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Abstract of “Equilibrium Behavior of Infinite-Dimensional Scaling Limits of Many-
Server Stochastic Networks ”, by Pooja Agarwal, Ph.D., Brown University, October
2021

Stochastic networks arise in a variety of real world applications including telecom-

munications, service systems such as call centers, computer networks, health care

services and biological systems. Leaving aside some very simple examples, it is usu-

ally infeasible to perform an exact analysis of these networks. A useful alternative is

instead to identify a suitable approximation that provides insight into performance

and can be shown to be accurate in a relevant asymptotic regime.

Networks in which jobs or customers are processed at nodes with multiple servers

arise in many applications, and tend to be harder to analyze than networks where

each node is processed only by a single server. Moreover, when the service times

of jobs are generally distributed, the analysis becomes even more challenging. For

example, the dimension of a Markovian state descriptor of a many-server network

with general service distributions typically grows with the size of the network. Thus,

a common Markovian state description that is applicable for a network of any size

must necessarily be infinite-dimensional. This thesis analyzes the equilibrium be-

havior of two different types of scaling limits of two classes of many-server stochastic

networks. In both cases, the scaling limits are infinite-dimensional and require the

development of new techniques for their analysis.

The first part of the thesis considers a many-server parallel network, where each

server has its own queue, to which jobs arriving with independent and identically

distributed (i.i.d.) service times are routed immediately on arrival using the shortest-

of-d randomized load balancing algorithm. Such models are of interest in hash tables

in data switches, parallel computing, wireless networks, etc. The focus here is on

the so-called hydrodynamic limit, which describes the mean behavior of the state



dynamics, as the number of servers goes to infinity. For a general class of service dis-

tributions, the hydrodynamic limit was characterized by Aghajani and Ramanan as

the unique solution to a countable coupled system of deterministic measure-valued

processes. This thesis shows that the hydrodynamic limit has an invariant state,

which is a probability measure that describes the distribution of jobs in queues, and

also provides a characterization of it in terms of a sequence of recursive fixed point

problems. The latter is also shown to enable approximate computation of the invari-

ant state, which is proved to be unique when d=2. Furthermore, under an additional

finite moment condition on the service distribution and an a priori exponential tail

decay assumption on the invariant state, it is shown that any invariant state of the

hydrodynamic equations of a sub-critical network with finite mean queue length ex-

hibits double exponential tail decay. This result takes an important step towards

identifying the class of service distributions for which the power of two choices holds,

beyond the case of service distributions with decreasing hazard rate considered by

Bramson, Lu and Prabhakar. Numerical evidence is provided to support the analyt-

ical results.

The second model is a many-server queue with reneging often denoted as the

G/GI/N+GI queue, in which there are N servers and a common queue to which

jobs arrive with i.i.d. service and patience times and wait to be processed till a

server becomes free. Jobs depart a system either on completion of service or by

reneging from the queue when the time waiting in the queue exceeds the patience

time. Under suitable assumptions, a functional central limit theorem for the state

dynamics is established in the so-called Halfin-Whitt asymptotic regime, where the

number of servers N goes to infinity, and the traffic intensity scales as λN − β
√
N

for some constant β ∈ (−∞,∞) and positive constant λ. The limit is characterized

as the unique solution to a pair of coupled stochastic partial differential equations

ix



with a nonlinear boundary condition having a non-standard form. It is also shown

that the limit process describing the total number in system is an Itô diffusion. A

suitable function-valued representation of the state process plays an important role

in the analysis for this model. The function-valued representation can be viewed as a

more tractable reduced version of the measure-valued representation that still retain

relevant information about the model, including limiting fluctuations of the queue

length and virtual waiting time. In particular, our work allows the study of the

overloaded or supercritical regime, where the asymptotic mean arrival rate exceeds

the mean service time, which is of particular interest in applications with reneging.

The work here extends previous work on both many-server queues without reneging

as well as queues with reneging, which have been restricted to fluctuations of the

queue length in the critical regime, where the asymptotic mean arrival rate equals

the mean service time.
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1.1 Motivation and Context

Stochastic networks arise in a variety of real world applications ranging from telecom-

munications, service systems such as call centers, computer networks, health care

services and biological systems. It is usually infeasible to perform an exact analysis

for these networks. A useful alternative is instead to identify a suitable approxi-

mation that can be shown to be accurate in a relevant asymptotic regime. This

can be carried out at various levels of accuracy, such as for example, fluid limits

that approximate the mean behavior of the network, or diffusion limits that capture

fluctuations of the state of the network around its mean behavior.

Networks in which there are many servers at a node arise in many applications,

including cloud computing, server farms and large-scaled distributed storage sys-

tems, and tend to be harder to analyze than networks with single servers. While

much analysis has focused on the case when the service distribution is exponential,

statistical analysis shows that the service times of jobs typically follow more general

distributions [13, 15, 19, 26, 29]. In the latter case, the analysis becomes even more

challenging. This becomes clear when looking at Markovian state descriptors for ser-

vice dynamics (which facilitates analysis as it allows one to use tools from Markov

process theory). For example, in a many-server network with reneging, where the

service and patience time distributions are exponential, the state space is shown

to be finite-dimensional for both the original network state process and its scaling

limit. However for a many-server network with general service distributions, the

Markovian state descriptor typically grows with the size of the network. Thus, a

common Markovian state description that is applicable for a network of any size

must necessarily be infinite-dimensional. In the many server parallel network, where

each server has its own queue, has more complex dynamics, and represented by a
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countable number of interacting processes. In this network, the state descriptor has

a countably infinite number of interacting components. Each component here takes

values in a compact interval when the service distribution is exponential and is an

infinite-dimensional measure when the service times are generally distributed. Sev-

eral recent works [4, 22, 23, 24, 38, 42] have used a measure-valued state descriptor

to establish various limit theorems.

There are two measure-valued representations used to represent the state of the

networks – age-based and residual time-based. In most of the literature, age-based

representations are used in networks with head-of-the-line processing, where jobs that

are waiting are served in the order in which they arrived to the server [4, 22, 23, 24].

On the other hand, residual time-based representation have been used for networks

with non-head-of-the-line service like last come first served, random selection for

service (RSS) [48], processor sharing (PS) [38] and Earliest-Deadline-First (EDF)

[27].

This thesis focuses on studying the equilibrium properties of the infinite-

dimensional scaling limit of many-server stochastic networks with first-come-first-

serve (FCFS) processing using an age-based state descriptor. Specifically, two differ-

ent kinds of large-scale stochastic networks in the presence of general distributions

are studied: a many-server queueing model with reneging and a randomized load

balancing model.

The first part of the thesis studies the equilibrium properties of the hydrodynamic

limit of a randomized load balancing model with general service distributions, which

was established as an infinite sequence of coupled measure-valued processes in [4].

The second part establishes the diffusion approximation for the many-server queueing

model with reneging with general service and patience times as the unique solution
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of a coupled system of stochastic partial differential equations.

1.2 Hydrodynamic limits of a Randomized Load

Balancing Network

1.2.1 Description of the Model

Randomized load balancing is an effective method that is used to improve perfor-

mance in large scale networks while incurring relatively low communication overhead

and low computation cost. Applications of large-scale load balancing networks have

increased tremendously due to the growth in the use of server farms and computer

clusters. Some examples include high-traffic web sites, high-bandwidth File Transfer

Protocol sites, Domain Name System (DNS) servers, cloud computing and commu-

nication systems.

The model considered here consists of a parallel network of N servers, to which

jobs with independent and identically distributed (i.i.d.) service times arrive ac-

cording to a renewal process with rate λN . Upon arrival of a job, d out of the N

servers are chosen independently and uniformly at random, and the job is routed

to the server with the shortest queue, with ties broken uniformly at random. Each

server processes jobs from its queue in a first-come first-serve (FCFS) manner and

jobs leave the system on completion of service. A server never idles when there is

a job in its queue. The arrival process and service times are assumed to be mutu-

ally independent, and service times of jobs have finite mean which, without loss of

generality, is taken to be one. The system described above will be referred to as the
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SQ(d) model.

This model was first introduced and analyzed in the case of Poisson arrivals and

exponential service distributions by Vvedenskaya et al. [43] and Mitzenmacher [32].

They introduced a countable state representation of the process consisting of the

fraction of queues with length greater than ` for each integer ` ≥ 0 and showed that

as N →∞, the state converges to a fluid limit, characterized as the unique solution

to a countable system of coupled ordinary differential equations (ODEs). Under

the stability condition λ < 1, for d ≥ 2 they also obtained an analytical expression

for the the unique invariant state of the fluid limit, and showed that it exhibits a

doubly exponential tail decay. It was also shown by Vvedenskaya et al. [43] that the

invariant state of the fluid limit is the limiting stationary distribution of the N -server

system. On the other hand, when d = 1, the stationary queue length distribution

is the same as that for an M/M/1 queue, which is well known to exhibit just an

exponential tail decay. Thus, the works [43, 32] uncovered the remarkable property

that a dramatic improvement in performance can be achieved by introducing just a

little bit of randomness into the system, that is, even when d = 2, a phenomenon

that has been dubbed “the power of two choices.”

However, many realistic service distributions are neither exponential nor phase-

type, and may not have a decreasing hazard rate. For example, statistical analyses

suggest that service times follow a log-normal distribution in [13], a Gamma distri-

bution in Automatic Teller Machines [26], or a shifted exponential distribution in

[15, 29]. This motivates taking a different approach to analyzing randomized load

balancing with general service distributions than that adopted in [8, 9, 10]. To do

this, we build on the work of [4] that considered a very general class of service distri-

butions and used a PDE method for analyzing randomized load balancing networks

which generalizes the more classical ODE method that is valid only in the presence
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of exponential service distributions and can be extended to phase-type distributions.

They formulated a measure-valued state representation (which generalizes the rep-

resentation introduced for GI/GI/N queues in [24]) and established convergence to

a hydrodynamic or fluid limit, and the works [4, 2, 1] which (under additional con-

ditions on the service distributions) provide a reformulation of the hydrodynamic

equations in terms of a countable system of coupled partial differential equations.

While these papers focused on transient behavior of this network, this work charac-

terizes the invariant state of the hydrodynamic equations derived in [4].

1.2.2 Prior Work

Until recently, most work on this model and its variants had focused on exponential

service times. An extension to phase-type service distributions was first considered

by Li and Lui [28], who analyzed the invariant states of a formal fluid limit, without

proving convergence to the fluid limit. More general service distributions were then

considered in a series of works by Bramson, Lu and Prabhakar [7, 8, 9, 10]. Under

very broad assumptions and more general routing schemes, it was first shown in [7]

that under the subcriticality condition λ < 1, each N -server system is ergodic with

a unique stationary distribution. The works [8, 9, 10] specialize to the SQ(d) model

with Poisson arrivals and service distributions with decreasing hazard rate, and di-

rectly establish convergence of steady-state distributions without first establishing

a fluid limit. In particular, when λ < 1, it is shown in [9, Theorem 2.2] that the

N -server stationary queue length distribution converges to the unique solution of a

fixed point equation, using the cavity method from statistical physics. This equa-

tion is then analyzed to show that for power law distributions with exponent −α,

the limiting stationary distribution has a doubly exponential tail if α > d/(d− 1),
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exponential tail if α = d/(d−1) and a power law tail if α < d/(d− 1). But, according

to the authors of [9], it would be challenging to extend their approach to establish

convergence for more general service distributions (see [9, Paragraph 9, Section 1]).

A recent area of work has been to analyze the SQ(d) model where d = d(N) is a

function of the number of servers in the system. For systems with Poisson arrivals

and exponential service times, [34, 33] proved that as d(N) → ∞ the fluid limit

coincides with that of the join the shortest queue policy and is independent of the

growth rate of d(N). For a specific function d(N), Brightwell, Fairthorne and Luczak

[12] showed that when the arrival rate λ(N) = 1 − N−α and d(N) = bNβc, where

α, β ∈ (0, 1] with high probability as N → ∞, in equilibrium, the proportion of

queues with length equal to k = dα/βe is at least 1− 2N − α+ (k − 1)β, and there

are no longer queues.

Another area of exploration has been to analyze the SQ(d) model with Poisson ar-

rivals where each of the N serves follow a processor sharing service discipline. In the

case of generally distributed service times, Vasantam, Mukhopadhyay and Mazum-

dar [42] obtained a fluid limit and showed that in the limit the individual servers are

statistically independent of others (propagation of chaos) and the equilibrium point

of the limit is insensitive to the queue length distributions. Mukhopadhyay, Karthik

and Mazumdar [35] studied a similar multi-class system with exponential service

distribution, where the N servers are categorized into M(� N) different types ac-

cording to their processing capacity. In this case as well, the authors show that

asymptotic independence among servers holds when M is finite and exchangeability

holds only within servers of the same class. They also establish the existence and

uniqueness of stationary solution of the fluid limit and show that the tail distribution

of server occupancy decays doubly exponentially for each server class.
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1.2.3 Our Contribution

Chapter 2 of the thesis focuses on the characterization and analysis of the hydro-

dynamic limit of randomized load balancing networks obtained in [4] under general

service distribution. Here is a summary of the contributions.

1. Characterization of the invariant state. Under the same mild conditions re-

quired for the hydrodynamic limit in [4], we characterize the queue length dis-

tribution of the invariant state of the hydrodynamic equations as a fixed point

of a certain map, and show that the fixed point is unique when d = 2. The

methodology, which entails analysis of a system of measure-valued equations,

can potentially be applied to other many-server systems with general service

distributions for which measure-valued representations are useful. We show

that our characterization is sufficiently explicit and computationally tractable

that it yields a numerical algorithm for computing important performance mea-

sures such as finite queue length exceedance probabilities and the mean virtual

waiting time in the invariant state.

2. Tail decay of the invariant state. Under an additional assumption on the

tail of the service distribution and an a priori assumption on the tail , we

show that the invariant queue length distribution exhibits a doubly exponential

decay rate. Our numerics show that while the decay of the invariant queue

distribution is of interest, it may not manifest itself until far into the tail,

and thus it is important to be able to compute and characterize invariant

finite queue length exceedance probabilities as well, which is feasible with our

characterization of the invariant states.
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Figure 1.1: Relation between the N -server state representation νN , N -server station-
ary distribution πN , the hydrodynamic limit ν, invariant state of the hydrodynamic
limit ν∗ and the limiting stationary distribution π for the randomized load balancing
network.

Our work also takes a small step towards understanding equilibrium behavior

in large systems. As in the exponential case [43], we conjecture that the invariant

state is the limit of the stationary distribution of the N -server network. This would

involve proving the interchange of the limits in Figure 1.1. This is also motivated

by the result obtained by [9], where they prove that the interchange holds when

the arrival process has λ < λ∗, where λ∗ < 1/2 is sufficiently small and the service

distribution has finite second moment and a decreasing hazard rate. We provide

numerical evidence to support this conjecture, however, a rigorous proof of this

convergence is significantly more complicated due to it being a countable system of

measure-valued equations, rather than just a system of ODEs, and is thus relegated

to future work.

Another interesting area of exploration would be to extend the phase transition
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result shown in [10] beyond distributions with decreasing hazard rate to a more

general class of service distributions.

1.3 Many-Server Queues with Reneging

1.3.1 Description of the Model

Over the last couple of decades, several applications have spurred the study of many-

server models with reneging [5, 6, 19]. Specifically, in applications to telephone con-

tact centers and (more generally) customer contact centers, the effect of customers’

impatience has been shown to have a substantial impact on the performance of the

system [19].

We consider a many-server queueing system in which reneging is modeled by

assigning each customer a patience time. A customer in queue reneges the system

without service when its waiting time (i.e., the time spent in queue since arrival)

exceeds the patience time. The customers waiting in the queue enter service in

an FCFS manner. In this model, customers arrive according to a renewal process

with i.i.d. service requirements chosen from a general distribution with finite mean

and also carry i.i.d. patience times that are drawn from another general distribution

which also has a finite mean. When there are N servers and the cumulative customer

arrival process is assumed to be a renewal process, this reduces to the so-called

G/GI/N + GI model.

The exact analysis of a many-server queueing model with reneging when the

interarrival, service and patience times are exponentially distributed was performed
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by Garnett, Mandelbaum and Reiman in [20]. They provided exact calculations of

various steady state performance measures and their approximations in the Halfin-

Whitt regime (where the number of servers N goes to infinity and the corresponding

arrival rate grows as N − β
√
N for some β > 0), both in the case of finite waiting

rooms (M/M/N/B + M) and infinite waiting rooms (M/M/N + M). In the case

of Poisson arrivals and exponential service but generally distributed service time

(M/M/N + G), Baccelli and Hebuterne [5] obtained explicit formulae for the steady

state distributions of the queue length and virtual waiting time. Several other steady

state performance measures and their approximations in the Halfin-Whitt regime for

this case were derived by Mandelbaum and Zetlyn [47].

1.3.2 Prior Work

The statistical analysis of call centers in Brown et al [13], shows that in many cases

the service time distribution appears to follow a log-normal distribution. The pa-

tience time distribution has also been observed to not be exponential in Mandelbaum

and Zetlyn [47]. When the service and patience times are generally distributed, no

analytical or numerical methods are available to perform an exact analysis. A useful

alternative to understand the exact system performance of the many-server queueing

model with reneging is to study more tractable diffusion approximations.

For the case of exponential interarrival, service and patience time distributions,

a process-level diffusion approximation was obtained by Mandelbaum, Massey and

Reiman [30]. Whitt [46] subsequently generalized the result to G/M/N + M queues.

Dai, He and Tezcan [16] studied G/Ph/N + GI queues using a modification of the

approach introduced by Puhalskii and Reiman [39] to study diffusion approximations

for the corresponding model without reneging. Reed and Tezcan [40] also proved a
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diffusion limit for GI/M/N + GI queues by scaling the patience time hazard rate

function to obtain a refined limit process. For a G/G/N + GI queue, the diffusion

approximation for the queue length and virtual waiting time have been established

by Mandelbaum and Momclivic [31] in the critical regime.

A Markovian state representation for the G/GI/N + GI queues was introduced

by Kang and Ramanan [22] in terms of the triple (X(N), ν(N), η(N)). The measure-

valued process ν(N) encodes the amount of time that customers currently receiving

service have been in service. The second component η(N) is a measure-valued process

that keeps track of the waiting times of customers in queue as well as potential

waiting times, defined as time since entry into the system of all customers (including

those who may have already entered service and possibly departed the system). The

process X(N) denotes the total number of customers in the system. Under mild

assumptions on the service and patience time distributions, Kang and Ramanan

[22] established a fluid limit, characterized as the limit is the unique solution of a

coupled system of deterministic measure-valued integral equations that admits an

explicit representation.

Using the same state representation, Kang and Ramanan [23], proved that, under

general assumptions, the fluid-scaled state process is Feller, admits a stationary

distribution and is ergodic. This helps deduce important performance measures such

as the equilibrium probability of a positive wait, or more generally, the equilibrium

waiting time distribution. They also showed that the associated sequence of fluid-

scaled stationary distributions is tight. This work also shows that (for a large class of

service distributions) the sequence of fluid-scaled stationary distribution converges

to the invariant state for the fluid limit when the latter is assumed to be unique.

However, the fluid limit is deterministic and not refined enough to provide more

accurate approximation to quantities of interest such as the probability of a positive
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wait. This motivates looking at stochastic fluctuations around the fluid limit and

characterize the asymptotics of these fluctuations via a diffusion limit theorem.

Although this representation proved useful to study the fluid approximation, we

conjecture that an associated distribution-valued diffusion-scaled limit will not be

Markov on its own unless stringent assumptions are imposed on the service and

patience time distribution. This conjecture is supported by the non-Markov nature

of the diffusion limit in the absence of reneging as shown by Kaspi and Ramanan in

[25]. In the absence of reneging, a new representation has been used by Aghajani

and Ramanan [3] to obtain a Markovian diffusion limit and have also established

uniqueness of the invariant distribution for the limit.

1.3.3 Our Contribution

In Chapter 3, this thesis introduces an infinite - dimensional representation for the

state of the many-server queueing model with reneging and an asymptotic limit the-

orem is established for the fluctuation of the state process. The salient contributions

are listed below.

1. A new representation. Inspired by the measure-valued representation in [22]

and the infinite-dimensional representation introduced by Aghajani and Ra-

manan in [3], we introduce a new representation for the G/GI/N + GI queue-

ing system. Specifically, we consider a representation (X(N), Z
(N)
ν , Z

(N)
η ) where

X(N) is the number of customers in the N -server network, Z
(N)
ν and Z

(N)
η are

certain function-valued processes derived from the measure-valued state vari-

ables ν(N) and η(N). Here Z
(N)
ν (t, r) represent the conditional expected number

of customers that were in service at time t and have not reneged the system
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by time t + r, given the ages of customers in service up to time t. Similarly,

Z
(N)
η (t, r) represent the conditional expected number of customers with poten-

tial waiting time greater than t and have not left the system by time t + r,

given the potential waiting times of customers potentially in queue up to time

t

2. SPDE characterization of the limit process. We identify the diffusion limit pro-

cess of the scaled and renormalized sequence (X̂(N), Ẑ
(N)
ν , Ẑ

(N)
η ). Under suitable

conditions on the service and patience time distributions we characterize the

components X̂, Ẑν and Ẑη, of the limit process to be the unique solution to a

coupled system of stochastic equations driven by mutually independent Brow-

nian motion and two space-time white noises. Specifically, we show that X̂

is an Ornstein-Uhlenbeck process with a constant diffusion coefficient, and a

drift that also depends on the processes Ẑν and Ẑη. The processes Ẑν and Ẑη

are H1(0,∞)-valued processes that satisfy a coupled system of (non-standard)

stochastic partial differential equations (SPDEs) on the domain (0,∞). The

components Ẑν and X̂ are further linked by a nonlinear global boundary con-

dition: at each time t ≥ 0, Ẑν(t, 0) is a deterministic nonlinear function of

X̂.

As mentioned above, it is of interest to obtain refined approximation to the

N -server stationary distribution for large N . The above result takes a first step to-

wards that goal. Indeed, we believe that the diffusion limit is an infinite-dimensional

Markov process taking values in a suitable Hilbert space, with a unique stationary

distribution.



Chapter Two

Invariant states of a Randomized

Load-Balancing Network
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2.1 Model Description

Randomized load balancing is an effective method that is used to improve perfor-

mance in large scale networks while incurring relatively low communication overhead

and computation costs. The model considered here consists of a parallel network of

N servers, to which jobs with independent and identically distributed (i.i.d.) service

times arrive according to a renewal process with rate λN . Upon arrival of a job, d

out of the N servers are chosen independently and uniformly at random, and the

job is routed to the server with the shortest queue, with ties broken uniformly at

random. Each server processes jobs from its queue in a first-come first-serve (FCFS)

manner and jobs leave the system on completion of service. A server never idles when

there is a job in its queue. The arrival process and service times are assumed to be

mutually independent, and service times of jobs have finite mean which, without loss

of generality, is taken to be one. The system described above will be referred to as

the SQ(d) model.

This model was first introduced and analyzed in the case of Poisson arrivals and

exponential service distributions by Vvedenskaya et al. [43] and Mitzenmacher [32].

They introduced a countable state representation of the process consisting of the

fraction of queues with length greater than ` for each integer ` ≥ 0 and showed that

as N →∞, the state converges to a fluid limit, characterized as the unique solution

to a countable system of coupled ordinary differential equations (ODEs). Under

the stability condition λ < 1, for d ≥ 2 they also obtained an analytical expression

for the the unique invariant state of the fluid limit, and showed that it exhibits a

doubly exponential decay. It was also shown by Vvedenskaya et al. [43] that the

stationary distributions of the N -server systems converge to this invariant state, in

the limit as N → ∞. On the other hand, when d = 1, the stationary queue length
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distribution is the same as that for an M/M/1 queue, which is well known to exhibit

just an exponential tail decay. Thus, the works by Vvedenskaya et al. [43] and

Mitzenmacher [32] uncovered the remarkable property that a dramatic improvement

in performance can be achieved by introducing just a little bit of randomness into

the system (i.e., even when d = 2), a phenomenon that has been dubbed “the power

of two choices.”

Until recently, most work on this model and its variants had focused on ex-

ponential service times. An extension to phase-type service distributions was first

considered by Li and Lui [28], who analyzed the invariant states of a formal fluid

limit. More general service distributions were then considered in a series of works by

Bramson et al. [7, 8, 9, 10]. Under very broad assumptions and more general routing

schemes, it was first shown by Bramson et al. [7] that under the subcriticality con-

dition λ < 1, each N -server system is ergodic with a unique stationary distribution.

The works [8, 9, 10] consider the particular case of the SQ(d) model with Poisson

arrivals and service distributions with decreasing hazard rate, and directly establish

convergence of the N -server steady-state distributions without first establishing a

fluid limit. In particular, when λ < 1, it is shown by Bramson et al. [9, Theorem

2.2] that the N -server stationary queue length distribution converges to the unique

solution of a fixed point equation, and this equation is analyzed to get insight into

the tails of the distribution. However, many realistic service distributions are neither

exponential nor phase-type, and may not have a decreasing hazard rate. For exam-

ple, statistical analyses suggest that service times follow a log-normal distribution in

Brown et al. [13], a Gamma distribution in Automatic Teller Machines in Kolesar

[26], or a shifted exponential distribution in Chen et al. [15] and Liang and Kozat

[29]. However, according to the authors (see Bramson et al. [9, Paragraph 9, Sec-

tion 1]), this motivates taking a new approach. We will leverage the measure-valued



18

representation for the SQ(d) model with general service distribution introduced in

[4]. Specifically, we will consider the hydrodynamic limit and study its invariant

state. As mentioned in the introduction, this takes a step towards understanding

the equilibrium via a different approach than that is considered in [8, 9, 10].

The rest of this chapter is organized as follows. Section 2.2 introduces the ba-

sic assumptions and the equations that characterize the hydrodynamic limit of the

model. Section 2.3 states the main results. Section 2.4 presents numerical approx-

imations of the invariant state performance measures for various distributions, and

also provides evidence to support convergence of equilibrium measures to the in-

variant state. The proofs of Theorems 2.3.3 and 2.3.9 are given in Sections 2.5 and

Section 2.6, respectively.

Throughout, we will use the following notation. Let N = {1, 2, 3, · · · } denote the

set of natural numbers and Z denote the set of integers. For every E ⊂ R, let Cb(E)

denote the space of continuous bounded functions on E, and B(E) denote the Borel

σ-algebra on E. Also, for a metric space X, let DX[0,∞) denote the set of X-valued

functions on [0,∞) that are right continuous and have finite left limits on (0,∞),

and let CX[0,∞) be the subset of X-valued continuous functions on [0,∞). Let

M≤1[0, a) denote the space of sub-probability measures on [0, a) for some a ∈ (0,∞].

Given an interval A ⊂ R, let B(A) denote the space of Borel subsets of A. For any

V ⊂ B[0,∞), a measure µ on [0,∞) and an integrable function f : V 7→ R, we use

the notation

〈f, µ〉V :=

∫
V

f(x)µ(dx),

and omit the subscripts V when V = [0,∞). Also, let a ∧ b represent min(a, b) for

a, b ∈ R.
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2.2 Hydrodynamic Equations

In this section, we introduce the equations that characterize the hydrodynamic limit

of our load balancing model, as established in [4]. Throughout, we make the following

assumptions on the service distribution.

Assumption 2.2.1. The service distribution whose cumulative distribution function

(cdf) is denoted by G, has density g and finite mean, which can (and will) be set to

1.

Define Ḡ(x) := 1−G(x) and let L := sup{x ∈ [0,∞) : Ḡ(x) > 0} be the right-end

of the support of the distribution. Also, let h : [0, L) 7→ [0,∞) denote the hazard

rate function:

h(x) =
g(x)

Ḡ(x)
, x ∈ [0, L).

In [4] the state of an N -server randomized load balancing system is represented

by the Markov process ν(N)(t) = {ν(N)
` (t)}`∈N, where for each `, ν

(N)
` (t) is a (random)

finite measure on [0,∞) that has a unit delta mass at the age (that is, the time spent

in service by time t) of each job that, at time t, is in service at a queue of length no

less than `. For every t ≥ 0, the scaled state ν(N)(t)/N takes values in S, where

S :=
{

(µ`; ` ∈ N) ∈M≤1[0, L)N : 〈f, µ`〉 ≥ 〈f, µ`+1〉,∀` ∈ N, f ∈ Cb[0,∞), f ≥ 0
}
,

(2.2.1)

where recall M≤1[0, L) is the space of sub-probability measures on [0, L).
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For every d ≥ 2, define

Pd(x, y) :=
xd − yd

x− y
=

d−1∑
m=0

xm yd−1−m. (2.2.2)

Note that P2(x, y) = x+ y, and for 0 ≤ y ≤ x,

Pd(x, y) ≤ dxd−1. (2.2.3)

We recall the definition of the hydrodynamic equations given in [4, Section 2.3].

Definition 2.2.2. (Hydrodynamic Equations) Given λ > 0 and ν(0) ∈ S,

{ν(t) = ν`(t); ` ∈ N, t ≥ 0} in CS[0,∞) is said to solve the hydrodynamic equa-

tions associated with (λ, ν(0)) if and only if for every t ∈ [0,∞),

∫ t

0

〈h, ν1(s)〉ds <∞, (2.2.4)

and the following equations are satisfied:

〈1, ν`(t)〉 − 〈1, ν`(0)〉 = D`+1(t) +

∫ t

0

〈1, η`(s)〉ds−D`(t), ` ∈ N, (2.2.5)

and, for every f ∈ Cb[0,∞),

〈f, ν`(t)〉 =

〈
f(·+ t)

Ḡ(·+ t)

Ḡ(·)
, ν`(0)

〉
+

∫
[0,t]

f(t− s)Ḡ(t− s)dD`+1(s) (2.2.6)

+

∫ t

0

〈
f(·+ t− s)Ḡ(·+ t− s)

Ḡ(·)
, η`(s)

〉
ds, ` ∈ N

where

D`(t) :=

∫ t

0

〈h, ν`(s)〉ds, ` ∈ N, (2.2.7)
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and

η`(t) :=

 λ
(
1− 〈1, ν1(t)〉d

)
δ0 if ` = 1,

λPd

(
〈1, ν`−1(t)〉, 〈1, ν`(t)〉

)
(ν`−1(t)− ν`(t)) if ` ≥ 2.

(2.2.8)

Remark 2.2.3. The bound (2.2.4) implies that for every ` ∈ N, the process D` in

(2.2.7) is well defined.

We now briefly provide some intuition behind the form of the hydrodynamic equa-

tions. The term 〈h, ν`(s)〉 represents the limiting mean conditional scaled departure

rate from queues of length at least ` at time s, and thus D`(t) given by (2.2.7) rep-

resents the limiting cumulative scaled departure rate from queues of length at least

` at time t. The term 〈1, ν`(t)〉 represents the limiting fraction of queues of length

at least ` at time t. Note that the scaled arrival rate of jobs to the network is given

by λ, and for ` ≥ 1, the probability that an arriving job is routed to a queue of

length `− 1 at time s is equal to Pd(〈1, ν`−1(s)〉, 〈1, ν`(s)〉)(〈1, ν`−1(s)〉− 〈1, ν`(s)〉),

with the convention 〈1, ν0(s)〉 = 1. Thus, 〈1, η`(s)〉, where η` is defined by (2.2.8),

represents the scaled arrival rate at time s of jobs to queues of length `− 1. Hence,∫ t
0
〈1, η`(s)〉ds is the total increase in the fraction of queues of length greater than or

equal to ` due to arrivals in the interval [0, t]. On the other hand, D`(t) − D`+1(t)

represents the cumulative decrease in the fraction of queues of length at least ` due

to service completions. The mass balance equation, (2.2.5) is a result of these obser-

vations. Lastly, the right-hand side of equation (2.2.6) describes the three terms that

contribute to the measure ν`(t). The first term accounts for jobs that were already

in service at time 0. The second term represents the contribution due to departures

from queues of length greater than or equal to `+ 1 in the interval [0, t]. The third

term represents the contribution to ν`(t) due to jobs that entered service at a queue

of length at least ` at some time s ∈ (0, t] and are still in service at time t.
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Along with Assumption 2.2.1, we also make the following assumption throughout.

Assumption 2.2.4. There exists a unique solution to the hydrodynamic equations.

Remark 2.2.5. A sufficient condition for Assumption 2.2.4, as established in [4, The-

orem 2.6], is that the density g of the service distribution be bounded on every finite

interval of [0, L). Examples of distributions satisfying Assumptions 2.2.1 and 2.2.4

are given in Remark 2.1 of [2].

2.3 Main Results

To state our main results, we will require the following basic definition.

Definition 2.3.1 (Invariant State). Given λ > 0, ν∗ = (ν∗` )`∈N ∈ S is said to

be an invariant state of the hydrodynamic equations with arrival rate λ if for every

t ≥ 0, ν ∈ CS[0,∞) defined by

ν(t) = ν∗ ∀t ≥ 0.

solves the hydrodynamic equations associated with (λ, ν∗). In this case the associated

sequence (s∗`)`∈N, defined by

s∗` := 〈1, ν∗` 〉, ` ∈ N, (2.3.1)

is said to be an invariant queue length distribution (with arrival rate λ). Furthermore,

any such (s∗`)`∈N that satisfies

lim
`→∞

s∗` = 0, (2.3.2)

will be referred to as a physical invariant queue length distribution (with arrival rate

λ).
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Remark 2.3.2. Note that (2.3.2) is a necessary condition for the mean of the invariant

queue length distribution to be finite. Moreover, as shown in Lemma 2.5.6, the

condition (2.3.2) turns out to be equivalent to requiring s∗1 = λ, which will be

satisfied by any “physically relevant” invariant state, including one that arises as

the limit of stationary N -server systems, which explains the nomenclature used in

Definition 2.3.1.

In the sequel, we will refer to a physical invariant state as any invariant state

that additionally satisfies (2.3.2). The latter condition is necessary for uniqueness

even in the case of an exponential service distribution since, for example, as it is

easy to verify, for any service distribution G, ν∗` (dx) = Ḡ(x)dx (and, consequently,

s∗` = 1) for every ` ∈ N, is always an invariant state of the hydrodynamic equations.

We now state our first main result on existence and characterization of physical

invariant states. Its proof is given in Section 2.5.4.

Theorem 2.3.3. Suppose Assumptions 2.2.1 and 2.2.4 hold. Also, fix λ ∈ (0, 1) and

d ∈ N. Then there exists a physical invariant state of the hydrodynamic equations

with arrival rate λ if and only if there exist a sequence of measurable functions (r`)`∈N

on [0,∞) that are continuously differentiable on [0, L) such that for x /∈ [0, L),

r`(x) = 0 and for x ∈ [0, L), r1(x) = λ and for ` ≥ 2,

r`(x) =λ(s∗`)
de−λPd(s∗`−1,s

∗
` )x + λPd(s

∗
`−1, s

∗
`)

∫ x

0

e−λPd(s∗`−1,s
∗
` )(x−u)r`−1(u)du, (2.3.3)

where for ` ≥ 1,

s∗` =

∫ L

0

r`(x)Ḡ(x)dx. (2.3.4)
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In this case,

ν∗` (A) =

∫
A

r`(x)Ḡ(x)dx, A ∈ B([0, L)), ` ∈ N. (2.3.5)

Furthermore, a physical invariant state of the hydrodynamic equations with arrival

rate λ always exists, and also satisfies

λ(s∗`−1)d = 〈h, ν∗` 〉 =

∫ L

0

g(x)r`(x)dx, ` ≥ 2. (2.3.6)

Remark 2.3.4. Now, fix λ ∈ (0, 1) and for d ≥ 2, define r1 ≡ s∗1 = λ. Note that

(s∗`)`∈N is a physical invariant queue length distribution if and only if for ` ≥ 2, s∗` is

a fixed point of the map

F`(s) :=λsd
∫ L

0

e−λPd(s∗`−1,s)xḠ(x)dx

+ λPd(s
∗
`−1, s)

∫ L

0

(∫ x

0

e−λPd(s∗`−1,s)(x−u)r`−1(u)du

)
Ḡ(x)dx, (2.3.7)

on [0, s∗`−1], where for ` ≥ 3, the function r`−1 is defined recursively via (2.3.3) in

terms of the functions r`−2 and quantities s∗`−1 and s∗`−2.

As an immediate consequence of Theorem 2.3.3, we recover the following well-

known result for the exponential service distribution (see [43, Theorem 1] and [32,

Lemma 2]).

Remark 2.3.5. If Ḡ(x) = e−x, then g(x) = Ḡ(x) and (2.3.4) and (2.3.6) show that

s∗` = λ(s∗`−1)d for all ` ≥ 2. Hence, solving the recursion with s∗1 = λ, we obtain

s∗` = λ
d`−1
d−1 , ` ∈ N.
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Our next result, which concerns the tail behavior of a physical invariant state,

requires some additional conditions.

Assumption 2.3.6. Fix d ≥ 2. Suppose there exist x0 > 1/λd, C0 < ∞, and β >

d/(d− 1) such that

Ḡ(x) ≤ C0x
−β, ∀x ≥ x0. (2.3.8)

Remark 2.3.7. This tail condition is almost equivalent to a moment condition. Specif-

ically, a sufficient condition for the tail condition is that service distribution have

finite (β + 1) + ε moment for some ε > 0, whereas a necessary condition is that the

service distribution has a finite (β + 1) moment. Thus, it is immediate that any

distribution with all moments finite, such as the Gamma, shifted exponential and

lognormal, as well as the Pareto, the latter with tail parameter greater than β + 1),

all satisfy the conditions in Assumption 2.3.6.

Recalling that, x0, C0 ∈ (0,∞), and β are constants from Assumption 2.3.6, now

define

C :=

∫ x0
0
Ḡ(x)dx∫∞

x0
Ḡ(x)dx

, C1 := C0(C + 1). (2.3.9)

Define

β̂ := β − bβc, (2.3.10)

where bβc denotes the largest integer less than or equal to β. Also, define Cβ :=

Cβ(λ, β, d) as follows:

Cβ :=

 max
(

1, C1(bβc+1)

min(β̂,1−β̂)
(λd)β−1

)
if β /∈ N,

max
(
1, C1(β + 1)(λd)β−1

)
if β ∈ N.

(2.3.11)

We also assume exponential tail decay for the invariant queue length distribution.

Assumption 2.3.8. Fix d ≥ 2 and Cβ as defined in (2.3.11). Suppose there exist
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k >
log(3Cβ)

(β−2)(d−1)
and ck, L > 0 such that the queue length distribution (s∗`)`∈N associated

with any physical invariant state satisfies

s∗i ≤ cke
−ki, for all i ≥ L. (2.3.12)

We prove the following result in Section 2.6.1.

Theorem 2.3.9. Fix λ ∈ (0, 1) and d ≥ 2 and suppose Assumptions 2.2.1–2.3.8

hold. Then, the queue length distribution (s∗`)`∈N associated with any physical invari-

ant state exhibits a doubly exponential decay, in the sense that there exists a constant

nd = nd(β) > 0 such that

lim inf
`→∞

1

`
logd log

(
1

s∗`

)
≥ nd. (2.3.13)

We conjecture that Assumption 2.3.8 holds for the class of service distributions

considered, and ongoing work is devoted to the investigation of this conjecture. If

the conjecture is true, then the result in Theorem 2.3.9 significantly extends previous

results on the power of two choices for specific classes of service distributions such

as exponential [32, 43], phase-type [28] and Pareto with parameter α > 2 [10].

Besides applying to more general distributions like lognormal and shifted exponential

distributions that are relevant in practice, it provides a unified approach for obtaining

all these results as special cases.

While the tail decay property is an interesting property, the decay property may

not manifest itself until rather far into the tails and so finite (invariant) queue length

exceedance probabilities are often of more practical interest. In Section 2.4, we

illustrate how for d = 2, the characterization of the invariant states of the measure-
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valued hydrodynamic equations obtained in Theorem 2.3.3 allows us to compute

more general invariant quantities of relevance besides the queue length, such as the

virtual waiting time, which appears not to have been considered in the literature

before (except in the case of exponential service times).

2.4 Numerical Results when d = 2

We now present numerical results, for simplicity restricting to the case d = 2.

2.4.1 Properties of the physical invariant state

We first obtain an alternative representation for (r`)`∈N that is more amenable to

computation than the one given in (2.3.3)-(2.3.4). Recall the definition of a physical

invariant state from Remark 2.3.2.

Lemma 2.4.1. Suppose ν∗ = (ν∗j )j≥1 ∈ S is a physical invariant state of the hydro-

dynamic equations, with an associated sequence of measurable functions (rj)j∈N as

in Theorem 2.3.3. Then r1 ≡ λ on [0, L) and for j ≥ 2,

rj(x) = λ+ λ

j∑
i=2

ci,je
−λPd(s∗i−1,s

∗
i )x, ∀x ∈ [0, L), (2.4.1)

where c2,2 := (s∗2)d − 1, and for j ≥ 3, ci,j are recursively defined as follows:

ci,j :=

 ci,j−1
Pd(s∗j−1,s

∗
j )

Pd(s∗j−1,s
∗
j )−Pd(s∗i−1,s

∗
i )

if 2 ≤ i < j,

(s∗j)
d − 1−

∑j−1
k=2 ck,j if i = j.

(2.4.2)

Proof. The identity r1 ≡ λ on [0, L) follows from Theorem 2.3.3. Substituting ` = 2
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in (2.3.3) with r1 ≡ λ, we see that

r2(x) = λ(s∗2)de−λPd(s∗1,s
∗
2)x + λPd(s

∗
1, s
∗
2)

∫ x

0

e−λPd(s∗1,s
∗
2)(x−u)λ du

= λ+ λe−λPd(s∗1,s
∗
2)x
(
(s∗2)d − 1

)
,

which verifies (2.4.1) for j = 2. Now, suppose (2.4.1) holds for some j ≥ 2. Substi-

tuting ` = j + 1 in (2.3.3) and using (2.4.1) and (2.4.2), we have

rj+1(x) = λ(s∗j+1)de−λPd(s∗j ,s
∗
j+1)x

+ λ2Pd(s
∗
j , s
∗
j+1)

∫ x

0

[1 +

j∑
i=2

ci,je
−λPd(s∗i−1,s

∗
i )u]e−λPd(s∗j ,s

∗
j+1)(x−u)du

= λ(s∗j+1)de−λPd(s∗j ,s
∗
j+1)x + λ(1− e−λPd(s∗j ,s

∗
j+1)x)

+ λ

j∑
i=2

ci,j
Pd(s

∗
j , s
∗
j+1)

Pd(s∗j , s
∗
j+1)−Pd(s∗i−1, s

∗
i )

(
e−λPd(s∗i−1,s

∗
i )x − e−λPd(s∗j ,s

∗
j+1)x

)
= λ+ λ((s∗j+1)d − 1)e−λPd(s∗j ,s

∗
j+1)x + λ

j∑
i=2

ci,j+1

(
e−λPd(s∗i−1,s

∗
i )x − e−λPd(s∗j ,s

∗
j+1)x

)
= λ+ λ

j+1∑
i=2

ci,j+1e
−λPd(s∗i−1,s

∗
i )x,

which shows that (2.4.1) also holds when j is replaced with j + 1. Thus, by the

principle of mathematical induction, we are done.

2.4.2 An algorithm for computing the invariant state

The following result is the key result that allows numerical computation of the in-

variant states.

Proposition 2.4.2. When d = 2 and Assumptions 2.2.1 and 2.2.4 hold, then for

each λ ∈ (0, 1) there exists a unique physical invariant queue length distribution
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(s∗`)`∈N for the hydrodynamic equations with arrival rate λ. In particular, s∗1 = λ

and for each ` ≥ 2, s∗` is unique fixed point in [0, s∗`−1] of the function F` defined in

(2.3.7).

The proof will rely on the following elementary lemma.

Lemma 2.4.3. Let b <∞ and let f be a function on [0, b] such that f is continuously

differentiable on (0, b), f(x) 6= 0 for x ∈ {0, b}, has at least one root in (0, b) and the

derivative of f at every root in (0, b) is negative, i.e.,

f(x) = 0 =⇒ f ′(x) < 0, ∀x ∈ (0, b).

Then there exists a unique x ∈ (0, b) such that f(x) = 0.

Proof. First note that since f ′ is negative at all its roots, there does not exist any

interval I ⊂ (0, b) such that f ≡ 0 on I. Let 0 < x1 < x2 < b be two distinct roots

of f . Since f ′(x1) < 0, f ′(x2) < 0 and f has a continuous derivative, there exist

y1 > x1, and y2 < x2 such that f(y1) < 0 and f(y2) > 0. By the intermediate value

theorem there exists at least one x∗ ∈ (x1, x2) such that f(x∗) = 0 and f ′(x∗) ≥ 0.

This contradicts our assumption, and hence, f has a unique root.

Proof of Proposition 2.4.2. Fix d = 2. By definition we know s∗1 = λ and we set

r1 ≡ λ and note that (2.3.4) holds. Now, suppose for any m ≥ 2, r` and s∗` satisfy

(2.3.3) and (2.3.4) for ` = 1, 2, · · · ,m − 1. Then by Remark 2.3.4, it suffices to

show that Fm has a unique fixed point in [0, s∗m−1], which then must be s∗m. Define

Hm(s) = Fm(s) − s, s ∈ [0, s∗m−1]. Then, setting d = 2 in the expression for β2 in
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(2.2.2) and using (2.3.7),

Hm(s) =λs2

∫ L

0

e−λ(s∗m−1+s)xḠ(x)dx

+ λ(s∗m−1 + s)

∫ L

0

(∫ x

0

e−λ(s∗m−1+s)(x−u)rm−1(u)du

)
Ḡ(x)dx− s. (2.4.3)

Note that

Hm(0) = λs∗m−1

∫ L

0

(∫ x

0

e−λs
∗
m−1(x−u)rm−1(u)du

)
Ḡ(x)dx > 0.

Also, integrating the interior integral of the second term on the right-hand side of

(2.4.3) by parts, and using the fact that (2.3.3) and (2.3.4), with ` = m − 1, imply

rm−1(0) = λ(s∗m−1)2 and s∗m−1 =
∫ L

0
rm−1(x)Ḡ(x)dx, we conclude that

Hm(s) =s∗m−1 − s−
[
λ(s∗m−1)2 − λs2

] ∫ L

0

e−λ(s∗m−1+s)xḠ(x)dx

−
∫ L

0

(∫ x

0

e−λ(s∗m−1+s)(x−u)r′m−1(u)du

)
Ḡ(x)dx.

Since r′m−1 ≥ 0 by Lemma 2.5.5, we have Hm(s∗m−1) < 0. Thus, Hm(x) 6= 0 for

x ∈ {0, s∗m−1}. On differentiating (2.4.3), we obtain

H ′m(s) =

∫ L

0

e−λ(s∗m−1+s)x
[
2λs− λ2s2x

]
Ḡ(x)dx

+ λ

∫ L

0

(∫ x

0

e−λ(s∗m−1+s)(x−u)rm−1(u)du

)
Ḡ(x)dx

−
∫ L

0

(∫ x

0

e−λ(s∗m−1+s)(x−u)rm−1(u)λ2(s∗m−1 + s)(x− u)du

)
Ḡ(x)dx− 1.

Using (2.3.7) with d = 2 and ` = m− 1 we see that

λ

∫ L

0

(∫ x

0

e−λ(s∗m−1+s)(x−u)rm−1(u)du

)
Ḡ(x)dx

=
1

(s∗m−1 + s)

(
Fm(s)− λs2

∫ L

0

e−λ(s∗m−1+s)xḠ(x)dx

)
.
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Now, since s∗1 = λ and rm−1 satisfies (2.3.3) and therefore (2.5.13), Lemmas 2.5.5

and 2.5.6 imply the monotonicity of rm−1, we have for all u ∈ [0, L), rm−1(u) ≥

rm−1(0) = λ(s∗m−1)2. Thus,

∫ L

0

(∫ x

0

e−λ(s∗m−1+s)(x−u)rm−1(u)λ2(s∗m−1 + s)(x− u)du

)
Ḡ(x)dx

≥ λ3(s∗m−1)2(s∗m−1 + s)

∫ L

0

(∫ x

0

e−λ(s∗m−1+s)(x−u)(x− u)du

)
Ḡ(x)dx

= λ3(s∗m−1)2(s∗m−1 + s)

∫ L

0

[
1

λ2(s∗m−1 + s)2
− e−λ(s∗m−1+s)x

λ2(s∗m−1 + s)2
− xe−λ(s∗m−1+s)x

λ(s∗m−1 + s)

]
Ḡ(x)dx

=
λ(s∗m−1)2

(s∗m−1 + s)

∫ L

0

(1− e−λ(s∗m−1+s)x)Ḡ(x)dx− λ2(s∗m−1)2

∫ L

0

e−λ(s∗m−1+s)xxḠ(x)dx

=
λ(s∗m−1)2

(s∗m−1 + s)

(
1−

∫ L

0

e−λ(s∗m−1+s)xḠ(x)dx

)
− λ2(s∗m−1)2

∫ L

0

e−λ(s∗m−1+s)xxḠ(x)dx.

Combining the last three displays and rearranging, we obtain

H ′m(s) ≤
∫ L

0

e−λ(s∗m−1+s)x
[
2λs− λ2s2x

]
Ḡ(x)dx+

F`(s)

(s∗m−1 + s)
− 1

− λs2

(s∗m−1 + s)

∫ L

0

e−λ(s∗m−1+s)xḠ(x)dx−
λ(s∗m−1)2

(s∗m−1 + s)

(
1−

∫ L

0

e−λ(s∗m−1+s)xḠ(x)dx

)
+ λ2(s∗m−1)2

∫ L

0

e−λ(s∗m−1+s)xxḠ(x)dx

=
F`(s)

(s∗m−1 + s)
− 1−

λ(s∗m−1)2

(s∗m−1 + s)

+

(
2λs− λs2

(s∗m−1 + s)
+

λ(s∗m−1)2

(s∗m−1 + s)

)∫ L

0

e−λ(s∗m−1+s)xḠ(x)dx

+
(
λ2(s∗m−1)2 − λ2s2

) ∫ L

0

e−λ(s∗m−1+s)xxḠ(x)dx

=
(F`(s)− λ(s∗m−1)2)

(s∗m−1 + s)
− 1 +

(
2λs+

λ((s∗m−1)2 − s2)

(s∗m−1 + s)

)∫ L

0

e−λ(s∗m−1+s)xḠ(x)dx

+ λ2((s∗m−1)2 − s2)

∫ L

0

e−λ(s∗m−1+s)xxḠ(x)dx

=
(F`(s)− λ(s∗m−1)2)

(s∗m−1 + s)
− 1 + λ(s∗m−1 + s)

∫ L

0

e−λ(s∗m−1+s)xḠ(x)dx

+ λ2((s∗m−1)2 − s2)

∫ L

0

e−λ(s∗m−1+s)xxḠ(x)dx.
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Using Hölder’s inequality, Ḡ2(x) ≤ Ḡ(x) for all x ∈ [0, L) and the mean one condi-

tion, we have

∫ L

0

e−λ(s∗m−1+s)xḠ(x)dx ≤
(∫ L

0

e−2λ(s∗m−1+s)xdx

)1/2(∫ L

0

Ḡ2(x)dx

)1/2

≤
(∫ L

0

e−2λ(s∗m−1+s)xdx

)1/2

≤ 1√
2λ(s∗m−1 + s)

,

and similarly

∫ L

0

xe−λ(s∗m−1+s)xḠ(x)dx ≤
(∫ L

0

x2e−2λ(s∗m−1+s)xdx

)1/2(∫ L

0

Ḡ2(x)dx

)1/2

≤
(∫ L

0

x2e−2λ(s∗m−1+s)xdx

)1/2

≤ 1

2
√
λ3(s∗m−1 + s)3

.

Combining the last three displays and evaluating H ′m at any fixed point s̃∗m of Fm in

[0, s∗m−1],

H ′m(s̃∗m) ≤−
s∗m−1 + λ(s∗m−1)2

(s∗m−1 + s̃∗m)
+

(
1√
2

+
1

2

)√
λ(s∗m−1 + s̃∗m)− λs̃∗m√

λ(s∗m−1 + s̃∗m)
= Km(s̃∗m),

(2.4.4)

where for s ∈ [0, s∗m−1],

Km(s) = −
s∗m−1 + λ(s∗m−1)2

(s∗m−1 + s)
+

(
1√
2

+
1

2

)√
λ(s∗m−1 + s)− λs√

λ(s∗m−1 + s)
.

Differentiating Km we obtain
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K ′m(s) =
s∗m−1 + λ(s∗m−1)2

(s∗m−1 + s)2
+

1

2

(
1√
2

+
1

2

)
λ√

λ(s∗m−1 + s)

− λ√
λ(s∗m−1 + s)

+
λ2s

2λ(s∗m−1 + s)
√
λ(s∗m−1 + s)

=
(s∗m−1 + λ(s∗m−1)2)

(s∗m−1 + s)2
+

1

2

(
1√
2

+
1

2

)
λ√

λ(s∗m−1 + s)
−

2λs∗m−1 + λs

2(s∗m−1 + s)
√
λ(s∗m−1 + s)

=
4s∗m−1 + 4λ(s∗m−1)2 − (3s∗m−1 + s)

√
λ(s∗m−1 + s)

4(s∗m−1 + s)2
+

1

2
√

2

λ√
λ(s∗m−1 + s)

.

To show that K ′m(s) ≥ 0 for s ∈ [0, s∗m−1], it suffices to show the numerator of the

first term is positive. Since a2 > b2 implies a > b when a, b > 0, this follows from

16(s∗m−1)2 + 16λ2(s∗m−1)4 + 32λ(s∗m−1)3 −
(
λ(s∗m−1 + s)(9(s∗m−1)2 + s2 + 6s∗m−1s)

)
≥ 16(s∗m−1)2 + 16λ2(s∗m−1)4 + 32λ(s∗m−1)3 − 2λs∗m−1(16s∗m−1)

≥ 16(s∗m−1)2 + 16λ2(s∗m−1)4

≥ 0.

Hence, Km is increasing on [0, s∗m−1]. When combined with (2.4.4), this implies

H ′m(s̃∗m) ≤ Km(s̃∗m) ≤ Km(s∗m−1) = −
1 + λs∗m−1

2
+

(
1 +

1√
2

)√
λs∗m−1 −

√
λs∗m−1√

2

= −1

2

(
1 + λs∗m−1 − 2

√
λs∗m−1

)
= −1

2
(1−

√
λs∗m−1)2

< 0.

Hence using the definition of Hm in (2.4.3), continuous differentiability of Fm from

Proposition 2.5.4 and substituting b = s∗m−1 and f = Hm in Lemma 2.4.3, we

conclude that Fm has a unique fixed point in [0, s∗m−1].
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Now, fix d = 2, λ ∈ (0, 1) and a service distribution that satisfies Assumptions

2.2.1 and 2.2.4. Let (s∗`)`∈N be the invariant queue length distribution, which is

uniquely defined by Proposition 2.4.2. For ` ≥ 2, given {s∗i }i≤`−1 and {ri}i≤`−1, and

F` as in (2.3.4), we compute s∗` as the zero of the function s 7→ F`(s)−s on the interval

[0, s∗`−1] using the bisection method with an error tolerance of 10−12. We then use the

recursion (2.4.1) using the adaptive quadrature method with a tolerance of 10−12 to

numerically approximate the integrals therein for the following list of distributions.

• Gamma distribution: The Gamma distribution with unit mean is parameter-

ized by α > 0, and

Ḡ(x) =
γ(α, αx)

Γ(α)
, x ≥ 0,

where Γ denotes the Gamma function

Γ(α) =

∫ ∞
0

xα−1e−xdx,

and γ denotes the lower incomplete gamma function,

γ(a, x) =

∫ x

0

za−1e−zdz, a > 0, x ≥ 0.

• Weibull distribution: The Weibull distribution with unit mean is parameterized

by a > 0, and

Ḡ(x) = e(−x/b)a , x ≥ 0,

where b = 1
Γ(1+ 1

a
)
.

• Lognormal distribution: The Lognormal distribution with unit mean is param-
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eterized by σ > 0, and

Ḡ(x) =
1

2
− 1

2
erf

[
log x− µ√

2σ

]
, x > 0,

where µ = −σ2

2
, and erf denotes the error function

erf(x) =
2√
π

∫ x

0

e−z
2

dz, x > 0.

• Pareto distribution: The Pareto distribution with unit mean is parameterized

by α ≥ 1, and

Ḡ(x) =

 1 if x ∈ [0, xm),(
xm
x

)α
if x ≥ xm,

where xm = α−1
α

.

• Burr distribution: The Burr distribution with unit mean is parameterized by

c > 0 and k > 1/c such that kB(k − 1
c
, 1 + 1

c
) = 1, where B denotes the beta

function, i.e.,

B(a, b) =

∫ 1

0

t(a−1)(1− t)(b−1)dt, a, b > 0,

and

Ḡ(x) = (1 + xc)−k, x ≥ 0.

The resulting numerical estimates for λ = 0.5 are tabulated in Table 2.1, where

s∗` is set to zero if the numerical estimate for s∗` is below the precision error, i.e.,

s∗` ≤ 10−12. Continuing the numerical computation for 6 ≤ ` ≤ 8 for the distributions

in Table 2.1, the only non-zero values are s∗6 = 2.7×10−6, and s∗7 = 1.8147×10−11 for

the Weibull distribution with a = 0.5, and s∗6 = 0.0231, s∗7 = 0.0182 and s∗8 = 0.015

for the Pareto distribution with α = 1.5. Even for small values of ` the decay of
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s∗2 s∗3 s∗4 s∗5
Exponential 0.125 0.0078 3.0518× 10−5 4.6566× 10−10

Gamma 0.0871 0.0022 1.1892× 10−6 3.629× 10−11

(α = 3)
Weibull 0.0838 0.0018 7.1889× 10−7 0
(a = 2)
Weibull 0.2425 0.0872 0.0166 0.0008

(a = 0.5)
Lognormal 0.0738 0.0012 2.4229× 10−7 2.985× 10−11

(σ = 1
3
)

Pareto 0.0812 0.0024 1.2208× 10−5 0
(α = 3)
Pareto 0.1820 0.0797 0.0460 0.0311

(α = 1.5)
Burr 0.1117 0.0076 9.8831× 10−5 1.1969× 10−7

(c = 2,
k = 1.5)

Table 2.1: Numerical estimates for s∗` , 2 ≤ ` ≤ 5, for various distributions.

s∗` appears to be faster for lighter-tailed as opposed to heavier-tailed distributions

(such as Weibull with α = 0.5, and Pareto with α = 1.5). In Section 2.4.3, we show

that these approximations to the invariant state agree well with the approximations

to the limiting stationary distribution obtained via simulations.

To understand the rate of decay of the invariant queue length distribution with

respect to `, Table 2.2 tabulates the function H(`) = log2(log(1/s∗`))/` for the above

distributions, where the entry NaN denotes that H(`) could not be computed due to

loss of precision while estimating s∗` . For service distributions exhibiting a doubly ex-

ponential tail decay, by Theorem 2.3.9 H(`) should converge to (or be lower bounded

by) a constant as ` → ∞. For example, it is easy to check that for the exponential

service distribution H(`) converges to 1 as `→∞. This assertion cannot be inferred

from Table 2.2, thus showing that the decay rate does not manifest itself till far into

the tail. Thus, from a practical point of view, this underscores the importance of

being able to compute s∗` for finite `, as our approach allows.
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H(2) H(3) H(4) H(5)
Exponential 0.5281 0.7595 0.8445 0.8851

Gamma 0.6436 0.8724 0.9425 0.9688
(α = 3)
Weibull 0.6549 0.8859 0.9556 NaN
(a = 2)
Weibull 0.2513 0.4289 0.5085 0.5650

(a = 0.5)
Lognormal 0.6911 0.9182 0.9821 0.9198

(σ = 1
3
)

Pareto 0.6640 0.8629 0.8878 NaN
(α = 3)
Pareto 0.3843 0.4462 0.4057 0.3590

(α = 1.5)
Burr 0.5562 0.7621 0.8013 0.7989

(c = 2,
k = 1.5)

Table 2.2: Computations of H(`) =
log2(log( 1

s∗
`

))

`
for s∗` , 2 ≤ ` ≤ 5.

Due to the measure-valued representation, it is also possible to calculate the

invariant states of other important performance measures in addition to the queue

length. For example, consider the virtual waiting time at any time t, defined to be

the amount of time that a virtual job hypothetically arriving at time t would have

to wait before entering service. Using [2, Theorem 4.5], it can be easily deduced that

when d = 2, the invariant mean virtual waiting time, W ∗ is given by

W ∗ =
∑
`≥2

Z`(0)2 +
∑
`≥1

[Z`(0) + Z`+1(0)]

∫ ∞
0

[Z`(r) + Z`+1(r)]dr, (2.4.5)

where Z`(r) := 〈(Ḡ(·+ r)/Ḡ(·)), ν∗` 〉. We now compute the invariant mean virtual

waiting time by using the following approximation to (2.4.5).

W ∗ ∼
L0∑
`=2

Z`(0)2 +

L0−1∑
`=1

[Z`(0) + Z`+1(0)]

bR0/δc∑
j=0

[Z`(rj) + Z`+1(rj)]δ,
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where L0 = 6, R0 = 20, δ = 0.003 and rj = jδ, with a tolerance of 10−12.

Exponential Pareto Pareto Pareto Pareto Pareto
(α = 3) (α = 2.5) (α = 2) (α = 1.75) (α = 1.5)

W ∗ 0.4246 0.1673 0.1905 0.2449 0.3042 0.4287

Table 2.3: Invariant mean virtual waiting time for Exponential and Pareto distribu-
tions.

Weibull Weibull Weibull Weibull Gamma
(a = 2) (a = 1.5) (a = 1) (a = 0.5) (α = 3)

W ∗ 0.1716 0.1966 0.2661 0.6781 0.1789

Table 2.4: Invariant mean virtual waiting time for Weibull and Gamma distributions.

The numerics show that for a given distribution, the invariant mean virtual wait-

ing time increases with increase in the heaviness of the tail of the distribution. While

this may appear intuitive, it is not completely obvious, since it is in contrast to tran-

sient time results obtained in [2, Section 5.2.2], where the relaxation time (defined to

be the time it takes for the network backlog to decrease to the extent that the mean

virtual waiting time reaches half of its initial value) is smaller in the heavy-tailed

case when compared to the light-tailed case.

2.4.3 Potential convergence of the N-server equilibria to the

invariant state

As mentioned in Section 1.2.2, for service distributions with decreasing hazard rate

function, it was shown in [9] that the sequence of stationary distributions πN of N -

server systems subject to our load balancing algorithm converges to a limit π∗ and
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that in the case of power law distributions with tail parameter β, this limit has a

doubly exponential tail if and only if β > d/(d− 1). They use a different approach

not involving the study of dynamic behavior (or the hydrodynamic limit).

An alternative approach is to characterize the hydrodynamic limit and show that

the unique invariant state of the hydrodynamic equations coincides with the limiting

stationary distribution. The results of this chapter, along with that of [4] and [9] can

be combined to show that this is true in the case of service distributions with de-

creasing hazard rate. We conjecture that the unique physical invariant state coincides

with the limiting stationary distribution even for more general service distributions.

Below, we provide numerical evidence to support this conjecture.

We only present results for the lognormal and Pareto distributions. Note that,

while the Pareto distribution has a decreasing hazard rate function, and so one ex-

pects agreement of the two quantities due to [4, 9], it is significant that the lognormal

distribution still shows agreement despite not having a monotonic hazard rate func-

tion. Similar trends are observed for a variety of other service distributions and

arrival rates. Figures 2.1 and 2.2 below present a comparison, for ` = 1, 2, 3, of s∗`

with estimates of the probability that a typical queue has length no less than ` at time

t, using Monte Carlo simulations of an N -server network with N = 600 and λ = 0.5

for the time interval t ∈ [0, 15] for the Lognormal distribution, and t ∈ [0, 10] for the

Pareto distribution, using 600 realizations, with the initial condition that at time

t = 0, every server has exactly one job with age 0. We then compute the probability

that a typical queue has length ≥ ` at time t, and compare this quantity with the

invariant state s∗` obtained in Table 2.1. For large ` (e.g., ` ≥ 4) it becomes harder

to use simulations to get accurate estimates of the equilibrium probability of the

queue exceeding `; whereas, the recursions can still be used to get an approximation

to s∗` . Figure 2.1 confirms the results for the Lognormal distribution and Figure 2.2
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for the Pareto distribution and provides support for the conjecture (similar trends

are observed for a variety of initial conditions and service distributions.)
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Figure 2.1: Comparison of the probability of the queue exceeding ` obtained from
MC simulation with the numerical approximation to the invariant state s∗` for the
Lognormal distribution with σ = 1/3
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Figure 2.2: Comparison of the probability of the queue exceeding ` obtained from
MC simulation with the numerical approximation to the invariant states∗` for the
Pareto distribution with α = 3

2.5 Proof of Theorem 2.3.3

Let ν∗ = (ν∗` )`∈N be a physical invariant state of the hydrodynamic equations in the

sense of Remark 2.3.2. Then (by definition) ν(t) = (ν∗` )`∈N, t > 0, is a solution to

the hydrodynamic equations with initial condition ν∗, and condition (2.3.2) holds

with (s∗`)`∈N defined as in (2.3.1). Define the associated invariant quantities

η∗` :=

 λ(1− 〈1, ν∗1〉d)δ0 if ` = 1,

λPd

(
〈1, ν∗`−1〉, 〈1, ν∗` 〉

)
(ν∗`−1 − ν∗` ) if ` ≥ 2.

(2.5.1)



41

From (2.2.7), it follows that for every t ≥ 0, the departure process with initial state

ν∗ satisfies

D`(t) = 〈h, ν∗` 〉t, ∀` ∈ N, (2.5.2)

and using (2.2.8), the measure-valued routing process is given by η`(t) = η∗` for all

t ≥ 0.

The proof of Theorem 2.3.3, which is presented in Section 2.5.4, relies on several

preliminary results. First, in Section 2.5.1, we obtain a bound on the departure

rate in an invariant state, in Section 2.5.2 we obtain a useful characterization of an

invariant state (see Proposition 2.5.4), and in Section 2.5.3 we establish existence of

a physical invariant state.

2.5.1 The departure rate in an invariant state

Lemma 2.5.1. Suppose ν∗ = (ν∗` )`∈N is an invariant state of the corresponding

hydrodynamic equations, and let s∗` = 〈1, ν∗` 〉 be the corresponding queue length dis-

tribution. Then, for every ` ≥ 1,

〈h, ν∗`+1〉 = λ(s∗`)
d − λ+ 〈h, ν∗1〉. (2.5.3)

Moreover if (2.3.2) holds, that is, s∗` → 0 as `→∞, then

〈h, ν∗1〉 ≥ λ. (2.5.4)

Proof. Let ν∗ = (ν∗` )`∈N be an invariant state of the hydrodynamic equations. Then,

for every ` ≥ 1, (2.2.4) implies 〈h, ν∗` 〉 < ∞, and (2.2.5), (2.5.1) and (2.5.2) imply
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that

〈h, ν∗2〉 − 〈h, ν∗1〉 = −λ(1− (s∗1)d), (2.5.5)

and for ` ≥ 2,

〈h, ν∗`+1〉 − 〈h, ν∗` 〉 = −λPd

(
s∗`−1, s

∗
`

)
(s∗`−1 − s∗`) = −λ[(s∗`−1)d − (s∗`)

d], (2.5.6)

where the last equality invokes (2.2.2). Thus, defining s∗0 := 1, we see that for ` ≥ 1,

〈h, ν∗`+1〉 =
∑̀
i=1

(
〈h, ν∗i+1〉 − 〈h, ν∗i 〉

)
+ 〈h, ν∗1〉

= −λ
∑̀
i=1

(
(s∗i−1)d − (s∗i )

d
)

+ 〈h, ν∗1〉

= λ(s∗`)
d − λ+ 〈h, ν∗1〉, (2.5.7)

which proves (2.5.3). Furthermore, since 〈h, ν∗`+1〉 ≥ 0 for all `, and lim`→∞ s
∗
` = 0,

(2.5.7) implies (2.5.4).

2.5.2 Characterization of invariant states

We begin by establishing the absolute continuity of the invariant state.

Lemma 2.5.2. Suppose ν∗ = (ν∗` )`∈N ∈ S is an invariant state of the hydrodynamic

equations and (s∗`)`∈N is the associated invariant queue length distribution as defined

in (2.3.1). Then for every ` ∈ N, ν∗` is absolutely continuous with respect to Lebesgue

measure on [0,∞).

We first make a simple observation that will be used in the proof of Lemma 2.5.2.

Lemma 2.5.3. If (ν`)`∈N is a solution to the hydrodynamic equations with initial
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condition ν(0), then (2.2.6) holds for all Lebesgue integrable functions f on [0,∞).

Proof. We show below that (2.2.6) holds for indicator functions. Indeed, fix 0 ≤ a ≤

b <∞ consider a sequence (εn)n≥1 with εn < 1 for each n ≥ 1 and εn ↓ 0. For each

n ≥ 1, consider fn ∈ Cb[0,∞) defined by

fn(x) :=


1 x ∈ [a, b],

linear x ∈ [a− εn, a) ∪ (b, b+ εn],

0 otherwise.

Then fn → 1[a,b] pointwise as n→∞. Using (2.2.6) with f = fn and the dominated

convergence theorem, we have

lim
n→∞
〈fn, ν`(t)〉 = lim

n→∞

[
〈fn(·+ t)

Ḡ(·+ t)

Ḡ(·)
, ν`(0)〉 +

∫
[0,t]

fn(t− s)Ḡ(t− s)dD`+1(s)

+

∫ t

0

〈fn(·+ t− s)Ḡ(·+ t− s)
Ḡ(·)

, η`(s)〉ds
]

=〈1[a,b](·+ t)
Ḡ(·+ t)

Ḡ(·)
, ν`(0)〉+

∫
[0,t]

1[a,b](t− s)Ḡ(t− s)dD`+1(s)

+

∫ t

0

〈1[a,b](·+ t− s)Ḡ(·+ t− s)
Ḡ(·)

, η`(s)〉ds

By linearity, it then follows that (2.2.6) holds for all simple functions. Since any

Lebesgue integrable function can be represented as a monotone limit of simple func-

tions, another application of the DCT shows that (2.2.6) is satisfied whenever f is a

Lebesgue integrable function.

In what follows, ν∗ is an invariant state of the hydrodynamic equations.

Proof of Lemma 2.5.2. For 0 ≤ a < b < ∞, substituting ν = ν∗ and f = 1[a,b] in
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(2.2.6), and using (2.5.2), we have for each t > 0,

ν∗` [a, b] =

∫ L

0

1[a,b](x+ t)
Ḡ(x+ t)

Ḡ(x)
ν∗` (dx) +

∫
[0,t]

1[a,b](t− s)Ḡ(t− s)〈h, ν∗`+1〉ds

+

∫ t

0

∫ L

0

1[a,b](x+ t− s)Ḡ(x+ t− s)
Ḡ(x)

η∗` (dx)ds

=

∫ (b−t)+∧L

(a−t)+∧L

Ḡ(x+ t)

Ḡ(x)
ν∗` (dx) + 〈h, ν∗`+1〉

∫ (t−a)+

(t−b)+
Ḡ(t− s)ds

+

∫ t

0

∫ (b−(t−s))+∧L

(a−(t−s))+∧L

Ḡ(x+ t− s)
Ḡ(x)

η∗` (dx)ds

≤ν∗` [(a− t)+ ∧ L, (b− t)+ ∧ L] + 〈h, ν∗`+1〉(b− a)

+

∫ t

0

∫ (b−(t−s))+∧L

(a−(t−s))+∧L

Ḡ(x+ t− s)
Ḡ(x)

η∗` (dx)ds. (2.5.8)

The relation (2.5.1) implies that for ` = 1,

∫ t

0

∫ (b−(t−s))+∧L

(a−(t−s))+∧L

Ḡ(x+ t− s)
Ḡ(x)

η∗1(dx)ds ≤
∫ (t−a)+

(t−b)+
Ḡ(t− s)λ(1− 〈1, ν∗1〉d)ds ≤ λ(b− a).

(2.5.9)

Claim: Given 0 ≤ a < b <∞,

ν∗` [a, b] ≤ A`(b− a) ` ≥ 1, (2.5.10)

where

A` :=

 〈h, ν
∗
2〉+ λ ` = 1,

〈h, ν∗`+1〉+ dλtA`−1 ` ≥ 2.
(2.5.11)

The claim for ` = 1 follows on using (2.5.9) and (2.5.8), with ` = 1, and sending

t→∞.

Now, suppose (2.5.10) holds for some `− 1 with ` ≥ 2. For 0 ≤ s ≤ t <∞, using

(2.5.1), the inequality Pd(x, y) ≤ d ∀x, y ≥ 0, and (2.5.10), with ` replaced by `− 1,
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we have

∫ t

0

∫ (b−(t−s))+∧L

(a−(t−s))+∧L

Ḡ(x+ t− s)
Ḡ(x)

η∗` (dx)ds

≤
∫ t

0

∫ (b−(t−s))+∧L

(a−(t−s))+∧L

Ḡ(x+ t− s)
Ḡ(x)

dλ(ν∗`−1(dx)− ν∗` (dx))ds

≤ dλ

∫ t

0

ν∗`−1((a− (t− s))+ ∧ L, (b− (t− s))+ ∧ L)ds

≤ dλtA`−1(b− a).

When combined with (2.5.8) and(2.5.11), and sending t → ∞, the above equation

yields (2.5.10). Given ε1 > 0, define δ1(ε1) := ε1/2(〈h, ν∗2〉+ λ). Let E ⊂ [0,∞) be

a Lebesgue measurable set with µ(E) < δ1(ε1), where µ denotes Lebesgue measure.

Since (by, e.g., [18, Lemma 1.17])

µ(E) = inf

{∑
i∈N

µ((ai, bi)) : E ⊂
⋃
i∈N

(ai, bi)

}
,

there exists ((ai, ai + ∆i))i∈N such that E ⊂
⋃
i∈N(ai, ai + ∆i) and

∑
i∈N µ((ai, ai +

∆i)) =
∑

i∈N ∆i < 2δ1(ε1). Since 〈h, ν∗2〉 ≥ 0 by Lemma 2.5.1, using (2.5.10) and

(2.5.11) with ` = 1, we obtain for all i,

ν∗1(E) ≤
∑
i∈N

ν∗1(ai, ai + ∆i) ≤
∑
i∈N

(〈h, ν∗2〉+ λ)∆i = 2(〈h, ν∗2〉+ λ)δ1(ε1) = ε1.

Likewise, fix ` ≥ 2. Given ε` > 0, define δ`(ε`) = ε`/2n`. Now suppose E ⊂ [0,∞)

is Lebesgue measurable with µ(E) < δ`. Then there exist ((ai, ai + ∆i))i∈N such that

E ⊂
⋃
i∈N(ai, ai + ∆i) and

∑
i∈N µ((ai, ai + ∆i)) =

∑
i∈N ∆i < 2δ`. Using (2.5.10),

we see that, ∑
i∈N

ν∗` [ai, ai + ∆i] ≤
∑
i∈N

A`∆i.
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Hence, using 〈h, ν∗` 〉 ≥ 0 for all ` ≥ 1 from Lemma 2.5.1, we have,

ν∗` (E) ≤
∑
i∈N

ν∗` (ai, ai + ∆i) ≤
∑
i∈N

A`∆i < 2A`δ`(ε`) = ε`.

Thus, we have shown that for every ` ≥ 1, given ε` > 0, ∃δ`(ε`) > 0 such that

µ(E) < δ`(ε`) =⇒ ν∗` (E) < ε`. This proves ν∗` is absolutely continuous with respect

to µ.

Proposition 2.5.4. Suppose ν∗ = (ν∗` )`∈N is an invariant state of the hydrodynamic

equations, and s∗` is defined in terms of ν∗` via (2.3.1) for each ` ≥ 1. Then there

exists a sequence (r`)`∈N, of measurable functions on [0,∞) that admit a version that

is continuously differentiable on [0, L), such that r`(x) = 0 for x /∈ [0, L), (2.3.4) and

(2.3.5) hold,

r1 ≡ s∗1, on [0, L), (2.5.12)

and for ` ≥ 2, and x ∈ [0, L),

r`(x) =(λ(s∗`)
d + s∗1 − λ)e−λPd(s∗`−1,s

∗
` )x + λPd(s

∗
`−1, s

∗
`)

∫ x

0

e−λPd(s∗`−1,s
∗
` )(x−u)r`−1(u)du.

(2.5.13)

Proof. Since each ν∗` is absolutely continuous with respect to Lebesgue measure

by Lemma 2.5.2, and Ḡ(x) > 0 for x ∈ [0, L), there exists (r`)`∈N, a sequence

of measurable functions on [0, L) such that dν`
dx

(x) = r`(x)Ḡ(x). Hence, r`(x) =

I[0,L)(x) 1
Ḡ(x)

dν`
dx

(x) clearly satisfies (2.3.5), and since s∗` = 〈1, ν∗` 〉, this immediately

implies (2.3.4). Now using ν(t) = ν∗ in (2.2.6), and for ` = 1, combining (2.5.1),
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(2.5.2), and (2.5.5), we have for every f ∈ Cb[0,∞) and t ≥ 0,

∫ L

0

f(x)Ḡ(x)r1(x)dx =

∫ L

0

f(x+ t)Ḡ(x+ t)r1(x)dx+ 〈h, ν∗2〉
∫ t

0

f(s)Ḡ(s)ds

+ λ
(
1− (s∗1)d

) ∫ t

0

f(s)Ḡ(s)ds

=

∫ L

0

f(x+ t)Ḡ(x+ t)r1(x)dx+ 〈h, ν∗1〉
∫ t

0

f(s)Ḡ(s)ds.

Recalling that h = g/Ḡ, this implies that

∫ L

0

f(x)Ḡ(x)

[
r1(x)− I{x≥t}r1(x− t)− I{x<t}

(∫ L

0

g(s)r1(s) ds

)]
dx = 0.

A standard monotone class argument shows that this holds for every bounded

measurable function f . Hence, the above equation holds if and only if for a.e.

(x, t) ∈ [0, L)× [0,∞),

r1(x) = I{x≥t}r1(x− t) + I{x<t}
(∫ L

0

g(s)r1(s) ds

)
.

It is easy to see that this implies that r1 is a.s. equal to the constant
∫ L

0
g(s)r1(s)ds,

and with some abuse of notation, we denote this constant again by r1. In turn, since

both
∫

[0,L)
g(x)dx = 1 and

∫
[0,L)

Ḡ(x)dx = 1, this implies that

〈h, ν∗1〉 = r1

∫
[0,L)

h(x)Ḡ(x)dx = r1 = r1

∫
[0,L)

Ḡ(x)dx = s∗1, (2.5.14)

which proves (2.5.12).

Similarly, for ` ≥ 2, setting ν`(0) = ν∗` in (2.2.6), and using the identity ν`(t) = ν∗`

for any t along with (2.3.5), (2.5.1) and (2.5.2), we have for every f ∈ Cb[0,∞), and
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t ≥ 0,

∫ L

0

f(x)Ḡ(x)r`(x)dx =

∫ L

0

f(x+ t)Ḡ(x+ t)r`(x)dx+ 〈h, ν∗`+1〉
∫ t

0

f(s)Ḡ(s)ds

+ λPd

(
s∗`−1, s

∗
`

)∫ t

0

(∫ L

0

f(x+ s)Ḡ(x+ s) (r`−1(x)− r`(x)) dx

)
ds.

(2.5.15)

Since r` is integrable with respect to Ḡ(x)dx by definition, we can use Fubini’s

theorem to change the order of integration in the last term on the right-hand side of

(2.5.15), and apply the identity Ḡ(x) = 0 for x > L, to obtain

∫ t

0

(∫ L

s∧L
f(x)Ḡ(x) (r`−1(x− s)− r`(x− s)) dx

)
ds

=

∫ t∧L

0

f(x)Ḡ(x)

(∫ x

0

(r`−1(x− s)− r`(x− s)) ds
)
dx

+

∫ L

t∧L
f(x)Ḡ(x)

(∫ t

0

(r`−1(x− s)− r`(x− s)) ds
)
dx,

where we use the notation a ∧ b to denote the minimum of a and b. Thus, we can

rewrite (2.5.15) as

∫ L

0

f(x)Ḡ(x)
[
r`(x)−K(1)

` (x, t)I{x≥t∧L} −K(2)
` (x)I{x<t∧L}

]
dx = 0, (2.5.16)

where, for (x, t) ∈ [0, L)× [0,∞),

K
(1)
` (x, t) := r`(x− t) + λPd

(
s∗`−1, s

∗
`

)∫ t

0

(r`−1(x− s)− r`(x− s)) ds,

K
(2)
` (x) := 〈h, ν∗`+1〉+ λPd

(
s∗`−1, s

∗
`

)∫ x

0

(r`−1(u)− r`(u)) du.

Now, (2.5.16) clearly holds if and only if for every t ≥ 0, r`(x) = K
(1)
` (x, t)I{x≥t∧L}+
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K
(2)
` (x)I{x<t∧L} for a.e. x ∈ [0, L), which in turn holds if and only if for every t ≥ 0,

r`(x) = K
(1)
` (x, 0) = K

(1)
` (x, t), for a.e. x ∈ [t ∧ L,L), (2.5.17)

and

r`(x) = K
(2)
` (x), for a.e. x < t ∧ L. (2.5.18)

We will first consider the implications of the equality in (2.5.18). Define

I`(x) :=

∫ x

0

r`(u)du,

and

B`(x) :=
[
〈h, ν∗` 〉 − λPd

(
s∗`−1, s

∗
`

)
(s∗`−1 − s∗`)

]
+ λPd

(
s∗`−1, s

∗
`

)
I`−1(x). (2.5.19)

Note that B` is continuous on [0, L), and using the definition of K
(2)
` and (2.5.6), we

can rewrite (2.5.18) as

dI`
dx

(x) + λPd

(
s∗`−1, s

∗
`

)
I`(x) = B`(x), (2.5.20)

with boundary condition I`(0) = 0. Solving this linear ordinary differential equation,

we see that

I`(x) = e−λPd(s∗`−1,s
∗
` )x

∫ x

0

eλPd(s∗`−1,s
∗
` )uB`(u)du.

Combining this with (2.5.20) and recalling that r` = dI`/dx, we obtain

r`(x) = B`(x)− λPd

(
s∗`−1, s

∗
`

)∫ x

0

e−λPd(s∗`−1,s
∗
` )(x−u)B`(u)du, (2.5.21)

which in particular shows that r` is continuous. Also, to further simplify the right-
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hand side, note that (2.5.19) shows that B` is differentiable with continuous deriva-

tive λPd(s
∗
`−1, s

∗
`)r`−1. An integration by parts then yields

λPd(s
∗
`−1, s

∗
`)

∫ x

0

eλPd(s∗`−1,s
∗
` )uB`(u)du

=eλPd(s∗`−1,s
∗
` )xB`(x)−B`(0)− λPd(s

∗
`−1, s

∗
`)

∫ x

0

eλPd(s∗`−1,s
∗
` )ur`−1(u)du.

Substituting this back into (2.5.21), and using (2.5.19), (2.2.2), (2.5.3) and (2.5.14)

we obtain

r`(x) =e−λPd(s∗`−1,s
∗
` )x
[
〈h, ν∗` 〉 − λPd(s

∗
`−1, s

∗
`)(s

∗
`−1 − s∗`)

]
+ λe−λPd(s∗`−1,s

∗
` )xPd(s

∗
`−1, s

∗
`)

∫ x

0

eλPd(s∗`−1,s
∗
` )ur`−1(u)du

=(λ(s∗`)
d + s∗1 − λ)e−λPd(s∗`−1,s

∗
` )x + λPd(s

∗
`−1, s

∗
`)

∫ x

0

e−λPd(s∗`−1,s
∗
` )(x−u)r`−1(u)du,

which coincides with the identity in (2.5.13).

To complete the proof, it only remains to check that with this definition of r`,

(2.5.17) is also satisfied, and that each r` is continuously differentiable. First, note

that for any t ≥ 0 and x ∈ [t ∧ L,L), we have

∫ t

0

r`(x− s) ds =

∫ x

x−t
r`(u)du = I`(x)− I`(x− t).

When combined with (2.5.20) both as is and with x replaced by x−t, and the relation

r` = dI`
dx

, this yields

λPd(s
∗
`−1, s

∗
`)

∫ t

0

r`(x− s) ds = B`(x)−B`(x− t)− r`(x) + r`(x− t),
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and when combined with (2.5.19), this implies

λPd(s
∗
`−1, s

∗
`)

∫ t

0

r`−1(x− s)ds = λPd(s
∗
`−1, s

∗
`)(I`−1(x)− I`−1(x− t))

= B`(x)−B`(x− t).

Together, the last two displays imply that

λPd(s
∗
`−1, s

∗
`)

∫ t

0

(r`−1(x− s)− r`(x− s)) ds = r`(x)− r`(x− t),

which, given the definition of K
(1)
` , proves that (2.5.17) is also satisfied.

Since r1 is a constant function, it is clearly continuously differentiable and r′1(x) =

0 for all x ∈ [0, L). Given that r`−1 is continuously differentiable on [0, L), the

continuous differentiability of r` on [0, L) is an immediate consequence of (2.5.13).

The continuously differentiable property of (r`)`∈N on [0, L) then follows from the

principle of mathematical induction.

2.5.3 A criterion for the existence of a physical invariant

state

In this section, we use the characterization obtained in Proposition 2.5.4 to show that

an invariant state always exists (see Proposition 2.5.7). The proof of existence relies

on a few preliminary results. The first is a monotonicity property of the sequence of

functions (r`)`∈N that satisfy (2.5.13).

Lemma 2.5.5. Given an invariant state (ν∗` )`∈N, let (r`)`∈N be the associated mea-

surable functions on [0,∞) that are continuously differentiable on [0, L), as described
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in Proposition 2.5.4. Then, for any ` ≥ 1,

r`+1(x) ≤ r`(x) and r′`(x) ≥ 0, for x ∈ (0, L)

Proof. The facts that ν∗ lies in S and ν∗ satisfies relation (2.3.5), which was estab-

lished in Proposition 2.5.4, imply that
∫
A
r`+1(x)Ḡ(x)dx ≤

∫
A
r`(x)Ḡ(x)dx for all

A ∈ B[0,∞) and ` ≥ 1. Since, by Assumption 2.2.1 and Proposition 2.5.4, r`+1Ḡ

and r`Ḡ are continuously differentiable on [0, L), (a straightforward generalization

of) Proposition 2.23 of [18] shows that r`+1 ≤ r` on [0, L), ` ≥ 1.

To show r′`(x) ≥ 0, again using the differentiability of r`, and differentiating both

sides of (2.5.13), we obtain that for ` ≥ 2 and x ∈ (0, L),

r′`(x) =− λ(λ(s∗`)
d + s∗1 − λ)Pd(s

∗
`−1, s

∗
`)e
−λPd(s∗`−1,s

∗
` )x

− (λPd(s
∗
`−1, s

∗
`))

2

∫ x

0

e−λPd(s∗`−1,s
∗
` )(x−u)r`−1(u)du+ λPd(s

∗
`−1, s

∗
`)r`−1(x).

Using (2.5.13) to replace the second term on the right-hand side above, it follows

that for ` ≥ 2 and x ∈ (0, L),

r′`(x) =− λ(λ(s∗`)
d + s∗1 − λ)Pd(s

∗
`−1, s

∗
`)e
−λPd(s∗`−1,s

∗
` )x

+ λPd(s
∗
`−1, s

∗
`)(λ(s∗`)

d + s∗1 − λ)e−λPd(s∗`−1,s
∗
` )x

− λPd(s
∗
`−1, s

∗
`)r`(x) + λPd(s

∗
`−1, s

∗
`)r`−1(x)

=λPd(s
∗
`−1, s

∗
`)(r`−1(x)− r`(x)).

Using the identity r`−1 ≥ r` on [0, L) proved above, this implies r′` ≥ 0 on (0, L) for

` ≥ 2, as desired. For ` = 1, r1(x) = s∗1 for all x ∈ [0.L) and so r′1(x) = 0 for all

x ∈ (0, L) which completes the proof.



53

We now consider physical invariant states, namely those that satisfy condition

(2.3.2).

Lemma 2.5.6. Let ν∗ = (ν∗` )`∈N be a physical invariant state of the hydrodynamic

equations, that is, for which the associated (s∗`)`∈N satisfies lim`→∞ s
∗
` = 0, with s∗`

as in (2.3.1). Then 〈h, ν∗1〉 = s∗1 = λ.

Proof. Fix an invariant state, and let (r`)`∈N be the associated sequence of func-

tions described in Proposition 2.5.4. Since (2.3.5) and (2.5.12) imply 〈h, ν∗1〉 =

s∗1
∫

[0,L)
g(x)dx = s∗1, it remains to show that 〈h, ν∗1〉 = λ. By Lemma 2.5.5 for

every x ∈ [0, L), r`(x) is monotonically decreasing in `, and is bounded below by 0.

Together with (2.5.12), this shows r`(x) ≤ r1 = s∗1, for all x ∈ [0, L), ` ∈ N, and

the limit r∞(x) = lim`→∞ r`(x) exists for all x ∈ [0, L). Since Ḡ is integrable, the

dominated convergence theorem implies lim`→∞
∫ L

0
r`(x)Ḡ(x)dx =

∫ L
0
r∞(x)Ḡ(x)dx.

On the other hand, (2.3.4) and the tail condition lim`→∞ s
∗
` = 0 of (2.3.2) show

that lim`→∞
∫ L

0
r`(x)Ḡ(x)dx = lim`→∞ s

∗
` = 0. When combined, these limits imply∫ L

0
r∞(x)Ḡ(x)dx = 0. Since Ḡ(x) > 0 and r∞(x) ≥ 0 for x ∈ [0, L), this implies

r∞ = 0 a.e.. Likewise, using h = g/Ḡ, (2.3.5), the integrability of g, and the domi-

nated convergence theorem, one has

lim
`→∞
〈h, ν∗` 〉 = lim

`→∞

∫ L

0

r`(x)g(x)dx =

∫ L

0

r∞(x)g(x)dx = 0.

Thus, taking the limit in equation (2.5.3) as `→∞, and using the fact that s∗` → 0,

we see that

lim
`→∞
〈h, ν∗` 〉 =− λ+ 〈h, ν∗1〉.

Comparing the last two equations, we conclude that 〈h, ν∗1〉 = λ.
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Let C1
b [0,∞) denote the space of bounded functions on [0,∞) that are continu-

ously differentiable on [0, L). Fix d ≥ 2, λ ∈ (0, 1] and consider the associated map

F̄ = F (d) : C1
b [0,∞)× (0, 1) 7→ R+ defined as follows: for r ∈ C1

b [0,∞) define

F̄ (r, s) = λsd
∫ L

0

e−λPd(s̄,s)xḠ(x)dx+λPd

(
s̄, s
)∫ L

0

(∫ x

0

e−λPd(s̄,s)(x−u)r(u)du

)
Ḡ(x)dx,

(2.5.22)

where s̄ = s̄(r) is defined by

s̄(r) :=

∫ L

0

r(x)Ḡ(x)dx, (2.5.23)

Then the following criterion for existence of a physical invariant state is an immediate

consequence of Proposition 2.5.4 and Lemma 2.5.6.

Proposition 2.5.7. Suppose that whenever either r ≡ λ or when r ∈ C1
b [0,∞) is

non-constant and

r(0) = λ

(∫ L

0

r(x)Ḡ(x)dx

)d
, (2.5.24)

then s 7→ F̄ (r, s) has at least one fixed point on (0, s̄(r)). Then there exists a physical

invariant state for the hydrodynamic equations with arrival rate λ.

Proof. Assume the supposition of the proposition holds. By Proposition 2.5.4 and

Lemma 2.5.6, any physical invariant state (ν∗` )`∈N and the corresponding physical

invariant queue length distribution must satisfy s∗1 = λ and r1 ≡ λ. On the other

hand, (2.5.3) and Lemma 2.5.6 imply that 〈h, ν∗`+1〉 = λ(s∗`)
d. When substituted

into (2.5.13) and (2.3.5), this implies (2.3.3) and (2.3.6) must hold. Thus, to show

existence of an invariant state it suffices to find sequences of continuously differen-

tiable functions (r`)`≥2 and positive constants (s∗`)`≥2 that satisfy (2.3.3) and (2.3.4).

For ` = 2, define F2(s) = F̄ (r, s), with r ≡ s∗1 = λ, and let s∗2 be a fixed point

of F2 in (0, λ], which exists by the claim, and let r2 be as defined in terms of s∗2
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via (2.3.3). Since r1 ≡ λ and the exponential function is non-negative and contin-

uously differentiable, it is easy to see that r2 is non-negative and r2 ∈ C1
b [0,∞).

Then s∗2 clearly satisfies (2.3.4) due to (2.5.23), and there is a unique s∗2 satisfying

(2.3.4) with r2 satisfying (2.3.3) if and only if the fixed point of F2 is unique. Now,

suppose that for some j ≥ 2, there exist non-negative, bounded continuously differ-

entiable functions (r`)2≤`≤j and constants (s∗`)2≤`≤j that satisfy (2.3.3) and (2.3.4) for

2 ≤ ` ≤ j. Then (2.3.3) and (2.3.4) imply that r = rj satisfies (2.5.24). Therefore,

setting Fj+1(·) = F̄ (rj, ·), the claim above shows that Fj+1 has a fixed point that

we denote by s∗j+1, and let rj+1 be as defined in (2.3.3), and note that then rj+1 is

non-negative and rj+1 ∈ C1
b [0,∞) by definition. Also note that (2.3.4) holds on ac-

count of (2.5.23). Thus, we have constructed (r`)2≤`≤j+1 and (s∗`)2≤`≤j+1 that satisfy

(2.3.3) and (2.3.4) for all ` ≤ j + 1, and the assertion of the proposition follows by

induction.

2.5.4 Proof of Theorem 2.3.3

Proof of Theorem 2.3.3. To establish Theorem 2.3.3 it suffices to verify the suppo-

sition of Proposition 2.5.7. To see why the latter is true, fix r that satisfies the

stated conditions, and define J(s) := F̄ (r, s) − s. Note that then we need to show

that J has at least one zero on (0, s̄], for s̄ =
∫ L

0
r(x)Ḡ(x)dx. Note that by (2.2.2),

Pd(s̄, s) > 0 for all s ∈ [0, 1] whenever s̄ > 0. Since r is not identically zero and Ḡ

is strictly positive on [0, L), (2.5.22) implies that F̄ (r, 0) > 0 and hence, J(0) > 0.

Since J is continuous, by the intermediate value theorem, to show J has a zero on

(0, s̄], it suffices to show that J(s̄) ≤ 0. Note that a simple integration by parts on
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the interior of the second term on the right-hand side of (2.5.22) yields

F̄ (r, s) =

∫ L

0

r(x)Ḡ(x)dx−
[
r(0)− λsd

] ∫ L

0

e−λPd(s̄,s)xḠ(x)dx

−
∫ L

0

(∫ x

0

e−λPd(s̄,s)(x−u)r′(u)du

)
Ḡ(x)dx. (2.5.25)

If r ≡ λ, then by (2.5.23), s̄ = λ and (2.5.25) shows that J(s̄) = F̄ (r, s̄) − s̄ =

−λ(1 − λd)
∫ L

0
e−λPd(λ,λ)xḠ(x)dx. Thus, J(s̄) ≤ 0 (with equality holding only if

λ = 1) and so J has a zero on (0, s̄) if λ < 1 and at s̄ if λ = 1. On the other hand,

if r satisfies (2.5.24), then (2.5.25) and (2.5.23) show that

J(s̄) =−
∫ L

0

(∫ x

0

e−λPd(s̄,s)(x−u)r′(u)du

)
Ḡ(x)dx < 0,

where the last inequality also uses the fact that r is non-constant. This proves

the first assertion of Theorem 2.3.3. Also, in view of (2.3.5), the right-hand side

of (2.3.6) is equal to 〈h, ν∗` 〉. Therefore, (2.3.5) follows from Proposition 2.5.4 and

Lemma 2.5.6. This completes the proof of Theorem 2.3.3.

2.6 Tail Decay for the Invariant State

Throughout this section we fix d ≥ 2, λ ∈ (0, 1), suppose Assumptions 2.2.1-2.3.8

hold and let β > d/(d− 1), x0 > 1/λd and C0 <∞ be as in Assumption 2.3.6. Also,

let (s∗`)`∈N be the queue length distribution associated with a physical invariant

state (ν∗` )`∈N of the hydrodynamic equations. Note that the analysis here does not

explicitly require uniqueness of the physical invariant state, and only relies on the

characterization stated in Theorem 2.3.3 (and proved in Section 2.5).
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2.6.1 A reduction

In this section we show that the proof of Theorem 2.3.9 can be reduced to establishing

certain key estimates stated in Proposition 2.6.1 below. Throughout this section,

given m ∈ N, n ∈ N and xi ∈ R for all i, we will use the convention that

n∏
i=m

xi = 1 if m > n.

We will also use the convention s∗i = 1 for all i ≤ 0.

Proposition 2.6.1. Suppose Assumptions 2.2.1 - 2.3.6 hold. Let (s∗`)`∈N be the queue

length distribution associated with a physical invariant state of the hydrodynamic

equations. If β is not an integer, then there exists 1 ≤ Cβ < ∞ such that for all

` ≥ 2,

s∗` ≤ λ(3Cβ)`−1

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 (s∗`−bβc)
β̂(d−1). (2.6.1)

If β is an integer, then there exists δ ∈ (0, 1), and 1 ≤ Cβ < ∞ such that for all

` ≥ 2,

s∗` ≤ λ(3Cβ)`−1

(
`−1∏

i=`−β+2

(s∗i )
d−1

)
(s∗`−β+1)(1−δ)(d−1). (2.6.2)

The proof of Proposition 2.6.1, which involves a careful analysis of the equations

characterizing the invariant state, is lengthy and deferred to Section 2.6.3. We now

use this result to prove Theorem 2.3.9 in two steps. First, in Lemma 2.6.2, we use

the assumption on the tail decay in 2.3.8 to obtain a technical result. We then use

Lemma 2.6.2 with a result on inhomogeneous recursions (Lemma 2.6.3 below) to

show that the decay rate is at least doubly exponential.

Lemma 2.6.2. Suppose Assumptions 2.2.1 – 2.3.8 hold. Let (s∗`)`∈N be the queue

length distribution associated with a physical invariant state of the hydrodynamic
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equations and let Cβ ∈ [1,∞) and δ ∈ (0, 1) be as in Proposition 2.6.1. If β is not

an integer, then there exists M(β) <∞ such that for all ` ≥M(β),

λ(3Cβ)`−1

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 (s∗`−bβc)
β̂(d−1) < 1. (2.6.3)

If β is an integer, then there exists M(β) <∞ such that for all ` ≥M(β),

λ(3Cβ)`−1

(
`−1∏

i=`−β+2

(s∗i )
d−1

)
(s∗`−β+1)(1−δ)(d−1) < 1. (2.6.4)

Proof. We consider two cases:

Case 1 : β is not an integer. Define c = k(d− 1)(β − 1)− log(3Cβ). Note that c > 0

by Assumption 2.3.8. Using the fact that i→ s∗i is non-decreasing, this implies

λ(3Cβ)`−1

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 (s∗`−bβc)
β̂(d−1)

≤λ(3Cβ)`−1(s∗`−bβc)
(β−1)(d−1)

≤λc
(β−1)(d−1)
k

3Cβ
ekbβc(β−1)(d−1)e`(log(3Cβ)−k(β−1)(d−1))

=.λ
c

(β−1)(d−1)
k

3Cβ
ekbβc(β−1)(d−1)e−c`.

Since lim`→∞ e
−c` = 0, there exists M(β) < ∞ such that (2.6.3) holds for all ` ≥

M(β).

Case 2 : β is an integer. In this case the proof of (2.6.4) follows the same argument

as in the non-integral case along with the observation that β− 1− δ > β− 2 for any

δ ∈ (0, 1).

Lemma 2.6.3. Suppose that c1, c2 and (R`)`∈Z are positive numbers. For every
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η ∈ (0, 1) and j ∈ N such that (d− 1)(j + η − 1) > 1, and

R` = c1 − (`− 1)c2 + (d− 1)

(
`−1∑

i=`−j+1

Ri + ηR`−j

)
for ` ≥ 1, (2.6.5)

there exists nd = nd(j, η) ∈ (0,∞) such that

lim
`→∞

1

`
logdR` = nd.

Proof. Subtracting R`−1 from R` and using (2.6.5), we see that for ` ≥ 2,

R` = −c2 +R`−1 + (d− 1) (R`−1 − (1− η)R`−j − ηR`−j−1) .

Subtracting R`−1 from R` again, using the above equation, and rearranging, we have

for ` ≥ 3,

R` = (d+ 1)R`−1 − dR`−2 + (d− 1) (−(1− η)R`−j + (1− 2η)R`−j−1 + ηR`−j−2) .

Define F = Fj,η : R 7→ R by

F (x) := 1− (d+ 1)x+ dx2 − (d− 1)(−(1− η)xj + (1− 2η)xj+1 + ηxj+2). (2.6.6)

Noting that 0 is not a root of F , let 1/γi be the k distinct roots of F , with k ≤ j+2,

and let di denotes the multiplicity of the root 1/γi. Then F (x) =
∑k

i=1(1 − γix)di .

Since j ≥ 1 and η(d− 1) 6= 0, by Theorem 4.1.1 of [41],

R` =
k∑
i=1

φi(`)γ
`
i , ∀` ≥ 0, (2.6.7)

where φi(`) is a polynomial in ` of degree at least di.



60

A direct inspection of (2.6.6) shows that F (1) = 0, the root γ1 = 1 has degree

d1 = 2 , and F (x) = (1− x)2P (x), where

P (x) =

(
1− (d− 1)

j−1∑
i=1

xi − (d− 1)ηxj

)
.

By Descartes’ rule of signs, there exists exactly one positive root of P (·). Let us

denote it by 1/γ2. Note that P (0) = 1 and P (1) < 0 since (d − 1)(j + η − 1) > 1

by assumption. Thus, 1/γ2 ∈ (0, 1) or equivalently γ2 > 1. Using Rouche’s theorem

(see [36, Exercise 237, page 321]) it is easy to show that P (·) has no roots other

than 1/γ2 in the disc {z : |z| ≤ 1/γ2}. Hence, |γi| < γ2 for i ≥ 3. In view of the

representation for R` in (2.6.7), this implies

lim
`→∞

logdR`

`
= logd γ2.

Setting nd = logd γ2 proves the claim.

Proof of Theorem 2.3.9. Fix a physical invariant state (ν∗` )`∈N of the hydrodynamic

equations, and let (s∗`)`∈N be the associated queue length distribution. We consider

two cases:

Case 1: β is not an integer. Let Cβ ∈ [0,∞) be as in Proposition 2.6.1. In this case,

using the monotonicity of the logarithm function along with (2.6.1), we see that for

` ≥ 2

log

(
1

s∗`

)
≥− log λ− (`− 1) log(3Cβ) + (d− 1)

 `−1∑
i=`−bβc+1

log

(
1

s∗i

)
+ β̂ log

(
1

s∗`−bβc

) .

Let M = M(β) <∞ where M(β) is as in (2.6.3) of Lemma 2.6.2. Set Qi := − log(s∗i )
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for {M − bβc, · · · ,M − 1}, and recursively define

Q` := − log λ− (`− 1) log(3Cβ) + (d− 1)

 `−1∑
i=`−bβc+1

Qi + β̂Q`−bβc

 , ∀` ≥M.

Then, applying Lemma 2.6.3 with j = bβc, η = β̂ (noting that (d− 1)(β − 1) > 1),

c1 = − log λ > 0, c2 = log(3Cβ) > 0 and R` := QM+`−1 for ` ≥ −bβc + 1, we

conclude there exists nd = nd(β, δ) ∈ (0,∞) such that

lim
`→∞

logQ`

`
= nd.

Since log (1/s∗i ) ≥ Qi for all i ≥M , this proves (2.3.13), in this case.

Case 2 : β is an integer. Let Cβ ∈ [0,∞) and δ ∈ (0, 1) be as in Proposition 2.6.1.

Then (2.6.2) implies that for every ` ≥ 2,

log

(
1

s∗`

)
≥− log λ− (`− 1) log(3Cβ) + (d− 1)

(
`−1∑

i=`−β+2

log

(
1

s∗i

)
+ (1− δ) log

(
1

s∗`−β+1

))
.

Let M = M(β) < ∞ where M(β) is as in (2.6.4) of Lemma 2.6.2. Now, set Qi :=

− log(s∗i ) for i ∈ {M − β + 1, · · · ,M − 1} and recursively define

Q` = − log λ−(`−1) log(3Cβ)+(d−1)

(
`−1∑

i=`−β+2

Qi + (1− δ)Q`−β+1

)
, ∀` ≥M.

Since β is an integer, (d − 1)(β − 1) > 1 implies β ≥ 2. Since (1 − δ) ∈ (0, 1),

β − 1 ≥ 1, d ≥ 2, we have (d − 1)(β − 1 − δ) > 1. Thus, applying Lemma 2.6.3

with j = β − 1, η = 1 − δ and R` = QM+`−1 for ` ≥ −β, we conclude there exists

nd = nd(β, δ) ∈ (0,∞) such that

lim
`→∞

logQ`

`
= nd.
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Since log (1/s∗i ) ≥ Qi for all i ≥M , this proves (2.3.13), for Case 2 as well.

Remark 2.6.4. The estimates for (s∗`)`∈N in (2.6.1) and (2.6.2) are analogous to the

estimates for corresponding probabilities obtained in (3.5) and (3.6) of Proposition

3.2 in [10]. One may expect that the proof of the tail decay property in Theorem

2.3.9 could therefore be deduced from Proposition 2.6.1 by simply referring to the

argument used in [10] to deduce their tail decay result (in Theorem 1.1 of [10]) from

Proposition 3.2 therein, which only involves comparison with a homogeneous linear

recursion (see Proposition 3.3 of [10]). However, we could not quite resolve the

argument in [10], and, under the a priori exponential tail decay assumption on the

invariant queue length distribution, instead provide a self-contained proof that entails

a two-step argument presented above, that involves comparison with the slightly more

complicated inhomogeneous recursion analyzed in Lemma 2.6.3.

2.6.2 Preliminary Estimates on the Density of the Physical

Invariant State

In this section we obtain preliminary estimates that are used to prove Proposition

2.6.1 in Section 2.6.3.

Lemma 2.6.5. Suppose Assumptions 2.2.1 and 2.2.4 hold. For all x ∈ [0,∞), the

inequality

r2(x) ≤ λ(s∗2)d + λ(1− e−λd(s∗1)d−1x), (2.6.8)

holds, and for ` ≥ 3,

r`(x) ≤λ(s∗`)
d + λ(s∗`−1)d + λ

`−2∑
j=2

(s∗j)
d

`−1∏
i=j+1

(1− e−λd(s∗i )d−1x) + λ
`−1∏
i=1

(1− e−λd(s∗i )d−1x),

(2.6.9)
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where the third term on the right-hand side of (2.6.9) is treated as zero if ` = 3.

Proof. Since (s∗`)`∈N is the queue length distribution associated with a physical in-

variant state of the hydrodynamic equations, by Theorem 2.3.3, r1 = s∗1 = λ, and by

convention s∗0 = 1. Hence, (2.6.8) follows from (2.3.3) with ` = 2, and the inequality

Pd(s
∗
1, s
∗
2) ≤ d(s∗1)d−1, which holds by (2.2.3). For the proof of (2.6.9) we will make

repeated use of the fact that the function x 7→ 1 − e−cx is increasing for any c > 0.

Using (2.3.3) again, but now with ` = 3, and using the inequality (2.6.8), we obtain

r3(x) ≤λ(s∗3)de−λPd(s∗2,s
∗
3)x + λ2(s∗2)dPd(s

∗
2, s
∗
3)

∫ x

0

e−λPd(s∗2,s
∗
3)(x−u)du

+ λ2Pd(s
∗
2, s
∗
3)

∫ x

0

e−λPd(s∗2,s
∗
3)(x−u)(1− e−λd(s∗1)d−1u)du

≤λ(s∗3)d + λ(s∗2)d(1− e−λPd(s∗2,s
∗
3)x) + λ2(1− e−λd(s∗1)d−1x)Pd(s

∗
2, s
∗
3)

∫ x

0

e−λPd(s∗2,s
∗
3)(x−u)du

≤λ(s∗3)d + (λ(s∗2)d + λ(1− e−λd(s∗1)d−1x))(1− e−λPd(s∗2,s
∗
3)x).

Together with the inequality Pd(s
∗
2, s
∗
3) ≤ d(s∗2)d−1 from (2.2.3), this implies,

r3(x) ≤ λ(s∗3)d + λ(s∗2)d + λ(1− e−λd(s∗1)d−1x)(1− e−λd(s∗2)dx),

which proves (2.6.9) for ` = 3.

Now, suppose (2.6.9) holds for some ` ≥ 3. Then using (2.3.3) with ` replaced

by `+ 1 and (2.6.9), we have

r`+1(x) =λ(s∗`+1)de−λP(s∗` ,s
∗
`+1)x + λPd(s

∗
` , s
∗
`+1)

∫ x

0

e−λP(s∗` ,s
∗
`+1)(x−u)r`(u)du

≤λ(s∗`+1)d + λ2
[
(s∗`)

d + (s∗`−1)d
]
Pd(s

∗
` , s
∗
`+1)

∫ x

0

e−λPd(s∗` ,s
∗
`+1)(x−u)du

+ λ2

`−2∑
j=2

[
(s∗j)

dPd(s
∗
` , s
∗
`+1)

∫ x

0

e−λPd(s∗` ,s
∗
`+1)(x−u)

`−1∏
i=j+1

(1− e−λd(s∗i )d−1u)du

]
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+ λ2Pd(s
∗
` , s
∗
`+1)

∫ x

0

e−λPd(s∗` ,s
∗
`+1)(x−u)

`−1∏
i=1

(1− e−λd(s∗i )d−1u)du

≤λ(s∗`+1)d + λ(s∗`)
d(1− e−λPd(s∗` ,s

∗
`+1)x) + λ(s∗`−1)d(1− e−λPd(s∗` ,s

∗
`+1)x)

+ λ2

`−2∑
j=2

[
(s∗j)

d

`−1∏
i=j+1

(1− e−λd(s∗i )d−1x)Pd(s
∗
` , s
∗
`+1)

∫ x

0

e−λPd(s∗` ,s
∗
`+1)(x−u)du

]

+ λ2

`−1∏
i=1

(1− e−λd(s∗i )d−1x)Pd(s
∗
` , s
∗
`+1)

∫ x

0

e−λPd(s∗` ,s
∗
`+1)(x−u)du.

Therefore,

r`+1(x) ≤λ(s∗`+1)d + λ(s∗`)
d + λ(s∗`−1)d(1− e−λPd(s∗` ,s

∗
`+1)x)

+ λ
`−2∑
j=2

(s∗j)
d

`−1∏
i=j+1

(1− e−λd(s∗i )d−1x)(1− e−λPd(s∗` ,s
∗
`+1)x)

+ λ
`−1∏
i=1

(1− e−λd(s∗i )d−1x)(1− e−λPd(s∗` ,s
∗
`+1)x).

Using the inequality Pd(s
∗
` , s
∗
`+1) ≤ d(s∗`)

d−1 from (2.2.3), we then obtain

r`+1(x) ≤λ(s∗`+1)d + λ(s∗`)
d + λ

`−1∑
j=2

(s∗j)
d
∏̀
i=j+1

(1− e−λd(s∗i )d−1x) + λ
∏̀
i=1

(1− e−λd(s∗i )d−1x),

which shows that (2.6.9) holds with ` replaced by ` + 1. Thus, by the principle of

mathematical induction, (2.6.9) holds for all ` ≥ 3.

We now state a result that is an immediate consequence of Lemma 2.6.5 and the

elementary inequalities s∗` ≤ s∗`−1 and 1− e−x ≤ 1 ∧ x for x ≥ 0.

Corollary 2.6.6. Suppose Assumptions 2.2.1 and 2.2.4 hold. For x ∈ [0,∞),

r2(x) ≤ λ(s∗1)d + λ(1 ∧ λd(s∗1)d−1x), (2.6.10)
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and for ` ≥ 3,

r`(x) ≤2λ(s∗`−1)d + λ
`−2∑
j=2

(s∗j)
d

`−1∏
i=j+1

(1 ∧ λd(s∗i )
d−1x) + λ

`−1∏
i=1

(1 ∧ λd(s∗i )
d−1x),

(2.6.11)

where the second term on the right-hand side of (2.6.11) is treated as zero if ` = 3.

We now make an observation that will be used repeatedly in the next section.

Recall the definition of C from (2.3.9) and note that C ∈ (0,∞). Fix f to be a

non-decreasing measurable function f : [0,∞) 7→ [0,∞). Then clearly

∫ x0
0
f(x)Ḡ(x)dx∫∞

x0
f(x)Ḡ(x)dx

≤
f(x0)

∫ x0
0
Ḡ(x)dx

f(x0)
∫∞
x0
Ḡ(x)dx

= C.

Using the above inequality, definition of C1 from (2.3.9), (2.3.8), and rescaling, we

see that

∫ ∞
0

f(x)Ḡ(x)dx =

∫ x0

0

f(x)Ḡ(x)dx+

∫ ∞
x0

f(x)Ḡ(x)dx ≤(C + 1)

∫ ∞
x0

f(x)Ḡ(x)dx

≤(C + 1)C0

∫ ∞
x0

f(x)x−βdx

=
C1

xβ−1
0

∫ ∞
1

f(x0y)y−βdy.

(2.6.12)

Recall that s∗i = 1 for all i ≤ 0, and define

mi :=
1

λd(s∗i )
d−1x0

, i ∈ Z. (2.6.13)

Fix d ≥ 2, λ < 1 and let x0 > 1/λd, β > d/(d − 1) be as in Assumption 2.3.6, and

let Cβ = Cβ(λ, β, d) be as defined in (2.3.11). Then, recalling s∗` =
∫ L

0
r`(x)Ḡ(x)dx

from (2.3.4), integrating the inequality (2.6.11) with respect to Ḡ(x)dx and using
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the identity
∫∞

0
Ḡ(x)dx = 1, it follows that for ` ≥ 3

s∗` ≤2λ(s∗`−1)d +

∫ ∞
0

λ
`−2∑
j=2

(s∗j)
d

`−1∏
i=j+1

(1 ∧ λd(s∗i )
d−1x)Ḡ(x)dx

+

∫ ∞
0

λ

`−1∏
i=1

(1 ∧ λd(s∗i )
d−1x)Ḡ(x)dx.

Applying (2.6.12) with f(x) =
∏`−1

i=j+1(1 ∧ λd(s∗i )
d−1x) for j ∈ {0, 2, · · · , `− 1}, and

using (2.6.13), this implies

s∗` ≤2λ(s∗`−1)d +
λC1

xβ−1
0

`−2∑
j=2

(s∗j)
dψ`,j +

λC1

xβ−1
0

ψ`,`−1, (2.6.14)

where , for ` ≥ 2,

ψ`,j :=

∫ ∞
1

`−1∏
i=j+1

(1 ∧m−1
i y)dy, j ∈ Z. (2.6.15)

The proof of Proposition 2.6.1 will proceed by bounding the right-hand side of

(2.6.14) by (2.6.1) or (2.6.2), depending on whether β is or is not an integer, using

an inductive argument and the estimates in the following lemma. In what follows,

recall the convention that s∗i = 1 for all i ≤ 0.

Lemma 2.6.7. Suppose ` ≥ 2 and ψ`,j, j ∈ {0, 2, · · · , ` − 2} is as in (2.6.15). If

j ≤ `− 2 and β ∈ (d/d− 1,∞) \ N, we have

C1

xβ−1
0

ψ`,j ≤

 Cβ

(∏`−1
i=`−bβc+1(s∗i )

d−1
)

(s∗`−bβc)
β̂(d−1) if j = `− bβc − 1,

Cβ

(∏`−1
i=j+1(s∗i )

d−1
)

if j ≥ `− bβc,

(2.6.16)

whereas if j ≤ ` − 2 and β ∈ (d/(d− 1),∞) ∩ N, then there exists δ ∈ (0, 1) such
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that

C1

xβ−1
0

ψ`,j ≤

 Cβ

(∏`−1
i=`−β+2(s∗i )

d−1
)

(s∗`−β+1)(1−δ)(d−1) if j = `− β,

Cβ

(∏`−1
i=j+1(s∗i )

d−1
)

if j ≥ `− β + 1.

(2.6.17)

Moreover, we also have

C1

xβ−1
0

ψ`,0 ≤

 Cβ

(∏`−1
i=`−bβc+1(s∗i )

d−1
)

(s∗`−bβc)
β̂(d−1) if β ∈

(
d
d−1

,∞
)
\ N,

Cβ

(∏`−1
i=`−β+2(s∗i )

d−1
)

(s∗`−β+1)(1−δ)(d−1) if β ∈
(

d
d−1

,∞
)
∩ N.

(2.6.18)

The proof of Lemma 2.6.7 is somewhat involved, and hence relegated to Section

2.6.4.

2.6.3 Proof of Proposition 2.6.1

First note that the convention s∗i = 1 for i ≤ 0 and the assumption
∑

`≥1 s
∗
` < ∞

imply s∗1 = λ by Theorem 2.3.3. Suppose β is not an integer. Using (2.3.4), (2.6.10)

of Corollary 2.6.6, the fact that
∫∞

0
Ḡ(x)dx = 1 and (2.6.15), we have

s∗2 ≤ λ(s∗1)d +

∫ ∞
0

λ(1 ∧ λd(s∗1)d−1x)Ḡ(x)dx ≤ λ(s∗1)d +
λC1

xβ−1
0

ψ2,0,

where the second inequality uses (2.6.12) with f(x) = λ(1 ∧ m−1
1 x), with m1 as

defined in (2.6.13), and (2.6.15). Applying (2.6.18) of Lemma 2.6.7, with ` = 2, and
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using Cβ > 1 and s∗i ≤ 1 for all i ∈ Z, we obtain

s∗2 ≤ λ(s∗1)d+λCβ

 1∏
i=3−bβc

(s∗i )
d−1

 (s∗2−bβc)
β̂(d−1) ≤ 2λCβ

 1∏
i=3−bβc

(s∗i )
d−1

 (s∗2−bβc)
β̂(d−1),

(2.6.19)

which shows that (2.6.1) holds for ` = 2.

Similarly, using (2.3.4) and (2.6.11) of Corollary 2.6.6, with ` = 3, and (2.6.12),

with f(x) = λ
∏2

i=1(1 ∧m−1
i x) and (2.6.15), we have

s∗3 ≤ 2λ(s∗2)d +
C1

xβ−1
0

∫ ∞
1

λ
2∏
i=1

(1 ∧m−1
i y)y−βdy ≤ 2λ(s∗2)d +

λC1

xβ−1
0

ψ3,0. (2.6.20)

We now claim that for any k ≥ 2 and Lk <∞,

s∗k ≤ Lk

 k−1∏
i=k−bβc+1

(s∗i )
d−1

 (s∗k−bβc)
β̂(d−1) =⇒ (s∗k)

d ≤ Lk

 k∏
i=k−bβc+2

(s∗i )
d−1

 (s∗k−bβc+1)β̂(d−1).

(2.6.21)

Indeed, this follows from the fact that for k ≥ 2

(s∗k)
d = (s∗k)

d−1s∗k ≤(s∗k)
d−1Lk

 k−1∏
i=k−bβc+1

(s∗i )
d−1

 (s∗k−bβc)
β̂(d−1)

≤Lk

 k∏
i=k−bβc+2

(s∗i )
d−1

 (s∗k−bβc+1)β̂(d−1),

and the fact that s∗k−bβc ≤ 1 and s∗k−bβc+1 ≤ (s∗k−bβc+1)β̂. Together, (2.6.18), (2.6.19),

(2.6.20) and (2.6.21), with k = 2 and L2 = 2Cβ, yield

s∗3 ≤ 5λCβ

 2∏
i=4−bβc

(s∗i )
d−1

 (s∗3−bβc)
β̂(d−1). (2.6.22)
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We now use induction to obtain estimates for all ` ≥ 2. Define K2 := 2, K3 := 5,

and

K` := 2K`−1 +
`−2∑
j=2

Kj + 1 ∀` ≥ 4. (2.6.23)

Moreover, suppose for some ` > 3,

s∗j ≤ λKj(Cβ)j−2

 j−1∏
i=j−bβc+1

(s∗i )
d−1

 (s∗j−bβc)
β̂(d−1), j ∈ {3, · · · `− 1}. (2.6.24)

To upper bound the first term on the right-hand side of (2.6.14), we combine (2.6.24),

with j = `− 1, and (2.6.21), with k = `− 1 and L`−1 = K`−1C
`−3
β , to conclude that

2λ(s∗`−1)d ≤ 2λK`−1C
`−3
β

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 (s∗`−bβc)
β̂(d−1). (2.6.25)

Next, to estimate the last term on the right-hand side of (2.6.14), combine (2.6.15)

with (2.6.18) of Lemma 2.6.7, to obtain

C1

xβ−1
0

ψ`,0 ≤ Cβ

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 (s∗`−bβc)
β̂(d−1). (2.6.26)

We now identify respective upper bounds for each of the summands in the middle

term on the right-hand side of (2.6.14). First, note that when 2 ≤ j ≤ `− bβc − 1,

(2.6.16) and the inequalities s∗i ≤ 1 for all i, and Cβ ≥ 1 imply

C1

xβ−1
0

(s∗j)
dψ`,j ≤

C1

xβ−1
0

(s∗j)
dψ`,`−bβc−1 ≤ C`−2

β

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 (s∗`−bβc)
β̂(d−1).

(2.6.27)

On the other hand, if `− bβc ≤ j ≤ `− 2, using the fact that j + 1 < ` and s∗i ≤ 1
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for all i, as well as (2.6.24) and (2.6.21), with k = j and Lk = KjC
j−2
β , one obtains

C1

xβ−1
0

(s∗j)
dψ`,j ≤ KjC

j−1
β

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 (s∗`−bβc)
β̂(d−1). (2.6.28)

We now observe that K` ≤ 3`−1. Since K2 = 2, K3 = 5 and for ` > 3, by definition

K`−1 = 2K`−2 +
`−3∑
j=2

Kj + 1 = K`−2 +
`−2∑
j=2

Kj + 1

= K`−2 +K` − 2K`−1

≥ K` − 2K`−1,

which implies K` ≤ 3`−1 for all ` ≥ 2. Combining this with (2.6.14), (2.6.25)-(2.6.28),

the definition (2.6.23) and the inequality Cβ ≥ 1, we conclude that

s∗` ≤

(
2λK`−1C

`−3
β + λC`−2

β

`−2∑
j=2

Kj + λCβ

) `−1∏
i=`−bβc+1

(s∗i )
d−1

 (s∗`−bβc)
β̂(d−1)

≤ λK`C
`−2
β

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 (s∗`−bβc)
β̂(d−1).

This shows that (2.6.24) also holds when ` − 1 is replaced by `. By the principle

of induction, (2.6.24) holds for all ` ≥ 2. Since K` ≤ 3`−1 and Cβ > 1, this proves

(2.6.1) of Proposition 2.6.1.

If β is an integer, the proof for (2.6.2) uses the same argument as in the non-

integral case except that β̂ is replaced with 1− δ, and i− bβc with i− β + 1 for all

i, and the upper bounds in (2.6.17) of Lemma 2.6.7 are used in place of the bounds

in (2.6.16). Thus, we omit the details.
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2.6.4 Proof of Key Estimates

To complete the proof of Proposition 2.6.1, in this section we present the proof of

Lemma 2.6.7. We start with a preliminary result in Lemma 2.6.8 that will be used

in the proof. Recall the definition of mi from (2.6.13) and note that m0 < 1 and the

sequence {mi}i∈Z is non-decreasing. Define

κ := min{i ∈ N : mi ≥ 1}, (2.6.29)

and note that κ < ∞ since s∗i → 0 as i → ∞; see (2.3.2). As always, β ∈ (d/(d −

1),∞).

Lemma 2.6.8. Fix ` ∈ N. Let j′ ≤ `− 2. Then for any z > 0,

∫ ∞
z

`−1∏
i=j′+1

(1 ∧m−1
i y)y−βdy ≤ z−(β−1)

(β − 1)
. (2.6.30)

Moreover, if n ∈ N is such that j′ ≤ n− 2 and `− bβc+ 2 ≤ n ≤ `− 1, then

∫ mn

mn−1

`−1∏
i=j′+1

(1 ∧m−1
i y)y−βdy ≤ (λdx0)β−1

(β − `+ n− 1)

(
`−1∏
i=n

(s∗i )
d−1

)
(s∗n−1)(β−`+n−1)(d−1).

(2.6.31)

If β ∈ (d/(d− 1),∞) \ N and `− bβc < j′ + 1 ≤ κ ≤ `− 1, then

∫ mκ

1

`−1∏
i=j′+1

(1 ∧m−1
i y)y−βdy ≤ (λdx0)β−β̂−1

β̂

(
`−1∏

i=j′+1

(s∗i )
d−1

)
. (2.6.32)

Proof. Fix j′ ≤ `− 2. The relation (2.6.30) follows immediately since 1∧x ≤ 1, and
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β > 1 imply

∫ ∞
z

`−1∏
i=j′+1

(1 ∧m−1
i y)y−βdy ≤

∫ ∞
z

y−βdy =
z−(β−1)

(β − 1)
.

Next, fix j′, `, n ∈ N with j′ ≤ n − 2 and ` − bβc + 2 ≤ n ≤ ` − 1. Then, for

y ∈ [mn−1,mn), the fact that mi is increasing in i implies m−1
i y ≥ 1 for all i ≤ n− 1

and m−1
i y ≤ 1 for all i ≥ n. Hence, the definition of mn−1 in (2.6.13) and the relation

`− β − n+ 1 < 0 yield (2.6.31) as follows:

∫ mn

mn−1

`−1∏
i=j′+1

(1 ∧m−1
i y)y−βdy =

∫ mn

mn−1

(λdx0)`−n

(
`−1∏
i=n

(s∗i )
d−1

)
y−β+`−ndy

≤ (λdx0)`−n

(β − `+ n− 1)

(
`−1∏
i=n

(s∗i )
d−1

)
(λd(s∗n−1)d−1x0)β−`+n−1

=
(λdx0)β−1

(β − `+ n− 1)

(
`−1∏
i=n

(s∗i )
d−1

)
(s∗n−1)(β−`+n−1)(d−1).

Next, let ` − bβc < j′ + 1 ≤ κ ≤ ` − 1. Note that 1 ∧ m−1
i y ≤ m−1

i y for all

y ∈ [1,mκ) and i ≥ 0. Hence, combining this with the definition of mi in (2.6.13),

and the relation β − bβc+ 1 = β̂ + 1 > 0, we obtain (2.6.32) as follows:

∫ mκ

1

`−1∏
i=j′+1

(1 ∧m−1
i y)y−βdy ≤

∫ mκ

1

(
`−1∏

i=j′+1

m−1
i y

)
y−β+`−j′−1dy

= (λdx0)`−j
′−1

(
`−1∏

i=j′+1

(s∗i )
d−1

)∫ mκ

1

y−β+`−j′−1dy

≤ (λdx0)bβc−1

(
`−1∏

i=j′+1

(s∗i )
d−1

)∫ mκ

1

y−β+bβc−1dy

≤ (λdx0)β−β̂−1

β̂

(
`−1∏

i=j′+1

(s∗i )
d−1

)
,

where the third step uses the inequalities `− bβc < j′ + 1 and λdx0 ≥ 1.
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Recall the definition of C1 from (2.3.9), Cβ from (2.3.11) and ψ from (2.6.15).

Proof of Lemma 2.6.7. Fix ` ∈ N, ` ≥ 2 and β ∈ (d/(d− 1),∞). We first show that

(2.6.16) and (2.6.17) imply (2.6.18). First, suppose β /∈ N. Recalling the definition

of ψ`,j from (2.6.15), we now claim (and justify below) that

C1

xβ−1
0

∫ ∞
1

`−1∏
i=1

(1 ∧m−1
i y)y−βdy ≤ C1

xβ−1
0

∫ ∞
1

`−1∏
i=`−bβc

(1 ∧m−1
i y)y−βdy =

C1

xβ−1
0

ψ`,`−bβc−1.

(2.6.33)

Indeed, note that if i ≤ 0, then 1 ∧m−1
i = 1 ∧ λdx0(s∗i )

d−1 = 1 since λdx0 > 1, and

s∗i = 1 for i ≤ 0. This immediately implies (2.6.33) when `− bβc ≤ 1. On the other

hand, if `−bβc > 1, then the trivial inequality 1∧x ≤ 1 and (2.6.15) imply (2.6.33).

Noting that λdx0 ≥ 1 implies C1/x
β−1
0 is bounded above by the constant Cβ defined

in (2.3.11), the last two displays imply (2.6.18). If β ∈ N, (2.6.17) can be shown to

imply (2.6.18) using the same argument, but with `− bβc replaced by `− β + 1.

We now turn to the proofs of (2.6.16) and (2.6.17). Recall the definition of κ in

(2.6.29).

Case 1: Suppose κ ≥ ` and `− bβc − 1 ≤ j ≤ `− 2. Then, using the definition of

ψ`,j in (2.6.15) and (since j ≤ `− 2) applying (2.6.30) with z = 1 and j′ = j, as well

as (2.3.11), this implies

C1

xβ−1
0

ψ`,j =
C1

xβ−1
0

∫ ∞
1

`−1∏
i=j+1

(1 ∧m−1
i y)y−βdy ≤ C1

(β − 1)xβ−1
0

≤ Cβ
(λdx0)β−1

.

Combining this with the observation that m−1
i = λdx0(s∗i )

d−1 ≥ 1 for all i ≤ ` − 1
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due to (2.6.29) and the case assumption, we have, for any rj,β ≥ 1,

C1

xβ−1
0

ψ`,j ≤
Cβ

(λdx0)β−1

(
`−1∏
i=j+1

m−1
i

)
rj,β = Cβ(λdx0)−(j−`+β)

(
`−1∏
i=j+1

(s∗i )
d−1

)
rj,β.

(2.6.34)

Since λdx0 > 1, choosing rj,β = 1, we obtain

C1

xβ−1
0

ψ`,j ≤ Cβ

(
`−1∏
i=j+1

(s∗i )
d−1

)
if j ≥ `− β.

This immediately implies (2.6.16) when β /∈ N and j ≥ ` − bβc, and (2.6.17) when

β ∈ N and j ≥ `−β+1 and also, noting that s∗`−β+1 ≤ 1 implies s∗`−β+1 ≤ (s∗`−β+1)(1−δ)

for any δ > 0, when j = ` − β. When β /∈ N, since j ≥ ` − β implies j ≥ ` − bβc,

(2.6.34) also proves (2.6.16) in that case. The remaining case when β /∈ N and

j = `− bβc − 1 can be deduced similarly from (2.6.34) by setting rj,β = m
−(1−β̂)
`−bβc =

(λdx0)−(1−β̂)(s∗`−bβc)
−(1−β̂)(d−1) therein.

Case 2: Suppose κ < ` and `− bβc − 1 ≤ j < κ− 1. We now look at the partition

π2 = {[1,mκ), [mκ,mκ+1), · · · , [m`−1,∞)} of the interval [1,∞). Note that the

number of intervals in π2 = `− κ+ 1 ≤ bβc − 1 + 1 < bβc+ 1. (2.6.35)

Since j < ` − 2, using (2.6.30) with z = m`−1 = (λd(s∗`−1)d−1x0)−1 and j′ = j, we

have

C1

xβ−1
0

∫ ∞
m`−1

`−1∏
i=j+1

(1 ∧m−1
i y)y−βdy ≤ C1

(β − 1)
(λd)β−1(s∗`−1)(d−1)(β−1). (2.6.36)

Next, since ` − bβc ≤ j + 1 < κ implies ` − bβc + 1 ≤ κ , we have for n ∈

{κ + 1, κ + 2, · · · , ` − 1}, n ≥ κ + 1 ≥ ` − bβc + 2 and n ≥ κ + 1 > j + 2. Since
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`− bβc+ 2 ≤ n ≤ `− 1 and j ≤ n− 2, we use (2.6.31) with j′ = j to obtain

C1

xβ−1
0

∫ mn

mn−1

`−1∏
i=j+1

(1 ∧m−1
i y)y−βdy ≤ C1

(β − `+ n− 1)
(λd)β−1σd−1

n , (2.6.37)

where

σn :=

(
`−1∏
i=n

s∗i

)
(s∗n−1)(β−`+n−1). (2.6.38)

Now, for any n ∈ {κ+ 1, · · · , `− 1} the case assumption, which in particular implies

j < n− 2, the inequality s∗n−1 ≤ 1, and the fact that i 7→ s∗i is non-increasing imply

that (s∗`−1)β−1 ≤ σn and σn ≤ σn(s∗n−1)`−j−β =
(∏`−1

i=n s
∗
i

)
(s∗n−1)n−1−j ≤

∏`−1
i=j+1 s

∗
i ,

and hence, that

max
n∈{κ+1,··· ,`−1}

(
(s∗`−1)β−1, σn,

`−1∏
i=j+1

s∗i

)
=

`−1∏
i=j+1

s∗i , (2.6.39)

Case 2A: Suppose β /∈ N. Restricting j so that `− bβc − 1 < j < κ− 1, and using

(2.6.32) with j′ = j, we have for any rj,β ≥ 1,

C1

xβ−1
0

∫ mκ

1

`−1∏
i=j+1

(1 ∧m−1
i y)y−βdy ≤ C1

β̂xβ−1
0

(λdx0)β−β̂−1

(
`−1∏
i=j+1

(s∗i )
d−1

)
rj,β.

(2.6.40)

Since β̂ > 0 and λdx0 ≥ 1, choosing rj,β = 1, we obtain

C1

xβ−1
0

∫ mκ

1

`−1∏
i=j+1

(1 ∧m−1
i y)y−βdy ≤ C1

β̂
(λd)β−1

(
`−1∏
i=j+1

(s∗i )
d−1

)
. (2.6.41)

Combining (2.6.35) – (2.6.38), (2.6.41) and (2.6.39) with the fact that

min
n∈{κ+1,··· ,`−1}

(β − 1, β − `+ n− 1, β̂) ≥ min(β̂, 1− β̂), (2.6.42)
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and the definitions of Cβ and ψ`,j in (2.3.11) and (2.6.15), respectively, we obtain

(2.6.16) whenever j ≥ `− bβc.

Setting j = ` − bβc and rj,β = m−β̂`−bβc = (λdx0)β̂(s∗`−bβc)
β̂(d−1) in (2.6.40), we

obtain

C1

xβ−1
0

∫ mκ

1

`−1∏
i=`−bβc

(1 ∧m−1
i y)y−βdy ≤ C1

xβ−1
0

∫ mκ

1

`−1∏
i=`−bβc+1

(1 ∧m−1
i y)y−βdy

≤ C1

β̂
(λd)β−1

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 (s∗`−bβc)
β̂(d−1).

(2.6.43)

Now, noting that `−bβc− 1 < n− 2 and i 7→ s∗i is non-increasing, we conclude that

max
n∈{κ+1,··· ,`−1}

(s∗`−1)β−1, σn,

 `−1∏
i=`−bβc+1

s∗i

 (s∗`−bβc)
β̂

 =

 `−1∏
i=`−bβc+1

s∗i

 (s∗`−bβc)
β̂,

(2.6.44)

Combining (2.6.35) – (2.6.38), (2.6.42) – (2.6.44) and the definitions of Cβ and ψ`,j

in (2.3.11) and (2.6.15), respectively, we obtain (2.6.16) when j = `− bβc − 1.

Case 2B: Suppose β ∈ N and recall `− β ≤ j + 1 < κ. Note that y ∈ [1,mκ) and

the fact that i 7→ mi is increasing implies m−1
i y ≥ 1 for all i ≤ κ− 1 and m−1

i y ≤ 1

for all i ≥ κ. Then, substituting the expression for m−1
i in (2.6.13), and m−1

j+1 ≥ 1,

we obtain

C1

xβ−1
0

∫ mκ

1

`−1∏
i=j+1

(1 ∧m−1
i y)y−βdy

≤ C1

xβ−1
0

∫ mκ

1

`−1∏
i=κ

(1 ∧m−1
i y)y−βdy

≤ C1

xβ−1
0

(λdx0)`−κ
∫ mκ

1

(
`−1∏
i=κ

(s∗i )
d−1

)
y−β+`−κdy
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≤ C1

xβ−1
0

(λdx0)`−κ

(
`−1∏
i=κ

(s∗i )
d−1

)∫ mκ

1

(
κ−1∏
i=j+2

m−1
i y

)
m−1
j+1y

−β+`−κdy

=
C1

xβ−1
0

(λdx0)`−j−1

(
`−1∏
i=j+1

(s∗i )
d−1

)∫ mκ

1

y−β+`−j−2dy

≤ C1

xβ−1
0

(λdx0)β−1

(
`−1∏
i=j+1

(s∗i )
d−1

)∫ mκ

1

y−2dy

≤ C1(λdx0)β−1

(
`−1∏
i=j+1

(s∗i )
d−1

)
. (2.6.45)

Combining (2.6.35) – (2.6.39) and (2.6.45) with the fact that

min
n∈{κ+1,··· ,`−1}

(β − 1, β − `+ n− 1, 1) = 1, (2.6.46)

the observation that s∗`−β+1 ≤ (s∗`−β+1)1−δ for any δ ∈ (0, 1) and the definitions of

Cβ and ψ`,j in (2.3.11) and (2.6.15), respectively, we obtain (2.6.17).

Case 3: Suppose κ < `, j ≥ ` − bβc − 1 and κ − 1 ≤ j ≤ ` − 2. Using

(2.6.29), this implies mi ≥ 1 for all i ≥ j + 1. We now look at the partition

π3 = {[1,mj+1), [mj+1,mj+2), · · · , [m`−1,∞) of the interval [1,∞). Note that

number of intervals in π3 = `− j ≤ bβc+ 1. (2.6.47)

Since j + 1 ≤ ` − 1, using (2.6.30) with z = m`−1 = (λd(s∗`−1)d−1x0)−1 and j′ = j,

we have

C1

xβ−1
0

∫ ∞
m`−1

`−1∏
i=`−bβc

(1 ∧m−1
i y)y−βdy ≤ C1

(β − 1)
(λd)β−1(s∗`−1)(d−1)(β−1). (2.6.48)

For the interval [1,mj+1) note that y ∈ [1,mj+1) and the fact that mi is increasing
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in i implies m−1
i y ≤ 1 for all i ≥ j + 1. Hence, we have

C1

xβ−1
0

∫ mj+1

1

`−1∏
i=j+1

(1 ∧m−1
i y)y−βdy =

C1

xβ−1
0

(λdx0)`−j−1

(
`−1∏
i=j+1

(s∗i )
d−1

)∫ mj+1

1

y−β+`−j−1dy.

(2.6.49)

Additionally, if j ≥ `− bβc, note that for n ∈ {j + 2, j + 3, · · · , `− 1}, n ≥ j + 2 ≥

` − bβc + 2. Since ` − bβc + 2 ≤ n ≤ ` − 1, we use (2.6.31) with j′ = j and the

definition of σn in (2.6.38) to obtain

C1

xβ−1
0

∫ mn

mn−1

`−1∏
i=j+1

(1 ∧m−1
i y)y−βdy ≤ C1

(β − `+ n− 1)
(λd)β−1σd−1

n . (2.6.50)

Case 3A: Suppose β /∈ N. First, let j = `−bβc− 1. Since β− β̂ = bβc by (2.3.10),

(2.6.49) simplifies to

C1

xβ−1
0

∫ m`−bβc

1

`−1∏
i=`−bβc

(1 ∧m−1
i y)y−βdy

=
C1

xβ−1
0

(λdx0)β−β̂

 `−1∏
i=`−bβc

(s∗i )
d−1

∫ m`−bβc

1

y−β̂dy

≤ C1

(1− β̂)xβ−1
0

(λdx0)β−β̂

 `−1∏
i=`−bβc

(s∗i )
d−1

 (λd(s∗`−bβc)
d−1x0)β̂−1

=
C1

(1− β̂)
(λd)β−1

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 (s∗`−bβc)
β̂(d−1). (2.6.51)

Note that for n ∈ {` − bβc + 2, ` − bβc + 3, · · · , ` − 1}, n ≥ ` − bβc + 2. Since

`−bβc+ 2 ≤ n ≤ `− 1 and, we use (2.6.31), with j′ = `−bβc− 1 and the definition

of σn in (2.6.38) to obtain

C1

xβ−1
0

∫ mn

mn−1

`−1∏
i=`−bβc

(1 ∧m−1
i y)y−βdy ≤ C1

(β − `+ n− 1)
(λd)β−1σd−1

n . (2.6.52)
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Also, note that y ∈ [m`−bβc,m`−bβc+1) and the fact that i 7→ mi is increasing implies

m−1
i y ≥ 1 for all i ≤ ` − bβc and m−1

i y ≤ 1 for all i ≥ ` − bβc + 1. Hence, using

(2.6.13), we obtain

C1

xβ−1
0

∫ m`−bβc+1

m`−bβc

`−1∏
i=`−bβc

(1 ∧m−1
i y)y−βdy

=
C1

xβ−1
0

∫ m`−bβc+1

m`−bβc

(λdx0)bβc−1

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 y−β̂−1dy

≤ C1(λdx0)β−β̂−1

β̂xβ−1
0

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 (λd(s∗`−bβc)
d−1x0)β̂

=
C1(λd)β−1

β̂

 `−1∏
i=`−bβc+1

(s∗i )
d−1

 (s∗`−bβc)
β̂(d−1). (2.6.53)

Combining (2.6.47), (2.6.48), (2.6.51) – (2.6.53), (2.6.44), (2.6.42) (since κ ≤ `−bβc)

and the definitions of Cβ and ψ`,j in (2.3.11) and (2.6.15), respectively, we obtain

(2.6.16) when j = `− bβc − 1.

Now, let j ≥ `− bβc. Using (2.6.13), (2.6.49) simplifies to

C1

xβ−1
0

∫ mj+1

1

`−1∏
i=j+1

(1 ∧m−1
i y)y−βdy ≤ C1

xβ−1
0

(λdx0)bβc−1

(
`−1∏
i=j+1

(s∗i )
d−1

)∫ mj+1

1

y−β̂−1dy

≤ C1

β̂
(λd)β−1

(
`−1∏
i=j+1

(s∗i )
d−1

)
. (2.6.54)

Combining (2.6.47), (2.6.48), (2.6.50), (2.6.54), (2.6.42), (2.6.39) (since κ ≤ j + 1)

and the definitions of Cβ and ψ`,j in (2.3.11) and (2.6.15), respectively, we obtain

(2.6.16) when j ≥ `− bβc.

Case 3B: Suppose β ∈ N. First, let j = ` − β. Using (2.6.13) and the fact that
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there exists δ ∈ (0, 1) such that log x ≤ xδ for all x ≥ 1, (2.6.49) simplifies to

C1

xβ−1
0

∫ m`−β+1

1

`−1∏
i=`−β+1

(1 ∧m−1
i y)y−βdy

≤ C1

xβ−1
0

(λdx0)β−1

(
`−1∏

i=`−β+1

(s∗i )
d−1

)
log(

1

λd(s∗`−β+1)d−1x0

)

≤ C1(λd)β−1

(
`−1∏

i=`−β+2

(s∗i )
d−1

)
(s∗`−β+1)(1−δ)(d−1). (2.6.55)

Now, noting that ` − β ≤ n − 2, s∗n−1 ≤ 1, δ ∈ (0, 1) and i 7→ s∗i is non-increasing,

we conclude that

max
n∈{(`−β+2,··· ,`−1}

(
(s∗`−1)β−1, σn,

(
`−1∏

i=`−β+2

s∗i

)
(s∗`−β+1)1−δ

)
=

(
`−1∏

i=`−β+2

s∗i

)
(s∗`−β+1)1−δ.

(2.6.56)

Combining (2.6.47), (2.6.48), (2.6.50), (2.6.55), (2.6.56), (2.6.46) (since κ ≤ `−β+1)

and the definitions of Cβ and ψ`,j in (2.3.11) and (2.6.15), respectively, we obtain

(2.6.17) when j = `− β.

On the other hand, if j ≥ `− β + 1, then (2.6.49) simplifies to

C1

xβ−1
0

∫ mj+1

1

`−1∏
i=j+1

(1 ∧m−1
i y)y−βdy ≤ C1

xβ−1
0

(λdx0)β−1

(
`−1∏
i=j+1

(s∗i )
d−1

)∫ mj+1

1

y−2dy

≤ C1(λd)β−1

(
`−1∏
i=j+1

(s∗i )
d−1

)
. (2.6.57)

Combining (2.6.47), (2.6.48), (2.6.50), (2.6.57), (2.6.39), (2.6.46) (since κ ≤ j + 1)

and the definitions of Cβ and ψ`,j in (2.3.11) and (2.6.15), respectively, we obtain

(2.6.17) when j ≥ `− β + 1.



Chapter Three

Diffusion Approximations for

Many-Server Queues with

Reneging
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In this Chapter, we consider a G/GI/N+GI model, a system with N servers and a

single common queue in which arriving customers are served in a non-idling, First-

Come-First-Serve (FCFS) manner, i.e., a newly arriving customer immediately enters

service if there are any idle servers or, if all servers are busy, then the customer joins

the back of the queue. The customer at the head of the queue (if one is present)

enters service as soon as a server becomes free, with our results not being sensitive

to the exact mechanism used to assign an arriving customer to an idle server, as long

as the non-idling condition is met, that is, there is never simultaneously a positive

queue and an idle server, is satisfied. It is assumed that customers are impatient,

and that a customer reneges from the queue as soon as the amount of time they have

spent in queue reaches their patience time. However, customers do not renege once

they have entered service.

For this model, the the measure-valued fluid limit as shown by Kang and Ra-

manan [22] is deterministic and not refined enough to provide more accurate ap-

proximation to quantities of interest such as the probability of a positive wait. This

motivates looking at stochastic fluctuations around the fluid limit and characterize

the asymptotics of these fluctuations via a diffusion limit theorem. However, as

shown by Kaspi and Ramanan [25], the distribution-valued diffusion limit is non-

Markovian in the absence of reneging. Hence, we conjecture that an associated

distribution-valued diffusion-scaled limit will not be Markov on its own unless strin-

gent assumptions are imposed on the service and patience time distribution. To

overcome this, we introduce a new representation (X̂(N), Ẑ
(N)
ν , Ẑ

(N)
η ) for the state of

the system, where X̂(N) denotes the scaled fluctuation in the number of customers

in the N -server network, Ẑ
(N)
ν and Ẑ

(N)
η are function-valued processes that, respec-

tively, contain information about the ages and patience times of customers in the

system. This state representation is presented in Section 3.5.
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First, in Section 3.1, we introduce some common terminology that we be used

throughout. In Section 3.2 we describe the G/GI/N + GI queueing model in detail,

and state our assumptions on service time distribution, patience time distribution

and arrival process. We then describe the fluid limit for our model in Section 3.3,

leveraging off the corresponding fluid limit for a measure-valued state representa-

tion obtained in [22]. We introduce a family of martingales in Section 3.4 that are

obtained as compensated departure processes and compensated reneging processes.

The main results for this model are stated in Section 3.6 with the proofs deferred to

Section 3.10. The proofs rely on auxiliary results obtained Sections 3.7 - 3.9.

3.1 Notation and Terminology

The following notation will be used throughout the chapter. Z is the set of integers,

N is the set of strictly positive integers, R is set of real numbers, R+ the set of non-

negative real numbers and Z+ is the set of non-negative integers. For a, b ∈ R, a∨ b

denotes the maximum of a and b, a ∧ b the minimum of a and b and the short-hand

a+ is used for a∨0. Given A ⊂ R and a ∈ R, A−a equals the set {x ∈ R : x+a ∈ A}

and IB denotes the indicator function of the set B (that is, IB(x) = 1 if x ∈ B and

IB(x) = 0 otherwise).

3.1.1 Function and Measure Spaces

Given any metric space E, let B(E) denote the Borel sets of E. Also, let Cb(E) and

Cc(E) denote, respectively, the space of bounded, continuous functions and the space

of continuous real-valued functions with compact support defined on E, while C1(E)
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is the space of real-valued, once continuously differentiable functions on E, and C1
c (E)

is the subspace of functions in C1(E) that have compact support. The subspace of

functions in C1(E) that, together with their first derivatives, are bounded, will be

denoted by C1
b (E). The constant functions f ≡ 1 and f ≡ 0 will be represented

by the symbols 1 and 0, respectively. Given any càdlàg, real-valued function ϕ

defined on [0,∞), we define ‖ϕ‖T := sups∈[0,T ] |ϕ(s)| for every T < ∞, and let

‖ϕ‖∞ := sups∈[0,∞) |ϕ(s)|, which could possibly take the value ∞. In addition, the

support of a function ϕ is denoted by supp(ϕ). Given a nondecreasing function f on

[0,∞), f−1 denotes the inverse function of f in the sense that

f−1(y) = inf{x ≥ 0 : f(x) ≥ y}. (3.1.1)

For each differentiable function f defined on R, f ′ denotes the first derivative of f .

For each function f(t, x) defined on R × Rn, ft denotes the partial derivative of f

with respect to t and fx denotes the partial derivative of f with respect to x.

Let L1(0,∞), L1
loc(0,∞), and L2(0,∞), denote, respectively, the spaces of in-

tegrable, locally integrable, and square integrable functions on (0,∞) with their

corresponding standard norms. The space L2(0,∞) is a Hilbert space with the inner

product

〈f, g〉L2 =

∫ ∞
0

f(x)g(x)dx.

The space H1(0,∞) denotes the space of square integrable functions f on (0,∞)

whose weak derivative f ′ exists and is also square integrable. H1(0,∞) equipped

with the inner product

〈f, g〉H1 = 〈f, g〉L2 + 〈f ′, g′〉L2 , (3.1.2)

and the corresponding norm ‖f‖H1 =
(
‖f‖2

L2(0,∞) + ‖f ′‖2
L2(0,∞)

) 1
2
, is a separable
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Banach space, and hence, a Polish space (see, e.g., [11, Proposition 8.1 on pg 203])

The space of Radon measures on a metric space E, endowed with the Borel σ-

algebra, is denoted byM(E), whileMF (E),M1(E) andM≤1(E) are, respectively,

the subspaces of finite, probability and sub-probability measures in M(E). Also,

given B < ∞, MB(E) ⊂ MF (E) denotes the space of measures µ in MF (E) such

that |µ(E)| ≤ B. Recall that a Radon measure is one that assigns finite measure to

every relatively compact subset of R+. The spaceM(E) is equipped with the vague

topology, i.e., a sequence of measures {µn} in M(E) is said to converge to µ in the

vague topology (denoted µn
v→ µ) if and only if for every ϕ ∈ Cc(E),

∫
E

ϕ(x)µn(dx)→
∫
E

ϕ(x)µ(dx) as n→∞. (3.1.3)

By identifying a Radon measure µ ∈M(E) with the mapping on Cc(E) defined by

ϕ 7→
∫
E

ϕ(x)µ(dx),

one can equivalently define a Radon measure on E as a linear mapping from Cc(E)

into R such that for every compact set K ⊂ E, there exists LK <∞ such that

∣∣∣∣∫
E

ϕ(x)µ(dx)

∣∣∣∣ ≤ LK ‖ϕ‖∞ ∀ϕ ∈ Cc(E) with supp(ϕ) ⊂ K.

OnMF (E), we will also consider the weak topology, i.e., a sequence {µn} inMF (E)

is said to converge weakly to µ (denoted µn
w→ µ) if and only if (3.1.3) holds for every

ϕ ∈ Cb(E). As is well-known,M(E) andMF (E), endowed with the vague and weak

topologies, respectively, are Polish spaces. The symbol δx will be used to denote the

measure with unit mass at the point x and, by some abuse of notation, we will use

0 to denote the identically zero Radon measure on E. When E is an interval, say
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[0, H), for notational conciseness, we will often writeM[0, H) instead ofM([0, H)).

For any finite measure µ on [0, H), we define

F µ(x) := µ[0, x], x ∈ [0, H). (3.1.4)

We say a measure µ is continuous at x if and only if µ({x}) = 0.

For any Borel measurable function f : [0, H)→ R that is integrable with respect

to ξ ∈M[0, H), we often use the short-hand notation

〈f, ξ〉 :=

∫
[0,H)

f(x) ξ(dx).

Also, for ease of notation, given ξ ∈M[0, H) and an interval (a, b) ⊂ [0, H), we will

use ξ(a, b) and ξ(a) to denote ξ((a, b)) and ξ({a}), respectively.

3.1.2 Measure-valued Stochastic Processes

Given a Polish space H, we denote by DH[0, T ] (respectively, DH[0,∞)) the space of

H-valued, càdlàg functions on [0, T ] (respectively, [0,∞)), and we endow this space

with the usual Skorokhod J1-topology [37]. Then DH[0, T ] and DH[0,∞) are also

Polish spaces (see [37]). A sequence {Xn} of càdlàg, H-valued processes, with Xn

defined on the probability space (Ωn,Fn,Pn), is said to converge in distribution to

a càdlàg H-valued process X defined on (Ω,F ,P) if, for every bounded, continuous

functional F : DH[0,∞)→ R, we have

lim
n→∞

En [F (Xn)] = E [F (X)] ,
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where En and E are the expectation operators with respect to the probability mea-

sures Pn and P, respectively. Convergence in distribution of Xn to X will be de-

noted by Xn ⇒ X. Let D0
R[0,∞) be the subset of functions f ∈ DR[0,∞) with

f(0) = 0, and IR+ [0,∞) be the subset of non-decreasing functions f ∈ DR+ [0,∞)

with f(0) = 0.

3.2 Description of Model and State Dynamics

In Section 3.2.1 we describe the basic model and the model primitives. In Section

3.2.2 we introduce the state descriptor, some auxiliary processes, and equations that

describe the dynamics of the state. Finally, in Section 3.2.3 (see Theorem 3.2.1),

we provide a succinct characterization of the state dynamics. This characterization

motivates the form of the fluid equations, which are introduced in Section 3.3.1.

3.2.1 Model Description and Primitive Data

As introduced in the beginning of the chapter, we consider a G/GI/N+GI model,

a system with N servers and a single common queue in which arriving customers

are served in a non-idling, FCFS manner. The customer at the head of the queue

(if one is present) enters service as soon as a server becomes free. In this model, a

customer reneges from the queue as soon as the amount of time they have spent in

queue reaches their patience time. However, customers do not renege once they have

entered service. The patience times of customers are given by an i.i.d. sequence,

{ri, i ∈ Z}, with common cumulative distribution function Gr on [0,∞], while the

service requirements of customers are given by another i.i.d. sequence, {vi, i ∈ Z},
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with common cumulative distribution function Gs on [0,∞). For i ∈ N, ri and

vi represent, respectively, the patience time and the service requirement of the ith

customer to enter the system after time zero, while {ri, i ∈ −N ∪ {0}} and {vi, i ∈

−N∪{0}} represent, respectively, the patience times and the service requirements of

customers that arrived prior to time zero (if such customers exist), ordered according

to their arrival times (prior to time zero). We assume that Gs has density gs and

Gr, restricted on [0,∞), has density gr. This implies, in particular, that Gr(0+) =

Gs(0+) = 0. Let

Hr := sup{x ∈ [0,∞) : gr(x) > 0},

Hs := sup{x ∈ [0,∞) : gs(x) > 0}

denote the right ends of the supports of gr and gs, respectively. The superscript (N)

will be used to refer to quantities associated with the system with N servers.

Let E(N) denote the cumulative arrival process, with E(N)(t) representing the

total number of customers that arrive into the system with N servers in the time

interval [0, t]. Also, consider the càdlàg, real-valued process α
(N)
E defined by α

(N)
E (s) =

s if E(N)(s) = 0 and, if E(N)(s) > 0, then

α
(N)
E (s) := s− sup

{
u < s : E(N)(u) < E(N)(s)

}
, (3.2.1)

which denotes the time elapsed since the last arrival. If E(N) is a renewal process,

then α
(N)
E is simply the backward recurrence time process. Also, let E (N)

0 be an a.s.

Z+-valued random variable that represents the number of customers that entered

the system prior to time zero. This random variable does not play an important role

in the analysis, but is used for bookkeeping purposes to keep track of the indices of

customers.
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The following mild assumptions on E(N) will be imposed throughout, without

explicit mention:

• E(N) is a non-decreasing, pure jump process with E(N)(0) = 0 and a.s., for

t ∈ [0,∞), E(N)(t) <∞ and E(N)(t)− E(N)(t−) ∈ {0, 1};

• The process α
(N)
E is Markovian with respect to its own natural filtration (this

holds, for example, when E(N) is a renewal process);

• The cumulative arrival process E(N), the sequence of service requirements

{vj, j ∈ Z}, and the sequence of patience times {rj, j ∈ Z} are independent;

The assumption on the jump size of E(N) is not crucial, and is imposed mainly

for convenience. On the other hand, the assumed independence of the service and

patience times is a genuine restriction. It would be of interest to consider the case

of correlated service and patience times.

3.2.2 State Descriptor and Dynamical Equations

As explained in the paper on the functional law of large numbers for this

model [22], the state of the system is represented by the vector of processes

(α
(N)
E , X(N), ν(N), η(N)), where α

(N)
E determines the cumulative arrival process via

(3.2.1), X(N) represents the total number of customers in system with N servers,

η(N) denotes the “potential queue measure” process which keeps track of the waiting

times of customers in queue, and ν(N) denotes the “age measure” process which en-

codes the amount of time that the customers currently receiving service have been

in service.
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3.2.2.1 Description of Queue Dynamics

The potential waiting time process w
(N)
j of customer j is (for every realization)

defined to be the piecewise linear function on [0,∞) that is identically zero till the

customer enters the system, then increases linearly, representing the amount of time

elapsed since entering the system, and then remains constant (equal to the patience

time) once the time elapsed exceeds the patience time. More precisely, for j ∈ N, if

ζ
(N)
j is the time at which the jth customer arrives into the system after time 0, then

for j ∈ N ζ
(N)
j = (E(N))−1(j) := inf{t > 0 : E(N)(t) = j} and

w
(N)
j (t) =


[
t− ζ(N)

j

]
∨ 0 if t− ζ(N)

j < rj,

rj otherwise.
(3.2.2)

For j ∈ −N ∪ {0}, w(N)
j represents the potential waiting time process of the jth

customer who entered the system before time zero (if such a customer exists). For

t ∈ [0,∞), let η
(N)
t be the non-negative Borel measure on [0, Hr) that has a unit

mass at the potential waiting time of each customer that has entered the system

by time t and whose potential waiting time has not yet reached its patience time.

Recall that δx represents the Dirac mass at x. The potential queue measure η
(N)
t can

be written in the form

η
(N)
t =

E(N)(t)∑
j=−E(N)

0 +1

δ
w

(N)
j (t)

I{w(N)
j (t)<rj}

=

E(N)(t)∑
j=−E(N)

0 +1

δ
w

(N)
j (t)

I{
dw

(N)
j
dt

(t+)>0

}, (3.2.3)

where the last equality holds because at any time t, the potential waiting time process

of any customer has a right derivative that is positive if and only if the customer has

entered the system and the customer’s potential waiting time has not yet reached

its patience time.
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For t ∈ [0,∞), let Q(N)(t) be the number of customers waiting in queue at time

t. Due to the non-idling condition, the queue length process is then given by

Q(N)(t) = [X(N)(t)−N ]+. (3.2.4)

Moreover, since the head-of-the-line customer is the customer in queue with the

longest waiting time, the quantity

χ(N)(t) := inf
{
x > 0 : η

(N)
t [0, x] ≥ Q(N)(t)

}
=
(
F η

(N)
t

)−1

(Q(N)(t)) (3.2.5)

represents the waiting time of the head-of-the-line customer in the queue at time t.

Here, recall from (3.1.4) that F η
(N)
t is the c.d.f. of the measure η

(N)
t and (F η

(N)
t )−1

represents its inverse, as defined in (3.1.1). Since this is an FCFS system, any mass

in η
(N)
t that lies to the right of χ(N)(t) represent customers that have already entered

service by time t. Therefore, the queue length process Q(N) admits the following

alternative representation in terms of χ(N) and η(N):

Q(N)(t) =

E(N)(t)∑
j=−E(N)

0 +1

I{w(N)
j (t)≤χ(N)(t), w

(N)
j (t)<rj}

(3.2.6)

= η
(N)
t [0, χ(N)(t)].

3.2.2.2 Description of Service Dynamics

Analogous to the potential waiting process w
(N)
j , the age process a

(N)
j associated

with customer j is (for every realization) defined to be the piecewise linear function

on [0,∞) that equals 0 till the customer enters service, then increases linearly while

the customer is in service (representing the amount of time elapsed since entering

service) and is then constant (equal to the total service requirement vj) after the
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customer completes service and departs the system.

Now, for t ∈ [0,∞), let ν
(N)
t be the discrete non-negative Borel measure on [0, Hs)

that has a unit mass at the age of each of the customers in service at time t. Then,

in a fashion analogous to (3.2.3), the age measure ν
(N)
t can be explicitly represented

as

ν
(N)
t =

E(N)(t)∑
j=−E(N)

0 +1

δ
a
(N)
j (t)

I{
da

(N)
j
dt

(t+)>0

}. (3.2.7)

3.2.2.3 Auxiliary Processes

We now introduce certain auxiliary processes that will be useful for the study of the

evolution of the system.

• The cumulative reneging process R(N), where R(N)(t) is the cumulative number

of customers that have reneged from the system in the time interval [0, t];

• the cumulative potential reneging process S(N), where S(N)(t) represents the

cumulative number of customers whose potential waiting times have reached

their patience times in the interval [0, t];

• the cumulative departure process D(N), where D(N)(t) is the cumulative num-

ber of customers that have departed the system after completion of service in

the interval [0, t];

• the process K(N), where K(N)(t) represents the cumulative number of cus-

tomers that have entered service in the interval [0, t].

Now, 〈1, ν(N)
t 〉 = ν

(N)
t [0,∞) represents the total number of customers in service at

time t. Therefore, mass balances on the total number of customers in the system, the
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number of customers waiting in the “potential queue”, and the number of customers

in service show that

X(N)(0) + E(N) = X(N) +D(N) +R(N), (3.2.8)

〈1, η(N)
0 〉+ E(N) = 〈1, η(N)〉+ S(N), (3.2.9)

and

〈1, ν(N)
0 〉+K(N) = 〈1, ν(N)〉+D(N). (3.2.10)

In addition, it is also clear that

X(N) = 〈1, ν(N)〉+Q(N). (3.2.11)

Combining (3.2.8), (3.2.10) and (3.2.11), we obtain the following mass balance for

the number of customers in queue:

Q(N)(0) + E(N) = Q(N) +R(N) +K(N). (3.2.12)

Furthermore, the non-idling condition takes the form

N − 〈1, ν(N)〉 = [N −X(N)]+.

Indeed, note that this ensures that when X(N)(t) < N , the number in the system is

equal to the number in service, and so there is no queue, while if X(N)(t) > N , there

is a positive queue and 〈1, ν(N)
t 〉 = N , indicating that there are no idle servers.
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3.2.2.4 Filtration

The total number of customers in service at time t is given by 〈1, ν(N)
t 〉 = ν

(N)
t [0, Hs)

and is bounded above by N . In addition, from (3.2.9) it follows that

〈1, η(N)
t 〉 = η

(N)
t [0, Hr) ≤ E(N)(t) + 〈1, η(N)

0 〉 ≤ E(N)(t) + E (N)
0

which is a.s. finite by assumption. Therefore, for every t ∈ [0,∞), a.s., ν
(N)
t ∈

MF [0, Hs) and η
(N)
t ∈MF [0, Hr). Hence, the state descriptor (α

(N)
E , X(N), ν(N), η(N))

takes values in R+ × Z+ × MF [0, Hs) × MF [0, Hr). For purely technical pur-

poses we will find it convenient to also introduce the additional “station process”

s(N) := (s
(N)
j , j ∈ Z), defined on the same probability space (Ω,F ,P). For each

t ∈ [0,∞), if customer j has already entered service by time t, then s
(N)
j (t) is equal

to the index i ∈ {1, . . . , N} of the station at which customer j receives/received ser-

vice and s
(N)
j (t) := 0 otherwise. For t ∈ [0,∞), let F̃ (N)

t be the σ-algebra generated

by

{
E (N)

0 , X(N)(0), α
(N)
E (s), w

(N)
j (s), a

(N)
j (s), s

(N)
j , j ∈ {−E (N)

0 + 1, . . . , 0} ∪ N, s ∈ [0, t]
}

and let {F (N)
t } denote the associated right-continuous filtration, completed with

respect to P. In [22] , an explicit construction of the state descriptor and aux-

iliary processes is provided, which shows in particular that the state descriptor

(α
(N)
E , X(N), ν(N), η(N)) and auxiliary processes are càdlàg. Moreover, in [22, Lemma

A.1], it is proved that the state process V (N) := (α
(N)
E , X(N), ν(N), η(N)) and the

processes E(N), Q(N), S(N), R(N), D(N) and K(N) are all F (N)
t -adapted, and in [22,

Lemma B.1], it is shown that (V (N),F (N)
t ) is a strong Markov process.
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3.2.3 A Succinct Characterization of the Dynamics

The main result of this section is Theorem 3.2.1, which provides equations that more

succinctly characterize the dynamics of the state (α
(N)
E , X(N), ν(N), η(N)) described in

Section 3.2.2. First, we introduce some more notation that is required to state the

result.

For any measurable function ϕ on [0, Hs) × R+, consider the process D
(N)
ϕ that

takes values in R, and is given by

D(N)
ϕ (t) :=

∑
s∈[0,t]

E(N)(t)∑
j=−E(N)

0 +1

I{
da

(N)
j
dt

(s−)>0,
da

(N)
j
dt

(s+)=0

}ϕ(a
(N)
j (s−), s) (3.2.13)

for t ∈ [0,∞). It follows immediately from (3.2.13) and the right continuity of the

filtration {F (N)
t } that D

(N)
ϕ is {F (N)

t }-adapted. Also, comparing (3.2.13) with the

definition of the process D(N), it is clear that when ϕ is the constant function 1,

D
(N)
1 is exactly the cumulative departure process D(N), i.e.,

D
(N)
1 = D(N). (3.2.14)

In an exactly analogous fashion, for any measurable function ψ on [0, Hr) × R+,

consider the process S
(N)
ψ that takes values in R, and is given by

S
(N)
ψ (t) :=

∑
s∈[0,t]

E(N)(t)∑
j=−E(N)

0 +1

I{
dw

(N)
j
dt

(s−)>0,
dw

(N)
j
dt

(s+)=0

}ψ(w
(N)
j (s−), s). (3.2.15)

It follows immediately from (3.2.15) and the right continuity of the filtration {F (N)
t }

that for t ∈ [0,∞), S
(N)
ψ is {F (N)

t }-adapted. Moreover, S
(N)
1 is clearly equal to the
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cumulative potential reneging process S(N), i.e.,

S
(N)
1 = S(N). (3.2.16)

In addition, using (3.2.8), (3.2.11) and the non-negativity of Q(N), R(N) and 〈1, ν(N)〉,

it follows that for any t ∈ [0,∞) and bounded, measurable ϕ,

E
[∣∣D(N)

ϕ (t)
∣∣] ≤ ‖ϕ‖∞ E

[
X(N)(0) + E(N)(t)

]
<∞ (3.2.17)

and likewise, for each t ∈ [0,∞) and bounded measurable ψ, (3.2.9) shows that

E
[∣∣∣S(N)

ψ (t)
∣∣∣] ≤ ‖ψ‖∞ E

[
〈1, η(N)

0 〉+ E(N)(t)
]
<∞. (3.2.18)

Next, comparing the definition of the process R(N) with (3.2.15), it is clear that

the cumulative reneging process R(N) satisfies

R(N)(t) = S
(N)

θ(N)(t), t ≥ 0, (3.2.19)

where θ(N) is given by

θ(N)(x, s) = I[x,∞)(χ
(N)(s−)), x ∈ R, s ≥ 0. (3.2.20)

The following result was established in [22, Theorem 2.1].

Theorem 3.2.1. The processes (E(N), X(N), ν(N), η(N)) a.s. satisfy the following cou-
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pled set of equations: for ϕ ∈ C1
c ([0, H

s)× R+) and t ∈ [0,∞),

〈
ϕ(·, t), ν(N)

t

〉
=

〈
ϕ(·, 0), ν

(N)
0

〉
+

∫ t

0

〈
ϕx(·, s) + ϕs(·, s), ν(N)

s

〉
ds (3.2.21)

−D(N)
ϕ (t) +

∫
[0,t]

ϕ(0, s)dK(N)(s),

for ψ ∈ C1
c ([0, H

r)× R+) and t ∈ [0,∞),

〈
ψ(·, t), η(N)

t

〉
=

〈
ψ(·, 0), η

(N)
0

〉
+

∫ t

0

〈
ψx(·, s) + ψs(·, s), η(N)

s

〉
ds(3.2.22)

−S(N)
ψ (t) +

∫
[0,t]

ψ(0, s)dE(N)(s),

X(N)(t) = X(N)(0) + E(N)(t)−D(N)
1 (t)−R(N)(t), (3.2.23)

N −
〈
1, ν

(N)
t

〉
= [N −X(N)(t)]+, (3.2.24)

where K(N) satisfies (3.2.10), R(N) satisfies (3.2.19) and D
(N)
ϕ and S

(N)
ψ are the

processes defined in (3.2.13) and (3.2.15), respectively.

3.3 Fluid Limits

Next, consider the following scaled versions of the basic processes described in Section

3.2. For each N ∈ N, the scaled version of the processes I = X,E,D,K,Q,R, S is

given by

I
(N)

:=
I(N)

N
. (3.3.1)

Similarly, the scaled versions of the measures ν and η are given by

ν
(N)
t (B) :=

ν
(N)
t (B)

N
, η

(N)
t (B) :=

η
(N)
t (B)

N
, (3.3.2)
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for t ∈ [0,∞) and any Borel subset B of R+.

Recall that IR+ [0,∞) is the subset of non-decreasing functions f ∈ DR+ [0,∞)

with f(0) = 0, Hs = sup{x ∈ [0,∞) : gs(x) > 0} and Hr = sup{x ∈ [0,∞) : gr(x) >

0}. Define

S0 :=

 (e, x, ν, η) ∈ IR+ [0,∞)× R+ ×MF [0, Hs)×MF [0, Hr) :

1− 〈1, ν〉 = [1− x]+

 . (3.3.3)

S0 serves as the space of possible input data for the fluid equations. We impose some

natural assumptions on the sequence of initial conditions (E
(N)
, X

(N)
(0), ν

(N)
0 , η

(N)
0 ).

Assumption 3.3.1. (Initial conditions) There exists an S0-valued random variable

(E,X(0), ν0, η0) such that, as N →∞, the following limits hold:

1. E
(N) → E in DR+ [0,∞) P-a.s., and E

[
E

(N)
(t)
]
→ E

[
E(t)

]
< ∞ for every

t ∈ [0,∞);

2. X
(N)

(0)→ X(0) in R+ P-a.s.;

3. ν
(N)
0

w→ ν0 in MF [0, Hs);

4. η
(N)
0

w→ η0 in MF [0, Hr), and E
[
〈1, η(N)

0 〉
]
→ E[〈1, η0〉] <∞.

The next assumption imposes some regularity conditions on η0 and E.

Assumption 3.3.2. For each t ≥ 0, if η0({t}) > 0 then η0(t, t+ ε) > 0 for every ε > 0

and if E(t)− E(t−) > 0, then E(t−)− E(t− ε) > 0 for every ε > 0.

Remark 3.3.3. Assumption 3.3.2 is trivially satisfied if η0 and E are continuous, that

is, η0({t}) = 0 for all t ≥ 0 and the function E is continuous.
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In order to state our last assumption, define the hazard rate functions of Gr and

Gs in the usual manner:

hr(x) :=
gr(x)

1−Gr(x)
, x ∈ [0, Hr), (3.3.4)

hs(x) :=
gs(x)

1−Gs(x)
, x ∈ [0, Hs). (3.3.5)

It is easy to verify that hr and hs are locally integrable on [0, Hr) and [0, Hs),

respectively.

Assumption 3.3.4. There exists Ls < Hs such that hs is either bounded or lower-

semicontinuous on (Ls, Hs), and likewise, there exists Lr < Hr such that hr is either

bounded or lower-semicontinuous on (Lr, Hr).

3.3.1 Fluid Equations

We now introduce the fluid equations.

Definition 3.3.5. (Fluid Equations) The càdlàg function (X, ν, η) defined on [0,∞)

and taking values in R+×MF [0, Hs)×MF [0, Hr) is said to solve the fluid equations

associated with (E,X(0), ν0, η0) ∈ S0 and the hazard rate functions hr and hs if and

only if for every t ∈ [0,∞),

∫ t

0

〈hr, ηs〉 ds <∞,
∫ t

0

〈hs, νs〉 ds <∞, (3.3.6)

and the following relations are satisfied: for every ϕ ∈ C1
c ([0, H

s)× R+),

〈ϕ(·, t), νt〉 = 〈ϕ(·, 0), ν0〉+

∫ t

0

〈ϕs(·, s), νs〉 ds+

∫ t

0

〈ϕx(·, s), νs〉 ds (3.3.7)

−
∫ t

0

〈hs(·)ϕ(·, s), νs〉 ds+

∫ t

0

ϕ(0, s) dK(s),



100

where

K(t) = 〈1, νt〉 − 〈1, ν0〉+

∫ t

0

〈hs, νs〉 ds; (3.3.8)

for every ψ ∈ C1
c ([0, H

r)× R+)

〈ψ(·, t), ηt〉 = 〈ψ(·, 0), η0〉+

∫ t

0

〈ψs(·, s), ηs〉 ds+

∫ t

0

〈ψx(·, s), ηs〉 ds (3.3.9)

−
∫ t

0

〈hr(·)ψ(·, s), ηs〉 ds+

∫ t

0

ψ(0, s) dE(s);

Q(t) = X(t)− 〈1, νt〉; (3.3.10)

Q(t) ≤ 〈1, ηt〉; (3.3.11)

R(t) =

∫ t

0

(∫ Q(s)

0

hr((F ηs)−1(y))dy

)
ds, (3.3.12)

where we recall that F ηt(x) = ηt[0, x];

X(t) = X(0) + E(t)−
∫ t

0

〈hs, νs〉 ds−R(t); (3.3.13)

and

1− 〈1, νt〉 = [1−X(t)]+. (3.3.14)

3.3.2 Results on the Fluid Limit

The following result was established in [22, Theorem 3.5].

Theorem 3.3.6. Given any (E,X(0), ν0, η0) ∈ S0, there exists at most one solution

(X, ν, η) to the associated fluid equations (3.3.6)–(3.3.14). Moreover, if ν and η

satisfy (3.3.6), then (X, ν, η) is a solution to the fluid equations if and only if, for
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every f ∈ Cb(R+),

∫
[0,Hr)

f(x) ηt(dx) =

∫
[0,Hr)

f(x+ t)
1−Gr(x+ t)

1−Gr(x)
η0(dx) (3.3.15)

+

∫
[0,t]

f(t− s)(1−Gr(t− s)) dE(s),∫
[0,Hs)

f(x) νt(dx) =

∫
[0,Hs)

f(x+ t)
1−Gs(x+ t)

1−Gs(x)
ν0(dx) (3.3.16)

+

∫
[0,t]

f(t− s)(1−Gs(t− s)) dK(s),

where

K(t) = [X(0)− 1]+− [X(t)− 1]+ +E(t)−
∫ t

0

(∫ [X(s)−1]+

0

hr
((
F ηs
)−1

(y)
)
dy

)
ds

(3.3.17)

and for all t ∈ [0,∞), X satisfies [X(t) − 1]+ ≤ 〈1, ηt〉, the non-idling condition

(3.3.14) and

X(t) = X(0) + E(t)−
∫ t

0

〈hs, νs〉 ds−
∫ t

0

(∫ [X(s)−1]+

0

hr
((
F ηs
)−1

(y)
)
dy

)
ds.

(3.3.18)

Moreover, K also satisfies

K(t) = 〈1, νt〉 − 〈1, ν0〉+

∫
[0,Hs)

Gs(x+ t− s)−Gs(x)

1−Gs(x)
ν0(dx)

+

∫ t

0

(
〈1, νt−s〉 − 〈1, ν0〉+

∫
[0,Hs)

Gs(x+ t− s)−Gs(x)

1−Gs(x)
ν0(dx)

)
us(s) ds,

(3.3.19)

where us is the density of the renewal function U s associated with Gs (us exists since

Gs is assumed to have a density).

Next, we state the main result of [22, Theorem 3.6] which shows that, under

fairly general conditions, a solution to the fluid equations exists and is the functional

law of large numbers limit, as N →∞, of the N -server system with reneging.
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Theorem 3.3.7. Suppose that Assumptions 3.3.1–3.3.4 hold, and let (E,X(0), ν0, η0) ∈

S0 be the limiting initial condition. Then there exists a unique solution (X, ν, η) to

the associated fluid equations, and the sequence (X
(N)
, ν(N), η(N)) converges weakly,

as N →∞, to (X, ν, η).

In the fluid system, for any u > t the total mass of customers in queue at time

u that arrived before time t equals Q(u)− ηu[0, u− t], and the ages of these (fluid)

customers lie in the interval (u− t, χ(u)], where

χ(u) := (F ηu)−1(Q(u)). (3.3.20)

Let ν∗ and η∗ be the probability measures defined as follows:

ν∗[0, x) :=

∫ x

0

(1−Gs(y))dy, x ∈ [0, Hs), (3.3.21)

and

η∗[0, x) :=

∫ x

0

(1−Gr(y))dy, x ∈ [0, Hr). (3.3.22)

For λ ≥ 1, define the set Bλ as follows:

Bλ :=

{
x ∈ [1,∞) : Gr((F λη∗)−1((x− 1)+)) =

λ− 1

λ

}
. (3.3.23)

Let Iλ be the set of states defined by

Iλ :=

 {(λ, λν∗, λη∗)}, if λ < 1,

{(x∗, ν∗, λη∗) : x∗ ∈ Bλ}, if λ ≥ 1.
(3.3.24)

Suppose Iλ satisfies following assumption.
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Assumption 3.3.8. The set Iλ has a single element.

Under the above assumption, it was proved in [23, Theorem 5.5] that Iλ is the

invariant manifold of the fluid limit associated with arrival rate λ is defined as E(t) =

λt(as is explained later in Remark 3.6.2). Since Iλ has a single element, the set Bλ

is a singleton, which in turn implies that the invariant queue length, Q∗, is unique.

Thus, (F λη∗)−1(Q∗) is a unique constant. Define

χ∗ = (F λη∗)−1(Q∗) (3.3.25)

3.4 A Family of Martingales

In Section 3.4.1, we identify the compensators (with respect to the filtration F (N)
t )

of the cumulative departure, potential reneging and (actual) reneging processes.

3.4.1 Compensators

Here we summarize some relevant results from [22]. For any bounded measurable

function ϕ on [0, Hs)× R+, consider the sequence {A(N)
ϕ,ν } of processes given by

A(N)
ϕ,ν (t) :=

∫ t

0

(∫
[0,Hs)

ϕ(x, s)hs(x) ν(N)
s (dx)

)
ds, t ∈ [0,∞). (3.4.1)

Likewise, for any bounded measurable function ϕ on [0, Hr)× R+ and N ∈ N, let

A(N)
ϕ,η (t) :=

∫ t

0

(∫
[0,Hr)

ϕ(x, s)hr(x) η(N)
s (dx)

)
ds, t ∈ [0,∞). (3.4.2)



104

In [22, Proposition 5.1] stated below, it was shown that A
(N)
ϕ,ν (respectively, A

(N)
ϕ,η ) is

the F (N)
t -compensator of the associated “ϕ-weighted” cumulative departure process

D
(N)
ϕ (respectively, S

(N)
ϕ ).

Proposition 3.4.1. The following properties hold.

1. For every bounded measurable function ϕ on [0, Hs)× R+ , the process M
(N)
ϕ,ν

defined by

M (N)
ϕ,ν := D(N)

ϕ − A(N)
ϕ,ν (3.4.3)

is a local F (N)
t -martingale. Moreover, for every N ∈ N, t ∈ [0,∞) and m ∈

[0, Hs),

|A(N)
ϕ,ν (t)| ≤ ‖ϕ‖∞

(
X(N)(0) + E(N)(t)

)(∫ m

0

hs(x) dx

)
<∞ (3.4.4)

for every ϕ ∈ Cc([0, Hs) × R+) with supp(ϕ) ⊂ [0,m] × R+. In addition, the

quadratic variation process 〈M (N)

ϕ,ν 〉 of the scaled process M
(N)

ϕ,ν := M
(N)
ϕ,ν /N

satisfies

lim
N→∞

E
[
〈M (N)

ϕ,ν 〉(t)
]

= 0; M
(N)

ϕ,ν ⇒ 0 as N →∞. (3.4.5)

2. Furthermore, properties (3.4.3)–(3.4.5) also hold with D, aj, ν,H
s and hs, re-

spectively, replaced by S,wj, η,H
r and hr.

We now reproduce Remark 5.2 [22].

Remark 3.4.2. It is easy to see that Lemmas 5.6 and 5.8 of [24] continue to be valid

in the presence of abandonments. Indeed, the proofs of Lemmas 5.6 and 5.8 of [24]

only depend on Assumption 1 and Corollary 5.5 therein (since, as shown in Lemma

5.12 of [24], the additional conditions (5.32) and (5.33) of Lemma 5.8 of [24] can be
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derived from Assumption 1), which correspond to Assumption 3.3.1 and Proposition

3.4.1 of this chapter. In addition, due to the parallels between the dynamics of ν(N)

and η(N) (see Remark 22 [22]), the analogs of the results in Lemmas 5.6 and 5.8, with

D(N), ν(N), Gs and Hs, respectively, replaced by S(N), η(N), Gr and Hr, also hold. In

this case, even though η
(N)
0 is (unlike ν

(N)
0 ) not necessarily a sub-probability measure,

the verification of the conditions analogous to (5.32) and (5.33) of Lemma 5.8 in [24]

can still be carried out in the same manner since Assumption 3.3.1 implies that the

sequence {〈1, η(N)
0 〉} is tight. Moreover, even though Gr is allowed to have a mass

at ∞, the proofs of Lemmas 5.6 and 5.8 are still valid, with the renewal function U s

now replaced by the function U r(·) =
∫ ·

0

∑∞
n=0(gr)∗n(s) ds, where (gr)∗n is the nth

convolution of gr on [0,∞).

Now, note from (3.2.19) that R(N) = S
(N)

θ(N) , where θ(N) is defined by (3.2.20). In

view of the fact that A
(N)
ϕ,η is the compensator for S

(N)
ϕ , it was shown in [22, Lemma

5.4] (stated below) that the compensator of R(N) is equal to A
(N)

θ(N),η
, where

A
(N)

θ(N),η
(t) :=

∫ t

0

(∫
[0,Hr)

I[0,χ(N)(s−)](x)hr(x) η(N)
s (dx)

)
ds, t ∈ [0,∞).

(3.4.6)

Lemma 3.4.3. For every N ∈ N, the process M
(N)

θ(N),η
defined by

M
(N)

θ(N),η
:= R(N) − A(N)

θ(N),η
(3.4.7)

is a local F (N)
t -martingale. In addition, as N →∞,

lim
N→∞

E
[
〈M (N)

θ(N),η〉(t)
]

= 0, M
(N)

ψ,η ⇒ 0 and M
(N)

θ(N),η ⇒ 0. (3.4.8)

In what follows, recall that F η
(N)
t (x) = η

(N)
t [0, x] and its inverse (F η

(N)
t )−1 is as
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defined in (3.1.1). The following result was established in [22, Proposition 5.5].

Proposition 3.4.4. For each N ∈ N, t ≥ 0 and measurable function h on [0, Hr),

∫
[0,Hr)

I[0,χ(N)(t−)](x)h(x)η
(N)
t (dx) =

∫ Q(N)(t)+ι(N)(t)

0

h((F η
(N)
t )−1(y))dy, (3.4.9)

where

ι(N)(t) :=

 0 if (χ(N)(t−)− χ(N)(t))(K(N)(t)−K(N)(t−)) = 0,

1 if (χ(N)(t−)− χ(N)(t))(K(N)(t)−K(N)(t−)) > 0.
(3.4.10)

The proposition above shows an alternative, more convenient, representation for

A
(N)

θ(N),η
, or more generally, for processes of the form A

(N)

θ(N),η
, but with hr replaced by

an arbitrary measurable function h. From the discussion below [22, Theorem 7.1] we

have (A
(N)

·,ν , A
(N)

·,η )→ (A·,ν , A·,η) P-a.s, where for any bounded measurable function ϕ

on [0, Hs)× R+,

Aϕ,ν(t) :=

∫ t

0

(∫
[0,Hs)

ϕ(x, s)hs(x) νs(dx)

)
ds, t ∈ [0,∞). (3.4.11)

and for any bounded measurable function ϕ on [0, Hr)× R+ and

Aϕ,η(t) :=

∫ t

0

(∫
[0,Hr)

ϕ(x, s)hr(x) ηs(dx)

)
ds, t ∈ [0,∞). (3.4.12)

3.4.2 Certain martingale measures and their stochastic in-

tegrals

From the proof of Proposition 3.4.1 (which uses the proof of Lemma 5.9 of [24])

it follows that for any bounded and measurable ϕ on [0, Hs) × [0,∞), the {F (N)
t }-
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predictable quadratic variation of M
(N)
ϕ,ν takes the form

〈M (N)
ϕ,ν 〉 = A(N)

ϕ,ν (t) (3.4.13)

=

∫ t

0

(∫
[0,Hs)

ϕ2(x, s)hs(x)ν(N)
s (dx)

)
ds, t ∈ [0,∞), (3.4.14)

and for any bounded and measurable ψ on [0, Hr)× [0,∞), the {F (N)
t }- predictable

quadratic variation of M
(N)
ψ,η takes the form

〈M (N)
ψ,η 〉 = A

(N)
ψ,η (t) (3.4.15)

=

∫ t

0

(∫
[0,Hr)

ψ2(x, s)hr(x)η(N)
s (dx)

)
ds, t ∈ [0,∞), (3.4.16)

Now, for B ∈ B[0, Hs) and t ∈ [0,∞), define,

M(N)
t,ν (B) := M

(N)
1B ,ν

(t) = D
(N)
1B

(t)− A(N)
1B ,ν

(t). (3.4.17)

Similarly for B̃ ∈ B[0, Hr) and t ∈ [0,∞), define,

M(N)
t,η (B̃) := M

(N)
1B̃ ,η

(t) = S
(N)
1B̃

(t)− A(N)
1B̃ ,η

(t). (3.4.18)

Let B0[0, Hs) and B0[0, Hr) denote the algebra generated by the intervals [0, x],

x ∈ [0, Hs) and [0, y], y ∈ [0, Hr) respectively. It is easy to verify that M
(N)
ν =

{M(N)
t,ν (B),F (N)

t , t ≥ 0, B ∈ B0[0, Hs)} and M
(N)
η = {M(N)

t,η (B),F (N)
t , t ≥ 0, B ∈

B0[0, Hr)} are martingale measures (the proof is similar to the one in Lemma A.1

of [25]). We now show that M(N)
ν is in fact an orthogonal martingale measure (see

page 288 of Walsh [44] for a definition). Essentially, the orthogonality property holds

because almost surely, no two departures or abandonments occur at the same time.

In Lemma 3.4.5 below, we first state a slight generalization of this latter property,

which will also be used to prove the orthogonality property of M(N)
η . Define the
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jump of a function f at time t by ∆f(t) = f(t)−f(t−). We now prove the following

lemmas.

Lemma 3.4.5. For every N ∈ N,P- a.s.

∆D(N)(t) ≤ 1, t ∈ [0,∞), (3.4.19)

∆S(N)(t) ≤ 1, t ∈ [0,∞). (3.4.20)

Proof. The proof follows by the strong Markov property of the N -server state process

from Lemma B.1 [22] and independence of the service times and patience times of

the customers, using the same idea as in the proof of equation (4.6) of Lemma 4.2

[25].

Before the orthogonality property, we now prove another lemma that will be used

in proving an asymptotic independence result in Section 3.7

Lemma 3.4.6. As N →∞

1

N
E

[∑
s≤t

∆D(N)(s)∆S(N)(s)

]
→ 0. (3.4.21)

Proof. Let D(N),r(s) denote the cumulative number of departures during (r, r + s]

of customers that entered service at or before time r, and let D(N)+,r(s) be the

cumulative number of departures during (r, r + s] of customers that entered service

after time r.
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For δ > 0, and k = 0, 1, 2, · · · , we have

∑
s∈(kδ,(k+1)δ]

∆D(N)(s)∆S(N)(s) =
∑
s∈(0,δ]

∆D(N),kδ(s)∆S(N)(kδ + s)

+
∑
s∈(0,δ]

∆D(N)+,kδ(s)∆S(N)(kδ + s).(3.4.22)

Claim:
∑

s∈(0,∞]

∆D(N),r(s)∆S(N)(r + s) = 0, r ∈ [0,∞)

Define J (N),r to be the jump times of D(N),r in [0,∞) and let G(N)
t = F (N)

r+t . Using

the same idea as in the proof of Proposition 3.4.1 (see Proposition 5.1(1)[22] for

proof), {∆D(N),r(t)} has a continuous {G(N)
t } compensator given by

∫ t

0

(∫
[0,Hs)

gs(x+ s)

1−Gs(x)
ν(N)
r (dx)

)
ds, t ∈ [0,∞),

and hence has no fixed jump times, that is, P(t ∈ J (N),r|F (N)
r ) = 0 for every t ∈

[0,∞). Moreover, due to the assumption of independence of the service times and

the patience times, {S(N)(r + t) − S(N)(r)}t≥0 and {D(N),r(t)}t≥0 are conditionally

independent, given F (N)
r .

Let T = {t = (t1, · · · , tm, ...) ∈ [0,∞)∞ : 0 ≤ t1 ≤ t2 ≤ · · · }, and let T
(N),r

denote the random T -valued sequence of times after r at which S(N) has a jump.

Moreover, let µ(N) denote the conditional probability distribution of T
(N),r

, given

F (N)
r . For any t ∈ T , using the fact that 0 ≤ ∆S(N)(t) ≤ 1 from Lemma 3.4.5,

the conditional independence of {D(N),r(t), t ≥ 0} from T
(N),r

given F (N)
r and the
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property established above, we have

E[
∑

s∈(0,∞]

∆D(N),r(s)∆S(N)(r + s)|F (N)
r , T

(N),r
= t] =

∑
t∈T (N)

E[∆D(N),r(t)|F (N)
r , T

(N),r
= t]

=
∑
t∈T (N)

E[∆D(N),r(t)|F (N)
r ]

=
∑
t∈T (N)

P(t ∈ J (N),r|F (N)
r ) = 0.

Integrating the left-hand side above with respect to the conditional distribution µ(N)

and then taking expectation, it follows that

E[
∑

s∈(0,∞]

∆D(N),r(s)∆S(N)(r + s)] = 0.

Since the term inside is non-negative, the claim is proved.

Hence the first term in the right-hand side of (3.4.22) is 0. Since ∆S(N)(s) ≤ 1

by Lemma 3.4.5, the second term can be bounded as follows,

∑
s∈(kδ,(k+1)δ]

∆D(N)(s)∆S(N)(s) ≤
∑
s∈(0,δ]

∆D(N)+,kδ(s)

≤
K(N)((k+1)δ)∑
j=K(N)(kδ)+1

1{vj≤δ}.

Summing the above equation over k = 0, 1, · · · , bt/δc and dividing by N , we obtain

1

N
E[
∑
s≤t

∆D(N)(s)∆S(N)(s)] ≤ E
[∫ t+δ

0

1{ν
K(N)(s)

≤δ}dK
(N)(s)

]
≤ E

[
D

(N)

1(0,δ]
(t+ 2δ)

]
= E

[
A

(N)

1(0,δ],ν
(t+ 2δ)

]
.

On both sides taking the limit supremum as N → ∞, and then the limit as δ ↓ 0,
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we obtain

lim sup
N→∞

1

N
E[
∑
s≤t

∆D(N)(s)∆S(N)(s)] ≤ lim
δ↓0

lim sup
N→∞

E
[
A

(N)

1(0,δ],ν
(t+ 2δ)

]
= 0,

where the last equality follows from (3.4.4). As ∆D(N)(s),∆S(N)(s) ≥ 0, we are

done.

Corollary 3.4.7. 1. For each N ∈ N , the martingale measure

M (N)
ν = {M(N)

t,ν (B),F (N)
t , t ≥ 0, B ∈ B0[0, Hs)},

is orthogonal and has covariance functional

〈M(N)
ν (B),M(N)

ν (B̃)〉t = A
(N)
1B∩B̃ ,ν

(t) =

∫ t

0

(∫
B∩B̃

hs(x)ν(N)
s (dx)

)
ds, (3.4.23)

for B, B̃ ∈ B0[0, Hs).

2. For each N ∈ N , the martingale measure

M (N)
η = {M(N)

t,η (B),F (N)
t , t ≥ 0, B ∈ B0[0, Hr)},

is orthogonal and has covariance functional

〈M(N)
η (B),M(N)

η (B̃)〉t = A
(N)
1B∩B̃ ,η

(t) =

∫ t

0

(∫
B∩B̃

hr(x)η(N)
s (dx)

)
ds, (3.4.24)

for B, B̃ ∈ B0[0, Hr).

Proof. 1. Using (3.4.19), the proof is analogous to the proof of [24, Corollary 4.3].

2. Using (3.4.20), the proof is analogous to the proof of [24, Corollary 4.3].
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The orthogonality property established in Corollary 3.4.7 allows us to define

stochastic integrals with respect to the martingale measures M(N)
ν and M(N)

η . The

stochastic integral is defined for a large class of so-called predictable integrands

satisfying a suitable integrability property (see page 292 of Walsh [44]) which, since

E[A
(N)
1,ν (T )],E[A

(N)
1,η (T )] < ∞ by Remark 3.4.2 and Lemma 5.6 of [24], and ν(N) and

η(N) are finite non-negative measures, includes the class of deterministic functions

in Cb([0, Hs)× [0,∞)) and Cb([0, Hr)× [0,∞)) respectively. Moreover, by Theorem

2.5 on page 295 of Walsh [44], it follows that for all ϕ ∈ Cb([0, Hs) × [0,∞)),the

stochastic integral {M(N)
t,ν (ϕ)(B), {F (N)}; t ≥ 0, B ∈ B[0, H

s)} of ϕ with respect to

M(N)
ν is a càdlàg orthogonal martingale measure with covariance functional

〈M(N)
ν (ϕ)(B),M(N)

ν (ϕ̃)(B̃)〉t =

∫ t

0

(∫
B∩B̃

ϕ(x, s)ϕ̃(x, s)hs(x)ν(N)
s (dx)

)
ds

(3.4.25)

for bounded, continuous ϕ, ϕ̃ and B, B̃ ∈ B0[0, Hs). Similarly for all ψ ∈ Cb([0, Hr)×

[0,∞)),the stochastic integral {M(N)
t,η (ψ)(B), {F (N)}; t ≥ 0, B ∈ B[0, H

r)} of ψ with

respect to M(N)
η is a càdlàg orthogonal martingale measure with covariance func-

tional

〈M(N)
η (ψ)(B),M(N)

η (ψ̃)(B̃)〉t =

∫ t

0

(∫
B∩B̃

ψ(x, s)ψ̃(x, s)hr(x)η(N)
s (dx)

)
ds

(3.4.26)

for bounded, continuous ψ, ψ̃ and B, B̃ ∈ B0[0, Hr). When B = [0, Hs), we will

drop the dependence on B and simply write

M(N)
ν (ϕ) =M(N)

ν (ϕ)([0, Hs)),

and when B = [0, Hr), we similarly write

M(N)
η (ψ) =M(N)

η (ψ)([0, Hr)),
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Remark 3.4.8. For ϕ ∈ Cb([0, Hs)× [0,∞)), the stochastic integral M(N)
ν (ϕ) admits

a càdlàg version. Indeed, the càdlàg martingale M
(N)
ϕ,ν defined in (3.4.3) is a version

of the stochastic integralM(N)
ν (ϕ). Also, for ψ ∈ Cb([0, Hr)× [0,∞)), the stochastic

integral M(N)
η (ψ) admits a càdlàg version, and the càdlàg martingale M

(N)
ψ,η defined

as the analogue of (3.4.3) in Proposition 3.4.1 is a version of the stochastic integral

M(N)
η (ψ).

Let 0̃ denote the zero Radon measure. It was shown in Proposition 3.4.1 that

M(N)

ν :=
M(N)

ν

N
→Mν ≡ 0̃,

in the space DMF [0,Hs)[0,∞), and

M(N)

η :=
M(N)

η

N
→Mη ≡ 0̃,

in the spaceDMF [0,Hr)[0,∞). Now, let M̂
(N)
ν and M̂(N)

η be the diffusion-scaled version

of the processes

M̂ (N)
ν :=

M̂(N)
ν√
N

, M̂(N)
η :=

M̂(N)
η√
N

. (3.4.27)

It is clear from the above discussion that each M̂(N)
ν is an orthogonal martingale mea-

sure with covariance functional
∫ t

0

(∫
B∩B̃ h

s(x)ν(N)
s (dx)

)
ds, and each M̂(N)

η is an or-

thogonal martingale measure with covariance functional
∫ t

0

(∫
B∩B̃ h

r(x)η(N)
s (dx)

)
ds.

Also for any ϕ, ψ in suitable classes of functions that include the spaces Cb([0, Hs)×

[0,∞)) and Cb([0, Hr) × [0,∞)) respectively, the stochastic integrals M̂(N)
ν (ϕ) and

M̂(N)
η (ψ) are well-defined càdlàg, orthogonal {F (N)

t } martingale measures. More-

over, for every ϕ, ϕ̃ ∈ Cb([0, Hs) × [0,∞)) and for every ψ, ψ̃ ∈ Cb([0, Hr) × [0,∞))
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and t ∈ [0,∞),

〈M̂(N)
ν (ϕ),M̂(N)

ν (ϕ̃)〉t =

∫ t

0

(∫
[0,Hs)

ϕ(x, s)ϕ̃(x, s)hs(x)ν(N)
s (dx)

)
ds, (3.4.28)

and

〈M̂(N)
η (ψ),M̂(N)

η (ψ̃)〉t =

∫ t

0

(∫
[0,Hr)

ψ(x, s)ψ̃(x, s)hr(x)η(N)
s (dx)

)
ds. (3.4.29)

3.4.3 Some associated stochastic convolution integrals

We now define stochastic convolution integrals with respect to the martingale mea-

sures M(N)
ν and M(N)

η . For N ∈ N, ϕ ∈ Cb([0, Hs)× [0,∞)) and t ∈ [0,∞), define

H(N)
t,ν (ϕ) :=

∫ ∫
[0,Hs)×[0,t]

ϕ(x+ t− s, s)1−Gs(x+ t− s)
1−Gs(x)

M̂ (N)
ν (dx, ds), (3.4.30)

and for N ∈ N, ψ ∈ Cb([0, Hr)× [0,∞)) and t ∈ [0,∞), define

H(N)
t,η (ψ) :=

∫ ∫
[0,Hr)×[0,t]

1[0,χ∗](x)ϕ(x+ t− s, s)1−Gr(x+ t− s)
1−Gr(x)

M̂ (N)
η (dx, ds).

(3.4.31)

For each t ∈ [0,∞), the stochastic integrals with respect to M(N)
ν and M(N)

η in

(3.4.30) and (3.4.31) are well defined because M(N)
ν and M(N)

η are orthogonal mar-

tingale measures and the functions (x, s) 7→ ϕ(x+t−s, s)(1−Gs(x+t−s))/(1−Gs(x))

and (x, s) 7→ 1[0,χ∗](x)ψ(x + t − s, s)(1 − Gr(x + t − s))/(1 − Gr(x)) lie in

Cb([0, Hs)×[0,∞)) and Cb([0, χ∗]×[0,∞)) respectively for all ϕ ∈ Cb([0, Hs)×[0,∞))

and ψ ∈ Cb([0, Hr)× [0,∞)) . The scaled version of these quantities are then defined
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in the obvious manner: for N ∈ N, ϕ ∈ Cb([0, Hs)× [0,∞)) and t ∈ [0,∞), let

Ĥ(N)
t,ν (ϕ) :=

H(N)
t,ν (ϕ)
√
N

=

∫ ∫
[0,Hs)×[0,t]

ϕ(x+ t− s, s)1−Gs(x+ t− s)
1−Gs(x)

M̂(N)
ν (dx, ds), (3.4.32)

and for N ∈ N, ψ ∈ Cb([0, Hr)× [0,∞)) and t ∈ [0,∞), let

Ĥ(N)
t,η (ψ) :=

H(N)
t (ψ)√
N

=

∫ ∫
[0,Hs)×[0,t]

1[0,χ∗](x)ψ(x+ t− s, s)1−Gr(x+ t− s)
1−Gr(x)

M̂(N)
η (dx, ds),

(3.4.33)

3.4.4 Related limit quantities

We now define some additional quantities, which we subsequently show (in Propo-

sitions 3.7.5 and 3.10.9) to be limits of the sequences {M̂(N)
ν }N∈N, {M̂(N)

η }N∈N,

{Ĥ(N)
ν }N∈N and {Ĥ(N)

η }N∈N. Let M̂ν = {M̂t,ν(B), B ∈ B0[0, Hs), t ∈ [0,∞)} be a

continuous martingale measure with the deterministic covariance functional

〈M̂ν(B),M̂ν(B̃)〉t =

∫ t

0

(∫
[0,Hs)

1B∩B̃(x)(λ ∧ 1)gs(x)(dx)

)
ds, (3.4.34)

and M̂η = {M̂t,η(B), B ∈ B0[0, Hr), t ∈ [0,∞)} be a continuous martingale measure

with the deterministic covariance functional

〈M̂η(B),M̂η(B̃)〉t =

∫ t

0

(∫
[0,Hr)

1B∩B̃(x)λgr(x)(dx)

)
ds, (3.4.35)
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for t ∈ [0,∞). Thus, both M̂ν and M̂η are white noises. Let CM̂ν
denote the subset

of continuous functions on [0, Hs)× [0,∞) that satisfies

∫ t

0

(∫
[0,Hs)

ϕ2(x, s)(λ ∧ 1)gs(x)(dx)

)
ds <∞, t ∈ [0,∞). (3.4.36)

Similarly let CM̂η
denote the subset of continuous functions on [0, Hr)× [0,∞) that

satisfies ∫ t

0

(∫
[0,Hr)

ψ2(x, s)λgr(x)(dx)

)
ds <∞, t ∈ [0,∞). (3.4.37)

Note that CM̂ν
and CM̂η

include,in particular,the spaces Cb([0, Hs) × [0,∞)) and

Cb([0, Hr)× [0,∞)) respectively.

For any ϕ ∈ CM̂ν
and t ∈ [0,∞), the stochastic integral of ϕ with respect to M̂ν

on [0, Hs)× [0, t], denoted by

M̂t,ν(ϕ) :=

∫ ∫
[0,Hs)×[0,t]

ϕ(x, s)M̂ν(dx, ds), (3.4.38)

is well defined. Similarly, for any ψ ∈ CM̂η
and t ∈ [0,∞), the stochastic integral of

ψ with respect to M̂η on [0, Hr)× [0, t], denoted by

M̂t,η(ψ) :=

∫ ∫
[0,Hr)×[0,t]

ψ(x, s)M̂η(dx, ds) (3.4.39)

is well defined. In fact, for such ϕ, ψ, M̂ν(ϕ) = {M̂t,ν(ϕ), t ≥ 0} and M̂η(ψ) =

{M̂t,η(ψ), t ≥ 0} are càdlàg, orthogonal martingale measure; see page 292 of Walsh

[44] for the definition. Moreover, because M̂ν and M̂η are continuous martingale

measures, M̂ν(ϕ) and M̂η(ψ) have versions as a continuous real-valued process.

Next, for t ∈ [0,∞) and f ∈ Cb[0, Hs), let Ĥt,ν(f) be the random variable given
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by the following convolution integral:

Ĥt,ν(f) :=

∫ ∫
[0,Hs)×[0,t]

f(x+ t− s)1−Gs(x+ t− s)
1−Gs(x)

M̂ν(dx, ds). (3.4.40)

Similarly for g ∈ Cb[0, Hr), let Ĥt,η(g) be the random variable given by the

following convolution integral:

Ĥt,η(g) :=

∫ ∫
[0,Hr)×[0,t]

1[0,χ∗](x)gr(x+t−s)1−Gr(x+ t− s)
1−Gr(x)

M̂η(dx, ds). (3.4.41)

In order to express the convolution integrals in a more succinct fashion, consider the

family of operators {Ψs
t , t ≥ 0} defined, for t > 0 and (x, s) ∈ [0, Hs)× [0,∞), by

(Ψs
tf)(x, s) := f(x+ (t− s)+)

1−Gs(x+ (t− s)+)

1−Gs(x)
, (3.4.42)

for bounded and measurable functions f on [0, Hs), and {Ψr
t , t ≥ 0} defined, for

t > 0 and (x, s) ∈ [0, Hr)× [0,∞), by

(Ψr
tg)(x, s) := g(x+ (t− s)+)

1−Gr(x+ (t− s)+)

1−Gr(x)
, (3.4.43)

for bounded and measurable functions g on [0, Hr), where recall (t− s)+ = max(t−

s, 0). The operators Ψs
t and Ψr

t map the space of bounded measurable functions

on [0,∞) to the space of bounded measurable functions on [0, Hs) × [0,∞) and

[0, Hs)× [0,∞) respectively. We also have

sup
t∈[0,∞)

‖Ψs
tf‖∞ ≤ ‖f‖∞, sup

t∈[0,∞)

‖Ψr
tg‖∞ ≤ ‖g‖∞. (3.4.44)
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The processes Ĥν , Ĥη, Ĥ(N)
ν , Ĥ(N)

η , respectively, can then be rewritten as

Ĥt,ν(f) = M̂t,ν(Ψ
s
tf), Ĥ(N)

t,ν (f) = M̂(N)
t,ν (Ψs

tf), t ≥ 0, (3.4.45)

and

Ĥt,η(f) = M̂t,η(1[0,χ∗]Ψ
r
tf), Ĥ(N)

t,η (f) = M̂(N)
t,η (1[0,χ∗]Ψ

r
tf), t ≥ 0. (3.4.46)

3.5 Central Limit Scaling

In this section we restrict the initial conditions of the N -server system so that

(X
(N)
, ν(N), η(N)) converges weakly to (X, ν, η), where (X, ν, η) = Iλ, with Iλ de-

fined in (3.3.24).

In what follows, we will introduce the following notation for conciseness: for

N ∈ N, we set

A
(N)
D := A

(N)
1,ν , A

(N)
R := A

(N)

θ(N),η
(3.5.1)

M(R+)(N) := M
(N)
1,ν , M

(N)
R := M

(N)

θ(N),η
. (3.5.2)

Note that by Proposition 3.4.1 and Lemma 3.4.3, M
(N)

D ⇒ 0 and M
(N)

R ⇒ 0, and

hence set

MD ≡ 0, MR ≡ 0. (3.5.3)

Using the definition (3.4.27), define M̂(N)
D = M̂(N)

ν (1), and M̂(N)
R = M̂(N)

η (θ(N))

with θ(N) defined in (3.2.20). Now, for Y = D,E, S,R,X,Q,AD, AR, ν, η with ν =
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(λ∧1)ν∗ and η = λη∗, we define the diffusion scaled version of the process as follows:

Ŷ (N)(t) =
√
N
(
Y

(N)
(t)− Y (t)

)
. (3.5.4)

For r ≥ 0 define the functions

αr(·) :=
1−Gs(·+ r)

1−Gs(·)
, and βr(·) :=

1−Gr(·+ r)

1−Gr(·)
. (3.5.5)

Using the function defined above, and recalling the definition of χ∗ from (3.3.25),

define the processes

Ẑ(N)
ν (t, r) := 〈αr, ν̂(N)

t 〉, and Ẑ(N)
η (t, r) := 〈1[0,χ∗]β

r, η̂
(N)
t 〉. (3.5.6)

Using the definition above it is easy to see that

∂rẐ
(N)
ν (t, r) = 〈∂rαr, ν̂(N)

t 〉, and ∂rẐ
(N)
η (t, r) = 〈1[0,χ∗]∂rβ

r, η̂
(N)
t 〉. (3.5.7)

3.6 Main Results

The main results of this chapter are stated in Section 3.6.2. They rely on some basic

assumptions and the definition of a certain map (called the diffusion many-server

reneging map). Before stating the main results, we state the assumptions required.
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3.6.1 Assumptions

We have the following assumptions on the arrival process.

Assumption 3.6.1. There exist constants λ, σ2 ∈ (0,∞) and β ∈ R such that for

every N ∈ N, E(N) is a renewal process with i.i.d. inter-renewal times {ξ(N)}j∈N that

have mean 1/λ(N) and variance (σ2/λ)/(λ(N))2, where

λ(N) = λN − β
√
N, (3.6.1)

and the following Lindeberg condition holds: for every ε > 0,

lim
N→∞

N2E[(ξ
(N)
1 )21{ξ(N)

1

√
N>ε}] = 0.

Remark 3.6.2. Let λ, β and σ be as defined in Assumption 3.6.1. Then, given a

standard Brownian motion B, the process Ê given by

Ê(t) := σB(t)− βt, t ∈ [0,∞). (3.6.2)

is a well-defined diffusion and therefore a semimartingale, with σB(t), t ≥ 0 being

the local martingale and βt, the finite variation process in the decomposition. If

Assumption 3.6.1 holds, then it is easy to see that E in Assumption 3.3.1 is given

by E(t) = λt.

We impose the following assumptions on the distributions and the initial condi-

tions.

Assumption 3.6.3. The function Gs satisfies the following properties:

a. The function hs is uniformly bounded, that is Hs
1 := supx∈[0,∞) h

s(x) <∞.
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b. The derivative gs is continuously differentiable with derivative (gs)′, and the

function

hs2(x) :=
(gs)′(x)

1−Gs(x)
, x ∈ [0,∞),

is uniformly bounded, that is, Hs
2 := supx∈[0,∞) |hs2(x)| <∞.

Assumption 3.6.4. For some ε > 0, Gs(x) = O(x−2−ε) as x→∞, that is, there exists

a finite positive constant cs such that Gs(x) ≤ csx
−2−ε for all sufficiently large x. In

other words, the service time distribution has a finite (2 + ε) moment.

Assumption 3.6.5. The function Gr satisfies the following properties:

a. The function hr is uniformly bounded, that is Hr
1 := supx∈[0,∞) h

r(x) <∞.

b. The derivative gr is continuously differentiable with derivative (gr)′, and the

function

hr2(x) :=
gr
′
(x)

1−Gr(x)
, x ∈ [0,∞),

is uniformly bounded, that is, Hr
2 := supx∈[0,∞) |hr2(x)| <∞.

Assumption 3.6.6. For some ε > 0, Gr(x) = O(x−2−ε) as x→∞, that is, there exists

a finite positive constant cr such that Gr(x) ≤ crx
−2−ε for all sufficiently large x. In

other words, the patience time distribution has a finite (2 + ε) moment.

Assumption 3.6.7. There exists an R-valued random variable X̂(0) and families of

random variables {Ẑν(0, r), r ≥ 0} and {Ẑη(0, r), r ≥ 0} all defined on a common

probability space, such that:

(a) {Ẑν(0, t), t ≥ 0}, and {Ẑη(0, t), t ≥ 0} admit versions as a continuous R-valued

process. Almost surely, t 7→ Ẑν(0, t) and t 7→ Ẑη(0, t) are measurable functions

on [0,∞) ;
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(b) As N → ∞, (X̂(N)(0), Ẑ
(N)
ν (0, ·), Ẑ(N)

η (0, ·)) ⇒ (X̂(0), Ẑν(0, ·), Ẑη(0, ·)) in R ×

H1(0,∞)2;

Remark 3.6.8. Since ν̂
(N)
0 is a signed measure with finite total mass bounded by

√
N ,

using the norm inequality ‖f‖∞ ≤ 2‖f‖H1 it is easy to see that almost surely for

r ≥ 0,

|Ẑ(N)
ν (0, r)| ≤ 2

√
N‖αr‖∞ ≤ 4

√
N‖αr‖H1 .

3.6.2 Statement of Main Results

We introduce the diffusion many-server reneging map below will be used to char-

acterize the limit process. Let B+[0,∞) denote the space of non-negative bounded

functions on [0,∞).

Definition 3.6.9 (Diffusion many-server reneging equations). Let X ∈ [0,∞) be

fixed, and let g be a probability density function. Given (E,X(0),W, Y ) ∈

D0
R[0,∞) × R × DR[0,∞) × B+[0,∞), (K,X,Z,Q) ∈ D0

R[0,∞) × DR[0,∞)3 is said

to solve the diffusion many-server reneging equations (DMSRE) associated with X

and (E,X(0),W, Y ) if for any T <∞, sups∈[0,T ] |X(s)| <∞, and for t ∈ [0,∞),

Z(t) = W (t) +K(t)−
∫ t

0

g(t− s)K(s)ds, (3.6.3)

K(t) = E(t) +X(0)−X(t) + Z(t)− Z(0)−
∫ t

0

Q(s)Y (s)ds, (3.6.4)

and

Z(t) =


X(t) if X < 1,

X(t) ∧ 0 if X = 1,

0 if X > 1.

(3.6.5)
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Q(t) =


0 if X < 1,

X+(t) if X = 1,

X(t) if X > 1.

(3.6.6)

When a solution to the DMSRE exists, let Λ denote the corresponding “diffusion

many-server reneging” mapping (associated with X) that takes (E,X(0),W, Y ) ∈

D0
R[0,∞)× R×DR[0,∞)× B+[0,∞) to the corresponding solution (K,X,Z,Q) of

the DMSRE.

Note that this definition automatically requires that E(0) = K(0) = 0 and

Z(0) = W (0).

Theorems 3.6.10 and 3.6.11 below identify the limit of the sequence (X̂(N), Q̂(N), Ẑ
(N)
ν ,

Ẑ
(N)
η ). We now introduce some limiting processes required for the statement of the

theorems.

Let f and g be absolutely continuous functions on [0, Hr) and [0, Hr) respectively.

Define

Ẑη(t, r) = Ẑη(0, t+ r)− Ĥt,η(β
r) + Êt(βr), (3.6.7)

where

Êt(f) := f(0)Ê(t)−
∫

[0,t]

Ê(s)
d((1−Gr(t− s))f(t− s))

ds
ds, t ∈ [0,∞),

(3.6.8)

and

Ẑν(t, r) = Ẑν(0, t+ r)− Ĥt,ν(α
r) + K̂t(αr), (3.6.9)
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where

K̂t(g) := g(0)K̂(t)−
∫

[0,t]

K̂(s)
d((1−Gs(t− s))g(t− s))

ds
ds, t ∈ [0,∞).

(3.6.10)

Let {ek; k ∈ N} be a sequence of functions with compact support in H1(0,∞) that

form a countable orthonormal basis for the Hilbert space H1(0,∞) with inner prod-

uct denoted by 〈·, ·〉H1 , and let e′k denote the weak derivative of ek. Theorems

3.6.10 and 3.6.11 show convergence of finite-dimensional projections of Ẑ
(N)
η and

(X̂(N), Q̂(N), Ẑ
(N)
ν ) to the finite-dimensional projections of Ẑη and (X̂, Q̂, Ẑν) respec-

tively.

Theorem 3.6.10. Suppose the Assumptions 3.6.1, 3.6.5,3.6.6 and 3.6.7 hold. and

Ẑη satisfies (3.6.7). Then for every t ≥ 0 and k ∈ N, as N →∞,

(
〈Ẑ(N)

η (t, ·), e1〉H1 , · · · , 〈Ẑ(N)
η (t, ·), ek〉H1

)
⇒ (〈Ẑη(t, ·), e1〉H1 , · · · , 〈Ẑη(t, ·), ek〉H1).

(3.6.11)

Theorem 3.6.11. Suppose Assumptions 3.6.1 - 3.6.7 hold and let (K̂, X̂, Ẑν(·, 0), Q̂)

be the solution to DMSRE defined in Definition 3.6.9 with X and g replaced by

x∗ and gs respectively, i.e., (K̂, X̂, Ẑν(·, 0), Q̂) = Λ(Ê − M̂R +
∫ t

0
∂rẐη(s, 0)ds −∫ t

0
Ẑη(s, 0)hr(χ∗)ds, X̂(0), Ẑν(0, ·)−Ĥν(1), hr(χ∗)) and Ẑν satisfies (3.6.9). Then for

every t ≥ 0 and k ∈ N, as N →∞,

(
X̂

(N)
t , Q̂

(N)
t , 〈Ẑ(N)

ν (t, ·), e1〉H1 , · · · , 〈Ẑ(N)
ν (t, ·), ek〉H1

)
⇒(X̂t, Q̂t, 〈Ẑν(t, ·), e1〉H1 , · · · , 〈Ẑν(t, ·), ek〉H1). (3.6.12)

We now show that the limit processes described in Theorems 3.6.10 and 3.6.11

can alternatively be characterized as the unique solution to a stochastic partial dif-
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ferential equation (SPDE).

Define the space Y as

Y :=

(x, f, g) ∈ R×H1(0,∞)×H1(0,∞) : f(0) =


x if λ < 1

x ∧ 0 if λ = 1

0 if λ > 1.

 .

(3.6.13)

and the Y-valued random element Y (t) = (X̂(t), Ẑν(t, ·), Ẑη(t, ·) for t ≥ 0.

Definition 3.6.12. (Diffusion SPDE) Let X ∈ [0,∞) be fixed. Given a Y-valued

random element Y (0), a Y-valued stochastic process Y = {(X̂(t), Ẑν(t, ·), Ẑη(t, ·); t ≥

0} is said to be a solution of the diffusion SPDE if

X̂(t) =X̂(0) +

∫ t

0

θ(s)dW (s)− βt+

∫ t

0

∂rẐν(s, 0)ds+

∫ t

0

∂rẐη(s, 0)ds (3.6.14)

−
∫ t

0

Q̂(s)hr(χ∗)ds−
∫ t

0

Ẑη(s, 0)hr(χ∗)ds,

where

Q̂(t) =


0 if X < 1,

X̂+(t) if X = 1,

X̂(t) if X > 1,

(3.6.15)

and

Ẑν(t, r) = Ẑν(0, r) +

∫ t

0

∂rẐν(s, r)ds− M̂t,ν(α
r) + (1−Gs(r))K̂(t), (3.6.16)

Ẑη(t, r) = Ẑη(0, r) +

∫ t

0

∂rẐη(s, r)ds− M̂t,η(1[0,χ∗]β
r) + (1−Gr(r))Ê(t), (3.6.17)
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where

Ê(t) = σB(t)− βt

and K̂ satisfies

K̂(t) =


Ê(t)− R̂(t) if X < 1

Ê(t)− R̂(t)−
∫ t

0
X̂+(s)hr(χ∗)ds+ (X̂(0)− X̂(t)) ∨ 0 if X = 1

Ê(t)− R̂(t)−
∫ t

0
X̂(s)hr(χ∗)ds+ X̂(0)− X̂(t) if X > 1

(3.6.18)

where

R̂(t) = M̂R(t)−
∫ t

0

∂rẐη(s, 0)ds+

∫ t

0

Ẑη(s, 0)hr(χ∗)ds.

Theorem 3.6.13. Suppose Assumptions 3.6.3 - 3.6.7 are satisfied, and given

a Y-valued random element Y (0), let Y = {Y (t); t ≥ 0}, where Y (t) =

(X̂(t), Ẑν(t, ·), Ẑη(t, ·)) for t ≥ 0 and (K̂, X̂, Ẑν(·, 0), Q̂) := Λ(Ê−M̂R+
∫ t

0
∂rẐη(s, 0)ds−∫ t

0
Ẑη(s, 0)hr(χ∗)ds, X̂(0), Ẑν(0, ·) − Ĥν(1), hr(χ∗)). Also suppose equations (3.6.7)

and (3.6.9) hold. Then Y is a solution of the diffusion SPDE.

Theorem 3.6.14. Suppose Assumptions 3.6.3, 3.6.4, 3.6.5 and 3.6.6 hold. Then,

for every Y-valued random element Y (0) = (X̂0, Ẑν(0, ·), Ẑη(0, ·)), there is at most

one solution of the equations (3.6.14)-(3.6.17) with initial condition Y (0).

3.7 An Asymptotic Independence Result

Recall from Remark 3.4.2 that U s and U r are the renewal functions associated with

the service and patience distributions Gs and Gr respectively. We first state two

propositions whose proof follow along the lines of [25, Lemma 8.1] using (3.4.4) and

its analogue for Aψ,η(N) from Proposition 3.4.1, along with Remark 3.4.2.
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Lemma 3.7.1. Fix T <∞. For every N ∈ N and positive integer k,

E[(A
(N)

1,ν (T ))k] = E

[(∫ T

0

∫
[0,Hs)

hs(x)ν(N)
s (dx)ds

)k]
≤ k!(U s(T ))k. (3.7.1)

Moreover, there exists C
s
(T ) < ∞ such that for every positive integer k and mea-

surable function ϕ on [0, Hs)× [0, T ],

sup
N∈N

E[(A
(N)

ϕ,ν (T ))k] ≤ k!(C
s
(T ))k

(∫
[0,Hs)

ϕ∗(x)hs(x)dx

)k
,

where ϕ∗(x) := sups∈[0,T ] |ϕ(x, s)|. Furthermore, if Assumptions 3.3.1 and 3.3.4 hold,

then

(A1,ν(T ))k =

(∫ T

0

∫
[0,Hs)

hs(x)(λ ∧ 1)ν∗(dx)ds

)k
≤ k!(U s(T ))k. (3.7.2)

Lemma 3.7.2. Fix T <∞. For every N ∈ N and positive integer k,

E[(A
(N)

1,η (T ))k] = E

[(∫ T

0

∫
[0,Hr)

hr(x)η(N)
s (dx)ds

)k]
≤ k!(U r(T ))k. (3.7.3)

Moreover, there exists C
r
(T ) < ∞ such that for every positive integer k and mea-

surable function ψ on [0, Hr)× [0, T ],

sup
N∈N

E[(A
(N)

ψ,η (T ))k] ≤ k!(C
r
(T ))k

(∫
[0,Hr)

ψ∗hr(x)dx

)k
,

where ψ∗(x) := sups∈[0,T ] |ψ(x, s)|. Furthermore, if Assumptions 3.3.1 and 3.3.4 hold,

then

(A1,η(T ))k =

(∫ T

0

∫
[0,Hr)

hr(x)λη∗(dx)ds

)k
≤ k!(U r(T ))k. (3.7.4)

The proofs of Lemmas 3.7.3 and 3.7.4 below follow along the lines of the proof
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of [25, Lemma 8.2] using Lemmas 3.7.1 and 3.7.2 respectively.

Lemma 3.7.3. For every integer k, there exists a universal constant Cs
k <∞ such

that for every ϕ ∈ Cb([0, Hs)× [0,∞)) and T <∞,

E[ sup
s∈[0,T ]

|M̂(N)
s,ν (ϕ)|k] ≤ Cs

k‖ϕ‖k∞
[(

k

2

)
!(U s(T ))k/2 +

1

Nk/2

]
, N ∈ N, (3.7.5)

E[ sup
s∈[0,T ]

|M̂s,ν(ϕ)|k] ≤ Cs
k

(
k

2

)
!(U s(T ))k/2‖ϕ‖k∞, (3.7.6)

and for 0 ≤ s ≤ t,

E[|M̂t,ν(ϕ)− M̂s,ν(ϕ)|r] ≤ Cs
k(Aϕ2,ν(t)− Aϕ2,ν(s))

k/2. (3.7.7)

Lemma 3.7.4. For every integer k, there exists a universal constant Cr
k <∞ such

that for every ψ ∈ Cb([0, Hr)× [0,∞)) and T <∞,

E[ sup
s∈[0,T ]

|M̂(N)
s,η (ψ)|k] ≤ Cr

k‖ψ‖k∞
[(

k

2

)
!(U r(T ))k/2 +

1

Nk/2

]
, N ∈ N, (3.7.8)

E[ sup
s∈[0,T ]

|M̂s,η(ψ)|k] ≤ Cr
k

(
k

2

)
!(U r(T ))k/2‖ψ‖k∞, (3.7.9)

and for 0 ≤ s ≤ t,

E[|M̂t,η(ψ)− M̂s,η(ψ)|r] ≤ Cr
k(Aψ2,η(t)− Aψ2,η(s))

k/2. (3.7.10)

We now identify the limit of the sequence of martingale measures {M̂(N)
ν ,M̂(N)

η }N∈N

and also show that the sequence is asymptotically independent of the sequences of

centered arrival processes and initial conditions.
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Before stating the proposition, define

L̂(N)(t) :=
1√
N

E(N)(t)+1∑
j=2

(
1− λ(N)ξ

(N)
j

)
. (3.7.11)

Note that by Assumption 3.6.1 and equation 8.10[25],

Ê(N) = L̂(N)(t) + γ̂(N)(t)− βt, (3.7.12)

where

γ̂(N)(t) =
1√
N

E(N)(t)+1∑
j=2

λ(N)ξ
(N)
j − λ(N)t

 ,

and it was shown in [39, p. 30, Lemma A.1 and (5.15)] (see also [25, Section 8.2, p.

190]) that

γ̂(N) ⇒ 0. (3.7.13)

Now, note that by (3.2.8), (3.4.3), (3.4.7), (3.4.1), (3.5.1) and(3.5.2), we have

X(N)(t) = X(N)(0) +E(N)(t)−M(R+)(N)(t)−
∫ t

0

〈hs, ν(N)
s 〉 ds−M

(N)
R (t)−A(N)

R (t).

Combining this with (3.3.13), (3.5.3), (3.5.4), (3.5.7) and (3.7.12) we see that

X̂(N)(t) = X̂(N)(0) + L̂(N)(t) + γ̂(N) − βt− M̂(N)
D (t)− M̂(N)

R (t)

−
∫ t

0

〈hs, ν̂(N)
s 〉ds−

√
N
[
A

(N)

R (t)−R(t)
]
.

= X̂(N)(0) + L̂(N)(t) + γ̂(N) − βt− M̂(N)
D (t)− M̂(N)

R (t) (3.7.14)

+

∫ t

0

∂rẐ
(N)
ν (s, 0)ds−

√
N
[
A

(N)

R (t)−R(t)
]
.

Proposition 3.7.5. Suppose Assumptions 3.3.1, 3.3.4, 3.6.1 and 3.6.7 hold. Then

for every f ∈ Cb([0, Hs) × R), M̂(N)
ν (f) ⇒ M̂ν(f) in DR[0,∞) and for every g ∈
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Cb([0, Hr)× R), M̂(N)
η (g)⇒ M̂η(g) in DR[0,∞). Moreover, as N →∞,

(L̂(N), X̂(N)(0), Ẑ(N)
ν (0, ·), Ẑ(N)

η (0, ·),M̂(N)
ν (f),M̂(N)

η (g))

⇒(σB, X̂(0), Ẑν(0, ·), Ẑη(0, ·),M̂ν(f),M̂η(g)), (3.7.15)

in DR[0,∞)× R×H1(0,∞)2 ×DR[0,∞)2.

Proof. Let {[L̂(N)]t}, {[M̂(N)
ν (f)]t} and {[M̂(N)

η (g)]t} represent the {F (N)
t }-optional

quadratic variation processes associated with {L̂(N), t ≥ 0}, {M̂(N)
t,ν (f), t ≥ 0} and

{M̂(N)
t,η (g), t ≥ 0} respectively.

Claim 1: For t > 0, as N → ∞, [L̂(N)]t → σ2t, [M̂(N)
ν (f)]t → Af2,ν and

[M̂(N)
η (g)]t → Ag2,η in probability.

Using the same idea as in the proof of Claim 1 of Proposition 8.4 [25] and As-

sumption 3.6.1 [L̂(N)]t → σ2t.

Note that M̂(N)
ν (f) and M̂(N)

η (g) are both compensated sums of jumps, and hence

local martingales of finite variation. Thus, they are purely discontinuous martingales

(Lemma 4.14(b) of Chapter I of [21]) and hence (by Theorem 4.52 of Chapter 1 of

[21]), their {F (N)
t } optional quadratic variation at time t satisfy

[M̂(N)
ν (f)]t =

∑
s≤t

(
∆M̂(N)

s,ν (f)
)2

= D
(N)

f2 (t),

and

[M̂(N)
η (g)]t =

∑
s≤t

(
∆M̂(N)

s,η (g)
)2

= S
(N)

g2 (t),

where the last equality follows because the jumps ofM(N)
ν (f) andM(N)

η (g) coincide

with those of D
(N)

f and S
(N)

g respectively. By Proposition 3.4.1 and the law of
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large numbers results in [22]( specifically the discussion below Theorem 7.1 along

with equations (3.4.11) and (3.4.12)), D
(N)

f2 (t) → Af2,ν(t) and S
(N)

g2 (t) → Ag2,η(t) in

probability.

Claim 2: For t > 0, [L̂(N),M̂(N)
ν (f)]t → 0, [L̂(N),M̂(N)

η (g)]t → 0 in probability

as N →∞.

The proof for this claim follows the same idea as in the proof of Claim 2 in Proposition

8.4 [25] by using the first two equations in the proof of Lemma 6.3 [22], i.e.,

sup
N

E[D
(N)

f (t)] <∞, sup
N

E[S
(N)

g (t)] <∞,

for all t ∈ [0,∞).

Claim 3: For every t > 0, [M̂(N)
ν (f),M̂(N)

η (g)]t → 0 in probability as N →∞

The {F (N)
t } optional quadratic covariation is given by

[M̂(N)
ν (f),M̂(N)

η (g)]t =
1

N

∑
s≤t

∆D
(N)
f (s)∆S(N)

g (s),

since the jumps of M̂(N)
ν (f) and M̂(N)

η (g) coincide with those of D
(N)

f and S
(N)

g

respectively. Using Markov’s inequality for any ε > 0

P([M̂(N)
ν (f),M̂(N)

η (g)]t > ε) ≤ E[[M̂(N)
ν (f),M̂(N)

η (g)]t]

ε

=
E[
∑

s≤t ∆D
(N)
f (s)∆S

(N)
g (s)]

Nε

≤ ‖f‖∞‖g‖∞
E[
∑

s≤t ∆D(N)(s)∆S(N)(s)]

Nε
.

Taking limit as N →∞ and using Lemma 3.4.6,

lim
N→∞

P([M̂
(N)
f,ν , M̂

(N)
g,η ]t > ε) = 0.
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Claim 4: The jumps of (L̂(N),M̂(N)
ν (f),M̂(N)

η (g)) are asymptotically negligible

and

(L̂(N),M̂(N)
ν (f),M̂(N)

η (g))⇒ (σB,M̂ν(f),M̂η(g)) as N →∞. (3.7.16)

The size of the jumps of Ê(N) and L̂(N) converge to zero as N →∞ because Ê(N) is

a counting process with unit jumps and supt≤T |γ̂(N)(t)| → 0 in probability. Also by

Lemma 3.4.5 and the continuity of A
(N)
f,ν and A

(N)
g,η , the sizes of the jumps of M̂(N)

ν (f)

and M̂(N)
η (g) are uniformly bounded by ‖f‖∞/

√
N and ‖g‖∞/

√
N respectively, so

they converge to zero in probability as well. Because {(L̂(N),M̂(N)
ν (f),M̂(N)

η (g))}

is a sequence of martingales starting at zero, applying the martingale central limit

theorem (see Theorem 1.4 on page 339[17]), we see that (3.7.16) holds, where the

conditions of the theorem are verified by Claims 1,2,3 and the first assertion of Claim

4, hence the second part of the Claim follows from the observation that σ2·, Af2,ν(t)

and Ag2,η(t) are variance processes of the independent centered Gaussian processes

σB, M̂ν(f) and M̂η(g) respectively.

For the next two claims, we introduce some standard Markov process notation as-

sociated with the Markov process (α
(N)
E , X(N), ν(N), η(N)) = {(α(N)

E (t), X(N)(t), ν
(N)
t , η

(N)
t ),

t ≥ 0}. Let G(N),0
t be the σ-algebra generated by {(α(N)

E (s), X(N)(s), ν
(N)
s , η

(N)
s ), s ∈

[0, t]}, and let G(N),0
∞ = σ(∪t≥0G(N),0

t ). For (r, k, µ, γ) ∈ [0,∞) × N ×MF [0, Hs) ×

MF [0, Hr), let P(N)
r,k,µ,γ be the law of the Markov process (α

(N)
E , X(N), ν(N), η(N)) with

initial condition (α
(N)
E (0), X(N)(0), ν

(N)
0 , η

(N)
0 ) = (r, k, µ, γ). Also, let {G̃(N)

t , t ≥ 0} be

the usual augmentation of the filtration {G(N),0
t , t ≥ 0} and let G(N)

t = ∩s>tG(N),0
s , t ≥

0, be the associated right-continuous filtration.

Claim 5: For every N ∈ N, the process {L̂(N)
t ,M̂(N)

t,ν (f),M̂(N)
t,η (g), t ≥ 0} is

{G(N)}-adapted. Moreover, let {r(N), k(N), µ(N), γ(N)}N∈N ⊂ [0,∞)×N×MF [0, Hs)×
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MF [0, Hr) be a deterministic sequence that satisfies r(N) → 0, k(N) → X(0),

µ(N)

N
⇒ (λ ∧ 1)ν∗,

γ(N)

N
⇒ λη∗, where (X(0), (λ ∧ 1)ν∗, λη∗) ∈ Iλ are the invari-

ant manifold limit of the fluid-scaled initial conditions defined in (3.3.21)-(3.3.24)

provided Assumption 3.3.8 holds. Then, given any bounded and continuous func-

tional F on DR3 [0,∞),

lim
N→∞

E(N)

(r(N),k(N),µ(N),γ(N))
[F (L̂(N),M̂(N)

ν (f),M̂(N)
η (g))] = E[F (σB,M̂ν(f),M̂ν(f))].

(3.7.17)

Fix t ∈ [0,∞). It is easy to see from the definitions in Section 3.2.1, Assumption 3.6.1

and (3.7.12) that E(N)(t), ξ
(N)
j , j ≤ E(N)(t), and hence L̂(N)(t), are all measurable

with respect to σ(α
(N)
E (s), s ∈ [0, t]) ⊂ G(N)

t . In a similar fashion, for f ∈ Cb([0, Hs)×

R), it follows from the definitions given in (3.4.1) and (3.2.13) that A
(N)
f,ν and D

(N)
f

are measurable with respect to σ(ν
(N)
s , s ∈ [0, t)) ⊆ G(N)

t . Thus, from (3.4.3) and

(3.5.4) it follows that M̂(N)
t,ν (f) is G(N)

t -measurable. Similarly, for g ∈ Cb([0, Hr)×R),

it follows from the definition given in (3.4.2) and the last claim in Proposition 3.2.15

that A
(N)
g,η and S

(N)
g are measurable with respect to σ(η

(N)
s , s ∈ [0, t)) ⊆ G(N)

t . Thus

from (3.4.1) and (3.5.4) it follows that M̂(N)
t,η (g) is also G(N)

t -measurable. Hence the

first assertion of the claim is proved. Since L̂(N), M̂(N)
ν (f) and M̂(N)

η (g) are adapted

with respect to {G(N)
t }, one can use the Markov property and repeat the argument

used in the proof of Claim 4, to establish (3.7.17).

Claim 6. The asymptotic independence property holds, that is, for real-valued,

bounded continuous functions F1 on DR3 [0,∞) and F2 on R×H1(0,∞)2,

lim
N→∞

E[F1(L̂(N),M̂(N)
ν (f),M̂(N)

η (g))F2(X̂(N)(0), Ẑ(N)
ν (0, ·), Ẑ(N)

η (0, ·))]

= E[F1(σB,M̂ν(f),M̂η(g))]E[F2(X̂(0), Ẑν(0, ·), Ẑη(0, ·))] (3.7.18)

= E[F1(σB,M̂ν(f),M̂η(g))F2(X̂(0), Ẑν(0, ·), Ẑη(0, ·))].
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Let F1 be a continuous functional on DR3 [0,∞) and F2 a continuous functional on

R×H1(0,∞)2. Then

lim
N→∞

E[F1(L̂(N),M̂(N)
ν (f),M̂(N)

η (g))F2(X̂(N)(0), Ẑ(N)
ν (0, ·), Ẑ(N)

η (0, ·))]

= lim
N→∞

E[E[F1(L̂(N),M̂(N)
ν (f),M̂(N)

η (g))F2(X̂(N)(0), Ẑ(N)
ν (0, ·), Ẑ(N)

η (0, ·))|G(N)
0 ]].

(3.7.19)

Note that, X̂(N)(0), Ẑ
(N)
ν (0, ·) and Ẑ

(N)
η (0, ·) are measurable functions of X(N)(0),

ν
(N)
0 and η

(N)
0 because the corresponding fluid limit quantities are almost surely

deterministic. Therefore, F2(X̂(N)(0), Ẑ
(N)
ν (0, ·), Ẑ(N)

η (0, ·)) is G(N)
0 -measurable. Since

{(L̂(N)(t),M̂(N)
t,ν (f),M̂(N)

t,η (g)), t ≥ 0} is {G(N)
t }-adapted by Claim 5, the Markov

property shows that

E[E[F1(L̂(N),M̂(N)
ν (f),M̂(N)

η (g))F2(X̂(N)(0), Ẑ(N)
ν (0, ·), Ẑ(N)

η (0, ·))|G(N)
0 ]]

= E[F2(X̂(N)(0), Ẑ(N)
ν (0, ·), Ẑ(N)

η (0, ·))E(N)

(α
(N)
E ,X(N)(0),ν

(N)
0 ,η

(N)
0 )

[F1(L̂(N),M̂(N)
ν (f),M̂(N)

η (g))]].

(3.7.20)

Since (R
(N)
E , X

(N)
(0), ν

(N)
0 , η

(N)
0 ) → (0, X(0), (λ ∧ 1)ν∗, λη∗) P- almost surely by As-

sumption 3.3.1, the conditions of Claim 5 are satisfied and it follows from (3.7.17)

that P-almost surely,

lim
N→∞

E(N)

(α
(N)
E ,X(N)(0),ν

(N)
0 ,η

(N)
0 )

[F1(L̂(N),M̂(N)
ν (f),M̂(N)

η (g))] = E[F1(σB,M̂ν(f),M̂η(g))].

Since F1 and F2 are bounded (say by C), the bounded convergence theorem implies

that
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lim
N→∞

|E[F2(X̂(N)(0), Ẑ(N)
ν (0, ·), Ẑ(N)

η (0, ·))E(N)

(α
(N)
E ,X(N)(0),ν

(N)
0 ,η0)

[F1(L̂(N),M̂(N)
ν (f),M̂(N)

η (g))]]

−E[F2(X̂(N)(0), Ẑ(N)
ν (0, ·), Ẑ(N)

η (0, ·))E[F1(σB,M̂ν(f),M̂η(g))]]|

≤ C lim
N→∞

E[|E(N)

(α
(N)
E ,X(N)(0),ν

(N)
0 ,η0)

[F1(L̂(N),M̂(N)
ν (f),M̂(N)

η (g))]− E[F1(σB,M̂ν(f),M̂η(g))]|]

= 0. (3.7.21)

On the other hand, since F2 is bounded and continuous, by Assumption 3.6.7,

lim
N→∞

E[F2(X̂(N)(0), Ẑ(N)
ν (0, ·), Ẑ(N)

η (0, ·))] = E[F2(X̂(0), Ẑν(0, ·), Ẑη(0, ·))]. (3.7.22)

Combining (3.7.19)-(3.7.22), we obtain the first equality in (3.7.18). The second

equality of (3.7.18) follows from the first due to the fact that, by construction,

(σB,M̂ν(f),M̂η(g)) depend only on the fluid initial conditions x0, (λ ∧ 1)ν∗, λη∗,

which are P almost surely deterministic.

Given (3.7.12), an application of the continuous mapping theorem then shows

that for every f ∈ Cb([0, Hs) × R) and g ∈ Cb([0, Hr) × R), (L̂(N),M̂(N)
ν (f),

M̂(N)
η (g)) ⇒ (σB,M̂ν(f),M̂η(g)) in DR[0,∞)3. Similarly, the continuous mapping

theorem and (3.7.18) imply that for every f ∈ Cb([0, Hs)×R) and g ∈ Cb([0, Hr)×R),

as N →∞,

(L̂(N), X̂(N), Ẑ
(N)
ν (0, ·), Ẑ(N)

η (0, ·),M̂(N)
ν (f),M̂(N)

η (g))

⇒ (σB, X̂, Ẑν(0, ·), Ẑη(0, ·),M̂ν(f),M̂η(g))

Corollary 3.7.6. The processes L̂(N), M̂(N)
D and M̂(N)

R are asymptotically indepen-
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dent, as N →∞. Moreover,

L̂(N)(t)− M̂(N)
D (t)− M̂(N)

R (t)⇒
∫ t

0

θ(s)dB(s), (3.7.23)

where

θ(t) =

√
σ2 + 〈hs, (λ ∧ 1)ν∗〉+

(∫ Q∗

0

hr ((F λη∗)−1(y)) dy

)
.

Proof. First note that by Lemma 3.4.3, Proposition 3.4.4, and Proposition 7.2 [22],

[M̂(N)
R ]t →

∫ t

0

(∫ Q∗

0

hr
(
(F λη∗)−1(y)

)
dy

)
ds, as N →∞.

Substituting g = θ(N) and f = 1 in Claim 3 of Proposition 3.7.5, we see that,

[M̂(N)
D ,M̂(N)

R ]t → 0,

[L̂(N),M̂(N)
D ]t → 0,

and

[L̂(N),M̂(N)
R ]t → 0,

in probability asN →∞. Now, using the same argument as in Claim 4 of Proposition

3.7.5, proves (3.7.23).

3.8 N-server dynamics

In this section we provide a characterization of the centered state process introduced

in (3.5.4) and (3.5.6).

Proposition 3.8.1. For each N ∈ N, the process (X̂(N), Ẑ
(N)
ν , Ẑ

(N)
η ) almost surely
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satisfies the following coupled set of equations:

Ẑ(N)
ν (t, r) = Ẑ(N)

ν (0, r) +

∫ t

0

∂rẐ
(N)
ν (s, r)ds− M̂(N)

t,ν (αr) + (1−Gs(r))K̂(N)(t),

(3.8.1)

Ẑ(N)
η (t, r) = Ẑ(N)

η (0, r) +

∫ t

0

∂rẐ
(N)
η (s, r)ds− M̂(N)

t,η (1[0,χ∗]β
r) + (1−Gr(r))Ê(N)(t),

(3.8.2)

where K(N) satisfies

K̂(N)(t) = Ẑ(N)
ν (t, 0)− Ẑ(N)

ν (0, 0) + M̂(N)
t,ν (1) +

√
N

(
A

(N)

1,ν (t)−
∫ t

0

〈hs, νs〉 ds
)

(3.8.3)

= Ẑ(N)
ν (t, 0)− Ẑ(N)

ν (0, 0) + X̂(N)(0)− X̂(N)(t) + Ê(N)(t)

− M̂(N)
R (t)−

√
N(A

(N)

R (t)−R(t)), (3.8.4)

and there exists Ω∗ ∈ F with P(Ω∗) = 1 such that for every T < ∞ and ω ∈ Ω∗

there exists N0 = N0(ω, t) <∞ such that for all N ≥ N0

Ẑ(N)
ν (t, 0) =


X̂(N) if X(t) < 1,

X̂(N)(t) ∧ 0 if X(t) = 1,

0 if X(t) > 1.

(3.8.5)

Proof. Equation (3.8.1) is obtained by substituting ϕ(x, t) = 1−Gs(x+r)
1−Gs(x)

in equations

(3.2.21) and (3.3.7) and then dividing (3.2.21) by N , subtracting the correspond-

ing side of (3.3.7) from it and multiplying the resulting quantities by
√
N and

using the fact that M
(N)
αr,ν is indistinguishable from M(N)

αr,ν . In an analogous man-
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ner (3.8.2) is obtained by using a standard approximation argument and substitut-

ing ψ(x, t) = 1[0,χ∗](x)1−Gr(x+r)
1−Gr(x)

in equations (3.2.22) and (3.3.9) and then dividing

(3.2.22) by N , subtracting the corresponding side of (3.3.9) from it and multiplying

the resulting quantities by
√
N and using the fact that M

(N)
1[0,χ∗]β

r,η is indistinguishable

fromM(N)
1[0,χ∗]β

r,η. Rearrange (3.2.10), divide it by N and subtract (3.3.8) from it and

multiply the resulting quantities by
√
N to obtain

K̂(N)(t) = Ẑ(N)
ν (t, 0)− Ẑ(N)

ν (0, 0) +
√
N

(
D

(N)
(t)−

∫ t

0

〈hs, νs〉 ds
)
.

The first equality in equation (3.8.3) is obtained by using the definition (3.4.3) of

M̂(N)
ν (1) and (3.5.3) in the above equation. The second equality in equation (3.8.3) is

obtained by substituting D(N)(t) from (3.2.8) and
∫ t

0
〈hs, νs〉ds from (3.3.13) and us-

ing (3.4.7) in the above equation. The final equation (3.8.5) follows from Proposition

6.2 [25] and the corresponding Remark 6.3 [25] using (3.2.24) and (3.3.14).

For N ∈ N and continuous f , define

K̂(N)
t (f) :=

∫
[0,t]

(1−Gs(t− s))f(t− s)dK̂(N)(s), t ∈ [0,∞). (3.8.6)

By applying integration by parts to the right-hand side of (3.8.6), and using the

fact that K̂(N) has at most a countable number of discontinuities, we see that for all

absolutely continuous functions f defined on [0, Hs)

K̂(N)
t (f) = f(0)K̂(N)(t)−

∫
[0,t]

K̂(N)(s)
d((1−Gs(t− s))f(t− s))

ds
ds, t ∈ [0,∞),

(3.8.7)

Similarly given a continuous function f let us define

Ê (N)
t (f) :=

∫
[0,t]

(1−Gr(t− s))f(t− s)dÊ(N)(s), t ∈ [0,∞). (3.8.8)
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By applying integration by parts to the right-hand side of (3.8.8), and using the

fact that Ê(N) has at most a countable number of discontinuities, we see that for all

absolutely continuous functions f defined on [0, Hr)

Ê (N)
t (f) = f(0)Ê(N)(t)−

∫
[0,t]

Ê(N)(s)
d((1−Gr(t− s))f(t− s))

ds
ds, t ∈ [0,∞).

(3.8.9)

We now state the representation result,

Proposition 3.8.2. For every N ∈ N and r, t ∈ [0,∞),

Ẑ(N)
ν (t, r) = Ẑ(N)

ν (0, t+ r)− Ĥ(N)
t,ν (αr) + K̂(N)

t (αr), (3.8.10)

and

Ẑ(N)
η (t, r) = Ẑ(N)

η (0, t+ r)− Ĥ(N)
t,η (βr) + Ê (N)

t (βr), (3.8.11)

Proof. The proof follows using the same arguments as in the proof of (3.8.1) and

(3.8.2) but with ϕ(x, s) = 1−Gs(x+t−s+r)
1−Gs(x)

and ψ(x, s) = 1[0,χ∗](x)1−Gr(x+t−s+r)
1−Gr(x)

respec-

tively.

Proposition 3.8.3. For every N ∈ N, and r, t ∈ [0,∞),

∂rẐ
(N)
ν (t, r) =∂rẐ

(N)
ν (0, t+ r) + M̂(N)

t,ν (Ψs
t+rh

s)

− gs(r)K̂(N)(t)−
∫ t

0

(gs)′(t− s+ r)K̂(N)(s)ds, (3.8.12)

and

∂rẐ
(N)
η (t, r) =∂rẐ

(N)
η (0, t+ r)− M̂(N)

t,η (1[0,χ∗]Ψ
r
t+rh

r)

− gr(r)Ê(N)(t)−
∫ t

0

(gr)′(t− s+ r)Ê(N)(s)ds, (3.8.13)
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Proof. The proof follows using the same arguments as in the proof of (3.8.1) and

(3.8.2) but with ϕ(x, s) = gs(x+t−s+r)
1−Gs(x)

and ψ(x, s) = 1[0,χ∗](x)g
r(x+t−s+r)
1−Gr(x)

respectively,

using the definition in (3.5.7) and noting that ϕ(x, s) = (Ψs
t+rh

s)(x, s) and ψ(x, s) =

(Ψr
t+rh

r)(x, s).

Before proceeding further let us look at a simplified representation for
√
N [A

(N)

R (t)−

R(t)]. By (3.5.1),

√
N
[
A

(N)

R (t)−R(t)
]

=
√
N
[
A

(N)

θ(N),η(t)−R(t)
]
.

Using (3.4.6), (3.4.9) and (3.3.12), the above expression is equal to

√
N

[∫ t

0

[∫ Q
(N)

(s)+(ι(N)(s)/N)

0

hr((F η
(N)
s )−1(y))dy −

∫ Q(s)

0

hr
(
(F ηs)−1(y))dy

)]
ds

]
,

(3.8.14)

where Q(s) = Q∗ and ηs = λη∗ for all s ≥ 0. Since ηs is a right continuous measure

for all s ∈ [0,∞), using the first equation in assumption (3.3.6), we apply the change

of variables formula to get,

∫ t

0

∫ Q(s)

0

hr
(
(F ηs)−1(y)

)
dyds =

∫ t

0

∫ (F ηs )−1(Q(s))

0

hr(y)dηs(y)ds.

Using change of variable again

∫ Q
(N)

(s)+(ι(N)(s)/N)

0

hr((F η
(N)
s )−1(y))dy

=

∫ Q
(N)

(s)

0

hr((F η
(N)
s )−1(y))dy +

∫ Q
(N)

(s)+(ι(N)(s)/N)

Q
(N)

(s)

hr((F η
(N)
s )−1(y))dy

=

∫ (F η
(N)
s )−1(Q

(N)
(s))

0

hr(y)dη(N)
s (y) +

∫ Q
(N)

(s)+(ι(N)(s)/N)

Q
(N)

(s)

hr((F η
(N)
s )−1(y))dy.
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Substituting both the equations above in (3.8.14), using the definition of ∂rẐ
(N)
η from

(3.5.7) and rearranging we have

√
N

∫ t

0

∫ (F η
(N)
s )−1(Q

(N)
(s)+(ι(N)(s)/N))

0

hr(y)dη(N)
s (y)−

∫ Q(s)

0

hr
(
(F ηs)−1(y))dy

) ds


= −
∫ t

0

∂rẐ
(N)
η (s, 0)ds+

√
N

∫ t

0

∫ (F η
(N)
s )−1(Q

(N)
(s))

(F ηs )−1(Q(s))

hr(y)dη(N)
s (y)ds

+
√
N

∫ t

0

∫ Q
(N)

(s)+(ι(N)(s)/N)

Q
(N)

(s)

hr((F η
(N)
s )−1(y))dyds. (3.8.15)

Using mean value theorem, there exists a C(N)(s) ∈ (0, ι(N)(s)/N) such that

√
N

∫ t

0

∫ Q
(N)

(s)+(ι(N)(s)/N)

Q
(N)

(s)

hr((F η
(N)
s )−1(y))dyds

=
1√
N

∫ t

0

ι(N)(s)hr((F η
(N)
s )−1(Q

(N)
(s) + C(N)(s)))ds.

Since ι(N) = 0 a.s. for a fixed N , we see that the above equation reduces to

√
N

∫ t

0

∫ Q
(N)

(s)+(ι(N)(s)/N)

Q
(N)

(s)

hr((F η
(N)
s )−1(y))dyds = 0. (3.8.16)

Using the change of variable formula

√
N
∫ t

0

∫ (F η
(N)
s )−1(Q

(N)
(s))

(F ηs )−1(Q(s))

hr(y)dη(N)
s (y)ds

=
√
N

∫ t

0

∫ Q
(N)

(s)

F η
(N)
s

(
(F ηs)

−1
(Q(s))

) hr
(

(F η
(N)
s )−1(x)

)
dxds.
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Therefore using the above equation and (3.3.25)

√
N

∫ t

0

∫ (F η
(N)
s )−1(Q

(N)
(s))

(F ηs )−1(Q(s))

hr(y)dη(N)
s (y)ds

=
√
N

∫ t

0

∫ Q
(N)

(s)

η
(N)
s [0,χ∗]

hr
(

(F η
(N)
s )−1(x)

)
dxds

=
√
N

∫ t

0

∫ Q
(N)

(s)

Q(s)

hr
(

(F η
(N)
s )−1(x)

)
dxds+

√
N

∫ t

0

∫ Q(s)

η
(N)
s [0,χ∗]

hr
(

(F η
(N)
s )−1)(x)

)
dxds.

Using mean value theorem, there exists a

C
(N)
1 (s) ∈ (0, Q

(N)
(s)−Q(s)), (3.8.17)

and

C
(N)
2 (s) ∈ (0, Q(s)− η(N)

s [0, χ(s)]), (3.8.18)

such that

√
N

∫ t

0

∫ Q
(N)

(s)

Q(s)

hr
(

(F η
(N)
s )−1(x)

)
dxds+

√
N

∫ t

0

∫ Q(s)

η
(N)
s [0,χ∗]

hr
(

(F η
(N)
s )−1)(x)

)
dxds

=
√
N

∫ t

0

(Q
(N)

(s)−Q(s))hr
(

(F η
(N)
s )−1(Q(s) + C

(N)
1 (s))

)
ds

+
√
N

∫ t

0

(
Q(s)− η(N)

s [0, χ∗]
)
hr
(

(F η
(N)
s )−1)(η(N)

s [0, χ∗] + C
(N)
2 (s))

)
ds

=

∫ t

0

Q̂(N)(s)hr
(

(F η
(N)
s )−1(Q(s) + C

(N)
1 (s))

)
ds

+

∫ t

0

Ẑ(N)
η (s, 0)hr

(
(F η

(N)
s )−1)(η(N)

s [0, χ∗] + C
(N)
2 (s))

)
ds. (3.8.19)

Hence using (3.8.15) - (3.8.19), we obtain

√
N
[
A

(N)

R (t)−R(t)
]

=−
∫ t

0

∂rẐ
(N)
η (s, 0)ds+

∫ t

0

Q̂(N)(s)hr
(

(F η
(N)
s )−1(Q(s) + C

(N)
1 (s))

)
ds

+

∫ t

0

Ẑ(N)
η (s, 0)hr

(
(F η

(N)
s )−1)(η(N)

s [0, χ∗] + C
(N)
2 (s))

)
ds.

(3.8.20)
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Note that hr ∈ B+[0,∞) by Assumption 3.6.5. Also note that, using Theorem

3.3.7, and equations (3.2.11) and (3.3.10), we have Q
(N)

(s) → Q(s). Since F ηs =

F λη∗ = λη∗[0, ·] = λ
∫ ·

0
(1 − Gr(y))dy is strictly increasing on its support, (F ηs)−1

is a continuous function. Also, since (F η
(N)
s )−1 → (F ηs)−1 on [0, F ηs(Hr−)) in the

M1 topology (see the first paragraph of the proof of Lemma 7.5 [22]), using the

continuity of (F ηs)−1, Theorem 12.4.1 [45] and the continuity of hr, we have

hr
(

(F η
(N)
s )−1)(Q(s) + C

(N)
1 (s))

)
→ hr(χ∗) as N →∞, (3.8.21)

and

hr
(

(F η
(N)
s )−1)(η(N)

s [0, χ∗] + C
(N)
2 (s))

)
→ hr(χ∗) as N →∞, (3.8.22)

Lemma 3.8.4. Suppose Assumptions 3.6.4 and 3.6.6 hold. If the fluid limit is either

subcritical or supercritical, there exists Ω∗ ∈ F with P(Ω∗) = 1 such that for every

T <∞ and ω ∈ Ω∗, there exists N0(ω, T ) <∞ such that for all N ≥ N0(ω, T ),

(K̂(N), X̂(N), Ẑ(N)
ν (·, 0))(ω) (3.8.23)

= Λ

(
Ê(N) − M̂(N)

R +

∫ t

0

∂rẐ
(N)
η (s, 0)ds

−
∫ t

0

Ẑ(N)
η (s, 0)hr

(
(F η

(N)
s )−1)(η(N)

s [0, χ∗] + C
(N)
2 (s))

)
ds,

X̂(N)(0), Ẑ(N)
ν (0, ·)− Ĥ(N)

ν (1), hr
(

(F η
(N)
· )−1(Q(·) + C

(N)
1 (·))

))
(ω),

on the interval [0, T ]. Moreover, when the fluid limit is critical, (3.8.23) holds almost

surely for every N ∈ N and t ∈ [0,∞).

Proof. Fix N ∈ N. By the basic definition of the model, Ê(N) is càdlàg. As-

sumption 3.6.4 and Remark 3.6.8 show that Ẑ
(N)
ν (0, ·) is continuous. Moreover,
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since K̂(N) and Ẑ
(N)
ν (·, 0) are càdlàg, from the representation (3.8.10), it follows

that Ĥ(N)
ν (1) is also càdlàg. By Remark 3.4.2 and its definition M̂(N)

R is càdlàg.

Note that Ẑ
(N)
η (s, 0) is right-continuous by definition. Thus, for almost surely every

ω ∈ Ω, (Ê(N) − M̂(N)
R +

∫ t
0
∂rẐ

(N)
η (s, 0)ds −

∫ t
0
Ẑ

(N)
η (s, 0)hr

(
(F η

(N)
s )−1)(η(N)

s [0, χ∗]

+ C
(N)
2 (s))

)
ds, X̂(N)(0), Ẑ

(N)
ν (0, ·) − Ĥ(N)

ν (1), hr
(

(F η
(N)
· )−1(Q(·) + C

(N)
1 (·))

)
)(ω) ∈

D0
R[0,∞)× R×DR[0,∞)×B+[0,∞). Note that

X̂(N)(s) =
√
N [X

(N)
(s)− x∗] ≤

√
NX

(N)
(s) ≤ X(N)

√
N
.

Since the right-hand side of the above equation is non-negative, |X̂(N)(s)| ≤ X(N)
√
N

.

Now, using (3.2.8), X(N)(s) ≤ X(N)(0) + sups∈[0,T ] E
(N)(s) < ∞ for all s ∈ [0, T ].

Hence, sups∈[0,T ] |X̂(N)(s)| <∞. Representation (3.8.23) then follows on comparing

the many-server equations (3.6.3),(3.6.4), (3.6.5) and (3.6.6) with the second equa-

tion in (3.8.3), equation (3.8.5) along with Remark 6.3 [25], equation (3.8.20) and

equations (3.8.7) and (3.8.10) with f = 1, r = 0 and g = gs.

3.9 Properties of the Diffusion Many-Server Reneg-

ing Map

We now look at continuity and measurability properties of the mapping Λ.

Proposition 3.9.1. Fix X ∈ [0,∞). For i = 1, 2, suppose (Ei, X(0)i,W i, Y i) ∈

D0
R[0,∞) × R × DR[0,∞) × B+[0,∞) and (Ki, X i, Zi, Qi) = Λ(Ei, X(0)i,W i, Y i).

Let ∇F := F 2 − F 1 for F = K,X,Z,Q,E,X(0),W and Y , and recall ‖f‖T :=

sups∈[0,T ] |f(s)|. Then for any T ∈ [0,∞), there exists f(T ) <∞

‖∇K‖T ∨ ‖∇X‖T ∨ ‖∇Z‖T ∨ ‖∇Q‖T ≤ f(T )εT , (3.9.1)
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and

εT := (‖∇E‖T ∨ |∇X(0)| ∨ ‖W‖T ∨ ‖∇Y ‖T ). (3.9.2)

Hence, Λ is continuous with respect to the topology of uniform convergence on

compact sets and is single valued on its domain.

Proof. Fix T < ∞. We first show that ‖∇K‖T ≤ εTU(T ) where U is the renewal

function associated with the distribution G whose density is denoted by g. For any

t ∈ [0, T ], we consider the following cases.

Case 1 : X < 1.

If X < 1, then using (3.6.5) Zi = X i and using (3.6.6) Qi = 0 for i = 1, 2. Hence,

∇Z(t) − ∇X(t) = 0, and
∫ t

0
Qi(s)Y i(s) = 0 for i = 1, 2. Now, using the fact that

each solution satisfies (3.6.4), we obtain

∇K(t) = ∇E(t) ≤ εT . (3.9.3)

By symmetry, the inequality (3.9.3) above also holds with ∇K replaced by −∇K,

and hence we have

|∇K(t)| ≤ εT for every t ∈ [0, T ]. (3.9.4)

Taking the supremum over t ∈ [0, T ], we obtain

‖∇K‖T ≤ εT . (3.9.5)

Substituting Z and Q from (3.6.5) and (3.6.6) respectively into (3.6.4) and then

substituting K from (3.6.4) into (3.6.3) and rearranging, we see that for i = 1, 2,
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and t ∈ [0, T ],

X i(t) = Ei(t) +X(0)i − Zi(0)−
∫ t

0

g(t− s)Ki(t− s)ds+W i(t).

Taking the difference and using the fact that X(0)i = Zi(0) from (3.6.5), we obtain

|∇X(t)| ≤ ‖∇E‖T +

∫ t

0

g(t− s)‖∇K‖Tds+ ‖∇W‖T .

Taking supremum over t ∈ [0, T ] and using (3.9.5), we conclude that

‖∇X‖T ≤ 2εT + εTG(T ) ≤ 3εT (3.9.6)

Case 2 : X > 1.

If X > 1, then by (3.6.5), Z1(t) = Z2(t) = 0 for all t ∈ [0,∞). Since, each solution

satisfies (3.6.3), taking the difference we have for every t ∈ [0,∞),

∇K(t) =

∫ t

0

g(t− s)∇K(s)ds−∇W (t). (3.9.7)

Now, define

B :=

{
t :

∫ t

0

g(t− s)∇K(s)ds > 0

}
.

Then, we conclude that

∇K(t) ≤ 2εT + 1B(t)

∫ t

0

g(t− s)∇K(s)ds.

Applying the same inequality recursively to K(s), s ∈ [0, t], on the right-hand side,
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we obtain

∇K(t) ≤ εT + 1B(t)

∫ t

0

g(t− s)
(
εT + 1B(s)

∫ s

0

g(s− r)∇K(r)dr

)
ds

≤ εT (1 +G(t)) + 1B(t)

∫ t

0

g(t− s)
(

1B(s)

∫ s

0

g(s− r)∇K(r)dr

)
ds.

Reiterating this procedure, we obtain

∇K(t) ≤ εT (1 +G(t) +G∗,2(t) + · · · ) ≤ εTU(T ), (3.9.8)

where G∗,n denotes the n-fold convolution of G.

Now by the same arguments used to obtain (3.9.4) and (3.9.5) and using the fact

that U(T ) ≥ 1, we have

‖∇K‖T ≤ εTU(T ). (3.9.9)

Using the equations (3.6.3)-(3.6.6), we have for i = 1, 2 and t ∈ [0, T ]

X i(t) = Ei(t) + xi0 −
∫ t

0

g(t− s)Ki(s)ds+W i(t)−
∫ t

0

X i(s)Y i(s)ds.

Taking the difference, we see that

|∇X(t)| ≤‖∇E‖T + |∇X(0)|+
∫ t

0

g(t− s)‖∇K‖Tds+ ‖∇W‖T

+

∫ t

0

|∇X(s)|Y 2(s)ds+

∫ t

0

|X1(s)||∇Y (s)|ds

≤ ‖∇E‖T + |∇X(0)|+G(t)‖∇K‖T + ‖∇W‖T

+

∫ t

0

|∇X(s)|Y 2(s)ds+ T‖∇Y (s)‖T sup
s∈[0,T ]

|X1(s)|.
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Using Gronwall’s Lemma

|∇X(t)| ≤ exp(

∫ t

0

|Y 2(s)|ds)
(
‖∇E‖T + |∇X(0)|+

∫ t

0

g(t− s)‖∇K‖Tds+ ‖∇W‖T

+T‖∇Y (s)‖T sup
s∈[0,T ]

|X1(s)|

)
.

Since Y i ∈ B+[0,∞), and sups∈[0,T ] |X i(s)| <∞ there exists f(T ) <∞ such that

‖∇X(t)‖ ≤ f(T )εT . (3.9.10)

Case 3 : X = 1.

If X = 1. then substituting Z and Q from (3.6.5) and by (3.6.6) respectively into

(3.6.4) and noting that x− x ∧ 0 = x+, we get for i = 1, 2 and t ∈ 0, T ]

Ki(t) = Ei(t) + (X i)+(0)− (X i)+(t)−
∫ t

0

(X i)+(s)Y (s)ds. (3.9.11)

Now substituting K from (3.9.11) above into (3.6.3), using integration by parts and

rearranging, we obtain for i = 1, 2 and t ∈ 0, T ]

X i(t) =W i(t) + Ei(t) + (X i)+(0)(1−G(t))−
∫ t

0

g(t− s)Ei(s)ds

+

∫ t

0

g(t− s)(X i)+(s)ds−
∫ t

0

(1−G(t− s))(X i)+(s)Y i(s)ds
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Taking difference, we see that

|∇X(t)| =|∇W (t)|+ |∇E(t)|+ |∇X+(0)|(1−G(t)) +

∫ t

0

g(t− s)|∇E(s)|ds

+

∫ t

0

|∇X+(s)|g(t− s)ds+

∫ t

0

(1−G(t− s))|(X2)+(s)Y 2(s)ds− (X1)+(s)Y 1(s)|ds

≤|∇W (t)|+ |∇E(t)|+ |∇X(0)|(1−G(t)) +

∫ t

0

g(t− s)|∇E(s)|ds

+

∫ t

0

|∇X(s)|g(t− s)ds+ sup
s∈[0,T ]

{Y 1(s), Y 2(s)}
∫ t

0

(1−G(t− s)|∇X(s)|ds

≤4εT +

∫ t

0

|∇X(s)|g(t− s)ds+ sup
s∈[0,T ]

{Y 1(s), Y 2(s)}
∫ t

0

(1−G(t− s)|∇X(s)|ds.

(3.9.12)

Since integral is an absolutely continuous function, given ε ∈ (0, 1) there exists a

δ > 0 such that

∫ t+δ

t

g(s)ds+ sup
s∈[0,T ]

{Y 1(s), Y 2(s)}
∫ t+δ

t

1−G(s)ds < ε. (3.9.13)

Note that for 0 ≤ t < δ, using (3.9.12) and (3.9.13) we have

‖∇X‖δ ≤ 4εT + ε‖∇X‖δ,

which implies that

‖∇X‖δ ≤
4εT

1− ε
.

Similarly for δ ≤ t < 2δ, using the inequality above, we have

‖∇X‖δ ≤4εT + ε‖∇X‖δ + ε‖∇X‖2δ

≤4εT + ε
4εT

1− ε
+ ε‖∇X‖2δ

≤ 4εT
1− ε

+ ε‖∇X‖2δ,
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which implies that

‖∇X‖2δ ≤
4εT

(1− ε)2
.

Repeating the above process for dδ−1T e − 2 more time intervals, where dxe denotes

the smallest integer greater than or equal to x, we obtain

‖∇X‖T ≤
4εT

(1− ε)dδ−1T e . (3.9.14)

Taking the difference in (3.9.11), using (3.9.14) above, and noting that sups∈[0,T ]{Y 1(s),

Y 2(s)} there exists f(T ) <∞ such that

‖∇K‖T ≤ 2εT + ‖∇X‖T + sup
s∈[0,T ]

{Y 1(s), Y 2(s)}T‖∇X‖T ≤ εTf(T ). (3.9.15)

Together with (3.9.5) (3.9.6), (3.9.9), (3.9.10), (3.9.14), (3.9.15) and the fact that

(3.6.5) and (3.6.6) imply ‖∇Z‖T ≤ ‖∇X‖T , and ‖∇Q‖T ≤ ‖∇X‖T , this establishes

(3.9.1). Since the Skorokhod topology coincides with the uniform topology on the

space of continuous functions, (3.9.1) implies that the map Λ is continuous at points

(E,X(0),W, Y ) ∈ C[0,∞)× R× C[0,∞).

Lemma 3.9.2. Suppose the fluid limit is subcritical, critical or supercritical. Then

the diffusion many-server reneging map Λ : dom(Λ) ⊆ DR[0,∞) × R × DR[0,∞) ×

B+[0,∞) 7→ DR[0,∞)4, where DR is equipped with the Skorokhod topology, is mea-

surable.

Proof. We first establish the measurability of the mapping that takes (E,X(0),W, Y )

∈ dom(Λ) to X, where (K,X,Z,Q) ∈ Λ(E,X(0),W, Y ). Let G denote the distribu-

tion associated with the density g. Substituting Z and Q from (3.6.5) and (3.6.6)

respectively into (3.6.4) and then K from (3.6.4) into (3.6.3), we see that X satisfies
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the integral equation

X(t) = W (t) + E(t)−
∫ t

0

g(t− s)E(s)ds, t ≥ 0, (3.9.16)

if X < 1 is subcritical,

X(t) =W (t) + E(t) + (1−G(t))X+(0)−
∫ t

0

g(t− s)E(s)ds

+

∫ t

0

g(t− s)X+(s)ds−
∫ t

0

(1−G(t− s))X+(s)Y (s)ds, (3.9.17)

if X is critical, and

X(t) +

∫ t

0

X(s)Y (s)ds =W (t) + E(t) + (1−G(t))X(0)−
∫ t

0

g(t− s)E(s)ds

+

∫ t

0

g(t− s)
(
X(s) +

∫ s

0

X(u)Y (u)ds

)
ds, (3.9.18)

if X is supercritical. Using (3.9.16), X is clearly a measurable function of

(E,X(0),W, Y ) when X < 1. For the critical case, note that for a fixed t the

map (E,W,X(0), Y ) 7→ L(t) = W (t) + E(t) + (1−G(t))X+(0)−
∫ t

0
g(t− s)E(s)ds

from DR[0,∞)2 × R × B+[0,∞) 7→ R is clearly measurable. Since the function

x 7→ x+ is Lipschitz, by standard arguments from the theory of Volterra integral

equations (see [14, Theorem 3.2.1]) it follows that X(t) = limn→∞(T (n)0)(t), where

T (n) is the n-fold composition of the operator T : DR[0,∞) 7→ DR[0,∞) given by

(T ξ)(t) = L(t) +
∫ t

0
[g(t− s)− (1−G(t− s))Y (s)]ξ+(s)ds, ξ ∈ DR[0,∞). Due to the

fact that convergence in the Skorokhod topology implies convergence in L1
loc and the

map θ 7→
∫ ·

0
[g(·−s)−(1−G(·−s))Y (s)]θ+(s)ds is a continuous map from L1

loc[0,∞)

to C[0,∞), it follows that for every t > 0, (L, ξ) 7→ T (ξ)(t) is a measurable map.

Because the Borel algebra associated with the Skorokhod topology is generated by

cylinder sets, and measurability is preserved under compositions and limits, this im-
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plies that the map from L to A, and hence from (E,W,X(0), Y ) to X is measurable.

For the supercritical , define

A(t) = X(t) +

∫ t

0

X(s)Y (s)ds. (3.9.19)

Then using (3.9.18) we see that

A(t) = W (t)+E(t)+(1−G(t))X(0)−
∫ t

0

g(t−s)E(s)ds+

∫ t

0

g(t−s)A(s)ds, (3.9.20)

For a fixed t, the map (E,W,X(0), Y ) 7→ L(t) = W (t) + E(t) + (1 − G(t))X(0) −∫ t
0
g(t− s)E(s)ds from DR[0,∞)2 ×R×B+[0,∞) 7→ R is clearly measurable. Since

the identity function is Lipschitz, using the same argument as the previous paragraph

it follows that A(t) = limn→∞(T (n)0)(t), where T (n) is the n-fold composition of the

operator T : DR[0,∞) 7→ DR[0,∞) given by (T ξ)(t) = L(t) +
∫ t

0
g(t − s)ξ(s)ds,

ξ ∈ DR[0,∞). Due to the fact that convergence in the Skorokhod topology implies

convergence in L1
loc and the Laplace convolution θ 7→

∫ ·
0
g(·−s)θ(s)ds is a continuous

map from L1
loc[0,∞) to C[0,∞), it follows that for every t > 0, (L, ξ) 7→ T (ξ)(t) is a

measurable map. Because the Borel algebra associated with the Skorokhod topology

is generated by cylinder sets, and measurability is preserved under compositions and

limits, this implies that the map from L to A, and hence from (E,W,X(0), Y ) to A

is measurable. Rearranging (3.9.19), we have

X(t) = A(t)−
∫ t

0

X(s)Y (s)ds.

Using the same argument as in the paragraph above, Assumption 3.6.3 and the

measurability of A we have that the map (E,W,X(0), Y ) 7→ X is measurable. Now,

to complete the proof, note that by (3.6.5) and (3.6.6), Z equals either X,X ∧ 0 or

0, and Q equals either 0, X+, X depending on whether the fluid X is respectively,
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subcritical, critical or supercirtical. The maps f 7→ (f, f), f 7→ (f, f∧0), f 7→ (f, f+)

and f 7→ (f, 0) from DR[0,∞), equipped with the Skorokhod topology, to D2
R[0,∞)

are all measurable (in fact, continuous). In addition, for each t, K(t) is a linear

combination of E(t), X(0), X(t), Z(t), Z(0), {Q(s), s ∈ [0, t]} and {Y (s), s ∈ [0, t]}

by (3.6.4). Therefore, it immediately follows that the map from (E,X(0),W, Y ) to

(K,X,Z,Q) is also measurable.

3.10 Convergence Results

Consider the families of operators {Φs
t , t ≥ 0} and {Φr

t , t ≥ 0} which are defined as

follows: for every t ≥ 0, let

(Φs
tf)(x) := f(x+ t)

1−Gs(x+ t)

1−Gs(x)
, x ∈ [0,∞), (3.10.1)

and

(Φr
tf)(x) := f(x+ t)

1−Gr(x+ t)

1−Gr(x)
, x ∈ [0,∞), (3.10.2)

for any function f on Cb[0,∞). The operators Φs
t and Φr

t clearly map the space

Cb[0,∞) into itself.

Note that the families of functions {αr; r ≥ 0} and {βr; r ≥ 0} have the repre-

sentation

αr = Φs
r1 and βr = Φr

r1, r ≥ 0. (3.10.3)

Also, Φs
0f = f = Φr

0f and the families {Φs
t , t ≥ 0} and {Φr

t , t ≥ 0} satisfy the

following semigroup property:

Φs
tΦ

s
s = Φs

t+s and Φr
tΦ

r
s = Φr

t+s t, s ≥ 0. (3.10.4)
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Furthermore, recalling the definition of Ψs
t and Ψr

t from (3.4.42) and (3.4.43) respec-

tively, for every function f defined on [0,∞) and s, t ≥ 0,

(Ψs
sΦ

s
tf)(x, v) = (Ψs

s+tf)(x, v), (x, v) ∈ [0,∞)× [0, s], (3.10.5)

and

(Ψr
sΦ

r
tf)(x, v) = (Ψr

s+tf)(x, v), (x, v) ∈ [0,∞)× [0, s]. (3.10.6)

For t > 0 define the operators Υs
t : Cb([0, Hs)× [0, t]) 7→ Cb([0, Hs)× [0, t])

(Υs
tϕ)(x, u) :=

∫ t

u

(Ψs
sϕ(·, s))(x, u)ds, (3.10.7)

and Υr
t : Cb([0, Hr)× [0, t]) 7→ Cb([0, Hr)× [0, t])

(Υr
tψ)(x, u) :=

∫ t

u

(Ψr
sψ(·, s))(x, u)ds, (3.10.8)

for ϕ ∈ Cb[0, Hs) and ψ ∈ Cb[0, Hr).

The two lemmas stated next are analogous to Lemma 8.6[25] along with the

observation that for any bounded, Hölder continuous function f , using Lemma 8.5

[25], 1[0,χ∗]Ψ
r
tf is Hölder continuous as well.

Lemma 3.10.1. If Assumption 3.6.3 is satisfied, the following properties hold:

1. Given a bounded and Hölder continuous function f on [0, Hs), the sequence

of processes{Ĥ(N)
ν (f)}N∈N is tight in DR[0,∞) and Ĥν(f) is P-almost surely

continuous.
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2. There exists r ≥ 2 and a constant Cs
0 <∞ such that for any f ∈ S,

sup
N

E[ sup
t∈[0,T ]

|Ĥ(N)
t,ν (f)|r] ≤ Cs

0‖f‖rH1 . (3.10.9)

3. Suppose ϕ : [0, Hs)× [0,∞) 7→ R is a Borel measurable function such that for

every x ∈ [0, Hs), the function r 7→ ϕ(x, r) is locally integrable and, for every

t ∈ [0, T ], the function x 7→
∫ t

0
ϕ(x, r)dr is bounded and Hölder continuous with

constant Cs
ϕ,T and exponent γsϕ,T (that are independent of t), Then P-almost

surely, the random field
{
Ĥs,ν

(∫ t
0
ϕ(·, r)dr

)
, s, t ≥ 0

}
is jointly continuous s

and t.

4. Suppose ϕ ∈ Cb([0, Hs)× [0,∞)). Then the process {M̂t,ν(Υ
s
tϕ), t ≥ 0} admits

a continuous version.

For the next Lemma in addition to [25, Lemma 8.6] it suffices to note that for any

bounded, Hölder continuous function f , using Lemma 8.5 [25], 1[0,χ∗]Ψ
r
tf is Hölder

continuous as well.

Lemma 3.10.2. If Assumption 3.6.5 is satisfied, the following properties hold:

1. Given a bounded and Hölder continuous function f on [0, Hr), the sequence

of processes {Ĥ(N)
η (f)}N∈N is tight in DR[0,∞) and Ĥη(f) is P-almost surely

continuous.

2. There exists r ≥ 2 and a constant Cr
0 <∞ such that for any f ∈ S,

sup
N

E[ sup
t∈[0,T ]

|Ĥ(N)
t,η (f)|r] ≤ Cr

0‖f‖rH1 . (3.10.10)

3. Suppose ψ : [0, Hr)× [0,∞) 7→ R is a Borel measurable function such that for

every x ∈ [0, Hr), the function r 7→ ψ(x, r) is locally integrable and, for every
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t ∈ [0, T ], the function x 7→
∫ t

0
ψ(x, r)dr is bounded and Hol̈der continuous with

constant Cr
ψ,T and exponent γrψ,T (that are independent of t), Then P-almost

surely, the random field
{
Ĥs,η

(∫ t
0
ψ(·, r)dr

)
, s, t ≥ 0

}
is jointly continuous s

and t.

4. Suppose ψ ∈ Cb([0, Hr) × [0,∞)). Then the process {M̂t,η(1[0,χ∗]Υ
r
tψ), t ≥ 0}

admits a continuous version.

Lemma 3.10.3. Suppose Assumption 3.6.3 holds. Then, {M̂t,ν(Φ
s
r1) : t, r ≥ 0},

{M̂t,ν(Ψ
s
t+r1); t, r ≥ 0} and {M̂t,ν(Ψ

s
t+rh

s); t, r ≥ 0} have modifications that are

jointly continuous on [0,∞)× [0,∞).

Proof. This proof is analogous to the proof of Lemma 4.1 [3] replacing g, Mt, Φ and

Ψ by (λ ∧ 1)gs, Mt,ν , Φs and Ψs respectively.

Lemma 3.10.4. Suppose Assumption 3.6.5 holds. Then, {M̂t,η(1[0,χ∗]Φ
r
r1) : t, r ≥

0}, {M̂t,η(1[0,χ∗]Ψ
r
t+r1); t, r ≥ 0} and {M̂t,η(1[0,χ∗]Ψ

r
t+rh

r); t, r ≥ 0} have modifica-

tions that are jointly continuous on [0,∞)× [0,∞).

Proof. The proof is analogous to the proof of Lemma 4.1 [3] replacing g, Mt, Φ and

Ψ by λgr, Mt,η, Φr and Ψr respectively, and using the fact that 1[0,χ∗] ≤ 1.

Proposition 3.10.5. Let Assumptions 3.6.3 and 3.6.4 hold. Then {M̂t,ν(Ψ
s
t+·1); t ≥ 0}

has a continuous H1(0,∞)-valued modification. Also, almost surely, for every t ≥ 0,

the function r 7→ M̂t,ν(Ψ
s
t+r1) has weak derivative −M̂t,ν(Ψ

s
t+rh

s) on (0,∞).

Proof. The proof is analogous to the proof of Proposition 4.3 [3], with Mt, Ψt and

h replaced by M̂t,ν , Ψs
t and hs respectively.
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Proposition 3.10.6. Let Assumptions 3.6.5 and 3.6.6 hold. Then {M̂t,η(1[0,χ∗]Ψ
r
t+·1); t ≥

0} has a continuous H1(0,∞)-valued modification. Also, almost surely, for every

t ≥ 0, the function r 7→ M̂t,η(1[0,χ∗]Ψ
r
t+r1) has weak derivative −M̂t,η(1[0,χ∗]Ψ

r
t+rh

r)

on (0,∞).

Proof. The proof is analogous to the proof of Proposition 4.3 [3] withMt, Ψt and h

replaced by M̂t,η, Ψr
t and hr respectively.

We now state the following lemma which is similar to [3, Lemma 4.4(a)] and we

show the proof here for completeness.

Lemma 3.10.7. Suppose Assumption 3.6.5 holds. Then, almost surely,

M̂t,η(1[0,χ∗]Ψ
r
t+r1) = M̂t,η(1[0,χ∗]Φ

r
r1)−

∫ t

0

M̂s,η(1[0,χ∗]Ψ
r
s+rh

r)ds, ∀t, r ≥ 0.

(3.10.11)

Proof. Let ψ ∈ Cb([0, Hr) × [0,∞)). Fix s, t ≥ 0. Then by the boundedness as-

sumption on ψ, Υr
tψ is uniformly bounded on [0, Hr) × [0,∞). Using the uniform

boundedness of the indicator function, we can thus apply stochastic integrals with

respect to martingale measures (see [44, Theorem 2.6]) to see that almost surely, for

every t ≥ 0,

M̂t,η(1[0,χ∗]Υ
r
tψ) =

∫ t

0

M̂s,η(1[0,χ∗](·)Ψr
sψ(·, s))ds =

∫ t

0

Ĥs,η(ψ(·, s))ds. (3.10.12)

Now, fix r ≥ 0, and define

ψr(x, u) = Φrh
r(x), (x, u) ∈ [0,∞)× [0, t].
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Note that for every t ≥ 0, ψr ∈ Cb([0, Hr)× [0, t]), due to Assumption 3.6.3,

(Υr
tψr)(x, u) =

∫ t

u

gr(x+ s+ r − u)

1−Gr(x)
ds = Φr

r1(x)−Ψr
t+r1(x, u).

Using (3.10.12) with ψ = ψr, and substituting the previous identity, we see that

almost surely,

M̂t,η(1[0,χ∗]Φ
r
r1)− M̂t,η(1[0,χ∗]Ψ

r
t+r1) =

∫ t

0

Ĥs,η(Φ
r
rh

r)ds, ∀t ≥ 0. (3.10.13)

Using (3.4.46) and (3.10.6), we get

Ĥs,η(Φ
r
rh

r) = M̂s,η(1[0,χ∗]Ψ
r
sΦ

r
rh

r) = M̂s,η(1[0,χ∗]Ψ
r
s+rh

r), ∀s, r ≥ 0.

Using the existence of a continuous version of the terms in (3.10.13) from Lemma

3.10.4, we have that both sides of (3.10.13) are jointly continuous in (t, r) and hence

the result is strengthened to obtain (3.10.11).

Lemma 3.10.8. Suppose Assumption 3.6.3 holds. Then, almost surely,

M̂t,ν(Ψ
s
t+r1, ) = M̂t,ν(Φ

s
r1)−

∫ t

0

M̂s,ν(Ψ
s
s+rh

s)ds, ∀t, r ≥ 0. (3.10.14)

Proof. The prof is analogous to the proof of Lemma 3.10.7 using Lemma 3.10.3.

Setting r = 0 in (3.10.14) and (3.10.11), we see that, almost surely,

Ĥt,ν(1) = M̂t,ν(1)−
∫ t

0

Ĥs,ν(h
s)ds, t ≥ 0, (3.10.15)

and

Ĥt,η(1) = M̂t,η(1[0,χ∗])−
∫ t

0

Ĥs,η(h
r)ds, t ≥ 0. (3.10.16)
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For f ∈ Cb([0, Hs)× R) and g ∈ Cb([0, Hr)× R), define

Ŷ
(N)

1 := (Ê(N), X̂(N)(0), Ẑ(N)
ν (0, ·), Ẑ(N)

η (0, ·),M̂(N)
t,ν (f),M̂(N)

t,η (g), Ĥ(N)
ν (1), Ĥη(1)),

and let Ŷ1 be the corresponding limit without the superscript N . Also, let Y1 be the

space given by

Y1 := DR[0,∞)× R×H1(0,∞)2 × R2 ×DR[0,∞)2.

We now prove the following convergence result,

Proposition 3.10.9. As N →∞, Ŷ
(N)

1 ⇒ Ŷ1 in Y1. Also, if for any r ≥ 0,

(Ê(N), X̂(N)(0), Ẑ(N)
ν (0, r), Ẑ(N)

η (0, r))⇒ (Ê, X̂(0), Ẑν(0, r), Ẑη(0, r))

holds, then, for any bounded and Hölder continuous functions f and g on [0, Hs)

and [0, Hr) respectively, (Ŷ
(N)

1 , Ĥ(N)
ν (f), Ĥ(N)

η (g))⇒ (Ŷ1, Ĥν(f), Ĥη(g)) as N →∞.

Proof. Fix N ∈ N. For k̃, k ∈ N, i = 1, · · · , k̃, j = 1 · · · , k, let f̃i and g̃i be bounded

continuous functions, and fj and gj be bounded Hölder continuous functions. Propo-

sition 3.7.5, Lemma 3.10.1 and Lemma 3.10.2 imply that the sequence

{(
M̂(N)

ν (f̃1), · · · ,M̂(N)
ν (f̃k̃),M̂

(N)
η (g̃1), · · · ,M̂(N)

η (g̃k̃),

Ĥ(N)
ν (f1), · · · , Ĥ(N)

ν (fk), Ĥ(N)
η (g1), · · · , Ĥ(N)

η (gk)
)}

N∈N

is tight in DR[0,∞)2k̃+2k. Since Ĥ(N)
t,ν (f) = M̂(N)

t,ν (Ψs
tf) and, likewise, Ĥt,ν(f) =

M̂t,ν(Ψ
s
tf), and similarly Ĥ(N)

t,η (g) = M̂(N)
t,η (1[0,χ∗]Ψ

r
tg), and Ĥt,η(f) = M̂t,η(1[0,χ∗]Ψ

r
tg),

Proposition 3.7.5 also shows that for t̃i, s̃i, tj, si ∈ [0,∞), i = 1, · · · , k̃, j = 1, · · · , k,
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as N →∞, the following corresponding terms converge:

(
M̂(N)

t̃1,ν
(f̃1), · · · ,M̂(N)

t̃k,ν
(f̃k̃),M̂

(N)
s̃1,η

(g̃1), · · · ,M̂(N)
s̃k,η

(g̃k̃),

Ĥ(N)
t1,ν(f1), · · · , Ĥ(N)

tk,ν
(fk), Ĥ(N)

s1,η
(g1), · · · , Ĥ(N)

sk,η
(gk)

)
⇒
(
M̂t̃1,ν(f̃1), · · · ,M̂t̃k,ν

(f̃k̃),M̂s̃1,η(g̃1), · · · ,M̂s̃k,η(g̃k̃),

Ĥt1,ν(f1), · · · , Ĥtk,ν(fk), Ĥs1,η(g1), · · · , Ĥsk,η(gk)
)
.

Now, (Ĥν(f1), Ĥη(g1)) is adapted to the filtration generated by (M̂ν ,M̂η), and M̂ν

and M̂η are independent of (Ê, X̂(0), Ẑν(0, ·), Ẑη(0, ·)) by (3.7.18) and the construc-

tion of M̂ and B. The same argument used to establish asymptotic independence

in Proposition 3.7.5 also shows that the convergence above can be strengthened to

Ŷ
(N)

1 ⇒ Ŷ1 and (Ŷ
(N)

1 , Ĥ(N)
ν (f), Ĥ(N)

η (g))⇒ (Ŷ1, Ĥν(f), Ĥη(g)).

Lemma 3.10.10. Suppose Assumptions 3.6.5 and 3.6.6 hold, and let Ẑη satisfy

(3.6.7). Then, almost surely, the sample paths of {Ẑη(t, ·); t ≥ 0} are H1(0,∞)-valued

and continuous, and for t ≥ 0, the weak derivative ∂rẐη(t, ·) of Ẑη(t, ·) satisfies for

a.e. r ∈ (0,∞),

∂rẐη(t, r) = Ẑ ′η(0, t+ r) + M̂t,η(1[0,χ∗]Ψ
r
t+rh

r)− gr(r)Ê(t) (3.10.17)

−
∫ t

0

Ê(s)(gr)′(t+ r − s)ds.

Also almost surely, (s, r) 7→ ∂rẐη(s, r) is locally integrable on (0,∞) × (0,∞) and

for every t, r ≥ 0

∫ t

0

∂rẐη(s, r)ds = Ẑη(0, t+ r)− Ẑη(0, r) + M̂t,η(1[0,χ∗]Φ
r
r1)− M̂t,η(1[0,χ∗]Ψ

r
t+r1)

−
∫ t

0

Ê(s)gr(t+ r − s)ds. (3.10.18)

Proof. Let us look at each term in the definition of Ẑη in equation (3.6.7). Since,
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Ẑη(0, ·) ∈ H1(0,∞), the translation mapping t 7→ Ẑη(0, t + ·) is continuous in

H1(0,∞) by [3, Lemma 3.3] and for each t > 0, Ẑη(0, t + ·) has weak derivative

Ẑ ′η(0, t+ ·). For the second term, by Proposition 3.10.6 {M̂t,η(1[0,χ∗]Ψ
r
t+·1); t ≥ 0} is

a continuous H1(0,∞)-valued process, and almost surely, for every t ≥ 0, the func-

tion r 7→ M̂t,η(1[0,χ∗]Ψ
r
t+r1) has weak derivative r 7→ −M̂t,η(1[0,χ∗]Ψ

r
t+rh

r). Finally

for the third term, since Ê is a continuous process, {Êt(βr); t ≥ 0} is a continuous

H1(0,∞)-valued process. Also, by definition (3.6.8), it is easy to see that, for every

t ≥ 0, r 7→ Êt(Φr
r1) has weak derivative −gr(r)Ê(t)−

∫ t
0
Ê(s)(gr)′(t+ r− s)ds. Thus

we have (3.10.17).

We prove (3.10.18) by treating each term on the right-hand side of equation

(3.10.17) separately. First, since Ẑη(0, ·) ∈ H1(0,∞), the mapping (s, r) 7→ Ẑ ′η(0, s+

r) is clearly locally integrable on (0,∞) × (0,∞) and for every t ≥ 0, and almost

every r ∈ (0,∞),

∫ t

0

Ẑ ′η(0, s+ r)ds = Ẑη(0, t+ r)− Ẑη(0, r). (3.10.19)

Moreover, for every t ≥ 0, since Ẑη(0, ·) ∈ H1(0,∞), Ẑη(0, t+ ·) also lies in H1(0,∞),

and therefore by [3, Lemma 3.3], there exists a continuous function on [0,∞), that

is equal to Ẑη(0, t+ r)− Ẑη(0, r) almost everywhere on (0,∞). Next, Lemma 3.10.4

implies that almost surely, (s, r) 7→ M̂s,η(1[0,χ∗]Ψ
r
s+rh

r) is jointly continuous and

hence, locally integrable on (0,∞) × (0,∞). Also, for every t ≥ 0, by equation

(3.10.11),

∫ t

0

M̂s,η(1[0,χ∗]Ψ
r
s+rh

r)ds = M̂t,η(1[0,χ∗]Φ
r
r1)− M̂t,η(1[0,χ∗]Ψ

r
t+r1), r ≥ 0.

(3.10.20)

By Lemma 3.10.4, r 7→ M̂t,η(1[0,χ∗]Φ
r
r1)−M̂t,η(1[0,χ∗]Ψ

r
t+r1) is continuous on [0,∞).

Finally, it follows from the continuity of Ê, gr and (gr)′ (see Assumption 3.6.5) that
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the mapping (s, r) 7→ gr(r)Ê(s) +
∫ s

0
Ê(v)(gr)′(s+ r− v)dv is jointly continuous and

hence, locally integrable on (0,∞) × (0,∞). Also, for every t ≥ 0, using Fubini’s

theorem,

∫ t

0

(
gr(r)Ê(s) +

∫ s

0

Ê(v)(gr)′(s+ r − v)dv

)
ds

=gr(r)

∫ t

0

Ê(s)ds+

∫ t

0

∫ t

v

Ê(v)(gr)′(s+ r − v)dsdv

=

∫ t

0

Ê(s)gr(t+ r − s)ds. (3.10.21)

Again, by the continuity of Ê and gr, the mapping r 7→
∫ t

0
Ê(s)gr(t + r − s)ds is

continuous on [0,∞). Equation (3.10.18) then follows from the three equations above

along with (3.10.17).

We now prove Theorem 3.6.10.

Proof of Theorem 3.6.10. For this proof, we use the convention that all continuity

results on D[0,∞) are with respect to the topology of uniform convergence on com-

pact sets. Fix t ≥ 0 and k ∈ N.

Next we compute the projections of Ẑ
(N)
η (t, ·) and Ẑη(t, ·) onto the directions

e1, · · · , ek. Recall the representations (3.8.11) of Ẑ
(N)
η (t, ·), (3.8.13) of ∂rẐ

(N)
η (t, ·),

(3.6.7) of Ẑη(t, ·) and (3.10.17) of ∂rẐη(t, ·). Note that, since the translation mapping

f 7→ f(t + ·) is continuous from L2(0,∞) to itself, and for any u ∈ L2(0,∞), the

projection mapping f 7→ 〈f, u〉L2 is continuous from L2(0,∞) to R, there exist

continuous mappings F 1
j , F

2
j : L2(0,∞) 7→ R, j = 1, · · · , k, such that

〈Ẑ(N)
η (0, t+ ·), ej〉L2 = F 1

j (Ẑ(N)
η (0, ·)), 〈Ẑ ′η(0, t+ ·), ej〉L2 = F 1

j (Ẑη(0, ·)),

(3.10.22)
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and

〈∂rẐ(N)
η (0, t+ ·), e′j〉L2 = F 2

j (∂rẐ
(N)
η (0, ·)), 〈∂rẐη(0, t+ ·), e′j〉L2 = F 2

j (∂rẐη(0, ·)).

(3.10.23)

Next, for every j = 1, · · · , k define the function ψj : [0,∞)× [0,∞) 7→ R as

ψj(x, s) := 〈Ψr
t+·1(x, s), ej〉L2 =

∫ ∞
0

Ψr
t+r1(x, s)ej(r)dr

=

∫ ∞
0

1−Gr(x+ t− s+ r)

1−Gr(x)
ej(r)dr, (3.10.24)

which is bounded by ‖ej‖L1 < ∞ (recall that ej has compact support by choice).

Also, by the continuity of 1−Gr and boundedness of 1/(1−Gr) on finite intervals, the

dominated convergence theorem shows that ψj is continuous. Since ψj ∈ Cb([0,∞)×

[0,∞)), by the stochastic Fubini theorem for orthogonal martingale measures M̂(N)
η

(see e.g. [44, Theorem 2.6]), we have

〈M̂(N)
t,η (1[0,χ∗]Ψ

r
t+·1), ej〉L2 =

∫ ∞
0

M̂(N)
t,η (1[0,χ∗]Ψ

r
t+r1)ej(r)dr

= M̂(N)
t,η

(
1[0,χ∗]

∫ ∞
0

Ψr
t+r1ej(r)dr

)
= M̂(N)

t,η (1[0,χ∗]ψj). (3.10.25)

Similarly, the function ψ̃j : [0,∞)× [0,∞) 7→ R defined as

ψ̃j(x, s) := 〈Ψr
t+·h

r(x, s), e′j〉L2 =

∫ ∞
0

Ψr
t+rh

r(x, s)e′j(r)dr

=

∫ ∞
0

gr(x+ t− s+ r)

1−Gr(x)
e′j(r)dr, (3.10.26)

is also continuous and bounded (by Hr
1‖e′j‖L1 < ∞) due to Assumption 3.6.5. An-

other application of the stochastic Fubini theorem for orthogonal martingales shows
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that

〈M̂(N)
t,η (1[0,χ∗]Ψ

r
t+·h

r), e′j〉L2 =

∫ ∞
0

M̂(N)
t,η (1[0,χ∗]Ψ

r
t+rh

r)e′j(r)dr

= M̂(N)
t,η

(
1[0,χ∗]

∫ ∞
0

Ψr
t+rh

re′j(r)dr

)
= M̂(N)

t,η (1[0,χ∗]ψ̃j). (3.10.27)

Similarly, replacing M̂(N)
t,η with M̂t,η, and noting that Ĥt,η(β

r) = M̂t,η(1[0,χ∗]Ψ
r
t+r1)

from (3.4.46) we have

〈M̂t,η(1[0,χ∗]Ψ
r
t+·1), ej〉L2 = M̂t,η(1[0,χ∗]ψj), 〈M̂t,η(1[0,χ∗]Ψ

r
t+·h

r), e′j〉L2 = M̂t,η(1[0,χ∗]ψ̃j).

(3.10.28)

Finally, since Ê(N) is almost surely bounded on finite intervals, by Fubini’s theorem,

〈Ê(N)(t)(1−Gr(·))−
∫ t

0

Ê(N)(s)gr(t− s+ ·)ds, ej〉L2

= Ê(N)(t)〈1−Gr, ej〉L2 −
∫ t

0

Ê(N)(s)〈Ê(N)(s)〈gr(t− s+ ·), ej〉L2ds,

for j − 1, · · · , k. By Assumption 3.6.5, both 1 − Gr and gr lie in L2(0,∞), and

hence 〈1−Gr, ej〉L2 is finite, and the function s 7→ 〈gr(t− s+ ·), ej〉 is bounded and

continuous on [0, t]. Moreover, for every t ≥ 0 and u ∈ Cb[0,∞), the mapping f 7→∫ t
0
f(s)u(s)ds from D[0,∞) to R is continuous. Therefore, there exist continuous

functions F 3
j : D[0,∞) 7→ R such that

〈Ê(N)(t)(1−Gr(·))−
∫ t

0

Ê(N)(s)gr(t− s+ ·)ds, ej〉L2 = F 3
j (Ê(N)). (3.10.29)

By the same argument,

〈Ê(t)(1−Gr(·))−
∫ t

0

Ê(s)gr(t− s+ ·)ds, ej〉L2 = F 3
j (Ê). (3.10.30)
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Similarly, by Assumption 3.6.5, (gr)′ also lies in L2, and hence 〈gr, e′j〉 is finite and

the mapping s 7→ 〈(gr)′(t− s+ ·), e′j〉 is bounded and continuous on [0, t]. Therefore,

there exists a continuous function F 4
j : D[0,∞) 7→ R such that

〈Ê(N)(t)gs(·) +

∫ t

0

Ê(N)(s)(gs)′(t− s+ ·)ds, e′j〉L2 = F 4
j (Ê(N)), (3.10.31)

and

〈Ê(t)gs(·) +

∫ t

0

Ê(s)(gs)′(t− s+ ·)ds, e′j〉L2 = F 4
j (Ê). (3.10.32)

Now combining the representations (3.8.11) of Ẑ
(N)
η (t, ·), (3.8.13) of ∂rẐ

(N)
η (t, ·),

(3.6.7) of Ẑη(t, ·) and (3.10.17) of ∂rẐη(t, ·), equations (3.10.22)-(3.10.32), and the

fact that addition is continuous on D[0,∞), we conclude that there exists a contin-

uous functions

F : I := H1(0,∞)×D[0,∞)2 × R2k 7→ Rk,

such that

(
〈Ẑ(N)

η (t, ·), e1〉H1 , · · · , 〈Ẑ(N)
η (t, · · · ), ek〉

)
= F (Î(N)), (3.10.33)

and (
〈Ẑη(t, ·), e1〉H1 , · · · , 〈Ẑη(t, · · · ), ek〉

)
= F (Î), (3.10.34)

where

Î(N) =
(
Ẑ(N)
η (0, ·), Ê(N), Ĥ(N)

η (1),M̂(N)
t,η (10,χ∗]ψj),M̂

(N)
t,η (1[0,χ∗]ψ̃j); j = 1, · · · , k

)
,

and

Î =
(
Ẑη(0, ·), Ê, Ĥη(1),M̂t,η(1[0,χ∗]ψj),M̂t,η(1[0,χ∗]ψ̃j); j = 1, · · · , k

)
.
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Thus, by Proposition 3.10.9 with ψj and ψ̃j; j = 1, · · · , k, defined in (3.10.24) and

(3.10.26), we have

Î(N) ⇒ Î , (3.10.35)

in I. The result in (3.6.11) follows from (3.10.33), (3.10.34), (3.10.35) and the

continuous mapping theorem.

Lemma 3.10.11. Suppose Assumptions 3.6.3, 3.6.4, and 3.6.7 hold, and let Ẑν sat-

isfy (3.6.9). Then almost, surely, the sample paths of {Ẑν(t, ·); t ≥ 0} are H1(0,∞)-

valued and continuous, and for t ≥ 0, the weak derivative ∂rẐν(t, ·) of Ẑν(t, ·) satisfies

for a.e. r ∈ (0,∞),

∂rẐν(t, r) = Ẑ ′ν(0, t+ r) + M̂t,ν(Ψ
s
t+rh

s)− gs(r)K̂(t)−
∫ t

0

K̂(s)(gs)′(t+ r − s)ds.

(3.10.36)

Also almost surely, (s, r) 7→ ∂rẐν(s, r) is locally integrable on (0,∞) × (0,∞) and

for every t, r ≥ 0

∫ t

0

∂rẐν(s, r)ds = Ẑν(0, t+ r)− Ẑν(0, r) + M̂t,ν(Φ
s
r1)− M̂t,ν(Ψ

s
t+r1)

−
∫ t

0

K̂(s)gs(t+ r − s)ds. (3.10.37)

Proof. The proof is analogous to the proof of Lemma 3.10.10.

We now prove Theorem 3.6.11.

Proof of Theorem 3.6.11. For this proof, we again use the convention that all con-

tinuity results on D[0,∞) are with respect to the topology of uniform convergence

on compact sets. Fix t ≥ 0 and k ∈ N. First, recall that the diffusion many-server
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reneging mapping Λ is continuous by by Proposition 3.9.1 and measurable by Lemma

3.9.2.

Next we compute the projections of Ẑ
(N)
ν (t, ·) and Ẑν(t, ·) onto the directions

e1, · · · , ek. Recall the representations (3.8.10) of Ẑ
(N)
ν (t, ·) and (3.8.12) of ∂rẐ

(N)
ν (t, ·),

(3.6.9) Ẑν(t, ·) and (3.10.36) of ∂rẐν(t, ·). First, since the translation mapping f 7→

f(t+·) is continuous from L2(0,∞) to itself, and for any u ∈ L2(0,∞), the projection

mapping f 7→ 〈f, u〉L2 is continuous from L2(0,∞) to R, there exist continuous

mappings F 1
j , F

2
j : L2(0,∞) 7→ R, j = 1, · · · , k, such that

〈Ẑ(N)
ν (0, t+ ·), ej〉L2 = F 1

j (Ẑ(N)
ν (0, ·)), 〈Ẑν(0, t+ ·), ej〉L2 = F 1

j (Ẑν(0, ·)),

(3.10.38)

and

〈∂rẐ(N)
ν (0, t+ ·), e′j〉L2 = F 2

j (∂rẐ
(N)
ν (0, ·)), 〈∂rẐν(0, t+ ·), e′j〉L2 = F 2

j (∂rẐν(0, ·)).

(3.10.39)

Next, for every j = 1, · · · , k define the function ϕj : [0,∞)× [0,∞) 7→ R as

ϕj(x, s) := 〈Ψs
t+·1(x, s), ej〉L2 =

∫ ∞
0

Ψs
t+r1(x, s)ej(r)dr

=

∫ ∞
0

1−Gs(x+ t− s+ r)

1−Gs(x)
ej(r)dr, (3.10.40)

which is bounded by ‖ej‖L1 < ∞ (recall that ej has compact support by choice).

Also, by the continuity of 1−Gs and boundedness of 1/(1−Gs) on finite intervals, the

dominated convergence theorem shows that ϕj is continuous. Since ϕj ∈ Cb([0,∞)×

[0,∞)), by the stochastic Fubini theorem for orthogonal martingale measures M̂
(N)
ν ,
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we have

〈M̂(N)
t,ν (Ψs

t+·1), ej〉L2 =

∫ ∞
0

M̂(N)
t,ν (Ψs

t+r1)ej(r)dr

= M̂(N)
t,ν

(∫ ∞
0

Ψs
t+r1ej(r)dr

)
= M̂(N)

t,ν (ϕj). (3.10.41)

Similarly, the function ϕ̃j : [0,∞)× [0,∞) 7→ R defined as

ϕ̃j(x, s) := 〈Ψs
t+·h

s(x, s), e′j〉L2 =

∫ ∞
0

Ψs
t+rh

s(x, s)e′j(r)dr

=

∫ ∞
0

gs(x+ t− s+ r)

1−Gs(x)
e′j(r)dr, (3.10.42)

is also continuous and bounded (by Hs
1‖e′j‖L1 < ∞) due to Assumption 3.6.3. An-

other application of the stochastic Fubini theorem for orthogonal martingales shows

that

〈M̂(N)
t,ν (Ψs

t+·h
s), e′j〉L2 =

∫ ∞
0

M̂(N)
t,ν (Ψs

t+rh
s)e′j(r)dr

= M̂(N)
t,ν

(∫ ∞
0

Ψs
t+rh

se′j(r)dr

)
= M̂(N)

t,ν (ϕ̃j). (3.10.43)

Similarly, replacing M̂(N)
t,ν with M̂t,ν , we have

〈M̂t,ν(Ψ
s
t+·1), ej〉L2 = M̂t,ν(ϕj), 〈M̂t,ν(Ψ

s
t+·h

s), e′j〉L2 = M̂t,ν(ϕ̃j). (3.10.44)

Finally, since K̂(N) is almost surely bounded on finite intervals, by Fubini’s theorem,

〈K̂(N)(t)(1−Gs(·))−
∫ t

0

K̂(N)(s)gs(t− s+ ·)ds, ej〉L2

=K̂(N)(t)〈1−Gs, ej〉L2 −
∫ t

0

K̂(N)(s)〈K̂(N)(s)〈gs(t− s+ ·), ej〉L2ds,

for j − 1, · · · , k. By Assumption (3.6.3) both 1 − Gs and gs lie in L2(0,∞), and



169

hence 〈1 − Gs, ej〉L2 is finite, and the function s 7→ 〈gs(t − s + ·), ej〉 is bounded

and continuous on [0, t]. Moreover, for every t ≥ 0 and u ∈ Cb[0,∞), the mapping

f 7→
∫ t

0
f(s)u(s)ds from D[0,∞) to R is continuous. Therefore, by equation (3.8.23),

there exist continuous functions F̃ 3
j : D[0,∞) 7→ R and F 3

j : D[0,∞)×R×D[0,∞)×

B+[0,∞) 7→ R, such that

〈K̂(N)(t)(1−Gs(·))−
∫ t

0

K̂(N)(s)gs(t− s+ ·)ds, ej〉L2

= F̃ 3
j (K̂(N))

= F 3
j (Ê(N), Ẑ(N)

η (·, 0),

∫ ·
0

∂rẐ
(N)
η (s, 0)ds, X̂(N)(0), Ẑ(N)

ν (0, ·), Ĥ(N)
ν (1), M̂

(N)
R , Ŷ (N)),

(3.10.45)

Ŷ (N) = hr
(

(F η
(N)
· )−1(Q(·) + C

(N)
1 (·))

)
(3.10.46)

By the same argument,

〈K̂(t)(1−Gs(·))−
∫ t

0

K̂(s)gs(t− s+ ·)ds, ej〉L2

=F 3
j (Ê, Ẑη(·, 0),

∫ ·
0

∂rẐη(s, 0)ds, X̂(0), Ẑν(0, ·), Ĥν(1), M̂R, Ŷ ), (3.10.47)

where

Ŷ = hr(χ∗) (3.10.48)

Similarly, by Assumption 3.6.3, (gs)′ also lies in L2, and hence 〈gs, e′j〉 is finite and

the mapping s 7→ 〈(gs)′(t− s+ ·), e′j〉 is bounded and continuous on [0, t]. Therefore,

there exists a continuous function F 4
j : D[0,∞)×R×D[0,∞)×B+[0,∞) 7→ R such

that

〈K̂(N)(t)gs(·) +

∫ t

0

K̂(N)(s)(gs)′(t− s+ ·)ds, e′j〉L2

=F 4
j (Ê(N), Ẑ(N)

η , X̂(N)(0), Ẑ(N)
ν (0, ·)− Ĥ(N)

ν (1), Ŷ (N)), (3.10.49)
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and

〈K̂(t)gs(·) +

∫ t

0

K̂(s)(gs)′(t− s+ ·)ds, e′j〉L2 = F 4
j (Ê, Ẑη, X̂(0), Ẑν(0, ·)− Ĥν(1), Ŷ ).

(3.10.50)

Now combining representations (3.8.10) of Ẑ
(N)
ν (t, ·) and (3.8.12) of ∂rẐ

(N)
ν (t, ·),

(3.6.9) Ẑν(t, ·) and (3.10.36) of ∂rẐν(t, ·), equations (3.10.38)-(3.10.50), and the fact

that addition is continuous on D[0,∞), we conclude that there exists a continuous

functions

F : J := R×H1(0,∞)×DR[0,∞)×R×D[0,∞)2×B+[0,∞)×D[0,∞)×R2k 7→ Rk+2,

such that

(
X̂(N)(t), Q̂(N)(t), 〈Ẑ(N)

ν (t, ·), e1〉H1 , · · · , 〈Ẑ(N)
ν (t, · · · ), ek〉

)
= F (Ĵ (N)), (3.10.51)

and (
X̂(t), Q̂(t), 〈Ẑν(t, ·), e1〉H1 , · · · , 〈Ẑν(t, · · · ), ek〉

)
= F (Ĵ), (3.10.52)

where

Ĵ (N) =

(
X̂(N)(0), Ẑ(N)

ν (0, ·), Ẑ(N)
η (·, 0),

∫ ·
0

∂rẐ
(N)
η (s, 0)ds, Ê(N), M̂

(N)
R , Ŷ (N),

Ĥ(N)
ν (1),M̂(N)

t,ν (ϕj),M̂(N)
t,ν (ϕ̃j); j = 1, · · · , k

)
,

and

Ĵ =

(
X̂(0), Ẑν(0, ·), Ẑη(·, 0),

∫ ·
0

∂rẐη(s, 0)ds, Ê, M̂R, Ŷ ,

Ĥν(1),M̂t,ν(ϕj),M̂t,ν(ϕ̃j); j = 1, · · · , k
)
.
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Note that subtracting (3.8.10) from (3.8.2), rearranging and using (3.10.18), (3.10.3)

and the definition (3.4.46) of Ĥη, we see that
∫ t

0
∂rẐ

(N)
η (s, 0)ds →

∫ t
0
∂rẐη(s, 0)ds

as N → ∞. Thus, by Proposition 3.10.9 with ϕj and ϕ̃j; j = 1, · · · , k, defined in

(3.10.40) and (3.10.42), Theorem 3.6.10, Corollary 3.7.6, (3.8.21) and (3.8.22) we

have

Ĵ (N) ⇒ Ĵ , (3.10.53)

in J . The result in (3.6.12) follows from (3.10.51), (3.10.52), (3.10.53) and the

continuous mapping theorem.

We now prove Theorem 3.6.13 which gives an alternate characterization of the

limit process.

Proof of Theorem 3.6.13. Since (K̂, X̂, Ẑν(·, 0), Q̂) ia a solution to the DMSRE equa-

tion, using (3.6.4) and (3.6.5) it is easy to check that (3.6.18) and (3.6.15) hold. Now,

note that subtracting (3.8.10) from (3.8.1), rearranging and using (3.10.37), (3.10.3)

and the definition (3.4.45) of Ĥν , we see that
∫ t

0
∂rẐ

(N)
ν (s, 0)ds →

∫ t
0
∂rẐν(s, 0)ds

as N → ∞. Similarly
∫ t

0
∂rẐ

(N)
η (s, 0)ds →

∫ t
0
∂rẐη(s, 0)ds as N → ∞. Now us-

ing (3.7.14) and (3.8.20) along with the convergence (3.6.11), (3.6.12) and Corollary

3.7.6, we have (3.6.14).

Substituting
∫ t

0
∂rẐν(s, r)ds from equation (3.10.37), and using the definition of

K̂, the right-hand side of equation (3.6.16) can be written as

Ẑν(0, r) + Ẑν(0, t+ r)− Ẑν(0, r) + M̂t,ν(Φ
s
r1)− M̂t,ν(Ψ

s
t+r1))

−
∫ t

0

K̂(s)gs(t+ r − s)ds− M̂t,ν(Φ
s
r1) + (1−Gs(r))K̂(t)

= Ẑν(0, t+ r)− M̂t,ν(Ψ
s
t+r1) + K̂t(αr).
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By the definition of Ĥν the above equation is equal to Ẑν(t, r) by (3.6.9) proving

(3.6.16).

Substituting
∫ t

0
∂rẐη(s, r)ds from equation (3.10.18), and using the definition of

Ê , the right-hand side of equation (3.6.17) can be written as

Ẑη(0, r) + Ẑη(0, t+ r)− Ẑη(0, r) + M̂t,η(1[0,χ∗]Φ
r
r1)− M̂t,η(1[0,χ∗]Ψ

r
t+r1)

−
∫ t

0

Ê(s)gr(t+ r − s)ds− M̂t,η(1[0,χ∗]Φ
r
r1) + (1−Gr(r))Ê(t)

= Ẑη(0, t+ r)− M̂t,η(1[0,χ∗]Ψ
r
t+r1) + Êt(βr).

By the definition of Ĥη the above equation is equal to Ẑη(t, r) by (3.6.7) proving

(3.6.17).

We now look at the proof of uniqueness of solution to the diffusion SPDE. We

begin by stating this Lemma from [3, Lemma 4.19] with g replaced by gs.

Lemma 3.10.12. Suppose Assumption 3.6.3 holds, and a function F ∈ C[0,∞)

with F (0) = 0 is given. Let ξ : [0,∞) × [0,∞) 7→ R be a function that satisfies the

following two properties:

1. The mapping t 7→ ξ(t, ·) lies in C([0,∞);H1(0,∞)). For each t > 0, let ∂rξ(t, ·)

denote the weak derivative of ξ(t, ·).

2. The function ∂rξ : (0,∞)× (0,∞) 7→ R is locally integrable.

Then ξ satisfies the equation

ξ(t, r) =

∫ t

0

∂rξ(s, r)ds+ (1−Gs(r))F (t), a.e. r ∈ (0,∞), (3.10.54)
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for every t ≥ 0 if and only if

ξ(t, r) = Ft(αr), t, r ≥ 0, (3.10.55)

with Ft(αr) is defined as

Ft(αr) = (1−Gs(r))F (t)−
∫

[0,t]

F (s)gs(r + t− s)ds, t ∈ [0,∞),

.

Proof of Theorem 3.6.14. For i = 1, 2, let Yi = (Xi, Ẑ
i
ν , Ẑ

i
η) be solutions of the equa-

tions (3.6.14)-(3.6.17) with the same initial condition Ŷ (0). Define

K̂i(t) = Ê(t)− R̂i(t)−
∫ t

0

Q̂i(s)h
r(χ∗)ds+ Q̂i(0)− Q̂i(t), (3.10.56)

where

R̂i(t) = M̂R(t)−
∫ t

0

∂rẐ
i
η(s, 0)ds+

∫ t

0

Ẑi
η(s, 0)hr(χ∗)ds.

and

Q̂i(t) =


0 if x∗ < 1,

X̂+
i (t) if x∗ = 1,

X̂i(t) if x∗ > 1,

Let ∆H = H1 −H2 for H = X̂, Q̂, Ẑν , Ẑη, K̂, R̂. Using (3.6.17),

∆Ẑη(t, r) =

∫ t

0

∂r∆Ẑη(s, r)ds
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Since ∆Ẑη(0, ·) ≡ 0, the above equation forces

∆Ẑη(t, r) = 0 ∀t, r. (3.10.57)

By (3.6.16)

∆Ẑν(t, r) =

∫ t

0

∂r∆Ẑν(s, r)ds+ (1−Gs(r))∆K̂(t), (3.10.58)

where ∆Ẑν(0, ·) ≡ 0 and

∆K̂(t) =

∫ t

0

∆Q̂(s)hr(χ∗)ds−∆Q̂(t). (3.10.59)

By the above definition ∆Ẑν satisfies properties 1 and 2 of Lemma 3.10.12, and hence

∆Ẑν(t, r) = ∆K̂t(αr), t, r ≥ 0. (3.10.60)

Since Yi for i = 1, 2 is a continuous Y-valued random element, ∆K̂ is continuous

almost surely. So, for every t ≥ 0, ∆Ẑv(t, ·) is continuously differentiable on [0,∞),

with

∂r∆Ẑν(t, r) = −gs(r)∆K̂(t)−
∫ t

0

∆K̂(u)(gs)′(r + t− u)du, r, t ∈ [0,∞).

(3.10.61)

Using equation (3.6.14) and the fact that |Q̂(t)| ≤ |X̂(t)|, we get

|∆X̂(t)| = |
∫ t

0

∂r∆Ẑν(s, 0)ds−
∫ t

0

∆Q̂(s)hr(χ∗)ds| (3.10.62)

≤
∫ t

0

|∂r∆Ẑν(s, 0)|ds+

∫ t

0

|∆X̂(s)|hr(χ∗)ds.
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By Gronwall’s lemma

|∆X̂(t)| ≤ exp(thr(χ∗))

∫ t

0

|∂r∆Ẑν(s, 0)|ds (3.10.63)

Using equation (3.10.59), this implies that

|∆K̂(t)| ≤ |∆X̂(t)|+
∫ t

0

|∆X̂(s)|hr(χ∗)ds (3.10.64)

≤ exp(thr(χ∗))

∫ t

0

|∂r∆Ẑν(s, 0)|ds+

∫ t

0

hr(χ∗) exp(shr(χ∗))

∫ s

0

|∂r∆Ẑν(s, 0)|duds

≤ 2 exp(thr(χ∗))

∫ t

0

|∂r∆Ẑν(s, 0)|ds

Also,

|∆Q̂(t)| ≤ |∆X̂(t)| ≤ exp(thr(χ∗))

∫ t

0

|∂r∆Ẑν(s, 0)|ds, t ∈ [0,∞). (3.10.65)

The above equation when combined with equation (3.10.61) with r = 0 shows that

for all t ∈ [0, T ],

|∂r∆Ẑν(t, 0)| ≤gs(0)|∆K̂(t)|+
∫ t

0

|(gs)′(t− s)||∆K̂(s)|ds

≤2Hs
1 exp(Thr(χ∗))

∫ t

0

|∂r∆Ẑν(s, 0)|ds

+ 2Hs
2

∫ t

0

exp(shr(χ∗))

(∫ v

0

|∂r∆Ẑν(s, 0)|ds
)
dv

≤2

(
Hs

1 +Hs
2

exp(Thr(χ∗))

hr(χ∗)

)∫ t

0

|∂r∆Ẑν(s, 0)|ds.

Since ∂r∆Ẑν(0, 0) = 0, by Gronwall’s lemma this implies ∂r∆Ẑν(s, 0) = 0 for all t ≥

0. Using equations (3.10.63), (3.10.64) and (3.10.65), this implies ∆X̂(t) = ∆Q̂(t) =

∆K̂(t) = 0 for all t ≥ 0. Using equation (3.10.60), this implies ∆Ẑν(t, ·) = 0. Thus

Y1(t) = Y2(t) for all t ≥ 0.
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