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Chapter 1

Introduction

Historically, metals and in particular alloys have served as candidate materials

[1–4] for a variety of structural and electronic applications. With the inception of

the Bronze Age the benefits of alloying (copper and tin) to produce a mechanically

superior metal were discovered [1]. By the second millennium BC, developments in

ferrous metallurgy were under way across a wide range of cultures in both the near

and middle east [4]. Finally, written documentation in the 16th century AD [3]

described (in detail) modern mining, smelting, extraction and metallurgical meth-

ods of the time. While centuries of research have greatly advanced our knowledge

in the realm of processing versus mechanical property relationships of metals a

multitude of unanswered, and valuable questions remain. Understanding the re-

lationships between alloying elements, processing, and the resulting macroscopic

properties is of central interest across a variety of industries such as the aerospace,

semiconductor, and automotive sectors.

Upon discovery that metals consisted of periodic, organized arrangements of

atoms forming a crystalline structure attention immediately turned to directly

estimating their strength. Among the simplest models of (perfect) crystal strength

derived was that by Frenkel [5]. Frenkel postulated that under an applied shear

stress (τ) a perfect crystal would undergo a sinusoidal lattice energy potential and

in turn an equivalent shear response with amplitude τflow and period b, i.e.
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τ = τflow sin

(
2πx

b

)
(1.1)

Under the same applied shear stress (τ) for sufficiently small shear strain (x/d <<

1) a linear stress-strain relation in shear must hold:

τ = µ
x

d
(1.2)

where d is the atomic inter-planar spacing. Combining 1.2 and 1.1 (in the small-

strain limit) then leads to an estimate on the order of the shear modulus for the

ideal strength of a perfect crystal.

τtheo ≈ O (µ) (1.3)

Despite its elegance, this predicted flow stress of metals drastically differs from

experimental observations. Experiments dating back to the ∼ 1960s [6] have led to

a true flow stress of metal on the order of ∼ 10e−9µ. A factor of 109 therefore exists

between the (simple) initial estimates of Frenkel outlined above and experiments.

Several opposing theories were postulated to explain this discrepancy.

Unrelated to crystals, shortly after the turn of the century Volterra [7] and

other elasticians were working on problems involving the stress distribution in

elastic cylinders with various displacement-jump boundary conditions. It was only

after nearly 30 years that the existence of mechanical defects (i.e. dislocations)

was postulated, and suggested as a possible explanation and mechanism for the

greatly reduced flow stress measured in experiments. Qualitatively the basic con-

cept was that at experimentally observed flow stresses (τflow) plastic deformation

was accommodated entirely by the motion of line defects (termed dislocations).

While the initial structures envisioned by Volterra were a rather crude approx-

imation to the dislocation types of structures that researchers currently study

both computationally and experimentally, the concept paved the way for further
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discovery.

Miraculously years after the concepts introduced by Vito Volterra, experiments

successfully verified both the existence of dislocations, and their central role in the

deformation of metals. With the notion of dislocations governing plastic flow, it

folllows naturally that inhibiting their motion translates to observable macroscopic

strengthening and hardening. Solutes, ”forest” dislocations and other inhomo-

geneities are all known to be sources of enhanced strength or ductility. Often

however these relationships are understood in only a qualitative way at best, and

so intense research efforts targeted at strengthening and building a more quanti-

tative understanding of these processes are a continuing phenomenon.

The scope of this thesis is therefore targeted at developing a better understand-

ing of the fundamental mechanisms of plastic flow in spatially confined systems

where both the size and geometry of the structure have a marked influence on the

flow stress of the material. Also of interest is the basic energetics of dislocations,

and how changes in both length and orientation lead to self-restoring forces (e.g.

Line Tension).

1.1 Basics of Dislocation Theory

In order to provide the necessary background for the subsequent chapters in this

thesis, several of the basic concepts of dislocation theory are relayed here. The

simple dislocations as envisioned by Volterra are created as follows. An otherwise

pristine crystal is envisioned to experience a constant, planar slip of magnitude b

which terminates abruptly within the specimen. The point of abrupt termination

is then the location of the dislocation (at x0) where the gradient of the displace-

ment discontinuity is infinite at the point of termination, and the magnitude of

the displacement discontinuity is a single Burgers vector, defined as

b =

∫ +∞

−∞

∂u

∂x
dx (1.4)
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where

∂u

∂x
= bδ(x− x0) (1.5)

and δ(x − x0) represents the usual delta function. Equivalently eq. 1.4 can be

written as a contour integral around the defect in which case it is referred to as

a Burgers circuit. The relationship between the (plastic) displacement vector (u)

and the line of displacement termination (i.e. the ”line direction, t) defines the

dislocation character. For a perfect edge dislocation the displacement vector is

perpendicular to the line direction (b · t = 0) and for a perfect screw dislocation

the two directions are parallel (i.e. b · t = ||b||).

Given these simple, idealized models where the dislocation is said to be ”singu-

lar” the field equations of linear elasticity become soluble and quantitative analy-

ses involving dislocations become plausible. Following elementary linear elasticity

theory a screw dislocation displacement field follows the Laplace equation i.e.

∇2u = 0 (1.6)

The solution to this equation (for a dislocation oriented along the z-axis) in polar

coordinates which then satisfies the jump displacement boundary condition is [8]

uz(r, θ) =
θb

2π
(1.7)

Given this displacement field, the stress field then follows from differentiation and

multiplication by a constant shear modulus, which in polar coordinates is

σθz =
µb

2πr
(1.8)

Similar analyses can be applied to the edge dislocation. The only caveat is that be-

cause the the displacement field of a screw dislocation is by definition an anti-plane

strain problem, it satisfies the Laplace equation making its solution considerably

less complicated. The edge dislocation is by definition a plane strain problem, and
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so one method of solving for the edge dislocation stress and displacement fields

is to use Airy functions [8]. The end result however leads to qualitatively similar

stress fields (∼ µb
r

).

Finally the energies (per unit length) contained within a finite linear elastic

cylinder with inner and outer radii ρ and R can then be obtained by integrating

the strain energy density (σ : dε) which scales with the square of the stress fields,

i.e.

Wel

L
=

∫ R

ρ

(dV )(σ : dε) (1.9)

The end result for both the (infinite, straight) screw and edge dislocation depends

only on both the inner and outer cutoff radius (ρ,R) and the angle between the

Burgers vector and the line direction (φ) and is given by

Wel

L
=

µb2

4π(1− ν)

(
1− ν cos2(φ)

)
ln

(
R

ρ

)
(1.10)

One subtle feature of this result is the ”hollow” nature of the dislocation core (i.e.

r < ρ). Recognizing that atomic displacement gradients are indeed the greatest

near and within the dislocation core what is frequently done is to add a core energy

term (Wtot

L
= Wel

L
+Wcore), the details of which remain an intense area of research,

which is partially the subject of this thesis.

1.2 Frank-Read Sources, Dislocation Pileups and

Hall-Petch

Under laboratory conditions pristine, or nearly perfect crystals, can be ”grown”

with dislocation densities near 0 [9]. However under plastic deformation disloca-

tion densities are known to grow up to ∼ 1016/m2. Therefore mechanisms must

exist to accommodate this rapid growth in dislocation density under plastic de-

formation. These mechanisms are known as dislocation sources, and they take a
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variety of forms, however in all cases they serve as a point of dislocation multi-

plication. While a variety of different dislocation multiplication mechanisms must

exist, it is often difficult to assess accurately which mechanism (if any) is dominant

in a given mode of deformation [8]. One of the classically known (and studied)

mechanisms however is the Frank-Read (FR) source which is the subject of part of

this thesis. It is therefore worthwhile to review the basic mechanics of a FR source

in terms of what the typical operation criteria is, how they ”produce” dislocations

and their role in macroscopic plasticity.

FR sources are typically formed by an otherwise mobile dislocation becoming

pinned, whether by forest dislocations, other inhomogeneities and obstacles, or by

cross-slipping type mechanisms. In all of these cases the result is a dislocation

segment of length l pinned between two obstacles. Under an applied shear stress

(τapp) the dislocation begins to bow-out by glide in an effort to minimize the

potential equation

Π =

∫

S

ΓdS −
∫

A

τappbdA (1.11)

where Γ in the first term is the ”line tension” which will be detailed in a subse-

quent section, and the second term is the interaction energy (which is dissipated)

between the applied field and the termination of the displacement discontinuity of

the dislocation. A competition therefore exists between the energy dissipated in

bow-out of the dislocation and the energy gained in increasing the length of the

dislocation due to Γ. In the regime where τapp < τcrit a series of stable bow-out so-

lutions exist where the bowed-out dislocation forms an arc with an approximately

constant radius that scales inversely with the applied field (R ∼ τ−1
app). Beyond a

critical stress, once τapp ≥ τcrit there is no longer a stable solution for eq. 1.11 and

so the dislocation begins to loop around on itself. Once the unstably expanding

dislocation has formed a near complete arc which completely encircles the initial

pinning points it annihilates along a small portion of the length forming both a

complete dislocation loop, completely removed from the source and simultaneously
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reconstituting the source. The isolated loop then continues to expand to dissipate

energy. The exact solution for τcrit = τcrit(µ, b,Γ, l) obviously depends on the ex-

act value of Γ which in-turn depends on the nominal dislocation orientation (φ),

l, and the inner cutoff parameter (ρ). Given all of these intricacies the estimate

τcrit ≈
µb

l
(1.12)

has often been used with a certain level of success.

While FR sources provide a simple mechanism to understand the increase in

dislocation density under an applied load, they, alone, do not contribute to or

explain any hardening behavior. One of the simplest mechanisms responsible for

a hardening effect are dislocation pileups. Whether due to the presence of a grain

boundary, an obstacle, or other forest dislocations some inhomogeneity serves to

locally inhibit flow on a certain slip plane, and in the simplest models is infinite

along the out-of-plane direction and so the source is considered to emit dipoles. If

that same slip plane contains a dislocation source (such as the FR source above),

and sufficient shear stress to operate the source (τcrit), the source will indeed

begin to operate as described above. However as dislocations are emitted they

will eventually approach the inhomogeneity. Because the source of the pileup

will locally prevent flow, but simulatneously each dislocation (of the same sign)

is repelled from each of the other dislocations the result is a dislocation pileup

on one side of the inhomogeneity, where (i) the applied shear stress, (ii) the local

stress fields of the inhomogeneity, and (iii) the interaction amongst each of the

dislocations within the pileup creates an equilibrium dislocation distribution.

Among the simplest models of a pileup is quantified as follows. Consider a

pileup as described above, except where a leading dislocation is effectively rigidly

pinned and all of the other (N-1) dislocations between the source and the pileup are

held in equilibrium by the applied field, the pinned dislocation and the interaction

with each of the other dislocations. The change in interaction energy for any per-

turbation of any one of the unpinned dislocations must be balanced by the linear
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dependence of the interaction energy between the applied field and the dislocation

on the dislocations position. Thus, for each of the unpinned dislocations

τappb−
∂Wint

∂xi
= 0 (1.13)

where i = 1,2,...(N-1) unpinned dislocations in the pileup. Because this relation-

ship has to hold for all of the N-1 free dislocations in the pileup, and because an

additional shear stress τapp is applied to the leading dislocation, the force (per unit

length) on the leading dislocation in the pileup is then [8]

F

L
= τappNb (1.14)

Frequently in simple models of flow in the presence of grain boundaries, or other

inhomogeneities it is assumed that the pileup has a critical strength, beyond which

it will break. It follows that the criteria for flow is F
L

∣∣
τapp=τcrit

= Fcrit
L

.

Next it is conceptually worthwhile to consider the distribution of dislocations

within the pileup. Simple dimensional arguments lead to a scaling relation for the

dislocation density (dislocations per unit length) as [8]

η(
x

l
) ∝ τapp

µb
(1.15)

The density may be integrated over the total length of the pileup to obtain the

total number (N) of dislocations within the pileup as

N =

∫

l

η(
x

l
)dx

∝ τappl

µb

(1.16)

As originally discovered by Hall [10] and shortly thereafter by Petch [11] the

yield stress of metals scales inversely with the square root of the grain size (τcrit ∼

l−1/2). These initially experimental scaling observations have consistently proven
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so robust and reliable that a general consensus exists that there must be some

direct, physical, rationalization for them. One simple argument which has been

successful in reproducing a multitude of data is the combination of an active FR

source confined within a grain. By considering a pileup generated by an FR source

where eq. 1.14 determines the stress at the head of the pileup, substituting eq.

1.16 in to eq. 1.14, and then solving for τcrit yields a critical flow stress which

scales inverseley with the grain size (l) as

τcrit ∝ l−1/2 (1.17)

In reality however what is observed experimentally is that for sufficently large

grains the critical resolved flow stress (τcrit) saturates to some constant value (τ0).

The Hall-Petch equation in its celebrated form then reads

τcrit = τ0 +
K√
d

(1.18)

where d is the grain size. A number of competing theories exist to rationalize

the τ0 term [8]. One possibility is that it is a friction stress which is necessary

to generate flow, independent of grain size. This possibility however remains

slightly nebulous because thermal activation and creep type events would overcome

any friction stresses on macroscopic time scales at or near room temperature. A

second possibility which is widely believed to be more likely, however remains

experimentally inaccessible, is that it represents the interactions between strong

pinning points and un-nucleated dislocations [8]. More sophisticated models with

underpinnings in the simple Hall-Petch analysis remain a very much active area

of research.
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1.3 Modeling of Strengthening Mechanisms and

Dislocation-Obstacle Interactions

While the interactions between dislocations and other inhomogeneities (e.g. grain

boundaries, inclusions, solute atoms, etc.) are known to be important in charac-

terizing a materials behavior, as demonstrated in the example(s) above, until quite

recent, studies have been limited either to experiments, which are quite complex to

analyze, or simple theoretical models that require many assumptions in order to re-

main analytically soluble. Until quite recently, work was hindered to approximate

analytical methods which require a host of a priori assumptions, some of which

remain to be validated. Examples of necessary approximations include isotropy,

2d dislocation dipoles, linear elasticity and completely phenomenological rules

for local dislocation interactions. Despite significant insights gained from both

analytical approaches, as well as experiments a continued discrepancy between

experiments lacking a full analysis and theory with perhaps over simplifications of

important details has remained.

With the advent of modern, fast, parallel computation however a variety of

methods have emerged to reduce the gap between theory and experiment noted

above. Parallel computations have led to a host of new insights in metal plas-

ticity over the past several decades. Perhaps one of the most powerful tools for

investigating plastic phenomena are Molecular Dynamics (MD) Simulations [12].

These simulations rely on solving Newton’s equations for very many interacting

particles (on the order of millions), however the interactions between the particles

are governed by a user-input (in the form of an interatomic potential) and so the

final outcome of the simulation can be very dependent on the interatomic potential

used [13].

Of particular interest to the computational materials science community within

the field of dislocations and plasticity are dislocation-obstacle interactions where

MD is used to explicitly treat the local interactions between dislocations and inho-
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mogeneities without all of the ad-hoc assumptions listed above. Examples of this

include, but are not limited to (i) interactions with inhomogeneities (such as voids

[14–20] and other dislocation loops [21, 22]), (ii) solute strengthening [23, 24], and

(iii) interactions with grain boundaries [25–32]. All of these simulations have sev-

eral features in common. First, because both the cost and the volume of these

simulations scales with the number of atoms in the simulation, MD simulators are

typically motivated to use enough atoms, but not much more. The strict definition

of ”enough” of course varies widely throughout the field and is a subject of a latter

part of this thesis. Second, because very small time steps are required for these

simulations unrealistically large strain rates must be used which require a certain

level of care and analysis to ensure that the data generated from such simulations

can be meaningfully interpreted within the context of physically realistic strain

rates. Third, because finite, small volumes have to be used, interfaces are effec-

tively introduced in to the simulation which can unduly influence the mechanical

behavior which is supposed to be the topic of investigation. This, as well, is a

topic covered in the latter part of this thesis and is an extension of the classical

”image effects” analysis as presented in Hirth and Lothe [8].

1.4 The Force to Bow-Out a Dislocation

Of, perhaps, the most fundamental significance both in dislocation theory and

in MD simulations of ”dislocation-obstacle” interactions is the ”Line Tension”

(subsequently referred to as Γ) of a dislocation. Quantitatively, this single pa-

rameter describes the incremental change in energy for an incremental change in

dislocation line length i.e.

Γ =
δW

δS
(1.19)

The simplest realization of this is the ”small bow-out” model as described in chap-

ter 5. This single parameter however is ubiquitous to all levels and applications
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of dislocation theory.

One example, which becomes immediately apparent, in the subsequent chapter

(2) is the line tension in numerical simulations of discrete dislocations. Due to the

singular, and inelastic nature of the dislocation core whether the cutoff procedure

of Hirth and Lothe [8] or the more recent Non-Singular Theory by Cai et al. [33] is

employed a numerical value must be chosen for the cutoff parameter used. While

this will be explored in depth in chapter 5, it will become apparent that the only

way to accurately calibrate higher-level DDD models to lower-level, higher fidelity

numerical simulations (such as MD, or DFT) is to choose the cutoff parameter to

match the line tension on both scales. The known DDD code ParaDiS [34] contains

an artifact of a cutoff parameter, as well the older DDD code MicroMegas [35]

contains an explicit line tension term, both of which must be calibrated against a

more accurate dislocation simulation method such as MD for DDD to even begin

to match MD results.

Numerical fitting procedures aside, the line tension of a dislocation has also

been used successfully in a number of predictive analytical models [23, 36, 37]. All

of these models rely on the Line Tension as a fundamental parameter, and measure

of the force required for flow and to operate an FR source, as described above.

Consequently, phenomenological values, as are typically used, in the absence of

lower scale data (MD, DFT), such as ∼ (1/2)(µ/b2) can drastically hinder the

accuracy and predictability of such models.

1.5 Outline and Scope of Thesis

The purpose of the introduction given above is to (i) motivate further research

in to dislocations (and this thesis), (ii) provide a literature review of the current

state-of-the-art and more so (iii) provide some of the background details neces-

sary for the comprehension of this thesis. The above text is not meant to be a

comprehensive development of the theory of dislocations, and for this the reader
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is referred to such texts as Hirth and Lothe The Theory of Dislocations [8] and,

more recently Computer Simulations of Dislocations [38]. What is hopefully con-

veyed by the introduction however is that many of the current hurdles existent in

technological evolution, both in the development of futuristic structural materi-

als, and electronic materials are very much metallurgical problems, at the nucleus

of which is dislocations. While the past century has in fact provided a wealth

of knowledge about dislocation-based mechanisms in metals and alloys there still

remains a large gap in our understanding of all of the key processes associated

with plastic deformation. Most importantly, it has been demonstrated that in

structural materials systems where geometric lengths approach the order of in-

ternal length scales associated with dislocations, such as Burgers vectors, and

distances between other inhomogeneities, conventional, size-independent descrip-

tions of plasticity fail. This scope of this thesis is to bring a level of quantitative

understanding to several of these phenomena by way of example.

In summary, the accomplishments of this work are (i) the demonstration of

size and dimensionality effects in metal plasticity where a purely continuum de-

scription lacking any material length scale is insufficient to describe the plastic

behavior, and (ii) the reconciliation of discrepancies between a continuous elas-

tic (DDD) line tension model and that computed directly from Molecular Statics

Simulations. These accomplishments are detailed through the remainder of this

thesis, which is organized as follows. Chapter 2 focuses on the basics of Discrete

Dislocation Dynamics (3d-DDD) simulations and provides a background for the

simulations which are referred to in subsequent chapters. Chapter 3 focuses on the

operation of a Frank-Read (FR) source in a linearly varying stress gradient where

the magnitude of the gradient serves as the key length scale. Unlike a conventional

FR source it is found that a new series of stable configurations exist, and that the

source stress required for nucleation of additional dislocations becomes linearly

dependent on both the relevant length scale of the stress gradient and on the

number of already emitted dislocations. Chapter 4 focuses on an application of a
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thin film mechanics problem where the thickness of the film is the critical dimen-

sion controlling the size-dependent plasticity. In this case, the affected material

volume is that of a Molecular Dynamics simulation cell, and so the size-effect man-

ifests itself in terms of spurious image forces acting on dislocations. A smaller is

stronger effect is present. Chapter 5 focuses on dislocation line tension calculated

both (i) by Molecular Statics simulations and then (ii) as computed using linear

elastic line tension models. The two are shown not to match in the coefficient of

the natural logarithm of the scaling with the obstacle spacing. The difference is

rationalized through nonlinear lattice type effects, which prevent the continuous,

smooth bow-out resulting from elasticity. Finally in Chapter 6 a summary and

conclusion is provided along with recommendations for future work.
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Chapter 2

3d Discrete Dislocation Dynamics

(3d-DDD)

Throughout this work elastic analyses of discrete dislocations of both an analyt-

ical and a computational nature are applied to a series of physically motivated

problems. While the analytical aspects are treated directly in the text a level of

familiarity with the methodology of 3d Discrete Dislocation Dynamics (3d-DDD)

is assumed. Therefore, to aid in the understanding and interpretation of future

chapters it is of value to briefly review the fundamental concepts and ingredients

contained within a 3d-DDD simulation. Much of the numerical analyses contained

within this thesis rely on the 3d-DDD code ParaDiS[34, 39] as well as an in-house

DDD code which follows similar algorithms and so the theory and implementation

presented in this chapter is written particularly from that vantage point. With

that said however, it is kept sufficiently general so as to be applicable to most

DDD codes used within a research enviornment.

2.1 Discretization

Omnipresent in any DDD code is a method for representing and cataloguing a po-

tentially complex, continuous network of dislocations. This is typically achieved

through a discretization method where continuous lines of dislocations are divided
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in to a series of segments (with line direction t) interconnected by nodes. In addi-

tion each segment must be assigned both a Burgers vector (b) and a glide plane

(with direction normal n). Therefore the position of two (interconnected) nodes,

a Burgers vector, and a plane-normal fully describe a discrete dislocation segment.

Because some ambiguity exists in the sign of t for a given dislocation segment a

conservation law must be enforced (consistent with the line sense dictated by a

Burgers circuit) such that at each node the sum of the Burgers vectors ”enter-

ing” the node from adjacent segments must equal the sum of the Burgers vectors

”exiting” the node from adjacent segments, or

∑

k

sgn(tijk · t12
k )bk = 0 (2.1)

where k spans over the segments connected to a node and the argument of the sgn

functions returns a +1 for a segment with starting node 1 and end node 2 (e.g..

ij=12) entering the node, and a -1 for a segment with starting node 2 and ending

node 1 (e.g. ij=21) exiting the node.

2.2 Dislocation Energetics, Stresses, and Nodal Forces

Once an entire dislocation network has been catalogued and discretized as de-

scribed above forces must eventually be computed and projected on to nodes in

order to evolve the system through time. However, prior to the discussion of forces

acting directly on segments (or nodes) it is of value to reproduce the energetics of

dislocation interactions with (i) other dislocations, (ii) externally applied stresses,

and (iii) ”core” interactions recognizing that it is the spatial difference in these

terms with respect to the rotation and translation of segments that leads to a

force. As derived in Hirth and Lothe [8] the elastic interaction energy between

two continuous loops with each differential segment separated by R ≡ ||x1 − x2||

may be expressed as
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Wel =− µ

2π

∮

C1

∮

C2

(b1 × b2) · (dl1 × dl2)

R

+
µ

4π

∮

C1

∮

C2

b1 · dl1)(b2 · dl2)

R

+
µ

4π(1− ν)

∮

C1

∮

C2

(b1 × dl1) ·T · (b2 × dl2)

(2.2)

where

T =
∂2R

∂x∂x

It is clear by inspection of the above (eq. 2.2) that the integrals diverge as

limx1→x2 R = 0. In the DDD code ParaDiS, for example, this is circumvented by a

modified interaction energy, which, in the near-field is finite with limx1→x2 Ra = a.

This is achieved by substituting R ≡ Ra where Ra =
√
R2 + a2 as detailed in

the Non-Singular theory by Cai and coworkers [33]. While expression 2.2 was

initially derived for loops, it has been demonstrated [8] that its piecewise applica-

tion to segments as discussed here and reproduced in closed form in [8] is entirely

appropriate.

Similarly, the incremental change in interaction energy between an externally

applied field (σapp) and a discrete dislocation segment for an incremental displace-

ment of the discrete dislocation segment (of length dl) [8] is

δWext =

∮

C

[(b · σapp)× dl] · δr (2.3)

where the integral is taken along the segment and δr represents the incremental

advance of the segment.

Finally, the dislocation-self interaction energy of a discrete dislocation segment

requires some discussion because of the unphysical elastic singularity located at

the dislocation core. The approach taken within ParaDiS [34] as well as the ap-

proach followed where necessary throughout this work is to assume an additional,

local core-energy (Ecore) which scales exactly as elasticity with respect to the ori-
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entational dependence of the energy of the segment. Therefore the energy cost

associated either with a longitudinal displacement of a node (elongation), or a

torque of a discrete dislocation segment scales exactly as elasticity with the ex-

ception of the prefactor, Ecore exactly replacing µ/(4π) and the omission of the

log term. In the interest of completeness, the relevant core-energy of a discrete

dislocation segment per unit length (with orientation φ = arccos(b · t)) is [40]

Wcore

L
=
Ecoreb

2

(1− ν)

(
1− ν cos2(φ)

)
(2.4)

Once the elastic interaction energy between all of the segments, the interaction

between the applied field and the segment, and the dislocation-self interaction

energy of the entire system is computed, using either the Non-Singular theory

[33] or the conventional elastic interaction energy equations [8] the vectorial force

acting on a node is then soluble by computing the incremental change in the elastic

interaction energy of the system for an incremental change in the position of the

node (δr) and follows as

f = −∂W
∂r

= −∂[Wel +Wext +Wcore]

∂r

(2.5)

While the first term in 2.5 is cumbersome and so is not reproduced here, the

second and third terms yield a certain level of insight and are referred to later in

the text, and so are expanded upon here. The force produced by an externally

applied stress (also known as the Peach-Koehler Force [41]) is

fapp = (σ · b)× dl (2.6)

The core energy, as noted above, produces both a longitudinal force (due to change

in length) and a torque-like force (due to change in orientation). Each of these

are found by taking the respective derivatives, and are given by
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fl =
Ecoreb

2

(1− ν)

(
1− ν cos2(φ)

)

ft =
Ecoreb

2

(1− ν)
(2ν cos(φ) sin(φ))

(2.7)

Utilizing the above expressions forces can be directly computed on nodes by

considering the net change in the system energy for infinitesimal displacements

of each node. This procedure for computing forces indirectly from energies as

outlined above is an unnecessarily cumbersome burden, however, and so in practice

and with respect to what is implemented both in ParaDiS and in our in-house

DDD code forces are computed directly from a pre-computed stress tensor which

in turn is evaluated at only a finite number of points along the discrete dislocation

network. Using the Non-Singular theory [33], the stress tensor for a discrete

dislocation segment is given by (following the work of Cai and Bulatov [39])

σαβ(x) =
µ

8π

∮

C

∂i∂p∂pRa(bmεimαdx′β + bmεimβdx′α)

+
µ

4π(1− ν)

∮

C

bmεimk(∂i∂α∂βRa − δαβ∂i∂p∂pRa)dx
′
k

(2.8)

Similar expressions exist within Hirth and Lothe [8], chapter five. The resulting

expressions, i.e. 2.8 and σapp provide a direct way to compute the stress at any

point (or on any segment) within the material. The (Peach-Koehler) force acting

on every differential segment (dl) which then must be projected on to nodes is

then given by:

fPK(x) = (σ(x) · b)× dl (2.9)

Obviously, evaluating eq. 2.9 directly on nodes only is unphysical, as well, eq.

2.9 cannot be evaluated continuously, or even near continuously along each line

segment due to excessive computational cost and so we adopt a simple linear in-

19



terpolation scheme as follows. In the simplest case (as implemented within our

in-house DDD code) we assume that the nodes are sufficiently close that assuming

the stress field varies linearly along the dislocation line is an acceptable approxi-

mation. We can then proceed to compute the stress tensor at nodes only without

loss of generality. Given the stress tensor evaluated at two nodes connected by

a segment (of length L), i.e. σ(x1) and σ(x2) the stress (approximated to first

order) along the segment may be projected on to node 1 at x1 and on to node

2 at x2. We start by defining a local coordinate system where node 2 is at the

origin and the normalized length to node 1 is (i.e. the unit length of the segment)

unity. We assume not only that the stress tensor varies linearly along the segment

but also that the net force on the segment may be partioned, linearly, on to each

node. We define two shape functions,

N2(x) = (L− x)/L

N1(x) = x/L

(2.10)

and we assume, as noted above, that the stress is distributed along the segment

as

σ(x) = σ(x2) +
(σ(x2)− σ(x1))

L
x (2.11)

The Peach-Koehler force on each node may then be computed as

fPK1 =

∫ L

0

(σ(η) · b× t)N1(η)dη

fPK2 =

∫ L

0

(σ(η) · b× t)N2(η)dη

(2.12)

for nodes 1 and 2 respectively.

20



2.3 Mobility

Given the scheme presented above, forces (representing the stress integrated over

segments) can be directly computed on nodes. The system requires a mobility law

however to evolve towards an energy minima. With the exception of particularly

high strain-rate phenomena [42] inertial effects are negligible and so the concepts

of both an effective dislocation mass and an acceleration term can be safely disre-

garded. A linear, viscous over damped mobility description is entirely appropriate

however and this is readily expressed as

v(t) = B(t)fPK (2.13)

where B(t) is a linear orientation-dependent mobility function, t is the local line

direction and fPK is the force, computed as described above.

Because the system evolves entirely through the motion of nodes, the shape

functions described in the previous section can be applied analogous to relating

stresses along segments to forces on nodes, however, in this case to compute the

velocity at any point along a dislocation segment as

v(x) =
∑

i

viNi(x) (2.14)

where the sum i is over the nodes, and the shape function is non-zero only along

segment(s) containing position x. To compute velocities (vi) on each node given

only the forces (fPK) it has been demonstrated [39] that solving the linear system

of equations (for vj) given by

∑

j

Bij · vj = fPKi (2.15)

where Bij is a function of the shape functions defined earlier (i.e. Bij = Bij(Ni, Nj))

and the sums i, and j are over each node gives velocities on each node that are

thermodynamically consistent with the rate of energy dissipation of the entire
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system.

Now that we have established both a general (viscous, over-damped) mobility

law as well as a self-consistent discretization scheme for this force-velocity relation-

ship several important features of mobility that are specific to dislocations within

metals are worthwhile of discussion. The first is the existence of glide planes and

conservative versus nonconservative motion of dislocations. Except under con-

ditions of extreme shear not acting on a glide plane dislocations are typically

thought to be confined to, and glide along a pre-defined glide plane. Within DDD

codes these glide planes are usually defined by a glide plane-normal vector (n) and

segments (and nodes) are fixed to their respective glide plane by a modification

to the velocity vector on each node such as

vi ≡ vi − n · vi (2.16)

where i, again, indicates a node and not an indice. Other more sophisticated

schemes to incorporate non-glide effects have been proposed where the climb mo-

bility (Bclimb) is a small fraction of the glide mobility (Bglide). Schemes such as this

however are still very much in a development phase and are not widely accepted.

A subtle feature which must be implemented within DDD codes for both phys-

ical as well as numerical reasons is a velocity cut-off (vcut) for each node. Physi-

cally, under typical strain rate circumstances a forbidden velocity which is related

to phonon interactions, and the shear wave speed of the material sets an upper-

bound to the velocity [43]. Assigning an upper velocity limit consequently is an

easy way to reproduce this effect within DDD models. More importantly however

is the relationship between vcut, δt and Lint, which is a maximum local interaction

length for nearby segments (detailed in section 2.5). The detection of, and subse-

quent formation of junctions of nearby dislocation segments requires that segments

be within a minimum distance of each other Lint. Simultaneously, the maximum

distance that a segment can travel in a given time step is vcutδt. Therefore it is

necessary to ensure that two nearby segments will ”see” each other. Otherwise the

22



entire junction formation process can be missed, and the simulation will continue

erroneously. Therefore, when selecting vcut, δt, and Lint as input parameters they

should be chosen such that the inequality

vcutδt < Lint (2.17)

is obeyed. The following discussion examines δt and its potentially decreasing

value throughout the simulation. Therefore the above guideline may in reality

serve as an upper bound, or a starting condition for δt.

2.4 Time-Integration

The velocity on each node can vary rapidly even with respect to relatively small

movements of each node. Similar to the discretization applied earlier creat-

ing nodes and segments, time requires a discretization scheme. One popular

method which is both available within ParaDiS and is directly implemented within

our DDD code is the Euler-Trapezoid, or otherwise referred to as the predictor-

corrector method where two different sets of updated nodal positions are com-

puted. For both computed new nodal positions a sufficiently small time step (δ t)

is considered and both sets of candidate node positions are

rp = r0 + v(r0)δt

rc = r0 +
v(r0) + v(rp)

2
δt

(2.18)

Notice that the second set of computed nodal positions (the corrector, rc) is a

function of the first (the predictor, rp). The premise of the predictor-corrector

scheme is that the time step (δt) is sufficiently small such that the magnitude of

the difference, |rp− rc| < ε, is below some predetermined error tolerance, ε. If the

error between the predictor and corrector is too large, i.e. |rp − rc| ≥ ε then the

time step (δt) must be sufficiently reduced to reduce the error to an acceptable
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level. This is usually accomplished by decreasing the time step by a factor of 2,

δt≡ δt/2. The overall time-integration algorithm then can be summarized in four

steps. First a nominally small time step, δt0 is selected prior to the start of a

simulation. Second, once velocities are computed on each node both the predictor

and subsequently the corrector are computed using 2.18. Third, the magnitude

of the error, |rp − rc| is then compared to the preset error tolerance, ε. Fourth, if

the computed error is less than ε the simulation proceeds, if otherwise the time

step is reduced (nominally by a factor of two) and the candidate, updated nodal

positions (rp and rc) are re-computed.

2.5 Topological Changes

To this point, only the initial discretization has been discussed. DDD simula-

tions however have a tendency to start with a relatively small number of straight

dislocation segments and rapidly evolve in such a way that both the dislocation

density, and the complexity of the network markedly increase with increased (plas-

tic) strain. Because the computational cost of DDD simulations scales with the

number of dislocation segments, but the overall resolution and accuracy of the

simulation is dependent on a fine discretization, there is an unavoidable need to

use the minimum amount of segments necessary to accurately capture the fields

and evolution of a curved dislocation network. Due to the evolution of plas-

ticity the necessary number of discrete segments is expected to greatly increase

throughout the simulation. In order to both minimize computational expense and

maximize resolution (i.e. more segments in regions of higher plastic evolution)

dynamic topological changes, and multiple re-discretization steps throughout the

simulation are absolutely necessary.

The simplest case, and that which we will start by examining is re-discretization,

or remeshing during a simulation amongst nodes with only two neighbors or single

segments which are sufficiently long. There are several reasons in even these rela-

tively trivial situations that remeshing may be necessary. First, consider multiple
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short, straight dislocation segments (as usually present during initialization of the

simulation) interconnected by many nodes. When the angle made between two

segments connected by a single node is π or nearly π the existence of the node

itself becomes trivial, and the two collinear parallel segments could be replaced by

a single, longer segment without any loss of fidelity. Conversely, a single (straight)

segment cannot represent any bow-out or a curved dislocation segment. In fact the

net-radius of curvature of a bow-out is limited by the maximum segment length

contained within the bow-out. Furthermore, if sufficiently higher order stress gra-

dients are acting across a single segment, the simple linear interpolation of stresses

evaluated (only) at nodes and then directly projecting (integrated) forces on to

these same nodes becomes a very poor approximation. Given even these two triv-

ial examples it is clear that algorithms need to be in place to dynamically refine

the dislocation network on a local level.

Considering the two scenarios presented above, the simplest approach, and an

option which has been implemented within ParaDiS [34] is to prescribe bounds to

segment lengths, a maximum length (Lmax) and a minimum length (Lmin). The

maximum length must be such that even the smallest distance expected between

pinning points (Lpin) throughout a simulation is greater than Lmax. This will

ensure an unpinned node independent of the details of the simulation and so

fundamental processes such as bow-out will proceed physically with the addition

of nodes as the single unpinned node begins to glide. The length Lmin should

be on the order of or less than half of Lmax to prevent repeated creation and

annihilation of node(s) on a single segment. Lmin however should also be chosen

such that it is greater than ∼ 10rc where rc is the core radius parameter. There

are terms in both the energies (and forces) of the Non-Singular Theory [33] that

scale as ∼ O
(

rc
Lmin

)
, and given the lack of physical significance of these terms their

influence on the simulation results should be kept to a minimal. To summarize the

requisite placed on the maximum (Lmax) and minimum (Lmin) segment lengths,

10rc < Lmin < Lmax/2 < Lpin/2 is required to minimize unphysical effects due to
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the discreteness of the simulation.

Given the two bounds prescribed above (Lmin and Lmax) an additional step

and algorithm is required within the simplest DDD model to enforce them. The

most direct method to accomplish this is to add a remesh step immediately after

time-integration and the computation of new nodal positions, but before forces are

computed. More elegant procedures for either remeshing, or computation of forces

may be employed to increase efficiency, such as non-uniform time stepping where

the time step is a function of the local discreteness of the dislocation network, and

far-field approximate summation techniques where a dislocation mass is ”lumped”

together to compute approximate fields and so the degree of resolution of the mesh

becomes irrelevant.

The entire discussion above is limited to simple annihilation or addition of

nodes and remeshing within the context of the overall DDD algorithm. The evo-

lution of plasticity however involves the (local) interaction of dislocation lines both

to merge and form junctions as well as annihilation of junctions. Both of these pro-

cesses entail nodes with more than one (pinned node) or two (free node) adjacent

segments as well as accompanying detection algorithms.

In the interest of overall clarity we will proceed to focus on the (simplest)

detection algorithm next. The simplest model of possible junction detection and

subsequent formation is based on a preset local interaction length, Lint. If two

segments are detected to be at any point along each segment (d) to be separated by

less than Lint, then a merging sequence should be initiated and the local energetics

for a possible merge checked. The minimum length between two discrete segments

(d) with nodes r1, r2 located on segment A and nodes r3, r4 located on segment

B may be computed as follows [39]. The minimum length, d, satisfies

d =
√

min
α,β

F (α, β) (2.19)

where

F (α, β) ≡ ||[(1− α)r1 + αr2]− [(1− β)r3 + βr4]||2 (2.20)
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the α and β which solve the minimization problem may then be solved for directly

(with rij = rj − ri) as

∂F

∂α
≡ r12 · r31 + (r12 · r12)α− (r12 · r34)β = 0

∂F

∂β
≡ r34 · r31 + (r34 · r12)α− (r34 · r34)β = 0

(2.21)

Once it has been determined that d, as described above, between any two

segments, is less than Lint (d < Lint) it is necessary to initiate a merge procedure.

The first two steps of the merge procedure are straightforward and require no

additional algorithmic operations. The third step however is dependent on the

local energetics of the merged configuration, and so several outcomes are possible.

For any two segments A with nodes r1, r2 and B with nodes r3, r4 and with

d < Lint the merge and junction/splitting operations proceed as follows. First, two

nodes are created at the minimum distance points on each segment, for clarity an

additional node A’ is added to segment A and an additional node B’ is added to

segment B. Second, the now four segments (r1-A’, A’-r2, r3-B’, B’-r4) are brought

together between A’ and B’ and a single node with four segments is created. What

happens next is, as stated above, very dependent on the local energetics of the

interaction, and is determined as follows.

In the third step, the rate of energy dissipation for all plausible outcomes

of the previously merged A’ and B’ nodes are checked, and the outcome which

maximizes the rate of energy dissipation is then chosen. The definition of the rate

of energy dissipation [39] is

Q̇i = fi · vi (2.22)

where Q̇i is the rate of energy dissipation on node i and fi and vi maintain their

usual definitions from above. Given the above construction, for a single node

with four segments there are seven plausible outcomes. The obvious outcome

is that nothing happens, and the single node with four segments remains. This

27



is dependent on eq. 2.22 being the greatest with respect to the following six

possibilities. Three plausible outcomes exist where the single node (with four

segments) splits in to two nodes, each with three segments. The additional three

plausible outcomes are that the single node splits in to two nodes, each with

two segments. Various types of dislocation junctions are known to exist, and

have been documented throughout the literature [38]. The six possible split-node

configurations outlined here are checked for the greatest rate of energy dissipation,

i.e.

Q̇A′B′ = fA′ · vA′ + fB′ · vB′ (2.23)

Of the seven possible split configurations the split which dissipates energy the

fastest is then selected and the simulation proceeds.

2.6 The Overall DDD Scheme

The five sections above provide all of the ingredients necessary for a simple DDD

simulation. The purpose of this section is to assemble them and provide a simple,

coherent algorithm that can be readily implemented and used for DDD problems.

Before the simulation is run, several input parameters must be chosen. The

initial time step (δt), the core parameter(s) (Ecore, rc), the acceptable error con-

tained within the time integration, the minimum and maximum segment lengths

(Lmin, Lmax), and the segment interaction length (Lint) must all be selected such

that the lengths do not violate any of the above requisites. Additionally, boundary

conditions must be imposed, whether its a constant applied stress, or a constant

strain rate. Finally, an initial dislocation configuration must be prescribed. This

usually consists of several dislocation segments pinned by nodes.

Once the simulation has started the basic run algorithm is listed below.

1. Compute the Stress tensor (σ) on each node. Using an interpolation scheme,
such as that described above, approximately integrate the stress fields along
each segment and project the stress on to nodes in terms of a force. The
stress should include (i) all applied fields, (ii) the interaction with all other
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segments, and (iii) any ”core” forces.

2. Assuming non-high strain rate loading, compute and solve the linear system
of equations (f = Bv) governing the force-velocity relationship.

3. Apply a Time-Integration scheme, such as that outlined above to compute
new nodal positions. Iterate until the new nodal positions are all within the
prescribed error tolerance.

4. Compute the relative rates of energy dissipation for all multiply (greater than
2) connected nodes. Also compute the minimum distance between segments
and compare to Lint for possible junction formation.

5. Apply all necessary merge and split operations. Then advance all nodes to
their new positions.

6. Remesh the entire dislocation network and then repeat.

Finally, in a post-processing stage various information from the simulation

can be output. Final dislocation configurations, accumulated plastic strain, the

evolution of dislocation density, particular formation of junctions, etc. are all

possible outputs which are interpretable within the context of macroscopic stress

versus strain type data.
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Chapter 3

Operation of a 3D Frank-Read

Source in a Stress Gradient and

Implications For Size-Dependent

Plasticity

3.1 Introduction

Size effects in crystalline plasticity at the micron scale are now well established

experimentally in various materials, geometries [44, 45] and loading configurations

[46–51]. While the origins of these effects have been attributed to geometrically

necessary dislocation hardening [52–56], dislocation starvation [57–61] and dislo-

cation source truncation [62–68] predictive models associated with many of these

mechanisms are lacking, as is an understanding of the material length scales that

govern the observed size effects. As technological systems move increasingly to-

ward smaller scales, the understanding and description of size-dependent plasticity

gains increasing engineering significance.

Taking a different mechanistic view to many current theories [52], we have

recently demonstrated that size effects can emerge due to stress gradients [69–71]
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acting on the dislocation source-obstacle configurations that control the initiation

of plastic flow. This ”stress gradient plasticity” was analyzed within the context

of plane strain dislocation pile-ups, and was demonstrated numerically using two-

dimensional (2-D) plane strain dislocation dynamics models [69]. The plane strain

derivation and demonstration do not reflect the state-of-the-art level of full 3-D

discrete dislocation dynamics (DDD) simulations [39, 72, 73] and lack a description

of the precise details responsible for the source operation in a gradient.

Here we seek to understand the role of the stress gradients on the operation

of a 3-D Frank-Read (FR) source. Operation of an FR source of length l and

Burgers vector b under constant shear stress τapp [8] is well known: The dislocation

bows-out under increasing load until an instability is reached at approximately

τFR ≡ τapp ≈ µb/l, which neglects a weak log(l) dependence, beyond which a full

loop is formed, the source is reconstituted and it begins to operate again, leading

to repeated nucleation of loops. Operation of an FR source in a spatially varying

stress field has not been studied directly. The structure of 2-D dislocation pile-ups

in a linear stress gradient is well established [74], and these results have been used

together with some approximations to estimate the back stresses acting on a 2-D

FR source in a beam bending configuration [75]. However, the approximations

made in Ref.[75] have not been validated and the model predictions deviate from

the trends in our full 3-D simulations here. Therefore, in this chapter, we use 3-D

discrete dislocation simulations to study the operation of a real FR source in a

stress gradient. In a linearly varying stress field, we show that the source operation

changes fundamentally, with the dislocation unable to cross the ”neutral axis” or

position of zero stress, preventing pinch-off on the lower-stress side of the pinned

FR source. The emitted loop pinned at the neutral axis then exerts a back stress on

the reformed source and inhibits further operation. Increasing the stress leads to

the eventual operation of the source, but each emitted loop joins a pile-up around

the neutral axis. The simulations reveal a new set of metastable states and an

associated strengthening of the source as a function of the stress gradient and of
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the number of previously nucleated dislocation loops. We present and validate a

simple 2-D analytic model that captures key features of the operation of an FR

source operation in the presence of a stress gradient. We then apply both the

simulation results and the analytic model to rationalize some experimental and

numerical results on the size dependence of plasticity in the bending of single-

crystal beams.

3.2 Methodology

The 3-D DDD code ParaDiS [34, 39] was used to conduct the simulations. ParaDiS

allows for the implementation of arbitrary dislocation configurations with pre-

scribed material properties, boundary conditions, and loading conditions. The

initial configuration of an FR source is shown in Fig. 3.1a: a single straight edge

dislocation segment along the y axis is pinned at its two ends and is centered at

x = y = z = 0 within a large cubic simulation box for which image forces are ver-

ified to be negligible. The prescribed boundary conditions are periodic along the

faces normal to y and traction free along the faces normal to x and z. Four initial

source lengths are analyzed, l = 250b, 500b, 1000b and 2000b. While the results

are essentially independent of physical material properties, values are needed in

the code and we use a shear modulus µ = 130 GPa, a Poissons ratio ν = 0.305

and b = 2.725 Å. A simple face-centered cubic mobility slip law is used, where slip

is only permitted on the z = 0 (001) plane containing the source, with no cross-

slip and a maximum dislocation segment velocity of 5e7b/s. A dislocation core

cut-off radius (within ParaDiS) of rc = 2b was selected such that an FR source

in a constant stress field operates at approximately τFR = µb/l over all lengths

investigated here. ParaDiS adaptively discretizes the dislocation segment as the

simulation evolves, with a maximum segment length of l/2. A spatially varying

shear stress
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τxz = τ0(1− χx) (3.1)

is imposed, where τ0 is the magnitude of the stress at the initial source location

and χl is a normalized measure of the stress gradient: χ = (−1
τ0

)(dτxz
dx

). The

distance 1/χ is then also the distance from the source to the plane at which the

applied stress becomes zero (the neutral axis or neutral plane), and we use a

simulation box length of size 4/χ. The evolution of the dislocations is examined

for increasing values of the applied stress τ0, for a range of dimensionless gradient

values 0.2 ≤ χl ≤ 1.

The simulations proceed as follows. The stress τ0 is incremented, inducing

dislocation glide. During glide, the cumulative average velocity of every node is

recorded. Once (i) at least 400 time steps have passed, (ii) the ratio of the change

in the cumulative average velocity of each node to the cumulative average velocity

of each node is less than 0.1% for 300 steps and (iii) the maximum node velocity

is less than 5e7b/s, the stress is incremented again, by 0.5% of the current value.

During glide, two types of segment collisions can occur. First, the dislocation can

reach the periodic boundaries of the simulation cell and react with itself to form

two separate dislocations, one that glides out of the simulation space at x << 0

and the other that glides toward x = 1/χ. Second, dislocation segments on the

two sides of the latter dislocation can meet and annihilate, forming a new FR

source and a separated dislocation. The stress at which the latter event occurs

is recorded as the operating stress for the source. Fluctuations present within

the data are attributable to numerical issues resolving the equilibrium position

of all nodes. As the simulation proceeds with continued operation of the source,

we obtain the FR source strength τ0 as a function of the number of nucleated

dislocations (N-1) and the dimensionless stress gradient χl, e.g.

τ0 = τ0(N,χl) (3.2)
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Figure 3.1: Evolution of an FR source operating in an applied stress gradient:
(a) initial configuration under no applied stress; (b) first critical configuration,
qualitatively similar to that found under zero stress gradient; (c) sequence of
stable configurations under increasing applied load for larger stress gradients, cul-
minating in pinch off; (d) second nucleated loop at first critical condition (as in
(b)), in the presence of the first nucleated dislocation that sits at distance 1/χ;
(e) sequence of stable configurations under further increasing load culminating in
pinch off; and (f) third nucleated loop in the presence of the prior two nucleated
dislocations at positions around 1/χ.

3.3 Results and Analysis

Figure 3.1 shows a sequence of dislocation configurations under increasing load in

the presence of a high stress gradient. The source first bows out into the increasing

stress region (x < 0), and becomes unstable (Figure 3.1b.), similar to a Frank-Read

source in a constant stress field but at a lower applied stress τ0 < τFR because the

local stress fields on the dislocation segments are larger than τ0 in the x < 0 region.

However, as the dislocation expands and loops around into the region x > 0, the
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decreasing stress field inhibits further glide. The loop can expand in x < 0 and

laterally along y < 0 and y < 0, annihilating along the periodic boundaries and

creating a dislocation in the region x < 0 that moves off towards x = −∞. The

remaining dislocation remains trapped in the region x > 0 and is unable to pinch-

off and reconstitute the source. Trapping and inhibition of the pinch-off are the

key features of the Frank-Read operation in a graded stress field. With increasing

applied stress (Figure. 3.1c), the first dislocation bows increasingly inward and

eventually reaches pinch-off, but the new nucleated dislocation rapidly becomes

straight and glides to x = 1/χ, where τxz = 0. The reconstituted FR source then

starts to act again (Figure. 3.1d), but when this second dislocation enters the x

> 0 region there is a back stress due to the first dislocation that impedes the glide

and further inhibits pinning (Figure. 3.1e). The first dislocation does move into

the region where τxz < 0 due to the forces exerted by the second dislocation, but

the overall interactions inhibit pinch-off. With further increased load, pinch-off

is achieved, a two-dislocation pile-up is formed (Figure. 3.1f) centered around

x=1/χ, and the source begins to operate again. But, pinch-off of the next emitted

dislocation is further inhibited by the back stresses from the two-dislocation pile-

up. This evolution continues, with increasing applied stress needed to pinch-off

each subsequent dislocation and an increasing dislocation pile-up around x = 1/χ.

The applied stress required to nucleate successive dislocations from the Frank-

Read source in the presence of a stress gradient, i.e. to achieve pinch-off and

reconstitute the Frank-Read source, is shown in Figure 3.2. The source strength is

normalized by the standard Frank-Read strength (τFR) and is shown as a function

of the number of emitted dislocations for a range of normalized stress gradient

values χl.

For the initial source operation (N = 1) there is a slight weakening effect (τ0 <

τFR) for low gradients (χl < 0.4). In this domain, the region of higher stress (x <

0) drives the initial loop instability and the lower stresses in x > 0 are insufficient

to inhibit pinch-off. However, for larger gradients (χl ≥ 0.4), a strengthening
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Figure 3.2: Normalized FR source strength
(

τ0
µb/l

)
versus number (N ) of disloca-

tions emitted from the source, for various values of the normalized gradient χl.
Solid line: DDD simulation data; dashed line: analytical model of 3.8. Results
here use l=250b, τc=1.16τFR and xc=0.44l in 3.8; similar results are obtained for
other values of l.

effect is observed due to the inhibition of pinch-off (Figure. 3.1c), a new feature

that is unique to the stress gradient problem. In this strengthening regime, the

strengthening scales approximately linearly with χl. We can estimate the pinch-off

stress for the first dislocation by approximating the interactions between the two

arc-like segments. We equate the self-force of a bowing arc segment to the sum of

the attractive force between two opposite signed screws (treated as straight, and

of length 1/χ) and the integrated applied force. The result qualitatively captures

the linear strengthening with respect to χl observed in the simulations (N = 1)

but is quantitatively quite poor. To make any quantitative comparison requires

a priori knowledge of the exact length, orientation and shape of the two arc-like

segments, which rapidly becomes unwieldy and approaches execution of precisely

what is computed in the ParaDiS simulations.

Figure 3.2. shows that, after the first dislocation (N = 1) is emitted, operation

of the source to emit additional dislocations (N > 1) requires an increasing applied
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stress at any normalized gradient χl. Even at the smallest gradient values studied

here (χl = 0.2) there is some strengthening effect due to the gradient field after

several dislocations (N = 4) are emitted. Overall, the magnitude of the strength-

ening is significant e.g. twice the nominal source strength τFR can be achieved

for moderate gradients (χl = 0.4) and moderate numbers of dislocations (N = 7)

emitted. Overall, Figure. 3.2 demonstrates a clear effect of a spatial stress gradi-

ent on the operation of a full 3D Frank-Read source and is the first main result of

this chapter.

We can understand and unify the simulation results shown in Figure 3.2 for

N>1 through a model that considers the back stresses due to the previously emit-

ted dislocations. First, we ignore the two curved segments of the current disloca-

tion that has not yet pinched off, and treat it as a long straight edge dislocation.

The positions of the prior N-1 dislocations and this last dislocation are then the

equilibrium positions of an N-dislocation pile-up in a linear gradient field, a prob-

lem solved by Eshelby and Bilby [74] and shown schematically in the inset of

Figure 3.3. The Peach-Koehler force on each edge dislocation in a stress field of

the form τ = −τ0χx is satisfied by [74].

H
′′

N − 2τ0χxH
′

N + 2NχHN = 0 (3.3)

where HN is the N th Hermite polynomial, and the equilibrium positions xi, where

i = 1, , N are associated with the roots of HN , e.g.

0 = HN

(
τ

1/2
0 χ1/2x(2π(1− ν))1/2

µ1/2b1/2

)
(3.4)

The solutions of 3.4 are in excellent agreement with our discrete simulations over

the entire range of parameters studied, with the trivial difference that our coordi-

nate system is shifted relative to that of Eshelby and Bilby by 1/χ. For instance,

figure 3.3 shows the normalized position of the Nth dislocation, xN/l, as a func-

tion of the normalized gradient χl, for several values of N, as measured in our
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simulations and as predicted by 3.4. Now, given the positions xi of the i = 1, ,

N dislocations, the total resolved shear stress at a point x due to the first N-1

dislocations is

τ(x) = τ0(1− χx)− µb

2π(1− ν)

N−1∑

j=1

1

xj − x
(3.5)

This stress field operates on the Nth dislocation, influencing its pinch-off and

reconstitution of the Frank-Read source for the next emission. Qualitatively, the

prior N-1 edge dislocations emitted from the source symmetrically pile-up around

x = 1/χ and produce a back stress on the Nth dislocation connected to the source,

pushing the long, straight segments back toward the source and thus decreasing

the ability of the two arc-like segments to bow-out (Figure 3.1e), thereby inhibiting

their intersection and reconstitution of the Frank-Read source.

Equation 3.5 requires the solution of 3.4, which must be done numerically.
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To obtain a very useful analytical approximation, we first note that half of the

dislocations are at distances x > 1/χ and half at x < 1/χ (when N is odd,

one dislocation sits exactly at x = 1/χ). Therefore, we group the initial N-1

dislocations into a single super-dislocation located at x = 1/χ and approximate

3.5 as

τ(x) = τ0(1− χx)− µbχ(N − 1)

2π(1− ν)(1− χx)
(3.6)

The position xN of the Nth dislocation satisfies τ(xN) = 0 and is given by

xN =
1

χ
−
(

µb

2π(1− ν)

)1/2(
N − 1

τ0χ

)1/2

(3.7)

The predictions of 3.7 are compared to our simulation data in figure 3.3 for several

of the initially emitted dislocations following the initial pinch-off. The error in

using the super-dislocation approach is consistently ∼ 0.1l for N=2, ∼ 0.05l for

N=3 and negligible for higher N. We thus proceed to use the super-dislocation

approximation below.

Next, we postulate that pinch-off of the two arcs of the Nth dislocation (see

Figure 3.1c) is determined by the attainment of some critical stress τc at some

critical location xc, both to be determined, independent of any other details of

the configuration (e.g. independent of the magnitude of the gradient, the applied

stress or the number of previously emitted dislocations). To test this postulate,

we plot the normalized stress field τ(x) versus x computed via 3.6 for every value

Normalized Source Length (l/b) 250 500 1000 2000 All Source Lengths
xc/l 0.44 0.45 0.47 0.49 0.48
τc/τFR 1.16 1.45 1.43 1.55 1.33
Average Error (%) 6.75 9.29 4.94 6.76 10.72

Table 3.1: Normalized critical position xc/l and critical stress τc/τFR for operation
of a 3-D FR source in the presence of a gradient and induced dislocation pile-up,
for various FR source lengths. Average error in this effective point source condition
for τc/τFR is generally less than 10%.
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of (τ0, , N) (N>1) at which source operation is observed in the simulations (i.e.

the data of Figure 3.3). We then search for a unique point (xc, τc) through which

all these stress fields pass. The result is shown in Figure 3.4 for one case (l =

250b). Although the stress fields do not all pass through exactly one point, there

is a remarkable convergence of the stress fields in the vicinity of x/l = 0.44 and

τ/τFR = 1.16. Similar results are obtained for the other source sizes, as shown in

Table 3.1. The standard deviation in the critical stress at the critical location is

on the order of 7% across all source sizes, and most of the error comes from the

cases with N=2 and where source operation is controlled by the initial instability

rather than the second pinch-off instability; such cases are outside the scope of

our model. There is a slight dependence of the optimal values of xc and τc on the

value of l but the dependence is weak for l/b ≥ 500. Using the critical stress τc

at the critical location xc, we can thus express the strength τ0 of the Frank-Read

source in the presence of a gradient field including the effects of all prior source

emissions as

τ0(χ,N) =
τc

1− χxc
+

µbχ(N − 1)

2π(1− ν)(1− χxc)2
(3.8)

for N > 1. The predictions of 3.8 are shown in Figure 3.2. The model captures

the initial strengthening and subsequent hardening associated with the inhibited

Frank-Read source operation in the stress gradient. The model is based on the

existence of a new stable configuration for the Frank-Read source, so is quite

accurate in the regime controlled by that stable configuration, i.e. χl ≥ 0.4 and

N ≥ 2. The model is not accurate for low normalized gradients (χl = 0.2), where

the 3D Frank-Read source operation is controlled by the high-stress region x <

0, a regime outside the scope of this model. The demonstration that operation

of a 3D Frank-Read source in the presence of a stress gradient can be accurately

represented by a (nearly) unique critical stress τc at a critical position xc, with an

accurate analytic model for the source strength (3.8), is the second main result of

this chapter.
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3.4 Applications

3.4.1 Comparison to 3-D DDD Simulations

Motz et al. [75] performed full-sample 3-D DDD simulations of pure bending of

micron-scale beams containing an initial distribution of FR sources, and measured

size-dependent strengthening and hardening. Here, we show that the full 3-D

DDD simulations can be accurately interpreted simply through consideration of

the operation of a single FR source in the stress gradient created by the bending

deformation.

The Motz et al. simulations were nominally for a single-crystal Al beam, with

the bending moment about the (0 0 1) plane and the tensile direction along [0 1

0]. Four {1 1 1}<1 1 0>-type slip directions are active, and intersect the neutral

plane of the beam with Schmid factors of 0.408. Motz et al. [75] report the

flow stress M/(Bt2) as a function of the normalized total displacement along the
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length of the beam uy/t for beam thicknesses t = 0.5, 0.75, 1.0 and 1.5 µm. In

pure bending, plastic flow initiates on the outer surfaces of the specimen where

the local tensile stresses are highest. The relationship between the tensile stress

on the surface and the measured bending moment is σ0 = 6M/(Bt2), where B and

t correspond to the breadth and thickness of the beam, respectively. The resolved

shear stress driving plastic flow is thus related to tensile stress on the surface as

τ0= 2.45M/(Bt2).

Our simulations and model predict the flow stress for a single FR source as

a function of the number of previously emitted dislocations N. To connect to the

Motz data we must thus relate dislocation emission to plastic displacement as

follows. Each dislocation emitted from an FR source near the surface will produce

an edge dislocation that glides a distance 1/χ=t/
√

2 along the glide plane to,

on average, the neutral plane of the beam, thereby contributing a total plastic

displacement up=b/2 with components upx = upy = b
√

2/4. After N dislocations

have been emitted from each active source and for a density of active sources

42



ρ in a beam of length L (total number of active sources ρL), the normalized

plastic displacement along the length direction is then upy/t =
√

2NρLb/4t. Our

simulations thus yield a flow stress versus normalized plastic displacement given

a density of active sources along the beam.

We can now make a comparison to the results of Motz et al. [75]. Motz et

al. use beams with L/t fixed at 3. For such sample dimensions, the normalized

plastic displacement along the length is upy/t = 3
√

2Nρb/4. The density of active

sources in the Motz simulations is not known, however. A posteriori, dislocation

pile-ups are clearly observed along the length of the beams, though no quantita-

tive results are available. We therefore fitted the quantity ρ to relate our results,

based on single-source operation, to the net total response of multiple sources in

the Motz model. Motz et al. present the total displacement and so the elastic

displacement of the beam is subtracted from that data. Since the plastic dis-

placement depends on the product Nρ, and since our simulations and the Motz

et al. data both show nearly linear hardening, our model can be reasonably fitted

to the Motz et al. data for any combination satisfying Nρb ∼ 0.0189. However,

the Motz et al. data shows relatively smooth, continuous evolution of the plastic

displacement and clear multi-dislocation pile-ups, so N cannot be too small (i.e.

a few dislocations emitted from a large number of sources). Figure 3.5 shows

the normalized flow stress τ0/τFR versus normalized plastic displacement upy/t as

predicted by our model, with 1/ρ = 152 nm and N=10, and as obtained in the

Motz et al. simulations. Our simulations generally agree well with the Motz et al.

data at both small and large beam thicknesses (large and small stress gradients,

respectively). At the intermediate thicknesses, stress gradient effects do not set in

until a few dislocations have been emitted, so our predictions are only in qualita-

tive agreement with the full simulations of Motz et al. [75]. The general ability of

the mechanics of a single FR source operating in a stress gradient to capture the

full 3-D DDD bending response of a beam is the third main result of this chapter.

Application of our analytic model yields results comparable to those shown in
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Figure 3.2. The model agrees with our simulations and the Motz et al. [75] data

at the smallest beam size (highest gradient). At the largest beam size (smallest

gradient), the analytic model predicts no hardening but has a higher initial flow

stress, since τc = 1.33τFR is the smallest possible value in the analytic model.

At intermediate beam sizes, corresponding to moderate stress gradients, the ana-

lytic model overestimates our simulations at low N, where the analytic model has

already been shown to be less accurate.

3.4.2 Comparison to Experiments

In separate work, Motz et al. [50] conducted experiments on the bending of single-

crystal Cu microbeams ranging in thickness from 1 to 7.5 µm and oriented with

the bending moment about the (1̄1̄2) plane and the tensile direction along [11̄0].

During loading, the force versus end displacement of the beam was recorded and

beyond a critical displacement the force reached a plateau. Motz et al. proposed

that, due to strain hardening, the best measure of the flow stress is to assume an

even distribution of plastic flow through the thickness of the beam, identical to a

plastic hinge. Using equilibrium of moments, the average flow stress is related to

the force by σf = 4M/(Bt2) where M = FmaxL is the moment. The flow stress

computed in this manner scaled nearly inversely with beam thickness, following

the power law fit σf = 140 MPa + 881 MPa-µm1.14t1.14. In our model, we assume

that the onset of plastic flow occurs along the outermost surface of the beam so

that σ0=6M/(Bt2). This flow stress can thus be computed from the quoted stress

of Motz et al. as σ0 = 3σf/2. With a Schmid factor of 0.408 for slip along any

of the four {1 1 1}<1 1 0> active slip directions, the average flow stress leads to

a critical resolved shear stress τ0=86 MPa + 539 MPa-µm1.14t1.14 along the outer

surface of the beam. Interpreting the experiments within the context of our model,

we first assume that the measured critical resolved shear stress of 86 MPa at large

beam thicknesses is controlled by FR sources of this strength, i.e. 86 MPa=µb/l.

We can then calculate the active source length l = 517b using the shear modulus
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along the slip direction of µ110 = 44.3 GPa for Cu [76]. Manipulation of the

experimental data [50] yields the normalized scaling

τ0 − τFR
τFR

=
∆τ

τFR
= 63.1

(
t

l

)−1.14

(3.9)

as shown in figure 3.6 using the right axis. In these experiments, yielding and

subsequent plastic flow initiates where the cantilever beam is integrated into the

supporting structure. With further displacement, the region of active plastic flow

evolves towards the free end of the beam, manifested in a sequence of visible slip

bands. We thus interpret the plateau observed in the measured force as the critical

force required to initiate the formation and hardening of successive slip bands down

the length of the beam. This interpretation is supported by finite element com-

putations on this geometry using conventional size-independent plasticity models.

The flow stress derived from analysis of the experimental data should thus cor-

respond approximately to the stress required to form and strengthen/harden an

individual slip band.

Turning to predictions of our model, dislocations glide along the slip plane

to the neutral axis and this geometry dictates that the normalized (shear) stress

gradient is χ=1.71/t. The change in plastic displacement in the direction of flow

due to the prior N 1 dislocations is up = (N 1)b/2. We can thus take all of our

simulation data, subtract the initial strength τ0(χl; N = 1) and normalize by both

the FR strength (similar to above) and the normalized plastic displacement up/b,

to obtain a normalized scaling

τ0(χl;N)− τ0(χl;N = 1)

τFR
(
up

b

) ∼ 2.5

(
t

l

)−1.16

(3.10)

as shown in figure 3.6 using the left axis. This comparison demonstrates the unique

size scaling of the hardening found both in our simulations (at any fixed plastic

displacement) and in the experiments. Note that, while 3.9 and 3.10 show similar

size scaling of the hardening, they differ in that eq. 3.10 is also normalized by the
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Figure 3.6: Left axis: normalized change in flow stress versus normalized beam
thickness, independent of plastic displacement, from simulations (solid squares)
and the analytic model of 3.8 (dashed line); right axis: normalized change in flow
stress versus beam thickness from experiments [50] (open squares), from simula-
tions (solid line) and from the analytic model (dashed line) assuming NρL = 25.2
(see text).

plastic displacement, leading to the use of different axes in figure 3.6. The analytic

model of 3.8 can be manipulated similarly to our simulation data, yielding

τ0(χl;N)− τ0(χl;N = 1)

τFR
(
up

b

) =
1.71(t/l)−1

π(1− ν)
(

1− 0.82
(
t
l

)−1
)2 (3.11)

where we have substituted the value xc/l = 0.48 derived from our analysis. 3.11

is also shown in figure 3.6, using the left axis. Although 3.11 shows an asymptotic

scaling of (t/l)1 in reasonable agreement with the simulations and experiments,

the actual values in the simulated range of t/l show a slightly stronger size scaling.

In 3.11 we are analyzing the size scaling of the hardening rate (hardening versus

plastic strain), and the analytical model predictions of the slope are not as accurate

as the overall trends with χl. A quantitative comparison between our results
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(3.10 and 3.11) and the experiments of Motz et al. (i.e. to connect the right

and left scales in figure 3.6) requires additional information on the total plastic

displacement. Equating our result of 3.10 to the data of Motz et al. as expressed

in 3.9 requires a plastic displacement per source of up/b = 63.1/2.5 = 25.2. The

prediction of 3.10 with up/b = 25.2 is shown in figure 3.6 now using the same

(right) axis as used for the experiments.

A local plastic displacement of up/b = 25.2 corresponds to N ∼ 2up/b ∼ 50

dislocations emitted per source, which would produce surface steps of magnitude

50b ∼ 13 nm. Shielding of other potential sources by these pile-ups would lead to

a slip plane spacing that scales as ∼t/2 (the glide distance from source to neutral

axis). In the scanning electron micrographs, however, larger displacements and

smaller spacing are observed. If the beam rotation of 4◦ over a length of 20 µm,

as shown in the micrograph in figure 2a of [75], is assumed to be accommodated

exclusively by plastic displacement on one of the two active slip systems in all of

the ∼20 observed slip bands on each side of the specimen, then the step size Nb

per slip band can be estimated as 20Nb ∼ (20 µm)tan(4◦) or Nb ∼ 70 nm, which is

more comparable to the observed step sizes. However, the back stresses associated

with the associated N = 275 in an individual slip band would give a strengthening

effect approximately 275/50 = 5.5 times higher than observed in the experiments.

In general, this comparison indicates that, in the experiments, any FR sources

behave like conventional FR sources but operate in the presence of the back stress

field created by the pile-up of previously emitted dislocations around the neutral

plane of the specimen. The hardening behavior is thus attributable to the stress

gradient present in the bending problem, but does not reflect a stress gradient

effect on the source operation itself in this regime of very large t/l. Overall, our

results for operation of a single FR source in a stress gradient can match the size

scaling of the strengthening observed in the experiments, which is the fourth main

result of this chapter. In spite of this success, quantitative predictions remain

difficult and undoubtedly the experimental situation is more complicated than
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envisioned in our basic analysis.

3.5 Summary

The model presented here demonstrates the strengthening and hardening effects

arising when a Frank-Read dislocation source operates in a graded stress field.

This behavior arises due to the emergence of a new metastable configuration for

the Frank-Read source, as demonstrated via 3D-DDD simulations, and for which

the length of the Frank-Read source is the physical material length scale control-

ling the magnitude of the gradient effect. The operation of a Frank-Read source

in a stress gradient, including pile-up dislocations formed on the low-stress side

of the source, can be captured through an effective Frank-Read source strength

associated with the attainment of a critical stress at a critical location near the

Frank-Read source. To make connections to full 3D-DDD simulations and exper-

iments requires knowledge of dislocation source densities. Using values estimated

from the numerical studies [75, 77], we are able to capture key features of the

strengthening and hardening size effects measured in the full 3D-DDD simula-

tions. Our analysis also predicts the scaling of experimentally measured strength

versus size in bending of cantilever beams, although quantification remains diffi-

cult, suggesting that other factors may enter. These results are achieved without

consideration of either dislocation junction formation or strain gradient plasticity .

While the dislocation pile-ups that form in beam bending do correspond to plastic

strain gradients, the stress gradient plasticity analysis here is a more physically

motivated description of that pile-up phenomenon and has a well-defined mate-

rial length scale controlling the size-scaling behavior. However, this does not mean

that other strain-gradient phenomena are unimportant; rather, our results indicate

that the influence of stress gradients should also be considered in understanding

size effects in plasticity.
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Chapter 4

Analysis of Spurious Image

Forces in Atomistic Simulations

of Dislocations

4.1 Introduction

Fully atomistic methods have become an indispensible tool for providing direct

physical insight into the mechanistic role of defects in materials [14–16, 20, 23, 78].

Molecular statics simulations have been used extensively to study grain bound-

aries [32, 79, 80], dislocation cross-slip [29, 81, 82], crack tips [83, 84], and disloca-

tion/obstacle interactions [14–20, 22, 23, 85–99]. Due to the high computational

cost, the size of simulation volumes (i.e. number of atoms) remains relatively

small. For problems involving dislocations, which have long range stress and

strain fields, the image forces associated with spurious interactions between dislo-

cations and boundaries of the simulation cell can be non-negligible, but have also

been difficult to assess quantitatively. Nonetheless, various proposed methods to

simulate dislocations [17–19, 22, 90] have proven useful in providing insight into

plasticity phenomena. As computational materials science heads toward the goal

of quantitative predictive results relevant to real materials, the issue of accuracy
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of the methods becomes more important. While one solution is to increase the

simulation cell size, which is becoming more feasible as computational capabilities

continue to expand, the need to perform many such simulations makes this only a

partial solution. Thus, a quantitative understanding of spurious image interactions

in standard MD simulations of dislocations is a useful benchmark for designing

and interpreting simulation results. A variety of numerical methods have been

developed to incorporate image forces based on finite element computations [100],

and fourier-transform methods [101, 102] as well as exact analytic expressions for

simple geometries [74, 103]. Here, we pursue a similar goal using other approaches

and aimed at quantifying image forces within the standard simulation geometries

used for simulating problems involving dislocation bow-out.

Since its inception [104] the Periodic Array of Dislocations (PAD) method

[17–19, 105] has emerged, and gained acceptance over the past decade, as a means

to model interactions between dislocations and other inhomogeneities. In this

method, a single Volterra dislocation is inserted along the x axis with its glide

plane normal to the z axis as shown in Fig. 4.1a. The simulation volume V = Lx

× Ly × Lz has periodicity imposed both along the line (x) and glide directions

(y), creating a periodic array of dislocations. Accomplishing periodicity along the

glide direction for edge dislocations requires addition or removal of atoms, but

various methods to do so are described in the literature [18, 23]. The remaining

out-of-plane direction is non-periodic, allowing for the application of stress [22] (or

strain [18]). The initial singular dislocation structure is then relaxed using, e.g.,

the conjugate gradient method. The addition of solutes, precipitates, vacancies, or

”quench methods”[106, 107] are then used to create obstacles to dislocation motion

with the desired physical characteristics for the problem of interest. To apply a

stress to the system using traction boundary conditions, the out-of-plane surfaces

are subject to in-plane tractions by application of appropriate forces to atoms.

For instance, to drive an edge dislocation using a traction boundary condition,

the applied shear stress is τyz = Fy/A where Fy/N represents the average force on
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each of the N atoms acting over the upper or lower surface respectively (surface

normal z) of area A = LxLy. Applied stresses can also be controlled by specifying

displacement boundary conditions, i.e. fixing atoms on upper and lower surfaces,

to generate the desired ”applied” stress state in the interior of the system. Mixed

boundary conditions (e.g. normal displacements and in-plane tractions) may also

be used [23]. The defect-containing volume is then studied under varying applied

loads. These simulations are typically carried out using a large-scale parallel

atomistic simulation software such as LAMMPS [12].

Within the above scheme, the existence of spurious image forces due to the

in-plane periodic images and the out-of-plane free or fixed surface are recognized,

and attempts have been made to minimize their influence. Typically both Ly

and Lz are made sufficiently large such that both the stacking fault width and

the Peierls stress of a nominally straight dislocation converge to published values

[18, 22, 88, 108]. Satisfying such conditions is the minimum requirement, and does

not consider image forces on non-straight dislocations. Thus, often, simulations are

repeated with different simulation cell sizes to examine the reliability of the results.

However, in many cases, simulations are performed for various periodic dislocation

lengths (dimension Lx) so that the simulation cell dimensions, and corresponding

image forces, are changing simultaneously with the problem of physical interest.

Here, we examine the spurious image forces arising in a typical dislocation

bow-out simulation due to free out-of-plane surfaces and in-plane periodic images

exclusively as a function of the normalized simulation cell volume (V̄ = V/L3
x),

cell aspect ratio (Ly/Lz), and the extent of bow-out of the dislocation. This is

accomplished by direct calculation of the image forces using elasticity theory and

a continuum representation of the dislocation and its periodic images. We also

develop an analytic model that captures the majority of the spurious image forces.

With these analyses, we provide a general map of the spurious forces on nomi-

nally edge and screw dislocations as a function of the simulation cell dimensions

and the extent of dislocation bow-out. We find that the image forces act against
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Figure 4.1: (a) Schematic view of the PAD simulation cell containing only the cen-
tral dislocation; boundary conditions are imposed on the top and bottom surface,
while all others surfaces are periodic. (b) Schematic view of the PAD simulation
including only two sets of the infinite periodic and image dislocation array (red:
primary dislocation along x, blue: images with positive Burgers vectors, black:
images with negative Burgers vectors). (c) Schematic of the 2d straight-image-
dislocation approximation including only two sets of the infinite periodic and image
dislocation array. (d) Top view of the periodic simulation cell depicting a bow-out
of extent h and the coordinate system used here with the origin centered at 2h/3
ahead of the pinning points for a dislocation with maximum bow-out h.
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the bow-out process, so the applied stress required to achieve any given level of

bow-out is larger than in an image-free simulation. The total effect of the image

field can be represented by an effective applied stress that counteracts the actual

applied stress. We also make a comparison between a bowed-out dislocation in

a finite-size simulation cell and in an image-free multiscale simulation [109] and

show the difference to be consistent with our computed effective applied stress due

to the image forces. We then extend this comparison to several other studies re-

ported in the literature. Our analyses and results provide guidance for estimating

image forces in any given PAD simulation or, conversely, for choosing simulation

cell sizes and shapes to minimize spurious image forces.

4.2 Methods to Compute Image Forces

The well-known Peach-Koehler equation (e.g. [8]) relates the stress fields (σ) to

the driving force (F) acting on a segment of dislocation (dl′). By projecting this

force on to the slip plane (unit normal n) with Burgers vector b,

F · (n× dl′)/|dl′|2 = (σb · n) (4.1)

the component(s) of stress responsible for glide are obtained. Our goal here is

to determine the spurious image stresses, and thus the corresponding spurious

Peach-Koehler forces, for the simple problem of a dislocation bowing out around

periodically spaced pinning points when simulated by Molecular Statics using the

PAD geometry with traction boundary conditions. The geometry of the problem

is shown in Fig. 4.1a. We assume a bowed-out dislocation configuration corre-

sponding to an arc with a constant radius of curvature terminating at pinning

points on the boundaries of the cell along the x direction, so that in the absence

of bow-out the nominal dislocation length is Lx. Fig. 4.1b shows the ”image” dis-

locations that partially satisfy the periodic and free-surface boundary conditions
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of the PAD simulation cell. We denote τ edgeimg = σyz|x,y,z=0 and τ screwimg = σxz|x,y,z=0

as the spurious image stress fields at positions (x,y,0) along the (x,y,0) line of the

central curved dislocation that arise from the imposed boundary conditions of the

(traction) PAD method. Our goal is to compute these image stresses as a function

of simulation cell size, cell shape, and dislocation bow-out (curvature). There are

three methods to obtain these image stresses. The first method involves solving

the posed boundary value problem using a numerical solution via fourier transform

methods or Finite Element Methods (FEM) similar to those used in continuum

discrete dislocation modeling [101, 110]; both the FEM and fourier transform pro-

cedures are general but pose several challenges such as implementation of periodic

boundary conditions, computational cost, and complexity, while lacking direct in-

sight and thus are not pursued here. The second method is a direct computation

using an infinite array of curved image dislocations, as indicated in Fig. 4.1b, so

as to satisfy the imposed shear boundary conditions. The third method involves

an additional approximation leading to analytic expressions in which the curved

image dislocations are replaced by straight dislocations at appropriate positions.

For edge dislocations, both the second and third methods require an additional

superposed Airy stress function to nullify the normal stresses present on the up-

per and lower surfaces. We discuss and present here both the second and third

methods.

4.2.1 Curved Image Dislocations

Our objective is to determine the driving shear stress imposed on a (curved)

dislocation configuration with periodicity in the x and y directions confined to

the central slip plane, by the boundary conditions t|z=+/−Lz
2

= 0. We start by

examining two features of existing analytic solutions for the limiting case of a

simulation containing only a single, straight, infinite dislocation aligned with the

x-axis in an infinite plate, as proposed by Chou [111] for the screw and Nabarro
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[112] for the edge. The premise of these solutions involves the superposition of

an infinite array of dislocations with alternating Burgers vectors along the out-of-

plane direction and an additional Airy stress function for the edge. This scheme

is directly extensible to finite dislocation segments and is demonstrated as follows.

The stress tensor field at point (x,y,z) generated by a dislocation segment is [8]

σ =
µ

4π

∮
(b×∇′) 1

R
⊗ dl′

+
µ

4π

∮
dl′ ⊗ (b×∇′) 1

R

− µ

4π

∮ ∇′ · (b× dl′)(∇⊗∇− I∇2)R

(1− ν)

(4.2)

where µ is the shear modulus, R =
√

(x′ − x)2 + (y′ − y)2 + (z′ − z)2 and the

integrals are taken along the dislocation segment (dl′) with respect to a field point,

x = [x, y, z]. Defining an origin on a free surface (unit normal n oriented along

the z direction), two shear stress terms (σxz, σyz) and a normal stress (σzz) arise

due to the presence of a dislocation segment having line direction and Burgers

vector perpendicular to n, i.e.

σαz =
µ

4π

∮
n · (∆x× b)dx′α

R3

+
µ

4π

∮
∆xα(R2 − 3z′2)n · (b× dl′)

(1− ν)R5

(4.3)

and

σzz =
µ

4π

∮
(z′)(R2 − 3z′2)n · (b× dl′)

(1− ν)R5
(4.4)

where ∆x = [(x′ − x), (y′ − y), (z′ − z)] and α = x, y.

The shear stresses, eq. 4.3, are odd in b and independent of the side of

the plane on which the segment resides (i.e. independent of sgn(z′)). To annul

the shear tractions on both upper and lower surfaces of the plate geometry, we

therefore proceed in a similar manner to Chou [111] by superposing alternating
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signed dislocation segments outside of the PAD region. Specifically (referring

to Fig. 4.1b) for a given dislocation segment within the PAD described by eqs.

4.3 and 4.4 with stress fields σ(+b), 2N corresponding segments are placed at

distances z =+/-iLz with stress fields σ((−1)ib) and i = 1, 2, 3, ...N . Within this

superposition scheme the resolved shear tractions on planes z =+/-Lz
2

as N →∞

are 0.

Second we note that the normal stress, eq. 4.4, is both odd in b and z′ and

therefore (σzz) is not necessarily zero on either free surface in the plate geometry

when using the above image construction. The plate solution presented by Nabarro

[112] edge dislocation uses an Airy stress function (χs(y, z)) to annul these surface

normal stresses while producing an additional shear stress on the slip plane. To

approximately annul the normal stress, eq. 4.4, in our problem involving curved

dislocations, we include the same Airy stress function as proposed by Nabarro

[112] for the straight edge dislocation placed at the origin along the center-of-

mass line (in the y-direction) of the curved dislocation structure, as indicated in

Figs. 4.1c,d. For the circular arc shape considered here, the peak of the bow-out

and the center-of-mass position of the curved dislocation are at distances h and

2h/3 ahead of the initial dislocation line, respectively. The origin of the Airy stress

function therefore evolves with the bow-out configuration (with increasing h).

The periodicity along the glide direction y of the PAD method is then achieved

by superimposing a periodic array of the solutions above for the single disloca-

tion in the infinite plate problem, including the superposition of the Airy stress

function evaluated at the center-of-mass site of each (edge) dislocation. Since

each vertical array plus Airy correction satisfies the desired boundary conditions,

the periodic sum over images in the y direction satisfies the desired boundary

conditions automatically. For the Airy stress function term, the summation is

τ edgeimg,Airy(y) =
N∑

i=−N

−
(
∂2χs(y, z)

∂y∂z

)∣∣∣∣∣
y−iLy ,z=0

(4.5)

This discrete sum over i can be simplified using both the angle sum and Lagrange
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trig identities resulting in total additional shear stress on the slip plane for a

nominally edge dislocation given by

τ edgeimg,Airy(y)Ly

µb
=
Ly
Lz

∫ ∞

0

n2 sin(2n y
Ly

Ly
Lz

) tanh2(n) sin((2N + 1)(nLy/Lz))

π(1− ν)(n− cosh(n) sinh(n)) sin(nLy/Lz)
dn

(4.6)

In the limit that N → 0 this additional shear stress term reduces to the result

given by Nabarro [112] for the single edge dislocation in an infinite plate.

To implement the above curved image construction, we create the correspond-

ing image dislocations in all three dimensions similar to Fig. 4.1b, but extending

out to only a finite number of images (N=25) in each direction, and then add the

shear stress generated by the modified periodic Airy stress function eq. 4.6 for

the nominally edge dislocation. Each curved image dislocation is then represented

by a discrete set of straight dislocation segments, i.e. discretized in exactly the

same manner as is commonly used in various discrete dislocation simulations. The

modified periodic Airy stress function is evaluated numerically using the ”integral”

function within Matlab. When the central dislocation is included, the sum over an

infinite number of images produces nearly zero tractions on both free surfaces of

the simulation cell. To obtain the image forces on the central dislocation, we sum

the stress fields of the finite set of discretized image dislocations along the line

of the central dislocation. This is similar to nodal force calculations performed

within 3d discrete dislocation codes such as ParaDiS [34] but we have written a

separate code within Matlab to obtain the results presented here.

For data presented below in Figs. 4.2 and 4.3, we have used 25 periodic images

of the central dislocation in all three directions x, y, and z with 5 segments per

image. We have performed similar calculations using only 13 images in all direc-

tions and also using a small finite-sized obstacle rather than a point obstacle in

pinning the dislocation. The differences in results are negligible. The finite size

of our image array leads to shear stresses on the out-of-plane surfaces of at most
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2 MPa, so that these surfaces are not truly traction free over the entire surface

area, and this error decreases with increasing images as expected. Correcting for

these stresses would lead to image stresses on the central dislocation that differ

from our results by less than 2 MPa. Using the finite image array, we then calcu-

late the driving stress τyz or τxz along the line of the curved central dislocation.

We repeat this type of calculation for a range of simulation cell dimensions and

magnitudes of dislocation bow-out for both nominally edge and screw dislocations.

4.2.2 Approximation using Straight Image Dislocations

Numerical computations of the image stresses of the curved dislocations can be

performed but do not provide significant insights. Since the image dislocations

are not usually too close to the central dislocation, the role of their curvature

is decreased as the simulation cell size is increased. We therefore consider an

image array where the curved image dislocations are replaced by a set of straight

image dislocations, shown in Fig. 4.1c. This approximation allows for analytic

estimates of the image stresses on the central curved dislocation. We account for

the bow-out of the central curved dislocation by using a coordinate system for

the image dislocations identical to that described in the previous section for the

Airy stress function, where the origin is located at the center-of-mass line of the

central bow-out ahead of the initial dislocation position, as indicated in Fig. 4.1d.

For a dislocation bowing out in to a circular arc, the center-of-mass position is

very accurately located at 2h/3 ahead of the initial position, almost independent

(within 2%) of the amount of bow-out h/Lx. Specifically, we define an (x,y,z)

coordinate system with the x axis lying along the position 2h/3 of the bow-out, so

that the actual curved dislocation line ranges from the positions (−Lx/2,−2h/3)

and (Lx/2,−2h/3) at the pinning points to (0, h/3) at the point of greatest bow-

out. The straight image dislocations then translate with the evolving bow-out in h,

and always replicate the mean burgers vector distribution of the curved dislocation
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structure. This simplification neglects dipolar dislocation segments with spacing

and length on the order of Lx and h, leading to an error in the stress scaling as

∼ O( bhLx
L3
y

).

The image stress at position (x,y,0) in the plane of the central dislocation is

then given by the sum of the stresses due to the 2-dimensional array of straight

image dislocations and the modified periodic Airy stress function for the straight

edge dislocation. The stress field of a 1-dimensional array of infinite straight edge

dislocations aligned along the x axis and with periodicity Ly is given by [8],

σ1d−edge
yz (Y, Z)Ly

µb
=

sin(Y )(cosh(Z)− cos(Y )− Z sinh(Z))

2(1− ν)(cosh(Z)− cos(Y ))2
(4.7)

and similarly for the screw

σ1d−screw
xz (Y, Z)Ly

µb
=

sin(Y )

2(cosh(Z)− cos(Y ))
(4.8)

where Y (y) = 2πy/Ly and Z(z) = 2πz/Ly. For a 2-d periodic array with spacing

Lz and alternating Burgers vectors, the stress field is obtained by shifting the 1-d

solution by integer units of Lz, alternating the sign of the Burgers vector, and

summing over all the images, leading to

σ2d−edge
yz (y, z) =

+∞∑

n=−∞

(−1)nσ1d−edge
yz (Y, Z(z − nLz)) (4.9)

and

σ2d−screw
xz (y, z) =

+∞∑

n=−∞

(−1)nσ1d−screw
xz (Y, Z(z − nLz)) (4.10)

We note the work of Cai and coworkers [113, 114] on conditional convergence

issues related to these (2D) summations. In the most general case, a linear term

and a constant spurious term arise due to the ∼ 1/R stress fields being summed

over a 2d (∼ RdR) domain. For these two specific cases (eq. 4.9 and 4.10), it has

been demonstrated [113] that the correction terms are zero, and hence absolute

convergence is possible.
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The image stresses should not include the stress due to the central dislocation

itself, and so the approximate image stress fields in the (x,y,z=0) plane are

τ edgeimg (y) = τ edgeimg,Airy(y) + σ2d−edge
yz |z=0 −

µb

2πy(1− ν)
(4.11)

and

τ screwimg (y) = σ2d−screw
xz |z=0 −

µb

2πy
(4.12)

which depend on the 2-d aspect ratio Ly/Lz. We numerically evaluate eqs. 4.11,

and 4.12 for a range of aspect ratios and for positions y(x) along the line of the

bowed out dislocation (−Lx/2 < x < Lx/2). We truncate the infinite summation

at |n| ≤ 1001 leading to < 0.1% error in the shear tractions on the upper and

lower surfaces.

4.2.3 Analytic Scaling of Image Forces and an Effective

Image Stress

To gain insight into the scaling of the image stress fields with respect to both

the cell dimensions and bow-out, we analyze the results of the previous section

further. Recognizing that y/Ly is small because |y| ≤ h and h ≤ Ly (see Fig.

4.1d), we expand 4.11 and 4.12 to first order in y/Ly. Defining the out-of-plane

aspect ratio as L̄ = Ly/Lz, the image stress at the position y(x) along the curved

dislocation can be written as

τ edgeimg [y(x)]Ly

µb
= [L̄2A(L̄) +B(L̄)]

(
y(x)

Ly

)
(4.13)

and
τ screwimg [y(x)]Ly

µb
= C(L̄)

(
y(x)

Ly

)
(4.14)

60



where

A(L̄) =
2

π(1− ν)

∫ ∞

0

n3 tanh2(n) sin((2N + 1)(nL̄))

(n− cosh(n) sinh(n)) sin(nL̄)
dn

B(L̄) =
π

(1− ν)

[
∞∑

n=1

(−1)n csch2
(nπ
L̄

)
(1− 2nπ

L̄
coth

(nπ
L̄

)
)− 1

6

]

C(L̄) =2π

[
∞∑

n=1

(−1)n

cosh
(

2πn
L̄

)
− 1
− 1

12

]
(4.15)

This approximate image stress field thus scales directly with the distance y from

the origin, with −2h/3 < y < h/3, and has no explicit dependence on Lx, as ex-

pected. Several further manipulations can then be made. First, a general reference

stress for dislocation bow-out problems is the Frank-Read source operation stress,

which scales as τFR ∼ µb
Lx

. Second, since the cost of molecular simulations scales

directly with the volume of the simulation cell, we define a normalized volume

V̄ = LyLz/L
2
x. Introducing these quantities into eqs. 4.13 and 4.14, we obtain the

image stress fields in terms of L̄ and V̄ as

τ edgeimg [y(x)] =

(
µb

Lx

)(
y(x)

Lx

)
τ̄ edgeimg (L̄, V̄ ) (4.16)

τ screwimg [y(x)] =

(
µb

Lx

)(
y(x)

Lx

)
τ̄ screwimg (L̄, V̄ ) (4.17)

where we have defined the dimensionless image stress gradient as

τ̄ edgeimg (L̄, V̄ ) =
L̄2A(L̄) +B(L̄)

V̄ L̄
(4.18)

and

τ̄ screwimg (L̄, V̄ ) =
C(L̄)

V̄ L̄
(4.19)

While the image stress fields along the line of the dislocation (eqs. 4.16 and

4.17) provide insight, they are not directly interpretable relative to the true ap-

plied stress and the nominally applied stress in a PAD simulation. Consequently,

we now derive an effective image stress, τimg,eff , that is (i) spatially constant,
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that (ii) represents the net effect of the image forces on the bowing dislocation,

and that can be (iii) directly subtracted from the nominally applied stress in a

PAD simulation. The effective image stress τimg,eff is determined as a net con-

figurational force acting on the bowing out dislocation in the following manner.

Imagine a dislocation bowed out into an arc of a circle with maximum bow-out

h and consider an incremental increase in both the bow-out and the 2d image

array so that the maximum bow-out is h + δh while the image array translates

by 2
3
δh. We denote the incremental area swept out as δA. Through this process,

the image stress field τimg[y(x)] acts along the arc of the dislocation, in some

places pushing the dislocation forward and in places pushing it back. The total

incremental work done by the image stresses in making the incremental motion

(dA = A(h+ δh)− A(h)) is

δW =
{

A

τimg[y(x)]bdA (4.20)

Using the analytic expressions for τimg[y(x)] in Eq. 4.16a or b, the work can be

computed to first order in h/Lx as

δW ≈
(
µb2

Lx

)(
4h

45Lx

)
τ̄img(L̄, V̄ )δA (4.21)

for the edge and similarly for the screw. The net incremental work when including

the effective image stress acting over the same incremental area however must be

zero, so
{

A

τimg,effbdA = −δW (4.22)

and hence our final estimate for the effective image stress is

τ edgeimg,eff ≈ −
(
µb

Lx

)(
4h

45Lx

)
τ̄ edgeimg (L̄, V̄ ) (4.23)

and

τ screwimg,eff ≈ −
(
µb

Lx

)(
4h

45Lx

)
τ̄ screwimg (L̄, V̄ ) (4.24)
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4.3 Results

We start by comparing the results of the 3d curved image array and the 2d straight

image approximation, 4.16 and 4.17. The independent variables which determine

the image stress field are the two characteristic simulation cell dimensions L̄ and

V̄ . The image stress field, normalized by the Frank-Read stress, acting along the

bow-out dislocation position, (y(x) + 2h/3)/Ly as predicted by the analysis 4.16,

4.17 and the 3d curved image array is shown in Figs. 4.2a,b for edge and screw

dislocations, respectively, for several different normalized volumes (V̄ = LyLz/L
2
x).

Agreement between the fully numerical and analytical results is very good along

the entire line in all except the most extreme cases, e.g. V̄ < 0.3. While the image

stress field generated by the curved dislocation array is complex, the 2d-model

captures the essential physics, scaling, and magnitude of the image fields. Both

analyses also demonstrate that the magnitude of the image stresses is largest at

the pinning points (positive, acting to push the dislocation outward) and near the

peak (negative, acting to oppose increased bow-out).

We verify the agreement between the 3d curved image array and the 2d analysis

more generally in the following manner. The image stresses at position (x,y,0) are

uniquely specified by the y coordinate since x is a function of y. We therefore use a

normalized position y/h ranging from −2/3 at the pinning points (x = +/−Lx/2)

to +1/3 at the point of peak bow-out (x = 0) in accordance with Fig. 4.1d. The

scaling analysis, eqs. 4.16,4.17 and 4.18,4.19, suggests that the image stress field

is proportional to both the Frank-Read stress, µb/Lx and the extent of bow-out,

h/Lx, and scales inversely with the normalized volume (V̄ = LyLz/L
2
x). Figures

4.3a,b show the normalized image stress fields (τimg[y(x)]/ [(µb/Lx)(h/Lx)]) at

the two extremities of the bow-out (i.e. the peak: (x = 0, y = h/3) and the
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Figure 4.2: (a) Edge and (b) Screw. Image stress field, normalized by the Frank-
Read stress (µb/Lx), versus normalized position along the (curved) dislocation line
for several normalized volumes (V̄ = LyLz/L

2
x) and h = 0.2Lx, as predicted by the

3d discrete analysis (symbols) and by the 2d model (dashed lines). The curved
dislocation spans the range from the pinning point, y(x) = −2h/3 (and hence
(y(x) + 2h/3)/Ly = 0), to the peak y(0) = h/3 (and hence (y(x) + 2h/3)/Ly =
h/Ly). For the cases h=0.2Lx shown here, the peak is then at 0.2(Lx/Ly) =

0.2/
√
L̄V̄ .

pinning points: (x = +/ − Lx/2, y = −2h/3)) for a wide range of cell aspect

ratios (L̄ = Ly/Lz), normalized volumes (V̄ = LyLz/L
2
x), and extents of bow-

out (h/Lx), (i) as computed numerically (symbols) and (ii) as predicted by the

analytic model (dashed lines) for the entire bow-out (−2/3 ≤ y(x)
h
≤ 1/3). In

general, the results for different amounts of bow-out h collapse very well using

this normalization. The analytic model and the numerical model agree quite well

where h/Ly << 1; at larger h/Ly the neglected curvature in the 2d analytic model

becomes non-negligible.

Having validated the 2d analysis against the 3d analysis, we now note sev-

eral predicted scalings that emerge from the 2d analysis (eqs. 4.16,4.17 and eqs.

4.23,4.24). Both eqs. 4.16,4.17 and 4.23,4.24 show that the effects of cell simula-

tion dimensions are contained in the quantities τ̄ edgeimg and τ̄ screwimg . Figure 4.4 thus

shows these quantities, multiplied by the normalized volume V̄ , as a function of L̄.

As expected, for larger overall cells, the magnitude of the image stress decreases.
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Figure 4.3: (a) Edge and (b) Screw. Normalized image stress (image stress field,
τimg[y(x)], divided by Frank-Read stress, µb/Lx, and extent of bow-out, h/Lx)
versus ratio of the normalized position along the dislocation line, y(x)/h, to the
product of the normalized volume and aspect ratio, V̄ L̄, (i.e. (y(x)/h)/(L̄V̄ ) ) for
several aspect ratios as predicted by the 3d discrete analysis (symbols) and by the
2d analysis (dashed lines) for the peak (y = h/3) and pinning point (y = −2h/3).

However, there are wide variations in the trend as a function of the aspect ratio

(L̄). Therefore, the choice of simulation cell aspect ratio and normalized volume

can have a significant affect on the apparent stresses and thus both simulation

cell volume and shape must be chosen carefully. Other trends emerging from the

analysis are that:

1. For a fixed nominal dislocation line length Lx, and fixed aspect ratio L̄ =
Ly/Lz, the normalized image stress scales inversely with the simulation vol-
ume.

2. For an initial dislocation line length Lx and fixed volume V , the normalized
image stress depends only on L̄.

3. With varying length Lx, the normalized image stress is constant for constant
normalized volume V̄ and constant aspect ratio L̄; in other words, increasing
the overall system size proportionally has no affect on the normalized image
stress.

4. For a given volume V̄ there is an optimal aspect ratio L̄ to minimize the
image stresses independent of Lx, with L̄opt ≈ 0.8 for the edge and L̄opt ≈

√
2

for the screw.

5. Since a bow-out of h scales with the applied stress as τapp ∼ (µb/Lx)(h/Lx),
the effective image stress scales with the true applied stress, i.e. τimg,eff/τapp
remains constant, independent of the applied stress.
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Figure 4.4: Dimensionless image stress gradient (τ̄img) times normalized volume

(V̄ = LyLz
LxLx

) versus aspect ratio (L̄ = Ly
Lz

) for the nominally edge and screw dis-

location. The asymptotic behavior of τ̄img for L̄ >> 1 and L̄ << 1 is shown to
be ∼ 1/L2

z and ∼ 1/L2
y respectively. The optimal aspect ratio which minimizes

spurious image stress for the nominally edge dislocation is L̄opt ≈ 0.8 and for the
nominally screw dislocation is L̄opt ≈

√
2.

4.4 Discussion & Application

Our results show that the effective normalized image stress is approximately

quadratic in Lx because of the inverse relationship with the normalized volume

(
τimg,eff

( µb
Lx

)( h
Lx

)
∼ V̄ −1 ∼ L2

x). Thus, a typical study in which Ly and Lz are fixed and

the length Lx is varied to study the effects of obstacle spacing can lead to large

variations in image stresses that contaminate the intended measurements. Fig.

4.4 shows a large difference in the dimensionless image stress gradient, eqs. 4.18

and 4.19 between a nominally edge and screw dislocation PAD simulation. The

dimensionless image stress gradient for the screw dislocation is much smaller than

that for the edge e.g.
τ̄screwimg

τ̄edgeimg

∣∣∣∣
L̄=1

≈ 1
3
. Furthermore, at a fixed applied stress,
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a nominally edge dislocation is expected to bow-out more than a screw disloca-

tion at the same applied stress due to the reduced line tension making the image

stress, relative to the applied stress, much larger for the edge dislocation. For the

nominally edge dislocation both the increased dimensionless image stress gradi-

ent and the increased bow-out at a fixed applied stress suggest that the image

stress relative to the applied stress is generally much greater for the nominally

edge dislocation. With all of these subtleties, extracting quantitative results from

parametric studies requires a sufficiently large minimum cell volume as to mitigate

spurious image type effects all together.

We now demonstrate, through example, the interpretation and usage of Fig.

4.4 as a guide to the design of studies involving dislocation/obstacle interactions.

We examine a typical simulation of a nominally edge dislocation impinging on

obstacles with spacing Lx = 50 nm in Al (FCC, lattice constant a = 4.03 Å,

atomic density = 61atoms
nm3 ). We start by considering equal glide and out-of-plane

periodic lengths, Ly = Lz = 40 nm for simplicity. These dimensions lead to

V̄ = LyLz/L
2
x = 0.64 and L̄ = Ly/Lz = 1. The number of atoms required for

this simulation follows as N = (L3
x)(V̄ )(61/nm3) ≈ 4.9 million atoms. One or

a few calculations at this size are computationally feasible, however numerous

computations of this size quickly become computationally expensive. From Fig.

4.4, we find that τ̄ edgeimg ≈ −1.4/0.64 = −2.19 and the effective image stress is thus

τimg,eff = 2.19(µb/Lx)(4h/45Lx) at bow-out h. If this magnitude is acceptable,

we might wish to use half the number of atoms and the same aspect ratio L̄ = 1,

or Ly = Lz = 28.3nm. The effective image stress would then double because the

volume is halved at fixed L̄. But if instead we halved the number of atoms by

changing the aspect ratio to L̄ = 0.8 with Ly = 25.3 nm, Lz = 31.6nm, and thus

V̄ = 0.32, we obtain an effective image stress of τimg,eff = 3.91(µb/Lx)(4h/45)

which is less than twice the original value.

To further validate our analysis quantitatively, we now compare results in a

typical PAD simluation and in a multiscale image-free simulation [109] of the same
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problem: bow-out of a pinned nominally edge dislocation under an applied stress.

The studies were performed on Al using the Ercolessi-Adams [115] EAM potential

having material properties µ = 30.8 GPa, |b| = 2.85 Å and ν = 0.35, with an

obstacle spacing of Lx = 50 nm. The PAD simulation, reported in [116], used di-

mensions Ly = Lz = 20 nm. The multiscale image-free simulation was performed

using the Coupled Atomistic/Discrete Dislocation (CADD) method [109, 117], in

which an atomistic domain is embedded in a fully anisotropic continuum elastic

domain with a seamless atom/continuum interface that introduces no spurious

forces. The multiscale simulation corresponds effectively to infinite dimensions

Ly, Lz. In Fig. 4.5, we show the equilibrium configurations of three curved dislo-

cation structures: two using the traction PAD method [116] under a PAD simu-

lation applied stresses of ∼ 30 MPa and ∼ 45 MPa and one using the multiscale

image-free method [109] under a (true) applied stress of ∼ 30 MPa. The trac-

tion PAD simulation at ∼ 45 MPa closesly matches the image-free result at ∼ 30

MPa, indicating that the image stresses correspond to an effective applied stress

of ∼ 15 MPa, one-half of the true applied value. The traction PAD simulation at

a simulation stress equal to that in the multiscale simulation, ∼ 30 MPa, exhibits

significantly less bow-out; in fact, the peak bow-out is approximately 2/3 that of

the traction PAD simulation at 3/2 larger applied stress, as expected since both

the bow-out and the effective image stress scale with the applied stress. We now

use our results to predict the effective image stress. For this PAD simulation cell,

L̄ = 1 and V̄ = 0.16. From Fig. 4.4, we find τ̄ edgeimg = −(1.4/0.16) and thus from

eq. 4.23a τ edgeimg,eff = (1.4/0.16)(µb/Lx)(4h/45Lx). From Fig. 4.5, h/Lx ≈ 0.14 and

so τ edgeimg,eff = 18.4 MPa. The predicted effective image stress agrees very well with

the measured image stress, with an error of ≈ 25%. The over-estimate for this

particular case is consistent with Fig. 4.2a, where the analytic 2d result (dashed

blue line) over-estimates the numerical 3d result (symbols) for V̄ = 0.16.

Finally, we extend the analyses to several dislocation/obstacle simulation stud-

ies available within the literature. In Table 4.1 we report the absolute dislocation
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line length Lx, aspect ratio (L̄), and normalized volume (V̄ ) reported for various

simulation cells. For these values, we compute the normalized effective image

stress (τimg,eff/
[(

µb
Lx

)(
4h

45Lx

)]
) for studies involving nominally edge and screw

dislocations. We note that the normalized effective image stress for the PAD de-

picted in Fig. 4.5 corresponds to the value ∼ 8.2 which corresponded to an error

of ≈ 50% (45 MPa versus 30 MPa) in the applied stress. With the exception of

the simulation reported by Cheng and coworkers [14], all of the other edge stud-

ies have effective image stresses that are comparable to or worse than the result

in Fig. 4.5. Osetsky [118] and Dong [116] attempted some limited convergence

studies by increasing the simulation cell in the in-plane direction (Ly) for a fixed

obstacle spacing. As predicted by 4.18, however, these studies reproduced nearly

the same normalized effective image error while adding computational cost with

the approximately doubled volume. Thus, although the coarse results appear to

have converged, they still have the same image error embedded in the results!

Several similar studies involved ”strain” controlled boundary conditions on the

top and bottom surfaces, where the dislocation is driven by an imposed displace-

ment rather than an imposed stress. As noted by Rodney [119], the image stresses

for the displacement boundary conditions are expected to be comparable to, but

larger than, those for traction control. Our estimates of the effective image stresses

are thus probably conservative in these cases. Table 4.1 also shows the normal-

ized effective image stress for three nominally screw simulation cells [21] but for

illustrative purposes only because the actual studies did not involve bow-out type

configurations confined to the central slip plane. We conclude with a brief, gen-

eral discussion about testing the size of simulation cells for converged simulation

results. As seen in Table 4.1, it is remarkably easy to change a single length of the

simulation cell, either the out-of-plane length Lz or the periodic glide length Ly,

and recover a ”converged” yet wrong result. Examination of eqs. 4.18, 4.19 and

Fig. 4.4 provides a quantitative explanation for this, demonstrating that when

L̄ >> 1 or L̄ << 1 changing Ly or Lz, respectively, has virtually no influence on
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(Å
)

[1
1̄
0

]
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Figure 4.5: Equilibrium configurations of a nominally edge dislocation bowing
out under an applied stress using the traction PAD method [116] (blue) and an
image free multiscale method [109] (red). The PAD simulation cell contained
an obstacle spacing of Lx= 50 nm with periodicity and free surfaces a distance
Ly = Lz = 20 nm. Two PAD bow-outs are depicted under a nominal applied stress
of ∼ 30 MPa and ∼ 45 MPa. A single artifact free bow-out is shown at an applied
stress of ∼ 30 MPa corresponding with the PAD bow-out of ∼ 45 MPa. For
this simulation cell geometry, nominal dislocation structure (edge) and Ercolessi-

Adams [115] potential:
τedgeimg,eff

τapp
≈ 50%. Partial dislocations were detected using a

common neighbor analysis and averaged to yield a single, continuous center line
for the dislocation bow-out.

the image stress. Instead, fixing the aspect ratio (L̄) to the optimum value and

varying the normalized volume (V̄ ) is a more suitable method to test for converged

results.
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Edge
Lx

(nm) L̄ V̄ τ edgeimg,eff/
[(

µb
Lx

)(
4h

45Lx

)]

Osetsky* et. al. [118] C1 41.4 1.5 0.33 5.8
C2 41.4 3 0.66 5.8
C3 83 1.5 0.085 22.5

Cheng et. al. [14] 28 2 1.02 2.5
Dong [116] 50 1 0.16 8.2

80 1 0.063 20.9
80 1.7 0.11 20.3
80 2.1 0.13 20.3

Screw τ screwimg,eff/
[(

µb
Lx

)(
4h

45Lx

)]

Rodney* [21] 20 1.38 0.85 0.6
37.3 1.38 0.24 2.0
59.7 1.38 0.1 4.8

Table 4.1: Simulation cell obstacle spacing (Lx), aspect ratio (L̄ = Ly/Lz), nor-
malized volume (V̄ = LyLz/L

2
x), and resulting normalized effective image stress

analysis, eqs. 4.23 and 4.24 applied to several dislocation/obstacle interaction
studies (ν=1/3). The dimensionless image stress gradient has been calculated di-
rectly from 4.18 and 4.19 for the nominally edge and screw dislocation respectively.
When L̄ >> 1 or L̄ << 1 doubling the simulation volume can result in an identical
(and non-negligible) image stress (e.g. Osetsky [118] C1 and C2 and Dong [116]).
*These simulations were performed using either a ”strain” controlled (Osetsky
[118]) or alternatively bounded (Rodney [21]) PAD and so the computation of
τ̄img(L̄, V̄ ) remains inexact. As noted by Rodney [119] however, it is expected to
be comparable to, but larger in the case of ”strain” control due to the mismatch
between the curved dislocation structure and straight dislocation field within the
PAD region

4.5 Summary

We have investigated the nature of undesirable spurious image stresses arising

from the bowing out of a dislocation around obstacles in a finite sized atomistic

simulation volume, and have provided a general map of the magnitude of the

spurious effects as a function of the simulation cell size and shape. We have

further demonstrated that, independent of the cell size, these image stresses scale

with the nominally applied load. For both a nominally edge and screw dislocation,

we have found special aspect ratios (L̄ = Ly/Lz) which minimize spurious image

forces for a given number of atoms (given simulation volume). We have made

a direct comparison between a dislocation structure under an applied load in a
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finite simulation cell and an image-free multiscale simulation [109] of the same

problem, showing that our analysis is quantitatively accurate. Finally, we have

evaluated the image stresses that would have arisen in several other studies within

the literature, predicting comparable errors. Overall, this work provides a clear

and simple benchmark for designing atomistic simulations with controlled and

minimized image effects in the many physical situations involving dislocation bow-

out.
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Chapter 5

Robust Atomistic Calculation of

Dislocation Line Tension

5.1 Introduction

The onset of flow in metals is governed by the inhibition of dislocation glide

through the crystalline lattice. Dislocations are pinned by various types of obsta-

cles, with applied stress and thermal activation allowing the dislocations to move

through a field of obstacles [17, 18, 21, 22, 31, 32, 79, 80, 88, 108, 118, 120–124]. In-

creasingly sophisticated models are guiding the understanding of these processes,

and their consequences on observable/measurable phenomena [23, 36, 38, 125, 126].

Central to many of these models is the concept of the dislocation line tension Γ,

which is associated with the energy required to form curved dislocation struc-

tures. Formally, the line tension is related to the infinitesimal change in energy

δW associated with an infinitesimal change in dislocation length δS [8, 127–129]

Γ = lim
S→0

δW

δS
. (5.1)

Dislocation line tension is thus a function of the dislocation configuration, which

is implicitly contained in W and S. For simplicity, the line tension Γ is often

assumed to be a local quantity, i.e. associated with local line length and curva-
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ture. However, Γ actually consists of contributions from both the local increase

in dislocation length and the longer-range interactions among all segments of the

dislocation line, which leads to a ln(L) scaling with line length L. A simple ap-

proximation, Γ ≈ 1
2
µb2 [37, 122, 123, 130–135], where µ is the shear modulus and

b the Burgers vector was originally proposed over half a century ago [133, 134].

A more nuanced model accounts for the long-range interactions by modifying the

prefactor of 1/2 and adding the ln(L) scaling that emerges from elasticity. Such

estimates of Γ have provided insight into a range of key processes in materials, such

as dislocation junction formation and breaking, [90, 131, 136, 137], dislocation-

obstacle interactions [17, 18, 88, 120], and solute strengthening models [23, 36].

Many of these models for dislocation pinning by obstacles lead to predictions for

the critical resolved shear stress (CRSS) τc of the form

τc = αΓ/bL (5.2)

where L is the distance between pinning points, and α is a parameter related to

the local dislocation/obstacle interactions. Additionally, numerical methods (2D

[100] and some 3D discrete dislocation dynamics [34, 35, 110, 138]) rely on a phe-

nomenological line tension to avoid the singular fields associated with elasticity.

Continuum dislocation line models also rely on the assumption that dislocations

are adequately represented by smooth curves or discretized straight segments, and

that the atomic-scale phenomena of the Peierls stress τP can be accurately rep-

resented as a homogeneous stress opposing motion of the dislocation. If these

assumptions are valid, direct atomistic simulations are then also required to cal-

ibrate the ”material parameters” (line tension Γ, dislocation core energy Ecore,

Peierls stress τP , dislocation mobility B, and their variations with dislocation

character ranging from screw to edge) that enter into the continuum model. As

computational materials science moves into an era of increasing accuracy and

predictive capability for τc, accurate values for all of the material parameters,

including dislocation line tension, become increasingly important.
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As a result of this importance, and with the increasing availability of efficient

parallelized molecular dynamics algorithms [12], a number of attempts have been

made to calculate the line tension directly from atomistic simulations [14, 23, 85,

121, 139–143]. The simplest realization of such a calculation is the periodic small

bow-out problem [8] in which an infinite initially-straight dislocation is pinned at

a periodic array of obstacles with a spacing L. A driving resolved shear stress τapp

is then applied, causing the free regions of the dislocation to bow-out in between

the pinning points, as shown in figure 5.1; this problem is thus closely related

to models of strengthening via pinning of dislocations. The work τappbdA done

by τapp over the incremental area dA, over which the upper and lower surfaces

are displaced relatively by one Burgers vector b, is balanced by the additional

energy ΓdS of the line tension eq. 5.1 associated with the incremental increased

length dS of the dislocation. An equilibrium configuration is achieved when these

incremental energies (i.e. configurational forces) are equal, so that the line tension

can be directly related to the evolving shape of the dislocation as

Γ = τapp,effb
dA

dS
(5.3)

Bacon, Osetsky and Rodney [87] have reviewed many of the methods employed

in this type of calculation for obstacles such as clusters of solute atoms, vacan-

cies, and recently forest dislocations. Unfortunately, previous atomistic studies

have yielded vastly different results for the same dislocation in the same material,

e.g. an edge dislocation in Al as described by a given interatomic potential. At-

tempts have been made to identify and compensate for spurious boundary-induced

stresses [116, 140, 144], inertial effects [14], artificial pinning-point interactions

[22, 121], and the Peierls stress τP . The Peierls stress, usually measured on a

straight dislocation, is either treated as a uniform applied internal back stress so

that the effective applied stress is τapp − τP or is neglected. After such adjust-

ments/corrections, however, the literature values for the line tension of an edge

dislocation in Al using the Ercolessi-Adams (EA) EAM potential range from 0.06
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Figure 5.1: Schematic of the dislocation-obstacle bow-out configuration. The
simulation cell is periodic along the line direction with length L and pinned by
a periodic array of obstacles. Under a homogeneous shear stress or strain, the
dislocation bows out into some equilibrium shape having contour length S and
swept-out area A. In fcc materials, the full dislocation dissociates into two Shock-
ely partial dislocations (red) with a stacking fault (blue) in between; the averaged
smoothed dislocation line (green) determines S and A relative to the initial straight
dislocation.

≤ Γ ≤ 1 eV/Å[14, 23, 121, 140]. Since the CRSS τc is directly proportional to Γ,

per eq. 5.2 above, this range of estimates suggests an order-of-magnitude uncer-

tainty in the CRSS in a given material system, which is obviously unacceptable

for guiding the design of new materials.

In this paper, we report a robust and accurate atomic-level measurement of

the line tension for both edge and screw dislocations in Al within the context of

the small bow-out problem described above (see figure 1). We use an accurate 3D

multiscale method that is devoid of spurious image forces common in finite-size

MD simulations [109], and use eq. 5.3 directly to measure the line tension. We

also describe carefully how an effective Peierls stress τP enters into the analysis so

as to yield consistent results for both loading and unloading of bowed dislocations,

and discuss the conditions over which consistent results can be obtained. Precise

values for the line tension are then obtained that are weakly dependent on the
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interatomic potential. We obtain a ln(L) scaling but with a coefficient that differs

somewhat from the prediction of anisotropic elasticity, and we find a ratio of

Γscrew/Γedge that differs significantly from anisotropic elasticity predictions; these

differences are attributed to fundamental features of curved atomistic dislocations

that are absent from continuum elasticity theory.

The remainder of this paper is organized as follows. In Sec. 2, we review the

elastic theory for line tension to set a clear background for our analysis. In Sec.

3, we describe our simulation and analysis methods. In Sec. 4, we present and

discuss our results in depth. In Sec. 5, we discuss important implications of our

results for both materials science applications and continuum discrete-dislocation

simulations, and then summarize our major results.

5.2 Line Tension within Isotropic and Anisotropic

Elasticity

The line tension has been widely studied within the elastic theory of dislocations

for both isotropic [8, 135] and anisotropic [145–147] materials. Within elastic-

ity theory, the Burgers vector displacement discontinuity is assumed to terminate

abruptly at the dislocation core resulting in a local, weak divergence in the elastic

energy. Analytical and numerical results for the self- and interaction-energies of

discrete dislocation segments thus require the introduction of ad-hoc core-cut-offs

or regularization procedures. Denoting the (singular) dislocation self-interaction

cut-off radius as r0, the elastic energy of a discrete dislocation segment may be de-

noted as Wself (r0) [8], and no additional core energy is added. Cai and coworkers

[33] proposed an isotropic elastic non-singular theory that smears the core over a

finite region of length rc to eliminate the singularity and included an additional

core energy ENS
core, resulting in a discrete dislocation segment energy Wself (rc, E

NS
core)

[40]. In both theories, the total energy of an arbitrary dislocation configuration

is computed by summing the self and interaction energies of each discrete seg-
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ment (W =
∑
Wself +

∑
Wint), from which forces can then be derived and the

dislocation configuration evolved in time; this is achieved within various available

3D-Discrete Dislocation codes such as ParaDiS [34].

Within the above theories, the line tension eq. 5.1 can be computed for various

problems such as the small periodic bow-out problem of figure 1. Usually, for a

given parametric geometry (triangle, sinusoid, arc of a circle, and periodic or

not), the total energies W (S) and W (S + δS) are computed for two self-similar

geometries having an incremental increase in bow-out length from S to S + δS.

Following eq. 5.1 the line tension is the (energetic) difference between these two

configurations and is computed as Γel = [W (S+ δS)−W (S)]/δS and in the limit

δS → 0 we recover eq. 5.1. Following Hirth and Lothe (1982, [8]), the line tension

Γel resulting from such calculations can be written as a term linear in ln(L) plus

a constant which, including a general Ecore term, yields

Γel = C1(φ)ln(L/b) + C0(φ;
r0

b
, Ecore) (5.4)

where φ is the character angle of the initial straight dislocation and small bow-out

is assumed. Both incremental geometries corresponding to S and S + δS are thus

incremental with respect to the original straight dislocation. In isotropic elasticity

theory, the first term of the above equation is

C1(φ)ln(L/b) =

(
Wself (φ) +

∂2Wself (φ)

∂φ2

)
(5.5)

=

(
µb2

4π(1− ν)

)(
1 + ν[cos2(φ)− 2 sin2(φ)]

)
ln(L/b)

The C1 prefactor is thus well defined. The term C0 depends on the incremental

change in interaction energies (
∑
δWint/δS), which are geometry specific, and also

the arbitrary (singular) cut-off parameter r0/b and the core energy Ecore, and can

be written as [40],
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C0(φ;
r0

b
, Ecore) = −C1(φ)ln(r0/b) + C1(φ)(4πEcore/µb

2) + C00(φ) (5.6)

Table 5.1 shows the computed results for the ln(L/b) prefactor C1 and the

constant C0 for several similar bow-out geometries, using (singular) cut-off pa-

rameter r0/b = 1 and Ecore = 0 so that the quoted value coincides with C00, for

initially straight screw (φ = 0) and edge (φ = 90) dislocations. For specific nu-

merical computations, we use the isotropic constants of the Ercolessi-Adams Al

[115] interatomic potential (µ= 30.8e9, ν= 0.35) with Burgers vector b= 2.851Å .

While ENS
core itself, as implemented within ParaDiS, has no character dependence

the term appearing within the line tension, (C1(φ) × ENS
core) does (see [34, 40] for

further details). Also shown are the analytic results for the non-periodic small

triangle bow-out of [8] and the small-amplitude sinusoidal bow-out [148], and also

the computed results for NS theory with rc/b = e replacing r0/b = 1. Aside from

a small deviation for the NS screw case, the C1 coefficient is the same in all of

these problems and the ratio of screw to edge values is ≈ 4, as is well-known. The

coefficient C00 differs slightly with the geometry and theory, because of the chosen

cut-off and core parameters, but all cases give fairly similar results. Any additional

explicit core energy can be added. Thus, elasticity theory provides a robust value

for the coefficient C1 associated with the ln(L/b) scaling but, in the absence of

atomistic information about the core energy, does not provide any absolute line

energy or line tension.

The elastic term C1ln(L/b) dominates for sufficiently large L, and so the C0

term and core energy are often neglected. However, with no core energy, elasticity

predicts line tension to be negative at ”small” L. Since C0 ≈ 4C1, the line tension

is zero at ln(L/b) ∼4 or L ≈16nm for b ≈0.3nm. Dislocation densities relevant

in real materials range from from 1012 − 1015 /m2, so that the typical spacing

between dislocation junctions is L ∼ 30 - 300 nm, a range also comparable to

precipitate spacings in many alloys. The core energy is therefore essential at the
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Type C1/
µb2

4π(1−ν)
C0/

µb2

4π(1−ν)

Small Triangular Bow-out
Edge[8] 0.33 -1.31
Screw[8] 1.33 -3.51
Small-amplitude Sinusoid
Edge 0.33 -1.32
Screw[148] 1.33 -3.54
Periodic Small Bow-out
Elasticity
Edge 0.33 -1.49
Screw 1.33 -4.20
Periodic Small Bow-out (NS Theory[33])
Edge 0.33 -0.92
Screw 1.20 -4.15

Table 5.1: Line Tension (Γel) coefficients for several characteristic bow-out prob-
lems ν is taken to be 1/3, the singular cut-off parameter r0 = |b|, the non-singular
cut-off parameter rc = |b|e and ENS

core = 0.

lowest relevant scales, ln(L/b) ≈4 and is likely non-negligible up to ln(L/b) ∼

6 corresponding to L ≈120 nm. An accurate core energy and elimination of

arbitrary cut-off parameters are thus necessary to obtain a line tension value that

would be accurate for many materials science applications, assuming that elasticity

is otherwise valid.

Within anisotropic elasticity theory, the line energy and line tension depend

not only on the character of the nominally straight dislocation but also on its

orientation with respect to the lattice [146, 147]. For Al, we have computed

Eq. 5.4 for both isotropy and general anisotropy (detailed in the appendix) using

the full elastic stiffness tensors corresponding to the Ercolessi-Adams [115] and

Mishin [149] interatomic potentials at 0K, respectively. Table 5.2 shows the ln(L)

prefactor C1. Al is relatively isotropic so that the effects of anisotropy are relatively

small (≤10%).

Finally, fcc dislocations dissociate into partial dislocations, so it is possible

that the line tension for the full dislocation might also be considered as due to

two interacting partial dislocations. Since line tension of an individual dislocation

scales as b2, it is unclear whether the line tension of two interacting partial dis-

80



Elasticity Isotropic (eV/Å) Anisotropic (eV/Å)

EdgeErcolessi-Adams 0.060 0.065
EdgeMishin 0.052 0.055
ScrewErcolessi-Adams 0.258 0.266
ScrewMishin 0.238 0.244
MD (guide to the eye)
Edgeatom, Ercolessi-Adams 0.072
Screwatom, Ercolessi-Adams 0.139

Table 5.2: ln(L) prefactor, C1, of the dislocation line tension Γ for the Ercolessi-
Adams [115] and Mishin [149] interatomic potentials, using both isotropic and
anisotropic elasticity. Also shown is the value obtained and plotted (atom, dashed
in figure 5.5) from the present atomistic study for each case.

locations with burgers vectors bp = b
√

3/3 is equal to that of a full dislocation of

burgers vector b. This problem is analytically tractable within isotropic elasticity,

and the result shows that the line tension for two partial dislocations depends on

the partial spacing d divided by the obstacle spacing L. For partial dislocations

in Al, d ∼ 1 nm and d/L << 1 for relevant dislocation lengths of L > 30 nm, so

that the line tension is essentially equal to that of the full undissociated (d = 0)

dislocation.

5.3 Molecular Dynamics Simulation and Analy-

sis to Compute Line Tension

5.3.1 MD Simulation Details

Low temperature (1K) Molecular Dynamics (MD) simulations were performed

using a multiscale method that couples a small atomistic region (∼ 1 million

atoms) to a large surrounding continuum region. The method uses the standard

large-scale parallel atomistic simulation software LAMMPS [12] in conjunction with

a parallelized finite element scheme developed for large 3D multiscale simulations

[109]. The coupling between atomistic and continuum regions creates zero errors

when dislocations are more than ≈ 1 nm from the atom/continuum interface,
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and the very large surrounding continuum domain eliminates all spurious image

forces that would otherwise arise due to interactions of the curved dislocations

with the outer boundaries of the sample [144]. Thus, no corrections for boundary

conditions are needed.

The simulation cell is a single crystal fcc sample. Different fcc lattice ori-

entations are used for studies involving edge or screw dislocations, but always

maintaining the dislocation line along the periodic Y direction. For all cases, Z

=[1 1 1] is normal to the dislocation glide plane, while X and Y (glide and line)

directions are [1 1̄ 0] [1 1 2̄] and [1 1 2̄] [1 1̄ 0] for edge and screw dislocations,

respectively. The atomistic portion of the much-larger simulation cell has dimen-

sions of X ≈ 18 nm, Y ≈ 13-52 nm (varying dislocation line length), and Z ≈ 10

nm. The Al interatomic potentials developed by Ercolessi and Adams [115] and

by Mishin et al [149] describe the nonlinear interactions between atoms. We insert

a single initially-straight dislocation into the atomistic region by displacing atoms

and nodes of the multiscale model according to the singular Volterra solution and

external applied boundary conditions as specified in [109]. The inner nodes and

atoms are allowed to relax using explicit dynamics at 1 K, during which the sin-

gular dislocation core dissociates into two partials. A damping stadium method

is used to control the temperature in the atomistic region. The obstacles are then

created by identifying small cubic volumes of∼1 nm3 encompassing the dislocation

core that are then held fixed during subsequent simulations. Spurious stress fields

created by these rigid obstacles scale with the applied load and can be approxi-

mated to leading order as τobs <
τapp
32

(
a
R

)3
, where a = 1 nm is the characteristic

obstacle length and R is the distance from the obstacle. For all simulation results

reported here, τobs(R>1.5nm) < 3 MPa and we consider its influence on bowing out

of the dislocation over scales of ≥ 10 nm to be negligible. A homogeneous resolved

shear stress τapp (τxz for the edge, τyz for the screw) is applied using a homoge-

neous shear strain ε and the appropriate shear modulus µ = (C44 +C11−C12)/3 so

that τapp = µε. Upon loading, the (pinned) dislocation bows out. Inertial effects
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[14] are avoided by using small loading increments of ∆τapp ≈ 5 MPa to obtain

essentially quasi-static equillibrium shapes. The dislocation structure (partial dis-

locations, stacking fault) were detected using common neighbor analysis (CNA)

and AtomEye [150] for visualization.

5.3.2 Configurational Analysis

The outcome of the MD simulation for a given L and τapp is a bowed-out dislo-

cation configuration. Evaluation of the configurational derivative (i.e. dA/dS)

appearing in eq. 5.3 first requires measurement of the total length of disloca-

tion line, S, and the area enclosed by the bow-out, A. Using a moving average

procedure, each partial dislocation is detected using CNA and its line is divided

into discrete segments (shown in red in figure 5.1). The two partial dislocations

are then averaged to create a single, continuous curve (shown in green in figure

5.1). The line length S is the sum of the lengths of the discrete segments and

the area A is calculated using Simpsons rule. There is no assumption about the

overall shape of the dislocation. We have verified that the stacking fault area is

unchanged during the bowing-out process, although there are small differences in

the partial separation of ±bp along the dislocation line associated with slightly

different lateral positions of CNA-visualized ”kinks” along the two partials.

Evaluation of the derivative dA/dS is difficult to perform accurately by purely

numerical means based on a sequence of bow-out configurations. We thus develop

a general analytic model to assist with this differentiation, as follows. We assume

that the dislocation bows-out into a curved geometry with a non-constant radius

(as discussed and detailed in [151]), which is expected due to the difference in

line tension for screw and edge dislocations. There is no analytic closed-form

relationship between the length S and area A associated with a general arc having

a chord length L. However, for the small bow-out problem of interest, where L is

much less than the minimum radius (i.e. S/L ≈ 1), the relationship between A

and S is almost independent of the non-constant radius and thus essentially equal
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Figure 5.2: Normalized area enclosed by the bow-out ( A
L2 ) versus normalized line

length (S
L

) for each bow-out configuration. Also shown (- -) is the relationship
between A and S used in calculating R. Inset: Normalized area enclosed by the
bow-out versus normalized line length for A

L2 <0.06 and S
L
≤1.02

to that of a circular arc. In the limit of an ellipse (with eccentricity, e), it can be

readily verified that for an elliptical arc and a circular arc of equal arc length S

and bisected length L, the difference in area A is negligibly small,

(A[S(e)]− A[S(e = 0)])/L2 ≈ O
(

eL

Rmaj

)2

(5.7)

Using the circle radius R as a parametric variable, the area A versus arc length

S can be solved by eliminating R from the two equations

S = 2R sin−1(
L

2R
), A =

(
R2 sin−1(

L

2R
)− RL

2

√
1− L2

4R2

)
(5.8)

Figure 5.2 shows the resulting relationship between A/L2 and S/L, the ac-
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curacy of which we have also validated with explicit numerical computations on

ellipses. Also shown in figure 5.2 are our simulation results for both edge and screw

dislocations for a range of L and a range of τapp. All of our data fall on the analytic

line of A/L2 versus S/L, indicating that the measured shapes (whatever they may

be) are consistent with elliptical arcs in terms of the relationship between S/L

and A/L2, despite not having actually quantified the shapes. For any individual

data point lying on this ”universal” curve of A/L2 versus S/L, we can accurately

calculate the derivative dA/dS using the universal curve at the given value of A

and S. There is then no need for finite-difference derivatives between numerically-

simulated configurations that would be inaccurate due to small numerical noise in

our measurements of A and S.

5.3.3 Effective Peierls stress

Due to the discrete atomistic lattice, dislocations encounter a periodic resistance

to motion with a wavelength of b that is the Peierls stress τP . The influence of τP

must be considered when evaluating the line tension. The line tension is primarily

a continuum concept applied to a smooth continuous dislocation line. Within a

similar continuum framework, the discrete features giving rise to τP at the scale of

b are neglected in favor of a continuous resistance of τP acting at all points along

a dislocation line to oppose motion. Thus, under a true applied stress τapp, the

effective applied stress, in the sense of a Peach-Koehler [41] force, τapp,eff acting

on a straight dislocation is taken as

τapp,eff = τapp − sgn(∆τapp)τP (5.9)

where ∆τapp denotes the difference in applied load between the current and the

previous loading increment and the sgn term ensures that the Peierls stress opposes

the dislocation motion in the direction of ∆τapp. The Peierls stress thus leads to a

hysteresis in the response of a dislocation as it glides forward and backward. The
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implication for dislocation bow-out is that during the bowing out process occuring

during loading, the effective applied stress should correspond to τapp,eff = τapp−τP .

If, after some amount of bow-out, the applied load is then reduced, the dislocation

should retreat but the configurations should correspond to an effective applied

stress τapp,eff = τapp+τP since the Peierls stress will oppose the retreating motion.

Therefore, at any position, the difference in applied stresses required to move the

dislocation forward and to move the dislocation backward is 2τP . In computing

the line tension, the appropriate τapp,eff must be used along with the dislocation

configuration (and associated dA/dS).

The Peierls stress τP is calculated atomistically for straight dislocations as the

applied stress needed to initiate dislocation flow in an infinite material, and de-

pends on the dislocation character φ. The Peierls stresses for the edge and screw

dislocations for the Ercolessi-Adams and Mishin potentials are shown in table 5.3,

as measured at both T = 0K and T = 1K with the differences being small. As

is well-known, τP for the Al edge is quite small, ∼ 2 MPa, while τP for the screw

is non-negligible being on the scale of applied stresses needed to bow-out disloca-

tions and varies between the two potentials. Focusing on the screw dislocation, if

these values of τP for the perfectly straight dislocation are applied to the bow-out

problem, then at any given configuration the applied stress to move a bow-out

screw forward should be larger than the stress to retract the bowed-out screw by

either 18 MPa or 60 MPa, for the EA and Mishin cases at T = 1K respectively.

Simulations of the motion of bowed-out screw dislocations show no such large

hysteresis. Figure 5.3 shows loading and unloading configurations corresponding

to the same applied load τapp, for several values, achieved during loading up to

168 MPa and then unloading, in small load increments. The differences in con-

figurations of the dislocation during loading and unloading at the same applied

stress τapp are nearly the same, differing by only ∼ 2b at the peak of the bow-out.

Although the initially straight dislocation requires an applied load greater than τP

to begin bowing, the dislocation bowing for moderately-curved dislocations does
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τPeierls,0K τPeierls,1K τP,eff
(MPa) (MPa) (MPa)

EdgeErcolessi-Adams 2.4 <2 0.25
EdgeMishin 2 <2 0.1
ScrewErcolessi-Adams 14 9 0.6
ScrewMishin 33 30 3.6

Table 5.3: Measured Peierls stress of straight and curved dislocations. The τP,eff
values are taken directly from the converged values of the atomistic simulations
with sufficiently high kink density (see text and figure 5.4), and are used in the
subsequent calculation of Γ in figure 5.5.
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Figure 5.3: Hysteresis in the bow-out of the Mishin [149] initially screw dislocation
at three applied loads. The amount of bow-out for loading (solid, ∆τapp > 0) is
only slightly less than the amount of bow-out for unloading (dashed, ∆τapp < 0).
Also shown is the configuration at the peak load of τapp = 168 MPa from which
point the unloading commenced.

not correspond or conform to the behavior predicted using eq. 5.9 with τP for the

straight dislocation. In other words, the measured τP for a straight dislocation

cannot be used as the Peierls stress for a curved dislocation.
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Figure 5.4: Effective Peierls stress, τP,eff , versus dimensionless kink density
(ρ ∝ h/L) in the bowed-out configuration, for both nominally edge and screw
dislocations. The dimensionless kink density is related to the peak bow-out dis-
tance h as ρ = 2h/L and 2

√
3h/3L for edge and screw, respectively. The converged

τP,eff values for both the Ercolessi-Adams and Mishin nominally screw disloca-
tions are shown as blue and red dashed lines respectively at τP,eff = 0.6 and 3.6
MPa, and are tabulated in table 5.3 along with those for straight dislocations.

The loading and unloading configurations are slightly different, with the un-

loading configuration always ahead of the loading configuration (by ∼ 2b) at the

same applied stress. This indicates that there is some effective Peierls stress

τP,eff acting on the curved dislocations that is much lower than the Peierls stress

acting on straight dislocations (τP ). To deduce the value of τP,eff for such a contin-

uum curved dislocation, we assume that τP,eff acts as a continuum Peierls stress,

similar to τP , to oppose the dislocation motion according to eq. 5.9. For any

pair of loading and unloading bow-out configurations (Al, Sl, Rl) and (Au, Su, Ru)

with the associated parametric variable, R (from eqs. 5.8) measured at the same
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applied stress, we assume that the line tension Γ is the same for the two configu-

rations. The two configurations must then be related through eq. 5.3 and eq. 5.9,

leading to a system of two linear equations that when solved for τP,eff is

τP,eff = τapp

(
1− Ru

Rl

1 + Ru
Rl

)
(5.10)

Inserting the effective Peierls stress (eq. 5.10) applicable to curved dislocations

in to eq. 5.9 leads to an effective applied stress for the bow-out dislocations

considered in this study:

τapp,eff = τapp

(
1− sgn(∆τapp)

(
1− Ru

Rl

1 + Ru
Rl

))
(5.11)

This definition of τP,eff enforces equality of both Γ, and τapp,eff for two configura-

tions at the same applied load with the same spacing between obstacles (L), inde-

pendent of sgn(∆τapp) . The computed τP,eff for a number of loading/unloading

configurations (various L and τapp), for both edge and screw dislocations, is shown

in figure 5.4. In figure 5.4, τP,eff is shown versus the dimensionless kink density,

ρedge = 2h/L or ρscrew = 2
√

3h/3L, required to achieve the peak bow-out h in each

configuration. Each data point is completely independent. For dislocations with a

low kink density (small bow-out relative to the dislocation length), ρ < 0.05, the

discrete nature of the dislocation bow-out makes a smooth continuum description

inappropriate. This is manifested in, among other ways, an inability to measure an

effective Peierls stress for very low kink densities ρ ≤ 0.05, and so no data is shown.

However, for larger bow-out or modestly-curved dislocations, ρ ≥ 0.05, an effec-

tive Peierls stress τP,eff << τP emerges that is nearly independent of configuration

(independent of ρ, L, τapp) and thus represents an appropriate ”continuum-level”

Peierls stress for the curved dislocation. For the edge dislocations, which have

small τP , the effective τP,eff is nearly zero for both interatomic potentials. For

the screw dislocations, which have larger τP , the effective τP,eff is small, typically

∼ 0.5 MPa for the EA potential and ∼ 3.6 MPa for the Mishin potential. The
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consistency of the deduced value of τP,eff across a range of configurations, for each

initial character and interatomic potential, supports the notion that a single value

of continuum (effective) Peierls stress can be considered to operate for moderately

curved dislocations. These effective values are appropriate at the temperature of

our simulations, T = 1K and are tabulated in the final column of table 5.3.

5.4 Results

In the previous section, we presented the essential pieces of the simulation and

analysis needed to compute Γ. For an initial length L, we have measured A/L2

and S/L at various values of τapp (figure 5.2). We have also deduced the effective

applied stress τapp,eff = τapp ± τP,eff acting on the bowed-out dislocation in the

presence of the effective Peierls stress (figure 5.4). For each configuration, our

analytic analysis for the geometry of A/L2 versus S/L yields the value of dA/dS

necessary to obtain Γ. In light of the predictions of elasticity theory (eq. 5.4), we

present the computed line tension Γ versus ln(L/b), as shown in figure 5.5 for the

two interatomic potentials [115, 149], three obstacle spacings L, and initially edge

and screw dislocations. For moderate bow-outs ρ ≥ 0.05 where the continuum

description is valid, the results are independent of the amount of bow-out to

leading order in h/L (e.g. S, A, and/or h) and therefore the derived line tension

is a function primarily of obstacle spacing (L) and dislocation character (φ). The

atomistic computation of the line tension (Γ) is the first main result of this paper.

The line tension Γedge for the edge dislocation is quite consistent between the

two potentials, with the Mishin potential yielding slightly smaller values, ≈ −0.05

eV/Å. Both potentials show a good linear scaling in ln(L/b) with similar slopes.

The line tension for the screw dislocation is larger than that for the edge, as ex-

pected, and both potentials predict comparable values for Γscrew, with the Mishin

potential greater by ≈ 0.05 eV/Å at the smallest and largest sizes, with twice that

difference at the intermediate length L/b ≈ 90. The results for the EA potential
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Figure 5.5: Γ versus ln(L/b) for the interatomic potentials of Ercolessi-Adams
[115] (blue) and Mishin [149] (red) for nominally edge (circles) and screw (tri-
angles) dislocations. The data collapses well, indicating the robustness of the
method. Both data sets have been shifted by ∼ 2 Burgers vectors from their
true L/b values to improve clarity of the figure. Dashed lines show fits to
the form Γ = Catom

1 ln(L/b) + Eatom
core for the Ercolessi-Adams potential, yielding

ΓEA,atomedge =0.072ln(L/b)-0.04 (eV/Å) and ΓEA,atomscrew =0.139ln(L/b)+0.03 (eV/Å).

again show a good linear scaling in ln(L/b) while the Mishin potential results are

inconclusive about a ln(L/b) scaling. The Mishin screw has a rather high Peierls

stress for the straight dislocation, suggesting that the potential may have some

inaccurate features that are not easily identifiable but are reflected in the Peierls

stress and also influence the bowing and the line tension. Here, we thus focus

attention on the consistent EA results, while retaining the knowledge that the

general magnitudes of Γ when comparing the EA and Mishin potentials are quite

comparable for both edge and screw, over this range of L. Our results for the

atomistic line tension for the EA potential can be fit to the form of elasticity plus
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a core energy term,

Γatom = Catom
1 ln(L/b) + Catom

0 (5.12)

For the edge dislocation, we obtain Catom
1 = 0.072 eV/Å and Catom

0 = −0.04 eV/Å

. For the screw dislocation, we obtain Catom
1 = 0.139 eV/Å and Catom

0 = +0.03

eV/Å .

The variations in Γ for one potential at one length L reflect the level of accuracy

of the measurements of A, S, and τP,eff . Numerical measurements of A versus

S for various L for perfect ellipses with moderate ellipticity e < 0.7 show near-

perfect agreement with the analytic result for the circle A[S(e = 0)] curve. Thus,

deviations in our results are due to the fact that the dislocations are not smooth

lines, which leads to associated small numerical errors in general. For very small

bow-outs, both the evolution of the bow-out shape (i.e. dA/dS) and the effective

Peierls stress are ill-defined and so our analyses and results are restricted to the

domain ρ > 0.05. In this regime, a continuous smooth bow-out description is

applicable, a configuration-independent effective Peierls stress can be obtained

(see figure 5.4), and a reliable Γ computed.

5.5 Discussion

We start with discussion of the C1 coefficient, which has an unambiguous value

within elasticity theory. For the edge, Catom
1 ≈ Caniso

1 , within the uncertainty of

our measurements. For the screw, however, Catom
1 << Caniso

1 , differing by a factor

of Caniso
1 /Catom

1 ≈ 2, which is not negligible. The C1 term arises in elasticity theory

due to the change in self-energy (due to both rotation, and elongation) of each

infinitesimal segment as the dislocation bows-out. It therefore would seem sensible

that elasticity should apply. Our failure to match anisotropic elasticity might cast

doubt on the validity of the atomistic simulation and results but the results are

very robust and our final values for Γ are very consistent across different amounts
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Figure 5.6: Configuration of two bowed-out dislocations of lengths L=12.5 nm (a,
left) and L=50 nm (b, right) for a nominally straight, screw dislocation, as com-
puted via MD (red) and via DD (blue). The MD computations were performed
with the Ercolessi-Adams [115] interatomic potential while the DD bow-outs were
computed using a single core cutoff parameter (r0) which was selected to fit the
small (a, left) screw bow-out. In both comparisons the effective applied stress
(τapp,eff ) extracted from the MD simulations was used in computing the DD con-
figurations and is shown within each figure. The large (right) bow-out as computed
via MD and DD is not in good agreement because of the discrepancy in the ln(L/b)
prefactor, C1 (i.e. Caniso

1 6= Catom
1 ) for the nominally screw dislocation (see table

5.2). Central atoms have been removed from visualization for the small bow-out
(a, left) to improve clarity.

of bow-out and applied stress. Furthermore, the bowed-out atomistic dislocation

is not a smooth continuous line in the sense assumed within the elastic theory or

within standard discrete dislocation modeling [8]. Instead the atomistic dislocation

consists of a displacement discontinuity profile along the slip-plane which evolves

as the dislocation bows-out in response to the applied stress and to the underlying

landscape of the generalized stacking fault energy surface. The long-ranged elastic

fields arise from the gradient of the displacement discontinuity profile along the

slip plane within the dislocation core. Here, we are studying evolving curved

dislocations, complete with Shockley partial dislocations separated by a stacking

fault, that might also be characterized in terms of dislocation segments and kinks,

and so it is perhaps surprising that a ln(L/b) scaling emerges at all. In fact, we

have performed DD computations of Γ by representing the bowed-out dislocation

by a discrete set of dislocation segments with each segment having a character
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chosen from only a few high symmetry orientations (0, 30, 60, 90) similar in spirit

to those examined by Kang et al. [152]. The resulting C1 coefficient is very

sensitive to both the spatial distribution of the kinks and the assumed character

angles of the kinks, with the screw dislocation being particularly sensitive. We

will report on more details of this type of analyses in the future, but these studies

are generally consistent with the differences between smooth continuum elasticity

and our atomistic results. Moreover, for a self-similar geometry, i.e. fixed ratio

of maximum bow-out h to length L, a longer length simply has more kinks or,

equivalently, the kink density depends only on h/L and not L, and hence kink-

kink interactions would not diminish in importance for larger L. The difference

between atomistic and elasticity ln(L/b) scaling is the second main result of this

paper.

The difference in bow-out due to the mismatched ln(L) coefficient (Ciso
1 /Catom

1 ≈

2) for the nominally screw dislocation can be directly illustrated. Assuming no

core energy contribution, eq. 5.4 and eq. 5.6 can be rearranged to solve for the core

cut-off parameter (r0) as a function of our measured line tension for the L=12.5

nm Ercolessi-Adams [115] (screw) bow-out and the coefficients given in table 5.1.

Using a measured line tension of Γatom(L=12.5 nm) = 0.57 eV/Å for the small,

periodic bow-out the core cut-off parameter when equating Γel = Γatom at L=12.5

nm is:

r0 = (L) e(C00−Γatom)/C1 (5.13)

≈ 0.35b

By approximating the bow-out as a circular arc [8] and using the effective applied

shear stress (τapp,eff ) computed via eq. 5.11 the radius of the bow-out, not to be

confused with the parametric variable used in Sec. 5.3.2, then follows as,

R =
Γel
∣∣
r0=0.35b

τapp,effb
(5.14)

94



Figure 5.6 shows a screw bow-out for the Ercolessi-Adams [115] screw dislocation

at both L=12.5 nm (where we have fit elasticity) and at L=50 nm for both our

atomistic simulations as well as our computed DD bow-outs. There is excellent

agreement between our atomistic calculation and our isotropic elastic calculation

for the L=12.5 nm bow-out only. In contrast, there is significant deviation for

the larger (L=50 nm) bow-out which ultimately shows poor agreement, where

the elastic dislocation has less bow-out than the atomistic dislocation. This is

because elasticity predicts a stronger ln(L) scaling than our atomistic results and

hence an artificially high line tension creating an artifically small extent of bow-

out (Γh ≈ constant). These direct comparisons of configurations are thus entirely

consistent with the differences in line tension. The inability to match atomistic

configurations using standard discrete-dislocation modeling techniques, even after

fitting parameters to match one atomistic case, is the third main result of this

paper.

Finally, we address the range of line tension (Γ) values published previously

in the literature. The combination of processing and post-processing schemes em-

ployed here in computing Γ are far beyond those in any of the earlier attempts

[14, 85, 87, 121, 139–142]. First, spurious effects are caused by finite simulation

volumes because the image stresses on a bowing-out dislocation scale linearly with

the amount of bow-out [144], leading to error in τapp and thus Γ. Shenoy et al.

[140] estimated the image stress and corrected their calculated line tension but

the final results remain qualitative. The use of large stress increments (∆τapp) is

computationally efficient but the existence of a Peierls energy barrier in conjunc-

tion with inertial effects [14] of the gliding dislocation creates a continuous range

of metastable equilibrium configurations; we have observed this explicitly in our

simulations and have used sufficiently small load increments to avoid such issues.

Here, we find that it is essential to introduce an effective Peierls stress for curved

dislocations. Thus, neglecting the Peierls stress (e.g. [140]) or assuming it is equal

to the value for the straight dislocation (e.g. [116]) both introduce significant er-

95



rors. For the Al edge, the effective Peierls stress is small and so in this particular

case it can be safely neglected. The line tension is a configurational force acting

on a smooth, continuous bow-out (e.g. [8]) and is not the line energy, as used

in refs. [14, 121]. It is also important to account for ellipticity, which has been

neglected in all atomic scale studies of dislocations. Finally, the concept of line

tension, as applied to a smooth, continuous bow-out, is inapplicable for very small

bow-outs (kink density ρ <∼ 0.05; Figure 5.4), and results in this domain are not

consistent [85].

5.6 Summary

We have reported accurate, atomically-resolved measurements of the dislocation

line tension for the periodic bow-out of both initially edge and screw dislocations,

using two distinct interatomic potentials. This has been achieved with the use of

a unique 3D multiscale method that eliminates all spurious image forces [109] and

with the development of new analysis methods. We have also introduced, out of

necessity, the concept of an effective Peierls stress applicable to curved, bow-out

dislocation configurations to accurately account for the measured forward and re-

verse motion of curved dislocations. We have found that, up to lengths of L = 50

nm, the ln(L/b) dependence of the dislocation line tension for the screw is much

weaker than that predicted by elasticity theory, and weakly dependent on the

interatomic potential. With all of these results and direct comparisons between

atomistic and continuum simulations, we have shown that there are inherent limits

to the ability of continuum-level dislocation models to quantitatively reproduce

atomistic simulations of dislocation behavior. The present results can be used (i)

to best-fit continuum dislocation parameters in existing models, (ii) to provide

reference configurations for future continuum methods to match, and (iii) to pro-

vide quantitative numerical values of the line tension for use in analytic theories

of plasticity phenomena.
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5.7 Appendix

The line tension Γel of a dislocation within anisotropic elasticity depends on both

the character angle φ of the nominally straight dislocation and a second orientation

vector with respect to the cardinal crystal axes. For convenience we have chosen

the unit vectors n = [111]/
√

3 to represent the glide plane normal, and t to

represent the dislocation line direction, so b · t = |b| cos(φ). We may then define

a third, mutually perpendicular vector as

m = n× t (5.15)

Following along the lines of Barnett and coworkers [146, 147] and more recently

Aubry et al [145] the dislocation line energy (per unit length) scales with ln(L) as

Wself (t(φ),n) = b ·B(t,n) · b ln(L), (5.16)

where the second-order tensor B is defined as

B(t,n) =
1

8π
(m⊗m + n⊗ n) : C

− 1

4π2

∫ π

0

(M ·C ·N) · (N ·C ·N)∗ · (N ·C ·M)dη
(5.17)

with C denoting the stiffness tensor, (N ·C ·N)∗ defined as the inverse of (N ·C ·N)

satisfying (N ·C ·N)∗ · (N ·C ·N) = I and the vector(s) over which the integral

is taken, M and its derivative N defined conveniently in terms of a single angle,

η as

M = m cos(η) + n sin(η) (5.18)

N = −m sin(η) + n cos(η) (5.19)

The integral in B, as noted by Aubry et al [145], involves the ratio of a fourth-
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order polynomial to a sixth-order polynomial and so is analytically insoluble. Any

numerical integration technique however, such as Simpson’s rule will suffice. Given

Wself (t(φ),n), the line tension prefactor may be computed numerically as

C1(φ,n) ln(L) =

(
Wself (t(φ),n) +

∂2Wself (t(φ),n)

∂φ2

)
(5.20)
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Chapter 6

Summary and Conclusions

Within this thesis we have motivated research in to metals and alloys by the de-

mands of a variety of industries. We have also introduced the dislocation as a

dominant mechanism to explain many of the differences observed experimentally

between alloys and processing-mechanical property relationships. We started by

reviewing a methodology to simulate elastic dislocations via 3d-Discrete Disloca-

tion Dynamics in chapter 2. We then looked at three examples where the macro-

scopic measureable mechanical properties, such as strength were dependent on

additional (small) lengths inherent to the geometry which markedly influenced

the flow properties of dislocation(s). We have examined the role of large stress

gradients (in chapter 3) where the magnitude of the stress gradient determines

the magnitude of the strengthening and hardening effect. We have examined a

dimensionality effect in the form of a thin film type of problem where the width

of the film effectively determines the strengthening effect in chapter 4. Finally, in

chapter 5 we have examined the coefficient associated with a size effect generated

by a dislocation interacting with rows of obstacles i.e. the line tension (Γ).

In chapter 3, we observed the operation of a single FrankRead (FR) source in

the presence of a spatial stress gradient using 3D discrete-dislocation dynamics

(DDD) simulations and analytic models. We found that under a sufficiently large

stress gradient, the FR source shows a new stable configuration controlled by the
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low-stress region of the graded stress field. Successive emissions from the source

generate a growing dislocation pile-up that exerts an increasing back stress on the

source, leading to hardening. The operation of the FR source in the gradient field

was indeed well-approximated by a single critical stress at a unique critical location

(xc, τc), allowing for the development of an analytic model of the source operation.

These results were applied to rationalize the size-scaling of strength measured in

simulations of single-crystal beam bending using DDD and in experiments on

bending of single-crystal cantilever beams. This chapter demonstrated that size

effects in plasticity emerge naturally from the mechanics of dislocation sources

operating within a stress gradient, and in this case the relevant material length

scale is the length of the FR source.

In chapter 4 we examined molecular dynamics simulations of dislocation/obstacle

interactions which are enhancing our physical understanding of plasticity. How-

ever, despite increasing computational power, the interaction between simulation

cell boundaries and the long ranged fields of dislocations make spurious image ef-

fects inevitable. By examining these image effects in detail we provided a general

map of the spurious image stress as a function of simulation cell size, aspect ratio

and bow-out for both nominally edge and screw dislocations. we achieved this us-

ing an approximate image solution of the resulting boundary value problem as well

as an analytic model that captures most of the spurious image effects. A unique

simulation cell shape is found to minimize spurious image effects for a fixed simula-

tion volume (i.e. fixed total number of atoms) and specified initial dislocation line

length. We used the results to estimate image stress effects in various literature

studies involving dislocation bow-out. The image effects are non-negligible. Sev-

eral case studies involving simulation cell dimensions were shown to converge due

to a near-zero scaling of the image stress with respect to the simulation cell dimen-

sions used. Finally, we made a direct comparison between a dislocation bow-out

configuration under an applied load in a finite simulation cell and an image-free

multiscale simulation of the same problem and the difference was shown to be
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consistent with our estimated image stresses. Overall, the results here provide

guidance for both the development and interpretation of quantitative molecular

dynamics studies involving curved dislocation structures.

In chapter 5, we examined the line tension Γ of a dislocation which is an im-

portant and fundamental property ubiquitous to continuum scale models of metal

plasticity. However, the precise value of Γ in a given material has proven difficult

to assess, with literature values encompassing a wide range. We presented results

from a multiscale simulation and robust analysis of the dislocation line tension,

for dislocation bow-out between pinning points, for two widely-used interatomic

potentials for Al. A central part of the analysis involves an effective Peierls stress

applicable to curved dislocation structures that markedly differs from that of per-

fectly straight dislocations but is required to describe the bow-out both in loading

and unloading. The line tensions for the two interatomic potentials are similar and

provide robust numerical values for Al. Most importantly, the atomic results show

notable differences with singular anisotropic elastic dislocation theory in that (i)

the coefficient of the ln(L) scaling with dislocation length, L, differs and (ii) the

ratio of screw to edge line tension is smaller than predicted by anisotropic elas-

ticity. These differences are attributed to local dislocation core interactions that

remain beyond the scope of elasticity theory. The many differing literature values

for Γ are attributed to various approximations and inaccuracies in previous ap-

proaches. The results here indicate that continuum line dislocation models, based

on elasticity theory and various core-cut-off assumptions, may be fundamentally

unable to reproduce full atomistic results, thus hampering the detailed predictive

ability of such continuum models.

In summary, this work has accomplished (i) the demonstration of size and

dimensionality effects in metal plasticity where a purely continuum description

lacking any material length scale is insufficient to describe the plastic behavior,

and (ii) the reconciliation of discrepancies between a continuous elastic (DDD)

line tension model and that computed directly from Molecular Statics Simulations.
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This work was accomplished through the usage of DDD and MS simulations as

well as simple analytical models. Despite the three examples presented within this

thesis providing insight, all of this work demonstrates the need for a better, more

general understanding of the interactions between dislocations and both interfaces

and obstacles for better design of engineering materials.
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