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Chapter 1 
 

Introduction 
 

1.1 Brief review of fracture in 2D materials 
 

The exceptional electronic (1-9), optical (9-11), thermal properties (12) and inherent 

flexibility (13-16) of newly emerging two-dimensional (2D) materials, including graphene 

(1-4, 10, 12), hexagonal boron nitride (h-BN) (5, 6, 9) and molybdenum disulfide (MoS2) 

(7, 8, 11, 17), make them ideal candidates as building blocks for next generation 

technologies such as nanoelectronic devices (18-20) including field effect transistors (21-

23) and nanomechanical resonators (24-26), corrosion-inhibiting coating (27), water 

desalination (28-30) and biological sensors (31). While each of these promising 

applications emphasizes a different aspect of 2D materials, the practical achievements of 

them all require the mechanical reliability of the structures. However, 2D materials are 

expected to have ultra-high strength with their nearly perfect atomic structures (32-36) but 

low fracture toughness due to their lack of efficient energy dissipation mechanisms. For 

example, an experimental study has shown the fracture toughness of graphene is only 16 

J/m2, close to that of an ideally brittle solid (37). Moreover, during large scale fabrication 

processes (e.g., chemical vapor deposition) (38-42) various forms of material defects (e.g. 

grain boundaries and their junctions) (43, 44) and geometrical flaws (holes, cracks, notches) 

will be introduced inevitably. When the corrosive species, like water vapor, are present in 

the working environment, the possible stress corrosion cracking process could further 

damage the fracture resistance of the materials (45, 46). Recently, strain engineering has 
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proven great potential in enhancing electron-phonon coupling (47) and tuning 

pseudomagnetic filed (48, 49) in 2D materials, thus becomes a promising reach direction 

demanding mechanical integrity under strain.  The intrinsically brittle nature, inevitable 

flaws and possible corrosive or strained working conditions make fracture one of the most 

prominent concerns in large scale applications of graphene and other 2D materials (50-65).  

As atomically thin layers, 2D materials have also demonstrated unique aspects in 

deformation behaviors and mechanical properties in different forms and dimensions. As a 

monolayer sheet, 2D materials are hard to stretch due to the strong in-plane covalent 

bonding (33) but remain flexible to bend given the extremely small thickness (66, 67). The 

large difference in the rigidity of in-plane (33) and out-of-plane (15, 16) deformations 

promotes 2D materials to go beyond the flat 2D configuration and explore low energy states 

in a three-dimensional (3D) space. For example, the presence of topological defects can 

trigger substantial out-of-plane deformation, especially in free standing cases, to minimize 

the strain energy (54, 68). The resulting 3D geometry will in turn alter mechanical and 

physical properties, including the elastic modulus, strength (51, 69), fracture toughness (70, 

71), adhesion and friction (72), chemical reactivity (73), local density of states (74) and 

flexoelectricity (75, 76). This strong nonlinear coupling between topological defect, out-

of-plane curvature and mechanical properties has been rarely observed in bulk materials. 

As layers stacking on top of one another, multilayered 2D materials represent a novel group 

of laminated materials with extremely high density of interfaces and strong anisotropy 

between intralayer and interlayer deformations (77, 78). For instance, the bending stiffness 

of van der Waals (vdW) heterostructures is determined by not only the intralayer properties 

but also interlayer shearing and slippage governed by atomic registry and dispersive vdW 
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interaction (79). The presence of massive interfaces and dispersive interlayer interaction is 

expected to affect fracture process and failure mode in multilayered 2D materials. As 

flexible building blocks or constituents, 2D materials can also hybrid with their zero-

dimensional (0D) and one-dimensional (1D) counterparts to form new nanocomposites 

(80-83) or take 3D topology and geometry to form bulk assemblies. For example, 

graphene-fullerene hybrids (80, 81), graphene-carbon nanotube hybrids (83, 84) and 3D 

graphene assemblies (85-88) have been successfully fabricated in the laboratory. And the 

geometry and architecture of 2D material surfaces in these materials play crucial roles in 

generating overall properties and collective behaviors beyond their constituents. For 

instance, with different internal geometry, 3D assemblies made of graphene surfaces can 

be stiff and brittle microlattices (85, 86) or compliant and stretchable foams (87, 88). The 

freedom in constructing bulk materials using 2D material surfaces open doors to broad 

possibility for architected material design. 

Combining these two observations, the following two questions become particularly 

interesting for fracture mechanics in 2D materials and relevant to engineering tough 2D 

materials and related systems. (1) How do these unique features, such as topological defects, 

out-of-plane curvature, 3D geometry and architecture as well as interlayer interactions, 

interact with the fracture process in 2D materials? (2) Can we take advantage of these novel 

interactions to toughen 2D materials and related systems? This thesis is motivated by these 

two questions. By integrating multiscale computational and theoretical models and 

collaborating closely with experimentalists, we aim at gaining some fundamental 

understanding about crack interactions with these novel features unique to 2D materials 

and based on that proposing effective toughening mechanisms as well as design guidance 
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for tough 2D material engineering.  

 

1.2 Thesis organization 
 

To address the questions raised above, in this thesis, we investigate some basic aspects 

of the crack interactions with topological defects, out-of-plane curvatures, 3D geometry 

and architecture as well as interlayer sliding in 2D materials and demonstrate toughening 

mechanisms and design guidance for various forms of 2D material systems, including 

monolayer sheets, hybrids with nanotubes, 3D nanolattices and multilayered 2D materials. 

This thesis consists of six chapters and is organized as follows. 

Chapter 1 opens this thesis with a brief overview of the concern of fracture in 2D 

materials as well as the novel structures and interactions unique to 2D materials and set the 

theme of this thesis by raising two questions about the mechanics of fracture and 

toughening in 2D materials. 

In Chapter 2, we investigate the interaction between topological defects, out-of-plane 

curvature and crack in monolayer graphene and propose a mechanism-guided topological 

design strategy to toughen graphene and similar 2D materials. Via concrete examples, we 

demonstrate various toughening mechanisms can be transplanted into brittle graphene by 

designing the distribution of topological defects and out-of-plane curvatures and toughen 

graphene collectively.  

In Chapter 3, we collaborate with experimental experts to study the fracture process 

and toughening mechanisms in rebar graphene, a carbon nanotube-graphene hybrid. 

Combining experimental measurements with numerical simulations, we demonstrate how 

the carbon nanotubes integrated onto graphene interact with the propagating crack and 
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identify key toughening mechanisms and their dependence on the geometry and 

distribution of carbon nanotubes in rebar graphene. 

In Chapter 4, we study the structure instability in graphene surfaces and propose a 

reversible energy dissipation mechanism via snap-through for 3D graphene nanolattices. 

By mimicking the shell geometry of flexible straw, we construct a graphene structure with 

snap-through instability and build 3D lattice with it. Through numerical simulations and 

theoretical analysis, we demonstrate this 3D graphene nanolattice can deform in a 

pseudoplastic way with stress-strain hysteresis and become tolerant to crack-like flaw via 

effective energy dissipation.  

In Chapter 5, we focus on multilayered 2D materials and investigate the effect of 

neighboring layers and interlayer sliding on fracture process. By constructing a bilayer 

system with an initial crack in one layer, we demonstrate how interlayer interactions reduce 

the driving force at the crack tip and its dependence on system size, in-plane modulus and 

interlayer shearing stress through theoretical analysis and numerical simulations. 

Combining fracture-controlled crack propagation and strength-controlled crack penetration, 

we provide a phase diagram for the two competing failure modes to predict the crack 

evolution in multilayered 2D materials. 

Chapter 6 concludes the entire thesis with major scientific findings, engineering 

implications as well as future perspectives. 
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Chapter 2 
 

Topological Toughening of Graphene 
 

Chapter Summary 
 

With the ultra-high elastic modulus of 1 TPa and theoretical strength of 130 GPa, 

graphene has been claimed to be one of the strongest materials. However, from an 

engineering point of view, it is the fracture toughness that determines the actual strength of 

the material given that crack-like flaws such as cracks, holes, notches and corners are 

inevitable in the fabrication and operation of practical devices and systems. Recent 

experiments and simulations have demonstrated that graphene has very low fracture 

toughness, in fact close to that of ideally brittle solids. These findings have raised sharp 

questions and are calling for efforts to explore effective methods to toughen graphene.  

Here, we present a topological toughening strategy to address this challenge. Built 

upon the out-of-plane effect of the topological defects in 2D materials, we decorate pristine 

graphene with networks of out-of-plane curvature by simulating the distribution of 

topological defects using phase field crystal (PFC) modelling. Through fracture tests with 

molecular dynamics (MD) simulations, it is demonstrated that the interaction between 

topological defects, out-of-plane curvature and crack can alter the brittle fracture process 

in graphene and various toughening mechanisms, including crack tip blunting, crack 

trapping, fracture mode transition, ligament bridging, crack deflection, void formation, 

interfacial failure, daughter crack initiation and coalescence, can be activated through 
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effective topological design. Based on this novel capability, vein-patterned graphene and 

nacre-like graphene are constructed by mimicking tough insect wings and nacres in nature 

and show enhanced fracture toughness and tolerance to crack-like flaws. The findings 

reported here present novel connections between simple topological patterns and effective 

toughening mechanisms in atomically thin materials and are expected to provide 

fundamental guidance for tough 2D material design and engineering.  

2.1 Introduction 
 

Because of the nature of strong covalent bonding and nearly perfect lattice, pristine 

graphene has been claimed as one of the strongest materials. Nanoindentation tests of free-

stranding monolayer graphene have discovered an intrinsic strength as high as 130 GPa 

with a critical strain of 25% (33). These superior mechanical properties play important even 

critical roles in various applications of graphene, ranging from flexible electronics (20, 38), 

functional devices (24, 89, 90), DNA sequencing (91, 92), gas separation (93, 94) to water 

desalination (28, 30, 95). For instance, the outstanding stretchability of graphene makes 

strain engineering, i.e., tuning the properties of graphene via mechanical strain, highly 

promising and has led to a new research field of so-called “straintronics” (96, 97). However, 

from an engineering point of view, it is the fracture toughness, which describes the 

resistance of the material against crack propagation, that determines the actual strength of 

the material, given that defects and flaws are almost inevitable during the design, 

fabrication and operation of large scale samples and practical devices. Disappointingly, 

recent experiments as well as simulations (98-100) have demonstrated that graphene 

fractures brittlely with a fracture toughness as low as ~16 J/m2 (98), close to that of ideally 

brittle solids. At the same time, during large scale fabrication processes (e.g., using 
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chemical vapor deposition) (101-103), various forms of material defects (e.g., vacancies, 

disclinations, dislocations, grain boundaries and junctions) and geometrical flaws (e.g., 

cracks, notches, corners and holes) will be introduced almost inevitably (43, 44, 104, 105), 

which can serve as initial flaws for brittle fracture. Moreover, when corrosive species, like 

water vapor, are present in the working environment, the possible stress corrosion process 

can further damage the fracture resistance of the material (106, 107). Thus, the combination 

of intrinsically brittle nature, inevitable flaws and possible harsh working environment 

makes fracture one of the most prominent concerns that limit the realization of the superior 

properties and functions of graphene in engineering applications and call for urgent efforts 

to explore effective methods to toughen graphene and other similar 2D materials (108, 109). 

Built upon the unique effect of small scale defects, such as dislocations, grain 

boundaries (GBs) and twin boundaries, on deformation mechanisms and fracture behaviors, 

defect engineering has long be recognized as a versatile tool for enhancing mechanical 

properties for various types of materials in 3D, including metals(110-113), ceramics (113-

115) and diamond (116). For example, nanoscale engineering of grain boundaries (GBs) 

and twin boundaries has been adopted to design superior metals with high strength, 

toughness and fatigue resistance (111, 117, 118). Fracture toughness of ceramics (e.g., 

Al2O3 and Si) shows a more than two-fold enhancement due to the creation of high density 

of tangled dislocations in the subsurface region (115, 119). Nano-twined cubic boron 

nitride (114) and diamond (116) exhibit higher hardness and toughness than their defect-

free counterparts. These successes in bulk materials encourage the exploration of defect 

engineering in 2D materials and recent studies do have shown similar toughening effects 

of nanoscale defects in graphene (120-124). For example, via MD simulations and 
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continuous modelling, it has been demonstrated that the stress associated with individual 

defects, such as dislocations (a pentagon-heptagon pair) (120), Stone-Thrower-Wales 

defects (5-7-5-7 membered rings) (121-123) and 5-8-5 defects (124), can alter the crack tip 

field and shield the crack, similar to dislocation shielding effect studied in metal (125). In 

graphene samples containing regular or irregular GBs, through MD simulations, crack 

branching and atomic chain bridging are observed as the weak points within pentagon-

heptagon defects break first near a crack tip during crack propagation (70), echoing the 

crack pattern due to a competition between intergranular and transgranular fracture in 

polycrystalline bulk materials. Combining these toughening mechanisms (e.g., stress 

shielding, crack branching and atomic chain bridging), a 50% enhancement in fracture 

toughness was reported for a polycrystalline graphene sample with well-stitched randomly 

distributed GBs in a comparison to pristine graphene (70). However, compared with the 

requirements of engineering applications, those enhancements are still far away from being 

satisfying and the demand of further toughening graphene remains strong. 

Besides these similarities, recent studies have also identified important distinctions of 

defect engineering in 2D materials compared to that in bulk materials. Specifically, the 

atomic thin geometry and the sharp contrast in the rigidity of stretching and bending have 

made out-of-plane relaxation a prominent feature unique to 2D materials. Considered as a 

plate with thickness of 0.335 nm, graphene shows an ultrahigh in-plane Young’s modulus 

of 1 TPa (33) while the experimentally measured bending rigidity is only about 1.2 eV 

(1.92 × 10-19 N m) (66). In other words, graphene as a 2D membrane is very stiff to stretch 

while highly flexible to bend. Consequently, it prefers to adopt a 3D configuration to 

release the strain energy induced by topological defects. For example, with continuum 
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modeling and MD simulations, Zhang et al (54) showed that global 3D configurations can 

be formed by introducing a single disclination into pristine graphene sheets, such as a cone 

shape for a pentagon and a saddle surface for a heptagon. Even an isolated dislocation can 

cause substantial out-of-plane deformation. This novel freedom of forming out-of-plane 

geometry via designing topological defect distribution is absent in bulk materials. And it 

has been widely recognized that the out-of-plane shape of graphene plays a crucial role in 

determining its mechanical and physical properties, including elastic modulus (126), 

strength (51, 126), fracture toughness (70, 71), adhesion and friction (72), chemical 

reactivity (73), local density of states (74) and flexoelectricity (75, 76). For instance, Zhang 

et al (71) investigated the properties of a sinusoidal graphene ruga which contains 

periodically distributed disclination quadrupoles and found from MD simulations that the 

mode I fracture toughness of the selected sinusoidal graphene is around 25.0 J/m2, about 

twice that of the pristine graphene. These findings are suggesting that there exit unique and 

intriguing interactions between topological defects, out-of-plane geometry and material 

properties in 2D materials and encouraging further investigations on how to utilize the 

coupling between topological defects and membrane curvature to design a 2D material that 

conforms to an pre-designed 3D geometry for enhanced material properties, including 

fracture toughness, which has recently been coined as the concept of “topological design 

of graphene” (127). 

At the same time, there are rapid developments in experimental capability of 

synthetizing and modifying detailed topological structures of 2D material systems. At large 

scales, for instance, GBs in polycrystalline graphene grown by chemical vapor deposition 

(CVD) could be controlled using pre-patterned growth seeds for graphene nucleation (128, 
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129). With appropriate growth conditions, graphene can grow on substrate of various 

geometry, including porous metal foams (130, 131), network of nanowires and 

microparticles (132), 3D printed scaffolds (133) and even zeolite crystal with nanoscale 

pores (85) and form topological defects to accommodate substrate curvatures naturally. At 

the molecular level, 2D carbon molecular sheets with heptagon and pentagon lattice have 

been chemically synthesized, whose equilibrium configurations are warped in 3D space 

(134-136). In controlled growth of hybrids of graphene and carbon nanotubes (CNTs) (84), 

topological defects are observed in the connection regions with varying curvature. At the 

atomic level, topological defects with designed types and location have been created with 

controlled irradiation or thermal excitation (137). Flat graphene could be rippled at 

nanoscale via dislocation addition (138). These experimental studies have paved a 

promising way to fabricate 2D material sheets with designed topological defect distribution 

and out-of-plane geometry and are calling for in-depth studies to fully explore the potential 

benefits of this topological design approach in graphene. 

In this study, we employ the novel concept of topological design of 2D materials to 

toughen graphene. By taking advantage of the coupling between topological defects and 

out-of-plane geometry, we present tough graphene samples with bio-inspired topological 

designs and demonstrate that a variety of toughening mechanisms that are alien to pristine 

graphene can be activated and alter the brittle fracture in graphene collectively. The novel 

connections between simple topological patterns and effective toughening mechanisms 

discovered here are expected to provide inspiring guidance for next-generation tough 2D 

material design and engineering. 
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2.2 Results 
 
2.2.1 Bio-inspired design of vein-patterned graphene 

Instead of randomly exploring arbitrary topological defect distribution and out-of-

plane geometry, we borrow inspirations from some tough 2D structures in nature, such as 

the tough wings of the desert locust Schistocerca gregaria. As part of its exoskeleton, the 

wings of the locust do not have any self-repairing mechanism yet are able to sustain 

millions of cycles of mechanical load and deformation during the insect’s long-distance 

flying lifespan (Figure 2. 1A). Morphology studies(139, 140) have shown that the wing 

consists of numerous membrane cells divided by a network of longitudinal veins (LVs) and 

cross-sectional veins (CVs) with an annulated structure (Figure 2. 1B and C). Fracture tests 

(139) on the wing have identified that veins can play the role of barriers to crack 

propagation and enhance the wing’s toughness by 50%. Specifically, the CV can blunt the 

crack tip and secondary crack nucleates ahead of and coalesces with the main crack (Figure 

2. 1D) while the LV can deflect the crack path (Figure 2. 1E), thus transferring the 

catastrophic crack propagation in the membrane into a series of discrete events of crack 

stopping, nucleation and coalescing as indicated by the steps in the stress-strain and crack 

length-strain curves in Figure 2. 1F.  
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Figure 2. 1 Morphology of S. gregaria hind wings and fracture test of fresh wings (139, 140). (A) a 

membrane-vein structure of the insect wing. (B) Longitudinal veins (LV) and cross veins (CV) 

embedded in the membrane of the wing. (C) Compartment-like annulated structure of a cross-vein. (D 

and E) Propagating an initial edge crack in the fresh wing by mechanical load. As the crack hits the CVs, 

the crack tip becomes blunted (D) and secondary crack nucleates ahead of and then coalesces with the 

main crack (E). (F) Stress-strain curve and corresponding crack length recorded during a fracture test of 

the wing. 

 Inspired by the toughening role played by the vein networks in the insect wings, we 

constructed the graphene counterpart of the insect wing by mimicking the morphonology 

of the membrane and veins through topological design. As shown in Figure 2. 2A, a 

representative element (indicated by the red dash rectangle) of the insect wing includes the 

flat membrane as well as the annulated vein. To simplify the geometry, we replaced the 

membrane with a flat surface in xOy plane, the vein with a sinusoidal surface oscillating in 

the out-of-plane direction as,  

 2sinz A yπ π
λ

 = + 
 

, (2.1) 

where A is the amplitude and λ is the wavelength. By connecting the flat phase and the 

wavy phase with a smooth transition, a 3D surface version of the representative element of 
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the insect wing can be constructed (Figure 2. 2B). To generate a graphene unit cell which 

adopts such a 3D shape, we simulated the crystal growth process on this designed 3D 

surface using a phase field crystal (PFC) model (Figure 2. 2C) (141) and translated the 

stationary distribution of the phase density, φ , into the atomic coordinates of carbon atoms 

in graphene (Figure 2. 2D) (142). For nanoscale graphene, we only introduced small out-

of-plane oscillation by taking 1.4A nm= and 4.6 nmλ = . The thermal stability of the 

obtained graphene unit cell was validated by relaxing it under an NPT ensemble with Nose-

Hoover thermostat (143) at 0 Pa and 300 K for 50 ps using MD. The geometry and potential 

energy distribution of the relaxed sample are shown in Figure 2. 2E. It should be noted that 

even through the relaxed graphene unit cell does not fully conform to the designed 

geometry, the wavy-flat pattern is stably maintained. Careful inspection shows that the 

topological defects, such as disclinations and dislocations, only concentrate at the 

connection between flat and wavy surfaces to accommodate the curvature transition, while 

flat and wavy surfaces are defect-free.  
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Figure 2. 2 Topological design of a representative element of the insect wing with graphene. (A) A 

representative element of flat membrane and annulated vein in the insect wing. (B) A simplified 3D 
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surface based on the morphology of the representative element of the insect wing. (C) Simulating the 

crystal growth process of graphene on the designed curve surface using a phase field crystal (PFC) 

model. (D) The atomic structure of the graphene sample adopting the designed geometry. (E) The 

geometry of the topologically designed graphene sample after MD relaxation and the topological defects 

distributed at the transition between flat and wavy regions.  

 

2.2.2 Toughening effects of wavy phases in vein-patterned graphene 

To explore the potential barrier effect of the vein-like wavy geometry on cracks in 

graphene, we first adopted an 1D parallel strip pattern to embed the wavy phase into a 

graphene sheet and conducted fracture tests with MD simulations. As shown in Figure 2. 

3A, by replicating the constructed graphene unit cells, a vein-patterned graphene 

containing strips of flat and wavy phases alternating over a periodic width, a, is constructed, 

mimicking an insect wing with a set of parallel veins embedded. By the changing the width 

of the flat strip, the ratio of the flat phase, κ , varies within the interval, (0,1], where 1κ =  

corresponds to the pristine graphene. MD simulations of uniaxial tension tests were 

performed to propagate an initial edge crack in a large sample of the vein-patterned 

graphene by applying a constant strain rate of 109/s to the simulation box along the y 

direction (Figure 2. 3B). During the test, a periodic boundary condition was applied along 

the loading direction and an NVT ensemble with Nose-Hoover thermostat (143) was 

adopted to maintain a constant temperature of 10 K.  

The fracture tests of pristine graphene and vein-patterned graphene demonstrate that 

the wavy phase in the vein-patterned graphene can act as barriers to crack propagation and 

toughen graphene effectively. For a pristine graphene sample without any wavy phase (i.e., 

1κ = ), as the loading strain increases, high stress concentrates in the crack tip and the crack 
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starts to propagate in at a relatively low strain level (Figure 2. 3C1); As the crack propagates, 

the region ahead of the crack tip has already stored a high level of strain energy, which 

supplies abundant driving force to the crack tip (Figure 2. 3C2) and leads to a catastrophic 

failure with a dive in the stress-strain curve (see the blue dash curve in Figure 2. 3D). A 

fracture energy 2
0 13.8G J m= is obtained using the driving force analysis in fracture 

mechanics (144), which is in close agreement with the values reported in the previous 

studies (98). 

The presence of the wavy phase in the vein-patterned graphene tends to alter this 

brittle fracture behavior. Taking the sample with 50% of flat phase (i.e., 0.5κ = ) as an 

example, initially the edge crack tip sits in the flat phase. As the loading strain increases, 

high stress level is built up at the crack tip and crack starts to propagate at an early stage 

(Figure 2. 3E1), similar to the pristine graphene case. However, as the crack tip hits the 

wavy phase, it is surrounded by the relaxed wavy surfaces and the local supply of the 

driving force is lost, thus stopping the crack from propagating. As the applied strain further 

increases, the local stress in the flat phase (Figure 2. 3E2) and the overall stress (E1 to E2 

in the red curve in Figure 2. 3D) keeps growing because the crack tip remains trapped and 

becomes blunted (Figure 2. 3E2). A careful inspection reveals that for the crack tip trapped 

in the wavy phase, the mode I fracture load from the remote is actually transformed into an 

out-of-plane tearing mode near the crack tip due to the geometry of the wavy phase (Figure 

2. 3F). This transition of fracture mode also helps crack blunting and trapping. The critical 

moment occurs as the neighboring flat phase ahead of the crack reaches its strength and a 

daughter crack suddenly initiates from the weak spot of the topological defects (heptagon), 

leaving the remaining ligament of the wavy phase between the two cracks bridging the 
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crack surfaces (Figure 2. 3E3). As new daughter cracks initiate in each flat phase and 

coalesce with the main crack (Figure 2. 3E4), the overall stress level drops (see the red 

curve in Figure 2. 3D). Due to the bridging effect of the wavy phases, the dropping slop is 

also mitigated comparing to that of the pristine graphene case (see the triangles in Figure 

2. 3D). In short, the wavy phase in the vein-patterned graphene can trap and blunt the crack, 

transform the local fracture mode, lead to daughter crack nucleation, ligament bridging and 

crack coalescence, thus changes the catastrophic fracture in pristine graphene. The 

measured fracture energy for the sample with 12a nm= , 0.5κ =  reaches 61.4 2J m , which 

much larger than that of the pristine graphene. 
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Figure 2. 3 Fracture tests of 1D vein-patterned graphene. (A) 1D parallel strip pattern of wavy phases 

embedded in graphene built with the topologically designed graphene unit cells. (B) Propagating an 

initial edge crack in a vein-patterned graphene sample by applying uniaxial tension. (C) Brittle fracture 

process in pristine graphene. The critical moment (C1) and the catastrophic propagation (C2). (D) 

Overall stress-strain curves of the fracture tests on pristine and vein-patterned graphene. (E) Fracture 

process in the 1D vein-patterned graphene sample with a flat phase ratio of 0.5. (F) Mode I fracture load 

from the remote is transformed into a mixed tearing mode at the crack tip as the crack is trapped in the 

out-of-plane wavy phase. 

To investigate the effect of the flat phase ratio on the toughening mechanisms and 

fracture energy, we conducted similar fracture tests on samples with a fixed wavy-flat 
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periodic width, 12a nm= , and a flat phase ratio, κ , varying between 0 and 1 and 

summarized the results in Figure 2. 4. As shown in Figure 2. 4A, at the critical moment, 

crack trapping due to the wary phase was observed for all cases (except the pristine one). 

Correspondingly, as κ  decreases, in Figure 2. 4A the critical strains (marked as the peaks 

in the stress-train curves) decreases and the unloading slopes tend to be flattened, indicating 

the less the flat phase is, the stronger the effects of crack trapping and ligament bridging 

are. At the same time, the loading slopes of stress-strain curves in Figure 2. 4B suggests 

the in-plane modulus decreases as κ  decreases. These two effects make a tradeoff with 

toughness enhancement. As shown in Figure 2. 4C, a maximum value of fracture energy, 

G = 83.2 J/m2, is found at 0.8κ = , corresponding to a six-fold enhancement in the fracture 

energy. 

Strain 

St
re

ss
 (G

Pa
)

Ratio of the flat phase, 

Fr
ac

tu
re

 e
ne

rg
y,

 G
 

B C

A

+50

−50

 

Figure 2. 4 The effect of the flat phase ratio on the toughening mechanisms and fracture energy in 1D 

vein-patterned graphene. (A) Crack trapping at the critical moment for samples with different flat phase 

ratio. (B) Stress-strain curves of fracture tests on samples with different flat phase ratio. (C) Measured 
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fracture energy for samples with different flat phase ratio. 

The results of the 1D vein-patterned graphene have demonstrated that the interaction 

between crack and the vein-like wavy phases can alter the fracture behavior in graphene 

and toughening mechanisms such as crack trapping, crack blunting, fracture mode 

transition, daughter crack initiation, ligament bridging and crack coalescence, can be 

activated and optimized. However, the 1D parallel strip pattern show low symmetry within 

the 2D plane and cracks that are parallel to the wavy strip may not be contained effectively. 

To overcome this limitation, in the next section, we generalize this vein-patterned graphene 

by adopting 2D networks of wavy phases and demonstrate the effect of the 2D distribution 

on toughening graphene. 

 

2.2.3 Effects of the 2D networks of wavy phases in vein-patterned graphene 

Just like the veins in the insect wing forming a network to fulfill their biological and 

mechanical functions, in this section we take the distribution of the vein-like wavy phases 

as a new degree of freedom to design and construct vein-patterned graphene samples with 

various types of 2D networks of out-of-plane curvatures and demonstrate the toughening 

mechanisms associated with them. 

To demonstrate the effect of a 2D network of wavy phases, we have constructed vein-

patterned graphene samples with a hexagonal network of out-of-plane curvatures and 

conducted fracture tests on them using the topological design framework introduced in the 

previous section. As shown in Figure 2. 5A, sinusoidal wavy phases with an out-of-plane 

amplitude of 0.84 nm are embedded in flat graphene following a hexagonal network. The 

unit cell containing the wavy and flat phases has a dimension of 9.54a nm=  (measured 
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from the center to one corner) and the area ratio of the flat region is κ . After relaxation,  

the hexagonal distribution of wavy phases remains and the topological defects (which show 

relatively high potential energy) are found only at the interfaces between the flat and wavy 

phases (Figure 2. 5B). Fracture tests (similar to that in Figure 2. 3B) are conducted for 

samples with different κ  and various toughening mechanisms are identified. Taking the 

sample of 0.49κ =  as an example, as the initial sharp edge crack propagates in the flat phase 

and hits the neighboring wavy phase, it is then trapped by the relaxed wavy surface and the 

crack tip becomes blunted as the overall load keeps increasing (Figure 2. 5C left). Different 

from the previous case of 1D distribution of wavy phases, with the hexagonal network, 

there exist wavy phases lying along the direction perpendicular to the overall loading. And 

across these wavy phases, the out-of-plane geometry leads to spots with high stress 

concentration as load is transferred nonuniformly (dash ellipses in Figure 2. 5C right). As 

the overall load reaches a critical level, multiple voids nucleate from the topological defects 

within these stress concentrated spots (Figure 2. 5D), which corresponds to the slight drop 

in the over-all stress-strain curve (Point D in Figure 2. 5H). The formation of nanovoids in 

the region ahead of the main crack is expected to help to dissipate stored deformation 

energy (145). As the load further increases, at the main crack tip, the wavy phase is further 

flattened and the stress in the neighboring flat region grows. Consequently, the voids on 

the interface between these wavy and flat phases coalesce and the interface fails, resulting 

in a daughter crack right ahead of the main crack and the vertical wavy phase bridging the 

two (Figure 2. 5E). As the load further increases, multiple daughter cracks form at 

interfaces between wavy and flat phases ahead of the main crack while the remaining 

materials bridges the crack surfaces (Figure 2. 5F). An effective bridging of the ligaments 
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between cracks can postpone the coalescence of the daughter cracks into the main crack 

and promote more interface failure. In return, the formation of such a diffusive damage 

zone ahead of the main crack helps to dissipate the stored deformation energy and drain 

the driving force from the main crack. Finally, the sample fails with a large damage zone 

rather than a clear and single crack path (Figure 2. 5G).  

Comparing with the fracture process in the sample with 1D distribution of wavy phase, 

2D networks of wavy phases not only inherit the similar toughening mechanisms but also 

introduce new features. Specifically, wavy phases in both 1D and 2D networks can trap, 

blunt the crack tip and transform the local fracture mode, then cause daughter crack 

nucleation, ligament bridging and crack coalescence. Different from 1D distribution, the 

interfaces between wavy and flat phases in the 2D networks can act as novel sources for 

diffusive damage, such as multiple void formation and interfacial failure, in a large region 

ahead of the initial crack and lead to a intertwined geometry of ligament bridging. This 

effect extends the region of energy dissipation phenomena from individual locations along 

the initial crack direction (in the 1D distribution case) to a spread-out processing area 

surrounding the crack path. The new toughening mechanisms, including void formation 

and interfacial failure, and the expanded damage processing area may lead to further 

enhancement of toughness and resistance to crack-like flaw. For example, a fracture energy 

of 291.2G J m= is measured for the hexagonal sample of 0.49κ = , larger than those of the 

previous samples with 1D distribution of wavy phases.  
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Figure 2. 5 Topological design of vein-pattern graphene with a hexagonal network of wavy phases and 

the activated toughening mechanisms. (A) Topological design of a hexagonal network of wavy phases 

in graphene. (B) The geometry of the relaxed sample and the distribution of topological defects indicated 

by the atomic potential energy. (C) Crack trapping by the wavy phase. (D) Void formation at the 

topological defects within the interfaces between wavy and flat phases that lie perpendicular to the 

loading direction. (E) First daughter crack nucleation due to void coalescence. (F) Multiple daughter 

crack nucleation and ligament bridging due to interfacial failures between wavy and flat phases in a 

large region ahead of the main crack. (G) The final crack path with diffusive damages within the sample. 

(H) The overall stress-strain curve of the fracture test. 

The geometry of the 2D network of wavy phases also affects crack path via crack 

deflection. As observed in the hexagonal network cases, it is the interfaces with stress 

concentration as well as topological defects between wavy and flat phases where new 

cracks prefer to nucleate. When the bridging effect of the remaining ligaments is limited 

by either the geometry of the wavy phases or the loading condition, daughter cracks near 
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the main crack tend to coalesce with it. Thus, the initial crack can be deflected and attracted 

to a path consisting of these interfaces. For example, as shown in Figure 2. 6A and B, 

cracks along the armchair and zigzag directions of the hexagonal network are deflected to 

follow the wavy phases in the sample with a large flat ratio ( 0.9κ = ) given that the bridging 

effect is limited by the width of the wavy phases. The increased crack length also 

contributes to the enhancement of the effective toughness.  

Similar toughening mechanisms are also observed in vein-patterned graphene samples 

with different distribution of wavy phases. For example, using topological design, we 

constructed a family of vein-patterned graphene samples with different 2D networks, such 

as triangular pattern, square pattern and diamond-celled pattern (Figure 2. 6C, E and G). 

Fractur tests reveals that similar toughening mechanisms, including crack trapping and 

blunting, fracture mode transition, daughter crack nucleation, ligament bridging, crack 

coalescence, void formation and interfacial failure and crack deflection, remain active in 

these different samples while the quantitative contributions may vary. For instance, cracks 

can be defected towards distinguishing paths following the specific distribution of the wavy 

phases (Figure 2. 6D, F and H) in different samples. The results on samples of various 

distributions suggest the toughening effects of the 2D network of wavy phases remain 

robust while the distribution of the 2D network is also an important degree of freedom in 

designing tough graphene samples. 
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Figure 2. 6 Crack deflection in vein-patterned graphene samples with different of 2D networks. (A and 

B). Crack along armchair and zigzag direction of the hexagonal network are deflected to paths following 

the wavy phases in a sample of a large flat phase ratio. (C, E and G) Topological designed unit cells of 

vein-patterned graphene samples with a triangular (C), square (E) or diamond-celled (G) network of 

wavy phases. (D, F and H). Cracks in vein-patterned graphene samples can be deflected to different 

paths following their own distribution of wavy phases. 

By comparing the fracture processes in pristine graphene and various vein-patterned 

graphene samples above, it becomes clear that the out-of-plane geometry of the individual 

wavy phases as well as the distribution of the wavy network play key roles in altering the 

fracture behavior and activate series of toughening mechanisms. By forming the out-of-

plane curvature, the 3D shape of the wavy phases changes the local stress distribution and 

deformation response, forming sharp contrasts to those in a pristine/flat region. Thus, the 

wavy phases can behave as crack barrier when confronting an approaching crack and 
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energy dissipation sources when subjected to intensive loading. While the individual wavy 

phases alter the deformation and damage process locally, the distribution of the wavy 

phases organized these processes collectively by controlling potential sites for crack 

trapping and damage nucleation. Correspondingly, the distribution of daughter cracks and 

bridging ligaments varies with the network of wavy phases, resulting in different final crack 

patterns. A rational design of these two factors are essential to implement various 

toughening mechanisms and control the fracture behavior in graphene via topology design. 

As a demonstration, in the next section, we apply a mechanism-guided design strategy to 

construct a nacre-like graphene sample by controlling the out-of-plane geometry and 2D 

distribution of the wavy phases and mimic the tough fracture behaviors observed in nacre 

and nacre-mimicking materials. 

 

2.2.4 Mechanism-guided topological design of nacre-like graphene.  

Build upon the results of the vein-patterned graphene above, it is the recognized that 

the out-of-plane geometry and the distribution of the wavy phases influence toughening 

mechanisms strongly in topologically design graphene. This relationship in reverse 

provides a mechanism-guided strategy for topological design, i.e., constructing the 

effective out-of-plane curvatures and their distribution to achieve some targeted/given 

toughening mechanisms in graphene. In this section, we demonstrate this strategy via a 

rational design of nacre-like graphene.  

As another tough material made of brittle components in nature, nacre (the pearly 

inner layer of many mollusk shells) (Figure 2. 7A) has been be studied intensively for its 

effective toughening mechanisms and provide biological inspirations to numerous tough 
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composite designs (146-148). The elementary structure of nacre consists of plate-like 

mineral crystals and soft protein matrix in a multilayered ‘brick-and-mortar’ architecture 

(Figure 2. 7B). Under uniaxial tension, the primary load is transferred through a tension-

shear chain with the stiff mineral platelets as bricks under tension and the soft protein 

matrix as mortar in shear (Figure 2. 7C) (149). When a crack is introduced, there exist a 

number of toughening mechanisms around the crack tip identified by experimental and 

theoretical studies (Figure 2. 7C and E), including crack blunting induced by the soft 

organic matrix, nucleation and evolution of microvoids and microcracks around the crack 

tip to shield the remote load, platelet bridging between crack surfaces, organic ligament 

bridging during the shearing and relative sliding between neighboring platelets as well as 

crack deflection following the weak organic layers (147).  

BA DC
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Figure 2. 7 Representative structure and toughening mechanisms in nacre and nacre-mimicking 

materials. (A) Nacre inside an abalone shell. (B) Microstructure of nacre. (C) The staggered pattern of 

hard plates in a soft matrix and a tension-shear chain model of the load transferring path (149). (D) 

Fracture paths in nacre and nacre mimicking materials (148, 150). (E) A schematic of typical toughening 

mechanisms in nacre (147).  

Now, we set these toughening mechanisms as the goal to guide a specific topological 

design of nacre-like graphene. Based on the results on vein-patterned graphene, here we 
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use the wavy phases with out-of-plane curvature as the soft matrix while taking the flat 

phases of pristine graphene as the stiff platelets. The flat phases are organized in a staggered 

pattern connected by a 2D network of wavy phases (Figure 2. 8A). Different from the cases 

of vein-patterned graphene, two kinds of wavy phases are adopted to promote the tension-

shear chain under a vertical loading. Specifically, as shown in Figure 2. 8B, a narrow 

single-sine surface is designed for the horizontal wavy phases lying perpendicular to the 

load while a double-sine profile with a half-period phase shift is taken for the vertical wavy 

phases parallel to the load. The atomic structure obtained through topological design shows 

that more topological defects are introduced in the double-sine wavy phases comparing 

with those in the single-sine ones (Figure 2. 8C), which are expected to promote the failure 

of the vertical wavy phases through shearing. Fracture test of propagating an initial edge 

crack is conducted in this graphene sample and a typical example is shown in Figure 2. 8D-

G. As the initial crack hits the first vertical double-sine wavy phase, high stress is 

concentrated along the middle line of this wavy phase and one void forms at the saddle 

point with topological defect. Even through this void merges with the main crack quickly 

and the first sinusoidal surface fails, the main crack tip is still be trapped and blunted by 

the second sinusoidal surface in this wavy phase (Figure 2. 8D). As the crack tip is trapped, 

more voids nucleate from the stress concentrated topological defects in the horizontal wavy 

phases forming a damage zone ahead of the main crack while most of the vertical wavy 

phase remain intact (Figure 2. 8E). As the load increase, the horizontal wavy phases near 

the main crack fail along its interfaces connecting to the flat phases by void coalescence 

(Figure 2. 8G). The failure of the horizontal wavy phases transforms the load path into a 

tension-shear chain. As shown in Figure 2. 8H, the vertical wavy phase is sheared by the 
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flat phases it connects and the tension-shear chain formed by the flat phase and the vertical 

wavy phases bridges the crack surfaces. It should be noted that even through the multiple 

voids form inside, the vertical wavy phases can still tolerate the damage well without 

failure due to the trapping effect of the out-of-plane geometry. The out-of-plane geometry 

and the contained voids in turn help the vertical wavy phases to accommodate large relative 

sliding displacement (Figure 2. 8I left). Finally, a crack path deflected by the distribution 

of the wavy phases forms in the sample with diffusive damages around it (Figure 2. 8I 

right), similar to those observed in nacre and nacre-mimicking materials (Figure 2. 7C).   
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Figure 2. 8 Topological design of nacre-like graphene and fracture tests. (A) A staggered distribution 

of the wavy and flat phases following the typical pattern in nacre. (B) Atomic structure of nacre-like 

graphene with two different wavy phases designed to fail under tension and sustain large shear 

respectively. (C) Relaxed geometry and topological defect distribution in the designed nacre-like 
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graphene. (E-I) Fracture process and toughening mechanisms in nacre-like graphene. (E) Crack trapping 

and blunting at the vertical wavy phase. (F) Ahead of the crack, multiple voids form at the horizonal 

wavy phases from the spot with topological defects and stress concentration while the vertical wavy 

phases remain intact under tension. (G) The horizontal wavy phases fail as the voids merge. (H) After 

the failure of horizontal wavy phase, tension-shear chains are developed as the vertical wavy phases are 

under shear and the flat phase is under tension. Consequently, the vertical wavy phase and the flat phase 

together bridge the crack surfaces. (I) The vertical wavy phase sustains large relative displacement 

between the two ends. The final crack path is deflected by the distribution of the wavy phases. 

Through the design and fracture tests of the nacre-like graphene, it is demonstrated 

that the deformation and toughen mechanisms provide valuable guidance for effective 

topological design. For example, the tension-shear chain model abstracted from nacre has 

inspired the design of the geometry and distribution of the out-of-plane wavy phases. 

Specifically, to facilitating the formation of the shear-tension chains in the staggered 

pattern, it is expected the horizonal wavy phase should fails at tension easily while the 

vertical wavy phases need to be tolerant to shearing and large sliding displacement. To 

fulfill these different functions, in nacre-like graphene, a single-sine surface is used for 

horizontal wavy phases to create stress concentration and weak spot of topological defects 

which trigger the failure under tension. When shearing is considered, a double-sine surfaces 

is adopted for more tolerance of relative sliding displacement as multiple voids formation 

at the saddle points and strong ligament bridging in between promote a stable flattening of 

the curved surface to accommodate a large elongation between the two pulling ends. Built 

upon this tension-shear chain, the major toughening mechanisms known to nacre, including 

crack blunting by the matrix/network, nucleation and evolution of microvoids and 

microcracks, platelet bridging between crack surfaces, ligament bridging during the 

shearing between neighboring platelets and crack deflection following the matrix/network, 

are reproduced in graphene effectively. The success of nacre-like graphene design suggests 
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that mechanism-guided topological design strategy provides an efficient way to harness the 

strong coupling between out-of-plane curvatures and deformation/fracture behaviors in the 

atomically thin sheet to implement toughening mechanisms that are alien to graphene. 

 

2.3 Discussions and conclusions 
 

The results of vein-patterned graphene and nacre-like graphene in the previous 

sections have demonstrated that a family of toughening mechanism can be imported into 

brittle graphene via a mechanism-guided topological design. Some of the fracture 

behaviors and toughening design enabled in topologically designed graphene indicate 

interesting similarities to those observed in other material systems while the uniqueness of 

the topological toughening of graphene still stands out. As a comparison, some unique 

aspects of this mechanism-guided topological toughening of graphene are discussed in the 

following.  

1. The out-of-plane curvature plays the key role in activating novel effective 

deformation modes in the wavy phase of graphene. At the first glance, the introduce of 

wavy phases into flat graphene via topological design resembles a convergent tough design 

from nature and engineering, in which soft and hard components/phases are arranged 

alternatively to postpone crack propagation (149), such as the nacre made of soft organic 

matrix and hard mineral platelets (146) and tough hydrogels with stiff elastic dissipators 

embedded (151). However, the topologically designed graphene distinguishes itself by 

achieving the desired heterogeneous elastic properties through out-of-plane curvature. 

With nontrivial out-of-plane curvature, the deformation in the wavy phases under remote 

load is a mixture of bending and stretching and the effective in-plane elastic properties can 
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be tuned by designing the initial curvature.  Moreover, the extra length released during the 

flattening process of the way phases makes it be much more tolerant to large deformation 

thus sustain a long-lasting bridging. Also, when a trapped crack tip tries to propagate in the 

wavy phase, the out-of-plane geometry surrounding the crack transfers the remote mode I 

fracture to a mixed mode subjected to tearing locally (Figure 2. 3F), which is a 

fundamentally different picture from that in bulk composites (152). At last, it is mainly a 

geometrical effect and no second material is introduced. The maintenance of the chemical 

purity in topologically designed graphene may be particularly beneficial to applications 

relying on the unique physical properties of graphene. 

2. Topological defects are the fundamental building blocks for topological toughening 

of graphene. In continuum scale, it has also been demonstrated that the curvature can affect 

the fracture behavior in elastic brittle thin shell structures. For example, by draping elastic 

sheets to a curved substrate, experiments have discovered that the crack path can be 

deflected and guided by the curvature of the substrate (153). Using a phase field fracture 

model, numerical simulations has demonstrated crack in a thin shell can be attracted to and 

trapped by an out-of-plane dimple. Similar crack deflection and crack trapping are also 

observed in the topologically designed graphene. However, topological defects add new 

features to these curvature-induced toughening effects. Specifically, as a crystalline 

material in 2D, the nontrivial gaussian curvature in free-standing graphene can only be 

sustained by the distribution of the topological defects (54). At the same time, the 

topological defects also introduce residual stress and weak spots in graphene, which can 

facilitate more toughening mechanisms. For example, the voids in the interfaces between 

wavy and flat phases surrounding the main crack nucleate precisely from the topological 
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defects associated with residual stress and help to dissipate the strain energy. These coupled 

effects of topological defects make topological toughening of graphene more than the pure 

curvature effect on fracture in an elastic brittle thin shell. 

In summary, in this chapter, we have demonstrated a mechanism-guided topological 

design strategy for graphene toughening. Based on the strong coupling between out-of-

plane geometry and deformation behaviors in graphene, we bring networks of out-of-plane 

curvatures into graphene via controlling the distribution of topological defects and 

demonstrate various toughening mechanisms known to other tough material systems, such 

as insect wings and nacre, can be transplanted into graphene consequently. The forward 

relation from topological design to toughening mechanisms is studies and categorized by 

comparing vein-patterned graphene with various types of networks of wavy phases. And 

the possibility of inverse design of wavy phases to reproduce targeted deformation and 

fracture behaviors is demonstrated via a nacre-like graphene example. These findings 

advance the fundamental understanding about the connections between simple topological 

patterns and effective toughening mechanisms in atomically thin materials and are 

expected to provide rational guidance for tough 2D material design and engineering. 
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Chapter 3 
 

CNT-Graphene hybrids: Toughening 
Graphene by Integrating Carbon Nanotubes 

 

Chapter Summary 
 

The low resistance to fracture has been a grave issue that limits the accessibility of the 

superior properties of graphene in practical applications. Besides toughening graphene via 

topological design, in this chapter we study an extrinsic toughening strategy for graphene 

by integrating carbon nanotubes (CNTs). The introduction of CNTs into bulk materials has 

proven to be a widely accepted method for toughening and strengthening materials. 

However, such toughening effect of CNTs on 2D materials remains largely unknown. Here, 

we focus on a unique material, rebar graphene, which consists of CNTs embedded in 

graphene and characterize its fracture behavior and toughening mechanisms through 

experiments and atomic simulations. By implementing a “dry” transfer technique, the 

freely suspended rebar graphene was systematically tested under uniaxial tension mode 

inside a scanning electron microscope (SEM). Combining experiments and molecular 

dynamics (MD) simulations, it is confirmed that the embedded CNTs divert and bridge the 

propagating crack and provide a toughening mechanism for the material. Our work 

identifies a promising extrinsic toughening strategy for 2D materials and provides 

mechanistic insights into the fracture process of similar graphene-CNT hybrid materials. 

3.1 Introduction 
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Following the discovery of graphene by Geim and co-workers, a lot of effort has been 

dedicated to better understanding of the properties of graphene and its analogues (12, 52, 

58, 98, 154-159). Graphene has attracted huge attention due to its extraordinary properties, 

such as high electrical conductivity (89, 158), high intrinsic strength and Young’s modulus 

(33, 160), and high thermal conductivity (12, 161). In perfect graphene, extremely high 

modulus and strength can be achieved under uniform stretching and breaking of the strong 

C-C bond (52, 56, 156, 157, 160, 162-164). However, like many other materials, defects 

are inevitable which weaken graphene considerably. Based on the Griffith theory, the 

strength of materials depends on the size of crack/flaw in materials, rather than the intrinsic 

strength. Fracture toughness, which characterizes a material’s ability to resist fracture, is 

quite limited for graphene, as confirmed recently by both experiments and theoretical 

calculations. The previous study demonstrates that the fracture toughness of graphene is 

only 4.0 MPa·m1/2 (98), which suggests that graphene is a typical brittle material. The 

magnitude of fracture toughness can not only determine the mechanical performance of 

materials, but also strongly affect the reliability and stability of flexible devices built with 

those materials. Considering that graphene has a great potential in building flexible devices, 

in case of mechanical failure, graphene-like materials with higher fracture toughness is in 

need. It is thus very important to develop toughening strategies for this exciting material.  

Two general toughening strategies have been extensively explored in the past for bulk 

materials, namely, intrinsic toughening which exploits the microstructural features such as 

grain or phase structures to increase material toughness (58, 165); or extrinsic toughening 

where additional material components are added to help retard the crack advancement and 

improve fracture resistance(166, 167). A representative example of extrinsic toughening is 
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graphene reinforced nanocomposites. Due to its exceptional mechanical properties, high 

aspect ratio and low density, graphene is an ideal candidate for developing the next 

generation of polymer-matrix, metal-matrix, and ceramic-matrix composites. To date, there 

has been a significant amount of research work with focus on graphene reinforced 

composites. The related composites include: randomly dispersed graphene into matrix to 

reinforce composites (168, 169); functionalized graphene to reinforce composites (170, 

171); laminated graphene or graphene oxide to reinforce composites (172); three-

dimensional (3D) graphene foams to reinforce composites (130); hybrid graphene and 

other nanostructures to reinforce composites (173). Since it is still quite challenging to 

precisely control the microstructural features such as grain structures in graphene and there 

exists only limited evidence of sufficiently strong interactions between grain boundaries 

and crack tips in graphene, extrinsic toughening strategy seems to be a more plausible 

choice to toughen graphene(70, 163).  

Because of the weak van der Waals interaction between 2D layers giving rise to rather 

inert surfaces that are free of dangling bonds, ideas have long been sought to engineer 

graphene properties through integration with other 2D materials. One such example is the 

so-called “van der Waals solid” (77) where graphene has been layered with various 2D 

materials to create vertical heterostructures exhibiting unique properties for electronic and 

optoelectronic applications (77, 159, 174). However, the inertness of the 2D material 

surface makes it more difficult for effective load transfer between layers that is oftentimes 

necessary for desired enhancement of mechanical properties as sought after in this study. 

Alternative strategies are clearly needed to fulfill the goal of toughening graphene. Yan et. 

al. has pioneered the synthesis of a new graphene hybrid material that combines a one-
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dimensional (1D) material, carbon nanotubes, and a 2D material, graphene, into an 

integrated material (155, 175). This concept of the so called “rebar graphene” nicely relates 

the macroscopic idea of using embedded reinforcing steel bars to toughen and strengthen 

concrete to a 2D material in nanoscale. Many studies have been performed on the 

integration of CNTs into bulk materials, such as metals, polymers, and ceramics, to make 

nanocomposites with enhanced mechanical properties (84, 176). However, research on the 

mechanical interaction of CNTs with layered 2D materials is sparse (177).  

In this chapter, we systematically investigated fracture behaviors of the freely 

suspended rebar graphene under uniaxial tension mode and identify the toughening 

mechanisms induced by CNTs. Combining SEM and atomic simulations, it is confirmed 

that the embedded CNTs can divert and bridge the propagating crack and provide a 

toughening mechanism for 2D materials.  

 

3.2 Results 
 
3.2.1 Experimental results 

A B
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Figure 3. 1 Rebar graphene characterizations. (A) Schematic illustration of rebar graphene. (B) Raman 

spectra and (C-D) High resolution TEM images of rebar graphene. 
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Our collaborators, Prof. Jun Lou and his group at Rice University conducted the 

experimental study of rebar graphene and the results are summarized in the following. 

Figure 3. 1A provides a schematic illustration of rebar graphene and illustrates how CNTs 

are embedded into monolayer polycrystalline graphene. Rebar graphene is characterized 

using Raman spectroscopy as shown in Figure 3. 1B. A 514 nm excitation was used on 

rebar graphene and graphene, both on Cu foils in 10 different areas of a 1 cm2 sample size. 

The Raman spectra of graphene exhibits two key features: a G peak at ~1580 cm-1 and a G’ 

or 2D peak at ~2700 cm-1. The D peak at ~ 1350 cm-1 correlates with the presence of some 

sp3 carbon atoms, or defects. The rebar graphene spectrum has a shoulder on the 2D peak 

at ~2698 cm-1, similar to monolayer graphene on copper. This shoulder location suggests 

a dominance of monolayer graphene in the rebar graphene sheets. Further characterization 

is seen in transmission electron microscopy (TEM) where the CNTs are shown in Figure 

3. 1C and Figure 3. 1D. The images illustrate the interconnected CNT networks on 

graphene sheets. TEM images also reveal that some regions of the rebar graphene sample 

might have two-layer graphene islands, however the Raman spectra suggest a strong 

dominance of monolayer graphene. And based on the growth method and previous study, 

it is believed that CNTs are packed on the top of graphene layer, instead of forming a 

sandwiched 3D network on both sides of graphene (155). 
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Figure 3. 2 Sample preparation and testing results. (A-D) After spin coating PMMA on rebar graphene 

sample, the copper substrate is etched away and a tungsten probe is used to cut out the sample area under 

optical microscope. (E) The sample area is placed in test section of the micromechanical device (F) The 

devices are annealed in a CVD furnace with N2/H2 mixture to remove PMMA. (G) SEM image of the 

testing device geometry. (H) SEM image of film in test area of device before fracture. (I) SEM image 

of film in test area after fracture to show the zig-zag fracture surface. (J) Stress-strain curve of the sample 

depicted in previous two images. 

One of the biggest challenges in quantitatively characterizing mechanical properties 

of 2D materials is proper sample preparations. Transferring 2D materials requires spin 

coating a polymer, such as PMMA, to provide support during handling. Typically, these 

polymers can be removed using acetone; however, the suspended working layer of the 

mechanical device used for the tensile test of nanomaterials requires a dry transfer 

technique that avoids the use of any liquid, as shown in Figure 3. 2A-D (154). The process 

starts with spin coating a PMMA layer about 200-300 nm thick on the as-grown rebar 

graphene on copper substrate. The substrate is etched away and a floating layer of rebar 



39  

graphene and PMMA is left and fished out with a silicon substrate. After extensive washing, 

the film is transferred onto a TEM grid. The TEM grid is used to mitigate contact between 

the film and the substrate and add ease to the process of removing the film from the 

substrate. Under an optical microscope, a fine tungsten probe is used to cut away the area 

of the material that will be tested. The same probe is used to gently place the rebar 

graphene/PMMA on the test section of the micromechanical testing device. Once contact 

between the film and device is made, heat treatment is used to ensure proper adhesion. The 

entire device with the attached film is placed in a tube furnace and annealed under flow of 

hydrogen and nitrogen to remove the PMMA coating and leave the rebar graphene in the 

test section. The suspended rebar graphene is cut into a rectangular geometry using a 

focused ion beam (FIB). Careful attention is paid to use a beam current of less than 40 pA 

to protect the integrity of the suspended material. Figure 2h provides a depiction of the 

rectangular geometry for ease of calculation in data processing. The device, pictured in 

Figure 3. 2G, exercises a spring-like “push-pull” mechanism and is actuated in situ by an 

Agilent nanoindenter to quantify the mechanical properties of 2D materials, including rebar 

graphene. The indenter provides measurements of load and displacement and the tests are 

video recorded to understand crack propagation. In 1D material tensile tests, platinum 

deposition is required to adhere the sample to the test shuttles (178, 179). Fortunately, to 

prevent sliding during tests of 2D materials, no additional deposition of platinum or epoxy 

is needed because 2D materials adhere to the test shuttle surface by van der Waals forces 

(98, 154). The stress-strain relationship for the sample depicted in Figure 3. 2H and Figure 

3. 2I is shown in Figure 3. 2J. The stress-strain relationship exhibits a linear slope, 

corresponding to an elastic regime, and an abrupt ending, corresponding to the fracture of 
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the sample. The rebar graphene samples fracture leading to a zig-zag type fracture surface. 

A B C

 

Figure 3. 3 Crack propagation in rebar graphene. (A) Rebar graphene suspended over microdevice 

before loading. (B) Rebar graphene during tensile loading with zig-zag crack propagation path and 

multiple crack formation. (C) Fractured rebar graphene showing rough fracture surfaces. 

Evidence of a zig-zag crack propagation of rebar graphene is presented in Figure 3. 3. 

This fracture surface is due to the carbon nanotubes redirecting the motion of the crack and 

guiding the propagation in a zigzag formation. Pristine graphene fractures in a very linear 

crack down the center of the sample, as shown in the study by Zhang et al (98). Graphene 

alone is brittle and exhibits a direct fracture, but rebar graphene shows a fracture pattern 

that has been stopped and redirected by CNTs. The longer length of the rebar graphene 

fracture surface compared to that of graphene indicates a higher fracture energy 

consumption in the rebar graphene samples. 

To gain a better understanding of the toughening effects of embedded carbon 

nanotubes on graphene, a series of fracture tests were performed to measure the critical 

stress intensity factor (SIF) of this unique material. A center notch, ~10% of the total 

sample width, was cut into the sample. The equation (3.1) below was used to calculate the 

critical SIF Kc, 

 0c cK aσ π=  (3.1) 

where 𝑎𝑎0 is the half notch length and 𝜎𝜎𝑐𝑐 is the fracture strength. 
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The modulus and fracture strength are presented in Table 3. 1. It should be noted that 

most CVD grown graphene constrains certain number of defects, which would weaken 

graphene. The fracture strength of graphene obtained through tensile tests is less than 10 

GPa. Such number is much lower than that of theoretical calculation. The fracture strength 

of rebar graphene obtained in this study is 6.02±1.53 GPa, which suggests that the existence 

of CNTs deteriorates the strength of graphene. However, unlike the case of graphene in 

which the thickness of 0.34 nm was used to calculate the fracture stress and fracture 

toughness, the thickness of rebar graphene is assumed to be 0.7 nm which is about the 

diameter of CNTs embedded in graphene. With the thickness discrepancy between 

graphene and rebar graphene taken in consideration, the fracture strength should be similar. 

Previous work also demonstrated that single wall carbon nanotubes (SWCNTs) partially 

unzip during “welding” to graphene. Therefore, the CNTs would not obviously lower the 

strength of graphene. However, if the boundaries between CNTs and graphene are not well 

controlled, the strength of rebar graphene could be deteriorated which is reflected in several 

samples with lower fracture strength and fracture toughness in this study. 

The average modulus of the tested un-notched rebar graphene samples is 466.8 ± 

29.95 GPa (Table 3. 1) and the average fracture strength of the notched samples is 5.89 ± 

1.43 GPa (Table 3. 2). The ranges of fracture strength and elastic modulus of rebar 

graphene are slightly broad, which could result from small SWCNT bundles, holes, and 

residual stress in rebar graphene. We examine TEM images of rebar graphene and believe 

that there are two sources resulting in large spread of mechanical performance of rebar 

graphene. (1) The SWCNTs were treated by alkaline and supposed to exhibit high 

solubility in chloroform, THF, and DMF. However, once we spread them on Cu substrate, 
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small SWCNT bundles may form. (2) In our study, dry transfer technique was developed 

and used to transfer rebar graphene onto micromechanical device. However, samples could 

be damaged after removing PMMA annealed at 400 °C with protection gas of H2/N2. Once 

there is residual stress in rebar graphene, defects could be created after annealing. Another 

concern is that the thermal expansion of device shuttles could result in large stress which 

would lead to damage as well. Note that the thickness of 0.7 nm was used to calculate the 

elastic modulus, fracture strength, and SIF of rebar graphene due to the nonuniformity of 

rebar graphene. More detailed discussions on the strength and stiffness of rebar graphene 

could be found in the supporting information. The SIF values determined by these 

experimental tests are presented in Table 3. 2. In comparison to similar studies performed 

on pristine graphene, the average SIF of rebar graphene is clearly much higher. This can 

be explained by the ability of the CNTs to constrict and divert the propagation of the crack. 

 

Table 3. 1 Mechanical properties of suspended rebar graphene (A measured average thickness of 0.7 

nm is used here) 
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Table 3. 2 Geometry of initial crack length with respect to total sample width compared to stress 

intensity factor as calculated by the Griffith theory. (A measured average thickness of 0.7 nm is used 

here) 
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Figure 3. 4 In situ tensile test of rebar graphene in TEM. (A) Rebar graphene suspended over 

microdevice before tensile test. (B) Rebar graphene at the onset of fracture. (C) Overview of fractured 

rebar graphene. (D-F) Fractured rebar graphene with pulled-out CNTs, CNT bridging, and graphene 

bridging. 

The in situ SEM tensile tests enable us to quantify the elastic modulus, fracture 

strength, and fracture toughness of rebar graphene. The critical SIF is over twice as much 

as that of graphene. To unveil the mystery behind the improved mechanical properties and 
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to understand the interaction between CNTs and graphene as well as between the initial 

crack and CNTs, we performed in situ tensile tests of rebar graphene in TEM shown in 

Figure 3. 4. A piece of rebar graphene was first transferred onto the TEM microdevice 

using the same transfer technique mentioned above. Figure 3. 4A shows that the TEM 

image of rebar graphene firmly adhered to the TEM microdevice. There are several holes 

in the rebar graphene, which might have resulted from the dry transfer. However, the pre-

existing holes can be considered an initial notch to observe crack propagation during the 

tensile test. The uniaxial tensile test was actuated by joule heating. Figure 3. 4B captures 

the moment of fracture of rebar graphene at which the crack went through the observed 

hole and was also greatly deflected. The crack deflection is desired for material toughening 

since more energy could be dissipated during the fracture process, leading to the 

enhancement of mechanical performance of rebar graphene. Figure 3. 4C shows an 

overview of the fractured rebar graphene. Unlike fractured CVD grown graphene with a 

single straight crack line, there are several cracks in the fractured rebar graphene. This 

observation suggests multiple locations for crack initiation that inhibit the momentum of 

the primary crack driving force. Such phenomenon is also reflected by the different 

maximum strains between CVD grown graphene and rebar graphene. The maximum strain 

for CVD grown graphene is only 0.3% (98), while the average maximum strain of rebar 

graphene is up to 1.5%. More fracture details in Figure 3. 4D-F were investigated to 

understand the reinforcing mechanism. Some fractured shrinking tips of CNTs can be 

found in Figure 3. 4E and F. The shrinking tips demonstrate that the CNTs bridged the 

crack growth before the catastrophic failure. The CNT bridging dominates the rebar 

graphene fracture surface, which successfully retard the crack growth in mechanical failure 
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of rebar graphene shown in Figure 3. 4E and F. The graphene bridging is also found in 

Figure 3. 4E and F complementing the enhancement of toughness of rebar graphene. In 

addition to the above reinforcing phenomena, the pulled-out CNTs can be observed around 

the fracture surface in Figure 3. 4E and F, which is another reinforcing mechanism to 

improve the fracture toughness of materials. With the above observed reinforcing 

mechanisms, more energy could be consumed before final failure, which promotes the 

toughness of rebar graphene. 

 

3.2.2 Results of MD simulations 

To validate the hypothesized toughening mechanisms and unveil more details of the 

fracture process in rebar graphene, we have constructed full-atom models of rebar graphene 

with typical distributions of CNTs. MD simulations of crack propagation and uniaxial 

tension tests of rebar graphene nanostrips were carefully performed. The rebar graphene 

samples are built by connecting CNTs with a diameter of 1 nm and length of 11 nm to a 

graphene layer through sp2 covalent bonds (Figure 3. 5A). As the representative examples, 

only the CNTs lying along the vertical loading direction are presented here and several 

typical CNT distribution patterns, including the regular staggered pattern, inclined 

staggered pattern and random staggered pattern, are discussed respectively (Figure 3. 5B). 

More discussions about the effect of the varying geometry and distribution of CNTs on the 

toughness enhancement could be found in the next section. 
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Figure 3. 5 Molecular Dynamics simulations of uniaxial tensile fracture tests of rebar graphene samples. 

(A) The atomic structure of rebar graphene samples. CNTs with a diameter of 1 nm and a length of 11 

nm are connected to a graphene layer through sp2 covalent bonds to represent rebar graphene samples. 

(B-D) Different distributions of reinforcing CNTs lying along the y direction. A regular staggered 

pattern (B), an inclined staggered pattern (C) and a random staggered pattern (D) are constructed. (E-F) 

MD simulations of crack propagation and uniaxial tension of rebar graphene nanostrips. 

After the full atomic arrangement of the rebar graphene structures are obtained, we 

performed MD simulations of relaxation and uniaxial tension in rebar graphene strips 200 

nm in length and 100 nm in width, with/without a 50 nm long edge crack initially (Figure 

5c). An initial relaxation under an NPT ensemble with Nose-Hoover thermostat (143) at 0 

Pa and 300 K for 50 ps was performed first to make sure the rebar graphene models are 

thermodynamically stable. Then to perform the mechanical test, a tensile loading with a 

constant strain rate of 109 s-1 was applied by deforming the simulation box in the y direction. 

During the test, periodic boundary condition was applied in the y direction and an NVT 

ensemble with Nose-Hoover thermostat was adopted to maintain a constant temperature of 

10 K. Note that the length of the CNTs and the size of rebar graphene strips in these MD 

models are smaller than those of the experimental samples mainly due to the limitation of 

current simulation power. Nevertheless, it appears that the interaction between CNTs and 

graphene and the distribution of CNT network are reasonably captured by the MD 
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simulations, which prove to play the key roles in achieving the observed toughening 

mechanisms in rebar graphene. 
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Figure 3. 6 Molecular Dynamics simulations of CNT bridging in rebar graphene samples. (A) MD 

simulation of crack propagation in a rebar graphene with CNTs in a regular staggered distribution 

pattern. The CNTs bridge the crack surfaces and fail as the crack propagates and the measured fracture 

toughness is enhanced. (B-D) Two failure modes of the bridging CNTs. The CNT could break leaving 

the graphene layer intact (top view and side view shown in b), or the graphene layer fractures with the 

CNT unbroken (top view and side view shown in d). (E) The stress-strain curve of the crack propagation 

test in a rebar graphene with CNTs in a regular staggered distribution pattern. The measured fracture 

energy, G is 38.9 J/m2, larger than that of graphene, 11.9 J/m2, obtained via MD simulations. (F-H) 

Local stress distribution and atomistic configurations at the connection region between CNT and 

graphene in rebar graphene model. Heptagons with high stress concentration (g) initiates local fracture 

process resulting in either CNT breaking (F) or graphene fracture (H).  

MD simulations of crack propagation were performed in rebar graphene samples 

(Figure 3. 5E) to investigate the interaction between CNTs and crack. The results 

demonstrate that the crack could be bridged and/or deflected by CNTs in rebar graphene. 

Figure 3. 6A shows that as the loading increases, along the crack path stress is transferred 
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by the CNTs which bridge the two crack surfaces, postponing the main crack propagation. 

The crack propagates only when the bridging CNTs are broken or pulled out, leading to a 

strong bridging effect (Figure 3. 6E) of the CNTs perpendicular to the initial crack path. 

The ending of individual CNT bridging (Figure 3. 6C) results from either the breaking of 

the CNT (Figure 3. 6B) or the daughter crack initiation in the connected graphene layer 

(Figure 3. 6D). These two localized, atomistic fracture events can be related to the local 

stress distribution and local atomistic configurations (i.e. the topological defect structures). 

As shown in Figure 3. 6G, when the CNT bridges the crack surfaces, high stress 

concentration builds up at the connection region between the CNT and the graphene layer. 

Locally, to accommodate the curvature change from the cylindrical CNT to flat graphene, 

there are positive and negative disclinations (pentagon and heptagon rings) at the 

connection spots. Previous studies have shown that the heptagon rings are weak spots for 

bond breaking in graphene and our simulations demonstrate that both failure modes, CNT 

breaking (Figure 3. 6F) or graphene fracture (Figure 3. 6H), initiate at these heptagon rings 

(51, 71). However, regarding the competing of the two local failure modes, no dominant 

trend is observed in the simulations. This is consistent with the experimental observation 

of both CNT pull-out and graphene bridging. It should be pointed out that the detailed 

atomistic configurations around the connection of CNTs and graphene layer remain 

unknown in experiments and the simulation model adopted here may still be different from 

the reality. Further advanced experimental observation and systematic simulations about 

the connection spots in rebar graphene may unveil more details about these failure modes 

to tune the bridging mechanism and are left for future study. 
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Figure 3. 7 Molecular Dynamics simulations of toughening mechanisms in rebar graphene samples. (A) 

MD simulation of crack propagation in pristine graphene. A straight crack path with smooth crack 

surfaces are observed. (B-C) MD simulation of crack propagation in a rebar graphene with an inclined 

staggered distribution of CNTs. The initial horizontal crack is deflected due to the bridging and breaking 

of a series of CNTs along the inclined direction. A more than four-fold enhancement of fracture energy 

is achieved compared with graphene in MD. (D-E) One step in crack deflection through daughter crack 

initiation (D) and crack coarsening (E). (F) Crack deflection through strong bridging in a rebar graphene 

with random staggered CNT pattern. (F-H) MD simulation of uniaxial tension test of a rebar graphene 

sample with a random staggered CNT pattern. CNT bridging, pulled out or fractured CNTs, crack 

defection and graphene bridging are observed during the fracture process and finally a zig-zag crack 

path cuts through the whole strip. 

MD simulations also show that the CNTs in rebar graphene could deflect the crack 

path through daughter crack initiation and coarsening and crack bridging. For purposes of 

comparison, we simulated crack propagation in pristine graphene along zigzag direction 

using MD as well. As shown in Figure 3. 7A, the crack propagates along a straight line in 

pristine graphene leaving smooth crack surfaces behind, which is consistent with previous 
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studies (98). However, in rebar graphene, for example, when the CNTs are oriented 

inclined with an angle to the initial crack path, as shown in Figure 3. 7B for the sample 

with inclined CNT pattern, a series of effective bridging events happen along the CNT 

distribution direction, resulting in the deflection of the crack path during the propagation, 

which further enhances the fracture energy of rebar graphene (Figure 3. 7C). The detailed 

crack defection mechanisms demonstrated in this example are daughter crack initiation and 

crack coarsening. As shown in Figure 3. 7D, the connections between CNTs and graphene 

often suffer high stress concentration and daughter cracks can initiate at these spots. Later, 

these secondary cracks coarsen and merge into the main crack, achieving a small “jump 

over” of the crack path (Figure 3. 7E). A sequence of such interaction could deflect the 

crack path away from the original direction (Figure 3. 7B). Another crack deflection 

mechanism in rebar graphene is crack bridging. As shown in Figure 3. 7F, strong CNT 

bridging in a rebar graphene sample with a random staggered pattern of CNTs can also 

deflect the crack path. 

To unveil more details of fracture process in rebar graphene, uniaxial tension tests are 

performed in rebar graphene strips with a random CNT pattern (Figure 3. 5F). Without an 

initial edge crack, multiple cracks initiate at different locations, propagate and interact with 

each other, resulting in a rich variety of crack initiation and propagation processes. Figure 

3. 7F-I show that CNT bridging,  CNT pulling out/fracture, crack deflection, graphene 

briging are all captured by the simulation and finally a zig-zag crack path forms in the 

sample, which are consistent with the experimental observation in Figure 4 and further 

validate the hypothesized toughening mechanisms of rebar graphene in a qualitative way. 

Due to these novel toughening mechanisms activated in rebar graphene, the fracture 
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toughness measured in MD simulation also show obvious enhancement. As a comparison, 

for pristine graphene, we obtained a fracture energy of 11.9 J/m2 and a critical SIF of 3.5 

MPa·m1/2 using MD simulation, which is in good agreement with previous study (98). The 

rebar graphene model with an inclined staggered pattern of CNTs discussed above shows 

a fracture energy of 54.8 J/m2 and a critical SIF of 4.4 MPa·m1/2 which achieves a more 

than four-fold enhancement in fracture energy. 

We also note that the experimental measured value of the critical SIF of rebar 

graphene reaches an average of 10.5 MPa·m1/2, which is still relatively larger than the 

simulation results. Qualitatively this discrepancy could be related to the following factors. 

Due to the limitation of current computational power, the rebar graphene models adopted 

in MD simulations are considerably smaller than those in real experiments. 

Correspondingly, the length of CNTs and the complexity of the CNT networks are all 

reduced and simplified to adjust to the available simulation size. Quantitatively, this scaling 

down could limit the effect of toughening mechanisms, reduce the size of the processing 

zone surrounding the crack tip and lead to an underestimated fracture resistance. What’s 

more, under current experimental condition, the detailed observation of the distribution of 

the CNT network and the atomistic configurations of the connections between CNTs and 

graphene layer in rebar graphene remain unknown. There could be different distribution 

patterns and connection configurations in the experimental samples. As demonstrated in 

current MD simulations, the CNT network distributions and the defect structure at the 

connections could affect the toughening mechanisms directly and alter the fracture 

toughness quantitively. For future study, it is important to combining the advanced 

experimental observation with MD simulations to construct a quantitative relation between 
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the toughness enhancement and rebar graphene structures. 

 

3.2.3 Effect of the geometry and distribution of CNTs on toughening 

The rebar graphene sample we studied in the experiments show certain randomness 

in the geometry and distribution of CNTs. Under current experimental techniques, there is 

still a lack of effective ways to fabricate rebar graphene with well controlled/designed CNT 

network in the laboratory. So, it remains a challenge to characterize the effect of CNT 

geometry and distribution on the enhancement of toughness directly. Alternatively, we 

performed MD simulations on rebar graphene models with controlled geometry and 

distribution in hope to shed some light on the possible effect of CNT’s geometry and 

distribution on the toughening effect in rebar graphene. 
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Figure 3. 8 The effect of the geometry and distributions of CNTs on toughening effect in rebar graphene 

via MD simulations (G denotes the measured fracture energy in MD simulations and equivalent to 

fracture toughness. For the purpose of comparison, a uniform thickness of 0.34 nm is adopted for all 

examples here). (A-B) The effect of the relative orientation of CNTs with respective to the crack path. 

CNTs lying closer to the vertical directions show better bridging effect. (C-D) The influence of the 

length mismatch between CNTs and graphene layer. Wrinkles in graphene layer help to improve the 

bridging effect of CNTs. e-f. The effect of CNT distribution patterns. The inclined pattern (F) shows 

better fracture energy than the regular one (E). (G-F) The influence of CNT density. Higher density of 

CNT network yields better fracture resistance. 
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Via MD simulations, we find that the toughness enhancement in rebar graphene could 

be influenced by the orientation of CNTs, the length mismatch between CNTs and the 

graphene layer, the density and distribution patterns of CNT networks. For example, when 

bridging the crack surfaces, the CNTs whose orientations are closer to the perpendicular 

direction of the crack path show better toughening effect (Figure 3. 8A and B) because the 

CNTs tend to first rotate to the orientation perpendicular to the crack path before bridging 

the crack surfaces effectively. Due to the possible wrinkles in the graphene layer, there 

could be some length mismatch between CNTs and the graphene layer lying beneath 

(Figure 3. 8D). MD simulations show that such length mismatch could also affect the 

toughening effect. For instance, the extra length in graphene layer/insufficient length of the 

CNTs could make CNTs bear more load at the early stage of deformation and enhance 

toughening effects (Figure 3. 8C and D). What’s more, the density and distribution pattern 

of CNTs can also alter the measured fracture energy of the samples. As discussed in the 

previous section, the rebar graphene with an inclined staggered distribution of CNTs 

demonstrated a better fracture energy than that with a regular staggered CNT distribution 

because of the toughening mechanism of crack deflection triggered by the CNT distribution 

pattern (Figure 3. 8E and F). Under the same distribution pattern, a higher density of CNTs 

usually yields a better fracture energy (Figure 3. 8G and F). These preliminary results 

strongly imply that there could be direct connections between the toughness enhancement 

and the geometrical parameters of CNT network. And the toughness of rebar graphene may 

be tuned and even optimized through designing the CNT network. A systematic study of 

the quantitative relation between fracture toughness enhancement and the geometry of 

CNT network is calling for more research efforts in the future. 
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3.3 Conclusions 
 

The previous study (98) demonstrates that the fracture toughness of graphene is only 

4.0 MPa·m1/2, which suggests that graphene is a typical brittle material. Considering that 

graphene has a great potential in building flexible devices, in case of resisting mechanical 

failure, graphene-like materials with higher fracture toughness is in need. Rebar graphene 

is the graphene toughened by CNTs. The measured fracture toughness is over twice higher 

than that of pristine graphene. Such promising fracture toughness would make rebar 

graphene find more practical applications. For example, rebar graphene could be a very 

good candidate material for flexible transparent conductive electrodes (180). In flexible 

electronics, once the electrode is under tension, compression, and twisting, the mechanical 

behaviors of electrode materials will dominate the reliability and stability of the device. 

Also, the rebar graphene can be used to fabricate 3D rebar graphene foams, which have 

demonstrated stable performance as a highly porous electrode in lithium ion capacitors 

(180). Another significance of our work is that through the measurement and study of 

fracture toughness enhancement in rebar graphene, materials with exceptional mechanical 

performance might be discovered and designed in the future. For example, the unveiled 

toughening mechanisms in rebar graphene may be applied to design and engineer other 

tough 2D material systems as hybrids of 2D planar sheets and 1D nanotubes, like rebar 

hexagonal-boron nitride (h-BN) and even rebar transition metal dichalcogenides (TMDs). 

In conclusion, we have performed quantitative in situ mechanical tests and numerical 

simulations on rebar graphene in comparison with similar tests done on pristine graphene 

and determined toughening mechanisms of the embedded carbon nanotubes. Such tests and 
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study are imperative to understanding and enhancing mechanical properties of 2D materials 

before their integration into robust electronic devices. The CNTs toughen the graphene as 

seen by the increased average SIF values obtained. This is further seen in a comparison of 

the nature of the crack propagations in graphene and rebar graphene. Graphene fractures in 

a linear, brittle manner where graphene rebar displays a zigzag fracture surfaces, guided 

and redirected by the embedded CNTs. The creation of this hybrid graphene material opens 

the door to many other 2D composites that can be mechanically tailored to the needs of 

their flexible device applications. 
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Chapter 4 
 

Engineer energy dissipation in 3D graphene 
nanolattice via reversible snap-through 

instability 
 

Chapter Summary 
 

Carbon micro/nanolattice materials, defined as three dimensional (3D) architected 

metamaterials made of micro/nanoscale carbon constituents, have demonstrated 

exceptional mechanical properties, including ultrahigh specific strength, stiffness and 

extensive deformability through experiments and simulations. The ductility of these carbon 

micro/nanolattices is also important for robust performance. In this work, we present a 

novel design of using a reversible snap-through instability to engineer energy dissipation 

in 3D graphene nanolattices. Inspired by the shell structure of flexible straws, we construct 

a type of graphene counterpart via topological design and demonstrate its associated snap-

through instability through molecular dynamics (MD) simulations. One-dimensional (1D) 

straw-like carbon nanotube (SCNT) and 3D graphene nanolattices are constructed from a 

unit cell. These graphene nanolattices possess multiple stable states and are elastically 

reconfigurable. A theoretical model of 1D bi-stable element chain is adopted to understand 

the collective deformation behavior of the nanolattice. Reversible pseudo plastic behavior 

with a finite hysteresis loop is predicted and further validated via MD. Enhanced by these 

novel energy dissipation mechanisms, the 3D graphene nanolattice shows good tolerance 

of crack-like flaw and is predicted to approach a specific energy dissipation of 233 kJ/kg 
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in a loading cycle with no permanent damage (one order higher than the energy absorbed 

by carbon steel at failure, 16 kJ/kg). This study provides a novel mechanism for 3D carbon 

nanolattice to dissipate energy with no accumulative damage and improve resistance to 

fracture, broadening the promising application of 3D carbon in energy absorption and 

programmable materials. 

4.1 Introduction 
 

Carbon micro/nano lattices are a unique family of architected metamaterials 

constructed from micro/nano-scale carbon constituents (181). During the past few years, 

they have demonstrated exciting potentials in reaching theoretical limits of mechanical 

performances as well as integrating properties which are often mutually exclusive through 

experimental studies and numerical simulations (86, 182-187). For example, the glassy 

carbon nano-honeycomb lattice fabricated through pyrolysis of polymeric microlattice has 

reached a compressive strength of 1.2 GPa at a density of 0.6 g/cm3, approaching the lower 

bound of the theoretical limit set by the bulk glassy carbon (86). Pyrolytic carbon 

nanolattices with topologies of octet- or iso-truss have been demonstrated to possess a 

combination of high specific strength, low density, extensive deformability and flaw 

tolerance, which are properties, in general, mutually exclusive in conventional materials 

(182). The record-breaking performances of these carbon nanolattices are boosted by at 

least two factors: the size-dependent properties of the constituents and the well-designed 

lattice architecture (181). By reducing the length scale of the components, such as beams 

or cell walls, to nanoscale, the constituents unlock the properties which are close to their 

theoretical values. For example, combining theoretical, computational and experimental 

studies (188-190), researchers have predicted that the critical size for pyrolytic carbon 
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being flaw tolerant is about ~490 nm (182). Experimental studies confirm that for carbon 

nanolattice with a characteristic length (diameters of the struts) below this size, local failure 

of the constituents becomes flaw insensitive, reaching the theoretical strength of bulk 

carbon materials (86, 182). The benefit of being small is further coupled with the well-

designed lattice architectures, resulting in richer and more balanced combinations of 

desired properties. For instance, via a systematic computational study of 3D graphene in 

the topologies of triply periodic minimal surfaces (TPMSs), it has been demonstrated that 

topology can strongly affect the elastic properties and failure mechanisms of graphene 

nanolattices (183, 184). In short, the combination of small-scale carbon constituents and 

unlimited architecture designs of lattice opens a broad exploration space for better material 

properties in carbon nanolattices. 

Besides pursuing high specific strength, ductility is also particularly important to 

carbon nanolattices for robust performances (186). At the material level, the carbon 

constituents are intrinsically brittle. Including bulk glassy carbon (86, 185), the basic 

material building block of most carbon nanolattices is graphene, a two-dimensional (2D) 

atomically thin layer of carbon atoms connected by sp2 hybrid covalent bonding (191). As 

one of the strongest known materials, graphene has a theoretical strength of 130 GPa (33) 

(two orders larger than that of bulk glassy carbon, 2~3 GPa (86) ). However, experimental 

studies have unveiled that the fracture toughness of graphene is only 16 J/m2 (192), which 

is close to that of an ideally brittle solid (193). As the characteristic length of carbon 

nanolattices falls smaller to make use of the ultrahigh strength of graphene, it is also 

important to enhance the toughness and ductility of the nanolattices. At the structure level, 

buckling is an important mechanism to dissipate energy in nanolattice materials under 
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compression (194-196). However, permanent and continuous damage often accompanies 

buckling events. For example, it is observed that for hollow metallic and ceramic 

microlattices, the hysteresis loops of stress-strain curves shrink as the number of loading 

cycles increases, especially over the first few cycles (196, 197). Also, while being 

accessible under compression (198, 199), buckling can have much limited effect on energy 

dissipation under tensile loading. For instance, MD simulations have demonstrated that 

under tension, graphene nanolattices, such as graphene gyroids, dissipate energy mainly 

through crack nucleation and propagation, which accumulates permanent damage and 

degrade the material systems (183, 184). Given the great potentials of carbon nanomaterials, 

it is important to enrich the design library of carbon nanolattices with examples of novel 

energy dissipation mechanisms in order to overcome this challenge. 

Like buckling, snap-through instability has been a long-time research topic (200-207). 

Recent studies unveil some unique advantages of this instability. On one hand, at macro-

scale, by carefully designing and arranging the snap-through units in metamaterials, 

sequential snap-through instabilities can be triggered under not only compressive but also 

tensile loading conditions (203, 206). Cyclic loading tests demonstrate that these built-in 

instabilities suffer little irreversible damage (206). Metamaterials with snap-through 

instability often exhibit multiple mechanically stable states, which open doors to the design 

of shape-reconfigurable materials (SRMs) (203). On the other hand, at small scales, basic 

conceptual units with mechanically bi-stable states and snap-through instability (208-211) 

have been adopted to explain deformation behaviors of phase transforming materials, 

including structure proteins with compactly folded or unfolded domains (212, 213) and 

shape memory alloys undergoing martensitic phase transformation (214). Such universal 
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structure-to-property relationship indicates great potential in engineering complex overall 

deformation behavior via bi-stable units and snap-through instabilities.  

The present study is aimed to address the challenge of toughening carbon nanolattice 

with the potential of snap-through instability in engineering overall material behavior. 

Through mechanism-inspired structure design, MD simulations and theoretical analysis, 

we present a novel design of 3D graphene nanolattice with snap-through instability and 

demonstrate that it can effectively dissipate deformation energy without accumulating 

irreversible damages via pseudo plastic deformation. 

 

3.2 Results 
 
3.2.1 Unit cell design 

We choose 2D graphene as a basis for our nanolattice design due to its outstanding 

mechanical properties. To adapt to the 2D geometry of graphene, we focus on shell-based 

designs 
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Figure 4. 1 Unit cell of shell structure in flexible straws and its nanoscale graphene counterpart 

engineered via topological design. (A) Geometry of the unit cell structure in straws. (B-C) The fully 

folded and fully extended states of flexible straws. (D) Phase field crystal simulation of a 2D crystal 

sample growing on the designed shell surface. (E) The atomic structure of the graphene unit cell with 

straw-like geometry after MD relaxation and the topological defects distributed at the inner and outer 

folds. 

At macroscale, numerous applications and studies have presented various examples of 

shell structures with snap-through instabilities (215-220). Here, we borrowed inspiration 

from one of the simplest cases, the flexible straw (221, 222), which can change length by 

transforming between the folded state and the extended state (Figure 4. 1B and C). As 

shown in Figure 4. 1A, the unit cell structure of such a flexible straw is a pair of intersecting 

conical frustra (the outer frustum, Q-T-P and the inner one, Q-P, intersecting at the folds P 

and Q). By designing the geometrical parameters of the unit cell, a recent study (223) has 

demonstrated that both the axially folded state and the extended state can be mechanically 
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stable (Figure 4. 1B and C) for elastic shells. Here, we constructed a full-atom model of 

graphene counterpart to such a unit cell by taking advantage of the methodology of 

topological design (54, 71, 224). As shown in Figure 4. 1D, phase field crystal modeling 

(141, 142, 225) was adopted to simulate the growth of 2D crystal on the designed geometry 

of the conical frustra. The thermal stability of the obtained crystal structure was validated 

by relaxing it under an NPT ensemble with Nose-Hoover thermostat (226) at 0 Pa and 300 

K for 50 ps using MD. The dimensions of the relaxed sample are listed in Fig. 1 e. It should 

be noted that even through the relaxed model does not fully conform to the designed 

geometry (Figure 4. 1D), the straw-like topology is stably maintained (Figure 4. 1E). 

Further inspection showed that topological defects (68, 224), such as disclinations and 

dislocations, only concentrate at the connections of the two frustra, accommodating and 

stabilizing the curvature transition (Figure 4. 1E). The inevitable presence of topological 

defects, their residual stress (54) as well as the Van der Waals (VdW) interactions (227) 

between graphene frustra make the atomic sample different from its counterpart at large 

scale.  
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Figure 4. 2 The two stress-free stable configurations of the unit cell and the process of a snap-through 

event. (A) The force-strain and potential energy-strain curves of the unit cell transforming from the 

folded state to the extended state. (B) Geometry of the two loading-free equilibrium configurations of 

the unit cell. The two halves of the unit cell are in the folded and extended states, respectively. (C-F) 

Snapshots of a snap-through event during a tension test in MD simulation. (G) 2D sketch of the 

deformation process of the inner frustrum during the snap-through process. 

To explore the snap-through instability and possible mechanically stable states of such 

straw-like unit cells, uniaxial tension tests were performed by applying a constant strain 

rate of 108/s to the simulation box along the axial direction. During the test, a periodic 

boundary condition was applied along the axial direction and an NVT ensemble with Nose-

Hoover thermostat (226) was adopted to maintain a constant temperature of 10 K. The 

force-strain and potential energy-strain curves are shown in Figure 4. 2A. The potential 
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energy curve shows two parabolic-like parts centered around the folded state (State A) and 

the extended state (State D), indicating both states have positive stiffness. Relaxation and 

loading tests via MD demonstrated they are mechanically stable. In the transition region, 

the force curve suffers a non-positive derivative, resulting from the snap-through instability 

and the corresponding negative incremental stiffness. Through the snap-through instability, 

the unit cell achieves a 33% elongation without any irreversible damage to the crystal 

structure (Figure 4. 2B). Careful inspection showed that the snap-through event mainly 

takes place at the inner frustum (P-Q in Figure 4. 2B) with the outer frustum (Q-T-P in 

Figure 4. 2B) serving as a constraint to its deformation. At the folded state, the inner 

frustum is already self-stressed under no external loading (Figure 4. 2C). As the external 

tension increases, the highly compressive stress state is pushed toward the inner fold, Q 

(Figure 4. 2D). At the critical moment, the axial-symmetry of the deformation is broken 

(Figure 4. 2E) and the inner frustrum flips out (Figure 4. 2F), resulting in a snap-through 

event (Figure 4. 2G). Compared to the folded state (Figure 4. 2C), the residual stress in the 

inner frustrum is reduced in the extended state (Figure 4. 2F). Correspondingly, the 

potential energy in the extended state is lower than that of the folded state (Figure 4. 2A) 

even through the two share the same atomistic topology. In short, the straw-like unit cell 

possesses two mechanically stable states and can snap-through between them under tension, 

suffering no permanent damage. It is also interesting to note that similar bi-stable states 

and snap-through events have been studied in shell systems at macroscale. For example, 

via experiments and finite element simulations, mirror buckling and snap-through events 

in spherical cap shells have been studied, where it is demonstrated that the initial 

asymmetrical buckling can make the snap-through more robust (219). Recently, an energy 
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landscape analysis is conducted for cylindrical shells. Such detailed energy landscape 

proved to be an insightful guidance for designing controllable buckling paths between 

different states (220). Inspired by these advances in shell buckling study, we wish to point 

out that it is very likely the straw-like unit cell presented here can be further tuned for more 

optimized mechanical behavior. For instance, by adjusting its geometrical dimensions, 

defect/imperfection distributions and residual stress fields, the unit cell may demonstrate a 

higher stress level for snap-through transition and a larger elongation between the folded 

and the extended states. We leave this optimization to a future study and focus on the 

coupling between the unit cell behavior and the lattice level design in the current study. 

In the following section, we combine the unit cell with different lattice designs to 

construct 1D and 3D graphene nanolattices and study their collective deformation 

behaviors, aiming at engineering effective energy dissipation by leveraging the effect of 

the snap-through instability. 

 

4.2.2 Lattice design: 1D and 3D 
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Figure 4. 3 1D lattice design: a straw-like CNT. (A) The four stress-free equilibrium configurations 

with different lengths. (B) Force-strain and potential energy-strain curves during transition from the 

fully folded stated to the fully extended state under tension via MD. (C) One unit cell compressed back 

to its folded state without suffering axial buckling. (D) Axial buckling of the SCNT with three unit cells 
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under compression. 

Straightforwardly, by repeating the unit cell along the axial direction, we obtain the 

1D lattice of a straw-like CNT (SCNT). Because each unit cell within the SCNT can choose 

either the folded state or the extended state, the SCNT sample can have multiple 

mechanically stable states. Under tensile loading along the axial direction, the SCNT can 

transform through these states and achieve different axial lengths, making it a 

reconfigurable 1D nanolattice. We validated this capability via MD simulations. One 

example SCNT with three unit cells is transformed from the fully folded configuration to 

the fully extended state under tensile loading in MD. As shown in Figure 4. 3, four different 

equilibrium lengths are identified from MD (Figure 4. 3A). During the tensile loading 

process, they are separated by discrete snap-through events of individual unit cells (Figure 

4. 3B). At each instability event, the stored strain energy (orange solid line in  Figure 4. 3B) 

is partially released and dissipated into the environment via thermal vibrations. 

Correspondingly, the loading force drops, leaving a saw-teeth like force-strain curve (blue 

dash line in  Figure 4. 3B).  

One limitation for this 1D nanolattice of SCNT is that it can be hard to transform the 

extended configuration back to the folded one due to global axial buckling of SCNT under 

compression. As shown in  Figure 4. 3C and D, under compression, even though the straw-

like unit cell can snap back to the folded state, the SCNT with three unit cells buckles along 

the axial direction before the backward snap-through can happen. This asymmetry in 

tension and compression limits the reconfigurability of 1D SCNT in cyclic loading. Next, 

we construct a 3D lattice to overcome this limitation. 
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Figure 4. 4 3D design: 3D graphene nanolattice made of straw-like graphene unit cells. (A) The square 

lattice structure of SCNT bundles. (B) The covalently bonded connection between neighboring unit cells 

and topological defect distribution nearby. (C-D) The stress-strain and strain energy density-strain 

curves of a single unit cell under a tension-compression loop between the folded and extended states. 

(E-F) The stress-strain and strain energy density-strain curves of a 3D graphene nanolattice with 3-by-

3-by-3 unit cells under a tension-compression loop between the folded and extended states. 

As shown in Figure 4. 4A, parallel 1D SCNTs are assembled into a bundle-like 

architecture according to a square lattice with lattice parameter, a, forming a new 3D 

graphene nanolattice. We chose a to be smaller than the outer diameter the SCNTs, 2R2 

(Figure 4. 1A), so that the neighboring SCNTs are interconnected through covalent bonding. 

We designed the atomic structure using topological design (224). As shown in Figure 4. 
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4B, topological defects appear and help to accommodate the curvature transition at the 

connections. To investigate the deformation behavior of such 3D graphene nanolattices, 

we performed tension-compression cyclic loading along the vertical directions (which is 

the axial direction of the SCNTs) using MD. It is demonstrated that these 3D graphene 

nanolattices can snap forward and backward between the fully folded and extended states 

under cyclic loading without suffering global buckling or irreversible damage, which 

makes them elastically reconfigurable.  

It should be noted that the number of unit cells along the axial direction can affect the 

deformation behavior of the 3D graphene nanolattices. In a reference case of one single 

unit cell under cyclic loading along the axial direction (Figure 4. 4C-D), it is observed that 

the mechanical responses along tension and compression paths show very limited 

differences. For example, in Figure 4. 4C and D, the stress-strain and strain energy density-

strain curves of tension and compression tests are close to each other. Correspondingly, 

very limited energy can be dissipated during such a displacement-controlled loading loop. 

However, the energy dissipation is amplified when there is more than one unit cell along 

the axial direction. For instance, in Figure 4. 4E-F, a sample with 3-by-3-by-3 unit cells are 

tested under the same loading condition. The stress-strain history takes different paths 

under tension and compression. Correspondingly, a hysteresis loop appears, and the energy 

associated with it is dissipated after the cycle (Figure 4. 4E). Intuitively, this hysteresis 

behavior can be related to the snap-through instability.  As shown in Figure 4. 4E-F, the 

snap-through events correspond to the sudden jumps in the stress-strain and strain energy-

density curves. Two observations can be made here. First, the pairs of neighboring snap-

through events from tension and compression paths (such as S-Ti and S-T(7-i), where i =1, 
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2, 3 in Figure 4. 4E-F) happen at different strain values. Second, in the region with strain 

values between one pair of such snap-through events, the strain energy density curves along 

tension and compression paths deviate from each other (Figure 4. 4F, regions with dash 

line arrows), indicating that the system can be in/near configurations with different 

equilibrium lengths and stiffnesses. To systematically explain the relationship between the 

hysteresis behavior, snap-through instability and multi-stable configurations, a theoretical 

model is developed in the next section. 

 

4.2.3 Theoretical model 

In this section, we construct a theoretical model to explain our observation of 3D 

graphene nanolattice with snap-through stability and predict the collective behavior of 

samples with large members of unit cells. 
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Figure 4. 5 A theorical model of 1D chain of bi-stable elements. (A) Abstracting the graphene 
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nanolattice with straw-like unit cell into a 1D bi-stable element chain. (B) The constitutive law of a 

single bi-stable element based on the MD data. (C-D) Theoretical predictions of the stable deformation 

branches and the paths taken under tension and compression loading on the stress-strain and strain 

energy density-strain curves. 

Phenomenologically, our 3D graphene nanolattice can be modeled as a series of 

identical unit cells connected one after another along the axial direction. For each unit cell, 

there exits two equilibrium configurations with different lengths and stiffnesses. 

Correspondingly, we adopted a theoretical model of 1D chain of bi-stable elements to study 

the nanolattices (Figure 4. 5A). Similar models have been successfully applied to 

understand the rate independent hysteresis of phase transforming materials (208, 209, 228), 

protein deformation (229, 230) and deformation behavior of polymeric foams and carbon 

nanotube foams (231).  

First, the deformation behavior of the unit cell of our 3D graphene nanolattice is 

represented by a bi-stable elastic element. Based on our MD results (Figure 4. 5C-D), the 

deformation of the unit cell under both tension and compression can be represented by a 

single stress-strain curve with no hysteresis loop (Figure 4. 5B), ( )biσ σ ε= . Accordingly, 

the tangential stiffness tE , defined as ( )'
t biE σ ε σ ε= = ∂ ∂ , varies, where σ  and ε  are 

the stress and strain along the axial direction of the unit cell. Based on the sign of tangential 

stiffness, there exist two stable phases with 0tE > , namely Phase I for T
Iε ε<  and Phase 

II for C
IIε ε> , separated by a spinodal region with 0tE < , where T

Iε  and C
IIε  are strain 

values reaching zero tangential stiffness, i.e., ( ) ( )' ' 0T C
bi I bi IIσ ε σ ε= = . The presence of this 

spinodal region breaks down the one-to-one mapping between stress and strain for 

( ),C Tσ σ σ∈  and ( ),C T
I IIε ε ε∈ , where Cσ and Tσ are the lower and upper bounds of stress 
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in the spinodal region, ( )C C
bi IIσ σ ε= , ( )T T

bi Iσ σ ε= , C
Iε  and T

IIε  satisfy ( )C C
bi Iσ ε σ=  in 

Phase I and ( )T T
bi IIσ ε σ=  in Phase II (Figure 4. 5B). For our specific unit cell with 

0C Tσ σ< < , there are three stress-free equilibrium configurations ( 0σ = ). The one in the 

spinodal region is not mechanically stable while those two in Phase I and II are, which 

makes our unit cell a bi-stable elastic element defined by a single stress-strain curve shown 

in Figure 4. 5B.  

Second, consider the static/quasi-static deformation of 1D chain of 2N ≥  such bi-

stable elements connected in series. In equilibrium, the strain of the chain, ε , is the 

average over all elements and the stress of chain, σ , is continuous through all members, 

 1

1

, 1,2,...

N

i
i

i

N
i N

ε ε

σ σ
=

=

= =

∑ , (4.1) 

where iε  and iσ  are strain and stress of the i-th element in the chain. Combining Eq. (4.1) 

with the constitutive relation of individual element,  

 ( ) , 1,2,...i bi i i Nσ σ ε= = , (4.2) 

as depicted numerically on Figure 4. 5B, all possible equilibrium configurations can be 

found for given σ  or ε . However, it should be noted that the available equilibrium 

configurations are not necessarily stable. Here, we are only interested in those which are 

mechanically stable to be physically meaningful (and relevant to MD simulations at finite 

temperature). The multiple equilibrium configurations can be distinguished by the state of 

the system, i.e., the numbers of elements in the three phases, ( ), ,I S IIn n n , where In , IIn  

and Sn are numbers of elements in Phase I, II and spinodal region, respectively,
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I II Sn n n N+ + = . Previous studies on similar bi-stable element chains (208, 232) have 

shown that the equilibrium configuration is mechanically stable only if  

 
1

0
0

S

S

n
n or σ

ε

=
= ∂

< ∂
, (4.3) 

i.e., the equilibrium configurations with no element in the spinodal region, 0Sn = , are 

stable; for system with only one element in the spinodal region, 1Sn = , it is stable only if 

the overall tangential stiffness is negative. Combining this criterion with the constitute law 

of individual bi-stable elements, Eq. (4.2) and the constraint of 1D chain, Eq. (4.1), we can 

obtain the stable branches of deformation behavior of the 1D chain under all possible 

system states, ( ), ,I S IIn n n . One example of these branches in stress-strain and strain energy 

density-strain curves is shown in Figure 4. 5C-D (black solid lines and thick dash lines) for 

a chain of 3N = . There exist 1N +  branches for system states with 0Sn = , i.e., 

( ),0, , 0,1,...N i i i N− =  (black solid lines in Figure 4. 5C-D). They all have a convex shape 

in strain energy density curves (Figure 4. 5D) with one local minimal ( , 0,1,..,Si i N= ), 

indicating positive stiffnesses and stress-free equilibrium configurations. They are 

terminated at the points ( , , 1,2,..Ti Ci i N= ) where the stress reaches the critical values ( Tσ

or Cσ ) to push one of their elements into the spinodal region. Interestingly, these 

termination points make the 1N +  branches overlap with each other over finite strain 

intervals. These 1N +  stable branches are connected by another N  branches for system 

state with 1Sn =  (black dash lines in Figure 4. 5C-D), forming a connected path. However, 

for our graphene nanolattice case, except for a small portion, T3-J1 (thick dash line), most 
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parts of the N branches with 1Sn =  have a positive tangential stiffness and are therefore 

not stable. Consequently, the available stable branches (S0-T1, C3-S1-T2, C2-S2-T3-J1, 

C1-S3 in Figure 4. 5C-D) between the fully folded and extended states (S0-S3) are 

disconnected fragments with strain overlapping in stress-strain and strain energy density-

strain curves.  

It is the discontinuity and overlapping of the stable deformation branches that 

distinguish the collective behavior of elements in 1D chain from that of one element in 

monotonical and cyclic loading. First, consider a monotonically increasing tensile loading 

applied to the chain of three elements in a displacement-controlled way (red solid line in 

Figure 4. 5C-D). Starting from the fully folded state, S0, in the branch of ( ),0,0N , the 

system raises the stress and accumulates energy until reaching the end of this branch, T1 

with a stress of Tσ . The continuity of overall strain required by displacement-controlled 

loading condition can be used to find the next stable deformation branch. Accordingly, in 

a discrete manner, the system has to switch to the next available branch, ( )1,0,1N − , at the 

point of the same strain via a snap-through event. Assuming the system is overdamped, this 

sudden change of system state results in a drop in the stress response and partially releases 

the energy of the system, which is not observed in the case of one bi-stable element. Similar 

changes of system state reappear at the right end of the each stable branches until the fully 

extended state, SN , on the last branch ( )0,0, N  is reached, leaving behind a saw-teeth like 

stress-strain curve. During this loading path, the dissipated energy includes not only the 

work done by the external loading but also the energy difference between the stress-free 

configurations, SN  and 0S . Second, consider a full loop of tension-compression loading. 
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Like in the tension path, the saw-teeth stress-strain curve and sudden drops in system 

energy also appear at the left end of each stable branch ( , 1,2,3,..Ci i =  in Fig. 5 c-d) along 

the compression path from SN  to 0S . Moreover, due to the overlapping of different stable 

deformation branches in strain intervals, the system can choose among different stable 

branches under tension and compression over the same strain interval. Correspondingly, 

over these intervals the system has different states, showing different stiffness, stress and 

strain energy responses (shaded regions in Figure 4. 5C-D). The separation of loading paths 

in tension and compression results in hysteresis loops under cyclic loading, which is also 

absent in the single element case. After a full loop, the system can fully recover with no 

energy change. The nontrivial work done by the external loading is fully dissipated through 

the hysteresis loops between tension and compression path in the stress-strain curve. In 

summary, the theoretical model predicts that the collective behavior of bi-stable elements 

in a 1D chain gives birth to the discontinuity and overlapping of stable deformation 

branches. The switching between different branches results in saw-teeth stress-strain 

curves under monotonical loading. The different choice of the overlapped branches yields 

the hysteresis loops in cyclic loading. These predictions explain the behaviors observed in 

MD simulations (Figure 4. 5E-F). 

 

4.2.4 Pseudo plastic behavior in graphene nanolattices with large numbers of unit cells 
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Figure 4. 6 Validating the theoretical model and predicting the collective behavior of nanolattice with 

a large number of unit cells. (A-B) MD results and theoretical predictions of stress-strain and strain 

energy density-strain curves of the nanolattice with 10 elements along the axial direction during a 

tension-compression loop. (C-D) Theorical prediction of the deformation of a nanolattice with 1000 

elements along the axial direction and its comparison to that of a single bi-stable element. 

To quantitatively validate the theoretical model, we compare its prediction to the 

results of MD simulations. A tension-compression test was applied to a 3D graphene 

nanolattice with 3-by-3-by-10 unit cells using MD. Its results are compared with the 

prediction of the theorical model for the case of 10N = . It should be noted that, there exist 

some important differences between the assumptions of the theoretical model and the MD 

simulation conditions. In the theoretical model, it is assumed that the system is over-

damped, and the deformation is quasi-static (i.e., no kinetic effect has been included) and 

the strain rate is infinitely low. In contrast, the MD simulations are performed with a 
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constant temperature of 10 K and a relatively high strain rate of 810 s . Under such a 

simulation condition with kinetic effects, the snap-through events can be triggered earlier; 

Several unit cells may snap at the same time; After snap-through events, the suddenly 

released deformation energy may excite extra fluctuations and it takes time for the 

associated thermal energy to be absorbed by the environment. In spite of these differences, 

as shown in Fig. 6 a-b, the history of stress and strain energy density during the full loading 

cycle still shows a reasonably good agreement between MD results and theoretical 

predictions. This consistency indicates that the deformation behavior of the graphene 

nanolattice in this study is not sensitive to strain rate and can be well captured by both MD 

and the theoretical model. 

Comparing the MD results of cases for 3N =  (Figure 4. 4E-F) and 10N =  (Figure 4. 

6A-B), it is also noted that as the number of unit cell along the axial direction increases, 

the amplitude of stress oscillations along tension/compression paths decreases and the area 

of hysteresis loop increases. Based on this observation, it becomes interesting to predict 

the asymptotic behavior of nanolattice samples with large numbers of unit cells and ask 

what is the upper bound of energy dissipation for this nanolattice design. While the full 

atom MD simulations may be limited by the available computational power, the efficient 

theoretical model developed above is suitable for this task.  

By keeping increasing N (from 10 to 1000) in the theoretical model, we observed the 

deformation behavior converges to a pseudo plastic behavior with a finite hysteresis loop. 

For stress level between Cσ  and Tσ , as N  increases, the available stable deformation 

branches (grey lines in Figure 4. 6C-D for 1000N = ) increases and become densely packed 

between the fully folded and extended configurations. The distance between neighboring 
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branches become smaller and the overlapping regions become larger. Correspondingly, the 

amplitude of stress drops due to switching between two neighboring branches decreases 

and averaged stress levels approach ending points of the stable branches, which are Cσ  or 

Tσ . The plasticity-like behavior with flow stress Cσ  and Tσ  in tension and compression, 

respectively, is observed (K-L and M-N in Figure 4. 6C). However, there is no irreversible 

damage accumulated in this reconfigurable nanolattice during the process. So, we term this 

as a pseudo plastic behavior. The hysteresis loop formed by these two stress plateaus is 

finite because the branch overlapping only exists over the strain interval, ( ),C T
I IIε ε . The left 

and right boundaries of this hysteresis loop are confined by the stress-strain curves of the 

constituent bi-stable element between Cσ  and Tσ  in Phase I and II respectively (K-N and 

M-L in Figure 4. 6C). For stress level beyond the interval ( ),C Tσ σ  or strain level beyond 

( ),C T
I IIε ε , the only stable states are ( ),0,0N  or ( )0,0, N  and the nanolattice behaves in the 

same way as one unit cell does.   

It is interesting to note that the overall behavior of such a nanolattice with large 

number of unit cells is different from but strongly connected to that of its constituent 

element. It is the lattice arrangement that enables the novel deformation behavior in the 

assembly level, such as pseudo plasticity and hysteresis. At the same time, the deformation 

behavior of single bi-stable element determines the bounds of the pseudo plasticity and 

hysteresis loops at the lattice level. The strong connection between the behavior of the 

overall lattice and its constituent provides a promising way to preserve superior properties 

of nano-scale constituent up to the lattice scale. For example, the reversible snap-through 

capability of the specific straw-like unit cell studied in the present work benefits from the 
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ultrahigh strength, in-plane stiffness (33) and outstanding bending flexibility (16) of 

graphene. With a density of 3453kg m (in the fully folded state), the graphene nanolattice 

made of such unit cells is predicted to have flow stresses of 39MPa  in tension and 

163MPa−  in compression over a strain ranging between -0.18 and 0.49. The energy 

dissipation per unit mass for a full loop between the fully folded and extended states can 

approach 233kJ kg , and this process is purely elastic with no permanent damage. 

Optimization of the geometry and topological defect distribution of the unit cell may 

further improve this specific energy dissipation density of the nanolattice.  Meanwhile, for 

carbon steel SAE 1020 annealed, with a density of 37872kg m and a toughness of 

3128755kJ m , the energy absorption per unit mass at failure is 16.4kJ kg , which is one 

order of magnitude smaller than the predicted value of the graphene nanolattice studied 

here. 
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Figure 4. 7 MD simulation of a tension test of a graphene nanolattice slab with an edge crack. (A) 

Geometry of the graphene nanolattice. (B) The overall stress-strain curve. (C)  Crack trapping due to 

the band-like region around the crack tip transformed into the extended state via snap-through events. 

At last, we demonstrated the effect of the energy dissipation mechanisms enabled in 

this novel 3D graphene nanolattice on resisting crack propagation. As shown in Figure 4. 

7, MD simulation of a uniaxial tension test in a slab of the graphene nanolattice 200 nm in 

length and 100 nm in height with a 50 nm edge crack was performed. Unlike the uniform 

loading in previous uniaxial tension tests, high stress concentration is expected around the 

crack tip region and promotes crack propagation (193). However, in the graphene 

nanolattice, it is observed that unit cells near the crack tip transform from the folded state 

into the extended one first. Correspondingly, the stress near the crack tip region is mostly 

released and the crack tip is trapped (Figure 4. 7C). As the transformation region expands 

through the lattice, the overall stress level also decreases (Figure 4. 7B) due to the 

reconfiguration of the nanolattice. This example demonstrates that the graphene nanolattice 
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with snap-through instability can tolerate crack-like flaw and behave in a ductile manner 

within the pseudo plastic deformation region. 

 

4.3 Conclusions 
 

Carbon nanolattices have demonstrated great potential in achieving outstanding 

mechanical performances, including a combination of high strength, low density, good flaw 

tolerance and extensive deformability, which are rarely seen in conventional materials. In 

the present study, we have investigated a type of 3D graphene nanolattice for better 

ductility through an efficient energy dissipation mechanism design. Specifically, snap-

through instability is implemented in the unit cell level via a straw-like graphene cell. With 

simple lattice architectures, 1D and 3D graphene nanolattices made of such unit cells 

demonstrate multiple stress-free equilibrium configurations and are elastically 

reconfigurable. Through tension and compression tests in MD, stress plateaus with saw 

teeth-like oscillations and finite hysteresis loops emerge as the number of unit cells in the 

lattice increases. This lattice-level deformation behavior is explained by a theoretical model 

of a 1D bi-stable element chain. The theoretical model identifies multiple stable 

deformation paths available to the lattice. It is the discontinuity and overlapping of these 

deformation paths that give birth to a pseudo plastic deformation. Interestingly, the 

theoretical model predicts that the pseudo plastic behavior of the nanolattice is bounded by 

the deformation behavior of the unit cell. Benefiting from the outstanding property of the 

nanoscale unit cell, nanolattices with large numbers of such unit cells is predicted to 

achieve a specific energy dissipation of 233 kJ/kg during a full loading cycle without any 

irreversible damage, which is one order of magnitude larger than the energy absorbed by 
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carbon steel at failure (16.6 kJ/kg). With such efficient energy dissipation mechanisms 

enabled by snap-through instability, the graphene nanolattice is demonstrated to be able to 

trap and postpone crack propagation in MD, showing good tolerance of crack-like flaw and 

enhanced ductility. This novel capability may broaden the potential application of 3D 

graphene nanolattices in energy absorption (204) and programmable materials (233). 
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Chapter 5 
 
Crack evolution in multilayered 2D materials 

in the presence of interlayer sliding 
 

Chapter Summary 
 

Multilayered 2D materials have found broad applications in fields ranging from 

flexible electronic devices to reinforced composites. As a stack of homogeneous or 

heterogeneous 2D material layers, the performance of multilayered 2D materials is 

influenced by not only the intralayer properties but also the interlayer interactions. Recent 

progresses in characterizing both the intralayer and interlayer properties in 2D materials 

have reviled sharp contrasts between these two, which distinguishes multilayered 2D 

materials from the conventional multilayered composites in macroscale. Thus, it becomes 

particularly interesting to ask how interlayer interactions affect the fracture process in 

multilayered 2D materials, given that 2D materials as individual layers often suffer from 

low fracture resistance. In this chapter, we study the toughening effect of the interlayer 

sliding on crack propagation and the competition between intralayer crack propagation and 

interlayer crack penetration. Using theoretical analysis and numerical simulations, we 

derive the energetic driving force for a propagating crack in contact with a neighboring 

intact layer and demonstrate an enhanced critical fracture strain due to interlayer interaction. 

The enhancement in the critical strain depends on the sample size, in-plane modulus of the 

neighboring layer as well as the interlayer shearing stress. Based on that, we further include 

the strength-controlled failure and provide a phase diagram to predict whether the initial 
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crack will propagate within the layer or penetrate the neighboring layer. Our finding 

presents a clear fracture mechanics model demonstrating how interlayer sliding can affect 

intralayer fracture and provide guidance for toughening multilayered 2D materials by 

choosing suitable sample size and combination of individual layers. 

5.1 Introduction 
 

Multilayered 2D materials have demonstrated novel collective properties beyond the 

constituent layers and are gaining broad applications in a variety of fields, ranging from 

functional electronic devices (77, 234-236), bio-functional coating (237) to reinforced 

composites (238-240). As an recent example, by stacking different 2D materials, such as 

graphene, hexagonal boron-nitride (hBN) and transition metal-dichalcogenides (TMDs, 

e.g., MoS2 and WSe2) on top of one another, van der Waals (vdW) heterostructures have 

emerged as a novel material system with unprecedented functions and tunability (77, 236, 

241). For example, unconventional superconductivity is realized in bilayer graphene by 

adopting a magic twisting angle about 1.1 degree (242, 243); New designs of electronic 

devices based on vdW heterostructures have emerged, including tunneling transistors (244, 

245), barristors (246), optoelectronic devices (10, 11, 247) and flexible electronics (248, 

249). For novel structural material engineering, multilayered graphene and graphene oxide 

(GO) have been adopted as reinforcements in metals (e.g., Al, Cu and Ni) (172, 238, 250, 

251), ceramics (e.g., alumina, silicon nitride and hydroxyapatite) (239, 252-254) and 

polymers (240) due to their unique 2D structure and outstanding mechanical properties. As 

discussed in the previous chapters, 2D materials as individual layers often suffers from a 

limit fracture toughness (98-100, 154). Therefore, understanding and predicting fracture 

behavior of these multilayered 2D materials is of great engineering significance for 
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realizing and optimizing the full potential of these promising applications. 

At the same time, multilayered 2D materials distinguishes themselves by the unique 

interfaces, which makes the fracture problem in them particularly interesting for 

fundamental mechanics. As multilayered systems made of atomically thin layers, 

multilayered 2D materials possess unprecedented volume ratio of interfaces (255) 

comparing with the conventional laminated composites in macroscale (256, 257). For 

example, with an interlayer distance about 0.34 nm (255), multilayered graphene can have 

an interface density reaching 2.9×109 m2/m3. More importantly, there exist high contrasts 

between intralayer and interlayer properties in multilayered 2D materials due to the 

different chemical nature. For example, in vdW heterostructures, high in-plane stretching 

modulus arises from the strong covalent bonding within the layers (33, 258, 259) while 

only low interlayer sliding stress can exist due to the weak and dispersive vdW interactions 

between layers (260-262). Recent experimental studies have unveiled that the interlayer 

shear stress is about 40 KPa in bilayer graphene (260) and can reach 5 MPa in GO films 

(261), which are much lower compared to their in-plan strength. The unique anisotropy 

between intralayer and interlayer interactions and high interface density make the overall 

deformation behaviors of multilayered 2D materials fundamentally different from the 

conventional layered composites in macroscale. For example, due to the interlayer shear 

and sliding effect, the bending rigidity of multilayered graphene, h-BN and MoS2 do not 

follow the classical plate theory’s prediction for perfectly glued or ultralubricated 

multilayered plates (79). Similar interlayer sliding has also been observed in the fracture 

process of the multilayered 2D materials. For instance, asynchronous crack propagation in 

single-crystalline multilayered graphene is captured in in situ SEM experiments and the 
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enhancement in the measured fracture toughness is attributed to the interlayer shearing 

stress and interlayer slippages (263); Intralayer crack propagation and crack nucleation in 

the neighboring layer are observed in bilayer MoS2 in TEM images and MD simulations 

(264). These observations suggest the interlayer sliding can affect the fracture process and 

failure modes in multilayered 2D materials and raise fundamental questions about fracture 

process of multilayered 2D materials in the presence of interlayer sliding.  

The present chapter is aimed to investigate the effect of interlayer sliding on fracture 

process in multilayered 2D materials. Through an integrated theoretical and numerical 

approach, we will demonstrate a novel size dependence of the critical load for crack 

propagation different from the monolayer case and present a phase diagram for predicting 

intralayer crack propagation and interlayer crack penetration due to interlayer sliding.  

 

5.2 Results 
 
5.2.1 Model problem 

2H
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Figure 5. 1 Schematics of the model problem of a bilayer strip. (A) A bilayer infinite long strip with a 

height of 2H is loaded by prescribing the displacement at the lower and upper boundaries to propagate 

a semi-infinite initial crack in middle of the top layer. (B) The two layers is made of linear elastic 

material. (C) The interlayer interaction between the two layers shows a constant interlayer shearing 

stress acting against any nonzero relative sliding displacement. 

In different engineering applications, the combination of the constituent layers, 
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intralayer and interlayer properties, geometry and loading conditions of the multilayered 

2D material systems can be very complicated. Without loss of generality, the present study 

focuses on the shared features of these situations and studies a model problem by 

considering a steady state of crack propagation (144). As shown in Figure 5. 1A, a semi-

infinite edge crack sits in the middle of the top layer (Green one) of an infinite long bilayer 

strip of a height 2H. The bilayer strip is loaded uniaxially by prescribing the displacement 

at the top and bottom boundaries as,  

 
0 0

2 , 0
2 0

x x

y y

u u
for y H for y

u u
= =  = = = ∆ =  

. (5.1) 

The two layers are made of two linear elastic brittle materials with Young’s modulus Ei, 

Poisson’s ratio iν  and fracture energy Gci  and have a thickness of ti, where i = 1 and 2 for 

the bottom and top layers respectively. The initial crack only cuts through the top layer 

leaving the bottom layer intact (Figure 5. 1B). The two layers are in contact with each other 

and we assume there exists a constant interlayer shear stress, 0τ , acting against the 

interlayer sliding between the two layers (Figure 5. 1C). It should be noted that this 

simplified interlayer sliding law captures the strength of the interlayer lateral interaction 

(260) while remaining insensitive to the detailed physical origin, such as registry dependent 

vdW interactions between crystalline surfaces (265, 266) or repeatedly bond breaking and 

forming in GO films (267). Similar assumptions have also been adopted and validated in 

the previous studies like bulge tests of multilayered 2D materials (260). With such a set of 

minimal assumptions, we aim at estimating the critical loading for the initial crack to 

propagate steadily in the presence of interlayer sliding. 
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5.2.2 Steady state analysis of the crack tip driving force 

While the displacement field near the crack tip is hard to solve given the nonlinear 

interlayer sliding law, it remains relatively easy to obtain the deformation of in the regions 

far ahead of or far behind the crack tip (e.g., Region I and II in Figure 5. 1A). As the lateral 

distance to the crack tip goes far beyond the characteristic length of the geometry (i.e., the 

height H), the deformation field is expected to be affected little by the crack. Thus, Region 

I can be approximated as being under uniaxial tension without any interlayer sliding and 

the vertical displacement satisfies (Figure 5. 2C), 
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where ui is the vertical displacement, 21
i i

i
i

E tk
ν

=
−

is the 2D in-plane stiffness with i = 1 and 2 

for the bottom and top layers respectively. In Region II, an interlayer sliding zone, 

[ ],y A H∈  (Figure 5. 2D) forms from the initial crack surface and grows as the external load 

increases. The displacement satisfies 
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where A and (H−A) is the length of the sticky zone and the sliding zone in the low half. 

There also exists a critical loading displacement, FS∆ , with which the sliding zone will 
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occupy the whole height of the sample (i.e., A = 0). And for FS∆ > ∆ , the sliding zone no 

longer expands and the displacement field in Region II satisfies (Figure 5. 2E), 

 [ ]
( ) ( )
( )

2
1

1 21 02

12
2

2 02 2
2

0 0 00
for 0, , with boundary conditions

0
0

y H

d u u uk
dy

y H u H
d uk dukdy

dy

τ

τ

=




= =− = 
 ∈ = ∆ 
 + =  = 



. (5.4) 

 

2H

Sliding zone

III

2H

Sliding zone

III

A B

H y
0

Sticking zone

x

y

x

y

I II

H y
0 A

Sticky 
zone Sliding zone

N2>0
N1>0

N2(H)

N2=0
N1>0

N1(H)

N2(0)

N1(0)

N2(0)

N1(0) N1(H)

H y
0

Full sliding 

N2=0
N1>0

N2(0)

N1(0) N1(H)

C D E

Free body diagram 

II

 

Figure 5. 2 Solving the displacment field in the regions far ahead of and far behind the crack tip. (A) 

Under a relatively small load, a finite sliding zone forms form the crack surfaces behind the crack tip 

and occupies part of the strip height. (B) Under a relatively large load, the sliding zone behind the crack 

tip grows to occupy the whole height of the strip and remains saturated even as the external load keeps 

incrasing. (C) free body diagram (FBD) of Regin I far ahead of the crack tip. (D) FBD of Regin II far 

behind the crack tip under partial sliding. (E) FBD of Regin II far behind the crack tip under full sliding. 

By solving Equations (5.2), (5.3) and (5.4), we obtain displacement fields for Region I 

and II as the following. In Region I,  
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In Region II, for 0 FS< ∆ < ∆ , 
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where the normalized sliding zone size is  
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For the case with a saturated sliding zone, i.e., FS∆ > ∆ , the displacement fields in Region 

II read  
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And the normalized critical load for a fully developed sliding zone is 
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For this infinite strip system under a fixed displacement loading, the translational 

invariance suggests that crack propagation over a length aδ  is equivalent to moving a 

domain, 2a Hδ × , of materials from the area far ahead of the crack tip to that far behind the 
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crack tip (i.e., from Region I to Region II). The released strain energy associated with this 

process/exchange is dissipated by propagating the crack and creating the sliding zone. Thus, 

the energetic driving force, 2D, for crack propagation can be calculated using the following 

 ( )I II slidingD w w D= − −  (5.12) 

where D is the half driving force at the crack tip, wI and wII are the strain energy in Region 

I and II with unit width, and Dsliding is the energy dissipation due to the sliding in Region II 

of unit width,  
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Thus, combining the displacement solutions for Region I and II with Equation. (5.12), we 

can estimate the half driving force at the crack tip as the following,  
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where DPS and DFS are the half driving forces of partial sliding and full sliding cases 

respectively, H0 is a reference half height which can be an arbitrary positive constant at this 

moment and will be chosen later to simplify the expression, 0h H H= is the normalized 

sample half height, 1 2k kα = is the normalized 2D modulus of the bottom layer, 
0 0 2

e
H k

ε
τ

=
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is the normalized averaged loading strain, Hε = ∆ is the averaged loading strain applied to 

the strip, PS and FS are short for partial sliding and full sliding respectively. As a special 

case, at the minimal load that leads to a full sliding, i.e., 11
2

e
h α
= + , the half driving force 

can be simplified as, 
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As a limiting case, when the modulus of the protective bottom layer approaches to zero, 

i.e., 0α → , the half driving force can be simplified into 
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where agrees with the monolayer case, DRef. At the other limit of a sufficiently stiff bottom 

layer, i.e., α →∞ , the half driving force also can be written explicitly as 
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5.2.3 Size dependence of the critical load for crack propagation 

For the brittle individual layers, according to Griffith criterion (268), the crack starts 

to propagate once the critical driving force is reached as  

 cD D= , (5.20) 

where the critical driving force is 2 22 c cD G t=  for the top layer. Theoretically, by combining 

Equations (5.20) and (5.16), we can obtain the critical load for the crack to propagate 

within the top layer. However, to clearly identify the effects of strip height and material 

properties, here we first introduce some characteristic length of material properties. 
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Consider a special half height of the strip 0
FH , with which the crack starts to propagate 

when the full sliding in Region II just happens. Using Equations (5.20) and (5.17), we find  

 ( )0 0
F FH f Hα=   (5.21) 

where  
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It should be noted that 0
FH and 0

FH are characteristic length determined only by the material 

properties of the bilayer system. With these intrinsic lengths, we can normalize the half 

driving force at the crack tip in Equation (5.16) as, 
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where ( )0
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  and ( )
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 are the updated normalized strip half 

height and normalized averaged loading strain. Similarly, using Equation (5.23), the 

fracture criterion in Equation (5.20) can be rewritten as  
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Combining Equations (5.24) and (5.25), we obtain the critical load, c∆  for crack 

propagation in terms of the normalized averaged loading strain, 
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c
c H
ε ∆

=  is the critical averaged loading strain), as the positive real valued solution to the 

following algebra equations,  
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Immediately, it can be noted that explicit solutions exist for some limiting cases. For 

example, (1) letting the 2D modulus of the bottom layer approach zero, we get  
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, (5.27) 

which recovers the exact result of the monolayer case, Mono
ce , and the critical loading strain 

is proportional to the inverse square root of the characteristic dimension of the strip (i.e. 

the height) and approaches to zero in large samples, agreeing with Griffith’s prediction. (2) 

In the other end, if the bottom layer is much stiffer than the crack layers, i.e., α → +∞ , we 

get 
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 (5.28) 

It should be noted that the critical strain remains constant instead of decreasing towards 

zero when the height of the strip is sufficiently large. The difference between these two 

limiting cases indicates the presence of the bottom layer and interlayer sliding can affect 

the critical load for crack propagation.  

To demonstrate the effect of the interlayer sliding, we first consider a special case in 

which the bottom layer has the same 2D modulus as the top cracked layer, i.e., 1α = . The 
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critical normalized averaged loading strain for crack propagation in the top layer in 

Equation (5.26) can be simplified as 
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. (5.29) 

As shown in Figure 5. 3A, due the presence of the interlayer sliding, the critical loading 

strain for crack propagation (blue line) is increased compared with the monolayer case 

without the bottom layer (orange line). By analyzing the change in the crack tip driving 

force in Equation (5.12), this enhancement can be attributed to two factors. First, due the 

presence of the bottom layer and the interlayer sliding, the strain energy in the top layer 

cannot be fully released after forming the crack, i.e., 0IIw > ; Second, the creation of the 

sliding zone during fracture process dissipates the stored strain energy, i.e., 0slidingD > . 

Therefore, it’s important to consider the deformation and energy dissipation associated 

with the sliding zone at the critical moment, which obviously depends on the size of the 

system. Specifically, for a strip with a half-height smaller than 0
FH , i.e., 1h < , before the 

crack reaches the critical moment to propagate, a sliding zone covering the full height of 

the strip has been developed behind the crack tip (Figure 5. 3B and C). Once a full sliding 

zone in Region II forms, the stored strain energy in Region II is saturated and no long 

increases with the applied load according to Equations (5.10) and (5.14) while the 

interlayer sliding can still dissipate more energy as the relative displacement increases 

(Figure 5. 3C) until the critical driving force is reached. Thus, the critical load is enhanced 

while still showing a decreasing trend with the height of the strip compared with the 

monolayer case. As a limiting case, when the trip height approaches towards zero, (i.e., 
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0
FH H<<  ), the effect of the bottom layer is diminished and the monolayer result in Equation 

(5.27) is automatically recovered. For a strip with a half-height larger than 0
FH , the effect 

of the interlayer sliding becomes more significant as the trend of the critical load with 

increasing strip height deviates from that of the monolayer case as shown in Figure 5. 3A. 

In such large strips, the crack tends to propagate earlier with a smaller critical load. Thus, 

the interlayer shearing over the strip height is large enough to sustain most of the 

deformation even after the crack cuts through the top layer and the formed sliding zone 

only occupies a portion of the strip height. As the strip height keeps increasing, instead of 

decaying into zero, the critical loading approaches to a constant level determined by 

material properties as 
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The positive lower bound of the critical loading strain for crack propagation indicates a 

strength-like criterion for the failure of the cracked top layer, which is fundamentally 

different from the inverse square root decaying trend in a Griffith prediction. Combining 

the results above, it is predicted that in the presence of the bottom layer and interlayer 

sliding, the critical loading strain for crack propagation in the top layer follows a transition 

from a Griffith-like criterion to a strength-like criterion as the strip height increases 

crossing a material-dependent characteristic length. 
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Figure 5. 3 Size dependence of the critical strain for crack propagation in the top layer in the presence 

of interlayer sliding. (A) Normalized critical averaged loading strain for crack propagation in the top 

layer with different strip half-height. (B) In a strip with a height smaller than 0
FH , crack propagates 

after a full sliding zone is developed. (C) Example displacement field in Region I and II after full sliding 

happens. (D) In a strip with a height larger than 0
FH , crack propagates when only a partial sliding zone 

is developed. (E) Example displacement field in Region I and II when only a partial sliding zone is 

formed. 

In order to validate the prediction from our theoretical analysis above, finite element 

method (FEM) combining cohesive elements (269) and interlayer layer friction have been 

performed using the commercial software ABAQUS (Dassault Systemes Simulia Corp., 

Providence, RI) to calculate the critical strain for crack propagation. As shown in Figure 5. 

4A, a finite bilayer system is built with an elastic material. An initial edge crack lies in the 

middle of the top layer while the bottom layer remains intact. Cohesive elements with a 

triangular force-separation law (Figure 5. 4B) are embedded along the path of the initial 

crack in the top layer to simulate brittle fracture propagation. The top  and bottom layers 

are in contact with each other and the friction stress follows a nearly perfect plastic law 

with a constant flow stress (Figure 5. 4C). The strip is loaded by prescribing the 

displacement at the boundaries as the theoretical model discussed in the previous sections. 

And the failure of the first cohesive element is monitored and taken as the critical moment 
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for crack propagation.   
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Figure 5. 4 Schematics of the numerical model. (A) The finite element model of a bilayer system with 

an edge crack in the top layer, cohesive element and interlayer friction included. (B) Force-separation 

law for the cohesive element. (C) Interlayer friction model.  

Representative examples of the interlayer shear stress and in-plane stress distributions 

of the top and bottom layers at the critical moment are shown in Figure 5. 5A-H. The 

numerical solutions agree well with the theoretical prediction of the deformation filed and 

the interlayer sliding (Equations (2.1.5-10)) in the regions far away from the crack tip for 

the cases of partial sliding (Figure 5. 5A-D) as well as full sliding (Figure 5. 5E-H). And 

the critical loading strain show good agreement with the theoretical analysis shown in 

Figure 5. 5I. Since the simulations also capture the crack propagation process, this 

agreement in Figure 5. 5I indicates our steady state analysis of the crack tip driving force 

is validated for predicting crack propagation.  
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Figure 5. 5 Validating the theoretical model via numerical simulations. (A-D) Numerical solutions of a 

sample with 0
FH H>  at the critical moment, including vertical component of the interlayer shearing 

force on the top layer (A) and bottom layer (C), in-plane stress 22σ  in the top layer (B) and the bottom 

layer (D). (E-H) Numerical solutions of a sample with 0
FH H<  at the critical moment, including vertical 

component of the interlayer shearing force on the top layer (E) and bottom layer (G), in-plane stress 

22σ  in the top layer (F) and the bottom layer (H). (I) Comparing the theoretical prediction of the critical 

strain for crack propagation in the top layer with the numerical simulations.  
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5.2.4 Combined effect of the sample height, the modulus of the bottom layer and the 

interlayer shearing stress 

Similar size dependence of the critical loading strain for crack propagation also exists 

for cases with bottom layers of different 2D moduli. As shown in Figure 5. 6A, the 

transition from Griffith-like criterion to strength-like criterion is observed for cases with 

soft ( 1α < ) and stiff ( 1α > ) bottom layers. Correspondingly, the resistance of the top layer 

to crack propagation is enhanced. Here, we measure this toughening effect using the 

increase of the critical loading strain for crack propagation compared with that of the 

monolayer case, i.e., Mono
c cε ε− , and its normalized form, Mono

c ce e−  , for the case of varying 

strip height and bottom layer modulus is shown in Figure 5. 6B, where  

 0 0 0 0

2 2
,

F F
Mono Mono

c c c c
H He e

k k
τ τε ε

   
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  . (5.31) 

Compared with the monolayer case, the toughening effect due to the interlayer sliding 

becomes greater as the height of the bilayer strip grows or the stiffness of the bottom layer 

increases and limits exist along these two increasing directions. For a bilayer strip with a 

fixed height, the lower and upper bounds of the critical strain are set by the soft and hard 

limiting cases of the bottom layer as shown in Equation (5.27) and (5.28). For the bilayer 

strip with an ever-increasing height much larger than ( )0
FH α , the lower bound of the 

critical normalized loading strain is 

 
1 37

2 1ce as hα
α

 = → +∞ + 


 , (5.32) 

which also increases with the relative modulus of the bottom layer. Thus, the enhancement 
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of the normalized critical strain occupies the following interval as shown in Figure 5. 6B, 

 
1
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2
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c ce e  < − <  
 

  , (5.33) 

and it monotonically increases with the strip height and the 2D modulus of the bottom layer. 
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A B

 

Figure 5. 6 (A) The normalized critical strain for crack propagation in cases with different strip height 

and 2D modulus of the bottom layer. (B) The normalized increase of the critical strain in cases with 

different strip height and 2D modulus of the bottom layer.  

It should be noted that, in the limiting case of an infinite high strip, the size of the 

sliding zone in region behind the crack approaches to a finite constant. Plugging the 

solution of Equation (5.26) into Equation (5.8) and taking the height limit, we obtain the 

size of the sliding zone as, 

 ( )
1 3

0
7
2 1

FH A H as Hα
α

 − → → +∞ + 
 . (5.34) 

And displacement solutions under the limit of infinite height indicates there will be no 

change in displacement outside the sliding zone during fracture. So, all the driving force at 

the crack tip comes from the energy release within in the finite sliding zone, which makes 

it a local event no longer depends on the sample size. This localized source of energy 

driving force leaves the possibility for multiple parallel cracks to propagate in the top layer 
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independently as long as their half-distance are much large than the size of the sliding zone 

in Equation (5.34).  

The toughening effect of the interlayer sliding also depends on the amplitude of the 

interlayer shearing interaction, which is represented through the interlayer shearing stress, 

0τ , in our model. Combining Equations (5.23) and (5.31), we obtain 
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c c c c cD e e
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 
− = ⋅ −  
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Keeping other material properties and strip height fixed, increasing 0τ  leads to a decrease 

of 0
FH  and an increase in Mono

c ce e−  (i.e., moving right horizontally in Figure 5. 6B). Since 

the prefactor in Equation (5.35) also increases with 0τ , we conclude the enhancement in 

the critical loading strain monotonically increases with 0τ . Thus, increasing the interlayer 

sliding stress can also postpone the crack propagation. It should be noted that the 

enhancement in the critical strain due to stronger interlayer sliding stress is not bounded, 

unlike those resulted from increasing strip height or the 2D modulus of the bottom layer. 

Consider a limiting case in which the interlayer shearing is extremely strong, i.e., 0τ → ∞ . 

The crack in the top layer will not release any deformation or stored strain energy in Region 

II because the interlayer interaction is sufficiently strong to transfer the load across the 

crack via the bottom layer. With no energy release, the crack propagation becomes 

impossible, which agrees with the prediction of Equation (5.35) as 

 0
Mono

c c forε ε τ− → +∞ → +∞ . (5.36) 

 In summary, compared with the monolayer case, our model predicts the introduction 

of the bottom layer and the interlayer sliding can enhance the top layer’s resistance to crack 

propagation by increasing the critical loading strain. For such a bilayer strip with fixed 
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material properties, the critical strain for crack propagation follows a transition from 

Griffith-like criterion to a strength-like criterion as the strip height increases. The 

enhancement in the critical strain compared with the monolayer case grows with the height 

of the strip; For a bilayer strip with a given height, choosing a stiffer bottom layer or having 

stronger interlayer shearing stress can postpone the crack propagation. 

 

5.2.5 Competition between intralayer crack propagation and interlayer crack 

penetration 

The previous section predicts that by increasing the interlayer shearing stress to infinite, 

the crack propagation in the top layer can be postponed indefinitely. However, this ideal 

prediction can rarely be realized in reality because other failure mode can kick in and lead 

to the failure of the system. For example, as the initial crack in the top layer is properly 

contained by interlayer sliding, high stress concentration is built up in the bottom layer 

beneath the crack. As the material reaches its strength, it is expected that crack can nucleate 

in the region and lead to a vertical crack penetration into the bottom layer. In this section 

we consider the competition between fracture-controlled intralayer crack propagation and 

strength-controlled interlayer crack penetration by comparing the critical load for both 

failure modes. 

 To simplify the derivation, here we focus on bilayer systems made of the same 2D 

material layers, i.e., 1α = . As indicated by the numerical solutions (such as Figure 5. 5D 

and H), the highest stress in the bilayer system occurs in the region of the bottom layer 

right beneath the initial crack. Using the displacement solution in Region II, we can 

compare the maximal 2D stress with the strength of the bottom layer, 1 1c cN tσ= , and obtain 
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the critical strain for crack penetration, where 1cσ  is the strength in terms of 3D stress. After 

some tedious but straightforward deviation, we obtain the critical strain for strength-

controlled crack penetration, S
cε  in its normalized form S

ce  as,  
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where  

 
22

S
S c
c

c
e

N k
ε

= , (5.38) 

 0
02

S cNH
τ
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0
SH  is another special half-height of the bilayer strip with which the strength criterion is 

reached just when a full sliding zone forms in Region II and depends on material properties. 

As shown in Figure 5. 7, the normalized critical loading strain for crack penetration 

decreases as the height of the strip increases and the two limiting cases have explicit results. 

For the strip with vanishing height, i.e., 0 0SH H → , the effect of the top layer on the bottom 

layer disappears and the critical strain of a uniform strip under uniaxial tension is recovered, 

 
0 2 1

lim 1S c c
cH

N N for
k k

ε α
→

= = = . (5.40) 

For a strip with a sufficient large height, i.e., 0
SH H → +∞ , almost no sliding happens. The 

maximal 2D stress in the bottom layer is doubled compared with elsewhere since the crack 

in the top layer reduced the effective thickness by a half, i.e.,  
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Combining these two limits and the monotonical decreasing trend, we find the normalized 
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critical strain for crack penetration falls into a finite interval, 

 ( )1, 2S
ce ∈ . (5.42) 

Keeping other material properties and the strip height fixed, the critical strain also 

decreases as the interlayer shearing stress, 0τ , increases. According to Equation (5.39), 

increasing 0τ  leads to a smaller 0
SH , which is equivalent to move left in Figure 5. 7. 

Correspondingly, the critical strain for crack penetration also decreases. In summary, 

increasing the strip height or strengthening the interlayer shearing tends to make crack 

penetration easier with a smaller critical load strain. 

Fully 
sliding Partially sliding

Lower bound

Bi-layer case

 

Figure 5. 7 The normalized critical strain for the strength-controlled crack penetration into the bottom 

layer in cases with different strip height. 

Now, we compare the critical strain values for the fracture-controlled crack 

propagation within the top layer (marked with a superscript, F) and the strength-controlled 

crack penetration into the bottom layer (marked with a superscript, S) and pick the lower 

one as the real critical strain for the failure of the bilayer system, cε , 

 min ,F S
c c cε ε ε =   . (5.43) 

As shown in Figure 5. 8A and B, we take the strength failure related properties and 

characteristic length as the reference and plot the ratio, F S
c cε ε  (Figure 5. 8A) and the 
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normalized critical strain, cε (Figure 5. 8B), for bilayer system with varying fracture 

energy and strip height. The vertical axis, 0 0
F SH Hλ =   , represents the relative fracture 

resistance with respective to the material strength, 
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and the horizontal axis, 0
SH H , represent the normalized strip half-height. For the bilayer 

strips with a fixed height, an increasing fracture energy or fracture toughness can transfer 

the failure mode from intralayer crack propagation into interlayer crack penetration. The 

transition boundary, i.e., 1F S
c cε ε =  (red line in Figure 5. 8A and dash line in Figure 5. 8B) 

represent a sufficient toughness, over which the failure mode will always remain strength-

controlled crack penetration. This sufficient toughness varies with the strip height and has 

a maximal. The size-dependency of the failure mode and the critical load varies with the 

material properties. There exist two special values of the relative fracture toughness,  

 ( ) ( ) 1 31 3 24 7 , 4 10 2
7l uλ λ  = = +  . (5.45) 

For 0 0
F S

lH H λ<  , as the strip height increases from zero to infinite, the failure mode starts 

with interlayer crack penetration then quickly transfer into and remain as intralayer crack 

propagation. For 0 0
F S

uH H λ>  , the only failure mode is interlayer crack penetration and the 

critical strain decreases as the strip height increases. For  ( )0 0 ,F S
l uH H λ λ∈  , more 

complicated transition can happen. As the strip height varies from zero to infinite, the 

failure mode starts with interlayer crack penetration, change into intralayer crack 

propagation and then transfer back to interlayer crack penetration as shown in Figure 5. 8A 

and B. The effect of interlayer shearing stress, 0τ , on the failure mode can be indirectly 



106  

obtained from the discussions on the two failure modes individually. Keeping other 

conditions unchanged, an increased interlayer shearing stress tends to decrease the critical 

strain for crack penetration and increase the toughening effect for crack propagation. Thus, 

a strong interlayer sliding stress tends to promote interlayer crack penetration and the 

quantitative effect can also be extracted by combining Figure 5. 8B and the normalization 

parameters. 
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Figure 5. 8 A the phase diagram of the failure mode under different material properties and sample size. 

(A) The ratio between the critical strain for intralayer crack propagation and interlayer crack penetration. 

(B) The normalized critical strain for the failure of the bilayer system as the consequence of the 

competition between the two failure modes.  

5.3 Conclusions 
 

Multilayered 2D materials have found broad applications in fields ranging from 

flexible electronic device design to reinforced composite engineering. With the extremely 

high density of interfaces and the sharp contrast between intralayer and interlayer 

properties, the interlayer interaction is expected to a play critical role in determining the 

collective properties of multilayered 2D materials. Given the low fracture toughness of the 
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individual 2D material layers, it becomes particularly interesting to ask how interlayer 

interaction affects the fracture process in multilayered 2D materials and how to take 

advantage of it to toughen 2D material layers. In this chapter, by adopting a simplified 

bilayer strip model, we have investigated the toughening effect of the interlayer sliding on 

crack propagation and demonstrated a competition between intralayer crack propagation 

and interlayer crack penetration. Specifically, by using theoretical analysis and numerical 

simulations, we conducted a steady state analysis of the driving force for a propagating 

crack within the top layer. The results demonstrated that the presence of the neighboring 

bottom layer and the interlayer interaction can drain the driving force at the crack tip by 

partially releasing elastic energy after fracture and dissipating the released energy via 

interlayer sliding. Correspondingly, the critical strain for crack propagation in the top layer 

is enhanced compared with the monolayer case and show a transition from Griffith-like 

criterion to strength-like criterion as the strip height increases. The enhancement in the 

critical strain increases if the strip height grows, or the 2D modulus of the bottom layer 

rises, or the interlayer shearing stress is strengthened. As the intralayer crack propagation 

can be postponed due to the interlayer interaction, the system can still fail due to reaching 

the strength of the material. We have included this possibility by considering the failure of 

the bottom layer during bridging the initial crack in the top layer and demonstrated a 

competition between intralayer crack propagation and interlayer crack penetration under 

different strip height, fracture toughness, material strength and interlayer sliding stress. The 

dependence of the failure mode on these material properties and sample size are analyzed 

in detail and the quantitative prediction of the critical strain is also provided. Our study and 

findings present a clear fracture mechanics model demonstrating how interlayer sliding can 
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affect intralayer fracture and provide rational guidance for toughening multilayered 2D 

materials by adopting suitable combination of the sample size, in-plane elasticity and 

interlayer shearing. 
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Chapter 6 
 

Conclusions and Perspectives 
 

6.1 Concluding remarks  
 

In this thesis, we aim to advance the fundamental understanding of fracture in 2D 

materials, especially on how crack interacts with topological defects, out-of-plane 

curvature, 3D geometry and architecture as well as interlayer sliding, and to take advantage 

of these novel couplings to propose effective toughening mechanisms and design guidance 

for tough 2D material engineering in various forms, including monolayer sheets, hybrids 

with nanotubes, 3D nanolattices and multilayered systems. Below we summarize the 

scientific findings and their engineering implications for the main chapters. 

In Chapter 2, we have demonstrated a mechanism-guided topological design strategy 

for graphene toughening. Based on the strong coupling between out-of-plane geometry and 

deformation behaviors in graphene, we have introduced networks of out-of-plane 

curvatures into graphene by designing the distribution of topological defects and 

demonstrated various toughening mechanisms, including crack tip blunting, crack trapping, 

fracture mode transition, ligament bridging, crack deflection, void formation, interfacial 

failure, daughter crack initiation and coalescence can be transplanted into graphene. The 

forward relation from topological design to toughening effect is studies and categorized by 

comparing the vein-patterned graphene with various types of networks of wavy phases. 

And the possibility of inverse design of wavy phases to reproduce the targeted deformation 

and fracture behaviors is demonstrated via a nacre-like graphene example. These findings 
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advance the fundamental understanding about the connections between simple topological 

patterns and effective toughening mechanisms in atomically thin materials and are 

expected to provide rational guidance for tough 2D material design and engineering. 

In Chapter 3, by joining force with the experimental experts, we have performed 

quantitative in situ mechanical tests and numerical simulations on rebar graphene and 

determined the toughening mechanisms of the embedded carbon nanotubes (CNTs). By 

reconstructing full-atom models of rebar graphene and conducting fracture tests with MD 

simulations, we demonstrated the detailed interactions between crack and CNTs in rebar 

graphene, including CNT bridging/pulling out, graphene bridging, daughter crack initiation, 

crack coarsening and crack deflection, and identified their dependence on the geometry and 

distribution of the CNTs. Collectively, these toughening mechanisms contribute to the 

experimental measured enhancement in fracture toughness and explain experimental 

observation of a non-smooth crack path. The unveiled toughening mechanisms in rebar 

graphene may be applied to design and engineer other tough 2D material systems as hybrids 

of 2D planar sheets and 1D nanotubes, like rebar hexagonal-boron nitride (h-BN) and even 

rebar transition metal dichalcogenides (TMDs). 

In Chapter 4, we have demonstrated a novel design of using a reversible snap-through 

instability to engineer energy dissipation in 3D graphene nanolattices. Inspired by the shell 

structure of flexible straws, we have constructed its graphene counterpart via topological 

design and demonstrated its associated snap-through instability through MD simulations. 

1D straw-like CNT and 3D graphene nanolattices are constructed from a unit cell. These 

graphene nanolattices possess multiple stable states and are elastically reconfigurable. A 

theoretical model of 1D bi-stable element chain is adopted to understand the collective 
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deformation behavior of the nanolattice. Reversible pseudo plastic behavior with a finite 

hysteresis loop is predicted and further validated via MD. Enhanced by these novel energy 

dissipation mechanisms, the 3D graphene nanolattice shows good tolerance of crack-like 

flaw. This study provides a novel mechanism for 3D carbon nanolattice to dissipate energy 

with no accumulative damage and improve resistance to fracture, broadening the promising 

application of 3D carbon in energy absorption and programmable materials. 

In Chapter 5, we have studied the toughening effect of the interlayer sliding on crack 

propagation and the competition between intralayer crack propagation and interlayer crack 

penetration. Using theoretical analysis and numerical simulations, we derived the energetic 

driving force for a propagating crack in contact with a neighboring intact layer and 

demonstrated an enhanced critical fracture strain due to interlayer interaction. The 

enhancement in the critical strain depends on the sample size, in-plane modulus of the 

neighboring layer as well as the interlayer shearing stress. Based on that, we further 

included the strength-controlled failure and provided a phase diagram to predict whether 

the initial crack will propagate within the layer or penetrate the neighboring layer. Our 

findings present a clear fracture mechanics model demonstrating how interlayer sliding can 

affect intralayer fracture and provide practical guidance for toughening multilayered 2D 

materials by choosing suitable size and combination of individual layers. 

 

6.2 Outlook of future research 
 

As a family of materials with extreme dimensionality, high interface density and 

various assembly forms, 2D materials have demonstrated novel deformation behaviors and 

physical properties which are rarely observed in conventional bulk materials. These aspects 
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in turn bring new challenges and opportunities for mechanics and engineering. This thesis 

aims at responding to this trend by focusing on the mechanics of fracture and toughening 

in 2D materials of various forms. However, limited by the scope of this thesis, only a few 

selected topics are included while many newly emerged interactions, such as asymmetric 

edge states in binary 2D materials (259, 270), effects of piezoelectricity (271, 272) and 

flexoelectricity (76, 273, 274) and so on, are left for future studies. Within the covered 

topics, including topological defects, out-of-plane curvature, 3D geometry and architecture 

and interlayer sliding, the discussions in this thesis provided answers to some questions 

while stimulating more for further exploration. Some of them are listed below.  

In Chapter 2, it has been discovered that the network wavy phases with out-of-plane 

curvatures and topological defects can act as barrier to a propagating crack. And the 

enhanced fracture energy is demonstrated through a series of topologically designed 

graphene samples. From a fundamental science point of view, it will be interesting to know 

how much enhancement comes from the curvature and how much from the topological 

defects if we want to apply similar toughening design for general shell structures in 

different scales. Since the out-of-plane curvature and topological defects go hand by hand 

in graphene, a continuum model capable of predicting crack propagation on a curved thin 

shell, such as phase field fracture model (275), may be helpful to isolate the effect of 

curvature on crack propagation. At the same time, from an engineering point of view, the 

design with an optimized fracture toughness can be of great practical interests. However, 

how we can efficiently find the optimized design remains a challenging but important 

inverse problem and worth further study. Even through phase field crystal modeling and 

full-atom simulations are good for capturing the detailed mechanisms, they can be very 
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costly if large numbers of samples have to be constructed and tested. Not to mention the 

relation between fracture toughness and graphene geometry and topology can be very 

nonlinear. Given these challenges, machine learning models (276) and genetic algorithm 

(277) might be potential candidates for addressing this inverse deign challenge.  

In Chapter 3, the combination of experimental measurements and numerical 

simulations has successfully unveiled the toughening mechanisms in rebar graphene. Given 

the rapid development of experimental capabilities, can we use these findings to design and 

fabricate rebar graphene with even better properties? For example, can we achieve plastic-

like deformation in rebar graphene by controlling the geometry and distribution of the 

embedded CNTs? If so, how can we optimize these designs for a balanced strength and 

toughness (278)? 

In Chapter 4, a 3D graphene nanolattice consisting of bi-stable unit cells is achieved 

by designing the geometry and architecture of the graphene surfaces. Collectively, the 

nanolattice deforms in a pseudo-plastic way while the flow stress and flow strain are 

determined by the unit cell. To tune the overall mechanical properties, a good 

understanding about the relation between geometry and snap-through instability in a unit 

cell is needed. A phase diagram over the parametric space of the geometry to predict the 

monostability/bistability of the unit cell can be very useful and worth further development. 

In the architecture level, it will be interesting to introduce some defected unit cells into the 

3D lattice and study how these local defects affect their neighboring unit cells during snap-

through and influence the overall deformation behavior.  

In Chapter 5, the interaction between crack propagation and interlayer sliding is 

studied within a bilayer system with a one-parameter interlayer sliding model. 
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Improvements can be made by adopting a more sophisticated interlayer interaction model. 

For example, for vdW heterogeneous structures, models considering atomic registry (265, 

279) can be very helpful in capturing the interaction between intralayer fracture and 

interlayer dislocations. Also, the potentially universal crack tip field in the presence of 

interlayer sliding is still missing and worth further study. 
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