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Chapter One

Introduction

1.1 Asymptotic behavior of PDEs

The study of fluids and plasmas is of central importance in modern science and

engineering, due to their relevance to the realms of energy production, astrophysics,

and climate change. However, the models which govern plasmas and fluids are often

difficult to use in practice. This is for two reasons. First, the models are generally

nonlinear, making it difficult to study exact solutions. Second, accurate numerical

simulations come with an immense computational cost.

Nevertheless, all these models are expressed in terms of partial differential equa-

tions (PDEs), so we may subject them to mathematical analysis. The complexity of

models in plasma and fluid physics necessitates the use of approximations to glean

any useful information. As mathematicians, we can verify (or debunk) these approxi-

mations, and quantify their error. Typically, such approximations involve identifying

the asymptotic behavior of solutions as time goes to infinity, or as a parameter goes

1
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to zero, so as to derive a simpler model.

This thesis is an anthology of four papers in this direction of research. Chapter 2

consists of the paper [57], joint work with Huy Nguyen, concerned with the vanishing

surface tension limit for the Muskat equation. Chapter 3 consists of the paper [56],

joint work with Zhimeng Ouyang, Benôıt Pausader and Klaus Widmayer, concerned

with the construction of the scattering map for the Vlasov-Poisson system. Chapter

4 consists of the work [54], joint work with Yan Guo, concerned with the massless

electron limit for the Vlasov-Poisson-Landau system. Chapter 5 consists of the

forthcoming work [53], which provides a local well-posedness theory for the Vlasov-

Poisson-Landau system, and serves as a companion paper to the previous work.

Summaries of these works, and potential future directions, are given below.

Each chapter is more or less self-contained, although there is overlap in notation,

particularly between Chapter 4 and Chapter 5. Moreover, these two final chapters

contain references to each other—in particular, Chapter 4 utilizes Lemma 4.3.2.

1.2 The Vanishing Surface Tension Limit of the

Muskat problem

The Muskat problem is concerned with the interface dynamics of a fluid immersed

in a porous medium. In the simplest setting, we can formulate the Muskat problem

as follows. We write (x, y) ∈ Rd−1 ×R, and let the fluid interface be given by the

graph of η(t, x), i.e. the fluid boundary is the set {(x, y) : y = η(t, x)}. Then, this
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function satisfies the equation

∂tη +G(η)(η + σH(η)) = 0, (1.2.1)

where H(η) is the mean curvature of the interface, σ is the surface tension coefficient,

and G(η) is the Dirichlet-to-Neumann operator. To be more specific, if we let ϕ(x, y)

solve the Laplace equation in the fluid domain, and prescribe the Dirichlet boundary

condition ϕ(x, η(t, x)) = f on the interface, then G(η)f gives the normal component

of ∇x,yϕ along the fluid interface. If we linearize about a flat horizontal interface,

then G(η) behaves like the fractional Laplacian (−∆x)
1
2 , while H(η) behaves like

the full Laplacian −∆x. As a PDE, the Muskat problem is quasilinear, nonlocal and

parabolic in nature.

In many physically important situations, σ is very small, so one sets σ = 0.

In Chapter 2, and also in [57], H. Nguyen and I show that this approximation can

be made rigorous in ≥ 2 dimensions [57]. Specifically, we show that solutions to

the Muskat problem with surface tension solve the model without surface tension

in the limit as the surface tension coefficient tends to zero, with the optimal rate of

convergence:

Theorem 1.2.1. Let d ≥ 2. There exist Hilbert spaces X, Y ⊂ L2(Rd−1) such that

the following holds. Let ηin ∈ X. Then there exists constants C, T depending only

on ηin such that for each σ ∈ [0, 1], there exists a unique solution η(σ) ∈ C([0, T ];X)

solving (1.2.1) with the given value of σ, and

‖η(σ) − η(0)‖L∞([0,T ];Y ) ≤ Cσ. (1.2.2)

To accomplish this, we use the methodology of para-differential calculus, as had
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been applied in the previous result on local well-posedness of the Muskat problem

[109], and the equation with surface tension [108]. This required a careful adaptation

of the techniques in these previous works, including the paralinearization of the

Dirichlet-to-Neumann operator and mean curvature, precise energy estimates, and

contraction estimates.

1.3 The Scattering Problem for the Vlasov-Poisson

System

Many important nonlinear PDEs, particularly wave type equations, are known to

exhibit scattering : that is, as time goes to infinity, solutions asymptotically behave

like a solution to the linearized problem. For certain equations, including the VP

system, the limiting behavior is given by the linearization, plus some simple nonlinear

correction. In this case, we say that the PDE exhibits modified scattering. After

deriving this limiting behavior, one can also consider the inverse problem, where one

constructs the wave operator : that is, the map which gives a solution to the PDE

with prescribed asymptotic data. Then, one can construct the scattering map, which

gives the asymptotic data of a solution as t→∞, with prescribed asymptotic data

as t→ −∞.

Next, we introduce the Vlasov-Poisson (VP) system, which is a kinetic model for

distribution of matter µ(t, x, v)2 interacting through electrostatic force or classical
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gravitation, given as follows 1

∂tµ+ v · ∇xµ− λ∇xφ · ∇vµ = 0, −∆xφ =

∫
R3

µ2dv. (1.3.1)

Here, λ = 1 in the electrostatic case, and λ = −1 in the gravitational case. As a

PDE, it is a transport equation whose characteristics are determined by an electric

or gravitational field, which is in turn determined by Poisson’s equation, resulting

in a nonlinear term. While small solutions to (1.3.1) were known to have modi-

fied scattering (see [33], [90]), the question of the existence of the wave operators

and scattering map had remained open. In Chapter 3, also in [56], Z. Ouyang, B.

Pausader and K. Widmayer and I prove that these objects exist :

Theorem 1.3.1. There exist ε > 0 and Hilbert spaces X, Y, Z ⊂ L2(R3 ×R3) such

that the following hold

(i) (Modified scattering) Suppose ‖µ0‖X < ε, and let µ(t, x, v) be the solution to

(1.3.1) with µ(t = 0) = µ0. Then, this solution exhibits modified scattering,

that is, there exists µ∞(x, v) ∈ Y and

E∞(v) = ∇v∆
−1
v

∫
R3

µ∞(x, v)2dx (1.3.2)

such that

lim
t→∞
‖µ(t, x− tv − λ ln(t)E∞(v), v)− µ∞(x, v)‖Y = 0. (1.3.3)

(ii) (Existence of wave operators) Suppose ‖µ∞‖Z < ∞, and define E∞ as in

(1.3.2). Then, there exists a classical solution µ(t, x, v) satisfying (1.3.1), with

1Usually, this equation is expressed in terms of F = µ2. It is convenient to express the VP
system in terms of µ, as writing F = µ2 ensures positivity of F , and conservation of mass and
energy are expressed in terms of Hilbertian norms of µ.
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asymptotic behavior determined by (1.3.3).

(iii) (Existence of scattering map) There exists a map S : Z → W such that if we

set Sµ−∞ = µ∞, there exists a solution µ to (1.3.1) such that

lim
t→±∞

‖µ(t, x− tv − λ ln(|t|)E±∞(v), v)− µ±∞(x, v)‖Y = 0 (1.3.4)

Here, E∞ is defined as in (1.3.2), and E−∞ is defined in the same way, except

with µ−∞ instead of µ∞.

Now, in (1.3.3), the transformation (x, v) 7→ (x − tv, v) accounts for the linear

evolution, while the logarithmic term ln(t)E∞(v) accounts for long-range effects com-

ing from the nonlinearity. As aforementioned, part (i) of this theorem had already

been shown, although we prove modified scattering for more general initial data than

prior works.

Drawing on [95], and inspiration from dispersive equations, (e.g. [129], [25]).

One could use the pseudo-conformal transformation (PCT) to study the scattering

problem for Vlasov-Poisson, where we define

s =
1

t
, q =

x

t
, p = x− tv (1.3.5)

and set γ(s, q, p) = µ(t, x, v). Now, γ solves

∂sγ + p · ∇qγ −
λ

s
∇qψ · ∇pγ = 0, −∆xψ =

∫
R3

γ2dp (1.3.6)

Now, this transformation preserves the linearized VP system, while inverting time.

The limit t→∞ becomes the limit as s ↓ 0 in the new coordinates. The PCT nearly

preserves the full VP system, except for the nonlinear term, which acquires a factor
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of 1
s
. This singularity is not integrable near s = 0, but nevertheless, the continuity

of mass equation still holds in the new coordinates, i.e.

∂t

∫
R3

γ(s, q, p)2dp+∇q ·
∫
R3

pγ(s, q, p)2dp = 0. (1.3.7)

We then use this to show that lims↓0∇qψ(s, q) = E∞(q), provided γ does not blow-

up too quickly (for instance, only logarithmically). To then construct γ, it is still

necessary to remove the singularity. We accomplish this by using a canonical trans-

formation, induced by a certain generating function. This allows us to reformulate

the wave operator problem for the VP system as a standard initial value problem.

When we express this transformation in terms of (x, v), we recover the asymptotic

behavior appearing in (1.3.3). We show that this initial value problem is locally

well-posed, via a priori estimates, and a fixed-point argument. This implies the

existence of wave operators, and in turn existence of the scattering map.

1.4 The Massless Electron Limit for the Vlasov-

Poisson-Landau-System

Physical plasmas, such as the sun, are primarily composed of ionized hydrogen and

helium. The mass of electrons is roughly 2000 times smaller than the mass of a

single proton, and 8000 times smaller than the mass of a helium nucleus. This

motivates the massless electron approximation, where one sets the electron mass

to zero. In this regime, one can approximate the electron distribution as a quasi-

statically evolving equilibrium distribution, wholly determined by the dynamics of

the ions. This gives rise to the Maxwell-Boltzmann relation, where the electron

density is given by eβφ
0
. Here, β is the inverse temperature of the electrons, and φ0
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is the limit of the electrostatic potential as ε→ 0.

To model such plasmas, we can use the Vlasov-Poisson-Landau (VPL) system.

The VPL system is a kinetic model for the distributions of electrons F− and positively

charged ions F+ in a plasma. Let ε2 be the ratio of electron mass over ion mass.

Now, in the regime where both species have roughly the same temperature (i.e., close

to thermal equilibrium), the speed of a typical electron will be much larger than that

of an ion, by a factor of roughly 1/ε. Letting v be the velocity in the original frame,

we use the re-scaled velocity w = v
ε

for the electron distribution F−(t, x, w). Under

this re-scaling, the VPL equation becomes 2

{∂t + v · ∇x −∇xφ
ε · ∇v}F ε

+ = Q(F ε
+, F

ε
+) +Qε

−+(F ε
−, F

ε
+),

{ε∂t + w · ∇x +∇xφ
ε · ∇w}F ε

− = Q(F ε
−, F

ε
−) +Qε

+−(F ε
+, F

ε
−),

−∆xφ
ε = 4π(

∫
R3

F ε
+dv −

∫
R3

F ε
−dw).

(1.4.1)

Now, the VPL system is similar to the VP system, except that it contains the

additional effects of collisions between particles, due to the collision operatorsQ, Qε
−+

and Qε
+−. We will omit the exact form of these operators here. What is important

to know is that while the VP system is reversible, the inclusion of the collision terms

cause the VPL system to be parabolic in character. Moreover, these collisional

effects force rapid decay to equilibrium solutions, as shown in the works [70], [71].

The equilibrium distributions in this case are the Maxwellians, that is, functions

with Gaussian dependence on the velocity variable,

µγ(t, v) =
( γ

2π

) 3
2
e−

γ
2
|v|2 , γ > 0. (1.4.2)

Then, F ε
+ = µγ(v) and F ε

− = µγ(w) give stationary solutions of (1.4.1) for all γ.

2We have also normalized some physical constants, such as the atomic mass of the ions.
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Now, if we formally send ε → 0, and assume F 0
− = limε→0 F

ε
− and F 0

+ = limε→0 F
ε
+

both exist, we have

{w · ∇x +∇xφ
0 · ∇w}F 0

− = Q(F 0
−, F

0
−) +Q0

+−(F 0
+, F

0
−), (1.4.3)

We fix the spatial domain to be x ∈ T3, where T3 = (R/Z)3 is the 3D torus.

We also assume
∫
T3×R3 F

0
±dxdw = 1, so the only solutions to the above (which are

sufficiently regular and decay rapidly) are F 0
−(t, x, w) = µβ(t)(w)eβ(t)φ0(t,x). Here, β(t)

is inversely proportional to the total kinetic energy of F 0
−, and is in turn determined

by conservation of energy. Moreover, the effects of ion-electron collisions vanish, i.e.

Q0
−+(F 0

−, F
0
+) = 0. This leads to the following system for (F 0

+, φ
0, β), which we call

the VPL system with massless electrons (or VPLME),

{∂t + v · ∇x −∇xφ
0 · ∇v}F 0

+ = Q(F 0
+, F

0
+),

d

dt

(
3

2β
+

∫
T3×R3

|v|2

2
F+dxdv +

∫
T3

|∇xφ|2dx
)

= 0.

−∆xφ
0 = 4π(

∫
R3

F 0
+dv − eβφ

0

)

(1.4.4)

Now, the Maxwell-Boltzmann approximation is widely used in plasma physics,

perhaps most notably to derive solitary wave solutions for the Euler-Poisson system

[131], [16]. While the approximation has been derived in the case of fluid equations

[64], no attempt to rigorously justify the limit for a kinetic equation had been made

until the work [12], in the case of the Vlasov-Poisson-Boltzmann system. This result,

however, is conditional, since it assumes a priori that the solution converges in the

limit as the electron mass goes to zero, and then identifies the correct limit. This

work also ignores the effects of inter-species collisions. In Chapter 4, and in [54],

Yan Guo and I give a rigorous derivation of the massless electron limit for the VPL

system on a periodic domain. This is stated in the following theorem:
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Theorem 1.4.1. There exist Hilbert spaces X, Y, Z,W ⊂ L2(T3×R3) such that the

following holds. First, fix some solution (F 0
+, φ

0, β) ∈ C([0, T ];X×L∞(T3)×(0,∞))

to (1.4.4) with initial data (F 0
+,in, φ

0
in, βin). Then, for each ε ∈ (0, 1], take initial data

F ε
+,in, F

ε
−,in ∈ X. Take also F+,in ∈ X, βin ∈ (0,∞), and define φ0

in by the third line

of (1.4.4). Assume for all ε ∈ (0, 1],

‖F ε
+,in − F 0

+,in‖Y + ‖F ε
−,in − µβineβinφ

0
in‖Z ≤ ε. (1.4.5)

Then, for some T > 0, there exist unique solutions (F ε
+, F

ε
−) ∈ C([0, T ];X ×X) to

(1.4.1) with initial data (F ε
+,in, F

ε
−,in) for all ε ∈ (0, 1]. These converge to the limiting

system in the following sense

‖F ε
+ − F 0

+‖L∞([0,T ],Y ) + ‖F ε
− − µβeβφ

0‖L2([0,T ];W ) ≤ Cε. (1.4.6)

To prove the result above, we must verify a singular limit. Specifically, the

time derivative of the electron distribution has a coefficient of ε, which could result

in rapid growth or oscillation in the absence of any stabilization mechanism. In

addition, since we do not rescale the ion velocity, we must account for two divergent

velocity scales in the analysis of the ion-electron collision terms. This is reminiscent

to the separate spatial scales that emerge in the asymptotic analysis of the Prandtl

boundary layer problem [120]. Nevertheless, we show that the difference between

the electron distribution and the limiting Maxwellian becomes arbitrarily small in a

time proportional to ε, using the stabilization effect of the collisions. Moreover, we

found that the effect of ion-electron collisions completely drop out of the equation

for the ion distribution, and yet contribute to extra stabilization in the equation for

the electron distribution.
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To make this argument precise, we apply the framework of [71]. This requires

some reformulation, as we need to handle variable temperature 1
β(t)

of the underlying

Maxwellian.

1.5 Local Well-Posedness of the Vlasov-Poisson-

Landau system

The derivation of the massless limit given by Theorem 1.4.1 is conditioned on the

existence of solutions to (1.4.4). In Chapter 5, also in the forthcoming paper [54],

we state a local well-posedness Theorem for both (1.4.1) and (1.4.4). This chapter

shares many of its methods of Chapter 4. An abridged version of this theorem for

the system (1.4.4) is as follows:

Theorem 1.5.1. There exists a Hilbert space X̃ such that the following holds. For all

(F+,in, β) ∈ X̃×R+, such that 1/n+,in is uniformly bounded, there exists T > 0 such

that (1.4.4) has a unique weak solution (F+, β, φ) to (1.4.4), with F+ ∈ C([0, T ]; X̃)

and β ∈ C([0, T ]; R+).

We emphasize that the space X̃ is different from the space X in Theorem 1.4.1,

although only slightly. The X̃ norm is the same as the X norm, except that it also

includes arbitrarily small control on v derivatives. The reason why this is necessary

is rather technical. In the context of the massless limit, while it may seem that

we are working with large initial data for F ε
+, we rely on the fact that F ε

+ − F 0
+

is small to close our estimates. In the context of local well-posedness, we have

no analogous smallness. To compensate for this, we utilize the regularity in v to

interpolate problematic commutators.
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In addition, Chapter 5 gives an account of a construction scheme for solutions

to (1.4.1) and (1.4.4). While mostly standard, there are several difficulties coming

from the degenerate, quasilinear nature of the dissipation. In the case of (1.4.4),

constructing (β, φ0) presents an additional challenge. For this, we adapt and extend

some of the results in [12].



Chapter Two

The Vanishing Surface Tension Limit

Joint work with Huy Q. Nguyen.

2.1 Introduction

In the studies of fluid flows, interfacial dynamics is a broad and mathematically

challenging topic. Some interfacial problems in fluid dynamics that have been rigor-

ously studied include the water wave problem, the compressible free-boundary Euler

equations, the Hele-Shaw problem, the Muskat problem and the Stefan problem.

The dynamics of the interface between the fluids strongly depends on properties

of the fluids and of the media through which they flow. However, a common fea-

ture in all the above problems is that the interface is driven by gravity and surface

tension. Gravity is incorporated in the momentum equations as an external force.

On the other hand, surface tension balances the pressure jump across the interface

13
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(Young-Laplace equation):

JpK = sH, (2.1.1)

where JpK is the pressure jump, H is the mean-curvature of the interface, and s > 0

is the surface tension coefficient. Well-posedness in Sobolev spaces of high enough

order always holds when surface tension is taken into account but only holds under

the Rayleigh-Taylor stability condition on the initial data when surface tension is

neglected. It is a natural problem to justify the models without surface tension as

the limit of the corresponding full models as surface tension vanishes. This question

was addressed in [5, 8, 9, 43, 78, 99, 121] for the problems listed above. The common

theory is the following: if the initial data is stable, i.e. it satisfies the Rayleigh-

Taylor stability condition, and is sufficiently smooth, then solutions to the problem

with surface tension converge to the unique solution of the problem without surface

tension locally in time. The general strategy of proof consists of two points.

(i) To leading order, the surface tension term sH provides a regularizing effect.

For sufficiently smooth solutions, the difference between sH and its leading

contribution can be controlled by the energy of the problem without surface

tension. This yields a uniform time of existence T∗ for the problem with surface

tension s→ 0.

(ii) For sufficiently smooth solutions and for some θ ∈ [0, 1), the weighted mean

curvature sθH is uniformly in s bounded (in some appropriate Sobolev norm)

by the energy of the problem without surface tension. It follows that sH, the

difference between the two problems, vanishes as s1−θ as s→ 0, establishing the

convergence on the time interval [0, T∗]. Note that the optimal rate corresponds

to θ = 0.
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Therefore, the vanishing surface tension limit becomes subtle if the initial data is

sufficiently rough so that it can accommodate curvature singularities. As a matter

of fact, in the aforementioned works, the initial curvature is at least bounded. In

this paper, we prove that for the Muskat problem, the zero surface tension limit

can be established for rough initial interfaces whose curvatures are not bounded or

even not locally L2. Regarding quantitive properties of the zero surface tension

limit, the convergence rates in the aforementioned works are either unspecified or

suboptimal. In this paper, we obtain the optimal convergence rate for the Muskat

problem. The next subsections are devoted to a description of the Muskat problem

and the statement of our main result.

2.1.1 The Muskat problem

The Muskat problem [107] concerns the interface evolution between two fluids of

densities ρ± and viscosities µ± governed by Darcy’s law for flows through porous

media. Specifically, the fluids occupy two domains Ω± = Ω±t ⊂ Rd+1 separated by

an interface Σ = Σt, with Ω+ confined below a rigid boundary Γ+, and Ω− likewise

above Γ−. We consider the case when the surfaces Γ± and Σ are given by the graphs

of functions, that is, we designate b± : Rd
x → R and η : Rt × Rd

x → R for which

Σ = {(x, η(t, x)) : x ∈ Rd}, (2.1.2)

Γ± = {(x, b±(x)) : x ∈ Rd}, (2.1.3)

Ω− = {(x, y) ∈ Rd × R : b−(x) < y < η(t, x)}, (2.1.4)

Ω+ = {(x, y) ∈ Rd × R : η(t, x) < y < b+(x)}, (2.1.5)

Ω = Ω+ ∪ Ω−. (2.1.6)



16

We also consider the case where one or both of Γ± = ∅. In each domain Ω±, the

fluid velocity u± and pressure p± obey Darcy’s law:

µ±u± +∇x,yp
± = −ρ±g~ed+1, divx,yu

± = 0 in Ω±, (2.1.7)

where g denotes the gravitational acceleration, and ~ed+1 is the upward unit vector in

the vertical direction. For any two objects A+ and A− associated with the domains

Ω+ and Ω− respectively, we denote the jump

[[A]] = A− − A+

whenever this difference is well-defined. In particular, set

g = g[[ρ]].

At the interface, there are three boundary conditions. First, the normal component

of the fluid velocity is continuous across the interface

[[u · n]] = 0 on Σ, (2.1.8)

where we fix n to be the upward normal of the interface, specifically n =

〈∇η〉−1(−∇η, 1) with

〈·〉 =
√

1 + | · |2.

Second, the interface is transported by the normal fluid velocity, leading to the

kinematic boundary condition

ηt = 〈∇η〉u− · n|Σt . (2.1.9)



17

Third, according to the Young-Laplace equation, the pressure jump is proportional

to the mean curvature through surface tension:

[[p]] = sH(η) ≡ −sdiv(〈∇η〉−1∇η) on Σt (2.1.10)

where s ≥ 0 is the surface tension coefficient and

H(η) = −div(〈∇η〉−1∇η) (2.1.11)

is twice the mean curvature of Σ.

Finally, there is no transportation of fluid through the rigid boundaries:

u± · ν± = 0 on Γ±, (2.1.12)

where ν± = ±〈∇b〉−1(−∇b±, 1) is the outward normal of Γ±. If Γ± = ∅, this

condition is replaced by the decay condition

lim
y→±∞

u±(x, y) = 0. (2.1.13)

For the two-phase problem, we have ρ± and µ± both as positive quantities. We will

also consider the one-phase problem where the top fluid is treated as a vacuum by

setting ρ+ = µ+ = 0 and Γ+ = ∅.

In the absence of the boundaries Γ±, both the Muskat problems with and without

surface tension to leading order admit Ḣ1+ d
2 (Rd) as the scaling invariant Sobolev

space in view of the scaling

η(x, t) 7→ λ−1η(λx, λ3t) and η(x, t) 7→ λ−1η(λx, λt).
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In either case, the problem is quasilinear. The literature on well-posedness for the

Muskat problem is vast. Early results can be found in [6, 7, 31, 39, 52, 123, 132].

For more recent developments, we refer to [38, 40, 40, 41, 51, 63] for well-posedness,

to [22,36–38,42,47,60,63] for global existence, and to [23,24] for singularity formation.

Directly related to the problem addressed in the current paper is local well-posedness

for low regularity large data. Consider first the problem without surface tension. In

[32], the authors obtained well-posedness for H2(T) data for the one-phase problem,

allowing for unbounded curvature. For the 2D Muskat problem without viscosity

jump, i.e. µ+ = µ−, [38] proves well-posedness for data in all subcritical Sobolev

spaces W 2,1+(R). In L2-based Sobolev spaces, [101] obtains well-posedness for data

in all subcritical spaces H
3
2

+(R). We also refer to [2] for a generalization of this

result to homogeneous Sobolev spaces Ḣ1(R) ∩ Ḣs(R), s ∈ (3
2
, 2), allowing non-L2

data. In [109], local well-posedness for the Muskat problem in the general setting

as described above was obtained for initial data in all subcritical Sobolev spaces

H1+ d
2

+(Rd), d ≥ 1. The case of one fluid with infinite depth was independently

obtained by [3]. Regarding the problem with surface tension, [101, 102] consider

initial data in H2+(R). In the recent work [108], well-posedness for data in all

subcritical Sobolev spaces H1+ d
2

+(Rd) , d ≥ 1, was established.

2.1.2 Main Result

In order to state the Rayleigh-Taylor stability condition solely in terms of the inter-

face, we define the operator

RT(η) = 1− [[B(η)J(η)]]η ≡ 1−
(
B−(η)J−(η)η −B+(η)J+(η)η

)
, (2.1.14)
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where J±(η) and B±(η) are respectively defined by and (2.2.14) and (2.2.21) below.

Our main result is the following.

Theorem 2.1.1. Consider either the one-phase Muskat problem or the two-phase

Muskat problem in the stable regime ρ− > ρ+. The boundaries Γ± can be empty

or graphs of Lipschitz functions b± ∈ Ẇ 1,∞(Rd). For any d ≥ 1, let s > 1 + d
2

be an arbitrary subcritical Sobolev index. Consider an initial datum η0 ∈ Hs(Rd)

satisfying

inf
x∈Rd

RT(η0) ≥ 2a > 0, dist(η0,Γ
±) ≥ 2h > 0. (2.1.15)

Let sn be a sequence of surface tension coefficients converging to 0. Then, there

exists T∗ > 0 depending only on ‖η0‖Hs and (a, h, s, µ±, g) such that the following

holds.

(i) The Muskat problems without surface tension and with surface tension sn

have a unique solution on [0, T∗], denoted respectively by η and ηn, that satisfy

ηn ∈ C([0, T∗];H
s(Rd)) ∩ L2([0, T∗];H

s+ 3
2 (Rd)), (2.1.16)

η ∈ C([0, T∗];H
s(Rd)) ∩ L2([0, T∗];H

s+ 1
2 (Rd)) ∩ C([0, T∗];H

s′(Rd)) ∀s′ < s,

(2.1.17)

‖(ηn, η)‖L∞([0,T∗];Hs) + ‖(ηn, η)‖
L2([0,T∗];H

s+1
2 )

+
√
s‖ηn‖L2([0,T∗];H

s+3
2 )
≤ F(‖η0‖Hs , a−1),

(2.1.18)

inf
t∈[0,T∗]

inf
x∈Rd

RT(ηn(t)) > a, inf
t∈[0,T∗]

dist(ηn(t),Γ±) > h, (2.1.19)

inf
t∈[0,T∗]

inf
x∈Rd

RT(η(t)) > a, inf
t∈[0,T∗]

dist(η(t),Γ±) > h, (2.1.20)

where F : R+ × R+ → R+ is nondecreasing and depends only on (h, s, µ±, g).
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(ii) As n→∞, ηn converges to η on [0, T∗] with the rate
√
sn:

‖ηn − η‖L∞([0,T∗];Hs−1) + ‖ηn − η‖L2([0,T∗];H
s− 1

2 )
≤
√
snF(‖η0‖Hs , a−1). (2.1.21)

If in addition s ≥ 2, then we have the convergence with optimal rate sn:

‖ηn − η‖L∞([0,T∗];Hs−2) + ‖ηn − η‖L2([0,T∗];H
s− 3

2 )
≤ snF(‖η0‖Hs , a−1). (2.1.22)

The convergence (2.1.21) holds for initial data in any subcritical Sobolev spaces

H1+ d
2

+(Rd). In particular, this allows for initial interfaces whose curvatures are

unbounded in all dimensions and not locally square integrable in one dimension. The

former is because H(η0) ∈ H−1+ d
2

+(Rd) 6⊂ L∞(Rd) and latter is due to the fact that

in one dimension we have H(η0) ∈ H− 1
2

+ε(R) 6⊂ L2
loc(R). This appears to be the first

result on vanishing surface tension that can accommodate curvature singularities of

the initial interface. On the other hand, the convergence (2.1.22) has optimal rate

sn and holds under the additional condition that s ≥ 2. This is only a condition in

one dimension since s > 1 + d
2
≥ 2 for d ≥ 2. Note also that s ≥ 2 is the minimal

regularity to ensure that the initial curvature is square integrable, yet it still allows

for unbounded curvature. See the technical remark 2.1.3.

The proof of Theorem 2.1.1 exploits the Dirichlet-Neumann reformulation [108,

109] for the Muskat problem in a general setting. See also [3] for the one-fluid case.

Part (i) of Theorem 2.1.1 is a uniform local well-posedness with respect to surface

tension. The key tool in proving this is paralinearization results for the Dirichlet-

Neumann operator taken from [1, 109]. The convergences (2.1.21) and (2.1.22) rely

on contraction estimates for the Dirichlet-Neumann operator proved in [109] for

a large Sobolev regularity range of the Dirichlet data. Together with [109] and
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[108], Theorem 2.1.1 provides a rather complete local regularity theory for (large)

subcritical data.

Remark 2.1.2. In [8] and [99], the first results on the zero surface tension limit

for Muskat were obtained respectively in 2D and 3D for smooth initial data, i.e.

Σ0 ∈ Hs0 for some sufficiently large s0. The interface is not necessarily a graph but

if it is then the convergence estimates therein translate into

‖ηn − η‖L∞([0,T∗];H1(Td)) ≤ C
√
sn, d = 1, 2, (2.1.23)

which has the same rate as (2.1.21).

Remark 2.1.3. The condition s ≥ 2 in (2.1.22) is due to the control of low frequen-

cies in the paralinearization and contraction estimates for the Dirichlet-Neumann

operator G(η)f (see (2.2.8) for its definition). Precisely, the best currently available

results (see subsections 2.2.4 and 2.2.5 below) require f ∈ Hσ(Rd) with σ ≥ 1
2
. The

proof of the L∞t H
s−2
x convergence in (2.1.22) appeals to these results with σ = s− 3

2
.

Remark 2.1.4. It was proved in [109] that the Rayleigh-Taylor condition holds

unconditionally in the following configurations:

• the one-phase problem without bottom or with Lipschitz bottoms;

• the two-phase problem with constant viscosity (µ+ = µ−).

When the Rayleigh-Taylor condition is violated, analytic solutions to the problem

without surface tension exist [123]. The works [124,125] and [27,28] strongly indicate

that these solutions are not limits of solutions to the problem with surface tension.

We also refer to [72] for the instability of the trivial solution (with surface tension)

and to [59] for the stability of bubbles (without surface tension).
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Remark 2.1.5. In Theorem 2.1.1, the initial data is fixed for all surface tension

coefficients sn. In general, one can consider ηn|t=0 = ηn,0 uniformly bounded in

Hs(Rd) such that the conditions in (2.1.15) hold uniformly in n. Then, for any

s > 1 + d
2
, we have

‖ηn−η‖L∞([0,T∗];Hs−1)+‖ηn−η‖L2([0,T∗];H
s− 1

2 )
≤
(√

sn+‖ηn,0−η0‖Hs−1

)
F(‖η0‖Hs , a−1).

(2.1.24)

On the other hand, if s > 1 + d
2

and s ≥ 2 then

‖ηn− η‖L∞([0,T∗];Hs−2) + ‖ηn− η‖L2([0,T∗];H
s− 3

2 )
≤
(
sn + ‖ηn,0− η0‖Hs−2

)
F(‖η0‖Hs , a−1).

(2.1.25)

Remark 2.1.6. By interpolating the convergence estimate (2.1.21) and the uniform

bounds in (2.1.18), we obtain the vanishing surface tension limit in Hs′ for all s′ ∈

[s − 1, s):

‖ηn − η‖L∞([0,T∗];Hs′ ) + ‖ηn − η‖L2([0,T∗];H
s′+1

2 )
≤ s

s−s′
2

n F(‖η0‖Hs , a−1). (2.1.26)

Convergence in the highest regularity L∞t H
s
x is more subtle and can possibly be

established using the Bona-Smith type argument [17]. This would imply in par-

ticular that η is continuous in time with values in Hs
x, η ∈ CtH

s
x. In the context

of vanishing viscosity limit, this question was addressed in [100], while convergence

in lower Sobolev spaces (compared to initial data) was proved in [35]. For gravity

water waves, the Bona-Smith type argument was applied in [110] to establish the

continuity of the flow map in the highest regularity.

Remark 2.1.7. The proof of the local well-posedness in all subcritical Sobolev spaces

in [109] uses a parabolic regularization. Theorem 2.1.1 provides an alternative proof

via regularization by vanishing surface tension. We stress that the assertions about



23

η in Theorem 2.1.1 do not make use of the local well-posedness results in [109].

The rest of this paper is organized as follows. In section 2.2, we recall the reformu-

lation of the Muskat problem in terms of the Dirichlet-Neumann operator together

with results on the Dirichlet-Neumann operator established in [1, 109]. Section 2.3

is devoted to the proof of uniform-in-s a priori estimates. In section 2.4, we prove

contraction estimates for the operators J± which arise in the reformulation of the

two-phase problem. The proof of Theorem 2.1.1 is given in section 2.5. Finally,

in Appendix 2.6, we recall the symbolic paradifferential calculus and the G̊arding

inequality for paradifferential operators.

2.2 Preliminaries

2.2.1 Big-O notation

If X and Y are Banach spaces and T : X → Y is a bounded linear operator,

T ∈ L(X, Y ), with operator norm bounded by a constant multiple of A, we write

T = OX→Y (A).

We define the space of operators of order m ∈ R in the scale of Sobolev spaces

Hs(Rd):

Opm ≡ Opm(Rd) =
⋂
s∈R

L(Hs(Rd), Hs−m(Rd)).

We shall write T = OOpm(A) when T ∈ Opm and for all s ∈ R, there exists C = C(s)

such that T = OHs→Hs−m(CA).
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2.2.2 Function spaces

In the general setting, to reformulate the dynamics of the Muskat problem solely in

terms of the interface, we require some function spaces.

We shall always assume that η ∈ W 1,∞(Rd) and either Γ± = ∅ or b± ∈ Ẇ 1,∞(Rd)

with dist(η, b±) > 0. Recall that the fluid domains Ω± are given in (2.1.2). Define

Ḣ1(Ω±) = {v ∈ L1
loc(Ω

±) : ∇x,yv ∈ L2(Ω±)}/R, ‖v‖Ḣ1(Ω±) = ‖∇x,yv‖L2(Ω±).

(2.2.1)

For any σ ∈ R, we define the ‘slightly homogeneous’ Sobolev space

H1,σ(Rd) =
{
f ∈ L1

loc(Rd) : ∇f ∈ Hσ−1(Rd)
}
/R, ‖f‖H1,σ(Rd) = ‖∇f‖Hσ−1(Rd).

(2.2.2)

When b± ∈ Ẇ 1,∞(Rd), we fix an arbitrary number a ∈ (0, 1) and define the ‘screened’

fractional Sobolev spaces

H̃
1
2

∓a(η−b±)(R
d) =

{
f ∈ L1

loc(Rd) :

∫
Rd

∫
|k|≤∓a(η−b±)

|f(x+ k)− f(x)|2

|k|d+1
dkdx <∞

}
/R.

(2.2.3)

According to Proposition 3.2 [109], the spaces H̃
1
2

∓a(η−b±)(R
d) are independent of η in

W 1,∞(Rd) satisfying dist(η, b±) > h > 0. Thus, we can set

H̃
1
2
±(Rd) =


Ḣ

1
2 (Rd) if Γ± = ∅,

H̃
1
2

∓a(η−b±)(R
d) if b± ∈ Ẇ 1,∞(Rd).

(2.2.4)

It was proved in [97,128] that there exist unique continuous trace operators

TrΩ±→Σ : Ḣ1(Ω±)→ H̃
1
2
±(Σ) ≡ H̃

1
2
±(Rd) (2.2.5)
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with norm depending only on ‖η‖Ẇ 1,∞(Rd) and ‖b±‖Ẇ 1,∞(Rd).

Finally, for σ > 1
2
, we define

H̃σ
±(Rd) = H̃

1
2
±(Rd) ∩H1,σ(Rd) (2.2.6)

and equip it with the norm ‖ · ‖H̃σ
±

= ‖ · ‖
H̃

1
2
±

+ ‖ · ‖H1,σ .

2.2.3 Dirichlet-Neumann formulation

Given a function f ∈ Rd, let φ solve the Laplace equation


∆x,yφ = 0 in Ω−,

φ = f on Σ,

∂φ
∂ν−

= 0 on Γ−,

(2.2.7)

with the final condition replaced by decay at infinity of φ if Γ− = ∅. Then, we define

the (rescaled) Dirichlet-Neumann operator G− ≡ G−(η) by

G−f = 〈∇η〉∂φ
−

∂n
. (2.2.8)

The operator G+(η) for the top fluid domain Ω+ is defined similarly. The solvability

of (2.2.7) is given in the next proposition.

Proposition 2.2.1 ([109] Propositions 3.4 and 3.6). Assume that either Γ− = ∅ or

b− ∈ Ẇ 1,∞(Rd). If η ∈ W 1,∞(Rd) and dist(η,Γ−) > h > 0, then for every f ∈

H̃
1
2
−(Rd) there exists a unique variational solution φ− ∈ Ḣ1(Ω−) to (2.2.7). Precisely,
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φ satisfies TrΩ−→Σφ = f ,

∫
Ω−
∇x,yφ · ∇x,yϕdxdy = 0 ∀ϕ ∈

{
v ∈ Ḣ1(Ω−) : TrΩ−→Σv = 0

}
, (2.2.9)

together with the estimate

‖∇x,yφ‖L2(Ω−) ≤ F(‖∇η‖L∞)‖f‖
H̃

1
2
− (Rd)

(2.2.10)

for some F : R+ → R+ depending only on h and ‖∇xb
−‖L∞(Rd).

As the functions b± are fixed in Ẇ 1,∞(Rd), we shall omit the dependence on

‖∇xb
−‖L∞(Rd) in various estimates below.

The Muskat problem can be reformulated in terms of G± as follows.

Proposition 2.2.2 ([108] Proposition 1.1). (i) If (u, p, η) solve the one-phase Muskat

problem then η : Rd → R obeys the equation

∂tη = − 1

µ−
G−(η)

(
gρ−η + sH(η)

)
. (2.2.11)

Conversely, if η is a solution of (2.2.11) then the one-phase Muskat problem has a

solution which admits η as the free surface.

(ii) If (u±, p±, η) is a solution of the two-phase Muskat problem then

∂tη = − 1

µ−
G−(η)f−, (2.2.12)
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where f± := p±|Σ + ρ±gη satisfy


f− − f+ = gη + sH(η),

1
µ−
G−(η)f− − 1

µ+
G+(η)f+ = 0.

(2.2.13)

Conversely, if η is a solution of (2.2.12) where f± solve (2.2.13) then the two-phase

Muskat problem has a solution which admits η as the free interface.

To make use of the results on the Dirichlet-Neumann operator established in

[1, 108,109], it is convenient to introduce the linear operators

J± = J±(η) : v 7→ f± (2.2.14)

where f± : Rd → R are solutions to the system

 Id −Id

µ+G−(η) −µ−G+(η)


f−
f+

 =

v
0

 . (2.2.15)

Introduce

L = L(η) =
µ+ + µ−

µ−
G−J−. (2.2.16)

For the two-phase case, L coincides with µ++µ−

µ+
G+J+ in view of (2.2.13). Thus,

writing L = ( µ−

µ++µ−
+ µ+

µ++µ−
)L yields the symmetric formula

L = G−J− +G+J+. (2.2.17)

This formula holds for the one phase problem (2.2.11) as well. Indeed, when µ+ = 0

we have J+ = 0 and J− = Id, and hence L = G−. In view of (2.2.16), Proposition

2.2.2 implies the following.
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Lemma 2.2.3. The Muskat problem (both one-phase and two-phase) is equivalent to

∂tη +
1

µ+ + µ−
L(η)(gη + sH(η)) = 0. (2.2.18)

The next proposition gathers results on the existence and boundedness of the

operators J±, G±, and L in Sobolev spaces.

Proposition 2.2.4. ([1] Theorem 3.12, and [109] Propositions 3.8, 4.8, 4.10 and Re-

mark 4.9) Let µ+ ≥ 0 and µ− > 0. Assume dist(η,Γ±) > h > 0.

(i) If η ∈ W 1,∞(Rd) then

‖J±‖
L(H

1
2 ,H̃

1
2
± )

+ ‖G±‖
L(H̃

1
2
± ,H

− 1
2 )

+ ‖L‖
L(H

1
2 ,H−

1
2 )
≤ F(‖η‖W 1,∞), (2.2.19)

where F is nondecreasing and depends only on (h, µ±).

(ii) If η ∈ Hs(Rd) with s > 1 + d
2

then for any σ ∈ [1
2
, s], we have

‖J±‖L(Hσ ,H̃σ
±) + ‖G±‖L(H̃σ

±,H
σ−1) + ‖L‖L(Hσ ,Hσ−1) ≤ F(‖η‖Hs), (2.2.20)

where F is nondecreasing and depends only on (h, µ±, s, σ).

2.2.4 Paralinearization

Given a function f , define the operators

B±f ≡ B±(η)f = 〈∇η〉−2(∇η · ∇+G±(η))f, (2.2.21)

V±f ≡ V±(η)f = ∇f −∇ηB±f. (2.2.22)
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We note here that B±f = ∂yφ
±|Σ and V±f = ∇xφ

±|Σ, where φ solves (2.2.7).

Moreover, as a consequence of (2.2.20) and product rules, we have

‖B±(η)‖H̃σ
±→Hσ−1 + ‖V±(η)‖H̃σ

±→Hσ−1 ≤ F(‖η‖Hs) (2.2.23)

for all s > 1 + d
2

and σ ∈ [1
2
, s].

The principal symbol of G−(η) is

λ(x, ξ) =
√
〈∇η〉2|ξ|2 − (∇η · ξ)2, (2.2.24)

while that of G+(η) is −λ(x, ξ). Note that λ(x, ξ) ≥ |ξ| with equality when d = 1.

Next we record results on paralinearization of G±(η).

Theorem 2.2.5 ( [1] Propostion 3.13, [109] Theorem 3.18). Let s > 1 + d
2

and let

δ ∈ (0, 1
2
] satisfy δ < s − 1− d

2
. Assume that η ∈ Hs and dist(η,Γ±) > h > 0.

(i) For any σ ∈ [1
2
, s− δ], there exists a nondecreasing function F depending only

on (h, s, σ, δ) such that

∓G±(η) = Tλ +OH̃σ
±→Hσ−1+δ(F(‖η‖Hs)), (2.2.25)

L(η) = Tλ +OHσ→Hσ−1+δ(F(‖η‖Hs)). (2.2.26)

(ii) For any σ ∈ [1
2
, s], there exists a nondecreasing function F depending only
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on (h, s, σ, δ) such that for all f ∈ H̃σ
±(Rd), we have

∓G±(η)f = Tλ(f − TB±fη)− TV±f · ∇η +O
H̃σ
±→H

σ− 1
2
(F(‖η‖Hs)(1 + ‖η‖

Hs+1
2−δ

))f,

(2.2.27)

L(η)f = Tλ(f − T[[BJ ]]fη)− T[[VJ ]]f · ∇η +O
Hσ→Hσ− 1

2
(F(‖η‖Hs)(1 + ‖η‖

Hs+1
2−δ

))f.

(2.2.28)

Proof. (2.2.25) was proved in Proposition 3.13 in [1] for σ ∈ [1
2
, s − 1

2
] but its proof

allows for σ ∈ [1
2
, s − δ]. On the other hand, (2.2.27) was proved in Theorem 3.17

in [109]. Let us prove (2.2.26) and (2.2.28). We recall from (2.2.17) that L =

G−J− +G+J+. Applying (2.2.25) we have

∓G±J±f = TλJ
±f +OH̃σ

±→Hσ−1+δ(F(‖η‖Hs))J±f.

By virtue of (2.2.20) we have ‖J±‖L(Hσ ,H̃σ
±) ≤ F(‖η‖Hs), and thus

∓G±J±f = TλJ
±f +OHσ→Hσ−1+δ(F(‖η‖Hs))f.

It follows that

L(η)f = Tλ[[J ]]f +OHσ→Hσ−1+δ(F(‖η‖Hs))f

= Tλf +OHσ→Hσ−1+δ(F(‖η‖Hs))f,

where in the second equality we have used the fact that [[J ]] = Id. This completes

the proof of (2.2.26). Finally, (2.2.28) can be proved similarly upon using the para-

linearizaion (2.2.27).

Finally, the mean curvature operator H(·), defined by (2.1.11), can be paralin-
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earized as follows.

Proposition 2.2.6 ([108] Proposition 3.1). Let s > 1 + d
2

and let δ ∈ (0, 1
2
] satisfying

δ < s − 1 − d
2
. Then there exists a nondecreasing function F depending only on s

such that

H(η) = Tlη +O
Hs+3

2→Hs− 1
2+δ(F(‖η‖Hs))η (2.2.29)

where

l = 〈∇η〉−3λ2. (2.2.30)

In addition, if σ ≥ −1 then

‖H(η)‖Hσ ≤ F(‖η‖Hs)‖η‖Hσ+2 . (2.2.31)

2.2.5 Contraction estimates

Let s > 1 + d
2

and consider ηj ∈ Hs(Rd) satisfying dist(ηj,Γ
±) > h > 0, j = 1, 2. We

have the following contraction estimates for G±(η1)−G±(η2).

Theorem 2.2.7 ([109] Corollary 3.25 and Proposition 3.31). For any σ ∈ [1
2
, s], there

exists a nondecreasing function F : R+ → R+ depending only on (h, s, σ) such that

‖G±(η1)−G±(η2)‖H̃s
±→Hσ−1 ≤ F

(
‖(η1, η2)‖Hs

)
‖η1 − η2‖Hσ (2.2.32)

and

‖G±(η1)−G±(η2)‖H̃σ
±→Hσ−1 ≤ F

(
‖(η1, η2)‖Hs

)
‖η1 − η2‖Hs . (2.2.33)

Theorem 2.2.8 ( [109] Theorem 3.24). Let δ ∈ (0, 1
2
] satisfy δ < s − 1 − d

2
. Let

σ ∈ [1
2

+ δ, s]. For any f ∈ H̃s
±, there exists a nondecreasing function F depending
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only on (h, s, σ) such that

∓
(
G±(η1)f −G±(η2)f

)
= −Tλ1B±(η1)f (η1 − η2)− TV±(η1)f · ∇(η1 − η2)

+OH̃s
±→Hσ−1

(
F
(
‖(η1, η2)‖Hs

)
‖η1 − η2‖Hσ−δ

)
f,

(2.2.34)

where λ1 is defined by (2.2.24) with η = η1.

2.3 Uniform a priori estimates

Conclusion (i) in Theorem 2.1.1 concerns the uniform local well-posedness of the

Muskat problem with surface tension. Key to that is the following a priori estimates

that are uniform in the vanishing surface tension limit s→ 0.

Proposition 2.3.1. Let s > 1 + d
2
, µ− > 0, µ+ ≥ 0, s > 0, and h > 0. Suppose

η ∈ C([0, T ];Hs(Rd)) ∩ L2([0, T ];Hs+ 3
2 (Rd)) (2.3.1)

is a solution to (2.2.18) with initial data η0 ∈ Hs(Rd) such that

inf
t∈[0,T ]

inf
x∈Rd

RT(η(t)) > a > 0, (2.3.2)

inf
t∈[0,T ]

dist(η(t),Γ±) > h. (2.3.3)

Then, there exists a nondecreasing function F : R+ × R+ → R+ depending only on

(h, s, µ±) such that

‖η‖L∞([0,T ];Hs) ≤ ‖η0‖Hs exp
(

(s + g)TF
(
‖η‖L∞([0,T ];Hs), a

−1
))

(2.3.4)
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and

s‖η‖2

L2([0,T ];Hs+3
2 )

+g‖η‖2

L2([0,T ];Hs+1
2 )
≤ F1

(
‖η0‖Hs exp

(
(s + g)TF

(
‖η‖L∞([0,T ];Hs), a

−1
))
, a−1

)
(2.3.5)

where F1(m,n) = m2F(m,n).

Proof. Set B = [[B(η)J(η)]]η and V = [[V(η)J(η)]]η. We shall write Q = Q(t) =

F(‖η(t)‖Hs , a−1) when F(·, ·) is nondecreasing and depends only on (h, s, µ±). Note

that F may change from line to line. From (2.2.18) we have

(µ+ + µ−)∂tη + gL(η)η + sL(η)H(η) = 0 (2.3.6)

for both the one-phase and two-phase problems. Fix δ ∈
(
0,min(1

2
, s − 1− d

2
)
)
. By

virtue of the paralinearization (2.2.28) (with σ = s) we have

gL(η)η = g(Tλ(η − TBη)− TV · ∇η) +O
Hs→Hs− 1

2

(
gQ(1 + ‖η‖

Hs+1
2−δ

)
)
η.

On the other hand, (2.2.26) (with σ = s − 1
2
) together with (2.2.31) gives

sL(η)H(η) = sTλH(η) +O
Hs+3

2→Hs− 3
2+δ(sF(‖η‖Hs))η

Combining this with the linearization (2.2.29) for H(η) yields

sL(η)H(η) = sTλTlη +O
Hs+3

2→Hs− 3
2+δ(sF(‖η‖Hs))η,

where we have applied Theorem 2.6.2 to have Tλ = OOp1(F(‖η‖Hs)).
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Then in view of (2.3.6) we obtain

(µ+ + µ−)∂tη + sTλTlη + g(Tλ(η − TBη)− TV · ∇η)

= O
Hs→Hs− 1

2

(
gF(‖η‖Hs)(1 + ‖ηs‖H 1

2−δ
)
)
η +O

Hs+3
2→Hs− 3

2+δ(sF(‖η‖Hs))η.

(2.3.7)

Note that λ ∈ Γ1
δ , l ∈ Γ2

δ and (B, V ) ∈ W 1+δ,∞ ⊂ Γ0
δ , with seminorms bounded by

F(‖η‖Hs). The symbolic calculus in Theorem 2.6.3 then gives

TλTlη = Tλlη +OOp3−δ(F(‖η‖Hs)),

Tλ(Id− TB) = Tλ(1−B) +OOp1−δ(F(‖η‖Hs)),

TV · ∇ = iTξ·V = iRe(Tξ·V ) +OOp1−δ(F(‖η‖Hs)),

where Re(Tξ·V ) = 1
2
(Tξ·V + T ∗ξ·V ). It then follows from (2.3.7) that

(µ+ + µ−)∂tη + sTλlη + g
(
Tλ(1−B)η − iRe(Tξ·V )η

)
= O

Hs→Hs− 1
2
(gF(‖η‖Hs)(1 + ‖ηs‖H 1

2−δ
))η +O

Hs+3
2→Hs− 3

2+δ(sF(‖η‖Hs))η.

(2.3.8)

We set ηs = 〈D〉sη. Appealing to Theorem 2.6.3 again we have

[〈D〉s, Tλl] = OOps+3−δ(F(‖η‖Hs)),

[〈D〉s, Tλ(1−B)] = OOps+1−δ(F(‖η‖Hs , a−1)),

[〈D〉s,Re(Tξ·V )] = OOps+1−δ(F(‖η‖Hs)),

where [A,B] = AB − BA and in the second line we have used the lower bound

(2.3.2) for (1 − B) together with the fact that λ ≥ |ξ|. Note that we have adopted
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the convention that F(‖η‖Hs) ≡ F(‖η‖Hs , 0). This implies

(µ+ + µ−)∂tηs + sTλlηs + g
(
Tλ(1−B)ηs − Re(Tξ·V )ηs

)
= O

L2→H−
1
2
(gQ(1 + ‖ηs‖H 1

2−δ
))ηs +OOp1−δ(gQ)ηs +O

H
3
2→H−

3
2+δ(sQ)ηs.

(2.3.9)

Since iRe(Tξ·V ) is skew-adjoint, by testing (2.3.9) against ηs, we obtain

(µ+ + µ−)

2

d

dt
‖ηs‖2

L2 + s(Tλlηs, ηs)L2 + g(Tλ(1−B)ηs, ηs)L2

≤ Q
{
g
[
(1 + ‖ηs‖H 1

2−δ
)‖ηs‖L2‖ηs‖H 1

2
+ ‖ηs‖H 1

2−δ
‖ηs‖H 1

2

]
+ s‖ηs‖H 3

2−δ
‖ηs‖H 3

2

}
,

(2.3.10)

where (·, ·)L2 denotes the L2 pairing. The term involving 1 + ‖ηs‖H 1
2−δ

is treated as

follows:

(1 + ‖ηs‖H 1
2−δ

)‖ηs‖L2‖ηs‖H 1
2
≤ ‖ηs‖L2‖ηs‖H 1

2
+ ‖ηs‖L2‖ηs‖H 1

2−δ
‖ηs‖H 1

2

≤ Q‖ηs‖H 1
2−δ
‖ηs‖H 1

2
.

(2.3.11)

In view of (2.3.2) and the fact that λ(x, ξ) ≥ |ξ|, we have the lower bounds

λ(1−B) ≥ a|ξ|, lλ = 〈∇η〉−3λ3 ≥ 1

〈‖η‖W 1,∞〉3
|ξ|3.

Moreover, λ(1− B) ∈ Γ1
δ and lλ ∈ Γ3

δ with seminorms bounded by F(‖η‖Hs). Then

applying the G̊arding’s inequality (2.6.9) gives

‖Ψ(D)ηs‖2

H
3
2
≤ Q

(
‖ηs‖H 3

2
‖ηs‖H 3

2−δ
+ (Tlληs, ηs)L2

)
, (2.3.12)

‖Ψ(D)ηs‖2

H
1
2
≤ Q

(
‖ηs‖H 1

2
‖ηs‖2

H
1
2−δ

+ (Tλ(1−B)ηs, ηs)L2

)
, (2.3.13)

where Ψ(D) denotes the Fourier multiplier with symbol Ψ defined by (2.6.3). In
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addition, we have

‖u‖Hr ≤ C(‖Ψ(D)u‖Hr + ‖u‖L2) ∀r ∈ R.

Thus, (2.3.10) amounts to

(µ+ + µ−)

2

d

dt
‖ηs‖2

L2 +
1

Q

(
s‖ηs‖2

H
3
2

+ g‖ηs‖2

H
1
2

)
≤ Q(g‖ηs‖H 1

2−δ
‖ηs‖H 1

2
+ s‖ηs‖H 3

2−δ
‖ηs‖H 3

2
).

(2.3.14)

We use Young’s inequality and interpolation as follows:

‖ηs‖H 1
2−δ
‖ηs‖H 1

2
≤ ‖ηs‖2δ

L2‖ηs‖2(1−δ)

H
1
2
≤ (10Q)

2(1−δ)
δ ‖ηs‖2

L2 +
1

100Q2
‖ηs‖2

H
1
2

(2.3.15)

and similarly,

‖ηs‖H 3
2−δ
‖ηs‖H 3

2
≤ ‖ηs‖

2 δ
3

L2‖ηs‖
2(1− δ

3
)

H
3
2
≤ (10Q)

2(3−δ)
δ ‖ηs‖2

L2 +
1

100Q2
‖ηs‖2

H
3
2
. (2.3.16)

Applying these inequalities to (2.3.14), and then subtracting terms involving ‖ηs‖H 1
2
,

we obtain for a larger Q if needed that

µ+ + µ−

2

d

dt
‖ηs‖2

L2 +
1

Q
(s‖ηs‖2

H
3
2

+ g‖ηs‖2

H
1
2
) ≤ (g + s)Q‖ηs‖2

L2 . (2.3.17)

A Grönwall’s argument then leads to

‖η‖2
L∞([0,T ];Hs) +

1

QT

(
s‖η‖2

L2([0,T ];Hs+3
2 )

+ g‖η‖2

L2([0,T ];Hs+1
2 )

)
≤ ‖η0‖2

Hs exp
(

(s + g)TQT
)
,

where QT = F(‖η‖L∞([0,T ];Hs), a
−1) with F depending only on (h, s, µ±). In particu-
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lar, we have the Hs estimate (2.3.4). As for the dissipation estimate, we have

s‖η‖2

L2([0,T ];Hs+3
2 )

+ g‖η‖2

L2([0,T ];Hs+1
2 )
≤ ‖η0‖2

Hs exp
(

(s + g)TF
(
‖η‖L∞([0,T ];Hs), a

−1
))
QT .

On the other hand, plugging (2.3.4) into QT gives

QT = F(‖η‖L∞([0,T ];Hs), a
−1) ≤ F

(
‖η0‖Hs exp

(
(s + g)TF

(
‖η‖L∞([0,T ];Hs), a

−1
))
, a−1

)

Therefore, upon setting F1(m,n) = m2F(m,n) we obtain

s‖η‖2

L2([0,T ];Hs+3
2 )

+ g‖η‖2

L2([0,T ];Hs+1
2 )
≤ F1

(
‖η0‖Hs exp

(
(s + g)TF

(
‖η‖L∞([0,T ];Hs), a

−1
))
, a−1

)

which finishes the proof of (2.3.5).

2.4 Contraction estimates for J±

Our goal in this section is to prove contraction estimates for J±(η) at two different

surfaces η1 and η2. This is only a question for the two-phase problem since for the

one-phase problem we have J− = Id and J+ ≡ 0. Given an object X depending on

η, we shall denote Xj = X|η=ηj and the difference

Xδ = X1 −X2.

Proposition 2.4.1. Let s > 1 + d
2

and consider ηj ∈ Hs(Rd) satisfying dist(ηj,Γ
±) >

h > 0, j = 1, 2. For any σ ∈ [1
2
, s], there exists F : R+ → R+ depending only on
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(h, s, σ, µ±) such that

‖J±δ ‖Hs→H̃σ
±
≤ F(Ns)‖ηδ‖Hσ , (2.4.1)

‖J±δ ‖Hσ→H̃σ
±
≤ F(Ns)‖ηδ‖Hs , (2.4.2)

where we denoted

Ns = ‖(η1, η2)‖Hs . (2.4.3)

We shall prove Proposition 2.4.1 for the most general case of two fluids and with

bottoms, i.e. µ+ > 0 and Γ± 6= ∅. Adaption to the other cases is straightforward.

2.4.1 Flattening the domain

There exist η±∗ ∈ Cs+100
b (Rd) such that

b−(x)+
h

2
≤ η−∗ (x) ≤ ηj(x)− h

2
, ηj(x) ≤ η+

∗ (x)− h
2
≤ b+(x)−h ∀x ∈ Rd (2.4.4)

and for some C = C(h, s, d),

‖η±∗ ‖Cs+100
b (Rd) ≤ C(1 + ‖η1‖L∞ + ‖η2‖L∞). (2.4.5)

For j = 1, 2 we set Ω∗ = Ω+
j,∗ ∪ Ω−j,∗ where

Ω±∗,j = {(x, y) : x ∈ Rd,±η(x) ≤ ±y ≤ ±η±∗ (x)}. (2.4.6)
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Note that Ω∗ = {(x, y) : x ∈ Rd, η−∗ (x) ≤ y ≤ η+
∗ (x)} is independent of j ∈ {1, 2}.

For small τ > 0 to be chosen, define ρj(x, z) : Rd × [−1, 1] by

%j(x, z) = (1− z2)e−τ |z|〈Dx〉ηj(x)− 1

2
z(1− z)η−∗ (x) +

1

2
z(1 + z)η+

∗ (x). (2.4.7)

Lemma 2.4.2. There exists K > 0 depending only on (s, d) such that if τK‖ηj‖Hs ≤
h
12

then

∂z%j(x, z) ≥
h

12
a.e. (x, z) ∈ Rd × (−1, 1), j = 1, 2. (2.4.8)

For j = 1, 2, the mapping

Φj : Rd × [−1, 1] 3 (x, z) 7→ (x, %j(x, z)) ∈ Ω∗

is a Lipschitz diffeomorphism and respectively maps Rd× [0, 1] and Rd× [−1, 0] onto

Ω+
∗,j and Ω−∗,j. Moreover, there exists C = C(h, s, d) such that

‖∇Φj‖L∞(Rd×(−1,1)) ≤ C(1 +Ns), (2.4.9)

‖∇(Φ−1
j )‖L∞(Ω∗) ≤ C(1 +Ns). (2.4.10)

Proof. We first note that Φj(x, 0) = Σj = {(x, ηj(x)) : x ∈ Rd}, Φj(x, 1) =

{(x, η+
∗ (x)) : x ∈ Rd} and Φj(x,−1) = {(x, η−∗ (x)) : x ∈ Rd}. Thus, in order to

prove that Φj is one-to-one and onto, it suffices to prove that ∂z%j(x, z) ≥ c > 0 for

a.e. (x, z) ∈ Rd × (−1, 1). For z ∈ (−1, 1) \ {0} we have

∂z%j(x, z) =
1

2
(1− 2z)(ηj(x)− η−∗ (x)) +

1

2
(1 + 2z)(η+

∗ (x)− ηj(x))

− 2z(e−τ |z|〈Dx〉 − 1)ηj(x)− sign(z)τ(1− z2)e−τ |z|〈Dx〉〈Dx〉ηj(x).

For z ∈ [1
3
, 1], 1 − 2z ∈ [−1, 1

3
] and 1 + 2z ∈ [5

3
, 3]. In addition, by (2.4.4) we have
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∓(η−η
±
∗ ) ≥ h/2. Consequently,

1

2
(1− 2z)(ηj(x)− η−∗ (x)) +

1

2
(1 + 2z)(η+

∗ (x)− ηj(x)) ≥ h

6
. (2.4.11)

Similarly we obtain (2.4.11) for z ∈ (−1,−1
3
) and z ∈ [−1

3
, 1

3
] \ {0}. Next writing

(e−τ |z|〈Dx〉 − 1)ηj(x) = −τ
∫ |z|

0

e−τz
′〈Dx〉〈Dx〉ηj(x)dz′

we obtain that

∂z%j(x, z) ≥
h

6
− τK‖ηj‖Hs ∀(x, z) ∈ Rd × (−1, 1)

for some constant K = K(s, d). Note that the condition s > 1 + d
2

has been used.

Choosing τ > 0 such that τK‖ηj‖Hs ≤ h/12 gives ∂z%j(x, z) ≥ h/12 for a.e. (x, z) ∈

Rd × (−1, 1).

Since

∂z%j(x, z) = −2ze−τ |z|〈Dx〉ηj(x)− sign(z)τ(1− z2)e−τ |z|〈Dx〉〈Dx〉ηj(x)

− 1

2
(1− 2z)η−∗ (x) +

1

2
(1 + 2z)η+

∗ (x),

there exists K ′ = K ′(s, d) such that

‖∂z%j(x, z)‖W 1,∞(Rd×(−1,1)) ≤ K ′‖ηj‖Hs−1 +K ′τ‖ηj‖Hs +K ′(1 +Ns−1),

where we have used (2.4.5). Then in view of the fact that τ‖ηj‖Hs ≤ hK−1, we

obtain

‖%j‖W 1,∞(Rd×(−1,1)) ≤ C(1 +Ns), C = C(h, s, d), (2.4.12)
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whence (2.4.9) follows. On the other hand, we have Φ−1
j (x, y) = (x, κj(x, y)) where

y = %j(x, z) ⇐⇒ z = κj(x, y) a.e. (x, z) ∈ Rd × (−1, 1). (2.4.13)

Then the relation κj(x, %j(x, z)) = z yields

∂yκj(x, %j(x, z)) =
1

∂z%j(x, z))
, ∂xκj(x, %j(x, z)) = − ∂x%j(x, z)

∂z%j(x, z))
. (2.4.14)

Thus, in view of (2.4.8) and (2.4.12), we obtain (2.4.10).

Lemma 2.4.3. Set

Υ(x, y) =


Φ1 ◦ Φ−1

2 , (x, y) ∈ Ω∗,

(x, y), (x, y) ∈ Ω \ Ω∗

(2.4.15)

and

M =
∇Υ∇Υt

| det∇Υ|
. (2.4.16)

Then, Υ is a Lipschitz diffeomorphism on Ω and

1

C(1 +Ns)
≤ det∇Υ(x, y) ≤ C(1 +Ns) a.e. (x, y) ∈ Ω, (2.4.17)

‖∇Υ‖L∞(Ω) + ‖∇(Υ−1)‖L∞(Ω) ≤ F(Ns). (2.4.18)

Moreover, M satisfies

‖M − Id‖L∞(Ω) ≤ F(Ns)‖ηδ‖Hs , (2.4.19)

‖M − Id‖L2(Ω) ≤ F(Ns)‖ηδ‖H 1
2
. (2.4.20)

Proof. According to Lemma 2.4.2, Υ is a Lipschitz diffeomorphism on Ω∗. For

(x, y) ∈ Ω \ Ω∗ we have Υ = Id, and hence Υ is a Lipschitz diffeomorphism on
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Ω and M − Id = 0. It thus suffices to consider (x, y) ∈ Ω∗. On Ω∗ we have

Υ(x, y) = (x, %1(x, κ2(x, y)), and so

∇Υ(x, y) =

 1 0

a(x, y) b(x, y)


where

a(x, y) = ∂x%1(x, κ2(x, y))+∂z%1(x, κ2(x, y))∂xκ2(x, y), b(x, y) = ∂z%1(x, κ2(x, y))∂yκ2(x, y).

Using (2.4.14) (with j = 2) gives

a(x, y) =
∂x%1(x, κ2(x, y))∂z%2(x, κ2(x, y))− ∂x%2(x, κ2(x, y))∂z%1(x, κ2(x, y))

∂z%2(x, κ2(x, y))
,

b(x, y) =
∂z%1(x, κ2(x, y))

∂z%2(x, κ2(x, y))
.

In view of (2.4.8) and (2.4.12) we obtain

1

C(1 +Ns)
≤ det∇Υ(x, y) = b(x, y) ≤ C(1 +Ns) a.e. (x, y) ∈ Ω∗. (2.4.21)

Next we compute

M − Id =
1

b

1− b a

a a2 + b(b− 1)

 .

Using the above formulas for a and b together with (2.4.7) and (2.4.8) we deduce

that

‖(a, b− 1)‖L∞(Ω∗) ≤ F(Ns)‖ηδ‖Hs ,

‖(a, b− 1)‖L2(Ω∗) ≤ F(Ns)‖ηδ‖H 1
2
.

This combined with (2.4.21) leads to (2.4.18), (2.4.19) and (2.4.20).
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2.4.2 Proof of Proposition 2.4.1

The proof proceeds in three steps.

Step 1. We first recall from (2.2.15) that J±v = f± where f± solve

 Id −Id

µ+G−(η) −µ−G+(η)


f−
f+

 =

v
0

 . (2.4.22)

From the definition of the Dirichlet-Neumann operator we see that f± = q±|Σ where

q± solve the two-phase elliptic problem



∆q± = 0 in Ω±,

q− − q+ = v on Σ,

∂nq−

µ−
− ∂nq+

µ+
= 0 on Σ,

∂ν±q
± = 0 on Γ±.

(2.4.23)

To remove the jump of q at Σ we take a function θ : Ω→ R satisfying

θ(x, η(x)) = −1

2
v(x), θ ≡ 0 near Γ±, (2.4.24)

‖θ‖Ḣ1(Ω) ≤ C(1 + ‖η‖W 1,∞)‖v‖
H

1
2 (Rd)

, C = C(d). (2.4.25)

Then, the solution of (2.4.23) can be taken to be q± := (r ± θ)|Ω± where r ∈ Ḣ1(Ω)

solves 
−∆r = ±∆θ in Ω±,

∂nr
µ+
− ∂nr

µ−
= −∂nθ( 1

µ+
+ 1

µ−
) on Σ,

∂ν±r = 0 on Γ±.

(2.4.26)
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A function θ satisfying (2.4.24) and (2.4.30) can be constructed as follows. Let

ς(z) : R→ R+ be a cutoff function that is identically 1 for |z| ≤ 1
2

and vanishes for

|z| ≥ 1. Set

θ(x, z) = −1

2
ς(z)e−|z|〈Dx〉v(x), θ(x, y) = θ

(
x,
y − η(x)

h

)
. (2.4.27)

Then, θ(x, y) = 0 for |y − η(x)| ≥ h, and hence θ1 ≡ 0 near Γ± in view of the

condition dist(η,Γ±) > h. Moreover, (2.4.30) is satisfied.

Integration by parts leads to the following variational form of (2.4.26):

∫
Ω

(1Ω−

µ−
+

1Ω+

µ+

)
∇r · ∇φ dxdy =

∫
Ω

(1Ω−

µ−
− 1Ω+

µ+

)
∇θ · ∇φ dxdy, ∀φ ∈ Ḣ1(Ω).

(2.4.28)

For example, for ς(z) : R→ R+ a cutoff function that is identically 1 for |z| ≤ 1
2

and

vanishes for |z| ≥ 1, we set

θ(x, z) = −1

2
ς(z)e−|z|〈Dx〉v(x), θ(x, y) = θ

(
x,
y − η(x)

h

)
. (2.4.29)

Then, θ(x, y) = 0 for |y − η(x)| ≥ h, and hence θ1 ≡ 0 near Γ± in view of the

condition dist(η,Γ±) > h. Moreover, we have

‖θ‖Ḣ1(Ω) ≤ C(1 + ‖η‖W 1,∞)‖v‖
H

1
2 (Rd)

, C = C(d). (2.4.30)

By virtue of the Lax-Milgram theorem, there exists a unique solution r ∈ Ḣ1(Ω) to

(2.4.28) which obeys the bound

‖r‖Ḣ1(Ω) ≤ C(µ±)‖θ‖Ḣ1(Ω) ≤ C(1 + ‖η‖W 1,∞)‖v‖
H

1
2 (Rd)

. (2.4.31)
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Consequently,

J±v = f± = TrΩ±→Σ(r ± θ), (2.4.32)

and hence by the trace operation (2.2.5),

‖J±v‖
H̃

1
2
± (Rd)

≤ F(Ns)‖v‖H 1
2 (Rd)

. (2.4.33)

We note that θ defined by (2.4.27) depends on η, and so does r.

Step 2. In this step we prove contraction estimates for J±δ = J±1 − J±2 in H̃
1
2
±.

Recall that Υ defined by (2.4.15) is a Lipschitz diffeomorphism on Ω. Let θ1 be

defined as in (2.4.27) with η = η1, and let θ2 = θ1 ◦ Υ. Let us check that θ2 obeys

(2.4.24) and (2.4.30) for η = η2. Indeed, using the fact that Υ : Σ2 → Σ1 we have

θ2(x, η2(x)) = θ1(x,Υ(x, η2(x))) = θ1(x, η1(x)) = −1

2
v(x).

On the other hand, since Υ ≡ Id near Γ± and θ1 ≡ 0 near Γ±, we deduce that

θ1 ≡ 0 near Γ±. Finally, the bound (2.4.30) for θ2 follows from (2.4.30) for θ1 and

the Lipschitz bound (2.4.18) for Υ.

According to Step 1, we have

J±j v = TrΩ±j →Σj
(rj ± θj)

where rj ∈ Ḣ1(Ω) satisfies

∫
Ω

(1Ω−

µ−
+

1Ω+

µ+

)
∇rj · ∇φ dxdy =

∫
Ω

(1Ω−

µ−
− 1Ω+

µ+

)
∇θj · ∇φ dxdy ∀φ ∈ Ḣ1(Ω).

(2.4.34)

Set r̃2 = r2 ◦ Υ−1 and recall that θ1 = θ2 ◦ Υ−1. Combining (2.4.31) and (2.4.17)
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gives

‖r̃2‖Ḣ1(Ω) ≤ F(Ns).

Since map φ 7→ φ ◦Υ−1 is an isomorphism on Ḣ1(Ω), with M = ∇Υ∇Υt/| det∇Υ|

we have for all φ ∈ Ḣ1(Ω) that

∫
Ω

(1Ω−1

µ−
+

1Ω+
1

µ+

)
∇r̃2M∇φt dxdy =

∫
Ω

(1Ω−1

µ−
−

1Ω+
1

µ+

)
∇θ1M∇φt dxdy, (2.4.35)

where gradients of scalar functions are understood as row vectors, and the rows of

the Jacobian matrix ∇Υ are the gradients of each component of Υ. Taking the

difference between (2.4.35) with j = 2 and (2.4.28) with j = 1, we obtain

∫
Ω

(1Ω−1

µ−
+

1Ω+
1

µ+

)
∇(r̃2 − r1)∇φt dxdy = −

∫
Ω

(1Ω−1

µ−
+

1Ω+
1

µ+

)
∇r̃2(M − Id)∇φt dxdy

+

∫
Ω

(1Ω−1

µ−
−

1Ω+
1

µ+

)
∇θ1(M − Id)∇φt dxdy

(2.4.36)

for all φ ∈ Ḣ1(Ω). Setting φ = r̃2− r1 and using the estimate (2.4.19) for M − Id in

L∞(Ω) we obtain

‖r̃2 − r1‖Ḣ1(Ω) ≤ C(µ±)‖M − Id‖L∞(Ω)(‖r̃2‖Ḣ1(Ω) + ‖θ1‖Ḣ1(Ω))

≤ F(Ns)‖ηδ‖Hs‖v‖
H

1
2
.

(2.4.37)

On the other hand, using (2.4.20) for M − Id in L2(Ω) instead gives

‖r̃2 − r1‖Ḣ1(Ω) ≤ C(µ±)‖M − Id‖L2(Ω)(‖∇r̃2‖L∞(Ω) + ‖∇θ1‖L∞(Ω))

≤ F(Ns)‖ηδ‖H 1
2
‖v‖Hs ,

(2.4.38)

where in the last inequality we have used the fact that

‖r̃2‖L∞(Ω) + ‖θ1‖L∞(Ω) ≤ F(Ns)‖v‖Hs .
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Since r2 = r̃2 ◦Υ, θ2 = θ ◦Υ, and Υ : Ω±2 → Ω±1 , Σ2 → Σ1 we have

TrΩ±2 →Σ2
(r2 ± θ2) = TrΩ±1 →Σ1

(r̃2 ± θ1),

and hence

J±δ v = TrΩ±1 →Σ1
(r1 ± θ1)− TrΩ±2 →Σ2

(r2 ± θ2)

= TrΩ±1 →Σ1
(r1 ± θ1)− TrΩ±1 →Σ1

(r̃2 ± θ1)

= TrΩ±1 →Σ1
(r1 − r̃2).

In view of (2.4.37) and (2.4.38), the trace operation (2.2.5) yields

‖J±δ v‖
H

1
2
±
≤ F(Ns)‖ηδ‖Hs‖v‖

H
1
2
, (2.4.39)

‖J±δ v‖
H

1
2
±
≤ F(Ns)‖ηδ‖H 1

2
‖v‖Hs . (2.4.40)

For the proof of (2.4.1), we shall only need (2.4.40).

Step 3. We have J±j v ≡ J±(ηj)v = f±j where


f−j − f+

j = v,

1
µ−
G−j f

−
j − 1

µ+
G+
j f

+
j = 0,

j = 1, 2. (2.4.41)

By taking differences we obtain f−δ = f+
δ and

1

µ−
G−1 f

−
δ −

1

µ+
G+

1 f
+
δ =

1

µ+
G+
δ f

+
2 −

1

µ−
G−δ f

−
2 , (2.4.42)

where we recall the notation G±δ = G±1 − G±2 . Combining the contraction estimate
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(2.2.32) with the continuity (2.2.20) for J±, we deduce that

‖G+
δ f

+
2 ‖Hσ−1 + ‖G−δ f

−
2 ‖Hσ−1 ≤ F(Ns)‖ηδ‖Hσ‖v‖Hs ∀σ ∈ [

1

2
, s]. (2.4.43)

We take δ ∈ (0, 1
2
] satisfying σ < s − 1− d

2
. In light of the paralinearization (2.2.25)

for G±1 , we have

1

µ−
G−1 f

−
δ −

1

µ+
G+

1 f
+
δ = Tλ1

( 1

µ−
f−δ +

1

µ+
f+
δ

)
+R1 =

µ+ + µ−

µ−µ+
Tλ1f

−
δ +R1,

‖R1‖Hν−1+δ ≤ F(Ns)‖f−δ ‖H̃ν
−
∀ν ∈ [

1

2
, s − δ].

(2.4.44)

It follows from (2.4.42),(2.4.43) and (2.4.44) that if

ν ∈ [
1

2
, s − δ], ν + δ ≤ σ, σ ∈ [

1

2
, s], (2.4.45)

then

‖Tλ1f−δ ‖Hν−1+δ ≤ F(Ns)‖f−δ ‖H̃ν
−

+ F(Ns)‖ηδ‖Hσ‖v‖Hs . (2.4.46)

Applying Lemma 2.6.6 we have

‖Ψ(D)f−δ ‖Hν+δ ≤ F(‖η1‖Hs)‖Tλ1f−δ ‖Hν+δ−1 + F(‖η1‖Hs)‖f−δ ‖H1,ν .

But for τ > 1
2
,

‖ · ‖H̃τ
±
≤ C‖Ψ(D) · ‖Hτ + C‖ · ‖

H̃
1
2
±
,

whence (2.4.46) implies that

‖f−δ ‖H̃ν+δ
−
≤ F(Ns)‖f−δ ‖H̃ν

−
+ F(Ns)‖ηδ‖Hσ‖v‖Hs (2.4.47)

provided that ν and σ satisfy (2.4.45).
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We note that (2.4.40) implies that

‖f−δ ‖
H̃

1
2
−
≤ F(Ns)‖ηδ‖H 1

2
‖v‖Hs , (2.4.48)

and hence (2.4.1) holds for σ = 1
2
. Now fix σ ∈ (1

2
, s]. We use (2.4.47) to bootstrap

the base estimate (2.4.48) to

‖f−δ ‖H̃σ
−
≤ F(Ns)‖ηδ‖Hσ‖v‖Hs . (2.4.49)

Indeed, we can always take δ smaller if necessary so that 1
2
+δ < σ. Plugging (2.4.48)

into (2.4.47) with ν = 1
2

yields (2.4.49) with 1
2

+ δ in place of σ. Continuing this

n steps, n being the greatest integer such that 1
2

+ nδ ≤ σ, we obtain (2.4.49) for

1
2

+ nδ in place of σ. This is justified since ν = 1
2

+ (n− 1)δ satisfies (2.4.45). Thus,

for possibly one more step to gain σ − (1
2

+ nδ) derivative, we obtain (2.4.49). The

proof of (2.4.1) is complete.

Finally, (2.4.2) can be proved similarly except that one uses the contraction

estimate (2.2.33) to estimate G±δ f
±
2 in (2.4.43).

2.5 Proof of Theorem 2.1.1

Let s > 1+ d
2
, µ− > 0, µ+ ≥ 0, and s ∈ (0, 1]. Consider an initial datum η0 ∈ Hs(Rd)

satisfying

inf
x∈Rd

RT(η0) ≥ 2a > 0, (2.5.1)

dist(η0,Γ
±) ≥ 2h > 0. (2.5.2)
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Theorem 2.1.1 will be proved in Propositions 2.5.1, 2.5.2 and 2.5.5 below. Precisely,

Proposition 2.5.1 establishes the uniform local well-posedness for the Muskat prob-

lem with surface tension belonging to any bounded set, say s ∈ (0, 1]. Then, in

Propositions 2.5.2 and 2.5.5, we prove that in appropriate topologies, η(s) converges

to η with the rate
√
s and s respectively.

Proposition 2.5.1. There exists a time T∗ > 0 depending only on ‖η0‖Hs and

(a, h, s, µ±, g) such that the following holds. For each s ∈ (0, 1], there exists a unique

solution

η(s) ∈ C([0, T∗];H
s(Rd)) ∩ L2([0, T∗];H

s+ 3
2 (Rd)) (2.5.3)

to the Muskat problem with surface tension s, η(s)|t=0 = η0 and

‖η(s)‖2
L∞([0,T∗];Hs)+‖η(s)‖2

L2([0,T∗];H
s+1

2 )
+s‖η(s)‖2

L2([0,T∗];H
s+3

2 )
≤ F(‖η0‖Hs , a−1) (2.5.4)

for some nondecreasing function F : R+×R+ → R+ depending only on (h, s, µ±, g).

Furthermore, for all s ∈ (0, 1] we have

inf
t∈[0,T∗]

inf
x∈Rd

RT(η(s)(t)) >
3

2
a, (2.5.5)

inf
t∈[0,T∗]

dist(η(s)(t),Γ±) >
3

2
h. (2.5.6)

Proof. According to Theorems 1.2 and 1.3 in [108], for each initial datum η0 ∈ Hs

satisfying dist(η0,Γ
±) ≥ 2h > 0 and for each s > 0, there exists Ts > 0 such that the

Muskat problem has a unique solution

η(s) ∈ C([0, Ts];H
s) ∩ L2([0, Ts];H

s+ 3
2 )

satisfying inft∈Ts dist(η(s)(t),Γ±) > 3
2
h. We stress the continuity in time of the Hs

norm of η(s). Now we have in addition that η0 satisfies the Rayleigh-Taylor condition
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(2.5.1). Thus, we define

T ∗s = sup{T ∈ (0, Ts] : inf
t∈[0,T ]

inf
x∈Rd

RT(η(s)(t)) >
3

2
a}. (2.5.7)

We shall prove that T ∗s > 0 for each s ∈ (0, 1] and there exists T∗ > 0 such that

T ∗s ≥ T∗ for all s ∈ (0, 1].

Step 1. We claim that there exist θ > 0 depending only on s, and F0 : R+ → R+

depending only on (h, s, µ±, g) such that

∥∥∥[[B(η(s)(t))J(η(s)(t))]]η(s)(t)− [[B(η0)J(η0)]]η0

∥∥∥
L∞(Rd)

≤ (t
θ
2 + tθ)F0(Es(t)) (2.5.8)

for all t ≤ Ts, where

Es(t) = ‖η(s)‖2
C([0,t];Hs) + s‖η(s)‖2

L2([0,t];Hs+3
2 )
. (2.5.9)

Set

A(t) = [[B(η(s)(t))J(η(s)(t))]]η(s)(t)− [[B(η0)J(η0)]]η0.

The continuity properties (2.2.20) and (2.2.23) of J± and B± imply that

‖A(t)‖Hs−1 ≤ ‖[[B(η(s)(t))J(η(s)(t))]]η(s)(t)‖Hs−1 + ‖[[B(η0)J(η0)]]η0‖Hs−1

≤ F
(
‖η(s)(t)‖Hs

)
+ F

(
‖η(s)(0)‖Hs

)
≤ F(Es(t)).

(2.5.10)
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On the other hand, denoting B±(η(s)(t)) = B±t and J±(η(s)(t)) = J±t , we can write

A(t) =
(
B−t J

−
t −B+

t J
+
t

)
η(s)(t)−

(
B−0 J

−
0 −B+

0 J
+
0

)
η0

= (B−t −B−0 )J−t η
(s)(t) + B−0 (J−t − J−0 )η(s)(t) + B−0 J

−
0 (η(s)(t)− η0)

− (B+
t −B+

0 )J+
t η

(s)(t)−B+
0 (J+

t − J+
0 )η(s)(t)−B+

0 J
+
0 (η(s)(t)− η0).

We treat the first two terms since the other terms are either similar or easier. The

contraction estimate (2.2.32) with σ = s − 1
2

gives

‖G±(η(s)(t))−G±(η0)‖
H̃s
±→H

s− 3
2
≤ F(Es(t))‖η(s)(t)− η0‖Hs− 1

2
.

From this and the definition of B± it is easy to prove that

‖B+
t −B+

0 ‖H̃s
±→H

s− 3
2
≤ F(Es(t))‖η(s)(t)− η0‖Hs− 1

2
.

Then recalling the continuity of J± from Hs− 1
2 → H̃

s− 1
2

± we obtain

‖(B−t −B−0 )J−t η
(s)(t)‖

Hs− 3
2
≤ F(Es(t))‖η(s)(t)− η0‖Hs− 1

2
.

Next regarding B−0 (J−t − J−0 )η(s)(t) we use the contraction estimate (2.4.1) with

σ = s − 1
2

‖J−t − J−0 ‖
Hs→H̃

s− 1
2

±
≤ F(Es(t))‖η(s)(t)− η0‖Hs− 1

2

together with the continuity (2.2.23) to have

‖B−0 (J−t − J−0 )η(s)(t)‖
Hs− 3

2
≤ F(Es(t))‖η(s)(t)− η0‖Hs− 1

2
.
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Therefore, we arrive at

‖A(t)‖
Hs− 3

2
≤ F(Es(t))‖η(s)(t)− η0‖Hs− 1

2
. (2.5.11)

To bound ‖η(s)(t)−η0‖Hs− 1
2

we first use the mean-value theorem and equation (2.2.18)

to have

‖η(s)(t)− η0‖H− 1
2
≤
∫ t

0

‖∂tη(s)(τ)‖
H−

1
2
dτ

≤ F(Es(t))

∫ t

0

g‖η(s)(τ)‖
H

1
2

+ s‖H
(
η(s)(τ)

)
‖
H

1
2
dτ

≤ F(Es(t))
(
tg‖η(s)‖C([0,t];Hs) + t

1
2 s‖η(s)‖

L2([0,t];Hs+3
2 )

)
≤ (t

1
2 + t)F(Es(t))

(
g‖η(s)‖C([0,t];Hs) +

√
s‖η(s)‖

L2([0,t];Hs+3
2 )

)

for all s ∈ (0, 1] and t ≤ Ts. Interpolating this with the obvious bound ‖η(s)(t) −

η0‖Hs ≤ F(Ms(t)) gives

‖η(s)(t)− η0‖Hs− 1
2
≤ (t

θ0
2 + tθ0)F(Es(t)) (2.5.12)

for some θ0 ∈ (0, 1) and F depending only on (h, s, µ±, g). Then in view of (2.5.11),

this implies

‖A(t)‖
Hs− 3

2
≤ (t

θ0
2 + tθ0)F(Es(t)).

Fixing s′ ∈ (max{1 + d
2
, s − 3

2
}, s) and interpolating this with the Hs bound (2.5.10)

we obtain

‖A(t)‖Hs′−1 ≤ (t
θ
2 + tθ)F(Es(t))

for some θ ∈ (0, 1). Using the embedding Hs′−1 ⊂ L∞(Rd) we conclude the proof of

(2.5.8).
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Step 2. We note that (2.5.8) implies the continuity of

[0, Ts] 3 t 7→ inf
x∈Rd

RT(η(s)(t)).

Thus, in view of the definition (2.5.7) and the initial condition (2.5.1), we have

T ∗s > 0 for all s ∈ (0, 1].

By the definition of T ∗s , conditions (2.3.1), (2.3.2) and (2.3.3) in Proposition

2.3.1 are satisfied for all T ≤ T ∗s . Thus, the estimates (2.3.4) and (2.3.5) imply the

existence of a strictly increasing F2 : R+×R+ → R+ depending only on (h, s, µ±, g)

such that

F2(m, 0) > m2 ∀m > 0 (2.5.13)

and

Ms(T ) ≤ F2

(
‖η0‖Hs + TF2

(
Ms(T ), a−1

)
, a−1

)
(2.5.14)

for all s ∈ (0, 1] and T ≤ T ∗s , where

Ms(T ) = ‖η(s)‖2
C([0,T ];Hs) + ‖η(s)‖2

L2([0,T ];Hs+1
2 )

+ s‖η(s)‖2

L2([0,T ];Hs+3
2 )
.

Set

T2 =
‖η0‖Hs

2F2

(
F2

(
2‖η0‖Hs , a−1

)
, a−1

) (2.5.15)

independent of s. We claim that

Ms(T ) ≤ K0 := F2

(
2‖η0‖Hs , a−1

)
∀T ≤ min{T2, T

∗
s }, ∀s ∈ (0, 1]. (2.5.16)

Assume not, then there exists s0 ∈ (0, 1] and T3 ≤ min{T2, T
∗
s0
} such that Ms0(T3) >

K0. Since Ms0(0) = ‖η0‖2
Hs < K0, the continuity of T 7→ Es0(T ) then yields the

existence of T4 ∈ (0, T3) such that Ms0(T4) = K0. Consequently, at T = T4, (2.5.14)
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gives

F2

(
2‖η0‖Hs , a−1

)
≤ F2

(
‖η0‖Hs + T4F2

(
F2

(
2‖η0‖Hs , a−1

)
, a−1

)
, a−1

)
≤ F2

(
‖η0‖Hs + T2F2

(
F2

(
2‖η0‖Hs , a−1

)
, a−1

)
, a−1

)
≤ F2

(3

2
‖η0‖Hs , a−1

)
,

where we have used the definition of T2 in the last inequality. This contradicts the

fact that F2 was chosen to be strictly increasing.

Now for all T ≤ min{T2, T
∗
s }, we use (2.5.8) and the fact that Es(·) ≤ Ms(·) to

have

inf
t∈[0,T ]

inf
x∈Rd

RT(η(s)(t)) ≥ inf
x∈Rd

RT(η0)− (T
θ
2 + T θ)F0(Ms(T ))

≥ 2a− (T
θ
2 + T θ)F0(K0).

Choosing T∗ ≤ T2 sufficiently small so that

(T
θ
2
∗ + T θ∗ )F0(K0) <

1

2
a (2.5.17)

we obtain

inf
t∈[0,T ]

inf
x∈Rd

RT(η(s)(t)) >
3

2
a ∀T ≤ min{T∗, T ∗s }. (2.5.18)

Clearly, T∗ is independent of s. Moreover, (2.5.18) and the definition of T ∗s show that

T∗ ≤ T ∗s for all s ∈ (0, 1]. Finally, since T∗ ≤ min{T2, T
∗
s }, (2.5.16) and the definition

of T ∗s guarantee that the estimates (2.5.4), (2.5.5) and (2.5.6) hold true.

Proposition 2.5.2. There exists F : R+ × R+ → R+ depending only on (h, s, µ±, g)
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such that

‖η(s1) − η(s2)‖2
L∞([0,T∗];Hs−1) + ‖η(s1) − η(s2)‖2

L2([0,T∗];H
s− 1

2 )
≤ (s1 + s2)F

(
‖η0‖Hs , a−1

)
(2.5.19)

for all s1 and s2 in (0, 1].

Proof. Denote ηj = η(sj), j = 1, 2, and ηδ = η1 − η2 which exists on [0, T∗]. We fix

δ ∈
(
0,min(1

2
, s − 1− d

2
)
)
. From (2.2.18) we have that ηδ evolves according to

(µ+ + µ−)∂tηδ = −g(Lδη1 + L2ηδ)− s1L1H(η1) + s2L2H(η2). (2.5.20)

By (2.2.20) and (2.2.31),

‖LjH(ηj)‖Hs− 3
2
≤ F(‖ηj‖Hs)‖H(ηj)‖Hs− 1

2
≤ F(‖ηj‖Hs)‖ηj‖Hs+3

2
. (2.5.21)

We now paralinearize L2 and Lδ. Applying (2.2.26) with σ = s − 1
2
− δ gives

L2ηδ = Tλ2ηδ +O
Hs− 1

2−δ→Hs− 3
2
(F(Ns))ηδ. (2.5.22)

As for Lδ we write

Lδ =
∑
±=+,−

G±δ J
±
1 +G±2 J

±
δ . (2.5.23)

Using (2.2.25) at σ = s − 1
2
− δ, we have

∑
±=+,−

G±2 J
±
δ = Tλ2(J

−
δ − J

+
δ ) +

∑
±=+,−

O
H̃

s− 1
2−δ

± →Hs− 3
2
(F(Ns))J

±
δ .
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Recall that Ns is given by (2.4.3). However,

J−δ − J
+
δ = (J−1 − J+

1 )− (J−2 − J+
2 ) = Id− Id = 0

and by virtue of Proposition 2.4.1 (with σ = s − 1
2
− δ),

J±δ = O
Hs→H̃

s− 1
2−δ

±
(‖ηδ‖Hs− 1

2−δ
).

We thus obtain

∑
±=+,−

G±2 J
±
δ = O

Hs→Hs− 3
2

(
F(Ns)‖ηδ‖Hs− 1

2−δ

)
. (2.5.24)

As for G±δ J
±
1 , we apply Theorem 2.2.8 with σ = s − 1

2
and (2.2.20) to have

∓G±δ J
±
1 f = −Tλ1B±1 J±1 fηδ − TV±1 J±1 f · ∇ηδ +O

Hs→Hs− 3
2

(
F(Ns)‖ηδ‖Hs− 1

2−δ

)
f,

and hence

∑
±=+,−

G±δ J
±
1 f = −Tλ1[[B1J1]]fηδ − T[[V1J1]]f · ∇ηδ +O

Hs→Hs− 3
2

(
F(Ns)‖ηδ‖Hs− 1

2−δ

)
f.

Combining this with (2.5.24) yields

Lδf = −Tλ1[[B1J1]]fηδ − T[[V1J1]]f · ∇ηδ +O
Hs→Hs− 3

2

(
F(Ns)‖ηδ‖Hs− 1

2−δ

)
f. (2.5.25)

From (2.5.22) and (2.5.25) we have

L2ηδ + Lδη1 = Tλ2ηδ − Tλ1[[B1J1]]η1ηδ − T[[V1J1]]η1 · ∇ηδ

+O
Hs− 1

2−δ→Hs− 3
2
(F(Ns))ηδ +O

Hs→Hs− 3
2

(
F(Ns)‖ηδ‖Hs− 1

2−δ

)
η1
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Interchanging η1 and η2 gives

L1ηδ + Lδη2 = Tλ1ηδ − Tλ2[[B2J2]]η2ηδ − T[[V2J2]]η2 · ∇ηδ

+O
Hs− 1

2−δ→Hs− 3
2
(F(Ns))ηδ +O

Hs→Hs− 3
2

(
F(Ns)‖ηδ‖Hs− 1

2−δ

)
η2.

But L1ηδ +Lδη2 = L2ηδ +Lδη1, thus taking the average of the above identities yields

L2ηδ + Lδη1 = T(λ(1−[[BJ ]]η))αηδ − T([[VJ ]]η)α · ∇ηδ

+O
Hs− 1

2−δ→Hs− 3
2
(F(Ns))ηδ +O

Hs→Hs− 3
2

(
F(Ns)‖ηδ‖Hs− 1

2−δ

)
(η1 + η2),

where (
λ(1− [[BJ ]]η)

)
α

=
1

2

(
λ1(1− [[B1J1]]η1) + λ2(1− [[B2J2]]η2)

)
and similarly for ([[VJ ]]η)α. It then follows from (2.5.20) and (2.5.21) that

(µ+ + µ−)∂tηδ = −gT(λ(1−[[BJ ]]η))αηδ + gT([[VJ ]]η)α · ∇ηδ +R1,

‖R1‖Hs− 3
2
≤ gF(Ns)‖ηδ‖Hs− 1

2−δ
+ (s1 + s2)F(Ns)Ns+ 3

2
.

(2.5.26)

Next we perform Hs−1 energy estimate for (2.5.26). Introduce ηδ,s−1 = 〈D〉s−1ηδ.

Upon commuting (2.5.26) with 〈D〉s−1 and applying Theorem 2.6.3 we arrive at

(µ+ + µ−)∂tηδ,s−1 = −gT(λ(1−[[BJ ]]η))αηδ,s−1 + giRe
(
T([[VJ ]]η)α·ξ

)
ηδ,s−1 +R,

‖R‖
H−

1
2
≤ gF(Ns)‖ηδ,s−1‖H 1

2−δ
+ F(Ns)

2∑
j=1

sj‖ηj‖Hs+3
2
,

(2.5.27)

where F depends only on (h, s, µ±). Moreover, the uniform estimate (2.5.4) implies

that

Ns ≤ F(‖η0‖Hs , a−1). (2.5.28)
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Testing (2.5.27) against ηδ,s−1 yields

(µ+ + µ−)

2

d

dt
‖ηδ,s−1‖2

L2 =− g
(
T(λ(1−[[BJ ]]η))αηδ,s−1, ηδ,s−1

)
L2 + (R, ηδ,s−1)L2 ,

where we have used the fact that iRe
(
T([[VJ ]]η)α·ξ

)
is skew-adjoint.

From (2.5.5) we have that (λ(1− [[BJ ]]η))α is an elliptic symbol in Γ1
δ :

(λ(1− [[BJ ]]η))α ≥ a|ξ|, M1
δ

(
(λ(1− [[BJ ]]η))α

)
≤ F(Ns, a

−1),

where F depends only on (h, s, µ±, g). Applying the G̊arding inequality (2.6.9), we

have

‖ηδ,s−1‖2

H
1
2
≤ F(‖η0‖Hs , a−1)

((
T(λ(1−[[BJ ]]η))αηδ,s−1, ηδ,s−1

)
L2+‖ηδ,s−1‖H 1

2
‖ηδ,s−1‖H 1

2−δ

)
.

This combined with the estimate for R in (2.5.27) and (2.5.28) implies

(µ+ + µ−)

2

d

dt
‖ηδ,s−1‖2

L2 +
g

QT∗
‖ηδ,s−1‖2

H
1
2

≤ gQT∗‖ηδ,s−1‖H 1
2−δ
‖ηδ,s−1‖H 1

2
+QT∗‖ηδ,s−1‖H 1

2

2∑
j=1

sj‖ηj‖Hs+3
2
,

(2.5.29)

where

QT∗ = F
(
‖η0‖Hs , a−1

)
, (2.5.30)

F depending only on (h, s, µ±, g). Using interpolation and Young’s inequality, we

have

‖ηδ,s−1‖H 1
2−δ
‖ηs‖H 1

2
≤ ‖ηδ,s−1‖2δ

L2‖ηδ,s−1‖2(1−δ)

H
1
2
≤ (10QT∗)

2(1−δ)
δ ‖ηδ,s−1‖2

L2 +
1

100Q2
T∗

‖ηδ,s−1‖2

H
1
2
,

sj‖ηj‖Hs+3
2
‖ηδ,s−1‖H 1

2
≤ s2

j100Q2
T∗‖ηj‖

2

Hs+3
2

+
1

100Q2
T∗

‖ηδ,s−1‖2

H
1
2
.

(2.5.31)



60

Thus, for possibly a larger F in QT∗ , we obtain

(µ+ + µ−)

2

d

dt
‖ηδ,s−1‖2

L2 +
g

QT∗
‖ηδ,s−1‖2

H
1
2
≤ gQT1‖ηδ,s−1‖2

L2 +QT∗
2∑
j=1

s2
j‖ηj‖2

Hs+3
2
.

(2.5.32)

Finally, since ηδ|t=0 = 0 and by (2.5.4)

sj

∫ T∗

0

‖ηj‖2

Hs+3
2
dt ≤ F(‖η0‖Hs , a−1),

an application of Grönwall’s lemma leads to the estimate (2.5.19).

Now let sn → 0 and rename ηn = η(sn) solution to the Muskat problem with

surface tension sn on [0, T∗]. The uniform estimates in (2.5.4) show that along a

subsequence ηn converges weakly-* to

η ∈ L∞([0, T∗];H
s) ∩ L2([0, T∗];H

s+ 1
2 ) (2.5.33)

together with the bounds

‖η‖L∞([0,T∗];Hs) + ‖η‖
L2([0,T∗];H

s+1
2 )
≤ F(‖η0‖Hs , a−1). (2.5.34)

The estimate (2.5.19) implies that (ηn)n is a Cauchy sequence in C([0, T∗];H
s−1) ∩

L2([0, T∗];H
s− 1

2 ). Therefore,

ηn → η in C([0, T∗];H
s−1) ∩ L2([0, T∗];H

s− 1
2 ); (2.5.35)

in particular, η|t=0 = η0. Moreover, by interpolating between L∞t H
s
x and CtH

s−1,

we deduce that η ∈ C([0, T∗];H
s′) for all s′ < s. Since ηn → η in CtH

s−1
x ⊂ CtL

∞
x ,
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(2.5.6) gives

inf
t∈[0,T∗]

dist(η(t),Γ±) ≥ 3

2
h. (2.5.36)

Lemma 2.5.3. η is a solution on [0, T∗] of the Muskat problem without surface tension

with initial data η0.

Proof. For each n, we have from (2.2.18) that

∂tηn +
1

µ+ + µ−
L(ηn)(gηn + sH(ηn)) = 0 (2.5.37)

For any compactly supported test function ϕ ∈ C∞((0, T∗)× Rd), we have

∫ T∗

0

ηn∂tϕdxdt =
1

µ+ + µ−

∫ T∗

0

∫
Rd
ϕL(ηn)(gηn + sH(ηn))dxdt. (2.5.38)

Clearly, (2.5.35) implies that

∫ T∗

0

ηn∂tϕdxdt→
∫ T∗

0

η∂tϕdxdt.

The continuity (2.2.20) of L combined with (2.2.31) and the uniform bound (2.5.4)

yields

sn‖L(ηn)H(ηn)‖
L2([0,T∗];H

s− 3
2 )
≤ F(‖ηn‖L∞([0,T∗];Hs))sn‖ηn‖L2([0,T∗];H

s+3
2 )

.
√
snF(‖η0‖Hs , a−1).

Since s − 3
2
> 0, this implies

∣∣∣∣∫ T∗

0

∫
Rd
ϕL(ηn)

(
snH(ηn)

)
dxdt

∣∣∣∣ ≤ ‖ϕ‖L2
x,t
‖L(ηn)

(
snH(ηn)

)
‖L2

x,t

.
√
sn‖ϕ‖L2

x,t
F(‖η0‖Hs , a−1)→ 0.
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Next we write

L(ηn)ηn − L(η)η =
(
L(ηn)− L(η)

)
ηn + L(ηn)(ηn − η)

=
µ+ + µ−

µ−
(
G−(ηn)J−(ηn)−G−(η)J−(η)

)
ηn + L(ηn)(ηn − η)

=
µ+ + µ−

µ−

{(
G−(ηn)−G−(η)

)
J−(ηn)ηn −G−(η)

(
J−(ηn)− J−(η)

)
ηn

}
+ L(ηn)(ηn − η).

Combining (2.2.32) and (2.2.20) we obtain

‖
(
G−(ηn)−G−(η)

)
J−(ηn)ηn‖L2([0,T∗];H

s− 3
2 )
≤ F(‖(ηn, η)‖L∞([0,T∗];Hs))‖ηn−η‖L2([0,T∗];H

s− 1
2 )
.

On the other hand, (2.2.20) and (2.4.1) yield

‖G−(η)
(
J−(ηn)−J−(η)

)
ηn‖L2([0,T∗];H

s− 3
2 )
≤ F(‖(ηn, η)‖L∞([0,T∗];Hs))‖ηn−η‖L2([0,T∗];H

s− 1
2 )
.

Finally, by (2.2.20) we have

‖L(ηn)(ηn − η)‖
L2([0,T∗];H

s− 3
2 )
≤ F(‖ηn‖L∞([0,T∗];Hs))‖ηn − η‖L2([0,T∗];H

s− 1
2 )
.

Putting together the above considerations, we obtain

∣∣∣∣∫ T∗

0

∫
Rd
ϕ
(
L(ηn)ηn − L(η)η

)∣∣∣∣ ≤ ‖ϕ‖L2
x,t
F(‖(ηn, η)‖L∞([0,T∗];Hs))‖ηn−η‖L2([0,T∗];H

s− 1
2 )
→ 0

by virtue of the strong convergence (2.5.35) and the uniform Hs bound in (2.5.4).

We have proved that

∫ T∗

0

η∂tϕdxdt =
1

µ+ + µ−

∫ T∗

0

∫
Rd
ϕL(η)(gη)dxdt
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for all compactly supported smooth test functions ϕ. Therefore, η is a solution on

[0, T∗] of the Muskat problem without surface tension.

Lemma 2.5.4. We have

inf
t∈[0,T∗]

inf
x∈Rd

RT(η(t)) ≥ 3

2
a. (2.5.39)

Proof. Set

K = [[B(ηn)J(ηn)]]ηn − [[B(η)J(η)]]η.

Arguing as in the proof of (2.5.11) we find that

‖K‖Hs−2 ≤ F(‖(ηn, η)‖Hs)‖ηn − η‖Hs−1

. F(‖η0‖Hs , a−1)‖ηn − η‖Hs−1 .

On the other hand, by estimating each term in K we have

‖K‖Hs−1 ≤ F(‖(ηn, η)‖Hs) . F(‖η0‖Hs , a−1).

Choosing s′ ∈ (max{d
2
, s − 2}, s − 1), then interpolating the above estimates gives

‖K‖L∞([0,T∗];L∞(Rd) ≤ F(‖η0‖Hs , a−1)‖ηn − η‖θL∞([0,T ];Hs−1)

for some θ ∈ (0, 1). Then, (2.5.39) follows from this and (2.5.5).

Now in view of the properties (2.5.34), (2.5.36) and (2.5.39) of η, we see that in

the proof of (2.5.19), if we replace η(s1) with ηn, η(s2) with η, and (s1, s2) with (sn, 0),
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then we obtain the convergence estimate

‖ηn − η‖L∞([0,T∗];Hs−1) + ‖ηn − η‖L2([0,T∗];H
s− 1

2 )
≤
√
snF(‖η0‖Hs , a−1). (2.5.40)

Furthermore, assume that η1 and η2 are two solutions on [0, T∗] of the Muskat problem

without surface tension with the same initial data η0 and that both satisfy (2.5.34),

(2.5.36) and (2.5.39). Then the proof of (2.5.19) with s1 = s2 = 0 yields that η1 ≡ η2

on [0, T∗]. This proves the uniqueness of η. In other words, we have obtained an

alternative proof for the local well-posedness of the Muskat problem without surface

tension for any subcritical data satisfying (2.5.1) and (2.5.2).

The next proposition improves the rate in (2.5.40) to the optimal rate.

Proposition 2.5.5. If in addition s ≥ 2, then

‖ηn − η‖L∞([0,T∗];Hs−2) + ‖ηn − η‖L2([0,T∗];H
s− 3

2 )
≤ sF(‖η0‖Hs , a−1), (2.5.41)

where F : R+ × R+ → R+ depends only on (h, s, µ±, g).

Proof. We follow the notation in the proof of Proposition 2.5.2 but set η1 = ηn and

η2 = η. Then, ηδ = ηn − η satisfies

(µ+ + µ−)∂tηδ = −g(Lδη1 + L2ηδ)− snL1H(η1). (2.5.42)

Applying (2.2.20) and (2.2.31) with σ = s − 3
2
≥ 1

2
yields

‖L1H(η1)‖
Hs− 5

2
≤ F(‖η1‖Hs)‖H(η1)‖

Hs− 3
2
≤ F(‖η1‖Hs)‖η1‖Hs+1

2
. (2.5.43)
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Next we paralinearize L2 and Lδ. For L2 we apply (2.2.26) with σ = s − 3
2
≥ 1

2

L2ηδ = Tλ2ηδ +O
Hs− 3

2→Hs− 5
2+δ(F(Ns))ηδ. (2.5.44)

Lδ can be written as in (2.5.23). Using (2.2.25) with σ = s − 3
2
≥ 1

2
together with

the fact that J−δ − J
+
δ = 0, we obtain

∑
±=+,−

G±2 J
±
δ =

∑
±=+,−

O
H̃

s− 3
2

± →Hs− 5
2+δ

(F(Ns))J
±
δ .

Applying Proposition 2.4.1 with σ = s − 3
2
≥ 1

2
, we obain

J±δ = O
Hs→H̃

s− 3
2

±
(‖ηδ‖Hs− 3

2
),

and hence

∑
±=+,−

G±2 J
±
δ = O

Hs→Hs− 5
2+δ(F(Ns)‖ηδ‖Hs− 3

2
).

On the other hand, Theorem 2.2.8 can be applied with σ = s − 3
2
≥ 1

2
, implying

∑
±=+,−

G±δ J
±
1 f = −Tλ1[[B1J1]]fηδ − T[[V1J1]]f · ∇ηδ +O

Hs→Hs− 5
2+δ

(
F(Ns)‖ηδ‖Hs− 3

2

)
f.

We thus obtain

Lδf = −Tλ1[[B1J1]]fηδ − T[[V1J1]]f · ∇ηδ +O
Hs→Hs− 5

2+δ(F(Ns)‖ηδ‖Hs− 3
2
)f. (2.5.45)

Applying this with f = η1, then combining with (2.5.44) and symmetrizing we arrive
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at

L2ηδ + Lδη1 = T(λ(1−[[BJ ]]η))αηδ − T([[VJ ]]η)α · ∇ηδ

+O
Hs− 3

2→Hs− 5
2+δ(F(Ns))ηδ +O

Hs→Hs− 5
2+δ(F(Ns)‖ηδ‖Hs− 3

2
)η1.

Plugging this and (2.5.43) into (2.5.20) leads to

(µ+ + µ−)∂tηδ = −gT(λ(1−[[BJ ]]η))αηδ + gT([[VJ ]]η)α · ∇ηδ +R′1 +R′2,

‖R′1‖Hs− 5
2+δ ≤ gF(Ns)‖ηδ‖Hs− 3

2
,

‖R′2‖Hs− 5
2
≤ snF(Ns)‖η1‖Hs+1

2
.

(2.5.46)

Next we set ηδ,s−2 = 〈D〉s−2ηδ and commute the first equation in (2.5.46) with 〈D〉s−2

to obtain after applying Theorem 2.6.3 that

(µ+ + µ−)∂tηδ,s−2 = −gT(λ(1−[[BJ ]]η))αηδ,s−2 + giRe
(
T([[VJ ]]η)α·ξ

)
ηδ,s−2 +R1 +R2,

‖R1‖H− 1
2+δ ≤ gF(Ns)‖ηδ,s−2‖H 1

2
,

‖R2‖H− 1
2
≤ snF(Ns)‖η1‖Hs+1

2
,

(2.5.47)

where F depends only on (h, s, µ±). An L2 energy estimate as in (2.5.29) yields

(µ+ + µ−)

2

d

dt
‖ηδ,s−2‖2

L2 +
g

QT∗
‖ηδ,s−2‖2

H
1
2

≤ gQT∗‖ηδ,s−2‖H 1
2−δ
‖ηδ,s−2‖H 1

2
+ snQT∗‖η1‖Hs+1

2
‖ηδ,s−2‖H 1

2
,

(2.5.48)

where QT∗ is given by (2.5.30). Interpolating as in (2.5.31) we obtain

(µ+ + µ−)

2

d

dt
‖ηδ,s−2‖2

L2 +
g

QT∗
‖ηδ,s−2‖2

H
1
2
≤ gQT1‖ηδ,s−2‖2

L2 + s2
nQT∗‖η1‖2

Hs+1
2
.

(2.5.49)
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From the uniform estimate (2.5.4) we have

∫ T∗

0

‖η1‖2

Hs+1
2
dt ≤ F(‖η0‖Hs , a−1).

Thus, applying Gönwall’s lemma to (2.5.49) we arrive at (2.5.41).

2.6 Paradifferential Calculus

In this appendix, we recall the symbolic calculus of Bony’s paradifferential calculus.

See [18,103].

Definition 2.6.1. 1. (Paradifferential symbols) Given ρ ∈ [0,∞) and m ∈ R, Γmρ (Rd)

denotes the space of locally bounded functions a(x, ξ) on Rd×(Rd\0), which are C∞

with respect to ξ for ξ 6= 0 and such that, for all α ∈ Nd and all ξ 6= 0, the function

x 7→ ∂αξ a(x, ξ) belongs to W ρ,∞(Rd) and there exists a constant Cα such that,

∀|ξ| ≥ 1

2
, ‖∂αξ a(·, ξ)‖W ρ,∞(Rd) ≤ Cα(1 + |ξ|)m−|α|.

Let a ∈ Γmρ (Rd), we define the semi-norm

Mm
ρ (a) = sup

|α|≤2(d+2)+ρ

sup
|ξ|≥ 1

2

‖(1 + |ξ|)|α|−m∂αξ a(·, ξ)‖W ρ,∞(Rd). (2.6.1)

2. (Paradifferential operators) Given a symbol a, we define the paradifferential op-

erator Ta by

T̂au(ξ) = (2π)−d
∫
χ(ξ − η, η)â(ξ − η, η)Ψ(η)û(η) dη, (2.6.2)

where â(θ, ξ) =
∫
e−ix·θa(x, ξ) dx is the Fourier transform of a with respect to the
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first variable; χ and Ψ are two fixed C∞ functions such that:

Ψ(η) = 0 for |η| ≤ 1

5
, Ψ(η) = 1 for |η| ≥ 1

4
, (2.6.3)

and χ(θ, η) satisfies, for 0 < ε1 < ε2 small enough,

χ(θ, η) = 1 if |θ| ≤ ε1|η|, χ(θ, η) = 0 if |θ| ≥ ε2|η|,

and such that

∀(θ, η), |∂αθ ∂βηχ(θ, η)| ≤ Cα,β(1 + |η|)−|α|−|β|.

Theorem 2.6.2. For all m ∈ R, if a ∈ Γm0 then

Ta = OOpm
(
Mm

0 (a)
)
. (2.6.4)

Theorem 2.6.3 (Symbolic calculus). Let a ∈ Γmr , a
′ ∈ Γm

′
r and set δ = min{1, r}.

Then,

(i)

TaTa′ = Taa′ +OOpm+m′−δ

(
Mm

r (a)Mm′

0 (a′) +Mm1
0 (a)Mm′

r (a′)
)

; (2.6.5)

(ii)

T ∗a = Ta +OOpm−δ
(
Mm

r (a)
)
. (2.6.6)

Remark 2.6.4. In the definition (2.6.2) of paradifferential operators, the cut-off Ψ

removes the low frequency part of u. In particular, if a ∈ Γm0 then

‖Tau‖Hσ ≤ CMm
0 (a)‖∇u‖Hσ+m−1 = CMm

0 (a)‖u‖Hσ+m,1 ,
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and similarly for other estimates involving paradifferential operators.

Proposition 2.6.5 (G̊arding’s inequality). Assume a ∈ Γmr with m ∈ R and r ∈ (0, 1]

such that for some c > 0

inf
(x,ξ)∈Rd×(Rd\{0})

Re(a(x, ξ)) ≥ c|ξ|m. (2.6.7)

Then, for all σ ∈ R, there exists F : R+ × R+ → R+ nondecreasing such that

‖Ψ(D)u‖2

H
m
2
≤ F(Mm

r (a), c−1)
(

Re(Tau, u)L2 + ‖u‖2

H1,m−r2

)
(2.6.8)

and

‖Ψ(D)u‖2

H
m
2
≤ F(Mm

r (a), c−1)
(

Re(Tau, u)L2 + ‖u‖
H
m
2
‖u‖

H1,m2 −r

)
(2.6.9)

provided that both sides are finite. Here, Ψ(D) is the Fourier multiplier with symbol

Ψ given by (2.6.3).

Proof. We have

Re(Tau, u)L2 =
1

2

(
(Tau, u)L2 + (T ∗au, u)L2

)
= (TRe(a)u, u)L2 +

1

2
((T ∗a − Ta)u, u)L2).

According to Theorem 2.6.3 (ii), T ∗a − Ta is of order m− r and

‖((T ∗a − Ta)u, u)L2)‖ ≤ ‖(T ∗a − Ta)u‖Hm−r
2
‖u‖

H
m−r

2
≤ CMm

r (a)‖u‖2

H
m−r

2
.

Set b = (Re(a))
1
2 . By virtue of (2.6.7) we have b ∈ Γ

m
2
r and M

m
2
r (b) ≤ F(Mm

r (a)).
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We write

(TRe(a)u, u)L2 = (TbTbu, u)L2 + ((Tb2 − TbTb)u, u)L2

= (Tbu, T
∗
b u)L2 + ((Tb2 − TbTb)u, u)L2

= ‖Tbu‖2
L2 + (Tbu, (T

∗
b − Tb)u)L2 + ((Tb2 − TbTb)u, u)L2 .

Applying Theorem 2.6.3 (ii) once again we deduce that T ∗b −Tb is of order m
2
− r and

∣∣(Tbu, (T ∗b − Tb)u)L2

∣∣ ≤ ‖Tbu‖H− r2 ‖(T ∗b − Tb)u)L2‖
H
r
2
≤ F(Mm

r (a), c−1)‖u‖2

H1,m−r2
,

where we used Remark 2.6.4 in the last inequality. On the other hand, an application

of Theorem 2.6.3 (i) yields

∣∣((Tb2 − TbTb)u, u)L2

∣∣ ≤ F(Mm
r (a), c−1)‖u‖2

H1,m−r2
.

Thus, we obtain

‖Tbu‖2
L2 ≤ (TRe(a)u, u)L2 + F(Mm

r (a), c−1)‖u‖2

H1,m−r2
. (2.6.10)

By shifting derivative differently in the above inner products, we have the variant

‖Tbu‖2
L2 ≤ (TRe(a)u, u)L2 + F(Mm

r (a), c−1)‖u‖
H1,m2
‖u‖

H1,m2 −r . (2.6.11)

Next we note that Tb−1Tb −Ψ(D) = Tb−1Tb − T1 is of order −r and

‖Ψ(D)u‖
H
m
2

= ‖Tb−1Tbu‖Hm
2

+ ‖(Tb−1Tb −Ψ(D))u‖
H
m
2

≤ F(Mm
r (a), c−1)‖Tbu‖L2 + F(Mm

r (a), c−1)‖u‖
H1,m2 −r .

(2.6.12)

Finally, a combination of (2.6.10) and (2.6.12) leads to (2.6.8), and a combination
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of (2.6.11) and (2.6.12) leads to (2.6.9).

The proof of (2.6.12) also proves the following lemma.

Lemma 2.6.6. Let a ∈ Γmr , r ∈ (0, 1], be a real symbol satisfying a(x, ξ) ≥ c|ξ|m for

all (x, ξ) ∈ Rd × Rd. Then for all s ∈ R we have

‖Ψ(D)u‖Hs ≤ F(Mm
r (a), c−1)‖Tau‖Hs−m + F(Mm

r (a), c−1)‖u‖H1,s−r . (2.6.13)



Chapter Three

Scattering map for the Vlasov–Poisson

system

Joint work with Zhimeng Ouyang, Benôıt Pausader, and Klaus Widmayer.

3.1 Introduction

The three dimensional Vlasov-Poisson system describes the evolution of a particle

distribution1 µ(t, x, v) : R× R3 × R3 → R satisfying

(∂t + v · ∇x)µ+ λ∇xψ · ∇vµ = 0, ∆xψ(t, x) = ρ(t, x), ρ(t, x) =

∫
R3

µ2(t, x, v)dv.

(3.1.1)

1To be precise, the physically relevant quantity f(t, x, v) = µ2(t, x, v) is the square of our
unknown µ – see also [91].

72
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This is a model for a continuum limit of a classical many-body problem with New-

tonian self-interactions through a force field ∇xψ that can be attractive (λ = −1)

as in a galactic setting, or repulsive (λ = 1) as in a plasma or ion gas, and which is

generated by the spatial density ρ(t, x) of the particle distribution.

The mathematical theory for the initial value problem associated to (3.1.1) is

classical and guarantees the global existence of unique solutions under suitable as-

sumptions on the initial data [11,98,116,117]. In recent years there has been progress

in understanding the long time asymptotic behavior: sharp decay rates of the den-

sity and force field are known in some settings [87, 89, 113, 115, 126, 130], and it has

been shown that for sufficiently small initial data µ0 the problem (3.1.1) exhibits a

modified scattering dynamic [33,91] defined in terms of a limit distribution µ∞ and

an asymptotic force field E∞[µ∞], defined by inverting the roles of x and v:

E∞[µ](v) :=
1

4π

∫∫
v − w
|v − w|3

· µ2(y, w) dydw. (3.1.2)

In this paper, using pseudo-conformal inversion, we prove the converse statement,

namely that any solution of the asymptotic dynamic arises in a unique way as a limit

of a solution to (3.1.1), i.e. we construct the wave operator µ∞ 7→ µ0. Thus we obtain

the existence of a scattering operator linking the asymptotic behavior in the past to

the asymptotic behavior in the future (µ−∞ 7→ µ0 7→ µ+∞).

Our main results can be summarized as follows:

Theorem 3.1.1. There exists ε > 0 such that:
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1. (Global existence and modified scattering) Given µ1(x, v) satisfying

‖µ1‖L2
x,v

+
∥∥〈x− v〉2µ1

∥∥
L∞x,v

+ ‖∇x,vµ1‖L∞x,v ≤ ε, (3.1.3)

there exists a unique global strong solution µ of the initial value problem for

(3.1.1) with µ(1, x, v) = µ1(x, v). In addition, there exist µ∞(x, v) and E∞ =

E∞[µ∞] as in (3.1.2) such that, locally uniformly in (x, v),

µ(t, x+ tv − λ ln(t)E∞(v), v)→ µ∞(x, v), t→ +∞. (3.1.4)

2. (Existence of modified wave operators) Given µ∞ ∈ W 2,∞(R3
x×R3

v) and E∞ =

E∞[µ∞] ∈ W 3,∞(R3) as in (3.1.2) satisfying

‖µ∞‖L2
x,v

+
∥∥〈x〉5µ∞∥∥L∞x,v+‖〈x〉∇x,vµ∞‖L∞x,v+‖〈x〉

2∇2
x,vµ∞‖L∞x,v+‖E∞‖W 3,∞ <∞,

(3.1.5)

there exists a unique strong global solution µ of (3.1.1) for which (3.1.4) holds.

3. (Scattering map) For any asymptotic state µ−∞ with E−∞ =E∞[µ−∞] ∈

W 3,∞(R3) as in (3.1.2),

‖µ−∞‖L2
x,v

+ ‖〈x, v〉5µ−∞‖L∞x,v + ‖〈x〉∇x,vµ−∞‖L∞x,v + ‖〈x〉2∇2
x,vµ−∞‖L∞x,v ≤ ε,

there exist a unique strong solution µ of (3.1.1), µ+∞ ∈ L2
x,v ∩ L∞x,v and

E+∞ = E∞[µ+∞] such that

µ(t, x+ tv ∓ λ ln(〈t〉)E±∞(v), v)→ µ±∞(x, v), t→ ±∞. (3.1.6)

We call the map defined in a neighborhood of the origin in the Schwartz space
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through 3 above,

S : µ−∞ 7→ µ+∞ (3.1.7)

the Scattering map. We refer to Theorem 3.3.1 for a more precise statement of our

results for 1 and to Theorem 3.4.1 for a more precise statement of 2. In particular

we note that the force field has optimal decay |∇ψ| . 〈t〉−2 in all cases.

Remark. We comment on some points:

1. The main novelty of this work is the construction of the wave operator 2. While

the small data modified scattering dynamic (3.1.4) was already obtained in [91],

the present result 1 is also of interest since it is stronger and the approach, while

less generalizable, leads to a simple derivation of the asymptotic dynamic. We

also refer to [114] for yet another point of view on the modified scattering as

arising from mixing.

2. Our topology for small data/modified scattering in (3.1.5) is weaker than in all

other works on asymptotic behavior that we are aware of [11,33,87,91,113,126,

130]. It is unclear what the optimal topology is, but to get almost Lipschitz

bounds on the force field, by (3.1.9), one cannot work in a much weaker setting

than ours.

3. We also obtain propagation of regularity: assuming more regularity on the

initial data we obtain higher regularity on the final (scattering) data and vice-

versa.

4. Our initial data for scattering may have infinite energy and momentum; in

addition, a simple modification also allows for initial data of infinite mass.

It is unclear which role (if any) the physical conservation laws play for the

asymptotic behavior.
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5. It is worth noting a curious fact: our proof can be adapted directly to the

case of a plasma of two species (ions and electrons). In this case, using 2, one

can construct solutions for which the asymptotic electric field profile E∞ ≡ 0

vanishes and the solutions scatter linearly. In this case, the same equation

allows two different asymptotic behaviors. It remains to be understood to

which extent the linear scattering is nongeneric (say in case the total charge

vanishes).

About the Proof of Theorem 3.1.1

In the spirit of the prior work [91] (see also [61, 62, 95, 96]), we build on parallels

between kinetic and dispersive equations. In particular, the Hamiltonian structure

of (3.1.1) guides our analysis.

The simplest case for asymptotic behavior of a nonlinear equation is linear scat-

tering when the nonlinearity can simply be neglected to model asymptotic dynam-

ics. For the Vlasov-Poisson system, this happens in the setting of Landau damp-

ing [14, 65, 106], the ion/screened problem [15, 82], and in higher dimensions [126],

where solutions asymptotically satisfy T (µ) = 0 with T defined in (3.1.11). The

asymptotic behavior of modified scattering as in (3.1.4) and (3.1.6) can be viewed

as a manifestation of the unrelenting relevance of nonlinear interactions in (3.1.1)

throughout time. In (3.1.1) the nonlinear, long-range interactions are governed by

a force field which does not decay fast enough to produce only a finite correction as

time tends to infinity and produces the logarithmic corrections identified in the above

theorem – see also [33,91,114] for the Vlasov-Poisson setting, and [83,84,88,93,111]

for related results on other equations.
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In order to understand the asymptotic behavior, we need to (i) identify a mech-

anism for decay (here dispersion), (ii) prove global existence, (iii) isolate an asymp-

totic dynamic and (iv) prove convergence to it. We offload the dispersion to the

pseudo-conformal transform I which compactifies time and reduces global existence

to local existence for a singular equation in the transformed unknown

γ(s, q, p) := µ(
1

s
,
q

s
, q − sp), (s, q, p) ∈ R× R3 × R3, (3.1.8)

see also [21,26,34,129] for similar ideas. At this point, the problem merely reduces to

establishing convergence at the image of infinity, s = 0, where, however, the equation

has a violent singularity. We extend the force field E = −∇ψ via a variant of the

continuity equation:

∂sE +∇∆−1div(j) = 0, j(s, q) =

∫
pγ2(s, q, p)dp, (3.1.9)

which does not involve the (singular) acceleration and provides good control of E so

long as we control some moments of γ. Once we obtain convergence of E to a fixed

asymptotic field E0, the equation becomes a simple perturbation of transport by a

shear term:

(
∂s + λs−1E0(q) · ∇p

)
γ = O(1),

which is easily integrated to recover the dynamic originally isolated in [91]. To make

this rigorous, we need to propagate mild control on appropriate norms. This is

done through a bootstrap that allows some deterioration over time in different ways

depending on the scenarios: growth of nonconvergent norms in the case of modified

scattering and loss of moment in the case of wave operators (where we start from

the singular time s = 0).
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The proof of part 1 shows how natural the pseudo-conformal inversion I is to

study asymptotics of (3.1.1): working with only moments that are conserved in

the linear evolution of (3.1.1) one directly obtains global solutions in a bootstrap

argument. Additional regularity as in (3.1.3) is easily propagated to yield unique

strong solutions and to recover the asymptotic behavior (3.1.4) – see Section 3.3.

Part 2 is proved using a canonical change of variables in (3.1.14) to mitigate the

strong singularity at s = 0 – see Section 3.4. The Cauchy problem for the resulting

equations (3.4.7) can in fact be (locally) solved starting from s = 0 for a sufficiently

large class of initial data as in (3.1.5). Again, moments are easily bootstrapped,

while propagating derivatives requires us to identify a proper weighted norm which

compensates for the ill-conditioned Hessian of the new Hamiltonian by allowing one

loss of moment. Since via I this corresponds to a strong solution on [T,∞) for some

T > 0, classical theory as in [98] then gives a global solution.

Finally 3 follows simply by combining 2 (backwards in time) to go from past-

asymptotic data to initial data and 1 to go from initial data to future asymptotic

data.

While it may be less intuitive, using the pseudo-conformal transformation sim-

plifies the presentation over the physical space analysis as in [91], and quickly leads

to the natural modified scattering behavior. It also sheds new light on some classical

decay estimates like (3.1.15).

Open Questions

We list some open questions which remain outstanding:
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• Is there a topology that makes the scattering operator in (3.1.7) an endomor-

phism?

• In the plasma case λ = +1, what is the asymptotic behavior for large data?

Solutions are global, there are no nontrivial equilibriums and the wave opera-

tors are defined for large data, so it is tempting to believe that Theorem 3.1.1

may be extended to all solutions (see [89, 115, 118] and references therein for

general results in this direction, and [113, 119] for the case of more symmetric

data).

• In the gravitational case λ = −1, is there a “ground state”, i.e. a smallest

solution which does not scatter? Are there solutions which satisfy some form

of modified scattering towards a nonzero stationary solution (of which there are

many, see e.g. [75, 95, 105])? This appears very challenging, but we note [114]

for an example of a stability result around a nonzero equilibrium in a related

setting and [48,77] for related works.

3.1.1 Pseudo-Conformal Inversion

We define the involution of R × R3 × R3 given by the pseudo-conformal inversion

(see also [95])

I : (t, x, v) 7→ (1/t, x/t, x− tv). (3.1.10)

This transformation interacts favorably with free streaming,

T := ∂t + v · ∇x, (3.1.11)
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since heuristically it exchanges the role of v with that of x − tv, both of which are

conserved along the evolution (i.e. commute with T ). Indeed, one can observe that

if (s, q, p) = I(t, x, v),

∂s = −s−2 (∂t + q · ∇x)− p · ∇v, ∇q = s−1∇x +∇v, ∇p = −s∇v,

and

T (f ◦ I) = −s−2T (f) ◦ I.

so that composition with I preserves the class of solutions of free streaming T f = 0.

The transformation I is almost symplectic in the sense that dq∧dp = −dx∧dv, and

in particular the total charge is preserved:

∫∫
(f ◦ I)2dqdp =

∫∫
f 2dxdv.

Recasting Vlasov-Poisson

Given a solution µ(t, x, v) of (3.1.1), we let γ = µ ◦ I, so that

γ(s, q, p) := µ(
1

s
,
q

s
, q − sp), µ(t, x, v) = γ(

1

t
,
x

t
, x− tv). (3.1.12)

The Vlasov-Poisson system involves a perturbation of free streaming (3.1.11) by a

force field (in this paper, we stick to the plasma terminology and refer to it as the

“Electric field”):

E[µ](t, x) := ∇x∆
−1
x

∫
µ2(t, x, v)dv =

1

4π

∫∫
x− y
|x− y|3

· µ2(t, y, v)dvdy, (3.1.13)
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which also transforms naturally:

E[µ](t, tx) =
1

t2
E[γ](

1

t
, x),

and we see that µ solves (3.1.1) on 0 ≤ T∗ ≤ t ≤ T ∗ if and only if γ satisfies for

0 ≤ (T ∗)−1 ≤ s ≤ (T∗)
−1

(∂s + p · ∇q) γ + λs−1E[γ] · ∇pγ = 0. (3.1.14)

Remark. The natural energy estimate for (3.1.14) is

−s2 d

ds

(∫∫
|p|2γ2(s, q, p) dqdp+

λ

s

∫
|E[γ](q)|2 dq

)
= λ

∫
|E[γ](q)|2 dq (3.1.15)

which, after rescaling, recovers one of the main integral estimates in [89, 115] and

leads, for λ > 0, to the optimal control of E[γ] ∈ L∞s L2
q.

2

3.2 The Force Field and the Continuity Equation

To prove both the modified scattering and wave operator theorems, we require gen-

eral estimates on the electric field E defined in (3.1.13). In Lemma 3.2.1, we prove

fix-time bounds on the operator γ 7→ E. In Lemma 3.2.2 we obtain dynamic bounds

for an electric field E = E[γ] provided γ satisfies (3.2.8), a slight strengthening of

the continuity equation.

Lemma 3.2.1. Let γ = γ(q, p) be such that γ ∈ L2
q,p, 〈p〉2γ ∈ L∞q,p and ∇qγ ∈ L∞q,p

2This in turn implies the optimal decay rate of ‖E[µ](t)‖L2
x
. 〈t〉−1/2 in the original variables.
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and E = E[γ] defined by (3.1.13). For all A > 0 and κ ∈ (0, 1/3) we have

‖E‖L∞q . A
[
‖γ‖2

L2
q,p

+ ‖γ‖2
L∞q,p

]
+ A−1‖|p|2γ‖2

L∞q,p
,

‖∇qE(s)‖L∞q . A‖γ‖2
L2
q,p

+ A−
κ
3 ‖|p|2γ‖2

L∞q,p
+ Aκ−

1
3‖γ‖L∞q,p‖∇qγ‖L∞q,p .

(3.2.1)

In fact, we will mostly make use of the second line of (3.2.1) corresponding to

the choice A = 〈ln(s)〉4, κ = 1
30

, i.e. the bound

‖∇qE(s)‖L∞q . 〈ln(s)〉4‖γ‖2
L2
q,p

+ ‖|p|2γ‖2
L∞q,p

+ 〈ln(s)〉−
6
5‖γ‖L∞q,p‖∇qγ‖L∞q,p . (3.2.2)

Remark. In the estimates of this section, up to minor modifications one may alter-

natively work with the 〈p〉−1L4
q,p norm of γ, rather than its L2

q,p norm. This allows

to consider initial data with infinite mass – see also Remark 3.1 (4).

Proof of Lemma 3.2.1. We decompose the electric field on different scales using a

radially symmetric function χ ∈ C∞c ({1/2 ≤ |y| ≤ 2}) with
∫
R3 χ(y)dy = 1, namely

Ej[γ](q) = c

∫ ∞
R=0

Ej
R(q)

dR

R2
, Ej

R[γ](q) :=

∫∫
R−1{∂qjχ}(R−1(q − r)) · γ2(r, u) drdu,

and we directly obtain the following elementary bounds

|Ej
R| . R−1‖γ‖2

L2
q,p
, |∂qEj

R| . R−2‖γ‖2
L2
q,p
, (3.2.3)

which is enough for large R. To go further, we introduce

Ej
R,V [γ](q) :=

∫∫
R−1{∂qjχ}(R−1(q − r)) · χ(V −1u) · γ2(r, u) drdu,
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with Ej[γ](q) = c
∫∞
R=0

∫∞
V=0

Ej
R,V (q)dV

V
dR
R2 and we estimate

|Ej
R,V | . R2 min{V 3‖γ‖2

L∞q,p
, V −1‖|p|2γ‖2

L∞q,p
},

|∂qEj
R,V | . Rmin{V −1‖|p|2γ‖2

L∞q,p
, RV 3‖∇qγ‖L∞q,p‖γ‖L∞q,p}.

(3.2.4)

From this we deduce that

|Ej[γ]| .
∫ ∞
R=A

|Ej
R|
dR

R2
+

∫ A

R=0

∫ B

V=0

|Ej
R,V |

dR

R2

dV

V
+

∫ A

R=0

∫ ∞
V=B

|Ej
R,V |

dR

R2

dV

V

. A−2‖γ‖2
L2
q,p

+ AB3‖γ‖2
L∞q,p

+ AB−1‖|p|2γ‖2
L∞q,p

and choosing A = B−1, we obtain the first line of (3.2.1). Similarly, we see that for

κ ∈ (0, 1/3)

|∂qEj| .
∫ ∞
R=A

|∂qEj
R|
dR

R2
+

∫ A

R=0

∫ R−κ

V=0

|∂qEj
R,V |

dV

V

dR

R2
+

∫ A

R=0

∫ ∞
V=R−κ

|∂qEj
R,V |

dV

V

dR

R2

. A−3‖γ‖2
L2
q,p

+ Aκ‖|p|2γ‖2
L∞q,p

+ A1−3κ‖γ‖L∞q,p‖∇qγ‖L∞q,p .

After substituting A with A−1/3, this gives the second line of (3.2.1).
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Lemma 3.2.2. Fix 0 < s0 < s1 and let γ ∈ L∞s ([s0, s1];L2
q,p).

1. Assuming that E = E[γ] satisfies (3.1.9), we see that

‖E(s1)− E(s0)‖L∞q . 〈ln(s1 − s0)〉(s1 − s0)‖j‖L∞s,q + (s1 − s0)2
[
‖〈p〉2γ‖2

L∞s,q,p
+ ‖γ‖2

L∞s L2
q,p

]
.

(3.2.5)

We also have the corresponding estimate for ∇qE = ∇qE[γ]:

‖∇qE(s1)−∇qE(s0)‖L∞q . 〈ln(s1 − s0)〉(s1 − s0)‖∇qj‖L∞s,q

+ (s1 − s0)2
[
‖〈p〉4γ‖2

L∞s,q,p
+ ‖∇qγ‖2

L∞s,q,p
+ ‖γ‖2

L∞s L2
q,p

]
,

(3.2.6)

from which we deduce

‖∇qE(s1)−∇qE(s0)‖L∞q . 〈ln(s1 − s0)〉(s1 − s0)
[
‖〈p〉5γ‖2

L∞s,q,p
+ ‖∇qγ‖2

L∞s,q,p
+ ‖γ‖2

L∞s L2
q,p

]
.

(3.2.7)

2. If γ satisfies a slight strengthening of the continuity equation (3.1.9), namely

∂s
{
γ2
}

+ divq
{
pγ2
}

+ divp{Fγ2} = 0 (3.2.8)

for some force-field F (s, q), then for E = E[γ] there holds that

‖E(s1)− E(s0)‖L∞q . 〈ln(s1 − s0)〉2(s1 − s0)‖|p|2γ‖2
L∞s,q,p

+ (s1 − s0)2
[
‖γ‖2

L∞s,q,p
+ ‖γ‖2

L∞s L2
q,p

]
+ (s1 − s0)3〈ln(s1/s0)〉‖〈p〉2γ‖2

L∞s,q,p
‖sF‖L∞s,q .

(3.2.9)
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Proof. We start with 2: using (3.2.3) and (3.2.4) we see that for s ∈ {s0, s1},

∫ ∞
R=A−1

|ER(s)|dR
R2

. A2‖γ(s)‖2
L2
q,p
,

∫ A2

R=0

|ER(s)|dR
R2

. A2‖〈p〉2γ(s)‖2
L∞q,p

,

(3.2.10)

and

∫ A−1

R=0

∫ B

V=0

|ER,V (s)|dR
R2

dV

V
. A−1B3‖γ(s)‖2

L∞q,p
,∫ A−1

R=0

∫ ∞
V=B−3

|ER,V (s)|dR
R2

dV

V
. A−1B3‖|p|2γ(s)‖2

L∞q,p
,

and we conclude that

|E(s)−
∫ A−1

R=A2

ER,a(s)
dR

R2
| ≤ A−1B3‖〈p〉2γ‖2

L∞q,p
+ A2

[
‖γ‖2

L2
q,p

+ ‖〈p〉2γ‖2
L∞q,p

]
,

ER,a :=

∫∫
R−1{∂qjχ}(R−1(q − r)) · χ{B≤·≤B−3}(u) · γ2(r, u) drdu,

where

χ{B≤·≤B−3}(u) =

∫
{B≤V≤B−3}

χ(V −1u)
dV

V
.

On the other hand, using the equation (3.2.8) we find that

0 =

∫ s1

s=s0

∫∫
R−1{∂qjχ}(R−1(q − r)) · χ{B≤·≤B−3}(u) ·

{
∂sγ

2 + divr(γ
2u) + divu(Fγ

2)
}
drduds,

= ER,a(s1)− ER,a(s0) +

∫ s1

s=s0

∫∫
R−2uk{∂qj∂qkχ}(R−1(q − r)) · χ{B≤·≤B−3}(u) · γ2(s, r, u) drduds,

−
∫ s1

s=s0

∫∫
R−1∂qjχ(R−1(q − r)) · γ2(s, r, u) · (F · ∇u)χ{B≤·≤B−3}(u) drduds.

(3.2.11)

Since

∣∣∇uχ{B≤·≤B−3}(u)
∣∣ . B−11{|u|≤2B} +B31{|u|≥B−3/2},
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we see that∣∣∣∣∫∫ R−1∂qjχ(R−1(q − r)) · γ2(r, u) · (F · ∇u)χ{B≤·≤B−3}(u)drdu

∣∣∣∣
.‖sF‖L∞q · s

−1R2 ·
[
B2‖γ‖2

L∞q,p
+B6‖|p|2γ‖2

L∞q,p

]
and using a crude bound for the second integral in (3.2.11), we find that

|
∫ A−1

R=A2

{ER,a(s1)− ER,a(s0)} dR
R2
| . (s1 − s0) · ‖|u|2γ‖2

L∞s,r,u
·
∫ A−1

R=A2

dR

R
·
∫ B−3

V=B

dV

V

+ 〈ln(s1/s0)〉 · ‖sF‖L∞s,q · A
−1B2‖〈p〉2γ‖2

L∞s,q,p
.

Letting B = A2 = (s1− s0)2, we obtain the result. For the variant (3.2.5), we do not

localize in u. In this case, we need only use (3.2.10) and the last term in (3.2.11)

simplifies. We detail this in the similar analysis of ∇qE in (i) below.

For 1 we use a similar analysis without localizing in u. Passing the derivative

onto γ gives

∫ ∞
R=A−

2
3

|∇qER(s)|dR
R2

. A2‖γ(s)‖2
L2
q,p
,

∫ A2

R=0

|∇qER(s)|dR
R2

. A2‖∇qγ(s)‖L∞q,p · ‖〈p〉
4γ(s)‖L∞q,p ,

and the continuity equation (3.2.8) gives

0 =

∫ s1

s=s0

∫∫
R−1{∂qjχ}(R−1(q − r)) · ∂j

{
∂sγ

2 + divr(γ
2u)
}
drduds

= ∂jER(s1)− ∂jER(s0) + 2

∫ s1

s=s0

∫∫
R−2uk{∂qj∂qkχ}(R−1(q − r)) · γ · ∇qγ(r, u) drduds,

from which we deduce that

‖∇qER(s1)−∇qER(s0)‖L∞q,p . (s1 − s0) ·R · ‖〈p〉5γ‖L∞s,q,p‖∇qγ‖L∞s,q,p

and integrating in A2 ≤ R ≤ A−1, we obtain (3.2.7).
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Finally we collect the modifications of Lemma 3.2.1 and 3.2.2 above needed to

consider smoother solutions. The proofs are similar (passing the derivative through

the density) and are omitted.

Lemma 3.2.3. There holds that for all κ ∈ (0, 1
3
),

‖∇2
qE‖L∞q . A‖γ‖2

L2
q,p

+ A−
κ
4 ‖|p|4γ‖L∞q,p‖∇qγ‖L∞q,p + A

3κ−1
4 ‖γ‖L∞q,p‖∇

2
qγ‖L∞q,p

and

‖∇2
qE(s1)−∇2

qE(s0)‖L∞q . 〈ln(s1 − s0)〉(s1 − s0)‖∇2
qj‖L∞s,q

+ (s1 − s0)2
[
‖γ‖2

L∞s L2
q,p

+ ‖〈p〉5γ‖L∞s,q,p‖∇
2
qγ‖L∞s,q,p + ‖〈p〉2.1∇qγ‖2

L∞s,q,p

]
.

3.3 Modified Scattering

While we only need to study (3.1.14) on a compact time interval, this equation is

now time dependent with a violent singularity at s = 0. This can be mitigated since

the singular terms (
∂s + λs−1E(s, q) · ∇p

)
γ = l.o.t.

can be integrated to main order:

Γ(s, q, p) = γ(s, q, p+ λ

∫ s

s′=1

E(s′, q)
ds′

s′
), γ(s, q, p) = Γ(s, q, p− λ

∫ s

s′=1

E(s′, q)
ds′

s′
).

(3.3.1)

Since Γ satisfies an equivalent but more cumbersome equation, we prefer to work

with (3.1.14) to bootstrap control of the norms, but a variant of (3.3.1) leads quickly

to the modified dynamics (3.3.5) once E is shown to converge.
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The main result of this section is the following statement about modified scat-

tering:

Theorem 3.3.1. There exists ε > 0 such that if γ1(q, p) satisfies

‖γ1‖L2
q,p

+ ‖〈p〉2γ1‖L∞q,p + ‖∇p,qγ1‖L∞q,p ≤ ε0 ≤ ε, (3.3.2)

then there exists a unique solution γ of (3.1.14) with “initial” data γ(s = 1) = γ1

for all times 0 < s ≤ 1, and γ ∈ L∞s ((0, 1], L∞q,p ∩ L2
q,p) satisfies

∥∥〈p〉2γ(s)
∥∥
L∞q,p

. ε0〈ln(s)〉2, ‖∇p,qγ(s)‖L∞q,p . ε0〈ln(s)〉5. (3.3.3)

If in addition

‖〈p〉∇p,qγ1‖L∞q,p ≤ ε0, (3.3.4)

then ‖〈p〉∇p,qγ(s)‖L∞q,p . ε0〈ln(s)〉6 and there exist E0 = E[γ0] ∈ L∞q and γ0 ∈ L∞q,p

such that, uniformly in q, p,

γ(s, q + ps + λs ln(s)E0(q), p+ λ ln(s)E0(q))→ γ0(q, p), s → 0. (3.3.5)

Remark. We comment on some points of interest:

1. In fact, as we will show below one can obtain global solutions in a bootstrap

argument involving only the moments 〈p〉2γ. The higher regularity of (3.3.2)

is only used to make sense of the equations in a stronger sense.

2. The assumption (3.3.4) is used to guarantee the convergence (3.3.5). We note

that this statement is slightly different from the one in Theorem 3.1.1, in that

in (3.3.4) we start with uniform control of one additional moment in p on the

gradients and obtain uniform (rather than local) convergence in (3.3.5). The
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proofs are easily adapted to establish the corresponding local statement under

local assumptions as in Theorem 3.1.1.

3. Our proof of Theorem 3.3.1 shows that control of higher moments (in both p

and q) as well as higher regularity can be propagated. For higher moments in

p this is explicitly done in Proposition 3.3.3, and from this the propagation of

moments in q follows by the commutation relations (3.3.11). For higher regu-

larity, by (3.3.11) one needs control of derivatives of the electric field; these in

turn can be directly bounded by derivatives of γ via an adaptation of Lemmas

3.2.1 and 3.2.2 (see e.g. Lemma 3.2.3 for one additional derivative). As a conse-

quence, given more regularity and/or moments on a solution, the convergence

(3.3.5) can then be shown to hold in a correspondingly strengthened topology.

4. The convergence (3.3.5) implies the asymptotic dynamic (3.1.4) of Theorem

3.1.1: Letting

A : (s, q, p) 7→ (s, q + ps + λs ln(s)E0(q), p+ λ ln(s)E0(q)), (3.3.6)

by I2 = Id there holds that

γ ◦ A(s, q, p) = µ ◦ (I ◦ A)(s, q, p) = µ

(
1

s
,
q

s
+ p+ λ ln(s)E0(q), q

)
, (3.3.7)

which gives (3.1.4) with µ∞(x, v) = γ0(v, x) by relabeling the arguments.

The proof of Theorem 3.3.1 makes frequent use of the fact that (3.1.14) is a trans-

port equation and we can propagate uniform bounds using the maximum principle

along the characteristics. In particular, writing

L := ∂s + p · ∇q + λs−1E · ∇p, L[f ] = ∂sf + divq,p
{

(p, λs−1E(q)) · f
}

(3.3.8)
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we have that if h is a strong solution in a neighborhood of s = 1 to

L[h] = F (s, q, p) (3.3.9)

with h(1) ∈ Lrq,p for some r ≥ 1, then since the transport field is divergence free

there holds that

‖h(s)‖Lrq,p ≤ ‖h(1)‖Lrq,p +

∫ 1

s

‖F (s′)‖Lrq,p ds
′ (3.3.10)

for all 0 ≤ s ≤ 1 in the interval of existence.

3.3.1 Commutation Relations

Now consider a solution γ to (3.1.14), i.e. L[γ] = 0. In order to decide which equation

we want to use, it will be convenient to compute some commutation relations: For

any m,n ∈ {1, 2, 3} we have

L[qmγ] = L[qm]γ = pmγ, L[pmγ] = λs−1Emγ,

L[∂qmγ] = ∂qm(L[γ])− (∂qmL)[γ] = −λs−1∂qmE
j∂pjγ, L[∂pmγ] = −∂qmγ,

(3.3.11)

and we also remark that

L[pm∂qnγ] = −λs−1pm∂qnE
j∂pjγ + λs−1Em∂qnγ,

L[pm∂pnγ] = −pm∂qnγ + λs−1Em∂pnγ.

(3.3.12)
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3.3.2 Bootstrap and Global Existence

As a first step we see that so long as the electric field remains bounded, we can

propagate all the moments we want.

Lemma 3.3.2. Let γ be a strong solution of (3.1.14) on T ∗ ≤ s ≤ 1 with “initial”

data γ(s = 1) = γ1. Assume that γ1 satisfies for some a ∈ N, r ∈ [2,∞] that

‖〈p〉aγ1‖Lrq,p ≤ ε0, (3.3.13)

and that

|E(s, q)| ≤ D, T ∗ ≤ s ≤ 1. (3.3.14)

Then there holds that

‖γ(s)‖Lrq,p ≤ ε0,

‖〈p〉aγ(s)‖Lrq,p ≤ ε0 + aDε0〈ln(s)〉a.
(3.3.15)

Proof. The proof follows by applying (3.3.11) and (3.3.10) inductively to pβγ, β ∈ N3
0,

with |β| ≤ a.

Proposition 3.3.3. Let 0 < ε0 ≤ ε1 � 1, and let γ be a solution of (3.1.14) on

T ∗ ≤ s ≤ 1 with “initial” data γ(s = 1) = γ1 satisfying

‖γ1‖L2
q,p

+ ‖γ1‖L∞q,p ≤ ε0. (3.3.16)

1. (Moments and the electric field) If there holds that

‖〈p〉γ1‖L2
q,p

+ ‖〈p〉mγ1‖L∞q,p ≤ ε1, m ≥ 2 (3.3.17)
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then the electric field E(s) remains bounded and the solution satisfies the bounds

‖〈p〉γ(s)‖L2
q,p

. ε1〈ln s〉,

‖〈p〉aγ(s)‖L∞q,p . ε1〈ln s〉a, 0 ≤ a ≤ m.

(3.3.18)

Moreover, there exists C > 0 (independent of T ∗) such that for any T ∗ ≤ s1 ≤

s2 ≤ 1 there holds

|E(s1, q)− E(s2, q)| ≤ Cε2
1 〈ln(s1)〉4〈ln(s2 − s1)〉2(s2 − s1). (3.3.19)

2. (Derivatives) Assume additionally that for some b ∈ {0, 1} there holds that

∥∥〈p〉b∇p,qγ1

∥∥
L∞q,p
≤ ε1. (3.3.20)

Then we have the bounds

‖〈p〉a∇pγ(s)‖L∞q,p . ε1〈ln s〉a, 0 ≤ a ≤ b,

‖〈p〉a∇qγ(s)‖L∞q,p . ε1〈ln s〉5+a, 0 ≤ a ≤ b.

(3.3.21)

Proof. We start by establishing claim (1). Let C > 0 be a constant larger than all

the implied constants appearing in Section 3.2 and let ε1 be small enough so that

4C2ε2
1 ≤ 1. (3.3.22)

We make the following bootstrap assumption: Let I ⊂ [T ∗, 1] be such that for s ∈ I

there holds

‖E(s)‖L∞q ≤ 2C2ε2
1. (3.3.23)

By the first line of (3.2.1) (with A = 1) and the assumptions (3.3.16), (3.3.17) we

have that 1 ∈ I 6= ∅, and by continuity I is closed in [T ∗, 1]. To establish the claim
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it then suffices to prove that (3.3.23) holds with strictly smaller constants, implying

that I is also open in [T ∗, 1].

To this end, note that by Lemma 3.3.2 we have that for 0 ≤ a ≤ m,

‖〈p〉aγ(s)‖L∞q,p ≤ ε1(1 + aC2ε2
1)〈ln(s)〉a, s ∈ I. (3.3.24)

By Lemma 3.2.2 and (3.3.22), it then follows for T ∗ ≤ s1 ≤ s2 ≤ 1 that

‖E(s1)− E(s2)‖L∞q ≤ 4Cε2
1

[
〈ln(s2 − s1)〉2 + ε2

1〈ln(s2/s1〉
]
〈ln(s1)〉4(s2 − s1) (3.3.25)

and (3.3.19) is proved. In particular, when 2−k ≤ s1 ≤ s2 ≤ 21−k, k ≥ 1,

‖E(s1)− E(s2)‖L∞q ≤ 10Cε2
1k

62−k (3.3.26)

and since by (3.2.1) we have ‖E(1)‖L∞q ≤ 2Cε2
1, we see that for s ∈ I

‖E(s)‖L∞q ≤ ‖E(1)‖L∞q + 10Cε2
1

∑
k≥1

k62−k � C2ε2
1, (3.3.27)

provided C is large enough.

To prove (2), we use a similar bootstrap argument based on the assumptions

‖〈p〉b∇pγ(s)‖L∞q,p ≤ 2C4ε1〈ln(s)〉b,

‖〈p〉b∇qγ(s)‖L∞q,p ≤ 2C2ε1〈ln(s)〉5+b.

(3.3.28)

Using the commutation relations (3.3.11) and (3.3.10), we deduce from (3.3.20) and
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(3.3.28) that

‖∇pγ(s)‖L∞q,p ≤ ‖∇pγ(1)‖L∞q,p +

∫ 1

s

‖∇qγ(s′)‖L∞q,p ds
′ ≤ C32ε1, (3.3.29)

provided C > 0 is large enough.

From the transport bounds and the commutation relations (3.3.11) we then de-

duce the estimate for ∇qγ: From (3.2.2) we have under our assumptions (3.3.23) and

with (3.3.24) and (3.3.29) that

‖∇qγ(s)‖L∞q,p ≤ ‖∇qγ(1)‖L∞q,p +

∫ 1

s

‖∇qE‖L∞q ‖∇pγ‖L∞q,p
ds′

s′

≤ ε1 +

∫ 1

s

[
〈ln s′〉4 ‖γ‖2

L2
q,p

+
∥∥|p|2γ∥∥2

L∞q,p
+ 〈ln s′〉−

6
5 ‖γ‖L∞q,p ‖∇qγ‖L∞q,p

]
‖∇pγ‖L∞q,p

ds′

s′

≤ ε1 + 〈ln s〉5
(
ε2

0 + 4ε2
1

)
· 2C4ε1 + 2C4ε0ε1

∫ 1

s

〈ln s′〉−
6
5 ‖∇qγ(s′)‖L∞q,p

ds′

s′
,

(3.3.30)

so that by Grönwall’s lemma there holds that

‖∇qγ(s)‖L∞q,p ≤ 10ε1〈ln s〉5, (3.3.31)

provided ε1 is small enough. A similar argument using (3.3.12), (3.3.23) and (3.3.28)

shows that

‖pm∂pnγ(s)‖L∞q,p ≤ ‖|p|∇pγ(1)‖L∞q,p +

∫ 1

s

‖|p|∇qγ(s′)‖L∞q,p ds
′ +

∫ 1

s

‖E‖L∞q ‖∇pγ(s′)‖L∞q,p
ds′

s′

≤ C3ε1〈ln s〉.
(3.3.32)

For the last bound, we see from (3.3.12) that we need a bound on the derivative of



95

the electric field. Using (3.2.2), (3.3.24) and (3.3.31), we find that

‖∇qE(s)‖L∞q ≤ C
[
〈ln s〉4 ‖γ(s)‖2

L2
q,p

+
∥∥p2γ(s)

∥∥2

L∞q,p
+ 〈ln s〉−

6
5 ‖γ(s)‖L∞q,p ‖∇qγ(s)‖L∞q,p

]
≤ C

(
ε2

0 + 4ε2
1

)
〈ln(s)〉4 + 10Cε0ε1〈ln s〉5−

6
5

≤ 10Cε2
1〈ln s〉4,

(3.3.33)

so that (3.3.12) with (3.3.10), (3.3.32), (3.3.23), (3.3.31) and (3.3.33) gives

‖pm∇qγ(s)‖L∞q,p ≤ ‖|p|∇qγ(1)‖L∞q,p +

∫ 1

s

(
‖∇qE‖L∞q ‖|p|∇pγ‖L∞q,p + ‖E‖L∞q ‖∇qγ‖L∞q,p

) ds′

s′

≤ ε1 + ε1

∫ 1

s

(
10C4ε3

1〈ln s′〉5 + 20C2ε3
1〈ln s′〉5

) ds′
s′

≤ ε1〈ln s〉6.
(3.3.34)

This closes the bootstrap (3.3.28).

3.3.3 Asymptotic Behavior

From (3.3.19) we can deduce that the electric field has an asymptotic limit:

Corollary 3.3.4. Let γ be a solution of (3.1.14) as in Proposition 3.3.3, which is

moreover defined for s ∈ (0, 1]. Then the limit

E0(q) := lim
s→0

E(s, q)

exists and is bounded

‖E0‖L∞q . ε2
1.
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In addition we have the following convergence rate: if 0 ≤ s1 ≤ s2 ≤ 1, there holds

‖E(s1)− E(s2)‖L∞q . ε2〈ln(s2)〉6s2. (3.3.35)

The rate of convergence (3.3.35) is linked to the topology we choose through the

continuity equation (3.1.9). Our assumptions scale like j ∈ L∞q and we obtain almost

Lipschitz bounds in time.

Proof. It follows from (3.3.26) in the proof above that E(2−k) is Cauchy in L∞q .

Summing again (3.3.26) gives (3.3.35).

Now we are in the position to give the proof of the modified scattering result:

Proof of Theorem 3.3.1. From Proposition 3.3.3 we obtain a global solution γ on

(0, 1], which satisfies (3.3.18), (3.3.21) and (3.3.35). Next we define

ν(s, q, p) := γ(s, q + ps + λs ln(s)E0(q), p+ λ ln(s)E0(q)), (3.3.36)

which satisfies

∂sν = ∂sγ + p · ∇qγ + λ(1 + ln(s))E0(q) · ∇qγ + λs−1E0(q) · ∇pγ

= λE0(q) · ∇qγ + λs−1[E0(q)− E(s, q + ps + λs ln(s)E0(q)] · ∇pγ,

(3.3.37)

where

s−1 |E0(q)− E(s, q + ps + λs ln(s)E0(q)| . s−1 |E0(q)− E(s, q)|+|p+ ln(s)E0(q)| ‖∇E(s)‖L∞q .

(3.3.38)
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Hence by (3.2.2), Corollary 3.3.4 and (3.3.33) we have that

‖∂sν‖L∞q,p . ε2
1 ‖∇qγ‖L∞q,p + ε2

1〈ln(s)〉4 ‖p∇pγ‖L∞q,p + ε2
1〈ln(s)〉6 ‖∇pγ‖L∞q,p , (3.3.39)

which is integrable over 0 ≤ s ≤ 1.

3.4 Wave Operators and Cauchy Problem at In-

finity

Using the symplectic structure, the equations (3.1.14) can be written as

γs + {γ,H} = 0, {f, g} := ∇qf · ∇pg −∇pf · ∇qg (3.4.1)

with the Hamiltonian

H(s, q, p) :=
|p|2

2
−λs−1φ(s, q), (3.4.2)

where ∆φ(s, q) =
∫
γ2(s, q, p)dp. We wish to find a new coordinate system (w, z) for

which the Cauchy problem at s = 0 can be solved. For this, we introduce the type-3

generating function3

S(s, w, p) := w · p+
|p|2

2
s−λ ln(s)φ0(w),

3see e.g. [104, Chapter 8]
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where φ0(q) = φ(0, q). This gives rise to the canonical change of coordinates

z = ∇wS(w, p) = p−λ ln(s)∇φ0(w),

q = ∇pS(w, p) = w + ps = w + zs+λs ln(s)∇φ0(w),

or

q = w + sz+λs ln(s)∇φ0(w), w = q − sp,

p = z+λ ln(s)∇φ0(w), z = p−λ ln(s)∇φ0(q − sp),
(3.4.3)

with Jacobian matrix

∂(w, z)

∂(q, p)
=

 Id −sId

−λ ln(s)∇E0 Id+ λs ln(s)∇E0

 , (3.4.4)

with the usual notation E = ∇φ, E0 = ∇φ0. This corresponds to the new Hamilto-

nian

K(s, w, z) := H(s, q, p)− ∂sS(s, w, p) = λs−1
[
φ0(w)− φ(s, q)

]
and vector field

∇wK = −λs−1 {E(s, q)− E0(w)} − λ2 ln(s)E(s, q) · ∇E0(w), ∇zK = −λE(q).

(3.4.5)

It follows that

σ(s, w, z) := γ(s, q, p) (3.4.6)

solves

0 = ∂sσ + {σ,K} = ∂sσ +∇wσ · ∇zK −∇zσ · ∇wK. (3.4.7)
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Remark. We note that the new variables (w, z) have a simple interpretation in terms

of the original variables in (3.1.1): w = v, z = x − tv − λ ln(t)E0(v), which are the

variables in which the modified scattering of Theorem 3.1.1 and [91] is expressed.

The main result of this section then is the following:

Theorem 3.4.1. Assume that initial data σ0 and E0
4 satisfy

‖E0‖W 3,∞ ≤ c2
0, (3.4.8)

and

‖σ0‖L2
w,z

+ ‖〈z〉5σ0‖L∞w,z +
∑

0≤m+n≤2

‖〈z〉m∇m
z ∇n

wσ0‖L∞w,z ≤ c0. (3.4.9)

Then there exists T ∗ = T ∗(c0) > 0 and a unique solution σ ∈ C0
s ([0, T ∗) : L2

w,z)

of (3.4.7) with “initial” data σ(s = 0) = σ0, and such that s∂sσ, ∇w,zσ ∈ C0
s,w,z.

Moreover, for 0 ≤ s < T ∗ we have that for any ` ∈ N

‖σ(s)‖L2
w,z

+
∥∥〈z〉5σ(s)

∥∥
L∞w,z

+ ‖∇w,zσ(s)‖L∞w,z . c0, ‖〈w, z〉`σ(s)‖L∞w,z . ‖〈w, z〉
`σ0‖L∞w,z ,

(3.4.10)

and if c0 is sufficiently small we may take T ∗ = 1.

The proof of Theorem 3.4.1 is given below in Section 3.4.3, after we have estab-

lished some a priori estimates on the propagation of moments and derivatives for the

system (3.4.7) in Sections 3.4.1 and 3.4.2.

4these are linked through (3.4.20)



100

3.4.1 Commutation Relations

Writing L = ∂s + {·,K}, for moments in w, z we have the commutation relations

L[wjσ] = −λEj(s, q)σ, (3.4.11)

L[zjσ] =
(
λs−1[Ej(s, q)− E0,j(w)] + λ2 ln(s)E(s, q) · ∇wE0,j(w)

)
σ. (3.4.12)

For the derivatives, we have

L(∂1σ) = {∂1K, σ}, L(∂2∂1σ) = {∂1K, ∂2σ}+ {∂2K, ∂1σ}+ {∂2∂1K, σ}

(3.4.13)

and this gives in block diagonal form

L

∇wσ

∇zσ

 =

−∇w∇zK ∇2
wK

−∇2
zK ∇w∇zK


∇wσ

∇zσ

 , (3.4.14)

with

∇2
wjwkK = −λs−1∂j[Ek(s, q)− E0,k(w)]

− λ2 ln(s) {∂jE(s, q) · ∂kE0(w) + ∂kE(s, q) · ∂jE0(w) + ∂j∂kE0(w) · E(s, q)}

− λ3s ln(s)2∂kE0,a(w)∂jE0,b(w) · ∂aEb(s, q),

∇w∇zK = −λ∇E(s, q)− λ2s ln(s)(∇E(s, q) · ∇)E0(w),

∇2
zK = −λs∇E(s, q).

(3.4.15)
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We note that the matrix ∇2
w,zK is ill-conditioned, and to mitigate this effect, we

introduce a weight on the gradient:

θ(s, z) :=
〈z〉

1 + s〈z〉
,

1

2
min{〈z〉, s−1} ≤ θ(s, z) ≤ min{〈z〉, s−1}, (3.4.16)

which is linked to the vector field through (3.4.19) and satisfies nice differential

equalities

∂sθ = −θ2, ∇zθ = (z/〈z〉3) · θ2.

3.4.2 A Priori Estimates

The goal of this section is to bootstrap the following assumptions: given c0 as in

(3.4.8), we assume that for 0 ≤ s ≤ T (c0) there holds that

‖σ(s)‖L2
w,z

+ ‖〈z〉5σ(s)‖L∞w,z ≤ A ≤ 4c0,

‖∇wσ(s)‖L∞w,z + ‖θ∇zσ(s)‖L∞w,z ≤ B ≤ 4c0,

‖∇2
w,wσ(s)‖L∞w,z + ‖θ∇2

w,zσ(s)‖L∞w,z + ‖θ2∇2
z,zσ(s)‖L∞w,z ≤ C ≤ 4c0.

(3.4.17)

As we will show below in Section 3.4.2.1, this implies in particular that

|∇zK(w, z)| ≤ 2c2
0,

|∇wK(w, z)| ≤ c2
0

{
min{s−1, |z|}+ 〈ln(s)〉3

}
,

(3.4.18)

and that we have the derivative bounds

‖∇w∇zK‖L∞w,z + ‖θ∇z∇zK‖L∞w,z + ‖θ−1∇w∇wK‖L∞w,z ≤ c2
0〈ln(s)〉4. (3.4.19)
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These in turn can then be used to close the bootstrap for (3.4.17), as in Section

3.4.2.2.

3.4.2.1 A Priori Control on the Electric Field

Here we consider a particle density σ ∈ C0([0, s] : L2
w,z) such that σ(0) = σ0 and

which satisfies the bounds (3.4.17). This creates an electric field E(s) through the

formula

E[σ](s, Q) = E(s, Q) =

∫∫
Q− q(s, w, z)

|Q− q(s, w, z)|3
σ2(s, w, z)dwdz =

∫∫
Q− q
|Q− q|3

γ2(s, q, p)dqdp

(3.4.20)

where σ and γ are related through (3.4.6). Simple bounds give uniformly in R > 0:

|E(s2, Q)− E(s1, Q)| . R‖〈z〉4σ‖2
L∞s,w,z

+R−2‖σ(s)‖L∞s L2
w,z
‖σ(s2)− σ(s1)‖L2

w,z
,

which ensures that E is continuous in time. In the next lemma we adapt the bounds

from Section 3.2 to obtain stronger control as in (3.4.18), (3.4.19).

Lemma 3.4.2. Let σ ∈ C0([0, T ], L2
w,z) with σ(0) = σ0 such that E[σ] satisfies the

continuity equation (3.1.9) and E0 satisfies (3.4.8). Then there exists T ∗(c0) ∈ (0, T ]

such that

1. Assuming the first line of (3.4.17) holds, we obtain (3.4.18) for 0 ≤ s ≤ T ∗.

2. Assuming the first two lines of (3.4.17) hold, we obtain (3.4.19) for 0 ≤ s ≤

T ∗.
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Proof. 1 In order to use Lemma 3.2.2, we observe that

|p− z| ≤ c2
0〈ln(s)〉, |q − w| ≤ s|z|+ c2

0s〈ln(s)〉 (3.4.21)

and that the change of variable (3.4.3) preserves volume, so that

‖γ(s)‖Lrq,p = ‖σ(s)‖Lrw,z ,

‖|p|αγ(s)‖Lrq,p . ‖|z|
αγ(s)‖Lrq,p + c2α

0 〈ln(s)〉α‖γ(s)‖Lrq,p . c2α
0 〈ln(s)〉α‖σ(s)‖Lrw,z + ‖|z|ασ(s)‖Lrw,z .

In addition, since (see (3.4.4)) ∂z/∂p = Id + O(c0s〈ln(s)〉) has bounded Jacobian,

we see that

‖j(s)‖L∞q ≤ ‖
∫ [
|z|+ c2

0〈ln(s)〉
]
σ2dz‖L∞w ≤ c2

0〈ln(s)〉‖〈z〉3σ‖2
L∞w,z

and using (3.2.5), we obtain that for 2−k−1 ≤ s2 ≤ s1 ≤ 2−k,

‖E(s2, q)− E(s1, q)‖L∞q . 〈c0〉2k22−k‖〈z〉3σ‖2
L∞s,w,z

+ 2−2k‖σ‖2
L∞s L2

w,z

and summing we see that E(2−k) is Cauchy in L∞q and that

‖E(s, q)− E0(q)‖L∞q . 〈c0〉2s〈ln(s)〉2‖〈z〉3σ‖2
L∞s,w,z

+ 〈c0〉2s2‖σ‖2
L∞s L2

w,z
. (3.4.22)

Using the formulas in (3.4.5), the control on ∇zK follows directly, while we see that

∇wK(w, z) = −λs−1 {E(s, q)− E0(q)} − λs−1 {E0(q)− E0(w)}+O(c2
0〈ln(s)〉)

and with (3.4.22), (3.4.17), (3.4.8) and (3.4.21), we obtain (3.4.18).

2 We want to use (3.2.6), which requires some additional control on the deriva-
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tives. From (3.4.4) we see that

∇qγ = ∇wσ − λ ln(s)∇E0 · ∇zσ

so that

‖∇qγ‖Lrq,p . c2
0〈ln(s)〉‖∇w,zσ‖Lrw,z ,

and

‖∇qj(s)‖L∞q . c2
0〈ln(s)〉‖

∫ [
|z|+ c2

0〈ln(s)〉
]
|σ| · |∇w,zσ|dz‖L∞w

. c4
0〈ln(s)〉2

[
‖〈z〉5σ‖2

L∞w,z
+ ‖∇w,zσ‖2

L∞w,z

]
.

For 2−k−1 ≤ s2 ≤ s1 ≤ 2−k this gives by (3.2.6) that

‖∇qE(s2, q)−∇qE(s1, q)‖L∞q . 〈c0〉4k32−k ·
(
‖〈z〉5σ‖2

L∞s,w,z) + ‖∇w,zσ‖2
L∞s,w,z

)
+ c10

0 2−3k/2
[
‖〈z〉5σ‖2

L∞s,w,z
+ ‖σ‖2

L∞s L2
w,z

]
,

and applying similar arguments as before we obtain

‖∇qE(s, q)−∇qE0(q)‖L∞q . 〈c0〉2s〈ln(s)〉3 ·
(
‖〈z〉5σ‖2

L∞s,w,z
+ ‖∇w,zσ(s, w, z)‖2

L∞s,w,z

)
+ c10

0 s
3
2

[
‖〈z〉5σ‖2

L∞s,w,z
+ ‖σ‖2

L∞s L2
w,z

]
≤ c2

0s〈ln(s)〉4

(3.4.23)

up to choosing T (c0) > 0 small enough. Using the formulas in (3.4.15) we directly

see that

θ|∇2
z,zK| ≤ |∇E| · s min{s−1, |z|} ≤ c2

0,

|∇2
w,zK| ≤ |∇E|(1 + s〈ln(s)〉|∇E0|) ≤ 2c2

0.
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Moreover, using (3.4.8) and (3.4.23) we find that, up to choosing T (c0) > 0 smaller,

|∇2
w,wK| ≤ s−1|∇E0(q)−∇E0(w)|+ s−1|∇E(s, q)−∇E0(w)|

+ 〈ln(s)〉
[
2|∇E0|2|∇E|+ |∇2E0||E|

]
+ s〈ln(s)〉2|∇E0|2|∇E|

≤ c2
0 min{s−1, |z|}+ c2

0〈ln(s)〉4,

from which we deduce (3.4.19).

3.4.2.2 A Priori Estimates on the Particle Density

Here we close the bootstrap of (3.4.17):

Lemma 3.4.3. Assume that σ ∈ C0([0, T ], L2
w,z) satisfies (3.4.7), for some Hamil-

tonian K (not necessarily related to σ) satisfying (3.4.18) and (3.4.19). If σ0 = σ(0)

satisfies (3.4.9), there exists T (c0) > 0 such that (3.4.17) holds for A = B = C = 2c0.

Proof. We first close the bootstrap for A, then for A,B. Finally we adapt the

argument for A,B,C. The control follows from the commutation relations (compare

with (3.4.14)):

L(〈z〉mσ) = σ{〈z〉m,K} = −mσ〈z〉m−2z · ∇wK,

L(θ∇zσ) = (L ln θ) · θ∇zσ + θ{∇zK, σ} = (L ln θ) · θ∇zσ + θ∇zσ · ∇w∇zK −∇wσ · θ∇z∇zK,

L(∇wσ) = {∇wK, σ} = θ∇zσ · θ−1∇w∇wK −∇wσ · ∇z∇wK.

(3.4.24)

As in (3.3.10), we find that

‖〈z〉mσ(s)‖Lrw,z ≤ ‖〈z〉
mσ0‖Lrw,z +m

∫ s

0

‖〈z〉−1∇wK(s′)‖L∞w,z‖〈z〉
mσ(s′)‖Lrw,zds

′,
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and we can easily propagate the first line of (3.4.17).

For the derivatives, we also need to control θ. On the one hand, we can bound

from above (note that L(ln θ) can be very negative)

L(ln θ) = −(1 +
z

〈z〉3
∇wK)θ . c2

0 + c2
0〈ln(s)〉3

and we deduce from (3.4.24), (3.3.10) and (3.4.19) that

‖θ∇zσ(s)‖Lrw,z ≤ ‖θ∇zσ0‖Lrw,z + c2
0

∫ s

0

〈ln(s′)〉4
{
‖θ∇zσ(s′)‖Lrw,z + ‖∇wσ(s′)‖Lrw,z

}
ds′,

‖∇wσ(s)‖Lrw,z ≤ ‖∇wσ0‖Lrw,z + c2
0

∫ s

0

〈ln(s′)〉4
{
‖θ∇zσ(s′)‖Lrw,zds + ‖∇wσ(s′)‖Lrw,z

}
ds′,

and this allows us to propagate the second line of (3.4.17) for short time.

We now propagate higher order derivatives to bound the bootstrap for C. First

by interpolation in (3.4.17), we observe that

‖〈z〉2.1∇w,zσ‖L∞w,z ≤ A+ C.
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We will use the weight θ to control the ∂z derivatives. Using (3.4.13), we find that

L(∂wj∂wkσ) = θ−1∇w∂wjK · (θ∇z∂wkσ) + θ−1∇w∂wkK · (θ∇z∂wjσ)−∇z∂wjK · ∇w∂wkσ

−∇z∂wkK · ∇w∂wjσ + θ−1∇w∂wj∂wkK · (θ∇zσ)−∇z∂wj∂wkK · ∇wσ,

L(θ∂zj∂wkσ) = L(ln θ) · θ∂zj∂wkσ + θ−1∇w∂wkK · (θ2∇z∂zjσ)−∇z∂wkK · (θ∇w∂zjσ)

+∇w∂zjK · (θ∇z∂wkσ)− (θ∇z∂zjK) · ∇w∂wkσ

+∇w∂zj∂wkK · (θ∇zσ)− θ∇z∂zj∂wkK · ∇wσ,

L(θ2∂zj∂zkσ) = 2L(ln θ) · θ2∂zj∂zkσ +∇w∂zkK · (θ2∇z∂zjσ)− θ∇z∂zkK · (θ∇w∂zjσ)

+∇w∂zjK · (θ2∇z∂zkσ)− (θ∇z∂zjK) · (θ∇w∂zkσ)

+ θ∇w∂zj∂zkK · (θ∇zσ)− θ2∇z∂zj∂zkK · ∇wσ,

and we can proceed as for the case of one derivative once we control the new terms

‖θ−1∇3
w,w,wK‖L∞w,z + ‖∇3

w,w,zK‖L∞w,z + ‖θ∇3
w,z,zK‖L∞w,z + ‖θ2∇3

z,z,zK‖L∞w,z ≤ c2
0〈ln(s)〉5.

(3.4.25)

It remains to prove (3.4.25). Starting from

∇zK = −λE(q),
∂qk

∂zj
= sδkj ,

∂qk

∂wj
= δkj+λs ln(s)∂j∂kφ0(w)

we deduce

θ2|∇3
z,z,zK| = (sθ)2|∇2E(q)|,

θ|∇3
w,z,zK| ≤ (sθ) · [1 + s〈ln(s)〉|∇E0|] · |∇2E(q)|,

|∇3
w,w,zK| ≤ [1 + s〈ln(s)〉|∇E0|]2 · |∇2E(q)|+ [1 + s〈ln(s)〉|∇E0|] ·

[
1 + s〈ln(s)〉|∇2E0|

]
· |∇E(q)|,
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and finally, from (3.4.15), we obtain that

θ−1|∇3
w,w,wK| ≤

[
s−1 + 〈ln(s)〉 · |∇E0|

]
· |∇2E(s, q)−∇2E0(w)|

+ 〈ln(s)〉 ·
[
|∇2E| · |∇E0|+ |∇E| · |∇2E0|+ |∇3E0| · |E|

]
+ s〈ln(s)〉2 ·

[
|∇2E| · |∇E0|2 + |∇E| · |∇E0| · |∇2E0|

]
+ s2〈ln(s)〉3 ·

[
|∇2E| · |∇E0|3

]
.

Independently, we find that

‖∇2j(s)‖L∞q . c2
0〈ln(s)〉2‖

∫ [
|z|+ c2

0〈ln(s)〉
]
·
[
|σ| · |∇2

w,zσ|+ |∇w,zσ|2
]
dz‖L∞w

. c4
0〈ln(s)〉3

[
‖〈z〉5σ‖L∞w,z‖∇

2
w,zσ‖L∞w,z + ‖〈z〉2.1∇w,zσ‖2

L∞w,z

]
.

Now using Lemma 3.2.3 and the bootstrap assumptions, we obtain that

‖∇2E(s, q)−∇2E0(w)‖L∞w,z ≤ c2
0〈ln(s)〉5 + c2

0 min{s−1, |z|}

which easily leads to (3.4.25).

3.4.3 Local Solutions

We construct local solutions for the singular equation (3.4.7) via Picard iteration.

Proof of Theorem 3.4.1. We proceed in two steps.

3.4.3.0.1 Step 1: A priori estimates. We construct a sequence of approximate

solutions on a time interval [0, T ] (with T > 0 to be chosen later) via Picard iteration:
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We define σ(0)(s, w, z) := σ0(w, z), and given σ(n) ∈ C0
s ([0, T ], C1

w,z) satisfying (3.4.17)

with A = B = C = 4c0, we let σ(n+1) ∈ C0
s ([0, T ], C1

w,z) be the solution of

∂sσ(n+1) + {σ(n+1),Kn} = 0, σ(n+1)(0) = σ0,

Kn := λs−1(φ0(w)− φn(s, q)), ∆φn =

∫
γ2

(n)(s, q, p)dp,
(3.4.26)

where γ(n) and σ(n) are related through (3.4.6). Using Lemma 3.4.2, we see that

Kn satisfies (3.4.18) and (3.4.19). Using Lemma 3.4.3, we see that σ(n+1) satisfies

(3.4.17) with A = B = C = 2c0. We deduce that (3.4.17) holds uniformly in n with

A = B = C = 2c0 on a fixed time interval 0 ≤ s ≤ T (c0).

In addition using the commutation relations (3.4.11), we easily propagate (3.4.10)

uniformly in n.

3.4.3.0.2 Step 2: Contraction in L∞s,w,z Let

δ(n) := σ(n+1) − σ(n), δK(n) := Kn −Kn−1, Ln := ∂s + {·,Kn} , δLn = {·, δK(n)},

so that

Lnδ(n) = δLnσ(n), (3.4.27)

and we can express

∇zδK(n) = −λ(En(s, q)− En−1(s, q)),

∇wδK(n) = −λs−1(En(s, q)− En−1(s, q))− λ2 ln(s)(En(s, q)− En−1(s, q)) · ∇E0(q).

(3.4.28)
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Invoking the uniform bounds for σ(n) we will prove below that

‖∇w,zδK(n)(s)‖L∞w,z ≤ c0〈ln(s)〉6
∥∥δ(n−1)(s)

∥∥
L∞w,z

. (3.4.29)

In combination with (3.4.27), we find that

‖δ(n)(s)‖L∞w,z .
∫ s

0

‖∇w,zδK(n)(s
′)‖L∞w,z‖∇w,zσ(n)(s

′)‖L∞w,zds
′ . c2

0

∫ s

0

〈ln(s′)〉6
∥∥δ(n−1)(s

′)
∥∥
L∞w,z

ds′,

from which we deduce that, possibly taking T (c0) > 0 smaller, σ(n) form a Cauchy

sequence in L∞s,w,z, and thus σ(n) → σ ∈ L∞s,w,z as n → ∞. Interpolation gives

convergence in the other topologies. In particular

∥∥∇w,zδ(n)

∥∥
L∞s,w,z

.
∥∥δ(n)

∥∥1/2

L∞s,w,z

[∥∥∇2
w,zσ(n+1)

∥∥
L∞s,w,z

+ ‖∇2
w,zσ(n)‖L∞s,w,z

]1/2

(3.4.30)

so that σ(n) is Cauchy in C0
sC

1
w,z and the other bounds follow by Fatou’s Lemma or

by conservation. In particular, (3.4.10) follows by pointwise convergence. Finally we

note that if c0 is sufficiently small, the arguments give a contraction for any T ≤ 2.

It remains to show (3.4.29). The main point is that E is quadratic in γ, so that

in the estimates for δK(n) we can always factor out the difference δ(n) in L∞w,z. The

bound on ∇zδK(n) follows from adaptation to Lemma 3.2.1 and this also allows to

control all but the first term in ∇wδK(n) as in (3.4.28). These then follow from

(3.2.5) using the difference continuity equation

∂s(En − En−1) +∇∆−1divq {δjn} , δjn =

∫
R3
p

(γn + γn−1)(γn − γn−1) · pdp
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with

‖δjn‖L∞q . ‖δ(n−1)‖L∞w,z ·
[
‖〈p〉5γn‖L∞q,p + ‖〈p〉5γn−1‖L∞q,p

]
and simple adaptations of Lemma 3.2.2.

Finally, we prove the main theorem.

Proof of Theorem 3.1.1. For 1, using (3.1.12), the assumptions (3.1.3) lead to (3.3.2)

in Theorem 3.3.1 and the local convergence is easily adapted (see Remark 3.3). For

2, assumptions (3.1.5) lead to (3.4.8)-(3.4.9) and the conclusion follows from that of

Theorem 3.4.1. Finally, for 3, we can apply Theorem 3.4.1 to µ−∞(x,−v) to get,

using (3.4.6), (3.1.12) and (3.4.10) a solution for −∞ < t ≤ −1 such that

‖µ(−1)‖L2
x,v

+ ‖〈x, v〉5µ(−1)‖L∞x,v + ‖∇x,vµ(−1)‖L∞x,v . ε.

By local existence, we can extend these bounds for −1 ≤ t ≤ 1, at which point we

can simply apply 1.



Chapter Four

The Massless Electron limit of the

Vlasov-Poisson-Landau system

Joint work with Yan Guo.

4.1 Introduction

A plasma is a collection of fast-moving, charged particles. It is believed that more

than 95 percent of matter in the universe takes the form of a plasma. Besides this,

a major impetus for the study of plasmas is to obtain nuclear fusion as a means of

energy production. Due to its complex and rich nature, there are three main dis-

tinct families of models (kinetic, two-fluid and magnetohydrodynamic) for describ-

ing a plasma in different physical regimes. The two-fluid models (Euler-Poisson and

Euler-Maxwell systems) describe dynamics of two distinct and separate compressible

ion and electron fluids, interacting with their self-consistent electromagnetic field.

112
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Such two-fluid models are important both from physical as well as mathematical

standpoint, serving as an origin for most well-known dispersive PDEs, for instance

KdV [16,131], NLS [122], Zakharov [133], etc.

It is an important question to derive and justify two-fluid theory from more basic

kinetic models for plasma. Consider a classical kinetic model for ions and elec-

trons, the Vlasov-Poisson-Landau system, which models the distribution functions

F+(t, x, v) and F−(t, x, v) for ions (+) and electrons (−) respectively:

{∂t + v · ∇x +
Ze

m+

E · ∇v}F+ = 2πe4 ln(Λ){Z4Q++(F+, F+) + Z2Q−+(F−, F+)},

{∂t + v · ∇x −
e

m−
E · ∇v}F− = 2πe4 ln(Λ){Q−−(F−, F−) + Z2Q+−(F+, F−)},

−∆xφ = 4πe(Zn+ − n−).

(4.1.1)

In the above, e is the electron charge,1 and Z is the atomic number of the ion species.

The ion and electron masses are m+ and m− respectively. The precise values of these

constants depend on the type of ion considered (hydrogen, helium, etc.), and the

system of units used. In addition, we have the dimensionless parameter ln(Λ) > 0

called the Coulomb logarithm, for which more is said in Section 4.2.1. Besides these

parameters, we define the densities n± =
∫
R3 F±dv, the electric potential φ, the

electric field E := −∇xφ. Finally, the Landau collision operators Q++, Q−+, Q−−

and Q+− are tabulated in Section 4.2.1 below. We refer the reader to [86], and

Chapter 2 of [10] for the physical justification of this model.

1Not to be confused with the mathematical constant e ≈ 2.718.
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It is well known that any straightforward fluid limit must lead to

Z4Q++(F+, F+) + Z2Q−+(F−, F+) = 0, (4.1.2)

Q+−(F+, F+) + Z2Q−−(F−, F+) = 0. (4.1.3)

However, due to the presence of ion and electron interactions Q+− and Q−+, the

only possible solutions to the above are of the form2

F+ = n+(
m+

2πT
)3/2 exp

(
−m+|v − u|2

2T

)
, (4.1.4)

F− = n−(
m−
2πT

)3/2 exp

(
−m−|v − u|

2

2T

)
. (4.1.5)

Here, the electron and ion fluids exhibit the same velocity u(t, x) and temperature

T (t, x), which excludes the possibility of justification of any two-fluid models from

(4.1.1). It is well-known, however, that it is possible to derive two-fluid models

from two-species kinetic equations if ion-electron collisions Q+− and Q−+ are

disregarded. This was done in the context of the Vlasov-Poisson-Boltzmann system

[73, 74, 76], and more recently for single-species Landau-type equations [49, 112].

We highlight the work [13], which derives the fluid limit for the Vlasov-Poisson-

Boltzmann system, after first deriving the massless electron limit. This work in

parituclar served as a major inspiration for our work. Importantly, however, none of

these works consider the inter-species collisions.3

In all physical situations, the electron mass m− is much smaller than the ion

mass m+. For instance, m−
m+
≈ 0.005 for a hydrogen plasma. This small parameter

has been exploited in different contexts in plasma studies both from physical as well

as mathematical standpoints. For instance, one can derive the Euler-Poisson system

2See equation (40) in [86].
3In the case of diffusive limits, the work [92] derives the single fluid Vlasov-Navier-Stokes-Fourier

system from the two-species Vlasov-Maxwell-Boltzmann system.
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for ions in this limit [64]. By sending the electron mass to zero, the density of the

electrons (and, in turn, the electrostatic potential) becomes wholly determined by

the density of the ions. This eliminates the need to solve a fluid or kinetic equation

for the electrons separately from the ions, leading to a simpler model.

When the ions and electrons are near thermal equilibrium (say, at temperature 1),

a typical ion speed will be comparable to ( 1
m+

)
1
2 , while a typical electron speed will

be comparable to ( 1
m−

)
1
2 . Because of these divergent velocity scales, it is necessary

to introduce the parameter ε := (m−
m+

)
1
2 , and the rescaled electron velocity

ξ = εv. (4.1.6)

Applying this rescaling the system (4.1.1), we get the rescaled system (4.1.7) below.

The ion-electron collisions then exhibit two velocity scales. Our main result is that

by taking the limit ε→ 0 in the two-scale system, we are able to derive the massless

electron system (4.1.18) below. A salient feature of this derived equation is that the

ion-electron collisions are no longer present. In the future, we hope this work will

clear the way for the derivation of the Euler-Poisson system for ions. This would be

accomplished by first by taking ε→ 0, and then taking hydrodynamic limit κ→ 0,

where κ > 0 is the analogue of the Knudsen number for our system.

Besides the relevance to the fluid limit, the massless electron limit in kinetic

theory is of independent interest. There are a number of works that have handled

some version of this limit. For instance, [45,46] give formal expansions for the kinetic

equations with Boltzmann and (non-Coulombic) Landau-type collisions for systems

of particles with disparate masses, including the cross collision terms. The works

[20, 85], give derivations of the massless electron limit for Vlasov-Poisson system

with linear Fokker-Planck collisions (and in the latter case, with a magnetic field).
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The aforementioned work [13] derives the analogue of (4.1.18) for the Vlasov-Poisson-

Boltzmann system. We note that they require a regularity assumption, and do not

include ion-electron collisions.

There is also a growing literature on the Vlasov-Poisson system with massless

electrons. We refer the reader to [19,29,58,66–69,79–81] and the references therein.

In particular, the overview [67] has a formal derivation of the system with a Landau

collision term. We also mention the recent work [30] for the Vlasov-Poisson-Landau

system with weak collisions.

4.1.1 The Rescaled Vlasov-Poisson-Landau system

In Section 4.2.1, we apply a rescaling procedure to the system (4.1.1). In particular,

we use the rescaled electron velocity ξ = εv, as aforementioned. This system depends

on three positive parameters: κ > 0 (defined in Section 4.2.1), the atomic number

Z, and ε = (m−
m+

)
1
2 . The rescaled versions of the distribution functions F ε

+(t, x, v)

and F ε
−(t, x, ξ) then solve the system

{∂t + v · ∇x + ZEε · ∇v}F ε
+ = κ−1{Z3Q(F ε

+, F
ε
+) + Z2Qε

−+(F ε
−, F

ε
+)},

{ε∂t + ξ · ∇x − Eε · ∇ξ}F ε
− = κ−1{Q(F ε

−, F
ε
−) + ZQε

+−(F ε
+, F

ε
−)},

−∆xφ
ε = 4π(nε+ − nε−).

(4.1.7)

Above, φε and Eε = −∇xφ
ε are the electric potential and field respectively. The

functions n±(t, x) are the charge densities, defined by

nε+ =

∫
R3

F ε
+dv, nε− =

∫
R3

F ε
−dξ. (4.1.8)
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The collision operators are given by

Q(G1, G2) = ∇v ·
∫
R3

Φ(v − v′) {G1(v′)∇vG2(v)−G2(v)∇v′G1(v′)} dv′, (4.1.9)

Qε
−+(G1, G2) = ∇v ·

∫
R3

Φ(εv − ξ′) {εG1(ξ′)∇vG2(v)−G2(v)∇ξ′G1(ξ′)} dξ′,

(4.1.10)

Qε
+−(G1, G2) = ∇ξ ·

∫
R3

Φ(ξ − εv′) {G1(v′)∇ξG2(ξ)− εG2(ξ)∇v′G1(v′)} dv′.

(4.1.11)

Here, Φ gives the Landau collision kernel: for each z ∈ R3,

Φ(z) :=
1

|z|

(
I − z ⊗ z

|z|2

)
. (4.1.12)

From here on in this paper, we only consider the case where Z = κ = 1, and fix the

domain (x, v) ∈ T3 ×R3, where T3 = (R/Z)3 denotes the 3D torus.

We recall that the system (4.1.7) comes equipped with conservation of mass,

momentum and energy:

d

dt

∫
T3×R3

F ε
+dxdv =

d

dt

∫
T3×R3

F ε
−dxdξ = 0, (4.1.13)

d

dt

(∫
T3×R3

vF ε
+dxdv + ε

∫
T3×R3

ξF ε
−dxdξ

)
= 0, (4.1.14)

d

dt

(∫
T3×R3

|v|2

2
F ε

+dxdv +

∫
T3×R3

|ξ|2

2
F ε
−dxdξ +

1

8π

∫
T3

|Eε|2dx
)

= 0. (4.1.15)

From (4.1.7), it is clear that as ε → 0, the the term involving ∂t in the electron

equation vanishes. This is a singular limit. Under appropriate circumstances, the

electron distribution formally converges to an equilibrium solution at every time,

evolving quasi-statically according to the ions. The ξ-dependence of these equilib-
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rium solutions are Maxwellians (i.e. Gaussians). We denote the Maxwellians by

µq(ξ) :=
( q

2π

) 3
2
e−

q
2
|ξ|2 , q > 0. (4.1.16)

On the other hand, the x dependence is determined by the electric field, specifically

limε→0 ln(nε−) is proportional to φ0 = limε→0 φ
ε (up to an additive constant). The

main claim of this paper is that for some β(t) > 0, we have

lim
ε→0

F ε
−(t, x, ξ) = µβ(t)(ξ)e

β(t)φ0(t,x). (4.1.17)

Here, β is the inverse temperature. This is known as the Maxwell-Boltzmann approx-

imation. Here, we shift φ0 by an additive constant to ensure
∫
T3 e

β(t)φ0(t,x)dx = 1.

The above claim is imprecise, because we have not yet made clear our assump-

tions, nor the sense in which this limit holds. Nevertheless, when the above holds,

then the formal limit of (4.1.7), combined with conservation of energy, leads to the

following equation, which we refer to as Vlasov-Poisson-Landau for ions:

{∂t + v · ∇x − E0 · ∇v}F 0
+ = Q(F 0

+, F
0
+)

d

dt

{
3

2β
+

∫∫
T3×R3

|v|2

2
F 0

+dxdv +
1

8π

∫
T3

|E0|2dx
}

= 0,

−∆xφ
0 = 4π(n0

+ − eβφ
0

).

(4.1.18)

A formal derivation of this system is given in Section 4.2.2.

4.1.2 Main result

The goal of this paper is to show that for appropriate initial data, this formal limit

holds on a small time interval. We first provide local well-posedness theorems for the
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systems (4.1.7) and (4.1.18) for general initial data. To do this, we must first define

the function spaces which capture the dissipation rate from the collision kernels. We

define the matrix σij(v) = Φij ∗ µ, with i, j ∈ {1, 2, 3}. Given u ∈ R3, we have that

uTσ(v)u ∼ 1

〈v〉3
|Pvu|2 +

1

〈v〉
|Pv⊥u|2 (4.1.19)

Here, 〈·〉 =
√

1 + | · |2 is the Japanese bracket. The matrices Pv and Pv⊥ denote

the orthogonal projections onto span{v} and {v}⊥ respectively. Using this matrix,

we define the following spaces which will capture the dissipation produced by the

various collision operators. Let Hσ denote the Hilbert space with inner product

(with ψ = ψ(v), ζ = ζ(v))

‖ψ‖2
Hσ = 〈σij∂viψ, ∂vjψ〉L2 + 〈tr(σ)ψ, ψ〉L2 (4.1.20)

Here and throughout the paper, we use repeated index notation, i.e. uku
′
k =∑3

k=1 uku
′
k given any two vectors u, u′ ∈ R3. The above inner product captures the

dissipation associated with self-collisions when linearized near Maxwellian [44,70,71].

We also define the semi-norms

‖ψ‖2
Ḣσ = 〈σij(v)∂viψ, ∂vjψ〉L2

v
(4.1.21)

‖ψ‖2
H+
σ;ε

= ε〈σij(εv)∂viψ, ∂vjψ〉L2
v

(4.1.22)

‖ψ‖2
H−σ;ε

=
1

ε
〈σij(

v

ε
)∂ξiψ, ∂ξjψ〉L2

ξ
. (4.1.23)

Using these norms, we now define the spaces E, D and D±ε by their (semi-)norms

which we use to control F±. Fix the parameters mk = 5(k+ 1) for k ∈ {0, 1, 2}, and
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s = 3. 4 Given u = u(x, v) (or u = u(x, ξ)), we define

‖u‖2
E := ‖〈v〉m2u‖2

L2
x,v

+ ‖〈v〉m1〈∇x〉su‖2
L2
x,v
, (4.1.24)

‖u‖2
D := ‖〈v〉m2u‖2

L2
x(Ḣσ)v

+ ‖〈v〉m1〈∇x〉su‖2
L2
x(Ḣσ)v

, (4.1.25)

‖u‖2
D±ε

:= ‖〈v〉m2u‖2
L2
x(Ḣσ∩H±σ;ε)v

+ ‖〈v〉m1〈∇x〉su‖2
L2
x(Ḣσ∩H±σ;ε)v

. (4.1.26)

We note that as spaces, D and D±ε are the same. However, the norms are equivalent

up to a constant which goes to infinity as ε→ 0.

To state the main theorem, we will also make use of the following spaces to

measure the error in the ion distribution:

‖u‖2
E′ := ‖〈v〉m1u‖2

L2
x,v

+ ‖〈v〉m0〈∇x〉su‖2
L2
x,v
, (4.1.27)

‖u‖2
D′ := ‖〈v〉m1u‖2

L2
x(Ḣσ)v

+ ‖〈v〉m0〈∇x〉su‖2
L2
x(Ḣσ)v

. (4.1.28)

Finally, to measure the distance of F ε
− from its limit, we let η > 0 be a constant to

be determined later, and define qα = eαηβin for each α ∈ {1, 2, 3}, where βin = β(0).

Then, for α ∈ {1, 2}, we define

E ε
−,α := ‖eqα|ξ|2/4〈∇x〉s{F ε

− − µβeβφ
0}‖2

L2
x,ξ

+ ‖eqα+1|ξ|2/4{F ε
− − µβeβφ

0}‖2
L2
x,ξ

(4.1.29)

and

Dε
−,α := ‖eqα|ξ|2/4〈∇x〉s{F ε

− − µβeβφ
0}‖2

L2
x(Hσ∩H−σ;ε)ξ

+ ‖eqα+1|ξ|2/4{F ε
− − µβeβφ

0}‖2
L2
x(Hσ∩H−σ;ε)ξ

.

(4.1.30)

Also, throughout the rest of the paper, we will use the subscript “in” to denote the

initial value of some quantity, for instance, φ0
in(x) = φ0(0, x).

4Although these parameters may take on a range of values, it is simpler to fix their values to
exact constants.
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We can now state our main theorem:

Theorem 4.1.1. Suppose for some T0 > 0 and M > 0, there exists a weak solution

(F 0
+, β, φ

0) to (4.1.7) with

0 ≤ F 0
+ ∈ C([0, T0];E′) ∩ L∞([0, T0];E) ∩ L2([0, T0];D), (4.1.31)

as well as β ∈ C([0, T0]) and φ0 ∈ C([0, T ];Hs+2), with

sup
t∈[0,T0]

{‖ 1

n0
+

‖L∞([0,T ]×T3) + ‖F 0
+‖E}+ ‖ ln(β(t))‖L∞([0,T0]) ≤M. (4.1.32)

(i) There exist positive constants η, and ε depending only on M , as well as T̂ ∈ [0, T0]

depending on (F 0
+, β, φ

0) such that the following holds. For each ε ∈ (0, ε], take

(F ε
+,in, F

ε
−,in), with 0 ≤ F ε

±,in ∈ E, satisfying the estimates

sup
ε∈(0,ε]

‖ 1

nε+,in
‖L∞x + ‖F ε

+,in‖E ≤M, (4.1.33)

‖F ε
+,in − F 0

+,in‖E′ + E ε
−,2,in ≤Mε. (4.1.34)

Then, for each ε ∈ (0, ε], there exists a solution (F ε
+, F

ε
−) to (4.1.7) with 0 ≤

F ε
± ∈ C([0, T̂ ];E) ∩ L2([0, T̂ ];D). This satisfies

sup
t∈[0,T̂ ]

‖F ε
+(t)− F 0

+(t)‖E′ .M ε (4.1.35)

sup
t∈[0,T̂ ]

εE ε
−,2(t) +

∫ T̂

0

Dε
−,2(t)dt .M ε2 (4.1.36)
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Moreover, for all t ∈ [0, T̂ ],

E ε
−,1(t) .M ε

1
2 e
− 1
CM

( t
ε
)
2
3

+ ε
5
3 t

1
3 + ε2. (4.1.37)

(ii) There exist positive constants η, δ and ε depending on M , and T̂ ∈ (0, T0]

depending on (F 0
+, β, φ

0) and M such that the following holds. For all ε ∈ (0, ε], we

set F ε
+,in = F 0

+,in and F ε
−,in = F−,in (where F ε

−,in is independent of ε) satisfying

E ε
−,2,in ≤ δ. (4.1.38)

We note the expression on the left is independent of ε. We also impose the condition

on the kinetic energy of F−,in:

1

2

∫∫
T3×R3

|ξ|2F−,indxdξ −
3

2βin
+

1

8π

∫
T3

|∇xφin|2 − |∇xφ
0
in|2dx = 0. (4.1.39)

Then, for each ε ∈ (0, ε], there exists a solution (F ε
+, F

ε
−) to (4.1.7) with 0 ≤ F ε

± ∈

C([0, T̂ ];E) ∩ L2([0, T̂ ];D). This satisfies

sup
t∈[0,T̂ ]

‖F ε
+(t)− F 0

+(t)‖E′ .M

√
εδ + ε (4.1.40)

sup
t∈[0,T̂ ]

εE ε
−,2(t) +

∫ T̂

0

Dε
−,2(t)dt .M ε(δ2 + ε) (4.1.41)

Moreover, for all t ∈ [0, T̂ ],

E ε
−,1(t) .M δe

− 1
CM

( t
ε
)
2
3

+ ε
5
3 t

1
3 + εδ. (4.1.42)

Remark. Similarly to [64], we give to separate derivations. Part (i) of the theorem

above corresponds to initial data that converges to the limiting solution as ε ↓ 0.

This corresponds to the case of well-prepared initial data.. Part (ii) of the theorem
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shows that the derivation can also be performed with certain ill-prepared data, since

F ε
−,in − F 0

−,in does not converge to 0 as ε ↓ 0. The caveat is that one must assume

the condition (4.1.39).

Remark. This theorem depends on the existence of solutions to the system (4.1.18).

The local well-posedness theory for this system is given in Chapter 5.

4.1.3 Methodology and outline

Due to the nature of the rescaled velocity ξ in the two-scale system (4.1.7), the

Landau kernel Qε
+− exhibits a severe singularity in ξ as ε→ 0. This is mirrored by

the degeneracy of the Qε
−+ in this limit. This makes it very difficult to propagate v

derivatives of F ε
+ and ξ derivatives of F ε

−. The main technical achievement of this

paper is that we obtain uniform bound in ε in weighted Sobolev spaces, without any

ξ or v derivatives. In other words, all regularity in v and ξ comes from the diffusive

control from the top order part of the collision operators.

We highlight some of the techniques that go into this. In Lemma 4.3.2, we obtain

a non-perturbative lower bound for Φ ∗ G (where G ≥ 0), which allows us to access

diffusive control from collisions. One challenge we encounter is that we are unable

to close a bootstrap estimate on F ε
+ solely in the E norm. Proposition 4.4.1 states

that if F ε
+ is of size M on [0, T ], and ‖F ε

+‖L2([0,T ];D′) is small, then we can control

the growth of ‖F ε
+‖E uniformly in ε. In order to assume ‖F ε

+‖L2([0,T ];D′) is small

uniformly ε, we T small enough that ‖F 0
+‖D′ is as small as desired, and then control

the difference ‖F ε
+ − F 0

+‖D′ . This control on the difference is in turn provided by

Proposition 4.4.2.

The next challenge is to control the difference F ε
− − µβeβφ

0
. This is roughly the
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content of Proposition 4.5.1, although we work with what we call the “intermediary

quantities” (γε, ψε) rather than (β, φ0). This proposition utilizes the linear decay

estimates of the linearized collision operator, via the framework developed in [70,71].

Because of the small parameter in front of the ∂t term in the second line of (4.1.7), the

question of convergence of F ε
− to the Maxwellian µγεe

γεψε is in some sense equivalent

to the question of asymptotic stability of the Maxwellian. However, there are a

number of complications in our context. First, the underlying Maxwellian has a

varying temperature. To deal with this, we take a window of time such that γε ≈ βin,

and choose q1 < q2 < q3 (constant in time) close enough to βin, and work with these

constants instead. This results in a perturbed version of the linearized collision

operator found in [70, 71]. Showing that this operator retains the desired coercivity

properties requires some care. There is also the ion-electron collision operator Qε
+−,

which acquires a singularity at ξ = 0 as ε→ 0. To control this, we use Lemma 4.3.2

to extract a dissipative, albeit singular and degenerate, top order part. We then use

the dissipation from the linearization of Q to control the singular lower order terms.

A key feature of the linearized collision operator is that it has a five dimensional

kernel, corresponding to the macroscopic quantities of mass, momentum and energy

density. Besides having to work with a perturbation of this operator, there are some

additional challenges in adapting the macroscopic estimates from previous works.

One issue is the effect of Qε
+− on the macroscopic quantities. Surprisingly, this

term has a perturbative effect on the mass and energy density, and even contributes

an extra dampening effect on the momentum density (see Lemma 4.5.6). A second

challenge is how one controls the mean energy of the perturbation. The mean kinetic

energy density of F ε
−−µγεeγ

εψε is not conserved, and corresponds to a neutral mode

at the level of the linearization of the equation for F ε
− − µγεeγ

εψε . In contrast, all

other components of the macroscopic quantities are either conserved, or dissipated
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through hypo-coercive effects. In part (i) of Theorem 4.1.1, we can control the mean

energy because it is initially small. In part (ii), we must impose (4.1.39) and use

some nonlinear identities to control the average energy density, as in the first step

of Proposition 4.5.7. This necessitates the use of the the intermediary quantities

(γε, ψε) instead of (β, φ0), since 3
2γε

serves as a better approximation of the mean

kinetic energy of F ε
− than 3

2β
.

The structure of the paper is as follows. Section 4.2 contains all of the formal

analysis in this paper. In Section 4.2.1 we derive the rescaled system (4.1.7). In

Section 4.2.2, we give a formal derivation of the system (4.1.18) from (4.1.7). In

Section 4.2.2, we show how the analogous derivation does not work in the context of

the Vlasov-Poisson-Boltzmann system, and we highlight the difficulties in defining

the limiting system as ε→ 0.

Section 4.3 contains two preliminary results that will be used in the paper. The

first is Lemma 4.3.1. This is a statement of local well-posedness that is compatible

with the main theorem. We do not prove this result, as it follows from straightforward

modifications of the a priori estimates shown in this work. The second result is

Lemma 4.3.2, which gives upper and lower bounds on Φ ∗ G. This is particularly

important for extracting diffusive control via the norms Ḣσ, and H±σ;ε.

In Section 4.4, we prove a priori estimates on the ion distribution F ε
+. First,

we have Proposition 4.4.1, which gives control of F ε
+ ∈ L∞(E) ∩ L2(D) uniform

in ε. Then, we have Proposition 4.4.2, which gives uniform control of F ε
+ − F 0

+ ∈

L∞(E′)∩L∞(D′). Finally, with Lemma 4.4.3, we construct the intermediary quanti-

ties (γε, ψε), which solve the system (4.4.140) below. These are defined in the same

way as (β, φ0), except using F ε
+ in place of F 0

+.
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In Section 4.5, we prove Proposition 4.5.1, which gives the error estimate for the

electrons under certain assumptions on the solutions. The proof of this is broken up

into two components: energy estimates for F ε
− − µγεeγ

εψε (as in Proposition 4.5.4),

and macroscopic estimates (as in Lemma 4.5.6 and Proposition 4.5.7).

Finally, in Section 4.6, we prove Theorem 4.1.1. For both parts (i) and (ii), we

make five bootstrap assumptions, which allow us to satisfy the assumptions made

by the various propositions throughout this paper. We then show that these as-

sumptions can be propagated over a time interval independent of ε > 0. The error

estimates then follow from Propositions 4.4.2 and 4.5.1.

4.2 Formal analysis
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4.2.1 Non-dimensionalization of the Vlasov-Poisson-Landau

System

Here, we show how to rescale the Vlasov-Poisson-Landau system (4.1.1) to the non-

dimensionalized form (4.1.7). The collision operators in (4.1.1) are

Q++(G1, G2)(v) =
1

m2
+

∇v ·
∫
R3

Φ(v − v′) {G1(v′)∇vG2(v)−G2(v)∇vG1(v′)} dv′,

(4.2.1)

Q−+(G1, G2)(v) =
1

m+

∇v ·
∫
R3

Φ(v − v′)
{

1

m+

G1(v′)∇vG2(v)− 1

m−
G2(v)∇vG1(v′)

}
dv′,

(4.2.2)

Q+−(G1, G2)(v) =
1

m−
∇v ·

∫
R3

Φ(v − v′)
{

1

m−
G1(v′)∇vG2(v)− 1

m+

G2(v)∇vG1(v′)

}
dv′,

(4.2.3)

Q−−(G1, G2)(v) =
1

m2
−
∇v ·

∫
R3

Φ(v − v′) {G1(v′)∇vG2(v)−G2(v)∇vG1(v′)} dv′,

(4.2.4)

In order to define the Coulomb logarithm, we assume F+ and F− have approximately

a common temperature θ > 0 (with the Boltzmann constant set to 1). To have a

charge balance, the electrons will have on averageN total number of particles per unit

volume, and the ions will have total number N/Z per unit volume. For simplicity,

one might take F+ and F− to be perturbations of such equilibrium, i.e.

F+ ≈
N

Z
(
m+

θ
)3/2e−

m+|v|
2

2θ , (4.2.5)

F− ≈ N(
m−
θ

)3/2e−
m−|v|

2

2θ . (4.2.6)

When F+ and F− are equal to the Maxwellians, they solve (4.1.1) with φ = 0.
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Next, the Coulomb logarithm ln(Λ) arises as logarithmically divergent integral in

the derivation of the Vlasov-Poisson-Landau system from the BBGKY hierarchy [10],

which is then cutoff at length scales where the assumptions of the model break down.

Several choices of cutoffs exist, the most common pair being the Debye length at large

scales

λD =

(
θ

4πe2N

)1/2

(4.2.7)

and the distance of closest approach at small scales

b0 =
3θ

Ze2
. (4.2.8)

This gives the expression

ln(Λ) = ln

(
λD
b0

)
. (4.2.9)

Importantly, ln(Λ) does not depend on the m− or m+. Unfortunately, this choice

fails in contexts where λD ≤ b0, for instance when N is large or θ is small, and an-

other definition of ln(Λ) is needed. For our purposes, we shall simply take ln(Λ) to

be some positive parameter independent of the masses. We note here that this loga-

rithmic divergence can be resolved by using the Lenard-Balescu model for Coulombic

collisions. Regarding this, see chapter 2 of [10], as well as the works [50,127].

We define relevant length, velocity and time scales for our problem. This will

allow us to redefine a non-dimensionalized equation depending on three parameters:

the (square root of the) mass ratio, Z, and a dissipation rate. The relevant velocity

scales for each species are

V± = (
θ

m±
)1/2. (4.2.10)



129

These are the the thermal speeds as in [4]. Next, we define the length scale

X =

(
θ

Ne2

)1/2

, (4.2.11)

which can be thought of the smallest length scale at which the electrostatic force is

significant for a thermal particle. This gives us natural time scales for each species

T± =
X

V ±
=
(m±
Ne2

)1/2

(4.2.12)

While F+ and F− will be re-scaled in v differently, according to V+ and V− respec-

tively, we will re-scale time by the ion-time scale for both species. The electrons then

evolve according to a faster time-scale than the ions. The ratio of these time-scales

is the same as the square-root of the mass ratio,

ε =
T−
T+

=

(
m−
m+

)1/2

(4.2.13)

The final non-dimensional parameter is the dissipation rate, which gives the size of

the collisional effects:

κ−1 = 2π ln(Λ)
N1/2e3

θ3/2
. (4.2.14)

We now perform the non-dimensionalization. Define the re-scaled coordinates

t =
t

T+

, (4.2.15)

x =
x

X
, (4.2.16)

v± =
v

V±
, (4.2.17)
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and define re-scaled versions of (F−, F+):

F̃+(t, x, v+) =
ZV 3

+

N
F+(t, x, v), (4.2.18)

F̃−(t, x, v−) =
V 3
−

N
F−(t, x, v). (4.2.19)

Moreover, define

ñ±(t, x) =

∫
F̃+(t, x, v±)dv±, (4.2.20)

−∆xφ̃ = 4π(ñ+(t, x)− ñ−(t, x)), (4.2.21)

Ẽ(t, x) = −∇xφ̃(t, x). (4.2.22)

In particular,

Ẽ(t, x) =
1

NXe
E(t, x) (4.2.23)

The “Vlasov-Poisson” parts of the equations (4.1.1) transform like

{∂t + v · ∇x +
Ze

m+

E · ∇v}F+ =
N

ZT+V 3
+

{∂t + v+ · ∇x + ZẼ · ∇v+}F̃+ (4.2.24)

{∂t + v · ∇x −
e

m−
E · ∇v}F− =

N

T−V 3
−
{ε∂t + v− · ∇x − Ẽ · ∇v−}F̃− (4.2.25)
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We now compute the transformations of the collision kernels:

Q++(F+, F+)(v) (4.2.26)

=
N2

Z2m2
+V

6
+

∇v+ ·
∫
R3

Φ(v+ − v′+)
{
F̃+(v′+)∇v+F̃+(v+)− F̃+(v+)∇v+F̃+(v′+)

}
dv′+,

(4.2.27)

Q−+(F−, F+)(v) (4.2.28)

=
N2

Zm2
+V

6
+

∇v+ ·
∫
R3

Φ(εv+ − v′−)
{
εF̃−(v′−)∇v+F̃+(v+)− F̃+(v+)∇v−F̃−(v′−)

}
dv′−,

(4.2.29)

Q−−(F−, F−)(v) (4.2.30)

=
N2

m2
−V

6
−
∇v− ·

∫
R3

Φ(v− − v′−)
{
F̃−(v′−)∇v−F̃−(v−)− F̃−(v−)∇v−F̃−(v′−)

}
dv′−,

(4.2.31)

Q+−(F+, F−)(v) (4.2.32)

=
N2

Zm2
−V

6
−
∇v− ·

∫
R3

Φ(v− − εv′+)
{
F̃+(v′+)∇v−F̃−(v−)− εF̃−(v−)∇v+F̃+(v′+)

}
dv′+

(4.2.33)

Ignoring Z, the ratios of the pre-factors appearing in the expressions above for the

collisions, over that of the transport terms for each species are

N2

m2
±V

6
±

(
N

T±V 3
±

)−1

=
NX

m2
±V

4
±

=
N1/2

θ3/2e
(4.2.34)

Multiplying the above by 2πe4 ln(Λ) gives κ−1.

We now give the non-dimensionalized version of (4.1.1). By abuse of notation,

we shall use the symbols (t, x, v) to denote the re-scaled coordinates for the ions; we

will use (t, x, ξ) to denote the re-scaled coordinates of the electrons (i.e., we replace

t→ t, x→ x, v+ → v, and v− → ξ). Moreover, we write F ε
± = F̃±, and similarly for
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the potential and electric field. Then, these solve (4.1.7).

4.2.2 Formal derivation of the ion equation

We give a formal derivation of (4.1.18) from (4.1.7) by setting ε = 0. Then,

{∂t + v · ∇x + E0 · ∇v}F 0
+ = Q(F 0

+, F
0
+) +Q0

−+(F 0
−, F

0
+), (4.2.35)

{ξ · ∇x − E0 · ∇ξ}F 0
− = Q(F 0

−, F
0
−) +Q0

+−(F 0
+, F

0
−). (4.2.36)

where

Q0
−+(F 0

−, F
0
+)(v) = −∇v ·

(∫
R3

Φ(ξ′)∇ξF
0
−(ξ′)dξ′F 0

+(v)

)
, (4.2.37)

Q0
+−(F 0

+, F
0
−)(ξ) =

(∫
R3

F 0
+(v′)dv′

)
∇ξ · (Φ(ξ)∇ξF

0
−(ξ)). (4.2.38)

We assume F 0
− is positive at each (t, x, ξ), smooth in (x, ξ), and decays sufficiently fast

in ξ. We can then use the entropy identity to deduce possible solutions. Multiplying

(4.2.36) by ln(F 0
−), we have

0 =

∫∫
T3×R3

(Q(F 0
−, F

0
−) +Q0

−+(F 0
+, F

0
−)) ln(F 0

−)dxdv (4.2.39)

= −1

2

∫∫∫
T3×R3×R3

F 0
−(t, x, ξ)F 0

−(t, x, ξ′) (4.2.40)

tr(Φ(ξ − ξ′){∇ξ ln(F 0
−(t, x, ξ))−∇ξ′ ln(F 0

−(t, x, ξ′))}⊗2)dxdξdξ′ (4.2.41)

− n0
+(t, x)

∫
T3×R3

F 0
−(t, x, ξ)tr(Φ(ξ){∇ξ ln(F 0

−(t, x, ξ))}⊗2)dxdξ. (4.2.42)

Note that both terms are nonpositive, and therefore zero. The null space of Φ(ξ) is

span{ξ}, so we deduce that ∇ξ ln(F 0
−(t, x)(t, x, ξ)) ∈ span{ξ} for all (t, x, ξ). Thus

F−(t, x, ξ) is radial in ξ for each (t, x). Taking F 0
−(t, x, ξ) = F̃ 0

−(t, x, |ξ|), we have
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that

0 =
1

2

∫∫∫
T3×R3×R3

F̃ 0
−(t, x, |ξ|)F̃ 0

−(t, x, |ξ′|) (4.2.43)

tr(Φ(ξ − ξ′){ ξ
|ξ|
∂r ln(F̃ 0

−(t, x, r))|r=|ξ| −
ξ′

|ξ′|
∂r ln(F̃ 0

−(t, x, r))|r=|ξ′|}⊗2)dxdξdξ′.

(4.2.44)

Then, for every ξ, ξ′ so that ξ 6= 0, ξ′ 6= 0 and ξ − ξ′ 6= 0, we have

ξ

|ξ|
∂r ln(F̃ 0

−(t, x, r))|r=|ξ| −
ξ′

|ξ′|
∂r ln(F̃ 0

−(t, x, r))|r=|ξ′| ∈ span{ξ − ξ′}. (4.2.45)

The above implies that on the set where ξ and ξ′ are linearly independent, we have

1

|ξ|
∂r ln(F̃ 0

−(t, x, r))|r=|ξ| =
1

|ξ′|
∂r ln(F̃ 0

−(t, x, r))|r=|ξ′|. (4.2.46)

For any given values of |ξ|, |ξ′| > 0, we can find ξ, ξ′ which are linearly independent.

Thus, for all r, r′ > 0, we have

1

r
∂r ln(F̃ 0

−(t, x, r)) =
1

r′
∂r′ ln(F̃ 0

−(t, x, r′)). (4.2.47)

In particular, ∂r(
1
r
∂r ln(F̃ 0

−(t, x, r))) = 0. Thus, there exist functions β(t, x) and

ψ(t, x) such that

ln(F̃ 0
−(t, x, r)) = −β(t, x)

2
r2 + ψ(t, x) (4.2.48)

In other words, F 0
−(t, x, ξ) is a local Maxwellian centered at ξ = 0, i.e.

F 0
−(t, x, ξ) = e−

β(t,x)|ξ|2
2

+ψ(t,x) (4.2.49)
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Observe that Q(F 0
−, F

0
−) = Q0

+−(F 0
+, F

0
−) = 0. Therefore,

{ξ · ∇x − E · ∇ξ}F 0
− = 0. (4.2.50)

Thus,

0 = {ξ · ∇x − E · ∇ξ} ln(F 0
−) = ξ · ∇xψ + ξ · ∇xβ

|ξ|2

2
+ ξ · E0β. (4.2.51)

Taking |ξ| → ∞, we deduce that ∇xβ = 0, i.e. β(t, x) = β(t). Finally, we conclude

∇xψ = −βE0 = ∇x(βφ
0). Thus, ψ−βφ0 is independent of x and ξ. We integrate in ξ,

use conservation of mass (4.1.13) to determine this function, and add an appropriate

constant to φ0 to deduce

F 0
−(t, x, ξ) =

(
β(t)

2π

) 3
2

e−β(t)(
|ξ|2
2
−φ0(t,x)) (4.2.52)

This implies n0
−(t, x) = eβ(t)φ

0(t,x)∫
T3 eβ(t)φ

0(t,x′)dx′
, giving the third line of (4.1.18). As for the

first line, since ∇ξF
0
− = −βwF 0

−, we have the important vanishing property

Q0
−+(F 0

−, F
0
+) = β∇ξ · {

∫
R3

Φ(ξ)ξF 0
−(t, x, ξ)dξF 0

+(v)} = 0, (4.2.53)

as Φ(ξ)ξ = (0, 0, 0)T . Finally, for the second line, we invoke (4.1.15) and the identity

∫∫
T3×R3

|ξ|2

2
F 0
−dxdξ =

3

2β
. (4.2.54)

4.2.3 The Boltzmann Case

We now apply the analogous re-scaling to the Vlasov-Poisson-Boltzmann system with

hard spheres as was done in Section 4.2.1. Unlike the Vlasov-Poisson-Landau system,
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the ion-electron collisions do not seem to vanish in the limit ε ↓ 0. Moreover, we show

that the formal expansion in ε yields a system of equations that seems difficult, if

not impossible, to solve. This is because the the O(1) terms in the expansion depend

on the O(ε) terms in a nontrivial way, which in turn depend on the O(ε2) terms, and

so on.

For simplicity, we let Z = e = 1. Following [134], the Vlasov-Poisson-Boltzmann

system reads

{∂t + v · ∇x +
1

m−
E · ∇v}F+ = Q++(F+, F+) +Q−+(F−, F+)},

{∂t + v · ∇x −
1

m+

E · ∇v}F− = Q−−(F−, F−) +Q+−(F+, F−),

−∆xφ = 4π(n+ − n−)

(4.2.55)

Once again, E = −∇xφ. The Boltzmann collision operators are given as follows:

with α, β ∈ {−,+}, we have

Qαβ(Gα, Gβ) =
(σα + σβ)2

4

∫∫
R3×S2

|(u− v) · ω|{Gα(u′)Gβ(v′)−Gα(u)Gβ(v)}dudω,

(4.2.56)

where σ± are the diameters of the particles, and

u′ = u+
2mβ

mα +mβ

((v − u) · ω)ω, (4.2.57)

v′ = v − 2mα

mα +mβ

((v − u) · ω)ω. (4.2.58)

For simplicity, we set σ± = 1 as well. We now set ξ = εv (and ζ = εu), and



136

F̃−(ξ) = ε−3F−(ξ/ε). We now rewrite the first two lines of (4.2.55),

{∂t + v · ∇x + E · ∇v}F+ = Q(F+, F+) + Q̃ε
−+(F̃−, F+) (4.2.59)

{ε∂t + ξ · ∇x − E · ∇ξ}F̃− = Q(F̃−, F̃−) + Q̃ε
+−(F+, F̃−). (4.2.60)

Here, Q = Q++ = Q−−. Before we define the cross-collision terms, it is worthwhile

to define the reflection matrix

Rωz = z − 2(z · ω)ω, (4.2.61)

where ω ∈ S2. The ion-electron collisions have the following (singular!) effect on the

ions:

Q̃ε
−+(F̃−, F+) (4.2.62)

=
1

ε

∫∫
R3×S2

|(ζ − εv) · ω|{F̃−(ζ ′)F+(v′)− F̃−(ζ)F̃+(v)}dζdω, (4.2.63)

where

ζ ′ = ζ +
2

1 + ε2
((εv − ζ) · ω)ω = Rωζ + 2ε(v · ω)ω +O(ε2), (4.2.64)

v′ = v − 2ε

1 + ε2
((εv − ζ) · ω)ω = v + 2ε(ζ · ω)ω +O(ε2). (4.2.65)

On the other hand, the effect of ion-electron collisions on the electrons are the fol-

lowing:

Q̃ε
+−(F+, F̃−) =

∫∫
R3×S2

|(εu− ξ) · ω|{F+(u′)F̃−(ξ′)− F+(u)F̃−(ξ)}dudω, (4.2.66)
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where in the above,

u′ = u+
2ε

1 + ε2
((ξ − εu) · ω)ω = u− 2ε(ξ · ω)ω +O(ε2), (4.2.67)

ξ′ = ξ − 2

1 + ε2
((ξ − εu) · ω)ω = Rωξ + 2ε(u · ω)ω +O(ε2). (4.2.68)

The ε−1 term in Q̃ε
−+ is the source of the difficulty in describing the formal

analysis as ε ↓ 0. In particular, we have no reason to expect that the effect of Q̃ε
−+

will vanish in this limit. To better understand this limit, we use a formal asymptotic

expansion. First, we expand the collisons as follows:

Q̃ε
−+(G1, G2) =

∞∑
j=−1

εjqj−+(G1, G2), (4.2.69)

Q̃ε
+−(G1, G2) =

∞∑
j=0

εjqj+−(G1, G2). (4.2.70)

We now give the first two terms in these expansions. The first two terms in (4.2.69)

are

q−1
−+(G1, G2) =

(∫
R3×S2

|ζ · ω|{G1(Rωζ)−G1(ζ)}dζdω
)
G2(v) (4.2.71)

and

q0
−+(G1, G2) = −

(∫
R3×S2

sgn(ζ · ω)(v · ω){G1(Rωζ)−G1(ζ)}dζdω
)
G2(v)

(4.2.72)

+ 2

(∫
R3×S2

|ζ · ω|(v · ω)ω · ∇ζG1(Rωζ)dζdω

)
G2(v) (4.2.73)

− 2

(∫
R3×S2

|ζ · ω|(ζ · ω)G1(Rωζ)ωidζdω

)
∂viG2(v). (4.2.74)
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On the other hand, the first two terms in (4.2.70) are

q0
+−(G1, G2) =

(∫
R3

G1(u)du

)∫
S2

|ξ · ω|{G1(Rωξ)−G1(ξ)}dω. (4.2.75)

and

q1
+−(G1, G2) = −

(∫
R3

uiG1(u)du

)∫
S2

sgn(ξ · ω)ωi{G2(Rωξ)−G2(ξ)}dω (4.2.76)

+ 2

(∫
R3

uiG1(u)du

)∫
S2

sgn(ξ · ω)ωiω · ∇ξG2(Rωξ)dω. (4.2.77)

In the above, there is another O(ε) term arising from the expansion G1(u′) = G2(u)+

2ε(ξ · ω)ω · ∇uG1(u) +O(ε2), but this integrates to zero.

Next, we expand F+ and F̃− into an formal series in ε:

F+ ∼
∞∑
j=0

εjF+,j, F̃− ∼
∞∑
j=0

εjF̃−,j, (4.2.78)

where each F±,j is independent of ε. Similarly, we expand φ ∼
∑∞

j=0 ε
jφj and

E ∼
∑∞

j=0 ε
jEj. Collecting the O(1) terms of (4.2.60), we see that F 0

−,j solves

{ξ · ∇x − E0 · ∇ξ}F̃−,0 = Q(F̃−,0, F̃−,0) + q0
−+(F+,0, F̃−,0). (4.2.79)

It is straightforward to check that

F̃−,0 =

(
β(t)

2π

) 3
2

e−β(t)(
|v|2
2
−φ0) (4.2.80)

solves the above, with (β, φ0) solving the same equation as in (4.1.7). Using a similar

entropy identity as was used in Section 4.2.2, we expect that this is the unique such

solution. With this ansatz, we have qj−,+(F̃−,0, G) = 0 for both j = −1 and j = 0,

and any G, due to the radial symmetry of F̃−,0. In particular, the O(1
ε
) term in
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(4.2.59) vanishes. Collecting all the O(1) terms in (4.2.59), we then have

∂tF+,0 + {v · ∇x + E0 · ∇v}F+,0 = Q(F+,0, F+,0) + q−1
−+(F̃−,1, F+,0). (4.2.81)

Thus, in order to solve for F+,0, we must solve for F̃−,1 as well. Then, collecting all

the O(ε) terms in (4.2.60), we have

{ξ · ∇x − E0 · ∇ξ}F̃−,1 − E1 · ∇ξF−,0 (4.2.82)

−Q(F̃−,1, F̃−,0)−Q(F̃−,0, F̃−,1)− q0
+−(F+,0, F̃−,1) (4.2.83)

= ∂tF̃−,0 + q1
−+(F+,0, F̃−,0) (4.2.84)

In the above, we used the fact that q0(F+,1, F̃−,0) = 0. Now we arrive at the issue:

in order to solve for F+,0, we must solve for F̃−,1 as well. However, the equation for

F−,1 depends on E1, which in turn depends on F+,1, which depends on F̃−,2, and so

on. In summary, it seems difficult to solve for the solve the terms in the expansion

(4.2.78), in order to get a well-defined limiting equation.

4.3 Preliminaries

4.3.1 Well-posedness

In this section, we state a prerequisite local well-posedness result that guarantees

solutions to (4.1.7) in our context.

Lemma 4.3.1. Fix M,T > 0, and suppose (F 0
+, β, φ

0) is a solution to (4.1.18)

satisfying the hypothesis of Theorem 4.1.1. Fix ε > 0. Then there exists Tε ∈ (0, T0]

(depending on (F 0
+, β, φ

0), ε > 0 and M), and % = %(M) (depending only on M)
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such that the following holds. If we take (F ε
+,in, F

ε
+,in) satisfying

‖ 1

nε+,in
‖L∞x + ‖F ε

+,in‖E ≤M, (4.3.1)

‖F ε
+,in − F 0

+,in‖E′ +
√

E ε
−,2,in ≤ %. (4.3.2)

then there exists a unique weak solution (F ε
+, F

ε
−) with 0 ≤ F ε

± ∈ C([0, Tε];E
′) ∩

L∞([0, Tε];E)∩L2([0, Tε];D) to (4.1.7) with the initial data, satisfying the estimates

sup
t∈[0,Tε]

(
‖ 1

nε+(t)
‖L∞x + ‖F ε

+(t)‖E
)
≤ 2M, (4.3.3)

sup
t∈[0,Tε]

(
‖F ε

+(t)− F 0
+(t)‖E′ +

√
E ε
−,2(t)

)
.M ‖F ε

+,in − F 0
+,in‖E′ +

√
E ε
−,2,in. (4.3.4)

We only sketch the proof. First, construct smooth approximate solutions via

the iteration method laid out in Section 5.3 in the following chapter. The estimates

shown in this paper can then be applied to these iterations, at least for short time in

ε, if one replaces the intermediate system (γε, ψε) with (β, φ0). This gives uniform

boundedness of the iterates on some ε dependent interval. We can then show that

these iterates converge in E′, uniformly in time. This gives us a local solution. We

emphasize that unlike in Chapter 5, the uniform boundedness of the iterates does

not require propagation of regularity in v, allowing us to get local solutions in a lower

regularity class.

4.3.2 Lower and upper bounds on the diffusion matrix

In order to prove local well-posedness for the system (4.1.7) and (4.1.18), we first

prove the following lemma, which gives upper and lower bounds on the diffusion



141

matrix appearing in the collision kernels:

Lemma 4.3.2. Let G(v) = G : R3 → R, ν ∈ S2. Then for all v ∈ R3,

|Φij ∗G(v)νiνj| . ‖〈v〉5G‖L2σij(v)νiνj. (4.3.5)

Assuming G ≥ 0, we have the lower bound

‖G‖L1

〈‖〈v〉2G‖L2/‖G‖L1〉17
σij(v)νiνj . Φij ∗G(v)νiνj. (4.3.6)

Proof. We first prove (4.3.5). Observe that |Φij ∗G(v)νiνj| ≤ Φij ∗ |G|(v)νiνj. Thus,

it suffices to consider the case when G ≥ 0. First we have uniform boundedness,

‖Φij ∗G(v)νiνj‖L∞ . ‖(−∆v)
−1G‖L∞ . ‖〈v〉2G‖L2 (4.3.7)

Alternatively,

Φij ∗G(v)νiνj ≤
∫

2|v′|<|v|

|v − v′|2 − 〈v − v′, ν〉2

|v − v′|3
G(v′)dv′ (4.3.8)

+

∫
2|v′|≥|v|

|v − v′|2 − 〈v − v′, ν〉2

|v − v′|3
G(v′)dv′. (4.3.9)

Now,

√
|v − v′|2 − 〈v − v′, ν〉2 = |Pν⊥(v − v′)| ≤ |Pν⊥v|+ |Pν⊥v′|, (4.3.10)
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so

(4.3.8) .
∫

2|v′|<|v|

|Pν⊥v|2 + |Pνv|2

|v − v′|3
G(v′)dv′ (4.3.11)

.
|Pν⊥v|2

|v|3
‖G‖L1 +

1

|v|3
‖|v′|2G‖L1 (4.3.12)

. (
|Pv⊥ν|2

|v|
+

1

|v|3
)‖〈v′〉5G(v′)‖L2

v′
(4.3.13)

On the other hand, we have

(4.3.9) ≤
∫

2|v′|≥|v|

1

|v − v′|
G(v′)dv′ (4.3.14)

≤ 1

|v|3

∫
2|v′|≥|v|

1

|v − v′|
|v′|3G(v′)dv′ (4.3.15)

≤ 1

|v|3
‖(−∆v′)

−1(〈v′〉3G(v′))‖L∞
v′

(4.3.16)

≤ 1

|v|3
‖〈v′〉5G(v′)‖L2

v′
. (4.3.17)

Thus,

Φij ∗G(v)νiνj . min{1, |Pv⊥ν|
2

|v|
+

1

|v|3
}‖〈v′〉5G(v′)‖L2

v′
, (4.3.18)

which implies (4.3.5).

We now prove (4.3.6). By re-scaling G 7→ G/‖G‖L1 , it suffices to show (4.3.6) in

the case ‖G‖L1 = 1. For convenience, we define

kG = 〈‖〈v〉2G‖L2
v
〉. (4.3.19)

Let ν ∈ S2,

Φij ∗G(v)νiνj =

∫
R3

sin2 θ

|v′|
G(v − v′)dv′ (4.3.20)
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where θ = θ(v′) is the angle between v′ and ν. Taking θ0 > 0 to be a constant to be

chosen later, we bound the above from below by

Φij ∗G(v)νiνj ≥ sin2 θ0

(∫
R3

1

|v′|
G(v − v′)dv′ −

∫
sin2 θ<sin2 θ0

1

|v′|
G(v − v′)dv′

)
(4.3.21)

Now,

∫
R3

1

|v′|
G(v − v′)dv′ =

∫
|v|≥10|v′|

1

|v − v′|
G(v′)dv′ (4.3.22)

≥ 9

10|v|

∫
|v|≥10|v′|

G(v′)dv′ (4.3.23)

≥ 9

10|v|
(1−

∫
|v|≤10|v′|

G(v′)dv′) (4.3.24)

≥ 9

10|v|
(1− ‖|v′|−21|v|≤10|v′|‖L2

v′
‖|v′|2G(v′)‖L2

v′
) (4.3.25)

≥ 9

10|v|
(1− kG

|v|
) (4.3.26)

On the other hand, for any λ > 0,

∫
R3

1

|v′|
G(v − v′)dv′ ≥ 1

λ

(
1−

∫
|v′|>λ

G(v − v′)dv′
)

(4.3.27)

≥ 1

λ

(
1− ‖|v′|−21|v′|>λ‖L2

v′
‖|v − v′|2G(v′)‖L2

v′

)
(4.3.28)

≥ 1

λ
(1− kG〈v〉2

λ
1
2

) (4.3.29)

Taking λ = 4k2
G〈v〉4, and combining with (4.3.26),

∫
R3

1

|v′|
G(v − v′)dv′ & min{ 1

|v|
(1− kG

|v|
),

1

k2
G〈v〉4

} & 1

k5
G〈v〉

(4.3.30)
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We now consider the second term in (4.3.21). First,

∫
sin2 θ<sin2 θ0

1

|v′|
G(v − v′)dv′ . kG

(∫
sin2 θ<sin2 θ0

1

|v′|2〈v − v′〉4
dv′
) 1

2

(4.3.31)

. kG

(∫
sin2 θ<sin2 θ0

1

|v′|2(1 + |v|2 + 2〈v, v′〉+ |v′|2)2
dv′
) 1

2

.

(4.3.32)

We then use spherical coordinates to evaluate the integral above, setting the span of

ν to be the z-axis, and the span of Pν⊥v to be the x axis. Letting v‖ = 〈v, ν〉, and

|Pν⊥v| = v⊥, we get

∫
sin2 θ<sin2 θ0

1

|v′|2(1 + |v|2 + 2〈v, v′〉+ |v′|2)2
dv′ (4.3.33)

=

∫ ∞
0

∫ 2π

0

∫
[0,θ0]∪[π−θ0,π]

sin θ

(1 + v2
‖ + v2

⊥ + 2r(v‖ cos θ + v⊥ cosα sin θ) + r2)2
dθdαdr

(4.3.34)

We now rewrite

v2
‖ + v2

⊥ + 2r(v‖ cos θ + v⊥ cosα sin θ) + r2 (4.3.35)

= v2
‖ sin2 θ + v2

⊥(cos2 θ + sin2 α sin2 θ) + (r + v‖ cos θ + v⊥ cosα sin θ)2 (4.3.36)

≥ v2
⊥ cos2 θ + (r + v‖ cos θ + v⊥ cosα sin θ)2 (4.3.37)

Extending the domain of integration to be r ∈ (−∞,∞), and using shift invariance

in r, and then the symmetries of sin θ, we bound the integral by

(4.3.33) .
∫
R

∫ θ0

0

sin θ

(1 + v2
⊥ cos2 θ + r2)2

dθdr (4.3.38)
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Taking θ0 ≤ π
4
, we have cos2 θ ≥ 1

2
. This ensures that

(4.3.33) .
∫
R

∫ θ0

0

sin θ

(1 + v⊥ + |r|)4
dθdr (4.3.39)

.
1

〈v⊥〉3

∫ θ0

0

sin θdθ (4.3.40)

.
θ2

0

〈v⊥〉3
. (4.3.41)

Combining with (4.3.21), we have

Φij ∗G(v)νiνj & θ2
0

(
1

k4
G〈v〉

− kG
θ0

〈v⊥〉
3
2

)
(4.3.42)

At this point, we take θ0 = λ 〈v⊥〉〈v〉 , where λ ∈ (0, π
4
) is to be chosen later (not

necessarily the same λ from before). In particular, v‖θ0 . λ〈v⊥〉, so

Φij ∗G(v)νiνj &
λ2〈v⊥〉2

〈v〉2

(
1

k5
G〈v〉

− kG
λ

〈v⊥〉
1
2 〈v〉

)
. (4.3.43)

Taking λ = 1
10k6G

, we deduce

Φij ∗G(v)νiνj &
〈v⊥〉2

k17
G 〈v〉3

=
1

k17
G

(
|Pvν|2

〈v〉3
+
|Pv⊥ν|2

〈v〉
). (4.3.44)

We deduce (4.3.6).

4.4 Estimates on the ion distribution

4.4.1 Boundedness of the ion distribution

We now prove a priori estimates for the ion distribution.



146

Proposition 4.4.1. Let M,T, ε > 0. Suppose (F ε
−, F

ε
+) is a weak solution to (4.1.7)

with 0 ≤ F ε
± ∈ C([0, T ];E) ∩ L2([0, T ];D). Assume the following bootstrap assump-

tions:

sup
±∈{−,+},0≤t≤T

(‖F ε
±(t)‖2

E + ‖ 1

nε±(t)
‖L∞x ) ≤M (4.4.1)

In particular, there exists X ε
+(t) ∼M ‖F ε

+‖2
E (depending on M) such that

d

dt
X ε

+ + ‖F ε
+(t)‖2

D+
ε
≤ CM〈‖F ε

−‖D〉
3
2 . (4.4.2)

Alternatively,

d

dt
‖F ε

+‖2
E +

1

CM
‖F ε

+(t)‖2
D+
ε
≤ CM(〈‖F ε

−‖D〉
3
2 + ‖〈v〉m1F ε

+(t)‖2
L2
x(Hσ∩H+

σ;ε)v
). (4.4.3)

Proof. It is convenient to ignore dependence on M : we write C = CM , and “.”

instead of “.M .” We also drop the dependence on ε, for instance, F+ = F ε
+. Given

m′, s′ ∈ R, we define

F
(m′,s′)
+ := 〈v〉m′〈∇x〉s

′
F+, (4.4.4)

F
(m′,s′)
− := 〈ξ〉m′〈∇x〉s

′
F−. (4.4.5)

It is also convenient to split the collision operators into their “diffusion” (second

order) and “transport” (first order) parts in divergence form:

Q(G1, G2) = QD(G1, G2) +QT (G1, G2), (4.4.6)

(4.4.7)
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where

QD(G1, G2) := ∂vj((Φij ∗v G1)∂viG2), (4.4.8)

QT (G1, G2) := ∂vj(∂vi(Φij ∗v G1)G2). (4.4.9)

We split Qε
±∓ = Qε

±∓,D + Qε
±∓,T similarly. We now proceed with the proof, broken

into several steps.

Step 1: We have the following estimates:

d

dt
‖F (m2,0)

+ ‖2
L2
x,v

+
1

C
‖F (m2,0)

+ ‖2
L2
x(Ḣσ∩H+

σ;ε)v
≤ C(1 + ‖F−‖

3
2
D), (4.4.10)

and for all κ > 0,

d

dt
‖F (m1,s)

+ ‖2
L2
x,v

+
1

C
‖F (m1,s)

+ ‖2
L2
x(Ḣσ∩H+

σ;ε)v

≤ C(1 + ‖F (m1,0)
+ ‖2

L2
x(Ḣσ∩H+

σ;ε)v
+ ‖F−‖

3
2
D).

(4.4.11)

The proof of (4.4.10) follows by a similar method as (4.4.11), so we only show the

latter. 5 To prove (4.4.11), observe that F
(m1,s)
+ satisfies

(∂t + v · ∇x + E · ∇v)F
(m1,s)
+ + [〈v〉m1〈∇x〉s, E · ∇v]F+ (4.4.12)

= 〈v〉m1〈∇x〉s{Q(F+, F+) +Qε
−+(F−, F+)}. (4.4.13)

5We note that the RHS of (4.4.11) contains the term ‖F (m1,0)
+ ‖2

L2
x(Ḣσ∩H

+
σ;ε)v

, while (4.4.10) does

not. This terms arises from the commutator of 〈∇x〉s with collisional terms, for which there is no
analogue in the proof of the estimate (4.4.10).
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Multiplying the above by by F
(m1,s)
+ integrating, we have

1

2

d

dt
‖F (m1,s)

+ ‖2
L2
x,v

(4.4.14)

= 〈[E · ∇v, 〈v〉m〈∇x〉s]F+, F
(m1,s)
+ 〉L2

x,ξ
(4.4.15)

+ 〈〈v〉m1〈∇x〉sQ(F+, F+), F
(m1,s)
+ 〉L2

x,v
(4.4.16)

+ 〈〈v〉m1〈∇x〉sQε
−+(F−, F+), F

(m1,s)
+ 〉L2

x,v
. (4.4.17)

What follows are estimates for each term on the right-hand side.

Step 1.1 (electric field commutator): We now bound (4.4.15):

(4.4.15) . 1 + ‖F (m1,s)
+ ‖L2

x(Hσ)v . (4.4.18)

Observe first that

[E · ∇v, 〈v〉m〈∇x〉s]F+ = E · ∇v(〈v〉m1〈∇x〉sF+)− 〈v〉m1E · ∇v〈∇x〉sF+ (4.4.19)

+ 〈v〉m1E · ∇v〈∇x〉sF+ − 〈v〉m1〈∇x〉s(E · ∇vF+) (4.4.20)

= m1v · EF (m1−2,s)
+ (4.4.21)

+ 〈v〉m1∇v · (E〈∇x〉sF+ − 〈∇x〉s(EF+)). (4.4.22)
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Thus,

(4.4.15) = m1〈v · EF (m−2,s)
+ , F

(m1,s)
+ 〉L2

x,v
(4.4.23)

− 〈E〈∇x〉sF+ − 〈∇x〉s(EF+),∇v(〈v〉m1F
(m1,s)
+ )〉L2

x,v
(4.4.24)

. ‖E‖L∞x ‖F
(m1,s)
+ ‖2

L2
x,v

(4.4.25)

+ (‖∇xE‖L∞x ‖F
(m1+ 3

2
,s−1)

+ ‖L2
x,v

+ ‖E‖Hs
x
‖F (m1+ 3

2
,0)

+ ‖L2
x,v

)‖F (m1− 3
2
,s)

+ ‖L2
xH

1
v

(4.4.26)

. (‖F (m1+ 3
2
,s−1)

+ ‖L2
x,v

+ ‖F (m2,0)
+ ‖L2

x,v
)(1 + ‖F (m1,s)

+ ‖L2
x(Ḣσ)v

). (4.4.27)

Next, note that we have the interpolation inequality

‖F (m1+ 3
2
,s−1)‖L2

x,v
. ‖F (m1,s)

+ ‖
s−1
s

L2
x,v
‖F (m1+ 3s

2
,0)‖

1
s

L2
x,v

. ‖F+‖E . 1, (4.4.28)

since m1 + 3s
2
≤ m2. We conclude with (4.4.18).

Step 1.2 (self-collisions): Next, we have the following bound on (4.4.16):

(4.4.16) ≤ − 1

C
‖F (m1,s)

+ ‖2
L2
x(Ḣσ)v

+ C(1 + ‖F (m1,0)
+ ‖2

L2
x(Ḣσ)v

). (4.4.29)

For this, we separate

(4.4.16) = 〈QD(F+, F
(m1,s)
+ ), F

(m1,s)
+ 〉L2

x,v
(4.4.30)

+ 〈〈v〉m1〈∇x〉sQD(F+, F+)−QD(F+, F
(m1,s)
+ ), F

(m1,s)
+ 〉L2

x,v
(4.4.31)

+ 〈〈v〉m1〈∇x〉sQT (F+, F+), F
(m1,s)
+ 〉L2

x,v
. (4.4.32)
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Using (4.3.6), we have the bound

(4.4.30) = −〈(Φij ∗v F+)∂viF
(m1,s)
+ , ∂vjF

(m1,s)
+ 〉L2

x,v
(4.4.33)

≤ − 1

CkF+
‖F (m1,s)

+ ‖L2
x(Ḣσ)v

. (4.4.34)

where

kF+ = max{1, ‖〈v〉5F+‖L∞x L2
v
, ‖n−1

+ ‖L∞x }. (4.4.35)

Now,

‖〈v〉5F+‖L∞x L2
v
. ‖F (5,2)

+ ‖L2
x,v

. 1. (4.4.36)

so kF+ . 1. Using these estimates, we get that

(4.4.30) ≤ − 1

C
‖F+‖2

L2
x(Ḣσ)v

(4.4.37)

Next, we have the commutator term (4.4.31). Let us first write

〈v〉m1〈∇x〉sQD(F+, F+)−QD(F+, F
(m1,s)
+ ) (4.4.38)

= 〈∇x〉sQD(F+, F
(m1,0)
+ )−QD(F+, F

(m1,s)
+ ) (4.4.39)

+ 〈∇x〉s{〈v〉mQD(F+, F+)−QD(F+, F
(m1,0)
+ )}. (4.4.40)

Now, let

Cj := 〈∇x〉s((Φij ∗v F+)∂viF
(m1,0)
+ )− (Φij ∗v F+)∂viF

(m1,s)
+ (4.4.41)

Then

〈(4.4.39), F
(m1,s)
+ 〉L2

x,v
= 〈Ci, ∂viF

(m1,s)
+ 〉L2

x,v
(4.4.42)

≤ 〈(σ−1)ijCi, Cj〉
1
2

L2
x,v
〈σij∂viF

(m1,s)
+ , ∂vjF

(m1,s)
+ 〉

1
2

L2
x,v

(4.4.43)
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Now, the latter factor is ‖F (m1,s)
+ ‖L2

x(Ḣσ)v
. On the other hand, writing

AG = σ−
1
2 Φ ∗v Gσ−

1
2 . (4.4.44)

Note that by (4.3.5), ‖AG‖L∞v . ‖〈v〉5G‖L2
v

given a function G = G(v). Therefore,

we have

‖σ−
1
2C‖L2

x,v
= ‖〈∇x〉s(AF+σ

1
2∇vF

(m1,0)
+ )− AF+σ

1
2∇vF

(m1,s)
+ ‖L2

x,v
(4.4.45)

. ‖A
F

(0,s)
+
‖L2

xL
∞
v
‖σ

1
2∇vF

(m1,s−1)
+ ‖L2

x,v
(4.4.46)

. ‖F (m1,s−1)
+ ‖L2

x(Ḣσ)v
(4.4.47)

. ‖F (m1,0)
+ ‖

1
s

L2
x(Ḣσ)v

‖F (m1,s)
+ ‖

s−1
s

L2
x(Ḣσ)v

. (4.4.48)

Thus,

〈(4.4.39), F
(m1,s)
+ 〉L2

x,v
. ‖F (m1,0)

+ ‖
1
s

L2
x(Ḣσ)v

‖F (m1,s)
+ ‖

2s−1
s

L2
x(Ḣσ)v

. (4.4.49)

Next, we have

(4.4.40) = −m1〈∇x〉s{vj(Φij ∗v F+)∂viF
(m1−2,0)
+ + ∂vj(vi(Φij ∗v F+)F

(m1−2,0)
+ )

(4.4.50)

− (m1 − 2)vivj(Φij ∗v F+)F
(m1−4,0)
+ }. (4.4.51)
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Thus,

〈(4.4.40), F
(m1,s)
+ 〉L2

x,v
= −m1〈〈∇x〉s{vj(Φij ∗v F+)∂viF

(m1−2,0)
+ }, F (m1,s)

+ 〉L2
x,v

(4.4.52)

+m1〈〈∇x〉s{〈v〉m1−2vi(Φij ∗v F+)F
(m1−2,0)
+ }, ∂vjF

(m1,s)
+ 〉L2

x,v

(4.4.53)

+m1(m1 − 2)〈〈∇x〉s{vivj(Φij ∗v F+)F
(m1−4,0)
+ }, F (m1,s)

+ 〉L2
x,v

(4.4.54)

.
∥∥∥|σ 1

2v|‖A
F

(0,s)
+
‖L2

x
‖σ

1
2∇vF

(m1−2,s)
+ ‖Hs

x

∥∥∥
L2
v

‖F (m1,s)
+ ‖L2

x,v

(4.4.55)

+
∥∥∥|σ 1

2v|‖A
F

(0,s)
+
‖L2

x
‖F (m1−2,s)

+ ‖Hs
x

∥∥∥
L2
v

‖σ
1
2∇vF

(m1,s)
+ ‖L2

x,v

(4.4.56)

+
∥∥∥(v · (σ

1
2v))‖A

F
(0,s)
+
‖L2

x
‖F (m1−4,s)

+ ‖Hs
x

∥∥∥
L2
v

‖F (m1,s)
+ ‖L2

x,v

(4.4.57)

. ‖F (m1,s)
+ ‖L2

x(Ḣσ)v
. (4.4.58)

Therefore,

(4.4.31) . ‖F (m1,s)
+ ‖L2

x(Ḣσ)v
+ ‖F (m1,0)

+ ‖
1
s

L2
x(Ḣσ)v

‖F (m1,s)
+ ‖

2s−1
s

L2
x(Ḣσ)v

. (4.4.59)
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Next we estimate (4.4.32). We bound this as follows:

(4.4.32) = 〈〈∇x〉s{∂vi(Φij ∗v F+)F
(m1,0)
+ }, ∂vjF (m1,s)〉L2

x,v
(4.4.60)

+ 〈〈∇x〉s{vj∂vi(Φij ∗v F+)F
(m1−2,0)
+ }, F (m1,s)〉L2

x,v
(4.4.61)

. ‖〈∇x〉s{σ−
1
2 (∇v · Φ ∗v F+)F+}‖L2

x,v
‖σ

1
2∇vF

(m1,s)
+ ‖L2

x,v
(4.4.62)

+ ‖〈∇x〉s{vj∂vi(Φij ∗v F+)F
(m1−2,0)
+ }‖L2

x,v
‖F (m1,s)

+ ‖L2
x,v

(4.4.63)

. ‖σ−
1
2∇v(−∆v)

−1F
(0,s)
+ ‖L2

xL
∞
v
‖F (m1,s)

+ ‖L2
x,v
‖F (m1,s)

+ ‖L2
x(Ḣσ)v

(4.4.64)

+ ‖∇v(−∆v)
−1F

(0,s)
+ ‖L2

xL
∞
v
‖F (m1,s)

+ ‖L2
x,v
‖F (m1,s)

+ ‖L2
x,v

(4.4.65)

. ‖〈v〉
3
2∇v(−∆v)

−1F
(0,s)
+ ‖L2

xL
∞
v

(1 + ‖F (m1,s)
+ ‖L2

x(Ḣσ)v
). (4.4.66)

Now, by

〈v〉
3
2 |∇v(−∆v)

−1F
(0,s)
+ | . 〈v〉

3
2

∫
〈v〉>2|v′|

|F (0,s)
+ (v′)|
|v − v′|2

dv′ + 〈v〉
3
2

∫
〈v〉≤2|v′|

|F (0,s)
+ (v′)|
|v − v′|2

dv′

(4.4.67)

. 〈v〉−
1
2‖F (0,s)

+ ‖L1
v

+

∫
R3

|F ( 3
2
,s)

+ (v′)|
|v − v′|2

dv′ (4.4.68)

Thus,

‖〈v〉
3
2∇v(−∆v)

−1F
(0,s)
+ ‖L2

xL
∞
v
. ‖F (0,s)

+ ‖L2
xL

1
v

+ ‖|∇v|−1|F ( 3
2
,s)

+ |‖L2
xL
∞
v

(4.4.69)

. ‖F (2,s)
+ ‖L2

x,v
+ ‖〈∇v〉

3
4 |F ( 3

2
,s)

+ |‖L2
x,v

(4.4.70)

. 1 + ‖|F ( 3
2
,s)

+ |‖
3
4

L2
xH

1
v
. (4.4.71)

. 1 + ‖F (m1,s)
+ ‖

3
4

L2
x(Ḣσ)v

(4.4.72)

In the above, we use the interpolation inequality ‖u‖H3/4 . ‖u‖
1
4

L2‖u‖
3
4

H1 , followed by
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the fact that
∣∣∇v|u|

∣∣ = |∇vu| a.e., for any function u ∈ H1(R3). Thus,

(4.4.32) . 1 + ‖F (m1,s)
+ ‖

7
4

L2
x(Ḣσ)v

. (4.4.73)

Combining the estimates (4.4.30), (4.4.31) and (4.4.32), we conclude

(4.4.16) ≤ − 1

C
‖F (m1,s)

+ ‖2
L2
x(Ḣσ)v

(4.4.74)

+ C(1 + ‖F (m1,s)
+ ‖

7
4

L2
x(Ḣσ)v

+ ‖F (m1,0)
+ ‖

1
s

L2
x(Ḣσ)v

‖F (m1,s)
+ ‖

2s−1
s

L2
x(Ḣσ)v

). (4.4.75)

We then use Hölder’s inequality to get (4.4.29).

Step 1.3 (control of ion-electron collisions): Now, we turn to (4.4.17), for which we

have the bound

(4.4.17) ≤ − 1

C
{‖F (m1,s)

+ ‖2
L2
x(H+

σ;ε)v
− λ‖F (m1,s)

+ ‖2
L2
x(Ḣσ)v

}

+ C‖F (m1,0)
+ ‖2

L2
x(H+

σ;ε)v

+ Cλ(1 + ‖F (m1,s)
− ‖

3
2

L2
x(Ḣσ)ξ

).

(4.4.76)

for all λ > 0. We decompose this term in the same way as (4.4.16),

(4.4.17) = 〈Qε
−+,D(F−, F

(m1,s)
+ ), F

(m1,s)
+ 〉L2

x,v
(4.4.77)

+ 〈〈v〉m1〈∇x〉sQε
−+,D(F−, F+)−Qε

−+,D(F−, F
(m1,s)
+ ), F

(m1,s)
+ 〉L2

x,v
(4.4.78)

+ 〈〈v〉m1〈∇x〉sQε
−+,T (F−, F+), F

(m1,s)
+ 〉L2

x,v
(4.4.79)
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The terms (4.4.77) and (4.4.78) using the same approach as (4.4.30) and (4.4.31),

(4.4.77) ≤ − 1

C
‖F (m1,s)

+ ‖2
L2
x(H+

σ;ε)v
, (4.4.80)

(4.4.78) . ‖F (m1,s)
+ ‖L2

x(H+
σ;ε)v

+ ‖F (m1,0)
+ ‖

1
s

L2
x(H+

σ;ε)v
‖F (m1,s)

+ ‖
2s−1

s

L2
x(H+

σ;ε)v
. (4.4.81)

The final term (4.4.79) requires a different approach: we separate it into a main term

and commutators,

(4.4.79) = 〈Qε
−+,T (F−, F

(m1,s)
+ ), F (m1,s)〉L2

x,v
(4.4.82)

+ 〈〈∇x〉sQε
−+,T (F−, F

(m1,0)
+ )−Qε

−+,T (F−, F
(m1,s)
+ ), F (m1,s)〉L2

x,v
(4.4.83)

+ 〈〈∇x〉s{〈v〉m1Qε
−+,T (F−, F+)−Qε

−+,T (F−, F
(m1,0)
+ )}, F (m1,s)〉L2

x,v
.

(4.4.84)

For the first term, we note that ∂vi∂vjΦij(v) = −8πδ(v) in the sense of distributions,

where δ is the Dirac mass. Hence,

(4.4.82) = 4πε〈F−|ξ=εvF (m1,s)
+ , F

(m1,s)
+ 〉L2

x,v
(4.4.85)

. ε‖〈εv〉
3
4F−|ξ=εv‖L∞x L6

v
‖〈εv〉−

3
4F

(m1,s)
+ ‖L2

xL
3
v
‖F (m1,s)

+ ‖L2
x,v

(4.4.86)

. ε
1
2‖F ( 3

4
,0)

− ‖L∞x L6
ξ
‖〈εv〉−

3
4F

(m1,s)
+ ‖L2

xL
3
v

(4.4.87)

Now, using the generalized Minkowski inequality and Sobolev embedding,

‖F ( 3
4
,0)

− ‖L∞x L6
ξ
. ‖∇vF

( 3
4
,0)

− ‖L∞x L2
ξ
. ‖∇vF

( 3
4
,s)

− ‖L2
x,ξ

. 1 + ‖F ( 9
4
,s)

− ‖L2
x(Hσ)ξ (4.4.88)

On the other hand,

‖〈εv〉−
3
4F

(m1,s)
+ ‖L2

xL
3
v
. ‖F (m1,s)

+ ‖
1
2

L2
x,v
‖〈εv〉

3
2F

(m1,s)
+ ‖

1
2

L2
xH

1
v

(4.4.89)

. ε−
1
4‖F (m1,s)

+ ‖
1
2

L2
x(H+

σ;ε)v
(4.4.90)
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We conclude that

(4.4.82) ≤ Cε
1
4‖F (m1,s)

+ ‖
1
2

L2
x(H+

σ;ε)v
‖F (m1,s)
− ‖L2

x(Hσ)ξ . (4.4.91)

As for (4.4.83), we have

(4.4.83) = 8π〈〈∇x〉s{∇ξ(−∆ξ)
−1F−|ξ=εvF (m1,0)

+ } − ∇ξ(−∆ξ)
−1F−|ξ=εvF (m1,s)

+ ,∇vF
(m1,s)
+ 〉L2

x,v

(4.4.92)

.
∥∥∥〈v〉 32‖|∇ξ|−1|F (0,s)

− |ξ=εv|‖L2
x
‖F (m1,s−1)

+ ‖L2
x

∥∥∥
L2
v

‖F (m1,s)
+ ‖L2

x(Ḣσ)v
(4.4.93)

. ‖|∇ξ|−1|F (0,s)
− |‖L2

xL
∞
ξ
‖F (m+ 3

2
,s−1)

+ ‖L2
x,v
‖F (m1,s)

+ ‖L2
x(Ḣσ)v

(4.4.94)

. ‖|F (0,s)
− |‖

L2
xH

3
4
ξ

‖F (m+ 3s
2
,0)

+ ‖
1
s

L2
x,v
‖F (m1,s)

+ ‖
s−1
s

L2
x,v
‖F (m1,s)

+ ‖L2
x(Ḣσ)v

(4.4.95)

. ‖F (m1,s)
− ‖

3
4

L2
x(Hσ)ξ

‖F (m1,s)
+ ‖L2

x(Ḣσ)v
. (4.4.96)

The second commutator (4.4.83) is bounded as follows:

(4.4.83) = 8π〈〈∇x〉s{v · ∇ξ(−∆ξ)
−1F−|ξ=εvF (m1−2,0)

+ }, F (m1,s)
+ 〉L2

x,v
(4.4.97)

. ‖|∇v|−1F
(0,s)
− ‖L2

xL
∞
ξ
‖F (m1,s)

+ ‖2
L2
x,v

(4.4.98)

. ‖F (m1,s)
− ‖L2

x(Hσ)ξ . (4.4.99)

Thus,

(4.4.79) . (‖F (m1,s)
− ‖L2

x(Hσ)ξ + ε
1
4‖F (m1,s)

+ ‖
1
2

L2
x(H+

σ;ε)v
‖F (m1,s)
− ‖L2

x(Hσ)ξ (4.4.100)

+ ‖F (m1,s)
+ ‖L2

x(Ḣσ)v
‖F (m1,s)
− ‖

3
4

L2
x(Hσ)ξ

). (4.4.101)

Now, combining the bounds on (4.4.77), (4.4.78), (4.4.79), and Young’s inequality,

we conclude (4.4.76).



157

To conclude step 1, we combine (4.4.18), (4.4.29) and (4.4.76), taking λ suffi-

ciently small, to get (4.4.11).

Step 2 (combining the estimates): Take 0 < κ1 < κ2, and set X+ :=

κ1‖F (m1,s)
+ ‖2

L2
x,v

+ κ2‖F (m2,0)
+ ‖2

L2
x,v

. Then by (4.4.10) and (4.4.11), we have

d

dt
X+ +

κ1

C
‖F (m1,s)‖2

L2
x(Ḣσ∩H+

σ;ε)v
+
(κ2

C
− Cκ1

)
‖F (m2,0)‖2

L2
x(Ḣσ∩H+

σ;ε)v
(4.4.102)

≤ C(κ1 + κ2)〈‖F−‖D〉
3
2 (4.4.103)

Taking κ2 sufficiently large and κ1 sufficiently small depending on M , we get (4.4.2).

Alternatively, by simply adding (4.4.10) and (4.4.11), we have (4.4.3).

4.4.2 Error estimate for the ion distribution

Proposition 4.4.2. Let M,T > 0, and let (F ε
+, F

ε
−) be a solution to (4.1.7) satisfying

the same hypotheses as in 4.4.1, and (F 0
+, β, φ

0) be a solution to (4.1.18), satisfying

the hypothesis of Theorem 4.1.1. Then, there is a function Y ε
+ : [0, T ∗) → R+ such

that Y ε
+ ∼M ‖F ε

+ − F 0
+‖E′ and

d

dt
Y ε

+ + ‖F ε
+ − F 0

+‖2
D′

.M 〈‖(F 0
+, F

ε
−)‖D〉2(ε2 + Y ε

+) + Dε
−,2.

(4.4.104)
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Proof. Let G = F ε
+ − F 0

+. Then,

∂tG+ {v · ∇x + Eε · ∇v}G− (Eε − E0) · ∇vF
0
+ −Q(F ε

+, G)−Q(G,F 0
+) (4.4.105)

= Q−+(F ε
−, F

ε
+) (4.4.106)

Similarly to the proof of the previous proposition, given m′, s′ ∈ R, we denote

G(m′,s′) = 〈v〉m′〈∇x〉sG, (F ε
±)(m′,s′) = 〈v〉m′〈∇x〉sF ε

±, etc. The above gives

1

2

d

dt
‖G(m0,s)‖2

L2
x,v

= 〈[〈v〉m0〈∇x〉s, Eε · ∇v]G,G
(m0,s)〉L2

x
(4.4.107)

+ 〈〈v〉m0〈∇x〉s{(E0 − Eε) · ∇vF
0
+}, G(m0,s)〉L2

x,ξ
(4.4.108)

+ 〈〈v〉m0〈∇x〉sQ(F ε
+, G), G(m0,s)〉L2

x,v
(4.4.109)

+ 〈〈v〉m0〈∇x〉sQ(G,F 0
+), G(m0,s)〉L2

x,v
(4.4.110)

+ 〈〈v〉m0〈∇x〉sQε
−+(F ε

−, F
ε
+), G(m0,s)〉L2

x,v
. (4.4.111)

We modify the estimates from Proposition 4.4.1 to get

|(4.4.107)| . ‖G‖E′(‖G‖E′ + ‖G(m0,s)‖L2
x(Hσ)ξ), (4.4.112)

|(4.4.109)| ≤ − 1

C
‖G(m0,s)‖2

L2
x(Ḣσ)v

+ C(〈‖F ε
+‖D〉2‖G‖2

E′ + ‖G(m1,0)‖2
L2
x(Ḣσ)v

),

(4.4.113)

|(4.4.110)| . ‖G‖2
E′ + ‖G‖

1
4

E′‖G
(m0,s)‖

7
4

L2
x(Ḣσ)v

+ 〈‖F 0
+‖D〉‖G‖E′‖G(m0,s)‖L2

x(Ḣσ)v

(4.4.114)
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What’s left is to bound (4.4.108) and (4.4.111). For the former, we have

|(4.4.108)| . ‖E0 − Eε‖Hs
x
(‖(F 0

+)(m0,s)‖L2
x,ξ

+ ‖(F 0
+)(m0+ 3

2
,s)‖L2

x(Ḣσ)v
)‖G(m0,s)‖L2

x,v

(4.4.115)

. (‖G‖L1
vH

s−1
x

+ ‖F ε
− − µβeβφ

0‖L1
ξH

s−1
x

)〈‖F 0
+‖D〉 (4.4.116)

. (‖G‖E′ + ‖F ε
− − µβeβφ

0‖E′)〈‖F 0
+‖D〉 (4.4.117)

In the above, we used the fact that m0 + 3
2
≤ m1, and

−∆x(φ
ε − φ0) =

∫
R3

Gdv −
∫
R3

F ε
− − µβeβφ

0

dξ. (4.4.118)

As for (4.4.111), we split the term as follows:

(4.4.111) = 〈〈v〉m0〈∇x〉sQε
−+(F ε

− − µβeβφ
0

, F ε
+), G(m0,s)〉L2

x,v
(4.4.119)

+ 〈〈v〉m0〈∇x〉sQε
−+(µβe

βφ0 , F ε
+), G(m0,s)〉L2

x,v
(4.4.120)

Now,

|(4.4.119)| . ε‖∆−1
ξ (F ε

− − µβeβφ
0

)‖L∞ξ Hs
x
‖(F ε

+)(m0+ 3
2
,s)‖L2

xH
1
v
‖G(m0− 3

2
,s)‖L2

xH
1
v

(4.4.121)

+ ‖∇ξ∆
−1
ξ (F ε

− − µβeβφ
0

)‖L∞ξ Hs
x
‖(F ε

+)(m0+ 3
2
,s)‖L2

x,v
‖G(m0− 3

2
,s)‖L2

xH
1
v

(4.4.122)

. ε〈‖F ε
+‖D〉(‖G‖E′ + ‖G(m0,s)‖L2

x(Ḣσ)v
) (4.4.123)

+ ‖F ε
− − µβeβφ

0‖
1
4

E′‖F
ε
− − µβeβφ

0‖
3
4

D′(‖G‖E′ + ‖G
(m0,s)‖L2

x(Ḣσ)v
)

(4.4.124)

In the above, we use m0 + 3 ≤ m1. Next, in order to bound (4.4.120), we compute
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directly from (4.1.10) that

Qε
−+(µβe

βφ0 , F ε
+) (4.4.125)

= eβφ
0∇v ·

∫
R3

Φ(ξ − εv){εµβ(ξ)∇vF
ε
+(v) + βξµβ(ξ)F ε

+(v)}dξ (4.4.126)

= εeβφ
0∇v · {Φ ∗ µβ(εv)(βv +∇v)F

ε
+(v)}. (4.4.127)

In the above, we use Φ(ξ − εv)ξ = εΦ(ξ − εv)v. Now, ‖Φij ∗ µβ(v)‖L∞ . 1, so

|(4.4.120)| . ε(‖(F ε
+)(m0+ 5

2
,s)‖L2

x,v
‖G(m0− 3

2
,s)‖L2

xH
1
v

+ ‖(F ε
+)(m0+ 3

2
,s)‖L2

xH
1
v
‖G(m0− 3

2
,s)‖L2

xH
1
v
)

(4.4.128)

. ε〈‖F ε
+‖D〉(‖G‖E′ + ‖G(m0,s)‖L2

x(Hσ)v). (4.4.129)

Thus,

|(4.4.111)| . (ε〈‖F ε
+‖D〉+ ‖F ε

− − µβeβφ
0‖

1
4

E′‖F
ε
− − µβeβφ

0‖
3
4

D′) (4.4.130)

· (‖G‖E′ + ‖G(m0,s)‖L2
x(Ḣσ)v

). (4.4.131)

Combining the bounds on (4.4.107) through (4.4.111), we have

d

dt
‖G(m0,s)‖2

L2
x,v

+
1

C
‖G(m0,s)‖2

L2
x(Ḣσ)v

(4.4.132)

≤ C{〈‖(F ε
+, F

0
+)‖D〉2(ε2 + ‖G‖2

E′) + ‖G(m1,0)‖2
L2
x(Ḣσ)v

(4.4.133)

+ ‖F ε
− − µβeβφ

0‖
1
2

E′‖F
ε
− − µβeβφ

0‖
3
2

D′} (4.4.134)

Following a similar argument, we can show the following upper bound on G(m1,0):

d

dt
‖G(m1,0)‖2

L2
x,v

+
1

C
‖G(m1,0)‖2

L2
x(Ḣσ)v

(4.4.135)

≤ C(〈‖(F ε
+, F

0
+)‖D〉2(ε2 + ‖G‖2

E′) + ‖F ε
− − µβeβφ

0‖
1
2

E′‖F
ε
− − µβeβφ

0‖
3
2

D′). (4.4.136)
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Now, choosing 0 < κ1 < κ2 appropriately, we have that

Y ε
+ = κ2‖G(m1,0)(t)‖2

L2
x,v

+ κ1‖G(m0,s)(t)‖2
L2
x,v

(4.4.137)

saqtisfies

d

dt
Y ε

+ + ‖G‖2
D′ (4.4.138)

. 〈‖(F ε
+, F

0
+)‖D〉2(ε2 + ‖G‖2

E′) + ‖F ε
− − µβeβφ

0‖
1
2

E′‖F
ε
− − µβeβφ

0‖
3
2

D′ . (4.4.139)

From this, we deduce (4.4.104).

4.4.3 The intermediary quantities

In preparation for Section 4.5, we introduce the what we call the intermediary po-

tential ψε and intermediary inverse temperature γε. Fixing an initial inverse tem-

perature βin, the pair (γε, ψε) solve the Poincaré-Poisson system for each ε > 0:

d

dt

{
3

2γε
+

∫∫
T3×R3

|v|2

2
F ε

+dxdv +
1

8π

∫
T3

|∇xψ
ε|2dx

}
= 0,

γε(0) = βin

−∆xψ
ε = 4π(nε+ − eγ

εψε)

(4.4.140)

We call ψε the intermediary potential because like φ0, it solves a Poincaré-Poisson

system; however, unlike φ0, we use F ε
+ instead of F 0

+. Thus ψ serves as a better

approximation to φε than φ0. Similarly, 3
2γε

serves as a better approximation of∫∫
T3×R3

|ξ|2
2
F ε
−dxdv than 3

2β
. The lemma below gives existence and uniqueness for

the pair (γε, ψε), for a given F ε
+, along with bounds that will be used in the coming

section.
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Lemma 4.4.3. Let M,T , η ∈ (0, 1] and βin ∈ (e−M , eM). Assume also that (F ε
+, F

ε
−)

is a weak solution to (4.1.7) with 0 ≤ F ε
± ∈ C([0, T ];E) ∩ L2([0, T ];D) satisfying

sup
±∈{−,+},t∈[0,T ]

‖ 1

nε±(t)
‖L∞x + ‖F ε

±(t)‖E ≤M. (4.4.141)

Then there exists 0 < T ∗ such that there exists a unique solution (γε, ψε) ∈ C([0, T ]∩

[0, T ∗); R+ ×Hs+2) to (4.4.140). Moreover, if T ∗ ≤ T , then β(t) ↑ +∞ as t ↑ T ∗.

Moreover, assume that for some T ′ ∈ (0, T ], that

sup
t∈[0,T ′]

| ln(
γε(t)

βin
)| ≤ η, . (4.4.142)

Note that T < T ∗ necessarily. Then, we have the estimates

sup
t∈[0,T ′]

‖ψε‖Hs+2
x

.M 1, (4.4.143)

sup
t∈[0,T ′]

‖∂tψε‖Hs+1
x

+ |γ̇ε| .M 〈‖〈ξ〉5F ε
−‖L2

x(Ḣσ)ξ
〉, (4.4.144)

Next, assume (F 0
+, β, φ

0) is a weak solution to (4.1.18) and satisfies the hypotheses of

Theorem 4.1.1 (with T0 = T ), with the given βin. Then, we also control the difference

of (γε, ψε) and (β, φ0):

sup
t∈[0,T ′]

{|γε(t)− β(t)|+ ‖ψε(t)− φ0(t)‖Hs+1
x
} . sup

t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖E′ . (4.4.145)

Proof. We break the proof up into 3 parts: first, the bounds (4.4.143), and (4.4.144);

second, the bound (4.4.145); and third, we sketch how to construct the solutions.

Once again, all bounds involved may depend on M .
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Step 1: We now show (4.4.143), and (4.4.144). For this step, it is convenient to

drop the superscripts of ε, i.e. F ε
+ = F+, F ε

− = F−, etc. We now prove (4.4.143),

from the third line of (4.4.140), and the maximum principle, we have the estimate

‖ψ‖L∞x .
1

γ
‖ ln(n+)‖L∞x . 1. (4.4.146)

Next, applying |∇x|s to both sides of the third line of (4.4.140),

1

4π
|∇x|s

′+2ψ = |∇x|s
′{n+ − eγψ}. (4.4.147)

Using Theorem 5.2.6 in [103],

‖eγψ‖Hs
x
≤ C‖ψ‖L∞x (‖ψ‖Hs

x
+ 1) . ‖ψ‖Hs

x
+ 1. (4.4.148)

Hence,

‖ψ‖Hs+2
x

. 1 + ‖n+‖Hs
x

+ ‖ψ‖Hs
x
. 1 + ‖ψ‖

s
s+2

Hs+2
x
‖ψ‖

2
s+2

L2
x
. (4.4.149)

Now, using ‖ψ‖L2
x
. ‖ψ‖L∞x . 1 and Young’s inequality, we deduce ‖ψ‖Hs+2

x
. 1.

Next, we have

(γeγψ − 1

4π
∆x)∂tψ = ∂tn+ − γ̇eγψψ. (4.4.150)

The maximum principle implies

e−C‖ψ‖L∞x ‖∂tψ‖L∞x ≤ C‖∂tn+‖L∞x + |γ̇|eC‖ψ‖L∞x ‖ψ‖L∞x , (4.4.151)

From the continuity equation, we know ‖∂tn+‖L∞x . ‖∂tn+‖Hs−1
x

. 1; in combination
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with the estimates on ψ, this implies

‖∂tψ‖L∞x . 1 + |γ̇|. (4.4.152)

Similarly as was done to get the bound on ‖ψ‖Hs+2
x

, we deduce

‖∂tψ‖Hs+1
x

. 1 + |γ̇|. (4.4.153)

We now estimate γ̇: first,

3γ̇

2γ2
=

1

2

∫∫
T3×R3

|v|2∂tF+dxdv +
1

4π

∫
T3

∇xψ · ∂t∇xψdx. (4.4.154)

We first analyze the last term. From (4.4.150),

1

4π

∫
T3

∇xψ · ∂t∇xψdx = − 1

4π
〈∆xψ, ∂tψ〉L2

x
(4.4.155)

= − 1

4π
〈∆xψ, (γe

γψ − 1

4π
∆x)

−1∂tn+〉L2
x

(4.4.156)

+
γ̇

4π
〈∆xψ, (γe

γψ − 1

4π
∆x)

−1(eγψψ)〉L2
x

(4.4.157)

Looking more closely at the latter term, we observe

1

4π
〈∆xψ, (γe

γψ − 1

4π
∆x)

−1(eγψψ)〉L2
x

(4.4.158)

= −〈(γeγψ − 1

4π
∆x)ψ, (γe

γψ − 1

4π
∆x)

−1(eγψψ)〉L2
x

(4.4.159)

+ γ〈eγψψ, (γeγψ − 1

4π
∆x)

−1(eγψψ)〉L2
x

(4.4.160)

= −〈ψ, eγψψ〉L2
x
− γ〈eγψψ, (γeγψ − 1

4π
∆x)

−1(eγψψ)〉L2
x
≤ 0. (4.4.161)
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Thus, we have that

γ̇ =
1
2

∫∫
T3×R3 |v|2∂tF+dxdv − 1

4π
〈∆xψ, (γe

γψ − 1
4π

∆x)
−1∂tn+〉L2

x

3
2γ2
− 1

4π
〈∆xψ, (γeγψ − 1

4π
∆x)−1(eγψψ)〉L2

x

, (4.4.162)

with the denominator being strictly bounded from below by 3
2γ2

. On the other hand,

by the continuity equation ∂tn+ +
∫
R3 v · ∇xF+dxdv = 0, we have

|〈∆xψ, (γe
γψ − 1

4π
∆x)

−1∂tn+〉L2
x
| . 1. (4.4.163)

Thus,

|γ̇| . 1 + |
∫∫

T3×R3

|v|2∂tF+dxdv|. (4.4.164)

Now,

∫∫
T3×R3

|v|2∂tF+dxdv = 2

∫∫
T3×R3

v · EF+dxdv +

∫∫
T3×R3

|v|2Qε
−+(F−, F+)dxdv

(4.4.165)

The first term has the bound

2

∫∫
T3×R3

v · EF+dxdv . ‖E‖L2
x
‖|v|F+‖L2

xL
1
v

(4.4.166)

. (‖〈ξ〉2F−‖L2
x,v

+ ‖〈v〉2F+‖L2
x,v

)‖〈v〉3F+‖L2
x,v

(4.4.167)

. 1. (4.4.168)
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Next,

∫∫
T3×R3

|v|2Qε
−+(F−, F+)dxdv (4.4.169)

= −2

∫∫
T3×R3

vj{εΦij ∗ξ F−|ξ=εv∂viF+ − ∂ξiΦij ∗ξ F−|ξ=εvF+}dxdv (4.4.170)

= 2

∫∫
T3×R3

{ε tr(Φ ∗ξ F−|ξ=εv) + (1 + ε2)vj∂ξiΦij ∗ξ F−|ξ=εv}F+dxdv (4.4.171)

Therefore,

|
∫∫

T3×R3

|v|2Qε
−+(F−, F+)dxdv| (4.4.172)

. (‖(−∆ξ)
−1F−‖L2

xL
∞
ξ

+ ‖∇ξ(−∆ξ)
−1F−‖L2

xL
∞
ξ

)‖vF+‖L2
xL

1
v

(4.4.173)

. ‖〈ξ〉2〈∇v〉F−‖L2
x,v
‖〈v〉3F+‖L2

x,v
(4.4.174)

. 〈‖〈ξ〉5F−‖L2
x(Ḣσ)ξ

〉‖〈v〉3F+‖L2
x,v

(4.4.175)

. 〈‖〈ξ〉5F−‖L2
x(Ḣσ)ξ

〉. (4.4.176)

From this, we conclude (4.4.144).

Part 2: We now control the difference (4.4.145). reintroduce the superscripts of

ε, so as to distinguish F ε
+ from F 0

+, etc, although we still ignore the dependence of

constants on M . We first bound the difference ψεin − φ0
in. It suffices to show this in

the case

sup
t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖E′ ≤ α, (4.4.177)

where α = α(M) is sufficiently small. If this bound does not hold, then we use the
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bound

sup
t∈[0,T ]

|γε(t)− β(t)|+ ‖ψε(t)− φ0(t)‖Hs+1
x
≤ CM (4.4.178)

≤ CM
α

sup
t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖E′ . (4.4.179)

We first control the difference at time zero:

− 1

4π
∆x(ψ

ε
in − φ0

in) = nε+,in − n0
+,in + eβinφ

0
in − eβinψεin . (4.4.180)

Using the maximum principle, we have

‖eβinψεin − eβinφ0in‖L∞x . ‖nε+,in − n0
+,in‖L∞x . sup

t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖E′ . (4.4.181)

By the mean-value theorem, this implies ‖ψεin−φ0
in‖L∞x . supt∈[0,T ] ‖F ε

+(t)−F 0
+(t)‖E′ .

In fact, by writing

eβinφ
0 − eβinψεin = βin

∫ 1

0

eλφ
0+(1−λ)ψε(φ0 − ψε)dλ, (4.4.182)

it is easy to show that after applying 〈∇x〉s to (4.4.180), we get

‖ψεin − φ0
in‖Hs+2

x
. ‖nε+,in − n0

+,in‖Hs
x

+ ‖ψεin − φ0
in‖Hs

x
. (4.4.183)

Thus, by interpolation, we get

‖ψεin − φ0
in‖Hs+2

x
. sup

t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖E′ . (4.4.184)

Now, we show how to bound the differences for positive times. Take κ ∈ (0, 1] to
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be a constant to be determined later, and let T̃ be the longest time such that T̃ ≤ T

and

sup
t∈[0,T̃ ]

|β − γε|+ ‖ψε − φ0‖Hs+2
x
≤ κ. (4.4.185)

The equation we have for the difference ψε − φ0 is

−∆x(ψ
ε − φ0) = 4π(nε+ − n0

+ + eβφ
0 − eγεψε). (4.4.186)

Rearranging, we have

(γεeγ
εψε − 1

4π
∆x)(ψ

ε − φ0) (4.4.187)

= nε+ − n0
+ + eγ

εψε(eβφ
0−γεψε − 1− (βφ0 − γψε) + (β − γε)(φ0 − ψε)) (4.4.188)

+ (β − γε)eγεψεψε. (4.4.189)

Then, on the interval t ∈ [0, T̃ε], we have

‖ψε − φ0 − (β − γε)(γεeγεψε − 1

4π
∆x)

−1(eγ
εψεψε)‖Hs+2

x

. ‖F ε
+ − F 0

+‖E′ + κ(|γε − β|+ ‖ψε − φ0‖Hs+2
x

).

(4.4.190)

In particular, taking κ small enough,

‖ψε − φ0‖Hs+2
x

. sup
t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖E′ + |γε − β|. (4.4.191)



169

Now,

∣∣∣ 1

8π

∫
T3

∇x(ψ
ε − φ0) · ∇x(ψ

ε + φ0)dx (4.4.192)

+
1

4π

∫
T3

(β − γε)(γεeγεψε − 1

4π
∆x)

−1(eγ
εψεψε)∆xψ

εdx
∣∣∣ (4.4.193)

.

∣∣∣∣∫
T3

{(ψε − φ0)− (β − γε)(γεeγεψε − 1

4π
∆x)

−1(eγ
εψεψε)}∆xψ

εdx

∣∣∣∣ (4.4.194)

+

∫
T3

|∇x(ψ
ε − φ0)|2dx (4.4.195)

. sup
t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖E′ + |γε − β| (4.4.196)

Next,

d

dt

(
3

2β
− 3

2γε

)
(4.4.197)

=
d

dt

(∫∫
T3×R3

|v|2

2
(F ε

+ − F 0
+)dxdv +

1

8π

∫
T3

∇x(ψ
ε − φ0) · ∇x(ψ

ε + φ0)dx

)
(4.4.198)

Then, using βin = γ(t = 0)ε and integrating the above, we have

3(γε − β)

2βγε
=

∫∫
T3×R3

|v|2

2
(F ε

+ − F 0
+)dxdv (4.4.199)

+
1

8π

∫
T3

∇x(ψ
ε − φ0) · ∇x(ψ

ε + φ0)dx (4.4.200)

−
∫∫

T3×R3

|v|2

2
(F ε

+,in − F 0
+,in)dxdv (4.4.201)

− 1

8π

∫
T3

∇x(ψ
ε
in − φ0

in) · ∇x(ψ
ε
in + φ0

in)dx. (4.4.202)

Using the previous bounds, plus (4.4.184), we have

|γε − β|
∣∣∣∣ 3

2βγε
− 1

4π

∫
T3

(γεeγ
εψε − 1

4π
∆x)

−1(eγ
εψεψε)∆xψ

εdx

∣∣∣∣ (4.4.203)

. |γε − β|2 + sup
t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖E′ . (4.4.204)
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By a similar argument as was used to bound γ̇, we have that

∫
T3

(γεeγ
εψε − 1

4π
∆x)

−1(eγ
εψεψε)∆xψ

εdx ≤ 0. (4.4.205)

We conclude that for all t ∈ [0, T̃ ],

|γε(t)− β(t)| . κ|γε(t)− β(t)|+ sup
t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖E′ (4.4.206)

Taking κ sufficiently small, we have |γε(t)− β(t)| ≤ C0α for some C0. So, by taking

α = κ
2C0

, we have T̃ = T .

Step 3: Finally, we sketch how to construct solutions (γε, ψε) satisfying (4.4.140).

We refer the reader (ii) of Theorem 1.4 in [13] and its proof. Using standard elliptic

theory, there exists a unique ψεin ∈ Hs+2 solving the system

−∆xψ
ε
in = 4π(nε+,in − eβinψ

ε
in). (4.4.207)

Now, for t > 0, define

E(t) :=
3

2βin
+

∫∫
T3×R3

|v|2

2
(F ε

+,in − F ε
+(t))dxdv +

1

8π

∫
T3

|∇xψ
ε
in|2dx. (4.4.208)

Then, for all t > 0 such that E(t) > 0, there exists (γ(t), ψ(t)) ∈ R+ × Hs+2

solving third line of (4.4.140), and the first line integrated on [0, t]. Since t 7→∫∫
T3×R3

|v|2
2
F ε

+(t)dxdv is continuous, and the above condition holds at t = 0, we

take T ∗ > 0 to be the first time less that T such that the above condition does

not hold, or take T ∗ = T if no such time exists. Then there exists a unique (γ, ψ)

satisfying (4.4.140), with ln(γ) ∈ L∞loc([0, T ∗)) and ψ ∈ L∞loc([0, T ∗);Hs+2). Moreover,

3
2γε(t)

≤ E(t), so γε(t)→∞ as t→ T ∗ whenever T ∗ ≤ T .
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Next, we note that γ is continuous in time. This follows by the identity (4.4.162),

and the fact that

‖∂tnε+(t)‖L2
x
,

∫∫
T3×R3

|v|2

2
∂tF

ε
+(t, x, v)dxdv ∈ L1([0, T ]), (4.4.209)

also shown above. It is straightforward to show ψ ∈ C([0, T ∗);Hs+2) from this, and

(4.4.150).

4.5 Estimates on the electron distribution

4.5.1 Stability of the Maxwellian

The main result of this section is Proposition 4.5.1, which, roughly speaking, shows

that the Maxwellian µγεe
γεψε is stable; that is, if F ε

−,in is close to µγεe
γεψε , then it

will remain close. We also utilize the stretched exponential decay to acquire some

form of asymptotic stability.

To state the result, let η > 0, and recall qα = eαηβin for each α ∈ {1, 2, 3}. Then,

similarly to E−,α and D−,α, we define for each α ∈ {1, 2},

Ẽ ε
−,α := ‖eqα|ξ|2/4〈∇x〉s{F ε

− − µγεψεeγ
εψε}‖2

L2
x,ξ

+ ‖eqα+1|ξ|2/4{F ε
− − µγεeγ

εψε}‖2
L2
x,ξ

(4.5.1)
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and

D̃ε
−,α := ‖eqα|ξ|2/4〈∇x〉s{F ε

− − µγεψeγ
εψε}‖2

L2
x(Hσ∩H−σ;ε)ξ

+ ‖eqα+1|ξ|2/4{F ε
− − µγεeγ

εψε}‖2
L2
x(Hσ∩H−σ;ε)ξ

.

(4.5.2)

Proposition 4.5.1. Fix M > 0. Then there exists positive constants η, ς and ε

such that the following holds. Assume 0 < ε ≤ ε. For each such ε, let (F ε
+, F

ε
−)

be solution to the system (4.1.7) with 0 ≤ F ε
± ∈ C([0, T ];E) ∩ L2([0, T ];D). Fixing

βin ∈ (e−M , eM), let (ψε, γε) be the corresponding solution to the system (4.4.140),

assuming that

sup
t∈[0,T ]

(‖ 1

nε+(t)
‖L∞x + ‖F ε

+(t)‖E) ≤M, (4.5.3)

sup
t∈[0,T ]

√
Ẽ ε
−,2(t) ≤ ς, (4.5.4)

sup
t∈[0,T ]

| ln(
γε(t)

βin
)| ≤ η, (4.5.5)∫ T

0

‖∂t(nε− − eγ
εψε)‖L2

x
dt ≤ 1. (4.5.6)

We also impose the following assumption on the initial data:

∣∣∣∣∫
R3×T3

|ξ|2

2
(F ε
−,in − µβineβinψ

ε
in)dxdξ +

1

8π

∫
T3

|∇xφ
ε
in|2 − |∇xψ

ε
in|2dx

∣∣∣∣ ≤Mε.

(4.5.7)

Then, we have

ε sup
t∈[0,T ]

Ẽ ε
−,2(t) +

∫ T

0

D̃ε
−,2(t)dt ≤ CM(εẼ ε

−,2,in + ε2) (4.5.8)

and for all t ∈ [0, T ], we have

E ε
−,1(t) ≤ CM(e

− 1
CM

( t
ε
)
2
3

sup
t′∈[0,T ]

E ε
−,2(t′) + ε

5
3 t

1
3 ) (4.5.9)
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Throughout the rest of this section, we will not make reference to (F 0
+, β, φ

0) and

its derived quantities, and instead only work with (F ε
−, F

ε
+). With this understood,

throughout this section, we will write F ε
+ = F+, F ε

− = F−, and so on, with the

dependence on ε being implicit.

4.5.2 Setup

We introduce a = n− − eγψ and note that

4πa = −∆x(φ− ψ), (4.5.10)

Using (4.5.5), we note

γ(t) ≤ q1 < q2 < q3. (4.5.11)

Next, we separate

F− − µγeγψ =
√
µγf =

√
µqαe

qαφgα (4.5.12)

where α ∈ {1, 2, 3}.

The equation for f reads as follows

εµ
− 1

2
γ ∂t{µ

1
2
γ f}+ {ξ · ∇x + E · (ξ

2
−∇ξ)}f + eγψLγf +Mγ,F+f

− 4πγξ · ∇x∆
−1
x aµ

1
2
γ e

γψ

= −εµ
1
2
γ ∂t{µγeγψ} − eγψMγ,F+µ

1
2
γ + Γγ(f, f)

(4.5.13)
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where

Lγh = µ
− 1

2
γ {Q(µ

1
2
γ h, µγ) +Q(µγ, µ

1
2
γ h)}, (4.5.14)

Mγ,F+h = µ
− 1

2
γ Qε

+−(F+, µ
1
2
γ h), (4.5.15)

Γγ(h1, h2) = −µ−
1
2

γ Q(µ
1
2
γ h1, µ

1
2
γ h2). (4.5.16)

On the other hand, gα, α ∈ {1, 2, 3} solve the equation

ε{∂t + q∂tφ}gα + {v · ∇x − E · ∇ξ}gα + eγψL̃γ,qgα +Mqα,F+gα

− 4πγξ · ∇x∆
−1
x a

µγ√
µqα

eγψ−
qα
2
φ

= −ε∂t{µγe
γψ}√

µqαe
qαψ
− eγψ−

qα
2
φMqα,F+(µ

− 1
2

qα µγ) + e
qα
2
φΓqα(gα, gα)

(4.5.17)

whereMqα,F+ and Γqα are defined the same way asMγ,F+ and Γγ respectively, with

γ substituted with qα. The operator L̃γ,q is defined as follows.

L̃γ,qψ = µ
− 1

2
q {Q(µ

1
2
q ψ, µγ) +Q(µγ, µ

1
2
q ψ)} (4.5.18)

Now, in addition, we define the operator Pγ to be the L2-projection (in the ξ

variable) to the kernel of Lγ, and we take P⊥γ = IdL2(R3) − Pγ. From [70], we have

that this kernel is

N(Lγ) = span{µ
1
2
γ (ξ), w1µ

1
2
γ , ξ2µ

1
2
γ , ξ3µ

1
2
γ , |ξ|2µ

1
2
γ }. (4.5.19)

In addition to the density of the perturbation a already defined, we define the macro-

scopic variables c : T3 → R and b : T3 → R3 as the coefficients of this projection on
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f :

Pγf = aµ
1
2
γ + γ

1
2 b · wµ

1
2
γ + c

γ|ξ|2 − 3√
6

µ
1
2
γ (4.5.20)

We note that the representation above is in terms of an orthonormal basis for N(Lγ).

Moreover,

a =

∫
R3

{F− − µγeγψ}dξ = n− − eγψ (4.5.21)

b =

∫
R3

γ
1
2 ξ{F− − µγeγψ}dξ = γ

1
2

∫
R3

ξF−dξ (4.5.22)

c =

∫
R3

(γ|ξ|2 − 3)√
6

{F− − µγeγψ}dξ =
1√
6

(
γ

∫
R3

|ξ|2F−dξ − 3n−

)
. (4.5.23)

Thus, (a, b, c) form a linear transformation of the physical macroscopic variables of

density, current and local kinetic energy of the electrons. Given r ≥ 0, we shall

denote a(r) = 〈∇x〉ra, g
(r)
α = 〈∇x〉rgα, and so forth.

Finally, we close this section by mentioning some commonly occurring estimates

that will occur throughout this section. We note that under the bootstrap assump-

tions, ‖φ‖Hs+2
x

+ ‖ψ‖Hs+2
x

.M 1. Therefore,

‖f‖L2
x,ξ

.M ‖g1‖L2
x,ξ

.M ‖g2‖L2
x,ξ

.M ‖g3‖L2
x,ξ

(4.5.24)

‖f (s)‖L2
x,ξ

.M ‖g(s)
1 ‖L2

x,ξ
.M ‖g(s)

2 ‖L2
x,ξ

.M ‖g(s)
3 ‖L2

x,ξ
(4.5.25)

The same inequalities hold over the spaces L2
x(Hσ)ξ and L2

x(H−σ;ε)ξ. Moreover,

Ẽ−,α ∼M ‖g(s)
α ‖2

L2
x,ξ

+ ‖gα+1‖2
L2
x,ξ

(4.5.26)

D̃−,α ∼M ‖g(s)
α ‖2

L2
x(Hσ∩H−σ;ε)ξ

+ ‖gα+1‖2
L2
x(Hσ∩H−σ;ε)ξ

(4.5.27)
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4.5.3 Preliminary estimates

Next, we have upper and lower bounds on the linearized collision operators L̃q,γ.

Lemma 4.5.2. Assume (4.5.5). Let h1, h2, h3 : R3 → R. We have the following:

(i) Then

‖P⊥γ h1‖2
Hσ . 〈Lγh1, h1〉L2 . ‖P⊥γ h1‖2

Hσ . (4.5.28)

(ii) Taking q ∈ {q1, q2, q3}, and h1, h2 : R3 → R,

〈L̃γ,qh1, h2〉L2 . ‖P⊥γ h1‖Hσ‖P⊥γ h2‖Hσ + η‖h1‖Hσ‖h2‖Hσ , (4.5.29)

‖P⊥γ h1‖2
Hσ . 〈L̃γ,qh1, h1〉L2 + η2‖Pγh1‖2

L2 . (4.5.30)

(iii) Take η > 0 sufficiently small. Suppose h1 =
√

µq
µγ
h2 where q ∈ {q1, q2, q3}.

Then,

‖P⊥γ h1‖2
Hσ . η‖Pγh1‖2

L2 + ‖P⊥γ h2‖2
Hσ . (4.5.31)

Also,

‖h1‖Hσ . ‖Pγh1‖L2 + ‖P⊥γ h1‖Hσ . (4.5.32)

(iv) If q ∈ {q1, q2}, then, taking q′ ∈ [0, q), we have

〈Γq(h1, h2), h3〉L2 .q′ (‖e
q′|ξ|2

4 h1‖L2‖h2‖Hσ + ‖e
q′|ξ|2

4 h1‖Hσ‖h2‖L2)‖h3‖Hσ .

(4.5.33)
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Proof. For (i), the equivalence (4.5.28) in the case γ = 2 can be found in [70]. The

case of general γ follows by re-scaling in ξ.

For (ii), we compute

〈L̃γ,qh1, h2〉L2 = 〈Lγh1, h2〉L2 +
γ − q

2
{〈σγijξih1, ∂ξjh2〉L2 − 〈σγijξj∂ξih1, h2〉L2}

(4.5.34)

− (γ − q)2

2
〈σγijξiξjh1, h2〉L2 (4.5.35)

It is clear from the above that we have (4.5.29). In the case h2 = h1, we have by

(4.5.28) and the computation above that

〈L̃γ,qh1, h1〉L2 ≥ 〈Lγh1, h1〉L2
ξ
− Cη2‖h1‖2

Hσ (4.5.36)

≥ (
1

C
− Cη2)‖P⊥γ h1‖2

Hσ − Cη
2|Pγh1|2Hσ . (4.5.37)

Taking η sufficiently small, we get (4.5.30).

We now prove (iii). We write ζ =
√

µq
µγ

. Now,

‖P⊥γ h1‖Hσ = ‖P⊥γ (ζh2)‖Hσ ≤ ‖P⊥γ (ζPγh2)‖Hσ + ‖P⊥γ (ζP⊥γ h2)‖Hσ (4.5.38)

. ‖P⊥γ ((ζ − 1)Pγh2)‖Hσ + ‖P⊥γ h2‖Hσ (4.5.39)

. ‖(ζ − 1)Pγh2‖Hσ + ‖P⊥γ h2‖Hσ (4.5.40)

Now, |ζ − 1| . η|ξ|2, and |Pγh2(ξ)| . 〈ξ〉2e− γ2 |ξ|2‖Pγh2‖L2 , ‖(ζ − 1)Pγh2‖Hσ .

η‖Pγh2‖L2 . Now,

‖Pγh2‖L2 ≤ ‖Pγ(ζ−1Pγh1)‖L2 + ‖Pγ((ζ−1 − 1)P⊥γ h1)‖L2 (4.5.41)

. ‖Pγh1‖L2 + η‖P⊥γ h1‖L2 . (4.5.42)
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Combining these bounds, we deduce (4.5.31) after taking η sufficiently small. From

the latter estimate, we deduce (4.5.32).

Finally, we prove (iv). The bound (4.5.33) in the case q = 2 follows from the

proof of Theorem 3 in [70]. The case of general q follows by re-scaling in ξ.

Lemma 4.5.3. Suppose q ∈ {q1, q2, q3} and assume (4.5.5) with η taken sufficiently

small. Let G, h1, h2 : R3 → R, G = G(v), h1 = h1(ξ), h2 = h2(ξ).

(i) We have the upper bound

〈Mq,Gh1, h2〉L2 . ‖〈v〉3G‖L2(‖h1‖H−σ;ε + ε
1
2‖〈ξ

ε
〉−

1
2h1‖L2)(‖h2‖H−σ;ε + ε

1
2‖〈ξ

ε
〉−

1
2h2‖L2)

+ ε
1
2‖〈v〉

7
2G‖Hσ‖〈

ξ

ε
〉−

1
2h1‖L2‖h2‖H−σ;ε .

(4.5.43)

(ii) Assume G ≥ 0, ‖〈v〉3G‖L2 , ‖〈v〉 72G‖Hσ <∞ and ‖G‖L1
v
> 0. Let

kG := sup{1, ‖〈v〉3G‖L2
v
,

1

‖G‖L1
v

}, (4.5.44)

Then,

〈Mq,Gh1, h1〉L2
ξ
≥ 1

CkG
‖h1‖2

H−σ;ε
− CkGε〈‖〈v〉

7
2G‖Hσ〉2‖h1‖2

L2 . (4.5.45)

Proof. Recall thatMq,Gh = 1√
µq
Qε

+−(µq,
√
µqh), with Qε

+− defined in (4.1.11). Then,

〈Mq,Gh1, h2〉L2
ξ

(4.5.46)

=
1

ε
〈(Φij ∗G)|v= ξ

ε
(∂ξi −

qξi
2

)h1, (∂ξj +
qξi
2

)h1〉L2
ξ

(4.5.47)

− 〈(∂viΦij ∗G)|v= ξ
ε
h1, (∂ξj +

qξi
2

)h1〉L2
ξ
. (4.5.48)
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For the first term, we have

(4.5.47) .
1

ε
〈(Φij ∗ |G|)|v= ξ

ε
(∂ξi −

qξi
2

)h1, (∂ξj −
qξi
2

)h1〉
1
2

L2
ξ

(4.5.49)

· 〈(Φij ∗ |G|)|v= ξ
ε
(∂ξi +

qξi
2

)h2, (∂ξj +
qξi
2

)h2〉
1
2

L2
ξ

(4.5.50)

. ‖〈v〉3G‖L2
v
(‖h1‖2

H−σ;ε
+

1

ε
〈σij|v= ξ

ε
ξiξjh1, h1〉L2

ξ
)
1
2 (4.5.51)

· (‖h2‖2
H−σ;ε

+
1

ε
〈σij|v= ξ

ε
ξiξjh2, h2〉L2

ξ
)
1
2 . (4.5.52)

Above we used the upper bound (4.3.5). Now, recall that by (4.1.19), σij(z)zizj ∼
|z|2
〈z〉3 . Hence,

1

ε
σij(

ξ

ε
)ξiξj ∼

|ξ|2

ε〈ξ/ε〉3
=
ε|ξ/ε|2

〈ξ/ε〉3
≤ ε

〈ξ/ε〉
≤ min{ε, 1

|ξ|
}. (4.5.53)

Thus,

(4.5.47) . ‖〈v〉3G‖L2
v
(‖h1‖H−σ;ε + ε

1
2‖h1‖L2

ξ
)(‖h2‖H−σ;ε + ε

1
2‖h2‖L2

ξ
). (4.5.54)

Next, we consider the second term: using (4.1.19) again, and recalling the definition

of Hε
σ,− in (4.1.23), we have

|〈(∂viΦij ∗G)|v= ξ
ε
h1, (∂ξj +

qξi
2

)h2〉L2
ξ
| (4.5.55)

.

(∫
R3

(σ−1)ij(
ξ

ε
)∂vkΦki ∗G|v= ξ

ε
∂vlΦlj ∗G|v= ξ

ε
h2

1(ξ)dξ

) 1
2

(4.5.56)

· 〈σij(
ξ

ε
)(∂ξi +

qξi
2

)h2, (∂ξj +
qξi
2

)h2〉
1
2

L2
ξ

(4.5.57)

.

(∫
R3

〈ξ
ε
〉3|(∇v(−∆v)

−1G)(
ξ

ε
)|2h2

1(ξ)dξ

) 1
2

(4.5.58)

. ε
1
2 sup
v∈R3,i∈{1,2,3}

{〈v〉2|∇v(−∆v)
−1G(v)|}‖〈ξ

ε
〉−

1
2h1‖L2

ξ
(‖h2‖H−σ;ε + ε

1
2‖〈ξ

ε
〉−

1
2h2‖L2

ξ
)

(4.5.59)
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Now, we have

sup
v∈R3

‖〈v〉2|∂vjΦij ∗G(v)‖ . ‖〈v〉2G‖H1
v
. ‖〈v〉

7
2G‖Hσ . (4.5.60)

Proof of (ii): We write

〈Mq,Gh1, h1〉L2
ξ

=
1

ε
〈(Φij ∗G)|v= ξ

ε
(∂ξi −

qξi
2

)h1, (∂ξj +
qξi
2

)h1〉L2
ξ

(4.5.61)

− 〈(∂viΦij ∗G)|v= ξ
ε
h1, (∂ξj +

qξi
2

)h1〉L2
ξ

(4.5.62)

=
1

ε
〈(Φij ∗G)|v= ξ

ε
∂ξih1, ∂ξjh1〉L2

ξ
(4.5.63)

− 1

ε
〈(Φij ∗G)|v= ξ

ε
ξiξjh1, h1〉L2

ξ
(4.5.64)

− 〈(∂viΦij ∗G)|v= ξ
ε
h1, (∂ξj +

qξi
2

)h1〉L2
ξ

(4.5.65)

Now, applying (4.3.6), we have

(4.5.63) ≥ 1

CkGε
〈σij|v= ξ

ε
∂ξih1, ∂ξjh1〉L2

ξ
. (4.5.66)

Once again, we apply (4.3.5) to get

1

ε
sup
ξ∈R3

∣∣∣(Φij ∗G)(
ξ

ε
)ξiξj

∣∣∣ . kG
ε
σij(

ξ

ε
)ξiξj .

kG|ξ|2

ε〈ξ/ε〉3
≤ kGε

〈ξ/ε〉
. (4.5.67)

Hence,

|(4.5.64)| ≤ CkGε‖〈
ξ

ε
〉−

1
2h1‖2

L2 (4.5.68)
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Finally, we reuse the bound from part (i) to get for all λ > 0,

|(4.5.65)| . ε
1
2‖〈v〉

7
2G‖Hσ‖〈

ξ

ε
〉−

1
2h1‖L2

ξ
‖h1‖H−σ;ε (4.5.69)

≤ λ

CkG
‖h1‖2

H−σ;ε
+
CkGε

λ
‖〈v〉

7
2G‖2

Hσ‖〈
ξ

ε
〉−

1
2h1‖2

L2 . (4.5.70)

Taking λ sufficiently small so that the first term in the above is dominated by (4.5.63),

we deduce (4.5.45).

4.5.4 Energy estimates

Proposition 4.5.4. We assume that (4.5.3), (4.5.4) and (4.5.5) hold. Then, for all

κ > 0, t ∈ [0, T ]:

(i) for α ∈ {1, 2, 3}, we have

ε
d

dt
{‖gα‖2

L2
x,ξ

+ 4π
√
γ‖|∆x|−1a‖2

L2
x
}+

1

C
{‖P⊥γ gα‖2

L2
x(Hσ)ξ

+ ‖gα‖2
L2
x(H−σ;ε)

}

≤ C(ε+ ς + η + κ)‖Pγf‖2
L2
x(Hσ)ξ

+ Cε〈‖∂ta‖L2
x

+ ‖F+‖2
D〉‖gα‖2

L2
x,ξ

+ Cκε
2〈‖F+‖D〉2

(4.5.71)

(ii) For α ∈ {1, 2},

ε

2

d

dt
‖g(s)

α ‖2
L2
x,ξ

+
1

C
{‖P⊥γ g(s)

α ‖2
L2
x(Hσ)ξ

+ ‖g(s)
α ‖2

L2
x(H−σ;ε)

}

≤ C(ε+ ς + η + κ)‖Pγf (s)‖2
L2
x(Hσ)ξ

+ Cη,κ‖gα+1‖2
L2
x(Hσ∩H−σ;ε)ξ

+ Cε〈‖∂ta‖L2
x

+ ‖F+‖2
D〉‖g(s)

α ‖2
L2
x,ξ

+ Cκε
2〈‖F+‖D〉2

(4.5.72)



182

Proof. We separate the proof into each part:

Proof of (i): We multiply (4.5.17) by gα and integrate:

ε

2

d

dt
‖gα‖2

L2
x,ξ

(4.5.73)

+
qαε

2
〈∂tφgα, gα〉L2

x,ξ
(4.5.74)

+ 〈eγψL̃γ,qαgα, gα〉L2
x,ξ

(4.5.75)

+ 〈Mqα,F+gα, gα〉L2
x,ξ

(4.5.76)

− 4πγ〈ξ · ∇x∆
−1
x a

µγ√
µqα

eγψ−
qα
2
φ, gα〉L2

x,ξ
(4.5.77)

= −ε〈∂t{µγe
γψ}√

µqαe
qαφ

, gα〉L2
x,ξ

(4.5.78)

− 〈eγψ−
qα
2
φMqα,F+(

µγ√
µqα

), gα〉L2
x,ξ

(4.5.79)

+ 〈e
qα
2
φΓqα(gα, gα), gα〉L2

x,ξ
. (4.5.80)

By (4.4.144),

|(4.5.74)| . ε(‖∂tψ‖L∞x + ‖∆−1
x ∂ta‖L∞x )‖gα‖2

L2
x,ξ

(4.5.81)

. ε〈‖gα‖L2
x(Hσ)ξ + ‖∂ta‖L2

x
〉‖gα‖2

L2
x,ξ

(4.5.82)

. ε2 + ε〈‖∂ta‖L2
x
〉‖gα‖2

L2
x,ξ

+ ς‖gα‖2
L2
x(Hσ)ξ

(4.5.83)

Next, we apply (4.5.30) to get

(4.5.75) ≥ 1

C
e−C‖ψ‖L∞x ‖P⊥γ gα‖2

L2
x,ξ
− CeC‖ψ‖L∞x η2‖Pγgα‖2

L2
x,ξ

(4.5.84)

≥ 1

C
‖P⊥γ gα‖2

L2
x,ξ
− Cη2‖gα‖2

L2
x(Hσ)ξ

. (4.5.85)
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In the second line, we use ‖φ‖L∞x .M + ς . 1. Next, we apply (4.5.45) to get

(4.5.76) ≥ 1

CkF+
‖gα‖2

L2
x(H−σ;ε)ξ

− CKF+ε〈‖〈v〉
7
2F+‖L∞x (Hσ)ξ〉

2‖gα‖2
L2
x,ξ

(4.5.86)

where

kF+ = max{1, ‖〈v〉3F+‖L∞x L2
v
, ‖n−1

+ ‖L∞x } . 1. (4.5.87)

Using this, we have

(4.5.76) ≥ 1

C
‖gα‖2

L2
x(H−σ;ε)ξ

− Cε〈‖F+‖D〉2‖gα‖2
L2
x,ξ

(4.5.88)

For the next term, we write

e
qα
2
φgα√
µqα

=

√
µγf

µqα
=

f
√
µγ

+

(
1
√
µγ
−
√
µγ

µqα

)
f =

f
√
µγ

+

(
µqα
µγ
− 1

)
e
qα
2
φgα√
µqα

(4.5.89)

Then,

(4.5.77) = −4πγ〈ξ · ∇x∆
−1
x a
√
µγe

γψ−qαφ, f〉L2
x,ξ

(4.5.90)

− 4πγ〈ξ · ∇x∆
−1
x a

µqα − µγ√
µqα

eγψ−
qα
2
φ, gα〉L2

x,ξ
(4.5.91)

= −4πγ〈∇x∆
−1
x a, b〉L2

x,ξ
(4.5.92)

− 4πγ〈(eγψ−qαφ − 1)∇x∆
−1
x a, b〉L2

x,ξ
(4.5.93)

− 4πγ〈ξ · ∇x∆
−1
x a

µqα − µγ√
µqα

eγψ−
qα
2
φ, gα〉L2

x,ξ
(4.5.94)
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For term (4.5.92), we use the continuity equation (see (4.5.201) below)

ε∂ta+
√
γ∇x · b = −ε∂t(eγψ), (4.5.95)

which gives

(4.5.92) = 2π
√
γε

d

dt
‖|∇x|−1a‖2

L2
x
− 4π

√
γε〈∂t(eγψ), a〉L2

x
(4.5.96)

= 2πε
d

dt
{√γ‖|∇x|−1a‖2

L2
x
} (4.5.97)

− επγ̇
√
γ
‖|∇x|−1a‖2

L2
x
− 4π

√
γε〈∂t(eγψ), a〉L2

x
(4.5.98)

Now, by (4.4.144),

|επγ̇√
γ
‖|∇x|−1a‖2

L2
x

+ 4π
√
γε〈∂t(eγψ), a〉L2

x
| . ε(1 + |γ̇|+ ‖∂tψ‖L∞x )‖a‖L2

x
(4.5.99)

. ε(1 + ‖gα‖L2
x(Hσ)ξ)‖gα‖L2

x(Hσ)ξ

(4.5.100)

. ε2 + ε‖gα‖2
L2
x(Hσ)ξ

. (4.5.101)

Hence,

|(4.5.92)− 2πε
d

dt
{√γ‖|∇x|−1a‖2

L2
x
}| . ε2 + ε‖gα‖2

L2
x(Hσ)ξ

. (4.5.102)

For (4.5.93), we have

‖eγψ−qαφ − 1‖L∞x = ‖e(γ−qα)ψ−4πqα∆−1
x a − 1‖L∞x . ς + η. (4.5.103)
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Thus,

|(4.5.93)| . (ς + η)‖a‖L2
x
‖b‖L2

x
(4.5.104)

. (ς + η)‖gα‖2
L2
x(Hσ)ξ

. (4.5.105)

Third, we have (4.5.94). For this, we note that when η is taken sufficiently small, we

can guarantee that

|µqα − µγ√
µqα

| . ηe−
βin
8
|ξ|2 (4.5.106)

Hence,

|(4.5.94)| . η‖gα‖2
L2
x(Hσ)ξ

. (4.5.107)

Combining these bounds, we find

|(4.5.77)− 2πε
d

dt
{√γ‖|∇x|−1a‖L2

x
}| . ε2 + (ε+ ς + η)‖gα‖2

L2
x(Hσ)ξ

(4.5.108)

We move on to our next term:

(4.5.78) . ε‖〈ξ〉
1
2
∂t{µγeγψ}√
µqαe

qαφ
‖L2

x,ξ
‖〈ξ〉−

1
2 gα‖L2

x,ξ
(4.5.109)

. ε‖〈ξ〉
1
2
∂t{µγeγψ}√
µqαe

qαφ
‖L2

x,ξ
‖gα‖L2

x(Hσ)ξ . (4.5.110)

Now,

∂t{µγeγψ}√
µqαe

qαφ
= (

γ̇

γ
(
3

2
− γ(|ξ|2 − ψ)) + γ∂tψ)

µγ√
µqα

eγψ−
qα
2
φ. (4.5.111)

Taking η sufficiently small, we ensure that 〈ξ〉 12µ−
1
2

qα µγ . e−
βin|ξ|

2

8 . Thus, combining
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this with (4.4.144),

(4.5.78) . ε(|γ̇|+ ‖∂tψ‖L∞x )‖gα‖L2
x(Hσ)ξ (4.5.112)

≤ Cκε
2 + (ε+ κ)‖gα‖2

L2
x(Hσ)ξ

. (4.5.113)

Next, we bound (4.5.79) using (4.5.43):

(4.5.79) . (‖µ−
1
2

qα µγ‖H−σ;ε + ε
1
2‖〈ξ

ε
〉−

1
2µ
− 1

2
qα µγ‖L2

ξ
)(‖gα‖L2

x(H−σ;ε)ξ + ε
1
2‖〈ξ

ε
〉−

1
2 gα‖L2

x,ξ
)

(4.5.114)

+ ε
1
2‖F+‖D‖〈

ξ

ε
〉−

1
2µ
− 1

2
qα µγ‖L2

ξ
‖gα‖L2

x(H−σ;ε)ξ (4.5.115)

Now, by (4.1.19) again, we have

‖µ−
1
2

qα µγ‖H−σ;ε .
1

ε

∫
R3

σij(
ξ

ε
)ξiξje

−βin
10
|ξ|2dξ (4.5.116)

.
1

ε

∫
R3

|ξ|2

〈ξ/ε〉3
e−

βin
10
|ξ|2dξ (4.5.117)

≤ ε2

∫
R3

1

|ξ|
e−

βin
10
|ξ|2dξ (4.5.118)

. ε2. (4.5.119)

since 1
|ξ| is locally integrable. Similarly,

‖〈ξ
ε
〉−

1
2µ
− 1

2
qα µγ‖L2

x,ξ
. ε. (4.5.120)

Moreover, by Sobolev embedding

‖〈ξ
ε
〉−

1
2 gα‖L2

x,ξ
. ε

1
2‖1B1(ξ)|ξ|−

1
2 gα‖L2

x,ξ
+ ‖〈ξ〉−

1
2 gα‖L2

x,ξ
. ‖gα‖L2

x(Hσ)ξ . (4.5.121)
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Hence,

|(4.5.79)| . ε〈‖F+‖D〉‖gα‖L2
x(Hσ∩H−σ;ε)ξ (4.5.122)

Thus, taking λ > 0 to be chosen later,

|(4.5.79)| ≤ κ‖gα‖2
L2
x(Hσ∩H−σ;ε)ξ

+ Cκε
2〈‖F+‖D〉2. (4.5.123)

Finally, applying (4.5.33), we have

(4.5.80) . ‖g1‖L∞x L2
ξ
‖gα‖2

L2
x(Hσ)ξ

(4.5.124)

. ‖g(s)
1 ‖L2

x,ξ
‖gα‖2

L2
x(Hσ)ξ

(4.5.125)

. ς‖gα‖2
L2
x(Hσ)ξ

. (4.5.126)

Combining the upper bounds for (4.5.74) through (4.5.80), we conclude

ε

2

d

dt
{‖gα‖2

L2
x,ξ

+ 4π
√
γ‖|∆x|−1a‖2

L2
x
}+

1

C
{‖P⊥γ gα‖2

L2
x(Hσ)ξ

+ ‖gα‖2
L2
x(H−σ;ε)

} (4.5.127)

≤ C(ε+ ς + η + κ)‖gα‖2
L2
x(Hσ∩H−σ;ε)ξ

(4.5.128)

+ Cε〈‖∂ta‖L2
x

+ ‖F+‖2
D〉‖gα‖2

L2
x,ξ

(4.5.129)

+ Cκε
2〈‖F+‖D〉2. (4.5.130)

Using (4.5.32) and taking ε, ς, η and κ sufficiently small, conclude (4.5.71).
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We now prove (ii). Let g
(s)
j := 〈∇x〉sgα. Then,

ε

2

d

dt
‖g(s)

α ‖2
L2
x,ξ

(4.5.131)

+ qαε〈〈∇x〉s{∂tφgα}, g(s)
α 〉L2

x,ξ
(4.5.132)

+ 〈〈∇x〉s{Egα} − Eg(s)
α ,∇vg

(s)
α 〉L2

x,ξ
(4.5.133)

+ 〈〈∇x〉s(eγψL̃γ,qαgα), g
(s)
j 〉L2

x,ξ
(4.5.134)

− 4πγ〈 µγ√
µqα
〈∇x〉s{ξ · ∇x∆

−1
x aeγψ−

qα
2
φ}, g(s)

α 〉L2
x,ξ

(4.5.135)

+ 〈〈∇x〉s(Mqα,F+gα), g(s)
α 〉L2

x,ξ
(4.5.136)

= −ε〈〈∇x〉s
(
∂t{µγeγψ}√
µqαe

qαφ

)
, g(s)
α 〉L2

x,ξ
(4.5.137)

− 〈〈∇x〉s{eγψ−
qα
2
φMqα,F+(

µγ√
µqα

)}, g(s)
α 〉L2

x,ξ
(4.5.138)

+ 〈〈∇x〉s{e
qα
2
φΓqα(gα, gα)}, g(s)

α 〉L2
x,ξ

(4.5.139)

First,

|(4.5.132)| = qαε|〈〈∇x〉s{(∂tψ + 4π∆−1
x ∂ta)gα}, g(s)

α 〉L2
x,ξ

(4.5.140)

. ε

∫
R3

(
‖∂tψ‖Hs

x
‖g(s)

α ‖2
L2
x

+ ‖∂ta‖Hs−2
x
‖gα‖L∞x ‖g

(s)
α ‖L2

x
(4.5.141)

+ ‖∆−1
x ∂ta‖L∞x ‖g

(s)
α ‖L2

x

)
dξ (4.5.142)

Applying (4.5.95) to the second term, we get

ε

∫
R3

‖∂ta‖Hs−2
x
‖gα‖L∞x ‖g

(s)
α ‖L2

x
dξ (4.5.143)

.
∫
R3

‖b‖Hs−1
x
‖g(s−1)

α ‖L2
x
‖g(s)

α ‖L2
x
dξ + ε(1 + |γ̇|+ ‖∂tψ‖Hs

x
)‖g(s)

α ‖2
L2
x,ξ

(4.5.144)

. ‖b‖Hs−1
x
‖〈ξ〉

1
2 g(s−1)
α ‖L2

x,ξ
‖〈ξ〉−

1
2 g(s)
α ‖L2

x,ξ
+ ε(1 + |γ̇|+ ‖∂tψ‖Hs

x
)‖g(s)

α ‖2
L2
x,ξ

(4.5.145)
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Collecting terms,

|(4.5.132)| . ‖b‖Hs−1
x
‖〈ξ〉

1
2 g(s−1)
α ‖L2

x,ξ
(4.5.146)

+ ε(1 + ‖∂ta‖L∞x + |γ̇|+ ‖∂tψ‖Hs
x
)‖g(s)

α ‖2
L2
x,ξ

(4.5.147)

Applying (4.4.144), we get

ε(|γ̇|+ ‖∂tψ‖Hs
x
)‖g(s)

α ‖2
L2
x,ξ

. ε2 + ε‖g(s)
α ‖2

L2
x,ξ

+ ς‖g(s)
α ‖2

L2
x(Hσ)ξ

. (4.5.148)

On the other hand, using interpolation, we have

‖〈ξ〉
1
2 g(s−1)
α ‖L2

x,ξ
‖〈ξ〉−

1
2 g(s)
α ‖L2

x,ξ
≤ (Cη‖gα+1‖2

L2
x(Hσ)ξ

+ ‖g(s)
α ‖2

L2
x(Hσ)ξ

). (4.5.149)

Thus,

|(4.5.132)| . ε〈‖∂ta‖L2
x
〉‖g(s)

α ‖2
L2
x,ξ

+ Cς‖g(s)
α ‖2

L2
x(Hσ)ξ

+ Cη‖gα+1‖2
L2
x(Hσ)ξ

(4.5.150)

Next,

|(4.5.133)| . ‖〈ξ〉
1
2 (〈∇x〉s{Egα} − Eg(s)

α )‖L2
x,ξ
‖g(s)

α ‖L2
x(Hσ)ξ (4.5.151)

. (‖E‖Hs
x
‖〈ξ〉

1
2 gα‖L∞x L2

ξ
+ ‖∇xE‖L∞x ‖〈ξ〉

1
2 g(s−1)
α ‖L2

x,ξ
)‖g(s)

α ‖L2
x(Hσ)ξ

(4.5.152)

Above we use the usual commutator estimate for [〈∇x〉s, Ej]. Next we interpolate

‖〈ξ〉
1
2 g(s−1)
α ‖L2

x,ξ
. ‖〈ξ〉s−

1
2 gα‖

1
s

L2
x,ξ
‖〈ξ〉−

1
2 g(s)
α ‖

s−1
s

L2
x,ξ

(4.5.153)

. Cη‖〈ξ〉−
1
2 gα+1‖

1
s

L2
x,ξ
‖〈ξ〉−

1
2 g(s)
α ‖

s−1
s

L2
x,ξ

(4.5.154)

. Cη‖〈ξ〉−
1
2 gα+1‖

1
s

L2
x(Hσ)ξ

‖〈ξ〉−
1
2 g(s)
α ‖

s−1
s

L2
x(Hσ)ξ

(4.5.155)
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This implies

|(4.5.133)| ≤ κ‖g(s)
α ‖2

L2
x

+ Cη,κ‖〈ξ〉−
1
2 gα+1‖2

L2
x(Hσ)ξ

. (4.5.156)

Next, applying (4.5.29) and (4.5.30), we have

(4.5.134) = 〈eγψL̃γ,qg(s)
α , g(s)

α 〉L2
x,ξ

(4.5.157)

+ 〈L̃γ,q{〈∇x〉s(eγψgα)− eγψg(s)
α }, g

(s)
1 〉L2

x,ξ
(4.5.158)

≥ 1

C
‖P⊥γ g(s)

α ‖2
L2
x(Hσ)ξ

− Cς2‖g(s)
α ‖2

L2
x(Hσ)ξ

(4.5.159)

− C‖〈∇x〉s(eγψgα)− eγψg(s)
α ‖L2

x(Hσ)ξ‖g
(s)
α ‖L2

x(Hσ)ξ (4.5.160)

Now,

‖〈∇x〉s(eγψgα)− eγψg(s)
α ‖L2

x(Hσ)ξ . ‖〈∇x〉seγψ‖L2
x
‖g(s−1)

α ‖L2
x(Hσ)ξ (4.5.161)

. ‖g(s−1)
α ‖L2

x(Hσ)ξ . (4.5.162)

Hence, we can interpolate to get

(4.5.134) ≥ 1

C
‖P⊥γ g(s)

α ‖2
L2
x(Hσ)ξ

− κ‖g(s)
α ‖2

L2
x(Hσ)ξ

(4.5.163)

− Cκ‖gα+1‖2
L2
x(Hσ)ξ

(4.5.164)

For the next term, we have

|(4.5.135)| . ‖eγψ−
qα
2
φ∇x∆

−1
x a‖Hs‖g(s)

α ‖L2
x(Hσ)ξ (4.5.165)

. ‖g(s−1)
α ‖L2

x(Hσ)ξ‖g
(s)
α ‖L2

x(Hσ)ξ (4.5.166)

≤ κ‖g(s)
α ‖2

L2
x(Hσ)ξ

+ Cκ‖gα+1‖2
L2
x(Hσ)ξ

. (4.5.167)
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For our next term, we have

(4.5.136) = 〈Mq1,F+g
(s)
α , g(s)

α 〉L2
x,ξ

(4.5.168)

+ 〈〈∇x〉s(Mq1,F+gα)−Mq1,F+g
(s)
α , g(s)

α 〉L2
x,ξ

(4.5.169)

For the first term, similarly to (4.5.134), we have

(4.5.168) ≥ 1

C
‖g(s)

α ‖2
L2
x(H−σ;ε)ξ

− Cε〈‖F (s,m)
+ ‖L2

x(Ḣσ)v
〉2‖g(s)

α ‖2
L2
x,ξ

(4.5.170)

Next, combining the commutator estimate with the proof of (4.5.43), we have

|(4.5.169)| . ‖F (m1,s)
+ ‖L2

x,v
(‖g(s−1)

1 ‖L2
x(H−σ;ε)ξ + ε

1
2‖〈ξ

ε
〉−

1
2 g

(s−1)
1 ‖L2

x,ξ
) (4.5.171)

· (‖g(s)
1 ‖L2

x(H−σ;ε)ξ + ε
1
2‖〈ξ

ε
〉−

1
2 g

(s)
1 ‖L2

x,ξ
) (4.5.172)

+ ε
1
2‖F+‖D‖g(s−1)

1 ‖L2
x,ξ
‖g(s)

1 ‖L2
x(H−σ;ε)ξ (4.5.173)

. (‖gα‖L2
x(H−σ;ε)ξ + ε‖gα‖L2

x(Hσ)ξ)
1
s (‖gα‖L2

x(H−σ;ε)ξ + ε‖gα‖L2
x(Hσ)ξ)

2s−1
s

(4.5.174)

+ ε
1
2‖F+‖D‖g(s)

1 ‖L2
x,ξ
‖g(s)

1 ‖L2
x(H−σ;ε)ξ . (4.5.175)

Thus, we get

(4.5.136) ≥ 1

C
‖g(s)

α ‖2
L2
x(H−σ;ε)ξ

− C{‖gα+1‖2
L2
x(H−σ;ε)ξ

+ ‖gα+1‖2
L2
x(Hσ)ξ

} (4.5.176)

− Cε〈‖F+‖D〉2‖g(s)
α ‖2

L2
x,ξ

(4.5.177)

Next, similarly to (4.5.78),

(4.5.137) ≤ Cκε+ κ‖g(s)
α ‖L2

x(Hσ)ξ (4.5.178)
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and, as with (4.5.79), we use (4.5.43) to get

(4.5.138) ≤ κ‖g(s)
α ‖2

L2
x(Hσ)ξ

+ Cκε
2〈‖F+‖D〉2. (4.5.179)

Finally, using (4.5.33),

(4.5.139) . ‖g(s)
α ‖L2

x,ξ
‖g(s)

α ‖2
L2
x(Hσ)ξ

(4.5.180)

. ς‖g(s)
α ‖2

L2
x(Hσ)ξ

(4.5.181)

We now combine the estimates for the terms (4.5.132) through (4.5.139):

ε

2

d

dt
‖g(s)

α ‖2
L2
x,ξ

+
1

C
{‖P⊥γ g(s)

α ‖2
L2
x(Hσ)ξ

+ ‖g(s)
α ‖2

L2
x(H−σ;ε)ξ

} (4.5.182)

≤ C(ε+ ς + η + κ)‖g(s)
α ‖2

L2
x(Hσ)ξ

+ Cη,κ{‖gα+1‖2
L2
x(H−σ;ε)ξ

+ ‖gα+1‖2
L2
x(Hσ)ξ

}

(4.5.183)

+ Cε〈‖∂ta‖L2
x

+ ‖F+‖2
D〉‖g(s)

α ‖2
L2
x,ξ

(4.5.184)

+ Cκε
2〈‖F+‖D〉2. (4.5.185)

Using (4.5.32) again, we conclude with (4.5.72).

4.5.5 Macroscopic estimates

What remains is to get bounds on Pγf . This requires analysis of the local conserva-

tion laws. In order to derive these equations efficiently, and, in particular, see how

the transport part of (4.5.13) couples (a, b, c), we introduce the ladder operators: the

lowering and raising operators are respectively

Aj = γ
1
2
ξj
2

+ γ−
1
2∂ξj , A∗j = γ

1
2
ξj
2
− γ−

1
2∂ξj , j ∈ {1, 2, 3}. (4.5.186)
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We recall the identities

Ajµ
1
2 = 0, [Aj,A∗k] = ςjk, j, k ∈ {1, 2, 3}. (4.5.187)

Recall also that the family of Hermite functions

{ 1√
n1!n2!n3!

(A∗1)n1(A∗2)n2(A∗3)n3µ
1
2
γ }n1,n2,n3∈N3

0
(4.5.188)

gives a complete orthonormal basis for L2
ξ(R

3). We shall denote the (unnormalized)

Hermite functions

h = µ
1
2
γ , hj1...jm = Aj1 · · · Ajnµ

1
2
γ , j1, . . . , jm ∈ {1, 2, 3}. (4.5.189)

We can represent the kernel of Lγ using the hermite functions as follows:

N(L) = span{h, h1, h2, h3,
1√
6
hjj}. (4.5.190)

We can thus rewrite (4.5.20) as

Pγf = ah + bjhj + c
1√
6
hjj (4.5.191)

It is also convenient to define the following projection of h, involving third-order

hermite functions:

dj =
1√
10
〈hjkk, f〉L2

ξ
, j ∈ {1, 2, 3} (4.5.192)

We now rewrite the transport part of (4.5.13) in terms of A,A∗

ξ · ∇x + E · (∇ξ −
ξ

2
) = (γ−

1
2∂xj + γ

1
2Ej)A∗j + γ−

1
2∂xjAj. (4.5.193)
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We also will need to evaluate projections of µ−
1
2∂t(µ

1
2f). Let ζ(ξ) be some linear

combination of the hermite functions in γ
1
2 ξ, i.e. there exists a polynomial p : R3 →

R (with coefficients independent of γ) such that

ζ(ξ) = p(γ
1
2 ξ)µ(ξ)

1
2 . (4.5.194)

Then,

〈ζ, µ−
1
2∂t(µ

1
2f)〉L2

ξ
= ∂t〈ζ, f〉L2

ξ
− 〈∂t(ζµ−

1
2 )µ

1
2 , f〉L2

ξ
(4.5.195)

Now,

∂t{ζµ−
1
2} = ∂t{p(γ

1
2 ξ)} =

γ̇

2γ
ξ · ∇ξ{p(γ

1
2 ξ)} =

γ̇

2γ
ξ · ∇ξ{ζµ−

1
2}. (4.5.196)

Therefore,

∂t{ζµ−
1
2}µ

1
2 =

γ̇

2γ
(ξ · ∇ξ +

γ|ξ|2

2
)ζ (4.5.197)

=
γ̇

2γ
ξ · (∇ξ +

γξ

2
)ζ (4.5.198)

=
γ̇

2γ
(Aj +A∗j)Ajζ (4.5.199)

In summary,

〈ζ, µ−
1
2∂t(µ

1
2f)〉L2

ξ
= ∂t〈ζ, f〉L2

ξ
− γ̇

2γ
〈(Aj +A∗j)Ajζ, f〉L2

ξ
. (4.5.200)

The following lemma contains formulas for relevant projections of the equation

(4.5.13).

Lemma 4.5.5. The following formulas hold:

ε∂ta+ γ−
1
2∂xjbj = −ε∂t(eγψ), (4.5.201)
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ε(∂t −
γ̇

2γ
)bj + (γ−

1
2∂xj + γ

1
2Ej)a− 4πγ

1
2 eγψ∂xj∆

−1
x a+

√
2

3
∂xjc

+ ∂xk〈hjk,P⊥γ f〉L2
ξ

+ 〈hj,Mγ,F+f〉L2
ξ

= −eγψ〈hj,Mγ,F+h〉L2
ξ
,

(4.5.202)

ε(∂tc−
γ̇

γ
(c+

√
3

2
a)) +

√
2

3
(γ−

1
2∂xj + γ

1
2Ej)bj +

√
5

3
γ−

1
2∂xjdj

+
1√
6
〈hjj,Mγ,F+f〉L2

ξ
= ε

√
3

2

γ̇

γ
eγψ +

eγψ√
6
〈hjj,Mγ,F+h〉L2

ξ
,

(4.5.203)

ε(∂tdj −
γ̇

2γ
(3dj +

3
√

2√
5
bj)) +

3
√

3√
5

(γ−
1
2∂xj + γ

1
2Ej)c

+

√
2

5
(γ−

1
2∂xk + γ

1
2Ek)〈hjk,P⊥γ f〉L2

ξ
+ γ−

1
2

1√
10
∂xk〈hjkll, f〉L2

ξ

+
1√
10
〈hjll,Lγf +Mγ,F+f〉L2

ξ
= 〈hjll,−eγψMγ,F+h + Γγ(f, f)〉.

(4.5.204)

Proof. These formulas follow from direct computation of the ξ integral of (4.5.13)

multiplied by h, hj,
1√
6
hjj and 1√

10
hjll. We only give the details for (4.5.202). The

proof of the other formulas are similar. Using (4.5.193) and (4.5.200), and the fact

that Lγf , µ−
1
2∂tνγ and Γγ(f, f) are orthogonal to hj, we have

ε(∂tbj −
γ̇

2γ
〈(AkAk +A∗kAk)hj, f〉L2

ξ
). (4.5.205)

+ 〈hj, {(γ−
1
2∂xk + γ

1
2Ek)A∗k + γ−

1
2∂xkAk}f〉L2

ξ
(4.5.206)

+ 〈hj,Mγ,F+f〉L2
ξ

(4.5.207)

= −〈hj, eγψMγ,F+h〉L2
ξ
. (4.5.208)
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It remains to evaluate terms involving the ladder operators. Using (4.5.187), one

computes

(Ak +A∗k)Akhj = (A∗k +Ak)AkA∗jh (4.5.209)

= (A∗j +Aj)h (4.5.210)

= hj (4.5.211)

and

〈hj, {(γ−
1
2∂xk + γ

1
2Ek)A∗k + γ−

1
2∂xkAk}f〉L2

ξ
(4.5.212)

= 〈AkA∗jh, (γ−
1
2∂xk + γ

1
2Ek)f〉L2

ξ
(4.5.213)

+ γ−
1
2 〈A∗kA∗jh, ∂xkf〉L2

ξ
(4.5.214)

= (γ−
1
2∂xj + γ

1
2Ek)a (4.5.215)

+ γ−
1
2∂xk〈hjk,P⊥γ f〉L2

ξ
(4.5.216)

+
1√
6
γ−

1
2 〈hjk, hll〉L2

ξ
∂xkc. (4.5.217)

Finally, noting that in the last term,

〈hjk, hll〉L2
ξ

=
√

2δjk, (4.5.218)

we conclude with (4.5.202).

Lemma 4.5.6. Assume the hypotheses of Proposition 4.5.1. Then, for all r ≥ 0,

‖b‖Hr
x
.M ‖P⊥γ f (r)‖L2

x(Hσ)ξ + ‖f (r)‖L2
x(H−σ;ε)ξ + ε2‖(a, c)‖2

Hr
x
. (4.5.219)

Proof. It suffices to show the case when r = 0. Because of radial symmetry of h and
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hjj, we have

‖(h, hjj)‖H−σ;ε . ε. (4.5.220)

Hence,

‖f‖2
L2
x(H−σ;ε)ξ

≥ 1

2
‖P⊥γ f + bjhj‖2

L2
x(H−σ;ε)ξ

− Cε2‖(a, c)‖2
L2
x

(4.5.221)

Now, writing u = P⊥γ f + bjhj, we have

‖u‖2
L2
x(H−σ;ε)ξ

=
1

ε
〈σij| ξ

ε
∂ξiu, ∂ξju〉L2

x,ξ
≥ 1

ε
〈σij| ξ

ε
1Bc1(ξ)∂ξiu, ∂ξju〉L2

x,ξ
. (4.5.222)

On the other hand, for all ν ∈ S2, and ξ ∈ R3 \B1, we have

σij(
ξ

ε
)νiνj . σij(ξ)νiνj (4.5.223)

Now, we expand u as follows:

1

ε
〈σij| ξ

ε
1Bc1(ξ)∂ξiu, ∂ξju〉L2

x,ξ
(4.5.224)

=
1

ε
〈σij| ξ

ε
1Bc1(ξ)∂ξi(bkhk), ∂ξj(blhl)〉L2

x,ξ
(4.5.225)

+
2

ε
〈σij| ξ

ε
1Bc1(ξ)∂ξi(bkhk), ∂ξjP

⊥
γ f〉L2

x,ξ
(4.5.226)

+
1

ε
〈σij| ξ

ε
1Bc1(ξ)∂ξiP

⊥
γ f, ∂ξjP⊥γ f〉L2

x,ξ
. (4.5.227)

Now 1
ε
〈σij| ξ

ε
1Bc1(ξ)∂ξi ·, ∂ξj ·〉L2

x,ξ
defines a semi-inner product. So, we apply Cauchy-
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Schwarz and Young’s inequality to the cross term to get

1

ε
〈σij| ξ

ε
1Bc1(ξ)∂ξiu, ∂ξju〉L2

x,ξ
(4.5.228)

≥ 1

2ε
〈σij| ξ

ε
1Bc1(ξ)∂ξi(bkhk), ∂ξj(blhl)〉L2

x,ξ
− 2

ε
〈σij| ξ

ε
1Bc1(ξ)∂ξiP

⊥
γ f, ∂ξjP⊥γ f〉L2

x,ξ

(4.5.229)

≥ 1

C
Wkl〈bl, bk〉L2

x
− C‖P⊥γ f‖2

L2
x(Hσ)ξ

, (4.5.230)

where

Wkl :=
1

ε
〈σij| ξ

ε
1Bc1(ξ)∂ξihk, ∂ξjhl〉L2

ξ
. (4.5.231)

We now show that

Wklνkνl ≥
1

C
(4.5.232)

for all ν ∈ S2. Now,

∂ξihk =
γ

1
2

2
(δik −

γ

2
ξiξk)µ

1
2
γ (4.5.233)

Then, by the reverse triangle inequality,

σij| ξ
ε
∂ξihk, ∂ξjhl =

γ

4ε
σij| ξ

ε
(νi −

γ

2
(ν · ξ)ξi)(νj −

γ

2
(ν · ξ)ξj)µγ (4.5.234)

≥ { γ
8ε
σij| ξ

ε
νiνj − C

(ν · ξ)2

ε
σij| ξ

ε
ξiξj}µγ (4.5.235)

Now, for |ξ| ≥ 1, we have

1

ε
σij| ξ

ε
ξiξj ∼

|ξ|2

〈ξ/ε〉3
∼ ε2 1

|ξ|
. (4.5.236)
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On the other hand,

1

ε
σij| ξ

ε
νiνj &

1

ε

|Pξ⊥ν|2

〈ξ/ε〉
&
|Pξ⊥ν|2

|ξ|
. (4.5.237)

Hence,

Wklνkνl ≥
1

C

∫
R3\B1

|Pξ⊥ν|2

|ξ|
µγdξ − ε2

∫
R3\B1

|ξ|µγdξ (4.5.238)

≥ 1

C
− Cε2. (4.5.239)

Taking ε small enough, we deduce (4.5.232), and thus

1

ε
〈σij| ξ

ε
1Bc1(ξ)∂ξiu, ∂ξju〉L2

x,ξ
≥ 1

C
‖b‖2

L2
x
− C‖P⊥γ f‖2

L2
x(Hσ)ξ

. (4.5.240)

From this, we conclude (4.5.219) in the case r = 0.

The next lemma allows us to control (a, b, c).

Proposition 4.5.7. Let M ≥ 1, and let η, ς and ε be sufficiently small depending on

M . Assume the bootstrap assumptions (4.5.3) through (4.5.6). Then, exists two real

valued functions G = G (M) and Greg = G (M)
reg on [0, T ] satisfying, for all t ∈ [0, T ]

|G (t)| .M ‖f(t)‖2
L2
x,ξ
, |Greg(t)| .M ‖f (s)(t)‖2

L2
x,ξ

(4.5.241)

such that

ε
d

dt
G (t) + ‖Pγf‖2

L2
x(Hσ)ξ

.M ε2〈‖F+‖D〉2 + min
α∈{1,2,3}

{‖P⊥γ gα‖2
L2
x(Hσ)ξ

+ ‖gα‖2
L2
x(H−σ;ε)ξ

},
(4.5.242)
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and

ε
d

dt
Greg(t) + ‖Pγf (s)‖2

L2
x(Hσ)ξ

.M ε2〈‖F+‖D〉2 + min
α∈{1,2}

{‖P⊥γ g(s)
α ‖2

L2
x(Hσ)ξ

+ ‖g(s)
α ‖2

L2
x(H−σ;ε)ξ

}.
(4.5.243)

Proof. We break the proof into a number of steps. Given u : T3 → R, we split

u = u× + u, where u(t) =
∫
T3 u(t, x)dx. The first step concerns the bounds on

(a, c). In step 2, we bound ‖a‖L2
x
. In step 3, we bound (eγψc)×. In step 4, we bound

‖(a, c)‖Hs
x
. In step 5, we synthesize these bounds.

Step 1 (estimate on a and c): Regarding a, from (4.5.21), we simply have

∫
T3

a(t, x)dx ≡ 0 (4.5.244)

for all times. In particular, ∆−1
x a is well defined.

We now discuss the zero mode of c. Subtracting the first line of (4.4.140) from

(4.1.15), we have

√
3

2

d

dt

(
c(t)

γ

)
=

d

dt

∫
T3×R3

|ξ|2

2
(F− − µγeγψ)dxdξ (4.5.245)

Integrating in time, we have

√
3

2

c(t)

γ(t)
=

√
3

2

cin
βin

+
1

8π

∫
T3

|∇xφin(x)|2 − |∇xψin(x)|2dx (4.5.246)

+
1

8π

∫
T3

|∇xψ(t, x)|2 − |∇xφ(t, x)|2dx (4.5.247)
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On the other hand, from (4.5.10),

∫
T3

|∇xψ(t, x)|2 − |∇xφ(t, x)|2dx = −2〈∇xψ,∇x∆
−1
x a〉L2

x
− ‖∇x∆

−1
x a‖L2

x
(4.5.248)

= 2〈ψ, a〉L2
x
− ‖∆−

1
2

x a‖2
L2
x
. (4.5.249)

Combining these with (4.5.7), we get

∣∣∣∣∣
√

3

2

c(t)

γ(t)
− 1

4π
〈ψ, a〉L2

x

∣∣∣∣∣ . ε+ ‖a‖2
L2
x
. (4.5.250)

In what follows, it will become clear that we cannot control c× directly. Instead, we

can only get a bound on (ceγψ)×. It is then necessary to compute c× in terms of

(ceγψ)× and c. Observe that

eγψ(e−γψc)× + eγψ
∫
R3

e−γψcdx′ = c× + c. (4.5.251)

Since
∫
T3 e

γψdx = 1, the above integrated in x yields

∫
R3

e−γψcdx = c−
∫
T3

eγψ(e−γψc)×dx. (4.5.252)

Thus, we have the identity

c× = (eγψ − 1)c+ eγψ(e−γψc)× − eγφ0
∫
T3

eγψ(e−γψc)×dx (4.5.253)

In particular, ‖c‖L2
x
. |c|+ ‖(e−γψc)×‖L2

x
.

Step 2 (estimate for a): Now, we turn to bounding a. We claim that the following
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estimate holds:

− ε d
dt
〈e−γψ∇x∆

−1
x a, b〉L2

x
+

1

C
‖a‖2

L2
x

≤ C{ε2〈‖F+‖D〉2 + ‖b‖2
L2
x

+ ‖(e−γψc)×‖2
L2
x

+ ‖P⊥γ f‖2
L2
x(Hσ)ξ

+ ‖f‖2
L2
x(H−σ;ε)ξ

}.
(4.5.254)

To prove this, first observe

(γ−
1
2∇x + γ

1
2E)a = γ−

1
2 eγψ∇x(e

−γψa)− 4πa∇x∆
−1
x a, (4.5.255)

Therefore,

− ε d
dt
〈e−γψ∇x∆

−1
x a, b〉L2

x
+ γ−

1
2‖e−

γψ
2 a‖2

L2
x

+ 4π‖e
γψ
2 ∇x∆

−1
x a‖2

L2
x

+ 4πc2 (4.5.256)

= −〈e−γψ∇x∆
−1
x a, ε∂tb+ (γ−

1
2∇x + γ

1
2E − 4πγ

1
2 eγψ∇x∆

−1
x )a+

√
2

3
∇xc〉L2

x

(4.5.257)

− ε〈e−γψ∇x∆
−1
x ∂ta, b〉L2

x
(4.5.258)

+ ε〈∂t(γψ)e−γψ∇x∆
−1
x a, b〉L2

x
(4.5.259)

+ 4πε〈e−γψ∇x∆
−1
x a, a∇x∆

−1
x a〉L2

x
(4.5.260)

+ 4πc2 +

√
2

3
〈e−γψ∇x∆

−1
x a,∇xc〉L2

x
. (4.5.261)
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From (4.5.202), we have

‖ε∂tbj + (γ−
1
2∂xj + γ

1
2Ej)a− 4πγ

1
2 eγψ∇x∆

−1
x a‖H−1

x
(4.5.262)

=
∥∥∥ε γ̇

2γ
bj +

√
2

3
∂xjc+ ∂xk〈hjk,P⊥γ f〉L2

ξ
+ 〈hj,Mγ,F+f〉L2

ξ
(4.5.263)

+ eγψ〈hj,Mγ,F+h〉L2
ξ

∥∥∥
H−1
x

(4.5.264)

. ε|γ̇|‖b‖L2
x

+ ‖c‖L2
x

+ ‖P⊥γ f‖L2
x(Hσ)ξ (4.5.265)

+ ‖〈hj,Mγ,F+f〉L2
ξ
‖H−1

x
(4.5.266)

+ ‖eγψ〈hj,Mγ,F+h〉L2
ξ
‖H−1

x
(4.5.267)

Applying (4.5.43) to the latter two terms, we have

(4.5.266) .
∥∥∥‖F (3,0)

+ ‖L2
v
(‖f‖(H−σ;ε)ξ + ε‖f‖(Hσ)ξ)

∥∥∥
H−1
x

(4.5.268)

+ ε
∥∥∥‖F ( 7

2
,0)

+ ‖(Ḣσ)v
‖f‖(Hσ)ξ

∥∥∥
H−1
x

(4.5.269)

. ‖f‖L2
x(H−σ;ε)ξ + ε〈‖F+‖D〉‖f‖L2

x(Hσ)ξ . (4.5.270)

and

(4.5.267) . ε‖F (3,0)
+ ‖H−1

x L2
v

+ ε‖F ( 7
2
,0)

+ ‖H−1
x (Ḣσ)ξ

(4.5.271)

. ε〈‖F+‖D〉. (4.5.272)

Then,

|(4.5.257)| . ‖eγψ∇x(−∆x)
−1a‖H1

x
(4.5.273)

· ‖ε∂tb+ (γ−
1
2∇x + γ

1
2E)a− 4πγ

1
2 eγψ∇x∆

−1
x a‖H−1

x
(4.5.274)

. ‖a‖L2
x
{ε‖b‖L2

x
+ ‖P⊥γ f‖L2

x(Hσ)ξ (4.5.275)

+ ‖f‖L2
x(H−σ;ε)ξ + ε〈‖F+‖D〉〈‖f‖L2

x(Hσ)ξ〉}. (4.5.276)



204

Now, note that

‖f‖L2
x(Hσ)ξ . ‖a‖L2

x
+ ‖b‖L2

x
+ |c|+ ‖(eγψc)×‖L2

x
+ ‖P⊥γ f‖L2

x(Hσ)ξ . (4.5.277)

Then, taking λ > 0, and using Young’s inequality, and the bootstrap assumptions,

we have

|(4.5.257)| ≤ C(ε+ ς + λ)(‖a‖2
L2
x

+ c2) (4.5.278)

+ Cλ{ε2〈‖F+‖D〉2 + ‖(b, (eγψc)×)‖2
L2
x

+ ‖P⊥γ f‖2
L2
x(Hσ)ξ

+ ‖f‖2
L2
x(H−σ;ε)ξ

}

(4.5.279)

We now turn to bounding (4.5.258) and (4.5.259). Using (4.4.144) and (4.5.201), we

have

ε‖∂ta‖H−1
x

. ‖b‖L2
x

+ ε‖∂teγψ‖H−1
x

. ‖b‖L2
x

+ ε〈‖f‖L2(Hσ)ξ〉. (4.5.280)

Hence,

|(4.5.258)| . (ε〈‖f‖L2
x(Hσ)ξ〉+ ‖b‖L2

x
)‖b‖L2

x
(4.5.281)

. ε2〈‖f‖L2
x(Hσ)ξ〉

2 + ‖b‖2
L2
x

(4.5.282)

. ε2(‖a‖L2
x

+ |c|2) + ‖(b, (eγψc)×)‖2
L2
x

+ ‖P⊥γ f‖2
L2
x(Hσ)ξ

(4.5.283)

Next,

|(4.5.259)| . ε(‖∂tψ‖L∞x + |γ̇|)‖a‖L2
x
‖b‖L2

x
. (4.5.284)
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Applying (4.4.144) again, the above reduces to

|(4.5.259)| . ε〈‖f‖L2
x(Hσ)ξ〉‖a‖L2

x
‖b‖L2

x
(4.5.285)

. ε2(‖a‖L2
x

+ |c|2) + ‖(b, (eγψc)×)‖2
L2
x

+ ‖P⊥γ f‖2
L2
x(Hσ)ξ

. (4.5.286)

Thus,

|(4.5.260)| . ε‖a‖L∞‖a‖2
H−1 . ε‖a‖2

L2
x
. (4.5.287)

Now to bound (4.5.261), we use (4.5.253) to get

‖∇xc− γ∇xψe
γψc‖H−1

x
. ‖(e−γψc)×‖L2

x
. (4.5.288)

Hence,

∣∣〈e−γψ∇x∆
−1
x a,∇xc〉L2

x
− γ〈∇x∆

−1
x a,∇xφ0〉L2

x
c
∣∣ . ‖a‖L2

x
‖(e−γψc)×‖L2

x
. (4.5.289)

Combining the above with (4.5.250), we have

(4.5.261) ≤
√

2

3

∣∣〈e−γψ∇x∆
−1
x a,∇xc〉L2

x
− γ〈∇x∆

−1
x a,∇xφ0〉L2

x
c
∣∣ (4.5.290)

+

∣∣∣∣∣4πc−
√

2

3
γ〈φ0, a〉L2

x

∣∣∣∣∣ |c| (4.5.291)

. ς‖a‖2
L2
x

+ ‖a‖L2
x
‖(e−γψc)×‖L2

x
+ ε|c| (4.5.292)
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Now, combining the bounds on (4.5.257) through (4.5.261), we now have

− ε d
dt
〈e−γψ∇x∆

−1
x a, b〉L2

x
+ γ−

1
2‖e−

γψ
2 a‖2

L2
x

+ 4πc2 (4.5.293)

≤ C(ε+ ς + λ)(‖a‖2
L2
x

+ c2) (4.5.294)

+ Cλ{ε2〈‖F+‖D〉2 + ‖b‖2
L2
x

+ ‖(e−γψc)×‖2
L2
x

+ ‖P⊥γ f‖2
L2
x(Hσ)ξ

+ ‖f‖2
L2
x(H−σ;ε)ξ

}.

(4.5.295)

Thus, taking ε, ς and λ sufficiently small, we have (4.5.254).

Step 3 (estimate for a(s)): Next, we have the following estimate for a(s):

− ε d
dt
〈∇x∆

−1
x a(s), b(s)〉L2

x
+

1

C
‖a‖2

Hs (4.5.296)

. ε2〈‖F+‖D〉2 + ‖a‖2
L2
x

+ ‖(b, c)‖2
Hs
x

+ ‖P⊥γ f (s)‖L2
x(Hσ)ξ (4.5.297)

To show this, we have

− ε d
dt
〈∇x∆

−1
x a(s), b(s)〉L2

x
+ γ−

1
2‖a(s)‖2

L2
x

(4.5.298)

= −〈∇x∆
−1
x a(s), ε∂tb

(s) + γ−
1
2∇xa

(s)〉L2
x

(4.5.299)

− ε〈∇x∆
−1
x ∂ta

(s), b(s)〉L2
x
. (4.5.300)
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From (4.5.202), we have

‖ε∂tb(s)
j + γ−

1
2∂xja

(s)‖H−1
x

(4.5.301)

=
∥∥∥ε γ̇

2γ
bj + γ

1
2Eja− 4πγ

1
2 eγψ∂xj∆

−1
x a+

√
2

3
∂xjc+ ∂xk〈hjk,P⊥γ f〉L2

ξ
(4.5.302)

+ 〈hj,Mγ,F+f〉L2
ξ

+ eγψ〈hj,Mγ,F+h〉L2
ξ

∥∥∥
Hs−1
x

(4.5.303)

. ε|γ̇|‖b‖Hs−1
x

+ 〈‖E‖Hs−1
x
〉‖a‖Hs−1

x
+ ‖c‖Hs + ‖P⊥γ f‖L2

x(Hσ)ξ (4.5.304)

+ ‖〈hj,Mγ,F+f〉L2
ξ
‖Hs−1

x
+ ‖eγψ〈hj,Mγ,F+h〉L2

ξ
‖Hs−1

x
(4.5.305)

. ε〈‖f‖L2
x(Hσ)ξ〉‖b‖Hs−1

x
+ ‖a‖Hs−1

x
+ ‖c‖Hs

x
+ ‖P⊥γ f (s−1)‖L2

x(Hσ)ξ (4.5.306)

+ ‖f (s−1)‖L2
x(H−σ;ε)ξ + ε〈‖F+‖D〉〈‖f (s−1)‖L2

x(Hσ)ξ〉 (4.5.307)

In the final line, we use the bootstrap assumptions, plus (4.4.144) and (4.5.43) as

before, combined with algebra estimates for Hs−1. Hence, with the bootstrap as-

sumptions, Young’s inequality and interpolation, for any λ > 0 we have

|(4.5.299)| ≤ C(ε+ ς + λ)‖a(s)‖2
L2
x

(4.5.308)

+ Cλ{ε2〈‖F+‖D〉+ ‖a‖2
L2
x

+ ‖(b, c)‖Hs
x

+ ‖P⊥γ f (s)‖L2
x(Hσ)ξ + ‖f (s)‖L2

x(H−σ;ε)ξ}

(4.5.309)

Next, from (4.4.144) and (4.5.201),

|(4.5.300)| . ‖b(s)‖2
L2
x

+ ε‖∂t(eγψ)‖Hs−1
x
‖b(s)‖L2

x
(4.5.310)

. (ε〈‖f (s)‖L2
x(Hσ)ξ〉+ ‖b(s)‖L2

x
)‖b(s)‖L2

x
(4.5.311)

. ε2‖a‖H2
x

+ ‖(b, c)‖2
Hs
x

+ ‖P⊥γ f (s)‖L2
x(Hσ)ξ . (4.5.312)

Taking ε, ς and λ sufficiently small, we conclude (4.5.296).
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Step 4 (estimate on (eγψc)×): We now show the following bound,

− ε d
dt
〈e−γψ∇x∆

−1
x (e−γψc)×, d〉L2

x
+

1

C
‖(e−γψc)×‖2

L2
x

(4.5.313)

≤ C{ε2〈‖F+‖D〉2 + (ε+ ς)(‖a‖2
L2
x

+ |c|2) (4.5.314)

+ ‖b‖2
L2
x

+ ‖P⊥γ f‖2
L2
x(Hσ)ξ

+ ‖f‖2
L2
x(H−σ;ε)ξ

}. (4.5.315)

By writing

(γ−
1
2∇x + γ

1
2E)c = γ−

1
2 eγψ∇x(e

−γψc)− 4πγ
1
2 c∇x∆

−1
x a, (4.5.316)

we have

− ε d
dt
〈e−γψ∇x∆

−1
x (e−γψc)×, d〉L2

x
+

3
√

3

5
√
γ
‖(e−γψc)×‖2

L2
x

(4.5.317)

= −〈e−γψ∇x∆
−1
x (e−γψc)×, ε∂td+

3
√

3

5
(γ−

1
2∇x + γ

1
2E)c〉L2

x
(4.5.318)

− ε〈e−γψ∇x∆
−1
x (e−γψ∂tc)

×, d〉L2
x

(4.5.319)

− ε〈∂t(e−γψ)∇x∆
−1
x (e−γψc)×, d〉L2

x
(4.5.320)

− ε〈e−γψ∇x∆
−1
x (∂t(e

−γψ)c)×, d〉L2
x

(4.5.321)

− 4π
3
√

3

5
γ

1
2 〈e−γψ∇x∆

−1
x (e−γψc)×, c∇x∆

−1
x a〉L2

x
. (4.5.322)
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First, from (4.5.204), we have

‖ε∂td+
3
√

3

5
(γ−

1
2∇x + γ

1
2E)c‖H−1

x
(4.5.323)

. ε|γ̇|(‖b‖H−1
x

+ ‖d‖H−1
x

) (4.5.324)

+ sup
j,k∈{1,2,3}

{‖(γ−
1
2∂xk + γ

1
2Ek)〈hjk,P⊥γ f〉L2

ξ
‖H−1

x
(4.5.325)

+ ‖∂xk〈hjkll, f〉L2
ξ
‖H−1

x
(4.5.326)

+ ‖〈Lγhjll, f〉L2
ξ
‖H−1

x
(4.5.327)

+ ‖〈hjll,Mγ,F+f〉L2
ξ
‖H−1

x
(4.5.328)

+ ‖〈hjll, eγψMγ,F+h〉‖H−1
x

(4.5.329)

+ ‖〈hjll,Γγ(f, f)〉‖H−1
x
} (4.5.330)

Going line by line, we see that

(4.5.324) . ε(‖b‖L2
x

+ ‖P⊥γ f‖L2
x(Hσ)ξ) (4.5.331)

Next up, we have

(4.5.325) + (4.5.326) + (4.5.327) ≤ ‖P⊥γ f‖L2
x(Hσ)ξ . (4.5.332)

Next, by (4.5.43), we have

(4.5.328) . ‖f‖L2
x(H−σ;ε)ξ + ε〈‖F+‖D〉‖f‖L2

x(Hσ)ξ (4.5.333)

(4.5.329) . ε〈‖F+‖D〉 (4.5.334)

Finally, from (4.5.33), we have

(4.5.330) . ς‖f‖L2
x(Hσ)ξ (4.5.335)



210

Hence,

|(4.5.318)| . ‖(ceγψ)×‖L2
x
{‖b‖L2

x
+ ‖P⊥γ f‖L2

x(Hσ)ξ + ‖f‖L2
x(H−σ;ε)ξ (4.5.336)

+ ε〈‖F+‖D〉〈‖f‖L2
x(Hσ)ξ〉+ ς‖f‖L2

x(Hσ)ξ}. (4.5.337)

Using (4.5.277), we deduce that for any λ > 0,

|(4.5.318)| ≤ C(ε+ ς + λ)‖(eγψc)×‖2
L2
x

(4.5.338)

+ Cλ{ε2〈‖F+‖D〉2 + (ε+ ς)(‖a‖2
L2
x

+ |c|2) (4.5.339)

+ ‖b‖2
L2
x

+ ‖P⊥γ f‖2
L2
x(Hσ)ξ

+ ‖f‖2
L2
x(H−σ;ε)ξ

} (4.5.340)

Next, we have the term (4.5.319). From (4.5.203), and (4.4.144),

ε‖∂tc‖H−1
x

. ε|γ̇|〈‖(a, c)‖L2
x
〉+ ‖(b, d)‖L2

x
+ ε〈‖F+‖D〉〈‖f‖L2

x(Hσ)ξ〉 (4.5.341)

. ε〈‖F+‖D〉〈‖f‖L2
x(Hσ)ξ〉+ ε‖(a, c)‖L2

x
+ ‖b‖L2

x
+ ‖P⊥γ f‖L2

x(Hσ)ξ + ‖f‖L2
x(H−σ;ε)ξ

(4.5.342)

Thus

|(4.5.319)| . ε2〈‖F+‖D〉2 + ε‖(a, c)‖2
L2
x

+ ‖b‖2
L2
x

+ ‖P⊥γ f‖2
L2
x(Hσ)ξ

+ ‖f‖2
L2
x(H−σ;ε)ξ

(4.5.343)

Next,

|(4.5.320)|+ |(4.5.321)| . ε‖c‖L2
x
‖d‖L2

x
. ε2 + ‖P⊥γ f‖2

L2
x(Hσ)ξ

. (4.5.344)
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Finally,

|(4.5.322)| . ‖(e−γψc)×‖L2
x
(‖c∇x∆

−1
x a‖L2

x
+ ‖c∇x∆

−1
x (nε+ − n0

+)‖L2
x
) (4.5.345)

. ‖a‖Hs
x
‖(e−γψc)×‖L2

x
(‖c‖L2

x
+ ‖F ε

+ − F 0
+‖E′) (4.5.346)

. ς‖(e−γψc)×‖L2
x
(‖c‖L2

x
+ ‖F ε

+ − F 0
+‖E′) (4.5.347)

Combining these bounds for (4.5.318) through (4.5.322), we conclude that

− ε d
dt
〈e−γψ∇x∆

−1
x (e−γψc)×, d〉L2

x
+

3
√

3

5
√
γ
‖(e−γψc)×‖2

L2
x

(4.5.348)

≤ C(ε+ ς + λ)‖(eγψc)×‖2
L2
x

(4.5.349)

+ Cλ{ε2〈‖F+‖D〉2 + (ε+ ς)(‖a‖2
L2
x

+ |c|2) (4.5.350)

+ ‖b‖2
L2
x

+ ‖P⊥γ f‖2
L2
x(Hσ)ξ

+ ‖f‖2
L2
x(H−σ;ε)ξ

} (4.5.351)

By taking ε, ς and λ sufficiently small, we conclude (4.5.313).

Step 5: Estimate on c(s): Following the same method as previous bounds, we have

the estimate

− ε d
dt
〈∇x∆

−1
x c(s), d(s)〉L2

x
+

1

C
‖c‖2

Hs
x

(4.5.352)

≤ C{ε2〈‖F+‖D〉2 + (ε+ ς)‖a‖2
L2
x

(4.5.353)

+ ‖c‖2
L2
x

+ ‖b‖2
Hs
x

+ ‖P⊥γ f (s)‖2
L2
x(Hσ)ξ

+ ‖f (s)‖2
L2
x(H−σ;ε)ξ

} (4.5.354)

The proof is similar to that of (4.5.296).

Step 6: Combining the bounds: Combining the upper bounds on (4.5.254),
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(4.5.296), (4.5.219), (4.5.313), (4.5.352) there is a choice of constant κ > 0 taken

sufficiently small, such that the functional

Greg(t) := κ〈e−γψ∇x∆
−1
x a, b〉L2

x
− κ3〈∇x∆

−1
x a(s), b(s)〉L2

x
(4.5.355)

− 〈e−γψ∇x∆
−1
x (e−γψc)×, d〉L2

x
− κ2〈∇x∆

−1
x c(s), d(s)〉L2

x
(4.5.356)

satisfies

ε
d

dt
Greg(t) +

1

C
‖Pγf (s)‖2

L2
x(Hσ)ξ

(4.5.357)

≤ C{ε2〈‖F+‖D〉2 + (ε+ ς)‖Pγf (s)‖2
L2
x,ξ

(4.5.358)

+ ‖P⊥γ f (s)‖2
L2
x(Hσ)ξ

+ ‖f (s)‖2
L2
x(H−σ;ε)ξ

+ ‖F ε
+ − F 0

+‖2
E′} (4.5.359)

On the other hand by (4.5.31), for each α ∈ {1, 2},

‖P⊥γ f (s)‖2
L2
x(Hσ)ξ

+ ‖f‖2
L2
x(H−σ;ε)ξ

. ‖P⊥γ g(s)
α ‖2

L2
x(Hσ)ξ

+ ‖g(s)
α ‖2

L2
x(H−σ;ε)ξ

(4.5.360)

+ η‖Pγf (s)‖2
L2
x(Hσ)ξ

. (4.5.361)

Thus, by taking ε, ς and η sufficiently small, and re-scaling G if necessary, we conclude

with (4.5.243). To get (4.5.242), we take κ > 0 and

G (t) := −κ〈e−γψ∇x∆
−1
x a, b〉L2

x
− 〈e−γψ∇x∆

−1
x (e−γψc)×, d〉L2

x
(4.5.362)

so that

ε
d

dt
G (t) +

1

C
‖Pγf‖2

L2
x(Hσ)ξ

≤ C{ε2〈‖F+‖D〉2 + (ε+ ς)‖Pγf‖2
L2
x,ξ

(4.5.363)

+ ‖P⊥γ f‖2
L2
x(Hσ)ξ

+ ‖f‖2
L2
x(H−σ;ε)ξ

}. (4.5.364)
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And, once again, by (4.5.31), for each α ∈ {1, 2, 3},

‖P⊥γ f‖2
L2
x(Hσ)ξ

+ ‖f‖2
L2
x(H−σ;ε)ξ

. ‖P⊥γ gα‖2
L2
x(Hσ)ξ

+ ‖gα‖2
L2
x(H−σ;ε)ξ

+ η‖Pγf‖2
L2
x(Hσ)ξ

(4.5.365)

Again, taking ε, ς and η sufficiently small, and re-scaling G if necessary, we deduce

(4.5.242).

We conclude this section with a corollary of Propositions 4.5.4 and 4.5.7:

Corollary 4.5.8. Let M ≥ 1, and let η be sufficiently small depending on M .

We let ς and ε be sufficiently small depending on M and η. Assume the bootstrap

assumptions (4.5.3) through (4.5.6). Then, for each M, η > 0, and α ∈ {1, 2, 3}

there exists a function Y−,α = Y (M,η)
−,α : [0, T ]→ R+ such that

Y−,α ∼M,η Ẽ−,α (4.5.366)

and

ε
d

dt
Y−,α + D̃−,α .M,η ε

2. (4.5.367)

Proof. We take κ0, κ1, κ2 and κ3 ∈ (0, 1) be constants to be determined. We combine
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(4.5.71) in the case α = 2 and (4.5.242) as follows:

ε
d

dt
{‖gα‖2

L2
x,ξ

+ 4π
√
γ‖|∆x|−1a‖2

L2
x

+ κ1G } (4.5.368)

+ (
1

C
− Cκ1){‖P⊥γ gα‖2

L2
x(Hσ)ξ

+ ‖gα‖2
L2
x(H−σ;ε)

}+ κ0‖Pγf‖2
L2
x(Hσ)ξ

(4.5.369)

≤ C(ε+ ς + η + κ0)‖Pγf‖2
L2
x(Hσ)ξ

(4.5.370)

+ Cε〈‖∂ta‖L2
x

+ ‖F+‖2
D〉‖gα‖2

L2
x,ξ

(4.5.371)

+ Cκ0ε
2〈‖F+‖D〉2. (4.5.372)

Using (4.5.32), we first fix κ1 sufficiently small such that the “ 1
C
−Cκ1” in the above

is strictly positive, and

X−,α := ‖gα‖2
L2
x,ξ

+ 4π
√
γ‖|∆x|−1a‖2

L2
x

+ κ1G (4.5.373)

satisfies

X−,α ∼ ‖gα‖2
L2
x,ξ
. (4.5.374)

Then, we fix κ0 to be a sufficiently small constant, and also require that ε, ς and η

are sufficiently small so that

ε
d

dt
X−,α +

1

C
‖gα‖2

L2
x(Hσ∩H−σ;ε)ξ

(4.5.375)

≤ C{ε〈‖∂ta‖L2
x

+ ‖F+‖2
D〉X−,α + ε2〈‖F+‖D〉2}. (4.5.376)
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Next, we combine this bound with (4.5.72),

ε
d

dt
(‖g(s)

α ‖2
L2
x,ξ

+ κ3Greg) (4.5.377)

+ (
1

C
− Cκ3){‖P⊥γ g(s)

α ‖2
L2
x(Hσ)ξ

+ ‖g(s)
α ‖2

L2
x(H−σ;ε)

}+ κ3‖Pγf (s)‖2
L2
x(Hσ)ξ

(4.5.378)

≤ C(ε+ ς + η + κ2)‖Pγf (s)‖2
L2
x(Hσ)ξ

+ Cη,κ2‖gα+1‖2
L2
x(Hσ∩H−σ;ε)ξ

(4.5.379)

+ Cε〈‖∂ta‖
H

s− 1
4

x

+ ‖F+‖2
D〉‖g(s)

α ‖2
L2
x,ξ

(4.5.380)

+ Cκ2ε
2〈‖F+‖D〉2 (4.5.381)

We now fix κ3 small enough so that the “ 1
C
− Cκ3” in the above is positive, and

‖g(s)
α ‖2

L2
x,ξ

+ κ3Greg ∼ ‖g(s)
α ‖2

L2
x,ξ
, (4.5.382)

and fix κ2, and take ε, ς and η small enough that

ε
d

dt
(‖g(s)

α ‖2
L2
x,ξ

+ κ3Greg) +
1

C
‖g(s)

α ‖2
L2
x(Hσ∩H−σ;ε)ξ

(4.5.383)

≤ Cη‖gα+1‖2
L2
x(Hσ∩H−σ;ε)ξ

(4.5.384)

+ C{ε〈‖∂ta‖L2
x

+ ‖F+‖2
D〉‖g(s)

α ‖2
L2
x,ξ

+ ε2〈‖F+‖D〉2}. (4.5.385)

FInally, we take κ
(η)
4 sufficiently small depending on η so that

X (η)
−,α,reg := κ

(η)
4 (‖g(s)

α ‖2
L2
x,ξ

+ κ3Greg) + X−,α+1 (4.5.386)

satisfies

d

dt
X (η)
−,reg,α +

1

Cη
D̃−,α (4.5.387)

≤ Cη{ε〈‖∂ta‖L2
x

+ ‖F+‖2
D〉X

(η)
−,reg,α + ε2〈‖F+‖D〉2}. (4.5.388)
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By (4.4.2), we have

1

C
〈‖F+‖D〉2 ≤ −

d

dt
X+ + C(1 + D̃−,α). (4.5.389)

Taking ε and ς sufficiently small depending on η now, we can hide the ‖g(s)
α ‖2

L2
x(Hσ)ξ

term and get for some collection of constants C
(η)
1 , C

(η)
2 and C

(η)
3 ,

ε(
d

dt
+ C

(η)
1

d

dt
X+ − C(η)

2 〈‖∂ta‖L2
x
〉)X (η)

−,reg,α +
1

C
(η)
3

D̃−,α (4.5.390)

≤ C
(η)
3 ε2. (4.5.391)

We now define

Ω(η)(t) := C
(η)
1 X+(t)− C(η)

2

∫ t

0

〈‖∂ta(t′)‖L2
x
〉dt′ (4.5.392)

By the (4.5.3) and (4.5.6), we have that |Ω(η)| is less than or equal to some constant

depending on η, say C
(η)
4 > 0. Thus, if we set Y (η)

j = C
(η)
3 eΩ+C

(η)
4 X (η)

−,reg,α, we have a

function which satisfies (4.5.366) and (4.5.367).

4.5.6 Proof of Proposition 4.5.1

We now conclude this section with a proof of Proposition 4.5.1.

Proof of Proposition 4.5.1: Throughout this proof, we take η sufficiently small so as

to satisfy the hypothesis of Corollary 4.5.8. Any of the constants appearing in the

estimates will implicitly depend on the constants M , η > 0 i.e. C = CM,η.
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For each α ∈ {1, 2}, we integrate the bound in Corollary 4.5.8 on t ∈ [0, T ] and

use (4.5.366) to get

ε sup
t∈[0,T̂ ]

Ẽ−,α(t) +

∫ T̂

0

D̃−,α(t)dt (4.5.393)

≤ C(ε2 + εẼ−,α(0)). (4.5.394)

Taking j = 2, this implies (4.5.8).

We now show (4.5.9). For this, we introduce θ > 0, to be chosen latter. Now, for

any h = h(ξ), observe that

‖h‖2
Hσ &

∫
R3

1

〈ξ〉
h(ξ)2dξ (4.5.395)

≥ 1

θt
1
3

∫
〈ξ〉≤θt

1
3

h(ξ)2dξ (4.5.396)

≥ 1

θt
1
3

(
‖h‖2

L2 −
∫
〈ξ〉≥θt

1
3

h(ξ)2dξ

)
(4.5.397)

≥ 1

θt
1
3

(
‖h‖2

L2 −
∫
〈ξ〉≥θt

1
3

e
1
4

(eη−1)βin(|ξ|2+1−θ2t
2
3 )h(ξ)2dξ

)
(4.5.398)

≥ 1

θt
1
3

(
‖h‖2

L2 − e−
1
4

(eη−1)βinθ
2t

2
3 )‖e

1
4

(eη−1)βin(|ξ|2+1)h‖2
L2

)
(4.5.399)

Applying this to h = g
(s)
1 and g2 and integrating in x, and re-scaling θ, we have

D̃−,1 &
1

θt
1
3

(
Y−,1 − e−θ

2t
2
3 Y−,2

)
(4.5.400)

Thus, using (4.5.4) with (4.5.367), we have

ε
d

dt
Y−,1 +

2

3Cθt
1
3

Y−,1 ≤ C(ε2 +
2

3θt
1
3

e−θ
2t

2
3 sup
t′∈[0,T ]

Ẽ−,2(t′). (4.5.401)
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and so

d

dt
(e

1
Cθε

t
2
3 Y−,1) ≤ C(εe

1
Cθε

t
2
3 +

1

εθt
1
3

e( 1
Cθε
−θ2)t

2
3 sup
t′∈[0,T ]

Ẽ−,2(t′). (4.5.402)

Hence, by taking θ =
(

2
Cε

) 1
3 with C as in the above, we get some for some C0, C1, C2,

d

dt
(e

1
C0

( t
ε
)
2
3
Y−,1) ≤ C2(εe

1
C0

( t
ε
)
2
3

+
d

dt
e
− 1
C1

( t
ε
)
2
3

sup
t′∈[0,T ]

Ẽ−,2(t′) (4.5.403)

Now,

∫ t

0

e
1
C0

( t
′
ε

)
2
3
dt′ ≤ ε

2
3 t

1
3

∫ t

0

1

ε
2
3 (t′)

1
3

e
1
C0

( t
′
ε

)
2
3
dt′ . ε

2
3 t

1
3 e

1
C0

( t
ε
)
2
3
. (4.5.404)

Thus, by integrating (4.5.403), we get

Y−,1(t) . e−
1
C

( t
ε
)
2
3 sup
t′∈[0,T ]

Ẽ−,2(t′) + ε
5
3 t

1
3 . (4.5.405)

for all t ∈ [0, T ]. Using (4.5.366), we conclude (4.5.9).

4.6 Proof of Theorem 4.1.1

In this section, we conclude with the proof of the main theorem.

Proof of Theorem 4.1.1: We break the proof of the Theorem into the proofs of parts

(i) and (ii).

Proof of part (i): We break the proof of (i) into a number of steps: the setup

of the bootstrap argument, combining the estimates of the preceding results, and
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closing the bootstrap argument.

Step 1 of part (i) (setup & bootstrap assumptions): We take κ = κ(M) > 0 to be a

constant to be determined later. We take (F 0
+, β, φ

0) to be a weak solution to (4.1.7)

on [0, T0] satisfying the hypotheses of the theorem. In addition, we may as well take

T0 > 0 small enough so that

∫ T0

0

‖F 0
+(t)‖2

Ddt ≤ κ2. (4.6.1)

Now, for all ε sufficiently small, there exists a unique weak solution (F ε
+, F

ε
−) to (4.1.7)

on some interval containing zero, in the sense described in Lemma 4.3.1. Moreover,

we let (ψε, γε) be the solution to (4.4.140) in the sense of Lemma 4.4.3, defined on

some time interval containing 0. We then take η, ε, and ς as in Proposition 4.5.1,

and take ε ∈ (0, ε].

By continuity in time of the quantities considered, there exists T̂ε > 0 such that

the following conditions hold:

sup
t∈[0,T̂ε]

(‖ 1

nε+(t)
‖L∞x + ‖F ε

+(t)‖E) ≤ 2M, (4.6.2)

sup
t∈[0,T̂ε]

‖F ε
+(t)− F 0

−(t)‖E′ ≤ κ (4.6.3)

sup
t∈[0,T̂ε]

√
E ε
−,2(t) ≤ κ, (4.6.4)

sup
t∈[0,T̂ε]

| ln(
γε(t)

βin
)| ≤ η, (4.6.5)

∫ T̂ε

0

‖∂t(nε− − eγ
εψε)‖L2

x
dt ≤ 1. (4.6.6)

By Lemmas 4.3.1 (taking κ < %(2M)
2

) and 4.4.3 (using condition (4.6.5)), we may take
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κ small enough so that the interval of existence of (F ε
+, F

ε
−) and (γε, ψε) is strictly

larger than [0, T̂ε]. Hence, we may take T̂ε > 0 to be the largest such time, so that

either at least one of the above conditions holds with equality, or T̂ε = T0.

Next, we note that by condition (4.6.4) and (4.6.5), we have

sup
t∈[0,T ]

{‖ 1

nε−(t)
‖L∞x + ‖F ε

−(t)‖E} ≤ CM , (4.6.7)

so the consequences of Propositions 4.4.1 and 4.4.2 both hold, up to replacing M

with some CM in their hypotheses.

Step 2 of part (i) (combining estimates): We now combine the estimates of the

preceding propositions and lemmas. We first show that the hypotheses of Proposition

4.5.1 are satisfied. By (4.4.145), for each α ∈ {1, 2}, and T ∈ [0, T̂ε], we have

sup
t∈[0,T ]

(‖e
qα|ξ|2

2 〈∇x〉s〈∇ξ〉(µβeβφ
0 − µγεeγ

εψε)‖L2
x,ξ

(4.6.8)

+ ‖e
qα+1|ξ|

2

2 〈∇ξ〉(µβeβφ
0 − µγεeγ

εψε)‖L2
x,ξ

) (4.6.9)

.M sup
t∈[0,T ]

(|β − γε|+ ‖φ0 − ψε‖Hs
x
) (4.6.10)

.M sup
t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖E′ . (4.6.11)

Hence, for all such T , and for each α ∈ {1, 2}, we have

sup
t∈[0,T ]

|E ε
−,α(t)− Ẽ ε

−,α(t)| ≤ CM sup
t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖2
E′ , , (4.6.12)

sup
t∈[0,T ]

|Dε
−,α(t)− D̃ε

−,α(t)| ≤ CM sup
t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖2
E′ .. (4.6.13)
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Using (4.6.12) with T = 0, we have

Ẽ ε
−,α,in .M E ε

−,α,in + CMε
2 . ε2. (4.6.14)

By the condition E ε
−,2,in ≤Mε, we have

∣∣∣∣∫
R3×T3

|ξ|2

2
(F ε
−,in − µγεine

βinψ
ε
in)dxdξ +

1

8π

∫
T3

|∇xφ
ε
in|2 − |∇xψ

ε
in|2dx

∣∣∣∣ (4.6.15)

.
√

Ẽ−,2,in + Ẽ−,2,in (4.6.16)

. CM(ε+ ε2). (4.6.17)

Thus, we have that (4.5.7) holds in Proposition 4.5.1. On the other hand, by (4.6.3),

(4.6.4) and (4.6.12), we have supt∈[0,T ]

√
Ẽ ε
−,α(t) .M κ. Taking κ ≤ ς

CM
, we have

that the conclusions of Proposition 4.5.1 are hold on [0, T̂ε].

From (4.5.8), we have

ε sup
t∈[0,T̂ε]

E ε
−,2(t) +

∫ T̂ε

0

Dε
−,2(t)dt ≤ CM(εE ε

−,2,in + ε2). (4.6.18)

Combining the above with (4.5.9), we have and for all t ∈ [0, T̂ε], we have

E ε
−,1(t) ≤ CM(e

− 1
CM

( t
ε
)
2
3
ε+ ε

5
3 t

1
3 + ε2). (4.6.19)

We now prove the estimate

sup
t∈[0,T̂ε]

‖F ε
+(t)− F 0

+(t)‖2
E′ +

∫ T̂ε

0

‖F ε
+(t)− F 0

+(t)‖2
D′dt .M ε2. (4.6.20)

Using the above and (4.5.8), then for all T ≤ T̂ε, we integrate (4.4.104) on t ∈ [0, T ]
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to get

sup
t∈[0,T ]

‖F ε
+(t)− F 0

+(t)‖2
E′ +

∫ T

0

‖F ε
+(t)− F 0

+(t)‖2
D′dt (4.6.21)

.M ‖F ε
+(0)− F 0

+(0)‖2
E′ (4.6.22)

+

∫ T

0

〈‖(F ε
+, F

0
+)‖D〉2(ε2 + ‖F ε

+(t)− F 0
+(t)‖E′) + D−,2(t)dt (4.6.23)

.M

∫ T

0

〈‖(F ε
+, F

0
+)‖D〉2(ε2 + sup

t′∈[0,t]

‖F ε
+(t′)− F 0

+(t′)‖2
E′)dt+ ε2. (4.6.24)

In the final line, we used (4.6.18). Using the time integrated form of Grönwall’s

inequality, we deduce (4.6.20), provided the follow bound holds true:

∫ T̂ε

0

〈‖(F 0
+(t), F ε

+(t))‖D〉2dt .M 1. (4.6.25)

Indeed, by integrating (4.4.2) in Proposition 4.4.1, and using (4.6.18) to control the

right-hand side, we have

∫ T̂ε

0

‖F ε
+(t)‖2

Ddt .M 1. (4.6.26)

Combined with (4.6.1), we have (4.6.25).

Step 3 of part (i) (closing the bootstrap): We now show that T̂ := infε∈(0,ε] T̂ε ≥ κ.

To show this, we suppose T̂ε < κ to yield a contradiction. Now, one of (4.6.2)

through (4.6.6) holds with equality. We now show that in each of these five cases,

the condition T̂ε < κ cannot hold.

First, suppose (4.6.2) holds with equality. By integrating (4.4.3), and using
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(4.6.18) to control the right-hand side, we have for all t ∈ [0, T̂ε],

‖F ε
+(t)‖2

E ≤ ‖F ε
+,in‖2

E + CM(t+ ‖〈v〉m1F ε
+‖2

L2
x(Ḣσ∩H+

σ;ε)v
dt′) (4.6.27)

We claim that

∫ t

0

‖〈v〉m1F ε
+(t′)‖2

L2
x(Ḣσ∩H+

σ;ε)v
dt′ .M κ+ ε. (4.6.28)

Indeed,

∫ t

0

‖〈v〉m1F ε
+(t′)‖2

L2
x(Ḣσ∩H+

σ;ε)v
dt′ ≤

∫ t

0

‖F ε
+(t′)‖D′dt′ +

∫ t

0

‖〈v〉m1F ε
+(t′)‖2

L2
x(H+

σ;ε)v
dt′

(4.6.29)

Now, by (4.6.1) and (4.6.20),

∫ t

0

‖F ε
+(t′)‖2

D′dt
′ .
∫ t

0

‖F ε
+‖2

D′dt
′ +

∫ t

0

‖F ε
+(t′)− F 0

+(t′)‖2
D′dt

′ .M ε2 + κ2. (4.6.30)

On the other hand, recalling (4.1.22), we note that for all ν ∈ S2,

εσij(εv)νiνj . ε . ε〈v〉3σij(v)νiνj. (4.6.31)

Hence, using (4.6.25),

∫ t

0

‖〈v〉m1F ε
+‖2

L2
x(H+

σ;ε)v
dt′ . t+

∫ t

0

‖〈v〉m2F ε
+‖2

L2
x(H+

σ;ε)v
dt′ (4.6.32)

.M t+ ε

∫ t

0

‖F ε
+‖2

Ddt
′ (4.6.33)

.M t+ ε. (4.6.34)

Using t ≤ T̂ε ≤ κ, we conclude (4.6.28) holds true. Taking the supremum of (4.6.27)
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over all t ∈ [0, T̂ε], we deduce

sup
t∈[0,T̂ ε]

‖F ε
+(t)‖E ≤ ‖F ε

+,in‖E + CM(κ+ ε). (4.6.35)

Next, by the continuity equation, we have for all t ∈ [0, T̂ε],

1

nε+(t, x)
=

1

nε+,in(x)−
∫ t

0

∫
R3 v · ∇xF+(t, x, v)dvdt

(4.6.36)

Taking κ smaller if necessary, we get

sup
t∈[0,T̂ε]

‖ 1

nε+(t)
‖L∞x ≤ ‖

1

nε+,in
‖L∞x

1

1− C‖ 1
nε+,in
‖L∞x ‖F ε

+‖Eκ
≤ 3

2
‖ 1

nε+,in
‖L∞x . (4.6.37)

Now, taking ε and κ sufficiently small, we have

2M = sup
t∈[0,T̂ε]

(‖ 1

nε+(t)
‖L∞x + ‖F ε

+(t)‖E) ≤ 3

2
‖ 1

nε+,in
‖L∞x + ‖F ε

+,in‖E + CM(κ+ ε)

(4.6.38)

=
3

2
M. (4.6.39)

Next, assume (4.6.3) holds with equality. However, by (4.6.20), we have

supt∈[0,T̂ε]
‖F ε

+(t) − F 0
+(t)‖E′ .M ε, so we may take ε sufficiently small to reach a

contradiction.

Next, assume (4.6.4) holds with equality. However by (4.6.18),
√

E ε−,2 .M

√
ε.

Thus, by taking ε small enough, we ensure

κ =

√
E ε−,2(T̂ε) ≤

κ

2
, (4.6.40)

a contradiction.
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Next, assume (4.6.5) holds with equality. By (4.4.144) and (4.6.18),

η = | ln(
γε(T̂ε)

βin
)| (4.6.41)

≤
∫ T̂ε

0

| γ̇
ε(t)

γε(t)
|dt (4.6.42)

.
∫ T̂ε

0

1 +
√

Dε
−,2dt (4.6.43)

≤ T̂ε + T̂
1
2
ε

(∫ Tε

0

Dε
−,2dt

) 1
2

. (4.6.44)

Combining with (4.6.18), we conclude η . T̂ε. We conclude η = η(M) .M T̂ε ≤ κ.

Taking κ sufficiently small, we reach a contradiction.

Now, assume (4.6.6) holds with equality. By (4.5.201), (4.4.144), (4.5.8), we have

1 =

∫ T̂ε

0

‖
∫
R3

(F ε
− − µγεeγ

εψε)dξ‖L2
x
dt (4.6.45)

.M

∫ T̂ε

0

1

ε
‖
∫
R3

v · ∇x(F
ε
− − µγεeγ

εψε)dξ‖L2
x

+ ‖∂t(γεψε)eγ
εψε‖L2

x
dt (4.6.46)

.M

∫ T̂ε

0

1 +
1

ε

√
D̃ε
−,2dt (4.6.47)

.M T̂ε + T̂
1
2
ε (4.6.48)

This implies 1 .M T̂ε ≤ κ. Taking κ small enough, we reach a contradiction.

In conclusion, T̂ε ≥ κ for all ε small enough, so T̂ ≥ κ. The bounds (4.6.18) and

(4.6.19) imply (4.1.35) and (4.1.36) respectively.

Proof of part (ii): The proof is similar to part (i), so we omit some details. In the

same way as in part (i), we take solutions (F+, β, φ
0) to (4.1.18) (satisfying (4.6.1)).

We also take the solution (F ε
+, F

ε
−) to (4.1.7) and (γε, ψε) satisfying the conditions
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(4.6.2) through (4.6.6) for some T̂ε > 0. We note that the conclusions of Propositions

4.4.1 and 4.4.2 both hold.

By (4.1.39), and the fact that ψεin = φ0
in, we have that the expression in (4.5.7)

is exactly zero. The bounds (4.6.12) and (4.6.13) both hold in this context as well,

so we can guarantee supt∈[0,T̂ε]

√
E ε
−,2 < ς by taking κ small enough. Thus all the

hypotheses of Proposition 4.5.1 are satisfied up to T = T̂ε. Next, we have that

E ε
−,α,in = Ẽ ε

−,α,in .M δ2 (and this expression is independent of ε). Therefore, by

(4.5.8), we have

ε sup
t∈[0,T̂ε]

Ẽ ε
−,2(t) +

∫ T̂ε

0

D̃ε
−,2(t)dt ≤ CM(εδ2 + ε2). (4.6.49)

On the other hand, the above and (4.5.9) give the bound

Ẽ ε
−,1(t) .M e

− 1
CM

( t
ε
)
2
3
δ2 + ε

5
3 t

1
3 + ε2. (4.6.50)

Next, similarly to (4.6.20) in part (i), we have

sup
t∈[0,T̂ε]

‖F ε
+(t)− F 0

+(t)‖2
E′ +

∫ T̂ε

0

‖F ε
+(t)− F 0

+(t)‖2
D′dt . ε(ε+ δ2). (4.6.51)

Now, combining (4.6.51) with (4.6.12) , (4.6.13), and (4.6.49) and (4.6.50), we

have

ε sup
t∈[0,T̂ε]

E ε
−,2(t) +

∫ T̂ε

0

Dε
−,2(t)dt ≤ CM(εδ2 + ε2) (4.6.52)
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and for all t ∈ [0, T̂ε], we have

E ε
−,1(t) .M e

− 1
CM

( t
ε
)
2
3
δ2 + ε

5
3 t

1
3 + εδ2. (4.6.53)

We now show that T̂ = infε∈(0,ε] T̂ε is positive. As before, we take T̂ε < κ, and

show that each of (4.6.2) through (4.6.6) holding with equality yields a contradiction,

provided κ is taken small enough. In the cases of (4.6.2), (4.6.3), (4.6.4) and (4.6.5),

the proof is essentially same as in the case of part (i), up to taking δ sufficiently

small in addition to κ and ε.

We now address the case of when (4.6.6) holds with equality at T = T̂ε. Next,

take 0 < t0 < T̂ε to be chosen later. Through a trivial modification of the proof

of Proposition 4.5.1, we have that the estimate (4.5.8) holds with α = 1 instead of

α = 2, and [t0, T ] instead of [0, T ]. This gives

ε sup
t∈[t0,T ]

Ẽ ε
−,1(t) +

∫ T̂ε

t0

D−,1(t)dt .M E ε
−,1(t0) + ε2 (4.6.54)

.M ε(e
− 1
CM

(
t0
ε

)
2
3
δ2 + ε

5
3 t

1
3
0 ) + ε2 (4.6.55)

Taking t0 = ε(CM | ln(ε)|) 3
2 , we can bound last expression by by ε2. On the other

hand, integrating (4.6.50) on [0, t0], we have

∫ t0

0

√
Ẽ ε
−,1(t)dt .M εδ + ε

5
4 t

7
6
0 + εt0 .M εδ + ε

3
2 (4.6.56)
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Therefore, combining these bounds, we deduce

∫ T̂ε

0

‖
∫
R3

ξ · ∇x(F
ε
− − µγεeγ

εψε)dξ‖2
L2
x
dt (4.6.57)

.M

∫ t0

0

√
Ẽ ε
−,1(t)dt+

(∫ t0

0

D̃ε
−,1(t)dt

) 1
2

.M ε. (4.6.58)

Now, combining the above with (4.5.201), (4.4.144), and (4.6.52),

1 =

∫ t

0

‖
∫
R3

(F ε
− − µγεeγ

εψε)dξ‖L2
x
dt (4.6.59)

.M

∫ T̂ε

0

1

ε
‖
∫
R3

ξ · ∇x(F
ε
− − µγεeγ

εψε)dξ‖L2
x

+ ‖∂t(γεψε)eγ
εψε‖L2

x
dt (4.6.60)

.M εδ + ε
3
2 + T̂ε + T̂

1
2
ε (4.6.61)

≤ εδ + ε
3
2 + κ

1
2 . (4.6.62)

Taking ε, δ and κ sufficiently small, we have a contradiction.

In conclusion, we have T̂ ≥ κ > 0. Moreover, (4.1.40), (4.1.41) and (4.1.42)

follow from (4.6.51), (4.6.52), and (4.6.53) respectively.



Chapter Five

Local Well-Posedness for the VPL System

5.1 Introduction

Consider a plasma whose ion and electron distributions are given by F+(t, x, v),

F−(t, x, v), respectively. These functions represent the amount of particles at a given

time t, position x and velocity v. These unknowns satisfy the two-species Vlasov-

Poisson-Landau system,1

{∂t + v · ∇x + E · ∇v}F+ = Q(F+ + F−, F+),

{∂t + v · ∇x − E · ∇w}F− = Q(F+ + F−, F−),

−∆xφ = 4π(n+ − n−).

(5.1.1)

1We have set all physically relevant parameters to 1.
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Above, φ and E = −∇xφ are the electric potential and field respectively. The

functions n±(t, x) are the charge densities, defined by

n+ =

∫
R3

F+dv, n− =

∫
R3

F−dv. (5.1.2)

The collision kernels are given by

Q(G1, G2) = ∇v ·
∫
R3

Φ(v − v′) {G1(v′)∇vG2(v)−G2(v)∇v′G1(v′)} dv′. (5.1.3)

Here, Φ gives the Landau collision kernel: for each z ∈ R3,

Φ(z) :=
1

|z|

(
I − z ⊗ z

|z|2

)
. (5.1.4)

Finally, we chose the domain to be the 3D torus, i.e. x ∈ T3 = (R/Z)3.

In Chapter 4, we gave a derivation of the Vlasov-Poisson-Landau system with

massless electrons. However, this theorem was conditioned on the assumption that

one could construct solutions to such a system. In such a limit, the electron distribu-

tion F− is wholly determined by the ion distribution F+, the electrostatic potential

φ, and a time dependent number β(t) representing the inverse temperature of the

electrons. The system for (F+, β, φ) reads

{∂t + v · ∇x − E · ∇v}F+ = Q(F+, F+)

d

dt

{
3

2β
+

∫∫
T3×R3

|v|2

2
F+dxdv +

1

8π

∫
T3

|E|2dx
}

= 0,

−∆xφ = 4π(n+ − eβφ
0

).

(5.1.5)
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5.1.1 Main Result

The goal of this paper is to show that for appropriate initial data, this formal limit

holds on a small time interval. We first provide local well-posedness theorems for the

systems (5.1.1) and (5.1.5) for general initial data. To do this, we must first define

the function spaces which capture the dissipation rate from the collision kernels. We

define the matrix σij(v) = Φij ∗ µ, with i, j ∈ {1, 2, 3}. Given u ∈ R3, we have that

uTσ(v)u ∼ 1

〈v〉3
|Pvu|2 +

1

〈v〉
|Pv⊥u|2 (5.1.6)

Here, Pv + Pv⊥ = I denote the orthogonal projections onto span{v} and {v}⊥ re-

spectively. Using this matrix, we define the following spaces which will capture the

dissipation produced by the various collision operators. Let Ḣσ denote the Hilbert

space with inner product (with ψ = ψ(v), ζ = ζ(v))

‖ψ‖2
Ḣσ = 〈σij∂viψ, ∂vjψ〉L2

v
(5.1.7)

Fix parameters s > (5
2
, 3], r ∈ (0, 1], and mj = 5(j + 1) with j ∈ {0, 1, 2}. Given

u = u(x, v), we define

‖u‖2
E := ‖〈v〉m2u‖2

L2
x,v

+ ‖〈v〉m1〈∇x〉su‖2
L2
x,v

+ ‖〈∇v〉ru‖2
L2
x,v
, (5.1.8)

‖u‖2
D := ‖〈v〉m2u‖2

L2
x(Ḣσ)v

+ ‖〈v〉m1〈∇x〉su‖2
L2
x(Ḣσ)v

+ ‖〈∇v〉ru‖2
L2
x(Ḣσ)v

, (5.1.9)

‖u‖2
E′ := ‖〈v〉m1u‖2

L2
x,v

+ ‖〈v〉m0〈∇x〉su‖2
L2
x,v
, (5.1.10)

‖u‖2
D′ := ‖〈v〉m1u‖2

L2
x(Ḣσ)v

+ ‖〈v〉m0〈∇x〉su‖2
L2
x(Ḣσ)v

. (5.1.11)

We also define ET = L∞([0, T ];E), DT = L2([0, T ];D) and similarly for the primed

spaces.
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We now state the theorem on local well-posedness.

Theorem 5.1.1. Let F+,in(x, v), F−,in(x,w) be nonnegative functions in L1(T3×R3)

with unit L1 norm.

(i) Assume

‖(F+,in, F−,in)‖E + ‖( 1

n+,in

,
1

n−,in
)‖L∞ <∞ (5.1.12)

Then, there exists T ∗ > 0, such that there exists a unique weak solution

(F+, F−) to (5.1.1) with initial data (F+, F−)|t=0 = (F+,in, F−,in) on t ∈ [0, T ∗)

in the space

F± ∈ C([0, T ∗);E′) ∩ L∞loc([0, T ∗);E) ∩ L2
loc([0, T

∗);D), (5.1.13)

Moreover, either T ∗ =∞ or

lim
T↑T ∗
‖(F+, F−)‖ET + ‖( 1

n+

,
1

n−
)‖L∞([0,T ]×T3) =∞. (5.1.14)

(ii) Assume βin > 0 and

‖F+,in‖E + ‖ 1

n+,in

‖L∞ <∞ (5.1.15)

Then, there exists T ∗ > 0, such that there exists a unique weak solution

(F+, β, φ) to (5.1.5) with initial data (F+, β)|t=0 = (F+,in, βin) on t ∈ [0, T ∗)

F+ ∈ C([0, T ∗);E′) ∩ L∞loc([0, T ∗);E) ∩ L2
loc([0, T

∗);D), (5.1.16)

β ∈ C([0, T ∗); R+), (5.1.17)

φ ∈ C([0, T ∗);Hs+2). (5.1.18)
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Moreover, either T ∗ =∞ or

lim
T↑T ∗
‖F+‖ET + ‖ 1

n+

‖L∞([0,T ]×T3) =∞. (5.1.19)

hello

Remark. The spaces E and D differ from the spaces considered in Chapter 4 through

the 〈∇v〉r term. Since the norms here are stronger, we have that the local well-

posedness theorem proved here implies that one can construct a solution to (5.1.5)

compatible with the assumption of Theorem 4.1.1. As noted in Chapter 5, we are

able to avoid propagation of ∇v derivatives since the setting of the massless electron

limit is perturbative. Indeed, it appears that if we consider perturbations of smooth

solutions to (5.1.1) or (5.1.5), then we can prove a local well-posedness result for the

perturbations without propagating any regularity in v.

Remark. Using this method, it is straightforward (in fact, easier) to prove a local

well-posedness theorem for the inhomogeneous Landau equation,

(∂t + v · ∇x)F = Q(F, F ), (5.1.20)

in the same topology as in Theorem 5.1.1.

5.1.2 Method of the proof

The proof method involves fairly straightforward propagation of the norm E via

energy estimates, and commutator estimates. We also reuse Lemma 4.3.2 from the

previous chapter to control collisions.

Building on the methodology of Chapter 4, we encountered one main difficulty,
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foreshadowed in the remark above. While in the previous chapter we were able

to close estimates without any v derivatives (and indeed, it was necessary), this

framework was insufficient for general large data. This is because we were unable to

close standard bootstrap assumptions without propagating v derivatives, due to the

commutators of x derivatives with the diffusion matrix.

5.2 A priori estimates

5.2.1 Energy estimates

It will be convenient to split the collision operators into their “diffusion” (second

order) and “transport” (first order) parts in divergence form:

Q(G1, G2) = QD(G1, G2) +QT (G1, G2) (5.2.1)

QD(G1, G2) := ∂vj((Φij ∗v G1)∂viG2) (5.2.2)

QT (G1, G2) := −∂vj(∂vi(Φij ∗v G1)G2) (5.2.3)

We now prove a priori estimates for the following system:

∂tF + {v · ∇x −∇xψ · ∇v}F = Q(G,F ). (5.2.4)

Proposition 5.2.1. Let M > 0. Suppose F is a weak solution to (5.1.1) on the

interval t ∈ [0, T ]. Assume the following on G = G(t, x, v) ≥ 0:

sup
t∈[0,T ]

(
‖ 1∫

R3 Gdv
‖L∞x + ‖G‖E + ‖ψ‖Hs+1

x

)
≤M <∞ (5.2.5)
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Then,

‖F‖ET∩DT ≤ e
CM (T+

√
T‖G‖

3
2
DT

)‖Fin‖E. (5.2.6)

Proof. For every m′, s′, r′, we denote F (m′,r′,s′) = 〈v〉m′〈∇x〉s
′〈∇v〉r

′
F , and similarly

for G(m′,s′,r′).

Step 1: We prove

d

dt
‖F (m2,0,0)‖2

L2x,v +
1

C
‖F (m2,0,0)‖2

L2x(Hσ)v
≤ Cκ〈‖G‖D〉

3
2‖F‖2

E + κ‖F‖2
D. (5.2.7)

Observe that F (m2,0,0) this satisfies

(∂t + v · ∇x −∇xψ · ∇v)F
(m2,0,0) − [〈v〉m2 ,∇xψ · ∇v]F = 〈v〉m2Q(G,F ). (5.2.8)

Thus,

1

2

d

dt
‖F (m2,0,0)‖2

L2x,v = 〈[〈v〉m2 ,∇xψ · ∇v]F, F
(m2,0,0)〉L2

x,v
(5.2.9)

+ 〈〈v〉m2QD(G,F ), F (m2,0,0)〉L2
x,v

(5.2.10)

+ 〈〈v〉m2QT (G,F ), F (m2,0,0)〉L2
x,v
. (5.2.11)
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First, we see that

(5.2.9) = −m2〈∇xψ
v

〈v〉2
F (m2,0,0), F (m2,0,0)〉L2

x,v
(5.2.12)

. ‖∇xψ‖L∞x ‖F
(m2,0,0)‖2

L2
x,v

(5.2.13)

. ‖ψ‖Hs
x
‖F (m2,0,0)‖2

L2
x,v

(5.2.14)

. ‖F (m2,0,0)‖2
L2
x,v
. (5.2.15)

Next,

〈v〉m2∂vj(Φij ∗G∂viF ) = ∂vj(Φij ∗G∂viF (m2,0,0) (5.2.16)

−m2
vj
〈v〉2

Φij ∗G∂viF (m2,0,0) (5.2.17)

−m2∂vj(
vi
〈v〉2

Φij ∗GF (m2,0,0)) (5.2.18)

+m2(m2 − 2)
vivj
〈v〉4

Φij ∗GF. (5.2.19)

Thus,

(5.2.10) ≤ −〈Φij ∗G∂viF (m2,0,0), ∂vjF
(m2,0,0)〉L2

x,v
(5.2.20)

+ C‖〈v〉
1
2 Φij ∗G‖L∞x,v‖F

(m2,0,0)‖L2
x,v
‖F (m2,0,0)‖L2

x(Ḣσ)v
(5.2.21)

+ C‖Φij ∗G‖L∞x,v‖F
(m2,0,0)‖2

L2
x,v

(5.2.22)

Using Lemma 4.3.2,

〈Φij ∗G∂viF (m2,0,0), ∂vjF
(m2,0,0)〉L2

x,v
& ‖F (m2,0,0)‖2

L2
x(Ḣσ)v

, (5.2.23)

and

‖〈v〉
1
2 Φij ∗G‖L∞x,v . ‖〈v〉

5G‖L∞x L2
v
. ‖G(m1,s,0)‖L2

x,v
. (5.2.24)
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Hence,

(5.2.10) ≤ − 1

C
‖F (m2,0,0)‖2

L2
x(Ḣσ)v

+ C‖F (m2,0,0)‖2
L2
x,v
. (5.2.25)

Next, we have

(5.2.11) = 〈∂viΦij ∗GF (m2,0,0), ∂vjF
(m2,0,0)〉L2

x,v
(5.2.26)

+m〈 v

〈v〉2
∂viΦij ∗GF (m2,0,0), F (m2,0,0)〉L2

x,v
(5.2.27)

= ‖〈v〉
3
2∇vΦ ∗G‖L∞x,v‖F

(m2,0,0)‖L2
x(L2∩Ḣσ)v

‖F (m2,0,0)‖L2
x,v
. (5.2.28)

Now, we claim that

‖〈v〉2∇vΦ ∗G‖L∞x,v . ‖G‖E + ‖G‖
1
4
E‖G‖

3
4
D. (5.2.29)

To see this, first observe that |∇vΦ| . 1
|v|2 . Thus, we have for all (t, x, v),

|〈v〉2∂viΦij ∗G(t, x, v)| ≤ 〈v〉2
∫
|v|>2〈v′〉

1

|v − v′|2
|G(t, x, v′)|dv′ (5.2.30)

+ 〈v〉2
∫
|v|≤2〈v′〉

1

|v − v′|2
|G(t, x, v′)|dv′ (5.2.31)

.
∫
R3

G(t, x, v′)dv′ + |∇v|−1{〈v〉2|G|}(t, x, v) (5.2.32)

Hence,

‖〈v〉2∂viΦij ∗G‖L∞x,v . ‖G‖L∞x L1
v

+ ‖|∇v|−1{〈v〉2|G|}‖L∞x,v (5.2.33)

. ‖G(2,s,0)‖L2
x,v

+ ‖ |G(2,0,0)| ‖
L∞x H

3/4
v

(5.2.34)

. ‖G(m1,s,0)‖L2
x,v

+ ‖G(2,0,0)‖
1
4

L∞x L
2
v
‖G(2,0,0)‖

3
4

L∞x H
1
v

(5.2.35)

. ‖G‖E + ‖G‖
1
4
E‖G‖

3
4
D. (5.2.36)
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In the above, we used the fact that ‖ |u| ‖H1 = ‖u‖H1 . Combining these estimates

on (5.2.9), (5.2.10), and (5.2.11), we get (5.2.7).

Step 2: We now prove the bound

d

dt
‖F (0,0,r)‖2

L2x,v +
1

C
‖F (0,0,r)‖2

L2x(Hσ)v
≤ Cκ〈‖G‖D〉

3
2‖F‖2

E + κ‖F‖2
D. (5.2.37)

First, we compute

1

2

d

dt
‖F (0,0,r)‖2

L2x,v = 〈[〈∇v〉r, v · ∇x]F, F
(0,0,r)〉L2

x,v
(5.2.38)

+ 〈〈∇v〉rQD(G,F ), F (0,0,r)〉L2
x,v

(5.2.39)

+ 〈〈∇v〉rQT (G,F ), F (0,0,r)〉L2
x,v
.. (5.2.40)

We now bound (5.2.38).

[〈∇v〉r, v · ∇x]F = −r〈∇v〉r−2∇v · ∇xF. (5.2.41)

Hence,

(5.2.38) . ‖〈∇v〉r−1∇xF‖L2
x,v
‖F (0,0,r)‖L2

x,v
. ‖F‖2

E. (5.2.42)

To bound the remaining terms, we need the following weighted commutator estimate:

Given appropriate u1(v), u2(v), and m ≥ 0, we have

‖〈v〉m[〈∇v〉r, u1]u2‖L2
v
. ‖〈∇v〉ru1‖(FL1)v‖〈v〉mu2‖L2

v
(5.2.43)

. ‖〈∇v〉r+
3
2u1‖L2

v
‖u2‖L2

v
, (5.2.44)

where FL1 is the space of functions whose Fourier transform is in L1. By interpola-
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tion, it suffices to show this when m ∈ 2N0. We take the Fourier transform,

F{〈v〉m[〈∇v〉r, u1]u2}(ξ) = (1−∆ξ)
m
2

∫
(〈ξ〉r − 〈ξ − η〉r)û1(η)û2(ξ − η)dη (5.2.45)

=

∫
(〈ξ〉r − 〈ξ − η〉r)û1(η)(1−∆ξ)

m
2 û2(ξ − η)dη (5.2.46)

+
∑

|α+α′|=m
2
,α 6=0

cα,α′

∫
∂αξ (〈ξ〉r − 〈ξ − η〉r)û1(η)∂α

′

ξ û2(ξ − η)dη

(5.2.47)

where cα,α′ are some collection of constants. Next, |〈ξ〉 − 〈ξ − η〉r| ≤ 〈η〉r (recall

r ∈ (0, 1]). Moreover, |∂αξ (〈ξ〉r − 〈ξ − η〉r)| . 1 for all multi-indices α 6= 0. Thus,

pointwise in ξ, we have

|F{〈v〉m[〈∇v〉r, u1]u2}(ξ)| . 〈η〉r|û1(η)(1−∆ξ)
m
2 û2(ξ − η)|dη (5.2.48)

+
∑

|α+α′|=m
2
,α 6=0

∫
|û1(η)∂α

′

ξ û2(ξ − η)|dη (5.2.49)

The estimate (5.2.43) directly follows from Young’s inequality, and Plancherel’s iden-

tity.

Next, we split

〈∇v〉rQD(G,F ) = QD(G,F (0,0,r)) +∇v · ([〈∇v〉r,Φ ∗G]∇vF ) (5.2.50)

(5.2.51)

Therefore, we have

(5.2.39) ≤ − 1

C
‖F (0,0,r)‖2

L2
x(Hσ)v

+ 〈[〈∇v〉r,Φ ∗G]∇vF,∇vF
(0,0,r)〉L2

x,v
(5.2.52)
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The latter term is bounded as follows,

〈[〈∇v〉r,Φ ∗G]∇vF,∇vF
(0,0,r)〉L2

x,v
(5.2.53)

. ‖〈v〉
3
2 [〈∇v〉r,Φ ∗G]∇vF‖L2

x,v
‖〈v〉−

3
2∇vF

(0,0,r)‖L2
x,v

(5.2.54)

. ‖Φ ∗G‖L2
xFL1‖〈v〉

3
2∇vF‖L2

x,v
(‖F (0,0,r)‖L2

x(Hσ)v + ‖F‖E), (5.2.55)

having applied (5.2.43) in the last line. Now, using Ĝ(t, x, ξ) to denote the Fourier

transform of G in v, we have

‖Φ ∗G‖L2
x(FL1)v . ‖

∫
1

|ξ|2
|Ĝ(t, x, ξ)|dξ‖L2

x
(5.2.56)

≤ ‖
∫
B(0,1)

1

|ξ|2
|Ĝ(t, x, ξ)|dξ‖L2

x
+ ‖

∫
B(0,1)c

1

|ξ|2
|Ĝ(t, x, ξ)|dξ‖L2

x

(5.2.57)

≤ ‖Ĝ‖L2
xL
∞
ξ

+ ‖Ĝ‖L2
x,v
‖

1B(0,1)c

|ξ|2
‖L2

ξ
(5.2.58)

. ‖〈v〉4G‖L2
x,v

(5.2.59)

. 1 (5.2.60)

In the penultimate line, we used Sobolev embedding L∞ ⊂ H4. Combining all the

bounds, we get

(5.2.39) . − 1

C
‖F (0,0,r)‖2

L2
x(Hσ)v

+ ‖〈v〉
3
2∇vF‖L2

x,v
(‖F (0,0,r)‖L2

x(Hσ)v + ‖F‖E).

(5.2.61)

Next, we verify the following claim: for all κ > 0,

‖〈v〉
3
2∇vF

(m0,0,0)‖L2
x,v
≤ Cκ‖F‖E + κ‖F‖D. (5.2.62)



241

First, we apply the interpolation inequality: since m2 − 3
2
> 3

2
,

‖〈v〉
3
2∇vF

(m0,0,0)‖L2
x,v

. ‖〈v〉m2− 3
2∇vF

(m0,0,0)‖1−θ
L2
x,v
‖〈v〉−

3
2∇vF

(m0,0,0)‖θL2
x,v

(5.2.63)

for some θ ∈ (0, 1). The first factor is controlled by ‖F (m2,0,0)‖L2
x(L2∩Ḣσ)v

. ‖F‖E∩D.

We further interpolate the second factor as follows:

‖〈v〉−
3
2∇vF‖L2

x,v
. ‖〈∇v〉−1(〈v〉−

3
2∇vF‖

r
1+r

L2
x,v

(5.2.64)

· ‖〈∇v〉r(〈v〉−
3
2∇vF

(m0,0,0))‖
1

1+r

L2
x,v

(5.2.65)

Writing 〈v〉− 3
2∇vF = ∇v(〈v〉−

3
2F ) − ∇v〈v〉−

3
2F , we see that the first factor in the

above is bounded by ‖F‖L2
x,v

.

As for the second, we use (5.2.43),

‖〈∇v〉r(〈v〉−
3
2∇vF )‖L2

x,v
. ‖〈v〉−

3
2∇v〈∇v〉rF‖L2

x,v
(5.2.66)

+ ‖[〈∇v〉r, 〈v〉−
3
2 ]∇vF‖L2

x,v
(5.2.67)

. ‖F (0,0,r)‖L2
x(Ḣσ)v

+ ‖〈∇v〉r〈v〉−
3
2‖FL1‖∇vF‖L2

x,v
(5.2.68)

Now, F{〈v〉− 3
2}(ξ) behaves like |ξ|− 3

2 near the origin, and decays rapidly as |ξ| → ∞.

Thus,

‖〈∇v〉r(〈v〉−
3
2∇vF )‖L2

x,v
. ‖F (0,0,r)‖L2

x(Ḣσ)v
+ ‖∇vF‖L2

x,v
. (5.2.69)
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Combining with (5.2.63) and (5.2.64), we get

‖〈v〉
3
2∇vF‖L2

x,v
. ‖〈v〉m2− 3

2∇vF‖1−θ
L2
x,v
‖F‖

θr
1+r

L2
x,v

(‖F (0,0,r)‖L2
x(Ḣσ)v

+ ‖∇vF‖L2
x,v

)
θ

1+r .

(5.2.70)

Hence, for all κ, we can bound

‖〈v〉
3
2∇vF‖L2

x,v
≤ Cκ‖F‖E + κ‖F‖D. (5.2.71)

We conclude that

(5.2.39) ≤ − 1

C
‖F (0,0,r)‖2

L2
x(Hσ)v

+ Cκ‖F‖2
E + κ‖F‖2

D. (5.2.72)

Finally, we bound (5.2.40). We write

(5.2.40) = 〈∂viΦij ∗GF (0,0,r), ∂vjF
(0,0,r)〉L2

x,v
+ 〈[〈∇v〉r, ∂viΦij ∗G]F, ∂vjF

(0,0,r)〉L2
x,v

(5.2.73)

Similarly to bounding (5.2.10),

〈∂viΦij ∗GF (0,0,r), ∂vjF
(0,0,r)〉L2

x,v
. 〈‖G‖D〉

3
4‖F‖E‖F‖E∩D. (5.2.74)

On the other hand, using (5.2.43), we have

〈[〈∇v〉r, ∂viΦij ∗G]F, ∂vjF
(0,0,r)〉L2

x,v
. ‖〈v〉2[〈∇v〉r, ∂viΦij ∗G]F‖L2

x,v
‖F‖E∩D

(5.2.75)

. ‖|∇v|−1〈∇v〉rG‖L∞x (FL1)v‖F‖E‖F‖E∩D.

(5.2.76)
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Similarly to the bound on Φ ∗G ∈ FL1, we have

‖|∇v|−1〈∇v〉rG‖L∞x (FL1)v . 〈‖G‖D〉
3
4 . (5.2.77)

Thus, altogether,

(5.2.40) . Cκ〈‖G‖〉
3
2‖F‖2

E + κ‖F‖2
D. (5.2.78)

Step 3: We now prove that for all κ > 0,

d

dt
‖F (m1,s,0)‖2

L2
x,v

+
1

C
‖F (m1,s,0)‖2

L2
x(Ḣσ)v

≤ Cκ〈‖G‖〉
3
2‖F‖2

E + κ‖F‖2
D. (5.2.79)

Observe that F (m1,s,0) satisfies

(∂t + v · ∇x −∇xψ · ∇v)F
(m1,s,0) − [〈v〉m1〈∇x〉s,∇xψ · ∇v]F (5.2.80)

= 〈v〉m1〈∇x〉sQ(G,F ). (5.2.81)

Then,

1

2

d

dt
‖F (m1,s,0)‖2

L2x,v = 〈[〈v〉m1〈∇x〉s,∇xψ · ∇v]F, F
(m1,s,0)〉L2

x,v
(5.2.82)

+ 〈〈v〉m1〈∇x〉sQD(G,F ), F (m1,s,0)〉L2
x,v

(5.2.83)

+ 〈〈v〉m1〈∇x〉sQT (G,F ), F (m1,s,0)〉L2
x,v
. (5.2.84)
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Now,

(5.2.84) = 〈〈v〉m1 [〈∇x〉s,∇xψ] · ∇vF, F
(m1,r)〉L2

x,v
(5.2.85)

+ 〈[〈v〉m1 ,∇xψ · ∇v]F
(0,s), F (m1,r)〉L2

x,v
(5.2.86)

. ‖∇xψ‖Hs
x
(‖〈v〉m1∇vF

(0,s−1)‖L2
x,v

+ ‖F (m1,s,0)‖L2
x,v

)‖F (m1,s,0)‖L2
x,v
.

(5.2.87)

Now,

‖〈v〉m1∇vF
(0,s−1)‖L2

x,v
. ‖〈v〉m1+ 3

2
(s−1)∇vF‖

1
s

L2
x,v
‖〈v〉m1− 3

2∇vF
(0,s,0)‖

s−1
s

L2
x,v

(5.2.88)

. ‖F (m1,s,0)‖L2
x(L2∩Ḣσ)v

. (5.2.89)

Thus,

(5.2.82) . ‖F‖E∩D‖F‖E. (5.2.90)

Next, we have

(5.2.83) = −〈Φij ∗G∂viF (m1,s,0), ∂vjF
(m1,s,0)〉L2

x,v
(5.2.91)

− 〈〈∇x〉s{Φij ∗G∂viF (m1,0,0)} − Φij ∗G∂viF (m1,s,0), ∂vjF
(m1,s,0)〉L2

x,v

(5.2.92)

+m1〈〈∇x〉s{Φij ∗G
vi
〈v〉2

F (m1,0,0)}, ∂vjF (m1,s,0)〉L2
x,v

(5.2.93)

−m1〈vj〈v〉m1−2〈∇x〉s{Φij ∗G∂viF}, F (m1,s,0)〉L2
x,v
. (5.2.94)

For (5.2.91), we use (4.3.6) to get

(5.2.91) ≤ − 1

C
‖F (m1,s,0)‖2

L2
x(Ḣσ)v

. (5.2.95)
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Using (4.3.5) we have

(5.2.92) . ‖σ−
1
2 Φ ∗G(0,s)σ−

1
2‖L∞x,v‖F

(m1,s−1,0)‖L2
x(Ḣσ)v

‖F (m1,s,0)‖L2
x(Ḣσ)v

(5.2.96)

. ‖G‖E‖F (m1,0,0)‖
1
s

L2
x(Ḣσ)v

‖F (m1,s,0)‖2− 1
s

L2
x(Ḣσ)v

. (5.2.97)

Similarly as with (5.2.71), we can bound

‖F (m1,0,0)‖L2
x(Ḣσ)v

. ‖F (m1,0,0)‖L2
x,v

+ ‖〈v〉m1− 1
2∇vF‖L2

x,v
(5.2.98)

≤ Cκ‖F‖E + κ‖F‖D. (5.2.99)

for all κ > 0. Thus,

(5.2.92) ≤ Cκ‖F‖2
E + κ‖F‖2

D. (5.2.100)

Finally, we have

(5.2.93) + (5.2.94) ≤ C‖G‖E‖F (m1,s,0)‖L2
x(Ḣσ)v

‖F (m1,s,0)‖L2
x,v

(5.2.101)

≤ Cκ‖F‖2
E + κ‖F‖2

D. (5.2.102)

Thus, altogether,

(5.2.83) ≤ − 1

C
‖F (m1,s,0)‖2

L2
x(Ḣσ)v

+ Cκ‖F‖2
E + κ‖F‖2

D. (5.2.103)
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Finally,

(5.2.84) = 〈〈∇x〉s{∂viΦij ∗GF (m1,0,0)}, ∂vjF (m1,s,0)〉L2
x,v

(5.2.104)

+m1〈
vj
〈v〉2
〈∇x〉s{∂viΦij ∗GF (m1,0,0)}, F (m1,s,0)〉L2

x,v
(5.2.105)

. ‖〈v〉2∇vΦ ∗G(0,s)‖L2
xL
∞
v
‖F‖E∩D‖F‖E (5.2.106)

. ‖G‖
1
4
E‖G‖

3
4
E∩D‖F‖E∩D‖F‖E (5.2.107)

. Cκ〈‖G‖E∩D〉
3
2‖F‖2

E + κ‖F‖2
D. (5.2.108)

In the above, we used a similar estimate as in (5.2.29). Combining the bounds for

(5.2.82),(5.2.83) and (5.2.84), we have proved (5.2.79). Combining with the previous

steps, we conclude with (5.2.6).

Step 4: Adding (5.2.7), (5.2.37) and (5.2.79), and taking κ sufficiently small, we

have

d

dt
‖F‖2

E +
1

C
‖F‖2

D . 〈‖G‖D〉
3
2‖F‖2

E. (5.2.109)

Then, (5.2.6) follows from Grönwall’s inequality.
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5.2.2 Contraction estimates

Proposition 5.2.2. Let M > 0, and Gα(t, x, v) ≥ 0 and ψα(t, x) with α ∈ {1, 2}

satisfy

sup
t∈[0,T ],α∈{1,2}

(
‖ 1∫

R3 Gαdv
‖L∞x + ‖Gα‖E + ‖ψα‖Hs+1

x

)
≤M (5.2.110)

Suppose Fα is a solution to (5.2.4) with ψ = ψα and G = Gα and initial data Fα,in.

Let δF = F2 − F1, δG = G2 −G1 and δψ = ψ2 − ψ1. Then,

‖δF‖2
E′T

+ ‖δF‖2
D′T

.M e
CM (T+

√
T‖G2‖

3
2
DT

){‖δFin‖2
E′

+

∫ T

0

(‖δψ(t)‖2
Hs+1 + ‖δG(t)‖2

E′)‖F1(t)‖2
E∩D′dt

+

∫ T

0

‖δG(t)‖
1
2

E′‖δG(t)‖
3
2

D′‖F1(t)‖2
Edt}.

(5.2.111)

Proof. Similarly as in Proposition 5.2.1, we denote F (m′,r′,s′) = 〈v〉m′〈∇x〉s
′〈∇v〉r

′
F ,

and similarly for G, δG and δF . Then, δF solves

∂tδF + {v · ∇x −∇xψ2 · ∇v}δF −Q(G2, δF ) = Q(δG, F1) +∇xδψ · ∇vF1.

(5.2.112)

Observe that δF satisfies the same type of equation as (5.2.4), but with the forcing

term Q(δG, F1) + ∇xδψ · ∇vF1. We note here that the proof of Proposition 5.2.1

requires that 5 ≤ m1 and m1 + 3
2
s ≤ m2. Thus, modifying the proof of (5.2.7), we
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have

d

dt
‖δF (m1,0,0)‖2

L2
x,v

+
1

C
‖δF (m1,0,0)‖2

L2
x(Ḣσ)v

(5.2.113)

. (1 + ‖G2‖
3
2
D)‖δF‖2

E′ (5.2.114)

+ 〈〈v〉m1Q(δG, F1), δF (m1,0,0)〉L2
x,v

(5.2.115)

+ 〈〈v〉m1∇xδψ · ∇vF1, δF
(m1,0,0)〉L2

x,v
. (5.2.116)

Now, again modifying the proof of (5.2.7), we have

〈〈v〉m1Q(δG, F1), δF (m1,0,0)〉L2
x,v

(5.2.117)

. ‖δG‖E′‖F (m1,0,0)
1 ‖L2

x(L2∩Ḣσ)v
‖δF (m1,0,0)‖L2

x(L2∩Ḣσ)v
(5.2.118)

+ ‖δG‖
1
4

E′‖δG‖
3
4

E′∩D′‖F
(m1,0,0)
1 ‖L2

x,v
‖δF (m1,0,0)‖L2

x(L2∩Ḣσ)v
(5.2.119)

Also,

〈〈v〉m1∇xδψ · ∇vF1, δF
(m1,0,0)〉L2

x,v
(5.2.120)

= −〈∇xδψF
(m1+ 3

2
,0)

1 ,∇vδF
(m1− 3

2
,0)〉L2

x,v
(5.2.121)

− (m1 +
3

2
)〈 v

〈v〉2
· ∇xδψF

(m1,0,0)
1 , δF (m1,0,0)〉L2

x,v
(5.2.122)

. ‖δψ‖Hs+1
x
‖F1‖E‖(δF (m1,0,0),∇vδF

(m1− 3
2
,0,0))‖L2

x,v
(5.2.123)

. ‖δψ‖Hs+1
x
‖F1‖E‖δF (m1,0,0)‖L2

x(L2∩Ḣσ)v
. (5.2.124)

Altogether,

d

dt
‖δF (m1,0,0)‖2

L2
x,v

+
1

C
‖δF (m1,0,0)‖2

L2
x(Ḣσ)v

(5.2.125)

≤ C{(1 + ‖G2‖
3
2
D)‖δF‖2

E′ + (‖δψ‖2
Hs+1
x

+ ‖δG‖2
E′)‖F1‖2

E∩D′ (5.2.126)

+ ‖δG‖
1
2

E′‖δG‖
3
2

D′‖F1‖2
E}. (5.2.127)
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Similarly, we also have

d

dt
‖δF (m0,s)‖2

L2
x,v

+
1

C
‖δF (m0,s)‖2

L2
x(Ḣσ)v

(5.2.128)

≤ C{〈‖G2‖D〉
3
2‖δF‖2

E + (‖δψ‖Hs+1
x

+ ‖δG‖2
E′)‖F1‖2

E∩D′ (5.2.129)

+ ‖δG‖
1
2

E′‖δG‖
3
2

D′‖F1‖2
E + ‖δF (m1,0,0)‖2

L2
x(Ḣσ)v

}. (5.2.130)

Combining the bounds on F (m1,0,0) and F (m0,s,0), we have the following: for some

choice of λ > 0 sufficiently small depending on M > 0, we have

d

dt

(
λ‖δF (m0,s)‖2

L2
x,v

+ ‖δF (m1,0,0)‖2
L2
x,v

)
+

1

C
‖δF‖2

D′ (5.2.131)

≤ C{〈‖G2‖D〉
3
2‖δF‖2

E′ + (‖δψ‖2
Hs+1
x

+ ‖δG‖2
E′)‖F1‖2

E∩D′ (5.2.132)

+ ‖δG‖
1
2

E′‖δG‖
3
2

D′‖F1‖2
E}. (5.2.133)

Now, λ‖δF (m0,s,0)‖2
L2
x,v

+ ‖δF (m1,0,0)‖2
L2
x,v
∼ ‖δF‖2

E′ . Hence, by Grönwall’s inequality,

we deduce (5.2.111).

5.3 Construction of Solutions

5.3.1 Solutions to the linear system

In this section, we use the a priori estimates to give a construction scheme for the

systems (5.1.1) and (5.1.5) using an iteration scheme. Before we can do this, however,

we need the following Lemma which guarantees solutions to the linear system (under

very strong hypotheses):
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Proposition 5.3.1. Suppose Fin = Fin(x, v) satisfies

Fin ≥ 0 (5.3.1)

ep|v|
2∇r

x,vFin ∈ L∞(T3 ×R3), for all p ≥ 0, r ∈ N0. (5.3.2)

Next, let T > 0 and suppose G = G(t, x, v) satisfies

G ≥ 0 (5.3.3)

ep|v|
2∇r

t,x,vG ∈ L∞([0, T ]×T3 ×R3), for all p ≥ 0, r ∈ N0. (5.3.4)

and ψ = ψ(t, x) ∈ C∞([0, T ]×T3) satisfies

ψ ∈ C∞(T3 ×R3) (5.3.5)

Then, there exists a unique F = F (t, x, v) satisfying the same hypotheses as G that

(5.2.4) with initial data F (t = 0) = Fin.

Proof. Fix p ≥ 0. Observe that if such a solution to (5.2.4) exists, then Up =

ep(|v|
2+2ψ)F solves

(∂t − ∂tψ)Up + {v · ∇x −∇xψ · ∇v}Up = ep|v|
2

Q(G, e−p|v|
2

Up). (5.3.6)

We now construct solutions to the above. Take λ ∈ (0, 1]. Consider the following

initial value problem:

(∂t − ∂tψ)U (λ)
p + { v

〈λv〉
· ∇x −∇xψ · ∇v}U (λ)

p

= ep|v|
2

Q(G, e−p|v|
2

Up) + λ∆x,vU
(λ)
p ,

U (λ)
p (t = 0) = ep(|w|

2+ψ)Fin.

(5.3.7)



251

Observe that

ep|v|
2

Q(G, e−p|v|
2

U (λ)
p ) = ∂vj(Φij ∗G∂viU (λ)

p − ∂viΦij ∗GU (λ)
p ) (5.3.8)

+ p(pvivj − δij)Φij ∗GU (λ)
p − pviΦij ∗G∂vjU (λ)

p . (5.3.9)

By Lemma 4.3.2, we see that ∂viΦij ∗ G, Φij ∗ Gvi and p(pvivj − δij)Φij ∗ G are all

bounded. Hence, this a uniformly parabolic PDE with C∞ coefficients, and thus

there exists a unique strong solution U
(λ)
p to the above in

⋂
r≥0H

r([0, T ]×T3×R3)

for all r > 0. This fact follows from Chapter 2 of [94], with small modifications

needed for the domain T3 × R3. By applying ∇r
x,v to both sides, and integrating

against ∇r
x,vU

(λ)
p , we have for all m ≥ 0, and r ∈ N0,

1

2

d

dt
‖∇r

x,vU
(λ)
p ‖2

L2
x,v

+
λ

2
‖∇r+1

x,v U
(λ)
p ‖2

L2
x,v

(5.3.10)

≤ 〈∇r
x,vU

(λ)
p ,∇r

x,v{e−p|w|
2

Q(G, e−p|w|
2

U (λ)
p )}〉L2

x,v
(5.3.11)

+ C
r∑

k=1

‖|∇k
v

(
v

〈λv〉

)
||∇r−k+1

x,v U (λ)
p |‖L2

x,v
‖∇r

x,vU
(λ)
p ‖L2

x,v
(5.3.12)

+ C
r∑

k=1

‖|∇k+1
x ψ||∇r−k+1

x,v U (λ)
p |‖L2

x,v
‖∇r

x,vU
(λ)
p ‖L2

x,v
(5.3.13)

≤ 〈∇r
x,vU

(λ)
p ,∇r

x,v{e−p|w|
2

Q(G, ep|w|
2

U (λ)
p )}〉L2

x,v
+ Cψ,r‖U (λ)

p ‖Hk
x,v
. (5.3.14)
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In the above, we use ∇k
v

(
v
〈λv〉

)
.k 1. Now, using (5.3.8),

〈∇r
x,vU

(λ)
p ,∇r

x,v{e−p|w|
2

Q(G, ep|w|
2

U (λ)
p )}〉L2

x,v
(5.3.15)

= −〈∇r
x,v{Φij ∗G∂viU (λ)

p }, ∂vj∇r
x,vU

(λ)
p 〉L2

x,v
(5.3.16)

+ 〈∇r
x,v{∂viΦij ∗GU (λ)

p }, ∂vj∇r
x,vU

(λ)
p 〉L2

x,v
(5.3.17)

+ p〈∇r
x,v{(pvivj − δij)Φij ∗GU (λ)

p },∇x,vU
(λ)
p 〉L2

x,v
(5.3.18)

− p〈∇r
x,v{viΦij ∗G∂vjU (λ)

p },∇r
x,vU

(λ)
p 〉L2

x,v
(5.3.19)

≤ −〈Φij ∗G∂vi∇r
x,vU

(λ)
p , ∂vj∇r

x,vU
(λ)
p 〉L2

x,v
(5.3.20)

+ CG,p,r‖U (λ)
p ‖2

Hr
x,v

(5.3.21)

Therefore,

d

dt
‖∇r

x,vU
(λ)
p ‖2

L2
x,v
≤ CG,ψ,p,r‖∇r

x,vU
(λ)
p ‖2

L2
x,v
. (5.3.22)

Thus, for all p ≥ 0, r ∈ N0,

‖∇r
x,vU

(λ)
p ‖L∞t ([0,T ];L2

x,v) .Fin,G,ψ,p,r 1. (5.3.23)

Next, for two different λ1 and λ2, we have that U
(λ2)
p − U (λ1)

p solves

∂t(U
(λ2)
p − U (λ1)

p ) + { v

〈λ1v〉
· ∇x +∇xψ · ∇v}(U (λ2)

p − U (λ1)
p ) (5.3.24)

= ep|v|
2

Q(G, e−p|v|
2

U) + λ1∆x,v(U
(λ2)
p − U (λ1)

p ) (5.3.25)

+

(
v

〈λ1v〉
− v

〈λ2v〉

)
· ∇xU

(λ2)
p + (λ2 − λ1)∆x,vU

(λ2)
p . (5.3.26)

Now, using (5.3.23), and following similar a priori estimates, we have

‖U (λ2)
p − U (λ1)

p ‖L∞t ([0,T ];L2
x,v) . |λ1 − λ2|. (5.3.27)
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Thus, there exists Up ∈ L∞t ([0, T ];L2
x,v) such that limλ↓0 ‖U (λ)

p −Up‖L∞t ([0,T ];L2
x,v) = 0.

Moreover, we have that Up also satisfies (5.3.23). In particular, Up is a classical

solution to (5.3.6). Next, by a similar estimate, we have that Up = ep(|v|
2+2ψ)U0 for

all p ≥ 0. Setting F = U0, we have that F is a classical solution to (5.2.4). Then,

for all p, r, we have

‖ep|w|2F‖L∞t ([0,T ];Hr
x,v) .ψ,p,r ‖U2p‖L∞t ([0,T ];Hr

x,v) .Fin,G,ψ,p,r 1. (5.3.28)

Combining the above estimate with (5.2.4), we can show that ∂kt F satisfies the same

estimate as the above, allowing us to conclude that (5.3.4) holds for F .

It remains to check that F ≥ 0. Now, recall that∇t,x,v(1{F<0}F ) = 1{F<0}∇t,x,vF

a.e. Thus, we have

d

dt
‖1{F<0}F‖2

L2
x,v

= 〈∂tF,1{F<0}F 〉L2
x,v
, (5.3.29)

〈{v · ∇x −∇xψ}F,1{F<0}F 〉L2
x,v

= 0, (5.3.30)

〈Q(G,F ),1{F<0}F 〉L2
x,v

= −〈Φij ∗G1{F<0}∂viF, ∂vjF 〉L2
x,v

(5.3.31)

+ 〈∂vi∂vjΦij ∗G1{F<0}F, F 〉L2
x,v

(5.3.32)

Hence,

d

dt
‖1F<0∇t,x,vF‖2

L2
x,v
≤ CG‖1F<0∇t,x,vF‖2

L2
x,v
, (5.3.33)

So, by Grönwall’s inequality,

0 ≤ ‖1F<0∇t,x,vF‖2
L2
x,v
≤ CG‖1F<0∇t,x,vFin‖2

L2
x,v

= 0. (5.3.34)

We conclude F ≥ 0.
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5.3.2 Construction of solutions to the VPL system

We now have everything we need to prove the first part of the main theorem.

Proof of Theorem 5.1.1-(i): We break the proof into a number of steps—first, con-

struction of solutions for smooth, compactly supported initial data; second, general

data in E; third, we show continuity in time in E; and finally, we show the solutions

constructed here are unique.

Step 1 (iteration scheme, boundedness): For all N ≥ 1, fix nonnegative

FN
+,in, F

N
−,in ∈ C∞c (T3 ×R3), and 0 < M <∞ sufficiently large such that

‖( 1

nN+,in
,

1

nN−,in
)‖L∞ + ‖(FN

+,in, F
N
−,in)‖E ≤

M

2
(5.3.35)

Moreover, we assume ‖FN
±,in − F±,in‖E → 0 as N → ∞. In fact, up to taking to a

subsequence, we may as well take
∑

N≥1 ‖FN
±,in − FN−1

±,in ‖E <∞.

The solution will be given by the following iteration scheme. Let (F 0
+(t, x, v), F 0

−(t, x, v)) =

(η(v), η(v)) where η(v) is any nonnegative standard C∞, compactly supported cutoff.

We also set φ0(t, x) = 0.

Up to taking M larger, we can guarantee that (F 0
+, F

0
−) satisfy the same condition

as (5.3.35). Then, for each N ∈ N0, define (FN+1
+ , FN+1

− ) ∈ L2([0, 1]×T3 ×R3) to

be the solution to

{∂t + v · ∇x −∇xφ
N · ∇v}FN+1

+ = Q(FN
+ + FN

− , F
N+1
+ ), (5.3.36)

{∂t + v · ∇x +∇xφ
N · ∇v}FN+1

− = Q(FN
+ + FN

− , F
N+1
− ), (5.3.37)
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where φN = −4π∆−1
x

∫
R3 F

N
+ − FN

− dv with initial data (F+,in, F−,in). The exis-

tence of the iterates is guaranteed by Proposition 5.3.1. In particular, we have

ep|w|
2∇r

t,x,vF
N
± ∈ L∞([0, 1] × T3 × R3) for all r,N ∈ N0, p ≥ 0. We will also de-

note δFN
± = FN

± − FN−1
± , and similarly for φN , etc. Moreover, for each N , we have

FN
± ≥ 0.

Now, for each N ≥ 0, let [0, TN ] ⊂ [0, 1] be the largest such interval such that

(5.2.5) holds with G ∈ {FN
− , F

N
+ } with T = TN , in addition to

‖( 1

nN+
,

1

nN−
)‖L∞([0,TN ]×T3) + ‖(FN

+ , F
N
− )‖ETN + ‖(FN

+ , F
N
− )‖DTN ≤M. (5.3.38)

Let τ ∈ (0, 1] also be a small constant to be chosen later. We shall show that τ ≤ TN

for all N ≥ 1.

We prove this by induction. In the base case N = 0, this holds trivially, taking

M larger if necessary. Now, assume τ ≤ TN for some N ≥ 1. Note that ‖φn‖ ≤ CM

for all t ∈ [0, TN ]. Now, since τ < TN−1, we have by Proposition 5.2.1,

‖FN
± ‖Eτ +

1

CM
‖FN
± ‖Dτ ≤ eCM

√
τ‖FN

±,in‖E (5.3.39)

Since ‖F±,in‖E ≤ M
2
≤ ‖FN

± ‖Eτ , we may choose
√
τ sufficiently small so that

‖FN
± ‖Eτ + ‖FN

± ‖Dτ ≤ (1 + CM
√
τ)
M

2
. (5.3.40)

Moreover, we have the continuity equation

∂tn
N
± (t, x) +∇x ·

∫
R3

FN
± (t, x, v)dv (5.3.41)
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which implies

‖∂tnN±‖L∞([0,τ ];Hs−1) . ‖FN
± ‖E. (5.3.42)

so ‖nN± (t, x)− n±,in(x)‖L∞([0,τ ]×T3) .M τ . In particular, taking τ small enough,

‖( 1

nN+
,

1

nN−
)‖L∞([0,TN ]×T3) ≤ (1 + CMτ)‖( 1

n+,in

,
1

n−,in
)‖L∞([0,TN ]×T3). (5.3.43)

Combining this with (5.3.40), we see that τ can be taken small enough, depending

only on M , such that τ < TN . This completes the inductive step. Hence, there exists

some τ = τ(M) such that

‖( 1

nN+
,

1

nN−
)‖L∞([0,τ ]×T3) + ‖(FN

+ , F
N
− )‖Eτ + ‖(FN

+ , F
N
− )‖Dτ ≤M, (5.3.44)

for all N ≥ 1.

Step 2 (convergence): For all N ≥ 0, let δFN
± = FN

± − FN−1, etc. Then, by

Proposition 5.2.2, and the boundedness proved in previous step, we have for all

N ≥ 2

‖(δFN
+ , δF

N
− )‖E′τ∩D′τ .M ‖(δFN

+,in, δF
N
−,in)‖2

E′ (5.3.45)

+

∫ τ

0

‖(δFN−1
+ , δFN−1

− )‖
1
2

E′‖(δF
N−1
+ , δFN−1

− )‖
3
2

E′∩D′dt (5.3.46)

.M ‖(δFN
+,in, δF

N
−,in)‖2

E′ +
√
τ‖(δFN−1

+ , δFN−1
− )‖2

E′τ∩D′τ . (5.3.47)
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Taking N ′ ≥ 2, and summing the above over all 2 ≤ N ≤ N ′, we have

∑
1≤N≤N ′

‖(δFN
+ , δF

N
− )‖E′τ∩D′τ .M

∑
1≤N≤N ′

‖(δFN
+,in, δF

N
−,in)‖E′τ∩D′τ (5.3.48)

‖(δF 1
+, δF

1
−)‖E′τ∩D′τ + τ

1
4

∑
1≤N≤N ′

‖(δFN
+ , δF

N
− )‖E′τ∩D′τ

(5.3.49)

Now, by step 1, we know ‖(δF 1
+, δF

1
−)‖E′τ∩D′τ .M 1 and

∑
1≤N≤N ′ ‖(δFN

+,in, δF
N
−,in)‖E′τ∩D′τ <

∞. Hence, by Taking τ sufficiently small depending on M , we have that

‖(δFN
+ , δF

N
− )‖E′τ∩D′τ ∈ l1. In particular, (FN

+ , F
N
− ) are Cauchy in E′τ ∩ D′τ . Let-

ting (F+, F−) be the limit, we see that (F+, F−) ∈ C([0, τ ];E′)∩Eτ ∩Dτ , and n+, n−

enjoy uniform bounds from below. It is easy to check that (F+, F−) satisfy (5.1.1)

in a weak sense.

Step 3 (uniqueness): The solution constructed by the previous steps is unique as

a direct consequence of Proposition 5.2.2.

Step 4 (blow-up criterion): Since τ depends only on M , we can continue the

solution uniquely up until either ‖1/n±(t, ·)‖L∞ or ‖F+(t, ·)‖E blow-up.

5.3.3 Extension to the VPL-Ion system and Landau equa-

tion

The extension to the Landau equation is a trivial modification (and simplification)

of the proof given above. On the other hand, the extension to the (5.1.5), we must
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show that solutions Poincaré-Poisson system (5.3.50) below have good boundedness

and continuity properties: fixing G(t, x, v), we consider solutions to the system

d

dt

{
3

2β(t)
+

∫∫
T3×R3

|v|2

2
G(t, x, v)dxdv +

1

8π

∫
T3

|∇xφ(t, x)|2dx
}

= 0,

β(0) = βin,

−∆xφ(t, x) = 4π(

∫
T3

G(t, x, v)dv − eβ(t)φ(t,x)).

(5.3.50)

Lemma 5.3.2. The following statements hold:

(i) Suppose G ∈ C([0, T ];E′), infx
∫
R3 Gdv > 0, and βin > 0. Then for some

T ∗ > 0, then there exists a unique solution (β, φ) ∈ C([0, T ∗]; R+ × Hs+1(T3)) to

(5.3.50). More precisely, let M > 0 be large enough that

| ln(βin)|+ ‖ 1∫
Gdv
‖L∞([0,T ]×T3) + ‖G‖ET ≤M (5.3.51)

Moreover, we allow the kinetic energy to increase by only a very small amount:

sup
t∈[0,T ]

∫
T3×R3

|v|2

2
(G(t, ·)−Gin)dxdv ≤ e−M . (5.3.52)

Then, (β, φ) exists for all t ∈ [0, T ] and

‖ ln(β)‖L∞([0,T ]]) + ‖φ‖L∞([0,T ];Hs+1) .M 1. (5.3.53)

(ii) For each α ∈ {1, 2} suppose Gα ∈ C([0, T ];E), βαin ∈ {1, 2}, and let (βα, φα) be

the corresponding solution to (5.3.50) by setting G = Gα and βin = βαin. Assume also

that each (βα, Gα) satisfy the estimate (5.3.51). Letting δG = G2−G1, δφ = φ2−φ1
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and so on, we have the estimates

‖δβ‖L∞([0,T ]) + ‖δφ‖L∞([0,T ];Hs+1) .M ‖δG‖E′ + |δβin|. (5.3.54)

(iii) In addition to the assumptions in part (i), also assume G satisfies (5.3.4)

in Proposition 5.3.1. Then β ∈ C∞([0, T ]) and φ ∈ C∞([0, T ]×T3).

Proof. Step 1 (proof of (i), sans continuity in time): We first construct so-

lutions to (5.3.50) obeying the estimates as in part (i). We shall show (β, φ) ∈

L∞([0, T ]; R+ ×Hs+2(T3)) for now, and prove continuity in a later step.

For existence and uniqueness of (β, φ) ∈ L∞([0, T ]; R+×H2(T3)) solving (5.3.50),

we state (a special case of) part (ii) of Theorem 1.14 in [13]: for any 0 ≤ f(x) ∈ L2

and E > 0, there exists a unique solution (γ, ψ) ∈ R+ ×H2(T3) to the system

3

2γ
+

1

8π

∫
T3

|∇xψ|2dx = E, (5.3.55)

−∆xψ = 4π(f(x)− eγψ). (5.3.56)

Moreover, for all γ > 0, we can find a unique ψ ∈ H2 solving only the second line.

Now, to construct (β, φ), we first take φin = ψ to solve (5.3.56) with γ = βin. Now,

φin exists uniquely in H2.

In order to solve for (β, φ) for t > 0, we must ensure that the first line of (5.3.50),

when integrated on [0, t], gives an admissible condition on (β, φ). Specifically, we take

(β, φ) = (γ, ψ) as in (5.3.55) and (5.3.56), with f(t, x) = n+(t, x). The quantity E,
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in accordance with (5.3.50), is given by

E(t) :=

∫
T3×R3

|v|2

2
(Gin −G(t, ·))dxdv +

3

2βin
+

1

8π

∫
T3

|∇xφin|2dx. (5.3.57)

Such a solution (β, φ) with E = 3
2β

+ 1
8π

∫
T3 |∇xφ|2dx exists as long as E(t) > 0.

Now, by (5.3.51) and (5.3.52),

E(t) ≥ −e−M +
3

2
e−M ≥ 1

2
e−M , (5.3.58)

guaranteeing the desired condition.

Next, we prove that the assumptions (5.3.51) and (5.3.52) imply (5.3.53). First,

as we have seen,

3

2β
+

1

8π

∫
T3

|∇xφ|2dx = E(t) ≥ 1

2
e−M (5.3.59)

Alternatively, E(t) .M 1, so | ln(β)| .M 1.

Next, by the maximum principle,

‖φ‖L∞x ≤
1

β
‖ ln(

∫
R3

Gdv)‖L∞x .M 1. (5.3.60)

Next,

1

4π
|∇x|sφ = |∇x|s{

∫
R3

Gdv − eβφ}. (5.3.61)

Using Theorem 5.2.6 in [103],

‖eβφ‖Hs
x
≤ Cβ,‖φ‖L∞x (‖φ‖Hs

x
+ 1) .M ‖φ‖Hs

x
+ 1. (5.3.62)
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Hence,

‖φ‖Hs+2
x

.M 1 + ‖
∫
R3

Gdv‖Hs
x

+ ‖φ‖Hs
x
.M 1 + ‖φ‖

s
s+2

Hs+2
x
‖φ‖

2
s+2

L2
x
. (5.3.63)

Now, using ‖φ‖L2
x
. ‖φ‖L∞x .M 1 and Young’s inequality, we deduce ‖φ‖Hs+2

x
.M 1.

Step 2 (control on differences, linearization): Before proving (ii) and (iii), we

first demonstrate how to control differences in the system (5.3.55) and (5.3.56): first,

define the map F : R+ ×Hs+2(T3)→ R+ ×Hs(T3), given by

F(γ, ψ) =

(
3

2γ
+

1

8π

∫
T3

|∇xψ|2dx, −∆xψ + 4πeγψ
)

(5.3.64)

Now, let dF(γ,ψ) denote the Gateaux derivative of F at (γ, ψ), i.e. given (γ̇, ψ̇) ∈

R×Hs+2(T3), define

dF(γ,ψ)(γ̇, ψ̇) =

(
− 3γ̇

2γ2
+

1

4π

∫
T3

∇xψ · ∇xψ̇dx, −∆xψ̇ + 4πeγψ(γ̇ψ + γψ̇)

)
(5.3.65)

Clearly, for (γ, ψ) ∈ R+ × Hs+2, this is a bounded linear operator in the sense

dFγ,ψ ∈ L(R×Hs+2,R×Hs). We can also show a lower bound on this operator,

‖(γ̇, ψ̇)‖R×Hs+2 ≤ Cγ,ψ‖dF(γ,ψ)(γ̇, ψ̇)‖R×Hs (5.3.66)

More precisely, Cγ,ψ is an increasing function of | ln(γ)| and ‖ψ‖Hs+2 . To see this,

first set dF(γ,ψ)(γ̇, ψ̇) = (Ė, ḟ). We first solve for ψ̇,

ψ̇ = (γeγψ − 1

4π
∆x)

−1(ḟ − eγψψγ̇). (5.3.67)
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Hence,

Ė = − 3γ̇

2γ2
− 1

4π

∫
T3

∆xψ(γeγψ − 1

4π
∆x)

−1(ḟ − eγψψγ̇)dx (5.3.68)

This allows us to solve for γ̇:

γ̇ = −
Ė + 1

4π
〈∆xψ, (γe

γψ − 1
4π

∆x)
−1ḟ〉L2

3
2γ2
− 1

4π
〈∆xψ, (γeγψ − 1

4π
∆x)−1(eγψψ)〉L2

(5.3.69)

To then bound |γ̇| ≤ Cγ,ψ‖(Ė, ḟ)‖R×Hs , it suffices to show the denominator is

bounded from below by some 1/Cγ. This follows by showing the second term in

the denominator is nonnegative:

− 1

4π
〈∆xψ, (γe

γψ − 1

4π
∆x)

−1(eγψψ)〉L2 ≥ 0. (5.3.70)

Indeed,

− 1

4π
〈∆xψ, (γe

γψ − 1

4π
∆x)

−1(eγψψ)〉L2
x

(5.3.71)

= 〈(γeγψ − 1

4π
∆x)ψ, (γe

γψ − 1

4π
∆x)

−1(eγψψ)〉L2
x

(5.3.72)

− γ〈eγψψ, (γeγψ − 1

4π
∆x)

−1(eγψψ)〉L2
x

(5.3.73)

= 〈ψ, eγψψ〉L2
x

+ γ〈eγψψ, (γeγψ − 1

4π
∆x)

−1(eγψψ)〉L2
x
≥ 0. (5.3.74)

Now that we have bounded γ̇, we rely on (5.3.67) to get ‖ψ̇‖Hs+2 ≤ Cγ,ψ‖(Ė, ḟ)‖R×Hs .

We conclude (5.3.66) holds true.

We can use this bound to control finite differences of F , as well. Consider two

(γ1, ψ1) and (γ2, ψ2). For each λ ∈ [1, 2], define (γλ, ψλ) = (λ − 1)(γ2, ψ2) + (2 −
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λ)(γ1, ψ1). Then, by the mean value theorem, there exists some ρ ∈ [1, 2] such that

F(γ2, ψ2)−F(γ1, ψ1) =

∫ 2

1

d

dλ
F(γλ, ψλ)dλ = dF(γρ,ψρ)(γ2 − γ1, ψ2 − ψ1). (5.3.75)

Now | ln(γρ)| . supj∈{1,2} | ln(γj)| and ‖ψρ‖Hs+2 ≤ supj∈{1,2} ‖ψj‖Hs+2 . Therefore,

‖(γ2 − γ1, ψ2 − ψ1)‖R×Hs+2 ≤ ( sup
j∈{1,2}

Cγj ,ψj)‖F(γ2, ψ2)−F(γ1, ψ1)‖R×Hs . (5.3.76)

This estimate will prove useful in the subsequent steps.

Step 3 (time continuity): Using the previous step, we complete the proof of (ii).

For any two t1, t2 ∈ [0, T ], we have by (5.3.76)

|(β(t2)− β(t1), φ(t2, ·)− φ(t1, ·))‖R×Hs+2 (5.3.77)

.M ‖(E(t2)− E(t1), n+(t2, ·)− n+(t1, ·))‖R×Hs . (5.3.78)

Recall (5.3.57) for the definition of E. Hence,

‖(β(t2)− β(t1), φ(t2, ·)− φ(t1, ·))‖R×Hs+2 .M ‖G(t2, ·)−G(t1, ·)‖E. (5.3.79)

Now since G ∈ C([0, T ];E), we conclude that (β, φ) ∈ C([0, T ]; R+ × Hs+2). This

concludes

Step 4 (proof of (ii)): Similarly as in the previous step, we apply (5.3.76). For

each t ∈ [0, T ],

‖(δβ(t), δφ(t))‖R×Hs+2 .M ‖(δE(t), δn+(t, ·))‖R×Hs (5.3.80)
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Here,

δE(t) = E2(t)− E1(t), (5.3.81)

Ej(t) =

∫
T3×R3

|v|2

2
(Gj

in −Gj(t, ·))dxdv +
3

2βjin
+

1

8π

∫
T3

|∇xφ
j
in|2dx. (5.3.82)

It is then straightforward to get

‖(δβ(t), δφ(t))‖R×Hs+2 . ‖δG‖E′ + ‖(δβin, δφin)‖R×Hs+2 (5.3.83)

Modifying the proof of (5.3.76) slightly, we can show that ‖δφin‖Hs+2 .M ‖δG‖E′ +

|δβ|, proving (5.3.54).

Step 5 (proof of (iii)): Since n+ ∈ C∞([0, T ] × T3), it follows that φ ∈

L∞([0, T ];C∞(T3)) easily from the estimates in step 1.

It suffices to then show that all time derivatives of (β, φ) are bounded. Let k ≥ 0.

Then

dF(β,φ)(∂
k
t β, ∂

k
t φ) = (∂kt E, ∂

k
t n+) +Rk. (5.3.84)

where in Rk, we have terms involving the time derivatives of E, n+, β and φ, up to

order k− 1. In particular, ‖R‖L∞ is controlled by some constant depending only on

the Ck−1 norms of E, n+, β and φ. Note also that all derivatives of E and n+ are

both C∞ on their respective domains.
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Modifying step 2 slightly, it is straightforward to show that

‖(∂kt β, ∂kt φ)‖L∞([0,T ])×L∞([0,T ]×T3) ≤ CM‖dF(β,φ)(∂
k
t β, ∂

k
t φ)‖L∞([0,T ])×L∞([0,T ]×T3).

(5.3.85)

Hence, if ∂k−1
t β and ∂k−1

t φ are both bounded on their respective domains, then so

are ∂kt β and ∂kt φ . This allows us to induct on k, and conclude β and φ are both C∞

on their respective domains.

With Lemma 5.3.2 in hand, we are ready to prove part (ii) of Theorem 5.1.1.

Proof of Theorem 1.1-(ii): Some details shall be omitted, as the proof is similar to

part (i) in certain aspects.

Once again, we let FN
+,in ∈ C∞c (T3×R3) be a nonnegative approximating sequence

for F+,in in E. We also let F 0
+(t, x, v) = η(v), where η(v) is any nonnegative standard

C∞, compactly supported cutoff, β0 = 1 and φ0 = 0. We also fix 0 < M <∞ large

enough so that

| ln(βin)|+ ‖ 1

nN+,in
‖L∞(T3) + ‖FN

+,in‖E ≤
M

2
. (5.3.86)

We now describe the iteration scheme. Suppose we are given (FN
+ , β

N , φN) with

N ∈ N0, with (FN
+ , φ

N) satisfying the same hypotheses as G and φ in Proposition

5.3.1, with t ∈ [0, 1], and β ∈ C∞([0, 1]). We then construct (FN+1, βN+1, φN+1).

First, FN+1
+ is the solution to

(∂t + v · ∇x −∇xφ
N)FN+1

+ = Q(FN
+ , F

N+1
+ ), (5.3.87)
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guaranteed by Proposition 5.3.1. As for (βN+1, φN+1), we would like this pair to

solve (5.3.50) with G = FN
+ . Unfortunately Lemma 5.3.2 only guarantees existence

for some small time.

To get around this, we let TN ∈ [0, 1] be the largest time such that

‖ ln(βN)‖L∞([0,TN ]) + ‖ 1

n+

‖L∞([0,TN ]×T3) + ‖FN
+ ‖ETN∩DTN ≤M, (5.3.88)

sup
t∈[0,T ]

∫
T3×R3

|v|2

2
(FN

+ (t, ·)− FN
+,in)dxdv ≤ e−M . (5.3.89)

Clearly, these conditions imply that (5.3.51) and (5.3.52) both hold with G = FN
+ .

Then, we let (βN+1, φN+1) be the unique smooth solution to (5.3.50) on the time

interval [0, TN ]. We then take 0 ≤ χ(t) to be a smooth cutoff function on [0,∞),

which is identically 1 on [0, 1
2
], and identically zero on [1,∞). We then define

βN+1(t) = χ(
t

TN
)βN(t) + (1− χ(

t

TN
))βin, (5.3.90)

φN+1(t) = χ(
t

TN
)φN+1(t). (5.3.91)

so that (βN+1, φN+1) are smooth functions defined for all t ∈ [0, 1].

Next, we show boundedness of the iterates on some small time interval [0, τ ]

depending only on M . We let TN ∈ [0, 1] be the largest time such that

‖ ln(βN)‖L∞([0,TN ]) + ‖ 1

n+

‖L∞([0,TN ]×T3) + ‖FN
+ ‖ETN∩DTN ≤M. (5.3.92)

We argue by induction that τ < TN . As before, the case N = 0 is trivial (taking

M larger if necessary). Now, assume that for some N , we have τ < TN ′ for all
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0 ≤ N ′ ≤ N . As in the proof of part (i), we have

‖ 1

nN+
‖L∞([0,τ ]×T3) + ‖FN

+ ‖Eτ∩Dτ ≤
3

2

(
‖ 1

n+,in

‖L∞([0,τ ]×T3) + ‖FN
+,in‖E

)
. (5.3.93)

On the other hand, repeating a computation in step 2 of the proof of Lemma 5.3.2,

in particular the identity (5.3.69), we have for all t ∈ [0, TN ] that

β̇
N+1

=
∂t
∫∫

T3×R3

|v|2
2
FN

+ dxdv − 1
4π
〈∆xφ

N+1, (βN+1eβ
N+1φN+1 − 1

4π
∆x)

−1∂tn
N
+ 〉L2

3
2(βN+1)2

− 1
4π
〈∆xφ

N+1, (βN+1eβ
N+1φN+1 − 1

4π
∆x)−1(eβ

N+1φN+1

φN+1)〉L2

(5.3.94)

With the estimates stated Lemma 5.3.2 in hand, and the positivity of the denomi-

nator (also shown in step 2 of the proof of the Lemma), we see

|β̇N+1
(t)| .M |

∫∫
T3×R3

|v|2

2
∂tF

N
+ (t, ·)dxdv|+ ‖∂tnN+ (t, ·)‖L∞(T3) (5.3.95)

As shown in the proof of part (i), we can control ‖∂tnN+ (t, ·)‖L∞(T3) .M 1. As for

the kinetic energy, we have either we are in the case N = 0, where ∂tF
N
+ = 0, or

∫∫
T3×R3

|v|2

2
∂tF

N
+ (t, ·)dxdv =

∫∫
T3×R3

v · ∇xφ
N−1FN

+ +
|v|2

2
Q(FN−1

+ , FN
+ )dxdv.

(5.3.96)

The first term is easily bounded in terms of some CM . As for the second, we have

∫∫
T3×R3

|v|2

2
Q(FN−1

+ , FN
+ )dxdv =

∫∫
T3×R3

(tr(Φ ∗ FN−1) + 2vi∂vjΦ ∗ FN−1)FNdxdv.

(5.3.97)
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It’s then clear that we can bound

|
∫∫

T3×R3

|v|2

2
∂tF

N
+ (t, ·)dxdv| .M 1. (5.3.98)

We conclude that ‖β̇N+1‖L∞([0,TN ]) .M 1. Thus,

‖βN+1(t)− βin‖L∞([0,τ ]) = ‖χ(
t

TN
)(βN+1(t)− βin)‖L∞([0,τ ]) .M τ. (5.3.99)

In particular, we can take τ small enough depending on M so that

‖ ln(βN+1(t))‖L∞([0,τ ]) ≤
3

2
| ln(βin)|. (5.3.100)

We thus have that

‖ ln(βN+1(t))‖L∞([0,τ ]) + ‖ 1

nN+
‖L∞([0,τ ]×T3) + ‖FN

+ ‖Eτ∩Dτ ≤
3

2
M. (5.3.101)

On the other hand, by (5.3.98), we can take τ small enough that

sup
t∈[0,τ ]

∫
T3×R3

|v|2

2
(FN

+ (t, ·)− FN
+,in)dxdv ≤ CMτ ≤

e−M

2
. (5.3.102)

We have thus shown that τ < TN+1, completing the inductive step. Hence, we have

uniform boundedness of the iterates (FN
+ , β

N , φN) on [0, τ ] in the sense of (5.3.88).

In a similar fashion as part (i), we can argue that these iterates converge to a

weak solution to (5.1.5). Up to dividing τ by 2, we have that (βN , φN) = (βN , φN) on

t ∈ [0, τ ]. Using Proposition 5.2.2 and part (ii) of Lemma 5.3.2, we can show that the

increments of (FN
+ , β

N , φN) are summable in E′τ×L∞([0, τ ])×L∞([0, τ ]×Hs+2), and

thus Cauchy. Letting (F+, β, φ) be the limit of this sequence, it is straightforward

to show that it defines a weak solution. By Proposition 5.2.2 and Lemma 5.3.2, this
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solution is unique as well.

As τ depends only on M , we can continue the solution (F+, β, φ) for some maxi-

mal interval [0, T ∗). As T ↑ T ∗, we have either ‖F+‖ET →∞, ‖1/n+‖L∞([0,T ]×T3) →

∞, or ‖ ln(β)‖L∞([0,T ]) →∞. In the third case, Clearly β is bounded uniformly from

below, due to conserved energy involving 3
2β

. On the other hand, the conclusion of

Corollary 4.4 in holds in [13] the case of our system as well, so we have β is uniformly

bounded from above as well. Thus β cannot blow-up.
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l’École normale supérieure, volume 14, pages 209–246, 1981.

[19] F. Bouchut. Global weak solution of the Vlasov–Poisson system for small
electrons mass. Communications in partial differential equations, 16(8-9):1337–
1365, 1991.

[20] F. Bouchut and J. Dolbeault. On long time asymptotics of the Vlasov–
Fokker–Planck equation and of the Vlasov-Poisson-Fokker-Planck system with
Coulombic and Newtonian potentials. Differential and Integral Equations,
8(3):487–514, 1995.

[21] J. Bourgain. Global solutions of nonlinear Schrödinger equations, volume 46
of American Mathematical Society Colloquium Publications. American Math-
ematical Society, Providence, RI, 1999.

[22] S. Cameron. Global well-posedness for the two-dimensional muskat problem
with slope less than 1. Analysis & PDE, 12(4):997–1022, 2018.
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energy. Journal d’Analyse Mathématique, 128(1):239–260, 2016.

[129] T. Tao. A pseudoconformal compactification of the nonlinear Schrödinger
equation and applications. New York Journal of Mathematics, 15:265–282,
2009.

[130] X. Wang. Decay estimates for the 3d relativistic and non-relativistic vlasov-
poisson systems. arXiv preprint, arXiv:1805.10837 (2018).

[131] H. Washimi and T. Taniuti. Propagation of ion-acoustic solitary waves of small
amplitude. Physical Review Letters, 17(19):996, 1966.



279

[132] F. Yi. Global classical solution of muskat free boundary problem. Journal of
mathematical analysis and applications, 288(2):442–461, 2003.

[133] V. E. Zakharov et al. Collapse of Langmuir waves. Sov. Phys. JETP, 35(5):908–
914, 1972.

[134] M. Zhang. Stability of the Vlasov–Poisson–Boltzmann system in R3. Journal
of Differential Equations, 247(7):2027–2073, 2009.


	Curriculum Vitae
	Acknowledgments
	Introduction
	Asymptotic behavior of PDEs
	The Vanishing Surface Tension Limit of the Muskat problem
	The Scattering Problem for the Vlasov-Poisson System
	The Massless Electron Limit for the Vlasov-Poisson-Landau-System
	Local Well-Posedness of the Vlasov-Poisson-Landau system

	The Vanishing Surface Tension Limit
	Introduction
	The Muskat problem
	Main Result

	Preliminaries
	Big-O notation
	Function spaces
	Dirichlet-Neumann formulation
	Paralinearization
	Contraction estimates

	Uniform a priori estimates
	Contraction estimates for J
	Flattening the domain
	Proof of Proposition 2.4.1

	Proof of Theorem 2.1.1
	Paradifferential Calculus

	Scattering map for the Vlasov–Poisson system
	Introduction
	Pseudo-Conformal Inversion

	The Force Field and the Continuity Equation
	Modified Scattering
	Commutation Relations
	Bootstrap and Global Existence
	Asymptotic Behavior

	Wave Operators and Cauchy Problem at Infinity
	Commutation Relations
	A Priori Estimates
	Local Solutions


	The Massless Electron limit of the Vlasov-Poisson-Landau system
	Introduction
	The Rescaled Vlasov-Poisson-Landau system
	Main result
	Methodology and outline

	Formal analysis
	Non-dimensionalization of the Vlasov-Poisson-Landau System
	Formal derivation of the ion equation
	The Boltzmann Case

	Preliminaries
	Well-posedness
	Lower and upper bounds on the diffusion matrix

	Estimates on the ion distribution
	Boundedness of the ion distribution
	Error estimate for the ion distribution
	The intermediary quantities

	Estimates on the electron distribution
	Stability of the Maxwellian
	Setup
	Preliminary estimates
	Energy estimates
	Macroscopic estimates
	Proof of Proposition 4.5.1

	Proof of Theorem 4.1.1

	Local Well-Posedness for the VPL System
	Introduction
	Main Result
	Method of the proof

	A priori estimates
	Energy estimates
	Contraction estimates

	Construction of Solutions
	Solutions to the linear system
	Construction of solutions to the VPL system
	Extension to the VPL-Ion system and Landau equation



