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Abstract of “ Finite Element Methods for Interface Problems Using Unfitted Meshes:
Design and Analysis” by Manuel A. Sánchez Uribe, Ph.D., Brown University, May
2016

This dissertation aims to study finite element methods for two-dimensional stationary

second order interface model problems on homogeneous and heterogeneous media,

under discretizations non-fitted with the interface. We propose novel numerical

methods for the model interface problems, proving optimal convergence of the errors

and robust error estimates with respect to the curvature of the interface and the

physical parameters of the problems.

In the first part of the dissertation, we consider the Poisson and Stokes interface

problems on homogeneous media. In both cases, we design correction terms relying

on the interface jump conditions of the problem for each unknown variable, which

are then added to the right-hand side of the system. This technique is developed for

arbitrary polynomial order of the finite element subspace, by means of higher order

derivative jumps of the solution derived from the problem. We provide pointwise

error analyses of the methods obtaining optimal convergence of the errors.

The second part assesses the classical elliptic interface model problem on het-

erogeneous media: Poisson equations with discontinuous constant coefficients. In

particular, we examine the case in which the contrast of the diffusion coefficients

is high. We present an a priori analysis of the regularity in order to develop error

estimates for the numerical methods consistent with the behavior of the solution.

Furthermore, we propose and analyze two finite element methods, following distinct

approaches, for the high contrast Poisson interface problem. The first method follows

the philosophy of Immersed Finite Element methods, incorporating the jump condi-

tions of the problem strongly in the finite element subspace. Optimal error estimates

independent of the contrast of the diffusion coefficients are proved. A detailed anal-



ysis incorporating the curvature of the interface and the regularity of the solution

is presented, guaranteeing robustness of the method. The second numerical approx-

imation is based on a Nitsche finite element method, with flux stabilization terms.

This approach imposes the jumps conditions of the problem weakly, in the form of

penalty terms with support on the interface that are added to the system. Optimal

error estimates independent of the high-contrast are demonstrated, including a novel

error estimate for the flux of the solution.

Finally, numerical evidence of the properties of the finite element approximations

are displayed for each problem, corroborating the theoretical findings.
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Chapter One

Introduction



2

In this dissertation we design and study numerical approximations by finite element

methods to two-dimensional, second order, elliptic interface problems, using meshes

that are non-aligned with the interface. We present stability and error analyses

of the numerical methods with emphasis on: the autonomy of the discretizations

with respect to the interface, proofs of optimal errors estimates based on the energy

and L2 norms, and the study of the dependence (or independence) of these error

estimates with respect to the physical quantities or parameters corresponding to the

sub-domains interacting through the interface.

Broadly speaking, Interface Problems are systems of partial differential equations

with jump conditions satisfied across an interface immersed in the physical domain

of study. These problems arise as mathematical models in physical sciences and en-

gineering, as for example: biological flows interacting with elastic structures (heart

models), multi-phase flows, cell and bubble dynamics, front tracking in porous me-

dia flows, animal locomotion, plasma dynamics and electromagnetic problems, etc.

As one can anticipate, solutions to these problems are in general non-smooth, or

even discontinuous across the interface depending on the jump conditions. Conse-

quently, numerical methods that rely on the global regularity of the solution perform

poorly, rendering suboptimal convergence of the errors or even in some cases lack of

convergence near the interface.

A common feature of interface problems, independent of the complexity of the

governing equations or the dimension of the space, is the geometry: typically, a

bounded domain Ω contained in Rd and an interface or elastic boundary Γ, of at least

one dimension less than Ω, immersed in the domain are considered. The domain and

the interface interact by means of interface or transmission conditions presented in

the partial differential equations arising from the physical model. Naturally, we are

interested in numerical approximations of the solution of this system of equations.
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A key step in this direction, for most of the numerical methods, is the discretization

of the physical domain (mesh construction). In interface problems, we can divide

the numerical methods, depending on how the discretization is constructed, into two

approaches: methods with meshes that are aligned or fitted with the interface, or

methods with meshes that are non-aligned or non-fitted (unfitted) with the interface.

See Figure 1.1 for an illustration of both cases. Evidently, the first approach is much

more restrictive in terms of mesh generation. In particular, for problems where the

interface evolves in time, re-meshing in each time step could present some drawbacks,

as for instance: a high computational cost of the mesh generation, the structure of the

mesh could be totally destroyed, the well-conditioning of the stiffness matrix could be

progressively deteriorated, and possible instabilities of the numerical approximation

might appear. Considering these obstacles, the second approach presents significant

advantages, allowing much simpler discretizations, as for example, Cartesian grids

or uniform triangulations. The discussion in this dissertation focuses exclusively

in the latter approach, designing finite element methods based on meshes that are

non-fitted with the interface.

Figure 1.1: Illustration of discretizations of a two-dimensional polygonal domain with an immersed
interface. Left figure: non-fitted with the interface. Right figure: fitted with the interface (right).

In the next section we present an overview of some numerical methods, based on

meshes that are non-fitted with the interface, that influenced our work.
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1.1 Background on numerical methods for inter-

face problems

A widely known, flexible, and certainly remarkable numerical method for interface

problems is the finite differences based Immersed Boundary Method (IBM) by Pe-

skin [96, 98]. Originally, the IBM was designed to approximate numerically a blood

flow model in the human cardiac muscle. Since then, the method has found several

applications in biophysics, fluid-structure interactions, and aerodynamic, including:

blood flow in the heart [90], vibrations of the cochlear basilar membrane [57], blood

clotting [111], aquatic locomotion (swimming of eels, sperm and bacteria)[52], flow

with suspended particles [53], insect flight [93]. See the review article [97] for a

complete review of the method and detailed applications of it. Although we are

presenting here IBM as a numerical method for interface problems, the initial equa-

tions were not quite written the interface setting with jump conditions. In order to

illustrate this, we introduce one of the first models studied by Peskin: Consider a

closed elastic curve (massless) immersed in a two-dimensional incompressible fluid.
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The equations of motion of the problem are

ρ(
∂u

∂t
+ u · ∇u) +∇p = µ∆u+ f b, (1.1a)

∇ · u = 0, (1.1b)

f b(x, t) =

∫ L

0

β(s, t)δ(x−X(s, t))ds, (1.1c)

∂X

∂t
(s, t) = u(X(s, t), t), (1.1d)

f(s, t) =
∂

∂s
(T t), (1.1e)

T = S(

∣∣∣∣∂X∂s
∣∣∣∣− 1), (1.1f)

t =
∂X/∂s

|∂X/∂s|
, (1.1g)

where : u(x, t) is the fluid velocity, p(x, t) is the fluid pressure, f b(x, t) is the force-

density generated by the boundary, ρ density of the fluid (constant), µ viscosity of

the fluid (constant), X(s, t) is the boundary configuration, L is the unstressed length

of the boundary, T (s, t) is the boundary tension, and t the tangential vector to the

boundary.

The model (1.1), studied by Peskin in [96, 99, 98], does not have interface con-

ditions written explicitly, the force f b generated by the boundary immersed (or

interface) in the domain is considered instead. This force is described by means of a

delta function with support on the immersed boundary. Peskin and Printz [99] would

show later that this force is in fact equivalent to some jump conditions across the

immersed boundary, as in the standard interface setting. Specifically, they showed

that, under the non-slip assumption ([u] = 0), the jumps across the boundary are
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given by

µt · [(∇u)n] = − β · t
|∂X/∂s|

(1.2)

[p] =
β · n
|∂X/∂s|

(1.3)

where n denotes the normal vector to the boundary.

One of the key and distinguishable ideas of the IBM is the approximation of

the delta function by a discrete smooth delta function. On the other hand, in the

variational formulation of problem (1.1) an integral over the boundary appears, re-

placing the delta function. This observation caught the attention of variational

methods, in particular Finite Element Methods (FEM), which have proven to be

very powerful and robust in terms of implementation and analysis. Perhaps one of

the most important finite element approaches to the Immersed Boundary Method

is the Finite Element Immersed Boundary method (FEIBM) developed by Boffi et

al. [22, 23, 24, 25, 20, 19, 21]. Among the contributions of FEIBM are for instance

CFL conditions, numerical stability of the method, and conservation properties. In

this framework, the construction of the discrete delta function is avoided and re-

placed by discretization of the integrals along the boundary. In spite of all the

advantages that IBM presents, the method for both approaches (the finite difference

and finite element approach) is in general only first order accurate. The optimal

second order accuracy is obtained for special cases when the solution is smooth. In

this dissertation we will present a methodology to obtain higher order finite element

approximations considering cases where the solution is not necessarily smooth across

the boundary, at least for basic model problems.

Another notable and well-known numerical method, also finite differences based,

is the Immersed Interface Method (IIM) by LeVeque and Li [77, 78, 76, 75, 81]. The
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IIM was motivated by the IBM, but first developed in a much simpler framework.

The model problem for which IIM was first applied is the Poisson equation with

discontinuous diffusion coefficients. We now present the problem in order to illustrate

ideas. A connected, bounded and open domain Ω ⊂ R2 is assumed to have an

immersed closed interface Γ, separating the domain into two sub-domains Ω− and

Ω+. See Figure 1.2 for an illustration of these definitions. We seek for the solution

u of the equations:

−∇ · (ρ(x)∇u(x)) = f(x) x ∈ Ω±, (1.4a)

u(x) = 0 x ∈ ∂Ω, (1.4b)

[u(x)] = α(x) x ∈ Γ, (1.4c)

[ρ(x)∇u(x) · n(x)] = β(x) x ∈ Γ, (1.4d)

with the function ρ defined to be piecewise constant in Ω− and Ω+ as follows

ρ(x) =

 ρ−, x ∈ Ω−;

ρ+, x ∈ Ω+.
(1.5)

Despite the apparent simplicity of the model problem (1.4), its accurate numerical

Figure 1.2: Illustration of the standard geometry of the domain for interface problems.

resolution is key in many applications such as: plasma particle simulations and
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electromagnetic problems [85, 72], solving multi-phase flows [37, 42, 69], topology

optimization problems [18], to name a few. For a more extended list of applications of

model problem (1.4) and other interface problems in heterogeneous media see [80, 66].

In contrast to the IBM, the IIM intents to accurately capture the discontinuities of

the solution across the interface, imposing the interface jump conditions exactly or

approximately on points of the grid. As one can expect, this approach gives a more

accurate approximation of the solution near the interface. In effect, Beale et al. [14]

proved an optimal second order convergence of the Immersed Interface Method for

the Poisson equations with discontinuous coefficients. Not long after the appearance

of this method, a finite element version following the idea of imposing strongly the

interface conditions emerged. The first contribution in this direction is due to Li [79]

for the one-dimensional model problem. After this, several publications addressing

finite element formulations of the IIM have appeared. See for example [83, 82, 58,

59, 35, 66, 67, 68, 17, 112, 1, 84, 86]. For instance, for the two dimensional case Li

et al. [83, 82] proposed and analyzed conforming and nonconforming immersed finite

element methods for the Poisson equations with discontinuous constant coefficients

and homogeneous jump conditions. These methods are known as Immersed Finite

Element methods (IFEM) or Immersed-Interface Finite Element methods. A natural

question that has not been satisfactorily answered by these methods, even for the

Poisson model problem with discontinuous coefficients, is the independence of the

error estimates with respect to the contrast ρ+/ρ− of the discontinuous constant

coefficients (1.5). One of the main objectives of this dissertation is to obtain error

estimates independent of the contrast of the parameters associated with the sub-

domains separated by the interface. We will rigorously prove, among other things,

the first error estimates totally independent of the contrast for a method in the

immersed finite element class.
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In the same context, another numerical method that has shown desirable prop-

erties to approximate interface problems with a large contrast of the coefficients is

the Nitsche finite element method. This method was initially designed as a technique

to impose Dirichlet boundary conditions in finite element methods (see [95]), an al-

ternative to other well-known methodologies as, for example, Lagrange multipliers

[7] or penalty methods [7, 13]. The original Nitsche’s method can be interpreted

as a variant of the penalty methods in order to recover consistency [106]. Now, in

the context of interface problems, we can describe the dynamics as the interaction

of problems on two non-overlapping domains by means of boundary conditions sat-

isfied on a common interface. In this sense, the interface conditions will naturally

appear as a result of formulation of Nitsche’s method in both domain. For instance

see the contribution by Hansbo et al. [65, 64]. Subsequently, different forms of this

method have appeared. In the quest of a robust method in terms of the configu-

ration of the computational mesh with respect to the interface and how small can

the elements be cut, an interesting approach was given by Burman et al. [30]. They

proposed stabilization techniques, a penalty term is added with the aim of improving

the stability in the elements cut by the interface. Such a term is usually called the

ghost penalty term, see Burman [29]. Despite all the efforts and techniques utilized

to design a method independent of the contrast of the coefficients, explicit error

estimates stating the desired result are not found in the literature. In this thesis

this result is achieved, proving optimal error estimates, based on the L2 and energy

norm, independent of the contrast of the discontinuous coefficients presented in the

Poisson interface model problem. Furthermore, a novel optimal error estimate for

the flux variable, totally independent of the coefficients, is derived.

Other notable examples in the literature of numerical methods for interface prob-

lems (or similar problems) on discretizations that are non-fitted with the interface
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are: Partition of Unity method (PUM), Generalized Finite Element method (GFEM),

and eXtended Finite Element method (XFEM). As it is mentioned in [54] and [8],

these methods are closely related. The common feature is the so called “enrichment”

which can be seen as special function added to the standard finite dimensional space,

by means of partition of unity techniques [92]. The idea behind this enrichment is

to capture properties of the unknown solution in order to obtain a better approxi-

mation. The partition of unity technique was first proposed in [10], under the name

of Special Finite Element methods, using a particular partition of unity based on

standard finite element hat-functions. The idea is generalized in [91], where the

hat-functions are replaced by any partition of unity [11, 92]. This is the Partition of

Unity method or Partition of Unity Finite Element method. The Generalized Finite

Element method (see also meshless methods) would appear later [40, 107, 108, 109, 9]

using hat-functions partition of unity and enrichment that are not necessarily poly-

nomials. About the same time and totally independent of GFEM, eXtended Finite

Element method were developed for crack propagation problems [16, 45]. The XFEM

uses analogous techniques for the enrichment, although the emphasis is on a local

enrichment of the spaces (on the nodes near the crack or interface). In addition, the

multi-scale finite element methods [49] have also been applied to interface problems,

even addressing problems with high-curvature of the interface [38, 70].

In the next section we elaborate on the concepts introduced above and discuss

our early motivations and influences.
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1.2 Motivation and overview

An early motivation for our research was the article [94] by Mori, where pointwise

error estimates for the Immersed Boundary Method applied to the Stokes problem

with an immersed boundary are presented. In order to fix ideas, consider the follow-

ing model problem: Let Γ be a one dimensional closed curve (interface) immersed in

a two-dimensional fluid domain Ω. Let X(s) be the arc-length parameterization of

Γ. Let β be a boundary force given in function of the curve parameterization. The

problem is to find the fluid velocity field u and pressure p under Stokes flow,

−∆u+∇p = f − f b in Ω, (1.6a)

∇ · u = 0 in Ω, (1.6b)

u = 0 on ∂Ω, (1.6c)

where the singular external force field f b is expressed in terms of the boundary force

β as follows:

f b(x) =

∫ |Γ|
0

β(s)δ(x−X(s))ds, x ∈ Ω,

and δ denotes the Dirac delta function.

In [94], Mori studied the periodic version of problem (1.6), proving pointwise

error estimates optimal for points away from the boundary Γ. One of the merits

of this work is that it was able to quantify the distance to the boundary at which

the errors converge optimally. An important consequence of this is that the loss

of convergence is a local behavior. In the beginning of our research we decided to

study this phenomenon using the variational formulation and finite element methods

applied to the Stokes equations (1.6), with the aim to achieve a numerical method

that totally recovers the optimal convergence. In order to fully understand the
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problem, we began with an even simpler model problem: Poisson equations with

an immersed boundary. Consider the same geometry as in (1.6), a two dimensional

bounded domain Ω and an immersed curve Γ. We seek a solution of

−∆u = f − fb in Ω, (1.7a)

u = 0 on ∂Ω, (1.7b)

(1.7c)

where the singular force fb is written in terms of a given boundary force β(s) and

X(s) the arc-length parameterization of Γ

fb(x) =

∫ |Γ|
0

β(s)δ(x−X(s))ds, x ∈ Ω. (1.8)

As it was mentioned before, singular forces can be written as interface conditions

across Γ by means of the variational formulation of the problem. To see this, consider

the non-overlapping sub-domains Ω+ and Ω−, resulting from the presence of Γ, i.e.

Ω = Ω− ∪ Ω+ and ∂Ω− ∩ ∂Ω+ = Γ. Consider a test function v ∈ C∞(Ω) with

support in Ω. Then, multiplying by v, integrating equation (1.7a) over Ω, and using

integration by parts (assuming that u is continuous across Γ), gives

∫
Ω−
∇u− · ∇v +

∫
Ω+

∇u+ · ∇v −
∫

Γ

[∇u · n] vds =

∫
Ω

fv −
∫

Ω

fbv,

where [·] denotes the jump on Γ defined by

[∇u · n] = ∇u+ · n+ +∇u− · n−,

for u± ≡ u|Ω± and n± the outward pointing unit normal vector to Ω±. Now, using
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the definition of the delta function it follows

∫
Ω

fb(x)v(x)dx =

∫
Ω

(∫ |Γ|
0

β(s)δ(x−X(s))ds
)
v(x)dx =

∫ |Γ|
0

β(s)v(X(s))ds.

Therefore, taking test functions with support in Ω−, Ω+ and on a thin strip with Γ

on the center (collapsing towards Γ), the interface problem is derived as

−∆u± = f in Ω±, (1.9a)

u = 0 on ∂Ω, (1.9b)

[∇u · n] = β on Γ. (1.9c)

An additional jump condition for the function u can also be considered in the Poison

interface problem (1.9), i.e. [u] = α.

In order to illustrate the difficulties of this problem, consider the standard finite

element formulation for equations (1.9) using continuous piecewise linear functions.

Let Ω = (−1, 1)2 and the interface Γ be the circle centered at the origin and of radius

1/3. We consider a continuous exact solution with a constant jump on Γ of the form

(1.9c) (solution is not in H2). Table 1.1 displays the errors obtained by the finite

element approximation in: the L2 and L∞ norms, and the H1 and W 1,∞ semi-norms.

In addition, the experimental order of convergence (eoc) is computed for each error.

In Table 1.1 convergence is observed for L2 and L∞ norm, but are far from optimal

(second order). The error in the W 1,2 semi-norm barely converges, whilst the error

in the W 1,∞ semi-norm does not seem to converge. Figure 1.3 shows plots of the

approximate solution and the pointwise errors at the nodes of the mesh. We observe

in the latter plot that larger errors are concentrated in a small region around the

interface.
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h e0
h eoc e∞h eoc e1

h eoc e1,∞
h eoc

1.8e-1 1.02e-1 1.63e-1 4.71e-1 7.01e-1

8.8e-2 1.57e-2 2.70 4.09e-2 2.00 1.38e-1 1.78 3.26e-1 1.10

4.4e-2 6.72e-3 1.22 2.85e-2 0.52 1.30e-1 0.09 5.48e-1 -0.75

2.2e-2 2.02e-3 1.74 1.07e-2 1.42 7.88e-2 0.72 5.87e-1 -0.10

1.1e-2 7.65e-4 1.40 7.24e-3 0.56 6.16e-2 0.36 6.24e-1 -0.09

5.5e-3 2.71e-4 1.50 4.39e-3 0.72 4.27e-2 0.53 6.24e-1 0.00

2.8e-3 9.09e-5 1.58 2.04e-3 1.11 2.83e-2 0.59 7.80e-1 -0.32

1.4e-3 3.53e-5 1.36 1.38e-3 0.57 2.24e-2 0.34 8.78e-1 -0.17

Table 1.1: Errors based on L2 and L∞ norms, and H1 and W 1,∞ semi-norms of the approximate
solution by standard FEM, and their respective experimental order of convergence.

Figure 1.3: Standard FEM applied to interface problem (1.7). Left figure: plot of the approximate
solution. Right figure: plot of the errors at the nodes of the triangulation.
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Driven by the local behaviour of the error and testing our variational formulation

with an interpolant of the solution we derived higher-order finite element methods

for the interface problem (1.9). These are presented in Chapter 3. The error analysis,

as in Mori’s work, is on the L∞ norm and W 1,∞ semi-norm, and is carried on by

means of standard Green’s function techniques for finite elements. One of the notable

properties of these new methods is that only the right-hand side is modified (i.e. the

load vector), maintaining the stiffness matrix intact.

In this dissertation, problems (1.9) and (1.7) are referred as interface problems

on homogeneous media since it is implicitly assumed that the physical properties

of Ω− and Ω+ are the same. This is certainly not the general case for applications

of interface problems. Indeed, problems where the governing equations are satis-

fied in sub-domains separated by an interface and the characteristic coefficients are

heterogeneous have several applications. For example: computational mechanics for

deformation of multiple material bodies [65], or geosciences for flow and mass trans-

port [32]. A model problem that has caught the attention of the numerical-methods

community for years and motivated this thesis is the Poisson interface problem with

heterogeneous coefficients, problem (1.4) before introduced.

The model problem (1.4) has been extensively studied by several authors who

have proposed various numerical methods. In particular, for finite element methods

studying this problem see [6, 110, 84, 113, 15, 33, 31, 114, 29, 65, 64, 68, 58, 88,

12, 89, 1, 38], to name a few. Among methods utilizing discretizations on meshes

that are non-fitted with the interface, very little has been said on high contrast

problems, i.e. cases where the contrast of the constant coefficients ρ− and ρ+ is

high (i.e. ρ+/ρ− � 1). The importance of achieving error estimates independent of

contrast is that this guarantees a robust method with respect to the characteristics

of the materials, avoiding deterioration of the error estimates with respect to the
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increment of the contrast of the coefficients. Consider, for example, the standard

finite element method with piecewise linear polynomials applied to problem (1.4)

with homogeneous jumps on a non-fitted triangulation. Note that this method is

suboptimal, only first order accurate since the solution is not in H2(Ω). An exact

solution is available in terms of ρ− and ρ+ with a circle of radius 1/3 as interface

(see equation (4.47)). In order to test the dependence of the contrast we fix the

value of ρ− and increment ρ+ consistently. Table 1.2 displays the errors obtained for

the approximate solution on a fix mesh and different values of ρ+. Observe that, in

ρ+ ‖u− uh‖L2(Ω) ‖ρ∇(u− uh)‖L2(Ω)

2 3.7e-4 5.5e-2

8 1.0e-3 8.0e-2

32 1.7e-3 1.2e-1

128 2.1e-3 1.9e-1

512 2.3e-3 2.6e-1

Table 1.2: Errors based on L2 norm and H1 semi-norm of the approximate solution uh of problem
(1.4) (with ρ− = 1) by standard FEM for a mesh of size h = 2−(1/2+5).

addition to the sub-optimality of the method, the errors also decrease in accuracy

as the value of ρ+ increments.

In the literature two articles can be found addressing and analyzing problem

(1.4) for high contrast of the coefficients. Burman et al. [33] introduced an unfitted

Nitsche method with averages and stabilization techniques for arbitrarily high con-

trast problems, presenting bounds for the condition number of the stiffness matrix,

although a rigorous error analysis was not given in that paper. The other article by

Chu et al. [38] uses multi-scale techniques to build basis functions, an approach that

seems well suited for high curvature problems (e.g. inclusions completely contained

in a triangle). However, in regions where the curvature of the interface is small it ap-

pears that their main a priori estimate degenerates (see Theorem 3.9 in [38]), forcing
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them to refine the mesh on those regions in order to be aligned with the interface.

In this thesis, two contributions (see Chapter 4 and 5) to the design and analysis

of finite element methods for high contrast problems are provided. These, however,

come from two quite different approaches.

The first approach seeks to strongly enforce the jump conditions of the problem,

i.e., the flux conservation and the continuity. This is achieved, for example, by

defining the basis functions of the finite element space so that the satisfy the jumps

on Γ at certain points. This is an important and marked feature of the Immersed

Interface Method using a finite element formulation. In this context several authors

have contributed [1, 59, 58, 38, 68, 67]. For example, Adjerid et al. [1] proposed to

penalize jumps of the trial functions across the edges. Similar penalty terms were

added by Lin et al. [84] proving optimal error estimates. However, in their analysis

they do not consider high contrast problems. This dissertation study problem (1.4)

and introduces a method following the immersed finite element approach that differs

from [1] and [84] by having an additional stabilization term. This term allows us to

prove error estimates that are independent of the contrast ρ+/ρ−. Specifically, we

prove

‖
√
ρ−∇(u− uh)‖L2(Ω−) + ‖

√
ρ+∇(u− uh)‖L2(Ω+) ≤

C√
ρ−
h‖f‖L2(Ω), (1.10)

where u is solution of problem (1.4), uh is the approximation that we shall introduce

in Chapter 4, and C > 0 is a constant independent of h, ρ− and ρ+. By stabilization

term we mean a penalization of the jumps of the normal derivatives of the approxi-

mation across the edges that belong to triangles intersecting Γ. This idea was used

before by Burman et al. [33], however, here we use different stabilization parame-

ters (and of course different basis functions). Roughly speaking, the reason this flux

stabilization is important for high contrast problems, is that one does not want to
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move estimates from Ω+ to Ω− because ρ+ could be much larger than ρ−. However,

triangles that are cut by Γ might have a thin part in Ω+, and therefore, inverse

estimates might be affected. By adding the jumps of derivatives we can transfer the

estimates to a neighboring triangle that will have a larger portion in Ω+.

On the other hand, the second approach seeks to weakly enforce the jump con-

ditions of the problem, doubling the degrees of freedom on the elements cutting the

interface, and adding penalty terms with support on the interface. This approach

corresponds to the Nitsche method class previously named. The inspiration of our

contribution is the article by Burman et al. [33], where they demonstrated, as we

commented before, that in addition to penalizing the jumps across Γ, it is necessary

to add a flux stabilization term. This method is the so-called stabilized unfitted

Nitsche method. The stabilization term penalizes the jumps of the gradient on edges

that belong to triangles that intersect the interface. As Burman et al. [33] showed,

in order to obtain a method that is robust with respect to the contrast of the coeffi-

cients and robust with respect to the way Γ cuts triangles, this type of penalization

is necessary. However, their work fails to explicitly state the independence of the

errors and the contrast.

In addition to this result, this thesis also includes a novel estimate for the error

of the flux (ρ∇u) totally independent of ρ− and ρ+, i.e.

‖ρ−∇(u− uh)‖L2(Ω−) + ‖ρ+∇(u− uh)‖L2(Ω+) ≤ Ch‖f‖L2(Ω), (1.11)

where u is solution of problem (1.4), uh is the approximation that we shall introduce

in Chapter 5, and C > 0 is a constant independent of h, ρ− and ρ+. Note that

estimate (1.10) does not directly imply (1.11). It does imply the estimate on Ω−,
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simply multiplying by
√
ρ−, i.e.

‖ρ−∇(u− uh)‖L2(Ω−) ≤ Ch‖f‖L2(Ω).

However, the same trick does not work on Ω+, where we would obtain

‖ρ+∇(u− uh)‖L2(Ω+) ≤ C

√
ρ+

√
ρ−
h‖f‖L2(Ω),

being dependent of the contrast ρ+/ρ−.

1.2.1 Organization of the dissertation

The remainder of this dissertation is organized as follows. The next chapter intro-

duces notation and general results with the aim of laying the bases for the posterior

discussion. Chapter 3 deals with the interface problems on homogeneous media.

Arbitrary order finite element methods are provided, as well as, proofs of the op-

timal pointwise error estimates for the approximations. In Chapter 4 we propose

and analyze an Immersed Finite Element Method-type, based on piecewise linear

functions, for the Poisson interface problem with heterogeneous coefficients, paying

particular attention to the high contrast problem. Error analyses for the the L2 and

energy norms are studied, achieving the first estimates independent of contrast for

this type of methods. Chapter 5 analyzes our version of the unfitted Nitsche method

for the high contrast Poisson interface problem. The analysis includes a novel error

estimate for the flux variable totally independent of contrast. Finally, concluding

remarks are presented at the end of each chapter, addressing the contributions of

this thesis, extension of the results and directions in terms of research that we would

like pursue in the future.



Chapter Two

Preliminaries
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The aim of this chapter is to introduce notation and terminology that will be used

throughout the dissertation. In addition, we discuss our assumptions and some

theoretical results necessary for the analysis of our numerical methods.

2.1 Sobolev spaces and norms

Consider a domain Ω ⊆ Rd. Let 1 ≤ p ≤ ∞ and define the function spaces

Lp(Ω) := {v : Ω→ R, v is Lebesgue measurable and ‖v‖Lp(Ω) <∞},

where the norms ‖ · ‖Lp(Ω) are defined by:

‖v‖Lp(Ω) :=

(∫
Ω

|v|p
)1/p

, 1 ≤ p <∞;

and for p =∞,

‖v‖L∞(Ω) := ess sup{|v(x)| : x ∈ Ω}.

Let L1
loc(Ω) denotes the set of locally integrable functions. Let k be a nonnegative

integer and 1 ≤ p ≤ ∞. We define the Sobolev spaces by

W k,p(Ω) := {v ∈ L1
loc(Ω) : ‖v‖Wk,p(Ω) <∞},

with Sobolev norms:

‖v‖Wk,p(Ω) :=

(∑
α≤k

‖Dαv‖pLp(Ω)

)1/p

, 1 ≤ p <∞;
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and for p =∞,

‖v‖Wk,∞(Ω) = max{‖Dαv‖L∞(Ω) : |α| ≤ k}.

In this definition Dαv denotes the weak derivative of v, for a multi-index α.

Remark 2.1. For the case p = 2, the Sobolev space is a Hilbert space and is denoted

by Hk = W 2,k.

2.2 Finite element basics

We begin this section with standard definitions and concepts related to finite element

discretizations.

2.2.1 The finite element

We follow classical finite element definitions from the books of Ciarlet [39] and Bren-

ner and Scott [27]).

Definition 2.2.1. Let

• K ⊂ Rd be a bounded open set with nonempty interior and piecewise smooth

boundary (the element domain),

• PK be a finite-dimensional space of functions on K (the space of shape func-

tions), and

• ΣK = {ψ1, ψ2, ..., ψk} be a basis for (PK)′, dual space of PK (the set of nodal

variables).
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Then (K,PK ,ΣK) is called a finite element.

Remark 2.2. Note that we consider open elements instead of the classical definitions

using closed elements.

Definition 2.2.2. Let (K,PK ,ΣK) be a finite element. The basis {φ1, φ2, . . . , φn}

of PK dual to ΣK (i.e., ψi(φj) = δi,j) is called the nodal basis of PK .

Definition 2.2.3. In Rd, a (non-degenerate) d-simplex is the convex hull K of (d+1)-

points {a1, a2, . . . , ad+1} ∈ Rd, which are called vertices of the d-simplex, and which

are not all contained in a hyperplane. For any integer 0 ≤ m ≤ d, an m-face of the

d-simplex K is any m-simplex whose (m + 1) vertices are also vertices of K. Any

(d− 1)-face is simply called a face and a 1-face is called an edge.

Definition 2.2.4. The barycentric coordinates λj = λj(x), 1 ≤ j ≤ d + 1, of any

point x ∈ Rd, with respect to the (d+ 1) points aj, are the (unique) solutions of the

linear system
d+1∑
j=1

ajλj = x,
d+1∑
j=1

λj = 1.

Let K be any d-simplex with vertices {a1, a2, . . . , ad+1} ∈ Rd. The d-dimensional

Lagrange nodes (equidistant) are defined by the set

Lk(K) :=
{
x =

d+1∑
j=1

λjaj;
d+1∑
j=1

λj = 1, λj ∈
{

0,
1

k
, ...,

k − 1

k
, 1
}
, 1 ≤ j ≤ d+ 1

}
.

Example 2.1. Consider K a d-simplex. Let PK = Pk, the space of polynomials of

degree k in Rd. Let ΣK = {ψ1, ψ2, . . . , ψnk} where

ψi(v) = v(ai), v ∈ PK , ∀ai ∈ Lk(K), i = 1, . . . , nk,

and nk := dim(Pk). Then (K,PK ,ΣK) is a finite element. The nodal basis for the

case k = 1 are the barycentric coordinates {λ1, λ2, λ3}.
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Remark 2.3. The element defined in Example 2.1 is called the Lagrange element.

We now characterize the discretization of a domain by simplices.

Definition 2.2.5. A triangulation (or simplicial triangulation) of a polygonal do-

main Ω ∈ Rd is a finite collection of d-simplex element domains {Ti} such that

• Ti ∩ Tj = ∅, if i 6= j and

•
⋃
Ti = Ω.

• Any face of any d-simplex T1 ∈ Th is either a subset of the boundary ∂Ω, or a

face of another d-simplex T2 ∈ Th.

Definition 2.2.6. Let Ω be a given domain and {Th} be a family of triangulations

of Ω, with maximum mesh size h = max{hT : hT := diamT, T ∈ Th} ≤ 1. The

family is said to be quasi-uniform if there exists γ0 > 0 such that

min{diamBT : T ∈ Th} ≥ γ0h, (2.1)

where BT is the largest ball contained in T . The family is said to be shape-regular

or non-degenerate if there exists γ0 > 0 such that for all T ∈ Th

diamBT ≥ γ0hT . (2.2)

Remark 2.4. If a family of triangulations is quasi-uniform, then it is shape-regular,

but not conversely.

Next, standard finite element notation is introduced.

Definition 2.2.7. Consider an element T of a triangulation Th. We define the patch
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of elements ωT of T as the union of elements sharing boundary with T , i.e.

ωT := int
{ ⋃
K∈Th

K : K ∩ T 6= ∅
}
. (2.3)

For a vertex x of the triangulation Th, we define the patch of elements ωx of x as the

union of elements sharing x as a vertex, i.e.

ωx := int
{ ⋃
K∈Th

K : x is a vertex of K
}
. (2.4)

Definition 2.2.8. Given a triangulation Th of a polygonal domain Ω ⊂ Rd, we

denote by Eh the set of all faces (d = 2 edges) of Th. Now, for a piecewise smooth

function v with support on Th, we define its average and jump across an interior face

e ∈ Eh\∂Ω, shared by elements T1 and T2, as

{
v
}

:=
v|T1 + v|T2

2
, JvK := v|T1n1 + v|T2n2, (2.5)

where n1 and n2 are the outward pointing unit normal vectors to T1 and T2, respec-

tively. Similarly, if τ is a vector-valued function, piecewise smooth on Th, its average

and normal jump across an interior face e are defined as

{
τ
}

:=
τ |T1 + τ |T2

2
, Jτ K := τ |T1 · n1 + τ |T2 · n2. (2.6)

For a boundary face e ∈ Eh ∩ ∂Ω of an element T1 we simply define

{
v
}

:= v|T1 , JvK := v|T1n1,
{
τ
}

:= τ |T1 , Jτ K := τ |T1 · n1.
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2.2.2 Interpolation operators

Definition 2.2.9. Given a finite element (K,PK ,ΣK), let the set {φi : 1 ≤ i ≤

n} ⊆ PK be the basis dual to ΣK (i.e., ψi(φj) = δi,j). If v is a function for which all

ψi ∈ ΣK , i = 1, ..., n, are defined, then we define the local interpolant by

IKv :=
n∑
i=1

ψi(v)φi.

Definition 2.2.10. Let Ω ⊂ Rd be a polygonal domain with a triangulation Th. As-

sume each element in the triangulation is equipped with some type of shape function

and nodal variables. Let m be the order of the highest derivative involved in the

nodal variables. For v ∈ Cm(Ω), the global interpolant is defined by

Ihv|K := IKv, ∀K ∈ Th.

Definition 2.2.11. (Lagrange interpolant) Let Ω ⊂ Rd be a polygonal domain with

a triangulation Th. Let K be a d-simplex and PK = Pk. Let ΣK = {ψ1, ψ2..., ψnk} de-

fined by ψi(v) = v(ai), for ai Lagrange nodes of T , i = 1, ..., nk. Let {φ1, φ2, . . . , φnk}

be a basis of PK dual to ΣK . Then the local Lagrange interpolant is defined by

(ITv)(x) :=

nk∑
i=1

ψi(v)φi(x) =

nk∑
i=1

v(ai)φi(x), (2.7)

for ai Lagrange node of T , i = 1, ..., nk. Consequently, the global Lagrange interpo-

lation operator Ih : C(Ω)→ V k
h is

(Ihv)|T := ITv, ∀T ∈ Th, (2.8)

where V k
h is the finite-dimensional space of piecewise continuous polynomials of de-
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gree k on Th.

Lemma 2.2.1. (Lagrange interpolant approximation) Let {Th} be a shape regular

family of triangulations of a polyhedral domain Ω ⊂ Rd. Let l, m and 1 ≤ p ≤ ∞

such that, either m−l−n/p > 0 when p > 1 or m−l−n ≥ 0 when p = 1. Then there

exists a positive constant C depending on m, p and the shape regularity constant γ0

in (2.2) such that, for 0 ≤ s ≤ m

(∑
T∈Th

‖v − Ihv‖pW s,p(T )

)1/p

≤ Chm−s|v|Wm,p(Ω), (2.9)

for all v ∈ Wm,p(Ω), where the left-hand side should be interpreted, in the case

p =∞, as maxT∈Th ‖v − Ihv‖W s
∞(T ).

Next, we introduce the Scott-Zhang interpolation operator. We follow the defi-

nition from [104].

Definition 2.2.12. (Scott-Zhang interpolation operator) Let Ω ⊂ Rd be a con-

nected, open, bounded, polygonal domain with a triangulation Th. Let {ai}Ni=1 be

the set of all the Lagrange interpolation nodes of the triangulation Th and {φi}Ni=1

be the corresponding nodal basis, i.e., φi(aj) = δi,j, for i, j = 1, . . . , N . We choose,

for each Lagrange node ai, either a d-simplex or a (d− 1)-simplex, σi, according to

the type of node, ai, as follows.

• If ai is an interior node of some d-simplex, K ∈ Th, we let σi = K.

• If ai is an interior point of some face (which is a (d − 1)-simplex), K ′, of a

d-simplex, K, we let σi = K ′.

• For the rest of the ai, which must be on some (d − 2)-simplex, there is a

considerable freedom in picking σi. We may pick any (d− 1)-simplex, K ′, such
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that ai ∈ K ′, subject only to the restriction K ′ ∈ ∂Ω if ai ∈ ∂Ω.

For face (d− 1)-simplex, K ′, of K, there is a natural restriction of (K,PK ,ΣK) that

defines a finite element:

(K ′, PK′ ,ΣK′) = (K,PK ,ΣK)|K′ .

Let’s denote by n0(σi) the dimension of Pk(Rdimσi). Let ai,1 = ai, and let {ai,j}n0
j=1

be the set of nodal points in σi. We introduce the L2(σi)-dual basis {ψi,j}n0
j=1 of the

nodal basis {φi,j}n0
j=1:

∫
σi

ψi,j(x)φi,`(x)dx = δj,`, j, ` = 1, . . . , n0.

Denote ψi = ψi,1. Therefore we have

∫
σi

ψi(x)φj(x)dx = δi,j, i, j = 1, . . . , N.

The Scott-Zhang interpolation operator Ih : Wm,p(Ω)→ V k
h is defined by

Ihv(x) :=
n∑
i=1

φi(x)

∫
σi

v(ξ)ψi(ξ)dξ,

where m ≥ 1 if p = 1 and m > 1/p otherwise.

Lemma 2.2.2. (Scott-Zhang interpolant approximation) Let v ∈ Wm,p(Ω), for m, p

satisfying m ≥ 1 if p = 1 and m > 1/p otherwise. Let Th be a shape regular

triangulation of Ω and Ih be the Scott-Zhang interpolant defined in Definition 2.2.12.

Then

(∑
K∈Th

‖v − Ihv‖pW s,p(K)

)1/p

≤ Chm−s‖v‖Wm,p(Ω), 0 ≤ s ≤ m ≤ d+ 1.
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2.3 Interface-triangulation interaction

In this section we introduce some basic notation regarding the interface-triangulation

interaction. As it was mentioned in the introductory chapter, we are interested in

finite element approximations of interface problems without restricting the triangu-

lation to the interface, i.e. our discretization of the domain is not fitted with the

interface.

2.3.1 Geometric considerations

We shall analyze interface problems with the following geometric setting: Consider

a two dimensional, connected, open and bounded polygonal domain Ω ⊂ R2 and an

immersed and closed one dimensional interface Γ contained in Ω, such that Γ divides

Ω into two open sub-domains Ω+ and Ω−, i.e. Ω = Ω+ ∪ Γ ∪ Ω− and Γ = Ω+ ∩ Ω−.

We further assume that the interface Γ encloses either Ω+ or Ω−. The interface Γ is

assumed to be smooth (C2) admitting an arc-length parameterization X.

In the following lemma we introduce the concept of r-tubular neighborhood of the

interface Γ (see [44, 48]). We will be interested in the radius r of this neighborhood,

and we will make a key assumption on the size of the finite element triangulation

(2h < r). This assumption will alow us to establish rigourous analysis for the

elements-interface interactions. The lemma presented below is a simplification to

one dimensional curves of Proposition 1 in [44]. We include an adaptation of the

proof in [44] for this case for completeness.

Proposition 2.3.1. (Existence of r-tubular neighborhood) Let Γ be a regular, simple,

and compact C2 curve. For every x ∈ Γ consider the line segment Nx(r) of length 2r
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centered at x and perpendicular to Γ at x. Define the tubular neighborhood of radius

r of Γ by Tub(r) = ∪x∈ΓNx(r). Then, there exists r > 0 such that for any two points

x1, x2 ∈ Γ, x1 6= x2, the line segments Nx1(r) and Nx2(r) are disjoint.

Proof. Let x0 ∈ Γ, with x0 = X(s0). Consider map F : [0, |Γ|)× R→ R2

F (s; τ) = X(s) + τn(s),

where n = (nx, ny) is the unit normal vector of X(s) = (x(s), y(s)). Geometrically,

F maps the point (s; τ), of the “rectangle” [0, |Γ|), into the point of the normal line

to Γ at a distance τ from X(s). The map F is clearly differential and its Jacobian

at τ = 0 is given by ∣∣∣∣∣∣∣
∂x
∂s

∂y
∂s

nx ny

∣∣∣∣∣∣∣ = ‖n‖2 6= 0.

By the inverse function theorem, there exists a rectangle in [0, |Γ|)× R, say

s0 − δ < s < s0 + δ, −ε < τ < ε

restricted to which F is one to one. But this means that in the image Γx0 of F by the

interval s0 − δ < s < s0 + δ, the segments of the normal lines with centers x ∈ Γx0

and of length less than 2ε do not meet.

Now we proceed by a covering argument. By compactness is possible to choose a

finite number of image set Γx0 , say Γ1, . . . ,Γk (corresponding to ε1, . . . , εk) such that

∪ki=1Γi = Γ. We shall show that the required r is given by

r = min{ε1, ..., εk,
δL
2
},
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where δL is the Lebesgue measure of the family {Γi} (see Prop. 2.3.2). In fact, let

two points x1, x2 ∈ Γ. If both belong to some Γi, i = 1, ..., k, the segments of the

normal lines with center in x1 and x2 and length 2r do not meet, since r < εi. If x1

and x2 do not belong to the same Γi, the dist(x1, x2) ≥ δL; were the segments of the

normal lines, centered in x1 and x2 and of length 2r , to meet at a point x3 ∈ R2,

we would have

2r ≥ dist(x1, x3) + dist(x3, x2) ≥ dist(x1, x2) ≥ δL,

which contradicts the definition of r.

The next proposition is a standard property of compact sets. See [44] 2-7 Property

3.

Proposition 2.3.2. Let Γ ⊆ R2 be a compact set and {Γi} a family of open sets

of Γ such that
⋃

Γi = Γ. Then there exists a number δ > 0 (the Lebesgue measure

of the family {Γi}) such that whenever two points x1, x2 ∈ Γ area at a distance

dist(x1, x2) < δ then x1 and x2 belongs to some Γi.

2.3.2 Interface-triangulation notation

Consider the two dimensional Ω, the interface Γ and the sub-domains Ω− and Ω+ as

in the beginning of Section 2.3.1. let {Th}0<h<1 be a family of triangulations of Ω.

We remark that we are adopting the convention that elements T and element edges

e are open sets. We use over-line symbol to refer to their closure. For each triangular

element T ∈ Th, let hT denotes its diameter and define the global parameter of the

triangulation by h = maxT hT . Henceforth we will consider the following definitions:
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Figure 2.1: Illustration of the collection of elements intersecting the interface, T ∈ T Γ
h .

Definition 2.3.1. We define the following sets of elements subsets of Th:

T ±h := {T ∈ Th : T± 6= ∅}, T± := T ∩ Ω±. (2.10)

We are naturally interested in the set of elements intersecting the interface, we denote

it by

T Γ
h := {T ∈ T −h : T ∩ Γ 6= ∅}. (2.11)

For T ∈ T Γ
h we denote the interface segment contained in T by

TΓ := T ∩ Γ. (2.12)

Moreover, considering the patch of elements ωT of T ∈ Th, we define the restriction

of ωT to Ω±, and the interface segment intersection of ωT with Γ by

ω±T := ωT ∩ Ω±, ωΓ
T := ωT ∩ Γ. (2.13)

Remark 2.5. Observe that the definition of T Γ
h guarantees that the union of curve

segments TΓ conforms the interface Γ, i.e.
∑

T∈T Γ
h
|TΓ| = |Γ|.
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2.3.3 Assumptions on the triangulation

From now on we will work under the following assumptions.

Assumption 2.1. Given Lemma 2.3.1 we make the following assumptions on the

triangulation:

1. We assume that the triangulation is shape-regular.

2. We assume that the mesh size h < r/2, where r is the radius of the tubular

neighborhood of Γ.

3. If the interface passes through the interior of an element, then it intersects the

boundary of the element at most twice and at different edges.

We make use of these assumptions to prove technical lemmas (see Lemmas 4.3.1,

4.3.6, A.1.4).

Remark 2.6. In general, the numerical methods presented in this dissertation will

render optimal convergence of the errors under the Assumption 1 on the triangula-

tion. However, we will use the more restrictive quasi-uniformity assumption, for some

technical proofs, as for example, the error estimates in the max-norms in Chapter 3.

Remark 2.7. Assumption 2 restricts the size of the mesh by the geometric parameter

r, radius of the tubular neighborhood of the interface Γ defined in Proposition 2.3.1.

It is well known that r ≤ 1/κ, where κ := ‖X ′′‖L∞ assumed to be bounded since

Γ is a C2 curve, and hence by our assumption h < 1/(2κ). The radius r also

bounds from below how close the curve Γ comes from self-intersecting (e.g. consider

a dumbbell with a thin middle section). Avoiding cases where, for example, the

interface separates an element into three regions.
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Remark 2.8. Assumption 3 is only considered for the sake of simplicity of the pre-

sentation. For instance, when an edge e is considered we will define its restriction to

Ω+ and Ω−. Assuming that the interface does not intersect the edge twice we can

uniquely define the two connected pieces e+ and e−. However, the methods that we

will propose in this dissertation apply without this restriction.

2.4 Theoretical results on interface problems

In this section we establish some theoretical extension and regularity results of the

solution of model interface problem (1.4) with homogeneous jump conditions, i.e. we

consider

−∇ ·
(
ρ±∇u±

)
= f in Ω±, (2.14a)

u = 0 on ∂Ω, (2.14b)

[u] = 0 on Γ. (2.14c)

[ρ∇u · n] = 0 on Γ. (2.14d)

2.4.1 Regularity results for Poisson interface problem

A solution u of the elliptic interface problem (2.14) is, in general, only in H1
0 (Ω),

instead of H2(Ω). However, it is well known [6, 36, 73, 74] that under an assumption

on the smoothness of Γ (namely C2 curve), the restrictions of the solution to Ω−

and Ω+ enjoy H2 regularity, i.e. u− ∈ H2(Ω−) and u+ ∈ H2(Ω+). This implies the

following estimate

‖u‖H2(Ω−) + ‖u‖H2(Ω+) ≤ C‖f‖L2(Ω).
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Since we shall be interested in high contrast problem (ρ+/ρ− � 1) we need to specify

the dependence of constant C > 0 above in terms of the coefficients ρ− and ρ+. A

result that states this dependence can be found in [71]. At this point we recall that

we are assuming that 0 < ρ− ≤ ρ+.

Lemma 2.4.1. (Corollary 2.1 [71]) Assume that Γ∩ ∂Ω = ∅. Then, a solution u of

(2.14), with u− ∈ H2(Ω−) and u+ ∈ H2(Ω+), satisfies:

• If ∂Ω− = Γ (i.e. Ω− is the inclusion), it holds

ρ−‖u‖H2(Ω−) ≤ C‖f‖L2(Ω), ρ+‖u‖H2(Ω+) ≤ C‖f‖L2(Ω), (2.15)

• If ∂Ω+ = Γ (i.e. Ω+ is the inclusion), it holds

ρ+‖u‖H2(Ω+) ≤ C

(
ρ+

ρ−

)
‖f‖L2(Ω), ρ−‖u‖H2(Ω−) ≤ C‖f‖L2(Ω), (2.16)

for constant C > 0 independent of ρ− and ρ+.

Remark 2.9. Corollary 2.1 [71] is stated for problem (2.14) with non-homogeneous

jump of the flux, i.e. [∇u · n] = β with β ∈ H1/2(Γ). We consider homogeneous

jumps for simplicity.

In addition, in order to state the error estimates of the numerical methods in

terms of the data, we need some regularity results on semi-norms weighted with
√
ρ±.

We begin with an energy result direct consequence of the variational formulation of

problem (2.14).

Proposition 2.4.1. Let u solve (2.14), then the following energy estimate holds

√
ρ+‖∇u‖L2(Ω+) +

√
ρ−‖∇u‖L2(Ω−) ≤

C√
ρ−
‖f‖L2(Ω), (2.17)



36

where C > 0 is a constant independent of ρ− and ρ+.

Proof. Consider variational formulation of problem (2.14), for v ∈ H1
0 (Ω)

∫
Ω−
ρ−∇u · ∇v +

∫
Ω+

ρ−∇u · ∇v =

∫
Ω

fv, (2.18)

implies that

‖
√
ρ−∇u‖2

L2(Ω−) + ‖
√
ρ+∇u‖2

L2(Ω+) ≤ ‖f‖L2(Ω)‖u‖L2(Ω).

By Poincare’s inequality on Ω (see Prop. 5.3.5 in [27]) and ρ− ≤ ρ+ it follows that

√
ρ−‖u‖L2(Ω) ≤ CΩ

(
‖
√
ρ−∇u‖L2(Ω−) + ‖

√
ρ+∇u‖L2(Ω+)

)
.

Hence, using last two inequalities we obtain the result.

A better energy estimate, in terms of the independence of the constant with

respect to the characteristic coefficients, weighted with ρ± holds as we proved in

next proposition.

Proposition 2.4.2. Let u solve (2.14), then the following energy estimate holds

ρ+‖∇u‖L2(Ω+) + ρ−‖∇u‖L2(Ω−) ≤ C‖f‖L2(Ω), (2.19)

where C > 0 is a constant independent of ρ− and ρ+.

Proof. We prove this estimate in the case that Ω+ is the inclusion (i.e. ∂Ω+ = Γ does

not intersect ∂Ω). The proof of the other case is similar. First, from the previous
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proposition we have

ρ−‖∇u‖L2(Ω−) ≤ C‖f‖L2(Ω). (2.20)

Let w = u+− 1
|Ω+|

∫
Ω+ u

+dx. Therefore, using Poincare’s inequality (see equation

5.3.1 and Prop. 5.3.5 in [27]) we have

‖w‖L2(Ω+) ≤ C‖∇u‖L2(Ω+). (2.21)

By means of an extension result (see Lemma 6.37 in [55]), there exists v ∈ H1
0 (Ω)

such that v|Ω+ = w|Ω+ and

‖v‖H1(Ω) ≤ C‖w‖H1(Ω+). (2.22)

Applying the variational formulation of problem (2.14) we have that

∫
Ω−
ρ−∇u · ∇v +

∫
Ω+

ρ+∇u · ∇v =

∫
Ω

fv.

Multiplying last equation by ρ+, it follows that

‖ρ+∇u‖2
L2(Ω+) = ρ+

∫
Ω+

ρ+∇u · ∇v = ρ+

∫
Ω

fv − ρ+

∫
Ω−
ρ−∇u · ∇v.

Therefore, we have

‖ρ+∇u‖2
L2(Ω+) ≤ ‖f‖L2(Ω)‖ρ+v‖L2(Ω) + ‖ρ−∇u‖L2(Ω−)‖ρ+∇v‖L2(Ω).

By (2.22) we have

‖ρ+∇u‖2
L2(Ω+) ≤ C(‖f‖L2(Ω) + ‖ρ−∇u‖L2(Ω−))ρ

+‖w‖H1(Ω+).
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Hence, using (2.21) we get

‖ρ+∇u‖2
L2(Ω+) ≤ C(‖f‖L2(Ω) + ‖ρ−∇u‖L2(Ω−))‖ρ+∇u‖L2(Ω+).

The proof is complete after applying (2.20).

We will also need to state H2 (semi-norm) regularity estimates which can essen-

tially be proved if one combines results in [38] and [71]. Here we give an alternative

argument using the results in [71] and classical regularity theory.

Proposition 2.4.3. In addition to the assumptions already made on Ω and Γ, as-

sume further that Ω is convex. Let u solve (2.14). Then, the following regularity

estimate holds

ρ+‖D2u‖L2(Ω+) + ρ−‖D2u‖L2(Ω−) ≤ Creg ‖f‖L2(Ω), (2.23)

where C is independent of ρ±.

The constant Creg could depend on the geometry of the sub-domains Ω±.

Proof. We first assume that Ω− is the inclusion (i.e. ∂Ω− ∩ ∂Ω = ∅). In this case,

the result (2.23) follows directly from Lemma 2.4.1, estimate (2.15).

Now, assume that Ω+ is the inclusion. From estimate (2.16) in Lemma 2.4.1 we

have

ρ−‖u‖H2(Ω−) ≤ C ‖f‖L2(Ω). (2.24)
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Let u+ = 1
|Ω+|

∫
Ω+ u

+dx. Let w = u+ − u+. Note that w satisfies

−ρ+∆w = f in Ω+,

ρ+∇w · n = ρ+∇u+ · n on ∂Ω+.

From a standard regularity result (see (2.3.3.1) in [60]) we have

ρ+‖w‖H2(Ω+) ≤ C(‖f‖L2(Ω+) + ‖ρ+∇u+ · n‖H1/2(∂Ω+) + ρ+‖w‖H1(Ω+)).

Using the jump condition we have

‖ρ+∇u+ · n‖H1/2(∂Ω+) = ‖ρ−∇u− · n‖H1/2(∂Ω+).

By a standard trace inequality we have

‖ρ−∇u− · n‖H1/2(∂Ω+) ≤ ρ−‖u−‖H2(Ω−).

Which by (2.24) gives

‖ρ+∇u+ · n‖H1/2(∂Ω+) ≤ C ‖f‖L2(Ω).

Note that the estimate

ρ+‖w‖H1(Ω+) ≤ C‖f‖L2(Ω)

follows from Poincare’s inequality and Proposition 2.4.2. Hence, we have

ρ+‖w‖H2(Ω+) ≤ C ‖f‖L2(Ω).

The result now follows after noting that ‖D2u‖L2(Ω+) ≤ ‖w‖H2(Ω+).



40

Remark 2.10. Note that, although the constant C in Lemma 2.4.3 (also 2.4.2) does

not depend on the coefficients it could depend on the geometry of the sub-domains

Ω− and Ω+.

2.4.2 Extensions results

Proposition 2.4.4. (H2 Extension) Consider u± ∈ H2(Ω±) (with u± ≡ 0 on ∂Ω±∩

∂Ω). Then, there exists a constant C and extensions u±E ∈ H2(Ω) with the following

properties

u±E(x) = u±(x) x ∈ Ω±, (2.25)

‖Du±E‖L2(Ω) + ‖D2u±E‖L2(Ω) ≤ C(‖Du±‖L2(Ω±) + ‖D2u±‖L2(Ω±)). (2.26)

Remark 2.11. This result follows from Theorem 7.25 in [55] (see also [51]) and ap-

plying Poincare’s inequalities. Considering that we will only require the extensions

u±E to be defined on patches of elements on T Γ
h , in fact, we only need the following

more local bound which could lead to a better geometric constant:

‖Du±E‖L2(Ω±E) + ‖D2u±E‖L2(Ω±E) ≤ CE(‖Du±‖L2(Ω±) + ‖D2u±‖L2(Ω±)). (2.27)

where Ω±E = Ω±
⋃
Tub(2h) are the local extension sets. For the sake of simplicity,

we do not prove here how CE depends on the geometric constants (e.g. κ and r).



Chapter Three

High order finite element method

for interface problems in

homogeneous media
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3.1 Finite element methods for Poisson interface

problem

In this chapter we analyze finite element methods for Poisson and Stokes problems

in two dimensions with a one dimensional interface immersed in the domain, using

triangulations that are non-fitted with the interface. The main goal of this chapter is

to provide high order finite element methods approximating the respective interface

problems.

3.1.1 Poisson interface problems

Let Ω ⊂ R2 be a connected, open, bounded, polygonal domain with an immersed,

smooth, and closed interface Γ such that Ω = Ω− ∪ Ω+ and Γ encloses either Ω− or

Ω+. Consider the problem

−∆u± = f± in Ω±, (3.1a)

u = 0 on ∂Ω, (3.1b)

[u] = 0 on Γ, (3.1c)

[∇u · n] = β on Γ, (3.1d)

where we denote by u± ≡ u|Ω± , n± is the unit outward pointing normal to Ω±, and

the jumps across the interface Γ are defined as before, i.e.

[u] = u+ − u−, [∇u · n] = ∇u− · n− +∇u+ · n+.
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In order to derive higher order finite element method for problem (3.1), higher

order derivatives of u will be needed. With this aim we introduce the standard

differential operator D and derivatives of order k ∈ N

Dku(x, y) :=

{
Dαu :=

∂|α|u(x, y)

∂xα1∂yα2
: α = (α1, α2), |α| = k

}
.

For a vector ν we denote the k-th order directional derivative

Dk
νu(x) :=

∂ku(x)

∂kν
.

We now show how to derive the jumps of high order derivatives of u across Γ

from the data, β and f . Similar ideas were used in [77, 87, 14].

Higher order derivatives jumps

Fix a point x ∈ Γ. Let n be the normal vector to Γ at x, and t the tangent vector

to Γ at x. We clearly have [(∇u · n)(x)] = [Dnu(x)] = β(x) and, thanks to (3.1c),

we have that [(∇u · t)(x)] = [Dtu(x)] = 0. In fact, we also have the jump of higher

tangential derivatives are zero, i.e.
[
D`
tu(x)

]
= 0 for any `. Note that from the

Poisson’s equation (3.1a), we have

−D2
nu−D2

tu = f in Ω±, (3.2)

which implies that [D2
nu(x)] = [f(x)]. Moreover, we note that

[DtDnu(x)] = Dt [Dnu(x)] = Dtβ(x) x ∈ Γ.
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Now we proceed by induction. Suppose we have all jumps of the derivatives of order

` − 1 in terms of β and f . Then, we will show how to get the jumps of derivatives

of order `. Let i+ j = `. If i ≥ 1 then

[
Di
tD

j
nu(x)

]
= Dt

[
Di−1
t Dj

nu(x)
]
.

Otherwise, using Poisson’s equation (3.2) in terms of the normal and tangential

derivatives we have

[
D`
nu(x)

]
= −

[
D`−2
n f(x)

]
−Dt

[
DtD

`−2
n u(x)

]
.

Suppose that we would like the jump of u in a different direction, say η. Then, we

write η = an+ bt, where a = η · n and b = η · t, obtaining

[
D`
ηu(x)

]
=
∑̀
j=0

(
l

j

)
ajb`−j

[
Dj
nD

`−j
t u(x)

]
. (3.3)

3.1.2 Higher order finite element methods

Let Th, 0 < h < 1 be a sequence of triangulations of Ω (see Section 2.2), assumed to be

shape-regular. Let hT denote the diameter of the element T ∈ Th and h = maxT hT .

Consider Assumptions 1, 2 and 3. Let V k
h be the finite element subspace of continuous

piecewise polynomials of degree k, vanishing at ∂Ω, i.e.

V k
h := {v ∈ C(Ω) ∩H1

0 (Ω) : v|T ∈ Pk(T ), ∀T ∈ Th}.
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Let T ∈ Th and define the local space Sk(T ), consisting of piecewise polynomials of

degree k in T+ and T−, i.e.,

Sk(T ) :=
{
w ∈ L2(T ) : w|T± ∈ Pk(T±)

}
. (3.4)

Next, we define the Lagrange interpolation operator (see Definition 2.2.11) from

the space of functions not necessarily continuous across the interface Γ onto the

subspace V k
h .

Definition 3.1.1. Given v ∈ L2(Ω) with v− = v|Ω− ∈ C(Ω−) and v+ = v|Ω+ ∈

C(Ω+), we define locally Ihv ∈ V k
h such that:

• if T ∈ T Γ
h , then nodal values of (Ihv) are determined by

(Ihv)|T (ai) =

 v−(ai), if ai ∈ Ω−;

v+(ai), if ai ∈ Ω+,
(3.5)

for all ai ∈ T , i = 1, . . . , n2,k, with n2,k = dim(Pk(T )) = (k + 1)(k + 2)/2, the

degree k Lagrange nodes of T ;

• if T ∈ Th\T Γ
h , then (Ihv)|T is imply the local Lagrange interpolant on T .

Remark 3.1. Note that if v is continuous Ihv is simply the Lagrange interpolant of v.

However, if v is discontinuous then Ihv interpolates values of v on Lagrange points

not intersecting Γ and for Lagrange points lying on Γ it takes the values of v coming

from Ω− (this is without loss of generality).

In terms of approximation, observe that for a function v with v± = v|Ω± ∈

C(Ω±) the interpolant defined in Definition 3.1.1 has the same local approximation
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properties than the Lagrange interpolant defined in 2.2.11 on elements T ∈ Th\T Γ
h ,

whilst for elements T ∈ T Γ
h the local interpolant does not have optimal approximation

properties. However, on the latter case we still have its stability. The following

lemma states this result.

Lemma 3.1.1. Let v ∈ L2(Ω) with v± ∈ C(Ω±) and Ih the Lagrange interpolant

defined above. Then, there exists a positive constant C such that

‖Ihv‖L∞(T ) ≤ C‖v‖L∞(T ), ∀T ∈ Th. (3.6)

Remark 3.2. In order to prove L2 based error estimates, shape regularity of the

triangulation suffices. However, as is well known, some form of quasi-uniformity

of the mesh is needed to prove max-norm estimates, even if there is no interface

[43]. Since we will prove max-norm estimates of our method, and in order to avoid

unnecessary details, we will assume that the meshes are quasi-uniform (see Definition

2.2.6).

The proposed finite element method

We now present our finite element method approximating the Poisson interface prob-

lem (3.1). Find uh ∈ V k
h , such that

∫
Ω

∇uh · ∇v =

∫
Ω

fv +

∫
Γ

βv −
∑
T∈T Γ

h

(∫
T−
∇wuT · ∇v +

∫
T+

∇wuT · ∇v
)

(3.7)

for all v ∈ V k
h , where wuT is a correction function to be defined in Section 3.1.2.

Note the terms not involving the correction function are the standard variational

formulation of problem (3.1) and they are separated in T− and T+ anticipating that

wuT is discontinuous across the interface. We also remark that the left-hand side of
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the equations is the standard stiffness matrix for the Poisson problem.

The correction function

We now show how to construct the piecewise polynomial function wuT ∈ Sk(T ) that

will help to correct the right-hand side of the natural finite element method ((3.7)

without the correction term), in order to obtain a higher order approximation. First,

we develop some notation. For each T ∈ T Γ
h let yT and zT be the two endpoints of

T ∩ Γ, see Figure 3.1. Let LT denote the line segment connecting yT and zT . Let

η be the unit vector perpendicular to LT and pointing outward T−. Let also τ be

the unit vector parallel to the line LT such that τ is the clockwise rotation of η by

ninety degrees.

For each ` = 0, 1, . . . , k, let {x̄`,Ti }`i=0 denote the Gauss points of the segment LT .

For each x̄`,Ti , let Q`,T
i be the line perpendicular to the line segment LT that passes

through the points x̄`,Ti . We then define x`,Ti = Q`,T
i ∩ Γ, for i = 0, . . . , `. Observe

that the definition of the points x`,Ti , for i = 0, . . . , `, on the interface Γ is unique

thanks to Assumption 2. Note here that the choice of Gauss points is a preference

of the authors, related to the quadrature rules, but not essential in the proofs. We

could also use, for instance, equally spaced points.

The correction functions wuT will be defined, for T ∈ T Γ
h , to be discontinuous

across elements and satisfying jump conditions derived from (3.1c) and (3.1d) at

points on TΓ. Given a function u, with u− ∈ C(Ω−) and u+ ∈ C(Ω+), we define the

correction function wuT to be the unique function in Sk(T ) (see Lemma 3.1.3) that
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Figure 3.1: Illustration of notation on T ∈ T Γ
h . Left figure: T+, T−, vectors η and τ , line segment

LT and its extreme points yT and zT . Right figure: zoom in the region of T near the interface
showing the Gaussian points x̄2,T

i and their perpendicular projection onto Γ x2,T
i , for i = 0, 1, 2.

satisfies

[
Dk−`
η wTu (x`,Ti )

]
=
[
Dk−`
η u(x`,Ti )

]
for 0 ≤ i ≤ ` and 0 ≤ ` ≤ k, (3.8) (wuT )−(ai) = 0, if ai ∈ Ω− ∪ Γ;

(wuT )+(ai) = 0, if ai ∈ Ω+.
for all ai ∈ T, i = 1, . . . n2,k, (3.9)

where ai are the degree k Lagrange nodes of T (see Definition 2.2.4) and n2,k =

dim(Pk(T )) = (k + 1)(k + 2)/2. We would like to stress that if u is the solution to

(3.1) then we can derive all the jumps of u in terms of the data β and f so we can

construct wuT a priori. It is important to notice that we impose directional derivatives

jump conditions in the η-direction (a fix direction for each T ∈ T Γ
h ) rather than in

the n-direction. However, as it was shown in (3.3), we can easily transform the jump

data described in n-direction to jump data in the η-direction. A reason for this choice

is because we can show unisolvence, when Γ is curved, for any polynomial of degree

k. Additionally, the construction of the correction functions can be made explicitly,

that is, it does not require solving any local linear system. Such construction permits

us to develop not only an elegant analysis for any polynomial degree k but also an

analysis without imposing strong condition on how Γ intersects an element T (how

small are the measures of T− or T+) in order to control the ill conditioning of this
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matrix.

Local approximation of the correction function

In this section we prove optimal local approximation of the interpolant (Definition

3.1.1) plus the correction function. We first introduce some crucial lemmas related

to approximation on the space Sk(T ).

Lemma 3.1.2. Let T ∈ T Γ
h and define rT = |LT |. For any v ∈ Pk(T ), we have

hjT‖D
jv‖L∞(T ) ≤ C hkT

k∑
`=0

1

r`T
max
0≤i≤`

|Dk−`
η v(x`,Ti )|, j = 0, 1,

where the constant C depends only on the polynomial degree k.

Proof. Let LET be the segment with length |LET | = 2hT , centered at (yT + zT )/2 and

aligned with LT . The size of LET guarantees that any point x ∈ T can be projected

orthogonally on LET . Then, using Taylor’s expansion on T from LET , we can easily

show that

hjT‖D
jv‖L∞(T ) ≤ C

k∑
`=0

hk−`T ‖D
k−`
η v‖L∞(LET ), j = 0, 1.

Using Taylor’s theorem on LET from a point of LT we get

‖Dk−`
η v‖L∞(LET ) ≤ C

∑̀
s=0

hsT‖Ds
τD

k−`
η v‖L∞(LT ).

The inverse inequality gives

‖Ds
τD

k−`
η v‖L∞(LT ) ≤

C

rsT
‖Dk−`

η v‖L∞(LT ).
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We therefore have

hjT‖D
jv‖L∞(T ) ≤ ChkT

k∑
`=0

h−`T
∑̀
s=0

hsT
rsT
‖Dk−`

η v‖L∞(LT )

= ChkT

k∑
`=0

∑̀
s=0

1

h`−sT

1

rsT
‖Dk−`

η v‖L∞(LT )

≤ ChkT

k∑
`=0

∑̀
s=0

1

r`−sT

1

rsT
‖Dk−`

η v‖L∞(LT )

= C hkT

k∑
`=0

1

r`T
‖Dk−`

η v‖L∞(LT ),

where we used that rT ≤ hT . In order to bound the right-hand side above, we use

induction on `. First, using that Dk
ηv is a constant we have

‖Dk
ηv‖L∞(LT ) = |Dk

ηv(x0,T
0 )|.

Assume that we have proved

k∑
`=m+1

1

r`T
‖Dk−`

η v‖L∞(LT ) ≤ C
k∑

`=m+1

1

r`T
max
0≤i≤`

|Dk−`
η v(x`,Ti )|, (3.10)

then we want to prove that

k∑
`=m

1

r`T
‖Dk−`

η v‖L∞(LT ) ≤ C
k∑

`=m

1

r`T
max
0≤i≤`

|Dk−`
η v(x`,Ti )|. (3.11)

Since Dk−m
η v is a polynomial of degree m, we have that

‖Dk−m
η v‖L∞(LT ) ≤ C max

0≤i≤m
|Dk−m

η v(x̄m,Ti )|.
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Using Taylor’s theorem we have

|Dk−m
η v(x̄m,Ti )| ≤ |Dk−m

η v(xm,Ti )|+
k∑

`=m+1

d`−m‖Dk−`
η v‖L∞(LT ),

where d = max
0≤i≤`≤k

|x`,Ti −x̄
`,T
i |. Using Taylor expansion we could prove that d ≤ Cr2

T ,

with a constant C depending on the second derivative of the parametrization of the

curve Γ with respect to LT . Instead we use the estimate d ≤ rT/2 resulting from the

r-tubular neighborhood Assumption 2, h < r/2, see Lemma A.1.2. Hence, we have

1

rmT
max

0≤i≤m
|Dk−m

η v(x̄m,Ti )| ≤ 1

rmT
max

0≤i≤m
|Dk−m

η v(xm,Ti )|

+
1

2`−m

k∑
`=m+1

1

r2m−`
T

‖Dk−`
η v‖L∞(LT ).

However, 1

r2m−`
T

≤ 1
r`T

for ` ≥ m+ 1 and so using (3.10) we arrive at (3.11).

The following is a fundamental result for the correction function wuT . Lemma

below states the unisolvency of its construction (3.8) and (3.9), and the stability of

hjT‖DjwuT‖L∞(T±) with respect to the data, when we choose ci,` =
[
Dk−`
η u(x`,Ti )

]
, see

equation (3.8).

Lemma 3.1.3. Given data {ci,`} for 0 ≤ i ≤ ` and 0 ≤ ` ≤ k. There exists a unique

function w ∈ Sk(T ), such that

[
Dk−`
η w(x`,Ti )

]
= ci,`, for 0 ≤ i ≤ ` and 0 ≤ ` ≤ k, (3.12) (wuT )−(ai) = 0, if ai ∈ Ω− ∪ Γ;

(wuT )+(ai) = 0, if ai ∈ Ω+.
for all ai ∈ T, i = 1, . . . n2,k, (3.13)

where ai are the degree k Lagrange nodes of T (see Definition 2.2.4). In addition,
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the solution w ∈ Sk(T ) satisfy the following stability bound

hjT‖D
jw‖L∞(T±) ≤ ChkT

k∑
`=0

1

r`T
max
0≤i≤`

|ci,`|, for j = 0, 1, (3.14)

where C depends only on the polynomial degree k.

Proof. We will construct w of the form w = z − Ihz, where z ∈ Sk(T ) and Ih the

Lagrange interpolant defined in Definition 3.1.1. Notice that, by definition of Ih,

z − Ihz vanishes on the (k + 1)(k + 2)/2 Lagrange points of T , satisfying (3.13).

Moreover, since Ihz is smooth on T

[
Dk−`
η w(x`,Ti )

]
=
[
Dk−`
η z(x`,Ti )

]
.

The function z will be given by

z =


0 in T+,

v in T−,

where v is the unique polynomial on Pk, such that

Dk−`
η− v(x`,Ti ) = ci,` for 0 ≤ i ≤ ` and 0 ≤ ` ≤ k.

The existence and uniqueness of v follow from representing v = v(s, r) as a

polynomial of degree k in r (τ -direction) and s (η-direction), where s = 0 represents

the straight line passing through yT and zT , then by decomposing

v(s, r) = pk(r) + spk−1(r) + s2pk−2(r) + · · ·+ skp0,
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where p`, for 0 ≤ ` ≤ k, is a polynomial of degree ` in r. It is easy to see, by using

interpolation at the Gauss point x̄0,T
0 , that p0 exists and is unique, then by using

interpolation at the Gauss points x̄0,T
1 and x̄1,T

1 that p1(r) exists and is unique, and

so on.

According to Lemma 3.1.2, we have the following bound

hjT‖D
jv‖L∞(T ) ≤ C hkT

k∑
`=0

1

r`T
max
0≤i≤`

|ci,`|. (3.15)

Hence, w satisfies (3.12). Moreover,

hjT‖D
jw‖L∞(T±) = hjT‖D

j(z − Ihz)‖L∞(T±) ≤ hjT‖D
jv‖L∞(T−) + hjT‖D

jIhz‖L∞(T ).

Using an inverse estimate and stability of the interpolant Lemma 3.1.1, we have

hjT‖D
jIhz‖L∞(T ) ≤ C‖Ihz‖L∞(T ) ≤ C ‖z‖L∞(T ) ≤ C ‖v‖L∞(T−).

Then, it follows that

hjT‖D
jw‖L∞(T±) ≤ hjT‖D

jv‖L∞(T−) + ‖v‖L∞(T−).

Finally we arrive to (3.14) once we apply (3.15).

Let T ∈ T Γ
h . Consider a ball B2rT of radius rT = |LT | such that encloses the piece

of boundary TΓ and B2rT ⊂ ωT , where ωT is the patch of triangles of T introduced in

Definition 2.2.7 equation (2.3). Let JT be the local L2 projection onto polynomials
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of degree k in B2rT , i.e. JT : L2(B2rT )→ Pk such that for w ∈ L2(B2rT )

∫
B2rT

JT (w)v =

∫
B2rT

wv, ∀v ∈ Pk,

By definition JTw ∈ Pk is defined in the ball B2rT . However consider its natural

extension to all of ωT . Then, we can prove the following lemma.

Lemma 3.1.4. Let w ∈ Ck+1(ωT ), then we have

rjT‖D
j(JTw − w)‖L∞(B2rT

) ≤ C rk+1
T ‖w‖Ck+1(B2rT

) for 0 ≤ j ≤ k, (3.16)

and

hjT‖D
j(JTw − w)‖L∞(ωT ) ≤ C hk+1

T ‖w‖Ck+1(ωT ) for 0 ≤ j ≤ k. (3.17)

Proof. The inequality (3.16) is a standard approximation of the L2 projection. To

prove (3.17) we apply Taylor’s theorem to get

hjT‖D
j(JTw − w)‖L∞(ωT ) ≤ hjT

k−j∑
`=1

h`T‖Dj+`(JTw − w)‖L∞(B2rT
) + hk+1

T ‖w‖Ck+1(ωT ).

The result follows after applying (3.16) and using that rT ≤ hT , which is trivial since

LT is a segment contained in T .

Now we are in position to establish the approximation result for the correction

function wuT defined in Section 3.1.2. One interpretation of the result below is that

(Ihu + wuT ) approximates the function u on elements cut by the interface. In this

sense, wuT “corrects” the approximation of the interpolant Ih on these elements.

Lemma 3.1.5. Let Ih be the interpolant defined in Definition 3.1.1. Suppose the so-
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lution u to problem (3.1) satisfies u± ∈ Ck+1(Ω±), and wuT is the correction function

defined by (3.12) and (3.13). Then, we have

hjT‖D
j(u−Ihu−wuT )‖L∞(T±) ≤ C hk+1

T

(
‖u+

E‖Ck+1(ωT ) + ‖u−E‖Ck+1(ωT )

)
, for j = 0, 1,

and C depends only on the shape regularity of T , the polynomial degree k.

Proof. We will define v ∈ Sk(T ) (see (3.4)) as follows

v =


JTu

+
E on T+,

JTu
−
E on T−.

Clearly v − Ihv = wvT by Lemma 3.1.3. Hence, we have

hjT‖D
j(u− Ihu− wuT )‖L∞(T±) = hjT‖D

j ((u− v) + v − Ih(u)− wuT ) ‖L∞(T±)

=hjT‖D
j ((u− v) + (v − Ihv) + Ih(v − u)− wuT ) ‖L∞(T±)

=hjT‖D
j
(
(u− v)− Ih(u− v)− wu−vT

)
‖L∞(T±)

≤C hjT
(
‖Dj(u− v)‖L∞(T±) + ‖Djwu−vT ‖L∞(T±)

)
+ C ‖u− v‖L∞(T ),

where we used wu−vT = wuT − wvT , an inverse estimate and the stability of Ih in the

max-norm Lemma 3.1.1.

Using (3.17) we get

hjT‖D
j(u− v)‖L∞(T±) + ‖u− v‖L∞(T±) ≤ Chk+1

T (‖u−E‖Ck+1(ωT ) + ‖u+
E‖Ck+1(ωT )).
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Estimate (3.14) implies

hjT‖w
u−v
T ‖L∞(T ) ≤ C hkT

k∑
`=0

1

rk−`T

‖
[
D`
n(v − u)

]
‖L∞(TΓ).

Applying (3.16) we obtain

k∑
`=0

1

rk−`
‖
[
D`
n(v − u)

]
‖L∞(TΓ) ≤ C rT (‖u+

E‖Ck+1(B2rT
) + ‖u−E‖Ck+1(B2rT

)),

which completes the proof.

3.1.3 A priori error analysis

The objective of this section is to prove rigorous pointwise error estimates for the

finite element method (3.7), which shall be achieved in Theorems 3.1.1 and 3.1.2.

The next lemma will show that the correction term wuT in the finite element

method (3.7) will allow us to compare Ihu− uh.

Lemma 3.1.6. Let u± ∈ Ck+1(Ω±) be the solution of (3.1) and uh be its finite ele-

ment approximation solution of (3.7). Let Ih be the interpolant defined in Definition

3.1.1. Then, it holds

∫
Ω

∇(Ihu−uh) ·∇v dx ≤ C hk‖∇v‖L1(Ω)

(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
, ∀v ∈ V k

h ,

where C depends only on the shape regularity of {Th}h>0, the polynomial degree k.
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Proof. Adding and subtracting u we have

∫
Ω

∇(Ihu− uh) · ∇v =

∫
Ω

∇(Ihu− u) · ∇v +

∫
Ω

∇u · ∇v −
∫

Ω

∇uh · ∇v

=

∫
Ω

∇(Ihu− u) · ∇v +
∑
T∈T Γ

h

∫
T

∇wuT · ∇v

=
∑

T∈Th\T Γ
h

∫
T

∇(Ihu− u) · ∇v +
∑
T∈T Γ

h

∫
T

∇(Ihu+ wuT − u) · ∇v

The result now easily follows from Lemma 3.1.5 and the fact that u is smooth on

T ∈ Th\T Γ
h .

From the above lemma we can easily prove an optimal estimate in the H1 semi-

norm (only assuming shape-regularity of the triangulation):

‖∇(Ihu− uh)‖L2(Ω) ≤ C hk
(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
.

However, are goal is to prove estimates in the maximum-norm as our next result

states. A slightly sub-optimal (off by a log factor) can be proved if we use the above

lemma directly. In order to prove the optimal estimate, we will give a more involved

argument.

Theorem 3.1.1. Suppose that Ω is convex and assume Th is quasi-uniform. Let

u± ∈ Ck+1(Ω±) be the solution of (3.1) and uh be the solution of (3.7), then

‖∇(Ihu− uh)‖L∞(Ω) ≤ C hk(‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)),

where C depends only on the quasi-uniformity constant of {Th}h>0 and the polynomial

degree k.

Proof. Let eh = Ihu− uh and suppose that the maximum of |∂xieh| occurs at z ∈ Ω
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(for some fixed 1 ≤ i ≤ 2). Suppose z ∈ T z, for some T z ∈ Th. Consider now the

regularized Dirac delta function δzh = δh ∈ C1
0(Tz) (see [27]), which satisfies

r(z) = (r, δh)Tz , ∀r ∈ Pk(Tz), (3.18)

and has the following property

‖δh‖W r,q(Tz) ≤ Ch−r−2(1−1/q), 1 ≤ q ≤ ∞, r = 0, 1. (3.19)

For each i = 1, 2, define the approximate Green’s function g ∈ H1
0 (Ω), which

solves the following equation:

−∆g = ∂xiδh in Ω, (3.20a)

g = 0 on ∂Ω. (3.20b)

We also consider its finite element approximation gh ∈ V k
h that satisfies

∫
Ω

∇gh · ∇v =

∫
Ω

v ∂xiδh for all v ∈ V k
h . (3.21)

From the work of Rannacher and Scott [100] we have

‖∇(g − gh)‖L1(Ω) ≤ C. (3.22)
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Moreover, using a dyadic decomposition one can show

‖∇g‖L1(Ω) ≤ C log(1/h). (3.23)

A log free estimate holds if we consider a smaller domain, i.e.

‖∇g‖L1(SΓ) ≤ C, (3.24)

where SΓ = {x ∈ Ω : dist(x,Γ) ≤ κh} for some fixed constant κ; see for instance

[62]. Hence, combining (3.22) and (3.24) we have

‖∇gh‖L1(SΓ) ≤ C. (3.25)

We start by using the definition of δh and problem (3.21)

‖∂xieh‖L∞(Ω) = |∂xieh(z)| = |
∫

Ω

δh∂xieh| = |
∫

Ω

∂xiδh eh|.

Then, we see that

‖∂xieh‖L∞(Ω) = |
∫

Ω

∇g · ∇eh| = |
∫

Ω

∇gh · ∇eh|.

If we follow the proof of Lemma 3.1.6 we see that

∫
Ω

∇gh · ∇eh = J1 + J2,
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where

J1 =
∑

T∈Th\T Γ
h

∫
T

∇(Ihu− u) · ∇gh, J2 =
∑
T∈T Γ

h

∫
T

∇(Ihu+ wuT − u) · ∇gh.

Applying Cauchy-Schwarz inequality to J2 we get

J2 ≤ C ‖∇gh‖L1(SΓ) max
T∈T Γ

h

‖∇(Ihu+ wuT − u)‖L∞(T ).

Moreover, using (3.25) and Lemma 3.1.5 we have

J2 ≤ C hk(‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)).

To give an estimate for J1 we define Rh = ∪T∈Th\T Γ
h
T . Now, adding and sub-

tracting ∇g, we obtain

J1 =
∑

T∈Th\T Γ
h

∫
T

∇(Ihu−u)·∇gh =

∫
Rh

(∇(Ihu− u) · ∇(gh − g) +∇(Ihu− u) · ∇g ) .

Using (3.22), we have

∫
Rh

∇(Ihu− u) · ∇(gh − g) dx ≤ C hk(‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)).

For the remaining term we integrate by parts to get

∫
Rh

∇(Ihu− u) · ∇g =

∫
Rh

(Ihu− u)∂xiδh dx+

∫
∂Rh\∂Ω

(Ihu− u)Dng.
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Here we used that, since Ω is convex, ∇g is continuous and so integration by

parts makes sense.

Clearly we have by (3.19)

∫
Rh

(Ihu− u)∂xiδh ≤ Chk
(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
.

Finally, we have

∫
∂Rh\∂Ω

(Ihu− u)Dng ≤C ‖Ihu− u‖L∞(Rh)‖Dng‖L1(∂Rh\∂Ω)

≤Chk+1‖Dng‖L1(∂Rh\∂Ω)

(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
.

In Appendix A.2 we prove the bound

‖Dng‖L1(∂Rh\∂Ω) ≤
C

h
, (3.26)

which will then show that

J1 ≤ Chk(‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)),

and will complete the proof.

Next, we will prove an estimate for the error in the maximum norm. In the case

there is no interface a logarithmic factor is not present for k ≥ 2 (see [27]), however,

we do not see how to remove this factor in our setting.

Theorem 3.1.2. Suppose that Ω is convex and that Th is quasi-uniform. Let u± ∈
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Ck+1(Ω±) be the solution of (3.1) and uh be the solution of (3.7), then

‖Ihu− uh‖L∞(Ω) ≤ Chk+1 log(1/h)
(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
. (3.27)

where C depends only on the quasi-uniformity constant of {Th}h>0 and the polynomial

degree k.

Proof. Let z ∈ Ω be arbitrary and let δh = δzh be the Dirac delta function defined in

proof of Theorem 3.1.1, equation (3.18). Let g̃ satisfy

−∆g̃ = δh in Ω, (3.28)

g̃ = 0 on ∂Ω, (3.29)

and consider its continuous piecewise linear finite element approximation g̃h, i.e.

∫
Ω

∇g̃h · ∇vdx =

∫
Ω

δhvdx, ∀v ∈ V 1
h .

Then, using definition of δz we have

(Ihu− uh)(z) =

∫
Ω

(Ihu− uh)δh

=

∫
Ω

∇(Ihu− uh) · ∇g̃h

=
∑

T∈Th\T Γ
h

∫
T

∇(Ihu− u) · ∇g̃h +
∑
T∈T Γ

h

∫
T

∇(Ihu+ wuT − u) · ∇g̃h

=: J1 + J2.
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We first give a bound for J2.

J2 ≤ max
T∈T Γ

h

‖∇(Ihu+ wuT − u)‖L∞(T )‖∇g̃h‖L1(SΓ)

≤ Chk
(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
‖∇g̃h‖L1(SΓ)

≤ Chk
(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

) (
‖∇g̃h −∇g̃‖L1(SΓ) + ‖∇g̃‖L1(SΓ)

)
.

The error of the piecewise linear finite element approximation of g̃h is a standard

result. See for instance Scott [105] (also [102, 103]) provides the estimate for a similar

problem. We state the estimate below.

‖∇g̃h −∇g̃‖L1(Ω) ≤ Ch log(1/h).

For ∇g̃, the bound is proved for example in [62] for a similar problem (the techniques

are standard see [102, 103]), here we obtain ‖∇g̃‖L1(SΓ) ≤ Ch log(1/h). Therefore,

we have

J2 ≤ Chk+1 log(1/h)
(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
.

Now, in order to bound J1, we will introduce the Raviart-Thomas projection (see

[101]) Π : H1(Ω) → ΦD
h , defined locally for any T ∈ Th, Π|T : H1(T ) → RT0(T ),

where

RT0(T ) = [P0(T )]2 ⊕ xP0(T ), ΦD
h =

{
φ ∈ [L2(Ω)]2 : φ|T ∈ RT0(T ) ∀T ∈ Th

}
.

Then, adding and subtracting Π∇g̃h

J1 = J1(∇g̃h) = J1(∇g̃h − Π(∇g̃h)) + J1(Π(∇g̃h)).
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For the first term we have

J1(∇g̃h − Π∇g̃) ≤ Chk
(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
‖∇g̃h − Π∇g̃‖L1(Ω).

Adding and subtracting ∇g̃, using the triangle inequality, approximation of Π and

g̃h we have

‖∇g̃h − Π∇g̃‖L1(Ω) ≤
(
‖∇(g̃h − g̃)‖L1(Ω) + ‖∇g̃ − Π∇g̃‖L1(Ω)

)
≤ Ch log(1/h),

and hence

J1(∇g̃h − Π∇g̃) ≤ Chk+1 log(1/h)
(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
.

For the second term we have using integration by parts

J1(Π∇g̃) =
∑

T∈Th\T Γ
h

(
−
∫
T

(Ihu− u)∇ · Π(∇g̃h) +

∫
∂T

(Ihu− u)Π(∇g̃h) · nds
)
.

For the first term above we use the following well-known commutative property of

the Raviart-Thomas projection, ∇ ·Πv = P0∇ · v, for v ∈ H1(T ), where P0 is the L2

projection onto the space of piecewise constant polynomials. Then, it follows

−
∑

T∈Th\T Γ
h

∫
T

(Ihu− u)∇ · Π(∇g̃h)dx = −
∑

T∈Th\T Γ
h

∫
T

(Ihu− u)P0(∆g̃)dx

=
∑

T∈Th\T Γ
h

∫
T

(Ihu− u)P0(δh)dx.

Observing that the support of P0(δh) is Tz, it follows that the expression above is 0
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if z ∈ T ∈ T Γ
h , otherwise

∑
T∈Th\T Γ

h

∫
T

(Ihu− u)P0(δh)dx =

∫
Tz

(Ihu− u)P0(δh)dx.

Using stability of the L2 projection and bound of δh we obtain

∫
Tz

(Ihu− u)P0(δh)dx ≤ Chk+1
(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
.

We now bound the last term. Observe that, since the Raviart-Thomas projection

has continuous normal components on the interior edges, Ihu− u = 0 on ∂Ω

∑
T∈Th\T Γ

h

∫
∂T

(Ihu− u)Π(∇g̃h) · nds =
∑
e∈EΓ,∂

h

∫
e

(Ihu− u)Π∇g̃ · nds

where EΓ,∂
h = {e ∈ Eh : e = ∂T1 ∩ ∂T2, with T1 ∈ T Γ

h and T2 ∈ Th\T Γ
h }. Therefore,

we see that

J1(Π∇g̃) =
∑
e∈EΓ,∂

h

∫
e

(Ihu− u)Π∇g̃ · nds

≤Chk ‖Π∇g̃‖L1(SΓ)

(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
≤C log(1/h)hk+1

(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
,

where we used ‖Π∇g̃‖L1(SΓ) ≤ Ch log(1/h), which follows after adding and sub-

tracting ∇g̃, using the triangle inequality, approximation of Π and the bound for

∇g̃.

Remark 3.3. Since u − (uh + wuT ) = (Ihu − uh) + (u − wuT − Ihu), by using triangle

inequality and Lemma 3.1.5, uh + wuT approximates u on T by the same estimates

given in Theorems 3.1.1 and 3.1.2.
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3.2 Stokes interface problem

In this section we consider the Stokes problem in two dimensions with an immersed

boundary introduced in equation (1.6) and we aim to design higher order finite

element methods using the correction techniques introduced earlier in this chapter.

As in the Poisson problem, the first step is to formulate problem (1.6) in interface

form. Then, consider the variational formulation:

∫
Ω

∇u : ∇v −
∫

Ω

p∇ · v =

∫
Ω

f · v +

∫
Ω

f · v∫
Ω

q∇ · u = 0,

(3.30)

for all v ∈ [H1
0 (Ω)]2 and q ∈ L2

0(Ω), where L2
0(Ω) = {q ∈ L2(Ω) :

∫
Ω
q = 0}.

The singular force field f b is expressed int terms of a boundary force β as follows

f b(x) =

∫ |Γ|
0

β(s)δ(x−X(s))ds, x ∈ Ω,

with δ(x) the two dimensional Dirac delta function and X(s), for 0 < s < |Γ|, the

arc-length parametrization of the interface Γ.

As before, strategically choosing test function v with compact support on: Ω+,
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Ω−, and a neighborhood of Γ, we derive the interface form of problem (1.6)

−∆u± +∇p± = f± in Ω±, (3.31a)

∇ · u± = 0 in Ω±, (3.31b)

u = 0 on ∂Ω, (3.31c)

[(∇u− pI)n] = β on Γ, (3.31d)

[u] = 0 on Γ. (3.31e)

Remark 3.4. At first glance, the setting of equations (3.31) does not quite match

the methodology introduced in the previous sections for the construction of the

correction function. The data across the interface, β, considers information of the

two variables u and p, then if a correction function is constructed from β it shall

“correct” the flux ∇u− pI. Although is possible to construct such a correction the

analysis will not be clear since we would be mixing the two variables. Instead, we

shall construct individual corrections function for each variable.

3.2.1 Derivation of jump conditions for each variable

Following the ideas of LeVeque and Li in [76], we can easily write individual jump

conditions for the velocity and the pressure in terms of the tangential and normal

component of the data β. Let θ be the angle between the x-direction (x-axis) and

n-direction pointing outward the interface Γ at a point X(s). Then, we write the

normal and tangential components

β̂(s) =

 β̂1

β̂2

 =

 cos(θ) sin(θ)

− sin(θ) cos(θ)

β(s).
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The jumps conditions for the velocity and the pressure are given by

[p] = β̂1, [Dnp] =
d

ds
β̂2, (3.32)

[u] = 0, [Dnu] = β + β̂1n. (3.33)

For the sake of completeness, we present the derivation of these jumps in Ap-

pendix A.3.

3.2.2 Higher order finite element methods

As before, we consider a family of triangulations of Ω, Th with 0 < h < 1. We

assume that the triangulation is quasi-uniform. Next we define the finite element

spaces. The idea is to consider standard inf-sup stable finite element subspaces

for the Stokes problem, as for instance the Taylor-Hood elements [28] or [P2]2 − P0

elements [41].

Assumption 3.1. We consider a class of finite element subspaces V h ⊂ [H1
0 (Ω)]2

and Mh ⊂ L2
0(Ω) satisfying the following assumptions:

• V h and Mh are a pair of inf-sup stables subspaces, with V h ⊂ [H1
0 (Ω)]2.

• We let k ≥ 1 as the maximum integer such that

V k
h :=

{
v ∈ C(Ω) ∩ [H1

0 (Ω)]2 : v|T ∈ [Pk(T )]2, ∀T ∈ Th
}
⊆ V h,

and, if Mh contains the discontinuous pressure space of degree k − 1 we let

Mk−1
h :=

{
q ∈ L2

0(Ω) : q|T ∈ Pk−1(T ), ∀T ∈ Th
}
⊆ Mh,
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otherwise

Mk−1
h :=

{
q ∈ C(Ω) ∩ L2

0(Ω) : q|T ∈ Pk−1(T ), ∀T ∈ Th
}
⊆ Mh.

For instance, k = 1 for the pairs: [P2]2−P0, reduced [P2]2−P0, and mini element.

Whilst k = 2 for the pair: Taylor-Hood elements [P2]2 − P1.

We next define the interpolant onto these spaces. We let Ih be the interpolant

defined componentwise in (3.5) onto the space V k
h, and Jh be the interpolant defined

in (3.5) onto the space Mk−1
h , in the case of continuous pressure finite element spaces.

Otherwise, if Mh contains discontinuous finite element pressure spaces we define Jh

to be the L2 projection onto Mk−1
h .

Find (uh, ph) ∈ V h ×Mh, such that

∫
Ω

∇uh : ∇v −
∫

Ω

ph∇ · v =

∫
Ω

f · v +

∫
Γ

β · v

−
∑
T∈T Γ

h

(∫
T

∇wuT : ∇v +

∫
T

wpT∇ · v
)
,

∫
Ω

q∇ · uh =−
∑
T∈T Γ

h

∫
T

q∇ ·wuT ,

(3.34)

for all (v, q) ∈ V h ×Mh. Note that we are using short notation for the integrals of

the correction functions, writing them over T instead of T− and T+, but as before

they are discontinuous across the interface.

Using equations (3.33), the correction function wuT is defined componentwise as

in Section 3.1.2. The same is true for wpT when Jh is the Lagrange interpolant by

using equations (3.32). In the case Jh is the L2 projection we replace equation (3.9)
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with the condition Jh(w
p
T ) = 0, i.e.

[
Dk−`
η wpT (x`,Ti )

]
=
[
Dk−`
η p(x`,Ti )

]
for 0 ≤ i ≤ ` and 0 ≤ ` ≤ k, (3.35)

Jh(w
p
T ) = 0. (3.36)

Note that each component of wuT and wpT are obtained independently to each

other, therefore, the Lemma 3.1.5 can be applied to each one separately.

Similarly to Lemma 3.1.5, we have the following estimate for the interpolant Jh

and the correction function wpT

‖p− Jhp− wpT‖L∞(T±) ≤ C hk+1
T

(
‖p+‖Ck+1(T ) + ‖p−‖Ck+1(T )

)
∀T ∈ T Γ

h ,

where C is a constant depending on k. Then, the following result holds and can be

proved similar to Lemma 3.1.6.

Lemma 3.2.1. Let (u, p) be solution of (3.31) and assume that u± ∈ [Ck+1(Ω±)]2

and p± ∈ Ck(Ω±). Let V h and Mh be the finite element spaces satisfying Assumption

3.1 and consider the definitions above for k, Ih and Jh. Let (uh, ph) ∈ V h ×Mh be

solution of (3.34). Then, it holds

∫
Ω

∇(Ihu− uh) : ∇v −
∫

Ω

(Jhp− ph)∇ · v

≤ C hk‖∇v‖L1(Ω)

(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−) + ‖p+‖Ck(Ω+) + ‖p−‖Ck(Ω−)

)
∫

Ω

q∇ · (uh − Ihu) ≤ Chk‖q‖L1(Ω)

(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
,

for all (v, q) ∈ V h ×Mh.
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Proof. For the first equation we use (3.31) and (3.34) to obtain

∫
Ω

∇(Ihu− uh) : ∇v −
∫

Ω

(Jhp− ph)∇ · v

=

∫
Ω

∇(Ihu− u) : ∇v −
∫

Ω

(Jhp− p)∇ · v

+
∑
T∈T Γ

h

(∫
T

wpT∇ · v +

∫
T

∇wuT : ∇v
)

=
∑

T∈Th\T Γ
h

(∫
T

∇(Ihu− u) : ∇v −
∫
T

(Jhp− p)∇ · v
)

+
∑
T∈T Γ

h

(∫
T

∇(Ihu− u+wuT ) : ∇v +

∫
T

(Jhp− p+ wpT )∇ · v
)
.

Similarly for the second equation we have

∫
Ω

q∇ · (Ihu− uh) =

∫
Ω

q∇ · (Ihu− u) +
∑
T∈T Γ

h

∫
T

q∇ ·wuT

=
∑

T∈Th\T Γ
h

∫
T

q∇ · (Ihu− u) +
∑
T∈T Γ

h

∫
T

q∇ · (Ihu− u+wuT ).

Therefore, the results follow from the properties of the correction functions wuT

and wpT Lemma 3.1.5, and the fact that (u, p) is smooth on T ∈ Th\T Γ
h .

Analogously to the proof of Theorem 3.1.1, we can prove the following result

using approximate Green’s function estimates for the Stokes problem. We give a

sketch of the proof.

Theorem 3.2.1. Let (u, p) be solution of (3.31) and assume that u± ∈ [Ck+1(Ω±)]2

and p± ∈ Ck(Ω±). Let V h and Mh be the finite element spaces satisfying Assumption

3.1 and consider the definitions above for k, Ih and Jh. Let (uh, ph) ∈ V h ×Mh be
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solution of (3.34). Then, there exists a constant C > 0, such that

‖∇(Ihu− uh)‖L∞(Ω) + ‖Jhp− ph‖L∞(Ω) (3.37)

≤Chk
(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−) + ‖p+‖Ck(Ω+) + ‖p−‖Ck(Ω−)

)
.

Proof. Let euh = Ihu − uh and suppose that the maximum of ∂xj(eh)i (i, j = 1, 2)

occurs at z ∈ Ω. Suppose z ∈ T ∈ Th. Considering the definition and properties

of the regularized Dirac delta function δh = δzh introduced in (3.18) and (3.19), we

define the approximate Green’s function (g, λ) ∈ [H1
0 (Ω)]2 × L2(Ω) such that

−∆g +∇λ = (∂xjδh)ei in Ω,

∇ · g = 0 in Ω,

g = 0 on ∂Ω,

where ei denotes the ith standard canonical basis vector of R2. We also consider its

finite element approximation (gh, λh) ∈ V h ×Mh that satisfies

∫
Ω

∇(g − gh) : ∇v −
∫

Ω

(λ− λh)∇ · v = 0 ∀v ∈ V h,∫
Ω

q∇ · (g − gh) = 0 ∀q ∈Mh.

Using the definition of δh we have

‖(∂xjeuh )i‖L∞(Ω) =
∣∣(∂xjeuh (z))i

∣∣ =

∣∣∣∣∫
Ω

∂xjδhei · euh
∣∣∣∣ ,
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and then

‖(∂xjeuh )i‖L∞(Ω) =

∣∣∣∣∫
Ω

∇g : ∇euh −
∫

Ω

λ∇ · euh
∣∣∣∣ =

∣∣∣∣∫
Ω

∇gh : ∇euh −
∫

Ω

λh∇ · euh
∣∣∣∣ .

Following the proof of Lemma 3.2.1, we see that

∫
Ω

∇gh : ∇euh −
∫

Ω

λh∇ · euh = J1 + J2,

where

J1 =
∑

T∈Th\T Γ
h

(∫
T

∇(Ihu− u) : ∇gh +

∫
T

λh∇ · (Ihu− u)

)

J2 =
∑
T∈T Γ

h

(∫
T

∇(Ihu− u+wuT ) : ∇gh +

∫
T

λh∇ · (Ihu− u+wuT )

)
.

As in the proof of Theorem 3.1.1, the estimates of J1 and J2 follows from the prop-

erties of the correction functions and bounds for the Green’s functions that can be

found for example in [56, 61]. The estimate for the error of the pressure follows from

similar arguments, we leave the details to the reader.

Remark 3.5. Using the same arguments as Remark 3.3, we can establish the same a

priori error estimates given in Theorem 3.2.1 for u−(uh+wuT ) and for p−(ph+wpT ).

We note that the method (3.34) gives ph ∈Mh, therefore, if Jh is the L2 projection,

then (ph + wpT ) ∈ L2
0(Ω), if Jh is the interpolation operator, ph + wpT might not have

average zero and a constant O(hk+1) must be added to make it in L2
0(Ω).
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3.3 Final discussion

3.3.1 Three dimensional problem

In this section we comment on the construction of the correction function for three-

dimensional problems.

Consider problem (3.1) on a domain Ω ⊂ R3 with an immersed interface Γ

assumed to be simple and closed C2 surface. Consider definitions given in Section

2.2 for a simplicial triangulation Th and the set of all faces Eh. Following definitions

in Section 2.3.2 we can define the sets of elements intersecting the interface T Γ
h , and

the edges of these elements EΓ
h . We will approximate the solution using the space

of piecewise polynomials of degree less than or equal to k. Now, for T ∈ T Γ
h we

consider the 2-simplex LT connecting the three points intersections of Γ with the

edges (1-face) of T . Let η be the unit normal vector to LT pointing outward T−

(T ∩ Ω−). For each ` = 0, 1, . . . , k let {x̄`,Ti }
n`
i=1, be the Gaussian points (of order

`) on the 2-simplex LT , where n2,` = dim(P`(LT )) = (` + 1)(` + 2)/2. Consider the

set {x`,Ti }
n`
i=1 obtained by the orthogonal projection (direction η) of {x̄`,Ti }

n`
i=1 onto

the surface Γ. Considering the jump conditions on the interface of problem (3.1) we

construct the correction function wuT ∈ Sk(T ) satisfying:

[
Dk−`
η wTu (x`,Ti )

]
=
[
Dk−`
η u(x`,Ti )

]
for 0 ≤ i ≤ n` and 0 ≤ ` ≤ k, (3.38) (wuT )−(ai) = 0, if ai ∈ Ω− ∪ Γ;

(wuT )+(ai) = 0, if ai ∈ Ω+.
for all ai ∈ T, i = 1, . . . n3,k, (3.39)

where ai are the degree k Lagrange nodes of T (see Definition 2.2.4) and n3,k =

dim(Pk(T )) = (k + 3)(k + 2)(k + 1)/6.
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Therefore, the correction method is defined by (3.7) using wuT , defined by (3.38)

and (3.39), correcting the load vector.

3.3.2 Concluding remarks

In this chapter we have developed higher-order finite element methods for Poisson

interface problem (3.1) and Stokes interface problem (3.31). We have proved near

optimal convergence results for the methods in the maximum norms: Theorem 3.1.1,

Theorem 3.1.2 and Theorem 3.2.1, recovering the convergence of the finite element

method for a problem without interface. The stiffness matrix remains the same (as

for the problem without the interface) which is a desirable feature in time dependent

problems. To the best of our knowledge, this is the first family of numerical methods

that have provable higher-order accuracy (or arbitrary order) for these problems.

The algorithms and theory developed point to a number of promising research

directions and opportunities. In the future, we plan to move in the direction of evo-

lution problems, such as the time-dependent version of problem (3.31) with moving

interfaces. We plan to develop time stepping methods where in each time step we

used the methodology developed here to solve the resulting problem. For example

the model problem (1.1). Navier-Stokes equations and more challenging problems

such as fluid-structure interactions will be explored in the future.

Finally, more straightforward generalizations are possible. In this paper, for con-

venience, we used triangular meshes, but it is clear that rectangular or quadrilateral

meshes can be used as well. Indeed, the correction function did not use the fact that

the mesh is triangular.
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3.4 Numerical examples

We illustrate the performance of our finite element methods with some numerical

examples. We consider the square domain Ω = (−1, 1)2, and we triangulate the

domain with structured and non-structured triangular meshes. We use cris-cross

meshes for structured and Triangle mesh generator (Delaunay triangulations), with

an initial mesh of two triangles and recursive refinements with a minimum angle

condition of 15◦, for the non-structured meshes. We tabulate the L2 norm and

H1 semi-norm errors as well as the L∞ norm and W 1,∞ semi-norm errors, with

their respective order of convergence. Plots of approximate solutions and rate of

convergence are also provided. For the case when the interface is not a straight line

we need to integrate over curved region. We address this problem in Appendix A.4.1

giving explicit quadrature formulas. Computationally, we obtain the system as for

the respective smooth problem (3.1) and (3.31) without interface. The extra work

is in the computation of the correction functions, we perform this locally in each

triangle intersecting the interface to then add them to the load vector.

3.4.1 Numerical example for Poisson interface problem

Let u be the exact solution of problem (3.1), uh be the solution by the method

defined in (3.7). We consider definition of correction function wuT (3.12) -(3.13), and

consider the approximation u?h defined locally by

u?h|T =

 uh|T , if T ∈ Th\T Γ
h ;

uh|T + wuT , if T ∈ T Γ
h .
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We summarize our experimental results in tables, displaying the following errors and

experimental orders of convergence (eoc):

e0
h := ‖u− u?h‖L2(Ω), e∞h := ‖u− u?h‖L∞(Ω),

e1
h := ‖∇(u− u?h)‖L2(Ω), e1,∞

h := ‖∇(u− u?h)‖L∞(Ω),

eoc(e) :=
log(ehl+1

/ehl)

log(hl+1/hl)
.

We will illustrate our results with a numerical experiment using piecewise quadratic

polynomials, i.e., k = 2. Note that Ih is then the piecewise quadratic Lagrange

interpolant.

Example 3.1. Consider the model problem [77] with exact solution of problem (3.1)

defined by on Ω = (−1, 1)2

u(x, y) =

 1, if r ≤ 1/3

1− log(3r), if r > 1/3
(x, y) ∈ Ω,

where r =
√
x2 + y2. We summarize the errors and order of convergence in the

following tables

h e0
h eoc e∞h eoc e1

h eoc e1,∞
h eoc

7.1e-1 1.7e-2 − 4.7e-2 − 1.8e-1 − 4.3e-1 −
3.5e-1 1.7e-3 3.29 5.0e-3 3.22 3.6e-2 2.37 1.2e-1 1.76

1.8e-1 1.4e-4 3.54 7.4e-4 2.78 5.6e-3 2.69 3.0e-2 2.08

8.8e-2 1.2e-5 3.61 6.8e-5 3.44 8.4e-4 2.74 5.9e-3 2.34

4.4e-2 1.1e-6 3.40 1.3e-5 2.29 1.5e-4 2.46 1.7e-3 1.75

2.2e-2 1.0e-7 3.41 2.0e-6 2.74 2.7e-5 2.51 5.0e-4 1.81

1.1e-2 9.1e-9 3.57 2.3e-7 3.12 4.7e-6 2.52 1.3e-4 1.90

Table 3.1: Example 3.1: errors and experimental orders of convergence (eoc) using method (3.7)
on structured meshes.

In this example we are considering a curved interface, then quadrature rules over
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h e0
h eoc e∞h eoc e1

h eoc e1,∞
h eoc

3.3e-1 1.7e-3 − 2.6e-3 − 6.7e-2 − 4.0e-1 −
1.8e-1 2.2e-4 3.37 4.0e-4 3.08 1.8e-2 2.15 2.1e-1 1.04

9.0e-2 2.6e-5 3.15 7.5e-5 2.49 4.4e-3 2.08 4.0e-2 2.46

4.7e-2 3.2e-6 3.22 1.1e-5 3.00 1.1e-3 2.11 1.3e-2 1.78

2.4e-2 4.1e-7 3.03 1.4e-6 2.95 2.8e-4 2.02 4.0e-3 1.69

1.2e-2 5.1e-8 3.12 2.2e-7 2.76 7.1e-5 2.07 1.2e-3 1.82

6.1e-3 6.4e-9 3.02 3.1e-8 2.85 1.8e-5 2.01 3.2e-4 1.90

Table 3.2: Example 3.1: errors and experimental orders of convergence (eoc) using method (3.7)
on non-structured meshes.
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Figure 3.2: Example 3.1. Left figure: Plot on Log scale of e∞h and e1,∞
h errors vs h corresponding

to Table 3.2. Right figure: approximate solution by method (3.7) of Poisson interface problem
(3.1).
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elements with one curved edge are needed. In Appendix A.4.1 we address this issue

giving higher-order quadrature rules over this kind of elements. We observe in Tables

3.1 and 3.2 optimal convergence, confirming our results in Theorems 3.1.1 and 3.1.2.

Super-convergence phenomenon is observed in the case of structured meshes Table

3.1 .

3.4.2 Numerical example for Stokes interface problem

In order to illustrate our method for the Stokes interface problem we consider the

pair of inf-sup stable finite element spaces V h and Mh, piecewise quadratic polyno-

mial for the velocity and piecewise linear polynomials for the pressure (Taylor-Hood

[P2]2 − P1). Let (u, p) solution of problem (3.31) and (uh, ph) the finite element

approximation of (3.34). We define the approximations using the definitions of the

correction functions

u?h|T =

 uh|T , if T ∈ Th\T Γ
h ;

uh|T +wuT , if T ∈ T Γ
h .

p?h|T =

 ph|T , if T ∈ Th\T Γ
h ;

ph|T + wpT , if T ∈ T Γ
h .

We define the error function and the respective order of convergence (associated to

the error and the norm) as follows

e0
u := ‖u− u?h‖L2(Ω), e∞u := ‖u− u?h‖L∞(Ω),

e1
u := ‖∇(u− u?h)‖L2(Ω), e1,∞

u := ‖∇(u− u?h)‖L∞(Ω),

e0
p := ‖p− p?h‖L2(Ω), e∞p := ‖p− p?h‖L∞(Ω),

eoc(e) :=
log(ehl+1

/ehl)

log(hl+1/hl)
.
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With these finite element spaces, the value of k is 2 (see assumption A2) , then

Ih is the piecewise quadratic Lagrange interpolant and Jh is the piecewise linear

Lagrange interpolant.

Example 3.2. Consider an exact solution of Stokes problem (3.31) on Ω = (−1, 1)2

u(x, y) =


u1(x, y) =

 3y if r ≤ 1
3
,

4y
3r
− y if r > 1

3

u2(x, y) =

 −3x, if r ≤ 1
3
,

x− 4x
3r

if r > 1
3


,

p(x, y) =

 4− π
9
+3x2 − 3y2 if r ≤ 1

3
,

π
9

+ 3x2 − 3y2 if r > 1
3

,

for (x, y) ∈ Ω and r =
√
x2 + y2. In this case the interface is the circumference of

radius 1/3, i.e. Γ = {(x, y) ∈ Ω : r = 1/3}.

l e0
u eoc e∞u eoc e1

u eoc e1,∞
u eoc

1 2.0e-3 − 3.5e-3 − 1.0e-1 − 3.9e-1 −
2 2.5e-4 2.98 4.2e-4 3.04 2.8e-2 1.87 1.5e-1 1.38

3 3.0e-5 3.06 8.6e-5 2.30 7.2e-3 1.94 4.2e-2 1.81

4 3.7e-6 3.03 1.1e-5 2.92 1.8e-3 1.97 1.3e-2 1.67

5 4.5e-7 3.04 1.7e-6 2.77 4.6e-4 1.99 3.6e-3 1.87

Table 3.3: Example 3.2: errors and experimental orders of convergence (eoc) for velocity approx-
imate solution, using method (3.34) on structured meshes. h = 2−(l+3/2), for l = 1, ..., 5.

We observe optimal convergence for the velocity and pressure in Tables 3.3 and

3.4 respectively, confirming our result in Theorem 3.2.1. We also observe from the

plot of the approximate pressure (see Figure 3.3) that there is no pollution beyond

the interface.
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l e0
p eoc e∞p eoc

1 2.3e-2 − 6.3e-2 −
2 8.5e-3 1.46 3.3e-2 0.93

3 2.6e-3 1.68 1.6e-2 1.07

4 7.1e-4 1.89 5.1e-3 1.64

5 1.8e-4 1.95 1.5e-3 1.80

Table 3.4: Example 3.2: errors and experimental orders of convergence (eoc) for pressure approx-
imate solution, using method (3.34) on structured meshes. h = 2−(l+3/2), for l = 1, ..., 5.
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Figure 3.3: Example 3.2. Plots of approximate solution by method (3.34) of problem (3.31). Left
figure: uh velocity. Right figure: ph pressure.



Chapter Four

High contrast interface problem I:

analysis of an immersed finite

element method
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4.1 An immersed finite element method for Pois-

son interface problem

In this section we introduce an Immersed Finite Element Method approximating the

Poisson interface problem with discontinuous constant coefficients ρ+ � ρ−, and

using triangulations that are non-fitted with the interface.

4.1.1 Introduction

We consider the problem: Let Ω ⊂ R2 be a polygonal domain with an immersed

interface Γ such that Ω = Ω− ∪ Ω+ with Ω− ∩ Ω+ = ∅, and Γ = Ω− ∩ Ω+. We

assume that Γ does not intersect ∂Ω, enclosing either Ω− or Ω+. Our numerical

method will approximate a solution of the problem below.

−∇ · (ρ±∇u±) = f± in Ω±, (4.1a)

u = 0 on ∂Ω, (4.1b)

[u] = 0 on Γ, (4.1c)

[ρ∇u · n] = 0 on Γ. (4.1d)

where we denote by u± ≡ u|Ω± , n± is the unit outward pointing normal to Ω±, and

the jumps across the interface Γ are defined as before, i.e.

[ρ∇u · n] = ρ−∇u− · n− + ρ+∇u+ · n+, [u] = u+ − u−. (4.2)

We furthermore assume that ρ+ ≥ ρ− > 0 are constants and that the interface Γ is

a closed, simple and regular C2 curve with an arc-length parameterization X.
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4.1.2 Notation

We consider a sequence of triangulation Th, 0 < h < 1 of Ω (see Section 2.2), and we

assume that Th is shape-regular. Let hT denote the diameter of the element T ∈ Th

and h = maxT hT . We also consider Assumptions 1, 2 and 3. We first need to build

our local finite element space (on each element). With this aim we introduce some

notation. To this end, we let x0 be the midpoint with respect to the arc-length on the

curve segment TΓ. We note that the midpoint choice is a preference of the authors,

the proofs below hold for any x0 ∈ TΓ. Let L0 be the line segment inside T which is

tangent to Γ at x0.

Figure 4.1: Illustration of notation on an element T ∈
T Γ
h , point x0 and line segment L0.

In order to define our finite element space, we will need the following lemma.

Lemma 4.1.1. Consider the operator Υ : P1(T+)→ P1(T−) defined by

Υ(v)(x0) := v(x0), (4.3)

(Dt+0 Υ(v))(x0) := (Dt+0 v)(x0), (4.4)

ρ−(Dn+
0

Υ(v))(x0) := ρ+(Dn+
0
v)(x0), (4.5)

where n±0 = n±(x0) and t±0 = t±(x0). Then, Υ is well defined.

Proof. We use the Taylor representation of a w ∈ P1(T ) at x0 and the decomposition
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of the gradient into the directions n+
0 and t+0 (normal and tangent at x0), i.e.

w(x) = w(x0) + (x− x0) · n+
0 Dn+

0
w + (x− x0) · t+0 Dt+0 w.

Therefore, with this representation of a function w ∈ P1(T−), equations (4.3), (4.4)

and (4.5) uniquely define a function w = Υ(v) ∈ P1(T−).

Note that the exact solution u± satisfies the transmission conditions (4.3), (4.4)

and (4.5) on all points over Γ.

Next, given T ∈ T Γ
h and for each v ∈ P1(T+) we can consider the unique corre-

sponding function

G(v) =


v, on T+;

Υ(v), on T−.

Let span {v1, v2, v3} be a basis for P1(T ) restricted to T+. Then we define the local

finite element space

S(T ) =


span

{
G(v1), G(v2), G(v3)

}
, if T ∈ T Γ

h ;

P1(T ), if T ∈ Th\T Γ
h .

(4.6)

An explicit construction of basis functions of the local space S(T ) is given in Ap-

pendix A.4.2. The global finite element space is defined by

Vh :=
{
v : v|T ∈ S(T ), ∀T ∈ Th, v is continuous across all edges in Eh\EΓ

h

}
. (4.7)

Remark 4.1. The local space S(T ) introduced in this chapter can be seen as a re-

striction of the local space Sk(T ) for k = 1 introduced in (3.4), satisfying the jump

conditions (4.3), (4.4) and (4.5).
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4.1.3 Finite element method

Next we introduce the finite element approximation to problem (4.1). Find uh ∈ Vh

such that

ah(uh, v) = (f, v), for all v ∈ Vh, (4.8)

where the bilinear ah : V × V → R and the linear functional (f, ·) : V → R are

defined by

ah(w, v) :=

∫
Ω

ρ∇hw · ∇hv −
∑
e∈EΓ

h

∫
e

({
ρ∇hv

}
· JwK +

{
ρ∇hw

}
· JvK

)
(4.9)

+
∑
e∈EΓ

h

(
γ

|e−|

∫
e−
ρ−JwK · JvK +

γ

|e+|

∫
e+
ρ+JwK · JvK

)

+
∑
e∈EΓ

h

(
|e−|

∫
e−
ρ−J∇hvK J∇hwK + |e+|

∫
e+
ρ+J∇hvK J∇hwK

)
,

(f, v) :=
∑
T∈Th

(∫
T−
f−v +

∫
T+

f+v
)
,

for a penalty parameter γ > 0 to be chosen in order to prove coercivity of the

bilinear form. The discrete gradient operator ∇h is piecewise defined on T± for an

element T ∈ Th by

∇hv|T± = ∇v.

The space V is defined as the union of the broken Sobolev spaces

V := H2
h(Ω+) ∪H2

h(Ω−), (4.10)

where

H2
h(Ω±) := {v : v|T± ∈ H2(T±), for all T ∈ Th}. (4.11)
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Figure 4.2: Illustration of basis functions of the local space S(T ) with ρ− = 1 and ρ+ = 100,
where the element T and the interface are given by the configuration displayed in Figure 4.1.

Bilinear form ah is based on the symmetric interior penalty discontinuous Galerkin

method [2, 3, 4] applied to the edges EΓ
h where we allow discontinuity of the numerical

approximation. Note that in (4.9) we not only penalize the jumps of the function

but also the normal jumps of the first derivatives across edges. This will allow us

to prove coerciveness and a priori error estimates independent of the contrast of

the coefficients and also independent of how small T+ or T− might be. Finally, we

like to stress that in (4.9) only the normal derivative jumps are penalized, not the

tangential derivative jumps.

4.2 Local approximation on the finite element sub-

space

In this section we show that our finite element space Vh (4.7) has optimal local

approximation properties. Henceforth we will keep track, as much as possible, on

how constants depend on the maximum curvature κ, and in general in the geome-

try of sub-domains. When we use standard results (e.g. regularity and extensions

lemmas) we just state that the constants depend on the geometry without explicitly
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saying how they scale with quantities such as curvature and the radius of the tubular

neighborhood r. In order to define an interpolation operator onto Vh we consider

the extension results given in Chapter 2.

Definition 4.2.1. Let u such that u− ∈ H2(Ω−) and u+ ∈ H2(Ω+). Consider the

extension u±E of u± given in Section 2.4.2. We define the interpolation operator Ih

onto the finite element subspace Vh by

Ihu|T = IT (u)|T , for all T ∈ Th, (4.12)

where the local interpolation operator IT (u) is defined as follows: Let T ∈ Th then

• If T ∈ T Γ
h we define ITu ∈ S(T ). In fact, we define ITu on all ωT

ITu =


I+
T u, in ω+

T

I−T u, in ω−T ,

where I±T are defined satisfying the following conditions


(I−T u)(x0) := (JTu

+
E)(x0) =: (I+

T u)(x0)

(Dt+0 I
−
T u)(x0) := (Dt+0 (JTu

+
E))(x0) =: (Dt+0 I

+
T u)(x0)

ρ−(Dn+
0
I−T u)(x0) := ρ−(Dn+

0
JTu

−
E)(x0) =: ρ+(Dn+

0
I+
T u)(x0).

(4.13)

Here JT denotes the L2 projection operator onto P1(ωT ) (note that ωT ⊂ Tub(r)

thanks to Assumption 2, 2h ≤ r).

• If T does not belong to T Γ
h , we consider the sets Ω±−h ⊂ Ω± defined as follows:

Ω±−h := int
( ⋃
T∈T ±h \T

Γ
h

T
)
. (4.14)
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We define Iszu
± to be the Scott-Zhang interpolant (see Definition 2.2.12 of

Scott-Zhang interpolant) of u± defined on Ω±−h. However, we need to modify

the interpolant at every vertex x (if one exists) that is an endpoint of an edge

e satisfying e ⊂ ∂Ω+
−h ∩ ∂Ω−−h (e.g. e ⊂ Γ). In this case, we define Iszu

±(x) to

be the average of u± on the edge e . Note that such an x might correspond to

two edges. Either edge will work for the definition of Iszu
±(x). This will give

Iszu
+ = Iszu

− for every edge e ⊂ ∂Ω+
−h∩∂Ω−−h since u+ = u− on such an edge.

Then, for T ⊂ Ω+ (or T ⊂ Ω−) we define IT (u)|T = Iszu
+|T (or Iszu

−|T ).

The motivation of the definition of the local interpolant ITu on triangles inter-

secting the interface is because we can bound

ρ−‖Dt+0 I
−
T u‖

2
L2(ω−T )

≤ cρ+‖Dt+0 I
+
T u‖

2
L2(ω+

T )

and

ρ+‖Dn+
0
I+
T u‖

2
L2(ω+

T )
≤ cρ−‖Dn+

0
I−T u‖

2
L2(ω−T )

with c independent of ρ− and ρ+, this allows us to prove estimates for Ih independent

of the contrast.

Lemma 4.2.1. Consider T ∈ T Γ
h . Then, for every v ∈ P1(ωT ) the following bound

holds

hjT‖D
jv‖L2(ωT ) ≤ C

(
hT |v(x0)|+ h2

T |Dn+
0
v(x0)|+ h2

T |Dt+0 v(x0)|
)
,

for j = 0, 1.
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Proof. Using the Cauchy-Schwarz inequality one has, for j = 0, 1

hjT‖D
jv‖L2(ωT ) ≤ C hj+1

T ‖D
jv‖L∞(ωT ).

Then, the lemma follows from the fact that v is a linear function.

We next prove a fundamental result of this chapter, a local approximation prop-

erty on the space S(T ).

Lemma 4.2.2. Let u such that u± ∈ H2(Ω±) and satisfies the interface conditions

[u] = 0 and [ρDnu] = 0. Then, for any T ∈ T Γ
h and j = 0, 1, the following bounds

hold:

hjT‖D
j(u− − I−T u)‖L2(ω−T ) ≤ C(1 + κ)h2

T

(
|u−E|H1(ωT ) + |u−E|H2(ωT ) + |u+

E|H2(ωT )

)
(4.15)

and

hjT‖D
j(u+ − I+

T u)‖L2(ω+
T ) ≤ C (1 + κ)h2

T

(
|u+
E|H1(ωT ) + |u+

E|H2(ωT ) (4.16)

+
ρ−

ρ+
|u−E|H2(ωT )

)
.

Proof. First note that by adding and subtracting JTu
±
E to u±E−I

±
T u, using the triangle

inequality, and by means of the following well known approximation property for

ϕ ∈ H2(ωT )

hjT‖D
j(ϕ− JTϕ)‖L2(ωT ) ≤ C h2

T‖D2ϕ‖L2(ωT ) for j = 0, 1, (4.17)
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the proof of the lemma reduces to estimate

hjT‖D
jw±T ‖L2(ω±T ), where w±T := JTu

±
E − I

±
T u, for w±T ∈ P1(ωT ).

According to the definition of IT (4.13), and denoting n±0 = n±(x0) and t±0 = t±(x0),

we have 
w−T (x0) = JTu

−
E(x0)− JTu+

E(x0),

(Dt+0 w
−
T )(x0) = (Dt+0 JTu

−
E)(x0)− (Dt+0 JTu

+
E)(x0),

(Dn+
0
w−T )(x0) = 0,

and 
w+
T (x0) = 0,

(Dt+0 w
+
T )(x0) = 0,

ρ+(Dn+
0
w+
T )(x0) = ρ+(Dn+

0
JTu

+
E)(x0)− ρ−(Dn+

0
JTu

−
E)(x0).

Then, using Lemma 4.2.1 and the values derived for w±T we have

hjT‖D
jw−T ‖L2(ω−T ) ≤ C

(
hT |w−T (x0)|+ h2

T |Dt+0 w
−
T (x0)|

)
, (4.18)

and

hjT‖D
jw+

T ‖L2(ω+
T ) ≤ Ch2

T |Dn+
0
w+
T (x0)|. (4.19)

We proceed by bounding the two terms in (4.18) and the term in (4.19), separately.

For the first term in (4.18), we use that u is continuous on the interface (4.1c), in

particular on ωΓ
T , and we apply the triangle inequality

|w−T (x0)| = |(JTu−E − JTu
+
E)(x0)| ≤ ‖JTu−E − JTu

+
E‖L∞(ωΓ

T )

≤ ‖JTu−E − u
−
E‖L∞(ωΓ

T ) + ‖JTu+
E − u

+
E‖L∞(ωΓ

T ).

Note that chT ≤ |ωΓ
T | ≤ ChT , where the second inequality follows from Lemma
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A.1.4. By means of a Sobolev inequality in one dimension, we have

‖JTu−E−u
−
E‖L∞(ωΓ

T ) ≤ C

(
1√
hT
‖JTu−E − u

−
E‖L2(ωΓ

T ) +
√
hT‖D(JTu

−
E − u

−
E)‖L2(ωΓ

T )

)
,

consequently, using a trace inequality we obtain

‖JTu−E − u
−
E‖L∞(ωΓ

T ) ≤ C
(
h−1
T ‖JTu

−
E − u

−
E‖L2(ωT ) + ‖D(JTu

−
E − u

−
E)‖L2(ωT )

)
+ C hT‖D2u−E‖L2(ωT ).

Hence, using the approximation property (4.17), we get

‖JTu−E − u
−
E‖L∞(ωΓ

T ) ≤ ChT‖D2u−E‖L2(ωT ).

Analogously, we can show that

‖JTu+
E − u

+
E‖L∞(ωΓ

T ) ≤ ChT‖D2u+
E‖L2(ωT ).

Therefore, we have the bound for the first term in (4.18)

hT |w−T (x0)| ≤ C h2
T

(
‖D2u−E‖L2(ωT ) + ‖D2u+

E‖L2(ωT )

)
. (4.20)

We now turn to the second term in (4.18). We use the fact that Dt−0 w
−
T is constant

on ωΓ
T to obtain

|Dt+0 w
−
T (x0)| = |ωΓ

T |−1/2‖Dt+0 w
−
T ‖L2(ωΓ

T ) ≤ Ch
−1/2
T ‖Dt+0 (JTu

−
E − JTu

+
E)‖L2(ωΓ

T ).
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Using the identities, denoting t+ = t+(x) and n+ = n+(x), for x ∈ ωΓ
T

Dt+0 u
±
E = (t+0 · t+)Dt+u

±
E + (t+0 · n+)Dn+u±E, (4.21)

Dt+u
+
E = Dt+u

−
E, (4.22)

Dn+u+
E =

ρ−

ρ+
Dn+u−E, (4.23)

we have

‖Dt+0 w
−
T ‖L2(ωΓ

T ) =
∥∥Dt+0 (JTu

−
E − u

−
E + u+

E − JTu
+
E) + (1− ρ−

ρ+
)(t+0 · n+)Dn+u−E

∥∥
L2(ωΓ

T )

≤‖D(JTu
−
E − u

−
E)‖L2(ωΓ

T ) + ‖D(JTu
+
E − u

+
E)‖L2(ωΓ

T )

+ (1− ρ−

ρ+
)‖(t+0 · n+)Du−E‖L2(ωΓ

T ).

For the first two terms in the previous bound we use a trace inequality to obtain

‖D(JTu
±
E − u

±
E)‖L2(ωΓ

T ) ≤
C√
hT
‖D(JTu

±
E − u

±
E)‖L2(ωT )

+ C
√
hT‖D2(JTu

±
E − u

±
E)‖L2(ωT ),

and for the third term we use that |t−0 ·n−| ≤ ‖X ′′‖L∞ |ωΓ
T | = O(κhT ) on ωΓ

T , ρ− ≤ ρ+,

and a trace inequality to obtain

(1− ρ−

ρ+
)‖(t+0 · n+)Du−E‖L2(ωΓ

T ) ≤ C κ
(√

hT‖Du−E‖L2(ωT ) + h
3/2
T ‖D

2u−E‖L2(ωT )

)
.

Hence, applying approximation property (4.17) we obtain

h2
T |Dt+0 w

−
T (x0)| ≤ C(1 + κ)h2

T

(
‖Du−E‖L2(ωT ) + ‖D2u−E‖L2(ωT ) + ‖D2u+

E‖L2(ωT )

)
.

(4.24)

If we combine the inequalities (4.20) and (4.24) with (4.18), we arrive at the first

result of the lemma, inequality (4.15).
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Now we estimate the term in (4.19). We need to bound

|Dn+
0
w+
T (x0)| = |ωΓ

T |−1/2‖Dn+
0
w+
T ‖L2(ωΓ

T ) ≤ Ch
−1/2
T ‖Dn+

0
(JTu

+
E −

ρ−

ρ+
JTu

−
E)‖L2(ωΓ

T ).

Similarly to the previous bound, we note that

Dn+
0
u±E = (n+

0 · t+)Dt+u
±
E + (n+

0 · n+)Dn+u±E,

and then using (4.22) and (4.23) we obtain

‖Dn+
0
w+
T ‖L2(ωΓ

T ) =∥∥Dn+
0

(
JTu

+
E − u

+
E −

ρ−

ρ+
(JTu

−
E − u

−
E)
)

+ (1− ρ−

ρ+
)(n+

0 · t+)Dt+u
+
E

∥∥
L2(ωΓ

T )
.

The remaining of the proof is similar as above and we obtain

h2
T |Dn+

0
w+
T (x0)| ≤ C(1 + κ)h2

T

(
ρ−

ρ+
‖D2u−E‖L2(ωT ) + ‖Du+

E‖L2(ωT ) + ‖D2u+
E‖L2(ωT )

)
.

If we combine this inequality with (4.19), we arrive at our second result (4.16).

4.3 A priori error estimates

The purpose of this section is to prove a priori error estimates for the method defined

in (4.8)-(4.9) in the energy and L2 norm. We have commented on the similarities of

the bilinear form (4.9) with the symmetric interior penalty method. Consequently,

the proofs presented below follow the same arguments than the classical discontin-

uous Galerkin theory with emphasis on the contrast independency of the constants

in the estimates.
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4.3.1 Coercivity of the bilinear form

We define the following energy norm ‖ · ‖V : V → R+
0

‖v‖2
V = ‖√ρ∇hv‖2

L2(Ω) +
∑
e∈EΓ

h

(
ρ−

|e−|
‖JvK‖2

L2(e−) +
ρ+

|e+|
‖JvK‖2

L2(e+)

)
(4.25)

+
∑
e∈EΓ

h

(
ρ−|e−|‖J∇hvK‖2

L2(e−) + ρ+|e+|‖J∇hvK‖2
L2(e+)

)
.

In order to prove coercivity we will need the following lemma.

Lemma 4.3.1. Let e = int (∂T1 ∩ ∂T2) ∈ EΓ
h , for T1, T2 ∈ Th. Then, there exists a

constant θ > 0 such that

|e±|2 ≤ θmax
i=1,2
|T±i |.

The constant θ depends on the shape regularity of the triangulation.

Proof. See Appendix A.1.1.

Lemma 4.3.2. (Coercivity) If γ is large enough (depending on shape regularity of

triangulation) there exists a constant c > 0, independent of h, ρ− and ρ+, such that

c‖v‖2
V ≤ ah(v, v), for all v ∈ Vh. (4.26)
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Proof. Let v ∈ Vh, then

ah(v, v) = ‖√ρ∇hv‖2
L2(Ω) − 2

∑
e∈EΓ

h

∫
e

{ρ∇hv} · JvK

+
∑
e∈EΓ

h

(
γ

|e−|
ρ−‖JvK‖2

L2(e−) +
γ

|e+|
ρ+‖JvK‖2

L2(e+)

)

+
∑
e∈EΓ

h

(
ρ−|e−|‖J∇hvK‖2

L2(e−) + ρ+|e+|‖J∇hvK‖2
L2(e+)

)
.

To prove the lemma, it is enough to bound the non-symmetric term

∫
e

{ρ∇hv} · JvK =

∫
e−
{ρ∇hv} · JvK +

∫
e+
{ρ∇hv} · JvK.

Let T1, T2 ∈ Th be such that e = int (∂T1 ∩ ∂T2) and set Te = T1 ∪ T2. Without

loss of generality assume T−2 = max
i=1,2
|T−i |. Then, according to Lemma 4.3.1

|e−|2 ≤ θ|T−2 |. (4.27)

Then, we see that

∫
e−
{ρ∇v} · JvK =

∫
e−

ρ−

2

(
(Dn1v) (v|T1 − v|T2) + (Dn2v) (v|T2 − v|T1)

)
=

∫
e−
ρ−(Dn2v) (v|T2 − v|T1) +

ρ−

2
(Dn1v +Dn2v)(v|T1 − v|T2)

=

∫
e−
ρ−(Dn2v) (v|T2 − v|T1) +

ρ−

2
(J∇hvK) (v|T1 − v|T2).

Using the fact that v is a linear function on T−2 and using (4.27) we have

∣∣2 ∫
e−
ρ−(Dn2v) (v|T2 − v|T1)

∣∣ ≤ C ‖ρ−Dv‖L2(T−2 )

1

|e−|1/2
‖JvK‖L2(e−), (4.28)
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where C depends on θ. Therefore, we have

∣∣2∫
e−
ρ−(Dn2v) (v|T2 − v|T1)

∣∣ ≤ ερ−‖∇hv‖2
L2(T−e )

+
ρ−C2

ε|e−|
‖JvK‖2

L2(e−),

for any ε > 0. Furthermore, we have

∣∣ ∫
e−
ρ−(J∇hvK) (v|T1 − v|T2)

∣∣ ≤ ερ−|e−|‖J∇hvK‖2
L2(e−) +

ρ−

ε|e−|
‖JvK‖2

L2(e−).

Collecting the last two estimates gives

∣∣2 ∫
e−
{ρ∇hv}·JvK

∣∣ ≤ ερ−(|e−|‖J∇hvK‖2
L2(e−) +‖∇hv‖2

L2(T−e )
)+

(C2 + 1)ρ−

ε|e−|
‖JvK‖2

L2(e−).

Likewise, we can bound the integral over e+ to get a combined result

∣∣2∫
e

{ρ∇hv} · JvK
∣∣ ≤ε(‖√ρ∇hv‖2

L2(Te)
+ ρ−|e−|‖J∇hvK‖2

L2(e−) + ρ+|e+|‖J∇hvK‖2
L2(e+))

+
(C2 + 1)ρ−

ε|e−|
‖JvK‖2

L2(e−) +
(C2 + 1)ρ+

ε|e+|
‖JvK‖2

L2(e+).

Summing over all edges e ∈ EΓ
h we get

∣∣2 ∑
e∈EΓ

h

∫
e

{ρ∇hv} · JvK
∣∣ ≤∑

e∈EΓ
h

ε(‖√ρ∇hv‖2
L2(Te)

+ ρ−|e−|‖J∇hvK‖2
L2(e−)

+ ρ+|e+|‖J∇hvK‖2
L2(e+)) +

∑
e∈EΓ

h

(C2 + 1)ρ−

ε|e−|
‖JvK‖2

L2(e−) +
(C2 + 1)ρ+

ε|e+|
‖JvK‖2

L2(e+).

Finally, the result follows by choosing ε = 1/2 and then choosing γ = (C2+1)
ε

+ 1.
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4.3.2 Continuity of the bilinear form

Next we prove continuity of the bilinear form. To do this we define the augmented

norm

‖v‖2
W = ‖v‖2

V +
∑
e∈EΓ

h

(ρ−‖{∇hv} · n‖2
L2(e−)|e−|+ ρ+‖{∇hv} · n‖2

L2(e+)|e+|). (4.29)

Lemma 4.3.3. (Continuity) Suppose that v, w ∈ V . Then, there exists a constant

C > 0, independent of h, ρ− and ρ+, such that

ah(w, v) ≤ C ‖w‖W ‖v‖W .

Additionally, if w ∈ V and v ∈ Vh we have

ah(w, v) ≤ C ‖w‖W ‖v‖V . (4.30)

Proof. We give a sketch of the proof by bounding each term of ah(·, ·) in (4.9) sepa-

rately. The first term can easily be bounded by Cauchy-Schwarz inequality

∫
Ω

ρ∇hv · ∇hw ≤ ‖
√
ρ∇hv‖L2(Ω) ‖

√
ρ∇hw‖L2(Ω).

The first part of the second term can be written as

∫
e

{ρ∇hv} · JwK =

∫
e−

{
ρ−∇hv

}
· JwK +

∫
e+

{
ρ+∇hv

}
· JwK.

Using the Cauchy-Schwarz inequality one has

∫
e±

{
ρ±∇hv

}
JwK ≤

(√
|e±|

√
ρ±‖{∇hv} · n‖L2(e±)

) √ρ±√
|e±|
‖JwK‖L2(e±).
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Let e = int (∂T1 ∩ ∂T2). If v ∈ Vh then ∇hv|T±i is constant for each i = 1, 2. Then,

we can use Lemma 4.3.1 to get

√
|e±|

√
ρ±‖{∇hv} · n‖L2(e±) ≤√

|e±|
√
ρ±‖J∇hvK‖L2(e±) + C

√
ρ±(‖∇hv‖L2(T±1 ) + ‖∇hv‖L2(T±2 ))

where C here depends on θ. The third term can be bounded by

∫
e±
ρ±JwK · JvK ≤ ρ±‖JwK‖L2(e±)‖JvK‖L2(e±).

Finally, the fourth term can be bounded by Cauchy-Schwarz inequality

∫
e±
ρ±J∇hwK J∇hvK ≤ ρ±‖J∇hvK‖L2(e±)‖J∇hwK‖L2(e±).

The proof is complete summing over the edges, using finite overlapping of the ele-

ments associated to the edges and using arithmetic-geometric mean inequality.

4.3.3 Energy error estimates

Theorem 4.3.1. (A priori energy error estimate) Let u be the solution to problem

(4.1) and uh ∈ Vh be its finite element approximation solution of (4.8). Then, there

exists C > 0, independent of h, ρ− and ρ+, such that

‖u− uh‖V ≤ C h(1 + κ)
(√

ρ−(||Du||L2(Ω−) + ‖D2u‖L2(Ω−))+√
ρ+(||Du||L2(Ω+) + ||D2u||L2(Ω+))

)
.

The constant C depends on CE from (2.27).
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Proof. Note that ‖u−uh‖V ≤ ‖u− Ihu‖V + ‖Ihu−uh‖V . Since dh := Ihu−uh ∈ Vh,

coercivity of ah(·, ·) (see (4.26)) gives

c‖dh‖2
V ≤ ah(dh, dh) = ah(Ihu− u, dh) + ah(u− uh, dh). (4.31)

Using (4.30) we obtain, for ε > 0

ah(Ihu− u, dh) ≤ C ‖Ihu− u‖W‖dh‖V ≤ C

(
ε

2
‖dh‖2

V +
1

2ε
‖Ihu− u‖2

W

)
. (4.32)

Choosing ε sufficiently small we have

‖dh‖2
V ≤ C ‖Ihu− u‖2

W + ah(u− uh, dh). (4.33)

The proof of the theorem follows by checking below Lemma 4.3.5 (approximation

error in W -norm) and Lemma 4.3.7 (inconsistency error).

We next prove the missing parts of Theorem 4.3.1. We need an estimate for

interpolant Ih (see (4.12)) in the augmented norm W , and to do so, we first need

to prove a trace inequality that goes from a part of boundary to the interior of the

domain.

Lemma 4.3.4. Let T ∈ T Γ
h and let e be an edge of T . Suppose that w ∈ H2(ω−T ) ∪

H2(ω+
T ) and |e±| > 0. Then, there exists a constant such that

1

|e±|
‖w‖2

L2(e±) ≤ C

(
1

h2
T

‖w‖2
L2(ω±T )

+ ‖Dw‖2
L2(ω±T )

+ h2
T‖D2w‖2

L2(T±)

)
.

Proof. Consider the case where e∩Γ 6= ∅. Let e1 be an interior edge of ωT , contained

in ω−T and connected by one node to e−. Edge e1 exists thanks to the r-tubular

neighborhood assumption with 2h < r. Note that chT ≤ |e1| for a constant c that
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only depends on the shape regularity of the mesh. Using the fundamental theorem

of calculus we can show (see Lemma 3 of [47] for a similar two dimensional result)

1

|e−|
‖w‖2

L2(e−) ≤ C(|e−| ‖Dw‖2
L2(e−) +

1

hT
‖w‖2

L2(e1) + hT‖Dw‖2
L2(e1)).

Noting that |ω−T | ≥ Ch2
T , and using standard trace inequalities gives the result. The

exact same argument would apply for e+. If e ∩ Γ = ∅, e− = e we apply trace

inequality from e to ω−T .

Lemma 4.3.5. (Interpolation error estimate) It holds,

‖Ihu− u‖W ≤ C h (1 + κ)
(√

ρ−(‖Du‖L2(Ω−) + ‖D2u‖L2(Ω−)) +√
ρ+(‖Du‖L2(Ω+) + ‖D2u‖L2(Ω+))

)
.

Here the constant C depends on the constant CE from (2.27).

Proof. We bound each term of ‖u−Ihu‖W , see ((4.29)) and (4.25), separately. Using

Lemma 4.2.2 we easily have

‖√ρ∇h(u− Ihu)‖2
L2(Ω) ≤ C

∑
T∈Th\T Γ

h

h2
T

(
ρ−‖D2u−E‖

2
L2(T ) + ρ+‖D2u+

E‖
2
L2(T )

)
+ C

∑
T∈T Γ

h

h2
T (1 + κ)2 ρ−(‖Du−E‖

2
L2(ωT ) + ‖D2u−E‖

2
L2(ωT ))

+ C
∑
T∈T Γ

h

h2
T (1 + κ)2 ρ+(‖Du+

E‖
2
L2(ωT ) + ‖D2u+

E‖
2
L2(ωT ))

≤ Ch2(1 + κ)2
(
ρ−(‖Du‖2

L2(Ω−) + ‖D2u‖2
L2(Ω−)) + ρ+(‖Du‖2

L2(Ω+) + ‖D2u‖2
L2(Ω+))

)

where we used (2.27) in the last inequality. We also have used finite overlapping of
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the sets ωT . We next estimate the term

∑
e∈EΓ

h

(
ρ−

|e−|
‖Ju− IhuK‖2

L2(e−) +
ρ+

|e+|
‖Ju− IhuK‖2

L2(e+)

)
.

Suppose that e = int (∂T1 ∩ ∂T2). Then, using Lemma 4.3.4 we have

ρ−

|e−|
‖Ju−IhuK‖2

L2(e−) +
ρ+

|e+|
‖Ju− IhuK‖2

L2(e+)

≤ C
ρ−

|e−|
(‖u− IT1u‖2

L2(e−) + ‖u− IT2u‖2
L2(e−))

+ C
ρ+

|e+|
(‖u− IT1‖2

L2(e+) + ‖u− IT2‖2
L2(e+))

≤ Cρ−
2∑
i=1

(
1

h2
Ti

‖u− ITiu‖2
L2(ω−Ti

)
+ ‖D(u− ITiu)‖2

L2(ω−Ti
)

+ h2
Ti
‖D2(u− ITiu)‖2

L2(ω−Ti
)

)
+ Cρ+

2∑
i=1

(
1

h2
Ti

‖u− ITiu‖2
L2(ω+

Ti
)
+ ‖D(u− ITiu)‖2

L2(ω+
Ti

)

+ h2
Ti
‖D2(u− ITiu)‖2

L2(ω+
Ti

)

)
.

If we now apply Lemma 4.2.2 and use (2.27), we get

∑
e∈EΓ

h

(
ρ−

|e−|
‖Ju− IhuK‖2

L2(e−) +
ρ+

|e+|
‖Ju− IhuK‖2

L2(e+)) ≤

Ch2(1 + κ)2
(
ρ−(‖Du‖2

L2(Ω−) + ‖D2u‖2
L2(Ω−)) + ρ+(‖Du‖2

L2(Ω+) + ‖D2u‖2
L2(Ω+))

)
.

We next bound

∑
e∈EΓ

h

(
ρ−|e−| ‖JD(u− Ihu)K‖2

L2(e−) + ρ+|e+| ‖JD(u− Ihu)K‖2
L2(e+)

)
.
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Using a trace inequality to obtain

ρ−|e−| ‖J∇h(u− Ihu)K‖2
L2(e−) + ρ+|e+| ‖J∇h(u− Ihu)K‖2

L2(e+)

≤ ρ−|e| ‖J∇h(u− Ihu)K‖2
L2(e−) + ρ+|e| ‖J∇h(u− Ihu)K‖2

L2(e+)

≤ ρ−|e|
(
‖D(u− IT1u)‖2

L2(e−) + ‖D(u− IT2u)‖2
L2(e−)

)
+ ρ+|e|

(
‖D(u− IT1u)‖2

L2(e+) + ‖D(u− IT2u)‖2
L2(e+)

)
≤ Cρ−

2∑
i=1

(
‖D(u− ITiu)‖2

L2(ω−Ti
)
+ h2

Ti
‖D2(u− ITiu)‖2

L2(ω−Ti
)

)

+ Cρ+

2∑
i=1

(
‖D(u− ITiu)‖2

L2(ω+
Ti

)
+ h2

Ti
‖D2(u− ITiu)‖2

L2(ω+
Ti

)

)
.

Again, if we apply Lemma 4.2.2 and (2.27) we obtain

∑
e∈EΓ

h

(
ρ−|e−|‖J∇h(u− Ihu)K‖2

L2(e−) + ρ+|e+|‖J∇h(u− Ihu)K‖2
L2(e+)

)
≤

Ch2(1 + κ)2
(
ρ−(‖Du‖2

L2(Ω−) + ‖D2u‖2
L2(Ω−)) + ρ+(‖Du‖2

L2(Ω+) + ‖D2u‖2
L2(Ω+))

)
.

Finally, the last term is estimated by

∑
T∈Eh

(|e−|ρ−‖{∇h(u− Ihu)} · n‖2
L2(e−) + |e+|ρ+‖{∇h(u− Ihu)} · n‖2

L2(e+)) ≤

Ch2(1 + κ)2
(
ρ−(‖Du‖2

L2(Ω−) + ‖D2u‖2
L2(Ω−)) + ρ+(‖Du‖2

L2(Ω+) + ‖D2u‖2
L2(Ω+))

)
,

exactly in the same way as it was done above.

In order to bound the inconsistency term we need a technical lemma.

Lemma 4.3.6. Let T ∈ T Γ
h and enumerate the three edges of T by e1, e2, e3. Then,
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there exists a constant m such that

|TΓ| ≤ m max
i=1,2,3

|e−i | and |TΓ| ≤ m max
i=1,2,3

|e+
i |.

The constant m is independent of r, depends only on the shape regularity of the

triangulation.

Proof. See Appendix A.1.2.

Now we are able to establish the inconsistency estimate. The constant will be

independent of the contrast of the coefficients ρ− and ρ+.

Lemma 4.3.7. (Inconsistency estimate) Let u be the solution to (4.1) and uh ∈ Vh

be its finite element approximation solution to (4.8). Then for any dh ∈ Vh, it holds

ah(u− uh, dh) ≤ Chκ
(√

ρ−
(
||Du||L2(Ω−) + h‖D2u‖L2(Ω−)

)
+
√
ρ−h‖D2u‖L2(Ω+)

)
‖dh‖V . (4.34)

The constant C depends on the constant CE from (2.27).

Proof. First note that ah(u − uh, dh) = ah(u, dh) − (f, dh). The inconsistency term

is then given by

ah(u− uh, dh) =
∑
T∈T Γ

h

∫
TΓ

(ρ−Dn−u
−)[dh],

where we have used that ρ−Dn−u
− = ρ+Dn+u+ on Γ. We also have used the notation

[dh] = d+
h − d

−
h . Note that [dh](x) = 0 on the segment line L0 ⊂ T tangent to Γ at

x0. Since the distance between this line segment and the curve TΓ is O(s2), where

we set s = |TΓ|, we have that |[dh](x)| ≤ C‖X ′′‖L∞ s2|D[dh](x)| on TΓ. Hence, we
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have

∫
TΓ

(ρ−Dn−u
−)[dh] ≤ C κ s2‖

√
ρ−Dn−u

−
E‖L2(TΓ)

√
ρ−‖D[dh]‖L2(TΓ).

For the moment, let us assume that following inequality holds

√
ρ−
√
s‖D[dh]‖L2(TΓ) ≤ CMT , (4.35)

where

MT =∑
e⊂∂T

(√
|e+|‖

√
ρ+J∇hdhK‖L2(e+) +

1√
|e+|
‖
√
ρ+ dh‖L2(e+) + ‖

√
ρ+∇hdh‖L2(ω+

T )

)

+
∑
e⊂∂T

(√
|e−|‖

√
ρ−J∇hdhK‖L2(e−) +

1√
|e−|
‖
√
ρ− dh‖L2(e−) + ‖

√
ρ−∇hdh‖L2(ω−T )

)
.

Then, ∫
TΓ

(ρ−Dn−u
−)[dh] ≤ C κ s3/2‖

√
ρ−Du−E‖L2(TΓ)MT .

Letting Bs be the ball of radius s centered at x0 we can use the trace inequality to

get

‖
√
ρ−Du−E‖L2(TΓ) ≤ C(

1√
s
‖
√
ρ−Du−E‖L2(Bs) +

√
s‖
√
ρ−D2u−E‖L2(Bs)).

Hence,

∫
TΓ

(ρ−Dn−u
−)[dh] ≤ Cs(‖

√
ρ−Du−E‖L2(Bs) + s‖

√
ρ−D2u−E‖L2(Bs))MT .
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We see that (4.34) follows after using that

∑
T∈T Γ

h

M2
T ≤ C ‖dh‖2

V ,

the inequality (2.27) and the fact that s ≤ C hT (see Lemma A.1.4).

In order to complete the proof we need to prove (4.35). Firstly, by using the

triangle inequality we have

√
ρ−
√
s‖D[dh]‖L2(TΓ) ≤

√
ρ−
√
s
(
‖Dd−h ‖L2(TΓ) + ‖Dd+

h ‖L2(TΓ)

)
.

Then by Lemma 4.3.6, there exists an edge e of T such that

s ≤ m|e+|. (4.36)

Now let e = int (∂T ∩ ∂K), for a K ∈ Th. Using that Dd+
h is constant we get

‖Dd+
h ‖L2(TΓ) =

√
s|Dd+

h | =

√
s√
|e+|
‖Dd+

h ‖L2(e+) ≤
√
m‖Dd+

h ‖L2(e+).

According to Lemma 4.3.1

|e+|2 ≤ θmax{|T+|, |K+|}. (4.37)

First, suppose that |T+| = max{|T+|, |K+|}. Then,

‖∇hd
+
h ‖L2(e+) =

√
|e+|√
|T+|
‖Dd+

h ‖L2(T+).

Hence,

‖∇hd
+
h ‖L2(e+) ≤

√
θm√
s
‖Dd+

h ‖L2(T+).
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On the other hand, if |K+| = max{|T+|, |K+|} then we have

‖∇hd
+
h ‖L2(e+) ≤ ‖D(d+

h |T − d
+
h |K)‖L2(e+) +

√
θm√
s
‖Dd+

h ‖L2(K+).

We write D(dh|T −dh|K) as its normal part and tangential part, then, use an inverse

inequality for the tangential part on e+, and have

‖∇h(d
+
h |T − d

+
h |K)‖L2(e+) ≤ ‖J∇hdhK‖L2(e+) +

C

|e+|
‖JdhK‖L2(e+),

therefore,

‖∇hd
+
h ‖L2(e+) ≤ ‖J∇hdhK‖L2(e+) +

√
θm√
s
‖Dd+

h ‖L2(K+) +
C

|e+|
‖JdhK‖L2(e+).

Combining the above inequalities we obtain

√
ρ−s‖Dd+

h ‖L2(TΓ) ≤
√
m|e+|

√
ρ+‖J∇hdhK‖L2(e+) +

C
√
ρ+
√
m√

|e+|
‖JdhK‖L2(e+)

+ Cm
√
θ(‖
√
ρ+Ddh‖L2(T+) + ‖

√
ρ+Ddh‖L2(K+)),

where we have used ρ− ≤ ρ+, so

√
ρ−s‖Dd+

h ‖L2(TΓ) ≤ C
∑
e⊂∂T

(
√
m|e+|

√
ρ+‖J∇hdhK‖L2(e+) +

√
ρ+
√
m√

|e+|
‖JdhK‖L2(e+))

+m
√
θ‖
√
ρ+∇hdh‖L2(ω+

T ).
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Using the same argument we can prove

(ρ−s)1/2‖Dd−h ‖L2(TΓ) ≤ C
∑
e⊂∂T

(
√
m|e−|

√
ρ−‖JDdhK‖L2(e−) +

√
ρ−
√
m√

|e−|
‖JdhK‖L2(e−))

+ Cm
√
θ‖
√
ρ−∇hdh‖L2(ω−T ).

Combining the two last inequalities we obtain (4.35).

Now we would like to state a corollary of Theorem 4.3.1 using regularity of the

solution to give error estimates in terms of the data of problem (4.1). We first need

some regularity results. We start with a standard energy estimate.

Combining Theorem 4.3.1 and the regularity results for a solution of problem

(4.1) studied in Section (2.4.1) we have the following corollary.

Corollary 4.3.1. Let u be the solution to (4.1) and uh ∈ Vh be its finite element

approximation. If Ω is convex, we have

‖u− uh‖V ≤
C h(1 + κ)√

ρ−
‖f‖L2(Ω). (4.38)

The constant C depends on the constant CE from (2.27) and the constant Creg from

(2.23).

Proof. The result is obtained combining: a priori error estimate in Theorem (4.3.1),

estimate (2.17) in Proposition (2.4.1) for the H1 semi-norm weighted with
√
ρ±, and

estimate (2.23) in Proposition 2.4.3 (observing that ρ− ≤ ρ+).
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4.3.4 L2-error estimates

We now prove an L2 error estimate using standard duality techniques for discontin-

uous Galerkin methods [26].

Theorem 4.3.2. Let u be the solution to problem (4.1) and uh ∈ Vh be its finite

element approximation solution to (4.8). Assume that Ω is convex. Then, there

exists a constant C > 0 independent of h, ρ− and ρ+, such that

‖u− uh‖L2(Ω) ≤
C h2(1 + κ)2

ρ−
‖f‖L2(Ω). (4.39)

The constant C depends on CE from (2.27) and Creg from (2.23)

Proof. Let φ be a solution of the problem

−ρ±∆φ± = (u− uh)± in Ω±, (4.40a)

φ = 0 on ∂Ω, (4.40b)

[φ] = 0 on Γ, (4.40c)

[ρDnφ] = 0 on Γ. (4.40d)

We have

‖u− uh‖2
L2(Ω) =

∫
Ω

(u− uh)u−
∫

Ω

(u− uh)uh = ah(φ, u)− ah(φh, uh),
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where φh is the finite element approximation of φ. Therefore, we see that

‖u− uh‖2
L2(Ω) = ah(φ, u− uh) + ah(φ− φh, uh) (4.41)

= ah(φ− φh, u− uh) + ah(u− uh, φh) + ah(φ− φh, uh)

= ah(φ− φh, u− uh) + ah(u− uh, φh − Ihφ) + ah(u− uh, Ihφ)

+ ah(φ− φh, uh − Ihu) + ah(φ− φh, Ihu).

Using continuity of the bilinear form we have

ah(φ− φh, u− uh) ≤ C‖φ− φh‖W ‖u− uh‖W .

Using the triangle inequality we have

‖u− uh‖W ≤ ‖u− Ihu‖W + ‖Ihu− uh‖W .

It is not difficult to show that

‖Ihu− uh‖W ≤ C‖Ihu− uh‖V .

Hence,

‖u− uh‖W ≤ ‖u− Ihu‖W + ‖u− uh‖V .

Now using Theorem 4.3.5, Theorem 4.3.1, (2.23) and (2.17) we get

‖u− uh‖W ≤ C h(1 + κ)√
ρ−

‖f‖L2(Ω).

Similarly,

‖φ− φh‖W ≤ C h(1 + κ)√
ρ−

‖u− uh‖L2(Ω),
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and hence we have a bound for the first term in (4.41)

ah(φ− φh, u− uh) ≤
C h2(1 + κ)2

ρ−
‖f‖L2(Ω) ‖u− uh‖L2(Ω).

Using Lemma 4.3.7, (2.23) and (2.17) we have

ah(u− uh, φh − Ihφ) ≤ C h(1 + κ)√
ρ−

‖f‖L2(Ω)‖Ihφ− φh‖V ,

which implies the following bound for the second term in (4.41)

ah(u− uh, φh − Ihφ) ≤ C h2(1 + κ)2

ρ−
‖f‖L2(Ω)‖u− uh‖L2(Ω).

Analogously, for the fourth term in (4.41)we have

ah(φ− φh, uh − Ihu) ≤ C h2(1 + κ)2

ρ−
‖f‖L2(Ω)‖u− uh‖L2(Ω).

For the third term in (4.41) we have

ah(u− uh, Ihφ) =
∑
T∈T Γ

h

∫
TΓ

(ρ−Dn−u
−)[Ihφ]. (4.42)

Using the Cauchy-Schwarz inequality we obtain

ah(u− uh, Ihφ) ≤ ‖
√
ρ−Dn−u

−‖L2(Γ)

√
ρ−
( ∑
T∈T Γ

h

‖[Ihφ]‖2
L2(TΓ)

)1/2

,

For the first term in (4.3.4) we apply a trace inequality to obtain

‖
√
ρ−Dnu

−‖L2(Γ) ≤ C
√
ρ−(‖D2u‖L2(Ω−) + ‖Du‖L2(Ω−)) ≤

C√
ρ−
‖f‖L2(Ω).
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where we used (2.23), (2.17) and the fact that ρ− ≤ ρ+. Now for the second term in

(4.3.4), we note that [Ihφ] = 0 on L0 and that L0 is at most distance O(s2) from TΓ

where s = |TΓ|. Therefore we can use, Taylor’s theorem to show that

[Ihφ](x) ≤ C‖X ′′‖L∞s2|D[Ihφ]|(x) ∀x ∈ TΓ.

Hence,

‖[Ihφ]‖L2(TΓ) ≤ Cκr2‖D[Ihφ]‖L2(TΓ) ≤ Cκh2
T‖D[Ihφ]‖L2(TΓ),

where we used that s ≤ C hT . Consequently, adding and subtracting D[φ]

( ∑
T∈T Γ

h

‖[Ihφ]‖2
L2(TΓ)

)1/2

≤ Cκ
( ∑
T∈T Γ

h

h4
T‖D[Ihφ− φ]‖2

L2(TΓ)

)1/2

+ Cκ
( ∑
T∈T Γ

h

h4
T‖D[φ]‖2

L2(TΓ)

)1/2

.

Observe that

h2‖D[φ]‖L2(Γ) ≤ Ch2(‖Dφ+‖L2(Γ) + ‖Dφ−‖L2(Γ)).

Application of trace inequality gives

( ∑
T∈T Γ

h

‖D[φ]‖2
L2(TΓ)

)1/2

≤ Ch2
(
‖D2φ‖L2(Ω−) + ‖Dφ‖L2(Ω−) + ‖D2φ‖L2(Ω+) + ‖Dφ‖L2(Ω+)

)
.
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For the other term we use that Ihφ|T = ITφ and use a trace inequality to bound

‖D[Ihφ− φ]‖L2(TΓ) = ‖D[ITφ− φ]‖L2(TΓ)

≤ C√
hT

(‖D(ITφ− φ)‖L2(ω−T ) + ‖D(ITφ− φ)‖L2(ω+
T ))

+ C
√
hT (‖D2φ‖L2(ω−T ) + ‖D2φ‖L2(ω+

T )).

From (4.15) and (4.16) (using that ρ− ≤ ρ+) we obtain

‖D(ITφ− φ)‖L2(ω−T ) + ‖D(ITφ− φ)‖L2(ω+
T ) ≤ ChT (‖D2φ‖L2(ω−T ) + ‖D2φ‖L2(ω+

T )).

Therefore,

( ∑
T∈T Γ

h

h4
T‖D[Ihφ− φ]‖2

L2(TΓ)

)1/2

≤ C h2κ(‖D2φ‖L2(Ω−) + ‖Dφ‖L2(Ω−))

+ C h2(‖D2φ‖L2(Ω+) + ‖Dφ‖L2(Ω+)).

Hence, using the regularity result (2.23) and (2.17) we have

√
ρ−
( ∑
T∈T Γ

h

‖[Ihφ]‖2
L2(TΓ)

)1/2

≤ Ch2κ√
ρ−
‖u− uh‖L2(Ω).

Thus, we obtain the bound for the third term in (4.41)

ah(u− uh, Ihφ) ≤ Ch2κ

ρ−
‖f‖L2(Ω)‖u− uh‖L2(Ω).

In a similar fashion we can prove

ah(φ− φh, Ihu) ≤ Ch2κ

ρ−
‖f‖L2(Ω)‖u− uh‖L2(Ω).

The proof is complete after combining the above inequalities for the terms in (4.41).
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4.4 Final discussion

4.4.1 Extension to three dimensions

We now show that the space S(T ), introduced in (4.6), can easily be extended in three

dimensions. We consider the problem (4.1) where Ω is a three dimensional domain

and Γ is a simple, closed, C2 surface. Let now Th be a simplicial triangulation of Ω.

Let Eh be all the faces of the mesh Th. Finally, let EΓ
h be the set of all faces that

belong to a tetrahedron that intersects Γ.

We now define the local finite element space. Let T ∈ Th be a tetrahedron. Let

x0 be a fixed point on Γ∩ T . Let n+
0 be the outward pointing unit vector normal to

Ω+ at x0. Let t+0 , s
+
0 be such that {n+

0 , t
+
0 , s

+
0 } forms an orthonormal system.

Given v ∈ P1(T+) there exists a unique Υ(v) ∈ P1(T−) satisfying

Υ(v)(x0) = v(x0),(
Dt+0 Υ(v)

)
(x0) =

(
Dt+0 v

)
(x0),(

Ds+
0

Υ(v)
)

(x0) =
(
Ds+

0
v
)

(x0),

ρ−
(
Dn+

0
Υ(v)

)
(x0) = ρ+

(
Dn+

0
v
)

(x0).

Given T ∈ T Γ
h and for each v ∈ P1(T+) we can consider the unique corresponding
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function

G(v) =


v in T+,

Υ(v) in T−.

Let span {v1, v2, v3, v4} be a basis for P1(T ) restricted to T+. Then we define

the local finite element space

S(T ) =


span

{
G(v1), G(v2), G(v3), G(v4)

}
, if T ∈ T Γ

h ;

P1(T ) , if T ∈ Th\T Γ
h .

Consequently, the global finite element space is given by

Vh :=
{
v : v|T ∈ S(T ), ∀T ∈ Th, v is continuous across all faces in Eh\EΓ

h

}
.

The numerical method is now given by (4.8), where e± = e ∩ Ω± are pieces of e

a face of a tetrahedra.

4.4.2 Alternative local spaces

An alternative approach to enforce weak continuity of our local space S(T ) is nor-

mally used in the literature (see [38]). Instead of enforcing continuity of function

and tangential derivative at x0 one imposes continuity at two distinct points x1, x2.

More precisely, define x1, x2 be the two points in Γ that intersect ∂T . Then, one can
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define Υ(v) (in contrast to the definition in Lemma 4.1.1) by

Υ(v)(xi) = v(xi) for i = 1, 2

ρ−(Dn+
0

Υ(v))(x0) = ρ+(Dn+
0
v)(x0).

Subsequently, ITu is now defined by

(I−T u)(xi) := (JTu
+
E)(xi) =: (I+

T u)(xi) for i = 1, 2

ρ−(Dn+
0
I−T u)(x0) := ρ+(Dn+

0
JTu

+
E)(x0) =: ρ+(Dn+

0
I+
T u)(x0).

Defining the finite element method using these local spaces, we can prove all the

a-priori estimates above.

Another alternative is to enforce the matching conditions by averaging on TΓ.

More precisely, one can redefine Υ(v) in Lemma 4.1.1 by

∫
TΓ

Υ(v) ds :=

∫
TΓ

v,∫
TΓ

Υ(v) s ds :=

∫
TΓ

v s,∫
TΓ

ρ+Dn+Υ(v) :=

∫
TΓ

ρ−Dn+v,

or alternatively, one can replace the second equation by

∫
TΓ

Dt+Υ(v) ds :=

∫
TΓ

Dt+ vds.

Even though their numerical implementation is more complicated and require numer-

ical integrations, these alternatives have the advantage that the analysis is shorter

especially for the consistency error, and also can be formulated using Lagrange mul-

tipliers [5].
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4.4.3 Extension to Cartesian grids

We note that the analysis and methods developed here can be easily extended to

Cartesian grids and Q1 elements. One possibility would be to use same local spaces

S(T ) defined before for quadrangular elements T ∈ T Γ
h , that is, one has three degrees

of freedom for T ∈ T Γ
h and four degrees otherwise. In case one wants to have four

degrees of freedom for T ∈ T Γ
h , let the space S(T ) then be a piecewise bilinear

function under the coordinates n0, t0 and impose

Υ(v)(x0) := v(x0)

(Dt+0 Υ(v))(x0) := (Dt+0 v)(x0)

ρ−(Dn+
0

Υ(v))(x0) := ρ+(Dn+
0
v)(x0)

ρ−(Dn+
0
Dt+0 Υ(v))(x0) := ρ+(Dn+

0
Dt+0 v)(x0)

4.4.4 Alternative bilinear forms

In this section we discuss alternative bilinear forms. We will point out what are

the theoretical difficulties in analyzing these alternative methods. When we provide

numerical experiments in the following section we will also see that, although we

cannot prove stability for some methods, they sometimes do well experimentally in

some of the norms.

Firstly, formulation without flux stabilization has been used for example in [84].
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Methods (4.43) and (4.44) experiment this direction.

ah(w, v) :=

∫
Ω

ρ∇hw · ∇hv −
∑
e∈EΓ

h

∫
e

({
ρ∇hv

}
· JwK +

{
ρ∇hw

}
· JvK

)
(4.43)

+ γ
∑
e∈EΓ

h

1

|e|

(∫
e−
ρ−JwK · JvK +

∫
e+
ρ+JwK · JvK

)
.

ah(w, v) :=

∫
Ω

ρ∇hw · ∇hv −
∑
e∈EΓ

h

∫
e

({
ρ∇hv

}
· JwK +

{
ρ∇hw

}
· JvK

)
(4.44)

+ γ
∑
e∈EΓ

h

(
1

|e−|

∫
e−
ρ−JwK · JvK +

1

|e+|

∫
e+
ρ+JwK · JvK

)
.

The problem with these methods is that we cannot establish neither the optimal

inconsistency error nor the coercivity independent of the contrast and the mesh.

This is due since in our proofs the presence of the flux stabilization terms, not

appearing in (4.44) nor (4.43), allows us to transfer estimates in an element with a

small portion in Ω± to a neighbor element with a larger portion in the sub-domain,

avoiding mixing of the estimates in the different sub-domains.

We note that methods (4.43) and (4.44) seem to do well numerically in the L2

and energy norms, however, they are mesh dependent in the L∞ norm and they do

not converge in the weighted W 1,∞ norm.

The method that seems to do the best numerically, slightly better than the
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proposed method, is the following one:

ah(w, v) :=

∫
Ω

ρ∇hw · ∇hv −
∑
e∈EΓ

h

∫
e

({
ρ∇hv

}
· JwK +

{
ρ∇hw

}
· JvK

)
(4.45)

+ γ
∑
e∈EΓ

h

(
1

|e−|

∫
e−
ρ−JwK · JvK +

1

|e+|

∫
e+
ρ+JwK · JvK

)

γF
∑
e∈EΓ

h

|e|
(∫

e−
ρ−J∇hvK J∇hwK +

∫
e+
ρ+J∇hvK J∇hwK

)
.

The difference between this method and the one analyzed in this paper is that we

are using a stronger flux stabilization (i.e. we replace |e±| by |e| and we introduce a

flux stabilization parameter γF ). It is not difficult to see, that we can prove all the

error estimates contained in this paper for this method. In particular, the coercivity

of the bilinear form is obvious since we are adding even more stabilization. Clearly,

now we would have to redefine our V and W norms but the approximation properties

will still hold. In summary, Theorem 4.3.1 and Corollaries 4.3.1 and 4.3.2 hold for

this formulation.

A very natural question would be if we can penalize the jump terms with 1/|e|

instead of 1/|e±| and get a stable and optimally convergent method independent of

contrast. The answer is yes, as long as we penalize the jump of the full gradient

instead of the flux.

ah(w, v) :=

∫
Ω

ρ∇hw · ∇hv −
∑
e∈EΓ

h

∫
e

({
ρ∇hv

}
· JwK +

{
ρ∇hw

}
· JvK

)
(4.46)

+ γ
∑
e∈EΓ

h

1

|e|

(∫
e−
ρ−JwK · JvK +

∫
e+
ρ+JwK · JvK

)

γF
∑
e∈EΓ

h

|e|
(∫

e−
ρ− [∇v]⊗ · [∇w]⊗ +

∫
e+
ρ+ [∇v]⊗ · [∇w]⊗

)
,



120

where the jumps in the last line are defined by

[∇v]⊗ = ∇v− ⊗ n− +∇v+ ⊗ n+.

and the symbol ⊗ denotes the outer product between vectors.

We note that in the coercivity and inconsistency error analysis proofs, we have

used the inverse inequality |e−| ‖Dnv‖L2(e−) ≤ C ‖∇v‖L2(T−) (where T− is a triangle

with edge e, and similar result for e+) in particular in the estimation of the left-hand

side of (4.28). For method (4.46) we want to avoid using this inverse estimate and the

factor 1/|e−| (also 1/|e+|). Let x be the vertex of e belonging to Ω−. Using the ideas

in the proof of Lemma 4.3.1, we can find a sequence of elements {T2, T3, · · · , TN}

in the patch of x, and common edges {e2, e3, · · · , eN−1} with ēi = T i ∩ T i+1 and

e−i := ei ∩ Ω−, such that, |e−| ≤ σ|e−2 | ≤ σ2|e−3 | ≤ σN−2|e−N−1| = σN−1|e| where

σ a positive constant bounded uniformly from below by zero and N is bounded

depending on the shape regularity of the mesh. Then, we bound the left-hand side

of (4.28) by using recursively

‖∇v|Ti−1
‖2
L2(e−i )

≤ 2
(
‖ [∇v]⊗ ‖

2
L2(e−i )

+ ‖∇v|Ti‖2
L2(e−i )

)
,

and

‖∇v|Ti‖2
L2(e−i )

≤ 1/σ‖∇v|Ti‖2
L2(e−i+1)

,

and then use that

‖∇v|TN‖2
L2(e−N−1)

≤ (C/|e|) ‖∇v‖2
L2(T−N )

.

Hence,

|e| ‖∇v‖2
L2(e−) ≤ C

N∑
i=2

|e| ‖ [∇v]⊗ ‖
2
L2(e−i )

+
C

|e|
‖∇v‖2

L2(T−N )
.
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4.4.5 Concluding remarks

In this chapter rigorous error estimates independent of contrast were derived. How-

ever, many interesting research questions remain. Firstly, we kept track, as much as

possible, of how the constants depend on the geometry (e.g. curvature). However,

there are two constants, CE and Creg, that we did not investigate in detail how they

scale with geometric quantities such as maximum curvature and the radius r of the

tubular neighborhood. We believe it is possible to prove a bound for CE in terms of

geometric quantities, but for the sake of simplicity we did not investigate it here. In

addition, the regularity constant Creg appearing in (2.23) depends on the geometry.

Addressing these issues will lead to error estimates that are completely explicit on

their dependence on the curvature and radius r of the tubular neighborhood.

Secondly, our method and error estimates do not consider problems with high

curvature. An interesting line of research would be to investigate problems with

interfaces of arbitrary curvature. In this direction, perhaps a combination of the

method presented here and the multicale method by Chu et al. in [38] could be a

possible approach.

Thirdly, rigorous error analysis for higher order Immersed Finite Element meth-

ods (k > 1) remains open. It would be interesting to study this, in particular, for

high-contrast problems.

Finally, we would like to study the sharpness of our assumptions in Assumption

2.1. For instance, we observe that our method is still well-defined without assumption

3.
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4.5 Numerical examples

In this section we explore the properties of the methods presented in sections above

applied to the two dimensional interface problem (4.1). In particular, we are in-

terested in the computation of the following errors and their respective ratio of

convergence

e0
h := ‖u− uh‖L2(Ω), e∞h := ‖u− uh‖L∞(Ω),

e1
h,
√
ρ := ‖√ρ∇h(u− uh)‖L2(Ω), e1,∞

h,
√
ρ := ‖√ρ∇h(u− uh)‖L∞(Ω),

e1
h,ρ := ‖ρ∇h(u− uh)‖L2(Ω), e1,∞

h,ρ := ‖ρ∇h(u− uh)‖L∞(Ω),

en,∞h,ρ := ‖ρDn(u− uh)‖L∞(Γ), ẽ1,∞
h,ρ := ‖ρ∇h(u− uh)‖L∞(Ω\(∪{T :T∈T Γ

h }))

eoc(e) :=
log(ehl+1

/ehl)

log(hl+1/hl)
.

Computation (or approximation) of the L∞ norms are performed evaluating the error

at the following set of points: if an element does not intersect the interface then the

set of points are the nodes and the centroid of the element, if the element does

intersect the interface we evaluate at the nodes and at the two points intersections of

the interface with the edges of the element. We observe that the errors corresponding

to the L2 norm and W 1,2 weighted with
√
ρ semi-norm correspond to the only results

proved in this paper, Theorem 4.3.2 and 4.3.1 respectively. We expect optimal

convergence, second order in the L2 norm and first order in the weighted W 1,2 semi-

norm. We also compute the analogous in the L∞ norm and W 1,∞ weighted with
√
ρ

semi-norm. In addition, we compute the errors in the W 1,2 and W 1,∞ semi-norm

weighted with ρ. Note that the estimate for the interpolation error is also achieved

in this semi-norm. Indeed, this is a consequence of Lemma 4.2.2 and Proposition
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2.4.3 and 2.4.2

‖ρ∇h(u− Ihu)‖L2(Ω) ≤ Ch‖f‖L2(Ω).

A revealing result of our experiments is that the ratio of convergence of the error

is optimal when we compute using the triangles non intersecting the interface. Error

ẽ1,∞
h,ρ illustrates this observation. Finally, error en,∞h,ρ is a standard error for interface

problems, illustrating the approximation of the normal derivative on the interface.

The experiment presented below shows that method (4.8)-(4.45) produces the

best results. This method (and all the others) does not seem optimal for the W 1,∞

error weighted with ρ. However, it is optimal when we do not consider the elements

in T Γ
h . We highlight that this result was not remotely addressed in this paper, and

this kind of estimates appear to be more difficult. For the method that we analyzed

(4.8)-(4.9) we observe an uncertain behavior in the error e1,∞
h,ρ for the last mesh, not

achieving the optimal convergence as in the previous method. We also present tables

for one of the method without flux stabilization, method (4.8)-(4.44). We observe

non convergence so far for the error e1,∞
h,
√
ρ and in the last mesh a deterioration in

the L∞ norm. Moreover, optimal convergence for the normal flux error en,∞h,ρ is not

observed.

In our numerical experiments we consider the two dimensional domain Ω =

(−1, 1)2 with the immersed interface Γ = {x ∈ Ω : x2 + y2 = (1/3)2}. We de-

fine Ω− := {(x, y) ∈ Ω : x2 + y2 < (1/3)2} and Ω+ = Ω\(Ω− ∪ Γ). Numerical
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examples 4.1 and 4.2 consider the following exact solution

u(x, y) =


rα

ρ−
, if (x, y) ∈ Ω−,

rα

ρ+ +
(

1
3

)α
( 1
ρ−
− 1

ρ+ ) , if (x, y) ∈ Ω+,
(4.47)

where r =
√
x2 + y2 and α = 2. Example 4.1 considers the configuration Γ = ∂Ω−

(Ω− as the inclusion), whilst Example 4.2 considers Γ = ∂Ω+ (Ω+ as the inclusion).

We provide plots of the approximate solution for both cases.

Finite element uniform triangular meshes Th that are non-fitted with the interface

were used. In the tables we compute with h = 2−(l+3/2), for l = 1, ..., 7.

All the computations were performed in MATLAB, including solution of the

linear system by means of “\”.

Example 4.1. Case Γ = ∂Ω− (i.e. Ω− is the inclusion), ρ+ = 104 and ρ− = 1.

Tables 4.1 and 4.2 show the results obtained by method (4.8)-(4.45) with stabiliza-

tion parameters γ = 10 and γF = 10. Note that this method has a stronger flux

stabilization that the method analyzed in the paper.

The results in Table 4.1 show optimal convergence for the errors e1
h and e0

h validat-

ing the theoretical results Theorem 4.3.1 and 4.3.2. In addition, we observe optimal

convergence for the error e∞h and e1,∞
h,
√
ρ. The error e1

h,ρ, weighted with ρ instead of

√
ρ, converges optimally. However, the rate of convergence of the error e1,∞

h,ρ is not

optimal. An interesting observation is that the error ẽ1,∞
h,ρ converges optimally, indi-

cating that is only a couple of elements where the error does not converge. Another

appealing feature of the method is the optimal order of convergence for the error

en,∞h,ρ .

In addition, in order to test the independence of the coefficient ρ± of our estimate
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l e0
h eoc e∞h eoc e1

h,
√
ρ eoc e1,∞

h,
√
ρ eoc

1 8.2e-3 − 2.5e-2 − 1.1e-1 − 3.7e-1 −
2 1.7e-3 2.28 5.7e-3 2.12 4.4e-2 1.30 2.1e-1 0.86

3 2.7e-4 2.63 1.3e-3 2.19 1.8e-2 1.29 9.7e-2 1.08

4 4.6e-5 2.57 3.2e-4 1.97 8.3e-3 1.12 5.2e-2 0.90

5 9.0e-6 2.34 7.2e-5 2.15 3.9e-3 1.07 2.5e-2 1.08

6 2.0e-6 2.19 1.8e-5 2.01 1.9e-3 1.03 1.3e-2 0.92

7 4.7e-7 2.08 4.6e-6 1.94 9.5e-4 1.02 6.8e-3 0.94

l e1
h,ρ eoc e1,∞

h,ρ eoc ẽ1,∞
h,ρ eoc en,∞h,ρ eoc

1 3.9e-1 − 7.0e-1 − 7.0e-1 − 3.7e-1 −
2 1.6e-1 1.32 6.1e-1 0.19 4.0e-1 0.81 2.1e-1 0.86

3 6.4e-2 1.29 1.9e-1 1.68 1.9e-1 1.07 9.7e-2 1.08

4 2.9e-2 1.15 2.2e-1 -0.20 1.0e-1 0.91 4.9e-2 1.00

5 1.4e-2 1.09 1.4e-1 0.65 5.0e-2 1.01 2.5e-2 0.98

6 6.6e-3 1.04 6.6e-2 1.09 2.5e-2 0.99 1.2e-2 1.00

7 3.2e-3 1.02 5.1e-1 -2.95 1.3e-2 0.98 6.2e-3 1.00

Table 4.1: Example 4.1: errors and experimental orders of convergence (eoc) with ρ− = 1 and
ρ+ = 104, using method (4.8)-(4.45) with stabilization parameters γ = 10 and γF = 10.

ρ+ e0
h e1

h,ρ e1
h,
√
ρ

101 2.3e-6 6.5e-3 2.8e-3

102 2.0e-6 6.6e-3 2.0e-3

103 2.0e-6 6.6e-3 1.9e-3

104 2.0e-6 6.6e-3 1.9e-3

105 2.0e-6 6.6e-3 1.9e-3

106 2.0e-6 6.6e-3 1.9e-3

Table 4.2: Example 4.1: errors with ρ− = 1 and h = 2−(6+3/2), using method (4.8)-(4.45) with
stabilization parameters γ = 10 and γF = 10.
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in Theorem 4.3.1, we consider the exact solution (4.47) with a fix mesh corresponding

to h = 2−(5+3/2). We compute errors e0
h, e

1
h,ρ and e1

h,
√
ρ for ρ− = 1 and increasing

values of ρ+. We summarize the results in Table 4.2. We observe that although we

increase ρ+ the errors remain constant, showing the contrast independency of our

estimates.

We present in Table 4.3 the errors and convergence orders for the method ana-

lyzed in the paper (4.8)-(4.9).

l e0
h eoc e∞h eoc e1

h,
√
ρ eoc e1,∞

h,
√
ρ eoc

1 8.6e-3 − 2.6e-2 − 1.1e-1 − 3.7e-1 −
2 1.7e-3 2.31 6.0e-3 2.14 4.5e-2 1.30 2.0e-1 0.90

3 2.8e-4 2.63 1.3e-3 2.18 1.8e-2 1.31 9.3e-2 1.09

4 4.7e-5 2.57 3.4e-4 1.97 8.4e-3 1.12 5.5e-2 0.76

5 9.2e-6 2.35 7.6e-5 2.16 4.0e-3 1.08 2.6e-2 1.09

6 2.0e-6 2.20 1.9e-5 2.01 1.9e-3 1.03 1.4e-2 0.91

7 4.7e-7 2.09 5.1e-6 1.88 9.5e-4 1.02 7.1e-2 -2.37

l e1
h,ρ eoc e1,∞

h,ρ eoc ẽ1,∞
h,ρ eoc en,∞h,ρ eoc

1 4.0e-1 − 7.4e-1 − 7.4e-1 − 3.7e-1 −
2 1.6e-1 1.33 2.5e+0 -1.79 4.0e-1 0.90 2.0e-1 0.90

3 6.4e-2 1.31 2.8e-1 3.20 1.9e-1 1.07 9.2e-2 1.11

4 2.9e-2 1.15 1.6e+0 -2.56 9.7e-2 0.96 4.5e-2 1.01

5 1.4e-2 1.09 4.8e-1 1.76 4.7e-2 1.04 2.3e-2 0.96

6 6.6e-3 1.05 4.8e-1 0.01 2.4e-2 1.00 1.1e-2 1.05

7 3.2e-3 1.02 7.1e+0 -3.88 1.8e-2 0.42 5.9e-3 0.93

Table 4.3: Example 4.1: errors and experimental orders of convergence (eoc) with ρ− = 1 and
ρ+ = 104, using method (4.8)-(4.9) with stabilization parameter γ = 10.

The results in Table 4.3 show optimal convergence for the errors e1
h,
√
ρ and e0

h

validating the theoretical results Theorem 4.3.1 and 4.3.2. In addition we observe

optimal convergence for the error e∞h . The error e1,∞
h,
√
ρ seems to converge optimal

up to mesh l = 6, and then for the last mesh the rate can possibly be affected by

the choice of the flux stabilization parameter. As in the previous test the error ē1
h

converges optimally, however for the rest of the errors the convergence is not as clear
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as in the previous method. We suspect that this phenomena is related to the weights

|e±| in the flux stabilization.

Finally, Table 4.4 displays error and convergence orders for the method without

flux stabilization (4.8)-(4.44).

l e0
h eoc e∞h eoc e1

h,
√
ρ eoc e1,∞

h,
√
ρ eoc

1 1.7e-3 − 7.0e-3 − 5.8e-2 − 2.2e-1 −
2 4.5e-3 1.88 2.9e-3 1.29 3.1e-2 0.89 1.6e-1 0.51

3 3.6e-4 0.31 6.1e-3 -1.08 1.2e-1 -1.89 1.3e+1 -6.37

4 2.8e-5 3.69 2.1e-4 4.87 7.7e-3 3.92 2.0e-1 5.98

5 7.3e-6 1.96 5.0e-5 2.05 3.8e-3 1.02 1.5e-1 0.40

6 1.7e-6 2.06 1.2e-5 2.05 1.9e-3 1.01 2.5e-2 -0.70

7 4.5e-7 1.95 4.0e-6 1.60 9.5e-4 0.99 1.1e-1 0.23

l e1
h,ρ eoc e1,∞

h,ρ eoc ẽ1,∞
h,ρ eoc en,∞h,ρ eoc

1 2.1e-1 − 5.8e-1 − 2.2e-1 − 1.5e-1 −
2 1.3e-1 0.69 1.4e+1 -4.58 1.5e-1 0.49 1.1e-1 0.39

3 7.3e-1 -2.46 1.3e+2 0.10 8.9e-1 -2.5 1.3e+1 -6.83

4 2.8e-2 4.70 7.2e+0 0.84 5.3e-2 4.07 2.0e-1 6.00

5 1.3e-2 1.07 2.6e+0 1.50 2.9e-2 0.86 1.5e-1 0.39

6 7.0e-3 0.93 2.1e+0 0.27 3.7e-2 -0.35 2.5e-1 -0.71

7 3.3e-3 0.99 8.6e+0 -2.10 2.1e-2 0.86 1.1e-3 0.23

Table 4.4: Example 4.1: errors and experimental orders of convergence (eoc) with ρ− = 1 and
ρ+ = 104, using method (4.8)-(4.44) with stabilization parameter γ = 10.

The results in Table 4.4 show optimal asymptotical convergence for the errors

e1
h,
√
ρ and e0

h. In addition we observe a slightly sub-optimal convergence for the error

e∞h , approximately 1.8. The error e1,∞
h,
√
ρ does not seem to converge. As in the previous

test the error e1
h,ρ converges asymptotically to 1, however for the rest of the errors

we do not observe convergence.

Example 4.2. Case Γ = ∂Ω+ (i.e. Ω+ is the inclusion), ρ+ = 104 and ρ− = 1. Table

4.5 show the results obtained by method (4.8)-(4.45) with stabilization parameters

γ = 10 and γF = 10.
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l e0
h eoc e∞h eoc e1

h,
√
ρ eoc e1,∞

h,
√
ρ eoc

1 2.2e-2 2.4e-2 4.1e-1 7.4e-1

2 5.3e-3 2.06 6.2e-3 1.95 2.0e-1 1.01 3.8e-1 0.97

3 1.3e-3 2.02 1.6e-3 1.98 1.0e-1 1.01 1.9e-1 0.98

4 3.2e-4 2.01 4.0e-4 1.99 5.1e-2 1.00 9.6e-2 0.99

5 8.1e-5 2.00 1.0e-4 1.99 2.5e-2 1.00 4.8e-2 1.00

6 2.0e-5 2.00 2.5e-5 2.00 1.3e-2 1.00 2.4e-2 1.00

7 5.1e-6 2.00 6.3e-6 2.00 6.4e-3 1.00 1.2e-2 1.00

Table 4.5: Example 4.2: errors and experimental orders of convergence (eoc) with ρ− = 1 and
ρ+ = 104, using method (4.8)-(4.45) with stabilization parameters γ = 10 and γF = 10.

Figure 4.3: Approximate solutions by method (4.8)-(4.45) of problem (4.1). Left figure: Example
4.1 case Γ = ∂Ω−. Right figure: Example 4.2 case Γ = ∂Ω+.



Chapter Five

High contrast interface problem II:

analysis of a Nitsche finite element

method
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5.1 Unfitted Nitsche finite element method

This chapter is devoted to the analysis of an stabilized Nitsche finite element method

based on piecewise linear polynomials, applied to the Poisson interface problem with

constant discontinuous coefficients (4.1), and using triangulations that are non-fitted

with the interface.

5.1.1 Introduction

We begin rewriting the equations of the model problem. Let Ω ⊂ R2 be an open

polygonal domain with an immersed smooth interface Γ such that Ω = Ω
−∪ Ω

+
and

Γ encloses either Ω− or Ω+. Consider the problem

−∇ · (ρ±∇u±) = f± in Ω±, (5.1a)

u± = 0 on ∂Ω±\Γ, (5.1b)

[u] = α on Γ, (5.1c)

[ρ∇u · n] = β on Γ, (5.1d)

where u± ≡ u|Ω± and the jumps on Γ defined as before (4.2). We recall that the

diffusion coefficients ρ+ ≥ ρ− > 0 are constant. We will present a priori error

analysis for the case α, β ≡ 0. The method that we will present and analyze in

this chapter for the case of homogeneous jump conditions is a variant (simplification

without weighted averages) of the method introduced in [33]. This method includes

a stabilization term, also known as ghost penalty stabilization term, with support

on edges near the interface. See also [64] for the method without this stabilization

term. The final goal of this chapter is to prove optimal error estimates independent
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of the constant of the discontinuous constant coefficients.

In this section we introduce a slightly simplified version of the unfitted Nitsche

finite element method for high contrast interface problems by Burman and Zunino,

Section 3.3 in [33]. The main idea behind this method differs substantially from those

that help us to design the finite element approximations in the previous chapters.

Here, by means of extension lemmas (see Section 2.4), we will consider the continuous

solution of problem (5.1) as a pair of functions (u−, u+) with support slightly bigger

than Ω− and Ω+, respectively.

5.1.2 Notation

We begin introducing the discrete sub-domains Ω±h containing the sub-domains Ω±

Ω±h := int
( ⋃
T∈T ±h

T
)
. (5.2)

In addition, we consider the edges subset of EΓ
h , Definition (2.2.8), restricted to the

interior of Ω±h

EΓ,±
h := {e = int (∂T1 ∩ ∂T2) : T1, T2 ∈ T ±h , and T1 ∩ Γ 6= ∅ or T2 ∩ Γ 6= ∅}.

Let us define the broken Sobolev spaces (note that they differ from the ones

defined in the previous chapter)

H2
h(Ω±h ) := {v ∈ H1(Ω±h ) : v|T± ∈ H2(T±), for all T ∈ T ±h }.
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Figure 5.1: Illustration of definition of set T Γ
h and discrete sub-domains Ω±h . Left figure: elements

in T Γ
h (red transparent). Center figure: sub-domain Ω−h (blue transparent). Right figure: sub-

domain Ω+
h (blue transparent).

Then, define the space of functions V := H2
h(Ω−h )×H2

h(Ω+
h ), and denote an element

v ∈ V by v = (v+, v−). We will construct a finite element space conforming with V .

We fist define a standard finite element space of continuous piecewise linear poly-

nomials with support in Ω±h by:

V ±h := {v ∈ C(Ω±h ) ∩H1
0 (Ω) : v|T ∈ P1(T ),∀T ∈ T ±h }.

Then, the finite element subspace is defined by pairs of piecewise linear functions of

V −h and V +
h , i.e.

Vh := V −h × V
+
h . (5.3)

Abusing of notation, we will define for a function v = (v+, v−) ∈ Vh the jumps

across the interface as the jumps of the components

[v] = v+ − v− and [ρ∇v · n] = ρ−∇v− · n− + ρ+∇v+ · n+. (5.4)
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5.1.3 The finite element method

We now consider a finite element method based on: the weak formulation of problem

(5.1), penalty terms of the jump across the interface, and stabilization terms on edges

in EΓ,±
h . Find uh = (u−h , u

+
h ) ∈ Vh, such that:

ah(uh, v) =

∫
Ω+

f+v+ +

∫
Ω−
f−v−, for all v = (v+, v−) ∈ Vh, (5.5)

where the bilinear form ah(·, ·) : V × V → R is defined by

ah(w, v) =

∫
Ω+

ρ+∇w+ · ∇v+ +

∫
Ω−
ρ−∇w− · ∇v− (5.6)

+

∫
Γ

(
ρ−∇v− · n−[w] + ρ−∇w− · n−[v]

)
+
∑
T∈T Γ

h

γ

hT
ρ−
∫
TΓ

[w][v]

+ γ−g
∑
e∈EΓ,−

h

|e|
∫
e

ρ−J∇v−KJ∇w−K + γ+
g

∑
e∈EΓ,+

h

|e|
∫
e

ρ+J∇v+KJ∇w+K,

for v, w ∈ V and γ, γ−g , and γ+
g are positive parameters to be chosen. Note that the

jumps J·K in the flux stabilization terms (two last terms) are defined by (2.6).

The energy norm ‖ · ‖V , induced by the bilinear form ah, is defined for v =

(v−, v+) ∈ V by

‖v‖2
V =‖√ρ∇v‖2

L2(Ω) +
∑
T∈T Γ

h

1

hT
‖
√
ρ−[v]‖2

L2(TΓ)

+
∑
e∈EΓ,−

h

|e| ‖
√
ρ−J∇v−K‖2

L2(e) +
∑
e∈EΓ,+

h

|e| ‖
√
ρ+J∇v+K‖2

L2(e).

Note that in this definition we make the abuse of notation of writing,

‖√ρ∇v‖2
L2(Ω) = ‖

√
ρ−∇v−‖2

L2(Ω−) + ‖
√
ρ+∇v+‖2

L2(Ω+),
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for v = (v−, v+) ∈ V .

Remark 5.1. We point out that the terms in (5.6) involving integration on Γ can be

generalized to

∫
Γ

({ρ∇v}w [uh] + {ρ∇uh}w [v]) ds+
∑
T∈T Γ

h

γ

hT
ρ̃

∫
TΓ

[uh][v]ds.

The weighted average

{ρ∇v · n−}w := (w− ρ
−∇v− + w+ ρ

+∇v+) · n−

where the weights w−(x) ∈ [0, 1] and w+(x) = 1−w−(x) and ρ̃ are chosen properly,

see [34]. The case w−(x) = 1 and ρ̃(x) = ρ−(x) reduces to the one in (5.6). Another

choice considered in the literature (see [46, 32, 50]) is the harmonic average given by

w− = ρ+

ρ++ρ−
and ρ̃ = 2ρ+ρ−

ρ++ρ−
. In this case we obtain

{ρ∇v · n−}w =
ρ̃

2
(∇v− +∇v+) · n−.

In this chapter we concentrate in the analysis of the choice (5.6), however, since

ρ− ≤ ρ̃ ≤ 2ρ−, the analysis for the harmonic average case follows straightforwardly.

5.2 Standard a priori error analysis

5.2.1 Stability and best approximation results

We will need the following technical proposition for the proof of coercivity; proof

can be found in Appendix A.1.3.
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Lemma 5.2.1. Consider a node z of the triangulation Th such that z ∈ Ω
−

. Let ωz

be the patch of elements associated to z, i.e. ωz = int (∪{T : T ∈ Th and z ∈ ∂T}).

Then, for h small enough, there exists an element Tz ∈ ωz such that:

|Tz ∩ Ω−| ≥ Ch2
Tz , (5.7)

where C > 0 is a constant independent of hTz .

Coercivity of the bilinear form ah is proved below.

Lemma 5.2.2. There exists a constant c > 0 such that

c‖v‖2
V ≤ ah(v, v), for all v ∈ Vh. (5.8)

Proof. Let v ∈ Vh. Observe that the bilinear form ah is symmetric, then it follows

ah(v, v) =‖√ρ∇v‖2
L2(Ω) + 2

∫
Γ

ρ−∇v− · n−[v]ds+
∑
T∈T Γ

h

γ

hT
‖
√
ρ−[v]‖2

L2(TΓ)

+ γ−g
∑
e∈EΓ,−

h

|e|ρ−‖J∇v−K‖2
L2(e−) + γ+

g

∑
e∈EΓ,+

h

|e|ρ+‖J∇v+K‖2
L2(e)).

In order to prove (5.8) it is enough to bound the non positive term (second term).

Let T ∈ T Γ
h , the applying Cauchy-Schwarz inequality we obtain

∣∣∣∣∫
TΓ

ρ−∇v− · n−[v] ds

∣∣∣∣ ≤ (√ρ−hT‖∇v− · n−‖L2(TΓ)

)(√ρ−

hT
‖[v]‖L2(TΓ)

)
.

Summing over T ∈ T Γ
h and applying arithmetic-geometric inequality give

∣∣∣∣∫
Γ

ρ−∇v− · n−[v]ds

∣∣∣∣ ≤ ∑
T∈T Γ

h

(
ερ−hT‖∇v− · n−‖2

L2(TΓ) +
ρ−

εhT
‖[v]‖2

L2(TΓ)

)
.
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Let T ∈ T Γ
h and let z ∈ Ω

−
be a node of T . By Proposition 5.2.1, there exists

a triangle Tz satisfying (5.7). Now, consider the shortest sequence of edges E(T ) =

{e1, e2, ..., eN} such that


z ∈ ej, j = 1, ..., N,

e1 ⊂ ∂T and eN ⊂ ∂Tz,

ej, ej+1 ⊂ ∂Tj, Tj ∈ Th, j = 1, ..., N − 1.

Note that by its definition E(T ) ⊂ EΓ,−
h . Then, observing that the tangential jump

of ∇v− is zero along edges, we have

hTρ
−‖∇v− · n−‖2

L2(TΓ) ≤ hTρ
− |TΓ|
|e1|
‖∇v−‖2

L2(e1) ≤
1

γ2
0

ρ−|e1| ‖∇v−‖2
L2(e1)

≤ 1

γ2
0

ρ−|e1|
(
‖J∇v−K‖2

L2(e1) + ‖∇v−|T1‖2
L2(e1)

)
≤ 1

γ2
0

ρ−|e1| ‖J∇v−K‖2
L2(e1) +

1

γ4
0

ρ−|e2| ‖∇v−|T1‖L2(e2)

...

≤ c(γ0)ρ−
∑

e∈E(T )

|e| ‖J∇v−K‖2
L2(e) + C(γ0)ρ−|eN | ‖∇v−|Tz‖L2(eN )

≤ c(γ0)ρ−
∑

e∈E(T )

|e| ‖J∇v−K‖2
L2(e) + C̃(γ0)‖

√
ρ−∇kv

−‖2
L2(Tz),

where γ0 is the shape regularity constant defined in (2.2).

Hence, considering that each nodal patch contains finite number of elements

implies that, after summing over T ∈ T Γ
h , the terms above are repeated at most

finitely many times. Then, it follows

∑
T∈T Γ

h

ρ−hT‖∇v− ·n−‖2
L2(TΓ) ≤ C̃(γ0)

‖√ρ−∇v‖2
L2(Ω−) +

∑
e∈EΓ,−

h

|e|ρ−‖J∇v−K‖2
L2(e)

 .
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Figure 5.2: Proof of Lemma 5.8. Illustration of set E(T ) ⊂ EΓ,−
h .

Therefore, coercivity follows by choosing γ large enough in terms of C(γ0) and ε.

With the aim of proving continuity of the bilinear form ah, we define the following

augmented norm:

‖v‖2
VA

= ‖v‖2
V +

∑
T∈T Γ

h

hT‖
√
ρ−∇v− · n−‖2

L2(TΓ). (5.9)

Continuity of the bilinear form follows from its definition and Cauchy-Schwarz

inequality. The result is stated as follows:

Lemma 5.2.3. (Continuity) Suppose that v±, w± ∈ H2
h(Ω±). Then, there exists a

constant C > 0, independent of v and w, such that

ah(w, v) ≤ C ‖w‖VA ‖v‖VA .

Additionally, if w± ∈ H2
h(Ω±) and v ∈ Vh we have

ah(w, v) ≤ C‖w‖VA ‖v‖V . (5.10)
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In order to discuss the Galerkin orthogonality of method (5.5)-(5.6) we consider

the extension operators introduced in Section 2.4.2 Proposition 2.4.4. A particular

case is proved in Appendix A.5 by means of an even extension. From now on we

simply denote u±E by u±.

Lemma 5.2.4. (Galerkin orthogonality) Suppose that u solves the (5.1) and suppose

that u|Ω± ∈ H2(Ω±). Then, we have that

ah(u, v) = (f, v), ∀v ∈ Vh,

where we use the notation u = (u+, u−). Hence, Galerkin orthogonality holds:

ah(u− uh, v) = 0, ∀v ∈ Vh.

The main result of this section, the best approximation result, is stated below.

It follows easily from coercivity, continuity, Galerkin orthogonality and from a gen-

eralization of Cea’s Lemma. See for example Chapter III [26]. We give some details

for completeness.

Theorem 5.2.1. (Best approximation) Let Ω ⊆ R2 be an open polygonal domain.

Let u be a solution of problem (5.1) and assume that u|Ω± ∈ H2(Ω±). Let uh be solu-

tion of the discrete problem (5.5). Then, there exists a constant C > 0 independent

of h, such that

‖u− uh‖V ≤ C inf
v∈Vh
‖u− v‖VA .

Proof. Let v ∈ Vh, then we have by coercivity, Galerkin orthogonality and continuity

that

‖uh − v‖2
V ≤ c ah(uh − v, uh − v) = c ah(u− v, uh − v) ≤ cC ‖u− v‖VA‖uh − v‖V .
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Now, triangle inequality implies that for any v ∈ Vh

‖u− uh‖V ≤ ‖uh − v‖V + ‖u− v‖V .

Therefore, the result is complete after combining the last two inequalities and taking

the infimum over v ∈ Vh.

5.2.2 Energy error estimates

In order to prove an error estimate in terms of the V -norm we introduce the following

interpolation operator: Define Ih : V → Vh such that

(Ihu)± = Jszu
±, for u = (u+, u−) ∈ V,

where Jsz is the Scott-Zhang interpolant (see Definition 2.2.12) onto the standard

continuous piecewise linear polynomials. Consequently, the following estimate for

the interpolation error follows from the properties of the Scott-Zhang interpolation

operator and the extension result: Lemma 2.4.4.

Lemma 5.2.5. Consider the definition of the interpolation operator Ih given above.

Then, there exists a constant C > 0, independent of h, such that:

‖u− Ihu‖VA ≤ Ch(
√
ρ+‖D2u‖L2(Ω+) +

√
ρ−‖D2u‖L2(Ω−)).

In addition we state a standard regularity estimate introduced in Section 2.4.1

Proposition 2.4.3.

An energy error estimate follows from Theorem 5.2.1, Lemma 5.2.5 and Propo-
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sition 2.4.3. We state it in Corollary below.

Corollary 5.2.1. (Standard energy error estimate) Let u be a solution of problem

(5.1), and let uh be the solution of the discrete problem (5.5). Suppose that Ω is

convex. Then, there exists C > 0 independent of ρ±, such that

‖u− uh‖V ≤
C h√
ρ−
‖f‖L2(Ω).

Remark 5.2. Constant C dependents in the extension constant CE (2.27) and the

regularity constant Creg (2.23).

5.3 Error estimate for the flux

In order to prove the main result of this paper, the error estimate for the flux, we

need a discrete extension result.

Lemma 5.3.1. (Discrete extension) Assume that the triangulation Th is quasi-

uniform. Let vh ∈ V +
h . Then, there exists a function Evh ∈ V c

h = {v ∈ C0(Ω) :

v|T ∈ P1(T ),∀T ∈ Th}, such that Evh = vh in Ω+
h and

‖Evh‖H1(Ω) ≤ C‖vh‖H1(Ω+
h ),

with C > 0 independent of h.

Proof. See Appendix A.6.

Considering the discrete extension lemma, we state a bound for the H1-norm in

Ω+
h . The proof follows easily using a Proposition 5.2.1 (with roles of Ω+ and Ω−
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reversed).

Lemma 5.3.2. Let v ∈ V +
h . Then, we have

‖v‖2
H1(Ω+

h )
≤ C

‖v‖2
H1(Ω+) +

∑
e∈EΓ,+

h

|e| ‖J∇vK2
L2(e)

 .

Now we are in position to state and prove the main result of this paper.

Theorem 5.3.1. Let u be a solution of problem (5.1) and let uh be solution of the

discrete problem (5.5). Assume that Ω is convex and the triangulation is quasi-

uniform. Then, there exists a constant C > 0, independent of h and ρ±, such that

‖ρ∇(u− uh)‖L2(Ω) ≤ Ch‖f‖L2(Ω).

We remind the reader that

‖ρ∇(u− uh)‖2
L2(Ω) = ‖ρ−∇(u− uh)−‖2

L2(Ω−) + ‖ρ+∇(u− uh)+‖2
L2(Ω+).

Proof. Observe that the bound in Ω− is given by Corollary 5.2.1

‖ρ−∇(u− uh)−‖L2(Ω−) ≤ Ch‖f‖L2(Ω).

Thus, it remains to prove

‖ρ+∇(u− uh)+‖L2(Ω+) ≤ C h‖f‖L2(Ω). (5.11)

Consider the function vh = (Ihu− uh)+ ∈ V +
h . If Ω+ is the inclusion, i.e., ∂Ω+ ∩

∂Ω = ∅, we redefine vh so that it has average zero on Ω+, i.e., vh = vh − 1
|Ω+|

∫
Ω+ vh.
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Either case Poincare’s inequality holds:

‖vh‖H1(Ω+) ≤ C‖∇vh‖L2(Ω+) = C‖∇(Ihu− uh)+‖L2(Ω+),

for a constant C > 0. Applying Lemma 5.3.1 it follows that there exists an extension

Evh ∈ V c
h such that Evh = vh in Ω+

h , and ‖Evh‖H1(Ω) ≤ C‖vh‖H1(Ω+
h ). Combining

this estimate with Lemma 5.3.2, we have

‖Evh‖H1(Ω) ≤ C
(
‖∇(Ihu− uh)+‖L2(Ω+) +

( ∑
e∈EΓ,+

h

|e| ‖J∇(Ihu− uh)+K2
L2(e)

)1/2)
.

(5.12)

Consequently, using ((Evh)
−, (Evh)

+) ∈ Vh as test function (where (Evh)
± :=

Evh|Ω±h ), and the consistency of the method (5.5)-(5.6), we obtain

0 = ah(u− uh, Evh)

=

∫
Ω+

ρ+∇(u− uh)+ · ∇(Evh)
+ +

∫
Ω−
ρ−∇(u− uh)− · ∇(Evh)

−

+

∫
Γ

ρ−∇Ev−h · n
−[u− uh]ds

+
∑
e∈EΓ,−

h

|e|
∫
e

ρ−J∇(Evh)
−KJ∇(u− uh)−K ds

+
∑
e∈EΓ,+

h

|e|
∫
e

ρ+J∇(Evh)
+KJ∇(u− uh)+K ds.

Here we used that Evh is continuous across the interface Γ. Multiplying by ρ+ and
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adding and subtracting Ihu
+ in the first and last term give

‖ρ+∇(Ihu− uh)+‖2
L2(Ω+) +

∑
e∈EΓ,+

h

|e| ‖ρ+J∇(Ihu− uh)+K‖2
L2(e) =

− ρ+

∫
Ω+

ρ+∇(u− Ihu)+ · ∇(Evh)
+ − ρ+

∑
e∈EΓ,+

h

|e|
∫
e

ρ+J∇(Evh)
+KJ∇(u− Ihu)+K ds

− ρ+

∫
Ω−
ρ−∇(u− uh)− · ∇(Evh)

− − ρ+

∫
Γ

ρ−∇(Evh)
− · n−[u− uh]ds

− ρ+
∑
e∈EΓ,−

h

|e|
∫
e

ρ−J∇(Evh)
−KJ∇(u− uh)−K ds =: I1 + I2,

where I1 denotes the first two terms and I2 the last three terms. First we bound

I1. Applying Cauchy-Schwarz and arithmetic geometric inequalities, and using that

∇(Evh)
+ = ∇(Ihu− uh)+ in Ω+

h yield

2|I1| ≤‖ρ+∇(Ihu− u)+‖2
L2(Ω+) +

∑
e∈EΓ,+

h

|e| ‖ρ+J∇(Ihu− u)+K‖2
L2(e)

+ ‖ρ+∇(Ihu− uh)+‖2
L2(Ω+) +

∑
e∈EΓ,+

h

|e| ‖ρ+J∇(Ihu− uh)+K‖2
L2(e).

Similarly, we apply Cauchy-Schwarz inequality for the three terms in I2 after taking
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as common factor ρ+
√
ρ−, i.e.

∣∣∣∣√ρ−
∫

Ω−
∇(u− uh)− · ∇(Evh)

−dx

∣∣∣∣
≤ ‖
√
ρ−∇(u− uh)−‖L2(Ω−)‖∇(Evh)

−‖L2(Ω−),∣∣∣∣√ρ−
∫

Γ

∇(Evh)
− · n−[u− uh]ds

∣∣∣∣
≤
∑
T∈T Γ

h

1√
hT
‖
√
ρ− [u− uh] ‖L2(TΓ)

√
hT‖∇(Evh)

− · n−‖L2(TΓ),

∣∣∣√ρ−
∑
e∈EΓ,−

h

|e|
∫
e

J∇(Evh)
−KJ∇(u− uh)−Kds

∣∣∣
≤
∑
e∈EΓ,−

h

|e|‖
√
ρ−J∇(u− uh)−K‖L2(e)‖J∇(Evh)

−K‖L2(e).

Observe that terms involving u− uh are all bounded by ‖u− uh‖V . Hence,

|I2| ≤ C ρ+
√
ρ−‖u− uh‖V

(
‖∇(Evh)

+‖L2(Ω+)

+
( ∑
T∈T Γ

h

hT‖∇(Evh)
− · n−‖2

L2(TΓ)

)1/2
+
( ∑
e∈EΓ,−

h

|e| ‖J∇(Evh)
−K‖2

L2(e)

)1/2
)
.

For the terms involving Evh we use inverse inequalities, obtaining

( ∑
T∈T Γ

h

hT‖∇(Evh)
− · n−‖2

L2(TΓ)

)1/2

+
( ∑
e∈EΓ,−

h

|e| ‖J∇(Evh)
−K‖2

L2(e)

)1/2

≤ C‖∇Evh‖L2(Ω).

Thus, by the estimates above for I1 and I2 it follows that

I1 + I2 ≤
1

2
(‖ρ+∇(Ihu− u)+‖2

L2(Ω+) +
∑
e∈EΓ,+

h

|e| ‖ρ+J∇(Ihu− u)+K‖2
L2(e))

+ C
√
ρ−‖u− uh‖V ‖ρ+∇Evh‖L2(Ω).
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By approximation properties of the Scott-Zhang interpolant and Proposition 2.4.3,

we have

‖ρ+∇(Ihu− u)+‖2
L2(Ω+) +

∑
e∈EΓ,+

h

|e|‖ρ+J∇(Ihu− u)+K‖2
L2(e) (5.13)

≤ Ch2(ρ+)2‖D2u+‖2
L2(Ω+) ≤ Ch2‖f‖2

L2(Ω).

Using the error estimate Corollary 5.2.1 and definitions of I1 and I2 we conclude

‖ρ+∇(Ihu− uh)+‖2
L2(Ω+)+

∑
e∈EΓ,+

h

|e| ‖ρ+J∇(Ihu− uh)+K‖2
L2(e)

≤C(h‖f‖L2(Ω)‖ρ+∇Evh‖L2(Ω) + h2‖f‖2
L2(Ω)).

Therefore, applying (5.12) we have

‖ρ+∇(Ihu− uh)‖2
L2(Ω+) +

∑
e∈EΓ,+

h

|e| ‖ρ+J∇(Ihu− uh)+K‖2
L2(e) ≤ Ch2‖f‖2

L2(Ω).

Finally, applying triangle inequality, the estimate for the interpolation error (5.13),

and last inequality we obtain the desired bound (5.11).

We conclude this section by stating an L2-error estimate. The proof follows easily

from a duality argument (see [63]). We omit the details.

Lemma 5.3.3. (L2 error estimate) Assuming the hypothesis of Theorem 5.3.1 we

have

‖(u− uh)−‖L2(Ω−) + ‖(u− uh)+‖L2(Ω+) ≤
C

ρ−
h2‖f‖L2(Ω).

Unfortunately, the result has a factor 1
ρ−

on the right hand side. At the present

moment we do not see how to remove it.
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5.4 Final discussion

In this section we discuss and state some straightforward extensions of method (5.5)-

(5.6).

5.4.1 Non homogeneous jump conditions

We consider problem (5.1) with a non homogeneous jump conditions in equations

(5.1c) and (5.1d), i.e.

−∇ · (ρ±∇u±) = f± in Ω±, (5.14a)

u± = 0 on ∂Ω±\Γ, (5.14b)

[u] = α on Γ, (5.14c)

[ρ∇u · n] = β on Γ, (5.14d)

where α, β are a smooth functions given on the interface. The method in this case

follows from a standard derivation of the variational formulation:

ah(uh, v) = (f+, v+)Ω+ + (f−, v−)Ω− +

∫
Γ

(
βv+ + ρ−∇v− · n−α

)
ds (5.15)

+
∑
T∈T Γ

h

γ

hT
ρ−
∫
TΓ

[v]αds,

for all v ∈ Vh.

All the proofs would generalize easily. The only requirement is that a regularity

result as in [38] holds for this slightly more complicated problem.
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5.4.2 Three dimensional problem

To extend the method in three dimension is straightforward. In order to prove the

same result one needs the regularity results from [38] to hold in three dimensions

which we have not found in the literature. Moreover, we need to be able to prove

the geometric result and extension results in three dimensions: Proposition 5.2.1 and

Lemma 5.3.1. We believe that these results should hold.

5.4.3 Concluding remarks

In this chapter we proved error estimates for the stabilized unfitted Nitsche methods

(5.5)-(5.6) for problem (5.1) independent of the contrast of the coefficients ρ− and ρ+.

We also proved a nonstandard error estimate for the flux variable totally independent

of the coefficients. The key ingredient in the proof of this estimate was a discrete

extension from Ω+ and Ω. This estimate is sharper than the energy estimate since

it is independent of the discontinuous coefficients ρ− and ρ+.

As in the previous chapter, it would be interesting to investigate problems with

interfaces of arbitrary curvature (observe that the analysis is restricted by the As-

sumption 2). In this direction, perhaps a combination of the method presented here

and the multicale method by Chu et al. in [38] could be a possible approach.
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5.5 Numerical examples

This section illustrates numerically the a priori error estimates proved in Section 5.2

and Section 5.3. We consider a two dimensional example with a non trivial immersed

and closed interface. In particular, the example supports the optimal order of conver-

gence for the error of the flux ρ∇(u−uh). We summarize our experimental results in

tables, displaying the following errors and experimental orders of convergence (eoc):

e0
h := ‖u− uh‖L2(Ω), e∞h := ‖u− uh‖L∞(Ω),

e1
h,ρ := ‖ρ∇(u− uh)‖L2(Ω), e1,∞

h,ρ := ‖ρ∇(u− uh)‖L∞(Ω),

eoc(e) :=
log(ehl+1

/ehl)

log(hl+1/hl)
.

Our theoretical results predict optimal convergence of: error e0
h (second order), and

error e1
h (first order). We also test the convergence of the errors e∞h and e1,∞

h .

The finite element approximation by scheme (5.5)-(5.6) is computed with a se-

quence of uniform triangulations that are non-fitted with the interface. The param-

eter of the triangulation is given by h = 2−(l+3/2), for l = 1, ..., 7. Computations

were performed in MATLAB including the solution of the linear system by means

of command ”\”.

Example 5.1. Consider problem (5.1) in a square domain Ω = (−1, 1)2 and an

immersed interface Γ = {(x, y) ∈ Ω : x2 + y2 = (1/3)2}. We will test both cases: Ω−

as inclusion, and Ω+ as inclusion. Consider the following exact solution:

u(x, y) =


rα

ρ−
, if (x, y) ∈ Ω−,

rα

ρ+ +
(

1
3

)α
( 1
ρ−
− 1

ρ+ ) , if (x, y) ∈ Ω+,
(5.16)
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where r =
√
x2 + y2 and α = 2. We test with values of the diffusion coefficients

ρ+ = 104 and ρ− = 1. Tables 5.1 and 5.2 summarize the results obtained by method

(5.5)-(5.6) with stabilization parameters γ = 10 and γ±g = 10, with Ω− and Ω+ as

inclusion, respectively.

l e0
h eoc e∞h eoc e1

h,ρ eoc e1,∞
h,ρ eoc

1 1.9e-2 − 5.5e-2 − 3.7e-1 − 5.9e-1 −
2 6.2e-3 1.64 1.5e-2 1.86 1.4e-1 1.38 2.7e-1 1.11

3 1.1e-3 2.46 2.8e-3 2.45 5.6e-2 1.31 1.2e-1 1.17

4 1.7e-4 2.69 5.0e-4 2.48 2.6e-2 1.11 5.4e-2 1.17

5 2.8e-5 2.66 9.8e-5 2.34 1.3e-2 1.03 2.4e-2 1.14

6 4.6e-6 2.59 1.9e-5 2.39 6.4e-3 1.01 1.2e-2 1.03

7 8.4e-7 2.45 4.2e-6 2.16 3.2e-3 1.00 6.0e-3 1.01

Table 5.1: Example 5.1: errors and experimental orders of convergence (eoc) with Ω− = {(x, y) ∈
Ω : x2 + y2 < (1/3)2} and Ω+ = Ω\(Ω− ∪ Γ), using method (5.5)-(5.6).

l e0
h eoc e∞h eoc e1

h,ρ eoc e1,∞
h,ρ eoc

1 3.7e-2 − 5.9e-2 − 3.6e-1 − 6.0e-1 −
2 8.3e-3 2.15 1.3e-2 2.23 1.4e-1 1.41 2.7e-1 1.15

3 1.5e-3 2.45 2.9e-3 2.09 5.6e-2 1.29 1.2e-1 1.17

4 2.7e-4 2.50 5.8e-4 2.35 2.6e-2 1.09 5.3e-2 1.18

5 5.2e-5 2.35 9.8e-5 2.56 1.3e-2 1.02 2.4e-2 1.14

6 1.2e-5 2.16 2.1e-5 2.25 6.4e-3 1.01 1.2e-2 1.01

7 2.8e-6 2.06 4.2e-6 2.29 3.2e-3 1.00 5.8e-3 1.05

Table 5.2: Example 5.1: errors and experimental orders of convergence (eoc) with Ω+ = {(x, y) ∈
Ω : x2 + y2 < (1/3)2} and Ω− = Ω\(Ω+ ∪ Γ), using method (5.5)-(5.6).

Optimal convergence of the errors, second order for e0
h and e∞h and first order for

e1
h,ρ and e∞h,ρ, for Example 5.1 is observed in Tables 5.1 and 5.2 for both cases Ω−

and Ω+ as inclusion.

In addition, in order to test the independence of the coefficient ρ± of our estimate

in Theorem 5.3.1, we consider the exact solution (5.16) with a fix mesh corresponding

to h = 2−(5+3/2). We compute errors e0
h, e

1
h,ρ and e1

h,
√
ρ = ‖√ρ(u − uh)‖L2(Ω) for
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decreasing values of ρ− and increasing values of ρ+. We summarize the results in

Tables 5.3 and 5.4, corresponding to Ω− as inclusion and Ω+ as inclusion, respectively.

ρ− ρ+ e0
h e1

h,ρ e1
h,
√
ρ

1e+0 1e+1 3.0e-5 1.3e-2 5.5e-3

1e-1 1e+2 2.8e-4 1.3e-2 1.3e-2

1e-2 1e+3 2.8e-3 1.3e-2 4.0e-2

1e-3 1e+4 2.8e-2 1.3e-2 1.3e-1

1e-4 1e+5 2.8e-1 1.3e-2 4.0e-1

Table 5.3: Example 5.1: errors for mesh parameter h = 2−(5+3/2). Ω− = {(x, y) ∈ Ω : x2 + y2 <
(1/3)2} and Ω+ = Ω\(Ω− ∪ Γ), using method (5.5)-(5.6).

ρ− ρ+ e0
h e1

h,ρ e1
h,
√
ρ

1e+0 1e+1 5.4e-5 1.3e-2 1.2e-2

1e-1 1e+2 5.2e-4 1.3e-2 3.9e-2

1e-2 1e+3 5.2e-3 1.3e-2 1.2e-1

1e-3 1e+4 5.3e-2 1.3e-2 3.9e-1

1e-4 1e+5 3.9e-1 1.3e-2 1.2e+0

Table 5.4: Example 5.1: errors for mesh parameter h = 2−(5+3/2). Ω+ = {(x, y) ∈ Ω : x2 + y2 <
(1/3)2} and Ω− = Ω\(Ω+ ∪ Γ), using method (5.5)-(5.6).

Tables 5.3 and 5.4 show that error e1
h,ρ is practically invariant, corroborating that

in the main result of our paper Theorem 5.3.1, the estimate is totally independent

of the diffusion coefficients ρ±. Errors e0
h and e1

h,
√
ρ seems to be dependent of the

coefficients as our estimates in Section 5.2 show.

Example 5.2. Consider problem (5.1) in a square domain Ω = (−1, 1)2 and an

immersed interface Γ = {(x, y) ∈ Ω : x2 + y2 = (1/3)2}. We consider Ω− as the

inclusion. Consider the following exact solution:

u(x, y) =

 2y2 − 2x2 + 2 , if (x, y) ∈ Ω−,

sin(3x)2 , if (x, y) ∈ Ω+,

Note that in the this case the jump of the solution and the jump of the flux are
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nonzero. We test with stabilization parameters γ = 10 and γ±g = 10. Figure 5.3 plots

the errors obtained by method (5.15)-(5.6) and displays the approximate solution.

10-3 10-2 10-1 100
10-5

100

105

slope: 2.34

e0h
slope: 1.10

e1h,ρ

Figure 5.3: Example 5.2: Left figure: Plot on Log scale of errors e0
h and e1

h,ρ vs. h. Right figure:
approximate solution by method (5.15)-(5.6) of problem (5.1).

We observe in Figure 5.3 that the errors e0
h and e1

h,ρ converge optimally, with an

average ratio of convergence of 2.34 and 1.10, respectively.

Example 5.3. Consider the two dimensional domain Ω = (−1, 1)2 with the im-

mersed interface Γ defined by Γ = {(x, y) ∈ Ω : ‖(x, y)‖2 = r = 1/18+0.2 sin(5s), s ∈

[0, 2π)}. We define Ω− as the interior domain, i.e. ∂Ω− = Γ. We further consider

the following exact solution

u(x, y) =


1
ρ−

(x2 + y2)2 , if (x, y) ∈ Ω−,

1
ρ+y
√
x2 + y2 , if (x, y) ∈ Ω+,

We set the stabilization parameters to be: γ = 10, γ+
g = 10 and γ−g = 10.
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l e0
h eoc e∞h eoc e1

h,ρ eoc e1,∞
h,ρ eoc

1 2.4e-2 − 7.1e-2 − 5.1e-1 − 1.0e+0 −
2 1.0e-2 1.23 2.6e-2 1.46 2.2e-1 1.18 7.8e-1 0.39

3 3.2e-3 1.68 1.4e-2 0.91 9.8e-2 1.19 5.1e-1 0.62

4 8.6e-4 1.91 4.4e-3 1.63 3.7e-2 1.41 2.9e-1 0.84

5 1.7e-4 2.35 1.0e-3 2.13 1.4e-2 1.43 1.4e-1 1.07

6 2.8e-5 2.60 1.9e-4 2.42 5.9e-3 1.23 6.2e-2 1.14

Table 5.5: Example 5.3: errors and experimental orders of convergence (eoc) with ρ− = 1,
ρ+ = 105, using method (5.15)-(5.6).
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Figure 5.4: Example 5.3: Left figure: a non-fitted triangulation of the interface. Right figure:
approximate solution by method (5.15)-(5.6) of problem (5.3).
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A.1 Technical geometric lemmas

In this section we prove two technical lemmas involving geometrical estimates on

elements intersected by the interface Γ. We remind the reader that we assume that

Γ is a simple C2 curve with an arc-length parameterization X : [0, |Γ|) → Γ, and

Assumptions 1, 2 and 3 in Section 2.3.3.

Lemma A.1.1. We assume that r is the radius of our tubular neighborhood of a

curve Γ given in Proposition 2.3.1. We further assume that Γ is closed. The, for

any 0 < τ ≤ r, we can represent the tubular neighborhood as

Tub(τ) = {x : dist(x,Γ) ≤ τ}.

Proof. If x0 ∈ Tub(τ) immediately implies that dist(x0,Γ) ≤ τ .

Conversely, let x0 such that dist(x0,Γ) ≤ τ , for 0 < τ < r. By definition,

dist(x0,Γ) = min
x∈Γ
‖x0 − x‖2 = min

s∈[0,|Γ|)
‖x0 −X(s)‖2 =: min

s∈[0,|Γ|)
dx0(s).

Since the curve is closed, the minimum occurs for s0 such that d′x0
(s0) = 0, which

implies that

(X(s0)− x0) · t(s0) = 0,

for s ∈ [0, |Γ|). Hence, x0 belongs to a line segment centered and normal to the curve

and since we are assuming that dist(x0,Γ) ≤ τ we have that x0 ∈ NX(s0)(τ), and

then x0 ∈ Tub(τ).

Remark A.1. Moreover, for any x ∈ Tub(r) there exists a unique xΓ ∈ Γ such that

dist(x, xΓ) = dist(x,Γ) and x− xΓ is perpendicular to Γ at xΓ.
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Lemma A.1.2. For an element T ∈ T Γ
h , consider the segment LT connecting the

intersections of Γ with two different edges of T . Define

d := max
x∈TΓ

dist(x, LT ).

Then, d ≤ |LT |/2.

Proof. Since the extreme points of LT intersect Γ, we observe that any point on the

segment LT is at most at a distance |LT |/2 from Γ. Observe that the maximum

distance is reached when the normal to the curve points in the same direction than

the normal to the segment LT , i.e.

d = dist(xΓ, LT ) = ‖xΓ − xLT ‖2 = dist(xLT , TΓ) = min
x∈TΓ

‖xLT − x‖2 < |LT |/2,

for xΓ ∈ Γ and xLT ∈ LT .

Lemma A.1.3. For every x ∈ Γ consider the line segments Nx(r) of length 2r

with r the radius of the tubular neighborhood of Γ Proposition 2.3.1, centered at x

and perpendicular to Γ at x. Let x1, x2 ∈ Γ with x1 = X(s1) and x2 = X(s2) for

0 ≤ s1 ≤ s2 ≤ |Γ|. Consider the tubular section

tub(r;x1, x2) =
⋃
{Nx(r) : x = X(s), s ∈ (s1, s2)}.

Then, the area of the tubular section is given by

|tub(r;x1, x2)| = 2r|`|,

where ` is the curve segment in Γ between s1 and s2. For X are-length parameteri-

zation |`| = s2 − s1.
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Proof. Define the curve on Tub(r)

X±(s) = X(s)± εn(s), ε(0, r).

We compute the arc-length of curves X± for s ∈ (s1, s2). Note that, using arc-length

parameterization and Frenet formulas (see [44])

dX±(s)

ds
= t(s)(1∓ εκ(s)), s ∈ (s1, s2),

where κ(s) is the curvature of Γ. Then the arc-length are given by

`±(ε) :=

∫ s2

s1

‖dX
±(s)

ds
‖2ds = (s2 − s1)∓ ε

∫ s2

s1

κ(s)ds,

for ε(0, r). Now we compute the are of the tubular section,

|tub(r; s1, s2)| =
∫ r

0

`+(ε)dε+

∫ r

0

`−(ε)dε = 2r(s2 − s1),

which proves the result.

Lemma A.1.4. Consider the Γs a segment of the curve Γ and LT the straight seg-

ment connecting the two end points of Γs. Assume that |LT | ≤ r, where r is the

radius of r is the radius of the r-tubular neighborhood. Then, it holds

|Γs| ≤ 2|LT |.

Proof. Let x1, x2 be the endpoints of the line segment LT . For i = 1, 2, let Ni be

the line that is normal to Γ at xi. Let S̃ be the infinite region enclosed by N1 and

N2, then let S = Tub(r/2) ∩ S̃ be the tubular section of Γs. We see that the area of

S is given by |S| = r|Γs|. Let M1 and M2 be two lines that are parallel to LT and
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distance r from LT . Consider the trapezoid, R, enclosed by Ni, Mi, i = 1, 2. We

note that the area of R is given by |R| = 2r|LT |. The result will follow if we show

that S ⊂ R since this will imply that r|Γs| ≤ 2r|LT |.

To this end, we first note that the line segment LT ⊂ Tub(r/2) since the distance

of any point in LT to Γ is less than |LT |/2 which we are assuming is less than r/4

(Assumption 2h < r/2). Let x ∈ S, then we know there exists a unique point

xΓ ∈ Γs where the distance from x to xΓ is less than r/2 and the line, which we

denote by Lx, that passes through x and xΓ is perpendicular to Γ at xΓ. We know

that Lx intersects LT and we call this point y. We also know that distance distance

between y and xΓ is less than r/4 since y ∈ LT ⊂ Tub(r/4). Hence, we have shown

that dist(y, x) ≤ 3r/4. This, of course implies that the distance of x to the infinite

line Lext
T (which is the line that contains the line segment LT ) is at most r. In other

words, x is in between the two lines M1 and M2. Since x was in the tubular section

S it was in between the two lines N1 and N2 and hence x belongs to the trapezoid

R.

Figure A.1: Proof of Lemma A.1.4. Illustration of
a curve segment Γs, straight line segment LT con-
necting the end points of Γs, the tubular section of
radius S, and the trapezoid R.
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A.1.1 Proof of Lemma 4.3.1.

Let e = int (∂T1 ∩ ∂T2) ∈ EΓ
h , with T1, T2 ∈ Th, and the previous definitions of

e± = e ∩ Ω±. We analyze the case in Ω−. The same analysis is valid in Ω+. We

proceed analyzing two cases depending on the intersection of the edge e with Γ:

(i) If e ∩ Γ = ∅, (e = e−). If either T1 or T2 does not belong to T Γ
h the results is

trivial. Consider the case where T1 and T2 belong to T Γ
h , the interface sections

T1,Γ and T2,Γ are nonempty. We consider the midpoint me the segment e and

the ball B|e|/2(me) of radius |e|/2 and |e|/2 and centered at me. If the interface

does not cross the ball B|e|/2(me) then we have

|T−1 | ≥ |B|e|/2(me) ∩ T1|.

Denote by α the minimum angle of the triangulation (given by shape reg-

ularity), and let α̃ = min{α, π/4}. Now consider the isosceles triangle T̃1

with base edge e and base angles α̃. Then, clearly T̃1 ⊂ B|e|/2(me) ∩ T1 and

|T̃1| = (|e−|/2)2 tan{α̃}. Therefore, |T−1 | ≥ (|e−|/2)2 tan{α̃}. Assume then

that the interface crosses the ball B|e|/2(me) in T1. Observe that this implies

that there exists a point in T1,Γ which normal passes through me with distance

less than |e|/2. Now, if T2,Γ crosses the ball then we will have two points on Γ

at a distance less than |e|/2 whose normal passes through me which contradicts

the tubular neighborhood assumption. Therefore

max
i={1,2}

|T−i | ≥
( |e|

2

)2

tan{α̃}.

(ii) If e∩ Γ 6= ∅. Similarly as in the previous case, consider me the midpoint of e−

and the ball of radius |e−|/2 centered at me. We observe that this ball can not
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cross both T1,Γ and T2,Γ. Therefore

max
i={1,2}

|T−i | ≥
( |e−|

2

)2

tan{α̃}.

A.1.2 Proof of Lemma 4.3.6.

We analyze the case in Ω−. We first observe that, by triangle inequality we have

|lT | ≤
3∑
i=1

|e−i | ≤ 3 max
i={1,2,3}

|e−|.

Therefore, using Lemma A.1.4

|TΓ| ≤ 6 max
i=1,2,3

|e−i |.

Same analysis is valid to prove the statement in Ω+.

A.1.3 Proof of Proposition 5.2.1

Consider a node z of the triangulation Th and the patch of elements ∆z (defined in

Proposition A.1.3) associated to z. Since we are assuming that h is small enough and

the interface is smooth we have that: the interface intersects each edge of triangula-

tion at most once, or the interface coincides with an edge. with an edge. Therefore,

if z ∈ Ω−, there exists at least one node z′ ∈ ∆z with z′ ∈ Ω−, and the edge e

connecting z and z′ is completely contained in Ω
−

. If there exists more than one

node satisfying this property then it would follow that an element of the patch of z

is fully contained in Ω−. We then prove the remaining case. See Figure A.2 for an

illustration of these definitions.
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Figure A.2: Appendix A.1.3, proof of Proposition 5.2.1. Illustration of definitions.

Let zΓ the point on Γ resulting of extending the segment e connecting z and z′.

Denote by A1 and A2 the regions separated by the segment eΓ = int (z′zΓ), such that

A1 ∪ A2 ∪ eΓ = ∆z ∩ Ω−. Then, by Lemma 4 in [63], we have

|eΓ|2 ≤ C max{|A1|, |A2|}.

Thus, the result follows from |e| ≤ |eΓ| and shape regularity.

A.2 Proof of estimate (3.26)

We first use a dyadic decomposition of Ω. Ω = Ω∗ ∪
⋃J
j=1 Ωj where Ωj := {x ∈ Ω :

dj+1 ≤ |x− z| ≤ dj}, and dj = 2−j. Here, J = log2(1/h) and Ω∗ = Ω∩Bh where Bh

is the ball of radius h centered z.

Let us use the notation Dj = Ωj ∩∂Rh\∂Ω and D∗ = Ω∗∩∂Rh\∂Ω then we have

‖Dng‖L1(∂Rh\∂Ω) = ‖Dng‖L1(D∗) +
J∑
j=1

‖Dng‖L1(Dj)
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First we bound the first term. Using Cauchy-Schwarz inequality and the fact the

one dimensional measure of D∗ is h we have

‖Dng‖L1(D∗) ≤ Ch1/2‖∇g‖L2(D∗).

If we use a trace inequality then we have

h1/2‖∇g‖L2(D∗) ≤ C(‖∇g‖L2(Ω∗∩Bh) + h‖D2g‖L2(Ω∗∩Bh))

≤ C(‖∇g‖L2(Ω) + h‖D2g‖L2(Ω)).

Elliptic regularity will give

‖∇g‖L2(Ω) + h‖D2g‖L2(Ω) ≤ C(‖δh‖L2(Ω) + h‖δh‖H1(Ω)) ≤
C

h
,

which shows that

‖Dng‖L1(D∗) ≤
C

h
.

To take care of the sum we use Cauchy-Schwarz inequality again and get

J∑
j=1

‖Dng‖L1(Dj) ≤
J∑
j=1

dj‖∇g‖L∞(Dj)

Using the Green’s function representation of g and the fact that Dj is distance

dj away from z one can show (see [62])

‖∇g‖L∞(Dj) ≤
C

dj
.
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Hence,

J∑
j=1

‖Dng‖L1(Dj) ≤ C
J∑
j=1

1

dj
= C

J∑
j=1

1

dj
= C(2J+1 − 1) ≤ C

h
.

A.3 Derivation of jumps (3.32) and (3.33)

We define for ε > 0 the set Ωε = {x ∈ Ω : dist(x,Γ) < ε}, where dist is the

standard distance function. We will also denote Γ±ε = ∂Ωε ∩ Ω±. From equation

(3.31a), taking divergence, multiplying by an arbitrary φ ∈ C2 of compact support

in Ωε and integrating we obtain

∫
Ωε

∇ · ∇p φdx =

∫
Ωε

∇ · fφdx+

∫
Ωε

∇ ·Bφdx

=

∫
Ωε

∇ · fφdx−
∫

Γ

β · ∇φds. (A.1)

For the left-hand side of the equation above we integrate by parts twice obtaining

∫
Ωε

∇ · ∇p φdx =

∫
Γ+
ε

Dp+ · nφds+

∫
Γ−ε

Dp− · nφds

−
∫

Γ+
ε

Dφ · np+ds−
∫

Γ−ε

Dφ · np−ds+

∫
Ωε

p∇ · ∇φdx.

By the definitions of Γ±ε we can fix its normal vectors by the normal vector to the

interface Γ. Then, taking the limit as ε goes to zero we obtain

lim
ε→0

∫
Ωε

p∇ · ∇φdx = 0 (A.2)

lim
ε→0

∫
Ωε

∇ · ∇pφdx =

∫
Γ

[Dp · n]φds−
∫

Γ

Dφ · n [p] ds (A.3)
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We need to write the right-hand side in (A.1) in terms of the normal and tangen-

tial derivative. Let θ be the angle between the x direction (x-axis) and n direction

and let R(θ) the rotation matrix defined by

R(θ) =

 cos(θ) − sin(θ)

sin(θ) cos(θ)



Then, ∇φ = (Dnφ,Dtφ)R(θ)t. Using this equivalency in (A.1) and integration

by parts we obtain

∫
Γ

β · ∇φds =

∫
Γ

β ·
(
(Dnφ,Dtφ)R(θ)t

)
ds

=

∫
Γ

(βR(θ)) · (Dnφ,Dtφ)ds

=

∫
Γ

β̂ · (Dnφ,Dtφ)ds

=

∫
Γ

β̂1Dnφds−
∫

Γ

∂

∂s
β̂2φds

Here we have defined β̂ = βR(θ). Matching this result with the limits in (A.2) we

can conclude that

[p] = β̂1 [Dnp] =
∂

∂s
β̂2. (A.4)

Now, to get the normal jump of the gradient of the velocity we applied equation

(3.31d), resulting

[Dnu] = β + [pn] = β + β̂1n. (A.5)
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A.4 Notes on implementation

A.4.1 Quadrature over curved elements.

The method defined in (5.5) requires the integration, over an element T ∈ T Γ
h , of

∇wuT · ∇v. Now, since the correction function wuT is defined as piecewise polynomial

of degree k on each piece of the restriction T± = T ∩ Ω±, we need some quadrature

formulas on this region, say curved elements (polygons with one edge curved). To do

so, we observe that LT divides T in two regular polygons T̃±, one is a triangle and

the other a quadrilateral, see figure A.3. In order to make the presentation clearer,

we will write the integral in terms of the coordinates system (τ, η) (associated to the

vector τ and η, with η pointing outward T−) such that the origin is the midpoint

of LT , the point yT+zT
2

. Let f ∈ Cn+1(T ), then we write

∫
T±
f(x, y)dxdy =

∫
T̃±
f(x, y)dxdy ±

∫ rT /2

−rT /2

∫ γ(τ)

0

f(τ, η)dηdτ (A.6)

where, γ(τ) is the equation for the curve Γ on T . The first integral in (A.6) is over

a polygon (triangle or quadrilateral) and we can use quadrature rules over polygons

to approximate it, whereas the second integral is related to the curve, and we will

use some Gaussian quadratures. First step, we take n Gaussian points {τi}ni=1 over

the segment LT , equivalently, the interval [−rT/2, rT/2] in the (τ, η)-axis, and for

each point we compute its projection onto the curve Γ in the η−direction, say γ(τi).

Now we compute, the Gaussian points for the segment [0, γ(τi)], we denote them by
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Figure A.3: Illustration of the Gaus-
sian points over segments Q1,T

0 , Q1,T
1 for

quadrature purposes.

{ηi,j}nj=1. Therefore

∫ rT /2

−rT /2

∫ γ(τ)

0

f(τ, η)dηdτ ≈
n∑
i=1

rT
2
ωi

n∑
j=1

|γ(τi)|
2

ωjf(τi, ηi,j)

where ωi are the weights in the interval [−1, 1], and . See Figure A.3 for illustration

of this notation. See also Figure 3.1. The error of the quadrature rule is of order

O(r2n
T ), and the constant is dependent on the derivatives ‖D(2n−k)f‖L∞‖γ(k)‖L∞ ,

k = 0, ..., 2n. Observe that since the term involves the derivative of γ the quadrature

rule is in general not exact.

A.4.2 Construction of basis functions of S1(T )

In this section we define basis functions {w1, w2, w3} of the space S1(T ), for T ∈ T Γ
h .

Consider {x1, x2, x3} nodes of the element T . Let {λ1, λ2, λ3} be the barycentric

coordinates of a point x ∈ T with respect to {x1, x2, x3}. Consider the following

representation

wi(x) =

 w−i (x), if x ∈ T−;

w+
i (x), if x ∈ T+.

w±i (x) =
3∑
j=1

a±i,jλj(x).
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We construct {w1, w2, w3}, a set of basis functions of the space S1(T ), by satisfying

the following conditions: for i = 1, 2, 3



wi(xj) = δi,j for j = 1, 2, 3;

[wi(x0)] = 0 x0 ∈ TΓ;

[Dt0wi] = 0 t0 = t(x0);

[Dn0wi = 0] n0 = n(x0);

where δi,j =

 1, if i = j

0, if i 6= j.

These conditions are written in a system of size 6×6 using the barycentric coordinates

representation of w±i , i.e., we find the unknowns coefficients {a±i,j}3
j=1 of wi for i =

1, 2, 3, solutions of:



δ̃1,+ 0 0 δ̃1,− 0 0

0 δ̃2,+ 0 0 δ̃2,− 0

0 0 δ̃3,+ 0 0 δ̃3,−

λ1(x0) λ2(x0) λ3(x0) −λ1(x0) −λ2(x0) −λ3(x0)

−Dt0λ1 −Dt0λ2 −Dt0λ3 Dt0λ1 Dt0λ2 Dt0λ3

−ρ+Dn0λ1 −ρ+Dn0λ2 ρ+Dn0λ3 ρ−Dn0λ1 ρ−Dn0λ2 ρ−Dn0λ3





a+
i,1

a+
i,2

a+
i,3

a−i,1

a−i,2

a−i,3


=



δi,1

δi,2

δi,3

0

0

0



where

δ̃j,± =

 1, if xj ∈ T±

0, if xj ∈ T∓.

A.5 Proof of even extension

In this section we give an explicit construction of an even extension from Ω+ to Ω.

We apply this to continuous functions that are in H1(Ω+). The extension result

(A.7) is a well-known result in partial differential equations. We sketch the proof

with the aim to obtain the explicit construction of the extension, which will be used

in the proof of Lemma 5.3.1.
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For simplicity, assume that Ω+ is the inclusion (i.e. ∂Ω+ = Γ). For ε > 0 define

the tubular neighborhood

Rε = {x ∈ Ω : d(x) := dist(x, ∂Ω+) ≤ ε}.

Since Γ is smooth, and for ε small enough, for each x ∈ Rε there exists a unique

point x∂Ω+ ∈ ∂Ω+ such that

|x− x∂Ω+| = dist(x, ∂Ω+).

Moreover, define the unit normal vector to ∂Ω+ pointing towards x as: n(x) =

(x− x∂Ω+)/|x− x∂Ω+|. Hence, for each x ∈ Rε we define its “reflection” x̃ = x̃(x) by

x̃ = x∂Ω+ − d(x)n(x).

Now, given v ∈ C(Ω+) we define G̃v ∈ C(Ω+ ∪Rε) such that:

G̃v(x) =

 v(x), if x ∈ Ω+

v(x̃), if x ∈ Rε\Ω+.

Our extension is complete by considering a cutoff function η ∈ Cc(Ω
+ ∪ Rε), such

that η ≡ 1 on Ω+ ∪ Rε/2. Of course, we extend η to all of Ω by zero. Thus, the

extension Gv ∈ Cc(Ω) is defined as follows

Gv = ηG̃v.
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The estimate is a well-known result.

‖Gv‖H1(Ω) ≤ C‖v‖H1(Ω+). (A.7)

A.6 Proof of discrete extension Lemma 5.3.1

We first introduce notation. For each node x of the triangulation Th we consider the

patch associated to x, denoted by ∆x. Moreover, we consider ∆−x as the restrictions

to Ω−, i.e.,

∆−x = ∆x ∩ Ω−.

Considering definitions introduced in Appendix A.5, we define the reflection of ∆−x

∆̃−x = {ỹ(y) : y ∈ ∆−x } ⊂ Ω+.

Let v ∈ V +
h , then, by (A.7) there exists Gv ∈ H1

0 (Ω) such that Gv = v in Ω+,

and

‖Gv‖H1(Ω) ≤ C‖v‖H1(Ω+).

We proceed constructing a stable interpolation operator of the extended function Gv

onto V c
h , invariant on V +

h . Define P1(Gv) for any node x of the triangulation Th by

P1(Gv)(x) =

 v(x), if x ∈ Ω+,

1
|∆−x |

∫
∆−x

Gv(y)dy, if x ∈ Ω−.
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It is not difficult to show that

‖P1(Gv)‖H1(Ω) ≤ C‖Gv‖H1(Ω). (A.8)

Observe that this definition does not guarantee that P1(Gv) coincides with v for a

node in Ω+
h \Ω+. Then we need to correct the definition of the interpolant on these

nodes. The needed extension is defined as follows

Ev := P2(Gv)(x) =

 v(x), if x ∈ Ω
+

h ,

1
|∆−x |

∫
∆−x

Gv(y)dy, if x ∈ Ω\Ω+

h .

Notice that P2(Gv) and P1(Gv) agree at every node except the nodes x in the

following set

Sh = {x ∈ Ω+
h \Ω

+ : x is a node of some triangle T ∈ T Γ
h }.

Define also the collection of triangles that have a node in S.

Mh = {T ∈ Th : at least one of three vertices of T belongs to Sh}.

If we define eh = P2(Gv)− P1(Gv) we see that

‖∇eh‖2
L2(Ω) =

∑
T∈Mh

‖∇eh‖2
L2(T ).

For each T ∈ Mh, let xT ∈ S be such that |eh(xT )| = maxy∈T |eh(y)|. Then it is

simple to show, using inverse estimates, that

‖∇eh‖L2(T ) ≤ C |eh(xT )|.
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By definition we have

|eh(xT )| =

∣∣∣∣∣v(xT )− 1

|∆−xT |

∫
∆−xT

Gv(y)dy

∣∣∣∣∣ =

∣∣∣∣∣v(xT )− 1

|∆−xT |

∫
∆̃−xT

Gv(ỹ)J(ỹ)dỹ

∣∣∣∣∣ ,
where J(ỹ) is the Jacobian of the map ỹ(y)→ y. Applying the definition of Gv from

the previous section, using that v(x̃T ) = v(xT ), and the fact that
∫

∆̃−xT
J(ỹ)dỹ =

|∆−xT | we get

|eh(xT )| =

∣∣∣∣∣ 1

|∆−xT |

∫
∆̃−xT

(v(x̃T )− v(ỹ))J(ỹ)dỹ

∣∣∣∣∣ ≤ C diameter (∆̃−xT )‖∇v‖L∞(∆̃−xT ).

We see that ∆̃−xT ⊂ B d
2
h(T ) = {y ∈ Ω+

h : dist(y, T ) < d
2
h} for a d large enough but

independent of h and T .

Using an inverse estimate we have

diameter (∆̃−xT )‖∇v‖L∞(∆̃−xT ) ≤ C‖∇v‖L2(Bd h(T )).

Hence, we get

‖∇eh‖2
L2(Ω) ≤ C

∑
T∈Mh

‖∇v‖2
L2(Bd h(T )) ≤ C ‖∇v‖2

L2(Ω+
h )
.

Finally, using the triangle inequality we get

‖∇Ev‖L2(Ω) ≤ ‖∇P1(Gv)‖L2(Ω) + C‖∇v‖L2(Ω+
h ).

The result now follows from using (A.8) and Poincare’s inequality.
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