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Abstract of “Infinite-Dimensional Scaling Limits of Stochastic Networks”

by Mohammadreza Aghajani, Ph.D., Brown University, May 2016

Large-scale stochastic networks arise in a variety of real world applications
ranging from telecommunications, service systems, and computer networks to
health care services and biological systems. Such networks are typically too com-
plex and not amenable to exact analysis. However, it is often possible to provide
qualitative and quantitative insight into network performance, in both the tran-
sient and equilibrium regimes, through tractable approximations.

Finite-dimensional Markov processes have been used extensively in the liter-
ature to describe the scaling limits of stochastic networks under simplifying as-
sumptions such as exponential service distributions. However, statistical analysis
has shown that the service distribution is typically non-exponential. For networks
with general service distributions, the dimension of the system descriptor typically
grows with size of the network, and hence any scaling limit is inherently infinite
dimensional. Thus, a significant challenge is to find a suitable representation of
the network that leads to a tractable scaling limit.

The focus of this thesis is on developing a mathematical framework for the
analysis of infinite-dimensional scaling limits of many-server stochastic networks.
Specifically, we have focused on two rather different problems for two kinds of
large-scale stochastic networks — a many-server queueing model (also known as
the “GI/GI/N” model) and a randomized load balancing model, both in the pres-
ence of general service distributions.

For the many-server queueing model, we show that the limit of normalized
fluctuations of the network can be captured by a non-standard Stochastic Par-
tial Differential Equation (SPDE). We also establish ergodicity of the solution

to this SPDE via a novel construction of an asymptotic (equivalent) coupling,



as traditional Harris recurrent techniques are often inapplicable in the infinite-
dimensional setting. Our result resolves an open problem on a many-server queue-
ing model originally raised by Halfin and Whitt in 1981. For the randomized load-
balancing network, we introduce a new representation using interacting measure-
valued processes, and show that the mean transient behavior of the network can be
approximated by a countably infinite coupled system of partial integro-differential
equations (PDEs). This provides a significant extension of the ODE method used

in the case of an exponential service distribution.



CHAPTER 1

Introduction

1.1. Large-Scale Stochastic Networks

Stochastic networks arise in a variety of real world applications ranging from
telecommunications, service systems such as call centers, and computer networks
to health care services and biological systems. Such networks are typically too
complex and not amenable to exact analysis. However, it is often possible to
provide insight into network performance, in both the transient and equilibrium
regimes, through tractable approximations. The accuracy of these approximations
in a suitable network parameter regime can be rigorously justified through limit
theorems.

Large-scale many server networks are of particular importance due to the surge
in applications such as cloud computing, server farms and large-scale distributed
storage systems. A natural approximation is to consider the asymptotics of these
networks as the system size grows to infinity. This approximation can be carried
out to various levels of accuracy: hydrodynamic (or fluid) limits approximate the
mean behavior of the network by a deterministic evolution equation, while diffu-
sion limits capture fluctuations of the state of the network around its mean behav-
ior.

Until recently, scaling limits of many-server networks were established mostly
under the assumption of exponential service distributions, where finite-dimensional
Markovian representations are readily available for both the original network state
process and its scaling limit. However, statistical analysis has shown that the ser-
vice distribution is typically non-exponential [16, 21, 72, 67]. For networks with
general service distributions, the dimension of the Markovian system descriptor
grows with size, and hence any scaling limit is inherently infinite dimensional.

1



Thus, finding a suitable representation of the network that leads to a tractable scal-
ing limit is a significant challenge, and analysis of the infinite-dimensional limit
process requires new techniques.

This thesis has focused on developing a mathematical framework for analysis
of infinite-dimensional scaling limits of many-server stochastic networks. Specif-
ically, two rather different problems for two kinds of large-scale stochastic net-
works are studied: a many-server queueing model (also known as the “GI/GI/N”
model) and a randomized load balancing model, both in the presence of gen-
eral service distributions. In both cases, it turns out that a measure-valued or
other infinite-dimensional state representation plays a key role. Measure-valued
processes have also proved useful for the study of single-server networks with
non head-of-the-line policies, including earliest-deadline-first, processor sharing
or shortest-remaining-processing-time. Nevertheless, in almost all of the above,
a sort of “state space collapse” occurs in heavy traffic, and the limiting infinite-
dimensional diffusion limit can be expressed as the deterministic mapping of a
one-dimensional stochastic process as, for example, in [29, 70, 71, 45, 46, 63]. How-
ever, as discussed in Part I, in the heavy-traffic approximation we established for
the GI/GI/N queue, the limiting diffusion process is truly infinite-dimensional.
On the other hand, previous fluid limits have mainly been described by a single
measure-valued process, or a coupled pair of measure-valued processes. But for
the randomized load balancing model described in Part II, the fluid limit is an in-
tinite sequence of interacting measure-valued processes. This leads to a new set of

challenges, and is discussed in Part II.

1.2. The GI/GI/N Queueing System in the Halfin-Whitt Regime

1.2.1. Description of Problem. Parallel server queues are powerful and flex-
ible models which have been used in a great diversity of applications, including
call centers [2, 41, 103, 42], health care [7, 19], and transportation [77, 92]. A stan-

dard model in queueing theory is the so-called GI/GI/N queue, which consists of
2



a network of N parallel servers to which a common stream of jobs arrive accord-
ing to a renewal process. Jobs have independent and identically distributed (i.i.d.)
service times, and, if all servers are busy on arrival, jobs wait in a common queue
to be processed in a First-Come-First-Serve (FCFS) manner by the next available
server (we refer the reader to [3] for a more detailed description of this model).
Motivated by applications in call centers, data centers and health care, a particular
focus in recent years has been on characterizing steady state quantities such as,

for example, the mean steady-state number of jobs in system X (N)

, and the steady
state probability P, of the wait to exceed a certain threshold ¢ > 0. Since an exact
characterization of this quantity appears infeasible, the goal has rather been to ob-
tain provably good approximations to this quantity, which are accurate in the limit
as the number of servers N goes to infinity.

In many applications such as call centers, the tradeoff between the quality of
service and the cost of providing the service is at a desirable balance when the net-
work operates in the Quality- and Efficiency-Driven (Q.E.D.) regime, that is, when
the steady state probability that a job needs to wait for service is bounded away
from both 0 and 1. A design question is how the number of servers should be
scaled with the arrival rate, as the network size grows, in order for the network
to operate in the Q.E.D. regime. For the case of exponential service time distri-
bution, this problem is solved in the seminal work of Halfin and Whitt [51]. In
particular, they studied a sequence of GI/M/N systems in which the mean ar-
rival rate has the form Ay = N — ,B\/N + o(m ) for some B > 0, and showed that
the sequence of centered and renormalized processes XN = (X(N) — N)/v/N
converges weakly on finite time intervals to a positive recurrent diffusion X with
a constant negative drift when X > 0 and an Ornstein-Uhlenbeck type restoring
drift when X < 0. Moreover, they also showed [51, Proposition 1 and Corollary
2] that, as the number of servers N goes to infinity, the invariant distribution of
X(N) converges to the (unique) invariant distribution of the diffusion X. Since the

exact form of this distribution can be easily identified, this provides a useful and



explicit approximation for the steady state probability of a positive waiting time in
an N-server network, which is indeed bounded away from 0 and 1.

However, as mentioned above, statistical analysis has shown that the service
distribution is typically non-exponential [16]. An analogous result for generally
distributed service times was posed as an open problem in [51], which remained
unsolved except for a few very specific distribution families [101, 56, 38].

In analogy with the exponential case, a natural conjecture would be that this
limit is equal to the unique stationary distribution of the process X obtained as
the limit (over finite intervals) of the scaled processes XN, assuming this can be
shown to exist. However, while for exponential service distributions both the pro-
cess X(N) and its limit X are Markovian, this is no longer true for more general
service distributions. Indeed, although convergence (over finite time intervals) of

(N) has been established for various classes of

the sequence of scaled processes X
service distributions (see, e.g., [86, 76, 38, 62]), the obtained limit is not Markovian,
with the exception of the work in [62]. This makes characterization of the station-
ary distribution of X challenging. It is easy to see that, except for special classes of
distributions (e.g., phase-type distributions, as considered in [86]) any Markovian
limit process will be infinite-dimensional. One key challenge is then to find a suit-
able representation of the limit process that leads to a tractable Markovian process
whose invariant distribution can be analyzed.

On the other hand, analysis of the diffusion limit requires new techniques. Due
to the infinite-dimensional nature of the limit Markov process, standard methods
for establishing ergodicity of finite-dimensional Markov processes such as posi-
tive Harris recurrence are not well suited to this setting. Moreover, the equations
governing the dynamics of the limit process turn out, in many cases, to be non-
standard (in particular, due to the presences of non-linear boundary conditions),
and hence, other techniques such as the dissipativity method used for studying

ergodicity of nonlinear Stochastic Partial Differential Equations (SPDEs) (see, e.g.



[24, 78]) also appear not immediately applicable. Another key challenge is there-
fore to invoke the appropriate techniques to establish ergodicity for the limit pro-

cess. Both of these challenges are addressed in this thesis.

1.2.2. Prior Work. Study of performance of parallel server queueing models
has a rich history in Applied Probability, Operations Research, and Communica-
tions Theory literature, among other related fields (see [22, 53] for a survey), and
goes back to the pioneering work of Erlang [31] and Pollaczek [84]. The GI/GI/N
model is also widely studied (see references in [99]), and in particular, its stability
is proved in [65], under the condition that the traffic intensity p is strictly less than
one. A summary of result on the GI/GI/N model can also be found in [3].

The aforementioned question of the “right” scaling of the arrival rate with to
the number of servers for a network in Q.E.D. regime was first studied by Erlang
[32] and Jagerman [54]. As stated, the solution for the case of exponential service
distribution is given by Halfin and Whitt [51], where they also established an ap-

proximation of the steady state distribution of X(N)

, by the invariant distribution
of a diffusion process X. The problem of obtaining an analogous approximation
for general service distributions was posed as an open problem in [51, Section 4],
and has remained unsolved except for a few specific distributions.

The convergence, over finite time, of the sequence of scaled process X(N) has
been established for various classes of service distributions (see, e.g., [86, 76, 38,
62]), with the most general results obtained by Puhalskii and Reed in [87, 85]. The
obtained limit is not Markovian, with the exception of the work in [62]. In contrast,
there are relatively few studies of diffusion limits of the steady-state distribution
of many-server networks (i.e. on infinite horizon). Whitt [101] extended the result
in [51] to the H3 service time distribution (i.e. mixture of an exponential distribu-
tion and a point mass at 0). The case of deterministic service times is considered in

[56], and was generalized in [38], to consider the case when the service distribution

has finite support. In [56] the limit steady state distribution of the scaled number
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of jobs in system is characterized as the supremum of a sum of independent nor-
mal random variables, and in [38] the limit steady state distribution is shown to
be the stationary distribution to a specific Markov chain. Most recently, Dai et al.
[25] considered phase-type service distributions. A significant recent advance is
the work of Gamarnik and Goldberg [37], which uses general bounds for the FCFS
GI/GI/N queue to show that when the service distribution G has 2 + € finite mo-
ments and satisfies other minor technical conditions, the sequence of scaled steady
state queue lengths { QN } nen is tight, and related large deviations bounds are ob-
tained [37, 43]. This result is extended to the case of multiple customer classes in
[40]. However, the missing element in converting the tightness result of [37] to a
convergence result was the identification and unique characterization of a candi-
date limit distribution.

In [61], a Markovian state representation for the system was introduced in

N) is a finite measure on [0,00) that has

terms of the pair (X(V),v(N)), where v!
a unit mass at the age (amount of time spent in service) of each job in service, and
a fluid limit was established. This representation proved useful for performance
analysis and optimal control of fluid limits of the model and several generaliza-
tions (see, e.g., [57, 58, 4]), and an associated distribution-valued diffusion-scaled
limit was obtained (in the subcritical, critical and supercritical regimes) by Kaspi
and Ramanan in [62]. However, the limit turns out not to be Markov on its own,
unless one imposes stringent assumptions on the service distribution. Instead, it
was shown in [62] that for a fairly general class of service distributions, this limit
could be “Markovianized” with the addition of a third component that takes val-
ues in the space of continuous functions on [0, c0). While this result was useful in
that it represented the limit process X as an Itd process with a constant diffusion
coefficient (equal to the one obtained for the exponential distribution), it still leads

to a three-component distribution-valued Markov process that does not appear to

be very tractable.



Diffusion scale Approximation of steady-state distributions have been estab-
lished in other settings. In the conventional heavy-traffic setting, Gurvich [48]
systematically generalized the results in [39] to multi-class queueing networks.
Katsuda [63] proves some interchange limit results for a multi-class single-server
queue with feedback under various disciplines. Ye and Yao [102] studied inter-
change limit results in a head-of-line bandwidth sharing model with two customer
classes and two servers. Moreover, Other works in the simpler setting of infinite-
server queues include [69, 83, 27, 88]. In particular, Decreusefond and Moyal [27]
and Reed and Talreja [88] obtained diffusion limits that are tempered distribution-
valued Ornstein Uhlenbeck processes, and the latter also identified the invariant
distribution of the process. Finally, similar heavy traffic approximation results in
alternative queuing models have been obtained by various authors. Queueing sys-
tems with abandonments are studied by Garnett et al. [42] and Zeltyn and Man-
delbaum [103] in the case of exponentially distribution service times, and by Kang
and Ramanan [57, 58], among others, in the case of generally distributed service
times. Diffusion-scale tightness of invariant distributions in networks with multi-
ple customer classes, multiple server pools, and subcritical load are proved in [94].
Also, diffusion approximation for stationary distribution in Jackson networks are

obtained in [17, 39].

1.2.3. Contributions. Part I of this thesis contains a series of contributions
which lead to resolving the aforementioned open problem on diffusion approxi-
mation for the GI/GI/ N model in Halfin-Whitt regime, originally raised by Halfin
and Whitt in [51] and posed again by Gamarnik and Goldberg in [37]. Although
this result is of independent interest, the broader intension is to introduce a new
framework for the asymptotic analysis of large-scale stochastic networks, using
measure-valued and other infinite-dimensional processes, and to showcase the ef-
fectiveness of new techniques in analysis of their scaling limits. Here is a summary

of the contributions in Part 1.



(1) A new representation for the GI/GI/N queueing system. Inspired by
a measure-valued representation in [61], we introduce a new infinite-
dimensional representation for the GI/GI/N queueing system. Specifi-
cally, we consider a representation (X (N ), Z(N )), where X(N) is, the num-

(N)

ber of jobs in the N-server network, and Z'") is a functional of the mea-

(N) used in [61], which takes values in a Hilbert

sure valued state variable v

functional space H' (0, o0) (i.e. the space of absolutely continuous, square

integrable functions on (0,00) whose density is also square integrable).

The key feature of this representation is that the appended variable Z(N)
contains just enough information, so the sequence of scaled and renor-
malized processes {Y(N) = (X(N), Z(N))} converges, in the Halfin-Whitt
asymptotic regime, to a infinite-dimensional Markov process.

(2) An SPDE characterization of the limit process. Next, we identify the dif-
fusion limit process of the sequence {Y(N)}. Under suitable conditions on
the service time distribution, we characterize the components X and Z of
the limit process to be the unique solution of a coupled pair of stochastic
equations driven by a Brownian motion and an independent space-time
white noise. Specifically, X satisfies an Itd equation with a constant dif-
fusion coefficient and a drift that depends on Z, while Z is an H'(0, c0)-
valued process driven by a space-time white noise that satisfies a (non-
standard) stochastic partial differential equation (SPDE) on the domain
(0,00). The two components are further linked by a nonlinear boundary
condition: at each time t > 0, Z(t,0) is a (deterministic) nonlinear func-
tion of X(t) (See Definition 3.1). This SPDE characterization of (X, Z(-))
facilitates the use of tools from stochastic calculus to compute performance
measures of interest and natural generalizations would potentially also be
useful for studying diffusion control problems for many-server networks,

in a manner analogous to Brownian control problems that have been stud-

ied in the context of single-server networks [52].



(3) Ergodicity of the infinite-dimensional limit process. Our next contri-
bution is to establish the uniqueness of the invariant distribution of the
limit (Markov) process Y = (X, Z) (see Theorem 3.26). As mentioned
above, standard methods for establishing ergodicity of finite-dimensional
Markov processes such as positive Harris recurrence are not well suited to
this setting due to the infinite-dimensional nature of the state space. Other
techniques such as the dissipativity method used for studying ergodicity
of nonlinear SPDEs (see, e.g. [24, 78]) also appear not immediately ap-
plicable due to the non-standard form of the equations, in particular, the
presence of the non-linear boundary condition. Instead, we adopt the as-
ymptotic (equivalent) coupling approach developed in a series of papers
by Hairer, Mattingly, Scheutzow and co-authors (see, e.g., [30, 49, 6, 50]
and references therein) to show that (X, Z) has a unique invariant distri-
bution. The asymptotic equivalent coupling that we construct has a some-
what different flavor from that used in previous works, and entails the
analysis of a certain renewal equation. We believe that SPDEs with this
kind of boundary condition are likely to arise in the study of scaling lim-
its and control of other parallel server networks, and so our constructions
could be useful in a broader context.

(4) Diffusion approximation of the stationary distribution of GI/GI/N
queue in Halfin-Whitt regime. Finally, we show that, in the Halfin-Whitt
asymptotic regime, the limit of the sequence {7z(N)} of the stationary dis-
tributions of {Y(N) = (X(N), Z(N))} exists, and converges to the unique
invariant distribution of the limit process Y = (X, Z), thus resolving (for a
large class of service distributions) in the affirmative the question of con-
vergence of the scaled and centered steady-state distributions of GI/GI/N
queues in the Halfin-Whitt regime posed in [51] (see also [37]). We prove
this by first, showing the tightness of the sequence of stationary processes

{7(N)}, and then, showing that every subsequential limit of {7#(\)} is in



(N) Proposition 2.9 ,(N)
A > |

: t — o0 -
| |
Y Y
l l
f} N) Theorem 2.7 5> 7(N)
I — oo

FIGURE 1. Relation between the representation Y(V) and the Mar-

kovian state process VN of [62].

fact the unique invariant distribution of the diffusion limit process Y, and
hence, uniquely characterizing the limit. Although the tightness for the
positive tail of X(N )-marginal, )?éoN”, of {ﬁ(N )} is proved in [37], we need
in addition to establish tightness of the Z(N)-marginal in its function space
IH'(0, o). This involves a fair amount of computations (see Section 4.1.3),

and required us to strengthen the tightness result in [37] and to show, in-

stead, the uniform boundedness of )A(éoNH in IL! (Section 4.1.2).

1.2.4. Outline. Part I of the thesis is organized as follows. In chap-

(N)

ter 2, we define, for every N € IN, the representation process Y'") and

its centered and renormalized version YN, and study long-time behavior

and other properties of these processes. The main result of this chapter is
Theorem 2.7, which shows the convergence of ?t(N)
N)

to its stationary dis-
tribution 7N, as t — oo. Since we have not been able to show that y(N)
is a Markov process, we proved this theorem using the relation between
Y(N) and the Markovian state process VN) introduced in [61]. Indeed, we
show that the YN satisfies l?t(N) = ‘?(V:N)),t > 0, for a (deterministic)
continuous function ¥ (see (2.2.13)). The proof of Theorem 2.7 then fol-
lows from the ergodicity of the state process VIN) (Proposition 2.9) and an

application of the continuous mapping theorem (see Figure 1).
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! I — o0
i
- -
= || |l o
S e e | B
= -
o

A . S \/

uniqueness of invariant distribution
Yt ——————————————— > 7T

Theorem 3.26

FIGURE 2. Summary of results

In Chapter 3, we introduce an SPDE that characterizes the diffusion
limit process Y of the sequence of representation processes {Y ™)} yen:.
Then we present a fairly explicit from for the unique solution Y of this
SPDE (Definition 3.3), and show that Y is an infinite-dimensional Feller
Markov process. The main result of this Chapter, Theorem 3.26, shows the
uniqueness of invariant distribution of Markov process Y.

Finally in Chapter 4, we prove the convergence of the sequence of sta-
tionary distributions 7(N) (Theorem 4.1). Tightness of this sequence is
proved in Section 4.1 (Theorem 4.2). Moreover, to show that every subse-
quential limit of {7#(N)} is an invariant distribution of the limit process Y,
we first establish a (finite-dimensional) diffusion limit theorem for {l?t(N) }
at each finite time t € [0, 00) under certain conditions on the sequence of
initial conditions (Proposition 4.19), and then invoke this result for the sta-
tionary version of YN) (ie., when ?éN) is distributed as 7(N)). Theorem
4.1 is then proved at the end of Section 4.2.3.

Figure 2 summarizes our main results in Part I.
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1.3. Hydrodynamic Limits of Randomized Load-Balancing Networks

1.3.1. Description of Problem. Load balancing is an effective method to im-
prove the performance and reliability of networks by optimizing resource use.
With growth in the use of server farms and computer clusters, large-scale load
balancing networks appear in a variety of applications, including internet services
such as high-traffic web sites, high-bandwidth File Transfer Protocol sites, Domain
Name System (DNS) servers, and databases, as well as cloud computing and com-
munications systems. An important problem is the design and analysis of load-
balancing algorithms that aim to improve network performance. This is partic-
ularly challenging for large-scale networks, where it is not feasible to implement
classical algorithms like join-the-shortest-queue, which incur high communication
overhead and computational cost. In this context, randomized algorithms provide
an attractive alternative.

A classical model of randomized load balancing is the so-called “supermarket
model” that was introduced in Vvydenskaya et al [96] and Mitzenmacher [82], and
studied under the exponential service time distribution assumption (see also the
static balls-and-bins analog studied in Azar et al. [5]). In this model, jobs arrive to
a network of N parallel single-server queues according to a Poisson process with
rate AN. Upon arrival of a job, d queues are sampled independently and uniformly
at random and the job is routed to the shortest queue amongst those sampled. Jobs
within each queue are served according to a first-come first-serve (FCFS) sched-
uling rule, their service times are assumed to be independent and exponentially
distributed with unit mean, and also independent of the arrival process. Jobs leave
the network on completion of service. When d = 1, this model reduces to a system
of N independent M/M/1 queues (i.e., single-server queues with Poisson arrivals
and exponential service times), for which it is a classical result that under the sta-
bility condition A < 1 the stationary distribution of the length of a single queue
has an exponential tail (see Proposition III.3.2 in [3]). Whend > 2 and A < 1,
the stationary distribution of a typical queue is not exactly computable, but it was

12



shown in [96] that as the number of servers goes to infinity, the probability PéN)

that the length of a typical queue in the N-server network exceeds ¢ converges to
S = A%, where a; = (d° —1)/(d — 1). Therefore, the limit distribution of a typical
queue has a double exponential tail. This shows that introducing just a little bit
of random choice leads to a significant improvement in performance, a phenom-
enon that has been dubbed the “power of two choices” and has led to substantial
interest in this class of randomized load balancing schemes.

The analysis of the SQ(d) model in the case of exponential service times is car-
ried out using a slight extension of the so-called “ODE method”. This proceeds
by first representing the dynamics of the N-server network by a Markov process
SIN) = (SéN) ;0 > 1), where SEN) (t) represents the number of queues that have ¢
or more jobs at time ¢, and then showing that, as N — oo, the sequence of suitably
scaled Markov processes converges weakly (on finite time intervals) to the unique
solution of a countable system of coupled [0, 1]-valued ordinary differential equa-
tions (ODEs). This limit result is obtained by a simple application of Kurtz’s theo-
rem (see Theorem 11.2.1 in [33]), generalized to countable state spaces. Insight into
the equilibrium behavior is obtained by first showing that, under the stability con-
dition A < 1, each Markov process S(N) is ergodic, then characterizing the limit of
the sequence of scaled stationary distributions as the unique equilibrium point of
this system of ODEs [96], and finally explicitly identifying this equilibrium point.

However, in most real-world applications, service times are typically not expo-
nentially distributed. For example, statistical analyses suggest that service times
follow a Log-Normal distribution in (medium-scale) call centers [16], a Gamma
distribution in Automatic Teller Machines [67], and studies of content download
in Amazon S3 suggest that download times follow a shifted exponential distribu-
tion [21, 72]. In the case of general service times, in order to describe the evolution
of the system it is not sufficient to keep track of the fraction of queues with £ jobs
at any time. For each job in service, one has also to keep track of additional in-

formation such as its age (the amount of time the job has spent in service) or its
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residual service time. In the system with N servers, this requires keeping track
of N additional random variables, and thus the dimension of the Markovian state
representation grows with N, which is not convenient for obtaining a limit theo-

rem.

1.3.2. Prior Work. For the case of exponential service time distributions, vari-
ous modifications of the supermarket model have been studied, that incorporate
features of relevance in applications such as load migration, load stealing and
thresholds (see, e.g., [35], [81] and [60]). Other theoretical results on the model
include a propagation of chaos result [44], analysis of the maximum equilibrium
queue length [74] in an N-server network, and strong approximations [75].

Although results on the exponential service time model were obtained almost
two decades ago, we are not aware of any rigorous prior work on the transient
behavior of the supermarket model with general service time distributions. Till
recently, there was little work even on the equilibrium behavior, with the excep-
tion of the work of Foss and Chernova [36], who used fluid limits to show that the
natural condition A < 1 is sufficient for stability of the N-server model with gen-
eral service distributions. However, recent progress on the equilibrium behavior
in the case of Poisson arrivals was made in a nice series of papers by Bramson et
al. [10, 11, 12]. (Some of the results in [36, 10, 11, 12] have the nice feature that they
are valid for more general systems, including more general scheduling disciplines
within each queue, but we restrict our discussion to the case of the supermarket
model.) The general approach adopted in the papers [10, 11, 12] is to first establish
the ansatz that any fixed number of queues at stationarity is mutually asymptot-
ically independent (in the spirit of a propagation-of-chaos result at equilibrium),
and to then show that the stationary distributions converge, as N — oo, to the
unique solution of a certain fixed point equation, in the spirit of the cavity method
from statistical physics. The ansatz was established in [11] for the class of ser-

vice distributions that have a decreasing hazard rate function. When combined
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with uniform bounds on the tails of the stationary queue length distributions ob-
tained in [9], the scaled stationary queue lengths of the N-server systems were
then shown to converge to the unique solution of a certain fixed point equation.
The latter equation was analyzed in [12] for the sub-class of power law distribu-
tions with exponent —f for B > 1, to uncover the interesting phenomenon that the
limiting stationary distribution has a doubly exponential tail if § > d/(d — 1), an
exponential tail if 8 = d/(d — 1) and a power law tailif B < d/(d —1).

The results in [10, 11, 12] assume Poisson arrival streams and the convergence
results in [11, 12] require service distributions with decreasing hazard rate func-
tions. This raises the natural question of whether the approach of [10, 11, 12] can
be used to analyze the equilibrium under more general assumptions than Poisson
arrivals and service distributions with decreasing hazard rates. Such a generaliza-
tion would entail a proof of the ansatz in greater generality which, according to

[11, 12], appears to be a difficult problem.

1.3.3. Contributions. The main objective of Part Il is to introduce a mathemat-
ical framework for the analysis of stochastic networks with randomized load bal-
ancing in the presence of general service times, with the specific aim of applying
this framework to characterize hydrodynamic limits of supermarket model with
general service times. A key component of our approach is a certain particle rep-
resentation of the model that leads to a Markovian description of the dynamics
in terms of interacting measure-valued stochastic processes. Below is a list of our

contributions and results.

(1) A new interactive measure-valued representation forload-balancing net-
works. We introduce a particle representation of the model that allows
one to represent the Markovian dynamics of all N-server systems on a
common state space. Specifically, we represent the state of an N-server
network at any time t in terms of a sequence of measures v(N)(t) =
(VéN) (t);£ > 1), where l/éN) (t) is the measure that has a “particle” repre-

senting a unit delta mass at the age of each job that is in service at a queue
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of length greater than or equal to ¢ at time t. This yields a description of
the dynamics of the general supermarket model with N servers in terms
of a coupled system of interacting measure-valued stochastic processes.
The framework introduced here generalizes a simpler representation in-
troduced in Part I for the GI/GI/N queueing model, and can be adapted
to study a larger class of randomized load-balancing schemes of interest.

(2) A hydrodynamic limit theorem for the new representation. Under mild
conditions on the service time distribution and general arrival processes
(Assumptions I-III), we show that, as N — oo, the corresponding sequence
of scaled interacting measure-valued stochastic processes converges weakly
(with respect to a suitable topology) to the unique solution (v, ;¢ > 1) of
a countably infinite system of coupled deterministic measure-valued evo-
lution equations. Despite being measure-valued, this countable system of
coupled equations can be partially solved in an explicit fashion, leading to
a tractable and intuitive description of the limit. In contrast with previous
work, this result enables the study of (approximate) transient behavior of
large-scale load-balancing networks with general service distributions. It
worth emphasizing that, as depicted in Chapter 8, the time it takes for the
network to reach stationarity is even longer under certain non-exponential
service distributions, and therefore, understanding transient behavior of
these networks is even more crucial in the presence of general service dis-
tribution.

(3) A PDE representation of the hydrodynamic limit. The measure-valued
hydrodynamic limit theorem implies, in particular, the convergence of
the fraction of queues with length greater than or equal to ¢, to a func-
tional (Sy;¢ > 1) of the measure-valued limit process (vy; ¢). However,
(vg; £ > 1) contains more information than just Sy, and if one is only in-
terested the limit of queue length distribution, a simpler description of the

limit process is available . We show that the dynamics of (Sy; ¢ > 1) can be
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described using a system of coupled partial differential equations (PDEs),
which we call hydrodynamic PDEs. This provides a direct generalization
of the ODE description obtained in [96, 81] when the service time distri-
bution is exponential. The PDEs can be used to approximate not only the
queue length distribution but also other quality of service (QoS) parame-
ters such as the virtual waiting time.

(4) Uniqueness of the solution to the hydrodynamic measure-valued equa-
tions and PDEs. A key challenge is to prove the uniqueness of the solution
to the countable system of coupled measure-valued equations that charac-
terize the hydrodynamic limit. This proof is non-standard, and is carry
out by imposing a carefully chosen norm on the space of infinite vectors
of measure-valued processes, and invoking properties of certain renewal
equations. Similarly, as the hydrodynamic PDEs consists of a countable
system of non-standard partial integro-differential equations, establishing
the uniqueness of the solution to these equations requires a new approach.

(5) Numerical solution to the hydrodynamic PDEs and insight into network
performance. We devise and use a stable numerical scheme to approxi-
mate the solution to the hydrodynamic PDEs, which provides a computa-
tionally efficient alternative to Monte Carlo simulations that could be use-
ful for studying the performance and design of large networks. We show
that the obtained numerical approximations provides a good match with
simulations, and illustrate how this approximation can be used to shed

insight into transient phenomena of practical relevance.
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1.3.4. Outline. Part II of the thesis is organized as follows. First in Chapter
5, we study in details an N-server network with general service distribution and
under the “supermarket” randomized algorithm. We introduce a sequence of in-
teracting measure-valued processes (véN) ;£ > 1) that describes the state of the
network at each time. Moreover, we describe the dynamics of the network, by de-
riving equations that govern the evolution of these measure-valued state process.
Finally, we establish martingale decompositions for certain stochastic processes
that describe arrivals and departures to and from the network. These decomposi-
tions are essential for establishing hydrodynamic limits later in Chapter 7.

Basic assumptions imposed on the arrival process and service time distribution
are also presented in this chapter (see Assumption I-III).

In Chapter 6, we describe the hydrodynamic limit of the Markovian state pro-
cess. This limit is characterized as the solution to a system of coupled measure-
valued equations, which we call “measure-valued hydrodynamic equations”. The
uniqueness of the solution to these equations is also established in this chapter
(see Theorem 6.3). Moreover, we introduce a reduced version of measure-valued
hydrodynamic equations, which is a system of coupled partial integro-differential
equations (PDEs) that we call hydrodynamic PDEs. We study these PDEs under an
additional smoothness assumption on the service time distribution (see Assump-
tion IV in Section 6.2), and in particular, we prove the uniqueness of the solution
to these PDEs.

In Chapter 7, we establish the main result of Part II, that is a hydrodynamic
limit theorem for the state representation of the load balancing network described
in Chapter 5. Specifically, we prove that the scaled interacting measure-valued rep-
resentation (véN) ;£ > 1) defined in Section 5.1.2, converges to the unique solution
of the measure-valued hydrodynamic equations of Section 6.1.1 (see Theorem 7.1
below).

The measure-valued hydrodynamic limit theorem implies, in particular, the

convergence of the fraction of queues with length greater than or equal to ¢, to a
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functional (Sy; ¢ > 1) of the measure-valued limit process (vy; ), although (vy; £ >
1) contains more information than just S;. We show that if one is only interested the
limit of queue length distribution, one can avoid the measure-valued equations,
and characterize the limit only using the hydrodynamic PDEs. Moreover, we show
in this chapter that the PDEs can be used to approximate not only the queue length
distribution but also other quality of service (QoS) parameters such as the virtual
waiting time.

Finally, in Chapter 8, we discuss the application of our result in understanding
the behavior of stochastic networks in practice. We devise and use a stable numer-
ical scheme to approximate the solution to the hydrodynamic PDEs, and show that
the obtained numerical approximations provides a good match with Monte Carlo
simulations. This numerical approximation, hence, provides a computationally
efficient alternative to Monte Carlo simulations that could be useful for studying
the performance and design of large networks, Moreover, we illustrate how this
approximation can be used to shed insight into transient phenomena of practical

relevance (see Section 8.2).

1.4. Some Common Notation

The following notation will be used throughout the paper. Z, Z_ and IN are the
sets of integers, nonnegative integers and positive integers, respectively. Also, R is
set of real numbers and IR the set of nonnegative real numbers. Fora,b € R,aAb
and a V b denote the maximum and maximum of 4 and b, respectively. Also, a™ =
aV0Oanda~ = —(aA0),and hencea = a™ —a~. For a set B, 1 () is the indicator
function of the set B (i.e., 1z (x) = 1if x € B and 1p (x) = 0 otherwise). Moreover,
with a slight abuse of notation, on every domain V, 1 denotes the constant function

equaltolon V.

1.4.1. Function Spaces. For every n € N and subset V C R", C(V), Cy(V)
and C.(V) are respectively, the space of continuous functions on V, the space of

bounded continuous functions on V and the space of continuous functions with
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compact support on V. We use ||f|l~ to denote the supremum of |f(s)|, s € V.
For f € Cr[0,00) and T > 0, || f||7 denotes the supremum of |f(s)|, s € [0,T]. A
function for which || f||7 < oo for every T < oo is said to be locally bounded. Also,
C°[0, ) denotes the subspace of functions f € Cg[0,0) with f(0) = 0, C[0, c0)
denotes the set of functions f € CRr|0, o) for which the derivative, denoted by f’,
exists and is continuous on [0, ), and C; [0, o) represents the subset of functions
in C'[0, o) that are bounded and have bounded derivative.

For every Polish space X, Cx[0,00) denotes the set of continuous X-valued
functions on [0, ), and IDx [0, o) is the set of X-valued functions on [0, c0) which
are right continuous and have left limits. Endowed with the Skorokhod topology,
Dx[0,00) is a complete separable metric space. However, we sometimes equip
DR[0, o0) with the topology of uniform convergence on compact sets. For every
function f € Dx[0,00) and T > 0, w'(f,d, T) is the modulus of continuity of f in
Dx [0, 0); see (3.6.2) in [33] for a precise definition of w’. Furthermore, for every

function f € DR[O, c0), [f] denotes the quadratic variation of the f, defined by

n

[fle= lim Y (f(te) — f(t1))?,

|P|—0 k=1

where the limit is taken over all partitions P = {tp = 0,t1,...,.t, = t} [0,t] with
defined in the sense of convergence in probability.

Moreover, let IL' (0, 00), I.2(0, 00), and L% (0, c0), denote, respectively, the spaces
of integrable, square-integrable and essentially bounded functions on (0, o) with
their corresponding standard norms. The space IL? is a Hilbert space with the inner

product
(Fne = [ F)g(x)dx

Also, IL{. (0,00) denotes the space of locally integrable functions on [0, ). The
space H!(0, o0) denotes the space of square integrable functions f on (0, c0) whose

weak derivative f’ exists and is also square integrable. H!(0, o) equipped with
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the inner product

(1.4.1) (f, &) = (f, 92 +(f, 812

and the corresponding norm

N—=

Il = (1712 2000y + 1 20y )

is a separable Hilbert space [15, Proposition 8.1]. Recall that every function
f € HY(0,00) is absolutely continuous and its density coincides with its weak
derivative [34, Problem 5 on Page 290]. Throughout this paper, the density of an

absolutely continuous function f is denoted by f.

1.4.2. Measure Spaces. For every subset V of R or R? endowed with Borel
sigma-algebra, let Mp(V) (respectively, M<1(V)) be the space of finite positive
measures (respectively, probability measures) in V. For p € Mp(V) and any
bounded Borel-measurable function f on V, we denote the integral of f with re-

spect to 1, in Part I by

p(H = | ),
and in Part II by

(o) = [ Fm(dx).

We can extent the bracket notation for the signed measures, and for every measure
1 with representation y = u™ — u—; u", u~ € Mp[0,00), define (f, u) = (f,u") —
(f,u™). We equipped Mp(V) and M« (V) with the weak topology: pu, = u if
and only if (f, un) — (f, u) for all f € C,[0,00). Moreover, the Prohorov’s metric
dp on Mg(V) (see page 72 in [8]) induces the same topology and (Mg(V),dp) is
a Polish space (Theorem 6.8 in Chapter 1 of [8]). We also denote Mp[0,00)(V) to
be the subspace of Mf[0, c0) consisting of measures of the form } ;" ; dy, for some
meNandx; € V,i=1,..,m.

Also, we denote by M(V) the space of Radon measures, that is, the ones
which assign finite measures to every relatively compact subset of V. Alter-

natively, identifying a Radon measure by the function u(¢) = [, ¢(x)dx on
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CRr[0,00).(V), one can define a Radon measures on V as a linear real-valued map-
ping on Cr[0,c0).(V) such that for every compact set L C V, there exist a finite
Cy such that

u(p) < Ckll@ll, Vo with supp(¢) C K.
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CHAPTER 2

A Representation for the N-Server Queueing Network

In this Chapter, we introduce a new infinite-dimensional representation for a
GI/GI/N queueing network with general service distributions, which leads to a
tractable Markov Process in the diffusion limit. Specifically, we consider a repre-
sentation (X (N ), Z(N) ), where X (N) is, the number of jobs in the N-server network,
and ZN) is a function-valued process that contains just enough information so
that the limit of scaled and renormalized process (X(N), Z(N)) in the Halfin-Whitt
asymptotic regime is an infinite-dimensional Markov process. Long-time behavior
and other properties of this process is also studied in this Chapter.

In Section 2.1, we describe the GI/GI/N queueing model in details, and state
our assumptions on service time distribution and arrival process. The new repre-
sentation Y(N) = (X (N ), Z(N )) is defined in Section 2.2, and its connection to the

(N) used in [61] is demonstrated. We show in Theorem

2.7 that as t — oo, the process Yt(N) converges to its stationary distribution. Fi-

Markovian state process V

(N)

nally, in Section 2.3, we establish a fluid limit theorem for Y/, and describe the

dynamics of the centered and diffusion-scaled process YN,

2.1. Description of the N-Server Network

This section contains the basic definitions and descriptions of the GI/GI/N
queueing model. In Section 2.1.1, we state the required assumptions on the arrival
process and service time distribution. Then in Section 2.1.2, we recall the Markov-

(N)

ian State process V") introduce in [61]

2.1.1. Basic Definitions and Assumptions. We consider a GI/GI/N model
in which a common stream of jobs arriving according to a renewal process to a

network of N parallel servers with a common infinite-capacity queue. Servers
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follow the First-Come-First-Serve (FCFS) service policy and are non-idling, in the

sense that no server is idling when there is a job waiting in the queue. Let EWN)

denote the cumulative arrival process, that is, Et(N) represents the number of jobs
that arrived to the system in the interval [0, t]. We assume that EN) is a renewal
process. Specifically, let E be a renewal process with delay #j and renewal times
{iln;n € N}, with common cumulative distribution function (c.d.f.) Gg, which has

mean 1 and finite variance 6124.

ASSUMPTION I. For every N € IN, the arrival process E(N) satisfies Et(N) =
E(AN)t), where

(2.1.1) ANy = N — BV/N.

We further assume that G is non-lattice and has full support (i.e. Gg(x) < 1 for all

x > 0) and finite (2 4+ €) moment, for some € > 0. In other words, EV) is a renewal
process with delay u(()N) = 1iy/ N and inter-arrival times u,(qN) =1i,/N,n € N, with

c.d.f. G](SN) (x) = Gg(Nx), mean 1/A(N), and finite (2 + €) moment.

The condition (2.1.1) captures the Halfin-Whitt asymptotic regime, where the
arrival rate scales with the number of servers N as N — O(v/N).

REMARK 2.1. The full support assumption imposed on the inter-arrival distri-
bution is only used to show ergodicity of a Markovian state representation of the
sub-critical GI/GI/N queue (specifically, in the proof of Proposition 2.9). How-
ever, this is not a necessary result for ergodicity, and our main results will continue
to hold under weaker conditions on the inter-arrival distribution, as long as they

guarantee the ergodicity of { Yt(N) ;> 0},

The sequence of service times, denoted by {TJ]'; j € Z}, are assumed to be i.i.d.
and independent of the arrival process, with a common c.d.f. G. DefineG =1— G

to be the complementary c.d.f.

ASSUMPTION II. The service time c.d.f. G satisfies the following conditions:
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(@) G has a finite mean equal to one, and is absolutely continuous with con-
tinuous density g.
(b) G has finite 2 + € moment for some € > 0, thatis, G(x) = O(x~(2+¢)), as

X — Q.

Assumptions I and II, except for G having a density, where also imposed in
[37] (they also assumed other technical conditions on the service time distribution,
which are verified when G has a density, see proof of Proposition 4.5). We impose
one additional condition on G. Recall that when G has a density g, the hazard rate

function & of G is defined as

1-G(x)  G(x)

for x in the support of the distribution of G. In Assumption III below, we will

2.1.2) h(x) = g(x) _ 8lx)

require h to be bounded, which (since the hazard rate function # is not integrable

on (0,00)), automatically implies that G has support [0, o).
ASSUMPTION III. The hazard rate function / lies in C; [0, 00).

REMARK 2.2. Assumption IIl implies that

H = sup h(x) < oo.
x€[0,00)

Since ¢ = Ghand I/ = ¢'/G + g%/ Ez, Assumption III also implies that the prob-
ability density function (p.d.f.) g is differentiable with a continuous derivative g’,

and
- - g/(X) _ 1,/ 1,2 .
Hy = sup |hy(x)| < oo, where hp(x) =<~ =h(x) —h"(x);x > 0.
x€[0,00) G(X)

REMARK 2.3. It follows from Assumption Il.a that G is integrable, and since it
is also bounded by 1, it must be that G € L!(0,00) N1L?(0, o0). Then Assumption
1T implies that g and ¢’ also lie in IL1(0, 00) N 1L2(0, c0), and hence, both G and g lie
in H!(0, c0). Furthermore, [~ G(x)dx is integrable by Assumption ILb is bounded

by one by Assumption IL.a, and hence, [~ G(x)dx also lies in L1(0,00) N1L2(0, o).
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Finally, to prove the main result, we need the following additional condition

on the service time distribution.

ASSUMPTION IV. The service time distribution satisfies the following condi-

tions.

(a) G has finite (3 4 €) moment for some € > 0, thatis, G(x) = O(x~3+¢)), as
X — 0.
(b) The function ¢’ is absolutely continuous with bounded density ¢”” which

satisfies ¢” (x) = O(x~(2%€)) as x — 0.

REMARK 2.4. The function [~ [ G(x)dx ds is integrable under Assumption

IV.a.

2.1.2. The Markovian State Descriptor V(N), In [61], the GI/GI/N queue was
represented by the following state descriptor v(N) — (Vt(N) ;t > 0), where v(N) g

a three-component process:
(2.1.3) Vi = (RS, X ).

The first component RN) is the forward recurrence time of the arrival process EN):

(2.1.4) RN =influ>t:EN > EMY 1, >0,

and note that R((JN) = u(()N) (see Assumption I). When the arrival process is Poisson,

this component can be omitted. The second component, XEN), is the number of jobs

in the system at time t > 0, and the third component, vt(N), is the measure on [0, o)
that is a sum of delta masses, each at the age (i.e. the amount of time spent thus far

(N)

in service) of a job currently in service. Given N € IN, for every t > 0, V"’ takes

values in the space
(2.1.5) VN = {(r,x,u) € Ry x N x Mp[0,00) : x A (1) = N},

where recall from Section 1.4 that M0, o) is the set of finite positive measures on

[0,00), and Mp|0, c0) is a subspace of Mp[0, o) consisting of measures of the form
27



10y, for some m € N and x; € R,i = 1,...,m. The process VIN) is explicitly

constructed in [57, Appendices A].

(N)

We now express V") more explicitly in terms of certain primitives of the

queue. Jobs are index by j € Z. A job j arrives to the system at time oc](N), and if an
idle server is available at that time, the job immediately enters service. Otherwise,
the job joins the back of the queue and enters service at a later time /SJ(N). When
its service is completed, the job departs from the system at time ’y](N) = ﬁ](N) + v},
where {v;} is the ii.d. sequence of service time requirements. We assign non-
positive indices j < 0 to the jobs that are initially in service, and positive in-

dices j > 1 to other jobs, either initially in queue or arrived after time 0, and in
(N)

the order of their arrival. Note that there are initially X, ’ jobs in system, and
by the non-idling assumption, X(()N) A N of them are initially in service. Hence,
j(()N) = — (XéN) A N) + 1 is the smallest job index.

For every job j, we define the age process {a](.N) (t);t >0} as

(N) [ —ﬁ]('N)(t)] VO ift < /3§N)+v]-,
Uj otherwise.

that is, the age of a job is zero before service entry, then grows linearly with rate

1 until it reaches v; at the departure time, and remains constant afterwards. Also,

define {Kt(N) ;£ > 0} to be the cumulative service entry process, that is, Kt(N) is the

total number of jobs that entered service during the interval [0, t|. Note that Kt(N) is

then the largest job index that has entered service by the time . The measure vt(N)

can be expressed as

(N) il
(2.1.7) Vi~ = .%) 5a](N)(t)1{a](N>(t)<vj}'
I=lo
(N)

Note that for every t > 0, v, (1) is the number of jobs in service at time ¢, and

therefore, the non-idling assumption yields

(2.1.8) vV (1) = NAxN,
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or equivalently,

(2.1.9) N-v™M@) = (N - xN)t,

Although the results of this paper do not depend on the particular rule used
to assign jobs to servers, for technical purposes, we define the station process
{K;N) (t);t > 0} for every job j as follows: K](N) (t) is equal to the index i € {1,..., N}
of the server at which the job j receives/received service if it has already entered

service, and is equal to 0, otherwise. For t > 0 define
FN =4 (R<N>(s),a(m(s),x](m(s);s €0,t,j=-N+1,..-1,0, 1) ,

and let {.Ft(N) ;£ > 0} be the associated right-continuous filtration that is com-
plete with respect to IP. It has been shown in [57, Lemma A.1, Lemma B.1] that
{Vt(N) , .Ft(N) ;£ > 0} is a cadlag Feller Markov process.

2.2. An Infinite-Dimensional Representation

(N)

In This Section, we define our representation Y'"). The main result of this

section is Theorem 2.7, which states that for every N € IN, the suitably centered

and renormalized process Y(N)

f/t(N )

lies in a state space ) (that does not depend on N),

N)

and ast — oo, converges to its stationary distribution 7(N).

The state space ) is defined in Section 2.2.1, and is shown to be a closed sub-
space of the Polish space R x H!(0,00). In Section 2.2.2, the process Y(N) and its

centred and renormalized version Y™ are defined. The connection between the

(N) (N) that is used in [61] is demon-

is shown to be a continuous function of Vt(N)

process YV and the Markovian state process V

strated in 2.2.3, and in particular, ?t(N)
for each t > 0 (see (2.2.15)). Finally in Section 2.2.4, we prove Theorem 2.7, by first

establishing the ergodicity of the Markovian state process V(N

using an existing
result on stability of subcritical GI/GI/N queues (see Proposition 2.9), and then

using the relation between Y(N) and VN,
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2.2.1. The State Space ). Define the space ) as
2.2.1) V= {(x,f) € R x H(0,00) : £(0) :on},

where, for f € H'(0,00), f(0) denotes lim, | f(r), which is well defined since

functions in H'(0, o) are continuous on [0, o), using the following theorem.

LEMMA 2.5. The following statements hold.

(a) Every function f € H!(0,0) has a version that is uniformly continuous
on (0,00). Therefore, f(0) = lim, o f(r) is well defined and f can be con-
tinuously extended to [0, o), that is, f € CRr[0, o).

(b) The embedding I : H'(0,0) > CR|0, %) is continuous.

(c) For every t > 0, the mapping f — f(f+ -) is a continuous mapping from
H'(0, o) into itself. Also, for every f € H'(0, ), the translation mapping

t— f(t+-) from [0, 00) to H!(0, 00) is continuous. Moreover,
(2.2.2) lim | f(t+ )|l = 0.

PROOF. We start with the proof of property a. As discussed in Section 1.4,
f € H'(0,00) is absolutely continuous with square integrable density f’. Thus,

using Holder's inequality, for every s, t € (0,00) with |t —s| < 4,

t 2 t
0 =6 =| [ ] <1t [/ < 0

and therefore, f is uniformly continuous on (0, ). Consequently, the limit f(0) =
lim, | f () exists and f has a continuous extension to [0, ).

To show property b, note that for any fi, f» € H'(0,00) and every 0 < T < oo,
the restriction of f; — f» to (0, T) lies in H(0,T). By Morrey’s inequality ([34,

Theorem 5 on page 269]), there exists a constant Ct < oo such that

(2.2.3) 1f1 = f2llr < Crllfi = follwr o) < Crllfi = falli 0,00)-

Since CRr|0, c0) is equipped with the topology of uniform convergence on compact

sets, this proves the continuity stated in property b.
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We now establish the claims stated in property c. The first claim follows from

the following elementary inequality: for every fi, f» € H!(0, o),

1A+ = falt+)lip :/too(fl(u)—fz(u))zdqu/too(f{(u)—fz'(”))zd“
< i = follgn-

For the second claim, fix f € IL?(0,00) and € > 0. Since C.(0,0) is dense in
I.2(0, ), there exists a function f that is uniformly continuous on (0, o) such that

| f — fll2 < e. Therefore, for every t, ty € (0,00),

If(t+-) = flto+ ez < If(E+-) = fFE+ 2+ 1F(E+-) = fto+ )2
+[If(to+-) — f(to+ ) [I2

<2+ ||f(t+-) = f(to+-)lpz-

Taking the limit as t — ty on both sides of the last inequality, by the uniform
continuity of f and the dominated convergence theorem, we have

lim [+ = flto +)lge < 2+ Jim 17 +) = Fto + )z = 2,

t—to

Since € > 0 is arbitrary, this shows that the translation map ¢ — f(f + -) is contin-
uous in IL.2(0, ). If f € H'[0,00), then f’ € IL2(0,0) and so the above argument
also shows that the map t — f(t + -) is continuous in I.?(0, o), which proves the

continuity of t — f(t + ) in H!(0, c0). Finally, by definition,

IFa+ B = [ P+xdr = [ P

Since f € IL%(0, ), the right-hand side above converges to zero as t — co. Simi-

larly, since f’ € IL2, limy—o || f/(t + )||2 = 0, and (2.2.2) follows. O

COROLLARY 2.6. ) is a closed subspace of R x H!(0, o) and hence, is a Polish
space.
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PROOF. Note that the mapping f — f(0) is continuous on CR [0, ), and hence
continuous on H!(0, o), by part b of Lemma 2.5. Since x — x A 0 is also continu-

ous on R, the set
Y={(x,f) e RxH(0,00):f(0)—xA0=0}

is the pre-image of the close set {0} under a continuous map, and hence is closed.

O

We equip Y with the corresponding Borel c-algebra.

2.2.2. Definition of the State Process YN), For every t > 0, recall that Xt(N)
is the total number of jobs in the system. As mentioned in the introduction, we
introduce a novel representation for the GI/GI/N queue, in which we append

(N) to the number of jobs X(N). This representation,

a function-valued variable Z
when suitably centered and re-scaled, leads to a Markovian limit process in the
Halfin-Whitt regime, and enables us to prove convergence of the steady-state dis-
tribution of XN,

Foreveryt > 0, let S (N) (t) denote the set of indices of jobs that are receiving
(N)
]

that job at time f. Define the process {Zt(N) ;t > 0} where for eacht > 0, r —

service at time ¢, and for every job j € S(N)(¢), let recall that a; '’ (t) is the age of

Zt(N) (r) is the random function on [0, c0) given as

(2.2.4)
) GaVw+n KV GEME 4
Zt (r): _] N = 2 E— 1 (N) (4 . r >0,
jesM () G(ﬂ](- () i Glag () {a; 7 (0) <oy}

Note that for every job j € S(N)(t), the quantity C(a](.N)(t) + r)/é(a](.N)(t)) is the

conditional probability that the job j has not yet departed the network by the time

t +r, given its current age a](-N)(t). Therefore, Zt(N)(r) is, roughly speaking, the

conditional expected fraction of jobs receiving service at time ¢, that will still be in
the system at time t 4 r, given the ages of all jobs at time ¢.
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Now define the process {Yt(N) ;6 >0} as
(2.2.5) YNV = (x™V) z(N)y,

As shown in Theorem 2.7, Yt(N) takes values in a the space ), defined as in Section
2.2.1.
The centered and diffusion-scaled version of the state representation Y(N) is
defined as follows. For H = X, Z, Y, define
N —
~ony - HY - NH

226 g 2 27— XA

220 N

where H is the fluid limit, defined as

227)  X=1, Z(r)= / G(x+r)dx; r>0, and Y= (X,Z).
0

The definition of Y is inspired by the fluid limit theorem established in [61, The-
orem 3.7] and will be justified in Section 2.3.1 (see Corollary 2.11.) Our first main

result is on the long-time behavior of YN) for a fixed N.

THEOREM 2.7. Suppose Assumptions I-III hold. Then for every N € IN and

N

t>0, ?t(N) € ). Moreover, there exists a measure 7N) on ) such that for every

initial condition (u(()N),X(()N),a](N)(O);j e SN)(0)), ?t(N) = 7N in Y as t — co.

PROOF. See the end of Section 2.2.4. U

2.2.3. Relation between Y(N) and V(N), The representation YN) defined in

(N), For

(2.2.5) can be written as a functional of the Markovian state variable V
brevity of notation, define a family {®;,t > 0} of operators on the functions on
[0, 00) as follows: for every t > 0,

1-G(x+1)

W, x € [0,00).

(2.2.8) (Dif)(x) = f(x+t)

It is straightforward to see that bounded continuous functions are mapped in to
bounded continuous functions by ®;, &y f = f, and the following semigroup prop-
erty holds:

(2.2.9) DD = Dyys,  ts > 0.
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Next, motivated by the definition (2.2.4) of Z (N) define the mapping 7 on Mg[0, o)
by
(2.2.10) (Tu)(r) = u(®1), r>0.

The following lemma studies properties of 7.

LEMMA 2.8. Suppose Assumptions II and III hold. Then, for every u €
Mp|0, c0), T u lies in H' (0, o) and has density

(2.2.11) (Tw) (r) = —u(®,h), r>0.

Also, the mapping T : Mp|0, o) — H(0, o0) is continuous.

PROOF. For the first assertion, let u = 2?21 (5a]., for some m € IN and aj € Ry,

j=1,..,m,and let z = T u. Then we have

=) = 1) = Lo, ) = 1 SE0

j=1

r > 0.

Since G has density g, z has density z’ given by
j=1 G(a)) j
Both G and g are in IL?(0, o) by Assumption III (see Remark 2.3), and hence, both
z and 7’ also lie in IL?(0, o0); thus z € H' (0, o).
For the second claim, let {*} be a sequence in Mp|0, ) converging weakly
tou = ;-”:1 da;- Then, for large k, 1* has a representation yf = }”:1 ) ot for some

a}‘ > 0, with a;-‘ — aj as k — oo. Therefore,

m Gk +)  Gla+-)
k_ , = 4 R
|73k = Tl Jg G Gl ||,
m ||Gaf+) G(aj+) Glaj+) Gla+)
“El@ oW Tew e |,
m (|G (af + ) = Gla;—)|p C 11
o —ri ek ewp sl




which converges to zero as k — oo by the continuity of G and the continuity of the
translation mapping in the L2 norm (see e. g. [28, Theorem 20.1]). Similarly,

+-) =84 =)l

@(a;‘)

1 _ 1
C(d) ~ Clap|’

which again converges to zero as k — oo by the same argument, using the fact that

| (7) ~ () ||lz<z”g

=

¢ € 1L.2(0,0), as discussed above. O

Using this notation, we can rewrite the quantity Zt(N) defined in (2.2.4) as
(2.2.12) zN = N =y (N (@ 1),
and by Lemma 2.8, Zt(N) lies in TH'(0, o). Consequently,
(2.2.13) YN = (xN), T[N,

Recall the definition (2.2.7) of X and Y, and define the mapping ¥:YN) 5 R x
H'(0, c0) as

x—NX T () —NZ>
vN ' VN '

Using this notation, and by equation (2.2.13), the definition (2.2.6) of ?t(N) can be

(2.2.14) Y, x,p1) = <

written as

(2.2.15) YN =

<X§N> ~NX T —NZ) q,
VN T UN
2.2.4. Long-Time behavior of YN). Theorem 2.7 is a consequence of the er-
godicity of the Markovian state process VIN) and the relation (2.2.13) between
Y(N) and V(N). First, we prove that the Markov process V(V) is ergodic. This es-
sentially follows from existing results in the literature. The proof in the presence
of reneging is given in [58, Theorem 7.1], and ergodicity of another Markovian

representation have been established in [3, Section XII.2].

PROPOSITION 2.9. Let Assumptions I and II hold. Then the Markov process

{Vt(N),]:t(N) ;£ > 0} is ergodic. In particular, there exists a VY(N) _valued random
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variable VO(ON) = (R((X,N), XgoN), V(EON)) such that for any initial condition VO(N) , Vt(N) =

VogN) in) ast > oo.

PROOF. First note that by (2.1.1), the traffic intensity o) = A(N) /N satisfies
pN) < 1. As discussed in Section XII of [3], the queueing system described in this
paper can be viewed as an N server queueing system where each server has its own
queue, and each job, upon arrival, is routed to the queue with the least remaining
workload (i.e., the residual service time of the job in service, plus the sum of service
times of all jobs in that queue). The stability of this queueing system under the
condition p(N) < 1 is studied in [3], using a different Markovian representation
and a different filtration. However, some of their results are still relevant for our
representation.

For the rest of the proof, we fix N € N, and suppress the superscript (N) for

brevity. Let R be the backward recurrence time of the arrival process, that is,
Ry =t—sup{s < t:Es <E;}; t > 0.

The process {\7t = (Rt, Xy, v1);t > 0} is also a cadlag Markov process. Let
{o(k);k > 1} be the sequence of jobs such that the system is empty right be-
fore their arrival time Ty = ug + --- + Uy()_1, that is, Vi, = (0,0,0), where
0 is the zero measure. Note that B = sup{x : G(x) = 0} is finite because
limy 00 G(x) = 1, and a4 = sup{x : Gg(x) > 0} = oo because Gf (or equiva-
lently, Gg) has full support on [0, o) by Assumption I. Therefore, B < a4, and
since p < 1, we can apply Corollary XIL.2.5 of [3] and conclude that {c(k);k > 1}
is an aperiodic, nonterminating (discrete-time) renewal process with finite mean
renewal times. Moreover, Gg, and thus, Gg, are non-lattice by Assumption I,
and another application of the fact that B < a4 established above implies
P{v1 < u1} > 0. Therefore, as shown in the proof of Corollary XII.2.8.(a) in [3,
page 348], we have m = Eo{T;} < oo, where Ej is the expectation under the ini-
tial condition Vo = (0,0,0). Therefore, V is a cadlag regenerative Markov process,

with regeneration set { (0,0, 0) }, regenerative points Ty, and cycle lengths Ty — Ty_4
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with non-lattice distribution and finite mean m. Therefore, by [3, Theorem VI.1.2],
there exists a random variable Voo = (Reo, Xoo, Voo ) such that as t — oo, V; = Vi in

V, and the law 7w of Vi is given by

oo (f) = %IEO {/OTlf(Vs)ds}, Vf € Cy(V).

Moreover, by [3, Theorem VII.3.2], 7o is a stationary distribution for the Markov
process V. In particular, the law as of R is the stationary distribution for the
backward recurrence time of the arrival process, and thus has the representation
oo (dx) = 1/AGEg(x)dx by [3, Proposition V.3.5].

Now recall from (3.2) in [3, Page 151] that the distributions of R; and Ry satisfy

the relation

IP{Rt >y|Rt —X} = %(j;)y)

Hence, for every bounded and continuous function f,
E[f(R)] = [ f&)P{R: = dy}

N e YN ) 5o
=) )y SwSe aP {R = ax)

=E [f(Rt)] p

where f(x) = [;° ge(x + y)f(y)dy/Gg(x) is continuous and bounded by ||f||c.
Therefore, for every f € C,[0,0), recalling the expression for ., we see that as

t — oo,
B[ (R)] = B [f(Ra)] = 5 [ [ )32 Wy ()

-7 f(y)@E(y)dy
= E[f(Rs)].

Therefore, Rt = Ro, and the law ao 0of R is also a stationary distribution for the
forward recurrence time R. We conclude that 7 is a stationary distribution for V,

and for every initial condition Vj, V; converges in distribution to Voo ast — c0. U
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Recall the definition (2.2.14) of ¥, and analogous to (2.2.15), define

(N) _ ~yw (N)y _ N7 R
(X(N)’Z(N)> . <Xoo NX T(ve ') NZ) —‘I’(V(N)).

(o0} o0 \/N 7 \/N
We show that Theorem 2.7 holds for

(2.2.16) RN = faw()?goN),zgoN)) = Law (‘T’(VOE,N)))

PROOF OF THEOREM 2.7. To prove the first assertion, fix N € IN and ¢t > 0. By
Assumption ILb, the function Z(r) = [~ G(x)dx lies in IL?(0, %), and is absolutely
continuous with density —G(-) which also lies in I.?(0, o) (see Remark 2.3). More-
over, Zt(N) = T(vt(N)) (see (2.2.12)) lies in H!(0,00) by Lemma 2.8, and hence, so
does Z\t(N). Therefore, ?t(N) = (}?t(N), ZEN)) takes values in R x H!(0, c0).

Substituting » = 0 in (2.2.12), we have Zt(N)(O) = Vt(N)(l), and hence, the
non-idling condition (2.1.8) can be written as Zt(N)(O) = NA Xt(N). Also, by
definition of Z and since the distribution G has mean equal to one, we have
Z(0) = [y G(x)dx = 1. Therefore,
pa 290 HINN (0o

(N)

and therefore ?t liesin ).

To prove the second claim, recall from Proposition 2.9 that Vt(N)

distribution to VOE)N) ast — oco. Also, the mapping ¥ defined in (2.2.14) is continu-

converges in

ous by Lemma 2.8, and by the fact that Z € H!(0, o). Therefore, the result follows
from Proposition 2.9, the representation (2.2.15) of l?t(N), definition (2.2.16) of 7N,

and the continuous mapping theorem. g

2.3. A Fluid Limit Theorem and Dynamics of the State Variables

(N) and

In this section, we establish a fluid limit theorem for the process Y
derive a system of equations which describe the evolution of Y(N) and its centered
and renormalized counterpart Y(N). These equations are used later in Chapter 4.

Section 2.3.1 contains the fluid limit result for YN) (Lemma 2.10), which is es-

tablished by invoking a series of results in [61]. Then in Section 2.3.2, we recall the
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(N)

dynamics of the Markovian state process V"’ studied in [62]. The main result of

Section 2.3.3 is Proposition 2.14, in which we derive the equations governing the

dynamics of Y(N).,

2.3.1. A Fluid Limit Theorem. A fluid limit theorem is established in [61] for
(X(N), y(N)) under certain assumptions on the sequence of initial conditions. By
Assumptions I and II, the load p(N) = AN /N approaches to 1 as N — oo, which is
referred to in [61] as the critical case. For H = X,v,E, A, D, K, define

(2.3.1) H W =—

Also, recall from (2.2.7) that X = 1, define

(2.3.2) E=1d

and define the measure 7 € IMp[0, o) as

(2.33) T(A) = /A G(x)dx, VA e B0,oc0).

LEMMA 2.10 (Fluid Limit). Suppose Assumptions I-IIl hold. Then, as N — oo,
(a) E™N) -5 E almost surely in IDR|[0, o0), and ]E[EEN)] — t for every t > 0;
(b) if the sequence of initial conditions satisfy

(2.3.4) &M V) = (X,7) inR x Mp[0,0), and E[X)"] > X,

as N — oo, then (X,SN),VIEN)) = (X,7) in R x IMF|[0, %) for every ¢ > 0.

PROOF. For part a, by the definition of EN) in Assumption I we have

(N) (N) E(A(N)
=N) _E7 A E(AWNE)
Er= =N am o 120

Since A(N) = N — ,B\/ﬁ, AN) 1 oo and AN /N — 1, by the functional Law of Large

Numbers for renewal processes (see e.g. [20, Theorem 5.10]), the second term on
the right-hand side of the display above converges to E = Id almost surely in
DR|0, o). Also, for every t > 0,

. — .. AN
dim B[E] = lim
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where the last equality is due to the elementary renewal theorem (see e.g. [3,
Proposition V.1.4]).

For part b, note that Assumption 1 in [61] holds by part a. and the fact that
initial conditions satisfy (2.3.4). On the other hand, Assumption 2 in [61] holds
because Assumption II ensures that / is continuous. Thus, by Theorem 3.7 in [61],
(X( ),V(N )) converges in distribution to the unique solution of the fluid equations
(3.4) - (3.7) there with initial conditions (E, X,7). The result then follows from
the fact that (E,X,7) is a fixed point of the fluid equations (see Remark 3.8 in
[61]). (Note that Assumption 1 in [61] requires the convergence in (2.3.4) to hold
almost surely, and convergence result in Theorem 3.7 also holds in almost sure

sense. However, as discussed in Remark 3.2 in [61], the result of Theorem 3.7 holds

in distribution if the convergence in (2.3.4) holds in distribution.) U

COROLLARY 2.11. Under the assumptions of Lemma 2.10, YN = (Y(
Y= (X,Z)inR x H'(0,0),as N — co.

PROOF. Recall the representation (2.2.12) of Z(N) and the definition of 7in 2.3.3,
and note that by definition (2.2.10) of the mapping 7, Z defined in (2.2.7) satisfies
Z = T (V). The result then follows from Lemma 2.10, the continuity of the mapping

7T (Lemma 2.8), and an application of the continuous mapping theorem. U]

2.3.2. Dynamics of V(N) and Auxiliary Processes. Dynamics of the Markov-
ian state variable V() is studied [61, Section 5.1] and [62, Section 6]. Here, we
present a summary of their definitions and result.

Let {Dt(N) ;t > 0} be the cumulative departure process, that is, DfN) denotes
the total number of departures from the system during [0, t]. For any bounded

continuous function ¢ defined on [0, 00) X [0, 00), define the p-weighted departure

process as
kM
o= Y 17" <t) o)
(N)



It has been shown in [61, Corollary 5.5] that the {]—"t(N)}-compensator of QEPN) is

the process

(N (1) = /0 t ( /[o,oo) qo(x,s)h(x)vs(N)(dx)) ds, te[0,00),

and the cadlag local {]—"t(N)}—martingale M((PN) = QEON) — AEDN) has the predictable
quadratic variation <M($,N)>t = Afpf)(t). Now for every t € [0,00) and every Borel
set B € [0, o), define

(2.3.5) MM (B) = MM (1),

It is shown in Corollary 4.3 of [62] that M(N) = {MEN)(B);t € [0,00),B €

By[0, 00) } is an orthogonal martingale measure with covariance functional

(MO(B), M (B, = [ ( /| h<x>v£N><dx>) ds.

The stochastic integral of a continuous and bounded function ¢ : [0,00) x [0, c0) —
R with respect to MN) is denoted by M(N) (@), which is itself a martingale with

quadratic variation process

(2.3.6) (MWN) (@), = /Ot /Ooo goz(x,s)h(x)vS(N)(dx) ds, t>0.

For definitions and properties of martingale measures and space-time white noise,
and the corresponding stochastic integrals, we refer the reader to [98, Chapters 1
and 2].

Next, define another family of operators ¥, t > 0, taking functions on [0, o) to
functions on [0, 00) x [0, ), as follows: for every t > 0,

(2.3.7)
(#ef)x,5) = flr (1 -9)9) TSI ) € jo,00) x 0,09)

In particular, ¥; takes continuous bounded functions to continuous bounded func-
tions and has the property that for every t,s > 0 and function f on [0, ),
[Ftflleo < || f]leo, and

238)  (Y®if) () = (Foref)(x,u),  (x,1) € [0,00) x [0,5].
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Using this notation, for f € C,[0,00) and ¢ > 0, define the stochastic convolution

integral ”HEN) (f) by

(23.9) HNY (F) = MM (%),

Now we have introduced the required notation to describe the dynamics of N-
server systems. Using equation (6.14) and definitions (5.10) (with vN) replaced
by vIN)) and (6.11) (with KMN) and K(N) replaced by KN and KN, respectively,)
in [62], for every t > 0 and every bounded, absolutely continuous function f, we

have
23100 M = @) -1 + [ (O -k,

where invoking equations (6.3) and (6.4) of [62], we see that

(2.3.11) KN = — (x{V - N)+ + (x - N>+ +EM.

2.3.3. Equations Governing the Evolution of YWN), To express the equations
governing the evolution of Y(N), we recall the centered many-server (CMS) map-
ping (for the so-called critical case) introduced in [62, Definition 5.4]. Denote by

DY [0, 00) the space of functions f € IDg[0, o) with f(0) = 0.

DEFINITION 2.12. (Centered Many-Server Mapping) Given (7, x,{) in the
space D%[0,00) x R x DR[0,00) with {(0) = xo A0, a pair (x,x) € D$[0,0) x
DR|0,00) is said to solve the centered many-server equations associated with

(17, x0, Q) if it satisfies

(2.3.12) K1) 0= (1) +x(1) — | ot — $)c(s)ds,
(2.3.13) k(t) =n(t) —xH(t) +x§.

for all + > 0. When such a solution exists and is unique, for every input (7, xo, {),
the mapping A : D}[0, %) x R x DR[0, o) — D%[0, %) x DR [0, o) takes (17, xo, )
to the solution (x, x) is called the Centered Many-Server (CSM) Mapping. The set
of (17, x0,{) for which a solution exists is denoted by dom(A).
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LEMMA 2.13. The mapping A is single-valued on dom(A), is continuous with
respect to the topology of uniform convergence on compact sets on IDg [0, c0) and is
measurable with respect to the Skorokhod topology on IDg [0, c0). Furthermore, the
mapping A : CY[0,00) x R x CR[0,00) +— C°[0,0) x Cr[0, o) that takes (1, xo, {)
to the solution (x, x) is continuous and non-anticipative, that is, for every T > 0
and (x;,x;) = A(n;,x0,Ci),i = 1,2,if (111,01) and (12, {2) are equal on [0, T|, then

(x1,%1) coincides with (x2, k) on [0, T].

PROOF. The facts that A is single-valued and continuous on its domain are
proved in Proposition 7.3 of [62], and the measurability claim is proved in Lemma
7.4 of [62].

For the last claim, fix (17, x9,{) € C°[0,00) x R x Cr|[0,c0) with Z(0) = xg A0,

and set

t

(2.3.14) r(t) = 2(8) + y(t) — /O g(t —s)y(s)ds + G(H)xT, t>0.

Then, substituting x from (2.3.13) into (2.3.12), it is straightforward to see that (x, k)

satisfy (2.3.12) and (2.3.13) if and only if x satisfies the Volterra equation
t
(2.3.15) x(t) = r(t) +/ g(t—s)xT(s)ds, t>0,
0

and « satisfies (2.3.13). However, since F(x) = x* is Lipschitz and the assumptions
on (77, x9,{) imply that r is continuous and r(0) = x(, Theorem 3.2.1 in [18] shows
that there exists a unique solution ¥ to (2.3.15). Defining % as in (2.3.13), with x
replaced by £, it follows that (%, %) is the unique solution to the equations (2.3.12)-
(2.3.13) associated with (77, xo, {). Let A denote the map that takes (7, xo, {) to this
unique solution.

The continuity of A follows from Proposition 7.3 in [62]. To prove the non-
anticipative property, for i = 1,2, define r; by (2.3.14) with 77 and  replaced by #;
and ;. We need to show that for every t € [0, T], if (171,{1) and (%2, {») agree on

0, t], we have r1(t) = ry(t). Subtracting equation (2.3.15) with x and r replaced by
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x;and rj, i = 1,2, respectively, and defining Ax = x; — x2, we have

Ax(t) = /Otg(t —s) (x] (s) — x5 (s)) ds, t €1[0,T].

Using the fact that the map F(x) = x* is Lipschitz with constant 1, we have

Ax(1)] g/otg(t—s)\xf(s)—x;(s)\dsg/otg(t—s)mx(s)us te 0,7

Since Ax(0) = 0, Gronwall’s inequality implies Ax(t) = 0 for t € [0,T]. Then,
because «; satisfies (2.3.13) with # and x replaced by 7; and x;, respectively, we also
have x1(t) = x(t) for t € [0, T]. O

Define K = Id, M = 0 and H = 0. Recall the definition (2.2.6) of HWN) for

H = X,Z,Y,and define HN) likewise for H = E, K, M, H.

PROPOSITION 2.14. Suppose Assumptions I-IIT hold, and the sequence of initial
conditions satisfies (2.3.4). Then, for every N € IN,

(2.3.16) (RN), XDy = A(EWN), XN ZAN) _ 7i(N) (1)),

almost surely, where A is the CMS mapping defined in Definition 2.12, and in

particular,

(2.3.17) RV — N g+ xINF >,

)

Also, forevery N € Nand t > 0, Zt(N) lies in H' (0, 00) and satisfies

(2.3.18)
A~ A~ —~ A~ —_— t/\
2N = 20" 441 = MY (40, ) + RV - [ RNt —s s, 10,

and its density (ZEN))’ satisfies, for r > 0,
(2.3.19)
~ ~ — ~ t
2NV (1) = Y )+ MY (o) = RVg(r) = [RVg(— s+ ).

PROOF. Equation (2.3.16) is proved in Lemma 7.2 of [62] (the quantity /Z\éN) is

denoted by J ?SN) (1) in [62]). Note that Assumption 4 in [62], which is assumed
in that lemma, holds under our Assumption III (see [62, Remark 5.2]). Equation

(2.3.17) holds by definition of the mapping A.
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Also, since ZLSN) = T(vt(N)) by (2.2.12) and Z = T (v) by Corollary 2.11, both
Zt(N) and Z lie in H!(0, o0) by Lemma 2.8, and hence, so does Zt(N). Moreover, by
the representation (2.2.12) of Z(N), substituting f = ®,1 in equation (2.3.10) and
recalling that dK; = ds, and using properties (2.2.9) and (2.3.8) of {®;} and {V¥;}
and definition (2.3.9) of HgN), for every t > 0, we have

t__
2N = v @) = 2§+ - MY () + [ Cle—s+nak, vz o
Also, by definition (2.2.7) of Z,
=4 ©__ t+r
Z(r):/ G(s)ds = / ds+/ Z(t+r) —i—/ (t —s+r)dKs.

Substituting Zt(N) and Z from the last two displays in (2.2.6), recalling the defini-
tions of M) and K™V), and performing an integration by parts, (2.3.18) follows.
Moreover, by Lemma 2.8, r — Zt(N)

density (Zt(N))’ (r) = —vt(N) (®;h). The function h lies in C} [0, o) by Assumption

is absolutely continuous for each t > 0 with

III, and hence, it is bounded and absolutely continuous. Substituting f = h in

(2.3.10), we have
zMNY (r) = (zgmy(t 1)+ MM (¥, 0 — /O et —s+ndkN, r >0,
Similarly, since Z(r f G )dx, Z is differentiable with derivative Z/, where
Z'(r) = —G(r) = — /roog(s)ds — 7 (t4r) - /Otg(t—s+r)dfs,
and the equation (2.3.19) follows from the last two displays. O

Substituting K™) from (2.3.17) in (2.3.18) and using integration by parts,
(2.3.20)

~ ~ o~ t_ ~ ~ _
ZMN )y = ZMN (k4 1) — MN (F,41) + /0 G(t+r—s)dEN — XN G(r)

b
(2.3.21) +/ N ot 47— s)ds.
0
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CHAPTER 3

Characterization of the Diffusion Limit Process

This chapter is devoted to study of an infinite-dimensional Markov process
Y = (X, Z) which serves as the limit of the sequence of representation processes
{?(N )}. We characterize the components X and Z of the limit process to be the
unique solution of a coupled pair of stochastic equations driven by a Brownian
motion and an independent space-time white noise (see Definition 3.1). The sto-
chastic equations that arise in the limit are non-standard; for example, boundary
conditions appear in the drift term. We believe that SPDEs with this kind of bound-
ary condition are likely to arise in the study of scaling limits and control of other
parallel server networks, and so our constructions could be useful in a broader
context.

The main result of this Chapter (Theorem 3.26) is to establish uniqueness of the
invariant distribution of the Markov process Y = (X,Z). As mentioned earlier,
standard methods for establishing ergodicity of finite-dimensional Markov pro-
cesses such as positive Harris recurrence are not well suited to this setting due to
the infinite-dimensional nature of the state space. Instead, we adopt the asymptotic
(equivalent) coupling approach developed in a series of papers by Hairer, Mat-
tingly, Scheutzow and co-authors (see, e.g., [30, 49, 6, 50] and references therein)
to show that (X, Z) has a unique invariant distribution. The asymptotic equiva-
lent coupling that we construct has a somewhat different flavor from that used in
previous works, and entails the analysis of a certain renewal equation.

This chapter is organized as follows. In Section 3.1, first we propose a cou-
pled system of SPDEs, and then define an infinite-dimensional Markov process

Y = (X,Z), and claim that Y is the unique solution of the SPDE (Theorem 3.4).
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Section 3.2 contains some technical results, including properties of certain stochas-
tic integrals, which are required later in Section 3.3 where Theorem 3.4 is proved.
Finally in Section 3.4, we establish the uniqueness of invariant distribution of the

Markov process Y (Theorem 3.26).

3.1. Definition of the Diffusion Limit Process

In this section, we define an infinite-dimensional Markov process Y = (X, Z),
which we call the diffusion limit process, that serves as the limit of the sequence
of representation processes {Y(N)}. First, we propose a coupled system of SPDEs
in Section 3.1.1. Then in Section 3.1.2, we define an infinite-dimensional Markov
process Y = (X, Z), and claim that Y is the unique solution of the SPDE (Theorem
3.4).

3.1.1. A Coupled System of Stochastic Partial Differential Equations. The
coupled stochastic age equations are driven by a Brownian motion B = {B(t),t >
0} and an independent continuous martingale measure M = {M;(A), A €

B[0,00),t € [0,00)} with deterministic covariance functional

(3.11) (MA), MAN =t [T 104 (0800,

both defined on a common probability space (), F,P). In other words, M is a
space-time white noise on [0, 00)? based on the measure gdx ® dt. For definitions
and properties of martingale measures and space-time white noise, we refer the
reader to [98, Chapters 1 and 2]. For every bounded measurable function ¢ on
[0,00) x [0,00), for t > 0, the stochastic integral of ¢ on [0, ) x [0, t] with respect

to the martingale measure M is denoted by

(3.1.2) M;(p) = // ¢(x,s)M(dx,ds).
[0,00) < [0,]
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Also, let F; = 0(B(s), Ms(A);0 < s < t,A € B(0,00)), and let the filtration {F;}
denote the augmentation of {F;} with respect to IP. Recall that the stochastic inte-
gral {M;(¢),t > 0} is an { F; }-martingale with (predictable) quadratic variation

(3.1.3) ) = / / x)dx ds.

Recall the definition (2.2.8) of the family of mappings {®s;s > 0}.

DEFINITION 3.1 (Coupled Stochastic Age Equations). Let Yy = (X, Zo(+)) be
a Y-valued random element defined on (Q), F,P), independent of B and M. A
continuous Y-valued stochastic process Y = {(X(t),Z(t,-));t > 0} is said to be a
solution of the coupled stochastic age equations with initial condition Yy if
(@) Yis {F,°}-adapted, where F)0 = F; V o(Yy);
(b) Y(0) = Yy, P-almost surely;
(c) P-almost surely, 9,Z(-,-) : (0,00) x (0,00) — R is locally integrable and

for every t > 0, the function
t
(3.1.4) r s / 3,7 (s, r)ds
0

is locally uniformly continuous. Therefore, this function can be continu-
ously extended to [0, o), and (with some abuse of notation) we denote its
evaluation at 0 by fot 9,Z(s,0)ds.

(d) P-almost surely, Z satisfies

(3.1.5)
Z(t,1) =Zo(r) — G(r)Zo /aerds— /azSo
— My(®,1) + G(r)My(1) + G(r) Z(t,0), vt,r >0,
subject to the boundary condition
(3.1.6) Z(t,0) = X(t) N0, vt >0,

where X satisfies the stochastic equation

(3.17) X(t) = Xo + B(t) — Bt — My(1) + /Ot 39,Z(s,0)ds,  Vt>0,
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almost surely.

REMARK 3.2. Since the functions Zy and Z(t, -) lie in H' (0, o) for every t > 0,
they are locally uniformly continuous (see Lemma 2.5). Thus, they can be continu-
ously extended to [0, c0) and the random variables Zy(0) and Z(¢,0) in (3.1.5) and
(3.1.6) are well defined.

3.1.2. An Explicit Solution to the SPDE. We now describe the diffusion limit
Y = (X, Z). Recall the Definition (2.12) of the Centred Many-Server mapping A,

and recall that B is a Brownian motion and for a fixed p > 0, define
(3.1.8) E(t) = B(t) —pt, t>0.

Moreover, we define a family of stochastic convolution integrals: for t > 0 and
f € [0, 00),

—G(x+t—s

)
1—G() M(dx, ds).

(3.19)  Hi(f) = Mi(¥if) = / fx—|-t

[0,00)
Next, we introduce an aux111ary mapping, which appears in the explicit con-
struction of the diffusion limit. For every t > 0, let I'; be the mapping on CR[0, )

defined as

t

(3.1.10) (Te) (r) = G(r)(t) — /O k(s)g(t +r—s)ds,  re[0,00),

for kx € CRr[0, ).

DEFINITION 3.3 (Diffusion Limit). For every random element Yy = (Xo, Zy) €
Y, the diffusion limit Yy, = {Yy,(t);t > 0} is defined by Yy, (t) = (X(f), Z(t,-)),

where

(3.1.11) (K, X) = A(E, X0, Zo — H(1)),

and for every t,r > 0,

(3.1.12) Z(t,1) = Zo(t+71) — My(¥er1) + TiK(r),

where {¥;t > 0} and {T';;t > 0} are defined by (2.3.7) and (3.1.10), respectively.
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When the initial condition Yj is clear from the context, we will often omit the
subscript Yy and just use Y to denote the diffusion limit . Also, deterministic initial
conditions will be denoted by lower case: y = (xg,z0) € V.

Here is the main result of this Section

THEOREM 3.4. Suppose Assumptions II and III hold. Then, for every ran-
dom variable Yy € ), the process Yy, of Definition 3.3 is the unique solution
to the coupled stochastic age equations with initial condition Yy. Furthermore,

{(Yy(t), Fi);t > 0,y € YV} is a time-homogeneous Feller Markov family.
PROOF. The proof of Theorem 3.4 is given at the end of Section 3.3.3. U

REMARK 3.5. Note that E and (1) have continuous sample paths and E(0) =
Ho(1) = 0. Also, for every (Xo,Zo) € V, Zp has a continuous extension on [0, o)
by Lemma 2.5.a and Zy(0) = Xy A0 by the definition of ). Therefore, almost
surely, (E, xo, Zo — H(1)) lies in the domain C°[0,00) x R x CRr[0, o) of the CMS
mapping A. Hence, (K, X) in (3.1.11) is well defined and (by Lemma 2.13) satisfies
almost surely, for t > 0,

t

(3.1.13) X(E) A0 = Zo(t) — He(1) + K(t) — /0 2t — 5)K(s)ds,

(3.1.14) K(t) =B(t) — Bt —X*T(t) + X7

Also, almost surely, for every t > 0, Zg € H'(0,00) implies Zo(t + -) lies in
H'(0, o) (see Lemma 2.5.c) the continuity of K and Lemma 3.16.a imply I';K(-) €
H'(0,0), and Proposition 3.9 implies r +— M;(¥;4,1) lies in H'(0,00). Thus,
Z(t,-) in (3.1.12) also lies in H!(0, o) and furthermore, by Lemma 2.5.a, has an

extension in CR|[0, %), so Z(t,r) in (3.1.12) is well defined for r € [0, c0).

REMARK 3.6. For each fixed t € [0, ), the function r — Z(t,r) can be identified

with the quantity r — T (1) defined in [62, Section 5]. In [62], the process r —

7 (1) was viewed as a process taking values in C[0, c0) and appended to the non-

Markovian limit (X, 7) of the sequence of Markovian state processes (XN,7N), N €
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IN, considered in [62] to yield a Markov process ()A(t, vy, TV (1)) on the space R x
H_, x C[0,00), where H_ is a certain distribution space.

In contrast, the process Z(t,-),t > 0, defined in (3.1.12) that we consider takes
values in H' (0, o) (in fact, takes values in IH' (0, 00) N C![0, c0) when Z also lies in
that space) and then the process (X(t), Z(t,-)) on its own turns out to be a Markov
process (see Section 3.3.3). It should be emphasized that however, (X(t), Z(t,-)) is
not a Markov process on R x C[0, o0), that is when Z is considered to take values
in the space of continuous functions. This turns out to be an extremely useful
observation. Indeed, the right choice of space eliminates the need to deal with the
distribution-valued process {V;} of [62], and provides a more tractable diffusion

limit, that facilitates the study of its invariant distribution.

3.2. Preliminaries

This section contains some technical results which are required later in the
proof of Theorem 3.4. First in Section 3.2.1 we establish regularity properties of
various stochastic processes that arise in the analysis of the SPDE. Then in Section
3.2.2, we study properties of the family of auxiliary mappings {I';;t > 0} defined
in (3.1.10).

3.2.1. Properties of the Martingale Measure. Recall the definition given in
Section 3.1.1 of the continuous martingale measure M = {M;(A), A € B[0,00),t €
[0,00)} and stochastic integral M;(¢) for every + > 0 and bounded measurable
function ¢ on [0,00) x [0,00). Also, recall the definitions (2.2.8) and (2.3.7) of the
families of mapping {®;;t > 0} and {¥;t > 0}, respectively.

3.2.1.1. Continuity of martingale measures. Recall that a stochastic process or ran-
dom field {&;(t);t € T} with index set 7 is called a modification of another sto-
chastic process or random field {(t);t € 7} defined on a common probability
space, if for every t € T, &1(t) = &»(t), almost surely. In contrast, ¢; and ¢, are

said to be indistinguishable if IP{¢;(¢) = {»(¢) forallt € T} = 1. The next two
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results, Lemma 3.7 and Proposition 3.9, show that we can choose suitably regular

modifications of certain stochastic integrals.

LEMMA 3.7. Suppose Assumptions II and III hold. Then, the random fields
{M(®,1);t,r > 0}, {M(Yi4,1);t, v > 0} and {M(¥i4,h);t,r > 0} have modi-

fications that are jointly continuous on [0, c0) X [0, c0).

PROOF. Fix T € (0,00),0 <s <t < Tand 0 < r,u < T. Standard martingale
estimates (e.g., apply the bound (8.5) in [62, Lemma 8.2] with r = 6 and 7s(dx) =
G(x)dx for every s, and note that A ¢ in [62] is equal to the right-hand side of (4.16)
in [62] and Min [62] coincides with the martingale measure M given in this paper)
show that there exists a constant ¢; < oo such that for every bounded measurable

function ¢ on [0, 00) X [0, 00),

(32.1) E [|Mi(g) — Mi(9)|] < &1 (// dxdv>3.

Let & < oo be such that (a + b)® < &(a® + b®). By (2.2.8) and the bound (3.2.1)

above, we have

E [|Mi(@1) = Mo(@,1)[°] < ¢ E [|My(@1) = Mc(@,1)[°] + ¢ B[ M (@1 — @, 1)[°]
b Gx+r)? ’
<c /5/0 Wg(x)dxdv
EECTRY 3
<// ?( 1) g(x)dxdv) ,

where ¢ = ¢16; < co. Then, by Assumption III and the mean value theorem, there

exists r* between r and u such that

() (x _|_r>|<)2 3
E [|Mt(<1>r1) - Ms(d>u1)|6] < c|t —sP4cT? (/ ARV g(x)dx) r — ul®
0 G(x)?

< c|t — s>+ cTPHO(2T)|r — ul.

Therefore, by the Kolmogorov-Centsov theorem (see e.g. [89, Theorem 1.25.2], with
n=2,a =6and e = 1), the random field { M;(®,1);t,r > 0} has a continuous

modification.

52



In a similar fashion, by definition (2.3.7) and another application of the bound

(3.2.1), there exists r* between t + r and s + u such that

E || M:(¥r41) = Me(¥opuD) |

<& B [ IMi(¥i,1) = My(Fi,1)[] + & B [ |Mo(Fr1 = For1)[°]
)
g(x)dxdv
_ 3
+c<// t—|—x-|—r—v)a( f(s+x+u_v))2g(x)dxdv)

s 0 7’*—02 3
<de—sPre( [ Wg(x)z Egx)dndo) (1t =s| + =)

< c|t —sPP 4 &cTPHO2T)3 (|t — 5P + |r — ul?)

< (|t — 5\3 +|r— u|3),

for some ¢ < co. Again, by the Kolmogorov-Centsov theorem, { M;(¥¢4,1);t, 17 >
0} has a continuous modification. Similarly, using Assumption III and (2.3.7), we

obtain
E [|Mf(‘{’t+rh) - MS(TWh)ﬂ < |t — s>+ 3T3HE 2T |t + 7 —5 — uf®
<e(lt—sP+[r—ul®),
for some ¢, ¢ < co. Thus, { M(¥¢4+h);t, v > 0} has a continuous modification. [

REMARK 3.8. By M;(®,1), M;(¥¢+,1) and M;(¥¢4+h), we always denote the
jointly continuous modification. Note that, by substituting r = 0 in Lemma 3.7,
this also implies the continuity of the stochastic processes t — M;(1), t — H(1)
and t — H;(h).

3.2.1.2. More Sample Path Properties. Next, we prove another sample path prop-

erty for stochastic integrals with respect to martingale measures.
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PROPOSITION 3.9. Suppose Assumptions II and III hold. Then, the process
{M;(¥¢4.1); t > 0} has a continuous H! (0, co)-valued modification. Also, almost
surely, for every t > 0, the function r — M;(¥¢,1) has density —M;(¥¢++1) on
(0, 00).

REMARK 3.10. By the continuous embedding result of Lemma 2.5.b, given a
real-valued function f on [0,00) x (0,00) such that t — f(¢,-) is continuous from
[0,00) to H!(0, 00), the mapping (t,7) + f(t,r) can be extended as a jointly con-
tinuously function on [0,00) X [0,00). Therefore, the continuous modification of
{M(¥¢+.(1);t > 0} in Proposition 3.9 is indistinguishable from the jointly con-

tinuous modification of { M(¥¢+,(1);t,r > 0} in Remark 3.8.

We break the argument into several steps. We start by establishing properties

of the random element M, (¥;;.1) for fixed t > 0.

LEMMA 3.11. If Assumptions II and III holds, then the following two properties

are satisfied:

(a) For every t > 0, almost surely,
r
622 M) = Ha() = [ M(Yenh)du, =0,

(b) Foreveryt > 0, the random functions ¥ — M;(¥;+,1) and r — M;(¥i44h)

lie in I.?(0, o0), almost surely.

PROOF. We start by proving property a, which is similar in spirit to, but not a
direct consequence of, Lemma E.1 of [62]. For fixed t > 0, by Assumption III, the

function

gx+t+u—s)

(Yeruh)(x,5) = o

4

is measurable in (1, x,s), bounded and satisfies

Gx+t—s) Glx+t+r—s)
G(x) G(x)
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0
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Since M is an orthogonal, and therefore a worthy, martingale measure, by the
stochastic Fubini theorem for martingale measures (see e.g. [98, Theorem 2.6]) we

have

/0 Mt(‘PtJruh)du = M; (/0 Yiiuh du) = M;(¥1) — Mt(‘flurrl),

Since H(1) = M;(¥+1), equation (3.2.2) follows from the last display.
Now we turn to the proof of property b. For every t,r > 0, (3.1.3), (2.3.7),

Assumption III and definition of the constant H in Remark 2.2 imply that

a2
[Mt ‘I’Hrl // x+t—|—r s) g(x)dxds

<t/ (x—+g)g( )dx

G(x)
< tH /
Similarly, we have
t poo _e)\2
BM(Teh)) = [ [ g(”_”’z 2 g(x)dxds

<H2// x+t+r—|—s) g(x)dxds

< tH3/ G(x)dx.
r

Therefore, Fubini’s theorem and the last two inequalities together show that

max (113 UOOOMt(‘mﬂ)zdr} JE UO My (¥,,h) er < H(HV H) / / x)dx dr,

which is finite by Assumption ILb (see Remark 2.3). Therefore, the > norms of
both M;(¥+.1) and M (¥¢4.h) are finite in expectation, and hence finite almost

surely. O

COROLLARY 3.12. Suppose Assumptions II and IIT hold. Then for every ¢t > 0,
almost surely, the function M;(¥;.1) lies in H! (0, o) and has density —M;(¥;.h).

PROOF. Fix t > 0. It follows from part a. of Lemma 3.11 that almost surely,

the function » — M;(¥+4,1) is absolutely continuous with density —M;(%¥;4.h).
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Moreover, partb. shows that both the function M;(¥;;.1) and its density, — M ;(¥++.h)

lie in IL2(0, o), almost surely. O

Corollary 3.12 shows that { M;(¥;;.1);t > 0} is an H!(0, c0)-valued stochastic

process. Next, we show that this process has a continuous modification.

LEMMA 3.13. Suppose Assumptions Il and Il hold. Then the process { M;(¥:1.1); t >

0} has a continuous H' (0, c0)-valued modification.
PROOEFE. Choose T > 0and 0 < s <t < T, and define

(3.2.3) Cst(r) = My(Yi4r1) — Ms(Fs441), 1€ (0,00).
Then for every r > 0,

st (1) / ‘I’t+r1(x v) M (dx,dv) — / Ys1,1(x, v) M(dx,dv)
[0,00 [0,00) % [0,5]

/ ‘FHr x,0) — ¥si,1(x,0)) M(dx,dv)

+ // Y 1(x, ) M(dx, dv).
X (s,1]

Since ¥¢4+.1 and ¥;.1 are deterministic functions and M has independent incre-
ments, this shows that {{s:(r);r > 0} is the sum of two independent Gaussian
processes. Therefore, {{,:(r);r > 0} is a Gaussian process with covariance func-

tiono(r,u) = oq(r,u) + 02(r,u), where for r,u > 0,
(%] (r,u) = E [MS(TH_rl — TS_Hl)MS(TH_ul - ‘PS_H[I)] ,

o(r,u) = E / Y 1(x, v) M(dx,dv) / Yipu1(x, v) M(dx,dv)
[0,00) x (s,] [0,00) X (s,t]

Using the fact that for 0 <s,t < occanda > 0,

(Tt+a1 - Ts+a1) (x, U) —

7

C)I

Gt+a+x—0v)—G(s+a+x—0)
(x)
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by the mean value theorem for G, (3.1.3), Assumption III, and the monotonicity of
G, we have for some tq,t, € (s,t),

0'1(1’,11)2‘t—5|2/s/mg(t1+r+x_gzi)(§2+u+x_v) o(x)dx do

< TH3|t — 5|2 / x—i—(r;)(G)(x—l—u) dax,
X

and an analogous calculation shows that

(r ) // G(t+r+x sz_)(zt+u+x_v)g(x)dxdv

< H|t—s5s |/ x+er+u)dx.

Setting Cr = (1 + T?H?) H, this implies that for every r,u > 0,

G(x+7)G(x +u)
G(x)

(3.2.4) o(r,u) < Crlt — s|/ dx.

Recall that given a pair of jointly Gaussian random variables (&1, §>) with co-
variance matrix ¥ = [0°(i, j)];j—12, E [1¢3] = ¢(1,1)0(2,2) 4+ 0(1,2)%. Applying
this identity with ¢; = (s(r) and ¢» = {s+(#), and using (3.2.4) and the Cauchy-

Schwarz inequality, we obtain

©G(x+71)? © G(x+u)?
e (%) (o)

(3.2.5) <2C2|t — 52 </rw C(x)dx) (/uooé(x)dx) .

Then, by Tonelli’s theorem,
( / Cst d?’) ]

|/ /°°a§,t<r>c§,t<u>drdu}
_// Cst )02 (u )]drdu.

E |55:()1{:] =E




The bound (3.2.5) then implies that

E [120()l1£] =< 263 ]t—s]z(// dxdr) < Crlt —sP?

for Cr =2C% ([, [~ G(x)dx dr)z , which is finite by Assumption ILb (see Remark
2.3). Substituting the definition (3.2.3) of {, ; into the last inequality, it follows that

(3.2.6) E [||Mt(‘1ft+.1) - MS(‘PS+.1)||‘%LZ} < Crlt —s|2.

Now, note that by (3.2.3) and Corollary 3.12, almost surely, ;+(+) is absolutely

continuous, with density

Lop(r) = =Mi(Frirh) + Ms(Fsirh).
Using estimates analogous to those used above, one can show that
(3.2.7) E [[|Mi(¥r4.t) = Mo(¥sr)[[1] < Crle =2,

where now

ch=2 (H2 + ZTZHHQ (/ / x)dx dr) ,

which is finite by Assumptions IL.b and III (see Remark 2.2). Combining (3.2.6) and

(3.2.7), for every s,t < T, we have
E || Mi(¥es) = Mo(For-1) 4] < Crlt = s

for a finite Cr that depends only on T. The existence of an H!(0, o)-continuous
modification of M;(¥+.h) then follows from a version of Kolmogorov’s continu-
ity criterion for stochastic processes taking values in general Polish spaces (see,

e.g., Lemma 2.1 in [91]). ]

PROOF OF PROPOSITION 3.9. Proposition 3.9 follows from Corollary 3.12 and

Lemma 3.13. [l
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3.2.1.3. A Fubini-Type Lemma. Next, we establish a simple relation that is used

in the next section.
LEMMA 3.14. Suppose Assumptions II and IIT hold. Then, almost surely
(3.2.8) Mi(Fr1) = My(Dr1) — /0 M.(Forh)ds, Vi1 >0,
We ftirst prove a weaker version of this lemma.

LEMMA 3.15. Suppose Assumptions II and III hold. Then, for every r > 0,

almost surely,
t
629 Mi(¥i1) = M(®) — [ Mi(¥er)ds, =0,

PROOF. As shown below, this will follow as a corollary of Lemma E.1 in [62],
which is applicable here since Assumption 2 and Assumption 4 in [62] and the
continuity of ¢ can be deduced from Assumption III here. (Note that although the
statement of Lemma E.1 in [62] imposes Assumptions 1-4 of [62], Assumption 1
and Assumption 3 of [62] are not used in the proof of that lemma.)

Following definition (8.27) in [62], for t > 0, define the operator E; : C([0, c0) x
0,]) = €, ([0,9) x [0,1]) by

G(x+s—u)

— ds.
G(x)

(3.2.10) (Etg)(x,u) = /;(‘I’Sgo(-,s))(x,u)ds = /ut p(x+s—u,s)

Then (E.1) of Lemma E.1 of [62] shows that given any ¢ € C,([0, c0) x [0, t]), almost

surely,
(3.2.11) M (Erp) = ; He(@(,r))dr, t>0.

Now, fix r > 0, and define

@r(x,u) = ®h(x) = g(



Note that for every t > 0, ¢, € C,([0,00) X [0,¢]) due to Assumption III, and

G = [ 8 L 4 4s

Glx+r) Gx+t+r—u)
G(x) G(x)

=&, 1(x) — Yipr 1(x, u).

=

Applying (3.2.11) with § = ¢, = P,h, and substituting the last identity, we see

that almost surely,
t
Mi(®,1) — Mi(¥Frip1) = /0 M (D,h)ds,  VE> 0.

Since equation (3.1.9) for H; and property (2.3.8) of the operators {'¥y; ¢ > 0} imply
that

HS (@rh) — Ms(Tsérh) - Ms(ws+rh) \V/S, r 2 O,
this concludes the proof of the lemma. u
Now we can prove Lemma 3.14.

PROOF OF LEMMA 3.14. It follows from Lemma 3.7 and Remark 3.8 that both
sides of (3.2.9) are jointly continuous in (¢,7). Therefore, Lemma 3.15 can be
strengthened to obtain Lemma 3.14, namely, almost surely, for every r,t > 0, the

equality in (3.2.9) is satisfied. O

Setting r = 0 in (3.2.8), we see that, almost surely,
t
(32.12) (1) = My(1) — /O Ho(h)ds, t>0.

3.2.2. Properties of the Auxiliary Mapping. In this section, we study proper-

ties of the mappings {I'¢} defined in (3.1.10), summarized in the following lemma.

LEMMA 3.16. Suppose Assumptions II and III hold. Then the following asser-

tions hold:
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(a) For every t > 0 and x € CR[0, o), the function Tk lies in H!(0,00) N
C'[0, ) and has density
t
(32.13) (Tek)' () = —g(r)x(t) — / k(s)g'(t+7—s)ds, e [0,00).
0
(b) For every t > 0, the mapping I'; : Cg[0,00) — H!(0, ) is continuous.
(c) For every x € CRr|0,c0), the mapping t +— TI';x from [0, 00) to H(0,0) is

continuous.

PROOF. We first prove property a. Fix t > 0. The finite mean assumption on G
and Assumption Il imply ¢’ € IL}(0, c0). Since ¥ € Cg[0, c0), by Fubini’s theorem

for r > 0, we have
r ot t r
//K(u)g’(s—i—t—u)du ds:/ K(u)/ ¢ (s+t—u)dsdu
0 JO 0 0

(3.2.14) = /Ot k(u)g(t+r—u)du — /Otic(u)g(t —u)du.

Substituting the equation above into the definition (3.1.10) of I';x, for r > 0, we

have

(Tyx)(r) = G(r)x(t) — /Ot r(u)g(t —u)du — /OT /Otic(u)g’(s +t—u)du ds.

Hence, r — Tk (r) is absolutely continuous with density (I'sx)" given by (3.2.13).
Also, for every t > 0, by Assumption III, the family of functions u +— x(u)g’(r +
t —u) indexed by r > 0 are uniformly bounded by the integrable function u
Hy |||+ G(u). Hence, by the dominated convergence theorem, and the continuity
of ¢’ from Assumption III, for every ry > 0,

t t
lim [ x(u)g'(r+t—u)du :/ k(u)g (ro +t — u)du.
0

r=70.J0
The above display, together with the continuity of ¢ from Assumption II, implies
that the density (T';x)’ in (3.2.13) is continuous on [0, o). Therefore, 'tk € C1[0, c0).
Furthermore, from (3.1.10), we have
— t+r —
(3.2.15) [(Tee) ()] < [(B)]G(r) + IIKIIt/r 8(s)ds < 2||x[[¢G(r).
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Since the right-hand side of (3.2.15) is a uniformly bounded and integrable function
of r € (0,00), it follows that for each t > 0, I';x € L2(0,00). Furthermore, using

Assumption III and (3.2.13), we have

(3.2.16)

(X)) < KOl + el [ Ig/©)1ds < [l (HO() + Ha [~ Gy ).

Again, G and [~ G(u)du are bounded and integrable by Assumption ILb, and
therefore, (T';x)’ also lies in IL.2(0,0). Thus, T'1x € H'(0,00). This completes the
proof of part a.

For part b, let ¥ and & be functions in Cg[0, o). By linearity of the mapping T';
and the bounds (3.2.15) and (3.2.16), we have

(3.2.17) ITexc — TeR |2 < 2||Gllp2llx — &4,
and
(3.2.18) 1(Tex) = (TR) g2 < Calx — ]|,

with C; = H||G||y2 + Ha|| [*° G(u)du]| 2, which is finite by Assumptions IL.b and
III. The assertion in part b. then follows from (3.2.17) and (3.2.18).

For part ¢, fix T > 0. For every 0 < s < t < T, by definition (3.1.10) of
{T'+;t > 0}, Minkowski’s integral inequality, Assumption IIl and Fubini’s theorem,

we have

— t
ITec = skl < [[Gllalx(t) —x(s)] + / r(u)g(- +t —u)du
S

L2

| [ xtlsc+ = = g5 =l

< [Cllual(t) = x(s)| + lelott | [~ G-+ )

L2

+xllr

/ lg(-+u)—g(-+t—s+u)|du
0 L2

(32.19) < [|Gllxzlx(t) = x(s)[ + [l TH[IGllp2]t — 5|

T
il [ gt =5+ ) =g+ [yzdu.
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The first two terms in (3.2.19) converge to zero as |t — s| — 0 by the continuity of .
Also, since Assumption III implies that g is square integrable, for every u € [0, T],
the term ||g(t —s +u +-) — g(u + -)||p2 is bounded by 2|/ g||; 2 and hence, the third
term converges to zero as t — s by an application of the bounded convergence
theorem and continuity of the translation map in the IL? norm.

Similarly, for every 0 < s < t < T, by definition (3.2.13) of (I'x)" and Assump-
tion III (see Remark 2.2),

(3220 [[(T)’ = (Tex) gz < gz () = w()| + el Hal| G2l — o
T
el [ g w) = g/ b= s ) [yzdu,

Again, the first two terms on the right-hand side above converge to zero as
|t —s| — 0 by the continuity of x, and the third term converges to zero as
|t —s| — 0 by continuity of the translation map in the I.> norm, boundedness
of ||¢’|ly2 (see Assumption IIT and Remark 2.3) and the bounded convergence the-

orem. The H!(0, o0)-continuity of t — T';x follows from (3.2.19) and (3.2.20). O

3.3. Properties of the Diffusion Limit Process

This section is devoted to the proof of Theorem 3.4. First in Section 3.3.1, we
show that the diffusion limit process introduced in definition 3.3 is indeed a so-
lution to the coupled SPDEs (3.1.5)-(3.1.7) (Proposition 3.20). The uniqueness of
the solution to the coupled SPDE (Proposition 3.22) is then proved in Section 3.3.2.
Finally, the Markov property of the diffusion limit process Y (Proposition 3.25) is
established in Section 3.3.3.

3.3.1. Existence. In this section, we show that the diffusion limit defined in
Section 3.1.2 is indeed a solution of the coupled stochastic age equations. Through-
out this section, we fix Yy = (Xo,Zo) € Y and let Y = {(X(t),Z(t,-));t > 0} be
the diffusion limit with initial condition Y, as specified in Definition 3.3. We first

prove that Y is a continuous Y-valued process.
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PROPOSITION 3.17. Suppose Assumptions II and III hold. Then the diffusion

limit process Y = (X, Z) satisfies the following properties:

(a) Almost surely, the sample paths of {Z(¢,-);t > 0} are continuous and
H'(0, 00)-valued, and for every t > 0, the density 9,Z(t,-) of Z(t, -) satis-

fies for a.e. r € (0,0),
(3.3.1) 9, Z(t,r) = Z{(t + 1) + M(¥iirh) — g(r)K(t) — /OtK(s)g'(t +r —s)ds.

(b) Almost surely, Z(t,0) = X(t) A0, forall t > 0.

(c) {Y(¢); t > 0} is an almost surely continuous )-valued process.

PROOF. For part a., we look at each term in the definition (3.1.12) of Z sep-
arately. Since Zg € H'(0,0), the translation mapping t +— Zy(t + -) is con-
tinuous in H'(0,0) by Lemma 2.5.c and for each t > 0, Zo(t + -) has density
Z\(t+ ). For the second term, by Proposition 3.9, { M;(¥;1.1);t > 0} is a con-
tinuous H'(0, c0)-valued process and almost surely, for every ¢t > 0, the func-
tion r — M;(¥44+,1) has density r — —M;(¥¢y,h). Finally for the third term,
since the range of the CMS map A lies in C°[0, c0) x CRr[0, %) (see Definition 2.12
and Lemma 2.13), almost surely, the sample paths of the process K defined in
(3.1.11) are continuous. Therefore, by Lemma 3.16.c, {(FtK);t > 0} is a contin-
uous H' (0, c0)-valued process. Also, by (3.2.13), for every t > 0, r — I';K(r) has
density —g(r)K(t) — fot K(s)g'(t + r — s)ds. This completes the proof of part a.

Next, for part b., substituting r = 0 in (3.1.12) and the definition (3.1.10) of I';,
and using the identity H;(1) = M;(¥:1) from (3.1.9), we obtain

Z(£,0) = Zo(t) — He(1) + K(t) — /Ot K(s)g(t — 5)ds.

The assertion in b. then follows from equation (3.1.13).

Finally, note that by definition (3.1.11) and the fact that the range of A lies in
C°[0,00) x CR[0, ) (see Definition 2.12 and Lemma 2.13), {X(¢);t > 0} is almost
surely continuous. Property c. follows from the continuity of X and parts a. and

b. of this proposition. O
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Next, we show that Z satisfies the regularity condition required in part c of

Definition 3.1 of a solution to the coupled stochastic age equations.

LEMMA 3.18. Suppose Assumptions II and III hold and let Y = (X, Z) be the
diffusion limit with initial condition Yy = (Xo,Zp) € ). Then, almost surely,
(s,r) — 9,Z(s,r) is locally integrable on (0, c0) x (0, o). Moreover, for every t > 0,
the function r +— fot 9:Z (s, r)ds is locally uniformly continuous, and hence can be
continuously extended to [0, c0) and for t,r > 0, satisfies
(3.3.2)

/Ot 0, Z(s,r)ds = Zo(t+1) — Zo(r) + My(®1) — My (Frr1) — /Ot K(s)g(t+7—s)ds,

where fot 9,Z(s,0) denotes the value of the extension of r — fot 9, Z(s,r)atr =0.

PROOF. Recall from Proposition 3.17.c that almost surely for every s > 0,
the density 0,Z(s,-) of r — Z(s,r) exists and is given by (3.3.1). We prove
the claims separately for each term on the right-hand side of (3.3.1). First, since
Zo(+) € H(0,00), the mapping (s, r) — Z)(r + s) is clearly locally integrable on

(0,00) x (0,00) and for every t > 0,
t

(3.3.3) / Zl(s + 1)ds = Zo(t + 1) — Zo(r).
0

Moreover, since Zy(-) € H'(0,0), as stated in Lemma 2.5.a, Z(t + -) also lies in
H'(0,0) for every t > 0 and r + Zg(t +r) — Zo(r) is uniformly continuous on
(0, 00).

Next, Lemma 3.7 implies that almost surely, (s, r) — M;(¥s4,h) is jointly con-
tinuous and hence, locally integrable on (0, 0) x (0,00). Also, for every ¢t > 0, by

(3.2.8) of Lemma 3.14,
t
(3.3.4) /0 Me(Fsirh)ds = My(®,1) — Mi(Fipr1), 7> 0.

By Lemma 3.7, r — M;(®,1) — M (¥¢4,1) is continuous on [0, ), and therefore,

is locally uniformly continuous.
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Finally, it follows from the continuity of K, g and g’ (see Assumption III) that

the mapping
(s,7) — g(r) +/ ¢ (s+r—0)do

is jointly continuous and hence, locally integrable on (0,00) x (0,00). Also, for

every t > 0, using Fubini’s theorem,
t
/ )+ / "(s+7— U)dZ))d = g(r) / K(s)ds

+// ¢'(s+r—0)dsdo

(3.3.5) _ / ot +7 —s)ds.

Again, by the continuity of K and g, the mapping r fo g(t+r—s)dsis
continuous on [0, o), and hence, locally uniformly continuous.

Equations (3.3.1), (3.3.3), (3.3.4) and (3.3.5), together, show that (3.3.2) holds.
The local integrability of (s,r) +— 0,Z(s,r) and local uniform continuity of r
fg 9,Z(s,r) ds follow from the corresponding properties of each term on the right-

hand sides of (3.3.1) and (3.3.2), respectively. U

The next lemma provides an alternative characterization of the coupled sto-

chastic age equations (3.1.5)-(3.1.7).

LEMMA 3.19. Given an initial condition Yy = (Xo,Zo(:)) € Y, let {Y(t) =
(X(t),Z(t,-));t > 0} be a continuous Y-valued process that satisfies conditions a-
c of Definition 3.1, and suppose (X, Z) satisfies equations (3.1.6) and (3.1.7). Then,
(X, Z) satisfies equation (3.1.5) if and only if for all £, > 0,

(3.3.6) Z(t,r) = Zo(r) + /Ot 0, Z(s,1)ds — M(®,1) + G(r)K(t),
with K(t) = B(t) — Bt — X () + X{ .

PROOF. Comparing (3.3.6) and (3.1.5), and recalling that ¢" = ®,1, it is clear

that these two equations are equivalent if and only if for every t > 0, the following
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identity holds:
t
(33.7) K(t) = —Zo(0) —/0 3, Z(s,0)ds + M;(1) + Z(t,0).

On the other hand, by (3.1.6) and (3.1.7) and the definition of K given above, for

t > 0, we have
Z(t,0) = X(t) — XT(t)
= Xo + B(t) — Bt — M;(1) + /Ot 0,Z(s,0)ds — Xt (t)
— K(t) — My(1) + /Ot 3,Z(s,0)ds + Xo — X3

Equation (3.1.6) (for t = 0) also implies that Zy(0) = Z(0,0) = X(0) A0 = Xo —
X . When substituted into the last display, (3.3.7) follows. U

We now show that the diffusion limit satisfies the coupled stochastic age equa-

tions.

PROPOSITION 3.20. Suppose Assumptions II and III are satisfied and given a
Y-valued random element Yy, let Y = {Y(t);t > 0} be the diffusion limit specified
in Definition 3.3. Then Y is a solution of the coupled stochastic age equations with

initial condition Yj.

PROOF. By Proposition 3.17.c, Y is a continuous Y-valued process. We show
that it satisfies conditions a-d of Definition 3.1. Condition b holds because Y (0) =
Yy by definition, and condition c follows from Lemma 3.18.

Next, we verify condition a of Definition 3.1 by showing that Y is {F,°}-
adapted. Fix t > 0, and note that the stopped processes {E(s A t);s > 0} and
{Hsnt(1);s > 0} agree with E and H(1), respectively, on [0,t]. Hence, by defi-
nition (3.1.11) of (K, X) and the non-anticipative property of A proved in Lemma

2.13, we have

(K(- A£), X(- At)) = A(E(- At), Xo, Zo — Hons(1)).
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By the definition of the filtration {F;}, {E(s A t);s € [0,00)} and {Hsne(1),s €
[0,00)} are Fi-measurable, while Xy and Zj are o(Yp)-measurable. Therefore, by
the continuity, and hence, measurability of the mapping A proved in Lemma 2.13,
X(t) and K(- A t) are ]—"tY %-measurable. Moreover, it is clear from the definition
of the mapping I'; that for every x and r > 0, the value of (I'ix)(r) does not de-
pend on the values of x outside the interval [0, f], and hence, I'tK = T:K(- A t).
On the other hand, I'; is continuous by Lemma 3.16.c, and hence I':K(- A t) is
also ]-"tY -measurable. Finally, M;(¥++.1) is F;-measurable and Zy(t + ) is o (Yp)-
measurable by definition. Therefore, Z(t, -) defined in (3.1.12) is .7-"tY -measurable.
Consequently, Y is { F*}-adapted, and condition a follows.

We now turn to the proof of condition d. By Lemma 3.19 it suffices to show that
X and Z satisfy equations (3.3.6), (3.1.6) and (3.1.7). First, substituting fot 0:Z(s,r)ds
from (3.3.2), and using the definition (3.1.10) of I';, the right-hand side of (3.3.6) is

equal to

Zo(r) + Zo(t +1) = Zo(r) + Me(P1) — My (¥r441)
_ /OtK(s)g(t 47— s)ds — My(®,1) + G(r)K(t)

= Zo(t + 7‘) — Mt(Tt+r1) + FtK(r)

By (3.1.12), this is equal to Z(t,r), which proves (3.3.6). Moreover, Proposition
3.17.b shows that the relation X(¢) A0 = Z(#,0) in (3.1.6) holds. Finally, combining
this relation with the expression for X (¢) from (3.1.14), we have almost surely, for

every t > 0,
X(t) = X" (t)+ X(t) N0 = XJ + B(t) — Bt — K(t) + Z(t,0).

Together with the expression for Z(t,0) in (3.1.12) and for I'; in (3.1.10), both with

r = 0, this implies

t

(3.3.8) X(£) = X5 + B(t) — Bt + Zo(t) — Hy(1) — /0 K(s)g(t — s)ds.
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whereas substituting r = 0 in (3.3.2), we have almost surely, for every t > 0,

(3.3.9) /Ot 9,Z(s,0)ds = Zo(t) — Zo(0) + M(1) — Hs(1) — /OtK(s)g(t —s)ds,

where we have used the identities H;(1) = Mt(‘I’t ) and ®p1 = 1. Equation
(3.1.7) then follows on substituting Z(t) fo g(t — s)ds from (3.3.9)
in (3.3.8) and using the relation Zy(0) = X(O) A 0. This completes the proof. O

3.3.2. Uniqueness. This section is devoted to showing that the coupled sto-
chastic age equations have a unique solution. We first establish a result on unique-

ness of the weak solution to a transport equation within a certain class of functions.

LEMMA 3.21. Suppose Assumptions Il.a and III hold, and a function F &
CRr[0,00) with F(0) = 0is given. Let ¢ : [0,00) x [0,00) — R be a function that
satisfies the following two properties:

(a) The mapping t — &(t,-) lies in C([0, 00);H'(0,00)). For each t > 0, let
9, (t, ) denote the density of (¢, -).
(b) The map 0,¢ : (0,00) x (0,00) — R is locally integrable.

Then ¢ satisties the equation

(3.3.10) )= [ "0,E(s,1)ds + GIE®),  Lr>0,
if and only if
(3.3.11) ¢(t,r) =TF(r), t,r >0,

with I'; defined as in (3.1.10).

PROOF. This result would be standard if ¢ were continuously differentiable on
(0,00)2, and while there are several results for more general ¢, there appears to
be no readily quotable result for the class of ¢ satisfying the specific properties
mentioned above. Thus, for completeness, we include a proof.

Define ¢(t,r) = I'+F(r), for t,r > 0. First, we show that ¢ is indeed a solution

to (3.3.10). By Lemma 3.16, t + &(t,-) = I'F € C([0,00);H'(0,0)) and for every
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s > 0, I',F has density

3,&(t,r) = (TF)(r) = —g(r)E(s) — /OSP(u)g'(s r—wdu,  re(0,0).

Because F, g and g’ are continuous (see Assumption III), the mapping (s,r) +—

(T¢F)'(r) is measurable. Moreover, for t,r > 0,

[ anes.r)ds + COIE®) = [[(TF) ()ds + T
= () [ F)ds— [ [ FGg (r+5 — udu ds + ) F()
= (1) [ F)as— [ ) (gl + 1~ u) ~ g() du+ G(r)F()
_ /Ot E(w)g(r + t — u)du + C(r)E(t)

= FtF(r),

where the application of Fubini’s theorem in the second equality above is justified
because ¢’ and F are continuous and hence locally integrable. This shows that &
satisfies (3.3.10).

Next, let ¢ be any function that satisfies properties a and b and equation (3.3.10).
Then AZ = & — ¢ also satisfies properties a and b of the lemma, as well as the

following equation:
t
(3.3.12) AE(t,r) = / 9,A&(s,r)ds, t,r > 0.
0

In particular, note that AZ(0,7) = 0 for all » € (0, o0). Moreover, since for every r >
0, s — 9:A¢ (s, r) is locally integrable, t — fot 9,A{ (s, r)ds is absolutely continuous,
its weak derivative coincides with its density (see [34, Problem 5 on p. 290]), which
is equal to 9,A{(t,r) by (3.3.12). Therefore, for every ¢ € C.([0,00) x (0,00)), using
(3.3.12) for the first equation below and Fubini’s theorem in the third and fifth

equalities below (which is justified because ¢ is continuous with compact support
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and A¢ is locally integrable), we have

/OOO /Ooo AZ(t, 1) (t, r)dtdr :/Ooo /Ooo </Ot a,Ag(s,r)ds> dro(t, r)dtdr

_ /O N /O T AL (L F)g(t, r)dtdr
:—/O /0 orAG(t,7)p(t, r)drdt

(0]

/0 AG(t )3yt r)drdt
:/000 /Ooo AC(t,7)0r(t, r)dtdr.

I
S~

Thus, we have shown that

(3.3.13) /O N /O T AE( 7Y (=i (t, ) + dvg(t, ) )dtdr = .

Equality (3.3.13) and the fact that AZ € C([0, o0);1L?) (because AZ satisfies property
a of the lemma) imply that A¢ is a weak solution to the transport equation (3.3.10)
with F = 0 and AZ(0, -) = 0. By [80, Chapter 2, Corollary 4.1], the unique solution
to the transport equation in the space C([0, o0);IL?) is identically zero, and thus

A¢ = 0. This completes the proof of uniqueness. u

PROPOSITION 3.22. Suppose Assumptions II and III hold. Then, for every Y-
valued random element Yy = (X, Zp), there is at most one solution of the coupled

stochastic age equations of Definition 3.1 with initial condition Y.

PROOF. Fori =1,2,letY; = (X, Z;) be a solution to the coupled stochastic age
equations with initial condition Yy, and define K;(t) = B(t) — pt — X;" (t) + X .
We need to show that Y; = Y5. Denote AH = H — Hp for H = Y, X,Z,K, and
note that AK(t) = X, (t) — X{ (t),t > 0. By Lemma 3.19, for i = 1,2, Z; satisfies
the equation (3.3.6) with K replaced by K;, and hence AZ satisfies the following

non-homogenous transport equation:

t _
AZ(t,7) = / 9,Z(s,r)ds + G(r)AK(t), t,r>0,
0
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with AZ(0,-) = 0. By Definition 3.1, both Z;, Z; and hence AZ satisfy properties
a and b of Lemma 3.21. Therefore, by (3.3.11) of Lemma 3.21, with F replaced by
AK, we have

(3.3.14) AZ(t,r) =TAK(r), t,r > 0.

Since AK is continuous almost surely, an application of Lemma 3.16.a. shows that
for every t > 0, AZ(t,-) is continuously differentiable on [0, o), with continuous

density

OrAZ(s, 1) = / AK(u)g' (r + s —v)do, r,s € [0,00).
In particular, the function R(s) = 9,AZ(s,0) is well defined on [0, c0) and satisfies
(3.3.15) R(s) = / AK(1)g' (s — v)do,

and, recalling the constants H and H, from Remark 2.2, and the fact that fooo G(x) =

1 by Assumption IL.a, satisfies
(3.3.16) |0,AZ(s,r)| < (H + Hy)||AK||;, Vs € [0,t],r > 0.

On the other hand, for i = 1, 2, X; satisfies (3.1.7) with Z replaced by Z;. Therefore,

t
(3.3.17) AX(t) = lim a +AZ(s,r)ds —/ 9rAZ(s,0)ds = / R(s)ds,

r—0 0

where the second equality holds due to the continuity of r — 9,AZ(s, r) for every
s > 0, and an application of the bounded convergence theorem, which is justified

by (3.3.16). In turn, this implies

(33.18)  |AK(H)] = X (t) — X5 (1] < |AX(H)] < /Ot IR(s)|ds, t € [0,00),
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which, when combined with (3.3.15) and the bounds in Assumption Remark 2.2,

shows that for every T < oo and t € [0, T],

RO < gOISKW)]|+ [ 1g/(t = )] [AK(s)ds

< H/Ot|R(s)|ds+H2/Ot (/0 ]R(s)\ds) do
< (H + TH,) /Ot|R(s)|ds.

Since R(0) = 0, by Gronwall’s lemma this implies R(t) = 0 for all + > 0. When
combined with (3.3.18), this implies that AX(t) = AK(t) = 0 for all t > 0, which in
turn implies AZ(t,-) = 0 due to (3.3.14). Thus, we have shown that Y (t) = Y,(¢)

for all t > 0, which proves the desired uniqueness. U

3.3.3. Markov Property. We now show that the diffusion limit is a time-homo-
geneous Feller Markov process. For s > 0, we define the operator ®; as follows:

for every function F on [0, o), the shifted function O;F is defined by
(3.3.19) (OsF) (t) = F(s+t) — F(s), t>0.

Also, for every f € C;[0, ), we define the shifted convolution integral as
(3.3.20) (OsH)i(f) = Msyt(Fsitf) — Ms(Ysuif), t > 0.

In particular, note that using the identity (2.3.8), we have

(3-3-21) (®SH)t((I)i’1) = Mert(‘PertJrrl) - Ms(TsHJrrl)-

LEMMA 3.23. Suppose Assumptions II and III hold. Then almost surely, for

every s > 0, we have
(3.3.22) Z(s+tr)=Z(s,t+r)+ ([1OsK)(r) — (OsH)(Pr1), t,+r>0,

and (O;K, X(s + -)) solves the CMS equation associated with (®;E, X(s), Z(s,-) —
(OsH)(1)), that is,

(3.3.23) (@K, X(s+-)) = A (OE, X(5), Z(s,-) — (OsH).(1)).
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PROOF. By definitions (3.1.12) and (3.1.10) of Z and I';, respectively, we have

(3.3.24) Z(s,t+71)=Zo(s +t+7) — Ms(¥sit+s1) + G(t +7)K(s)
- /OS K(v)g(s+t+r—v)do.

Also, by definition (3.3.19) of ;K and (3.1.10) of I't, we have

(T0.K)(r) = G(r) (@) (£) + /O (0.K) (0)g(t + 7 — 0)do

G(r)(K(s+1t) — K(s)) — /Ot (K(s+v) —K(s)) g(t+r—0)do

GrK(s +1) ~ GOIKE) - | " K@)t + 5+ 7 —v)do
—K(s)(G(t +r) = G(r))
_ G)K(s+1) — /OHS K(0)g(t+5 +r — v)do — Gt + r)K(s)
+/OSK(v)g(t+s+r—v)dv
(3.3.25) — (TossK) () — (TsK) (¢ + 7).

Substituting Z from (3.1.12) (with t and r replaced by s and t + r, respectively) and
using equations (3.3.21) and (3.3.25), the right-hand side of (3.3.22) is equal to

Zo(s +t+1) = Ms(Ysqt4r1) + TsK(t+ 1) + (FseK) (1) — (TsK) (t +7)
~ Mt (Ysrtrl) + Ms(Fspr4,1)
= ZO(S +i+ 1”) + (FertK) (1’) - Mert(‘PerHrl)
=Z(s+t,r),
where the last equality once again uses (3.1.12). This proves (3.3.22).

To prove (3.3.23), subtract equation (3.1.14) with t replaced by s from the same
equation with t replaced by t + s, and using (3.1.8), we get

(OsK)(t) =K(s+1t) —K(s) = E(s+t)—E(s)—X"(s+1t)+ X" (s),

(3.3.26) = (O:E)(t) — XT(s+1t)+ X" (s).
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Additionally, by Proposition 3.17.b with t replaced by s + ¢,
X(s+t)N0=X(s+t)N0O=Z(s+1,0).

Substituting Z (s + t,0) from (3.3.22), using definition (3.1.10) of I'; and the identity

®y1 = 1, we obtain

t
(3327) X(s+£) A0 = Z(s,t) — (OsH)i(1) + (OK)(t) — /0 (©:K) (v)g(t — v)do.

Equation (3.3.23) then follows from (3.3.26), (3.3.27) and Definition 2.12 of the CMS
mapping A (also see Lemma 2.13). U

LEMMA 3.24. Suppose Assumptions II and III hold. Then, for every s > 0, the
processes {O;E(t);t > 0} and {(OsH)¢(1);t > 0} are independent of F;, and have
the same distribution as the processes E and (1), respectively. Moreover, for
every s,t > 0, the H!(0, o0)-valued random element (@sH );(®.1) is independent
of F; and has the same distribution as H;(®.1).

PROOF. Fix s > 0. By definition (3.1.8) of E and (3.3.19) of ©sE, we have
O;E(t) = E(s+t) — E(s) = B(s+1t) — B(s) — ft, t>0.

Since Brownian motion B has independent stationary increments and is indepen-
dent of M, B(s +t) — B(s) is independent of F; for all t > 0, and {B(s + ) —
B(s);t > 0} is itself a Brownian motion. Hence, the claim for (®;E) follows.

Next, define the martingale measure M = {M;(A);t > 0,A € B[0,)} as
follows: M;(A) = Msy(A) — Mg(A) for t > 0. Since the martingale measure M
is a white noise independent of B, M is again a white noise with the same distri-

bution as M, and independent of F;. Also, for any continuous f, using (3.3.20) we
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have
(©sH)t(f) = Mot(Fsstf) — Ms(¥Yosref)
_/s+t/ t+s_v+x)f(x)/\/l(dv,dx)

—// t—v—i—x ————2f(x)M(dv,dx)

= M (Y+f).

Substituting f = 1and f = ®,1,r > 0, we conclude that the processes {(OsH):(1);
t >0} and (OsH):(P.1) are independent of F;, and have the same distribution as
{H:(1);t > 0} and H(P.1), respectively. O

PROPOSITION 3.25. Suppose Assumptions II and III hold, and for y € ), let
Yy (t) be as defined in Definition 3.3. Then {Y}(t), F;;t > 0} is a time-homogeneous

Feller Markov family on the state space ).

PROOF. Recall from Proposition 3.9 that for any s,t > 0, Mg +(¥s44+.1) and
M (¥s4+4.1) both lie in H' (0, c0) almost surely, and hence, so does (QsH );(®.1),
using equation (3.3.21). We claim that for any initial condition y = (xo,z9) € Y and
associated diffusion limit Y}, = (X,Z), for every t > 0, there exists a continuous
mapping IT; : R x H'(0,00) x Cr[0,0)? x H'(0,0) — R x H(0,0) such that
for every s > 0,
(3.3.28)

(X(s+1), Z(s +1,-)) = T(X(s), Z(s5,-), OsE(-), (OsH). (1), (OsH)1(®.1)).

To see why the claim is true, for notational convenience first set D = R x
H!(0, 00) x C%[0, 0)? and note that by Lemma 2.13, the CMS mapping A : C%[0, c0) x
R x CR[0,00) — C%[0,00) x CR[0, o) is continuous. Together with the represen-
tation for (X(s + -), ®;K(+)) in terms of A given in (3.3.23) of Lemma 3.23, the fact
that the embedding from H'(0, c0) to CRr[0, o) is continuous (see Lemma 2.5.a)
and the continuity of the evaluation map f € Cr[0,o0) — f(t) € R, it follows that

the mapping from D to C% [0, 00) x CRr[0, o) that takes (X(s), Z(s, -), ©sE(-), (@sH).(1))
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to (O;K(-), X(s+t)) is continuous (and only depends on t). Together with the con-
tinuity of I'; established in Lemma 3.16.b, this also implies that the map that takes
(X(s),Z(s,-),0sE(+), (©sH).(1)) in D to I'}OsK in H'(0, c0) is continuous. Fur-
thermore, since the shift f(-) — f(t+ -) is a continuous mapping from H! (0, o) to
itself, the mapping Z (s, -) — Z(s,t + -) from H!(0, o) to itself is continuous. Since
the representation (3.3.22) expresses Z(s +t, -) as asum of I'1®;K(-), Z(s, t + -) and
(OsH)¢(P.1), it follows that Z(s + t,-) is also obtained as a continuous mapping
(depending only on t) of the arguments of I1; in (3.3.28). This completes the proof
of the claim.

We now show that the Feller property follows from the claim above. This can
be deduced from the proof of Theorem 5(2) in Section 9.5 of [62], but since in our
case the Markov process is homogeneous, the proof is simpler and so we include
it below. Let Y = (X, Z) be the diffusion limit starting at a deterministic initial
value yg € Y. Since yg is deterministic, 73° = F; V o(yo) = Fs and hence, by
condition 1. of Definition 3.1 and Proposition 3.20, (X(s), Z(s, -)) is Fs-measurable.
Also, OsE(-), (OsH).(1) and (OsH ) (P.1) are independent of F; by Lemma 3.24.
Therefore, for every bounded and measurable functional F : V — IR, using the

claim (3.3.28) above we have

lmﬂwm4mﬂhﬂﬂFmwmwzwm®£mw&HMDA&HM®ﬂDPﬂ
= E [F (TL(X(5), Z(s5, ), O.E("), (O.H). (1), (0.1):(®.1))) [¥(s)]

=E[F(Y(s+1)|Y(s)],

which shows that {Y;, F:} is a Markov process. In fact, it is easy to see that

{Yy, Fr,y € Y} is a time-homogeneous Markov family. Indeed, by another use
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of Lemma 3.24, for every y = (x,z) € ),

E[F(Y(s+))[Y(s) = ]

E [F (Ht(X(S)rZ(Sr‘)r®sE(')r (®5H)«(1), (®SH)t(qD-1))) ‘Y(S) = 3/]

E [F (I (x,2, E, H(1), He(P.1)))]

(3.3.29)
=E [F(Yy(1))] -

Lastly, for the Feller property, first recall from Proposition 3.17.b that Y has contin-
uous sample paths, almost surely. In addition, by the continuity of the mapping
IT; and (3.3.29), the mapping y — E [F(Y,)(t)] is continuous for every bounded
and continuous functional F. Therefore, {Yy, Fiy € YV} is a Feller family (see [13,
Definition 16.20]). 0

PROOF OF THEOREM 3.4. Existence of a solution follows from Proposition 3.20
while uniqueness follows from Proposition 3.22, and the Feller Markov property

is proved in Proposition 3.25. U

3.4. Uniqueness of the Invariant Distribution

In this section, we prove the main result of this chapter: the uniqueness of
invariant distribution of the limit process (Theorem 3.26).

Let {P:} = {P;t > 0} denote the transition semigroup of the time-homogeneous
Feller Markov family of solutions Y to the coupled stochastic age equations on the
state space ). Recall that a probability measure p on (), B())) is said to be an

invariant distribution for the semigroup {7, } if and only if

(3.4.1) Pip =y, t>0.

Our main result establishes uniqueness of the invariant distribution of this semi-
group.

THEOREM 3.26. Suppose Assumptions II and III are satisfied. Then the transi-

tion semigroup {P;} on ) has at most one invariant distribution.
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PROOF. Theorem 3.26 is proved in Section 3.4.6. U]

REMARK 3.27. We show later in Section 4.2.3 that every subsequential limit of
the sequence of stationary distributions {7(N)} is in fact an invariant distribution
of the semigroup {P;}, which proves the existence of an invariant distribution (see

Corollary 4.23).

As mentioned in the introduction, to prove uniqueness of the invariant distri-
bution, we will adopt the so-called asymptotic equivalent coupling method, which
is particularly well suited for infinite-dimensional Markov processes. In Section
3.4.1, we first describe this method in the generality required for our problem, fol-
lowing the exposition in [50]. At the end of Section 3.4.1, we discuss the main steps
involved in applying this framework to our problem, which are carried out in the

subsequent sections.

3.4.1. Asymptotic Coupling: The General Framework. Let X be a Polish
space with a compatible metric d(-, -), equipped with the Borel o-algebra B(X).
As usual, let YR+ denote the space of X'-valued functions on [0, o). Recall that a
subset C C X R+ is called a cylinder set if there exists n € N, t1, ..., t, € [0,00) and
Borel sets By, ..., B, € B(X) such that

C={f e X% (f(tr), . f(tn)) € (B, ... Bn)}.

We endow AR+ with the Kolmogorov c-algebra B(X)R+, which is the c-algebra
generated by all cylinder sets. Let M;(X®+) and M;(XR+ x AR+) denote the
spaces of probability measures on (XR+, B(X)R+) and (AR+ x AR+, B(A)R+ ©
B(X)R+). For every my,my € Mi(XR+), recall that a coupling of m; and m, is
a probability measure Y € M;j(XR+ x XR+) whose first and second marginals,
respectively, are m; and my, that is, HS)Y = m; for i = 1,2, where, 110 is the ith
coordinate projection map, and Hff)Y is the push-forward of the measure Y under

110, Define C(my, my) € My (XR+ x AR+) to be the set of all couplings of m; and

my. One can extend C(my, my) by relaxing the definition of a coupling to define the
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space of absolutely continuous couplings as follows:
(3.4.2) Cmy, my) = {Y € My (AR x ARe); TIVY < my i = 1,2},

If Y in C(mq, my) satisfies Hg)Y ~ m;, i =1,2,Y will be referred to as an equivalent
coupling of my and mj. In contrast to a coupling, the corresponding marginals
of an absolutely continuous (or equivalent) coupling Y need only be absolutely
continuous with respect to (respectively, equivalent to), and not necessarily equal
to, my and my, respectively.

Let {P;} = {Ps; t > 0} be a semigroup of Markov kernels on (X, B(X')). Recall
that a probability measure y on (X, B(X)) is called an invariant distribution for
the semigroup {P;} if (3.4.1) holds for every t > 0. For every probability measure u
on (X, B(X)), let P|g o) ¢ denote the distribution of the Markov process with initial
distribution y and transition semigroup {P;} on the path space (X®R+, B(X)R+).
Let D be the set of pairs of paths that meet at infinity:

t—ro0

(3.4.3) D= {(x,y) € AR+ XRe: lim d(x(),y(t)) = o},

and note that D € B(X)R+ @ B(X)R+.
We now state a continuous version of a result established in [50, Corollary 2.2],
which provides a sufficient condition for uniqueness of the invariant measure for

the Markov semigroup {P;}.

PROPOSITION 3.28. Assume there exists a measurable set A € B(X) and a
mapping Y : Ax A 2 (y,7) — Y5 € C (P0,00)0ys Po,00)d7) With the following
properties:

(I) u(A) > 0 for any invariant probability measure y of {P;}.

(I) For every measurable set B € B(X )R+ @ B(X)R+, (y,7) — Y, 3(B) is

measurable.

(Il) For every y,j € A, Yy3(D) > 0.

Then {P;} has at most one invariant probability measure.
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PROOF. The proof of Proposition 3.28 follows from essentially the same argu-
ments as those used in [50, Theorem 1.1. and Corollary 2.2] in [50], except that
the space X' and discrete shift operator 6 should be replaced, respectively, by
XR+ and the continuous shift operator 65,5 > 0, and the continuous version of
Birkhoff’s ergodic theorem (see, e.g., [68, Theorem 1 of Section 1.2]) should be
invoked to obtain the analog of (2.1) in [50]. A full proof is given in Appendix
3.A. O]

REMARK 3.29. As observed in Remark 1.2 of [50], for the purpose of Proposi-
tion 3.28, in the definition (3.4.2) of C, one can without loss of generality replace
absolute continuity by (the apparently stronger condition of) equivalence. This is
because if there is an absolutely continuous coupling Y that satisfies conditions
(I) and (III) of Proposition 3.28, then the measure %(Y + Plo,co)ti1 @ 77[0,00);12) is
an equivalent coupling that also satisfies the same conditions. Thus, we refer to
the approach to establishing uniqueness of the invariant distribution by invoking

Proposition 3.28 as the asymptotic equivalent coupling approach.

In Sections 3.4.2-3.4.6, we apply the asymptotic equivalent coupling framework
of Proposition 3.28, with the state space ) of our diffusion limit playing the role
of the generic Polish space &, in order to establish uniqueness of the invariant
distribution of the }V-valued Markov process defined in Section 3.1.2. Let A be the

measurable subset of ) defined as
(3.4.4) A={(x,z) €Y :x>0}.

First, in Section 3.4.2, for each pair v, € A, we construct a pair of stochastic

processes (Y, Y;) on a common probability space and define the mapping
(3.4.5) Yy (1,9) € Ax A Law(Yy, Yy) € My (YR x YR+),

where Law(Y,, Yy) denotes the joint distribution of (Y}, Yj). The required measur-
ability properties are proved in Section 3.4.3. Next, in Section 3.4.4, we show that

Yy,5(D) > 0, and in Section 3.4.5 we show that the law of Yy, is Py ,,)Jy, and that
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the law of Yj is equivalent to Plo,00) 05, thus establishing that Y defines an asymp-
totic equivalent coupling. Finally, these results are combined in Section 3.4.6 to

complete the proof of Theorem 3.26.

REMARK 3.30. It is worthwhile to clarify why, in Proposition 3.28, we formu-
late a continuous-time version of the asymptotic coupling theorem, rather than de-
duce the result by simply applying the original discrete-time version established
in [50, Corollary 2.2] to the discrete skeleton of the continuous-time process (i.e.,
the Markov chain obtained by sampling at integer times). To show uniqueness of
the invariant measure of the continuous-time Markov process, is clearly suffices
to show uniqueness of the invariant measure of its discrete skeleton (that is, the
Markov chain obtained by sampling the continuous process at integer times). In
turn, by Corollary 2.2 of [50], for uniqueness of the invariant measure of the dis-
crete skeleton, it suffices to verify the three conditions of that corollary, which are
the natural discrete analogs of properties (I), (II) and (III) of Proposition 3.28. Now,
the continuous version of properties (II) and (III) immediately imply the discrete
version because any asymptotic equivalent coupling of the continuous-time pro-
cess on some set A induces a corresponding asymptotic equivalent coupling of the
discrete skeleton. Thus, if A = X then the discrete-time version can be directly in-
voked because in this case the first condition of Corollary 2.2 of [50], which states
that u(A) > 0 for every invariant measure y of the discrete skeleton, is trivially
satisfied. However, when A is a strict subset of X then the property that u(A) > 0
for all invariant measures y of the continuous-time process need not imply that
#(A) > 0 for all invariant measures of the discrete skeleton, since the latter could
in general be strictly larger. Moreover, in some situations (as turns out to be the
case in our application), it may be relatively easy to show the former, but non-
trivial to show the latter. In such cases, it is more convenient to directly apply the

continuous-time version of the result, as formulated in Proposition 3.28.
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3.4.2. Construction of a Candidate Coupling. Fix two initial conditions y =
(x0,20) and § = (%o, Zp) in the set A defined in (3.4.4), and let Y (t) = (X(t),Z(t))
be the diffusion limit of Definition 3.3 with initial condition y. Define the stochastic

process

t

(3.4.6) R(t) = z)(£) + He(h) — g(0)K(f) — /0 K(s)g'(t — s)ds.

Combining (3.2.12) and (3.3.2), the latter with r = 0, we have

(34.7) /Ot R(s)ds = /Ot 9:Z(s,0)ds.

We now construct another process Y, which starts from #, on the same prob-
ability space. Fix A > 0. Given X defined above, it is easy to see that IP-almost

surely, the linear integral equation

(34.8) X()—xo—xo—/\/ s)ds + X(t +A/

has a unique continuous solution X, which has the from

(34.9) X(t) = Foe M+ F(£) — A / ds, >0,

where F(t) = X(t) —xp+ A fo s)ds. Since Y satisfies the coupled stochastic
age equations, by Proposition 3.20, X satisfies (3.1.7), which when combined with
(3.4.7) and (3.4.8), shows that for t > 0,

(3.4.10)
X(£) = %o + B(£) — Bt — M:(1 / ds+/\/ ds+/
Also, for t > 0, define

(3411)  K(t) = B(t) — pt — (X+(H) — x5) + / $) + AX(s) — AX(s))ds.

Clearly, K is also continuous, almost surely. We now introduce a process R that, as

shown in Corollary 3.32 below, can be characterized as the unique (almost surely
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locally integrable) solution of the following renewal equation:
(3.4.12)
R(t) =24(t) — g(0)K(t) — /0 K(s)g'(t —s)ds + H(h) + /0 Q(t —s)R(s)ds.

In Proposition 3.31, we first collect some general results on solutions of the re-
newal equation. Part a of the proposition is used below in the proof of Corollary
3.32, part b is used in Section 3.4.4 to establish an asymptotic convergence property
of the diffusion limit , and part c is used in Section 3.4.3 to establish measurabil-
ity properties of the candidate asymptotic coupling. Recall the definition of the

convolution operator * from Section 1.4.

PROPOSITION 3.31. Let G be a cumulative probability distribution on [0, o)

with a continuous density g.

(a) If f € Il (0, 0), the following renewal equation

loc
(3.4.13) p=f+gx*¢

has a unique locally integrable solution ¢..

(b) If G has a finite second moment, the function f lies in I.?(0,c0) and its
integral Z¢(t) = fotf(s)ds,t > 0, lies in IL2(0, ), then the solution ¢, of
the renewal equation (3.4.13) also lies in I.?(0, o). Moreover, there exist

deterministic constants c1, ¢y < oo such that

(3.4.14) [@xllz < callfllz + callZr |2

(c) If f € CRrJ[0,00), then the solution ¢, of the renewal equation (3.4.13) also
lies in CR |0, o0) and the mapping that takes f to ¢, € Cr|[0, c0) is continu-

ous.

PROOF. While existence and uniqueness of solutions to renewal equations un-
der various conditions have been extensively studied (see, e.g., [3, Theorem 2.4, p.
146]), the particular version stated above appears not to be readily available in the

literature. Hence, we provide the proof.
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For part a., let U = G*"*, where G*" denotes the n-fold convolution of G, be the
renewal function associated to the distribution function G. Since G has density g,
by [3, Proposition 2.7, Section V], U has density u = U * g, which satisfies the equa-
tion u = ¢+ g * u. Moreover, since g is continuous (and hence locally bounded),
u is also locally bounded. Define the function ¢« = f + u * f. Then the local inte-
grability of f and local boundedness of u imply the local integrability of ¢, and,
using the distributive and associative properties of the convolution operation, we

have

e =gx(fruxf)=gxft(@ru)xf=gxf+(u—g)xf=uxf=¢.—f.

Therefore, ¢. is a solution of the equation ¢ = f * ¢ given in (3.4.13).

To show that ¢, is the unique solution to (3.4.13) that lies in Ll

loc

(0,00), let
Pp; € lLlloc(O,oo), i = 1,2, be two solutions to (3.4.13). Then ¢ = ¢ — ¢ is a

solution to the equation ¢ = g * ¢. For e > 0, let 17¢(x) = 1) (x)/¢, and note that

the function ¢, = ¢ * 7, satisfies

Pe = Q*le =8*P*Ie=g* Qe

Also, for every T < oo,
1 rT
()] < - [ loW)ldx <o, te 0T,

1

where the finiteness holds since ¢ € IL;

(0,00). Hence, ¢ is locally bounded and
satisfies the renewal equation ¢, = ¢ * .. However, by [3, Theorem 2.4, p. 146],
this implies ¢, = 0. Since this holds for every € > 0, this implies ¢ = 0.

To see why part b. holds, first note that f € IL?(0, c0) implies f € L[, (0, 0c0).

Therefore, . = f + u * f is a solution of (3.4.13) from part a, and, moreover, it

satisfies

4

901 < £+ s S0 < 700+ | [ 700 =5)ut5) ~ 1

+| [ s

and hence, recalling the notation Z¢(t) = fot f(s)ds,

(3.4.15) l@ellz < [fllwz + 11F* (= Dy + 1 Z¢ (g2
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With some abuse of notation, we also let U denote the renewal measure associated
with the distribution G, and let I denote Lebesgue measure on (0, o). Then, since
u — 1 is the density of the signed measure U — I with respect to ™ on (0, c0), we

have
| Iuls) = 1lds = [ju = 1* |1y,

where || - |7y is the total variation norm. Since G has a finite second moment (and
has mean 1), it follows from [73, eqn. (6.10), p. 86] (with A = 1) that ||U — I || 7y is

finite and hence, u — 1 € IL1(0, ). By Young’s inequality, we then have

[ (= D)2 < [l =l l 112

Substituting this inequality into (3.4.15), we obtain the bound (3.4.14) with ¢; =
14+ Ju—1|[z1 <ocandc, =1.

Finally, to see ¢, note that since f € Cr|[0, o) and u is bounded on finite inter-
vals, u * f also lies in Cr[0, c0), and hence, so does ¢. = f + u * f. Moreover, for

every f!, f2 € Cr|0, ) and corresponding solutions ¢!, 2, we have
lgs — @2l < A+ U(M) IIf' = fllr, VT >0,

and the continuity claim follows. U]

COROLLARY 3.32. There exists a unique locally integrable process R that satis-

ties equation (3.4.12).

PROOF. Almost surely, due to the continuity of K defined in (3.4.11), the con-
tinuity of ¢t — H; (see Remark 3.8), the fact that 26 S ]L2(0,oo), and the local

integrability of ¢/, the function

t

Fes 25(1) — g(0)K(t) — /O K(s)g'(t — s)ds + H(h)

. . 1
lies in ]L10 .

(0, 00). The corollary then follows from Proposition 3.31.a. O

Next, for t > 0, define

(3.4.16) R(t) = K(t) — /0 'R(s)ds.



Substituting K(t) from above into (3.4.12) and simplifying terms, we obtain

t

20() + He(h) = gOR(E) — [ Rlu)g'(t = ),

(3.4.17) R(¢) A

which we observe is analogous to (3.4.6). Moreover, recall the definition (3.1.10) of
the family of mappings {I'+;t > 0}, and in a fashion analogous to the definition of

Z in (3.1.12), define
(3.4.18) Z(t,r) = Zo(t + 1) — M(¥r1) + (T:K) (1), t,r > 0.

Since K is almost surely continuous, it follows from (the proof of) Proposition
3.17.a that Z is also a continuous H'(0, c0)-valued process. Finally, set Y(t) =

X(t), Z(t)),t > 0, and define Y, ; to be the joint distribution of (Y, Y).
vy )

3.4.3. Proof of the Measurability Property. In this section we prove the mea-
surability condition (II) of Proposition 3.28 for the family of candidate equivalent

couplings {Yy 5, (y,7) € Y x Y} that we constructed in the last section.

LEMMA 3.33. Suppose Assumptions II and III hold, and let A be the measur-
able subset of ) defined in (3.4.4). Then, for every B € B(X)R+ @ B(X)R+, the
mapping (v,7) — Yy,5(B) from A x A to R is measurable.

PROOF. We claim that for every t > 0, almost surely, the mapping (y,7) —
(Yy(t), Yy(t)) is continuous from A x A to Y x Y. We first show that assuming the
claim, the assertion of the lemma holds, and then we prove the claim.

Assuming that the claim holds, for every k > 1, t,...,t > 0 and functions
@1, - Pr € Cp(Y x V;R), by invoking the bounded convergence theorem we con-

clude that the mapping

(1, 9) — E [@1 (Yy(t1), Yy(t1)) .. @i (Vy (), Yy (£6))] -

is continuous, and hence, measurable. The assertion in the lemma then follows
from the definition of the Kolmogorov c-algebra and a standard monotone class

argument.
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We now turn to the proof of the claim. Fix t > 0. We start by showing that
the mapping from y = (xp,z0) € Y to Yy(t) is continuous, almost surely. Fix
w € O, where Q0 is a subset of Q) with P{Q} = 1, on which Proposition 3.17
holds and the Brownian motion {B(f);t > 0} has continuous paths. The map from
y = (x0,20) € Y to (E, x0,z0 — H(1)) € C°0,00) x R x CR[0, 0) is continuous
due to Lemma 2.5.b. Since (K, X) = A(E, xo,z0 — H (1)) by definition (3.1.11), and
the CMS mapping A is continuous by Lemma 2.13, it follows that the mapping
y €)Y — (K X) e C°0,00) x Cg[0,0) is continuous. In particular, for fixed
t > 0, the mapping y — X(t) is continuous and, by the definition (3.1.12) of Z(t, -),
continuity of the translation map (Lemma 2.5.c) and continuity of the mapping I';
(Lemma 3.16.b), the mapping y — Z(t,-) € H'[0, c0) is also continuous. Thus, we
have shown that the mapping y € Y + Y, (t) € Y is continuous for every w € ()
and t > 0.

Next, we prove continuity of the mapping (y,7) = ((xo,20), (%0,20)) € A X
A — Yy(t) € Y. 1tis clear from the equation (3.4.9) and the form of F specified
below (3.4.9) that the map (xo, %9, X) € R? x CRr[0,0) — X € CR[0, ) is contin-
uous. Together with the continuity of y — X proved above, this implies that the
map (y,7) € Y? — X € Cr|[0, ) is continuous. Next, recall that by the definition
of A, if y = (x9,2z0) € A then zp(0) = xp A0 = 0. Using this identity, equation
(3.4.7) and equation (3.3.2) with r = 0, we have

t

Tr(t) = /Ot R(s)ds = zo(t) + M;(1) — My (¥,1) — /O K(u)g(t — u)du.

When combined with the continuity of the mappings zg € H'(0,00) > zy €
CRr[0,00) (which holds by Lemma 2.5.b) and y +— K (established above), this im-
plies that the mapping (y,7j) € A X A — Zg € CRJ0,00) is continuous. In turn,
due to the continuity of the mappings that take (v, 7) to X and X established above,
this implies that the map from (y,7) € A x A to K € Cr|0, o) defined in (3.4.11) is

also continuous. Next, observe from (3.4.12) that R satisfies the renewal equation
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R = F + ¢ x R where
t

E(t) = 2,(t) — g(0)K(t) —/0 K(s)g'(t—s)ds + Hi(h),  t>0.

Therefore, Z defined as Zy(t) = fot R(s)ds, t > 0, satisfies the renewal equation
Iz = Zp + g * Iy, where, using the identity Zp(0) = % A0 = 0 (which holds

because 7 € A), we obtain

Tp(t) = /()tﬁ(s)ds = Zo(t) — g K(t) + /Ot Hs(h)ds, t>0.

Therefore, Z lies in C°[0, c0) and the map from (y, ) to Zz is continuous. An ap-
plication of Proposition 3.31.c then shows that Zj also lies in Cr[0, c0), and that
the map from Z; to Z and hence, from (y, ) to Zy, is continuous. Consequently,
K € CR|0,0) defined in (3.4.16) is also obtained as a continuous map of (y, ).
Finally, by definition (3.4.18) of Z(t, -), continuity of the translation map (Lemma
2.5.c) and the continuity of the mapping I's (Lemma 3.16.b), Z(t,-) can also be ex-
pressed as a continuous mapping of (v, 7). Therefore, the mapping (y,7) € A x A
— Yy(t) € Y is also continuous for every w € QF. This completes the proof of the

claim, and hence, the proof of the lemma. L]

3.4.4. Asymptotic Convergence. In this section we prove condition (III) of
Proposition 3.28, that is, the asymptotic convergence of the processes Y and Y
whenever their respective initial conditions y = (xg,zg) and § = (X, Zp) lie in the
set A. Specifically, given the processes defined in Section 3.4.2, define AH = H — H
forH=Y,y,Z,z,K X, X", X", x0,and R. Our goal is to show that almost surely,

(3.4.19) AY(t) - 0in ), ast — oo.

This will follow from (3.4.21) and Lemma 3.36 below.
Subtracting X from both sides of equation (3.4.8), we see that AX satisfies the

integral equation

(3.4.20) AX(H) = Axg — A /0 " AX(s)ds,
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whose solution is given by
(3.4.21) AX(t) = Axge M.

Clearly, AX(t) converges to zero with probability one as t — oo.

We now turn to the proof of the asymptotic convergence of AZ, which consists
of two main steps. In the first step (see Lemma 3.34) we use the fact that AR satis-
ties a certain renewal equation to show that it is square integrable. In the second
step (Lemma 3.36) we combine the square integrability of AR with other estimates
to show that AZ(t, -) converges to zero in H! (0, o). First, note that on substituting
the expression for K from (3.4.11) into the definition of K in (3.4.16), subtracting this
from the equation for K in (3.1.14), and recalling the definition of E from (3.1.8), we

obtain
t t

(3.4.22) AK(t) = —AX* () + Axg —/ AR(s)ds — A/ AX (s)ds.
0 0

When combined with (3.4.20) and the fact that xo, ¥y > 0, (3.4.22) further simplifies

to
t
(3.4.23) AK() = —AX~(t) — /0 AR(s)ds

LEMMA 3.34. Suppose Assumptions II and III hold. Then t — AR(t) €
ILZ(O, 00), almost surely. Moreover, there exist deterministic constants C;, C; < oo

such that

(3.4.24) |AR g2 < C1||Azo||gp + Co|Axo.
PROOF. Subtracting (3.4.17) from (3.4.6), we obtain

(3.4.25) AR(t) =Azh(t) — / AK(s)g (t — s)ds.

Substituting AK from (3.4.23) into (3.4.25) and using Fubini’s theorem, we see that

AR satisfies the renewal equation

(3.4.26) AR = F 4+ g% AR,
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with

(3.4.27) F(t) =Az)(t) + g(0)AX () + (AX™ = ¢)(t), t>0.
We now claim that there exists C < oo such that

(3.4.28) max ([|Flpz [|Z¢[lr2) < [[Azollgn + ClAxo| < oo,

where Zz(t) = fot F(s)ds. We first show how the proof of the lemma follows
from the claim. Indeed, since AR satisfies the renewal equation (3.4.26), G has a
finite second moment by Assumption ILb, and F and Z; lie in IL?(0, c0) by (3.4.28),

Proposition 3.31.b implies that there exist deterministic constants such that
IAR [z < erl|Flle + e2l|Ze [l

When combined with (3.4.28), this implies that AR lies in I.2(0,c0) and satisfies
(3.4.24) with C; = ¢+ cp and C; = (c1 + 2)C, for i = 1,2. It only remains
to prove the claim (3.4.28). First, note that for every t > 0, using the fact that

Azy(0) = —Ax, = Obecausey,j € A implies x, = ¥, = 0, we have
Ti(t) = /Ot Azh(s)ds + g(0) /Ot AX~(s)ds + /Ot AX~ % g'(s)ds
=Azo(t) + g(0) /Ot AX ™ (s)ds + /Ot AX(s)(g(t —s) — g(0))ds
(3.4.29) =Azo(t) + AX ™ % g(b).
Moreover, by Young’s inequality, Assumptions III and Il.a, and (3.4.21), we have
(3430) [AX~ g2 < g'lls 18X [lg2 < Ha AX g2 < oo

Together with (3.4.27), (3.4.29) and Minkowski’s integral inequality, this implies
that

IFlliz < [Azollgn + (8(0) + Ha) [|AX™ 12,
1 Zell2 < [[Azollgn + Ha[|AX™ 2.

Since ||AX ™ [|j2 < \/LZ—A|Ax0| due to (3.4.21), we conclude that (3.4.28) holds with

C = (g(0) + Hp)/+v/2A. This completes the proof of the lemma. O
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In Lemma 3.36 below, we use (3.4.24) to prove the asymptotic convergence of
AZ(t,-). The proof of Lemma 3.36 makes use of the following elementary result on

the convolution operator.

LEMMA 3.35. Let v € L'(0, ), and suppose w € L\ (0,c0) is bounded and

w(t) — 0as t — oo. Then ¢ = v x w satisfies lim;_,0 ¢(t) = 0.

PROOF. Fix ¢ > 0 and choose fo < oo such that sup,., |w(t)| < e. Then for

t > to,
t

P(t) = /Oto w(s)o(t —s)ds+ [ w(s)v(t—s)ds,

fo

which implies that

t
p(8)] < I|W|!oo/t [v(s)ds + e[ v|.1-

—tg
Sending t — oo in the last display, and noting that ftt_ i, [0(s)[ds — 0 because
v € L1(0,00), it follows that limsup, .. |¢(t)| < €||v|/p1. Since ¢ > 0 is arbitrary,

the lemma follows on sending ¢ | 0. U

LEMMA 3.36. Under Assumptions II and III, almost surely, AZ(t,-) — 0 in

H'(0,00) as t — co.
PROOF. Subtracting (3.4.18) from (3.1.12), we see that
AZ(t,r) = Azo(t+ 1) + (T:AK) (7).
Using (3.1.10) and (3.4.23) to expand the right-hand side above, we have
(3.4.31) AZ(t,r) = Azo(t+ 1) — G(r)AX ™ (t) + §e(r) + &(7),

where (;(r) = fot AX(s)g(t+r—s)dsand &(r) = — fot AR(s)G(t +r — s)ds. To
prove the lemma, it suffices to show that almost surely, the H! (0, 0) norm of each
of the terms on the right-hand side of (3.4.31) goes to zero as t — co. For the first

term, we have

1Azo(t + )l = [[Azo(t + )|z + [1Azo(t + ) Iz,
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which converges to zero as t — oo by (2.2.2) of Lemma 2.5. For the second term,

by (3.4.21) we have
IG()AX™ ()llgp = 1G]l [AX™ ()] < [|Gllga |Axole™,

which converges to zero because ||G||yy is finite by Assumptions II and III (see
Remark 2.3).

Next, since AX™ is continuous and g’ is bounded and continuous by Assump-
tion III, by the bounded convergence theorem, {; is absolutely continuous with

density

t t
g;(r):/o AX_(s)g’(tJrr—s)ds:/o AX~(t— )¢/ (r +s)ds, 1€ (0,00).

Therefore, applying Holder’s inequality and Tonelli’s theorem, we see that

2

el = [ ([ ax (- s)gtr+ds ) ar

< [T ([ ax =gt os) ([ st oyis)

< [[ax(e=s ["gtr+s)aras

= ((ax7)2+G) (1),

and, likewise, we have
Iz < /Ow (/OtAX_(t—s)|g’(r+s)|ds)2dr

< [ (/OtAX_(t—s)E(rJrS)ds)z dr
< H‘ZZ/OtAX‘(t—s)Z/OOOE(rJrs)drds
— B2 <(Ax—)2*/°°é(r)dr> ().

Now, (AX™)? is integrable by (3.4.21) and both G and [ G(s)ds are continuous,
bounded by 1, lie in IL1(0, o) and vanish at infinity. Thus, it follows from Lemma

3.35 that as t — oo, ||¢]|y2 — 0 and ||}|ly2 — 0, and consequently, ||Z¢||zn — O.
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Similarly, since AR is continuous and G has a continuous and bounded density ¢

due to Assumption III, by the bounded convergence theorem, ¢ has density

Ci(r) = /Ot AR(s)g(r+t —s)ds.

An exactly analogous analysis then shows that

&2, < (AR*+G) (1),
and
IgiE. < H (AR2 * /ooé(r)dr) (£).

Again, since AR? is integrable by Lemma 3.34 and both G and [~ G(s)ds are in-
tegrable, bounded by 1 and vanish at infinity, another application of Lemma 3.35
shows that as t — oo, ||&t||;2 — 0 and [|&}||;2 — 0, and consequently, ||&¢ |1 — O.

This completes the proof. U

3.4.5. Marginal Distributions. In this section, we continue to use the AH no-

tation introduced in Section 3.4.4. The main result of this section is as follows:

PROPOSITION 3.37. If Assumptions II and III hold, then Y has distribution

Pl0,00)0y, and the distribution of Y on YR+ is equivalent to P10,00)07-

PROOF. Y has distribution Py .)dy by definition. To show that the distribution
of Y is equivalent to Pl0,00)07, We first show that Y satisfies the same equations as
Y, but with B replaced by some process B, and then invoke Girsanov’s theorem to
prove that B is a Brownian motion on the entire time interval [0, c0) under another
probability measure IP that is equivalent to IP. Let B; = B; — fot m(s)ds, where m is
defined by

(3.4.32) m(s) = —R(s) + R(s) — A(X(s) + X(s)) = —AR(s) — AAX(s),
and set E = B(t) — Bt. We will first show that

(3.4.33) (K, X) = A(E, %o, 20 — Ht(1)),
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where A is the CMS mapping introduced in Definition 2.12. To prove (3.4.33), first

note that the expression (3.4.10) for X can be rewritten as
~ t ~
(3.4.34) X(F) = %o+ E() — Mq(1) + /O R(s)ds.
By equation (3.4.17) for R, relation (3.2.12), and Fubini’s theorem, we have

[ Ry = [ )+ [ Holnyds — 5(0) [ Risyis

— /Ot (/OS K(v)g'(s — v)dv) ds

= 20(t) — 20(0) — He(1) + My(1) — /O R(s)g(t — s)ds.

Together with (3.4.34), this implies

(3.4.35) X(t) =%+ E(t)+V(t)—V(0) —K(t),
where
(3.4.36) P(6) = () — Hel1) +K() - | "R(s)g(t — 5)ds.

Also, by definitions (3.4.11) and (3.4.16) of K and K and equation (3.4.32), we have
(3.4.37) R(t) = R(t) — / R(s)ds = E(t) — X+ (1) + 2.

Substituting K from (3.4.37) in (3.4.35) and noting from (3.4.36) and the fact that

(%0,20) € Y, V(0) = 25(0) = —%, , we conclude that
(3.4.38) V(t)=X({t)A0=—X(t)".

Comparing the equation obtained on substituting V from (3.4.38) into (3.4.37) with
the CMS equation (3.1.13), and comparing (3.4.37) with the CMS equation (3.1.14),
it follows that (3.4.33) holds. Furthermore, Z defined in (3.4.18) has the same form
as the expression (3.1.12) for Z, but with K replaced by K. In summary, we have
shown that Y is defined in the same way as the diffusion limit Yy in Definition 3.3,
except that B is replaced by B. Therefore, to complete the proof, it suffices to show
that there exists a new probability measure IP on (Q), F) that is equivalent to IP and

under P, B is a Brownian motion independent of M.
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Define the process {N;;t > 0} as

t 1 ft
(3.4.39) N; = exp ( / m(s)dB, — m(s)zds) . t>0,
0 0
where m = —(AR + AAX) is as above. Since N is a uniformly integrable expo-

nential martingale by Lemma 3.38 below, by Doob’s convergence theorem N; con-
verges almost surely as t — oo to an integrable random variable N, which is

almost surely positive. Define a probability measure IP on (Q), F) by:
(3.4.40) P(A) =E[14Ne], AE€F,

where [E denotes expectation with respect to IP. Since 7« is almost surely positive,
P is equivalent to IP. Also, by Girsanov’s theorem (see, e.g., [90, Theorem (38.5),
Chapter IV]), {B(t) = B(t) — fotm(s)ds,t > 0} is a Brownian motion under IP.
Moreover, for every Ay, Ay € B[0, ), since under P, M(A;),i = 1,2, is a martin-
gale independent of B, (M(A;),B): = 0, and by [59, Proposition 5.4, Chapter 3]
(note that since N is a martingale, for every T > 0 and A € Fr, P(A) = E [14N7],
and hence, our definition of IP is compatible with its definition (5.4) in [59]) un-
der IP, M(A;) is a martingale, (M (A1), M(A2))r = t ;" La;na, (x) g(x)dx and
(B, M(A;)) = 0 fori = 1,2. Therefore, under IP, M is a martingale measure with
covariance function given in (3.1.1) and is independent of B. This completes the

proof. O

LEMMA 3.38. Suppose Assumptions II and III are satisfied. Then, the process

{Ngt > 0} defined in (3.4.39) is a uniformly integrable martingale.

PROOF. Invoking Proposition 2 and Theorem 6 in [64], it suffices to show that
the local martingale M(t) = f(f m(s)dBs is of bounded mean oscillation (BMO),

that is, there exists a constant C < oo such that for all F;-stopping times T,

E[(M) — (M)1]F1] < C.
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Since (M); = fotm(s)zds > 0forallt > 0, Mis BMO if (M)s < C a.s. for some
C < 0. Note that

(M) = /OOO 2 (s)ds = ||m| 2.,

and by (3.4.32), (3.4.24) and (3.4.21), there exist deterministic constants C1, C; < o
such that

lmllf2 < 2[|AR({2 +2A%[|AX][7, < C = 4CF[|zo[lf + (4G5 + A)[Axo|* < oo,
This completes the proof. g

3.4.6. Proof of Theorem 3.26.

PROOF OF THEOREM 3.26. Proposition 3.25 shows that the diffusion limit Y is
a time-homogeneous Feller Markov process on the Polish space V. Let P =
{P;:,t > 0} be the associated semigroup of Markov kernels on ). In order to show
that the diffusion limit has at most one invariant distribution, it suffices to show
that the candidate coupling {Yy g, (y,7) € A?} constructed in Section 3.4.2 satis-
fies the conditions of Proposition 3.28. Recall that A = {(x,z) € Y ;x > 0}. For
every y,ij € A, it follows from Lemma 3.33 that the mapping (v,7) — Y,,5(B)
is measurable for every B € B(X)R+ @ B(X)R+, from Proposition 3.37 that
Yy7 € C(Pjo,00)dy, Poco)dy), and from (3.4.19) that that Y, 3(D) = 1. So, to com-
plete the proof of the theorem, it suffices to show that the subset A satisfies the
tirst condition of Proposition 3.28.

Let u be an invariant distribution of P. Assume to the contrary that y(A) = 0.
Let P, be the conditional probability measure given Y (0) ~ p. Since y is invariant
for {P:}, for every t > 0, Y(t) ~ p under P, and therefore, P, {Y(t) € A} =
P, {X(t) > 0} = 0. Equivalently, we have IP,{X(t) < 0} = 1forall t > 0. Since X

is continuous IP;,-almost surely, this implies that

(3.4.41) P, {X(t) <O0foreveryt >0} = 1.
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By (3.1.13), (3.1.14) and (3.4.41) we have, IP,,-almost surely, for every t > 0, K(t) =
B(t) — Bt — X (t) + X*(0) = B(t) — Bt, and

X(1) = X(1) 0 = Zo(t) + B(H) — Bt — H(1) — [ g(t~5)(B(s) — o)

= Zy(t) — ﬁt+,8/0t sg(t —s)ds + /Oté(t —s)dBs — H¢(1).

For every t > 0, fot G(t —s)dBs and —H;(1) are two independent finite variance
Gaussian random variables that are independent of Zy(-), and c¢; = Bt — fot sg(t—

s)ds is a finite deterministic constant. Hence, for any zy € H! (0,00) and t > 0,

P {/Otﬁ(t — §)dB. — H(1) > —z(t) +ct} > 0.

Therefore,

Pu{X(t) >0} = [

t
P Et—sdB—H1>—zt—|—c} dy) >0,
y=(x0,20)€Y {/O ( ) ° t( ) 0() t ]/l( ]/)

which contradicts (3.4.41). Therefore, (A) > 0, and the proof is complete. g

3.A. A Continuous Version of the Asymptotic Coupling Theorem

In this section, for completeness, we prove the continuous version of Corollary
2.2 of [50], as stated in Proposition 3.28. The proof is a straightforward adapta-
tion of the proof of [50, Theorem 1.1 and Corollary 2.2] to the continuous time
setting (see also [30, Theorem 2] and [79, Lemma 8.5], where a continuous ver-
sion is used). In what follows, recall that for any semi-group of measurable op-
erators ¢° : (AR+, B(X)R+) s (AR+, B(X)R+), s > 0, on the probability space
(XR+, B(X)R+), a probability measure u on (XR+, B(X)R+) is said to be an in-
variant measure of {¢*} if pju = p for all s > 0. Also, a set A € B(X )R+ is said
to be an invariant set of {¢°} if (¢°)"1(A) = A for all s > 0. Finally, an invariant
measure y of {¢°} is said to be ergodic if u(A) € {0,1} for every invariant set A of

{9°}-
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PROOF OF PROPOSITION 3.28. Define the family {®s;s > 0} of shift operators
s as Osx(-) = x(s+-),x € AR+, and note that it forms a semigroup of mea-
surable operators from (XR+, B(X)R+) to itself. Let u; and yy be two invariant
distributions of {P;}. Given the ergodic decomposition of invariant measures, we
can assume without loss of generality that y; and y; are both ergodic invariant
distributions of {P;}, and hence m; = Py \p;, i = 1,2, are ergodic invariant dis-
tributions for the semigroup {©;}.

First, we extend the definition of the measurable map Y in the statement of the
proposition from A x A to the whole space X x X by setting Y;; = P )0y ¥
Plo,ce)d7 for (y,7) ¢ A x A.Next, let Y € My (X R+ x XR+) be the measure given

by
YB) = [ YygBim@m(dn), B eBX)R 0 B)R

Note that by construction, Y € C(my,my). Also, since by conditions (I) and (III)
of the proposition, Y, (D) > 0 for all (y,7) € A x A and p1(A), u2(A) > 0, it
follows that Y(D) > 0.

Now, fix any bounded, Lipschitz function ¢ on X, and define ¢ : XR+ — R by

P(x) = ¢(x(0)),x € AR+, By (the continuous-time version of) Birkhoff’s ergodic

theorem (see, e.g., [68, Theorem 1 of Section 1.2]), for i = 1,2, there exist sets
B?b € B(X)R+ with mi(B?)) = 1 such that for every x; € BZ(.P,
(3.A.1)
1 t 1 rt. -
lim 7 [ 9(xi(s)ds = lim 5 [ @(@cxds = [ plxmildx) = [ p(z)pi(dz).

Now, since Y € C(my,my), fori = 1,2, the marginal Hg)\_{ is absolutely continuous
with respect to m;, which in turn implies H?Y(B;P) = 1because mi(B;P) = 1. Thus,
we have Y(BY x Bf) = 1. Also, since Y(D) > 0, defining D = D N (B x BY), we

have Y(D) > 0, and in particular, D is not empty. Take any (x1,x2) € D. Then
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(x1,x2) € D and by (3.A.1), we conclude that

] [ o@m) — [ o) = tim j| [ @) - o) ds
< lim <2 [ d((x(9), 22())s
=0,

where Cy is the Lipschitz constant of ¢ and the last equality follows from the def-
inition (3.4.3) of D. Therefore, [, ¢(2)p1(dz) = [, ¢(2)p2(dz) for every bounded

Lipschitz function ¢, and hence, j1 = uo. U

3.B. On the Generator of the Limit Markov Process

In this section, we formally discuss the problem of identification of the gener-
ator of the limit Markov process Y, as the first step towards the characterization
of the unique invariant distribution 7r. Some of the results here not rigorous yet; a
complete treatment of this problem is the subject of future work.

Let IF be the collection of functions f : R x IH!(0, o) ~— R for which there exist
n>0,r,..,1 €[0,00)and f € CP(R x R";R) such that

Flx,2) = f(x,2(r1), ., 2(rn)), x € R,z € H(0,00).

Fix f € F, with corresponding n > 0, r1,...,t, and f. For z € lHl(O,oo), denote
z" = (z(r1),..,z(rs)) and let fy and f; be the partial derivative of f(x,z1,...,zx)
with respect to x and z;, respectively . By Ito’s formula,
n
df (Xy, Zi) =fx(Xe, Z1)dXe + Y fi( Xy, Z1)dZ4 (7))
j=1

b3 Ferl X0, Z)a(X);

+ iij(xt/ Zi)d(X, Z(rj)>t
j=1

3 2 Fy(X0 ZAZ (), 20
ij=
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It can be shown that when the initial condition yy = (xo, z¢) of the SPDE of Defi-
nition (3.1) is such that zy € H'(0,0) N C'[0, o), then the solution Y¥0 = (X, Z)
satisfies Z; € H'(0,00) N C![0, 0), almost surely, for every t > 0. For such initial

conditions, we have
(3.B.1) dX; = (Z;(0) — B)dt + dB; — dM;(1),
(3.B.2) dZi(rj) = Zi(rj)dt —dM(®,1) + G(r})dK,
Also, by Theorem 4 in [62],
AK: = px(nyoo0) (AM0(1) — ZEO)AE) + Lxyy<op (dBy — Bt} + 2413 (1)
where L()f is the local time of X at 0, and hence,

AZ4(r) =1 (x50 { (Z4(r)) = G(1)Z1(0) )t — dM(®51) + G (rj)dM:(1) }
+ ﬂ{X(t)SO} {(Z;(T]) — G(V])IB) dt — d./\/lt(q)rjl) + G(V])dBt}

G(r]-)dL()f(t).

N =

+

Using the terminology of [62], we first consider simpler stochastic process, which
we call super-critical and sub-critical processes, that appear as the diffusion limits

of the state representation y(N)

, but in the so-called super-critical and sub-critical
asymptotic regimes, respectively.
We will frequently use the following equality on the covariance function of the

martingale measure term
(M(®r1), M(®,1))¢ = F(ri,7)t,

where
x+1;)G(x + 1))
G(x)?

© G
(3.B.3) F(ri,1j) i/o ( g(x)dx.

We first compute the generator for sub- and super- critical cases, and then show
that the generator for critical case equals to that of sub-critical case on the set

{(x,z) € R x H(0,00); x < 0} (which we call sub-critical region) and equals to the
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generator of super-critical case on the set {(x,z) € R x H!(0,00);x > 0} (which

we call super-critical region.)

3.B.1. Generator of the Sub-Critical Process. First consider the sub-critical

process Y = (X, Z) that satisfies (3.B.1) with dK; = dB; — Bdt. Hence,

dZt(r]-) = (Z;(I’]) — G(i’])ﬁ) dt — d./\/lt(q)rjl) + G(i’]‘)dBt.

Therefore,
d(X); = 2dt,
d(X,Z(rj)>t = (P(O, r]-) + G(rj)) dt = c(0,j)dt
d(Z(r;), Z(rj)) = (E(r;, ri) + G(ri)G’(rj)) dt = c(i,j)dt,
where
(3.B.4) c(i,j) = F(ri,rj) + G(r;)G(r)),

and ro = 0 by convention. Therefore, for every (x,z) € R x H'(0,00) with z(0) =

x, when (Xy, Zy) = (x,z) we have

B [f(X,20)] ~ F(x2) = [ E [fe(Xs, Z2)(Z4(0) ~ p)] ds
+ Y [ E (X Z2)(Zir) — G(ry)B)) ds

=170

+ [V [fux(Xe, 22 ds

n t

+Yoc0n) [ B [fy(Xs 22)] ds

j=1 0
n t

3 1 clid) [

E [fii(Xs, Z¥)] ds,
ij=1 0

By continuity of X and Z and since f is continuous and bounded,
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(3.B5) L_f(x,z) =lim E[f(Xs, Z{)] — f(x,2")

t—o00 t

— e, 2" {2(0) — B} + }flmx,z"){z'(rj) ~G(r))B}

]

n

F feln2) 4+ Y0 (2" + 5 3 cli )i,

j=1 i,j=1

where £ _ is the generator for sub-critical case.

3.B.2. generator for super-critical case. Next, consider the super-critical pro-

cess Y = (X, Z) that satisfies (3.B.1) with dK; = dM;(1) — Z}(0)dt. Hence,

dZy(rj) =(Zi(r;) — G (1) Z4(0))dt — dM(Dy,1) + G(r})d M, (1)

Therefore,
d(X)y =2dt,
d(X,Z(r]-))t =a(j)dt,
A(Z(r;), Z(r}))e =i, f)at,

where
(3.B.6) a(j) = F(r;,0) — G(rj),
and
(3B7) b(l,]) = F(TZ', 1’]) — G(I’i)F(T]', O) - _(1”]')1:(1’1', 0) + G_(VZ)G_(I’])



Therefore, for every (x,z) € R x IH!(0, o0) with z(0) = 0, when (Xo, Zy) = (x,2)
we have
t

E[f(X0, Z)] = f(x,2") = [ E [fu(X: 22)(Z4(0) — B)) ds

0

L /cflﬁ (X, Z2) (ZL(ry) = G(r))Z4(0)) ] ds
j=1

+/O E [fox(Xs, Z1)] ds

n

+)a(j) /OtlE [fj(Xs, Z2)] ds

j=1
1y
+5 L bd) [ E [fy(X: 2] ds,
iji=1

By continuity of X and Z and since f is continuous and bounded,

(3BS) L. f(x,z) = lim = [f (X, Z})] = f(x,2")

t—ro0 t

=fx(x,2"){Z'(0) — B} + iﬁ(x/ 27 (rj)) = G(r))Z'(0)}
=

¥ feel 2+ Y al) f 2+ 5 3 b0 iy 2)

j=1 ij=1

where £ is the generator for super-critical case.

3.B.3. Generator of the Limit Process Y. Combining the results of the last two
sections, we can characterize the generator of the limit process Y. One can show
that for every (Xo, Zo) = (x,z) and x # 0, for every smooth function f with com-

pact support,

lim I Uotf(Xs,ZQZ)dLg(s)} —0,

t—oo t
Therefore, by continuity of (X, Z) and continuity and boundedness of f, similar to

the sub- and super-critical cases,

GBY)  LF(xz) = lim B2 —f(xz) Lof(x,z) ifx>0
’ t—o00 t £7f,<x’z) oy <0
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This shows that the generator for critical case equals to that of sub-critical case on
the sub-critical region {x < 0} and equals to the generator of super-critical case on

the super-critical region {x > 0}.

3.B.4. An Equation for Invariant Distribution. We are looking for a distribu-

tion 7 on R x H'(0, 00) such that for every f € T,
(3.B.10) /Ef(x,z)ﬂ-(dx, dz) =0

Recall that f(x,z) = f(x,z(r1),..,z(ry)) for some n > 0,7y,..,r, € [0,00) and
f € C®(R x R";R). By equations (3.B.5), (3.B.8) and (3.B.9), for x # 0, Lf(x,z)
only depends on the vector (x,z",z(0),z'"). Let the probability measure 7 be the

push-forward of w under the projection
p: R xHY(0,00) — R¥*2;,  p(x,z) = (x,2",2(0),2'"),

and assume that 7 has a density ¢. If the support of f lies in the super-critical

region {(x,z");x > 0}, then by equality (3.B.9),

/ﬁf(x,z)ﬂ'(dx,dz) :/£+f(x,z)cp(x,z”,zo,z’”)dxdz”dzf)dz'”

=— /f(x,z) Lp(x, 2"z, 2/ M)dxdz" dzydz' "
where L7 is the “dual” operator of £ . Therefore, the equation (3.B.10) implies
(3.B.11) / L5 p(x, 2", 2,2/ ")dzpdz " =0 vz" € R",x > 0.
20,2 "

Similarly, if the support of f lies in the sub-critical region {(x,z"), x < 0}, then the
equation (3.B.10) implies

(3.B.12) / LX¢(x,2",20,2'")dzydz' " =0 vz" ¢ R", x < 0.
20,2'™
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where L* is the dual operator of £_. Now for general f € T,

/L’f(x,z)ﬂ-(dx, dz) :/ Lf(x,z)m(dx,dz) + Lf(x,z)m(dx,dz)
{x>0} {x<0}
= —/ f(x,z) L5 p(x,2", 20,2 " )dxdz"dzjdz'"
{x>0}
—/ f(x,2) L5 ¢(x,2", 20,2/ ")dxdz"dz(dz'"
{x<0}

+ boundary terms on super-critical side

+ boundary terms on sub-critical side

Since the first two terms on the right-hand side above are equal to zero, equation

(3.B.10) implies
(3.B.13) boundary terms on sub-critical side = boundary terms on sub-critical side

Solving these equations gives a characterization of the stationary distribution 7t of

Y. This would hopefully be the addressed in future works.
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CHAPTER 4

Central Limit Theorem for the Sequence of Stationary

Distributions

Finally in this chapter, we show that in the Halfin-Whitt asymptotic regime, the

limit of the corresponding sequence of stationary distributions 7z(N)

of the repre-
sentation process {Y(N)} has a limit, and the limit is the unique invariant distri-
bution of limit diffusion process Y = (X, Z). This resolves the question of conver-
gence of the scaled and centered steady-state distributions of GI/GI/N queues
in the Halfin-Whitt regime posed in [51] for a large class of service distributions.

Here is the main result.

THEOREM 4.1. Suppose Assumptions I-IV hold. Then there exists a measure 7
on Y such that 7N) = 77in Y as N — co. Furthermore, 7t is the unique invariant

distribution of a Y-valued Feller Markov family {Yy >0,y eV}
PROOEF. See Section 4.2.3. ]

First in Section 4.1, we prove the tightness of the sequence of stationary pro-

cesses { (N} of the representation process YN). Although the tightness for the

(N )-marginal, X&N) +, of AN is proved in [37], we need in addi-

positive tail of X
tion to establish tightness of the Z(N)-marginal in its function space H! (0, co). This
requires a fair amount of computations (Section 4.1.3). We also have to strengthen

the tightness result in [37] and instead show the uniform boundedness of X&NH i

n
IL' (Section 4.1.2). Finally in Section 4.2, we prove the convergence of {7(N)} by
showing that every subsequential limit of {7(N)} is indeed the unique invariant

distribution of the diffusion limit process Y.
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4.1. Tightness of Stationary Distributions

Recall from Theorem 2.7 that for every N € IN and every initial configuration of

N) as t — oo. In this sec-

the queueing system, ?t(N) converges in distribution to 7z(
tion, we prove that the sequence of steady-state distributions {77(M) } ycp is tight.
Tightness of the X(N)-marginal is proved in [37], but we also need to show tight-

ness of Z(N)

-marginal in the right space. This result is stated in the next theorem.
THEOREM 4.2. Suppose Assumptions I-IV hold. Then, the sequence {7 (N} yen

is tight in ).
PROOF. See Section 4.1.4. O

By Remark 4.3 below, to prove Theorem 4.2, it is enough to show that for some
specifically chosen initial condition, the family {?t(N) = ()A(t(N), Zt(N)) ;t > 0,N €
IN'} is tight in ). We choose a specific initial condition also considered in [37], that
is convenient for establishing tightness of associated family {?t(N) ;6> 0,N € N}.
This initial condition is described in Section 4.1.1. In Section 4.1.2, we recall a
bound on the queue length of the N-server queue, obtained in [37] under the
aforementioned specific initial condition, and establish a uniform IL! bound for
the scaled queue length process. Our bound is stronger than the tightness result
established in [37, Theorem 1], and is required to establish the tightness of the fam-
ily {Z\t(N) ;£ >0,N € N} in Section 4.1.3. The proof of Theorem 4.2 is concluded in

Section 4.1.4.

REMARK 4.3. Suppose a family {§§N) ;£ > 0,N € N} of random variables tak-
ing values in a Polish space &’ is tight, and for every N € IN, dN) = gf,oN) in X as

t — oco. Then, for every € > 0, there exists a compact subset K. C & such that

sup P {c:ft(N) € Kg} < €.
NeNN, t>0
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Since K¢ is open, by the portmanteau theorem for weak convergence, for every

N € N we have

P {C&N) € Kg} < limsupP {Ct(N) € Kg} <suplP {(;‘gN) € Kg},

t—o0 t>0

and hence

sup P {géﬁ” € Kg} < sup P {éfN) € Kg} <e.
NeIN NeN, t>0

Therefore, the sequence {égoN) }Nen is also tight in X',

4.1.1. A Special Initial Condition. Recall from equation (2.2.15) that the pro-

cess YN is a function of the Markovian state space VIN). We now describe the

(N)

specific initial condition for V'*/, that is also used in [37], which facilitates estab-

lishing tightness of the family {?t(N) ;£ > 0,N € IN} (see the discussion above).

Recall from Assumption I that the arrival process EN) to the N-server system

is a renewal process with inter-arrival distribution G)(EN) and delay u(()N). Define

RiN) to be a random variable with distribution

PR e 4} = /AE%N)(x)dx, VA € B[0, ).

When the delay uéN), and hence the initial forward recurrence time R(()N), has the

(N) (N)

same distribution as R, "/, the arrival process E'\"*) becomes a stationary renewal

process (see [3, Theorem V.3.3]). Next, define X&N) = N. Also, let {a;‘ ;7 € N}
be a sequence of i.i.d. random variables with common distribution ]P{a;f € A} =

[4 G(x)dx for all A € B[0, ), and define

N
(4.1.1) N =y
e
Finally, define
(4.1.2) N = Zaw(RMN), xN) (V).

To summarize, when the initial condition VO(N) is distributed as niN), there are

initially N jobs in system (and hence by the non-idling assumption, all jobs are

in service), with independent initial ages distributed according to the so-called
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residual distribution of G (i.e. with density G(x)dx), and the arrival process is

stationary.

LEMMA 44. If (X((JN),V(()N)) = (X£N),V£N)) for every N, then the sequence
{(XSN), V(()N) )} satisfies (2.3.4).

PROOE. Since X = 1 for all N, X'/ — 1 both almost surely and in expec-

tation. Also, for every continuous bounded function f, ) (f) = Zj]\il f (a]’.‘) /N.
Since {a]’.‘ }jez are iid. with p.d.f. G, by the strong law of large numbers and

definition (2.3.3) of ¥, we have

W) S Elf@)] = [ @G =), as

(N)

Therefore, v'\"Y) — ¥ in Mg[0, o), almost surely, and hence, in distribution. O

4.1.2. Bounds on the Queue Length. Now we recall the bound on the queue

length (Xt(N))Jr, that was obtained in [37]. For every N € IN, define the random

variable
. 1 N
(4.1.3) QN = ——sup [ AN (1)~ Y Di(t) |,
£>0 i=1
where A(N) is an equilibrium renewal process with renewal time distribution G ](EN) ,

and D;;i = 1,..., N, are i.i.d. equilibrium renewal processes independent of AN
with renewal distribution G. Also, recall that a random variable X is said to
be stochastically dominated by another random variables Y, denoted X (%) Y, if
P{X >x} <P{Y > x} forevery x € R.

PROPOSITION 4.5. Suppose Assumptions I-II hold, and VO(N) is distributed as
niN). Then, for every t > 0,
(4.1.4) X

PROOF. Define

QM) = — sup (A<N>(s> - ims)), t=0.

0<s<t
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R R d
Since Q(N ) (1) < Q(N ) for all t > 0, it suffices to show that for every t > 0, Xt(N)Jr <

QW) (t). However, the latter inequality would follow from Theorem 3 in [37], once
we verify the assumptions H-W and Tj in [37, Section 2.1]. Recalling these as-
sumptions in our notation, H-W requires that P{v; = 0} = P{i, = 0} = 0, and
that E [Uj} = E[iiy] = 1, where recall that vj,j = 1 are the service times, and
ily,n > 1 are the inter-arrival times of the process E, and inter-arrival times of the
arrival process E(N) must satisfy uSZN) = i,/ AN), with A(N) defined in (2.1.1). This
follows from our Assumptions I and Il.a. Next, condition Ty of [37], again in our

notation, requires the following.

(i) There exists € > 0 such that IE[ﬁngre)],IE[vngre)] < oo,
(ii) v; has a non-zero variance.
(iii) lim; ot 1G(t) < co.

(iv) For every N € IN, the number of jobs in system Xt(N) (which is denote by

QN (t) in [37)), satisfies Xt(N) = Xc(,oN) ast — oo.

First note that (i) holds because the inter-arrival times and service times have finite
(2 + €) moments by Assumptions I and ILb, respectively. Next, since the service
time distribution has a density g, it has a non-zero variance and also satisfies the
condition (iii); see the discussion below assumption Tp on page 4 of [37]. Finally,
under Assumptions I and II, (iv) holds by Proposition 2.9. This concludes the
proof.

O

The tightness of the sequence {QN); N € IN} is proved in [37, Theorem 1].
Here, we prove a stronger result which we use to show tightness of {Zt(N) ;>

0,N € N}, namely that the sequence {QN); N € N} is uniformly bounded in L',

PROPOSITION 4.6. Suppose Assumptions I and I hold, and VO(N) is distributed
as niN). Then, there exists a constant Co <0 such that
(4.1.5) sup E [@N)] < Co.
NeN
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PROOF. First, note that one can construct a pure renewal process A(N) with the

same renewal distribution as A(N), such that AN (t) < AN (t) +1 for all t > 0.

(N)

Therefore, it is sufficient to prove the proposition for the case when A"/ is a pure

renewal process, which we assume for the rest of the proof.

Set TO(N) =0, and let TT(ZN) and QT(IN), n > 1, be, respectively, the epoch times and

(N) (N

renewal times of the process A ) — YN D; is decreasing

on [T,SN),'qgfi) foralln > 0, Q(N) in (4.1.3) can be written as Q(N) = QN /\/N,

. Since the process A
with

N
(4.1.6) QW) = sup (k -y Di(Tk(N))> = sup <5£N)> /

k>0 i=1 k>0

where

By the stationarity of D; and the independence of AN) and D;, i = 1,...,N,

g(N)

i j > 1, are identically distributed, with common mean

N _ P
AN) /N —p

e™ =B |gM] =1 NE |Dy(6f)| =1 -

where the last equation uses (2.1.1). By equation (12) in [37], there exists p > 2 and

a constant C; < oo, such that for every k € N and x > 0,

(N) . (N) Lo—p
(4.1.7) P {g]%((sj je™r) > x} < Cikzx7P.
Note that in [37], S](-N) is denoted by Wy, e(N) is denoted by ay, p is replaced by
r, and Cj is replaced by K, (C; + 1)"/?; see the definitions of W,,,j and a, on page 17
of [37].

Since [e(N)|v/N — Bas N — oo, (4.1.5) is equivalent to showing E[|e(N)|Q(N)] <

C for a constant C < co. Analogous to the argument used in [95], for every x > 0
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and large enough N (i.e. N > 2),

]P{|€(N)|Q(N) > x} = P{S(N) >

>
j |€(N)| for some j > 0}

=P {(S(-N) —jeN)y > ﬁ + j]eN)]| for some j > O}

<Y P (SN — ey > 2 1 i1eM)] for some 2F < j < 2k+1}

k=0 { J |€(N)|

I (N) . (N) x EL(N)
<
B k‘é})][) {Oér]l"?z)k(ﬂ S] jet) > |€(N)‘ +2%e |}

with C; = v/2PC;, where the last inequality follows from (4.1.7). Now, since for

every non-negative random variable X
IE[X]z/ 1P{X>x}dx§1—|—/ P{X > x}dx,
0 1
we have
1) 00 X \/_ -F
E [|leMjo™] <1+4C / — X L eMVE|
[|€ Q }_ + zkg] . |€(N)|@+|e | X

Performing the change of variable

X I
U= ——m 8 + G(N) 2k,
|e(N)|\/2k | |
setting
: 1 . G
= ———— +e™|v2h, and G = —,
. |e(N)|y/2k S " T -1
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and recalling that p > 1, we have, for arbitrary n € IN,

E [|€(N)‘Q(N)} <1+G i |€(N)|\/ﬁ/uOo u Pdu
k=0 0

0 —p+l
—1+G Y e |\/_< +|e(N)|\/2_k>
> )| /28
n —pHl
<1+4G Y [eW |¢_< )
D RN
G Y \e<N>\\/?<\e<N>y\/?)_p“
k=n+1
<1+c32(|e |¢_) +c32(|e<N>|@)_”
k=0 k=n

By standard calculations for geometric sums, we have

i<|e(N)|\/§)p |PZ (27)F N)|P%_(|e N)|y/2n)P,

k=0 22 —1

and (using the fact that p > 2),

0 0
- pP=

5 (eVE) T < e £
k=n k=n
_p2
_ |€(N)|—p+2u
1-2-5
< (e,
1-2"
Combining the last three displays, for C; = (1 —2~(P=2)/2)71C;, we have

(4.1.8) E [|€(N)|Q(N)] <1+C4 <(|€(N)|\/2_n)p + (|€(N)|\/2_n)_p+2> _

For fixed N, the above inequality holds for every n € IN. We now find an ap-
propriate n = n*(N) for each N to get the desirable bound. Define z(N) =
log, (|e™)|~2) > 0, so that [e™)|v/2:(N) = 1, and let n*(N) = [z(N)], so that
z(N) < n*(N) < z(N) + 1, to obtain

NI/ 2 (NP 4 (|eN) |4/ 27 (N) ) =PF2 < (1eN) 4/ 22(N)+1YP - (1e(N)]/22(N) )= p+2

(4.1.9) <1+420/2,
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Combining (4.1.8) and (4.1.9), we have
E [|€(N)|Q(N)] <1+Cy <(|€(N)|\/W)p i (|€(N)|\/W)—p+2>
<14 Cy(142F72),
which completes the proof. 4

The following corollary follows on combining the last two propositions.

COROLLARY 4.7. Suppose Assumptions I and II holds, and VO(N) is distributed

(N)

as 7t; . Then, for every t > 0,

(4.1.10) sup E [)?fN”] < Co.
NeN,t>0

4.1.3. Tightness of Z(N). In this section, we establish the following result.

PROPOSITION 4.8. Suppose Assumptions I- IV hold, and VO(N) is distributed as
niN). Then, the family {/Z\t(N); t > 0,N € N} is tight in H!(0, o0).

The rest of the section is devoted to the proof of this proposition. We first de-
scribe criteria for tightness of H! (0, c0)-valued processes in Section 4.1.3.1, an then
obtain estimates in Sections 4.1.3.2 and 4.1.3.3 to verify these criteria for the fam-
ily {Zt(N) ;t > 0,N € IN}. As shown at the end of Section 4.1.3.3, the proof of
Proposition 4.8 then follows as an immediate consequence.

4.1.3.1. Tightness Criteria for H'(0, co)-valued Processes. We start with criteria for
tightness in H! (0, o).

PROPOSITION 4.9. Suppose a family {{,(7);x € A,r € (0,00)} of random vari-

ables satisfies the followings.

(a) Forevery L > 0,
41.11 li P Ay =
(4.1.11) pim sup {I!CaHmz(o,L) > } 0,
and for every § > 0,
(4.1.12) Jim sup P {1allizro > 0} =0.
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(b) For every a € A, almost surely, {,(-) has a density {/(-) on (0,00) such
that for every L > 0,
41.13 li P < |2, Ap =0,
(41.13) fim sup {IICaHLzm,L) > }
and for every 6 > 0,
. / .
(4.1.14) Jim sup P {ngcH]LZ(L,oo) > 5} = 0.
(c) For every a € A, almost surely, £/, (-) has itself a density {7/ (-) on (0,0)
such that for every L > 0,
4.1.15 li P ! A =0.
(4.1.15) fim sup {||Ca 2,y > }

Then, {Z4(-); & € A} it is tight in H'(0, c0).

We differ the proof of Proposition 4.9 to Appendix 4.A.2. The following Lemma
provides a sufficient condition for the criteria of Proposition 4.9 which is easier to

verify in some cases.

LEMMA 4.10. For a given family {{.(7);a € A,r € (0,00)} of random vari-
ables, assume for every & € A, almost surely, the densities ! and I exist, and
there exists integrable functions Ry, Ry € ILl(O, o), and a locally integrable func-

tion R3 € ILL (0, o) such that for every a € Aand r > 0,

loc

E[|(P| SRi(r),  E[G0OP] SR, E[EIZH(rP] < Rs(r).

Then, the family {Z,(-);« € A} is tight in H!(0, c0).

PROOF. Fix L > 0. Using Markov’s inequality and Tonelli’s theorem, for every

x € Aand A > 0, we have

P {16l > 2} < 5 [160200] = 32 [ E[160)P]dr < 55 [ Ritryr

The right-hand side does not depend on «, and is finite because R; is locally inte-

grable. Thus, taking the supremum over « € 4, and then the limit A — oo on both
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sides of the above inequality, (4.1.11) follows. The proofs of properties (4.1.13) and
(4.1.15) are exactly analogous.

Similarly, for every 6 > 0,

4116 P{|Gliee >0} < 3 [ E[IGaIP]dr < 5 [T Ratr

Since R; is integrable, the right-hand side converges to zero as L — co. Taking the
supremum over a € A, and then the limit L — oo on both sides above, (4.1.13)

follows. The proof of property (4.1.12) is exactly analogous. O

4.1.3.2. A Bound on the Martingale Measure Stochastic Integrals. In this section we

(N)(

deal with the component M 0 (Fet 1) of )A(t(N). The next lemma derives estimates

on the covariance function (2.3.6) of M®),

LEMMA 4.11. Suppose Assumptions I-III hold and VO(N) is distributed as ﬂ,(‘N).

Then, for every t > 0 and nonnegative, absolutely continuous, bounded function

f, wehave

(4.1.17) E[ﬁNkfﬂ /n(fcx chu%CQ/‘|fG )|ds.

In addition, if Assumption IV.a holds, there exists a bounded function Rp; on

[0, o), which is also integrable on (0, c0), such that for every t > 0 and N € N,

[ (ézc +5+7) §<->> s
0o G() GO

PROOF. For the first claim, fix f and t > 0. Dividing both sides of (2.3.10) by N,

(4.1.18) E < Ry(r), r>0.

and taking expectations, we have

(4.1.19)
E[Y (] = e [10V @] —E [V ()] +E [ [y -s)ar|.
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(N)

Since v, ’ has the same distribution as 1/* Z where ar,7 >0} areiid
0 j ]

with p.d.f. G, and by definition (2.2.8) of ®;, we have

N f(ari +1)G(af +1)
E[r @) = 5 lz (@)

=1

QI

_g|f@ +1)G(a; + 1)
G(ay)
(4.1.20) _ / )(x + £)d

Next, by definition (2.3.9) of #(N) and properties of the stochastic integral with

respect to the martingale measure M (N), we have
(4.1.21) E[HN (£)] = o.

Finally, substituting K(N) from (2.3.11), integrating by parts, and using the fact that

X(()N) = N and the nonnegativity of f, we have foreach t > 0

(4.1.22)
[ (B = [ (Fe)e )™ — fo) &Y ~1)*

- [ & 156y (s - syas
(4.1.23) /(fG)(t—s )dE! +/ VFI(FG) (- s)|ds

When VO(N) is distributed as ﬂ,(kN), EN) isa stationary renewal process and satis-

fies IE[E(N) (t)] = AN, Therefore, using integration by parts twice and invoking

(N)

Fubini’s theorem, and using the facts that A’ < 1 and f is non-negative, we have

E| [ o) -t | = ro [E] + [[5 [EN] (76 - sjas
Foyt+ A /Ots(fé)’(t —5)ds
(4.1.24) S/Ot(fé)(s)ds.



Finally, by Corollary 4.7, for every s > 0, IE[()_(gN) —1)*] = 1E[)?§N)+] /VN < Cg,

and hence,

E [/Ot(ygl\f) _ 1)+|(f§)/(t—s)|ds] < /Of]E [(XiN) _ 1)+] |(fG)'(t —s)|ds
(4.1.25) < Cg / (FG)/(s)|ds.

Equation (4.1.17) then follows on substituting the relations (4.1.20)-(4.1.25) in (4.1.19).

For the second claim, note that by Assumptions II-III and recalling the con-
stants H and H, defined in Remark 2.2, for every s,r > 0, the function f, =
Ez(s +r+-)g(-)/ 63(-) is non-negative, absolutely continuous and bounded, and
satisfies | f.G(x)| < HG(x +s + 7). Also,

—2G(x+s+7r)g(x+s+7)g(x) + éz(x +s+7)g(x)
G(x)?

(f:G) (x) =

N G (x +_53+ r)gz(X),
G ()

which implies |(£.G)’(x)| < (3H? + Hy)G(x + s + r). Therefore, replacing f with
f«and tby t —sin (4.1.17), we have

SN (@2(--|—s+r g(*) )

() ¢t

< H/ (s+r+x)dx
t—s
+Co(3H? + Hy) / Gls + 7+ x)dx,
0
and hence, by Tonelli’s theorem, (4.1.18) holds with

Ru(r) = (H + Co(3H? + Hy)) // x)dx ds.

The function Ry, is bounded and integrable by Assumption IV.a (see Remark 2.4).
O

The next lemma shows absolute continuity of the the martingale measure sto-

chastic integral term. A similar result is obtained in [62, Lemma E.1].
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LEMMA 4.12. Suppose Assumptions II-III hold. Then, for every N € IN and

every t,r > 0,

(4.1.26) MNE,,,1) =HN ) - / MM (),
0

and

(4.1.27) MM, k) =1 () + / MW () du,
0

where hy = ¢/G is as defined in Remark 2.2.

PROOF. Fix t > 0. By Assumption III, the function

x+t+u-—s)
G(x)

7

(Yeruh)(x,8) = 8

is bounded, continuous, and satisfies

Gx+t—s) Glx+t+r—s)
G(x) G(x)

Therefore, by the stochastic Fubini theorem for martingale measures (e.g. see [98,

/()r(‘lft+uh)(X,S)du = — Ttl(x,s) _ ‘I’t+rl(x,s).

Theorem 2.6], and note that M®) s an orthogonal, and therefore a worthy mar-

tingale measure, see definitions therein) we have
r r
/0 MYy = MY ( /0 ¥, 0 du) M) - MO, ),

and (4.1.26) follows from definition (2.3.9) of H(N), Similarly, by Assumption III,

g(x+t+u—s)
G(x)

(TtJruhZ) (xr S) =

4

is bounded continuous and satisfies

xX+t+r—s) glx+t—s)
G(x) G(x)

The equality (4.1.27) then follows from another application of the stochastic Fubini

/Or(‘f’t+uh2)(x,5)du - 8( () — Fih(x,s).

theorem for martingale measures. u

Now we can prove tightness of the martingale measure integral term.

LEMMA 4.13. Suppose Assumptions I-IIl and IV.a hold, and VO(N) is distributed

as 7). Then, the family {/(/l\t(N) (Yi4,1);t > 0,N € N} is tight in H' (0, 00).
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PROOF. By definition (2.3.7) of ¥s and quadratic variation (2.3.6) of integrals

with respect to martingale measure M (N), and using the bound (4.1.18), for every

[ (é% tr+-)8() ) s
o 7 G()  G()

Furthermore, by (4.1.26), M gN) (¥t+.1) has a density /T/l\EN) (¥¢+.h), which satisfies

[o <g2<s rre) g(-)) ds]
o "\ Gy G()

/tv(N) <62(5+r+ '>§(-)> dS]
o G() GO

where the inequality holds by Assumption III. Therefore, the bound (4.1.18) im-

t,r > 0and N € N we have

4128) E [ﬂﬁN) (‘ft+r1)2] —E < Ru(r).

an analogous relationship

E [ MY (¥i1,h)] =

< H?*E

plies
(4.1.29) E [/\79’) (Frsr h)z] < H?Rp(r).

Likewise, by (4.1.27), /T/l\gN) (Y¢+.h) has a density ./T/l\gN) (¥t+.hp), which, by As-

sumption III, satisfies

(4.1.30)

E [ MY (¥r1,10)%| = E

fny (18 +r+) g()
/0 Vs ( Ez(-) C()) ds] < H%RM(r).

The lemma follows from (4.1.28)-(4.1.30), the integrability of the function Ry, guar-
anteed by Lemma 4.11, and the tightness criteria of Lemma 4.10, with Ry = Ry,
Rz = HZRM, and R3 == H%RM ]

4.1.3.3. Tightness of Other Terms. In the next four lemmas, we prove tightness

(N)

of other sequences associated with each of the other components of Z(N) on the

right-hand side of (2.3.20).

LEMMA 4.14. Suppose Assumptions II and III hold, and VO(N) is distributed as

7). Then the family {/Z\(()N) (t+-);t >0,N € N} is tight in H'(0, c0).
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PROOF. By the representation for zZ(N) given in (2.2.12) and definition (2.2.7) of

Z,we have

ZN (1) = % (24 1) ~ NZ(t41)) = % (6
™)

Since v;; ’ has the same distribution as viN) defined in (4.1.1), we have
. (d) af +t+-) 00
Z(()N)(t+ 2 2(——/ G(x—l—t—l—~)dx>,
VN G(a) 0

where the {a]“f;j > 1} is ii.d with p.d.f. G. Hence, the sequence {E(a}k +t+
2]

Therefore, for the function Ry(r) = f . G(x)dx which is non-increasing and inte-

N(®p.,1) — NZ(t+ r)) .

r) /E(a]’-‘)}jzl is also i.i.d. with mean fooo G(x +t+7)dx, and,

E [Z(()N)(t + r)z} = Var <%) <E [
1

G(aj +t+r)
G(ay)

= / x+t+r) dx < G(x)dx.
t+r

grable by Assumption IL.b, we have
(4.1.31) E [Z(SN)(t + r)z] < Ry(t+7) < Ry(r).

Furthermore, since G has density g, ZéN)( + -) has density (Z (() )) (t+-),

where

(N7 (_) g(az +t+)_ oo .
(Zy)(t+-) = \/_Z( @) /Og(x+t+)dx>.

Similar to (4.1.31), using Assumption III, it can be shown that {, satisfies

(4.1.32)
2
glay+t+r)

G(a7)

E[(ZM)(t+r?] <E

~ N (¢'(ai +t+- 00
ZMy e+ - Z(g (a]@(m )—/0 g’(x+t+-)dx>,
= ]
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which similarly satisfies

(4.1.33)
— 2
G(aj+t+7)

G(a)

2
_ (0% +t +
E|[(Z") (t+1?| <E % < H3E < HyRi(7).
1

The result follows from (4.1.31)-(4.1.33) and the tightness criteria of Lemma 4.10
with R, = H?Ry, and R3 = H3R;. O

LEMMA 4.15. Suppose Assumptions I, Il and IV.b hold and VO(N) is distributed
(N)

as 71, . Then, there exists Cg < oo such that for every (deterministic) absolutely

continuous function f on (0, o),

(4.1.34)

¢ N 2
‘ | fle=s)ae™
0

(4.1.35) L Cr ( /0 t f(s)ds)

< curlf(of+ e ([ slrolas) [ 176)1as)

2

Moreover, the family
t— A\
{/ G(-+t—s)dEN;t>0,N € ]N}
0
is tight in H! (0, o).

PROOF. To prove (4.1.34), fixt > 0 and f as in the statement of the lemma Since

E(N) is a stationary renewal process when VO( ) is distributed as 7'5* {E

s < t} has the same distribution (as a process) as {Et N) _ Et( S) ,0 <'s < t}. Hence,
since E = Id by (2.3.2), the process E(N) defined as

EN) = g g _ 1 (E(m ey _S>

has the same distribution as EV) on [0, t], and therefore, for every fixed t > 0,

/ft—sdE /f s)dEN /f s)dEN



Now, using integration by parts and the fact that N = A(N) 4- /N by (2.1.1), we

have

/Otf(s)dES(N) = %/Otf(s)dEs(N) - %/Otf(s)ds - ﬁ/otf(s)ds
=T (0 = a0r) - [ (6) (B = as) s = [ (o)

Then, combined with the inequality (a + b+ ¢)? < 8(a? + b? + ¢?) and the Cauchy-

Schwartz inequality, this implies

L[fu_smﬂmr]g SHOE &[] — 2001
8

([ o ||

(4.1.36) 862 ( /0 t f(s)ds) .

A0 as) (17 1as)

Moreover, recall by Assumption I that ENV)(.) = E(A(N).) is a stationary renewal
process, satisfying lE[Et(N)] = AN)t, and let U be the renewal function associated
to E. By the equation (2.12) in [100, Theorem 7.2.4] for the variance of a stationary
renewal process and Lorden’s inequality U(t) < t + E[ii?] (e.g. see [3, Proposition

V.6.2]), we have for all s € [0, ],

d

AlN)g 1 215 (N)
(4.1.37) — 2/0 (U(v) — v — 5)do < 2E[]ANs,

2 ~
EN A(N)s‘ } = Var(EN) = Var(E(AN)s))

where E[#3] is finite by Assumption I. Substituting the above inequality and the
inequality AN < 1in (4.1.36), we obtain (4.1.34) with Cg = 8 max{E[#3], 8%, 1} <
0.

Now define {n(r) = fo (t—s+ r)dES(N) for r > 0. Substituting f(-) =

G(-+7) in (4.1.34) and using the facts that G is decreasing, ¢ < HG by Assumption
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111, and [ roo G(s)ds < fo s)ds = 1 by Assumption ILa, we have

E [lni)F] < ce {tG (t+7) +/ 5§(s +7)ds /Otg(s+r)ds+ (/Oté(sw)ds)z}

< cE{(tE(t))C<r)+H2 / " 5G(s)ds / " C(s)ds + / w@(s)ds}.

0

By Assumption ILb, G(t) = O(t~(2€)) for some € > 0 as t — oo, and hence,
tG(t) is uniformly bounded by a finite constant ¢y, the constant c; = [~ sG(s)ds
is finite, and also the functions G and [~ G(x)dx are integrable (see Remark 2.3).

Therefore, the function

is integrable and we have
(4.138) E [|gn:(n) 2] < Ce(1+ HRR().

Moreover, since G has density —g, almost surely, { ; has density { N+ on (0,00)
with Jy () fo (t—s+r) (JlE( ), Substituting f = g(- +r) in (4.1.34) and
using the facts that ¢ < HG and |¢’| < H,G by Assumption III, we obtain the

analogous bound:

E [Igk, ()] < C {tg2<t+r> w sl s [l s+ nlas+ (| tg<s+r>ds)2}

< Cg {Hz(ta(t))é(r) + H3 /roo G(s)ds /000 sG(s)ds + H? /OO C(s)ds}

r

(4.1.39)
< Ce(H?+ H3)R(r).

Finally, since g has density ¢’ by Assumption III, almost surely, £}, , has density
¢ on (0,00) with 75 ,(r) = — Otg’(t —s+ r)dES(N). Substituting f = ¢/(- +r) in
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(4.1.34) and using the fact that |¢'| < H,G by Assumption III, we have
t 2 t 2
E [Iek, ()] < e {t(g’(t e ([ aolg s nlas) + ([ Iy i) }

< Cg {H%(t@(t)) + (/000(1 +s)]g”(s)\ds)2 + H3? (/Oooa(s)ds>2} :

The first term on the right-hand side above is bounded, as discussed above, by
CEH§C1 < oo using Assumption ILb. Also, since g” is bounded and satisfies
¢"(x) = O(x~2%¢)) as x — oo by Assumption IV.b, the integral in the second
term is bounded by a constant c3 < co. The last term is also bounded by CpH?,

using Assumption II.a. Hence,
(4.1.40) E [|08,(?] < Ce(Hjer +c3+ H}) < oo.

The result follows from (4.1.38)-(4.1.40) and the tightness criteria in Lemma 4.10
with Ry = Cg(1+ H?)R, Ry = Cg(H? + H3)R and R3 = CEH3(1 +¢1) + ¢2. O

LEMMA 4.16. Suppose Assumptions I-III hold, and VO(N) is distributed as 7'[>(kN).
Then, the family

{—)?t(N)* G(-);t>0,N € N}

is tight in TH! (0, o).

PROOF. Define {n (r) = —}AQENHE(;’). Then, by Corollary 4.7, for every inter-
val I C (0,00), N e Nandt >0,

(4.1.41)

SN+ 1~ —
~ _ E | X, G2y CollGllpz(r
Plenlzgy >Ap =P XgNHHGH]LZ(I) >Ap < [ } < 08
A A

Since G € IL2(0, 00) by Assumption Il.a, for every L > 0, substituting I = (0,L) in
(4.1.41), we have
CollGlly2(0,00)

(4.1.42) lim sup P<||Ontlr2 >Ar < lim ——— —,
A—r00 tZO,NpeIN {H ”H“ (L) } A—y00 A
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and for every A > 0 replacing I with (L, c0) in (4.1.41), we have

CQHCHL%Lw)ZZO

(4.1.43) lim  sup PJ||ntlr2(Le) > A lim
L_>°°t20,Np€N {H t”H‘ (L,e0) } L—oo A

Moreover, since G has density —g, {n, has density 7} ,(r) = }?ENH g(r). By
Assumption III and definition of the constant H in Remark 2.2, |0} ,| < H|On |,
and therefore, by (4.1.42) and (4.1.43), for every L > 0 and 6 > 0, we have
(4.1.44)

1i P Ab=0, 1 P: | >d6¢ =0
AE&»?‘;\}PGN {”@Nt”]ﬁ oL) =~ } Lglc}otzg}ll\]PeN {H@N,tHJLZ(L,oo) }

Finally, by Assumption III and definition of the constant H, in Remark 2.2, ¢ has
density ¢’ with [¢| < H,G, and hence, {}y , has density £}, ,(r) = )?ENH ¢’ (r) which
satisfies |}, ,| < Ha|{n t|- Therefore, by (4.1.42), for every L > 0 we have
(4.1.45) lim sup P {HCK],t”lz(O’L) > /\} = 0.

A= 4>0,NeN

The result holds by (4.1.42)-(4.1.45), and the tightness criteria of Proposition 4.9.
O

LEMMA 4.17. Suppose Assumptions I-IITl and IV.b hold, and VO(N) is distributed

as 7TS<N). Then, the family

b
{/ XgN)+g(- +t—s)ds;t >0,N € ]N}
0
is tight in TH! (0, o0).

PROOF. Define {n+(r fo g(t+r—s)ds. Since ¢ < HG by Assump-

tion III and definition of H in Remark 2.2, and G is decreasing,

O (r)] < H/ X G(t+r—s)ds < HG( r)l/z/ X G(s)1/2 ds.

The bound (4.1.10) of Corollary 4.7 then implies that for every interval I C (0, o),

J— t -~ —
H/ X +t—s)ds > A l||G 1/2||]L2(I)/ E [Xt(iﬂ] G(s)l/z ds
1L2(I) A 0
1 _
(4.1.46) < 1CallG a6 i (oe)
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By Assumption ILb, G(r) = O(r~(?*€)) as r — o0, and G is also bounded by one,
and thus, G /2 € I.1(0,00) N1IL%(0, c0). Therefore, for every L > 0, substituting
I=1(0,L)in (4.1.46), we have
(4.1.47)
li P Ap<li Lhcy|c G =0
jm sup 1oN 2o,y > m oll 12 (0,00) ||1Ll =Y
—®t>0,NeN

and for every A > 0, replacing I with (L, o) in (4.1.46), we have
(4.1.48)
tim sup P {inlizm > A} < lim THCQIG Yy e G i) = O
L= t>0,NeN 0 A

Furthermore, by Assumption III and Remark 2.2, ¢ has a density ¢’ with |¢/| <

H,G, and hence, { N+ has density f\],t, where

|CNt |—’/X t—l—r—s)ds

<H2/ X TGt 471 —s)ds.

Using the above inequality and (4.1.46), exactly analogous to (4.1.47) and (4.1.48),
for every L < co and § > 0 we have

(4.1.49)

lim  sup H’{”@NtHJLZOL >)‘} 0, lim sup IP{H@NtH]LZLoo)>(5} 0.
A—=004>0,NeN L= >0 NeN

Finally, by Assumption IV.b, ¢’ has bounded density ¢, and hence, {}; , has
density

b
= / XNT(t— 5+ 1)ds.
0

By the same assumption, ¢ is uniformly bounded by a constant (say) Cy» and
satisfies ¢ (x) = O(x~(2+€)) as x — oo, that is, there exist T € (0,0) and C1 < oo
such that |g"(x)| < Crx~(21€) for all x > T. Therefore, for r > 0,

t

t
|g;'w(r)|g/o RN* 161 s+r)yds<c,,/ KN+ gs 4+ cp mxfg s~ (2te) g,
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Another use of the bound (4.1.10) shows that for every L < oo,

P {10z > A} < 3B (1820

VLE (1,1

CoVL o0
< Q—\/— (Cg//T+ CT/ S(2+€)d5) ,
A 0

IN

and hence,

(4.1.50) lim sup IP{H@NtHILz 0L) > /\} 0.
A= 1>0,NeN

The lemma now follows from (4.1.47)-(4.1.50), and the criteria of Lemma 4.10 for
tightness in H! (0, o). O

PROOF OF PROPOSITION 4.8. The result follows from the representation (2.3.20)
of ZfN) and Lemmas 4.13-4.17. O

4.1.4. Proof of Theorem 4.2.

PROOF OF THEOREM 4.2. First, we claim that the family {}A(t(N);t >0,N € N}
is tight in R. It clearly suffices to establish tightness of {}A(t(N)’L ;6 >0,N €N} and
{ )A(t(N)_ ;t > 0,N € IN}. Tightness of the first family follows from Corollary 4.7,
which shows that {X(N)+} is (uniformly) bounded in IL!. To see the tightness of
{X(N)=}, note that since Yt(N) takes values in ) (see Theorem 2.7), it follows that
forevery t > 0and N € N, }A(t(N)_ = —Z(N)(O) = —HO(ZSN)), where Iy : f €
H'(0,00) + £(0). By Lemma 2.5, the embedding I : H' (0, c0) + CR|0, ) is con-
tinuous, and hence, the mapping I1j is continuous from H! (0,00) to R. Therefore,
the tightness of {)A(t(N)_} follows from the tightness of {Z:N)} in H'(0, 00) proved
in Proposition 4.8, and the continuous mapping theorem. This proves the claim.

By another application of Proposition 4.8 and the claim above, the family
{}?t(N) = ()A(t(N),Zt(N));t > 0,N € N} is tight in ), when VO(N) is initialized at

N)

niN). Finally, by Theorem 2.7, faw()?t(N)) converges in distribution to 7(N)  as

t — oo. The result then follows from Remark 4.3. O
129



4.2. Convergence of Subsequential limits

We now prove the convergence of the sequence {7t(N)} e of stationary dis-

tributions. Since the sequence is tight by Theorem 4.2, it remains to uniquely char-

(N)

acterize subsequential limits of 77\"). We prove that every subsequential limit of

7(N) is an invariant distribution of the limit process Y introduced in Section 3.1.
We first show that under certain assumptions on the sequence of initial condi-

tions, finite-dimensional projections of Yt(N) converges to those of Y (Proposition

4.19). This is analogous to the path-wise C.L.T. result obtained in [62], but does not
directly follow from it since the state representation used there is different. How-
ever, we make use of a convergence result from [62] which is recalled in Section
4.2.1. The argument in the proof of Theorem 4.1 involves invoking Proposition 4.19

in the case when each Markovian state process V()

stationary distributions VO(ON). We show in Section 4.2.2 that the sequence {VO(ON) 1,

is initialized according to its

as initial condition, satisfies the assumptions of Proposition 4.19. The proof of The-

orem 4.1 is concluded at the end of Section 4.2.3.

4.2.1. A Central Limit Theorem. Recall from Section 3.1 that {B;;t > 0} is
a Brownian motion and M is a martingale measure, with covariance functional
defined in (3.1.1), that is independent of B. Also, define E; = B; — Bt for t > 0. The
following result from [62] shows that E(N) and M (N) are asymptotic independent

and converge in distribution to E and M, respectively.

THEOREM 4.18. Suppose Assumptions I-III hold, and the sequence of initial
conditions {VO(N) = (R(()N),XéN),véN))} satisfies the condition (2.3.4). Moreover,
for N € IN, define 170(N) = ‘?(VO(N)) to be the corresponding initial condition for
the centered and scaled process Y(N), where ¥ is defined in (2.2.14), and assume

that there exits a Y-valued random variable Yy = (Xp, Zp) such that, as N — oo,

N)

(4.2.1) YN =y,  iny.
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Then, for every t > 0, k € IN, and bounded continuous functions ¢y, ..., ¢ on

[0,00) % [0,00), we have

(E®, %5, 28, 740 (), ] (gu), ., M (1))

(4.2.2) = (E, Xo, Zo, H(1), M(¢1), ..., Mt (@),

weakly in IDR[0, ) x R x H! x DR[0, ) x R, where DR [0, ) is equipped with

the topology of uniform convergence on compact sets.

PROOF. We first explain why assumptions 1-4 in [62] are satisfied under our
assumptions. As discussed before, Assumption 1 of [62] holds by condition (2.3.4)

and Proposition 2.10.a, and (condition a. of) Assumption 2 of [62] holds because

(N)

h is bounded by Assumption III. Moreover, by Assumption I, E is a renewal

process with inter-arrival times {u,(qN) ;n > 1} with u,(qN) = i1,/ AN) where {ily;n €

IN} is an i.i.d. sequence with mean 1 and variance 5’%. Hence, ugN) satisfies
] 1 (N)) B Var (i
(A

7] _ Eli
B[] = AW~ am varln

and since E[i?] < co and AN) /\/N — c0 as N — oo, the Lindeberg condition
lim N2E {(um))ﬁ —gim N g [(11 )21 ] =0
N-soo 1 Ve | T NS (A2 [N g s aley |
holds. Therefore, Assumption 3 of [62] is satisfied. Finally, by [62, Remark 5.2],
Assumption 4 of [62] also follows from boundedness of i, which holds by As-
sumption IIL.
The convergence result (4.2.2) then follows from (4.2.1), Corollary 8.7 in [62]
and the second display in the proof of that corollary with f] replaced by ¢; and
f1 = 1. Note that Assumption 5 in [62] is not required for other assertions to hold,

as we are not claiming the convergence of the distribution-valued process 7(N). [

Next, we use the result of Theorem 4.18 to establish the convergence of se-
quence of finite-dimensional projections of Y(N). Recall that H! (0, o0) is a separa-

ble Hilbert space with the inner product (-, -)yp1 defined in (1.4.1). Let {e;; k € IN}
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be a sequence of functions in H!(0, c0) with compact support, that form a count-
able orthonormal basis for lHl(O,oo) (e.g., Daubechies Wavelets, see [97, Section

9.2]), and let ¢; denote the density of ¢, j € N.

PROPOSITION 4.19. Suppose Assumptions I-IIT hold, and the sequence of initial
conditions {VO(N) = (R(()N),X(()N),UO(N))} satisfies the condition (2.3.4). Moreover,
for N € N, define 170(1\]) = ‘i’(VO(N)) to be the corresponding initial condition for
the centered and scaled process Y(N), where ¥ is defined in (2.2.14), and assume

that there exits a Y-valued random variable Yy = (Xp, Zg) such that, as N — oo,

(4.2.3) YW=y, Y.

Also, let Y = (X, Z) be the limit process associated with initial condition Y. Then,

foreveryt > 0and k € N,

(4.2.4) (f(t(N), (ZMN eV gt o <Z§N>,ek>]Hl) = (Xt (Zp,e1) s o (Zt ) gt ) s

as N — oo.

PROOF. For this proof, we use the convention that all continuity results on
DR[0,00) are with respect to the topology of uniform convergence on compact
sets.

Fix t > 0 and k € IN. First, recall that by equations (2.3.16) and (3.1.11) for
(KIN), X(N)y and (K, X), respectively, we have
(4.2.5)

~ ~

(RN, RNy = A(EM, N, ZIN —7WN(1)), (K, X) = A(E, Xo, Zo — H(1)),

where, by Lemma 2.13, the centered many-server mapping A : ID%[0,00) x R x
DR|[0, ) — D% [0,00) x DR[0, 00) is continuous.

Next, we compute the projections of Zt(N) and Z; onto the directions ey, ..., e.
Recall the representations (2.3.18) of ZEN) and (2.3.19) of (Z(N)y. By definition

(2.3.7) of ¥5,5 > 0, Z; defined in (3.1.12) admits the representation

(4.2.6) Zi(r) = Zo(t+ 1) — Mi(¥i4,1) + K:G(r) — /Ot Ksg(t —s+r)ds,
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and by equation (3.3.1) of Proposition 3.17, Z; has density Z; where
t
@27)  ZUr) = Z(t+ 1) + M(Frsrh) — Kig(r) —/O Keg'(t — s + r)ds.

First, since the translation mapping f ~ f(t+ -) is continuous from 1.2(0, o) to
itself, and for any u € IL?, the projection mapping f — (f, 1)z is continuous from

.2(0, ) to R, there exist continuous mappings F.l,sz :1L2(0,00) = R,j = 1,...,k,

such that

(42.8) (25" (4 Yene = B (Z5™), (Zo(t+ )¢ = F (20),
and

429)  (Zg) (t+-) e = F(ZG)), (Zi(t+-), e = F(ZD).

Next, for every j = 1,. ..,k define the function ¢; : [0,00) X [0,00) — R as
(4.2.10)

@i(x,8) = (¥iy.1(x,5), )12 = /Ooo Vi 1(x,s)ej(r) dr = /0

©G(x+t—s+r)
G(x)

ej(r)dr,

which is bounded by |lej||p1 < oo (recall that e; has compact support by choice).
Also, by the continuity of G and since 1/G is bounded on finite intervals, the dom-
inated convergence theorem shows that ¢; is continuous. Since ¢; € Cp([0,0) X
[0,00)), by the stochastic Fubini theorem for orthogonal martingale measures

M) (see e.g. [98, Theorem 2.6]), we have
@211) (MM (F1),e))2 = MY ( /O ‘I’t+rlej(r)dr> = MM (9)).

Similarly, the function ¢; : [0,00) x [0, ) + R defined as
(4.2.12)

b(xs) = <Tt+'h(x’s)’e;>12 - /0 IIIt+rh(x,s)€;‘(r) dr = /0°° slx +_t —s5+71),

) e;(r)dr,

is also continuous and bounded (by H|[¢}[.1 < o0) by Assumption III. By another

use of the stochastic Fubini theorem for orthogonal martingales,

—~

(4.2.13) (MM (Yeth) ez = MM ( /0 ‘I’t+rhe}(r)dr> = MM (g)).
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Similarly, replacing M) with M;, we have
(4.2.14) <Mt(‘frt+.1),€]’>m2 = Mt(q?]'), <./\/lt(‘fft+.h),€;->[2 = Mt(qf)])

Finally, since KN is almost surely bounded on finite intervals, for every j =

., k, by Fubini’s theorem,

b ~
—/0 KS(N)g(t—s—l—-)ds,e]~> :Kt( ]Lz—/ RW (8(t—s+"-),¢j)y2ds.

By assumptions Il.a and III, both G and g are in I.?(0, o) (see Remark 2.3), and
hence the constant (G, e¢;)y2 is finite, and the function s — (g(t —s+-),¢j) is
bounded and continuous on [0,t]. Moreover, for every t > 0 and continuous
and bounded function u, the mapping f fot f(s)u(s)ds from DR[0,00) to R
is continuous. Therefore, by equation (4.2.5), there exist continuous functions

ﬁ:DMQmM%Rmd?:D@M@xRxDﬂawﬁéRﬁmhmM
— /Ot RWNe(t —s+)ds, ej)r2 = 15]3(12(1\’))
(4.2.15) = F(EN, N, 28N - AN (1)),
By the same argument,
(4.2.16) (K:G( /1&gt—s+-quh;_F%EX@ZW—HUﬁ.

Similarly, by Assumption III, ¢’ is also in IL?, and hence the constant (g, e > is finite
and the mapping s — (¢'(t —s+ -)e ) is bounded and continuous on [0, t|. There-

fore, there exists a continuous function Ff : DR[0,00) x R x DR[0,0) +— R such

that
(4217)
+/ RNV (= s+ )ds, ey = FAEN, RN, ZN — 7 (1)),
and
t
w218 (Kg()+ | ngl(t—S‘F')dS,e})Lz:54(E,XO,ZO—H(1))-

Therefore, combining equation (4.2.5), representations (2.3.18) of Z (2 3.19)

of (ZN)Y/, (4.2.6) of Z; and (4.2.7) of Z!, equations (4.2.8)-(4.2.18), and the fact that
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addition is continuous on IDR[0, ), we conclude that there exists a continuous

function

F:Z =R xH'0,00) x Dg[0,00) x DR[0,00) x R* — R,

such that

(4.2.19) (X2, en) g, (ZN eidyn ) = F (TV))
and

(4.2.20) (Xt, (Zt,e1) g, - (Zt, e)yn) = F(I),
where

TN = (R, 2, BN, AN (), MM (g, MY (g =1, k),

and
I= (XOI ZO/ EI H(l)/ Mt(q)]); Mt(é[)]),] = 1,. . k) .

Finally, by Theorem 4.18 with ¢; and ¢;;j = 1,..., k, defined in (4.2.10) and
(4.2.12), we have

(4.2.21) ™) =,

in Z. The result in (4.2.4) follows from the (4.2.19), (4.2.20), (4.2.21), and an appli-

cation of the continuous mapping theorem. O

4.2.2. Fluid-Scaling Limit of VY. In order to use Proposition 4.19 with the

sequence of initial conditions VéN) = OE,N), N € N, we need to verify the condi-

tions of that proposition. Recall that for every N € IN,

v = R, XY, and TR = ®EY, X0, 70Y) = T(REY, X2, 00).

We start with the following lemma.

LEMMA 4.20. Suppose Assumptions I-III hold. Then, the sequence {17<(>ON) }NeN
is tight in M£[0, 00).
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PROOF. Forevery N € IN, consider the process {V; = (RgN) , Xt(N),l/t(N)),t >0}

initialized at V*(N). For every t > 0, V;N) is a sub-probability measure and hence

(4.2.22) sup [ [vEN)(U] <1
NeNN, t>0

Now for every ¢ > 0, consider the piece-wise linear function f. defined as

fo<x<eg,

fe(x) =

(x—c) ifc<x<2c

— o= O

if x > 2¢,

which is non-negative, bounded and absolutely continuous with density f! =
%II(C/ZC) and satisfies f(0) = 0 and ;) < fo < T o). By (4.1.17) in Lemma
4.11 with f replaced by f., we have

< [7R)6(ar + o [ (UG) + fel0glx)ax

<1+ @) /°° Glx)dx + CQ/ 2(x)dx.

c

The right-hand side of the equation above does not depend on N or ¢, and con-
verges to zero as ¢ — o because ¢ and G are integrable by Assumption ILa. This

implies that

4223)  lim sup E |7V ()| <lim sup E [V (1,)] =o0.
cro0 Ne]Npt>o [ ( [2e ))] cre0 NeJNpt>0 [ ( f )]
Therefore, by (4.2.22)-(4.2.23), the family {VEN); N € N, t > 0} satisfies the criteria
in Proposition 4.24, and hence, is tight in IMf[0, o). Finally, by Proposition 2.9,
(N) (N)

v, converges in distribution to Vs, ’ in IMp[0,00) as t — oo, and so tightness of

the sequence {V&N) }Nen follows from Remark 4.3. O

PROPOSITION 4.21. Suppose Assumptions I-III hold. Then the condition (2.3.4)
is satisfied with (Y(()N) 7N )) replaced by (X ((x, ),vgo )) N e NN.
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PROOF. First, we claim that when VO(N) is distributed as 7T£N), for every f €

C}[0, 00), there exists a constant C £ < oo such that

(4.2.24) sup LlE [|1/t(N) (f) — NV(f)@ < Cy.
t>0,NeN VN

Fix f € C;[O,oo), t > 0and N € IN. By the definition (2.3.3) of v,

W) = [ FeG)ds
—/ )(s+1) ds+/ s)ds

:v(q>tf)+/0 (FG)(t — s)ds

Therefore, substituting K (N) from (2.3.11) into the representation (2.3.10) of v, using

(N)

integration by parts, the fact that X, = N, and recalling the diffusion scaling

form of (2.2.6), we have

5 (N - wu() = o (V@) - <<1>tf>) ~AN () - FORM*
(4.2.25) +/ )(t — s)dE} +/ '(t—5) XN s,

Since véN) has the same distribution as v, defined in (4.1.1), VéN) (®if) — NU(Dif) @

Nt
Zf\]:1 & where

O = 6, () — T(Pef) ~ fla+ Gt / Flx+ )G (x + t)dx,

and {a]-;j > 1} are iid. with p.d.f G. Hence, @JN't;j =1,..., N, are also i.i.d. with
E| i\”] = 0and

co £2 =2
var(@") < E o, (@] = [ (”éli)(””axmxs 112
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Therefore, Z 4 § N has zero mean and finite variance equal to NVar((; N, 1), and

hence,

(4.2.26)

%E Y (@if) - Nw(@if)]] < i (

Next, by definition (2.3.9) of HgN), the covariance function (2.3.6) of MN) and

N ) 1
(L5 D = Var(Z)")? < || flle:

J=

the bound (4.1.18) of Lemma 4.11, we have

&2
[ (f Loty g“) ds] < IfI2Ru(0),
0 G (- 3

and Rp;(0) < co by Lemma 4.11. Therefore,

azzy  E[AN (] < (B [702)* < 15ley/Rul0).

Moreover, note that under Assumption III, for f € C% [0, 00), f@ is absolutely con-

E AN () = E

tinuous with

(4.2.28) 1(FG) o < HlIflloo + 1" leo < (1 H) (I flleo + [1flle0)-

Therefore, replacing f with G in (4.1.34) of Lemma 4.15, we have

| t(fé)(t—s)dfﬁmr < CelfIRAG (1)

t

+ Ce(1+ H)(|flloo + 1f'llo0)? ( /Ot 85<S>d5> (/o

reelrla ([ ces)

Since G(t) = (O)(t~(2+€)) by Assumption ILb, tG(t fo s)ds and fo sG(s)ds are

@(s)ds)

all uniformly bounded in t. Therefore, there exists a constant C < co such that

(4.2.29)

H/ (FG)(t — s)dEN)

‘/ (FG)(t — s)dEN)
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Finally, using the bounds (4.1.10) and (4.2.28), we have

|

< O [RM] + [1076) 105 — o) [R*] as

(4230) H—f(o)}?fm+ +/Ot(fé)’(t — 5) XN T gs

< Calf () +Co(1 + H) ([l + I ) [ Clx)ax
(42:31) < 2Co(1 + H)(||flles + 11 ll).

The claim (4.2.24) follows from the equation (4.2.25) and the bounds (4.2.26)-

(4.2.30). In addition, since by Proposition 2.9 for every N — oo vt(N) = vV

MF[0,00) as t — oo, and for every f € C}[0,0), vt(N) (f) = () (f), the portman-

in

teau theorem for weak convergence shows that

(4.2.32)
1 _ . 1 _
sup —E W) - Nw()l] < sup liminf —F N - Nu(h)l] < Cp

Now we return to the proof of the proposition. For every N € IN,

4233) E HX&,M . 1H - %]E HX&,MH < \/LN (]E [X&N”] +E [X&,N)‘D .
(N) . +(N)

By Proposition 2.9, Vt(N) = VM in VN ast — co, and in particular, X; ' = X .

Hence, by Corollary 4.7 and the portmanteau theorem for weak convergence,

(4.2.34) E [XS,ON” } < liminf E [f{fN)* } < Co.

t—o0
Moreover, recall that by the non-idling condition (2.1.8), vt(N) (1) =NA Xt(N), and

by another use of Proposition 2.9, as t — oo,

V1) = NAXN = M) - N A xD,
Therefore, since V(1) =1,
L) _ (x& N o xAN-N W) - Nu(1)
” VN VN VN '

Hence, substituting f = 1in (4.2.32),

(4.2.35) E [)?S,ON)‘] - %]E [|V§ON)(f) - Nv(f)@ < Cy.
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We conclude from (4.2.33) and the bounds (4.2.34) and (4.2.35) that

i B[R 1] = i e [|290]] < Jim (o n) =

In other words, N — oo, Z()ON) converges to X = 1 in L!, which implies both
XN = Xand EXVY] - X
Finally, by another use of (4.2.32), for every f € C}] [0, 00),
: —(N — 1
lim ]E[vgo)(f)—v(f)] lim ch_o

N—oo N—o0

which implies 7 (f) = V(f). The result then follows from the tightness of the

sequence {E(,ON)} NeN from Lemma 4.20 and the characterization of tightness in

Lemma 4.25. U

4.2.3. Convergence of Stationary Distributions. Finally, we conclude the proof
of Theorem 4.1 by uniquely characterizing subsequential limits of the sequence

{?(SON) }NeN- We start with the following Lemma.

LEMMA 4.22. Suppose Assumptions I-IV hold. If along some subsequence

{Nj}, asj — oo, 7N = 7o in Y, then 71y is an invariant distribution of limit

process Y defined in Section 3.1.1.

PROOF. First, let Y = (X, Z) be the limit process with initial condition Y, dis-
tributed as 7y. Since ?SN) has distribution 7(N) for every N € N, Yy has distribu-
tion 779, and the projection map on a Hilbert space is continuous, by the continuous

mapping theorem we have, as N — oo,

(R 26 eadans e (26 edan ) = (Xo, (Zosexdyns e (Zoseidpn)

Next, let VO(N) have the same distribution as the stationary distribution VO(ON). Then,
for every t > 0, Vt(N) < VO(ON), and by continuity (and thus, measurability) of the

mapping ¥ and the projection mappings on Hilbert s aces, we have
pping proj pping p

-~ -~ = d 3% 7 7
(XéN)/ <Z(()N),€1>]H1,..., <Z(()N)/ek>lH1> (__) (Xt(N)' <Zt(N)/el>]H1,---z <Zt(N)’ek>]Hl) '



Moreover, since (X(()N), VSN)) has the same distribution as (X&N), V) ), by Proposi-

tion 4.21, the sequence {(Y((JN), V(()N) ) } N satisfies the condition (2.3.4), and {?éN) IN
satisfies (4.2.3) along {N;} by assumption. Hence, by Proposition 4.19, for any

t > 0wehaveasj— oo,
(N (N ~(N;
(X(Nl), <Zt( ]),€1>]H1, cery <Zt( ])/ek>1[—11) = (Xf, <Zt, €1>H1, ceey <Zt, ek>1[—11) ’

The last three displays imply that for every t > 0,

—
~—

(X(), <Zo, 51>1H1' veey (Z(), ek>]H1) - (Xt, <Zt, 61>H1, cery <Zt, ek>H1) ’

and hence, Y and Y; have the same finite-dimensional distributions on the chain
d

of increasing finite-dimensional subspaces £y = span{ej, ...¢x }. Therefore, Y o Y}

(e.g., see the discussion in [93, Chapter 1.1]), and 719 = ZLaw(Yp) is an invariant

distribution of the limit process. U

As a corollary of the previous lemma and Theorem 4.2, we obtain the existence

of an invariant distribution for the limit process Y.

COROLLARY 4.23. Under Assumptions I-IV, the limit process Y has a unique

invariant distribution 7t.

PROOF. By Theorem 4.2, the sequence {7(N)} is tight in ). Therefore, there
exists a subsequence {N;} such that {7 NI} converges in distribution to a prob-
ability distribution 77 on ), as j — o0. By Lemma 4.22, this subsequential limit
is an invariant distribution of the limit process, which proves the existence. The

uniqueness of the invariant distribution is proved in Theorem 3.26. U
Finally, we conclude the proof of Theorem 4.1.

PROOF OF THEOREM 4.1. In light of the tightness of {77(\N)} established in The-
orem 4.2, a standard argument by contradiction then shows that {7#(N)} converges
in distribution to the unique invariant distribution 7t of the limit process Y. Sup-
pose {7#(N)} has a subsequence {N;} such that lim; dp(ﬁ(Nf), ) > 0, where d,,

represents the Prohorov metric on the space of probability measures on ). Then,
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since {7N1)} is tight by Theorem 4.2, we can assume without loss of generality that
7N = o in Y, for some probability distribution 77y on ). By the claim above,
7o is an invariant distribution of the limit process Y. But, since the limit process
has a unique invariant distribution 7t by Corollary 4.23, it follows that 779 = 77, and

N:

hence, that lim;_, dp(ﬁ( i ), 7t) > 0, which is a contradiction. O

4.A. Various Tightness Criteria

4.A.1. Tightness and Convergence of Random Measures. A criteria for tight-
ness of a family of IMf[0, o0)-valued random variables is given in Proposition 4.1

of [61].

PROPOSITION 4.24. A family {ps; & € A} of Mp[0,00)-valued random vari-

ables is tight if and only if the following two conditions hold:

a. supyc 4B [|(1, pa)]] < oo
b Time oo sup,e 4 F [|pae, )] = 0.

The following Lemma gives a characterization for the limit of a sequence of

random measures in IM¢[0, o).

LEMMA 4.25. Suppose the sequence {y; },en of random measures is tight in
M0, o0). Assume there exists a deterministic measure y € Mp[0, 00) such that for

every f € C}[0,00), un(f) = u(f) inR as n — oco. Then, pi, = p in ME[0, 00).

PROOF. Since {uy}nenN is tight, every subsequence of {4, } has a further con-
verging subsequence {y, }. Let ji be any such sub-sequential limit. For every
f € C}[0,00), the mapping u +— u(f) from Mf[0,00) to R is continuous, and
hence, by the continuous mapping theorem, i, (f) = fi(f). On the other hand,
tn, (f) = u(f) by the assumption of the lemma. Hence, fi(f) B #(f), and since
p is deterministic, fi(f) = u(f), almost surely. As a consequence, for a countable

dense subspace C of C} [0, %), almost surely, the equality

a(f) =u(f), Vfec,



holds simultaneously. This implies fi = u, almost surely, which uniquely charac-

terizes the sub-sequential limits of {1, }, and completes the proof. U

4.A.2. Tightness in H!(0, ). To obtain a criterion for the tightness of a set
of probability measures or random elements in IH!(0, o), we first obtain a char-
acterization of compact sets in H'(0,0). We start with a version of the Sobolev

Embedding Theorem.

PROPOSITION 4.26. [1, Theorem 6.2 on page 144, Part II, equation (6)] Let ()
be a bounded subinterval of (0,00). Then the embedding

H' (Q) +~ L*(Qo)
is compact.

The following result helps to extend the last result to IL?(Q)) when Q) = (0, )

is unbounded.

PROPOSITION 4.27. [1, Theorem 2.22 on page 35] A subset K C L?(Q) is pre-
compact if there exist sub-domains (};,j € IN, of () such that
(@) Q; C Oy forjeN;
(b) K; = {fla;; f € K} is pre-compact in IL%(Q))) for j € N;

(c) for every € > 0, there exists an index j € IN such that
2
x)|cdx <e, Vf ek
fo, V! f

Propositions 4.26 and 4.27 provide criteria for the tightness of a sequence of

random elements in I.%(0, o).

LEMMA 4.28. A subset K C 1.2(0, %) is compact if
a. supser [ fllmory <o VLEN,
b. limp e supgcg [ flle2(r,00) = O
Moreover, a family {{,, &« € A} of ]Hl(O, o0)-valued random elements defined on

probability spaces (Qq, IP,) is tight in I.2(0, c0) if
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a. limyje sup,. 4 Pa {HgIXHIHl(O,L) > /\} =0, VLeN,

b. lim; .. sup,. 4 Pa {||Ca||]L2(L,OO) > e} =0, VYe>0.

PROOF. The first claim is a direct sequence of Propositions 4.26 and 4.27, with
Oy = (0,N). For every N € IN, Qy is bounded, and Proposition 4.26 asserts that
K is compact in L2(Qy) because it is uniformly bounded in the H'(Qy) norm.
The second claim follows from the first claim by exactly the same argument as in

[59, Theorem 4.10]. [

PROOF OF PROPOSITION 4.9. The result is a consequence of the second claim
in Lemma 4.28, the fact that {, is tight in H'(0, ) if {, and ’, are tight in L.2(0,0),
the definition of the H!(0, ) norm and the elementary inequality P(A + B >
20) <P(A>A)+P(B+A). O
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Part I1

The Hydrodynamic Limit of a Randomized
Load-Balancing Network



CHAPTER 5

N-Server Load-Balancing Network: Description and Dynamics

In this chapter, we study in detail an N-server network with general service
distribution under the “supermarket” randomized algorithm. As mentioned in
the introduction, we introduce a sequence of interacting measure-valued processes
that describes the state of the network at each time. Moreover, we describe the
dynamics of the network, by deriving equations that govern the evolution of these
measure-valued state process.

Section 5.1 contains the definition of the measure-valued Markovian state pro-
cess (VEN)(t) ;0 >,t > 0), as well as the assumptions we impose on the arrival
process and service time distribution. (An extra condition, Assumption 1V, is re-
quired for some of our results, which is stated in Chapter 6.) In Section 5.2, we
study the dynamics of the measure-valued state process. The results of Section 5.2
are fairly general, and hold for a large class of networks in which each queue is
served using a head-of-the-line policy, and does not depend on the specific choice
of the load-balancing algorithm. Finally, in Section 5.3, we establish martingale
decompositions for certain stochastic processes that describe arrivals and depar-
tures to and from the network. These decompositions are essential for establishing

hydrodynamic limits later in Chapter 7.

5.1. Model Description and State Representation

In this section, we provide more details on the description and dynamics of
N-server network. First in Section 5.1.1, we describe the N-server load balancing
network and SQ(d) load-balancing algorithm, as well as the assumptions on the
arrival process and service time distribution. Then in Section 5.1.2, we precisely

define the sequence of interacting measure-valued processes (VéN) ;¢ > 1) which
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FIGURE 1. The load-balancing network.

serve as the state descriptor, as well as its state space S. In Section 5.1.3, some
auxiliary processes are defined which help us describe the dynamics of the state
variables in a more succinct and intuitive fashion. Finally in Section 5.2, we intro-

duce and prove a set of equations governing the dynamics of the state variables.

REMARK 5.1. To make it easy to follow the notation, throughout the paper, we

use the superscript i to denote queue indices and subscript j to denote jobs.

5.1.1. Basic Definitions and Assumptions. Consider a network of N servers,
each equipped with an infinite capacity queue, serving a common stream of arriv-
ing jobs (see Figure 1). For each i = 1,...,N, the length X(N)i(t) of a queue i at
a time t > 0 is the number of jobs in that queue including the job in service, and
X(N)(t) denotes the total number of jobs in the network. Each server is assumed
to be non-idling, that is, as long as the length of a queue is non-zero, there is a job
receiving service at that queue.

Let E(N) denote the cumulative arrival process, that is, for every t > 0, EWN) (1)
describes the number of jobs that arrive to the N-server network during the in-

(N)  al-

terval [0, t]. We impose the following assumption on the arrival process E
though our results holds for more general arrival processes. Define E to be a de-
layed renewal process with delay i and inter-arrival times u,,n > 1. Inter-arrival

times have a common distribution Gz which has mean A ~! density gz, where A > 0
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is a constant. Also, the delay u( has distribution
1— GE(R + 1’)

]P{LNt0>1”}: 1—GE(R)

4

for some R > 0.

ASSUMPTION I. The arrival process satisfies E (N) (t) = E (Nt),t > 0, and there,

E(N) is a delayed renewal process that has delay u(()N) = 1y/N, and inter-arrival
times u,gN) = u,/N,n > 1, with common distribution GéN)(x) = Gz(Nx), x >0,
and probability density function géN).
Note that the uéN) has distribution
=(N) (5 (N)
R
(5.1.1) P {u(()N) > r} _ Ge RV A4r)

Gt (RM)
where R(N) = R /N. Let RM) be the backward recurrence time corresponding to

the arrival process, defined as

RMN) 4 ¢ if0<t<u
(512) RN = PR s

t —sup{s > 0,EMN)(s) < EN)(£).} if t > u,
where R(V) is as in Assumption I. In particular, R®N) (0) = R(N),

REMARK 5.2. The results of this paper hold can easily be extended to a larger
class of arrival processes. In particular, we can show that the our results hold for
time-inhomogeneous Poisson processes (although we have this result, the proof is

not included in this dissertation).

The sequence of service times, denoted by {v;;j € Z}, are assumed to be i.i.d,
and independent of the arrival process. We let G and G be, respectively, the cumu-
lative distribution function and the complementary cumulative distribution func-
tion of the service times. When G has density g, the hazard rate h associated with

the service distribution is defined as

(5.1.3) h(x) = B {CI N 0,L),



where L is the right-end of the support of the service time distribution:
(5.1.4) L = sup{x € [0,00) : G(x) < 1}.
The following very mild conditions are imposed on G.

ASSUMPTION II. The service time distribution G has the following properties.

(@) G has density g and finite mean which is set to 1.

(b) There exists £y < L such that / is either bounded or lower semi-continuous

on (4, L).

(N)
]
let ﬁ](.N) be the time at which it enters service, and let ')/](N) be the time at which

For eachjob j, let a; "’ represent the time at which job j arrives into the system,

it departs the queue after completing service. Note that oc](N) = ,B](.N) if the job is

routed to an empty queue, and also that 'y](N) = ,B](.N) + vj, where {v;} is the i.i.d

sequence of service times. We use the convention that jobs initially in network are

indexed by non-positive numbers j = j(()N), ...,0 with j(()N) = —XMN)(0) + 1 being

the smallest job index, and job which arrive after time 0 are indexed by j > 1, and

according to their arrival time (0 < oc](N) < oc](.fl) for j > 1, almost surely). Also, we
define the age a](N) (t) of job j at time f as follows:

0 ift < N,
(5.1.5) aM(t) = 8 1N g™ <<y,

0} ift > ’y](N).

Thus, the age of a job is zero before service entry time, then increases linearly until
the departure time, and remain constant afterwards.

Throughout this paper, we assume that the following randomized algorithm is
being used, unless stated otherwise.

SQ(d) Load-Balancing Algorithm: Upon arrival, each job chooses d queue in-
dices independently and uniformly at random, and independent of arrival process
and service times. The job is then routed to the queue with the shortest queue

length, and ties are broken uniformly at random.
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Letj = (¢(1),...,4;(d)) be the vector of d queue indices chosen by job j > 1, and

K](N) be the queue with the shortest queue length to which job j is routed. Hence,

616w = argmin (XM o), XM @M )

that is, K](N) = (i) for some i = 1,...,d if X(N)"f(d/)(oc](.N)—) > X(N)"f(i)(oc](N)—)

foralll < d’ < iand X(N)"f(i)(oc](N)—) < X(N)"f(d/)(oc](N)—) foralli < d' < d.
According to (5.1.6), given that subset of queue indices are chosen and have equal
queue lengths which is the shortest among all d chosen queues, the job is equally
likely to be set to each of those queues. With a slight abuse of notation, we use

{K](N) (t);t > 0} to also denote the queue index process, defined as

fV () =1(t > af™ ),

All these random variables are defined on a common probability space (Q2, F,P).

5.1.2. A Markovian Measure-Valued Representation. In our representation,
the state of the N-server network at each time ¢ is described by a sequence (véN) (1);
¢ > 1) if measure-valued random variables.

State Space. Recall that M <10, L) is the space of sub-probability measures on
[0, L) equipped with the topology of weak convergence, which is compatible with
the Prohorov’s metric dp. Consider the space S of infinite vectors u = (uy; ¢ >
1) of ordered sub-probability measures, in the sense that for every non-negative,
bounded continuous function f, (f, uy) > (f, #s11). Therefore,

(5.1.7)
S={(upt>1) € M1 [0, L)N; (f,10) = (f, pes1), V€ > 1, f € Cy[0,00), f > 0}

The space S is utilized with a metric dg defined as

d L il
518) s, i) = sup UL L)
>1 ¢

It is easy to see a sequence 1" converges to # in M <1 [0, L)N if and only if for every
¢ > 1, u} converges weakly to jy, and that (M<[0,L)N, ds) is a Polish space.

It is also straightforward to show that S is a closed subset of M<1[0, L)N under
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the metric ds, and hence (S, ds) is itself a Polish space. Recall that Cg[0, o) and
Dg|[0, 00) are the spaces of S-valued functions on [0, c0) which are continuous, and
right-continuous with finite left limits at every point in (0, c0), respectively.

State Variables. Recall that véN)(t) is a (random) finite measure on [0, c0) that
has a unit delta mass at the age (i.e., amount of time spent in service) of each job

that, at time ¢, is in service at a queue of length no less than /. Define

vN (5 = N ()0 > 1),
For each ¢ > 1, véN)(t) takes values on the space M<{[0,L), and v(N)(t) takes
values in S for every t > 0. The R x S-valued random element (R(N),v(N)) with
v(N) = (VISN) ;£ > 1) serves as the state descriptor of the N-server network. Recall-
ing the notation 1 for the constant function that is identically one everywhere on
[0, 00), SEN) (1) =1, véN) (t)) is the number of queues with length at least ¢ at time
t.
(N)

The state descriptor (v, ’(t) ;£ > 1) can be expressed in terms of primitives of
(N) , (N) ), and

the network. Note that a job j receives service during the interval [ [t
hence,
(5.1.9) v () = {j=jo : BV <t <M},

(N)
]
), o) denote the length at time  of the queue to which job j was routed, which

is the set of jobs receiving service at time ¢. Also, for ajob j, let x: "’ (¢) defined on

o™

can be represented as

(
(5.1.10) ANV () = x% ), 1> el

The value of X(.N) (t) fort < (x](N)

j is irrelevant. Therefore, for ¢ > 1,

(5.1.11) UM (1) = {j > o1 (a](N) < t) AN () > e}



is the set of jobs in queues with length at least £ at time . Using this notation, v,(f)

can be represented as

(N) gy = §q (g (N) (N)
6112 vV = ij: (8N < )1 (v > 1)1 (V1) > ¢) o
=Jo
v 1 (iey®™ (V)

(5.1.13) j—zjol (iev™m)(jeuMm) 8,090y

Initial Conditions. The initial state of the network can essentially be described
only using R(N)(0) and v(M)(0). In particular, each delta mass in v%N)(O) corre-
sponds to a non-empty queue, with the initial age of the job receiving service
in the corresponding queue is the location of that delta mass, and the length of
the corresponding queue is the number of VEN)(O), ¢ > 1, in which that delta
mass is present. Hence, the number of initially non-empty queues is the num-

ber of delta mass in vl(N)(O), that is, (1, 1/§N)(0)>, and the rest of N queues, if

any, are empty. Also, the rest of X(N)(0) = Y2, (1, véN) (0)) jobs initially in net-
work are initially waiting in queues, and have initial age 0. However, we need to
give each queue an index i € {1, ..., N} an each job initially in network an index
j € {=XWN)(0) +1,..., N}, base on a convention, such that K](N) is known for every
j=—XMN(0)+1,..,0. We choose the convention such that the the jobs initially in
service have the smaller indices j € {—XN)(0) +1,..., —XN)(0) + (1, va)(O))}.
Such indexing convention is arbitrary as the dynamics of the network does not
depend on the particular convention one chooses. Let

(5.1.14) Iy = <R<N>(0),a]<.N)(0),K](N);j = —xM(0) + 1,...,0) ,

and note that for a fixed indexing convention, Iy and (R™V)(0),v(N)(0)) can be

obtained from each other. We impose the following condition on initial conditions.

AsSUMPTION III. The sequence of initial conditions satisfies the followings.

(a) For every N € N, XN (0) = ¥4 (1, véN)(O» < oo almost surely, the ar-

rival process and random queue choices in the load balancing algorithm
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are independent of v(N)(0), and every service time v j is conditionally inde-
pendent of v(N) (0) given the initial age a;(0), that is, for every finite subset

KC of jobs,

G(@™M(0) + b;)
5.1.15 P o, >byic K|l = J J
( ) {U] 1 ] | 0} JI;IC G(a](N)(O))

In particular, for every job j which is not initially in service, v; is independent
of I().

5.1.3. Auxiliary Processes and Filtration. To describe the dynamics of the pro-
cesses véN), it will be convenient to introduce a number of auxiliary processes. For

every queuei € {1,..., N},let EIN)/ denote the cumulative arrival process to queue

i, defined as
(5.1.16) ENi() =y 1 <1x(.N) < t> 1 (;JN) - i) . t>0.

For ¢ > 1, let VéN)’i denote the contribution of the ith queue to the measure véN),

thatis, fort > 0,
(5.1.17)

Ny = v p (g (N) (N) (N) _;
0= B < )10 )3 (0 = 16 =),
Clearly, we have
(N) _ o, (N,
(5.1.18) v =Y v
i=1
Also, for ¢ > 1and ¢ € C([0,L) x R4), let REDZ/\Q be the cumulative ¢p-weighted

routing measure process to the queues with length exactly ¢ — 1, defined as follows

forallt > 0:

(5.1.19)
R(N)(t) - Zzzil f(o,t] (P(O,S)I(X(N)'i(s—) = O)dE(N)’i(S) if ¢ = 1,
YA : . . ‘
’ TN S loCos) v (=) = v (=) dEM(s), i £ > 2.

Moreover, let DEN) = {DéN) (t);t > 0} be the counting process of departures

from queues with length at least ¢ right before departure, that is, for every t > 0
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and for / € IN, DéN) (t) denotes the total number of jobs that completed service in

the interval [0, ] at a queue that had length ¢ just prior to service completion. To

express DéN) and other process in a more succinct way, we use the following nota-

N of ajob j (defined in (5.1.10)) right

after the arrival time, right after service entry time and right before the departure

tion for values of the queue length process x

time of that job:

(51.20) x;N = )M @), N = M), )P = N (V).

Using this notation, DEN) can be expressed as:

(5.1.21) DM =y 1 (V<1 (3N =), tzo
=

REMARK 5.3. Note that for every job j, )(]D’(N) > 1 and X;.(’(N) > 1 because a
queue is never empty just prior to a departure or right after a service entry. Also,
The process DIN) = DgN) is the total cumulative departure process. As the total
number of departures cannot exceed the total number of arrivals plus the number

of jobs initially in network, we have the bound
(5.1.22) DM (1) < XN (0) + EN)(¢).
(N)

o0
weighted departure process from queues of length at least ¢, defined by

For every ¢ > 1 and ¢ € Cu([0,L) x Ry4), let D/ be the cumulative ¢-

(5123) DY () = i ¢ (vj, ry](N)) 1 (’)/](N) < t) 1 (X]D'(N) > e) . t>0
J=Jo

f}’) = DEN), and hence using (5.1.22), for all ¢ € C,([0,L) X

R+), ¢ >1andt > 0, the bound

Note that for ¢ =1, D

(5.124) DI ()] < llplles (XMN(0) + EM (1)),

holds. Moreover, for every queue i € {1,..., N}, let D) denote the cumulative

departure process from queue i, defined as

(5.1.25) DNy = i 1 <'y](N) < t) 1 (K]m i) . t>0
=
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(N)

The queue length X(N)/ satisfies the following mass balance equation

(5.1.26) XN () = XNA(0) 4 ENA (1) — DINVA(4).

Finally, we define the filtration {]—"t(N) ;t > 0}, which is generated by the initial
conditions of the network, plus arrival to and departure processes to all queues.
Define

N N (N)i (N)i
(5.1.27) FN =\ (FEY VP ve(n),
i=1
where Ij is defined in (5.1.14) and ff(N)'i and FP ™" are filtrations generated by
EMN)i and DN )'i, respectively. In Proposition 5.21, we show that all state variables

and auxiliary processes are ]-"t(N)—adapted.

REMARK 5.4. We could alternatively define {]—"t(N)} to be the filtration gener-
ated by the age and queue index processes a](-N) (), K](N)

the filtration defined in [61]. While one can easily show that the two definitions are

(+);7 > 1, which resembles

equivalent, our definition allows us to directly apply the compensator result from

[14] in Section 5.3, and hence is preferable in this paper.

REMARK 5.5. For every N € IN, one can show that { (RN (t),v(N)(£));¢+ > 0}
is a Markov process with respect to the filtration {]—"t(N) ;£ > 0}. We do not use this

property and hence, do not include the proof in this paper.

5.2. Equations Governing the Dynamics of the N-Server Network

Using the notation defined in the last section, the dynamics of the state variable
v(N) for a fixed N is studied in the next proposition. This result does not depend
on our assumptions on arrival process and service time distribution, and hold for a
very general class of networks and load balancing algorithms, as long as all arrival
and departure times are distinct, almost surely.

To make this notion precise, denote by (), ; the set of realizations for which at
most one arrival or one departure occurs during (s,s + J]. Also, define Q); to be

the set of realizations for which there exists a partition {(X, “1];k = 0, ..., [nt]} of
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(0, t] such that at most one arrival or one departure occurs in each subinterval, that

is,
o0 l’ltJ
(5.2.1) = N Q.
n=1k=0 "

The result in Proposition 5.6 below holds as long as for every t > 0, {); has full
measure. In particular, it holds under our Assumptions I and IL.a, as shown in

Corollary 5.16.

PROPOSITION 5.6. Consider an N-server network with any arrival process, ser-
vice times and load balancing algorithm such that P{Q);} = 1 for every t > 0.
Then, forevery N € IN, ¢ € Cg’l([O,L) XxRy),¢>1andt >0,

(00 (0) =00, ) + [ {gs(5) + g(e9), M (s - DY (1

(5.2.2) + o (0, )dDM( )+pr,g)(t)f

almost surely. Moreover, equation (5.2.2) is also valid for ¢ = 1, that is,
(5.2.3) 1M ()) =1, 0) - DN (1) + DN (1) + RV (8),
almost surely.

The rest of this section is devoted to the proof of this proposition. Through
this section, for ease of notation, by ) ; we denotes the sum over all job indices
i€ {jo,...—1,0,1,..}.

Fix ¢ > 1,t > 0. For every ¢ € Cy([0,L) x [0,00)), since { — (q)(-,t),véN)(t» is

right-continuous, we can write

ke k+1 k k
_ ) (N) K+ _ Ry (N) R
—,}grgogq)(’ S)vg () = ey ()
1 (n) (n)
(5.2.4) = 1im (7{" +2{"),



where

Lnt]
(n) - 1. k10 ke oy k41
(5.25) 7" = Jim ¥ (o) — 90V )
captures the changes in ¢ and
mo.o Sk k+1 k k
626 1" = lim Y (o( ) v (=) = (o) vN ()

k=0
(N)

captures the changes in v,
We first compute Il(n) for ¢ € CY([0,L) x Ry ). For every x € [0,L), by the
mean value theorem for ¢(x, ),

k+1 ko1 k+1
(P(er) — (%, E) —;(Ps(x/T —6(x,n,k))

for some 6(x,n,k) € [0, 1]. Therefore, we have

t
Jgiiém“4<¢dvﬂAéNV®ﬁk
o]k k+1, vy k+1 t (N)
= Jim |2 Y (o =Y (500 = (o) o)
(5.2.7)
R k+1 k+1. (v k+1
+nlglgo —I;)Ws('rT—5(‘/’7/’())—%(‘/7)/’/@ ( ” )

(N)

The first term on the right-hand side above is equal to zero because v, is right-
continuous and ¢s is continuous, and hence s — ((ps(-,s),vém (s)) is Riemann
integrable in [0, t]. Also, since ¢ is a C! function with support in [0, m] x [0, T] for
some x < Land T < oo, @5 is uniformly continuous, and hence given any € > 0,

for all sufficiently large n

(ps(x,lH—Tl—5(x,n,k))—(ps(x,k:—1)‘ <eg, Vx € [0,m], k > 1.

Therefore, using the bound <1,véN)(t)) <N,
1] k+1 k+1 k1
- Z<(Ps(v7 —6(,n,k)) — (Ps(-,T),VEN)(T» < (t+1)eN.
k=0
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Since € is arbitrary, the second term on the right-hand side of (5.2.7) is also equal

to zero. Therefore, we have shown that

t
. N
(5.2.8) lim 7" = /O (9s(-,5), v (s))ds.
To compute the limit of Z ") first for every s,0 > 0 we express véN) (s+0)ina

convenient form using the expression for véN) given in (5.1.13), and the definition

](N)(s+(5) - a](.N)(s) +5if /3](N) <

, or equivalently, j € VIN)(s) N V(N)(s + §). Thus, for every

(5.1.5) of a(-N), which in particular shows that a
j p

s < s+ < 'y](N)

s,0 >0,

Fors,6 > 0,

M +0) =1 (je vV(s+a)nuM (s +9)) 8, s 1)
]

(529) = ]Zn <j e VN (s + 8) UM (s + 6)\ V) (S)) 8 (s45)

+ ;11 (i € VM (s +6) n v (s) nuM (s +0)\u ™ (s) ) . 515

+ ]Zn (j € V¥ (s +8) n VN (s) NN (s + 6) UM (s)) 20 ()45

where recall Z]- denotes the sum over all job indices j € {jo, ..., —1,0,1,...}. In turn,

applying the elementary set theoretic identity
CNCNENE=CnE\[CNF\CJu ([CNCNFEF]\F)
with C = VN (s +6),C = VIN)(s), F = LléN)(s +5)and F = Z/llgN)(s), we have

(5.2.10)
;11 (j e VN (s +6)n VW (s)n ul§N>(s +4)N Z/IlfN)(s)> 5a]<.N>(s>+5

= L1 (V™) nUM(5)) b 5110
]

_ Z]l (V(N) (S) QUZ(N) (S)\V(N) (S + (S)) 5a]-(s)+(5
j

. ]Z]l (V<N> () UM (s) N VN (s 4 SN\ UM (s + 5)) 8ai(5)+
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(N)

Note that we have not used any property of U, "’ in this calculation. This ex-

pression can be further simplified when there is only a single arrival or departure
occurs during (s, s + 6], that is, on the set of realizations ;4.
LEMMA 5.7. For £ > 1and ¢ € C([0,L) x [0,00)),s > 0and 6 > 0, on Qs 5,

(5.2.11)
(@(5), v (s +8)) = (p(- +5,5), v (s))

—Z(P< N)(s) + 6, s)]l(’y](N ss+(5]>]1<x '

+Z(P( (s+0),5)1 (BN € (s,5+]) 1 (3™ > ¢)

g

2z
W%
[

N—

=

]l(é22)2g0<a](.N)(s+(5),s>]l<‘B](.N)§s> ( .
j
<1 (xMs)=e-1) L (M € (5501 (k) =),

/>1 ]/
REMARK 5.8. Since x> 1and x{"™ > 1, (see Remark 53,) for ¢ = 1
(5.2.11) simplifies to
N N
(5212 ((s),v{" (s+8)) =(@ (- +4,5), v (s))

—Zgo (a](.N)(s)+(5 s)]l <’y]( ) e (s,s+(5]>
j
+Z(p< (s +9), )]1([%](.N)E(s,s+(5]>.

PROOF OF LEMMA 5.7. We first simplify the terms on the right-hand side of
(5.2.9). First note that a job j receives service at time s + §, but not at s if and only
if it entered service during (s, s + ¢]. Moreover, on () 5, there could have been no
arrivals in this interval (s, s + ] and so, the length of the job’s queue is constant in
this interval. In particular, j € U éN) (s +¢) if and only of )(]K’(N) > (. Thus,

(5.2.13) Zn(;‘ev<N>(s+5)\v<N>(s)mug )(s—|—5)>5 “

. (s+9)
]

= Z]l (" € s o) (™ > ¢) O (45"
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The analysis of the second term on the right-hand side of (5.2.9) is slightly dif-
ferent for / = 1 and ¢ > 2. If a job j received service throughout the period
(5,5 + 6], thatis j € VIN) (s) N VIN) (s + §), then the corresponding queue could not
have been empty at time s, and on (), 5, the difference between the queue length at
time s 4 ¢ and time s is either zero (if there were no arrivals to that queue) or one

(if there were precisely one arrival to that queue.) Therefore, when ¢ =1,
(5.2.14) VN () n VN (s + 6) NN (s + )\ UM (5) = @,
and for ¢ = 2, using the representation (5.1.16) of E(N)/,

(5.2.15)
Y1 (j € V() VN (s +0) UM (s + )\ (5) ) 0,0
Ji ]

_zn< <1 1 (00 =2 1) s i

org D () € (558 = V).

/>1
For the third term on the right-hand side of (5.2.9), we consider the right-hand
side of (5.2.10). First note that for every ¢ € C([0,L) x R, ), by definition (5.1.13)

of véN),

(5.2.16) ( 21 (1€ V™ U 6)) 8,00 ) = (@ +05), 1 6)),

Next, note that a job j has been departed from a queue during (s,s + J] if and
only if j € VIN)(s +6)\VN)(s). Moreover, on Qs there were no other arrivals
during (s,s + 6], and hence, the queue length was constant on (s, 'y](N) —). There-

D,(N)

fore, j € ng(N) (s) if and only if X > (. Hence, we have

(5.2.17) Y1 <] e VN (s)\VN) (s + 9) ﬂuz(N)(S)> (Sa<.N)(s)+(5
] ]

=y a(rV e s ) (3N > 0) 3, (g) 45"
J
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Finally for the last term on the right-hand side of (5.2.10), note that if a job j re-
ceives service at a queue during (s, s + 6], then that queue length is non-decreasing

on that interval. therefore,
(5.2.18) VN () n VN (s 8) nuUN (s \ U™ (s + 6) = @.

The result follows from the representations (5.2.9)-(5.2.10) and equalities (5.2.13)-
(5.2.18). O

(n)

We continue with the identification of the limit of Z,"’ using Lemma 5.7. Recall
the definition (5.2.1) of (). Since P{Q);} = 1 by the assumptions of the theorem,
there exists np € IN such that almost surely, the identity (5.2.11) holds with d = 1/n
and s = k/n simultaneously for every n > ng and k = 0,1, ..., | nt|. Substitute the
representation in (5.2.11), with § = 1/n and s = k/n into the expression (5.2.6) for

Iz(”), almost surely, for every ¢ € Cp([0,L) x [0,0)) we have

(5.2.19)
Lnt]
() _ g LR ok ok
fim 71 = Jim, 3| (90 ) = 90,0

n—o00

nt]
_ MKy 1
hmeZ(p< i +n'

|nt|
(N) k+1 k (N) k k+1 K,(N)
tlim ), Lo <J o )Y e G (g 2 )
o k+1. k k
+1(0>2)lim Y Z@(fm( - )E)ﬂ /‘]’J(N)SE>
k=0 j j'>1

For ¢ € CI([0,L) x R,), the first term on the right-hand side of (5.2.19) can

be characterized using computations exactly analogous to the derivation of limit
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for ") in (5.2.5), (5.2.7) and (5.2.8), as follows:

5220) lim 3" (o = o™ C))] = [ st (s)as.

k=0

For the second term, changing the order of summation and setting 'y](f) =

1 Ln'y](N)J , we have (as justified below),

(5.2.21)
i ST (47 LB (3 e B )1 (1 2 )
= lim iZtiqv (a](N)(—) - —,—) 1 (7}” ¢ (S,kzl]) 1 (™ >¢)
= Jim T (a0 Lol )1 (o < B )3 (P 2 )
=Yoo (™)1 (" <1 (" = )
]

=Dy ()

Here, the third equality uses the facts that ’)/](,]:) T ’y](N) as n — oo and a](.N) (fy(N )) =

(N)

v; and the continuity of ¢ and a e The last equality follows from definition

(N)
(5.123) of D).

162



For the third term on the right-hand side of (5.2.19), changing the order of sum-

mation and now setting ,B](IZ) =1 Lnﬁ](.N)J , we obtain

(5.2.22)
nt]
(N k+1, k Ny -k k+1 K,(N)
1111—I>I<>102 Z (J )'n ‘Bf E(n' n ] 11()(]. 26)

| nt]
(N k+1. k (N) k k+1 K,(N)
~im¥ Yo (D E)a (5 e 55 ) (1 2 )

1 nt
= Ko (o8« 8 )1 (04 < 5 ) (= )

n—00

~Fo(0")1 (0267 <1 (6 21),
j

where the last equality uses the facts that a](.N) ( ﬁ](.N)) = 0and 5](],\1]) 0 [3](.N) asn — 0o
and the continuity of ¢ and a](N)(-). Further simplification of (5.2.22) is slightly
different for £ = 1 and ¢ > 2. When ¢ > 2, due to the non-idling assumption, the
service entry time of any job to a queue of length at least ¢ just after service entry
coincides with the departure time of another job from the same queue, which had
the length of at least ¢ + 1 just before the departure. Therefore, for ¢/ > 2, by
definition (5.1.21) of D" we have

Fo 0108 < )12
“ o (0100 <03 (P2 04

(5.2.23) = / (0,5)dDN) (s).

To simplify (5.2.22) for ¢ = 1, we first define the cumulative service entry pro-
cess {K(N)(£);+ > 0} where K(N)(t) is the cumulative number of jobs that entered

service in the interval [0, ¢], that is

(5.2.24) KN =Y 1 (0 <pM < t) .
J=Jo
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(N)

(N) in terms of the process D,

The following lemma gives a representation for K
defined in (5.1.21) and queue length XN/ and arrival processes E(N)/ to queues

i=1,.. N, defined and (5.1.16).

LEMMA 5.9. Forall t > 0, KV)(t) satisfies
(N) A ~ .
(5.2.25) KN = D80 + 1 11 (XM ) = 0) dEM )
i=1 70

PROOF. Service entries can be classified into two types, based on the status
of the queue just prior to service entry. Thus we can expand (5.2.24), based on

whether or not the queue was empty right before to the service entry, as

kM) =y (o< <1 (xM M -) >1)
j

FT (oA <) () <o)
j

Due to the non-idling assumption, the service entry time of of the first type co-
incides with the departure time of another job from the same queue, which had
length of at least 2 just before departure. On the other hand, a service entry time
of the second type coincides with the arrival time of the same job (to a queue that

was empty right before arrival). Therefore, recalling that k)

;s the queue index

of job j, we can then write

KN (1) = ;11 (%(m < t) 1 (X;?,(N) > 2) +];]1 (a](m < t) 1 (xf’(N) _ 1)

£ B (e =0 (4 <915 -1)

Equation (5.2.25) then follows from the definitions DéN) and EN) from (5.1.21)

and (5.1.16), respectively. g
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By definition (5.2.24) of K(N) and the fact that 1( )(K’(N) > 1) = 1 (see Remark

5.3), representation (5.2.25) and definition (5.1.19) of R((P 1), we have

(5.2.26)

;(P (0/ [3]('N)> 1 (0 < [3]('N) < f) 1 (X]K'(N) > 1> = /[O,t] 9(0,u)dK™N) (1)

Finally, the last term on the right-hand side of (5.2.19) is zero for ¢ = 1. For
(N) _ 1y

¢ > 2, changing the order of summation, setting « in = noc](,N )J and noting that

on (), the arrival of j' should be the only event happening the last term on the
right-hand side of (5.2.19) is equal to

izl

x 1 (X](.N)((x(N)) =/ — 1) 1 <oc(.N) < m) 1 <K](,N) = K](N)> )

Since oc(.,N) 0 zx(.,N) as n — oo, the fact that on Q);, B: ,’y 7é (x N) for all # ', and
rmn ] ] ] ] ]

(N)

by the continuity of ¢ and a i the last display is equal to

(5.2.27) ;1 ;(P (a (N) w/N ), a ](/N)> 1 <[3](N) < 04](-/N)> 1 (,Y](N) > a}(/N))



Summing over all the queues i, and all the arrivals j’ to the queue, and using defi-

nition (5.1.17) of véN)’i, we can re-write the last display as

(5.2.28)

é Jgﬂ (K](/N) _ 1.) 1 (a](/N) < t) ;(P (a](m(a](,N)),a](,N)) 1 (ﬁ}M < txjg,N))

1
=R<Ne<>

where E(N)/ is the cumulative arrival process to queue i, defined in (5.1.16).

Now we can conclude the proof.

PROOF OF PROPOSITION 5.6. Equation (5.2.2) then follows from equations (5.2.4),
(5.2.8), (5.2.19)-(5.2.23), (5.2.26) and (5.2.28). Furthermore, to establish the mass
balance equation (5.2.3), note that for ¢ = 1, Il(n)(t) and the first term on the
right-hand side of (5.2.19) are zero for all t > 0. Since Lemma 5.7 and the cal-
culation of other terms on the right-hand side of (5.2.19) are valid for all ¢ €<
Cy([0,L) x [0,00)), (5.2.3) follows on setting ¢ = 1in (5.2.2). O

REMARK 5.10. Equation (5.2.2) remains valid for functions ¢ on [0,L) x R

of the form ¢(x,s) = f(x) for some f € Cl[0,L). For such functions, Il(") is

(n)

identically zero, and the calculation of Z, "’ remains unchanged.

5.3. Martingale Decomposition for Routing and Departure Processes

In this section, we establish a martingale decomposition result for the ¢-weighted

routing process REPI/\Q and the departure process D((PI,\Q defined in (5.1.19) and

(5.1.23), respectively. We first state the result s in Section 5.3.1. These results are
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specific to our assumptions on Arrival process and load balancing algorithm, al-
though they can be easily adapted to different models. In Section 5.3.2, we intro-
duce a marked point process which provides an alternative characterization of the
the filtration { F;}, which facilitates the proofs of the results in this section. The de-
composition result for routing processes is proved in Section 5.3.3, and the proof
for the departure process, which is similar to those in [61, Lemma 5.4], is given in

Section 5.3.4.

5.3.1. The form of Compensators. Forany N > 1,/ > 1 and ¢ € C,([0,L) x
R+ ), define the process {B((PZ,\? (t);t > 0} as the following: for t > 0,

—(N
(5.3.1) / 0t 1)) 9(0,u) (1 = (31" (1)) )
and for ¢/ > 2,
(5 3. 2)
—(N _ _

0= [ (RN ) 8 (50,5 w) o0, n) 7)) =70 ().
Here recall that hEEN) is the hazard rate function of the inter-arrival time distribution
G,

PROPOSITION 5.11. Suppose Assumptions ], Il.a, and II.a hold. Then, for every
N >1,0>1and ¢ € Cy(]0,L) x R ), the process N(’()fz) defined as

(5.3.3) N ﬁ ) = REPI\Q - B((PI/\?,

is a local {]—"t(N) }-martingale, and its quadratic variation is given by

(5.3.4) V) =R

; (),  t>0.

The proof of Proposition 5.11 is given in Section 5.3.3.

Moreover, for every ¢ € C,([0,L) x R;), define the process {Ag’\;)(t) ;6 >0}
by

t
(5.3.5) AN (1) = /0 (@(, (), vN(s))ds, vt > 0.



Using an argument exactly analogous to that used to obtain equations (5.24) and
(5.25) in [61], we can show that for any ¢ € CI'([0,L) x R) with supp(¢) C
[0,m] x Ry, m <L,

m

536 1AW 0] < lolle (XM +EN0) (["hax),  tz0

PROPOSITION 5.12. Suppose Assumptions, IL.a, and IIl.a hold. Then, for every
N eN,/>1and ¢ € Cy([0,L) x Ry ), the process /\/l( ) defined as

(5.3.7) M) =Dl — AT,

is a local {ft(N) }-martingale, and its quadratic variation is given by

(5.3.8) MM = D;ﬁ;( ), t>0.

The result in Proposition 5.12 is similar in flavor to a result established in the
proof of Lemma 5.4 in [61]. However, the model, and more importantly, the fil-
tration used in [61] is different from the one used here, so the result of [61] does
not directly apply. Instead, we adopt a completely different approach to the proof,
which we believe would be more useful in the analysis of various other random-

ized load balancing schemes. The proof is given in Section 5.3.4.

REMARK 5.13. Substituting the martingale decompositions (5.3.3) and (5.3.7),
and the definition (5.3.5) of Ag,\? in (5.2.2), we have

(9,0, (1) =(o(,0) D+ [ 9:05) % 9e(9) = 95,1 (5))ds

(5.3.9) +/ (0,5) dDH}( )+ pr,f)(t) ~ MW @) + N (@),

Before proceeding to the proofs of Propositions 5.11 and 5.12, we recall the
definition of the (stochastic) intensity of a point process, and state an elementary
lemma which is later used in those proofs. Suppose (Q), G, {G:},P) is a filtered
probability space which satisfies the usual conditions, and let {¢(t);t > 0} be

a point process adapted to the filtration {G;}. A non-negative {G;}-progressive
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process {u(t);t > 0} is called a {G; }-intensity of ¢ if for all t > 0,
t
(5.3.10) / u(s)ds < oo, a.s.,
0

and for every non-negative {G; }-predictable processes H,

(53.11) E [ /0 N H(t)dc::’(t)] —F { /0 N H(s)u(s)ds] .

LEMMA 5.14. Suppose (Q), G, {G:},P) and the point process {&(t); t > 0} are as
above, and let u be a {G; }-intensity of {. Given a locally bounded, {G; }-predictable
process 8, define the stochastic process {{(t);+ > 0} by {(t) = fot 6(s)dZ(s). Then

@(t)—/ot(?(s)u(s)ds, £>0,

is a local {G; }-martingale, and the quadratic variation of { is given by

(5.3.12) (1) = /0 "R(s)dc(s), >0,

PROOF. First, note that by (5.3.10) and the local boundedness of 6, for all t > 0,

/O 16(s)[u(s)ds < sup |9(s)|/0 u(s)ds < o0,  as.

s€[0,t

The first claim then follows from [14, Lemma II.L3]. For the second claim, since ¢

is a pure jump process with unit jumps, ¢ is also a pure jump process with jumps

(5.3.13) G(s) = &(s=) = 0(s)(S(s) = (s—))-

Therefore, the quadratic variation of { is given by (see (18.1) in Chapter IV of [90])
(5.3.14)
t

Q=Y @) -e6-)*= ¥ 92(8)(@‘(S)-C(S-))=/ 6%(s)dg (s)-

0<s<t 0<s<t 0

169



5.3.2. A Marked Point Process Representation. In this section, we construct a
point process 7 N) consisting of all arrival and departure times, marked by their
type and their corresponding queue index. This point process has the property that
its natural filtration, together with the c-algebra generated by initial conditions,
is equivalent to the filtration {ft(N) ;t > 0} defined (5.1.27), and that all auxiliary
processes defined in Section 5.1.3 has an intuitive representation as an integral with
respect to 7 (N). This allows us to directly apply standard compensator results (e.g.
from [14]).

Consider the set

T = L@, (&™) > 1} u{(™, @)y > o},

N)

which is the union of all arrival times oc](. , marked by the tag € (indicating that it

is an arrival time) and the queue index to which job j is routed, and all departure
times 'y](N)
queue index from which job j has departed. Let 1p = 0 and zp be a constant (whose

value is irrelevant), and define the sequence of events {(TIEN),ZI((N)) ;k > 1}, each

composed of an event time Tk(N) and an event mark z,((N), to be the relabeling (i.e. a

, marked by the tag © (indicating that it is a departure time) and the

one to one correspondence) of TV sorted by lexicographic order, assuming ® < €.
That is, events are ordered first by event times (Tk(N) < Tlffl)), then by event type
(departure first, then arrival) and finally by queue index (smaller indices first.)
Note that since the inter-arrival distribution GéN) and service distribution G are
absolutely continuous with respect to Lebesgue measure by Assumption I and As-
sumption IL.a, at most one arrival and at most one departure from each queue can
occur at any given time, almost surely. Let 7(N) = {T(N)(#);+ > 0} be the corre-

sponding marked point process. Clearly, for every index i € {1, ..., N},

(5.3.15) TMN(e,i) = Y1 (rk(N) < t) 1 (z,ﬁN) — (c’f,i)) = ENi(p),
k>1

and

(5.3.16) TN (®,i)= Y 1 (T,EN) < t) 1 (ZIEN) = (©,i)) = DWNi(t).
k>1
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Therefore, the filtration {}"t(N)} defined in (5.1.27) has the following equivalent

representation:
(5.3.17) FN =gy vFE'N, >0,
where ]—"tT V) i the filtration generated by the marked point process 7N (see e.g.

[14, Equation (1.2) in page 57]).

At any time ¢, a server i is called busy if X (N )'i(t) > 1, and is called idle other-
wise. Note that by non-idling assumption, there is a job receiving service at any
busy server i at time t, and a(N)(t) is defined to be the age of that job. Using this

notation, we can re-write the definition (5.1.17) of véN)’i as

(5.3.18) A OES (X(N)'i () > z) 8u)iy

and when combined with (5.1.18), we have

(5.3.19) v (1) = %]1 (XN(t) > €) 8,000
i=1

For k > 0, define

(5.3.20) B = fi: x> 1]

to be the set of busy server at time T,EN), and note that for i € %,((N), aN )'i(Tk(N)) is

well-defined. Define C,({Zii to be the next arrival time after TIEN), and fori=1,..., N,
define O’IE_il\_?'i to be the next departure time from queue i if i € By, and U,Ef%’i
otherwise. When the event time T,fN) is distinct, that is Tk(N) #+ Tk(,N) for all k # K/,

:OO,

the next event time will be the minimum among the first arrival time after 7, and
the next departure time from the queues which are busy at time 7. Therefore,

defining Q) to be the set of realizations on which event time ”L'k(N) is distinct:

(5.3.21) O ={we Ot #1, Yk#KI,
we have
(5.3.22) i) = min (&), o}5i=1,.,N) oy
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The following lemma provides the joint conditional distribution of next arrival
(f\f )

and departure times given JF ).

Tk

LEMMA 5.15. Suppose Assumptions I, II.a, and III.a hold. Then for every k > 0,

(N)

P{Cy} = 1. Also, CIEIR and o H’i, i =1,...,N, are conditionally independent given

F (f\l]\,)), and have the following conditional distributions: for every b > 0,
T

=(N) (N)

G (RN)(t™) +b

(5.3.23) P {C,(fﬁ —5Y > bVﬁR} = E—uS) - (1)V> !
; Gp ' (RN) (7))

and fori=1,...,N,
(5.3.24)

i ClaMNi((Ny g
1(ies™M)p {a,ff{ Vs b‘f(g\’]))} —1(ien) (@ (g ) +b)
T

Gla™i(g™))
Lemma 5.15 basically follows from independence of inter-arrival and service

times and is proved in Appendix 5.A.3. Note that using Lemma 5.15, we can re-

write equation (5.3.22) as

(5.3.25) 7t = min (g, 0)5i=1,,N),  as.

The following Corollary is a consequence of Lemma 5.15. Recall that a sequence
{tn;n € IN} is called non-explosive if for every T < oo, there are finitely many n

with t, < T.

COROLLARY 5.16. Suppose Assumptions I, IL.a, and IIL.a hold. Then, almost

surely, the sequence of event times {TISN); k > 0} is non-explosive, and for every

t >0, ) defined in (5.2.1) satisfies P{();} = 1.

PROOF. Fixe t > 0, define (% = {w : X(N)(0) < o0, EN)(t) < oo}. Since
X(N)(0) < oo almost surely by Assumption Ill.a and E(N) is a renewal process
with non-degenerate inter-arrival time distribution by Assumption I, P{();} = 1.
Moreover, DN) () is also finite on €); because of the bound (5.1.22). Thus, the total
number of events up to t is finite and {TlgN)} is non-explosive on (), and hence,

almost surely.
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Moreover, the set () = Ukzoﬁk of realizations on which all events are distinct
has full measure by Lemma 5.15. For every w € () N Q), the infimum A(w) of the

inter-event times before time ¢,

- . (N) _ _(N)
M) = ke{(),llr,.l.f.,l(t)} (Tkﬂ K )

is positive, because it is an infimum over finitely many positive numbers. This
means that for n > 1/A, all events before time t are more than 1/n away from
each other. Therefore, w € Q) k1 for all k = 0,..., |nt], and hence w € Q. This
implies () C O; N Q) and hence P{y} =1. O

5.3.3. Compensator for the Weighted Routing Measure. We start by present-

ing an intensity for the process E(N)/, defined in (5.1.16).

LEMMA 5.17. Suppose Assumptions I, IL.a, and IlI.a hold. Then, fori =1, ..., N,
the process

(5.3.26)
{%hém (RO (=) Y21 (xMi(0=) = = 1), (S ), 5 (1) ) 51 > o} .
(=1

is an {]—"t(N) }-intensity of EN)A,

PROOF. Throughout this proof, we fix N and omit the superscript (N) for the
ease of notation. Suppose that for every k > 0, the conditional density fk%rzl defined
by
(5.3.27)

P {Tji1 — Tk € A ziy1 = (€1)| F} = Affjl(w,r)dr, weQ, Ac B[0,),

exist. Then, by representation (5.3.15) of E' in terms of the marked point process
TN) and since the sequence {7;} is non-explosive by Corollary 5.16, it follows
from Theorem III.T7 in [14], comment (f) below the theorem, and equation (2.10)

of the following remark that the process

= fk%-l(t — Ti; 1)
5.3.28
( ) ]{;()I[){Tk—ﬁ-l > t’.FTk}
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is an {F; }-intensity of E'.

Now we compute the conditional probability in (5.3.27) and show that its cor-
responding conditional density exists. First, note that using (5.3.25), the next event
after 7; is an arrival to queue i (i.e. zxi1 = (&, 1)) if the next arrival occurs be-
fore the next departure from each queue (i.e. §x1 < Uli:rlf i’ =1,..,N), and the
arriving job, which has index E(Ty.1), is routed to queue i. Therefore, defining
Ok41 = min(oli/+1 ;i = 1,..,N), by the tower property of conditional expectation

we have

(5.3.29)

P {Tk+1 — T >t 2k = (Qf/i)‘}—Tk}
=P {§k+1 > T + 1,041 > Cht 1, KE(zyy) = ip:fk}

=E [11 (Ckt1 > T+t 0kp1 > Cx1) P {KE(rk+1) = i|frk/(3k+1z0k+1} “ka:| :

The queue to which the job j = E(7y. 1) is routed by the SQ(d) algorithm is given
by (5.1.6), which is a (deterministic) function of random queue choices vector ;
and queue lengths at time 7. According to (5.1.6), this job is routed to a server of
queue length exactly £ — 1, if and only if all selected queue indices ¢; have lengths
at least / — 1, and at least one of them has length exactly ¢ — 1. Therefore, since
1j is independent of all other random variables, the conditional probability (given
Fr.,0k+1 and &g 1) that the job is routed to a queue of length £ — 11is (S,_1(7))* —
(S¢(1x))?. Moreover, the number of queues with length £ — 11is S;_1 (1) — S¢(T),

and the job j is equally likely to be routed to any of such queues. Hence,

1 <Xi(Tk) ={— 1) P {KE(TkH) = i‘frkz§k+1/‘7k+1}

_ 1 s
N Sg,l(Tk) _Sﬁ(Tk) <S£*1( k)) (Sf( k))

= P (5e1(w),51(x)
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where the polynomial *B; is defined in (6.1.1). Therefore,

(5.3.30) P {KE(Tkﬂ) = i|F, §k+1,67k+1}
=) (Xi(Tk) ={— 1) P {KE(Tk+1) = i’frkr€k+1z‘7k+1}
=

1 & - - -
== 1 <X1(Tk) = (- 1) Ba (Se—1(), Se()) -
N (=1
Moreover, using equation (5.3.23) and the conditional independence, given F, of

Craq and 0';;_1_1,1' =1, ..., N established in Lemma 5.15, we have

(5.3.31)  P{&.1 > T+t 0oke1 > &l Fa )

1 o
= m/t I[){O'k_H — T > S’frk}gE(S —|—RE(Tk))dS.

Therefore, by equations (5.3.29)-(5.3.31) and the fact that the right-hand side of
(5.3.30) is a function of X'(7) and S;(7;), ¢ > 1, and hence is Fr,-measurable (see

Proposition 5.21), fork € Z,i € {1,..., N}, the density f,fi:l exists, and for t > T,

¢,i _ Se(t — T + Re(w))
(5.3.32) Fefa(t = ) = P {01 >t Fy } N Ge(Re())
X gill (Xi(rk) =/ — 1) Ba (Se—1(), Se())
=

Similarly, by (5.3.25), the conditional independence established in Lemma 5.15, and

(5.3.23), for every k > 0 and t > 7 we have

P {t1 > t|Fg} = P{Crs1 N Okp1 > t|F5 }

=P {Cx11 > t|Fp } P {opp1 > t|Fr }

Ge(t — 5 + Re(w))
Ge(Re(w))

Therefore, by substituting (5.3.32) and (5.3.33) in the representation (5.3.28)

of {F;}-intensity of E', recalling the definition hr = ¢r/Gg of the hazard rate

function of the inter-arrival times, and using the facts that for t € (%, Ti11),
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Xi(t—) = X!(1), Se(t—) = S¢(1i), and Rg(t—) = t — 1 + Re(7¢), the process

(5.3.34)

o0

%kih/}(t — T + RE(Tk)) KZ 1 (Xi(Tk) =/ — 1) ‘Bd (ggfl(’(k),gg(’fk)) 1 (Tk <t< Tk+1)
=0 =1

= Y he(Re(t)) Y (X(0) = £ 1) Ry (Sy1 (), S,(6) 1 (7 < £ < 1)
k=0 /=1
=:%@u@ue»§p(xw—>—e—oqaﬁgﬂ ) St-), 1=,
is an {F;}-intensity of E(N)/, O

(N)

We now use Lemma 5.17 to prove the martingale decomposition for R ol

stated in Proposition 5.11.

PROOF OF PROPOSITION 5.11. The process REPI\Q defined in (5.1.19), can be

written as
(N) _ S (N),i
(5.3.35) 1%g=gRWx
1=
where

1<X )dE<>() if0=1,
ﬂ]@% $), v (s )—d“(&»MHM«@ 0> 2
Consider the setup of Lemma 5.14 with ¢ replaced by EN)/, the filtration {G;} re-
placed by {Ft(N) 1, 8(s) replaced by ¢(0,s)1(XN)i(s—) = 0), and hence ¢ replaced

(5:3.36) Ry (1) = {

by Rgﬁ)’i. Since ¢ is bounded and X(V)/ is right-continuous and {]—"t(N) }-adapted
(see proposition 5.21), 6 is bounded, {Ft(N)}-adapted , and left-continuous, and
thus, {ft(N)}-predictable. Therefore, using the fact that (5.3.26) is an intensity of
EMN)i and by the identity

(5337) %go(o,t)ll (xMi(-) = 0) nf (RN (1))



it follows from Lemma 5.14 that the process { N, q()ﬁ])’i(t) ;t > 0} defined as

P i 1 ;
(5338) NV (1) = ROV (1) - N ), 2091 <X(N)' (s) = o)

=(N
< N RO ()8 (1,57 (5)) ds,
is a local { .Ft(N) }-martingale (note that the right-hand side of (5.3.37) and the inte-
grand of the display above only differ on a zero-measure subset of [0, t]). Moreover,
since the number of idle servers at time t is N — S%N) (t), and by definition (6.1.1)

of 8 and definition (5.3.1) of B;ﬁ), we have

(5.3.39)

%i /0 tqo(O,s)ll (X(N)'i(s) = o) BN (RN (s))p, (1,§§N)(s)) s

0
= [ 0@ P RN ) (1- G 5))") as
_ gj)(t)

Therefore, summing up both sides of (5.3.38) over i = 1, ..., N and using (5.3.35)
and (5.3.39), we have

and hence, N q()i]) is a local {.Ft(N)}-martingale. Moreover, by equation (5.3.12) of

Lemma 5.14 in the setup described above,

R0 = [ (0,97 (x1u-) = 0) £ ) = RS0,

(N), . .
g are pure jump processes with

(N)i

no common jump times almost surely (see Lemma 5.15), and hence, [R o ] is

Also, fori = 1,..,N and i’ # i, Rg,\?’i and R

,R(N),i ,R(N),i’

locally bounded and [R 7", R, 1

] =0, almost surely. Together with the fact that
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B((PI\? = RSPI\? - N, q()l\l]) is a continuous function with finite variation, this implies

Similarly, for ¢ > 2, consider the setup of Lemma 5.14 with the same ¢ and {G;}
as above, but with 0(s) replaced by

(N)
ol
Proposition 5.21), 6 is bounded, {]—"t(N) }-adapted, and left-continuous. Thus, using

and hence,  replaced by R™)". Since a™) and XN/ are { 7™ }-adapted (see

the fact that (5.3.26) is an intensity of E(N)/, and by the identity

%(p (a(N)'i(t—),t> 1 (X(N>'i(t—) - 1) BN (RN (1))

. . ¢ _ '
NQ()IZ)/l(t) = Rg,,l\?'l(t) _ % ¢ (a(N)'l(s),s) 1 (X(N),z(s) _ 1)
' ' 0
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is a local {}"t(N) }-martingale. Again, by the representation (5.3.18) of véN)’i,

Z|
1=
o\w
hS)
—~
2
=z
Py
wn
\&/
[¥))
~
=
—
<
=z
Py
[¥))
N—
I
~
|
—_
~
——
=
—
~
=z
—
[9))
N—
SN—
*
—~
Ll
|z
—_—
—~
[¥))
N—
2l
o~ A~
=z
—
(¥))
SN—
N
=
[9))

and using (5.3.35), it follows that

N
(N)i _ »(N) _ p(N) _ pr(N)
ENW o RM BW _pr,ﬂ ¢

and hence, N (N) is also a local {.F, NV _martin ale. Also, by equation (5.3.12) of
ol t g yeq

Lemma 5.14 in the setup above, and since
0%(s) = 2 (a M (s=), )1 (XNi(s—) = £ =1) = (92(-,5), 1"} (s—) = v (s )
we have,

R0 = [ 19209, (5=) = o™ (5= aENi(s) = R

Finally, with the same reasoning as the case ¢ = 1, for £/ > 2 we have

N
2

N N
W)= R =R,

This completes the proof. U]

5.3.4. Compensator of the weighted departure process. In this section, we

prove Proposition 5.12. We start by computing the intensity of the process DN,

defined in (5.1.25).
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LEMMA 5.18. Suppose Assumptions I, IL.a, and IlI.a hold. Then, fori =1, ..., N,

the process

(5.3.40) {11 (X(N)'i(t—) > 1) h <a(N)'i(t—)> ot > o} .

is an {]—"t(N) }-intensity of DN/,

PROOF. In this proof, we fix N and suppress the superscript (N) for ease of
notation. Recall that although a'(t) is not defined if server i is idle at time ¢, the
quantity 1(X!(t) > 1)h(a’(t)) is always well defined.

Suppose that for every k > 0, the conditional density f,all defined by
(5.3.41)

P{T1— % € A zky1 = (D,0)| Fr } = / fieih (w,r)dr, w e, AeB[0,0),

exist. Then, by representation (5.3.16) of D in terms of the marked point process
TWN) and since the sequence {T7;} is non-explosive by Corollary 5.16, it follows
from Theorem III.T7 in [14], comment (B) below the theorem, and equation (2.10)

of the following remark that the process

©  foh(t—T)
5.3.42 1(g <t<T .
( ) k;()]P{Tk—H > t|ka} ( k = k+1)

is an { F; }-intensity of D'.

Now we compute the conditional probability in (5.3.41) and show that its corre-
sponding conditional density exists. Recall that ¢ 1 and o} . are, respectively, the
tirst arrival time and the first departure time from queue i after the even time 7.
Using (5.3.25), the next event after 7 is a departure from queue i (i.e. zx 1 = (D,1))
if the next departure from queue i occurs before the next arrival and all other de-
partures from other queues (i.e. (Tliﬂ < & A U,ilﬂ,i’ =1,..,N,i’" # i). If the
server i is idle at time 7} (i.e., i € B(7)), O'Ii 1 = oo by definition, and the probabil-

ity that the next event is a departure from queue i is zero, and therefore,

(5.3.43) oL =0, Vig B(w).
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However, for i € B(1;), using equation (5.3.24) and the conditional independence,

given Fo, of ¢x4q and Uliﬂ,i =1,...,,N, established in Lemma 5.15, we have

(5.3.44)

1(i € B(w) P{tis1 — & > t,zx1 = (D,0)|Fr }
1 o i’
( (k) Glai(w) J: Cet1 M0 Okt > Th |y

x g(s +a'(ti))ds.

Thus, the conditional density fkall exists and for every t > T,
(5.3.45)

FOA(t—T) =1 (i € B(w)) Eei A%m,i;l > t|]-}k} gt — 1 +a' (1))

Moreover, by another use of (5.3.25), (5.3.24) and the conditional independence

established in Lemma 5.15, for i € B, we have

P{Ter1 > t{Fy} =P {é’m A Opiq Ar.r,l;ntf:iﬂ > tlfrk}
1 1

@(t —_Tk + ai(Tk)).
G(a' (1))

(5.3.46) =P {gkﬂ A min o> t|]-"Tk}
i'#£i

Substituting (5.3.43), (5.3.45) and (5.3.46), and definition (5.3.20) of By, the
{ i }-intensity (5.3.42) of D' is equal to

i 1 (Z S ‘:Bk) h(t — T+ ai(Tk))]l (Tk <t < Tyq)
k=0
~ Y1 (X(0) 2 1) bt — 7+ a ()L (5 < £ < 7).
k=0
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Using the fact that for t € (i, T,1) and i € By, Xi(t—) = X'(1) and a’(t—) =

t — T + a'(1;), the display above can be simplified as

(Xi('rk) > 1) h(t— 1+ a (1)1 (e < t < Tosr)
k=0

which completes the proof. U

PROOF OF PROPOSITION 5.12. Fix N € N, ¢ € Cp([0,L) x Ry) and ¢ > 1,

](N)(-), v; and 'y(N) are the age process, service time and the de-

J
(N)) (N)

parture time of job j, and that a](.N) ('y]- = ;. Since the server K at which the

and recall that a

job j is receiving service is busy right before the departure time of j, the quantity

(NN (N)_y

a i (y j is well defined and satisfies

(N)

Therefore, using the identity above and definition (5.1.20) of X}D’ ,fort > 0 the

quantity D((PZ,\Q (t) defined in (5.1.23) can be written as

& ™) <™
20 = £ o o) (X ) 2 ) (5 <)
—J0

(5.347) = inpﬁ)'i(t),
where )
D0 = £ s 901 (x01f) 2
A -)a( i)

By definition (5.1.25) of D(N)/, the process Df(p],\?

ing integral with respect to the departure process D(N)//:

" can be represented as the follow-

Ny — [ o (2N (s (NVi(g_ (N),i
(5.3.48) D) (t)_/o ¢ (aNi(s=),5) 1 (XMi(s—) > ¢) aDNi(s), £ >0,
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Consider the setup of Lemma 5.14 with & replaced by D(N)//, the filtration {G;} re-
placed by {Ft(N)}, 0(s) replaced by ¢(aN)i(s—),s)1(XN)i(s—)), and hence  re-
placed by Dg’\?
(see Proposition 5.21), 6 is bounded, {]—"t(N) }-adapted, and left-continuous. Hence,

", Since a™) and X(N)/ are right-continuous and {]—"t(N) }-adapted

using the fact that (5.3.40) is an intensity of D(N)_ it follows from Lemma 5.14 that
the process {Mg’\?’i(t) ;> 0} defined by

(N gy = Ny [ Ny (N)i(g_ (N)i(g_
MU (1) = DUV (1) /O(p<a (s ),s) h(a™i (s—))1 (x (s )2€>ds,

, t . _ ,

(5349) =D () - / ¢ (a(N)'l(s),s) h(a™i(s)1 (X(N)'l(s) > z) ds,
' 0

is a local {ft(N) }-martingale. Moreover, note that by the representation (5.3.19) of

v(N) and definition (5.3.5) of AN)

ol We have

é/o g (401(5), ) B ()1 (XNV(5) 2 ) ds = [ g, (9)ds

(5.3.50) = AN ).

Summing up both sides of (5.3.49) overi =1, ..., N, and using (5.3.47) and (5.3.50),

we have
N
(N)i _ (N) (N) _ aq(N)
,Z;MM = Doi = Ay =My,
1=
and hence MS,\Q is also a local { .Ft(N) }-martingale.

Moreover, by equation (5.3.12) of Lemma 5.14 with the setup described above,
forallt > 0,

[Dfpfl\?,i](t) _ /Ot 4)2 (a(N),i(u_),u> 1 (X(N)'i(u—) > €> dD(N)'i(u) =D

Furthermore, for every i = 1,...,N and i’ # i, Dg\?’i and D((Pl\é)’i/ are pure jump
processes with no common jump times almost surely (see Lemma 5.15), and hence
(N)i (N)i'y : (N) _ p(N)
D by ’D(M ] = 0, almost surely. Together with the fact that A ol = D ol ~

MEPI\Q is a continuous function with finite variation, this implies
N N N
(N1 _ 1p(N)y (N)iy _ (N)iy _ (N)i _ 15(N)



which completes the proof. U]

5.A. On a Marked Point Process Representation

Throughout this section, we fix N and suppress the superscript (N) for concise-
ness. Moreover, for conciseness, we assume that the arrival process EN)isa pure
(N)

renewal process with inter-arrivals u;, ’;n > 1. The extension to delayed renewal

process is straightforward.

5.A.1. Construction of State and Auxiliary Processes. Recall that Iy defined
in (5.1.14) is the initial state of the network, uj, j = 1,2,... are inter-arrival times,
tj = (4(1),...,4j(d)),j = 1,2, ... are queue indices randomly chosen by job j upon
arrival and vj; ] € Z are service times, and define Data to be the vector of all input

data,
(5.A.1) Data = (Io,uj, 15§ > 1,v,j € Z).

In Lemma 5.19 below, we show that given Data, we construct all state variables
and auxiliary process for all times. In particular, we can construct E’ and D' as a
measurable function of Data, and hence the filtration {F;} defined in (5.1.27) is a

sub c-algebra of FP3% generated by Data, defined as
(5.A.2) FPR = o(Ip) Vo(uj,y;j=1,2,..) Vo(vj;j € Z).

LEMMA 5.19. Suppose all inter-arrival times and service times are almost surely
positive and arrival process is non-explosive. Then, we can construct «;, f; and ;
for all jobs j, and the process E! and D! on [0, 00) for all queues i = 1,..., N, as

measurable functions of Data. In particular, /; C F Data for all + > 0.

PROOF. First, define oy = 0 and note that the arrival time «; of a job j > 0
satisfies a; = 25/:1 uj7. We define ;, Bj, v; and processes X', E' and D' on (a;, &; 1]
inductively. First, define Ei(O) = (0 and Di(O) = 0fori =1,...,,N, and recall that

X'(0) fori =1,...,N and «j, Bj, ; for jobs j < 0 (initially in service) are measurable
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functions of the initial conditions Iy. Now for a jo > 0, assume K, B ir Vir j < jo,and
X!, Et and D' on [0, wj,] are defined as a measurable function of Iy. Define
Jo

Di(ty= Y, A(yp<tl(=i), >0,
j=—X(0)+1

to be the departure process of jobs up to jy from queue i, which is a measurable
function of Data by using induction hypothesis. Since service times are positive
almost surely, departure time 7; of any job j > jo + 1 satisfies v; = a; +v; > &)1 1,
and hence, D;O = D' on [0, &j11]. Therefore, D' has been extended to [0, &), 41] as
a measurable function of Data. Moreover, since E and hence E, i = 1,..., N, are
piece-wise constant on («j, aj,+1), the length of a queue i right before the arrival

of (jo + 1)™ job can be obtained from the mass balance equation (5.1.26):
Xi(“jo+1—) = X'(0) + Ei(“joﬂ—) + Di(“j0+1—) = X'(0) + Ei(“jo) + Di(“joﬂ—),

and is also a measurable function of Data. Therefore, the queue index ;1 to

which the job jp + 1 is routed defined by (5.1.6) and

Ei(t) = Z 1 (ax] < t) 1 (K] = l) on [0, 06]'0_|_1],

are both measurable functions of Data. The job jy 4 1 will join the end of the queue
(if the queue is not empty), enters service when the service requirement of all the
jobs ahead of it in the same queue is completed, that is at time

jo

Bivt1 = o+ ), (95— 9j(@jps1)) 1 (x; = Kjp1),
j=—X(0)+1

and departs at time yj 11 = Bj,+1 1 Uj,+1- Using these relations and since the age
process a; defined by (5.1.5) is a measurable function of Data for all j < jo by induc-
tion hypothesis, B; 11 and 7y} 41 are also measurable functions of Data. This com-
pletes the induction. Finally, note that since the arrival process is non-explosive,
lim]-%oo aj = 0o, and hence, the construction is indeed on the whole [0, o). O
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REMARK 5.20. Assumptions of Lemma 5.19 hold in particular under our As-
sumptions I and II.a because inter-arrival and service time distributions have den-

sities gr and g, respectively, and arrival process is non-explosive by Corollary 5.16.

Next, we prove that the state and auxiliary processes defined in Section 5.1 are

adapted to {F;}.

PROPOSITION 5.21. Under Assumptions of Lemma 5.19, for every job j, arrival
time «;, service entry time ; and departure time ; are {F; }-stopping times, and
age process a; and queue index process x; are {.F;}-adapted. Also, the processes

X!, Dy, and vy, £ > 1 are {F:}-adapted.

PROOF. First, note that E(t) = YN, E'(t) is Fi-adapted, and since X'(0) is
Fo-measurable, the mass balance equation (5.1.26) for queue i implies that X' is
also adapted. Moreover, E!, D and X! are all right-continuous, and hence { F;}-
progressive.

Ajob j > 1 has arrived at or before a time ¢ if and only if at least j jobs have
arrived to the system by time ¢, that is, {a; < t} = {E(t) > j}. Since E(t) is Fi-
measurable, a; is an { 7} }-stopping time. Also, the queue ; to which job j is routed

is the unique queue whose arrival process increases at «;, that is,

= argmaxic;_y (Ela)) — E'(e-))
Since E/,i = 1,...,,N, are {Fi}-progressive, each argument of the argmax above is
Fuj-measurable, and hence, so is «;. Therefore, x;(t) = 1(a; < t)x; is {F; }-adapted
for j > 1. For jobs initially in network (j < 0), «;(t) is equal for all t > 0 to the
Fo-measurable quantity «x;, and hence is also {.F; }-adapted.

When a job j > 1 arrives at a; and joins the queue x;, there are total number of
X" («j) — 1 jobs ahead of it in that queue. Hence, job j has entered service by the
time ¢ if it has already arrived by t and all the jobs ahead it in the same queue are
already departed, that is,

{Bj <t} = {a; <t} N{D"i(t) — D"i(aj) > X" (aj) — 1}, j>1.
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Since «; is an {F}}-stopping time, D' and X' are F;-progressive for alli = 1,..., N
and «; is Fy-measurable, D" (a;) and X"(a;) are F,-measurable, and hence
D"(t), D" (a;) and X" (a;) are Fi-measurable on {a; < t}. Therefore, {8; < t}

is Fi-measurable and §; is an { ¥} }-stopping time. Similarly,

{7 <ty ={a; <} {D"(t) = D(ay) > X"(a)},  j>1,

and thus ; is also a stopping time. For jobs initially in network (j < 0), the queue
index «; and the number of jobs p; ahead of j at time 0 are Fp-measurable, and
since {B; > t} = {D"(t) > p;} and {; > t} = {D"I(t) > p; + 1}, Bj and v; for
j < 0 are also {F; }-stopping times. Consequently, the age process a](.N) defined in
(5.1.5) is Fi-adapted for all ;.

Finally, recall that x;(t) is the queue size observed by job j at time ¢t > a;,
defined in (5.1.10). Since x; is Fu;-measurable, 1 (aj < t) xj(t) is {Fi}-adapted,
and also Fj-progressive, as it is right-continuous. Therefore, since aj < vj,
)(]D = XY(y;—) is Fy,-measurable and hence D, defined in (5.1.21) is {Fi}-
adapted. Moreover, since y; and a; are { F; }-stopping times, a;(-) is {F; }-adapted
and {B; <t} C {a; < t}, vy defined in (5.1.12) is { F; }-adapted. O

5.A.2. Preliminary Independent Results. Recall that by non-idling condition,
when X(t) > 1 for some t > 0, there exists a job receiving service at queue i at
time ¢, which we denote by J*(t). Note that 1(X'(t) > 1)]i(t) is well-defined for all
t>0.

LEMMA 5.22. Suppose Assumptions I, II.a, and IIl.a hold, and fix k > 1 and
i € {1,..,N}. Then, on {zx = (&,i)}, ug(y)41 and vg(,) are independent of =,

and for every b > 0,

(5.A.3) 1z = (&) P {ugiqy 1 > b|Fo } =1 (2 = (1) Cr(b),
and
(5.A.4) 1(z = (&,i)) P {UE(Tk) > b)ka} =1 (z = (¢,i)) G(b).
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Moreover, on {z; = (D,1), X(1) > 1}, Uji(7,) 18 independent of 7, and for every
b >0,
(5.A.5)
1 (2 = (9,1), X' (1) > 1) P {0 > b’]—}k} =1 (z = (2,i), X'(%) > 1) G(b).

We prove Lemma 5.22 at end of this section, after we prove the following aux-

iliary result: we claim that on set

(5.A.6) Agin = {zx = (&,1), E(%) = n},

where the kth

event is the arrival of job 7, the state of the network up to time 7}
only depends on the arrival times and random queue choices of the first n jobs,

and service time of the first n — 1 jobs, or equivalently, is F SDﬁta-measurable, where
(5.A.7) FRR = g(I)Vo(uj;j=1,2,...,n)Vo(v;j < n—1).
Similarly, on the set

(5.A.8) Brim = {zc = (9,1), X'() > 1, J'(w) = m}.

where a job has just departed queue i and job m has just entered service, we expect
the state of the network up to time 7 not to depend on the service time of job m,

or equivalently, to be FP3-measurable, where
(5.A.9) FPaa = o(Ip) Vo(uj,;j > 1) Vo(v;j € Z\{m}),

REMARK 5.23. Note that Ay ; , is clearly F -measurable. Also, since J'(t) is the

job with the largest index who has already entered service in queue i, we have

1 (Xf(t) > 1) i) =1 (Xf(t) > 1) max {j: B < t,x; =i} .

Since B; is an {F;}-stopping time and «; is Jp;-measurable by Lemma 5.19, the
right-hand side above is {F;}-adapted, and hence {F;}-progressive because it
is right-continuous as a function of t. Therefore, 1 (X'(17;) > 1) J'(7) and hence,

By ;  are Ty-measurable.
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Recall that for a sigma algebra F and a subset A, the trace of 7 on A is defined
as FANA={ANB:Be F}.

LEMMA 5.24. Suppose Assumptions of Lemma 5.19 holds. Then, for every
kkn>1,i=1,..,Nandm € Z,
(@) Akinis Fgﬁta-measurable and F, A Agin C ]:SDZ‘ta NAgin.

(b) Byim is FPata_measurable and Fr NBiim C FPata p By i m-

PROOF. For part a, consider an identical queuing network driven by the alter-

native data

—_~—

Data = (Io,i1;,7;;j > 1,9;;j € Z),
coupled with our original network so that Iy = Io, ij=u;,li=1;j=12,.,n and
oj=v;j<n-—1butd;=1and;(d') =7;(d') =1forj>n+1landd =1,..,d
and 0; = 1 for j > n. Hence,

FPaa = (], U, l;) > 1,05] € Z) =o(lo, tj,u;j=1,..,nv;j<n—1) = SDﬁta.

Quantities associated to the alternative network are being distinguished from
those of the original network by a tilde. Since the arrival time and random queue
choices of the first n jobs and the service time of the first n — 1 jobs are identical,
two network are identical up to the arrival time a, = &, of job n. In particular,
Agin = {E(%) = n,% = (&,i)} = Ag;n, and since Ay, , is Fz-measurable, so
is Ap;n. But by Lemma 5.19, Fz, C F Data _ FPat and hence Ay, is F2at-
measurable.

Moreover, forallt > 0andi=1,...,n,
El(tAwy) =E(tAwy),  D(tAw) = Di(tAay),

and hence, by [14, Theorem T3 of Section III.1] and definition (5.1.27) of the fil-
tration {F;t > 0} and since ajisa {Fi}-stopping time by Lemma 5.19, we have
Fu, = ]:",xn. In particular, since x, = 7, on Ay ; , and by another use of Lemma 5.19,

= D
Fr N Akin = Fay NAkin = Fay N Arin C FLq2 A Agin.
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Finally for part b, consider an alternative network driven by another Data with
Ip = Ip, ij = uj,T; = 1;;j > 1and 3; = v;;j € Z\{m}, but with 5,, = 1. Having in
mind that two systems are identical up to the service entry time S, of job m and
that By ; ,, is Fr,-measurable by Remark 5.23 and 8, is an { F; }-stopping time, the

result follows from exactly similar arguments as in part a. O

LEMMA 5.25. Given a probability space (2, F,IP), suppose sub c-algebras G,
g FfC Fandaset A € g.nNng £ are such such that g ris finer that G. on A, that is,

GNACG A\ A. Then, for every integrable random variable X,
(5.A.10) 1(A)E([X|Gc] =1(A)E [E [X|Gr] |Gc] .

PROOF. For every B € G, by definition, ANB € G. A A and since G: AN A C
Qf ANA,wehave ANB € Qf A A. Therefore,

E [1(B)1(A)E [X|Gf]] =E [1(BNA)E [X|Gf]]
=E [E [1(BNA) X|G]]
=E[1(B)1(A)X],
where the second equality holds because AN B € G; A A and the last equality is

by tower property of conditional expectation. Hence, we proved E [1 (A) X|G.| =
E [1(A)E [X|Gf] |Gc]. Since A € G, (5.A.10) follows. O

PROOF OF LEMMA 5.22. To see why (5.A.3) holds, we partition the set {z; =

(¢,i)} based on the index of the job which arrived at time T, i.e. the value of

E(’L’k):

(5.A.11) {ze = (&)} = | Akins
nelN

where Ay ; ,, is defined in (5.A.6). Conditions of Lemma 5.25 with A = Ay ;,, X =
L(upy1 > b), Gc = Fy and Gy = .FSDZ‘ta is satisfied by Lemma 5.24.a and the fact

that Ay ; , is F,-measurable. Therefore, using Lemma 5.25, we have

(G.A12) T (Api) P {ttni1 > b F} =1 (Aki) B [P {unia > 0725} | Fo |
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By Assumptions I and Ill.a, inter-arrival time u,1 has complimentary CDF Gr
and is independent of initial conditions, all other inter-arrival times and all service
times and hence, independent of F22%. Therefore, P{u, 1 > b|F23?} = Gg(b),

and when combined with (5.A.11) and (5.A.12), we have

1(z = (€1))P {uE(Tk)Jrl > b|]:rk} = Zﬂ:\}ﬂ (Akin) GE(D) =1 (2 = (&,i)) GE(b).

This proves (5.A.3). Similarly, by another use of Lemma 5.25, with the same A, G,

g £ as above and with X = 1(v,, > b), in the second equality below, we have

1 (2= ()P {op() > blFe | = ¥ 1(Akin) P {on > b Fy)
nelN

- Lt E [P e 720} )

By Assumption Il.a and IIl.a, v, has the complimentary CDF G and is independent
of Iy, the arrival process and the service times of jobs j < 1, and hence, is indepen-
dent of F22%. This yields P{v, > b| F2a%} = G(b). When combined with the last
display, (5.A.4) follows from another use of (5.A.11).

Finally to see (5.A.5), we partition the set {z; = (D), X'(7;) > 1} based on the

value of Ji(1y), that is,

(5.A.13) {zx = (@), X'(5) > 1} = J Brims
meZ

where By ; ,, is defined in (5.A.8) and is ¢ -measurable by Remark 5.23. For every
m € Z, conditions of Lemma 5.25 with A = By ,;, X = 1(vy, > b), Gc = Fy, and

g F=F Pf,‘fa hold by Lemma 5.24.b, and hence, using Lemma 5.25, we have
(5.A.14) 1 (Bgiw)P{vm > b|Fr} =1(Biim) E [IP {vm > b|F_D,?fa} ]Frk} -

By Assumption Il.a, v, has complimentary CDF G and is independent of I, arrival
process and all other service times, and hence, is independent of FPata, which

implies IP {v,, > b|FPaR} = G(b). When combined with (5.A.13) and (5.A.14), we
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conclude

1 (Zk = (@,i),Xi(Tk > 1)) P {U]i(rk) > b’]'-rk} = Z 1 (Bkim) P {vm > b|Fz }

meZ

= Z H(Bk,i,m)é(b)/

meZ.

and (5.A.5) follows from another use of (5.A.13). 0

Next, define zx; € {€ D} and zx, € {1,.., N} to be the two components of
T, that is, zx = (zx1,2k2). The next lemma shows that when the next event is
an arrival, (Tli is conditionally independent of the queue index to which the new

arriving job is routed.
LEMMA 5.26. Suppose Assumption I and II.a hold. Then, for every k > 1,

L(zg =€)P {Uzi > T+ b, i = 1,...,Nyka}

(5.A.15) =1 (21 = )P {a,i >+ bi= 1,...,N|ka71,rk,zk,1} .

PROOF. Define Ay, = {zx1 = € E(tx) = n}, and note that {z;; = ¢} =
UneNAkn. On Ag,, zio is the queue index of the newly arrived job n, that is,
zxp = Kku, where x; is defined by (5.1.6) and is a measurable function of ¢, and
Xi(Tk),i =1,...,N. Since Xi(Tk_l),i =1,.., N, are all 5, ,-measurable by Lemma

5.19, we have
Jer A An,k = (‘/—-qu \ U(Tkl Zk)) A Ak,n = (‘Fkal \% U(Tklzk,lz ln)) A Ak,n/
and therefore,

1(Ag,) P {a,i > T+ b, i = 1,...,N|Frk}

(5.A.16) =1 (Ag,) P {a,i > T+ bii=1,., N|Fe T ze1, ln} .

Moreover, for i € By_1, 0l is the departure time of the job J(7,_1) which is receiv-

ing service at queue 7 at time 7;_1, and hence, 0 = B Ji(te_y) T VJi(q,_,)- By Remark

Te—1)
5.23, J'(Ty_1) is Fy,_,-measurable, and since f; is a { F; }-stopping time forall j € Z
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and B Ji(t 1) < -1, B Ji(t 1) is F7, ,-measurable. Also, since service times are in-

dependent of the random queue choices, vyi( is conditionally independent of

Tj—1)
tn, given Fz, . On the other hand, if i ¢ By_4, O’Ii = co. Consequently, for ev-
eryi =1,..,N, O’Ii is conditionally independent of ,, given F¢_,, and therefore,

(5.A.16) yields

1 (Ag,) P {a,i > 1+ byi = 1,...,N|ka}

=1 (Ak,n) P {0';( > T+ b,i=1, ...,N‘ffk_l,Tk,Zk,l} .

Equation (5.A.15) follows from summation of both sides of the above display over

ne-z. [l

Finally, we state our last auxiliary independence lemma. Let X;, X», ..., X;; and
Y be R U {co}-valued random variables defined on a probability space (O}, F,P),
and let G C F be a c-algebra such that X;,i = 1,...,n, and Y are conditionally
independent given G. Fori =1, ...,n, let F; be the conditional complimentary CDF

of X; given G, that is
P{X; > a|G} = Fi(a), a>0.

Define T = min(Xq, ..., X;;, Y) and let Z be a discrete-valued random variable such

that {Y < min(Xy, ..., X»)} = {Z = 2o} for some value z.

LEMMA 5.27. Suppose Xj,..., Xy, Y, T and Z are as defined above. Then, on
{Z =zp}, X; — T;i =1, ..., n, are conditionally independent given G, T and Z, that

is, for every by, ...,b, >0,

(5.A.17) 1(Z=2z0)P{X;>T+b;i=1,..,n|G T2}
n
=1(Z=z)[[P{Xi>T+b]|G, T 2},
i=1
and each have the following conditional marginal:
(5.A18) 1(Z=2))P{X;>T+b|G,T,Z} =1(Z = z) Fig(;)b), Vb > 0
i
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PROOF. First, we claim that for every B € B [0, 00),

1(T € B)1(Z = 20) [ [1(X > T+ by) Q]
i=1

L Fi(T +by)

1 Fi(T)

1

(5.A.19) E

—E |1(T € B)1(Z = z)

g

{Te€B,Z=20,X;>T+bj;i=1,..,n} ={Y€B,X; >Y+Vb;i=1,..,n},

To prove the claim, note that since T = Y on {Z = 2}, we have

Therefore, using the conditional independence of Xj, ..., X;, and Y, the left-hand

side of (5.A.19) is equal to

P{YEBX;>Y+b,i=1,.,nG =E

1y € B) [ [F(Y + b) g] |
i=1

Similarly, since {T € B,Z = zp} = {Y € B,X; > Y,i = 1,...,n}, by conditionally
independence of X, ..., X;; and Y given G, the right-hand side of (5.A.19) is equal

to

The claim (5.A.19) follows from the last two displays. Moreover, by definition of
conditional expectation, (5.A.19) implies
(5.A.20)

" Fi(T + b;
1(Z=20)P{X;>T+bzi=1,..,n M

i1 Fi(T)

G,T,Z} =1(Z = z)

Now, substituting b; = b and by = 0,i’ # i, in (5.A.20) and observing that
X; > Ton{Z = z} for all i, (5.A.18) follows. Finally, (5.A.17) is obtained by
substituting each term of the product on the right-hand side of (5.A.20) from the
equation (5.A.18). O
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5.A.3. Proofs of Lemma 5.15.

PROOF OF LEMMA 5.15. We prove the lemma using induction on k. Assume by
induction hypothesis that P {1} = 1, {; and U,i, i =1,..., N, are conditionally
independent given F;_,, and (5.3.23) and (5.3.24) hold with k replaced by k — 1,

that is for every b > 0,

(5.A.21) P{& — 11 > b|Fy ) = GE(Re(Tk-1) +b)

Ge(Re(Te-1))

7

and foreveryi =1,...,,N,

G(a' (1) +b)
G(a'(Ti-1))

First, we prove P{()}} = 1. Note that using (5.3.22) with k replaced by k — 1

(5.A22) 1(i€ By )P {a,i > b\]—},ﬂ} —1(i € By_1)

and since P{(};_;} = 1, we have
T — Tk—1 = min{l — G—1,0; — G—1;i = 1,..., N},

almost surely. By induction hypothesis, given F, |, & — 71 and O’Ii — Tp_1,1 =
1,...,N, are conditionally independent, and by (5.A.21) and (5.A.22) and since Gg
and G have densities gr and ¢ by Assumptions I and IL.a, are absolutely continuous
with respect to the Lebesgue measure on (0, o0). Therefore, they are all distinct and
strictly positive, and in particular, IP {Tk > T |]-"ka1} = 1. Moreover, since inter-
arrival time is almost surely positive by Assumption I, all future arrival times are
strictly greater than ¢j. Similarly, all service times are almost surely positive by
Assumption IL.a and hence, all future departure times from a queue i € Bj_; is
strictly greater than ¢!, and all departure times from a queue i ¢ Bj_ is strictly
greater than ¢y, almost surely. Therefore, given F1;_1, Ty is almost surely distinct,

that is, P { (| P, , } = 1, and by the tower property of conditional expectation,
P{} =E[P{y=1|F, ,}] =1

Next, we establish (5.3.23) and (5.3.24) and the conditional independence of
Crr1 and O’Ii_H given Fr. Since P{(}} = 1, by (5.3.22) we have

(5.A.23) T = min(&, 011 =1,..., N),
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almost surely. Also, by representation (5.3.17) for the filtration {7} and by Theo-
rem T30 of Section A.2 in [14], Fy, = 0(Ip) V o(t, zp;1 < k' < k), and therefore
Fr = Fy_ V 0(T, z¢). We partition () based on the value of z; and queue lengths
right before the event time 7; and show the conditional independence on each sub-
set of (). Then conclude the proof.

First, for every i, € {1,..., N}, let A; = {zx = (&, i,)} be the set of realizations
on which the kh event (which is already proved to be distinct) is an arrival to the
queue ix. On A, T = G and Gry1 = Tk + Ug(g)41, and hence using (5.A.3) of

Lemma 5.22, for every by, by, ..., by > 0 we have,

1 (A,'*) r {‘:k—l—l > T+ bo,U']i+1 > T+ b, i = 1/--~/N|f'rk}
=1 (Az'*) Pr {uE(Tk)+1 > bO,(T]i+1 > T + bi,i = 1,...,N|ka}

(5.A.24) =1 (As) Ge(bo)P {a,iﬂ > T+ by,i = 1,...,N]ka} .

In particular, substituting by = band b; = 0,i = 1, ..., N, in (5.A.24) and using the

fact that Re(t¢) = 0 on A;,, we have

(5.A.25)

1(Ai) P {1 > T+ b|Fr} =1(A;)Ge(b) =1(A;,) —=

Next, we look at the joint conditional distribution of O'Ii,i =1,..,N, given F, us-
ing Lemma 5.27. By induction hypothesis, & and 0},i = 1, ..., N, are conditionally
independent given F, ,. Consider the setup of Lemma 5.27 with Y = {; and X; =
o',i = 1,..,N, and recall the notation z; = (zk1,2K2). Using (5.A.23) and since
{& <min(c};i =1,..,N)} = {zx = (&,i) forsomei = 1,.., N} = {z; = ¢}, we
have T = 1, Z = z;1 and 29 = €. Therefore, and since A;, C {zx1 = ¢} and using

(5.A.15) of Lemma 7.30 in the second and the last equality and (5.A.17) of Lemma
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5.27 in the third equality, we have

1(A;)P {0} > 7+ bii =1, N| Fq }

=1 (Ai*)]l (Zk,l = @)IP {0';( > T+ b i = 1/~-~/N|FTk,1/Tk/Zk}

I
=
—~
ks
*
~—
=
—~
N
B
—_
I

)P {U,i > T+ by i = 1,---,N|Frk,1,Tk,Zk,1}

IP {U]l( > Tk + bi|~/—-‘Tk71/Tk/Zk,1}

(5.A.26) =1(A)]]P {a,i > T + bi’frk} :

Moreover, if i € B;_1, the conditional distribution of (Tf‘ is given by (5.A.22), and

hence using (5.A.18) of Lemma 5.27 and the fact that on A; , a'(-) grows linearly

on (tx_1, ), we have
1(A;) 10 € B 1) P {0} > 7 +b| Fy }

=1(A;,)1(ieBr )P {0';{ — Th—1 > T — Tg—1 +b‘ka71,Tk,Zk}

G(a'(Te—1) + T — T—1 + b)
G(a (1) + T — Te—1)

=1(A;,)1(i € Br1)

(5.A.27)
G(a'(e) 4 b)
G(ai(t))

Now we further partition A;, into two subsets, based on the length of queue i,

=1(A;,)1(i € Br1)

right before the arrival. First, consider the set A; 1 = {zx = (&, i), X"*(T_1) >
1} on which queue i, is non-empty right before the arrival. Since an arrival to a
non-empty queue does not change the set of busy servers B, = By_1, and also
U]i = U]i foralli =1,.., N, on A;, ;. Substituting these identities in (5.A.26) and

(5.A.27), respectively, we have
1(A;q1)P {U;iﬂ > T+ by i = 1,...,N|]—"Tk}

N .
(5..28) =1 (A [P {ok1 > w0l 7o},
i=1
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and foreveryi=1,.., N,

(5.A.29) o
1(Ai)1( € B P ol > T4 b[Fo } =1 (A;,1)1 (i € By) %
On the other hand, let A;, » = {z; = (¢&,i.), X**(1_1) = 0} be the set of realizations
on which the k' event (which is already proved to be distinct) is an arrival to
an empty queue i,. This arrival makes the previously idle server i, busy, that is,
By = By U{i.}, and also o} ., = o} forall i # i, and 0} = Ty + Ul ()"
Therefore, using (5.A.4) of Lemma 5.22 in the second equality and (5.A.26) in the

third equality, we have

(5.A.30) 1(A;2) P {of, > T+Dbii= 1,...,N]ka}

L,
=1 (Ai*,z) P {U]i*("fk) > bi*,(?']i > T+ b i # Z'*|.7:Tk}

= 1(Ai.2) GB)P {of > T+ byi # | o |

N .
=1(A,2)Gbi) T[] P{oi>m+bi|Fy}.
i=1,ii,

In particular, by substituting b;, = band b; = 0fori = 1,..,N,i # i, in (5.A.30)
and since i, € By on A;, , and the age of the job J*(7;) which has just begun

receiving service in queue i, is zero, we have

1(A;,2)1 (i € B P {of}; > 7 +b|Fy } = 1(4;,2)1 (i € By) G(b)

Gla (1) +b)
G(a™ (7))

Finally, recall again that B, = B;_; U {i.} on A; _,. For every i # i,, substituting

1(i € By) = 1(i € By_1) and 0}, = 0} in (5.A.27), we have

(5.A.31) =1 (Ai*,Z) 1 (i* € ‘Bk)

(5.A.32)
G(a'(t) +b)
G(ai(t))

Now consider the set B;, = {zx = (D,i.)} of realizations on which the kh

1(Ai2) (i € By) P {Uli—i—l > T+ b|]:rk} =1 (A;2) (i € By)

event (which has already proved to be distinct) is a departure from queue i.. By

induction hypothesis, ¢; and U,i,i = 1,..., N, are conditionally independent given
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Fz,_,. Consider the setup of Lemma 5.27 with Y = U,i*, Xi, = Crand X; = ‘Tli for
i =1,.,N,i # i.. Using (5.A.23) and since {0y < min(,0l;i = 1,..,N,i #
ix)} = B;,, wehave T = 1, Z = zy and zg = (9, i,). Therefore, using (5.A.17) of

Lemma 5.27 in the second equality below, we have

1(Bi) P {& > T+ bo,of > T+ byyi =1, N,i £ 0. Fy }
= ﬂ(Bi*)ﬂ(Tk = (@,l))
x P {gk > T+ bo,O']i > T + bi,i =1,..,N,i 75 i*’ka_karzk}

(5.A.33)
N

=1 (Bi*) P {Ck > T+ bi|./TTk} H r {O'Ii > T+ bi|ffk} .
i=1,ii,
Moreover, given F, ., the conditional distribution of ¢; and U]i fori € By_1\{is}
are given by (5.A.21) and (5.A.22), respectively. Therefore, using (5.A.18) of Lemma

5.27, we have
1(B;,)P {Ck > Tk+b‘FTk}

=1(B;,) P {Ck — Tt—1 > T — Te_1 + b| Fq, }

EE_(RE(Tk—l) + T — 1t b)
GE(RE(Tk—1) + T — Tk—1)

(5.A.34) =1(B;,) ,
and for every i # iy,

]I(Bl*)]l(l € %k,l)ll’{ali > Tk‘i‘blka}

G(d' (1) + % — 1 +b)

(5.A.35) =BG € D) S i ) + e 1)

On B;,, ¢x+1 = ¢ and Rg(+) grows linearly on (t;_1, 7). Hence, it follows from

(5.A.34) that

Ge(Re(i) +b)
Ge(Re(m))

Similarly, on B; , for every i = 1,..,N, i # iy, (TliJrl = 0';;, i € By if and only if

(5.A.36) 1(B;,) P {1 > w+b|Fr} =1(B;,)

Iy

i € By_q and a'(-) grows linearly on (7;_1, T¢|. Hence, it follows from (5.A.35) that
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foreveryi=1,..,N,and i # i,
(5.A.37)

1(B;)1( € B) P o}, > 1 +b|Fq ) =1(B.) 1 € By) Gla'(t) +b)

G(ai())

The the value of ‘711;11 depends on the length of queue i, right before the depar-

ture, and hence we further partition B;, into two parts. On
Bi,1= {Zk = (@, i*),Xl* (Tk—l) = 1},

queue i, becomes empty after the departure at 7, and hence U,ifH

nition. Therefore, using (5.A.33) and trivial identity ]P{(T,ifH > b; }=1in the last

= oo by defi-

equality, we have

1(B;1)P {§k+1 > T+ bo,U;iH > T+ bl = 1,...,N]frk}
= ]l(B,'*,l)]P {Ck > Tk—l—bo,(T]i > Tk—l-bi;i =1,..,N,i 7é i*|]:Tk}

= 1(Bi,1) P{G > 7 + bo| Py } P { o, > by}
N .
(5.A.38) X H P {0';{ > T+ bi|.7-"Tk} :
i=1,iis
On the other hand, on B;, , = {z; = (9,i.), X**(1_1) > 2}, a new job, namely
J**(11.), enters service i, right after departure at 73, and hence ‘Tli*+1 = Tk + Vjis ()

and a* (7;) = 0. Therefore, using (5.A.5) of Lemma 5.22 in the second equality and
(5.A.33) in the third equality, we have

(5.A.39)
1 (Bi*,Z) P {C:v(k—i—l > T+ bo, ali+1 > T + bi,i =1, ...,N’./—"Tk}
= 1(Bi,2) P {0pi (g > bios 8k = Tt bo, 0} > T+ biyi = 1,00, Ni £ 02| |

= 1(Bi.2) G(bi)P {& > T+ bo, 0} > T+ byyi = 1, N i i | Py, |

N .
—1(B;, ) G, )P {& >t +bo|Fo,} [] P {a,i > 1 +bi|ffk}.
i=1,i#i,
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In particular, substituting b;, = band b; = 0fori =0,1,..,N,i # i, in (5.A.39) and

using the facts that i, € By and a™*(7;) = 0 on B;_ », we have

1(Bj,2) 1 (ix € By) P {‘Tzill > T+ b|]’rk} =1(Bi.2) 1 (ix € Byr) G(b)

5.A.40 =1 (Bj,2)1(ix €B
( ) ( 1*,2) (* k) G(al*('ck))
Now we can conclude the lemma, observing that
(5.A.41)
N
Q= |J(A,UB), A=A 1UA;, B =B 1UBi, i.=1,.,N.
i=1

Independence of ¢ and U]i 41,1 =1,.., N follows from (5.A.41) and conditional
independence results on each partition, i.e. (5.A.24), (5.A.28), (5.A.30), (5.A.38)
and (5.A.39). Moreover, the form (5.3.23) for conditional distribution of {1 given
F, tollows from (5.A.41) and this conditional distribution on each partition, i.e.
(5.A.25) and (5.A.36). Finally, for every i € By, the form (5.3.24) for conditional
distribution of O'Ii 41 8iven J follows from (5.A.41) and this conditional distribu-
tion on each partition, i.e. (5.A.29), (5.A.31), (5.A.32), (5.A.37) and (5.A.40).

O
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CHAPTER 6

Characterization of the Limit: Hydrodynamic Equations

In this chapter, we present a system of coupled measure-valued equations.
The solution to these equations characterizes the hydrodynamic limit of the Mar-
kovian state process of the load-balancing network introduced in Chapter 5, so
we call these equations “measure-valued hydrodynamic equations”. Despite be-
ing measure-valued, this countable system of coupled equations can be partially
solved in an explicit fashion, leading to a tractable and intuitive description of the
limit. This characterization enables the study of (approximate) transient behav-
ior of large-scale load-balancing networks with general service distributions. We
study these equations and prove the uniqueness of the solution to these equations
is this chapter; the hydrodynamic limit theorem is established in the next chapter.

The measure-valued Markovian state processes and its corresponding limit
contain a lot of information about the state the network. However, one may only
be interested in simple performance measures such as queue lengths. Here, we in-
troduce a reduced version of measure-valued hydrodynamic equations, which is a
system of coupled partial integro-differential equations (PDEs) that we call hydro-
dynamic PDEs. As we show in Chapter 7 (Section 7.3), the hydrodynamic limit of
performance measures such as queue length distribution and virtual waiting time
can be captured by the solution to the hydrodynamic PDEs, thus we provide a di-
rect generalization of the ODE description obtained in [96, 81] when the service
time distribution is exponential.

First we introduce and study measure-valued hydrodynamic equations in Sec-
tion 6.1. Then in Section 6.2, we introduce the Hydrodynamic PDEs and show the
connection to the measure-valued counterpart (see Section 6.2.2). We study these

PDEs under an additional smoothness assumption on the service time distribution
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(see Assumption IV in Section 6.2), and in particular, we prove the uniqueness of
the solution to these PDEs. The extra assumption is not necessary, and only helps

us define the solution of the PDEs in a nicer functional space.

6.1. Measure-Valued Hydrodynamic Equations

In this section, we study the measure-valued hydrodynamic equation. First
we introduce these equations in Section 6.1.1. Then in Section 6.1.2, we show that
the hydrodynamic equations admit at most one solution (Theorem 6.3). Finally
in Section 6.1.3, we provide a dynamical characterization of the hydrodynamic
equations as solutions to a system of coupled integro-differential equations, which

will be used in Section 7.2.3 to establish Theorem 7.1.

6.1.1. Definition of Measure-Valued Hydrodynamic Equations. We now in-
troduce the hydrodynamic equations which provides a “fluid limit” approxima-
tion for the network. First, for every d > 2, define the polynomial

) x4 — yd d—1 i1
(6.1.1) Pa(x,y) = =) aMytm
x—Yy m=0

Note that for x,y, %, 7 < 1, B4(x,y) < d and

(612) Palr,y) — Pa(%,9) <d*((x—2) + (y— 7).

Moreover, in the case d = 2, we have the simple from P> (x,y) = x + y.

DEFINITION 6.1. (Hydrodynamic Equations) Given an initial condition v(0) €
S and a non-negative function A € L] _(0,00), {v(t) = (v,(t);¢ > 1);t > 0} in
Cs[0, 00) is said to solve the hydrodynamic equations associated with (A, v(0)) if and

only if for every t € [0,0),
t
(6.1.3) / (h,v1(s))ds < oo,
0
and for every t > 0and ¢ > 1,

6149 (Lul) — 1u0) = Dea() + [ (1ns(s))ds — De(r),
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and for every f € C,[0,00),

6.1.5)  (five(t)) =(f(- +1)

+ [t =9 D o
where
6.1.6) Dy(t) = /0 hvy(s)ds, W1,
and

6.1.7) () = { At) (1 - <1’V1(t)>d) %0 ifr=1,

MEFa ({1, v (1), v (8) ) (a(8) = i) i€ =2

For a solution v of the hydrodynamic equations, we define S,(t) = (1,v,(t)),

forallt > 0and ¢ > 1.

REMARK 6.2. The bound (6.1.3) implies that for every ¢ > 1, the process Dy is

well-defined.

To motivate the form of these equations we provide an intuitive description of
the N-server dynamics; a more precise characterization of the N-server dynamics
is deferred to Section 5.2. Given the age a(s) of a job in service at time s, the condi-
tional probability that the job will complete service in the time interval (s, s + ds)
is roughly h(a(s))ds. Summing over the ages of all jobs in service at queues of
length no less than ¢, we see that the conditional mean departure rate from such
queues at time s is (h, vy(s)). In the deterministic limit, the departure process coin-
cides with its mean, thus giving rise to the equality in (6.1.6), where Dy is the limit
of the departure process form queues with queues of length at least ¢ just before
departure.

Next, note that the quantity (1,v,) represents the number of jobs receiving ser-
vice in servers with queues of length no less than /. In the interval [0, ¢], this quan-
tity decreases only due to the scaled limit of departures caused by service com-

pletions at a queue of length ¢, which is equal to Dy(t) — Dy, (t), and increases
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only due to the scaled limit of arrivals of jobs that are routed to a queue that has
length ¢ — 1 prior to the job joining the queue (and causes the job receiving service
in that server contribute to (1,v,).) The scaled mean arrival rate of jobs to the net-
work at any time s is given by A (or A(s) in more general time-varying settings)
and for ¢ > 1, the probability that an arriving job is routed to a queue of length £ at
time s is approximately equal to ({1, v,_1(s)))? — ({1,v,(s)))? (with the convention
(1,v9(s)) = 1.) Thus, the total arrival rate to a queue of length ¢ — 1 is given by
(1,74), where 1, is defined by (6.1.7). These observations, when combined, justify
the form of equation (6.1.4).

We now consider equation (6.1.5). There are three terms that contribute to the
mass in the measure v,(t) for any given t > 0. The first is due to jobs that were
already in service at time 0 in a queue of length at least ¢, and have still not yet com-
pleted service by time t. Given that a job had age a(0) at time 0, the conditional
probability that it has still not completed service at time ¢ is G(a(0) + t)/G(a(0)),
and in that case, its age at time t would be a(0) + t. Thus, summing over all possi-
ble initial jobs, or equivalently integrating over vy, we obtain the first term.

The second term captures service completions at queues of length k > ¢ + 1.
Any such queue that has a job that completes service at time s will become of
length k —1 > ¢ at time s, and thus still be represented in v,(s), but now with a
delta mass at zero to represent the new job that has just entered service. The second
term is then obtained by summing over all such possible job completions at time s,
which is represented by dD; 1 (s), noting that the conditional probability that this
job is still in the system at time ¢ is G(t — s), and its age at time ¢ will be t — s, and
integrating s from 0 to .

The third term represents the contribution due to new arrivals into the system
that are routed to a queue of length ¢ — 1 in the interval [0,¢]. The conditional
probability (given v(s)) of routing a new arrival to any such queue at time s is
((1,v—1 ()N — ((1,v4(s)))4/ ({1, v,_1) — (1,v,)). Moreover, if the job in service at

that queue had age a at time s, it now belongs to a queue of length ¢, and therefore
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(N)

also appears as a new mass at positionain v, ’(s). However, the conditional prob-
ability of such a job not having completed service by time t is G(a + t —s)/G(a),
and its age at time f would be a 4t — s. Summing over all queues of length exactly
¢ at time s, and then integrating s from 0 to ¢, we obtain the last term in (6.1.5).
Note that f 0 )ds is the number of arrivals to idle servers up to time t and
hence D;(t) + fo s)ds) is the cumulative service entry process (see Section
5.2). Therefore, for ¢ = 1, this equation is analogous to the evolution of a single
measure-valued process that describes the limit dynamics of a single many-server

queue (see (3.11) of [62]). 1

6.1.2. Uniqueness of Solutions to the Hydrodynamic Equations. In this sec-
tion, we prove that the measure-valued hydrodynamic equations has at most one

solution. The existence of a solution follows later in Chapter 7 (see Corollary 7.2.)

THEOREM 6.3. Suppose Assumptions I and Il.a hold. Then for every non-
negative function A € L] (0,00) and v(0) € S, the hydrodynamic equations as-

sociated with (A, v(0)) have at most one solution.

PROOF. Fix a locally integrable function A(-) on [0,00) and v(0) € S, and let v
and 7 both be solutions to the hydrodynamic equation associated with (A, v(0)).
For ¢ > 1, define AH;, = H, — H, for H = v, D, 1,S. Consider the parameterized

family of continuous bounded functions
F={¢;r>0} CCyl0,L),
where

ro_ E( + 1’)
(6.1.8) 9§ = 0

and note that 1 = ¢° € FF. For every { > 1and t > 0, define

Vi(t) = sup [(f, Avg(t))].
feF

Livhere in this Tez.
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By (6.1.7) with ¢ = 1 and (6.1.1), for s > 0 and every f € C;[0, L) we have,
(f, A (s)) =A(s)£(0) ((S (5))" = (51())")
(6.1.9) ( ) (1, Avi(s)).

Therefore, for every f € IF, since B, (x,y) < dand ||f|le <1,
(6.1.10) [(f, An1(s))| < A(s)d|(1, Avy)| < A(s)dV4(s), f e

Next, for every ¢ > 2,s > 0and f € C,[0,L),

6.1.11)
(f, Mne(s)) =A(5)Ba(Se=1(s),Se(s)) {f, Dvg_1(s) — Avy(s))
+A(s) (‘Bd(se—l(s)z Si(s)) —Ba(Se-1(s), 55(5))) (f, Pe—1(s) — Te(s)).

In particular for every f € F, using ||fllc0 < 1, vyo1 —vy > 0, Up_1 —7p > 0,
PBa(x,y) < d and property (6.1.2) of P, we have

(6.1.12) (F,81e(5))] < (d+PIAG) (Vs () + Vils),  fET.

Now, first note for f € C}[0, c0) that applying integration by parts to (6.1.5), for
every f € C}[0,c0),

Fu0) = 7+ D u(0) + FOBO)Da ()
6.1.13) +/ (FG)'(t — §)Dyss (s)ds +/ Fl+t- s)%,w(s))ds.
Also, note that by definition of ", for every t > s > 0 we have
O (t—s)G(t—s)=G(r+t—s),
and
O (x4t — s)é(xg(;)‘ 5) _ Gl %" (I)t =5) _grts(x),  xelol).
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Thus, substituting f = ¢" in both (6.1.13) and in (6.1.13) with vy, Dy, 7, replaced by
vy, D, 7j,, respectively, using the last two relations and the facts that 9"(0) = G(r)
and (1975/(15 —s)=—g(r+t—s),wehave

(6.1.14)

(87, 80e(1)) = G()ADe (1) — [ g0+ 8= )ADpa(5)ds + [ (847, ().

Since 89° = 1, equation (6.1.14) for r = 0 gives

t

(6.1.15) (1,Avy(t)) = ADyy1(t) — /0 Q(t—s)ADy1(s)ds + /Ot<19ts,Aw(s)>ds.

On the other hand, using the fact that (v, ;¢ > 1) satisfies (6.1.4) and (7, ;¢ > 1)
satisfies the analogous equation and that Av,(0) = 0, we also have

(6.1.16) ADpir(t) = (1, Avg(t)) + ADy(t) — /O (1, Ay (s)) ds.

Substituting ADy1(t) from (6.1.16) into (6.1.15), it follows that for every ¢ > 2,

ADy satisfies the renewal equation
(6.1.17) AD(t) = g% AD,(t) + Fy(t),
with
B = [0, m()ds g (1, 8v)(6) — (% [ (1, 80(6))as) (1
~ /0 (055, Apy(s))ds.

Since Avy is the difference of two measures in Dy, (o 1)[0, ) and A is locally inte-
grable, (1, Avy) and (f, An,) for f € C;[0, 00) are also locally integrable, and hence
Fy is uniformly bounded on finite intervals (i.e., ||F||; < oo forall t > 0). ADy is also
bounded on finite intervals because of the bound (6.1.3) and therefore, by Theorem

2.4 of Chapter V in [3], AD, has the representation
ADg(t) = Fg(t) —+ U * Fg(t),

where u is the renewal density on [0,L). Note that u exists because G has den-

sity g, see Proposition 2.7 of Chapter V in [3], which also shows that u is uniformly
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bounded on every finite interval and satisfies the equation u = g * u + g. Substitut-
ing the definition of F; into equation (6.1.17) and using the equality u * g = u — g,

we have
ADy(1) = (1, (s s (1,80 (6) — [ (6175, 8(9)ds

(6.1.18) + (u * /0.<l9'_S,A175(S)>dS) (1).

Now we bound each term in the term in the right-hand side of equation (6.1.18).

Fix T > 0. The bound in (6.1.12) implies

(61.19) ‘/Ot(l,Aiyg(s»ds < (d—l—dz)/ot)\(s)(Vg_l(s)—i—Vg(s))ds, F<T.

Moreover, recall that for a function f, || f|l7 = sup;c (o 1 |f ()|, we also have
t t

(6.1.20) [u (1, Av)(8)| < / w(t — ) (1, Avg(s)) | ds < HuHT/ Vi(s)ds, t<T.
0 0

Furthermore, for the function ,(t) = fg(ﬂt_s,Aw(s»ds, the bound (6.1.12) with
f = 9"° implies

612) |G| < [@+d) [[A©0) (Vi) + Vi) do, 520,
and hence, applying Tonelli’s theorem in the third inequality below, we obtain
t
6122)  |ux&(®) < [ u(t=s)Iu(s)lds
t rs
<@+ [ [ ult=5)A(0) (Ves (0) + V(o)) do ds
<(d+d?) /t/\(s) (Vo1 (s) + Vi(s)) (/tu(t—v)dv) ds
> 0 -1 L s
< +@UT) [ A6) (Via(s) +Vils))ds, ST,

where U(-) = 1+ [; u(s)ds is the renewal function associated with G. From equa-

tion (6.1.18) and the bounds (6.1.19)-(6.1.22), for £ > 2 we then have

AD e < C(T) [ (14 AE)) (Vis(9) + Vi(s)) ds, VE<T,
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with C(T) = |Ju||r 4+ 2(d + d?)(1 + U(T)) < oo, or equivalently, for £ > 1,
t
6123) 8Dl < C(T) [ (1+A(3)) (Vi(s) + Via(s)) ds, VE<T.

Finally, incorporating the bounds (6.1.10), (6.1.12) and (6.1.23) in the equation
(6.1.14), we have

(. a0n(0)] <30(T) [[A+AE)WAE) +Vals)ds,  VfEF,

and for every / > 2,

t

[(f, Bug(t))] < 3C(T) /0 (1+A(s))(Ve—a(s) 4+ Vi(s) 4 Viga(s))ds, VfeF.

Taking the supremum over all f € F on the left-hand sides of the last two equa-

tions, for all t < T we have
3C(T) [L(1+ A(s))(Vi(s) + Va(s))ds, if =1,
120 Ui < | SO ROFAN) + V()
3C(T) fo (T4+A(8))(Vy_1(s) + Vi(s) + Vyyq(s))ds, if € > 2.
Define V(t) = Y22, 27/V,(t). Since for every f € F, |{f,v,(t))| < 1, V,(t) < 2 for
all > 1, and hence V(t) <2 < oo for all t > 0. Also multiplying both sides of the

bound (6.1.24) by 2~ tand summing up over £ > 1, we obtain
t
(6.1.25) V() < 12C(T) / (14 A(s))V(s)ds.
0

Since V(0) = 0, an application of Gronwall’s inequality then shows that V (t) =
0 for all t > 0, and thus V;(t) = 0 for all t > 0 and all £ > 1. In particular, this

shows that
(6.1.26) (1,v,) =0, k>1.

Moreover, by inequality (6.1.23), AD, = 0 for all £ > 2. Substituting Ay;; = 0 in
(6.1.13) and using the fact that Av,(0) = 0, we see that for every f € C}[0, o),

For ¢ > 1, we can then rewrite (6.1.14) as

(6.1.27) (f, Ave(t)) = /Ot<f(- +t—s)073(), Ang(s))ds.

We finish the proof by using induction on ¢ to show that Av, = 0 forall £ > 1. We

first note that f(- +t —s)9'~5(-) € Cp[0, L) forall f € C,[0,L) and t,s > 0. For £ =
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1, (6.1.9) and the equality (6.1.26) with k = 1 imply (f(- +t —s) 5, An1(s)) = 0
forall t,s > 0, and therefore, Av; = 0 using (6.1.27). Furthermore, if Avy,_; = O for
some ¢ > 2, it follows from (6.1.11), (6.1.2) and the equality (6.1.26) for k = ¢ — 1
and k = ¢ that

[(f(+t=5)0"5(), Ane(s))|
< AGS)PBa (L ve—1(5)), (L,ve())) (f (- + = 5)8"7°(:), Avi(s))

< AS)IfllllAv(s)lITv 4,

where the last inequality uses By (x,y) < dand [|[f(- +t —8)% () |lco < ||f|lco- In-
corporating this bound into (6.1.27) and taking the supremum over all f € C,[0,L)

with || f||e < 1, we obtain
t
(6.1.28) 8ve(t)lrv < d [ AS)[Bve(s) lrvds, ¥ 0.

Since Av/(0) = 0, another application of Gronwall’s inequality shows Av,(t) = 0
forallt > 0. UJ

6.1.3. A Dynamical Characterization of the Hydrodynamic Limit. In this sec-
tion we provide an alternative, dynamical characterization of solutions to the hy-
drodynamic equations, which will be used in Section 7.2.3 to establish convergence
of vN) as N — co. The idea is that although the hydrodynamic equations are
highly non-linear, the dependence of v, on Dy and 7, is linear, and we will show
that the vy in (6.1.5) is simply the unique solution to a linear (measure-valued) PDE
with inputs Dy, and #,. A similar representation was used in [61] and [62], and
indeed, our result below generalizes Theorem 4.1 of [61]. Here is the main result

of this section.

PROPOSITION 6.4. Suppose v(0) = (v4(0);¢ > 1) € S and nonnegative function

A(-) € L] .[0,00) are given and a process v = (v);>1 € Ds[0,00), satisfies the
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following: for every £ > 1 and t > 0, the bound
t
(6.1.29) Dy(f) = / (h, ve(s))ds < oo,
0
and the equation

6130 (Lu) — 1u) = Dia() + [ (L7(5)ds — Di(s),

hold, and for every ¢ € CI''([0,L) x R), the equation

(900 (1)) (000,10 + [ {9i(9) + 9.(9) = 9L, 5)h(),ve(s) s
(6.1.31) + [ 90D () + [ (o 9) ()i,

also holds where 77, is defined in (6.1.7). Then, v is a solution to the Hydrodynamic
Equations associated to (A, v(0)).

Throughout this section, we fix the non-negative A(-) € LL{ _in Proposition
6.4. We also denote by IM the space of Radon measures on R? whose supports
liein [0, L) x Ry, and the integral with respect to any Radon measure ® on R? is

denoted by
O(p) = //}R2 ¢(x,5)O(dx,ds).

DEFINITION 6.5. (Abstract Age Equation) Suppose a Radon measure ® € M
is given. A measure-valued function p = {p(t);t > 0} in Dy, (g 1[0, o) is said to

solve the abstract age equation associated with © if and only if for every t € [0, 0),
(6.1.32) /Ot<h,;4(s)>ds < 00,

and for every ¢ € CI'([0,L) x R,),

(6.1.33) = [T (0a(9) + 98) = 9 ), (s))ds = O(g).

The following Lemma gives an explicit solution to the abstract age equation.
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LEMMA 6.6. Suppose p = {pu(t);t > 0} in Dyy,(o1)[0,00) solves the abstract

age equation associated with some © € M. Then for every f € C.[0,L) and t > 0,

(6.134) O, u(t)) = /0 t - f(x+t—s)%@(dx,ds).

PROOF. Define the measure the measure iy on R? as

(11)(9) = [ (ol () ue)ds, @€ C(RE)

Since u(s) € Mpg[0, L) for every s > 0, we have (hu)(¢) = 0 for all ¢ with support
outside of [0,L) x Ry. Also, for every ¢ € C.(R%), using the bound (6.1.32), we

have
(@) < gl [ (hp())ds < o

Therefore, hy is a finite Radon measure on R? with support in [0,L) x Ry, that is

hv € M. Therefore, by Corollary 4.17 in [61], for every t > 0 and f € C.[0,L),

(6.1.35) fout) = O(-nAs 1y, )
where

Gl fo<t<x<M,

G
(6.1.36) bn(x,t) =< G(x) f0<x<t<oo,
0

otherwise.
and for every t > 0, A' : C(R) — C.(R?) is defined by
(6.1.37) Af(x,8) = f(x+1—35)1gy(s).

Combining definitions (6.1.36)-(6.1.37), we have

1-G(x+t—s
lp_hA;(')lph('/t) (x,S) - f(x Ti- S) 1 E G(x) )1[0,1’} (S)/

and hence, (6.1.34) follows from substituting tp_hAjf(.) W) from the equation

¥
above in (6.1.35). (l
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PROOF OF PROPOSITION 6.4. Recall the definition (6.1) of the Hydrodynamic
equations. Since the equations (6.1.3) and (6.1.4) are readily given in (6.1.29) and
(6.1.30), respectively, we only need to show that (6.1.5) holds forallt > 0, ¢ > 1
and f € C,[0,L).

Fix £ > 1, and consider the linear functional ¢, on C}’l ([0,L) x R4 ), where for

every ¢ € C([0,L) x R.), &(¢) is defined by

6:138) Eilg) = (9 0)ve(0) + [ ¢(0,5)dDsa(8)+ [ (p(5) ().

[0,00)

By definition (6.1.7) of 17y, for allm € [0,L) and T € [0,00) and every ¢ € C(R?)
with supp(¢) C [0,m] x [0, T],

(6.1.39) (@ (), 10(s))| < ll@lleor(s)d,

and hence, since D, 1 is non-decreasing,

(6.1.40) 1Ee(@)] < [l@lleo (|v£(0)|Tv 4 D1 (T) 4 C(T)),

with C(T) = d fo s)ds < oo by local integrability of A and D;y1(T) < oo by
(6.1.29). Moreover, c:,‘g(go):O for all ¢ such that supp(¢) N[0,L) x Ry = @. There-
for, ¢ is a Radon measure on R? with supportin [0,L) x Ry, ie. ¢ € M. Moreover,
since any ¢ € C2([0,L) x R ), has compact support, the left-hand side of (6.1.31)

equals to 0 for sufficiently large t. Therefore, sending t — co in (6.1.31), we have

(6.1.41) - /Ot<(Px(-,S) +¢s(/8) = @, 8)h(-),ve(s))ds = Eo(g).

Hence, v, satisfies the abstract age equation associated with &, € M, and therefore

by Lemma 6.6 and definition (6.1.38) of &y, for all f € C.[0,L) and t > 0,

G(x+t—s)

(f,ve(t / o) flx+t—s) W Co(dx,ds)
405D o) + [ 0550 - 9Ll
(6.1.42) -I-/Ot(f( —l—t—s)%,w(s)}ds.
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Since for ever t > 0, the right-hand side above is finite for every f € C;[0,L),
(6.1.42) can be extended for all f € C,[0,L) by an application of dominated con-

vergence theorem, and (6.1.5) follows. This completes the proof. U

6.2. Hydrodynamic PDEs

In this section, we introduce and study the Hydrodynamic PDEs. The equa-
tions are first introduced in Section 6.2.1. Then in Section 6.2.2, we show that un-
der an additional smoothness assumption on the service time distribution (see As-
sumption IV below), the solution to the these PDEs is closely related to the solution
to the measure-valued hydrodynamic equations defined in Section 6.1.1. Finally,
we prove the uniqueness of the solution to the hydrodynamic PDEs in Section
6.2.3.

The following extra smoothness assumption on the service time distribution

helps us define the solution of the PDEs in a nicer functional space.

ASSUMPTION IV. (Service Distribution) The hazard rate & is continuous and

bounded, i.e. h € Clgl[O,oo). In particular,

H = sup h(x) < oco.
x€[0,L)

6.2.1. Description of the Hydrodynamic PDE. Define Clg[O,oo) to be the
space of continuously differentiable functions f with bounded derivative, such
that |f| is bounded by 1. Also, define X to be the set of functions ¢ on [0, 00) x
[0,00) such that for every t > 0, ¢(t,-) € Clg[O,oo) with 9,¢(t,-) denoting the
derivative with respect to the second variable, and for every r > 0, the mapping

t — ¢(t,7) is measurable. Now we define the PDE.

DEFINITION 6.7. For every function A and set of functions Zg € CL,[0,00),

¢ > 1, a set of functions (Zy; ¢ > 1) with Z, € X for all / > 1 is said to solve the
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hydrodynamic PDE associated to (A, Zg; ¢ > 1) if for every t,r > 0, Z; satisfies
(6.2.1) Zy(t,r) =Z9(t+71) — /Ot@(t + 7 —1)3,Zy(u,0)du
+/ Glt+7—u)(1 = Zi(u,0)")du,
with the boundary condition
(6.2.2)
Z1(1,0) = Z9(0 +/ (9:Z1(1,0) — 9,Z5(1,0) du+/ ) (1= 21,0 du,
and for ¢ > 2, Z, satisfies

(6.2.3)
Zo(t,r) = Z0(t+7) — /Ota(t +r—u)0,Zpyq(u,0)du

+ / W) By (Z-1(1,0), Zy(1,0)) (Zg—1 (u, t + 7 —u) = Zy(u, t + 7 —u))du,
with the boundary conditions

(6.2.4) Zy(t,0) = Z9(0) + / t (8:Z¢(1,0) — 3,Zy41(14,0))du

+/ Zg (1, 0) —Zg(u,O)d> du.

Note that by equations (6.2.1) and (6.2.3), Zg is the initial condition for Z,, that
is Zy(0,r) = Z)(r), forall ¢ > 1and r > 0.

REMARK 6.8. Although the equations (6.2.1)-(6.2.4) are partial integro-differential
equations and not partial differential equations in the classic sense, we still refer to

them as hydrodynamic PDE for conciseness.

6.2.2. Connection to the Measure-Valued Equation. Here, we establish the
connection between the solution of the hydrodynamic PDEs and their measure-
valued counterpart defined in Section 6.1.1.

Let A be a non-negative locally integrable function, and fix any v(0) = (v,(0); ¢ >
0) € S, and suppose v = {(vy(t);¢ > 0);t > 0} satisfies the measure-valued hy-

drodynamic equations (6.1.4)-(6.1.7) associated with (A, v(0)). For every ¢ € N,
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we define the function Z; : [0,00) x [0,0) — R as
(6.2.5) Zo(t,r) = (0", v(t)), Vt,r > 0.

We tirst show in lemma 6.9 below that the functions Z, defined above lie in X, and

in particular, the functions Z) defined as
(6.2.6) 79 = (¢",v,(0)), r>0.

liein Clgl [0, 00) forall ¢ > 1. Then we show in Proposition 6.10 that Z = (Zy; ¢ > 1)
satisfies the hydrodynamic PDEs associated to (A, Z).

LEMMA 6.9. Suppose Assumptions I, Il and IV hold. For every ¢ > 1, Z, € X,

and for every t > 0,
(6.2.7) (h,ve(t)) = —0:Z(t,0).

PROOF. Fix ¢ > 1. For every x,r > 0, and § > 0, by mean value theorem

(6.2.8)
G(x+7r)—G(x+r+6)  glx+r+6(x,r)) .
ST — a0 <h(x+r+5(x7)) < |,
for some 6*(x,r) € [0,0], and ||h]| is finite due to Assumption IV. Therefore,
.1 G 4+r+0 -G -4+
tim 5 (Z0(t,r+0) = Z4(t,7) = lim (ZED =S,
G(- 5) —G(-
~(fm ST )
__80+7)
(6.2.9) = —( =05 ve(8).

The second equality is by (6.2.8) and an application of bounded convergence theo-
rem. Continuity of 9,Z,(t,r) follows similarly by another application of bounded
convergence theorem. Therefore, for every t > 0, Z,(t,-) € (IjlSl [0, 00).

Also, for every r > 0, the function G(- +r)/G(-) is bounded and continuous,
and hence, the mapping T : Mg[0,c0) — R which takes a measure u to (G(- +
r)/G(-), ) is continuous. Together with the fact that the process {v,(t);t > 0}

is right-continuous, if follows that for every r > 0, the mapping t — Zy(t,r) is
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right-continuous and hence, measurable. Therefore, Z, € X. Finally, (6.2.7) holds
by substituting » = 0 in (6.2.9). U]

Lemma 6.9 in particular shows that the initial conditions Z)(-) = Z,(0, -) lie in

CL,[0,c0) forall £ > 1.

PROPOSITION 6.10. Suppose Assumptions I and IV hold, and let v be a so-
lution to the measure-valued hydrodynamic equations associated to (A, v(0)) for
some non-negative function A and some v(0) € S. Then functions Z = (Z;; ¢ > 1)
defined in (6.2.5) satisfies the hydrodynamic PDEs (6.2.1)-(6.2.4) associated to
(A, Zg; £ > 0), with Z9 defined in (6.2.6).

PROOF. Recall the definition (6.1.8) of ¢" for r > 0. Foreveryr > 0,0 < u < 't

andx >0

(6.2.10) O (t—u)G(t—u) =G(t+r—u)
and
6.2.11) O (x + u)% — (),

Also, substituting (h, v,(t)) from (6.2.7) in definition (6.1.6) of D(t), we have
t
(6.2.12) Dy(t) = — / 9, Zy(u,0)du.
0

Equations (6.2.1)-(6.2.4) follow from substituting the function f = ¢ and the rela-
tions in equations (6.2.10), (6.2.11) and (6.2.12) in measure-valued hydrodynamic
equation (6.1.4)-(6.1.7). [

6.2.3. Uniqueness of the Solution to Hydrodynamic PDEs. In this section,
we show that the hydrodynamic PDEs defined in Section 6.2.1 has at most one
solution. We present the proof for the case d = 2; the generalization to arbitrary

d > 1 is straightforward.
218



THEOREM 6.11. Suppose Assumptions I, II and IV hold. Then, for every non-

loc

negative function A € Ll (0,00) and Zg € Clgl[0,00),E > 1, then the hydrody-
namic PDEs (6.2.1)-(6.2.4) with d = 2 has at most one solution.

PROOF. Fix a non-negative function A € I}, [0,00) and Z° = (Z9;¢ > 1), and
let Z = (Zy;¢ > 1) and Z = (Zg;ﬁ > 1) both be solutions to the hydrodynamic
PDE (6.2.1)-(6.2.4) associated to (A, Z°). Defining the functions

t
Dy(t) = —/O 3,Z,(s,0)ds, >0,

and using integration by parts, we can rewrite

(6.2.13)

[ =90 2001(5,0)d5 = ~C(IDa () + [ Dia()glt 7~ s

Substituting (6.2.13) into (6.2.1) and (6.2.3), and the definition of D, into (6.2.2) and

(6.2.4), we see that for every ¢ > 1, Z; satisfies for t,r > 0,
Zult,r) = 20+ 0+ CODe () + Ro(tr) = [ Desa(9g(e-+7 = s)ds
with boundary condition
Zy(t,0) = Z)(0) — Dy(t) + Dy () + Ag(t),
where
(6.2.14) Ri(t) = /Ot As)G(t+r—s)(1— Z2(s, 0))ds,

and, for ¢ > 2,
(6.2.15)
t
Rg(t)/o A(8)(Zo—1(5,0) — Zy(5,0)) (Zyy (s, t+ 7 — ) — Zy(s, t+7 —5))ds,

and
(6:2.16) Ag(t) = { Jo A=) (1 = Zi(s,0))ds ife=1,
Jo M) (Z2_1(s,0) — Z2(s,0))ds if £ > 2.
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Similarly, Z satisfies analogous equations. Defining AH, = H, — H, for H =
Z,D,R,Aand ¢ > 1,forall / > 1and t,r > 0 we have

— t

6.2.17) A@umy:G@mDuﬂw+ARqu—/ﬂu%ﬂ@mu+r—@@,
0
with boundary condition
(6.2.18) AZy(t,0) = —ADy(t) + ADyy1(t) + AN (2).
Now for every t > 0 and ¢ > 1, define
(6.2.19) Vo(t) = sup |AZy(t,7)|.
r>0

Note that V, is measurable because it is the supremum over measurable functions,

and is bounded by 2 because Z,(t,-) and Z,(t, -) are both in C1§1 [0, 00). By defini-
tion (6.2.15) of R1, we have,

ARy(t,7) = — /Ot)t(s)é(tJrr —5)(Z1(5,0) + Z1(s5,0)) AZy (s, 0)ds,
and hence,
(6.2.20) AR, (£ 7)] < 2 /O AS)i(s)ds, i r >0,
Similarly for ¢ > 2, by definition (6.2.15) of Ry,
AR,(t, 1) = /t)\( $)(Zo-1(5,0) + Zy(5,0)) (AZg_1 (s, t + 7 — 5) — AZy(s, t + 7 — 5))ds
+ / )(AZ;1(5,0) + AZy(5,0)) (Zg_1(s,t +7—38) — Z1(s,t +7—5))ds,
and hence, for all t,r > 0
(6.2.21) \Amur|<4/ ) (Vy_1(s) + Vi(s))ds.

Furthermore, to bound AD, for ¢ > 2, we substitute ADy 4
from (6.2.18) in (6.2.17) and set » = 0 to conclude that AD, satisfies the renewal
equation

ADg(t) =g* ADg(t) + Fg(t), t Z 0,
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with
Fo(t) = AAp(t) — gx AAo(t) + g% AZy(t,0) — ARy(t,0).
Fix ¢ > 2 and note that by definition (6.2.16) of A,

t

AA(F) = /O A(5)(Zo1(5,0) + Zy_1(5,0)) AZy_1 (s, 0)ds

_ /0 "A(5) (Ze(s,0) + Zos,0)) AZy (s, 0)ds,
and hence,
(6.2.22) IAAL()] < 4/(: A(s) (Ver(s) + Ve(s))ds,  VE>0.

Recall that V(t) <2 forall t > 0 and ¢ > 1, and due to the local integrability of A,
(6.2.22) implies that AA(t) is uniformly bounded on any finite interval t € [0, T].
Hence,

gx ANy (t) < ||AA||T/0tg(s)ds < oo, te[0,T].
Similarly, the bound (6.2.21) shows that AR,(t) is also bounded for finite ¢. There-

fore, Fy is bounded on finite intervals, and hence by the renewal theorem (see The-

orem V.2.4 in [3])
t
ADy() = [ Filt = s)dUc(s),
0
where Ug is the renewal measure corresponding to the service distribution G.

Since G has a density g, U satisfies

X
Ug(x) =1 +/0 ug(y)dy, x>0,

and the density u¢ is bounded on finite intervals and satisfies the equation ug =

g * UG + g due to Proposition V.2.7 in [3]. Therefore, AD,(t) can be written as

(6.2.23)
ADg(t) = Fg(t) + ug * Fg(t) = AAg(t) + ug * AZg(i', 0) — ARg(t, 0) — UG * ARg(t, 0)

For every fixed T > Oand all 0 < t < T, by the definition of the convolution

operator and (6.2.19),

t t
6224)  |ug % AZy(t0)] g/ ua(s)|AZy(t —s,0)|ds < ||uG||T/ V,(s)ds.
0 0
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Also, using the bound (6.2.21) we have
t S
lug * AR(t,0)] §4/ ug(t—s) /0 M) (Vi1 (v) + Vy(v))do ds
t
—4/ ) (Vo1 (v) + V(o ))/ ug(t —s)ds do
1%

(6.2.25) <4Ug(T) /O A(s) (Vi1(s) + Vi(s))ds.

Bounding the terms on the right-hand side of (6.2.23) using inequalities (6.2.21),
(6.2.22), (6.2.24) and (6.2.25), for every ¥ > 2 and t < T, we have

(6.2.26) |AD,||; < Cr /Ot(l +A(8)) (Vir(s) + Vi(s))ds,

with Cr = 8 +4Ug(T) + ||ug||t- Next, substituting the bound (6.2.26), but with ¢
replaced by ¢ 41, (6.2.20) and (6.2.21) into (6.2.17), we obtain that forall 0 <t < T
andr > 0,

(6.2.27) |AZy1(t,7)| < 4(CrG(r) +1) /Ot(l + A(8)) (Vi (s) + Va(s))ds,
and for ¢ > 2,

(6228)  |AZy(t,r)| < 4(CrG(r) +1) /Ot(l + A(8)) (Vi1 + Vi(s) + Viya(s))ds.

Taking supremum over r > 0 on both sides of (6.2.27) and (6.2.28), we have
t
(6.2.29) Vi(t) < 8Cy /0 (14 A(s))(Vi(s) + Va(s))ds,

and for ¢ > 2,

(62.30) Vilt) < 8Cr [ (1 A) (Ve 1(5) + Vils) + Vi (9))ds.
Now define
(6.2.31) V(t) =Y 27'V,(s)

>1

Note that V is measurable, and V(t) = 0 if and only if Vy(t) = 0 for all £ > 1.

Considering the weighted sums of both sides of (6.2.29) and (6.2.30) over £ > 2, we
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obtain
t

(6.2.32) V(#) < 26Cy / (1+A(s))V(s)ds, O0<t<T,
0

An application of Gronwall’s inequality shows that V = 0, and hence, Z, = Z, for

all £ > 0. This completes the proof. U
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CHAPTER 7

Hydrodynamic Limit Theorems

In this Chapter, we establish the main result of Part II, that is a hydrodynamic
limit theorem for the state representation of the load balancing network described
in Chapter 5. Specifically, we prove that the scaled interacting measure-valued rep-
resentation (véN) ;£ > 1) defined in Section 5.1.2, converges to the unique solution
of the measure-valued hydrodynamic equations of Section 6.1.1 (see Theorem 7.1
below).

The measure-valued hydrodynamic limit theorem implies, in particular, the
convergence of the fraction of queues with length greater than or equal to /,
to a functional (Sy;¢ > 1) of the measure-valued limit process (v; ¢), although
(vg; ¢ > 1) contains more information than just S,. In this chapter, we show that if
one is only interested the limit of queue length distribution, the limit can be char-
acterized by the hydrodynamic PDEs. As depicted in the next chapter, this limit
process can then be analyzed using numerical approximations for the solutions to
these PDEs. Moreover, we show in this chapter that the PDEs can be used to ap-
proximate not only the queue length distribution but also other quality of service

(QoS) parameters such as the virtual waiting time.

Here we state the main result of this chapter. For H = E, D, v, v, Sy, we define
(N)

the scaled version H" "’ of the process HN) as follows:
_ HN)
(7.0.33) AN (1) = N(t), N €N,t > 0.

The following additional conditions are imposed on the sequence of initial con-

ditions.

ASSUMPTION III. (cont’d.) The sequence of initial conditions satisfies the fol-

lowings.
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(b) there exists v(0) = (v4(0);¢ > 1) € & such that ™™ (0) — v(0) in S,
P-almost surely, as N — co.
(c) lim supN]E[Y(N)(O)] < o0, and Y(N)(O) — X(0) as N — oo, where
X(0) = ) (1,v,(0)).

>1

THEOREM 7.1. Suppose Assumptions I - III hold. Then the sequence {17(N )}
converges in distribution to a function v in IDg[0, c0) which satisfies the hydrody-

namic equations associated with (AId, v(0)).

PROOF. See Section 7.2.3. ]

The following corollary is a direct implication of Theorem 6.3 and 7.1.

COROLLARY 7.2. Suppose Assumptions I-IIT hold. Then Given v(0) € Sand A,

the hydrodynamic equations associated with (v(0), AId) has a unique solution.

We first prove the tightness of state processes as well as other auxiliary pro-
cesses in Section 7.1, which is summarized in Theorem 7.20. Then in Section 7.2,
we characterize every subsequential limit of the state processes as a solution to
the hydrodynamic equations defined in Section 6.1.1, and prove Theorem 7.1 (see
Section 7.2.3). Finally, we establish the convergence of queue length distribution
and virtual waiting time, and characterize the corresponding limits as functionals

of the solution to the hydrodynamic PDEs.

7.1. Tightness

As the first step towards establishing the hydrodynamic limit theorem 7.1, we
prove that the sequence {7N)} yepn of state processes is tight in its state space
Dg[0, 00) (see Theorem 7.20).

First in Section 7.1.1, we recall two tightness criteria that are used through-
out this section. The tightness of arrival process and weighed routing process are
proved in Section 7.1.2. Then in Section 7.1.3, we recall some results from the

G/G/N model in [61], that continue to hold in our setting. Section 7.1.4 focuses on
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establishing tightness of departure processes. Finally in Section 7.1.5, we establish
tightness for state variables and other measure-valued processes, and summarize

all these results in Theorem 7.20.

7.1.1. Review of Tightness Criteria. We first recall the Kurtz’s criteria to prove
tightness for a sequence of random elements in IDR [0, o0). Recall from Section 1.4
that for a function f in IDR[0, ), w'(f, -, ) denotes the the modulus of continuity

of fin DR|0, ).

PROPOSITION 7.3 (Kurtz’s criteria). A sequence of processes {YN)1 N with
sample paths in IDR|0, o) is relatively compact (and hence, tight) if and only if

{YN)}yen satisfies

K1.: For every rational t > 0,

(7.1.1) lim sup P {|Y<N>(t)| > r} =0,

r—o0 N

and

K2a.: For every 7 > 0and T > 0, there exists § > 0 such that
(7.1.2) sup P {w’(Y(N),é, T) > 17} <.
N

Moreover, if {Y(N)} y o satisfies K1 and

K2b.: For each T > 0, there exists § > 0 such that

(7.1.3) lim sup E
6—0 N

sup [Y (14 6) — Y1 \5] o,

0<t<T

then, {Y(N)}yen is relatively compact.

PROOF. The necessity and sufficiency of K1 and K2a follows from Theorem
3.7.2 in [33] and the sufficiency of K1 and K2b follows from Theorems 3.7.2 and
3.8.6 and Remark 3.8.7 in [33]. Since IDR[0, o) is a Polish space, tightness follows

from relative compactness by Prohorov’s theorem. u
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Moreover, recall from the Section 1.4 that for Z = [0,L) or Z = [0,L) x [0,0),
the space Mp(Z) of finite measures on Z, equipped with the topology of weak
convergence is a complete separable metric space. To prove the tightness of
measure-valued processes, we will invoke Jakubowski’s criteria. In what follows,
recall that a family FF of real continuous functionals on IMp(Z) is called to separate

the points in Mp(Z2) if for every distinct y, fi € Mp(Z), there exists a function
f € Fsuch that f(u) # f(ji).

PROPOSITION 7.4 ( Jakubowski’s criteria). Let Z be either [0,L) or [0,L) x
[0,0). A sequence {rN)} N of Dy, (210, 0)-valued random elements is tight

if and only if
J1.: (Compact containment condition) For each T > 0 and > 0 there exists
a compact set K1, C Mp(Z) such that

o N
hrrzl\]mfIP {nt( ) e Kr,, forallt € [O,T]} >1—7.

J2.: There exists a family [F of real continuous functionals on Mg (Z) that
(i) is closed under addition, and (ii) separates points in Mg(Z), such
that {w(N)} is F-weakly tight, that is for every F € [, the sequence
{E(t™));s > 0} yen is tight in D0, ).

PROOF. See Theorem 4.6 of [55]. L]
REMARK 7.5. It can be easily verified that the set
IF = {F:3f € CL(Z) such that F(u) = (f,u), Yu € Mp(2)},
satisfies the properties (i) and (ii) in condition J2.

7.1.2. Tightness of Arrival Processes. Recall from Assumption I that for ev-
ery N € N, the arrival process E(N) is a renewal process with inter-arrival times
{uSlN),n > 1} with E[u™)] = (NA)~1. Also, recall that Id denotes the identity

function on [0, o).
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LEMMA 7.6. Suppose Assumption I holds. Then, as N — oo, E
in IDR|0, o), IP-almost surely, and in particular, {F(N)} NeN is tight in IDR[0, 00).

Moreover, for all £ > 0, IE[E(N) (t)] — E[At] as N — oo, and hence,

(7.1.4) limsup E [E(N)(t)} < .
N—oo
Furthermore,
(7.1.5) limsup B [ (1)?] < co.
N—o0
(N)

PROOF. The almost sure convergence of E* to AId in DR|0, o) is by the func-
tional Low of Large Numbers for renewal processes (see e.g. [20, Theorem 5.10].)
Also, for every t > 0, by elementary renewal theorem (see e.g. [3, Proposition
V.1.4]),
: TN 0] o I _
B B [FR0] = fim EOV) =+

Let LIE be the renewal measure associated with the inter-arrival distribution

Gg. Then, by elementary calculations (or see (2.3) in [26]), we have
- t

E [E®?] < Ug() + / U (t — s)dUx(s) < 2U(1)>
0

Hence, by another use of the elementary renewal theorem,

—(N) 1 [~ U=(Nt)\ 2
limsup E [E (t)z} = limsup - E [E(Nt)z] < 2t lim sup ( E ) = 2A%F,

which shows (7.1.5). O

REMARK 7.7. Using Lemma 7.6, it follows from Assumptions I and III.c that for

every t > 0,

(7.1.6) limsup E [E(N) (5 +XM(0)] < co.

N—oo

Next, we prove tightness for the sequence of weighted routing process {REPZ\Q }NeN-
For every ¢ € C,([0,L) xR4),i=1,..,N,and u > 0, go(O,u)]l(X(N)'i(u—) =0) <

. (N)i
|@||o, and for every £ > 2, by representation (5.3.18) of v, /",

(@), v (u=) = v (u=)) = @ (a™ (=), u) 1 (XN (=) = €) < ||
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(N)

(N) o

Hence, since E(N)/ is non-decreasing, and by definition (5.1.19) of R

¢ >1and 0 < s < t, the bound

, for every

(N (N 1
(7.1.7) R (1) = Ry (5)] < N

=

lplleo (EM () = ENVi(s))
= ol (E™() -E™(5))
holds.

LEMMA 7.8. Suppose Assumption I holds, and fix ¢ € C,([0,L) x R4 ) and
¢ > 1. Then, for every t > 0 we have

(7.1.8) limsup E [ﬁg\?(t)] < ||@|loc limsup E [E(N)(t)} < oo.
N—oo N—oo

Moreover, the sequence {ﬁfp{\? }NeN is tight in IDR[0, o0).

PROOF. Inequality (7.1.8) follows by taking limit superior as N — oo from both
sides of the bound (7.1.7) with s = 0, and using (7.1.4). Moreover, (7.1.7) shows
M) is bounded by that of N

oy
of {ﬁg\?} NeN then follows from tightness of N

that the modulus of continuity w’ for R ) Tightness
, proved in Lemma 7.6, and
the necessity and sufficiency of Kurtz’s criteria K1 and K2a stated in Proposition

7.3. U

Next, recall the definition of N (%) in (5.3.3).

LEMMA 7.9. Suppose Assumptions I, II.a, and IIl.a hold, and fix N € IN, ¢ €
Cy([0,L) x Ry) and ¢ > 1. Then N/ qg/]z) is a square integrable {Ft(N)}-martingale.

>e}:0.

Moreover, for every t > 0and € > 0,

N
sup /VEM)(S)

N—co 0<s<t

(7.1.9) limsup IP {

and ng],\;) = 0in DR|0,00), as N — oo.
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PROOF. By Proposition 5.11, N (IZ) is a local martingale with [\ (N)] = RE;;])K
Since for every t > 0, ]E[ ( )] < oo by (7.1.8) (with ¢ replaced by ¢?), by

Theorem 7.35 in [66], NW o Jisa square integrable martingale and,

E| (o)) = E[RE0]

Therefore, an application of Doob’s inequality shows that for every T > 0 and

€>0,

> e }<$E[ﬁ( ol

Taking the limit superior of both sides of above inequality as N — co and using the
bound (7.1.8), (7.1.9) follows. This shows that Ngjg) converges to zero in IDR|[0, o)
in probability, and hence in distribution. O

The following result is a direct corollary of Lemmas 7.8 and 7.9.

COROLLARY 7.10. Suppose Assumption I, Il.a, and IIL.a hold. Then, for every
¢ € Cp([0,L) x R4 ) and ¢ > 1, the sequence {E%)}NeN is tight in IDR|0, o).

7.1.3. Results From to the G/G/N Queue. In this section, we recall some of the
results in [61], which remain valid in our setting as well. Most of these result fol-
low from bounds on departure process which hold under a fairly general network
structures. Here, we state the results using our notation, and argue that they are
valid in our setting.

Note that by definition (5.2.24) of the cumulative service entry process K(N) and

Lemma 5.9,

/[0 t] (0, 1)dKN) (1) = /[O t] 9(0,1)dDY™ (u) + RN (1),
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for every ¢ € C([0, L) x R4 ). Substituting the above equation in (5.2.2), the equa-
tion (5.4) in [61] is satisfied with v(N) and QE(,N) replaced by viN) and Dgﬁ), respec-

tively, that is

N N
(o 1)1V (1)) =(g(-,0 0+ [ (09 + a5, 1M 5)) s
(7.1.10) )+ / (0,5)dK™N) (s).
Moreover, using Lemma 7.6, Assumption I and Assumption IIl imply Assumption
I'in [61]. The proofs of the results in this section very similar to the that of Theorem

5.14 in [61], as most pasts of that proof does not depend on the particular routing

algorithm there.

LEMMA 7.11. Forevery N € N, ¢ € C,([0,L) x Ry)and T > 0,

(7.1.11) lim sup E
6—0 N

sup ‘A t—I—&)—ZEﬁ)(t)‘] =0.
te[0,T]

PROOF. The proof is exactly analogous to the proof of Part (2) of Lemma 5.8 in
[61] ( Zg,N) there replaced by Zg’\?), using the results from Lemmas 5.5 and 5.12
and Proposition 5.7 there. The proof only use Assumption I of [61], the fact that

the age of jobs in service have linear growth and the bound

(7.1.12) KN () + (1,vM(0)) < XN (0) + EN(p),
which continuous to hold in our model with v(N) replaced by vﬁN), using equations
(56.1.22), (6.2.3) and (5.2.25). U

LEMMA 7.12. Suppose Assumptions I, II.a, and III holds. Then

(7.1.13) lim sup]E[ (N) (0, (m,L))} =0,
m—L N
and if L < oo,
1—G(m)_(N) _0i
(7.1.14) 11111£n>L sgp]E {/[O,m) = G() vy /(0,dx)| =0if L < oco.
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Also, if L = oo, there exist a sequence sequence (1) 1 oo such that the sequence

{17§N) }NeN satisfies the compact containment condition J1 for the compact set
1
(7.1.15) Ky ={p € Mp(Ry) : u(r(n) + T,00) < - foralln < —[logn/log2]}.

Otherwise, if L < oo, there exist m < L such that the sequence {V%N) } NeN satisfies

the compact containment condition J1 for the compact set
(7.1.16) Kyr=1{nr € Mp([0,L)) : v([m, L)) < n}.

PROOF. The proof is exactly similar to that of Lemma 5.12 in [61] (which uses

the notation v(N) for our viN)). [

As discussed in [61] (page 96) and we also show later in Section 7.1.5, for every

N € N, t > 0and ¢ > 1, the linear functional D(’Il\l)(t) Cp D((P],\p

tified with a finite non-negative Radon measure on [0, L) x R} (the same quantity

is denoted by O in [61]).

(t) can be iden-

LEMMA 7.13. Suppose Assumptions I, IL.a, and IIT holds. Then, for every 1 >
0and T > 0, there exist a constant B(y7) < oo and a sequence {m(n,n)} with

m(n,n) — L as n — oo such that

(7.1.17) P {5(21)@) ¢ IC, for some t € [0, T]} <,

for the compact subset Ky € Mp([0,L) x R ) defined by
(7.1.18)

K = {# € Mr([0,L) x Ry) : (1) < B(p), e((m(n, ), L) x R) < Vi € N}.

PROOF. The result follows from Lemma 5.13 in [61] (with Q(N) replaced by
DY) O

Finally, we will use the following result later in Section 7.2.2 to characterize the

sub-sequential limits if departure process.
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LEMMA 7.14. Suppose Assumptions I-III hold. For every ¢ > 1, suppose
{1721\])} NeN converges almost surely to some vy € Dy, (o1)[0,00) along a subse-

quence. Then,

(a) forevery T > 0,

T

7119 timsupE | [ ([ n(o)pV (s, )d}:o;
(7.1.19) lim sup { 5 ( i) (x)vy (s, dx) | ds

for every non-negative function f € IL![0, L), there exists a constant C <

oo/

T (N) (u+T)A
(7.1.20) sup E {/ (f, v ( ))ds} < C sup / f(x)dx;
N 0 uel0,L)

and for every m < L and every non-negative function f € I _[0, L) with

support in [0, m], there exists L(m, T) < oo such that

(7.1.21) ‘ /0 " v (s))ds

<L(m,T) o) f(x)dx

(b) For every ¢ > 1, if the bounds (7.1.19)-(7.1.21) are satisfied for 1/§N) and v

(N)
|-o

substituted by v, and vy, respectively, then
. —(N) t
(7.1.22) limsup E ||A0) (1) - / (@(-,$)h(-), ve(s)ds
’ 0
PROOF. Recall that our Assumption I and Assumption III imply Assumption

N—oo

I'in [61]. For part a, (7.1.19), (7.1.20) and (7.1.21) follow respectively from Lemma
5.8(1), Proposition 5.7 and Lemma 5.16 in [61] (with y(N) replaced by 1/§N) ). Also,
for Part b, (7.1.22) can be obtained in an exactly analogous way as in the proof of
Proposition 5.17 in [61] with v(N) and v there replaced by vlgN) and vy, respectively.

g

7.1.4. Tightness of Departure Processes. Next, we show the tightness of the
departure processes. First, note that using (5.1.24) (with ¢ replaced by ¢?) and
(7.1.6), we have

(7.123)  limsup[ D, Doy (t O] < llg?lelimsup B [X(N>(o)+E(N>(t)} < co.

N—oo N—o0
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Recall the definition 5.3.7 of M(%).

LEMMA 7.15. Suppose Assumptions I, II.a, and Ill.a hold, and fix N € IN, ¢ €
Cy([0,L) x R;), £ > 1. Then, M)

Py is a square integrable martingale. Moreover,
t>0ande >0,

>e}:O,

—(N
sup Moy (s)

(7.1.24) lim sup IP
0<s<t

N—oo

and M(%) = 0in DR[0,00), as N — oo.

PROOF. By Proposition 5.11, M(N) is a local martingale with M(N) = D(Ij).
y Frop .l & ¢l 920
By (7.1.23) and Theorem 7.35 in [66],M(N) is a square integrable { FV) }-martingale
Yy ol q g t g

and forallt > 0,
E| (M o) ] =& [PX)0].

Therefore, an application of Doob’s inequality shows that for every T > 0 and

]P {
Taking the limit superior of both sides of above inequality as N — oo and using

the bound (7.1.23), (7.1.24) follows. This shows that MSPI’\? converges to zero in

DR [0, o0) in probability, and hence in distribution. U

€>0,

—(N
sup MEM)(t)
te[0,T]

1 7N)

LEMMA 7.16. Suppose Assumptions ], IL.a, and IIl.a hold. Then, for every ¢ > 1
—(N =(N —(N
and ¢ € Cy([0, L) x R ), the sequences {Dé )}Ne]N/ {Dgo,ﬁ)}NelNr and {AED,Z)}NGN
are tight in IDR[0, 00).

PROOF. By definition (5.3.7) of pr{? EDAQ

Lemma 7.15, for every t > 0, lE[./\/lg,lj) (t)] = 0, and hence IE[AEOI/\Q (1)) = IE[D((PZ,\? (1)].

, and since M’ is a martingale by

Therefore, using the bound (7.1.23), we have
(7.1.25) limsup E HZE‘,N}(t)H < limsup E [Z‘(Z)g(t)] < o0.
N—oo ’ N—o0 ’

The Kurtz’s K1 and K2b conditions for the sequence {Zgﬁ) Inen follow from

(7.1.25) (with £ = 1) and (7.1.11) of Lemma 7.11, respectively, and therefore
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{Zgﬁ) }Nen is tight. Moreover, for £ > 1, note that by definition of AEPI\Q and since

for every non-negative function f (f, vl(N)> > (f, V[EN) ), forall 0 < s < t we have

N N
A ()] < Al (),

and

(N

oy — AN (5)].

407 () = 457(5)] < |Afy) gl

lol, 1

Therefore, the Kurtz’s conditions K1 and K2b for {ZEPZ/\Q }Nen follows from those
of {Zgﬁ)} NeN, and hence {ngz,\?} NeN is also tight. Also, by Lemma 7.15, the se-
quence {MEPI,\? }Nen converges weakly to zero and thus is tight, and hence, using
Equation (5.3.7), the sequence {5;{\?} is also tight. In particular, substituting ¢ = 1
implies the tightness of {EéN) }Nen for every £ > 1. O

7.1.5. Tightness of State Variables and Other Measure-Valued Processes.

PROPOSITION 7.17. Suppose Assumptions ], Il.a, and IIl.a hold. Then, for every

¢ > 1, the sequence {VEN) }nen is tight in Dy, (o1 [0, 00).

PROOF. We use the Jakubowski’s criteria. It has been shown in Lemma 7.12
that the sequence {17§N) }NeN satisfies the compact containment condition J1 for the
compact set ;) r which is equal to either (7.1.15) or (7.1.16) depending on whether
L is finite or infinite. Moreover, for every interval I, every t > 0 and every ¢ > 2,
UéN) (t,1) < V%N) (t,I), and hence, the condition J1 also holds for {U;N)} with the
same compact set KC;, 7.

Now fix any f € C1[0,L). Regarding f as a function on [0, L) x R, it follows
from Proposition 5.6 and Remark 5.10 that

o) =) + [T ) - D6+ FOD (0 + BRI )

Tightness of {(f, VEN) (0)) } nen follows from Assumption IILb, tightness of the se-

quences {ﬁj(fll\?} NeN and {ﬁgi\g} NeN follows from Lemma 7.16, and tightness of
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{ﬁ%)} NeN follows from Lemma 7.8. Moreover, both criteria K1 and K2b, and

hence the tightness of { [;(f’, ﬂéN) (s))ds}nen follows from the bound

t+6
[ < 8l

which uses the fact that 1_/21\])(5) is a sub-probability measure. Therefore, for all

¢ >1, {(f,UéN)(t»}NGN is tight in IDR[0, o) for every f € C}[0,00), and hence,
due to Remark 7.5, {véN)} satisfies the criterion ]J2. This completes the proof. [

Forallt >0,/ > 1and N € IN, it follows, respectively, from the bounds (5.1.24)

SPI,\? and RF{IZ) L REPI,\? can

be identified with finite nonnegative (Radon) measures on [0, L) x R (see Section

and (7.1.7) that the linear functionals D_(IZ) c@— D

1.4.) This means that for every ¢ € C2([0,L) x R, ), the integrals of ¢ with respect

to the Radon measures D(IIZ) (t) and R-(,ZZ) (t) are D(%) (t) and Rgol,\]e )

and thus {D(,IZ)(t),t >0} and {R.(,Igl)(t),t > 0} can be viewed as Mp([0, L) X R4 )-

(t), respectively,

valued cadlag processes. The tightness of these sequences is established in the next

two lemmas.

LEMMA 7.18. Suppose Assumptions I-III hold. Then for every ¢ > 1, the se-

(N .. .
quence {,R’-(,Z )}NE]N 1S tlght m DMF([O,L) xRy ) [O, OO)

PROOF. We have already shown in Lemma 7.8 that for every ¢ € C,([0,L) X
R4), {ﬁg\?} NeN is tight in IDR|[0, 00). Therefore, it is just remained to show that

—(N o : . . .
{ R,(Ig )} NeN satisfies the compact containment condition J1. We first claim that for

every £ > 1
. —(N) _
(7.1.26) lim sup’E Ry, (D] =o.
For m > 0, substituting ¢(x,s) = 1(,,1)(x) in definition (5.1.19) of Rgﬁ), and since

—(N
1,1(0) = 0, R} (HBL)

1=0, and (7.1.26) is immediate for £ = 1. Now fix £ > 2 and
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T < co. Substituting ¢(x,s) = 1(,,1)(x) in representation (5.2.28) of REPZ/\Q, we have

(7.1.27)
R 1) = T 21 (o < 0)2 (V@) > m) 1 (% <o <o)

i =i j>1
1 (X](.N) (0(](/1\’)_) ={— 1) 1 (K](,N) = K](N)> )

For every j > jo, consider the (random) set

T(T) = {]" >1 ol <taf e (BN, 9N, XV @My = 0 -1, = K](N)};

of jobs j’ that arrive while job j is receiving service, and is being routed to the same
queue as j and has length ¢ — 1 right before the arrival of ;. When ..7].(?’) (T) # @,
define j. = j«(j,¢,N,T) = min \7].(5]) (T) to be such a job with the smallest index.

[oc](*N), ’y](N)), there are no departures from the queue K](N) and

During the interval
hence the length of this queue is at least £ during that interval. and hence, \7].%\]) (T)
is a singleton {j.}. Also, for j > EWN)(T), oc](N) > T and thus, \ijé\l)(T) = Q.

Therefore, (7.1.27) can be written as

N N), (N
Rg(m),LM(T) = Z Y, 1 (a]( )(oc](./ )) > m)

j=jo ]'/ejjfé\’)(T)

S L () (V)
(7.1.28) -y (jjlg (T) # @) 1 (a]. () > m) .

J=o

Now we consider two possible cases depending on the value of L. If L = co and a
job j has initial age a\N) (0) < m, then a](.N) (t) <m+Tforallt € [0, T]. Therefore,

j
(7.1.28) implies

(N)
LI v

(N)

(7.129) E [ﬁ (T)} <E % Y1 (a](.N)(O) > m) = E [171 0, (m,L))} .

j=jo

On the other hand, when L < oo, using (7.1.28) and the fact that the age a](.N) () of

each job j is non-decreasing and bounded by the total service time requirement v;
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of that job, we have

0
(7.1.30) Rg(ﬁ)@,@(tr) <y 1 (™M) > m) + 31 (™ (0) <m)1 (v > m)

For the second term on the right-hand side above, conditioning on féN) and using
the fact that jo, a](.N) (0), and ViN) (0) are FéN)—measurable, we have

E Li 1 (a](.N)(O) < m) 1 (vj > m)

=Jo

_E Zﬂ (a](.N)(O) < m) E [11 (Uj > m) |]:(§N)}]

_ G(m) )
=E /[Om) )1/1 (0,dx)

Therefore, taking expectation in (7.1.30) and using the independence of the initial
conditions and the arrival process for the third term on the right-hand side, we
have

(N)
l(m,L)fe

7131)  E[Ry) (T)] <E [0, (m1))] +E

Taking first the supremum over N and then the limit as m — L of both sides
of (7.1.29) and (7.1.31), the claim (7.1.26) for both cases follows by using (7.1.13)
and (7.1.14) in Lemma 7.12, the bound (7.1.4), and the the elementary identity
lim,, _,; G(m) = 0.

The rest of the proof is similar to the proof of Lemma 5.13 in [61]. Fix# > 0 and
note that by the bound (7.1.8) with ¢ =1and t =T,

sup E [ﬁg)(T)] < 00,
N
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and hence the constant
L2 —(N
(7.1.32) Cy,T) = ~supE [Rﬁ/ (1)]
T N

is finite. Also by (7.1.26), there exists a sequence {m(n, 1)} with m(n,17) — L as

n — oo such that

—(N) _n
(7.1.33) S%PIE [Rl(mm,q),m,ﬂ(ﬂ} = n2n+1’

The subset KC;; v of Mp([0, L) x R ) defined as

. 1
oy = {n € ME(0.L) < Ry) 5 (1,1) < CO1,T), p((mn, ), 1) x Ro) < 1 n €N,
is compact because SUP, ek, o u([0,L) x Ry) < C(#,T) and

inf sup u(C% <inf su (m(n,n),L) x Ry) =0.
CClo,L) xR VGK'};,TV i yGICI;T‘u< Ui )
C compact ’

Finally, by definition of ', r and using (7.1.32) and (7.1.33), we have

P {ﬁ'(g)(t) ¢ K, for some t € [0, T]}

—(N —(N 1
<p Rz cbe L (R, 00> )
ne

7=(N)
E [RLK (T)} n Z WE [ﬁgj(\])n”),LM(T)]

< su
=N ) o it

<17.

. (N . . .
This shows that {R_(,g )} NeN satisfies the compact containment condition J1, and

hence, completes the proof. u

LEMMA 7.19. Suppose Assumptions I, IL.a, and III hold. Then, for every ¢ > 1,

the sequence {5,(5)} is tight in Dy, ((0,1) xR, )[0, ).

PROOF. For ¢ = 1, the compact containment condition J1 follows Lemma 7.13.
For ¢ > 2, since for every non-negative measurable function ¢ and every t > 0,

Déoz,\? (t) < Dg(ol,\p (t), for every # > 0 and T > 0 the bound (7.1.17) holds with DQ(DZ/\P

replaced by D((p],\? as well for the same compact set K;; defined in (7.1.18), and thus
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the condition J1 holds for 5_(2])

Lemma 7.16. U

,¢ > 2. The condition ]2 for ¢ > 1 is proved in

Below, we summarize the results of this section.

THEOREM 7.20. Suppose Assumptions I, Il.a, and III hold. Then, for every
¢ > 1, the sequence

(@™, D0 R e

is tight in DS [0, OO) X DIMF([O,L) xRy ) [0, 00)2.

PROOF. By Proposition 7.17, for every ¢ > 1, {VEN)}NEIN is tight in Mg[0, L).
Therefore, by a diagonalization argument, every subsequence of (TN yen =
{(VEN); ¢ > 1) }nen has a further subsequence that is convergent, simultaneously
for all ¢ > 1. This means that the sequence {7\N)}yen C 8 is relatively compact
with respect to the norm dg defined in (5.1.8). Together with Lemmas 7.19 and 7.18,

this proves the result. U

7.2. Convergence of a Measure-Valued Representation

We have proved in Theorem 7.20 that the sequence {vN)}ycn is tight in
Dg[0, 00), and hence, every subsequence has a further convergent subsequence. In
this section, we show that all such subsequential limits are solutions to hydrody-
namic equations defined in Definition 6.1. Since the these equations have a unique
solution by Theorem 6.3, this provides a unique characterization for all subsequen-
tial limits, and hence, completes the proof of convergence. The limit of the routing
process is characterized in Section 7.2.1, and limit of the departure process is char-
acterized in Section 7.2.2. Finally, Theorem 7.1 is proved in Section 7.2.3.

7.2.1. Limit of the Routing Process. Recall the constant A from Assumption

(N)

I. To establish the limit of the routing process ﬁ(l)’g ,

we will need the following

preliminary result.

LEMMA 7.21. Suppose Assumption I holds.
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(1) For every 0 < s < t, the following limit holds in probability as N — co:

(7.2.1) N/ 0t Vi — (f — 5)A;

()]

PROOF. By Assumption I, E(N) is a pure renewal process with inter-arrival dis-

(2) Forevery t > 0,

(7.2.2) Ce(t) =limsup E

N—o0

tribution G](:-N) and backward recurrence time RN). Applying Lemma 7.30 with P,
G, h, r and rg replaced by E (N), G](EN), h%N), RMN) and RV, respectively, it follows
from (7.A.3) and an application of Chebychev’s inequality that for every t > 0,

{‘—/h ds—/\t’>2€}

(% th,gN)(RW)(s))ds—E(m(t))Z

0

< ﬁ (% +E [EW)(t)D s {[EN (1) - a > )

By (7.1.4), IE[E(N)(t)] is finite, and E(N)(t) converges in expectation, and hence

+ P {|EV () - At > e}

in probability, to At by Lemma 7.6. Hence, the right-hand side of display above
converges to zero as N — oo. Since both sides of (7.2.1) are linear in ¢, (7.2.1)
follows.

To establish (7.2.2), by another application of (7.A.3), we have

e (3 [t dsf]
(D)

< % + ;1}3 [E(N)(t)} 1 2E [E(N)(t)z] ,

+2E [E™ (1)?]

Taking the limit superior as N — co from both sides of the inequality above and
using the bound (7.1.4), (7.2.2) follows for
Ce(t) =2limsup E [F(N) (t)z} ,

N—oo
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which is finite by (7.1.5). U

PROPOSITION 7.22. Suppose Assumptions I, Il.a, and III hold, and fix ¢ > 1.

If (ﬁ(?]),l_/(m) converges to (R, v) in Dy, (jo,)x[0,00))[0,%0) X Ds[0, c0), almost

surely as N — oo, then for every ¢ € Cy([0,L) x Ry ), R, is continuous and for

every t > 0,

t
(723) Ryt = [ (o(s)mels)ds,  as,
where

L) A= un)?) % if ¢ =1,

(7.2.4) t) =
0 {Amxamemmewa»ywlawﬂww>ﬁe>z

(N)
ol

PROOF. Fix ¢ € Cy([0,L) x R;). For every € > 0, using the relation R
ES,\? + N EPI,\? in (5.3.3), we have
t
725 P{[Rosl0) [ (o5 mi(s)as] > 3¢
=(N N
< ’Rq,/g(t) - prlg)(t)‘ >e}+P{ \N‘;Z(t)) >el

+p{ >}

By the hypothesis of this proposition, ﬁ(%) converges almost surely to R, , in

=(N)

B,/ (t) — /Ot<(P('/S)z 1(s))ds

DR|0, 00). Also, by (7.1.7), the jump sizes of ﬁfp{\? are bounded by ||¢||e times the

(N)

jump sizes of E* ’, which are at most 1/N. Therefore, the maximum jump size

of ﬁgj? converges to zero as N — oo, and by [8, Theorem 13.4], R, is almost

. (N .
surely continuous and REP/ g) converges to R, ¢, almost surely, uniformly on com-
(N

0, g) (t) converges almost surely, and hence

pact sets. In particular, for every t > 0, R

in probability, to R ¢(t), that is,

(7.2.6) liivnjolipP {‘R(p,g(t) - ﬁg\?(t)‘ > e} = 0.
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Moreover, by definitions (5.3.2) and (7.2.4) of BEDI,\? and 7, we can write

(7.2.7)
ng,\?(t) B /Ot((P(‘/S),W(S))ds :/Of (%héN)(R(N)(u)) - /\) foo(u)du

g [ R ) ) = o))

with
00 = PO " 0= 1
¥ - _ =(N N
! (w7 () =7 () ) (s§ ) (u), S} )(u)> if0>2
and
. ) 9(0,u)(1= Sy (w)) if (=1,
fgo,é(”) = .
(@( u),ve—1(u) —ve(u)) Ba (Se-1(u),Se(u)) i€ >2,
and recall SEN) = (1, véN)> and likewise, S, = (1,vy). By the hypothesis of this
proposition, almost surely, V;N) converges weakly to v, and since 1 and ¢ are

bounded continuous functions, almost surely, géN) and (¢, V;IE - V;N)> converge

to Sy and (¢, vy_1 — vy), respectively, in D. By Lemma 5.15, there is at most one
arrival or departure at each time, and hence, the maximum jump sizes of EEN)
and (¢, 17@12 - VEN)) is bounded by 1/N and | ¢||«/N, respectively. Therefore,
by [8, Theorem 13.4], Sy and (¢, vy_1 — vy) are continuous and aforementioned
convergence is uniformly on compact sets, almost surely. Consequently, f,/ is
continuous, and fg%) converges to f,, ¢ uniformly on compact sets, almost surely.
Fort > 0and 6 > 0, letw For (6,t) denote the modulus of continuity of fo, (see
Section 1.4), and hence, for every partition P = {0 =ty < t; < ... < t,, = t} of size

9,

sup{|fy,(tj) = fo(w)l; u € (tj,tj11),j=0,..,n =1} <wg, (4,1).
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Therefore,

|

[ (RO G) =4 £y )

> 26}

n—1 1 tiv1 (N) (N)
<SP L forlt) |7 0 RO @)= (1 = )2 >
= j
(7.2.8) + {wf y (5,1 Z /J“ N)(u)) — Aldu > e}.
By (7.2.1), we see that the first term on the right-hand side of (7.2.8) satisfies
(7.2.9)
t.
lim sup IP { Z fo,u(t] ! /j+1 h;sN)(R(N)(u))du (tip1 —t)A| > e} =0.
N—oo N ti
For the second term, using the Markov and Cauchy-Schwartz inequalities, and
(7.2.2)
n-l i1
{wfw(é t) Z(:)/t Nh( JRM (1)) — Al du > e}
j=0 Y

g {wfw (6,1) ( )(u))du+)xt)}

2g [, (60 %([ L[] )

Taking limit superior on both sides of the display above, using the bound (7.2.2)

IN

and substitute with (7.2.9) in (7.2.8), we conclude

/Ot (%héN)(R(N)(u)) _ /\) foe(0)du

where C(t) = 2(Cg(t) + A?t?)!/2. Since f,; is bounded and continuous, wjz,w(é, t)

is bounded and converges almost surely to zero as § — 0. Sending 6 — 0 in the

lim sup IP {

N—o0

> 2(—:} < —="E [wjzw(&t)} ,

last display and applying the bounded convergence theorem, we see that for every

€>0,

(7.2.10) lim sup P { ’/Ot (%h](SN)(R(N)(u)) — )\) fo,o(u)du| > 26} =0.

N—oo
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In a similar fashion, for every N € IN, by the Markov and Cauchy-Schwartz in-

= |
= ()|

Taking the limit superior as N — oo of both sides of the last display and using

(7.2.2), we have
> }

equalities, we have

P | [ RO w) - fpi

<K | sup [/ ()  frutw)

uel0,]

limsup]P{’N/ h (f(f,{\g[)(“)—fq;,é(”))d”

N—oo

Nl—

— _CE( )211msupIE [qu,g — follt }

N—oo

Since f(f){\g) converges to f,, , uniformly on compact sets, almost surely, and ff(P{\lZ) and

fo,¢ are uniformly bounded by 2||¢||«, the right-hand side of the display above is

>e}:0.

zero by the bounded convergence theorem, and hence,

(7211)  limsupP { ’% /Ot héN)(R(N)(u))(féﬁ)(u) — fo,e(u))du

N—o0
e} =0.

Finally, (7.2.3) follows on sending first N — oo on the right-hand side of (7.2.5),

We conclude from (7.2.7), (7.2.10) and (7.2.11) that

(7.2.12) lim sup P {

N—oo

E%)(t) —/Ot<<P('/5)/7713(s)>ds >

next incorporating relations (7.2.6), (7.1.9) of Lemma 7.9 and (7.2.12), and then
sending € | 0. g

7.2.2. Limit of Departure Process.

PROPOSITION 7.23. Suppose Assumptions I-Ill hold, and fix ¢ > 1. If (5,(’7), 7(V)
converges to (D. g, v) in Dy, (0,2)x[0,00)) [0, 00) X Ds[0, 00) almost surely, then, for

every ¢ € C([0,L) x R+), D, ¢ is continuous and for every t > 0,

(7.213) Dyit)= | o( () ve(s)ds,  as.
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PROOF. Fixt > 0and ¢ € Cy([0,L) x Ry ). For every N € IN, using (5.3.7) we

can write
Dy s(t) — [ (), ur(5))ds =Dy (6) ~ Dip (1) + MY (1
(7.2.14) +aN - [ (@ (- 5)h(-), ve(s))ds.

By the hypothesis of this proposition, 5501,\2) converges to D, ¢ in IDR [0, c0), almost
surely, as N — 0. Moreover, by Lemma 5.15, only one departure can occur at
each time, and hence the jump size of 58,\2) is bounded by ||¢||w. Therefore, by
[8, Theorem 13.4], D, , is continuous and the convergence also holds uniformly on
compact sets, almost surely. In particular, 5501/\? (t) converges D, ,(t) almost surely,
and hence, in probability, that is,
. 7(N)
(7.2.15) limsup P {‘Dq,,g(t) ~Dy (t)’ e} =0,

Furthermore, we claim that

(7.2.16) limsup E Hzgfy(t) - /O (@( (), vy(s))ds

N—oo

|-o

For ¢ = 1, (7.2.16) follows from parts a. and b. of Lemma 7.14. Also, for ¢ > 2
Since 7V (t) and v(t) both lie in S, for every N € N and t > 0,

FvN Gy < (LN @), Fu®) < (Fult), V=1,

for every non-negative measurable function f. Thus, the bounds (7.1.19)-(7.1.21)

hold with 17§N) and v; replaced by V;N) and vy, respectively. Part b. of Lemma 7.14

shows that (7.2.16) holds for all £ > 1, which proves the claim.
We conclude by noting that using (7.2.14), for every € > 0,

P { (D00~ [ tot ) uteas] > e}
<P {‘D(M(t) —5%)0)) > e} +P {‘prl,\?(t)( > e}

+u>{'z£,,’}><t> ~ [tot o), vi(s))ds | > }
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The result follows on taking limit superior as N — oo from both sides of the display
above, using (7.2.15), (7.1.24) of Lemma 7.15, and (7.2.16) and then sending € —
0. O

7.2.3. Proof of Theorem 7.1.

PROOF OF THEOREM 7.1. By Theorem 7.20, Lemma 7.19, Lemma 7.18, and As-

sumption III, the sequence {Y(N)}ycn;, defined as

(7.217) Y® = (5(0), 2N, 5, B R0 > 1)),

is tight in
(7.2.18)

Y =8 x DR[0,00) x Ds[0,00) x Dy (jo,0) xR, )[0,00)™0 X D, jo,)xr..) [0, 00) ™0

Therefore, every subsequence of {Y(M} has a further converging subsequence
{Ny}, that is, there exists v € Dg[0,00) and D.,;, R.; € Diie((0,) xRy ) [0,00), ¢ > 1,

such that Y(N) converges in distribution to Y along { N}, where
(7.2.19) Y = (v(0),AId,v,D. s, R. ;£ > 1).

It follows from the Skorokhod representation theorem that there exists V-valued
random elements Y(N) and Y, possibly on a different probability space, such that

y(N) @) y\N) 'y @) Y, and YN) — Y almost surely in ), along {Ny}. Since we

are only interested in the distribution of Y(N)

, with a slight abuse of notation we
identify Y(N) and Y with Y(N) and Y, and denote the subsequence of {Y(N)} along

{N;}, again by {Y(N)}. Using this convention, we have
(7.2.20) YN Ly, in), as.

Now we uniquely characterize the subsequential limit Y. For every ¢ > 1 and
f € Cu[0,L), by (7.2.20), (f,V;N)> converge almost surely to (f,vy) in DR|[0, c0).
Since for every N € IN, the maximum jump size of (f, VEN)> isbounded by || f||«/N

(recall from Lemma 5.15 that there is at most one arrival or departure can occur at
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each time), the limit (f,v,) is continuous, and hence v is a continuous S-valued
process, almost surely.

Moreover, let 7 be a countable dense subset of R which contains 0 (say the
diadic numbers). For every ¢/ > 1 and t € T, it follows from Proposition 7.23 with
¢ substituted by the constant function 1 that ﬁgm = 55{? converges almost surely

in IDR [0, c0) to the continuous function D; = Dy 4, where
Ny [

(7.2.21) Dy, (t) = [ (hvs))ds < co.
’ 0

By Proposition 5.6, for every £ > 1 and N € N, YN) satisfies (5.2.3). Taking the
limit as N — oo from both sides of (5.2.3) and using Proposition 7.22, for every
t € T and ¢ > 1 the identity

022 (Lwl) — (Lw(0)) = D)+ [ Le(s))ds — Do),

holds almost surely, where 7 is defined by (7.2.4). Moreover, the equalities (7.2.21)
and (7.2.22) hold simultaneously for all / > 1 and t € T because T is countable,
and therefore for all t > 0 because both sides are continuous, by Proposition 7.22
and Proposition 7.23.

Furthermore, let C be a countable dense subset of C'([0,L) x R, ), and fix
¢ € Candt € T. By Proposition 5.6, for every £ > 1 and N € N, Y(N)
satisfies the equation (5.2.2). Since ¢, ¢y and ¢s are all bounded continuous
functions, <(p(-,t),17§N)(t)> and fot((ps(-,s) + (px(-,s),UEN)(s»ds converge almost
surely to (¢(-,t),v(t)) and f(f(gos(-,s) + ¢x(+,5),v(s))ds, respectively. Also, as

we have already shown, Eg{\g converges to Dy, almost surely in IDR[0, o), and

therefore, the associated sequence of Stieltjes integrals f[o f (p(O,s)dﬁg\g(s) con-

verges to |, 0] ¢(0,5)dDy1(s), almost surely. Finally, the D)

ol
fot (¢(+,5)h(-),ve(s))ds by Proposition 7.22, and ﬁ(%) (t) converge to fot (p(+,s),10(s))ds

by Proposition 7.22. Therefore, taking the limit as N — oo of both sides of (5.2.2)
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we have

(o)1) =90, ve0) + [ {a(9) + 0u15), va(s)) s
— [oCmO,us)ds+ [ (05D ()

(72.23) + [ot9)mlo)as,

almost surely. The equation (7.2.23) above holds with probability one, simulta-
neously forall ¢ > 1, ¢ € Cand t € T, because both C and T are countable.
Moreover, since both sides of the equation above are continuous functions of t, the
identity holds simultaneously for all ¢ > 0, and since vy, D., and R. ; are finite
Radon measures, the identity holds simultaneously for all ¢ € C&'([0,L) x Ry)
using the Dominated Convergence Theorem.

Consequently, it follows from (7.2.21),(7.2.22) and (7.2.23) that for every subse-
quent limit Y of {Y(N)} and every ¢ > 1, vy is a solution to the generalized age
equation associated with AId and (v/(0), D1, 7,) (see Definition 6.5). By Proposi-
tion 6.4, v is a solution to the hydrodynamic equations (6.1.3)-(6.1.7) associated to
(AId,v(0)), which is proved to be unique in Theorem 6.3. This provides a unique

(N)

characterization of all subsequential limits of v\*/, and completes the proof. U

7.3. Convergence of Performance Parameters

In this section, we establish the convergence of queue length distribution and
virtual waiting time. More importantly, we show that the limit of these quanti-
ties can be characterized as functionals of the solution to the hydrodynamic PDEs.
As this solution can be approximated using numerical methods, this provides a
more computationally effective alternative to Monte Carlo simulations for analyz-
ing properties of large networks. We prove the convergence of queue length dis-
tributions in Section 7.3.1, and the convergence of virtual waiting time in Section

7.3.2.
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7.3.1. Convergence of Queue Length Distribution. In the section, we estab-
lish the convergence of the queue length distribution to a limit that can be char-
acterized by the hydrodynamic PDEs. Specifically, if shows that when the initial
conditions are exchangeable, then any finite set of queue at any time t are asymp-
totically independent and the typical queue length distribution is determined by
(Sg;¢ > 1), and hence we establish a “propagation of chaos” result . Recall that
aN)4(0) to be the initial age of job receiving service in the i queue at time 0 in the

N-server network, if the queue is initially non-empty.

THEOREM 7.24. Suppose Assumptions I-IIl hold, and the initial conditions are

exchangeable in the sense that for every N, the vector
<X(N),n(z‘) (0), a7 (0)y1(XN7D (0) > 0);i = 1,.., N) )

has the same distribution for any permutations 77 on the queue indicesi € {1, ..., N}.

Then, forevery / > 1and t > 0,

(7.3.1) lim P {X(N)'l(t) > e} = S,(b),

N—oo

and for ever fixed n > 0 and /4, ..., £, € IN,
n
. N)1 N), _
(7.3.2) Jlim 1P {X( L) > 4y, ., XN () > En} = HEng(t).

REMARK 7.25. Let (Z; ¢ > 1) is the solution to the hydrodynamic PDEs corre-
sponding to (AId, (Z);¢ > 1)), where

79 = (¢",v,(0)), r>0.

Using the relation Z,(t,0) = (1,v,(t)) established in Proposition (6.10) between the
solutions to the measure-valued hydrodynamic equations and the PDEs, equation
(7.3.1) can be written as

(7.3.3) lim P {X(N)'l(t) > e} = Z,(1,0).

N—oo
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and equation (7.3.2) can be written as

(7.3.4) lim P {XNA(E) > ., XV () > 0} = Hzgk (£,0).

N—o0

PROOF OF THEOREM 7.24. Since the routing algorithm is symmetric with re-
spect to queue indices, the queue lengths and age distributions remain exchange-

able for all finite times ¢ > 0. In particular,

(7.3.5) <X(N)'i(t);i =1,.., N) & (X(N)'”(i)(t);i =1,.., N) .

By definition of SEN) (t), we have

i=1

N
=y P {xMi = 6}
IP{X(N)' (t) > g}’

(7.3.6) =

where the last equation due to (7.3.5). By Theorem 7.1, and since the solution v

N) converges to v uniformly on

to the hydrodynamic equations is continuous, n
compact sets, and in particular, for every t > 0, (N )(t) converges to v in S, in
distribution. Hence, by the continuous mapping theorem, géN)(t) converges to
Sy(t) in distribution. Since supy §§N)(t) is bounded by 1, the convergence also
holds in expectation using the bounded convergence theorem, and (7.3.1) follows
from taking the limit as N — co of both sides of (7.3.6).

Now to prove the second claim, note that

(7.3.7)
n N N
E Hg@ﬁ%] :%]E Yy .Y (X(N)'il(t) > £1> 1 (X<N> in () > £n>
m=—1 =1 ip=1
1 N N )
= L D P {xMA() 2 6, x N (1) 2 0
=1 i,=1

=P {X(N) L)y > 0, XN (1) > En} )



where the last equality is again due to (7.3.5). As discussed above, 7N(t) con-

verges to v(t) in S in distribution, and hence, using the continuous mapping theo-

n

—=(N . c . . .
rem, [T ;S (m ) (t) converges to [}, Sy, (t) in distribution. Also, since supy, IT);,—;

is bounded by 1, the convergence also holds in expectation, using the bounded
convergence theorem. Taking the limit as N — oo of both sides of (7.3.7), (7.3.2)
follows. u

7.3.2. Convergence of the Mean Virtual Waiting Time. To show that the so-
lution to the hydrodynamic PDEs can capture the limit of performance measures
other than queue length distribution, we establish the convergence of the mean
virtual waiting time. The virtual waiting time at any time ¢ is the time that a vir-
tual job that hypothetically arrives at t has to wait in order to receive service. As
another application of Theorem 7.1, our next result shows that for large N, the hy-
drodynamic PDE also provides an approximation to the mean virtual waiting time
in an N-server network. Again, the result of this section is depicted for the case

d = 2, and the extension to general d is straightforward.

THEOREM 7.26. Suppose Suppose Assumptions I-IV hold, and let (Z;;¢ > 1)
be the unique solution to the hydrodynamic PDE associated to (AId, Zg ;0> 1) 1f,
in addition, a(N)'i(O) < Tp for some Ty < oo and every i = 1, ..., N, then

(7.3.8) lim E [W<N>(t)} — Y Z4(1,0)2 + Y [Zu(£,0) + Zy4(£,0)]
>2 >1

< [Tzt - Zeae ) an

REMARK 7.27. The uniform boundedness assumption on the initial ages is rea-
sonable for transient analysis since it will be satisfied by any network that started
empty a finite time interval ago. However, the assumption can be relaxed, as illus-

trated in Figure 2(b) in Section 8.1.2.3. We impose it only to simplify the proofs.

REMARK 7.28. We can show that in fact, as N — oo, the sequence of virtual
waiting time distributions (and not just their means) converge to a limit distribu-

tion whose characteristic function can be expressed as a functional of the solution
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to the hydrodynamic PDE. We do not present the details of the proof, but it is

similar to that of Theorem 7.26.

7.3.2.1. Routing Probabilities. For every server index i and queue length ¢, de-
fine the routing probability p(i, ¢;t) to be the conditional probability, given the
state of the network at time t, that the load-balancing algorithm would route a hy-
pothetical job arriving at time ¢ to server i, when its queue length is £. Defining the

vector X(N)(#) of all queue lengths and ages,
(7.3.9) XN (t) = <X(N)'i(t),a(N)’i(t);i ~1,.., N) .

and denoting by «(t) the (random) index to which the virtual job arriving at time ¢

is routed, the routing probability p(i, £; t) is defined by
(7.3.10) p(i,0,t) =1 (X(N)'i(t) - f) P {K(t) = ilx™) (t)} .

Now we compute the routing probabilities p(i, ;) for £ > 1 and under the SQ(2)
algorithm described in Section 5.1.1. If x; and x; are indices of queues chosen
independently and uniformly at random, then x(¢) is the index associated with the
shorter queue (with ties being broken uniformly at random). The job is routed to a
server of queue length exactly ¢ if and only if both x; and «; have queue lengths at
least ¢, and at least one of them has queue length ¢. Given the vector of all queue
lengths in X(N)(t), this happens with probability (§§N) (1) — (§$R (t))2. Since all
servers with queue length equal to ¢ are equally likely to be chosen and there are

SEN) (t) — Sé{\g(t) of them, for ¢ > 1 we have

, - 1 /=N =(N
(7.3.11) pli, 1) =1 (XN = 0) - (5™ +5hm)

REMARK 7.29. Note that the form of the routing probability for the SQ(d) al-
gorithm is clearly the same as in the exponential case. To apply our framework
to other load balancing algorithms, one would have to replace the expression in
(7.3.11) with the routing probabilities associated with that algorithm.
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PROOF OF THEOREM 7.26. Suppose that the virtual job arriving at time ¢ is
routed to queue i, that is x(t) = i. If the server i is idle (i.e., X(N)i(t) = 0), the
virtual waiting time is zero; otherwise if X (N )'i(t) = { for some ¢ > 1, the virtual
waiting time W) (t) is the sum of service times v; of jobs waiting in queue i plus

the residual time bV )'i(t) of the job in service at server i at time ¢, that is,
-1 ,
1(k(t) =) WN(t) = Y v+ 6N (1),
j=1

Summing over all possible queue indices i and queue lengths ¢, we have

(7.3.12) W™ (1) = W (1) + WM (1),
where
N . -1
(7.3.13) GRIOED I ICIOES EOEID 3
i=10>1 j=1
and
N . .
(7.3.14) wNMNEH =Y Y1 (K(t) =i, X(NVi(4) = e) pNDi(4).
i=10>1

To compute the expectation of Wl(N)(t), note that by Assumption II, the service
times v; of jobs that are still waiting in queues satisfy [E[v;] = 1 and are indepen-
dent of all queue lengths and ages at time ¢, as well as x(f). Therefore, taking
the conditional expectation given X(N)(t) of both sides of (7.3.13) and using the
definition (7.3.10) of p(i, ¢, t), we have

N ‘ (-1
E (WM XM ()] = Y X P {x() =, xMi() = (xV(0)} L E [o]
i=10>1 =1
N
= Y (=) 0 (XM = ) pli, 458),
>1 i=1

Taking expectations of both sides of the last equation, substituting p(i, ¢;t) from

(7.3.11), recalling that the number of servers with queue length equal to ¢ is
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SEN) (t) — Séi\g (t), we see that

WM (1) = L F L= (50 +3520) in (xMi(t) = z)]
- %M(f ~DE (5 (0 +521) (51 - s )]
= L0 | (5V0) - (5H0)
_ 2
(7.3.15) - Mlﬁ {(SEN)(t» } .

To compute the expectation of WZ(N) (), note that according to the SQ(2) algo-
rithm, the random queue indices x; and «; are independent of all other random
variables, and therefore, given X(N)(t), x(t) is independent of all residual service
times. Therefore, taking conditional expectations of both sides of (7.3.14) and in-

voking the definition (7.3.10) of p(i, £; t) again, we have
(7.3.16)

Hﬂwﬁkmﬂmaﬂ:}:fﬂ(ﬂm«o:@p@aﬂmpwwﬂmmmﬂ.

The residual service time b(N)(t) of the job that begins being processed by server

i at time ¢ satisfies
BNV (t) = vy — aN(H),

where ](i;t) is the index of the job begin processes in server 7 at time ¢. It follows
from the i.i.d assumption on the service times and their independence from the
arrival process (Assumption II) that the residual service time b(N)(t) depends on
the state variable X(N) (t) only through the age aN)(t). A complete rigorous jus-
tification of this intuitive assertion is rather long and technical, and hence will be
presented elsewhere. Hence using equation (3.2) of Section V.3 in [3] in the second

equality below, for every r > 0, we have

P {b(N)'i(t) > r|X(N)(t)} —P {b(N)'i(t) > r|a(N)'i(t)} _ Gl
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and therefore,

' o G(gN)i r
(7.3.17) E [pMA0XN (1)) :/o G%Z(Z(Ng?(t;r) L

Now, substituting equations (7.3.11) and (7.3.17) in (7.3.16), taking expectations of
(N)

both sides, and using definition of v, "/, we can see that

(7.3.18)
N v L | (a) | eN) o i g\ Ga™Ni(H) +7)
B, (1) = L §E (5w +sihm) [ ;n(xm (H) =) S
-LE (5w +sMo) [T - o]

Finally, taking the limit as N — oo in (7.3.18), we obtain

(7.3.19) lim E IZROIEDY lim E [E@N)(t)ﬂ
>2
=3 (Su(t))*.
{>2

The exchange of limit and summation in the first equality is justified by Assump-
tion IIL.c, the bound EEN) (t) < 1 and the dominated convergence theorem, while
the second equality follows from Theorem 7.1 and the bounded convergence the-
orem. Moreover, by the uniform boundedness assumption on the ages imposed
in Theorem (7.26), a!N)(t) < Ty + t. Therefore, since [;° G(r)dr = 1 because the

service time has mean 1,

t 1 nt N, G
(7.3.20) /0 (0,7 (1)dr < z;_idr
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Therefore, taking the limit as N — co of both sides of (7.3.18), we have

lim E [V (1)] = L lim IE{( ROERNIG) /O°°<l9’,v§N><t>—Véf%u»dr]
(73.21) -L* [ )+ Sea(0) [0, uilt) —ml(t»dr] |

The exchange of limit and summation in the first equality is justified by Assump-
tion IlLc, 75\])(1&,1’) < ZEN)(t,O) < 1 and the dominated convergence theorem,
while the second equality holds due to Theorem 7.1, (7.3.20) and the bounded con-
vergence theorem. It follows from (7.3.19) and (7.3.21) that

lim E [W(N)(t)} — Y (Su(1))?

N—oo i>2

+21E[ 0+ 5c(0) [ (87, 0(0) — wilt))ar|.

>1

The result follows from the relation Z,(t,r) = (9", v4(t)) established in Proposition
(6.10) between the solutions to the measure-valued hydrodynamic equations and
the PDEs.

O

7.A. A Bound for Renewal Processes

Fix ryp € R and let P(t) be a delayed renewal process with inter-arrival times

{uy; n > 1} with common distribution G and delay u( with distribution G,,, where

G(x+719) — G(a)
1-— G(TQ) '

(7A1) IP{MO S _’X,'} = Gro(x) =

Assume G has density g, denote G = 1 — G and let h be the hazard rate corre-
sponding the distribution G. Also, let (t) denote the backward recurrence time of
the renewal process P. By convention, r(t) = ro+ t for t < ug, and in particular,

r(0) = ro.
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LEMMA 7.30. Let P be the delayed renewal process described above. Then, for

every t > 0,
7.A2) E { / th(r(s))ds] < oo,

and

(7.A.3) E (/Ot h(r(s))ds — P(t))2] <4+ E[P(H)].

PROOF. Define the epoch times {t;;j > 0} as ty = ug and t; = t;_1 + u; for

j > 1. Then, we have

/Oth(r(s))ds =/0 ))ds + Z/ ds—/tt””h(r(s))ds
(7.A4) = /rmﬂo v)do + Z / v)dv — /up(t) h(v)do.

r(t)
Defining the random variables y,,n € IN as y, = fo v)dv, the second term on
the right-hand side of (7.A.4) can be written as Z 1 Yn. Since the renewal times

{uy;n > 1} arei.i.d, the sequence {yy },en is also i.i.d with

Bl = [ (| hodo) sts)as = [~ % ([ storo)as=1,

and

Thus, mean and variance of vy, are both equal to 1. Now, define the discrete-time
filtration {G,;n > 0} by G, = o(u;j=0,.., n). Note that u,,, and hence, vy, are G-
measurable. Also, since the inter-arrival times are independent, y,,+1, y,+2, ... are

independent of G,,. Finally, the random variable P(t) satisfies E [P(¢)] < U(t) < oo
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where U is the renewal measure corresponding to the distribution G. Moreover,

since t,,_1 and t, are G,-measurable forn > 1,

{P(t) = n} = {tn—l <t< tn} € Gy,

and hence, P(t) is an integrable {G, }-stopping time. Therefore, by Wald’s lemma
(see e.g. [3, Proposition A 10.2]),

and

(7.A.6) —E[P(1)].

Now for the first term on the right-hand side of (7.A.4), recalling the distribution
(7.A.1) of Uup,

E [/r:ﬁuoh(v)dv} :E(lro) /Ooo (/r:ﬁuh(v)dv) g(ro+u)du

= G ;- (108G (r0) ~ 1oB(G(ro + ) (10 + 1)
log(G(r0) [~ Giro)
~ " Gn) /ro $(w) _C(ro)/o fog(v)do

(7.A.7) =1,
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= o h </r:0+uh(”)d”)2g o+ )

= S0 ) 10g(@ra)) ~10g(Glro-+ 1)) stro -+ u)
— log(G(r0))? — zlogé%o” /O 0 o (0)do + = (170) /O o) (log(v))2dv
= log(G(r0))* —210g(G(r0)) (log(G(ro)) — 1) + (log(G(r0))
—2log(G(ro)) +2)
—2.
For the last term, since r(t) > 0,

(7.A.9) E { /r Z’)’“) h(v)dv} <E[yp] =1

and

(7.A.10) E < /r :;“)h(v)czv)2 <E [(yp)?] =2

Finally, taking expectation from both sides of (7.A.4) and substituting the bounds
(7.A5), (7.A.7), and (7.A.9), (7.A.2) follows. Moreover, by another use of (7.A.4)

and triangle inequality, we have

t 2 ro+ug 2
E (/0 h(r(s))ds—P(t)) <E (/0 h(v)dv) ]
[ /P() L, ?
T E (;/0 h(v)va(t))]
LB </up<t)h(v)dv> 2] /
| \Jr(t)
and (7.A.3) follows using the bounds (7.A.6), (7.A.8) and (7.A.10). U

260



CHAPTER 8

Numerical Results and Engineering Insights

In this chapter we discuss the application of our result in understanding the
behavior of stochastic networks in practice. First in Section 8.1, we devise and use
a stable numerical scheme to approximate the solution to the hydrodynamic PDEs,
which provides a computationally efficient alternative to Monte Carlo simulations
that could be useful for studying the performance and design of large networks.
We show that the obtained numerical approximations provides a good match with
simulations. Then in Section 8.2, we illustrate how this approximation can be used
to shed insight into transient phenomena of practical relevance.

Throughout this chapter, we stick to the case d = 2.

8.1. Numerical Approximation and Validation

In this section we validate the results in Theorem 7.24 and Theorem 7.26 using
Monte Carlo (MC) simulations. First in Section 8.1.1, we present a stable scheme
for numerically approximating the solution to the hydrodynamic PDE. Then in
Section 8.1.2, we compare the results obtained from Monte Carlo simulation and
numerical solutions to PDE for a variety of different service distributions and in

each case, we observe a close match.

8.1.1. A Numerical Approximation Scheme. Note that the hydrodynamic PDE
is comprised of a countable number of integro-differential equations, correspond-
ing to each Zy. Therefore, in order to numerically solve the hydrodynamic PDE
(6.2.1)-(6.2.4), we truncate the state space and only solve for Z,(t,7),{ =1,...,Ly,0 <
t < Ty,0 < r < Ry, for suitable Ly € IN and Ry, Ty < oo. Next, we discretize
r and t on uniform meshes: Zy(ty, ) = Zo(mé,nd) with 0 < m < |Ty/é| and

0 < n < |Rg/é]. Then we solve the equations (6.2.1)-(6.2.4) numerically by the
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finite difference method and the explicit forward Euler scheme[47]. That is, for
fixed t,; > 0 and r, > 0, we apply the following approximations

R R tm+o6 __ R
t+6 _ ~
+ AMu)G(ty +6+1r, —u) (1 - Zl(u,0)2> du
t

~ Z1(tm, 10+ 8) — G(rn) (Za(tm, 0) — Z2(tm, 0))

t+0

+G(r) (1 —Zl(tm,0)2>/t A(u)du.
and for ¢ > 2,
A A tm+6 __ A
Zo(bm + 6,1m) = Zo(tmy 1 + 8) — /t Gltm + 6+ 70 — u)3rZpaq (1, 0)du

+ /;MA(u) (Zo-1(,0) + Zy(u,0))
X (Zoq(utm+0+10—u) — Zy(u,t + 0+ 14 —u)) du
= 2yt ra +6) ~ Gra) (Zesr (e 8) — Ze 1 (6, 0))
+ (Z-1(tm, 0) + Zg(t, 0)) (Zg—1(tm,1n) = Zy(tm, 7))

tm+0
X / Au)du.
t

The numerical scheme above has been stabilized by applying the upwind scheme
[23] to the derivatives with respect to 7, otherwise, the numerics will blow up in a

short time interval. Using these approximations, we can update Z; (t,, + 6, -) from

Zg(tm, ').

8.1.2. Validation of Results. We now compare the empirical queue length dis-
tribution and mean virtual waiting time obtained from the Monte Carlo simulation
of an N-server network, with the corresponding limit quantities (7.3.3) and (7.3.8),
as predicted by the numerical approximation of the PDE.

We consider a sequence of networks indexed by the number of servers N, with
a Poisson arrival process with rate A = 0.5, and the following initial conditions.

Each server has initially one job with initial age equal to zero, that is X(N)(0) = 1
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and aN )'i(O) = O foralli = 1,.., N. Note that this sequence of initial conditions
satisfies Assumption III, and converges to the initial condition (Z9(-);¢ > 1) for

the hydrodynamic PDE, where for r > 0,

8.1.2.1. Queue Length Distribution. First we compute the probability that a typ-
ical (fixed) queue has length at least ¢ at time t, for t € [0,10] in a network of
N = 1000 servers, using Monte Carlo simulation with 1000 realizations. Then
we compare this probability with the quantity obtained by numerically solving
the PDE using the method described in Section 8.1.1, with Ly = 6, Ry = 20 and
6 = 0.001. We make this comparison for a variety of (unit mean) service time dis-
tribution, including Pareto (with shape parameter f = 2.25), Log-Normal (with
shape parameter ¢ = 0.33), Gamma (with shape parameter k = 2) and Hyper-
Exponential (with parameters A; = 0.5 and A, = 2), which is a special case of a
Phase-type distribution.

The results are illustrated in Figure 1 for / = 1 and ¢ = 2, and a close match
is observed in all cases. In our setting, the run time for the Monte Carlo method
is approximately 2 — 3 hours, which is orders of magnitude longer than the time
taken to numerically approximate the PDE, which is around 7 — 9 seconds.

8.1.2.2. Waiting Time. Next, we compare the mean virtual waiting time in the
same setting described above, but with the arrival rate now set to A = 0.7. We
measure the mean virtual waiting from a Monte Carlo simulation as follows: at
any time ¢, we determine which server a virtual arriving job would have been
routed to by choosing two servers uniformly at random, and picking the one with
shorter queue length, and then observe the waiting time in that server. The average

is taken over 2000 realizations. We compare this to the following approximation of
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>2)

P(x'®

Time Time

(a) Pareto (b) Log-Normal

(c) Gamma (d) Hyper-Exp.

FIGURE 1. Comparison of the estimate for P(X(N)1(t) > /) obtained
from MC simulation (in red) versus the numerical approximation of
Z(t,0) (in blue) during t € [0,10] for ¢ = 1 (top row) and ¢ = 2

(bottom row).
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FIGURE 2. a. Mean virtual sojourn times from MC (red) and PDE
(blue) as well as the averaged actual sojourn times from MC (green)
for the Pareto distribution with g = 3. b. Mean virtual waiting times
from MC (red) and PDE (blue) for Gamma service distribution and

unbounded initial ages.

the limit provided by Theorem 7.26:

Lo—1
(8.1.1) ]E[W(N) ] ZthO + 2 [2(£,0) + 2441 (,0)]

[Ro/4] .
X Z o(t,1j) = Zoga (E,17)] 6.

where {Z,; ¢ > 1} is the numerical solution of the PDE described in Section 8.1.1.
The result of the comparison for the Pareto distribution (with mean set to 1 and
shape parameter = 3) and is plotted in Figure 2(a). We observe good agreement
between the two curves. Furthermore, recall that the actual waiting time of a job
is the difference between the arrival and service entry times of that job. We also
plot the average of the average of the actual waiting time. At each time t, the latter
quantity is defined to be the sum of the waiting times of all jobs arrived in that time
slot in the mesh, divided by the number of jobs that arrived in that time slot. We
observe that the mean virtual waiting time is a good approximation to the average

actual waiting time as well.
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8.1.2.3. More General Initial Conditions. Finally, to illustrate that the assumption
aN)i(0) < T, on initial ages is not necessary, we validate our result for another
sequence of networks with the following initial condition: there are initially two
jobs in each queue, and the initial ages are all independent and distributed accord-
ing to G(x)dx (which is the stationary age distribution in a renewal process with
inter-arrival distribution G). The corresponding initial condition for the PDE are

given by
29(r) = / Gx)dx, £=1,2, 29(r) =0, >3
r

We validate the approximation given in (8.1.1) using Monte Carlo simulations
for a network with N = 1000 servers and a Gamma service time distribution (with

shape parameter k = 2). The result is depicted in Figure 2(b).

8.2. Engineering Insights

In practice, transient Quality of Service (QoS) parameters are of particular in-
terest in many applications. However, to the best of our knowledge, prior to this
work, load-balancing networks with general service distributions have only been
studied in steady state and under constant Poisson arrivals [12]. We illustrate how
our PDE approximation can be used to shed insight into transient phenomena of
practical relevance. In Section 8.2.1, we study the time it takes for a congested
network to get rid of a backlog of jobs, and in Section 8.2.2 we analyze the perfor-
mance of a load balancing network with time-varying, periodic, Poisson arrivals,

consisting of intermittent “high” and “low” periods.

8.2.1. Initial Backlog. Given a network that is congested with a backlog of
jobs, the system administrator would like to know how long it would take for the
system to get rid of the backlog and for the QoS to return closer to the normal
operating point. In this section, we consider a network with a large initial backlog,
and hence a large initial virtual waiting time, and study the time it takes for the

system to unload to the extent that the mean virtual waiting time reaches half of
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its initial value, which we refer to as “relaxation time”. We investigate the effect
of service distribution statistics on the relaxation time. In each case, the goal is
to illustrate how the PDE approximation may be used to help uncover interesting
(and possibly unexpected) network phenomena.

In the presence of general service distributions, in order to capture congestion
in the initial distribution of the network, one has to specify not only the distri-
bution of the number of jobs in the different queues, but also the distribution of
ages of jobs being served at these queues. There are a number of different con-
figurations that could reflect a congested initial state. In order to generate initial
conditions that may naturally occur in practice, we consider an initial state that
corresponds to the distribution resulting from a network that has been experienc-
ing a higher than normal arrival rate for a period of time. Specifically, we first
consider a network that starts empty and runs with nominal arrival rate A = 0.6
for Ty = 10 units of time, and then experienced an arrival rate that is about 8 times
the nominal arrival rate, namely A = 5, for a period of T;, = 2 units prior to zero.
The distribution of this network at time Tj 4 T}, then represents a congested state
for the network and is used as the initial condition for our PDE approximations.
We then assume that at time 0, the mean arrival rate reverts back to its nominal
value A = 0.6 and we study the relaxation time, namely the time it takes for the
mean virtual waiting time to reach half its initial value.

In Figure 3(a), we plot the evolution in time of the mean virtual waiting time
for (nominal) arrival rate A = 0.6, both when the service distribution is Pareto with
unit mean and parameter = 1.25 (heavy-tailed) and Pareto with parameter p =
2.50 (light-tailed). The curves are obtained using the numerical scheme to solve the
PDE with cutoff values Ly = 12 and Ry = 20 and step size § = 0.001. An interesting
observation is that the heavy-tailed case clearly has a smaller relaxation time than
the light-tailed case. This phenomenon may seem particularly surprising in light

of the steady-state result of Bramson et. al in [12], which shows that for Pareto
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FIGURE 3. a. Mean virtual waiting time for network with initial
backlog and Pareto service distribution with § = 1.25 (red) and
B = 2.50 (blue), using the PDE method. b. Relaxation time vs. Me-

dian for Pareto, Log-Normal and Weibull service time distributions.

service time distributions with unit mean, the tail of the limit steady state queue-
length distribution has a double exponential decay when g > 2 (light-tailed), in
contrast to the case when B < 2 (heavy-tailed), when it has only a power law
decay. Although the tails of the limit steady-state distribution do not represent the
limit of the tails of the steady-state distribution in the N-server system (since the
N — oo and tail decay limits are typically not interchangeable), the results in [12]
suggest that from the point of view of equilibrium queue length, the light-tailed
Pareto distribution shows better performance.

The transient phenomenon observed above also persists when the initial condi-
tion is instead chosen to be a large number of jobs uniformly distributed amongst
different queues, all starting with zero ages, which may roughly correspond to
congestion caused due to a sudden large spurt of job arrivals into the network.

A possible heuristic explanation for the contrasting behavior observed in the
transient case is that when a Pareto service distribution is fixed to have mean equal
to one, the median of the distribution decreases with a decrease in . As a result,
when the heavier the tail of the service distribution, the greater the fraction of

initially backlogged (and newly arriving) jobs with smaller service requirements,
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and the smaller the fraction of jobs with very long service times. This helps servers
in a large number of queues to get rid of their backlog and reduce their queue
lengths faster, whereas the jobs with long service times lead to large queue lengths
in only a small fraction of servers. The latter jobs do not increase the mean virtual
waiting time significantly because a new potential arrival will avoid the few long
queues with high probability under the SQ(2) load-balancing policy. This argu-
ment suggests that the same trend should hold for different classes of service time
distributions. In Figure 3(b), we plot the relaxation times obtained via the PDE
approximation for the Pareto, Weibull and Log-Normal service time distributions
for different median values, and observe that the relaxation time decreases as the

median decreases (and variance increases) for all these distribution families.

8.2.2. Periodic Arrivals and Effective Arrival Rate. In contrast to prior work,
our method also allows us to study the SQ(d) network under time-varying ar-
rivals. In many real-world applications, the arrival process is periodic (over period
of a day, for example,) comprised of peak and off-peak periods. In this scenario,
we examine the effect of the time- inhomogeneity of the arrival on the performance
of the network.

As an illustration, we consider a family of periodic arrival rate functions A(-) €

Ll

1 .(0,00), with period T, parameterized by the average arrival rate A over the pe-

riod and a constant A > 0, which can be viewed as a burstiness parameter. The
arrival rate takes the value A + A in the first-half of the period and the value A — A
in the second half of the period, corresponding to peak and off-peak periods. The
larger the A, the more dramatic the difference between the peak and off-peak ar-
rival rates; the particular case A = 0 corresponds to the case of constant arrival
rate. Using our PDE approximation, for fixed A, we study the effect of the bursti-
ness parameter A on the mean virtual waiting time of the network.

As one would expect, the burstiness has a negative impact on the network per-
formance as it results in an increase in the mean virtual waiting time. However,

the PDE approximation also quantifies this effect, and allows comparisons across
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different service time distributions. To this end, for a fixed average arrival rate and
different values of the burstiness parameter A, we compute the mean virtual wait-
ing time averaged over one period, denoted by W(X, A), and find the constant rate
Poisson arrival that results in the same averaged virtual waiting time. We denote
this constant rate by Aggr = Aeg (A, A), and refer to it as the “effective arrival rate”

corresponding to A and A, which hence has the property
W(A,A) = W(Aegr, 0).

We compare the effect of traffic burstiness on the performance of the network
under a heavy tail and a light tail Pareto service distribution. In Figure 4, we
plot A as a function of A for A = 0.7 and Pareto service time distributions with
shape parameters fp = 1.5 (heavy tail, infinite variance) and g = 3.0 (light tail,
finite variance.) As illustrated in the figure, the burstiness of the arrival rate has
a greater effect on the network when the service time has finite variance (8 =
3.0) rather than infinite variance (8 = 1.5). In other words, as far as the average
mean virtual waiting time is concerned, the network with the heavy-tailed service
time shows less increase in Ao than the light-tailed service time. This is in line
with our observation of backlogged networks that heavy tails seem to have a less
deleterious effect on the transient behavior of the network than in equilibrium.

It is worth mentioning that quantitative insights into the network such as those
illustrated in Figure 4, may require the solution of inverse problems, such as the
computation of Ay for various values of A, which would be incredibly time-

consuming, if not infeasible using Monte Carlo simulation.
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FIGURE 4. Effective arrival rate A g vs. burstiness A for Pareto ser-

vice distributions with f = 1.5 and B = 3.
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