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Chapter One

Introduction

1.1 Asymptotic behavior of PDEs

The study of fluids and plasmas is of central importance in modern science and
engineering, due to their relevance to the realms of energy production, astrophysics,
and climate change. However, the models which govern plasmas and fluids are often
difficult to use in practice. This is for two reasons. First, the models are generally
nonlinear, making it difficult to study exact solutions. Second, accurate numerical

simulations come with an immense computational cost.

Nevertheless, all these models are expressed in terms of partial differential equa-
tions (PDEs), so we may subject them to mathematical analysis. The complexity of
models in plasma and fluid physics necessitates the use of approximations to glean
any useful information. As mathematicians, we can verify (or debunk) these approxi-
mations, and quantify their error. Typically, such approximations involve identifying

the asymptotic behavior of solutions as time goes to infinity, or as a parameter goes
1



to zero, so as to derive a simpler model.

This thesis is an anthology of four papers in this direction of research. Chapter 2
consists of the paper [57], joint work with Huy Nguyen, concerned with the vanishing
surface tension limit for the Muskat equation. Chapter 3 consists of the paper [56],
joint work with Zhimeng Ouyang, Benoit Pausader and Klaus Widmayer, concerned
with the construction of the scattering map for the Vlasov-Poisson system. Chapter
4 consists of the work [54], joint work with Yan Guo, concerned with the massless
electron limit for the Vlasov-Poisson-Landau system. Chapter 5 consists of the
forthcoming work [53], which provides a local well-posedness theory for the Vlasov-
Poisson-Landau system, and serves as a companion paper to the previous work.

Summaries of these works, and potential future directions, are given below.

Each chapter is more or less self-contained, although there is overlap in notation,
particularly between Chapter 4 and Chapter 5. Moreover, these two final chapters

contain references to each other—in particular, Chapter 4 utilizes Lemma 4.3.2.

1.2 The Vanishing Surface Tension Limit of the

Muskat problem

The Muskat problem is concerned with the interface dynamics of a fluid immersed
in a porous medium. In the simplest setting, we can formulate the Muskat problem
as follows. We write (z,y) € R¥! x R, and let the fluid interface be given by the

graph of n(t, z), i.e. the fluid boundary is the set {(z,y) : y = n(t,x)}. Then, this



function satisfies the equation

om+G(m)(n+oH(n)) =0, (1.2.1)

where H(n) is the mean curvature of the interface, o is the surface tension coefficient,
and G(n) is the Dirichlet-to-Neumann operator. To be more specific, if we let ¢(x,y)
solve the Laplace equation in the fluid domain, and prescribe the Dirichlet boundary
condition ¢(x,n(t,x)) = f on the interface, then G(n) f gives the normal component
of V¢ along the fluid interface. If we linearize about a flat horizontal interface,
then G(n) behaves like the fractional Laplacian (—A,)2, while H(n) behaves like
the full Laplacian —A,. As a PDE, the Muskat problem is quasilinear, nonlocal and

parabolic in nature.

In many physically important situations, o is very small, so one sets o = 0.
In Chapter 2, and also in [57], H. Nguyen and I show that this approximation can
be made rigorous in > 2 dimensions [57]. Specifically, we show that solutions to
the Muskat problem with surface tension solve the model without surface tension
in the limit as the surface tension coefficient tends to zero, with the optimal rate of

convergence:

Theorem 1.2.1. Let d > 2. There exist Hilbert spaces X, Y C L*(R*Y) such that
the following holds. Let n;, € X. Then there exists constants C,T" depending only
on Min such that for each o € [0, 1], there exists a unique solution n©) € C([0,T]; X)

solving (1.2.1) with the given value of o, and

17 = 7O oo 0.1y < Clo. (1.2.2)

To accomplish this, we use the methodology of para-differential calculus, as had



been applied in the previous result on local well-posedness of the Muskat problem
[109], and the equation with surface tension [108]. This required a careful adaptation
of the techniques in these previous works, including the paralinearization of the
Dirichlet-to-Neumann operator and mean curvature, precise energy estimates, and

contraction estimates.

1.3 The Scattering Problem for the Vlasov-Poisson

System

Many important nonlinear PDEs, particularly wave type equations, are known to
exhibit scattering: that is, as time goes to infinity, solutions asymptotically behave
like a solution to the linearized problem. For certain equations, including the VP
system, the limiting behavior is given by the linearization, plus some simple nonlinear
correction. In this case, we say that the PDE exhibits modified scattering. After
deriving this limiting behavior, one can also consider the inverse problem, where one
constructs the wave operator: that is, the map which gives a solution to the PDE
with prescribed asymptotic data. Then, one can construct the scattering map, which
gives the asymptotic data of a solution as t — oo, with prescribed asymptotic data

ast — —oo.

Next, we introduce the Vlasov-Poisson (VP) system, which is a kinetic model for

distribution of matter u(t,z,v)? interacting through electrostatic force or classical



gravitation, given as follows !

op~+v-Vepu—AV,p - Vou =0, —Ayp= i dv. (1.3.1)
R3

Here, A = 1 in the electrostatic case, and A = —1 in the gravitational case. As a
PDE, it is a transport equation whose characteristics are determined by an electric
or gravitational field, which is in turn determined by Poisson’s equation, resulting
in a nonlinear term. While small solutions to (1.3.1) were known to have modi-
fied scattering (see [33], [90]), the question of the existence of the wave operators
and scattering map had remained open. In Chapter 3, also in [56], Z. Ouyang, B.

Pausader and K. Widmayer and I prove that these objects exist :

Theorem 1.3.1. There exist € > 0 and Hilbert spaces X,Y, 7 C L*(R? x R3) such

that the following hold

(i) (Modified scattering) Suppose ||uol|x < €, and let p(t,z,v) be the solution to
(1.3.1) with u(t = 0) = pg. Then, this solution exhibits modified scattering,

that is, there exists jio(x,v) € Y and

E(v) = VUAJI/ fhoo (7, v)?dx (1.3.2)
R3
such that
tlim |pe(t,x —tv — An(t) B (v),v) — poo(x,v)|]y = 0. (1.3.3)
—00

(i1) (Ezistence of wave operators) Suppose ||jiool|lz < 00, and define Es as in

(1.3.2). Then, there exists a classical solution u(t,z,v) satisfying (1.3.1), with

1Usually, this equation is expressed in terms of F' = p?. It is convenient to express the VP
system in terms of u, as writing F = p? ensures positivity of F, and conservation of mass and
H K
energy are expressed in terms of Hilbertian norms of .



asymptotic behavior determined by (1.3.3).

(1ii) (Ezistence of scattering map) There exists a map S : Z — W such that if we

set Spi_oo = lloo, there exists a solution p to (1.3.1) such that

tlgtnoo |pe(t, x —tv — An(|t]) Exoo(v),0) — piaoo(z,v)]]y =0 (1.3.4)

Here, E, is defined as in (1.3.2), and E_., is defined in the same way, except

with p_o instead of fiso.

Now, in (1.3.3), the transformation (z,v) — (z — tv,v) accounts for the linear
evolution, while the logarithmic term In(t) E (v) accounts for long-range effects com-
ing from the nonlinearity. As aforementioned, part (i) of this theorem had already
been shown, although we prove modified scattering for more general initial data than

prior works.

Drawing on [95], and inspiration from dispersive equations, (e.g. [129], [25]).
One could use the pseudo-conformal transformation (PCT) to study the scattering

problem for Vlasov-Poisson, where we define
1
s=—, ng, p=ux—tv (1.3.5)
t t
and set (s, q,p) = p(t, z,v). Now, v solves

A
Oy +1p- Vv — quw V,y=0, —Ag= [ ~%p (1.3.6)

R3

Now, this transformation preserves the linearized VP system, while inverting time.
The limit ¢ — oo becomes the limit as s | 0 in the new coordinates. The PCT nearly

preserves the full VP system, except for the nonlinear term, which acquires a factor



of % This singularity is not integrable near s = 0, but nevertheless, the continuity

of mass equation still holds in the new coordinates, i.e.

&:/ v(s,q,p)zdp+vq-/ py(s,q,p)*dp = 0. (1.3.7)
R3 R3

We then use this to show that limg o V1 (s, q) = Ex(q), provided v does not blow-
up too quickly (for instance, only logarithmically). To then construct =, it is still
necessary to remove the singularity. We accomplish this by using a canonical trans-
formation, induced by a certain generating function. This allows us to reformulate
the wave operator problem for the VP system as a standard initial value problem.
When we express this transformation in terms of (z,v), we recover the asymptotic
behavior appearing in (1.3.3). We show that this initial value problem is locally
well-posed, via a priori estimates, and a fixed-point argument. This implies the

existence of wave operators, and in turn existence of the scattering map.

1.4 The Massless Electron Limit for the Vlasov-

Poisson-Landau-System

Physical plasmas, such as the sun, are primarily composed of ionized hydrogen and
helium. The mass of electrons is roughly 2000 times smaller than the mass of a
single proton, and 8000 times smaller than the mass of a helium nucleus. This
motivates the massless electron approximation, where one sets the electron mass
to zero. In this regime, one can approximate the electron distribution as a quasi-
statically evolving equilibrium distribution, wholly determined by the dynamics of
the ions. This gives rise to the Maxwell-Boltzmann relation, where the electron

density is given by ¢, Here, f is the inverse temperature of the electrons, and ¢°



is the limit of the electrostatic potential as ¢ — 0.

To model such plasmas, we can use the Vlasov-Poisson-Landau (VPL) system.
The VPL system is a kinetic model for the distributions of electrons F'_ and positively
charged ions F); in a plasma. Let 2 be the ratio of electron mass over ion mass.
Now, in the regime where both species have roughly the same temperature (i.e., close
to thermal equilibrium), the speed of a typical electron will be much larger than that
of an ion, by a factor of roughly 1/e. Letting v be the velocity in the original frame,
we use the re-scaled velocity w = £ for the electron distribution F'(¢,z,w). Under

this re-scaling, the VPL equation becomes 2

{at +v- vz - vx(bs : vv}Fi = Q(Fi,Fi) + Qs—Jr(Ffa Fi)a
(e0) +w -V + Voo - Vo }FE = Q(FE, F5) + Q°_(F5, F9), (1.4.1)

— AP = 47?(/ Fidv —/ Fedw).
R3

R3

Now, the VPL system is similar to the VP system, except that it contains the
additional effects of collisions between particles, due to the collision operators (), Q< .
and )5 _. We will omit the exact form of these operators here. What is important
to know is that while the VP system is reversible, the inclusion of the collision terms
cause the VPL system to be parabolic in character. Moreover, these collisional
effects force rapid decay to equilibrium solutions, as shown in the works [70], [71].
The equilibrium distributions in this case are the Maxwellians, that is, functions

with Gaussian dependence on the velocity variable,

3
(o) = (=) 3 g0 (1.4.2)

Then, F} = py(v) and F° = p,(w) give stationary solutions of (1.4.1) for all .

2We have also normalized some physical constants, such as the atomic mass of the ions.



Now, if we formally send e — 0, and assume F° = lim._,o F© and F} = lim._,q F%

both exist, we have

{w- Vi, + V0"V, }F = Q(F°, F°) + Q% _(FY, F°), (1.4.3)

We fix the spatial domain to be x € T3, where T? = (R/Z)? is the 3D torus.
We also assume fTS RS Fidxdw = 1, so the only solutions to the above (which are
sufficiently regular and decay rapidly) are F° (¢, z, w) = pgw) (w)eﬁ(t)¢0(t’z). Here, ((t)
is inversely proportional to the total kinetic energy of F°, and is in turn determined
by conservation of energy. Moreover, the effects of ion-electron collisions vanish, i.e.
Q% (F°,F?) = 0. This leads to the following system for (F?}, ¢, /), which we call

the VPL system with massless electrons (or VPLME),

{0 +v-V, —VrgzﬁO-VD}FE = Q(FLFJ?)?

d 3+/ ﬁFd:cdwr/ IV,0/2dz | =0
dt 25 T3><R3 2 + T3 * N . (144)
— A’ = 47r(/ Fdv — ")

R3

Now, the Maxwell-Boltzmann approximation is widely used in plasma physics,
perhaps most notably to derive solitary wave solutions for the Euler-Poisson system
[131], [16]. While the approximation has been derived in the case of fluid equations
[64], no attempt to rigorously justify the limit for a kinetic equation had been made
until the work [12], in the case of the Vlasov-Poisson-Boltzmann system. This result,
however, is conditional, since it assumes a priori that the solution converges in the
limit as the electron mass goes to zero, and then identifies the correct limit. This
work also ignores the effects of inter-species collisions. In Chapter 4, and in [54],
Yan Guo and I give a rigorous derivation of the massless electron limit for the VPL

system on a periodic domain. This is stated in the following theorem:
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Theorem 1.4.1. There exist Hilbert spaces X,Y, Z, W C L*(T? x R3) such that the
following holds. First, fix some solution (F,¢°,5) € C([0,T]; X x L*>(T?) x (0, 00))
to (1.4.4) with initial data (FY ;,,, ., Bin). Then, for each e € (0,1], take initial data
F s F2 € X. Take also Fy 4, € X, Bin € (0,00), and define @Y. by the third line
of (1.4.4). Assume for all e € (0,1],

ind?
||Fj‘ - F—E,anY + ”Fiﬂn - Mﬁme’gm(ﬁm

in 7z < €. (1.4.5)
Then, for some T > 0, there exist unique solutions (F7,F2) € C([0,T]; X x X) to
(1.4.1) with initial data (F5 ;,, F* ;) for alle € (0,1]. These converge to the limiting

system in the following sense

e e 0
HF+ — F_EHLOO([&TLY) + HF_ — /Lgeﬂ(b HLQ([O,T];W) < (k. (146)

To prove the result above, we must verify a singular limit. Specifically, the
time derivative of the electron distribution has a coefficient of €, which could result
in rapid growth or oscillation in the absence of any stabilization mechanism. In
addition, since we do not rescale the ion velocity, we must account for two divergent
velocity scales in the analysis of the ion-electron collision terms. This is reminiscent
to the separate spatial scales that emerge in the asymptotic analysis of the Prandtl
boundary layer problem [120]. Nevertheless, we show that the difference between
the electron distribution and the limiting Maxwellian becomes arbitrarily small in a
time proportional to e, using the stabilization effect of the collisions. Moreover, we
found that the effect of ion-electron collisions completely drop out of the equation
for the ion distribution, and yet contribute to extra stabilization in the equation for

the electron distribution.
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To make this argument precise, we apply the framework of [71]. This requires
some reformulation, as we need to handle variable temperature ﬁ of the underlying

Maxwellian.

1.5 Local Well-Posedness of the Vlasov-Poisson-

Landau system

The derivation of the massless limit given by Theorem 1.4.1 is conditioned on the
existence of solutions to (1.4.4). In Chapter 5, also in the forthcoming paper [54],
we state a local well-posedness Theorem for both (1.4.1) and (1.4.4). This chapter
shares many of its methods of Chapter 4. An abridged version of this theorem for

the system (1.4.4) is as follows:

Theorem 1.5.1. There exists a Hilbert space X such that the following holds. For all
(Fyin, B) € X x R, such that 1/ng 4y, is uniformly bounded, there exists T > 0 such
that (1.4.4) has a unique weak solution (F,, B, ¢) to (1.4.4), with F, € C([0,T]; X)
and € C([0, T|;R,).

We emphasize that the space X is different from the space X in Theorem 1.4.1,
although only slightly. The X norm is the same as the X norm, except that it also
includes arbitrarily small control on v derivatives. The reason why this is necessary
is rather technical. In the context of the massless limit, while it may seem that
we are working with large initial data for F%, we rely on the fact that F — FY
is small to close our estimates. In the context of local well-posedness, we have
no analogous smallness. To compensate for this, we utilize the regularity in v to

interpolate problematic commutators.
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In addition, Chapter 5 gives an account of a construction scheme for solutions
to (1.4.1) and (1.4.4). While mostly standard, there are several difficulties coming
from the degenerate, quasilinear nature of the dissipation. In the case of (1.4.4),
constructing (3, ¢°) presents an additional challenge. For this, we adapt and extend

some of the results in [12].



Chapter Two

The Vanishing Surface Tension Limit

Joint work with Huy (). Nguyen.

2.1 Introduction

In the studies of fluid flows, interfacial dynamics is a broad and mathematically
challenging topic. Some interfacial problems in fluid dynamics that have been rigor-
ously studied include the water wave problem, the compressible free-boundary Euler
equations, the Hele-Shaw problem, the Muskat problem and the Stefan problem.
The dynamics of the interface between the fluids strongly depends on properties
of the fluids and of the media through which they flow. However, a common fea-
ture in all the above problems is that the interface is driven by gravity and surface
tension. Gravity is incorporated in the momentum equations as an external force.

On the other hand, surface tension balances the pressure jump across the interface

13
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(Young-Laplace equation):

[p] = sH, (2.1.1)

where [p] is the pressure jump, H is the mean-curvature of the interface, and s > 0
is the surface tension coefficient. Well-posedness in Sobolev spaces of high enough
order always holds when surface tension is taken into account but only holds under
the Rayleigh-Taylor stability condition on the initial data when surface tension is
neglected. It is a natural problem to justify the models without surface tension as
the limit of the corresponding full models as surface tension vanishes. This question
was addressed in [5,8,9,43,78,99,121] for the problems listed above. The common
theory is the following: if the initial data is stable, i.e. it satisfies the Rayleigh-
Taylor stability condition, and is sufficiently smooth, then solutions to the problem
with surface tension converge to the unique solution of the problem without surface

tension locally in time. The general strategy of proof consists of two points.

(i) To leading order, the surface tension term sH provides a regularizing effect.
For sufficiently smooth solutions, the difference between sH and its leading
contribution can be controlled by the energy of the problem without surface
tension. This yields a uniform time of existence T, for the problem with surface

tension s — 0.

(ii) For sufficiently smooth solutions and for some 6 € [0,1), the weighted mean
curvature s H is uniformly in s bounded (in some appropriate Sobolev norm)
by the energy of the problem without surface tension. It follows that sH, the

% as s — 0, establishing the

difference between the two problems, vanishes as s~
convergence on the time interval [0, T,]. Note that the optimal rate corresponds

to 0 = 0.
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Therefore, the vanishing surface tension limit becomes subtle if the initial data is
sufficiently rough so that it can accommodate curvature singularities. As a matter
of fact, in the aforementioned works, the initial curvature is at least bounded. In
this paper, we prove that for the Muskat problem, the zero surface tension limit
can be established for rough initial interfaces whose curvatures are not bounded or
even not locally L?. Regarding quantitive properties of the zero surface tension
limit, the convergence rates in the aforementioned works are either unspecified or
suboptimal. In this paper, we obtain the optimal convergence rate for the Muskat
problem. The next subsections are devoted to a description of the Muskat problem

and the statement of our main result.

2.1.1 The Muskat problem

The Muskat problem [107] concerns the interface evolution between two fluids of
densities p* and viscosities u* governed by Darcy’s law for flows through porous
media. Specifically, the fluids occupy two domains Q* = QF ¢ R**! separated by
an interface X = X;, with Q7 confined below a rigid boundary I'", and Q~ likewise
above I'". We consider the case when the surfaces I'* and ¥ are given by the graphs

of functions, that is, we designate b* : R — R and n : R, x R¢ — R for which

Y = {(z,n(t,r)) : xR}, (2.1.2)
" = {(z,0%(x)) : = € R}, (2.1.3)
Q ={(z,9) ER* xR : b (z) <y <n(t,z)} (2.1.4)
Q= {(z,9) ER* xR :n(t,z) <y < bt (x)}, (2.1.5)

Q=0tuQ. (2.1.6)
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We also consider the case where one or both of I't = (). In each domain QF, the

fluid velocity u* and pressure p* obey Darcy’s law:

pEuE + Vo, pt = —ptgéi, dive,ut =0 in QF (2.1.7)

where g denotes the gravitational acceleration, and €y, is the upward unit vector in
the vertical direction. For any two objects AT and A~ associated with the domains

O and Q respectively, we denote the jump

[A] = A~ — A*

whenever this difference is well-defined. In particular, set

a=glrl.

At the interface, there are three boundary conditions. First, the normal component

of the fluid velocity is continuous across the interface

[u-n]=0 on X, (2.1.8)

where we fix n to be the upward normal of the interface, specifically n =
(V)= (=Vn,1) with

()= VI+]F

Second, the interface is transported by the normal fluid velocity, leading to the

kinematic boundary condition

= (Viu - nls,. (2.1.9)
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Third, according to the Young-Laplace equation, the pressure jump is proportional

to the mean curvature through surface tension:
[p] = sH(n) = —sdiv({Vn)~*Vn) on %, (2.1.10)
where s > 0 is the surface tension coefficient and
H(n) = —div((Vn)~'Vn) (2.1.11)
is twice the mean curvature of ¥.

Finally, there is no transportation of fluid through the rigid boundaries:
ut-vf=0 on TI¥ (2.1.12)

where v* = +£(Vb)~1(=Vb* 1) is the outward normal of T+, If T* = (), this

condition is replaced by the decay condition

lim u*(x,y) = 0. (2.1.13)

y—Foo

For the two-phase problem, we have p* and u* both as positive quantities. We will
also consider the one-phase problem where the top fluid is treated as a vacuum by

setting p* = pt =0 and 't = 0.

In the absence of the boundaries I'f, both the Muskat problems with and without
surface tension to leading order admit H ”%(Rd) as the scaling invariant Sobolev

space in view of the scaling

n(z,t) — XAz, \*t)  and  n(z,t) = X Ip(Ax, At).
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In either case, the problem is quasilinear. The literature on well-posedness for the
Muskat problem is vast. Early results can be found in [6, 7,31, 39, 52, 123, 132].
For more recent developments, we refer to [38,40,40,41,51,63] for well-posedness,
to [22,36-38,42,47,60,63] for global existence, and to [23,24] for singularity formation.
Directly related to the problem addressed in the current paper is local well-posedness
for low regularity large data. Consider first the problem without surface tension. In
[32], the authors obtained well-posedness for H*(T) data for the one-phase problem,
allowing for unbounded curvature. For the 2D Muskat problem without viscosity
jump, i.e. put = p~, [38] proves well-posedness for data in all subcritical Sobolev
spaces W2 (R). In L?-based Sobolev spaces, [101] obtains well-posedness for data
in all subcritical spaces H2(R). We also refer to [2] for a generalization of this
result to homogeneous Sobolev spaces H Y{R)N H (R), s € (%, 2), allowing non-L?
data. In [109], local well-posedness for the Muskat problem in the general setting
as described above was obtained for initial data in all subcritical Sobolev spaces
H 1+%+(Rd), d > 1. The case of one fluid with infinite depth was independently
obtained by [3]. Regarding the problem with surface tension, [101, 102] consider
initial data in H?*(R). In the recent work [108], well-posedness for data in all

subcritical Sobolev spaces H 1+%+(Rd) , d > 1, was established.

2.1.2 Main Result

In order to state the Rayleigh-Taylor stability condition solely in terms of the inter-

face, we define the operator

RT(n) =1-[Bn)Jm)n=1- <%‘(n)J‘(n)n - %+(n)J+(n)77>7 (2.1.14)
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where J*(n) and B*(n) are respectively defined by and (2.2.14) and (2.2.21) below.

Our main result is the following.

Theorem 2.1.1. Consider either the one-phase Muskat problem or the two-phase
Muskat problem in the stable regime p~ > p*. The boundaries I'* can be empty
or graphs of Lipschitz functions b* € Wh*(R%). For any d > 1, let s > 1 + d
be an arbitrary subcritical Sobolev index. Consider an initial datum 7, € H*(R?)
satisfying

inf RT(no) > 2a >0, dist(n, ') > 22 > 0. (2.1.15)

zcRd

Let s, be a sequence of surface tension coefficients converging to 0. Then, there

exists T, > 0 depending only on ||n||zs and (a, h, s, u*, g) such that the following

holds.

(i) The Muskat problems without surface tension and with surface tension s,

have a unique solution on [0, 7,], denoted respectively by 7 and 7,, that satisfy

m € C([0, T.]; H(RY) N L2([0, T.]; H*"2 (R%)), (2.1.16)
n € C([0,T.); H*(RY) N L2([0, T.]; H* 2 (RY)) N C([0, T.); H¥ (RY) Vs < s,

(2.1.17)

H(nn7 77)HLOO([07T*]7H§) _'_ ”(Tln’77)‘|L2([O,T*]7HS+%) + \/g‘|nn|’L2([0,T*],HS+%) S 'F<H/,70HH57 ail)’

(2.1.18)
inf inf RT(n,(t)) > a, inf dist(n,(t),TF) > h, 2.1.19
ot inf, (Na(t)) > a . dis (7 (t), 1) ( )
inf inf RT(n(t)) > inf dist(n(t),T%) > h 2.1.20
anf, | inf, (n(t)) > a, . dis (n(t),I'F) > h, ( )

where F : Rt x R* — R* is nondecreasing and depends only on (h, s, u*, g).
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(ii) As n — oo, 1, converges to n on [0, 7] with the rate /s,:
710 = ll o egizr=sy Wt =Ml o g 1 oty < VEnF (lollzre,a™). - (21.21)
If in addition s > 2, then we have the convergence with optimal rate s,,:

ms,a ). (2.1.22)

170 =l oy I = 1 e < 0 (ol

The convergence (2.1.21) holds for initial data in any subcritical Sobolev spaces
H'™5+(RY). In particular, this allows for initial interfaces whose curvatures are
unbounded in all dimensions and not locally square integrable in one dimension. The
former is because H(1o) € H- 2 (R%) ¢ L*(R?) and latter is due to the fact that
in one dimension we have H(ny) € H “3t(R) ¢ L? (R). This appears to be the first
result on vanishing surface tension that can accommodate curvature singularities of
the initial interface. On the other hand, the convergence (2.1.22) has optimal rate
s, and holds under the additional condition that s > 2. This is only a condition in
one dimension since s > 1 + g > 2 for d > 2. Note also that s > 2 is the minimal

regularity to ensure that the initial curvature is square integrable, yet it still allows

for unbounded curvature. See the technical remark 2.1.3.

The proof of Theorem 2.1.1 exploits the Dirichlet-Neumann reformulation [108,
109] for the Muskat problem in a general setting. See also [3] for the one-fluid case.
Part (i) of Theorem 2.1.1 is a uniform local well-posedness with respect to surface
tension. The key tool in proving this is paralinearization results for the Dirichlet-
Neumann operator taken from [1,109]. The convergences (2.1.21) and (2.1.22) rely
on contraction estimates for the Dirichlet-Neumann operator proved in [109] for

a large Sobolev regularity range of the Dirichlet data. Together with [109] and
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[108], Theorem 2.1.1 provides a rather complete local regularity theory for (large)

subcritical data.

Remark 2.1.2. In [8] and [99], the first results on the zero surface tension limit
for Muskat were obtained respectively in 2D and 3D for smooth initial data, i.e.
Yo € H% for some sufficiently large sy. The interface is not necessarily a graph but

if it is then the convergence estimates therein translate into

17 = 1l oo (jo.1.3; 11 (1)) < C/5py,  d=1,2, (2.1.23)

which has the same rate as (2.1.21).

Remark 2.1.3. The condition s > 2 in (2.1.22) is due to the control of low frequen-
cies in the paralinearization and contraction estimates for the Dirichlet-Neumann
operator G(n)f (see (2.2.8) for its definition). Precisely, the best currently available
results (see subsections 2.2.4 and 2.2.5 below) require f € H°(R?) with o > 1. The

3

proof of the Ly H5™? convergence in (2.1.22) appeals to these results with o = s — 3.

Remark 2.1.4. It was proved in [109] that the Rayleigh-Taylor condition holds

unconditionally in the following configurations:

e the one-phase problem without bottom or with Lipschitz bottoms;

e the two-phase problem with constant viscosity (ut = pu™).

When the Rayleigh-Taylor condition is violated, analytic solutions to the problem
without surface tension exist [123]. The works [124,125] and [27,28] strongly indicate
that these solutions are not limits of solutions to the problem with surface tension.
We also refer to [72] for the instability of the trivial solution (with surface tension)

and to [59] for the stability of bubbles (without surface tension).
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Remark 2.1.5. In Theorem 2.1.1, the initial data is fixed for all surface tension
coeflicients s,. In general, one can consider 7,|,—9 = 7,0 uniformly bounded in
H*(R?) such that the conditions in (2.1.15) hold uniformly in n. Then, for any

s>1+g,wehave

Hs,ﬂil).

(2.1.24)

=1 F (|Imo]

17 =1l Lo 0,725 115-1) + Hﬁn—UHLz([OﬁT*];Hsf%) < (Vn+ 10,0 =m0l

On the other hand, if s > 1+ g and s > 2 then

ws=2) F([[1ol s, a7).
(2.1.25)

Remark 2.1.6. By interpolating the convergence estimate (2.1.21) and the uniform
bounds in (2.1.18), we obtain the vanishing surface tension limit in H* for all s’ €

[s —1,s):

/

170 = 1l e qozugetzy + W = 1l oo g ey < 807 Flllmollzs, 7). (2.1.26)
L2([0,T);H® T2)

Convergence in the highest regularity L°H? is more subtle and can possibly be
established using the Bona-Smith type argument [17]. This would imply in par-
ticular that n is continuous in time with values in H3, n € C}H;. In the context
of vanishing viscosity limit, this question was addressed in [100], while convergence
in lower Sobolev spaces (compared to initial data) was proved in [35]. For gravity
water waves, the Bona-Smith type argument was applied in [110] to establish the

continuity of the flow map in the highest regularity.

Remark 2.1.7. The proof of the local well-posedness in all subcritical Sobolev spaces
in [109] uses a parabolic regularization. Theorem 2.1.1 provides an alternative proof

via regularization by vanishing surface tension. We stress that the assertions about



23

7 in Theorem 2.1.1 do not make use of the local well-posedness results in [109].

The rest of this paper is organized as follows. In section 2.2, we recall the reformu-
lation of the Muskat problem in terms of the Dirichlet-Neumann operator together
with results on the Dirichlet-Neumann operator established in [1,109]. Section 2.3
is devoted to the proof of uniform-in-s a priori estimates. In section 2.4, we prove
contraction estimates for the operators J* which arise in the reformulation of the
two-phase problem. The proof of Theorem 2.1.1 is given in section 2.5. Finally,
in Appendix 2.6, we recall the symbolic paradifferential calculus and the Garding

inequality for paradifferential operators.

2.2 Preliminaries

2.2.1 Big-O notation

If X and Y are Banach spaces and T" : X — Y is a bounded linear operator,

T € L(X,Y), with operator norm bounded by a constant multiple of A, we write

We define the space of operators of order m € R in the scale of Sobolev spaces
H5(R?):
Op™ = Op"(R?) = [ L(H*(RY), H* " (R)).

seR

We shall write T' = Ogpm (A) when T' € Op™ and for all s € R, there exists C' = C(s)
such that T'= Ops_,gs—m (C'A).
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2.2.2 Function spaces

In the general setting, to reformulate the dynamics of the Muskat problem solely in

terms of the interface, we require some function spaces.

We shall always assume that 7 € W>°(R%) and either T = (§ or b* € WH°(R?)

with dist(n, b*) > 0. Recall that the fluid domains Q% are given in (2.1.2). Define

H' (%) = {v € Lipo(9) : Vayv € LQ)YR, vl juos) = [ Vayvll 2.
(2.2.1)

For any o € R, we define the ‘slightly homogeneous’ Sobolev space

U9 (RY = {f € L, (RY : Vf € HU R} /R, o sy = 19 ltos oy
(2.2.2)
When b* € W1>°(R%), we fix an arbitrary number a € (0, 1) and define the ‘screened’

fractional Sobolev spaces

+k)— f@)
A2 (R :{feLocRd :/ / (= dkdz < 00 b /R.
za(y-++) () : ) Re J k| <Fa(n—-bF) [t /

(2.2.3)

According to Proposition 3.2 [109], the spaces H : ol bi)(Rd) are independent of 7 in

W (R?) satisfying dist(n, b*) > h > 0. Thus, we can set

N H:(RY) if Tt =0,
H?(RY) = (2.2.4)

1 .
2 ey (RY) i 0F € TEo(RY),

It was proved in [97,128] that there exist unique continuous trace operators

(RY) (2.2.5)

H—w\»—-

Teos s : HY(QY) = HE(S) = H
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with norm depending only on [[7]lyj1.00 ey and Hbi”Wl,oo(Rd)-

Finally, for o > %, we define

HZ(RY) = H2(RY) N HY (RY) (2.2.6)

and equip it with the norm || - ||z, = || - ”H% + |- e
+

2.2.3 Dirichlet-Neumann formulation

Given a function f € R%, let ¢ solve the Laplace equation

(

Agyd=0in Q7

1¢=fony, (2.2.7)

9 _ -
kay_—()onl1 ,

with the final condition replaced by decay at infinity of ¢ if '™ = (). Then, we define
the (rescaled) Dirichlet-Neumann operator G~ = G~ (n) by

0p~

G~ f = (V) . (2.2.8)

The operator G*(n) for the top fluid domain QF is defined similarly. The solvability

of (2.2.7) is given in the next proposition.

Proposition 2.2.1 ([109] Propositions 3.4 and 3.6). Assume that either I'" = ) or

b= € Who(RY). If n € W'(R?) and dist(n,['~) > h > 0, then for every f €

HZ(RY) there exists a unique variational solution ¢~ € H'(Q7) to (2.2.7). Precisely,
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¢ satisfies Tro-_x¢ = f,

Vg Vaypdady =0 Yo e {ve HY Q) : Trg yv= 0}, (2.2.9)
0-

together with the estimate

IVa sz < FUVAl2)I 4 g (2.2.10)

for some F : R — R* depending only on h and ||V0™ || 1o (ra).-

As the functions b* are fixed in W*(R%), we shall omit the dependence on

|V2b™ || oo (ray in various estimates below.

The Muskat problem can be reformulated in terms of G* as follows.

Proposition 2.2.2 ([108] Proposition 1.1). (i) If (u, p,n) solve the one-phase Muskat

problem then 7 : R¢ — R obeys the equation

o = —M%G(n) (9p n+sH(n)). (2.2.11)

Conversely, if 7 is a solution of (2.2.11) then the one-phase Muskat problem has a

solution which admits n as the free surface.

(i1) If (u®, p*,n) is a solution of the two-phase Muskat problem then

o = —%G_(n)f_, (2.2.12)
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where % := p*|x + ptgn satisfy

fm=ft=an+sH(n),
(2.2.13)

Conversely, if 7 is a solution of (2.2.12) where f* solve (2.2.13) then the two-phase

Muskat problem has a solution which admits n as the free interface.

To make use of the results on the Dirichlet-Neumann operator established in

[1,108,109], it is convenient to introduce the linear operators

JE=J%m): v f* (2.2.14)

where f* :R% — R are solutions to the system

Id —1Id f~ v
_ . (2.2.15)
prG=(n) —u~Grm) ) \ [ 0
Introduce
+ p—
L=L(n) = %GJ. (2.2.16)

For the two-phase case, L coincides with %Gﬂ]* in view of (2.2.13). Thus,

writing L = <u ﬂ;ﬂ, + 2 Jj;, )L yields the symmetric formula

L=G J +G'J*". (2.2.17)
This formula holds for the one phase problem (2.2.11) as well. Indeed, when u* =0

we have J*© =0 and J~ = Id, and hence L = G~. In view of (2.2.16), Proposition

2.2.2 implies the following.
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Lemma 2.2.3. The Muskat problem (both one-phase and two-phase) is equivalent to

L L) en+sH@m) = 0. (2.2.18)

om +
STy

The next proposition gathers results on the existence and boundedness of the

operators J¥, G*, and L in Sobolev spaces.

Proposition 2.2.4. ([1] Theorem 3.12, and [109] Propositions 3.8, 4.8, 4.10 and Re-

mark 4.9) Let ™ > 0 and p~ > 0. Assume dist(n, %) > h > 0.
(i) If n € WH(RY) then
+ +
1 1 1 1 < 1,00 L.
190 by 165t gy + Wl 1y < Fllalnce), (2:2:19)

where F is nondecreasing and depends only on (h, u*).

(ii) If n € H*(R?) with s > 1+ ¢ then for any o € [1, 5], we have

1T 2pae gy + NG g oy + I Ll eqae ey < Flllnllae), (2.2.20)
where F is nondecreasing and depends only on (h, u*, s, o).
2.2.4 Paralinearization
Given a function f, define the operators
BEf=B5(n)f = (V)2 (V- V +G=(n))f, (2:2.21)

VEf =0%(n)f = Vf— VBt (2.2.22)
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We note here that B*f = 9,¢%|x and V*f = V,¢F|s, where ¢ solves (2.2.7).

Moreover, as a consequence of (2.2.20) and product rules, we have

19 )l tg g + 10 )l g oo s < F Il (22.23)
foralls>1+4 and o € [, s].
The principal symbol of G~ (n) is
A, €) = /(VIEE — (V- O, (2.2.2)

while that of GT(n) is —A(z,£). Note that A(z,§) > |£] with equality when d = 1.

Next we record results on paralinearization of G*(n).

Theorem 2.2.5 ([1] Propostion 3.13, [109] Theorem 3.18). Let s > 1+ ¢ and let

6 € (0, 3] satisfy § <s—1—%. Assume that n € H*® and dist(n, I'*) > h > 0.

(i) For any o € [%, s — 0], there exists a nondecreasing function F depending only

on (h,s,o,0) such that

FGHM) = Tn+ Ogigyroves(F ([0l 12)) (2.2.25)

) (2.2.26)

L(n) = Tx + Oposgro—v+s (F([In]

(ii) For any o € [%, s], there exists a nondecreasing function F depending only
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on (h,s,o,6) such that for all f € HZ(R?), we have

F GH)f = TS = Taeyn) = Ty -V +Op oy (Flnlle)(1+ il ey,
(2.2.27)

L)f = Ta(F = Tpwym) = Tgwny -0+ 0, oy (Fllnllae) 1+ Il ey o) f-
(2.2.28)

Proof. (2.2.25) was proved in Proposition 3.13 in [1] for o € [3,s — 1] but its proof
allows for o € [3,5 — 4]. On the other hand, (2.2.27) was proved in Theorem 3.17
in [109]. Let us prove (2.2.26) and (2.2.28). We recall from (2.2.17) that L =

G~J~ 4+ GTJ*T. Applying (2.2.25) we have
FCHIEf = TN f + Ofig oo (Fllnll 1)) T* .
By virtue of (2.2.20) we have HJiHL(H",ﬁj[) < F(|Inllz=), and thus

FCETEf = ThJEf + Opo_y o146 (F(||0]

m:))f-

It follows that

L(n)f = TA[J1f + Onos o5 (F (|0l 1)) f

=Tzf + Opnogo—ves (F (|10l )

where in the second equality we have used the fact that [J] = Id. This completes
the proof of (2.2.26). Finally, (2.2.28) can be proved similarly upon using the para-

linearizaion (2.2.27). O

Finally, the mean curvature operator H(-), defined by (2.1.11), can be paralin-
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earized as follows.

Proposition 2.2.6 ([108] Proposition 3.1). Let s > 1+ £ and let 6 € (0, 1] satisfying

0<s—1-— g. Then there exists a nondecreasing function F depending only on s
such that

Hp) =Tin+ 0,y yus (Fllnlle)y (2:2.20)
where

I = (Vn)3\2 (2.2.30)

In addition, if ¢ > —1 then

1H )| ze < F(|In]

Hs) 7]||HJ+2. (2231)

2.2.5 Contraction estimates

Let s > 1+ ¢ and consider n; € H*(R?) satisfying dist(n;, I'*) > h >0, j = 1,2. We

have the following contraction estimates for G*(n;) — G*(15).

Theorem 2.2.7 ([109] Corollary 3.25 and Proposition 3.31). For any o € [1, 5], there

exists a nondecreasing function F : R — R* depending only on (h, s, o) such that

HGi(??l) - Gi(ﬁzﬂ

HS) |m — nal|me (2.2.32)

Hy—Ho-1 < F(H(nlﬂh)’

and

IG*(m) = G2l 7z o < F (11, 7m2)]

w)

Theorem 2.2.8 ( [109] Theorem 3.24). Let 6 € (0,3] satisfy 6 < s — 1 — 4. Let

o€ [% + 0,s]. For any f € ﬁi, there exists a nondecreasing function F depending
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only on (h,s, o) such that

F(GTm)f = G () f) = —Tamt s (m — n2) — Tuzyyr - V(e — 12)

+ Oty yygos (F (12 1)

’771 - 772HHU—5>f7
(2.2.34)

where \; is defined by (2.2.24) with n = n;.

2.3 Uniform a prior: estimates

Conclusion (i) in Theorem 2.1.1 concerns the uniform local well-posedness of the
Muskat problem with surface tension. Key to that is the following a prior: estimates

that are uniform in the vanishing surface tension limit s — 0.

Proposition 2.3.1. Let s > 1+ g, uw~ >0, ut>0,5>0,and h > 0. Suppose
n € C([0,T); H3(RY)) N L2([0, T); H+2 (RY)) (2.3.1)

is a solution to (2.2.18) with initial data ny € H*(R?) such that

inf inf RT(n(?)) > 0 2.3.2
ot nf RT(n(t)) > a >0, (2.3.2)
. . +

tel[%,fT} dist(n(t),I'=) > h. (2.3.3)

Then, there exists a nondecreasing function F : RT x R™ — R* depending only on

(h, s, u*) such that

71| o (fo,77:225) < 701|125 €xP ((5 + 0)TF (1] oo (o,71: 15 Cfl)) (2.34)
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and

sllnlP el < 7 (Jlml

-1 -1
12(fo,7); e+ L2([0,T);H* 3) e XD <<5 + 9 TF (<o, o >>’a )

(2.3.5)

where Fi(m,n) = m>F(m,n).

Proof. Set B = [B(n)J(n)]n and V = [B(n)J(n)]n. We shall write Q = Q(t) =
F([In()|lgs,at) when F(-,-) is nondecreasing and depends only on (h, s, u*). Note

that F may change from line to line. From (2.2.18) we have

(W™ + ™ )0m + gL(n)n + sL(n)H(n) =0 (2.3.6)

for both the one-phase and two-phase problems. Fix § € (O, min(%, s—1-— 5)) By

virtue of the paralinearization (2.2.28) (with o = s) we have

gL(mn = o(Ta(n —Ten) =Ty - Vi) + O, .1 (sQ(1 + |n|

Hs-!—%—é))n'

On the other hand, (2.2.26) (with o = s — ) together with (2.2.31) gives

SLH(n) = sTH() + O, .y o 3os(5F(nll )

Combining this with the linearization (2.2.29) for H(n) yields

sL(n)H(n) = sT\Tin+ O sF([In|

)",

JIaas BN Log Al (

where we have applied Theorem 2.6.2 to have T\ = Og1 (F(||7]

1))-
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Then in view of (2.3.6) we obtain

(u* + )0 + sToTin + 9(Th(n — Ten) — Tv - V)

=0, et (87 (In)

m:))N-
(2.3.7)

i) (1 + HnSHH%,a))n + 0,03 e 34s (8T (I

Note that A\ € T'}, I € I'? and (B,V) € W' C I'?, with seminorms bounded by

F(|In]lz=). The symbolic calculus in Theorem 2.6.3 then gives

T3Tm = Tan + Oops-s (F (11l +)),

T\(Id — T) = Tra—p) + Oopi-s (F(||n]

HS))?
TV : V == ZT&V == ’LRe(Tg\/) + Oopl—é (.F(HnHHs)),

where Re(Te.v) = 5(Te.v + T¢y). It then follows from (2.3.7) that

(" + 1) + 5T + o Taa—myn — iRe(Ter)n)

=0, 1 @F(nl

m5))1-
(2.3.8)

Hs)(l + ||T]S||H%,5))T] + OHer%*)Hsf%JrS(E‘F(HT”

We set ny = (D)®n. Appealing to Theorem 2.6.3 again we have

[(D)*, Txi] = Oppsts—s (F(||n]

),
(D), Txa-B)| = Opps+1-s (F(|[n]

[(D)*, Re(Tev)] = Ogper-s (F([|n]

Hs, a_l))>

HS))7

where [A, B] = AB — BA and in the second line we have used the lower bound

(2.3.2) for (1 — B) together with the fact that A > |£|. Note that we have adopted
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the convention that F(||n]|gs) = F(||n||xs,0). This implies

(1* + 17 )0ms + sTuns + g (T/\(lfB)ns — Re(T. g.v)775>

= OLzﬁHfé (gQ(1 + ||775||H%75))77s + Oppi-s(8Q)ns + OHg%Hng (5Q)ns.
(2.3.9)

Since iRe(T¢.v) is skew-adjoint, by testing (2.3.9) against 7, we obtain

(W +p7)

d
5 aHUsﬂiz + 5(Tms; s) 2 + 8(Tra-B)Ns, Ms) 12

< Q{a (4 Il ya-o)Im 2 lmel Nl g -slimell 1]+ slimell s olimel s
(2.3.10)

where (-, )2 denotes the L? pairing. The term involving 1 + [7s]l ;15 is treated as

follows:

(L [Insll g -sMmslizzllnsll o < Nnsllezllnsll g+ lmsllz2linsll s llsll

(2.3.11)
In view of (2.3.2) and the fact that A(z,&) > |£|, we have the lower bounds
1
ML= B) = algl, A= (VN > el
(Inllwr.oe)?
Moreover, A(1 — B) € T'} and [\ € T'} with seminorms bounded by F(||n]|zs). Then
applying the Garding’s inequality (2.6.9) gives
19Dl 5 < QImell g Il 35 + (Thans, mi)i2), (2.3.12)
1Oy < Qs el + (D)), (23.13)

where U(D) denotes the Fourier multiplier with symbol ¥ defined by (2.6.3). In
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addition, we have
Jullzr < CN(D)ullar + [Jull2)  vVreR.

Thus, (2.3.10) amounts to

(ut+p)d

S s + 5 (sl + gl )

(2.3.14)
< Qalnell, y slnsll, y +sllmell g sl 5)-

We use Young’s inequality and interpolation as follows:

Insl?,y (23.15)

1
2(1-96 20=9)
el g -sllmel g < sl < (0Q™ T sl + 1555

and similarly,

6

2(1—
sl 3 -slImsll 3 < ||ns||Lz||ns|| i ) < (10955 a3 + —=slInsll? 5 (2:3.16)

100Q2

Applying these inequalities to (2.3.14), and then subtracting terms involving |[nl| 1

we obtain for a larger Q if needed that

pt

d
5l + 5 (5||nsll2 " s tolndl 1) < (9+9)QlnsllZ- (2.3.17)

A Gronwall’s argument then leads to

1 2 2 2
o + g (51012 et + 811 ety ) < Il exp (6 + 9170,

where Qr = F(||n|| 1o (po,1);1+), @ ') with F depending only on (h, s, p*). In particu-
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lar, we have the H® estimate (2.3.4). As for the dissipation estimate, we have

2
1
L2([0,T);H* " 2)

= < lmlle exp (s + 0)TF (nll om0 1) ) Qr-

On the other hand, plugging (2.3.4) into Qr gives

Or = Fllnllzqoryrey, a~) < F (ol exp ((s + )T F (Inll <o, 07 ) o™
Therefore, upon setting F;(m,n) = m>F(m,n) we obtain

2
L2( 0T];HS+2

sl +alll?, w5 ((s+ OTF(Inll e oy, a7 ) o))

oreety < F1 (Il

which finishes the proof of (2.3.5). O

2.4 Contraction estimates for J*

Our goal in this section is to prove contraction estimates for J*(n) at two different
surfaces 7, and 7,. This is only a question for the two-phase problem since for the
one-phase problem we have J~ = Id and J* = 0. Given an object X depending on

n, we shall denote X; = X|,—, and the difference
Xs=X1 — Xo.

Proposition 2.4.1. Let s > 1+ ¢ and consider 7; € H*(R?) satisfying dist(n;, I'*) >

h > 0,7 =1,2. For any o € [%,s], there exists F : Rt — R depending only on
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(h,s, o, u*) such that

15 o rg. < F(NG)Ims e, (24.1)
15 o 77 < F (N 15 s, (2.4.2)

where we denoted
Ny = [[(n1,n2) |+ (2.4.3)

We shall prove Proposition 2.4.1 for the most general case of two fluids and with

bottoms, i.e. u* > 0 and I't # (). Adaption to the other cases is straightforward.

2.4.1 Flattening the domain

There exist n= € C;T1(R?) such that

h h h
()4 < () Smla) - b @) <nt@) - b <bt@) b vee R (244)
and for some C' = C(h, s, d),
17l esrro0ay < C(1+ [lmllzoe + (2]l o). (2.4.5)

For j = 1,2 we set Q. = Q, UQ,, where

7

O = {(z,y) - w € RY 4n(x) < 4y < 40 (2)}. (2.4.6)
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Note that Q, = {(z,y) : z € RY n 7 (x) <y < nf(x)} is independent of j € {1,2}.

For small 7 > 0 to be chosen, define p;(z, z) : R? x [—1, 1] by

03, 2) = (1= 2)e Py () — 2ol = 2z (@) + 20+ 2l (w). (247)

2
Lemma 2.4.2. There exists K > 0 depending only on (s, d) such that if 7K ||n;|| g <
h
12 then
h
0.0i(z, z) > T (z,2) € RY x (=1,1), j=1,2. (2.4.8)

For 7 = 1,2, the mapping
D, : R x [—1,1] 3 (z, 2) — (x, 0i(2,2)) € Qs

is a Lipschitz diffeomorphism and respectively maps R? x [0, 1] and R? x [—1, 0] onto

Q:j and €2 ;. Moreover, there exists C' = C'(h, s, d) such that

HV(I)jHL“’(RdX(fl,l)) < C(l + NS), (249)

IV(®; )]0y < C(1+N,). (2.4.10)

Proof. We first note that ®;(z,0) = %, = {(z,n;(z)) : = € R}, ®;(z,1) =
{(z,nf(x)) : € R} and ®;(z,—1) = {(x,n,(z)) : * € RY}. Thus, in order to
prove that ®; is one-to-one and onto, it suffices to prove that 0,0,(x,2) > ¢ > 0 for

ae. (z,2) € RYx (—=1,1). For z € (=1,1) \ {0} we have

For z € [3,1], 1 =2z € [-1,3] and 1 + 2z € [2,3]. In addition, by (2.4.4) we have
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F(n_nF) > h/2. Consequently,

>

S(1=22)(y() 0 (2) + 5 (14 29007 (@) — @) 2 2. (2411)

Similarly we obtain (2.4.11) for z € (=1, —3) and z € [—3, 3] \ {0}. Next writing

e
(e~ #1D=) — 1) (2) = —T/ e 7 PN(D, )y () d!
0

we obtain that

h
asz('x? Z) Z 6

—1K|njllms V(z,2) € R x (—1,1)

for some constant K = K(s,d). Note that the condition s > 1+ %l has been used.
Choosing 7 > 0 such that 7K||n;||gs < h/12 gives 0,0j(x, 2) > h/12 for a.e. (z,2) €
R x (—1,1).

Since

0,0i(x, z) = —226_T|z|<DI>77j (x) — sign(z)7(1 — 22)6_T‘Z|<Dm>(Dm>nj(x)

_ %(1 —22)n; (x) + %(1 +22)n (2),

there exists K’ = K'(s,d) such that

a1 4 K'7||n;]

10205 (2, 2)||wreo max(—1,17) < K'[|n;] ms + K'(1+ Nyoy),

where we have used (2.4.5). Then in view of the fact that 7||n;||zs < hK™!, we

obtain

HQ]HWl’OO(RdX(fl,l)) < C<1 + NS)> C= C<h7 s, d)’ (2'4'12)
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whence (2.4.9) follows. On the other hand, we have ®;'(z,y) = (z, x;(x,y)) where
y=0j(r,2) <= z=ri(z,y) ae (z,2) R x (=1,1). (2.4.13)

Then the relation x;(z, 0j(x, 2)) = 2 yields

1 0,0j(x, 2)

Opkj(z, 0i(z,2)) = “Boo)(w.2) (2.4.14)

ykj(z, 0j(x,2)) = Wa

Thus, in view of (2.4.8) and (2.4.12), we obtain (2.4.10). O

Lemma 2.4.3. Set

Q0@ (1Y) € Q,,
T(x,y) = (2.4.15)

(z,9), (z,9)€Q\Q,

and
VIV
= 24.1
| det VY| ( 6)
Then, T is a Lipschitz diffeomorphism on {2 and
1
— < T < C(1+ N, €. Q 24.1
Gy <0t V() SCOLH M) e (r9) € (24.17)
IV Y| o) + V(X)) < F(NG)- (2.4.18)
Moreover, M satisfies
1M — Tl wqey < FOV) sl e (2.4.19)
1M = Tdllg2ey < FON)Inll, 3. (2.4.20)

Proof. According to Lemma 2.4.2, T is a Lipschitz diffeomorphism on €2,. For

(x,y) € Q\ Q. we have T = Id, and hence T is a Lipschitz diffeomorphism on
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Q and M —Id = 0. It thus suffices to consider (z,y) € Q.. On €, we have

Y(z,y) = (x, 01(x, ko(z,y)), and so

1 0
VY (z,y) =

a(z,y) b(z,y)

where

a(:c, y) = az@l(xu K2<x7y))+azgl($a 52(377 y))axl‘ﬁﬁ(x’y)? b(ﬂ?, y) = aZQ1<$, KZQ(xvy))ay’KQ(xa y)

Using (2.4.14) (with j = 2) gives

ax@l(xv KQ(*Ia y))azQQ(xa /{2(‘Ta y)) B axQQ(xa /{2(1‘7 y))@zgl(a?, /{2(1‘7 y))
@zQQ(x7 /{2(‘%7 y))

a(z,y) =

Y

ale(-xa 52(377 y))

b(l‘7 y) B 82'92(377 KZ(:L'? y)) .

In view of (2.4.8) and (2.4.12) we obtain

1

CaT Ny <detVY(z,y) =b(z,y) < C(1+ N5) ae. (z,y) € . (2.4.21)

Next we compute

1[1-—0b a
a a*+bb-1)

Using the above formulas for a and b together with (2.4.7) and (2.4.8) we deduce

that

(@, b = Dz .y < F(Ns)|Ins]

Hs,

(@, b = D2,y < F(N:)[Insll 13-

This combined with (2.4.21) leads to (2.4.18), (2.4.19) and (2.4.20). O
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2.4.2 Proof of Proposition 2.4.1

The proof proceeds in three steps.
Step 1. We first recall from (2.2.15) that J*v = f* where f* solve

Id ~Id F- v
= . (2.4.22)

ptG=(m) —p=GT(n) ) \f* 0

From the definition of the Dirichlet-Neumann operator we see that f* = ¢*|x where

g~ solve the two-phase elliptic problem

Agt =0 in OF,

¢ —q¢"=v onX,
(2.4.23)

- +
Ong _ Ong” — () on ¥,

© wt

0,4¢F =0 onI'*.

\

To remove the jump of ¢ at 3 we take a function 0 : Q — R satisfying

O(z,n(x)) = —%v(m), =0 near I'F, (2.4.24)

10110y = CA A+ lnllwreo)lv] 3 oy €= Cd). (2.4.25)

Then, the solution of (2.4.23) can be taken to be ¢* := (r & 0)|q+ where r € H'(Q)

solves )

—Ar = £+A0 in QF,

q Qur — Our — —8716’(“% + F%) on %, (2.4.26)

wt B -

0,27 =0 onI'*t,
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A function 0 satisfying (2.4.24) and (2.4.30) can be constructed as follows. Let
¢(z) : R — RT be a cutoff function that is identically 1 for |z| < 1 and vanishes for

|z| > 1. Set
_ Lo y —n(z)
O(x,2) = —5c(2)e v(z), O(z,y) =6(z, ). (2.4.27)

Then, 0(z,y) = 0 for |y — n(z)] > h, and hence 6; = 0 near ['* in view of the

condition dist(n, %) > h. Moreover, (2.4.30) is satisfied.

Integration by parts leads to the following variational form of (2.4.26):

1 1 1 1 :
/ ( L Q*)w Vo dedy = / <i . ﬁ)ve Vo dedy, Vo e HY(Q).
QM wr QM wr
(2.4.28)
For example, for ¢(z) : R — RT a cutoff function that is identically 1 for |z| < 1 and

vanishes for |z| > 1, we set
1 —
B(x,2) = —5(2)e 1 PIu(@), b(a,y) = 6(« ,y—W)). (2.4.29)

Then, 0(z,y) = 0 for |y — n(z)] > h, and hence #; = 0 near ['* in view of the

condition dist(n, T*) > h. Moreover, we have

101l 1) < C(L+ [Inllwree) 0]l 1 C = C(d). (2.4.30)

HZ (Rd)’
By virtue of the Lax-Milgram theorem, there exists a unique solution r € H'(Q) to
(2.4.28) which obeys the bound

7l 720y < CUHON i1y < CAA+ [Inllwre) 01l (2.4.31)

H? (Rd)”



45

Consequently,

JEv = f* = Trgs_x(r +£0), (2.4.32)

and hence by the trace operation (2.2.5),

1750l < F(NS)|vl

(2.4.33)

H:% (Rd) H%(Rd).

We note that 6 defined by (2.4.27) depends on 7, and so does 7.

Step 2. In this step we prove contraction estimates for J5jE = Jli — Ji in f]ft
Recall that T defined by (2.4.15) is a Lipschitz diffeomorphism on . Let 6, be
defined as in (2.4.27) with n = 7, and let 3 = 6, o . Let us check that 65 obeys

(2.4.24) and (2.4.30) for n = n,. Indeed, using the fact that Y : 3y — ¥; we have

Oa(z,m2(2)) = (2, Y (2, m2())) = O1(2,m(2)) = —%v(ﬂf)-

On the other hand, since T = Id near I'* and 6; = 0 near I'*, we deduce that
6; = 0 near I'*. Finally, the bound (2.4.30) for 6, follows from (2.4.30) for 6; and
the Lipschitz bound (2.4.18) for T.

According to Step 1, we have
inv = Trszjiazj(rj +0;)

where 7; € H'(Q) satisfies

lo- , lov - lo- _lovyg, 71
/Q<M—+M—+)V7‘j'v¢divdy—/g<u IM)VGJ Vo dedy Yo € H'(Q).

(2.4.34)
Set 75 = 15 0o T~ and recall that 6; = 6 0 YT=!. Combining (2.4.31) and (2.4.17)
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gives

172/l 1.0y < F(Ns)-

Since map ¢ — ¢ o T is an isomorphism on H'(Q), with M = VYVY!/|det VY|
we have for all ¢ € H'(Q2) that

1 - 1 + 1 — 1 +
/ (2 + L) VRMVe dudy = / (-2 - Z)VoMVe! dudy,  (2:4.35)
QM K QM K

where gradients of scalar functions are understood as row vectors, and the rows of
the Jacobian matrix VY are the gradients of each component of Y. Taking the

difference between (2.4.35) with j = 2 and (2.4.28) with j = 1, we obtain

191_ 1Q1+ I~ ¢ 191_ 191’ ~ ¢
/Q (M + o >V(r2 )V dudy = —/Q ( o+ >Vr2(M 1)V dady

]'Q_ 1Q+
+ /Q ( - u_+> VO, (M — 1d)Ve' dady
(2.4.36)

for all ¢ € H (). Setting ¢ = 7, —r; and using the estimate (2.4.19) for M —Id in
L>(£2) we obtain

172 = 1l gy < CH)IM = Td]| oo o (72l 71 0 + 1011 511 )

(2.4.37)
< FN) sl ol .
On the other hand, using (2.4.20) for M — Id in L*(Q) instead gives
172 = 71l g1y < C()IM = 1d] 2 () (V72 oo () + V01 [ oo ()
(2.4.38)

< F(N)Imsll 3 1]

HS)»

where in the last inequality we have used the fact that

72| oo (@) + 101]| oo () < F(Ns)||v]

HS.



Since r9 =190, 0 =007, and T:in—>Qf, Yo — 21 we have
Troz 5, (ry £05) = Trﬂf—ml(% +0),
and hence

Jiv = Tros v, (r £ 61) = Troz 5, (r2 £ 62)
= Trszf—@l(rl +61) - Ter—@l(?? +01)

= Ter—iJl (Tl - ff?)‘

In view of (2.4.37) and (2.4.38), the trace operation (2.2.5) yields

UH 1,

17500l 3 < FONmslaellol]

||J§‘LUHH% < F(N)lnsll s o]l as-
For the proof of (2.4.1), we shall only need (2.4.40).

Step 3. We have inv = JE(nj)v = fji where

f-_—fﬂ_:’l),

T j=1,2.
L= 1ot

=Gy =Gl =0,

By taking differences we obtain f; = f; and

1 1 1 1
—Gify = G ff = —Gify ——G5 fy,
oo vle T ET e T g e T 2 e J2

47

(2.4.39)

(2.4.40)

(2.4.41)

(2.4.42)

where we recall the notation G = Gf — G5. Combining the contraction estimate
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(2.2.32) with the continuity (2.2.20) for J*, we deduce that

. 1
1G5 f2 o2 + 1G5 fo e < F(NS) sl e l[olls - Vo €[5 8], (2.4.43)

We take § € (0, 3] satisfying o < s —1 — 4. In light of the paralinearization (2.2.25)
for G¥, we have

1. 1 1, 1 prp
+rt+ + 1 1
ﬂ__Gl s _M_+G1 s _T)\l(u__f(s +#—+f5)+R —WTMJC& + R,

_ 1
IR -1 < F(NIf5 e Vv € (5,5 4d]-

(2.4.44)
It follows from (2.4.42),(2.4.43) and (2.4.44) that if
1 1
u€[§,s—(5], v+d<o, o€ [5’3]’ (2.4.45)
then
1T, £5 [ zv-res < FIN S5 e+ F (N lnsl = 0] - (2.4.46)
Applying Lemma 2.6.6 we have
(D) f5 Nazers < Fllmlla) 1 Tx S zzss-r + Flmllao)l f5 -
But for 7 > %,
Iy < CIYD) -l +Cll -5
whence (2.4.46) implies that
15 [ zwvs < FIN 5 N+ F (N lmsll e [[0]] e (2.4.47)

provided that v and o satisfy (2.4.45).
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We note that (2.4.40) implies that

15158 < FNlmsll 4 vl (2.4.48)

and hence (2.4.1) holds for ¢ = 1. Now fix o € (3,s]. We use (2.4.47) to bootstrap

the base estimate (2.4.48) to

15 e < F(N) sl a= ]

. (2.4.49)

Indeed, we can always take 6 smaller if necessary so that %—{—(5 < 0. Plugging (2.4.48)
into (2.4.47) with v = § yields (2.4.49) with 1 + 6 in place of ¢. Continuing this
n steps, n being the greatest integer such that % + nd < o, we obtain (2.4.49) for
1+ +nd in place of o. This is justified since v = 1 + (n — 1)J satisfies (2.4.45). Thus,
for possibly one more step to gain o — (5 + nd) derivative, we obtain (2.4.49). The

proof of (2.4.1) is complete.

Finally, (2.4.2) can be proved similarly except that one uses the contraction

estimate (2.2.33) to estimate G5 f3 in (2.4.43).

2.5 Proof of Theorem 2.1.1

Let s >1+%, u~ >0, 4% >0, and s € (0,1]. Consider an initial datum 7, € H*(R?)
satisfying

inf RT (1) > 2a > 0, (2.5.1)

z€R4

dist(ng, I'*) > 2h > 0. (2.5.2)



50

Theorem 2.1.1 will be proved in Propositions 2.5.1, 2.5.2 and 2.5.5 below. Precisely,
Proposition 2.5.1 establishes the uniform local well-posedness for the Muskat prob-
lem with surface tension belonging to any bounded set, say s € (0,1]. Then, in
Propositions 2.5.2 and 2.5.5, we prove that in appropriate topologies, n(® converges

to n with the rate /s and s respectively.

Proposition 2.5.1. There exists a time T, > 0 depending only on |[|no||zs and
(a, h,s, u*, g) such that the following holds. For each s € (0, 1], there exists a unique
solution

®) e C([0, T.]; H*(RY) N L*([0, T.]; H* 2 (R%)) (2.5.3)

to the Muskat problem with surface tension s, 77(5)\15:0 =1y and

2

2 -1
L2([0,T,]; H ) H F(nollgs,a™") (2.5.4)

EHTI L2 OT]H5+§) —

H77(5)H%oo([o,T*];Hs)+H’? |

for some nondecreasing function F : R* x R* — R* depending only on (h, s, u*, g).

Furthermore, for all s € (0, 1] we have

3
f inf RT(n'¥ (¢ = 2.5.
tel[(I)lT]xlngR (n=(8) > 2a’ (2:5.5)

3
f dist(n®(¢),. T%) > Zh. 2.5.
Wt ist(n'”(t), %) > 3 (2.5.6)

Proof. According to Theorems 1.2 and 1.3 in [108], for each initial datum ny € H*®
satisfying dist(ng, [*) > 2k > 0 and for each s > 0, there exists 7, > 0 such that the

Muskat problem has a unique solution
o e C([0, To); H) N L*([0, T3); H**2)

satisfying infier, dist(n®(t), ) > 2h. We stress the continuity in time of the H*

norm of n®). Now we have in addition that 7, satisfies the Rayleigh-Taylor condition
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(2.5.1). Thus, we define

T* —sup{T € (0,T] : inf inf RT(n(t)) > ga}. (2.5.7)

te[0,T] zeRd

We shall prove that 7, > 0 for each s € (0,1] and there exists T, > 0 such that

T > T, for all s € (0,1].

Step 1. We claim that there exist § > 0 depending only on s, and Fy : Rt — R*

depending only on (h, s, u*, g) such that

| B ) @) )~ (BT, <+ EOFEWD) (259

for all t < T, where

Ei(t) = ||77(5)||2C([0,t};Hs) +5||77(5)Hi2([0,t];H5+g)- (2.5.9)
Set
A(t) = B0 (1) I (1D ()0 (t) — [B(110) J (10)J70-
The continuity properties (2.2.20) and (2.2.23) of J* and B* imply that
1A@) [ < 1[BBG )T 0P )0 )]s + (1B (0) (170) 170 251
< F(In2®ll=) + F (110 0) =) (2.5.10)

< F(Es(1)).
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On the other hand, denoting B* (1) (t)) = BF and J* (99 (t)) = J7¥, we can write

A(t) = (B, T, — B I (t) — (By Jy — B3I ) no
= (B, —By)J, 0 (t) + By (J7 — Jo I (t) + By Jy (0 (t) — mo)

= (B = B) S0 () = B = I () — B I (0 (1) — o).

We treat the first two terms since the other terms are either similar or easier. The

contraction estimate (2.2.32) with o = s — 3 gives

IG=9 () = G (o) < F(E:())|In"(t) = ol

=~ _3 _1.
HY—H*"2 H™2
From this and the definition of 8% it is easy to prove that
1%, =Bl 5, g < F(Eo(t) 1) (£) = ol oy -
g1
Then recalling the continuity of J* from H =3 H} ? we obtain
1B, —B) T, PO g < F(E0) () = noll oy -

Next regarding B, (J; — J; )n®(t) we use the contraction estimate (2.4.1) with
c=s5—3

17 = o]

-

~5—

(&) () —
B0 ? < F(Es(t))[In™(t) nOHHS_%

together with the continuity (2.2.23) to have

185 (J;~ = Jo 0" (t)] < F(ESO)n9 () = mol

(V)

H e
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Therefore, we arrive at

o2

IA@) oy < FESO) 0 (E) =10l

o=z —

;. (2.5.11)

To bound |7 (t)—n|

o) We first use the mean-value theorem and equation (2.2.18)

to have

t
1) —mll,_y < / 10,y dr
t
< F(E®)) / aln® @)y +sIH (O ()], dr

1
S ‘F(Eﬁ(t)) <tg||n(5)||C([0,t};Hs) + t25||n(5)||L2([0,t];Hs+%)>

1
< (tz2 4+ t)F(Es(t)) <9||77(5)||C([0,t};H5) + \/g||77(5)||L2([0,t};HS+%)>

for all 5 € (0,1] and ¢ < T,. Interpolating this with the obvious bound |7 (¢) —

nollas < F(M(t)) gives

L < (17 4+ 1) F(E(L) (2.5.12)

H* "2

17 () — no

for some 6y € (0,1) and F depending only on (h, s, u*, g). Then in view of (2.5.11),
this implies

JA@)] g < (7 + 1) F(EL(t)).

HS

Fixing s’ € (max{1+ %,s — 2}, s) and interpolating this with the H* bound (2.5.10)
we obtain

JA@) | o < (82 + ) F(Es(t))

for some 6 € (0,1). Using the embedding H¥~! ¢ L*°(R?) we conclude the proof of

(2.5.8).



54

Step 2. We note that (2.5.8) implies the continuity of

[0,T3] >t~ inf RT(n®(t)).

z€ERI

Thus, in view of the definition (2.5.7) and the initial condition (2.5.1), we have

Tr >0 for all s € (0, 1].

By the definition of T, conditions (2.3.1), (2.3.2) and (2.3.3) in Proposition
2.3.1 are satisfied for all T < T7. Thus, the estimates (2.3.4) and (2.3.5) imply the
existence of a strictly increasing F, : R* x Rt — R* depending only on (h, s, u*, g)
such that

Fa(m,0) >m?* Vm >0 (2.5.13)

and

M,(T) < ]—"2<H770] i+ TF(M(T), a7 ), a—l) (2.5.14)

for all s € (0,1] and 7" < T, where

2

M,(T) = H77(5)||20([0,T};Hs) + [In®@P? 1 +5||77(5)HL2([0’T};H5+%)-

L2([0,T);H" 2

Set

o [

= L (2.5.15)
273 (2 (2ol

Hs, a‘l), Cl_1>

independent of s. We claim that

M5<T) S K() = F2(2||7]0|

me 0 V) VT <min{Th, 77}, Vs € (0,1 (2.5.16)

Assume not, then there exists 5o € (0, 1] and 75 < min{75, T} } such that M, (T3) >

Ky. Since My, (0) = ||no]

25 < Ky, the continuity of T+ E, (T) then yields the

existence of Ty € (0,T3) such that M, (7)) = K,. Consequently, at T' = Ty, (2.5.14)
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gives

F2(2mollps,a™t) < }—2<H770HH5 + Ty Fs (-7:2(2”770HH57 a '), 071) : afl)

-1 -1 -1
Hs,Q ),Cl ),Cl >

< 7a(lln

3
< (5 lIml

i+ ToFa (P (21l

-1
Hs, O )a

where we have used the definition of 75 in the last inequality. This contradicts the

fact that F, was chosen to be strictly increasing.

Now for all T' < min{T5, T}, we use (2.5.8) and the fact that E,(-) < M,(-) to

have

inf inf RT(n®(¢)) > inf RT(no) — (T2 + T%)Fo(M.(T))

te[0,T] zeR4 z€R4

> 2a — (T2 + T%) Fo(Ko).
Choosing T, < T sufficiently small so that
] 1
(T2 + TOFy(Ky) < o (2.5.17)

we obtain

inf inf RT(n®(t)) > ga VT < min{T,, T} (2.5.18)

t€[0,T] zeRd e
Clearly, T, is independent of s. Moreover, (2.5.18) and the definition of T show that
T, <T7 for all s € (0,1]. Finally, since T, < min{75,T;}, (2.5.16) and the definition

of T guarantee that the estimates (2.5.4), (2.5.5) and (2.5.6) hold true. O

Proposition 2.5.2. There exists F : Rt x RT — R* depending only on (h, s, u*, g)
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such that

< (51 + 52)F (ol zzs, 07")
(2.5.19)

(1) _  (o2) 2 (1) _ o (e2))2
1= = 0 e oagiarey + 110 = ey

for all s; and sy in (0, 1].

Proof. Denote n; = %), j = 1,2, and 15 = 1, — 1o which exists on [0,7,]. We fix

6 € (0,min(3,s — 1 — ¢)). From (2.2.18) we have that 7, evolves according to

(,U+ + ,Lti)atﬁ(; = —g<L5771 + L2?75) — 51L1H(?71) + 52L2H(772). (2520)

By (2.2.20) and (2.2.31),

H(n;)| (2.5.21)

1L H ()] H) ao-y < Fllngllee)ln;]

3 < F(lnl

H ™2 TS

We now paralinearize Ly and Ls. Applying (2.2.26) with o = s —  — § gives

Lons = Ty,ms + O (f(NS»?](; (2522)

1 3
H~ 279,02

As for Ls we write

Li= Y GyJf+G3Jf (2.5.23)
t=+,—

Using (2.2.25) at 0 = s — 1 — §, we have

Y G =Ty )+ O 1.
+=+,— t=+,— H
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Recall that Ny is given by (2.4.3). However,

Jy = Jf =7 = J) = (Jy = Jf) =1d—1d =0

and by virtue of Proposition 2.4.1 (with o = s — 5 — ),

+
J5 = OHsﬁﬁl—%—s(”nﬂ Hs—%—s)-
We thus obtain

=t

As for G5 Ji, we apply Theorem 2.2.8 with 0 = s — 1 and (2.2.20) to have

:':G(:Stjlif = _T)\l%leifné - Tmfjlif Vs + O (F(Ns)||776| Hs—%—é)fa

HSHHS*%

and hence

> Gy = =T — Twndr - Vs + 0, g (F(NS) 5]
t=t,—

Hsf%fa)f-

Combining this with (2.5.24) yields

Lsf = =T — Tiwnds - Vs + O s (FIND sl ey —s) £ (2:5.25)

From (2.5.22) and (2.5.25) we have

Lons + Lsny = Th,ns — Tiw,ngm s — Ll gm - Vs

+ 0,y ey (F(N)s + O, (F(N)Ims]

—SH sHHTS HS*%*“)nl
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Interchanging n; and 7y gives

Lins + Lsne = Tx;ns — T80 05]meM5 — T[0501m2 * Vs

+0 (F(N)Ims|

sy 3 (FN)ms + 0, o3 e bes) T2

But Lins+ Lsns = Lans+ Lsny, thus taking the average of the above identities yields

Lons + Lsm = Toxa-s1n)als — L(nn)e - Vs

+0 (F(N)Ims]

s (F(N)ns + O, m3=s) (I + 1),

1 ) 3
HS_§_6—>H5_ s S5 2

where

()‘(1 - [[%J]]n))a = %(Al(l —[B14]m) + A (1 — [[%QJQ]]%))

and similarly for ([U.J]n)a. It then follows from (2.5.20) and (2.5.21) that

(1™ + 17)0ms = —9T =110 s + 8T ([0 10)a - Vs + R,

et < 8F (NG |ms]

(2.5.26)
IR

s T (51 +52)]:(Ns)Ns+g-

Next we perform H*™! energy estimate for (2.5.26). Introduce 7551 = (D)* !ns.

Upon commuting (2.5.26) with (D)*~! and applying Theorem 2.6.3 we arrive at

(1t + p7)0mss—1 = —gTa-[31)aMss—1 + GIRe(T([wsjn)a-e ) Mss—1 + R,
(2.5.27)

H5+% 9

2
IRy < o F(Nso il yos + F(N) S ;]
j=1

where F depends only on (h, s, u*). Moreover, the uniform estimate (2.5.4) implies
that

Ny < F(|lnoll s, a™h). (2.5.28)
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Testing (2.5.27) against 751 yields
(W +p)d
Ta”%,sq”é = — 9(Tnq—18710)a 5—1> Mos—1) 12 + (R Mss—1) 12

where we have used the fact that iRe (T([[m J}]n)a.g) is skew-adjoint.

From (2.5.5) we have that (A\(1 — [BJ]n)). is an elliptic symbol in T'}:
AL = [BJ]m)a > al¢], Mz (A1 = [BJ]n)a) < F(Ns,a™),

where F depends only on (h, s, u*,g). Applying the Garding inequality (2.6.9), we

have

||776,s—1 ||Z% < ‘F(||770| Hs, a_l) ((T(A(lf[[%ﬂ]n))a%,s—la 77575—1)L2+||775,s—1”H% ||775,s—1||H%75> :

This combined with the estimate for R in (2.5.27) and (2.5.28) implies

(Wt +p)d 2 g 2
TEH”&,S—IHLQ + Q_T*HU(S,S—IHH%
2 (2.5.29)
< 90r el ysllmssill g + Qrllmseally 3 sl g,
j=1
where
QT* = ]:(H,r/O| Hs, a_1)7 (2530)

F depending only on (h,s, ™, g). Using interpolation and Young’s inequality, we

have
(1— 2(1-9) 1 9
sl g —slimsll g < s 721 | % < (10Q7.) 7 +WH”57S—1HH%7
T
1
5]'”77]"Hs+%H775,S—1HH% — ]1OOQT* 77]HH5+§ 100Q2 H776s 1”

(2.5.31)
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Thus, for possibly a larger F in Q. , we obtain

2

(W +p)d g
TEH%’S*H%Q + Q_T*HU(S,SAHZ% < 99n [nss1ll72 + Qr. leﬁHml iﬁg
]:
(2.5.32)
Finally, since 7s|;—o = 0 and by (2.5.4)
T
5 [ Il < Fllmla™),

0

an application of Gronwall’s lemma leads to the estimate (2.5.19). O

Now let 5, — 0 and rename 7, = n®») solution to the Muskat problem with
surface tension s, on [0,7,]. The uniform estimates in (2.5.4) show that along a

subsequence 7, converges weakly-* to
n € L=([0,T.); H*) N L*(0,T.]; H*"?) (2.5.33)
together with the bounds

e a b (2.5.34)

9l 05+ 1l 2 gty < F ol

The estimate (2.5.19) implies that (7,), is a Cauchy sequence in C([0,Ti]; H¥~!) N
L2([0,T,]; H*"2). Therefore,

me — 1 in C([0,T.); HY N L2([0, T.); H2); (2.5.35)

in particular, n|;—o = 7. Moreover, by interpolating between L°HS and CyH*™!,

we deduce that n € C([0,7,]; H*) for all s < s. Since 1, — 7 in C,H3™! € C,L,
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(2.5.6) gives
inf dist(n(t),IF) >

t€[0,T%]

NN GV

h. (2.5.36)

Lemma 2.5.3. 1 is a solution on [0, 7] of the Muskat problem without surface tension

with initial data .

Proof. For each n, we have from (2.2.18) that

1
O + ————L(n) (g0 + $H (7)) = 0 2.5.37
ﬂ7+u++u,(nMW7+5 (7)) ( )

For any compactly supported test function ¢ € C*((0,T,) x R?), we have

1

e /0 * é L) o +sH(n))drdt (2533)

T,
/ NnOypdxdt =
0

Clearly, (2.5.35) implies that

T* T*
/ NnOrpdxdt — / nOppdxdt.
0 0

The continuity (2.2.20) of L combined with (2.2.31) and the uniform bound (2.5.4)

yields

Spl| L(nn) H ()l . S]:(Hnn||L°°([0,T*];HS))5NHnn“ 2 3
L2([0,T«];H ) L2([0,T«];H )

S VanF ([l

Hs, Clil).

Since s — % > 0, this implies

/0 * / L) (snH () dedt| < gLz I1201) (50 Hm)) 12,

Hs, Cl_l) — 0.

< Vanllelzz Flinol
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Next we write

L)1 — L(n)n = (L) — L)1 + L(0) (0 — 1)

= _Aﬁ:—u (G (1)~ (100) — G~ ()T~ (1)) + L(1) (13 — 1)

= —/ﬁ;u_ {(G_(nn) — G () () — G~ () (T~ (1) — J‘(n))nn}
+ L(10) (1 — ).

Combining (2.2.32) and (2.2.20) we obtain

H(Gi(nn)_Gi(n))Jﬁ(nn)nnHLQ([O’T*];HS—%) S F(H(nna77)HLOO([O,T*];HS))Hnn_nHLg([&T*];Hsf%)-

On the other hand, (2.2.20) and (2.4.1) yield

NG (T~ m) =T~ ) all g epge-y < F UMl o 258 00 =1l 07013

Finally, by (2.2.20) we have

V200 = Dl ooy < Fmlla o) = 1l ozt

Putting together the above considerations, we obtain

T*
| etemm, - L(n)n)’ < el 2 0 O o0 0=l g ety = O
O 1L x|y

by virtue of the strong convergence (2.5.35) and the uniform H® bound in (2.5.4).

We have proved that

T. 1 T.
noypdxdt = —/ / wL(n)(gn)dxdt
/0 t prtpm Joo Jra (m){en)
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for all compactly supported smooth test functions . Therefore, n is a solution on

[0, T,] of the Muskat problem without surface tension. O

Lemma 2.5.4. We have
inf inf RT(n(t)) >

te [07T*] xERd

a. (2.5.39)

DN o

Proof. Set

K = [B.)J (n:)]n. — [B(n)J(n)]n.

Arguing as in the proof of (2.5.11) we find that

1K1

a2 < F([ ) las) 10m — 0l s

S Fllmoll ey o™ llom = nll 1.

On the other hand, by estimating each term in K we have

12 < FCN @y ) S Flimollzs,a7).

Choosing s’ € (max{4,s — 2}, s — 1), then interpolating the above estimates gives
g 2

HKHLN([O,T*];L‘X’(Rd) < F(llnoll s, afl)H??n - 7]“%°°([0,T];H5*1)

for some 6 € (0,1). Then, (2.5.39) follows from this and (2.5.5).

Now in view of the properties (2.5.34), (2.5.36) and (2.5.39) of 7, we see that in

the proof of (2.5.19), if we replace 7**) with 7,,, n*2) with n, and (s, 55) with (s,,0),
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then we obtain the convergence estimate

7 = il ooy 4 1 =l 2o oty S VEnF (Imllar @™ (2:5.40)

Furthermore, assume that n; and 7, are two solutions on [0, 7] of the Muskat problem
without surface tension with the same initial data ny and that both satisfy (2.5.34),
(2.5.36) and (2.5.39). Then the proof of (2.5.19) with §; = s = 0 yields that n; = 7
on [0,7,]. This proves the uniqueness of 7. In other words, we have obtained an
alternative proof for the local well-posedness of the Muskat problem without surface

tension for any subcritical data satisfying (2.5.1) and (2.5.2).

The next proposition improves the rate in (2.5.40) to the optimal rate.

Proposition 2.5.5. If in addition s > 2, then

Hsaa_l); (2541)

170 = o o=y + 1 = gy, < Sl

where F : Rt x R* — R depends only on (h, s, u*, g).

Proof. We follow the notation in the proof of Proposition 2.5.2 but set 1, = 7, and

ne = 1. Then, ns = n, — n satisfies
(™ +p)0ms = —g(Lsm + Lons) — s, LiH (11). (2.5.42)
Applying (2.2.20) and (2.2.31) with o =5 — 3 >

| Ly H ()|

3 < F(llml

H"2

H(m)|

< F(llmllzs)lIm]

H) o ey (2.5.43)
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N
Y
N[

Next we paralinearize Ly and Ls. For Ly we apply (2.2.26) with 0 = s —

Lons = T,\27]5 + 0 .F(Ns))ﬁ(g (2544)

3 5
H 2 5H5 2710 (

Ls can be written as in (2.5.23). Using (2.2.25) with 0 = s — 2 > 1 together with

the fact that J; — J;” = 0, we obtain

D GEIE = Y Opy g (FIN)JE

t=+,— =+,

Applying Proposition 2.4.1 with ¢ = s — % > %, we obain

=0, esin

Hs—%)7

and hence

Z Gétjgt :OH5_>HS—%+5(‘F<NS)||775|

=t

HS_%) ’
. . o 3 1 - .
On the other hand, Theorem 2.2.8 can be applied with o = s — 35 > 5, implying

Z thjlif = _T)\1[%1J1}]f775 - T[[‘Blfﬂ]f . Vn5 + OHS*)Hsngré (F(NS)||775|
t=+,—

o3

We thus obtain

g+5 (F(Ns) s

Lsf = =Txpwinisis — Tpovnis - Vs + O ) fo (2545

HS—H~

Applying this with f = 7, then combining with (2.5.44) and symmetrizing we arrive
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at

Lons + Lsm = Tixa-181n)a — T(1ws1ma - Vs

+ 0,3 30 (FINDIMs + Oy e g6 (F(N)Ims] oz )i
Plugging this and (2.5.43) into (2.5.20) leads to
(" 4 17)0ms = —9Ta—s1m)a s + 01 wayma - Vs + Ry + Ry,
IR o345 < 8F (No)Imsll o3 (2.5.46)
IR, s < s F (Nl

Next we set 152 = (D)*?ns and commute the first equation in (2.5.46) with (D)2

to obtain after applying Theorem 2.6.3 that

(1™ + 17)Omss—2 = —gT(\1-[BJ]n)alss—2 + GiRe (T([[QIJ]]n)a-g)%,s—Q +R1+ Ra,
IRl 3s < 9F (N msall,

HR2HH71 < 5, F (Ny)|Im |

2

Hs+%7

(2.5.47)

where F depends only on (h,s, u*). An L? energy estimate as in (2.5.29) yields

(W +p)d g
TEHWS‘QH%Z + Q—||775,s_2||i1%
o (2.5.48)
S gQT* 775,5—2"1{%—6 Hné,s—2 HH% + 5, QT* 771‘ Hs+% Hntis—Q “H% )
where Qr, is given by (2.5.30). Interpolating as in (2.5.31) we obtain
Jr —
pr+pm)d g
—( 5 )%HU&S—?H%P + Q_T*Hné,s—2||2% < gQTl |’775,s—2||%2 +§$LQT* 771| i]”é'

(2.5.49)
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From the uniform estimate (2.5.4) we have

Ty
/ ™
0

Thus, applying Gonwall’s lemma to (2.5.49) we arrive at (2.5.41). O

Loy @t < F(llmoll s, a7h).

Ht 2

2.6 Paradifferential Calculus

In this appendix, we recall the symbolic calculus of Bony’s paradifferential calculus.

See [18,103].

Definition 2.6.1. 1. (Paradifferential symbols) Given p € [0,00) and m € R, I'}"(R?)
denotes the space of locally bounded functions a(x, ) on R x (R?\ 0), which are C*°
with respect to & for € # 0 and such that, for all & € N? and all £ # 0, the function

x — Oga(x, &) belongs to W»>(R?) and there exists a constant C, such that,
1 e m—|a|
vIEl > 3 10 a(-, §)lweee ey < Call+[€]) :
Let a € T (R?), we define the semi-norm

MMa)=  sup  sup [[(L+ €D O¢a(-, &) lwooenay- (2.6.1)
o] <2(d+2)+p |¢[>1

2. (Paradifferential operators) Given a symbol a, we define the paradifferential op-

erator T by

—

Tou() = (27T)_d/x(€ —n,m)a§ —n,n)¥(n)un) dn, (2.6.2)

where a(0,£) = [ e ™%a(x, &) dr is the Fourier transform of a with respect to the
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first variable; x and ¥ are two fixed C* functions such that:

W) =0 forll <z, We)=1 forly 27, (2.6
and y(6,n) satisfies, for 0 < &1 < €9 small enough,
x(On) =1 if 0] <eilnl,  x(0,n) =0 if [0]=ealn],
and such that
V(0,m),  1050)x(0,n)| < Cap(1 + [n])1*=17.
Theorem 2.6.2. For all m € R, if a € I'{* then
T, = Oopm (Mg (a)). (2.6.4)

Theorem 2.6.3 (Symbolic calculus). Let @ € T™ a’ € T™ and set § = min{l,7}.

Then,
(i)

TyTy = T + Ogpy -4 (M;”(a)M(’)”'(a’) + Mgnl(a)Mﬁ’(a’)); (2.6.5)

(i1)
Ty = Tz + Ogpm-s (M (a)). (2.6.6)

Remark 2.6.4. In the definition (2.6.2) of paradifferential operators, the cut-off ¥

removes the low frequency part of w. In particular, if a € I']* then

| Toul|ge < CMJ(a)||Vul| gosm-—1 = CM(a)||w]| go+m.,
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and similarly for other estimates involving paradifferential operators.

Proposition 2.6.5 (Garding’s inequality). Assume a € I'7* with m € R and r € (0, 1]

such that for some ¢ > 0
inf Re(a(x, > cl&|™. 2.6.7
ot Re(a@,6) 2 ol (267)
Then, for all o € R, there exists F : RT x R — R* nondecreasing such that
[D)uls < O @), ) (Re(Tow e+l o) (269
and

[W(D)uly < FOM(0), ) (Re(Ta )z + ull gl g ) (269)

provided that both sides are finite. Here, W(D) is the Fourier multiplier with symbol
U given by (2.6.3).

Proof. We have

1
Re(T,u,u)r2 = 5((Tau,u)Lz + (TFu, u)L2>

1
= (TRe(a)t, u) 2 + 5((T; — Ta)u,u)p2).

According to Theorem 2.6.3 (ii), T, — 715 is of order m — r and

a 2

* * m 2
I(T5 = Ta)u, w) )l < (T35 = Ta)ull oz ull e < CM (@) Ul e

Set b = (Re(a))z. By virtue of (2.6.7) we have b € 7 and MT%(b) < F(M™(a)).
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We write

(Tre(ayt, w) 2 = (TpyTyu, w) 2 + ((Tye — TyTy)u, u) 2
= (Tbu, T;"LL)L2 + ((TbQ — TbTb)U, U)LQ

= | Tyul|2s + (Tyu, (T} — Ty)u) 2 + ((The — TyTy)u, w) pe.
Applying Theorem 2.6.3 (ii) once again we deduce that T —Tj, is of order % —r and

|(Tyu, (Ty = To)u)re| < || Tyull -5 (T3 = To)u)rell 5 < FOM(a), ) ul?

z m—r
2 gz

where we used Remark 2.6.4 in the last inequality. On the other hand, an application

of Theorem 2.6.3 (i) yields

(T = TiTh)u, u)re| < F(M(a), ) |ul?

HL "
Thus, we obtain
IThullze < (Tre(ayu, w)zz + F(M"(a), ¢ )l | me- (2.6.10)
By shifting derivative differently in the above inner products, we have the variant
I Thullze < (Tre(yu, W)z + F (M (@), ¢ )l o Null o.p - (2.6.11)
Next we note that T,-1T, — V(D) = T,-1T, — T} is of order —r and

W (D)ull g = 1T Toull g + (T Ty — U(D))ull 2 (2.6.12)
< F(M™(a), ¢ [ Tyull 2 + F(M™(a), ¢ ul g1 -

Finally, a combination of (2.6.10) and (2.6.12) leads to (2.6.8), and a combination
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of (2.6.11) and (2.6.12) leads to (2.6.9). O

The proof of (2.6.12) also proves the following lemma.

Lemma 2.6.6. Let a € ', r € (0,1], be a real symbol satisfying a(x, &) > ¢[¢|™ for

all (x,€) € R? x RY. Then for all s € R we have

(D)l

e < F(M(a), ¢ )| Toul

mo-m + F(M™(a), ¢ D |lullgrs—r.  (2.6.13)



Chapter Three

Scattering map for the Vlasov—Poisson

system

Joint work with Zhimeng Ouyang, Benoit Pausader, and Klaus Widmayer.

3.1 Introduction

The three dimensional Vlasov-Poisson system describes the evolution of a particle

distribution! u(t,z,v) : R x R® x R? — R satisfying

G40 V) p+ AV Vo =0, Agg(t,z) = p(t, ), plt,z) = / K2 (t,, v)dv.
R3

(3.1.1)

!To be precise, the physically relevant quantity f(t,z,v) = p?(t,z,v) is the square of our
unknown p — see also [91].
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This is a model for a continuum limit of a classical many-body problem with New-
tonian self-interactions through a force field V.1 that can be attractive (A = —1)
as in a galactic setting, or repulsive (A = 1) as in a plasma or ion gas, and which is

generated by the spatial density p(t, x) of the particle distribution.

The mathematical theory for the initial value problem associated to (3.1.1) is
classical and guarantees the global existence of unique solutions under suitable as-
sumptions on the initial data [11,98,116,117]. In recent years there has been progress
in understanding the long time asymptotic behavior: sharp decay rates of the den-
sity and force field are known in some settings [87,89, 113,115,126, 130], and it has
been shown that for sufficiently small initial data p the problem (3.1.1) exhibits a
modified scattering dynamic [33,91] defined in terms of a limit distribution p., and

an asymptotic force field E o], defined by inverting the roles of x and wv:

E[p](v) == ﬁ // e 12 (y, w) dydw. (3.1.2)

v —w]?

In this paper, using pseudo-conformal inversion, we prove the converse statement,
namely that any solution of the asymptotic dynamic arises in a unique way as a limit
of a solution to (3.1.1), i.e. we construct the wave operator pi, — fo. Thus we obtain
the existence of a scattering operator linking the asymptotic behavior in the past to

the asymptotic behavior in the future (p_oo — o = fitoo)-

Our main results can be summarized as follows:

Theorem 3.1.1. There exists € > 0 such that:
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1. (Global existence and modified scattering) Given pi(x,v) satisfying

H:U’1HL%,D + H<Q? - 'U>2/JJ1HL§?U + HV%U:LLlHLg?U <e, (313)

there exists a unique global strong solution u of the initial value problem for
(3.1.1) with p(1,z,v) = p(z,v). In addition, there exist poo(x,v) and Ey =

Exolttoo] as in (3.1.2) such that, locally uniformly in (z,v),

pt,z+tv — An(t) Ex(v),v) = pioo(x,v), t — +oo. (3.1.4)

2. (Emistence of modified wave operators) Given pi, € W< (R3 x R3) and E, =

Eo[ptoo) € W3 (R3) as in (3.1.2) satisfying

Dtz 1162 s s, HIHEV Vet e, 1 @092 el e lyse < 00,
(3.1.5)

there exists a unique strong global solution p of (3.1.1) for which (3.1.4) holds.

3. (Scattering map) For any asymptotic state p_o with E_o =Ex[li_o] €
W3 (R3) as in (3.1.2),
lp-ccllzz,, + {2, v) noccllzz, + [€2) Vawh-sollze, + @)V pi-sollLg, <e,

T, v —

there exist a unique strong solution p of (3.1.1), pye € Li,v N Ly, and

E,w = Exlitioo] such that

p(t,z+tv FAIN((E)) Eroo(v),v) = paoo(T,v), t — +o0. (3.1.6)

We call the map defined in a neighborhood of the origin in the Schwartz space
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through 3 above,

S oo P faoo (3.1.7)

the Scattering map. We refer to Theorem 3.3.1 for a more precise statement of our
results for 1 and to Theorem 3.4.1 for a more precise statement of 2. In particular

we note that the force field has optimal decay |[Vi| < ()72 in all cases.

Remark. We comment on some points:

1. The main novelty of this work is the construction of the wave operator 2. While
the small data modified scattering dynamic (3.1.4) was already obtained in [91],
the present result 1 is also of interest since it is stronger and the approach, while
less generalizable, leads to a simple derivation of the asymptotic dynamic. We
also refer to [114] for yet another point of view on the modified scattering as

arising from mixing.

2. Our topology for small data/modified scattering in (3.1.5) is weaker than in all
other works on asymptotic behavior that we are aware of [11,33,87,91,113,126,
130]. It is unclear what the optimal topology is, but to get almost Lipschitz
bounds on the force field, by (3.1.9), one cannot work in a much weaker setting

than ours.

3. We also obtain propagation of regularity: assuming more regularity on the
initial data we obtain higher regularity on the final (scattering) data and vice-

versa.

4. Our initial data for scattering may have infinite energy and momentum; in
addition, a simple modification also allows for initial data of infinite mass.
It is unclear which role (if any) the physical conservation laws play for the

asymptotic behavior.
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5. It is worth noting a curious fact: our proof can be adapted directly to the
case of a plasma of two species (ions and electrons). In this case, using 2, one
can construct solutions for which the asymptotic electric field profile F, = 0
vanishes and the solutions scatter linearly. In this case, the same equation
allows two different asymptotic behaviors. It remains to be understood to
which extent the linear scattering is nongeneric (say in case the total charge

vanishes).

About the Proof of Theorem 3.1.1

In the spirit of the prior work [91] (see also [61,62,95,96]), we build on parallels
between kinetic and dispersive equations. In particular, the Hamiltonian structure

of (3.1.1) guides our analysis.

The simplest case for asymptotic behavior of a nonlinear equation is linear scat-
tering when the nonlinearity can simply be neglected to model asymptotic dynam-
ics. For the Vlasov-Poisson system, this happens in the setting of Landau damp-
ing [14, 65, 106], the ion/screened problem [15,82], and in higher dimensions [126],
where solutions asymptotically satisfy 7 (1) = 0 with 7 defined in (3.1.11). The
asymptotic behavior of modified scattering as in (3.1.4) and (3.1.6) can be viewed
as a manifestation of the unrelenting relevance of nonlinear interactions in (3.1.1)
throughout time. In (3.1.1) the nonlinear, long-range interactions are governed by
a force field which does not decay fast enough to produce only a finite correction as
time tends to infinity and produces the logarithmic corrections identified in the above
theorem — see also [33,91,114] for the Vlasov-Poisson setting, and [83,84,88,93,111]

for related results on other equations.
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In order to understand the asymptotic behavior, we need to (i) identify a mech-
anism for decay (here dispersion), (i7) prove global existence, (7i7) isolate an asymp-
totic dynamic and (iv) prove convergence to it. We offload the dispersion to the
pseudo-conformal transform Z which compactifies time and reduces global existence

to local existence for a singular equation in the transformed unknown

1 q
/V(Saq’p) = :u(ga an - Sp)7 (57Q7p) € R x Rg X R?)v (318)

see also [21,26,34,129] for similar ideas. At this point, the problem merely reduces to
establishing convergence at the image of infinity, s = 0, where, however, the equation
has a violent singularity. We extend the force field £ = —V1) via a variant of the

continuity equation:

O.F +VATldiv(j) =0,  j(s,q) = /mQ(&q,p)dp, (3.1.9)

which does not involve the (singular) acceleration and provides good control of E so
long as we control some moments of 7. Once we obtain convergence of E to a fixed
asymptotic field Ey, the equation becomes a simple perturbation of transport by a

shear term:

(8s + X" Eo(q) - V) v = O(1),

which is easily integrated to recover the dynamic originally isolated in [91]. To make
this rigorous, we need to propagate mild control on appropriate norms. This is
done through a bootstrap that allows some deterioration over time in different ways
depending on the scenarios: growth of nonconvergent norms in the case of modified
scattering and loss of moment in the case of wave operators (where we start from

the singular time s = 0).
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The proof of part 1 shows how natural the pseudo-conformal inversion Z is to
study asymptotics of (3.1.1): working with only moments that are conserved in
the linear evolution of (3.1.1) one directly obtains global solutions in a bootstrap
argument. Additional regularity as in (3.1.3) is easily propagated to yield unique

strong solutions and to recover the asymptotic behavior (3.1.4) — see Section 3.3.

Part 2 is proved using a canonical change of variables in (3.1.14) to mitigate the
strong singularity at s = 0 — see Section 3.4. The Cauchy problem for the resulting
equations (3.4.7) can in fact be (locally) solved starting from s = 0 for a sufficiently
large class of initial data as in (3.1.5). Again, moments are easily bootstrapped,
while propagating derivatives requires us to identify a proper weighted norm which
compensates for the ill-conditioned Hessian of the new Hamiltonian by allowing one
loss of moment. Since via Z this corresponds to a strong solution on [T, co) for some

T > 0, classical theory as in [98] then gives a global solution.

Finally 3 follows simply by combining 2 (backwards in time) to go from past-
asymptotic data to initial data and 1 to go from initial data to future asymptotic

data.

While it may be less intuitive, using the pseudo-conformal transformation sim-
plifies the presentation over the physical space analysis as in [91], and quickly leads
to the natural modified scattering behavior. It also sheds new light on some classical

decay estimates like (3.1.15).

Open Questions

We list some open questions which remain outstanding:
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e Is there a topology that makes the scattering operator in (3.1.7) an endomor-

phism?

e In the plasma case A\ = +1, what is the asymptotic behavior for large data?
Solutions are global, there are no nontrivial equilibriums and the wave opera-
tors are defined for large data, so it is tempting to believe that Theorem 3.1.1
may be extended to all solutions (see [89,115,118] and references therein for
general results in this direction, and [113,119] for the case of more symmetric

data).

e In the gravitational case A = —1, is there a “ground state”, i.e. a smallest
solution which does not scatter? Are there solutions which satisfy some form
of modified scattering towards a nonzero stationary solution (of which there are
many, see e.g. [75,95,105])? This appears very challenging, but we note [114]
for an example of a stability result around a nonzero equilibrium in a related

setting and [48, 77] for related works.

3.1.1 Pseudo-Conformal Inversion

We define the involution of R x R? x R? given by the pseudo-conformal inversion

(see also [95])

Z:(t,z,v)— (1/t,x/t,x — tv). (3.1.10)

This transformation interacts favorably with free streaming,

T:=0,+v-V,, (3.1.11)
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since heuristically it exchanges the role of v with that of x — tv, both of which are

conserved along the evolution (i.e. commute with 7). Indeed, one can observe that

if (s,q,p) = Z(t, z,v),

as = _5_2 (8t+qvx) _p'vva Vq :S_lvx+vva Vp = _vaa

and

T(foZ)=—s*T(f)oZ.

so that composition with Z preserves the class of solutions of free streaming 7 f = 0.
The transformation Z is almost symplectic in the sense that dg A dp = —dx Adv, and

in particular the total charge is preserved:
//(f o T)%*dqdp = // fAdxdv.

Recasting Vlasov-Poisson

Given a solution u(t, z,v) of (3.1.1), we let v = o Z, so that

1

q 1
7(S7q7p) = N(Evqu_sp)v u(t,x,v) :’7(¥,¥,$—t'll) (3112)

The Vlasov-Poisson system involves a perturbation of free streaming (3.1.11) by a

force field (in this paper, we stick to the plasma terminology and refer to it as the

“Electric field”):

1 _
Elu)(t,z) == VAL /;f(t,x,v)dv = E// ﬁ At y,v)dody,  (3.1.13)
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which also transforms naturally:

Blu(t,t2) = 5 Eb](7,9)

and we see that p solves (3.1.1) on 0 < 7T, < ¢ < T* if and only if ~ satisfies for

0< (T <s<(T.)"!

(Os+p- V) v+ As'E[y]-V,y=0. (3.1.14)

Remark. The natural energy estimate for (3.1.14) is

(// Ip|*7*(s. ¢, p) dadp + — /yE |2dq> _A/]E (q)]*dg (3.1.15)

which, after rescaling, recovers one of the main integral estimates in [89,115] and

leads, for A > 0, to the optimal control of E[y] € LZ°L?.?

3.2 The Force Field and the Continuity Equation

To prove both the modified scattering and wave operator theorems, we require gen-
eral estimates on the electric field E defined in (3.1.13). In Lemma 3.2.1, we prove
fix-time bounds on the operator v +— E. In Lemma 3.2.2 we obtain dynamic bounds
for an electric field E = E[y] provided ~ satisfies (3.2.8), a slight strengthening of

the continuity equation.

Lemma 3.2.1. Let v = v(q,p) be such that v € L2 ,, (p)*y € LY, and Vyy € L,

2This in turn implies the optimal decay rate of ||E[u](t)||,> < (£)~/2 in the original variables.
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and E = Elry| defined by (3.1.13). For all A >0 and k € (0,1/3) we have

- 9 2 1[Il 20 |12
1Bl S Az, + I, | + AP, (3.2.1)

_k k—1
IVaES) e S A2+ A5 PPy I3 + A% 3 7l I V1l g -

In fact, we will mostly make use of the second line of (3.2.1) corresponding to

the choice A = (In(s))*, k = 55, i.e. the bound

_6
IV,E©) e S M) 7B+ NplPy I, + () e IVl (3:2:2)

Remark. In the estimates of this section, up to minor modifications one may alter-
. . 71 4 . 2 .
natively work with the (p) L, , norm of ~, rather than its Lj , norm. This allows

to consider initial data with infinite mass — see also Remark 3.1 (4).

Proof of Lemma 3.2.1. We decompose the electric field on different scales using a

radially symmetric function x € C°({1/2 < |y| < 2}) with [os x(y)dy = 1, namely

B0 =c [ B0 Bl = [[ R0 0= ) ) drdu,

R=0

and we directly obtain the following elementary bounds
B SRME . 10, S R (3.2.3)
which is enough for large R. To go further, we introduce

B () = / / RO (R (g =) - x(V") -+ (r, ) drd,
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with E/[7)(q) = ¢ [y Joeo Fhy (€)% % and we estimate

Bjyl S R2min{V2 2, VP2 o)
9, Elyy| S Renin{V o3 RVAIV 1z, 13,

From this we deduce that
. o : dev Ao dRAV
v [ it [ [ e [
20 B Y
S AR + AB |y, + AB-1|||p| Mo

and choosing A = B™!, we obtain the first line of (3.2.1). Similarly, we see that for

€ (0,1/3)

00 R~
- dV dR dV dR
0,E7| < 6E 0, 0,
| ! |N\/R— | |R2 \/}'% 0/: | RV| | R2 /R; O/‘; R’i| RV| R2

S AP + AP, + A i, 1V

After substituting A with A=1/3, this gives the second line of (3.2.1). O
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Lemma 3.2.2. Fiz 0 < sy < s and let v € LP([so,51]; L2 ).

1. Assuming that E = E[v] satisfies (3.1.9), we see that

1E(s1) — E(s0)|lge S (In(s1 — 50))(s1 = s0)lljllzes, + (s1 = s0)* [||<P>27 e ez |-
(3.2.5)

We also have the corresponding estimate for V,E =V E|[v]:

[VqE(s1) = VaE(so)|l2ge < (In(s1 = 50)) (51 = 50) |Vl s,

+ (s1 — s0)? H<p>4’)/ %g&w + Vv %g&w + Iy %g@LgJ) )

(3.2.6)

from which we deduce

I9,E(s1) = VaB(so)llze S s — so)(st — s0) (100915, + V01125, + s |-
(3.2.7)

2. If v satisfies a slight strengthening of the continuity equation (3.1.9), namely
s {7*} + divg {p7*} + div,{F7*} =0 (3.2.8)
for some force-field F(s,q), then for E = E[y| there holds that

1 (s1) — E(s0)llzge < {In(s1 = 50))*(s1 — so) | lp|*y

+ (81— s0)* (In(s1/50)) | (p)*

. B

5,4q,p 5,9,P

Teo (51— 50)° [H’Y

%ggm |sF

oo .
LSy

(3.2.9)
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Proof. We start with 2: using (3.2.3) and (3.2.4) we see that for s € {sg, s1},

) A2
| O SO, [ 1Bl S AP,

R=A-1 R=0

(3.2.10)

and

dR dV
/ /V0|ERV ()% 5 < A B,

dR dV
/ /V - 3|ERV |—— < A~ IBS|||p|27(S)||%3?p,

and we conclude that

AT dR B
BO) - [ Bl ] < A0 I, + 42 [0, + 1001, ]
— [ RO R g = 1) Xipecnooy(@) 72 drd

where

X{B<-<p-33(u) = / x(V‘lu)V.

(B<V<B-3}

On the other hand, using the equation (3.2.8) we find that

0= / // R—l{aqjx}(R—l(q —7r))- X{B<-<B- 3} {557 +d1v,,(7 w) + divy( F7 }d?“duds
= Era(s1) = Era(so) +/ // R™*uM0u0pxH(R™Hg — 1)) - Xqp<<p-3y () - (5,7, u) drduds,

/ // TOux (R (g —1)) - 72 (s,mu) - (F - Va)x(p<<p-33(u) drduds.

(3.2.11)

Since

\Vux(s<<s-sy(u)| S B~ Lyu<any + B*1iju=5-3/2),
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we see that

'// 1opx(R™ g — 7)) -7 (r,u) - (F - Vi) X(B<.<p-3)(u)drdu

SlsFlle -5 B - | B2, + BOlIbI I3 |

and using a crude bound for the second integral in (3.2.11), we find that

A 1 A—l B 3
dR dR av
Epr.(s1) — Er, < (5 — i -
] Bra(s) = Bra(so)} g 5 1 = )<l / R / T

+ (In(s1/s0)) - AT B[(p)*y

oo .
b(lp

Letting B = A% = (1 — 59)?, we obtain the result. For the variant (3.2.5), we do not
localize in u. In this case, we need only use (3.2.10) and the last term in (3.2.11)

simplifies. We detail this in the similar analysis of V,E in (i) below.

For 1 we use a similar analysis without localizing in u. Passing the derivative

onto y gives

oo A2
/ L IVaEals N5 < A, / V(o) T < A5 e, Y5 oz,

R=0

and the continuity equation (3.2.8) gives

0= / : / / RY0ux} R g —r1)) - 0;{0:7* + div,(v*u) } drduds

= 0;Er(s1) — 9;Er(so) + 2/ // R 0,0 x YR (g —1)) -7 - Voy(r,u) drduds,

from which we deduce that

IV4ER(s1) = VeEr(s0)llze, S (s1 —50) - R - [[{p)>y

L= IV

5,4,p

and integrating in A2 < R < A™!, we obtain (3.2.7). O
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Finally we collect the modifications of Lemma 3.2.1 and 3.2.2 above needed to
consider smoother solutions. The proofs are similar (passing the derivative through

the density) and are omitted.

Lemma 3.2.3. There holds that for all k € (0, %),

3rk—1 )

T vl 1Vl e,

IV2E| L S A||7||%g,p + A_%|||p|47||L3?p||Vq7||L3,°p + A
and

IVEE(s1) — ViE(so)llzge < (In(sy — s0))(s1 — 50)[[ V5]

~

o]
Lsyq

2
Lsaw]

e+ [{p)*' Vol

5,9,P

+ (51 = 50)? |1z, + 10Y sy, 1727

3.3 Modified Scattering

While we only need to study (3.1.14) on a compact time interval, this equation is
now time dependent with a violent singularity at s = 0. This can be mitigated since

the singular terms

(85 + AsTE(s, q) - Vp) v =l.o..

can be integrated to main order:

s ds’ s ds’
F<S7Q7p) :7(57q7p+>‘/ E(‘S/?q)?)? 7(87Q7p) :F(57Q7p_>\/ E(S/7q)?)
s'=1 s'=1
(3.3.1)

Since I' satisfies an equivalent but more cumbersome equation, we prefer to work
with (3.1.14) to bootstrap control of the norms, but a variant of (3.3.1) leads quickly

to the modified dynamics (3.3.5) once F is shown to converge.



88

The main result of this section is the following statement about modified scat-

tering:

Theorem 3.3.1. There exists € > 0 such that if v1(q,p) satisfies

Ivillez, + 1) lle, + 1 Vpanllce, <eo <e, (3.3.2)

then there exists a unique solution v of (3.1.14) with “initial” data y(s = 1) = 7

; o) oo 2 ;
for all times 0 < s <1, and v € L((0,1], Ly5, N L; ) satisfies

[P)* ()| e S e0m()), [Vpav(8)lg, S €0fln(s))”, (3.3.3)

If in addition

1)Vl < 201 (33.4)

then |[(p) Vpg ()|l 1o S €0(In(s))® and there exist Ey = E[y] € Ly and v € L7,

such that, uniformly in q, p,
v(s,q +ps+ Asln(s)Eo(q),p + AIn(s) Eo(q)) = 10(q,p),  s—0.  (3.3.5)

Remark. We comment on some points of interest:

1. In fact, as we will show below one can obtain global solutions in a bootstrap
argument involving only the moments (p)?y. The higher regularity of (3.3.2)

is only used to make sense of the equations in a stronger sense.

2. The assumption (3.3.4) is used to guarantee the convergence (3.3.5). We note
that this statement is slightly different from the one in Theorem 3.1.1, in that
in (3.3.4) we start with uniform control of one additional moment in p on the

gradients and obtain uniform (rather than local) convergence in (3.3.5). The
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proofs are easily adapted to establish the corresponding local statement under

local assumptions as in Theorem 3.1.1.

3. Our proof of Theorem 3.3.1 shows that control of higher moments (in both p
and ¢q) as well as higher regularity can be propagated. For higher moments in
p this is explicitly done in Proposition 3.3.3, and from this the propagation of
moments in ¢ follows by the commutation relations (3.3.11). For higher regu-
larity, by (3.3.11) one needs control of derivatives of the electric field; these in
turn can be directly bounded by derivatives of v via an adaptation of Lemmas
3.2.1 and 3.2.2 (see e.g. Lemma 3.2.3 for one additional derivative). As a conse-
quence, given more regularity and/or moments on a solution, the convergence

(3.3.5) can then be shown to hold in a correspondingly strengthened topology.

4. The convergence (3.3.5) implies the asymptotic dynamic (3.1.4) of Theorem

3.1.1: Letting
A (s,q,p) — (s,q+ps+ Asln(s)Eo(q), p + An(s)Eo(q)), (3.3.6)
by Z? = Id there holds that
Yo A(s,q,p) = po (Lo A)s,q,p) = n (é g +p+ Mn(s)Ey(q), Q) , (3:3.7)

which gives (3.1.4) with ps(z,v) = vo(v, ) by relabeling the arguments.

The proof of Theorem 3.3.1 makes frequent use of the fact that (3.1.14) is a trans-
port equation and we can propagate uniform bounds using the maximum principle

along the characteristics. In particular, writing

L:=0s+p - Vy+As'E-V,,  L[f] =0sf +divy, {(p, s 'E(q)) - f} (3-3.8)
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we have that if h is a strong solution in a neighborhood of s =1 to
L[h] = F(s.q,p) (3.3.9)

with h(1) € Ly, for some r > 1, then since the transport field is divergence free

there holds that

1
g, < IO, + [ 1FE) g, d (3.3.10)

for all 0 < s <1 in the interval of existence.

3.3.1 Commutation Relations

Now consider a solution 7 to (3.1.14), i.e. L[y] = 0. In order to decide which equation
we want to use, it will be convenient to compute some commutation relations: For

any m,n € {1,2,3} we have

and we also remark that

Lp"0py] = —=AsT 0" O E? iy + AsT E™Ogn,
(3.3.12)

L[p" O] = —p" Oy + As™ L E™ Dpnry.
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3.3.2 Bootstrap and Global Existence

As a first step we see that so long as the electric field remains bounded, we can

propagate all the moments we want.

Lemma 3.3.2. Let v be a strong solution of (3.1.14) on T* < s < 1 with “initial”

data v(s = 1) = 1. Assume that v, satisfies for some a € N, r € [2, 00| that

1) *llz:, < eo, (3.3.13)

and that

|E(s,q)| < D, T <s<1. (3.3.14)
Then there holds that

I7($)llz;, < o,

1) (8) |z, < €0 + aDzo(In(s))".

(3.3.15)

Proof. The proof follows by applying (3.3.11) and (3.3.10) inductively to p°v, 8 € N¢,
with |f| < a. O

Proposition 3.3.3. Let 0 < gy < e; < 1, and let v be a solution of (3.1.14) on

T* < s <1 with “initial” data (s = 1) = v, satisfying
H’YlHLgm + H’YlHL;;fp < €o- (3.3.16)
1. (Moments and the electric field) If there holds that

Kp)nllze + 1) il <e1,  m>2 (3.3.17)
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then the electric field E(s) remains bounded and the solution satisfies the bounds

Py ()2 < ex{lns),
v (3.3.18)

1) v ()l e, Scrflns),  0<a<m.

Moreover, there exists C > 0 (independent of T* ) such that for any T* < s; <

So < 1 there holds

|E(s1,q) — E(s2,q)| < Cel (In(s1)) {In(sy — 51))2(s2 — 51). (3.3.19)

2. (Derivatives) Assume additionally that for some b € {0,1} there holds that

10) Viamll e, < er: (3.3.20)

Then we have the bounds

(3.3.21)

Proof. We start by establishing claim (1). Let C' > 0 be a constant larger than all

the implied constants appearing in Section 3.2 and let €; be small enough so that
4073 < 1. (3.3.22)

We make the following bootstrap assumption: Let I C [T*,1] be such that for s € [
there holds

1E(s)|| 0o < 2C%3. (3.3.23)

By the first line of (3.2.1) (with A = 1) and the assumptions (3.3.16), (3.3.17) we

have that 1 € I # (), and by continuity I is closed in [T*,1]. To establish the claim
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it then suffices to prove that (3.3.23) holds with strictly smaller constants, implying

that [ is also open in [T™,1].
To this end, note that by Lemma 3.3.2 we have that for 0 < a < m,
1821, < 101+ ()", s € T (3329
By Lemma 3.2.2 and (3.3.22), it then follows for T* < s; < s, < 1 that
1E(s1) = E(s2)ll e < ACe] [(In(sz — 51)) + ef(In(sa/s1)] (In(s1))*(s2 — 1) (3.3.25)
and (3.3.19) is proved. In particular, when 27% < g < sy <27F k> 1,
1E(s1) — E(s2)|l 1o < 10Ce2k527F (3.3.26)
and since by (3.2.1) we have ||E(1>||Lgo < 2Ce?, we see that for s € [
1E@) |00 < IEQ)] 0 + 1007 Y KO27F < O, (3.3.27)
k>1
provided C' is large enough.

To prove (2), we use a similar bootstrap argument based on the assumptions

p)* Vv (5)llgs, < 2C*e(In(s))’,

1(p)! V()| s, < 2C%e1 (In(s))**.

(3.3.28)

Using the commutation relations (3.3.11) and (3.3.10), we deduce from (3.3.20) and
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(3.3.28) that
1
IV, < VW, + [ 19, 08 < C2e1, (3329
provided C' > 0 is large enough.

From the transport bounds and the commutation relations (3.3.11) we then de-
duce the estimate for V,: From (3.2.2) we have under our assumptions (3.3.23) and

with (3.3.24) and (3.3.29) that

1 dS’
IV, < Vvl + [ V2Bl 1V,
1 N (14112 2|2 n—68 ds’'
<ert [ [y s, + bRl + 00508 Il 19000 ] 19571,
5 (.2 2 4 4 ! N6 , ds’'
<er+ (Ins)® (g§ +4e7) - 201 +2C%0er | (Ins) 75 [[Vy(s )”LE"p I
) (3.3.30)
so that by Gronwall’s lemma there holds that
IV (9)|l 1o < 101(Ins)?, (3.3.31)

provided ¢ is small enough. A similar argument using (3.3.12), (3.3.23) and (3.3.28)

shows that

1 1 /

m ds
17015l e, < NPV v (Dl + / 1PV ()], A + / VBl e 1957 () e,
S S

S/

< % (Ins).
(3.3.32)

For the last bound, we see from (3.3.12) that we need a bound on the derivative of
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the electric field. Using (3.2.2), (3.3.24) and (3.3.31), we find that

IVa B < C [s) 635, + 10965 + )8 17(3)lgas, 19706

< O (g5 +4e7) (In(s))* + 10Cepe; (In )~

ul|lo

< 1003 (Ins)*,
(3.3.33)

so that (3.3.12) with (3.3.10), (3.3.32), (3.3.23), (3.3.31) and (3.3.33) gives

1 /

m ds
|p Vq7<s)"L3?p < H‘p’vq7<1)”L3?p +/ (HVqEHLgo |Hp‘vp7”L3?p + HEHLSO quVHLg?p)
S

S/

1 !
d
<e+ 51/ (10C*e}(Ins")® 4+ 20C°%e}(In 5')°) —S/
s s
< & {Ins).
(3.3.34)
This closes the bootstrap (3.3.28). O

3.3.3 Asymptotic Behavior

From (3.3.19) we can deduce that the electric field has an asymptotic limit:

Corollary 3.3.4. Let v be a solution of (3.1.14) as in Proposition 3.5.3, which is

moreover defined for s € (0,1]. Then the limit

Ey(q) :=lim E(s,q)

s—0

exists and is bounded

1Eollzge < et
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In addition we have the following convergence rate: if 0 < sy < sy < 1, there holds

1E(s1) — E(s2)| e S e2(In(sy))%s,. (3.3.35)

The rate of convergence (3.3.35) is linked to the topology we choose through the
continuity equation (3.1.9). Our assumptions scale like j € LZ° and we obtain almost

Lipschitz bounds in time.

Proof. Tt follows from (3.3.26) in the proof above that E(27%) is Cauchy in L¢°.

Summing again (3.3.26) gives (3.3.35). O

Now we are in the position to give the proof of the modified scattering result:

Proof of Theorem 3.3.1. From Proposition 3.3.3 we obtain a global solution v on
(0, 1], which satisfies (3.3.18), (3.3.21) and (3.3.35). Next we define

v(s,q,p) :=7(s,q+ ps+ Asln(s)Eo(q),p + An(s) Ey(q)), (3.3.36)

which satisfies

Osv = 0y +p- Vv + M1 +1n(s))Eo(q) - Vv + As™ ' Eo(q) - Vi : 7
3.3.3

= AEy(q) - Vv + )\S_I[Eo(q) — E(s,q+ ps+ Asln(s)Ey(q)] - Vv,

where

5™ |Eo(q) — E(s,q + ps + AsIn(s) Eo(q)| < 57" |Eo(q) — E(s, q)|+[p +In(s) Eo()| IVE(s)|] oo -
(3.3.38)
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Hence by (3.2.2), Corollary 3.3.4 and (3.3.33) we have that
HasVHLgfp S et ||Vq7|’Lgfp + et (In(s))* ’|pvp7”L3?p +e1(In(s))° ||Vp7HL3f>p , (3.3.39)

which is integrable over 0 < s < 1. O

3.4 Wave Operators and Cauchy Problem at In-

finity

Using the symplectic structure, the equations (3.1.14) can be written as

Ys +{7,H} =0, {f,9} =Vof - Vpg = Vpf Vg (3.4.1)

with the Hamiltonian

—AsT'o(s, q), (3.4.2)

where A¢(s, q) = [7*(s, ¢, p)dp. We wish to find a new coordinate system (w, z) for
which the Cauchy problem at s = 0 can be solved. For this, we introduce the type-3

generating function?

S(s,w,p) := W —
) ,p) =w-p+ 9 S /\1n<s)¢0(w)v

3see e.g. [104, Chapter 8]
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where ¢o(q) = ¢(0,q). This gives rise to the canonical change of coordinates

z = VyuS(w,p) = p—Aln(s)Vo(w),

q=V,S(w,p) =w+ ps =w+ zs+Asln(s) Voo (w),

or

= w+ sz+Asln(s)Veoy(w), w= q— sp,
q () Vo (w) q—sp (3.4.3)
p= z+An(s)Veo(w), z= p=An(s)Voo(q — sp),
with Jacobian matrix
Id —sld
?;w’z) - , (3.4.4)
(@P) |\ _Aln(s)VE, Id+ AsIn(s)VE,

with the usual notation £ = V¢, Ey = V¢y. This corresponds to the new Hamilto-

nian

IC(‘Sa w, Z) = H(S, Q7p) - 8SS(S,w,p) = )\S_l |:¢0(w) - ¢<Sa Q)]
and vector field

VoK = —As 7 {E(s,q) — Eo(w)} — X In(s)E(s,q) - VEo(w),  V.K=—\E(q).

(3.4.5)

It follows that

o(s,w,z) == (s, q,p) (3.4.6)

solves

0=0,0+{0,K} = 0,0 +Vyuo-V.K—V.o-V,K. (3.4.7)
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Remark. We note that the new variables (w, z) have a simple interpretation in terms
of the original variables in (3.1.1): w = v, 2 = z — tv — An(t) Ey(v), which are the
variables in which the modified scattering of Theorem 3.1.1 and [91] is expressed.

The main result of this section then is the following:

Theorem 3.4.1. Assume that initial data og and Ey* satisfy

| Eollys.e < €5, (3.4.8)
and
loollza,. + 1{=)°00lless. + D )" VI Vioollz. < co (3.4.9)
0<m+n<2

Then there exists T* = T*(co) > 0 and a unique solution o € CJ([0,T*) : L, )
of (3.4.7) with “initial” data o(s = 0) = oo, and such that s0s0, V,, .0 € C?

s, w,z "

Moreover, for 0 < s < T* we have that for any ¢ € N

lo@)lz.. + [0 g, + 1VusoE)liz, S0 w2 oGz, < 1w, 2 oollss.

(3.4.10)

and if co 1s sufficiently small we may take T* = 1.

The proof of Theorem 3.4.1 is given below in Section 3.4.3, after we have estab-
lished some a priori estimates on the propagation of moments and derivatives for the

system (3.4.7) in Sections 3.4.1 and 3.4.2.

“these are linked through (3.4.20)
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3.4.1 Commutation Relations

Writing £ = 0, + {-, L}, for moments in w, z we have the commutation relations

Llwjo] = —=AE;(s, q)o, (3.4.11)

Llzjo] = (s [E;(s, q) — Eoj(w)] + X 1In(s)E(s, q) - VEoj(w)) o. (3.4.12)

For the derivatives, we have

2(810') = {811C, O'}, 2(62810’) = {81]C, 820'} -+ {82’C, 810'} + {(92011C, O'}

(3.4.13)
and this gives in block diagonal form
Vo ~V.V.K V2K Vo
£ = , (3.4.14)
V.o ~-ViK  V,V.K V.o

with

ViueK = =AsT'05[Ex(s, ¢) — Eox(w))
— N 1n(s) {0, E(s, q) - OpEo(w) + OB (s, q) - 0;Eo(w) + 9;0,Eo(w) - E(s,q)}
— Ns1n(s)*0 Eo o (w)0; Eop(w) - 0uB(s, ),
VuoV.K = =AVE(s,q) — \sln(s)(VE(s, q) - V)Ey(w),
V2K = —AsVE(s, q).
(3.4.15)
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We note that the matrix V2, K is ill-conditioned, and to mitigate this effect, we
introduce a weight on the gradient:
() 1

0(s, z) = : 3 min{(z),s '} < 6(s,2) < min{(z),s '}, (3.4.16)

which is linked to the vector field through (3.4.19) and satisfies nice differential

equalities

050

—0%, V.0 =(2/{2)%) -0

3.4.2 A Priori Estimates

The goal of this section is to bootstrap the following assumptions: given ¢y as in

(3.4.8), we assume that for 0 < s < T'(¢g) there holds that

lo()llzz . + (=)0 ()l rgs. < A < deo,
IVuo(s)llzg. + 10V:0 (). < B < dep,  (3:417)

Ve (s, + 10V, .o (). + 10°VE .0 () gz, < C < dco.

As we will show below in Section 3.4.2.1, this implies in particular that

IV.K(w, 2)| < 2¢,
(3.4.18)

VWK (w, 2)| < ¢ {min{s™", 2]} + (In(s))} ,

and that we have the derivative bounds

IVWVKllLee, + 10V V.Kll e, + ||9—1vwvw/q|% < cZ(In(s))*. (3.4.19)
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These in turn can then be used to close the bootstrap for (3.4.17), as in Section

3.4.2.2.

3.4.2.1 A Priori Control on the Electric Field

Here we consider a particle density o € C°([0,s] : L2, ) such that 0(0) = oo and
which satisfies the bounds (3.4.17). This creates an electric field E(s) through the

formula

Elo](s,Q) = // 0 __;:;U;)‘Saz(s,w,z)dwdz = // ﬁvz(s,q,p)dqdp
(3.4.20)

where o and ~y are related through (3.4.6). Simple bounds give uniformly in R > 0:

|E(s2,Q) = E(s1,Q)| S Rll(2) 0|7, .+ R[l0(3)l|rgerz, llo(s2) — a(s1)llzs, .,
which ensures that F is continuous in time. In the next lemma we adapt the bounds
from Section 3.2 to obtain stronger control as in (3.4.18), (3.4.19).

Lemma 3.4.2. Let 0 € C°([0,T], L, ) with o(0) = oo such that E[o] satisfies the
continuity equation (3.1.9) and Ey satisfies (3.4.8). Then there exists T*(co) € (0,7

such that

1. Assuming the first line of (3.4.17) holds, we obtain (3.4.18) for 0 < s < T*.

2. Assuming the first two lines of (3.4.17) hold, we obtain (3.4.19) for 0 < s <
T*.
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Proof. 1 In order to use Lemma 3.2.2, we observe that
Ip — 2| < c3(In(s)), lq — w| < s|z| + c5s(In(s)) (3.4.21)
and that the change of variable (3.4.3) preserves volume, so that

v )lzg, = o)z, ..

pl*v ()2, < Mzl*¥(9)zy, + ™ () 1V ()zy, S @ (nls)*No (). + 2|0 ()]s, .-

In addition, since (see (3.4.4)) 0z/0p = Id + O(cps(In(s))) has bounded Jacobian,

we see that

li(s)llzge < ||/ (2] + co{ln(s))] o*dzll gy < co(In(s)) (=) 0 || Les
and using (3.2.5), we obtain that for 27771 <, <5 < 27K,
1E(s2,q) = Es1, @)l < (co)*k*27 (=)0, + 27 ol Fcera .
and summing we see that £(27%) is Cauchy in L® and that

1E(s, q) = Eo(@)llzge < (co)*s(In(s))*[[{z) 0 llge, | + (o)’ ol ors - (34.22)

yZ

Using the formulas in (3.4.5), the control on VK follows directly, while we see that

VuK(w, ) = =As7H{E(s,q) — Eo(q)} — As™ {Eo(q) — Eo(w)} + O(cg{In(s)))

and with (3.4.22), (3.4.17), (3.4.8) and (3.4.21), we obtain (3.4.18).

2 We want to use (3.2.6), which requires some additional control on the deriva-



104

tives. From (3.4.4) we see that
Vyy =Vyo —An(s)VEy - V,o

so that

||vq’7||LT < cg<1n(8>> ||Vw,ZU||LZ;,z7

q,p ™

and

IV ()l < 03<1H(S)>H/ [zl + co(n(s))] [o] - [Vuz0ldz] 15

S ()2 (42013, + [ Vusollis. |

For 27%~1 < gy <51 < 27 this gives by (3.2.6) that

IVaB(s2.4) = VoBls1,0)l: S {eo)'k°27 - (I1()%0

e T IVusols, )

S, W,z

1o, . T llo

s,w,z

027 ()% e

and applying similar arguments as before we obtain

IV4B(5,9) = VoBo(@)llzz S (eo)*s(n(s)* - (=701, |+ [Vaeo(s,w, 23, )

3
+ ¢y s [H<Z>5U||%gfw,z +llollers, .

< c2s(In(s))*
(3.4.23)

up to choosing T'(¢g) > 0 small enough. Using the formulas in (3.4.15) we directly

see that

QIVizIC\ < |VE| -smin{s_l, 12|} < cg,

V2 K| < |VE|(1+ s(In(s)) |V Eo|) < 2¢2.
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Moreover, using (3.4.8) and (3.4.23) we find that, up to choosing T'(¢g) > 0 smaller,

V2, K| < sV Eo(q) — VEy(w)| + s ' |VE(s,q) — VEy(w)]
+ (In(s)) [2|VEo|*|IVE| + |V*Eo||E|] + s(In(s))*|VE,*|VE]|

< cymin{s™, |2[} + c3(In(s))",

from which we deduce (3.4.19). O

3.4.2.2 A Priori Estimates on the Particle Density

Here we close the bootstrap of (3.4.17):

Lemma 3.4.3. Assume that o € C°([0,T], L, .) satisfies (3.4.7), for some Hamil-
tonian KC (not necessarily related to o) satisfying (3.4.18) and (3.4.19). If o9 = 0(0)
satisfies (3.4.9), there exists T'(co) > 0 such that (3.4.17) holds for A = B = C = 2c¢.

Proof. We first close the bootstrap for A, then for A, B. Finally we adapt the
argument for A, B, C'. The control follows from the commutation relations (compare

with (3.4.14)):

L(2)"o) = o{(2)", K} = —mo ()" 2 - VoK,
£(0V.0) = (L£Inb)-0V,0 +0{V.K,0} = (£Inh)-0V,0 +6V,0-V,V.K — V0 -60V,V.K,
£(Vyo) ={V,K,0} =0V.0-07'V,V,K — V0o V.V,K.
(3.4.24)

As in (3.3.10), we find that

)06z < a0l +m [ 1) DK s )0
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and we can easily propagate the first line of (3.4.17).

For the derivatives, we also need to control #. On the one hand, we can bound

from above (note that £(In#) can be very negative)
3 VuK)0 S ¢ + cp{ln(s))’
and we deduce from (3.4.24), (3.3.10) and (3.4.19) that

-2

10V.0(5) s, < 16V00ller,. + 3 / (")) {10V (") g, + [Vuo(s) 12} ds'
0

w,z

IVuolss. < [Fulic. +6 [ A {1000 sz s+ [T () iz,

and this allows us to propagate the second line of (3.4.17) for short time.

We now propagate higher order derivatives to bound the bootstrap for C'. First

by interpolation in (3.4.17), we observe that

||<Z>2'1vw,z0||L;-ng <A+C.
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We will use the weight 6 to control the 0, derivatives. Using (3.4.13), we find that

S:(@wjﬁwm) = 9‘1Vw8wjlc . (szﬁww) + 9‘1Vw8wklc . (evzaij) — V.0, K - V0o

— V.0t K - Vu0ui 0 + 07V 40, 0k K - (0V.0) — V.0, 0k K - V0,
£(00.;0400) = £(I00) - 00,;060 + 071V 0k K - (6°V.0,50) — V.0 K - (VY ,0,50)
+ V0o K - (OV000) — (0V.0,K) - VipOyro
+ Vu0,i 0 K - (0V,0) — OV.0,;0,:K - Vo,
£(620,;0.00) = 2L(In0) - 620.;0.00 + V0K - (0°V.0,50) — OV.0.4K - (0V ,0.i0)
+ V0. K - (0°V,0,00) — (0V.0.:K) - (0V ,0,40)

-+ vaf)zjazklc . (QVZU) — 02V28Zj82klc - Vwo,

and we can proceed as for the case of one derivative once we control the new terms

1075, Kl s, + [V KL, + 1092, K.+ 10°9, Klliss, < {In(s))”.

w,W, W w,W, 2 W,2,2 2,2,2

(3.4.25)

It remains to prove (3.4.25). Starting from

9¢" _
e

g~

V.K = =AE(q), i

8%, 5-+AsIn(5)0;0, 0 (w)

we deduce
0°|V3 . K| = (s0)*|V°E(q)],

0|V K| < (s0) - [1 4 s(In(s)) |V Eol] - [V*E(q)],

W,2,2

VoKl < (L s(In(s)) [V Eo[]* - [V2E(q)] + [+ s{ln(s)) [V Eol] - [1+ s(In(s))[VEo|]

w,W,Z

|VE(q)],



108

and finally, from (3.4.15), we obtain that

07V, WKl < [s7H+ (In(s)) - [VEy|] - [V2E(s, q) — V*Ep(w)]

+ (In(s)) - [[VQE] |\VEo| + |VE| - |V2Ey| + |V Ep| - \EH
+s(in(s))? - [|[V2E| - [VEof* + |VE| - |[VEo| - [V ]

+ 5%(In(s))* - [|[VZE| - [VEo|*] .

Independently, we find that

IV%5($)llzge < CSGH(S)VH/ [l2] + co(n(s))] - [lo] - V5, .0l + [Vu00"] dell g

S A [0l 192, 0l oz, + (20> Vol |

Now using Lemma 3.2.3 and the bootstrap assumptions, we obtain that

IV2E(s,q) — V*Eo(w)l|1g. < cg(In(s))” + cgmin{s™", [ 2]}

which easily leads to (3.4.25). O

3.4.3 Local Solutions

We construct local solutions for the singular equation (3.4.7) via Picard iteration.

Proof of Theorem 3.4.1. We proceed in two steps.

3.4.3.0.1 Step 1: A priori estimates. We construct a sequence of approximate

solutions on a time interval [0, 7] (with 7" > 0 to be chosen later) via Picard iteration:
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We define o) (s, w, 2) := oo(w, z), and given o,y € CY([0, T, Cy, ) satisfying (3.4.17)
with A = B = C' = 4co, we let 0,41y € CJ([0,T7,Cy, ) be the solution of

aso-(nJrl) + {0(n+1)7 ICTL} = 07 O(n+1) (O) = 00,

1 2 (3.4.26)
lCn = As~ (¢0(’LU) - ¢n(sa Q)>7 A¢n = /V(n) (S> (Lp)dpa

where v(,) and o0, are related through (3.4.6). Using Lemma 3.4.2, we see that
IC,, satisfies (3.4.18) and (3.4.19). Using Lemma 3.4.3, we see that 0,1 satisfies
(3.4.17) with A = B = C = 2¢y. We deduce that (3.4.17) holds uniformly in n with

A =B = =2¢y on a fixed time interval 0 < s < T'(cp).

In addition using the commutation relations (3.4.11), we easily propagate (3.4.10)

uniformly in n.

3.4.3.0.2 Step 2: Contraction in L Let

5(11) ‘= 0(n+1) — O(n), 5IC(n) = ICn - ICn—la 271 = 85 + {7’Cn} ) 5271 = {'7 5K(n)}a

so that

and we can express

V0K @) = =MEn(s,q) — Ena(s,9)),
VK = =As T (En(s,q) — En_1(s,q)) — N> In(s)(E,(s,q) — En-1(s,q)) - VEy(q).
(3.4.28)



110

Invoking the uniform bounds for o(,) we will prove below that

1V, 20K ) (5) |z < cofn(s))® [[0n-1)(8)]] e - (3.4.29)
In combination with (3.4.27), we find that
H(S( HLwZ N/ [V, 20K (n) (s") w,za(n)(S/)HL?ﬁzdS, S 0(2)/0 Hdn 1)

from which we deduce that, possibly taking T'(cy) > 0 smaller, o, form a Cauchy

sequence in Lg, ., and thus opy — o € L, , as n — oo. Interpolation gives

s, w,z? S,w,z

convergence in the other topologies. In particular

1/2
V200

e SNl (I3 ol + 1920

s,w,z swz

(3.4.30)

so that o(,) is Cauchy in C?C}

w.. and the other bounds follow by Fatou’s Lemma or

by conservation. In particular, (3.4.10) follows by pointwise convergence. Finally we

note that if ¢q is sufficiently small, the arguments give a contraction for any 7" < 2.

It remains to show (3.4.29). The main point is that E is quadratic in 7, so that
in the estimates for 0K,y we can always factor out the difference d, in Ly .. The
bound on V0K, follows from adaptation to Lemma 3.2.1 and this also allows to
control all but the first term in V,,0K,) as in (3.4.28). These then follow from

(3.2.5) using the difference continuity equation

aS(En - En—l) + VA_lddi {5.]n} ) 5.]71 - / (7n + '771—1)(771 - 771—1) : pdp
R3

s

/
S )
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with

105ullzge S 10a-vllzgs. - [P Yallzge, + 1P)*Yn1llge,]

and simple adaptations of Lemma 3.2.2. O]

Finally, we prove the main theorem.

Proof of Theorem 3.1.1. For 1, using (3.1.12), the assumptions (3.1.3) lead to (3.3.2)
in Theorem 3.3.1 and the local convergence is easily adapted (see Remark 3.3). For
2, assumptions (3.1.5) lead to (3.4.8)-(3.4.9) and the conclusion follows from that of
Theorem 3.4.1. Finally, for 3, we can apply Theorem 3.4.1 to pu_.(x, —v) to get,

using (3.4.6), (3.1.12) and (3.4.10) a solution for —oco < ¢ < —1 such that

l(=Dllzz,, + {2, v)u(=Dllzz, + IVaor(=Dlz, S e

By local existence, we can extend these bounds for —1 < ¢t < 1, at which point we

can simply apply 1. O



Chapter Four

The Massless Electron limit of the

Vlasov-Poisson-Landau system

Joint work with Yan Guo.

4.1 Introduction

A plasma is a collection of fast-moving, charged particles. It is believed that more
than 95 percent of matter in the universe takes the form of a plasma. Besides this,
a major impetus for the study of plasmas is to obtain nuclear fusion as a means of
energy production. Due to its complex and rich nature, there are three main dis-
tinct families of models (kinetic, two-fluid and magnetohydrodynamic) for describ-
ing a plasma in different physical regimes. The two-fluid models (Euler-Poisson and
Euler-Maxwell systems) describe dynamics of two distinct and separate compressible

ion and electron fluids, interacting with their self-consistent electromagnetic field.
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Such two-fluid models are important both from physical as well as mathematical
standpoint, serving as an origin for most well-known dispersive PDEs, for instance

KdV [16,131], NLS [122], Zakharov [133], etc.

It is an important question to derive and justify two-fluid theory from more basic
kinetic models for plasma. Consider a classical kinetic model for ions and elec-
trons, the Vlasov-Poisson-Landau system, which models the distribution functions

F\(t,z,v) and F_(t,z,v) for ions (+) and electrons (—) respectively:

{0+ v Vo + Ti_iE -V} Fy =21 (A Z'Q 1 (Fy, Fy) + Z°Q—1(F-, Fy)},
{0 +v-V, — iE V. = 2net (A {Q__(F_, F.) + Z°Q,_(F.,F_)},
—A,¢p =4me(Zny —n_).
(4.1.1)
In the above, e is the electron charge,! and Z is the atomic number of the ion species.
The ion and electron masses are m, and m_ respectively. The precise values of these
constants depend on the type of ion considered (hydrogen, helium, etc.), and the
system of units used. In addition, we have the dimensionless parameter In(A) > 0
called the Coulomb logarithm, for which more is said in Section 4.2.1. Besides these
parameters, we define the densities ny = fR3 Fidv, the electric potential ¢, the
electric field E := —V,¢. Finally, the Landau collision operators Q,,,Q_.,Q__
and @4_ are tabulated in Section 4.2.1 below. We refer the reader to [86], and

Chapter 2 of [10] for the physical justification of this model.

INot to be confused with the mathematical constant e ~ 2.718.
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It is well known that any straightforward fluid limit must lead to

Z'Qi 4 (Fy, Fy) + Z°Q -4 (F-, Fy) = 0, (4.1.2)

Q. (Fo,Fy) + 22Q(F_ F,) =0, (4.13)

However, due to the presence of ion and electron interactions @), and )_,, the

only possible solutions to the above are of the form?

m m.|v — ul?
FJr = n+(2ﬂ_—;)3/2 exXp (-%) s (414)
m_ m_|v — ul?
F o=n_(—)32 _ . 4.1.5
n(Gp)" e ( 2T ) (4.1.5)

Here, the electron and ion fluids exhibit the same velocity u(t,x) and temperature
T(t,z), which excludes the possibility of justification of any two-fluid models from
(4.1.1). Tt is well-known, however, that it is possible to derive two-fluid models
from two-species kinetic equations if ton-electron collisions QQ._ and @ _, are
disregarded. This was done in the context of the Vlasov-Poisson-Boltzmann system
(73,74, 76], and more recently for single-species Landau-type equations [49, 112].
We highlight the work [13], which derives the fluid limit for the Vlasov-Poisson-
Boltzmann system, after first deriving the massless electron limit. This work in
parituclar served as a major inspiration for our work. Importantly, however, none of

these works consider the inter-species collisions.?

In all physical situations, the electron mass m_ is much smaller than the ion
mass m,. For instance, % ~ 0.005 for a hydrogen plasma. This small parameter
has been exploited in different contexts in plasma studies both from physical as well

as mathematical standpoints. For instance, one can derive the Euler-Poisson system

2See equation (40) in [86].
3In the case of diffusive limits, the work [92] derives the single fluid Vlasov-Navier-Stokes-Fourier
system from the two-species Vlasov-Maxwell-Boltzmann system.
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for ions in this limit [64]. By sending the electron mass to zero, the density of the
electrons (and, in turn, the electrostatic potential) becomes wholly determined by
the density of the ions. This eliminates the need to solve a fluid or kinetic equation

for the electrons separately from the ions, leading to a simpler model.

When the ions and electrons are near thermal equilibrium (say, at temperature 1),
a typical ion speed will be comparable to (n%)%, while a typical electron speed will

be comparable to (mL)% Because of these divergent velocity scales, it is necessary

to introduce the parameter ¢ := (7~ )2, and the rescaled electron velocity
+
£ = ev. (4.1.6)

Applying this rescaling the system (4.1.1), we get the rescaled system (4.1.7) below.
The ion-electron collisions then exhibit two velocity scales. Our main result is that
by taking the limit € — 0 in the two-scale system, we are able to derive the massless
electron system (4.1.18) below. A salient feature of this derived equation is that the
ton-electron collisions are no longer present. In the future, we hope this work will
clear the way for the derivation of the Euler-Poisson system for ions. This would be
accomplished by first by taking ¢ — 0, and then taking hydrodynamic limit x — 0,

where k > 0 is the analogue of the Knudsen number for our system.

Besides the relevance to the fluid limit, the massless electron limit in kinetic
theory is of independent interest. There are a number of works that have handled
some version of this limit. For instance, [45,46] give formal expansions for the kinetic
equations with Boltzmann and (non-Coulombic) Landau-type collisions for systems
of particles with disparate masses, including the cross collision terms. The works
20, 85], give derivations of the massless electron limit for Vlasov-Poisson system

with linear Fokker-Planck collisions (and in the latter case, with a magnetic field).
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The aforementioned work [13] derives the analogue of (4.1.18) for the Vlasov-Poisson-
Boltzmann system. We note that they require a regularity assumption, and do not

include ion-electron collisions.

There is also a growing literature on the Vlasov-Poisson system with massless
electrons. We refer the reader to [19,29,58,66-69,79-81] and the references therein.
In particular, the overview [67] has a formal derivation of the system with a Landau
collision term. We also mention the recent work [30] for the Vlasov-Poisson-Landau

system with weak collisions.

4.1.1 The Rescaled Vlasov-Poisson-Landau system

In Section 4.2.1, we apply a rescaling procedure to the system (4.1.1). In particular,
we use the rescaled electron velocity & = ev, as aforementioned. This system depends

on three positive parameters: £ > 0 (defined in Section 4.2.1), the atomic number

m—

Z,and € = (m—+)% The rescaled versions of the distribution functions Ff (¢, z,v)

and F©(t,x,€) then solve the system

{00 +v -V, + ZE -V, F; = {Z°Q(F, F5) + Z°Q° (F=, F)},
{0, + €V, — E° -V} FE = w7 HQ(F, F?) + ZQ5_(F5, F2)}, (4.1.7)

—A,¢° =4n(ns —n?).

Above, ¢° and E° = —V,¢° are the electric potential and field respectively. The

functions n. (t, z) are the charge densities, defined by

ni:/ Fidv, nt :/‘ Fedg. (4.1.8)
R? R?
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The collision operators are given by

Q(G1,G) =V, - . P(v — ") {G1(V)V,Ga(v) — Go(v)Vy Gi (V') }do', (4.1.9)

Q° (G1,G2) =V, | P(ev = &) {eG1(§)VuGa(v) — Go(v)VeG1(E)} dE,

R3
(4.1.10)

Q5 _(G1,Ga) = Ve /R3 D€ — V) {G1(V)VeGa(§) — eG2(§) VG (V) } dv'.

(4.1.11)

Here, ® gives the Landau collision kernel: for each z € R3,

B(z) = (1 &Z) (4.1.12)

E |2[?

From here on in this paper, we only consider the case where Z = k = 1, and fix the

domain (z,v) € T? x R?, where T? = (R/Z)? denotes the 3D torus.

We recall that the system (4.1.7) comes equipped with conservation of mass,

momentum and energy:

d d

— Fidxdv = — Fedxdé =0 4.1.13
dt T3xR3 + v dt T3xR3 -0 5 ’ ( )
K (/ vF; drdy —|—€/ {Ffdxdﬁ) =0, (4.1.14)
dt T3xR3 T3xR3

a4 / @F5d$d0+/ @Fadazdfjti/ |Efdr ) =0. (4.1.15)
dt T3xR3 2 + T3xR3 2 B 8w T3

From (4.1.7), it is clear that as ¢ — 0, the the term involving J; in the electron
equation vanishes. This is a singular limit. Under appropriate circumstances, the
electron distribution formally converges to an equilibrium solution at every time,

evolving quasi-statically according to the ions. The £-dependence of these equilib-
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rium solutions are Maxwellians (i.e. Gaussians). We denote the Maxwellians by

He(§) = (%)5 e 3 g >0 (4.1.16)

On the other hand, the x dependence is determined by the electric field, specifically
lim,_,In(n®) is proportional to ¢° = lim. .o ¢° (up to an additive constant). The

main claim of this paper is that for some §(t) > 0, we have

i F= (&, 2, ) = ppgp (€O D), (4.1.17)

e—0

Here, (3 is the inverse temperature. This is known as the Maxwell-Boltzmann approx-

imation. Here, we shift ¢ by an additive constant to ensure fT3 PO (t2) gy = 1,

The above claim is imprecise, because we have not yet made clear our assump-
tions, nor the sense in which this limit holds. Nevertheless, when the above holds,
then the formal limit of (4.1.7), combined with conservation of energy, leads to the

following equation, which we refer to as Vlasov-Poisson-Landau for ions:

{0+ v Ve = EY- Vo }FY = Q(FY, FY)

d i+// PP pogean+ 2 [ 1B0Pas) — o (4.1.18)
dt Qﬂ T3xR3 2t 8 T3 o o

— A" = 4r(n — ).

A formal derivation of this system is given in Section 4.2.2.

4.1.2 Main result

The goal of this paper is to show that for appropriate initial data, this formal limit

holds on a small time interval. We first provide local well-posedness theorems for the
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systems (4.1.7) and (4.1.18) for general initial data. To do this, we must first define
the function spaces which capture the dissipation rate from the collision kernels. We

define the matrix o;;(v) = ®;; * u, with 7, j € {1,2,3}. Given u € R?, we have that

1 1
ul'o(v)u ~ —3|Pvu|2 + T|PUJ_U|2 (4.1.19)

(v) (v)

Here, (-) = y/1+|-|? is the Japanese bracket. The matrices P, and P,. denote
the orthogonal projections onto span{v} and {v}* respectively. Using this matrix,
we define the following spaces which will capture the dissipation produced by the

various collision operators. Let H, denote the Hilbert space with inner product

(with ¢ = 9(v), ¢ = ((v))
113, = (030000, 0o, 00) 2 + (tx(0)), ) 12 (4.1.20)

Here and throughout the paper, we use repeated index notation, ie. wyu) =
22:1 ugu), given any two vectors u,u’ € R?®. The above inner product captures the
dissipation associated with self-collisions when linearized near Maxwellian [44,70,71].

We also define the semi-norms

H@DH?HJ = (04j(0)0u, Y, Ou; ) 12 (4.1.21)

’WH?{;E = (045(ev) 0,0, 0, 9) 12 (4.1.22)
1

115, = ~(o5(2)0k 0. 0, 0) 1z (4.1.23)

Using these norms, we now define the spaces &, © and DF by their (semi-)norms

which we use to control Fy. Fix the parameters my = 5(k + 1) for k € {0, 1,2}, and
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s=3. 1 Given u = u(x,v) (or u = u(z,§)), we define

ull = )™ ull2y |+ o)™ (Vo) ull (4.1.24)
el == 10y ™uls 5, + 1™ (7 Ul - (4.1.25)
Fulls <= 10 ™l g s, + 1OV 7002, i (4.1.26)

We note that as spaces, ® and DF are the same. However, the norms are equivalent

up to a constant which goes to infinity as ¢ — 0.

To state the main theorem, we will also make use of the following spaces to

measure the error in the ion distribution:

el == 1o ™ s+ (1) (T2 ulls (4.1.27)

Jal = Y™ w2y, + 1Ty (41.28)

Finally, to measure the distance of F* from its limit, we let n > 0 be a constant to
be determined later, and define ¢, = e*3;, for each a € {1,2,3}, where 3;, = 5(0).

Then, for « € {1,2}, we define

2 s 0

E° 1= ||V — g Y7
: (4.1.29)

+ H€QOA+1|§|2/4{FE _ Mﬁewo}”%i&

and
£ o 2 s e
_@_70[ = Heq I&‘ /4<VCL’> {F_ - /,Lﬁeﬁ(b }HL2(HUOHJE)€ (4 1 30)

2
+ Heqa+1|§\ /4{F6 ,ugew }HL2 (HoMHze)e

Also, throughout the rest of the paper, we will use the subscript “in” to denote the

initial value of some quantity, for instance, ¢9 (z) = ¢°(0, x).

4Although these parameters may take on a range of values, it is simpler to fix their values to
exact constants.
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We can now state our main theorem:
Theorem 4.1.1. Suppose for some Ty > 0 and M > 0, there exists a weak solution
(FY,8,¢°) to (4.1.7) with
0 < FY € C([0,Ty); €) N L([0, Ty); €) N L*([0, Tp); D), (4.1.31)

as well as B € C([0,Ty)) and ¢° € C([0, T); H¥2), with

1
sup {|| =5 llz=ozrs) + 1 Fy e} + [n(B() | oy < M- (4.1.32)

(i) There exist positive constants n, and € depending only on M, as well as Te 0, 7o)
depending on (FV,5,¢") such that the following holds. For each ¢ € (0,%|, take

(F5 ins 2 5n), with 0 < F% ;. € €, satisfying the estimates

1
sup || ——Ilze + [[F5 inlle < M, (4.1.33)

e€(0,g] +,in

||F—im - F—?—,in”@' + 62 5 < Me. (4.1.34)

Then, for each ¢ € (0,2, there exists a solution (F%,F?) to (4.1.7) with 0 <

F2 e C([0,T); €) N L([0,T];D). This satisfies

sup [|F5(t) = FL(t)lle Sare (4.1.35)
te[0,77
T
sup €67 ,(t) —i—/ Z° 5(t)dt S €7 (4.1.36)
te[0,T7] 0
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Moreover, for all t € [0,T),
2
&, (t) Suere oD 1 eits 4 e (4.1.37)

(ii) There exist positive constants n, § and € depending on M, and T € (0, To]
depending on (9, 3,¢") and M such that the following holds. For all ¢ € (0,2], we

set F§ ;= FY ., and F* ; = F_;, (where F*°

Yin is independent of ) satisfying

Jin

&, <0 (4.1.38)

Zzn—

We note the expression on the left is independent of €. We also impose the condition

on the kinetic energy of F_ ;,:

2 . L 2 _

Then, for each ¢ € (0,E], there exists a solution (F5,F¢) to (4.1.7) with 0 < F§ €
C([0,7]; €) N L2([0,T); D). This satisfies

sup | FE(6) = FO(8)ler S V26 +2 (4.1.40)
te[0,7)
sup e6°, / 2° ,(t)dt S e(6® +e) (4.1.41)
te[0,T]
Moreover, for all t € [0,T),
- _ L ()3 5.1
& 1 (t) Sm e Ov e’ 43t + €. (4.1.42)

Remark. Similarly to [64], we give to separate derivations. Part (i) of the theorem
above corresponds to initial data that converges to the limiting solution as ¢ | 0.

This corresponds to the case of well-prepared initial data.. Part (ii) of the theorem
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shows that the derivation can also be performed with certain #ll-prepared data, since
F*,, — F°, does not converge to 0 as ¢ | 0. The caveat is that one must assume

the condition (4.1.39).

Remark. This theorem depends on the existence of solutions to the system (4.1.18).

The local well-posedness theory for this system is given in Chapter 5.

4.1.3 Methodology and outline

Due to the nature of the rescaled velocity ¢ in the two-scale system (4.1.7), the
Landau kernel Q5 _ exhibits a severe singularity in £ as ¢ — 0. This is mirrored by
the degeneracy of the ¢ | in this limit. This makes it very difficult to propagate v
derivatives of F7 and & derivatives of 2. The main technical achievement of this
paper is that we obtain uniform bound in ¢ in weighted Sobolev spaces, without any
& or v derwatives. In other words, all regularity in v and £ comes from the diffusive

control from the top order part of the collision operators.

We highlight some of the techniques that go into this. In Lemma 4.3.2, we obtain
a non-perturbative lower bound for ® * G (where G > 0), which allows us to access
diffusive control from collisions. One challenge we encounter is that we are unable
to close a bootstrap estimate on F solely in the € norm. Proposition 4.4.1 states
that if F is of size M on [0,T], and || F§ | r2(j0,1);0) is small, then we can control
the growth of ||F%|e uniformly in €. In order to assume ||F% | 12070 is small
uniformly e, we T small enough that ||} o’ is as small as desired, and then control
the difference ||F¥ — F?|l». This control on the difference is in turn provided by

Proposition 4.4.2.

The next challenge is to control the difference F*© — ,ugeﬁ‘z’o. This is roughly the
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content of Proposition 4.5.1, although we work with what we call the “intermediary
quantities” (v,%°) rather than (8,¢"). This proposition utilizes the linear decay
estimates of the linearized collision operator, via the framework developed in [70,71].
Because of the small parameter in front of the J; term in the second line of (4.1.7), the
question of convergence of F*© to the Maxwellian ji,-€?"%" is in some sense equivalent
to the question of asymptotic stability of the Maxwellian. However, there are a
number of complications in our context. First, the underlying Maxwellian has a
varying temperature. To deal with this, we take a window of time such that v¢ = 5;,,
and choose ¢; < g2 < g3 (constant in time) close enough to f;,, and work with these
constants instead. This results in a perturbed version of the linearized collision
operator found in [70,71]. Showing that this operator retains the desired coercivity
properties requires some care. There is also the ion-electron collision operator Q5 _,
which acquires a singularity at £ = 0 as € — 0. To control this, we use Lemma 4.3.2
to extract a dissipative, albeit singular and degenerate, top order part. We then use

the dissipation from the linearization of () to control the singular lower order terms.

A key feature of the linearized collision operator is that it has a five dimensional
kernel, corresponding to the macroscopic quantities of mass, momentum and energy
density. Besides having to work with a perturbation of this operator, there are some
additional challenges in adapting the macroscopic estimates from previous works.
One issue is the effect of Q5 _ on the macroscopic quantities. Surprisingly, this
term has a perturbative effect on the mass and energy density, and even contributes
an extra dampening effect on the momentum density (see Lemma 4.5.6). A second
challenge is how one controls the mean energy of the perturbation. The mean kinetic
energy density of F° — p,-€7™%" is not conserved, and corresponds to a neutral mode
at the level of the linearization of the equation for F — p.-¢?¥". In contrast, all

other components of the macroscopic quantities are either conserved, or dissipated
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through hypo-coercive effects. In part (i) of Theorem 4.1.1, we can control the mean
energy because it is initially small. In part (ii), we must impose (4.1.39) and use
some nonlinear identities to control the average energy density, as in the first step

of Proposition 4.5.7. This necessitates the use of the the intermediary quantities

(7%, 4°) instead of (83, ¢"), since 2:36 serves as a better approximation of the mean

kinetic energy of F*° than %

The structure of the paper is as follows. Section 4.2 contains all of the formal
analysis in this paper. In Section 4.2.1 we derive the rescaled system (4.1.7). In
Section 4.2.2, we give a formal derivation of the system (4.1.18) from (4.1.7). In
Section 4.2.2, we show how the analogous derivation does not work in the context of
the Vlasov-Poisson-Boltzmann system, and we highlight the difficulties in defining

the limiting system as ¢ — 0.

Section 4.3 contains two preliminary results that will be used in the paper. The
first is Lemma 4.3.1. This is a statement of local well-posedness that is compatible
with the main theorem. We do not prove this result, as it follows from straightforward
modifications of the a priori estimates shown in this work. The second result is
Lemma 4.3.2, which gives upper and lower bounds on ® *x G. This is particularly

important for extracting diffusive control via the norms H,, and HE..

In Section 4.4, we prove a priori estimates on the ion distribution F7§. First,
we have Proposition 4.4.1, which gives control of F§ € L*(€) N L*(®) uniform
in €. Then, we have Proposition 4.4.2, which gives uniform control of F§ — FY €
L>*(¢)N L>*(D'). Finally, with Lemma 4.4.3, we construct the intermediary quanti-
ties (7%, 1°), which solve the system (4.4.140) below. These are defined in the same

way as (3, ¢°), except using F? in place of F?.
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In Section 4.5, we prove Proposition 4.5.1, which gives the error estimate for the
electrons under certain assumptions on the solutions. The proof of this is broken up
into two components: energy estimates for F° — p.-¢7"%" (as in Proposition 4.5.4),

and macroscopic estimates (as in Lemma 4.5.6 and Proposition 4.5.7).

Finally, in Section 4.6, we prove Theorem 4.1.1. For both parts (i) and (ii), we
make five bootstrap assumptions, which allow us to satisfy the assumptions made
by the various propositions throughout this paper. We then show that these as-
sumptions can be propagated over a time interval independent of € > 0. The error

estimates then follow from Propositions 4.4.2 and 4.5.1.

4.2 Formal analysis
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4.2.1 Non-dimensionalization of the Vlasov-Poisson-Landau

System

Here, we show how to rescale the Vlasov-Poisson-Landau system (4.1.1) to the non-

dimensionalized form (4.1.7). The collision operators in (4.1.1) are

Q++(G1, Ga)(v) = miv ~ /R B =) {G1 () VuGale) — Gale) VG (¢)} v
(4.2.1)
Q-(61,G0) = V.- [ 000 =) {-LGIT.G0) - -GV, Gr)
(4.2.2)
Que(61,G0) = Vo [ 00 =) {-LGT.Gl) - GV, Gr)
(4.2.3)

Q__(G1,Gy)(v) = %VD : /R3 O(v — ) {G1(V)V,Ga(v) — Go(v)V,G1 (V') } dv/,

(4.2.4)

In order to define the Coulomb logarithm, we assume F, and F_ have approximately
a common temperature § > 0 (with the Boltzmann constant set to 1). To have a
charge balance, the electrons will have on average N total number of particles per unit
volume, and the ions will have total number N/Z per unit volume. For simplicity,

one might take F; and F_ to be perturbations of such equilibrium, i.e.

N my v|?

F, =~ E(%)gme_ Ea (4.2.5)
7n,|v|2

F o~ (%)3/%* e (4.2.6)

When F and F_ are equal to the Maxwellians, they solve (4.1.1) with ¢ = 0.
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Next, the Coulomb logarithm In(A) arises as logarithmically divergent integral in
the derivation of the Vlasov-Poisson-Landau system from the BBGKY hierarchy [10],
which is then cutoff at length scales where the assumptions of the model break down.
Several choices of cutoffs exist, the most common pair being the Debye length at large

scales

9 1/2
Ap = (47re2N) (4.2.7)

and the distance of closest approach at small scales

30
b = —. 4.2.
07 Ze2 (4.2.8)

This gives the expression

In(A) = In (%) . (4.2.9)

Importantly, In(A) does not depend on the m_ or m,. Unfortunately, this choice
fails in contexts where A\p < by, for instance when N is large or 6 is small, and an-
other definition of In(A) is needed. For our purposes, we shall simply take In(A) to
be some positive parameter independent of the masses. We note here that this loga-
rithmic divergence can be resolved by using the Lenard-Balescu model for Coulombic

collisions. Regarding this, see chapter 2 of [10], as well as the works [50, 127].

We define relevant length, velocity and time scales for our problem. This will
allow us to redefine a non-dimensionalized equation depending on three parameters:
the (square root of the) mass ratio, Z, and a dissipation rate. The relevant velocity
scales for each species are

0
Ve = (—)Y2, 4.2.10
2= () (42.10)
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These are the the thermal speeds as in [4]. Next, we define the length scale

0 1/2

which can be thought of the smallest length scale at which the electrostatic force is
significant for a thermal particle. This gives us natural time scales for each species
X m4 1/2
T =2 = () 4.2.12
1% Ne? ( )
While F, and F_ will be re-scaled in v differently, according to V., and V_ respec-
tively, we will re-scale time by the ion-time scale for both species. The electrons then

evolve according to a faster time-scale than the ions. The ratio of these time-scales

is the same as the square-root of the mass ratio,

oLl (m—>1/2 (4.2.13)

The final non-dimensional parameter is the dissipation rate, which gives the size of

the collisional effects:
N1/2e3

Hil =27 ln(A)W

(4.2.14)

We now perform the non-dimensionalization. Define the re-scaled coordinates

_ t
I = — 4.2.15
= (12.15)
X
T = __ 4.2.16
=2, (12.16)
v
Ty = — 4.2.17
V4 V:ta ( )



and define re-scaled versions of (F_, I, ):

Moreover, define

n.(t,7) = /F’+(fafﬁi)d5i,
—Azp = dn(ivy (£,7) — 1 (2,7)),

Et,7) = —Vzo(L, 7).

In particular,

BFT) = ——E(t, 1)

NXe

The “Vlasov-Poisson” parts of the equations (4.1.1) transform like

Ze N _ - ~
{a,f+v-vm+m—+E~vv}F+ = m{ag+v+~vf+ ZE - V3, }F,
e N _ . ~

{8t+v~vx— EEVU}F, = Ti—w{g&t%—’l}, ‘VE—E‘VE_}F,
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(4.2.18)

(4.2.19)

(4.2.20)

(4.2.21)

(4.2.22)

(4.2.23)

(4.2.24)

(4.2.25)
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We now compute the transformations of the collision kernels:

Q++(Fy, F)(v) (4.2.26)
= Ve« [ 00 =T { Ve, ) = P50 Ve, P, i,
(4.2.27)
Q-+ (F-, Fy)(v) (4.2.28)
NQ — — (! I o (— (! —/
= mvm : /R3 O(evy — 7)) {EF,(U_)V@FJF(UJF) — F+(v+)V5_F,(v_)} dv’_,
(4.2.29)
O _(F_,F)(v) (4.2.30)
N2 — — (I [ n —/
= 75 Vo R3<I>(v_—v){F_(U)VUF_(U_)—F( WV, (@ )}dv ,
(4.2.31)
Q- (Fy, FL)(v) (4.2.32)
— Ve [ 0~ ) (@) Ve P (0) - e (o) )
(4.2.33)

Ignoring 7, the ratios of the pre-factors appearing in the expressions above for the

collisions, over that of the transport terms for each species are

(4.2.34)

N2 (N )1 NX N2

m2 Vo \ TV} maVE 032

Multiplying the above by 27e! In(A) gives s~

We now give the non-dimensionalized version of (4.1.1). By abuse of notation,
we shall use the symbols (¢, z,v) to denote the re-scaled coordinates for the ions; we
will use (t,z,€) to denote the re-scaled coordinates of the electrons (i.e., we replace

t—t,T—x, v — v, and v_ — £). Moreover, we write F' = F., and similarly for
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the potential and electric field. Then, these solve (4.1.7).

4.2.2 Formal derivation of the ion equation

We give a formal derivation of (4.1.18) from (4.1.7) by setting € = 0. Then,

{00 +v -V, + E° V,}F) = Q(F), F))+ Q" (F°, FY), (4.2.35)
{£- Vo —E°- VI F? = Q(FY,F2) + Q% _(FY, FY). (4.2.36)
where
Q@ (.0 = .- ([ w@)ver@ig ) (12:37)
QY _(FY, FO)(¢) = (/RS Fﬁ(v’)dv’) Ve ((E)VeF2(€)). (4.2.38)

We assume F is positive at each (¢, z, &), smooth in (z, £), and decays sufficiently fast
in £&. We can then use the entropy identity to deduce possible solutions. Multiplying
(4.2.36) by In(F°), we have

0= // (QFY, F%) + Q" (FV, F%)) In(F°)dzdv (4.2.39)
T3xR3
= _1 0 0 /
- ///TRR FO(t, 2, €)FO(t, 2, €) (£2.40)

tr(®(¢ — E){VeIn(FO(t,2,€)) — Ve In(FO(t, 2, €)) Y22 dudede (4.2.41)

(¢, ) /T L (O (12, 9)) ) dnde. (4242)

Note that both terms are nonpositive, and therefore zero. The null space of ®(¢) is
span{¢}, so we deduce that V¢ In(FO (¢, z)(t, z,&)) € span{¢} for all (¢,z,£). Thus
F_(t,z,€) is radial in ¢ for each (t,x). Taking FO(t,x,&) = FO(t,z,|¢|), we have
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that

= 1 [0 0 /
"3 ///Tastng Fo(t ) 2, [€) (4.2.43)

tr(®(¢ - f){ O, (F2(t,2,7)) =g — 3 In(F2(t,2,7))] e} %) dwdE g

€] |§’|

(4.2.44)
Then, for every £, & so that £ £ 0, ¢ #0 and £ — & # 0, we have

§

’5‘8 ln(FO(t xz T))‘r:|§|

’5/’8 L In(FO (t,2,7))],—e € span{& — €'} (4.2.45)

The above implies that on the set where & and & are linearly independent, we have

1 Oy In(FO(t,2,7))|rmie| =

E EO (P e ). (4240)

€]

For any given values of ||, |£'| > 0, we can find &, £’ which are linearly independent.

Thus, for all r,7" > 0, we have
1 0 1 0 /
-0, In(F2(t,z,r)) = Far/ In(FZ(t, x,r")). (4.2.47)
,

In particular, 9,(10, In(EFO(t,z,7))) = 0. Thus, there exist functions 3(t,z) and
¥ (t, z) such that

In(FO(t, x, 7)) = —@ﬂ +(t, x) (4.2.48)

In other words, F°(t, x,€) is a local Maxwellian centered at & = 0, i.e.

t,x 2
FO(t,2,€) = e 50 ta) (4.2.49)
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Observe that Q(F?°, F°) = Q% _(F?, F°) = 0. Therefore,

{¢€-V,—E-VJF°" =0. (4.2.50)

Thus,

€1

0={¢ Vo= E-Ve}n(F2) = £ Voh + € Vo -+ £ BB, (4.2.51)

Taking || — oo, we deduce that V.5 = 0, i.e. B(t,z) = B(t). Finally, we conclude
Vb = —BE° = V. (8¢°). Thus, »—B¢° is independent of z and £. We integrate in &,
use conservation of mass (4.1.13) to determine this function, and add an appropriate

constant to ¢° to deduce

3
FO(t,z,6) = (@) ’ e*ﬁ(t)(gfw(t:w)) (4.2.52)
- 2m
This implies n° (t,2) = %ﬁ%, giving the third line of (4.1.18). As for the
first line, since V¢FY = —BwF?, we have the important vanishing property
@) = Ve { [ SO (s QAR W) =0, (4253)
R

as ®(£)€ = (0,0,0)T. Finally, for the second line, we invoke (4.1.15) and the identity

P o, . 3
//Tsst — frdwdt = 2 (4.2.54)

4.2.3 The Boltzmann Case

We now apply the analogous re-scaling to the Vlasov-Poisson-Boltzmann system with

hard spheres as was done in Section 4.2.1. Unlike the Vlasov-Poisson-Landau system,
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the ion-electron collisions do not seem to vanish in the limit £ | 0. Moreover, we show
that the formal expansion in ¢ yields a system of equations that seems difficult, if
not impossible, to solve. This is because the the O(1) terms in the expansion depend
on the O(e) terms in a nontrivial way, which in turn depend on the O(g?) terms, and

SO O1n.

For simplicity, we let Z = e = 1. Following [134], the Vlasov-Poisson-Boltzmann

system reads

1
{O+v- Vo + m_E Vo = Qe (Fy, FL) + Q- (FL FL) 1
1
{0y +v -V, — —E- VJF. . =Q__(F,F)+Q. (F.,,F.), (4.2.55)
+
—Ayp=4r(ny —n_)
Once again, ¥ = —V_,¢. The Boltzmann collision operators are given as follows:

with a, 8 € {—,+}, we have

Qus(GasGr) = T [ a0l {Galw)Gat0) — Galt)Gi(0) s

(4.2.56)
where o4 are the diameters of the particles, and
’ 2m5
W=u+—""—(v—1u) ww, (4.2.57)
Ma + Mg
2my,
vV =v— L((v —u) - ww. (4.2.58)
My + Mg

For simplicity, we set 0. = 1 as well. We now set £ = ev (and ( = eu), and
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F_(¢) = e3F_(&/¢). We now rewrite the first two lines of (4.2.55),

{0 +v Vot E-V,}F, = Q(F, F) +Q° (F_, F) (4.2.59)
{0, +&-Vo—FE-Ve}F =Q(F_ ,F)+ Q" _(Fy,F.). (4.2.60)
Here, Q = Q. = Q__. Before we define the cross-collision terms, it is worthwhile

to define the reflection matrix
R,z =2z—2(z w)w, (4.2.61)

where w € S%. The ion-electron collisions have the following (singular!) effect on the

ions:

(P F,) (4.2.62)

//R € =e0) - w{ PP () = (O F ()}, (4.2.63)

where

(=C+ T, 52((51) — ) -ww = Ry +2e(v - w)w + O(e?), (4.2.64)
vV=v— 1 i€€2 (ev — ) - w)w = v + 2¢(¢ - w)w + O(e?). (4.2.65)

On the other hand, the effect of ion-electron collisions on the electrons are the fol-

lowing;:

O (Fy. F- //R | eu=©)- Wl ) (€)= Puu) P (O }dud, (4260
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where in the above,

u=u+ 7 _2|_€52 (€ —eu) ww =u—2¢(£ - w)w + O(e?), (4.2.67)
=8¢ 552((5 —eu) - w)w = Ry + 2e(u - w)w + O(e?). (4.2.68)

The ! term in Q< + is the source of the difficulty in describing the formal
analysis as € | 0. In particular, we have no reason to expect that the effect of Q° +
will vanish in this limit. To better understand this limit, we use a formal asymptotic

expansion. First, we expand the collisons as follows:

O (G1,Ga) = Y ¢’ (G1,Gn), (4.2.69)
j=—1

Qi_(Gl, GQ) = Z qui,(Gl, Gg) (4270)
7=0

We now give the first two terms in these expansions. The first two terms in (4.2.69)

are

GG = ([l allGiRG) ~ Gdcs) Cate)  (a2:)

and

(G0 == ([ sl @GR - Gi0)deds) Gl

(4.2.72)
+2 (/113xs2 ¢ w|(v-w)w - VCGl(RwC)dew) Ga(v) (4.2.73)

—2 (/R3><82 ¢ - w|(C - w)Gl(RwC)wid(dw) 0y, G2 (V). (4.2.74)
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On the other hand, the first two terms in (4.2.70) are

¢ _(Gy,Gs) = ( g Gl(u)du) /S - wl{Gi(Ru8) = Ga() Yo, (4.2.75)

and

(616 = ([ witn) [ st lGalr) - Gl (1279
+2< /R 3 uiGl(u)du> /S sgn(e W VeGa(Rb)dv. (4277

In the above, there is another O(e) term arising from the expansion Gy (u') = Ga(u)+

2¢(& - w)w - V,G1(u) + O(e?), but this integrates to zero.

Next, we expand F, and F_ into an formal series in e:
Fy~ Y &F;, Fo~) dF (4.2.78)
=0 =0

where each F} ; is independent of €. Similarly, we expand ¢ ~ Z?io gl ¢; and

E~ 37 ' Ej. Collecting the O(1) terms of (4.2.60), we see that F° ; solves

{5 : Vm - EO : V£}F~L70 = Q(ny()? F,p) + q9+<F+70, ﬁ’,i)). (4279)

It is straightforward to check that

3

Fo= (_ﬁ(t)) ? B —g0) (4.2.80)
27

solves the above, with (3, ¢°) solving the same equation as in (4.1.7). Using a similar

entropy identity as was used in Section 4.2.2, we expect that this is the unique such

solution. With this ansatz, we have qi7+(}3’_,0,G) = 0 for both j = —1 and j = 0,

and any G, due to the radial symmetry of F_,. In particular, the O(2) term in
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(4.2.59) vanishes. Collecting all the O(1) terms in (4.2.59), we then have

3,5F+,0 + {U . Vz + EO : VU}FJ“O = Q(F+,O7 FJ’,’O) + q:i(F,J, F+’0>. (4281)

Thus, in order to solve for F 3, we must solve for ]:1,1 as well. Then, collecting all

the O(e) terms in (4.2.60), we have

{€ - V,—FEy-Ve}F 1 — B -VF_ (4.2.82)
—Q(F_ 1, F) = Q(F_ 0, F_1) — S _(Fy o, F_1) (4.2.83)
=0 F o+ ¢ (Fyo, F o) (4.2.84)

]

In the above, we used the fact that ¢°(F, 1, F_o) = 0. Now we arrive at the issue:
in order to solve for F j, we must solve for F_,l as well. However, the equation for
F_ 1 depends on Fj, which in turn depends on F ;, which depends on F_Q, and so
on. In summary, it seems difficult to solve for the solve the terms in the expansion

(4.2.78), in order to get a well-defined limiting equation.

4.3 Preliminaries

4.3.1 Well-posedness

In this section, we state a prerequisite local well-posedness result that guarantees

solutions to (4.1.7) in our context.

Lemma 4.3.1. Fiz M,T > 0, and suppose (F?,3,¢°) is a solution to (4.1.18)
satisfying the hypothesis of Theorem 4.1.1. Fiz e > 0. Then there exists T. € (0, Tp)
(depending on (F,[3,4"), € > 0 and M), and ¢ = o(M) (depending only on M)
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such that the following holds. If we take (F5 ;,, F% ;) satisfying

1

|—
+,n

HF—T-,m - F—E,in“@’ + \/ gf,Q,m < o. (4.3.2)

then there exists a unique weak solution (Ff,F2) with 0 < Fi € C([0,1.]; &) N

e + 15 inlle < M, (4.3.1)

L>([0,T.]; €) N LA3([0, TL]; D) to (4.1.7) with the initial data, satisfying the estimates

1
sup (I e + ||F6<t>||e) <o (43.3)
] ( ”+(t) +

tel0,T:

s (IFE0 = POl +\E25(0) S 1P 0 = Falle + /800 (439
€|0,1¢

We only sketch the proof. First, construct smooth approximate solutions via
the iteration method laid out in Section 5.3 in the following chapter. The estimates
shown in this paper can then be applied to these iterations, at least for short time in
g, if one replaces the intermediate system (7¢,¢°) with (3, ¢%). This gives uniform
boundedness of the iterates on some ¢ dependent interval. We can then show that
these iterates converge in &', uniformly in time. This gives us a local solution. We
emphasize that unlike in Chapter 5, the uniform boundedness of the iterates does
not require propagation of regularity in v, allowing us to get local solutions in a lower

regularity class.

4.3.2 Lower and upper bounds on the diffusion matrix

In order to prove local well-posedness for the system (4.1.7) and (4.1.18), we first

prove the following lemma, which gives upper and lower bounds on the diffusion



matrix appearing in the collision kernels:

Lemma 4.3.2. Let G(v) = G :R3 = R, v € S%. Then for all v € R?,

|D; % G(v)vivs] S [[(0)° Gl 2005 (v)viv;.

Assuming G > 0, we have the lower bound

1G]l
({02 Gl /N Gll) ™

oi(v)vivy S iy * Gv)vv;.
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(4.3.5)

(4.3.6)

Proof. We first prove (4.3.5). Observe that |®;; * G(v)vvj| < ®;; % |G|(v)vv;. Thus,

it suffices to consider the case when G > 0. First we have uniform boundedness,

103 + Go)vivjllre S N(=20) 7 Gl < [{0)* Gl

Y Y

Alternatively,
a2 Y 2
®;; % G(v)yyy < / il <U, 5 o) G()dv'
2v’|<|v] [v — /|
a2 o 2
+/ |U v | <U/ 5 v 7V> G('U/>dv/.
200’ |>|v] v — /|

Now,

V=212 = —v v)2=|P,.(v—1)| <|Puv|+|P,.v|,

(4.3.7)

(4.3.8)

(4.3.9)

(4.3.10)



SO
P 2 - |Pw|?
(4.3.8)§/ [Pyl +,|3 °F Gyaw
2v’|<|v] v — |

|P1,LU|2 1
S T 1G]z + =SV Gll s

[ol?
‘P LI/‘Q 1
< v /5G !
~ ( |’U| + |U|3)||<v> (U)HL?),

On the other hand, we have

(4.3.9)§/ ! G(")dv'

2] [V — V]
1 1

= vl Japrzpey v =0

< ﬁH(—Av/>—1(<v/>30<v’>>\lm

[V PG (v")dv'

|
< 1 / 5G /
< )Gz,
] v
Thus,

‘PUJ_VP
[v]

1
®y; *+ G(v)viv; S minfl, + W}H<UI>5G(UI)HL2,>

which implies (4.3.5).
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(4.3.11)
(4.3.12)

(4.3.13)

(4.3.14)
(4.3.15)

(4.3.16)

(4.3.17)

(4.3.18)

We now prove (4.3.6). By re-scaling G — G/||G|| 1, it suffices to show (4.3.6) in

the case ||G||zr = 1. For convenience, we define

ke = (1{v)*Gll2).

Let v € S?,

(4.3.19)

(4.3.20)
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where 6 = 6(v') is the angle between v and v. Taking 6, > 0 to be a constant to be

chosen later, we bound the above from below by

1 1
®; * G(v)yy; > sin® (/ —I’G(’U — v )dv' — / —G(v— v’)dv')
R S

3 ”U in2 0<sin? 6y |U/’
(4.3.21)
Now,
1 / / ]' / /
G = )dv' = ~G(v')dv (4.3.22)
r3 |V [v]>10]v’| v — /|
9
> —— G )dv' (4.3.23)
10v| [v|>10[v’|
9
> ) - / G )dv) (4.3.24)
10[v| o] <10[0/|
9 _
> (1 P il IV PG z)  (4.325)
10’1}’ v v
9 ka
S 1 _ ke 4.3.26
- 10]1}]( ]v\) ( )

On the other hand, for any A > 0,

/ L/G(v —v)dv' > = <1 —/ Gv — v’)dv') (4.3.27)
r3 |V A [v/]>A
> 1 11— |||V — PG 4.3.28
> < (1= I alles e = PG i) (43.28)
1 ]{‘0<’U>2
> (1 — 4.3.2
> 1= =) (13.29)

Taking A = 4kZ(v)*, and combining with (4.3.26),

Lo = i Ly ey 11
/R Gv—v")dv' 2 mln{w(l ‘Ul), k’é(v)‘l} 2 R 0] (4.3.30)

s V']
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We now consider the second term in (4.3.21). First,

1 1 3
—Gv—=v)dv" S kg (/ —dv') (4.3.31)
\/SiHQ 0<sin? g ’vll ( sin? f<sin? 6 ‘UI‘2<U - U/>4
<k (/ 1 d /)5
v
~ e sin? #<sin? 6 ‘U/P(l + ‘U‘z + 2<U70/> + ‘U/P)z
(4.3.32)

We then use spherical coordinates to evaluate the integral above, setting the span of
v to be the z-axis, and the span of P,1v to be the x axis. Letting v = (v,v), and

|P, v] = vy, we get

1
dv’ 4.3.33
/ o PO+ 0P + 2{0, o) + [0]2 (4.3.33)

/00/2”/ sin 6 Wdod
pr— . a r
o Jo Josoupm—em (1+ vﬁ + v3 + 2r(vjcosf 4+ v, cosasinb) 4 r2)?

(4.3.34)

We now rewrite

vﬁ + v} 4 2r(vjcosf + v cosasinb) + r? (4.3.35)
= vﬁ sin® 0 + v (cos” 0 + sin® asin® ) + (r + vj cosf + v, cosasinf)®  (4.3.36)

> 0% cos® 0 + (r + v cos + v cosasinf)? (4.3.37)

Extending the domain of integration to be r € (—o00, o), and using shift invariance

in r, and then the symmetries of sin @, we bound the integral by

0 .
(4.3.33) < / / i sin 0 dodr (4.3.38)
~JrJo (1+0v?cos?+r2)?
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Taking 6y < T, we have cos? @ > % This ensures that

6o :
(4.3.33) < / / sin 6 _dfdr (4.3.39)
rJo (I+vL+]r])
1%
< sin 6d0 (4.3.40)
™ (vL)? /
62 :
< e (4.3.41)
Combining with (4.3.21), we have
1 6o
i x Gy 2 05 | ———~ — ka 5 (4.3.42)
’ ’ ‘ (ké@) (v)2

At this point, we take 0y = >\<Z’UL>>, where A € (0,%) is to be chosen later (not

necessarily the same A from before). In particular, vjfy S A(vy), so

)\2<UJ_>2 1 A
O, x G(v)yv; 2 —kg——— | . 4.3.43
GO R e \ ke~ i) (1:3:49)
Taking A = @, we deduce
(v))? 1 |Pv)*  |Puav|?
;. x G(v)vv; > = ) 4.3.44
J * (/U)I/VJ ~ ké7<’0>3 kév?( <’U>3 <U> ) ( )
We deduce (4.3.6). O

4.4 Estimates on the ion distribution

4.4.1 Boundedness of the ion distribution

We now prove a priori estimates for the ion distribution.
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Proposition 4.4.1. Let M,T,e > 0. Suppose (F=, F) is a weak solution to (4.1.7)
with 0 < F € C([0,T); €) N L*([0,T]; D). Assume the following bootstrap assump-

tions:

sup  ([FEO) e + I lleze) < M (4.4.1)

te{—+} 0<I<T ( )
In particular, there exists Z.£(t) ~un | F5||3 (depending on M) such that
d € € 2 € 3
S 25 T IELWln < Ou{[[FZ]lo)=. (4.4.2)

Alternatively,

d & 1 5 e 3 mi e
GIFEE + oI5 Ol < CurlUIF 2)2 +10)™ FE 0 0 s, (443)

Proof. It is convenient to ignore dependence on M: we write C' = C);, and “<”
instead of “Sjs.” We also drop the dependence on ¢, for instance, Fy = F. Given

m', s € R, we define

FUms) = ()™ (V) F | (4.4.4)
FUms) = ey (v, ) P (4.4.5)

It is also convenient to split the collision operators into their “diffusion” (second

order) and “transport” (first order) parts in divergence form:

Q(G1,G2) = Qp(G1,G2) + Qr(G1, Gy), (4.4.6)

(4.4.7)
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where

Qp(G1,G2) := 0y, (P *y G1)0,,G2), (4.4.8)

Qr(Gy, Ga) = B, (D, (B %, G1)Ga). (4.4.9)

We split Q5+ = Q%+ p + Q%+ similarly. We now proceed with the proof, broken

into several steps.

Step 1: We have the following estimates:

d ma,0 1 ma,0 %
a0+ G e, < CA+IE-1) (4:4.10)

and for all k > 0,

d \ (mis) 2 L mas)) 2
—EE e+ S g e
di o C FeHantee) (4.4.11)

m1,0 3
< OO+ IF™ o ety + IF-113):

The proof of (4.4.10) follows by a similar method as (4.4.11), so we only show the

latter. 5 To prove (4.4.11), observe that F\™* satisfies

O+ v Vo+ E-V,)F™) 4 [(0)™(V,), E - V,|F, (4.4.12)
) V) QEL F) + @y (FL F)). (4.4.13)
®We note that the RHS of (4.4.11) contains the term ||Fiml’0) ||2L§(7—lm7-£25)v’ while (4.4.10) does

not. This terms arises from the commutator of (V,)® with collisional terms, for which there is no
analogue in the proof of the estimate (4.4.10).
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Multiplying the above by by Fiml’s) integrating, we have

——|FY™ 7 4.4.14
SR, (1414
= ([B - V., )™ (Vo) ]y, F™ ) o (4.4.15)
+ ()™ (Vo) Qe Fy ) FI™ ) s (4.4.16)
+ (V)™ (V) Q (F, Fu), ™ s (4.4.17)
What follows are estimates for each term on the right-hand side.
Step 1.1 (electric field commutator): We now bound (4.4.15):
(4.4.15) S T+ [ FV 12000, - (4.4.18)

Observe first that

[E ’ VU, <U>m<vx>s]F+ =FE- vv(<v>m1 <vx>sF+) - <U>m1E ' VU<VI>SF+ (4419)
+ <U>mlE ' vv<vx>sF+ - <U>m1 <Vx>S(E ’ vvFJr) (4420)
= myv - EF™ ) (4.4.21)

+ ()Y - (E(V2) Fy = (Va) (EFY)). (4.4.22)
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Thus,
(4.4.15) = my (v - EF{™2) Ry, (4.4.23)
BV Py — (V) (BE), V()™ F™ s (4.4.24)
S Bl | F™ 13, (4.4.25)
(m1+%,s—1) (m +%,O) (ml—%,s)
+ (Ve Bl || Fy ez, + IENm 1 E 2 ez I EY 223
(4.4.26)
(m +%»S—1) ma,0 mi,s
S UET g, + 1E g )+ I ) (4.4.27)
Next, note that we have the interpolation inequality
mi+3,s— mi,s Szl m ﬁ, s
POt SE s [P0, S e ST, (44.28)
since my + % < my. We conclude with (4.4.18).
Step 1.2 (self-collisions): Next, we have the following bound on (4.4.16):
(14.06) < — LB, b O [F O ) (4.4.29)
o - C + L%(Ho’)v + L%(Ho’)v ’ T
For this, we separate
(4.4.16) = (Qp(Fy, F{™), F{™ )y s (4.4.30)

+ ()™ (Vo) Qp(Fy, Fy) — Qp(Fy, F{™ ) F™ Ny (4.4.31)

+ ()™ (V) Qr(Fy, Fr ) FY™ ) 1 (4.4.32)



Using (4.3.6), we have the bound

(4'4'3()) - _<((I)ij *y FJr)anFj_mhs), aij-f—m17S)>L2

1 (m1,s)
< — F 1o)o"
Cor. IEE M 2
where
kp, = max{l, ||<U>5F+HL§°L37 H”J_rlHLéf}'
Now,

5,2
1) Pz S NFCP |, S 1.

T N

so kp, < 1. Using these estimates, we get that
1 2
(4'4'3()) < _5”F+”Lg(q{g)v

Next, we have the commutator term (4.4.31). Let us first write

()™ (V) Qp(Fy, Fy) — Qp(Fy, FI™)
= (Vo)*Qp(Fo, F{™) — Qp(Fy, ™)
+ (V) ()" Qp(Fy, Fy) — Qp(Fy, ™0}

Now, let

Then

((4.4.39), F™%) 13 | = (Ci, 0, F™)

L2

T,V

1 mi,S mi,S 1
< ((U_l)z‘jcz‘aCj)ig}v@javiﬂ 0, M),
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(4.4.33)

(4.4.34)

(4.4.35)

(4.4.36)

(4.4.37)

(4.4.38)
(4.4.39)

(4.4.40)

(4.4.41)

(4.4.42)

(4.4.43)
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Now, the latter factor is ||FJ(rm1’s)||L%(ﬂU)v. On the other hand, writing

1

Ag = o2 P x, Go™ 2.

N}

(4.4.44)

Note that by (4.3.5), [[Acllree < [{(v)°G|l12 given a function G = G(v). Therefore,

we have

m 1 mi,

lo72C)l 2., = I(Va)* (Ap, 02V F™ ) — Ap, o2V, F{™ | (4.4.45)

1 mi,s—
< ||AFLO,S>||L§L30||UQVUFL S (4.4.46)

m1,5—1

SIE™ ), (4.4.47)

m1,0) % (ma,8) |5
S N s I (4.4.48)

Thus,
m1,S m1,0 % mi,S %

((4439), ™ iz S IR N iy JIES g - (4.4.49)

Next, we have

(4.4.40) = =y (Vo) {0y (@i 50 F)Ou P 4+ 0y, (0i(@ 5 Fr) B 0)
(4.4.50)

— (my — 2)v0;(By %, Fy)FM 40y, (4.4.51)
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Thus,

((4.4.40), F{™ ) 1 = =y (Vo) {03 (R, Fy)0y FM 20} FIMD) 1 - (4.4.52)

+m (V) (o)™ 20i( @y PP 0,0, P ) s
(4.4.53)

+ma(my — 2) (Vo) {vg (Bg; #, F)FIM 0} By

(4.4.54)
1 1 mi1—2,s mi,s
S [lotellAponlizallo? Vo™ g | IEE s,
(4.4.55)
1 mi—2,s 1 mi,s
[l el Ao ezl F 5 | o Vo™ s,
(4.4.56)
1 m1—4,s mi1,8
+ || @EN Aol lF™ | I e,
(4.4.57)
SIE s - (4.4.58)
Therefore,
mai,s m1,0 % mi,s %
(4431) S IE Nz, + I I iy, (4459)
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Next we estimate (4.4.32). We bound this as follows:

(4.4.32) = (V)™ {0y, (Bij o Fu )L™V, 0, Fm9) 1y (4.4.60)
+ (Vi) {000, (B %, F)FIM 720} Flomes) (4.4.61)

S V) {2 (Vo - @5y Fy)Filaz llo? Vo Pz (4.4.62)

+ (V) {0300, (i %0 F)F 2O g 1FE™ 1z, (4.4.63)

1 _ m mi,
S Nom2 V(A T FO o | I 2, (4.4.64)

+ Vo= A0) T PP e | FE™ N2 ™, (4.4.65)
3 — 0,s mi,s
S0 2 V(= A0) FO 2 (L 1l ) (4.4.66)

Now, by

. F(O,S) / F(O:S) /
<U>%|vv(_Av)_1Fi07 )| 5 <U>g/<> | ’ + (U )‘dvl + <v>§/<> ‘ + (U )ldv'
v)>2|v’ v

\ v —v'|? <2v'| v —v'|2
(4.4.67)
(2.5)
1 F 2 /
S (0 HIE N+ [ )] g (1.4.68)
v rRs |v—]?

3 — S ,S _ §,S)
1) 3V (=) F N zne S IESNzny + IVl EE iz (44.69)

2,5 3 (3,9
SIEP 2, + 10V F e, (4.4.70)
<14 ||FEY)) (4.4.71)
ST+ R g 4,
3
STHIE ), (4.4.72)

13
In the above, we use the interpolation inequality ||ul|a/a < ||ull 2||ull 1, followed by
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the fact that |V,|u|| = |V,ul a.e., for any function v € H'(R?). Thus,

mi,s)
(4.4.32) <1+ || F¢ |yL2 . (4.4.73)
Combining the estimates (4.4.30), (4.4.31) and (4.4.32), we conclude
(4.4.16) < ——HF "2, 0, (4.4.74)
7
mi,s) |11 m1,0) mi,s)
+C(1+ || FY 12,0, |FY ||F Lay,). (4AT5)

We then use Holder’s inequality to get (4.4.29).

Step 1.3 (control of ion-electron collisions): Now, we turn to (4.4.17), for which we

have the bound

(4.4.17) < ——{HF(””” ety = ME 000
+ C«||F(m1 0)||L2 . (4.4.76)
+ OA(l + “F ) ||L2(H )5)

for all A > 0. We decompose this term in the same way as (4.4.16),

(4.4.17) = (Q°  p(F_, F{™ ) FI™y (4.4.77)
+ ()™ Q7 (P, Fy) — Qy p(Fo, F™9) FI™ ™y 1 (4.4.78)

()™ (Vo) Q7 (P, Fu), FY™ ) s (4.4.79)
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The terms (4.4.77) and (4.4.78) using the same approach as (4.4.30) and (4.4.31),

(4.4.77) < ——HF m1,9) (4.4.80)

||L2 HJF »?

mi,s m1,0)
(4.4.78) SIE N sy, + 1T

JE

(4.4.81)

L2 (HE.) L2(H+ Yo

The final term (4.4.79) requires a different approach: we separate it into a main term

and commutators,

(4.4.79) = (Q°, 1 (F_, Fim9) plms)y

T,V

(4.4.82)
+ (V) Qg (P FI™) = Q7 (P F™ ), O 1 (4.4.83)

F (V) )™M Q7 (Fo Fy) = Qo (F, FUMO)Y, pOmsy
(4.4.84)

For the first term, we note that 9,,0,,®;;(v) = —8md(v) in the sense of distributions,

where ¢ is the Dirac mass. Hence,

(4.4.82) = dme(F_|e_oy ™, FI™ ) s (4.4.85)
3 3 ~(m1,s mi,s
< ell(ev) T Fole—eullpe o 1(ev) T FU™ ) | pa g | FE™ | 12, (4.4.86)
1 30 _3 mi,s
S P e el ()5 FY™ | g (4.4.87)

Now, using the generalized Minkowski inequality and Sobolev embedding,
(3.0) (3.0) (3:5) (1:5)
IEZ N pgeng S IVOF lpger SNV iz, ST+ 2 200, (44.88)
On the other hand,

SRy < [F) 2 () 4.4.89
[Kev) ™2 FL 2 S| 1%, lI{ev) (4.4.89)

HL2H1

< e R (4.4.90)

L2(HE)w
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We conclude that

(4.4.82) < CeX||Fo™9)||2 NEE 1234, (4.4.91)

L2(HEe)
As for (4.4.83), we have

(4.4.83) = 8TV {Ve(—A¢) TP |emen FU™ Y = V(=D)L |emey U™V, FY™)

(4.4.92)

~

3 — 0,s my,s—1
S @IV EO el N2

IET g, (44.93)

(0,s) er ,5—1) mi,s
S Vel EC |z 0 | B Iz HF( YN 2o, (4.4.94)
0,s) m+—0 (m1,s) mi,s
S II1F mmJF 3 | (4.4.95)
< | FU ||L2 YR | o F™ N o, (4.4.96)

The second commutator (4.4.83) is bounded as follows:

(4.4.83) = 87((Vo) {v - Ve(—A¢) T F_[e—ey ™ 20Y FY™ )y o (4.4.97)
S H|Vu|_1F£O’S)||Lng°||F4(rm1’s)\|%gzw (4.4.98)
SIE a0, (4.4.99)

Thus,

(4479) S (IF" N zzguore + X IET 12 e NF zzorye (44.100)

L2(HE.)

+ I g, N FE (4.4.101)

30000

Now, combining the bounds on (4.4.77), (4.4.78), (4.4.79), and Young’s inequality,

we conclude (4.4.76).

x,v



157

To conclude step 1, we combine (4.4.18), (4.4.29) and (4.4.76), taking A suffi-

ciently small, to get (4.4.11).

Step 2 (combining the estimates): Take 0 < k1 < kg, and set 2, :=
mHFJ(rml’s)Hig + liQHFimQ’O)H%g . Then by (4.4.10) and (4.4.11), we have

4

K1\ (mas) 2 K2 (m2,0) (12
Mﬁ+5w’wm%mmﬁ(——mgw2|%%mmv(Mmm

C
< O(k1 + k)| F- || o) 2 (4.4.103)

Taking ko sufficiently large and 4 sufficiently small depending on M, we get (4.4.2).

Alternatively, by simply adding (4.4.10) and (4.4.11), we have (4.4.3). ]

4.4.2 Error estimate for the ion distribution

Proposition 4.4.2. Let M, T > 0, and let (F5, F©) be a solution to (4.1.7) satisfying
the same hypotheses as in 4.4.1, and (F9,3,¢°) be a solution to (4.1.18), satisfying
the hypothesis of Theorem 4.1.1. Then, there is a function % : [0,T*) — Ry such

that ZE ~y || FS — F?|e and

d g 51
S+ Fs = O,
(4.4.104)

S AI(FY, F2) ) (6 + 25) + 22 .
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Proof. Let G = F5 — FY. Then,

G+ {v -V, +E -V, }G— (E°—E% -V, F) —Q(F;,G) — Q(G, F?) (4.4.105)

— Q_,(F°, F?) (4.4.106)

Similarly to the proof of the previous proposition, given m’,s’ € R, we denote

G = (0)™ (V)G (F5)™) = (v)™ (V,)*F%, etc. The above gives

1d
S ICT s, = ()™ (V2% B - V]G, G009) (4.4.107)
+ ()" (Vo) (B — E°) - V,FYY, G0 2 (4.4.108)
+ (V)™(V)*QFE, G), GV s (4.4.109)
+ (V)™(V)*Q(G, FY), G s (4.4.110)
+ (o)™ (V) QL (F2, F}), G s . (4.4.111)
We modify the estimates from Proposition 4.4.1 to get
(4.4.107)] S |Glle(I1Glle + 1G22, (4.4.112)

1 mo,S m
(4.4109)] < = |G 2,0 )+ CUIFS )G + 1G™ Oy ),

(4.4.113)

1 7
(4.4.110) S NG +IGIGNG™ I, g+ A E D) G IG™ 125, ,
(4.4.114)
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What’s left is to bound (4.4.108) and (4.4.111). For the former, we have

g mo,S m §S mo,S
(44108)] S 1B = E¥llas (1CFD) ™ 12+ [(F 3 GO g
(4.4.115)
< 0
S UGy s+ I1FZ = ppe™ | ) (1 FY o) (4.4.116)
< 0

S (IGlle + 1F2 = pge™ [l ) (| FY]lo) (4.4.117)

In the above, we used the fact that mgy + % < mq, and
—A,(¢F — ¢°) = / Gdv — / F* — pgeP®de. (4.4.118)

R3 R3
As for (4.4.111), we split the term as follows:

(4A.111) = ()™ (Vo) Q , (F= — pge F5), G0y s (4.4.119)
+ {(0)" (V) Q7 (e FE), Gz (4.4.120)

Now,

- 5] 5] my §S my —§S
|(4.4.119)] S ll A (F2 = e g |(F2) 29| 2 | G702 | 2y

(4.4.121)

— mo+3,s mo—32.s
+ VAT (F = pgel) || om | (FE) 029 [ 12 G072 12y

(4.4.122)

S Pz (IGer + G| 2 s,,) (4.4.123)

o)v
3

0 i 0 : mo,Ss
HIFE = ppe™ | GIIFE = pge”™ g (1G]l + G 2 5,,)

(4.4.124)

In the above, we use mg + 3 < my. Next, in order to bound (4.4.120), we compute
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directly from (4.1.10) that

Q° , (upe®  F9) (4.4.125)
="'V, - | 26— e OV FT () + BEus(FL)}dE (44.126)
= ce®'V, - {® * pg(cv)(Bo + Vo) F5(v)}. (4.4.127)

In the above, we use (& — cv){ = e®(§ — ev)v. Now, ||y * pg(v)|lL= S 1, s0

35 mo—2 mo+3 mo—32
|(4.4.120)] S e(I(FD) ™% 2912 1G22y + 1(FE) ™ 2| 12y | G729 | 12y )

(4.4.128)
S eIFL o) (IGHe + 1G] 12 ), )- (4.4.129)
Thus,
1 3
(@A S C(IF o) + 1 F2 — s [EIFS — e |13)  (44.130)
(IGlle + G| 2 31,,)- (4.4.131)
Combining the bounds on (4.4.107) through (4.4.111), we have
e P Tl T (44.132)
dt L%,v C’ L%(Ho‘)u o
< LIRS, FOo( + [IGIZ) + IG™ O, (14.133)
1 3
FIFE = s [ IIFE = e 13} (14.134)

Following a similar argument, we can show the following upper bound on G(™:0)

d .\ m 1 m
ZNGmONE, + G O (4.4.135)

3 e 0,1 e 0,3
< CU{I(FE, F)llo)*( + IGIe) + I1F2 = pae™ NG IIFZ — pae™ ||)- (4.4.136)
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Now, choosing 0 < k; < ko appropriately, we have that

Ve = ro GO (D)2, + |G (0)]122 (4.4.137)
saqtisfies
d 3
Eg+ +1G3 (4.4.138)

3 B 0,1 e 0. 3
S AIES FDI0)*(* + IG1e) + 1F2 = pae™ G I1FE — pae™ llg. (4.4.139)

From this, we deduce (4.4.104). O

4.4.3 The intermediary quantities

In preparation for Section 4.5, we introduce the what we call the intermediary po-
tential ¢° and intermediary inverse temperature 4°. Fixing an initial inverse tem-

perature f3;,, the pair (7°,1°) solve the Poincaré-Poisson system for each ¢ > 0:

d [ 3 |[v|? 1
— —Fdxd — S0 dr b =
dt{276+//1~3x113 y Frdrdv g [ VT x} .

4 (0) = i (4.4.140)

— A =Ar(ns — ")
We call 9¢ the intermediary potential because like ¢°, it solves a Poincaré-Poisson

system; however, unlike ¢°, we use F T instead of FE. Thus v serves as a better

approximation to ¢° than ¢". Similarly, % serves as a better approximation of

f fT3xR3 %Ffdmdv than % The lemma below gives existence and uniqueness for

the pair (7%,1°), for a given F7§, along with bounds that will be used in the coming

section.
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Lemma 4.4.3. Let M, T, n € (0,1] and B;, € (e™™,eM). Assume also that (F%, F?)
is a weak solution to (4.1.7) with 0 < F§ € C([0,T]; €) N L*([0,T]; D) satisfying

1
sup |z + [[FE(#)][e < M. (4.4.141)
+e{—,4},t€[0,T) n% ()

Then there exists 0 < T* such that there exists a unique solution (v¢,v¢°) € C([0,T]N
[0, 7%); Ry x H*?) to (4.4.140). Moreover, if T* <T, then 3(t) T +o0 ast 1 T*.

Moreover, assume that for some T' € (0,T)], that

(t
sup | In(2 ( >)y <1, (4.4.142)
t€[0,77] ﬂm

Note that T' < T™ necessarily. Then, we have the estimates

sup [|9%|| g2 S 1, (4.4.143)
te[0,17]
sup (|00 || gz + 147] Sar (K€ FEN 251, (4.4.144)

t€[0,77]

Neat, assume (FY, 8,¢") is a weak solution to (4.1.18) and satisfies the hypotheses of

Theorem 4.1.1 (with Ty = T'), with the given B;,. Then, we also control the difference
of (v%,4°) and (8,¢"):

sup {|7°(t) = ) + [V°(t) = ¢° (W)l i} < sup [IF5(t) — FY()]le (4.4.145)

te[0,T7) t€[0,T]

Proof. We break the proof up into 3 parts: first, the bounds (4.4.143), and (4.4.144);
second, the bound (4.4.145); and third, we sketch how to construct the solutions.

Once again, all bounds involved may depend on M.
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Step 1: We now show (4.4.143), and (4.4.144). For this step, it is convenient to
drop the superscripts of ¢, i.e. F} = F, F’® = F_, etc. We now prove (4.4.143),

from the third line of (4.4.140), and the maximum principle, we have the estimate
1
[Pl S ;H In(ny)lle S 1. (4.4.146)
Next, applying |V.|® to both sides of the third line of (4.4.140),
1 ! !
4—|vw|s T2 = |V [¥ {ngy — V). (4.4.147)
T

Using Theorem 5.2.6 in [103],

1€l < Chrpge (10l ms + 1) S Nllas + 1. (4.4.148)
Hence,
s 2
[l zre S 1+ NI llmg + [190llay S 14+ 00l (4.4.149)
Now, using |||z < [[¢]|re < 1 and Young’s inequality, we deduce [[1)| s+2 S 1.
Next, we have
w_ 1 "
(ye?¥ — 4—Aw)8t¢ = Oy — eV, (4.4.150)
s
The maximum principle implies
e~ Wz 104 | e < CllOm Lo + 131N 0] e, (4.4.151)

From the continuity equation, we know [[9;ny || S [|0im4 || gs—1 < 15 in combination



with the estimates on ¢, this implies

10l ree S T+ 171

Similarly as was done to get the bound on ||| y=+2, we deduce

10|

We now estimate : first,
37 1 1
2 // |v[20,F dxdv + — V- 0,V pde.
2v* 2 ) )psme A Jops

We first analyze the last term. From (4.4.150),

1 1
E - vzl/f . atv$¢d$ - _E<A$¢7 atl/}>L%
1 1
= —— (A, (v — —A,) ' Om) 2
47 47 &

(A, (™ — LA )e

Looking more closely at the latter term, we observe

1 o _ LA Y1
A <Am¢7 (Veﬂ{ A Az) (e'y ¢)>L%
1 1
= —{((ye" - EAxW, (ve™ — EAx)_l(ewiﬂ))L%

FH, (7 — A )i

= _w’ evwng _ 7<€vww’ (vew _ %AI)_l(eww»Lg <0.
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(4.4.152)

(4.4.153)

(4.4.154)

(4.4.155)

(4.4.156)

(4.4.157)

(4.4.158)
(4.4.159)
(4.4.160)

(4.4.161)
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Thus, we have that

L[ s 02O Frdedo — (A, (ve™ — LA,)1Om
o= 2o PO drdy — 5o (Bat, G = 3 8) " Oinihrz

2 — 2B, (70 — AL () 12

with the denominator being strictly bounded from below by % On the other hand,

by the continuity equation dyn, + fRS vV, Fidxdv =0, we have

1

[(Aath, (v = = 80)'Om) 12| S 1. (4.4.163)

Thus,
Y S 1+ // |v20, F dzdv|. (4.4.164)

T3xR3
Now,
// (020, F dxdv = 2// v- EF dxdv + // W|*PQ°, (F-, Fy)dxdv
T3xR3 T3xR3 T3xR3

(4.4.165)

The first term has the bound

2 [[ v BFdedo S B ol Pyl (4.4.166)
T3xR3

S (K Fllz, + 1) Fellzz M) Fillzz, - (4.4.167)

<1 (4.4.168)
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Next,
//Ta - v|*Q° (F_, Fy)dxdv (4.4.169)
X

= —2// 0i{e®@;; ¢ F_|e—cyOp, Fr — O, Pij %¢ F_|e—ey Fy }dxdv  (4.4.170)
T3xR3

= 2// {8 tI‘((I) *¢ F—|§:5v) + (1 + 52)’0]'8&(13”' *e F_|5:8U}F+da:dv (44171)
T3xR3

Therefore,
I//TSXRS w[*Q% , (F_, Fy)dzdv| (4.4.172)
S (||(—A£)_1F—||L§Lg° + ||V£(—A§)_1F—||L§Lg°)||UF+||L§Lg (4.4.173)
S IOV Folliz, [(0)* Fillzz,, (4.4.174)
S KO Foll 2 gy ) 1 0) il (4.4.175)
S UMY F -z, ) (4.4.176)

From this, we conclude (4.4.144).

Part 2: We now control the difference (4.4.145). reintroduce the superscripts of
g, so as to distinguish F¢ from F?, etc, although we still ignore the dependence of
constants on M. We first bound the difference 5, — ¢? . It suffices to show this in

the case

sup ||F5(t) = FY(t)]|e < o, (4.4.177)
te[0,T7]

where a = (M) is sufficiently small. If this bound does not hold, then we use the



bound

sup [7°(t) = B(t)] + [¥°(t) = " ()l g+ < Cua

t€[0,T]

Cut )
< — sup [|[F5(t) — FY(t)]e

& tefo,T]

We first control the difference at time zero:

1
__Ax( e 40

=n 0 Bind} Binds,
A in m) =Nyin = Nqin +erntin — et tin,

Using the maximum principle, we have

e Y
Ve — Ptz S = allaze S sup IF5(E) = PR
S El

By the mean-value theorem, this implies [|45, — @9, |z S supeio.ry [|1F5 (1) —

In fact, by writing
1
eﬁin¢0 _ eb’mwfn — 6”1/ 6/\¢0+(1—>\)¢6 (¢O _ @Ds)dA,
0
it is easy to show that after applying (V,)® to (4.4.180), we get

€ 0
HEt? S ||n+,in - n+,in|
Thus, by interpolation, we get

a2 S sup [[FE(E) — FL(8)]|e
te[0,T
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(4.4.178)

(4.4.179)

(4.4.180)

(4.4.181)

F2(t)|le

(4.4.182)

(4.4.183)

(4.4.184)

Now, we show how to bound the differences for positive times. Take x € (0,1] to
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be a constant to be determined later, and let T' be the longest time such that T < T

and

sup |8 — 7|+ [[v° — ¢’
te[0,7

g2 S K.
The equation we have for the difference ¢° — ¢° is

— A, (¢F — ¢°) = dm(n5 — nl + P — V).
Rearranging, we have

|
(e = AW = o)

+ (B = %)V ye.
Then, on the interval ¢ € [0, Tg], we have

92 = 6 = (8 =)™ — ANV U |

SIFES = Fille + s(1y° = Bl + 97 — "

H;+2 ) .

In particular, taking x small enough,

1= — ¢°|

w2 S sup [[FE(t) — FX()]le + v = Bl.
te[0,T

(4.4.185)

(4.4.186)

(4.4.187)

=n —n + V(T =1 — (8" — ) + (B —7)(¢" — ¥7)) (4.4.188)

(4.4.189)

(4.4.190)

(4.4.191)



Now,
€ 0 € 0
57 [, Ve =) Yl 4 )
1 e LA 1 g A
g B0 = A ) Ay

47

/ V(0 — %) Pda

< sup [F5(t) = FY(t)[le + 7 — B
t€[0,T]

Next,

a(3 3
dt \28  2~¢

_4 // w(Fs Fo)ola:dwri V(¥ — ¢°)
S odt T3xR? 2 87 Jos

Then, using 5, = v(t = 0)° and integrating the above, we have

|U’2 e 0
(F$ — F})dxdv
257 T3><R3
+

V(¥ = ") - Vao(¥© + ¢°)dz

|U|2 0
T3 - FS o — FY mydxdv
X

87

Using the previous bounds, plus (4.4.184), we have

( e Y"

=4l ’257 47 aT

Sl - B+ sup ||Fi(t) ~ F(0)e.
te[0,7T]

[ A=) = (=)™ - LA (@ o) At da

1 158 154
— —A,) eV ) A
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(4.4.192)
(4.4.193)

(4.4.194)

(4.4.195)

(4.4.196)

(4.4.197)

V(1 + gzso)dx)

(4.4.198)

(4.4.199)
(4.4.200)
(4.4.201)

(4.4.202)

(4.4.203)

(4.4.204)
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By a similar argument as was used to bound 7, we have that

€ h/E ]. En,€
/ (Y er V" — AI—AI)*l(e7 YY) At dr < 0. (4.4.205)
T3 T

We conclude that for all ¢ € [0, 7],

V7(8) = B < sl (E) = B+ sup [F5(1) — FY(1)]le (4.4.206)

t€[0,T]

Taking r sufficiently small, we have |¢(t) — 8(t)| < Cpa for some Cjy. So, by taking

= we have T = T.

K
2CyH 7’

Step 3: Finally, we sketch how to construct solutions (¢, 1°) satisfying (4.4.140).
We refer the reader (ii) of Theorem 1.4 in [13] and its proof. Using standard elliptic

theory, there exists a unique 15, € H™? solving the system
— D15, = 4m(nS ,, — ePmin). (4.4.207)
Now, for ¢t > 0, define

2
1
E(t) = // ’”’ (FS i = Fi)dudv+ o || 9505, Pde. (44208
QBm T3xR3 8

Then, for all ¢ > 0 such that E(t) > 0, there exists (y(¢),v¥(t)) € Ry x H ™
solving third line of (4.4.140), and the first line integrated on [0,¢]. Since ¢t —
| ngng o F%(t)dxdv is continuous, and the above condition holds at ¢t = 0, we
take T* > 0 to be the first time less that 7" such that the above condition does
not hold, or take 7* = T' if no such time exists. Then there exists a unique (v, )

satisfying (4.4.140), with In(y) € L ([0,7*)) and v € L2, ([0, T*); H*?). Moreover,

gvg(t) < E(t), so v*(t) = oo as t — T* whenever T* < T.
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Next, we note that 7 is continuous in time. This follows by the identity (4.4.162),

and the fact that

2
|0 (t)]| 22, // %8,:Fj(t,x,v)dxdv e L*([0, 1)), (4.4.209)
T3xR3

also shown above. It is straightforward to show v € C([0,T*); H**?) from this, and

(4.4.150).

4.5 Estimates on the electron distribution

4.5.1 Stability of the Maxwellian

The main result of this section is Proposition 4.5.1, which, roughly speaking, shows

that the Maxwellian p,-€7"¥" is stable; that is, if F<,, is close to p,-€?"%", then it

,in

will remain close. We also utilize the stretched exponential decay to acquire some

form of asymptotic stability.

To state the result, let n > 0, and recall g, = e*";, for each a € {1,2,3}. Then,
similarly to &_ , and Z_ ,, we define for each a € {1, 2},
(,fg;_ava = ||BQa|§‘2/4<vx>s{Fi _ M7€¢EGVS¢S}||%2 .

(4.5.1)
LR — YR,
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and
D7 o 1= eV S — ey}

L (HoMHac)e

(4.5.2)
+ Heqa+1|£|2/4{Fi _ “wg€7%5}|‘igmmﬂ;€)g'
Proposition 4.5.1. Fiz M > 0. Then there exists positive constants n,s and €
such that the following holds. Assume 0 < ¢ < €. For each such ¢, let (F3,F*)
be solution to the system (4.1.7) with 0 < F € C([0,T]; €) N L*([0, T); D). Fizing
Bin € (M M) let (1°,77) be the corresponding solution to the system (4.4.140),

assuming that

1 €
sup (| llege + 1F5(1)lle) < M, (4.5.3)
e 15(t)
sup \/ &7 ,(t) <, (4.5.4)
te[0,7)
°(t
sup [n(20)) <, (45.5)
t€[0,T] in
T
/ 10u(nE. — V)| adt < 1. (4.5.6)
0

We also impose the following assumption on the initial data:

2 . 1
/ ﬁ(Ffm — ugmeﬁmwm)dxdf + —/ Vo5, |2 — |Votls, [Pde| < Me.
R3xT3 2 87'(' T3

(4.5.7)
Then, we have
~ T ~ ~
g sup &7 ,(t) +/ P° H(t)dt < Ca(e67 55, 4 €7) (4.5.8)
te[0,7) 0
and for all t € [0,T], we have
E° () < Crrle @D sup &% ,(¢) +513) (4.5.9)

t'€[0,T7]
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Throughout the rest of this section, we will not make reference to (F?, 8, ¢") and
its derived quantities, and instead only work with (F2, F). With this understood,
throughout this section, we will write /' = F,, F® = F_, and so on, with the

dependence on ¢ being implicit.

4.5.2 Setup

We introduce a = n_ — e’ and note that

dra = —A,(¢p — 1), (4.5.10)
Using (4.5.5), we note
() <a < g2 < g3 (4.5.11)
Next, we separate
Fo— e = Jin f =/ 1. €%%Ga (4.5.12)

where o € {1,2,3}.

The equation for f reads as follows

PO f (6 Vot B -

— A€ - VxAglaugeW (4.5.13)

Vg)}f + e’ﬂ/’ﬁ'yf + M’y,F+f

= —ep20{p, e} — Y My g 12 +T5(f, f)
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where

_1 1 1
Lyh =y *{Q(13 by piy) + Q1 3 1)}, (4.5.14)
_1 1
My g h = py 2 Q5 _(Fy, 13 h), (4.5.15)
_1 1 1
Lo (i, ho) = —py 2 Q13 ha,s 1 2). (4.5.16)

On the other hand, g,, « € {1, 2,3} solve the equation

{8 + 00 ga + {v - Vo — E - Vel ga + €Ly 00 + My 1, Ga

qo

) ey g -1 da
= _&-M - eﬂyw (IQ ¢MQO¢,F—0— (qu<>z2 lu'Y) + €Q2 d)FQa (go”ga)

(4.5.17)

/’LQQ 6‘1&";[}

where M, r, and I'y, are defined the same way as M, r, and I', respectively, with

~ substituted with ¢,. The operator qu is defined as follows.

Coath = g QU b 112) + Qi )} (4.5.18)

Now, in addition, we define the operator P, to be the L?-projection (in the &
variable) to the kernel of £, and we take Py = Id >®s)y — Py. From [70], we have

that this kernel is

1 1 1 1 1
N(L,) = span{y (€), wipy, Eaptf , s, €7 13 } (4.5.19)

In addition to the density of the perturbation a already defined, we define the macro-

scopic variables ¢ : T? — R and b : T3 — R3 as the coefficients of this projection on



175

L AlEE-3

1 1 1 1
P.f=au? +~2b-wu? +c 2 4.5.20
W f = apd +2b - wpd N ( )

We note that the representation above is in terms of an orthonormal basis for N(L,).

Moreover,
a= / {F. —p,e¥}dé =n_ — e (4.5.21)
R3
b= [ elr - pmevyas =t | epe (45.22)
R3 R3

c= /R WTG_‘?){F — e dE = % (7 /R [pa/a= 3n> . (4.5.23)

Thus, (a,b,c) form a linear transformation of the physical macroscopic variables of
density, current and local kinetic energy of the electrons. Given r > 0, we shall

denote a(” = (V) a, ¢ = (V,)"ga, and so forth.

Finally, we close this section by mentioning some commonly occurring estimates

that will occur throughout this section. We note that under the bootstrap assump-

tions, [|@| gs+2 + ([ gs+2 Sar 1. Therefore,
10z, Sarllonlee , Sur llgallez, Sar llgslez (4.5.24)
1F Nz, Sar oMz, Sor 1681z, S 198712z, (4.5.25)

The same inequalities hold over the spaces L2(H,)e and L2 (.. )¢. Moreover,

& o rnt 199122+ gl (45.26)

.@_,a ~M Hgg‘S)Hi%(HJHH;E)E + ||ga+1‘|i§(7{0m7{;5)£ (4527)
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4.5.3 Preliminary estimates

Next, we have upper and lower bounds on the linearized collision operators Em.

Lemma 4.5.2. Assume (4.5.5). Let hy, ho, hs : R* — R. We have the following:

(i) Then

1Py hallf, S (Lyhasha)ie S IIPyhall, - (4.5.28)

(7’7’) TCLkZTLg qe {q17 q2, Q3}7 and h17 h2 : R3 — R7

(Lrghas ho) iz S Pyl 1Py halim, + mllall, ol (4.5.29)
PRI, S (Brahi, hi)ee + 2Py 2o (45.30)
(iii) Take n > 0 sufficiently small. Suppose h; = Z—ihz where ¢ € {q1,q2,q3}-
Then,
1P hall3, S ullPyhallze + 1Py hall3, - (4.5.31)
Also,
1Pill7, S 1Pyl + ||777Lh1||7{a- (4.5.32)

() If ¢ € {q1, @2}, then, taking ¢’ € [0,q), we have

/ ! 2
qd'lg|? 1€l

(Lg(h1,ha), ha)re Sq (lle 2 hallp2(lhalln, + lle 5 halls, [hallz2)] Rsll 2, -
(4.5.33)
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Proof. For (i), the equivalence (4.5.28) in the case v = 2 can be found in [70]. The

case of general ~ follows by re-scaling in &.

For (ii), we compute

(L ghi, ha)re = (Lyh, ho) e + %{W?j@hha@hﬁm —(0;€i0¢, b1, ha) 2}

(-9

5 <U;yj£i€jhlu ha) 2

(4.5.34)

(4.5.35)

It is clear from the above that we have (4.5.29). In the case hy = hy, we have by

(4.5.28) and the computation above that

(Lo, ha) iz > (Lyhas n)pz — Ol 3,

1
> (2 — OP)IP R, — O Pyl

Taking 7 sufficiently small, we get (4.5.30).

We now prove (iii). We write ¢ = z—j Now,

1P halla, = Py (Cha)lla, < NPy (CPyh)lla, + 1Py (CPy ho)llag,
SAPS((C = VPl + Py halln,

SN = D)Pyhallw, + Py halla,

(4.5.36)

(4.5.37)

(4.5.38)
(4.5.39)

(4.5.40)

Now, [¢ — 1] S nléP’, and [Pyha(€)] S (€)% 2| Pohallie, 1(C — DPyh2lli, S

77H7)’Yh2HL2- NOW,

1Pyhallr2 < NPT Pyha)lle + 1P ((CTH = 1)Pyha) || 12

SANPyhallzz + 0l Py b e

(4.5.41)

(4.5.42)
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Combining these bounds, we deduce (4.5.31) after taking n sufficiently small. From

the latter estimate, we deduce (4.5.32).

Finally, we prove (iv). The bound (4.5.33) in the case ¢ = 2 follows from the

proof of Theorem 3 in [70]. The case of general g follows by re-scaling in &. n

Lemma 4.5.3. Suppose ¢ € {q1,q2,q3} and assume (4.5.5) with n taken sufficiently
small. Let G, hl, hg : R3 — R, G= G(U), hl = h1(€)7 h2 = hg(f)

(i) We have the upper bound

1,81 1,6 1
(Mychi,ho)rz S [(0)°Gl 2 ([ [l el 2 hallz) (a2l + €2 l1(2) 72 hall2)

1 z f _1
+ez (W) 2 Glla [(2) 72 Pl 22| el .

(4.5.43)
(ii) Assume G >0, |[(v)3G|| 12, | (0)2G||2, < oo and |G|l > 0. Let

3 1

kg == sup{1, [[(v)°G||r2, ==}, (4.5.44)
Gy
Then,

1 7

(Myohish)zz = 5l = ozl 3G Ml (4549
G

Proof. Recall that M, ch = \/%Qiﬁ(uq, VHgh), with Q% defined in (4.1.11). Then,

(Mychi, h2>L§ (4.5.46)
1 géi q&i
= (P4 * G)l,_e (0 = )P, (O, + 7))z (4.5.47)

qéi

_ ((&,}Dij * G)’uzghl’ (agj + 7)h1>Lg (4.5.48)
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For the first term, we have

—_

q&i q&i

(1547) £ 2 (@ *1G)oe O — B, @ - SmE,  (45.49)
(@4 10— (B + B, 0, + By, (4.5.50)

S PGl + 2oyl _sbiihn b)) (4551)
(sl + <ol eiihn, habiz)?. (1552)

Above we used the upper bound (4.3.5). Now, recall that by (4.1.19), 0;;(2)zz; ~

122 Hence
(2’)3 . bl

1 2 2 ) 1
G166~ 6 = e < <l g )
Thus,
(1547) S 1) Cllignll, + 2 1hal2) el + 2 halle). (4559

Next, we consider the second term: using (4.1.19) again, and recalling the definition

of H; _in (4.1.23), we have

(00 @y % Oyt (9, + o) (4.5.55)
S </ (1) (§)8vk<1>kz*G|v_g8w<I>lj*G|v:§h§(§)d§)2 (4.5.56)
RS 9 B
(o) + q@)hz,(awq—@)w (4.5.57)
< ([ rim-ana®miede) (15.58)
R3 5 €
Seb s {OPIVA) GO allz (g, + 1) il

veR3,ie{1,2,3}

(4.5.59)



Now, we have

T
sup [[(v)*[0,, @35 % G| S 1(0)*Cllmy < 11(v)2 Gllan,

veER3

Proof of (ii): We write
1 i i
(Mychn, )iz = (@ G| s (0, — *
q&i
= (0% * G g hu, (Fg; + 7))z
1
= (P * G)l,_ 01, Og; ) g

1
— —((®s; * G)|v:§fi§jh1, h1>L§

9
= (00, @45 % G)|,_sha, (Fe; + %&)hlﬁg

Now, applying (4.3.6), we have

1
(4.5.63) > =—(0l,_sOe.n, Dg; ) 1.

kg

Once again, we apply (4.3.5) to get

§

€

kGny k’Gg
/ey = (Ee)

1 sup [(®;; * G)(f

ka
c £€R3 c )615‘7 ~ € ] (

AT

Hence,

& 1
|(4.5.64)] < Ckc,fH(? 2ha 172

Yhi, (O, + 7)h1>Lg
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(4.5.60)

(4.5.61)
(4.5.62)
(4.5.63)
(4.5.64)

(4.5.65)

(4.5.66)

(4.5.67)

(4.5.68)
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Finally, we reuse the bound from part (i) to get for all A > 0,

3 z §\ 1
[(4.5.65) < e2[{v)2 Glla, 1) ™2 a2 1Pl . (4.5.69)
)\ 2 Ck & T 2 f 1 9
< Gl = M) 2 Gl 142) 2 Al (4.5.70)

Taking A sufficiently small so that the first term in the above is dominated by (4.5.63),

we deduce (4.5.45). O

4.5.4 Energy estimates

Proposition 4.5.4. We assume that (4.5.3), (4.5.4) and (4.5.5) hold. Then, for all
k>0,te|0,T]:

(i) for o € {1,2,3}, we have

d B 1
6@{”9&”%;5 +4m A allTe ) + 5{IIP$galligmc>§ +119all 72 a0}
< Cle+s+n+8)Pyfll72 00
+ Ce([Qrallzz + 1F o) 1gallz2

+ Ce* (| Fi o)

(4.5.71)
(i1) For a € {1,2},
13 d s 1 S S
57196 Iz + GUPY o e + 1967 1za 0}
(s)]|2 2
< C<€ +o+n+ '%)HP’Yf HL%(H(T)g + Cn,r{”ga—i-l ”L%('Hoﬁﬂg;a){ (4572)

+ CelllQallzz + 17+ 130612

+ Cog([[ Fillo)?



Proof. We separate the proof into each part:

Proof of (i): We multiply (4.5.17) by g, and integrate:

ed

2dt
Ga€

+ 7<at¢gaa ga>Li,§

2
HgaHLi‘)E

+ <67¢’C’Y7Qaga> goa>Li’£
+ <Mqa,F+gom ga>L§’€

_ ,u'y ¢,‘1704
— 4§ - VA, Lg% =% s Ja) 12
VHaa

da wt

+ <6q7"‘q51-\qa (gom goc)7 ga>L2,€'

By (4.4.144),

(4579 S e(l0 s + 1A, Drall e ) llgallzz
S &{llgallzzre + 10eall2)l1gallz2

S & +e(lloallza)llgallzz  + sllgall Tz,
Next, we apply (4.5.30) to get

(4.5.75) >

Ql =

1

> S1P5gallzz, = CWllgalliz i),

Ql

eI | PLgy|[2 — CelVli PPy g2,

182

(4.5.73)
(4.5.74)

(4.5.75)
(4.5.76)

(4.5.77)
(4.5.78)
(4.5.79)

(4.5.80)

(4.5.81)
(4.5.82)

(4.5.83)

(4.5.84)

(4.5.85)
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In the second line, we use @] S M +¢ S 1. Next, we apply (4.5.45) to get
1 2 z 2 2
(4576) 2 g Nl ~ O U0 bz laelly, (4589
where
b, = ma{L, [0 F sz, 5 o} S 1 (15.87)

Using this, we have

1
(1576) 2 =90l 0, — CAF o) g0l (1589

3

For the next term, we write

q

€090 _ NI _ f +( 1 _\//Tv)f: f +<Mﬂ_1>eq§¢ga

Hqq Hqq v Hy v By Hqa N Hey VHag
(4.5.89)
Then,
(4.5.77) = —4my(§ - V. AL Lay /e %9, Pz, (4.5.90)
— /”LQa - ﬂ’y ’¢v—q—a
— Ay (€ - VA a0 e g ) s 4.5.91
< N )iz, (4.5.91)
= —4my (VoA la,b) e (4.5.92)
— dmy (e — 1)V,A,  a, b) . (4.5.93)
_ 47T’Y<£ . VxAglaMe“ﬂb*%l¢’ g >L2 (4594)

«
/’LQa we
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For term (4.5.92), we use the continuity equation (see (4.5.201) below)

e0ia + AV, - b= —0,(e7?), (4.5.95)
which gives
d
(4.5.92) = 2W\/§5E||\Vx]’1a|]%% — 4\ /7e(0i(e7Y), a) 2 (4.5.96)
d _
= 2me AV lIVe| fall7s} (4.5.97)
e
- 7§\|rvm|1anig — 4m YE(Oh(€7), a) 12 (4.5.98)

Now, by (4.4.144),

ETA )

TZHIW‘%H%; +dm7e(0(e7), a) 2| Se(l+ 3]+ |00l ) lallz (4.5.99)

S (X4 Nl 9allz2 o)) |gall L2 (40
(4.5.100)
S &8+ ellgalliz .- (4.5.101)

Hence,
d _

(45.92) = 2me Z{ANVel allZzH S €+ ellgal s (4.5.102)

For (4.5.93), we have

||€w—qa¢ _ 1||Lgc _ ||6(’Y_Qa)7/)—47rq(xA;1a . 1||Lgo <o+ (4.5.103)
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Thus,

(45.93)] S (< +n)llallzz 6]z (4.5.104)

S (s +mllgallzz e (4.5.105)

Third, we have (4.5.94). For this, we note that when 7 is taken sufficiently small, we

can guarantee that

‘M’ < ne—ﬁén l&]? (4.5.106)
Hgo

Hence,
(45,99 S 1lgalBa . (45.107)
Combining these bounds, we find

d _
|(4.5.77) = 2me— {7Vl tallz}| S €%+ (e + s+ )llgallizg,).  (4.5.108)
We move on to our next term:

10 e 1
(45.78) S el 2T ey bgall, (45109

V l’[’qa efe

i Op{ 1€}

< e 2 oll 2 . 4.5.110
SN s Jgallizoen, (45.110)
Now,
Op{p,e"} v .3 2 Hry -
— L = (=(=— — ) + 70, Ve, 4.5.111

. : -1 inl€1 .
Taking 7 sufficiently small, we ensure that (@é Hao® oy S e~ 2 Thus, combining




this with (4.4.144),

(4.5.78) < e(|3] + 10l e ) lgall 2 (20, )¢

<Cue®+ (e + ff)”!]a”%g(m)g'

Next, we bound (4.5.79) using (4.5.43):
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(4.5.112)

(4.5.113)

_1 1 1 f
(4-5-79)5(HuqiuwHH;ﬁWIH )72 g 1l e2) Ulgall 22 2. +82H<g> 2gallz2 ;)

1 .1 -1
+ 2 | Fillo1(2) 72 tao” sl 2 1 9all 2 e

Now, by (4.1.19) again, we have

—_

ﬁln

™ [y

1 2
st blh, 57 [ oulee Wede

|5|2 o~ linleR g
/Rs g T ®

1 _Bi 2
m |§‘ dé’
ro €]

| = ™

/\

—~

INA
\

N
ml\')

since 7 is locally integrable. Similarly,

G
§-1 —%
K22 el iz S e

Moreover, by Sobolev embedding

£ _1 1 1 1
122 9allz < 2211 ()€1 2 galliz  + K672 gallr2 S llgallrz o).

(4.5.114)

(4.5.115)

(4.5.116)
(4.5.117)
(4.5.118)

(4.5.119)

(4.5.120)

(4.5.121)
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Hence,

1(4.5.79)] S {1 E- o gall 20,0, (4.5.122)

Thus, taking A > 0 to be chosen later,

(45.79)] < £llgallZ2 30, iz T Cre™(1Fllo)”. (4.5.123)
Finally, applying (4.5.33), we have
(4.5.80) < llgull e r2llgallz2 . (4.5.124)
S92 NgalZ2 (4.5.125)
N §||ga||%§(’ﬂo)g’ (4.5.126)

Combining the upper bounds for (4.5.74) through (4.5.80), we conclude

ed B 1
= S lalZs, + Ary/ANAL Tl + S P a0, + N9l } (45127

< Cle+s+n+ 89l 20,045 (4.5.128)
+Ce([0rallzz + 1F o) 1gallz2 (4.5.129)
+ Coe®(||Fy|l0)* (4.5.130)

Using (4.5.32) and taking ¢,¢,n and & sufficiently small, conclude (4.5.71).



We now prove (ii). Let gj(-s) = (V2)®ga. Then,

ed
2.dt

+ QQ€<<vw>S{at¢ga}u géS)>L§7§
+ <<Vw>S{Ega} - Eg((xs)a vvgé?)Li’&

(V) (€7 Ly gu90)- 91z

(s)12
||ga ||Li,§

— A (L) e VLA e Y o)

Go

+ (V2 (Mo p, 90), 087 12
) Y
= —e((V,)* (M) L98) 12

Vg, €99 o
5 —d Hory (s)
— (V) T M, (=)} 9812
o b+ T L ¢

+ <<V;v>s{€q7a¢rtm (gOU ga)}7 gng)>L?D,g

First,

|(4.5.132)] = qagl (Vo) { (00 + 47D, Dra)ga} 95 12

<< [ (o

+ 187 dall e 11967 1 2) dg

196”172 + 10wl -2l gall s 198 N 22

Applying (4.5.95) to the second term, we get

e / 10
R3

S /3 101111198 V122 198 Nl 2. + (L + 3] + l|9p]
R

2l 9all e 1987 122 de

w17

S 11

L (g -1 X
st 1) 298Vl IKE) 298z + (1 + 141 + 19|

;)

(s)]|2
|ga ||Li,§
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(4.5.131)

(4.5.132)
(4.5.133)
(4.5.134)

(4.5.135)
(4.5.136)
(4.5.137)
(4.5.138)

(4.5.139)

(4.5.140)

(4.5.141)

(4.5.142)

(4.5.143)
(4.5.144)

(4.5.145)
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Collecting terms,

(4.5132)] S [bllz 1€ 0l (45.146)
+e(1+ 1allze + 131+ 101 llos 112 (4.5.147)

Applying (4.4.144), we get
1+ 10l 9 S &+ lo® 2 +<lo®Baguye (45.148)

On the other hand, using interpolation, we have

1 o(se 1 (s .
1S Dllez ) Fa 2, < (Collgars Iz, + 198 Zaeys) (4:5.149)

Thus,

(4.5.132)] £ 5<||ata||L§>||9S)||%gyg +Csllg N2 4y + Cullgatillzn,  (45.150)
Next,

1 S S S
(4.5.133)] S [(€)2 (V) {Bga} = B9S2 1957 r2310)c (4.5.151)
L L (s— S
S (BN 146) 2 9allzrz + IV Bl 1€) 295Vl zz M98 N2 e
(4.5.152)

Above we use the usual commutator estimate for [(V,)°, E;]. Next we interpolate

55— s—1 % -1 (s %
€)2 98Vl S I *gallzz ) 295)HL§§ (4.5.153)
~1 H Loy S
S Collt) ™2 garallze 14672012 (4.5.154)

_1 1 1oyt
5077||<€> 29&+1‘|£%(H0)5|’<5> 29&) L%(’Ho)g (45155)



This implies

s _1
(4.5.133)] < |98 (122 + Cowll(€) "2 g1 12220, -

Next, applying (4.5.29) and (4.5.30), we have

(4.5.134) = (YL, g%, g 12

[0 z,€
+ (L (V) (€% g0) — 980}, 01 )2,
25H7’L 92 0,7 = O 198 12 00,0

— OV (€ 9a) = € 9Nl 1200)e 198 1 2 00

Now,

(V) (€7 9a) = € 0 20000 S KV 22 198Vl 2 (3000

S g8z (o).

Hence, we can interpolate to get

(4.5.134) > HPLg 22 40 = #1987 122 30

— Callgas1llZ2 4,

For the next term, we have

1(4.5.135)| < ||e =5V, A al| s

99 22340,
S ||g(s b \|L3(HU)5|’9S)||L3(HJ)5

< 5”9 HLQ(HU + C H9a+1HL2 (Ho)e
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(4.5.156)

(4.5.157)
(4.5.158)

(4.5.159)

(4.5.160)

(4.5.161)

(4.5.162)

(4.5.163)

(4.5.164)

(4.5.165)
(4.5.166)

(4.5.167)
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For our next term, we have

(4.5.136) = (Mg, 98, 98)) 12 (4.5.168)
+ (Vo) (Mo r ga) = Moy 98, 980012 (4.5.169)
For the first term, similarly to (4.5.134), we have
1 s s,m s
(4.5.168) > 5||g(g>y|§%(%s)g — Ce(||F! )||L%(HU)U>2H9&)H%£ (4.5.170)

Next, combining the commutator estimate with the proof of (4.5.43), we have

mi, -1 1 g_l -1
((45.169)] < 1™ Vlleg, (o™ ez + 2 1) 208 Vlez) (45.071)
s 1,81 (s
U9 ez + 1) 72017z (4.5.172)
1 -1
+e2l|Fyollor ™ 2 1917 2 s (4.5.173)
1 2s—1
S (19all 225,00 + €ll9all 20 (190l 23050 + N9l 200000)
(4.5.174)
3|y lollg!™ Iz llgf” 45175
+ 2Py llollgfllze NSl 2 ripne- (4.5.175)

Thus, we get

1
(4.5.136) = 6||9S)”i§(7—l§;5)§ = Clllgasll7a iz, + N0tz 0} (45.176)

= Ce(|IF:llo)*llg 117 (4.5.177)
Next, similarly to (4.5.78),

(4.5.137) < Cre + 61981 12300 (4.5.178)
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and, as with (4.5.79), we use (4.5.43) to get
(45.138) < w10 224, + Cue(1 P lo)” (15,179

Finally, using (4.5.33),

(4.5.139) S 1195112 M98 12 (30, (4.5.180)
S sllg M7z 0, (4.5.181)

We now combine the estimates for the terms (4.5.132) through (4.5.139):

gd S 1 S S
SN+ S UIPE s + 1981 (4.5.182)

< Cle+s+n+ 8912010 + Crnlllgorill iz sy, + 1901120000}

(4.5.183)

+ Ce{[|0allrz + ||F+||%>||g&s)||%§£ (4.5.184)

+ Coe®{(||Fy |lo)* (4.5.185)

Using (4.5.32) again, we conclude with (4.5.72). O

4.5.5 Macroscopic estimates

What remains is to get bounds on P, f. This requires analysis of the local conserva-
tion laws. In order to derive these equations efficiently, and, in particular, see how
the transport part of (4.5.13) couples (a, b, ¢), we introduce the ladder operators: the

lowering and raising operators are respectively

Iy

L yTE8,,, A= véé — 7720, je{1,2,3} (4.5.186)

1
Aj =z 5

b |
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We recall the identities
Az =0, [A, Al =Gk g,k € {1,2,3}. (4.5.187)

Recall also that the family of Hermite functions

1

{\/nl,—T,ng,(AT)m (A3)" (A3)" 112 s mgen (4.5.188)

gives a complete orthonormal basis for LZ(R?). We shall denote the (unnormalized)

Hermite functions
1 1 . .
h :/,632/, hjl..-jm :Ajl Ajn,ui, Ty )m € {1,2,3} (45189)

We can represent the kernel of £, using the hermite functions as follows:

1

N(‘C) :Span{h7hlab27h3a \/6

b} (4.5.190)

We can thus rewrite (4.5.20) as

1
Pyf = ab +b;b; + C%hjj (4.5.191)

It is also convenient to define the following projection of h, involving third-order

hermite functions:

1 ,
d; = \/_1—0<hjk:k:7 Pz, 7€{1,2,3} (4.5.192)

We now rewrite the transport part of (4.5.13) in terms of A, A*

€Vt B (Ve g) (70, +E)A 4y Y0, A, (4.5.193)
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We also will need to evaluate projections of u’%&g(;ﬁ f). Let (&) be some linear
combination of the hermite functions in yég , i.e. there exists a polynomial p : R3 —

R (with coefficients independent of ) such that

N\»—-

C(€) = p(r2E)u(8)?. (4.5.194)

Then,

(G202 )1z = 0, Frz — (OCu 22, £z (4.5.195)

13

Now,

o{Cu ) = adp(v3 )} = %s Velp(y36)} = %5 Ve{Cu#}).  (4.5.196)
Therefore,
2
oGt = (e ve+ Loy (45.197)
7 vf
— ag (Ve+52)C (4.5.198)
= Ql(A +ADAC (4.5.199)
In summary,
(30 )z = OGSz = 5 (A + ADAG i (4.5.200)

The following lemma contains formulas for relevant projections of the equation

(4.5.13).

Lemma 4.5.5. The following formulas hold:

dya + " 28,,b; = —edy(eM), (4.5.201)
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- >
£ — 5-)b + (v 0, + 42 Ej)a — dmyie0, A a + \/ga’ﬁjc

2y (4.5.202)
+ azk <bjk>lp'¢_f>L§ + <hj7M%F+f>L§ = _67¢<ijM%F+h>Lga
3 3 2 1 1 5 1
5(8,50 — %(C + 5@)) + §(7_§8x]. + ’YiEj)bj + \/;’Y_Q@dej
(4.5.203)
1 59 ., v
+ %<bjjaM%F+f>L§ =5\ 55° + %U)mM%ﬂbhg,
) 32 3V3, a1 1
£(Oud; — %(3% + ij)) + f( 20, + 72 Ej)c
2, 1 1 11
+ g(’Y 20y, + 72Ek)<bjkatp'¢_f>L§ +7 2\/_1—Oaxk<hjkll> fhrz (4.5.204)
1
+ \/—1—O<hjzz,57f + My,af)Lg = (bju, ="M, p, b+ T (£, f)).

Proof. These formulas follow from direct computation of the ¢ integral of (4.5.13)
multiplied by b, b;, \/Léhjj and \/Lfohﬂl‘ We only give the details for (4.5.202). The
proof of the other formulas are similar. Using (4.5.193) and (4.5.200), and the fact

that L. f, ,u_%(’?tw and I, (f, f) are orthogonal to h;, we have

£(ib; - %«Amk + AL, F) 22). (4.5.205)
+ (b, {(7" 200, + 72 EQ) A + 97200, A )12 (4.5.206)
+ (b, Myr )iz (4.5.207)

= —(bj, "M p,b) 2. (4.5.208)
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It remains to evaluate terms involving the ladder operators. Using (4.5.187), one

computes
(A + Ap) Arh; = (A} + Ap) A A3
= (A + A)b
=b;
and

(05 {(Y 200, + 77 B A} +7 200 A} )12
= (A ASh, (7720, + ”Y%Ek)fhg
+ 772 (AL A, Oy f) 12
= (7720, + 72 Ep)a
+ Téf}xﬁhy‘kﬂ%fhg
+ i7_%<f)jk; bur) 1200,

V6

Finally, noting that in the last term,

(b, f)ll)Lg = V251,

we conclude with (4.5.202).

(4.5.209)
(4.5.210)

(4.5.211)

(4.5.212)
(4.5.213)
(4.5.214)
(4.5.215)
(4.5.216)

(4.5.217)

(4.5.218)

Lemma 4.5.6. Assume the hypotheses of Proposition 4.5.1. Then, for all r > 0,

10y Sar 1Py £z ee + 1F 2 + €2l (@, )y

(4.5.219)

Proof. 1t suffices to show the case when r = 0. Because of radial symmetry of f and



b;;, we have

”(hvbjj)”q.[;;s <e.

Hence,

[PLf 4+ b2 e . — C (a1

N —

2
{7

Now, writing u = ij +b;bh;, we have

1

1
||u||i%(’}{;;€)£ = g<0-ij’§a§iu7a£ju>[/i§ > _<O-ij|§13f(£)a§iu7aﬁju>Li’£‘

€

On the other hand, for all v € S2, and £ € R3\ By, we have
§ <
Uz‘j(g)Vﬂ/j S 03 (§viv;
Now, we expand u as follows:

1

{0l e 155 ()0 u, O, u)rz
1

= g<01j|§135(5)8&(bkhk),3§j(bzbz)>L;£
2

+ <0-ij|§]-Bf (£) 0, (brhr), 35,7-737Lf>/:§7

€
1
g<0ij’§13f(£)a§i7)’j_f’ a&jlpjfhi,g'

3

+
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(4.5.220)

(4.5.221)

(4.5.222)

(4.5.223)

(4.5.224)
(4.5.225)
(4.5.226)

(4.5.227)

Now 1(0y;]e1pe(€)0e,-, O, ) 12, defines a semi-inner product. So, we apply Cauchy-
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Schwarz and Young’s inequality to the cross term to get

1
{0l 15 (§) O u, Ogu) 2, (4.5.228)

1 2
> 5041 e 155(€) 0, (0kbr), O, (bibi)) 12, — g(ffij|§13§(§)5§,-7’¢f, ¢, Py iz

2e c
(4.5.229)
1
> EWkl<bla bi)r2 — CH,Pj_.f”%%(HG)&? (4.5.230)
where
1
Wkl = g<0’zj’§135(€)852[)k, 8& bl>L§ (45231)
We now show that
1
Wiy = c (4.5.232)
for all v € S2. Now,
o~ .
Og b = (0 — ész) 15 (4.5.233)
Then, by the reverse triangle inequality,
~
71| £ Og bk, Og; b = Uzg| (Vi = 5 (V- &) (v; — ( - §)&5) by (4.5.234)
v-£)?
> { Uzy|5W/J C—( . ) Uij|§£z’£j},u'y (4.5.235)
Now, for |£] > 1, we have
2
1

e o1 (4.5.236)

6~ T~



On the other hand,

1 1|Perv]? P.iv)?
—Uij|§ViVjZ—| 2 2 Fev
e e e (&/e) €]
Hence,
1 |P§L7/|2 2
Wavevy 2 — pad§ — € €] dE
C Jrng €] R3\ B,
1
P
= C €

Taking € small enough, we deduce (4.5.232), and thus

1 1
(03l 13; (e, Ogyu)rz > ZlIblZe = ClPY flZ e

From this, we conclude (4.5.219) in the case r = 0.

The next lemma allows us to control (a, b, ¢).

199

(4.5.237)

(4.5.238)

(4.5.239)

(4.5.240)

Proposition 4.5.7. Let M > 1, and let n,s and € be sufficiently small depending on

M. Assume the bootstrap assumptions (4.5.3) through (4.5.6). Then, exists two real

valued functions 4 = 9™ and G,., = s%fé‘g”) on [0,T) satisfying, for allt € [0,T]

GO Su IFOIZ2 . Grea®)] Sar [FD DT,

such that

d
5@%@ 1P 2204,

Sor (1 Fllo)* + _min 1Py gollzz 000 + 190l iz 007,

ae{l

(4.5.241)

(4.5.242)
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and

d s
5Egreg(t) + HPVf( )H%%(Ho)ﬁ
(4.5.243)

}.

2 2 . L (s))12 (s) 12
S P o)+ min (P26 s, + 108 s,

Proof. We break the proof into a number of steps. Given u : T? — R, we split
u = u* 4+ U, where u(t) = [psu(t,x)dz. The first step concerns the bounds on
(@, ). In step 2, we bound ||a||2. In step 3, we bound (e7¥c)*. In step 4, we bound

(@, c)||as. In step 5, we synthesize these bounds.

Step 1 (estimate on @ and ¢): Regarding @, from (4.5.21), we simply have

/ a(t,z)dr =0 (4.5.244)
T3
for all times. In particular, A 'a is well defined.

We now discuss the zero mode of ¢. Subtracting the first line of (4.4.140) from

(4.1.15), we have

3d (e d 2
\/;E <@> = %/Tg . %(F — ") dwdé (4.5.245)

Integrating in time, we have

et _ 3o | L 19 (o)
\[27(15) V25, s /T Vadin(2)[* = [Vathin(2) [ dr (4.5.246)

1 , ,
T sr / Vot (t, 2) = [Vao(t, 2)*de (4.5.247)
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On the other hand, from (4.5.10),

/ IV (t, 2)]* = [Vao(t, ) Pde = —2(V,0, VoA a) e — VoA a2 (4.5.248)
T3

_1

Combining these with (4.5.7), we get

V3R - Lo

In what follows, it will become clear that we cannot control ¢* directly. Instead, we

Se+lallzs. (4.5.250)

can only get a bound on (ce?)*. It is then necessary to compute c¢* in terms of

(ce™)* and €. Observe that
V(e e)* + ew’/ e Wedr' = +e. (4.5.251)

R3

Since [p; €"Vdx = 1, the above integrated in z yields

/ ewcdxzé—/ V(e Ye) dw. (4.5.252)
R? T3

Thus, we have the identity
= (" —1)e+ V(e e)* — ewo/ V(e ) dr (4.5.253)
T3

In particular, ||c[|2 < [ + |(e=7¥¢e)> 2.

Step 2 (estimate for a): Now, we turn to bounding a. We claim that the following
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estimate holds:

d 1
— 6E(6_7wVwA;1a, b)r2 + 5||a||%%
< CLeX(IFello)® + IIDIIZz + (e ) 122 + I1P5 FIIZ2 guaye + 12 g4z -
(4.5.254)
To prove this, first observe
(’y*%vx + ”y%E)a = fy’%ewvx(e’wa) — 47waV, A a, (4.5.255)
Therefore,
d 1o
— e (€A b le= % al|?, +4n]leF VA a2, + 4nc®  (4.5.256)

1 1 1 2
= (VLA a,e0b + (v IV + 97 E — dmy2 eV VLA a + \@chm

(4.5.257)
— (e "V, A Ba, by e (4.5.258)
+ (0 (vb)e VLA a, b) e (4.5.259)
+ dme(e VLA a, aV AL a) 2 (4.5.260)

2
+ 4mc* + \@ (VA a, V). (4.5.261)
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From (4.5.202), we have

lleow; + (*y’éaxj + 72 E))a — 47r’yéewaA;1a||H;1 (4.5.262)
= Hs%bj + \/ga O, (01 P £) 12 + (0, Mo ) (4.5.263)
e My )z HH1 (4.5.264)
< 2illbllzz +lellis + 1P Lz (1.5.265)
+ Kb, Moy py f) 2l (4.5.266)
€70y Mo ) 2l (4.5.267)

Applying (4.5.43) to the latter two terms, we have

3,0
(4.5.266) S [IFL Nz (1 g + e Nl (4.5.268)
FEO| 4.5.269
e | I o M o |, (4.5.269)
S Iz + NED 22 00 - (4.5.270)
and
3,0 (£.0)
(4.5.267) S el F& s + €l 2 s (4.5.271)
S e(||Fy o) (4.5.272)
Then,
(4.5.257)] < [|€Vau(—A) " al (4.5.273)

Nedhb + (Y 2V, + 72 E)a — 41v2 €V, AL | g (4.5.274)
< llallzz {elbllzz + 11P5 fll 2200 (4.5.275)

1Al 2070 + ENE ) f 223000 - (4.5.276)
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Now, note that
£ llzz0e S llallzs + [10llzz + [e] + (e )z + 1Py ez (4:5.277)

Then, taking A > 0, and using Young’s inequality, and the bootstrap assumptions,

we have

(4.5.257)] < C(e + s+ A)(llal|7z +7°) (4.5.278)
+ O (1 Fello)? + 16, (€ e) Iz + 1Py FIZ2 guye + 112 00z S

(4.5.279)

We now turn to bounding (4.5.258) and (4.5.259). Using (4.4.144) and (4.5.201), we

have
elldeallzr S Nbllee + el gr S 1Bz + el fllz200e)- (4.5.280)
Hence,
(45.258)] < (4 Fllzzrone) + I1Blc2) D)2 (4.5.281)
S X flleznre)” + 1Ibl72 (4.5.282)
Sellallzz +[2*) + (b, (€ e) )72 + 1Py fIl72 00, (4.5.283)
Next,

(4.5.250)] £ (10l s + WD llall 2 bl (4.5.284)



Applying (4.4.144) again, the above reduces to

(4.5.259)] S e{llfll 2000 lal 22 [10]] 22

S e (lallzg + [2*) + [1(d, () )7z + 1Py f 7234, -
Thus,
(4.5.260)| < ellafl < [lallf- < ellallZ:.
Now to bound (4.5.261), we use (4.5.253) to get
IVae = Varpe™el| - S Nl(e7e) | 2z
Hence,

(VoA 0, Vi) s — Ve A T a, Vigo) r2E

Combining the above with (4.5.250), we have

2
(4.5.261) < \/; | <6_7wva;1a7 V$C>L§ - ’7<VIA;1Q, Vx¢O>L§E‘

2
4me — \/;’}/<¢0, ayrz

S sllallz; + llallzz (e e) [z + el

+ d

< llallzzll(e™%e) s
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(4.5.285)

(4.5.286)

(4.5.287)

(4.5.288)

(4.5.289)

(4.5.290)

(4.5.291)

(4.5.292)
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Now, combining the bounds on (4.5.257) through (4.5.261), we now have

d

— e (eVLA b v e P alfy + 4 (4.5.203)
< Cle+s+ N (allfz +7) (4.5.294)

+ O (IFello)® + 110Nz + 1™ e) 122 + 1Py fllZz e + 112 0o -
(4.5.295)

Thus, taking ¢, ¢ and A sufficiently small, we have (4.5.254).

Step 3 (estimate for a®): Next, we have the following estimate for a(®):

d

1) (s 1
— e (VoA 0) 12 + Slallhe (4.5.296)
S E(IFlo)® + llall7a + 10, )l + 1Py fP 2004, (4.5.297)
To show this, we have
d ;
— e (Ve 1al 6 1 4977 a1, (4.5.208)
— —(V.A;'a®) 0 + 471V ,a®) 1 (4.5.299)

—e(V,.A;10,a™ b)) . (4.5.300)
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From (4.5.202), we have

1e0:0% 4+ 720,01 (4.5.301)

gl 1 1 _ 2
= Heﬂbj +72Eja — 4nyzeV0,, A a + \/gaxjc + Ou, (D, ijﬁg (4.5.302)

+ (05, Mo e + €7 (b, Mo, e, b) 2 et (4.5.303)
S elillbll s + BN s llall e + Nellas + 1Py fllzz o) (4.5.304)
+ 1Kbs Moy Pzl + €705, Moy B) 2l (4.5.305)
S el ez 1Bl s + all st + llellas + IPE LD 22009, (4.5.306)
I 2 e + NFYN S N z20000e) (4.5.307)

In the final line, we use the bootstrap assumptions, plus (4.4.144) and (4.5.43) as
before, combined with algebra estimates for H5~!. Hence, with the bootstrap as-

sumptions, Young’s inequality and interpolation, for any A > 0 we have

(4.5.299)] < C(e + <+ A)[[a®|3, (4.5.308)

+ O (1 Fillo) + llallZz + 11(b, o)

ws + 1P FON zye + 17N r200s0c

(4.5.309)
Next, from (4.4.144) and (4.5.201),
(4.5.300)] < 691175 + ell (™)l gz 16122 (4.5.310)
S N Nzzaue) + 161 1891z (4.5.311)
< Ellallzz + 10z + 125 F 220000 (4.5.312)

Taking €, ¢ and A sufficiently small, we conclude (4.5.296).
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Step 4 (estimate on (¢7¥¢c)*): We now show the following bound,

d 1
— e (VLA (e d) iz + Sl(eT )2 (4.5.313)
< C{eX(|[Fllo)* + (e + <) (llallzs + []*) (4.5.314)
T 1BIZ: + 1P F 2 tare + 17 R )- (4.5.315)
By writing
(7_%V¢ + V%E)c = 'y_%ewvx(e_wc) - 47r'y%chA;1a, (4.5.316)
we have
d, _ L 3V3,
— e (eTIVLAT (eTVe) " d)r + ﬁ!\(e o) |1z (4.5.317)
3v3
= —<6_7wva;1(6_’yw0)X s 6atd + %(7_%Vx + ’Y%E>C>L% (45318)
— (e VLA (e 0e) ) 12 (4.5.319)
— (0 (e )V A (677 e) d) r2 (4.5.320)
— (e VLA (B(e7)e) d) 2 (4.5.321)
3v3
— 47 \5/_7; eV A (e e), eV AL a) s (4.5.322)



209

First, from (4.5.204), we have

3V3

|edyd + T(fy*%vz + 2B o (4.5.323)
S elAIbl g + el rz1) (4.5.324)
L (Y 20u, + 72 Bi) (00, P F) 2 [ (4.5.325)

+ |0z, (Dt f>L§HH;1 (4.5.326)

+ 1CLa 0, £zl (4.5.327)
1B, Mo £z (4.5.328)
+[I{bju, € Moy )]0 (4.5.329)

+ B, Dy O I g (4.5.330)

Going line by line, we see that
(4.5.324) S e(|bllzz + 1Py fll 240 (4.5.331)
Next up, we have
(4.5.325) + (4.5.326) + (4.5.327) < || P Fllr2 e - (4.5.332)

Next, by (4.5.43), we have

(4.5.328) < 1Nl 2tz o + XIF )1 ez (4.5.333)

(4.5.329) < (|| Fy|lo) (4.5.334)
Finally, from (4.5.33), we have

(4.5.330) S <l 20400 (4.5.335)
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Hence,

|(4.5.318)] < [I(ce™) *Ilrz{lIbllzz + IP5 fllzzunre + 1l 2z (4.5.336)
€/€

+e(lF o) (I 20ee) + sl ll20e)e - (4.5.337)

Using (4.5.277), we deduce that for any A > 0,

(4.5.318)] < Cle + <+ M)l(e™e)* |72 (4.5.338)
+ O Fill2)” + (¢ + <) (llallZ: + [2*) (4.5.339)
+0lZz + 1Py A2 i + 11720000t (4.5.340)

Next, we have the term (4.5.319). From (4.5.203), and (4.4.144),

Ndrell s S el llsz) + 15, d) Loz + (0l Fillod (1 Fl2emre) (4.5.341)

S e(lF o) fll2ene) +ell (@, )z + 1bllcz + 1Py fllzz oy + 112
(4.5.342)

Thus

(4.5.319)] < e*{|IF:l0)” + ell (@, )17z + 10122 + 1P FllZ2 0 + 1172 04z
(4.5.343)

Next,

(4.5.320)| + (45.320)] S ellell iz ldllzz S &+ IPE Fl2eeye.  (4.5.344)

;;5)5
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Finally,

(4.5.322)] < (e ) |2 (lleVaAT allzz + [|eVo AT (nG — n)llzz)  (4.5.345)

S llal

)l (e e) [z llellre + 1 F = FYller) (4.5.346)

S slte™e) ez llclz + 175 — Fle) (4.5.347)

Combining these bounds for (4.5.318) through (4.5.322), we conclude that

d, _ v 3V3 1, o ix
— e (eTIVLA (e Te) " d) 1y +5\—ﬁ||(e o) [ (4.5.348)
< Cle+s+ M%) 122 (4.5.349)
+ O X (| Fillo)? + (e + <) (llall7z + [e) (4.5.350)

Bl + 1Py Iz + 12 gy ) (4.5.351)

3

By taking ¢, ¢ and A sufficiently small, we conclude (4.5.313).

Step 5: Estimate on ¢®: Following the same method as previous bounds, we have

the estimate

d

e 1

= e (VAT d) 1 4 S el (4.5.352)
< CLEX([|Fllo)? + (e +9)llall?s (4.5.353)
+llelife + 1017 + 1P F Nz gue + 1F N2 00 ) (4.5.354)

The proof is similar to that of (4.5.296).

Step 6: Combining the bounds: Combining the upper bounds on (4.5.254),
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(4.5.296), (4.5.219), (4.5.313), (4.5.352) there is a choice of constant k > 0 taken

sufficiently small, such that the functional

Goo(t) = k(e TV, A a, b) 2 — KH(V,A 0, 09) s (4.5.355)
— (VLA (e e)  dy e — KAV A, dD) e (4.5.356)
satisfies
€ i Freat) + SIPF L2000 (4.5.357)
< CLE(IF: o) + (e + NP f I3z (4.5.358)
PP F s+ 17 g, + IFE ~ FRIRY (45.350)

On the other hand by (4.5.31), for each o € {1,2},

1P F N2 + 11 SWPF 98 R 2 000, + 197 2 sy, (45.360)
+ 1l Py T2 - (4.5.361)

Thus, by taking e, ¢ and n sufficiently small, and re-scaling ¢ if necessary, we conclude

with (4.5.243). To get (4.5.242), we take x > 0 and

G(t) = —r{e VA a,b) e — (e77VLA (677 e)*, d) g2 (4.5.362)
so that
d 1 2 2 2 2
ez ) + FlPfllzzo) < CLevlF o)™ + (e + OIPflIZ2, (4.5.363)

P T2 + 1 ey - (4:5:364)
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And, once again, by (4.5.31), for each « € {1, 2, 3},

1P F i + 1 B, < 1P 0022000y, + 190125 i . + 7P £ 2000
(4.5.365)

Again, taking e, ¢ and 7 sufficiently small, and re-scaling ¢ if necessary, we deduce

(4.5.242). 0

We conclude this section with a corollary of Propositions 4.5.4 and 4.5.7:

Corollary 4.5.8. Let M > 1, and let n be sufficiently small depending on M.
We let ¢ and € be sufficiently small depending on M and n. Assume the bootstrap
assumptions (4.5.3) through (4.5.6). Then, for each M,n > 0, and o € {1,2,3}

there exists a function %_ , = ZV,(%"?) :[0,7] — Ry such that
Y. o ~orin E- o (4.5.366)

and

d ~
e ot Do Suin e%. (4.5.367)

Proof. We take ko, k1, ke and k3 € (0, 1) be constants to be determined. We combine
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(4.5.71) in the case o = 2 and (4.5.242) as follows:

d

e Algallzz, +4mAlIAL all7z + s} (4.5.368)
1
+ (E - C/{l){”PA/LgaH%?C(HG)E + ||ga||i%(7.[;;6)} + KOHIP'ny%%(HU)g (45369)
< Cle+ s+ 0+ ko)IPyflIZ2 00,0 (4.5.370)
+ Celdiallg + 1 F: 1B lgall, (1.5.311)
+ Croe®([| P [10). (4.5.372)
Using (4.5.32), we first fix s, sufficiently small such that the “% —Ck;” in the above
is strictly positive, and

P o= Ngalle, +4m Al A als + i (45.373)

satisfies
2o~ ll9allzz - (4.5.374)

Then, we fix ko to be a sufficiently small constant, and also require that €,¢ and n

are sufficiently small so that

(4.5.375)

d Lo
8@ 3&”_7& + EHQaHLg(HmH;s)s

< C{e{llallcz + [1F4]15) 2-a + €*((1 Fillo)*}- (4.5.376)



Next, we combine this bound with (4.5.72),

d S
eI+ Ksreg)
1

+ (= = Crs){IP 981172 (Mo + |lg llem Y+ w8l Py 132 (Ho)e

C

< O+ s+ 0+ m)Py O 10y, + Covea 190122 i,

+ Ce(||04al

oot HIFBIGOIR:

+Crot ([ Frl9)*

We now fix k3 small enough so that the 1

199122+ Rarey ~ 1o

and fix ko, and take ,¢ and n small enough that

(”9 ||L2 + (3Greg) + _|| HL?(HmH

< C’ana+1”i2 (MoHc)e

+ Cle(llallze + IFIS98 N7+ (1E o)
FlInally, we take /ﬁff]) sufficiently small depending on 7 so that
%—(2,%9 = "‘@(177)(||9és)||%§7§ + H?)greg) + - an1
satisfies

% rega_’__@—

dt Cy

< Cofe(lDrallzz + [P 13) 2 g o + (I Frll)}-
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(4.5.377)
(4.5.378)

(4.5.379)

(4.5.380)

(4.5.381)

— C'k3” in the above is positive, and

(4.5.382)

(4.5.383)

(4.5.384)

(4.5.385)

(4.5.386)

(4.5.387)

(4.5.388)
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By (4.4.2), we have

1 d ~
(I o)? < =2 24+ C(L+ Z0). (4.5.380)

Taking ¢ and ¢ sufficiently small depending on n now, we can hide the ch(xs)”%? (Ho)e

term and get for some collection of constants C\”, C{"” and C{”,

d  ~md (n) (n) l =
el + O = 2 = O (1001 12)) 2y o+ @9_70 (4.5.390)
< e, (4.5.391)
We now define
t
Q0 () == "2, (t) — iV / (N1 0ea(t')]| 2 )t (4.5.392)
0

By the (4.5.3) and (4.5.6), we have that |Q()] is less than or equal to some constant

depending on 7, say C’in) > (. Thus, if we set @j(") = C’én)eﬂ+c£">%(")

_ rega> We have a

function which satisfies (4.5.366) and (4.5.367). O

4.5.6 Proof of Proposition 4.5.1

We now conclude this section with a proof of Proposition 4.5.1.

Proof of Proposition 4.5.1: Throughout this proof, we take n sufficiently small so as
to satisfy the hypothesis of Corollary 4.5.8. Any of the constants appearing in the

estimates will implicitly depend on the constants M, n > 0i.e. C = Cjy,y.
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For each a € {1,2}, we integrate the bound in Corollary 4.5.8 on ¢ € [0, 7] and

use (4.5.366) to get

~ T ~
£ sup é(’_,a(t)jt/ D_ o (t)dt (4.5.393)
te[0,7) 0
< C(2 4 26 4(0)). (4.5.394)

Taking j = 2, this implies (4.5.8).

We now show (4.5.9). For this, we introduce 6 > 0, to be chosen latter. Now, for

any h = h(§), observe that

1
I, 2 [ b€ (1.5.305)
rs (€)
1
> / | h(E)?dg (4.5.396)
Ots Jgy<ors
1
2 — (||h||%z —/ 1h(€)2d£> (4.5.397)
ots (€)>0t3
1 2 20,2
> I (”h”%z —/ e%(en_l)ﬁin(m +1-6 tS)h(§)2d€) (45398)
ots (©)>0t3
> Qtil (HhH%Q — e*i(e”fl)ﬂme%%)He%(e”fl)ﬁm(\£|2+1)hH%Q> (4.5_399)
3

Applying this to h = ggs) and g, and integrating in x, and re-scaling 6, we have

_ 1 )2
> _—6°t3
2w (@,71 e @,,2) (4.5.400)

1
3
Thus, using (4.5.4) with (4.5.367), we have

d 2 2 2,2 ~
e 1+ ——W <O+ 1 sup & H(t). (4.5.401)

dt 300t5 3013 €[0.1]
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and so

%(QC}%’%@J) < C(geclf)st% 1

2
T e(ﬁfw)ts sup éi;(t/)_ (45402)
cOts t€[0,T]

1
Hence, by taking 6 = (é) * with C as in the above, we get some for some Cy, C, Cs,

d 1,6:2 2 12 -
—(650(2)3@_71) < 02(66010(2)3 y L@ sup &_(t") (4.5.403)
dt dt #€[0,T]
Now,
¢ L(ﬁ)% 2 1 [? 1 L(ﬁ)% 2 1 L(i)%
e ' dt < g3ts ———eCo <’ dt < e3tzeCo s, (4.5.404)
0 0 €3(t)3

Thus, by integrating (4.5.403), we get

2 ~

-

Y () <e T sup E () +eits. (4.5.405)
t'e€[0,T)
for all t € [0, T]. Using (4.5.366), we conclude (4.5.9). O

4.6 Proof of Theorem 4.1.1

In this section, we conclude with the proof of the main theorem.

Proof of Theorem 4.1.1: We break the proof of the Theorem into the proofs of parts
(i) and (ii).

Proof of part (i): We break the proof of (i) into a number of steps: the setup

of the bootstrap argument, combining the estimates of the preceding results, and
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closing the bootstrap argument.

Step 1 of part (i) (setup & bootstrap assumptions): We take k = k(M) > 0 to be a
constant to be determined later. We take (F?, 8,¢°) to be a weak solution to (4.1.7)
on [0, Tp] satisfying the hypotheses of the theorem. In addition, we may as well take

Ty > 0 small enough so that

To
JR LTS (461
0

Now, for all € sufficiently small, there exists a unique weak solution (F5, F*) to (4.1.7)
on some interval containing zero, in the sense described in Lemma 4.3.1. Moreover,
we let (¢°,~%) be the solution to (4.4.140) in the sense of Lemma 4.4.3, defined on
some time interval containing 0. We then take 7, €, and ¢ as in Proposition 4.5.1,

and take € € (0, €.

By continuity in time of the quantities considered, there exists T. > 0 such that

the following conditions hold:

1 3
sup (HWHL;;O HIFED)le) < 2M, (4.6.2)
te[0,T¢] +
sup || F5(t) — F'D)|le < w (4.6.3)
tel0,7%]
sup /& ,(t) <k, (4.6.4)
te[0,7%]
“(t
sup (28 <y (4.6.5)
te[0,7%] ﬁm
TE
/ 10u(n" — &%) |2t < 1. (4.6.6)
0

By Lemmas 4.3.1 (taking k < @) and 4.4.3 (using condition (4.6.5)), we may take
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r small enough so that the interval of existence of (F7, ) and (v,4°) is strictly
larger than [0, Tg] Hence, we may take T. > 0 to be the largest such time, so that

either at least one of the above conditions holds with equality, or T. =T,

Next, we note that by condition (4.6.4) and (4.6.5), we have

1
sup {[|—— |z + [[FZ(t)]le} < O, (4.6.7)
tejor) N (t)

so the consequences of Propositions 4.4.1 and 4.4.2 both hold, up to replacing M

with some C); in their hypotheses.

Step 2 of part (i) (combining estimates): We now combine the estimates of the
preceding propositions and lemmas. We first show that the hypotheses of Proposition

4.5.1 are satisfied. By (4.4.145), for each o € {1,2}, and T € [0,7%.], we have

aal€|?

sup (Jle™ 2 (V)" (Ve) (e — poee” )z (4.6.8)
t€[0,T ’
qc¢+1|5‘2 0 e le
e (Ve) (g™ — piyee™ )12 ) (4.6.9)
S sup (16 =9+ 19 — ¢F| ) (4.6.10)
te[0,T7]
Susup [[FE(t) — FL(1)]|er- (4.6.11)

te[0,7

Hence, for all such T, and for each a € {1, 2}, we have

sup | ,(£) = &% ()] < Car sup | FE(8) = FO(1)[1% (4.6.12)
t€[0,T7] t€[0,T
sup |7 (1) — 77 o (1)) < Cor sup | F5() — FL(0)][&- (4.6.13)

te[0,T] t€[0,T]
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Using (4.6.12) with 7' = 0, we have
gf,a,in SM gf,a,in + CY]\/Ig2 S 52- (4614)

By the condition &* < Me, we have

,2,4n

2 . 1
/ BE e o, ePovin)dude + - / Vadiul? — Vot 2dz|  (4.6.15)
R3xT3 8 L

2
SVE in+ E-2in (4.6.16)
< COyle+€%). (4.6.17)

Thus, we have that (4.5.7) holds in Proposition 4.5.1. On the other hand, by (4.6.3),
(4.6.4) and (4.6.12), we have supc(o 7 &=

—,Q

(t) Sm k. Taking k < &—, we have

that the conclusions of Proposition 4.5.1 are hold on [0, 7%].

From (4.5.8), we have
7.

g sup &°,(t) + Z° 5(t)dt < Crr(e62 5,4, +€7). (4.6.18)
te[0,1%] 0

Combining the above with (4.5.9), we have and for all ¢ € [0, 7], we have

W

& (1) < Cule™ e 4815 4 &2). (4.6.19)
We now prove the estimate
1.
sup [|[F5(t) — FL(1)[le + / IF2 () — FO()|13dt S 2. (4.6.20)
te[0,Te] 0

Using the above and (4.5.8), then for all T < T., we integrate (4.4.104) on t € [0, T
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to get
T
s IF5(0) ~ PO + | 1F o - P (46.21)
< I1F5(0) = FA0)2 (46,22
T
+ UL POl + 1P = FOlle) + a0t (4623
Su /O T(Il(Fj, FY)llo)?(e* + S |F= (') — FO(#)]1%)dt + 2. (4.6.24)

In the final line, we used (4.6.18). Using the time integrated form of Grénwall’s

inequality, we deduce (4.6.20), provided the follow bound holds true:

/O FO (), F (1)) lo)dt Sar 1. (4.6.25)

Indeed, by integrating (4.4.2) in Proposition 4.4.1, and using (4.6.18) to control the

right-hand side, we have
T.
| IFs @ e (4.6.26)
0

Combined with (4.6.1), we have (4.6.25).

Step 3 of part (i) (closing the bootstrap): We now show that T := inf.c(o 7 1. > k.
To show this, we suppose 1. < k to yield a contradiction. Now, one of (4.6.2)
through (4.6.6) holds with equality. We now show that in each of these five cases,

the condition Tg < k cannot hold.

First, suppose (4.6.2) holds with equality. By integrating (4.4.3), and using



223

(4.6.18) to control the right-hand side, we have for all t € [0, 7],
IS (0)lle < IFE snlle + Cor(t + [10)™ LI, 1, gz, ) (4.6.27)
We claim that
/ 0™ F (812, g A S e+ (4.6.28)

Indeed,

/|| ()2, i dt</]|F€ ||©/dt+/|| ()
(4.6.29)

Now, by (4.6.1) and (4.6.20),

t t t
JUF @l < [ IFs I+ 175 €) - PO S+ s (4630)
0 0 0

On the other hand, recalling (4.1.22), we note that for all v € S?,

eoii(ev)viv; Se S e)oy(v)vy;. (4.6.31)
Hence, using (4.6.25),
/ H0)™ FE N2, s dE <t+/ 0™ FE N2 s dE (4.6.32)
§Mt+s/ywm@ﬁ’ (4.6.33)
0
<ut+e. (4.6.34)

~

Using t < 7. < k, we conclude (4.6.28) holds true. Taking the supremum of (4.6.27)
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over all t € [0,7%], we deduce

sup [[FE(1)lle < [1FF inlle + Crr(s + €). (4.6.35)
te[0,Te]

Next, by the continuity equation, we have for all ¢ € [0, TE],

1 1
. = 7 (4.6.36)
n (t, ) n% () = [y Jra v - VaF i (t, z,v)dvdt
Taking x smaller if necessary, we get
1 1 1 3.1
sup | e < ll——llze < Sll=—llzz.  (4.6.37)
t€[0,7%] ng (1) N3 in 1— CHns:n e[ FEller = 2705 4

Now, taking ¢ and & sufficiently small, we have

154 3 1 €
M = sup (|l + IFLOe) < 5=l + 1F sle + Carls + <)
te[0,7%] (1) Ny in
(4.6.38)
3
= 5. (4.6.39)

Next, assume (4.6.3) holds with equality. However, by (4.6.20), we have
SUp, ¢ (o7 [1F5 (1) — FO(t)|le Swm €, so we may take e sufficiently small to reach a

contradiction.

Next, assume (4.6.4) holds with equality. However by (4.6.18), \/&°_ 2 Sar Ve

Thus, by taking € small enough, we ensure

k=& _5(T.) < (4.6.40)

K
27

a contradiction.
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Next, assume (4.6.5) holds with equality. By (4.4.144) and (4.6.18),

v (1.)

n= (=) (4.6.41)
Ts €

g/“|7ﬁﬁﬁ (4.6.42)
o ()
T:

5/ 1+ /22 dt (4.6.43)
0
~ /\l TE 5

gn+w( fﬁﬂg. (4.6.44)

0

Combining with (4.6.18), we conclude n < T.. We conclude n = n(M) < T: < k.

Taking x sufficiently small, we reach a contradiction.

Now, assume (4.6.6) holds with equality. By (4.5.201), (4.4.144), (4.5.8), we have

T:
= / I (F2 = pyee™)d€ || 2t (4.6.45)
0 R3
TE 1 £ 1> e e
SM / EH (O vx(Fi - ,uwae"/ ( )dé.HL% —+ ||8t(,y€¢6)67 P ||L%dt (4646)
0 R3
T. 1 /=
S / Lr oy 7ot (4.6.47)
0
~ A1
Su T + 12 (4.6.48)

This implies 1 <ps 1. < k. Taking x small enough, we reach a contradiction.

In conclusion, T. > k for all £ small enough, so T > k. The bounds (4.6.18) and

(4.6.19) imply (4.1.35) and (4.1.36) respectively.

Proof of part (ii): The proof is similar to part (i), so we omit some details. In the
same way as in part (i), we take solutions (Fy, 3, ¢°) to (4.1.18) (satisfying (4.6.1)).

We also take the solution (F, F*) to (4.1.7) and (y7,1°) satisfying the conditions
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(4.6.2) through (4.6.6) for some 7. > 0. We note that the conclusions of Propositions
4.4.1 and 4.4.2 both hold.

By (4.1.39), and the fact that 1§, = ¢, we have that the expression in (4.5.7)

is exactly zero. The bounds (4.6.12) and (4.6.13) both hold in this context as well,
S0 we can guarantee sup,gq ] \/@ < ¢ by taking x small enough. Thus all the
hypotheses of Proposition 4.5.1 are satisfied up to 7' = T.. Next, we have that
E° pin = éﬁgf,a’m <um 6% (and this expression is independent of €). Therefore, by

(4.5.8), we have

7.

e sup 5,1+ [ DE,(t)dt < Cu(ed® + £2). (4.6.49)
te[0,T] 0

On the other hand, the above and (4.5.9) give the bound

t 2
<wm e T (D352 4 it 4 e, (4.6.50)

&5 (1)

Next, similarly to (4.6.20) in part (i), we have

Te
sup [FE() = FUOI+ [ I1F50) ~ POt S e+ 7). (4.65)
0

tel0,T:]

Now, combining (4.6.51) with (4.6.12) , (4.6.13), and (4.6.49) and (4.6.50), we

have

7.
e sup &°,(t) + D H(t)dt < Cy(e6® + €7) (4.6.52)
te[0,7%] 0



and for all ¢ € [0,7%], we have

E
5

1 (t) Sm e o 52 +eits 4 e6°
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(4.6.53)

We now show that 7' = inf.cog 1. is positive. As before, we take T. < Kk, and

show that each of (4.6.2) through (4.6.6) holding with equality yields a contradiction,

provided « is taken small enough. In the cases of (4.6.2), (4.6.3), (4.6.4) and (4.6.5),

the proof is essentially same as in the case of part (i), up to taking § sufficiently

small in addition to x and €.

We now address the case of when (4.6.6) holds with equality at T' = T.. Next,

take 0 < to < 7. to be chosen later. Through a trivial modification of the proof

of Proposition 4.5.1, we have that the estimate (4.5.8) holds with a = 1 instead of

a =2, and [to, T] instead of [0,7"]. This gives

1.
g Sup (o(as ( ) + .@_,1(t)dt SM gf,l(tO) + &72

t€(to,T] to

<wmele o (52—1—53250)—1—

~

Taking ty = (Cy| ln(g)])%, we can bound last expression by by £2.

hand, integrating (4.6.50) on [0, ¢¢], we have

7
/ \/ dt<M55+5it§+5t0§M55+5

N

(4.6.54)

(4.6.55)

On the other

(4.6.56)



Therefore, combining these bounds, we deduce

TE
L0 6Vl e g
0 R?
to — to __ %
< &e tdt+</ 9° tdt) <ue.
w [ VE ([ 7w su

Now, combining the above with (4.5.201), (4.4.144), and (4.6.52),

t
L= [0 ] 0 e ey
0 R3

T
€ 1 158 € I3 I3 £ 154
SwM = [ & Va(F® = paee 7 )dE| 12 + [|0:(v7 07 )™ L2dt
o € Jm3

N

<yeb+er+ T+ 10

§€5+5%+m%.

Taking €, 6 and & sufficiently small, we have a contradiction.

228

(4.6.57)

(4.6.58)

(4.6.59)

(4.6.60)

(4.6.61)

(4.6.62)

In conclusion, we have T' > x > 0. Moreover, (4.1.40), (4.1.41) and (4.1.42)

follow from (4.6.51), (4.6.52), and (4.6.53) respectively.

[]



Chapter Five

Local Well-Posedness for the VPL System

5.1 Introduction

Consider a plasma whose ion and electron distributions are given by F. (¢, x,v),
F_(t,z,v), respectively. These functions represent the amount of particles at a given
time t, position x and velocity v. These unknowns satisfy the two-species Vlasov-

Poisson-Landau system,*

{at +uv- Vm —+ E- VU}F+ = Q(F+ + F_,F+>,
(0 +v-Vo— E-VoIF. = Q(F, + F_,F.), (5.1.1)

—A ¢ =4n(ny —n_).

'We have set all physically relevant parameters to 1.

229
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Above, ¢ and £ = —V,¢ are the electric potential and field respectively. The

functions n (¢, z) are the charge densities, defined by

n+:/ Fdv, n_:/ F_dv.
R3 R3

The collision kernels are given by

Q(G1,G3) =V, - / Qv — ') {G1(V)V,G2(v) — Go(v)V G (V') } dv'.

RS

Here, ® gives the Landau collision kernel: for each z € R3,

Finally, we chose the domain to be the 3D torus, i.e. x € T? = (R/Z)3.

(5.1.2)

(5.1.3)

(5.1.4)

In Chapter 4, we gave a derivation of the Vlasov-Poisson-Landau system with

massless electrons. However, this theorem was conditioned on the assumption that

one could construct solutions to such a system. In such a limit, the electron distribu-

tion F_ is wholly determined by the ion distribution F;, the electrostatic potential

¢, and a time dependent number () representing the inverse temperature of the

electrons. The system for (Fy, (5, ¢) reads

{8t +v- Vx —F- VU}F+ = Q(F+,F+)

d 3 |v]? 1
— 13 = —F dxd — Eldr s =
dt {Qﬁ +//I‘3><R3 2 F rav 8T T3| | LL’} 0

— Ay = A7 (ny — ).

(5.1.5)
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5.1.1 Main Result

The goal of this paper is to show that for appropriate initial data, this formal limit
holds on a small time interval. We first provide local well-posedness theorems for the
systems (5.1.1) and (5.1.5) for general initial data. To do this, we must first define
the function spaces which capture the dissipation rate from the collision kernels. We

define the matrix o;;(v) = ®;; * u, with 7, j € {1,2,3}. Given u € R?, we have that

1 1
ulo(v)u ~ ——|Poul* + —|P,Lul? (5.1.6)
(v)? (v)

Here, P, + P,. = I denote the orthogonal projections onto span{v} and {v}+ re-
spectively. Using this matrix, we define the following spaces which will capture the
dissipation produced by the various collision operators. Let M, denote the Hilbert

space with inner product (with ¥ = ¥(v),{ = ((v))

113, = (0400, 0u,90) 12 (5.1.7)

Fix parameters s > (2,3], 7 € (0,1], and m; = 5(j + 1) with j € {0,1,2}. Given

u = u(x,v), we define

ull? = o)™l + 1 0)™ (V) ullZa 4+ (V. ul%s (5.0.8)
ully <= 110) ™l + Y™ V)l .+ KV 0l (519)
ull = )™ ull2y |+ )™ (V) ulls (5.1.10)

lulls = [10)™ ul2s .+ 1) (Va2 (5.111)

We also define & = L>([0,T]; €), D7 = L*([0,T]; D) and similarly for the primed

spaces.
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We now state the theorem on local well-posedness.

Theorem 5.1.1. Let Fy ;,(z,v), F_ i, (z,w) be nonnegative functions in L'(T? x R?)

with unit L' norm.

(i) Assume

1 1

||(F+,m,F—,m)||es+||(n+v e < o0 (5.1.12)

Then, there exists T* > 0, such that there exists a unique weak solution
(Fy, F_) to (5.1.1) with initial data (Fy, F_)|i=o = (Fyin, F—in) ont € [0,T7)
i the space

F. e C([0,T*); &) N Lo ([0, T%); €) N Ly ([0, T%); D), (5.1.13)

loc loc

Moreover, either T* = oo or

1
—)HLOO([O,T]xTB) = 00. (5.1.14)

1
li FF —
Yo (P Pl + 1

(i) Assume B;, > 0 and

1

o < 5.1.15
ol <00 (5.1.15)

[ inlle +

Then, there exists T* > 0, such that there exists a unique weak solution

(Fy, B, ¢) to (5.1.5) with initial data (Fy, B)|i=0 = (Fy.in, Bin) ont € [0,T%)

Fy € C([0,77): €) N Lig ([0, 77); €) N Li ([0, 77); D), (5.1.16)

3 e C([0,T);R.), (5.1.17)

¢ € C([0,T*); HF?). (5.1.18)
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Moreover, either T* = oo or

1
li F — || 7 = 00. 1.1
Jlim +HeT+Hn+HL ([0,T]xT3) = 00 (5.1.19)

hello

Remark. The spaces € and ® differ from the spaces considered in Chapter 4 through
the (V,)" term. Since the norms here are stronger, we have that the local well-
posedness theorem proved here implies that one can construct a solution to (5.1.5)
compatible with the assumption of Theorem 4.1.1. As noted in Chapter 5, we are
able to avoid propagation of V,, derivatives since the setting of the massless electron
limit is perturbative. Indeed, it appears that if we consider perturbations of smooth
solutions to (5.1.1) or (5.1.5), then we can prove a local well-posedness result for the

perturbations without propagating any regularity in v.

Remark. Using this method, it is straightforward (in fact, easier) to prove a local

well-posedness theorem for the inhomogeneous Landau equation,

(0 +v - Vo)F = Q(F, F), (5.1.20)

in the same topology as in Theorem 5.1.1.

5.1.2 Method of the proof

The proof method involves fairly straightforward propagation of the norm € via
energy estimates, and commutator estimates. We also reuse Lemma 4.3.2 from the

previous chapter to control collisions.

Building on the methodology of Chapter 4, we encountered one main difficulty,



234

foreshadowed in the remark above. While in the previous chapter we were able
to close estimates without any v derivatives (and indeed, it was necessary), this
framework was insufficient for general large data. This is because we were unable to
close standard bootstrap assumptions without propagating v derivatives, due to the

commutators of x derivatives with the diffusion matrix.

5.2 A priori estimates

5.2.1 Energy estimates

It will be convenient to split the collision operators into their “diffusion” (second

order) and “transport” (first order) parts in divergence form:

Q(G1,G2) = Qp(G1,Ga) + Qr(Gh, G2) (5.2.1)
QD(GD G2) = avj((q)ij *y Gl)aviG2> (522)
QT(Gh GQ) = _81)]- (am(q)zg *y GI)G2) (523)

We now prove a priori estimates for the following system:
OWF +{v-V, =V, -V, }F=Q(G,F). (5.2.4)

Proposition 5.2.1. Let M > 0. Suppose F' is a weak solution to (5.1.1) on the

interval t € [0,T]. Assume the following on G = G(t,x,v) > 0:

1
sup L T Glle + [|[v s+l> <M< o 595
s (H g + 16l + Il 525
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Then,

3
HFHGTDDT < 60M(T+ﬁ”GH%T)HFmH€~ (526)

Proof. For every m/,s', 7', we denote F'™") = ()™ (V) (V)" F, and similarly

for GUm's'")

Step 1: We prove

d

m 1 m 3
%HF( 2007y, + 5|!F‘ 20082000, < CulllGlo) 2 IFIIE + £IIF 5. (5.2.7)

Observe that F(™2:0.0) thig satisfies
(O +v - Vg — Vaip - V) Fm200 _[()ym2 7 4. V,]F = (0)™Q(G, F). (5.2.8)

Thus,

1d
STy = (@)™, Vatp- VIR FO200) 5 - (529)

+ ()™ Qp(G, F), Fm00) 1, (5.2.10)

+ ()™ Qr(G, F), FIm00) 5 | (5.2.11)



First, we see that

(5.2.9) = —my(V tpag FO7200) plm200)y

(v)

< IVt | FO00 2,
< Il L2002,

S I

Next,
(V)20 (P * GOy F) = Oy, (Pyj * GO, Fm200)
- m2%¢ij % GO, F(m200)
— ma0, (&@ij x GFm200)
+ mo(mg — 2)%@@ * GF.
Thus,

(5.2.10) < —(®y; x GO, F">00) 9, Fm200) 1,

+ Cll(0)2 i % Gz, | F 200

+ O @45 * G| e, ||F(m2’0’0)||%3 i
Using Lemma 4.3.2,
<®Z] * GanF(m27O7O)7 anF(m2’07O)>Lg,v ’% ||F(m27070) ||ig25(7'.[o')v’

and

1
[{0)2 @35 * Gllzge, S I1(0)°Gllzrz S NGz .

T N Y] v

2, | £7(m2:00) 2202, ),
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(5.2.12)

(5.2.13)
(5.2.14)

(5.2.15)

(5.2.16)

(5.2.17)
(5.2.18)

(5.2.19)

(5.2.20)
(5.2.21)

(5.2.22)

(5.2.23)

(5.2.24)



Hence,

1
(5210) S —EHF(mz,O,O)HiQ(H . 4 CHF(mQ,O,O)H%?EU.

o)

Next, we have

(5.2.11) = (8,5 x GF"200 9, Fm200) 1,

+ m(—v &JZCI)U * GF(m2’O’O), F(m2’0’0)>L%m

(0)?

3
= [[(v)2V,® * G|, |’F(m2’0’0)||Lg(L2mm)v ||F(m2’0’0)\|Lgm-
Now, we claim that

[(v)* V@ # Gll1ge, S IGlle + IGNIGlls-

T A

To see this, first observe that |V,®| < ;. Thus, we have for all (¢, x,v),

~ Ju?*

|(0)20,, @y * G(t, x,v)| < <U>2/ 1

w20y |V — V'[?

+ (v)? /| Gt d

v|<2(v") |U - U,‘Q

|G(t, z,v")|dv'

S /Rg G(t,z,v)dv’ + Vo {(v)*|GI}(t, 2, v)

Hence,

1(v)?00, @35 % Gz, SUGN ey + NIVl {()*|G I} Lz,

T N

3/4

SNG®* |z, + GOy

(m1,5,0) (2,0,0) | 4 (2,0,0) |
S NG g, + GOV E L GOV

1 3
SGlle +lGlelIGlls-
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(5.2.25)

(5.2.26)

(5.2.27)

(5.2.28)

(5.2.29)

(5.2.30)
(5.2.31)

(5.2.32)

(5.2.33)
(5.2.34)
(5.2.35)

(5.2.36)
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In the above, we used the fact that || |u| ||g1 = ||u||g:. Combining these estimates

on (5.2.9), (5.2.10), and (5.2.11), we get (5.2.7).

Step 2: We now prove the bound

d ., 1 , 3
T IFO e + SIFCO e 0,), < CelllGllo)2 IFIE + £

First, we compute

1 d r T T
5 a1 F OO ey = (V)0 Val F OO

+ (Vo) Qp(G. F), F%) 1

(V) Qu(C. ), FO)
We now bound (5.2.38).
(V) vV ]F = —r(V,) "V, V,F.
Hence,

(5.2.38) < (V) ' VaF |2 IIFO7 12 < || Ff2.

T N

(5.2.37)

(5.2.38)

(5.2.39)

(5.2.40)

(5.2.41)

(5.2.42)

To bound the remaining terms, we need the following weighted commutator estimate:

Given appropriate u;(v), us(v), and m > 0, we have

[{0)™ (V)" ualuzllzz < (V) urll g, [1(0) ™ uzll 2z

<V 2| o 22,

(5.2.43)

(5.2.44)

where FL! is the space of functions whose Fourier transform is in L. By interpola-
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tion, it suffices to show this when m € 2Nj,. We take the Fourier transform,

F{0)" (Vo) ualug} () = (1 — Ag) = / ((6)" = (€ = m)" )t (n)iz(§ — n)dn (5.2.45)
= [ter — (e =it - a9
b o [ORUO (€ O (€~ )

laka/[= 2 a0

m
2

2(§ —n)dn (5.2.46)

(5.2.47)

where ¢, are some collection of constants. Next, [(§) — (£ —n)"| < ()" (recall
r € (0,1]). Moreover, [0F((§)" — (§ —m)")| S 1 for all multi-indices o # 0. Thus,

pointwise in &, we have

L) (Vo) unus} ()] S (m)" i (n) (1 — D) (€ — m)ldny (5.2.48)
DY /\ﬂl(n)f??'ﬂz(é —n)ldn  (5.2.49)

la+a/|="F,a#0

The estimate (5.2.43) directly follows from Young’s inequality, and Plancherel’s iden-

tity.
Next, we split

(Vo) Qp(G, F) = Qp(G, FOO) + V, - ((V,)",® x G|V, F) (5.2.50)

(5.2.51)
Therefore, we have

1
(5.2.39) < —5||F(0’°”")||%%(H0)v + (Vo) @ % GV, F, V,FOO) 1 - (5.2.52)
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The latter term is bounded as follows,

<[<vv>ra O G]vvF; V'UF(O’O’T)>L%,U (5253)
< ()2 [(Vo), @ % GIV F 12 [|(0) 3V, FOO | (5.2.54)

3 T
SN1® % Gllzro | 0) 2 Vo F Iz, (I |z 0,0, + 1), (5.2.55)

having applied (5.2.43) in the last line. Now, using G(t,x,g) to denote the Fourier

transform of GG in v, we have

1 Glscran. S [ |£|2|Gt$€)|d€|\m (5.2.56)
<[ LG w el + | / LGt ©)lde 1
B(0,1) ’f|
(5.2.57)
) . 150
< 1Cllizrz + Gz, |85 (5.2.58)
N OXE TS (5.2.59)
S (5.2.60)

In the penultimate line, we used Sobolev embedding L>* C H*. Combining all the

bounds, we get

1 T 3 T
(5.2.39) < —EHF(O’O’ N2y, + 102 VoF |2, (I 2 00, + | Flle)-

(5.2.61)

Next, we verify the following claim: for all k > 0,

()2, Fm000) 1, < C||F|le + k|| Fllo. (5.2.62)

x,v
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First, we apply the interpolation inequality: since mo — % >

3
27

[(v) 2V, Fo00 |1 < ||(pym2m2 v, FolO 120 (1) =2 v, Fmo0 |10, (5.2,63)

for some 6 € (0,1). The first factor is controlled by [[F™200 1, 120g 3 < || Fleno-

We further interpolate the second factor as follows:

-3 PPN pp—

[w) "2 VoF 2, S Vo)~ ((0) 2 VL Fl 5" (5.2.64)
-3 mo,Y, ﬁ

(V) ((v) 2V Eme 00| (5.2.65)

Writing (0) "2V, F = V,((v)"2F) — V,(v)"2F, we see that the first factor in the

above is bounded by |||z .

As for the second, we use (5.2.43),

3

(V) ()2 Vo)l S () "2V (Vo) FllLz, (5.2.66)
+ (Vo) (@) 2]V F 1z, (5.2.67)

T T -3
SIFO N oy, + Vo) (0) 2172, Vo F iz, (5.2.68)

Now, F{(v)~2}(€) behaves like |€]~2 near the origin, and decays rapidly as |¢| — .
Thus,

3

(V)" ()2 V) 2, S IO, + IIVoF 1z, (5.2.69)

T Y
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Combining with (5.2.63) and (5.2.64), we get

3 mo—32 — er T 0
1029l S 1™ 29 F I IFIE (IFOO i, + 190F z,) 75

ERYNQY

(5.2.70)
Hence, for all k, we can bound
[0)2VuFllzz, < CullElle + 5]1Ello. (5.2.71)
We conclude that
(5239) < ~ZIFO B, + CIFIR +IFI. (5272)

Finally, we bound (5.2.40). We write

(5.2.40) = (8,, ;% GFOO 9, FOO) 1o 4 ([(V,)", 0, @i % GIF, 0, FOO7) 12
(5.2.73)

Similarly to bounding (5.2.10),

(9, @5 % GFOO, 9, FOO) 1, < ([|Glo) [ F el Flleno- (5.2.74)

,U

On the other hand, using (5.2.43), we have

([(V0)", 05, @45 % GIF, 0y, OO 12 S [(0)?[(Va)", 00, @45 % Gl F |12 || F [ enn

0 N

(5.2.75)

SNVl Vo) GllzeF ), | Fllel| Fllens-
(5.2.76)
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Similarly to the bound on ® * G € FL!, we have
_ , 3
IV "HV0) Glliz o, S (I1Glo)7. (5.2.77)
Thus, altogether,

(5.2.40) S Cu{IGIN2IIF G + £IIFIl3- (5.2.78)

Step 3: We now prove that for all K > 0,
d (m1,5,0) (12 1 (m1,5,0) 1|2 3 2 2
I, + S ), < GG e + sl F N (5.2.79)

Observe that F("1:50) gatisfies

(0 +v - Vg — Vath - V) s _ [())m1 (V) V) - V,|F (5.2.80)
= ()" (V.)'Q(G, F). (5.2.81)
Then,
Ld (m1,s,0) |12 m1 s (m1,s,0)
5%“17 w HLQm,v = <[<U> <Vﬂc> >Vx¢ : vv}FyF H >L%7v (5282)

+ ()™ (V) Qp (G, F), F"=%) 1

T,V

(5.2.83)

+ ()™ (V) Qr(G, F), F"™ =) .

T,v

(5.2.84)
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Now,

(5.2.84) = ((0)™[(Va)®, Vo] - Vo F, FU™7) o (5.2.85)
+ ([(0)™, Vot - V JFO) POmm)y (5.2.86)
SAIVatlla (o)™ Vo FO D o [F50 | Y[ FE5O s

(5.2.87)

Now,

1
s

o) TFOD]|gs S o) HE DV F, )Y, O

s—1
S

5 (5.2.89)

S ||F(m17370)‘|L%(L20H0)U‘ (5.2.89)
Thus,
(5-2.82) S [ Fllero | F[e- (5.2.90)
Next, we have
(5.2.83) = — (@4 * GO, "0 9, Fms0) 5 (5.2.91)

— (Vo) { @y GO, F™ 00} — &y % GO, F120), 9, 0 1

(5.2.92)
+mi (Vi) { Py G%FW&O)}, By, 00y 5 (5.2.93)
v :
— my <Uj <’U>m1_2 (Vx>s{<l>” * G@UZF}, F(m17570)>L%’U' (5294)
For (5.2.91), we use (4.3.6) to get
1 (m1,s,0) |2
(5.2.91) < —5||F - ||L%(Hg)v. (5.2.95)



Using (4.3.5) we have

(5.2.92) < o728 % GO 2 || oo [| 5710 Ly g (IFTSO| e

1
s

S Gl F™ O g,

(m1,s,0) 2_%

o)v

Similarly as with (5.2.71), we can bound

1
IO g gy, S NE™ OOz |+ [[(0)™ 2V F 1z,

< Cil|Flle + &[| Fllo-
for all kK > 0. Thus,

(5.2.92) < Cl| Fllg + 5[ Fl3-
Finally, we have

(5.2.93) + (5.2.94) < CIGllel F ™| 13 30, 1 F™ 5| 2,

< Col|Fllg + &l FII5-
Thus, altogether,

1 mi,Ss
(5.2.83) < —5||F( PO i, T CllFIIE + Kl F 13-
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(5.2.96)

(5.2.97)

(5.2.98)

(5.2.99)

(5.2.100)

(5.2.101)

(5.2.102)

(5.2.103)



Finally,

(5.2.84) = ((V;)* {0y, ®i x GF™00} 9, Fm0s0)y s

/l) .
+ my <W<Vm>s{aviq)ij * GF(ml’O’O)}, F(ml’s’0)>L§,

S 0)*Vo® % GO 2o | Fllenn | F e

~J

v

1 3
S GlellGllennll Fllens | Flle

3
S CelllGlleno) 2 I1Flle + 5l F s

246

(5.2.104)

(5.2.105)

(5.2.106)
(5.2.107)

(5.2.108)

In the above, we used a similar estimate as in (5.2.29). Combining the bounds for

(5.2.82),(5.2.83) and (5.2.84), we have proved (5.2.79). Combining with the previous

steps, we conclude with (5.2.6).

Step 4: Adding (5.2.7), (5.2.37) and (5.2.79), and taking s sufficiently small, we

have
d 1 3
EHFlli + 5IIFII% S AIGlo) 2 1 F 3

Then, (5.2.6) follows from Grénwall’s inequality.

(5.2.109)
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5.2.2 Contraction estimates

Proposition 5.2.2. Let M > 0, and G,(t,z,v) > 0 and ¥, (t,z) with o € {1,2}

satisfy

1
S [ T e | < M 5.2.110
s (g o + 1Gulle+ Il ) < (5.2110)

tel0,T],ae{1,2}

Suppose F,, is a solution to (5.2.4) with ¢ =1, and G = G, and initial data F, ;.

Let 5F:F2—F1, (5G:G2—G1 and (51/121/12—¢1 Th@’ﬂ,,

10F I3, + 19F I3,

3
<. GCM(TJM/TH%”%T){H(;FmHQ@/

2 2 2 (5.2.111)
w1+ 0G| F1(2) lenordt

" / (I66(2)]

T 1 3
+/0 106G @)@ NGO |31 Fa () dt}

[

Proof. Similarly as in Proposition 5.2.1, we denote F(™'"s) = ()™ (V) (V)"

!

F

Y

and similarly for G, 0G and 0F. Then, 6 F solves

OOF 4+ {v- Vg — Vathy - Vo }oF — Q(Ga, 6F) = QOG, Fy) + V01 - V, F.
(5.2.112)

Observe that 0 F satisfies the same type of equation as (5.2.4), but with the forcing
term Q(0G, ) + V.09 - V,F;. We note here that the proof of Proposition 5.2.1

requires that 5 < m; and my + %s < mgy. Thus, modifying the proof of (5.2.7), we



have

d - 1 m
gm0, + GUSET Ol ),
3
S+ G 2)I6F %
+ ()™ Q(3G, Fy), SF 000y

+ ((0)™ V00 - Vo 1y 0F ™00 s
Now, again modifying the proof of (5.2.7), we have

(0)™Q(0G, Fy), 6Fm00) 5
m1,0,0 m
S 18GHe IE™ O a2y IO ™0 12 g,

% % (m1,0,0) (m1,0,0)
+ 0G| & 10G || gror | F1 ez, I0F L2 (z20910),
Also,

((0)™ Vp61) - V, Fy, ™00 1o

= (VM0 g s pm-10)

T,v

3 m
L . Va:(stl( 1,0,0)7 5F(m1,0,0)>L3 )

= (ma + )

27 v)?
S NSl gz | Filell GF 00, 7,8 PO =200

S9N s 1E el SF ™ 1o 2, -
Altogether,

d - 1 m
G ISF OO, FOF OO

< C{ +||Gallp) 10 F Il + (llov]

e T 10G 1) Fillgnor

+[10GI& 110G 1311 F1 e}
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(5.2.113)

(5.2.114)
(5.2.115)

(5.2.116)

(5.2.117)
(5.2.118)

(5.2.119)

(5.2.120)
(5.2.121)

(5.2.122)

(5.2.123)

(5.2.124)

(5.2.125)

(5.2.126)

(5.2.127)
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Similarly, we also have

d mo,S 1 mo,S
FNOFTo gy b ZISFI, (5.2.128)
3
< C{(l|Gallo) 2 19F (IE + (69| s+ + 0GNE) I F1 o (5.2.129)
1 3
+[0GI& NOG13 1 FLI[E + [0F 2O 12, 5 )} (5.2.130)

Combining the bounds on F(™1:00) and F(m050) we have the following: for some

choice of A > 0 sufficiently small depending on M > 0, we have

d 1
_ (mo,s) ||2 (m1,0,0) (12 = 2
= (AP |3y S F 002, )+ Z|I5F |, (5.2131)
3
< CUIGa I IOFIZ + (16012 + 10GI)I Filldne, (5.2132)
1 3
+ 13G & 190G 13 171 2. (5.2.133)

Now, A|§Fmos0)2, 4 ||§Fm00|2, ~||§F||%. Hence, by Grénwall’s inequality,

we deduce (5.2.111). O

5.3 Construction of Solutions

5.3.1 Solutions to the linear system

In this section, we use the a priori estimates to give a construction scheme for the
systems (5.1.1) and (5.1.5) using an iteration scheme. Before we can do this, however,
we need the following Lemma which guarantees solutions to the linear system (under

very strong hypotheses):



Proposition 5.3.1. Suppose F;,, = F;,(z,v) satisfies

Fin >0

ep|”‘2V;va € L®(T* x R*), forallp>0,r € Ny.
Next, let T > 0 and suppose G = G(t,x,v) satisfies

G>0

plv>7r
€ vt,m,v

and ¢ = (t,z) € C=([0,T] x T?) satisfies

¥ € C°(T3 x R?)

G e L0, T] x T* x R?), forallp>0,r € Ny.
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(5.3.1)

(5.3.2)

(5.3.3)

(5.3.4)

(5.3.5)

Then, there exists a unique F = F(t,z,v) satisfying the same hypotheses as G that

(5.2.4) with initial data F(t =0) = F,.

Proof. Fix p > 0. Observe that if such a solution to (5.2.4) exists, then U, =

eP(PP+29) [ golves

| 2

(0 — O))Up + {v - Vy — Vaip - V, }U, = P Q(G, e

U,).

(5.3.6)

We now construct solutions to the above. Take A € (0,1]. Consider the following

initial value problem:

(Y

(Av)
= e’ Q(G, e PPU,) + A, U,

(at - 8tw)U;§)\) + { : vac - Vﬂﬂ/} : vv}Uzg)\)

A _ _ w|? -+
U}g )(t =0) = ePlwl+o) g

(5.3.7)
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Observe that

" Q(G, e PPUN) = 9, (04 % GO, UY — 9,845+ GUN) (5.3.8)

+ p(pvivj — 0;5)Dy; * GU]L(,’\) — pu;®;; % GO, UW. (5.3.9)

”JP

By Lemma 4.3.2, we see that 0,,®;; * G, ®;; * Gv; and p(pvv; — §;;)P;; * G are all
bounded. Hence, this a uniformly parabolic PDE with C'*° coefficients, and thus
there exists a unique strong solution U to the above in Mo H([0,T] x T? x R?)
for all » > 0. This fact follows from Chapter 2 of [94], with small modifications
needed for the domain T3 x R3. By applying V.. to both sides, and integrating

against V;’UU,S’\), we have for all m > 0, and r € Ny,

2dt||vmv P ||L2 HVH_IU ”%%v (5310)
<(V; UMV, {e_p|w|2Q(G,e‘p|w|2U1§A))})L§’v (5.3.11)

v _
+CZIHvk( )vaﬁl(] 2z V5, UM z2 (5.3.12)
+OZ|||V“1¢||VT U2, Ve U 122, (5.3.13)

Tz~ p

< (V5 UM VI {e QG e UM Y 2 + CunllUM e, (5.3.14)



In the above, we use V¥ <<;’v>) < 1. Now, using (5.3.8),

(V2 UM, Vo e PP Q(G, e UM 12 |

xvp?

= (V5 {®y; * GO,,UNY, 0,V UM) |

acvp

+ (V7 {05, ®i5 x GUMY, 0,V >L3w

:vap

+ p(V5 {(poiv; — 6;j) @y % GUNY, Vo o UV 2 |

— (V% {viy * GO, UMY, V" U(A)>

Vi~ p T, v p
(@i * GO,V U § N a, v;vU;w

- Oa,p,rnU;” I,
Therefore,
IIVM iz, < Cowpnll Vi Uz -
Thus, for all p > 0, » € N,

Hvxv P HLOO ([0,T);L2 ) SFm,vayl)yT L.

Next, for two different \; and A2, we have that UZSAQ) - U,g)‘l) solves

at(U;S)Q) - U}S)\l)) + {O\LU) : Vx + vx¢ : vv}<U]§>\2) - U}S)\l)
1
_ eplv Q(G efplvl U) + /\1AM(U£A2) _ Uéh))
v v
= —— | - VLU (A, = \)A, L UR.
! <<A1v> <A2v>) Vel Do = A8l

Now, using (5.3.23), and following similar a priori estimates, we have

||U192) - U;SAI)||L§°([0,T};L;U) <AL — Aol
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(5.3.15)
(5.3.16)
(5.3.17)
(5.3.18)
(5.3.19)
(5.3.20)

(5.3.21)

(5.3.22)

(5.3.23)

(5.3.24)

(5.3.25)

(5.3.26)

(5.3.27)
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Thus, there exists U, € L°([0,T7]; L2 ,) such that lim, g oM — Upllzee o122 ,) = 0.
Moreover, we have that U, also satisfies (5.3.23). In particular, U, is a classical
solution to (5.3.6). Next, by a similar estimate, we have that U, = eP("F+29)(j, for
all p > 0. Setting F' = Uy, we have that F' is a classical solution to (5.2.4). Then,

for all p, r, we have

2
H€p|w| FHL,?C’([O,T];H;,U) Swpr ”UZPHL?"([O:T];HJE,U) SEinGpr 1 (5.3.28)

Combining the above estimate with (5.2.4), we can show that 9 F' satisfies the same

estimate as the above, allowing us to conclude that (5.3.4) holds for F.

It remains to check that F' > 0. Now, recall that V., (1{p<o1 F) = Lipcoy VizwF

a.e. Thus, we have

d
ﬁl‘l{F<0}F||%%’v == <8tF, 1{F<0}F>L%7v7 (5329)
<{’U . VJ; - Vx¢}F, 1{F<0}F>L%U - 0, (5330)
<Q(G, F), 1{F<0}F>L%7U = —<(I>” * G]-{F<0}aviF7 &)J.F)ng (5331)

+ (05 00; @iy * Glipcoy I, F) 2, (5.3.32)
Hence,
d 2 2
T lroVieoFllZz | < CollrcoVinaFllzz (5.3.33)
So, by Gronwall’s inequality,
0< H]-F<Ovt,x,vF”%gm < CGH1F<th,z,vEnH%gm =0. (5.3.34)

We conclude F' > 0. O
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5.3.2 Construction of solutions to the VPL system

We now have everything we need to prove the first part of the main theorem.

Proof of Theorem 5.1.1-(i): We break the proof into a number of steps—first, con-
struction of solutions for smooth, compactly supported initial data; second, general
data in €&; third, we show continuity in time in €; and finally, we show the solutions

constructed here are unique.

Step 1 (iteration scheme, boundedness): For all N > 1, fix nonnegative

FYo, FNo € C2(T? x R?), and 0 < M < oo sufficiently large such that

1 1 M
(s =5z + 1(Fs FY) e < > (5.3.35)
Npin M_in

Moreover, we assume ||[FY; — Fynlle = 0 as N = oo. In fact, up to taking to a

subsequence, we may as well take >y, | Fn — Fﬁ;}HG < 0.

The solution will be given by the following iteration scheme. Let (F} (¢, z,v), F°(t,z,v)) =
(n(v),n(v)) where n(v) is any nonnegative standard C'*°, compactly supported cutoff.
We also set ¢°(t, z) = 0.

Up to taking M larger, we can guarantee that (F?, F°) satisfy the same condition
as (5.3.35). Then, for each N € Ny, define (FY ™ FN*™) € L2([0,1] x T? x R?) to

be the solution to

{0, +v-V, = Vo - VI FY = Q(FY + FY PN, (5.3.36)

{00 +v-V,+ Vo - VIV = Q(FY + FY PN, (5.3.37)



255

where ¢V = —4rA! ng FJJFV — FNdv with initial data (Fy,, F_;,). The exis-
tence of the iterates is guaranteed by Proposition 5.3.1. In particular, we have

plwl? 77
€ vt,:v,v

FY € L*=([0,1] x T3 x R?) for all », N € Ny, p > 0. We will also de-
note 0FY = FY — FY ' and similarly for ¢V, etc. Moreover, for each N, we have

FY >0.

Now, for each N > 0, let [0,7n] C [0, 1] be the largest such interval such that

(5.2.5) holds with G € {F, FY} with T' = T, in addition to

1
N
+

I Me=qorwixrs) + 1Y FY)ler, + 107, FY) oy, <M. (5.3.38)

|:z| =

n

Let 7 € (0, 1] also be a small constant to be chosen later. We shall show that 7 < Ty

for all N > 1.

We prove this by induction. In the base case N = 0, this holds trivially, taking
M larger if necessary. Now, assume 7 < Ty for some N > 1. Note that ||¢"| < Cy

for all ¢ € [0, Ty]. Now, since 7 < T_1, we have by Proposition 5.2.1,
1
[F8 e, + G 1FE o, < YTl (5.3.39)
M
Since || Fyinlle <% < ||FY|le,, we may choose /7 sufficiently small so that
N N M
1 e, + 12 I, < (14 Curv/T) - (5.3.40)
Moreover, we have the continuity equation

ol (t,x) + V, - / FY(t,z,v)dv (5.3.41)

R3
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which implies
10 oty S 1Y e (5.3.42)

so [[nf (t,2) — g in(2)|| Lo 0,7)x %) Sar 7. In particular, taking 7 small enough,

1 1 1
s o) < L+ Our)l(o—, ———)llz=(ory)xrs).  (5.3.43)

Ny in N—in

I

+32| -

Combining this with (5.3.40), we see that 7 can be taken small enough, depending
only on M, such that 7 < T. This completes the inductive step. Hence, there exists
some 7 = 7(M) such that

1
N
+

Ii¢ Mzeeoxrsy + NEY FN e, + |(FY, FY)|la, < M, (5.3.44)

3
|3z| =

for all N > 1.

Step 2 (convergence): For all N > 0, let FY = FY — FN=1 etc. Then, by
Proposition 5.2.2, and the boundedness proved in previous step, we have for all

N >2

IGEY, 6FN)leno, Sar II(0F Y, 6F ) | (5.3.45)

T 1 3
+ [ IR P D GEY P )t (5.3.46)
0

i OF S 0F S ) + VTN OFY ™ 0FY )l e, - (5-347)
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Taking N’ > 2, and summing the above over all 2 < N < N’ we have

S NOFY PN leor Sa Y (OFY,, 65N, leyror (5.3.48)
1<N<N' 1<N<N’
IGFL Y leyrm, + 75 > OFY,0F)|lerno,
1<N<N’
(5.3.49)

Now, by step 1, we know [[(0FL, 0F)|[ernor, S Land Y21y oy [[(0F Y, 0FY, )llernor <
oo. Hence, by Taking 7 sufficiently small depending on M, we have that
[(6FY, 6F™M)|le.no, € I'. In particular, (FY,FY) are Cauchy in ¢ ND.. Let-
ting (F, F_) be the limit, we see that (F, F_) € C([0,7]; &)NE, ND,, and ny,n_
enjoy uniform bounds from below. It is easy to check that (F, F_) satisfy (5.1.1)

in a weak sense.

Step 3 (uniqueness): The solution constructed by the previous steps is unique as

a direct consequence of Proposition 5.2.2.

Step 4 (blow-up criterion): Since 7 depends only on M, we can continue the

solution uniquely up until either ||1/nL(¢, )|~ or ||FL(¢,-)|e blow-up. O

5.3.3 Extension to the VPL-Ion system and Landau equa-

tion

The extension to the Landau equation is a trivial modification (and simplification)

of the proof given above. On the other hand, the extension to the (5.1.5), we must
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show that solutions Poincaré-Poisson system (5.3.50) below have good boundedness

and continuity properties: fixing G(¢,x,v), we consider solutions to the system

{ //TSXRS ta:v)dxdv+—/ \Vqﬁta:)ldx}_o

B(0) = Bin, (5.3.50)
— Aot x) = 47r(/ G(t, z,v)dv — P2t2))

T3

Lemma 5.3.2. The following statements hold:

(i) Suppose G € C([0,T];¢"), inf, [ps Gdv > 0, and B, > 0. Then for some
T* > 0, then there exists a unique solution (38,¢) € C([0,T*]; Ry x H*TY(T?)) to

(5.3.50). More precisely, let M > 0 be large enough that

1
| In(Bin)| + ||m||L°°([0,T]xT3) +[|Gller < M (5.3.51)

Moreover, we allow the kinetic energy to increase by only a very small amount:

2
sup / ol —(G(t,") — Gip)dxdv < e™. (5.3.52)
te[0,1] JT3xR? 2

Then, (B, ¢) exists for allt € [0,T] and
| I (B)| Lo o,y + 1Dl zoe o,y 541y Sar 1. (5.3.53)
(i1) For each o € {1,2} suppose G* € C([0,T]; €), %, € {1,2}, and let (5%, ¢%) be

the corresponding solution to (5.3.50) by setting G = G* and B, = BS,. Assume also
that each (B, G*) satisfy the estimate (5.3.51). Letting 6G = G* —G*, ¢ = ¢* — ¢!
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and so on, we have the estimates

19811 zo=o,r1) + 106 | oo (73 115+1) Snr 190Gl + 1053l (5.3.54)

(i1i) In addition to the assumptions in part (i), also assume G satisfies (5.3.4)

in Proposition 5.3.1. Then 8 € C>=([0,T]) and ¢ € C>°([0,T] x T?).

Proof. Step 1 (proof of (i), sans continuity in time): We first construct so-
lutions to (5.3.50) obeying the estimates as in part (i). We shall show (3,¢) €

L>([0,T); Ry x H*2(T3)) for now, and prove continuity in a later step.

For existence and uniqueness of (3, ¢) € L>=([0,T]; R x H*(T?)) solving (5.3.50),
we state (a special case of) part (ii) of Theorem 1.14 in [13]: for any 0 < f(z) € L?

and E > 0, there exists a unique solution (v,v) € Ry x H*(T?) to the system

31
— 4+ — V. h|?dx = F, 5.3.55
> T 5 [ | Vevlid (5.3.55)

—Agp = dm(f(z) — ™). (5.3.56)

Moreover, for all v > 0, we can find a unique ¢ € H? solving only the second line.
Now, to construct (5, ¢), we first take ¢, = ¥ to solve (5.3.56) with v = f;,. Now,

¢in exists uniquely in H?.

In order to solve for (5, ¢) for t > 0, we must ensure that the first line of (5.3.50),
when integrated on [0, t], gives an admissible condition on (3, ¢). Specifically, we take

(B,¢) = (v,¢) as in (5.3.55) and (5.3.56), with f(t,2) = ny(t,z). The quantity E,
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in accordance with (5.3.50), is given by

0]

Bt) = /T (G = Gl e+

31 ,
— +Oin | dx. 5.3.57
2&”+8W/T3|v¢r r. (5357)

Such a solution (8,¢) with E = 55 + ¢ [15 |V.¢|’dx exists as long as E(t) > 0.
Now, by (5.3.51) and (5.3.52),

3 1
E(t)> —e ™M+ §e_M > 5e—M, (5.3.58)

guaranteeing the desired condition.

Next, we prove that the assumptions (5.3.51) and (5.3.52) imply (5.3.53). First,

as we have seen,

3 1 9 1y
25 8 Jp | VOl dr = E() = 5e (5.3.59)
Alternatively, E(t) <y 1, so [In(B)| S 1
Next, by the maximum principle,
1
Jolle < 5linl | Gao)lus Sur 1. (5.3.60)
g R
Next,
1
—IVal’d = IVmIS{/ Gdv — ¢}, (5.3.61)
4 R3

Using Theorem 5.2.6 in [103],

le?]

iy < O gl (191l + 1) Sar |9

s + L. (5.3.62)
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Hence,

}f;iz\lcé . (5.3.63)

9]

e Sor L4 | [ Gl + 10l San 1+ 6
RS

Now, using [|#]|z2 < [9llze Sar 1 and Young's inequality, we deduce [|¢|| gsr2 Sar 1.

Step 2 (control on differences, linearization): Before proving (ii) and (iii), we
first demonstrate how to control differences in the system (5.3.55) and (5.3.56): first,

define the map F : R, x H*™(T3) — R, x H(T?), given by

31
F(v,¢) = (5 + Q/Ts V| da, —Ax¢~l—47rew’) (5.3.64)

Now, let dF(, ) denote the Gateaux derivative of F at (v,7), i.e. given (4,9) €
R x H*2(T3), define

.o 3 1 . . _ )
AF (5, (Y, 0) = <_2_;/2 I - V.- Vobder, —Ap+ 47T67¢('y¢ + ,Wm)

(5.3.65)

Clearly, for (v,1) € Ry x H*"? this is a bounded linear operator in the sense

dF, € L(R x H*"? R x H®). We can also show a lower bound on this operator,

(3, D) Imcrer2 < ol dF iy (3, 9) [ Rc s (5.3.66)

More precisely, C., is an increasing function of |In(vy)| and [[¢||gs+2. To see this,

first set dF(y4)(7, V) = (E, f). We first solve for 1,

1

b= (e = )TN — ). (5.3.67)
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Hence,

. R 1 1 . .
E=-——L _ — A, W AN = e 5.3.68
7 T oy AV — AT (f = ) (5.3.68)

This allows us to solve for *:

o E+ (A, (v = £8) 7 f)r2 (5.3.69)
2 — (A, (e — LA () a

2y

To then bound |4| < C,ull(E, f)|lrxms, it suffices to show the denominator is
bounded from below by some 1/C.,. This follows by showing the second term in

the denominator is nonnegative:

L N
(Bt (77 = A (€)1 2 0. (5.3.70)
Indeed,
1 A 7Y 1 A ) L(e?
= A, (77 = AT ) 1z (5.3.71)
1 1
= ((ye" - yatIL (ve™ — EAm)*l(eww»L; (5.3.72)
U, (T — A )i (5.3.73)
= (i, ) 12 + (€T, (v — %Ax)l(e%)m > 0. (5.3.74)

Now that we have bounded +, we rely on (5.3.67) to get [|v|| gs+2 < Cyull (B, )| mcas-

We conclude (5.3.66) holds true.

We can use this bound to control finite differences of F, as well. Consider two

(71,%1) and (72,%2). For each A € [1,2], define (yx,¥n) = (A — 1)(72,%2) + (2 —
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A)(71,%1). Then, by the mean value theorem, there exists some p € [1, 2] such that

2
d
F(y2,92) — F(y,¢1) = /1 a}—(%\;"w)d)\ = dF(y,p,) (2 — 71,02 — 1) (5.3.75)

Now | In(3,)] S supjequay |1(3)] and [ llsrz < supjequa 19 ]esz. Therefore,

[(v2 =71, %2 — Y1) |Rxmstz < (sup Oy ) IF (2, ¥2) — F(v1, 1) [Rxmrs. (5.3.76)

Jj€{1,2}

This estimate will prove useful in the subsequent steps.

Step 3 (time continuity): Using the previous step, we complete the proof of (ii).

For any two ty,ty € [0, 7], we have by (5.3.76)

[(B(t2) — B(t1), d(t2, ) — ¢(t1, ) | rocs+2 (5.3.77)

Su [(E(t) = E(t1), ny(ta, ) = g (b, ) [[mocars- (5.3.78)

Recall (5.3.57) for the definition of E. Hence,

1(B(t2) = B(t1), &(t2, 1) — d(tr, )llrxcr+2 Sar [Glt2,-) = Gltr,)lle- (5.3.79)

Now since G € C([0,T]; €), we conclude that (3,¢) € C([0,T]; R, x H*"?). This
concludes
Step 4 (proof of (ii)): Similarly as in the previous step, we apply (5.3.76). For

each t € 0,77,

168(2), 06(t)[lrxrrs+2 Sar (OB (), 0n(t, ) IR (5.3.80)
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Here,
SE(t) = E*(t) — E'(t), (5.3.81)
. 2 . , 3 1 .
E’(t) = / M(Gzn — G (t,))dzdv + — + — V.0 Pdx.  (5.3.82)
T3%xR3 2 2 ‘Zn 87T T3
It is then straightforward to get
1006(2), 06 () [[rxtrs+2 S 10G e + 1(68in; 00in ) R =+ (5.3.83)

Modifying the proof of (5.3.76) slightly, we can show that ||d¢;,|

ez Sar 9G] +

|03|, proving (5.3.54).

Step 5 (proof of (iii)): Since ny € C*([0,7] x T?), it follows that ¢ €

L>([0, T]; C*°(T?)) easily from the estimates in step 1.

It suffices to then show that all time derivatives of (3, ¢) are bounded. Let k > 0.

Then

dF5.4)(0F 5,07 ¢) = (OF B, fny) + Ry. (5.3.84)

where in Ry, we have terms involving the time derivatives of £, ny, 8 and ¢, up to
order k — 1. In particular, | R/~ is controlled by some constant depending only on
the C*~! norms of F, ny, B and ¢. Note also that all derivatives of E and n, are

both C'* on their respective domains.
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Modifying step 2 slightly, it is straightforward to show that

1007 8, 05 )| oo (0.1 x 2= ((0.11x12) < Cor |dF (5,6 (O By OF &) || Lo (10,17 x L% (0,77 xT%)
(5.3.85)

Hence, if 6{“_1 £ and 0f_1¢ are both bounded on their respective domains, then so
are OF3 and 9%¢ . This allows us to induct on k, and conclude 3 and ¢ are both C*

on their respective domains. O

With Lemma 5.3.2 in hand, we are ready to prove part (ii) of Theorem 5.1.1.

Proof of Theorem 1.1-(ii): Some details shall be omitted, as the proof is similar to

part (i) in certain aspects.

Once again, we let F'Y; € C°(T?xR?) be a nonnegative approximating sequence
for I\ ;, in €. We also let F{ (¢, z,v) = n(v), where n(v) is any nonnegative standard
O, compactly supported cutoff, 3° =1 and ¢° = 0. We also fix 0 < M < oo large

enough so that

1
1 in
)| +

M
lzeqrs) + [ Flle < - (5.3.86)

We now describe the iteration scheme. Suppose we are given (FY, 8V, ¢") with
N € Ny, with (F f , o) satisfying the same hypotheses as G and ¢ in Proposition
5.3.1, with ¢ € [0,1], and 8 € C*([0,1]). We then construct (FN*1 gNF1 pN+1),

First, F' ™ is the solution to

(O +v -V, — V™) N = Q(FN, FNHY), (5.3.87)
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guaranteed by Proposition 5.3.1. As for (BVT1, ¢V *1), we would like this pair to
solve (5.3.50) with G = FY. Unfortunately Lemma 5.3.2 only guarantees existence

for some small time.

To get around this, we let T € [0, 1] be the largest time such that

1
(B L= (o,2w)) + HEHLmqo,TN]xT?)) + 1 FY lerynor, <M, (5.3.88)
2
sup / ﬁ(Ff(t, = FY,)dedv < e M. (5.3.89)
tef0,7] JT3xR3 2 ’

Clearly, these conditions imply that (5.3.51) and (5.3.52) both hold with G = F.

Then, we let (8V, ¢ be the unique smooth solution to (5.3.50) on the time

interval [0,7]. We then take 0 < x(¢) to be a smooth cutoff function on [0, c0),

1

which is identically 1 on [0, 5], and identically zero on [1,00). We then define

BV 0) = x(72)8" () + (1= x(7=)Bun (5.3.90)
S0 = X ). (5.3.91)

so that (N1 ¢NT1) are smooth functions defined for all ¢ € [0, 1].

Next, we show boundedness of the iterates on some small time interval [0, 7]

depending only on M. We let Ty € [0, 1] be the largest time such that

1
(8™ 2oy + I e tozirs) + 1 lleryror, < M. (5.3.92)

We argue by induction that 7 < Ty. As before, the case N = 0 is trivial (taking

M larger if necessary). Now, assume that for some N, we have 7 < Ty for all
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0 < N’ < N. As in the proof of part (i), we have

I lemtorters + 1P e, < 3 (o=t + 1Falle) - (5399

On the other hand, repeating a computation in step 2 of the proof of Lemma 5.3.2,

in particular the identity (5.3.69), we have for all ¢ € [0, Ty] that

/BN+1 B o, ffT3><R3 |v2| FNdxdv <Az9_¢N+1, (§N+16§N+19N+1 B ﬁAm)—latnf>L2

P - N+1_ ,N+1 N+1,N+1
W . —<A ¢N+1,<QN+1€£ FlgN+ —ﬁAx)—l(eé e ?N+1)>L2

(5.3.94)

With the estimates stated Lemma 5.3.2 in hand, and the positivity of the denomi-

nator (also shown in step 2 of the proof of the Lemma), we see

T3xR3

As shown in the proof of part (i), we can control ||@n? (¢, )||e(rs) Sam 1. As for

the kinetic energy, we have either we are in the case N = 0, where §,F" = 0, or

2 2
// ﬂath(t, Ndxdv = // v- VoV T EY + ‘”—Q(Ff—l, FY)dzdv.
T3xR3 2 T3xR3 2
(5.3.96)
The first term is easily bounded in terms of some C);. As for the second, we have

2
// |U| (FY 1 FN)drdy = // (tr(® * FN7Y) + 20,0, @ x FN 1) FN dzdv.
T3xR3 T3xR3

(5.3.97)
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It’s then clear that we can bound

2
I// |U| B0 FN (¢, Ydwdv] <ag 1. (5.3.98)
T3xR3
- N+1
We conclude that || [|zec(jo,zy])) Sar 1. Thus,

t
180 = Bullimqomy = NGB = Budllimory Su 7 (5:3.99)

In particular, we can take 7 small enough depending on M so that

H ln(ﬁN+1( ))”L"o ([o,7]) _’ ln(ﬁzn)‘ (53100)
We thus have that
N+1 1 N 3
[ (8% () |z 0,7 + Hn—NHLw([O,T]xTS) + | F leno. < 51\/[. (5.3.101)
+

On the other hand, by (5.3.98), we can take 7 small enough that

Lligpy N e M
sup —(F () = F)dedy < Oyt < ——. (5.3.102)
tefo,r] JTaxms 2 2

We have thus shown that 7 < T, completing the inductive step. Hence, we have

uniform boundedness of the iterates (F2¥, 8V, ¢") on [0, 7] in the sense of (5.3.88).

In a similar fashion as part (i), we can argue that these iterates converge to a
weak solution to (5.1.5). Up to dividing 7 by 2, we have that (8~,¢") = (8", ¢") on
€ [0, 7]. Using Proposition 5.2.2 and part (ii) of Lemma 5.3.2, we can show that the
increments of (FY, BV, ¢™) are summable in € x L>([0, 7]) x L>([0, 7] x H**?), and
thus Cauchy. Letting (F, [, ¢) be the limit of this sequence, it is straightforward

to show that it defines a weak solution. By Proposition 5.2.2 and Lemma 5.3.2, this
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solution is unique as well.

As 7 depends only on M, we can continue the solution (F, 3, ¢) for some maxi-
mal interval [0,7%). As T'1 T™, we have either ||F e, — 00, ||1/n4| Lo (0,11xT3) =
00, or || In(f)||ze(jo,r)) — 00. In the third case, Clearly § is bounded uniformly from
below, due to conserved energy involving % On the other hand, the conclusion of
Corollary 4.4 in holds in [13] the case of our system as well, so we have (3 is uniformly

bounded from above as well. Thus # cannot blow-up. ]
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