Finite Element Methods for Interface Problems
Using Unfitted Meshes: Design and Analysis

by
Manuel A. Sdnchez Uribe

B.S., University of Concepcion, Concepcién, Chile, 2010

M.S., Brown University, Providence, RI, 2012

A dissertation submitted in partial fulfillment of the
requirements for the degree of Doctor of Philosophy

in the Division of Applied Mathematics at Brown University

PROVIDENCE, RHODE ISLAND

May 2016



(© Copyright 2016 by Manuel A. Sanchez Uribe



This dissertation by Manuel A. Sanchez Uribe is accepted in its present form
by the Division of Applied Mathematics as satisfying the

dissertation requirement for the degree of Doctor of Philosophy.

Date

Johnny Guzmén, Ph.D., Advisor

Recommended to the Graduate Council

Date

Mark Ainsworth, Ph.D., Reader
Date

Marcus Sarkis, Ph.D., Reader
Approved by the Graduate Council

Date

Peter M. Weber, Dean of the Graduate School

il



Vitae

Biographical Information

Born on March 14, 1986 in Concepcién, Chile.

Education

Brown University, Providence, RI, USA

Ph.D. Applied Mathematics (expected May 2016)
Dissertation Title: Finite Element Methods for Interface Problems using Un-

fitted Meshes: Design and Analysis.
Aduvisor: Johnny Guzman.

M.S. Applied Mathematics, May 2012
University of Concepcion, Concepcién, Chile
Mathematical Civil Engineer, professional qualification, January 2010
Thesis Title: Analysis of a Velocity-Pressure-Pseudostress Formulation for the

Stationary Stokes Equations
Aduvisor: Gabriel Gatica

B.S. in Mathematical Engineering, January 2010

Research Interests

Numerical Analysis, Scientific Computing, Numerical Solutions of Partial Differential
Equations, Finite Elements Methods, Interface Problems, Bernstein Polynomials,
Mixed Finite Elements Methods.

v



Publications

1. Erik Burman, Johnny Guzmaéan, Manuel A. Sanchez and Marcus Sarkis. “Ro-
bust flux error estimation of Nitsche’s method for high contrast interface prob-
lems”. Submitted to IMA Journal of Numerical Analysis. ArXiv e-prints,
February 2016.

2. Mark Ainsworth and Manuel A. Sanchez. “Computing the Bézier control
points of the Lagrangian interpolant in arbitrary dimension”. SIAM Journal of
Scientific Computing. Accepted. Arxiv preprint arXiv:1510.09197, November
2015.

3. Johnny Guzman, Manuel A. Sanchez, and Marcus Sarkis. A finite element
method for high-contrast interface problems with error estimates independent
of contrast. Submitted to Journal of Scientific Computing. ArXiv preprint
arXiw:1507.03873, July 2015.

4. Johnny Guzmén, Manuel A. Sanchez, and Marcus Sarkis. Higher-order finite
element methods for elliptic problems with interfaces. Mathematical Modelling
and Numerical Analysis, Accepted. Arziv preprint arXiv:1505.04347, Novem-
ber 2014.

5. Johnny Guzman, Manuel A. Sanchez, and Marcus Sarkis. On the accuracy of
finite element approximations to a class of interface problems. Mathematics
of Computations (2015). Tech. report Scientific Computing Group, Brown
Unwwversity 2014-6., March 2014.

6. Johnny Guzman and Manuel A. Sanchez. Max-norm stability of low order
Taylor-Hood elements in three dimensions. Journal of Scientific Computing,
65(2), 2015.

7. Gabriel N. Gatica, Antonio Méarquez, and Manuel A. Sdnchez. Pseudostress-
based mixed finite element methods for the Stokes problem in Rn with Dirichlet
boundary conditions. I: A priori error analysis. Commun. Comput. Phys.,
12(1):109-134, 2012.

8. Gabriel N. Gatica, Antonio Marquez, and Manuel A. Sanchez. A priori and
a posteriori error analyses of a velocity-pseudostress formulation for a class of
quasi-Newtonian Stokes flows. Comput. Methods Appl. Mech. Engrg., 200(17-
20):1619 -1636, 2011.

9. Gabriel N. Gatica, Antonio Marquez, and Manuel A. Sdnchez. Analysis of a
velocity-pressure-pseudostress formulation for the stationary Stokes equations.
Comput. Methods Appl. Mech. Engrg., 199(17-20):1064-1079, 2010.



Presentations

Finite element methods for stationary elliptic interface problems, CCMA PDFEs
and Numerical Methods Seminar Series, Department of Mathematics Penn
State University (January 14, 2016).

Finite element methods for high contrast interface problems, AMS Special Ses-
sion on The Mathematics of Computation, Joint Mathematics Meetings, Seattle
WA (January 2016).

Finite element methods for high-contrast interface problems, Finite Element
Circus, Uniwersity of Massachusetts Dartmouth (October 16-17 2015).

Bernstein polynomial interpolation, Finite Elements Circus, George Mason
University, Fairfar VA (March 27-28, 2015).

Higher-order FEM for elliptic interface problems, Minisymposia: Recent Ad-
vances in Numerical Methods for Interface Problems, SIAM CSE, Utah (March
18, 2015).

Higher-order FEM for elliptic interface problems, Finite Elements Circus, Uni-
versity of Minnesota, Minnesota (October 24, 2014).

On the accuracy of finite element approximations to a class of interface prob-
lems, DelMar Numerics Day, University of Maryland, Baltimore county (May
10, 2014).

Max-norm stability of low order Taylor-Hood elements in three dimensions,
Valparaiso Numérico IV. Pontificia Universidad Catolica de Valparaiso, Chile
(December 11-13, 2013).

Max-norm Stability of low Taylor-Hood Element in three dimensions, Finite
Element Circus, University of Delaware (October 18-19, 2013).

Analysis of a velocity-pressure-pseudostress formulation for the stationary
Stokes equations, COMCA 2009 Numerical Analysis, Universidad Catélica del
Norte, Antofagasta - Chile (August 5 - 7, 2009).

Poster : FEM for Interface Problems, Advanced Numerical Methods in the
Mathematical Sciences. Institute for Scientific Computation, Texas A€M Uni-
versity, College Station, TX. May 4-8, 2015.

Poster: Higher-order FEM for the Stokes interface problem, Minisympostrium
on Advances in numerical methods for interface problems, SIAM CSE, Utah,
March 15, 2015.

Poster: Higher-Order FEM to a Class of Interface Problems,
Structure-Preserving Discretizations of Partial Differential Equations, IMA,
Minnesota, October 22-24, 2014.

vi



Poster: Finite Element Approximation to a class of Interface problems, Robust
Discretization and Fast Solvers for Computable Multi- Physics Models ICERM,
Providence RI, May 12-16, 2014.

Finite element methods for interface problems, Workshop on Integrating Dy-
namics and Stochastic, Division of Applied Mathematics, Brown University,
November 7, 2014.

Finite Element Approximation to a class of Interface problems, Graduate stu-
dent seminar, Division of Applied Mathematics, Brown University, April 2014.

Honors and Awards

Research Assistantship, Brown University, Fall 2015- Spring 2016

Teaching Assistantship, Method of Applied Mathematics - I, Brown University
2014

Becas Chile Fellowship, Government of Chile for studies abroad, 2011-2015
Thesis project funded by BASAL project, CONICYT, Chile, 2010

Academic Excellence Fellowship, University of Concepcién granted to the top
10 entering freshmen, 2004

Professional Service - Peer review in Journals

Computer Methods in Applied Mechanics and Engineering
Journal of Scientific Computing

Journal of Computational and Applied Mathematics

vil



Acknowledgements

I would like to express my gratitude to all those people who have helped me through-

out the process of writing this thesis.

My deepest and sincerest gratitude to my advisor, Prof. Johnny Guzmaén, who
has guided and encouraged me from the very beginning and continues doing it until
these days. I have been genuinely influenced and inspired by his dedication and
enthusiasm for research. I am very thankful for all I have learned from him during

these five years, but I am even more thankful for his precious friendship.

I would like to thank the rest of my dissertation committee Prof. Mark Ainsworth
and Prof. Marcus Sarkis for agreeing to read my thesis and for their valuable insights.
I am honored to have had the chance to collaborate with them in research projects
and I would like to acknowledge the big impact that they have had in my scientific
career. | am also grateful to Prof. Chi-Wang Shu for motivated me during the

numerous courses I took with him and for his valuable guidance.

I am thankful to my fellow graduate students as well as postdocs and visitors in
Applied Mathematics at Brown University for the several discussions and construc-
tive suggestions that contributed to this thesis. In addition, my gratitude to all the
friends that me and my family have made here at Providence, their company and

support undoubtedly have been essential during this time.

viii



I am profoundly grateful to my parents, Carmen and Victor, and my siblings
Victor Hugo, Claudio y Carmen for their support and encouragement throughout

my career.

There are no words to express my gratitude to my beloved wife Daniela and my
son Daniel for their patience, sacrifices, generosity, caring and love during these 5
years at Brown. They have been my biggest supporters throughout this process.

This dissertation is dedicated to them.

Finally, I gratefully acknowledge my scholarship from CONICYT Becas Chile

72110661 that funded me for the first four years of my graduate studies.

X



Abstract of “ Finite Element Methods for Interface Problems Using Unfitted Meshes:
Design and Analysis” by Manuel A. Sanchez Uribe, Ph.D., Brown University, May
2016

This dissertation aims to study finite element methods for two-dimensional stationary
second order interface model problems on homogeneous and heterogeneous media,
under discretizations non-fitted with the interface. We propose novel numerical
methods for the model interface problems, proving optimal convergence of the errors
and robust error estimates with respect to the curvature of the interface and the

physical parameters of the problems.

In the first part of the dissertation, we consider the Poisson and Stokes interface
problems on homogeneous media. In both cases, we design correction terms relying
on the interface jump conditions of the problem for each unknown variable, which
are then added to the right-hand side of the system. This technique is developed for
arbitrary polynomial order of the finite element subspace, by means of higher order
derivative jumps of the solution derived from the problem. We provide pointwise

error analyses of the methods obtaining optimal convergence of the errors.

The second part assesses the classical elliptic interface model problem on het-
erogeneous media: Poisson equations with discontinuous constant coefficients. In
particular, we examine the case in which the contrast of the diffusion coefficients
is high. We present an a priori analysis of the regularity in order to develop error
estimates for the numerical methods consistent with the behavior of the solution.
Furthermore, we propose and analyze two finite element methods, following distinct
approaches, for the high contrast Poisson interface problem. The first method follows
the philosophy of Immersed Finite Element methods, incorporating the jump condi-
tions of the problem strongly in the finite element subspace. Optimal error estimates

independent of the contrast of the diffusion coefficients are proved. A detailed anal-



ysis incorporating the curvature of the interface and the regularity of the solution
is presented, guaranteeing robustness of the method. The second numerical approx-
imation is based on a Nitsche finite element method, with flux stabilization terms.
This approach imposes the jumps conditions of the problem weakly, in the form of
penalty terms with support on the interface that are added to the system. Optimal
error estimates independent of the high-contrast are demonstrated, including a novel

error estimate for the flux of the solution.

Finally, numerical evidence of the properties of the finite element approximations

are displayed for each problem, corroborating the theoretical findings.
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CHAPTER ONE

Introduction



In this dissertation we design and study numerical approximations by finite element
methods to two-dimensional, second order, elliptic interface problems, using meshes
that are non-aligned with the interface. We present stability and error analyses
of the numerical methods with emphasis on: the autonomy of the discretizations
with respect to the interface, proofs of optimal errors estimates based on the energy
and L? norms, and the study of the dependence (or independence) of these error
estimates with respect to the physical quantities or parameters corresponding to the

sub-domains interacting through the interface.

Broadly speaking, Interface Problems are systems of partial differential equations
with jump conditions satisfied across an interface immersed in the physical domain
of study. These problems arise as mathematical models in physical sciences and en-
gineering, as for example: biological flows interacting with elastic structures (heart
models), multi-phase flows, cell and bubble dynamics, front tracking in porous me-
dia flows, animal locomotion, plasma dynamics and electromagnetic problems; etc.
As one can anticipate, solutions to these problems are in general non-smooth, or
even discontinuous across the interface depending on the jump conditions. Conse-
quently, numerical methods that rely on the global regularity of the solution perform
poorly, rendering suboptimal convergence of the errors or even in some cases lack of

convergence near the interface.

A common feature of interface problems, independent of the complexity of the
governing equations or the dimension of the space, is the geometry: typically, a
bounded domain 2 contained in R? and an interface or elastic boundary I, of at least
one dimension less than €2, immersed in the domain are considered. The domain and
the interface interact by means of interface or transmission conditions presented in
the partial differential equations arising from the physical model. Naturally, we are

interested in numerical approximations of the solution of this system of equations.



A key step in this direction, for most of the numerical methods, is the discretization
of the physical domain (mesh construction). In interface problems, we can divide
the numerical methods, depending on how the discretization is constructed, into two
approaches: methods with meshes that are aligned or fitted with the interface, or
methods with meshes that are non-aligned or non-fitted (unfitted) with the interface.
See Figure 1.1 for an illustration of both cases. Evidently, the first approach is much
more restrictive in terms of mesh generation. In particular, for problems where the
interface evolves in time, re-meshing in each time step could present some drawbacks,
as for instance: a high computational cost of the mesh generation, the structure of the
mesh could be totally destroyed, the well-conditioning of the stiffness matrix could be
progressively deteriorated, and possible instabilities of the numerical approximation
might appear. Considering these obstacles, the second approach presents significant
advantages, allowing much simpler discretizations, as for example, Cartesian grids
or uniform triangulations. The discussion in this dissertation focuses exclusively
in the latter approach, designing finite element methods based on meshes that are

non-fitted with the interface.

Figure 1.1: Illustration of discretizations of a two-dimensional polygonal domain with an immersed
interface. Left figure: non-fitted with the interface. Right figure: fitted with the interface (right).

In the next section we present an overview of some numerical methods, based on

meshes that are non-fitted with the interface, that influenced our work.



1.1 Background on numerical methods for inter-

face problems

A widely known, flexible, and certainly remarkable numerical method for interface
problems is the finite differences based Immersed Boundary Method (IBM) by Pe-
skin [96, 98]. Originally, the IBM was designed to approximate numerically a blood
flow model in the human cardiac muscle. Since then, the method has found several
applications in biophysics, fluid-structure interactions, and aerodynamic, including:
blood flow in the heart [90], vibrations of the cochlear basilar membrane [57], blood
clotting [111], aquatic locomotion (swimming of eels, sperm and bacteria)[52], flow
with suspended particles [53], insect flight [93]. See the review article [97] for a
complete review of the method and detailed applications of it. Although we are
presenting here IBM as a numerical method for interface problems, the initial equa-
tions were not quite written the interface setting with jump conditions. In order to
illustrate this, we introduce one of the first models studied by Peskin: Consider a

closed elastic curve (massless) immersed in a two-dimensional incompressible fluid.



The equations of motion of the problem are

o0 V) 4 Vp = gt (1.1a)
V-u=0, (1.1b)
folx,t) = /0 B(s,t)0(x — X (s,t))ds, (1.1¢c)

0X
E(s,t} =u(X(s,1),1), (1.1d)
f(s,t) = %(Tt), (1.1e)
T=25( aa—f —1), (1.1f)

_ 0X/0s

t = [0X /03] (1.1g)

where : u(z,t) is the fluid velocity, p(z,t) is the fluid pressure, f,(z,t) is the force-
density generated by the boundary, p density of the fluid (constant), p viscosity of
the fluid (constant), X (s, t) is the boundary configuration, L is the unstressed length
of the boundary, T'(s,t) is the boundary tension, and ¢ the tangential vector to the

boundary.

The model (1.1), studied by Peskin in [96, 99, 98], does not have interface con-
ditions written explicitly, the force f, generated by the boundary immersed (or
interface) in the domain is considered instead. This force is described by means of a
delta function with support on the immersed boundary. Peskin and Printz [99] would
show later that this force is in fact equivalent to some jump conditions across the
immersed boundary, as in the standard interface setting. Specifically, they showed

that, under the non-slip assumption ([u] = 0), the jumps across the boundary are



given by

B-t

pt - [(Vu)n] = T10X /05| (1.2)
P = o 7am] a{; /TaLS| (1.3)

where m denotes the normal vector to the boundary.

One of the key and distinguishable ideas of the IBM is the approximation of
the delta function by a discrete smooth delta function. On the other hand, in the
variational formulation of problem (1.1) an integral over the boundary appears, re-
placing the delta function. This observation caught the attention of variational
methods, in particular Finite Element Methods (FEM), which have proven to be
very powerful and robust in terms of implementation and analysis. Perhaps one of
the most important finite element approaches to the Immersed Boundary Method
is the Finite Element Immersed Boundary method (FEIBM) developed by Boffi et
al. [22, 23, 24, 25, 20, 19, 21]. Among the contributions of FEIBM are for instance
CFL conditions, numerical stability of the method, and conservation properties. In
this framework, the construction of the discrete delta function is avoided and re-
placed by discretization of the integrals along the boundary. In spite of all the
advantages that IBM presents, the method for both approaches (the finite difference
and finite element approach) is in general only first order accurate. The optimal
second order accuracy is obtained for special cases when the solution is smooth. In
this dissertation we will present a methodology to obtain higher order finite element
approximations considering cases where the solution is not necessarily smooth across

the boundary, at least for basic model problems.

Another notable and well-known numerical method, also finite differences based,

is the Immersed Interface Method (IIM) by LeVeque and Li [77, 78, 76, 75, 81]. The



IIM was motivated by the IBM, but first developed in a much simpler framework.
The model problem for which IIM was first applied is the Poisson equation with
discontinuous diffusion coefficients. We now present the problem in order to illustrate
ideas. A connected, bounded and open domain 2 C R? is assumed to have an
immersed closed interface I', separating the domain into two sub-domains 2~ and
Q7F. See Figure 1.2 for an illustration of these definitions. We seek for the solution

u of the equations:

-V - (p(z)Vu(x)) = f(z) r € QF, (1.4a)
u(z) =0 x € 01, (1.4b)

[u(x)] = a(x) zel, (1.4c)

[p(z)Vu(x) - n(x)] = B(z) rel, (1.4d)

with the function p defined to be piecewise constant in 2~ and QF as follows

p-, e
p(z) = (1.5)
pt, reQr.

Despite the apparent simplicity of the model problem (1.4), its accurate numerical

Figure 1.2: Illustration of the standard geometry of the domain for interface problems.

resolution is key in many applications such as: plasma particle simulations and



electromagnetic problems [85, 72|, solving multi-phase flows [37, 42, 69], topology
optimization problems [18], to name a few. For a more extended list of applications of
model problem (1.4) and other interface problems in heterogeneous media see [80, 66].
In contrast to the IBM, the IIM intents to accurately capture the discontinuities of
the solution across the interface, imposing the interface jump conditions exactly or
approximately on points of the grid. As one can expect, this approach gives a more
accurate approximation of the solution near the interface. In effect, Beale et al. [14]
proved an optimal second order convergence of the Immersed Interface Method for
the Poisson equations with discontinuous coefficients. Not long after the appearance
of this method, a finite element version following the idea of imposing strongly the
interface conditions emerged. The first contribution in this direction is due to Li [79]
for the one-dimensional model problem. After this, several publications addressing
finite element formulations of the IIM have appeared. See for example [83, 82, 58,
59, 35, 66, 67, 68, 17, 112, 1, 84, 86]. For instance, for the two dimensional case Li
et al. [83, 82] proposed and analyzed conforming and nonconforming immersed finite
element methods for the Poisson equations with discontinuous constant coefficients
and homogeneous jump conditions. These methods are known as Immersed Finite
Element methods (IFEM) or Immersed-Interface Finite Element methods. A natural
question that has not been satisfactorily answered by these methods, even for the
Poisson model problem with discontinuous coefficients, is the independence of the
error estimates with respect to the contrast p™/p~ of the discontinuous constant
coefficients (1.5). One of the main objectives of this dissertation is to obtain error
estimates independent of the contrast of the parameters associated with the sub-
domains separated by the interface. We will rigorously prove, among other things,
the first error estimates totally independent of the contrast for a method in the

immersed finite element class.



In the same context, another numerical method that has shown desirable prop-
erties to approximate interface problems with a large contrast of the coefficients is
the Nitsche finite element method. This method was initially designed as a technique
to impose Dirichlet boundary conditions in finite element methods (see [95]), an al-
ternative to other well-known methodologies as, for example, Lagrange multipliers
[7] or penalty methods [7, 13]. The original Nitsche’s method can be interpreted
as a variant of the penalty methods in order to recover consistency [106]. Now, in
the context of interface problems, we can describe the dynamics as the interaction
of problems on two non-overlapping domains by means of boundary conditions sat-
isfied on a common interface. In this sense, the interface conditions will naturally
appear as a result of formulation of Nitsche’s method in both domain. For instance
see the contribution by Hansbo et al. [65, 64]. Subsequently, different forms of this
method have appeared. In the quest of a robust method in terms of the configu-
ration of the computational mesh with respect to the interface and how small can
the elements be cut, an interesting approach was given by Burman et al. [30]. They
proposed stabilization techniques, a penalty term is added with the aim of improving
the stability in the elements cut by the interface. Such a term is usually called the
ghost penalty term, see Burman [29]. Despite all the efforts and techniques utilized
to design a method independent of the contrast of the coefficients, explicit error
estimates stating the desired result are not found in the literature. In this thesis
this result is achieved, proving optimal error estimates, based on the L? and energy
norm, independent of the contrast of the discontinuous coefficients presented in the
Poisson interface model problem. Furthermore, a novel optimal error estimate for

the flux variable, totally independent of the coefficients, is derived.

Other notable examples in the literature of numerical methods for interface prob-

lems (or similar problems) on discretizations that are non-fitted with the interface
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are: Partition of Unity method (PUM), Generalized Finite Element method (GFEM),
and eXtended Finite Element method (XFEM). As it is mentioned in [54] and [8],
these methods are closely related. The common feature is the so called “enrichment”
which can be seen as special function added to the standard finite dimensional space,
by means of partition of unity techniques [92]. The idea behind this enrichment is
to capture properties of the unknown solution in order to obtain a better approxi-
mation. The partition of unity technique was first proposed in [10], under the name
of Special Finite Element methods, using a particular partition of unity based on
standard finite element hat-functions. The idea is generalized in [91], where the
hat-functions are replaced by any partition of unity [11, 92]. This is the Partition of
Unity method or Partition of Unity Finite Element method. The Generalized Finite
Element method (see also meshless methods) would appear later [40, 107, 108, 109, 9]
using hat-functions partition of unity and enrichment that are not necessarily poly-
nomials. About the same time and totally independent of GFEM, eXtended Finite
Element method were developed for crack propagation problems [16, 45]. The XFEM
uses analogous techniques for the enrichment, although the emphasis is on a local
enrichment of the spaces (on the nodes near the crack or interface). In addition, the
multi-scale finite element methods [49] have also been applied to interface problems,

even addressing problems with high-curvature of the interface [38, 70].

In the next section we elaborate on the concepts introduced above and discuss

our early motivations and influences.
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1.2 Motivation and overview

An early motivation for our research was the article [94] by Mori, where pointwise
error estimates for the Immersed Boundary Method applied to the Stokes problem
with an immersed boundary are presented. In order to fix ideas, consider the follow-
ing model problem: Let I" be a one dimensional closed curve (interface) immersed in
a two-dimensional fluid domain Q. Let X (s) be the arc-length parameterization of
I'. Let B be a boundary force given in function of the curve parameterization. The

problem is to find the fluid velocity field w and pressure p under Stokes flow,

—Au+Vp=f—-Ff, in €, (1.6a)
Vou=0 in Q, (1.6b)
u=0 on 02, (1.6¢)

where the singular external force field f, is expressed in terms of the boundary force
B as follows:
7|
(@)= | B(s)d(x — X(s))ds, x€Q,

0

and 0 denotes the Dirac delta function.

In [94], Mori studied the periodic version of problem (1.6), proving pointwise
error estimates optimal for points away from the boundary I'. One of the merits
of this work is that it was able to quantify the distance to the boundary at which
the errors converge optimally. An important consequence of this is that the loss
of convergence is a local behavior. In the beginning of our research we decided to
study this phenomenon using the variational formulation and finite element methods
applied to the Stokes equations (1.6), with the aim to achieve a numerical method

that totally recovers the optimal convergence. In order to fully understand the
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problem, we began with an even simpler model problem: Poisson equations with
an immersed boundary. Consider the same geometry as in (1.6), a two dimensional

bounded domain 2 and an immersed curve I'. We seek a solution of

—Au=f—f in €, (1.7a)
u=0 on 052, (1.7b)
(1.7¢)

where the singular force f, is written in terms of a given boundary force 5(s) and

X (s) the arc-length parameterization of '

T
folz) = B(s)o(x — X (s))ds, x €. (1.8)

0

As it was mentioned before, singular forces can be written as interface conditions
across [' by means of the variational formulation of the problem. To see this, consider
the non-overlapping sub-domains Q" and Q~, resulting from the presence of T, i.e.
Q=0 UQt and 90" NI = I'. Consider a test function v € C*°(Q) with
support in €. Then, multiplying by v, integrating equation (1.7a) over €2, and using

integration by parts (assuming that u is continuous across I'), gives

Vu~ - Vou+ Vu+-Vv—/[Vu~n]vds:/fv—/fw,
ot r Q Q

0-
where [-] denotes the jump on I' defined by
[Vu-n]=Vu' -n"+Vu -n-,

+ —

for u u|g+ and n* the outward pointing unit normal vector to Q*. Now, using
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the definition of the delta function it follows

[ sz = [ (|

Therefore, taking test functions with support in Q~, Q" and on a thin strip with T’

T I

B(s)d(x — X(s))ds)v(:z:)d;z: = B(s)v(X (s))ds.

0

on the center (collapsing towards I'), the interface problem is derived as

—Aut=f in OF, (1.9a)
u=20 on 012, (1.9b)
Vu-n]=p  onT. (1.9¢)

An additional jump condition for the function u can also be considered in the Poison

interface problem (1.9), i.e. [u] = a.

In order to illustrate the difficulties of this problem, consider the standard finite
element formulation for equations (1.9) using continuous piecewise linear functions.
Let © = (—1,1)? and the interface T" be the circle centered at the origin and of radius
1/3. We consider a continuous exact solution with a constant jump on I' of the form
(1.9¢) (solution is not in H?). Table 1.1 displays the errors obtained by the finite
element approximation in: the L? and L* norms, and the H! and W1 semi-norms.
In addition, the experimental order of convergence (eoc) is computed for each error.
In Table 1.1 convergence is observed for L? and L* norm, but are far from optimal
(second order). The error in the W'? semi-norm barely converges, whilst the error
in the W1 semi-norm does not seem to converge. Figure 1.3 shows plots of the
approximate solution and the pointwise errors at the nodes of the mesh. We observe
in the latter plot that larger errors are concentrated in a small region around the

interface.



o0

1,00

€, eoc ep eoc e, eoc ey, eoc

1.8e-1 1.02e-1 1.63e-1 4.71e-1 7.01le-1

8.8e-2 1.57e-2  2.70 4.09e-2  2.00 1.38e-1  1.78 3.26e-1  1.10
4.4e-2 6.72e-3  1.22 2.85e-2  0.52 1.30e-1  0.09 5.48e-1  -0.75
2.2e-2 2.02e-3 1.74 1.07e-2  1.42 7.88e-2  0.72 5.87e-1  -0.10
1.1e-2 7.65e-4  1.40 7.24e-3  0.56 6.16e-2  0.36 6.24e-1  -0.09
5.5e-3 2.71le-4  1.50 4.39¢-3 0.72 4.27e-2  0.53 6.24e-1  0.00
2.8e-3 9.09e-5  1.58 2.04e-3 1.11 2.83e-2  0.59 7.80e-1  -0.32
1.4e-3 3.53e-5 1.36 1.38e-3  0.57 2.24e-2  0.34 8.78e-1  -0.17

14

Table 1.1: Errors based on L? and L™ norms, and H' and W' semi-norms of the approximate
solution by standard FEM, and their respective experimental order of convergence.

Figure 1.3: Standard FEM applied to interface problem (1.7). Left figure: plot of the approximate

solution. Right figure: plot of the errors at the nodes of the triangulation.
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Driven by the local behaviour of the error and testing our variational formulation
with an interpolant of the solution we derived higher-order finite element methods
for the interface problem (1.9). These are presented in Chapter 3. The error analysis,
as in Mori’s work, is on the L® norm and W* semi-norm, and is carried on by
means of standard Green’s function techniques for finite elements. One of the notable
properties of these new methods is that only the right-hand side is modified (i.e. the

load vector), maintaining the stiffness matrix intact.

In this dissertation, problems (1.9) and (1.7) are referred as interface problems
on homogeneous media since it is implicitly assumed that the physical properties
of O and Q" are the same. This is certainly not the general case for applications
of interface problems. Indeed, problems where the governing equations are satis-
fied in sub-domains separated by an interface and the characteristic coefficients are
heterogeneous have several applications. For example: computational mechanics for
deformation of multiple material bodies [65], or geosciences for flow and mass trans-
port [32]. A model problem that has caught the attention of the numerical-methods
community for years and motivated this thesis is the Poisson interface problem with

heterogeneous coefficients, problem (1.4) before introduced.

The model problem (1.4) has been extensively studied by several authors who
have proposed various numerical methods. In particular, for finite element methods
studying this problem see [6, 110, 84, 113, 15, 33, 31, 114, 29, 65, 64, 68, 58, 88,
12, 89, 1, 38|, to name a few. Among methods utilizing discretizations on meshes
that are non-fitted with the interface, very little has been said on high contrast
problems, i.e. cases where the contrast of the constant coefficients p~ and p* is
high (i.e. p™/p~ > 1). The importance of achieving error estimates independent of
contrast is that this guarantees a robust method with respect to the characteristics

of the materials, avoiding deterioration of the error estimates with respect to the
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increment of the contrast of the coefficients. Consider, for example, the standard
finite element method with piecewise linear polynomials applied to problem (1.4)
with homogeneous jumps on a non-fitted triangulation. Note that this method is
suboptimal, only first order accurate since the solution is not in H?*(€2). An exact
solution is available in terms of p~ and p* with a circle of radius 1/3 as interface
(see equation (4.47)). In order to test the dependence of the contrast we fix the
value of p~ and increment p™ consistently. Table 1.2 displays the errors obtained for

the approximate solution on a fix mesh and different values of p™. Observe that, in

p* lu—unlzz@) oV (u—un)llr2a)
3.7e-4 5.5e-2

8 1.0e-3 8.0e-2

32 1.7¢-3 1.2e-1

128 2.1e-3 1.9e-1

512 2.3e-3 2.6e-1

Table 1.2: Errors based on L? norm and H' semi-norm of the approximate solution uy, of problem
(1.4) (with p~ = 1) by standard FEM for a mesh of size h = 2~ (1/2+5),

addition to the sub-optimality of the method, the errors also decrease in accuracy

as the value of p* increments.

In the literature two articles can be found addressing and analyzing problem
(1.4) for high contrast of the coefficients. Burman et al. [33] introduced an unfitted
Nitsche method with averages and stabilization techniques for arbitrarily high con-
trast problems, presenting bounds for the condition number of the stiffness matrix,
although a rigorous error analysis was not given in that paper. The other article by
Chu et al. [38] uses multi-scale techniques to build basis functions, an approach that
seems well suited for high curvature problems (e.g. inclusions completely contained
in a triangle). However, in regions where the curvature of the interface is small it ap-

pears that their main a priori estimate degenerates (see Theorem 3.9 in [38]), forcing
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them to refine the mesh on those regions in order to be aligned with the interface.
In this thesis, two contributions (see Chapter 4 and 5) to the design and analysis
of finite element methods for high contrast problems are provided. These, however,

come from two quite different approaches.

The first approach seeks to strongly enforce the jump conditions of the problem,
i.e., the flux conservation and the continuity. This is achieved, for example, by
defining the basis functions of the finite element space so that the satisfy the jumps
on I' at certain points. This is an important and marked feature of the Immersed
Interface Method using a finite element formulation. In this context several authors
have contributed [1, 59, 58, 38, 68, 67]. For example, Adjerid et al. [1] proposed to
penalize jumps of the trial functions across the edges. Similar penalty terms were
added by Lin et al. [84] proving optimal error estimates. However, in their analysis
they do not consider high contrast problems. This dissertation study problem (1.4)
and introduces a method following the immersed finite element approach that differs
from [1] and [84] by having an additional stabilization term. This term allows us to
prove error estimates that are independent of the contrast p*/p~. Specifically, we

prove

C
IV o=V (u = un)|| 2@y + IV "V (u = un) 200y < FWHLQ(Q)’ (1.10)

where w is solution of problem (1.4), uy, is the approximation that we shall introduce
in Chapter 4, and C' > 0 is a constant independent of h, p~ and p™. By stabilization
term we mean a penalization of the jumps of the normal derivatives of the approxi-
mation across the edges that belong to triangles intersecting I'. This idea was used
before by Burman et al. [33], however, here we use different stabilization parame-
ters (and of course different basis functions). Roughly speaking, the reason this flux

stabilization is important for high contrast problems, is that one does not want to
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move estimates from Q7 to Q= because p* could be much larger than p~. However,
triangles that are cut by I' might have a thin part in Q%, and therefore, inverse
estimates might be affected. By adding the jumps of derivatives we can transfer the

estimates to a neighboring triangle that will have a larger portion in Q.

On the other hand, the second approach seeks to weakly enforce the jump con-
ditions of the problem, doubling the degrees of freedom on the elements cutting the
interface, and adding penalty terms with support on the interface. This approach
corresponds to the Nitsche method class previously named. The inspiration of our
contribution is the article by Burman et al. [33], where they demonstrated, as we
commented before, that in addition to penalizing the jumps across I', it is necessary
to add a flux stabilization term. This method is the so-called stabilized unfitted
Nitsche method. The stabilization term penalizes the jumps of the gradient on edges
that belong to triangles that intersect the interface. As Burman et al. [33] showed,
in order to obtain a method that is robust with respect to the contrast of the coeffi-
cients and robust with respect to the way I' cuts triangles, this type of penalization
is necessary. However, their work fails to explicitly state the independence of the

errors and the contrast.

In addition to this result, this thesis also includes a novel estimate for the error

of the flux (pVu) totally independent of p~ and p™, i.e.

™V (= un) 2oy + 107V (0 = )|z < Chll fllizy (111)

where w is solution of problem (1.4), uy, is the approximation that we shall introduce
in Chapter 5, and C' > 0 is a constant independent of h, p~ and p*. Note that

estimate (1.10) does not directly imply (1.11). It does imply the estimate on 2,
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simply multiplying by /p~, i.e.

1o~ V(u—up)|[z2-y < ChllflL2()-

However, the same trick does not work on %, where we would obtain

+
o9 (= )2y < O bz,

being dependent of the contrast p*/p~.

1.2.1 Organization of the dissertation

The remainder of this dissertation is organized as follows. The next chapter intro-
duces notation and general results with the aim of laying the bases for the posterior
discussion. Chapter 3 deals with the interface problems on homogeneous media.
Arbitrary order finite element methods are provided, as well as, proofs of the op-
timal pointwise error estimates for the approximations. In Chapter 4 we propose
and analyze an Immersed Finite Element Method-type, based on piecewise linear
functions, for the Poisson interface problem with heterogeneous coefficients, paying
particular attention to the high contrast problem. Error analyses for the the L? and
energy norms are studied, achieving the first estimates independent of contrast for
this type of methods. Chapter 5 analyzes our version of the unfitted Nitsche method
for the high contrast Poisson interface problem. The analysis includes a novel error
estimate for the flux variable totally independent of contrast. Finally, concluding
remarks are presented at the end of each chapter, addressing the contributions of
this thesis, extension of the results and directions in terms of research that we would

like pursue in the future.



CHAPTER TWwO

Preliminaries
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The aim of this chapter is to introduce notation and terminology that will be used
throughout the dissertation. In addition, we discuss our assumptions and some

theoretical results necessary for the analysis of our numerical methods.

2.1 Sobolev spaces and norms

Consider a domain 2 C R%. Let 1 < p < oo and define the function spaces
LP(Q) == {v: Q = R, v is Lebesgue measurable and ||v||r(q) < 00},

where the norms || - ||z»(q) are defined by:

1/p
0] ey == </ |v|p> , 1< p< oo
Q

and for p = oo,

|v]| oo () := esssup{|v(z)| : x € Q}.

Let L}

Loe(£2) denotes the set of locally integrable functions. Let k be a nonnegative

integer and 1 < p < oo. We define the Sobolev spaces by

WHP(Q) = {0 € Lipo() : [[ollwraey < 00},

loc

with Sobolev norms:

1/p
[Vl wen) = <Z HDO‘UHZ(Q)> , 1<p<oo;

a<k
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and for p = oo,

[0l[woe (@) = max{|[[DY[[ (o) : e <k}

In this definition D*v denotes the weak derivative of v, for a multi-index .

Remark 2.1. For the case p = 2, the Sobolev space is a Hilbert space and is denoted
by H* = W?2*,

2.2 Finite element basics

We begin this section with standard definitions and concepts related to finite element

discretizations.

2.2.1 The finite element

We follow classical finite element definitions from the books of Ciarlet [39] and Bren-

ner and Scott [27]).

Definition 2.2.1. Let

e K C R? be a bounded open set with nonempty interior and piecewise smooth

boundary (the element domain),

e Pk be a finite-dimensional space of functions on K (the space of shape func-

tions), and

o Yy = {1,19,...,10} be a basis for (Pg)’, dual space of Py (the set of nodal

variables).
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Then (K, Pk,Xk) is called a finite element.

Remark 2.2. Note that we consider open elements instead of the classical definitions

using closed elements.

Definition 2.2.2. Let (K, Py, Y ) be a finite element. The basis {¢1, ¢o,...,dn}

of Pk dual to Xk (i.e., ¥;(¢;) = 0;;) is called the nodal basis of P.

Definition 2.2.3. In R?, a (non-degenerate) d-simplez is the convex hull K of (d+1)-
points {ay,as,...,aq41} € RY which are called vertices of the d-simplex, and which
are not all contained in a hyperplane. For any integer 0 < m < d, an m-face of the
d-simplex K is any m-simplex whose (m + 1) vertices are also vertices of K. Any

(d — 1)-face is simply called a face and a 1-face is called an edge.

Definition 2.2.4. The barycentric coordinates A\; = \j(x), 1 < j < d+ 1, of any
point z € R?, with respect to the (d+ 1) points a;, are the (unique) solutions of the

linear system

d+1 d+1
Zaj)\j:x, Z)\jzl
j=1 j=1

Let K be any d-simplex with vertices {ay,as,...,a411} € R% The d-dimensional

Lagrange nodes (equidistant) are defined by the set

d+1 d+1 1 E_1
Lk(K) = {l’ = Z)\j&j; Z)\j = 1, )‘j € {O,E,...,T,l}, 1 S] S d+1}
7=1 7=1

Example 2.1. Consider K a d-simplex. Let Px = P*, the space of polynomials of
degree k in RY. Let X = {11, a,...,1,, } where

@Di(v):v(ai), UGPK7 vazeLk(K)7Z:177nka

and ny, := dim(P*). Then (K, Py, Y) is a finite element. The nodal basis for the

case k = 1 are the barycentric coordinates {1, A2, A3}.
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Remark 2.3. The element defined in Example 2.1 is called the Lagrange element.

We now characterize the discretization of a domain by simplices.

Definition 2.2.5. A triangulation (or simplicial triangulation) of a polygonal do-

main 2 € R? is a finite collection of d-simplex element domains {T;} such that

e ,NT; =0, if i #j and
«UT =10

e Any face of any d-simplex T} € 7Ty, is either a subset of the boundary 0f2, or a

face of another d-simplex T, € 7.

Definition 2.2.6. Let  be a given domain and {7} be a family of triangulations
of Q, with maximum mesh size h = max{hr : hy := diamT, T € T,} < 1. The

family is said to be quasi-uniform if there exists 79 > 0 such that

min{diam Br : T € T} > vh, (2.1)

where By is the largest ball contained in 7. The family is said to be shape-regular

or non-degenerate if there exists vy > 0 such that for all T' € T,

diam BT 2 'VOhT‘ (22)

Remark 2.4. 1f a family of triangulations is quasi-uniform, then it is shape-regular,

but not conversely.

Next, standard finite element notation is introduced.

Definition 2.2.7. Consider an element T of a triangulation 7,. We define the patch
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of elements wr of T" as the union of elements sharing boundary with 7', i.e.
wr =it { | J K : KnT # 0}. (2.3)

For a vertex x of the triangulation 7, we define the patch of elements w, of = as the

union of elements sharing x as a vertex, i.e.

w, = int { U K : zis a vertex of K}. (2.4)

KeTy,
Definition 2.2.8. Given a triangulation 7;, of a polygonal domain Q@ C R% we
denote by &, the set of all faces (d = 2 edges) of T,. Now, for a piecewise smooth
function v with support on 7j, we define its average and jump across an interior face

e € EM\ O, shared by elements T} and Ty, as

UlT, + v
{v} = %, [v] := v|png + v|nne, (2.5)

where n; and m, are the outward pointing unit normal vectors to 77 and 75, respec-
tively. Similarly, if 7 is a vector-valued function, piecewise smooth on 7y, its average

and normal jump across an interior face e are defined as

()= Tt

L e e 26)

For a boundary face e € £, N OS2 of an element T} we simply define

{v} = vln, [v] := v|7yna, {r} =7|n, [7] == 7|7, - m1.
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2.2.2 Interpolation operators

Definition 2.2.9. Given a finite element (K, Py, Yf), let the set {¢; : 1 < i <
n} C Pk be the basis dual to X (i.e., ¥;(¢;) = 0;;). If v is a function for which all

V; € Y, 1 =1,...,n, are defined, then we define the local interpolant by
Igv = Zwi@)@-
i=1

Definition 2.2.10. Let Q C R be a polygonal domain with a triangulation 7. As-
sume each element in the triangulation is equipped with some type of shape function
and nodal variables. Let m be the order of the highest derivative involved in the

nodal variables. For v € C™(€), the global interpolant is defined by
IhU|K = Ixv, VK €T,

Definition 2.2.11. (Lagrange interpolant) Let Q C R be a polygonal domain with
a triangulation 7. Let K be a d-simplex and Py = P*. Let X = {¢1, ¥g..., ¥, } de-
fined by v¢;(v) = v(a;), for a; Lagrange nodes of T', i = 1, ..., ny. Let {¢1, da, ..., ¢n, }

be a basis of Px dual to Y. Then the local Lagrange interpolant is defined by

(Irv)(x) == Z%(U)@(x) = Zv<az’>¢i($)v (2.7)

=1

for a; Lagrange node of T', i = 1, ..., n,. Consequently, the global Lagrange interpo-

lation operator I, - C(Q) — V¥ is
(Ih’U)‘T = [T’U, VT e 77“ (28)

where V¥ is the finite-dimensional space of piecewise continuous polynomials of de-
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gree k on Tj,.

Lemma 2.2.1. (Lagrange interpolant approximation) Let {T,} be a shape regular
family of triangulations of a polyhedral domain Q C RY. Let 1, m and 1 < p < oo
such that, either m—I{—n/p > 0 whenp > 1 orm—I—n > 0 whenp = 1. Then there
exists a positive constant C' depending on m,p and the shape regularity constant 7

in (2.2) such that, for 0 < s <m

1/p
(Z HU - ‘[thg[/s,p(T)) < Chm_s|v|wmm(ﬂ), (29)

TET,

for all v € W™P(Q), where the left-hand side should be interpreted, in the case

p = 00, as maxyer;, ||V — [pvl|ws (1)-

Next, we introduce the Scott-Zhang interpolation operator. We follow the defi-

nition from [104].

Definition 2.2.12. (Scott-Zhang interpolation operator) Let @ C R? be a con-
nected, open, bounded, polygonal domain with a triangulation 7. Let {a;}, be
the set of all the Lagrange interpolation nodes of the triangulation 7, and {¢;},

be the corresponding nodal basis, i.e., ¢;(a;) = 6;;, for ¢,7 = 1,..., N. We choose,

INE
for each Lagrange node a;, either a d-simplex or a (d — 1)-simplex, o;, according to

the type of node, a;, as follows.

e If g; is an interior node of some d-simplex, K € T, we let 0; = K.

!/

e If a; is an interior point of some face (which is a (d — 1)-simplex), K’, of a

d-simplex, K, we let 0, = K'.

e For the rest of the a;, which must be on some (d — 2)-simplex, there is a

considerable freedom in picking o;. We may pick any (d — 1)-simplex, K’, such
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that a; € K’, subject only to the restriction K’ € 08 if a; € 0.

For face (d — 1)-simplex, K’, of K, there is a natural restriction of (K, Pk, ¥ k) that

defines a finite element:
(K/7 PK’7ZK’) - (K7 PK72K>|K’

Let’s denote by ng(o;) the dimension of P¥(R¥™%). Let a;; = a;, and let {a;;}72,

be the set of nodal points in o;. We introduce the L*(o;)-dual basis {1;;}2, of the

nodal basis {¢;;}72;:

/ Vi j(2)bie(x)dr = 60, J,l=1,...,n0.

Denote ¢; = ;1. Therefore we have

/ ¢Z($)¢]($)d$ = 51’,]’7 Z,j = 1, Ce ,N.

The Scott-Zhang interpolation operator I, : W™P()) — V¥ is defined by

o) i= Y- i) [ o€

where m > 1 if p =1 and m > 1/p otherwise.

Lemma 2.2.2. (Scott-Zhang interpolant approzimation) Let v € W™P(Q), for m,p
satisfying m > 1 if p = 1 and m > 1/p otherwise. Let T, be a shape reqular
triangulation of Q) and Iy, be the Scott-Zhang interpolant defined in Definition 2.2.12.

Then

1/p
<Z llv — Ithﬁ,S,p(KJ < Ch™ 7 F|vllwme), 0<s<m<d+1.
KeTh
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2.3 Interface-triangulation interaction

In this section we introduce some basic notation regarding the interface-triangulation
interaction. As it was mentioned in the introductory chapter, we are interested in
finite element approximations of interface problems without restricting the triangu-
lation to the interface, i.e. our discretization of the domain is not fitted with the

interface.

2.3.1 Geometric considerations

We shall analyze interface problems with the following geometric setting: Consider
a two dimensional, connected, open and bounded polygonal domain  C R? and an
immersed and closed one dimensional interface I' contained in €2, such that I" divides
Q into two open sub-domains QF and O, ie. Q=QFUTUQ- and T = Q+NQ-.
We further assume that the interface I" encloses either Q1 or Q. The interface I is

assumed to be smooth (C?) admitting an arc-length parameterization X.

In the following lemma we introduce the concept of r-tubular neighborhood of the
interface I' (see [44, 48]). We will be interested in the radius r of this neighborhood,
and we will make a key assumption on the size of the finite element triangulation
(2h < r). This assumption will alow us to establish rigourous analysis for the
elements-interface interactions. The lemma presented below is a simplification to
one dimensional curves of Proposition 1 in [44]. We include an adaptation of the

proof in [44] for this case for completeness.

Proposition 2.3.1. (Existence of r-tubular neighborhood) Let T be a regular, simple,

and compact C? curve. For every x € T' consider the line segment N,(r) of length 2r
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centered at x and perpendicular to I' at x. Define the tubular neighborhood of radius
r of I' by Tub(r) = Uger N, (). Then, there exists r > 0 such that for any two points

x1,x9 € ', 21 # x9, the line segments Ny, (r) and N, (r) are disjoint.

Proof. Let zg € T, with zg = X (s). Consider map F : [0,|T|) x R — R?

F(s;1) = X (s) + m™(s),

where n = (n,,n,) is the unit normal vector of X (s) = (z(s),y(s)). Geometrically,
F maps the point (s;7), of the “rectangle” [0, |I'|), into the point of the normal line
to I' at a distance 7 from X (s). The map F' is clearly differential and its Jacobian

at 7 = 0 is given by

oz Oy
%=l #0.
Ng Ny

By the inverse function theorem, there exists a rectangle in [0, |T'|) x R, say

Sg—0<Ss<Sy+09, —e<T<e€

restricted to which F'is one to one. But this means that in the image I',,, of F' by the
interval so — 0 < s < sg + 0, the segments of the normal lines with centers x € I';,

and of length less than 2¢ do not meet.

Now we proceed by a covering argument. By compactness is possible to choose a
finite number of image set I',,, say I'1,..., 'y (corresponding to €y, ..., €) such that

UF_ Ty =T. We shall show that the required 7 is given by
oL

r = min{el, very €Ly ?}’
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where ¢, is the Lebesgue measure of the family {I';} (see Prop. 2.3.2). In fact, let
two points z1,x, € I'. If both belong to some I';, ¢ = 1,..., k, the segments of the
normal lines with center in x; and x5 and length 2r do not meet, since r < ¢;. If z;
and x2 do not belong to the same I';, the dist(z,z9) > d1; were the segments of the
normal lines, centered in z; and x5 and of length 27 , to meet at a point z3 € R?,

we would have

2r > dist(z1, x3) + dist(x3, z9) > dist(z1, z9) > d0p,

which contradicts the definition of r. O]

The next proposition is a standard property of compact sets. See [44] 2-7 Property

Proposition 2.3.2. Let T' C R? be a compact set and {T;} a family of open sets
of I such that |JT'; = I". Then there exists a number § > 0 (the Lebesgue measure
of the family {I';}) such that whenever two points x1,zo € T' area at a distance

dist(xy1, x2) < d then x1 and x4 belongs to some T';.

2.3.2 Interface-triangulation notation

Consider the two dimensional €2, the interface I' and the sub-domains Q= and Q7 as
in the beginning of Section 2.3.1. let {7 }o<n<1 be a family of triangulations of Q.
We remark that we are adopting the convention that elements 7" and element edges
e are open sets. We use over-line symbol to refer to their closure. For each triangular
element T € Ty, let hy denotes its diameter and define the global parameter of the

triangulation by A = maxy hy. Henceforth we will consider the following definitions:
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Figure 2.1: Illustration of the collection of elements intersecting the interface, T € ;I .

Definition 2.3.1. We define the following sets of elements subsets of 7y:
TE={TeT,: T*#0}, TF:=TnNO* (2.10)

We are naturally interested in the set of elements intersecting the interface, we denote
it by

Ty ={T €T, :TNT #0}. (2.11)

For T € T,I' we denote the interface segment contained in T by
Tr:=TnNT. (2.12)

Moreover, considering the patch of elements wy of T' € T, we define the restriction

of wp to OF, and the interface segment intersection of wy with I' by
wi = wrnN O, wh o= wrnT. (2.13)

Remark 2.5. Observe that the definition of 7, guarantees that the union of curve

segments Tt conforms the interface T, i.e. ZTGT,{ |Tr| = |T.
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2.3.3 Assumptions on the triangulation

From now on we will work under the following assumptions.

Assumption 2.1. Given Lemma 2.3.1 we make the following assumptions on the

triangulation:

1. We assume that the triangulation is shape-reqular.

2. We assume that the mesh size h < r/2, where r is the radius of the tubular

neighborhood of T'.

3. If the interface passes through the interior of an element, then it intersects the

boundary of the element at most twice and at different edges.

We make use of these assumptions to prove technical lemmas (see Lemmas 4.3.1,

4.3.6, A.1.4).

Remark 2.6. In general, the numerical methods presented in this dissertation will
render optimal convergence of the errors under the Assumption 1 on the triangula-
tion. However, we will use the more restrictive quasi-uniformity assumption, for some

technical proofs, as for example, the error estimates in the max-norms in Chapter 3.

Remark 2.7. Assumption 2 restricts the size of the mesh by the geometric parameter
r, radius of the tubular neighborhood of the interface I' defined in Proposition 2.3.1.
It is well known that r < 1/k, where k := || X"||z~ assumed to be bounded since
[ is a C? curve, and hence by our assumption h < 1/(2k). The radius r also
bounds from below how close the curve I' comes from self-intersecting (e.g. consider
a dumbbell with a thin middle section). Avoiding cases where, for example, the

interface separates an element into three regions.
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Remark 2.8. Assumption 3 is only considered for the sake of simplicity of the pre-
sentation. For instance, when an edge e is considered we will define its restriction to
Q" and 7. Assuming that the interface does not intersect the edge twice we can
uniquely define the two connected pieces e™ and e~. However, the methods that we

will propose in this dissertation apply without this restriction.

2.4 Theoretical results on interface problems

In this section we establish some theoretical extension and regularity results of the
solution of model interface problem (1.4) with homogeneous jump conditions, i.e. we

consider

~V- (p*VuF) =f  inQF (2.14a)
u=0 on 012, (2.14Db)

=0  onT. (2.14¢)

[pVu-n] =0 on I (2.14d)

2.4.1 Regularity results for Poisson interface problem

A solution u of the elliptic interface problem (2.14) is, in general, only in Hj(S),
instead of H?(Q2). However, it is well known [6, 36, 73, 74] that under an assumption
on the smoothness of I' (namely C? curve), the restrictions of the solution to Q2
and QT enjoy H? regularity, i.e. v~ € H*(Q7) and u™ € H*(QT). This implies the
following estimate

ull 2~y + llull m20+) < Ol fllz2(0)-
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Since we shall be interested in high contrast problem (p*/p~ > 1) we need to specify
the dependence of constant C' > 0 above in terms of the coefficients p~ and pt. A
result that states this dependence can be found in [71]. At this point we recall that

we are assuming that 0 < p~ < p™.

Lemma 2.4.1. (Corollary 2.1 [71]) Assume that T N0 = (. Then, a solution u of
(2.14), with u= € H*(Q2™) and u™ € H*(Q"), satisfies:

o [fO0™ =T (i.e. Q is the inclusion), it holds
P llullzo-) < Clliflirzy, P llullmz@r) < Cllfllrz): (2.15)
o IfOOT =T (i.e. QF is the inclusion), it holds

+
+r|unm+><c( )Hfum(m, ol < Ol @, (216)

p-
for constant C' > 0 independent of p~ and p*.

Remark 2.9. Corollary 2.1 [71] is stated for problem (2.14) with non-homogeneous
jump of the flux, i.e. [Vu-n| = 8 with 3 € H/2(I'). We consider homogeneous

jumps for simplicity.

In addition, in order to state the error estimates of the numerical methods in
terms of the data, we need some regularity results on semi-norms weighted with 1/p*.
We begin with an energy result direct consequence of the variational formulation of

problem (2.14).

Proposition 2.4.1. Let u solve (2.14), then the following energy estimate holds

(2.17)

VorlIVull e + Vo~ [IVull 2@ 11122,
@) ( ¢—— (
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where C > 0 is a constant independent of p~ and p™.

Proof. Consider variational formulation of problem (2.14), for v € H} ()

/ qu~Vv—|—/ qu-Vv:/fv, (2.18)
- o+ Q

implies that
IV o~ Vulliz-) + IV o Vullizoen < [1f 2@ llull 2@
By Poincare’s inequality on € (see Prop. 5.3.5 in [27]) and p~ < p™ it follows that

Vo lullxey < Co (IVpVulliza ) + VeVl

Hence, using last two inequalities we obtain the result. O

A better energy estimate, in terms of the independence of the constant with
respect to the characteristic coefficients, weighted with p* holds as we proved in

next proposition.

Proposition 2.4.2. Let u solve (2.14), then the following energy estimate holds
prIIVull 20+ + o [[Vull 2y < Cl fllz2), (2.19)

where C > 0 is a constant independent of p~ and p™.

Proof. We prove this estimate in the case that Q7 is the inclusion (i.e. 9Q" =T does

not intersect d€2). The proof of the other case is similar. First, from the previous
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proposition we have

I Vullany < Cll Lz, (2.20)

Let w =u" — |Q—1+‘ fQ . utdz. Therefore, using Poincare’s inequality (see equation

5.3.1 and Prop. 5.3.5 in [27]) we have
|wllL2@+) < Cf|Vu| 2@+ (2.21)

By means of an extension result (see Lemma 6.37 in [55]), there exists v € H}(Q)

such that v|g+ = w|q+ and
Applying the variational formulation of problem (2.14) we have that

/ p_Vu-Vv+/ p*Vu-Vv:/fv.
- o+ 0

Multiplying last equation by p*, it follows that

10" Vull sy = o* /Q Vo= /Q fo-* [ o Vu-v.

Therefore, we have
10t VulZ2 00 < I l2@llo vl + o7 Vull 2 lp* Vol 2 ).

By (2.22) we have

10 VulZaar, < CUIS iz + o Vullzao))ot el @i
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Hence, using (2.21) we get

10"Vl 22y < CUIfll2@) + 1™Vl 2 )1l Vul 2.

The proof is complete after applying (2.20). O

We will also need to state H? (semi-norm) regularity estimates which can essen-
tially be proved if one combines results in [38] and [71]. Here we give an alternative

argument using the results in [71] and classical regularity theory.

Proposition 2.4.3. In addition to the assumptions already made on 2 and I', as-
sume further that Q is convex. Let u solve (2.14). Then, the following regqularity

estimate holds
Pt D*ull 200y + 7 IID%ull 20y < Creg |l fll22(0)5 (2.23)

where C' is independent of p=.

The constant Creg could depend on the geometry of the sub-domains Q.

Proof. We first assume that Q= is the inclusion (i.e. 9Q~ N 9N = (). In this case,

the result (2.23) follows directly from Lemma 2.4.1, estimate (2.15).

Now, assume that QF is the inclusion. From estimate (2.16) in Lemma 2.4.1 we

have

pllullmz @y < Ol (2.24)



Let ut = |Q—1+| Jor utdz. Let w =u" — ut. Note that w satisfies

—pTAw = f in QF,

p"Vw-n=ptVu"-n  ondQ".

From a standard regularity result (see (2.3.3.1) in [60]) we have
pHwllazery < CI1fllz@y + 107 Vu© - nllgizeper + o llwllm @)
Using the jump condition we have
10" Vu - nl 2oy = 1o VU™ -0l g2par),
By a standard trace inequality we have
o™ Vu™  n| gizpan < o7 1w 2o

Which by (2.24) gives

107 Vur - n gizpary < Ol flleao-

Note that the estimate

prlwll gy < Cl fllz)

follows from Poincare’s inequality and Proposition 2.4.2. Hence, we have

prlwll g2y < C I fll2@)-

The result now follows after noting that || D?ul| 2+ < ||w|| g2+

39
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Remark 2.10. Note that, although the constant C' in Lemma 2.4.3 (also 2.4.2) does
not depend on the coefficients it could depend on the geometry of the sub-domains

Q™ and QF.

2.4.2 Extensions results

Proposition 2.4.4. (H? Extension) Consider u*t € H*(QF) (with u* =0 on 9Q*N
ON)). Then, there exists a constant C' and extensions ug € H?(Q) with the following

properties

up(z) = u*(z) r € QF, (2.25)

| Dugll 2 + |1 D*upll ) < C(|[Du"||120t) + [1D*0™ || r2(0t))- (2.26)

Remark 2.11. This result follows from Theorem 7.25 in [55] (see also [51]) and ap-
plying Poincare’s inequalities. Considering that we will only require the extensions
uf to be defined on patches of elements on 7;', in fact, we only need the following

more [ocal bound which could lead to a better geometric constant:
DUz 2oty + 1D*ugll 202y < Cr(Du[li2z) + [[D*u || r20x)).  (2:27)

where QF = QF |JTub(2h) are the local extension sets. For the sake of simplicity,

we do not prove here how Cr depends on the geometric constants (e.g. x and 7).



CHAPTER THREE

High order finite element method
for interface problems in

homogeneous media
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3.1 Finite element methods for Poisson interface

problem

In this chapter we analyze finite element methods for Poisson and Stokes problems
in two dimensions with a one dimensional interface immersed in the domain, using
triangulations that are non-fitted with the interface. The main goal of this chapter is
to provide high order finite element methods approximating the respective interface

problems.

3.1.1 Poisson interface problems

Let Q C R? be a connected, open, bounded, polygonal domain with an immersed,
smooth, and closed interface I' such that Q = Q= U QF and T encloses either Q~ or

Q. Consider the problem

—AuF = f* in OF (3.1a)
w=0 on 99, (3.1b)

[u] =0 onT, (3.1c)
[Vu-n]=8  onT, (3.1d)

where we denote by u* = u|g+, n* is the unit outward pointing normal to QF, and

the jumps across the interface I' are defined as before, i.e.

[ul =ut —u", [Vu-n]=Vu -n~ +Vut -n".
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In order to derive higher order finite element method for problem (3.1), higher
order derivatives of u will be needed. With this aim we introduce the standard

differential operator D and derivatives of order k € IN

oledy(z,
DFu(z,y) == {Dau = %@O‘Z) ra= (), |af = k} :

For a vector v we denote the k-th order directional derivative

We now show how to derive the jumps of high order derivatives of u across I'

from the data, 8 and f. Similar ideas were used in [77, 87, 14].

Higher order derivatives jumps

Fix a point z € I". Let n be the normal vector to I at x, and ¢ the tangent vector
to I' at z. We clearly have [(Vu - n)(x)] = [Dyu(x)] = S(z) and, thanks to (3.1c),
we have that [(Vu - t)(x)] = [Deu(x)] = 0. In fact, we also have the jump of higher
tangential derivatives are zero, i.e. [Dju(z)] = 0 for any ¢. Note that from the

Poisson’s equation (3.1a), we have
~D2u—Diu=f inQF (3.2)
which implies that [D2u(x)] = [f(x)]. Moreover, we note that

[DiDpu(x)] = Dy [Dpu(z)] = DefS(z) x €T
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Now we proceed by induction. Suppose we have all jumps of the derivatives of order
¢ — 1 in terms of B and f. Then, we will show how to get the jumps of derivatives

of order /. Let i +j =/¢. If i > 1 then
[D;D},u(z)] = Dy [Dy " Diu(z)] .

Otherwise, using Poisson’s equation (3.2) in terms of the normal and tangential

derivatives we have
[Diu(z)] = — [Di 2 f(z)] — Dy [De DY *u(x)] -

Suppose that we would like the jump of u in a different direction, say n. Then, we
write 7 = an + bt, where a = n-n and b = n - t, obtaining
¢

[Diu(x)] =Y (;) bt [D%Df‘ju(x)] . (3.3)

§=0
3.1.2 Higher order finite element methods

Let 7p, 0 < h < 1 be a sequence of triangulations of € (see Section 2.2), assumed to be
shape-regular. Let Ay denote the diameter of the element T € T, and h = maxy hr.
Consider Assumptions 1, 2 and 3. Let V;* be the finite element subspace of continuous

piecewise polynomials of degree k, vanishing at 0€2, i.e.

VE={ve CQNHNQ) : v|p € PHT), VT €Ty}
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Let T € T;, and define the local space S*(T), consisting of piecewise polynomials of

degree kin T and T, i.e.,

SK(T) == {w € LX(T) : w|r+ € P*(T*)}. (3.4)

Next, we define the Lagrange interpolation operator (see Definition 2.2.11) from
the space of functions not necessarily continuous across the interface I' onto the

subspace Vi¥.

Definition 3.1.1. Given v € L?(Q) with v~ = v|g- € C(Q7) and vt = v|g+ €

C(QF), we define locally I,v € V¥ such that:

e if T €T, then nodal values of (I,v) are determined by

v (a;), if a; € Q;
(Ipv)|r(a;) = (3.5)
vT(ay), ifa; € QF,
for all a; € T, i =1,...,nay, with nyy = dim(P*(T)) = (k + 1)(k + 2)/2, the

degree k Lagrange nodes of T
o if T € T,\T, then (Iv)|r is imply the local Lagrange interpolant on 7.

Remark 3.1. Note that if v is continuous /v is simply the Lagrange interpolant of v.
However, if v is discontinuous then I,v interpolates values of v on Lagrange points
not intersecting I' and for Lagrange points lying on I' it takes the values of v coming

from €~ (this is without loss of generality).

In terms of approximation, observe that for a function v with v* = v|gx €

C(2%) the interpolant defined in Definition 3.1.1 has the same local approximation
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properties than the Lagrange interpolant defined in 2.2.11 on elements T' € Tp\7,},
whilst for elements T' € 7,1 the local interpolant does not have optimal approximation
properties. However, on the latter case we still have its stability. The following

lemma states this result.

Lemma 3.1.1. Let v € L*(Q) with v* € C(QF) and I, the Lagrange interpolant

defined above. Then, there exists a positive constant C' such that
||Ihv||L°°(T) S CH'UHLoo(T), VT € 771 (36)

Remark 3.2. In order to prove L? based error estimates, shape regularity of the
triangulation suffices. However, as is well known, some form of quasi-uniformity
of the mesh is needed to prove max-norm estimates, even if there is no interface
[43]. Since we will prove max-norm estimates of our method, and in order to avoid

unnecessary details, we will assume that the meshes are quasi-uniform (see Definition

2.2.6).

The proposed finite element method

We now present our finite element method approximating the Poisson interface prob-

lem (3.1). Find u;, € Vi, such that

/QVuh-Vv:/va%—/Fﬁv—Z(TVw%-Vzwl— T+Vw§ﬁ-Vv) (3.7)

TeTy

for all v € V¥, where w¥ is a correction function to be defined in Section 3.1.2.
Note the terms not involving the correction function are the standard variational
formulation of problem (3.1) and they are separated in T~ and T anticipating that

wf is discontinuous across the interface. We also remark that the left-hand side of
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the equations is the standard stiffness matrix for the Poisson problem.

The correction function

We now show how to construct the piecewise polynomial function w% € S*(T') that
will help to correct the right-hand side of the natural finite element method ((3.7)
without the correction term), in order to obtain a higher order approximation. First,
we develop some notation. For each T' € T;I let yr and z7 be the two endpoints of
T NT, see Figure 3.1. Let Ly denote the line segment connecting yr and zp. Let
1 be the unit vector perpendicular to Ly and pointing outward 7. Let also 7 be
the unit vector parallel to the line Ly such that 7 is the clockwise rotation of n by

ninety degrees.

Foreach ¢ =0,1,... k, let {i:fT ¢_, denote the Gauss points of the segment L.
For each irf’T, let Qf’T be the line perpendicular to the line segment L that passes
through the points ff’T. We then define xf’T = Qf’T NI, fori=0,..., ¢ Observe
that the definition of the points :L’f’T, for i =0, ..., ¢, on the interface I' is unique
thanks to Assumption 2. Note here that the choice of Gauss points is a preference
of the authors, related to the quadrature rules, but not essential in the proofs. We

could also use, for instance, equally spaced points.

The correction functions w% will be defined, for T € T,', to be discontinuous
across elements and satisfying jump conditions derived from (3.1c) and (3.1d) at
points on Tr. Given a function u, with v~ € C(Q~) and u* € C(Q+), we define the

correction function w% to be the unique function in S*(T') (see Lemma 3.1.3) that
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Figure 3.1: Illustration of notation on T' € T,'". Left figure: 7", T, vectors i and 7, line segment
L7 and its extreme points yr and zp. Right figure: zoom in the region of T near the interface
showing the Gaussian points jf’T and their perpendicular projection onto I' x?’T, for+=0,1,2.

satisfies

DE- T (vaT)} - [Df’_zu(xf’T)} for 0<i</fand0<(<Fk, (3.8)
w4) (a;) =0, ifa; € Q- UT;,
(wi)™ (@) forall a; € T, i =1,...n9y, (3.9)
(W)t (a;) =0, if a; € Q.

\

where a; are the degree k Lagrange nodes of T' (see Definition 2.2.4) and nqy =
dim(P*(T)) = (k + 1)(k + 2)/2. We would like to stress that if u is the solution to
(3.1) then we can derive all the jumps of w in terms of the data § and f so we can
construct w4 a priori. It is important to notice that we impose directional derivatives
jump conditions in the n-direction (a fix direction for each T' € T,I') rather than in
the n-direction. However, as it was shown in (3.3), we can easily transform the jump
data described in n-direction to jump data in the n-direction. A reason for this choice
is because we can show unisolvence, when I' is curved, for any polynomial of degree
k. Additionally, the construction of the correction functions can be made explicitly,
that is, it does not require solving any local linear system. Such construction permits
us to develop not only an elegant analysis for any polynomial degree k but also an
analysis without imposing strong condition on how I' intersects an element 7" (how

small are the measures of T~ or T") in order to control the ill conditioning of this
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matrix.

Local approximation of the correction function

In this section we prove optimal local approximation of the interpolant (Definition
3.1.1) plus the correction function. We first introduce some crucial lemmas related

to approximation on the space S*(T).

Lemma 3.1.2. Let T € T,' and define ro = |Ly|. For any v € P*(T), we have

1
v

k—¢ 4T .
TT(ggg§>§|Dn vz )|, j=0,1,

(2

k
Wy || D70 oy < C G
e

where the constant C' depends only on the polynomial degree k.

Proof. Let LE be the segment with length |LE| = 2hz, centered at (yr + 27)/2 and
aligned with Lp. The size of LY guarantees that any point x € T can be projected
orthogonally on LE. Then, using Taylor’s expansion on 7' from LE, we can easily
show that

k
|| D70 ey < CZh?’EHD,’;’EUHLm(L%), J=0,1
=0

Using Taylor’s theorem on LE from a point of Ly we get
¢
1D vl e 2y < CZ Wl D5 Dy~ 0] oo (1)

s=0

The inverse inequality gives

s b C ke
| D5 DY || oo (L) < ~ Dy “0l| oo (L)
T
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We therefore have
. k e S
hplD7vl p(ry < CRY Z hy' Z T_SHDZTZU”LOO(LT)

-y Yy hz 7 10 vl

EOSO

< OhTZZﬂ—H Dy~ vl oo

ZOSOT
k

1 _
= Oh’;ZT—ZHD,’j “Oll e ()

=0T

where we used that rr < hp. In order to bound the right-hand side above, we use

induction on /. First, using that D,’;v is a constant we have

0,T
I Dyll e (Lr) = | Dv(ag ™).

Assume that we have proved
U U
_ - 0T
Z T_ZHD?]; “ollpoeryy < C Z — max |Df"7 Co(ay)], (3.10)

t=m+1 T t=m+1 T

then we want to prove that

k k
1 1 k—0, (. 6T
P vl <€ 2 e Dy o) &1

Since Df,_mv is a polynomial of degree m, we have that

T
Dol < C g (Do)
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Using Taylor’s theorem we have

k
—m 7m,T —m m7T —-m —
Dy oz )] < Dy o@D + Y d D ol (ng),
l=m+1

where d = max

0T 4T
|;p. — T
0<i<<k

L

. Using Taylor expansion we could prove that d < Cr2,
with a constant C' depending on the second derivative of the parametrization of the
curve I' with respect to L. Instead we use the estimate d < r1/2 resulting from the

r-tubular neighborhood Assumption 2, h < r/2, see Lemma A.1.2. Hence, we have

1 1
— max |[DFMy(zT)| <= max |DE Moz
Tl 0<i<m n T 0<i<m n

k
1 1 _
+2E7m Z 2m—€||DfI %HL""(LT)-
l=m+1 TT

However, —a— < = for £ > m + 1 and so using (3.10) we arrive at (3.11). O
T T

The following is a fundamental result for the correction function w#. Lemma
below states the unisolvency of its construction (3.8) and (3.9), and the stability of
h%wHDjw%HLoo(T:t) with respect to the data, when we choose ¢;, = [foeu(xlf’T)] , see

)

equation (3.8).
Lemma 3.1.3. Given data {c;,} for 0 <i </l and0 < { < k. There exists a unique
function w € S*(T), such that

[Dkféw(xlf’T)} = ¢y, for0<i<land0</{<k, (3.12)

7

wy)(a;) =0, ifa; € Q7 UTY
(wi)™(a:) / foralla; €T, i=1,...n9y, (3.13)
(wh)H(a) = 0, ifa; € Q.

where a; are the degree k Lagrange nodes of T  (see Definition 2.2.4). In addition,
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the solution w € S*(T) satisfy the following stability bound

k
. . 1
Wy || DIw|| o () < CRY, E — max |ciy|, for j=0,1, (3.14)
r
=0 T

0<i<t

where C' depends only on the polynomial degree k.

Proof. We will construct w of the form w = z — I,z, where z € S*(T) and I, the
Lagrange interpolant defined in Definition 3.1.1. Notice that, by definition of Iy,
z — Iz vanishes on the (k 4 1)(k + 2)/2 Lagrange points of T, satisfying (3.13).

Moreover, since [,z is smooth on T’

7 n 7

[Df,_zw(xtf’T)] = [Dk_éz(xlf’T)] :

The function z will be given by

0 inTT,

v o inT™,
where v is the unique polynomial on P*, such that

Dflifv(xg’T) = ¢y for0<i<land0</{¢<k.

7

The existence and uniqueness of v follow from representing v = wv(s,r) as a
polynomial of degree k in r (7-direction) and s (n-direction), where s = 0 represents

the straight line passing through y; and zp, then by decomposing

v(s,7) = pr(r) + spe1(r) + $2pr_a(r) + - - + s*po,
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where py, for 0 < ¢ < k, is a polynomial of degree ¢ in r. It is easy to see, by using
interpolation at the Gauss point ig’T, that pg exists and is unique, then by using
interpolation at the Gauss points f(l]’T and j%’T that p;(r) exists and is unique, and

SO on.

According to Lemma 3.1.2, we have the following bound
"1
hJTHDJvHLoo <C Z 7 max X ¢ (3.15)

=0 Ty 05

Hence, w satisfies (3.12). Moreover,

hJTHDJU}HLoo(Ti) = h%ﬂHD](Z — Ihz)HLC’o(Ti) < h] HD]/UHLOO(T h’%‘HD][hZ”LOO(T)
Using an inverse estimate and stability of the interpolant Lemma 3.1.1, we have
W | D7 Iz || pocry < Cllinzlleery < Cllzllimery < C oll -
Then, it follows that
hé—‘HDJUJHLoo(Ti) < h HD]UHLOO T-) + H’U“Loo(T_

Finally we arrive to (3.14) once we apply (3.15). O

Let T € T,''. Consider a ball By, of radius ry = | Lz| such that encloses the piece
of boundary Tt and By, C wp, where wy is the patch of triangles of 7" introduced in

Definition 2.2.7 equation (2.3). Let Jr be the local L? projection onto polynomials
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of degree k in Ba,,, i.e. Jp: L*(Ba,,) — P* such that for w € L?(Ba,,.)

J

By definition Jyw € P* is defined in the ball Bs,,.. However consider its natural

Jr(w)v = / wv, Vv € P¥
B

2rp 2rp

extension to all of wy. Then, we can prove the following lemma.

Lemma 3.1.4. Let w € C**Y(wr), then we have

| D (Jrw — w)|| ooy, ) < CrpHwllorei s,y for 0 <j <k, (3.16)
and
h§|]Dj(JTw — W)z wr) < Ch§w+1||w’|ck+l(wT) for0<j<k. (3.17)

Proof. The inequality (3.16) is a standard approximation of the L? projection. To

prove (3.17) we apply Taylor’s theorem to get

k—j
W l| D7 (g0 = )ity < 1 S Bl DI (0 = ) g+ B 0 0001 o
/=1

The result follows after applying (3.16) and using that 7 < hp, which is trivial since

Ly is a segment contained in 7. O]

Now we are in position to establish the approximation result for the correction
function w$ defined in Section 3.1.2. One interpretation of the result below is that
(Inu + w¥) approximates the function u on elements cut by the interface. In this

u

sense, wi “corrects” the approximation of the interpolant [;, on these elements.

Lemma 3.1.5. Let I}, be the interpolant defined in Definition 3.1.1. Suppose the so-
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lution u to problem (3.1) satisfies u™ € CK¥*L1(QF), and w¥ is the correction function

defined by (3.12) and (3.13). Then, we have
h%HDj(u_[hu_w%)HLoo(Ti) < Chl’;j—l (HUEHC’“"I(WT) + HUEJHC’H‘I(wT)) ) fO?“ ] =0,1,

and C depends only on the shape reqularity of T', the polynomial degree k.

Proof. We will define v € S*(T) (see (3.4)) as follows

Jruf on T,
v =

Jruy on T,

Clearly v — Iv = wf by Lemma 3.1.3. Hence, we have

hpl| D7 (u = Iy = wi) | poe sy = Bl D7 ((u = ) + v = I (u) = wF) ||z (r)
=1 || D7 ((w —v) + (v — Ipv) + Iy(v — u) — wh) || oo (rs)
=h7p || D7 ((w = v) = In(u = v) = wi™) ||z (r)
<C Iy (1D (u = v)l| ooty + |1 D7 wh" | oo )

+ O ||U — U”Loo(T),

where we used wy ¥ = wj} — wf, an inverse estimate and the stability of I;, in the

max-norm Lemma 3.1.1.
Using (3.17) we get

Wpl| D7 (= 0) || ooty + ([t — 0] poe(rzy < CRE (lugllomsrwry + bl e wr)).
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Estimate (3.14) implies

k
] u—v 1
Wpllwg ™|y < Chyp Y el [Dr(v = )] [l (1)
=0 'T

Applying (3.16) we obtain

k
1 -
> il [Dr = )] =) < Cre(lubllor ., + sl s,)).
=0

which completes the proof. O

3.1.3 A priori error analysis

The objective of this section is to prove rigorous pointwise error estimates for the

finite element method (3.7), which shall be achieved in Theorems 3.1.1 and 3.1.2.

The next lemma will show that the correction term w in the finite element

method (3.7) will allow us to compare Iu — uy,.

Lemma 3.1.6. Let u™ € C*L(QF) be the solution of (3.1) and uy be its finite ele-
ment approzimation solution of (3.7). Let I be the interpolant defined in Definition

3.1.1. Then, it holds
/ V(I —up) - Vode < Ch¥ Vol (lu'llorory + v leromy), Yo € Vi,
0

where C' depends only on the shape reqularity of {T,}n>o, the polynomial degree k.
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Proof. Adding and subtracting u we have

/Vlhu—uh Vv—/VIhu—u Vv—l—/Vu VU—/Vuh Vv

:/VIhu—u VU+Z/VwT Vv

TeTk

— Z /V]hU—u VU+Z/VIhU+wT u) - Vo

TeT\TE TeTT

The result now easily follows from Lemma 3.1.5 and the fact that u is smooth on

T € T\T,. O

From the above lemma we can easily prove an optimal estimate in the H' semi-

norm (only assuming shape-regularity of the triangulation):
IV (Ihu — Uh)||L2(Q) < Ch* (||U+||ck+1(m) + Hu_HCkH(Q*)) .

However, are goal is to prove estimates in the maximum-norm as our next result
states. A slightly sub-optimal (off by a log factor) can be proved if we use the above
lemma directly. In order to prove the optimal estimate, we will give a more involved

argument.

Theorem 3.1.1. Suppose that 2 is conver and assume Ty, is quasi-uniform. Let

u® € CHHL(OF) be the solution of (3.1) and uy, be the solution of (3.7), then
IV (T = un)ll= @) < CRE(Jutllor @) + [u” les o)),

where C' depends only on the quasi-uniformity constant of {Ty }n>o and the polynomial

degree k.

Proof. Let e;, = I,u — u;, and suppose that the maximum of |0, ep| occurs at z € Q
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(for some fixed 1 < i < 2). Suppose z € T, for some T, € T;,. Consider now the

regularized Dirac delta function 67 = §;, € CJ(T.,) (see [27]), which satisfies

r(z) = (r,0n)1., vr € P*(T), (3.18)

and has the following property

|nllwra(r,y < Chr—20=1), 1<g<oo, r=0,1. (3.19)

For each i = 1,2, define the approximate Green’s function g € H}(€2), which

solves the following equation:

—Ag = 0,,0p in €, (3.20a)

g=0 on Of). (3.20b)

We also consider its finite element approximation g; € V¥ that satisfies

/ Vg, - Vv = / v0,,0, forallv e VF. (3.21)
Q Q

From the work of Rannacher and Scott [100] we have

IV(g = gn)llr@) < C. (3.22)
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Moreover, using a dyadic decomposition one can show

19l < Clog(1/h). (3.23)

A log free estimate holds if we consider a smaller domain, i.e.
I1Vgllpisry < C, (3.24)

where ST = {z € Q : dist(z,T') < kh} for some fixed constant r; see for instance

[62]. Hence, combining (3.22) and (3.24) we have

IVanllLrsry < C. (3.25)

We start by using the definition of §; and problem (3.21)

”am@hHLW(Q) = |8xi€h(z>’ = |/5ha’£¢eh’ = |/8£E15h €h|-
Q Q

Then, we see that

102l ey = | / V- Ven| - | / Van - Venl.
Q Q

If we follow the proof of Lemma 3.1.6 we see that

/Vgh-Veh =J1 + Jo,
Q
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where

Ji= Y /V(Ihu—u)~Vgh, L= Y /V(Ihu+w;a—u).vgh.
T T

TeT\TY TeTr

Applying Cauchy-Schwarz inequality to Jo we get

J2 < C ||Vgh||L1(SF) ;I?r}% ||V(]hu + UJ% — u)HLoo(T).
h

Moreover, using (3.25) and Lemma 3.1.5 we have

Jo < CH([[ut]loreany + [[u [lerera-)):

To give an estimate for J; we define R;, = UTeTh\ThFT- Now, adding and sub-

tracting Vg, we obtain

Jp = Z /TV(Ihu—u)-Vgh:/R (V(Ipu—u) - V(g —9)+ V(Ipu—u)-Vg).
TeT\T "

Using (3.22), we have

V(Ipu—u)-Vigh—g)dz < Chk(||u+||ck+1(9+) + [[u” [[ers1(a-))-
Ry,

For the remaining term we integrate by parts to get

V(Ihu—u)-Vg:/

(Inu — u)0y, 05, dx + / (Inu — u)Dpg.
Ry

Rp, OR,\OQ



61

Here we used that, since €2 is convex, Vg is continuous and so integration by

parts makes sense.

Clearly we have by (3.19)

[ = 09,8, < CH (" ewniory + u lorsa)-
Rh

Finally, we have

/8R \BQUhU —u)Dpg <C [ Ihu — ul| L (ry) | Dngll Lt (9r,\00)
h

< Cth”DngHLl(aRh\aﬂ) (||U+Hck+1(n+) + HU7HC’C+1(Q*)) .

In Appendix A.2 we prove the bound
C
| Drgllzr@rno0) < Iz (3.26)
which will then show that
J1 < Chk(||U+HCk+1(Q+) + ||U_||Ck+1(97)),

and will complete the proof. O]

Next, we will prove an estimate for the error in the maximum norm. In the case
there is no interface a logarithmic factor is not present for k > 2 (see [27]), however,

we do not see how to remove this factor in our setting.

Theorem 3.1.2. Suppose that §) is convex and that Ty, is quasi-uniform. Let u* €
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CHL(QF) be the solution of (3.1) and uy, be the solution of (3.7), then
It = ey < CH*H log(L/B) (I lomsagany + - llosinay) - (3:27)

where C' depends only on the quasi-uniformity constant of {Ty }n>o and the polynomial

degree k.

Proof. Let z € ) be arbitrary and let 9, = 67 be the Dirac delta function defined in

proof of Theorem 3.1.1, equation (3.18). Let g satisfy

—Aj=08, inQ, (3.28)

g=0 on 012, (3.29)
and consider its continuous piecewise linear finite element approximation gy, i.e.

/Vgh-vudxzfahvdx, Vv € V.
Q Q

Then, using definition of . we have

([hu — uh)(z) = / (Ihu — Uh)éh

Q

:/ V(Ihu — uh) . Vg}h
Q

= ) /TV(Ihu—u)-vthrZ/TV(Ihquw%—u)-Véh

TeT\TY TeTk

= Jl + JQ.
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We first give a bound for Js.

Jo < ;HGE%HV(IWJFWT—U)||L°°(T>||V9h”u(sr>

< CR* ([t lewsiary + [u” llorsi @) 1VGnll s

< CR* (lutllesrrry + lu”llerri@-)) (IVGn = Vallpasey + 1Vl rgsry) -

The error of the piecewise linear finite element approximation of g, is a standard
result. See for instance Scott [105] (also [102, 103]) provides the estimate for a similar

problem. We state the estimate below.
IVgh = Vgl < Chlog(1/h).

For Vg, the bound is proved for example in [62] for a similar problem (the techniques
are standard see [102, 103]), here we obtain ||V g|[1(sry < Chlog(1/h). Therefore,

we have

Jo < Ch" M og(1/h) ([[ut[|crsrory + [[u™|leromy) -

Now, in order to bound J;, we will introduce the Raviart-Thomas projection (see
[101]) T : HY(Q) — &P, defined locally for any T' € Ty, Il|r : HY(T) — RT,(T),

where
RTV(T) = P'(T)? @ «B(T), ®f = {§ € [[AQF: @lr € RI(T) VT € Tr}.
Then, adding and subtracting [IV gy,

Ji1=Ji(Vgn) = 1(Vin — T(Vgn)) + J1(IL(Vgn)).
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For the first term we have
J1(Vgn —1IVG) < Ch* (Ju"||crsior) + Ju™ [lerion) [Van — VG 1o

Adding and subtracting Vg, using the triangle inequality, approximation of II and

gn we have

1Van — V3 ey < (IV@n — D)l + 1V — TV 11 @)

< Chlog(1/h),
and hence

Ji(Vgn —TIVg) < Ch*og(1/h) ([[utl|orsiiar) + [[u” llors o)) -

For the second term we have using integration by parts

LIV = Y (— /T(Ihu—u)v~H(V§h)+/8T(Ihu—u)H(V§h)-nds).

TETI\TY

For the first term above we use the following well-known commutative property of
the Raviart-Thomas projection, V - llv = PyV v, for v € HY(T'), where P, is the L?

projection onto the space of piecewise constant polynomials. Then, it follows

- Y / (Ivu —w)V - I(Vg)de = — ) / (Inu — u) Po(Ag)da

TeT\TF TeT\T}F

Z /[hu—uPo(Sh)d

TeT\T}

Observing that the support of Py(dy) is T, it follows that the expression above is 0
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if z€T €T, otherwise

3 / (Intt — ) Py )dar — / (Intt — 1) Po(00) .

TE%L\TF T

Using stability of the L? projection and bound of §;, we obtain

[ (= )R < CH (Julonmn) + u lowia)-
e

We now bound the last term. Observe that, since the Raviart-Thomas projection

has continuous normal components on the interior edges, Inu —u = 0 on 0f)

Z / (Inu — w)II(Vgy) ndS—Z/[hu—uHVg nds
T

TET \TF ec SF o

where 8,1;’6 ={e€& :e=001 NIy, withT, € T and Ty € T,\T,'}. Therefore,

we see that

J1(IIVg) = Z /[hu—u)HVg nds
r,ove

ec&’
< ChF IV §llsry ([t ller @i + lu lor@o-))

< Clog(1/R)R** (Jlut||orriiar) + [[u”[|erria))

where we used [[IIV§||,1sry < Chlog(1/h), which follows after adding and sub-
tracting Vg, using the triangle inequality, approximation of Il and the bound for

Vi. O

Remark 3.3. Since u — (u, + w¥) = (Iyu — up) + (u — wY — Iu), by using triangle
inequality and Lemma 3.1.5, uj, + w¥ approximates v on 1" by the same estimates

given in Theorems 3.1.1 and 3.1.2.
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3.2 Stokes interface problem

In this section we consider the Stokes problem in two dimensions with an immersed
boundary introduced in equation (1.6) and we aim to design higher order finite
element methods using the correction techniques introduced earlier in this chapter.
As in the Poisson problem, the first step is to formulate problem (1.6) in interface

form. Then, consider the variational formulation:

/QVu:Vv—/QpV-v:/Qf-'v%—/Qf-v
/QqV-u:O,

for all v € [Hj(Q)]? and ¢ € L§(2), where L§(Q) = {q € L*(Q) : [,q = 0}.

(3.30)

The singular force field f, is expressed int terms of a boundary force 3 as follows

T
folz) = [ Bls)d(x — X(s))ds, xc,

0

with d(z) the two dimensional Dirac delta function and X (s), for 0 < s < |I'|, the

arc-length parametrization of the interface I'.

As before, strategically choosing test function v with compact support on: Q%,
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27, and a neighborhood of T', we derive the interface form of problem (1.6)

—Au* + Vpt = f* in OF, (3.31a)
V-ut=0 in OF, (3.31b)

u=0 on 052, (3.31c)

(Vu —pl)n] =0 on I, (3.31d)
lul =0 on I'. (3.31e)

Remark 3.4. At first glance, the setting of equations (3.31) does not quite match
the methodology introduced in the previous sections for the construction of the
correction function. The data across the interface, 3, considers information of the
two variables w and p, then if a correction function is constructed from 3 it shall
“correct” the flux Vu — pI. Although is possible to construct such a correction the
analysis will not be clear since we would be mixing the two variables. Instead, we

shall construct individual corrections function for each variable.

3.2.1 Derivation of jump conditions for each variable

Following the ideas of LeVeque and Li in [76], we can easily write individual jump
conditions for the velocity and the pressure in terms of the tangential and normal
component of the data 3. Let 6 be the angle between the z-direction (z-axis) and
n-direction pointing outward the interface I" at a point X (s). Then, we write the

normal and tangential components

. Al cos(6 sin(6
B(s) = [f = ) ©) B(s).
Ba —sin(6) cos()
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The jumps conditions for the velocity and the pressure are given by

[p) = 1, [Dnp) = %32, (3.32)
[u] =0, [Dyu] =8+ pin. (3.33)

For the sake of completeness, we present the derivation of these jumps in Ap-

pendix A.3.

3.2.2 Higher order finite element methods

As before, we consider a family of triangulations of €, 7, with 0 < h < 1. We
assume that the triangulation is quasi-uniform. Next we define the finite element
spaces. The idea is to consider standard inf-sup stable finite element subspaces
for the Stokes problem, as for instance the Taylor-Hood elements [28] or [P?]* — P?

elements [41].

Assumption 3.1. We consider a class of finite element subspaces V), C [H}(Q)]?

and My, C L3(Q) satisfying the following assumptions:

e V, and My, are a pair of inf-sup stables subspaces, with V', C [H}(Q)]?.

o Welet k> 1 as the mazimum integer such that
Vi = {veC(Q)N[H) Q)] v|r € [PYD)?, VT €T} C Vi,
and, if My, contains the discontinuous pressure space of degree k — 1 we let

M= {qe L§(Q) : qlr e PFHD), VT € T} € My,
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otherwise

My~ i={qge C(QNLYQ) : qlr e PFHT), VT € T} € My,

For instance, k = 1 for the pairs: [P?]> —PY, reduced [P?]> —PY, and mini element.

Whilst k& = 2 for the pair: Taylor-Hood elements [P?]> — P'.

We next define the interpolant onto these spaces. We let I, be the interpolant
defined componentwise in (3.5) onto the space VZ, and J,, be the interpolant defined
in (3.5) onto the space M, }’f_l, in the case of continuous pressure finite element spaces.
Otherwise, if M} contains discontinuous finite element pressure spaces we define .Jj,

to be the L? projection onto My~'.

Find (up,pn) € Vi X My, such that

/QVuh:V'v—/ﬂphV-v:/ﬂf-v—l—/F,B-v

-2 (va%:vv+éwgv'”)’ (3.34)

TeT,

qV - up = — /qV-w“,
Jyow == X fav-es

TeT!

for all (v,q) € V', x M},. Note that we are using short notation for the integrals of
the correction functions, writing them over T instead of 7~ and T, but as before

they are discontinuous across the interface.

Using equations (3.33), the correction function w#¥ is defined componentwise as
in Section 3.1.2. The same is true for w% when Jj is the Lagrange interpolant by

using equations (3.32). In the case Jj, is the L? projection we replace equation (3.9)
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with the condition J,(wh) = 0, i.e.

[ D;;fewg(xff)] - [D;;ffp(xff)] for 0 <i<Cland0<(<k, (3.35)

Tn(wh) =0, (3.36)

Note that each component of w¥ and w} are obtained independently to each

other, therefore, the Lemma 3.1.5 can be applied to each one separately.

Similarly to Lemma 3.1.5, we have the following estimate for the interpolant J,

and the correction function w?.
lp = Jnp = Wil oo sy < ChEH (I lorerery + 107 Nlownr) YT €Ty,

where C' is a constant depending on k. Then, the following result holds and can be

proved similar to Lemma 3.1.6.

Lemma 3.2.1. Let (u,p) be solution of (3.31) and assume that u* € [C*T1(QF))?
and p* € C*(QF). Let V'), and M, be the finite element spaces satisfying Assumption
3.1 and consider the definitions above for k, Iy, and Jy,. Let (wp,pp) € Vi, x My, be

solution of (3.34). Then, it holds

| V=)o ~ [ (=70

< CthVUHLl(Q) (Huwckﬂ(m) + lu || ertr-y + HPJrHck(m) + HP_Hck(Q—))

[ wn =) < CHlallsgo) (lulowss) + - lova)
Q

for all (v, q) € V), x M,
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Proof. For the first equation we use (3.31) and (3.34) to obtain

/QV([hu—uh) : Vo — /Q(Jhp—ph)v"v

:/QV(Ihu—u):V’U—/Q(Jhp—p)v-v
+ Z ([ngv.v+/:FVw$:Vv>

TeT,
= Z (/V(Ihu—u):Vv—/(Jw—p)V-v)
reT\TE T T
+ Z (/ V(Iyu —u+ wf) :VU+/(Jhp—p—|—wZ})V-v) :
TeTT T T

Similarly for the second equation we have

/qu.(fhu—uh)z/qu.(Jhu_fu,)Jr S /Tqv,w%

TeT,

= Y /Tqv-(]h’u,—u)—i-Z/:qu'(jhu_u’}‘w%)'

TeT\TY TeT}

Therefore, the results follow from the properties of the correction functions w4

and w}. Lemma 3.1.5, and the fact that (u, p) is smooth on T' € T,\T;l. O

Analogously to the proof of Theorem 3.1.1, we can prove the following result
using approximate Green’s function estimates for the Stokes problem. We give a

sketch of the proof.

Theorem 3.2.1. Let (u,p) be solution of (3.31) and assume that u* € [CFT1(QF))?
and p* € C*(QF). Let V', and M, be the finite element spaces satisfying Assumption

3.1 and consider the definitions above for k, I, and Jy,. Let (wp,pn) € Vi X My, be
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solution of (3.34). Then, there exists a constant C' > 0, such that

IV(Ihw — up)|| @) + ([ Jnp — Poll =@ (3.37)

<Ch* (\|U+Hck+1(a+) + [lu” || errr-y + Hp+||ck(m) + HZchk(Qf)) .

Proof. Let e} = Iyu — uj, and suppose that the maximum of 9,,(en); (i,5 = 1,2)
occurs at z € . Suppose z € T € T,. Considering the definition and properties
of the regularized Dirac delta function 0, = J; introduced in (3.18) and (3.19), we

define the approximate Green’s function (g, \) € [H3(Q)]* x L*(2) such that

—Ag + V= (0x;op)e; in
V-g=0 in €,

g=20 on 02,

where e; denotes the ith standard canonical basis vector of R?. We also consider its

finite element approximation (g, A\n) € V', X M), that satisfies

/V(g—gh):va—/(A—Ah)v-v:o Yv € Vy,
0

Q

/qV-(g—gh)ZO Vg € M,
Q

Using the definition of 4, we have

Y

10, e )ill i@y = |(@s,el(2))i] = / Oy ucs - €
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and then

19z, €3)ill L= (@)

/Vg Ve, — /)\V-e“h‘
Q

/Vgh:Ve}f—/)\hV~e}f.
Q Q

Following the proof of Lemma 3.2.1, we see that

/Vgh:Ve}f—//\hV~e}f = J; + Jo,
Q Q

where

Jy = (/v L —u): Vg, + /T)\hv-(lhu—u)>

TeET\TY

J2: </thu U+ wy) Vgh+/>\hv (Inu — u—l—'wT)).
TeTtk
As in the proof of Theorem 3.1.1, the estimates of J; and J; follows from the prop-
erties of the correction functions and bounds for the Green’s functions that can be
found for example in [56, 61]. The estimate for the error of the pressure follows from

similar arguments, we leave the details to the reader. O]

Remark 3.5. Using the same arguments as Remark 3.3, we can establish the same a
priori error estimates given in Theorem 3.2.1 for u — (u;, +w?¥) and for p— (ps +w?.).
We note that the method (3.34) gives p, € My, therefore, if J, is the L? projection,
then (p, +w?h) € L3(2), if J, is the interpolation operator, pj, + wh. might not have

average zero and a constant O(h*™) must be added to make it in L3().
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3.3 Final discussion

3.3.1 Three dimensional problem

In this section we comment on the construction of the correction function for three-

dimensional problems.

Consider problem (3.1) on a domain  C R? with an immersed interface I'
assumed to be simple and closed C? surface. Consider definitions given in Section
2.2 for a simplicial triangulation 7}, and the set of all faces &,. Following definitions
in Section 2.3.2 we can define the sets of elements intersecting the interface 7,1, and
the edges of these elements £ . We will approximate the solution using the space
of piecewise polynomials of degree less than or equal to k. Now, for T € T,I' we
consider the 2-simplex Ly connecting the three points intersections of I' with the
edges (1-face) of T. Let m be the unit normal vector to Ly pointing outward 7~
(T NQ7). For each £ = 0,1,...,k let {Z,"}™,, be the Gaussian points (of order
() on the 2-simplex Ly, where ny, = dim(P*(Lz)) = (¢ + 1)(¢ 4 2)/2. Consider the
set {z77}™, obtained by the orthogonal projection (direction 1) of {Z"7}™, onto
the surface I'. Considering the jump conditions on the interface of problem (3.1) we
construct the correction function w% € S*(T') satisfying:

_Df,_gwf(xg’T)} = [Df;_eu(xlf’T)} for 0 <i<nyand 0 < /¢ <k, (3.38)

(2 (2

;

(W) (a;) =0, ifa; € Q- UT;

(wi)t(a;) =0, if a; € Q.

\

foralla, € T, i =1,...n3y, (3.39)

where a; are the degree k Lagrange nodes of T' (see Definition 2.2.4) and nz; =

dim(P*(T)) = (k + 3)(k + 2)(k + 1) /6.
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Therefore, the correction method is defined by (3.7) using w¥., defined by (3.38)

and (3.39), correcting the load vector.

3.3.2 Concluding remarks

In this chapter we have developed higher-order finite element methods for Poisson
interface problem (3.1) and Stokes interface problem (3.31). We have proved near
optimal convergence results for the methods in the maximum norms: Theorem 3.1.1,
Theorem 3.1.2 and Theorem 3.2.1, recovering the convergence of the finite element
method for a problem without interface. The stiffness matrix remains the same (as
for the problem without the interface) which is a desirable feature in time dependent
problems. To the best of our knowledge, this is the first family of numerical methods

that have provable higher-order accuracy (or arbitrary order) for these problems.

The algorithms and theory developed point to a number of promising research
directions and opportunities. In the future, we plan to move in the direction of evo-
lution problems, such as the time-dependent version of problem (3.31) with moving
interfaces. We plan to develop time stepping methods where in each time step we
used the methodology developed here to solve the resulting problem. For example
the model problem (1.1). Navier-Stokes equations and more challenging problems

such as fluid-structure interactions will be explored in the future.

Finally, more straightforward generalizations are possible. In this paper, for con-
venience, we used triangular meshes, but it is clear that rectangular or quadrilateral
meshes can be used as well. Indeed, the correction function did not use the fact that

the mesh is triangular.
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3.4 Numerical examples

We illustrate the performance of our finite element methods with some numerical
examples. We consider the square domain = (—1,1)%, and we triangulate the
domain with structured and non-structured triangular meshes. We use cris-cross
meshes for structured and Triangle mesh generator (Delaunay triangulations), with
an initial mesh of two triangles and recursive refinements with a minimum angle
condition of 15°, for the non-structured meshes. We tabulate the L? norm and
H' semi-norm errors as well as the L® norm and W% semi-norm errors, with
their respective order of convergence. Plots of approximate solutions and rate of
convergence are also provided. For the case when the interface is not a straight line
we need to integrate over curved region. We address this problem in Appendix A.4.1
giving explicit quadrature formulas. Computationally, we obtain the system as for
the respective smooth problem (3.1) and (3.31) without interface. The extra work
is in the computation of the correction functions, we perform this locally in each

triangle intersecting the interface to then add them to the load vector.

3.4.1 Numerical example for Poisson interface problem

Let u be the exact solution of problem (3.1), u;, be the solution by the method
defined in (3.7). We consider definition of correction function w¥ (3.12) -(3.13), and

consider the approximation u; defined locally by

N uh‘T7 lfT € 7%\77;;
uh|T+w§ﬁ, it T e 77;.
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We summarize our experimental results in tables, displaying the following errors and

experimental orders of convergence (eoc):

ey = llu—ujllz2@), en = [lu—uhllre ),
e = [IV(u = up) |l 20, e = [V (u =)=,
eoc(e) = w.
log(hu+1/h)
We will illustrate our results with a numerical experiment using piecewise quadratic
polynomials, i.e., k = 2. Note that I, is then the piecewise quadratic Lagrange

interpolant.

Example 3.1. Consider the model problem [77] with exact solution of problem (3.1)
defined by on Q = (—1,1)2
1, ifr<1/3

u(r,y) = (z,y) €,
1 —log(3r), ifr>1/3

where r = /2?2 +y2. We summarize the errors and order of convergence in the

following tables

h 62 eoc ep’ eoc e,l1 eoc e,ll’oo eoc
7.1e-1 1.7e-2 — 4.7e-2 — 1.8e-1 — 4.3e-1 —

3.5e-1 1.7¢-3  3.29 5.0e-3 3.22 3.6e-2 2.37 1.2e-1 1.76
1.8e-1 1.4e-4 3.54 T4e-4 2.78 5.6e-3  2.69 3.0e-2 2.08
8.8¢e-2 1.2e-5 3.61 6.8e-5  3.44 84e-4 2.74 5.9e-3 2.34

4.4e-2 1.1e-6  3.40 1.3e-5 2.29 1.5e-4  2.46 1.7¢-3  1.75
2.2e-2 1.0e-7 3.41 2.0e-6 2.74 2.7e-5  2.51 5.0e-4 1.81
1.1e-2 9.1e-9  3.57 2.3e-7  3.12 4.7e-6  2.52 1.3e-4 1.90

Table 3.1: Example 3.1: errors and experimental orders of convergence (eoc) using method (3.7)
on structured meshes.

In this example we are considering a curved interface, then quadrature rules over



h ey eoc es° eoc er eoc eill’oo eoc
3.3e-1 1.7e-3 - 2.6e-3 - 6.7e-2 - 4.0e-1 -

1.8e-1 2.2e-4 3.37 4.0e-4  3.08 1.8e-2 2.15 2.1e-1 1.04
9.0e-2 2.6e-5 3.15 7.5e-5  2.49 4.4e-3 2.08 4.0e-2  2.46
4.7e-2 3.2e-6 3.22 1.1e-5 3.00 1.1e-3 2.11 1.3e-2 1.78
2.4e-2 4.1e-7  3.03 1.4e-6 2.95 2.8e-4 2.02 4.0e-3 1.69
1.2e-2 5.1e-8 3.12 2.2e-7 2.76 7.1e-5  2.07 1.2e-3 1.82
6.1e-3 6.4e-9 3.02 3.1e-8 2.85 1.8e-5 2.01 3.2e-4  1.90

78

Table 3.2: Example 3.1: errors and experimental orders of convergence (eoc) using method (3.7)

on non-structured meshes.

— — slope : 2.85
O L”-eror

—-— slope:1.84
t wWh —error

10 10°

Figure 3.2: Example 3.1. Left figure: Plot on Log scale of e;° and e,ll’oo errors vs h corresponding
to Table 3.2. Right figure: approximate solution by method (3.7) of Poisson interface problem
(3.1).
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elements with one curved edge are needed. In Appendix A.4.1 we address this issue
giving higher-order quadrature rules over this kind of elements. We observe in Tables
3.1 and 3.2 optimal convergence, confirming our results in Theorems 3.1.1 and 3.1.2.

Super-convergence phenomenon is observed in the case of structured meshes Table

3.1.

3.4.2 Numerical example for Stokes interface problem

In order to illustrate our method for the Stokes interface problem we consider the
pair of inf-sup stable finite element spaces V', and M,,, piecewise quadratic polyno-
mial for the velocity and piecewise linear polynomials for the pressure (Taylor-Hood
[P2]2 — Py). Let (u,p) solution of problem (3.31) and (wy,pp) the finite element
approximation of (3.34). We define the approximations using the definitions of the
correction functions
. w7, it T e T,\T,5; N Phlrs it T e T,\T};
up|T = phlr =
up|r +w, f T eTr. pulr +wh, if T eTr.

We define the error function and the respective order of convergence (associated to

the error and the norm) as follows

€u = [[u—upllr20), ex = llu— ujll=@),
eu = IV (u = up) |l 22(0), e = | V(u —up) | =9,
eg = ||p —pZHLQ(Q)y e;o = ||p _p;(L“LOO(Q)’

log(ehl+1 /6hl)
log (i1 /M)

eoc(e) :=
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With these finite element spaces, the value of k is 2 (see assumption A2) | then

I}, is the piecewise quadratic Lagrange interpolant and Jj, is the piecewise linear

Lagrange interpolant.

Example 3.2. Consider an exact solution of Stokes problem (3.31) on Q = (—1,1)?

u(z,y)

p(z,y)

¢

\

Ul(x7y) =

us(x,y) =

4 —

T 2
§+3$ —

5+ 3z — 3y? if r >

3y if r <

4_y_ .

0 if r >

=3z, ifr<

x—g—x if r >

T

3y? ifr < 4,
1
3

W= W=

W= Wl

for (z,y) € Q and r = /22 4+ y2. In this case the interface is the circumference of
radius 1/3, i.e. I' = {(z,y) € Q:r =1/3}.

l e, eoc ew eoc el eoc e eoc
1 2.0e-3 - 3.5e-3 — 1.0e-1 - 3.9e-1 -

2 2.5e-4 298 4.2e-4 3.04 2.8¢-2  1.87 1.5e-1  1.38
3 3.0e-5 3.06 8.6e-5 2.30 7.2e-3 194 4.2e-2 181
4 3.7e-6  3.03 1.1e-5 2.92 1.8e-3  1.97 1.3e-2  1.67
5 4.5e-7 3.04 1.7e-6  2.77 4.6e-4 1.99 3.6e-3 1.87

Table 3.3: Example 3.2: errors and experimental orders of convergence (eoc) for velocity approx-
imate solution, using method (3.34) on structured meshes. h = 2=0+3/2) for [ =1, ..., 5.

We observe optimal convergence for the velocity and pressure in Tables 3.3 and

3.4 respectively, confirming our result in Theorem 3.2.1. We also observe from the

plot of the approximate pressure (see Figure 3.3) that there is no pollution beyond

the interface.



81

[Sle]¢

[Sle]¢

6.3e-2

2.3e-2

1
2
3
4
)

0.93

1
1
1

3.3e-2

1.46
1.6

1
1

8.5e-3

7
4
0

.0
.6
.8

2
3
3

1.6e-
5.1e
1.5e

8
9
5

2.6e-3

.8
9

7.1e-4

1.8e-4

Table 3.4: Example 3.2: errors and experimental orders of convergence (eoc) for pressure approx-

., 5.

forl=1, ..

9—(1+3/2)

on structured meshes. h

imate solution, using method (3.34)

Figure 3.3: Example 3.2. Plots of approximate solution by method (3.34) of problem (3.31). Left

figure: wy velocity. Right figure: p, pressure.
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4.1 An immersed finite element method for Pois-

son interface problem

In this section we introduce an Immersed Finite Element Method approximating the
Poisson interface problem with discontinuous constant coefficients pt > p~, and

using triangulations that are non-fitted with the interface.

4.1.1 Introduction

We consider the problem: Let Q C R? be a polygonal domain with an immersed
interface I' such that Q@ = Q- U QF with Q" NQF =0, and ' = Q- N QF. We
assume that I' does not intersect 92, enclosing either Q= or Q. Our numerical

method will approximate a solution of the problem below.

—V-(ptVud) = £ in QF (4.1a)
u=0 on 99, (4.1b)

[u] =0 on I, (4.1c)

[pVu-n] =0 onT. (4.1d)

where we denote by u* = u|g«, n* is the unit outward pointing normal to QF, and

the jumps across the interface I' are defined as before, i.e.

[pVu-n]=p Vu -n~ +ptVut -nt, [u=u"—u". (4.2)

We furthermore assume that p* > p~ > 0 are constants and that the interface I is

a closed, simple and regular C? curve with an arc-length parameterization X.
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4.1.2 Notation

We consider a sequence of triangulation 75, 0 < h < 1 of Q (see Section 2.2), and we
assume that 7, is shape-regular. Let hp denote the diameter of the element T € Ty,
and h = maxr hp. We also consider Assumptions 1, 2 and 3. We first need to build
our local finite element space (on each element). With this aim we introduce some
notation. To this end, we let xy be the midpoint with respect to the arc-length on the
curve segment Tr. We note that the midpoint choice is a preference of the authors,
the proofs below hold for any zy € Tr. Let Ly be the line segment inside 7" which is

tangent to I' at xg.

Figure 4.1: Illustration of notation on an element T' €
7'hF, point zg and line segment L.

In order to define our finite element space, we will need the following lemma.

Lemma 4.1.1. Consider the operator T : PY(TT) — PY(T~) defined by

Y(v)(zg) = v(xo), (4.3)
(DT (v))(@o) = (Dyzv)(@o), (4.4)
p (DpsT(v))(z0) = p"(Dy4v)(0), (4.5)

where ng = n*(x) and t§ = t=(x9). Then, Y is well defined.

Proof. We use the Taylor representation of a w € P!(T) at o and the decomposition
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of the gradient into the directions nj and t; (normal and tangent at ), i.e.
w(x) = w(wo) + (z — 20) - ng Dyprw + (¥ — 20) - 5 Dysw.

Therefore, with this representation of a function w € P'(T7), equations (4.3), (4.4)

and (4.5) uniquely define a function w = Y(v) € PY(T). O

Note that the exact solution u* satisfies the transmission conditions (4.3), (4.4)

and (4.5) on all points over T

Next, given 7' € T;' and for each v € P'(T") we can consider the unique corre-
sponding function
v, on TT;

T(v), onT".

Let span {vy, v, v3} be a basis for P(T) restricted to T+. Then we define the local

finite element space

S(T) = span {G(U1>,G(U2),G(U3)}, itT eT,; (16)

PYT), if T e T\ T}

An explicit construction of basis functions of the local space S(7T') is given in Ap-

pendix A.4.2. The global finite element space is defined by
Vi, :={v : v|r € S(T), VT € Ty, v is continuous across all edges in E,\&, }. (4.7)

Remark 4.1. The local space S(T') introduced in this chapter can be seen as a re-
striction of the local space S*(T) for k = 1 introduced in (3.4), satisfying the jump
conditions (4.3), (4.4) and (4.5).
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4.1.3 Finite element method

Next we introduce the finite element approximation to problem (4.1). Find uy, € V},
such that

ap(up,v) = (f,v), forallv eV, (4.8)

where the bilinear a5 : V' x V' — R and the linear functional (f,:) : V. — R are

defined by

ap(w,v) = /vahw - Vv — Z ({pViv} - [w] + {pViw} - [0]) (4.9)

6655 €

(5 [t b e )

6655

(Fv) = ) (/va+/T+f*v),

TeT,

for a penalty parameter v > 0 to be chosen in order to prove coercivity of the
bilinear form. The discrete gradient operator V), is piecewise defined on T for an
element 7" € 7T}, by

Vpvlrs = Vo.

The space V is defined as the union of the broken Sobolev spaces
Vi=HAQ)UHHQ), (4.10)

where

HE(OF) = {v : v|pe € HX(T#), forall T € Ty} (4.11)
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Figure 4.2: Tllustration of basis functions of the local space S(T) with p~ = 1 and p™ = 100,
where the element T' and the interface are given by the configuration displayed in Figure 4.1.

Bilinear form a;, is based on the symmetric interior penalty discontinuous Galerkin
method [2, 3, 4] applied to the edges &} where we allow discontinuity of the numerical
approximation. Note that in (4.9) we not only penalize the jumps of the function
but also the normal jumps of the first derivatives across edges. This will allow us
to prove coerciveness and a priori error estimates independent of the contrast of
the coefficients and also independent of how small T or T~ might be. Finally, we
like to stress that in (4.9) only the normal derivative jumps are penalized, not the

tangential derivative jumps.

4.2 Local approximation on the finite element sub-

space

In this section we show that our finite element space V} (4.7) has optimal local
approximation properties. Henceforth we will keep track, as much as possible, on
how constants depend on the maximum curvature s, and in general in the geome-
try of sub-domains. When we use standard results (e.g. regularity and extensions

lemmas) we just state that the constants depend on the geometry without explicitly
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saying how they scale with quantities such as curvature and the radius of the tubular
neighborhood r. In order to define an interpolation operator onto V} we consider

the extension results given in Chapter 2.

Definition 4.2.1. Let u such that v~ € H*(Q™) and u™ € H?(Q"). Consider the
extension uz of u* given in Section 2.4.2. We define the interpolation operator Iy,

onto the finite element subspace V}, by

Iyulr = Ir(u)|r, for all T € Ty, (4.12)

where the local interpolation operator I7(u) is defined as follows: Let T' € T}, then

o If T € T,' we define Iru € S(T). In fact, we define I7u on all wy

+ T
I w, in wyg
]Tu =

I u, in wp,

where I%E are defined satisfying the following conditions

(Upu)(zo) = (Jrug)(zo) = (Ifu)(zo)
(DytIru)(zo) = (Dyt (Jrug))(@o) =t (DysI7u)(zo) (4.13)
p~(DprIru)(wo) = p~(DyiJrug)(zo) =: p*(DpsIfu)(wo).

Here Jr denotes the L? projection operator onto P!(wr) (note that wp C Tub(r)

thanks to Assumption 2, 2h < r).

e If T" does not belong to ’7;F , we consider the sets th C OF defined as follows:

OF, = int ( U T). (4.14)

TET\T,
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We define I,u* to be the Scott-Zhang interpolant (see Definition 2.2.12 of
Scott-Zhang interpolant) of u* defined on ijh. However, we need to modify
the interpolant at every vertex z (if one exists) that is an endpoint of an edge
e satisfying e C 907, N9Q~, (e.g. e C ). In this case, we define I,u*(z) to
be the average of u* on the edge e . Note that such an = might correspond to
two edges. Either edge will work for the definition of I,u*(x). This will give
I ut = I, u™ for every edge e C 00F, NON~, since u™ = u~ on such an edge.

Then, for T'C QF (or T C Q) we define Ir(u)|r = Igu™t|r (or Igu™|7).

The motivation of the definition of the local interpolant I7u on triangles inter-

secting the interface is because we can bound
- — 112 2
P HDtafITtu(w;) < C/)JrHDtafI;uHLz(w;)

and
P 1D Ll < 0|1 Dps Tl

with ¢ independent of p~ and p™, this allows us to prove estimates for I; independent

of the contrast.

Lemma 4.2.1. Consider T € T,\'. Then, for every v € PY(wr) the following bound
holds

PEID ] p2ory < C (Brlo(o)| + B3|y vlwo)] + WDy v(xo)l)

for 7 =0,1.
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Proof. Using the Cauchy-Schwarz inequality one has, for j = 0,1
| D70llr2ry < CRE [ D70) Lo -

Then, the lemma follows from the fact that v is a linear function. m

We next prove a fundamental result of this chapter, a local approximation prop-

erty on the space S(7T).

Lemma 4.2.2. Let u such that u* € H*(QF) and satisfies the interface conditions
[u] =0 and [pDyu] = 0. Then, for any T € T,' and j = 0, 1, the following bounds
hold:

WD (0™ = Iz |2y < C(L+R) W (Jup|or) + gl + [uflm2ern)
(4.15)

and

Wl D (ut = L) 2y < C(1+ fi)hQT(!uE\Hl(w) + |upl 2 or) (4.16)

P
+ p_+’uE|H2(WT)>'

Proof. First note that by adding and subtracting Jﬂ@ to u%—[%u, using the triangle
inequality, and by means of the following well known approximation property for

¢ € H*(wr)

| D7 (¢ = Jro)lrzery < ChTllD*¢ll 12y forj =0, 1, (4.17)
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the proof of the lemma reduces to estimate

h]fHDjw%HLg(w%), where w3 := Jpup — IFu, for wE € PY(wr).

According to the definition of I (4.13), and denoting ny = n*(z¢) and tZ = t*(x),

we have
wr (o) = Jrug(zo) — Jrug(zo),
(Dyrwr)(zo) = (Dt Jrug)(wo) — (Dyr Jrug)(2o),
(Dpywy)(2o) = 0,
and
wr (o) = 0,
(Dywi ) (o) = 0,
pr(Dpgwr)(zo) = p*(Dys Jrug)(w0) — p~ (Dy Jrug)(w0)-

Then, using Lemma 4.2.1 and the values derived for wr}t we have

WD oy < C (hrlwg(wo)| + WDy (o)) (4.18)

and

Wl D oy < CRAID, k(o) (4.19)

We proceed by bounding the two terms in (4.18) and the term in (4.19), separately.
For the first term in (4.18), we use that u is continuous on the interface (4.1c), in

particular on wi., and we apply the triangle inequality

wr (xo)| = [(Jrug — Jrug)(zo)| < ||Jrug — Jrugl| e

< || Jrug = upll e ry + 197 — gl e o).

Note that chy < |wh| < Chy, where the second inequality follows from Lemma
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A.1.4. By means of a Sobolev inequality in one dimension, we have

_ 1 _ _ _ _
loruz=uglimpy < € (=l = izl + VAnIDUrE — @l ).
consequently, using a trace inequality we obtain

[ Jrug — upllpery < C (hp'lJrug — ugll 2w + 1D (Jrug — up)ll2gor)

+C hT||D2uEHL2(wT).
Hence, using the approximation property (4.17), we get
[ Jrup = upll o wr) < ChrllD*uglraer).-
Analogously, we can show that
[ Trug = whll oo ry < Chrl| D*uh|l L2 or)-
Therefore, we have the bound for the first term in (4.18)
hrlwz(zo)l < C % (| D*ugllreer) + 1D*uf ]l r2r)) - (4.20)

We now turn to the second term in (4.18). We use the fact that Dtaw; is constant

on wr to obtain

— — — —1/2 —
|Dt3—wT(I‘0)‘ = |w;| 1/2HDt(J)er||L2(“’i1;) < ChT/ ||Dt(-)|>(JTuE_JTUE)||L2(W;).
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Using the identities, denoting t* = t*(x) and n™ = n'(z), for x € wh

Dyuy = (t§ -t7)Dyrug + (t§ - 1) Dy, (4.21)
Dyru}f, = Dyruy, (4.22)
Dpiub = Z—+Dn+uE, (4.23)
we have
_ _ _ P _
1Dy w |l r2wr) =|| Dy (Jrup — up +ufh — Jrug) + (1~ p—+)(t3 1) D] oy

<ID(Jrug — up)lle2r) + 1DCTrug = up) |l

p- _
+ (1= p—QH(tJ -0 ) Dug| 2 .r)-
For the first two terms in the previous bound we use a trace inequality to obtain

C
1D (Trug — uip)ll 2y S\/—h—THD(JTqu — )| r2(n)

+ CVhe|| D?(Jrug — us) || 2 (or)s

and for the third term we use that [t; -n~| < || X"~ |wk| = O(khr) on wk, p= < pt,

and a trace inequality to obtain

P _ - 3/2 -
(1— p—+)|!(t3 ' n+)DuE||L2(w§) <Ck (v hT||DuEHL2(wT) + hT/ ||‘D2uE||L2(WT)) :
Hence, applying approximation property (4.17) we obtain

h7| Dyrwy (20)] < C(1+ k)hg (| Dupllr2or) + 1D*uk ]| 2or) + 1D*uE | 2r)) -
(4.24)
If we combine the inequalities (4.20) and (4.24) with (4.18), we arrive at the first

result of the lemma, inequality (4.15).
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Now we estimate the term in (4.19). We need to bound
Dy )| = 121D g gy < O IDy (= 2 )
Similarly to the previous bound, we note that

Dnarug = (ng - t")Dyruz + (ng - n')Dprui,

and then using (4.22) and (4.23) we obtain

HDngw;Hm(w;) =

p ) ) _
HDng (JTUJEr —uf — p_Jr(JTuE - UE)) +(1==)(ng - t+)Dt+uEHL2 w

The remaining of the proof is similar as above and we obtain

W31, wi (20)| < C(L+ r)15 (%HD%;HMW 1D 2y + ||D2uz||L2<W>) -

If we combine this inequality with (4.19), we arrive at our second result (4.16). [

4.3 A priori error estimates

The purpose of this section is to prove a priori error estimates for the method defined
in (4.8)-(4.9) in the energy and L? norm. We have commented on the similarities of
the bilinear form (4.9) with the symmetric interior penalty method. Consequently,
the proofs presented below follow the same arguments than the classical discontin-
uous Galerkin theory with emphasis on the contrast independency of the constants

in the estimates.
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4.3.1 Coercivity of the bilinear form

We define the following energy norm || - ||y : V — R§

- +
P p
Wl = IVeVavllie + D <—‘6_‘H[[v]]Hia<e)+—,€+,H[[v]]|\iz(e+>) (4.25)

665;

+ 3 (e MValiZae + ¥l ITTaelBages))

6655

In order to prove coercivity we will need the following lemma.

Lemma 4.3.1. Let e = int (0T, N 9Ty) € &}, for Ty, Ty € T,. Then, there exists a
constant 6 > 0 such that

52 < Omax| T,
1=1,2

The constant 6 depends on the shape reqularity of the triangulation.

Proof. See Appendix A.1.1. m

Lemma 4.3.2. (Coercivity) If v is large enough (depending on shape regularity of

triangulation) there exists a constant ¢ > 0, independent of h, p~ and p*, such that

cvl < an(v,v), for allv €V}, (4.26)
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Proof. Let v € V},, then

an(v,0) = [lvoViuliag =2 [{pViv}-[0]

668; €
Yoo Y
s (Ep el + ﬁpwﬂvwi%ﬂ)
665£
+ 3 (01 My + 716 Va0 ) -
6685

To prove the lemma, it is enough to bound the non-symmetric term

Jovid tel = [ 611+ [ (590 [o)

Let T1,T, € Ty, be such that e = int (0T} N 0T5) and set T, = T; U T5. Without

loss of generality assume T, = max |T;"|. Then, according to Lemma 4.3.1
le”|? < 0|1y |. (4.27)
Then, we see that

/e_ {pVv}-[v] = /6_ %((Dnlv) (W7, — v|n) + (Dnyv) (v]n — U|T1)>

= [ 7 (Dn) vl = vl1) + 2 (D0 + D)o, — o)

= / P~ (Dpyv) (v|n, — v|1y) + %([[th]]) (vl = vlry)-

Using the fact that v is a linear function on T, and using (4.27) we have

_ _ 1
2 [ 07 (D) (s, = k)| < C ™ Dolizy Pl (429
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where C' depends on 6. Therefore, we have

_ _ pC?
2 [ 7 (D) (vl = )| < 0700 g + 2o I

for any € > 0. Furthermore, we have

_ P
\/ ([Vae]) (vlz, = vlmy)| < ep™ e IIVrol 72 +ﬁll[[v]]|!%z(e—)
Collecting the last two estimates gives

(C%+1)p~

}2/_{pvhv}'[[v]]| < o (le” NIVavlllio ey HIVioll 2 ) +——=7— e oD Z2 -

Likewise, we can bound the integral over et to get a combined result

{2/{pvhv} ol <ellvoVioliaer, + o7l IIValliZee-) + o le VAL Z2 ()

wf$ e wfﬁ oI

Summing over all edges e € £ we get

2 [{oViv} -l < D ellvVeVaelzam,) + o7 le [ITVavllIZe-

eGSF ¢ e€8F

+ ot e NIVal o) + Y =

eell

(C*+1)p~
ele~]

L (C Dt
ITellIZ2(e- W”[{U]]H%?(eﬂ'

Finally, the result follows by choosing € = 1/2 and then choosing v = (©+1) H) +1. O
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4.3.2 Continuity of the bilinear form

Next we prove continuity of the bilinear form. To do this we define the augmented

norm

ol = 1olf + > (o7 I{Vav} - nllZagele™| + o {VAVY - Rl leT)). (4.29)

665;

Lemma 4.3.3. (Continuity) Suppose that v, w € V.. Then, there exists a constant

C > 0, independent of h, p~ and p*, such that
ap(w,v) < Cllwllw [lo]fw.
Additionally, if w € V and v € V), we have

an(w,v) < Cllwllw [Jv]lv. (4.30)

Proof. We give a sketch of the proof by bounding each term of a(-,-) in (4.9) sepa-

rately. The first term can easily be bounded by Cauchy-Schwarz inequality
[ 090V < 1AVl VAVl
Q
The first part of the second term can be written as

/e{pVhU} ] = /e {p~Vyv} - [w] + /e+ {p"Vyv} - [w].

Using the Cauchy-Schwarz inequality one has

[ Al < (VEIVEITi) - o) \/%H[M]Hm(ei)-
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Let e = int (07y N 0T). If v € V), then Vuv|p+ is constant for each ¢ = 1,2. Then,

we can use Lemma 4.3.1 to get

VIV [V} - nfl2es) <
VIV pEIIVavlllaes) + OV o= (IVavll oy + Vil 2 ()

where C' here depends on #. The third term can be bounded by

IR 5 [ e 5

e

Finally, the fourth term can be bounded by Cauchy-Schwarz inequality

/ IVl Vil < o7 IIVallleen 1TVl llees).

The proof is complete summing over the edges, using finite overlapping of the ele-

ments associated to the edges and using arithmetic-geometric mean inequality. [

4.3.3 Energy error estimates

Theorem 4.3.1. (A priori energy error estimate) Let u be the solution to problem
(4.1) and up, € V3, be its finite element approzimation solution of (4.8). Then, there

exists C' > 0, independent of h, p~ and p™, such that

lu = unllv < C (1 + &) (vp‘(\|DUHL2<Q—) + (1Dl 20-))+

Vo (IDullzz@n + 1Dl zan) )

The constant C' depends on Cg from (2.27).
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Proof. Note that ||u—up||v < ||Ju— Iyully + || Inu —upl|yv. Since dj, := Iyu—uyp, € Vy,

coercivity of an(-,-) (see (4.26)) gives
clldulli < an(dn,dn) = an(Iyu —u, dy) + ap(u — up, dy,). (4.31)
Using (4.30) we obtain, for € > 0
anllin =) < C bl <€ (Gl + 5 I —ulfy ) . (432
Choosing e sufficiently small we have
Ndnll? < O | Ihu — ullfy + an(u — up, dy). (4.33)

The proof of the theorem follows by checking below Lemma 4.3.5 (approximation

error in W-norm) and Lemma 4.3.7 (inconsistency error). O

We next prove the missing parts of Theorem 4.3.1. We need an estimate for
interpolant I, (see (4.12)) in the augmented norm W, and to do so, we first need
to prove a trace inequality that goes from a part of boundary to the interior of the

domain.

Lemma 4.3.4. Let T € T,F and let e be an edge of T. Suppose that w € H*(wy) U

H?(w}) and |e*| > 0. Then, there exists a constant such that
1 2 1 2 2 211921112
Tl < € (Gl + IDuls, + 11D )
T

Proof. Consider the case where eNT" # (). Let e; be an interior edge of wr, contained
in w; and connected by one node to e”. Edge e; exists thanks to the r-tubular

neighborhood assumption with 2h < r. Note that chy < |e;| for a constant ¢ that
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only depends on the shape regularity of the mesh. Using the fundamental theorem

of calculus we can show (see Lemma 3 of [47] for a similar two dimensional result)

1 _ 1
HH“’HQH(K) < C(le”] ||Dw||%2(e*) + E”@UH%?(el) + hT||Dw||%2(el))-

Noting that |wy| > Ch?%, and using standard trace inequalities gives the result. The
exact same argument would apply for et. If e NT = (), e= = e we apply trace

inequality from e to wy. O

Lemma 4.3.5. (Interpolation error estimate) It holds,

[hu = ullw < Ch(1+ k) <\/P_(||DUHL2(Q—) + 1D ull20-) +

Vo (IDullza + | D*ull )

Here the constant C' depends on the constant Cg from (2.27).

Proof. We bound each term of ||u— Iu||w, see ((4.29)) and (4.25), separately. Using

Lemma 4.2.2 we easily have

IVAVA(u = L3y < € 3 B3 (07 1D gl + pH 1Dl )
TeT\TF

+C Y 0+ 8)? p ([ DugllZegr) + 1D gl 72 p)

TeTt

+C Z h(1+ K)? P+(HDUE||%2(WT) + ||D2UE||%2(WT))
TeT,

< CR(1+ 1) (9~ (IDulan) + 1D%ul3a)) + o (IDulEags) + 1Dl )

where we used (2.27) in the last inequality. We also have used finite overlapping of
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the sets wp. We next estimate the term
_l’_
> ({5l = il + (= fl e )

665;

Suppose that e = int (077 N 0T3). Then, using Lemma 4.3.4 we have

=Tty + Lo [t = T2
e | hUUIL2(e) et hPUIIL2 (et)

p-
< O (llu = Inullzae-) + llu = Inyullzze-)

p*
+ C’ 7] ([lu— I, H%2(6+) + [Ju— IT2||%2(6+))

2
) 1
<Cp > (—2 lu — wry FID( = Iz

i=1 h’Ti

h%HDQ(u - ]Tiu)Hi?(w;)>

+ Cp*Z (h2 Hu

=1

+i) + ||D(u - [Tiu)HiQ(w;)

h7,11D? (u — sz-“)”i?(w;)) '

If we now apply Lemma 4.2.2 and use (2.27), we get

S~ B Py + ol — Dl Zagery) <
|67| u ru L2(e™) ‘6+‘ u ru L2(et)) =

6655
Ch*(1+ k)? (Pf(HDUH%%Qf) + HD2UH%2(97)) + PJF(HDU”%%W) + HDQUH%Z(m))) :

We next bound

> (/flefl 1D = Inw)] 2y + o e HITD(u = fhu)]]\liz<e+)> :

6655
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Using a trace inequality to obtain

o 1 R ) [ N Ty ) [ 08
< o1l NIV = )]sy + p*lel 1TV (= )]s
< plel (1D = Fr)lfagey + 11D( = I3 )

+ ptel (ID(u = I o) sy + 1D (e = I s

2
< Y (1Dt~ Il + 11D~ Frl ) )
i=1 ‘ ’

2
#0973 (1D = Iy + 110 — sy )

=1

Again, if we apply Lemma 4.2.2 and (2.27) we obtain

> (/flele[[Vh(u — L)) Z2e) + o e IV (u - fhu)]]\li2(e+>) =<

8685
Ch2(1+ 1) (™ (I Dulliagany + ID%ullaany) + p (1DUl sy + ID%ullar))

Finally, the last term is estimated by

Y (el VAl = )} - nlfZage + [ o7 {Va(u = L)} - nfar) <

TeE,

CHA(1L+ k) (0 (1Dul3aay + 1D2ulaa) + p* (IDulB e + 1Dl agae)

exactly in the same way as it was done above. [l

In order to bound the inconsistency term we need a technical lemma.

Lemma 4.3.6. Let T € T,'' and enumerate the three edges of T by ey, ez, e3. Then,



104

there exists a constant m such that

|Tr| < m max le; | and |Tr| < m max e ].
-

—5y4y 14y

The constant m is independent of r, depends only on the shape reqularity of the

triangulation.
Proof. See Appendix A.1.2. ]

Now we are able to establish the inconsistency estimate. The constant will be

independent of the contrast of the coefficients p~ and p*.

Lemma 4.3.7. (Inconsistency estimate) Let u be the solution to (4.1) and uj, € V},

be its finite element approximation solution to (4.8). Then for any dy € Vj, it holds

an(u — up, dp) < Chk (\/ p~ ([IDull20-) + Al D*ull 2(0-)

+ Vo hID?ull 00 ) Il (4.34)

The constant C depends on the constant Cg from (2.27).

Proof. First note that aj(u — up,dp) = ap(u,dy) — (f,dn). The inconsistency term

is then given by

ap(u — up, dp) Z/ P~ Dn-u”)[dy],
T

TeTk
where we have used that p~D,,-u~ = pTD,+u™ on . We also have used the notation
[dn] = df — d;,. Note that [d;](z) = 0 on the segment line Ly C T tangent to I' at
zo. Since the distance between this line segment and the curve Tt is O(s?), where

we set s = |Tr|, we have that |[d](z)] < C|| X" || p~ s?|D[dy](x)| on Tr. Hence, we
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have

/TF (0™ Dp-u))[di] < Cw IV p~ Dotz Vo | Dlda]ll 2 ar)-
For the moment, let us assume that following inequality holds
Vo Vs||Dldw]|l 2y < C M, (4.35)
where

My =

1
> (\/ eIV o TV adn]ll 22 (e + IV p* dnll 2 ey + ] V/)*Vhdhllm(w;))

eCOT V ‘€+‘

1
+ Z (\/ eIV o~ [Vadn]lll 2y + ﬁ”\/ P~ dpll2e-) + ||\/,0—Vhdh||L2(wT)) :
eCOT

Then,

[ 7 Dace)lda) < €I Dul iy M
Ir

Letting B, be the ball of radius s centered at zy we can use the trace inequality to

get

_ 1 _ _
v p~Dugllr2(myy < C(%Ilv p~Dugllr2s,) + VsV p~D*ugllr2s,))-

Hence,

/(P‘Dn—u_)[dh] < Cs(|v/p~Dugllizs,) + sllv/ p~ D*ugpl|12(8,) Mz
Ir
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We see that (4.34) follows after using that

Y Mp < Clldlly,

TeT,

the inequality (2.27) and the fact that s < C' hy (see Lemma A.1.4).

In order to complete the proof we need to prove (4.35). Firstly, by using the

triangle inequality we have

Vo VslIDldll ey < Vo Vs (1D Ny + 1D | 2y) -
Then by Lemma 4.3.6, there exists an edge e of 7" such that
s < mlet]. (4.36)
Now let e = int (9T N OK), for a K € T;,. Using that Dd; is constant we get

NG
|Ddf llz2ny = V5IDdf| = 1Dd} ey < VomllDdy [z

VIet]

According to Lemma 4.3.1
let]? < Gmax{|T"|,|KT|}. (4.37)
First, suppose that |7 = max{|T"|,|K"|}. Then,
IVrdy |l L2ery = @HDdZHL%Tﬂ'

VITH

Hence,

;

Om

NG

|Vrd) |2y <

||Dd;||L2(T+)
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On the other hand, if |K*| = max{|7"|,|K™|} then we have

Vom
IVady 2y < 1Dy |r = di |5l p2er) + WHDdZHH(Kﬂ-

We write D(dy|7 — dp|k) as its normal part and tangential part, then, use an inverse

inequality for the tangential part on e, and have

C
IVildy e = dy 1) l2ery < ITVRdn]llzer) + WH[[dh]]Hm(eﬂ,

therefore,

Vom C
IVrdy 2y < IIVada]llreeer) + WHDCEHB(KH + WH[[dh]]HLQ(eﬂ-

Combining the above inequalities we obtain

CVptym
Vo slIDdy ey < Vmlet |V ot IIVida] [z e + WHHMHL?(@

+ CmVO(|/p Ddnl| 2y + |1V Dedl| 125c+)),

where we have used p~ < pt, so

Vprym
Vo sl|Ddf || 2y < C ) (\/m|e+|vp+||[[vhdh]]”L2(e+)+W‘|[{dh]]”L2(e+))
eCOT

+mVo||y PV ndnl| g2ty
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Using the same argument we can prove

()| Dd; 2y < C 3 (Vomle Vo NPz + Y2 Y ]l o)

eCOT |€_ |
+CmV0|y P~ Vndn| L2z
Combining the two last inequalities we obtain (4.35). O

Now we would like to state a corollary of Theorem 4.3.1 using regularity of the
solution to give error estimates in terms of the data of problem (4.1). We first need

some regularity results. We start with a standard energy estimate.

Combining Theorem 4.3.1 and the regularity results for a solution of problem

(4.1) studied in Section (2.4.1) we have the following corollary.

Corollary 4.3.1. Let u be the solution to (4.1) and w, € V), be its finite element

approximation. If Q is convexr, we have

Ch(l+k)
Vp~

[ = unllv < 1f1lz2(@)- (4.38)

The constant C' depends on the constant Cg from (2.27) and the constant Cy, from
(2.23).

Proof. The result is obtained combining: a priori error estimate in Theorem (4.3.1),
estimate (2.17) in Proposition (2.4.1) for the H' semi-norm weighted with /p%, and

estimate (2.23) in Proposition 2.4.3 (observing that p~ < p™). O
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4.3.4 [L*-error estimates

We now prove an L? error estimate using standard duality techniques for discontin-

uous Galerkin methods [26].

Theorem 4.3.2. Let u be the solution to problem (4.1) and up € Vj, be its finite
element approzimation solution to (4.8). Assume that Q is convex. Then, there

exists a constant C' > 0 independent of h, p~ and p+, such that

Ch%(1 + k)?
= iz < %Hﬂrm. (4.39)

The constant C' depends on Cg from (2.27) and Cyey from (2.23)

Proof. Let ¢ be a solution of the problem

—pEAGE = (u—up)*  in QF, (4.40a)
=0 on 0, (4.40b)

[¢] =0 onT, (4.40¢)
[pDng] =0 on T\ (4.404)

We have

[ — w720y = /Q(U —up)u — /Q(U — up)un = an(; w) = an(Pn, un),
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where ¢y, is the finite element approximation of ¢. Therefore, we see that

lu = unl2q) = an(p,u —un) + an(p — on, un) (4.41)
= ap(¢p — én, u—up) + ap(u — up, ¢n) + an(p — én, up)
= ap(¢ — on,u — up) + ap(u — up, dp — 1,0) + an(u — up, Ing)

+ an(¢ — én, up — Inu) + ap(dp — én, Ihu).

Using continuity of the bilinear form we have

an(¢ — dn,u—up) < Cllo = dnllw [lu — unllw
Using the triangle inequality we have
lu —upllw < flu— Inullw + [[Znu — unllw-
It is not difficult to show that

||Ihu — uh”W < C’||Ihu - Uh||v.

Hence,

lu —unllw < Jlu— Thullw + [Ju — |y

Now using Theorem 4.3.5, Theorem 4.3.1, (2.23) and (2.17) we get

= unllw < Ch(l+ k)

< ———fllrz@)-
\/p—_ )

Similarly,
Ch(l+ k)

¢ — dnllw < N |l — un| 20,



and hence we have a bound for the first term in (4.41)

an(d — b, u —up) < M

1 llz2 @) 1w = unll 2@

Using Lemma 4.3.7, (2.23) and (2.17) we have

h
an(t = wn, 6 — 1nd) < %ﬂ*“)mm 6 — dallv,

which implies the following bound for the second term in (4.41)

2
ap(u — up, ¢p — Ihp) < M

Analogously, for the fourth term in (4.41)we have

2
an(¢ — on, up — Ihu) M

IN

For the third term in (4.41) we have

ap(u — up, Ino) Z/T (p” Dp-u")[I10)].

TeTT

Using the Cauchy-Schwarz inequality we obtain

/
o=, 19) < IV Do /o (30 I0lar)

TeTr

For the first term in (4.3.4) we apply a trace inequality to obtain

VP~ Dnu” |20y < Cvp (| D?ullr2(0-) + | Dullr20-) < \/—||f||L2

1 llz2@lle = unll 20

11|z @lle = unll 20

111

(4.42)
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where we used (2.23), (2.17) and the fact that p~ < p*. Now for the second term in
(4.3.4), we note that [I,¢] = 0 on Ly and that Ly is at most distance O(s?) from Tt

where s = |Tf|. Therefore we can use, Taylor’s theorem to show that
[Ingl(x) < CIX"|s’| DInéll(z) Vo € Tr.
Hence,

Nzllzy < CrrlIDIndllia) < ORI DI oaar).

where we used that s < C hy. Consequently, adding and subtracting D[¢]

/ /
(S i) < On( S BHIDIG ~ ol aryy)

T T
TeT, TeT,

/
£ Ox( X WD ey )

TeT!

Observe that

|ID[@]l|z2ry < CR(I D™ oy + 1DS [l 2(r)-

Application of trace inequality gives

(3 106l

TeTF

< CR (D] 120 + DGl 20 + D620 + | DSlrzcary ).
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For the other term we use that I,¢|r = Ir¢ and use a trace inequality to bound

1D = Ol 2zey = [1DUrd = O]l c2(ary

C
\/—h—T(HD(Ich = Or2py T I1DUrd = O)ll 12(0))

+Cv/ hT(”DQCbHL?(w;) + HD2¢HL2(W;))-

<

From (4.15) and (4.16) (using that p~ < p™) we obtain

IDUrd = D)l 2wz + 1DUTré = D)l 2ty < Chr(ID*@ll 2z + 1Dl 2)-

Therefore,

1/2
(X WDl = dllEay) < CRRUID 61200 + 1Dl z20-)

TeT,

+ CR*(| D*@|| 1204y + 1Dl L2(0+))-

Hence, using the regularity result (2.23) and (2.17) we have

1/2 Ch’k
Vo (X melli) < =l =l
TeT,

Thus, we obtain the bound for the third term in (4.41)

Ch’k
ap(u —up, Iy9) < P I fllz2@llu — unll L2 ()

In a similar fashion we can prove

Chk
ap(¢ — on, Iyu) < = 1Nl 2@llw — unll 2

N

The proof is complete after combining the above inequalities for the terms in (4.41).
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4.4 Final discussion

4.4.1 Extension to three dimensions

We now show that the space S(7'), introduced in (4.6), can easily be extended in three
dimensions. We consider the problem (4.1) where € is a three dimensional domain
and I" is a simple, closed, C? surface. Let now 7Tj, be a simplicial triangulation of €.
Let E" be all the faces of the mesh T;. Finally, let £ be the set of all faces that

belong to a tetrahedron that intersects I'.

We now define the local finite element space. Let T" € T, be a tetrahedron. Let
7o be a fixed point on I'NT. Let i be the outward pointing unit vector normal to

O at xg. Let t, s§ be such that {ng,ts, st} forms an orthonormal system.
Given v € P(TT) there exists a unique Y (v) € PY(T™) satisfying

T(v)(wo) = w(wo),

= (Dyv) (o).
=

DSOW> (o),

o <Dn3’f(v) (z0) = p* (Dngv) (o).

Given T € T;' and for each v € P!(T) we can consider the unique corresponding
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function

v in T,
G(v) =
Y(v) inT".

Let span {v,vs,vs3,v4} be a basis for P1(T) restricted to T". Then we define

the local finite element space

ST = span {G(v1), G(v2), G(v3), G(vg)} , i T €T},

PY(T) i T e T\T,.

Consequently, the global finite element space is given by

Vi = {v : v|p € S(T), VT € Ty, v is continuous across all faces in E,\& } .

+

The numerical method is now given by (4.8), where e* = e N QF are pieces of e

a face of a tetrahedra.

4.4.2 Alternative local spaces

An alternative approach to enforce weak continuity of our local space S(T") is nor-
mally used in the literature (see [38]). Instead of enforcing continuity of function
and tangential derivative at xy one imposes continuity at two distinct points x1, xs.

More precisely, define z1, x5 be the two points in I' that intersect 97T". Then, one can
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define Y(v) (in contrast to the definition in Lemma 4.1.1) by

T(v)(x;) = v(z;) for i = 1,2

P~ (D T(v)(wo) = pT(Dysv)(x0)-
Subsequently, Iru is now defined by

(Ipu)(z;) = (Jrug)(z;) =: (Ifu)(z;) for i = 1,2

p~(DpsIru)(wo) == p*(DyyJrug)(@o) =t p(DysIpu)(zo).

Defining the finite element method using these local spaces, we can prove all the

a-priori estimates above.

Another alternative is to enforce the matching conditions by averaging on Tr.

More precisely, one can redefine T(v) in Lemma 4.1.1 by

/T(v)ds = /v,
TF TF
T(v)sds = /vs,
TF TF
/p*Dan(v) = / p Dp+v,
Tr Tr

or alternatively, one can replace the second equation by

D+ Y(v)ds = Dy+ vds.

Tr Tr

Even though their numerical implementation is more complicated and require numer-
ical integrations, these alternatives have the advantage that the analysis is shorter
especially for the consistency error, and also can be formulated using Lagrange mul-

tipliers [5].
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4.4.3 Extension to Cartesian grids

We note that the analysis and methods developed here can be easily extended to
Cartesian grids and Q! elements. One possibility would be to use same local spaces
S(T) defined before for quadrangular elements T' € 7,1, that is, one has three degrees
of freedom for T' € 7,'' and four degrees otherwise. In case one wants to have four
degrees of freedom for T € 7', let the space S(T) then be a piecewise bilinear

function under the coordinates ng, ty and impose

T(v)(xo) = v(xo)
(D T(0))(x0) = (Dygv)(xo)
p (D Y(v)(w0) = p*(Dpsv)(o)

P (Dyg Dy T(0)(w0) = p" (D Dygv) (o)

4.4.4 Alternative bilinear forms

In this section we discuss alternative bilinear forms. We will point out what are
the theoretical difficulties in analyzing these alternative methods. When we provide
numerical experiments in the following section we will also see that, although we
cannot prove stability for some methods, they sometimes do well experimentally in

some of the norms.

Firstly, formulation without flux stabilization has been used for example in [84].
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Methods (4.43) and (4.44) experiment this direction.

ap(w,v) = /pvhw th—Z/ {pViv} - [w] + {pV,w} - [v]) (4.43)

ecEl

03 ([ ol 1+ [ o1l p)).

eer

ap(w,v) = /pvhw th—Z/ {pViv} - [w] + {pV,w} - [v]) (4.44)

ecEl

1% (o5 [Tl 1+ 5 [ 7Tl 1),

ecEl

The problem with these methods is that we cannot establish neither the optimal
inconsistency error nor the coercivity independent of the contrast and the mesh.
This is due since in our proofs the presence of the flux stabilization terms, not
appearing in (4.44) nor (4.43), allows us to transfer estimates in an element with a
small portion in QF to a neighbor element with a larger portion in the sub-domain,

avoiding mixing of the estimates in the different sub-domains.

We note that methods (4.43) and (4.44) seem to do well numerically in the L?
and energy norms, however, they are mesh dependent in the L* norm and they do

not converge in the weighted W1 norm.

The method that seems to do the best numerically, slightly better than the
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proposed method, is the following one:

ap(w,v) = /vahw - Vv — Z ({pViv} - [w] + {pViw} - [0]) (4.45)

oY (o bl 1 b [ ool 1)
e Sl ([ el 9+ [ 71909l

The difference between this method and the one analyzed in this paper is that we
are using a stronger flux stabilization (i.e. we replace |e*| by |e| and we introduce a
flux stabilization parameter yg). It is not difficult to see, that we can prove all the
error estimates contained in this paper for this method. In particular, the coercivity
of the bilinear form is obvious since we are adding even more stabilization. Clearly,
now we would have to redefine our V' and W norms but the approximation properties
will still hold. In summary, Theorem 4.3.1 and Corollaries 4.3.1 and 4.3.2 hold for

this formulation.

A very natural question would be if we can penalize the jump terms with 1/|e]
instead of 1/]e*| and get a stable and optimally convergent method independent of
contrast. The answer is yes, as long as we penalize the jump of the full gradient

st of the fin
afw.0) = | O Vio = 3 Qv Lol + (Vi) - 1) (4d6)
+o Eg;%(/e;egwﬂ-ﬂvﬂ+/e+p+ﬂwﬂ-ﬂvﬂ)
" Z . ([ vie-1valo+ [ 090, ¥l )

e€8£
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where the jumps in the last line are defined by

[Vul, =V~ @n™ + Vvt @n'.

and the symbol ® denotes the outer product between vectors.

We note that in the coercivity and inconsistency error analysis proofs, we have
used the inverse inequality |e”| || Dpv||r2(e-) < C'||V||2(r-) (Where T~ is a triangle
with edge e, and similar result for e*) in particular in the estimation of the left-hand
side of (4.28). For method (4.46) we want to avoid using this inverse estimate and the

factor 1/|e”| (also 1/]e*]|). Let a be the vertex of e belonging to 7. Using the ideas

in the proof of Lemma 4.3.1, we can find a sequence of elements {75, T3, -+ ,Tn}
in the patch of , and common edges {es,es,---,ex_1} with & = T; N T, and
e; = e; N7, such that, |e”| < oley| < o?les| < oV ey | = oVt e| where

o a positive constant bounded uniformly from below by zero and N is bounded
depending on the shape regularity of the mesh. Then, we bound the left-hand side

of (4.28) by using recursively

|V

ey <2 (V0] 2.

2
LQ(E;)> )

and

( 1)’
and then use that

IVola |22y < (C/1eD 1901130,

Hence,

N
el IVelley <€ S lel Vel e Hnwny()
=2
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4.4.5 Concluding remarks

In this chapter rigorous error estimates independent of contrast were derived. How-
ever, many interesting research questions remain. Firstly, we kept track, as much as
possible, of how the constants depend on the geometry (e.g. curvature). However,
there are two constants, Cr and C\g, that we did not investigate in detail how they
scale with geometric quantities such as maximum curvature and the radius r of the
tubular neighborhood. We believe it is possible to prove a bound for C'z in terms of
geometric quantities, but for the sake of simplicity we did not investigate it here. In
addition, the regularity constant Cie, appearing in (2.23) depends on the geometry.
Addressing these issues will lead to error estimates that are completely explicit on

their dependence on the curvature and radius r of the tubular neighborhood.

Secondly, our method and error estimates do not consider problems with high
curvature. An interesting line of research would be to investigate problems with
interfaces of arbitrary curvature. In this direction, perhaps a combination of the
method presented here and the multicale method by Chu et al. in [38] could be a

possible approach.

Thirdly, rigorous error analysis for higher order Immersed Finite Element meth-
ods (k > 1) remains open. It would be interesting to study this, in particular, for

high-contrast problems.

Finally, we would like to study the sharpness of our assumptions in Assumption
2.1. For instance, we observe that our method is still well-defined without assumption

3.
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4.5 Numerical examples
In this section we explore the properties of the methods presented in sections above

applied to the two dimensional interface problem (4.1). In particular, we are in-

terested in the computation of the following errors and their respective ratio of

convergence
eh = [lu—unllr20), e = |lu—unlLe@)
ehyp = WPV =)z, €5, = IVEValu = un)| i),
en, = lpVa(u—un)li2@), e, = [pVn(u — up)| =),
e = |pDn(u—w)llewy, G = oV — )|l i@ urrerryy

_ log(en,, /en)
log(hy1/hi)

eoc(e)
Computation (or approximation) of the L> norms are performed evaluating the error
at the following set of points: if an element does not intersect the interface then the
set of points are the nodes and the centroid of the element, if the element does
intersect the interface we evaluate at the nodes and at the two points intersections of
the interface with the edges of the element. We observe that the errors corresponding
to the L? norm and W12 weighted with /p semi-norm correspond to the only results
proved in this paper, Theorem 4.3.2 and 4.3.1 respectively. We expect optimal
convergence, second order in the L? norm and first order in the weighted W2 semi-
norm. We also compute the analogous in the L> norm and W* weighted with N
semi-norm. In addition, we compute the errors in the W12 and W semi-norm

weighted with p. Note that the estimate for the interpolation error is also achieved

in this semi-norm. Indeed, this is a consequence of Lemma 4.2.2 and Proposition
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2.4.3 and 2.4.2

1oV i(u — L)l 2 < Chl fllz2o)-

A revealing result of our experiments is that the ratio of convergence of the error
is optimal when we compute using the triangles non intersecting the interface. Error
~1,00

e, illustrates this observation. Finally, error e, is a standard error for interface

problems, illustrating the approximation of the normal derivative on the interface.

The experiment presented below shows that method (4.8)-(4.45) produces the
best results. This method (and all the others) does not seem optimal for the W1
error weighted with p. However, it is optimal when we do not consider the elements
in 7,X. We highlight that this result was not remotely addressed in this paper, and
this kind of estimates appear to be more difficult. For the method that we analyzed
(4.8)-(4.9) we observe an uncertain behavior in the error ei’yzo for the last mesh, not
achieving the optimal convergence as in the previous method. We also present tables
for one of the method without flux stabilization, method (4.8)-(4.44). We observe
non convergence so far for the error e,lt”o\;ﬁ and in the last mesh a deterioration in

the L norm. Moreover, optimal convergence for the normal flux error e, is not

observed.

In our numerical experiments we consider the two dimensional domain 2 =
(—1,1)? with the immersed interface T' = {x € Q : 2% + y* = (1/3)?}. We de-
fine Q~ = {(x,y) € Q : 22 +y* < (1/3)*} and QT = Q\(2~ UT). Numerical
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examples 4.1 and 4.2 consider the following exact solution

= , if (x,y) € Q7
wa,y) =14 ° (@3] (4.47)

S+ G) e i (zy) €0,

A
A

where r = /22 + y? and o = 2. Example 4.1 considers the configuration I' = 0Q~
(2~ as the inclusion), whilst Example 4.2 considers I' = 901 (21 as the inclusion).

We provide plots of the approximate solution for both cases.

Finite element uniform triangular meshes 7;, that are non-fitted with the interface

were used. In the tables we compute with h = 2-0+3/2) for [ =1, ..., 7.

All the computations were performed in MATLAB, including solution of the

linear system by means of “\”.

Example 4.1. Case I' = 9Q~ (i.e. Q is the inclusion), p© = 10* and p~ = 1.
Tables 4.1 and 4.2 show the results obtained by method (4.8)-(4.45) with stabiliza-
tion parameters v = 10 and vr = 10. Note that this method has a stronger flux

stabilization that the method analyzed in the paper.

The results in Table 4.1 show optimal convergence for the errors e}, and e) validat-
ing the theoretical results Theorem 4.3.1 and 4.3.2. In addition, we observe optimal
convergence for the error e;° and e,lz’:;ﬁ. The error e}% ,» weighted with p instead of
/P, converges optimally. However, the rate of convergence of the error 6,11’;0 is not
optimal. An interesting observation is that the error é,ll’f;o converges optimally, indi-

cating that is only a couple of elements where the error does not converge. Another

appealing feature of the method is the optimal order of convergence for the error

n,00
€y -

In addition, in order to test the independence of the coefficient p* of our estimate
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l ey eoc epe eoc e}u\/ﬁ eoc e,ll”ojﬁ eoc
1 8.2e-3 — 2.5e-2 — 1.1e-1 — 3.7e-1 —

2 1.7e-3  2.28 5.7¢-3  2.12 4.4e-2  1.30 2.1e-1  0.86
3 2.7e-4  2.63 1.3e-3  2.19 1.8e-2 1.29 9.7¢e-2  1.08
4 4.6e-5  2.57 3.2e-4 197 8.3e-3  1.12 5.2e-2  0.90
5 9.0e-6 2.34 7.2e-5 2.15 3.9e-3  1.07 2.5e-2  1.08
6 2.0e-6 2.19 1.8e-5 2.01 1.9e-3 1.03 1.3e-:2  0.92
7 4.7e-7  2.08 4.6e-6 1.94 9.5e-4  1.02 6.8e-3  0.94
l e}% ) eoc e}l’;o eoc é,ll’f;c eoc ez’io eoc
1 3.9e-1 — 7.0e-1 — 7.0e-1 — 3.7e-1 -

2 1.6e-1  1.32 6.1e-1  0.19 4.0e-1 0.81 2.1e-1  0.86
3 6.4e-2 1.29 1.9e-1  1.68 1.9e-1 1.07 9.7e-2  1.08
4 2.9e-2 1.15 2.2e-1  -0.20 1.0e-1 091 4.9e-2 1.00
5 1.4e-2  1.09 1.4e-1  0.65 5.0e-2 1.01 2.5e-2  0.98
6 6.6e-3 1.04 6.6e-2  1.09 2.5e-2  0.99 1.2e-2  1.00
7 3.2e-3  1.02 5.le-1  -2.95 1.3e-:2  0.98 6.2e-3  1.00

Table 4.1: Example 4.1: errors and experimental orders of convergence (eoc) with p~ = 1 and

pt = 10%, using method (4.8)-(4.45) with stabilization parameters v = 10 and v = 10.

pt 62 ei,p €h,\/p
10t 2.3e-6  6.5e-3 2.8e-3
102 2.0e-6  6.6e-3 2.0e-3
10° 2.0e-6  6.6e-3 1.9e-3
10* 2.0e-6  6.6e-3 1.9e-3
105 2.0e-6  6.6e-3 1.9¢e-3
106 2.0e-6  6.6e-3 1.9¢e-3

Table 4.2: Example 4.1: errors with p~ = 1 and h = 27(6+3/2) using method (4.8)-(4.45) with

stabilization parameters v = 10 and v = 10.
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in Theorem 4.3.1, we consider the exact solution (4.47) with a fix mesh corresponding
to h = 2763/2 We compute errors e, ey, and e}hﬁ for p~ = 1 and increasing
values of p™. We summarize the results in Table 4.2. We observe that although we

increase pt the errors remain constant, showing the contrast independency of our

estimates.

We present in Table 4.3 the errors and convergence orders for the method ana-

lyzed in the paper (4.8)-(4.9).

l ey eoc epe eoc e,lm/ﬁ eoc e,llf;ﬁ eoc

1 8.6e-3 — 2.6e-2 — 1.1e-1 — 3.7e-1 —

2 1.7e-3 231 6.0e-3 2.14 4.5e-2  1.30 2.0e-1  0.90
3 2.8¢-4 2.63 1.3e-3 2.18 1.8e-2 1.31 9.3e-2  1.09
4 4.7e-5  2.57 3.4e-4 197 8.4e-3 1.12 5.5e-2  0.76
5 9.2e-6 2.35 7.6e-5 2.16 4.0e-3  1.08 2.6e-2  1.09
6 2.0e-6  2.20 1.9e-5 2.01 1.9e-3  1.03 1.4e-2 0.91
7 4.7e-7  2.09 5.1le-6  1.88 9.5e-4  1.02 7.1le-2 -2.37
l e,  eoc ey eoc &> eoc e, eoc
1 4.0e-1 — 7.4e-1 — 7.4e-1 — 3.7e-1 —

2 1.6e-1  1.33 2.5e+0 -1.79 4.0e-1  0.90 2.0e-1  0.90
3 6.4e-2 1.31 2.8e-1 3.20 1.9e-1  1.07 9.2¢e-2 1.11
4 2.9e-2 1.15 1.6e+0 -2.56 9.7¢-2  0.96 4.5e-2  1.01
5 1.4e-2  1.09 4.8e-1 1.76 4.7e-2  1.04 2.3e-2  0.96
6 6.6e-3  1.05 4.8e-1 0.01 2.4e-2  1.00 1.1e-2  1.05
7 3.2¢-3  1.02 7.1le+0 -3.88 1.8e-2 0.42 5.9e-3 0.93

Table 4.3: Example 4.1: errors and experimental orders of convergence (eoc) with p~ = 1 and

pT = 10%, using method (4.8)-(4.9) with stabilization parameter v = 10.

The results in Table 4.3 show optimal convergence for the errors ¢, 5 and ey
validating the theoretical results Theorem 4.3.1 and 4.3.2. In addition we observe
optimal convergence for the error e;°. The error ei’fjﬁ seems to converge optimal
up to mesh [ = 6, and then for the last mesh the rate can possibly be affected by
the choice of the flux stabilization parameter. As in the previous test the error e

converges optimally, however for the rest of the errors the convergence is not as clear
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as in the previous method. We suspect that this phenomena is related to the weights

le*| in the flux stabilization.

Finally, Table 4.4 displays error and convergence orders for the method without

flux stabilization (4.8)-(4.44).

l ey eoc epe eoc e,lm/ﬁ eoc e,ll’)o\;ﬁ eoc
1 1.7¢-3 — 7.0e-3 — 5.8e-2 — 2.2e-1 —

2 4.5e-3  1.88 2.9e-3 1.29 3.1e-2  0.89 1.6e-1 0.51
3 3.6e-4  0.31 6.1e-3  -1.08 1.2e-1  -1.89 1.3e+1  -6.37
4 2.8¢e-5  3.69 2.1e-4 487 7.7e-3  3.92 2.0e-1 5.98
5 7.3e-6  1.96 5.0e-5  2.05 3.8¢-3  1.02 1.5e-1 0.40
6 1.7e-6  2.06 1.2e-5  2.05 1.9¢e-3 1.01 2.5e-2  -0.70
7 4.5e-7 1.95 4.0e-6  1.60 9.5e-4  0.99 1.1e-1 0.23
! €hp eoc 6}11’;0 eoc éi’f;o eoc €y eoc
1 2.1e-1 — 5.8e-1 — 2.2e-1 — 1.5e-1 —
2 1.3e-1 0.69 1.4e+1 -4.58 1.5e-1 0.49 1.1e-1 0.39
3 7.3e-1 -2.46 1.3e+2  0.10 8.9e-1  -25 1.3e+1 -6.83
4 2.8¢-2  4.70 7.2e+0 0.84 5.3e-2  4.07 2.0e-1 6.00
5 1.3e-2  1.07 2.6e+0  1.50 2.9e-2  0.86 1.5e-1 0.39
6 7.0e-3  0.93 2.1e+0  0.27 3.7¢-:2  -0.35 2.5e-1  -0.71
7 3.3e-3  0.99 8.6e+0 -2.10 2.1e-2  0.86 1.1e-3 0.23

Table 4.4: Example 4.1: errors and experimental orders of convergence (eoc) with p~ = 1 and

pT = 10%, using method (4.8)-(4.44) with stabilization parameter v = 10.

The results in Table 4.4 show optimal asymptotical convergence for the errors

e, vp and €Y. In addition we observe a slightly sub-optimal convergence for the error

1,00

e’ , approximately 1.8. The error e’ P does not seem to converge. As in the previous

test the error e}% , converges asymptotically to 1, however for the rest of the errors

we do not observe convergence.

Example 4.2. Case I' = 90T (i.e. QT is the inclusion), p™ = 10* and p~ = 1. Table

4.5 show the results obtained by method (4.8)-(4.45) with stabilization parameters

v =10 and v = 10.
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l ey eoc e eoc €5 €oc e,ll’:;ﬁ eoc
1 2.2e-2 2.4e-2 4.1e-1 7.4e-1

2 5.3e-3  2.06 6.2e-3 1.95 2.0e-1  1.01 3.8¢-1  0.97
3 1.3e-3  2.02 1.6e-3 1.98 1.0e-1 1.01 1.9e-1 0.98
4 3.2e-4 2.01 4.0e-4 1.99 5.1e-2  1.00 9.6e-2  0.99
5 8.1e-5  2.00 1.0e-4  1.99 2.5e-2  1.00 4.8¢-2  1.00
6 2.0e-5 2.00 2.5e-5  2.00 1.3e-2  1.00 2.4e-2  1.00
7 5.1e-6  2.00 6.3e-6  2.00 6.4e-3  1.00 1.2e-2  1.00

Table 4.5: Example 4.2: errors and experimental orders of convergence (eoc) with p~ = 1 and

pt =10%, using method (4.8)-(4.45) with stabilization parameters v = 10 and v = 10.

Figure 4.3: Approximate solutions by method (4.8)-(4.45) of problem (4.1). Left figure: Example
4.1 case I' = 9Q~. Right figure: Example 4.2 case I' = 9Q™.



CHAPTER FIVE

High contrast interface problem I1I:
analysis of a Nitsche finite element

method
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5.1 Unfitted Nitsche finite element method

This chapter is devoted to the analysis of an stabilized Nitsche finite element method
based on piecewise linear polynomials, applied to the Poisson interface problem with
constant discontinuous coefficients (4.1), and using triangulations that are non-fitted

with the interface.

5.1.1 Introduction

We begin rewriting the equations of the model problem. Let 2 C R? be an open
polygonal domain with an immersed smooth interface I" such that Q = Q U Q" and

I" encloses either Q= or Q7. Consider the problem

—V - (prVut) = f£  in OF, (5.1a)
utf =0 on IOF\T, (5.1b)

[uj=a onT, (5.1c)
[pVu-n]=5 onT, (5.1d)

where u* = u|g+ and the jumps on I' defined as before (4.2). We recall that the
diffusion coefficients p* > p~ > 0 are constant. We will present a priori error
analysis for the case a, 3 = 0. The method that we will present and analyze in
this chapter for the case of homogeneous jump conditions is a variant (simplification
without weighted averages) of the method introduced in [33]. This method includes
a stabilization term, also known as ghost penalty stabilization term, with support
on edges near the interface. See also [64] for the method without this stabilization

term. The final goal of this chapter is to prove optimal error estimates independent
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of the constant of the discontinuous constant coefficients.

In this section we introduce a slightly simplified version of the unfitted Nitsche
finite element method for high contrast interface problems by Burman and Zunino,
Section 3.3 in [33]. The main idea behind this method differs substantially from those
that help us to design the finite element approximations in the previous chapters.
Here, by means of extension lemmas (see Section 2.4), we will consider the continuous
solution of problem (5.1) as a pair of functions (u~, u™) with support slightly bigger

than 2~ and Q7 respectively.

5.1.2 Notation

We begin introducing the discrete sub-domains Qf containing the sub-domains Q*

OF .= int < U T). (5.2)

TeTE

In addition, we consider the edges subset of £, Definition (2.2.8), restricted to the

interior of Qf

g}l:,i = {6 = int (8T1 ﬂ@Tg) ITl,TQ < 77}, and T1 NnTr # @ or TQ NnT 7é (Z)}

Let us define the broken Sobolev spaces (note that they differ from the ones

defined in the previous chapter)

HE Q) := {v € H'(Q) : v|p+ € HX(T*), for all T € T,5}.
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Figure 5.1: Illustration of definition of set 7;'' and discrete sub-domains Qf Left figure: elements
in 71" (red transparent). Center figure: sub-domain €, (blue transparent). Right figure: sub-
domain Q) (blue transparent).

Then, define the space of functions V := H?(Q,) x H?(Q}), and denote an element

v €V by v=(vt,v7). We will construct a finite element space conforming with V.

We fist define a standard finite element space of continuous piecewise linear poly-

nomials with support in Qf by:
VE = {v e Q) NHNQ) : v|r € PYT), VT € T,}.

Then, the finite element subspace is defined by pairs of piecewise linear functions of
V. and V;', ie.

Vi =V, x Vi (5.3)

Abusing of notation, we will define for a function v = (v*,v™) € V}, the jumps

across the interface as the jumps of the components

+

[v] =vT —v~ and [pVv-n]=p Vv -n +ptVot . nt. (5.4)
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5.1.3 The finite element method

We now consider a finite element method based on: the weak formulation of problem
(5.1), penalty terms of the jump across the interface, and stabilization terms on edges

in & *. Find uj, = (uy, u;) € Vi, such that:
an(up,v) = / ffor+ [ fv7, forallv=(vhov) eV, (5.5)
o+ -

where the bilinear form a(-,-) : V' x V' — R is defined by

ap(w,v) = /Q+ pTVuwt - Vot + /_ p~Vw™ - Vv~ (5.6)
[ v m Ve )+ 3 L [l
r TeTr r Tr
+2 3 lel [ Vo T T+ 3l [ 01901V,

for v,w € V and v,v,, and 7; are positive parameters to be chosen. Note that the

jumps [-] in the flux stabilization terms (two last terms) are defined by (2.6).

The energy norm || - ||y, induced by the bilinear form ay, is defined for v =

(v=,v") €V by

1
ol =IvATele + > 7 IVo bl

TeT)

+ Z lel IV o~ [VoTlZ2) + Z e[ 1V o Vo 122 -

e€&y” ecgy

Note that in this definition we make the abuse of notation of writing,

IVAVoliy = VP Vo laam) + Vo Vot la@e,
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forv=(v",v") e V.

Remark 5.1. We point out that the terms in (5.6) involving integration on I' can be

generalized to

/F ({pT0bo o] + {pVunu ) ds + 3 L /T fun] [0]ds.

T
TeT,

The weighted average
{pVv-n~}, = (w_p Vu_ +w, ptVo,) -n~

where the weights w_(z) € [0,1] and wy(z) = 1 —w_(z) and p are chosen properly,
see [34]. The case w_(z) =1 and p(x) = p~ (z) reduces to the one in (5.6). Another
choice considered in the literature (see [46, 32, 50]) is the harmonic average given by

2ptp”
pt+p~

w_ = —2— and p= . In this case we obtain

pt+p~

{pVv-n"}, = g (Voo +Vuy) -n".

In this chapter we concentrate in the analysis of the choice (5.6), however, since

p~ < p < 2p~, the analysis for the harmonic average case follows straightforwardly.

5.2 Standard a priori error analysis

5.2.1 Stability and best approximation results

We will need the following technical proposition for the proof of coercivity; proof

can be found in Appendix A.1.3.
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Lemma 5.2.1. Consider a node z of the triangulation Ty, such that z € Q . Let w,
be the patch of elements associated to z, i.e. w, = int (U{T : T € Ty, and z € 9T}).

Then, for h small enough, there exists an element T, € w, such that:
IT.NQ"| > Chi,, (5.7)

where C > 0 is a constant independent of hr, .

Coercivity of the bilinear form ay, is proved below.

Lemma 5.2.2. There exists a constant ¢ > 0 such that

vl < an(v,v),  for allv € Vj,. (5.8)

Proof. Let v € V},. Observe that the bilinear form aj is symmetric, then it follows

e Y _
n(v,0) =Vl +2 [ V0 molulds + 32 LIVl

TeTY
g Y lelp IV Tz ey +5 Do lelot ITVorTIIZe))-
et} ecg)

In order to prove (5.8) it is enough to bound the non positive term (second term).

Let T € T,I', the applying Cauchy-Schwarz inequality we obtain

| v nlulds) < (Ve Vo e (\/%mv]nwm) .

Summing over T' € T, and applying arithmetic-geometric inequality give

_ _ _ P
< Z (5/) hr|[Vo~ - n Hi2(TF)+%H[U]Hi2(TF))-

TeT,

/Fva -m”[v]ds
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Let T € 7,F and let 2 € Q be a node of T. By Proposition 5.2.1, there exists
a triangle T, satisfying (5.7). Now, consider the shortest sequence of edges E(T) =

{e1, eq,...,en} such that

z € €, g=1..N,
e1 C OT and ey C 07T,
€j,€j+1 C 87}, 71] € Tn, j=1..,N—1

Note that by its definition E(T) C 5,1; . Then, observing that the tangential jump

of Vv~ is zero along edges, we have

_ o |77 _
hrp™|[Vo™ - n H%Q(TF) < hrp~— Vv H%Q(el) <

r 1
lea

%
< o™ leal (90 Wy + 1907 1 o)
= 73 1 L2(eq) TillL2(en)

plel Vo[,

1 a 1 _ _
< —p lel IV e, + —5p" leal VY |7 2
Yo Yo

<c(v)p” Z le] ||[[VU_]]H%2(6) +C(vo)p len| VU1 [ 2(en)

ecE(T)

<c)p” Y eIV Mie + CO0)IVe~ Vv I Zaer):

ecE(T)
where 7 is the shape regularity constant defined in (2.2).
Hence, considering that each nodal patch contains finite number of elements

implies that, after summing over T € T, the terms above are repeated at most

finitely many times. Then, it follows

Y helIVoT nT | Gagy < Co) | IV Vollieey + Y lelo 1TV Tlz2

TeTT eeg,f’*
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Figure 5.2: Proof of Lemma 5.8. Illustration of set E(T) C 5}1:’7.

Therefore, coercivity follows by choosing 7 large enough in terms of C'(yy) and e. [

With the aim of proving continuity of the bilinear form a;, we define the following

augmented norm:

1oll%, = 10ll% + Y hellV/o~ Vo~ 07 [Fag- (5.9)

TeTr

Continuity of the bilinear form follows from its definition and Cauchy-Schwarz

inequality. The result is stated as follows:

Lemma 5.2.3. (Continuity) Suppose that v, w* € H?(QF). Then, there exists a

constant C' > 0, independent of v and w, such that
ah(wav) <C ||w|IVA ||U||VA‘
Additionally, if w® € H}(QF) and v € V}, we have

an(w,v) < Cllwllv, [[v]lv. (5.10)
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In order to discuss the Galerkin orthogonality of method (5.5)-(5.6) we consider
the extension operators introduced in Section 2.4.2 Proposition 2.4.4. A particular
case is proved in Appendix A.5 by means of an even extension. From now on we

simply denote 1@ by u*.

Lemma 5.2.4. (Galerkin orthogonality) Suppose that u solves the (5.1) and suppose
that u|g= € H?(*). Then, we have that

ap(u,v) = (f,v), Yo eV,
where we use the notation u = (u*,u~). Hence, Galerkin orthogonality holds:

ap(u — up,v) =0, Yo € V.

The main result of this section, the best approximation result, is stated below.
It follows easily from coercivity, continuity, Galerkin orthogonality and from a gen-
eralization of Cea’s Lemma. See for example Chapter III [26]. We give some details

for completeness.

Theorem 5.2.1. (Best approzimation) Let Q C R? be an open polygonal domain.
Let u be a solution of problem (5.1) and assume that u|q+ € H?(QF). Let uy, be solu-
tion of the discrete problem (5.5). Then, there exists a constant C' > 0 independent

of h, such that

o= unlly < C inf lu=vlv,.

Proof. Let v € V}, then we have by coercivity, Galerkin orthogonality and continuity

that

lun — v} < canlun —v,up —v) = cap(u—v,u, —v) < cC llu— vy, |lun — vy
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Now, triangle inequality implies that for any v € V},
lu = unlly < llun —vllv + [lu—2v]lv.

Therefore, the result is complete after combining the last two inequalities and taking

the infimum over v € Vj,. O

5.2.2 Energy error estimates

In order to prove an error estimate in terms of the V-norm we introduce the following

interpolation operator: Define Ij, : V' — V}, such that
(Iyu)* = Jyu®, foru= (ut,u™) eV,

where Jg, is the Scott-Zhang interpolant (see Definition 2.2.12) onto the standard
continuous piecewise linear polynomials. Consequently, the following estimate for
the interpolation error follows from the properties of the Scott-Zhang interpolation

operator and the extension result: Lemma 2.4.4.

Lemma 5.2.5. Consider the definition of the interpolation operator I, given above.

Then, there exists a constant C' > 0, independent of h, such that:

lu — Ihullv, < Ch(y/pt||D*ullr2@+) + Vo~ | D?ull 12(0-))-

In addition we state a standard regularity estimate introduced in Section 2.4.1

Proposition 2.4.3.

An energy error estimate follows from Theorem 5.2.1, Lemma 5.2.5 and Propo-
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sition 2.4.3. We state it in Corollary below.

Corollary 5.2.1. (Standard energy error estimate) Let u be a solution of problem
(5.1), and let uy, be the solution of the discrete problem (5.5). Suppose that  is

convex. Then, there exists C' > 0 independent of p*, such that
Ch
[ = unlv < THfHLQm)-

Remark 5.2. Constant C' dependents in the extension constant Cg (2.27) and the

regularity constant C,., (2.23).

5.3 Error estimate for the flux

In order to prove the main result of this paper, the error estimate for the flux, we

need a discrete extension result.

Lemma 5.3.1. (Discrete extension) Assume that the triangulation Ty is quasi-
uniform. Let v, € V,". Then, there exists a function Ev, € VF = {v € C4(Q) :

vlr € PYT),VT € Tp}, such that Evy, = vy, in Q) and
1Evllm) < Cllvall g ),

with C' > 0 independent of h.
Proof. See Appendix A.6. O]

Considering the discrete extension lemma, we state a bound for the H'-norm in

Q. The proof follows easily using a Proposition 5.2.1 (with roles of Q" and Q~
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reversed).

Lemma 5.3.2. Let v € V;". Then, we have

||U||12L[1(Q;) < C| ol + Z el 11TV 0] Z2 e

e€€£‘+

Now we are in position to state and prove the main result of this paper.

Theorem 5.3.1. Let u be a solution of problem (5.1) and let uy, be solution of the
discrete problem (5.5). Assume that Q is conver and the triangulation is quasi-

uniform. Then, there exists a constant C > 0, independent of h and p*, such that

1PV (u — “h)||L2(Q) < CthHLQ(Q)-

We remind the reader that
1PV (w = un)[[720) = llp™ V(u = un) "2y + 10"V — un) [ 7200).
Proof. Observe that the bound in €2~ is given by Corollary 5.2.1

I~V (u—un)" |20y < CR| fllr2@)-

Thus, it remains to prove

1"V (u — up) ¥ || r2+) < Chl|fllr2@). (5.11)

Consider the function v, = (lu —uy)™ € V,F. If QT is the inclusion, i.e., 90 N

00 = (), we redefine vy, so that it has average zero on Q7 i.e., vy = v — = v,
) ) ) Q+ Jo+t
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Either case Poincare’s inequality holds:
[onll @) < ClIVRlliz@s) = CIVInu — un) 2@,

for a constant C' > 0. Applying Lemma 5.3.1 it follows that there exists an extension
Evy, € Vi such that Ev, = vy, in Qf, and || Evy|/ ) < C||vh||H1(Q}+). Combining

this estimate with Lemma 5.3.2, we have

1/2
|Evn e < C(IV = un) o+ (D2 lel IV (=) Pa) ).
e€S£’+

(5.12)
Consequently, using ((Evp,)™, (Ev,)%) € Vj, as test function (where (Euvy,)* =

Evh|Qf), and the consistency of the method (5.5)-(5.6), we obtain

0= ap(u — up, Evp)

= /Q+ pV(u—up)t - V(Ev,)" + / pV(u—up)” - V(Evy)”

+ /p_VEvg ‘N [u — uylds
r

3 / o [V (Eon) 119 (4 — u) ] ds

665}1:'7

+ 3 el / Pt IV (B 1TV (u — up) ] ds.

I+
e€s,

Here we used that Ewvj, is continuous across the interface I". Multiplying by p* and
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adding and subtracting Iu™ in the first and last term give

0"V (= ) 20y + Y lel 07TV (Inu = un) Tl =

8655”+

—pt /m p+V(u — Ihu)+ . V(Eyh)Jr —pt Z le| /er[[V(Evh)*]] [V (u — Ihu)+]] s

I+
e€&;,

—pt /Q_ p V(u—up)” - V(Ev,)” —p" /Fp_V(Evh)_ -n”[u — uplds

0" Y lel [ 9 (B0) UV~ ) Tds = i+ I,
6655“’ ©
where I; denotes the first two terms and I, the last three terms. First we bound

I;. Applying Cauchy-Schwarz and arithmetic geometric inequalities, and using that

V(Evp)" = V(Iu —up)™ in QF yield

2/ L] <[PtV (Iw — @) oy + Y lel o™ [V Ihu — w)  Tllzeq)

I+
e€g,

+ 10"V = un) Ga@ey + D lelllp" IV (Enu = un) Tl Zage)-

I+
e€&,

Similarly, we apply Cauchy-Schwarz inequality for the three terms in Iy after taking
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as common factor p*tv/p—, i.e.

‘\/,0_‘/0 V(u—up)” - V(Evy) dx

< Ve V(u—un) 2@ IV (Ev) " || r2(0-),
‘\/p_ / V(Ev,)” - n~ [u — uplds
I
1
<> T Vem e —wlllezan Ve[V (Eu)™ - n- |,

TeT)

Vor 3 tel [T9(Bu) IV (- ) 1ds

668}1:’7

< > eIV IV (e = wn) " Tllz2 1V (Bon) "1z -

668}1:’7

Observe that terms involving u — uy, are all bounded by ||u — uy|yv. Hence,

L] < Cpty/p|lu— UhHV<HV(EUh)+HL2(Q+)

(X Ml 9B 1 )+ (X B0 W) ).

TEThF 665}1:’_

For the terms involving Ev, we use inverse inequalities, obtaining

(3 el V(v n )+ (X eIV E) W)

TGThF 668}1:’_

S O”VEUhan(Q).
Thus, by the estimates above for I; and I, it follows that

1
Lo+ L <5 (107 V(Ihu = w) |20 + > Lellp TV I = u) TlIze)

T+
e€&),

+C Vol = unllv otV Evall20)-
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By approximation properties of the Scott-Zhang interpolant and Proposition 2.4.3,

we have

"V (Iw = u)* ey + Y lelllo™ [V = )]l (5.13)

e€££’+

< CR(p* )| D*ut |22 qvy < CRP|fl 2210
Using the error estimate Corollary 5.2.1 and definitions of I; and I, we conclude

1"V (= ) [[F20y+ Y lel o TV (I = un) Tl

I+
e€s,

SCO fllz@lle™V Evall 2 + B[ fl172(0))-

Therefore, applying (5.12) we have

1"V (Inu = wn)|F2ey + Y lel 0" [VUnu = un) T2 < CR| f 720
668,1:""
Finally, applying triangle inequality, the estimate for the interpolation error (5.13),

and last inequality we obtain the desired bound (5.11). O

We conclude this section by stating an L?-error estimate. The proof follows easily

from a duality argument (see [63]). We omit the details.

Lemma 5.3.3. (L? error estimate) Assuming the hypothesis of Theorem 5.5.1 we

have

_ C
1w = un) "2y + (e = un) ¥l z2(ee) < p—,h2||f||L2<Q>-

Unfortunately, the result has a factor p% on the right hand side. At the present

moment we do not see how to remove it.
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5.4 Final discussion

In this section we discuss and state some straightforward extensions of method (5.5)-

(5.6).

5.4.1 Non homogeneous jump conditions

We consider problem (5.1) with a non homogeneous jump conditions in equations

(5.1c) and (5.1d), i.e.

—V-(ptVud) = £ in QF (5.14a)
u= =0 on ONF\T, (5.14b)

W=a  onT, (5.14c)

[pVu-n| =0 onT, (5.14d)

where «a, # are a smooth functions given on the interface. The method in this case

follows from a standard derivation of the variational formulation:

an(up,v) = (fT,0)gr + (f 7,07 )a- +/ (Bt +p Vv -n”a)ds (5.15)

r
-
+ E 7P /TF[v]ads,

TeT! T

for all v € V,.

All the proofs would generalize easily. The only requirement is that a regularity

result as in [38] holds for this slightly more complicated problem.
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5.4.2 Three dimensional problem

To extend the method in three dimension is straightforward. In order to prove the
same result one needs the regularity results from [38] to hold in three dimensions
which we have not found in the literature. Moreover, we need to be able to prove
the geometric result and extension results in three dimensions: Proposition 5.2.1 and

Lemma 5.3.1. We believe that these results should hold.

5.4.3 Concluding remarks

In this chapter we proved error estimates for the stabilized unfitted Nitsche methods
(5.5)-(5.6) for problem (5.1) independent of the contrast of the coefficients p~ and p™.
We also proved a nonstandard error estimate for the flux variable totally independent
of the coefficients. The key ingredient in the proof of this estimate was a discrete
extension from Q1 and Q. This estimate is sharper than the energy estimate since

it is independent of the discontinuous coefficients p~ and p™.

As in the previous chapter, it would be interesting to investigate problems with
interfaces of arbitrary curvature (observe that the analysis is restricted by the As-
sumption 2). In this direction, perhaps a combination of the method presented here

and the multicale method by Chu et al. in [38] could be a possible approach.
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5.5 Numerical examples

This section illustrates numerically the a priori error estimates proved in Section 5.2
and Section 5.3. We consider a two dimensional example with a non trivial immersed
and closed interface. In particular, the example supports the optimal order of conver-
gence for the error of the flux pV(u—u;). We summarize our experimental results in

tables, displaying the following errors and experimental orders of convergence (eoc):

62 = ||u—uh||L2(Q), e = ||u—uh||Loo(Q),

1,00 |
ehp = 1PV (= un) | 20, €np = PV (u—un) Lo,

1Og<ehz+1 /ehl)
log(hz+1/hl) '

eoc(e) =
Our theoretical results predict optimal convergence of: error € (second order), and

1
error e;, (first order). We also test the convergence of the errors e;° and e;"™.

The finite element approximation by scheme (5.5)-(5.6) is computed with a se-
quence of uniform triangulations that are non-fitted with the interface. The param-
eter of the triangulation is given by h = 2-U+3/2) for | = 1, ..., 7. Computations
were performed in MATLAB including the solution of the linear system by means

of command ”\”.

Example 5.1. Consider problem (5.1) in a square domain = (—1,1)? and an
immersed interface I' = {(z,y) € Q : 2? + y* = (1/3)*}. We will test both cases: 2~
as inclusion, and Q7 as inclusion. Consider the following exact solution:

— , if (z, O,
wz,y) =19 " @9) € (5.16)

S+ G) e i (zy) € QT

b
b
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where r = /22 + y? and o = 2. We test with values of the diffusion coefficients
pt =10% and p~ = 1. Tables 5.1 and 5.2 summarize the results obtained by method
(5.5)-(5.6) with stabilization parameters v = 10 and ;" = 10, with Q~ and Q7 as

inclusion, respectively.

l ey eoc e eoc eh, eoc 61117;0 eoc
1 1.9e-2 5.5e-2 — 3.7e-1 — 5.9e-1 —

2 6.2e-3 1.64 1.5e-2 1.86 14e-1  1.38 2.7e-1 1.11
3 1.1e-3 2.46 2.8e-3 2.45 5.6e-2  1.31 1.2e-1  1.17
4 1.7e-4  2.69 5.0e-4  2.48 2.6e-2 1.11 5.4e-2  1.17
) 2.8¢e-5  2.66 9.8e-5 2.34 1.3e-2  1.03 2.4e-2 1.14
6 4.6e-6  2.59 1.9e-5  2.39 6.4e-3 1.01 1.2e-2  1.03
7 8.4e-7 245 4.2e-6  2.16 3.2e-3  1.00 6.0e-3 1.01

Table 5.1: Example 5.1: errors and experimental orders of convergence (eoc) with Q~ = {(z,y) €

Q2?2 +9y? < (1/3)?} and QF = Q\(Q~ UT), using method (5.5)-(5.6).

l ey eoc ey’ eoc e}w eoc e,ll’f;o eoc
1 3.7e-2 — 5.9e-2 — 3.6e-1 — 6.0e-1 —

2 8.3e-3  2.15 1.3e-2  2.23 1.4e-1 141 2.7e-1  1.15
3 1.5e-3  2.45 2.9e-3  2.09 5.6e-2  1.29 1.2e-1  1.17
4 2.7e-4  2.50 0.8e-4  2.35 2.6e-2  1.09 5.3e-2  1.18
) 9.2e-5 2.3 9.8e-5  2.56 1.3e-2  1.02 24e-2 1.14
6 1.2e-5 2.16 2.1e-5  2.25 6.4e-3 1.01 1.2e-2 1.01
7 2.8¢-6 2.06 4.2e-6  2.29 3.2e-3  1.00 5.8e-3  1.05

Table 5.2: Example 5.1: errors and experimental orders of convergence (eoc) with QF = {(z,y) €
Q2%+ 9% < (1/3)?} and Q= = Q\(QF UT), using method (5.5)-(5.6).
Optimal convergence of the errors, second order for €} and e3° and first order for

6,117 , and €;°  for Example 5.1 is observed in Tables 5.1 and 5.2 for both cases {2~

and QT as inclusion.

In addition, in order to test the independence of the coefficient p* of our estimate
in Theorem 5.3.1, we consider the exact solution (5.16) with a fix mesh corresponding

to h = 276+32) We compute errors e, ey, and 61117\/5 = |lvp(u — up)|| 22y for
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decreasing values of p~ and increasing values of p™. We summarize the results in

Tables 5.3 and 5.4, corresponding to Q™ as inclusion and Q% as inclusion, respectively.

pm ot i Ch,p €,
le+0 le+1 3.0e-5 1.3e-2 5.5e-3
le-1 le+2 2.8e-4 1.3e-2 1.3e-2
le-2 le+3 2.8e-3 1.3e-2 4.0e-2
le-3 le+4 2.8e-2 1.3e-2 1.3e-1
le-4 le+5 2.8e-1 1.3e-2 4.0e-1

Table 5.3: Example 5.1: errors for mesh parameter h = 2-(5+3/2),

(1/3)%} and QF = Q\(Q2~ UT), using method (5.5)-(5.6).

Q" ={(z,y) € Q:2?+y*> <

pm ot e, €hp /5
le+0 1le+1 5.4e-5 1.3e-2 1.2e-2
le-1 le+2 5.2e-4 1.3e-2 3.9e-2
le-2 le+3 5.2e-3 1.3e-2 1.2e-1
le-3 le+4 5.3e-2 1.3e-2 3.9e-1
le-4 le+5 3.9e-1 1.3e-2 1.2e+0

Table 5.4: Example 5.1: errors for mesh parameter h = 2=+3/2) O+ = {(2,y) € Q: 2?2 +¢? <
(1/3)%} and Q~ = Q\(QF UT), using method (5.5)-(5.6).

Tables 5.3 and 5.4 show that error e}% , is practically invariant, corroborating that

in the main result of our paper Theorem 5.3.1, the estimate is totally independent

of the diffusion coefficients p*. Errors e) and e}h /5 Seems to be dependent of the

coefficients as our estimates in Section 5.2 show.

Example 5.2. Consider problem (5.1) in a square domain @ = (—1,1)? and an

immersed interface I' = {(z,y) € Q : 2% + y? = (1/3)*}. We consider Q™ as the

inclusion. Consider the following exact solution:

29% — 222 +2 , if (z,y) € Q7

u(z,y) =

sin(3z)?

, if (z,y) € QF,

Note that in the this case the jump of the solution and the jump of the flux are
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nonzero. We test with stabilization parameters v = 10 and ’yj = 10. Figure 5.3 plots

the errors obtained by method (5.15)-(5.6) and displays the approximate solution.

——slope: 2.34

o e
—-—-—slope: 1.10
o

10
10 102 10 10°

Figure 5.3: Example 5.2: Left figure: Plot on Log scale of errors e?L and e,ll)p vs. h. Right figure:
approximate solution by method (5.15)-(5.6) of problem (5.1).

We observe in Figure 5.3 that the errors €9 and e}L’ , converge optimally, with an

average ratio of convergence of 2.34 and 1.10, respectively.

Example 5.3. Consider the two dimensional domain ©Q = (—1,1)? with the im-
mersed interface I' defined by I' = {(z,y) € Q : ||(z,y)|]2 = r = 1/184-0.2sin(5s), s €
[0,27)}. We define Q~ as the interior domain, i.e. 92~ = I'. We further consider

the following exact solution

L@yt if () € Q7

p+y\/x2—l—y , if (z,y) € QF,

u(r,y) =

We set the stabilization parameters to be: v =10, 7, = 10 and v, = 10.
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errors and experimental orders of convergence (eoc) with p~ = 1,

Example 5.3:
pt =105, using method (5.15)-(5.6).

Table 5.5

VAV VA VAV VAV ViV VY YV V2 VY YV VAV VY Y Vi VA VA YA
VA VAV VYAV V7 YV V2 Vi V7 VY YV VAV VYV Vi VA VA Y Yl
VA VAV VYAV V7 YV V2 Vi V7 VY YV VAV VYV Vi VA VA Y Yl
VA VAV VYAV V7 YV V2 Vi V7 VY YV VAV VYV Vi VA VA Y Yl
VAV VAV V VAV VA 2 <V VYV VAV ViV VA VA Vi VA VA YA Yl
VAN AN D RAAAN A DA A7
VAV VAV V VAV VAV VA %V V2 Ve YV VA Vi Vi PV i VA VA Y Yl
VAV VAV V VAV VA eV V2 V2 VA A VA A%t v v VA VA VA YA YA
VAV VAV V VAV ViV VY YV V2 Vi VYA VA V. 74Vl VY VY VA VA YA Y
VAV VAV V VAV Vi VY V2 VY 2422 W74 Vi VY Y Vi YA VA VA YA Y
A A A A A
VAV VAV V7 VAV VA4 7V VYV VA VA A VAV Y /4 W VA VA Y Yl
VA VA VA VA VA P2 % 7 AV VAV VOV VY Y VA VA A VA VAV VA VA YA Yl
VAV VA VAV A VAV VY YV V2 Vi VYV VA VA A VA o 74V Ve VA VA YA Yl
VAV VA V7 VAV ViV VYV V2 Vi VY YV VA VA 7, 74 Y Ve VA VA Y
VAV VAV Y VAV ViV VYV V2 Vi Vi Vd Vd V VA VA A VeV VA Vi VA VA Y Yl
VAV VA ViV Wl 4 VA V4V Vi Vi Vi VUV ViV VAV Vi Vi Vit Vi 4 Y VYAV VY Yl
VAV VAV V VAV VA VAV P VYV Y YV VAV VAVl VAV Y VYA VA YA Yl
VAV VAV V VAV VY 47V V7V Y YV VA VW VAV VA VA VA YA Y
VAV VAV V VAV Vi VY 7V VA VAV VA V<V VAVl VA VA Vi VYA VA YA Yl
VAV VAV V VAV V2 YV V2 VAV V7 VA i ™ VAVl VA VA Vi YA VA VA YA
VAV VAV V VAV VA iV V2 Vi V2 YV VAV VA Y VA VA YA Yl
VAV VAV V VAV VAV VA VYV V2 Vi V47 YV VAV VYV VA VA YA Yl
VAV VAV V VAV Ve P VAW P VYV VAV ViV Y VA Vi VA VA YA Yl
WAV VA VA VA VYA VYA YA 1AV VA VAV VAV VA VAVl VA VA VA Vv
VAV VAV VYAV ViV VY YV V2 Vi V7 VY YV VAV VYV Vi VA VA YA Yl
VAV VAV V VAV VY YV V2 Vi V7 VY YV VAV VYV Vi VA VA Y Yl
AN A AN A A7

Example 5.3: Left figure: a non-fitted triangulation of the interface. Right figure:

approximate solution by method (5.15)-(5.6) of problem (5.3).

Figure 5.4
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A.1 Technical geometric lemmas

In this section we prove two technical lemmas involving geometrical estimates on
elements intersected by the interface I'. We remind the reader that we assume that
[ is a simple C? curve with an arc-length parameterization X : [0, |T'|) — T, and

Assumptions 1, 2 and 3 in Section 2.3.3.

Lemma A.1.1. We assume that v is the radius of our tubular neighborhood of a
curve I' given in Proposition 2.3.1. We further assume that I' is closed. The, for

any 0 <1 < r, we can represent the tubular neighborhood as

Tub(t) = {x : dist(x,T') < 7}.

Proof. 1If xy € Tub(7) immediately implies that dist(zo,I') < 7.
Conversely, let o such that dist(zg,I') < 7, for 0 < 7 < r. By definition,

dist(zg,I') = min ||zg — x|l = min ||lzg — X(s)|ls =: min d. (s).
(0. 1) = minlzo — xll: = min i~ X(s) = min d(s)

Since the curve is closed, the minimum occurs for so such that d, (so) = 0, which
implies that

(X (s0) — z0) - t(s0) = 0,

for s € [0, |T']). Hence, z¢ belongs to a line segment centered and normal to the curve
and since we are assuming that dist(xo,I') < 7 we have that zy € Nx(s)(7), and

then xy € Tub(T). O

Remark A.1. Moreover, for any x € Tub(r) there exists a unique xzr € I" such that

dist(x, zr) = dist(z, ") and x — 2 is perpendicular to I at xr.
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Lemma A.1.2. For an element T € T, consider the segment Ly connecting the

intersections of I' with two different edges of T'. Define

d := maxdist(z, Lr).

z€Tr

Then, d < |Lt|/2.

Proof. Since the extreme points of Ly intersect I', we observe that any point on the
segment Ly is at most at a distance |Lr|/2 from I'. Observe that the maximum
distance is reached when the normal to the curve points in the same direction than

the normal to the segment L7, i.e.
d = dist(zp, Lr) = ||zr — 21, |2 = dist(zr,., IT) = Irellfn oL, —x|l2 < |Lr|/2,
z€lr

for xzp € I' and zp,, € Lp. O

Lemma A.1.3. For every x € ' consider the line segments N,(r) of length 2r
with r the radius of the tubular neighborhood of I' Proposition 2.3.1, centered at x
and perpendicular to T' at x. Let x1,xo € T with x1 = X (s1) and xo = X (s3) for

0 < s1 < s9 <|I|. Consider the tubular section
tub(r; x1, 22) U{N X(s),s € (s1,52)}.
Then, the area of the tubular section is given by
[tub(r; x1, x2)| = 2r|¢|,

where { is the curve segment in I' between s; and sy. For X are-length parameteri-

zation 0] = sy — s;.
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Proof. Define the curve on Tub(r)

X*(s) = X(s)+en(s), <(0,7).

We compute the arc-length of curves X = for s € (s1, s5). Note that, using arc-length

parameterization and Frenet formulas (see [44])

dX*=(s)
ds

=t(s)(1 Fer(s)), sé€ (s1,82),

where £(s) is the curvature of I'. Then the arc-length are given by

*(e) := /82 Hdde(S) lods = (s2 — s1) F 5/52 k(s)ds,

1 S1

for £(0,7). Now we compute the are of the tubular section,

[tub(r; s1, $2)| = / (*(e)de —i—/ 0~ (e)de = 2r(sy — s1),
0 0

which proves the result. O

Lemma A.1.4. Consider the I's a segment of the curve I' and Ly the straight seg-
ment connecting the two end points of I's. Assume that |Ly| < r, where r is the

radius of r is the radius of the r-tubular neighborhood. Then, it holds

Proof. Let x1, x5 be the endpoints of the line segment L. For ¢ = 1,2, let N; be
the line that is normal to I at 2;. Let S be the infinite region enclosed by N; and
Ny, then let S = Tub(r/2) N S be the tubular section of I';. We see that the area of

S is given by |S| = r|I's|. Let M; and M, be two lines that are parallel to Ly and
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distance r from Lp. Consider the trapezoid, R, enclosed by N;, M;, + = 1,2. We
note that the area of R is given by |R| = 2r|Ly|. The result will follow if we show

that S C R since this will imply that r|I'y| < 2r|Lyp|.

To this end, we first note that the line segment Ly C T'ub(r/2) since the distance
of any point in Ly to I' is less than |Ly|/2 which we are assuming is less than r/4
(Assumption 2h < r/2). Let x € S, then we know there exists a unique point
xr € 'y where the distance from z to xrp is less than /2 and the line, which we
denote by L., that passes through x and xr is perpendicular to I' at zr. We know
that L, intersects L and we call this point y. We also know that distance distance
between y and zr is less than r/4 since y € Ly C Tub(r/4). Hence, we have shown
that dist(y,x) < 3r/4. This, of course implies that the distance of z to the infinite
line L& (which is the line that contains the line segment L) is at most r. In other
words, x is in between the two lines M; and M,. Since x was in the tubular section
S it was in between the two lines N; and Ny and hence x belongs to the trapezoid

R. []

Figure A.1: Proof of Lemma A.1.4. Illustration of
a curve segment [y, straight line segment L con-
necting the end points of I'y, the tubular section of
radius S, and the trapezoid R.
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A.1.1 Proof of Lemma 4.3.1.

Let e = int (0Ty N 9Ty) € &, with Ty, Ty € Ty, and the previous definitions of

et = eNQF. We analyze the case in Q~. The same analysis is valid in QF. We

proceed analyzing two cases depending on the intersection of the edge e with I':

(1)

(i)

IfenT =0, (e =e"). If either Ty or Ty does not belong to 7,1 the results is
trivial. Consider the case where T7 and 75 belong to 7?, the interface sections
Ty r and T are nonempty. We consider the midpoint m, the segment e and
the ball Bj|/2(m.) of radius |e|/2 and |e|/2 and centered at m,. If the interface

does not cross the ball By /2(m.) then we have
T | = [Biejj2(me) N1

Denote by « the minimum angle of the triangulation (given by shape reg-
ularity), and let & = min{a,7/4}. Now consider the isosceles triangle T}
with base edge e and base angles a@. Then, clearly Tl C B|e|/2(me) N7, and
ITy| = (le7]/2)?tan{a}. Therefore, |T;| > (le~|/2)*tan{a}. Assume then
that the interface crosses the ball B /2(m.) in T1. Observe that this implies
that there exists a point in 7 p which normal passes through m,. with distance
less than |e|/2. Now, if 75 1 crosses the ball then we will have two points on I'
at a distance less than |e|/2 whose normal passes through m, which contradicts

the tubular neighborhood assumption. Therefore

_ le]\ 2 ~
| > (—) tan{a}.
e |17 = () tan{al

If eNT # (). Similarly as in the previous case, consider m, the midpoint of e~

and the ball of radius |e~|/2 centered at m.. We observe that this ball can not
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cross both T r and 75 . Therefore

71> (1) tanga)
max : —_— anya .
i={1,2} "

A.1.2 Proof of Lemma 4.3.6.

We analyze the case in 2. We first observe that, by triangle inequality we have

3
Ir] < - <3 lE
lz] _;w < 3 max le|

Therefore, using Lemma A.1.4

< .
[ Tr| < 6 max |e;|

)

Same analysis is valid to prove the statement in Q7.

A.1.3 Proof of Proposition 5.2.1

Consider a node z of the triangulation 7;, and the patch of elements A, (defined in
Proposition A.1.3) associated to z. Since we are assuming that h is small enough and
the interface is smooth we have that: the interface intersects each edge of triangula-
tion at most once, or the interface coincides with an edge. with an edge. Therefore,
if z € Q~, there exists at least one node 2/ € A, with 2/ € Q—, and the edge €
connecting z and 2’ is completely contained in ©Q . If there exists more than one
node satisfying this property then it would follow that an element of the patch of 2
is fully contained in 2. We then prove the remaining case. See Figure A.2 for an

illustration of these definitions.
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Figure A.2: Appendix A.1.3, proof of Proposition 5.2.1. Illustration of definitions.

Let zr the point on I' resulting of extending the segment e connecting z and 2.
Denote by A; and A, the regions separated by the segment er = int (2’zr), such that

AiUAyUer = A, N Q. Then, by Lemma 4 in [63], we have
ler[* < C'max{|A,], |As]}.

Thus, the result follows from |e| < |e"| and shape regularity.

A.2 Proof of estimate (3.26)

We first use a dyadic decomposition of €2. 2 = Q* U U;.Izl Q; where Q; :={re€Q:
djit1 < |z —z| <d;}, and dj = 277. Here, J = logy(1/h) and Q* = QN By, where By,

is the ball of radius h centered z.
Let us use the notation D; = Q,; NOR;,\0Q and D* = Q*NIR,\0S? then we have
J

1Dngll i omnoe) = | Pngllei o) + D 1DngllLio,)

Jj=1
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First we bound the first term. Using Cauchy-Schwarz inequality and the fact the

one dimensional measure of D* is h we have
| Drgllipey < ChY?|Vgl| L2

If we use a trace inequality then we have

W2V all 2oy < CIV9ll20np,) + I D?gll 12 nm,)

< C(IVyll2@ + hlID*gl 2 (@)

Elliptic regularity will give

=1 Q

IVl 2@ + hlID*gllz2) < CUIMIIL2) + Plldn ]l o)) <

which shows that

= Q

| DngllLpey <

To take care of the sum we use Cauchy-Schwarz inequality again and get

J J
Z [ Dngllrip;) < ZdeVQHL‘”(Dj)
j=1 J=1

Using the Green’s function representation of g and the fact that D; is distance

d; away from z one can show (see [62])

|Q

VgL~ <

J

S
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Hence,

! ' 1 71 C
2 1Dugllinwy <CY_ =03 g =C@™ - <3
=1

i—1 J j=1 J

<
I

A.3 Derivation of jumps (3.32) and (3.33)

We define for € > 0 the set Q. = {z € Q : dist(z,I') < €}, where dist is the
standard distance function. We will also denote I'F = 9Q, N Q*. From equation
(3.31a), taking divergence, multiplying by an arbitrary ¢ € C? of compact support

in €2, and integrating we obtain

/ V- Vpodr = V-fodx+ | V-Bodx

€ Qe Qe

_/QEV-fqﬁdx—/Fﬁ'WﬁdS- (A1)

For the left-hand side of the equation above we integrate by parts twice obtaining

/ V- Vpodr = / Dpt - nods + Dp™ - nods
Qe re

e

— / D¢ -npds — / D¢ -np ds+ / pV - Vodz.
rf s Qe

By the definitions of TS we can fix its normal vectors by the normal vector to the

interface I'. Then, taking the limit as € goes to zero we obtain

m [ pV-Veds =0 (A.2)
Qe

li
e—0

li_{% . V- Vppdx = /F [Dp - n] pds — /Fng -m [p]ds (A.3)



163

We need to write the right-hand side in (A.1) in terms of the normal and tangen-
tial derivative. Let 6 be the angle between the x direction (z-axis) and m direction

and let R(0) the rotation matrix defined by

cos(f) —sin(0)
sin(f)  cos(0)

R(0) =

Then, V¢ = (D, ¢, Dip)R(0)'. Using this equivalency in (A.1) and integration

by parts we obtain

/ B Vods = / B (D, Dud)R(O)Y') ds
/ (BR(6)) - (Dut, Dyo)ds
- / B (Dné, Dy)ds

= /F B Dyppds — /F %ngbds

Here we have defined 8 = BR(#). Matching this result with the limits in (A.2) we

can conclude that

Now, to get the normal jump of the gradient of the velocity we applied equation
(3.31d), resulting
[Dnu] = B+ [pn] = B + Bin. (A.5)
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A.4 Notes on implementation

A.4.1 Quadrature over curved elements.

The method defined in (5.5) requires the integration, over an element T' € T;*, of
Vwy - Vv. Now, since the correction function wf is defined as piecewise polynomial
of degree k on each piece of the restriction 7% = T N QF, we need some quadrature
formulas on this region, say curved elements (polygons with one edge curved). To do
so, we observe that Ly divides T in two regular polygons T, one is a triangle and
the other a quadrilateral, see figure A.3. In order to make the presentation clearer,
we will write the integral in terms of the coordinates system (7, 1) (associated to the

vector T and 1, with i pointing outward 7~ ) such that the origin is the midpoint

of Lz, the point yT;ZT. Let f € C"™(T), then we write

rr/2  ry(7)
[ teaasty = [ faaazays [C [ a4

77"1"/2

where, v(7) is the equation for the curve I' on T'. The first integral in (A.6) is over
a polygon (triangle or quadrilateral) and we can use quadrature rules over polygons
to approximate it, whereas the second integral is related to the curve, and we will
use some Gaussian quadratures. First step, we take n Gaussian points {7;},_, over
the segment Ly, equivalently, the interval [—ry/2,77/2] in the (7, n)-axis, and for
each point we compute its projection onto the curve I' in the p—direction, say v(7;).

Now we compute, the Gaussian points for the segment [0,~(7;)], we denote them by
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2.2
.2

71 2,1 I‘

Figure A.3: Illustration of the Gaus-
. . 1,7 AL,T
~ sian points over segments Q" , Q7" for
T quadrature purposes.

{ni, };-‘:1 . Therefore

n

7 rr < ()
/0 f(r,mdndr ~ Z?wi;T%ﬂTi’mJ)

=1

rr/2

—'I‘T/2

where w; are the weights in the interval [—1, 1], and . See Figure A.3 for illustration
of this notation. See also Figure 3.1. The error of the quadrature rule is of order
O(r2"), and the constant is dependent on the derivatives || D% f|| oo ||7*)]| Lo,
k =0,...,2n. Observe that since the term involves the derivative of v the quadrature

rule is in general not exact.

A.4.2 Construction of basis functions of S(T')

In this section we define basis functions {wy, wy, w3} of the space S(T), for T € T,!.
Consider {xy,x2, 23} nodes of the element 7. Let {A;, A2, A3} be the barycentric
coordinates of a point x € T with respect to {x,zs,23}. Consider the following

representation

w; (x), ifzeT; 5
w;(x) = wi (z) = Z afj)\j ().
j=1

wi(z), ifxeTT.

(2
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We construct {wy,ws, w3}, a set of basis functions of the space S'(T), by satisfying

the following conditions: for ¢ =1,2,3

(

wi(z;) =6;; forj=1,23;

[wi(z0)] =0 9 € Trr; 1 ifi=y
where 9, ; =

[Dyywi] =0 g = t(z0); 0, ifi7# .

L [Dnowl = 0] NnNg = n(ZL‘()),

These conditions are written in a system of size 6 X6 using the barycentric coordinates
+

1)

representation of w;", i.e., we find the unknowns coefficients {afj 3_) of w; for i =

1,2, 3, solutions of:

51,4 0 0 5 0 0 aty i1
0 62+ 0 0 da,— 0 al, i 2
0 0 63+ 0 0 b3, afy | | dis
A1(zo) A2 (o) A3(zo) “M(zo)  —Xa(mo)  —Xsz(zo) a;y a 0
—Dgo M1 —Di Az —Dio A3 Do M Dio o Dio A3 a;, 0
fp+Dn0/\1 fp+Dn0)\2 p+Dn0)\3 P~ DngA1 p~DngAa  p~ DngAs a;?’ 0
where
~ 1, if l’j c Ti
0je =
0, if T; € TT.

A.5 Proof of even extension

In this section we give an explicit construction of an even extension from Q% to €.
We apply this to continuous functions that are in H'(Q"). The extension result
(A.7) is a well-known result in partial differential equations. We sketch the proof
with the aim to obtain the explicit construction of the extension, which will be used

in the proof of Lemma 5.3.1.
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For simplicity, assume that QT is the inclusion (i.e. 9Q" =T). For € > 0 define

the tubular neighborhood
R.={z € Q:d(x) = dist(z,00") < ¢}

Since I' is smooth, and for € small enough, for each x € R, there exists a unique

point Tgo+ € 00T such that
|z — zg0+| = dist(z, Q7).

Moreover, define the unit normal vector to 9QF pointing towards = as: n(z) =

(x — z90+)/|x — x9q+|. Hence, for each x € R, we define its “reflection” T = z(x) by

T = rpo+ — d(z)n(x).

Now, given v € C(QF) we define Gv € C(QT U R,) such that:

~ v(z), ifzet
Gu(x) =
v(z), if € RA\QT.

Our extension is complete by considering a cutoff function n € C.(Q" U R,), such
that n = 1 on Q% U R,j5. Of course, we extend 7 to all of Q by zero. Thus, the

extension Gv € C,(Q?) is defined as follows

Gv = név.
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The estimate is a well-known result.

HGUHHl(Q) § CHU”Hl(Q*')- (A?)

A.6 Proof of discrete extension Lemma 5.3.1

We first introduce notation. For each node x of the triangulation 7, we consider the
patch associated to x, denoted by A,. Moreover, we consider A as the restrictions
to 27, i.e.,

A=A, NO".

Considering definitions introduced in Appendix A.5, we define the reflection of A7

A; ={(y):y € A} C OF

Let v € V;, then, by (A.7) there exists Gv € Hj(Q2) such that Gv = v in QF,
and

Gv|| g1y < Cllv]|m@r)-

We proceed constructing a stable interpolation operator of the extended function Gv

onto V¢, invariant on V,". Define P;(Gv) for any node z of the triangulation 75, by

U(x>7 ifz € m7
P(Gu)(x) = |
|A_1;| fA; Gu(y)dy, ifz e Q.
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It is not difficult to show that
1P (@) sy < CUG . (A8)

Observe that this definition does not guarantee that P;(Gv) coincides with v for a
node in Q7 \QF. Then we need to correct the definition of the interpolant on these

nodes. The needed extension is defined as follows

v(x), if x EQZ,

Ev := Py(Gv)(z) = 1 | s
s Ja; Guy)dy, if z € O\,

Notice that Py(Gv) and P;(Gv) agree at every node except the nodes z in the

following set
Sp={x € Q\Q" : 7 is a node of some triangle T € T, }.
Define also the collection of triangles that have a node in S.
M, ={T €T, : at least one of three vertices of T' belongs to Sj}.

If we define e, = P,(Gv) — P(Gv) we see that

IVenlFa = > IIVerliamy.
TeMy,

For each T' € My, let o € S be such that |ej(zr)| = maxyer|en(y)|. Then it is

simple to show, using inverse estimates, that

IVenllza) < Clen(ar)].
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By definition we have

1
‘AET| AZ

enler)| = [v(ar) - Goldy| = o(ar) = 5= [ Gu@ TG

where J(y) is the Jacobian of the map 3(y) — y. Applying the definition of Gv from
the previous section, using that v(Zr) = v(z7), and the fact that [x A, J(y)dy =

|AL | we get

A o, (G0 —v@) @

len(zr)| = < C diameter (A7 NVl oz A

We see that K;T C th(T) = {y € Q; : dist(y,T) < £h} for a d large enough but

independent of A and T

Using an inverse estimate we have
diameter (A, )[| Vol o ga- ) < ClIV0llz2(5,0r)

Hence, we get

HvehHL2 <C Z HVUHL2(Bdh(T < C”VUHLQ aF)
TeMy

Finally, using the triangle inequality we get

IVEv[|2@) < [[VPLUGY)||120) + C[ VOl 120

The result now follows from using (A.8) and Poincare’s inequality.
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