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This thesis presents a global surface reconstruction framework that uses outputs of popular 3D shape

acquisition methodologies (ranging from time-of-flight cameras, 3D laser scanners, structured light

systems to multi-view stereo algorithms) as input, and generates detailed polygon mesh surfaces. As

part of the framework, novel variational formulations are introduced targeted to reconstruct water-

tight surfaces from various 3D data representations such as oriented points, colored oriented points,

calibrated depth maps, cross-sectional curves (parallel or non-parallel), and volumetric occupancy

grids. The variational formulations proposed in different chapters are based on minimizing energy

functionals composed of simple geometric constraints to estimate a surface implicitly defined as the

zero level set of the Euclidean signed distance function to the surface, i.e., the implicit function is

forced to be a smooth approximation of the signed distance function to the surface. In contrast, the

Poisson surface reconstruction approach forces the implicit function to approximate the indicator

function of the volume bounded by the implicit surface. Since an indicator function is discontinuous,

its gradient does not exist exactly where it needs to be compared with the normal vector data. The

smooth signed distance has approximate unit slope in the neighborhood of the data points. As a

result, the normal vector data can be incorporated directly into the energy function without implicit

function smoothing. In detail, each energy functional consists of two data terms, and one regulariza-

tion term to constrain the space of signed distance functions. The first data term forces the implicit

function to be close to zero at the data points. The second data term forces the gradient of the

function to be close to the corresponding normal vectors at the data points. The regularization term

forces the gradient of the function to be constant away from the data points. The formulations allow

for a number of different discretizations, reduce to scalable least squares problems for all linearly

parameterized families of functions, and do not require boundary conditions. The resulting algo-

rithms are significantly simpler and easier to implement, and efficient space-adaptive (octree-based)

implementations are shown to produce high-quality adaptive manifold polygon meshes comparable

with state-of-the-art algorithms.
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Chapter 1

Introduction

1.1 Thesis statement

This thesis provides a general and flexible surface reconstruction framework that uses outputs of

popular 3D shape acquisition methodologies (ranging from time-of-flight cameras, 3D laser scanners,

structured light based algorithms to multi-view stereo algorithms) as input, and generates detailed

polygon mesh surfaces. As part of this thesis, new variational formulations for the problem of recon-

structing a watertight surface defined by an implicit equation, from various 3D data representations

(oriented points, cross-sectional curves, or volumetric occupancy grids) are introduced. The formu-

lations allow for a number of different discretizations, reduce to scalable least squares problems, and

do not require boundary conditions. The resulting algorithms are significantly simpler and easier

to implement, and efficient space-adaptive (octree-based) implementations are shown to produce

high-quality adaptive manifold polygon meshes comparable with state-of-the-art algorithms. The

source code for part of the framework is made publicly available at http://mesh.brown.edu/ssd.

1.2 Motivation

Automated estimation of a scene’s geometry and appearance from images is an important research

problem with applications ranging from realistic modeling for the film, mapping and gaming industry,

to quantitative measures for urban planning, autonomous navigation and various surveillance tasks.

The problem of image-based 3D modeling or multi-view stereo has been widely studied in the
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Figure 1.1: Distance visualization framework proposed by from Dick et al. allows surgeons to plan
an implant operation ahead of time by interactively showing distances between the 3D model of a
patient’s bone and the 3D model of the implant in three different modes. Images taken from [5].

field of computer vision, computer graphics and computational photography. Most scalable 3D

reconstruction techniques have demonstrated results that are sufficient for visualization purposes,

but do not necessarily offer a solution to the problem of accurate surface reconstruction.

1.3 Background

A digital 3D model is a numerical representation of a real object. 3D models can be grouped into two

broad categories: solid models and surface models. A surface model such as a polygon mesh model

provides a continuous 2D description for the surface of the object so that surface attributes (such

as coordinates, normals, curvatures) and visual attributes (such as colors, textures, reflectances)

can be explicitly associated, whereas these attributes are typically associated implicitly across the

volume in a solid model such as in an indicator function, signed distance field, or density of surface

occupancy (see Figure 1.8 for 2D illustrations of these models). The attributes of the surface are then

deduced from either by ray-tracing [6–8] the volume from different viewpoints or by contouring [9–

12] isosurfaces of the volume at different levels.

The increase in availability and power of graphical processing units (GPUs) has enabled 3D

applications to progress. Most of these applications allow users to interact with digital 3D models,

i.e., visualize, modify and display attributes of the model in real-time of the interaction which

provides a great advantage to digital models over physical ones. 3D digital models are nowadays used

in a long list of applications such as in archeology [13–17], fashion design [18], marketing [19], quality
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Figure 1.2: Optical 3D data acquisition systems classified based on whether active light sources are
exploited or only ambient light of the environment is used by the system to measure the surface of
an object or a scene.

control [20], person identification [21], medical education, planning for surgeries [5, 22](Figure 1.1),

architectural design, industrial design, reverse engineering [23], entertainment industry (film making,

animation [24], gaming), machine manufacturing. 3D digital models are traditionally designed by

3D artists either by drawing its surface using a Computer Aided Design (CAD) software, or by

applying boolean operations to simple solid shapes using Constructive Solid Geometry (CSG). Most

often, these activities require training, experience and skill. In contrast, 3D digital data can be

conveniently obtained by directly measuring the surface of the physical object through 3D scanning

or simply by using a photogrammetry software from photographs of the object taken from different

view points. More recently, novel 3D shapes and scenes can also be synthesized by machines trained

by a large collection of 3D shapes and scenes [25]. With the advancements in artificial intelligence,

and the availability of easy-to-use 3D data acquisition pipelines such as inexpensive structure light

systems [26, 27] or freely available automated image-based modeling softwares [28, 29], 3D artists are

becoming less essential for 3D modeling as the demand for 3D shapes and scenes keeps increasing.

1.3.1 3D Data Acquisition

3D data acquisition involves measuring the geometric and color information of the physical object.

The device, the technique, and the scanning procedure vary greatly depending on the size (micro or

macro), surface properties (opaque or transparent), or the dynamic nature (still or moving) of the

object to be scanned. Since each application comes with a set of different requirements, one should

also take into account several other parameters such as accuracy, resolution, speed, flexibility, and

cost of the scanning system while choosing one scanner over another.

3D scanning systems can be grouped into two broad categories based on the interaction between
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the sensor and the object surface to be scanned. Contact scanners such as coordinate-measuring ma-

chines (CMM) or articulated jointed arms physically touch the object surface to get a very accurate

sample, albeit rather slowly. On the other hand, non-contact scanners calculate the coordinate of a

sample from the interaction of the object with some kind of radiation, as a result, they provide more

measurements than contact scanners do for the same time period, albeit with less accuracy. Indus-

trial computed tomography (Industrial-CT), optical sensors, and sensors based on sonar or radar

fall into this category. With the increasing availability of digital cameras and handheld devices,

optical sensors have gained great popularity in the last decade. Depending on whether active light

sources are exploited or only ambient light of the environment is used, these optical devices can also

be divided into two sub-categories: active and passive (Figure 1.2). Active methods [30] consists of

laser scanners, RGB-D cameras, structured light systems, time-of-flight cameras, and scanners based

on photometric stereo method [31]. Computational vision algorithms designed to capture the shape

and the texture of an object or a scene in the form of dense point clouds or volumetric likelihood

of surface occupancies from calibrated two images (stereo) or multiple images (multi-view stereo)

constitute examples of passive methods. Passive stereo devices basically consist of two video cameras

operating in sync to capture two video streams of a dynamic scene or a moving object of interest.

They are accompanied by an efficient stereo matching algorithm [32] to find corresponding pixels in

two views, and to output a depth map stream in real-time of video capture. RGB-D cameras replace

one of the cameras with a still projector to actively illuminate the scene with a known static pattern

based on non-periodic sequences [33, 34] or pseudo-randomly generated speckles [35, 36] with the

aim to simplify the matching process between the views of the projector and the camera, and as a

result, to achieve more reliable depth measurements than passive stereo systems.

A multi-view stereo reconstruction system is not necessarily a device but a software that accepts

a collection of photographs of an object or a scene captured from different viewpoints to typically

output dense point measurements of the object or the scene. A standard multi-view stereo recon-

struction software consists of a series of algorithms applied in order by using the outputs of the

previous algorithms as input. For example, a publicly available multi-view stereo reconstruction

software, namely VisualSFM [28], first uses [39] to extract salient features in each image, and to

match them across images, then uses [37] to estimate parameters of each camera such as focal length,

position, orientation together with a sparse set of 3D locations of the features, and finally uses [38]

to extract dense features in each image, and to match them across images to produce a dense set of
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Input images Output of Bundler software Output of PMVS software

Figure 1.3: An example of multi-view stereo data acquisition pipeline to reconstruct Rome’s Colos-
seum. Bundler software [37] developed by Snavely takes a set of images, image features, and image
matches as input, and produces a 3D reconstruction of camera and sparse scene geometry as output.
PMVS software [38] developed by Furukawa takes the output of Bundler as input, and produces a
dense set of unorganized 3D patches as output. Images taken from [37, 38].

unorganized 3D patches as output. Each patch is represented by a point (x, y, z) for the location, an

oriented unit normal (nx, ny, nz) for the orientation, a scale σ for the size, and an (r, g, b) value for

the color of the patch. Figure 1.3 summarizes the aforementioned steps for the 3D reconstruction of

the Colosseum in Rome, Italy. A literature review focused on multi-view stereo reconstruction algo-

rithms is provided in Section 4.1. For more general reviews of other scanning techniques mentioned

in this section, the reader is referred to [30, 40].

1.3.2 Registration of Multiple 3D Scans

Creating 3D models of large and complex objects usually require combining several 3D scans. This

is due to sensor scope and resolution, but mainly due to visibility constraints. For example, a

laser based range scanner sees the object to be scanned only from a single viewpoint at a time. If

the object is small, one can obtain calibrated motion of the scanner or the object by placing the

object in a controlled environment such as on motorized turntable so that the relative alignments

between range scans are known. On the other hand, if the object is too large to move or to fit in the

scanners working volume, scanning has to be performed from different viewpoints and potentially in

multiple sessions. As a result, the range scans must be registered into a global coordinate frame after

acquisition. For example, it is reported in [14] that more than 600 individual scans were registered

to create the model of Michelangelo’s Florentine Pieta, and in another project [13] that more than

1000 individual scans were registered to create only the head model Michelangelo’s David [13].
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Figure 1.4: Steps of the global alignment framework proposed by Brown and Rusinkiewicz. From
left to right: pairwise correspondences are computed; features are associated with global positions;
global feature positions are optimized; each scan is aligned. Images taken from [41].

The traditional tool to solve the relative rigid-body alignment problem between two partial

scans is Iterative Closest Point (ICP) algorithm [42]. An initial estimate for the relative position

and orientation is produced by the user interactively establishing three or more correspondences, or

automatically by feature extraction and matching [43]. Then the initial estimate is refined using the

ICP algorithm. Each iteration of the algorithm performs a search for matching points in between

scans which results in a set of corresponding pairs, followed by a least squares minimization to

determine the relative alignment between the pairs in closed form [44]. The algorithm eventually

converges to a fixed point. The choice of correspondences both initially and during the iterations of

the algorithm is important to prevent the routine from getting stuck at a poor local minimum [45].

In order to constrain the space of potential solutions, several variants of ICP have been proposed

over the years replacing the point-to-point objective of the original ICP [42] with point-to-plane [46],

quadratic [47], two-plane [48, 49], and symmetric [50] objectives which significantly improve both

the speed of converge and the quality of the final estimate of the relative alignment [50, 51].

Equipped with an ICP variant to align a pair of close scans, one can obtain the final model by

recursively pairing and aligning the scans until one big scan is left. Depending on the application,

scans can also be aligned incrementally by appending a new scan to the previously aligned scans.

However, due to calibration and measurement errors, the final model may not be consistent every-

where. Therefore, ICP is typically employed as part of a global optimization framework [41, 52]

to jointly refine alignments for all scans with the aim to distribute overall alignment error evenly

among partial scans. Figure 1.4 demonstrates steps of the global alignment framework proposed by

Brown and Rusinkiewicz [41].
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Original shape Nonuniform sampling Noisy data

Outliers Misaligned scans Missing data

Figure 1.5: Surface reconstruction methods are expected to handle different forms of point cloud
artifacts. In the figure, these artifacts are depicted on a curve in 2D for the sake of clarity. Images
taken from the surface reconstruction survey of Berger et al. [53].

1.3.3 3D Surface Reconstruction

3D acquisition techniques mentioned in Section 1.3.1 generate geometrical data in a discrete for-

mat such as in the form of unorganized point samples. A continuous surface representation for the

captured data is usually required by most of the applications described in Section 1.3 mainly for

compression, storage, transfer, measurement, visualization, modification, animation, and printing

purposes. Surface reconstruction methods are expected to handle various types of imperfections

present in gathered point cloud data (Figure 1.5) such as non-uniform sampled data due to con-

cave surfaces, missing data due to inaccessible regions, noisy data due to sensor incapabilities, and

distorted data due to misalignment of partial scans. In addition, the size of a point cloud can

grow rapidly as new measurements are registered to previous scans. For example, the raw dataset

of Michelangelo’s David contains 2 billion points in the Digital Michelangelo Project of Levoy et

al. [13]. Multi-view stereo reconstructions of large scale urban scenes also result in several hundreds

of millions of points even up to a few billions. For example, Citywall dataset provided with the

MVE tool [29] contains 256 million points; whereas Breisach dataset [54] contains 1.5 billion points.

Thus, numerous surface reconstruction algorithms have been proposed for more than three decades

in the graphics and vision community to address the aforementioned challenges. We discuss some

of the existing methods focused mainly on implicit methods (based on fitting to the points a 3D

scalar function, and then extracting an isosurface) since they are relevant to the variational meth-

ods presented in this dissertation. For a more general review, the reader is referred to the surface

reconstruction survey of Berger et al. [53].
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Input point cloud SSD (2011) SPR (2013)

FSSR (2014) MSF (2015)

Figure 1.6: Surfaces reconstructed by various implicit methods from an outlier-ridden point cloud
generated by a multi-view stereo algorithm; applied to the reconstruction of a car from outdoor
photography. FSSR [64], a local implicit method, shows strong artifacts, whereas global methods
(SSD [1], SPR [65], MSF [54]) generate smoother surfaces. Images taken from [54].

Surface reconstruction techniques can be reviewed in two broad categories: explicit methods

(based on computational geometry techniques), and implicit methods. Explicit methods produce

interpolating polygon meshes where all or some of the input points become vertices of the polygons.

Crust [55], Ball-pivoting [56], Power Crust [57], Cocone [58], Robust Cocone [59], Wrap [60], and

flow complex [61] fall into this category. Most of these methods are based on constructing Voronoi

diagrams and Delaunay triangulations of the data points, and are combinatorial in nature. Even

though these methods in general come with elegant theoretical guarantees [62], they can be sensitive

to noise and imperfections of the input data. A global segmentation approach is proposed by

Kolluri et al. [63] to handle outliers, and as a result, to improve the reconstruction quality.

On the other hand, implicit methods have proven efficient and robust to noise [53]. They

estimate a 3D implicit function from the input points, and then extract an isosurface to produce

polygon mesh surfaces. Implicit methods can be grouped into two sub-categories: local and global

methods. Local methods fit data points to local implicit functions (functions with compact sup-

port). Then, they blend the local implicit functions to obtain a single function. These methods

typically fit a local signed distance function to the data points based on the points’ line-of-sight [66],

or based on the points’ normals [64, 67], or based on local polynomials [68–70]. Even though most of

these methods are faster compared to global methods because of using only local information, they
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Primal Marching Cubes Dual Marching Cubes

Figure 1.7: An isosurface obtained by running Marching Cubes on the primal octree cells displays
cracks (Left). The same isosurface obtained by running Marching Cubes on the dual octree cells is
crack-free (Right).

tend to be sensitive to noise and imperfections of the data. On the other hand, global methods

show more resilience to variance in data (see Figure 1.6) because they consider all data points to

estimate the value of the implicit function at a point in the volume. This is typically performed by

estimating the implicit function as a solution of a global linear system with respect to a set of basis

functions [1, 54, 65, 71–74], or by pointwise evaluation of functions with global support [75, 76].

These methods typically employ a multigrid [77] approach based on a hierarchy of space-adaptive

discretization and an iterative solver [78] to obtain the solution efficiently.

Isosurface Extraction: Once the implicit function is obtained, a polygonal approximation of its

isolevel 0 for signed distance functions or 0.5 for binary indicator functions (see Figure 2.2 for a

2D illustration of these functions) is typically extracted by a variant of marching cubes algorithms.

The original Marching Cubes [9] can be implemented in such a way that it can be applied to any

volumetric grid composed of hexahedral cells, and in particular, to regular voxel grids and to octree

grids. When it is applied to a scalar field defined on the primal vertices of an octree, a mesh with so-

called “cracks” is typically obtained as shown in Figure 1.7(left) due to depth disparity in the octree,

i.e., different decisions are made on different sides of a face shared by octree cells at different depths.

The primal marching cubes method proposed by Kazhdan et al. [12] solves the problem by means of

constructing edge trees where the positions of the zero crossings are explicitly defined. Alternatively,

since the dual grid of an octree hexahedral grid is composed of cells which can be regarded as
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Surface Density µ Indicator Function X Signed Distance Field f

Figure 1.8: Common types of implicit functions (top-row) used in 3D Vision and Graphics. The
functions are illustrated in 2D for clarity. The 1D plots in the bottom row show the behavior of each
function near the surface, and away from the surface for the cross-sections shown in red, overlaid in
the top-row. True location of the surface is traced in blue in each representation, which corresponds
to (from left to right) peaks of the surface density; 0.5 level set of the indicator function; and 0 level
set of the signed distance field.

hexahedral cells with collapsed edges, the same general implementation of Marching Cubes can be

used to instantiate the Dual Marching Cubes (DMC) algorithm [11] to extract watertight meshes as

shown in Figure 1.7(right). It is shown in [11] that if vertices of the dual grid are first modified to

align with the features of the implicit surface, DMC approximates thin features of the surface more

accurately. The precursor of DMC is the Dual Contouring algorithm [10] which allowed for the use

of additional information such as the gradient of the implicit function for better vertex placement

inside a given octree cell by minimizing a quadratic error function.

1.3.4 Implicit Functions

Signed distance fields (SDFs) and binary indicator functions (BIFs) are widely used in Computer

Graphics to implicitly represent 3D shapes and surfaces, and provide volumetric alternatives to

polygon mesh surfaces. Volumetric surface densities, on the other hand, are more common in the

Computer Vision community to explicitly model uncertain geometry and appearance of a 3D scene

which are typically learned from multiple images in a probabilistic framework such as by [79–81].

The differences between these implicit representations are illustrated in Figure 1.8. Smooth signed
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Figure 1.9: Surface reconstructions of a sphere from 1,000 random samples by global surface re-
construction methods. Poisson (PR) [72] and Screened Poisson (SPR) [65] methods are based on
estimating an indicator function of the shape. Smooth Signed Distance (SSD) [1] surface reconstruc-
tion method estimates an approximation of signed distance field to the surface. An exception is the
recent surface reconstruction method (GR) proposed by Lu et al. [76] which estimates a hybrid of
both functions, i.e., the function behaves like a signed distance function near the surface, and like
an indicator function away from the surface. In the figures, the color blue illustrates small RMS
(relative to the bounding box diagonal) error, whereas the color red shows areas with large error.
Images taken from [76].

distance surface reconstruction methods [1–3, 54] deal with estimations of a smoothed SDF whose

zero level set represents the surface to be reconstructed, whereas Poisson surface reconstruction

methods [65, 72] deal with estimations of a smoothed BIF whose 0.5 level set defines the surface.

An SDF encodes the oriented distance to the surface, whereas an indicator function takes value 1

inside the surface, and 0 outside the surface.

In surface reconstruction contexts, methods designed to estimate an SDF tend to be more accu-

rate than the ones based on estimating a BIF (see Figure 1.9 taken from [76] and Table 1 in [54]),

albeit slower (see Table 1 in [65] and Table 1 in [74]). These are expected results as an SDF is a

richer function than a BIF, and its gradients are non-zero almost everywhere in the working volume

except at the ridges (along the medial axis) of the SDF. The availability of non-zero gradients can be

exploited in Simultaneous localization and mapping (SLAM) applications to robustly track handheld

RGB-D cameras in cluttered environments by aligning a new depth map to the current prediction

of a global SDF, i.e., by using a point-to-SDF objective in ICP (Appendix A.4) instead of the SDF

ray-casting approach used in the popular KinectFusion algorithm [82, 83]. The aligned scan can

then be fused into the SDF as usual by [66] or by updating the sufficient statistics (Section 6.3) of

the SDF, followed by refining the SDF. The variational formulations presented in this dissertation

exploit this feature of SDFs (the availability of non-zero gradients) as well, to define data terms

which allow for direct comparison of the value of the function and its gradient with point samples
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and normal samples, respectively, and to define a biharmonic regularization term based on finite

differences of gradients in a single global optimization framework. Therefore, the resulting methods

generate surfaces that faithfully approximate the data while staying more resilient to variance in the

data than the methods based on estimating BIFs (see Figure 1.6: SSD [1] and MSF [54] are based

on estimating an SDF function to the surface, whereas SPR [65] estimates a BIF function of the

surface). On the other hand, it is more straightforward to impose boundary constraints in methods

designed to estimate BIFs than the methods for SDFs, i.e., if the surface must stay in a certain part

or envelope of the volume, by hardly constraining the value of the function to be zero outside of

the given envelope [84]. The value of the SDF outside the envelope is not known a-priori before the

surface is estimated. Fortunately, its value can still be encouraged to be non-negative [85] outside

the given envelope for the same purpose.

1.4 Overview of Contributions

Chapter 2 introduces the backbone of the framework (referred to as Smooth Signed Distance

Surface Reconstruction method or SSD in short for the rest of the dissertation) which takes an

oriented point cloud as input, fits to the points a 3D scalar field (implicit signed distance func-

tion) and outputs a polygon mesh approximation of the surface by contouring isolevel zero of the

implicit function. The implicit function is formulated as an argument of a novel variational opti-

mization problem based on simple geometric cues and then estimated by solving the problem in an

octree-based hybrid finite element-finite difference discretization scheme. As in the Poisson Surface

Reconstruction approach, discretizations of the continuous formulation reduce to the solution of

sparse linear systems of equations. But rather than forcing the implicit function to approximate the

indicator function of the volume bounded by the implicit surface, in our formulation the implicit

function is forced to be a smooth approximation of the signed distance function to the surface.

Since an indicator function is discontinuous, its gradient does not exist exactly where it needs to

be compared with the normal vector data. The smooth signed distance has approximate unit slope

in the neighborhood of the data points. As a result, the normal vector data can be incorporated

directly into the energy function without implicit function smoothing. In addition, rather than first

extending the oriented points to a vector field within the bounding volume, and then approximating

the vector field by a gradient field in the least squares sense; here the vector field is constrained to
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be the gradient of the implicit function, and a single variational problem is solved directly in one step.

Chapter 3 extends the capability of the framework to estimate pleasing color maps for implic-

itly defined surfaces from colored oriented point clouds which are nowadays obtained using a variety

of 3D measurement techniques, in particular, multi-view stereo reconstruction algorithms from mul-

tiple 2D images. In the chapter, a novel variational formulation for the problem of reconstructing

the color map of a 3D surface defined by an implicit equation from a finite set of colored oriented

points is proposed. Octree-based finite difference discretization of the formulation reduces the prob-

lem to solving a sparse system of linear equations. An implicit function that determines the surface

geometry is first estimated from the point positions and orientations by using an implementation of

SSD method introduced in Chapter 2, then the proposed method smoothly extrapolates the color

information from the points to the surface in the volume using an iterative algorithm based on Gauss-

Seidel method. It is shown in the results section that the method is capable of generating pleasing

color maps with minimal blurring effects. The proposed method provides an efficient (and scalable)

alternative to texture mapping algorithms that depend on image data. The proposed method only

uses color attributes of points, and avoids most of the difficulties that texture mapping algorithms

experience such as photometric discontinuities, seams between face boundaries, and ghosting effects.

Chapter 4 extends the capability of the framework to reconstruct accurate surfaces from prob-

abilistic volumes where the underlying data is not a finite set of points anymore but a volumetric

likelihood of surface occupancy. In the chapter, this type of data is acquired by running an im-

plementation of a probabilistic volumetric modeling algorithm from multiple 2D images. However,

volumetric data consisting of occupancies can also be obtained in medical imaging applications. A

continuous probabilistic volumetric model allows for explicit representation of ambiguities caused

by moving objects, reflective surfaces, areas of constant appearance, and self-occlusions; and learns

the geometry and appearance of a scene from a calibrated image sequence. The main contribution

of this chapter is the generalization of the SSD introduced in Chapter 2 to allow reconstruction of

surfaces from continuous probabilistic volumetric models using the entire information and ambigu-

ities present in the volume. This is achieved by extending the formulation of SSD to incorporate

non-negative continuous surface densities, and also singular measures defined over oriented points.

With singular measures, the original formulation of SSD becomes a special case of Generalized-SSD
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(GSSD). As in SSD, finite-element/finite-difference discretization of GSSD formulation reduces to

solving a sparse system of linear equations. The resulting algorithms are efficient and scalable to

large data sets. In the results section of the chapter, a framework that combines probabilistic volu-

metric modeling with the proposed GSSD is presented to reconstruct surfaces of large scale urban

scenes from multi-view aerial imagery. Extensive evaluation shows that the framework equipped

with the proposed GSSD produces highly detailed and accurate surfaces from probabilistic volumes.

Chapter 5 extends the capability of the framework to reconstruct surfaces from points clouds

where accurate surface normals are not available mainly due to highly irregular sampling of the sur-

face, yet the measuring sensor still provides some form of inside/outside information associated with

each point in the dataset. Nearly all optical measuring systems implicitly or explicitly provide the

coordinate of the sensor location through calibration information. The vector from a measured point

to the sensor location is called the “line-of-sight” associated with the point. A useful property of

line of sight vectors is that they are consistently oriented toward the outside (or inside) of the object

being scanned similar to the oriented surface normals used by most variational surface reconstruction

methods. In general, normals associated with points are estimated from the points using local prin-

cipal component analysis (PCA) followed by orienting them consistently toward the tensor direction.

In regions with missing or irregularly sampled data, or near thin features, normals estimated by PCA

get highly unreliable; and as a result, they often lead to erroneous surface reconstruction results. A

novel constrained energy formulation is proposed to solve the surface reconstruction problem from

a finite set of points and incomplete normals associated for each point. We use the term incomplete

as these vectors are not necessarily surface normals, but instead can be any set of vectors as long as

they are consistently oriented towards the outside of the object being scanned, including line-of-sight

vectors. We propose an efficient iterative algorithm to minimize the constrained objective based on

Majorize-Minimize (MM) technique where in the first step a “feasible” set of normals are estimated

from the previous estimate of the implicit function and the incomplete normals, and where in the

second the step surface estimate is refined using points and “feasible” normals. These two steps

are repeated until convergence which is guaranteed by MM. Fortunately, both alternating steps are

quite efficient, and the second step reduces to solving SSD introduced in Chapter 2. A dataset that

consists of points and incomplete normals is referred to as partially oriented points in the chapter.

A partially oriented point set can be as general as any raw 3D data such as those obtained from
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3D laser scanners, RGB-D cameras, and inexpensive structured light systems. Since no strong as-

sumption is made on the type of incomplete normals, the proposed method, with slight modification,

can also be used to reconstruct surfaces from sets of parallel or non-parallel 2D curves which ap-

pear in 3D modeling applications based on 2D drawings or are acquired by processing the outputs

of medical cross-sectional imaging techniques such as CT, MRI, PET, SPECT, and ultrasonography.

Chapter 6 introduces an alternative discretization for the SSD objective introduced in Chapter 2

to allow for reconstructions of very large scenes consisting of hundreds of millions of oriented points.

Similar to SSD, the new discretization is space adaptive and octree based. On the other hand, a dual-

graph (which has the octree leaf centroids as vertices) based discretization of the implicit function is

preferred over the primal-graph (which has the octree leaf corners as vertices) used in SSD. A primal

grid provides a natural way to interpolate a function evaluated at octree corners inside an octree

leaf through trilinear interpolation which is exploited to parametrize the implicit function in SSD.

However, an octree data structure with implicitly or explicitly defined dual grid is more standard

in Computer Science communities. Most libraries come with efficient routines for traversing octree

leaves (unfortunately not octree leaf corners) and pairs of leaves that share a common face. Without

the availability of trilinear coordinates, the implicit function is defined as a piecewise linear function

with the introduction of an auxiliary vector field which ideally serves as the gradient of the implicit

function. In order to avoid a constrained optimization problem, a coupling term for these two vector

fields is added to the original objective of the SSD. As in SSD, dual discretizations of the continuous

formulation reduce to the solution of sparse linear systems of equations. The main contributions

of this chapter are the derivation of sufficient (and minimal) statistics that are adequate to solve

the linear system with less memory requirements than solving it directly with the point cloud data,

and the introduction of an online implementation strategy to accumulate these statistics from point

cloud data, i.e., points are never fully loaded or stored in memory. To operate online, an octree is

built in a bottom-up fashion rather than the recursive top-down strategy used in SSD. Sufficient

statistics are first accumulated at the deepest leaves possible allowed by the octree or desired by

the user. Then, the sufficient statistics are expanded from the leaves to the internal nodes, and

recursively up to the root. Finally, the linear system is solved efficiently from the top-down using a

multigrid approach similar to the one used in SSD.
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PR (2006) SSD (2011) SPR (2013)

Figure 1.10: Surface reconstructions of King Neptune model by Poisson surface reconstruction (PR)
method proposed by Kazhdan et al. [72]; by Smooth Signed Distance (SSD) surface reconstruction
method proposed by Calakli and Taubin [1]; and by Screened Poisson (SPR) surface reconstruction
method proposed by Kazhdan and Hoppe [65]. The Neptune model is a real (laser) scanner data
from the Aim@Shape repository consisting of 2.4M points; half of which were used for reconstruction,
and the other half were used for validation by the authors in [65]. The 2D plots in the bottom row
show cross-section curves from the reconstructions of the mustache, overlaid with adjacent validation
points. Images taken from [65].

1.5 Impact

This section provides a brief discussion about the impact of ideas and formulations presented in this

dissertation. The variational formulations proposed in different chapters are based on minimizing

energy functionals composed of simple geometric constraints to estimate a surface implicitly defined

as the zero level set of a volumetric signed distance function to the surface. Chapter 2 introduces

the energy functional (2.3) which consists of two data terms (2.1), and one regularization term (2.2)

to constrain the space of signed distance functions. In detail, the first data term constrains the

zero level set of the signed distance function pass through input point locations, while the second

data term constrains the gradients of the signed distance function align to input normals at the

point locations. The regularization term ensures that the signed distance function is locally smooth

everywhere in the volume. All these constraints are satisfied in the least squares sense by solving a

single sparse linear system.

Kazhdan and Hoppe [65] incorporated the first data term in (2.1) into the formulation of the
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FSSR (2014) MSF (2015)

Figure 1.11: Surface reconstructions of an urban scene in Breisach, Germany by the local Float-
ing Scale Surface Reconstruction (FSSR) method proposed by Fuhrmann and Goesele [64]; and by
the global Multiscale Fusion Surface Reconstruction (MSF) method proposed by Ummenhofer and
Brox [54]. The Breisach dataset consist of 1.5 billion points generated by a multi-view stereo algo-
rithm; applied to the large scale reconstruction of architecture from outdoor photography. Images
taken from [54].

Poisson Surface Reconstruction [72] method as a screening term to enable pointwise positional con-

straints. The authors showed the extended method, namely Screened Poisson Surface Reconstruc-

tion [65] method, interpolates point cloud data more accurately (Figure 1.10) than their original

Poisson Surface Reconstruction [72] method. Similar to the color map estimation proposed in Chap-

ter 3, the authors also added a color option to their software [86] to extrapolate the color values of

the input points to the vertices of the reconstructed mesh. The authors later introduced a general

Adaptive Multi-Grid Solver [74] capable of efficiently solving sparse linear systems that arise from

octree-based discretization of energy functionals with pointwise or integrated constraints; which, in

surface reconstruction context, typically appear in the formulations of variational methods including

the ones presented in this dissertation.

Ummenhofer and Brox [54] replaced the squared norms (ℓ2-norms) in the energy functional (2.3)

with more robust norms (a smoothed variant of ℓ1-norm). Even though the problem does not reduce

to solving a single linear system, it is possible to obtain the global solution by solving a series of linear

systems based on iteratively reweighted least squares approach because the resulting objective is still
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convex with the use of ℓ1-norms. Similar to the dual graph discretization proposed in Chapter 6, the

authors used an octree-based dual grid to discretize the robustified version of the functional. Instead

of directly working with the point cloud data, a set of kernel density estimates (KDEs) [87] with

less memory footprint than oriented points were first aggregated from data. Then, the minimization

is performed only from the KDEs. This allowed the authors to gracefully reconstruct very large

points sets. For example, the Breisach dataset with 1.5 billion points was reconstructed in 4 days

on a machine with 24 cores (Intel X7460 CPU @2.66GHz, 2008) with a peak memory consumption

of 151.8 GB. Figure 1.11 compares the quality of the resulting mesh with the mesh obtained by a

local method, namely FSSR [64] which took 3 days to reconstruct the same scene with a memory

peak of 164.5 GB on the same machine. A similar approach is proposed in Chapter 6 where the

minimization is performed only from sufficient statistics which were first accumulated from point

cloud data.
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Chapter 2

Smooth Signed Distance Surface

Reconstruction (SSD)

2.1 Introduction

The problem of reconstructing watertight surfaces from oriented point clouds has received an im-

mense amount of attention since the mid 80’s [88]. Oriented point clouds are nowadays usually

obtained using optical measuring devices such as laser scanners, inexpensive structured lighting sys-

tems, by other computational means such as multi-view stereo reconstruction, and also result from

large scale simulations. Dense oriented point clouds have become a pervasive surface representation

in Computer Graphics [89].

The main challenges in this problem domain (as illustrated in Figure 1.5) are: how to extrapolate

to areas where the sampling is uneven, how to handle missing and noisy data, how to fill holes, and

how to develop simple and efficient algorithms which gracefully scale up to very large data sets.

As we show in section 2.10 the formulation introduced in this chapter performs particularly well

on unevenly sampled data sets. The primary contribution of this chapter is a simple variational

formulation of the problem developed from elementary geometric concepts. Various discretizations

are proposed based on popular surface representations. The particular hybrid FE/FD discretization

described in Section 2.6 results in a simple algorithm which competes in quality and speed with the

state-of-the-art methods.
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Figure 2.1: A surface reconstructed by the proposed algorithm on an octree of depth 9 (right) from
the input point cloud (left).

The prior art in surface reconstruction methods is extensive. Discussions on some of the existing

methods are provided in this section and in Section 1.3.3, and we refer the reader to [53] for a

survey on recent developments. Despite the long history, the area is still very active. One family

of algorithms produces interpolating polygon meshes where all or some of the input points become

vertices of the polygons [56]. Most of these algorithms are combinatorial in nature, are based on

constructing Voronoi diagrams and Delaunay triangulations of the data points, and many come with

guaranteed reconstruction quality [62].

It is often more desirable to produce approximating surfaces rather than meshes supported on

the input points. Various representations for the reconstructed surface have been considered. Since

the implicit representation guarantees watertight surfaces, most surface reconstruction methods in
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this category produce implicit surfaces. Early work in this group, going back to the late 80’s, include

methods to fit algebraic surfaces to unoriented point clouds [90–94], and PDE-based techniques [95].

More recent methods include [72, 73, 96, 97] which reconstruct a binary indicator function; [66, 67,

98] which estimate a signed distance function; and [69–71, 73, 99–101] based on local function fitting

and blending, or moving least squares. Most of these methods reduce the surface reconstruction

problem to the solution of a large scale numerical optimization problem, and very often to the

solution of a sparse linear system.

Even though the implicit functions produced by some of these methods have explicit analytic

forms [69, 71, 73, 99], since polygon meshes are usually needed for visualization or further computa-

tion purposes, the estimated implicit function is in the end evaluated on a regular grid of sufficient

resolution, and an isosurface is extracted using an algorithm such as Marching Cubes [9], resulting

in a polygonal mesh approximation of the desired level set. To reduce the computational and storage

complexity, as well as the running time of the isosurface extraction algorithm, many of the proposed

methods use octree-based schemes [72, 73, 102, 103], and so do we in some of the algorithms resulting

from discretizing our continuous formulation.

Our formulation is most closely related to the Poisson Reconstruction approach [72], which has

become a leading contender in this field lately, among other reasons because of the high quality

implementations made available by the authors. Streaming [102], parallel [104], and even GPU-

based implementations [103] are now available. We devote Section 2.11 of this chapter to establish

similarities and differences between the two formulations. As a proof of concept, in Section 2.7 we

present an in-core CPU-based implementation. Figure 2.1 shows one example of a surface recon-

structed with the proposed method, along with the input point cloud. Note the good behavior near

boundaries, holes, and uneven sampling.

Even though we are interested in point clouds and surfaces embedded in three dimensional space,

our formulation is valid in spaces of arbitrary dimension. As a result, we use planar examples to

illustrate various concepts which extrapolate to higher dimensions.

2.2 Continuous Formulation

We are concerned with the problem of reconstructing a surface S defined by an implicit equation

S = {x : f(x) = 0}, approximating a finite set of oriented points D = {(p1, n1), . . . , (pN , nN )},
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Figure 2.2: A 2D oriented point cloud as a sample of a 2D curve represented as a level set of an
indicator function (gray=1, white=0). The graph of the smooth signed distance function estimated
by our algorithm from the same point cloud.

where pi is a surface location sample, and ni is the corresponding surface normal sample oriented

towards the outside of the object. If the function is continuous, then this surface is watertight

(closed). Without loss of generality we will assume that f(x) < 0 inside and f(x) > 0 outside of the

object. As a reference, in both FFT Surface Reconstruction [96] and Poisson Reconstruction [72]

the implicit function is forced to be the indicator function of the volume bounded by the surface S.

This function is identically equal to zero outside, to one inside, and discontinuous exactly on S, as

shown in a 2D example in Figure 2.2.

Usually we are only interested in reconstructing the surface S within a bounded volume V , such

as a cube containing all the data points, which may result in an open surface at the boundaries of

the volume V , particularly when the points only sample one side of the object, there are holes in

the data, or more generally if the points are not uniformly distributed along the surface of the solid

object. Point clouds produced by 3D scanning systems are viewpoint dependent, and to cover the

whole surface of the object several scans need to be registered and merged. We are not covering

these topics here. Instead, we assume that multiple scans have already been registered, and we seek

a method that works well on regularly sampled as well as unevenly sampled data.

The gradient ∇f(x) of a function f(x) with first order continuous derivatives is a vector field

normal to the level sets of the function, and in particular to the surface S. If the gradient ∇f(x)
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does not vanish on the surface S, then S is a manifold surface with no singular points. Without loss

of generality, we will further assume that the gradient field on the surface S is unit length, which

allows us to directly compare the gradient of the function with the point cloud normal vectors.

Since the points pi are regarded as samples of the surface S, and the normal vectors as samples

of the surface normal at the corresponding points, for an interpolatory scheme the implicit function

should satisfy f(pi) = 0 and ∇f(pi) = ni for all the points i = 1, . . . , N in the data set. Interpolating

schemes, which require parameterized families of functions with very large numbers of degrees of

freedom, are not desirable in the presence of measurement noise. For an approximating scheme,

which is what we are after, we require that these two interpolating conditions be satisfied in the

least-squares sense. As a result, we consider the problem of minimizing the following data energy

ED(f) = λ0 ED0
(f) + λ1 ED1

(f) (2.1)

where

ED0
(f) =

1

N

N∑
i=1

f(pi)
2 and ED1

(f) =
1

N

N∑
i=1

∥∇f(pi)− ni∥2

and λ0 and λ1 are positive constants used to give more or less weight to each one of the two energy

terms. The normalization by the number of points is introduced to make these two parameters

independent of the total number of points. At this point this normalization has no effect, but plays

a role after we add a third regularization term.

Depending on which family F of functions f(x) is considered as the space of admissible solutions,

the problem of minimizing the energy function ED(f) of equation (2.1) may or may not be well

conditioned. In particular, this energy function does not specify how the function should behave away

from the data points. Many parameterized families of functions have parameters highly localized

in space, and the energy function of equation (2.1) may not constrain all the parameters. If the

unconstrained parameters are arbitrarily set to zero, the estimated surface S may end up containing

spurious components located far away from the data points, as we can observe in figures 2.6, 2.7,

and 2.9. To address this problem we add the following regularization term to the energy function

ER(f) =
1

|V |

∫
V

∥Hf(x)∥2 dx (2.2)

where Hf(x) is the Hessian matrix of f , the 3× 3 matrix of second order partial derivatives of f(x),
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and the norm of the matrix is the Frobenius matrix norm, i.e., the sum of the squares of the nine

elements of the matrix. The integral is over the volume V where we are interested in reconstructing

the surface, |V | =
∫
V
dx is the measure of this volume.

The total energy function in the proposed formulation is a weighted average of the data and

regularization terms

E(f) = λ0 ED0
(f) + λ1 ED1

(f) + λ2 ER(f) , (2.3)

and λ2 is another positive parameter. Increasing λ2 with respect to λ0 and λ1 produces a smoother

result. Note that the three columns of the Hessian matrix Hf(x) are the partial derivatives of the

gradient ∇f(x) with respect to the three cartesian variables:

Hf(x) =

[
∂∇f(x)
∂x1

∂∇f(x)
∂x2

∂∇f(x)
∂x3

]
.

As a result, by forcing the square norm of the Hessian matrix to be close to zero, the regularization

term makes the gradient of the function almost constant away from the data points. In the vicinity

of the data points the data energy terms dominate the total energy, and make the function to

approximate the signed distance function. Away from the data points the regularization energy

term dominates the total energy and tends to make the gradient vector field ∇f(x) constant.

Section 2.6 describes the actual discretization that we propose. Sections 2.3, 2.4, and 2.5 are

included primarily to motivate the approach.

2.3 Linearly Parameterized Families

In this section we are concerned with the existence and uniqueness of solution for the variational

problem defined by the energy function E(f) of equation (2.3)

E(f) = λ0
N

N∑
i=1

f(pi)
2 +

λ1
N

N∑
i=1

∥∇f(pi)− ni∥2 +
λ2
|V |

∫
V

∥Hf(x)∥2 dx (2.4)

We restrict the analysis here to families of functions linearly parameterized by a finite number of

parameters, because in most of these cases the problem has a unique solution, which can be computed

by solving a system of linear equations.

By a linearly parameterized family of functions F we mean a finite dimensional vector space of
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functions. Explicitly, a member of this family can be written as a linear combination of certain basis

functions

f(x) =
∑
α∈Λ

fα ϕα(x) (2.5)

where α denotes an index which belongs to a finite set Λ, say with K elements, ϕα(x) is a basis

function, and fα is the corresponding coefficient. The K basis functions are chosen in advance, and

are not regarded as variables in the problem. After selecting a particular order for the K indices,

the function can also be written as an inner product of two K-dimensional column vectors

f(x) = Φ(x)T F (2.6)

where F = (fα : α ∈ Λ) and Φ(x) = (ϕα(x) : α ∈ Λ) are K-dimensional column vectors.

2.4 Smooth Basis Functions

Even though this is not what we advocate in this chapter, for the sake of developing the ideas, let’s

first consider the case of basis functions with continuous derivatives up to second order, so that the

gradient exists and the second order derivatives are integrable in V . Radial basis functions [71],

compactly supported basis functions [69, 99], polynomials [90, 91, 94, 105] trigonometric polynomi-

als [96], wavelets [73], B-splines [72], and many other popular families of functions are included in

this category.

Restricting the energy function E(f) of equation (2.3) to one of these families results in a positive-

semidefinite, non-homogeneous, quadratic function FTAF −2 bTF + c in the K-dimensional param-

eter vector F . Except for very singular configurations, the matrix A is usually positive definite, and

the resulting finite dimensional minimization problem has a unique minimum. The global minimum

is determined by solving the system of linear equations AF = b. To complete the process we need

to compute the coefficients Aαβ and bα of the matrix A and vector b, and then select an appropriate

algorithm to solve the linear equations.

Note that the three terms of the energy function E(f) contribute to the matrix A, but since the

first data term and regularization terms are homogeneous quadratic functions of F , only the second

data term contributes to the vector b.

Keeping in mind the parameterization described by equation (2.6), the contribution of the first
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data term ED0
(f) to the matrix A is

A0
αβ =

1

N

N∑
i=1

ϕα(pi)ϕβ(pi) (2.7)

Since

∥∇f(pi)− ni∥2 = ∥∇f(pi)∥2 − 2nT
i ∇f(pi) + ∥ni∥2

the contribution of the second data term ED1
(f) to the matrix A is

A1
αβ =

1

N

N∑
i=1

∇ϕα(pi)T∇ϕβ(pi) (2.8)

and to the vector b is

b1α =
1

N

N∑
i=1

nT
i ∇ϕα(pi) (2.9)

The contribution of the second data term to the constant c is equal to λ1, because the normal vectors

are assumed to be unit length, but this is irrelevant since an additive constant in the energy function

does not play any role in the optimization.

The contribution of the regularization term ER(f) to the matrix A is

A2
αβ =

1

|V |

∫
V

⟨Hϕα(x),Hϕβ(x)⟩ dx (2.10)

where ⟨., .⟩ is the inner product associated with the Frobenius norm

⟨Hϕα(x),Hϕβ(x)⟩ =
3∑

i=1

3∑
j=1

∂2ϕα(x)

∂xi∂xj

∂2ϕβ(x)

∂xi∂xj

Finally, we have A = λ0A
0+λ1A

1+λ2A
2 and b = λ1 b

1. While accumulating the contributions A0,

A1 and b1 of the two data terms requires the evaluation of the basis functions and their derivatives on

all the data points, for fixed basis functions which are known in analytic form, the contribution A2

of the regularization term can be precomputed and saved in a static table, which can be hardcoded

in the implementation. If the basis functions are constructed as functions of the data set, then the

integrals (2.10) have to be evaluated during the program execution. Numerical approximations of

these integrals are usually acceptable, although for many of the linear families mentioned above,

these integrals can be evaluated analytically in closed form.
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2.5 Sparsity

If the number of parameters K is small, as in the case of polynomial basis functions, solving the

linear system AF = b is straightforward. One of many direct linear solvers for matrices represented

as arrays can be used, including the QR method. However, in most surface reconstruction problems,

a large number of degrees of freedom, typically O(N), is required for acceptable quality results.

For example, the radial basis functions used in [71] and trigonometric polynomials [96] are non-zero

almost everywhere, and result in a dense matrix A. This is not only a problem in terms of storage,

but also in terms of speed, since out-of-core storage of matrix and vector may be required along

with simple and slow iterative schemes. On the other hand, the matrix A is sparse when the basis

functions are compactly supported, so that the support of only a small number of basis functions

overlaps at any given point in the volume V . This property also results in many of the integrals

shown in equation (2.10) associated with the regularization term being zero: if the supports of ϕα

and ϕβ do not intersect, then the integral A2
αβ is equal to zero.

For example, the linear families used in the following methods [69, 72, 73, 99], which all use

compactly supported basis functions, would be appropriate for this approach. However, since com-

puting the integrals associated with the regularization term can result in significant implementation

complexity, we are not advocating for any of these families. Instead, we propose a hybrid FE/FD

discretization with discontinuous gradient, which results in a much simpler regularization term.

2.6 Discretization with Discontinuous Gradient

The approach described in the previous section can be extended to the case of basis functions with

derivatives continuous only up to first order, and with second order derivatives which are integrable

in V in the sense of generalized functions. As long as the discretized function f(x), gradient ∇f(x),

the Hessian Hf(x) can be written as homogeneous linear functions of the same parameters F ,

the problem still reduces to the solution of linear equations AF = b. In fact, even independent

discretizations for f(x), ∇f(x) and Hf(x) can be used, again, as long as all these expressions are

homogeneous linear functions of the same parameters F . We propose in this section one such hybrid

discretization, where a finite element discretization is used for the function f(x), but finite differences

discretizations are used for gradient ∇f(x) and the Hessian Hf(x). This discretization turns out to

be particularly simple to implement, is applicable to adaptive grids, and produces results of high
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Figure 2.3: Vertices of an hexahedral cell

quality at high speed as presented in Section 2.10.

To simplify the notation, we first consider a regular hexahedral grid partition of space. We

assume that the volume V is a unit cube V = [0, 1]× [0, 1]× [0, 1], and that each of the three axes

is split into M equally long segments, resulting in M3 hexahedral cells and (M + 1)3 vertices. In

the general case a bounding box for the data points has to be computed first, perhaps expanded by

a certain amount to prevent boundary-related artifacts, and all the coordinates need to be scaled.

If the scaling is anisotropic in the three coordinates, then the normal vector coordinates need to be

scaled as well and then renormalized to unit length.

In this discretization, the indices α ∈ Λ are the grid vertex multi-indices α = (i, j, k), for

0 ≤ i, j, k ≤ M . The coefficients fα are then the values of the function f(x) at the grid vertices

pα = (i/M, j/M,k/M). Since the result of this computation is a scalar field defined on the vertices

of a regular hexahedral grid, the construction of an output isosurface using Marching Cubes [9] does

not require any further function evaluations. The grid cells Cα are also indexed by multi-indices

α = (i, j, k), except that in this case 0 ≤ i, j, k < M . The indices of the eight vertices of a cell Cα

are depicted in Figure 2.3.

We use finite differences discretizations for the gradient and Hessian. Within each cell Cα we use
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trilinear interpolation as the discretization of the function f(x). This is a finite element discretiza-

tion. Determining which cell Cα each point pi belongs to reduces to quantization. If pi ∈ Cα then

f(pi) ≈
7∑

h=0

wh fαh
(2.11)

where w0, . . . , w7 are the trilinear coordinates of pi. Within each cell Cα we use a constant average

of finite differences discretization for the gradient ∇f(x)

∇αf , 1

4∆α


fα4−fα0+fα5−fα1+fα6−fα2+fα7−fα3

fα2
−fα0

+fα3
−fα1

+ fα6
−fα4

+fα7
−fα5

fα1
−fα0

+fα3
−fα2

+fα5
−fα4

+fα7
−fα6

 (2.12)

where ∆α is the side length of cell Cα. If the dimensions of the bounding box are different along

each of the three coordinate axes, then different lengths must be used to normalize each of the three

coordinates of ∇αf . If pi ∈ Cα then

∇f(pi) ≈ ∇αf (2.13)

The piecewise constant gradient leads to zero second derivatives within each cell. In this case the

square norm of the Hessian matrix Hf(x) is a generalized function supported on the square faces

shared by neighboring voxels (as Dirac’s δ “function”), and the integral over the volume V reduces

to a finite sum over the faces. Hence, we only need an approximation to ∥Hf(x)∥2 at the faces

shared by cells. If Cα and Cβ are two such cells that share a face, then we use finite differences of

discrete gradients

Hαβf , 1

∆αβ
(∇αf −∇βf) (2.14)

where ∆αβ is the Euclidean distance between the centers of the cells. As a result, the integral in

the regularization term becomes a sum over all the neighboring cell pairs

ER(f) ≈ 1

|V |
∑
(α,β)

|V |αβ ∥Hαβf ∥2 (2.15)

where |V |αβ is the area of the face shared by cells Cα and Cβ , and |V | =
∑

(α,β) |V |αβ .
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Figure 2.4: The primal graph of an octree.

2.7 Octree-Based Implementation

As in many of the prior works cited above, a regular grid formulation results in high storage re-

quirements and slow algorithms. Also, as in many of the cited works, we adaptively construct an

octree based on the location of the data points. In the recursive subdivision algorithm, a cell is split

if the number of points contained is larger than a prespecified value, and the cell depth does not

exceed another prespecified value. The data set is recursively partitioned into subsets of points Dα

associated with cells Cα. For octrees the multi-indices α = (L, i, j, k) must be augmented with a

level (equivalently depth) value L, both for cells and vertices, where 0 ≤ L ≤ LMAX. The correspon-

dence between indices α and cells is 1-1, but not for vertices, since (L, i, j, k) and (L+ 1, 2i, 2j, 2k)

refer to the same vertex. However, we use these relations in our implementation, along with hashing

algorithms [106], to efficiently traverse the primal and dual graphs of an octree. Figure 2.4 shows

an oriented point cloud and the primal graph of an octree constructed in this manner.
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Figure 2.5: An illustration of dual edges of an octree.

The finite-differences discretization presented in the previous section for regular hexahedral grids

extends in a natural way to octree grids, without any changes. There is one function value fα

associated with each primal vertex of the octree. As a result, within each hexahedral cell we use

trilinear interpolation to discretize the function f(x), and the constant gradient ∇αf of equation

(2.12). Finally, we use the discretization of the Hessian Hf(x) of equation (2.14), where the dual

edge weight |V |αβ is now the area of the common face. Figure 2.5 illustrates this concept.

2.8 Matrix-free Multigrid Solver

The formulation described in previous section reduces to the solution of a linear system AF = b.

The data set D is partitioned into disjoint sets Dα during the recursive subdivision process used to

construct the octree. The elements of the matrix A and vector b are accumulated by traversing the

list of octree leaf cells. For each point in an non-empty cell Cα, new terms are added to Aαiαj and to

bαi
, where αi and αj are indices of the eight vertices of the cell Cα. To accumulate the contribution

of the regularization term the octree dual graph is traversed. For each dual edge connecting cells

Cα and Cβ , terms are added to the elements Aαiβj of the matrix A, where αi is an index of a vertex

of cell Cα, and βj is an index of a vertex of cell Cβ . After all the coefficients are accumulated, for

reasonably sized problems one can use a direct solver.

For large scale problems, an iterative solver is typically preferred over direct solvers since the

number of non-zero entries in sparse A can grow very rapidly. Most iterative methods designed
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to solve linear systems do not require matrices built explicitly, i.e., the result of the matrix vector

product Aθ(k) is only needed for a given vector θ(k) to perform an iteration k [78]. We accumulate

the K×1 result vector of the product AF (k) and the K×1 right hand side vector b through following

sums:
AF (k) =

λ0
N

∑
α

∑
i∈α∗

Φα(pi)
{
Φα(pi)

TF (k)
}

+
λ1
N

∑
α

∑
i∈α∗

∇Φα(pi)
{
∇Φα(pi)

TF (k)
}

+
λ2
W

∑
(α,β)

∇Φα(xα)
{
∇Φα(xα)

TF (k) −∇Φβ(xβ)
TF (k)

}
wαβ

− λ2
W

∑
(α,β)

∇Φβ(xβ)
{
∇Φα(xα)

TF (k) −∇Φβ(xβ)
TF (k)

}
wαβ

b =
λ1
N

∑
α

∑
i∈α∗

∇Φα(pi)ni

(2.16)

where the first two terms are contributions from the data terms, and the last two are contributions

from the regularization term after expanding the finite difference. The set α∗ represents the indices

of the points enclosed in octree leaf cell Cα, i.e., α∗ = {i : pi ∈ Dα}. Φα(x) is a K × 1 sparse

vector with 8 non-zero entries (trilinear coordinates of x in Cα), and ∇Φα(x) is a K × 3 sparse

gradient matrix with 24 non-zero entries. xα denotes the centroid of leaf cell Cα. Evaluating the

analytical form ∇Φα(x) given in [A.1, equation (A.3)] at the centroid xα gives the constant average

∇Φα(xα) = ∇αΦ of finite difference discretization as in equation (2.12). And the finite difference of

constant average gradients gives an approximation to the hessian as in equation (2.14). The sums

associated with the regularization term are over the pairs of octree leaves Cα and Cβ that share a

common face. The associated smoothing weight

wαβ =
Aαβ

∆αβ

where Aαβ is the area of the common face and ∆αβ is the Euclidean distance between the two leaves.

W =
∑

αβ wαβ is normalization factor so that wαβ ’s sum up to one.

Since octrees inherently have multiresolution structure, we follow an iterative cascading multigrid

approach. We start by solving the problem on a much coarser level than desired using a conjugate

gradient solver. Then use it to initialize the solution at the next level, which is then refined with

the conjugate gradient solver.
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2.9 Isosurface Extraction

Once the coefficients fα are determined, we are faced with the final problem of constructing a

polygonal approximation of the isolevel zero of the discretized implicit function. Marching Cubes [9]

can be implemented in such a way that it can be applied to any volumetric grid composed of

hexahedral cells, and in particular, to regular voxel grids and to octree grids. When it is applied to

a scalar field defined on the primal vertices of an octree, a mesh with so-called “cracks” typically

arises (Figure 1.7). Since the dual grid of an octree hexahedral grid is composed of cells which

can be regarded as hexahedral cells with collapsed edges, we use the same general implementation

of Marching Cubes to instantiate the Dual Marching Cubes algorithm [11]. Dual Marching Cubes

requires values of the implicit function at the vertices of the dual graph, i.e., at the centroids of

the primal octree hexahedral cells. The results of the optimization algorithm for the proposed finite

differences discretization is defined on the vertices of the primal graph. An implicit function value

is computed for the centroid of each primal cell by averaging the values associated with the eight

cell corners.

2.10 Results

We compare the proposed Smooth Signed Distance (SSD) surface reconstruction method with Multi-

Level Partition of Unity Implicits (MPU) [69], Poisson Surface Reconstruction (Poisson) [72], and

Streaming Surface Reconstruction Using Wavelets (D4 Wavelets) [73]. We present the reconstruc-

tion results in terms of speed, memory, efficiency, and accuracy. We show that, in terms of the

quality of reconstruction, our method outperforms these other methods even on data sets associated

with extreme complications: non-uniform sampling, sensor noise, and missing data. We apply our

algorithm to point clouds retrieved either from a single partial scan, or from multiple scans that have

been aligned with respect to a common reference frame. We assume that each point is associated

with a surface normal vector. In the absence of this information, we efficiently estimate the normals

from partially triangulated scans, and determine their orientations from the viewpoint direction to

the scanner. If this process introduces significant errors, one can alternatively estimate a point

sample’s normal vector from the positions of the local neighbors using local fitting [67].

Our initial test case is the head of Michalengelo’s David raw dataset of 1 million samples. This

dataset is assembled from many range images acquired by a laser scanner. Since the points are
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Input point cloud MPU (2003) Poisson (2006)

Wavelets (2008) SSD (2011)

Figure 2.6: Surface reconstructions of David’s head with 1 million samples using MPU, Poisson,
D4 Wavelets, and our SSD methods. The point cloud consists of uniformly distributed points and
accurate normals.

almost uniformly sampled, we ignore the noisy triangles provided by the scanner, and use local

surface fitting to estimate a sample’s normal. As a result, we have uniformly distributed points with

accurate normals. Figure 2.6 compares different reconstructions. All methods operate on the same

data set at a maximal octree depth of 8, and produce surfaces of comparable quality. Table 2.1

summarizes the performance characteristics of each algorithm.

Our second test case is the left eye of Michalengelo’s David raw dataset with 187, 526 samples.

This dataset is cropped from the head of Michalengelo’s David raw dataset. We estimated normals
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Input point cloud MPU (2003) Poisson (2006)

Wavelets (2008) SSD (2011)

Figure 2.7: Surface reconstructions of David’s eye with 187, 526 samples using MPU, Poisson, D4
Wavelets, and our SSD methods. The point cloud consists of uniformly distributed points and
inaccurate normals.

from the noisy triangles provided by the scanner. The resulting oriented point set has uniformly

distributed points with many inaccurate normals. Figure 2.7 compares different reconstructions at

a maximal octree depth of 10. Since the data is noisy, MPU results in reconstruction with spurious

surface sheets. Poisson, D4 Wavelets, and our SSD Reconstruction all accurately reconstruct the

surface, although the one reconstructed with Poisson is a bit smoother.

Our third test case is composed of 100, 000 oriented point samples obtained by sampling a

virtual horse model with a sampling density proportional to curvature, giving a set of non-uniformly

distributed points with accurate normals. Figure 2.8 compares different reconstructions at a maximal

Table 2.1: The running time, the peak memory usage, and the number of triangles in the recon-
structed surface of the David’s head generated with different methods.

Method Time (Sec) Memory (MB) Polygons
MPU 27 148 378925

Poisson 43 283 319989
D4 17 63 365974

SSD 72 264 346652
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Input point cloud MPU (2003) Poisson (2006)

Wavelets (2008) SSD (2011)

Figure 2.8: Surface reconstructions of a Horse model with 100, 000 samples using MPU, Poisson, D4
Wavelets, and our SSD methods. The point cloud consists of non-uniformly distributed points and
accurate normals.

octree depth of 9. The D4 Wavelets Reconstruction fails to reconstruct the surface accurately. MPU,

Poisson, and our SSD Reconstruction all accurately reconstruct the surface with subtle differences.

Our final test case is the Chiquita model raw dataset comprising 705, 375 samples. This dataset

was acquired by scanning the real world object with an inexpensive 3D structured lighting sys-

tem [107]. It is an example of non-uniformly distributed points with inaccurate normals. Figure 2.9

compares different reconstructions at a maximal octree depth of 9. MPU produces spurious surface

sheets. Although D4 Wavelets performs much better, it can not fill in gaps reasonably. Poisson, and

our SSD Reconstruction both result in pleasing surfaces with subtle differences.

To evaluate the numerical accuracy of the reconstruction results we follow the same strategy as
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Input point cloud MPU (2003) Poisson (2006)

Wavelets (2008) SSD (2011)

Figure 2.9: Surface reconstructions of a Chiquita model with 705, 375 samples using MPU, Poisson,
D4 Wavelets, and our SSD methods. The point cloud consists of non-uniformly distributed points
and inaccurate normals.

in [73]. We first sample points from a known model, then reconstruct surfaces using each method

with this point set. We then compute the Hausdorff distance between each reconstructed model

and the known model using Metro tool [108]. Table 2.2 summarizes the result. Note that, in all

cases, our SSD reconstruction recovers the surfaces with higher degree of accuracy than the Poisson

reconstruction. And in two cases (Horse, and Igea) it also outperforms D4 Wavelets.
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2.11 Relation to Poisson Surface Reconstruction

As in our formulation, the Poisson Surface Reconstruction approach [72] looks for an implicit function

which should be zero at the data points, and such that its gradient evaluated at the data points

equals the corresponding normal vectors. The set of oriented data points D is regarded as a sparse

sampling of a continuous vector field defined on the bounding volume V . As a result, the vector field

samples are first extended to a continuous three dimensional vector field v(x) defined on the volume

V . The implicit function f(x) is subsequently recovered integrating the vector field, i.e., solving the

functional equation ∇f = v. But since not every vector field is the gradient of a function the problem

may or may not have solution. The necessary and sufficient condition for a smooth vector field to be

the gradient of a function is that its curl be identically zero, or equivalently, that the integral of the

vector field along any closed curve be equal to zero. Since these conditions are difficult to impose

as constraints, an alternative least-squares solution is proposed, where the functional equation is

approximately solved by minimizing the integral equation

∫
V

∥∇f(x)− v(x)∥2 dx (2.17)

with respect to the function f(x), while keeping the vector field constant. Solving this variational

problem is equivalent to solving the classical Poisson equation ∆f = ∇· v in V . From the linear

algebra point of view, the solution of this problem is the orthogonal projection of the vector field v

onto the subspace of gradient vector fields, with the solution represented in parametric form. The

solution is usually unique modulo an additive constant f0, which is then determined by minimizing

the fitting error
N∑
i=1

(f(pi)− f0)2

Table 2.2: Hausdorff distance between real surfaces and reconstructed surfaces. Each row is nor-
malized by the maximum error to provide relative comparison (lower is better).

Model MPU Poisson D4 SSD
Armadillo 1.0000 0.4617 0.2383 0.3514

Dragon 0.8779 1.0000 0.5301 0.6810
Horse 0.0752 0.0827 1.0000 0.0551
Igea 1.0000 0.7761 0.5701 0.4018
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with f(x) being a minimizer of the integral equation (2.17). The solution to this last problem is the

average of the function on the data points

f0 =
1

N

N∑
i=1

f(pi) .

Note the the whole process involves three minimization problems rather than one, performed in a

sequential manner.

If we introduce the vector field v as an additional variable in our formulation, and we remove

the first data term from the total energy of equation (2.3) we obtain a vector field energy

λ1
N

N∑
i=1

∥v(pi)− ni∥2 +
λ2
|V |

∫
V

∥Dv(x)∥2 dx (2.18)

which can be minimized independently. In this equation Dv denotes the Jacobian matrix of the

vector field v. Note that if ∇f = v, then Hf = Dv. The result is a vector field defined on the

volume V which extends the oriented points, as in the Poisson Surface Reconstruction approach.

Then the same other two steps, of solving the Poisson equation, and estimating the optimal isolevel

by minimizing the data term originally removed from the total energy of equation (2.3) can be

performed. In fact, this approach was shown to work in [109] to solve the surface reconstruction

problem, for the function and vector field discretized on a regular voxel grid, and with the integral

term of the energy discretized by finite differences.

The most important difference is that in both the FFT [96] and Poisson [72] surface recon-

struction approaches the problem is formulated for an indicator implicit function. The choice of an

indicator function for the implicit function creates complications, since the gradient of the implicit

function does not exist in the traditional sense at the sample points, where the function is discon-

tinuous. As a result the two methods estimate a low-pass filtered version of the indicator function.

It is noted in [72] that in practice, care should be taken in choosing the smoothing filter, and that

for non-uniformly distributed point samples the smoothing kernel width needs to be adapted. The

adaptation process is only explained within the concept of the octree-based implementation. It is

also reported in a recent surface reconstruction benchmark study [110] that these two methods tend

to oversmooth the data, as we can also observe in some of the results presented herein. In the FFT

approach, a truncated Fourier expansion automatically provides an ideal low-pass filtered version of
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the indicator function, but the restriction to a regular voxel grid discretization limits its appeal, as

in the case of [109]. In the Poisson Surface Reconstruction approach implemented on an octree, the

vector field is constructed as a linear combination of compactly supported smooth basis functions

associated with the octree cells. As a result, the function obtained by solving the Poisson equation

is equally smooth. Since the vector field should approximate the low-pass filtered gradient of the

indicator function, it is forced to be zero away from the data points.

2.12 Conclusion

In this chapter we have introduced a new variational formulation for the problem of reconstructing

a watertight surface defined by an implicit equation from a finite set of oriented points. As in

other surface reconstruction approaches disctretizations of this continuous formulation reduce to the

solution of sparse least-squares problems. Rather than forcing the implicit function to approximate

the indicator function of the volume bounded by the surface, in our formulation the implicit function

is a smooth approximation of the signed distance function to the surface. We introduced a very simple

hybrid FE/FD discretization, which together with an octree partitioning of space, and the Dual

Marching Cubes algorithm produces accurate and adaptive meshes. The software implementation

used to create the figures shown in this chapter are available for download from [111].
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Chapter 3

Smooth Color Map Estimation

(SSD-C)

3.1 Introduction

This chapter addresses the problem of reconstructing a smooth color map together with the geometry

and topology of a watertight surface from a finite set of colored oriented points. This problem has

a wide range of applications in industry, entertainment, virtual reality, archeology, forensics, art,

medical imaging, and many other areas. Colored oriented point clouds are nowadays obtained using

various optical measuring devices, such as laser scanners and inexpensive structured lighting systems,

by other computational means such as multi-view stereo reconstruction algorithms, and also result

from large scale simulations. We are particularly interested here in the reconstruction of colored

surfaces from multi-view image and video data captured using consumer level digital and video

cameras.

In the image-based modeling context, texture atlases are built and mapped to resulting polygon

mesh models as the last part of multi-view stereo pipeline [112], which greatly enhances the visual

details. However, the problem is particularly challenging due to the non-uniform sampling nature of

the data collection processes. Common problems to cope with include: non-uniform sampled data

due to concave surfaces, missing data due to inaccessible regions, noisy data due to sensor inca-

pabilities, and distorted data due to misalignment of partial scans. In addition, the atlas creation
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Figure 3.1: Reconstruction of the side of a castle model: The input point cloud (top-left), Surface
reconstructed by the proposed algorithm(top-right), Two views from the surface and color map
reconstructed by the proposed algorithm (bottom).

process gets complicated due to various photometric and geometric inaccuracies such as varying

lighting conditions, non-Lambertian reflectance, and imperfect camera calibration, and causes un-

satisfactory ghosting effects, and are unable to achieve perfect texture or color continuity. The

method proposed estimates a smooth appearance as a less expensive alternative to creating texture

atlases [113]. We are particularly concerned with developing algorithms which avoid most of these

difficulties, and can scale up to large data sets.

In Chapter 2 we introduced the Smooth Signed Distance Surface Reconstruction (SSD) method

for reconstructing the geometry and topology of a watertight surface. In this chapter we show

how to extend this method to the reconstruction of colored surfaces by estimating an additional

continuous color map defined on the reconstructed surface geometry. This color map approximates

the colors associated with the data points at the point locations, and extrapolates with continuity

those colors to areas where the sampling rate is low. The color map estimation step extends the

variational formulation (2.3) to accommodate appearance estimation over surfaces defined by implicit
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functions. As a result, each problem reduces to the solution of a sparse linear system which can be

solved independently of the geometry and topology estimation by using an appropriate solver.

We devote Section 3.2, Section 3.4, and Section 3.5 to describing the variational formulation,

the discretization, and the octree-based implementation, respectively. We present our results in

Section 3.6. Figure 3.1 shows one example of surface and color map reconstructed with the proposed

method which provides a good compromise between visual detail and color continuity while blurring

effects can be observed near undersampled regions.

3.2 Continuous Formulation

Given a colored oriented point cloud Dcolor = {(p1, n1, c1), . . . , (pN , nN , cN )}, where pi is a surface

location sample, ni is the corresponding surface normal sample oriented towards the outside of the

object, and ci is the corresponding color sample, a signed distance function f that implicitly defines

the surface S by S = {x : f(x) = 0} can be estimated only from D = {(p1, n1), . . . , (pN , nN )} as

explained in Chapter 2. In this chapter, we are interested in estimating a color map function g

defined on the same bounded volume V , i.e., g : V → R independently from the implicit function

estimation. Since the colors ci are regarded as the samples of the surface appearance at the points

pi, the color map function should ideally satisfy g(pi) = ci for all the points i = 1, . . . , N in the

data set. However, we again require that this condition be satisfied in the least-squares sense. As a

result, we consider the problem of minimizing the following data energy

QD(g) =
1

N

N∑
i=1

(g(pi)− ci)2 . (3.1)

Depending on which family G of functions g(x) is considered as the space of admissible solutions,

the problem of minimizing the energy function QD(g) of equation (3.1) may or may not be well

conditioned. In particular, this energy function does not specify how the function should behave

away from the data points, in particular, in regions of missing data. To constraint all the parameters

we add the following regularization term to the energy function

QR(g) =
1

|V |

∫
V

∥∇g(x)∥2 dx (3.2)
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where ∇g(x) is the gradient vector of g, the 3 × 1 vector of first order partial derivatives of g(x),

and the norm of the vector is the ℓ2-norm. The integral is over the same volume V where we

reconstruct the surface, and |V | =
∫
V
dx is the measure of this volume. The total energy function

in the proposed formulation is a weighted average of the data and regularization terms

Q(g) = QD(g) + µQR(g) , (3.3)

and µ is a positive constant, and increasing µ produces a smoother result. In the vicinity of the

data points the data energy term dominates the total energy, and makes the function approximate

the true appearance. Away from the data points the regularization energy term dominates the total

energy and tends to make the color function g(x) constant.

3.3 Linearly Parameterized Families

In this section we are concerned with the existence and uniqueness of a solution for the variational

problem defined by the energy function Q(g) in equation (3.3). We restrict the analysis here to

families of functions linearly parameterized by a finite number of parameters. Explicitly, a member

of this family can be written as a linear combination of certain basis functions

g(x) =
∑
α∈Λ

gα ψα(x) (3.4)

where α denotes an index which belongs to a finite set Λ, say with K elements, ψα(x) is a basis

function, and gα is the corresponding coefficient. The K basis functions are chosen in advance, and

are not regarded as variables in the problem. The function can also be written as an inner product

g(x) = Ψ(x)T G , (3.5)

where G = (gα : α ∈ Λ) and Ψ(x) = (ψα(x) : α ∈ Λ) are K-dimensional column vectors. Restrict-

ing the energy energy Q(g) to this function results in a non-homogeneous and quadratic function

GTBG − 2 dTG + e in the K-dimensional parameter vector G. The matrix B is usually positive

definite, and the resulting minimization problem has a unique minimum. The global minimum is

obtained by solving the system of linear equations BG = d.
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3.4 Discretization with Discontinuous Function

A hybrid of finite-element and finite differences scheme is presented in Chapter 2 to discretize the

energy function E(f) of equation (2.3): a finite element discretization for the function f(x), and finite

differences discretizations for the gradient ∇f(x) and the Hessian Hf(x). Since all these terms are

written as homogeneous linear functions of the same parameter vector F , the problem still reduces

to the solution of linear equations AF = b. As this particular discretization is applicable to adaptive

grids, we adopt a similar approach to discretize the energy function Q(g) of equation (3.3). We use

a finite element discretization for the color function g(x), and finite differences discretization for the

gradient ∇g(x).

To simplify the notation, we first consider a regular hexahedral grid partition of space. We assume

that the volume V is a unit cube V = [0, 1]×[0, 1]×[0, 1], and that each of the three axes is split intoM

equally long segments, resulting in M3 hexahedral cells and (M+1)3 vertices. In this discretization,

the indices α ∈ Λ are the grid cell multi-indices α = (i, j, k), for 0 ≤ i, j, k < M . The coefficients

gα are then the values of the color function g(x) at the grid centroids pα = ( i+0.5
M , j+0.5

M , k+0.5
M ) .

Determining which cell Cα each point pi falls into reduces to quantization. If pi ∈ Cα then

g(pi) ≈ gα (3.6)

Since the piecewise constant function leads to zero first derivatives within each cell, the square norm

of the gradient ∇g(x) is a generalized function supported on the square faces shared by neighboring

voxels (as Dirac’s δ “function”), and the integral over the volume V reduces to a finite sum over the

faces. Hence, we only need an approximation to ∥∇g(x)∥2 at the faces shared by cells. If Cα and

Cβ are two such cell that share a face, then we use finite differences

∇αβg =
1

∆αβ
(gα − gβ) (3.7)

where ∆αβ is the Euclidean distance between the centers of the cells. As a result, the integral in

the regularization term of equation (3.2) becomes a sum over all the neighboring grid cell pairs

QR(g) ≈ 1

W

∑
(α,β)

(gα − gβ)2 wαβ . (3.8)
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The associated smoothing weight is

wαβ =
Aαβ

∆αβ

where Aαβ is the area of the common face shared by two cells Cα and Cβ , and ∆αβ is the Euclidean

distance between the two cells. W =
∑

αβ wαβ is the normalization factor so that wαβ ’s sum up to

one.

3.5 Octree-Based Implementation

Similar to the discretizations presented in Section 2.6 for the estimation of the implicit function

f , the finite-differences discretization presented in the previous section for regular hexahedral grids

extends in a natural way to octree cells. There is one function value gα associated with each leaf

cell of the octree. As a result, within each cell Cα, we use gα to discretize the function g(x), i.e., a

piece-wise constant function, see equation (3.6). We use the discrete form of the regularization term

(3.8) based on finite differences (3.7) between the pairs of octree leaf cells Cα and Cβ that share a

common face, i.e., dual edges of the octree, see Figure 2.5 for an illustration. Finally, we reach to

the octree-based discretization of the continuous energy (3.3)

Q(g) ≈ 1

N

∑
α

∑
i∈α∗

(gα − ci)2 +
µ

W

∑
(α,β)

(gα − gβ)2 wαβ , (3.9)

where α∗ = {i : pi ∈ Dα}, i.e., the set of indices of points enclosed in octree leaf cell Cα. The point

cloud D is partitioned into disjoint sets Dα during the recursive octree construction process. Note

that the minimization of the discrete energy (3.9) still reduces to the solution of a linear system

system BG = d. After accumulating the elements of matrix B and vector d, for reasonably sized

problems one can use a direct solver. Instead, we use an iterative linear solver. Most iterative

methods designed to solve linear systems do not require matrices to be built explicitly, i.e., the

result of the matrix vector product BG(k) is only needed for a given vector G(k) to perform an

iteration k [78]. We accumulate the K × 1 result vector of the product BG(k) and the K × 1 right
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hand side vector d through following sums:

BG(k) =
1

N

∑
α

|Dα|Ψα

{
ΨT
αG

(k)
}

+
µ

W

∑
(α,β)

Ψα

{
ΨT
αG

(k) −ΨT
βG

(k)
}
wαβ

− µ

W

∑
(α,β)

Ψβ

{
ΨT
αG

(k) −ΨT
βG

(k)
}
wαβ

d =
1

N

∑
α

Ψα

∑
i∈α∗

ci

(3.10)

where the first term is the contribution from the data term, and the last two terms are the contribu-

tions from the regularization term after expanding the finite difference. Ψα is a K × 1 sparse vector

with a single non-zero entry with value 1 for the multi-index α associated with octree leaf cell Cα.

Then, ΨT
αG

(k) simply evaluates to scalar g(k)α , and ΨT
βG

(k) to g(k)β . As a result, each term in a given

sum simply updates a single value of BG(k), i.e., the value associated with the octree leaf Cα or Cβ .

We first estimate the implicit function f(x) using an iterative cascading multigrid approach as

described in Chapter 2. That is, we start by solving the problem on a much coarser level than

desired using a conjugate gradient solver. Then, we use it to initialize the solution at the next level,

which is then refined by the conjugate gradient solver. We then estimate the color function g(x)

on the same level that is used to get the final estimate of the implicit function f(x) using another

conjugate gradient solver. To compute an RGB color map, we repeat this minimization procedure

for each color channel independently.

We use the Dual Marching Cubes algorithm [11] to construct a polygonal approximation of the

isolevel zero of the implicit function f(x). Dual Marching Cubes requires values of the implicit

function defined at the centroids of the octree leaf cells. The computed implicit function f is defined

at the vertices of the primal graph. An implicit function value is computed for the centroid of each

leaf cell by averaging the values associated with the eight cell corners. On the other hand, the results

of the color function g are already defined at centroids of the octree leaf cells (at the vertices of the

dual graph), so we can directly transfer coefficients gα to the Dual Marching Cubes algorithm, which

later does linear interpolation to obtain a color map function defined on the vertices of the extracted

isosurface, i.e., to assign color per vertex attribute on the final mesh.
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Figure 3.2: Reconstruction of a human frontal view. Top row: the input point cloud (top-left),
surface geometry (top-middle), and color map (top-right) reconstructed by the proposed algorithm.
Bottom row: 6 images that are used for shape acquisition.

3.6 Results

We apply our algorithm to colored oriented point clouds retrieved using the well-known multi-view

stereo (MVS) pipeline consisting of two publicly available algorithms Bundler [37], and the Patch-

based MVS (PMVS) [38]. The goal of multi-view stereo is to reconstruct a 3D model from images

taken from known camera viewpoints. To learn the viewpoints, we use Bundler which takes a set

of images as input and accurately estimates the camera viewpoint per each image. We then use

the Patch-based MVS (PMVS) algorithm which takes the same set of images and the estimated

camera parameters as input and produces 3D models represented as colored point clouds with

accuracy nearly comparable with laser scanners [114]. PMVS is based on the idea of correlating

measurements from several images at once to derive globally consistent 3D surface samples. We use

a standard digital camera for all the data sets except for the face dataset. In this case, we have to

use a set of synchronized cameras as the person could move during data collection procedure. In

addition, each camera is calibrated with respect to a common coordinate system.

Our initial test case is the frontal view of a human, raw dataset of 12,346 points retrieved from
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Figure 3.3: Reconstruction of a building facade. Top row: The input point cloud, and surface
geometry reconstructed by the proposed algorithm. Middle row: Two views from the surface and
color map reconstructed by the proposed algorithm. Bottom row: 6 examples from the set of 14
images that are used for shape acquisition.

6 photographs. Each image is captured at resolution 1024 × 768 with a time-synchronized camera

system consisting of 6 cameras. The proposed method results in a model consisting of 64,909

polygons when a maximal octree of depth 9 is used. Figure 3.2 shows the reconstruction of the

model, and the input point cloud.

Our second test case is the facade of the Applied Mathematics building of Brown University, a
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raw dataset of 66,935 points retrieved from 14 photographs. Each image is captured at resolution

1282 × 854 with a standard digital camera. The proposed method results in a model consisting of

77,603 polygons when a maximal octree of depth 10 is used. Figure 3.3 shows the reconstruction of

the model, and the input point cloud.

Our third test case is the brick with Mesopotamian cuneiform inscriptions, a raw dataset of

333,401 points retrieved from 21 photographs. Each image is captured at resolution 3072 × 2304

with a standard digital camera. The proposed method results in a model consisting of 1,034,663

polygons when a maximal octree of depth 11 is used. Figure 3.4 shows the reconstruction of the

model, and the input point cloud.

Our last test case is a shoe-print, raw dataset of 180,885 points. This dataset is retrieved from

11 photographs. Each image is captured at resolution 4272 × 2848. The proposed method results

in a model consisting of 897,273 polygons when a maximal octree of depth 11 is used. Figure 3.5

shows the reconstruction of the model, and the input point cloud.

All the experiments are conducted on a PC with a Intel Core 2 Duo @2.26GHz processor and

a 4GB ram. A non-threaded in-core CPU implementation takes 3-15 minutes depending on the

maximum depth of the tree that will be used for reconstruction. It consumes 90% of the time for

surface reconstruction, and the remaining 10% for color map reconstruction. We demonstrate that

this method produces watertight surfaces with pleasing smooth color maps even on data sets with

various complications: non-uniform sampling, sensor noise, and missing regions.
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Figure 3.4: Reconstruction of a brick with cuneiform, Mesopotamian, 859-840 BCE, clay, Overall
35 x 35 x 11 cm, Williams College Museum of Art, Williamstown, MA, Gift of Professor Edgar J.
Banks and Dr. John Henry Haynes, Class of 1876, (20.1.33.A). Top row: the input point cloud (left),
and surface geometry (right) reconstructed by the proposed algorithm. Middle row: Two views from
surface and color map reconstructed by the proposed algorithm. Bottom row: 6 examples from the
set of 21 images that are used for shape acquisition.
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Figure 3.5: Reconstruction of a shoe print. Top row: the input point cloud (left), and surface
geometry (right) reconstructed by the proposed algorithm. Middle row: Two views from surface
and color map reconstructed by the proposed algorithm. Bottom row: 6 examples from the set of
11 images that are used for shape acquisition.
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3.7 Conclusion

This chapter presented a complete framework for the problem of reconstructing a 3D scene’s surface

and color map from a finite set of colored oriented points. We used the variational formulation

introduced in Chapter 2 for the problem of reconstructing a watertight surface defined by an implicit

equation. We then extended this by introducing a new variational formulation for the problem of

estimating a smooth appearance defined over the surface. We showed that a simple hybrid FE/FD

discretization still reduced the problem to the solutions of sparse linear systems. A proof-of-concept

implementation has been shown to produce high-quality polygon meshes with pleasing color-per-

vertex function.
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Chapter 4

Generalization of SSD to

Volumetric Data (GSSD)

4.1 Introduction

In the last decade, multi-view stereo (MVS) has seen much attention and a plethora of algorithms

have been introduced. Please refer to [114] for a review and taxonomy of MVS algorithms, and

to [115] for a tutorial on MVS. In particular, the Middlebury benchmark [114] has fueled the de-

velopment of algorithms tailored for small objects under controlled environments, where the top

performing methods are capable of challenging the accuracy of laser scanners. However, most of

these approaches are not suitable for dealing with high resolution aerial imagery of large scale urban

scenes. In particular, algorithms that partially rely on shape-from-silhouette techniques [116–118],

under the assumption that a single object is visible and can be segmented from the background, are

not applicable to aerial imagery due to unavailability of fully visible silhouettes.

The Patch-based Multi-view Stereo (PMVS) algorithm proposed by Furukawa and Ponce [38] is

considered state of the art amongst methods based on feature extraction and matching. It produces

colored oriented point clouds, and performs well for small objects as well as for large urban scenes,

and can recover significant geometry in such scenes (see Fig. 4.4 top right image). However, methods

based on feature extraction and matching often show significant errors caused by severe occlusions,

highly reflective surfaces and areas of constant appearance. Such phenomena are commonplace in
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Figure 4.1: Surface Reconstruction of an urban scene from volumetric likelihood of surface occupancy
µ using the proposed generalization of SSD, namely GSSD. The likelihood of surface occupancy µ
in the volume is learned by using a multi-view stereo method (CPVM [80, 81]) from aerial imagery
captured by flying a helicopter around the city of Providence, RI.

urban scenes, resulting in the generated point clouds often containing gross errors in localization

and significant regions where feature points are not detected at all (see Fig. 4.4 middle right and

bottom right images). Surface reconstruction algorithms, such as those reviewed in [53, 62, 110] are

typically applied to the resulting point clouds. Although these methods produce excellent quality

surfaces when applied to clean and accurate data, they often produce inaccurate surfaces when the

input point cloud contains too many inaccuracies and outliers (see Fig. 4.5 first column).

Probabilistic models have been proposed as an alternative approach to handle complicated scene

geometry. These models do not make hard decisions about surface geometry and/or appearance; in-

stead they explicitly represent uncertainties by assigning probabilities to multiple hypothesis within

the volume. Early works along this line [119, 120] can be regarded as extensions of Space Carv-

ing [121], and more recently, algorithms based on generative models for the reverse image formation

process have been introduced [122, 123]. Using Bayesian inference, these algorithms infer the max-

imum a-posteriori probabilities in the volume from the joint probability of all the images. Pollard

and Mundy [79] propose an online alternative, which in theory, can handle an infinite number of

images. However, none of these volumetric methods implemented with regular grid discretizations

gracefully scale up to large scenes because of the cubic space and time complexity. Crispell et al. [81,

124] addressed these limitations with a continuous formulation of Pollard and Mundy’s method im-

plemented in an octree. Moreover, a GPU implementation presented in [80] is capable of learning

high resolution probabilistic volumetric models of large urban scenes efficiently where one pass of
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CPVM + Marching Cubes (2010) CPVM + Proposed GSSD

Figure 4.2: Surface Reconstructions of Temple and Dino models from volumetric likelihood of surface
occupancy. Two models on the left are obtained by directly applying Marching Cubes algorithm to
extract manually selected isolevels of the surface occupancy as described in [124]. Two models on
the right are obtained by the proposed method. The surface occupancy was learned by CPVM [80,
81] from multiple photographs of the models provided with the Middlebury benchmark [114].

the online update takes approximately one second.

It is not clear how to estimate surfaces from probabilistic volumetric models. A simple approach

is to compute the isosurface associated with a certain probability threshold [123–125]. Since a

different threshold may be necessary in different regions of space, this method often fails to produce

satisfactory results (see two models on the left in Figure 4.2), and the lack of surface orientation due

to unsigned nature of surface density functions (see Figure 1.8 for a 2D illustration) may result in

“double-sided” surfaces. Yezzi et al. [126] propose a surface evolution approach to obtain smooth

surfaces. Also related are global optimization methods such as graph cuts to extract surfaces from

a volumetric photo-consistency function [127–129]. While graph cuts allows for flexible energy

functions and exact solutions, the method is not applicable to large scenes due to its very high

memory requirements [129].

The main contribution this chapter is the generalization of the SSD introduced in Chapter 2 which

was originally designed to reconstruct surfaces from a finite set of oriented points to allow reconstruc-

tion of surfaces from volumetric occupancy data. The proposed generalization of SSD is referred

to as GSSD for the rest of the chapter. SSD estimates an implicit signed distance function defined

over a bounded volume using adaptive octree-based discretizations. Using its continuous volumetric
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formulation, we extend the formulation of SSD to incorporate non-negative continuous surface den-

sities, and also singular measures defined over oriented points. With singular measures, the original

formulation of SSD becomes a special case of GSSD. Similar to SSD, finite-element/finite-difference

discretization of GSSD formulation reduces to solving a set sparse system of linear equations. The

resulting algorithms are efficient and scalable to large data sets, and generate highly detailed surfaces

from probabilistic volumes. Fig. 4.1 shows an application of the proposed GSSD method which is

run over the entire volume using the surface density as input. In the example, the surface density

was estimated using a multi-view stereo method CPVM [80, 81](Appendix A.2) from aerial images

of an urban scene.

4.2 Generalized Energy Formulation

The original formulation of SSD introduced in Chapter 2 reconstructs surfaces from oriented point

cloud data. In this section, this formulation is generalized, targeted to reconstruct surfaces from

probabilistic volumes. To generalize SSD, the energy function E(f) of equation (2.4) is modified

by replacing the finite oriented point cloud with a continuous distribution of oriented points. The

proposed energy function is

E(f) =
∫
V

f2dµ+ λ1

∫
V

∥∇f − n∥2dµ+ λ2

∫
V

∥Hf∥2 dσ , (4.1)

where dµ(x) and dσ(x) are finite measures (in the sense of measure theory), and n(x) is a vector

field defined in the volume. When these measures are defined by non-negative continuous densities

µ(x) and σ(x) (i.e., when dµ(x) = µ(x)dx and dσ(x) = σ(x)dx), the values of σ(x) and µ(x) should

be chosen to make sure that the first two data terms dominate near high probability areas (i.e., µ(x)

should be large and σ(x) small), and the regularization term dominates near low probability areas

(µ(x) small and σ(x) large). Note that this formulation also allows for singular measures, or gener-

alized functions as densities. In particular, the original SSD formulation (2.4) can be regarded as a

special case of the continuous formulation (4.1), where

dµ(x) =

N∑
i=1

1

N
δ(x− xi)dx and dσ(x) =

1

|V |
dx (4.2)
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or more generally with a weight µi = µ(xi) assigned to each point xi (see Appendix A.3 for a simple

point weighting scheme which assigns high weights to sharp feature points such as those on edges

or corners, while it assigns low weights to points that are part of planar regions).

In this analysis, f is restricted to belong to a finite dimensional vector space of functions:

f(x) =
∑
α∈Λ

fα ϕα(x) = Φ(x)T F , (4.3)

where α denotes an index which belongs to a finite set Λ, say with K elements, ϕα(x) is a basis

function, and fα is the corresponding coefficient. Then, the energy function E(f) results in a

non-homogeneous quadratic function FTAF − 2 bTF + c in the K-dimensional parameter vector

F = (fα)α∈Λ. The matrix A is symmetric and positive definite, and the resulting minimization

problem has a unique minimum. The global minimum is determined by solving the system of linear

equations AF = b. The coefficients of matrix A and vector b requires computing inner products of

every pair of basis functions. Depending on how large the support of chosen basis functions, a large

number of basis functions may overlap at any given point in the volume V . As a result, accumulating

the coefficients of the matrix A and the vector b may require significant computation. An octree

based finite-element/finite differences scheme is presented in Chapter 2 for the minimization of E(f)

of (2.4), where the problem still reduces to the solution of linear equations AF = b, but the matrix

A is much sparser, resulting in a fast and space-efficient algorithm.

We use a similar octree-based discretization, i.e., µ(x) is a piecewise constant function, one value

per octree leaf, and similarly n(x) is a piecewise constant function, one vector per octree leaf. The

parameter vector F has K elements, one value per vertex of the primal graph of the octree.

The primal graph represents the signed distance function f , and the dual graph of the octree

(which has the octree leaf centroids as vertices) represents the surface density µ. {α0, α1, . . . , α7} ⊆ Λ

denotes the primal vertex indices associated with dual vertex (i.e., an octree leaf) α, as depicted in

Figure 2.3.

Note that f(x) is a piecewise trilinear function, i.e., its value at a point x in the volume V is

determined through

f(x) =

7∑
h=0

wh fαh

where w0, . . . , w7 are the trilinear coordinates of x in leaf α. By taking the piecewise definitions of
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f and µ into account, the integrals of energy function Q(f) of (4.1) conveniently become finite sums

over the octree leaves:

E(f) ≈ 1

W1

∑
α

f(xα)
2µα +

λ1
W1

∑
α

∥∇f(xα)− nα∥2 µα +
λ2
W2

∑
(α,β)

∥∇f(xα)−∇f(xβ)∥2 σαβ ,

(4.4)

where xα is the centroid location of leaf α, µα is the surface density at leaf α, nα is the oriented

normal vector associated with leaf α. Note that µα, and nα are estimated by CPVM, and kept fixed

during surface estimation. The signed distance function f and its gradient ∇f are written using the

elements of the parameter vector F :

f(xα) =
1

8

(
fα0 + fα1 + fα2 + fα3 + fα4 + fα5 + fα6 + fα7

)
, (4.5)

∇f(xα) =
1

4∆α


fα4−fα0+fα5−fα1+fα6−fα2+fα7−fα3

fα2
−fα0

+fα3
−fα1

+fα6
−fα4

+fα7
−fα5

fα1
−fα0

+fα3
−fα2

+fα5
−fα4

+fα7
−fα6

 , (4.6)

where ∆α the side length of leaf α. The third energy term is a sum over the pairs of octree leaves α

and β that share a common face as depicted in Figure 2.5. The associated smoothing density σαβ

is determined naturally from the octree subdivision, i.e., σαβ =
Aαβ

∆αβ
, where Aαβ is the area of the

common face and ∆αβ is the Euclidean distance between the centroids of these leaves. W1 =
∑

α µα

and W2 =
∑

(α,β) σαβ are normalization factors so that µα’s sum up to one and σαβ ’s sum up to

one.

4.3 Data preprocessing

In order to generate the results in this Chapter, a series of preprocessing is applied to the volumetric

data to obtain an accurate surface density µ(x) and oriented vector field n(x), which we explain

the steps here. The probabilistic geometry and appearance of all scenes is learned using the GPU

implementation of CPVM [80, 81] whose theory is briefly described in Appendix A.2. The visibility

information plays an important role during online Bayesian learning. Surfaces are resolved with

increasing accuracy as new views become available. The appearance distributions in empty cells
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outside of objects fail to explain the intensity of background object, causing occlusion density ρ to

converge to very low (ideal) values on empty (but visible) space. On the other hand, ρ converges to

infinity (ideal) at surface locations. As the value of the occlusion density increases near surfaces, cells

located inside of objects are updated with decreasing weight. Hence, after convergence of the model,

the information inside objects could be meaningless due to ambiguous regions that were learned

during early stages of the online training process. The erroneous information inside objects can

potentially hinder the accuracy of surface extraction. These cells can be detected using the visibility

information already present in the model. For each cell, a measure of its visibility, vis_score(x),

is computed using a number of viewing directions [124]. Cells with low vis_score(x) are detected

and the corresponding ρ is set to 0 to eliminate online learning artifacts. In practice, the viewing

directions can be selected from the cameras used during learning or simply by defining a canonical

set of directions, e.g., samples from a unit sphere. For scenes with poorly distributed cameras, the

former method might be preferred to avoid possibly unreliable visibility computation due to poorly

resolved surfaces.

Oriented vector field n(x) is computed using the gradient information of the occlusion den-

sity ∇ρ(x). The gradient direction is computed via convolving first order derivatives of the three-

dimensional gaussian kernel with the volume. For all experiments, six oriented kernels were used

and their responses interpolated into an estimate of ∇ρ(x). Closed objects in the scenes contain

mostly empty space, therefore when computing surface normals from the gradient direction, there is

an orientation ambiguity. In order to have surface normals oriented consistently towards the outside

of objects, the normal directions are oriented to the hemisphere that yields the maximum visibility.

We get a good approximation to the the surface density µ(x) by combining occlusion density

ρ(x), vis_score(x) and gradient magnitude of occlusion density ∥∇ρ(x)∥

µ(x) = ρ(x)× vis_score(x)× ∥∇ρ(x)∥ (4.7)

which has a simple explanation, i.e., the desired surface should pass through volume of high occlusion

density ρ(x) and high visibility vis_score(x). Moreover, ∥∇ρ(x)∥ is included to increase robustness

to outliers such as isolated cells (in the air) with high occlusion density.
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4.4 Implementation

The implementation of GSSD is straightforward, and similar to the implementation of SSD described

in Section 2.8 of Chapter 2. Given the surface density µ(x) and normal vector field n(x), we estimate

f(x) by minimizing the discrete energy (4.4), which reduces to the solution of a sparse linear system

AF = b. The linear system is solved using a cascading multi-grid method, along with a Jacobi

preconditioned conjugate gradient solver. That is, the problem is first solved on a much lower depth

of the octree than desired, then the solution obtained at a given depth is interpolated to the next

depth; and used to initialize the iterative solver [78]. The iterative solver accumulates the K × 1

result vector of the product AF (k) and the K × 1 right hand side vector b by following sums:

AF (k) =
1

W1

∑
α

Φα

{
ΦT

αF
(k)

}
µα

+
λ1
W1

∑
α

∇Φα

{
∇ΦT

αF
(k)

}
µα

+
λ2
W2

∑
(α,β)

∇Φα

{
∇ΦT

αF
(k) −∇ΦT

βF
(k)

}
σαβ

− λ2
W

∑
(α,β)

∇Φβ

{
∇ΦT

αF
(k) −∇ΦT

βF
(k)

}
σαβ

b =
λ1
W1

∑
α

∇Φαnαµα

(4.8)

where the first two terms are contributions from the data terms, and the last two are contributions

from the regularization term after expanding the finite difference. Φα is a K × 1 sparse vector with

8 non-zero entries corresponding to the weights defined in equation (4.5), and ∇Φα is a K×3 sparse

gradient matrix with 24 non-zero entries corresponding to the weights defined in equation (4.6).

Once the signed distance function f(x) is estimated, a polygonal approximation (mesh) of the

isolevel zero is constructed using the Dual Marching Cubes (DMC) algorithm [11]. Since CPVM

produces color information represented as a volume texture at high resolution, estimating surface

colors reduces to volume texture evaluation, and they are represented as polygon mesh vertex at-

tributes. This approach avoids most of the pitfalls of texture mapping from images where occlusion

and extreme warping produce unsuitable textures [113].
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(b) (c)(a)

Figure 4.3: Sample frames and camera locations: (a) Middlebury dataset [114], “Full” set of cameras
in blue, “Ring” in red; (b) “Downtown” site; (c) “SciLi” site.

4.5 Results

The proposed GSSD algorithm is evaluated as part of a multi-view stereo reconstruction frame-

work (CPVM [80, 81]+GSSD). A series of experiments are conducted to evaluate the framework

in three aspects. First, it is examined how well the CPVM estimates the underlying geometry.

Then, the quality of the reconstructed surfaces using GSSD is assessed. Finally, comparisons to

other MVS reconstruction frameworks are presented. PMVS [38] with Poisson Reconstruction [72]

(PMVS+Poisson) is used as a baseline framework because it achieves high ranking in the Middlebury

benchmark [114] and is applicable to large scale scenes. The results focus on the reconstruction of 3D

models from aerial imagery where both the underlying geometry and the reconstructed surfaces are

shown to be superior to PMVS+Poisson. In addition, numerical accuracy of the proposed algorithm

is demonstrated on the Middlebury benchmark where highly competitive results are obtained.

The dataset consists of images from two challenging urban sites and two benchmark models.

Fig. 4.3a presents a sample image from the Temple and Dino objects that are part of the Middlebury

dataset [114]. Both objects were reconstructed using both the “Full” set of cameras, (312 views

for Temple, 363 views for Dino), and the “Ring” set (47 views for Temple, 48 view for Dino).

Fig 4.3b and 4.3c correspond to images from two urban sites in Providence, RI, USA (publicly

available in [130]). The urban sites, here referred to as “Downtown” and “SciLi”, cover an area of

approximately (500m)×(500m) and have an approximate resolution of 30 cm/pixel. The camera
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Figure 4.4: Point cloud visualization of “Downtown” (from left to right column wise): point cloud
using the top (4.7) 70% of CPVM samples; point cloud using the top (4.7) 10% of CPVM samples;
PMVS point cloud.

paths follow a circle around each site; the size of all images is 1280x720 pixels, 174 views are

available for “Downtown” and 337 for “SciLi”. The camera matrices for all aerial image sequences

were obtained using the Bundler software [37]. The resulting models were trained in approximately

2 hours for “Downtown” and 3 hours for “SciLi” and both contain roughly 30 million leaf cells.

Urban Scenes

This section begins with an examination of the quality of the surface density learned in the CPVM. In

order to make comparisons to PMVS easy to visualize and fair, locations (octree leaf cell centroids)

are sampled from CPVM to generate a point cloud. The cell locations are filtered using the surface

density (4.7) as a threshold criteria. The point clouds are visualized in Fig. 4.4, where the full

“Downtown” scene as well as details are shown for the top 70% and 10% of the sampled cells,

together with the PMVS point cloud. Comparisons in Fig. 4.4 demonstrate three clear advantages
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Figure 4.5: Reconstructed surfaces from the “Downtown” (top two rows) and “SciLi” (bottom two
rows) sites, using PMVS+Poisson (leftmost column) and CPVM+GSSD (mid column). Sample
images for the corresponding scenes (rightmost column).

of CPVM over PMVS. Namely, (a) both systems do well on planar textured surfaces, however in

regions of high curvatures, CPVM produces much more accurate results than PMVS, e.g., edges

of buildings in bottom row; (b) CPVM is able to resolve details at higher resolution than PMVS,

e.g., pillars and tip of the building in middle row; (c) information is very dense in the probabilistic

model, e.g., the point cloud of CVPM even with 10% of the surface voxels is denser than PMVS.
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Figure 4.6: Renderings of 3D models (colored mesh) of the “SciLi” (left) and the “Downtown” (right)
sites reconstructed by the framework CPVM+GSSD. Note the high resolution texture on buildings.

Fig. 4.5 presents the comparisons of surfaces reconstructed for both the “SciLi” and the “Down-

town” sites using PMVS+Poisson and CPVM+GSSD. The figure demonstrates that the proposed

method produces pleasing surfaces while staying faithful to the high detail information available in

the data, notice the sharpness of building walls and corners, and ability to capture small details

such as roof-top pipes and tiny windows, as shown in bottom row. The produced surfaces are well

defined and crisp, even in regions of high surface curvature, as seen in second row. All these qual-

ities are a direct result of the variational formulation of equation (4.4). The first two data terms

make sure that the surface pass through the highly surface-like regions while the third term forces

certain smoothness constraints. It has been observed that when PMVS and CPVM have difficulties

modeling the appearance and underlying geometry of highly specular surfaces, the reconstruction

algorithms can not recover accurate surfaces (see supplementary video1 for an example).

Fig. 4.6 shows renderings of the colored meshes. Notice the high resolution and completeness of

the appearance information such as chimney and cone of the highlighted house (in purple), as well

as texture detail on buildings (in green). All meshes were obtained using GSSD parameters λ1 = 1

and λ2 = 4 (see (4.4)). The running time for GSSD was roughly 12 minutes using an Intel Xeon

@2.9 Ghz. Both urban scenes contained approximately a million cells with significantly high µ.
1http://vimeo.com/45316105
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Middlebury Evaluation Performance

Quantitative evaluations reported in the Middlebury benchmark [114] under the submission name

“Generalized-SSD” show that the proposed method is highly competitive both in terms of accu-

racy(mm) and completeness(%). Table 4.1 presents results for a selection of methods obtained

from [114]. In [124], Crispell et al. reconstruct a surface by extracting the isosurface of the implicit

function vis_score using Marching Cubes. The superiority of GSSD compared to this method is

clear in both Temple and Dino (Ring) datasets (see Figure 4.2 for a qualitative comparison). Also

included in the table are the results for PMVS+Poisson obtained in [38]. At the time of writing, this

method achieved some of the best results at [114] including top scores in Full Dino. The framework

CPVM+GSSD performs competitively, especially in the Full Temple dataset. It should be noted

that most of the best performing algorithms reported at [114], including [38], take advantage of the

fact that reasonable silhouettes can be extracted. This fact is not exploited in this chapter, as the

main focus is on applicability to realistic urban scenes.

Table 4.1: Quantitative evaluation taken from the Middlebury benchmark [114]. The first value
corresponds to accuracy (mm) and the second to completeness (%). All meshes were obtained using
GSSD parameters λ1 = 1 and λ2 = 1 (see (4.4))

Temple Dino
Full Ring Full Ring

PMVS + Poisson [38] 0.54 99.3 0.55 99.1 0.32 99.9 0.33 99.6
CPVM + GSSD (proposed) 0.53 99.4 0.81 95.8 0.55 98.1 0.6 96.0

CPVM + Marching Cubes [124] - - 1.89 92.1 - - 2.61 91.4

4.6 Conclusion

The main contribution of this chapter is the generalization of the SSD which was originally designed

in Chapter 2 to reconstruct surfaces from a finite set of oriented points to allow reconstruction

of surfaces from probabilistic occupancy volumes. As for evaluation, we first used CPVM [80,

81](Appendix A.2) method to estimate probabilistic volumes from aerial imagery of large scale

urban scenes, and then the proposed GSSD (4.2) method to reconstruct highly detailed surfaces

from probabilistic volumes. The advantages of this framework (CPVM+GSSD) were shown via

comparisons to state of the art methods, namely PMVS [38] and Poisson surface reconstruction [72],

chosen due to their popularity and software availability. In addition to experiments in aerial scenes,
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the framework was also tested in the Middlebury evaluation [114] where it performed competitively

in terms of accuracy and completeness. Most remarkably, it achieved results on par with algorithms

that exploit high resolution silhouettes. An important future direction is the application of GSSD

to other volumetric data such as those obtained in medical imaging.
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Chapter 5

SSD from Incomplete Surface

Normal Data (SSD-Inc)

5.1 Introduction

Most surface reconstruction methods reviewed in Sections 1.3.3 and 2.1 perform the reconstruction

either from a set of unoriented point sets [63, 97, 100, 131, 132] or require good oriented normal

estimates [1, 54, 64, 65, 69, 71, 72] associated with these points. Oriented surface normals play a

critical role in surface reconstruction by providing inside/outside information near the surface. As a

result, the methods that use normal information are typically more robust to noise and outliers [53]

than the methods that do not use this information. A notable exception is the spectral segmentation

approach [63] which has shown robust to noise and outliers without the use of normals. However,

the method may lead to poor approximation to the surface in regions of missing data due to coarse

Delaunay-based discretization. Even though there are measuring techniques, such as photometric

stereo [31], capable of explicitly measuring surface normals, most sensors do not provide this infor-

mation; in which case, point normals are estimated from the point locations using local principal

component analysis (PCA) [67] followed by orienting them toward the sensor direction. This routine

is typically implemented efficiently with a kd-tree data structure [133]. However, normals estimated

this way can get highly unreliable in regions of missing or irregularly sampled data or near thin

features; as a result, they often lead to inaccurate surface reconstructions. On the other hand,
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Figure 5.1: Left: Irregularly sampled input point cloud with extremely inaccurate normal vectors.
The point cloud is obtained by adding synthetical noise to the directions of the normals of the
point set originally taken from [86]. Center: Surface reconstructed with SPR [65], trusting the
given normal vectors Right: Surface reconstructed with the proposed method, which simultaneously
estimates surface normals.

most optical measuring systems implicitly or explicitly provide the coordinate of the sensor location

through calibration information. The vector from a measured point to the sensor location is called

the “line of sight” associated with the point. A useful property of line of sight vectors is that they are

consistently oriented toward the outside (or inside) of the object being scanned. Even though line

of sight vectors are reliable and easily accessible, they are either not used by surface reconstruction

methods or simply discarded after point normals are oriented by the PCA routine described above.

The methods designed to fuse multiple depth maps into a single volumetric model such as [66,

134, 135] successfully exploit this information retrieved from the scanner. Similarly, the surface

reconstruction methods based on discrete segmentation approaches [129, 136] use the line of sight

information. While segmentation approaches based on graph-cuts or s-t cuts allow for flexible

energy functions and exact solutions, they are not applicable to large scenes due to their high

memory requirements. An additional post-processing step is required in [129] to remove artifacts

due to regular grid discretization [137]. More recent implicit surface reconstruction methods based

on variational global optimization [1, 54, 65] have proven efficient and robust to noise [53]. However,

these methods, also the SSD introduced in Chapter 2, rely on good normal estimates. Formally, these

methods are concerned with the problem of reconstructing a surface S defined by an implicit equation

S = {x : f(x) = 0}, approximating a finite set of oriented points D = {(p1, n1), . . . , (pN , nN )}, where

pi is as surface location sample, and ni is the corresponding surface normal sample oriented towards

the outside of the object. They typically reduce the problem to solving a set of linear equations to

estimate f , and report excellent reconstruction results. We regard this type of data D where one
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can estimate the result from in one step (such as by solving a linear system) as “complete” data.

If more information is available, the problem becomes simpler as expected. The definition is more

closely related to what part of data is observed or not. For example, Dinc = {p1, . . . , pN} can be

regarded as “incomplete” data if the scanning sensor does not have the capability to measure surface

normals explicitly, i.e., surface normals are not observed.

The main contribution of this chapter is the introduction of a new variational formulation for the

problem of reconstructing a watertight surface S defined by an implicit equation S = {x : f(x) = 0}

directly from a finite set of partially oriented points

D̃ = {(p1, τ1), . . . , (pN , τN )} ,

where pi is as surface location sample, and τi is a unit vector oriented towards the outside of the

object. Note that τi can be an extremely noisy surface normal sample as well as a normalized line

of sight vector associated with pi. The only assumption on this set is that the vectors must be

consistently oriented. We refer this set of vectors as incomplete surface normals, and the dataset

consisting of points and incomplete surface normals as partially oriented points for the rest of the

chapter.

The proposed method uses incomplete surface normal information to constrain the space of

solutions by measuring how well an inside/outside labeling defined by the implicit equation agrees

with incomplete surface normal data and likeliness of the surface resulting from positional data and

this labeling. The method is based on Majorize-Minimize (MM) technique which leads to an iterative

non-linear minimization routine that is guaranteed to converge to a fixed point by design [138]. In

the first step, “feasible” surface normals are estimated from the current estimate of the implicit

function, and in the second step the surface estimate is refined using points and feasible normals.

Fortunately, both alternating steps are quite efficient, and the second step reduces to solving SSD

introduced in Chapter 2. Figure 5.1 shows one example of surface reconstructed by the proposed

method in comparison with surface reconstructed by SSD in Chapter 2. Note the proposed method

faithfully reconstructs the surface despite the fact that the input point cloud lacks accurate surface

normals.
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5.2 Constrained Energy formulation

Given a finite set of partially oriented points D̃ = {(p1, τ1), . . . , (pN , τN )}, where pi is as surface

location sample, and τi is a unit vector oriented towards the outside of the object, and associated

with pi. We ideally want to estimate f by means of minimizing the following constrained energy:

minimize
f

E(f) = 1

N

N∑
i=1

f(pi)
2 +

λ1
N

N∑
i=1

(∥∇f(pi)∥ − 1)2 +
λ2
|V |

∫
V

∥Hf(x)∥2 dx ,

subject to ∇f(pi)Tτi
∥∇f(pi)∥

> ϵ for i = 1, . . . , N ,

(5.1)

∇f(x) is the gradient of f(x), Hf(x) is the Hessian of f(x), V is a bounding volume, {λ1, λ2} are

regularization parameters, and 0 < ϵ < 1 is an error tolerance parameter.

5.3 Majorize-Minimize (MM) technique

Analyzing the objective (5.1), we first notice that incomplete normals τi only appear in constraints.

If ignored, it would be the same as estimating f with only point coordinates pi. Even though it is a

harder problem to solve than the original problem since all inside/outside information provided by

τi’s is lost, trying to design an optimization routine gives several insights, in particular, with the use

of Majorize-Minimize (MM) technique. MM works by finding a surrogate function that majorizes

the objective function to be minimized. Optimizing the surrogate function drives the objective

function downward until a local optimum is reached, and by design, MM iterations are guaranteed

to converge to a local minimum or a saddle point of the original objective function [138]. The choice

of the surrogate function is critical as optimizing the surrogate must be simpler than optimizing the

original problem. Formally, in order to minimize L(θ) with an MM procedure, we need a surrogate

function S(θ, θ̃) such that:

S(θ, θ) = L(θ)

S(θ, θ̃) ≥ L(θ), θ ̸= θ̃

(5.2)

If θ(k+1) denotes the minimum of the surrogate S(θ, θ(k)), the MM procedure forces L(θ) downhill

which can be seen through the relations

L(θ(k+1)) ≤ S(θ(k+1), θ(k)) ≤ S(θ(k), θ(k)) = L(θ(k)) (5.3)
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which follow directly from the construction (5.2), and definition of θ(k+1). Given an estimate θ(0), a

typical MM minimization procedure is alternated between

• building the surrogate function S(θ, θ(k−1))

• updating the estimate θ(k) ← arg minθ S(θ, θ(k−1))

for k = 1, 2, 3, . . . until a fixed point is found. The choice of θ(0) matters as in every non-linear

minimization problems. Without loss of generality, it is not necessary to find the absolute minimum

of the surrogate function, i.e.,

S(θ(k+1), θ(k)) ≤ S(θ(k), θ(k)) (5.4)

is only needed. One advantage of MM becomes apparent when dealing with box constraints over

variables to be estimated. In other words; if θ(k) goes out of the feasible space at any k, it is simply

replaced with an arbitrary value from the feasible space (typically with the closest to θ(k)), and the

surrogate function is built from the feasible value.

5.4 Surrogate Objective

Going back to our original problem, we are looking to find a surrogate objective that majorizes the

objective (5.1). Consider the following objective as a surrogate candidate

Q(f, g) = 1

N

N∑
i=1

f(pi)
2 +

λ1
N

N∑
i=1

∥∇f(pi)−
∇g(pi)
∥∇g(pi)∥

∥2 + λ2
|V |

∫
V

∥Hf(x)∥2 dx , (5.5)

with first and third terms are already the same as the original objective. Therefore, we only need to

verify that the second term satisfies the majorization conditions (5.2). Since the second terms are

sums of individual terms in both objectives, this task reduces to showing that

qi(f, g) , ∥∇f(pi)−
∇g(pi)
∥∇g(pi)∥

∥2

majorizes

ei(f) , (∥∇f(pi)∥ − 1)2 .
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One can inspect that the equality condition in equation (5.2) is satisfied

qi(f, f) = ∥∇f(pi)−
∇f(pi)
∥∇f(pi)∥

∥2

= ∇f(pi)T∇f(pi)− 2
∇f(pi)T∇f(pi)
∥∇f(pi)∥

+ 1

= (∥∇f(pi)∥ − 1)2 = ei(f)

(5.6)

by construction. And the inequality condition in equation (5.2) is satisfied

qi(f, g) = ∇f(pi)T∇f(pi)− 2
∇f(pi)T∇g(pi)
∥∇g(pi)∥

+ 1

≥ ∇f(pi)T∇f(pi)− 2
∇f(pi)T∇f(pi)
∥∇f(pi)∥

+ 1 = ei(f)

(5.7)

since ∇f(pi)T∇g(pi) ≤ ∥∇f(pi)∥∥∇g(pi)∥ by Cauchy-Schwarz inequality. These two relations con-

clude the proof that the objective (5.5) majorizes the original objective (5.1), and is a valid surrogate

objective. That is, starting with an arbitrary f (0), convergence to a local minima is guaranteed by

MM - provided that we have a method to minimize the surrogate objective Q(f, f (k−1)). Here we

note that minimization of the surrogate objective is the same as solving SSD in Chapter 2 with

ni =
∇f(pi)(k−1)

∥∇f(pi)(k−1)∥
,

where ∇f(pi) can be determined through finite differences (2.12, 2.13). However, the problem is

highly non-linear, and without the use of inside/outside information given by τi’s, one should not

expect to obtain useful results. In the next section, we introduce a practical algorithm where we

can easily incorporate τi’s (the constraints of the original objective) into alternating steps of MM to

ensure that the iterative procedure converges to a good local minima.

5.5 Solution and Algorithm

Equipped with the surrogate objective (5.5), we propose the following MM procedure to minimize

the original objective (5.1):

1. Initialize f (0) to something arbitrary
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2. Repeat steps (a) and (b) for k = 1, 2, 3 . . . until convergence or maximum number of itera-

tions are reached

(a) update µ(k)
i for all i = 1, . . . , N,

µ
(k)
i ←


∇f(pi)

(k−1)

∥∇f(pi)(k−1)∥ , if τT
i

∇f(pi)
(k−1)

∥∇f(pi)(k−1)∥ > ϵ

τi , otherwise

(b) estimate f (k) as the (loose) minimizer of

f (k) ← arg min
f

{
1

N

N∑
i=1

f(pi)
2 +

λ1
N

N∑
i=1

∥∇f(pi)− µ(k)
i ∥

2 +
λ2
|V |

∫
V

∥Hf(x)∥2 dx

}
,

The first part (a) of the alternating steps uses the old estimate of the function f (k−1) to get a

“feasible” set of normals µ(k)
i . If ∇f(pi)

(k−1)

∥∇f(pi)(k−1)∥ already satisfies the constraint determined by τi, it

is included into the “feasible” set, i.e., constraint is not active. If not, it is replaced with τi itself,

i.e., constraint is active. The second part (b) uses points pi and “feasible” normals µ(k)
i to get a

new function estimate f (k) which reduces to solving SSD in Chapter 2 with ni = µ
(k)
i . Note that an

exact minimization of the SSD objective is not needed. Instead, a sufficient decrease is adequate for

MM to work (see remark (5.4)).

Reconstruction from 2D cross-sectional curves

The MM algorithm described above has the advantage of decoupling the estimation of the feasible

normals µi’s from the estimation of the implicit function f . As a result, it can also be used, with a

slight modification, to reconstruct surfaces from sets of (parallel or non-parallel) 2D cross-sectional

curves which are typically obtained by image-processing outputs of medical cross-sectional imaging

techniques or in 3D modeling from 2D drawings. In this case, the data is given as a composition of

several cross-sectional curves

D̃ =
⋃
j

D̃j

where D̃j is a set of partially oriented points associated with the jth slit that crosses the shape.

The normal τi associated with the point pi ∈ D̃j is incomplete because one can only measure the

projection of the true surface normal onto the plane defined by the jth slit. Therefore, the gradient
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∇f(pi) vector at a point pi ∈ D̃j should be ideally spanned by the two perpendicular unit vectors:

the partial normal τi associated with pi, and the slit normal, say vj , associated with D̃j . This

geometric observation defines another set of constraints on f , i.e.,

∇f(pi)T(τi × vj) ≈ 0 (5.8)

in addition to the original constraints of the objective defined in (5.1). The slit normal vj is either

provided with D̃j or can be easily estimated by fitting D̃j a plane. Similar to the MM algorithm

described in previous section, the constraints (5.8) are applied during the computation of feasible

normals by replacing the step 2(a) of the algorithm with

µ
(k)
i ←


P(τi,vj)∇f(pi)

(k−1)

∥ P(τi,vj)∇f(pi)(k−1)∥ , if τT
i

P(τi,vj)∇f(pi)
(k−1)

∥ P(τi,vj)∇f(pi)(k−1)∥ > ϵ

τi , otherwise

where P(τi, vj) is the 3× 3 projection matrix defined by

P(τi, vj) , I3 − (τi × vj)(τi × vj)T

with the 3 × 3 identity matrix I3. In words, the estimated gradient vector ∇f(pi)(k−1) at a point

pi ∈ Dj is first projected onto the planar space spanned by {τi, vj}, then normalized. Finally, the

resulting vector is checked if it satisfies the orientation constraint determined by τi. If it does, it is

included into the feasible set. If not, it is replaced with τi itself.

5.6 Implementation

We use same octree-based discretization described in Section 2.7 of Chapter 2. For a given octree

depth d, an iteration k of MM reduces to solving a sparse linear system of the form A(d)F = b(k),

which is (loosely) solved using a Jacobi Preconditioned Conjugate Gradient (JPCG) solver [78].

We use the term loosely as a predetermined number of JPCG iterations are adequate for MM to

work. This is no loss of generality as shown in Section 5.3. Note that the left hand side of the

linear system A(d), is independent of k, and is only updated if the octree depth d changes. On

the other hand, the right hand side of the linear system b(k) directly depends on k, and is updated
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Figure 5.2: Curve estimation from synthetically generated points using proposed method. Red dots:
Input point samples. Green needles: Input lines of sight. Blue needles: Recovered curve normals.

as µ(k)
i vectors are updated. For an efficient implementation, iterations of the conjugate gradient

solver are interrupted on a periodic schedule to update µ(k)
i vectors, and the right hand side b(k) of

the linear system accordingly. In order to improve the speed of convergence and the quality of the

obtained solution, the problem is first solved on a much lower depth of the octree than desired, then

the solution obtained at a given depth is interpolated to the next depth; and used to initialize the

iterative solver. In other words, A(d) is updated once every time we go deeper in the octree depth;

and for a given octree depth (d), b(k) is updated multiple times determined by the schedule of JPCG

solver. In our implementation, we update b(k) at every 5 JPCG iterations.

5.7 Results

The proposed method is tested in 2D and 3D settings with synthetically generated data as well as

real sensor data from an urban scene. Even though we are interested in point clouds and surfaces

embedded in three dimensional space, our formulation is valid in space of arbitrary dimension. As

a result, we first show a 2D result to better illustrate the difference between line of sight vectors

and normal vectors. The curve estimation example from synthetically generated 2D points is given

Figure 5.2, and shows the robustness of our method to extreme angles between line of sight vectors

and normals vectors, in this example, up to π
2 radians.

The second example, Figure 5.3, is from an urban scene, namely “Downtown” site. The point

cloud is acquired by sampling the voxel centroids of high occupancy density from a probabilistic

volumetric model estimated by CPVM as described in Section 4.3 in which there is no elegant way
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Figure 5.3: Reconstruction of “Downtown” site with zoom-in cross-sectional views. Left Column:
Input point cloud rendered as points and line of sight vectors. Right column: Reconstruction of the
site using the proposed method, rendered as points and recovered normals.

of estimating accurate surface normals. Running a 3D analogue of 2D discrete first order difference

filters used in image processing (such as Sobel filters) over the volumetric density gives unreliable

response near the surface due to unsigned nature of the density. On the other hand, it is possible to

get properly oriented line of sight vectors for each (sampled) voxel by running a visibility weighted

average over sensor rays that updated the density of that voxel. Since the scene is captured with a

sensor placed on a helicopter, the line of sight vectors are looking upward, outside of the building
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surfaces as expected. On the other hand, after the reconstruction, the proposed method properly

recovers the surface normals from point samples and line of sight vectors. We use point cloud

rendering of the reconstruction result in this example as opposed to mesh visualization for a fair

comparison with the input point cloud, and to better illustrate the effectiveness of the proposed

method.

5.8 Conclusion

This chapter first introduced a general variational formulation for the problem of reconstructing

a watertight surface defined by an implicit equation from a finite set of unoriented points based

on unconstrained Majorize-Minimize (MM) technique which leaded to an iterative non-linear mini-

mization routine that is guaranteed to converge to a fixed point by design. However, due to highly

nonlinear nature of the problem, we argued that the iterations would most likely converge to an

unappealing local minimum without using any inside/outside information about the surface to be

estimated. Then, we elegantly improved the formulation by incorporating incomplete normal data as

constraints which prevented the routine from getting stuck at a poor local minimum. The resulting

algorithm is practical and offers a good compromise between using the surface normals and not using

any. The incomplete normals are not necessarily surface normals. They can be any set of vectors

that are consistently oriented towards the outside (or inside) of the surface to be estimated. For

example, (approximate) line of sight vectors that most 3D optical measuring devices provide these

days together with positional data can be used for this purpose. Since the proposed method does

not make strong assumptions on the type of incomplete normals, it can also be used, with slight

modification, to reconstruct surfaces from sets of (parallel or non-parallel) 2D cross-sectional curves

which appear in 3D modeling applications based on 2D drawings or sketches or are obtained by

processing outputs of medical cross-sectional imaging techniques such as CT, MRI, PET, SPECT,

and ultrasonography.
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Chapter 6

SSD for Big Data - an

Implementation on Octree Duals

(SSD-Dual)

6.1 Introduction

In this chapter, we are concerned with the problem of reconstructing very large scenes consisting of

hundreds of millions of oriented points. We introduce an octree-based dual-graph (which has the

octree leaf centroids as vertices) discretization for the continuous objective (2.3) of SSD introduced

in Chapter 2. Similar to octree-based primal-graph (which has the octree leaf corners as vertices)

discretizations used in Chapter 2, dual discretizations reduce to the solution of sparse linear sys-

tems of equations. Figure 6.1 shows a dual-graph discretization in comparison to primal graph

discretization depicted on a quadtree1.

The original implementation of SSD uses a top-down octree construction strategy which first

loads all points in memory, places them in a bounding box (which serves as the root of the octree),

and then starting from the root leaf, recursively subdivides the octree as a function of points using

a test condition, e.g., a leaf is subdivided if it contains more than 1 points. This procedure is
1Note that the discretizations are depicted on quadtrees for the sake of clarity, whereas the text refers to the 3D

case as formulations and algorithms generalize to any dimension.
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Figure 6.1: Quadtree based discretizations. Left: Primal graph. Right: Dual graph.

repeated for every leaf until the test fails or maximum (or user desired) depth is reached. Top-down

octree construction strategy is very useful when dealing with uneven sampling and sensor noise in

point measurements because the octree faithfully adapts to sampling density of the input cloud. In

other words, it does not create an excessive number of cells, and as a result, surface reconstruction

algorithms deal with less number of variables to estimate, and becomes less prone to variance in

data. The disadvantage on the other hand is the requirement to load all points at once, and keep

them all in memory until the octree construction is completed.

The main contributions2 of this chapter are the derivation of sufficient statistics that are adequate

to solve the linear system with less memory requirements than point cloud data, and the introduction

of an online algorithm to accumulate these statistics from point cloud data, i.e., points are never fully

loaded or stored in memory. To operate online, an octree is first built in a bottom-up fashion rather

than the recursive top-down strategy used in SSD. This step accumulates the sufficient statistics for

each occupied leaf at the deepest level of the octree. Then, the sufficient statistics are expanded

recursively from leaves to the internal nodes up to the root. Finally, the linear system is solved

from top-down similar to the cascading multigrid approach used in SSD - which is estimating the

function at a coarser level than desired using the coarser sufficient statistics, interpolating it to

the next level, and refining the estimate by using the sufficient statistics of the next level, and

repeating until the maximum or desired level is reached. Figure 6.2 shows a close-up comparison of
2The method proposed in this chapter is an extended version of the method originally developed by the author in

2013 as part of Kitware Inc.’s Super-Resolved 3D reconstruction project funded by DARPA.
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Figure 6.2: Surface reconstruction of David’s head using the proposed dual discretization (right),
and using the original primal discretization (left). Left eye of the model is zoomed in to reveal visual
similarities and differences between the results of two implementations. Similar behavior with minor
visual differences is expected.

the surface reconstructed using the proposed dual graph discretization to the surface reconstructed

using the original primal graph based discretization. Note that similar quality with minor differences

is expected since both methods minimize the same objective using different discretization schemes.

6.2 Dual Formulation

In the original formulation of SSD introduced in Chapter 2, the primal graph (which has the octree

leaf corners as vertices) represents the signed distance function f(x), which is a piecewise trilinear

function, i.e., its value at a point x in the volume V is determined through f(x) =
∑7

h=0 wh fαh

where w0, . . . , w7 are the trilinear coordinates of x in leaf α. The indices of the eight vertices of

a leaf α are depicted in Figure 2.3. The gradient ∇f(x) and the Hessian Hf(x) are determined

through finite differences as given in equations (2.11), (2.12), and (2.14). With an alternative

formulation, SSD can be implemented using the dual graph (which has the octree leaf centroids as

vertices). In this case, the dual graph represents the signed distance function f(x) which is no longer

a piecewise trilinear function but it can be made piecewise linear by introducing an auxiliary vector

field v : V → R3 such that

v(x) = ∇f(x) . (6.1)

Similar to the discrete definition of gradient (2.12) in SSD, we define v(x) as a piecewise constant

function, one vector per octree leaf. That is, the value of v(x) at a point x in the volume enclosed
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by leaf α is determined through

v(x) ≈ vα , (6.2)

and the value of f(x) at the same point is determined through

f(x) ≈ fα + vT
α(x− xα) (6.3)

where xα is the centroid location of leaf α, fα is the value of the centroid. By taking the piece-

wise definitions of f and v into account, the integrals and sums of energy function E(f) of (2.3)

conveniently become finite sums over octree leaves:

E(f) ≈ 1

N

∑
α

∑
i∈α∗

(fα + vT
α(pi − xα))2 +

λ1
N

∑
α

∑
i∈α∗

∥vα − ni∥2︸ ︷︷ ︸
data terms

+
λ2
W

∑
(α,β)

∥vα − vβ∥2 σαβ︸ ︷︷ ︸
regularization term

(subject to v = ∇f) (6.4)

where α∗ represents the set of indices of points that are enclosed by leaf α. The regularization term

is a sum over the pairs of octree leaves α and β that share a common face as depicted in Figure 2.5.

The associated weight σαβ is determined from the octree subdivision, i.e., σαβ =
aαβ

bαβ
, where aαβ is

the area of the common face and bαβ is the Euclidean distance between the centroids of these leaves.

W =
∑

(α,β) σαβ is a normalization factor so that σαβ ’s sum up to one.

Minimizing (6.4) subject to v = ∇f is a constrained least squares problem, and handling of which

could be complicated with standard methods since f and v are both unknown. Instead, we add a

penalty term to account for this constraint

Ẽ(f, v) = 1

N

∑
α

∑
i∈α∗

(fα + vT
α(pi − xα))2 +

λ1
N

∑
α

∑
i∈α∗

∥vα − ni∥2 +
λ2
W

∑
(α,β)

∥vα − vβ∥2 σαβ

+
λ3
W

∑
(α,β)

{(fα + vT
α(xβ − xα)− fβ)2 + (fβ + vT

β (xα − xβ)− fα)2}σαβ︸ ︷︷ ︸
penalty (coupling) term

. (6.5)

Similar to the original discretization, minimizing (6.5) is now an unconstrained least squares problem

with linearly parametrized unknowns f and v which can be jointly estimated by solving a sparse
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linear system of the form

AF = b , (6.6)

where F = (wα : α ∈ Λ) is a 4K-dimensional column vector formed with 4-dimensional entries

wα ,

fα
vα

 .

6.3 Sufficient Statistics

One way to solve a sparse linear system AF = b that arise from a quadratic objective defined

by primal (2.3) or dual formulation (6.5) is to first accumulate the non-zeros of matrix A and the

vector b by traversing octree data structure which involves traversing every leaf, traversing every

point within the leaf, and traversing every directed neighbor of the leaf. Once this is done, matrix A

and the right hand side vector b can be passed to a direct sparse solver or to an iterative solver. The

latter is typically preferred because A can still be very big. Another advantage of iterative solvers

(such as conjugate gradient method) is that they do not even require the whole matrix A stored

in the memory, instead they only need the result vector of the product AF (k) for every iteration k

which can be calculated by a traversal similar to the one done for accumulation. This strategy was

used in original implementation of the SSD introduced in Chapter 2 with great reduction in memory

usage. However, since a traversal over the whole point set has to be done for every single iteration,

time consumption becomes a problem specially for large scenes consisting of millions of points. On

the other hand, building the matrix A from scratch every time octree changes could be a problem in

terms of memory since non-zeros of A quickly grows as octree depth increases for very large scenes.

This is clearly a trade-off between space and time usage which needs to be chosen based on available

resources.

In this section, we discuss a compromise between keeping the whole matrix A in memory or not

keeping it at all. Matrix A and the right hand side vector b contain all the information, complete

sufficient statistics, that is required to minimize the objective (6.5). In detail, matrix A contains two

types of information: one comes from the data terms Ad which depends on point cloud data, and
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the other comes from the non data terms (regularization and coupling terms) Ad̄ which depends on

octree topology. Matrix A can be written as

A = Ad +Ad̄

by construction. In general (also as mentioned in Section 2.8), neither Ad nor Ad̄ has to be built or

kept in memory to solve the linear system since an iterative solver only needs the result of matrix-

vector product not the matrix itself. However, removing Ad from memory, requires that the point

cloud data is kept in memory. Similarly, removing Ad̄ from memory, requires that the octree is

kept in memory. The latter (keeping octree in memory) is desirable, since the octree supports the

signed distance function, and its topology information is needed for later stages of the framework in

particular for isosurface extraction (contouring) algorithm. The former (keeping point cloud data

in memory), on the other hand, is not desirable (or needed) after octree and Ad are built which is

the strategy we advocate in this chapter. That is, non-data statistics Ad̄ is neither built explicitly

nor kept in memory. On the other hand, data statistics Ad is built independently and kept as

symmetric block matrices - one per (occupied) octree leaf. In addition, since second data term is

not homogenous, it is responsible for the right hand side vector b of the sparse linear system which

we also keep as vectors - one per (occupied) octree leaf.

Ad is a diagonally dominant sparse matrix consists of non-zero block matrices, the form of which

can be derived by expanding the data terms of dual energy (6.5), and taking the derivatives with

respect to unknowns f and v. In detail, we first rewrite the first data term of the dual energy (6.5)

using vector products

ẼD1(f, v) =
1

N

∑
α

wT
α

{∑
i∈α∗

∆αi∆
T
αi

}
wα , (6.7)

where

∆αi ,

 1

pi − xα


is a 4× 1 column vector for each point pi in leaf α where xα is the centroid of the leaf. Taking the

partial derivative of (6.7) with respect to a particular wα, we get

1

2

∂ẼD1

∂wα
=

{
1

N

∑
i∈α∗

∆αi∆
T
αi

}
wα , (6.8)
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where the matrix in the curly brackets denotes the sufficient statistics related to the first data term.

Similarly, we rewrite the second data term of the dual energy (6.5) using vector products

ẼD2(f, v) =
λ1
N

∑
α

∑
i∈α∗

(Mαwα − ni)T(Mαwα − ni) , (6.9)

where

Mα ,


0 1 0 0

0 0 1 0

0 0 0 1


is a constant matrix to account for non-existence of fα in the second data term. Taking the partial

derivative of (6.9) with respect to a particular wα, we get

1

2

∂ẼD2

∂wα
=

{
λ1
N
MT

αMα

∑
i∈α∗

1

}
wα −

λ1
N
MT

α

∑
i∈α∗

ni , (6.10)

where the matrix in the curly brackets denotes the sufficient statistics related to the second data

term while the negative part (after negation) is also part of sufficient statistics which contributes to

the right hand side b of the linear system.

Combining the factored statistics given in equations (6.8) and (6.10), we get the final form of

the statistics for each occupied leaf α

(Ad)α =
1

N

Sα ∆T
α

∆α Σα

 and (b)α =
λ1
N

 0

Nα

 (6.11)

with

Sα ,
∑
i∈α∗

1

∆α ,
∑
i∈α∗

(pi − xα)

Σα , λ1SαI3 +
∑
i∈α∗

(pi − xα)(pi − xα)T

Nα ,
∑
i∈α∗

ni

where I3 is the 3× 3 identity matrix.
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6.4 Analysis of Sufficient Statistics

Only four types of statistics appear for a given leaf α, namely number of points Sα in the leaf, sum of

point vectors with respect to leaf’s centroid ∆α, pseudo-covariance matrix of points Σα, and sum of

normal vectors Nα. The 4× 4 matrix (Ad)α and 4× 1 vector (b)α serve as building blocks of matrix

Ad and right hand side vector b. Since (Ad)α is symmetric, it brings 10 independent coefficients.

Together with the 3 non-zero coefficients that come from (b)α, one only need to store total 13

coefficients per octree leaf. An oriented point is represented with 6 coefficients (3 for point position,

and 3 for its normal). Therefore, if there are more than 2 points per occupied octree leaf on average,

it is better work with the statistics in terms of memory usage than the point cloud data directly. The

benefit may not be obvious for small data sets containing a few million points. On the other hand,

for large scenes containing hundreds of millions of points, octree resolution reaches to its maximum

depth quickly while points are still consolidated into non-individual leaves containing more than 2

points. The other advantage of working with the statistics is in terms of time consumption. That

is, each iteration of the solver is completed in one step, instead of traversing all points enclosed in

a leaf because statistics are computed once every time the topology of octree is changed, i.e., it is

subdivided.

6.5 Implementation

We first describe an offline implementation of the proposed discretization which is similar to the

offline approach used in the original implementation of SSD (Section 2.8 of Chapter 2). That is,

the points are fully loaded into memory, and octree is constructed recursively in a top-down fashion

as the function f(x) is refined every time the octree depth d improves. The only difference is that

the sufficient statistics are accumulated from scratch using the existing partitioning of points for

a given octree depth d, and then f(x) is refined from the values of the sufficient statistics, not

from the points. Note that this is a proof-of-concept implementation to verify the correctness of

the formulations proposed in this chapter, and whether the dual discretization produces surfaces

with similar quality and behaviors as the original implementation of SSD. We refer the reader to

sections 6.7 and 6.8 for a time and space efficient online implementation strategy. Independent of

how statistics are accumulated (online or offline), the steps to refine f(x) are the same for both

schemes. In order to perform an iteration (k), we accumulate the 4K-dimensional result vector of
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the product AF (k) and the 4K-dimensional right hand side vector b through following sums:

AF (k) =
∑
α

Bα F
(k)

+
λ2
W

∑
(α,β)

Cα

{
CT

αF
(k) − CT

βF
(k)

}
σαβ

− λ2
W

∑
(α,β)

Cβ

{
CT

αF
(k) − CT

βF
(k)

}
σαβ

+
λ3
W

∑
(α,β)

Dα

{
DT

αF
(k) − ET

βF
(k)

}
σαβ

− λ3
W

∑
(α,β)

Eβ

{
DT

αF
(k) − ET

βF
(k)

}
σαβ

b =
∑
α

cα

(6.12)

where the first term is the contribution from the sufficient statistics, second and third terms are

the contributions from the regularization term, and the last two terms are the contributions from

the coupling term. Bα is a 4K × 4K sparse matrix with a single 4 × 4 non-zero block of sufficient

statistics (Ad)α as defined in equation (6.11). The product Bα F
(k) simply updates the 4 values of

AF (k) associated with leaf α with the result of (Ad)α w
(k)
α . Similarly, cα is a 4K × 1 sparse vector

with 3 non-zero values from the sufficient statistics (b)α as defined in equation (6.11), which simply

updates the 4 values of b with (b)α. Cα is a 4K × 3 sparse matrix with a single non-zero block of

identity I3 for leaf α. Note that the term in the curly bracket associated with regularization term

then simply reduces to

CT
αF

(k) − CT
βF

(k) = v(k)α − v(k)β .

Dα is a 4K × 2 sparse matrix with 5 non-zero entries. The first column consists of 4 values [1 (xβ −

xα)
T]T, whereas the second column consists of [1 0 0 0]T at 4 indices associated with leaf α. The

first column of Eβ consists of [1 0 0 0]T, whereas the second column consists of [1 (xα − xβ)T]T at

4 indices associated with leaf β. Note that the term in the curly bracket associated with coupling

term then simply reduces to

DT
αF

(k) − ET
βF

(k) =

f (k)α + v
(k)T
α (xβ − xα)− f (k)β

f
(k)
α − v(k)Tβ (xα − xβ)− f (k)β

 .
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Figure 6.3: Surface reconstructions of “Downtown” site: using the original SSD-Primal (left), and
the proposed SSD-Dual (right). Note similar quality with minor visual differences.

6.6 Results

We qualitatively compare surfaces reconstructed by the SSD method based on the original primal

graph discretization scheme (SSD-Primal) and the SSD method based on the proposed dual graph

discretization scheme (SSD-Dual). Note that both SSD-Primal and SSD-Dual methods solve the

same variational problem with different discretization schemes. Therefore, significant visual differ-

ences are not expected. The SSD-Primal method that is used to generate results for this section

follows the original implementation approach as described in Section 2.8, whereas the proposed SSD-

Dual method follows the approach described in Section 6.5. Both implementations are offline in

terms of handling input point cloud data, i.e., input points are fully loaded into memory, and they

stay in memory during surface estimation stage.

Figure 6.2 shows zoom-in visual comparisons of the left eye of Michalengelo’s David reconstructed

at a maximal octree depth of 10 from head data that consists of 1 million accurate oriented point

samples obtained from a laser scanner. Figure 6.3 shows visual similarities and differences of an urban

scene, namely “Downtown” site, reconstructed from the input point cloud acquired by sampling

voxel centroids of high occupancy density from the probabilistic voxel model learned by CPVM as

described in Section 4.3 from aerial imagery of the scene captured by flying a helicopter around the

city of Providence, RI. The resulting oriented point cloud is an example of real data consisting of
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Figure 6.4: Surface reconstructions of “Brown University” site: using the original SSD-Primal (top),
and the proposed SSD-Dual (bottom). Note similar quality with minor visual differences.

extremely noisy point samples and normals. Similarly, Figure 6.3 shows surface reconstruction results

of “Brown University” site from the same dataset. All results show that the SSD method based on

the proposed dual discretization (SSD-Dual) produces surfaces of visual quality either comparable

to or better than the surfaces produced by the original SSD based on the primal discretization

(SSD-Primal).
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6.7 Online Implementation Strategy

In order to fully take advantage of sufficient statistics defined in this chapter, we propose to follow a

bottom-up octree construction strategy instead of the top-down strategy used in SSD. A top-down

subdivision strategy first loads all points in memory, places them in a bounding box (which serves

as the root of the octree), and then starting from the root leaf, recursively subdivides the octree

as a function of points using a test condition, e.g., a leaf is subdivided if it contains more than 1

points. This procedure is repeated for every leaf until the test fails or maximum (or user desired)

depth is reached. Top-down strategy is very useful when dealing with uneven sampling and sensor

noise in point measurements because octree faithfully adapts to sampling density of the input cloud.

In other words, it does not create excessive number of cells, and as a result, surface reconstruction

algorithms deals with less number of variables to estimate, and becomes less prone to variance in

data.

The disadvantage of the top-down strategy, on the other hand, is the requirement to load all

points at once, and keep them all in memory until the octree construction is completed. Since a

cascading multigrid solver was used in original implementation of SSD, this top-down behavior was

desired because the signed distance was first estimated at a coarser level than desired, and then

interpolated to next deeper level, and then refined further by the solver. However, the disadvantage

makes the use of top-down approach prohibitive quickly for very large scenes consisting of hundreds

of millions of points. Another disadvantage is that top-down approach does not gracefully allow

the statistics to be integrated into the algorithm because statistics are typically sums over some

information of points, i.e., data is averaged out. If points are not in memory, there is no elegant

way of quantizing statistics from parent leaf to its children; however, reverse is always possible.

Section 6.8.1 describes an efficient routine to calculate the statistics of a parent only from the

statistics of its children via simple linear algebra.

A bottom-up strategy loads points in an online fashion - one point or a small batch of points

at a time, and places every point to the finest leaf possible determined by the maximum octree

depth, assuming that the bounding box of the point cloud data is known (If that information is not

available in the header of the input file, one can make an initial online pass over the file to determine

the bounding box.). After all points are read, this procedure is followed by generation of missing

siblings in the octree, and (optionally) another procedure to prune excessively generated cells by

90



merging children to adapt the octree resolution to the input point cloud density. The advantage

of this approach is that it allows for integration of sufficient statistics into the octree construction

procedure gracefully without the need to store points in memory. In detail, we propose the following

implementation approach:

1. Open a file stream from the input point cloud data to be reconstructed

2. Read the bounding box from the file header if available (if not make a full pass and determine

the bounding box)

3. Initialize an empty octree data structure

4. While the file stream is not empty:

Do

(a) Get a point from the stream, determine its location (at the deepest level) in the octree

by quantization

(b) If there is node already, update the corresponding statistics using the information of the

point. If not, insert a new node at the deepest level, and initialize statistics with the

information of the point

(c) Discard the point

5. Complete the octree by creating new nodes to account for missing siblings

6. (Optional) Merge children by properly combining their sufficient statistics.

The advantage of the bottom-up approach is that the points are never fully loaded or stored in

memory. An iterative linear solver uses the sufficient statistics to solve the sparse linear system of

equations together with the topology of the octree. However, we can not use a cascading multigrid

approach anymore - where solution was estimated on a coarser level, interpolated to the deeper

level, and refined. Although not using the cascading multigrid approach increases the number of

iterations for solver to converge, the computation (time) required for each iteration is much less

since it is not required to traverse all points for a single iteration. Another advantage, and the main

reason why we choose bottom-up approach in this chapter, is that its memory footprint is adapted

to the density of the scene, not the number of points. As a result, large scenes can be reconstructed
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with less memory footprint. The benefit comes with a price that number of iterations required is

typically higher than the ones used in a top-down cascading multigrid approach.

In the next section, we introduce a hybrid approach (bottom-up construction, top-down solution)

by taking advantage of the feature that the sufficient statistics of children can be combined efficiently

to obtain the sufficient statistics of a parent.

6.8 Multigrid Method Using Only Sufficient Statistics

In the original implementation of the SSD, the octree data structure keeps only the leaf nodes during

construction, i.e., a parent is overwritten by its first child to save memory usage. However, if the dual

formulation described in this chapter is implemented on an octree that already keeps the internal

nodes in memory, and the octree has routines to inquire them; one can add an additional step:

7. Recursively combine sufficient statistics from leaves to their parents, and from the parents to

their parents up to the root

to the end of the online implementation strategy described in Section 6.7. Thereby, all nodes

(including internal nodes) of the octree have sufficient statistics. This minimal addition allows for

the linear system to be solved from top-down using a cascading multigrid approach. In detail, an

octree is first built in a bottom-up fashion as described in Section 6.7, then the sufficient statistics

are recursively expanded from leaves to the internal nodes up to the root, and finally the problem is

solved from top-down similar to the one used in SSD which is estimating the function at a coarser

level than desired using the coarser sufficient statistics, interpolating it to the next level, and refining

it by using the sufficient statistics of the next level, and repeating until the maximum or desired

level is reached. The step to expand sufficient statistics from leaves to internal nodes does not rely

on point cloud data, i.e., a parent sets its sufficient statistics only using the values of the statistics

of its children.
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6.8.1 Expansion of Sufficient Statistics from Leaves to Internal Nodes

In order to get a formula for a parent’s sufficient statistics from its children’s statistics, we first

expand the final form introduced in equation (6.11) to get the following canonical terms:

S̃α ,
∑
i∈α∗

1 = Sα

∆̃α ,
∑
i∈α∗

pi = ∆α + Sαxα

Σ̃α ,
∑
i∈α∗

pip
T
i = Σα − Sαxαx

T
α − λ1SαI3 + ∆̃αx

T
α + xα∆̃

T
α

Ñα ,
∑
i∈α∗

ni = Nα

(6.13)

which are intrinsically independent of the centroid xα, and can be calculated only from the sufficient

statistics of the leaf α. Let αj be the jth child, and the parent is denoted by π(α1). Then, we can

get the canonical terms of the parent π(α1) by simply adding the canonical terms of its children:

S̃π(α1) =

8∑
j=1

S̃αj

∆̃π(α1) =

8∑
j=1

∆̃αj

Σ̃π(α1) =

8∑
j=1

Σ̃αj

Ñπ(α1) =

8∑
j=1

Ñαj

(6.14)

We finally undo the initial expansion step (6.13) to get the sufficient statistics of the parent π(α1):

Sπ(α1) = S̃π(α1)

∆π(α1) = ∆̃π(α1) − S̃π(α1)xπ(α1)

Σπ(α1) = λ1S̃π(α1)I3 + Σ̃π(α1) + S̃π(α1)xπ(α1)x
T
π(α1)

− ∆̃π(α1)x
T
π(α1)

− xπ(α1)∆̃
T
π(α1)

Nπ(α1) = Ñπ(α1)

(6.15)
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6.8.2 Proportion of Internal Nodes Among All Octree Nodes

The critical question is: How big does the octree get if the internal nodes are kept in memory in

addition to leaves? Note that our original goal in this chapter is to reduce the memory usage. Good

news is that the increase is only 14.28% which can be proven through following tree relations:

T = L+ I ,

T = E + 1 ,

E = nI ,

where T denotes the total number nodes, L denotes the number of leaf nodes, E denotes the number

of edges, I denotes the number of internal nodes, and n is the number of children per internal node

which is n = 8 for octrees. The relation between total number of nodes T , and the number of leaf

nodes L is then:

T

L
=

8L− 1

7L
≈ 8

7
≈ 1.1428 , (6.16)

for large L. In other words, an octree consists of 87.5% leaf nodes, and 12.5% internal nodes. Octree

traversal algorithms, in particular, finding neighbors of a given node, greatly benefit in terms of both

implementation simplicity and speed from the existence of internal nodes - which come with such

a small memory cost compared to leaf nodes. Note that SSD and variants described in this thesis

heavily use octree neighbor search routines during the estimation of the signed distance function,

and also during the isosurface extraction stage.

6.9 Further Reduction in Memory Footprint of Statistics

In this section, we discuss a modification to the first data term in dual energy formulation (6.5) so that

it gives rise to an alternative statistics, namely minimal statistics, which comes with 60% less memory

footprint than the sufficient statistics introduced in Section 6.3. The first data term of the dual

discretization proposed in (6.5) approximates the value of f at a point pi via the linear interpolation

formula (6.3) which is a linear expansion from the value at the centroid fα to approximate the value

at the point f(pi). This expansion depends on the auxiliary vector field v which is another unknown.
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Reversing this relation, one can expand the value f(pi) to approximate the value fα

fα ≈ f(pi) + nT
i (xα − pi) .

Moving the linear term to the other side, one can get

f(pi) ≈ fα − nT
i (xα − pi) (6.17)

which looks very similar to the original form (6.3). However, this form does not depend on unknown

vα, instead depends on normal data ni. Plugging (6.17) back into the energy formulation (6.5), we

get another approximation to the first data term:

ẼD1(f, · ) ≈
1

N

∑
α

∑
i∈α∗

(fα − fi)2 , (6.18)

where fi , nT
i (xα − pi) ∈ R. Taking the partial derivative with respect to fα we simply get

1

2

∂ẼD1

∂fα
≈ 1

N
Sαfα −

1

N

∑
i∈α∗

fi , (6.19)

which depends on number of points Sα, and sum of their signed distances Fα ,
∑

i∈α∗ fi. With this

slight modification on the first data term, (Ad)α becomes diagonal, and the coefficient Fα contributes

to the right hand side (b)α. The statistics take the following minimal form:

(Ad)α =
1

N



Sα

λ1Sα

λ1Sα

λ1Sα


and (b)α =

1

N

 Fα

λ1Nα

 (6.20)

In effect, one only needs to store total 5 coefficients per occupied octree leaf α for minimal statistics

as opposed to 13 coefficients for sufficient statistics defined in equation (6.11).

While dealing with very large scenes, minimal statistics provide a major reduction (≈ 61.5%)

in memory usage. It is always advantageous compared to keeping oriented cloud data in memory

since an oriented point requires 6 coefficients to be stored in memory. On the other hand, the
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quality of the reconstruction result is expected to be inferior compared the one reconstructed from

the sufficient statistics. One should choose one or the other depending on the type of application,

desired quality, and available hardware resources.

6.10 Conclusion

In this chapter, we introduced an octree-based dual discretization for the continuos objective of

SSD originally introduced in Chapter 2 to reconstruct very large scenes consisting of hundreds of

millions of oriented points. The proposed dual discretization allowed the derivation of sufficient

(and minimal) statistics that are adequate to solve the problem with less memory requirements

than using point cloud data directly. We showed in results that an offline implementation of the

proposed discretization (SSD-Dual) estimates surfaces with similar visual quality and behaviors (as

expected) to the surfaces estimated by the original implementation (SSD-Primal) based on primal

graph discretization. The proposed implementation does not require a primal graph or a dual graph

built explicitly from the octree data structure, i.e., an octree with a standard interface with available

routines to traverse the octree leaves and the pairs of octree leaves that share a common face is only

needed. In addition, we described an online implementation strategy in Section 6.7 to accumulate

statistics from a large oriented point cloud without fully loading or storing it in memory, and an

efficient cascading multigrid approach in Section 6.8 to solve the problem using only statistics as

input. Actual implementation of algorithms introduced in those two sections are left for the future.

Another important future work is to develop a memory-efficient isosurface extraction algorithm to

handle very deep octrees (typically up to depth 21 due to 64-bit WORD size), and contour signed

distance fields in a streaming fashion, i.e., it should save polygons to disk as it contours the field

without fully keeping the resulting polygon mesh in memory which requires that different parts of the

polygon mesh are reloded multiple times from the disk to ensure that the final mesh is watertight.
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Chapter 7

Conclusions and Future Directions

This thesis presented a general and flexible global minimization framework to solve a set of re-

lated problems of reconstructing a watertight surface from a variety of 3D data representations such

as oriented points, partially oriented points (including 2D cross-sectional curves), colored oriented

points, and volumetric occupancy grids. We introduced new variational formulations that allow

for a number of different discretizations, reduce to scalable least squares problems, and result in

efficient space-adaptive (octree-based) algorithms that accept outputs of popular 3D shape acquisi-

tion methodologies (ranging from 3D laser scanners, RGB-D cameras, structured light systems to

computational vision algorithms) as input, and were shown to generate detailed adaptive manifold

polygon meshes of quality comparable with state-of-the-art algorithms.

Chapter 2 introduced the backbone of the global minimization framework which accepts an

oriented point cloud as input, estimates an implicit function constrained to approximate the signed

distance to the surface by a quadratic energy functional based on simple geometric cues, and outputs

a polygon mesh surface of the underlying geometry by properly contouring the signed distance field.

Dense oriented point clouds are typically obtained from laser scanners, or result from large scale

simulations. Chapter 3 extended this framework to accept colored oriented point clouds, and to

generate polygon meshes with pleasing color maps defined as color-per-vertex attributes. Colored

oriented point are typically obtained by the multi-view stereo methods based on plane sweeping

or dense feature matching over multiple 2D images. Chapter 4 extended the framework to accept

volumetric occupancy grids where the underlying data is not a finite set of points anymore but a
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volumetric likelihood of surface occupancy. This type of data are typically obtained by the multi-

view stereo methods that are based on probabilistic volumetric modeling which learn the likelihood

from video data, or can also be found in medical imaging. Chapter 5 extended the framework to point

clouds where the accurate surface normals are not available potentially due to irregular sampling of

the data, yet the optical measuring sensor still provides partial inside/outside information on the

surface to be estimated. This type of data can be as general as any raw point cloud data such as those

obtained from 3D laser scanners, RGB-D cameras, or inexpensive structured light systems. Since

the method only relies on partially observed normals, it can also be used with sets of parallel/non-

parallel 2D curves obtained by processing outputs of medical cross-sectional imaging techniques such

as CT, MRI, PET, SPECT, and ultrasonography or simply for 3D modeling applications out of 2D

drawings.

Chapter 6 introduced an octree-based dual graph discretization for the backbone method (Chap-

ter 2) which was originally implemented using an octree-based primal graph discretization. The aim

of proposing an alternative discretization is to ensure that the framework can gracefully reconstructs

surfaces of very large scenes consisting of several hundreds of millions of oriented points. The dual

discretization allowed the derivation of sufficient (and minimal) statistics that are adequate to solve

the problem with less memory requirements than using point cloud data directly. An online imple-

mentation strategy to accumulate the statistics from a large oriented point cloud is also introduced.

However, the actual implementation is left for the future. Since the method does not require ei-

ther a primal graph or a dual graph built explicitly from the octree data structure, any standard

octree data structure with routines available to traverse octree nodes and pairs of nodes that share

a common face can be used to implement the method.

Future Directions

An important future direction is to explore non-smooth formulations that allow for surfaces with

normal discontinuities (such as creases and corners) to be preserved, rather than approximated with

smooth surfaces. In regression analysis, this is typically performed by replacing the squared norms

of regularization term with ℓ1-norms. Estellers et al. [139] replaces ℓ2-norms of the formulation of

Screened Poisson Reconstruction [65] method with Huber penalty (a smoothed version of ℓ1-norm)

to avoid the shrinking bias of ℓ2-norm. Even though this modification significantly improves the
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reconstruction of sharp features, smoothed versions of ℓ1-norm do not necessarily yield a sparse

solution [87]. The regularization term of SSD and variants are based on finite difference of two

gradient vectors in a small neighborhood. A sparse solution in this context means that the difference

vector is exactly zero in most regions of the estimated signed distance function except with allowance

for some large values (equivalently normal discontinuities) located at sharp features. There are

several iterative methods available in optimization literature to minimize objectives that involve ℓ1-

norms. In particular, ADMM [140] iterations can be easily incorporated into the conjugate gradient

iterations of SSD reconstruction methods presented in this dissertation.

A variational formulation in general should combine all the following information of a scene:

partial normals, missing normals, silhouettes, and depth discontinuities, and be accompanied by

accurate isosurface extraction algorithms to achieve a detailed reconstruction. In particular, applying

surface reconstruction methods to oriented points may yield a surface with extraneous surfaces in

regions with missing data. On the other hand, it is often possible to estimate a hull volume that

should contain the surface to be reconstructed. For example, if oriented points were obtained through

a multi-view stereo algorithm from multiple calibrated 2D images, it is often possible to extract a

collection of silhouettes from those images for an object of interest. Given a collection of calibrated

silhouettes, one can also obtain a visual hull [141] volume. Alternatively, if oriented points were

obtained by a range scanner, it is often possible to access raw range scans (depth maps). Given a

collection of calibrated depth maps, one can obtain a depth hull [142] volume. These volumes can be

exploited in order to get a more accurate surface reconstruction for the object of interest by adding

an additional term similar to the proposed in [85] to the energy functionals of SSD reconstruction

methods. The aim of this term is to encourage the reconstructed surface to stay in a specified

hull volume. However, dissimilar to [85], the term should not use predetermined distance values to

the surface since they are not known before the surface is estimated. Instead, the term should be

designed to constrain that the signed distance field is positive outside the given hull which is the

only known information in the beginning of estimation together with the input point could data.

As a side note, if the implicit function is constrained to be an indicator function (with value zero

outside the surface and value one inside the surface) such as the one estimated in Poisson surface

reconstruction method [65], it is more straightforward to force the reconstructed surface stay in a

given hull volume by hardly constraining the value of the function to be zero outside of the hull,

i.e., by incorporating the hull as a Dirichlet constraint into the global formulation [84].
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Figure A.1: A function evaluated at 8 vertices of a regular hexahedral grid. The value at a point
(x, y, z) is approximated with trilinear interpolation formula (A.1), and its gradient with (A.3)

A.1 Analytical Gradient of Trilinear Interpolation Formula

As for the basis function Φ(x) in equation (2.6), the methods SSD (Chapter 2), SSD-C (Chapter 3),

GSSD (Chapter 4), and SSD-Inc (Chapter 5) use coordinates (weights) of trilinear interpolation

formula. This appendix section provides its explicit form and its analytical gradient.

If (x, y, z) belongs to a regular hexahedron as shown in Figure A.1, trilinear interpolation uses

8 vertex values fijk = f(xi, yj , zk) to approximate the value f(x, y, z):

f(x, y, z) ≈ I(tx, ty, tz) = (1− tx) (1− ty) (1− tz) f000

+ (1− tx) (1− ty) tz f001

+ (1− tx) ty (1− tz) f010

+ (1− tx) ty tz f011

+ tx (1− ty) (1− tz) f100

+ tx (1− ty) tz f101

+ tx ty (1− tz) f110

+ tx ty tz f111

(A.1)
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where tx = x−x0

x1−x0
, ty = y−y0

y1−y0
, and tz = z−z0

z1−z0
. Then, its gradient ∇f(x, y, z) takes the form:

∇f(x, y, z) ≈


Itx (tx, ty, tz)

(x1−x0)

Ity (tx, ty, tz)

(y1−y0)

Itz (tx, ty, tz)
(z1−z0)

 (A.2)

with the partial derivatives

Itx( · , ty, tz) = − (1− ty) (1− tz) f000

− (1− ty) tz f001

− ty (1− tz) f010

− ty tz f011

+ (1− ty) (1− tz) f100

+ (1− ty) tz f101

+ ty (1− tz) f110

+ ty tz f111

(A.3)

Ity(tx, · , tz) = − (1− tx) (1− tz) f000

− (1− tx) tz f001

+ (1− tx) (1− tz) f010

+ (1− tx) tz f011

− tx (1− tz) f100

− tx tz f101

+ tx (1− tz) f110

+ tx tz f111

(A.4)
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Itz(tx, ty, · ) = − (1− tx) (1− ty) f000

+ (1− tx) (1− ty) f001

− (1− tx) ty f010

+ (1− tx) ty f011

− tx (1− ty) f100

+ tx (1− ty) f101

− tx ty f110

+ tx ty f111

(A.5)
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Figure A.2: (a) Plots of occlusion density ρ and vis as a ray travels through volume. ρ peaks (and
visibility drops) as the ray pierces the two walls of the (almost) empty cube. (b) A parametrization
of the ray into intervals according to octree cell intersections.

A.2 Continuous Probabilistic Volumetric Modeling (CPVM)

GSSD surface reconstruction method introduced in Chapter 4 takes volumetric surface densities µ(x)

as input. The input densities shown in the chapter were obtained by running an implementation of

Continuous Probabilistic Volumetric Modeling (CPVM) from aerial imagery. This appendix section

provides a short overview of the method.

CPVM is a scalable volumetric approach to model uncertainties in geometry and appearance,

as proposed by [81]. Crispell et al. propose a variable-resolution model based on a continuous

density that removes the dependency on regular-sized grids of previous volumetric models [79, 123].

Although no constraints are imposed about the type of subdivision, an octree is used in practice to

approximate the underlying continuous quantities as piecewise constant, achieving several orders of

magnitude of storage savings.

Surface probabilities are closely related to a scalar function termed the occlusion density ρ(x).

The occlusion density at a point is a measure of the likelihood that the point occludes points behind it

along any line of sight, assuming that the point itself is not occluded. Points along a ray (e.g., the line

of sight ) may be parametrized by a distance s from q (e.g., camera center) as x(s) = q+ sr s ≥ 0.

The visibility probability (A.6) of a point x(s) is related to the integration of occlusion density from

q to q+ sr (see [81] for derivation). Intuitively, the visibility along a ray will drop significantly when

it hits a point of high occlusion, i.e., a surface. An example of this relationship is shown in Fig A.2a.

vis(s) = e−
∫ s
0
ρ(t)dt (A.6)
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Learning the occlusion density from images follows an online Bayesian learning algorithm similar

to that proposed by Pollard and Mundy [79]. In [79], the probability of a voxel being part of a surface,

P (X ∈ S), is updated with the intensity, I, observed in the pixel associated with a corresponding

projection ray. Following Pollard’s reasoning, for a discrete set of voxels, the surface update equation

is expressed as:

P (X ∈ S|IN+1) = PN (X ∈ S)P
N (IN+1|X ∈ S)
PN (IN+1)

, (A.7)

where the conditional PN (IN+1|X ∈ S) and marginal PN (IN+1) are computed using the surface

probabilities and appearance models stored in the voxels along the corresponding projection ray.

The definitions proposed by Crispell et al. allow for a generalization of (A.7). In [79], information

along the projection ray is approximated by a series of voxels that intersect the ray, with no regard

to the ray/voxel intersection geometry. However, in Crispell’s model, the occlusion density is defined

continuously and therefore, the model can account for the exact geometry of ray/voxel intersection,

i.e., the length of intersection segment. A ray is partitioned into a series of M intervals, where the

ith interval is the result of the intersection of the ray and ith cell along the ray. The starting location

and length of each interval are denoted by si and li respectively. Fig. A.2b depicts an illustration

of this ray reasoning for the octree discretization.

The segment length occlusion probability is defined as the probability that a segment starting at

si of length li is occluding and can be expressed as:

P (Qli
si) = 1− vis(si + li)

vis(si)
= 1− e−ρili (A.8)

Equation (A.7) can now be written in terms of P (Qli
si), i.e.,

P (Qli
si |IN+1) = PN (Qli

si)
pN (IN+1|Qli

si)

pN (IN+1)

= PN (Qli
si)

prei + vis(si)pi(IN+1)

pre∞ + vis∞p∞(IN+1)
(A.9)

prei ≡
i−1∑
j=0

PN (Qli
si)vis(sj)pi(IN+1) (A.10)

vis∞ ≡
M−1∏
i=0

[1− PN (Qli
si)] (A.11)
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The term prei accounts for the probability of observing the given intensity IN+1 taking into account

all segments between the camera center and segment i−1. The term vis∞ measures the probability

of a ray passing unoccluded through the model; in such cases the observed appearance can be

thought of as the appearance of “background”, which is modeled by the density p∞. The new

update equations can be used to update ρ(x) directly using (A.8).

Equation (A.9) has a simple interpretation, the occlusion density of a cell increases if the appear-

ance model at the cell, explains the intensity observed in the image better than any other cell along

the ray or by the background. The appearance at each cell is modeled with a Gaussian mixture

distribution that is updated as in [79] using an online approach based on Stauffer and Grimson’s

background modeling algorithm [143].
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Figure A.3: Color-map visualization of a weighted oriented point cloud. The weights are calculated
using the proposed scheme (A.14). Color blue shows areas with the lowest weight, whereas the red
shows areas with the highest weight. The green shows areas with values in between.

A.3 A Point Weighting Scheme to Reveal Sharp Features

In Chapter 4, we showed that the original SSD formulation (2.4) can be regarded as a special case

of the continuous formulation (4.1) if each point xi is assigned with a uniform weight µi =
1
N . The

formulation also allows for assigning non-uniform weights to points µi = µ(xi) which can be used to

enhance trusted points or sharp features (such as edges and corners) in weighted least squares sense:

E(f) = 1

M

N∑
i=1

f(xi)
2µi +

λ1
M

N∑
i=1

∥∇f(xi)− ni∥2µi +
λ2
|V |

∫
V

∥Hf(x)∥2 dx , (A.12)

with M =
∑

i µi.

This appendix section presents a weighting scheme for a given input point cloud to reveal its high

curvature points based on analysis of predominant directions of normals in the local neighborhood

of each point in the cloud. Figure A.3 shows color-map rendering of a weighted oriented point cloud

for which the weights are calculated using on the proposed scheme (A.14). Color blue shows areas

with the lowest weight, and color red shows areas with the highest weight. Note the strong red color

at pointy areas of the model such as the finger tips or the tip of the tail, whereas the strong blue

dominates locally planar areas such as the torso or the soles of the feet.

We first find K nearest neighbors Di = {(pi1 , ni1), . . . , (piK , niK )} of each point pi in the point

set. This step can be performed efficiently with a kd-tree data structure [133]. We then construct
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the second moment matrix:

Si =

∑
k{niknT

ik
}wik∑

k wik

(A.13)

with weights wik inversely proportional to the distance between the point pi and its kth neighbor

pik , e.g.,

wik , 1

∥pi − pik∥2
.

The second moment matrix is known as the structure tensor in Computer Vision. The 2 × 2

structure tensor summarizes first order derivatives around a given pixel in an image. The analysis

of its eigenvalues gives valuable information for corner or edge detection algorithms [144]. If there

is one large eigenvalue, the pixel is classified as edge; whereas if there are two large eigenvalues, the

pixel is classified as corner. With regard to point clouds, we observe that the eigenvalues of Si given

in equation (A.13) sum up to 1, i.e.,

ei1 + ei2 + ei3 = 1

by construction since Si is accumulated by the weighted average of outer products of unit normals.

As a result, if all three eigenvalues are large, they take similar values eij ≈ 1/3. We are looking

to design a measure on the set of eigenvalues of Si which will serve as a weight µi for the point pi.

The measure should give a low value if the point is located near a planar region, i.e., distribution

of eigenvalues are “peaky”; and high value if the point comes from an interesting non-planar region,

i.e., distribution of eigenvalues are uniform. Inspired by the Rényi entropy measure [145] of order

2, we propose the following:

µi = −log(
3∑

j=1

e2ij ) = −log(Tr(S2
i )) (A.14)

with Tr(S2
i ) denotes the trace of the matrix square S2

i . This formula does not involve eigenvalue

decomposition; hence, it is both computationally stable and efficient to calculate. Note that the

outer product in equation (A.13) cancels out the orientation information of normals. As a result, the

same weighting scheme can also be used to assign weights to unoriented point sets which improves

visualization of features in those sets; however, orientation information is still needed for surface

reconstruction by most variational methods as discussed in several parts of this dissertation.
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A.4 Registration of Points to Signed Distance Function

The Iterative Closest Point (ICP) algorithm is widely used for alignment of 3D shapes or scans as

mentioned in Section 1.3.2. If the corresponding points between the two shapes are known a-priori,

the transformation can be computed in closed-form [44] based on the singular value decomposition.

However, in general, the correspondences are not known between a new scan and the previously

captured scans. The ICP addresses the correspondence problem iteratively by performing three

main steps: point matching, objective minimization, and transformation of points. The matching

step associates every point in the first shape with their nearest neighbor in the second shape which

involves time consuming nearest neighbor searches. The search routine is typically implemented

efficiently with a kd-tree data structure [133]. However, it can be completely avoided if the previously

captured scans are represented by an implicit form such as smooth signed distance field estimated

using one of the methods presented in this dissertation. This appendix section describes the steps

involved for the minimization of a “point to signed distance field” objective with the aim to estimate

the parameters of the rigid body transformation, i.e., translation and rotation, iteratively.

Given a set of N points {p1, . . . , pN} obtained from a new scan, the rotation matrix R and

the translation vector t that transform the scan to the signed distance field f can be estimated by

minimizing the following objective

E(R, t) = 1

N

N∑
i=1

f(Rpi + t)2 . (A.15)

Note the objective (A.15) intrinsically has 6 degrees of freedom, 3 from the translation vector t ∈

R3, and 3 from the rotation matrix R (since R ∈ SO(3) - the 3D rotation group) which can be

parametrized by exponential coordinates v ∈ R3 using the Euler-Rodrigues formula

R(v) = I3 + sin(θ)Û + (1− cos(θ))Û2 (A.16)

where I3 is the 3× 3 identity matrix, θ = ∥v∥ and Û =
[

v
∥v∥

]
×

with

[u]× ,


0 −u3 u2

u3 0 −u1

−u2 u1 0

 (A.17)
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is the cross product (skew-symmetric) matrix. Then the objective (A.15) takes the form

E(v, t) = 1

N

N∑
i=1

f(R(v)pi + t)2 (A.18)

which can be linearized around a particular (v(k), t(k))

E(v(k) + δv, t(k) + δt) ≈ 1

N

N∑
i=1

(
ri(v

(k), t(k)) + δvT ∂ri(v
(k), t(k))

∂v
+ δtT

∂ri(v
(k), t(k))

∂t

)2

(A.19)

where the residuals and their partial derivatives are given by

ri(v, t) , f(R(v)pi + t)

∂ri(v, t)

∂v
,

[
∂R(v)pi
∂v

]T
∇f(R(v)pi + t)

∂ri(v, t)

∂t
, ∇f(R(v)pi + t)

(A.20)

with the compact formula [146]

[
∂R(v)x

∂v

]
= −R(v)[x]×

vvT + (R(v)T − I3)[v]×
vTv

(A.21)

for the derivative of R(v)x with respect to the exponential coordinates v, where x is independent of

v. Minimizing the linearized objective (A.19) with respect to (δv, δt) reduces to solving the linear

system

1

N

∑N
i=1

∂r
(k)
i

∂v

∂r
(k)
i

∂v

T ∑N
i=1

∂r
(k)
i

∂v

∂r
(k)
i

∂t

T

∑N
i=1

∂r
(k)
i

∂t

∂r
(k)
i

∂v

T ∑N
i=1

∂r
(k)
i

∂t

∂r
(k)
i

∂t

T


︸ ︷︷ ︸

A

δv
δt


︸ ︷︷ ︸

δ

= − 1

N

∑N
i=1 r

(k)
i

∂r
(k)
i

∂v∑N
i=1 r

(k)
i

∂r
(k)
i

∂t


︸ ︷︷ ︸

b

(A.22)

where r(k)i = ri(v
(k), t(k)) , ∂r

(k)
i

∂v = ∂ri(v
(k),t(k))
∂v , and ∂r

(k)
i

∂t = ∂ri(v
(k),t(k))
∂t . Finally, the parameters

are iteratively updated with
v(k+1) ← v(k) + δv ,

t(k+1) ← t(k) + δt .

(A.23)

for k = 0, 1, 2, . . . starting from t(0) = [0 0 0]T and v(0) = [0 0 0]T; in which case, the formulas (A.16)

and (A.21) take the form R(v(0)) = I3 and
[
∂R(v(0))x

∂v

]
= −[x]×, respectively.

The above are the typical steps for the minimization of any non-linear least squares problems
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involving 3D rotations (and translations). If the linear system (A.22) is solved with a damping

parameter λ > 0, i.e., (A + λI6)δ = b, we reach to the well-known Levenberg-Marquardt algorithm.

In the presented algorithm, no nearest neighbor search is involved. However, each iteration of

the algorithm requires function and gradient evaluations (A.20). Since the signed distance field is

piecewise linear or trilinear over an octree grid, the location of a transformed point in the octree must

be found for these evaluations, which reduces to simple quantization and hash-map lookup. The

algorithm converges quite rapidly if the new scan is close to isolevel zero of the signed distance field

and there is enough partial overlap between the scan and the signed distance field. In practice, there

may not be enough overlap, then the objective function (A.15) should be modified both to ignore non-

overlapping data points and to maximize overlapping data points with previously scanned regions.

This can be performed with the use of an auxiliary surface density µ(x) : V → R+ by minimizing

the following objective:

Ẽ(R, t) =
∑N

i=1 f(Rpi + t)2µ(Rpi + t)∑N
i=1 µ(Rpi + t)

. (A.24)

Surface density µ should be maintained separately from the signed distance field f . Octree construc-

tion process resembles this information since it is adapted to the point density during estimation of

f . If x belongs to the octree leaf α, then µ(x) ≈ Sα

Vα
; where Sα is the number of points enclosed in

octree leaf α, and Vα is the volume of octree leaf α. However, the density µ(x) estimated this way

takes zero values in most regions of the volume V . An estimator better fit to the problem can be

obtained by using a (differentiable) kernel density estimator [87]. Another complication is that the

objective (A.24) is no longer represented as a sum of squares of some residuals. A gradient descent

routine can be implemented using the partial derivatives of the objective (A.24) with respect to v

and t.
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