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Abstract of “Stability of certain geophysical structures in

fluid dynamics via dispersive analysis”

by Haram Ko

Ph.D., Brown University, May 2026

This thesis establishes the stability of rotation in the 3D compressible Euler equation
and incompressible Navier-Stokes equation, and the stability of linear stratification in
the 2D Boussinesq equation. Using the common factor that these steady states induce
dispersion, I establish a systematic method for linear analysis. This is explained through
two different systems to highlight that the method is versatile enough to work for different
dispersion relations in different systems. Combined with the energy estimates, this
produces long-time stabilities of the respective steady states. Finally, I prove the global
stability for one of these systems using a mix of paradifferential calculus, the spacetime

resonance method, and the aforementioned linear theory.
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CHAPTER 1

Introduction

1.1 Fluid dynamics and dispersive PDEs

The mathematical definition of (constant coefficient) dispersive PDE is a PDE (partial
differential equation) whose linearized equation can be written as dyu = Lu, u(t,x) :
R x R? — C" where L has the form F(Lu) = ih(£)F(u) for some real-valued diagonal
matrix A : R — R™" and the Fourier transform F (Tao06)). The prototypical examples
are Schrodinger equation, wave equation, or Maxwell’s equation, although these will not

be the focus of the thesis.

A less rigorous definition may be to say that a dispersive PDE is a PDE whose solution
exhibits a wave-like behavior. In a loose sense, and at least in the linear level, this
matches the mathematical definition, where the solution will be formed out of ‘wave
packets’ e+ #hi(9) for any j-th diagonal component of h(¢), h;(£). Indeed, this is true
for all of the aforementioned examples; solutions of the linear Maxwell’s equation are
electromagnetic waves, solutions of the Schrodinger equation are named wavefunctions,

and solutions of the wave equations are different types of waves like acoustic waves.

This raises a natural question whether or not the fluid dynamics is dispersive and can



portray the waves we can observe most easily in nature, waves in the oceans, lakes, or
rivers. This is a complicated matter that induces the question about what is the correct
modeling of these phenomena, and indeed, there are dispersive PDEs, Korteweg-de Vries
equation for example, that are designed to model these waves directly. However, it is true
that the most common choices of model for fluids, Euler and Navier-Stokes equations, are
not dispersive, at least not by themselves. The question only becomes more intriguing
as one realizes that there are more waves in larger scales that are not easily seen by a

human eye, such as equatorial waves, Kelvin waves, or Rossby waves.

The fascinating fact is that even though Euler equation or other common fluid models
are not dispersive, they become dispersive under some specific settings or around certain
steady state solutions. One example of the former fact is a free boundary incompressible
Euler equation, now more commonly called as water wave system. (Zak68) proved that
the system has a Hamiltonian structure and derived that certain types of solution obey
nonlinear Schrodinger equation in the leading order. Numerous studies have followed
using this method, now known as Craig-Sulem-Zakharov formulation, either showing the
extended lifetime of solutions or establishing rigorous approximations of solutions to other
dispersive systems in different regimes, (Ovs74; [Cra85; [ASLOS; (CGS21} [TW12; IT19), to

name a few.

This thesis is based on the latter fact that fluid dynamics become dispersive equa-
tions around some steady states, and in particular ones that emerge from geophysical
considerations. Admittedly, the author is not the first to consider such topics, but follows
a stream of works on geophysical fluids, such as (BMN97; [CDGG02; [EW15; (GPW23).
Two types of problem will be discussed. The first type is rotating fluids modeled by the

incompressible Navier-Stokes-Coriolis equation:

O —vVu+ (u-V)u+eteg x u+ Vp =0,
(NSQ)

div(u) =0,



or the compressible Euler-Coriolis equation:

o + div(nu) = 0,
1 (1.1)
O+ (u-V)u+e ey x u+ ;Vp(n) = 0.

In both systems, u : Ry x R?® — R3 refers to the fluid velocity, € is the inverse of the
angular speed of rotation, e3 = (0,0, 1) and p is the pressure term. p is an independent
function p : R, x R* — R to be solved in , whereas in (|1.1)), we assume it follows a
polytropic pressure law

1
p(n) =-n", y>1,
v

and depends on the density n : R, x R® — R, with a fixed number 7. Lastly, v > 0 in
(INSC|) represents the strength of viscosity of the fluid, where the system reduces to the

Euler equation when v = 0.

The second type takes stratification into account in the Boussinesq equation in R?:

Op + div(pu) = Kug,
Ou+ (u-V)u+ Vp = —kpes, (sBQ)

div(u) = 0.

u refers to the velocity of the fluid again, and p is the density perturbation from the
stratified profile —kxs. p is the pressure, e; = (0,1) and & is the strength of stratification.
To be fully exact, one should view (sBQ)) as the system satisfied by the perturbation from

(n,u,p) = (—Kxa,0, k223 /2) of the standard 2D Boussinesq equation.

In all cases, the solutions represent the quantities modulo large structures that are
natural steady states observed in the Earth or some astrophysical objects, and studying the
existence and lifetime of solutions is equivalent to examining the stability of these structures.
In geophysics, the sizes of parameters involved in these equations play important roles,

which can be very small or large according to the type of fluids or the type of phenomena



under investigation. In planetary scale, e~! is (after proper non-dimensionalization) often
a large parameter, and hence the first studies of the models focused on the fast rotating
limit of the system (BMNOI7; ICDGGO02); [KLT14bt [KLT14a). When v > 0, these
works have obtained global solutions, although the results implicitly depend on the other
parameter v, in the sense that the initial data are required to have a size bounded by

some positive power of v.

The analysis is more involved for ([1.1]), and, to the best of my knowledge, there are fewer
results. Here, when considering the system around a steady state (n,u) = (ng,0), another

E
natural parameter is the ambient sound speed ¢ = p/(ng) = ny? . Indeed, we study the

stability of the quiescent state via the speed variables (p, u) where p = %( P(n)—rc) =

1 . -1 . .
~(n* — ¢), a = 5=, which satisfy

Op+u-Vp+ (c+ ap)div(u) =0,
(CER)

Ou+u-Vute e xu+ (c+ap)Vp=0.

1.2 Stability and blowup

Although these equations all arise from similar physical considerations, their long-time
behaviors or even the existence of solutions themselves could differ a lot. Indeed, while
the compressible Euler’s equation, associated with , is known to be able to blow
up in multiple ways (Chr07; MRRS22a; MRRS22b! BSV23b; BSV23a; BCLGS25) and
even for small data (Sid85)), the global well-posedness of the incompressible Navier-Stokes
equation, associated with , remains one of the most famous and long-standing open

problems.

While the focus of the thesis is on proving the stability of certain steady states, this
is not to say that a blowup cannot happen. In fact, adapting one of the earliest blowup
mechanisms for compressible Euler’s equation (Sid85)), one can prove that (CER]) can also

generate singularity in finite time.



Theorem 1.2.1. Suppose (n,u) is a C solution to (1.1) for 0 <t < T with

n(2,0) = i(z) > 0;  Alx) = no, Jo] = R,

u(z,0) = u(x); u(r)=u=0,|z| > R.

Let ¢ = n;% as in (CERY|) and define

Then, if

16
m(0) 20, F(0)> el B, (12)

the lifespan of Ct solution is finite.

Remark 1.2.2. Note that the condition (1.2) does not involve €. This alludes to the fact
that the rotation in the planar direction cannot avoid blowup in z-direction due to the

wnitial compression and outgoing velocity profile in z-direction.
The theorem will follow easily by proving the finite speed of propagation of (|1.1)).

;1
Proposition 1.2.3. Let c = nJQ ,v€ES?* and s € R. If U = (n,u) is a C* solution of

(CERY]) in the region
Qs;T)={(z,t):x-v>s5+ct,0<t<T}

and Uy(z) = (no,0) for x-v>s. Then, U(x,t) = (ng,0) for (z,t) € Q(s;T).

Proof. The proof adapts that of the original version for hyperbolic conservation laws in

(Sid84). As was given in (MUKSG6)), the isentropic Euler’s equation can be expressed as a



symmetric hyperbolic system using the change of variable

with matrices

1 0 U, lpel
Ay = , . A= 21 , g
0 —(7_41) I 7T_lwek (7_4) upls

Note that this variable w is what we denoted as ¢ + ap. The pressure in this thesis is
defined by p(n) = 1n7 which differs from that in (MUKSG) by a factor of y~!, so that it
requires ( ® to be ¢ ) here instead, but this does not create any qualitative changes.
Straightforward calculations give that the eigenvalues of 3 &, A5 Ay is given by € - u with
multiplicity 2, and £ - u + w|¢|. With the same Ay and A’s, is equivalent to

3 CER w
AW+ " AW+RW =0, R=——"¢ R.x=esxz, W=

k=1 R, U

Put P = Ay0; + > ArO) where A; = A;(c,0), Since the largest and smallest eigenvalues of
S vpAy tAg(ng, 0) are £c independent of v, modifying the energy estimate in (Sid84)

k=1,2,3
gives

/E(t W= (e0)Fds </ / (c,0)), W — (¢,0)T)dedr,

where E(t) ={z: —c(tg —t) <v-(x —x9) < c(to — t)} for any (xg,to) in the supersonic
region Q(s; T) and t € [0,1]. From the fact that (RV,V) = 0 for any V € R* and that
W —(c,0)" satisfies the equation, we get (P(W —(c,0)"), W —(c,0)") < Cp|W —(¢,0)T|?
in £ := 0<Lt_J<TE(t). Since W —(c,0)" = 0 on £(0), Duhamel’s formula gives W —(c,0)" =
for any E_ (t_)

Since the point (xg, o) is irrelevant in the calculations as long as it lies in the supersonic

region, we obtain U(x,t) = (ng,0)" for every (z,t) € Q(s; T). O



Since the direction v is also irrelevant, we also get a conclusion that if U(x, 0) = (ng,0)"
outside a ball By, then U(z,t) = (n,0)" outside a ball B(t) := Bry. This enables the

proof of Theorem [1.2.1

Proof of Theorem [1.2.1. We build an inequality for F'(t) to derive contradiction, which

differs from one in (Sid85)) to reflect the anisotropy of (1.1). By the mass conservation,

F'(t) = —/ zeg - [div(nu ® u) + e les x (nu) + Vpldz = / [nu§ + (p — po)ldz,
B(t) B(t)

where py = p(ng). Jensen’s inequality and the condition that m(0) > 0 gives,

1 B(t
/ pdx:/ —nTdx > |B(2)] <
B(t) B(t) Y Y |B
SLUNE

where Proposition is also used in the second inequality. Note that m(t) = m(0) by
mass conservation. Hence, we get F'(t) > [ B(t) nuidr, and in particular F is positive

since F'(0) > 0. From

/ nz’dr < / ndxr - |R + ct|*
B(t) B(t)

:/ nde - |R + ct|?

B(t)

41
< il 51 + et
and the Cauchy-Schwarz inequality applied to F'(t), we obtain

3 1
F'(t) >
()= 47 ||n|| ., (R + ct)




which leads to

3 1/1 1
FO'>FO)'—F@t)'> ———— [ — — — ).
(0)7" = F(0) =z 167 ||n]|, ¢ <R4 (R—i—ct)4)
Therefore, if F'(0) satisfies (1.2)), ¢ cannot be arbitrarily large. O

Even though the usual conclusion of compressible Euler’s equation, the fact that
large initial data can lead to singularity formation applies here, too, this also shows two
points on the other side. Firstly, the small data blowup of (Sid85)) does not apply here.
There is no direct analogue of the scenario used by Sideris. In addition, condition (|1.2))
depends on the parameter c¢. This is something that Sideris himself had already noted in
(Sid85)), leaving the remark that his conclusion may not lead to a direct conclusion for the

incompressible model.

I will pay extra attention to this parameter dependence. In the equations ,
, and considered in this thesis, there are always some parameters included,
and some emphasis will be given to how the result depends on the parameters of the
equations. In some cases, the problem is trivialized by changing the parameter. For
example, as ¥ — oo, any initial data can lead to a global solution for , once we
establish small data global well-posedness. Thus, the meaningful direction of research
is the inviscid limit ¥ — 0, and how the result depends or does not depend on v when
it becomes small. Not only these viewpoints relevant to geophysics, the origin of these
equations, but this is not new even in the mathematical literature. For example, (BGMI17)
considered a similar concept of stability threshold, where they paid attention to how the
threshold for the size of the initial data depends on the viscosity in investigating the
stability of the Couette flow. In some sense, this can be seen as a generalization of their

concept.



1.3 Notations

This section includes standard and nonstandard notations that will be used throughout.
Unless specified otherwise, ¢(-) is used to denote a fixed smooth bump function that is

used for a partition of unity. In other words,

0<¢ <1, supppC[1/2,2, > @2 "z)=1z>0.

neN

We often use ¢ for p(x) 4+ ¢(—z) when we also localize in symmetric negative numbers.
This is a more customary way of defining ¢ as it is usually defined by ¥ (x) — ¢ (2x) for
a function 1 that is positive, smooth, and supported on [—2,2]. We will need a similar

function as v for localization around the origin and indeed define

Plz)=1-) w(27z).

n>0

Lastly, a tilde will be used to mean @(z) = ¢(z)/x. Double tildes can be understood as
composition, i.e. ¢(x) = ¢(x)/x?, and so on. Except that they do not sum up to 1, they
are known to have qualitatively similar properties when used for localization. We use

these functions to define the Littlewood-Paley localizations:

Pef() = / v F(©)p2 M) dE, k€ L.

It is well known that the exact shape of ¢ is not important, as long as we use a fixed
function throughout. For more on the properties of these projections, I refer the readers

to books on harmonic analysis, such as (Ste93)) or (Grald).

Although not as widely used as the standard Littlewood-Paley projectors, I define two

more projections Py, and Py, , that will be used often, which are

F(Pepf)(E€) = 0rp(€) (€, F(Prpaf)(€) = @rpa()F(E),



forkeZ,p,qeZ_={n e Z,n <0} where

er(€) = e27"ED),  @rp(€) = @r(©)eRT" PG, Prpal€) = Crp(§)p(27779s).

These will be used to precisely determine the linear decay associated with some of the
problems above. These decay rates often come with constants whose exact values are not
important, as is the case for many calculations using harmonic analysis tools. In order to
be free of these insignificant constants, I will use ~ to mean that there exists some fixed

constant C > 1 such that
ASB& A<(CB, A~BorA~B<s A< Band B < A,

where C'is fixed in the sense that it is independent of the parameters, variables, or functions
involved in A and B. For example, when P, f is involved in this type of inequality, C
may depend on the choice of the partition of unity function ¢, but will not depend on
the parameter k£ or the function f whose size is under estimation. The value of C' might
change from line to line for convenience, such as A; < B and Ay < B = A; + Ay < B,
but in such a way that, if needed, the constants can be found and are fixed, independent
of the variables and parameters, so that these do not affect the final estimate. Using a

similar principle, we define

A< B& CA<B.

Whenever the polar coordinate or cylindrical coordinate is involved, r will denote
the radius and 6 will denote the angle measured from the x-axis in the counterclockwise
direction. Whenever the spherical coordinate is used, the name of the variables will be
(p,0,¢), and ¢ will denote the angle measured from the z-axis, unless specified otherwise.

For example, the volume element in the spherical coordinate is p? sin ¢.

(), usually referred to as the Japanese bracket, will be used in the standard way as a

shorthand notation of (a) = va? + 1.

10



CHAPTER 2

Linear Analysis

As mentioned in Chapter 1, dispersive equations are characterized by the fact that

their linearized equation can be written as
oy = ih(§)a,

for some real-valued diagonal matrix h. For scalar equations, Schrodinger equations,
for example, this will usually be automatic. Denote n eigenvectors by E,--- , E, with
corresponding eigenvalues Aq,--- , A,. These eigenvectors and eigenvalues will generally

be functions of £, but nevertheless, this enables us to write the linear solution as

n

tL _ z‘tAjdo'Ej
F(eug) = Ze B E;.

J=1

This naturally induces two preliminary goals. First, we should study the properties of

linear evolution for each dispersion relation, A, Unless A; is a linear function in &, which
would be the transport equation, dispersion gives rise to decay, and the canonical tool to
derive this decay is the stationary phase method. In later sections, I present a general

framework to use the stationary phase method to obtain decay in 2- or 3-dimensions.

11



Second, since these decays of €Y apply to projections defined in Fourier space, we
need to piece the estimates back together. This means that we need to know how the
norms of functions in the physical space are related to those in the Fourier space. This is
done by finding a good change of variables and is problem-dependent. We discuss this

point in the following section.

2.1 Dispersive unknowns and norm equivalence

We will show how this works explicitly for (NSC)) and (CER]). The process for (sBQ))
will be skipped, as it is similar to the case (NSC|). The linearized equation of (NSC) is

O —vAu+etes xu+Vp=0 (2.1)

We drop the dissipation term for the time being, since the dispersion is already present in
the inviscid model. Due to the vanishing divergence condition, (NSC|) effectively has two
unknowns. Considering the anisotropy introduced by the Coriolis term, we reduce the

system to system for ws := curl,u = Ojus — Obuy and ug:

-1 .
atwg — & 83U3 = 0,

(9tu3 + 6_1(93A_1w3 = 0,

where the zero divergence condition was used to simplify in both lines. In Fourier space,

12



One can diagonalize the system directly, but a simple observation already shows that, up

to sign, the dispersion relation is

by rewriting the system using w3 and |V |ug

&gwg — ZAE(|V|U3) = 0,

6t|V\u3 — ?:AE’LUg = 0,

where I also used A, to denote the corresponding Fourier multiplier. Diagonalization is
particularly simple in this case. The eigenvectors are (1,£1)" for the eigenvalues +iA..
Hence, in hindsight, one might want to define dispersive unknowns as w3 +|V|uz. However,

both terms have an extra derivative compared to u, and the better choice is
Uy == Vi N(ws £ |V]ug), Vi =(d,,0), (2.2)
which, regardless of the normalization |V},|™1, still satisfy
Uy = i Uy.

Using elementary facts from harmonic analysis, one can check that 2 [|ul| j2gs) = (U] p2(ge)+

|U-|12(rs)- In fact, one can check that for any Fourier multiplier m, we have 2 [|mu/[ ;2 gs) =

HmU+||L2(R3) + ||mU*HL2(R3)' (GPW23)

The process works similarly for (sBQ)), and thus I refer to (EW15) or (JW24)) for the

derivation and leave here that the dispersive unknowns and dispersion are given by

Zi = |V|'wEp= VIV utp,

(2.3)
Ae(§) = /{%.

13



Linearization of (sBQ)) becomes 0,7+ = Fi)\.Z4 by abusing A\, as a Fourier multiplier

again, and the variables satisfy

1Z N + N2 Nm = 2(ullFrm + Pl ), m 20, (2.4)

The calculations are rather simple for the above problems, as we only have two variables

and the eigenvectors are constant. To illustrate that this is rather an ideal than a general

case, we give another example using (CERJ). Linearizing (CER)), we get

Op + ¢ div(u) =0,

(2.5)
O+ et x u+cVp = 0.
We use the rescaling
(o, u)(t, @) = (p,u)(c™'t, @),
and work with (for kK = ce > 0)
Op + div(u) =0,
(2.6)

O+ ke x u+ Vp=0.

Even without prior knowledge in fluid dynamics, the previous example could serve as a
motivation to use the (still physical) variables (p, div(u), curl,u, u3)". Again, having the
homogeneity in mind, we choose V' := (p, |V|~!div(u), | V| *curl,u, us)T, which transforms
into

OV (&) = MEOV(ED),
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where

0  —[ 0 0

[3 0 &' 0
M(§) = ,

0 —x1t 0 H_lﬁ

—i& 0 0 0

The diagonalization is no longer obvious. One can compute that its characteristic polyno-
mial is

T (k24 €))7+ RS,

whose roots are given by

o1 _ 1

=2 (—(/{‘2 ) + \/(H_z +E2)2 — 4/{‘%}?) == (df 4+ d5 F2dids) ,  (2.7)

where d;’s are defined by

di(€) = VGl + (& - k12 &) = VIGP + (& + R &= (6,6,0).

Thus, we have a short representation of the dispersion relations of (2.6]) in terms of these

distances, and we name them as

The eigenvalues are absolute, but we have a freedom to choose the eigenvectors. As was
observed above, this determines the dispersive unknowns and is directly related to the
norm equivalence between physical variables and the dispersive unknowns. I will give the
answer in the similar pattern as before. First, the eigenvectors whose first component is

normalized to 1 are

:
Ef:(l —irle] "t w(r — [g2)el —7-153) . re{-T0-9)

15



It turns out that correct normalization uses

§
(8) = (GEEQ acb-a anbz GQE_Z) nM T [(K2A2 — 1;|+h‘(m!§h|)2]l/2’

for A € {¥,Q} in the following sense.

Proposition 2.1.1. (KPTW2J5) Define the linear transform T as
T(p.w) = F7 (T(&)V) = (Ua, Uo, Us, Us)',
and the associated projections as
Pia(p,u) :=Usn, A€ {2 Q}. (2.8)

Then T is well-defined and invertible. Moreover, T is LP-bounded for any p € (1,00), i.e.

there exist c,, Cp, > 0 such that

IPea(p, Wl o = [1Usall o < o [l(0, Wl e < Gy [(Ua, Ung, U, Us)ll e, A€ {%, Q.

Remark 2.1.2. Note that the similar LP equivalence is also true for the transformation
u — (Uy,U_) from the inviscid case of (2.1). This follows easily using the Calderon-

Zygmund theory, but will not be used in the rest of the paper.

To prove Proposition [2.1.1], we use the following representation of the transform.

16



Lemma 2.1.3. (KPTW25) There holds that

cosf; —sind UatU-a
g —o| T T eerZo @)
|V teurlu sinf; cosb, R(Us)
Vil YV, - u 1sin 6 cos Ya—U-q
B B e IR S RERT)
Us —cosfy —isinf, 3(Us)

cos@; = cos(0;(&)),sind; = sin(0;(€)),5 = 1,2 are smooth except at the singular points
(0,£x71).

Proof. Writing the multiplication by 73 in detail, it follows that

K| Vi K|V
- Ug+U._ 2R(U
P = TwsE 1 (vl e U G ey (e, 2 )
e —1Qk|V,| /| V] Sk|Vil/ V]
V|~ id - Ug —U_ 23 (U
VITdvi) = Cas e 1 (ww e V0 U G (e ()
—(K2%2 - 1) —(K2Q? = 1)
Al — (k 3 2
Vil ewrlas = s =y vy o U e ey e )
—K2E‘Vh‘ —iﬁ29|vh‘
— Uo — U_ 25(Us).
U= s 1 1 (w0 T V) e ey e )
(2.11)
We write the transformation concisely as
P bp1 bp,2 %
% *Up _9 ba,l ba,2 % (2 12)
|Vh|71CU_1"1hU b@l b572 %(Ug)
us b%1 b%2 %(UE)

where b; ;’s are Fourier multipliers. By abusing the notations where we use b; ; for b; ;(§),

it is immediate that 02 ; + 03, = 1, j = 1,2. Put r = [&| = (§ + )12 2 = & and

17



D = d3d%. From

1
(KJQZQ _ 1)2 _|_/£2702 _ Z<H2|£|2 1 +/€2\/Z_))2 + K22

— LD+ (R = VD) = YR (VD 4 e - ),

and similarly (k%2Q? — 1) + k?*r? = “2;/5(,%2\/5 — (K*[¢]* — 1)), so we have

(R22? — 1) + 5% + (K2Q? — 1) + x%r% = 'D,

‘D
(k222 — 1) 4+ &%) - [(K2Q% — 1)* + k%% = KVT(R4D — (K€ = 1)) = &'D - k*r2
Therefore,
K272 K212 K2r? . k4D
bi,l—i_bi,?: 232 3 22 T 202 2 2,2 4 2 — L
(K222 — 1)2 4+ k22 (R2Q%2 —1)2+ K2%r KD - K2r

b3, + 545 = 1 follows immediately from the above equalities.

We now show similar equalities for b, ; and b, ;’s. First,
2 —i) + iﬁfgz
"\ [—c 7

G | T )

= [ = K& + K762

= 0% — 26&0% + K2|€]2X?

= 02 — 2600 + [(2Q? + £7X2 — 1]%2

= 120+ PPN - 22 4 Q% - 2kE0% (using QX = k716,
=R X242 - (using QO = k2 4 [¢]* — X%))
R R R A N &

=r (RS = 1) + w716
(%7 = 1)° + (k[$n])*

_ 2
- |€h| (/ﬁ?‘€h|)2 )

18



and the other one can be computed symmetrically by exchanging the roles of {2 and
3. These prove that |b, j|? + |b,;|> = 1. Moreover, since k252 = L(k2|¢[? + 1 + k2V/D),
K202 = S(k2E)? + 1 — k2VD),

K212

D
n\/_(\/—
(VD + RIE ~ 1) S(2IEl + 1~ 5*VD)]

[(K*VD +1)* = (WI1)° + (5*[€]*)* — (W*VD — 1)%] =

|b%1|2 + ]b%2|2 = ([(k2Q% — 1)? + k22?82 + [(k252 — 1) + £2r?]K%Q%)

2(¢12 | R )
el (K2[€l? = 1)) - 5 (k212 + 1+ 1*V/D)

+’“/_

/@2\/_

|ba112+ |ba2|> = 1 follows directly. Finally, note that b, = —kX-b,1 and by o = —ikQ-b, 9
(see (2.11))). Therefore, to justify (2.9) and (2.10), we only need to check the signs.
bs1 < 0 < bgo follows from the fact that kX > 1> xkQ > —1, and b, 1, b, 2 are obviously

nonnegative. Hence, ([2.9)) follows.
(2.10) is proved similarly. From

(kQ — K?2%) - kY = kz(1 — K2X?),

2> 22=k2-Q-%,

Y — k282 is always positive and €2 — xkz¥ has the opposite sign to z. Hence, b, 2 is always
positive, but b, ; is purely imaginary with the imaginary part having the same sign as
the sign of z. Also, b, is clearly always negative, and b, » is purely imaginary, with the

imaginary part having the opposite sign to the sign of z. This proves (2.10)). O

Proof of Proposition |2.1.1. The invertibility and boundedness of change of variable from
(p,u) to the left-hand side of (2.12)), (p, W up, |Va| " teurlyu, uz), follows from direct

computations and the boundedness of Riesz transforms, since it is given by (p,u) +—
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FH(Ti(§)(p, W), where

1 0 0 0
0 =2 -1y -0
() = i&1|En| i&a|Enl 6= (L),
0 —i&l&|™" i&|&]™t 0
0 0 0 1

To prove Proposition it thus suffices to study the matrices in (2.9) and (2.10). We

can further reduce the problem to showing that b,; = cos¢,b,9 = —sin6;, b, = — cos 05,
and b, 9 = —isinf, are LP Fourier multipliers, because the inverse transformations are
again rotation matrices using the same angles, so that this will prove the norm equivalence.
The following elementary facts will be used to ensure that the equivalence does not depend

on K.

e If m(¢) is a Hormander-Mikhlin multiplier, then so is m(a€) for any a € R, and the

boundedness is independent of a.

o If f(£) is a smooth function in a compact set K, then it is a Hormander-Mikhlin
multiplier. Furthermore, the boundedness is independent of a > 0 for f(a&) in

a K.

1. b, and b,5. For the matrix in (2.9), it is easier to investigate b,; and b,,. We

decompose b, into

1 1
bus = b0 )6( ") b, p(om ) (1 - (2
53 + k1 63 + K1
not S

+ bp’l@(QlidQ)qb( ) + bp71@(2lid2)(1 - qb(

+ 0,1 (1 — @(2rdy1)) (1 — p(2rdy)),

)

where ¢ was defined as the usual smooth bump function with supp ¢ C [—1,1] and

@ € C*(R) is a smoothed version of the Heaviside function such that ¢(x) = 0 for
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< —lio, ¢(z) =1 for x > % and monotone. We also decompose b, in the same way.

@ dl S %753_’i_

1> —or: It will be convenient to write x = (z,y,2) = (&,&,&—r71)
in this region, which makes d; =

x|. Using (2.7), b,1 can be written as

T
bp,l =

By expanding the squares in the denominator and collecting terms of same order

2

2o " 1
pl T 53
20 4 42 dy (ki + ) + 21+ Kz 4 B — 1) + 1+ k4 B
r? 1

- 2d1(d1 + Z) 1 +p1<l€d1, IiZ) '

p1 is continuous at the origin as a sum of product of Oth order rational function and a

smooth function, and is greater than —1 under the assumed localization.(crude estimate

gives a lower bound _Too> Therefore, the problem reduces to proving that =

r dy (dl +2z)
X|(|X 4 |

r _ 1 x r 1 [z
T,y == — I
VIXIGx+2) /XX +2) ) IO+ 2) X,
_ r i T fji,
(1] + 2)v/Ix| (x| + 2) [l |, |
" _ r x| +z 1
XI(x[+2) \x!\/\xr !x| +z) !x\ (x| + 2)/Ix[(x[+ z) || ~ Iz
T :zjy
Ty e = -
[x[(|x] + =) IXI(IXI +2)

2zy

1
x| (IXI\/IXI (¢l + 2) IXI +2) v/ [x[(|x] +Z))
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.
+ 3
x| IXI\/IXI XI5 2) (I + =)/l 2)

T 1 1 T
T (H R ( (] +z>>)

X
v y ) r < L
x[* - [x[(x] +2)2 ) /Ix]([x] + 2) |zy]

+

( z 1 ) r 1|z
<P x|l +2) ) /Ix[(x] +2) ] ),

1 1 r 1 [z 1
- (I_xl T +z) > ( XI(x] —i—z)) x| (y> ST

s R () o ()
|x[(|x[ + z) r x|(x[+2)) T x[(|x] + 2)

Ty ( z 1 ) r
[x[* \ [x[? |X|(|X|+Z) |X\(|X|+Z)

o 3yz r
x| <|x|5 |x[? (IXI+Z |x[? (|X|+2) ) [x[(Jx[ + 2)

X
_l’_
x| <|X|3 1| ( |X| +2) ( VIXI(X[+ 2) |x| +2) )

)
% ) )(m>
) (i

and these give us the desired conclusion.

22



To show that b, is also an operator bounded in L” — L”, we use the identity
[F&Z (2% - /1’2)2 + 7“2] - [/@2 (Q% - /52)2 - 7"2} = (dydorr)?.

Then,

1/2

1
Iidldg

/{2

4

1/2 2 2
L e R B (Gt By 1+ S
2

1
+ Kz + 4 5 1

bp,2 =

Both kdy and the term inside the square root are smooth and nonzero in the area un-
der consideration.(a crude estimate gives a lower bound % — o) Hence, it satisfies the
Hormander-Mihklin condition, and therefore a L” Fourier multiplier. Note that the

right-hand side can be written as a function in kx so that the boundedness is uniform.

@) d, < %,53 — k1< 1—107“ : The formula for b, gives

2
9 T 1

2, =
p’2 2 2 2 2
20 gy — s tdy (ke + 2dy) — 2(y 1+ ke + EdE = 1) — 2d2 1+ Rz + 2
B r? 1
©2dy(dy — 2) 1+ pa(kdy, k2)

Again, p, is always greater than —1, and (1 + pa(s,t))~! has a removable singularity at
the origin, making it a bounded Fourier multiplier. The different region z < 1—107’ instead

of z > —%r makes b, s the favorable one to apply this formula, and it is straightforward

T

to adjust the computations in (I) to see that is a LP Fourier multiplier in this

di(di—=

region.

The boundedness of b,,; follows from a similar reasoning how we deduced b, > is bounded

in the region (I). By the same identity [m2 (22— k2)% + 7"2] : [m2 (02 — k72)° + 7"2] =
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(dldgl'i?“)Q,

1/2

1
b —
Pl Hdl d2

[/@2 (92 — ,'~<:’2)2 + 7“2] v \/§
kdy

2
1+m+—d2 (d1+ dl)\/ +mz+%d§

Again, the term inside the square root is nonzero under the current localization, and

hence the Hormander-Mihklin theorem applies directly.

3), @ : These are the cases where dy < 50 and &34+ K1 > — r or &3+ k1 < 1

5 -7,

0

which are ‘upside-down’ cases of (I) and (2), respectively. Exchanging the roles of d; and

ds, one gets the same results.

(®) di,dy > =~ : First, in the intersection with || < 2x7!, the multipliers do not have

singularities, so the multipliers and their derivatives are bounded by some constants simply

1

by compactness. Hence, we assume |£| > 257" instead. By writing b,1, b, as functions

of | §|2, we can invert the region into a compact area and proceed similarly. To illustrate,

if we translate the origin to (0,0, x7!) again,

9 /1 4+ 2 _1_
d 4 nd2 52d2
bpy = — (2.13)

2
G\ itmtee it M
1

can be written as %F(N’;R) for some smooth function F', if we put x = — k™ 'e3 again

for the translated variable. Since o = f (kx) and f(y) = # satisfies the Hormander-

Mihklin condition in the exterior domain BS, so does F (K|x‘2) in (By.-1)¢. Hence, we only
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need to check ?.
2

x| (2426712 X 1
vial T T o gt <
d; R D™
x| z+ 2kt (2 +2k71)? . (2 4+ 2k71)2
v2_:2 T_3 2 T _ T
b~ EN e T g e E T ) T xx
(z +2K71)2 x| . 2K 71 1
SR /G QY P s 26T — To<
T AT L e

d g g

hold on dy, dy > ’%1 since dy ~ dy. Therefore, by the Hormander-Mihklin theorem, @

LP Fourier multiplier, and this finishes the proof.

2. b,; and b, 5. For the matrix in (2.10)), it is easier to use formulas for b,; and b,

because b, = —kXb,1 and by o = —irfdb,». This time, we decompose them into

by1 = by 1P (2kd1) + by 1P(2kd2) + by 1 (1 — @(2kd1) ) (1 — P(2kd2)),

b%g = b%2¢<2/{€3) + b%g(l — ¢(2l{€3))

However, b, and b, are not as symmetric as b,; and b,5. Hence, we investigate these

two separately.

(D L? boundedness of b, 5 : It is enough to prove that <2 is a LP Fourier multiplier. From

the definition,

283
dy +dy

KO = g(d2 —dy) =

For b, 2$(2r&3), we again use (2.13) x = £ — £~ 'e3 to center on the singularity (0,0, 7).
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Then,

20z+rK7Y) | 1 1
Vel = ———-——— S —=—,
Y d1d2<d1 =+ dg) y dl |X|
—1)2
(‘9Z/<;Q:—2(Z+H ) di + dy <
dldg(d1'+'d2> 2d1d2 |Z|
0, KO — di + didy +d32ay(z+ k) _ 1 o1
! did; di +dy ~didy T |yl
2 2 ~1\2 3 3
8vaym:d1+d;d§+d22(z+m ) _dlij x 5%7
5 () — di + d3dy + d3d3 + dyds + d3 6zy(z + k712 Bzy(ds + d3) <1
R d3d3 dy + dy 2d5d5 "~ Y’

and hence the Marcinkiewicz multiplier theorem can be applied. For b, 2(1 — ¢(2k&3)), by
setting z = & + k1, the derivatives are of the same form in z — k! instead of z + k1,

and one can apply the Marcinkiewicz theorem again.

@) b,1 when dy,dy > ”T_l : Since kX itself is unbounded, b, ; cannot be treated in the
same way as b, 2. We first look at the boundedness of the piece away from the singularities.

Using the formula (2.13)), the variable x = £ — k~les again,

1/2
1 z 1
R I R ro ditd
vt _d2 Ly 2 4 1 414 2z Hd% 2
4 kd3 k2d3 2 kd3
1/2
1 z 1
2 Z—i—ﬁ—d%"i‘m r o (d,
== 1 T ﬁ d—+1 .
Vit teetitae 1 \d2

We have already seen that the outermost square root term and Z—; are LP Fourier multipliers.

Hence, it is enough to prove the same for o= ﬁ We can use the Marcinkiewicz multiplier
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theorem again:

r 1 x r x 1
Ve Tl | ) TP, SR
Y Y
T rz 1
xBTS Y
P roxy 2y 3Jrxy 1
Ykl x|l rxP O xP Y eyl
r 3rz | T z € 1
PN Tip | e (] S
Y Y
r ldrazyz = Gxyz TYz 1
x| [T xR P T ey

This finishes the proof.

®) by1 when d; < ’%1 or dy < ’%1 : Except around infinity, £ is also bounded, so now

we can treat it separately. dy is a smooth function in d; < %, and it is well known that

dy = |x] is also a L? Fourier multiplier in a compact region. These make £ = §(d; + da)

a bounded Fourier multiplier in d; < ’%1, independent of k. By swapping the roles of d;

and ds in dy < "T_l, this proves that b, is a L? Fourier multiplier. O

2.2 Dispersive decay

One of the common features of dispersive PDEs is the dispersive decay. By their very

nature, at least in the linear level, the L? norm of their evolution is always conserved:

||€tLUoHL2(Rn) = ||u0HL2(R")'
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The nice fact about dispersive equations is that, although the detailed norm involved and
the exponent may vary, the amplitude of linear evolution often decays over time:

<t gl -

HetLUUHLoo(Rn) ~

For the Schrodinger equation, L = ¢A, this can be shown by an explicit formula with

a="2and Y = L'(R"). This is in some sense regarded as the ideal case; in particular,

|3

o =

N3

is considered the best exponent. For example, for the wave equation, L = i|V/,
o= ”T_l While the exact norm Y will depend on the dispersion given by the problem, the
method used to obtain the decay is usually the stationary phase method. This method

hinges on the fact that the linear evolution, for example for (2.1)), satisfies

€3 —_—

eMWAmw=/9“1““Whma@

Since we have an oscillatory term inside the integral on the right-hand side, if the exponent
and its derivative are not simultaneously zero, we may be able to get a decay through
integration by parts. As simple as it sounds, the process is highly problem-dependent and
numerous different norms have been devised in the literature to capture this decay with
the largest possible . Here, I give a systematic way to derive the L' — L* type decay,

only using relatively mild and natural conditions.

2.2.1 2-dimensional stationary phase theorem

Recall that ¢ is a fixed bump function around 1 used for the partition of unity, and
¢ is used for the chunk at the origin, i.e. p(z) =1 — > @(27"x). A tilde is used for
n>0

&(x) = ¢(x)/z which does not create qualitative differences, and multiple tildes are used

for multiple divisions by x.

Theorem 2.2.1. ((KPTW2J3) 2-dimensional Stationary phase theorem) Let L € C*(R?),
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and assume that there exist M > 0 and f; € C°(R?), L; € C°(R), j € {1,2}, such that

L
|0; L], %(l’hxz) < Lj(xy), /Lj(l“j)dl’j <M.
J

Given ® € C3(supp(L)), assume moreover that there exist a, A > 0, such that on the
support of each L(x1,22)- g1(01®) - g2(02®), where g1() € {p(a™")}U{p(a™'27") : n > 0}
and g2(+) € {p(A™1) YU {p(A7127™.) : m > 0}, one of the following two conditions holds
for {j, k} = {1,2}:

1. (Diagonal-dominant case)

1 1 1
| det V20| ~ [320]|03D],  0,0%P| < %\0;‘-’@!, |F®|z ~a, |05P[2 ~ A,
(2.14)
Note that [0,0o®| < aA follows directly.
2. (Off-diagonal-dominant case)
1
|det V2®| ~ |0,0,®2, [020] < [0:0:®] ~ a® = A%, |0,070| < m\alc‘b@\-
J
(2.15)
In addition,
eri < Lcu ey (2.16)
il |fil
hold in the support of L(x) - ¢(a '03_;®) - p(a~127"0;®) for each n > 0.
Then, if x — (V®)(x) is injective on the support of ® - L,
‘// e L(xy, xy)dr dry| < (aA)™H M. (2.17)

Remark 2.2.2. [t should be stressed that the constant hidden in the symbol < in ([2.17)

depends only on the constants used in (2.14]) or (2.15)) and (2.16)), and the choice of .
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In particular, it does not depend on the derivatives of L or ® in any other implicit way.
It should also be noted that the only mild conditions are used in the sense that they only

assume a type of homogeneity.

The proof works by decomposing the integral into several pieces. To make the proof

more readable, I treat the hardest piece separately by the following proposition.

Proposition 2.2.3. Let L € C*(R?), and assume that there exist M > 0 and f; € C°(R?),
L; € C°(R), j € {1,2}, such that

L
|0; L], %(Cﬁaxz) < Lj(z;), /Lj(l“j)dl’j <M.
J

Given ® € C3(supp(L)), assume moreover that there exist a, A > 0, such that on the
support of L(x1,x9)01(a™ 1270, D)o ( A127™0a®) for any n,m > 0, one of the following

two conditions holds:

1 1 1
(1) |det V*®| ~ |57 ®]|079], [0p07P| < 7 07®], |97P]> ~a, [05P]> ~ A,
2 2 2 2 2 2 2 1
(2) |det V| ~ [0,0,P|° ~a” = A%, [0{D|,|05®P| < |010.9P|, \8k8j<1)| < _’f |]8kajq)],
J

where {j, k} = {1,2}. Then, if v — (V®)(x) is injective on the support of ® - L,

‘// eiéwl(a712in81q))g02(147127m82q))L(Q?l,.I‘Q)d&?ldl’g 5 (aA)ileinim. (218)
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Proof of Theorem [2.2.1] Decompose the integral into I+ > I, + > I"™+ > I,,, where

n>0 m>0 n,m>0

1—// 5(a10,P)p(A 0, ®) Ldz,

I, = // e®p(a™127"0,®)p(A™0,®) Ldx,
Im = // e @(a™10,®)p(AT1270,®) Ldx,
= // e p(a™27"0,®)p(ATI27™0,®) Ld.

X2

m In,m

xq

Figure 2.1: Schematic picture of the decomposition in the diagonal-dominant case.

For notational convenience, from hereon we will write single integral sign instead of

two. Then,
|I| ‘/ D _181 (A_laQ(I))L(xl,.Iz)d]}lde § (det V?@)_%M’

by changing the variables. I, ,,’s are dealt with by Proposition For I, we showcase
the harder case ([2.15]) which involves using condition (2.16]) (the case (2.14]) does not need

this extra assumption). Via integration by parts,

‘Im’ — a7127m

/ 0, [p(a™01®@)p(a™ 1270, ®) L1, x2) ] da| .
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Note that @ = A in case (2.15). The easiest term is when the derivative falls on

o(a™127m9y®):

a~t2™m

/6@90(@_161‘1)) ca 272D - F (a2 0, D) L(wy, 10)da

< gy / Aa100®) - 4127 a2 - |F](a='2 " Bpd)da - M < a2 M,

by changing the variable from (xy,x2) to (0P, 02,®). When it falls on L, we do another

integration by parts and get

a7127m

/ei(b@(a1&@)@(@12’"82@)82L(x1,x2)dx

— a72272m

/ 0B (a 0 D)E(a 2 MDDy L, )]

< g2 [ / 0 1|0005®||F | (= 01 ®)B(a~ 12Dy ®) Ly (o) dx

+ / 0122 F | (=120 D) Lo () d

+/gp(a_181<13)g2(a_12_m02<b) M dx

< ¢ 227 M.
] s

Finally, if the derivative falls on ¢(a™10,®),

a”to™™

/e a 1010,9F (a1 0,®)B(a 270y ®) L(z1, 7o) dx

— a72272m

/ €iq>82 [ail(9182®95'(a*181®)g§(a*12*m82@)L(xl, l'Q)]diL‘

<a 227 {/ 7 |]8182<I>Hg0 (@701 ®)p(a~ 1270, ®) - Mdx
+ /a_2]6182(13|2|g0"|(a_lé?l(I))gé(a_lZ_m@g(I)) - Mdzx
+ /a22m]8182®]|8§¢>][@’|(a181<I>)\gz:3'](a12m82<b) - Mdx

—I—/a_l|8102<I>|g§(a‘12_m82®)L2(x2)dx <a7227mM,

which are all summable in m. [,,’s can be treated similarly. O
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Now we prove Proposition [2.2.3]

Proof of Proposition [2.2.3. Noting that the sizes of 9;®, 0,® are specified, we integrate
by parts in both directions. Then, the integral in (2.18) becomes

_g 9. Algmm /e“l’ala2 [21(a7127"0,®)Ga(AT127" 05 P) L1, 22) ] du.

Hence, from hereon, we only need to show that the integral above is bounded by M. First,

N

‘/ei‘l’aj [@1(a™127"01®)@o(AT127 0, ®) | Okl L1, 22)]dz| S M,

N

‘/ei@aj [21(a7127"01®)] O [@2(A™127"05®)] L1, 2)dx| S M,

'/6“’@1(a‘12‘"81<1>)952(A‘12‘m82<1>) 0Ok [L(1, x2)|dx| S M,

for {j, k} = {1, 2}, by changing the variables from (x1, z5) to (0P, x), (02D, zx), (01 P, O P)
or (x1,x9) appropriately, and applying the assumptions on L and ®. When the derivative
from second integration by parts falls on the second order derivative of the phase from

the first integration by parts,
'/ei‘b@g(a_lQ_”@f(D)@’l(a_12_”81<13)952(A_12_m82(I>)L(m1,xg)dx S M

follows by changing the variables from (xy,x2) to (01®,x2) in the case (2.14)), or from
(x1,x2) to (x1,01P) in the case (2.15). One can check that the analogous claim with the

roles of 07 and 0y swapped holds as well.

For the only remaining case when both derivatives fall on the same phase localization

term, we do another integration by parts. We will show

‘ / a2 D - a2 0,0, D - B (a7 2701 D) Bo(ATI2T M0y D) Ly, 1) dw

5 M<27nfm+272n)7
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and one can check that the similar result for swapping the role of 0; and 0, holds as well.
For notational convenience, we write ¢; instead of @] as there is no qualitative difference.

We integrate by parts once more in d, and deal with
A12m/ ‘82 [a*22*2"8f(13 . 8281(1) . @1 (a*12*"81®)<ﬁ2(A*12*m82<1))L(:U1, LL’Q)] | dz.
1) When 0, falls on L,

A_12_m/ ’a_22_2”8f<19 . 8281@ . @1 (a_12_"(9161>)g52(A_12_m82(13)82L(x1, ZE2)| dx
5 A_12_m/CL_IA2_2n|a%(I)||(,51(6L_12_n81q))|[/2($2)dl'

SAT2T T AT a2 M = M2
2) When 0, falls on 922,

A712im / ‘&722727%9%(1) . 8281q) : @1 (a712in81(p)82[52(14712777182(1))][1(1'1, 1’2)‘ dx
<At / aA27| 3y (a71270,®)| - A27™|GL(ATI2T™0,®) |da - M

< aA272mTI L g2n A2™ - (@A) AT A2 M = M2
3) When 0, falls on ¢,

A_12_m / ‘a_22_2”35® . 6281@ . 82 [@1(a_l2_"81(13)]gzg(A_IZ_mE)QCD)L(xl, 1’2)‘ dx
< At / aA27 . A27M P (a2 D) | - | Ga(ATI2T™0,®) | da - M

< aA27" T a2 A2™ . (aA) TR M = M2
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4) When 0, falls on 0,0, 9P, in the case ([2.14))

A12m/ ‘&72272718%@ : 62281(13 : @1 (a’12*”81¢))922(A*12*m82q>)L(x1, 1'2)‘ dx
1

5 A7127m / 272n .
|fi]
<AL 9T A9 M = M2

05| - [Ba( A 127 05®@) || L(21, 22)|da

In the case ([2.15)),

Atomm / |a™2272" 07D - 950,D - @1 (a 12701 @) Bo (AT 270, ®) L(y, 32) | da
1

SA_12_m/2_2n'
| fol

< AT 9T A9 M = M2,

|010,@ - |2 (AT'27"0,®)|| L1, 25) | dx

5) Finally, when 0, falls on 079,

A_12_m/ ‘a_QQ_Q”QQGf(I) - 050, P - gﬁl(a_12_”61<1>)g52(A_12_m62<1>)L(:E1, :132)| dx
1
|l
<A g AT g2 M = M2

< A_12_m/a_1A2_2”- |02®||@1(a 12701 ®) || Ly, x2)|dx
in the case ([2.14). With (2.15)),

A_12_m/ ’a_22_2”828%<b . (3281@ : @1 (a_12_"81<1>)g§2(A_12_m82<1>)L(x1, $2)| dx
1

g A7127m / 27211 .
|fi]
SATITm TR g2 M o= M2,

|8182(I)| |Q51(CL7127”81(I))||L(I‘1, x2>’d.’lf
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2.2.2 3-dimensional stationary phase theorem

While the above result is enough for the scope of this thesis, the proof can be generalized
to higher dimensions in a suitable way. As an example, I give here the statement and the
proof of theorem for 3-dimension and diagonal-dominant case. In general, I conjecture
that up to d + 2 derivative conditions on ¢ and up to d many derivative conditions on L
will be enough to derive a corresponding stationary phase theorem in d-dimension, but
since I am mostly interested in problems originating from physics, I have not striven to

generalize over dimension 3.

Theorem 2.2.4. (3-dimensional stationary phase theorem) Let L € C3(R?), and assume
that there exist M > 0 and 0 < f; € C°'(R?), L; € C°'(R?), j € {1,2,3}, L;x € C°(R),

1 <5<k <3, such that

L] < M, /// 0123 L|dx < M,

L )
\@L\, %((%1,1'2,1'3) < Lj(xj)a /LJ(QJJ)d.Tj < M, YRS {1,2,3}
J
L
10; kL], %(l’l,xg,ﬂfg) < Ljp(zj, zk), // Ljydrjde, <M, 1<j<k<3.
Sk

Given ® € C°(supp(L)), assume moreover that there exist ay,as,az > 0, such that on the

support of each L(x) - H?‘:1 9;(0;®), where g;(-) € {p(a; ")} U{p(a;'27™) : n > 0}, and

the following two conditions hold:

1. (Diagonal-dominance) For j, k € {1,2,3},

| det V2®| ~ |020||020||02®], | det V2, ®| ~ [020[|20|, [02®|2 ~a;. (2.19)

2. (Homogeneity of high-order derivatives)

|6j1,j2,'",jlq)‘ S ];1 T fj;lajjajjza Ji Q1 € {17273}7 3<1< 57 (220)
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where (if exist) js, ja, js should be all distinct. Note that when | = 2, and as such
drop the fj_1 s, this follows directly from (2.19) (and hence excluded).

Then, if x — (V®)(z) is injective on the support of - L,

’/// e L(xy, 9, x3)d2 drodrs| < (ayagas) ™ M. (2.21)

In particular, the constant in < only depends on the choice of function ¢ used for the

partition of unity and the constants implicit in conditions (2.19) and ([2.20)).

Proof. For notational convenience, we will write all integrals in just single integral sign |,

as the number of integrals should be clear from the context.

Denote the integral on the left-hand side of (2.21)) as I. We decompose it into

for n,m,l € N. Indeed, there are symmetric terms 1o, 0, L0015 Lo,m.i; Ino; that can be
analyzed similarly and hence will not be discussed. Iy is the simplest to estimate, which,

through the change of variable x — V&, gives

|Io7070| 5 a1aq0as * M . (det v2©|5upp L-V@)_l ~ (alagag)_lM. (222)
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Figure 2.2: Schematic picture of the decomposition.

(D In00: Here, we first integrate by parts in 9, once to obtain

]n,0,0 = (2”@1)_1i/

3

3(27"ay'01®) [ [ ¢(a;'0;2)01 L(x)

j=2

a;'0;®)L(x)

:w

+27"a 17 DP (27" 10, D)
]:2

+ @(27"a; 101 @)ay 101 2 PP (ay ' 0,P)p(az OsP) L(x)  (2.23)

+ ¢(27"a; 01 ®))pay ' 0a@)az 01 3@ (a5 05P) L(x)] da.

The second line gives the desired bound of 27" (ajasa3) M by changing the variable
x — V& and the first line by z — (z1, 02®, 03P) after using [0, L] < L. The third and
fourth lines are symmetric and hence we only deal with (2.23). Here, we perform another

integration by parts in 0; (and from hereon, we will ignore all i’s coming from integration
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by parts)

(2.23) = (2nal)2/€iq> [92(2nallalq))a21al,2q)@/(a2182(1))95(@3183(1))81[/(1')

+ 27" PG (27"ay 0, D) ay 10 2 PP (a3 L 0o ®) plag 05 D) L(x)
+(27"ar 01 @) ay D0, 0F (a5 ' 0,@)p(az ' ) L(x)

+0(27"ar 01 ®)ay 2 (01 29)2@" (a5 02®) (a3 05 @) L(x)

+ (27" 01 P)as 101 2 PP (ay 0 ®)az 01 3PP (a3 0sP) L(x) | dw

On every line, we use |012P| < ajaq, except in the third line where we instead use
1020,®| < f 'ayay. The first and third lines give the desired estimate by changing the
variable to (z1, 0,®, d5®), together with |0, L, f; *|L| < Ly. For all other lines, we change
the variable z — V&, and also |0, 3P| < ajas in the last line. These give an estimate of

(at least) 27" (ajazaz) "M, and therefore

Z [In00| S (araza3)' M. (2.24)

n>1

@) Imo: As can be seen above, ¢, ¢ . @, ¢ do not have any qualitative difference in
the estimates, and hence they will be loosely distinguished. For example, we will not

—_—

strive to distinguish (') from (@)’ (or even the number of tildes) for notational convenience.
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Integrating by parts in both 0; and ds, we have

Lnmo = (2" ™ayay) ™ / e'® {aLQL G(27"a; 0, P)B(2 ™ ay L0 ®) P(ag O3 D)
+ 0L {2 " OFOG (27"a 01 P)B(27 ™ ay 0y ®) @ (az tOsD)
+ (27" 10,@)27 "0 2P (27 ay 0, D) P (ay D3 P)
+ P(27"a; 01 P)B(2” a2_182@)a3_10173<13g0'(a§183@)}
+ 0L - 8( (27"a;'01®)P(2 " ay L 0,®) p(as 03P ))
F L 010 (G270 01 B)B(2 M ay 8y ®) @ (ay D5 P ))]czx.

(2.25)

The first line is easily handled by changing the variable to (z1, x2, 93®). The lines inside the
curly brackets and the line with the round brackets are symmetric, and notice that second
to fourth lines can be dealt with exactly the same way as we dealt with second to fourth
lines for I,, o o where is, except that whenever we don’t change the second variable to
02®, but use 5. For example, the second line will use the variable (0, ®, x9, 03®), and the
third line will involve another integration by parts in 0, as was done with , which all
give 27" (ayasaz) "t M. is genuinely a new term. From hereon, we make another
notational abbreviation, and simply write ¢, for (2 "a;'0,®), and @} for ¢'(az'03P),

ete.
[2.25) = (2" ara9) ! /G@L {{81(951)82(952) + 02($1)01(P1) } s
+ (2"a1) ' 07 0. Gap3 + (2" an) " 0105 P 21 Bhp
+ O <951952> a§102,3<1>@§, + 0y (951852) a5181,3<1>s5§,

+ @1P2a3 0123 PP, (2.26)

+ 951952a§231,3‘1)32,3¢904 dz. (2.27)
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The first line generates 27" "a a7 P3P or 27" ™ajas(d 2P)?, both of which are
bounded by 27" ™ajas that can be absorbed by integration in (0, ®, 0>®). Hence, using

the variable V®, the first line gives the acceptable bound of 27" ™ (a aza3) ™' M.

The second line has symmetric terms. The first one can be dealt with by using
1020,®| < f, a2, and changing the variable to (0;®,z2,35®). The second one follows

symmetrically.

Starting from the third line, we need another integration by parts. The third line has

two symmetric objects, so we again only deal with the first one, which is

(2" ayay) / e L {2‘”(;11‘18%@@’1@2 -a3"' 0,300 (2.28)

+ 27" ay 'Oy 2 @G Phy - a3 Do 3PP | da, (2.29)

Both of these will need another integration by parts. For (2.28)) we integrate by parts in
821

228) = (2" aya9) " / P27 ay ! | Oy L 70 Py - az ' D3P By

+ L 8{0y® @ @ - a5 D23P B
FL27RD - a7'019P P Py - a3 D3P
+ L@ 27ay 0200, - az Dy 3P

+ LD G By - a3 020;D

+ L 812@ 9511 QZQ . (13?2(8273@)2 (ﬁg dzx.

The first line is fine by changing the variable to (9, ®, xo, 03®) after using [7P - Dy 3P| <
atasaz and |, L| < Ly. The second line uses the same change of variable, but with
1020,®| < f;'a2. The third, fourth, and last lines all use V® as the integration variable

after applying |0,,®| < ajar everywhere. Finally, the fifth line can be dealt with by
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10205®| < f5 'asas, and changing the variable to (9, ®, z2, 93®). These all give the desired
estimate of (2"7™ayay) " - a3 ' M or smaller (such as (2"72™ajay)~! - a3 M, which has no

essential difference after summation in n and m). Next,

229) = (2""™ayay) " / ¢* 27" ar gt 1L 91 9P By By - az ' 0y,3D @Y
+ L&D Gy @y - az'0r3P 7l
+ L2707 - 01 2P G @Y - az ' Do 3P B
—+ L 2””@2’1(81,2@)2 921 85,2/ : &§182,3‘I) (15/5
+ L0120 &1 @Y - a5 0103P By

+ L g:)l 95/2 . a§281,3<1>82,3<13 @g dﬂf,

by integration by parts in d;. The analysis is similar. The first line uses (z1, 9o®, 03P), the
second and fifth lines use (0;®, x5, 3®) after using [020,®| < f;'a?, or [0123®| < f; tayas,
and all the other lines change variables to V& after applying appropriate bounds of

|0;0,®| < ajay again.

Now we move onto (2.26)). Integrating by parts again in d, gives

226 = (2”+ma1a2a3)_1 / e@?_ma;l |:@2L (,51 (;2 8123q) @g
+ L2771 051 @ @ g D103 B
+ L gbl 2*ma2*1(922<1> géé 8123(1) @é
+ L @1 pg 01020:D &

+ L @1 822 a§18273®8123® @g d.ﬁC

The first line can be integrated in (z1, o, 93®) after using |9123®| < f; 'asas, and the
second, third, and fifth lines use (1, 02®, J3P) after using the same bound. The fourth

line uses |910505®| < (f1f2) ‘agaz and changes the variable to (x1, 29, 3®), all of which
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give either (2" ™ayasas) M or (2" ajasaz) 1 M.

Now we are only left with (2.27)). This needs two more integration by parts, both in 0;

—_—

and OJy. As mentioned above, ignoring nonessential differences, for example between (')

and (),
227 = (2"+ma1a2a3)1/2" mal CL2 CL 6 8162 Lgpl 281 3@823(1)@ dzx.

When 0, » falls on L, changing the variable to (xy,x2,03®) suffices. When one of the
derivatives, 0y without loss of generality, falls on L and the other one falls on the square
bracket, the conclusion follows from similar computations as in the very beginning (see
the paragraph following ) Since we appeal to analogy with the analysis in (I) there,
and since a bit involved terms of this type will arise in (3), we give explicit computation

here. The integral under consideration, without (2""™ajasa3)~! in the very front, is

/eiQZ”mallazl%lﬁgL . 27"af1812<13 géll QZQ 8173(1)8273(1) @g

+ 512 ay 01 9@ Pl 0y 300 3D B
+ (,01 2 a3 (01 5(13) 82 3(13 7”/
+ @1 Pa 07050, 3D oy

+ 951 ‘;2 01 3D0123P @g dx.

The first three lines simply apply |0;x®| < a;a; and integrate by parts in (0,9, x2, 05P).
The last two lines can be handled by applying |0?0;®| < f; 'ajas or [0123®| < fi tasas

and integrating in (z1, g, 03P).

As a result, we are left with

(2”+ma1a2a3)_1/2_” mal a2 0,31 zq)L 81(92 90130281 3@82 3@(,03 dx.
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We break this down into easier pieces. Using the fact

10;(on)| < a;, 10,6 P10%| < ajl@il,

we see that 0y, J, will essentially have the effect of multiplication by a; or as when acted
on @1, Py, or @i, Also, from |0x(0;, ;,®)| < £ taj,a4,, 01,05 can instead have an effect of

multiplication by f; ' or f, . In summary,

’/2 n= mal CL2 (I3 6 Lalag (,01@281 3@823@@3] dz

< /2 Martaytagt - L digads - [ajaza; + filarazal + fy tatasad + fit fy tayasas]de,

where ¢;’s are some functions that have qualitatively the same property as $1, Pa, B3 OF
their derivatives. Choosing the right variable to integrate between V&, (x1,0,®,059P),
(01D, x5, 3P), or (x1,29,03P), we arrive at the conclusion that the integral above is

bounded by 1. Therefore, we have
‘ anl < 27" m(G/lCZQClg)ilM. (230)

Summing up in n,m > 1, we have the desired conclusion.

®) Limi. We keep the shorthand notation of 1, pa, and ¢3. Indeed, we will abuse the
notation and even drop all tildes and derivatives of these as we have seen that they do
not incur any qualitative difference. In addition, we will use I,,, 5, n, instead of I, ,,; for

notational purposes. Integrating by parts in all variables,

Inl,nz,n3 == (2“1””*”3@1@2@3)*1 /ei(balgg{L ¥1 P2 wg}dI

Hence, the goal is to show that the integral is bounded by M. The general strategy is
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not different from above, only difference being that there are more terms to estimate and
more integration by parts needed. The most trivial case is when all derivatives hit L, in

which case [ [D193L|dz < M finishes the job.

Case 3-1. We first consider when L gets two derivatives, and without loss of generality,

it’s enough to consider

(2m+m2 s, gha4) " /6@31,2L 53{901 ©2 903}d$
_ (2n1+nz+n3a1a2a3)_1 /eicbaLQL 63{2_7“@1_183,1(1)@1 P2 ¢3

+ 1 2_n2a2_133,2902 ©3

+ 1 P2 2”3a318§®<p3}d1:.

The last line is easily handled by integrating in (z1, x5, d3®). Remaining two lines are

symmetric, so we only look at the first one. Integrating by parts in 03 again, we get

(2 F72H3 ) qha3) /€i©2_n1_n3a1_1a§1 {5123L33,1<I’901 V2 P3

+01 2L |:ala§q) P12 ©3

+ 0319 03 (901 P2 903>} }dSU-

First two lines don’t require changing variables but only use |05 1®| < ajas and [ 0193 L|dz <
M for the first line, and |0,03®| < f; 'aas and [ f3'012L]dz < M for the second line.
For the last line, similar to the analysis in the last part of (2) preceding line , note
that O3 creates 27" aj’lag,jfb < as. Since a;'ag 183,1q> outside is less than a fixed constant
and there’s also 27" outside, changing the variable to (x1,xs,03®) gives a bound of

(2mtn2tns g goa5) LM in all cases.

Case 3-2. Now we consider when L gets one derivative and the later part gets two
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derivatives. By symmetry, we only deal with

(2n1+n2+n3a1a2a3>71 / e“’@gL 81,2{901 Y2 903}dx

This is same in spirit to (2.25)), except that we always use variable x3 instead of using
Os® as we did for (2.25). The lack of a3 in front of (2.25) is compensated by the fact
that we have 95L here, forcing us to use dzz. One can check from (2) that we only used

variable 0;® as the third variable when dealing with ([2.25).

Case 3-3. Now we consider when all three derivatives hit our phase delimiters. Namely,

(2m 7t ayag) ! /eiq)L (9123{901 P2 903}d95-

Case 3-3-1. The easiest case is when the three derivatives hit each one of them. Then,

(2m+n2+n3@1@2@3)_1/6@L 95, (1) 04, (p2) 0j5(p3)dx
3
:(2n1+n2+n3a1a2a3)—1/6i¢L HQ—nk jk,k:CI) SOkdl'
k=1

< (2”1+”2+"3a1a2a3)_1 / 27MTM T g aga301 w2 pa3dr - M < (2”1+"2+”3a1a2a3)_1M,

as desired by changing the variable to V®.

Case 3-3-2. Next, we look at when one of the y; receives two derivatives, and without

loss of generality, choose that to be 3. Up to symmetry, there are two cases:

(2”1+"2+"3a1a2a3)_1/e@L 81{@1 (pg} 8273(903)d$, (231)

(2”1+"2+"3a1a2a3)_1/ei¢L 83{901 902} O12(p3)dx. (2.32)
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We omit the (2”1+”2+”3a1a2a3)_1 in front from here, which is already the desired result
except M. ([2.31)) has four different cases: two according to where 0; falls on, and two for

where the second derivative falls on in 05 3(3), independently. First,
/eiq)L 27" a;tOTD o1y - 27" ag 0,05 padr S /f21L S 27T aqa3p1p3dr S M.

Secondly, when 0; still falls on ¢; but both 9, and 05 falls on 3, we integrate by parts

again in Os.
/ €iq>L 2’”1a1’13f<13 Y12 272n3&372(9273q) 8§© Q03d$
= / e POy L2722 L a2 02D 0y 3B 02D 10y p3da
+ / e'dL 2’"1’”2’2"3611’1@2’1@5282 <812¢) O 3P 83@) P12 p3dx
+ / e L 222 ot az 207D Oy 3 03P Oy (gpl<p2 <p3> dz
Second line is handled by integrating in (01 ®, z2, 05P) after applying |0;,®| < ajai. Third
line uses same change of variable by noticing |9,0,,®| < f5 'a;ay. Finally, the last line

uses that [Oap;| S asg; to change the variable to V& there by obtaining the estimate of
M for all of these.

Third case is when 0, falls on ¢y and 0y 3 generates 9,03P. Here, we integrate by parts
in 81.
iP —no —1 —ng ,—1 2
/e L 12705 012D o - 27" a5 0205P sdx
= / eiq)alL2_”1_"2_"3a1_1a2_1a§1 8172438283(1) g01g02(,03dl‘
+ / ei(I’LQ_m_"Q_"g’al_laQ_lagl 81 (812@826%@) @1@2@36127

n / e Lm0 21 9, L 80,020 0, (901@2@3) dx
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Second line uses |0,02®| < f;'a? and integration in (11, 79, 93®). Second line also use
the same change of variable using the fact that [020,®0,02®| < f; asas - f; 'a? and
01290,0,02®| < ajay - fi'fy a2, Last line is similar to last line above which uses
101¢;| < arp;. Together with [9205P| < f3 tasas, changing the variable to (9, ®, 0,®, x3)

gives the bound of M.

Last case is when 0 still falls on 5, but 05 and d5 both fall on 3. Here, we integrate
by parts in 0; again.
/ eiCDL 3012_712&2_18172(1) Y2 - 2_2"3a§20273(19 8??(1) QOgdZE
= / ei@alL 27"1*”2*2"3af1a;1a§28172® 82’3CI) 8§<I> Y1¥2 g03d$
+ / e’q)L 2_”1_"2_2”3a1_1a2_1a§281 (6172<I> 8273(13 8%(1)) P1P2 g03d{L'
+ / eiCDL 27"17"2*2"‘”’@1*1@51@5281,2@ 6273(19 8§<I> 81 <g01<,02 <,03> dz

Although not exactly symmetric, the estimates work essentially the same as in the second

case, and we don’t repeat here.

Now we look at (2.32)). Since this is symmetric in 1 and 2, we only consider when 05 falls

on . If 0y 5 creates 0y239,

‘/ e@L . ng 2_"2a2_18372<13 QOQ . 2_n3(l3_18123(1) g03d1'

< /fl_lL <27 T aga3 popsdr S M.
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For the remaining term, we integrate in 0.

/ei(bL * 1 27712(12718372@ @2 - 2*2"3615231,3@82,3@ @3(1.%
— / eicbalL 27n1*n272n3a1 CL2 CL3 81 3(1)(62 3(1)) P12 (,03(1.%
—l—/ L2 g ay ag? 0y <31,3¢(82,3‘I))2) P12 p3dr

+ / e L2mT g s ag? 0y 3P(8,,3P)° Oy <<P1902 903) dx

The second line uses variable (1, 9,®, d3P) to integrate, and so does the third line after
pulling out f;* from 0, in one of the third derivatives. Last line uses change of variable

to V& after noting |01¢;| S a1, again.

Case 3-3-3. Finally, we look at the case when all three derivatives falls on the same term,
which will choose to be ¢35 by symmetry. When the triple derivative creates fourth order

derivative of @,

et L<P1 V9 2 ”3a§181,28§<1)<p3dx

Z‘I> 9—n2—n3

+ aytaz L oy oy 00505 p3dx

/ 27" ay a3 05 L 01 2050 1 3 pad

+ / €2 23 g gz L 0,059 - 0, (@1 P2 803) dz.

The second line is handled by |9, 202®| < f; ' f5 'agas, and the third line by [0,0202®| <

(fifof3) tasas and integrating. Last line again uses Ohpj S asp;.

When the triple derivative creates third order derivative of ®, up to symmetry between

1 and 2, there are two cases. First one is when 05 creates the third order derivative.

/ei(bL P12 27 az 20, {81,3(1) : a2,3(1)} p3dx
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Without loss of generality, we assume the derivative falls on 0, 3®. In such a case, we

need to integrate by parts again in 0;.

/ e@L ©1 P2 2_2713&3_281,3@ 828:?(1) @3dl’
_ / ei@alL 2—711—2713@1—1&??28173@ 8283?(1) 01 P9 9036133
+ / eich 2—n1—2n3a1—1a§281 (8173(1) 828??@) ©1 P2 (,ngl’
+ / e L27M*ar az?0) 3P 0,059 0y <<P1 P2 903) dx.
Second line uses |9; 300,02®| < f, 'aja3, and the third line uses |9)(9) 3P 0,02®)| <

fitfy taras. Last line uses |91¢;| < a1, and all of them can be bounded by M with

change of variable z — (x1, 22, 0;P).

For the next case, we use the symmetry to only consider when Js creates the third

order derivative, which comes from
/6iq>L @1 P2 2_2”3a§282 |:81’3q) . 6§¢:| g03d$

If O, falls on D2®, this is exactly what we considered above. Hence, we assume it generates

0123P and integrate by parts in 0s.

/e“’L 010227 "3a520193P 03 psda
= / "0, L 2_"2_2"3a2_1a§23123® 8§<I> V1 Y9 Y3dx
+ / L 2’”2’2”3112’1@;282 (8123<I> 8§<I>> V1 P2 p3dx
+ / L 2*"2*2"3(151@528123@ (9%@ Oy <g01 V9 @3) dzx.

Second line uses |9193P02®| < f; 'azad and the third line uses |95 (0123P02®)| < i1 fy tagad

to integrate in (x1, x9, 03P). Last line uses (z1, 0,®, 03P) after similar treatment as before.
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Thus, we are now left with only one term which is
/e“pL V1 P2 2_3"3a§38173(19 - Og3P - (33?@ psdx.

This is similar in spirit to , and indeed proceeds in the same way of integrating
by parts twice more in 0d; and J;. One can check that the estimates will work in the
exact same way since the extra terms here are 273" a5 ?92® which is bounded by 1, and
provide integrability in d3®, and thus does not hurt. The only difference arise when
this extra term is hit by derivative(s). However, note that in the analysis of (2.27),
when 0y 380, 3P received derivative(s), we used [0;(013P023P)| < frtajaza?, which
can be replaced here by |0;(0; 300, 3902®)| < f; 'ajazai. When 01,300, 3P was hit by
both derivatives, we used |0,02(91 3805 3P)| < fi ' f5 'a1aqa?, which can be replaced by
01.2(01,300,3002®) < f' f5 'aragas and the estimates will remain consistent to give a

bound of M (or less). In summary, this finishes the proof of

Lol S (277" ayagas) ™t M. (2.33)

In conclusion, summing up (2.22)), (2.24), (2.30) and (2.33)) and also in their appropriate

indices, we have proved

|I| S (alagag)_lM.

2.3 Linear decay of (sBQ) and (CER

The dispersion relation of (sBQ)), li%, is 0—homogeneous and much simpler compared
to those of (CERJ)). Thus, in order to demonstrate the full usage of Theorem [2.2.1} I
prove the L' — L> decay of (CERI]), and refer to (EWT5; [JW24} [JK25]) for the proof of
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the linear decay of (sBQ)J), but only state the results.

Proposition 2.3.1. ((EW15)) Let f € C>(R?) and A\, be given by (2.3). Then there
holds

[e=ith £ |Loo < (kt)7Y2 ||f||Bi1

((JK25)) Equivalently, using Littlewood-Paley projectors,

| Pef]| 0 < C(rt)™22% | Pof]l 1 - (2.34)

Theorem 2.3.2. Let f € S(R?), F € S(R?) and )\, be the dispersion relation (2.3)).

Moreover, let (q,r) be a %—admz’ssz’ble pair, that is
1

Then, from ([2.34)), there holds
it)wP < _12ﬁ P .
1. He kaLng ~q 94 ” kf”L27

HfR “isA P F (s, dsHL2 N “924k ”PkF“L‘g’L;” where %~|— ? =141=1

3. for any (q;,7;) %—admissible pairs, 1 = 1,2 there holds

<
~q1,92
Lgl L;l

t
/ e!t=) P F(s, x)ds
0

_ 11 4k 4k
W By
t x

where + + 4 =1 4+ 1L =1,
qi q;

T

S

Now we focus on (CER]), or its linearized equation (2.5)). It will be more convenient to
work with (2.6) and rescale to write results for (2.5)). The first step is to know the size of

the determinant of Hessian of dispersion relations.
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Lemma 2.3.3. ((KPTW25)) There holds that

r2A

(dyda)*’

det VA = 12 A e {0} (2.35)

Proof. We start from the formulas:
1
d\Vdy =re, + (z —k Ve, daVdy =re, + (2 + Kk e, Vid = pi [Id —Vd® Vd],

and we can evaluate on the orthonormal basis (e, €g, €, ):

_ =12 -1
V2, (e, e,) = 1 — 12 /d2 = %, & V2, (e, e,) = —%
1 1
d1V2d1 (er, 69) =0= d1V2d1 (Gz, 69)7 d1V2d1 (69, 69) =1
2 e, T
d1Vadi(e,,e,)=1—(z—k )7 /d} = d_%
As a consequence, we can write the matrix
24Kk 1)? z—r1)? Z+K" Z—K_
(+dg>_(d§) 0 7‘(2;»1— d§1>
1
200 _ © 1 1
Vi =5 0 i 0
(= =) o (& - )
and similarly for X. (2.35)) is now immediate. ]

In addition to the Py, and P, defined in the Notation section, I define P ,; and

Prpgr as

F(Pepaf)§) = @k,p;l(f)f(f), F(Prparf)(E) = Spk,p,q;l(§>f(§)v

for k € Z,p,q € Z_ and p <[ < 0 where

(&) = Prep(©e27" &G = 1), Grpa(€) = Grpa(e(277H (& — k).
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Lastly, we define Py .<, and Py, ,.<, by

F(Prp<pf) = @k,p;ip(’f)f(g)a F(Prpa<pf)(€) = (Pk,p,q;ép<€)f<€)v
for k, p, q as above where
Prp<p(§) = ‘Pk,p(f)@@ikip(f?» - 571))7 Prpa;<p(§) = ka,p,q(f)@@ikip(f?» - 571))-

Now I can state the decay of linear evolutions.

Proposition 2.3.4. (KPTW25) For anyt >0, k € Z and p,q € Z_,

Kk23kP k28 > 1,
| Pepflle= S 62| Papfllir § 236 Rk 1,
\m_%Q*k*p k28 < 1,
)2 23k—P—3 K2F > 1,
HeitmPk,p,quL‘><> N tigupk,p,quLl 23k—p—3 k2P ~ 1,
K32 akr—3 k2% < 1.

For the medium frequencies, we have finer (in terms of coefficients) decay,

. 35._ _3
HeltZNPk’,p;lfHLoo 5 251@ p+2lt 5 ||Pk',p;lfHL17 /€2k ~ Lp S l S 0,

. Shtp,—3
| Ppspfllioe S 23572 Py f 10

) 3p_ —a,. 3
Heltﬂnpk,p,q;lfHL‘X’ S 22k p+21 gt 5 HP]g,p,q;lfHL17 /€2k ~ 1,p < l < 07

. Shyp 1,3
Helm“Pk,p,q;SprLoo < 230 8¢ | Prepgs<pf [l 21

Scaling back, the following is direct for (2.5)).
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Corollary 2.3.5. With same t and k,p,q as in[2.3.4, there holds that

e P $ ke [P

HeitcEcstfHLoo < C*%gfgt*1<2kca>§2§ HPkam .

~Y

Since it can be easily seen that L? norms are preserved, we obtain the following

Strichartz estimates directly.

Theorem 2.3.6. Let (a,b),(q,r) € [2,00]? be admissible in the sense that

Then there holds for f € S(R®) that

| 1
e Py fll oy S ((2%ce)’e %) a|| Pof || 2o,

~Y

1 (2.36)
) 7 1 5 8
||62tCECEPkf||L§L; 5 (<2kcg>§2§k5_§c_§)5||Pkf||L%(R3))
and fOT F - CtSz(([Oa T]? R3) that
t 1
‘ / )0 PP (s, w)ds|| S ((2e) e e ) a E | PP
0 LiLy (2.37)

t
/ e!t=9)%es p (s, 2)ds
0

where o', b denote the Héolder conjugates of a,b, repectively.

LiLy,

Proof. This follows by combining Corollary with a standard T7T" argument — see e.g.
(K'T98]). O

A fascinating fact is that this recovers the L' — L> decay and the Strichartz estimates

for incompressible Euler’s equation in the incompressible limit ¢ — co. Indeed, it’s easy
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to see that ¥ — |¢] as ¢ — oo. Thus, using the identity 3,0, = £~1&3,

,1§
€1

QNee > A, =¢ c — 00,

where A, is the dispersion relation of (NSC|). Therefore, from the weak convergence

eltSes P f — A< P £ we have
1€ P fllors < (€2%)7 | Pef 0 (2.38)

The Strichartz estimates again follow directly, which matches the result of (KLT'14b).

2.4 Proof of Proposition 2.3.4

This section is dedicated to the proof of Proposition [2.3.4 Using Young’s inequality, it

is enough to prove the decay of

[ e el 6n
[ e tighee e e s

Both ¥ and €2 are invariant under rotation around the £3-axis, and so are the localization
terms with ¢’s. By using this axisymmetry we can assume that x = (x,0, —z3), and it is
natural to use cylindrical coordinates £ — (1,6, z). Integrating in 6 and using standard

results on Bessel functions as in (GPW23| p.194), the problem boils down to estimating

Iy 4 ::// elmiwaztimr 5 9=k (r ) )o(27FPr) Hy (1) rdrdz,
R J0

Iy = / / MO (9K (1, 2) o2 Pr) (2K 02) Ho () rdrds,
RJO

where

< ()7 (2.39)




We will localize further when we deal with the medium frequencies.

Throughout the section, it will be helpful to distinguish the following sizes in three

main subcases:

low frequencies K2¥ <1 = Y ~xl, Q~&, VD ~ K2, dy,dy ~ KT

medium frequencies K2¥ ~1 = T ~rl, Q~&, VD < k72 max{d,dy} ~ k!
high frequencies k2 >1 = Y~ |[¢, Q 2 VD ~ €, dy,dy ~ 28

~
k(€]

2.4.1 Decay of X evolution

We prove t32 decay of the L*> norm of the following integral:

Iy = // e p(27r, 2|) (275 Pr) H (2yr)rdrdz.

Here, ® = t> — (1,2) - (1, 23). In general, we need to consider t¥ — x3z £+ 17, but we
only deal with the negative sign case as there’s no qualitative difference. Also, whenever
needed, we will assume 2z > 0 using the symmetry without loss of generality. We write

here some derivatives of ® that will appear often:

Y

9, :tm — Iy,
t — k1 -1
or =5 ()
t — k12 —1\2
- ()
3t — k12 —1\2
8,0°% — %7“ <2(2 — ,{d51)2 —r2 . 2(z + Hd51)2 _ T2> |
! 2
e e
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whose sizes will vary according to the subcases. We also note here

Ty
<ZL‘1T>”+%

o) S (27

N[

|00 (Ho(217))] < < M) T2~ (2R ) 7

(2.41)
o7 (p(27Pr))| S 275 7P)",

|07 (P (27" (r, 2)D)] S (27",

where the first line follows from ([2.39)).

Low frequency, ~2" < 1.

If 2, = tk2F+P we integrate by parts in 0, first. When the derivative falls on terms not
related to the phase, (2.41)) shows that there is at most 27¥~7 loss from each 0, derivative.
Also, using (2.40)), we get |0,®| 2> tx2*P from 9,5 ~ 2’““’2—:; = r2MP 92® ~ tr, and

D30 ~ 1273 < tk27FP 50 that, in an averaged sense, 9, derivative always yields 27%7

loss, i.e.
a1?(1) < t_llﬁ_12_2k_2p
(0, ®)*| ™ ’
3
’(aarq(?):; 5 t72/€722*4k*2p S (t71/€71272k72p)2-
Thus,

(o] S 2% - min{1, (tr2F49) 2} < w7220 < a2
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Hence, now we assume x; ~ tx257?. Now, from ({2.40)),

12 132
afqb—f((z )y letn ))Nm,

2 d3 d3
92P t (7"2 1 7"2) +1392k+2p
» = — _— _— ~ UK s
2\ d3 &3
0,020 — T 2(2 — /1*51)2 —r2 N 2(z + /f’51)2 — 72 bk,
2=k 122 —(z—k1?2 24+ rI2U?T— (24 k1)

0,0°® =t t < tr?
" 2 & Ty & ~

2
r

det V2 & =’k 2——
" q

N t2%4221!<;+2;;;7

where the last line follows from (2.35), but by ignoring the contribution from 933
Together with L(r, 2) = o(27%|r, 2])o(27%Pr)H (z17)r, L.(r) = ©(27%Pr)H (z17), L.(2) =
27 Mp(27F2), and M = 2FP(tx2%+2)=1/2  the conditions of Proposition ?? are all

satisfied by using f, = 2¥P, f, = 2% a = (tk)'/?, and A = (tx32%72P)1/2 and we have

Is| < (t2ﬁ422k+2p)—%2k+p<tl€22k+2p>—1/2 < Ii_gZ_k_pt_%.

High frequency, x2* > 1.

If 2 » t2P, since |0,3| ~ 2P, we have |0,®| = t2P, and thus can integrate by parts
along 0,. Along with the common losses (2.41)), [0?®| <t-27% and 92® <t - 2727 by
([2.40) which shows that the derivatives yield 27577 loss at worst. Thus, two integration

by parts give us
o] £ 2% min1, (17127472)%) < 23R PrE it

Hence, from hereon, we assume z; ~ t27. We now change the variable to the spherical
variables (p, ¢)(but since we are in dimension 2 with r and z, one can also think of this

as the polar coordinates), and use the derivatives 0, = %& + i@z, 0p = 20, — r0,. From
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integration by parts in p, using
Iy, = /eiq)go(t1m2k”8p<b)gp(2kp)<p(2p sin @) H (x1psin ¢)p? sin ¢ dpdd,
we get

[Is,| =t k2™

/ "0, {G(t 7 k25 0,2) (277 p)p(2 P sin @) H (z1psin @) p° sin ¢ } dpdp
< (t7'R25)? / |020]|@' (7 K25 7"0,®)||[p(27"p)p (277 sin ¢) H (1 psin ¢) p? sin ¢|dpdgp
+ tlﬁZk”/ ‘8,, {@(2”“/))@(2’1” sin ¢) H (x1psin ¢)p* sin qﬁ} !dpd(ﬁ

5 t71R2k7n22k+2p<t2k+2p)7% S 27n/€2gk7pt7 .

Summing over n for 2" = 1, we obtain the desired result. Hence, it remains to deal with

the region where |0,®| < tx~'27%, which in particular makes

t z— k1 z+ K1
. = |pd,® — 2 — — — ~ t2F.
(r.2) - (ar,2)] = |00 (- )]

We additionally localize according to the size of 043P to remove the region where its size is

large, using

I = /e@go(t_l/@2_p_m8¢<1>)g0(t_1K2k8p@)gp(2_kp)<p(2_p sin ¢) H (z1psin ¢)p* sin ¢ dpdé.
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The integration by parts give

|[§] =t k2P
1P ~(4—1 _o—p—m =(+—1 ok —k —P o : 2 o
-’/e Dy { Pt K2 s ®)p(t " k2°0,8) (27" p)p(277 sin @) H (z1psin ¢)p” sin ¢ } dpde
< (72 [ 03B Rz 70, o202 s ) (rapsin ) sin s
+t g2 / t 1 K2%040,9||7 (1 K250,®)||p(27Fp)p(27P sin @) H (z1 psin ¢) p° sin @|dpdep
k27 [ 10, {27 0)p(2 7 sin 6} (e,p5in 0)p%sin 0} [dpdo

R sl (e D I o L e §

Summing over m for 2™ 2 1, we obtain another acceptable bound, and can then assume

that |0,®| < tx~12P. From

r ﬁ N 2z+k7Y) r? z(z—kY)
d3 d3 dy dy

1

< tﬁ,/72272k+p < t/i7127k+p7

we also have |9,0;®| < tx~127*P. Moreover,

t 1 /r2 72
82® _ i ) ~t —22—3k+2p
’ wmwz(@+d9 " |
Q0 t (1 1
Pd=tk 2— — (k) [ =+ = . ~ t2F.
s v (k~'r) 2\ @ + 7 +(r,z) - (21, x3)

We are now left with redefined I,
Iy = /e"@(ﬁ(tllﬁkap@)@(t152p8¢®)<p(2kp)90(2p sin ¢) H (x1psin ¢)p* sin ¢ dpdé.

In practice, thanks to the precise localizations that determine the sizes of the second

and third order derivatives, we can start applying Theorem [2.2.1, We elaborate why

we can proceed as such in full detail for this case (high frequency of ), and let the
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reader check how they are repeated for other cases, as these are essentially repetitions
of the proof of Theorem as detailed below. Put a = (tk=2273k+20)1/2 ) A = ($2F)1/2

b=tk127% B =tk '2P and consider four different cases.

(D a > b, A > B : This means the above steps already yield small enough region. Simply

| < / B(6710,2)3(B10,9)|L(p, 6)|dpded

SOB - (det V2,8) 7'M < aA - (aA)2M < k230773,

Here, L(p, ¢) = (27 p)p (277 sin ¢) H (21 psin ¢)p? sin ¢ and M = 22F+P(42k+20)=1/2 [, M a,
and A are intended to resemble the notations in Proposition [2.2.3] and Theorem [2.2.1] as

these will be used as such in step (4).

@) a > b, A < B : Solving this in terms of ¢ gives
K2IVP <3 < 9makP o ok <

which is against the assumption.

@) a <b,A> B : Since a is smaller, we decompose Is = 1227_1 + ng,n where
n>0

Iy, = / ¢ p(a™'27"9,2)p(B ' 0,@) L(p, 9)dpds,
and integrate by parts in d,. If J, falls on L,

a t2" / e 3(a™'27"0,®)p(B~10,®)0,L dpdp S a 27" B AT? - M < (aA)T'M27".
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If 9, falls on p(B~19,P),

a2 / e ®*3(a™127"0,2)B10,0,® - §'(B7'0,®)L(p, ¢)dpde

Sa2 [ o 120,002 M5B 0,0\ Lip. 0)dpds

<a 2 / @' [(B'0,®@)L,(p)dpdp S a™'27"-B- A2 M < (aA) ' M27".
Here, (2.42)) was used in the first inequality and L, = 27% - Mp(27%p) is a corresponding

choice of Ly in Proposition [2.2.3| where one can check that it indeed satisfies the required

condition. Lastly, if 9, falls on ¢(a=27"9,),

a2 / a2 020 (a7 27"0,8)B(B ' 0,@) Ldpd
<al2 / a'27"F (a7 127"0,®)p(B 1 0s®) a’dpdg - M

<a 27" B-A? M < (aA)TIM 27

All of these are summable in n, resulting in

Z |j2n’ < (t2/£72272k+2p)71/222k+p<t2k+2p>71/2 < FLQ%k,pt,%'
n>0

I, can be treated the same way as in (D).

@ a < b,A < B : This is the case where we need stationary phase estimates in both

directions, which will be handled by Theorem [2.2.1. Direct calculations show that

tr 2z 2z 3kr? 3k7Ir?
050D = (— + =+ - ) < 2273k
TP Tomle) \d T d T B a3

tz [z+rt z2—r! r? 11

0,050 = — =
o= g e | e ()

3tr? (m_l(z S B m_1)> 1

- — + —(r,z) - (r1,23) ~ 1.
W\ & T g e

In particular, |9,0,®]> < 929|039, [0,0:®| < 277|92®|, and [9,050] S 27%|950].
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Applying Theorem with ([2.14)) for L(p, ¢) = ©(27%p)(27P sin ¢) H (z1psin ¢)p? sin ¢

by observing that it satisfies all conditions with M = 22F+P(12k+22)~1/2 e have
|]| 5 (t2/{—22—2k+2p)—1/222k‘+p<t2k‘+2p>—1/2 < Kng—pt—%

which is consistent with other estimates, and thus the final bound.

Medium frequency, x2* ~ 1.

In this regime we are faced with the lack of smoothness of the dispersion relations
at r =0, 2 = £x !, see also (2.35)). In order to treat these singularities one at a time,
without loss of generality we consider the stationary phase integral only on the upper

half-plane and localize in the size of z — k! by 28+ i.e. we consider

Iy, = / / emgp(2_k|r, z|)gp(2_k_pr)gp(2_k_l(z — K‘l))H(xlr)rdrdz, p<1<0,
z=0 Jr=0

Iy <p = / / ei¢¢(2’k|r, z\)go(Q’k’pr)gB(Q’k’p(z = /ﬁ’l))H(xlr)rdrdz, [ <np.
z2=0 Jr=0

Here, we will consider the cases p < [ < 0 and [ < p separately, as that is the turning
point of relative size between r and z — x~1. In this section, we will alternatively use (p, ¢)
as the spherical coordinates centered at (0,x~'). Note that d; and p indicate exactly same
quantities and will be used interchangeably. In terms of the above cylindrical coordinates,

the spherical derivatives take the form

.|
9, = d%&" + %az, 0y = (2 — k)0, — 10..
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It is convenient to record the following derivatives of the phase before separating the cases:

t r? 4 22 — g2 1 R
9,0 = (1+ 2 "% )\ _ 2ok, 20 —ut T
b 5 ( + i a (ryz—r"")- (21, 23), ; poR
1
0p® = —tﬁd " (z — kL —r) - (1, x3),
2
(r? + 2% — k)2 + dyd3 Klrr? 4+ 22 — k2

d10,0,® — 0P = t

33)@ + d18p@ =t

& ! &2 d

(2.43)

3-1. p <1< 0. This is when d; ~ 2 — k™! ~ 28 When z; ~ t2°7, from 9,5 ~ 2°~
we obtain that |9,®| > t2P~. Since (see ([2.40)))
2 —k—1
10, ®| ~ t2p! ’
af’_@‘ < 1ol E (T(Z — 14;—1)2 r(z + /1_1)2) < 9=2k=2 (szfp)Q
~ 2 ~ — Y

0,0 & T4

the gain from one integration by parts in 0, is (#2P~!)~1. 27FP = ¢=127F=2rH yp to twice.

Hence, integration by parts in 0, gives
Is,;| < 289420+ min{1, ($28+2p1)=2) < 23k-pt3lp—g,
so we now assume z; ~ t2P~" and restrict the size of first order derivatives. Let

I = /ei¢g0((t2")_18p®)90(2_k|7’, z\)@(Q_k_pr)gp(Q_k_l(z — K Y))H (2y7)rdrdz

=i(t2")~* /eiq)ap[gé((tZ”)18P<I>)<p(2k|r, 227 Pr) (272 — k7)) H (zy7r)r]drdz.

If the derivative falls on anything else than @((¢2")~*9,®), we can simply integrate to

gain the set size, and this gives (t27)~12-k—193k+2pH (ok+2p—1y =5 < 95ktpt3lo—nt=5 [f the
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derivative falls on ¢, we change variables to (p, ¢) first and then to (0,9, ¢) to get

(t2m)~t /(t2")182@@’((t2”)18p®)90(2k|r, D27 Pr)p(27F 2 — k) H (217 rdrdz
< (2m)! /(t2")18§®¢’((t2”)1(9PCI>)g0(2kppsin 0)p(27 " pcos @) H (1 psin ¢) p? sin ¢dpdep

S (t2m) / (12") 1@ (12") ~"y) (2P sin ¢)dpd - 225 H (1252 " dy g

5 (t2n)—12p—l22k+p+l(t2k+2p—l)—% _ 2%k+p+%l2—nt—%‘

Hence, summing up in n for 2" 2> 1, we get acceptable bound of < 2%’““’%%’%, and can

assume 0,® < t from hereon. We repeat a similar process with

Ism i= /ei‘bgo((tQkerJ“5l+m)_18¢<13)g0(2_k|7“, z|)g0(2_k_pr)g0(2_k_l(z — H_l))H(xlr)Tdrdz
— i(t2k+p+%l+m)—1

B R T R CR ) (i

to obtain | Iy ;| S 23k—p+2-m4—3  Thys we are left with the case where |0,®| < t and

|0,®| < 1287+l and from (2.43)
PP~ 127 92D~ 12M 00,0,0 — 0, ® S 12MPH
The formula
P*|IV2 @] = p'|V2, O — p?02® - 0,8 — 2(p0,05P — 04®) - 0y® — (04P)° (2.44)

ensures us that we are now in the case ([2.14]) since the third derivative conditions are met
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2 A% -1 -1,2] < 92 2 1,
8¢8pq) = t%[dQ(Z’ — KR ) + 3k r ] = ‘apq)‘ . o3k+p ~ $|(9PCI>\,
K i(z—rkY) 622\ rP4 22— k2 k2r? biol - oo
d18,050 — 50 =t ( po +— > g - 22— S 27T S O,
2 2 2 2

50 that [0,05®| < 7-|03®[. One can also check that

L(p,¢) = (27" Ppsin ¢)p(27* " pcos ¢) p* sin ¢ H (1 psin ¢)

satisfies the needed property with M = 22k+PH ($2k+20-1) =5 Therefore, using Theorem

we obtain

|IE,l| 5 2%k—p+2lt—%.

Using p < [ < 0, one can see that the previous bounds are at least as strong as this, hence

this is the single estimate that works for all Iy ;.

3-2. 1 < p. We treat all I’s with a single localization (27 7P(z —x71)) == Y (27! (2 —
I<p

- 20 —k— 3o —2k—
k™1)). When z; » t, from % < 27k p,% < 27272 we have |Iy o,| S 23737

min{1, (£2¥7P)~2} < 2255742 Hence, we now assume z; ~ ¢ and start using the first

derivatives first. Repeating what we did in the previous case with

I <pn ::/eiq>go((t2")18pq))gp(2kpr)gb(2kp(z - /fl))H(xlr)rdrdz

=i(t2") 7! /ei(bap[gﬁ((ﬂ")lﬁpq))go(2kpr)g5(2kp(z — k) H (2y7)r]drdz,
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: 8kt Bpo—n, 3
gives | I <pn| < 227F2P277¢75 . Also,

Ry im [ €023 10,0)p(2 7)o@ Pz = ) Harr)rdrd:
=2y [ e (2 ) 10,8 )p(2 P2 e - ) H i)

< (t2k+%p+m)—1 ) 23k+3p(t2kz+p)—% — 93ktpg—my—3

Summing up in n, m > 0 gives acceptable results, and hence, now we are in a region where

8,8 < t and 9,® < t25+27. Thus, from (2.44) and
D~ 127F, 050 ~ 2P p0,0,0 — 0, ® S 12V,

which follows from (2.43)), one can check that the first condition of (2.14) holds. The

function

L(p,¢) = (27" Pr)p(275P(2 — k™)) H (21 psin ¢)p? sin ¢

satisfies the conditions with size 23¥+3P¢3 this time, and

2
8¢8§(I> = 82(1) . @[dg(z — k)43 < \82(19],
p
kN z—r"Y 6722 1?4 22 — k2 K22 .
d18,050 — 90 =t ( 2 g ) i — 2t 7 S 2M < |92,

hence [9,03®| < 1|95®|. Therefore, all the conditions of Theorem are satisfied and

this gives

w

IEEAPS (tzép)ﬂ?%]”%”t‘% — 93ktpy—3

Again, this is the weakest among the estimates, and hence the final bound for Iy, ,,.
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2.4.2 Decay of (2 evolution

We will now localize in z in addition by default, and investigate the decay of
Ig = /ei¢g0(2_k|r,z\)<,0(2_k_pr)gp(2_k_qz)H(x1r)r drdz.

O =1tQ — (r,2) - (x1,23), and when needed, we will assume z > 0 using the symmetry

without loss of generality. We again give some derivatives of ® that will be used several

times: 0
,
0,8 = —t—— _ &y,
ddy
t (z4+r1 z2—k!
aZ(I) =35 - - )
2 ( ds d, > =
2o — t ((z+r1)? (- k1)?
T2 d3 d3 ’
t (r? r?
Po—L (T |
P — tr ((z+r 12 (z—r"1)?2
9 d5 d3 ’
9.5%% — tr (2(z4+r 12 =12 2(z— k1?2 —r?
R 9 d3 d3 ’
10,2 132 192 (o —1N2
azazq):tz—i-/i 2r (z;—m ) ek 2r (25 k)
2 & > &
Low frequency, x2F < 1.
When x; = tk?22P14 we have |0,®| > tk22%4P44 from 0,0 = —LL ~ 22%+pta,
~ d1d2

Integration by parts along 9, gains (tx222P+4)=12-k=P from (2.41)) and

2 29k+
FP| . tro2" o kp
0, ® | ~ tr222k+pta !

3 492k+p+q
87,@‘ o tR'2

_ 2 —2k —2k—2p
0, | ~ tr222k+pte W2 =2 '
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since by ([2.45))

2 2 /1 1 1 1
020 = P (— — ) + 2tk 'z (d3 + —) R GRS N R Ll I WR b
2

2 \& & B)~
3t 1 1
: +tre 2| (—5+—5>
dy ~ dy

3t
: <2

2

(z—r1)? (z+r1)?

03d| = —
dy ds

11
& &

402k+p+q
S tr™2 .

Thus, integration by parts along 0, gives
|Io| S 255200 min{1, (223042F0) 72} < S92k rdyms,

Now we can assume x; ~ tx?22¥*P+4 From the size of 9°®

S —d)(dididy +dy) U A ddy A ) agseaprg

.
020 = 1 _
3 B Bl

we can also remove the regions with large 0,® by setting

L(r, 2) = o(27%|r, 2]) (27" Pr) (275 12) H (zy7)r,

. i Z
ZQ,” = /6 ©@ (—t/i222k % n) L(T’, Z) dT'dZ,

since I, give the desired estimate after summation in n from

i®
Il = ‘ 222k+2p+n/ 82[ < 222k+2p+ >L(7’,2)} drdz

82
D ~/
t,{/222k+2p+n / (tl{222k+2p+”) tl{]222k+2p+n L(T, Z) dT‘dZ

+

<

t/{222k+2p+n e <t/{222k+2p+n> 0.L(r,z)drdz

< tag ek rmaagn,
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Now we only need to estimate Io = [ €'®@ ((tx2225+2)~10,®) L(r, z) drdz. From the fact

that r(92Q + 0%Q) = 9,Q ~ £*2?*"PT4_ one can conclude

2 20k+
0782 ~ k72779,
2 403k+2p+
0;8) ~ gZ22FTEPTE

0,0, ~ r22KHP,

which means we are now in a position to use Theorem in the case with (2.15]). Since

this is the first usage of off-diagonal-dominant case, we again explain in full detail here.

The 3rd order derivative conditions are satisfied since

22+ k7Y 2(z—r71) (z+r71)3 3(z—r1)? e
20,070 = — -3 - < K2~ 277719,0.9),
d3 di d;3 dy
4 3 3
20,070 = —0*Q) — 3% + 3% < K122 < 27%19,0,0).
r d3 dy

Having said that, we will use (2P0,,2%0,) instead of (0,,d,). The sizes change into

|2p8T(I)| 5 15/1222k—&—2p-i-q7 |2qach| 5 t/{/222k+2p+q7
|22p63(1)| ~ tl{22k+2p+q’ |22qa§(1)| ~ tﬁ423k+2p+3q’ |2p2q67«83<b| ~ tl{22k‘+2p—|—q7
| det V%P8T,2qazq)| -~ t2K422k+4p+2q’

12%7210,0°®| < 27F|2270,0,®|, [2P2%10,02®| < 277|2P219,0,8| < 27%|2P20,0, 9|,
which still satisfies (2.15)), but now with f, = f, = 2F. We set

a = t%/ﬁjQ%kHH_% ~ ‘2p2qarazq)|%’ b= tp292k+20+a
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(D a > b : This means we are already localized enough. Change of variable brings

|Ig| = ‘/eiq)gb(b12p8r<1))95(b12q82@)L(r, z)drdz

<b27Pp279 . (27272 M

o _ _3 _a~_3p_,_4
< @227 A2 N = a0k

: _ RPN P
since we can choose |L| < (tk?22k+P+a. 2k+p)=1/2 . ok+p — =3 ,71273k=3 = M and we are

done.

@) a < b : Solving this in terms of ¢, we have t2 > k~1273kP=% which then gives
ft = f71=27% <a. First condition of (2.16) is straightforward from the homogeneity

of L, and hence, applying Theorem [2.2.1| with L, M the same as above, we get

ol S a2 M = i 343,

High frequency, 2" > 1.

When z; »~ tk 12757+ from

_§ _—— — = — ~

5.0 — 1/ T _ rdi—dy  _y rz K_122k+p+q iy kiptg
" dy dy 2 didy dydyX 23k ’

we have |0, ®| > tk~ 127+ in this case. Also, along with (2.41]),

t ((z+r1)? (z—r1)? t _ 11 _ 1 1
2 — L B _ U o o (L L ol [ £ 4 1
0: 5 ( 7 7 5 (z2+K7) B @ + 2Kk 2 z + 7
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since

11 (di—do)(d} + drdy + d3) 2Q(d? + dydy + d3)

&G & did; - did;

~ /171274/64*(],

so that

929 tk=1272kte 5 k—p
3:q>’ S e =2 0 s and

r(z—x12  r(z+r1)?

01| = -
& &

t
2

=ir

—1 4 3 2 72 3 4
2 ) K Z(dl + d1d2 + d1d2 + d]_d2 + d2) 1 1 1
(z + K ) d?dgg — kKR Z d_?+d_g
I{712k+q24k

< t2k+p[(22k+2q + I<L_2) K—12k+q2—5k] < tﬁ_12_3k+p+q
~J 211k ~Y 7

so that one can check that from each integration by parts we gain (tx =127 *+P+a)=12-k=p —

t71k27%~% up to twice. Therefore,
|Io| < 259420 min{1, (171 k27 %79)?) < k223K P33,
Hence, now we assume 7 ~ tk~'275P+9 When ¢ < 0, we have the sizes
O*D ~ tr 1272

2
2 (1 1 ~19—2k+q

3tr (z+KrkY z—k1 3tr 1 1
@:—— _ _ - —
00 2( & 7 ) 2 ([d d%}”

which satisfy (2.15)) as the 3rd order derivatives also have bounds

1 1
1 —1lo—2k
~t 2
[di’ ' di”D " ’

3tr3

2 1 1
2P = Z0°® + — — — ) <2702 <« 27%7910,0.9
0.0:® = ~0 5 (d? dg>~ 020| < 10,0.9|,

73



2(z+ k1) _2(z— k) 3(z+ k)P N 3(z — k71)?
d; d} d; dy

YD S _3(2+3_2)1_1
e @) \@Te) T T e 8

_ _ 1 1
—3K 1(322+K, 2) (d—g—f—d—?)

<K <2770,0.9).

As in the low frequency case, the estimates above enables us to use (9,,270,). When
(tk—1272k+0)1/2 < 27k simple set size estimate is already enough to give |I| < 2%+ <
k223%P=3¢=5 . Hence, assuming When (tx~12-2+9)1/2 < 97k — -1 — /!, condition
has been met, hence with L(r,z) = ©(27%|r, 2|)p(27%r)p(27%"92) H (x,7)r and
M = H%Qk’%t’%, we can use Theorem which gives

ol S (127 2H7) " gaok—d173 = 393 r=dym3,

When ¢ ~ 0, we use the spherical coordinates. We first consider

Io, = / e Pt k25T D) (277 p) (27 sin ¢) (27 cos ¢) H (21 p sin ¢) p* sin ¢ dpdep.
By integration by parts along d,,

|IQ,n| _ t71/€2k72p7q7n
. ‘/ e'*0, [gb(t_l/i?k_Qp_q_"@p(I))g0(2_kp)gp(2_p sin ¢) (277 cos ¢) H (z1psin ¢)p? sin | dpde
< (tTHR2REmaTn)? / 02| (¢ L K25 2P0, B) (27 sin ¢) (277 cos ) {11 27) 222 P d pdp

4t~ k2 / 10, [@(2"“,0)@(2"’ sin @) (277 cos @) H (z1psin ¢)p° sin ¢| |dpde

3 q 3
s503k—p—2o—ny—3
S k22 22772,
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giving acceptable contribution by summing over n for 2" 2> 1. Similarly,

15| = ‘ / Pt K27 9,®) (27  p)p (277 sin ¢)p (277 cos ¢) H (1 psin ¢) p? sin pdpdep
< Lo Pm
: / |0 [@(t7 K270, @) 0 (27" p) (277 sin ¢)p(279 cos ) H (w1 psin ¢)p? sin ]| dpdep

St R2TPT (122 T3 93k < o 9kp— gy g

and again we have acceptable contribution for 2" > 1. Therefore, now we have the sizes

2P — ti l _ l ~ t 39— 4k+2ptq
e \ & @ |

t [ p*Q _ 1 1 _
P = —— [ 2.2 ()| = pd,® ~ tr 121
op 5 [dle—l—/f r (dg di’)} PO, K

trlr (1 1 s lz+rs) rlz—r1 1
0,04P = — — - — 20, ~ tr Lo kTP
pre p 2 <d2+d1 d3 " 3 >+P¢ " 7

where the second line holds due to ¢ ~ 0 (so actually the size is simply tx~1). Using
(2%9,,279,) instead of (9,,0,) similarly as previous cases shows that this satisfy (2.15)

along with

tr? (3&‘17" 3" 1r

2
250,020 = Qk;aﬁé + 2F el s + 7 ) < 25771020 < 10,049,

tk12P ( KkTp? k(2 + k)2 2z 4+ Hds —3(z+ 713
270,050 = — — 3 —zr 2
- % ( g & - &
kW2 k(2 — k)2 20z — k Hd? — 3(z — /11)3>
-3 + 2k 1
di dy dy

St 2R S 2T 920| < 10,0,

Thus, proceeding similarly as in the low frequency case to use Theorem with

M = 2%=3k2t72 and L(p, ¢) = p(27%p)(27Psin ¢) (279 cos ¢) H(z1psin ¢)p? sin ¢ , we
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have

vl
[\
w
i
N
(SIS
=N
wiw
N

|Io| < (ts—127FP)~L. g2h—% 1

Medium frequency

The situations are subtly different according to the regions, and we work in three
different regimes : ¢ ~0,p <1 <0;q~ 0,1 <p;and g <0, where [ is introduced again
for z — k=1 ~ 28 as in case 5.1.3. This implies we will only be working on frequencies on

the upper half plane.

D ¢~ 0,p<1<0: Here, we work with the integral

Io, = /eiq>go(2_k|r,z|)@(Q_k_pr)gp(Z_kz)gp(Q_k_l(z — k) H (2y7r)rdrdz.

When z < t2071|9,®| 2 t2P~! since 9,Q = % <i — d%) = —ﬁ ~ 2Pl and
~1\2 —1)2
|63(D| — f <Z+/§ ) . (Z /3 ) 5 t2_k_l,
2| & &
|83<I>| _ ﬁ T(Z + ’%_1>2 _ T(Z — "i_l)Q < 752—2]@—2l7
N &

02D —k— 3P —2k—p— —2k—
Wehave%SQ kpand%fﬁ? Zk=p=l < 2722 Hence,

[T £ 243 - min1, (12770 247) ) < 3k PR,

So we assume z; ~ t2P~! and now change to spherical coordinates centered at (0, k1),
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denoted by (p, ¢) again as in the analysis of medium frequency of ¥. From

| Lo1n| = ‘ / ¢ o(t™127"0,@) (27" P psin ) (27" p cos ¢) H (x1psin ) p” sin ddpdep

<t o / 9, [o(t™'27"0,@) (27  Ppsin ¢) (27" pcos ¢) H(z1psin ¢) p° sin ¢] dpdo|

< plgmn(gholgBkiaptl | 22k’+21)<t2k+2p—l>—% < 93k—p+3lg—ny—3

we get acceptable contributions for summations over n. ¢(27%|r, z|) and p(27%2) were

omitted for notational convenience and will be dropped from hereon, because

S 32—72 ’Z _ '%_1’
p p

a¢[@(2_k|ﬁ Z|), @(z_kz)]

9,lp(27Fr, 2)), p(27%2)] 27k < 97k

<0,r27F < 2p,

and hence are terms of smaller sizes. Also from

Iy = \ [ et a8y psin )2 pcos o) Harpsin ) s ¢dpd¢'
< t—12—k—p—%l—m

- / 0 [ip(t127 5730, p(27  psin 6)p(24 peos ) H (w1 psin 6)p* sin 6| | dpdo

< t—l2—k—p—%l—m(2l—p23k+2p+l + 23k+p+2l)<t2k+2p—l>—% < 2%k—p+2l2—mt—%’

we again get acceptable contributions for summations over m. Therefore, now we are in a

region where 0,® <t and 0, < t2k+p+%l, which yields

2P ~ 127 F 92D~ 128

7



from

1 2 2 —2\2 2.2
GQ(IJ—t( (r* +z /1)):2t/1r

T2 \dy d2d3 2d3
2 V(s 1
p0,03P — 0p,® = tr L + Hd3 )z —x >,
2
t r?+22+ k2 267z =k 4(kMr)?
5P + p0,® = -~ | —d — — 2.46
P+ p0, 5 ( 1+ d dy d% ) ( )
t d? (k)2
= —d, + X _
2 ( e, T8 )
d; (k~1r)?
=—t(—0+2
(dz g )

since this shows that |pd,0,® — 95 ®| < 287+ and (93P + pd,P| ~ t2"*!. Last conditions
of (2.14) can be checked by

2 _ _ -
Dp05® = 02 - r—d%[dg(z — k) + 31?2 e}

%[pﬁpﬁiq) - 83,@] = (

K1z ; k1) N 6;1_247“2) P -k 2/1_327‘2 < g2l < 1]8;@
Therefore, with L(p, ¢) = o(27%Ppsin ¢)p(27*!pcos ¢)H(x1psin¢)p?sing and M =

3 3 1
22%+21t73  we have

(NI

gl 5 (6270 2Bl gioriag

This is the weakest estimate among the bounds obtained above, and therefore the final

estimate.

@) ¢ ~0,l <p: Asin the analysis of ¥, we don’t localize in [ individually anymore, but

consider

I <= /ei¢gp(2_k|r, z|)90(2_"’_737’)@(2"“2)@(2_]“_7’(2 — l{_l))H(JZlT)Td’r’dZ.
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An important change from the case (D) is that now d; ~ 287, If 2y ¢,

tl(z+r1)?  (z—r1)? ke
2 k
|0%®| = 3 7 - 7 <St27P
t|r(z+r1H2  r(z—rx1)? kD
0;0] = - St
2 d5 d3

2 3 . . .
and hence “gr;' < 27kp, 1?;' < 272620 With the other usual loss from 0, derivative,

this gives

[g.<p| 23573 . min{1, (£2817)72} < 95k+3pi—3

Now we assume x; ~ ¢ and start using polar coordinates around (0, x™!) again. From

[ Io,<pn| = ‘/e@gp(t—lQ_"@p(I))go(Q_k_ppsin gb)@(Q_k_ppcos ¢)H (x1psin gb)p2 sin ¢pdpd¢

=t / ’8p [go(t_12_”8p<l>)go(2_k_pp sin ¢)@(27*Pp cos @) H (21 psin ¢)p* sin 9] dpdgzﬁ|

Nl
|

k—l—%pQ—nt—

bl

< t—12—n(2—k—p23k+3p + 22k+2p)<t2k+p>—% <9
summation over 2" 2 1 gives acceptable bound, and hence we assume 0,® < t now. Also,

Iyl = [ otz 0,0) (27 psin ol pcos ) eypsin ) sin i)
S t—12—k—%p—m
: / ’% [SO(t_l?_k_%p_maﬂ)90(2"“"’/) sin ¢)p(27" Ppcos ¢) H (x1psin ¢)p” sin cb] ’ dpde

< t—12—k—%p—m . 23k+3p<t2k‘+p>—% < 2%k+p2—mt—%7
so by the same reasoning, we now assume 0@ < tok+3p, These, together with ([2.46)

gives

2 —k 2 k+
020 ~ 127F, 2 ~ 12477,
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Also, from

2 _ _
D050 = 02 - r—d%[dg(z — k) + 35717 S 1059,

z— K1) Ii27’2> r’+z22 -k 2k

2 T & &

Lo 020 — 2] — (L " cgrim < Ly

the phase and L(p, ¢) = o275 Ppsin¢)p(2 ¥ Ppcos ¢) H(z1psin ¢)p? sin g with M =
22k+2Pt=3 satisfy (2.14)), and thus

I D § 3 3,,_1 3 _3
<y S t712737 . 220 5Py — 9ok+pp—s

Again, other bounds are as strong as this last one, and hence this is the final estimate for

case (2).

@) ¢ < 0: When z; ~ 29, we have |0,D| 2 129,

t 1 1 1 1
| = = (P45 (= — = | +2 2 (= + = || Sr2kre®
02| 2(2 + K77 B @ + 2k 2 d§+d§ S ,

1 1 1 1
(22 + /172) (_ . _) + 2/{712 (_ + _> ’ 5 272k+p+q75l.
& & & &

Noting that p = [ = 0 when ¢ < 0, this means 0, derivative causes 27* loss, and therefore,

3rt
Po| = —
0] = 3

Bp_ly, 3 . :
|Io| < 22%72%72 via the usual reasoning. Now we assume z; ~ t2¢. Second order

derivatives satisfy

O < 127k,
_tT'Q < 1 1 ) _tT2Q(d%+d1d2+d%>
o\ &~ B B

rlz+rxt 22—kt r 1 1
0.8 = —t- - R P -
00 2 [ dy dq } 2 [z (dg’ dzf’) o

2D ~ 127kt

1 1
1 = il ~ t27k
(@*dﬁl ’
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when ¢ < 0. Along with

11 trd (11
0,0°® = tr (— — —) + 3t ( — —) <1272 < 27%9,0,9|,

3 &3 2 \&& &
+rt 2=kt 3t ((z—r1)2 (z4+r71)3
0,0°® =t <Z — ) — ( — <272 < 27%19,0,9],
& & 2 & &

the phase satisfy (2.15) and can be made to satisfy (2.16]) by using (9,, 290,) and removing
small time region similarly as in the low frequency case. Therefore, together with

L(r,z) = (27%r, 2])p(2 ¥ Pr)p(27%2) H (z1r)r and M = 2257392 we obtain
] < 12k gbk-depd _ otk-tud

from Theorem 2.2.1].

2.5 Linear decay of (NSC

Linearized equation of has the dissipation term, and this will lead to exponential
decay. Indeed, this is how, in the literature, the global solutions of were obtained.
The difference here is that we will look at how stability is affected as v — 0, which means
that excessive reliance on dissipation should be avoided. On the other hand, the linear

decay of e*A< obtained as ‘the incompressible limit’ will be too weak to derive the global

stability. This is why I will use the following estimate for (NSCJ).

Proposition 2.5.1. (GHPW23; (GPW23) There exists a norm D and a decomposition

Pk,p,qeimlf = lipq(f) + Iipqf
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1

such that for any 0 < 8’ < &,

3p_ . —p—q,_3
[kpa()lloo S 2257 - min{2%7, 27772472} || p,

~Y

1 Tpg (Pl S 2747772020 oo | £

~Y

Proof. See (GPW23|, Proposition 4.1). O

I defer the precise definition of the D-norm since it requires introducing other related

settings, and for a similar reason, refer to the original paper for the proof of the proposition.
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CHAPTER 3

Energy estimates

Energy estimates are standard and are already needed to prove local well-posedness.
However, since they are of crucial importance both for long-time and global stability, and

more involved for nonlinear stability, I record here their concrete forms.

3.1 Energy estimates for (sBQ)) and (CER|

For these two problems, I will establish long-time stability, and hence we need no more

than the standard estimates.

Proposition 3.1.1. (EW15; [JK25) Let s > 0. There exists K = K(s) > 0 such that if
(p,u) € C([0,T), H:(R?)) solve (sBQ)) with initial data (py,uo) € H*(R?) for some T > 0,
then fort € [0,T],

1(p, w) ()]

s < |l(po, uo)|

e (K() [ 190,90 dr)

Proposition 3.1.2. (KPTW25) Let s > 0. There exists K = K(s) > 0 such that if
(p,u) € Cy([0,T], H:(R?)) solve (CERI) with initial data (po,uo) € H*(R?) for some T > 0,
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then fort € (0,77,

(o, w) () s < [[(po, w0) || 7+ €xp (K(S)/O 1V, V) (T)|] o dT) : (3.1)

For dispersive PDEs, the linear operator is usually anti-symmetric and does not
contribute to the L? norm. In practice, this means that the energy estimates work as
in the usual Euler’s equation and the Boussinesq equation, respectively. The standard
way to deal with the Euler-type quasilinear quadratic nonlinearity is to use the following,

often referred to as commutator estimates.

Lemma 3.1.3. (KP88) For any s > 0 and f € WY(R?*) N H3(R?), g € L®(R®) N
Hs_l(R?’),

11— A)"2(fg) = F(L = A)Pgllz S|V lloollgllars—1 + |F]] 2191l oo-

Proof of Proposition |3.1.1| and|3.1.2. The proof follows the standard energy estimates,

and hence we only explain the harder one, . Define W = (p,u)T, and take the H® dot

product with (CER]). The linear terms except the time derivatives cancel out since
<div(cu), p>HS + <Cvp7 U>HS + <€_1U X €3, u>H5 - 07
from integration by parts and the property of cross product. Hence, we get
g Y N g

1d )
S IW O = —(u- Vo, )i — (apdiv(u), pae — (u- Vau) s — (@pVp, ) e
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We look at the third term first. Using Lemma [3.1.3]

(u- Vu, u) g = /(u V(1= A)zu- (1—A)2ude
+/[(1—A)S(U.V)u—u-(1—A)Svu].<1—A)Sudx
_ —%/div(uﬂ(l _ A)iufde
+/[(1—A)§(u-V)u—u-(1—A)3vu]-(1—A)§udx

S [div(w) oo |ul

s+ (IVullo| V|

w1+ [lull e[|Vl oo ) e e

SV ullsolfullZ..

The first term can be dealt similarly:

(- Vo phre = [ (1= 8)hu-Vp—u- V(1= A)igl(1 - )lpds
+/u~ %V|(1 _ A)Spda
< (IVulloolIZ Il + [l Vo1l + ' [ vl - a)ipPas
o

S IVullso| o] H-

ire + 11V pllocl o112 |l

Lastly, we deal with the remaining two terms together after pulling out «a:

(p div(u), p)= + (pVp,uygs = / [(1 — A)g(pdiv(u)) —p(1— A)%div(u)] (1— A)Spdx
i /Kl — A)rdiv(u)]p(l — A)? pdr + //)V(l — A)ip-(1—A)budz

+ 1= 2)5pVp) - pl1 — )91~ &) ud
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Integration by parts reduces the second line to — [[(1—A)2p|Vp- (1 —A)2udz. Therefore,

[{p div(u), p)us + PV p, w)ns| S ([[Vpllso|[div(w))]

a1+ (1ol e div ()] [o) 1] |4
H IV olloollo1 s ][ s

+ (IVollool [V pll s+ ol IV plloo) ][ s

SIVullsollpllzr + [V pllool ol sl -

Thus, we have

i1+) 1V ol ool 172

o),

d
WOl S IVulloo[lpllze + [l we|[ul | s

< (IVpllso + IVulloo)([lpl[7s + lul

and hence,

d
S )

s S (IVo)llso + [Vu(®)]oo) W (7).

From Gronwall’s inequality, we obtain (3.1]). Proposition can be obtained similarly,

noting that

(p, Kug)gs + (u, —kpea)gs =0, (u,Vp)ys =0

due to the zero divergence condition, and that this condition leaves us with the same

nonlinearity u - Vp in the equation for p. O

3.2 Energy estimates for (NSC

The results in this section are based on (Ko24)). First, we derive the usual energy

estimates.

Lemma 3.2.1. If u is a solution to (NSC)), it satisfies

t t
()] e — a2 + 20 / V()] Bds < / V()] () gl
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Proof. This follows from the fact that
/(1 — A2 (u- V(1 = A)™2u)dz =0
due to div(u) = 0 after integration by parts. Hence, combined with the Lemma [3.1.3] if
we take derivatives and then take a dot product to (NSC]
1d
2dt
= — /(1 — A2y (1= A2 (- V)ude

||u||§{m - V/A(l — A)m/2u (1 - A)m/Zu du

S IVl ful [m-

Integrating by parts for the integral on the left-hand side in x and then integrating in

time gives the desired result. O

For the nonlinear analysis, I also derive energy estimates for S™u where .S is defined as
Su= (x-V —1)u = pd,u — u for vector fields u, and Sp = (z -V — 2)p for scalar p. S
commutes with the equation (NSC|) up to ‘lower order’ terms, since it comes from the

symmetry of the equation with v = 0 and [S, A] = —2A.

Lemma 3.2.2. Put ¢, as the kth coefficient of (z + 2)(—1)""*(z +3)"*~1(x — 2)" when

k <n, and c,,, = 1. Then,
—(S"u, S"Au) = e | [VSFul [

k=0

Proof. From SAu = A(S —2)u, we can first put (S™u, S"Au) = (S™u, A(S —2)"u). Using

the fact that S* = —S — 5 for vectors,

(8™ u, AS*u) = (S™u, (=S — 5)AS™u) = —(S™u, A(S + 3)S*u).
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Also, we have (Sv, ASv) = —||VSv||7. and

(Sv, Av) Z/xjﬁ ;0,0 v;dT — /v Avdx

1,5,k

= — Z/ 2;0;0,0;0,V; + Ok;0v; | da — /v Avdx

1,5,k

3
== [0l up/2ds = 5|Vole
0,

Combining these 3 facts, we can write (S™u, A(S — 2)"u) as a linear combination of
IVS*ul|2,,0 < k < n. Except for ||[VS™u|2, and ||[VS™ 'ul[3,, the coefficients will
be determined by (S*u, AS*u) = —||VS*u|3, and (S5 1u, AS*u) = 2||V.S*ul|3. after
sending S several times from left to right in the inner product (S™u, AS®u). The lemma

follows from these 3 rules and the fact that the initial coeflicients are (Z) (—2)*. O

n
Similarly, (S™u, (S — 2)"u) can also be written as ¢}, ,|[S*u||3 for some ¢, ,’s where

Cpn = 1. Using these facts, we can get bounds for S"u’s.
Lemma 3.2.3. There exist anp, a,, ), > 0,05, = ay,,, = 1 such that
n

t
> anx(lS" ()] — 115 uoll3) + 2V/ IVS™u(s)|lds

k=0

/(HU( Moo + [[Vu(8)]]o0) ZIIS’“ )l2)*d

k=0
Zank [IVIS*u(®)]; = V]S u3) +2V/ 15™u(s)[5ds

/Hu NIRRT ETOTRY

Proof. Since S commutes with the Euler-Coriolis equation, iterating S, we obtain

0S"u — vS"Au+ eg x S"u+ 0;{S"{u;u;}} + VS"p = 0. (3.2)

38



Taking an inner product with S"u and arranging in the same way as in (GHPW23)),

1 d n n n n n - a
5 g5 el = v(S™u, S"Aw) S| Vullie]|S"ullz2 + IS allgalullz= (Y 11S%ull12).

a=0

We now focus on the dissipation term. In particular, the highest order term will always

be k||VS™u||3,. So we induct on n. For n = 0, the usual energy estimate gives,
t
Ju(Olf ~ luoll3 + 20 | [[Vu(s)|ads =0
0

Suppose that the lemma holds until n — 1. Apply Lemma 4.2 and put d,, ;, = min{0, ¢,, . }
for k < n and d,,,, = 1. Then,

t
HS”u(t)H% - HS”ung = 2u/ (S™u, S"Au)ds
0
= |15™u(t)]]3 = |1S5™uo|l3 +2V/ chkHVSk )||5ds

> [|5"u ()Hz—I\S”uoHﬁ?I/Zdnk/ 1VS™u(s)|[3ds

k=0

= [1S"u(®)Ilz — |15 uoll3 + 21//0 1V.S™u(s)|]3ds

7=0

- Zdnk [Z s (157u0)| = 115"l + [ (S"u(e). 5*((u- v>u<s>>>ds]

t
= [|S™u(t)[[5 — [|S"uol |3 + 2V/0 1VS™u(s)|[3ds
n—1 n—

+ [ el (|1S7u()] 13 — 11S*uol[2) Zdnk/ (5), S*((u - V)u(s)))ds.

=0 7

,_n

.
T

Hence, by defining a,, ; = ZZ;; |dyk|ak,; for j < n and dealing with the nonlinearity as in

(GHPW23)), we obtain the first inequality for n, completing the induction.
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The proof for the H~! norms works the same, since from (3.2)), we can also get

1d - n n n - n n
5 IVI7 S ullZe + k(S™u, (S = 2)"u) S [V S ull2]]S™ (w @ w) |2

n
SV ullgellul [ Y 115 ul 2.

a=0

Hence, using the similar induction process as before, we get the second inequality by

putting %,k = Z;:;i |min{ciz,j> O}|a§w. -
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CHAPTER 4

Long-time stability

The analysis from above - dispersive unknown formulation, L' — L dispersive decay,
and energy estimates - is already enough to go beyond the local well-posedness timescale
of ||po, ugﬂfl and prove longer stability. The bootstrap framework I will use below is very
straightforward, and thus I believe this can be adapted to a lot of different dispersive

PDEs, but is still enough to improve upon existing literatures. Instead of formalizing in

words, I will explain through two examples - (sBQ)) and (CER)).

4.1 Stability of linear stratification in the Boussinesq
equation in R?

Theorem 4.1.1. Let m > 3. There exists Cp, > 0 such that if po,ug € H™(R?), then
there exists

1 _4
T Z C'm/'fg‘ ||1007UOHH§n(R2) )

and a unique solution (p,u) € C([0,T], H™(R?)) to (sBQ) with initial data (po,uo). In
particular, the corresponding unique solution of the standard 2D Boussinesq equation with

initial data (pg — Ko, ug) exists on the same time interval.
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The theorem and the following proof are adapted from (JK25). The proof works by

1

.1, Which is motivated

bootstrap on the energy norm and a norm in space B := BgOJ NB

by the following product lemma.

Lemma 4.1.2. For any m >0 and f € BL ;(R?) N H™Y(RY), g € B, | (RY) N H™(RY),
if u = V+(—=A)"2g, the following holds:

lw -Vl gm A+ Nw- AV IO S W9l 112, Mgl 0, 1N s

Proof. The result is direct when m = 0, hence we only consider m > 0. Using the standard

paraproduct estimates, (BCD11l, Corollary 2.86) for example, we have
[w -V fllam S |z IV fllzm + [V f]] oo [l -

To deal with the unboundedness of the Riesz transform in L*>, we use the embedding

BgO,1 — L and the fact that this operator is bounded in the smaller space. This results

in
lu- ¥ fllam S IPeulloe [V Fllm + > 25 Pefllzoe ]
k k
<Nl Il + 1050, e
The same estimates follow for w - |[V|f and this yields the claim of the lemma. O

The proof of Theorem is powered by the following bootstrap argument.
Proposition 4.1.3. Let m > 3 and 4 < ¢ < oo, and put § = ||po, uo||gm. Then there
exists Cym > 0 such that if T < Cq,mmﬁéfq%l, and p,u € C([0,T], H™(R?)) solve (sBQ))
and if for any T € (0,77,

|’<Z+7Z—)HL§°([O,T],H}E") < 1000, H(Z+7Z—)”Lg([o;]7]3z) <2, (4.1)
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hold for the dispersive unknowns Zy of (p,u), then in fact, the improved bounds hold:

1(Zs, Z ) oo qo.rg,10m) < 100, [(Zs Z ) 110,80y < 1 (4.2)

Proof. By the energy estimates Proposition and the isometry (2.4]), we have
1Z:(7), Z- ()5 < 11240, Z-olltzm - exD{Em((IV 0, Vull 1y 0.7, 20))

where Z4 o are the dispersive unknowns for (pg, ug). The term on the right-hand side is

controlled by the bootstrap norm as follows:

1 B 1
V(o e = SIVVEIVITHZ + Z0) g1 + 5 IV 24 = Z) 1

< K IRV Ze + Z) s + S22, — 2l
k k

< K|(Z+, Z-)| 13,
Now, from the Duhamel’s formula for Z, (JW24} [JK25),

t
Zo(t) =7, o+ / eFit=MN L (Z,, 7 )ds,
0

NEu(Zy,7.) = LIV i (VHVZ 4 20) - [91(Z, + 2.)

1
- ZVL|V|—1(Z+ +7Z.)-N(Zy - 7).

Bootstrap will be completed if these can be estimated in L] B, using what we can control.

For the linear term, using Theorem and the Bernstein inequality:

: 1 2,4 11
€T Ziolliip, Sqm ik Z(Qk + )20+ 1PeZspll 2 Sam Tk 1 Z+0ll g -
P

For the nonlinear term, using Theorem with (g2,72) = (00,2) and Lemma [4.1.2]

93



in the last inequality:

Q=

t
i _ _1 2,4
| / €Il(t78)A”N£id3HL}([O,T],BI) Se T ik E (Qk + 1)2(’”+q)k HPkNEiHLng
0 k

1 1 —
Sonm 0 Y [IVHVI 2 912 e

~q,
#ay€{+a7}

+HVL|V|_IZ;L ’ VZVHL}H;’H

1 1
Som 7160 > N Zulns | 2o e np
#’V€{+’7}

Altogether, we obtain the claim
1—-1 _1
121 L3 o,m,8.) < KamT 16" 2 (| Zoll e + 1 21| 23 0,71, 1 21| ),

for some constant K, ,,, that depends only on ¢ and m and Z = (Z,, Z_). Hence, if 7 < T,
together with the bootstrap assumption (4.1) we obtain the improved bounds (4.2)) by

choosing Cj ,,, > 0 such that

g—1

121, Z N 1 om0y < 300K mCain <1,

g=1
exp{300K,, K K, ,,,Cq,in } < 100.

]

Proof of Theorem[{.1.1. Due to ([2.4), we have ||Zig|gm = v/26. The theorem now
follows from the local well-posedness theory for the Boussinesq equation when m > 2 and
a continuity argument provided by Proposition [4.1.3| Existence of some time 7' > 0 that
satisfies comes from the local well-posedness theory. The first inequality is standard,

and the second inequality comes from

1Ze@)llp = Y@+ DIPZe ()l S D (25 + 1) - 2| PZe()llz2 S | Z(8) ],

k€EZ keZ
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for any m > 2. O]

4.2 Stability of rotation in the compressible Euler’s
equation in R3

Although the bootstrap framework above can be applied analogously, we add one more
substance here and cover the ‘lower regularity’ up to the local well-posedness regularity

H5%. This section and the next one are adapted from (KPTW?25).

Theorem 4.2.1. Let g > 2. For m > g there exists M = M(q,m) such that the solutions
to the Cauchy problem to (CER)) with initial data (py,ug) € H™(R?) exist at least up to
time

3 __a
T > Mz o7 min{1, (ce) " } [ (po, o)l - (4.3)
When m € (g, %), the solutions exist at least up to time

m—% S(m—%) q

T > Me =9 min{1, (ce) =} [[(po, o) i " P - (4.4)

Proof of Theorem[{.2.11 We recall from (2.8) the projection operators P, p € {+, -},

A € {X,Q}, onto the eigenspaces corresponding to iuA. From (CER]) we obtain

P . p u-Vp+ apdiv(u)
atIP)MA = Z[LAIP)MA — PMA

u u u-Vu+apVp

Employing the shorthand W := (p,u)T, Duhamel’s formula gives

t
]PMAW(t) — €it“APMAW(O) _ / ei(t—T)MA]P)uAN(I/K W) (T)dT,
0

u-Vp+ apdiv(u
NV I) = p + apdiv(u)
u-Vu+apVp
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The remainder of this proof gives a lower bound on the time of existence by closing a
bootstrap for the energy estimates . More precisely, by standard local well-posedness
and (3.1), it suffices to establish an a priori bound on [[VW/| L1(0T;Lee) although we
will bound ||(W, VIW)|| LLOT; L) for technical reasons. For notational simplicity, in the
remaining part of the proof, we omit the time-region of integration and simply write, e.g.
VW0
(D High regularity case m > %: In order to put us in a position where we can invoke the
Strichartz estimates from Theorem [2.3.6] we observe that by Holder in time and Sobolev
embedding in space, for (s, R) € (0,1) x (2,00) satisfying 3 — % > 0 and ¢ > 2 with

1 1 1
TtE=1 there holds
_1
VWil SIVW I ayer ST 0 (VW] gy

Moreover, by Proposition and (4.5) we have

INWilggwer $ D2 IPaaVW gz
ne{—+}
Ae{Z,Q}
t
S 2 He““APMAvvvw)HngmH / IR AN (W, W) (7)dr

Me{_7+}7 ’
AE{Z,0Q}

s,R
LIWS

(4.6)

To bound the linear terms in (4.6)), we note that by the Strichartz estimates (2.36]) we

have that for k € Z

1P ™ Ps VW (0| gy S 20747 (25 ) P) 0 | BBa W (0)]] 2

~Y
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where kT = max{0, £}, and thus

1/2
. 1 1 l/'/ 2
Helt“APuAv” (0)Hqus,R S {Z [Q(HS)HsE max{23k, ﬁig}a HP’fP“A (O)HLQ} }

keZ
1

1 €\gq
S BAW O rvory + () IBaaW(O)
(4.7)
Likewise,
| PLe™ P s W (0)]| yyen S 2K (25 k)3ek3) 1 | PP AW (0)]) 2 » (4.8)
which results in
) 1/2
3 skt L _g34 1
e PuaW (0) | Lgyam S {Z [2 e max{2% k) HPkPuAW(O)HLQ} } "
kEZ .

3

S PAW )]s + ()" IR ()

Hs *

For the nonlinear terms in (4.6)), by the Strichartz estimates (2.37) we have

t
/ AT P AN (W, W) (7)dr
0

qyi75,R
LIWS

1/2
2
< { g [2(”3)“8% max{23k,m_3}%||PkP#A./\/(W/, W)HL%L%} }

keZ

1 £\
SN s + () IN OV W) e

Q

SellWloioe VW vais W a2 VW | ee]
L% H, L H,

1
N
() WD W e+ IW e s IV 1)

since the nonlinear terms are all of the form f - Vg with f,g € {p,u}, where V and

97



multiplication are understood in a suitable sense according to their dimensions. Similarly,

1/2
2
< {§ : [28'%% max{2%, k=3) 4 || PN (W, W)HL%L%} }

kEZ

t
/ AP N (W, W) (1)dT
0

qyirs, R
LIWS

1
1 €\aq
SN+ () INOV. W) s
LIH, K
1
SEUW e I9WI g + Iy IV

1
€ \a
() W g I W ey + W e [ VWV [ 10)

K3
As a result,
t L
‘ / DA \N (W, W) (7)dT +‘ / RN R AN (W, W) (7)dr
0 LgW;’R 0 ngj,R

1 31
S e MWl IWH oy + (o5 D Wl ywzee W e 2 -

(4.10)

In conclusion, by combining the bounds (4.7)), (4.9), and (4.10) with the energy
estimates (3.1)), we thus have for any m > 0 that

IW e s < W Ol exp (K VW00 )

Wl SC[TTE WO 1vaag + (T k)5 [IW(O) |

) (4.11)
T NW gz W ooy
1 a1
(T k™) Wl gpee I oz |
where K = K(m) and C = C(q, s).
For m > % given, we set s =m — 2 — %. Note that since we can choose s to be any
number greater than % = % — 2, this choice is consistent. Then, until the time given by
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the assumption (4.3) of Theorem m
_ 1 21 —_a_
T = Mei mind1, (ce) ™} W(O) [0
we obtain from (4.11)) that
Wl e < 26" W (Ol gpm s Wl agae < 1,

provided that M = M(q,m) > 0 is small enough. This closes the bootstrap and finishes
the proof of Theorem 1| for m > 1

(2) Low regularity case % <m < %: Here, we control the high frequency of W differently
to prevent loss of derivatives. We first note that we may assume T > ||W (0)]| ;. from the

local well-posedness. Hence, if [[W(0)||gm 2 7', we are done when £ 2 1 since

5
mfi

e D W) 4 oD S W (0) 1z

so that the theorem is true by simple local theory. Likewise, if [|[W(0)|| ;;m = €%¢® when

RS

2(m—%) 3(m—7

——a _
e Ve [WO)h T S W)l

so that again, we are already done. Thus, we assume |[|[IW(0)|| 7 S et (14 £72)71, and
in particular assume that T' > (1 + x~2). For ky > 0 to be determined, we control the

blow-up norm by

Wl S 1Pk Wl ivirtco + [[P<ko Wil yyyaee

1
S D2 BW ggus + T 0 Y P |
k>ko k<kg

< 7268 || W | oo + T > 2RkHPkWHLqW1 R.

k<ko
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The low frequency part can be analyzed in the similar way as in the high regularity case.

Using (4.8) with s =1,

> 2H| P B AW (0)]| pgyyzn D 2852 (256) en™) o | BBV (0)]

kSkD kSkO
Set DS 4 2R | BV (0)]
k<kg
= b 3 @I [ (0) s 4 2B I (0) )
k<ko

S e (1417 1)2E 5 W (0)]| s

and similarly

1,R
LW}

Ser (141265 N (W, W) s

Seor(L+ k) 2GR0 W e W] oo g
Putting together, we obtain

W e S TG W) e

_11 _3 (I—m
+ T aen (14 5 0)(25)6 VAW O gm—s + Wl gz W oo prpe)-

Therefore, choosing 2~ = (Tsfl)%(l + /{%)*1, we get the bound

-3 m—f m—3)\1
W aee S (T D314 57DV (IW g+ IW gy IW ] o)

(4.12)
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Hence, until the time given by the assumption (4.4)

m—% 3(m—%) q

7= Me 8 minfl, B [W(O) s "

we obtain from (4.12)) and the energy estimates that
Wl ey < 265 WOl Wl gz <1,
so that the bootstrap will work until such time. This finishes the proof of Theorem [£.2.1]

]

4.3 Stability of rotation in the incompressible Euler’s
equation in R3

The ‘incompressible limit’ (2.38)) of the estimate ([2.36)) enables us to obtain the
corresponding ‘incompressible limit’ of Theorem As a manifestation of how robust

the bootstrap framework is, I apply it to the incompressible Euler-Coriolis equation,

Ou+etesxut (u-Vu+ Vp=0,

div(u) =0,

and prove that the result indeed improves the previous result in (KLT14b)). Take their

energy estimates

[ g < Mwoll g exp (Ko V()| 10 1:259), M 20,
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and Duhamel’s formula for granted:

A i >— 1 &’ 3
Pou(t) = et E]PiUO—/ DR (u-V)u(r)dr, Pru= 3 (( - W)ﬁ = ZE X U) :
0

Note that P, is a standard Calderén-Zygmund operator and is bounded on LP, 1 < p < oo.
Using the same strategy of bootstrapping ||u||L§x>H;n and ||U||L%W£,oo together, when m > I,

the blowup norm of the linear term is treated by

. 1_1 .
Hezl:ztA T3 Hezl:ztA8

e <
P+ug HL%WQ}*’O ~ o HL?WQ}“’R

1/2
2
< -1 {Z [2(1+5)k+g§2%k HPkU0||L2] }

kEZ

1—1 1
ST aes Hu0HH1+s+% :
The nonlinear term follows similarly:

t
/ MDD (- V)u(r)dr
0

1 1,00
Liwy

1/2
2
ST {Z 2009 2025 | Py V)ull s }

kEZ

11
STV [l V)l s

1—1 1
STl ivnry 1 V0lgie + 190l Tl
We set s =m — 2 — 2, which gives us,
q

[l e prm < N0l o exP (o ([t pypr2oe)

1—-1 1
[ull e < ComT 1€ ([[uoll g + lull oo g l[ull 0.
By the same argument as before, this shows that the solution exists at least up to

1 JR
TZe 7 Juollym™ -
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The case m € (2, 1) can be shown similarly.

4.4 Remark on the role of parameters

One can see that the above result when m > Z improves the result of (KLT14b), which
proved

T Z log(e™") l[uo | m »

from a gain of log(¢7!) to e~ for any ¢ > 2. Even in (KLT14h), the point was that
accounting for the dispersive effect can ensure a longer lifetime of the solution, and the
improvement in this thesis is a good point to emphasize that it is important to pay
attention to the parameters in the final results. Not only do these theorems confirm that
faster rotation and stronger stratification are more stable, but they also quantify how
much exactly the added stability is, in terms of the least amount of time for the solution
to remain regular and bounded. To achieve this, one can see that the estimates are done
carefully to track the dependence on the parameters. This effort is most salient in the
analysis of compressible Euler’s equation, (CER]), where we have two parameters which
are involved in a nontrivial way, in contrast to and , v = 0), where one can

‘scale out’ the parameters. I hope the readers can see the value of the new stationary

phase theorems [2.2.1| and [2.2.4] that make this possible, unlike the usual ones.

Having said that, although we have better results in the limit where people are usually
interested, ¢ — 0 or kK — oo, this is not the case for where people are more
interested in the inviscid limit » — 0. Indeed, if one uses naive scaling, any result one can
obtain with ¥ = 1 will degenerate in this direction. In the next section, I prove that a
“uniform” global stability with respect to v can be obtained by incorporating nonlinear

analysis.
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CHAPTER 5

Global stability of rotation in the
incompressible Navier-Stokes

equation in RS

Although useful and versatile, the bootstrap framework used in the previous chapter
usually cannot produce a global solution. This requires a more meticulous approach than
using Strichartz estimates, which treats nonlinearity in a rough way. To be precise, I will
decompose the functions into tinier pieces to use finer linear decay and to exploit how they
interact at smaller scales. As such, more tools are needed before proving the main theorem,
and more concepts should be introduced to use them. These tools and methods stem from
the history of work on nonlinear dispersive PDEs, which developed the vector field method,
normal form, spacetime resonance, and the design of adapted topology, through works
such as (Kla85; [Sha85; IGNTQ9; [Ger10; (GMS12; IGMP13; TP14; (GMS15; [GIP16; (GPW23)).
The analysis in this chapter incorporates the achievements of these literature and is heavily
influenced by (GPW23), which investigates inviscid version of (NSC)). Unless specified

otherwise, the content of this chapter is based on (Ko024).
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5.1 Preliminaries

5.1.1 Dispersive variables

As was mentioned at the end of the last chapter, the meaningful question is whether
the system remains stable or not and how the stability becomes affected as v — 0. This

will lead to two actions. First, we scale the variables using

a(t,x) = e-ulet,z), plx)==e* p(x), (5.1)

to fix the speed of rotation to 1. Now we have only one small parameter to consider, and

the result for (NSC)) can be recovered from rescaling. Hence, now we work on

Ou—rkAu+ (u-V)u+esxu+Vp =0,
(5.2)

le(U) = Oa

where k = er and I dropped the tildes for notational convenience. As I have essentially

fixed e = 1, I define
_ S
€

without the subscript € accordingly. Secondly, since we are interested in the case when

A

 is small, we rely more on the dispersive structure of the system in order to depend
less on the dissipation effect whose strength decreases with k. Hence, we again use
the dispersive unknowns Uy := |V,| ' (w3 £ |V|us) (2.2)), even though the equation is
dispersive-dissipative. In fact, I will actually work on the dispersive variables, usually

referred to as profiles, of U, defined by

Z/[i = e:FitAUi(t).
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One of the key findings of (GHPW23) was that for axisymmetric functions, the part of the
nonlinearity that has 2D Euler structure vanishes. I adapt the same assumption, which

makes the equation for U, into

atu—i- - HAU—F :QmiJ’ (u-‘rvu-i-) + Qm17 (U+,U_) + Qmjr* (u—au—)7 (5 3)

atu— — KAU_ :meJr (Z/[+,U+) + me7 (u+7u—> + Qm:’ (u—’u—)7

where

_ it @HH L —~ —~
Qmﬁbuz (LIMI,L{W)(t) =F ! (/R (& tq)“l 2mZ ’“2(5777)2/% (g - n)u;u (n)d77> ) Ly fl1y 2 € {+7 _}’

3

D2, m) = pA(&) + A —n) + (), g, pe € {4, -1 (5.4)
and the multipliers are of the form

my (€, ) = €[yt (€, m),

l’lzl’u2(§,’l7) € span {A(Cl) V 1- AQ(C?) ' ﬁ(f?”)ﬂ Cj S {575 - 7]777}76 € E} s My 1, 2 € {+a _}7

E = {A((),\/l — A2(0), ShOn , Sh O Ce{&,§—mnn}0e{¢ —77777}}-
Enl1Ok ] 1R 1]0n]

I refer to (GHPW23))[Lemma 2.1] for the derivation, where the only difference is the
dissipation term. Since this term is linear, one can easily derive (5.3) by adapting the
proof in an obvious way. In practice, when the signs do not matter, I will omit g, i1, o

and simply write &, m and U or U;. For example, the Duhamel’s formula becomes

Us(t) = ™ UL(0) + > Bul(Uhe, Us)(1),

Bu(f1, f2)(t) 5=/ eI=IRAQ (f1, f2)(s)ds.

0
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5.1.2 Localizations

Recall from the notations that I have defined P, Py, and Py, , for the Littlewood-Paley
type projections. I make another localization to measure the smoothness in the angular

direction, R<; and R;, by

Raf(w) = S v(2n) [ F(1al0)3,(0. 7)ds(0)
Ruf(@) = ez n) [ 11930, 5))as o),

n>0

for [ > 0 and the usual measure on the sphere dS, using the Legendre polynomial

2n+1 1 d" 2 n
= T Lal@), Lal@) = g gl = 1))

In()

Proposition 5.1.1. For any | € N, the angular localization operator R; satisfies the
following.
(1) R; commutes with the reqular Littlewood-Paley projectors, vector fields S and Qqp =

2,0y, — Tp0y,, the Fourier transform, and the Laplacian. In other words,

[P, Ri) =[S, R)) = [Qu, B)] = [F, Ri)] = [A, B)] = 0.
(2) R, constitutes an orthogonal partition of unity in the sense that

=Y Rif A=Y RS RiBe=0df 1 =1]>3.

>0 1>0

(8) Bernstein property holds, i.e.

> QwRifllr =~ 2| Rifllir (5.5)

1<a<b<3

Proof. Everything is proved in (GPW23|, Proposition 3.1) except [A, R;] = 0. However,
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this is evident since R; commutes with the Fourier transform, hence,

FUR(=ADNE = o2 'm) [ 11107 (€10)3.((0, Z)ds (o)

n>0 | ’

= [EP(Ruf)(&) = F{U-AR)}E).

]

Note that they measure the size of the angular derivatives in the sense of (5.5)). I again

refer to (GPW23) to state that due to the ‘uncertainty principle’
13, Prplllrrr S 277,

we only need to consider the case [ + p > 0, and hence define

;

0, p+1<0,

Rl: RSZ, p+l=0,

Rl, p+1>0.

\

The dependence on p exists, but will be obvious in practice, and hence we neglect it in

the notation.

From Duhamel’s formula, one can observe that there are two input functions from
the quadratic nonlinearity, and one output function, which will require us to make three
different localizations. The localization indices of the output functions will be denoted

by k,p,q, and [, while those of the input functions will be denoted by k;, p;, ¢;, and [;,
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j =1,2. For example, typical localized bilinear term under analysis will take the form

Pk:me(Pklyplfla sz,prQ)

_ r { /R (€, 0)ionp(€) ks (€ = M Pra s (M) 1 (€ = n)fz(n)dn},

with possibly additional localizations in g, g; or [, [;’s. For this reason, it will be convenient

to introduce

Xn(65 1) = Prp(E)Phipr (€ = M) Phapa (M), X(E:1) = Phpg(E)Phrpriar (§ — 1) Pha prna (M)

It is important to note that the localizations are not independent. From the definition of
R;, we implicitly assumed that p 4+ [ will be nonnegative whenever we localize in both
sizes, but even earlier than that, one can check that 2% + 29 ~ 1 by definition. The same
holds for p;, g;,l;’s, 7 = 1,2. Another fact of great importance is that the indices of the
input and output functions also cannot be independent, simply due to £ = (£ — 1) + 7.

This will be investigated in more detail in Section 5.3. As such, we use
kmax := max{k, ki, ko}, kmpin := min{k, ki, ko },

since we will frequently need to compare their sizes. The same type of notations will be

used for p, ¢, and [’s.

5.2 Main Theorem

For some 3 > 0, I define the B and X norms as follows.

_ly— . q
Iflls = sup <02‘°”“+ 22772 || P 2,
7p7q 7p7q_
Ifllx = sup 272000 B R £,
k,p€Z, p<0<I,
p+I>0
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where kT = max{k,0} and £~ = min{k,0}. In the main theorem and onward, we use €
for the size of functions. This should not confuse the reader with a different symbol € used
for the inverse speed of rotation, especially now that we have scaled out this parameter

and absorbed it into k.

Theorem 5.2.1. (a) There exist M, N, Ny, [3,e > 0 with 37", N < M < Ny and
B~1 > 60, all of which are independent of k € [0,00), such that if ug is azisymmetric and

its dispersive unknowns U5 satisfy

10 | o1 + 115°Us ez <€ 0<a <M, 5.6

1S°Uy|ls +11S°Uqllx <&, 0<bBN,

then there exists a global solution to the Cauchy problem of (5.2)), u € C([0, 00); H*M0).

In particular, the solution U(z,y, z) = (—y,x,0) of the Navier-Stokes equation

OU —vAU + (U-V)U + VP =0,
(t7l'> € R+ X R37

div(U) =0,

15 globally stable under axisymmetric perturbation, uniformly for all 0 < v < 0.
(b) Two solutions uy,us to (NSC|) of viscosities vy, v, respectively, with the same az-
isymmetric initial data ug whose rescaling by (5.1)) satisfies the assumptions in (a) above,

satisfy
[lur(t) = ua ()72 S 1 — vl - €9 (€7)7417CC (5.7)
for some C' and small enough vy, vs.

When x > 1, scaling together with the small data global well-posedness for ([5.2)) with
k = 1 trivially gives the result. Hence, from hereon, I consider x € [0, 1], where I prove

the main theorem by the following bootstrap argument.

Theorem 5.2.2. Suppose that u is a solution to (5.2) up to some time T > 0 with initial
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data satisfying (5.6). There exists ¢ > ¢ > 1 such that if

IS U=()][5 + [[S"U=(B)||x < ce, 0<n<N, (5-8)
holds for all t € [0,T), then actually
15" U (D] + [|S"U=(D)]Ix < e, 0<n <N,

fort € [0,T]. Moreover, the estimates are uniform for 0 < k < 1.

The proof makes use of the fact that the dispersive decay Proposition holds for

1fllp == sup (|IS“fll5 +[1S"fllx).

sup
0<a<3
0<b<2

Proof of Theorem[5.2.1. (a) Using the notation in the Proposition one has

3p gkt ,_
Z [ Lepg f | oo + Z Ik paf e < 2283k [y

P,q<0 22ptazp—1

and hence, under the assumption (5.8)), we have ||ul|,;« + [|[Vul;« < t7'e. From the

~Y

energy estimates, this implies that
U (O)llgmoras + 1S U (Ol s < €S, 0 < a < M.

Hence, the bootstrap Proposition |5.2.2]is enough to obtain global solution.

(b) We prove the inequality for solutions uy,ug of (5.2)) with viscosities k1, ko, respec-

tively. Subtracting two equations and taking inner product with u; — us, we have

1d

§£||U1 - U2H§ + Ko||ur — qufm < k1 — kal[|ur — U2HH1HU1HH1 + [V [|oo] [ug — U2H§-
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Putting v = u; — us and assuming k; < ks WLOG, we can absorb the H' norm of v on

the right-hand side to deduce
Il < Tk = ol [ + 2/ Ve oo 0]
Since v(0) = 0, Gronwall’s inequality gives us
t t
||U(t)||§ < / |,{1 _ 52|||u1||%{1 -efs 2Hvu1(7)‘|ood7'ds‘
0

From the decay of L* norms and the slow growth of energy norms noted above, we get

t Ce
t
@I < |r1 — /‘62|/ €*(s)?°¢ (—) ds < |k — kg€t TOC
0 S
Scaling back, we obtain (5.7)). O

Therefore, the rest of this chapter is devoted to proving Proposition Looking at
the linear terms e (0) in Duhamel’s formulas, although these do not commute with

the S-vector field since it does not commute with the equation, these are harmless, as
[S, e A] = 2tk Ae'S (5.9)

has an operator norm bounded by an absolute constant. One can check that more
iterations of the S-vector fields do not generate qualitative change, so that we only need

to choose ¢ and ¢ larger than the sum of these types.

Hence, the challenge is to deal with the bilinear term. Details of the estimates will
be provided later, but we describe here how we reduce the problem to estimating atoms.

First, we cite (GPW23) to claim that

SeF (Qm(Us,UL)) (&) = F (=2 Qu(Us, Us) + Qu(SUL, Uy ) + Qum(Us, SUL)) (£).
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Together with (5.9), the bilinear terms with some copies of the S-vector field have the

form

S"Bu(Us, Uy ) = Z /t ho((t — s)kA)e=92Q (S UL, SUL)(s)ds,
atbtc<n ”0
where h,(-) is a polynomial of order a. After writing this as a sum of localized pieces,
we use energy estimates together with the bootstrap assumptions to reduce the problem
to estimating finitely many localized pieces. In addition to the localizations in space
introduced already, we also use the time localizations 7,,(s),m = 0,1,--- L+ 1, L =

[log,(t 4+ 2)] where

m

t
supp 7m C [Qm—1’2m+1]’ / T (s)ds 5 1’ m = 1’ ce 7L7
0

L+1
supp 7o C [Oa 2]7 sSupp Tr+1 - [t - 27t]7 Z Tm(s) =1
m=0

After these reductions, most of the time we will be working on (log(t))-many pieces of

t
kap(VQ)(Rl) / Tm(s)hfl«t_s)’iA)e(tiS)HA Qm(Pkl,pl(ﬂﬂ(Rll)Sbuﬂ:a szypz(m)(Rl2>scu:|:)(8)d57
0

and show that their sum is bounded by c’e. Parentheses around g, g;, R;, R;;s denote that
we will use finer localizations only when they are needed, not from the outset. As was
previously mentioned, the localizations are not independent. As such, we will divide the
cases according to their relations explained in the following section, and each configuration

will require different methods.

5.3 Tools for bootstrap

Two major ways of controlling the bilinear terms are integration by parts and normal

form. We first set the framework for integration by parts. The crucial finding in (GPW23)
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showing that there is no spacetime resonance was through the quantity

a(&n) =& — s = —(Ex Ny

defined in the Fourier space.

Proposition 5.3.1. Assume that |®| < 2@mex=10 Thep 2Pmax ~ 1 gnd |G| 2 29max2FmaxFhmin,
Also,

En— Ml _
15,] + 0., ®] ~ ﬁwm)r.

® = P(&,n) is defined at (5.4) and 0y, refers to the angular derivative of the spherical

coordinates in 7, in other words, 0y, = 110

e — 120, . Recall the comment following the

definition that we will not specify the signs when they are irrelevant.
Proof. See (GPW23, Lemma 5.1, Proposition 5.2). ]

This proposition implies that when we cannot perform normal form due to the lack of
a lower bound on the phase, we can integrate by parts using either S or 9y thanks to the

following lemma.

5.3.1 Bounds for repeated integration by parts

The following lemmas provide bounds for repeated integration by parts, which will be

used frequently.

Lemma 5.3.2. By symmetry, the following estimates also hold when the role of fi and

f2, and thus the indices of them are swapped.

1. Assume the localization parameters are such that |G| - xj, 2 2FmaxthminQpmax —; [,
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Then for any N € N,

[IF{ Quws, (Rus f1, R f2) Hloe S [fmxalloo - (s77277 0 Ly M1 4 2By

’ HPkLlell(l’ S)Nle2 ’ Hpkz,szlz(LS)Nf2H2

2. Assume the localization parameters are such that |G| -y 2 2Fmextkmin QPmaxFdmax —: [,

Then for any N € N,

IF{Qun(Buy f1, Ry fo) Moo S [fmxlloc - (71277728 Lt [1 4 2% 7R (20270 4 20N

’ ||P/€1,p1,q1Rl1<1a S)Nf1||2 ’ ||Pk27p27q2Rl2(17 S>Nf2||2'
Proof. See (GPW23|, Lemma 5.7). O

In addition to this main tool for integration by parts, we will have occasions where we

will need to integrate by parts along the vertical direction, using

D3 = || Oy,
Lemma 5.3.3. Assume that the localization parameters are such that py,ps < 0, ki ~ ko,

and |Di®| - x, 2, Ls. Then, for any N € N,

IF{ Quns, (Rus f1, R f2) Hlse S [[mxalloo - (871 Ly [1+ 20770 4 2By Y

’ HPkl,lel(L S)Nf1H2 ’ ||Pk27p2R12(17 S>Nf2||2'

Proof. See (GPW23| Section 5.3.3). ]

5.3.2 Normal Form

When we have a good lower bound on the phase, which we can realize using Proposition

5.3.1, we have another way to estimate the quadratic nonlinearities.
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Lemma 5.3.4. For the solution U of (5.2)) and 0 < m < L, define UT(t),U™(t) as

A= 3 [ rlohen I [ s o€~ s

p1,u2€{+,—}

Then, there holds

Z/{T(t) = Z {_ m,L Qn’frl’w (uuuu,uz)(t) + 5m,06tHA [UT(O)—i_ Qmil’” (u,ulauM)(O)]

“17,“’26{""’_}

41£<Nﬂmﬂ on(5) Qv (9, — KAy, Uy, ) (5)ds
_|_/0 elt=s)rA Tm(35)Q, s ua (. U,,, (0 _’QA)U#Q)(S)dS

t
b [ )@y U ) 01
0

mNLUQ
l’lljrl M2 : + 7
10+ 26(6 = 1) -

where 0; 1 s the Kronecker delta. The similar formula also holds for U™.

Proof. By computation,

@+ RIEP) [ m e 6 ) (1,1 € — )
= [ O )l () 1.6~ )

b [ T 6 ) (0 Rl (00) (0, —

b [ T 2 ) G 1) Ot Rl — 08,6~ m)

+/ﬁ@fw+KKF—KMF—ms—mﬁ%awﬂ””W“w@n)mun>m@£—nmn

where the last line is simply the Fourier transform of —Q"} M o Uy Uy ) (t) = — (0 —
rA)UT(t). Hence, combining this term with the left-hand side, we get a heat equation

for U (t) + Qi mz (U, ,U,,), and solving the heat equation gives the desired result. O
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The normal form will be helpful when we can use the discrepancy between the sizes of
Ain £, —n, and 7. Since the normal form produces “time derivative terms”, (0, — kA)f,

the following lemma presents a way to bound these using the quantities we can control.

Lemma 5.3.5. Let Uy be a solution of (5.2)), satisfying the bootstrap assumptions (5.8)
in Theorem[5.2.3, For m € N and t € [2™,2™+1], we have

|1 PeS™(8; — kAU (2)|| 12 < 257+ . g=smtim . 2 (5.10)

for some 0 < vy << B and any 0 < n < N.

Proof. The proof modifies that of (GPW23|, Lemma 6.1). The same method works since
applying 9; — kA removes the main flow in the Duhamel’s formula, and only leaves the
dispersive bilinear term, i.e. the same terms as in the time derivative of Euler-Coriolis

flow. In other words,

(0y — kAU =(0; — kA" UL (0) 4 (0, — KA) Z /t eE=IRAQ (U, U ) (s)ds

m

= On(Us, Us)(1).

Hence, (5.10]) follows in the same way, as we have the same dispersive decay and proved

similar energy estimates as in (GPW23)). O

Corollary 5.3.6. For the solution U of (5.2) and 0 < m < L, a,b € N, define
U (), U™ (t) as

t —
Z/{;”’“’b(t): Z /OTm(s)e(t_s)’“‘A/ et w2 () S U, (5,1)SU W, (s, §—n)dnds.

3
Ml,,UzQE{Jr,*} R
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Then, there holds

Ut = D {Oma Qs (SUu, UL (D)

p1,p2€{+,—}

+ 6m,ge“‘A [Llf’“’b(O) + Qnihuzyavb(sau,uu Sbuu2)<0)]
t
+ / e(t_s)'{ATm(S)Qnﬂlm«a»b(sa(at — KAU,,, Sbum)(s)ds (5.11)
0 +
t
+/ e(t_s)nATm(S) Qnﬂhuzvav”(sauuv Sb(at - ’{A)UM)(S)CZS
0 +

t
—|—/ e(ts)”ATTIn(S)Qnm,uzvavb(sauﬂwSbUﬂz)(‘S)dS}’
0 +

mM17M2
nul,ug,a,b _ _ +
i i@ + K[E]2 — (2a + D)w[nl? — (20 + D)k| —nl*’

and similarly for U™,

The terms multiplied by  in the denominator of n will be ignored in the estimates
using the normal form, because we want to show estimates that are uniform with respect
to K, in particular as kK — 0. In other words, qualitatively, this corollary will be used in
the same way as Lemma [5.3.4] as we will only use the imaginary part of the denominator,
i®@hrH2and ignore terms with a and b, whenever we have changed the multipliers. It
suffices to note that we can use the normal form even when the S-vector fields are applied
to Uy, even though does not commute with the S vector field. Together with Lemma

5.3.5} this gives another way to estimate bilinear terms.

Proof. We modify the proof of Lemma [5.3.4] Again, by computation,
(00 + K¢?) / T (0T 0 (€ ) SeU (1) Sy (1€ — )y

- / T (e 0 ) SU i (1, 0) S Uy (1, € = )l

+ / T (£) €2 120t (¢ ) (9, 4 k|| + 2ak|n|?) S U, (1) SUL (€ — n)dn

+ / T ()€ grn2ab ey Sagg () (8, + K|E — n|? + 26| — n|2)SPU,, (¢, € — n)dn
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+ /[@sz +w[€P? = (2a+ 1)snf* — (2b + 1)k|€ — ]
(t)eztcb“l ”‘2“#1:“270‘ b(f n)S“Um (, n)SbUM,(t §—n)dn

T ()T R ) S (1,0)S U (1€ — )iy

O gz b (¢ ) FUSHD, — kAU Y, ) SU,, (E & — 1)dn

S

’Lt@ul M2

+ [ Tt I, 1) S Uy, (1) F{S"(0, = AU}t € = m)d

+/
- / Fon (D) w2 (6 VST, (1) ST, (1,6 — )iy

m,a,b .

Observing that we recovered U™ in the last line, the same argument as in the proof of

Lemma gives us the desired result. O

Remark 5.3.7. Since we now know how to use the mormal form and Lemma
together to obtain additional decay, for notational convenience, when we are already in
the framework of considering functions f; = S™U;, we will write (0, — kA)f;’s instead of

reverting to S™ (0, — kA)U;, and declare we have used normal form.

Also, whenever it is clear what we are dealing with, we will simply write n for the altered

H1,042,0,b

multiplier instead of writing the full notation n’; to keep the notations simpler.

As can be seen from ((5.10), when the normal form can be applied, we can obtain a
fast decay from one of the terms. Hence, slower decay for another one can be tolerated at

times, and the following lemma may be used.

Lemma 5.3.8. Under the bootstrap assumption (5.8), for some 0 < v < 3, we have
| Poe™ SPU |00 < 22873 41 H7e 0 < b < .

Proof. See (GPW23, Corollary A.7). O

There are occasions where we need to perform normal form using an arbitrary cutoff
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A > 0. In these cases, we use the notation

m=p\ '®)m+ (1 - g2 '®))m = m" +m"

to denote the resonant and nonresonant decomposition via multiplier. The bilinear terms

can be expressed similarly, by writing

On(f1, f2) = Qures (f1, f2) + Qe (f1, f2),  Bw(91,92) = Bures (91, 92) + Bunr (91, 92),

and we have the following estimates.

Lemma 5.3.9. Let A >0 and F; = Py, F;, 7 =1,2.

3-Pj

1. The non-resonant part satisfies

| Prop Qo tmnr (Fi, Fo)|[2 S 25 Pmax \=1 . min {277 211 okatp2 )| By ||| By . (5.12)

2. If we can choose X > 0 such that |Px,| > X 2 1, then we have m"™* = 0 and thus

m=m"", and in addition to (5.12)), we also have

| Prp Qo1 (F1, F2)[|2 S 287Pme . min{||e™ | |oo| [ Fall2, || F3[2]|€™* Falloc}-

3. If 00, Pxn| 2 L > 0 holds, then we can use the set size estimates for both resonant

and nonresonant terms:

|| Py Qures (Fr, Fo)||o S 28FPmax \V2L712 min {2101 2k 4223 || By ||5]| Fy o,

|| P p Qa1 (F, ) [[2 S 25FPmex [log AINTH2L™Y2 - min {25771 22422} | 1| o] | o

Proof. See (GPW23| Lemma 5.10). O

Set size estimates can be used more generally and will be used a lot in the analysis. In
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fact, the following estimate will be used frequently.

Lemma 5.3.10. (1) For a bilinear term Qn with a multiplier m and localized by Py, ,,

1.€.

PepgQn(Pesprai 1y Peapnas o) = F ! { /R (& mm(Em (g - n)f2(n)dn} ,

n

then with

kFi+a1 ka+ag

72 2 }7

’S‘ = mjn{QkJrP’ 2k‘1+p1’ 2k2+p2} . min{Q%, 9

the following bound holds:

|1 Pr.p.a @ (Lrs o101 f15 Pro oo F2)ll2 S ST - (10X oo - [Pk pnan f1ll2 - 1P o ao f2) 2

(2) If the bilinear term is localized where the phase is small in addition, i.e.

Oulfi, fo) = ! { /

for some A >0, and we have a lower bound |V,, ®| 2 L > 0 on the support of x, then

P o(AT )X (&, mm(E, ) f1 (€ — n)fg(n)dn} ,

3
n

Fi+a1 ka+ag ko+pg

. 102
19m(f1: f)ll2 S minf27 =, 272127 (ALT) 2 fmx oo | Py v an f1 27| P .o f2) 2

Proof. The estimates use the fact that the localizations, as well as the conditions on ® in

case (2), give set size related terms. See (GPW23|, Lemma A.3, A.4). O

5.3.3 Geometry of vectors

The configuration of vectors &, — 1, n will determine whether we can use integration
by parts or the normal form method. As one can see, the three vectors are related, and

hence we can group the configurations into some cases amenable for our analysis.

Lemma 5.3.11. Assume that p < min{py,po} — 10. Then on the support of xn, there
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holds that p + k < p1 + k1 — 4, and thus ps + ko — 2 < p1 + k1 < py + ko + 2. Moreover,

one of the following relations holds:
1. k1 — ko] <4, and thus also |py — pa| < 6,
2. ky <ky—4 then |k —ki| <2 and p1 < ps —2, so that p < p; — 10 < py — 12,

3. k1 < ko —4 then |k — ko| <2 and ps < p1 — 2, so that p < py — 10 < p; — 12.
Proof. See (GPW23|, Lemma 5.8). O

Similar results hold for any permutation of p,p1,p2, and also for g, ¢1, ¢» instead of
P, p1, P2, as the proof only uses the configuration of vectors. I add one more type of case

where we have two small p’s and one large p (or similarly with ¢’s).

Lemma 5.3.12. Assume that p1,ps < p—15 and |p1 —pa| < 2. Then on the support of xp,

there holds that ky, ko > k+6, |k —ko| < 2, and |ky+p1 — ko —pa| < 4, ko+ps > k+p—2.

Similarly, assume that q1,q2 < q—15 and |q1 —qz2| < 2. Then on the support of x, there

holds thatkl,k22k+6, |k51—k2| §2, and |k1+q1—k2—q2| §4, kf2—|-(]22k7+q—2.

Proof. Suppose, for the sake of contradiction, that k; < k + 6. From &, = (£ —n)n + m,
we have 2FTP=4 — okitp1 < 9k2tp2 - Since (k +p) — (ki +p1) > 9, this gives 2875 < gkatpz
hence k — ko < py — p+ 5 < —10. However, this leads to k < ky — 10 and k; < ky — 4,
which contradicts & = (£ —n) +n. Therefore, ky > k + 6. Symmetric arguments give

ko > k + 6, and as the two largest indices, ki and ks should have similar sizes.

|k1+p1—ko—po| < 4is now immediate and hence it should be the case (§—n), ~ 1, 2 &,

which gives ko +ps > k+p — 2.

Replacing (p,p1,p2) with (¢,¢1,92) and (&, (§ — ), mn) with (&, (€ — n)s,n3) and

applying the same arguments gives the results between the sizes of ¢’s and k’s. O

Remark 5.3.13. Again, permuting the roles of p,p;’s gives analogous results. We will
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now use the notation < instead of, for example, saying p1 < p — 15, since the results

follow from the configuration of vectors.

5.4 B-norm bounds

In this section, we prove the first half of the bootstrap argument.

Theorem 5.4.1. If u is the solution to (5.2) with k S 1 and the initial data satisfying

(5.6), then assuming (5.8)), we have

’|Snui<t)||3§€+€2, OSTLSN

Proof. Control of the linear term ||S™(e**U(0))||z = || iha(t/ﬁA)et”ASn_“Z/{i(O)HB Se
was already mentioned after the main theorem, and soa;v(()ere the steps to deal with the
nonlinear term. We localize in time ¢ € [2™,2™*1] first, then in space by k,p,[, and in
¢, reducing the indices every time by the energy estimates or bootstrap assumptions.
After we are restricted to certain ranges of indices, we use repeated integration by parts
using vector fields or perform normal forms, depending on the geometry of vectors in the

restricted localized regions. Recall that

S"BuUs, Us) = > / T (8)ha((t — 8)kA)e 92 Q (SUUL., SUL)(s)ds.

a+b+c<n

Since ||ha(—(t — s)K|€]?)e~ 97| | o < 1, it’s enough to show
|1Bu(Fy, Fo)[p S 270
for F; = S%U,.. Also, we will often prove a stronger bound

2| F (B (B, Fo) e S 276
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First of all, using the energy bounds,

VAT || F{PuBun(Poy i, Pay o) }[ oo S 220147 Z 2™ - min{2 N8 | Fy || g, 25| B [ g }
k1,k2

- min{27F2| | By || v, 282 | Fy| |1 )

Since the two biggest indices of {k, k1, k2} should have similar sizes, the summations to

either infinity give some trivial decay:

ST 2 min {2 NoR |y, 25|} - mind2 08 | Fl g, 25| B3l 1)

k12>8om, ke €Z

< Z 2 (No— k1 me{Q Noks 2k2}€ (When k~k > k’g)
k1>dom

i Z 9—Nok1 me{Q (No—6)kz 93k21 ¢ (when k ~ ky > ky)
k1>50m

+ Z 2 (2No— 6)k1 (When ki ~ ko > k’)
k1>00m

12
~ 2—(N0—6)50m62 — 2(—2+N70)m62'

For §p = 2/Ny, this gives an acceptable contribution as long as Ny > 12. Also,

S 2 (2N By | g, 29 B[ } - min 2082 || By g, 282 |l )

k1<—2m,ko€Z

< Z 93k1 Z min{2 Nok2 2F2}¢ (when k ~ ki > ko)

]{21< 2m

n Z k1, . me{2 (No—6)ks 23k2}€ (when k ~ ky > ky)

k1<—2m

+ Z 9%k 2 (when ki ~ ko > k)

k1<—2m

~ 2_2me2,

which is again an acceptable summation. Similar calculations apply for summations over

ki € Z,ky & (—2m, 6ym), and from 28 < 2% 4 2k2 these also restrict k& to be less than
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dom. Lastly, when & < —2m,

S 2 i (2N B | g, 29| o} - mind 2708 | By g, 202 By}

k1,k2€Z
<27 Y “min{27Nk 2R }e Y " min{2 N0k 9k )e ~ 27,
k1€Z ko E€Z

so we can restrict to the case where —2m < k, k1, ky < dgm. Now localizing further in

pj,lj, 7 = 1,2, with denoting f; = Py, . Ri, Fj,

gkt — —3kF —
Q|| ELPB( s f2)H oo S 20HKT - 2 b 930 ]2 ]

~

S 2(1+360)m—l1—12 62,

so that summation over either [; > 2m or Iy > 2m gives acceptable bounds. Along with

the natural assumption made before that p; +{; > 0, it’s enough to only consider
—2m <k, ki ke <dom, —2m <p1,p2 <0, —p <l <2m, —py <1y < 2m.
Since these are only (log(t))5-many cases (k is fixed), now it’s enough to show
2 Py Bl fis fo) R S 270
for fixed k, k;,pj,q;,7 = 1,2 in the above ranges. Also, in many cases, we will show instead

2| F{ P g @ frs fo) Moo S 270Fm.

1. Gap in p with py. ~ 0.
From |G| ~ 2kminFThmaxtpmax we can conduct integration by parts in a controllable way in
this region. We use Lemma to conduct repeated integration by parts using either S

or Oy, and assume without loss of generality that p; < ps.
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D p < p1,p2 : By Lemma [5.3.11] we have three possible cases.

1-1: 2k ~ 2k2 9P~ 2P2 ~ 1. First, integration by parts gives

2| F{Qn( i, f)} | § 24 2 (571 o] 4 )

A1, SY) fillz - 111, S™) fol

+ _ _
< QUHIT (=1 ghi—k+L)N 2

Y

so that when Iy < k — k; + (1 — 0)m, we are done. By symmetry, we are okay when

lo <k—ky+ (1 —9)m. Else,

+_ —3kT—
25T | FLQm(f1, f2) oo S 2K 27300 0| £ | 27352~ | fo|

S 2k1+k2—2(1—5)m62 S 2—(1+5)m62

1-2 : 2k <« 2M ~ 2F p < p; < po ~ 0. In this case, having 2772 is favorable. Hence,

integrating by parts in either S, or dp,,

2 F{ Qi )l S 2T 28 (57 b 1 gl bt

Y

1, SY) ALl (1, SY) fall

S 22/<:—|—4.I€+ A (8_1 . 2l2)N€2’

so that if Iy < (1 — §)m we are done. Else,

+ + +_
2N F{Qu (1 o) Hloo S 225 HHT| fol | - 272 TUEORTIR2 | ]

< 92k+4kT o= (1+8)(1-0)m 2 ~ 9—(1+8)m 2

1-3: 2M « 2k ~ 2k p < py < p1 ~ 0. This is against the assumption p; < p,, hence is

excluded.
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@) p1 < p2,p : By Lemma[5.3.11] we again have three possible cases.

2-1: 28 ~2F2 2P ~ 2P2 ~ 1. Via the same integration by parts as in the case 1-1,

2k+4k+||f{Qm(f1, f2>}|’00 < 22k+4k+ . (8_12_p1+h)N62,

~Y

Ol", 5 22k+4k+ . (S—I[ng—kl + 212])]\[627

so that if I < p; + (1 — §)m or max{ky — k1,l2} < (1 — §)m, we are done. Else, we use

the set size estimate Lemma [5.3.10

_lp—_, g _1p—_4q ktq 3Rt
23k+ sk™—p gHPk,p,qu<flvf2)H2 §23k+ 3k 32k2k1+p1+ 2‘12 h“f1||X‘2 3k, lQHszX

kT kT
§ 9 i3 2kt (k1 —k2)—la+(p1—11) 2 < 95 +2k—2(1-6)m 2 < 9—0m 2

2-2 1 202 <« 28 2k p <« p < po ~ 0. The relations between k’s and the size of py are
the same as those in the case 1-2, and thus can be dealt with exactly the same way as

those were enough to close the estimate.

2-3: 2F « 2k2 2k p < py < p ~ 0. Integrating by parts using S or dp,

2| F{ @l fo) o 2T (578 ol ] 4 gt ¥

1L SY) Allll(1, SY) foll2

S P _
522k+4k (S 12 p2+ka k+l2)N€2

?

so that when Iy — py + ky — k < (1 — §)m, we are done. Else, we also use 2FP ~ 2k2tpr2,
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so that 2°(k2=k)  9-8p2 and

2 Py O fo)ll S 29I e g O e

~Y

< 2%k++k+k2 9p1+p29=Pp29—(1+8)p2+(1+8) (k2 —k)—(1+5)(1-6)m 2

< 95k +2ka op1—3p29—(1+8/2)m. 2 < 9~ (1+o)m 2

from p; < py and f < 1/3.
@ po K p1,p : This case is excluded from our assumption p; < po.

@ p1 ~p2 < p~0: By Lemma[5.3.12 k; ~ ky > k holds, and using integration by

parts first,

2k+4k+||f{Qm(f1; f2>}”oo < 22k:+4k+ . (S—12—P1+2k1—k—k1 A [1 + 2k2—k1+l1])N

~Y

(11 )Y Allal(1, )Y foll

< 22]{:4—414:+ . (8—12—p1+k1—k+l1)N€2
~Y

J

so that if I} — p; + k; — k < (1 — §)m, we are done. Else, we also use 2M+P1 ~ 2k2trz >

2P 2R o —p — ky + k <0, so that

~Y

_apt _ _ a1+
T F{Qu(f1, fo) Hloo S 22T 2730~ || || . 232402 | ]|
< 92kg(148)(=p1+ki—k)=Pfp19—(1+p)(1=0)m  9p2 2

< 92k+(14+3B) (k1 —k) 9p2—p19—(1+8/2)m 2 < 9—(1+8)m 2

Y

since p; ~ py and 5 < 1/3.
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B p~p1 < p2~0: Lemmal5.3.12| gives k ~ ki > ko. From integration by parts,

2k+4k+HF{Qm(fla f2)}Hoo < 22k+4k+ . <8712*p2+2k2*k17k2[1 4 2k1*k2+l2])N

1L S)Y fulla (2, 8)Y fal 2

< 92k+4kT (8712l2)N€2
so that when I, < (1 — §)m, we are done. Else,

+
2K || FLQum(f1, f2) oo S 2247 | fu] - 27302 ~OHDla=Bp2| £,

< 92k+4kt 9—(14+8)(1-6)m 2 < o(=(1+d)m) 2.
©) p ~ pa < p1 ~ 0 : This case is excluded by our assumption p; < ps.

2. Gap in p with pu.. < 0. In this case, every A(¢) > %,C € {& & —n,n}, so that
we have |®| > £, which allows us to perform the normal form with n < 2% every time.
Compared to (5.11]), we have h,((t —s)xA)’s in addition, but one can immediately observe
that this can be absorbed by the exponential again. The first two terms with time

integration are easily bounded from

P || F{Ba((8, — wA) f1, f2) Hloo S 25FE 272 |(9, — kA) fu o] fol

+ _3 _1
5 22k+4k 9mo9 2m—&—fym€2 € 5 2 4m63

)

and the bound for the other term works symmetrically.

We now turn to the first boundary term. This term is evaluated exactly at time ¢,

so that we can use the linear decay estimates. When min{p;, p2} = p1 < p, the set size
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estimate Lemma [5.3.10] gives

23’“+*%’“72*”*%||Qn(f1,f2)( )H? < 23k+—lk*fp2k+pmax2p1HleBHez’tAfQHOO

< 24k++%k27(176)m€2 < 275m€2’

and similarly when min{p;,ps} = p2» < p. Hence, we can now assume py, = p. If

furthermore, pp.x < —dm, then

PHE | F(Qu(fis ) oo S 2 2 27 ol - 22 folls S 27

~

Las“Y? if Pmax = _(Sm, then from ‘5” Z/ 9—0m9kmax—+kmin and

1 . 1 B
s-V,® T\id+2k(E—n)-n )|
< s THV,® (1 + k2%R2),

1 iV, ®+2k(€ — 1) -1 — 2k|n)?
s-V,® [i® +2k(§ —n) - n)?

we can use repeated integration by parts again as in the Case 1.

The second boundary term only exists when m = 0, and hence the restrictions on the

indices become fixed numbers. Also, || Q,(Us,U+)(0)||2 < €2, so it’s acceptable.

Lastly, from the above results,

1,
23k+—§k 2—p—%

/0 IR (O, (fr, f)(3)ds

2

/ 7 (s)] - 23K =35 2773 | Qu(fu, fo)(5)||odls

Some / r()lds < 2707,
0

hence we are done.
The proof above shows that the boundary term for m = 0(¢ = 0) and the term with 7/ (s)

will never be an issue when the other terms can be bounded. Hence, we omit them from
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the future use of normal forms.

From hereon, we assume p ~ p; ~ ps.

3. Gap in q. We localize further in ¢, ¢2, and reduce the cases first. For notational

convenience, we keep using f.’s for P ,. .. R F;’s. From
s J kjpj.a; -5 45

a1

a1 a2
P F LB (o fo) e < 2552 2% ([l - 22 1ol

~

we can see that it’s enough to consider the cases when —3m < ¢q,¢q < 0. Also, the

assumption gmin < gmax < 0 makes pnax ~ 0, so that all 2P, 2P1 2P2 are comparable to 0

now. Without loss of generality, we assume ¢; < ¢s.

D ¢ < q1,¢2 : By Lemma [5.3.T1] we have three possible cases.

3-1: 2k ~ 2k2 201 A 292 ptegration by parts gives

2k+4k+||f{Qm(f1, f2)}||oo 5 22k+4k+ (8—122k1—kmax—kmin—qmax . [1 + 2k2—k1(2q2—Q1 4 211)])1\7

1L 8)Y fulla (1, 8)Y fall2

< 22k+4k+ . (8—12k1—k—(Imax+l1)N€2
so that if k1 — k — gumax + 11 < (1 — §)m, we are done. Else,

+ + Y M S
2T | FLQu(fr, fo) Hloo S 28T 2k amex 9=kt =UrBln || £, 1) || fol [
< 22k+/€+2%q12(1+B)(k2—k)—(1+5)q1—(1+5)(1—5)m€2

< 9—0me2,

3-2 1 2k 9k gm—a2  9k2—k1 « 1. Here, it’s advantageous to see —¢, from integration
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by parts, so

D || F{ Qoo fo) oo S 22 . (s Ip2ahbam [ | gh—ba(gmtz 4 gla)|)N 2

~Y

2k+-4kt —1lo—g2+l2\N 2
<2 S(sT2TeTR) el

so that if —gs + I3 < (1 — §)m, we are done. Else,

2 F{Qn(fr, fo) oo < 2T 2 2 % || | 2 e O ]

§ 22k:+k+2q2+%q127(1+6)q27(1+5)(1*5)m62 5 276m€2.

3-3: 2M « 2k 2@—a « 1. This is against assumption ¢; < ¢s, so we will not consider

this.

@) ¢1 < ¢,q2 : Again, by Lemma [5.3.11] we have three scenarios.

4-1: 28 ~ 2F2 29 ~ 2% Integration by parts gives

DT || F{ Q(fur ) | S 2HHIKT - (5 92be bt [y gbihs (g | ol 2

Y

< 2k+4kt . —110ka—k1—q2 —q2+I27\N 2
<2 (s7[2 +2 e

so that if kg — k1 — g2 < (1 —0)m and —qz + Iy < (1 — 0)m, we are done. Also,

AT FLOQm (1, f2) H|oo S 22T L (g7 192M—hmax—hmin—gmax[] 4 gk2—k1(Qa2—a1 4 9h)|)N 2

Y

< 22k+4k+ X (8—1[2—(11 + 2—q2+11])N€2

Y
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so that we are also okay if —¢q;, —qo + 1 < (1 =d)m. If ¢ < —(1 —)m,

Fit+a
2

O 34| (1, fo)lla S 2P B Ao gk 9% || 11 20 ]

3 + a2+tky
522k+4k 2q1+72 ) (1+ﬂ)l2€2

)

and since either g» + ky < ko — (1 — 0)m or go — Iy < —(1 — 0)m, we have —2(1 — d)m

combined with the bound from ¢; and we are done. Lastly, if ¢go — I3 < —(1 — 0)m,

2 | F{Qn(fi f)} | § 24 28 2 0 | 2% | o S 2O

~

4.2 2k ~ 2k 20— o 2k—k < 1 From

AT FLOm (1, f2) Moo S 22KH4ET L (g7 192he—hmax—hmin—dmax[] 4 gk1—kz(Qui—a2 4 9l2)|)N 2

Y

+ _ _
< 22k+4k . (S 12 q2+l2)N€2

Y

so that if —gs + I3 < (1 — §)m, we are done. Else,

D F{Qu(fr, )}l S 24T - 250 g £y - 250 |

SJ 22k+4k+2(1—5)q1 2(1—1—[3)((]2—[2)62 § 2—§m€27

since ¢1 < @o.

4-3 : 2k~ k2 9@2—a ~ 9k—F2 <« 1 Again, integration by parts gives,

PH | F{Qu(fy fo)Hloo S 2P - (571200 a1 4 ghih2 (a2 y )N 2

~Y

+ _ N
522k+4k (s Loka—k q+l2)N62’
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so that if kg — k — ¢+ 1o < (1 — 0)m, we are done. Else, from ¢; < g,

2N F{Qu(fr, fo) Hloo S 25447 - 2540 2% || |5 - 2700 ]

< 9(I=B)k+4kt +(5-B)a 9(14+8)(k+q—12) 2 < 9—dm 2

3) ¢2 < ¢,¢1 : This case is against our assumption ¢; < ¢a, hence is excluded.

@ q1 ~ g2 < q : By Lemma|[5.3.12 we get k; ~ ko > k. In this case, we have |®| > 29,
so that we can use the normal form. One can see that the terms with 0; — kA can be

treated in the same way as in (5.13]). The boundary term is even easier to bound by

g

_lp—_ga _lp—_g i a2 —_&m
2R F{Qulfu, fo)Hle S 2% || Pl le™ Alln2 | fol 5 S 27

®) ¢ ~ ¢ < ¢2 : Lemma [5.3.12] gives k ~ ki > ko, and |®| 2 2%, so similarly as above,

q

PEH | F{Qu(h, )} S 2R Ful 2% (Al folle S 270

and the other terms follow by the same reasoning.
©) ¢ ~ ¢2 < ¢1 : This case is excluded from our assumption ¢; < ¢o.

Hence, from hereon, we further assume q ~ ¢; ~ gs.

4. No gaps. Assume without loss of generality that f; has at most % copies of the vector

field S. Using Proposition [2.5.1) we can decompose Py, ,, 4, € fi into two terms such that

1||oo S 277220k =3k c||11|]5 < 23K ¢ 1/2,
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for each k1, p1,q: that are leftover, and we have

2 =3 H | F{Qul(fr, fo) o S 23 2R 280 H]|| 1)| 203 || fo | g + | 1T |[2][€ fo|oo)

~J

k +49,_3 +,_1 _2 _ 13
§22+4k +2[2 2m€2+23k12 2m2 3m€2] SQ 12m€2’

hence we are finished.

5.5 X-norm bounds

To bound the X-norm, first note that again the bound of the linear term is straightfor-

ward from the initial condition and S™(e"™AUL(0)) = > ho(tkA)e S92, (0). Hence,

0<a<n
this section is devoted to controlling the nonlinear term in the Duhamel’s formula.

5.5.1 Large [ case

We first bound the X norm in the case when the parameter [ is larger than m. To be

precise, we prove the following.

Proposition 5.5.1. Assume that the bootstrap assumption (5.8) holds, and let § =

2M~V? <« B = %. Then, for Fj = Sb%Uy,0 < b; +by < N,j=1,2, we have

sup 936 9P| P RiB(Fy, Fy)|| 2 < 270 ™. (5.14)

kEZ,14+p>0,1>(1+85)m
The rest of this subsection will be the proof of this proposition. As in the previous
section, By, should be modified so that we have h,,((t — s)kA)el!=9%4 "5 instead of e!=*)F4,
but it will be immaterial as they mostly have same qualitative effect, and in particular
have bounded operator norms. They will manifest their presence only when we perform

normal forms, where the effects were already captured in Corollary [5.3.6]
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5.5.1.1 When [+ p < dm
We first restrict the ranges of indices involved as in the previous section. By the energy

estimates,

93k* o (14+8)loBp HPk,pRlSan(fl’ f2) HL2

< DT 2RI gm |y (t — s)|€[?)e I | o - 23R FP

a+b+c<n
k1,k2

~min{ 27N S fy || v, 2 1.S° ful | -} - min{ 270218 fo [ v, 272 1S° fol | 1 }

5 2(1+5)5m+m23k++%k‘ . min{Q_NOkl, 2k1} . min{Q_NOkz, 2k2}€2‘

Recalling that the biggest parameters in k, k1, ks always come at least as a pair, we see
that the summation gives (5.14) unless —2m < k, k;, ky < dym, where 6, = 2N, ' again.

Similarly,

93k 2(1+ﬁ)l2’8p”Pk’pRlSan(fla fo)ll L2

5 Z 23k+2(1+13)l2ﬁp Lom Hha«t . S>K|£|2)67(tfs)n|£|2||Lgo

a+b+c<n
P1,p2<0<p1+l1,p2+l2

3 . _ . . _ c
<238 min {27 ||S° ][, 271 (1S fullx} - min{ 282 ||SC fol [, 272 SC fol I}

< 2(1+,8)6m+m+560m . min{2p17 241} . min{2p27 242}62

gives ([p.14) if we limit the summation to the complement of —2m < p;,ps < 0 and

—pj <1; <2m,j = 1,2. Hence, from hereon, we assume

and hence ignore 2°*" in front. We divide into a few cases according to the indices.

(D p1,p2 < 0: Since we already have p < dm — [ < —m, this means ¢ ~ ¢ ~ g2 ~ 0, and
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hence we can use the normal form. Terms with the time derivative can be bounded by

20401900 || P RiBo (9, — KA) i, fo)| g2 S 201200 gm ok o3ktp  g=jmtom 2

1
< 2(7 5+’y+26+350)m63

~Y )

and symmetrically for the term with (0, — kA) fo. The boundary term needs more care.

WLOG, assume py < p;. When py < p,

2(1+ﬂ)l2’8p|lpk7p3lanr(fl, f2)HL2 < 9(1+8)(I+p)o—p , 9k | Heit/\leoo . 2p2“f2||B

5 26m+60m . 2—m—i—’ym6 . 2;02—;06

S 2(71+’y+5+50)m€2.

So now, we assume p < py < p;. We integrate by parts using the fact that |o| ~

2P1tkmaxthmin in this region. This will be enough if

-2 2k1—kmax —FKmin ko—k1+1 1-6
2 p1+2k1 (1+22 1+1)§2( )m’

so we look at the complement cases. If k£ = k., then k1 ~ k5, so this means we can

assume 2p; + k — k; — I3 < —(1 — §)m. Hence,

3 _
2N Py Ry Qur (i, 1)l S 2005125 25 28840 90 27| o
< Q+B)Im | 93 (2p1+k—l1)92k—F 2

< 9(=3+20+200)m 2
If kmin = k1 or ks, this means that we can assume 2p; —l; < —(1—0)m or 2p; + ks — k; <

—(1 — §)m depending on the minimum k;. By changing the set size estimate from 93k+p

koo
to 28PT75" we can close the case in exactly the same way as above.
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@) p1 ~ 0: The other case py ~ 0 will follow by a symmetric argument. Here, we can
benefit from integration by parts as now we have |g| ~ 2kmax*hmin - Hence, integration by

parts will be enough if

27p1+2k1*kmax*kmin<1 + 2k27k1+ll) < 2(175)m

so we look at the complement cases again. If k = ky,;,, then ky ~ ks, so this means that

we can assume k — k; — 3 < —(1 — §)m. Hence,

2(1+ﬁ)l2ﬁpHPk,pRlQn”T(fla fZ)HLQ < 9(1+B)l9Bp ok 2%k+p . thwlux . |’f2”2
< 2(1+ﬁ)5m . 2]67[1 2%k€2

< o(~1426+200)m. 2.

If kmin = k1 or ko, we can assume —[; < —(1 — §)m or (depending on the minimum k)
ky — ki < —(1 — 8)m. The additional k, (if needed) can be obtained by using H~! norm

for fy, and we can close the case in the same way as above.
5.5.1.2 When [+ p > dm

In this case, we have to deal with the largest parameter [ directly. Hence, the reduction

of the indices will be done in terms of [. From the energy estimates, we have

23 QAN By RiB(f1, fo) |12

< Z 93kT 9(148)(I+p) | om
k1,ka

238 min{ 27N | £yl gvo, 2 (| full g1 } - mind 27808 ol Lo, 22 ol [ -1}

< 2(1+B)(l+p)+m23k++gk . min{2fN0k1’ 2k1} ) mm{271\f0k27 2k2}€2_

By the same reasoning as in the case 5.5.1.1, this already gives the bound ({5.14]) unless

=21 < k, ki, ky < dgl. Similar repetitions with the use of the B and X norms enable us to
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reduce the ranges to
From a crude estimate

23 904019 || P R Bu(f1, f2)l| 12

5 23k+2(1+5)l2ﬁp . 2m . 2k+pmax . 2’“71‘::171 +72<k2;p2)+%k‘2

ALl f2ll2

148) (111 —1 - 2_ max 9 3 kmax+ g k2 2
S omo(1+8)(I=li—l2) 9 Bp+(5=B)p1+(5 —A)p2+Pmax 93 Tok2e 7

if

Lh+l>1+6)+ (11— g)m + ko, (5.15)

we have the desired bound. Now we have to establish a subtly different reasoning to
extract the larger parameter [ instead of m from the integration by parts. Fortunately,

the estimates are not so different from the Euler-Coriolis case, since we will use

Rl(j)Qm<fla f2) = Q_QZRz(jH)Qg:an(fh f2)-

Recall that Q.3 = 2,03 — £30,. 2.3 acts on the bilinear term in the same way as in the
Euler-Coriolis case, thanks to Q54]¢| = 0, so that QS,(h,(—(t — s)k|€]?)eE=9)5E") = 0.
Here, Rl(j s are all qualitatively similar localizations of R; = Rl(o). Hence, we only need to
estimate the terms where 923 hits the phase, multiplier, or input functions, which are the
same terms as in the Euler-Coriolis case. To be more explicit, we will have terms of the

form

/ (R (—(t — S>K|£|2)e—(t—s)n|£|2 / (Q§3>nlpk,p(§) . (Qgg)ngm . (Qig)ngeisq)
0 R3

n

’ (923)n4pk1,p1 (5 - 77) ) (953)715]31 (5 - 77) : ]E2(77)d77d37
(5.16)
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where ny 4+ ny + ng + ny + ns < K for some K. To change the derivatives in £ to those of

¢ —n, we introduce

055 = LS + Loy,

FS — fa(f - 77)3 B 53(5 - 77)@ FQ — (f - 7])a§a + (5 - 77)353
' € —nl? o € —nl?

which satisfy |['s|, [T'q| < 257%1. Direct computations to the ‘elementary components’ give

gt E=ma _ (=)
eyl Vel
gt &=z _ 1 (€=
Ble—n Ve’

Qf Sa _ 63 . P ga
Ble—ql — Je—nl " Cle—nl
Of & & &

= —e—>
Sle—nl ~Je—n] " le—q|

and hence,

Q% Iy = - —T%4+172,

Q%0 = Ig(1 — 2Ig),

so that they form an algebra under the operation QES, where each operation increases

the order by 1. We also need to know how A(&), /1 — A2(§), %, %,9 e{&—n,nt
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change under Q§3. Again, the action of 2,3 on ‘elementary components’ yields

Of A(E) = S

a3 (5) |£|7

0¢ é = —A
a3|§| (5)7

&&wa@:—uﬂwm%%,
13 fa §3 + 5352

0, 5S¢ _ 83 4 S3%
e €l 16nl3

QE i _ gagb&i

Clenl 1P

Q§ 53 o fa 5af§

Sl el el

so that these form an algebra again. Using these to estimate the terms in (5.16)), we have

|(Q53)™ Pep(©)] S (277)™,

‘(Qgg)n2m| 5 2k+pmax(1 ) by 2k—k1—p1)n2

()™ Pry (€ — )| S (2K 7)™

‘(923)nsf1<5 - < (2k7k1)n55j19i§f1(5 —-n), J1+Jj2 < ns.

The phase term is more complicated, as it changes in different patterns depending on

whether Q5, acts on €*® or on (€25,)"®. Instead of an almost exact estimate, we use

050] S 2 4 2R Q50 S 14 (2R

to obtain
ns TL3/2
|(Q55)"2€™ %] ) [s(20 4 25RO (1 4 (25 T) 13 T (1 (28R )m)
j=1 j=1

< [8(227 +2k—k1+7’1) 1 +2k—k1]n3 + Sn3/2<1 _'_2k—k1)n3.
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Combining all of these, modulo lower order terms, we finally achieve

HRl(n)Qm(flafZ)HQ
1
§ Q%kmianermax Z 27Kl[27p + 2m(2p + 2k7k1+p1) + 2m/2<1 + 2k7k1) + 2k7k1+l1]KHij1|’2||f2’|2
=0

O R e e e R e R e R C AR AT

by stopping integration by parts if f; gets two S vector fields applied.

This shows that integration by parts along .3 is enough when 277 42 (2P 4 2k—kitp1) 4
2m/2(1 + 2k=Hk1) 4 2k=R+h < (1 — 2)]. In the complement range, we first remove the case

where —p is the dominant index. In this case,

23K Q1O || P RiBu(f1, f2)]| 12
< Z 23k++gk2(1+5—K)(l+P) Lom . min{Q_NOkz, 2k2’ 2172’ 2—l1} . min{Q—NOkQ’ 2k2’ 21727 2—l2}€2

k1,p1,l1,
k2,p2,l2

§ 27(1+57K)6m+m€2’

which can give an acceptable contribution when K is taken large enough. Hence, we drop
277 in the front from hereon.
After obtaining the analogous result for both £ — n and 7, and hence assuming k; > ko

without loss of generality, we are left with the cases where
L> (1=, k— ks + max{m + ps, % I} > (1— %)L,

If [5 is the biggest, then (5.15)) is satisfied, and we are done. If m + p, is the biggest, we

have k — ko + py > dm/2, and integration by parts is enough if

27p2+2k27pmax*kmax*kmin(1 + 2]{71*]62“1’[2) ~ 27p27pmax+k27kmin+12 S 2(1736)””7
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since we now have a bound on [ in terms of m, | < (1 + 20%)(m + py + k — ky), so
that we can bound 2+#™ through iterated integration by parts. Finally, we assume
P2 + Pmax + Kmin — k2 — lo < —(1 — 30)m. The harder case is when k,;, = k so that

ko — kmin does not vanish. In this case,

23K 9109 || P RiBu(f1, f2)]| 12

< 93kT9(148)l9Bp  9gm | gk+pmax 2k1+p1+%k . 273kfr*(1+,3)lrﬂp1Hf1HX . 2*(1+5)12*,3P2Hf2HX

< gm , gk1+5ko(148)(I=11) 9 (148) (—p2—Pmax+ka—k—(1-38)m) 9 B(p—p1—p2)+P1+Pmax 2
< gm | gkat35k96%lo(148) (ke —k)—(1+8)m+66moB(p—pmax) — (1+28)p2 2

< 9(=B+65)m  926%(mtk—ka)  o5ks 9 (1+28)(k—k2—6m/2) 2

(S 2(*5+65)m€2.

Lastly, when 3 is the biggest, we have k — ky > %l. Thus,

2K 2N By RiB(fr, S22

< 93kt 9(1+8)l9fp | gm  ok+pmax , 93katp2 | 2—3k1+_11|’f1||x ' 2k2||f2||H71
<om. 9Bl+(I=l) gk+3ka 2

<om. 9Bl+8%1 | 9dol—Fi+3k 2

< (=g +B+0%+450)l 2

This completes the case with large [.

5.5.2 Small [ case

We investigate the case where [ < (1 + d)m. Now m plays the role of large parameter

again, and we can always use (1 + )l < (1 + 8 + 2§)m when estimating the X norm.

Proposition 5.5.2. Assume that the bootstrap condition (5.8)) holds, and let 6 =
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2M~1? < B < & Then for Fj = S%U., 0 < by +by < N,j=1,2, we have

sup 938+ 201900 || P R B (Fy, )| 2 < 270 m€ (5.17)
kEZ,1+p>0,1<(1+8)m

The remainder of the subsection will be the proof of this proposition, and the proof

will follow a pattern similar to that of the proof of B-norm bounds. The difference is that

the estimates have to be more delicate as the 209! weight is harder to control.

Through the usual reduction process, we can assume that
—2m < k,k; <dom, —2m<p; <0, —p;<[;<2m, j=1,2

Now we subdivide the cases according to the sizes of and relations between the indices as

in the previous section.

5.5.2.1 Gap in p with py. ~ 0

We consider the case where puin < Pmax ~ 0. WLOG, we may assume p; < po, which
leaves us with 4 different cases.

D p < p1,p2: We invoke Lemma again.

1-1) k; ~ ky and p; ~ pa ~ 0 : Tterated integration by parts gives the result if 2fk1—++i <

2(1=0)m oy gka—k+lz < 9(1=0)m T other cases,

2(1+ﬁ)125p“pk DRiBu(f1, f2)lle S 93k+ 9(1+B)l9fp  gm ok 9k+p  o—(1+8)h FAPE 2—(1+,6’)12HX

< 9@+B+28)m 95k  9—2(1+8)(k1—k—(1-6)m)

~Y

62

27(,3765)7)162

AN

Y

which is acceptable since § < 5.
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1-2) ke < ky ~ k, and p < p; < py ~ 0 : Iterated integration by parts is enough if either

lo < (1=08)m or —p; + max{k; — ko, 11} < (1 —d)m. In the opposite case, if k; — ko > Iy,

2(1+B)l2ﬁp||pkijle(fh e < o(1+B)lgfp  gm ok  9katpz 2P | 1|5 - 2—(1+B)l2||f2||X
< 9(24+B+20)m _ ok+3ks  9(14+B)p1 , 9—(148)l2 2
< 2(2+ﬁ+2§)m2k+(1+ﬁ)k1+(%—B)kzg2—(1—1—6)(1—6)m2—(1+5)(1—6)m62

< 2_(ﬁ_66)m62.
If ky — ko < 1y, using 2% ~ 2F1+P1 in addition,

20| P RiBu(f1, f2) |12
< 9(I+8)l9Bp _om ok | 2%k2+k1+p1 . 27(1%)1176171”]01“)( . 27(1+,6’)12Hf2‘|x

(2+B+28)m 2k+gkl+gp1 .9~ (148 g—(1+8)l2 2

A
)

2(2+,B+25)m . 2350m2(%7ﬁ)p1 272(1+,B)(1*6)m62

AN

N

27(6765)71162'

1-3) p < pa < pp : This case is excluded from the assumption p; < po.

@) p1 < p2,p. Again, we use Lemma [5.3.11] to subdivide cases.
2-1) k ~ ko, and p ~ py ~ 0 : Integration by parts is enough if —p; +1; < (1 — §)m or

max{ky — ki, lo} < (1 —0)m. In other cases, when ko — k1 > Iy,

2(1+B)l2ﬁp|‘Pk,pRle(fla f2>HL2 5 2(1+/3)l .om ., 2743 ) 2%k1+p1 . 2—(14—/3)11—/3101”]01”)( . Hf2HL2

< 2(2+,8+26)m23k272ﬁ1127(1*5)(175)77127%(176)77162

§ 2(75725755)77162

?

which gives an acceptable bound. When ky; — ky <[5, we need to divide the cases even
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further. If 2p; + k 2 ky, we can get the extra p; from ky:

3 _ _ _
2(1+ﬁ)12ﬁp’|Pk,pRle(fla f2)HL2 5 QU+B)L  gm ok  93kitpr  9—(1+8)h BleleX ) (1+ﬁ)lz|‘f2|’X

9(2+B+20)mo3ktki  o—(1+B8)a+(2-B)p19—(1+8)l2 2

AN

(2+5+20+380)mo—2(1+)(1-6)m 2

A
N

27(,6’765)m€2.

AN

) 2 |2 2 _ —
Otherwise, we use a normal form. From 0,,® = + |‘"7;1|L + |£szer and %L ~ 22—k 9=k

% ~ 221=F e have |0,,®| = 27%2. We choose A = 2710 ag the cutoff for the

resonant term and use Lemma [5.3.9k

2UHPNPP|| Py RiBuyres (f1, fo) | 12
5 2(1+ﬂ)l .om 2k . 2k‘1+p1 . <2—105m2k‘2)1/2 . 2—l1||f1||X . 2—(1+5)12||f2||x
< 9(2+8+20)mo Fktki 9—bdmop1—l 9—(1+5)l2 2

2[(4+5)5+350—55]m62

IN

which gives an acceptable contribution. For the nonresonant term, we can bound each
term after using the normal form. We use another version of Lemma for the boundary

term:

2UERBP Py Ry Qunr (f1, f2)| 12
,S 2(1+B)l’ log(27105m)| . 2k . 2k1+p1 . (27106m27k2>*1/2 . 2ill||f1HX . 27(1+5)l2|‘f2||X

o(148+20)m 1 ()8, . 25k+k1950mop1—li9—(1+B)l2 2

N

< 9—(1-208)m 2

2
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The other terms can be treated using Lemma [5.3.9|:

200199 || P R By (8, — KA) f1, f2) |12

S 2(2+,6’+26)m . 2k+105m . 2%k1+p1 . 2f%m+'ym€2 . 27(1+5)l2 | ’f2‘ ‘X

S 27(%777166)1%63

?

249N Py, Ryl (. (01— ) fo)] 2

S 2(2+5+25)m . 2k+10(5m i 2%k1+p1 . 2_l1||fl||X . 2—%m+'ym€2

— (2 —B—y—168)m 3
52(257 mes,

which is enough since > > .

2-2) ky < k1 ~ k, and p; < p < pe ~ 0: Again, integration by parts is enough when

2*p1+2k1*kmax*kmin(1 + 2k2*k1+l1) ~ 2*p1<2k1*k2 + 211) < 91=8m .

2—p2+2k2—kmax—kmin(1 + 2k1—k2+l2> ~ 9 P2tz < 9(1=0)m

)

i.e. when ly < (1 —9)m or —p; + max{k; — k2,11 } < (1 — §)m. Hence, we look at the

opposite case.

First, we check the case k1 — ko > 1. If ks < —206m in addition,

3 _
2(1+/B)126p||pk7pRle(fl’ f2)||L2 5 9(2+8+20)mofBp ok  95katpz 2p1||f1||B .9 (1+ﬁ)lz||f2||x

9(2+p+28)m | 2’€+k72 . 9k2tp1  9—(1+8)l2 2

AN

< 2(2+ﬁ+25)m . 22k1—105m . 2—(1—6)m . 2—(1+ﬁ)(1—6)m€2

IN

2755m+260m€2 ’
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which is acceptable since dp < 0. Otherwise, if ko > —200m,

3 _
2(1+ﬁ)125p\|Pk’pRle(f1, f2)HL2 5 9(2+6+20)mofbp ok  95ki+p1 2;01“]01”3 .9 (1+B)12Hf2HX

< 9(2+B+20)m | 2k+gk1+2(k2+205m) . 9201—(14B)ls 2
< 9(2+p+420)m | 2gk1 . 9—2(1=0)m—(1+B)(1=8)m 2
< 2(71+465+550)m62

which also gives a small enough contribution.

Now, we assume [; > k; — ko, which gives us p; — l; < —(1 — §)m. We use the set
size estimate Lemma [5.3.9(3) along with the normal form using the fact that [0;®| ~
|22P1=k1 4 92p2—ke| > 9Zm2—k2 ~, 97F2 is hounded below by 27%™. Dividing the terms into

resonant and nonresonant terms according to A = 27109m,

2B Py, RiBawres (f1, f2) |l 12

< 2(2+B+25)m .ok, ()\250771)% .okt 2*11Hf1HX . 27(1+,8)12Hf2”X
< 92+B+20)m  gk+hr 2(756+670)m . 9= (1=8)m—(14+8)(1-8)m 2
< 2(*(175)6+350)m€27

2P| Py Ry Qo (1, fo)|| g2 S 20FAT20m gk \=L gkvtpr o=l £ | - 27T | £

< 2(1+,8+26)m . 2k+k1+105m . 2—(1—5)m—(1+6)(1—5)m62

< 2(—1+156+250)m62’
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2HABP|| P Ry By (0 — KA f1, fo) || 12

AN

o(2+B+28)m. Qk)\flgklﬂ”l”(&t — RA) fill2 - 27(1%8)[2“][2”)(

9(2+B+20)m  ok+ki+106m  o—gmtym 2 o—(1+8)(1-8)m

AN

1
< 9(=3+7+156+2d0)m 3

)

2(1+5)l2ﬁp||Pk7pRzBum(fla (0 — KA) fo)]| 22

< 2@+ gyt g7l £y ||| (8 — KA) folo
< 9(2+8+20)m | oktk1+100m  o—(1=8)m g—Fm+ym 2
< 2(—%+ﬁ+’y+155+250)m63‘

Hence, we are done.

2-3) k < ky ~ ko, and p; < ps < p ~ 0: Again, integration by parts is enough if

27p1+2k1*kmax7kmin<1 _|_ 2k2ik1+ll> ~ 2—p1+k17k+l1 S 2(1*5)7”, Or?

2_p2+2k2—kmax_kmin(1 _|_ 2k1_k2+12> ~Y 2—p2+k2—k+l2 < 2(1_5)m

So we assume p; +k —l1,pa + k —ly < ky — (1 — §)m. The issue is that it’s hard to obtain
all py, po, —l1, —l5 at the same time. In the case where p; > —10dm, this issue is resolved

and we have

U P, RiBo(f1, f)]| L2

AN

9(2+8+20)m ok  9Sk+p  o(1+5)(p1+p2+206m) | 2~ WAL £ x - 27| £ | x

9(2+6+20)m | o(5-2B)k+(1+5)206m | o(1+8)(pr-+k—l1+pa-+th—I2) 2

AN

o~ B-+305+350)m .2

A

Y
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which is enough. Hence, we now assume p; < —100m and use normal form with \ =

2720(29 4- 2272 First, the nonresonant terms are bounded by

2(1+5)125p||Pk7pRl anr(f17 fz)||L2
< Q(HB+20)m ok (99 | 92p2)=1  gkitpitigt o=hi £ 1| 9= (HBL=Br | £

24/29p2

ST Sktki | gki—k—(1=8)mo—(1+5)(la+p2) 2
q + )+p2

< 9(L+B+20)m

< 9(B+30)m 22k1+§2*(1+5)(12+p2)62

which gives enough contribution if either k — k; < —38m or [y + ps > 2m. However, if

none of them holds,
26m>lo+pa>2p+k—ki+(1—-0mz23k—Fk)+(1—-0m>(1—-0—-95)m

gives a contradiction, where we used 2772 ~ 2+2=F ~ 2%1=F ip the current case. Hence, the

boundary term is done, and

20N || Py Ry Bynr (0, — KA f1, f2) |l 2

< 2@ gk (91 4 92y ~L . gt B |9, — kA) filla - | fol o

From here, if py < —7%,

< Q(4BF)m  ghths  g=gmirme || £, ],
~ QG+ 22F922|| fo|| pe?

1
< 2(*5+5+’Y+26+260)m63’
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closes the bound using 22 ~ 28752 and if p, > -2,

< Q@HAH2)m  gkthe  g-gmiyme2 9-la| £

1
< 9(=5+B+7+30+200)m 3

2(1+’6)l26p||Pk,pRl Qn’”(fla (at - ’QA)]C?)HL2

< Q2HB+2)m gk (9a | 22p2)_12k1+p1+% A fill2 -

< 2(aHBtr20)m | g2kits . 91| £ || e

m

—=2, and else,

finishes this term if p; <

249U By R Que (f1, (0, — ) o)

N

< 2 tAtrH20)m  ghatak 2713270 f| x €l

1
(=g +B+7+30+350)m 3

AN

Y

and this completes the nonresonant term.

D2HO+2)m k(90 4 g2y ~lgkutrt S 1),

A 2P2+%

_3
) 2m+'ym€2

_3
9 2m+'ym€2

For the resonant term, we use the estimate using the vertical variant Lemma [5.3.3]

since |93P| ~ 22P27F2_ Then, integration by parts in |n|d,, gives enough result if

2—2172[1 + 211+p1 + 2l2+P2] < 2(1—5)7”

)

as |n|0ns commutes with elt—s)kA

have g ~ 2ps here, as

VI—R(m) - JT=RE—p)

A —n)| = [A(m)| = IA(E—n)| + |A(n)]
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so that we can use the same proof. Also, note that we

€ [2702%2 23272,



so that |®| cannot be smaller than our claimed bound A = 2720(29+4-2%P2) unless |A(&)| ~ 29

matches the size of 2272,

We first look at the case where l; + p; — 2ps > (1 — 0)m. Then,

2(1+5)l2ﬁp‘|pk,pRanres (fl, fz) HL2

< 9@+a+20)m ok olk+lq 2_(1+6)11—ﬂp1Hf1||X . 2—(1+6)l2—6p2||f2’|x

< 9(2+8+20)m 2%k+p2 . 9p1=2(14+B)p2=(14+5)(1=8)mo—(1+8) (p2—k1+k+(1=8)m)—Fp2 2
< 9(=B+(4+28)0)m | 2%(k2+p2) . 9p1=p2 9= (2+58)p2 2
< 9(=B+(4+28)5+3080)moy(5-58)p2 2

gives an acceptable bound since g < %. Here, we used £ ~ py and —k; + k ~ p,.

Finally, we assume ly — ps > (1 — d)m, in which case,

2(1+ﬂ)l2BPHPk’pRZBnres (fl) f2) ||L2

< 9(2+B+20)m | 2k2k1+p1+% . 9= (+B8)h=Bp1 | 9—(1+P)l2—Pp2 2
< 9@+B+20)m | gki+3k+p2 | gp1i—lig—B(p1+h) | 9—(14+26)p2—(1+8)(1-0)m 2
< 9bom 22k1+§2—5(p1+l1)2—25p262

~ 950 95k19=B(P1+11)9(5-26)p2 2.
Thus, if ps < —200m or p; + l; > 4000m, we are done. If not, we perform another

normal form using L = 273%™ One can see that we are dividing by a smaller cutoff, as

the former cutoff is of order 2%2 > 27409 yith the newest assumption. From |93®| >
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22p2=k2 > 9=1000m a1 d the set size estimates,

20490950 Py R By (f1, f) |12

AN

9(2+6+28)m ok (L21005m)% N P P e I P
< 2(2+ﬁ+26)m271006m22k1 2p1+k‘*k1*ll . 2*(1+B)(p2fl2)7(1+2/8)p262

< 9(2+B+20)mo—1008mo260mg —(1-0)mo—(1+8) (1-8)m+(1+25)206m 2

k+q _ —
QNG| Py Ry Qi (fr, )2 S 2045420 ghs0mabt+ 555 omto)| ) o]y

5 2(1+ﬁ+3025)m . 22k1 . 2p1+k’—k1—l1 2p2—l2€2

< Q(1+8+3046+200)m 2

2UFABP || P Ry By (9, — kA f1, f2)]| 12

< QEHB+2)m  9k+3006m | gka+prg—fm+yme2 272|| fy|x

1
5 (=3 +A+7+3035+250)m 3

9

204000 Py, RiBrr (f1, (0 — KA) fo)l| 12

S 2(2+5+25)m . 2k+3006m . 2k1+p1 X 2711Hf1||X . 27%m+'ym62

_1
< 9(=3+B+7+3035+250)m 3

This finishes the case (2), p1 < p, pa.

@ p~p < ps~0: By Lemma[F.3.12 we get ky < ki ~ k and ks + py < ki + p1.
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Integration by parts are enough if

2*p1+2k1*kmax*kmin(1 4 2k2*k1+11) ~ 97P1 (2161*]62 + 211) < 9(1=d)m or

2*p2+2k2*kmax*kmin(1 + 2k1*k2+12> ~ 2*p2+l2 < 2(176)m.

Otherwise, if ky — kg <[, we have p; —; < —(1 —d)m for j = 1,2, and hence

2(1+B)l2ﬁpHPk’pRle(f17 f2) HL2

< o(24B+20)mafp ok | 9Skatps | 27(1+5)1176p1||f1‘|X . 2*(1+B)l2||f2||X

2(2+6+25)m2k2%(k1+p1)2—(1+6)11 9—(1+8)(p2—12) 2

AN

(2+8+28)mg 3k+(5=B)p19—2(1+5)(1-8)m 2

N
b

o(=B+55+3060)m. 2

N

If ky — ko > 1y, we have p; — ky + ko < —(1 — 9)m, and hence,

204050 || By R By (fr, fa)|| 12 S 23H0+2Imope ok L g3katpe opi|f|| 5. 27040 £

< 2(2+/3+25)m . 2k+(1+5)k1+(%_5)k2 X 2(1+5)(p1—k1+k2)2(1+5)(p2—l2)€2

~

< o(~B+50+380)m. 2.

@ p1 ~ pa < p~0: Again by Lemmal5.3.12] we have k < ky ~ ko and k+p < k1 +py ~

ko + po. Integration by parts is sufficient if

2—p1+2k1—kmax—kmin(1 + ka—k1+ll) ~ QPRI L < o(l=0m (5.18)

2_p2+2k2_kmax_kmin(1 + 2k1—k2+l2) ~ 2—p2+k2—k+l2 < 2(1—5)7”‘ (519)

Hence, we assume p; +k —1; < ky — (1 — d)m,j = 1,2 from now on. We do another
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integration by parts in vertical variant, using Lemma [5.3.3] From

2 — |2
0001 = 10y M0) £ (e )| = [ ez,

we can see that the smaller case comes from ([5.18]). In this case,
‘anscm = ’an3A<77) + 8T]:’,A(£ - 77)| = |a7]3A<77> - ansA(n - f)’ ~ |83VA(77) ’ §| ~ Qrethehe,

Hence, using the vertical variant of integration by parts with respect to D3 = |n|0,,, we

get an acceptable contribution if
2—P2—k+k2(1 4 op1th 4 2p2+l2) ~ QktE (2l1 + 2l2) < 9(=d)m

For the remaining regions, WLOG we now assume k — k; — ls < —(1 — &)m, because the

relations on indices are symmetric in & — 7 and 7 up to this point.

Now, since |9, ®| ~ |22~ F£22P17F1| ~ 27% we can use the set size estimate. Combining

this with the normal form with \ = 2*%’”,

2(1+/3)l2/8pHPk7pRanres (f]_, f2) HLZ

AN

QEHATm ok L (XIFY3 L 2R || £y |o]| fall2

AN

2@+8+20)m 93ko=sm . (271|| £1]|5)1 (27| fullx) T - 27| follx

(%+ﬁ+25)m . 2%(k+k1+p17l1)2ip1 . 2]671262

A
N

1
2(7ﬁ+3+45+350)m62

AN

)
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where we used k < ki + py, and

2P| Py, Ry Qe (fr, fo) g2 S 20F7420m 28 (A7128)3 2547 || £y [o]| o
< 2(1+ﬁ+25)m . 2%k2%m27%11+ip1 . 27[262
< 9(gH+B+28)m  of(k+ki+pi—li)gip ok—lz 2

5
S/ 2(7 15 +[3+45+350)m62

)

20+ || B Ry By ((8; — KA) f1, f) |12

< 2@HAH2Im gk (\~lgkyz . gkte . gmsmivmeZ || £,

N

Qa8 gBkoimata|| ]| 2

1 b b -
< 2(*g+ﬁ+7+35+350)m657

204N By RiBynr (f1, (9 — KA) fo) || 12

< 9(2+B+28)m ok | ()\_121@)% . ok+p f1l]s - 9—gmtym 2
< 2@ +Br0)m  g3kgzmo-li| £ || (2

< 2(%+B+7+26)m2%k2k+k1+p1—l163

1
5 2(—g+5+7+35+350)m63.

This finishes the final case for gap in p with pypac ~ 0.

5.5.2.2 Gap in p with p,.. <0
In this case, every A(¢) > 1,¢ € {£,€ —n,n}, so that we have |®| > 1, enabling us to

perform a normal form with |n| < 2% every time. The terms with time derivative are
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easier to bound by

2N Py RiBuor (9, — KA fu, fo)llze S 2270F20™ 25 (8, — kD) ful 2 - [€" folloc

< 9(2+8+20)m ok  g—fm+ym 2 g-mtym

1
< (=5 +B8+27+26+00)m 3

Y

where we used Lemma [5.3.8f The symmetric term works similarly, and the boundary
term is the toughest. WLOG assume f; has less vector field applied than to fs, and first

consider the case where p; 2 py. If pp < 7,

200N Py, Ry Qur (f1, fo) |12 S 2007200 98 1€ fy ][ oo - 272 | fol |8
< 2(1—1—,3—1—25)771 i 2k2—m+’7m6 . 2—%6

< (=5 +B+7+25+80)m 2

)

and when py > —%, we divide f; into fi and fI! as in Proposition m to achieve

2(1+ﬁ)l2ﬁp||P]{;,pRlanT(fll’ follzz < gUFAtT20)m ok . ||€itAf1I||oo “|[fall2
—p1—3m
< QUHBH2m ok o=pi=5my| £11| L 9P2| | o] || 5

~

< 2(—%+,3+25+50)m62’

2D Py BiQuor (1, f)1 5 2047450 - 26 |l 1 - " ol

N

9(1+p+25)m ok | 2(—1—/3')m—(1—26’)p1||f11||D . 9—mtym
< 9(B+y+20+60)mo(—1=)ym+(5+5")m 2

(=5 +B+26+b0)m 2

N

Now when p; < po, from the fact that G ~ 2Pmaxtkmaxthmin “integration by parts is enough
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if
27p17pmax+2k17kmaxfkmin(1 + 2k27k1+l1) < 2(176)77’7,
Hence, we are left with the case where

D1 + Pmax + kmax + kmin - le S _<1 - 6)m7 or,

b1 +pmax + kmax + kmin - kl - k2 - ll S —(1 — 5)m

Since k appears from m and ky can be obtained when using Lemma [5.3.8] we can always

have one copy of kmin.(If k1 = ki, it will cancel out with —k;) Therefore,

2(1+ﬁ)125pHpkprl Quer (f1, f2) |12 < o(1+4+26)m 2k+pmax(2p1HleB)%(ThHflux)% . HeitAfQHOO

< 2(1+6+26)m ) 2k+P2max 2%(p1+pmax+k*ll) . 2%k273k;7m+’ym 2

~ €

1
< (=5 +A+y+36+b0)m 2

This finishes the case with ppa. < 0.

5.5.2.3 Gap in ¢
We can assume p ~ p; ~ py ~ 0 from now on. We further localize in ¢ and write
Gi = Py, p,.e;Ui, 1 = 1,2, and look at the case where we have a gap in ¢. Using the boostrap

assumption on the B-norm,
2(1+B)l25p||pk7pRle(gh go)|[ 2 < 20FBF20)m  gm 9k+amax 9 5 kmax+ 5 min Q%qlungB ) 2%q2||gz||3,

we can reduce to the case where ¢pax > —}—gm and ¢uin > —Hm. This means we are again
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dealing with only (log(t))® many cases, and hence it’s enough to prove

2(1+5)lHPk,pRle(fla fo)lle S 27

D ¢ < q1, ¢2: We divide the cases according to Lemma again.

-1) ky ~ ko: This implies ¢; ~ ¢» and hence integration by parts is sufficient when
—q1+ ki —k+1; <(1—=0)m,i=1,2. Now that we can assume p;, py ~ 0, we actively
use the precise decay estimates. Without loss of generality, we assume that g, has less

copies of S, and denoting g, = g¢ + gi! := I + II as in Proposition m,

20N P RiB (g1, 93 )l z2 S 2570200 - 28] gy ][ g5 || o

a2

S 2(2+6+26)m . 2k+q2(2q1/2||g || )1/4( (1+8) l1||g || ) 7_%7”6
< 2(%+5+25+50)m . 2%(112—11)62

<2 —2+B+35)m 627

20| Py RiBn(g1, 9312 S 20477200 - gt gbaktgan o=l g, || [ g |,

125

< 9@+B+2)m  9(1-Bk+ G+ a0 9B @th—t)g=(L+8)m) |0 1|

S 2(—B'+45)m€2

give satisfactory bounds.

-2) ky < ky: From 2M+01 ~ 2k21@ e also have 2079 ~ 2270 <« 1 and ¢ < ¢ < ¢o.

Integration by parts is sufficient if

Q—Q2+2k1—kmax—kmin(1 + ok2—k1 (2q2—q1 + 211)) ~2TH 9—wth < 2(1—5)7”’ or,

2—(12+2k2—kmax—kmm(1 4 Qk1—ke (20— 4 2l2)) ~ 92t < 9(1=6)m
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So we look at the converse situation and when ¢; > (1 + 2f)g, in addition,

2(1+B)lHPk,pRl (91792)HL2 < 9(2+8+28)m  gk+qo _Qf%mf—HeztA IHD 9—(1+58) l2Hg HX

§ 2(%+5+25+50)m2(1+5)(%*l2)2*5(12*%1 €2

< 2(*%+45)m2(%+25)%m62

gives a sufficient bound since § < = 60, and

| Py RBa(gt!, g2)|gs S 2EH5H20m gt glahan g (430m gy 1, (490

< 9UU=B"+5+20+3d0)mo(1+8) (g2 —l2)+ =284, 2

g 2(—,8’+45)m€2

can be used when g; has less power of S. When ¢, has less power of S,

20| Py Ry Bu(gr, gb)|| 12 S 23H84200m  oktar L o=(48) || g || . 23k =5m=F || gy |

< 2(%+,3+25+50)m . 21722[3kz—(%+B)Q22(1+5)(Q2+k2—l1)€2

[l

S 2(—%+45)m2(%+5)%m62

gives a sufficient bound since g + ko ~ q1 + k1 and [ < == 30, and

k1+q Nem,
S| Py Bl g1, o412 S 2020 g b 58900 g 00 g

< 2(1—,3’+,3+25)m2k2%(k2+qz)—(1+6)l1 62

5 2(—,8’+45)m€2

using k1 + g1 ~ k2 + qa.
Now we look at the case where ¢; < (1+203)ge. Here, we use ko ~ k1 +q1 — g2 < k1 +20¢so,
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so that we can generate ¢y using ky. Using the normal form since || 2 2%,

200 P RiQu(g1, 2) 12

o(1+B+20)m ok  oFka+5as (2%q1||g1HB>1f%

4B
(27 |gillx) s - 270 gal|x

o(1+B+20)m o3k o(3+3B)az , 9(5 —28)q2+22 1 22 (1+5)ly .9—(1+H)l2 2

AN

AN

< o(—f+48+380)m 627

20+ P RiBy (0 — kA g1, g2)]| 2

< 9@+B+20)m ok  oSkatie | 11(8, — kA)gr||2 - 27D gy || x

2

< 9@HATA)m ok 9fkitH(3+38)a . g=mivme2 o= (1HA)l2|| g, |

< 9(28+7+30)m 3

are acceptable contributions since v < 3, and

20| Py RyBu (g1, (8 — KA)g2)|| 2
< g2HB+m gk 95kat3az (2%1”91“3)%(2 B || g, HX)% (0 — KA)ga]|2

1 1 1 2 3
2(2+6+25)m . 22k2+§k1+§q1 . 25(]175[1 . 275m+'ym€3

AN

2(*%+6+7+36)m63

AN

hence we get acceptable contributions for all terms after the normal form transformation.

1-3) k1 < ko: This forces ¢o < ¢ which is against the assumption, and hence excluded.

@) ¢1 < ¢2,q : Again, we divide the cases by Lemma [5.3.11]
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2-1) k ~ k5 : This implies ¢ ~ ¢ and hence integration by parts is enough if

2*612+k1*k2(1 + 2/62*161 (21127111 4 211)) ~ Q@ + S*Q2+ll < 2(1*5)””" or, (520)

2*(12+k2*k1(1 4+ 2191*162(241*612 4 212)) ~ 2*QQ+k2*k1 4 Q*QQHQ < 2(1*5)7”. (5.21)

So we look at the other cases. Assume first that ((5.21)) does not hold because ¢y + k1 — ko <
—(1 —0)m. Then,

2 Py, RiBa(g1, 92) | 2

< Q@AM ghtar g3kitza . (9|gy (| ;)5 (27 ||gulls) T - 25%|lgn] 5
5 9(2+4+20)m ok 2(2+%)(k1+q2)62

< (=g +B+50)m 2

Y

so from here, we assume ¢z — lo < —(1 — 0)m < g2 — ko + k.

Assume that the inequality in ((5.20) fails due to ¢ < —(1 — 0)m. Together with the
above line, we have q; < qo — ko + k1. Hence, from |V,, ®| > |2227F2 £ 2017 F1] ~ 2027F2  we
can use the set size estimate Lemma along with a normal form. For \ = 2(1+28)a=28m

the resonant term can be bounded by

Fitai

U Py RiBures (g1, g2) || g2 S 23 H20m 972 2% . (A2h2—az)

~

. 2k+q2

NI

“Mgallz - llg2ll2

< 9(2+B+20)m 2%+2k2)\%2%(q1+q2) . 2%”91”3 . 2—(1+ﬁ)lz||92||x
< 2(2+26)m . 2%14-2]@ .oaq 2(1+5)(112—l2)€2

< o(=B+55+360)m. 2.
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Now we turn to nonresonant terms. First, the boundary term can be bounded by

20| Py Ry Qunr (g1, 92) || 12

2(1+B+26)m 2’“1“1 2%2 . ()\riqz)% . okta\—1 2%1“gl||3 . 2*(1+ﬁ)12HQQHX
< 9(1+28+28)m o 1+2k2 .9u19=Baz  9=(1+P)l2 2
< 9(1+28+20)m 9380m  9—(1—0)mo13Bm  o—(1+8)({5—0)m

43
< o(—75+13 B+45+3d0)m 2.

since ¢ ~ Qmax =, — }gm and hence —lp < —(1 —d)m — ¢z < (115 dm. As < 43, this

gives an acceptable contribution. The rest are bounded by

20O By, BBy (0 — KA) g1, g2) | 2

< 20RO R (g m)E e g gy
< 2RI g gt (2% lgo]|) 3 (27O gl x) B
< 9(BB+y+35+3d0)m Qéqr%lzezs

< 2(—§+36+w+35+360)m63’

2+ HPk p LBy (91, (0r — KA)g2)]| 22

SPA 2% - (gt ghrex o lg | 27 imme

1
(5+28+7+28)m | 2 ++2ko 9—Bazta1 3

A
B

1
9(=5+3B+7+3%0)m 3

AN

So now we assume ¢o — [; < —(1 —d)m < gy for the remaining complement case of (5.20)).

We use the precise decay estimate and the gjl , g]U notations again. It’s easier when ¢; has
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more S-vector field applied. In these cases,

20| Py RibBn (g1, 93l S 237020 - 2840 (25 || gy || ) (27 (M) AT g e

< 2(%+ﬁ+26)m . 2k . 2%(1+4ﬁ)((12*12)62

Y

< o(—f+35+80)m 2

2(1-‘:-ﬁ)l||P]C pRle(gh géI)HLQ < 2(2+5+25)m . oktaz 2%161-1-%(]1 . 2—(1+/3)l1||gll|B . 2—(1+5')m€

< o(=B'+40)m 2

When ¢o has more copies of S,

2(1+B)1Hpk pRle(g{[;QQ)HLz < 92+B+20)m  oktaz  9ikitza | 9—(1+8)m 2—(1+,3)12H92HB

~

< 2(—,8’+45)m€2

~

follows in the same pattern. To deal with the term involving g/, we have to subdivide the

case, and we first consider when ¢; > —(1 — §)m — 23¢. Then,

a1

et o

204 By RiBu (g, go) || 2 S 23HFH20m gkt 9=3m=% ¢ o=(4Ml2| g |
< 9(3HB+20)m gk 9@t 3EmiBar  9—(14B)l 2
< (145 +25+d0)mo(1+5)(a2~12) 2

_B
S 2( 2+45+§0)m€2’

and we are done. Hence, now we assume ¢; < —(1 — f)m — 28¢y. Here, we compare ¢;
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and go — ko + k1. When ¢ 2 ¢2 — ko + k1, the same remaining term can be bounded by

2(1+ﬁ)l”Pk,pRle(g{792)HL2 < 9@+B+20)m  gktar  9Fki—5m—TF l|92|]2

< 2B gt 9@t B (9% 1)1 5)5 (270D gy | )
< 2(%+5+25+350)m2§(Q2712)62

< 2(fé+5+35+360)m €2
~J 7

and hence we are finished again. The last case where q; < ¢o — ko + k1, we can use the set

size estimate again using the fact that in this case, |V,, ®| = 2%27%. The difference comes

from the fact that we are no longer in the range ¢; < —(1 —9)m, and the additional decay

comes from ¢ < —(1 — B)m — 23¢,. Setting \ = 2(1+68)e2—45m

201+ ||Pk,pRan’”es (917 92)”L2

< gC+8r2Im QMR 0% okt gkt gL [lgalla

IN N

IN

2(_ﬂ+45+350)m62.

o(2+B+20)m 9%t Mook 9(3+38)a2=28m _ 95(a1+a2) | 2%Hg1HB L2704 l2||g ||

9(2=B+26)m | 2 > +2ka 9—(1=p)m=20g2 , 9(1+3F)a2 , 9—(1+H)l2 2

Nonresonant terms use normal form along with the set size estimates. First, the boundary

term can be bounded by

20| Py Ry Qunr (g1, 92) || 12

< 2UBHIIm P 9 (ks gt p -l 9% g |5 - [|gal
< 9(+3+26)m 93 P42k 9n9—38a2 | (2%(12||92||B)§(2_(1+B)l2||92“x)%€
< 2(46+26)m . 2350m . 2(%—56)%—752

5 2(—%+96+3§+360)m€2,
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U Py R Bynr (9, — KA) g1, g2) || 22

A

o(2+B+28)m. 2’“% ) 2%2 . ()\riqz)% . 9kta\~1 g-§mtym 2 92| |2

R 952k g iYL (2% |gu)|)5 (270 gy L) Be?

AN

9(§B+7+20+380)m | o(5-48)g2— 5212 3

AN

9(=3+2 B+y+36+350)m 3

A

)

2 Py R Bynr (g1, (8; — £A)g2) || 12

ssaim QM9 L (Aghm)d L gL g |, - 2 Ememe?

A
DO

paserem . g etk g~ (2% |gy|1)F (270 lgr|[x) e

A

(38+7+25+380)m _ o(5—48)a2— 5711 3

A
DO

(=3 +%5 B+y+30+380)m. 3

A

This finishes the case 2-1.

2-2) k < ki ~ ko: In this case, we have k + g ~ ks + g2 and ¢ — ¢ ~ k — ks < 0, so that

¢1 < @2 < q. Integration by parts already gives enough result if

27q+k17k(1 + <2q2*Q1 4 211)) ~ 2T 9=zt 2(1*5)7”’ or,

27q+k27k(1 T (quqz + 212)) ~ Q@2 Fl2 < 9(1=0)m

In the complement cases, we use the normal form using the fact that |®| 2 29 = 2max,

The boundary term can be bounded as

20N Py RiQal91, g2) |12 S 207420 - 28 [ gy | oo [ g2 |2

S 2B g gt g |y - (2% ||gs|5)F (270 g3

1
< 2(*§+,3+’Y+36+50)m62’
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using Lemma Lastly, the time derivative terms can be bounded easily as

2050 P, RiB (0, — KA) g1, go) | 2
< o@HB+2m ok gdhitia . g=dmimne2 (9% ||| )3 (2700 |gy] )3
< 9(3HB+y+20+300)m | 9F(a2-12) 3

< 2(*%+6+7+36)m63

)

20 Py, RiBa(1, (9 — KA) g2) | 2
< 20HIRIm gk gihiri (2% |g)|[5)5 (27N lga|x)E - 273
< 9(3+B+7+204350)m | 9F (q1-12) 3

< 2(*%+ﬁ+7+35)m63’

since ¢; — I3 < min{qy, ¢ — I1 }.

2-3) ko < ki ~ k. In this case, we have k + g ~ ks + g and ¢ — go ~ ko — k < 0, so that
g1 < ¢ < qo. The case is symmetric to the case 2-2 and the estimates follow similarly.

Integration by parts is enough if

2—q2+k1—k2(1 4 ok2—h1 (2020 4 2l1)) ~ QTN gmeth < 2(1—5)7”, or,

2—112+/€2—k1(1 + 2k1—k2 (qu—qz + 212)) ~ 2—q2+l2 < 2(1—6)771.

The conditions on the indices are the same as in 2-2, and we can still use the normal form

since |®| = 2max = 222 Hence, the result follows exactly the same way as in the case 2-2.

B ¢~ q < g : By Lemmal5.3.12) we have k ~ k; > ko, k+q~ ki + ¢ 2 ko + ¢2 in
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this case. Integration by parts is sufficient if

2*(12+2/€1*kmax*kmin(1 4 ok2—k1 (2%*611 + 211)) ~ 92 (2761*/62 + 211) < 2(1*5)7”’ or,

2*612+2k27kmax*kmin(1 + ok1—k2 (2(11*(12 + 212)) ~ 92t < 2(1*5)m_

For the remaining case, we use the normal form since |®| ~ 2%.

. 2
20 Py RiQu(g1, 92) 12 S 20720 28 e gy o - (27 [lgal[8)5 (272 gal L)

< 2HBHIm gk gmmime 9®5E ¢

< 2(—%+B+V+3§)m 52,

where the second inequality holds by Lemma [5.3.8 For the derivative terms,

240 Py, RiBo((0; — KA) g1, g2) || 22

3 1 a2 1 _ 2
< 2@HAH2Im gk 93katza (9, — kA) |2 - (27 [|ga]|B)3 (27T || g | )5
< 9(2+6+20)m  9Fky—Fmtym 2 92(a—l2),

1
< 9(=gHA+YH85+380)m 3

2O Py, RiBa(g1, (0, — KA)go) || 12
< Q@HB+20m ok 93ketae (2 ||go||5) 7 (27N |gal|x)F - ||(0) — KA)gs2
< 92H+B+20)m gk 9F(a—l)+3kz 9= Fmtym 2

1
5 2( 5 +B+’y+35+350)m€3'

@ q1 ~ g2 < q: Again by Lemmal5.3.12] we have k < ky ~ ko and k+q < ki+q1 ~ ka+qo.
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Integration by parts is sufficient if

9—4-+2k1—kmax— ‘“‘“(1 + ok2—Fk1 <2q2 a oy 211)) ~ 9 atRki—k+h < 2(175)m’ or,

Q*Q+2k2*kmax*kmin(1 + 2161462(2(11*% + 212)) ~ 2*q+k27k+12 < 2(1*5)7”_

Hence, now we assume ¢+ k — ky —1; < —(1 — d)m, j = 1,2. Since the conditions are
symmetric on 7 and £ — 7, assume WLOG that g; has more copies of S. Using the normal

form,

a 2, 1 i
2| Py RiQu(g1, g2) |2 S 20 0F29m 28 (2% ||gn [ 3) 5 (27 |1 x) 5 - (€™ g2 |oo

< 2(1+ﬂ+25)m . 2%k+%k1 . 2%(q1+k—k1—l1) . 2—m€2

Y

Y

5 2(—%+ﬂ+35+50)m€2

204 B, RiBo (0 — KA) g1, o) 12

< 9@+B+20)m ok  9Fkt+5q  9—Fmtym 2 (22|’92HB)%( HﬁngHx)%

2

(3 +B+7+280)m o ktghz | 93 (a2th—ka—l2) 3

AN

1
2(—g+5+’7+35+350)m€3

AN

Y

20 Py RiBa(g1, (0 — KA)ga) | 12

N

9(2+6+20)m ok ofk+ia (2%“91”3)%( (1+8) l1||g HX)% .9~ smtym 2
< 93 HBtrH20)m o ffk+ik 9 (ath—ki—l) 3

1
9(=5+B+7+30+350)m 3

AN

This finishes the cases with gap in q.

5.5.2.4 No Gaps
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Now we can assume p ~ p; ~ ps ~ 0, and — m < Gmax ~ ¢min- WLOG we assume that

g2 has more copies of S applied and divide into resonant and nonresonant terms according
to A = 20720,

We consider the nonresonant term first, and perform normal form. Then,

2(1+ﬁ)lHPk,pRlQn(g{792)HL2 < o(1+B+20)m ok e itA IHOO 2% l|g2|| B

3

< ale gk =Bl 1, 0%

< o(—5+B+25+60)m. 2

Y

|| itA

2| Py R Qu(gi” go) || p2 S 20H7420m 9k |6t R gl - [|e™ gy |

< 9(I+p+25)m gk 2—m—ﬁ’m||gll|D L QmmAym

< (=5 +B+7v—F'+26+d0)m 2

bl

2 Prop RiBa((0, — KA)gr, go)llze S 22720 28 (8, — kD) gulfa - [|€™" gl

< 2(2+B+25)m . 2k . 2—7m+'ym 2 L gTmAym

~Y

(=5 +B+27+5+80)m 3

I

AN

20N Py RuBa(g1, (0 — £A) ga)llze S 2577820 28 - [e gy || - 1100 — 5 A) o[-

A PR

AN

1
9(=g+A+y+6+do)m 3.

AN
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For the resonant term, a trivial estimate gives

2(1+ﬂ)alk7pRle<gl’ 9)||l2 < 9(2+B+20)m  oktq  93kmintzq  omin{Y ki} omin{F k} 2
< 2(2+5+26)m . kaax . 2%kmin+2q . 2min{%7kmin}€2

< 2(2+ﬁ+25)m . 2kmax . 2%(km1n+Q)€2

which is enough if ki + g < —(1 — S)m. Hence, we assume ki, + ¢ > —(1 — 5)m. Now,
since |®| < 2772 for the resonant term, from Proposition we can use integration by

parts, and this is sufficient if

22k‘1—q—kmax—kmm(1 + 2k2—/€1<2q2—q1 + 2l1)) ~ 22k‘1—q—kmax—kmm(1 + 2k2—k1+l1) < 2(1—5)7”’ or,

22k2_q_kmax_kmin(1 + 2k1—k2<2q1—Q2 + 2l2)) ~ 22k2_q_kmax_kmin(1 + 2k1—k2+l2) < 9(1=8)m

In other words, if max{2k;, k1 + k2 + {;} < kmax + kmin + ¢+ (1 — d)m, we are done. Thus,

we are in the case
max{2k;, k1+ka+1;} > kmaxt+kmintq+(1—0)m > kpax—(1—5)m+(1=0)m = kpax+(8—0)m.

If 2k; = max{2k;, k1 + ko + {;} for any j = 1,2, we get a contradiction by dom > kmax >
2k; — kmax > (8 — 6)m. Therefore, k1 + ko +1;’s have to be the maximums. Plugging this

back to get ¢ — lj + kmax + kmin — k1 — k2 < —(1 = §)m,

m i a2 1, 2

20| Py RiBan (g1, g2 )| 2 S 23F7420 . 2840 || g || - (22| ga )3 (27 o |x)5
< 9(2+B+20)m  oktq  9—Fm—§ . oga—3(1+H)2,
< 9z +B+28)m 21<;+§(k1+k2—kmax—kmin—(1—5)m)62

< 2(—%+5+36+50)m62’
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204 Py RiBun (g1, g2) || 12 S 2@F0+20m olta g3ktsa || gith glT||) L 9=(+0)l2| g [

< 92+8+20)m  o—(1+8")m 95k+(1+5)(g—l2)

< 2(—/3’+45+350)m62’

and this completes the proof.
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