling, we assume r = 1. For k =0,1,..., let § = 6 = (1/2)¥* and

k

Gp=0+1-0)) 27,

j=1

and take 7, € C*(R) such that

1 te (tl — 5k,t1>,
nk(t) =
0 te(t— 1t —dp),

[ < (1= 8)71252, ] < (1 - 9) 7222, (2.2.9)

Note that nxy1 = 1 in suppnx, and v can be extended as zero for ¢ < 0. Therefore,

by Lemma 2.2.1, for any k, we have

v < Hg(fo((tl — 1,t1) X 33/4).

Furthermore, let

g = 8?(7]]91)) — nk(?fv in (tl — 1, tl) X B3/4,
3 11

T =—— —

4 4@’ and Qk = (tl - 17t1) X Brk (2210)

with 7o = 1/2 and 7o, = 3/4. Then,

Ivllzg 20,y < Nlmevllz,g @0 + 10 060) |00 + 105 (60) |, (020
N

< N“’rlkUHLPO(Qk) + NHngLpO(QkH) + (Tk—i-l — 7k

)2 ||77kv||Lp0 (Qet1)
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where N = N(d, §, a, pp), and the second inequality is by a local estimate which can
be proved using the estimate in whole space in Kim et al. (2017) together with a

localization argument as in (Dong and Kim, 2019, Lemma 4.2).

To estimate g, we take ¢ € C*°(R) such that

1 when ¢ € (t; —2,t),
<1 amd ()= (2.2.12)

0  when te€ (—o0,t;—3).

Furthermore, let v; = (v and v = v — v;. Lemma 2.2.1 with S = —occ yields

gkl < N(@)[|g| + |gr2l]

where

ra(tie) = ala=1) [ (09" iuls) = mult) = m0)(s — Oen(s, ) ds

t1—3

+ an). ()0, /t 73(t — )y (s, 1) ds, (2.2.13)
and
gra2(t,z) = ala —1) /_ (= ) ) = melt) — mh(8) (5 — V)enls, 2) ds
+anl (), /_ (= 9) (s, ) ds
=ala—1) /_ - (t — 5) " ne(s) — ne(t)]va(s, z) ds. (2.2.14)

Step 2. We further decompose gj 1 as

kg = ala—1)gr11 + agra 2,
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where

Graa(t,x) = /t_g(t — )" w(s) = mi(t) — (8 (s — )]va(s, ) ds.

For t € (t; — 1,t1),

t
gk (t,2)] < 7o - / (t = 5y o(s, @) ds
t1—3

t
< s / (t = 5y o(s, @) ds
t—3

3
—flen | 7ot = ria)ldr,
0
and by the Minkowski inequality,
1gk,111 L @) < NI Lo [0l Ly (11 =.00)x By 0)- (2.2.15)

For f:=a—1 € (0, 1), using the facts that v; € Hz‘(fo((tl —3,11) x Byjs and 1 = 1

in supp 1 together with Remark 2.2.2, we have

@1 [ (=9 als) = e (5. s

+I(2- a>atﬂ(77k+lvl)]7
which implies that

t
ge12(t, )] < N(@)llell o / (= ) lmess () — s ()][0(5, )| ds
t1—3
- N (@)l |0F (00
t
< Nl sl / (=) "ol o)l ds
t1—

+ N(a)’|771/<;\’Loo|5t6(77k+1111)|'
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By applying Lemma 2.2.3 to 101 = 10 € Hg‘(fO(QkH) and Young’s inequality,

for any £ > 0, we have

198,120 Lpy @) < NN Lo 171 | 2o 101 g (61— 4,00) % B a0

+ |08 (1) |2 (41) + NeT MG 10 2 2s0) (2.2.16)
where N = N(a,d, po).

Recall the definition of gyo in (2.2.14). For j > 2, t € ({1 — 1,t1), and s €

(t1 —j — 1,t; — j), it is easily seen that t — s > (j — 1) > (j + 1)/4. Thus,

t1—2
gt ) s/ (t=9) " ol |ds<2/ )7 o, ds

—00 t1]1

Z/ (+ 1) (s, z)| ds.
t1—3—1

Therefore, by Hélder’s inequality,

(j + 1) (ot1) ||U||Lp0 ((t1—j—1,t1—35)xBs/s)

Mg

||gk?2”LP0(Qk+l) <N
2

<.
II

SN G+ 1)l (it x B (2.2.17)

Mg

<.
[|
2o
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where N = N(a,d, py). Combining (2.2.15), (2.2.16), and (2.2.17), we get

19kl 20y @) < NI g2l 2y (02 0) + N (@)l grall Ly @040)

o0
< NZ(] + 1)70171HUHLpo((tl—j—latl_j)XBl)
7j=2

+ Nling IILOOZHUIILPO ((ti—i—1t1—)x B1)

3
+ N0l oo 171 oo D N0 Ly (01— -1. -5 B)
=0
+ el|0F (10 g (i) + NeT M7 10| 2 (24 1) (2.2.18)

where N = N(a,d, po).

Step 3. Multiplying both sides of (2.2.11) by &*, summing over k =0, 1,..., and

using (2.2.18), we get

S H gty < Vol sze'wzs T

k=0

< NJJollz,, 0. > 2% + NZU + 1) 0l Ly (11— ttryx D EF
k= =

3 o0
+N ZHU“LpO(hfjfl,tlfj)xBl ZEk?Qk
J=0 k=0

(o) o
T Z 5k+1Hata<77k+1U>HLpo(Qk+1) + NHUHLPO(QOO)571 Z 8k22k’ (2.2.19)
k=0 k=0

where N = N(d,d, a,po). Picking € < 1/8 such that Y~ 2% < 0o, and absorbing

the second last summation to the left-hand side of (2.2.19), we derive

o0
1700122 0y < NZj_a_l”U||Lp0((t1—j,t1—j+1)XBl)'
j=1
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Therefore, by using the Sobolev embedding

]HIQ72 ((tl — 1,t1) X BI/Q) — W;ﬁo((tl — 1,t1) X Bl/2) — Lp1(<t1 — 1,t1) X Bl/2)7

P0,0

we conclude

10112, (@1 jatt1.00) = 110V, @1 o(2.0) < 110V |2, (61 -1:00)x By 12)
< Nlmovllgee (o —1,6)x By ) < NZjiail||UHLpo((tl_jatl_j‘i‘l)XBl)7 (2.2.20)
j=1

where N = N(d, 4§, «, po, p1)-

For the proof of (2.2.6), we pick py < po such that py € (d/2+ 1,d + 2), and let
oc=2—(d+2)/py € (0,1). By using the Sobolev embedding

Hg(;’go((tl — 1,t1) X Bl/2) — W;‘fo((tl — 1,t1) X Bl/g) — 00/2’U<<t1 — ]_,tl) X Bl/g),

we replace |[v||z,, (@, .(t:,0) With [U]Cm/z,a(QT/z(tho)) in (2.2.20) to conclude

[W]coar2o (@, 50,00 < N 5 M0l (ta—jitr—ss1)x B2 (2.2.21)
=1

where N = N(d, 0, c, po).

Step 4. Tt remains to prove D?v € HY% ((0,¢1) x Bsys). If so, (2.2.5) and (2.2.6)

10,0
follow from replacing v with D?v into (2.2.20) and (2.2.21). Note that by (Dong
and Kim, 2019, Lemma 4.3), (Dv)’ = D(v°) € H;‘(fo(((), t1) x Bsg) for § sufficiently
small, where (Dv)? and v° denote the mollification in the spatial variables. It follows

that

(Dv)° = Dv in Ly, ((0,1) x Bss).
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By repeating the argument in Step 3, we have

é c—o— é
|(Dv) HHgé?O((o,tl)st/G) < NZJ H(Dv) HLpo((tl—jvtl_j+1)><B7/8)
j=1

SN 5D |y ((0.) 5B

Jj=1

where N = N(d,§, a, po). Therefore, (Dv)? is Cauchy in Hg(fo(((],h) X Bs ), which
implies

Dv € H’]IO[72 ((O,tl) X B5/6).

Po,0

Replacing Dv with D?v and repeating the above process, we conclude

D?v € Hg(fo((o,tl) X B3/4).

a,2

Finally, the statement v € H,",

((0,t1) x By 2) follows from a mollification argument.

See (Dong and Kim, 2021, Lemma 4.1) for details. The proposition is proved. [

Remark 2.2.5. By slightly modifying the proof of (2.2.20), we derive an estimate
that will be used later in Proposition 2.2.8. For w € Hg‘(fo(((),to) x Bj) satisfying
(2.2.1), if we take cutoff functions 7, defined in (2.2.9) and gi, 2 defined in (2.2.10)

with w in place of v, then 9 (wny) — A(wng) = fnr+g. Similar to (2.2.11), we have

gy < N2 0l @) + Nl + Mgl @ (2222
Furthermore, by redefining ¢ in (2.2.12) by

1 when t € (tl - 3,t1),
¢t) =
0 when ¢ € (—oo,t; —4),

the lower bounds of the integrals in (2.2.13) become t; — 4, and the upper bound of
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the integral in (2.2.14) becomes t; — 3 = s9, where s; =t — 2/ + 1 for j =0,1,....
In this case, we estimate gj; similarly as in Step 2 above. However, we estimate gy,

differently:

- Sj+1

gt < [ = elsalds <3 [ (09 uls.a)| s

<N@Y [ s ) ds
j=2

Sj+1

where the last inequality is because t € (t; — 1,%;). Therefore, by repeating the
argument in Step 3 above with (2.2.22), and applying the Minkowski inequality and

Holder’s inequality, we conclude

2 1/ 1/ —ko 1/
(|D w’po)Qf/Z(to,o) < N(‘f’po)Qﬁio,o) + NZ 2 (‘w‘po)(s:ihsk)xgla
k=0

where N = N(d, 6, a, pp).

2.2.2 Estimates of w, the non-homogeneous part

In this subsection, we prove the existence and the estimates of w satisfying (2.2.1)
when a* = §%.

Lemma 2.2.6. For Q = (0,1)% and f € Ly(Qr), there exists a unique w € Hg‘g(QT)
to

Kw—4Aw=f in Qp, w=0 on (0,T)x 09,

and w satisfies

oz 2gapy < Nl zacar)-

Proof. We use the method of separation of variables to construct w explicitly. Since
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f € La((0, ) x ), we write

We take

w(t, ', ... 1% = Z W, .0, (t) sin(nymat) - - - sin(ngra?). (2.2.23)

.....

.....

Ofw — 4Aw = Z (07 Wy g (8) + 40 .. 19)* T W, )]

-sin(nymat) - - - sin(ngma?)

= Z frgong(t) sin(nywat) - - - sin(ndwxd).

To determine w,,

.....

Let
o(t) = /0 Hoa(t — ) f(s) ds.

where
o— (e} - Zn
Ho\(t)=1 1Ea(—)\t ), and FE.(z) = E —F(om—i—l)
n=0

is the Mittag-Leffler function. We check that this ¢ solves the differential equation.
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It suffices to check that

Lo = L(H,py) - L(f) = SLaff)A, (2.2.24)

where L denotes the Laplace transformation, and in the second equality of (2.2.24)

we used the following proved in (Kim et al., 2017, Lemma 3.4)

1
54\

L(Hax)(s) =
Recall that 98¢ = 9,1°%(¢). Therefore, L[0?¢](s) = s*L¢, which implies
CLo(s) + ALo(s) = LI(s).
and we arrive at (2.2.24).

By Pollard (1948), E,(z) € (0,1) for z € (—00,0), and thus,

1 T
1 Hon - X1 ia) = I*Eal~A)(T) = —— / (T — )"\ Bo(~As") ds
I‘(a) 0
k ak

_ ! (T —s5)*! Z —((_)\) i ] ds
k=

T
(

1
a)
1

S~
3

‘ INak +1
(_)\)k /T a—1 _ak
Tk +1) J, (T — 8)¥ s ds

(=" ey D(@T (ok + 1)
T(ak + 1) T(a(k+1)+1)

NE

—
b
|

0

= A1 — By (=2T?)).

NE

—

(@)

i

0

Also, note that

6(t)] < / Har(t — 8) - Xeoseor| - 1£(5) - Xoctor| ds.

—00
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By Young’s inequality,

19l z.0m) < IIf - Xseo) lL2®)  Hax - X017 |21 ()

<A a0y,

and

1050\ o0,y < A oo,y + [ f 1220y < 2| || 2200,7)-

Thus, we have

and

108 Wns ... mall Lo0,7) < 2| fromall L200,7)-

It follows that w € Hg‘g (Qr) and

oz 2gpy < Nl zacar)-

Thus, the lemma is proved. O
Lemma 2.2.7. Letpy € (1,2), Q= (=1,1)%, and f € Ly(Qr). There exists a unique
w e Hg‘g(QT) to
Ow—Aw=f m Qp, w=0 on (0,T)x099Q, (2.2.25)
and w satisfies
[wllgae @y < NIFllLy @o), (2.2.26)

where N = N(d, po, ).
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Proof. Let f(t,y',...,y9) = f(t,2y —1,...,2y¢ — 1) for (y},...,9%) € (0,1)%
Clearly, f € Ly((0,T) x (0,1)4), and by Lemma 2.2.6, there exists a unique
@ € Hy5((0,T) x (0,1)?) such that

W —4AT=f in (0,T)x(0,1)%, @=0 on (0,T)xd(0,1)%

Then, let w(t,z', ... 2% = w(t, (' +1)/2,...,(z¢ +1)/2) for (z',... 2%) € Q. Tt
follows that w satisfies (2.2.25). Next, we show (2.2.26) by extending w to the whole

space. First, we take the odd extensions of w and f to (—1,3)%, i.e., for 2¢ € (1, 3),

Then, we take the periodic extensions of w and f to the whole space by extending
along each spatial direction with a period of 4. Note that in order to smoothly
extend the function up to the boundary, it is necessary to take the odd extension
first. Let M be a positive integer and n € C*(R?),n € [0, 1], be a cutoff function in

the spatial variables so that

1 when ze€(—M,M)%
n(w) =
0 when ¢ (—2M,2M)4,

|Dn| < (2M)71, and |D?*p| < (2M)~2. Then, it follows from (2.2.23) that nw €
H*? (R%) and

Po,0

o (nw) — A(nw) = nf — Anw — 2DnD;w.

Using the result for equations with constant leading coefficients in the whole space

(Kim et al., 2017, Theorem 2.9), we have

HDZ(WU)“L,,O(R%) < N[anHLPO(RdT) + lwDijnllL,, @a) + 1DinDjwl(L, &),
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where N = N(d, py, «). Therefore, since w is periodic,

MYP | D*w| 1, @) < N |@M)7™| I, @)

+ (M) 2 @MY w1, o) + (M) MY [ D, o).
which implies
I D*w]| L, @r) < N[HfHLpO(QT) + M72||w| 1, (@r) + M| Dw| 1, 1) |-
By sending M — oo, we get
1D*w|| L,y 07) < NI F 2y 20
Moreover, we have
wl L, @) < NIIDwlL, @r) < N|D*w||L,, @),

where the first inequality is by the boundary Poincaré inequality, and the second

inequality is also by a version of the Poincaré inequality using

/ Duw(t,x)dx = 0.
Q

Therefore, (2.2.26) is proved. O

Proposition 2.2.8. Let Q = (—1,1)%, py € (1,2), f € Ly((0,ty) x Bg), and

w e HZS?O((Oa to) x Q) with w =0 on (0,ty) x I such that

Ofw—Aw=f in (0,ty) xS
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Then, for any t; < ty, we have

2 l/p ak l/p
(|D w|P0 Q1/02 t1,0) = NZQ ’f|P0 skil k)
le% 1
< NZZ FUFIP L o (2.2.27)

where sy =t, — 28 +1 and N = N(a, d, po,9).

Proof. Without loss of generality, we assume that ¢; = 5. By Remark 2.2.5, we have

2 1/ 1/ E ko 1/
(|D |po)Q1P/O2 (t0,0) — (|f|p0 le(jfoo + N 2” |w|p0 8;1:)_1 Sk )X B1
1 1
N gl 0 + N E 27k () (2.2.28)

where N = N(d, d, a, pg). It remains to estimate

Ap = (fwfP)

Sk+1 Sk)XQ'

Take cutoff functions ng, ¢ € C*°(R) such that

1 when > s.4q, 1 when ¢ € (Sgi3,t0),
Mk (t) = ¢(t) =
0 when ¢ < sp49, 0 when t € (—00, Sgi4),

Imel < 27% |n?] < 272 and |¢] < 1. Furthermore, let w; = (w and wy = w — w;.

By Lemma 2.2.1, it follows that wn; € H” % ((Sps2,t0) X Q), and

O (wng) — A(wng) = g, in (Sgs2,to) X £, (2.2.29)
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where
= [k + g1k + 92k,
ua(t:2) = F5 =3 [ (07 ) = ) — (s — s )
+ ﬁ%(t)&f /Sk+4 (t — ) " wy (s, 2) ds,
and

gualt,x) = 2@ =1 [ = ) — ) = 3 0) s — (s a) ds
S Epn A0l / " sy (s, ) ds

- /_Skﬁ (t = 5)"""[m(s) — me(t)]wa(s, ) ds.

Using the fact that |nx(s) — nk(t)| = |me(t)] for s < sg43, we have

lgra(t, z)] < Z / s)"* w(s, )| ds.

j=k+3 " Si+1

Moreover, note that for ¢t € (sg12, %), s € (sj11,5;), and j > k + 3, we have
[t — 8| > sp0 — 55 =27 — 22> 91 _9i~l — 9i~1

and thus,

It — 5|77 < N(a)279@+D),

Therefore, by the Minkowski inequality and Holder’s inequality

1/po
198,20l Ly (s 2080y x) < N Z 2727 (3 . 2k) 1/P0<][ ][|w|p0 dmds) . (2.2.30)
Sj+1

j=k+3

where N = N(a,d).
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For g 1, we decompose
Ik = ka1 + Gk1,2 + Gk1,3

where

gkaa(t, ) = Ni() / (t =) ne(s) — me(t) — 1 (8) (s — B)]wi (s, ) ds,

Sk+4

gualt: ) = M) 2O [ (e ) s (o) = s (s.0)

and

(t)
Ne+1(t)

k(1)
Ne+1(t)

Ir13(t,7) = Na(a) O (Mrgrwr) (£, ) = No(a) O (e w) (t, ).

When t > s > sp1, we have n,(s) = ni(t) = 1 and n},(¢) = 0, which imply
Mi(s) = mk(t) — mi(8)(s — 1) = 0.

Therefore, it follows

t
gean(t,2)] < Nt o / (= 5) " (5, 2) [ Locay,, ds

Sk+4

152F
< N2 / SiaJrl‘w(t - S x)‘lszt*Skﬂ ds,
0
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which implies

Hgk,l,l ‘|Lp0((sk+21sk)><9)

15-2F
< N272k / Sia+1 “w( -5, ')1-—SSSk+1 HLpO((Sk+27Sk)><Q) ds
0
4

S N2_akHwHLpo((Sk%ySkH)XQ) < N2~ ZHwHLpo((8k+j+175k+j)XQ)’ (2.2.31)
j=1

where N = N(«,d, pp). Furthermore,

t
|gk1,2(t, 7)] < N||n§c||Lw1te(szc+2,sk+1>||77§€+1||Loo/ (t =) w(s, 2)|Lizs,., ds

Sk+4

t
< N2_k2_k1te(5k+275k+1) / (t - 8)_a+1|w(87 x)|]‘5§5k+1 ds

Sk+4

152k
—2k —a+l
< N2 1t€(5k+273k+1)/ s~ w(t - 8, %) Ls>t—s,,, ds,
0

which implies that

4
Hgk,m||Lpo((8k+2»8k)><9) < N2~o* Z||w||Lpo((5k+j+1a5k+j)><ﬂ)7 (2‘2'32>

J=1

where N = N(a,d,py). For any € > 0, using Lemma 2.2.3, we have

18,1311 2 (50 20500%9) = T () et 1w) | Lo (51422502
= N0k ()0 1) | g (51 225001 %9)
< N0l 2o 107 (ki1 Ly (s1pmr5 4 %)
< |07 M+ 1W) || Ly (sh305001) %)
+ Ne il MWl Ly, ((sissisesn) <) (25)77°

—lo—ak
S €||77k+1w||Hgé2((sk+3,8k+1)><ﬂ) + Nf': 12 ||w||LF0((5k+375k+l)XQ)' (2233)

Thus, using Lemma 2.2.7, and combining (2.2.30), (2.2.31), (2.2.32), and (2.2.33),
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we derive

|’w77kHH§62((sk+2,sk)><Q) < NHgk||Lp0((sk+215k)XQ)

< NHf||Lp0((5k+275k) 5K) X + NHgk72|’Lp0((3k+215k)><9)

4
< NNl g (s x0) + N2~ Z”wHLpo((Sk+j+1vSk+j)XQ)
=1

—lo—ak
Felmerwllag 2 (oppsenxe) TV 27 NWI L ((sipsisirn) <)

1/po
+ N Z 27 (3. 2F) 1/p0(][ ][|w]p° dxds) :
Sj+1

Jj=k+4

where N = N(a, d, pg,d). Dividing both sides by the measure, we have

||77kaHgé2((sk+2,Sk)XQ (|Q||5k - 5k+2’) "
k+2
1 « — «
NPV, N Y 2004, 4 Nel 3 2000,
j=k+1 j=k+1
-1/
+ 61/p0€”nk'Hw||Hgé2((8k+3,8k+1)><9)(|Q||Sk+3 - Sk+1|) . (2'2'34)

For any fixed ko, multiplying both sides of (2.2.34) by 27%* and summing over

k=ko,ko+1,..., we get

1/
Z 2" aankaH 2 ((sk2,56) X Q) (|Q||3k - 3k+2|) "
k=ko

ak 1/ —ak —aj
SN TP, N2 S 2,

k=ko k=ko Jj=k+1

e Y
+6'/70c Z 2 k||77k+1wHHgé ((Skg-3,5k4+1) ><Q)(|Q||Sk+3 - 5k+1|) "
k=ko
k+2
+ Ne™ 22 kN 2TA; (2.2.35)

k=ko j=k+1
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By picking ¢ sufficiently small so that 6'/70£2 < 1/2, (2.2.35) becomes

oo -1/
Z 2 k|’77kaHg(’)2((sk+2,sk)><Q)(|Q||Sk - 5k+2‘> "

k=ko
—a 1 —a —aj
SN 2PN+ N D27 3 274
k=ko k=ko j=k+1
I\ oo -y
+ ) Z 2 (kJrl)anJrlw"H;(’)Z((sk+3,sk+1)><9)(‘QHSkJr3 - 3k+1’) . (2.2.36)
k=ko

By absorbing the third term to the left-hand side of (2.2.36), we conclude

[e.9]

« ak 1/
Z 27 Ay < Z 2" anwHH“ ((Sha2,5%) X Q) (|Q| e 5k+2|) "
k=ko k=ko
—« 1 —a o
SN ST 2N N Y2k ST gy,
k=ko k=ko j=k+1
—« 1 —ai —a
SN TN, e + N DD 2794 Y2
k—’fo j=ko+1 k=ko
ak: po\1/po N27o¢k0 e —aj
S N Z 2 |f| )(5k+2 Sk XQ _'_ 1 - 2_a Z 2 AJ, (2237)
ke=ko Jj=ko+1

where N = N(«,d, py,d). By picking ko sufficiently large so that &% < 1/2, we

1-2—«
have
—ak ak: 1/
S oA < N
k=ko k=ko

Therefore, by induction,
—Q — 1
> oA, < N(ayd,po,6) Y 2 (L), e (2.2.38)

k=0 k=0

Indeed, if there exists N = N(a, d, py, d) such that

_ _ 1
Zz ok g < sz FFPNL e
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for j =1,2,..., ko, then, by (2.2.37),

ako o
ak ak 1/170 N2 ak
Z 27" AL < N Z 2" |f|p0 (Skt2,5K) ¥ 1 —_9-a 22 Ay
k=j—1 k=j—1
_ 1 _ 1
SN Y PR = NS ke
k=j—1 k=j-1
Finally, by (2.2.28) and (2.2.38),
1 —a 1
(ID*w ) g™ 1 o) < NS k() O sxa
k=0
—ak 1/
< NZZ |f|p0) Sf-tlvsk XB\/—
k=0
where N = N(a,d, py,d). The proposition is proved. ]

2.2.3 Estimates of u

By combining the estimates of v and w, we derive the mean oscillation estimates for

w in this subsection.

Proposition 2.2.9. Let py € (1,2), T € (0,00), and a” be constant. If u €
(R4) satisfies

po 0 loc

8t°‘u - CL”DUU = f m Rg—v

Then, for any (to, ) € (0,T] x RY, r € (0,00), and k € (0,1/4), we have

(ID*u = (D) (4 (r)2/0,t0)x B (w0)) D to— (127 t0)x B (0)

o —ka 2 1/po

S NH Z 2 (|D u|p0)(t0—2k(7"/2)2/0‘7’,t0)X3571T/2(10)
k=0

oo

| N (@+2/a)/po 22 cxk;(|f|po)1/p0 (2.2.39)

t() 2167'2/0‘,150)><B§_1\/ET(CEO)7
k=0
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where o = o(d,a,py) and N = N(d, 0, a, po).

Proof. The proof is similar to that of (Dong and Kim, 2021, Proposition 4.7), where

« 1s taken to be smaller than 1.

Step 1. We start with the case when a” = §“. By shifting and scaling, we also
assume zo = 0 and r = 1. Let Q = (—1,1)? be a cube in R? such that B, C Q C B .

Then, by Lemma 2.2.7, there exists w € H;’(fo((O, to) x ) with w = 0 on (0, ) x 02

satisfying
Ofw—Aw=f in (0,t5) x £

By taking v =u —w € H;‘(;?O((O, ty) x ), we have
Ov—Av=0 in (0,t) x Q.

Next, by Holder’s inequality,

(ID%*u — (D*u),.(t0.0) ) @ (t0,0)

< (ID% ~ (D*0)g, 00 Nantony + N~ 2w ([ D2yl - (2.40)

Step 2. We focus on the estimate of the first term in the right-hand side of

(2.2.40) since the estimate of the second term in given by (2.2.27).

It is easily seen that

(|D221 — (DQU)Qn(to,O)DQn(to,O) S N/fo-[Dzv]oaa/Q,o(Q1/4(tO70)), (2241)

and by applying Proposition 2.2.8 with r = 1/2 together with the triangle inequality,
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we have

(14 2 1/p
[D U]C"O‘/2°(Q1/4(t07 NZ] ) |D U’po)Q1/02 (to—(5—1)272/2,0)
7j=1

1+a) 2 1/p
< NZ] |-D u|p0)Q1/02 tO (J 1)2—2/0170)

7j=1
N —(1+a) (1 D2 1/po
N DR G sy (2242)
Jj=1

It remains to estimate the summation involving D?w in (2.2.42). For j = 1,2, ...

and s, = to — (j — 1)27%* — 28 11, by (2.2.27), we have

2 1/ k 1/
(D[P o1 to—(i—1)2-2/2.0) <NZQ AP G

5k+1 sk)xBf

It follows that

—(1+a) 2, .1po\1/po
2;] |D wl O)Ql/2 tO (] 1)2 2/« 0)
J

<NZJ (1+a) 22 ak |f|p0 1/100

Sk+1’sk ><Bf

_Nil Z —(14a) 22 ak ’f|p0 1/P0

e (skJrl,s,c ><Bf
J
m—1<(j—1)272/*<m

Moreover, observe that for m — 1 < (5 — 1)2—2/a <m,
(sh41:8%) C (to — 251+ 1 —m to —m + 1).

Then, for s;, = to — 28 + 1,

() )xB,; < 2Mpo(| fipo) /e . (2.2.43)
Sk

3k+ (Sk+1— m,t07m+1)><B\/3
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Thus, by using (2.2.43) and Hélder’s inequality,

Z] (1+a) |D2w|p0)1/170

Q1/2(to—(j—1)272/=,0)

k 1/
< NZ Z ~(re) 22 ¢ |f‘P0 85—?—1 —mto—m+1)xB /5

jeN
m—1<(j— 1)2 2/ <m

1 — k: 1/
<N S ST, iy wien

| 0

—I(14+a —ak 1/p
SNY ST ey k(e
=0 m=2 k=0
2l+1_1

I(14a) ak 1/p
- NZ 2" Z 2" Z |f|p0)(skil—m,to—m+1)xB\/ﬁ

m=2!

ol+1_1 1/po
< NZ 9—la Z 9—ak [ Z 2_l(|f|p0)(3k+1—m,t0—m+1)><3\/3] ) (2.2.44)

k=0 m=2!

Furthermore, for the most inner sum of (2.2.44), we have

2+l
Z 2il(‘f’po)(8k+1—m,t0—m+1)XB\/a
m=2!

291 a1

2~lg= (kD) Z/ ][ | |7 dz dt
Sk41—M B\/a

2l+1 1 2k+1 1

to—m—i+1
12 (k+1) Z Z / ][ ‘f’po dx dt

m=2l i=0 to—m—1

2[+1+2k+1 -9

< grichgmin(i) 3 /to mH][ f7 d dt
B

m=2!

VAP zssnin g for 12k (2.2.45)

4(|f|p0)(t0—2k+2+2,t0)><B\/3 for k> 1.
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From (2.2.44) and (2.2.45), it follows that

Z J'f(Ha) (’DQw‘po)Ql/g(tof(j71)2*2/o‘,0)

J=1

= —ak 1/
< NZ 2 (|f|p0)(topEQ’“+2+2,to)XB\/E‘ (2~2-46)
k=0
Thus, by (2.2.41), (2.2.42), and (2.2.46),

2 2 o - (14a 2 1/
(’D U= (D U)Q&(t070)|>Qn(t0,()) < Nk le 1+ )<|D u‘pO)Qf/(;(tO,(j,l)gd/a’O)
j:

(to—2k+242.t9) x B

+ NKT Y 27R(| f|o) /P (2.2.47)
k=1

Step 3. By (2.2.40), (2.2.47), and (2.2.27), we conclude

(ID*u = (D*u),.(t0,0) ) @ (t0,0)

_ o 1
< (ID*0 = (D*0)Quit0.0)))@uto0) + N~ )/p°(|D2w|p°)Q/$(;(to,0)

o = —(14a) 2 1/p
< Nk ZJ (1D “’po>Q1/(;<t07(j71)2—2/a,0)
j=1

IELREEED DER (S P (2248)
k=0

where N = N(d,d,a,po). For the first term on the right-hand side of (2.2.48), by
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Holder’s inequality for 7,,,,

1+ ) 2 1/p
Zj : |D u|pO)Q1/O2 (to—(j—1)272/2,0)

oo 2k+1_q
k(14+a) 2 1/p

< Z Z 2 D |pO)Q1/02 tO (j ]_2 2/a 0)

k=0 j=2k

ad 2kt -1 1/po
< Z2—ka (Q—k Z (’D2u|po)Q1/2(to_(j_1)2g/a,o))

k=0 j:2k

—ka 2 1/p
SN 2Dy sy, (2.2.49)
k=0

Therefore, (2.2.39) follows from (2.2.48) and (2.2.49) when ¥ = §% and r = 1.

Step 4. For general a“’s, we apply a change of variables. Replacing a” with
(@ + a’") /2, without loss of generality, we may assume that A = (a”/) is symmetric

and positive definite. Then, there exists a symmetric and invertible A2, Let
fd(t y) = u(t, A1/2y> in chlw and yO e A71/2x0

Therefore,

Ou—Au=f in RS

and

(1D — (D) @ (t0.00) ) @ur .00

o . ka 2~ 1/p
< NKTY 27 (DR (kg2 o)
k=0

o

—(d+2/«a ak 1/
+ Ny~ (d+2/2)/ro 22 (‘flpo) t()pOrig/a’tO)XB\/ET(yo).
k=0
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It follows that

2 2
(‘D U= (D u)(tO*(W)w”‘,to)><B<5m-(900))|>(t0*('€7")2/°‘7t0)><Bsm»(l“0)
o0
o —ka 2 1/p
S NF(/ Z 2 (|D U’|p0>(t0*02k(r/2)2/0‘7‘,t0)XBé—lr/Q(JSO)
k=0

[e.e]

—(d+2/a)/ ok o
+ Nk " Z 2 (|f‘po)(to—02kr2/o‘,t0)XBsflx/Er(xO)’
k=0

where we used the ellipticity condition of a¥’s to derive
B&“(xO) - AI/Q(BT(yO)) - B5*1r(x0)7
and
| Bs-1,(w0)| < N(d, 6)|AY*(B,(y0))| < N(d, 6)| By (o)|

for any r > 0. The proposition is proved. O

2.3 Non-divergence form equations in the whole

space

In this section, with the mean oscillation estimate (2.2.39), we will prove Theorem

2.1.6 by using the sharp function theorem and the maximal function theorem.

Proposition 2.3.1. Let a € (1,2), T € (0,00), p,q € (1,00), K; € [1,00), and
[wlpg < K. There exist po = po(d, p,q, K1) € (1,2) and pp = pu(d, p,q, K1) € (1,00)
such that

po < popr < min{p, ¢}

and the following holds. If u € ]Hlff’2 (R4) is supported on (0,T) X Beg,(z1) for

,q,w,0
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some 11 € R? and £ > 0, and satisfies
Ou—a’(t,x)Dyu=f in RE, (2.3.1)

where the coefficients a(t,x)’s satisfy Assumption 2.1.2 (v), then for any r €
(0,00), k € (0,1/4), and (to, z0) € (0,T] x R, we have

(ID%u — (D) (tg—(rr)2/0 t0) x B (20) D) (t0— (17927 0) % B (0)

< Nedao H—d/QO(‘D2u|po)1/p0

(tO_("ﬂ”)Q/a it0) X Bser(70)

o —ka 2 1/p
+ Nk Z 27"(|D u’po)(tOEQk(T/Q)Z/D‘T’,to)XBé—lr/g(ﬂfo)
k=0

— o 1/(v —a v 1
+ Nk (d+2/ )/po,yo/( Do) 22 kok/( po)(|DQU‘MPO)(é(ﬁg?czﬂz/a7t0)><3571\/gr(x0)
k=0

—(d+2/« —ak 1/p
+ Nk ( /a)/po ZQ (|f|p0)(t032k7‘2/a7t0)XB(5*1\/Er($O)’ (232)
k=0
where v = pu/(n—1), go = po/(po — 1), and N = N(d,d,c,p,q, K1). The functions

u and f are defined to be zero whenever t < 0.

Proof. For the given w; € A,(R,dt) and wy, € A,(R? dz), using reverse Holder’s
inequality for A, weights, we pick o1 = 01(d, p, K1) and oy = 04(d, ¢, K;) such that

p—oy>1,qg—0y>1, and
wy € Ap_o, (R,dt), wy € Ay_p, (R, dr).

Take pg, pu € (1,00) so that

Poft = min P , a > 1.
pP—01 q—02
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Note that

wy € Ay, C Apo - A%(R, dt)

o

and

wy € Ay_py, C A C Aq (R dx).
pi PO

oM

From these inclusions and the fact that v € H; qQ wo(RE), it follows that u €

H

pou,O oo(R%). See the proof of (Dong and Kim, 2018, Lemma 5.10).

We first consider the case when r > R;d/ \/E, where R, = 27%/?R,. By Hélder’s

inequality,

(1Dt = (D) 1y ur)2/ 10 ¢ B () t0— (1121, t0) x B 20)
< 2(‘D2u|) (k7)2/%,t0) X Bswr(w0)

= 2(|D2U’X(O,T)><B§R0(:vl))(to—(m)2/a,t0)><B5M(x0)

| Bery !)”qo

2,.1p0 1/p0
(|D | ) RT,)Q/Q to)XB(SmT :Eo ( |B§H7‘|

< N(d, 8, p, )%/ k=400 (| D2y o) /70 . (2.3.3)

(to—(r1)2/* t0) X B or (z0)

Then, we consider the case when r < Ry6/v/d. Let

@’ = ][ a dtdy
Qs5—14,.(to,0)

and

O — aijDijU = f+ (a9 — Eij)Diju = f.
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By Proposition 2.2.9,

(ID*u — (D) (30— (rery2/e t0) < By (20) ) (to— (k)27 0) % B (0)

o0
o —ka 2 1/p
S N’K‘; Z 2 (|D U’|p0>(t032k(’r/2)2/‘17‘,t0)><B6_1r/2(330)
k=0

—(d+2/a)/ ok ( o
+ Nk " Z 2" |f‘p0) (to—2Fr2/ t0)x Bs_1, /g, (z0)’
k=0

where N = N(d, 4, «, p,q, K1). By the definition of fand Holder’s inequality,

1/po
(|f|p0) (to— 2kr2/a,t0)><35_1\/gr($0)

1/po —ij 1/(vpo)
< (’f’po)(tO—ri2/"‘,to)><B§—1\/gr(xo) + (’al] Z]‘VPO) (to— 2kT2/a,t0)><B(g—1\/gr(wo)

(| D2ufrre) [n) (2.3.4)

(to 2kp2/a tO)X35 1IT(:E())

Moreover, by Lemma 2.1.14,
(|EZ] - a/ij|)(t0—2k7"2/0‘,t0)><36_1\/ET(CE()) S N(O{, d7 5)702k (235)

Therefore, by (2.3.4) and (2.3.5),

E :2 ak |f|po 1/po
to 2’“7‘2/a,t0)><35_1\/ar(:tg)

Z |f|p0 1/po
to riz/(’,to)xBa_l\/Er(ajo)
k=0
/(vp akok/(vpo) (| 2 1/(ppo)
+ N 0 22 2 Po <|D u|,up0) tO 227‘2/0‘ t0)><35 1fr(x0) (236)

k=0

Therefore, by combining both cases (2.3.3) and (2.3.6), we arrive at the estimate

(2.3.2). The proposition is proved. O

Next, we introduce the dyadic cubes as follows: for each n € Z, pick k(n) € Z
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such that
2
k(n) < 22 < k(n) + 1,
«
and let
g io+1 i i+ 1 iq iq+1
Q; = [Qk(n) +T, ok(n) +T) x [2_17,’ on ) %o [Q_n’ on ) (2.3.7)
and
Co = {QF = Qfiy, iy 1= li0,- - ia) € 2 ig < —1}.

Furthermore, denote the dyadic sharp function of g by

n<oo

gl (t,z) = sup f 19(5,9) — gpu(t, 2)| dy ds.
QF3(tx)
where
gn<t,x>=][ g(s,y)dyds for (t,z) € QM
QY

Proposition 2.3.2. Let a € (1,2), T € (0,00), p,q € (1,00), K; € [1,00), and
[w]p.q < K. There exist vo = Yo(d, 0, , p, q, K1) > 0 and £(d, 0, o, p, ¢, K1) > 0 such

that under Assumption 2.1.2 (o), for any u € H;“Q (R4) supported on (0,T) x

7q7w»0

Begy (1) for some x; € R?, satisfying (2.5.1), we have
Hatauul/p,q,w + HD2uHLp,q,w S NHfHLp,q,w7 (238)

where H'|’P7%w = ”'HLp,q,w(]R%) and N = N<d7 57 a,p,q, Kl)

Proof. For any (ty,79) € R%:, n € Z, and Q% containing (to, zo), there exist r =

r(n,a,d,8) >0 and ¢, = min(T, ty 4+ r2/*/2) € (—oo, T] such that

Q7 C (th— %% 1) X By(zg) and |(t; —r¥* 1) X By ()| < N(av, d, 9)[Q7%].
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Thus, by (2.3.2), we have

]é |D2u(s, y) — (D*u), (to, x0) | dy ds

23 (to,o)

S (|D2U - (D2u)(t1—’r2/o‘,t1)XBgT(xo)|)(t1—7‘2/a,t1)ngT(J30)

IN

Ngd/qo,{—d/qo(|D2u|po)1/po

(t1 —r2/a 1) X B (z0)

o —ka 2. 1po\1/po
+ Nk Z 2 (|D u| )(tl—Qk(T/(QH))waratl)XBaflr/(zn)(IO)
k=0

—(d+2/a 1/(vpo) —akok/(v 2 1/(ppo)
+ Nk / )/po,yo 0 22 ok/( po)(|D u|MP0)(tl_;(r/ﬁ)z/%tl)XBé_lﬁr/m(ggo)
k=0

—(d+2/a —ak L/p
+ Nk /e/po Z 2 (|f|p°)(mE2'f(r/f~:)2/“,t1)XB(s—lJar/n(”“’)7
k=0

where N is independent of n and k, and for the first inequality, we used (2.1.18).

Therefore, since a > 1 > 1/(vpyp), we conclude that

(Dzu)Z(tO,mo) < Nt g=dw (S M| DPu|Po) /P (1, x)
+ N (SM|D>ulPo) /70 (ty, 2)
+ N,{(dﬁ/a)/po,yé/(vpo) (SM | Do)/ o) (1 10

+ N~ (d+2/@)/po (SM|f‘P0)1/po (to, 2130)-

Then, by the weighted sharp function theorem (Dong and Kim, 2018, Corollary 2.7)

and the weighted maximal function theorem for strong maximal functions (Dong and

Kim, 2021, Theorem 5.2),

||D2U||p,q,w < N(fd/qoﬂ—d/qo + K%+ ﬁ_(d+2/a)/p075/(yp0))||D2U||p,q,w

+ Nw= 2w £l 0,

where N = N(d, 6, a, p,q, K1). Therefore, by first taking a sufficiently small x < 1/4,
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and then taking sufficiently small &, vy > 0 such that
N(fd/QOKV*d/QO + P + H*(dJFZ/a)/POfy(l)/(VPO)) < 1/2’

we arrive at

D%l < NIl g0 (2.3.9)

Finally, the equation (2.3.1) together with (2.3.9) yields (2.3.8). The proposition is

proved. O

Next, we get rid of the restriction on the function in Proposition 2.3.2 by a

partition of unity argument.

Corollary 2.3.3. Let a € (1,2), T € (0,), p,q € (1,00), K; € [1,00), and
[w]pq < Ki. There exists vo = Yo(d, 0, ., p, q, K1) > 0 such that under Assumption

2.1.2 (), for any u € H;’;’w’o(RdT) satisfying (2.1.2) in R%, we have

||a?u||p,q7w + ||D2u||p,q7w < NOHpr,q,w + NORO_QHUan,w? (2.3.10)

where No = No(d, 6, v, p, q, K1) and ||||p.q0 = |I*l|£,.,..re)-

Proof. Case 1. We first consider the case when p = ¢ and b = ¢ = 0. We take 7
and ¢ from Proposition 2.3.2, and use a partition of unity argument in the spatial

variables, and to this end we find {z;} € R% ¢* > 0, ¢* € C°(RY), supp(¢F) C

Bipyva(ar) and

[e.9] [e.o]

L<Y I < Np), D IDC P < NRg?, Y DICHP < NRy™
k=1 k=1 k=1
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for some N = N(d, 6, a,p, K1). For uy(t,x) := u(t,z)¢*(x), we have

0wy, — aijDijuk = (@?u)ck - (aijDiju)Ck — QaijDiuDj(k — aijuDUCk

= f¢* — 2d" DiuD;¢* — a“uDy;C.
Therefore, by Proposition 2.3.2,

107 k]l pw + (1Dt

d d
< NSl + N Y _IDC Dyl + N Y [uDii¢

i,j=1 i,j=1

where N = N(d, 6, «, p, K1). By raising to the p-th power and summing in &, we get

O ullf, + 1D*ullf o < NollFII5 ., + NoRo llullf,, + NoRo” || Dl

p,w — pyw?

where Ny = Ny(d, §, , p, K7). Therefore, (2.3.10) follows from the weighted interpo-
lation inequality for the spatial variables (see for instance, (Dong and Krylov, 2019,

Lemma 3.8 (iii))).

Case 2. Then, we consider the case when p = ¢ without assuming b*,c¢ = 0. In
this case, we have

Of'u — aijDiju = f+b'Dju+ cu.

Thus, the result follows from Case 1 and the interpolation inequality for the spatial

variables.

Case 3. Finally, for the general case when p # ¢, we use the extrapolation
theorem in (Dong and Kim, 2018, Theorem 2.5). See also (Cruz-Uribe et al., 2011,

Theorem 1.4). The Corollary is proved. O
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To prove (2.1.3), we need to get rid of the u term on the right-hand side of

(2.3.10). We start with the following Lemma.

Lemma 2.3.4. Let a € [1,2), T € (0,00), p,q € (1,00), K; € [1,00), and [w],, <

Ki. For anyu € H? , o(R%), we have

D,q,w,0

[ellpgw < NTN07 llp, g,

where N = N(Q7P7Qa Kl) and ||‘||p1q7w = ||'||Lp7q,w(]R%)'

Proof. Note that u = I*0fu. Therefore, the result follows from (Dong and Kim,

2021, Lemma 5.5). O

We are ready to prove Theorem 2.1.6. In the following proof, we use the notation

llpgiw = NIz, 00 @a) A0 [*llp.g,ir1,m) = 11y g o (1 72) xR)-

Proof of Theorem 2.1.6 . We first prove the a priori estimate (2.1.3). By Corollary
2.3.3, it suffices to prove

[ellpgow < N Fllp.g- (2.3.11)

By extending u and f to be zero for ¢ < 0, we have
Ou —a"Dyu —b'Dyju —cu= f in (S, T) x R
for any S < 0.

Take a positive integer m to be specified below. For j = —1,0,...,m — 1, set
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s; = jT'/m, and for j > 0, let n; = n;(t) be smooth functions such that

1 when ¢ > s, m, m2
n;(t) = | < 7 | < 4—-. (2.3.12)

j T2
0 when ¢ <s,_q,

a,2

It follows from Lemma 2.2.1, un; € Hy, , o((sj-1, sj41) X R?). Furthermore, similar

to the decomposition right below (2.2.29), we have
05 (un;) — a” Dyj(uny) — 0" Dy(un;) — c(un;) = fn; + hy

in (s;_1,8;41) x RY where for ¢ € (s;_1, 8j41),

hy(t,z) = %/O (t — )" ni(s) — n;(t) — 05 (t) (s — t)]u(s, ) ds
b e 00 [ (= (s ) ds
= 2= = )~ (0~ O — Duts,n) s, ds

t
@ —a+1
T mn}(t)at/o (t —s) " lu(s, ) ds.
For j = 0, since n)(t) = 0 for t € (sg, s1), we have hg = 0. For j = 1,2,...,m — 1,

similar to the computation in Proposition 2.2.4, we have

t

hy(t,z) = Ni(a) / (t =) ni(s) — i (t) — m;()(s — )]uls, ¥)Xss, ds

—00

+ Ni(a) Y / (t =) “nj-1(s) = mj—1(B)]uls, z)xs<s,; ds

ni-1(t) J-oo
# Nafa) 20070yt 0),

where § = a — 1. Thus, by the Minkowski inequality and Lemma 2.3.4 with the



observation that 8,0} (1, 1u) = 9%(n;_1u) in (s;_2,5;),

thHp,q,w,(Sj—thH)

< Ny |15 o 127 [, ) X<, pgans sy 1,5540)
+ Nall5 | 2o 17— 2o 1727 s ) X<, pgon s 1250)
+ N30 2o 107 (03 =100) g5y 1.57)

S N3m2T_a||u||p7Q7w7(078]) + N3||ata(n]_1u)||p7q7w7(5j7278])7

where N3 is independent of j. By (2.3.10), for j =0,1,...,m — 1,

Hag(unj)||p,q7w7(5j71,5j+1) < NOHf”j||p7q7wy(3j—175j+1)

+ N0R62||unj||pyq7w7(sj7175j+1) + NOth||p7q,w,(5j7175j+1)’

where Ny = Ny(d, 6, v, p, q, K1). In particular, for j =0,

”ata(unO)Hp,q,w,(s—lm) < N0||f770||p,q,w,(s—1751) + N0R52||un0||p,q,w,(s—1,51)-

For j =1, by (2.3.13) and (2.3.14),

||a?<u/r/1) Hpvq’w’(SO»SQ)

< Nollfm ”P7q7w7(30752) + NOR(;QHum Hp7q,w,(80,82) + NOHhIHP,q,w,(LLm)
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(2.3.13)

(2.3.14)

< Nollfm HP7q7w7(30752) + NOR(;QHum an,w,(So,L‘;z) + No [N?)mQTiaHqu,q,w,(O,sn

+ N3 |07 (uno) sy )]

S No”fnl”paqvwv(80752) + NOR62‘|U771 HILQ:“’:(sO,SQ) + NON?’szia”quv(Lw:(Ovsl)

+ N(?NSHfr’70||p,q,w,(sf1,81) + NgNi%RaQ’|U770||p,q7w7(871,81)

S N||f||p7Q7w7(0752) + N|’u||p7q7w7(0781) + N1||u||p7Q7w7(81752)7
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where N; is independent of m, and N depends on m, but both of them are indepen-

dent of 5. Repeating this process for j = 2,3, ..., we conclude

|| 8? (Uﬁj) ||p,q,w7(8g'7178j+1)

< NHpr,q,w,(O,SjH) + NHU”p,q,w,(O,Sj) + N1||U||p,q,w7(5j7s]'+1)v (2-3-15)

where Ny = Ny(d,6,,p,q, K1, Ro) and N = N(d,d,,p,q, K1, Ry, T,m). Using

Lemma 2.3.4 and (2.3.15), we obtain

||u||P7q7w7(5j75j+1) < ||U77j||p,q,w,(8j7178j+1)

< N(T/m)aH@?(um)||p,q,w7(sg-71,sy+1)

< NHpr,q,w,(O,SjH) + NHqu,q,w,(O,Sj) + M (T/m>a||u||p,q,w,(sg>1,8j+1)a

where N = N(d, 0, «, p, q, K1, Ry, T,m). By taking a sufficiently large m satisfying

Ni(T/m)* < 1/2,

we arrive at

‘|u”P7(17w7(3j75j+1) < N”pr,q,w,(O,st) + NHqu,q,w,(O,sj)’

where N = N(d,0,a,p,q, K1, Ry, T). Therefore, (2.3.11) follows from induction.
Thus, the a priori estimate (2.1.3) is proved. The existence of solutions follows the
solvability of a simple equation with constant coefficients presented in (Kim et al.,
2017, Theorem 2.9) or (Park et al., 2020, Theorem 2.8) together with the method of

continuity. O
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2.4 Non-divergence form equations in the half

space or a smooth domain

In this section, we first prove Theorem 2.1.7 for the half space by taking extensions.
Then, we prove Theorem 2.1.8 for smooth domains by using S. Agmon’s idea and a

partition of unity argument.

2.4.1 The half space case

In this subsection, we consider the case when (2 = Ri. Let

(§/T/lf)(t, x) = sup ][ |f(r, 2)| dz dr (2.4.1)
Qry,rg (s,y)NQr3(t,x) Qry,rg (s,y)NQr
(Svy)GQT

and B (zo) := B,(z) N Q. Moreover, for w(t,z) = w;(t)ws(z), where w; € A,(R)
and wy € A,(€2), we take the even extension of wy to the whole space by setting

Wy (x) = wo(|x!], 2’). Furthermore, we denote w(t, ) = wy (t)wy(x).

Remark 2.4.1. Note that if [wy]a,0) < Ki, then [Ws] 4, rey < 27K). Indeed, for any

x € R% 2! >0 and r > 0, we have

() (o)
< (2 ]éT(xo)mw(I) dl’) (2 ]ér(xo)m(w(x)){—ﬁ da:) ot .

The same inequality holds for 2! < 0 by symmetry.

Lemma 2.4.2. For any u € ]Ii]lg”imo(QT), let u(t,z) = u(t,|z'|,2")sgnx'. Then,
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e HY? - (R%) and

D,q,Ww,0

[l 2

a2 (op) S HEHH;’;E(R%) < 2fullge2,, o)

Proof. When w = 1, the proof follows from (Krylov, 2008, Lemma 8.2.1). For general

w, the estimates follows from the same proof by using the definitions of w and w. [

Proposition 2.4.3. Let a € (1,2), po € (1,2), T € (0,00), a* be constants, and

u € H:)Hzfo,loc(QT) satisfy
Ofu—a’Dyu=f in Q.
Then, for any (tg, zo) € (0,T] x Q, r € (0,00), and r € (0,1/4), we have

(D% = (D) 4y eryse 1) 52

SKT

(z0)) |)(to—(nr)2/0‘,t0)><B;rM(xo)

< NkK° Z 2—ka<|D2u|p0)1/Po

P (to=2"(r/2)2/*r,t0)x By, (%0)

+ Nx~(d+2/e)/po Z 2—ak(|f|po)1/P0 (2.4.2)

— (to—QkT’Q/O‘,to)XB;ll\/ET(Z‘Q)’

where N = N(d,6,c,pg) and o = o(d, a, po).

Proof. Case 1. We first consider the case when a” = §. By taking the odd ex-
tensions of u and f in the z' direction, denoted by 7, f, we see that u satisfies the

equation

0°u — A = T.
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Using Lemma 2.4.2 and Proposition 2.2.9, we have

(1D%T — (D) s (mr)2/2 t0) x Ber zo)) 1) tt0— (1727 ) x B (0)
o
< Nk Z 2fka(‘D2ﬂ|P0>1/p0

(t072k (7‘/2)2/‘)‘T,t0) XB(S_1T/2($0)
k=0

—(d+2/a —ak(|F 1/
+ N~ (d+2/a)/po ZQ (|f’p0>(t(f)—02kr2/o‘,to)><B\/ET(xo)'
k=0

Then, note that

(|D2u o (DQU)(to—(HT)Q/"Zto)XB»irr(ﬁfo))‘)(to—(HT)Q/a,to)XBfi’r(fo)
- <|D2ﬂ - <D2ﬂ)(to—(m)Q/o‘,to)XBir(fo))|>(to—(m‘)2/°‘7to)><3$($o)

< 4(|D*u — (D2ﬂ)(tof(nr)2/a,to)><Bm(:v0))|)(tof(lir)z/o‘,to)me(xo)7

and
foofars g [ fas [ i
r < —— r< = T
By (20) |B| J B, (o) 1B} J B (o)
for any r > 0 and g € Q. Therefore, (2.4.2) follows when a* = §%.

Case 2. For general a”/’s, without loss of generality, we assume that A = (a%) is
symmetric, and let u(t, x) = u(t, AY?z). Furthermore, we take an orthogonal matrix

O such that OA™Y2(Q) = €, and let
u(t,r) = u(t,07'z) = u(t, AY?07'z) for z€Q.

It follows that

U —Au=f in Qf
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For yo := OA™'/?(x), we have
Bj,(x0) € AY?O7Y(B/ (o)) C B, (w0)

for any r > 0. Therefore, (2.4.2) for general a”/’s follows by applying Case 1 to u. [

Proof of Theorem 2.1.7. Lemma 2.4.2 and Theorem 2.1.6 yield the existence and
uniqueness of solutions to the simple equation 0fu — Au = f in the half space.
Then, with Proposition 2.4.3 and Remark 2.1.3, we follow the process in Section
4 with minor modifications by applying the Hardy-Littlewood and Fefferman-Stein

theorems in the half space. We omit the details. O

2.4.2 The domain case

In this section, we denote the operator
L= ata — ClijDij — bZDZ — C.

Most of this subsection is devoted to the study of L 4+ A for A sufficiently large.

Lemma 2.4.4. Let G = R% or RY, o € (1,2), T € (0,00), p,q € (1,00), K; €
[1,00), and [w]y,0 < Ki. There exist vo = Yo(d,0,,p,q, K1) € (0,1) and Ny =
Mo(d, 0,0, p,q, K1, Ro) > 1 such that under Assumption 2.1.2 (o), the following

holds. For any u € Hi]lg"2 ((0,7) x R%) or HZ"Q (RL) and any X\ > \g, we have

7q7w70 7q7w70

Hu|’Ha’2w 0,T)xG + )\HuHLp,q,w S N‘|Lu+)\u‘|l¥p,q,w7
p.a.w((0,T)xG)

»q

where ||-lpgw = -2y g%y and N'= N(d, 6, a, p, ¢, K1).
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Proof. We use an idea originally due to S. Agmon. Denote
(0, 7) x G xR = {(t,x,y) 1€ (0,7),z€G,ye€ R},
and let
o(t, 2, y) = ult, ©)¢(y) cos(VAy),

where ¢ € C§°(R) and (#0. Then, let

d d
J/C\: ofv — Z aijDijv — Div — Z b'D;v — cv,
i=1

,5=1

and note that
D2v = (¢"(y) cos(VAy) — 2V () sin(VAy) — XC(y) COS(\/Xy))u. (2.4.3)

Thus,

-~

F = Cly) cos(VAy) (Lu + M) + 2/ (y) sin(vAy)u — " (y) cos(vAy)u.

By applying Corollary 2.3.3 or a version of it in the half space to v in (0,7) x

G x R with the weight w(t,z,y) := w(t,z) for all y € R, there exists 79 =
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Yo(d, 8, a, p, q, K1) € (0,1) such that, if a’s satisfy Assumption 2.1.2 (), then

1D L, 4 ((0.1) < GxR) < [ R e
< Noll Ly g (01 xGxR) + Nil[V L, 4 (0.1)xGxR)
< No{|I¢(y) cos(VAy) (L + M) ||z, (0.7 < xR

+ VI () sin(VAY)ul 1, , w0 xaxR)

+ [|¢"(y) cos(\/Xy)UH)Lp,q,w((o,T)xGxR)} + Ni[|V|| Ly .0 (0,7 x GxR)

< Nol[Lu + Aul|p,g.0 + No(1 + \/X)“unp,q,w + Nil[ullp,g,ws (2.4.4)
where Ny = Nyo(d,d,,p,q, K1) and Ny = Ni(d,d,«,p,q, K1, Ry). Moreover, by

(2.4.3) and the fact that [; [C(y) cos(vVAy)|Pdy is bounded away from 0 independently
of A\,

Nllpgar < D50l L, 0.y x6xR) + N1+ VA [tllp g

< NollLu + Mullp g0 + No(L + VN |[tllpg + Nil[teflpgo- (2.4.5)
At this point, we take a sufficiently large \o(d, d, v, p, q, K1, Rg) > 1 such that
No(1+ v/ Ao) + Ny < Ao/2.
Then, by (2.4.4) and (2.4.5), for any A > \g, we have

”)‘qu,q,w < No||Lu + )‘u”p,q,wa



5

which implies

(o,mxa) + Allullpgw < N|[vllgaz (0.7)xGxR) T Allllp.g.w

]| ggo 2
H P,q,w

p,q,w

< Nol|Lu + M|y g0 + No(1 4+ VA)|Ju

pgw T NlHqu,q,w + )‘Hqu,q,w

< NOHLU + )‘qu,q,w + >‘|’qu,q,w < NOHLU + )‘qu,q,w'

The lemma is proved. O

Proposition 2.4.5. Let Q be a CY' domain, o € (1,2), T € (0,00), p,q € (1,00),
Ky € [1,00) and [w]p 40 < K. There exist v = vo(d, 6, a, p,q, K1) € (0,1) such that
under Assumption 2.1.2 (o) and Assumption 2.1.5, the following holds. We can find
A= A\i(d,0,a,p,q, K1, Ry, R2) > 1 such that for any X > Ay and g € Ly 4.,(Qr),

there is a unique solution u € 1[31;’;71”70(QT) to

Lu+Xu=g in Qp, (2.4.6)
and u satisfies
[ullag2 @) < Nlgllzyqw@r),

where N = N(d, 9, a,p,q, K1, Ry, R2). Moreover, for any constant A > 0 and u €
Iélaﬂ

D,q,w,0

(Qr) satisfying (2.4.6), we have

el g2
Hp g w

(QT) S N(HLU + Au”LPv‘Zaw(QT) —I— ||u||Lp,q,w(QT))7 (247)

where N = N(d, 9, o, p,q, K1, Ry, R2). In particular when A = 0, we have

||u||Hg:q2,w(QT) S N(HLuHLp,q,w(QT) + ||u||Lp,q,w(QT))' (248)

Proof. The proof is based on a partition of unity argument in the spatial variables
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together with the results for equations in the whole space and the half space. When

p = ¢, we construct a weak solution to (2.4.6) in H”. /(Qr), and prove that the weak

p,w,0

solution is a strong solution in H®? (Qr) when A is sufficiently large. See Lemma

,q,w,0

2.7.2-2.7.4 for details.

When p # ¢, we use the extrapolation theorem in (Dong and Kim, 2018, Theorem
2.5). O

Proof of Theorem 2.1.8. By Proposition 2.4.5 together with the method of continu-
ity, it suffices to prove the a priori estimate (2.1.6). Thus, it remains to get rid of the

u term on the right-hand side of (2.4.8). We follow the proof of (2.3.11) to conclude

||u||Lp,q,w(QT) S N||Lu||Lqu,w(QT)7

which leads to

HuHHgy’;w(QT) S NHLuHLp,q,w(QT)’

where N = N(d, §, «, p,q, K1, Ry, Re, T). The theorem is proved. ]

2.5 Equations in divergence form

In this section, we are going to prove Theorems 2.1.9, 2.1.10, and 2.1.11 using the

results for non-divergence form equations.

We pick ¢ € C5°(R?) satisfying supp(¢) C B; and Jza¢ =1, and let (°() =

e74¢(-/e). Furthermore, we denote g = (¢', ..., g?), where g are real valued func-
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tions for all 7, and denote the mollifier of u = u(¢,x) in the spatial variables by

wltr) = s ¢ = [ ultg)¢ =)y

2.5.1 The whole space case

In this subsection, we prove Theorem 2.1.9 by following a similar procedure in Section
2.3, where we first consider the case when the leading coefficients are constants and

then the general case using a partition of unity argument. Moreover, we denote
H ’ Hp,q,w = H ) HLp,q,w(RdT)'

Proposition 2.5.1. Let a € (1,2), T € (0,00), p,q € (1,00), K; € [1,00), and

(w]pq < Ki. For any g; € Ly 4.,(R%), there exists a unique u € H;‘y’ql’w’o(]RdT) to

Ofu — Au = Dy;g; in R, (2.5.1)
and u satisfies

107 ullgs; 1.,

(R,) + [[ullpgw + [[Dullpgw < Nllg

Pagws (2.5.2)

where N = N(d,6,a,p,q, K1,T).

Proof. By Theorem 2.1.6, for i = 1, ..., d, there exist v; € HY?  ,(R%) satisfying

D,q,w,0

5’?% — Av; = g,

and

||Dvi||p7q7w + ||D2Ui||p7q,w < NHgin,%wv
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where N = N(d, 4, a,p,q, K1,T). It follows that

D,q,w,0

d
U= Z Div; € HOL o o(RE)
i=1
is a solution of (2.5.1). Moreover,

d d
[ullp.gw + | Dullpgw < ZHDWHp,q,w + Z||D2Ui||p,q,w < Nllgllp.g.w:
i=1 i=1

which together with the equation (2.5.1) implies (2.5.2).

a,l

pawo(RE) satisfying

To prove the uniqueness of the solution, we consider u € H
Ofu — Au = 0.
It suffices to prove u = 0. We have u® = u %, (* € HZ(j”;’w’O(R%) and
ofu® — Au® = 0. (2.5.3)

Indeed, by the Fubini theorem,

Pl (t, @) = ﬁ/o (t—s)'"""u(s,2) ds = /Rd P~u(t, )¢ (x — y) dy.
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Thus, for any ¢ € C°([0,T) x RY) and ¢(t, z) = Joa ®(t. )¢ (y — ) dy, we have

/ [ ettt + / DarDig
/ /Rdﬂa ult:y) ( buC(x —y)d )dydt
" /0 /R | Diult,y)¢"(x — y) dyDig(t, ) dadt
¥ / [ Datt.y) [ Dott.o)c (o - ) dodya
= [ [ i [ [ pand=o

We arrive at (2.5.3). Therefore, u* = 0 by (2.5.3) and Theorem 2.1.6. Finally, by

sending € — 0, we arrive at © = 0. The proposition is proved. O

The mean oscillation estimate follows immediately from the construction of the

solution in Proposition 2.5.1.

Proposition 2.5.2. Let a € (1,2), py € (1,2), T € (0,00), a” be constant and
uwe HYL  (RE) satisfy

po,0,loc
Ofu — Di(a”Dju) = D;g; in R
Then, for any (to, ) € (0,T] x R4, 7 € (0,00), and k € (0,1/4), we have

(|Du - (Du)(to—(nr)Q/a,to) X Bsr(20)) |)(to—(m“)2/a7to) X Bsr(%0)

< Nk° Z 2—k‘a(|Du|po)1/p0

P (to—?k(r/2)2/a7‘,to)XBaflT/Q(:Eo)
0

+ Nk~ (d+2/0<)/p022 ak |g|po)1/Po

to QkTQ/a,to)XBé_l\/ar(:Eo),
k=0
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where N = N(d,6,c,pg) and o = o(d, a, po).

Proof. When a¥ = §%, the result follows from the uniqueness of solution in Proposi-
tions 2.5.1 and 2.2.9. For general a*’s, we make a change of variables as in the proof

of Proposition 2.2.9. O]

Proposition 2.5.3. Let a € (1,2), T € (0,00), p,q € (1,00), K; € [1,00), and
[wlpg < K. There exist po = po(d, p,q, K1) € (1,2) and pp = pu(d, p, g, K1) € (1,00)

such that

Po < Popt < min{p, Q}v

and the following holds. If u € H} ., o(RE) is supported on (0,T) x Beg, (1) for

P:q,w,0

some 11 € R, € > 0, and satisfies
Ofu — Di(a”(t,x)Dju) = D;g; in R, (2.5.4)

where the coefficients a® satisfy Assumption 2.1.2 (Y), then for any r € (0,00),
k€ (0,1/4), and (L9, zo) € (0,T] x R?, we have

(lDu o (Du)(to—("”vr)Q/o‘,to)XBam(ﬂﬁo) D(to—('ﬂ")wam) X B r(%0)

< Nfd/qom’d/q0(|Du|p0)l/p0

(to—(kr)2/*,t0) X Bs or (0)

+ N7y 27| Dufro) /7

(to—2%(r/2)%/@7,t0) x Bs—1,. 5 (w0)
k=0
+ Nﬁf(d+2/a)/pofyé/(vpo) Z 27ak2k/(1/po)(’Du‘,upo)l/(ﬂpo)

prt (t0—2k7’2/0‘,t0)XB(Sfl\/ET(Z‘Q)

| Nk (d+2/0) /0 Z 9=ak(|g|Po) !/ (2.5.5)

— (to—?kr2/°‘,t0)><B6,1\/Er(m()y

where v = pu/(n—1), go = po/(po — 1), and N = N(d, 0, c,p,q, K1). The functions

u and g are defined to be zero whenever t < 0.
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Proof. Note that this proposition is similar to Proposition 2.3.1. Indeed, there exist

po =po(d,p,q, K1) € (1,2) and p = p(d, p, ¢, K1) € (1,00) such that

po < popt < min{p, q}

71 ’1
and u € H;7q’w’0(R%) C Hgou,o,loc<R%)'

If < R16/V/d, where Ry = 27%/2Ry, let

@’ = ][ a’ dydt
Q(;—IQT.(tnyO)

and g; = g; + (a¥ —@”)Dju. By using Lemma 2.1.14 and Proposition 2.5.2, we have

([Du = (D) (4 — (rr)2/ 0) x By o (20) ) (t0— (s57)2/0 1) x Bgren (0)

o —ka 1/po
S N/{ Z 2 (|Du|po)(tO_Qk(T/Q)Q/aT,tO)XB(;—lT/Q(ﬂ?O)
k=0

—(d+2/a —ak (1= 1/po
+ Nk o)/ Z 2 (|g|p0)(tO—QkTQ/a,to)XB(S_I\/ET(QJO)
k=0

- —k 1/p
< NK7Y 2 DU Gy a2/ t0) < By 1, (a0
k=0

[e.9]

+ N,i—(d+2/a)/poyé/(vpo) Z 2—ak2k/(l/po)(|Du|upo)1/(upo)

(t072k7‘2/a,t0)><36_1\/ET({L‘Q)
k=0
o
@210/ 3 gk | o
+ NK; 2 (’g’ )(tO*ZkTQ/O‘:tO)XBg—l\/gT(CL"o)’ .
k=0
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If r > Ry0/+/d, then by Holder’s inequality,

(1D = (D) (14— ery2/ t0) x B 0) D 10— ()27 16) x B (20)
< 2(|Dul)(tof(m)Q/“,to)><Bam(mo)

= 2(|DU|X(07T)XB&RO(xl))(tO*(/’vT)Q/aytO)XBémr(xo)

1/
< 2(|Du|po)l/po (|B§R0’> do

(to_(,@r)2/“,t0)XBénr(x0) ‘B&,{r‘

< N(d, 8, p, q)&%/ % k=410 (| Dulpo) /7

(to—(lﬂ")2/a,t0) XB,;,W(.ro) .

Therefore, by combining both cases, we have the estimate (2.5.5), and the proposition

is proved. O
Proposition 2.5.4. Let a € (1,2), T € (0,00), p,q € (1,00), K; € [1,00), and
[w]pq < Ky. There exist vo = vo(d, 0, a, p, q, K1) > 0 and £(d, 0, o, p, ¢, K1) > 0 such
that under Assumption 2.1.2 (7o), for any u € 7-[2‘7’(11@70(]1%%) supported on (0,T) X

Beg, (1) for some x; € R and satisfying (2.5.4) in R%, we have
||Du||Lp,q,w S NHgHLp,q,w’

where N = N(d, 9, a,p, q, K7).

Proof. With (2.5.5), the proof is similar to that of Proposition 2.3.2 using the sharp
function theorem with respect to the same dyadic cubes defined in (2.3.7) and the

weight sharp and maximal function theorems. ]

Different from the non-divergence form case, we introduce the parameter \ in

order to extend the result to more general functions.

Corollary 2.5.5. Let « € (1,2), T € (0,), p,q € (1,00), K1 € [1,00), and

[w]qu < Kl' There exist Yo = ’}/0<d7570‘7p7q7K1) > 0 and £(d757a7p7Q7 Kl) >0
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such that under Assumption 2.1.2 (yo), the following holds. There exists N\g =

Xo(d, 9, a,p,q, K1, Ry) such that for any A > X\ and u € H}?”;’w’O(R%) supported

on (0,T) X Beg, /5(x1) for some x; € R? and satisfying
Ou—Di(aDju)+ u = Dig; + f in R,
where f,g; € Ly q.0(RE), we have
VAl 1D < N9l + =l
VA

where N = N(d, 6, a, p,q, K1).

Proof. With Proposition 2.5.4, the proof is similar to that of Proposition 2.4.4 using
S. Agmon’s idea. See (Krylov, 2007, Lemma 5.5) for details. O

Corollary 2.5.6. Let a € (1,2), T € (0,00), p,q € (1,00), K; € [1,00), and
[w]pq < Ki. There exists vo = Yo(d, 0, a,p, q, K1) > 0 such that under Assumption
2.1.2 (), the following holds. There exists \g = Mo(d, 9, v, p,q, K1, Ry) such that

for any A > Xy and u € Hg‘y’ql,w,o(RdT) satisfying
Ofu — Di(a” Dju + a'u) — b'Dju — cu + Mu = Digi + f in R},
where f,gi € Ly q..(R%), we have

N
VAl g + 1D 2y 50 < NGz, + ﬁ!\fHLp,q,w,

where N = N(d, 6, a, p,q, K1).

Proof. Case 1. We first consider the case when p = ¢ and a* = ' = ¢ = 0. We take
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Y0, &, and \g from Corollary 2.5.5, and use a partition of unity argument in the spatial

variables by picking {z} C R?, ¢* >0, ¢* € C*(R?), supp(¢*) C Bg, yz(2x) and

1< ZIC P < N(p Z|Dm< [? < N(d, o, p, K1, Ro).
For uy(t, z) := u(t, z)C*(x), we have

O uy, — Dy(a"” Dyuy) + My,
= (0fu)¢* — Di(a"¢*Dju) + Mu¢* — Dy(a"uD;¢")

= Di(g:¢" — a”uD;¢") + f¢* — a" D;i¢*Dju — g;DiC".
Therefore, by Corollary 2.5.5 for A > Aq,

VAllukllpw + | Dkl

< N{I1¢ gllpaw + 4D llpaw] + == [I1£¢*llpaw + 1DiC* Dyullpio + 1 DiC* Gillpo]

=
VA
where N = N(d, §, «, p, K1). By raising to the p-th power and summing in &, we get

A2y, + | Dully,

< Nollgllpw + Nallullp., + 7l Dull,

)\p/QHf“ )\ /2 AP/QHngw’

where No(d, 0, a, p, K1) and Ny = (d, d, o, p, K1, Rog). We further pick Ag sufficiently
large such that for all A > \(d, J, o, p, K1, Ry),

NP/2 N- 1
p/2 _ - _ ' _
A Ny > 5 and 1 2 > 5
which implies
N
Vullpw + 1Dy < N wt+ — ws
[ullpw + [Dullpw < Nllgllp, \/XHpr’
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where N = N(d, d, a, p, K1).

Case 2. Then, we consider the case when p = ¢ without assuming a’, b*, ¢ = 0.

In this case, we have
Ofu — Di(a” Dyu) + M = Dy(g; + a'u) + f + b'Diu + cu.

Therefore, the result follows from Case 1 by picking a possibly larger Ay depending

on the upper bound of a, b, and c.

Case 3. Finally, for the general case when p # ¢, we use the extrapolation

theorem in (Dong and Kim, 2018, Theorem 2.5). The corollary is proved. ]

Before we prove Theorem 2.1.9, we introduce the following lemma, which implies

that if u € H, ,o(RE), then 07 'u € HL (R4, and its norm can be controlled by

the norm of 0;u.

Lemma 2.5.7. For [w],, < K, if there exist f,g € Ly 4.,(Q7r) such that

/ Uy drdt = —/ g;D;¢ dxdt + fodxdt
QT QT

Qp

for any ¢ € C°([0,T) x Q), then there exist g, fe Ly, 0.0 (Qr) such that
/ ugp; drdt = / giD;¢ dxdt — fodxdt
Qr Qp Qr
for any ¢ € Cg°([0,T) x Q). Furthermore,
H§||Lp,q,w S NTHgHLp,q,w and ||f”Lp,q,w S NTHfHLp,q,w? (256>

where N = N(p, K).
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Proof. Let
t _ t
ito)= [ as.o)ds and Fitx) = [ fls.ayds
0 0
For any ¢ € C§°([0,T) x ), we check that
/ ugy drdt = / GDiddrdt — | fodudt. (2.5.7)
Qr Qp Qp
Note that the right-hand side of (2.5.7) equals

/Q/tgi(s,x)dsDi¢(t,x)dxdt—/Q /tf(ij)dsqb(t,x)dxdt

/ D;¢p(s,x)ds g;(t,x) dedt —/ o(s,x)ds f(t,x) dxdt
ar Jt

Qr Jt
—= —/ U'@tt dxdt - / u¢t dl’dt,
QT QT

where

O(t,x) = /tT o(s,z)ds and P € C([0,T) x ).

To prove (2.5.6), note that

t t
éwm»mwwépfmwwmwwSTMwmuw%@@»

where M, denotes the maximal function in ¢. Thus, by the Minkowski inequality

and the weighted maximal function theorem, we have

t
lan < 1| [ N5ty 8l ) < VT Il

where N = N(p, K;). The lemma is proved. H

To prove the a priori estimate (2.1.8), we are going to take cutoff functions in
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time (cf. the proof of (2.1.3)). To that end, we compute the fractional derivative of

the product in the following lemma (cf. Lemma 2.2.1).

Lemma 2.5.8. Let p € [1,00), a € (1,2), k € {1,2,...}, —co < S <ty < T < o0,
andv € H! (S, T)x Q). Then, for any infinitely differentiable function n defined

P,q,w,0

on R such that n(t) = 0 for t < to, we have nv € HE) o((to, T) x Q) and

p,q,w,0
0 () = 212 (v) = ndR 3w + .

where

hit,x) = ffg‘_‘ ;3 / (t =)™ In(s) = n(t) = o/ (t)(s = t)]o(s, ) ds
+ ﬁn’(t)ﬁtlfo%

in the sense of distribution.

Proof. Let f,g € Ly q.,((S,T) x ) such that

Ofv =1y “v =divg + f.

By taking the mollification in the spatial variables and using the Fubini theorem, we

have

O = O v =divg® + f€ € Lpaw((S,T) x Q).
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Therefore, v° € Hg’z ((to,T) x ), and by Lemma 2.2.1,

7Q7w70

5 (v°) = ndfIg “v°

ala—1) [ ot , )
o [ =97 ) o) =0 — Oler (s, s
t o= - AL

in the strong sense. Then, by sending ¢ — 0, and using the dominated convergence

theorem and Lemma 2.5.7, we conclude
[ 6= 57 ats) = 00 00 — Dl (s, 0) s
converges to
/5 t(t —8) 7 n(s) —n(t) — 7' (t)(s — O]u(s,x)ds i Lygw((S,T) x Q),

O — 971 v in ML ((S,T) x Q),

p1q7w

and
Ol v — 00y v in H | ((to, T) x Q).
Therefore, the lemma is proved. O
We are ready to prove Theorem 2.1.9. Recall that [|-[|pqw = [|ll£,,.(re), and
H'||p7Q7w7(7—177—2) = ”'HLp,q,w((leTQ)XRd)'

Proof of Theorem 2.1.9. We first prove the a priori estimate (2.1.8). By adding A\u

to both sides of (2.1.7), we have

Ofu — Di(a” Dyju + a'u) — ' Dyu — cu + Au = Dig; + f + M.
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By Corollary 2.5.6, there exists 79 = 7o(d,d, o, p,q, K1) > 0 such that under As-
sumption 2.1.2 (7p), the following holds. There exists A\g = Ao(d, 9, a, p, K1, Ry) such

that for all A > Ao,
o N 5N
)‘HUHp,qw + ||DU||p,q,w < NHQHp,q,w + _HfHP,%”LU + N AH“Hp,q,wv
VA
and by picking A = max(1, \g), we have
”qu,q,w + ||Du||p,q,w < N”g”p,q,w + NHpr,%w + Nl”“”p,q,w? (2~5~8)

where N = N(d,0,a,p, K1) and Ny = Ny(d, 0, «, p, K1, Ry). Therefore, in order to

prove (2.1.8), it is sufficient to prove

ullpgew < Nllgllpgw + NI fllpgaw (2.5.9)
for some N = N(d,d,a, p, Ky, Ry, T).

Step 1. Take a positive integer m to be specified below. Set s, = kT /m for
k= —-1,0,1,...,m — 1, and define n, = m(t) as in (2.3.12) for £ > 0. Then, by

Lemma 2.5.8, un, € H;’;’wyo((sk,l, spy1) X R?) and

O; (unw) = Di(a” Dj(um) + a' (ung))—b* Di(uny,) —c(ung)

= Di(gimm) + fre—nr0; ut0; (ung)

= Digme) + et N[ (6= ) = mul0) 0 — Dl ) s
+ Ny u

= Di(gims) + NDi(Gini) + o + N i (t)

t

+N [ (=) I(s) = me(t) = mi (1) (s — D)]xezsuls, ) ds,  (2.5.10)

—00
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where N and N depend only on «a, and
Ol u =: divg + I
By using the equation (2.1.7), Lemma 2.5.7, and (2.5.8), we have

||§771/g"p,q,w,(8k_178k+1) < ||n;€HLoo|’§|’P,q7w7(075k)
kT

S NHT];CHLOO E{Hgnpﬂqvwv(oﬂsk) + H'Du||p7qaw1(07sk) + ||u||p7Q7w7(07Sk)}

S Nk(|’g|’p7q:wz(075k) + HDququwv(Oﬂsk) + ||quyq’wa(Ovsk))

< NE(19llp.g0.s1) T 1 flpgiwn0.50) + N1l pgan,©0,50)) (2.5.11)

where N = N(d,d, a, p, q, K1, Ry), and similarly,

1Fllp g (s sie) S NEIG Mg 0.0 + 1 Fllpgw 050 + llpgu0s0)- (2:5.12)

Step 2. By the triangle inequality,

Hquﬂ7w7(5k:5k+l) S Hunk ||p7Q7w7(sk—175k+1)

< [ (ump)® — unka,q,w,(Sk_thl) + ||(unk)s||p7q7w7(5k—115k+1)' (2.5.13)

For the first term in the right-hand side of (2.5.13), note for each ¢, by Lemma 2.6.2,

we have

[ Cum)® (2, ) = (une) (& )llgws < Nl D(wn) (- )lgws
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where N = N(d, q, K7), which implies

1Cumm)® = wnllp. g, sx 15100 < Nl D @) llp,ga, (511,504 (2.5.14)

To estimate ||(un)®||p.qw,(sp_1,50:1) i1 (2.5.13), we take the mollification in the spatial
variables on both sides of (2.5.10), and then move all the terms except 07 (uny)° to
the right-hand side of the equation. Using Lemma 2.6.3, (2.5.11), and (2.5.12), for

€ < 1, we have

Hai(fl<unk)€Hp,%wv(skfl,SkJrl)
N ~
< ?{H977k’|p,q,w,(8k7178k+1) + ||gnk‘|p,q,w,(8k71,8k+1)
+ ||D(U’nk‘)||P7q7w7(5k7175k+1) + ||unk||p,q,w,(5kf178k+1)}
+ N{ ||fnk||p,q,w,(5k71,3k+1) + ||fn2:||p,q7w7(3k7175k+1) + mQT_a”u“p,q,w,(U,Sk)}

N
?{m”fnp,q,w,(O,sHl) + mHng,q,w,(O,SkH) + m”“”p,q,w,(O,Sk)

IN

+ ||u|’p7q,w,(5k—175k+1)} + N{m||f||l)7%wv(075k+l) + m||g||P7Q=wa(075k+1)

+ m”u||p7Q7w7(075k) + mQT_aHu“pquwv(OvSk)}

N
?{m||f||p,q7w7(07T) + mHng,q,w,(O,T)

IN

+ m”“”p,q,w,(O,Sk) + Hu’|P7Q7w7(sk—lask+l)} + Nsz_aHqu,q,w,(&Sk% (2.5.15)

where N = N(d, , a, p, K1, Ro). For the first inequality (2.5.15), we used

H/O.(- = 8) 7" k() = () = M () (s = MXsza, (S, ) A pgns(on-r,sisn)

< 2o 1727 s 2) <o g (sirsnin)

S N(Oé,p, q7 Kl)m2T_a||u||p7Q7w7(Ovsk‘)’



92

and for the second inequality, we used (2.5.8) to derive

HD(unk) ”paqvwv(skflvskJﬁl) S || Du|’p7q7w7(075k+1)

< N{Hpr,q,wv(OaT) + ”9”177q7w7(07T) + Hu p,q,w,(078k+1)}7

where N = N(d, §, a, p, K1, Ry). Combining (2.5.14), (2.5.15), and (2.5.13), we have

||qu7Q7w7(Sk7sk+1)

< ||(Wlk)€ - unkl|p,q7w7(8k—178k+1) + H(unk)e||p7q7w7(8k—1,8k+1)
T\«
S N5||D(u,’7k)||p7Q=w7(Sk—178k+l) + N(E) ||ata(u,'7k)6||p7q7w7(5k‘—175k+1)

< Ne(|lf

T

+ (E)ag{m\lf“p,q,w,(om +ml|9]lp.gw.0.1) + M|l g0, (0,50)

p,gw,(0,T) T Hng,q7w7(07T) + Hqu,q,w,(O,Sk) + Hqu,q,w,(sk,SkH))

+ ||u||P7Q7w7(5k—175k+1)} + (E) Nm®T ||u||p,q,w7(075k)7 (2-5-16)

where N = N(d,d,«,p,q, Ky, Ry). By first picking ¢ sufficiently small, and then

picking m sufficiently large so that ||u||p,q.w,(se,sx.1) Ca0 be absorbed to the left-hand

Sk

side of (2.5.16), we arrive at

”quzqvwv(sk»skJrl) S N”pryq’w’(O’T) + NHngyqaw’(07T) + NHU|’P7¢I7W7(0751€)7

where N = N(d,6,a,p,q, K1, Ro,T). Therefore, (2.5.9) follows from an induction
on k, and the a priori estimate (2.1.8) is proved. Finally, the existence of solutions
follows from the solvability of the simple equation with leading coefficients a® = §%

given in Proposition 2.5.1 together with the method of continuity. ]

Next, we prove Theorem 2.1.10 by following a similar procedure as in Section

24.
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2.5.2 The half space case

When Q2 = R‘i, i.e., the half space, we derive the mean oscillation estimate by taking
odd and even extensions to the whole space. Recall the definition of the strong
maximal function for the half space in (2.4.1). Moreover, for w(t,x) = w;(t)ws(x)
where wy € A,(R) and wy € A,(£2), we denote the even extension of w; to the whole
space by wi(x), and let W(t,x) = wy(t)wz(z). Similar to Lemma 2.4.2, we have the

following lemma.

Lemma 2.5.9. For any u € H, o(Qr), let u(t,z) = u(t,|2t],2")sgna. Then,

p,q,w,0

Te M - (RE) and

P,q,w,0

lllgt oy < Wl eay < 2l o

Proposition 2.5.10. Let a € (1,2), po € (1,2), T € (0,00), a” be constants, and

u € 7-?;:’1 (Qr) satisfy

0,0,loc
@au - Di(aiiju) = ngz m QT. (2517)

Then, for any (to, zo) € (0,T] x Q,7r € (0,00), and x € (0,1/4), we have

(|DU’ - (Du)(to—(nr)Q/o‘,to)XB;W(xO)) |)(to—(nr)2/o‘,t0)XB;FM(xO)

o —ka p0\1/Po
S NK/ Z 2 (|DU| 0)(to—Qk(T/Q)Q/aT7tO)XB;F_1T/2(900)
k=0

—(d+2/a)/po —ak (| |po\1/Po
—I'_ N/{ ;2 (|g| )(tO_ZkTQ/a»tO)XB;,l\/ET(CCo)7 (2518)

where N = N(d,6,c,pg) and o = o(d, a, po).

Proof. The proof is similar to that of Proposition 2.4.3. Indeed, when a;; = J;;, we
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extend g by letting
a(x) =g (z',2), gx)=g(z'],2)sgnaz’ for i=2,...,d

so that the odd extension of u is a solution of (2.5.17) in the whole space. Therefore,

(2.5.18) follows from Proposition 2.5.2, Lemma 2.5.9, and a change of variables. [

To prove Theorem 2.1.10, we only need the following proposition for the case
G = Ri. However, for convenience, here we include the result for the whole space,

since we will need both of them later.

Lemma 2.5.11. Let G = R% or RY, a € (1,2), T € (0,00), p,q € (1,00), K; €
[1,00), and [w],, < K;. There exists vo = o(d, 6, a,p,q, K1) > 0 such that under
Assumption 2.1.2 (o), the following holds. There exists \g = Ao(d, d, o, p, q, K1, Rp)
such that for any A\ > Ao and u € HEL o((0,T) x RE) or HE! L (RE) satisfying

P,q,w,0 P,q,w,0

Lu+ X u=D;g;+f in (0,T)xG,
we have

VAlullz,.,.omxe + 1D, , . (0%

N
< N|gllz,y.qw(omxa) + ﬁHfHLp,q’w((o,T)xG);

where N = N(d, 6, a, p,q, K7).

Proof. The case when G = R? was proved in Corollary 2.5.6. When G = Ri, we
can easily derive results analogous to Propositions 2.5.3, 2.5.4, and Corollary 2.5.5

by using Proposition 2.5.10, the weighted Hardy-Littlewood and Fefferman-Stein
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theorems in the half space, and S. Agmon’s idea, respectively. Then, Lemma 2.5.11

follows from a partition of unity argument in the half space. O
In the following proof, for @ = R%, we denote |[lpgw = |'lL,qw@r) and
- llpgaws(rime) = N1z 0 (1 m2)x2)-

Proof of Theorem 2.1.10. First, note that the solvability of the simple equation

Ofu—Au= D;g; + f

can be proved by extending f, g as

g1(2) = (2'],2),  gi(x) = gi(lo'], ' )sgna’ for i=2,....d.

f(@) = f(l="],2")sgn ',

and then applying Theorem 2.1.9. Therefore, by the method of continuity it suffices
to prove the a priori estimate (2.1.10) under Assumption 2.1.2 (), where v, is taken
from Lemma 2.5.11. By adding max(1, A\g)u to both sides of the equation (2.1.9),
where \g = A\o(d, 0, a, p, q, K1, Ro) is derived from Lemma 2.5.11 in the half space,

we have

pgw T+ ||Du||p,q,w < NHng,q,w + NHpr,q,w + Nl”““nq,wa (2-5-19)

[l

where N = N(d,0,a,p, K1) and Ny = Ny(d, 0, a, p, K1, Ry). Therefore, in order to

prove (2.1.10), it remains to prove

[ellpgw < Nligllpguw + NI fllp.g (2.5.20)
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for some N = N(d, 6, o, p, K1, Ry, T'). We follow the proof of (2.5.9). The difference
is that we need to take extensions before taking the mollification. For a positive
integer m to be specified below, we take s, = kT/m for k = —1,0,1,...,m —1, and
define the cutoff functions 7 as in (2.3.12) for £ > 0. Then (2.5.10) is satisfied in

the half space, i.e.,

07 (unk) = Dy(gimu+a” Dy(ung)+a’ (unk))) + NaDy(Gimy,)+c(uny)
0 Di(uny) + fe + Nafnj(t)

Ny [ (= ) = me(0) = h0)(s — s (s, ) d.

—0o0

where N3 and N, depend only on «. Therefore, by Lemma 2.6.3 and (2.5.19), we

conclude

“atau_frlkgHLp,q,E((Sk—lzskJrl)XRd)

N
S ?{meHP,q,w’(O,T) + mHngv%wf(OvT) + mHquv‘Z:w:(Ovsk)

+ ||u||P7Q7w7(5k—175k+1)} + NmQT_aHqu,%m(QSk)v (2.5.21)

where N = N(d, 9, a, p, q, K1, Ry), and um, € Hel (R%) denotes the odd extension

p,q,w,0
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of uny in the x! direction. Then, by (2.5.19) and (2.5.21),

”UHp,q,w,(sk,sk+1) < ”u_nk”[/p,q,w((sk—l»swrl)XRd)

< [[amx® — u_r’]k”Lp,q,m((Skﬂ,skﬂ)XRd) + Hu_nkEHLp gw((3k-1,8k41) XRY)

< N15||D(Wlk)”quw ((8k—1,5k+1)xXR9) + N2( ) ”aaunk HLp,q,U((skflvskH)XRd)

< N1€||D(u/r/k’)||p7Q:w:(sk7175k+l)

T .,N

+ (=)
m

T « —Q
+ ||U||p7q,w,(5k_178k+1)} + (E) Nm®T ||u||p7q7w,(0,8k)

w,(0,T) +mHngqw 0,T) "’m”quqw (0,s1)

< Ne(llgllpgw,0.1) + 1f lp.giw.0,0) + [[1]]p.g.w, 0,

w7(8k75k+1))

T ..,N
+ <E w,(0,T) “‘mHngqw (0,7 +m”quqw (0,51)
T @ —«
+ ||U||p,q7w7<s;€_1,sk+1)}+(E) N T [[llp,g.o. 0,50 (2.5.22)

where Nl = Nl(d7 q, Kl)y N2 = N2<aap) q, K1)7 N = N(da 67 a,p,q, K17 R0)7 and w
denotes the even extension of w. By first picking ¢ sufficiently small, and then picking

m sufficiently large so that ||u|,.¢.w,(sy,s6,1) can be absorbed to the left-hand side of

Skz

(2.5.22), we conclude

||u||p,q,w,(8k78k+1) < NHpr,q,w,(O,T) + NHng,q,w,(O,T) + NHUHp,q,w,(O,Sk)v

where N = N(d, 4, «,p,q, K1, Ry, T). Therefore, (2.5.20) follows from an induction
on k, and Theorem 2.1.10 is proved. O]
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2.5.3 The domain case

In this subsection, we denote
Lu = 8%u — D;(a” Dju + a'u) — b'D;u — cu.

To prove Theorem 2.1.11, we first deal with L + A for A sufficiently large (cf. Propo-

sition 2.4.5).

Proposition 2.5.12. Let Q) be a Lipschitz domain, o € (1,2), T' € (0,00), p,q €
(1,00), K € [1,00), and [w], .0 < Ki. There ezist o = v(d, 5, p,q, K1) € (0,1)
and 0 = 0(d,6,a,p,q, K1) € (0,1/3) such that under Assumption 2.1.2 (vo) and
Assumption 2.1.4 (9), the following holds. There exists A\i(d, d, «, p, q, K1, Ry, Ry) >
1 such that for any X\ > A\ and f,9; € Lpqaw(Qr), there exists a unique solution

uwe HEL Q) to

p,q,w,0
Lu+ X u=D;g;+ f in Qrf, (2.5.23)
and u satisfies
||u||?-[;‘"ql’w(QT) < N(ll9llp.qaw + [1f1lpgw),

where N = N(d, 6, o,p,q, K1, Ry, Ry) and ||-||p.qw = ||l|2,.4.0@r)- Moreover, for any
A>0, ue M (Qr) satisfying (2.5.23), we have

P,q,w,0

lullags @ry < NUFllpgw +19lpaw + lwllpgw), (2.5.24)

p,q,w

where N = N(d, 9, o, p, q, K1, Ry, R2).

Proof. The proof is similar to that of Proposition 2.4.5. When p = ¢ and \ is
sufficiently large, we construct a weak solution to (2.5.23). See Lemma 2.7.5 - 2.7.7

for details. When p # ¢, we use the extrapolation theorem in (Dong and Kim, 2018,
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Theorem 2.5). O

We denote

”'prq,w = H'HLp,q,w(QT) and ”'HP,q,w,(ﬁﬂ?) = ||.HLp,q,w((7'117'2)><Q)

in the following proof.

Proof of Theorem 2.1.10. By the solvability of

Lu+ M\u= D;g; + f

for A sufficiently large given in Proposition 2.5.12 together with the method of conti-
nuity, it remains to prove the a priori estimate (2.1.10) under Assumption 2.1.2 (o)
and Assumption 2.1.4 (6), where vy and 6 are taken from Proposition 2.5.12. By

(2.5.24), it suffices to prove

[ullpgew < NlIgllp.gaw + NI fllp.ga- (2.5.25)

We follow the proof of (2.5.9) together with a partition of unity argument in the
spatial variables. For a positive integer m to be specified below, we take s = kT'/m
for k = —1,0,1,...,m—1, and define the cutoff functions 7 as in (2.3.12) for k£ > 0.
Furthermore, we take {¢'} to be a partition of unity in Q defined in (2.7.4). Note
that &' is either supported in B, /a0(21) for some x; € Q or supported in B, /12(2;)

for some z; € 992, where ry = min(Ry, Ry). Then, for all [, £'u satisfies

L(&u) == Digi + f* in Qnsupp(¢),
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where
g9;=¢&'gi—a%uD;e! and  f'=¢'f — g:Dig' = (a¥ Dju + a'u) Dig' — bruD;g!
such that
91+ 11 < N(Ig'gl + [uDg'| + [gDE'| + [€'f] + [DuDg')).

It follows that for any fixed k and [,

||nk€lu||g,w,(sk_1,8k+1)
< Ne(lf lpaw.0.r) + N9 w07 + 1 Ul 0,50 + 1€ lp,sn,s141))

T (0%
+ (E) ?{meal,w,(&T) + mHngp,w,(O,T) + m”flqu,w,(O,Sk)

T (0% —
F 1€ ullp o } + () NPT 0,50, (2.5.26)

where N = N(d, §, a, p, K1, Ro, R2). Indeed, to prove (2.5.26), when x; € Q, we take
the extension of weights to the whole space, and then apply (2.5.16); when z; € 052,

we apply a change of coordinates followed by the extension of weights to the half
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space, and then apply (2.5.22). By using (2.5.26), (2.7.5) and (2.5.24), we have

p

l
Hu p,w,(sk,SkJrl) S Hunk||£7w7(8k,178k+1) S Zanf U b
l

P,U’,(Sk—l,sk+1)

<Nsp(2|r|g|+|f\||pw oern) F IEUIE w00) + €L 100
+[<§ =i {Zm|||g|+!fl|

T
I oy} + [ }]VEJKUMwm%)

P,w,(0,5k+1) + me u”pw (0,51)

< ng(Hg“pw 05k+1 + ||f|| 05k+1) + ||u|| 05k+1) + ||Du||pw 05k+1)>

[ L) NI 0,y + ol

p
b,w, (0 sk+1) + mHu”p’w’(OaskJrl)
T o o
DU g} + (G T Nl o,

- ng(Hg“Pw (0,5k+1) + Hf” w,(0,8k41) T HUHPw (0,81) + Hu”p,w,(sk,skﬂ))
T ,1
2] NI 00+ 0l

+ p,w, (0 sk+1) + mHu”szv(O’sk)

Ta
+mmMMme}+kE)mT }Nmmwmw (2.5.27)

where N = N(d,6,«,p, Ky, Ry, R2). Therefore, using (2.5.24) and the fact that
€ (1,2) and by first picking ¢ sufficiently small, and then picking m sufficiently

large so that we can absorb ||ul|? to the left-hand side of (2.5.27), we have

W, (Sk,Sk+1)

||u||p7w7(5k75k+1) < NHpr,w,(O,T) + N”ng,w,(O,T) + NHU

p7w7(07sk) )

where N = N(d, 0, a,p, K1, Ry, Re,T). Thus, when p = ¢, (2.5.25) follows from an
induction on k. When p # ¢, we use the extrapolation theorem in (Dong and Kim,

2018, Theorem 2.5) to conclude (2.5.25). The theorem is proved. O
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2.6 Miscellaneous results

In the first part of this section, we prove some results mentioned in previous sections.
Lemma 2.6.1. If p € [1,00) and u € C*|0,00) satisfies u(0) = u/(0) = 0, then for
any € >0 and T > 0,

14/ L0y < Ne Hlullz, o) + ellv” || L, 0m),

where N is independent of u,p,e,T.

Proof. Take £ € C§°(R) such that £(0) = 1,£(0) = 0, and take the zero extension of

u on R. Then, by the fundamental theorem of calculus,
(u'(t+5)€(s))s = u"(t + 5)§(s) + (ult + 5)§'(s))s — ult + 5)E"(s),

and

0

u'(t) = / (W' (t+ 8)E(s))sds = / u'(t+ s)E(s)ds — / u(t + s)&"(s) ds.

—00 —00 —00

By the Minkowski inequality and the fact that u is supported in [0, 00),

0
e

1w/l 2, 0.1 < /_ (IE@+ 1" (S D U+ $)llzy02) + ul- + $)L,0.1)

< NlJu" ||, 0,1 + llullz,0m)]- (2.6.1)

For any € > 0, let v(-) := u(e-). Because N in (2.6.1) is independent of T', we replace

u with v to get

10| Ly076) < NIV Ly0.2/0) + 0]l Ly0.2/9)]
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which implies
el 0 < N[EW 1,01 + ullL,0m)]-

Therefore, the desired result follows. n

In Lemmas 2.6.2 and 2.6.3 below, let ¢ € C5°(R?) satisfy supp(¢) C B; and
fRdC =1, and let ¢5(-) := e~ (- /).

Lemma 2.6.2. For q € [1,00), wy € A, with [ws]a, < K1, v € Wy, , and v° =

q, w2’

v * (%, we have

|v° — UHq,wz < NgHDUHq,ww

where N = N(d,q, K;).

Proof. By the definition of v* and the Fubini theorem,

() —v(x) [v(z —ey) — v(@)I¢(y) dy]

=
ZI/Be/O y - Dv(x — sey) ds ((y) dy
<l [ [ cwly- Dot sepldyas

1
ga-N/ |Dv(z — sey)| dy ds
0o JB

< NeMDu(z),

where M denotes the maximal function. Therefore, by the weighted maximal func-

tion theorem, we have
[v° = Vlguws < Nel|MDv(z)|gw, < Ne||Dv|lguw,-

The lemma is proved. ]
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Lemma 2.6.3. If [w],, < K; and u € HE) , o(R%) satisfies

p,q,w,0
Ou=Digi+ f in R (2.6.2)

for some f,9; € Ly 40(Qr). Then u® := ux*, ¢ € HZ,’;,w,o(RdT); and for any € < 1,

we have

N N
16; UaHLP,q,w(Rgf) < ?”9||Lp,q,w(Rg,) + N||fHLp,q,w(Rc})a (2.6.3)

where N = N(d,8,q, K1). Moreover, let Q =R%, u € HEL (), (W < Ky, T

p,q,w,0

be the odd extension of w in the x' direction, and W be the even extension of w in

the x' direction. If (2.6.2) is satisfied in Qp for some f,g; € Ly 4.,(7), then

. N
107 N 1y vty < 29Ny gw@2) + NSl 0020 (2.6.4)

where N = N(d, 6, q, K;).

Proof. We first consider the whole space case. Taking the convolution in the spatial

variables in both sides of (2.6.2) yields
ataus = i *x cha + f * CE- (265)
Note that

[+ C(ta)| =] [ flt,r—ey)(y)dyl

By

< ¢l B4l f F(t = ey) dy]

< |I¢llze= | By M f (2, ),
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where M, denotes the maximal function in the spatial variables for fixed ¢. Thus,

by the weighted maximal function theorem,

L # (s ) g < NSz NS5 ) lgws (2.6.6)

where N = N(d, q, K1), and similarly,

. N
g * Di¢=(, Mlgaws < [[1Dicllzee - — g, )llgws- (2.6.7)
Therefore, (2.6.3) follows from (2.6.5), (2.6.6), and (2.6.7).

To prove (2.6.4), we note that uw € 7-[;‘7’(11@,0(]1%%) by Lemma 2.5.9. By taking
proper odd and even extensions of ¢g; and f, the extensions satisfy (2.6.2) in the

whole space, and (2.6.4) follows from (2.6.3). The lemma is proved. O

2.7 Results for equations in a smooth domain

In this section, we prove some results for equations in a smooth domain 2. This
section is organized as follows. First, we consider the restrictions and extensions of
the weights of the spatial variables. Then, we prove the results for non-divergence
form equations in Lemmas 2.7.2-2.7.4. Finally, the results for equations in divergence

form are proved in Lemmas 2.7.5-2.7.7.

Let a’s satisfy Assumption 2.1.2 () and let § satisfy Assumption 2.1.4 () for
divergence form equations or Assumption 2.1.5 () for non-divergence form equations
with 79 € (0,1) and 6 € (0,1/3) to be specified. We locally flatten the boundary

of 99 as follows. For ry = min(Ry, R2) and any z € 0f), there exists a coordinate
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system and a mapping ¢ such that

QN B,y (2) = {r € B,y(2) : 2' > ¢(2')}.

Let

Pl(z) =" —p(z'), ¥(x)=2" for j>2, U= (2.7.1)

and without loss of generality, assume that ®(z) = 0. Moreover, let

1 € Cg°(Bargss2(2)), m=11n Byyp12(2), n°() =n(- — z), and 7°(-) = n*(¥(")).
(2.7.2)

Since 0 < 1/3, 7* € C§°(B,,/s) and 1) = 1 in B, /16, where we used

Bsro32(2) € B_ro(2) CY(Byys), W¥(Broji6) C Broa+6)/16(2) C Bryj12(2).

8(1+0)

Furthermore, for r; :=ry/2 > 0, we have

B, C ®(B,(z)) and B C ®(QN B, (2)).

Indeed, for (y',4') € B,,, we can easily check that (y' + ¢(v'),y') € B,,(2) and
Oyt +o(y),y) = (W' y)
Lemma 2.7.1. (1) If w € A,(Y), then w € Ay(Q2N B,,(2)) and w(¥) € A,(®(2N

By, (2)))-

(2) Let § > 0 and Cf =[0,6] x [—6/2,6/2]%71. If w € A,(Cy), then there exists

w € Ay(RL) such that w = w in Cf .
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Proof. For (1), for any = € QN B,,(2),r > 0, we have

][ w dx] [f w_P%l dx
By (2)NQN By (2) r(2)NQN By (2)
1 p-1
< (piBdnng wir) (B0 )
| B () N Q2N By (2)] Jp, @) | B, (x) N Q2N By (2)] /)0

S N(T’(), dap> [w]p,ﬁa

p—1

where when r is small, we used the smoothness of €2, and when r > 2rj, we used the

fact that B,.(x) N QN B,,(2) = QN B, (2). Thus, w € A,(Q2N B,,(2)).

Next, for any 7 € ®(2N B,,(z)) and r > 0, since det D¥ = 1, we have

p—1
_1
[][ w(¥(y) dy] [][ ()] dy]
BT(Q)H‘P(QQBTO (Z)) BT(Q)H‘P(QQBTO (Z))
p—1
V(B (7))NQ2NBry (2) U(Br(7))NQN By (2)
— p
. (er(w(_y»mmzam(zﬂ) f o
[W(B-(Y)) N QN By (2)] Bar(U(7))NQNBry (2)
p—1
. ][ w T da
Bor (¥ (1))NQNByr (2)

’B2r<w<g))QOBro(Z)’ P w dx
= (|Br/2<\v@>> S Ee) (];Wmm(z) ! )

p—1
. ][ w_P%l dx
Bay (W(7)) NN By, (2)

S N(To, d7 p) [w]p:QﬂBro (=)

Thus, w(¥) € A,(®(Q2N B,,(2))), and (1) is proved.

For (2), we define w by taking the even extension of w along each side as follows.
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First, for € (6,26] and 2’ € [—6/2,8/2]971, let
w(zt, 2') = w26 — ', '),

and after defining w on (0, 28] x [—d/2,6/2]%"!, we take the periodic extension, along
the 2! direction, of W to (0,00) x [—d/2,6/2]*! with period 26. Next, for any

2! € (0,00), 22 € (6/2,35/2], and 2" = (23,...,2%) € [=§/2,6/2]772, let

1 .2

w(zt, 2% 2") = w(a?, 6 — 2°

7'1;,)7

and extend w, along the z? direction, to (0,00) X R x [—d/2,/2]4? with period 26.
By repeating this process, we extend w to Ri. For any z = (z!,...,2%) € Ri, we find
its “preimage” xy € Cf, i.e., the point at which w(z) is defined by. More precisely,
if ©1 — [21/26]20 > 8, we take xf = (|x1/20] +1)26 — z7 and if z; — |21/25|26 < 9,
we take x = 11 — [21/20]26. Similarly, we find (22, ...,23). When r < 6/2, B,(x)

intersects [ cubes Cj, . .., C; for some [ < 2¢. Thus, by the symmetry of w,

/ wﬁz/ mﬁz/ o, i=1,....1,
C;ﬂBr(mg) C(z)NBr(x) C;NBr(x)

where f =1 or —1/(p — 1), and C(z) is the cube containing x. Therefore, when
r<d0/2,

[ ][ wdx
T(:p)ﬂRi

G OBy [ g,
1B () "RL| ™ JetnB, (x0)

< N(d,p)[w, -

p—1
OBy,
1B (2) "R Joras,(ao)

On the other hand, when r > §/2, B,(z) NR% can be covered by N(r,d,d) cubes,
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and N(r,d,d)|C5|/|B-(z) NR%] is bounded above by some constant independent of

r and 9. Therefore, we still have

p—1
][ w dx ][ wo = dx
By (z)NRY By (z)NRY.

~1
N g N - N
B QG e N G [ R
| B, (z) NR| cy | B, (z) NRY| cy
< N(d,p)[w], ¢
The lemma is proved. O

2.7.1 Results for non-divergence form equations

For z € 0L, we denote
L = 8;1 — aijDij—biDi—C and IA/Z = a?—AijDij—BiDi—é,
where

a"(t,y) = a"(t, W (y)) P4 (T (1)) DL (T (), e(t,y) = clt, U(y)),

0'(ty) = @™ (t, (y)) D (L (y)) + 07 (8, V(1)) DL (T (y))-

For u € ]ﬁlg:;mo(QT) satisfying Lu = f, we have

La=f in (0,T)x Bf

r1)

where (¢, -) = u(t, ¥(-)) vanishing on B,, NR? and f(t,y) = f(t, ¥(y)). Note that

the coefficients b’s contain the second-order derivatives of ®. Therefore, we need
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a stronger assumption on the smoothness of €2 for non-divergence form equations.
Next, recall the definitions of n and 77 in (2.7.2). We extend L to the half space by
letting

L* o= L'y + A(1 — i)

with the leading coefficients
a’ = a"i + 67 (1 — 7).

Using Assumption 2.1.2 (o) and Assumption 2.1.5, it is easily seen that we can find
a sufficiently small 7, € (0, Ry) depending on d, §, and 7 such that for any r < r,

and (to, z9) € R%, we have

sup][ |67 — (@7)q, (t920)] < 270- (2.7.3)
4,5 J Qr(to,x0)

Therefore, we can apply Lemma 2.4.4 in the half space.

Then, we take a partition of unity on  as follows. Let
Q20 — {3 € Q, dist (x, 00) > 70/20},

and take

{mfi cQ™uoQ, ¢ >0, ¢ eCPRY)

such that

Bryjao(zi) ), € Qo/20,
supp(&F) "/ Zf‘k =1 inQ, (2.7.4)
Byoji2(wx)  xp € 09, k
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and let
gk
(DR (€)1

such that there exists an upper bound on the number of non-vanishing (¥’s at each

¢+ =

x € Q. It follows by Holder’s inequality that

e(d,p) <D ICHP D IR <1, Y DL [DoCHP < N(d,pro).  (2.7.5)
k=1 k=1 k=1 k=1

Furthermore, by (2.7.3), we pick 6 and -y, sufficiently small such that the assumptions
of Lemma 2.4.4 are satisfied. Then, for Ay defined in Lemma 2.4.4 and any A > Aq,

let

O(L* + A) Lo p] for  wy, € 0L,
key —
Ry(-) =
(L+ X)) for xp € Qo/20

which is essentially the inverse of operator L + A. See (Krylov, 2008, Section 8.3) for
more details. Note that in (Krylov, 2008, Section 8.3), the weight is taken to be 1.
For general weights, in order to use the results in the whole space and the half space,

we need to take restrictions and extensions of the weight given in Lemma 2.7.1.

Lemma 2.7.2. For A > )y, u € H*2 (Qr), and f = Lu + Au, we have

p,w,0
w="> (RN - Lru),
k
where

LM = ¢*(Lu) — L(¢*u) = u(a” Dij¢* + b'Di¢*) + 2a" Di¢* Dju.

Proof. Similar to (Krylov, 2008, Theorem 8.3.7), we have (*u = R5((L + \)(¢*u))
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for any k. Thus,

w=Y ¢*Fu =Y *RY(L+ \)(¢Fu) =D CFRY(CHf — Lru).

k k

We omit the details. O

Lemma 2.7.3. Let A\ > X\o, f € L,,(Qr), and u € Iﬁﬂ%l (Qr) such that

,w,0
u=> RN = Lru).
k

Then, u € ﬁz,i,o(QT); and there exists M\ (d, 0, c, p,q, K1, Ro, R2) > 1 such that if

A > A\, then

Lu—+ Mu = f.

Proof. The first assertion follows from the definition of R}. For the second assertion,

we use the fact that the mapping

Z LkRi(Ck) t Lpw(Qr) — Lpw(Qr)
k

is a contraction when A is sufficiently large, which follows from the a priori estimate
in Lemma 2.4.4 and the observation that L* contains only the zeroth and the first
order terms of u. See (Krylov, 2008, Lemma 8.5.1) for details. A similar proof for

equations in divergence form is given below in Lemma 2.7.6. [

Lemma 2.7.4. There exists a constant \(d,d, «,p,q, K1, Ry, Re) > 1 such that for

any A > Xy and f € L, ., (Qr), there exists a unique u € Iﬁﬂg:;vo(QT) to

u=>Y C"RY(C"f - Lru),
k
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and u satisfies

Ml 2y i) + N2 1Dul 1y i) < NI fllzy i (2.7.6)

Proof. 1t suffices to prove that
> CRR(CH = L) s Hy o(Qr) — Hyy, (1)
k
is a contraction. For this, we prove
Mallz, @) + A2 DullL, w@r) < N2y @ + 12llm01,0p): (2.7.7)

where

w=3"C*RE(CFf — LFv).
k

Indeed, by the definition of RS and Lemma 2.4.4, we have

Nlully n <N D NICRECEf = L)} g,
k
< NZIIC’“f L7, o)

p
N, war + 101501 o)

where we used (2.7.5) in the last inequality. Similarly,

A2 Dull, ) < NUIFllzy @ + 10l 0)-

Thus, (2.7.7) follows, and the lemma is proved. O

Combining Lemmas 2.7.3 and 2.7.4, we conclude that there exists A; as in Lemma
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2.7.4 such that for any A\ > A\; and g € L, (), there exists a unique solution

u € ]ﬁl;"’ijo(QT) satisfying
ofu — aijDiju —b'Dyu — cu+ \u = g.
If A >\, (2.4.7) follows from (2.7.6). If A € [0, A1), let h := Lu + A\ju. We have

ullga 2 <iAf§E:HCkf€ (¢*h — L*u Wl 2 )
< NZHC’% LRully o

NUAIL, L@y + 1L, o T 1PUE, L 0n):

Thus, by the interpolation inequality,

HU’HHO‘Q QT < N(”Lu + )\uHLp w(QT + ‘)\1 )\’HuHLp,w(QT) + HuHLp,w(QT))

S N(”Lu + )\uHLp,w(QT) + HU’HLp,w(QT))'

2.7.2 Results for divergence form equations

Next, we use a similar process to prove the results for equations in divergence form.

For z € 012, we denote

Lu = 0%u — D;(a” Dju + a'u) — b'Dyu — cu,

L4 = 0%t — D;(aV D;ti — a'a) — b' Dyt — ¢,
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where

Q9 (1 y) = a6, () L (W)L (T (y)),  elty) = elt, V(y)),

b(ty) = b (¢, U (y)PL(T(y), a'(t,y) =a’(t, T (y)) P (V(y)),

where ® and U are defined in (2.7.1). For u € Hpqu(QT) satisfying Lu = D;g; + f,

we have

~

L*t=D;g;+f in (0,T)x B

1)

where 4(t, ) = u(t, U(-)) vanishing on B,, N IR%,

G =g (6, V()P (V). and  f(t,y) = f(t, V().

Next, similar to Section B.1, we define L* and @ with the same 7 so that
(2.7.3) still holds. Furthermore, we pick 6 and -, sufficiently small such that the
assumptions of Lemma 2.5.11 are satisfied. Then, for Ay defined in Lemma 2.4.4 and

any A > Ao, let

(L7 + \) Lo pee]  for  xy € L,
k _
RY() =
(L+XN7Y) for z € Qro/20,

which is essentially the inverse of operator L + \.

Lemma 2.7.5. For A > )\, u € pro(QT), and D;g; + f = Lu + \u, we have

u= S CRDC ) = aDC ¢ L),



116

where

Lru:= (" Lu — L(¢*u) = Di(a”uD;C*) + (a” Dyu + a'u + b'u) D¢, (2.7.8)

Proof. Since ¢*u = RY((L + \)(¢*u)) for any k,

u—ZCCU—ZCRk (L +2)(¢Fu))

—ZCR’“ i(CFgi) — 9:DiC* + CFf — LFu).

The lemma is proved. O

Lemma 2.7.6. Let A > X\o, f,9; € Lp(Q7), and u € Howo(QT) such that
u= Z CFRE(Di(Chgi) — giDiCt + CF f — LFu).

Then, u € ’pro( 1), and there exists \i(d, d, a, p, q, K1, Ry, Ra) such that if A > A\,
then

Proof. The first assertion follows from the definition of R§. For the second assertion,

let

u = ngm i(CFgi) — giDiC* + C* f — LFu)

and

Lu+ M =: D;g; + f.

Then, by Lemma 2.7.5,

U_ngRk ) = GiDiC* + ¢Ff — L¥u).
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It is sufficient to prove if A is sufficiently large, and

TA(Digi + f) ==Y C*RY(Di(C*gi) — i Di¢* + ¢* f) = 0,
k
then D;g;+f = 0. Given T\(D;g; + f) = 0, we have
0= A+ L)T\(Digi + f) = Digi + f — Z L*RY(Di(¢"gi) — g:DiC* + ¢ f).
k
To finish the proof, it suffices to prove the mapping

STLERE(CH)  H, L () — HyL(Qr) (2.7.9)

is a contraction when A is sufficiently large, where for h = D;g; + f € H,, L (Qr) with

some f,g; € L,.,(Qr) in the distribution sense, we write
¢*h = Di(¢*gi) — 9:DiC" + ¢V f € Hy Q).
To this end, we take the following equivalent norm in H, L(Qr):
. 1

where [|-{|p.w =[], (r)-

For any f,¢; € L,.(Q27) and h = D;g; + f, by (2.7.8), we have

L*Uy, = Di(a" U, D;C*) + (a” D;U, + a'Uy, + b'Uy,) Di¢F,
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where Uy = RY(D;(¢*g;) — g:Di¢* + ¢* f). Then, by (2.7.5) and Lemma 2.5.11,

> @ UDiCM . + )\p/g I(a” D;Ux + a'Uy + 6 Ui) DiC* I,
k
< NZ {IRX(Di(¢*g) — i DiC* + C* I,

< Nzk: WHC’“giHZw + Ellckﬂlgw + EllgiDick‘llz,w
1 1 N
< N (5ot + 5510120) = 5575 (1900 + 57111

where N = N(d, , p, K1, Ro, Ry). Thus, by the Minkowski inequality,

DILECC. < gl

Therefore, by picking A sufficiently large, this mapping (2.7.9) is a contraction, and

the lemma is proved. O

Lemma 2.7.7. There exists a constant \(d,d, «,p,q, K1, Ry, Re) > 1 such that for

any A > XNy and f,g; € Ly, (Qr), there ezists a unique u € prO(QT) to

U—ZCkRA i(¢Fgi) — g:Di¢* + C* f — LMu),
and u satisfies

N
VMullpw + 1D < NGl + — ws
|t pw + | DUl paw < Nllgllp, \/XHf””’

where [||lpw = |- 2.0 @r)-
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Proof. In order to prove the existence of solutions, it suffices show

> CFRYDi(C i) — g:DiCk + ¢ f = L8t HYy, o(Qr) — Hy, o(Qr)
k

is a contraction when A is sufficiently large. To this end, we prove
Mttllps + VADullpw < NVl + 1y + 0llgos 0p)s (27.10)

where

U = Z CkR)\ Ckgz giDiCk + Ckf - Lkv),

and N is independent of X. Indeed, by the definition of R, (2.7.5), and Lemma

2.5.11, we have
NP ullp < N Y APICRI(DC ) — g:Dict + ¢ f = Lr)7,
k
1
< NEkjuc’fgnz,w ¥ 5ol F8 + 5o 1250l
<N 4 !
< N (1180 + B+ szl Wiss o)

and similarly,

1Dullp,, < N IDCFREDi(C gs) = g:DiC* + ¢Ff = Lro)p,,
k

<N (gl

2ot sl B+ 5o )

which imply (2.7.10). The lemma is proved. O
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2.8 Proofs of results for equations with non-zero

initial conditions

In this section, we prove Corollary 2.1.12 by applying Theorem 2.1.6 to

f = f + (ClijDijU + bIDZU + CU) — Dta(U — Upg — tul),

where U is given in Lemma 2.8.1. Indeed, by Theorem 2.1.6 there exists a unique

w e H? o (RE) satisfying

P,q,w,0

0w — (a? Dijw + b'Dyw + cw) = f in RE
Then, it follows that v := w + U is a solution to the equation (1.1.4), and the

estimates (2.1.12) follows from (2.1.3) and (2.8.1).

Similarly, Corollary 2.1.13 follows by taking the derivatives of U in the spatial
variables and repeating the above process together with Theorem 2.1.9. Indeed,
by the following lemma, we have D#(U — ug — tuy) € Ly4.0(R%), which implies
DY(DU — Dug — tDuy) € H;;w(RdT).

Lemma 2.8.1. Under the assumptions of Theorem 2.1.12, for any uy € Xy and
uy € Xy, there exists a function U in R such that U(0, ) = ug(+) and Uy(0,-) = uy(+)

in the trace sense and
107U |p,gw + 1Ulpgw + 1DUlpgo + 1D*Ullpgw < Nlluollg + Nlalla,,  (2.8.1)

where ||{lp.gw = [IllL,,..@s) ond N = N(d,a,p,q, K1, T, p).
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Proof. We can assume that ug(z) and u; (z) are infinitely differentiable with compact
support. Then, let p = p(¢,z) be the fundamental solution of 98 — A, and let
p(t,x) == fotp(s,x) ds. See (Kim et al., 2017, Section 6.2) for the construction of p.

For the existence of U, we define

U<t? ) = p(t, ) * UO() +ﬁ(t? ) * ul()

Then by (Kochubei, 2014, Section 1), U is a solution to

(

opU — AU =0 in R4

3 U(0,-) = ug(") on R?-

U(0, ) = uq(+) on R?

\

Next, we prove the estimate (2.8.1) following the method in (Dong and Kim, 2021,
Lemma 5.7). Without loss of generality, we assume that ug = 0, i.e., U = p(t, -)*us(+).
Indeed, in order to estimate U, we estimate p(t,-) xug(-) and p(t, -) * u1(-) separately.
The estimate of the first term is similar to that of the second term, and it is given

in (Dong and Kim, 2021, Lemma 5.7).

By (Kim et al., 2017, Section 6.2) and (Kochubei, 2014, Section 2.2), we have

the following normalization property and estimates of p

Bt @) =t (1, ), (2.82)
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for any m =0,1,2,3 and x # 0,

_2
ID™p(1, )| < Nljyse

+ Nljgjcaa| ™" ([2]* + |2[*[ log ]| 1a—2m—0 + |2[La=1,m0), (2.8.3)
and
s d
IAD(L,2)] < Nljgs1e” "™ 4 N1por (Jo] 155 + |log 7] 1g=o + 1),  (2.8.4)
where N = N(d,a,m) and o = o(d,r,m) > 0.

To prove (2.8.1), we start with the estimate of U. From (2.8.2) and (2.8.3)
together with a suitable dyadic decomposition of R?, it follows that for any ¢t > 0
and z € RY,

|U(t,z)| < tNMuy(z),

where M, is the maximal operator with respect to x and N is independent of t.

Therefore, by the Hardy-Littlewood maximal function theorem with A, weights,
N M gy ey < ENur |z, ., ®ay
where N = N(d, a, q, K1), and
1Ulz,00@a) < Nlwllz,., @), (2.8.5)
where N = N(d,a,q, K1,T, ).

Next, we estimate D?U. By (2.8.2) and (2.8.3), we have p(t, -), Dp(t, -) € L*(R?),
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which implies

Dp(t,y) dy = 0.
R4
Then, by integration by parts,
D*U(t,r) = /d Pt y)D?uy(x —y) dy = ) Dp(t,y)Duy(x — y) dy
R R
= | Dpt,y)(t,y)(Dui(z —y) = Duy(x)) dy. (2.8.6)

R

Moreover, we observe that
AU(ta) = [ Apty) (e~ ) = wi(o) dy. (287)
R
Indeed, from (2.8.6) we have
AU(Lz) == [ Vi(Ly) Vy(ule —y) —w(z))dy
R
= lim V(L y) - Vy(ur(z) — ur(z —y)) dy
8\(0 Rd\BE
=:lim L..
e\
An integration by parts yields
N Ip
L= Ap(Ly) (e —y) —w(2))dy — | = (Ly)(w(e —y) —w(z))dS.
R\ B, 8B, OV

By the continuity of u; and the estimates in (2.8.3), it is seen that the second
term in the above expression vanishes as ¢ — 0. Furthermore, (2.8.4) implies that

Ap(1,-) € Ly (R?). Thus, using the dominated convergence theorem, we have

AU(1,2) = / A1, 9) () — (@) dy. (2.85)
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Therefore, (2.8.7) follows from (2.8.2).
Then, we consider the following four cases.

Case 1. 6, € (0,1). In this case,
ap € (1+pu+p,2(1+ pu+p)). (2.8.9)

By the weighted Calderén-Zygmund estimate and the Minkowski inequality applied
to (2.8.7), we have

ID*U )Ly, < NIAU(L )]

| Ly

< /Rd ’Aﬁ(t7 y)'Hul( - y) - ul(')”quW dy.

| Ly

Therefore, by Holder’s inequality, for any 8 € (0, 1), we have

T p
D201, < [ ([ 1t nllont =) =l di) oot
0 R
T
SN/ </ d|Aﬁ<t,y>|p<1-ﬁ>||u1<-—y)—ul<->||fzq,w2dy)'“"dt (2.8.10)
0 R

where

p—1
woim ([ 1sateo )
Rd

By taking f < (p — 1)/p, (2.8.2) and (2.8.3) imply that

J, < Nt=eB(d+2)p/2+adp—1)/2+5p
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By (2.8.10) with the Fubini theorem, we have

1D, <N [ Bl =9) = )l do

where

T
Jy = / |Ap(t, y)[PE-Pgebldt2p/2adp=1)/24n+6p gy
0

To estimate Jy, we first observe that by using the assumption (2.8.9) and picking

f = (p—1)/p— ¢ for a sufficiently small ¢ > 0, the following inequality holds,
p+1+p+adp(l—-p)—1)/2 < ap.

Then, by (2.8.2), (2.8.3), and splitting the integral .J, into two integrals over ¢t < |y|?®
and t > |y|¥*, we see that

Jy < Ny~

where N is independent of T'. Therefore, it follows that

DUl Ly (0,5 < NJua]la - (2.8.11)

Case 2. 6, € (1,2). In this case,
ap € (2(1+ p+ p), 00). (2.8.12)
By using (2.8.6) and Hélder’s inequality, for any 5 € (0, 1), we have

DU,

p,q,w

T
< [ ([ ipsealt 210wt - ) - Dull, ) A @s13)
0 R4 ’
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where

p—1
wo= ([ sepran)
R4

By taking 5 < (p — 1)d/(p(d — 1)), from (2.8.2) and (2.8.3) we get

Jp < NeBld+1)p/2+ad(p—1)/2+0p
This together with (2.8.13) and the Fubini theorem yields

|D*U,,, <N / Jo|| Dur(- = y) = Dus (], dy.
where

T
Jo ;:/ |D]5(t’y)|p(1—/3)t—aﬁ(d+1)p/2+ad(p—1)/2+u+6pdt‘
0

To estimate J, we observe that by using the assumption (2.8.12) and picking § =
min{1, (p—1)d/(p(d—1))} — ¢ for a sufficiently small € > 0, the following inequality
holds

p+14+p+a((d—1p(l—p8)—d)/2 < ap/2.

Then, by (2.8.2), (2.8.3), and splitting the integral J; into two integrals as in Case
1, we see that

Jy < Nly| =470,

which implies (2.8.11).
Case 3. 61 < 0. In this case,

ap € (0,1 + u+ p). (2.8.14)
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By (2.8.8), (2.8.2), and (2.8.3), we have
|AU(t, z)| < Nt Myuq () + Nt~ |uy (2)].

Then, by applying the weighted Calderén-Zygmund estimate and the weighted

Hardy-Littlewood maximal function theorem,
||D2U(t7 .)||Lq,w2 S N”AU(t7 .)||Lq,w2 S Nt_a+1|’u1”[/q,w2

Therefore, with the assumption (2.8.14),

Lp,q,w

T
DU < / Jeally, 4707470 dt < N(T) ]l |
which implies (2.8.11).

Case 4. 81 = 0 or 1. We only consider the case when ¢; = 1 since the other case
is similar. Observe that in this case ap = 2(p + 1 + p). We take p/ € (—1, ) such
that ap € (' + 1+ p),2(1 + 1+ p)), and let @ = @ (t)wy(x), where Wy (t) = .
By Case 2, we have

ID*UllL, , oed) < Nl

Since t* < Nt* for t € (0,T), (2.8.11) follows.

To prove (2.8.1), we estimate DU using the interpolation inequality (Dong and
Krylov, 2019, Lemma 3.8) together with (2.8.11) and (2.8.5). Furthermore, the

estimate of 0;'U follows from the equation 97U = AU. The lemma is proved. O
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3.1 Notation and Main Results

To start, we introduce some notation and recall some concepts that were defined in
Chapter 2, as these will be used throughout Chapter 3. For a € (0,1) and S € R,

we denote

1 t
Igu(t,z) = m/s (t—s)* tu(s,z)ds, t>S, zecR?

and

1 t
O u(t,z) = ] /0 (t —s) “Ou(s,r)ds, t>0, xR

I'l—«

It is easily seen that Ofu = 0,1} “u for a sufficiently smooth u with (0, x) = 0.

We use F(u) and @ to denote the Fourier transform of uw. If u = u(t, z), then
F(u)(t,€) and u(t, &) denote the Fourier transform of w in x for a fixed time t. For

p € (0,00) and o € (0,2), recall the definition of the Bessel potential space
HY(RY) = {u € L,(RY) : (1 — A)7u € L,(R)}

and

[l zrg (ray = [I(1 — A)ully, e,

where

(1= A)2u(e) = FH(1+ [€P)2F(@)(©) | (2).

For p,q € (1,00) and —oo < § < T < o0, we define Lp,q((S, T) x ]Rd) to be the
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set of all measurable functions f defined on (S, T) x R? satisfying

T o/ 1/p
lepsavss = ([ ([ eapan)ar) " <o
S R

When p = ¢, we write L,((S,T) x R?) = L,,((S,T) x R?). Furthermore, for
€ (0,1] and ¢ € (0,2), we denote H:7(S,T') to be the collection of functions such

that u € L, ((S,T); HJ(RY)), 9¢u € L, 4((S,T) x RY), and

T 1/p
/ a
uwmﬂmyz(A;wwum@mmp%Q T l0eully, sy,

We write u € H'7 (S, T) := Ho7 (S, T) x R?) if there exists a sequence of functions

{u,} such that u,, € C°°([S,T] x R?) with u,(S,z) = 0 vanishing for large |z|, and
[un — ullgee s,y — 0 asn — oco.

Moreover, for a domain Q C R? and u defined on (S,7) x Q, we write u €

HY70((S,T) x Q) if there exists a extension of u to (S,T) x R?, i.e.,

ullee (smxa) = nf{|[@lluge s @ € Hy?o(S,T)  and @smxo = u} < 0.

We denote H'7((S,T) x Q) := H)7o((S,T) x Q) if p = q. Furthermore, we take

P,p,0

Y(x) = 1/(1 + |z|%"7), and denote

HuHLp ((0,T); L1 (Re,3))) ’W“HLP ((0,T); L1 (R%)) - (3.1.1)

For T € (0,00), we denote (0,T) x R? := R{. and we often denote H3:7(T) :=
H-7(0,T) and Hy7o(T) := H,7,(0,T). We use the notation u € H7¢\  (RE) to

indicate a function satisfying u € H} 7 ((0,7) x Bg) for all R > 0.
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For a € (0,1), 0 € (0,2), r1,75 > 0, and (t,x) € R*! we denote the parabolic

cylinder by

Qurs(t, ) = (t —1]/%t) x B,y(z) and Q,(t,x) = Q.. (t, ),

where B,,(z) = {y € R?: |y — z| < ry}. We write B, and Q, for B,(0) and Q,(0,0).
Furthermore, for f € Lj. defined on D C R*! and (t,z) € D, we define its

maximal function and strong maximal function, respectively, by

Mf(ta) = sup f 1F(r, 2)lxp dzdr
Qr(s,y)a(t,x) Qr(svy)

and

SMf)(to)=  swp f Doz
Qry,ro(85y

er T2 (s,9)2(t,x)

Next, for p € (1,00), k € {1,2,...}, let A,(R*, dz) be the set of all non-negative

functions w on R* such that

1 p=1
(W] 4, r) == SUD (][ w(x) dx) (][ (w(z)) »1 clx) < 00,
20€RF,r>0 \J By (z0) Br(z0)

where B,(z9) = {z € R* : |z — x| < r}. Furthermore, for a constant M; > 0, we

write [w],, < My if w = w;(t)wz(z) for some w; and wy satisfying
wl(t) S AP<R, dt), ’LUQ(I’) S Aq<Rd, de), and [wl]AP(R), [wg]Aq(Rk) S Ml.

We denote L, ,.,(R%) to be the set of all measurable functions f defined on R%

satisfying

T 1/p
1l ) = (/O (/Rd ()| wn(e) da) (1) dt) < .
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When p =g and w = 1, L, 4.,(R%) becomes the usual Lebesgue space L,(R%).

We write N = N(---) if the constant N depends only on the parameters in the

parentheses.

Next, we present the assumptions for the operators. In chapter 3, we consider

equations which are non-local in both time and space:
Ofu—Lu+ u=f inRf,
where L is defined in (1.2.2). We impose the following assumptions on the kernel

K =K(t,z,y) > 0.

Assumption 3.1.1. 1. There exist some positive constants v, A > 0 and a func-
tion mgy = mo(t,y) > 0 which is measurable and homogeneous in y with index

0 such that

inf / 1€ - y|"mo(t, y)pa_1(dy) > v for all ¢,
£eS8d-1 Jgi-1

and

(2- a)”r;ﬁfﬁ) < K(t,z,y) < (2—0)

G for all t,z and y,  (3.1.2)

where jiq_; is the standard Lebesgue measure on the unit sphere S¢-1.

2. When ¢ = 1, for any r > 0,

/ YK (t,2,7y) jas (dy) = 0, (3.1.3)
gd—1

where f14_; is the standard Lebesgue measure on the unit sphere S%-1.
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Remark 3.1.2. Assumption 3.1.1 (1) with additional homogeneity, cancellation, and
smoothness conditions was introduced in Mikulevi¢ius and Pragarauskas (2014) (see

also Zhang (2013)), and it is satisfied, for instance, when
(2= o)lyl 7 < K(t,x,y) < (2— o)Ay

Also, note that (3.1.3) implies that x' in (1.2.2) can be replaced by 1,¢p, for any

r > 0.

Assumption 3.1.3. There exist 5 € (0,1) and a continuous increasing function

w: Rt — R* such that
Y| K (t 21, y) — K(t 22, 9)] < (2= 0)w(|zy — 32)) (3.1.4)

and

/ w(lyDly|~ dy < oo. (3.1.5)
lyl<1

Remark 3.1.4. On one hand, it is easily seen that if |y|?t7 K (¢, -, y) is Holder continu-
ous in z with exponent §+-¢ for any € > 0 uniformly in (¢, y), then (3.1.5) is satisfied.
On the other hand, since w is increasing, from (3.1.5) we see that w(r) < Nr? for any
r < 1/2, which implies that |y|*** K (t,-,y) is Holder continuous in x with exponent

£ uniformly in (¢,y).

Remark 3.1.5. Tt is well known that for o € (0,2), if K(t,z,y) = K(y) := c|y|~%°,

where

c=c(d,o)

then

Lu = g/Rd (u(t,x +y) —u(t,z) — 2u(x)> ly| =47 dy= —(—A)"u.
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In some cases, the lower bound of the operator is not necessary. Thus, we use L'

to denote operators with the kernel

Kl(tax7y) = K1<t7y) < (2 - U) (316)

‘y’d+cr’

and we assume that (3.1.3) is satisfied when o = 1.

With the assumptions above, we are ready to state the main theorems of chapter

Theorem 3.1.6. Let o € (0,1], 0 € (0,2), T € (0,00), A > 0, and p € (1,0).
Suppose that the kernel K = K(t,y) satisfies Assumption 3.1.1. Then 0 — L is a

continuous operator from HJ'¢ (T) to Ly(R$). Also, for any u € Hy§ (T) satisfying
Ofu—Lu+ X u=f inRE, (3.1.7)
and any L' satisfying (3.1.3) when o =1 and (3.1.6), we have

107 ull L, @) + 1L ull L, @e) + Mullz,@ey < NI fllz, @) (3.1.8)

and

[l oy < N min(T°, Afl)”f“@(ug%), (3.1.9)

where N = N(d,v,\,a,0,p). Moreover, for any f € L,(R%), there exists a unique

solution w € H'7(T') to (3.1.7).

Remark 3.1.7. Indeed, (3.1.9) follows from (3.1.8) upon setting L! = (—A)?/2, ! =
L, and using (3.1.7) and Lemma 3.4.2. Furthermore, by (3.1.8) with A = 0, for any
u € Hpo(T) if

Ou+ (—A)Pu=g inR%,
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then

||L1u||Lp(]RdT) < NHgHLP(R%)‘ (3.1.10)

For any v € HJ (R%), by first taking 7 > 0 and a nonzero function n € C{°(R)
with 1(0) = 0, then applying (3.1.10) to u(t,x) := n(t/T)v(x), and finally sending

T — oo, we conclude that
1L ]|z, ey < NIJ(—=A)720]|, (ray.- (3.1.11)
Thus, for v € Hy;7(T) and t € (0,7
L u(t, ), ey < N||(=A)7?u(t, N L,y

which implies
1L ull, ey < NI(=2)"ul L, @) (3.1.12)
and the continuity of the operator 9 — L. We refer the reader to Dong and Kim

(2012) for a different proof of (3.1.11).

Next, we have the following results when K = K(t,z,y) and for a constant

M >0,
o] = |(b'(t, @),..., bt 2))| < M, || = |e(t,z)| < M. (3.1.13)

Corollary 3.1.8. Let f € (0,1), a € (0,1], 0 € (0,2), T € (0,00), and p € (1,00).
Suppose that the kernel K = K(t,x,y) satisfies Assumptions 3.1.1 and 3.1.3, and

(3.1.13) holds. Then 9y — L is a continuous operator from Hy¢ (T) to Ly(R$).

1. There exists A\g = Xo(d, v, A, o, 0,p, M, B,w) > 1 such that for any X > \g and
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u € Hpw(T) satisfying
Ofu— Lu+ M u=f inRE,

we have

||U||Hg"’(T) < NHfHLp(R%)a
where N = N(d,v, A\, a,0,p, M, B,w) is independent of T'.

2. Also, for any uw € Hy7(T') satisfying
Ofu — Lu + b Diulysy +cu = f in RS, (3.1.14)

we have

[ullmge () < NHfHLp(R%)a (3.1.15)

where N = N(d,v,\,a,0,p, T, M, 3,w). Moreover, for any f € L,(R%), there
exists a unique solution u € Hy 7 (T') to (3.1.14). Furthermore, when o =1, if
1b]| o 7s sufficiently small, then the a priori estimate and the unique solvability
hold for

Ofu — Lu+b'Dau+cu= f inRE (3.1.16)

When o = 1 and o = 1, if b is uniformly continuous, then the a priori estimate

and the unique solvability also hold for (3.1.16).

In the case of & = 1, i.e., the operator is local in time, we have the following

results regarding the weighted mixed-norm.

Theorem 3.1.9. Let 0 € (0,2), T € (0,00), A >0, p,q € (1,00), M; € [1,00), and
(], < M. Suppose the kernel K = K (t,y) satisfies Assumption 3.1.1. Then 0;—L

is a continuous operator from H;:;’w’O(T) to Lygw(RE). Also, for any u € H;:Z,w,o(T)
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satisfying
ou— Lu+ X u=f inRS (3.1.17)

and any L' satisfying (3.1.3) when o =1 and (3.1.6), we have

10ull,, ey + 1L L, , ey + Az, w@a) < NIFlL,,.@0 (3.1.18)

and

[ullge oy < N min(T, )‘_1)||f||Lp,q,w(R%), (3.1.19)

where N = N(d,v,\, a,0,p,q, My). Moreover, for any f € Ly, ,.,(T), there exists a
unique solution u € H;Z’w’o(T) to (3.1.17).

With bounded b and ¢ satisfying (3.1.13), we have the following result.

Corollary 3.1.10. Let 5 € (0,1), 0 € (0,2), T € (0,00), p,q € (1,00), My € [1,00),
and [w],, < M. Suppose that the kernel K = K (t,x,y) satisfies Assumptions 3.1.1

and 3.1.3. Then 0% — L is a continuous operator from H . (T) to Ly q.w(RE).

D,q,w,0

1. There exists \g = No(d,v, A\, 0,p,q, M1, M, 3,w) > 1 such that for any A > Ao

and u € Hy 7 (T') satisfying
ou— Lu+ X u=f inRE,

we have

||u||H1170 1) = N“f”Lp,q,w(RdT)a (3.1.20)

»q,w

where N = N(d,v,\,0,p,q, My, M, 3,w) is independent of T'.



138

2. Also, for any uw € H)?  (T) satisfying

D,q,w,0

Ou— Lu+b'Dulysy +cu=f in RE, (3.1.21)

we have

||U||Hzl,;g’w(T) SN fllzy @) (3.1.22)

where N = N(d7 v, A7 o0,p,q, T: M17 M7 ﬁa w)' MOTGOU@T’, fOT’ any f € Lp,q,w(T)y
there exists a unique solution u € H;:;wp(T) to (3.1.21). Furthermore, when

o =1, if ||b|le s sufficiently small or b is uniformly continuous, then the a

priori estimate and the unique solvability hold for

o — Lu+ b Diu+cu=f inRE. (3.1.23)

Remark 3.1.11. For o € (0,2), due to the presence of (2 — ) in the bounds (3.1.2)
and (3.1.4) in Assumption 3.1.1 and 3.1.3 respectively, the constant N in above
theorems and corollaries can be chosen to be dependent on & instead of on o itself,

where )

(00,01) when 0 <oy <o <oy <1,

Qe
I

1 when o =1, (3.1.24)

0o when 1 < g9 <o < 2.

\

Thus, when o > 1, N does not blow up when ¢ 7 2. To see this, we keep track of
the dependence of constants on ¢ in Lemmas 3.4.3 and the proof of Theorem 3.1.6
when p = 2. See also Remark 3.3.7. Moreover, note that Lemmas 3.4.5 and 3.4.7

hold for og, and

||U||H;“"’0(T) < NHUHH?’”(T)’

where N can be chosen to be independent of o by the Mikhlin multiplier theorem
(see, for instance, Kurtz and Wheeden (1979)) and (Dong et al., 2021, Lemma 3.4).
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Thus, we can choose the increment of p in the iteration arguments in the proofs of
Theorems 3.1.6 and 3.1.9 using o instead of ¢. Similar phenomena were observed

before, for example in Caffarelli and Silvestre (2009) and Dong and Kim (2012).

3.2 Equations in L,

In this section, we prove Theorem 3.1.6 and Corollary 3.1.8. To prove Theorem 3.1.6,

we use a level set argument and a bootstrap argument with the Sobolev embedding.

3.2.1 The case of p =2 and auxiliary results
In order to apply the bootstrap argument, we start with the case when p = 2.

Proof of Theorem 3.1.6 when p =2. We first prove the continuity of J — L. By

taking the Fourier transform,

Lu(t.€) = a(t,6) [ (€= 1= iy- O W)K (L) dy = ol Om().  (321)

and in particular, by Remark 3.1.5,

—

(=A)72u(t,§) = u(t, €) /d (1 —cos(&-y))cly|~* 7 dy. (3.2.2)
R
By a change of variables y — y/|¢| and the upper bound of K, it is seen that

Im(§)| < N(d, A, 3)[¢]%,
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where & is defined in Remark 3.1.11. Thus, (3.2.1) leads to

120] Lty = 1 E0l oy < NI EIEP iagut) = NI-A) 0l gy, (3:23)

where N = N(d, A, ), which implies the continuity of 9y — L from H3’(T) to

Ly(R$).

Next, we prove the a priori estimate (3.1.8). With the continuity of the operator
and the density of smooth functions in H57 (7), without loss of generality, we assume
that u € C$°([0,T] x RY) with u(0,-) = 0. Multiplying (—A)?/?u to both sides of

3.1.7) and integrating over R%. we arrive at
( grating T

O u(—A) 2y — /

d
RT

Lu(—A)"?u + /\/ u(—A)7 Py = (=A%,
Rd

d d
RT RT T

(3.2.4)

For the first term on the left-hand side of (3.2.4), due to (3.2.2) and the fact that

it is real,

OPult, ) (— A Pult, z) d dt — / (<D Pult, ) 0Fa(, ) de dt
Rf R,

~o | FEEGuE) [ (1= cos(e- )yl dyds i

d
RT

—c [ aRe@ R [ (1= cos(s-9) ol dy s

d
RT

+c/
R

wmww@mwwoégvmmeMMdU@%w (3.2.5)

d
T



141

Also, by (Dong and Kim, 2019, Proposition 4.1), we have

Of Re(u)(t, §)Re(a)(t, €) + O Tm(w)(t, )Im(a)(t, &)

> O Re@P(1,€) + S0 m@P (€)= Joplal’(t,6). (326)

Thus, by (3.2.5), (3.2.6), and the definition of J;* together with the fundamental

theorem of calculus,

/ OCu(t, x)(—A) ?u(t, x) da dt
RY
1 a2 _ . —d—o
ze [, G100 [ (1 coste ) i dydca
T
= N(d 1— - —d=o [ 9%l (t, &) dt dy d
@o) [ [ @ costeon)lul [ olafee) arayas

= N(d,«,0) /Rd /Rd (1 — cos(& - y))|y|d”/0 (T — s)~*|a(s, &) > ds dy d¢ > 0.

For the second term on the left-hand side of (3.2.4), by (3.2.2) and (3.2.1),

-
-,

Lult, 2) (= A)2u(t, ) da dt — — / Tult (D) Pu(t, €) de di

RT
e P (1 cos( ) Kt g)dg) [ (1= con(€)ely] " dyagat
T R R

(3.2.7)
where in the second equality we used the fact that the left-hand side is real. Fur-

thermore, by Assumption 3.1.1, a change of variables, and an integration in polar



142

coordinates, we have

/Rd (1 —cos(&-y)) K (t,y)dy > / (1 = cos(& - y)) (2 — aymo(t, y)|y| =7 dy

R4

— 167 [ (1= cos(l€ 7 - )2 = aJma(t, )yl 7 dy
—tet [ (7 costle e )= ope oot s (a)
—le ([T ot = oo ) et s (a)

> N(a)v|g|°. (3.2.8)
Therefore, (3.2.7) and (3.2.8) lead to

- / Lu(t, 2)(—A)u(t, ) de dt

d
T

> N(d, 5)y/d ja(t, )P d dt = N(d,5,0)[|(=2)ul? ). (3.29)

RT
Similarly, multiplying Au to both sides of (3.1.7) and integrating over R%, we get
)\2/ ur < [ fA (3.2.10)
R R
Thus, (3.2.4), (3.2.5), (3.2.9), and (3.2.10) together with Young’s inequality yield
||(_A)G/2u||L2(RdT) + /\”UHLQ(R%) < N(d,0, V)||f||L2(RdT)-
Together with (3.2.3), we arrive at

NZ ]+ Mulllzygmg) < N(d, A, ) [(=8)7 2] + Afull e

< N(d, v, A, )| fl| Lymays
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where L' is defined in (3.1.6). Finally, by (Kim et al., 2021, Theorem 2.8) together
with the method of continuity, we have the existence of solutions. Theorem 3.1.6 is

proved when p = 2. O

Remark 3.2.1. Indeed, (3.2.8) is the only place where we use the lower bound, mg

defined in Assumption 3.1.1, of the kernel K.

Next, assuming that Theorem 3.1.6 holds, we derive a local estimate. In the
following lemma, we denote || - ||, := || - ||z,(0,m)xB,) for any r > 0. Also, recall the

definition of ||'||Lp((O,T);L1(Rd,w)) in (311)

Lemma 3.2.2. Let a € (0,1], 0 € (0,2), T € (0,00), p € (1,00), and 0 <r < R <

0o. Also, let (y be a cutoff function such that
G € C°(B(r4ryy2), C=1 inB,, and|D¢|<4/(R—7).

Suppose that Theorem 3.1.6 holds for this p. If u € H)7(T'), and L' satisfies (3.1.3)
when o =1 and (3.1.6), and

Ofu—Lu+du=f inRE, (3.2.11)
then

107 (Cow) [ L, mey + ”LI(COUWLP(R%) + AllGoull L, (ra)

[ullp,r RYP(1 + R™)
< N fllp,r + Nm + N (R =)o 12| £, (0,752 (R,0))

(3.2.12)



and

107 ullpr + L el + Al

[ullp,r RIP(1 4+ R™)
< N[ fllpr + NW + N (R — )i [ll, (0,700 ®e0))

where N = N(d,v,\,a,0,p).
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(3.2.13)

Proof. We first take cutoff functions in the spatial variables as follows. For k =

1,2,..., let
T IT—i—(R_r)ZTj; Gk € C5°(Bryis ),
=1
. 4.9k 5 16 - 2%k
Gel0d, G=1 B, [DGI<p= ad|DG]<

It follows that (yu € H7(T") and
O (Ceu) — L(Gpu) + MGou) = Guf + GoLu — L(Gu)  in RE.

By (3.1.12),
107 llpr + 1Ll + Al

<108 (Ckw) . + NGk L |y, + All il

< LY (Geu) — Ck:Llu”Lp(Rﬁ}) + 1107 () 2, (ma)
+ LG ey + MGl )

< LM (Gru) = GeLull ey + N0 (Grw)ll 1, e

+ H(‘A)U/2<CkU)HLP(RdT) + Al Gkl 2, @a)-

(3.2.14)

(3.2.15)

(3.2.16)
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Moreover, by applying Theorem 3.1.6 to (3.2.15), we have

10 (Gew)ll 1, ey + I1(=2)72(Gew)ll 1, ey + M Geull 1, ey
< N||CGkf + GeLu — L(Cku)HLp(R%)

< N fllp.r + NG L = LG |1, ) (3.2.17)

where N = N(d,v,A,«,0,p). We refer the reader to Lemma 3.4.3 for the details
about the estimates of the commutator term [|GyLu — L(Cku)|| L, (ra). Note that since
we only used the upper bound of the kernel of the operator in Lemma 3.4.3, the

: : 1 1
estimate can be applied to |[L*(Gru) — Gl ul| L, ga)-

Case 1: 0 € (0,1). In this case, (3.2.13) and (3.2.12) follow directly from (3.2.16),
(3.2.17) and (3.4.3) with k = 0.

Case 2: 0 € (1,2). In this case, by (3.2.17) and (3.4.4), we have

105 (Ce) 1,z + 1(=2)"2(Gew) L, gy + MGt e
2(071)k ook

< N|fllp,r + NWHDUHP:TMHJ +N

WHUHP,R

2(d+a)k

+N (R — r)d+o Rd/p(l + Rd+g)||u||Lp((O,T);L1(Rd,'¢;))' (3.2.18)

Also, note that by Lemma 3.4.1, for any ¢ € (0,1),

2(0‘71)]@‘ 2(071)k
NWHDUHWM < NWHD<Q€+3U)HLP(R‘1T)

IN
=2

YO Geyaull 1 ey + €21 (=272 (Crps) |1, (ra

A
=

3/(1_U)||U||p,R + 53”(_A)U/Q(Ck—i-?)u)HLp(RdT)' (3.2.19)
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Therefore, (3.2.18) and (3.2.19) lead to

105 (G| ety + 1(=2)"2(Gew) | ey + ACrtllz, ea)

2ak . i
< Nl + N 7= Ml + (=) (G g
2(d+a)k 4/ i
+ N(R _ T)dwR P(L 4+ RT)[ull 001 (R ,9)- (3.2.20)

Multiplying ¥ to both sides of (3.2.20) and taking the sum over k = 0,1, ... lead to

1107 (Cow)| + [A(Cou)lll ., (= )Zé +Z€kll A (Geu) | 1 e

53/(170 . .
< N Gl 32+ 3 P8 Gy
k=0 k=0

(R —
- RYP(1 + R - .
+ N(|fllpr Y e+ N (R(_T)W )|| ull (01 Ry P (E27F)F. (3.2.21)
=0 k=0

Therefore, by first taking € to be sufficiently small so that €297 < 1, and then
absorbing the second term on the right-hand side of (3.2.21) to the left-hand side,
we arrive at (3.2.12) with (—A)?/2 in place of L' on the left-hand side. The estimates
for general L' follow from (3.1.12). Similarly, it is easily seen that if we replace (yu
with (3u on the left-hand side of (3.2.12), the inequality still holds. Thus, by (3.4.4),
(3.1.12), and (3.2.19) with k& = 0,

1L ullpr < LY (G0l ey + 1L (Gow) = oL ullp, ra

[wllp,r -
2 |- )/2(<3U)HLP(]R‘1T)

< |[(=A)°/? NP
< (=) g+ N2
Rd/p(l + Rito)

&= leorysm@

lullp.r Rd/p(1+Rd+")“ ||
T N~ U . .
(R—r)° (R — r)d+o Lp((0,T);L1 (R%,3))

+N

< N[ fllpr + N

Combining this with (3.2.12), we infer (3.2.13) when o € (1,2).
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Case 3: 0 = 1. In this case, for any € € (0,1) and k£ > 1, by (3.2.16), (3.2.17),
and (3.4.5), we have

2k
(R—7)

107 ul + [Mulllpr, + 1 Dullpr, < Nl fllp.r + | Dullp,s + N e |lullp,r

Y o(d+1)k o—~3(d+1) .
+ NR ”(1 + —(R—r)d“ (1+R ))||u||Lp((0,T);L1(Rdﬂ/J))'
(3.2.22)

Multiplying €71 to both sides of (3.2.22) and taking the sum over k = 1, ... lead to

oo o0
1107 ul + [ Al Zsk_l + ng_IHDqu,m

k=1 k=1
el N e |ullp,r <
<N Fllpr Y+ 2 Dully, ., + Nﬁ > (e2)F
k=1 k=1 k=1
Y = (d+1)k o —3(d+1) ™
. _
+ NRYPl|ul| L, (0.1):00 (R4 ) ; € (1 + TR (1+R )) (3.2.23)

Therefore, by first taking e to be sufficiently small so that £2%+! < 1, and then
absorbing the second term on the right-hand side of (3.2.23) to the left-hand side,

we obtain

”ataqu,h + HDqu,m + )\Hquﬂ"l

ul RYP(1 + RMT)

|p,R
< NIflpr + N>+ N (R— )it [llz, (0,700 )

Also, by (3.1.12) and

10 (Cow) [ 1, ey + [[D(Cow)l| L, mey + Alloul| (e

[ellp.ry
?

R—r

< Ha?qu,m + HDqu,h‘i‘N

we obtain (3.2.12) when o = 1. As before, replacing (yu with (3u on the left-hand
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side of (3.2.12) together with (3.2.16) and (3.4.5), we obtain (3.2.13). The lemma is

proved. 0

Remark 3.2.3. In Lemma 3.2.2, we assume that u € HJ7(7). However, in the
proof we only used the fact that (yu € H;‘;g (T'). Thus, it suffices to assume that

ulp, € HY5 ((0,T) x Bg) for u defined on (0, T') xR? satisfying (3.2.11) in (0, T') x Bg.

Lemma 3.2.2 and the embeddings in Lemmas 3.4.6 and 3.4.7 lead to the following

corollary.

Corollary 3.2.4. Leta € (0,1], 0 € (0,2), T € (0,00), p € (1,00), 0 <r < R < 00,
A >0, ue L,((0,T); Li(R%,¢)) be such that uloryxp, € Hyg((0,T) % Bg), and
q € (p,00) satisfy

1/¢g=1/p—ac/(ad+ o).

Let f = 0fu — Lu+ Au in (0,T) x Bg.

1. If p<d/o+1/a, then for anyl € |p,q|,

Hu||Lp((07T)><BR)

(R—r)°

lullz,0.r)x B,y < NI fllL,01)xBr) + N

Rd/p(l +Rd+a)
FN—R o Ee llnenne.

where N = N(d,«, 0,p,1,T).

2. If p>dJo+1/a, then there exists T =0 — (d+o/a)/p € (0,1) such that

1wl z,(0,m)xB
|ullcrasoromxmy < NI fllL,(0r)xBr) + N (é((_ T);T )

Rd/p(1 +Rd+0)
N—g = lellsomim@u:
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where N = N(d,a,0,p,T).

Proof. (1) If p < d/o + 1/a, recall the definition of (5 in Lemma 3.2.2. By the

Sobolev embeddings in Lemma 3.4.6 and Holder’s inequality, we have

lullzy0.r)xB,) < Nlloull g, ey < NlICovlluz=(r)

lullL,(o.r)xBr)  RYP(1+ R)

where for the last inequality, we used (3.2.12) and Remark 3.2.3.

(2) If p> d/o+1/a, the proof is similar to that of (1) by using Lemma 3.4.7. O

By Lemma 3.2.2 with a scaling in the spatial coordinates, we derive an estimate

that will be used later in Section 3.3.

Corollary 3.2.5. Let o € (0,1], 0 € (0,2), T € (0,00), p € (1,00), and R € (0, 00).
Suppose that Theorem 3.1.6 holds for this p. If u € H((T), and L' satisfies (3.1.3)
when o =1 and (3.1.6), and

Ofu — Lu+ M u=f inRE,

then
o 1/p 1 1/p 1/p
(|8 ’p) (0,7)xBp2(z0) <|L u|p) OT)XBR/Q(xo) (‘U’p) (0,T)x Bp 2 (zo)
1/p ka 1/p
N(FP)r o + NR Zz (LR A (3.2.24)
k=0

where N = N(d,v,\, o, 0,p).
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Proof. By shifting the coordinates, without loss of generality, we assume that xy = 0.

When R = 1, denoting p’ = p/(p — 1), by the Minkowski inequality and Hélder’s

inequality, we have

wll 20,7y 20 (20

1 » 1/p
(/ ( \ut:z: Wdl’) dt)

1/p 1
o) dt) g

1
ut, )P dt) " —— dx
/B\/ ult )" dt)

T 1/p 1/p
t, )P 1
( L%dtdm) (/ —dwdx)
- gk\@k cJo 1+ |z BBy, 1+l

IN

ME%%\

IN

k

Mg

k=
1/p /
<7y (2 ’“’][ ][ u(t, )P dxdt) 9~hko/p
o 1/
< NTl/PZQ “(1al?) @y, (3.2.25)
k=0

where §2k = By for k> 0 and §2_1 = (). Thus, when R = 1, (3.2.24) follows from
(3.2.13) and (3.2.25).

For general R > 0, we take
a(t,z) = R°u(R°/*t, Rx) and f(t,x) = f(R"/°t, Rx). (3.2.26)

It follows that

Ot — La+ M= f in (0,T) x RY,

where T'= R~°/*T', and L is the operator with the kernel R¥? K (R°/*t, Ry) satis-
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fying (3.1.2) with the same v and A as K, the kernel of L. Since

(’8a~|p>1/p (’ Iia ‘)1/17 (| ’p)l/p

(OT XBl/Q OT)XBl/Q OT)XBI/Q

1/p ko 1/p
(‘flp (0T><Bl+N22 | ’p OT><B

we arrive at (3.2.24) by a change of variables. O

3.2.2 The level set argument

In this subsection, we prove Theorem 3.1.6 for general p € (1,00). Recall the equa-
tion

Ofu — Lu+ u = f. (3.2.27)

We start with a decomposition of the solution.

Proposition 3.2.6. Let a € (0,1], 0 € (0,2), T € (0,00), A > 0 and p € (1,00).
Suppose that Theorem 3.1.6 holds for this p, and u € Hg”g(T) satisfies FEquation

(3.2.27). Then there exists p1 = p1(d, o, 0,p) € (p, 0] satisfying
p1—p>d(d,a,0) >0, (3.2.28)

and the following holds. For any (to,zo) € [0,T] x R, R > 0, and S = min{0, t; —

R/} there exist

€ HYy ((to — R/, to) x RY)  and v € HYG((S,tg) x RY),
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such that w = w + v in Qr(ty, o),

1 1 1
(L) G2 40wy + (M0PVY o < VAPV ey (3.2.20)
1 1/p1 1/p iw 1/p
(|L U|p1)QR/2(tO xo) — (|f|p)Q2R (to,x0) + NZQ |f|P (to— RU/a,to)xB2kR(q;0)
k=0
ka 1, p\1/p
+ NZ2 |L | ) t() Rg/a»tO)XBQkR(JfO)
k=0
- —ka (|71 1/p
—I'_ N Z 2 (|L U|p) (to_(2k+1+1)Ra/a7tO)XBR(-TO)7 (3230)
k=0

and

1/p1 1/p - —ko 1/p
(|)\U|pl)QR/2(to xo) - (|f|p)Q2R (t0,z0) +N Z 2 <|f|p) (to—R7/,t0) X B,k (o)
k=0
ka 1/17
+ N Z 2 |>\ | Ra/a,to)XBQkR(évo)

ka 1/p
+ NZ 2 ’)\ |p) 2k+1+1)Ro/a tO)XBR(LUO)’ (3231)
where N = N(d,v,\,a,0,p),
1/
(RSP = || e (@pyattome))  when p1 = o0,

Qry2(to,ro)

and u, f are extended to be zero fort < 0.

Proof. The proof of (3.2.31) would be similar to the proof of (3.2.30) by replacing
L'v with Av. Thus, we focus on (3.2.30).

By a shift of the coordinates and a scaling similar to (3.2.26), without loss of

generality, we assume that o =0 and R = 1.
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For any t, € [0,T], we take a cutoff function ¢ € C§°((to — 2/, 1o + 27/%) x By)
satisfying
C S [0, ].] and C =1 in (to — 17t0) X Bl.

By Theorem 3.1.6, there exists w € H§ ((to — 1,%0) x R?) satisfying
Ofw — Lw + v = (f in (tg—1,t0) x RY,
and
[|L w| + M| 2, ((t0—1,20)x &) < NNCF Ly (to—1,t00)xrY) < NI fllLp(@att0,0)),  (3:2.32)
where N = N(d,v, A, «,0,p). We then obtain the estimate (3.2.29).

Next, we take S = min(0,ty — 1) and v = u — w. Indeed, by taking the zero
extension of w for ¢ < tg — 1, we have w € H7((S, o) x R?). See (Dong and Kim,

2019, Lemma 3.5) for details. Thus, it follows that v € H7((S,to) x R?) and
O — Lv+ = (1-C)f in (S, t) x R%
Furthermore, we take n € C*°(R) such that

1 when ¢ € (to — (1/2)7/%,ty),
n(t) = and || < N(a,0).  (3.2.33)

0  whente (tg— 1,6+ 1),

It follows from (Dong and Kim, 2019, Lemma 3.6) that h := nv € H)7 ((to — 1,%0) X
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R%) and
g+n(l—=C)f in(tg—1,t) x R4 when a € (0,1),
0% — Lh + \h —
nuv+n(l—¢)f in (to—1,t) x R*  when o =1,
(3.2.34)
where

«

T(1-a) /S (t =) (n(t) = n(s))v(s, z) ds.

g(t> 3:) =

Moreover, we take

€€ CF®Y), spp(©) C B [ =1 and ()= /2)

To estimate L'v, we first mollify Equation (3.2.34) and then take L' on both sides

to get
OX(L*h?) — L(L'A) + AL'h® = & + L*(n[(1 — O)f)F) in (to — 1,%0) x R?, (3.2.35)

where v° 1= v %, £&° and

(%

t
() = oy | =700 = () £ ) s,
when « € (0,1) and §(¢,x) = 1 Lv® when a = 1.
Next, we take p; such that

I/pr=1/p—ao/Rad+20) if p<dfo+1/a,

and

pp=o0 if p>dfo+1/a.
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Note that p; satisfies (3.2.28), i.e., the increment is independent of p. By the fact

that L'h® € H)¥ ((to — 1,t0) x R?) and Corollary 3.2.4, we have

1L DN Ly (@1 att0.0) < NLHRENI L, ((t-1.0)x By 1)
< NLRE 4137+ 1L [T = O FIN L ((to—1,t0) x Bs o)

+ NILEE| L (0 -1.80):0 (R 25))

which, by taking the limit of ¢ — 0, implies that

IL' |z, (@ atto.0) < NILRL 4 1G]+ 1L (01 = ) FDI Lo ((to—10)x By 0)

+ NIL A 1y to-1,t0)51 (R, (3.2.36)

where
«

M0 =T )

/5 (t — 5y ((t) — n(s)) L'o(s, z) ds

when a € (0,1) and §(t,z) = n'Lv when o« = 1. Then, by the definition of h and
(3.2.36), we obtain

1L L, (@1 jato.0)) = LRI Ly, (@1 o (t0.0)
< N ] + 131 2o (to-10)xB1) + NILH (1= O ) Lo(to-10)x By 0)

+ N”le”Lp((tofl,to);Ll(Rd,w))7 (3.2.37)

where N = N(d,v, A, a,0,p,p1). We estimate the terms on the right-hand side of

(3.2.37) separately as follows.

When « € (0,1), a similar computation as in (Dong and Kim, 2019, Proposition



156

5.1) leads to

ka 1 1/p
HgHLp (Q1(t0,0)) < NZ2 L |p) (to—(2k+141)9/ 2 t5)x By

k=0
ka 1 1/p
+ NZ 2" |L | ) —(2kF141)0/ @ t0)x By
k=0
ka 1 1/p 1 1/p
< NZQ L ‘p) (to— (2k+1+1)°/a,to)xBl N(IL w’p)Ql (t0,0)
k=0
ka 1 1/p 1/
< NZQ ’L |p) (to— (2k+1+1)°/a,to)xBl (’f|p)th ,0)° (3.2.38)
k=0

where in the second inequality we used the fact that w vanishes when ¢t < £ty — 1, and
in the last inequality, we used (3.2.32). Recall that when o =1, § = n/L'v. Then it

is easily seen that

1/ 1/
190 2@ o0y < N(L ) o s im T NP Ga0.0)-

Also, by the fact that 1 — ¢ vanishes in Q;(to,0) together with the Minkowski in-

equality and Holder’s inequality, we have

1LY (1 = Q) F) Ly ((to—1,t0)x By )

< NH/Rd (1= CCy ) fC -+ )|yl dyHLp((toq,to)ng,M))

< N (1= 4G+ DY dyll L, (to-1,00) By )
lyl>1/4
<N 2—’“1"“/ [f (- 9 Ayl Ly (o—1.60) < Bs )
k=-1 By \Byk—1

< NZ2 ’“’(][ ][ f(t, )P da dt) 1/p. (3.2.39)

Finally, using an estimate similar to (3.2.25) together with the fact that v = u—w
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and (3.2.32), we obtain

IL 0| 1, ((to—1,t0); 1 (R,))
o0
S N Z 27k0(|L1,U|p> 1/p

(t()fl,lf())><B2;C
k=0

< NZkaa((’Llu‘p)l/p + (lLlw‘p)l/P )

(tofl,to)Xsz (tofl,to)XBQk
k=0
<Ny ohr(Ltul) + NP (3.2.40)

(tofl,to)XBQk QQ(tO:O).
k=0

Thus, combining (3.2.37), (3.2.38), (3.2.39), and (3.2.40), we arrive at (3.2.30) when

R = 1. The proof of (3.2.31) is similar (and actually simpler) by using

1Pz, @1 atto0)) < NIAL+ 1912, (to-1.00)%Bs ) + NP Lo (cto-1,00):L0 R0

instead of (3.2.36). We omit the details. The proposition is proved. ]

Next, with the estimates above, we verify Assumption 3.4.4 of Lemma 3.4.5,
which is the key to the level set argument. For R > 0, p € (1,00), and p; =

p1(d, a, o, p) from Proposition 3.2.6, denote
A(s) = {(t,z) € (—00,T) x R? : |L'u(t,z)| > s},
and

B,(s) ={(t,x) € (—00,T) x R*:

YHE(MIFP ()P + P SMI L ufP (¢, )P > s ) (3.2.41)
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Also, we write

Cr(t, ) = (t — R7/* t + R°/*) x Bg(z) and Cg(t,z) = Cr(t,z) N {t < T}.
(3.2.42)

Lemma 3.2.7. Let v € (0,1), « € (0,1], 0 € (0,2), T € (0,00), R >0, A > 0
and p € (1,00). Suppose that Theorem 3.1.6 holds for this p, and u € H)7(T)
satisfies Equation (3.2.27). Then, there exists a sufficiently large constant k =

k(d,v, \,a,0,p) > 1 such that for any (ty, z¢) € (—oo,T] x R and s > 0, if
ICi(to, xo) N A(ks)| > v|Cx(to, z0)], (3.2.43)

then we have

~

Ci(to, mo) C By(s),
where R = 27172/7R.
Proof. By dividing Equation (3.2.27) by s, we assume that s = 1.
First note that since u vanishes when ¢ < 0, if t; + R°/* < 0, then
Crl(to, o) NA(k) C {(t,z) € (—00,0) x R : [L'u(t,z)| > 1} =0,
and (3.2.43) is not satisfied. Thus, it suffices to consider the case when to+ R?/* > 0.

We argue by contradiction. Suppose that there exist some (s,y) € C #(to, zo) such
that

Y TPMIFIP (s, )P+ PSS ML ufP (s, ) VP < 1. (3.2.44)

Let t; := min{t, + R°/*, T}. Then by Proposition 3.2.6, for S = min{0,#, — R°/*},
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there exist w € Hyg ((t1 — R7/*,t;) x RY) and v € H7((S, 1) x R?) such that

u=w+vin Qg(ti, o),

1 1
(L") T 1 we) < NUFPIGE 01 o) (3.2.45)
and
1 1/p 1/p
(‘L U|p1>QR/2(t1 x0) — (‘f'p)QQR (t1,20)

© 1/p
+NZ2"“’(][ f tx|pdxdt)

k=0 t1—Ro/ 2kR

s 1/p
+ND 2 ( f |L u(t, y)|P dy dt)

k=0 —(2k+1+1)Ro/ J BR(xo)

e p
+NY 2k ][ ][ | L u( ty)|pdxdt) , (3.2.46)
k=0 t1—Ro/* J B, p(z0)

where N = N(d,v, A, a,0,p). We have

(s,y) € 51%(150,370) C Qry2(ti, o) C Q2r(t1, x0),

o~

(S,y) € Cé(to,.’ﬂo) C (tl — (2k+1 -+ 1)Ro/a,t1) X BR(LBO),

and

~

(s,y) € Cx(to, o) C (t1 — R”/a,tl) X Barp(xg)

for all k = 0,1,.... By these set inclusions together with (3.2.44), (3.2.45), and

(3.2.46), we infer

1 1
(|L1U|p1)Q/1§/12(t1,on) = N,yl/pl and (|L1w|p)Q/1§(t1,xo) = N,yl/l?7

where N = N(d,v,A,a,0,p). Then for a constant C; > 0 to be determined, by the
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Chebyshev inequality,

Ci(to, 20) M A(x)]
= |{(t,x) € Cx(to,20),t € (—00,T) : |L'u(t,z)| > K}
< }{(t, z) € Qpya(ti, o) : | L u(t, x)| > m}|
< [{(t,2) € Qrpa(tr o) = [L'w(t,2)] > & — O}
+ |{(t,2) € Qrpa(ts, o) : [L'v(t, z)| > C1}]
< /Q M(mo)(m — Cy)P|L'wlP + C; P | LMol de di

NPY|Qry2| Npl’Y|QR/2|1
= (k= Cy)p cr p17#00

NP NP
< No(d, o, 0)|Cé(to,ﬂfo)|7(m + <a> 1p17éoo)-

By first taking a sufficiently large C, = C1(d, v, A, o, 0, p) such that

No(N/Cy)P < 1/2,

and then taking a large k = k(d, v, A, a, o, p) so that

NoN?/(k — Cy)P < 1/2,

we obtain

[Ca(to, x0) N A(K)| < 7|Cx(t0, z0)]- (3.2.47)

However, (3.2.47) contradicts (3.2.43). The lemma is proved. O

Remark 3.2.8. By replacing L'u with Au in the above proof together with (3.2.31),
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we conclude that Lemma 3.2.7 holds for
A'(s) = {(t,z) € (—00,T) x R" : | Au(t,z)| > s},
and

B.(s) = {(t,x) € (o0, T) x R :

TV MIFP ()7 7 (S M (2 2) P > ).

We are ready to prove Theorem 3.1.6 for general p € (1,00).

Proof of Theorem 3.1.6. Since the existence of solutions for the equation
Ou+ (=A)7Pu = f

was derived in (Kim et al., 2021, Theorem 2.8), by the method of continuity, it
suffices to prove the a priori estimate (3.1.8). Note that by the argument in Remark
3.1.7, if (3.1.8) holds for smooth functions, then (3.1.12) holds for smooth functions.
Thus, by the density of smooth functions in HJ7(T'), without loss of generality, we
assume that u € C°([0,T] x R?) with u(0,-) = 0.

We first consider the case when p € [2,00) by using an iterative argument to
successively increase the exponent p, which is referred to as the bootstrap argument.
Recall that we have proved the base case when p = 2. Now we assume that the

theorem holds for some py € [2,00), and we prove (3.1.8) for p € (po,p1), where
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p1 = p1(d, o, 0,pp) is from Proposition 3.2.6. Note that
1L ll} gay=p [ A(s)[s""ds =pr” [ |A(ks)|s"™ ds,
Lyg) =P | .
and Lemma 3.2.7 together with Lemma 3.4.5 leads to
|A(ks)| < N(d, a)7|B,(s)|

for all s € (0,00), where K = k(d, v, A, o, 0,p) is from Lemma 3.2.7 and A, B, are
defined in (3.2.41). Thus, by the Hardy-Littlewood theorem for strong maximal

functions,

Il g, < Npi3 / 1B,(s)|s" 1 ds

P ds

< Ny /Ooo H(t,x) € (00, T) x RY : 4~ o1 (SM|L'ufP (¢, )70 > 5/2}

P~ ds

# 3y [T {t) € (oo 1) x RE T M) > 572}

< Ny PP LYl gy + NYTPPULI )
where N = N(d,v, A, «,0,p). Similarly, by Remark (3.2.8), we have
|A'(ks)| < N(d, a)v|B,(s)],

which implies that

||)‘u||2p(R%) S N - p/p1||)\u||L (]Rd +N’yl p/ponHL (]Rd

By the fact that p < p;, we take a sufficiently small v € (0, 1) so that

NyP/e < 1/2,
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which implies (3.1.8) for p € (po,p1). We repeat this procedure. Recall that p; — p
depends only on d,a,c. Thus in finite steps, we get a py which is larger than
d/2+ 1/a, so that py = p1(d, @, pg) = 0o. Therefore, the theorem is proved for any

pE [2,00).

For p € (1,2), we use a duality argument. Again, we assume that u € C§°([0, 7] x
R%) with u(0,2) = 0 and prove (3.1.8). Let L* be the operator with the kernel
K(—t,—y), where K is the kernel of L. For p’ = p/(p — 1) and ¢ € Ly (R%), there

exist w € H;9((=T,0) x RY) satisfying
Ofw — L*w +  w = ¢(—t,z) in (=T,0) x R?
and

| L w| + |/\w|||Lp/((—T,O)><Rd) < N||¢(_t>$)||Lp/((—T,O)><Rd) = N||¢||Lp/(RdT);

where 0fw = 9,I';*w and N = N = N(d,v, A, a, 0,p). It follows that

T 0
/ / ¢L udx dt :/ d(—t, x) L u(—t, ) dw dt
0 Jrd —7 JRd
0
= / / (0fw(t,z) — L*w(t, x))L'u(—t, x) do dt
T JRA
T
- / / (O ult, ) — Lu(t, )LV w(—t, ) d dt
0 Jrd
T
= / ) (L) w(=t,x) dvdt < NIfllz, @) llol, ) (3.2.48)
o Jr
Note that for the third equality, if w is smooth, then we apply the Plancherel theo-
rem to the integral of L*w(t, x)L'u(—t,z) and apply an integration by parts to the

integral of Ofw(t, x)L'u(—t,z) using the zero initial conditions of w and w. If w is

not necessarily smooth, we take wy, € C§°([—T,0] x RY) with wy(—T,0) = 0 such



164

that

wy —w  in HYG((=T,0) x RY).

Similarly, we have

T T
| [ odear= [ [ topvo(—t.a)dede < NIl 0l o)
0 R4 0 R4

(3.2.49)

Thus, by (3.2.48) and (3.2.49), we arrive at (3.1.8). As before, by the method of
continuity, the solvability and thus theorem are proved for the remaining case when

pe(1,2). ]

Proof of Corollary 3.1.8. With Theorem 3.1.6, the proof of Corollary 3.1.8 proceeds
similar to that of Corollary 3.1.10, using the frozen coefficient argument and a parti-

tion of unity. We refer the reader to the proof of Corollary 3.1.8 at the end of Section
3.3. O

3.3 Equations in L,,,, when a =1

In this section, we prove Theorem 3.1.9 by deriving a mean oscillation estimate of

u € H)7((—o0, T) x R?) satisfying

O — Lu+ X u=f in (—o0,T) x R%
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In particular, for ¢, € (—oo, T, we are going to decompose u = w+v in (tg—1, 1) x R?

and estimate them separately, where w € H;;fo((to —1,ty) x R?) satisfies
ow—Lw+ A w=f in (tg—1,t) x R? (3.3.1)
and
Ov—Lv+ =0 in(tp—1,1) x R (3.3.2)
Note that the decomposition above differs from the one in the previous section.

Throughout this section, We denote L' to be an operator satisfying (3.1.3) when
o = 1 and (3.1.6). Furthermore, for » > 0 and z = (z%,...,2%) € RY, the cube

centered at z with radius r is defined as

Co(2) = (2" = 71/2,2  +7/2) x (22 —1/2,22 +7/2) x ... x (2% —71/2, 2% +1/2).

We start with the estimate of v. In the following proposition, using the Sobolev
embedding and an iteration argument, we bound the Holder semi-norm of Llv, in
particular (—A)?/?v, by a sum of its L, norms taken over cubes of fixed size centered
at integer points. For the convenience of computation, we use cubes instead of balls
in the spatial coordinates. Note that since B, CC, C Bz, /2, We can replace the

norms taken over balls with norms taken over cubes in Corollary 3.2.4.

Proposition 3.3.1. Let o € (0,2), pp € (1,00), to € R, andv € ]H[}Dg’((—oo,tg) x R%)

satisfy (3.3.2). Then for any r > 0,
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1. for any p € (py, ) and xy € RY, we have

(| olP)4? <N ST+ ||y (1Ll (3.3.3)

Qr/2(to,ro) — (to—r7 ,to) X Cr(z4xz0)
z€Z4

and

1/p d+o\—1 1/po
(N gy SN S ) D) (334
2€7Z4

where N = N(d,v, A, 0,po,p)-

2. For any x¢ € RY, there exists T = 7(d, o) € (0,1) such that

1 _r d+oy—1(|71 1/po
(L) ror (@, pattomon < NPT D (L 1) THIL 0P) 07 o ovmn)

z€74

(3.3.5)

and

—T d+o\—1 1/po
[)‘U]OT/"*T(QT/Q(to,zo)) < Nr Z(l +2]77) (’)\U‘po)(tofra,to)XCT(era:o)’

z2€74

(3.3.6)

where N = N(d,v, A, 0, pg).

Proof. The proofs of (3.3.4) and (3.3.6) are similar to the proofs of (3.3.3) and (3.3.5)

by replacing L'v with Av. Thus, we focus on (3.3.3) and (3.3.5).

By scaling and shifting the coordinates, we assume that r = 1 and zy = 0.

Moreover, for m = 1,2, ..., we take p,, = p(d, o, py) satisfying

1/pm = 1/po —ma/(d + o) (3.3.7)
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whenever the right-hand side is positive.

We first prove (3.3.3). We take cutoff function n € C*°(R) satisfying (3.2.33). It

follows that nv € H,% (o — 1, %) x RY) and

Oy (nv) — L(nv) + M) = 9y(nv) —ndw = vy’ in (to — 1,t0) x R (3.3.8)
Taking L' on both sides of (3.3.8) leads to
O(nL*v) — L(nL'v) + A(nL'v) = L'on’ in (ty — 1,t) x R<. (3.3.9)

Note that if v is not regular enough, we can first mollify the equation and then
take the limit of the estimate as in (3.2.35). Moreover, note that by the Minkowski

inequality

L0 2y (01,102 (B )

to ) 1 . 1/po
_ LY(t, z)|——— dz)™ dt
(L et s o) )

to 1
< / (/ |L'o(t, z)[Po dt)l/po—d dx
R4 to—1 1 + |':B| to

to 1
< / / \LYo(t, z) P dt) /" ———— da
Z Ci(2) ( to—1 ) 1+ |z]dte

2€7Z4

to 1/po
<N S0+ (£ putn o dsa)
to—1 JC1(2)

2€Z4

SN Y ) (L o)

(tofl,to)xcl(z) ’
z€Z4
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Hence, by applying Corollary 3.2.4 to (3.3.9), we have

IL 0|1, (@ a(t0,0))
< ||77L1U||Lp1((to—l,to)XBuz)
< NILl| Ly (tto-1.t0)x 1) + NIL I L, (10— 1035 (R0

<N (L |2 H) (L) 7 (3.3.10)

(to—1,t0)xC1(2)’
2€74

where N = N(d,v,A,0,py). If p < p1, then we arrive at (3.3.3) by Hélder’s inequal-

ity.

Otherwise, note that with a minor modification of the above estimates, we con-
clude that
v, (-A)G/2U, o € Lpl((to — 1/20,t0> X B3/4).

Furthermore, we take a cutoff function
Ce COOO(Rd)a (=1 inByp, and (=0 in By,

By taking the mollification (in both the time and the spatial variables) of (v as the

defining sequence, we conclude that
(v € H7 ((to — 1/27,t9) x RY). (3.3.11)

Moreover, similar to (3.3.10) with a shift of the coordinates and some minor modi-

fications, we have

L1012, (10— (1/2)7 t0)% B g 0))

<N ST+ ey (L) (3.3.12)

(to—1,t0)xC1(2+=z0)"
z€7Z4
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Therefore, by taking anther cutoff function in time together with (3.3.11), Corollary
3.2.4, and (3.3.12), we obtain

L]l £, (@1 a(t0.0))

dtoy—1(171 1/p1
S N Z(]‘ + ‘Z| ) (|L U|p1)(to—(1/2)0-7t0)><01/2(2)

z€Z4
o\— T\~ 1/
SN ()Y (W fy = 2L ) e
z€Z4 yeZ
d+oy—1(|71 1/po
<N (1427 (L V) (oot to)xCr (27
z€Z4

where for the last inequality, we used

DA )T L fy — 2

z€7Z4

< N 0)(1+[g]#7) 7S [ [ ) 7 o (1 Jy — 2f)

z€74

< N(d, o)(1 + Jy|™7) 7"

We repeat the above process with p,,, m = 3,4,5,..., finite many times until
pi > por p; >d/o+ 1. Note that the number of iterations depends only on d, o,

and p by (3.3.7). Thus, by a covering argument, we obtain (3.3.3).

For (3.3.5), if po > 2(d/o + 1), then by Corollary 3.2.4, we can replace the left-
hand side of the inequality (3.3.10) with [le]CT/U,T(Ql/Q(tO,O)) to get (3.3.5). Otherwise,
we apply the iteration argument as above until p;, > 2(d/o + 1), and by a covering

argument, we arrive at (3.3.5). The proposition is proved. ]

Remark 3.3.2. Tt is worth noting that the operator we considered in Proposition 3.3.1

was local in time, i.e., &« = 1. For general @ # 1, it is not clear to us whether one
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can derive a similar estimate. In particular, we cannot get an expression as simple
s (3.3.9) (see the extra g term on (3.2.35)), and the second inequality of (3.3.10)

no longer holds.

Next, we estimate the non-homogeneous part, which satisfies the zero initial
condition at ¢ = t; — 1. In the following proposition, we denote || -||p.0

1 W2y ((to-1.t0)xs) for any @ C R and ||« [lpg == 1| [[2,,, ((to-1,t0)xR)-

Proposition 3.3.3. Let ty € R and w € ]H[;E)‘To((to —1,t9) x RY) be such that
ow—Lw+ w=f in (to—1,t) x R%
Then, for any ro € R? and R > 1, we have

(I )i )+ A(fwf) e

(to lto)XBR/Q(Z‘o (to lto)XBR/2

< NZZ ko (| fPo) (3.3.13)

(to—1,t0) X By, 5 (20)’

where N = N(d,v, A, 0, pg).

Proof. By shifting the coordinates, we assume that o = 0. It follows from Corollary

3.2.5 that

(’Llw’po)l/po + <| ’po)l/po

to 1t0)><BR/2 to 1t0)><BR/2

1/po k 1/p0
(‘f|p0) (to—1,to)xBr + NZQ U ‘PO (to—1,t0) X Bok

N(|f[7) +N Z 275 Ay, (3.3.14)

to ].to ><B
k=0
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It remains to estimate A;. By Lemma 3.4.2 and Corollary 3.2.5, for each k = 0, 1,

.y

Ay < N(|9gw[re) /P

(to—1,t0)X Bk

po)1/Po S —(j+k+1)o po) 1/po
= N(|f| 0)(t0_1’t0)XBZk+1R +N Z 2 (|w| 0)(t0_17t0)Xsz+k+1R
§=0
1/po = o
= N(’f|p0)(t0*1,to)><32k+1R +N Z 2 Aj’ (3'3'15)
j=k+1

where N is independent of k. By first multiplying both sides of (3.3.15) by 2%

and then summing over k = kg, kg + 1, ..., for some integer ky to be determined, we
obtain
LR
k=ko
- —o(k+1) 1/po - —ok = —0j A .
S N Z 2 (|f|po)(t0—l,t0)xBQk+1R + N Z 2 Z 2 JA]
k=ko k=ko j=k+1
00 —oko o
—o(k+1) po) 1/po N2 —0j A .
S N Z 2 (’f’ 0)(t071,t0)X32k+1R + 1 _ 2—0’ Z 2 A]'
k=ko j=ko+1

Picking kq sufficiently large so that ]\173;];0 < 1/2, we have

S aaL < N3 2ok

(to—l,to)xBQkR‘
k=ko k=ko

Therefore, by induction,

D27 kAL < N T2k (| f) 7 (3.3.16)
k=0 k=0

(to—1,t0)XBok i

Indeed, if there exists N = N(d,v, A, o, py) such that

o0

D2 AL SN Y2

(t0_17t0)><B2kR
k=j k=j
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for j =1,2,..., ko, then, by (3.3.15),

[e.e]

Z 27UkAk < 270(]'71)Aj71 + 22701614]6

k=j—1 k=j

< N2—0j(|f|po)1/p0 + NZ 2_kUAk

(to—l,to)XszR
k=j

—ok 1/
<N Y 2 (1) o t0) B
h=j—1

Therefore, by (3.3.14) and (3.3.16), we arrive at (3.3.13), and the lemma is proved.
O

Remark 3.3.4. Tt is worth noting that although the operator we considered in Propo-
sition 3.3.3 was local in time, i.e., @ = 1, the proof still works for any « € (0, 1] since

the embedding used in (3.3.15) still holds in this case.

With the estimates of v and w, we are ready to prove a mean oscillation estimate

for w.

Proposition 3.3.5. Let 0 € (0,2), T € (0,00), po € (l,00), and u €
H,7 ((—o0,T) x RY) satisfy

ou—Lu+ = f in(—oco0,T)xR%
Then, for any (to, ) € (=00, T] x RY, r € (0,00), and k € (0,1/4), we have

(|L1u - (Llu)Qnr(t07x0)|)Qlﬂ‘(t0710) + (|Au - ()\U)Qnr(tnyo)|)Qn’r(t07mo)
T - —ko 1 1/po 1/po
< NRTY 2T LR ) 0 e s o) X o e ty o)
k=0

oo

N0 Tk (| ) (3:3.17)

(to—77,t0) X Byk,.(0)’
k=0
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where T = 1(d,0,pg) and N = N(d,v, A, 0,p).

Proof. By shifting the coordinates and scaling, we assume xq = 0 and r = 1. More-
over, by Theorem 3.1.6, there exists w € ]HI;’O‘TO((tO — 1,tp) x RY) satisfying (3.3.1).

Also, v :=u —w € H7((—o0,ty) x RY) satisfies (3.3.2).

Next, by Holder’s inequality and Proposition 3.3.3,

(IL'u = (L) g, (10,00 ) @ t0,0) + (At = (A1) 0, (20,0 ) @ (t0,0)

(dto 1
< (IL' — (L") guitom) D @nton) + N~ F )/p0(|L1w|p0)Q/1p/02(to,0)
_(dto 1
+ (Ao = (A0) g, t0.0))@rtto0) + NiF )/p°(|>\w|p°)Q/ﬁ(;(to,o)

< (IL' = (L) grto) ) @nto,0) + (1A = (A0) 00,00 ) @ (t0.0)

+ N~ (@+o)/po Z 2—k0(|f|p0)1/p0 (3.3.18)

(to—1,t0)x By’
k=0

For the first two terms on the right-hand side of (3.3.18), by Proposition 3.3.1, there

exists 7 € (0, 1) such that

(IL' = (L") qu 0.0 @nto0) + (A0 = (A0) Qs t0,0)]) @u t0,0)

< KT[LY] o uto0)) T KT [N crror (@ ato0)

; o\ 1/ 1/
< Nk Z(l + [z #) 7 [(|L1U‘p0)(top—ol,to)xCl(z) + (’)\U‘po)(top—ol,to)xCl(z)]

z€74

T d+o\—1 1 1/po
S NKI Z(l + |Z| ) <|L u|p0)(to—l,t0)><01(z)

z€74

. d+o\—1 1/po
VKT T N) 0 e

z€74

r oN— 1/ 1/
+ Nk Z(l + [2|T) 7 |:(|L1w|p0)(topjl,to)XCl(z) + (|/\w|p0)(top—ol,to)XC1(z)]
2z€74

=: N&"I1 + NK"Iy + Nk I3. (3.3.19)
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To estimate Iy, I, and I3, for R > r > 1, we denote Ny to be the number of z € Z¢

lying in Bg, and N, g to be the number of z € Z¢ lying in Bg \ B°. Note that
Nyr < Ng and [Bg_zsl < Ne <|Bg,yapl < N(d)R?, (3.3.20)
and for £k =0,1,2,3,..., we have
Nk gri1 > N(d)2%. (3.3.21)
Then, by Holder’s inequality for /,,, (3.3.20), and (3.3.21), we have

1 1/po
(‘L ’po) to 1t0)><01(0)

oo 2k+1
Kd—ke (| L1y [po 1/po
<Nkz% ZkQ L ul )(to 1,to)x C1(2)
|z[=2
z€Z%
2k+1
kd—ko Ly |po) H/Po
< NZ2 NQk ,2k+1 Z 2k 2k+1 ’L u| )(tO—LtO)XCl(Z)
|2|=2"
zeZ?
kd—k - L "
o - bo
< NZQ Ngk 2k+1( Z NQk 2k+1(|L | )(to 1t0)><C'1(Z))
k=0 |z|=2F
2€74

<N22 ko |L1 |p0)1/p0

(to ltO)XB2k+1+\/g 2'
k=0 /

Thus,
I < NZZ (| Lufr) 7 . (3.3.22)

to 1 tO)XBQk
k=0

Similarly, by replacing L'u with Au, we conclude that

I < NZQ (| Xul™) 7 . (3.3.23)

to 1 to)Xsz
k=0
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For I3, by Proposition 3.3.3, we have

d+0’ g- l/po
[3<NZ 1+’Z‘ ZQJ |f‘p0 (to—1,t0) X By (%)

2€74
<N (1+]z]")" 22 P7(1F17) ot t0y 0 o) (3.3.24)
2€7%
For j >0, 2= (z%,...,2%,i= (i',...,i%) € Z¢ and each component of i takes value

in {0,1,...27 — 1}, we denote
= (= (@ - D)/2 42— (2 - 1) 2 i),

Since C4(z;;) is disjoint with respect to ¢ for fixed z and j, and it is also disjoint

with respect to z for fixed ¢ and j, we have

/ / £ = / Lo
| | —ok to 1 to | ‘ 2k i to 1,t0) C1 zj 1
2€74 2€27

< gmin{k.j}d / / | fIPo. (3.3.25)
(to—1,t0) v Byj—1. /g, ok+1
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By (3.3.24), (3.3.21), Hoélder’s inequality, and (3.3.25),

0' 1/130
I3_NZ2 ’ ‘flpo (to—1,t0) x Cyy; (0)

co 2k+1
kd—ko ]cr D 1/p0
<N 5SS
|z]=2
2€7
2k+1
ko—jo 1 1/po
SN S NG ()
k=0 j=0 |z|=2F
z€Z%
2kt 1/po
NIy o 30(2 = / / |f,po>
k=0 j=0 |z|=2 (to—1L,t0) v Cy;(2)
2€7.2
1/po
< NZZZ ko— _]0'(2 kd— ]d2m1n{kj}d / |f|p0)
ke 0] 0 (to—1t0) J Byj—1, /g ok+1
—ko—jo 1/po 1/po
< NZZQ ’ ( (|f|p0)(to 1,t0) X B, + 1k<j(|f|p0)(to—1,to)xB2j)
k=0 7=0
ka 1/po
<N22 |f|p0) 0 1t0)><B2k
k=0
which implies that
0' 1/
I; < NZQ L) sy, (3.3.26)

Thus, combining (3.3.18), (3.3.19), (3.3.22), (3.3.23), and (3.3.26), we arrive at

(3.3.17), and the proposition is proved. O

Next, we introduce the dyadic cubes as follows: for each n € Z, pick k(n)€ Z
such that

k(n) <on < k(n)+1,
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and let

) 10+ 1 1 1 +1 g tq+1
[ - T - +T)X[2_iz’ 1277, )X"'X[2—i, d2n )

= lgm T Zm

7

and

Cn = {QHZQ?ZO id):zz(i07"'vid)GZd+17i0§_1}'

-----

Furthermore, denote the dyadic sharp function of g by

n<oo

g5, (tx) = Sup][ 19(s,y) — gim(t, z)| dy ds,
Q?B(t,x)

where

gn<t,x>=][ g(s.y)dyds for (t,z) € QL.
QY

Proof of Theorem 3.1.9. Step 1. The a priori estimate.

We first prove (3.1.18) under the assumption that u is compactly supported in the
spacial variables. For the given w; € A,(R,dt) and wy € A,(R?, dz), using reverse
Hoélder’s inequality for A, weights, we pick v1 = 71(d, p, M1) and vy2 = 72(d, ¢, My)

such that p —v; > 1, ¢ — 72 > 1, and
wy € Ay, (R, dt), wy € Ay, (R dx).

Take pg = po(d,p,q, My) € (1,00) so that

Po = min b , q > 1.
P—7 ¢— 72

Note that
wy € A, (R,dt) C A%(R, dt)
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and

wy € Ay, (R dz) C Aq (R? dx).
PO

From these inclusions and the fact that u € H;:ngvo(R%), it follows that u €

H;gjo’loc(R%). See the proof of (Dong and Kim, 2018, Lemma 5.10) for details.
Furthermore, since w is compactly supported, we have u € H;BC,TO(R%? and u €
H}Jé"((—oo, 0) x R%) by taking the zero extension for ¢ < 0. Therefore, by Proposi-

tion 3.3.5, for any 7 € (0,00), k € (0,1/4), and (t1,z0) € (0,T] x R we have

(|L1u - (Llu)Qnr(tth)|>Qr€'r(t17x0) + (|)\u - ()\U)Qnr(tlyxo)|)er(tl7x0)

< NHTZQ_kJ[(|L1u|pO)1/pO + (|/\u|p0)1/1?0 ]

p (tl—’r‘o,tl)XBri(a:o) (tl—TJ,tl)XBQkT(.ro)
=0

N @)/ S gmko (| ey (8.3.27)

(tl—TU,tl)XBQkT(.To)’
k=0
where 7 = 7(d,0,p,q, My) and N = N(d,v,\,0,p,q, M).

Note that for any (to,z0) € R%, n € Z, and (% containing (to, o), there exist

r=r(d,o,n)> 0 and t; = min(7, to + r?/2) € (—oo,T] such that
Q2 C Qultio) and [Qu(t, )] < N(d,0)|Q2]

Thus, by (3.3.27), we have

][ [Llu(s,y) — (L'u),, (o, zo)| + [Mu(s, y) — (M), (to, x0)| dy ds
Q73(to,zo)

g NHTZ2_kU|:(‘L1u’p0)1/pO )+ (’)\u’po)l/po ]

— (tlf(’r/l{)a,tl)XByvr/n(Io (t17(1”/li)a,t1)><B2kr/n(:t?0)

+ N/i_(d""ff)/po Z 2—ka(|f|p0)1/m

(tl—T‘U,tl) XBri/K(Io)
k=0

< N(faf(swﬂmm)% RS M) + f@‘(d+”)/”°(8/\/l|f|”°)”1°) (to, 30).
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where N is independent of n and k, and for the last inequality, we used that for any

function g and A C B,

‘f ~f o= f o=@l

Therefore,

(L'u),(to, o) + (Mu)F (to, 7o)

< N(RT(SM|L1u|p°)Plo KT (SM| Ml + =@/ (S M| f|p0)zfo) (to, o).

Then, by the weighted sharp function theorem (Dong and Kim, 2018, Corollary 2.7)
and the weighted maximal function theorem for strong maximal functions (Dong and

Kim, 2021, Theorem 5.2),
HLlqu,q,w + H)‘qu,q,w < N"QTHLlqu,q,w + NHT"Auylp,q,w + N”_(d—i_a)/pOHfHP,q,w’

where N = N(d,v, A, 0,p,q, M;). Therefore, by taking a sufficiently small x < 1/4
such that

NKT < 1/2,

we get

1Ll g+ Al < NI lEp g0

Since the space of functions that are compactly supported in the spacial variables is

dense in ]I-]Ipq wol

T), we obtain (3.1.18) and the continuity of d; — L. Then (3.1.19)

follows from the Equation (3.1.17) together with the triangle in equality.
Step 2. Fxistence of solutions.

By the method of continuity, it suffices to prove the existence of solutions for the
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simple equation with L = —(—=A)?/2 and A = 0. By the a priori estimate proved
in Step 1 and the density of smooth functions in Lebesgue spaces, without loss of

generality, we assume that f € C5°((0,00) x RY). Let

t
uta) = [ [ o= sz =i dyds (3.3.28)
0 JRrd
where ((t,€) = e 1", Then by (Kim et al., 2021, Lemma 4.1),

o+ (—A)2u = f.

When p = g, it follows from (Fackler et al., 2020, Theorem 5.14), a Fourier

multiplier theorem, that

||8tu||L,,,w(RdT) + ||(_A)a/2“||Lp,w(RdT) < NHf”Lp,w(RdT)-

For general p and ¢, using the same definition of u as in (3.3.28) together with the
extrapolation theorem in (Dong and Kim, 2018, Theorem 2.5) or (Cruz-Uribe et al.,
2011, Theorem 1.4), we have

||atu||Lp,q,w(RdT) + ||(_A)U/2U||Lp,q,w(RdT) < N||f||Lp’q7w(R%)7

which implies that u € H;”; wo(R$). The theorem is proved. O
Next, we prove Corollary 3.1.10 using the frozen coefficient argument and a par-

tition of unity.
Corollary 3.3.6. Let 5 € (0,1), a € (0,1], 0 € (0,2), T € (0,00), p € (1,00), A >
0, M; € [1,00), and [w],, < My. There exists ro = ro(d, v, A\, a0, 0,p, f,w, My) > 0

such that under Assumptions 3.1.1 and 3.1.3, for any u € H2? (RL) supported on

p,w,0
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(0,T) x B, (1) for some x; € R and satisfies
ou—Lu+u=f in RE

we have

10vull s, gy + 1 (=2) 2l ey + Alull, o)

< NHfHLp,w(RdT) + NHUHL,,,U,(R%)a

where N = N(d,v,\,o,p, My, 5,w).

Proof. This follows from (Dong et al., 2021, Lemma 5.1) and Theorem 3.1.9 with
the frozen coefficient argument. See the proof of (Dong et al., 2021, Lemma 5.2) for
details. O

Proof of Corollary 3.1.10. First, the continuity of d, — L follows by (Dong et al.,
2021, Corollary 2.5). By Theorem 3.1.6 together with the method of continuity, it

remains to prove the a priori estimate (3.1.15).

We first consider the case when b = ¢ = 0 and p = ¢ with general weight
w(t, ) = wy(t)wy(x). We take ry from Corollary 3.3.6, and use a partition of unity

argument with respect to the spatial variables. Let ¢ € C§°(B,,) satisfy
Iz, =1 1DeCllz, <N, D3¢z, <N, and ¢.(2) = ((z — 2),
where 2z € R? and N = N(d,v, A, 0,p, 5,w). It follows that

at(Czu) - L(Czu) + )\Czu = sz + CZL/U/ - L(Cz“)
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By Corollary 3.3.6, for any ¢ € (0, 1),

0l gy + IAT 2l TN,
— /O ' /R d /]R d (\Cz(x)ﬁtu(t,x)\p—l—|Cz(x)>\u(t,:c)|p)w(t,x)w(t,x) dz do dt
+/T /Rd RdKZ(:C)(—A)"/Qu(t,x)\pw(t,x) dz dx dt
/ /R/R 0(G(@)ult, )P+ PG (2)ult, )P )w(t, z) d= de di
+N/ /Rd Rd\ A)2(Cu)(t, x)[Pw(t, z) da dz dt
N / [, 6@ Earut.a) - (a7 P et ul,g) deds d
<N/ L, [ (c@reor +c@utop)oto dedsa
LN /0 é L 6@t x) = Gt ) Pult, o) d d=

+ N/o /Rd . |Cz<x)(—A)0/2u(t,x) — (_A)UM(CZU)(La?)|pw(t,m) d d= di

< NG, @y + Nllullz, ,@ay + LostNIDully | ey + Lo=iellDully | ga)-

(3.3.29)

Indeed, for the last inequality, to estimate
T
- / / / (@) Lult, 2) — L(Cu) () Pws (2)wn (1) de d- dt,
0 JRrdJRE
we consider the following three cases depending on the value of . When o € (0, 1),

|G () Lu(t, x) — L(Cu)(t, ©)]

() Lu(
< N( / E / f)|<z<ac+y> @)l x4 il dy = I+ 1.
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Since

1
B [ qutta gl DG syl dsdy,
0

By

by the Minkowski inequality, (Dong et al., 2021, Lemma 3.2), and the weighted

Hardy-Littlewood maximal function theorem, we conclude that

/OT / /Rd@% (1,2, 2))Puws () (8) d d= dt

T
<UDy [ [ ([t il ) s 0 de .
By

Rd)’

< N/ Mu(t, x)Pws(z)w: (t) de dt < N||qu
R4

and

/OT /Rd /RdUZl(t’ x, 2))Pws(x)wi (t) do dz dt,

T
< NG oy / / K / Jult, = + )| [y~ dy) ws(x)w (£) dy dt
o Jr B¢

T
S NHCHip(Rd) / / qu<t, a:)PwQ(a:)wl (t) dy dt
0 R4

< NHuHpr(Rd

Here M, u(t,-) stands for the maximal function of u with respect to the = variable.
Furthermore, using a similar decomposition as in the proof of Lemma 3.4.3 together
with the maximal function as above, when o € (1,2),

LNl | oy + Lot NIDUl .
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and when o =1,

I< N(@H“HZM(R%) + EHDuHip,w(Ri})'

Therefore, by (3.3.29) together with Lemma 3.4.1 or picking a sufficiently small e

when o = 1, we obtain

10wull L, . (rd) + H(_A)U/%HLP,U,(R%) + Mlullg,., @)

< N fllzywmsy + Nllullz,,, @)- (3.3.30)

By taking A\g = max(2N,1), for all A > X, we have (3.1.20). On the other hand,
when A = 0, by dividing (0,7") into sufficiently small sub-intervals, taking cutoff
functions in time, and applying an induction argument as in (Dong and Kim, 2021,

Theorem 2.2), we get

lullz, @iy < NSz, @)
which together with (3.3.30) implies (3.1.22).

For general b and ¢ and p = ¢, we have
ou— Lu=f— biDiul(,Zl — cu.

Thus, when o > 1 (3.3.30) follows from the case when b = ¢ = 0 and Lemma 3.4.1.

If o =1, then

10l , @) + [1DullL,,, @)

< N[ fllz, @y + Nllullg, @y + NIoDullL, , @d)- (3.3.31)
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If b is sufficiently small such that N||b[| ey < 1/2, then by absorbing the last term
on the right-hand side of (3.3.31) to the left, we obtain (3.3.30). On the other hand,

if « =1 and b is uniformly continuous, we take

B(t) = /0 b(s,0)ds, l;(t,x) =0b(t,x — B(t)), ¢&(t,z)=c(t,xz— B(t)),

and

a(t,x) = u(t,x — B(t)), f(t,z) = f(t,z — B(t)).

It follows that
dyii(t, ) — Lu(t, ) + (b'(t,z) — b'(t,0))Dsii(t, x) + cu(t,z) = f(t,z),  (3.3.32)

where L is the operator with the kernel K(t,z,y) = K(t,x — B(t),y). Then, by
moving the last two terms on the left-hand side of (3.3.32) to the right-hand side

and applying the estimate to u together with a change of variables, we have

1Dullp, ,@a) < N fllL, . @ + Nllullz, @) + N[©—=0(,0))DullL, @),

which implies that there exists rg > 0 depending on the modulus of continuity of b

such that if u is supported on (0,7) X B,,, then

||DU||Lp,w(RdT) < N||f||Lp,w(RdT) + NHUHL,,,W(RdT)-

Therefore, by a partition of unity and (3.3.31), we arrive at (3.3.30), and (3.1.22)

follows.

Finally, for general p,q, we use the extrapolation theorems in (Dong and Kim,

2018, Theorem 2.5) or (Cruz-Uribe et al., 2011, Theorem 1.4). The Corollary is
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proved. O

Remark 3.3.7. Indeed, rqg and N in Corollary 3.3.6 can be taken to be dependent on
7 instead of o due to the presence of (2 — o) in the bound (3.1.4) in Assumption
3.1.3. Thus, based on the proof above, in Corollary 3.1.10 the dependence of N on

o can be reduced to the dependence on .

3.4 Miscellaneous Lemmas

Lemma 3.4.1 (An interpolation inequality in the spatial variables). Let o € (1,2),

p € (1,00), and u € HJ(R?). For any e > 0,

IDul ey < N(d, 0, p)e" = |ul| 1, ey + €l (=2)7 20l 1, @e)- (3.4.1)

Proof. By taking f := u + (—A)?/?u, we have

€

FIDu)(E) = 15 7g7

F (&) = m(E)F(f)(&)-

Since o > 1, the multiplier m(&) satisfies

sup [¢]7167m| < N(d, 0, p),
£cRd

for any multi-index ~ of length |y| < d/2 + 1. Thus, by the Mikhlin multiplier

theorem, we have

1Dul| ey < N fllz,@ey < Nllullz,@e + NI(=2)"?ul, g2, (3.4.2)
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where N = N(d, o,p). Then taking v(-) := u(e-) and applying (3.4.2) to v yield
€HDUHLP(Rd) < NHuHLp(Rd) + NggH(—A)U/zUHL,,(Rd),

which implies (3.4.1). The lemma is proved. O

Lemma 3.4.2. Let a € (0,1], T € (0,00), p,q € (1,00). For any u € H77(T), we
have

||u||Lp,q(R%) < NTa||afu||Lp,q(RdT)a

where N = N(a, p, q).

Proof. Note that u = I*0fu. Therefore, the result follows from (Dong and Kim,

2021, Lemma 5.5). 0

Lemma 3.4.3. Let L satisfy (3.1.3) when 0 =1 and (3.1.6). Recall the definition
of ¢ in (3.1.24). For k =0,1,..., let {; be the cutoff functions defined in (3.2.14).
Under the same assumptions and the same notation as in Lemma 3.2.2, we have the

following estimates for I, := |G Lu — L(Gw)|| 1, (ra)-

1. When o € (0,1),

9ok 2(d+0)k d/ de

L <N—— N————RYP(1 + R . ;

e < (R_T)U||u||p7R+ (R =)o (1+ Mullz, 010 ®2,))
(3.4.3)

2. when o € (1,2),
2(0—1)k ook
I < NWHDUHWHS + NWHUHRR
9(d+a)k J i

+ N——— RY"(1 + R™)|lul|, (01)sL. (R0 (3.4.4)

(R _ r)d+a’
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3. when o =1, for any € € (0,1),

2k’

Iy < & Dullpryys + Np—e " llullp.r
; o(d+1)k o ~3(d+1) "
+NR /p (1 + W(l + R + )) ||u||Lp((D7T);L1(Rd’w)), (345)
where N = N(d, A, &) and || - ||, == || - |z, 0,r)xB,) Jor any v > 0.

Proof. In this proof, we use N to denote a constant which may depend on d, A, and

0. Note that N does not depend on v, the lower bound of the operator.

Next, let 7y = rp 3 — rie2, and note that

L(Cru)(t, x) — GeLu(t, x)
= /R , ((<k<:v +y) = Gl@))ult,x +y) =y - Vu(z)u(t, 2)x” (y)) K(t,y) dy.

(3.4.6)

We are going to split the proof into 3 cases depending on the value of o.

Case 1: 0 € (0,1). In this case, by (3.4.6),

|L(Cku)(t, z) — G Lu(t, )|

<N Ce( +y) — Gel@)|Jult, z + y) |y~ dy

< N</ +/ )!Ck(x +y) = G@)llult,z + y)llyl = dy =: Iy + I,
By, s

For I}, since y € By, we have

k

6@ +9) = @) < DGyl Lir<rnen < N —

‘y’1|z\<rk+2, (347)
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which together with the Minkowski inequality implies that

ok s
— [t ) bl

Tk

H[li,lHLp(R%) < NR

2k —d—o
<Nl [y

By,
2k - 20’k
Al < N sl (3.4.8)

N(d O'l)R

On the other hand,

111,2 < /c (1|m+y|<m+1 + 1|CB|<7‘k+1> ‘U(t, x + y)Hyrde dy = II%,2,1 + 12,2,27
Tk

20’k

My 2102,y < / [y~ dyllullp.r < N(d, 00)75. [[u]lpr < NWHUHp,R-

(3.4.9)

By Holder’s inequality and the Minkowski inequality;,

1/p
d

1+rd+"
d k+3
SNAi~Mf</Hu I, g )

1_|__ Td+a
d k+3
=N Tk/flfd—ﬂf el 2, (0.1):0 (Re,)
k
2(d+0)k

< Nde/P(l + Rd+cf) ||U||Lp((O,T);L1(]Rd7¢)), (3.4.10)

where for the second inequality, we used the fact that if |y| > 7 and |z| < 7441 then

1+ |z + y|¢te < LA (e + 7))t < 1+ rit3
’y|d+a — fzf-i-o — 7z]0€l+0
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Combining (3.4.8), (3.4.9), and (3.4.10), we conclude

I < ”[%JHL,,(RdT) + H[Ii,2HLp(RdT)
ok 2(d+cr)k

< N—— N—m—
= (R_T)UHUHP’R+ (R—T’)d+a

RYP(1+ R |lull o, (0.7):11 (R0 -

Case 2: 0 € (1,2). In this case, by (3.4.6),

| L(Ceu)(t, x) — CeLu(t, v)|

<NWE-0) [ Gl +) = G@llutta+ ) - ult )l dy
+ N(A)(2 - o) /Rd ICe(z +y) — Ge(z) — 3y - ka(x)HU(t,.T)Hy’_d_U dy

= [13,1 + 113,2-
By (3.4.7) and the fundamental theorem of calculus,

2, <NE- a>( / E / ; )|<k<a:+y> — G@)llults + ) — ult, ) lyl 4 dy

2" ! do
< N(2_0>R—7’ /B /0 1|m|<rk+2yvu(tax+Sy)Hy’Q I dey
Tk

N/ (1|x+y|<r’““ 1|$|<Tk+1> u(t, z +y) —u(t, z)||y| =" dy.
B
Tk

Similar to (3.4.8), (3.4.9), and (3.4.10), we have

9(o—1)k ok
(R _ T)g,1 HDu“kaJrg + NWHUHP,R

2(d+a)k

+ N—(R — r)d+a- Rd/p(l + Rd+0)HUHLP((O,T);L1(RCZ,¢))‘ (3411)

Hllg,lHLp(R%) <N
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For I ,312, when y € B;,, the mean value theorem leads to

Gk(z +y) — G(z) —y - V()]
2 2 22 2
< ”D (k||Loo|y| 1|Cl?|<7"lc+2 < Nmtﬂ 1|$\<7“k+2'

Thus,

tosve-o( [ + / : )i+ 4) = Gue) =y TGt dy

22k o
<N(2- U)WIU(t,.%)llxKrkﬁ/ ’y|2 ¢ dy

Tk
k

2
N ]-x T ]‘I r 1 t, _d_o—d :
+ /ng ( joryl<rirs + U< (1 + (R_T)|y|))|u( )|yl y

which, similar to (3.4.8), (3.4.9), and (3.4.10), implies that

ok

m”uﬂpﬁ
2(d+0)k

N e B0 Bl oy (3412

”IIE,QHLP(]R%) <N

By (3.4.11) and (3.4.12),

I, < ||Ilz,1||Lp(RdT) + HIIE,QHLP(R%)
2(0—1)k ok

(R _ r)ofl ||Du||p,7”k+3 + NW”U’HILR
2(d+a)k

Ny BT+ Bl oiryiaea

<N

Case 3: 0 = 1. In this case, by (3.4.6) and (3.1.3), for any d; > 0 to be
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determined,

| L(Ceu)(t, x) — CeLu(t, x)|

SN | 1G(e+y) = Glo)llulto +y) = ut, )y~ dy

B5k

+N [ G+ y) = Glx) =y VG(@)llult, 2)llyl ™ dy

B5k

+N [ G+ y) = Gl@)lfult,z + y)llyl " dy

BC
[

= 113,1 + [/?,2 + 113,3-
The estimates of I}, I} ,, and I}} 5 are similar to that of I{ |, I} ,, and I} , respectively.
It follows that

k 22k

1721l ey < Nm5k||DU”p,m+3a 17220, ey < Nm&cllullpﬁ,

and

_ 1+ (R+ 6)4t!
||Il§,3||Lp(RdT) < N9, 1||U||zp,R + NRYP 5a+1 ||u||Lp((0,T);L1(Rd,w))v
k

where N is independent of the choice of §;. For any € € (0,1), let 6, = &34 /N.
Then,

I < HIIZ’JHLP(R%) + ||[1§,2||Lp(RdT) + ||11§,2HLP(RFIT)
k
R—r

o(d+1)k 2—3(d+1)
d d+1
+NR /p<1 + —(R — T)d-‘rl (1 + R )) HUHLP((O,T);Ll(Rd,dJ))‘

< & Dullpreys + N e |lully.r

The lemma is proved. O
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Assumption 3.4.4. For given E C F C (—o0,T), if
for (t,z) € (—o00,T] x R and R > 0, then

CR(t, JJ) - F,

where Cg(t,z) and Cg(t,z) are defined in (3.2.42).

Lemma 3.4.5 (Crawling of ink spots). Let v € (0,1) and |E| < co. Suppose that
E CF C(—00,T) x RY satisfy Assumption 3.4.4. Then

|E] < N(d, )| F.

Proof. See (Dong and Kim, 2019, Lemma A.20). O

Lemma 3.4.6 (Sobolev embeddings). Let « € (0,1], o € (0,2), T € (0,0), p €
(1,00), and v € H7(T).

1. If p<d/o+1/a, then there exists q € (p,00) satisfying
1/¢g=1/p— ac/(ad+ o)
such that for all l € [p,q|,
ull,rey < Nllullag ), (3.4.13)

where N = N(d,a,0,p,1,T).

2. If p=dJo+ 1/«, then the same estimate holds for | € [p, o).
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3. Ifp>dfo+1/a, then
[l oo ey < Nlullzgecr)

where N = N(d,«,0,p,T).

Proof. (1) By the mixed derivative theorem Sobolevskii (1964), we have
He(T) — H29([0,T); HI(R?))  for all € [0, 1].
Let 6 = ad/(ad + o) and
1/g=1/p—a(l—0)=1/p—06/d=1/p— ac/(ad + o).
The Sobolev embeddings
HY0((0,T]) = Ly([0,T]) and HP(RY) — L,(R?),

imply that

1/
|th<N/wu|ww%)q

< N(D)lull goa-o, < Nlullsgr)

[0,T|; Hg? (R)) —

Since (3.4.13) holds for [ = p, it holds for all [ € [p, q] by Holder’s inequality.

(2) Using the embedding

HEO0([0,T]) < Li([0.T])  and HJP(RY) < Ly(RY,

p
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the proof is similar to that of (1).
(3) Due to the facts that a(1—0)p > 1 and ofp > d, and the Sobolev embeddings

HyO=0([0,7]) < Lo((0.7]) - and Hy"(B) < Loo(R?)

p

we have

HUHLOO(R%) < N(T)HuHH;O*‘”([O,T];H{;N]}W)) < NHUHHE‘O(T)

Next, we prove an embedding into Holder spaces. Note that we only use the

result when a = 1 for chapter 3.

Lemma 3.4.7 (A Holder estimate). Let o € (0,1], ¢ € (0,2), T € (0,00), p €
(1,00), p € (d/o +1/a,2d/o +2/a), and u € H)§(T). There exists T = o — (d +

o/a)/p € (0,1) such that

ull oo @y < Nlullgse ),

where N = N(d,«,0,p,T).
Proof. Without loss of generality, we assume that « € C§°([0, T] x R?) with u(0,-) =
0. Denote

u<t17x) _U(t27y)‘
_ t2’Ta/o + |$ _ y|‘l’

H(tn, @), (ta,y) € RE0 < [t — o] + |z —y| < 1}



196
and
p=c(lty — ta|*" + |z — y|),

where € € (0,1) is a constant to be determined.
Note that by Lemma 3.4.6 and the fact that p > d/o + 1/« it suffices to prove
K < Nl|ullgee ). (3.4.14)
To this end, we write
lu(ty, ) — u(t, y)| < |ulty, z) — ulte, z)| + |u(te, x) — ulte, y)| := J1 + Jo. (3.4.15)

For Jy, by taking z € B,(z) and the triangle inequality, we have

Jr < fulty, 2) — ulty, 2)[ + [ults, 2) — ults, 2)[ + [u(ty, 2) — u(tz, 2)]
< 2KpT + ’u(tla Z) - u(t27 Z)’

< 2K + N(a,p)lts — tol* 71108 u(-, 2) 1, 0, (3.4.16)

where for the last inequality, we used (Dong and Kim, 2019, Lemma A.14) together

with the fact that a > 1/p. Then by taking the average over B,(z) on both sides of
(3.4.16) together with Holder’s inequality, we get

J1 <2Kp" + N(d, a, p)|t; — t2|a_1/p:0_d/p||afu||Lp(RdT)

< 2Kp" + N(d, o, p)e” P~ p7||ul[mg o 7). (3.4.17)
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On the other hand, for s € I := (ty — p?/, ty + p/*) N (0, T),

Jo < |ulty, ©) = u(s, @)| + ultz, y) — uls, y)| + |u(s, z) — u(s, y)|
< 2Kp" + fuls, x) — u(s,y)]

<2Kp" + N(d,0,p) |z — y|”~ P ||uls, )| g e, (3.4.18)

where for the last inequality, we used the embedding HZ (R?) < C°~%/P(R?). Then
by taking the average over I on both sides of (3.4.18) together with Holder’s inequal-

ity, we obtain

Jo <2Kp" + N(d, 0, p)lx — y|" "o~ Pl 0.1y @)

<2Kp" + N(d, 0, p)e”" pT ||ullzg = (7). (3.4.19)

Note that N is independent of T' because we can assume that |I| > p°/* by extending

u(t,-) to be zero for t < 0.
Combining (3.4.15), (3.4.17), and (3.4.19), we have
[u(ts, @) — u(tz, y)| < 4Kp" + NP7 4 V270 o7 Jullsgo oy,
where N = N(d, «, 0, p), which implies that
K < 4K + N(e=P + 77/ o7 ||u| | ggoe .

Thus, by picking sufficiently small € so that 4e™ < 1/2, we arrive at (3.4.14), and the

lemma is proved. [
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3.5 Equations with Non-zero Initial Conditions

In this section, we consider equations with non-zero initial conditions. In particular,
we focus on the case when o = 1, i.e., the order of the derivative in time is 1, with

A, weights (c.f. Corollary 3.1.10),

O — Lu+ b Diulysy +cu= f in R%
(3.5.1)

u(07 ) = uO() in Rda

where uq is taken from an appropriate trace space defined below and L, b, ¢ satisfy
the assumptions in Corollary 3.1.10. When o = 1 and either ||b||o is sufficiently
small or b is uniformly continuous, a similar result holds for (3.1.23) by the same
proof. For general a € (0,1) when there are no A, weights, see (Kim et al., 2021,

Lemma 5.4).

Before we introduce the results, we define the trace space as follows. For p,q €

(1,00), a non-integer § > 0 with k being the integer part of 6, and wy € A,(R?), we

define
By s (RY) = {u € Loy (RY) : [lullgg,, o) < 00},
where
lullsg,.. @0 = sy, . @0 + 1D L, @0
la|<k
and

1/p
(]88 0 R1) = ( / ID*u(- +y) = D*u()|f, , 1yl =770 dy) .
Rd

Note that when w, =1, BY  (RY) = BY (R?), the usual Besov space. When 6 > 0

p,q,w2

is a non-integer, we denote Xy = Bg qws (R%), and when 6, is a nonnegative integer,

we denote Xy = Bjte, (R?) for arbitrary e > 0.
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Our result for equations with non-zero initial conditions is

Theorem 3.5.1. Let 0 € (0,2), T € (0,00), p,q € (1,00), M; € [1,00), u €
(=1,p — 1), and w = w(t)wy(z), where wy(t) = t* and wy(z) € A (R? dx) with
[wala, < M. Suppose that the kernel K = K(t,x,y) satisfies Assumptions 3.1.1
and 3.1.3, and (3.1.13) holds. Let § = o — o(1 + p)/p(€ (0,0)), and recall the
definitions of the spaces Xy above. For any f € Ly 4..(RE:) and ug € Xy, there exists

a unique function u in R satisfying (3.5.1) with the estimate
10vtllpgaw + 1ellp g + 1(=2)ullp g0 < NI fllpgw + Nllol| 2, (3.5.2)

where ||| p.gw = ||'||Lp7q’w(R%) and N = N(d,v,\,0,p,q, T, My, M, B,w, ).

The proof of Theorem 3.5.1 is similar to the proof of Theorem 2.1.6. For details,
see Section 2.8 or (Dong and Liu, 2023, Appendix B).
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Future Problems
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In the future, it is possible to extend the results by considering equations in
domains and divergence form equations. Indeed, some interesting work has been
done in those directions. For example, solutions for equations in domains were
studied in Baeumer et al. (2018) using the probabilistic method. Divergence form
equations were also studied in Allen et al. (2016), Mengesha et al. (2021) with various
assumptions on the kernel K. More precisely, Holder estimates and L, estimates were
obtained for the divergence form equations in Allen et al. (2016) and Mengesha et al.
(2021), respectively. Furthermore, there are results about divergence form non-local
elliptic equations in Kuusi et al. (2015), Nowak (2020, 2021), where more general
operators were considered. For example, in Nowak (2021), the authors obtained
some regularity results for operators with VMO kernels and non-linearity. In order
to prove the corresponding results for the parabolic equation (3.1.17) with VMO
kernels, the main difficult is to prove a version of Gehring’s Lemma. We tried to

adapt the exiting time argument in Kuusi et al. (2015), but was unsuccessful.

Another interesting question is whether the weighted mixed-norm estimates still
hold for (1.2.1) when « € (0,1), where the weights are taken over the time or the

spatial variables. See Remarks 3.3.2 and 3.3.4 for more information.
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