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CHAPTER ONE

Introduction



The dissertation is divided into four large parts. The first part, “On Partition
Polytopes,” covers the main class of polytopes studied by the author, which are linked
to an interpretation of the k-max-cut problem as a partitioning problem. This details
both modeling observations and theoretical results regarding these types of polytopes.
The second part, “On the Max-Cut Problem,” details a theoretical and computational
analysis of a recent algorithm for solving the k-max-cut problem using semidefinite
programming. The method was assessed broadly, operating over a specific collection
of convex bodies. To further assess its potential as a clustering algorithm, the method
was implemented and analyzed in a variety of experimental clustering settings. The
third and fourth parts, “On Parking-Function Polytopes” and “On Arboricity,” cover
two areas of study for the author that are further afield from the main thesis work.
One is a joint project on the polytopes for b-parking functions, characterizing their
structure, behavior, and relationships to other known polytope classes. The other
focuses on a graph invariant known as the arboricity polynomial, developing tools
to break down the polynomials according to graph structure. Each of these parts

consists of a single larger chapter detailing the results.

1.1 Summary of Partition Polytope Results

The first part of the dissertation centers on partition polytopes: polytopes whose
vertices represent partitions of [n] into at most k blocks. Any solution to the k-max-
cut problem is a partition, and these polytopes act as relaxed solution spaces for the
problem. Most prior results pertaining to these polytopes focus on their facets, or
restrict to the case k =2 ( [6], [19], [22], [23], [24], [25], [34]). Our work specifically
examines the skeletons and other lower-dimensional structures of the polytopes for

larger values of k, none of which have previously been characterized.



Chapter 3 provides an examination of small (n = 4,5) partition polytopes through
models constructed in Sage [64]. The f-vectors of each polytope are computed for
reference. Vertex locations and facet-defining hyperplanes are explicitly provided for
the n = 4 polytopes. The edge structures are fully elucidated for every n = 4 and
n = 5 polytope, and trends in the structures observed across multiple polytopes are
concretized to generate theoretical questions. Additionally, some low-dimensional

faces are identified that possess structural similarities to the full-scale polytopes.

In Chapter 4, several of the case study observations are proved for general n, k.
Full neighborhoods are characterized for the unique single-block partition of [n] and
the unique n-block partition of [n], which exhibit special behavior in the polytopes
(Proposition 4.1.1, Proposition 4.1.3). A subset of edges that are similar to connections
in the partition lattice are also proved to exist in general (Proposition 4.1.8). Based
on observations that the polytope skeleton possesses many more edges than the
lattice, edges between vertices representing partitions with n — 1 blocks are fully
characterized for both the £k = n — 1 and & = n polytopes (Proposition 4.1.9,
Proposition 4.1.10). A variety of additional conjectures are put forth for future
inquiry. In the main result of this section, the low-dimensional faces with structural
similarities to smaller partition polytopes are proven to exist in generality, nested
within each other and combinatorially equivalent to partition polytopes themselves
(Lemma 4.2.1, Theorem 4.2.4, Corollary 4.2.5). This final result indicates that the

family of polytopes is much more interconnected than previously known.



1.2 Summary of Max-Cut Results

The portion of the dissertation which centrally considers the k-max-cut problem
revolves around a particular approach to relaxing and solving the standard com-
binatorial problem, which is NP-hard. The approach in question is a semidefinite
programming relaxation pioneered by Goemans and Williamson [32], accompanied
by a rounding algorithm developed by Felzenszwalb, Klivans, and Paul to recover
combinatorial solutions from the semidefinite construction [29]. The solution space for
this relaxation is a curious object with both polytopal and non-polytopal boundary

characteristics, called the elliptope.

Chapter 6 evaluates the rounding algorithm and its properties independent of the
max-cut setting, divided into consideration of polytopal and non-polytopal convex
boundaries. Non-polytopal boundaries are examined via a case study into behavior
over the two-dimensional ellipse, examining how the non-polytopal boundary proper-
ties and the locations of the ellipse in R? influence the fixed points of the rounding
algorithm over the boundary. Polytopal boundaries are examined more broadly,
accompanied by an in-depth inquiry into saddle points. A particular subgroup of
saddle points, called full-measure saddle points, is defined and characterized in the
polytope setting (Lemma 6.2.6). It is also shown that these saddle points can be
iteratively constructed in arbitrarily many dimensions by taking orthogonal prisms

of polytopes (Proposition 6.2.9 and Corollary 6.2.10).

Chapter 7 focuses on the joint operation of the rounding algorithm with the

semidefinite relaxation for which it was designed, in the context of data clustering.



Any data clustering problem can be viewed as a k-max-cut problem on the complete
graph, making the clustering setting a promising use case for the full approximation al-
gorithm. A variety of experiments were undertaken to assess the utility of semidefinite
programming with the rounding algorithm for these problems. Tests were conducted
using data generated from regularized two-dimensional Gaussian distributions and
randomly selected from the MNIST data set, and the approximation’s performance
as an algorithm was assessed using three different clustering scores in comparison
to an algorithm that is widely used in industry. In these tests, it was observed that
the semidefinite programming approach yielded clear advantages in identifying the
true number of clusters in a dataset, but exhibited a preference for evenly-balanced
categorizations of data (Figure 7.3, Figure 7.4, and Figure 7.7). The observations

recorded here yield several intriguing follow-up questions.

1.3 Summary of Parking-Function Polytopes

This part of the dissertation considers polytopes generated from a particular general-
ization of parking functions known as b-parking functions. These results were obtained
in collaboration with Margaret Bayer, Steffen Borgwardt, Spencer Daugherty, Aleyah
Dawkins, Danai Deligeorgaki, Hsin-Chieh Liao, Tyrrell McAllister, Angela Morrison,
Garrett Nelson, and Andrés Vindas-Meléndez, and the chapter discussing the project
primarily reproduces a paper appearing on arXiv in 2024 [8]. The facets, vertices,
and edges of any b-parking function polytope are fully described (Theorem 8.2.3,
Proposition 8.2.6), and the polytopes are shown to be generalized permutahedra (The-
orem 8.2.11). By examining the polytopes through the lens of building-sets, we further
prove that any b-parking function polytope is either a stellohedron or is equivalent to

a polytope generated by classical parking functions (Corollary 8.3.14). Links are also



constructed that envision the polytopes as polymatroids (Theorem 8.4.3), relaxed
Birkhoff polytopes (Theorem 8.5.1), and relaxed bounded-size partition polytopes
(Corollary 8.5.2).

1.4 Summary of Arboricity

The final part of the dissertation covers results pertaining to the arboricity polynomial,
a graph invariant similar to the chromatic polynomial but with much less nice behavior.
In particular, the arboricity polynomial does not have a closed formula for inductive
construction based on the polynomials of smaller graphs, nor are there known formulae
for these polynomials for any graph families other than trees and cycles. Here, new
tools are developed to allow the polynomials to be broken down and understood in
certain special cases, such as when a graph is 1-edge-connected (Proposition 9.3.1
and Proposition 9.3.2) and when a graph has a vertex of degree 2 (Proposition 9.3.3).
In addition, we show that edge contraction and deletion yield polynomials that
bound the arboricity polynomial for a given graph (Proposition 9.3.4). Alongside
these results, we provide a bank of example arboricity polynomials to demonstrate
variability within and across graph families. Since the arboricity polynomial in the
standard basis can be intricate and difficult to comprehend, we also show that the
polynomial has many nice properties and clean interpretations in the falling-factorial

basis (Proposition 9.4.2).



Part 1

On Partition Polytopes



CHAPTER TWwO

Background: Polytopes and

Partitions



Many interesting families of polytopes are defined according to some collection of
combinatorial objects. The category investigated in this part of the dissertation
is up-to-k-partition polytopes, each of which is formed by representing a specific
collection of partitions as vectors and taking their convex hull. Here, we explore the
literature underlying these polytopes to provide a solid background before moving
on to the results. We will establish some principles about polytopes and partitions
independently of each other before combining them to inspect partition polytopes.
One important contextual element for these polytopes is their connection to the

k-max-cut problem, which will be made explicit in Section 2.3.

2.1 Key Concepts in Polytope Theory

We will in general assume a foundational understanding of polytopes, such as is found
in Ziegler’s Lectures on Polytopes [74]. However, some key terminology and results

will be replicated here for convenience.

Definition 2.1.1. A polytope P C R? is the convex hull of some finite set of points

in R?, or equivalently the bounded intersection of finitely many closed half-spaces.

Polytopes under this pair of equivalent definitions are convex bodies of at most d
dimensions. A polytope can be lower in dimension than the space in which it resides.
The half-spaces can be represented as inequalities cx < ¢y, where c is a collection of
d coefficients, x € R? is any vector, and ¢, is a constant; any inequality over R? such

that all points in P satisfy the inequality is called valid for the polytope P.
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Definition 2.1.2. A face F of some polytope P is a set of the form

F=Pn{xeR’:cx=c}

where ¢x < ¢y is a valid inequality for the polytope P.

The boundary of P is comprised of its faces. Zero-dimensional faces are called
vertices, one-dimensional faces are called edges, and for an n-dimensional polytope,
n < d, the (n — 1)-dimensional faces are called facets. P is itself a face, and any
intersection of faces is also a face of P. Moreover, each face F' is also a polytope,
whose faces are exactly the faces of P it contains. Since polytopes will have faces of
every dimension from 0 up to n, it is convenient to represent the number of faces of

each dimension in one place.

Definition 2.1.3. The f-vector of a n-dimensional polytope P is a vector with

n + 2 elements

fP = (f*l;f();fl; ---afnflufn>

where f; is the number of faces of P of dimension i.

In this description, ¢ = —1 is the singular empty face @ and ¢ = n is the full

polytope P, so f_1 = f, = 1 for any polytope.

It is often useful to consider a few well-understood properties that a polytope
might possess. Each of these properties describes a nice and well-understood regularity
that can capture much of the internal structure of a polytope. We will use these to

briefly summarize polytope models in Chapter 3.

Definition 2.1.4. A n-dimensional polytope is called simple if every vertex is
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contained in exactly n facets.

Definition 2.1.5. A n-dimensional polytope is called simplicial if every facet

contains exactly n vertices.

Definition 2.1.6. A n-dimensional polytope is called k-neighborly if every subset

of k or fewer vertices is the vertex set of some face.

Example 2.1.7. We can demonstrate each of the above concepts using a well-
known three-dimensional polytope (n = 3). In three dimensions, the facets are
two-dimensional faces. A standard cube (Figure 2.1, left) is a simple polytope - every
vertex belongs to exactly 3 facets. An octahedron (Figure 2.1, middle) is a simplicial
polytope - every facet is a triangle, containing exactly 3 vertices. A tetrahedron
(Figure 2.1, right) is both simple and simplicial, and is also 4-neighborly. Every subset
of 1 vertex is a O-dimensional face, the vertex itself; every subset of 2 vertices is a
1-dimensional face, i.e. an edge; every subset of 3 vertices is a 2-dimensional face; and

the full set of 4 vertices is a 3-dimensional face in the form of the full tetrahedron.

Figure 2.1: The three-dimensional cube, octahedron, and tetrahedron [74]

One important element for understanding polytopes and their structure is the
normal cone, which is defined for any subset of a set in R?. For the purposes of
this part of the thesis, the larger set will always be a polytope; however, the term is

defined in generality for later reference, and will typically refer to some convex body.
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Definition 2.1.8. For any subset A of some set S C RY, the normal cone of A is

NCs(A) ={yecR:2-y>z-y VorecAzcS}

Let P C R? be some polytope. Then any face F will have a normal cone; in fact,
it is well-known that the dimension of the normal cone for any face will directly relate
to the dimension of the face, and that its structure will be fully determined by the

geometry of the face.

Lemma 2.1.9. Let F' C P be a k-dimensional face of a polytope P C R?,

(a) NCp(F') has dimension d — k.

(b) Let yi,...,ym be the outward-directed normal vectors of every facet of P that

contains F'. Then

NCp(F) = {\y1 + o+ Ay s A 20 V1 <i <m}.

The normal cone of any face F' consists of the linear combinations with non-
negative coefficients of the normal vectors to the facets containing F'. Note that in
the case where P is a d-dimensional the normal cone of any facet is generated solely
by its own outward-directed normal vector. By “outward-directed,” we mean that
if a normal vector were to begin on the facet, it would point out of P rather than
into the interior of P. We can also alternatively discuss normal cones of faces in a

polytope from the perspective of the vertices of the polytope.

Lemma 2.1.10. Let v be a vertex of some P C R%. Then:
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(a) NCp(v) is a d-dimensional cone, consisting of the collection of all linear
combinations with non-negative coefficients of the normal vectors of the facets

containing v.

(b) For any face F' C P, the normal cone of F is equal to the intersection of the

normal cones of every vertex incident on F.

Note that this means if the polytope P is d-dimensional, the normal cone of P
itself will be the origin. Based on this concept of the normal cones, we can construct
an object called the normal fan, which for any polytope will subdivide R¢ according

to the normal cones of its faces.

Definition 2.1.11. The normal fan of a polytope P C R? is the collection of

normal cones of the faces of the polytope:

NF := {NCp(F) C R?: F is a face of P}

The structure of normal cones and normal fans, and how these relate to a polytope,

can be directly visualized in R2.

Example 2.1.12. Let P be the triangle shown in Figure 2.2a with edges labelled
a,b,c. In R?, the facets of a polytope are simply the edges, and each edge lies on
a bounding inequality for the polytope. However, up to rotation of P, the normal

directions of each edge are independent of the exact location of P in R?:

Each vertex of the triangle lies on exactly two facets (edges), and its two-dimensional

normal cone is the set of all linear combinations with non-negative coefficients of
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I:I C 13 ) dif-1o 1 2 3
d -3
(a) A triangle in R? (b) The normal fan for Figure 2.2a

Figure 2.2: The normal fan of a triangle in R? includes three cones (green, orange,
purple) which are the normal cones of the vertices, three rays in the normal direction
of each edge which are the normal cones of the edges, and the origin.

the two normal vectors to its associated facets. The full normal fan of the triangle,
shown in Figure 2.2b, consists of these three cones for the three vertices, the three
rays outward from the origin that are the normal cones of the three edges, and the

origin itself which is the normal cone of the full triangle.

One additional construction that we will use is the 1-skeleton of a polytope, which

can be used to efficiently represent the edge structure.

Definition 2.1.13. The 1-skeleton of any polytope P C R? is the graph G = (V, E)
whose vertex set V' is the vertices of the polytope and whose edge set E is the edge

set of the polytope.

In essence, considering the 1-skeleton allows us to ignore the higher-dimensional
structure of a polytope and focus on the vertices and edges alone. This is valuable in
circumstances where the vertices have a separate combinatorial interpretation, as is
the case with the family of polytopes introduced in Section 2.3. In such situations, the
question of whether patterns can be observed in the polytope’s edge structure, what

those patterns might be, and how they relate to the combinatorial interpretation of
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the vertices is crucial to building up an understanding of the overall geometry. Ideally,
the structure of the polytopes should depend on the combinatorial relationships

among the objects represented by the vertices.

2.2 Partitions and the Partition Lattice

An up-to-k-partition P of n objects is a collection of k non-intersecting sets By, ..., By, C
[n] called blocks, some of which may be empty, whose union is [n]. For simplicity, we
restrict £ < n. The Stirling numbers of the second kind {Z} give the number of ways
to partition n objects into £ unordered non-empty blocks, meaning that the total

number of up-to-k-partitions on a set of n objects is given by:
i—1 \!

Here, partitions are considered to be unordered. To distinguish between classes
of partitions on [n], we will refer to partitions with exactly m nonempty blocks as
m-block partitions. Specific categories of partitions will be identified by the sizes
of their nonempty blocks, by > by > ... > b,,, and referred to as “by — by — ... — b,
partitions;” for example, the partition {124}, {3} of [4] is a 2-block partition that

falls into the class of 3-1 partitions.

One way to discuss relationships between partitions is through the concepts of

coarsening and refinement.

Definition 2.2.1. A partition P is a coarsening of another partition P’, in which
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case P’ is a refinement of P, if every block of P’ is a subset of some block of P.

Not all partitions of [n] will be related to each other in this way; no m-block
partition can be a coarsening or refinement of any other m-block partition, but
even partitions with different numbers of blocks need not be related. For example,
the 2-block partition {12}, {34} of [4] is not a coarsening of the 3-block partition
{13}, {2}, {4}. However, this relationship does impose a partial order on the set of

partitions of [n]. For k = n, the resulting poset is a lattice:

Definition 2.2.2. The partition lattice for a set [n] is the lattice formed by the

collection of all partitions on [n], ordered by refinement: P > P’ if P’ refines P.

The top element of this lattice is the 1-block partition {123...n}, and the bottom
element is the n-block partition {1},{2},...,{n}. A diagram of this lattice for n = 4

is given in Figure 2.3. Edges in the diagram represent cover relationships.

Definition 2.2.3. An element P in a lattice is said to cover another element P’ if
P > P’ and there is no other partition P” such that P > P” > P’, i.e. there are no

elements between P and P’ in the ordering.

For example, in the lattice shown in Figure 2.3, {123}, {4} covers {12}, {3}, {4},
and {1234} covers {123}, {4}. However, although {1234} is a coarsening of {12}, {3}, {4},
it does not cover {12}, {3}, {4}, because {123}, {4} sits between them as a coarsening
of {12},{3}, {4} and a refinement of {1234}.
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{1234}

///\\

{123},{4} {13},{24} {134}{2} {12},{34} {124} {3} {14},{23} {234}{1}

{121,334y {131,{2h{4} {14}.{2}{3} {23}.{1}.{4} {24}{1},{3} {34}.{1}.{2}

N\

{13.{2},{3}.{4}

Figure 2.3: The Hasse diagram of the partition lattice for n = 4, ordered by refinement.

2.3 Up-to-k-Partition Polytopes

For a fixed n, k, we can represent each up-to-k-partition as an n-by-n symmetric

matrix G, where G;; = 1 if objects ¢ and j are in the same block in the corresponding

partition and G;; =

L
k-1

otherwise. Note that G; = 1 for all « = 1,...,n. From

these symmetric matrices representing our partitions, we can obtain a unique point

in RG) for each partition by pulling out the (Z) distinct elements. We construct

this vector by taking each entry G;; with j > ¢, moving across rows left-to-right and

progressing downward from the first row. For n = 4, the procedure for constructing

. 4 . . . .
such a vector in (2) = 6 dimensions from a given matrix is shown below:

1
G2
Gis

G14

G2
1
Gas
Gay

Gis
Goas
1
Gy

Gu

G

Gaa
1

— (G12, G13, G1a, Ga3, Gag, G34) € RY
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By considering the collection of all such vectors generated by the up-to-k-partitions

for a fixed n, k, we can construct a polytope.

Definition 2.3.1. For a fixed n and k < n, let V' be the set of vectors in R()
generated by up-to-k-partitions of [n]. Then the up-to-k-partition polytope L,

is the polytope obtained by taking the convex hull of the set V.

Note that these polytopes are defined using an integer n but exist in dimension
d= (g) This means the dimension in which the polytopes reside will scale on the
order of n?. In each space of the form R? d = (Z), e.g. d=3,6,10,15..., a collection
of n — 1 polytopes will exist: one for each value of 2 < k < n. In any space R? where

d # (Z), no up-to-k-partition polytopes will exist.

It is interesting and useful to observe that the partition matrices are all elements
in the space of Gram matrices of n unit vectors in R". We will exclusively use the
Euclidean inner product to define and discuss these matrices, but in general they can

be endowed with any inner product.

Definition 2.3.2. The Gram matrix for any set of n vectors vy, ...,v, € R" is the

n-by-n matrix G whose entries G; are given by
Gij = Vi-'Vj

where v; - vj is the standard Euclidean inner product.

Note that any Gram matrix will be symmetric and positive semidefinite. In our
setting, we focus on matrices generated by a set of n unit vectors, for which the

entries along the main diagonal of any Gram matrix will always be G;; = 1,1 < i < n.



19

The partition matrices have a direct interpretation in how the n unit vectors are

arranged with respect to each other in R™. Each partition corresponds to a vector

arrangement in which objects in the same block correspond to identical vectors, and

objects in different blocks are vectors evenly spaced away from one another, such
1

that the inner product of any two vectors in different blocks will be —-—. Then the

inner product of any two vectors in the same block will be 1.

Example 2.3.3. Consider n = 3 and a trio of unit vectors vi,vs,vg € R?. The
1-block partition {123} indicates that all three unit vectors are in the same block,
i.e. all three are identical to each other, as in the top left of Figure 2.4. For k = 2,
there are two available blocks, and the 2-block partition {13}, {2} will place v1,vs
in a single block and vs in a separate block. The farthest apart these blocks can
get from each other is to point in opposite directions, as shown in the top right of
Figure 2.4. For k = 3, the partition {13}, {2} does not change, but the number of
available blocks is now 3, meaning one block is now left empty. Therefore the vectors
are arrayed to leave an “empty” slot for the blank third block, spaced evenly from
the other two, as shown in the bottom left of Figure 2.4. This means that the spacing
can remain constant when switching from a 2-block partition to the 3-block partition
{1}, {2}, {3}, for which each of the three vectors must occupy a different block as in

the bottom right of Figure 2.4.

By the construction of these polytopes, every point contained in each polytope
will be a Gram matrix for some arrangement of n unit vectors; however, none of these
polytopes is the complete space of Gram matrices on n unit vectors. That space has
a more unusual convex geometric structure, and will be discussed more in Chapter 5.
Moreover, by construction, the Gram matrices representing the partitions themselves

will be the vertices of each partition polytope [34].
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viv2v3 vi v3

Figure 2.4: Top left: To correspond to the 1-block partition, all three vectors in the
n = 3 set are identical and occupy a single block. Top right: For k = 2, a 2-block
partition will correspond to one vector antiparallel to the other two. Bottom left: For
k = 3, a 2-block partition means there are three equally-spaced locations, but one is
left empty. Bottom right: Thanks to the empty block, the 3-block partition in k = 3
has a similar arrangement structure to the 2-block partition.
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Example 2.3.4. One feasible partition of [n] for n = 4,k = 3 is the 2-2 partition
{12}, {34} since it has fewer than k blocks. Using k = 3, this partition becomes the

following matrix and point, which is then a vertex of L, 3:

1
2
1 1 - -1 1 1 1 1
12} {34 22 (1, -2 = -2 - 1)eR"
(12}, {34) (L-3-3-p-p1) €

|
N
|

N [—=

2.3.1 Relevant Past Work

Partition polytopes have been investigated from a variety of perspectives in the
literature. Traditional work around them has involved a framework inspired by the
max-cut problem on a complete graph, leading to their alternative naming as cut
polytopes. Specifically, the polytope L, j is the k-cut polytope for the complete
graph K, under an affine transformation, meaning its face lattice and combinatorial
geometry are identical to the k-cut polytope. Past papers examining cut polytopes
typically use 0/1 vertex coordinates, where a 0 indicates elements in the same block
and a 1 indicates elements in different blocks, as opposed to the {1, —ﬁ} coordinate
structure described in Definition 2.3.1. Our alternative scaling to define L, is
employed to ensure that the vertex set is identical to the vertex set of a convex
spectrahedron known as the k-way elliptope, the significance of which will be discussed

in Chapter 5.

Because the dimension of up-to-k-partition polytopes grows so quickly in n, they

are difficult to model and evaluate in full. Their vertex descriptions are inherent to the
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construction, but their hyperplane descriptions are tricky to establish in generality, and
much work has gone into elucidating these structures ( [6], [34], [19], [22], [24], [46], [25]).
Barahona and Mahjoub examine cut polytopes for generalized graphs, focused on
how relationships between graphs foster relationships between their cut polytopes [6].
A result which will be helpful in this investigation is the following, which in the paper

is a corollary of a more general statement about graph adjacencies:

Lemma 2.3.5. [6] If G = (V, E) is a complete graph, then the diameter of its 2-cut

polytope s 1.

This means that for any n, every vertex of L, 5 is adjacent to every other vertex
in L, 2. Grotschel and Wakabayashi focus on facets of the k-cut polytopes for com-
plete graphs, and establish that in the k-cut setting, every non-negativity constraint
x; > 0 is facet-defining across all k-cut polytopes [34]. They also characterize some
facet-defining inequalities for 2-cut polytopes, as well as identify facets corresponding
to regular substructures within the complete graph. Chopra similarly considers
k-cut polytopes broadly, but focuses on characterizing facets to extend the work
of Grotschel and Wakabayashi [19]. Deza and Laurent compile the most extensive
results for the cut polytope across a number of papers ( [22], [24], [46], among many
others) as well as a book, Geometry of Cuts and Metrics [25]; these studies, too,
focus on facet characterization for the polytopes. In one such paper, Deza, Grotschel,
and Laurent fully describe the facet-defining inequalities for the n = 5 family of
k-cut polytopes, identifying several categories of inequalities that could extend to
higher dimensions [23]. Much of the current work in facet description is focused on

generalizing these inequalities.

Beyond the results described above, the edge structure and other low-dimensional
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geometry of up-to-k-partition polytopes has been largely unstudied. The results
presented in Chapter 3 and Chapter 4 will focus primarily on the edge structure
of these polytopes, and will additionally make some progress towards an inductive
approach to understanding and modeling the polytopes based on low-dimensional
geometry. This is a particularly vital line of investigation for up-to-k-partition poly-
topes due to how their dimension changes with n. In other families of polytopes,
such as hypercubes, facets of a d-dimensional polytope can be (d — 1)-dimensional
members of that same family; however, the up-to-k-partition polytopes skip several
dimensions with each incremental change in n, meaning that their facets cannot also

be partition polytopes. Our main results, presented in Chapter 4, establish that

n—1

5 )—dimensioned faces of L, 1

the up-to-k-partition polytopes for n — 1 exist as (
(Theorem 4.2.4) and moreover that this behavior persists recursively for even smaller

polytopes.



CHAPTER THREE

Case studies: Partition polytopes

for n=4and n=>5
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To investigate the low-dimensional structure of up-to-k-partition polytopes, we begin
by inspecting some concrete examples to build intuition. The only polytopes that

can be visualized fully are for n = 3, which gives 3-dimensional polytopes for both

k=2and k= 3:

(1,1,1) (1,1,1)

(-0.5,1,-0.5)

(-1.1-1) (1,-0.5,-0.5)

(-0.5,-0.5,-0.5)
(1,-1,-1)

Figure 3.1: L3, (left) and Lj3 (right)

These examples are too small to glean much information about higher behavior,
but they provide a good scaffold for observation and understanding. Recall from
Definition 2.3.1 that the vertices of L3, and Lj3 represent the partitions of [3]. In
L3 o, only the 1-block and 2-block partitions are represented. One vertex represents
the unique 1-block partition {123}, and the other three vertices represent the three
distinct 2-block partitions. Every vertex in Ljo is adjacent to every other vertex.
Keeping in mind that each vertex is derived from a special Gram matrix, where each

entry G;; represents the dot product of two unit vectors among a set of n unit vectors,
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the vertices and their associated matrices represent partitions as follows:

1 11
(L1,1)—= |1 1 1| — {123}
1 11
11 -1
(L-1,-1)=1]11 1 =1|—={12},{3}
-1 -1 1
1 -1 1
(-L1,-1)—= | -1 1 —1]|—{13}{2}
1 -1 1
1 -1 -1
(-L,-L,1)=> | -1 1 1 | =423}, {1}
-1 1 1

In L33, there is one more vertex than L35, and the new vertex represents the unique
3-block partition {1}, {2}, {3}. The three vertices representing 2-block partitions have
shifted in accordance with the {1, —ﬁ} paradigm given in the matrix construction

prior to Definition 2.3.1:

1 1
{12}, {3} — (1,—5,—5)
1 1
{13},{2} — (—5,1,—5)
1 1
{23}, {1} — (—5,—5,1)
Refer back to Figure 2.4 to see how these positions correspond to unit vector place-

ment through the Gram matrix interpretation. The adjacencies possessed by the

2-block vertices in L3 2 have not changed in L33 — each is still adjacent to the 1-block



27

vertex and to both of the other 2-block vertices. However, some new adjacencies have
been introduced by the 3-block partition vertex. The new vertex is adjacent to each
of the 2-block partition vertices, but it is not adjacent to the 1-block vertex. The

1-block vertex remains solely adjacent to the 2-block vertices.

From the n = 3 cases, we can immediately identify that two vertices are unusual:
the 1-block partition vertex, which will remain constant for all k-values, and the
n-block partition vertex, which appears only at k = n. We define both of these points

for easy reference.

Definition 3.0.1. Let L, ; be an up-to-k-partition polytope. Then the peak vertex

n
2

v, 18 the vertex representing the unique 1-block partition, located at (1,1, ...,1) € R().

Definition 3.0.2. Let L, ,, be an up-to-n-partition polytope. Then the basal vertex

v, is the vertex representing the unique n-block partition, located at

(-5, =L, —1) e REG),

n—1" n—1"

Beyond this, there is not much to be observed from the n = 3 case, and so the
bulk of this chapter will focus on higher-dimensional polytopes. Since the dimension
of these polytopes expands on the order of n? as discussed in Section 2.3, only a few
small examples can be fully rendered in Sage. What follows is a complete discussion
of the polytopes that occur using n = 4 and n = 5 with each possible value of k. In

general, vertices will be identified by the partitions they represent.
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3.1 Methods

All models were constructed using Sage in the virtual computation service CoCalc [64].
Since the vertices of L, ; are known for any n, k, we can construct polytopes L, j
using the Polyhedron command in Sage, hardcoding the list of vertices whose convex
hull will be taken to yield the polytope. There are technical limitations to this;
over CoCalc, Sage could not construct any n = 6 polytope in a reasonable amount
of time, limiting the case studies to n = 4 and n = 5. Within the case studies,
Sage was used to compute the f-vectors of each polytope and establish whether
they were simple, simplicial, and/or f-neighborly for any 3 < ¢ < Z. In addition,
the facet-defining hyperplanes were computed for all n = 4 polytopes, and the full
adjacency matrix for every polytope in both n = 4 and n = 5 was explored to identify
patterns regarding which vertices are adjacent to each other within each L, ;. Lastly,
based on an observation that all but a few 6-dimensional faces of Lj 3 were simplices,
the non-simplicial 6-dimensional faces of each n = 5 polytope were investigated for

structural similarities to the 6-dimensional (n = 4) L, x polytopes.

3.2 Observations on n =4

For the case n = 4, we vary k from 2 to 4 to get a trio of polytopes in (;") =6
dimensions. Each vertex of a particular polytope corresponds to a unique partition

with at most k non-empty blocks, with the location of that vertex having the form

(Gh2,G13,Gr4,Ga3,G24,G34) € R®
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corresponding to the entries of a unique Gram matrix. Each element is equal to
either 1 or —k—il to indicate that objects 2 and j are in the same block or different
blocks, respectively, of the associated partition. Note that up to scaling, this is the
standard up-to-k-partition polytope (or k-cut polytope) as examined in [6,19,24],
with the only notable difference being which constant values are used to represent

which relationships.

3.2.1 Ly,

The f-vector for Ly, is (1, 8,28, 56,68,48, 16, 1), indicating that the polytope has 8

vertices, 28 edges, and 16 facets, as well 172 middle-dimensional faces distributed

8

2), meaning that all possible edges

across several levels. We can observe that 28 = (
between pairs of the 8 vertices are present in this polytope. The sixteen facet-defining
inequalities for this polytope, where x = (1, Z, 3, T4, T5, T6) T represents a column

vector in R®, are:

(1,1,0,1,0,0)x > —1 (3.1)
(1,0,1,0,1,0)x > —1 (3.2)
(0,0,0,1,1,1)x > —1 (3.3)
(0,1,1,0,0,1)x > —1 (3.4)
(—1,-1,0,1,0,0)x > —1 (3.5)
(=1,1,0,—1,0,0)x > —1 (3.6)
(1,-1,0,—1,0,0)x > —1 (3.7)

(-1,0,—1,0,1,0)x > —1 (3.8)
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(=1,0,1,0,—1,0)x > —1 (3.9)
(1,0,—1,0,—1,0)x > —1 (3.10)
(0,0,0,—1,—1,1)x > —1 (3.11)
(0,0,0,—1,1, —1)x > —1 (3.12)
(0,0,0,1,—1,-1)x > —1 (3.13)
(0,—1,-1,0,0,1)x > —1 (3.14)
(0,—1,1,0,0,—1)x > —1 (3.15)
(0,1,—-1,0,0,—1)x > —1 (3.16)

Ly is simplicial (Definition 2.1.5), meaning that each facet is a simplex and thus
contains exactly 6 vertices, since the facets are 5-dimensional faces. L, is also
3-neighborly (Definition 2.1.6); every possible subset of 3 or fewer vertices forms a
face of the polytope, i.e. every trio of vertices forms a 2-dimensional face, which

aligns with the observation that the polytope has 56 = (g) 2-dimensional faces.

Of the 8 vertices for L, o, 1 is the peak vertex v,, 4 represent 3-1 partitions, and
3 represent 2-2 partitions. Each 3-1 partition vertex has 3 positive entries and 3
negative, while the 2-2 partition vertices each have 2 positive entries and 4 negative,

indicating which pairs of objects are in the same block of the corresponding partition.

3-1 partition vertices: {123}, {4} — (1,1,—1,1,—1,—1);
{124}, {3} — (1,—-1,1,—-1,1,—1);
{134}, {2} — (—1,1,1,—1,—1,1);
{234}, {1} = (—-1,-1,-1,1,1,1)

2-2 partition vertices: {12}, {34} — (1,—1,—1,—1,—1,1);
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{13}7 {24} - <_17 17 _17 _17 17 _1)7

{14},{23} —» (—-1,-1,1,1,—-1,—-1)

3.2.2 Lys

The f-vector for L3 is (1,14,85,222,251,123,23,1), indicating that the polytope
has 14 vertices, 85 edges, and 23 facets, as well as 596 middle-dimensional faces,
over three times as many as Ly2. L43 has six more vertices than L4, with the
new vertices representing the six partitions of 4 objects into 3 non-empty blocks.
All of these are 2-1-1 partitions, with 5 negative coordinates and a single positive
coordinate indicating the unique pair of objects joined together in the size-2 block of
the corresponding partition. Moreover, the vertices representing the 2-block partitions
have all shifted, with every —1 entry from their L, 4 locations becoming —% in the

L, 3 locations.

1 1 1

3-1 partition vertices: {123}, {4} — (1, 1,—=,1,—= -5
1

2

1 1
124}, {3} — (1 1, —,1,—= ) ;
(20,3 - (131515 )
1 1 1
134}, {2 S - 5,1 )
(30,2 (-5 115501
1 1 1
234}1,{1 - —,—=,1,1,1
230, (1) > (5.5, -5 111)
o . 1 1
2-2 partition vertices: {12},{34}—)(1,—5, Ty Tt

{13}, {24} — (
{14}, {23} — (—

2-1-1 partition vertices: {12}, {3}, {4} —
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(32110 = (5 L5555 )
(). 421,31 - (5, % 33 )s
23110400 > (~30-5 -5 153 )
24,13, = (-5 -5 -5 513 )
1. 1.2 - (-5 -5 5501

Not coincidentally, the polytope has 85 edges, which is precisely 6 shy of (124) =91.
On inspection, the absent edges are those which would connect the 6 new vertices
to v, = (1,1,1,1,1,1). Thus v, remains adjacent solely to the 2-block vertices, to
which it was also adjacent in L. Otherwise, all vertices are adjacent to all other
vertices: every 2-block partition vertex is adjacent to every other 2-block and 3-block
partition vertex, and every 3-block partition vertex is adjacent to every other 2-block

and 3-block partition vertex.

L, 3 has 7 more facets than L, 5, and it is not the case that every facet-defining in-
equality of Ly is a facet-defining inequality of L4 3. The 23 facet-defining inequalities

for L, 3 are:

(-1,-1,0,1,0,0)z > —1 (3.17)
(-1,1,0,—1,0,0)z > —1 (3.18)
(1,-1,0,—1,0,0)z > —1 (3.19)
(-1,0,-1,0,1,0)z > —1 (3.20)
(-1,0,1,0,—1,0)z > —1 (3.21)

(1,0,—1,0,—1,0)z > —1 (3.22)
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(0,0,0,—1, -1, 1)z > —1 (3.23)
(0,0,0,—1,1, ~1)a > —1 (3.24)
(0,0,0,1, —1,~1)a > —1 (3.25)
(0,-1,-1,0,0,1)a > —1 (3.26)
(0,-1,1,0,0,~ 1)z > —1 (3.27)
(0,1, -1,0,0,~1)a > —1 (3.28)
(1,0,0,0,0,0)z > —% (3.29)
0,1,0,0,0,0)z > —% (3.30)
(0,0,1,0,0,0)z > —% (3.31)
(0,0,0,1,0,0)z > —% (3.32)
(0,0,0,0,1,0)z > —% (3.33)
(0,0,0,0,0, 1)z > —% (3.34)
(1,1,-1,1, -1, ~ 1)z > —g (3.35)
(1,-1,1,-1,1, 1)z > —; (3.36)
(—1,-1,-1,1,1, 1)z > —g (3.37)
(—1,1,1,-1, -1, 1)z > —; (3.38)
(L1,1,1,1, 1)z > —g (3.39)

In particular, the first four inequalities for L,» (Equations 3.1-3.4) are no longer

present in the list of facet-defining inequalities for L, 3. Constraints of x; > —% have

been added for ¢ = 1,...,6. This aligns with the broad construction for L, based

on partition vertices as described in Section 2.3 and particularly Definition 2.3.1; by

design, each partition vertex has entries in {1, —ﬁ}, meaning that for £ = 3 no
1

coordinate of any vertex can go below —=— = —%. Five additional new constraints
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have also appeared. This polytope is no longer simplicial or 3-neighborly; its geometry

is more intricate than Ly .

3.2.3 Ly,

The f-vector for L4 is (1,15,88,218,240,117,22,1), indicating that the polytope
has 15 vertices, 88 edges, and 22 facets, as well as 575 middle-dimensional faces.
One new vertex has been added to the partitions represented in L4 3: the vertex
representing the unique partition of 4 objects into exactly 4 blocks, i.e. the basal
vertex v,,. The vertex v, is adjacent exactly to the collection of 3-block partition
vertices, giving it 6 edges in total. Meanwhile, 3 edges present in L, 3 are absent —
there are no longer edges connecting the vertices representing the partitions {1, 2,34}
and {12,3,4}, the partitions {1,3,24} and {13,2,4}, and the partitions {1,4, 23}
and {14, 2,3}. We can observe that the 3-block partitions which have been separated
are pairs of partitions whose blocks of size 2 do not share an element. The partition
vertices which were present in Lo and L4 3 are now located at coordinates with the
same sign patterns as in L4 9 and Ly 3, but with the negative values all being —%; the

new basal vertex is located as shown below.

3-1 partition vertices: {123}, {4} —

1
]-7 Y] ]-7 5
3

(

(1513
{134},{2} — (— ,1,1,—%,—%,1

(55753

(

{124}, {3} —
{234}, {1} = [ —

1 1 1 1
2-2 titi tices: {12}, {34} — (1, —=, —=,—=,—=,1 ] ;
partition vertices: {12}, {34} T3 T3 T3 Ty >,
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1
{13}7{24}%( o) 7_ ) a]-)_§>a
1 1 1
14}, {23 R U P
{ }7{ }_>( 3a 7 a 7 37 3)
.. . 1 1 1 1
2-1-1 partition vertices: {12},{3},{4} — | 1, — ==, —=,——= | ;
3 3 3 3
1 1 1 1 1
13}, {2}, {4 - o2
{3},{},{}%( 3 l-3-3-33)
1 1 1 1 1
14}, {2}, {3 Sz S
04,218 = (-3 - b33 3)
1 1 1 1 1
23}, {1}, {4 S PR
{ 3}7{ }7{ }% < 37 37 37 7 37 3)7
1 1 1 1 1
24} {1 S P
{ }7{ }){3}%( 37 37 37 37 ) 3)7
1 1 1 1 1
4}, {13, {2 S |
{3 }7{ }7{ }_>( 37 37 37 37 37 )
1 1 1 1 1 1
1-1-1-1 it] t w- 1 ) 2 ) ) 4 P P R S Y
partition vertex v,: {1}, {2}, {3}, { }—>( 373737373 3)

As for the facets, this polytope has one facet fewer than L, 3, and its facet inequalities
are otherwise highly similar to those of L, 3. The first 12 inequalities of L, 5 (Equations
3.17 — 3.28) are also facet-defining for Ls4. The next 10 inequalities of L, 3 can
be shifted by a constant value to obtain facet-defining inequalities for L,4. The
inequalities involving —1 for L, 3, which are Equations 3.29 — 3.34, now use —%,
those involving —% for L, 3, which are Equations 3.35 — 3.38, now use —3. These
adjustments reflect the shift in structure from L, 3 to L4 4, since the vertices for each
polytope are specified using k. Up to this change in constants, the inequalities are
identical in structure. The new versions of these 10 altered inequalities are given

below.

1

(1,0,0,0,0,0)z > —3 (3.40)
1

(0,1,0,0,0,0)z > — (3.41)
1

(0,0,1,0,0,0)z > —3 (3.42)
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1
0,0,0,1,0,0)z > —— 3.43
3
1
0,0,0,0,1,0)z > —- 3.44
3
1
0,0,0,0,0, 1)z > —— 3.45
3
4
(L1111, -1z > — (3.46)
4
(L-11,-11,~1)z > — (3.47)
4
(-L-1L-L11 1)z >~ (3.48)
4
(-L11,-1 -1z >~ (3.49)

The final facet-defining inequality listed for L, 3, Equation 3.39, is absent from Ly 4.
The basal vertex sits precisely at the intersection of the 6 inequalities of the form

T > —%, since it represents a partition where all elements are in separate blocks.

We can directly compare the 1-skeleton of L4, as depicted in Figure 3.2 to the
n = 4 partition lattice shown in Figure 2.3. On close inspection, it can be seen that
every edge in the n = 4 partition lattice is also an edge of L, 4. However, it is also
clear that the 1-skeleton of L, 4 is substantially more interconnected than the n =4
partition lattice. The vertices representing the 2-block and 3-block partitions nearly
form a complete graph, with only the few absent edges described previously. This
suggests that the partition lattice relationships may be involved in determining some
fraction of the edge structure of L, ,,, or more broadly L, ;, but there must also be a

wide variety of other factors by which edges can be identified in these polytopes.
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v ={1234}

{123},{4} — {13},{24} — {134} {2} — {12},{34} — {124} {3} — {14} {23} — {234} {1}

44‘ A
AN
i

{12}, {3}.{4} — {13},{2}, {4} — {14},{2},{3} {23}, {1},{4} — {24}, {1}.{3} — {34}, {1}.{2}

{13,{2},{3},{4}

Vw

Figure 3.2: The 1-skeleton graph of L4 4, with edges in the polytope represented by

edges in the graph.
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3.3 Observations on n =15
For the case n = 5 and any k, the polytopes are located in R(E) = RO, Each vertex of

a particular polytope will correspond to a unique partition with at most & non-empty

blocks, and will take the form
(G12,G13,G14,G15,G23,G24,Ga5,G34,Gs5, G4,5) e RY

where each element of the vertex coordinate string denotes whether object ¢ and
object j are in the same block in the corresponding partition. The set of vertices
for a particular polytope, determined by k, represents the full set of partitions on n

objects with up to k& non-empty blocks.

These polytopes have many more facets than the n = 4 polytopes, so instead
of providing a full listing of the facet inequalities, the f-vectors will be listed here
for reference and detailed observations related to each polytope will be handled

separately.

Ls-:(1,16,120,560, 1780, 3872, 5592, 5060, 2600, 640, 56, 1)
Ls 5 (1,41,795,8070, 35790, 77774, 89482, 56825, 20205, 3895, 333, 1)
Ls 4 :(1,51,1070,9060, 34385, 67416, 73244, 45140, 15655, 2930, 243, 1)

Ls 5 : (1,52,1065,8990, 34200, 67169, 73034, 45020, 15610, 2920, 242, 1)

From the f-vectors, we can see that there are also too many vertices to effectively
list them individually for each polytope. Instead, we will make use of a property that

can be observed in the n = 4 case: by construction, the sign pattern for any m-block
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partition vertex will be consistent across all polytopes L, , for m <k < n.

Example 3.3.1. In L,», the partition vertex representing {123}, {4} is:

(1,1,-1,1,—1,-1)

The corresponding sign pattern replaces every positive value with 4+ and every negative
value with — to get:

(+7 +7 T +7 ] _)

To get the vertices representing {123},{4} in L, 3 and L44, the —1 values in the
partition representation are replaced with —% and —%, respectively, which are still

negative. Thus these vertices have the same sign pattern:

1 1 1
1,1 1, —=, —= -
( ) 27 ) 27 2) _>(+7+7 7+7 ) )
1 1 1
1,1,—=,1,—=, —= | = -, —
( ) 37 ) 37 3) (+7+> 7+7 ) )

For each new value of k, we will give the sign patterns of the added vertices and state

the entries which correspond to the positive and negative signs in the vertices of Ls .

3.3.1 Ls,

This polytope has 16 vertices, one of which is the peak vertex v,. The other 15 vertices
represent the 2-block partitions, of which there are two categories: 4-1 partitions and
3-2 partitions. The five 4-1 partitions are vertices with 6 positive coordinates and
4 negatives, while the ten 3-2 partitions each have 4 positive and 6 negative. The

sign patterns are given below. In Ls 4, a positive sign indicates a value of 1, while a
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negative sign indicates a value of —1.

vo: {12345} — (+,+, +,+, +,+, +, +,+, +)
4-1 partitions: {1234}, {5} — (+,+,+, —, +,+, — 4+, — —)

{1235}7 {4} — (+7 +7 I +7 +7 R +7 ) +7 _)

{1245}, {3} = (+,— +,+,—, +,+,—, —, +)
{1345}, {2} = (—,+,+,+,—, —, — +,+,+)
{2345}, {1} = (—,—, —, =+, +,+,+,+, +)
3-2 partitions: {123},{45} = (+,+,—, —,+,—, —, —, —, +)
{124},{35} = (+,— +,— — +,—, —, +, —)
{125}, {34} = (+,—, —,+,—, —, - +,—, —)
{134}, {25} = (—, +,+,—, — — +,+,—, —)
{135}, {24} = (—,+,— +,—, +,—, —, +,—)
{145},{23} = (—,—,+,+,+,—,—,—, —, +)
{234}, {15} = (—,—, —, +,+,+,—, +,—, —)

{235}7 {14} — (_7 e +7 R +7 R +7 ] +7 _)
{245}7 {13} — (_7 +7 T Ty T +7 +7 EEREE) +)

{345}7 {12} — (+7 Ty Ty Ty Ty Ty Ty +7 _'_7 +)

In Ls,, all vertices are adjacent to each other — that is, all (126) = 120 possible
edges are present in the polytope. Unlike L49, L5 2 is not simplicial. However, it is
3-neighborly, with every possible subset of 3 vertices forming a two-dimensional face;
this can be verified using the f-vector by observing that the number of two-dimensional

faces in Ls o is 560 = (136).



3.3.2 L

L5 3 has very regular but intricate adjacency behavior. There are 41 vertices in this
polytope. The 25 additional vertices compared to Ls o represent 3-1-1 partitions and
2-2-1 partitions, and their sign patterns are given below. Each 3-1-1 partition vertex
has 3 positive and 7 negative coordinates, while each 2-2-1 partition vertex has 2
positive and 8 negative coordinates. The sign patterns of v, and the 15 vertices
representing 2-block partitions, which were also represented in Ljs o, remain constant.

In Ls 3, a positive sign still indicates a value of 1, but a negative sign now indicates a

value of —%.

3-1-1 partitions:

2-2-1 partitions:

{123}, {4}, {6} = (+,+ —, — +,— —, — —, —)
{124}, {3}, {6} = (+,— + — —+,—, —,—,—)
{125}, {3}, {4} » (+,— — +,— — +,—,—, )
{134}, {2}, {5} = (=, +,+,— = — — +,—, —)
{135}, {2}, {4} = (—,+,— + — — — —,+,—)
{145}, {2}, {3} = (= =+, + = — — = —, +)
{234} {1}, {5} = (= —— =+ + -+ — )
{235} {1} {4} = (== — =+ -+ —+ )
{245}, {11, {3} = (== — — -+ + ——+)
{345} {1}, {2} = (=, — = — — — =+, +,+)
{12}, {34}, {5} = (= — = — — —+. =, —)
{13}, {24}, {5} = (= +,— = =+ ——— )
{14}, {23}, {5} = (= -+ -+ ———— )
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{13}, {25}, {4} = (= +.— = — =+, = — )
{15}, {23}, {4} = (=, — -+ +,— = = — )
{12}, {45}, {3} = (+,—,— — = — = = — )
{14}, {25}, 8} = (=, -+ — — =+, = — )
{15}, {24}, 8} = (—, -, -+, — +,— = — )
{13}, {45}, {2} = (— 4+, — = = = = = =)
{14}, {35}, {2} = (=, — 4+, = = = = =+, )
{15}, {34}, {2} = (—, - -+, — — = +.— )
{23}, {45} {1} = (=, —— =+, — = = = +)
{24}, {35} {1} = (=, -, — = =+, — =+, )
{25}, {34}, {1} = (= — = —— =+ +,—, )

Every vertex corresponding to a 2-block partition is adjacent to all other vertices.
Every vertex corresponding to a 3-block partition is adjacent to all other vertices
except the peak vertex v,. Meanwhile, v, is adjacent to all vertices representing 2-
block partitions. This is identical to the behavior observed in L4 3 in Subsection 3.2.2,
in which v, is adjacent solely to the 2-block vertices, and the set of vertices excluding
v, are all adjacent to one another. As in that case, we can further confirm this
with the observation that the number of edges listed for Ls3 in the f-vector is
795 = (421) — 25, corresponding to the absence of the 25 edges that would otherwise
connect each 3-block partition vertex to v,. In the next chapter, we will prove that
in fact v, is exactly adjacent to the set of 2-block partition vertices for any values of

n and k.
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3.3.3 Ls,

There are 51 vertices in Ls4, and at this stage their interactions are much more
complex. The 10 new vertices represent the 4-block partitions, all of which are
2-1-1-1 partitions, and each has a single positive coordinate accompanied by 9
negative coordinates. The single positive coordinate represents the size-2 block in
each partition. As before, the sign patterns of the 41 vertices representing partitions

with fewer blocks are the same as they were in L5 3. In Ls 4, a positive entry in the

1

sign pattern indicates a value of 1, and a negative entry indicates a value of —3

2-1-1-1 partitions: {12}, {3}, {4}, {5} = (+,— — — — —, — —, — —)
{3y {2} {4}, {53} = =+ — = ————— )
{14}, 21815 = (= -+ === = =)
{1}y 2L 8L 4 =2 (- -+ == = =)
{235 {11 41 {5 = (=== =+ = == =)
{241 {11 8L = (== = =+ = = )
{255 (1L 31 4 = (== — ===+ = =)
{34}, {11, {21 {5 = (=== = ===+ =)
35 {1 2L {4 = (=== === =+-)
{451, {11, {21, 3 = (== — == === —+)

In particular, vertices representing partitions of the same type consistently have
similar behavior — they all have the same degree, and the number of elements of
other partition types to which they are adjacent are consistent as well. Therefore
we will break down these adjacencies according to partition type. The peak vertex

is still solely adjacent to the 2-block partitions, so it will be omitted from further
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description here.

e 4-1 partitions: As discussed for L5 in Subsection 3.3.1, there are 5 of these
vertices, each with 6 positive and 4 negative coordinates to indicate that 1
particular object out of 5 is separated from the rest. Each vertex has 44
neighbors, one of which is the peak. The neighborhood also includes all 14
additional 2-block partitions across both types, as well as all 3-block partitions
across all types. Finally, each 4-1 partition vertex is neighbors with exactly 4
of the 2-1-1-1 vertices, and these neighbors are those whose pair includes the
singleton from the 4-1 vertex and each one of the elements in the block of 4.
This means the non-neighbors are exactly the 2-1-1-1 partitions which refine

the 4-1 partition.

Example 3.3.2. See Figure 3.3. The vertex representing {1234}, {5} is
neighbors with the vertices representing {15}, {2}, {3}, {4}; {25}, {1}, {3}, {4};
{35}, {1}, {2}, {4}; and {45}, {1}, {2}, {3}. In each of these, the element {5} is
part of the pair, whereas it is isolated in {1234}, {5}, meaning these partitions
do not refine {1234}, {5}. This vertex is also neighbors with v, and with all
2-block and 3-block partitions. This leaves exactly 6 vertices to which it is not
adjacent, all among the 2-1-1-1 partitions, each of which is a refinement of the

partition {1234}, {5}.

e 3-2 partitions: Recall from L5, in Subsection 3.3.1 that there are 10 of
these vertices, each with 4 positive and 6 negative coordinates to represent the
partition. Each vertex has 46 neighbors. As with the 4-1 partitions, each of
these vertices is adjacent to the peak, to all other 2-block partition vertices, and
to all 3-block partition vertices. However, each of these vertices is adjacent to 6

of the 2-1-1-1 vertices instead of 4. In particular, each 3-2 vertex is adjacent to
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{15},{2}.{3}. {4}
{25}, {1}, {3}, {4}
{35} {1},{2}, {4}
{45}, {1}, {2}, {3

2-block partitions

v, —— {1234},{5)

. (12}, (3}, (4}, {5
T~ | {13}42}, {4} {5}
3-block partitions (14},{2},{3}, {5}
{23}, {1}, {4}, {5}
{24}, {1}, {3} {5}
{34}, {1}, {2}, {5}

Figure 3.3: The 4-1 partition vertex {1234}, {5} is not adjacent to any 2-1-1-1 block
partition which refines it, but is adjacent to all other vertices. Adjacencies are
indicated with solid black lines, non-adjacencies are indicated with dotted red lines.
the 2-1-1-1 vertices whose pair includes one element from the block of 3 and
one element from the block of 2. This description closely mirrors the paradigm
for the 4-1 vertices’ neighbors among the 2-1-1-1 vertices. In both this case
and the 4-1 partition case, the neighbors among the 2-1-1-1 partition vertices
are explicitly those which do not represent refinements of the fixed 2-block

partition.

Example 3.3.3. See Figure 3.4. The partition vertex {123}, {45} is adjacent
to v, and to all other partitions with 2 or 3 blocks. Among the 4-block vertices,

{123}, {45} is adjacent solely to the vertices which do not refine it:

{14}, {2}, {3}, {5}
{15}, {2}, {3}, {4}
{24}, {13, {3}, {5}
{25}, {1}, {3}, {4}
{34}, {13, {2}, {5}
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{14}, {2}, {3}, {5}
{15}, {2}, {3}, {4}
{24},{1},{3}1(5

2-block partitions {:251’ {:11’ {:31’ Gi
{34}, {1}, {2}, {5}
{35}, {1}, {2}, {4}

v,— {123},{45}

~ {12}, {3}, {4}, {5}
— 1 (131,12}, {4},(5)
3-block partitions {23}, {1}, {4}, {5}
{45}, {1}, {2}, {3}

Figure 3.4: The 3-2 partition vertex representing {123}, {45} is not adjacent to any
2-1-1-1 partition which refines {123}, {45}, but it is adjacent to all other vertices.
Adjacencies are indicated with solid black lines, non-adjacencies are indicated with
dotted red lines.

{355, {1}, {2}, {4}

e 3-1-1 partitions: In accordance with L; 3 and Subsection 3.3.2, there are 10
of these vertices, each with 3 positive and 7 negative coordinates to represent
the partition. FEach has 45 neighbors in all. In alignment with the above
descriptions, each of these vertices is adjacent to all 2-block partition vertices.
Each of these is also adjacent to all other 3-1-1 partition vertices; however, in
contrast to the Ls 3 case, a given 3-1-1 partition vertex is only adjacent to 12
of the 15 2-2-1 partition vertices. Finally, each of these vertices is adjacent to

all but one of the 2-1-1-1 partition vertices.

Considering the 3 non-neighbors among the 2-2-1 partition vertices and the
sole 2-1-1-1 non-neighbor, the common element is that the singleton elements

from the 3-1-1 partition have been paired together as a block of 2. However,
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{45}, {1},{2}.{3}

All other 4-block partitions
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N ' {12}, (34}, (5}
e - -- {123}, {4\J {5} (13}, (24) 5}
. 12 o5t
- 12}, {35}, {4
{13},{25},{4}
3-1-1 partitions S {15}3 {23]3 {4}
{12}, {45},{3} {14}, {25}, {3}
{13}, {45},{2} {15}, {24}, {3}
{23}, {45},{1} {14}, {35}, {2}
— {15}, {34}.{2}
(2-2-1 partitions) {24}, (35}, {1}
{25}, {34}, {1}

Figure 3.5: The 3-1-1 partition vertex {123}, {4}, {5} is not adjacent to any 2-2-1 or
2-1-1-1 partition which has the block {45}, nor is it adjacent to v,. It is adjacent to
all other vertices. Adjacencies are indicated with solid black lines, non-adjacencies
are indicated with dotted red lines.

this trend has no direct interpretation with regards to refinement, as no 2-2-1
partition can refine a 3-1-1 partition and the 2-1-1-1 neighbors of any fixed
3-1-1 partition include both refinements and non-refinements. An alternative

explanation may stem from geometric restrictions.

Example 3.3.4. See Figure 3.5. The vertex {123},{4}, {5} is neighbors
with all 2-2-1 partition vertices except {12}, {45}, {3}, {13},{45},{2}, and
{23},{45},{1}; similarly, it is neighbors with all 2-1-1-1 partition vertices
except {45}, {1}, {2}, {3}. These non-neighbors each contain the block {45},
whereas these two elements are in separate size-1 blocks in {123}, {4}, {5}. In
addition, {123}, {4}, {5} is adjacent to all other 3-1-1 partition vertices and all

of the 2-block partition vertices. However, it is not adjacent to v,.

2-2-1 partitions: Per the discussion of L;3 in Subsection 3.3.2, there are 15

of these vertices, each with 2 positive and 8 negative coordinates. Each positive
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element indicates one of the independent blocks of 2 objects. Any 2-2-1 partition
vertex has 43 neighbors. They are each adjacent to all 2-block partition vertices,
as well as to all other 2-2-1 partition vertices. Each is additionally adjacent to

8 of the 10 3-1-1 partition vertices, but only 6 of the 10 2-1-1-1 partition vertices.

As with the 3-1-1 partitions, it is again most informative to examine which
vertices are not adjacent to a particular 2-2-1 partition vertex, rather than those
which are. For a given 2-2-1 partition vertex, the two non-neighbors among
the 3-1-1 partition vertices are those whose group of 3 consists of the singleton
element from the 2-2-1 plus one of the two pairs. As for the non-neighboring
2-1-1-1 partition vertices, they are precisely those whose pair contains the

singleton from the 2-2-1 partition vertex.

Example 3.3.5. See Figure 3.6. The vertex representing the 2-2-1 par-
tition {12}, {34}, {5} is neighbors with all 3-1-1 partition vertices except
{125}, {3}, {4} and {345}, {1}, {2}, each of which has split one of the size-
2 blocks from {12}, {34}, {5} into a pair of size-1 blocks. Also, {12}, {34}, {5} is
not adjacent to the vertices representing the 4-block partitions {15}, {2}, {3}, {4};
{25}, {1}, {3}, {4}; {35},{1},{2},{4}; and {45}, {1},{2},{3}. For each of
these, the size-2 block contains the element {5}, which is the lone size-1 block
in {12}, {34}, {5}. Beyond these exclusions, {12},{34}, {5} is adjacent to all

other 2-block, 3-block, and 4-block partition vertices. It is not adjacent to v,.

2-1-1-1 partitions: Although most adjacencies have been covered by the
previous descriptions, it is also valuable to consider them from the perspective
of the new 2-1-1-1 partition vertices. There are 10 of these vertices, each with 1
positive coordinate indicating which two elements are together in the pair. Each

has 35 neighbors in all, a set which includes all 9 other 2-1-1-1 partition vertices.
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{15}.{2}, (3}.{4}
{25},{1},{3},{4} | (4-block partitions)

{35}.{1}.{2}.{¢} 12},{3},{4}.(5
{45},{1},{2}.{3} Eui Ezi E-’-H}-, ESi

2-block partitions

X {14}, {2}, {3} {5}

S {23}, {1}, {4} {5}

\ + {24},{1}, (3}, {5}
2 {34},{1}, {2}, {5}

ve == -~ (12}, (34}, {5}

k.
2-2-1 partitions 123}, {4}.{5
’ o [ {125}(3), (9}
(134}, {2}.{5) {345}.{1}. {2}
{135}, {2},{4} |(3-1-1 partitions)
{145} {2}1.{3}
{234}, {1}.{s}
{235} {1}.{4}
{245} {1}1.{3}

Figure 3.6: The 2-2-1 partition vertex {12}, {34}, {5} is not adjacent to any 4-block
partition that integrates {5} into its size-2 block, to either 3-1-1 partition that splits
{12} or {34} into a pair of size-1 blocks, or to v,. Adjacencies are indicated with
solid black lines, non-adjacencies are indicated with dotted red lines.
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For both the 4-1 and 3-2 classes of partitions with 2 blocks, a given 2-1-1-1
partition vertex is neighbors with all vertices representing partitions in which
the pair from the 2-1-1-1 has been split up. In other words, the non-neighboring
2-block partition vertices for any 2-1-1-1 partition are explicitly the coarsenings
of that 2-1-1-1 partition. These relationships account for another 8 of the
35 neighbors, leaving 18 neighbors among the vertices representing 3-block

partitions.

For a fixed 2-1-1-1 partition vertex, 9 out of 10 of the 3-1-1 partition vertices
are its neighbors; the sole exception is the partition for which the pair from the
2-1-1-1 is comprised of the singletons from the 3-1-1. By contrast, a fixed 2-1-1-1
partition is adjacent to 9 out of 15 of the 2-2-1 partition vertices, meaning there
are a total of 6 with which it is not neighbors. Among these non-neighboring 2-2-
1 partition vertices, the common factor is that for each of them, the singleton is a
member of the pair in the 2-1-1-1 partition vertex. For instance, {12,3,4,5} has
the pair block [12] and is neighbors with {13,24,5} even though this partition
splits up the pair; however, {12,3,4,5} is not neighbors with {23,45,1}, in

which the singleton is one of the elements of that pair.

Example 3.3.6. See Figure 3.7. The vertex representing {12}, {3}, {4}, {5}
is adjacent to all other 4-block partitions. It is not adjacent to v,, nor to
any 2-block partition that coarsens it. Of the 4-1 partitions, it is not adja-
cent to {1234}, {5}; {1235}, {4}; or {1245},{3}. Of the 3-2 partitions, it is
not adjacent to {123}, {45}; {124}, {35}; {125}, {34}; or {345}, {12}, which
preserves the pair {12} as its size-2 block. It is adjacent to all other 2-block
partitions. In addition, {12}, {3}, {4}, {5} is adjacent to all 3-1-1 partition

vertices except {345}, {1}, {2}, which splits up the block {12} and also brings to-
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gether the three size-1 blocks {3}, {4}, {5}. Finally, among the 2-2-1 partitions,
{12}, {3}, {4}, {5} is adjacent to any partition that either retains the block {12}
or keeps both elements in blocks of size 2. However, it is not adjacent to any
2-2-1 partition which has either {1} or {2} as its size-1 block. Its non-neighbors

in this category are:

{13}, {45}, {2}
{14}, {35}, {2}
{15}, {34}, {2}
{23}, {45}, {1}
{24}, {35}, {1}
{25}, {34}, {1}

3.3.4 Ls;

In L5 5, only one new vertex is added, for a total of 52. This is the basal vertex v,
representing the partition of [5] into five blocks each containing a single object. For
this polytope, a positive entry in the vertex sign pattern indicates a value of 1, and a

negative entry indicates a value of _411'

In comparison to Ls 4 above, very little is different about the neighborhoods of
each vertex in L5 5. The primary change to have occurred is that the 2-1-1-1 partition

vertices are no longer all adjacent to one another, and that each of them is adjacent



{1234},{5} (4-1 partitions)
{1235},{4} {1345},{2}
{1245},{3} {2345},{1}
4-block partitions %L
vgrome Xmmnnnnes (123, 3. (43, (5)

{12}, {34}, {5} /

A

Figure 3.7: The 2-1-1-1 partition vertex {12}, {3}, {4}, {5} is not adjacent to any

{13}, {24}, {5} i

{14}.{23}. {5} {13}, {45} {2}
{12}.{35}, {4} {14}, {35} {2}
{13} {25} {4} {15}, {34}, {2}
{15}, {23}, {4} {23}, {45}, {1}
{12}, {45}, {3} {24}, {35}, {1}
{14},{25}, {3} {25}, {34}, {1}
{15}, {24}, {3} (2-2-1 partitions)

(3-2 partitions)

{123}, {45}
{124},{34}
{125}, {34}
{345}, {12}

{134}, {25}
{135}, {24}
{145}, {23}
(234}, {15}
(2353, {14}
(2453, {13}

'\

{345}, {1}, {2}

All other 3-1-1 partitions

52

2-block partition that coarsens it, or to v,. It is adjacent to every 2-2-1 partition

such that the size-1 block is not {1} or {2}, and to all 3-1-1 partitions except
{345}, {1},{2}. It is also adjacent to all other 4-block partitions. Adjacencies are

indicated with solid black lines, non-adjacencies are indicated with dotted red lines.
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to the single 1-1-1-1-1 partition vertex. Specifically, each 2-1-1-1 partition vertex is

now adjacent only to the 2-1-1-1 partition vertices whose pair blocks share an element

with it.

Example 3.3.7. The vertex representing the 2-1-1-1 partition vertex {12}, {3}, {4}, {5}

is now adjacent to v, but it is no longer adjacent to the 4-block partitions {34}, {1}, {2}, {5};
{35}, {1}, {2}, {4}; and {45}, {1}, {2}, {3}. All other adjacencies and non-adjacencies

of this partition described for Ls4 and shown in Figure 3.7 remain consistent.

Meanwhile the basal vertex is adjacent to all of the 2-1-1-1 partition vertices, but
not to any other vertices. The neighborhoods of v,, the 2-block vertices, and the

3-block vertices are identical to those described in Subsection 3.3.3 for Ls 4.

3.3.5 Iterative faces

An interesting phenomenon occurs among the middle-dimensional faces of Ls ;. For
each value of k, we can more closely consider the 6-dimensional faces, in search of
interesting structures that might be related to the L, family. Through this line
of investigation, we find that among the 5060 six-dimensional faces of L; o, there
are precisely 20 faces containing exactly 8 vertices, which is the number of vertices
possessed by Lso. All other 6-dimensional faces of Ls 5 include only 7 vertices. By
listing out the vertices in each of these 20 unusual faces, we can seen that each such
face has a unique rule obeyed by all of its vertices, and that these rules pertain to

the set of 5 objects whose partitions are represented by the vertices.

10 of the faces have rules that glue a pair of objects together and treat them as a

single entity. For example, one face includes the exact set of vertices in which the
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objects {1} € [5] and {2} € [5] are in the same block of the corresponding partition.

The partitions in question are the following eight arrangements:

One 1-block partition: {12345};
Three 4-1 partitions: {1234}, {5}; {1235}, {4}; {1245}, {3};

Four 3-2 partitions: {123}, {45}; {124}, {35}; {125}, {34}; {345}, {12}

Each possible pair 7, j that can be selected from the set of five objects has a corre-
sponding face according to this paradigm, for a total of 10 faces. The remaining
10 faces of interest also each represent a fixed relationship between a specific pair
of objects, but instead of gluing the two together, the pair is forced apart. In the
separation case, each face contains the exact set of vertices in which its defining
pair of elements are in different blocks of the associated partitions. For example,
considering {1} € [5] and {2} € [5] again, there is a 6-dimensional face incident

exactly on the 8 vertices representing the following partitions:

Two 4-1 partitions: {1345}, {2}; {2345}, {1}
Six 3-2 partitions: {134}, {25}; {135}, {24}; {145}, {23}

1234}, {15}; {235}, {14} {245}, {13}

Further investigation of the £ = 3 and k& = 4 cases reveals that the first set of
unusual 6-dimensional faces — those representing sets of partitions in which a specific
pair of objects was fixed together — start a longer trend. In both Ls3 and Ls 4, a
unique set of ten 6-dimensional faces exists that contain the exact and complete set of
vertices within Ls ; in which each possible pair of objects is held together throughout
all partitions in their face. These faces also continue to represent the highest vertex

incidence counts among all 6-dimensional faces in Ls .
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3.4 Analysis

From the observations made throughout this section, several trends emerge that
motivate further inquiry into broad behavior. To begin with, in both the n = 4 and
n = 5 cases, the peak vertex is consistently adjacent only to the 2-block partition
vertices, regardless of the value of k. At the other extreme, although the basal
vertex only appears in the k = n polytope, it is adjacent solely to the (n — 1)-block
partitions for both n = 4 and n = 5. In the next chapter, Proposition 4.1.1 and

Proposition 4.1.3 will show that these statements hold for all polytopes L, .

Next, the n = 5 observations for k£ = 4 suggest that refinement relationships
between partitions play some role in edge structure; however, the exact nature of this
role is unclear from the concrete cases, and there may be additional mechanisms at
play that complicate the overall picture. In particular, although the partition lattice
on n = 4 is contained in the edge set of L, 4 as shown in Figure 3.2, the polytope has
far more edges than are found in the lattice. The same is true for Ls 5 in comparison
to the n = 5 partition lattice, indicating that there must be much more governing the
existence of edges. Conjecture 4.1.6 and Proposition 4.1.8 address the uncertainty

around this observation and a specific case that can be fully proved.

One subset of edges that require more consideration in the context of this re-
finement observation are the edges from 2-block partitions to 4-block partitions,
which appear to be anticorrelated with refinement relationships. There may be a
geometric reason why these refinement relationships do not produce edges — perhaps,

for example, the intervening 3-block partitions in the lattice portion of the edge set
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make an edge geometrically impossible. Further investigation is needed to determine

the significance of these edges.

In addition, for all n = 4 and n = 5 cases, it can be observed that regardless of the
value of k, all k-block partitions are adjacent to each other, e.g. all 3-block partitions
are adjacent to each other in L5 5. This is especially interesting since there are multiple
categories of 3-block partitions for n = 5 and the associated vertices have different
characteristics. A result for k = n — 1 is obtained explicitly in Proposition 4.1.9 and
extended for (n — 1)-block partitions in L, ,, by Proposition 4.1.10. More information

is available for £ = 2, but other k-values remain open.

Finally, the iterative faces observed in the n = 5 polytopes are highly compelling
in regards to consistent structure throughout this class of polytopes. As mentioned
earlier, although Lj- has many nice symmetries and behaviors, a large portion of
these are lost as k increases. However, the potential presence of lower-dimensional
faces that belong to the same family of polytopes suggests that there may be a much
more regularized internal structure than previously known. Within the case studies,
these structures could explain the presence and absence of additional edges whose
patterns cannot be discerned by examining the edge behavior alone if it can be proved
that they are in fact combinatorially equivalent to the lower-dimensional polytopes.
In the next chapter, the existence and desired equivalence of these faces is proved for

general n, k with Lemma 4.2.1, Theorem 4.2.4, and Corollary 4.2.5.
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The observations made in Chapter 3 using models of the n = 4 and n = 5 polytopes
resulted in a number of conjectures. The conjectures center primarily on edge
structure for the up-to-k-partition polytopes, but also investigate the possibility of
L, containing lower-dimensional partition polytopes as faces. In this chapter, we
prove some of these statements for general n, k£ to establish a theoretical understanding
of the low-dimensional facial structure of L, ;, and determine which questions remain
open. Throughout the chapter, we will use d = (g) to represent the dimension of

L, . Unless otherwise specified, it is assumed that L, j resides in R<.

4.1 Edge Structure

We begin with several results regarding the edges of the up-to-k partition polytopes.
These proofs establish the consistent presence and logic of several subsets of edges.
We first consider the edges incident on the peak and basal vertices. Recall from
Definition 3.0.1 that the peak vertex v, is the point (1,...,1) € R% Lemma 2.3.5,
which was proved in [6], states that in L, 5, every vertex is adjacent to every other

vertex. We will need this fact in order to prove the first result.

Proposition 4.1.1. For anyn > 3,2 < k < n, the peak vertex is exactly adjacent to

the 2-block partition vertices.

Proof. From [6], the claim is known to be true for £ = 2. Consider any 2-block
partition vertex vy in L,, »; this point will be a collection of {1, —1}, and therefore the
line segment from v, to v; will maintain some coordinates at 1 and will smoothly vary
the rest from 1 to —1, such that any point along the line with have some corresponding
value —1 < A <1 for each coordinate that is —1 in v;. Let vy be the vertex in L, j

that represents the same 2-block partition as v; then v, has the same sign pattern
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as v; but with —ﬁ in place of each —1, meaning it lies on the line between v, and
v;. Note that according to [34], the collection of facet-defining inequalities whose
facets are incident on v, in L, o are also facet-defining for any L, ;. Since the line
between v, and v; is an edge in L,, o, it must lie in the intersection of d — 1 of these
facets; as the inequalities defining the facets are preserved with the increase in k, this
line is still in the intersection of d — 1 of these facets, meaning it must still be an
edge. Therefore v, is adjacent to v,. Moreover, any vertex representing a partition
with more than 2 blocks can be represented as a linear combination of v, with some
subset of the 2-block partition vertices using positive coefficients, meaning that no
additional facets created by adding these vertices can contain v,. As such, v, cannot

be adjacent to any such vertices. O]

From Proposition 4.1.1 we can observe that the peak vertex has 2! — 1 edges
incident on it, regardless of n and k. It is interesting to note that there is a clear
interpretation of these edges in terms of Gram matrices and the corresponding vector
configurations. Consider any 2-block partition; we can think of the two blocks as
indicating two sets of vectors that are each fully aligned with each other, and if moved
will move in synchrony. For k = 2, a 2-block partition vertex will have entries of
—1 to indicate pairs occupying different blocks, which in the Gram matrix setting
corresponds to vectors pointing in opposite directions. Any point along the edge from
the 2-block vertex to v, will still have all the same +1 entries as the 2-block vertex,
meaning that the corresponding vector configuration will still have the same sets of
vectors glued together as the 2-block partition. However, the other entries in such a
point will all be equal to some other value «, which can be seen as the inner product
of two unaligned unit vectors. Therefore, the vector configuration at any point along
the edge will be one in which the two groups of synchronized unit vectors are still

present, but are neither aligned with each other nor directly opposing each other.
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We now turn to the basal vertex v,,, which exists solely in L, ,,. To obtain a result

for the adjacencies of v,,, we must first characterize a subset of facets of L, ,,.

Lemma 4.1.2. For anyn > 3, the up-to-n partition polytope L, ,, has d facets defined

by the inequalities x; > —ﬁ, 1 <4 <d.

Proof. By definition of the vertex set of L, ,, the inequality x; > —ﬁ is valid for
each 1 < i < d Note that for any n, there are exactly d = (3) (n — 1)-block partition
vertices, which each specify a partition with a single block of size 2 and all other n — 2
blocks containing a single object apiece. In L, ,,, each (n — 1)-block partition vertex
v will have v; = 1 for exactly one i € [d] and v; = —ﬁ otherwise, which means
that the pair of objects represented by i form the size-2 block and all other pairs
of objects are in different blocks. Moreover, each of the (Z) (n — 1)-block partition
vertexs will have their singular positive coordinate v; = 1 at a different value of .

Therefore, for each hyperplane z; = ——1-, d — 1 of the d vertices for (n — 1)-block

n—17

partitions will lie on the hyperplane.

Furthermore, the d — 1 vertices described above in conjunction with the basal
vertex v, comprise an affine independent set of points. We can observe that the
larger collection of points consisting of all d (n — 1)-block partition vertices in L, ,
as well as the basal vertex is affine independent. Let v’ be the (n — 1)-block partition

vertex such that the i-th entry of v% is 1, and all other entries are —ﬁ. Then:
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In other words, the collection of points resulting from these subtractions each sit on
a unique axis, making them linearly independent. Therefore the collection of points

vy, v* over 1 < i < dis a set of d + 1 affine independent points.

Each hyperplane x; = ——1- contains d — 1 of the (n — 1)-block partition vertices,

n—1"

along with the v, for a total of d points from the affine independent set identified

|)_l

above. Thus we have d affine independent points on each hyperplane x; = —

[y

n—

1

These points are all also vertices of L, ,. As such, each valid inequality z; > ——

must give a (d — 1)-dimensional face of L, ,, meaning the polytope has d such facets

in total. O

Lemma 4.1.2 establishes that L, ,, will have a collection of facets given by the d
inequalities x; > —ﬁ, 1 <i < d. With this knowledge, we can now focus on the
basal vertex, which is unusual in that it sits on every single one of those facets. This

allows us to achieve a key result regarding v,,.

Proposition 4.1.3. For L, ,,, the basal vertez is adjacent to the vertices representing

the (n — 1)-block partitions, and is not adjacent to any other vertices.

Proof. By definition, the basal vertex v,, has the form (——1;, ..., ——) regardless of
n. In addition we can observe that v, sits at the intersection of the d hyperplanes
that mark the boundaries of the halfspaces z; > —ﬁ which define L,, ,,. As shown
in Lemma 4.1.2, these hyperplanes must be among the defining hyperplanes of L, ,,.
Similarly, the vertex for any (n — 1)-partition will possess exactly one 1 in its coordi-

nate vector, and all other entries will be —ﬁ. This means any such vertex sits at

the intersection of d — 1 of the z; > —ﬁ facets.
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From this structure, we can see that every point on the line between v, and an
(n — 1)-block partition vertex must have the value —ﬁ at all coordinates except

one, which is smoothly varying between ﬁ and 1. Therefore the line itself also lies

1

n—1

in the intersection of d — 1 of the x; > — inequalities, and thus is the intersection
of d — 1 defining hyperplanes of L,,,,. This line must therefore be an edge, so any

(n — 1)-partition must be adjacent to v,.

We also note that by construction, v, is exactly the point of intersection of the d
facets from the x; > —ﬁ inequalities, meaning these must be the sole facet-defining
hyperplanes on which v, sits; therefore v, cannot be adjacent to any other vertices,

as these exist on at most d — 2 of these hyperplanes. O

Put together, there is a nice symmetry to Proposition 4.1.1 and Proposition 4.1.3.
At both the “top” and “bottom” of the polytope, we have adjacency exclusively
with the proximal level of partitions. These portions of the edge structure will thus
align exactly with the partition lattice for any n. Unfortunately, as seen in the case
studies, plenty of edges can exist in L, j outside the constraints of the partition
lattice. However, we can use this intuition to explore other edges based on partition

relationships, particularly refinement.

4.1.1 Refinement and Associated Edges

To begin inquiries pertaining to refinement, we must establish some terminology.

Definition 4.1.4. Let P be a partition on n objects, with m non-empty blocks. We

call a partition P’ a direct refinement of P, and say it directly refines P, if P’ is
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a refinement of P with exactly m + 1 non-empty blocks.

Direct refinement represents the covering relationship of the partition lattice; by
this definition, the statement “P covers P’ in the partition lattice” is equivalent to
the statement “P’ directly refines P”. Note that to achieve the criterion that a direct
refinement has m + 1 non-empty blocks, it must be true that m — 1 of the blocks of
P are blocks of P, and that the remaining 2 blocks of P’ are a 2-block partition of
the remaining 1 block of P. In other words, P’ is constructed by splitting a single

block of P into two non-empty blocks, and leaving all other blocks of P as they are.

Example 4.1.5. Consider the partition {123,45} of [5]. There are exactly four direct
refinements of this partition: three which refine the block {123}, and one which

refines the block {45}. The four direct refinements are:

2-2-1 partitions: {12}, {45}, {3}
{13}, {45}, {2}

{23}, {45}, {1}
3-1-1 partition: {123}, {4}, {5}

In the case studies, we observed that the full partition lattice for n = 4 is contained
within the edge structure of Ls4, and likewise for n = 5; additionally, for £ < n,
the edge structures contained the portion of the partition lattice extending from the
1-block partition at the top down to the tier of k-block partitions. Based on these

observations, we have the following conjecture:

Conjecture 4.1.6. Consider L, and let P, P" be two partitions on n elements such
that P" directly refines P and P' has at most k non-empty blocks. Then L, has an

edge between the vertices vp,vpr representing these partitions.
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However, Conjecture 4.1.6 has proved difficult to verify in generality. A special
case is when P’ is obtained specifically by splitting a block of size 2 in P. To prove
the result in this case, we first establish a useful lemma pertaining to normal cones

of vertices of L, .

Lemma 4.1.7. Any vertex v of L, has a sign pattern unique among the vertices
of Ly, and the orthant of R corresponding to this sign pattern is contained in the

normal cone of v.

Proof. Note that v represents a unique partition of [n]. Each partition is represented
using values of {1, —ﬁ} at each coordinate, with a positive value indicating a pair
of objects in [n] that are in the same block of the partition represented by v, and a
negative value indicating a pair of objects that are in different blocks. Thus regardless
of k, the sign pattern of v remains constant, and since the sign pattern is determined
by the partition, it is unique to v; no other vertices of L, ; can have the same sign

pattern as v.

Let 2 € R? have the same sign pattern as v. For x to be in the normal cone of
v, it must be true that - v > = - w for all other vertices w of L,, . Note that for
all 1 <4 < d, we have x;v; > 0 since z; and v; will have the same sign. Moreover,
the coordinate values for the vertices ensure that for any 1 <1 < d and any vertex
w # v, we will either have z;w; = x;v; or z;w; < 0. Therefore, z-v > x - w. Thus x
belongs to the normal cone of v, and correspondingly the full orthant of R? which

shares the sign pattern of v must belong to the normal cone of v. O

With Lemma 4.1.7 showing that each vertex of L, , contains the orthant with its

sign pattern in its normal cone, we can obtain a result on direct refinement of blocks
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containing two elements.

Proposition 4.1.8. Consider L, and let P, P' be two partitions on n elements such
that P’ directly refines P, P’ has at most k non-empty blocks, and the block of P that
is refined to produce P' contains exactly two elements. Then L, has an edge between

the vertices vp,vp: representing these partitions.

Proof. The line between the two partition vertices vp, vps is an edge of the polytope
if and only if its normal cone (Definition 2.1.8) is (d — 1)-dimensional. Note that as
discussed in Section 2.1, the normal cone of this line is exactly the intersection of
the normal cones of its two endpoint vertices. Let A, B be the unique blocks in P’
that resulted from the refinement; then AU B is a block of P, and |A| = |B| = 1.
Recall that by the structure of vertices as previously described, a fixed vertex has a
sign pattern that is unique among the vertices of L, 5, where each element of that
sign pattern indicates whether a specific pair of objects are in the same block of
the corresponding partition. Thus vp and vp: both have an identifying sign pattern.
Moreover, by Lemma 4.1.7, for any fixed vertex, the orthant of R? corresponding to

its sign pattern must be contained in the normal cone of that vertex.

Since P’ is a direct refinement of P, splitting one particular block into exactly two
blocks A and B, the differences in the sign patterns of vp and vp: will only be at the
positions representing relationships between objects in A and objects in B. At vp,
these positions will be positive since blocks A and B are united; at vp:, they will be
negative. All other elements of the sign patterns, however, will be identical in vp and
vpr because the relationships of objects in A or B to objects outside A and B have
been preserved. Since we are specifically concerned with the case where both A and

B contain a single element, there are no relationships of objects within A or within B
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to each other to worry about, but these would also be preserved. This all means that
the sign patterns of vp and vp: differ at precisely one location, representing whether

the single object in A and the single object in B are in the same partition block.

We know that the orthants corresponding to the sign patterns of vp and vp
are contained in their respective normal cones; in our case, these orthants intersect
at a (d — 1)-dimensional subspace of R? where the signs of d — 1 coordinates are
specified and the final coordinate is restricted to 0. Therefore this intersection must
be contained in the normal cone of the line between vp and vp/, which means the
normal cone of that line has dimension at least d — 1. Since the normal cone of any
line in a polytope can have dimension at most d — 1, it follows that this line has a

normal cone of dimension exactly d — 1, which means it is an edge of the polytope. [J

The structure of the proof of Proposition 4.1.8 gives some insight into what
will be needed to prove the broader result. In particular, the goal is once again
to show that the normal cone of the line between vp and vps is exactly d — 1 di-
mensions, and that this cone is equal to the intersection of the normal cones of vp
and vp,. However, now that the sizes of A and B can be larger than 1, the shared
sign patterns of vp and vps will only produce a shared (d — |A| - | B|)-dimensional
space. This leaves |A| - |B| — 1 dimensions unaccounted-for amid the coordinates
that change sign between vp and vp,. Note that to be in the normal cone of a vertex
v, a point g must satisfy g'v > gTw for all other vertices w in L, ;. In this case,
it must be true that ¢’vp = g"vp > g'w. Let I be the set of coordinates that
change sign between vp and vp/; then a necessary condition to obtain g vp = gTvp
will be » .., g; = 0. This condition defines an affine space of |A| - |B| — 1 dimen-

sions, but is not sufficient to guarantee that g will belong to the normal cone. Only
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once the additional necessary conditions are identified can the result be fully obtained.

4.1.2 Edges Within Partition Levels

So far, the focus has been on edges bridging partitions with different numbers of
blocks; however, in the case studies it was shown that many edges exist between
partitions with the same number of blocks. The next two propositions discuss a
specific subset of these edges: the edges between (n — 1)-block partition vertices in

the k =n —1 and k = n cases.

Proposition 4.1.9. Let u,v be any two (n — 1)-block partition vertices in Ly, ;.

Then an edge exists between u and v.

Proof. Since u, v represent different partitions of n objects into n— 1 blocks, they each
consist of a single block of size 2 and all remaining blocks of size 1, and their blocks
of size 2 will not be the same. In terms of coordinates, the partitions represented
by w,v will be such that there exists some ¢,j € [d],7 # j such that u; = v; = 1.

1 , 1 ;
Moreover, uq = —— for a # i, and v, = —— for a # j.

To show that an edge exists between these vertices, we will show that there exists
an (n — 1)-dimensional subset of R¢ that is contained in the normal cones of both u
and v (i.e. in the intersection of their normal cones). We first note that for any vector

¢ to be in the normal cones of both u and v, it must be true that ¢"u = ¢"v > ¢"w
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for all other vertices w # wu, v of L, ,,_1. By the structure of v and v, we can see that:

1 1
T — . . — = q; — ——
g u=g+) g ( n_2> i = —— 9o

2

i aFi
1 1
a#j a#j

Therefore, to get ¢"u = ¢g”v, we need:

IR 1
9= 59 = 95— Y
1 1
1+ —)g=(1+—2)g;
A+ ——5)gi =1+ ——5)g;
9i = 9j

We conclude that g; = g; is a necessary condition for g to be in both normal cones,
which means that NC(u) N NC(v) can have dimension at most d — 1. Moving forward,

we fix g; = g; = a for some constant value a € R.

Consider G C R? defined as:

G={geR:g,<0 Vacl[d, and g; = gj, |g:| < |9al Yo #i,j}

Note that under this definition we have ¢; = g; = a < 0. Therefore G is a (d — 1)-

dimensional cone in R?, and for any ¢ € G, we have:

1 1
T T Z
gu=gv a( n—2> n—2 g

We will show that this cone is contained in the intersection of normal cones of u and
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v. This requires considering the other vertices of L, ,,_; under a few different cases.
Case 1: Let w # u,v be a (n—1)-block vertex of L,,,,_1. Then there exists some § € [d]

such that § # 4,5 and wz = 1, whereas w, = —— for all & # . For any

g € G, we compute gl w as:

1
T = . —
gw—gﬂ+zga ( n_2)

a#f

2 1
mto(-25) -5 ¥

a#ﬁ’zhj

We must show g”u > g?w, or in other words, g”u — g"w > 0. Note that g, <0

for all coordinates « € [d], including 4, j at which g; = g; = a.

1 1 2
T T
_ — 1 — _ _ _
gu—gw <a( n—2) n—295> (gﬁ n—2a>

= 1+ 1 gs | 1+ 1
—a S — —_—
n—2 p n—2

Since 1 + - > 0 and since |a| < |gs| with a, gs < 0 by the definition of G, we

are guaranteed that g"u — ¢gTw > 0, and thus ¢g7u > g7 w.

Case 2: Now let w be a vertex representing a partition with fewer than n — 1 blocks.
This means w has at least two 1s at some pair of locations. Note that if we
were to break ¢?w up according to the positive and negative components of
the sum, any component g,w, will be positive if and only if w, = —ﬁ since
Jo < 0. This means for any vertex w with exactly two 1s at some two locations,
and another hypothetical vertex w’ with those same two 1s and at least one

additional 1 at some third location, g7w > g¥w’. Therefore we can restrict this

case to the situation where w has exactly two 1s at some locations 3,v € [d],
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in which case we will have:
7w =gs+ gy - —— 3 g
B Y n—2 «
aFEByy
There are a few sub-cases here depending on the locations of those 1s.
2a: Suppose w; = w; = 1 and w, = —ﬁ for all a # i, 7, i.e. w has its 1s at

the same locations as u and v. Then when we compute g’u — g"w, we

find:

n— 2
1
—al-1—
(-1-5)

But since a < 0, this immediately yields ¢g7u — g7w > 0 as desired.

1
gTu—gTwZCL(l— )—2@

2b: Suppose w has a 1 at exactly one of ¢ or j; without loss of generality, we
say w has a 1 at ¢ and a 1 at some other location 5 # j. Now when we
take g7u — gTw, we get:
1

T T
U—g w=———-gg —
g g 598~ 98

But once again we have gz < 0, which means this also gives g"u—g"w > 0.

2c: Finally, we consider the case where [3,~ are both different from ¢ and j, i.e.
w has its two 1s at two different locations from u and v. Now computing

our difference gives us:

1 1 2
T T
—yq — 1— _ I g g
g u v (a( ) n — 2(96 g”) ( n— 2@ A V)

a1+ —)(g5 + 97)
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To get our desired outcome out of this, we need a — (g3 + g,) > 0, or
a > gs+ g, Since a,gp, g, < 0, this is equivalent to requiring |a| <
|95+ 9+ = |gs| +|g|. But it is a pre-existing condition of G that |a| < |g,|
for all a # 1, j, which guarantees that |a| < |gs| + |g,| regardless of which
indices and values these yield. Therefore our desired outcome is guaranteed

by the structure of G, and we have ¢g?u — g"w > 0 once again.

After working through these two cases, we have that for any g € G, g"u = ¢"v > ¢gTw
for any vertex w # u, v of L, ,—1. Therefore we conclude that the (d — 1)-dimensional
cone (& is contained in both the normal cone of u and the normal cone of v, which
means NC(u) N NC(v) has dimension at least d — 1. This means the intersection of
the normal cones must have dimension exactly d — 1, and therefore an edge exists

between v and v. OJ

Next, we can prove a similar but distinct result for (n — 1)-block partition vertices
in L, ,. Much of the argument structure is the same, but some key details have

shifted due to the presence of the n-block vertex.

Proposition 4.1.10. Let u,v be any two (n — 1)-block partition vertices in Ly, .
Then an edge exists between u and v if and only if the unique size-2 blocks of the

partitions corresponding to v and v have a non-empty intersection.

Proof. We note that the structures of u, v in this case are identical to their structures
in the previous proposition, but with —ﬁ in place of —ﬁ at all but one coordinate
location: there exist some ¢, € [d],i # j such that u; = v; = 1. Therefore, the initial
necessary condition for a vector g € R to be in the normal cones of both vertices is
still present. By the same reasoning as the previous proof, we must have g; = g; = a

for some constant value a in order to get g’ u = g’ v, which is required in order to



72

have g € NC'(u) N NC(v). As such, we already know that this intersection can once
again have dimension at most d — 1. We will first show that this intersection cannot

have dimension d — 1 if the size-2 blocks of v and v are disjoint. Define:

GOZ{QQRdigizgj}

Assume that u and v represent (n — 1)-block partitions with disjoint size-2 blocks,
meaning that ¢ and j such that u; = v; = 1 represent non-overlapping pairs of objects

(out of the n objects). For any vector g € Gy, we have:

For any such u,v, there exists a unique vertex w* which has w; = w; = 1 and
Wo = —ﬁ for all a # 4, 7. This vertex represents the most refined mutual coarsening
of the partitions for v and v, which is a partition containing exactly two size-2 blocks
matching those of u and v and all other blocks being singletons (so n — 2 blocks in

all). Given any g € G, this vertex will have:

1
T  *
=2 ol —
g w a+Zg(n_1)

ai,j

Observe that:
n—2

g u—g"w* = a(l — ) —2a=—

a

n—1 n—1

Since n is a strictly positive integer, this quantity can only be non-negative if a < 0.

So that means any vector in NC'(u) N NC(v) must be in the set:

Gy={9€Go:9;=9g; <0}

Let w?, B # i, j be the (n—1)-block partition vertex with (w?)s = 1 and (w?), =

_ 1
n—1
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for all @ # 3, and choose some g € G, such that gg > 0. Then evaluating the product

of ¢ with w”? versus u, we find:

2 1
T, B _ _ _
g w’ =gs+al———)+ > ga< n—l)

a#i7]7ﬁ
1 1 2
r, _T,B8 __ 1— _ — | =
gumgw (a( n—1 n—lgﬁ) (n—1a+gﬁ)

- (14:27)

But since we have fixed a < 0 and gz > 0, this quantity is guaranteed to be negative

and therefore g cannot be in the normal cone of u (or by extension v). Since this is
true for any g with gg > 0 where 8 # ¢, j is arbitrary, we must further restrict our

set, of vectors that can still be in the intersection to:

Go={9€Gp: 9. <0 Vacld}

In other words, the two types of vertices we have looked at so far tell us that any
vector ¢ € R that has even one positive coordinate g, > 0 cannot possibly be
in the intersection of the normal cones of u and v. So we restrict our attention
to vectors that are non-positive at all coordinates. Let us now consider the basal
vertex v, = (—ﬁ, —ﬁ, e —ﬁ), representing the partition of n objects into n

non-empty blocks of size 1 each. Then for any g € Gf, we can evaluate g’ v,, and

g u — gty
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But we have already had to restrict a < 0, to ensure g7u > ¢g?w*, which means the
only way to get g7u > gTv, is to fix a = 0. However, doing so means we are now
looking at some subspace of the vectors g € R? that have g; = g; = 0, which is now
a space of dimension at most d — 2. Therefore when u and v have disjoint size-2
blocks, the intersection of their respective normal cones has dimension at most d — 2,

meaning there is no edge between u and v.

On the other side, consider the case where u and v do not have disjoint size-2
blocks. In this scenario, ¢ and j represent pairs of objects that are linked together,
but there exists an object that is in both the pair represented by i and the pair
represented by j. This means there is an associated object pair represented by some
index h such that for any vertex w of L,, ,, w; = w; = 1 implies w;, = 1 as well. For
this situation, we consider the following (d — 1)-dimensional set of vectors and aim to

prove that it is contained in NC(u) N NC(v):

Gh:{geRd:OSgi:gj<‘gh|7ga<0 Va#lhj}

The condition g, < 0 for all « # 7, 7 means that g, < 0 as well. Consider any g € Gj,.
We will investigate several cases, to consider different types of vertices one step at a

time.

Case 1: Consider the n-block partition vertex v,. We will have the same representation
of gTv,, as in the previous part of the proof, which means g”u — g%v,, looks the

same as well:




5

n—1 n—1
1+ L
=aq
n—1

But this time, we are using a > 0, so we are guaranteed g’u > g%v,,.

1 2
gTu—gva:a(l— )—a(— )

Case 2: Let w # u,v be an (n — 1)-block vertex. Then there is a singular index 8 # i, j

such that wg = 1, and we compute:

2 1
T —_— —_—— —
gw=a(-——=)+gs+ ) ga< n—l)

aFi,5,0

gTu—gTw=<a(1— ! ) — . 96)_(a(_ = )+96)

n—1 n—1 n—1
1+ L 1+ L
= Q —_— J— —_—
n—1 I8 n—1

Since by definition a > 0 and gg < 0, we get g"u > gTw.

Case 3: There are precisely two types of partitions with n — 2 blocks, and in this proof we
must consider them separately. For this section, let w represent an (n — 2)-block
partition with two size-2 blocks and all other blocks having size 1. Then w will
contain exactly two 1s somewhere among its coordinates. Since v and v have
overlapping size-2 blocks, the coordinate locations for these 1s can include at
most one of 7 and j. We will separately look at the cases where these locations

do or do not include 7 or j.

3a: First, suppose w; = 1 (without loss of generality) and wg = 1 for some

B #1,j. Then evaluating g”w and ¢7u — g"w, we get:

1 1
T
—a(l — —— =
glw=a(l—-—3)+gs+ > g ( n—l)
a¢27‘776
QTU—QTU]:—L%’_%
n—1
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Since g < 0 for any (3 # 1, j, this gives us g"u > g7w.

3b: Now, let the locations of the 1s in w be 3,7 both distinct from 7 and j.

Then when we compute g7 w and gTu — gTw, we get:

2 1
T,, _ o -
gw=a(=——)+gs+9, > ga< n—l)

ai,j,8,y
1

n—1

glu—g'w= (a(l - )~ i 795 +gw)) - (a(—%) + s +97)

) (g5 + )1+ ——)

= qa(l
a(l+ w—

n—1

The prespecified conditions of a > 0, g3 < 0,9, < 0 guarantee that this

expression is non-negative, so in this case we have g’u > g7 w.

Case 4: Let w be a (n — 2)-block partition vertex representing a partition with one
size-3 block and all other blocks of size-1. One vertex in this category is w = w”"
representing the most refined mutual coarsening of v and v, which has 1s exactly

at locations h, 1, j. In the unique case of w", our computations give:

1
T h _ .
g w" =20+ gn + Z ga( n_1>

Oé?éh,i,j

1>_1

n—1

gTu — gTwh = (a(l — o1 gh) — (2@ + gh)

1 1
= —a(l+ —)—g (1 + ——
a1+ —=) = g1+ —)

For any g € G}, we have not only a > 0, g, < 0 but also g; = a < |gn|. This
final condition is what ensures ¢g”u > ¢g”w". Considering any other w from this
case, we note that its three 1s must be at three locations that include at most
one of 7 and j, because the three 1s together must represent a group of three
objects that is different from the one given by h, i, 7. But any such w will be

dominated by at least one vertex from Case 3, and as such is dominated by u
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and v since we have already proved Case 3.

Case 5: Finally, we consider the case where w is a vertex with n — 3 blocks or fewer,
meaning it is guaranteed to have at least three 1s among its indices. The indices
containing these 1s may include neither, one, or both of ¢ and j. However,
since g, < 0 for all « # i, 7, there must exist w’ in either Case 3 or Case 4 that

dominates w. As such, it must also be true that ¢’u > ¢"w.

At the end of these cases, it has been shown that for any g € G}, ¢g'u > g7 w for all
vertices w # u, v of L, ,. Therefore Gy, is contained in NC'(u) N NC(v), which means
NC(u) N NC(v) must have dimension at least d — 1. Having much earlier shown that
this intersection can have dimension at most d — 1, we conclude that the intersection

has dimension exactly d — 1, and therefore an edge exists between u and v. O]

The proofs of these propositions are greatly streamlined by the fact that regardless
of n, there is only one type of (n — 1)-block partition. For any other value of k, the
k-block partitions will typically include multiple classes of partition; for example,
inn =5 and £ = 3 we have both 3-1-1 partitions and 2-2-1 partitions, and as
demonstrated in Section 3.3, the vertices corresponding to these different partition
classes have different properties and behaviors. Nevertheless, the observations of

Chapter 3 support the following more general conjecture:

Conjecture 4.1.11. For anyn > 3,2 < k <n, let u,v be any two k-block partition

vertices in L, . Then an edge exists between u and v.

This conjecture revises Proposition 4.1.9 for generalized k. Note that it is known
to hold for k = 2 based on the previously-mentioned result of Lemma 2.3.5 in [6];

however, it is likely that neither the proof structure used in that paper nor the proof
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structure utilized for Proposition 4.1.9 will help much with other values of k, as they
rely heavily on characteristics unique to the k& = 2 polytope and to (n — 1)-block
partitions, respectively. Additionally, further inquiries are needed to characterize
edges between partitions with m blocks when £ > m. These would be generalizations

of Proposition 4.1.10 for broader use.

4.2 Nested Iterations of L,_,, ;.

In this section we prove and discuss our main result, which shows that some faces
of L, are up-to-k-partition polytopes for n —1,n —2,...,n —m = k. These faces
can be defined according to the partitions represented by their incident vertices,
indicating that the relationships between partitions exerts direct control over the
low-dimensional structure of L, ;. A different coordinate notation system will be
utilized in this section, since these results rely strongly on the relationship between
partition structure and the coordinate axes. Instead of representing a vector as
x = (21, 22,...,74) € R d = (’2‘), we will instead use a system based on the Gram
matrix representation of partitions. Recall that a partition represented as a Gram
matrix G is converted to a point in R? by taking the unique elements G, j > i, in
order moving left-to-right across rows and from the top to the bottom of the matrix,

resulting in a vector of the form:
(Glg, G13, ey Glm Ggg, G24, ceey Gn—l,n) € Rd
Correspondingly, in this section we will index any point in R? as:

d
X = (1'12, L13, -+-y L1n, L23, T24, '--7zn—1,n) eR
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The next results suggest an eventual method of constructing L, ; from smaller
polytopes. Much of the edge structure of L, ; that has not been previously elucidated
can be understood through containment in these smaller polytopes. Together with
the earlier results, this characterizes a significant portion of the edge structure for
any Ly, ;. Moreover, through these results we progress toward a broad understanding
of the low-dimensional structure of L, ;. We begin by showing that a particular set

of faces related to partition structure must exist in L,, .

Lemma 4.2.1. Let 2 < k < n and consider L, j, with vertices representing partitions
of [n] with up to k blocks. For any fized pair of elements a,b € [n], let Vy, be the
subset of vertices of Ly representing partitions where a and b are in the same block.

Then L, i has a face supported on V.

Proof. Recall that a face of a polytope is defined to be any set of the form PN {x €
R?: cx = ¢} where cx < ¢ is a valid inequality for the polytope (Definition 2.1.2).
By the Gram matrix structure of L, ;, every vertex of L, ; satisfies —1 < v;; <'1
regardless of n or k, and thus z,, < 1 is a valid inequality for L, . Therefore
there exists some face F' of L, such that F' = L, ;, N {x € R? : 2, = 1}. By the
construction of L, j, for any vertex v € Vg, it must be true that v, = 1, and for any
vertex v ¢ Vg, it is true that ve, < 1. Thus Vi, is exactly the set of vertices incident

on F. O

Lemma 4.2.1 verifies and generalizes the observations made in Subsection 3.3.5 that
6-dimensional faces exist in Lj j, with vertex sets that conjoin each pair of objects in [5];
this turns out to be true when considering partition polytopes for any n. The subset of
partitions that define any such face within L, ; can be regarded as up-to-k partitions
on a set of n — 1 objects. For example, consider the n =5 set of objects {a, b, ¢, d, e}.

If we take the pair a and b, and restrict to partitions where these two objects are in
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the same block, we are essentially partitioning the n = 4 set of objects {ab, ¢, d, e}. In

this view, a and b have been “glued together” to obtain a new, smaller set to partition.

To reach our main result regarding these faces, we first define an affine map

between R(g) and R(ngl). For convenience of notation, set e = (”;1)

Definition 4.2.2. For a fixed a,b € [n], the partition transformation map
7 : R? = R® x — Ax is defined by a d-by-e transformation matrix, with columns

indexed like the axes of R%:

_ | | |
A= (CYI12 Oéllg anl,n)
|

A column vector «;; is the zero vector if ¢ or j is equal to b; otherwise it is one of the
standard basis vectors ey, 1 < m < (";1), for R°. Each basis vector is represented
exactly once in the columns of A, and the basis vectors are ordered such that removing

the zero-vector columns would yield the identity matrix.

The map 7 is designed to move from R? to R® by removing the specific n — 1
coordinate axes in R? for which our fixed parameter b is one of the indices. We
could equivalently remove those involving a, but only one of the two fixed parameters

should be removed. The map is best understood with an example.

Example 4.2.3. Suppose n = 4, meaning d = 6 and e = 3, and fix a = 1,b = 2.

Then the transformation matrix A is:

A= | | | | | |
- Oé|12 Oé|13 Oé|14 CY|23 CY|24 Oélg4
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010000
=10 01000
00 0O0O01

The partition transformation map 7 : R® — R3 operates as follows on any column

vector x € RS:

T12
Z13
01 00O0O0 T13
L14
T(x)=Ax=10 0100 0] = | z1a
T23
000 O0O01 T34
T24
T34

As desired, the elements of x retained by this operation are indexed solely by the
labels 1, 3, and 4; the label 2 has been entirely removed, leaving only the coordinates
that represent the relationships exclusively between these three of the original 4

objects in [n].

Broadly, the map 7 removes the partition information for one object out of n,
but retains all other partition information for the remaining n — 1 objects. Since
we are focused on circumstances where two objects a, b are positioned exclusively
together with each other within partitions, this reduction in dimension can be seen

as a removal of superfluous information.

We are now ready to prove the main theorem. Using 7, we can show that the
faces described in Lemma 4.2.1 are each affinely equivalent to the polytope L, _1,

which also ensures they are combinatorially equivalent to L,,_; .
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Theorem 4.2.4. Let 2 < k < n and consider L, ), with vertices representing
partitions of [n] with up to k blocks. For any fized pair of elements a,b € [n], let
Vab be the subset of vertices of Ly, representing partitions where a and b are in the
same block. Then the face F' incident on Vy, is affinely, and thus combinatorially,

equivalent to Ly_q .

Proof. The partition understanding of L,, , heavily restricts the structure of F'. Any
vertex of L, incident on F' has v,, = 1, meaning a and b are in the same block.
This means that for any ¢ € [n], ¢ # a, b, the relationship between a and ¢ must be
identical to the relationship between b and ¢, and therefore v,. = vp.. Since this is
true for all vertices of F', it is also true for any point x € F', meaning F’ is contained in

an affine subspace of R? characterized by 2., = 1, Zae = p.Ve # a, b. This subspace

has dimension d — 1 — (n — 2) = @ —n+1= w, so F' considered as the
convex hull of V;, is a polytope of dimension at most w = (”;1) We denote

the subspace as:

Huyy = {z € R4 = 1,74, = T4 for any c # a, b}

Note that, being some affine subspace of R? which contains F, H,, must contain
the affine hull of F. We now note that two polytopes P and ) in R? and R®, respec-
tively, are affine-equivalent if there exists an affine map 7 : R — R® that maps P
bijectively to @), where 7 itself need not be a bijection but must restrict to a bijection
between the affine hulls of the two polytopes [67]. We intend to prove that F' C R? is
affine-equivalent to L, 1 C R(n51> using the partition transformation map 7 defined

above.
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Consider any vertex v € Vg, a vertex of the face F' C L, , and recall that v
represents a valid partition of [n] into at most k blocks by having v;; € {1, — 25}
for any pair of objects 7,5 € [n]. Then since the values v;; are unaltered by 7, and
are purely either retained or discarded depending on whether b is one of the objects
involved, it follows that m(v) represents a partition of [n| — {b} into up to k blocks.

Therefore 7(v) must be one of the vertices of L, C R".

To progress further, it helps to establish that this transformation is bijective when
restricted to Hy, as this simplifies showing that it maps F' to L,_; ;. The most
straightforward way to do this is to restrict the original mapping to 7y, : Hyp — RS,
where 7, (x) = m(x) for any x € H,y, and construct the inverse mapping 7,,' : R® —
H,,. Note initially that H,, also has dimension (”;1) = e. Our inverse will map
y — Cy +d for a carefully-chosen e-by-d matrix C' and vector d of length d, indexed
according to the axes of R?. The vector d will have d,;, = 1 and zeros everywhere else.
The matrix is easiest to describe according to its row vectors, as these can be indexed
according to the axes of R? to align in structure with the original transformation

matrix A:

— Cl1g —

— 13 —

T Cnfl,n o
The row vector cg is the zero vector. For the row vectors ¢;; such that neither ¢ nor
7 is equal to b, each is equal to one of the standard basis vectors ey, of R¢, such that

if this set of vectors was taken in order as an e-by-e matrix, it would be the identity
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matrix. For the remaining row vectors, either ¢ or j is equal to b, but not both; any
such vector c;;, ¢y is equal to the same standard basis vector as the corresponding

oW vector C;q, Cqj-

We can now prove that 7Ta_bl is in fact the inverse mapping of the restricted map
Tap. Consider any x € Hy, and any y € R® the maps are inverses if and only if
-1

7 (Tap(x)) = x and 74(7,,' (y)) = y. This can be accomplished on a coordinate-by-

coordinate basis.

We first show that 7' (7.(x)) = x. For any x € H,, it is true that z,, = 1.
Note that since ¢ is the zero vector and d,;, = 1 by definition, (ﬂ;bl (¥))ap = 1 for any
y € R¢. Since 7(x) € R® for any x € R? and 7,(x) = 7(x) for all x € Hy, it follows
that 7. (x) € R and thus (7, (745(x)))ay = 1. We now turn to the coordinates ij
where neither i nor j is equal to b. By construction, (7,'(y))ij = em -y for some
standard basis vector ey, i.e. the m-th entry of y becomes (7' (y));;. However, for
y = Tap(X), exactly e entries of x are preserved in the order in which they appear in
X, and these are precisely those entries at the coordinates ij where neither ¢ nor j is
equal to b. Therefore for any 1 < m < e, the m-th entry of m,,(x) is exactly the m-th
entry of x to exist at a coordinate 7j for which ¢ and j are not equal to b, and so we
conclude that for any such coordinate, (7, (74(x)))i; = x;;. Finally, consider the set
of coordinates 17 where exactly one of 7 and j is equal to b; without loss of generality,
let it be i« = b. Recall that for any x € H,, we have x,. = x3. for all ¢ # a,b. We
have already established that for j # b, it must be true that (7, (7a(X)))aj = Taj, aS
neither coordinate index is equal to b in this case. Consider the specific ey, such that

em Y = (7, (¥))as; by construction, (7, (y))s; = em -y for this same ey,, meaning

that (7Ta_b1(y))aj = (7r;b1 (¥))p;- Therefore (7Ta_b1(7rab(x))bj = W&l(wab(x))aj = Toj = Tp;.
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This covers all coordinates of x, so we conclude that 7' (7(x)) = x.

Next we demonstrate that m, (7, (y)) = y for any y € R®. Since R® is the
space which omits b, this is a much more straightforward proof. Note that for any
1 < m < e, the m-th entry of y is copied by 7T;b1 into the m-th coordinate 75 of 7Ta_bl(y)
such that neither ¢ nor j is equal to b. Moreover, for any x € H,,, by construction the
m-~th entry of x among those whose coordinates ij satisfy the criterion that neither
i nor j is equal to b is copied by 7, into the m-th entry of 7,(x). Therefore we
conclude that (7.(7,' (¥)))m = ym for all 1 < m < e, and thus mu(7,, (y)) = y.
Combining this with 7' (7.(x)) = x, it follows that 7, and 7,,' are inverses, and

correspondingly that 7, is a bijective mapping from H,, to R°.

We demonstrated previously that any vertex of F'is mapped to a vertex of L,,_;
by 7. Having shown that m,, is a bijection, we can in fact conclude that any vertex
of I is mapped to a unique vertex of L, ;. The vertices of I represent the complete
set of partitions of n items into at most & blocks such that the two specific items a, b
are in the same block; therefore the number of vertices in V,;, is equal to the number
of these partitions. Any partition of the set of n—1 items [n|— {b} into up to & blocks,
represented by a unique vertex of L,_; j, can be converted into a partition represented
by a unique vertex in V,;, by adding the element b to the block of the partition contain-
ing a; therefore we conclude that the number of vertices in V,;, is exactly equal to the
number of vertices of L,,_1 x, and thus the bijection 7, maps the set of vertices of F'
to precisely the set of vertices of L,,_; ;. Since any point in /" is an affine combination
of its vertices, and likewise for L, 1, it follows that m,(F") = L,—1x. Thus we have
an affine map which takes F' bijectively to L,_; x, and since H,;, contains the affine

hull of F' and likewise R® contains the affine hull of L,,_; 5, our map must restrict to a
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bijection between the affine hulls of the polytopes. Therefore F' and L,,_; are affine-

equivalent. In fact, R® is exactly the affine hull of L,_; ; since L,,_; is a polytope

n—1

) ) = e, so therefore [ is a polytope of dimension exactly (";1) as well.

of dimension (

Finally, we note that affine equivalence preserves the face lattice of a polytope. For
any two faces I, J C L, 1, I C Jifand only if 7.} (I) C 7,/ (J), and it is guaranteed
that 7,,' (1) and 7' (J) are faces of F' [74]. Since 7, is an affine equivalence relation,
it preserves the dimension of the faces, and therefore the containment property
described above ensures that the face lattice of F'is identical to the face lattice of
L,_1%. As such, we can conclude that the face F' defined by the vertex set V,;, is

combinatorially equivalent to L, k. O

To briefly clarify and expound on the inverse mapping ;' : R® — H,;, used in
the proof, we can continue the explicit example used to demonstrate the partition
transformation map. Using n = 4 and a = 1,b = 2, the inverse map starts with
partition information for n — 1 = 3 and is intended to generate partition information
that precisely matches the behavior of a, producing a new element b that exists in
total alignment with a. In accordance with their definitions above, the transformation
matrix C' and vector d, along with the behavior of the map itself, are as follows over

y € R3?, with the elements of y labelled such that b = 2 is the omitted element:

— C12 —— 0 0 0 1
— C13 — 1 0 0 0
o= — C14 -1 010 Cd- 0
— C23 — 1 00 0
— Coq — 010 0

— C34 — 0 0 1 0
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000 1 1
1 00 0 Y13
010 - 0

_ Y14

7Tabl (y) =Cy+d= Ny |+ =
1 00 0 Y13
Y3a

010 0 Y14
0 0 1 0 Y34

Theorem 4.2.4 shows that not only do the faces described by Lemma 4.2.1 exist
in L, , but in fact they are all affinely equivalent to the polytope L,_; ;. This
means that the polytopal structure associated with partitions of [n — 1] is directly
integrated into the structure for partitions of [n], controlling a large portion of the
lower-dimensional geometry of the polytope L, ;. Since affine equivalence includes
combinatorial equivalence, one consequence is that all face inclusion relationships

are preserved, meaning that any L,_; y-equivalent face imposes relationships and

n—1

structure on a subset of lower-dimensional faces of L,, , from ( )

) dimensions down
to one-dimensional edges. Moreover, we can take this notion of equivalence further
and recursively find more faces at even lower dimensions that are similarly affine

equivalent to smaller partition polytopes.

Corollary 4.2.5. Suppose 2 < k < n —m for some integer 1 < m < n — 2 and
consider L, with vertices representing partitions of [n] with up to k blocks. For
any fized subset of m + 1 elements M C [n], let Vi be the subset of vertices of Ly,
representing partitions where all elements in M are in the same block. Then L,
has a face incident exactly on Vi, and this face is affinely, and thus combinatorially,

equivalent to Ly_p j.

Proof. Note that Theorem 4.2.4 is the m = 1 case. Consider m = 2, and let
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M = {a, b, c} for some trio of distinct elements in [n]. Let F' be the face combinatori-
ally isomorphic to L,_;; that is defined by a,b € M, in the style of Theorem 4.2.4.
Note that any partition vertex for which all elements in M are in the same block
must be in F. Since F' is combinatorially isomorphic to L,,_;; via the partition
transformation map 7, its vertices act as the partitions of the (n — 1)-element set
[n] —{b}. As such, the set of vertices of L, ; where all elements in M are in the same
block is equal to the set of vertices of F' where {a, c} are in the same block; in other
words, within F'; M identifies the same partitions as M — {b}, a two-element subset
of [n] — {b}. By Theorem 4.2.4, then, there exists a (”;2)—dimensional face Fyy of

F (and by extension of L, ) that is combinatorially equivalent to L,_» and whose

vertices are exactly the vertices V).

Inductively assume the statement holds for m = ¢ — 1, for some value ¢ such that
k <n — ¢; this ensures L,y is still a well-defined structure. Consider m = ¢, and
some M C [n] with |[M| = m. For any subset of M" C M of size m — 1, our inductive
step indicates that there is a face F' of L,, ; which is incident exactly on the vertices
representing partitions where all elements of M’ are in the same partition block, and
furthermore F' is combinatorially equivalent to L,,_,,+1 . Then by the same logic
as the m = 2 case, M acts as a size-2 subset of the elements whose partitions are
represented by F, since all elements in M’ are already glued together by the structure
of F'. Applying Theorem 4.2.4, we obtain a face F; C F', which must also be a face of

L,, 1, that is incident exactly on Vj; and is combinatorially equivalent to L,,_,, . O

Theorem 4.2.4 indicates that there will be several copies of L,_; , present as faces
of L, ; in fact, there will be one for each pair of elements in [n], so there will be

(Z) such faces overall. Similarly, the corollary indicates that there will be at least
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(mil) copies of L,_p, present as faces of L, j, defined by the subsets of [n] of size
m + 1. Note that since every vertex of L, j represents a partition of [n] into at most
k blocks, when k£ < n it is ensured by the pigeonhole principle that at least one block
of any partition will contain more than one element. Therefore, the corresponding
vertices must belong to at least one copy of L,_,, , meaning every vertex of L, j
belongs to at least one such copy whenever k < n. This indicates that the structure
of these copies has tremendous influence over the lower-dimensional structure of L, ,

and especially over the edge structure. The lowest-dimension set of faces that can be

utilized for this concept will be those equivalent to Ly .

Several open questions remain around nested faces. Corollary 4.2.5 considers them
as defined by subsets of [n]; the eventual result of the progression described in the
corollary is a collection of faces combinatorially equivalent to Ly, whose basal vertices
are a specific subset of the k-block partitions of [n]. In particular, the Ly, faces
described by Corollary 4.2.5 must have basal vertices that are (n —k+1)—1—...—1
partitions. In general, however, this is not the only possible k-block partition
structure. For example, under n = 5, k = 3, Corollary 4.2.5 identifies a collection of
L3 s-equivalent faces whose basal vertices are 3-1-1 partitions, but makes no claims
about 2-2-1 partitions. It is plausible, given observations and results thus far, that
these other k-block partition classes would also give rise to Ly subfaces defined
instead by the relationships that “glue” certain objects to each other to result in a

k-block partition.

Conjecture 4.2.6. Fvery k-block partition vertex is the basal vertex of some face of

Ly, i that is combinatorially isomorphic to Ly .

Similarly, it may be possible to use “gluing” relationships to define higher-
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dimensional faces as well, given enough room between n and k. The ability to
identify and describe a broad range of faces would be useful in problems where parti-
tion polytopes arise as solution spaces; recall that partition polytopes are traditionally
associated with cuts on a graph, a class of problems with close ties to optimization
(many of which will be explored in the next section of the dissertation). Graph
cut problems typically seek to cut a graph with many vertices into a few big pieces
(k << n), meaning that the polytope will be very high-dimensional and much of its

geometry may be influenced by these intermediate faces.

Finally, all results in this line of inquiry thus far keep k constant and look for faces
that are combinatorially equivalent to polytopes using smaller values of n. However,
it is possible that faces may also exist that are combinatorially equivalent to polytopes
that use smaller values of k. This line of inquiry should be fully explored, beginning

by returning to n = 4 and n = 5 case studies to look for any evidence of such faces.
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CHAPTER FIVE

Background: Max-Cut Problems

and Semidefinite Programming
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For this part of the dissertation, we assume a foundational understanding of optimiza-
tion in general and combinatorial optimization in particular, per the books and notes
of Bertsimas [10] and Schrijver [59]. The k-maz-cut problem is a classic combinatorial
optimization problem on weighted graphs. For any graph G = (V, E) on n vertices,
a k-cut is a partition of the vertices into k groups, and the weight of that cut is
the total weight of all edges passing between groups. The solution to the k-max-cut
problem on a graph is the k-cut with the largest weight. Letting P = By, ..., By be a
(-block partition of the graph vertices, some of whose blocks may be empty, we denote
the number of non-empty blocks of the partition as |P|. Then the problem can be

formulated as follows, where w;; is the weight of the edge between vertices ¢ and j: [31]:

Maximize: g 5 Wy

1<r<s<t 1€ P ,jEPs

Subject to: |P| =k

These problems are NP-hard, so algorithms prioritize efficiently finding a reasonable
approximation rather than an exact solution [32]. Goemans and Williamson famously
developed a relaxation of the max-cut problem for £ = 2 that guarantees a cut weight
of at least 0.87856 of the true optimum for any graph [32]. There is substantial
evidence that this is the best approximation guarantee any algorithm can achieve for
the £ = 2 max-cut problem [38,42]. However, attempts to expand their methods for

higher values of k£ found that the guarantee rapidly deteriorates as k increases [31].
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5.1 The Goemans-Williamson approach

The Goemans-Williamson algorithm relaxes the 2-max-cut problem on a graph with n
vertices to a semidefinite program (SDP): a linear objective function to be maximized,
accompanied by a set of matrix constraints, whose solution will be a n-by-n positive
semidefinite (PSD) matrix. The initial formulation that leads to the relaxation is an
integer quadratic problem over variables y;,1 <7 < n, where w;; is the weight of the

edge between vertex ¢ and vertex j:

.1
Maximize: 3 Z wi; (1 — yy5)

1<j

Subject to: y; € {—1,1} VieV

The semidefinite relaxation of this problem replaces the integer variables with vectors

v; in the n-dimensional unit sphere S,,_; and considers their inner products [32]:

.1
Maximize: 3 Z wz’j<]- — V- Uj)

i<j

Subject to: v; € 5,1 VieV

As a result of this change in structure, the solution to the 2-max-cut SDP will be
a Gram matriz (see Definition 2.3.2) whose entries A;; are each the dot product of
a pair of unit vectors 4,j from a collection of n unit vectors [46]. Recall that by
construction, any Gram matrix will belong to the space of n-by-n symmetric matrices
S(n), and will be positive semidefinite. In this specific problem, since the Gram
matrices are constructed using a collection of unit vectors, the diagonal entries of
any feasible solution matrix will all be equal to 1. Thus the solution space for this

problem is the (g)—dimensional convex body made up of these special Gram matrices,
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Figure 5.1: The elliptope L3 3, whose extremal points (red) represent partitions of 3
objects into at most 3 non-empty groups. Some regions of the elliptope’s surface are
affine and resemble polytope faces, while other regions are puffy or curved.

which is known as the elliptope L£,,:
L, ={XeSn): X =0,X;=1}

There are 2™ extreme points of L,; each is a matrix whose entries are all either
1 or —1. Each extreme point can be interpreted as a division of n objects into 2
groups [47]. In other words, the extreme points of £,, are the discrete solutions to the
2-max-cut problem. For higher values of k£, the SDP has a solution space that retains
this key property by intersecting £,, with an orthant, yielding the k-way elliptope
Lok

1
Ln,k = {X € En : Xij Z —m}

For k = 2, L, = Ly2 = L,,. L, exhibits both polytopal and non-polytopal
boundary characteristics, as can be seen in Figure 5.1. The k-way elliptope is a
convex space whose extreme points represent the partitions of n objects into at most

k non-empty groups [29]. These are the same partitions as discussed in Section 2.2,
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and in fact the extreme points of £, ; are exactly the vertices of the up-to-k-partition
polytopes discussed in the first part of the dissertation. The number of extreme
points of L, ;. is equal to the total number of up-to-k-partitions of n as discussed in

Section 2.2 and can be represented as a sum of Stirling numbers of the second kind:

k
# of extreme points of £, = Z S(n, 1)

=1

The Goemans-Williamson algorithm includes a randomized rounding scheme for
obtaining a discrete solution to the 2-max-cut problem from the SDP result. In k = 2
this scheme works extremely well due to the many nice symmetries of £,,. For k > 2,
however, £, i lacks many of these nice symmetries. As a result, the approximation
guarantees gradually worsen as k increases, becoming arbitrarily poor [31]. This

motivates the use of alternative rounding schemes for & > 2 cases.

5.2 Rounding with Iterated Linear Optimization

In 2021, Felzenszwalb, Klivans, and Paul proposed a deterministic algorithm for
rounding the result of an SDP to an extremal point, dubbed iterated linear optimiza-
tion (ILO) [29]. Broadly, this process can be exercised over any compact domain
A C R"™. From any initial starting point zo € A, such as the solution obtained by
solving an SDP, the algorithm constructs a sequence x1, zs, ... € A by maximizing
over an inner product:

Tip1 = T(z;) = argmax x; - y
yeEA

Thi sequence continues until a fized point x* is encountered.

Definition 5.2.1. For any transformation 7'(z), a fixed point x* is a point at which
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In general, fixed points can be identified according to normal cones. Recall from

Definition 2.1.8 that the normal cone of a point z in a convex body A is given by:

NCA(z) ={yeR":z-y>2z-y VzeA}

For T'(x), a point z* is a fixed point if and only if z* resides in its own normal cone,
ie. x*-a* > z-a* for all z € A [29]. The process is always guaranteed to converge

to a fixed point over any convex body A [29].

Importantly for the k-max-cut setting, when using 7'(x) over a k-way elliptope
L, k. all extremal points of £, are fixed points of this iterative construction [29].
However, the extremal points of the elliptope are not the only fixed points of T, as
shown in Figure 5.2. The extremal points are rank 1 matrices, and they are the only
rank 1 matrices in £,,, which means they are the only points to have full-dimensional
normal cones like polytope vertices; but even under this condition, T'(x) has other
fixed points that may influence its behavior. This motivates a broader investigation

of where and how ILO converges on various convex bodies.

There are two primary categories of fixed point behavior: attractive and repulsive.
For the purposes of this inquiry, we will use similar definitions of attractive and

repulsive fixed points as [29].

Definition 5.2.2. A fixed point x* is attractive if there exists some € > 0 such that

||z* — || < € implies that iteration with 7" starting at x, converges to z*.

Definition 5.2.3. A fixed point z* is repelling if for any ¢ > 0, the condition
||z* — x0|| < € where xy # x* implies there is an n for which iteration with 7" starting

at xo leads to x, with ||z, — 2*|| > €.
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Figure 5.2: The fixed points of iterated linear optimization on the n = 3 elliptope L3,
color-coded by type. Red fixed points are irreducible matrices of rank 1, which have
3-dimensional normal cones. Green fixed points are reducible matrices of rank 2, and
blue fixed points are irreducible matrices of rank 2. [29]

For an attractive fixed point, as long as T'(z) starts close enough to the fixed
point, it will converge to the fixed point. For a repelling fixed point, no matter how
close to that fixed point T'(x) starts (as long as it does not start exactly on the
fixed point), repeated iterations will move away from the fixed point and converge
elsewhere. It is apparent from the work of [29] that the location of a convex body
in space influences fixed point locations and behavior. Further investigation of this
interaction will support an understanding of how ILO interacts not only with the
elliptope for semidefinite programming applications, but with solution spaces to other
relaxations of combinatorial problems as well. Chapter 6 investigates ellipses and
polytopes as settings for T'(x), and assembles some results on the types and locations

of the fixed points of T'(x) in these contexts.
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5.3 Applications to Clustering

In data science, a clustering problem on a set of n data points seeks a partition
of the data into an unknown number of groups that should reflect some natural
sorting of the original dataset. Broadly, “natural” means that data points which
exhibit similar characteristics ought to be put in the same cluster; there are many
ways to codify this objective mathematically. However, clustering is typically used
for large volumes of high-dimensional data, meaning n is very large and the data
cannot be easily visualized to estimate the number of natural groups. Combining
the high volume and dimension of the data with the number of ways to partition
n, previously established to be a sum of Stirling numbers of the second kind, it
becomes clear that the solution space for any clustering problem is extremely large.
Many algorithmic approaches have been developed to address this complexity, using
a variety of theoretical frameworks; for more details on common clustering algorithms

and their theoretical underpinnings, we recommend Algorithm Design by Kleinberg

and Tardos [44].

When clustering data, the dataset is often equipped with some quantitative
representation of similarity between data points. Often, similarity is expressed as a
non-negative value giving some notion of directionless distance between data points.
The value is zero if and only if two points are identical, with greater distances
indicating less similarity between points. By quantifying similarity, any clustering
problem can be reimagined as a max-cut problem: the data can be considered as the
vertices of a complete graph, with edges weighted by the measure’s similarity values
for each pair of data points. Considering the clustering problem in this way allows us

to apply techniques used for the max-cut problem to clustering as well.
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In [30], Felzenszwalb, Klivans, and Paul explore the prospect of implementing ILO
for clustering, comparing it to the Goemans-Williamson algorithm for k£ > 2. The
study demonstrates the potential of ILO not only as an alternative rounding scheme
for semidefinite programming in the k-max-cut setting, but also as an algorithm for
data clustering. To delve deeper into the possibility of using semidefinite programming
with TLO for clustering, Chapter 7 explores a variety of simulations carried out to
compare the performance of this algorithm to k-means, a commonly-used clustering
algorithm in industry settings. The data for the experiments represents a wide
array of conditions around the true number of clusters in a dataset, the spread
and messiness of the data, and the dimension of the data. The comparison utilizes
multiple scoring approaches to assess the performances of both algorithms under
various circumstances, the details of which are presented in Subsection 7.1.2. Based
on the outcomes of the clustering experiments, a few specific areas of study are
recommended for future work regarding semidefinite programming and ILO as an

approach to clustering.



CHAPTER SIX

Fixed Points and Behavior
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We undertook assortment of simulations and computations to explore the behavior of
T'(z) on various convex bodies situation in R", beginning with models in 2 dimensions.
The main objective of this investigation was to expand on the results of [29] with
regards to the fixed points of T'(x) on various convex domains. Since the ultimate
domains of interest are the elliptopes L£,, ;; discussed in Section 5.1, this was divided
into two main areas of inquiry. Elliptopes have boundaries with both polytopal and
non-polytopal characteristics; since these two types of boundaries yield dramatically
different algorithm behaviors in, the inquiry is split into two sections focused on both

boundary types individually.

First, in Section 6.1, fixed points are characterized on two-dimensional ellipses,
focusing on how the specific location of a convex body in R™ affects the locations of
the fixed points. For non-polytopal bodies, this influence is a continuous relationship.
Understanding this behavior is important because while £,, » has several symmetries
around the origin, £,, ;, generally has far fewer, which may impact the algorithm’s

behavior in the k-way case.

Second, in Section 6.2, fixed points are investigated on polytopes in two and
three dimensions. We obtain partial results to generalize the observations for higher
dimensions. The goal is the identification of behavioral characteristics that predict
how the algorithm will navigate the partition polytopes discussed in Chapter 3 and
Chapter 4. The section focuses in particular on the identification of saddle points
among the polytope fixed points, as a proof-of-concept that such fixed points for the

algorithm could exist.
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6.1 Ellipses

An ellipse in two dimensions is a convex body defined by its center point (h, k) € R?
and a pair of axis lengths a,b > 0 representing the maximal and minimal distances,
respectively, of any point on the ellipse from the center. Using these parameters, a

horizontal ellipse is given by the equation:

(z1 = h)? n (22 — k)?

a? b2 =1

The major axis a of this body is parallel to the xz-axis and the minor azis b is parallel
to the y-axis. Ellipses are conic forms, obtained by intersecting a three-dimensional

cone with a plane.

To identify fixed points on the ellipse, we must identify any points x = (z1, z3)
on the ellipse such that 7'(x) = x. Since T'(x) searches for the point in a convex
body that maximizes the inner product, in this case the Euclidean inner product,

this must be a point x such that over all y = (y1,y2) on the ellipse:
2 2
T+ 15 2 T1Y + T2y

The ellipse is highly regular, and as such a convenient approach to identifying these
points is to parametrize the surface so that it is described in terms of a single variable
t rather than two variables xq,x2. Any point on the ellipse can alternatively be
represented as (acost + h,bsint + h) for some angle 0 < ¢ < 27, which means the

iterative algorithm has become:

T(t) = argmax a® cos t cos s+ah(cost+cos s) +h?+b*sin ¢ sin s+ bk(sin t +sin s) + k*
0<s<2m
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The simplest way to find the value of s that maximizes this expression is to take
the derivative with respect to s and evaluate for where the derivative is 0. Taking
the derivative removes several terms from the expression, at which point we solve to

separate s = T'(t) from ¢:

0= —a’costsins — ahsins + b?sint cos s + bk cos s

= —sin s(a® cost + ah) + cos s(b® sint + bk)

] b?sint + bk
sin§ = —— cos S
a?cost + ah
b?sint + bk
tans =

a?cost + ah

Fixed points must be the points at which ¢ = T'(¢), so we conclude that the necessary

condition for a point on the ellipse to be a fixed point is:

b*sint + bk

tant = ————
a?cost + ah

Note that this is only the condition for the expression inside the maximization to
be 0. Some values of ¢t which satisfy this condition will maximize the expression,
becoming attractive fixed points; some will instead minimize it and act as repulsive
fixed points. The existence of these attractive and repulsive fixed points align with

the observations made in [29] on the fixed points when iterating over a circle.

Considering ellipses in R? more broadly, it can also be noted that an ellipse
may not always have its major and minor axes aligned with the horizontal and
vertical axes. Suppose an ellipse has been rotated from a horizontal position by
some angle 0 < § < 7 (a rotation of § = 7 will simply switch which ends of the

horizontal axis point left and right). Independent from the location of the ellipse in
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the plane, in essence supposing a center of (h, k) = (0,0), a given point (z1,z5) on
the ellipse is relocated under such a rotation to a new point (z/, x5) by the following

transformation:

T cosd@ —sinf T T1cosf — x5 8in 6

xh sinf cos@ To 21 8in 6 + x5 cos

Applying the earlier change of variables and adjusting for a generalized center, we

have the following form for the ellipse, where a, b, h, k, 0 are fixed-value parameters:

(acostcos® — bsintsind + h,acostsin + bsintcosf + k) €e R, 0<t<2r

And from here, we can utilize the same process as for the horizontal ellipse to

determine the criterion for fixed points, which results in:

b?sint + b(k cos — hsin6)

tant =
M= 2cost 1 a(hcosf + ksinf)

As a quick but effective sanity-check of this condition, it can be observed that a value

of 8 = 0 returns the prior result.

From these equations, it is evident that the locations of fixed points on an ellipse
are governed not solely by the geometry of the ellipse, but by the location of the
ellipse in R?. This is consistent with the results observed in [29] for circles, indicating
that the position of a convex body with respect to the origin is likely to consistently
influence the behavior of this algorithm. This is reinforced by graphical analysis,
plotting the locations of points on the ellipse satisfying the identified conditions for

an assortment of centers, axes, and rotation angles.
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(a) An ellipse with parameters a = 3,b = 1,0 = ¢
centered at C' = (0,2).

‘\‘-—
(b) An ellipse with parameters a = 4,b = 3,0 = %’r
centered at C' = (—1,0).

Figure 6.1: Two ellipses, drawn in blue and with their centers C' marked in blue.
Each has 4 fixed points (green). The origin O is marked in black, with gray line
segments to each fixed point. The tangent lines to the ellipse at each fixed point are
shown in red and are perpendicular to the gray segments.
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Although both of the ellipses shown above exhibit 4 fixed points, the number of
fixed points that appear on the ellipse can vary. Some ellipses, most commonly those
near the origin, have 4 distinct fixed points; others, most commonly those farther
from the origin, have only 2. However, the trigger for this behavioral shift proved
to be elusive. Containment of the origin — or even proximity to the origin — are not
correlated, for example. Many ellipses near the origin have 4 fixed points, but there
are clear examples of ellipses containing the origin and having only 2 fixed points
(such as Figure 6.2a) and of ellipses having 4 fixed points despite not containing the
origin (Figure 6.1a, Figure 6.2b). Similarly, there is no correlation of numbers of fixed
points with the distance of the ellipse’s center from the origin, the ratio between the
major and minor axes, or whether the ellipse intersected one of the axes of R2. The
question of the overarching paradigm for the number of fixed points on the ellipse

remains open.

6.2 Polytopes

We begin the inquiry into polytopes by establishing some intuition for the behavior
of T'(z) along one-dimensional affine structures, in particular edges of polytopes. Let
sgn(z) denote the “sign” operation, which returns whether the input value is above,

below, or equal to 0.

Lemma 6.2.1. Suppose an n-dimensional polytope P has pair of vertices v,w con-
nected by an edge such that only one coordinate value changes along that edge, i.e.

there exists exactly one value i € [n| such that |v; — w;| # 0. Then T'(z) applied to
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(a) An ellipse centered at C = (1,1) with a = 3,b =2
that contains the origin. The ellipse has 2 fixed points.

(b) An ellipse centered at C' = (2,2) with a = 4,b = 1 that does not
contain the origin. The ellipse has 4 fixed points.

Figure 6.2: The number of fixed points on a two-dimensional ellipse is not correlated
with containment of the origin. The center of each ellipse is marked in blue, and the
fixed points are marked in green. The gray line segments in each figure mark the
lines from the origin to each fixed point, and the red lines are the tangent lines to
the ellipse at each fixed point. Each tangent line is perpendicular to a gray segment.
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any point x on that edge, with the edge itself as the domain, will operate as follows:

;

argmax ||y||, sgn(z;) = sgn(v;) = sgn(w;)
ye{v,w}

T@) =4, sgn(z;) = sgn(v;) # sgn(w;)
w, sgn(z;) = sgn(w;) # sgn(v;)

Proof. The iterative process T'(x) operates by maximizing the inner product of z
with all possible points y in the domain. By restricting the domain to the edge itself,
the end result of T'(x) must be one of the two endpoints, v or w. The inner product
of x with any point y will be the sum of the products of their elements, and along
the edge between v and w, these products will all be the same except for x;y;: the
product at the index which is changing along the edge. Therefore, the output of T'(x)
will be the point y such that z;y; is maximized. Note that regardless of anything else,
either v; > y; > w; or w; > y; > v; for all points y along the edge. So either v or w

must be the maximizer.

There are several cases to consider here. First, suppose that v; and w; have the
same sign. If x; matches them, then x;y; is greatest at whichever endpoint has the
greater value at index ¢, which is an equivalent condition to identifying which endpoint
has the greater norm. If z; has a different sign, however, then z;y; < 0 for every point
y along the line, and so this term will detract from the total inner product. Thus
the inner product will be maximized at whichever endpoint has the smaller value
at index ¢, i.e. which has the smaller norm. On the other hand, if v; and w; have
different signs, then x; must match either v; or w; in sign. Consider the case where
it matches v;; then z;v; > 0 and x;w; < 0, meaning x;v; adds to the inner product

while z;w; subtracts from it, and therefore the inner product will be maximized at v.
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If z; instead were to match w;, these relationships would be exchanged, giving the

result. O

Lemma 6.2.1 is applicable to a specific circumstance in the partition polytopes
described in Chapter 3 and Chapter 4. We proved in Proposition 4.1.3 that in these
polytopes, an edge exists between any two partition vertices related by the division
of a single size-2 block into a pair of size-1 blocks. The coordinate-wise structure
of the partition vertices means that this pair of vertices appear identical except at
a single coordinate index, and furthermore that this index will be positive for the
vertex with the size-2 block and negative for the other vertex. By this lemma, we
fully understand the behavior of T'(z) along the guaranteed edge between any two
such vertices. Moreover, the restriction of the domain of T'(x) to the edge is sensible
in this context, because the algorithm would typically start from the interior of the
polytope and step to the boundary. In other words, the edge point would be the

result of some iteration of 7', rather than an arbitrary starting point.

Lemma 6.2.1 demonstrates an overarching theme for these polytope inquiries:
determining not just where fixed points are, but how they behave. When there are
multiple attractive fixed points in a single convex body A, different starting points
xo for the iterative algorithm 7'(z) can converge to different fixed points. Knowing
which fixed points a given starting point will move towards or away from is crucial
to a broad understanding of the algorithm. To that end, we introduce the following

terminology:

Definition 6.2.2. The region of optimality for a fixed point z* of T'(x) over some
convex body A is the set C,« C R"™ such that starting the algorithm at any point

x € Cp NA can converge to z*.



111

3

The definition uses “can converge” rather than “will converge” to account for the
fact that T'(x) does not necessarily have a unique solution [29]. Note that to be a fixed
point in the first place, * must reside within its own normal cone (Definition 2.1.8),
which is equivalent to satisfying z* = T'(z*). Therefore the region of optimality for
any fixed point will always contain z* itself. However, in the case of a repulsive fixed
point, the region of optimality will consist solely of z* itself. For an attractive fixed
point, on the other hand, the region of optimality must contain the entire normal
cone of z*. By the definition of the normal cone, any point in the normal cone has its
inner product over A maximized by z*. The intersection of A with the normal cone
of x* thus consists exactly of the points in A that will be drawn to z* in a single step
of T(z). In the case of a polytope P, for which R? is divided among the normal cones
of the vertices, any point z € P belongs to the normal cone of at least one vertex v
and will therefore have T'(x) = v; hence, whenever a vertex v of a polytope resides
in its own normal cone, it is a fixed point whose region of optimality is exactly its

normal cone.

Moving forward, we can introduce the central question of the section. In addition
to attractive and repulsive fixed points, there is a third category of fixed points called
saddle points, which are partially attractive and partially repulsive. Let B.(x) C R?
be a ball of radius ¢ centered at x € R? for some arbitrarily small ¢ > 0. The

following definition can be utilized for fixed points of any optimization algorithm.

Definition 6.2.3. A fixed point z* is called a saddle point if there is some € > 0
such that there exists a set of points A C B.(z*) and a set of points R C B.(z*) for

which:

(1) For any xy € A, ||z — xo|| < ¢, iteration with T" starting at z will converge to



112

x*; and,

(2) For any =g € R, ||z — x¢|| < ¢, iteration with T starting at z, will lead to some

point x, with ||z — z,|| > .

It was established in [29] that some convex bodies have fixed points for T'(z)
which are saddle points, but for which either the region of attraction A or the region
of repulsion R is not full-dimensional, i.e. n-dimensional. For example, a saddle point
might repel T'(z) along a specific line on the surface of the convex body, but attract
T'(x) from anywhere else on the surface. An open question stemming from this is
whether it is possible for T'(z) to have saddle points whose regions of attraction and

repulsion are both full-dimensional. We can characterize these points as follows:

Definition 6.2.4. A saddle point s* of T'(z) over some convex body A C R? is
called full-measure if for any small neighborhood N, = B.(z) N A of s* within A,
where A, R C N, are the subsets of points in the neighborhood which are respectively

attracted to and repelled from =, A and R are both d-dimensional.

Note that to be a full-measure saddle point, s* must be a fixed point of T'(z) (i.e.
reside in its own normal cone, as established in [29]) and have a d-dimensional region
of optimality to which A belongs. We know that the region of optimality for any
fixed point * must contain its normal cone. As such, the immediate candidates for
full-measure saddle points over a polytope are the vertices, which are the only points
in any polytope to have d-dimensional normal cones [74]. Any vertex is guaranteed
to have a d-dimensional region of optimality, and so the focus from here onward will

be on vertices as possible full-measure saddle points.

Example 6.2.5. In two dimensions, we can already identify polytopes which have full-

measure saddle points. Consider a triangle with vertices at a = (0, —1), b = (3, —1),
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(a) A green-shaded triangle with color-coded (b) The triangle depicted in Figure 6.3a,
vertices a = (0,—1) (orange), b = (3,—1) overlaid with the 3 vectors normal to each
(red), and ¢ = (—2,2) (purple). of its facets (i.e. edges).

-2 -2

Y Y

—3 -3

(c) The normal fan of the triangle depicted (d) The normal fan overlaid with its corre-
in Figure 6.3a, consisting of 3 regions subdi- sponding triangle. The color of each vertex
viding R?. The regions are shaded orange, aligns with the color of one region of the fan,
red, and purple. which is its normal cone.

Figure 6.3: A triangle constructed such that the vertex a = (0, —1) is a full-measure
saddle point. In Figure 6.3d, the vertex visibly resides on the boundary between its
own normal cone and the neighboring normal cone of b = (3, —1). For completeness,
the normal vectors for each facet and the full normal fan are represented in Figure 6.3b
and Figure 6.3c.
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and ¢ = (—2,2), as shown in Figure 6.3a. We can explicitly write out the three

bounding hyperplanes that define this triangle, each of which is an inequality in R?:

H1 ) Z -1
H2 13271 + 2232 2 —2

H3:—3x1—5x22—4

Each of these hyperplanes has an associated normal direction that points outward
from the interior of the polytope. These three directions are depicted as vectors in

Figure 6.3b and are, respectively:

U = ) V2 = ) U3 =

These three directions can be used to partition R? into three regions as shown in
Figure 6.3c. Collectively, these comprise the normal fan of the triangle, and each
region is the normal cone of one of the vertices; this is represented by the shad-

ing of the regions, which can be seen in Figure 6.3d to match the colors of the vertices.

Of particular interest here is the vertex a = (0, —1), which in Figure 6.3d clearly
sits on the boundary between its own normal cone (shaded orange) and the normal
cone of the vertex b = (3,—1) (shaded red). By the definition of the normal cone
(Definition 2.1.8), any point x in the orange region obeys x - a > x -y for all other
points y in the triangle. Similarly, any point x in the red region obeys x -b > z -y for
all other points y in the triangle. Since a sits on the boundary of these two regions,

for any e > 0, the ball B.(a) C R? will contain some portion A solely in the normal
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cone of a, and some portion R solely in the normal cone of vertex b (both excluding
the boundary). Applying 7T'(x) to any point zo € A will immediately yield T'(x¢) = a,
and applying T'(z) to any point o € R will similarly yield T'(xq) = b. Therefore, a is

a full-measure saddle point.

Based on these observations, we can develop a complete characterization of the
conditions required for vertices to be full-measure saddle points. Note that by

“full-dimensional” we mean d-dimensional.

Lemma 6.2.6. Let v be a vertex of some polytope P C R%. Then v is a full-measure
saddle point with respect to T(x) if and only if v lies on the boundary between its own
region of optimality C,, and the region of optimality C,, for some other vertex w # v,

where both PN C, and PN C,, are full-dimensional.

Proof. The reverse direction follows directly from definitions. If P N C, is full-
dimensional, then its intersection with any arbitrarily small neighborhood of v must
also be full-dimensional. Moreover, any point in P N C), will be attracted to v, so
the intersection of P N C, with this small neighborhood must be contained in A.
Therefore A must be full-dimensional. A similar argument proceeds for R, using
PNy, and so A and R are both full-dimensional, making v a full-measure saddle

point.

We now prove the forward direction. Suppose v is a full-measure saddle point.
Then for any arbitrarily small neighborhood of v within P, there exist two regions
A, R which are full-dimensional and represent all points in the neighborhood that are
attracted to or repelled from v, respectively. By definition, A must be contained in

C,, the region of optimality of v; since A is also contained in P, we have that P N C,
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is full-dimensional. Meanwhile, any points in R that are repelled from v must be
attracted elsewhere. In particular, for them to be repelled from v, they cannot be in
the normal cone of v, and will therefore be in the normal cone of at least one other
vertex. Since R is full-dimensional and P has a finite number of vertices, there must
be a vertex w such that RN C), is full-dimensional as well. However, R exists for any
arbitrarily small neighborhood of v, which means C,, must include v. Since both C,
and C, must contain v, it follows that v is on the boundary of these two regions,

specifically on the boundary of its own normal cone and the normal cone of w. [

Having established the existence and structure of full-measure saddle points,
we now begin building towards a specific scenario where we can guarantee their
appearance under a particular construction. Recall the discussion of normal cones
and normal fans given in Section 2.1. For the next lemma, we note that a proper
rotation is a bijective mapping ¢ : R™ — R”" such that the origin is preserved,

FEuclidean distances are preserved, and orientation is preserved.

Lemma 6.2.7. Suppose two d-dimensional polytopes P, P' C R® with normal fans
F, F' respectively are related via proper rotation, i.e. there exists some rotation ®

such that P' = ®(P). Then F' = ®(F).

Proof. Recall from Definition 2.1.11 that the normal fan of a polytope P can be
understood as a method of portioning R? into the normal cones of the polytope’s
vertices, which in turn include the normal cones of every face of the polytope. The
normal cone of each facet of the polytope is simply its outward-directed normal
vector, whereas the normal cone of each vertex is the cone generated by the vectors
of the facets incident on that vertex (Lemma 2.1.9,Lemma 2.1.10). As such, the
outward-directed normal vectors of the facets fully characterize the normal fan. It

suffices to show that the normal vector of any facet of P’ is equivalent to the rotation
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of the normal vector of the corresponding facet of P, as this ensures the vectors which

characterize F precisely yield the vectors which characterize F".

Note that since P' = ®(P), each facet A’ C P’ must have exactly one corre-
sponding facet A C P such that A’ = ®(A). Let a be the outward-directed normal
vector of A; that is, not only is a normal to A, but for any point p € A and € > 0,
p+ea ¢ P. Since ® preserves orientation, ®(a) must be normal to ®(A), and we
can further note that ®(p) € A’. Then ®(p) + cP(a) = ®(p + ) cannot be in P’
because p 4 e« is not in P, verifying that ®(«) is the outward-directed normal vector
of A’. This will hold for any facet, meaning all normal vectors carry over by rotation,

and therefore F' = ®(F). O

Lemma 6.2.8. Given an (d — 1)-dimensional polytope P C R™ with normal fan F,
any orthogonal prism (Q = P x I for some line segment I normal to P will have a
normal fan characterized by the vectors of ' in addition to the pair of normal vectors

to the affine space containing P.

Proof. Lemma 7.7 of Ziegler’s Lectures on Polytopes states that the normal fan of the
product of two polytopes P € RP, () € R? is equal to the direct sum of the normal
fans of those polytopes [74]. The normal fan of any line segment considered as a
one-dimensional polytope consists of two vectors directed parallel and antiparallel to
the line segment, and the normal fan of P is fully characterized by the vectors of its
facets, all of which are orthogonal to the line segment I by construction. Therefore
the normal fan of the resulting d-dimensional prism ) will be the collection of cones

generated by these vectors. O

Our interest now is in the connection between full-measure saddle points of a
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(d — 1)-dimensional polytope P embedded in R? and full-measure saddle points of
an associated orthogonal prism (). We observe that any such polytope P must be
contained in a (d — 1)-dimensional affine space S, which must be parallel to some
hyperplane H C R? containing the origin. Moreover, there must be a rotation of
R? that bijectively takes H to the z,x5...z4_1-hyperplane, which will also bring S
normal to the x4-axis. We will make use of the existence of such a transformation to

simplify the following proof.

Proposition 6.2.9. Let P be an (d — 1)-dimensional polytope embedded in R?, with
some vertex v that is a full-measure saddle point for T(x) operating over P. Then
for any orthogonal prism Q C R? of P, at least one of the two vertices u,u’ € Q) that

are constructed from v will be a full-measure saddle point for T (x) operating over Q.

Proof. By Lemma 6.2.7, normal fans rotate with their polytopes but are otherwise
unchanged. Therefore, without loss of generality we can treat P as though its corre-
sponding affine space S has the normal direction (0,0, ...,0, 1), since the rotation of
R? unique to the hyperplane H would make this true and can be reversed after the
prism is constructed. This allows us to consider () as P X I for some interval I on
the x4-axis. Through the prism operation, each vertex of P becomes an edge of @); in
particular, v € P becomes an edge V of ), with two endpoints u, v’ that are vertices
of Q. @ has two facets G, G’ which are copies of P; these facets are parallel to each
other, G with outward-directed normal vector (0,0, ...,0,1) and G’ with the opposite
vector (0,0, ...,0,—1), and the edge V' passes between them. Both u and «’ occupy
the position in their respective P-facets GG, G’ that was previously occupied by v.
Note that if we consider u as u = (uy, ug, ..., uy,), then v’ must be (uy, ug, ..., u,, — ¥¢)

where / is the length of the line segment I such that Q = P X I.
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Since v is a full-measure saddle point in P, there exists some vertex w € P
such that v lies on the boundary of C, and C\,, within the setting of S, and that
PNnC,,PNC, are (d — 1)-dimensional sets. Let W be the edge of @), with end-
points z, z’ in the same P-facets G, G’ as u, u’ respectively, resulting from the prism
operation over P. By Lemma 6.2.8, the normal fan of P is augmented by a pair
of new vectors to get the normal fan of (). Since these vectors are parallel to each
other but orthogonal to the fan of P, they generate two d-dimensional cones for each
(d — 1)-dimensional cone of attraction corresponding to vertices of P; for v, C, has
become the pair of cones C, Cy, and similar for w. The full-measure saddle-point
behavior of v and the components of the normal fan preserved from P mean that
every point on the edge V' must lie on the boundary between two normal cones as
well: one cone corresponding to either u or u’, and one cone corresponding to either

zor 2.

Note that the entire portion of the normal fan of () which originated with P is
contained in the z1xs...x4_1-hyperplane. As such, the normal cones of u and u’ must
be separated by this hyperplane, and likewise the normal cones of z and z’. Since V'
is an edge running in the normal direction to the bounding hyperplane, at least one
of u or u/ must not be contained in that hyperplane. Then either u, u" are both above
or below the hyperplane, or u is above and v’ is below. In the case that u,u’ are both
above the hyperplane, u is in its own normal cone, while also being on the boundary
of the normal cone of z, meaning it will be a full-measure saddle point. In the case
that u,u are both below the hyperplane, ¢’ is in its own normal cone and also in
the normal cone of 2/, making it a full-measure saddle point. In the case that u is
above and v’ is below the hyperplane, both are in their own normal cones and in the

normal cones of z and 2’ respectively, so both will be full-measure saddle points. [



120

The final stage of this proof leads immediately to a more detailed result — not
only will at least one of the vertices constructed from the full-measure saddle point
be a full-measure saddle point in turn, but we can articulate the precise condition

under which both vertices will be full-measure saddle points.

Corollary 6.2.10. Let P be a (d — 1)-dimensional polytope embedded in R, with
some vertez v that is a full-measure saddle point for T'(x) operating over P. Then for
any orthogonal prism Q C R? of P, the two vertices u,u’ € Q that are constructed
from v will both be full-measure saddle points for T'(z) operating over @Q if and only
if, for the hyperplane H C R parallel to the two P-facets of Q, there exists some
e >0 such that (H+e)NQ # @ and (H—e)NQ # 2.

Proof. The condition of the existence of some ¢ > 0 such that (H 4+ ¢) N Q # @ and
(H —e) NQ # @ states that ) must fully cross the hyperplane in R™ that is parallel
to its P-facets GG, G’. In the previous proof, it was showed that when this is true, u
and u’ are both full-measure saddle points. Suppose this condition is not met, i.e. @

is fully on one side of the hyperplane or is incident on it.

If @ is fully on one side of the hyperplane, then u and «" must both be in either
the normal cone of u or the normal cone of u’, depending which side () resides on.
The vertex in whose normal cone they reside will be a full-measure saddle point, as
shown before; however, the other vertex is not in its own normal cone and is there-

fore not a fixed point in this scenario. As such, it cannot be a full-measure saddle point.

If instead @) is incident on the hyperplane H, then one of its P-facets must be

contained in the hyperplane, since the hyperplane is parallel to them. Suppose G
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and by extension u are contained in H, in which case v’ is the full-measure saddle
point guaranteed by Proposition 6.2.9. Then u sits on the boundary of its normal
cone and the normal cone of u/. Suppose w is in fact a full-measure saddle point; then
there must exist some ¢ > 0 such that there is a d-dimensional set A C B.(u) N Q for
which iterating with 7" from any xy € A will converge to u. Since A is d-dimensional,
it must not be contained in H. Consider some xy € A\ H. Since o € Q and xy ¢ H,
xp cannot be in the normal cone of u, meaning 7" will not converge to u, yielding a

contradiction. Therefore v cannot be a full-measure saddle point.

We conclude that the only condition under which wu,u" will both be full-measure
saddle points is when @ fully crosses the hyperplane H, i.e. when (H +¢) N Q # &

and (H —e) N Q # & for some ¢ > 0. O

Proposition 6.2.9 and Corollary 6.2.10 indicate that full-measure saddle points exist
for T'(x) and moreover they can be iteratively generated in polytopes of arbitrarily
high dimension. An interesting aspect of these points is that 7T'(x) can converge to
them even though they are not true attractive fixed points. The potential impact of

this quirk on the overall behavior and accuracy of T'(x) remains an open question.



CHAPTER SEVEN

Experimental results
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To determine the viability of using semidefinite programming with 7'(z) (SDP-ILO)
as a data clustering algorithm, we constructed a variety of simulations to test the
performance of the algorithm. We primarily compared SDP-ILO with the commonly-
used k-means algorithm. As part of this study, we specifically looked at the ways both
algorithms made use of the parameter k. In k-means clustering, the algorithm takes
k as a parameter and always produces a clustering with exactly k clusters; that is,
the solution space of k-means is the collection of partitions of the data with exactly k
non-empty blocks. The limitation of k-means to exactly k-block partitions is nonideal
in real-world data clustering settings. Typically, there is little or no starting intuition
on how many clusters exist in a dataset; thus, using k-means requires running it
for many k-values to see a wide range of possible clusterings and identify the best
one. By contrast, the solution space of SDP-ILO is the collection of partitions with
at most k non-empty blocks, meaning theoretically the algorithm could end with a
clustering that uses fewer than k& blocks if this fits the data better than the provided
parameter value k. One key question was whether this behavior would appear in
practice; this capacity would greatly improve the viability of SDP-ILO in real data
settings, since no other commonly-used clustering algorithms have the capacity to

restrict to fewer than £ blocks given an input of k.

7.1 Methods

In the context of data clustering, the SDP-ILO algorithm works as follows. An input of
n data points is reinterpreted as the complete graph K,, = (V, E), each point becoming
a vertex, with edges weighted by the Euclidean distances between data points. The
weights are stored as a distance matrix M, which is a symmetric n-by-n matrix with

zeros along the diagonal. The standard k-max-cut objective, which maximizes the
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weights of edges crossing the cut, is relaxed to a semidefinite programming problem

using the same unit vector approach as the Goemans-Williamson algorithm [31]:

1
’ > wi(1—v; - vy)

1<j

Maximize:

Subject to: v; € S,,_1 VieV

vi-vj_—ﬁ Vi # j
The program is then solved directly using the input M as the collection of weights w;;.
The solution to the semidefinite program is a matrix X in the k-way elliptope £,
and is thus a symmetric positive semidefinite matrix with ones along the diagonal
and all entries in the range [—+27,1]. Th output matrix X is used as the initial point
x¢ for the iterative algorithm 7'(z) operating over the domain £, ;. Once iteration of

T'(x) reaches a stage such that z;,; is within some user-selected small distance of z;,

it is deemed complete and the nearby fixed point is returned as the clustering solution.

To compare the performance of SDP-ILO to k-means, for each experimental
dataset, both algorithms were used to generate a clustering of the data for each of
several input k-values. One of these input values was always the correct number of
clusters k.. used to produce the data, where ky.,. was set in the range 5 < kye < 12.
The other inputs ranged from k£ = 2 to k = 20, to capture a range of behavior when
given smaller or larger input values than k... The clusterings were scored using
three different clustering assessment methods. The collections of each of the scores
for each algorithm were plotted over the changing input values k. Examining the
scores over k allowed a view of the trends in the scores, to see which inputs yield the
best performance and how high the contrast is between different inputs of k. The

expectation was that the algorithms should each score best with an input of k = kyyye;
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beyond this, however, a strong clustering algorithm should exhibit a large change
between k = kye and k # kye. Since clustering is often done in a setting where
the true number of clusters is unknown, a striking and observable improvement in
score at a particular input £ is compelling evidence for the true number of clusters;

therefore, an algorithm must possess this quality to be broadly usable.

7.1.1 Datasets

An important consideration of experimental design was “neatness”, i.e. well-separatedness,
of the input data. Neat data is in theory the easiest to cluster; however, when asking
an algorithm to find some number of clusters k& that does not match the natural
number of clusters in the data, performance can vary significantly. On well-separated
data, a good clustering algorithm should not only identify the natural clusterings
when given k = ky,..., but also provide a clear indication of which k-value is in fact
the true one. Meanwhile, on messy data, it is not expected that an algorithm will
produce a clustering that perfectly matches the original data groupings, but rather
one which is locally similar to the original data groupings. In this setting, too, being
able to produce clustering results that point to the correct k-value as ky.. is crucial
to performance. As such, a variety of experiments were performed, using datasets

selected both for extreme well-separated niceness and for extreme messiness.

One set of experiments was run by generating data in R?, from a collection of Ky
Gaussian distributions. A few example datasets generated in this fashion are given
in Figure 7.1. The number of distributions used to generate the data varied from 4
through 8, with the majority of experiments conducted using 8 distributions. The

centers of the distributions were evenly spaced around a unit circle, and the standard
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Figure 7.1: Three sample Gaussian datasets generated for clustering testing. Each has
8 evenly-spaced Gaussian source distributions, and 10 data points were sampled from
each, yielding a total of 80 points in each dataset. The data is color-coded according
to its source distribution. The first dataset implements a standard deviation of 0.02,
the second uses a standard deviation of 0.1, and the third has a standard deviation
of 0.25 for each of the 8 Gaussian distributions.

deviations varied from 0.02 to 0.3 to test the algorithm on both well-separated data
and messy data. Using a standard deviation of 0.1 or less with up to 8 distributions
consistently yielded visually separable data, whereas increasing the standard deviation
to 0.15 or greater for 8 distributions yielded data that could not be cleanly separated
by a human observer. For these experiments, the same number of data points were

generated from each distribution, totaling no more than 100 points per dataset.

Another set of experiments focused on the MNIST dataset, a collection of 28-by-
28-pixel grayscale images of handwritten digits [48]. The images have been scaled and
centered to introduce some consistency for comparison, but there is a tremendous
amount of variety in the appearance of each digit depending on the writer. A sample
of these images, which demonstrates this variation, is given in Figure 7.2. For each
experiment using this data, images were selected at random, without standardizing
how many images of each digit type would be included. This allowed study of the
performance of SDP-ILO when the true clusters were not equal in size. The true
number of clusters was considered to be ki = 10. The data was fed to SDP-

ILO and k-means for clustering in two forms. One approach was to use the raw
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Figure 7.2: Sample images from the MNIST dataset, representing the digits 0 through
5. The dataset also includes samples of digits 6 through 9. From these images, it can
be seen that within a category of digits, there is immense variation in the images
produced by handwriting those digits. (Wikipedia: MNIST)
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image data, consisting of 784-dimensional vectors of pixel values; since the data
was so high-dimensional, only 50-60 images were sampled for each experiment. The
other approach was to preprocess the image data using TensorFlow, which for each
individual image returned a 10-dimensional vector representing the probabilities of
the image belonging to each digit class. This method mimicked the work of Mixon
et al. in [51] and was implemented explicitly on the image subset used by Mixon,
sampled in batches of 200, to compare performance not only with k-means but also

with the Mixon algorithm.

7.1.2 Scoring methods

Three scoring methods were used to compare the performance of SDP-ILO and
k-means in each experiment. Two of these methods relied on knowledge of the true
classifications of each data point, i.e. which Gaussian distribution or digit class the
data point originated from. These were the adjusted Rand score and the adjusted

mutual index, both of which were also utilized in [51]. The third method, the Davies-
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Bouldin score, does not account for the true source of the data, since in many real
clustering settings these true distributions are unknown and cannot be considered.

All three methods were implemented using the scikit-learn package in Python [54].

The adjusted Rand score has a range of [—0.5,1], with a score of 1 indicating
perfect agreement between a clustering and the original data clusters. A random
labeling of the data points will give a score near zero. No assumptions are made on
the shapes of the clusters, and the scoring is symmetric — the Rand score will be
the same regardless of which of its two clustering inputs is identified as the ground
truth. The original Rand score operates by considering the (g) pairs of objects in a
collection of size [n], counting up all of the pairs for which the original clusters and a
computed clustering agree on whether those pairs should be together or separated,
and dividing the total by (Z) [39]. The adjusted Rand index as implemented in
scikit-learn is designed to account for the influence of chance; that is, if a clustering
was built by randomly generating cluster assignments for each data point, it would
agree with some fraction of the original cluster information by pure luck. To ensure
that a randomly-generated clustering is considered the minimally-desirable outcome
and should receive a score of 0, the adjusted Rand score computes the “expected

Rand score” — the average Rand score of a randomly clustering — and scales for it [39]:

Rand — Expected Rand
Mazx Possible Rand — Expected Rand

AdjustedRand =

By utilizing this scaling, the adjusted Rand score ensures that the full range of values
in the interval [0, 1] is meaningful: a score near 0 indicates that a computed clustering
is no better than random assignment. This metric is widely utilized but is most
reliable when handling evenly-distributed data from similar distributions, and is thus

especially well-suited to the Gaussian data samples in this study. Since it is broadly
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implemented in the literature as a basic universal similarity measure for clusterings,

it is utilized here across all experiments for direct comparison.

Adjusted Mutual Information (AMI) is similar to the adjusted Rand score in
that a score of 1 indicates perfect agreement with the true clusters, and a score of 0
indicates that the clustering output and the ground truth are independent of each
other, i.e. the metric is normalized against chance. Moreover, this measure is also
similarly symmetric. However, the two scores are in fact prioritizing two different
approaches to similarity. The Rand score utilizes a straightforward pair-counting
approach, while the Adjusted Mutual Information score has an information-theoretic
approach to clustering evaluation [58]. Without delving too far into the details of
information theory, “mutual information” uses entropy to compute a notion of how
much information is identical between two different clusterings; the idea is that if
the clusterings are similar to each other, then each clustering should serve as a good
predictor of the other’s behavior [69]. Like the Rand score, the initial computation
of mutual information is not normalized, and can be adjusted by incorporating the

expected mutual information score of a randomly-generated clustering [69]:

M1 — ExpectedM 1
max(Clustering Entropies) — Expected M I

AdjustedM I =

Unlike the adjusted Rand score, this index can be directly interpreted as a distance
measure between two clusterings; the Rand score is a good similarity measure but is
not a mathematically-rigorous metric [69]. This makes AMI more robust for data
that is unevenly sampled from very different-looking distributions, as is the case with

the MNIST samples utilized in this study.



130

The Davies-Bouldin index is used to score a clustering for which the ground truth
is not known. Although the ground truth was available for every experiment, it
would not typically be available in a real-world setting, as the purpose of clustering
is often to identify and ultimately to characterize previously-unknown clusters within
a large dataset. Therefore, it is also important to assess whether clusterings which
appear strong in comparison to a known ground truth will still appear strong when
assessed independently of that truth. The Davies-Bouldin index accomplishes this
by comparing the distances between clusters to the sizes of those clusters, leading
to a measurement system very different from the other two metrics: in this scoring
structure, the lowest possible score is 0, and scores near zero indicate more effective,
well-separated partitioning of the data. The Davies-Bouldin score was explicitly
designed with the intention that across clusterings computed with different numbers of
clusters, the correct number of clusters would minimize the score [20]. It accomplishes
this using the following formula, where ¢ # j represent two different clusters in some

clustering with N clusters in total [20]:

1 — Si+5;
DB =5 2 max ()
S; and S; are the dispersions of the clusters represented by 7 and j, i.e. each is the
sum of squared distances between all pairs of points in the corresponding cluster.
M;; represents distance between clusters ¢ and j, computed as the sum of squared
distances between all pairs of points across both clusters. With this construction,
seeking the smallest possible value of DB is approximately equivalent to seeking
the clustering according to which the clusters are most geometrically well-separated
from each other in space [20]. The Davies-Bouldin score is thus designed to act as
a mathematical formalization of the visual characteristics by which clusters can be

identified and assessed in two or three dimensions, making it a particularly intuitive
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metric so long as the data under consideration exists in Euclidean space, as is the

case for both the Gaussian datasets and the MNIST samples.

7.2 Results

7.2.1 Gaussian data tests

A few trends emerged across the experiments with the Gaussian data. SDP-ILO was
consistently able to identify the true clustering whenever using the input k = ke
on data with small (< 0.1) standard deviations, i.e. data that was visually separable.
This matched the performance of k-means for neat data. For k < ke, the true
clustering was not in the solution space for SDP-ILO or for k-means. In these
cases, SDP-ILO regularly received lower scores than k-means in the Rand and AMI
metrics, and higher scores in the Davies-Bouldin metric. Both of these outcomes
represent less effective clusterings of the data for the incorrect k-values. SDP-ILO
also consistently produced exactly k clusters for its input value k in these trials. For
k > Eirue, the true clustering was in the solution space for SDP-ILO, but not for
k-means. In the majority of trials, even with this inclusion, SDP-ILO still produced
exactly k clusters. However, when using k near k.., it occasionally instead returned
a clustering with fewer than k clusters, while never returning fewer than k;.,. clusters.
For one specific case, using k... = 8 and £ = 10 on a set of distributions with a
standard deviation of 0.08, SDP-ILO reproduced the correct set of 8 clusters, as
can be seen in Figure 7.3. In this trial, the SDP-ILO clusterings for k = ke = 8

and k = 10 were identical, so they had identical scores in each of the clustering metrics.
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n = 80, k = 8, provided k = 10
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(a) The original data, colored by source (b) The clusterings given by k-means and SDP-
distribution ILO, colored by assigned cluster

Figure 7.3: The data consists of 10 data points selected from each of 8 evenly-spaced
Gaussian distributions, each with a standard deviation of s = 0.08. Using k-means
with k& = 10 produced 10 clusters, splitting the data groupings colored brown and
black in Figure 7.3a into two smaller clusters each. Using SDP-ILO with k£ = 10
produced 8 clusters, exactly matching the original data sources.

When SDP-ILO did not re-identify the true clustering and did not reduce the
number of clusters it returned, it once again scored worse than k-means in all three
metrics. For the Rand score and AMI, this produced plots with a sharp peak at
k = kyye for both k-means and SDP-ILO, with SDP-ILO having the more severe
change. For the Davies-Bouldin score, the plots had a similar structure, but with
a valley rather than a peak since a lower score indicated a better clustering. As
standard deviation was increased, making the data less separable, both k-means and
SDP-ILO yielded gradually less pronounced peaks and valleys due to the messiness
obscuring the source distributions. Figure 7.4 shows these trends for a standard
deviation of s = 0.15, high enough for the true distribution sources to be difficult to

identify visually but low enough for effective clustering.
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(b) Adjusted Rand Index scores over k
for both algorithms

(a) Data from 8 Gaussian distributions
with standard deviations of s = 0.15
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(d) Davies-Bouldin scores over k for both
algorithms
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Figure 7.4: In the experiments run with the data shown in Figure 7.4a, SDP-ILO
achieved better scores for k = k., = 8 than k-means in the Adjusted Rand and
Adjusted Mutual Information measures, but a slightly worse score in the Davies-
Bouldin metric. For k # k., especially k > ke, SDP-ILO exhibits notably worse
scores than k-means in all three metrics.

Some computational obstacles arose during these tests. The decision to keep
dataset sizes low in the Gaussian tests, a decision which carried through to the MNIST
tests, was largely driven by a rapid growth in runtime as n increased. Improvements
in programming implementation may mitigate the runtime issue and allow testing
on larger datasets in the future. In addition, one trial resulted in a computational
anomaly. The iterative algorithm was caught in a six-point loop without getting close

enough to a fixed point to terminate. After several iterations around this loop, the
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process had to be terminated manually. This phenomenon did not reoccur and is
believed to be an artifact of rounding error, as it defies the known properties of the

iterative algorithm.

7.2.2 MNIST data tests

Both k-means and SDP-ILO performed significantly worse on MNIST data than on
Gaussian data. As shown in Figure 7.5, not only did both algorithms earn poor
scores in all three metrics regardless of the input value for k, but neither algorithm
was able to consistently obtain an improved result for k = k... = 10 for any of the
trials on the raw data. It can be surmised that raw MNIST data is too messy for

either algorithm to reliably cluster.

The results observed for MNIST data preprocessed with TensorFlow were more
interesting. With the incorporation of this step, both k-means and SDP-ILO were
able to recover significantly with regards to clustering scores. Instead of a constant
improvement in cluster scoring as k increased past k.., k-means demonstrated
decreased or negligible improvements for k£ > k.. in all three metrics, presenting
an alternative mechanism by which k.. might be identified. However, SDP-ILO
returned fully to the pattern observed in the Gaussian data, where its scores achieved
a peak at k = k. and then regressed. This regression was occasionally overridden
by a further improvement for especially high &, particularly in Davies-Bouldin score,
indicating that the messiness of the data can still overwhelm the algorithm when the

true number of clusters is unknown.
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Figure 7.5: On raw samples of MNIST datapoints, neither k-means nor SDP-ILO
could reliably yield a strategy for identifying k;.,. = 10, and all scores were poor with

any input k.
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Figure 7.6: When using preprocessed data, the scores for both algorithms improved
substantially in comparison to the raw MNIST data used in Figure 7.5, and SDP-ILO
began exhibiting sharp peaks at k = k.. in the Rand and AMI scores.

In addition to generating the clustering scores, histograms were generated to

track cluster sizes produced by SDP-ILO for comparison to the true cluster sizes of

each raw MNIST sample. The number of samples to be taken from each digit type

was not prespecified, allowing high variation to occur in cluster sizes. In general,

SDP-ILO produced clusters that were more even in size than the true clusters from

the data. This trend persisted for the preprocessed data tests as well, although typ-

ically the true cluster sizes were more even in these tests due to the higher sample size.
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Figure 7.7: In general, the clusters constructed by SDP-ILO evened out the sizes of
the true clusters. This occurred for both raw and preprocessed MNIST data.

Due to the visual nature of the data, clustering performance can also be informally
assessed according to how well the clusters for k = k... = 10 visibly represent the
clusters that are known to exist in the dataset. To account for this perspective,
during experiments using preprocessed data with n = 200, the datapoints placed
in each cluster by SDP-ILO for k = 10 were averaged together to produce a mean
representative image for each cluster, such as the ones shown in Figure 7.8. When
converted to heatmap images, the collection of 10 representative images of the SDP-
ILO clusters consistently indicated that each cluster had a dominant digit type within

it, and no two clusters had the same dominant digit.
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Figure 7.8: Each of the 10 clusters constructed by SDP-ILO, when averaged together,
produced an image recognizable as a unique digit. Top row, left to right: 5, 3, 4, 0, 8.
Bottom row, left to right: 1, 7, 9, 6, 2.

Comparison to the Mixon algorithm was solely undertaken using k£ = 10 and
examining adjusted Rand score and AMI, since these were the two measures used in
the Mixon study [51]. Out of 10 experiments done with samples of n = 200 from the
preprocessed data, SDP-ILO always either scored worse in both metrics or better
in both metrics, and it scored better on 3 out of 10 tests. On all tests, the scores
in both metrics were extremely close to each other, as can be seen in Figure 7.9.
Moreover, both algorithms consistently performed better according to the adjusted

mutual information score than the adjusted Rand index.



139

Adjusted Rand Index Adjusted Mutual Information
0.9 3 09 -
: °
0.85 0.85 we o
@ o @
S o I ° 5 L
= o @ @ -
- 08 e - 08 e @
<] P s .
s , =
0.75 o ® 0.75
07 ¥ 07
0.7 0.75 0.8 0.85 0.9 0.7 0.75 0.8 0.85 0.9
SDP-ILO scores SDP-ILO scores

Figure 7.9: Clustering scores by the Mixon algorithm vs. SDP-ILO in both the
adjusted Rand index (left) and adjusted mutual information (right) measures. The
dotted line on each chart represents equivalent scores. Dots above the line indicate a
higher score by the Mixon algorithm. The three cases where SDP-ILO performed
better than Mixon in the adjusted Rand score are the same three experiments in
which SDP-ILO performed better than Mixon in the adjusted mutual information
score.

7.3 Discussion

From the Gaussian experiments it can first and foremost be observed that the primary
theoretical advantage of SDP-ILO is in fact computationally feasible. In multiple
tests with k& > ke, SDP-ILO returned fewer than k clusters, indicating that k is a
number that does not fit the data and — crucially — that a lower number of clusters is
more suitable. This happened solely with standard deviations of 0.1 or less, indicating
that well-separated data is more likely to draw out this behavior; there is an intuitive
logic to this, as constructing more clusters than truly exist in a well-separated dataset
requires splitting up a cluster that is tightly-packed in comparison to the overall

range of the data spread.
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However, even for small standard deviations, SDP-ILO did not exhibit this behav-
ior consistently. It is unclear why only certain randomly-generated datasets provoked
SDP-ILO to return fewer than k clusters. One possible contributing factor might be
the size of the solution space in which SDP-ILO is navigating in this context. The
number of extremal points of £, ; is equal to the number of partitions of n with at
most k non-empty blocks, which as established in the first part of this thesis is a sum
of Stirling numbers {7;} of the second kind for 1 <4 < k. In the case of this simulated
data (and most real datasets), k is significantly smaller than n, and certainly less
than half of n, meaning that {Z} will be much larger than { k:ll} With such an
overwhelming fraction of attractive fixed points being exact k-block partitions, it
is conceivable that the proportion of £, ; contained in the region of attraction for
one of these points is simply too large for SDP-ILO to reliably evade them during
calculations. The outcome of the semidefinite programming step, which gives the
starting point for the iterations, is likely crucial to whether the iterations converge to

a k-block clustering.

In addition to demonstrating its capacity to reduce the number of returned clusters
in practice, SDP-ILO also provided consistently sharper indications of the correct
k-value than k-means across almost all Gaussian datasets (barring some extremely
messy data) as well as the preprocessed MNIST samples, for all three metrics used
to assess the clusterings. SDP-ILO consistently produced clusterings that had worse
scores than those of k-means whenever k # k..., but the practical impact of this is
that the charts tracking clustering scores over k show greater clustering improvement
at k = ke when using SDP-ILO. The significance of this is especially relevant when
looking at these charts for the MNIST experiments as well as the Gaussian samples

with very high standard deviations. MNIST is a very messy dataset, and this is
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reflected in how even after cleaning and processing this data, k-means often still shows
improvements or a steadying in clustering score as k increases beyond k... = 10, as
in Figure 7.6. These improvements decrease significantly for & > k;.,., which can be
used to hypothesize the value of ki... but is not as clear of an indicator as the sharp
peaks observed in the Gaussian data. By contrast, SDP-ILO continues to exhibit a
regression in clustering score after k = k.. in the Rand index and MI score, giving
a much stronger indication of k... Unfortunately, the Davies-Bouldin score is a less
regular indicator, with SDP-ILO scoring worse than k-means on k& = k. and not
displaying a consistent trend in score for higher values of k. Further investigation
is needed to analyze SDP-ILO trends in this scoring system for messy data and

determine a strategy for reliably identifying ky.e.

At present, the algorithm appears to display a preference for evenly-balanced
clusterings; however, this may be due to the objective function originally utilized
during implementation, rather than a bias within the algorithmic process. The
objective function for the k-max-cut problem directly incorporates the sizes of the
graph components resulting from a cut; this may be introducing a preference for a
more uniform distribution of cluster sizes. Many objective functions used for clustering
do not utilize any such element. The slightly weaker performance of SDP-ILO as a
clustering algorithm in comparison to Mixon may also be a result of this unusual
characteristic of the original max-cut design. Changing the objective function will
alter the optimal outcome, but the extent of this alteration cannot be determined

without additional investigation.
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7.4 Experimental Future Directions

Ultimately, the long-term goal of these studies and similar investigations is to deter-
mine the approximation constant of the SDP-ILO algorithm and see how it compares
to other semidefinite programming approaches to clustering and max-cut. Further
investigation is especially warranted with regards to the apparent bias against uneven
cluster sizes; this should begin by examining to what extent this behavior changes
when the max-cut objective function is replaced with a more traditional clustering
function when implementing the algorithm. To dig into this and other less-regularized
data settings, more experiments should be conducted in the Gaussian simulation
space. Thus far, the Gaussian simulations have varied the number of distributions,
their standard deviations, and the number of data points generated per distribution.
This could be expanded upon by varying the spacing of the distributions, allowing
different numbers of points to be generated from each distribution, and allowing

distributions to have different standard deviations.

Another line of inquiry that should be pursued with this algorithm will be
whether there is some threshold for well-partitioned data at which the algorithm will
be guaranteed to return the true clustering. Based on the observations made with

these experiments, we have the following conjecture on data niceness:

Conjecture 7.4.1. Suppose in a dataset with ki, clusters, the minimal distance
between any two points in different clusters is greater than the maximal distance
between any two points in the same cluster. Then given the input k = ke, the

algorithm SDP-ILO will return the true clustering of the dataset.

This conjecture was not violated in any observed experiment. However, it has not
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yet been assessed analytically; one possible adjustment would be that a scaling factor
may be necessary to prove this statement. Additional work towards this or any other
conjecture regarding the behavior of SDP-ILO on well-separated data would improve

understanding of the algorithm’s capacity.

Finally, k-means is not the only commonly-used clustering algorithm, and in fact
it differs substantially from SDP-ILO in how it seeks an optimal clustering. Some
work, as in [51], has been done to apply semidefinite programming to clustering;
direct comparisons between SDP-ILO and these algorithms, using similar approaches
to those outlined here, will provide valuable insight to the long-term viability of these
methods and which refinements will maximize their utility. In particular, a rigorous
study should be undertaken on the effects of shifting the objective function utilized
by SDP-ILO to a version more specialized to clustering, and a fresh comparison to
other clustering algorithms including Mixon should be undertaken if this alteration

appears beneficial for the application.
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The results presented in this chapter were originally published on arXiv as [8] and
have been reprinted here in full, with some added setup and edits for clarity in the
context of this document. The project was conducted in collaboration with Margaret
Bayer, Steffen Borgwardt, Spencer Daugherty, Aleyah Dawkins, Danai Deligeorgaki,
Hsin-Chieh Liao, Tyrrell McAllister, Angela Morrison, Garrett Nelson, and Andrés
Vindas-Meléndez, beginning at the Graduate Research Workshop in Combinatorics
hosted by the University of Wyoming in 2023. All notation in this chapter is specific
to the domain of parking functions. The polytope background presented in Section 2.1
applies to the polytopes discussed here, but their structure and behavior should

otherwise be considered from a fresh perspective.

8.1 Classical and Generalized Parking Functions

We introduce classical parking functions through their traditional motivating scenario.
Consider a line of n cars entering a one-way street, one at a time, and attempting
to park in one of the n spots along the street. Each car i has a preference a; for
which spot to park in, and will begin by driving directly to their preferred spot. If
the preferred spot is empty, the car will park. If the preferred spot is occupied, the
car will progress down the street until the next open spot, in which it will park. If
there are no more open spots before the end of the street, the car will fail to park. A
parking function is a sequence of spot preferences (aq, as, ..., ;) such that all n cars

will successfully park. This can be more rigorously codified as follows [62]:

Definition 8.1.1. A parking function is a sequence (a1, ..., a,) of positive integers

such that their nondecreasing rearrangement o < of, < ... < o/, satisfies the condition

a; <i Vie[n]
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Example 8.1.2. Consider n = 3. It can be checked against the definition that
(1,1,2) and (2,1, 2) are parking functions, while (2,2, 2) is not. Examining these

from the perspective of the motivating scenario, we find the following outcomes:

e (1,1,2): The first car prefers spot 1. On arrival, spot 1 is empty, so it parks.
The second car also prefers spot 1, but when it arrives, spot 1 is occupied. It
proceeds forward. The next open parking spot is spot 2, so the second car
parks in spot 2. The third car prefers spot 2, but when it arrives, spot 2 is
occupied. Proceeding forward, it finds spot 3 empty and parks there. All three

cars have parked successfully, making (1, 1,2) a parking function.

e (2,1,2): The first car prefers spot 2. On arrival, spot 2 is empty, so it parks
there. The second car prefers spot 1. On arrival, spot 1 is empty, so it parks in
spot 1. The third car prefers spot 2, but when it arrives, spot 2 is occupied by
the first car. Proceeding forward, it finds spot 3 empty and parks there. All

three cars have parked successfully, making (2, 1,2) a parking function.

e (2,2,2): The first car prefers spot 2. On arrival, spot 2 is empty, so it parks
there. The second car also prefers spot 2, but when it arrives, spot 2 is occupied.
It proceeds forward. The next open parking spot is spot 3, so the second car
parks in spot 3. The third car also prefers spot 2, but when it arrives, spot 2 is
occupied. It proceeds forward and finds spot 3 occupied as well. The third car
is thus unable to park and leaves. Spot 1 is left unfilled, because none of the
cars could move backward after reaching their preferred parking spot. Since a

car was unable to park, (2,2, 2) is not a parking function.

It is well-known that the number of classical parking functions of length n is
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(n + 1)"~1. This number surfaces in a variety of places; for example, it counts the
number of labeled rooted forests on n vertices and the number of regions of a Shi

arrangement (see [72] for further discussion).

Let PF,, denote the convex hull in R" of all classical parking functions of length
n; this is a polytope known as the parking-function polytope. In 2020, Stanley [62]
asked for the volume and the number of vertices, faces, and lattice points of PF,,.

These questions were first answered by Amanbayeva and Wang in [1].

Many of the questions asked about classical parking functions and their polytopes
can also be asked about generalizations of parking functions. This chapter presents
results on the combinatorial and geometric properties of the convex hull of a specific

generalization of classical parking functions, namely b-parking functions.

Definition 8.1.3. Let b = (by,...,b,) € Z%,. A b-parking function is a list
(B1, ..., Bn) of positive integers whose non-decreasing rearrangement 5] < g5 < ... <

B, satisfies B < by + -+ b;.

Classical parking functions are a special variety of b-parking functions for which
the vector b = (by,...,b,) is the all-ones vector, i.e. b; = 1forall 1 <i <n. In
this special case, the partial sum which bounds the entries of the nondecreasing
rearrangement of a b-parking function will always be by +- - - +b; = <. This also means
that for any integer n, a classical parking function of length n is also a b-parking
function for any vector b € Z%, since the partial sums for any such vector will be

bounded below by the partial sums for the all-ones vector.

This generalization of parking functions has been previously explored from an
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enumerative perspective by Yan [70-72] and Pitman and Stanley [63]. In [36], Hanada,
Lentfer, and Vindas-Meléndez generalized the classical parking-function polytope to
the b-parking-function polytope X,(b), i.e., the convex hull of all b-parking functions
of length n in R" for b = (by,...,b,) € Z%,. The work of Hanada, Lentfer, and
Vindas-Meléndez focused on the b-parking-function polytope in the special case when
b = (a,b,b,...,b). In particular, they described the face structure and provided a
closed volume formula for the b-parking-function polytope in that special case. These
particular b-parking-function polytopes have surprisingly arisen in different guises
and in connection to other polytopes and combinatorial objects, including partial
permutahedra [9,37], Pitman-Stanley polytopes [36,63], polytopes of win vectors [3,7],

and stochastic sandpile models [60].

The results presented here explore b-parking-function polytopes for general b.
Our contributions about b-parking-function polytopes lend themselves to fruitful
exploration from different perspectives and propose connections to seemingly unrelated
combinatorial objects. We present definitions, terminology, and references in each

relevant section. The chapter is structured as follows:

e We begin Section 8.2 by studying the b-parking-function polytope from a poly-
hedral perspective. We show that X, (b) is (apart from a single degenerate case)
an n-dimensional simple polytope (Proposition 8.2.2 and Theorem 8.2.3(a)), and
we give explicit descriptions of the vertices, facets, and edges of X,(b) (Theo-
rems 8.2.3(b) and 8.2.3(c) and Proposition 8.2.6, respectively). We then show that,
up to a unimodular linear isomorphism, X, (b) is a generalized permutahedron
(Theorem 8.2.11). We conclude the section by presenting the h-polynomial and

f-vector of X,,(b) (Theorem 8.2.15 and Corollary 8.2.16, respectively).
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e In Section 8.3 we take a building-set perspective to study X, (b), which allows
us to completely characterize the face structure of X, (b) for any b € Z2, (The-
orem 8.3.12). As a consequence, we show that, up to combinatorial equivalence,
every b-parking-function polytope is either the classical parking-function polytope

PF,, or the stellohedron St,, (Corollary 8.3.14).

e We identify X,(b) as a special polymatroid (Theorem 8.4.3) in Section 8.4 and use
this perspective to derive linear bounds on its combinatorial and circuit diameters

(Theorem 8.4.4 and Theorem 8.4.6, respectively).

e In Section 8.5, we revisit the classical parking-function polytope PF,, and summarize
its known and new connections to other established families of polytopes. We
conclude by adding a description of PF,, as a projection of a relaxed Birkhoff
polytope (Theorem 8.5.1), and X,,(b) as a projection of a relaxed-partition polytope
(Corollary 8.5.2).

8.2 Polyhedral perspectives on X, (b)

Fix, throughout this work, a positive integer n and a vector b = (by,...,b,) € ZZ,,.
The following definition introduces our main object of study, i.e., a polytope associated
to b-parking functions, which we denote X,,(b). Standard references on polytopes

include [33] and [74].

Definition 8.2.1. The b-parking-function polytope X, (b) is the convex hull of

all b-parking functions in R".

Recall that the linear action of the symmetric group &,, on R" is defined by

T(> a;€) =" a;ey for all m € &, where eq, ..., e, is the standard basis
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of R™. Note that by definition, the polytope X, (b) is symmetric under the action of

S,,. For convenience, we use the notation

S, = ij for 1 <i<n and vy = (1,...,1, 51, Sks2, ..., S) € R" for 0 < k < n.
j=1

Further observe that the vy are b-parking functions, so v, € X,,(b) for all k. We will

see below that the permutations 7(vy) of the vy are precisely the vertices of X, (b)

(Theorem 8.2.3(b)).

A theme that will appear early in our study of X,,(b) is that the case in which
by = 1 behaves differently from when b; > 2. Indeed, observe that, if by > 2, or if
by =1 and k£ > 2, then the index £ in vy is precisely the number of entries in v, that
equal 1. In particular, when b; > 2, the b-parking functions vg, vy, ..., v, are distinct.
However, if b = 1, then vy = v; = (1,55, 55, ...,5,). This trivial coincidence has
important consequences for the structure of the polytope X,(b). Figure 8.1 shows
the b-parking-function polytopes X3(1,2,3) (left) and X5(2,3,4) (right). Note also
that many lattice points in these polytopes are not parking functions. For example,

(2,2,2) is in X3(1,2,3), but is not a b-parking function for b = (1,2, 3).

Figure 8.1: The polytopes X3(1,2,3) (left) and X3(2,3,4) (right).
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We begin by proving that, with the exception of a single “degenerate” case, X,,(b)

is an n-dimensional polytope.

Proposition 8.2.2. For all n, dim(X,,(b)) = n, unless n = 1 = by, in which case

dim(X, (b)) = 0.

Proof. In the exceptional case n = 1 = by, the polytope X, (b) contains only the
point (1) in R!. In all other cases, X, (b) is n-dimensional because, if b; > 2, then
{vi : 0 <k <n}isaset of n+ 1 affinely independent points in X,,(b), and, if b; =1
but n > 2, then {(S2,1,5s,...,5)} U{vi : 1 <k <n}is aset of n+ 1 affinely

independent points in X,(b). O

In view of Proposition 8.2.2, we exclude the degenerate case n = 1 = b; from
this point forward. That is, we proceed throughout the rest of this paper with
the additional assumption that either n > 2 or, if n = 1, then b; > 2. Thus,

dim X, (b) = n.

8.2.1 Vertices, facets, and edges of X, (b)

In this subsection, we describe the vertices, facets, and edges of the b-parking-
function polytope X, (b). In particular, we find that X, (b) is a simple polytope,
meaning that the number of edges of X,,(b) that are incident to each vertex of X,,(b)

is n.

Theorem 8.2.3.

(a) The polytope X,,(b) is simple.
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(b) The set of vertices of X,(b) is {m(vy) : 7€ &,, and 0 <k < n}.

(¢) The minimal inequality description of X,,(b) is the set of points (x1,...,x,) in

R™ such that x; > 1 for 1 <i <n and

in < i Si, (b-parking)

iel i=n—|I|+1

or, equivalently,

D

el

IN

Z min {j, [7]} bn—j1,
j=1

for all nonempty I C [n] if by > 2, and for all nonempty I C [n] with |I| #n—1
if by = 1. In other words, these inequalities are precisely the facet-defining

inequalities for X, (b).

Before proceeding to the proof of Theorem 8.2.3, we note that, even when b; = 1,
every point in X, (b) satisfies the (b-parking) inequalities for all subsets I C [n],
including those where |I| = n — 1. However, when b; = 1, these “|I| = n — 17
(b-parking) inequalities are redundant because they follow from the (b-parking) in-
equality for [n] together with the inequalities x; > 1. Let m € [n] and I = [n] \ {m}.

Then the (b-parking) inequality for [n] is

Z$n<295n j+1+n.

1€[n]

Thus, subtracting the inequality x,, > 1 yields

Z%<Z]bn 1+ (n—1) me{j 1} bpjt1,

el

which is the (b-parking) inequality for I. Nonetheless, none of the other inequalities



154

can be eliminated, as the following proof demonstrates inter alia.

We also remark here that Theorem 8.2.3 can be proved using the established
theory of polymatroids. See Section 8.4 for further discussion of this connection.
However, for completeness, we provide a proof here of Theorem 8.2.3 that does not rely
on that theory. In fact, it is the details of the proof of Theorem 8.2.3 that motivate

the forthcoming connections with generalized permutahedra and polymatroids.

Proof of Theorem 8.2.3. We temporarily write P(b) for the polytope of points in
R™ satisfying the system of inequalities given in Theorem 8.2.3(c). The outline of
the proof is as follows. We first prove that X,,(b) C P(b). We then prove that the
vertices of P(b) are all of the form 7(vy) as in Theorem 8.2.3(b). Thus, the vertices of
P(b) are b-parking functions, which proves the converse containment P(b) C X,,(b),
giving us X,,(b) = P(b) and the “C” direction of Theorem 8.2.3(b). In the course
of proving that every vertex of P(b) is of the form 7(vy), we will have shown that
each such vertex satisfies precisely n of the inequalities given in Theorem 8.2.3(c),
which demonstrates that X,,(b) is simple (Theorem 8.2.3(a)). We will then show that
every point of the form 7(vy) is in fact a vertex of X,(b), completing the proof of
Theorem 8.2.3(b). Finally, we will see that each of the inequalities in Theorem 8.2.3(c)
is satisfied with equality by some point in X,(b). This fact, together with the fact
that every vertex of X,(b) satisfies exactly n such inequalities, implies that the
system of inequalities in Theorem 8.2.3(c) is minimal and thus will complete the

proof of Theorem 8.2.3.

To prove that X,(b) C P(b), it suffices to show that every vertex of X, (b)
is in P(b). To this end, let v = (v1,...,v,) € R™ be a vertex of X,,(b), and let

I C [n]. Write v/ = (v}, ...,v}) for the weakly increasing reordering of v. Thus, the

final || coordinates of v/, namely v}, 1,0y, 742 - - » Uy, are the |I| weakly largest

Y n)
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coordinates of v. Moreover, v is a b-parking function (because the vertices of the
convex hull of a finite set are elements of that set), so 1 < v} < Z;Zl b; for 1 <i <n.

Hence, v; > 1 for 1 <1i <mn, and

n n

< D < > Yy => > by = Y min{n—j+1,[I}b;

iel i=n—|I|+1 i=n—|I|+1 j=1 J=1 i=max {j,n—|I|+1} j=1

Reversing the order of summation yields that v satisfies Inequality (b-parking). Thus,

X,(b) C P(b).

We now prove the converse containment. Let w = (wq,...,w,) be a vertex of
P(b). It suffices to show that w is a b-parking function. Since P(b) and the set of
b-parking functions are both invariant under the action of &,, on R, we may suppose
that w; < --- < w,. We will show that w = v;, for some k, making w evidently a

b-parking function.

Let Z be the family of all nonempty subsets I C [n] such that

Zwi _ Z S;, (8.1)

icl i=n—|I|+1

and furthermore such that [I| # n—1 if b = 1. Thus, Z indexes the set of inequalities
of the form (b-parking) that the vertex w satisfies with equality. Let & be the number
of coordinates of w that equal 1. Since P(b) is a polytope in R", and w is a vertex
of this polytope, w satisfies with equality at least n of the inequalities that define
P(b). Hence, |Z| > n — k.

For each I C [n], let I, ={n—|I|+ 1,n— |I|+2,...,n}, so that I, comprises

the last |I| elements of [n]. (We will see below that in fact I = I, for all [ € Z.)
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Since

i=n—|I|+1 el i=n—|I|+1 i=n—|I|+1

(where the middle inequality holds because w is weakly increasing, and the last

inequality holds because w € P(b)), we have that

Zwi = z”: w; forall I eT (8.2)

iel i=n—|1|+1

and, in particular, by Equation (8.1), that I, € Z for all I € Z. Moreover, note that
Equation (8.2) is an equation of two sums, each of which is a sum of the same number
|I] of terms, and that the ¢*® term on the left-hand side of Equation (8.2) is bounded
above by the /" term on the right-hand side for 1 < ¢ < |I|. It follows that the ¢/*!
term on the left-hand side equals the /™! term on the right-hand side for 1 < ¢ < |1].

In particular, the first terms on each side are equal:

Winin(1) = Wn—|1]41 forall I € T. (8.3)

Since w € P(b), we have in particular that

Z w; < Z S; for all I C [n], (8.4)

i=n—|I|4+2 i=n—|I|42

while, from Equations (8.1) and (8.2),

z”: w; = z”: S; for all I € 7. (8.5)

i=n—|I|+1 i=n—|I|+1
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Subtracting Inequality (8.4) from Equation (8.5) yields that
W |1)41 = Sn_|[|+1 forall I € 7. (8.6)
Moreover, since w € P(b),

Z w; < Z S;  for all I C [n] such that [/| <n —1. (8.7)

Subtracting Equation (8.5) from Inequality (8.7) yields
Wn—1| < Snyp] for all I € Z such that [I| <n —1. (8.8)
Since S,,_|1| < Sn—|1j41, it follows from Inequalities (8.6) and (8.8) that

Wh— (1] < Wn—|1]+1 for all I € Z such that |[I| <n —1. (8.9)

We now get that, in fact, I = I, for all [ € Z, since otherwise we would have an
I € Twith |I| <n—1and min(]) < min(/y) = n—|I|+1, and so, from Equation (8.3)
and Win(r) < Wp—|7| < Wp—jr4+1, we would get that w,_; = wy,_ 741, contradicting
Inequality (8.9). Thus, every element of 7 is of the form [ = [; == {j,j +1,...,n}

for some 1 < j < n.

We will now show that w = vy, = (1,...,1, Sk11, Skso, - .-, 5,). However, we must
separately consider two cases. For the first case, suppose that w; > 1 for all j such
that I; € Z. Since w; = --- = wy, = 1, it follows that j > k 4 1 for all j such that
I; € Z. In other words, every I € Z is of the form I; with k£ +1 < j < n. But there
are only n — k such subsets of [n], and |Z| > n — k, so we must have that Z is precisely

the set {Iy+1, lr+2, ..., I,}. Subtracting the (b-parking) equation for I, from the
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equation for I;, we get that w; = S; for k +1 < j < n — 1, and the I,, equation
itself states that w, = S,. Thus, w = v € X,,(b), and moreover w satisfies precisely

k4 |Z| = n of the inequalities in Theorem 8.2.3(c) with equality.

This leaves the case in which w; = 1 for some j such that I; € Z. From
Inequality (8.6), it follows that S; = 1. Since 1 < S} < --- < 5, we get that j =1
and hence by = S; =1 =w; and [n] = I; € Z. (Recall that we are also now assuming
that n > 2 because we have excluded the degenerate case n = 1 = b; in the remarks
following Proposition 8.2.2.) Furthermore, k = 1 because, since [n| = I; € Z, we may
subtract the (b-parking) inequality for I} from the (b-parking) equation for [n] to

get that
k k k
k=Y w2 82 i
i=1 i=1 1=1

which, together with k£ > 1 (because w; = 1), implies that &k = 1. Thus, |Z| > n — 1.
Now, since b; = 1, the set Z does not contain the subset I because |Io| =n—1,s0Z
must contain all n — 2 subsets I3, ..., I,,.! Hence, Z = {[n], I3,...,I,}. Subtracting
the (b-parking) equation for I3 from the (b-parking) equation for [n| and applying
wy = 1 = by yields wy = Sy. For 3 < j <n — 1, subtract the (b-parking) equation
for 1,41 from the equation for I; to get that w; = 5;. Finally, the I,, equation itself
states that w, = S,,. Thus, we have again found that w = v, € X,,(b) and that w
satisfies precisely k + |Z| = 1+ 1+ (n — 2) = n of the inequalities in Theorem 8.2.3(c)

with equality.

Since, in both cases, w € X,,(b), we now have that P(b) = X,,(b). We have also
found that every vertex of P(b) equals 7(vy,) for some 7 € &,, and 0 < k < n, so we
have now proved that every vertex of X,,(b) has this same form. In addition, we have

found that the number of inequalities in Theorem 8.2.3(c) that the vertex w satisfies

IThe claim that there are exactly n — 2 such subsets is the point at which this argument fails in
the degenerate case n =1 = b;.
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with equality is precisely n, so X, (b) is simple (proving Theorem 8.2.3(a)) and
moreover no inequality given in Theorem 8.2.3(c) that supports X,,(b) is redundant.
In particular, since every point of the form v, with 0 < k < n satisfies precisely n of
the inequalities in Theorem 8.2.3(c) with equality, it follows that every such point is

a vertex of X,(b). This completes the proof of Theorem 8.2.3(b).

The final claim is that this is a minimal system of inequalities. Since X, (b) is
simple, it remains only to show that every inequality in this system supports X, (b).
Of course, the inequalities of the form z; > 1 are all satisfied with equality by the
point (1,...,1) € X,(b). For the (b-parking) inequalities, let I C [n] be given, and
let k :=mn —|I|. Then vy satisfies the (b-parking) inequality for I, with equality. Let
m € &, be any permutation under which the image of I, is I. Then 7(v}) is a point

in X,,(b) that satisfies the (b-parking) inequality for I itself with equality. ]

As a corollary of Theorem 8.2.3(b), we enumerate the vertices of X,,(b). When
by = 1 (and so vy = vy), the number of vertices is the same as in the case of the
classical parking-function polytope PF,,. However, when b; > 2, an additional n!

vertices come into play.

Corollary 8.2.4. Ifb; = 1, then the number of vertices of X,,(b) is n! (% +- #)

Otherwise, if by > 2, then the number of vertices of X,(b) is n! (é + % +- %)

Proof. When b; > 2, or when by = 1 and k > 2, each vertex v of X,,(b) of the form
m(vg) (m € &,,) corresponds to the unique pair (I, o) of the (n — k)-subset I C [n]
of entries of v that do not equal 1 and the bijection o: [n]\ [k] — I that gives the
position 7(7) of the value S; in v for k41 < 7 < n. On the other hand, when b; =1
and k € {0, 1}, so that vy = vy, each vertex of the form 7w (vy) corresponds to the

unique permutation in &,, (namely, ) that gives the position 7(j) of the value S; in
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v for 1 < j < n. Thus, when b; = 1, the number of vertices is n!+ > ;_, (,",) (n—k)!,

while, when b; > 2, the number of vertices is Y ;_, (") (n — k). O

From the characterization of the vertices and facets of X,,(b), it is straightforward
to describe the facets that contain a given nondecreasing vertex v;. To this end,

define the following notation:

Ly ={(z1,...,2,) € Xp(b) : z; =1} for 1 <j<mn,

Uy = {(1,...,xp) € Xn(b) - YL =307 S} for 1 <j<n,with j#2if b, = 1.

Thus, L; is the facet of X, (b) defined by the inequality ; > 1, and U; is the facet of
X,.(b) defined by the (b-parking) inequality for the subset I = [; = {j,j +1,...,n}
(where j # 2 if by = 1). In particular, it is routine to check that the facets that

contain the vertex v; are as follows.

Lemma 8.2.5.

(a) If by > 2, orif by =1 and k > 2, then the n distinct facets that contain vy, are

Ly, Lo, ..., L, Ugy1, Urga, ., Un.

(b) If by =1 and k € {0,1} (i.e., vi = vo = vy, then the n distinct facets that
contain vy are

Lla U17 U37 U47 ) Un

Proof. Since X,,(b) is simple and n-dimensional, it suffices to confirm that the n

given facets contain vy. O
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We will now use Lemma 8.2.5 to describe the precise conditions under which two
vertices of X,,(b) share an edge. An informal summary of the conditions is as follows:

Two vertices v and w share an edge if and only if either

1. the vertices are the same, except that the minimum entry > 1 in one vertex is

a 1 in the other vertex; or

2. the vertices are the same, except that two entries of the form S;_; and S; swap

positions.

In addition, we find that the edge vectors are all parallel to roots in the root system B,,,
with lengths given directly by the entries of the vector b defining X,,(b) or by their

partial sums.

Proposition 8.2.6. Let v and w be vertices of X,,(b). Fizxm € &,, and k € Z with

0 <k <n such that v = n(vy).

(a) If by > 2, or if by =1 and k > 2, then v and w share an edge of X,,(b) if and

only if either

(1) w = (mo(j,k))(vi_1) for some 1 < j <k, in which case

W=y = (8= Desg

(informally, the vertices are the same, except that one of the 1 entries in

v is Si in w); or

(2) w=(mo(j—1,7))(vk) for some k+2 < j <mn, in which case

W =V =bj(€r-1) — €x(j))
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(informally, the vertices are the same, except that entries S;_y and S; swap

positions);* or

(8) k<n—1and w = m(Vgy1), in which case

W=V =—(S11 — ey

(informally, the vertices are the same, except that the Ski1 entry in v is a

1inw)?

(b) If by =1 and k € {0,1} (i.e., vi = vy = vy), then v and w share an edge of
X, (b) if and only if either

(1) w=(mo(j—1,7))(v1) for some 2 < j <n, in which case

W — Vv =bj(ex(j-1) — €x()

(informally, the vertices are the same, except that entries S;—1 and S; swap

positions); or

(2) w = m(vsy), in which case

W —V = —bgeﬂ-@)

(informally, the vertices are the same, except that the Sy entry in v is a 1

inw).

Proof. For both parts of the proposition to be proved, note that we will be done

once we have proved the “if” direction, since we will then have found n vertices that

“When b; = 1 and k € {0,1} (so that v, = vo = v1), we must use k = 0 for this equation to
hold.

3SWhen b; = 1 and k € {0,1} (so that v = vo = v1), we must use k = 1 for this equation to
hold.
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are adjacent to v, which must be all of the vertices that are adjacent to v, because
X, (b) is simple and of dimension n by Theorem 8.2.3(a) and Proposition 8.2.2. Thus,
the “only if” direction will follow immediately. Note also that the calculation of the

difference vector w — v under each condition is straightforward.

To prove the “if” direction of Proposition 8.2.6(a), suppose that by > 2, or by = 1

and k£ > 2, as in Lemma 8.2.5(a). Thus, the facets that contain vy are

Li, L, ..., L, Usi1, Uera, . . ., Un. (8.10)

By the &,, symmetry of X,,(b), the vertices v and w share an edge if and only if
7~ (w) lies on all but one of these facets. Now, if w = (7 o (j,k))(vy_1) for some
1 < j <k, then 7 1(w) = (j,k)(vk_1) lies on all facets in (8.10) except L;. If
w = (mo(j—1,7))(vi) for some k +2 < j < n, then 771 (w) = (j — 1,7)(v)
lies on all facets in (8.10) except U,. Finally, if £ <n — 1 and w = m(vj41), then

7Y (w) = vj4 lies on all facets in (8.10) except Uy, .

To prove the “if” direction of Proposition 8.2.6(b), suppose that b, = 1 and

k € {0,1}, as in Lemma 8.2.5(b). Thus, the facets that contain v, = vy = v; are

Ly, Uy, Us, Uy, ..., U, (8.11)

If w= (70 (1,2))(vo), then 77(w) = (1,2)(vp) lies on all facets in (8.11) except L.
Ifw=(ro(j—1,7))(vo) for some 3 < j <mn, then 7= H(w) = (j — 1, 7)(vo) lies on
all facets in (8.11) except U;. Finally, if w = 7(vy), then 7~ 1(w) = v lies on all

facets in (8.11) except Uyj. O

Recall that, given a vertex v of a polytope P, the tangent cone T, (P) at v is
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the cone generated by the edge vectors pointing from v to its neighbors in the edge

graph of P. That is,

To(P) = { Z Aw(W — V) 1 Ay > 0 for all vertices w ~ v },

weVert(P):

W~V

where we write w ~ v when w and v are adjacent vertices of P. As a corollary of

Proposition 8.2.6, we get an explicit description of the tangent cone at each vertex of

%, (b).

Corollary 8.2.7. Let v be a vertex of X,(b). Fixm € S,, and k € Z with0 <k <n

such that v = w(vy). Let Ty = Ty (X,(b)) be the tangent cone at v.

(a) Suppose that by > 2, or that by =1 and k > 2. Then Ty is generated by
{eﬂ(j) 1<y < k} U {_ew(k+1)} U {eﬁ(jfl) —er ) tk+2<5< n}

ifk<n-—1,and by{e; : 1 <j<n}ifk=n.

(b) Suppose that by =1 and k € {0,1}. Then Ty is generated by

{exgy =€y 1 2<i<n} U {—ex}

8.2.2 X,(b) is a generalized permutahedron

Generalized permutahedra (sometimes spelled permutohedra) form a widely studied
class of polytopes with a rich theory and many interesting subclasses. One definition
of a generalized permutahedron is that it is a polyhedron whose normal fan is a

coarsening of the braid arrangement. For sources on generalized permutahedra, we



165

recommend [26,40,55,56]. We use an equivalent characterization.

Definition 8.2.8. A polytope is a generalized permutahedron if and only if all

edges are parallel to e; — e; for some standard basis vectors e; and e;.

We show that the lifting of X, (b) is a generalized permutahedron, from which it,
and X,,(b) itself, immediately inherit a variety of combinatorial and geometric results
and properties. Let B := >} | Sk, and let £: R — R™"! be the affine-linear map that
“vertically projects” R™ onto the hyperplane H = {x € R"*! : 1+ - -+z,+z,11 = B}
via (z1,...,2,) = (@1,..., 2, B — > x;). Using this mapping, Proposition 8.2.10

below follows.

Definition 8.2.9. Let X, (b) := {{(x) : x € X,(b)} be the lifting of X,,(b) to the

hyperplane H. We call X,,(b) the lifted b-parking-function polytope.

Proposition 8.2.10. The vertex set of X,(b) is {{(v) : v is a vertez of X,(b)}.
Furthermore, the minimal inequality description of ?n(b) 15 the minimal tnequality

description of X,(b) together with the additional equality 1 + - - - + x, + Ty = B.

Building off this combinatorial structure, we have the main result of this subsection.

Theorem 8.2.11. The lifted b-parking-function polytope X, (b) is a generalized

permutahedron.

Proof. Proposition 8.2.10 implies that the edges of X, (b) lift to edges of X,,(b) in
the natural way: {x,y} is an edge of X, (b) if and only if {{(x),¢(y)} is an edge of
X, (b). If {x,y} is an edge of X,,(b) with x —y = c(e; —e;), then Y1, z; = > ", v:.
Thus {(X),41 = B = > 2 = B=Y " y. sol(x)—ly) = cle; —e;). If
{x,y} is an edge of X, (b) with x —y = ce;, then Y ", z; — > " y; = c¢. Thus,

g(X)nle =B - Z?:l x; = B— Z?Zl Yi—C = g(Y)n+1 —¢, SO £<X) _6(}’) = C(ej —en+1)-
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By Proposition 8.2.6, all edges of X, (b) are of this form. Hence, X,(b) is a generalized

permutahedron. O

We may now apply established results about generalized permutahedra to X,(b).
One such result is [40, Corollary 4.8], which provides a formula for the number of
lattice points of a generalized permutahedron. Since lifting a polytope does not
change the number of lattice points of a polytope, by applying the formula we obtain
the number of lattice points of X,,(b). Furthermore, we note that the enumeration of
b-parking functions is not completely known [70,71], but by applying the formula
of [40, Corollary 4.8], we obtain an upper-bound for the number of b-parking functions

since all b-parking functions will be lattice points in X, (b).

Additionally, by a theorem of Backman and Liu [4], Theorem 8.2.11 implies that
X, (b), and hence X, (b) itself, admits a regular unimodular triangulation. For a
definition of and further details about regular unimodular triangulations, see [35]. We
can also express X,,(b) as a Minkowski sum of simplices. In order to do that, we begin
by expressing X,(b) in the notation introduced by Postnikov [56] for generalized
permutahedra. Following from [56, Section 6], every generalized permutahedron can

be expressed as

PZ({z}) = {(:L‘l, ceyTy) ER™ sz = 2] sz > z; for any subset I C [n]} :
i=1

i€l
for some collection of real parameters {z;} over subsets I of [n| with z5 = 0.

Proposition 8.2.12. The lifted b-parking-function polytope %n(b) 15 the generalized

permutahedron P72, ({z1}) in which the values of the parameters z; for @ # I C [n+1]
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are given by

1] ifn+1¢l,
Zr =
Sl—}—SQ—I-"'—}—Sm,l ifn+1el.

Proof. From Proposition 8.2.10, consider the defining inequalities,

in < Sn+Sn—1 + +Sn—m+la

el

for any I with |I| =k, n+1¢ I,and x; +... + 2,11 = Y., S;. Subtracting these

two yields the inequality

Y =S+ S+ + St
i€[n+1\I

This shows that X,,(b) can be described in terms of the following inequalities:

/

x; > 1, for 1 <i <n,
[1]-1
> ) S, forallICln+1]withn+1€l,
el =1
n+1 n
Z%‘ = Z Si,
=1

\ =1

since they recover the defining inequalities in Theorem 8.2.3. To match with Post-
nikov’s definition of PZ({z/}), we can add the following redundant inequalities

obtained from x; > 1 which have no effect on the solutions of the above system of

inequalities:
Z:vi >|I| forallI Cn+1]st.n+1¢1.
i€l
These inequalities give all the values of z; for all nonempty I C [n + 1]. O

In [2], Ardila, Benedetti, and Doker prove that any generalized permutahedron
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can be written as a signed Minkowski sum of scaled standard simplices. Specifically,

PZ({z}) = PY{yd) = Y yr O,

I1CIn]

where y; = > 5/ (— DI=Vlz; and A == conv{e; : i € I}, for each I C [n]. In the
case that y; > 0 for all I, we call this a Y-generalized permutahedron, which enjoys a
variety of special properties including Ehrhart positivity and h*-real-rootedness [56];

for more on these properties, see [17,18,50].

Proposition 8.2.13. The lifted b-parking-function polytope X, (b) is the signed

Minkowski sum ZIg[nJrl] yr/\r, where

(

1 ifn+1¢1 and |I| =1,

0 if I ={n+1}, orifn+1¢1 and |I| > 2,
" by — 1 ifn+1el and |I| =2,

Zm 3( )ulH*l('I'gfs)ijrz ifn+1el, |I| >3.

Proof. We write X,,(b) = PZ_,({z1}), with 2; as given in Proposition 8.2.12. By [26,
Prop. 2.2.4], this becomes PZ,; ({zr}) = > 1Cns) Y1, where the yys are determined

by 21 =3 ;c;ys for all nonempty I C [n +1].

1 if1<i<n,
First note that yp; = zp; =

0 ifi=n+1.
For I C [n+ 1] not containing n + 1 with |I| > 2, we apply the principle of inclusion—

exclusion to get

1]

n= 0z = Yo

JCI k=0
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For I C [n+ 1] with n+ 1 € I, |I| > 2, then again by the principle of inclusion—

exclusion,

yr :Z(_l)III—IJIZJ: Z (=)=l 4 Z (=)=,

JcI JCI\{n+1} JeL,
n

[]-1

k
-1
= —ynpeny + Y (=117 (| |k ) > S (8.12)
k=1 (=1

When |I| =2, yy = =1+ by. For |[I| > 3, the second term on the right-hand side of

Equation (8.12) can be rewritten as

[]-1 [7]—-1 |7]-1 |T|—1—¢

e —1 Il -1
> S, (==t k(’ |k ) => S > (—1)k(’ |k )
=1 k=t =1 k=0

030 RIS (RHES 315 MK (el
-y A(—N('I' . 2) =IIZ_1<—1>””<|I=I_|_13)@“

=1 £=0 i=2
Hence, for |I| > 3,
[7]-1 -3
_ N~ REERRTIRE o o -
g §< ) (|I|—1—i bi=(-1) ;( ) ; bito O

Proposition 8.2.13 allows us to determine from b = (by, ..., b,) whether X,,(b) is a
Y-generalized permutahedron. In particular, the liftings of PF,, and of the specific b-
parking-function polytope X,(a, b) studied in [36] (where (a,b) :==b = (a,b,b,...,b))

are both )-generalized permutahedra.
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8.2.3 h-Polynomial of X, (b)

We now consider the h-polynomial of the b-parking-function polytope. Given an n-
dimensional polytope P and 0 < i < n, let f;(P) denote the number of i-dimensional
faces of P. The f-polynomial of P is then defined as f(P;t) = > I, fi(P)t’
and the h-polynomial of P is the result of applying a change of basis given by
h(P;t) = f(P;t—1).

The stellohedron St, is a simple generalized permutahedron first defined by
Postnikov, Reiner, and Williams [55] as the nestohedron for a certain building set
(see Section 8.3 for more details), which is intimately connected to X, (b). The

h-polynomial of St,, is the binomial Fulerian polynomial

A(2)=1+2 ; (Z) Au(2),

where Ax(z) = > s, z9es(?) is the Eulerian polynomial [55].

From Theorem 8.2.3(a) and Theorem 8.2.11, we have that X,(b) is a simple
generalized permutahedron. By [55, Theorem 4.2], the h-polynomial of a simple
generalized permutahedron can be computed using its so-called vertex posets, which

are defined for every vertex of the polytope as follows.

For a generalized permutahedron P of dimension n in R"*!, the normal cone of
every vertex v of P is the intersection of the half spaces in R"™/(1,... 1)R defined
by a set of inequalities of the form x; < x;, where (i, j) € [n 4 1]%. One can associate
to each vertex v a vertex poset @, by setting i« <g, j whenever x; < z; in the normal
cone of v. We denote covering relations by <. The descent set Des((),) of @, is

the set of ordered pairs (i, 7) such that ¢ <g, j but ¢ >z j. The number of descents
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of @, is des(Q,) = |Des(Q,)|. When P is a simple generalized permutahedron,

by [55, Theorem 4.2|, its h-polynomial is given by

h(P;z) = Z zdes(@Qv)
vEVert(P)
Since the face numbers of X,,(b) do not change after the lifting ¢, we may use this
equation to compute the h-polynomial of X,,(b). We characterize the vertex poset

for every vertex of X,(b).

n(n) w(n)
w(n—1) w(n—1)
() (ki +2)
(1) r(k+ 1)
nil il nil
(1) (@) (k) 1Ty

(a) The k = 0 case (b) The 1 <k <n—1 case (¢) The k = n case

Figure 8.2: The vertex poset Qy of X, (b) in Lemma 8.2.14(a)

Lemma 8.2.14. Let V be a vertex ofin(b). Fixme®, andk €Z with0<k<n

such that ¥ is the image under the lifting { of the vertex m(vy) of X, (b).

(a) If by > 2, orif by = 1 and k > 2, then the vertex poset Qv is defined by the

covering relations

() <n+1 for1<j <k,
n+1l<m(k+1),

(7 —1)<7n(j) fork+2<j<n.

(See the Hasse diagrams in Figure 8.2.)
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(b) If by =1 and k € {0,1} (in which case vy = vy = v1), then the vertex poset

Qv 1is defined by the covering relations

(1) <7(2) <--- <m(n),

n+1<7(2).

(See the Hasse diagram in Figure 8.5.)

m(n)

m(n—1)

(1) n+1

Figure 8.3: The vertex poset Qy of X, (b) in Lemma 8.2.14(b)

Proof. Let v = 7m(vy), so that v = ¢(v). The normal cone at Vv is the polar of
the tangent cone at V. From the formula for the affine projection ¢, we have that
l{(w) —l(v) = L(w —v) for all w € R", where L: R® — R"™! is the linear map
(21, 20) = (21, o, Ty — >or, 2;). To compute the tangent cone of X,(b) at ¥,

we apply L to the generators of 7, (X, (b)) given in Corollary 8.2.7. Now,

L(er(j)) = ex(j) — €nt1,
L(—ex(j)) = —ex() + ent1,

L(ex(j—1) = €x(j)) = €x(j—1) — €x(j);

for 1 < j <n.* Thus, the tangent cone Ty of X,(b) at ¥ is generated as follows:

4Note that, in an abuse of notation, we are writing e; for the 4t standard basis vector in R™**!
on the right-hand side and in R™ on the left-hand side of the equations.
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(a) If by > 2, orif by = 1 and k > 2, then T is generated by

{eg) —ens1 1 <5 <hpU{—erpsr) T enir} U{engn) —enp) - k+2<j<n}

if k<n-—1,and by {e; —e 41 : 1 <j<n}ifk=n.

(b) If by =1 and k € {0, 1}, then T is generated by

{erg-1) —ery) : 2<j<n} U {—era +enn}

These generating vectors of the tangent cone are the facet-defining outer normals of
the normal cone. Thus, for example, in the case where by > 2 and £ < n — 1, the

normal cone at v is defined by the inequalities

Tr(4) < Tnt1 for 1 < ] < k?

Tyl < Tr(kt1),

Tr(j—1) < Tr(j) for k+2<j <mn;

and the other cases are handled similarly. These inequalities determine the covering

relations given in the statement of Lemma 8.2.14. O]

Theorem 8.2.15. The h-polynomial of X,(b) is

An(2) —nzA,_1(z) ifby =1,
h(Xn(b); 2) =

Proof. Consider first the case in which b; > 2. From Figure 8.2 (corresponding to
Lemma 8.2.14(a)), we see that Qzp,y contains 1+ des(m(k +1),...,m(n)) descents if

0 <k <n-—1, and 0 descents if £ = n. Thus, enumerating vertices as in the proof of
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Corollary 8.2.4,

n—

1 n
Z Zdes (Qv) _ Z Z Zleres(a 1=1+ ZZ (Z) Z ZdeS(U) — gn<z)
0 IC| k=1

veVert (X, (b)) k=0 IC[n]: 0€6,_i oc6y
j1l=n—k

Now consider the case in which by = 1. From Figures 8.2 and 8.3, we see that
Qv contains 1 + des(m) descents if k =1, 1 +des(n(k +1),...,7(n)) descents if
2 <k <mn-—1, and 0 descents if k = n. Again enumerating vertices as in the proof of

Corollary 8.2.4,

H

n—

2 : des (Qw) E :Zl—&-des + Zl-i—des

veVert (X, (b)) €6y, k=2 ICln|: 0€6,_}
\I|=n—Fk
=1+ ( > 24 4 o Z 290 = A, (2) — nzA,_1(2)0
k=1 ceBy TeEG,

Since the h-polynomial of X, (b) depends only on whether b; = 1 or by > 2,
comparing with results on faces numbers of X,,(a,b,b,...,b) in [36, Prop. 3.14], we

immediately have the results on face numbers of X,,(b) for all b.

Corollary 8.2.16. Let fi be the number of k-dimensional faces of X,(b) for k =

0,1,...,n. Then,

2 5= 5#1( Yn—k—NSn—j+1ln—k—j+1) ifb =1,

fr =
S (n—k—=)'S(n—j+1n—k—j+1) if by =2,

Jj=0

where S(n, k) is the Stirling number of the second kind.
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8.3 A building set perspective

In this section, we completely characterize the face structure and identify the combi-
natorial types of all b-parking-function polytopes. In particular, we show that even
though not every b-parking-function polytope is a nestohedron (see Definition 8.3.2),
up to combinatorial equivalence, every b-parking-function polytope is either the

classical parking-function polytope PF,, (if b = 1) or the stellohedron St, (if b; > 2).

We consider the Y-generalized permutahedron associated with a certain class of

collections B. We recall some background on building sets, nestohedra, and nested

set complexes from [55, 56].

Definition 8.3.1 ([56, Definition 7.1]). Let E be a finite set. A building set on

is a collection B of nonempty subsets of F that satisfies the conditions:

(Bl) IfI,J e Band INJ # @, then IU J € B.

(B2) The singleton {i} lies in B for all i € E.

In this case, we write B,.. C B for the collection of maximal subsets in B under

inclusion.

Definition 8.3.2. Let B be a building set in [n]. A nestohedron Pg is a Y-

generalized permutahedron with positive coefficients y; only for I € B: PY({y;}) =

ZIGB yrir.

We will relate nestohedra to certain complexes formed from building sets.

Definition 8.3.3 ([55, Definition 6.4]). Let B be a building set on a finite set E. A

nested set of B is a subset N C B\ Bp,.x that satisfies the following conditions:
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(N1) If I,J € N, then either I C Jor I D JorINJ=2a.

(N2) If Ji,...,Jx € N are pairwise disjoint with k& > 2, then J; U---U Jy ¢ B.

From this definition, it follows that a subset of a nested set is a nested set.
Therefore, the collection of all nested sets of B forms an abstract simplicial complex
with vertex set B, called the nested set complex Ag of B. It turns out that the
nestohedron Pz is always a simple polytope, and the face lattice of Pg does not
depend on the values of the positive parameters y;, but only on B, and this face

lattice is dual to the face lattice of the nested set complex Ag; see [56, Theorem 7.4].

Example 8.3.4. The collection B = {{1}, {2}, {3}, {4},{1,2,4},{1,3,4},{2,3,4},{1,2,3,4}}
is a building set on [4]. The corresponding nested sets and their dimensions as faces

in Apg are as follows:

dim = —1 @

dim = 0 (1}, {2}, {3}, {4}, {124}, {134}, {234}

dim = 1 {1,2},{1,3},{2,3},{1,4},{2,4}, {3,4}, {1,124}, {1, 134},
{2,124}, {2,234}, {3,134}, {3,234}, {4,124}, {4,134}, {4, 234}

dim = 2 {1,2,3},{1,2,124}, {1,3,134}, {2, 3,234}, {1, 4, 124},
{1,4,134}, {2, 4,124}, {2, 4,234}, {3,4, 134}, {3, 4, 234}

This building set’s nestohedron is the simple polytope in Figure 8.4. Each of the
vertices corresponds to a maximal nested set. In fact, each of the faces of the
nestohedron corresponds to the nested set that is the intersection of the maximal

nested sets that correspond to the vertices of the face.

There are two special families of vectors b for which X, (b) is a translation by

e,.+1 of a nestohedron whose face structure can be determined without much more
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{1,2,124}
/ | \
{2,4,124) ——— {1,4,124}
|
|
|
|
/ 1 \
{2,4,234} {1,2,3} {1,4,134}
WJJA 11,3,134)
~ ~
{3,4,234) — {3,4,134}

Figure 8.4: The nestohedron from Example 8.3.4.

work.

Definition 8.3.5. A stellohedron St, is a nestohedron for the building set

{1342}, Anp b U{SU{n + 13} gep

Proposition 8.3.6. Let b € Z,. Let yr (I C [n+ 1]) be the associated coefficients
given in Proposition 8.2.13. Assume that y; > 0 for all sets I for which |I| =1 and

for all sets I for which n+1 € I and |I| > 3.

(a) If yr > 0 for all sets I of the form I = {i,n+ 1} (i <n), then the b-parking-

function polytope X,,(b) is combinatorially equivalent to the stellohedron St,.

(b) If y; = 0 for all sets I of the form I = {i,n+1} (i < n), then X,(b) is

combinatorially equivalent to the nestohedron for the building set

{{1h {24 Anb U {S U{n + 1} e 510

Proof. For Proposition 8.3.6(a), observe that X,,(b) is in this case combinatorially
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equivalent to the following Mikowski sum:

X,.(b) Z Ay + Z Asufnt1y-

SC[n], S£@

Note that the indices of the standard simplices in the above Minkowski sum range
over the collection {{1},{2},...,{n}} U{SU{n+ 1}}s.5cp. If we add {n + 1} to
this collection, the building set that results corresponds to the stellohedron [55, Sec
10.4]. Adding Ag,41y to the Minkowski sum only translates the polytope by e,

and does not change the face structure. Hence, we have

X,(b) = Z Apy + Z Asugnt1y + Dy = Sty,.

i=1 SCln], S#o

For Proposition 8.3.6(b), we have in this case that b; = 1, and so, similarly to the

previous case,

X, (b) Z Ay + Z Asufn+1}

Clnl,|S|>2

= Z Ay + Z Asugnt1y + Dgngry-

i=1 SCn], 1S]>2

The indices of the standard simplices in the above Minkowski sum range over the

collection

{{1}7 {2}7 T {n}} U {S U {n + 1}}Sg[n],|5\¢1’

which is also a building set. Therefore, X,,(b) is combinatorially equivalent to the

nestohedron corresponding to this building set. O]

We will see later in Corollary 8.3.14 that the two face structures in Proposition 8.3.6

are the only combinatorial types that can occur on X,(b) for any b € Z2,, even if
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the corresponding y; do not satisfy the positivity conditions of Proposition 8.3.6. We

introduce the notation

Bs, == {{1}, {2}, .., {n}} U{S U {n + 1} }scpm),

Ber, = {{1},{2},..., {n}} U{SU{n+ 1} }scp, 521

for the two building sets in Proposition 8.3.6. We also introduce some terminology
from [16] to characterize the nested sets. We say a subset I C [n] and a (nonempty)
chain F = (A; € --- € A) in the Boolean lattice (2", C) are compatible, denoted by
I < F,if I Cmin(F) = A;. If Fis the empty chain @, then we consider every subset
I to be compatible with @. The nested sets for Bs;, and Bpg, are characterized in

the next propositions.

Proposition 8.3.7 ([49, Prop. 3.7]). The nested sets for Bs, have form {{i}},.; U
{AU{n+1}} 4cr, where I C [n] and F C 2" —{[n]} is a chain such that I < F is

a compatible pair.

The building set and the collection of nested sets in Example 8.3.4 is the case of

n = 3 of the proposition below.

Proposition 8.3.8. The nested set for Bpg, is of the form {{i}},.; U{A} sc 7, where

el
ICn+1]and|I|<2ifn+1€ 1, and F C 2 —{[n+ 1]} is a chain such that

|min(F)| > 3 and n+ 1 € min(F), and I < F is a compatible pair.

Proof. Let N be a nested set for Bpg,. Let I be the subset consisting of i € [n + 1]
for any singleton {i} € N and F be the collection of all subsets in N that are not
a singleton. By the definition of nested set for Bpg,, we must have n + 1 € A and
|A| > 3 for any A € F. Pick any A, Ay € F, we always have n+1 € Ay N Ay # .

Hence one of A; or As must be a subset of the other and therefore F is a chain. For
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any i € I, we must have i € A for all A € F; otherwise, there exists A" € F such
that {i} and A" are disjoint subsets in N with A’ U {i} € Bpg,, which violates the
condition (N2) in the definition of nested sets. This implies I C min(F), so [ < F.
If n+1 € [ and |I| > 3, then the union of all singletons in I, which is [ itself, is
in Bpp,, which again violates condition (N2). Thus, we have |I| < 2ifn+1 € [I.

Conversely, it is routine to check that such a collection {{i}},.; U{A} . satisfies

el

the two axioms of the definition of nested sets. O

In order to understand the face lattice of X,(b) in terms of building sets, we now
generalize the notation U; for certain facets of X,,(b) introduced immediately before

Lemma 8.2.5 by setting

Ur = {(ml,...,xn)E%n(b):inI Z Si}7

icl i=n—|I|+1

for all nonempty I C [n], except in the case |I| = n — 1 if by = 1. Thus, Uy is the
facet of X,,(b) defined by the (b-parking) inequality for the subset I. In terms of this
notation, the facets U; defined prior to Lemma 8.2.5 are given by U; = Uy, where
I, ={j,7+1,...,n}. Comparing the supporting hyperplanes of the facets of X,,(b)
in Theorem 8.2.3 and the two building sets in Proposition 8.3.6, we immediately

arrive to the following lemma.

Lemma 8.3.9. Let B := Bpg, if by = 1, and let B = Bs;, if by > 2. The facets of
X, (b) are in bijection with the elements of B\ Byax = B\ {[n+ 1]}. If by =1, then

the bijection is as follows:

L; +— {i} for1<i<n,

U[n]\g(—>SU{n+1}, fOT‘Sg_[TL], |S|7£1
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If by > 2, then the bijection is as follows:

L; «— {i} for1<i<n,

Upnps «— SU{n + 1}, for S C [n].

For any B € B\ {[n + 1]}, we denote by Fp the corresponding facet of X,,(b)

under the bijection in Lemma 8.3.9.

Lemma 8.3.10. Let B := Bpg, if by = 1, and let B := Bs, if by > 2. Then the map

N+ () Fs
BeN
is a bijection between the mazximal nested sets N (i.e., the facets of Apg) and the

vertices of X,,(b).

Proof. Consider b; = 1, the maximal nested sets for Bpg, are of the form {{i}};c; U
{AL C Ay C ... C A,y } satisfying the condition of Proposition 8.3.8 and |A; 1| —
|A;| =1 for all i. If n+ 1 ¢ I, then the corresponding vertex can be obtained as a
vector in R" by placing 1s in positions I, then placing S, in position [n 4 1] — A,y
placing S,,_; in position A,_|; — A,_j7-1, and so on, in the final step placing S|4
in position Ay — A;. In this way, we fill out all n entries of the vector in R", and the
resulting vector is the permutation of v which is a vertex by Theorem 8.2.3(b). If
n+1¢€ 1, then I = {{i},{n+ 1}} for some i € [n]. Then we obtain the vertex as a
vector in R™ by placing 1 = b; = S} in position 4, placing S, in position [n+1] — A,,_,
placing S,,_; in position A, o — A, _3, etc., placing S5 in position A; — Ay, in the
final step placing S in position A; — {i,n 4 1}. In this case, the resulting vector is
the permutation of vi = vy which is also a vertex by Theorem 8.2.3(b). As a result,

this gives a bijection between the maximal nested set for Bpg, and the vertices of
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X,,(b) for by = 1 via the intersections of facets corresponding to the maximal nested

sets.

For the case of by > 2, the proof is similar. O

Remark 8.3.11. In both cases b; = 1 and b; > 2, one can further consider the
vertex posets @, for every v in the set of vertices Vert(X, (b)) (see Subsection 8.2.3)
cooperating with the bijection in Lemma 8.3.10. It gives the following commutative

diagram

Vert(X,,(b)) » {maximal nested sets for B}

\ /

{Q, : v € Vert(X,(b))}.

For example, the following are the correspondences between the weakly increasing

vertices of X,,(b) for b; = 1 and their vertex posets and the maximal nested sets:

n—1 7‘7
k+2 n—1
. i {1}, {n+1},
\ 1), @), 210gnt1},
Lo LSk, Sa | = k41— § k0inti), (LS., 8) «—— 3« 7 Ble{nt)
¥ ‘ n—1)U{n+1} \ [n—1]u{n+1}
n+1 2
12 - k 1 n+1

With the aid of Lemma 8.3.9 and Lemma 8.3.10, we can completely characterize

the face structure of the b-parking function polytope for any b as follows.

Theorem 8.3.12. Let B .= Bpg, if by = 1, and let B .= Bs, if by > 1. Then the

map

Ap — {nonempty faces of X,(b)}, where N +— Fy = ﬂ Fg

BeN
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s an isomorphism between the dual of the face lattice of the nested set complex Ng

and the face lattice of X,,(b).

Proof. Consider b = (by,...,b,) with by = 1. We first prove that the map from the
nested sets in Ag,. to the set of nonempty faces of X,,(b) is well-defined. From
Lemma 8.3.9, the singleton nested set {B} € A, corresponds to the facet Fp of
X,(b). Since any intersection of facets is a face of the polytope, we know Fy is a
face of X, (b) for any nested set N € Apg,. . For any nested set N, the face Fy is
nonempty by Lemma 8.3.10 because Fy contains those vertices that correspond to

the maximal nested sets containing N. Hence, the map is well-defined.

Now we check the injectivity of the map. By Theorem 8.2.3(a), X,,(b) is a simple
polytope. In a simple polytope, every nonempty intersection of facets determines a

unique face. Hence, the injectivity of the map follows.

We now show that the map is surjective. Let N’ be a subset of Bpg, such that
the face (zon F'5 is nonempty. Say N’ = {{i}}icrr U {A}aer for some I’ C [n + 1]

and F’ consisting of non-singleton subsets in Bpg,, then

() Fs = (ﬂ LZ-) N < N U[n]\A> .

BeN' iel’ AeF’

We now show that N’ must be a nested set for Bpg, (Recall Proposition 8.3.8).

e By definition of Bpg,, we have n +1 € A and |A| > 3 for any A € F’ right away.

e First, for any A € F' we must have I’ C A; otherwise, there is j € I’ but j ¢ A
for some A € F'. Then this face (., F5 is contained in the intersection of the

facets F; N Uy, which is an empty set since j € [n] \ A. One can check the
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defining equations of the hyperplanes that there are no vertices of X,,(b) in this

intersection. This contradicts the assumption that the face is nonempty.

e Second, we claim if n + 1 € I’, then |I'| < 2. This is because the face (zcn, Fp is
contained in the facet Up,; whose supporting hyperplane is 1, z; = S, + Sp—1 +
...+ S1. Any vertex of X, (b) on Uy, is the permutation of (S, Ss,...,5,) =
(1,Ss,...,S,) which has exactly one coordinate being 1. Thus, I’ does not contain

more than one element that is not n + 1.

e In the final step, we show that ' must be a chain. Let Ay, Ay € F' with |A;| < |As|
then we must have A; C Ay. If not, there exists j € Ay, but j ¢ Ay. Notice that

any vertex v = (v1,...,v,) of X,(b) on the facet Uy, 4, has coordinates satisfying

{viticppas = {Sns Sn—1, - -S| as41};

while the vertex v on Up, 4, has coordinates satisfying

{vitieppar = {Sns -, Sjagl+15 - -+, Sjay 41}

Then there is no vertex of X,,(b) that lies on U n)\A, and Up,)\ 4, simultaneously since

all the vertices have at most one coordinate equal to any one of S, S,—1,...,54,41-

Therefore, by Proposition 8.3.8 the subset N’ is a nested set for Bpg, .

Now the map is a bijection. By the definition of the map, it is clear that any
two nested sets N; C N, if and only if Fy, O Fy,. Therefore, the map is a poset

isomorphism. For the case that b; > 2, the proof is similar. O

Recall that given a building set B C 2", the face lattice of the nestohedron
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Ps =73 1epyrr (where y; > 0) is completely determined by the building set B and
is dual to the face lattice of the nested set complex Ag. It is somewhat surprising
that the face lattice of X,,(b) is determined by the two building sets Bpp, and Bs;,
because from Proposition 8.2.13 we have seen that for most of b the polytope X, (b)
is not a nestohedron (or a translation of one). It will be interesting to understand
how the value of y; affects the face structure of ), y;A;. More concretely, can we
characterize the parameters {y;} such that Yy;A; is combinatorially equivalent to

Py for a given building set 57?7

From Theorem 8.3.12, we can explicitly tell which facets intersect at a given face
and all the vertices on this face by observing the nested set corresponding to the face;

we can see this exemplified next.

Example 8.3.13. For b = (1,by,...,bs), consider the nested set N = {{1},{3}} U
({1,3,4,7} € {1,2,3,4,7}). Then the face Fy is the intersection of the following
facets of X¢(b):

L1 LT = 1, L3 LT3 = 1, U{17374} P Tot+T5t+Tg = Sﬁ+S5+S4, U{17273’4} P T5t+Tg = Sﬁ+S5.

The face Fiy is 2-dimensional and has 4 vertices:

(17 S47 17 ]-7 S57 Sﬁ)u (]-7 847 ]-7 S37 S57 56)7 (17 S47 17 ]-7 S67 55)7 (]-) 5’47 ]-7 S37 867 55)

Corollary 8.3.14. For any b = (by,bs,...,b,) € Z%,, the b-parking-function
polytope X,,(b) is combinatorially equivalent to the classical parking-function polytope

PF,. if by = 1 or is combinatorially equivalent to the stellohedron St,, if by > 2.

Next, we provide a visualization of the two 3-dimensional cases of Corollary 8.3.14.

Example 8.3.15. The combinatorial type of X,,(b) is as in Figure 8.4 when n = 3
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and b; = 1 and is as in Figure 8.5 when n = 3 and b; > 2. The coordinate of each

vertex can be obtained by using the bijection described in the proof of Lemma 8.3.10.

(12,124
T~
(2.24,124} {114,124

/ T 220y —— (a14024)

]
{2,24,231) / | \ {1, 14,134}
T {20,280 : fa14,180)
1,2,3) /

‘,7‘77(454244) {4,34,134} -~
234] ‘ ‘ 113,134}
(3.34,230) — (3,340,134}

(2.3,

Figure 8.5: The combinatorial type of X,,(b) when n = 3 and b; > 2.

Up to this point we have observed X, (b) as a generalized permutahedron and
have characterized its combinatorial types through the use of building sets. In the
next section, we exhibit X, (b) as a special polymatroid, which allows us to obtain

further results.

8.4 A polymatroid perspective

Here we study the b-parking-function polytope through a polymatroid lens. Poly-
matroids are a class of polyhedra that were introduced by Edmonds [27] in 1970 as
polyhedral generalizations of matroids. We note that generalized permutahedra are
equivalent (up to translation) to polymatroids. By exhibiting X,,(b) as a polymatroid,
we are able to draw conclusions about properties such as its combinatorial and circuit
diameters. For background on diameters, see [43,73] and [11,12,15,28]. We begin by

recalling a few helpful terms and definitions from matroid theory [53].

Definition 8.4.1. Let f : 2"/ — R be a set function. The function f is said to
be submodular if for every X, Y C [n] with X C Y and every z € [n] \ Y, the

following inequality holds: f(X U{z})— f(X) > f(YU{z}) — f(Y). The polymatroid
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associated with f is the polytope

Py = {:CER”::UZO, ingf(S) for all S C [n]}

€S

A set function f: 2" — R is said to be nondecreasing if, for every X, Y C [n] with
X CY, we have f(X) < f(Y). Henceforth, let f: 2" — Z, be the set function

defined by setting f1,(&) := 0 and
fo(I) = —|I|+Zmin{|]|,j}bn—j+17 for & £ 1 C [n].
j=1

Proposition 8.4.2. The function fy, is a nondecreasing submodular function.

Proof. By construction, fy, is integer and nondecreasing. It remains to show that fy,
is submodular. Observe that fy, (1) = —|I| + >_7_ min {|7|, j} b, ;41 only depends
on the cardinality |I| of I, and not on the specific elements in /. It suffices to prove

that I C J C [n] = fo(/I|+ 1) — fu(lI]) > fu(|J|+ 1) = fu(|J]), or equivalently
i<j<n = fuli+l)=fuli)) > fol+1) = ful)

The difference fy,(i +1) — fp(3) is

oli+1) = fu(i) = —(i+1) = (=) + Y _(min {i + 1, k} —min {i, k}) bporer = =1+ Y buogrr.

k=1 k=i+1

Asb = (by,...,b,) € Z2,,

> buke1 = Y buoke for i< j.

Thus, fy is submodular. O]
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We translate the inequality description of X, (b) (Theorem 8.2.3(c)) to a descrip-

tion of the form Py. Setting y; := x; — 1, one obtains
>l & n—-120 < y=>0,

and the remaining constraints in Theorem 8.2.3(c) take the form

n

Yow <y min{[I], i} be e & D> u < =+ > min{|T],5} bu i

i€l j=1 i€l j=1

The resulting polymatroid is now described as

X, (b) = {yER" cy >0, Zyl < fu(I) for all I C [n] },

iel
which proves the following.

Theorem 8.4.3. The polytope X! (b) is a polymatroid. In fact, X! (b) is a special
polymatroid for which upper bounds on the sum of entries in any set I depend only

on the cardinality |I|.

The polytopes X,,(b) and X (b) are combinatorially equivalent. Thus, we can
leverage the theory of polymatroids to obtain results about X,(b). In particular, we
note that known results about polymatroids allow for alternate directions to recover
Theorem 8.2.3. Topkis [65] studied extreme point adjacency in polymatroids [65,
Corollary 5.4], and his work can be used to deduce Theorem 8.2.3(a). Shapley’s
observation on the structure of the vertices of a polymatroid [61] can be used to obtain
Theorem 8.2.3(b). Edmonds [27,59] showed that we can optimize linear functions
over polymatroids in strongly polynomial by certifying total dual integrality through
the greedy algorithm. In turn, this yields another direction for proving the inequality

description in Theorem 8.2.3(c).
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Next, using Theorem 8.4.3 and Proposition 8.2.6, we can carry over known upper
bounds on the combinatorial diameters of polymatroids [66] to X, (b), of the form
min{2n, 3n(n — 1) + 1}. Recall that the combinatorial diameter of a polytope is
the diameter of its edge graph, that is, the maximum length of a shortest edge-path
between two vertices. We now provide a direct proof of these upper bounds, which

allows us to improve them for the case by = 1 and see tightness in all cases.

Theorem 8.4.4. Ifb; > 1, the combinatorial diameter of X,,(b) is ezactly min{2n, n(n—
1)+ 1}. If by = 1, the combinatorial diameter is ezactly min{2(n — 1), n(n — 1)}.
Proof. Note that 2n < in(n — 1) 4+ 1 and 2(n — 1) < in(n — 1) if and only if n > 5.
For n < 4, tightness of the bounds can be verified exhaustively. For example, for

n = 3, it is clear from Figure 8.1 that the combinatorial diameter of X3(1,2,3) and

X5(2,3,4) is 3 and 4, respectively.

We provide an argument for the bounds 2n and 2(n — 1). Let wy = w(vy) be a
vertex of X, (b) where k < n. By Proposition 8.2.6, wy, is adjacent to w1 = m(Vgi1),
which corresponds to reducing the (k + 1) entry of v; to 1. Consider the path
Py, = (Wk, Wii1,...,Wp_1,1) on X,(b), where P, ends at v,, = w,, = 1. Because Py
begins at wy,, the length of Py is at most n when b; > 1. Concatenating paths when
necessary, we have a path of length at most 2n between any two vertices of X,,(b)
with by > 1. A path of this length is realized when traveling between the vertices
wo = (b1, 52, ...,5,) and 7'(wgo) = (Sp, Sp_1,...,592,b1). When by =1, wy = wy, so
Py has length at most n — 1. A path of length 2(n — 1) is realized when travelling

between vertices wy = (1,55,...,5,) and 7'(wy) = (Sp, Sp—1,...,52,1).

It remains to show tightness. We exhibit that the paths constructed above are

shortest paths between the given pairs of vertices. The bound 2n for a path between
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wo and 7'(wy) is achieved through a combination of n reductions and n increases
of entries S;, and no swaps. A path that exclusively uses swaps requires at least
sn(n — 1) steps, and so is not better. Let S; be the largest value that is reduced
during an edge walk. It can be seen that any walk where j = 1 has to perform the
same number of swaps as one exclusively using swaps; any walk where j = n — 1
has to perform at least two further steps (in addition to n — 1 reductions and n — 1
increases). Let now 2 < j < n — 2. Then the number of swaps required to arrive at a
vertex where the j largest values Sy, ..., S,_j;1 are in the target positions is bounded
below by j - (n — j). (For every 1 < iy < iy < n, it takes io — i1 swaps to move S;, to
the position in which S;, lies; in a best case, the target positions for S, ..., S,—j11

start these swaps with values S;,...,S;.) Combined with the at least j reductions

and j increases, the path has length at least 25 + j(n — j) > 25 + 2(n — 2) > 2n.

An analogous argument with n — 1 in place of n shows tightness of 2(n — 1) for

blzl. D

Circuits and circuit diameters generalize the concepts of edges and combinatorial
diameters. We refer the reader to [11,12,21,28 57] for background. The set of
elementary vectors or circuits C(P) of a polyhedron P correspond to the inclusion-
minimal dependence relations in the constraint matrices of a (minimal) representation.
Note that the elementary vectors or circuits of a polymatroid are not the circuits
of the underlying matroid. The elementary vectors include all edge directions that
appear for varying right-hand sides of a representation, and so C(X,(b)) contains a

superset of the edge directions found in Proposition 8.2.6.

Lemma 8.4.5. The elementary vectors of X,,(b) include te; and e; — e; for all

i,j <n withi#j.
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Proof. Tt suffices to exhibit that for any vector of type +e; or e; —e; for all ¢, 7 < n
with 7 # j, there exists an X,,(b) in which that vector appears as an edge. In fact,
they all appear in the same polymatroid: a matroid polyhedron X,,(b) for a uniform

matroid with rank > 2; c.f. [66]. O

The associated circuit walks begin and end at vertices, and take maximal steps
along elementary vectors instead of edges, in particular through the interior of a
polyhedron. The study of circuit diameters is motivated by the search for lower
bounds on the combinatorial diameter and the efficiency of circuit augmentation
schemes [21]. The circuit diameter of a polytope is the maximum length of a shortest
circuit walk between any two vertices. Of particular interest are polyhedral families
where there is a significant gap between the combinatorial and circuit diameter [13,41].

We will prove that b-parking-function polytopes is one of these families.

Unlike the more technical conditions for the adjacency of vertices found in
Proposition 8.2.6, steps along the elementary vectors of Lemma 8.4.5 allow for more
general changes to a b-parking function than classic matroid operations: any two
entries can be swapped (a step in direction £(e; — e;)), even for non-bases and
even including an entry that is 1; this contrasts with the basis-exchange property of
matroids where specific pairs of elements of two bases can be exchanged. Further, any
entry can be decreased or increased (a step in direction +e;), respectively. The steps
along the elementary vectors have to be of maximal length while remaining feasible.
Recall from the proof of Proposition 8.4.2 that X, (b) is a special polymatroid for
which fy(I) only depends on the cardinality |I|. Thus, any maximal step in direction
+(e; —e;) indeed is a swap of the corresponding entries. A maximal step in direction
—e; corresponds to a decrease of an entry to 1. Note that such a step starting at

m(vg) arrives at a non-vertex when decreasing entry S; to 1 for ¢ > k4 1. A maximal
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step in direction e; corresponds to an increase of an entry to the largest S; that does

not appear yet.

We are now ready to prove a bound on the circuit diameter of X,,(b).

Theorem 8.4.6. If by = 1, the circuit diameter of X,,(b) is at most n. If by > 2, the
circuit diameter is at most n — 1. Moreover, these bounds are tight when restricted to

the circuits of Lemma 8.4.5.

Proof. Recall that each vertex of X, (b) is a permutation of a point of the form vy
for 0 < k <n. If by =1, then £k > 1. Consider vertices m(vy,) and my(vy,) for
two permutations 7wy, mo and ky; < ko. Note that 7 (yx,) and m2(yx,) have at least k;
entries 1 and share the largest n — ky values of y;, (permuted to different entries).
Circuit walks are not reversible, so we will explain how to walk from 7 (vy,) to
mo(Vi,) and how to walk from my(vy,) to m;(vy,) in at most the claimed number of

steps.

For the walk from m(vy,) to ma(Vvy,), order the entries in descending order by
value in mo(vy,). In the first n — ko iterations, a swap of two entries can guarantee
that the largest n — ko entries match. Then follow ke — k; iterations in which entries
are decreased to 1. The remaining k; entries are already identical to 1. We obtain a

circuit walk of at most n — ky steps.

For the walk from my(vy,) to m(vy,), order the entries in descending order by
value in (v, ). In the first n — ko iterations, a swap of two entries can guarantee
that the largest n — ko entries match. Then follow ky — Ky iterations in which a
l-entry is increased to the next-largest entry in m(vy, ). The remaining k; entries are

already identical to 1. Again, we obtain a circuit walk of at most n — k; steps.
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It remains to show that the given bounds are tight if one is restricted to the
elementary vectors in Lemma 8.4.5. To this end, observe that any elementary vector
can only increase one entry. If b; > 1, the case where 0 = k; < ky = n is possible,
and all n entries need to be increased in a circuit walk from 7 (yx,) to ma(yx,). If
by > 1 then k; > 1. In the case where 1 = k; < ky = n, n — 1 entries need to be

increased. This proves the claim. O

For all n > 2, the bounds of Theorem 8.4.6 are strictly lower than the bounds
for the combinatorial diameter of Theorem 8.4.4. Note that we only worked with a
subset of C(X,(b)). A complete characterization of the whole set C(X, (b)) remains
open. Due to this restriction, we constructed an integral circuit walk [15], where each
intermediate point is integral. We believe that our bounds are tight if restricted to

integral walks and leave this as an open question.

8.5 Further perspectives

Recall that the classical parking-function polytope PF, is the convex hull of all
parking functions of length n in R™. As noted in [36, Remark 2.10] and [9, Remark

4.8], there are other alternative perspectives on PF,,. It can be viewed as:

e a special case of the main object of study for this paper, the b-parking-function

polytope when b = (1,1,1,...,1),

e a particular partial permutahedron P(n,n—1) as defined in [37] and further studied

in [9],

e a specific polytope of win vectors as defined by Bartels et al. in [7] (when specializing
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to the complete graph, the work of Backman [3, Theorem 4.5 and Corollary 4.6]

provides alternate routes for computing the volume and lattice-point enumerator

of PF,), and

e essentially as the stochastic sandpile model for the complete graph [60].

In addition to these interpretations, as direct corollaries to Theorem 8.2.11,
Theorem 8.3.12, and Theorem 8.4.3, we can also add that (a linear projection of)

PF,.:

e is a special generalized permutahedron,
e can be seen as a building set, and

e is a special type of polymatroid, respectively.

We include two detailed interpretations of the classical parking-function polytope
as a projection of a relaxed Birkhoff or assignment polytope, and as a projection of a

relaxed partition polytope.

8.5.1 Relation of PF, to Birkhoff/assignment polytopes

Consider an assignment problem for n cars and n parking spots, represented with
decision variables x;; € {0, 1} indicating car ¢ being assigned to spot j. The feasible

set is a Birkhoff polytope or assignment polytope as follows [5]:

injzl foralll1 <i<n

=1
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injzl forall1<j<n

i=1

;>0 foralll1 <i<n, 1<j<n.

Due to the total unimodularity of the underlying constraint matrix and integrality
of the right-hand sides, the vertices satisfy x;; € {0,1}. In fact, they are in one-to-one
correspondence to all possible assignments of cars to parking spots. We prove that a

linear projection of a mild relaxation of this polytope gives PF,,.

Theorem 8.5.1. The polytope PF,, is a linear projection of a relaxed Birkhoff/assignment

polytope.

Proof. Note that either of the two types of equality constraints in the description of
the assignment polytope, combined with the non-negativity constraints, implies an

upper bound of z;; < 1. This allows an equivalent description of the form

injzl foralll1 <i<n

Jj=1

injzl forall1 <j<n
i=1

25 >0 foralll1<i<n, 1 <5 <n.

Informally, each car is assigned to precisely one spot, and each parking spot requires
at least one car assigned to it, which is only possible if one retains a one-to-one

assignment.

We now perform a relaxation where we allow for the assignment of multiple cars
to the same (preferred) parking spot, following the design of PF,,: the i*! car to arrive

picks from the first ¢ spots. To represent the corresponding conditions o) < i in a
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nondecreasing rearrangement of the entries, one can replace the set of constraints

Yo i > 1 by sums of the first k& constraints for 1 < k < n:

Zazijzl foralll <i<n
j=1
k

ZznjﬂfijZk foralll1<k<n

7j=1 =1

ziy; >0 foralll1<i<n, 1 <5 <n.

As >0 x> 1forall 1 < j <n implies E?Zl Yo xiy >k forall 1 <k <n, this
feasible set, which we call BF,,, is a relaxation of the assignment polytope. Note that
the associated constraint matrix lost total unimodularity. As part of our arguments

below, we will prove that BF,, is integral, i.e., it has integral vertices.

To obtain PF,,, consider the linear projection of BF, using (x;;) — (Z?Zl j-
Tij)i=1...n, 1., where the i*" entry is Z?le - ;5. For integral (z;;), x;; = 1 holds for
exactly one j, the parking spot j for car i. It remains to show that the projection
of BF,, results in exactly PF,,. Recall that PF,, is an integral /lattice polytope in R".
Thus, for a € PF,,, which may have fractional components, there exists a convex
combination a = Y~} | A,a’ of integral parking functions a’. Let x* = (z;) € {0, 13
be defined by xfj = 1 if and only if @’ = j. Then x = Yot Aex’ lies in BF,, and

projects onto a.

Conversely, now let x € BF,,. We have to prove that its projection a lies in PF,,.
To this end, we first prove that BF,, is integral. Let x be fractional and consider a
bipartite graph G with V(G) = CU P, |C| = n = |P|, and edges (i, ) from C to
P if and only if 0 < z;; < 1; informally, it is a representation of only the fractional
assignments of parking spots to cars. If there exists a cycle in the undirected graph

underlying GG, one can send flow along either orientation of that cycle and obtain a
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new feasible solution. In this case, x is not a vertex of BF,,.

If there does not exist a cycle in GG, then there exist at least two nodes with degree
1 in each connected component, as any tree has at least two leaves. By Z;;l xi =1
for all cars 7, the degree of ¢ € C' in any component is at least two. Thus, there are at
least two parking spots j', 7 € P with degree 1, as well as a path between j" and j".
Let 5 < j” and note that the constraints 2;/:1 Yor x> j and 25;1 Yo xiyy > g"
must be satisfied strictly. By sending (maximal) flow along the oriented path from j’
to j”, one obtains a new feasible solution with a strictly larger set of active constraints.

This again implies that x is not a vertex of BF,,.

We conclude that BF,, is a lattice/integral polytope with all vertices in {0, 1}"2.
By the same arguments as above, x = 22:1 Aex’ is a convex combination with
x‘ € {0, 1}”2. Let a’ be the projection of x’ and observe it is an integral parking
function. Thus, x projects to a convex combination a = »_,_, Aea’ of integral parking

functions a‘. This proves the claim. O]

8.5.2 Relation of X,(b) to bounded-size partition polytopes

Most of the proof for Theorem 8.5.1 transfers to b-parking-function polytopes X,,(b).
By using z;; € {0, 1} to indicate car ¢ being assigned a number 1 < j < S,,, one can

formulate the set of b-parking functions in the form

Sn

injzl foralll1 <i<n
j=1
Sy n
ZinjZk foralll1<k<n
j=1 i=1

;>0 foralll1<i<n, 1<j5<65,.
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and the projection (z;;) — (Z;L:lj - Tij)i=1,..n gives X, (b) by the same arguments.

A relation of this system to well-known polytopes is more involved than for PF,,.
The system can be seen as a relaxation of so-called bounded-size partition polytopes [14,
15]. This category of partition polytopes can be considered as special transportation
polytopes and generalized Birkhoff or assignment polytopes, representing the (possibly
fractional) assignment of n items to ¢ clusters, where one specifies the total weight &;
assigned to each cluster j. A bounded-size partition polytope specifies lower and/or
upper bounds on this weight instead of an exact weight. For the purpose of relating

X, (b) to these polytopes, we set £ = S,, and only use lower bounds. Formally,

Sn
injzl forall1<i<n
j=1

Zl’ij Zlij for all 1 S]SSn
i=1

zi; >0 forall1<i<n, 1<j<08,.

The first type of constraints guarantees that each item is assigned to a cluster (or
partially to multiple clusters). The second type of constraints guarantees that each
cluster receives a certain minimum weight. Note that S,, > n for any X,,(b) that is
not also a classical parking function PF,; informally, there are more clusters than
items. For the existence of a feasible solution, it is necessary that at least some of

the r; satisfy x; < 1.

Let Sy =0 and ¢ € [n], and set k; = St+5t_1 for S;_1 < j < S;. One can represent
the conditions ] < S; in a nondecreasing rearrangement of the entries by replacing
the set of constraints Z?Zl x;; > Kk; by sums of the first S constraints for 1 < k < n.

This gives the above relaxed system.

Corollary 8.5.2. The polytope X,(b) is a linear projection of a relaxed bounded-size
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partition polytope.

We conclude by posing the following question to encourage further exploration
of generalized parking function polytopes in view of possible relations to other

well-known classes of polytopes.

Question 8.5.3. What is the relationship (if any) between b-parking function
polytopes and partial permutahedra, polytopes of win vectors, or stochastic sandpile

models for graphs?
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Arboricity Polynomials
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The final portion of the dissertation covers the arboricity polynomial, which is a
graph invariant. Since graphs have only loosely been mentioned thus far, a brief
overview of important graph theory concepts will be included here, as well as the key
information on arboricity itself. The work in Section 9.3 and Section 9.4 to advance
understanding of arboricity polynomials was accomplished in collaboration with Mark
Denker, Alec Helm, Tyrrell McAllister, Sam Spiro, and Andrés R. Vindas-Meléndez
during and after the 2023 Graduate Research Workshop in Combinatorics. These

results are unpublished.

9.1 Graph Invariants

We will refer to a graph G = (V, E) as having |V| = n vertices and |E| = m edges. A
graph invariant is a quantitative representation of some fundamental property of the
graph; for example, the degree sequence (dy,dy, ..., d,),dy > dy > ... > d,, of a graph
lists the degrees of the n vertices in non-ascending order. One graph invariant of

particular relevance to us is the chromatic number x(G).

Definition 9.1.1. The chromatic number of a graph G, denoted x(G), is the
smallest number of colors needed to color the vertices of a graph such that no two

adjacent vertices have the same color.

We can draw on the language of partitions from Section 2.2 to reinterpret this
definition. The “coloring” of the graph vertices is a partition of the n vertices into
some number of blocks, such that within any block, none of the vertices are adjacent
to each other. This specification is also known as a proper vertex coloring. The
chromatic number is then the smallest number of blocks that any such partition can

have.
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A logical follow-up to this is the question of how many such partitions exist
for any number of colors k, where k is a positive integer. To answer this question,
we introduce an invariant closely related to the chromatic number: the chromatic

polynomial.

Definition 9.1.2. The chromatic polynomial ys : N — N of a graph is a
polynomial such that for any k € N, x5 (k) is the number of proper vertex colorings

of G using at most k colors.

One of the most useful properties of both the chromatic number and the chromatic
polynomial is that they both obey a type of rule called a deletion-contraction recursion.
There are several such rules for graph invariants. “Deletion” refers to the deletion
of some edge e € E from the graph G, to get a new graph G\ e = (V, E'\ e) on the
same set of vertices as GG. “Contraction” refers to the merging of the two vertices
u, v at the endpoints of some edge e to get a graph G/e; this operation decreases the

number of vertices by 1 and also removes e from the edge set.

Definition 9.1.3. A graph invariant f(G) obeys a deletion-contraction recursion

if for any graph G = (V, E) and any of its edges e € E, f(G) can be written in terms
of f(G/e) and f(G \ e).

In the specific case of the chromatic polynomial, x¢(k) obeys the following

recursion for any graph G and any of its edges e:

xc(k) = XG\e(k) - XG/e(k)

This recursion provides an incredibly powerful tool for computing the chromatic

polynomials of large graphs. For any graph, the chromatic polynomial is a function
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of the polynomials for two slightly smaller graphs, meaning that any chromatic
polynomial can be computed by iteratively breaking down the graph into smaller
and smaller pieces until graphs with known polynomials are reached. Recursion is
similarly powerful for a variety of other well-understood graph invariants; however,
there are many interesting invariants that lack such a tool and correspondingly are

much harder to break down.

9.2 Arboricity and Scheduling

The arboricity a(G) for a graph G is defined to be the minimum number of forests
needed to cover the edges of GG. This concept was first introduced as an invariant by
Nash-Williams and Tutte [52,68], and can be naturally extended to any matroid as
the minimum number of independent sets needed to cover the ground set. Any tree T
will have a(T") = 1, as a tree is itself a forest covering its own edges. Any cycle C' will
have a(C') = 2, because the set of edges of a cycle is not a forest, but sequestering

even a single edge into a separate second forest will leave a forest behind.

Example 9.2.1. Consider the cycle graph Cy. By definition, the full 4-edge cycle
contains a cycle and is therefore not a forest. However, separating the cycle into
a 3-edge tree and a l-edge tree, or into a pair of 2-edge trees, yields two forests
that together cover the edges of Cy. Similarly, separating the cycle into a pair of
disconnected 2-edge forests will cover the edges of Cy. For visual convenience, within
each type of edge partition, the two resulting forests are given distinct colors to

separate them in the figure below.



205

b do o o bbo oab |

Note above that to achieve a partition of the edges of Cj into forests denoted
by color, in each possible split, every edge is assigned exactly one color. The use
of color to identify forests in Example 9.2.1 motivates an alternative understanding
of arboricity. We can think of arboricity as behaving like a chromatic number for
edges, where a subset of edges can only share a color if it contains no cycles. This
interpretation motivates a function x 4(g)(k) akin to the chromatic polynomial, which
is unique for any graph and when evaluated at a positive integer k£ will give the
number of partitions of the edge set into at most k forests, where each forest can be

associated with a color. The colorings counted by this function are defined as follows:

Definition 9.2.2. An arboreal edge coloring of a graph G is a labeling of the

edges of G such that any subset of edges with the same label does not contain a cycle.

We note that these colorings are in general neither proper edge colorings nor
acyclic edge colorings. Proper edge colorings require that any two edges incident
on the same vertex must have different colors, while acyclic edge colorings require
that any two color classes taken together must form a forest. By contrast, arboreal

edge colorings only require each individual color to form a forest. A technique for
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constructing the function x4(g)(k) was established by Felix Breuer and Caroline
Klivans [45]. The standard chromatic polynomial is proven to be a polynomial using
its deletion-contraction recursion, but arboricity does not obey a deletion-contraction
recursion, so to prove that x () (k) is a polynomial Breuer and Klivans explored its
structure via scheduling problems. A scheduling problem consists of a set of m tasks
to be completed, subject to some assortment of atomic formulas z; < x;,4, j € [m]
that give constraints on the order in which the tasks can be done. A k-solution to such
a problem consists of an m-dimensional integer point x, whose coordinates possess
k distinct values, such that all constraints are satisfied. These integers describe a
relative order, rather than an absolute one; if the ordering x3 < xy = x4 satisfies the
constraints of the problem, then the points (3,3,1) and (15,15,7) both refer to this
single 2-solution. In our context, these problems are useful because they come with

well-studied solution-counting polynomials:

Theorem 9.2.3. Given a scheduling problem S on m items, the scheduling counting
function xs(k) is a polynomial in k of degree at most m, taking the following form,
where fi, ..., fm are non-negative integers counting the number of ordered set partitions

with © non-empty blocks satisfying S':

xs(k) = ng; fi (f)

Scheduling problems can be solved using ordered set partitions (OSPs), which
construct relative orderings by setting elements within the same block equal to each
other and imposing inequalities between blocks. Any such ordering can be evaluated
as a possible solution. Since arboricity is defined via covers made of independent
sets, it can also be described using OSPs: any independent cover of a graph’s edges

is an ordered set partition such that no block of the partition contains a cycle [45].
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To capture arboricity for a particular graph G, we can set up a scheduling problem
that excludes scenarios where all edges in a cycle occupy a single block, but does not
otherwise impose an ordering. The resulting scheduling polynomial evaluates the
number of independent covers of the edge set with at most k£ parts, and is therefore

the arboricity polynomial.

Note that in the context of arboricity, the partitions of the edge set do not have
any required order. Scheduling problems in general can include conditions that
impose orderings on the set partitions, but arboricity does not include any such
conditions. Moreover, for any unordered set partition with ¢ non-empty blocks, there
are exactly 4! corresponding ordered set partitions formed by permuting the order of
the blocks. Thus, making use of Theorem 9.2.3, the arboricity polynomial x 4(c)(k)
for some graph G with m edges can be written as > . il - hi(’;), where h; is the
number of unordered partitions of the edge set with ¢ non-empty blocks such that no
block contains a cycle. This restructuring of the polynomial given in Theorem 9.2.3

is often more tractable when dealing with arboricity in particular.

Example 9.2.4. Consider again the cycle graph Cy. The only subset of edges which
would contain a cycle is the full edge set; therefore, any partition of the edge set
with more than 1 block will satisfy the corresponding scheduling problem, while the
unique 1-block partition will not. Thus, the arboricity polynomial for Cy can be
computed by counting partitions of m = 4. For any set of m = 4 objects, there are 7
unordered 2-block partitions, 6 unordered 3-block partitions, and 1 unordered 4-block
partitions (refer back to Figure 2.3 for a quick view of the partitions). Making use of

these constants, the polynomial will be:

ot =39

=2

() v (5) (1)
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= Th(k — 1) + 6k(k — 1)(k — 2) + k(k — 1)(k — 2)(k — 3)

After some algebra, the expression simplifies to:

Xacs (k) = k' — k

It can be shown that in general, the arboricity polynomial for a cycle C,, is
k" — k = k™ — k, where n = m is both the number of vertices and the number of
edges in the graph. By a similar process, the arboricity polynomial for any tree with
m edges is k™. Both of these results are logical. A tree contains no cycles, and
therefore any coloring of its edges will be an arboreal edge coloring, meaning each of
the m edges can be colored with any of k colors to get an arboreal edge coloring. By
contrast, a cycle graph contains exactly one cycle, which includes all of its edges. If
k colors are available, then there are k£ ways to color all of the edges with the same
color, but any other coloring of the k™ total possible colorings will be an arboreal
edge coloring. The failure of both arboricity and arboricity polynomials to obey

contraction-deletion relationships can be demonstrated from cycle graphs.

Example 9.2.5. Return to C, once again. We have established that the arboricity
number of any cycle is a(C,) = 2 and that the arboricity polynomial of Cj is
Xa(cy) (k) = k* — k. As shown below in Figure 9.1, contracting a given edge e results
in the 3-edge cycle (3, while deleting an edge results in a 3-edge tree T3. The

contraction and deletion operations result in the following arboricity numbers and
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polynomials:

a(Cy/e) = a(Cs) = 2
a(Cy\e) = a(T3) =1
Xacaye) (k) = xae (k) =k —k

Xacne (k) = xamy (k) = K

Contracting an edge in Cy produces another cycle, C's; but all cycle graphs have the
same arboricity number, a(C,) = 2, which means there is no way to construct a
contraction/deletion relationship that will account for the arboricity number of the
deletion graph T3. Meanwhile, for the polynomial, both deletion and contraction of
an edge result in polynomials of order 3, whereas the polynomial of CY itself is order

4. This similarly defies the construction of any generalizable formula.

contract e delete e

(12) O @
e.e D—B)

Figure 9.1: Contraction and deletion on Cy

As discussed in Section 9.1, deletion-contraction recursions are incredibly powerful
when analyzing and computing graph invariants, and the absence of this tool for

arboricity and arboricity polynomials makes them far more arduous to work with.
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To alleviate this pressure, an entirely independent collection of analytical rules must

be developed to promote understanding of these invariants.

9.3 Results pertaining to graph construction

We begin by observing that the arboricity polynomial of any disjoint union of graphs
must be the product of the arboricity polynomials of each individual graph, as any
arboreal edge colorings of the disjoint union consist exactly of arboreal edge colorings
of each component. This can be extended to a pair of graphs linked by a single
edge: the cycles of the larger graph are precisely the sets of cycles of the two smaller
graphs, and so arboreal edge colorings are precisely the combinations of arboreal edge
colorings of the components along with one of k& colors for the connecting edge. This

is made rigorous in the following proposition.

Proposition 9.3.1. Let G be a 1-edge-connected graph, with e being any edge whose

deletion disconnects G and Gy, Gy the components of G — e. Then:

xa@) (k) =k - xa@)(k) - xa) (k)

Proof. Consider a 1-edge-connected graph G and e an edge whose deletion disconnects
the graph into connected components GGy, Go. A cycle is any path, i.e. sequence
of adjacent edges, that begins and ends at the same vertex but otherwise has no
repeated vertices. In edge terms, this means each edge can only be traversed once
in a given cycle. Suppose there existed a cycle in GG that contains e. Then after the
deletion of e, there would still be a path from one endpoint of e to the other, given
by the rest of the cycle. This contradicts the condition that G — e is a disconnected

graph. Therefore, removing e does not change the set of cycles in the graph, i.e.
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G — e has the same set of cycles as G. The number of arboreal edge colorings of G
is given by xa(c,)(k), and the number of arboreal edge colorings of G5 is given by
XA(G,)(k); since G — e consists solely of these two components, any arboreal edge
coloring of (G; can be paired with any arboreal edge coloring of G5 to get an arboreal

edge coloring of G — e, which gives:

Xa@—e) (k) = xa@) (k) - Xam) (k)

For any choice of arboreal edge colorings for G; and G, the edge e can be given any
color; since e does not belong to any cycles of GG, its coloring will not alter which
edge colorings of GG are arboreal. Therefore e can have any of k colors when the
arboricity polynomial is evaluated at the integer k£, meaning we can simply multiply

the polynomial of G — e by k to get the polynomial for G:

xa@) (k) =k - xa@) (k) - xae) (k)

In addition to considering 1-edge-connected graphs as whole graphs, we can also
examine relationships between the structures of the polynomials for the original
graph and the disconnected graph formed by strategic edge deletion. This proof
constructively counts ordered set partitions with ¢ blocks for a graph G and its
disconnected counterpart, using the fact that for a given number of blocks, adding an
edge that cannot create any new cycles yields a predictable number of new ordered

set partitions with the same number of blocks.

Proposition 9.3.2. Let G be a 1-edge-connected graph with m edges, and let e be

any edge whose deletion disconnects G. Let xa) = Y vy fi (’f) be the arboricity

m—1 px

polynomial for G and X ac—e) = > 1oy [; (’f) be the arboricity polynomial for G — e.
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Then defining f; := 1:
fi = Zfz* + ifi*—l

Proof. Recall from Theorem 9.2.3 that f; is the number of ordered set partitions
of the edge set of G with ¢ non-empty blocks such that no block of any partition
contains a cycle. Similarly, the number of OSPs of the edge set of G — e meeting
these criteria is given by f/. Note that for any ordered set partition of the edges of
G, e has to be somewhere in the partition; either it shares a block with other edges,

or it is in a block by itself.

We can observe that for any ordered set partition P of the edges of G such that e
shares a block with other edges, removing e from the partition will yield an ordered
set partition of the edges of G — e with the same number of blocks as P. Let P;
be an ordered set partition of G — e with ¢ non-empty blocks. It is known that e
is not in any cycles in (G, meaning it can be added to any block of P to yield an
ordered set partition of the edges of G. Since there are i possible blocks in which e
could be placed, and this procedure can be undertaken with any such P}, there must
be exactly i f” ways to construct an ordered set partition of the edges of G with ¢

non-empty blocks from some P;.

Meanwhile, for any ordered set partition P of the edges of G such that e is in a
block by itself, removing e from the partition will yield an ordered set partition of
the edges of G — e with one block fewer than P. Let P ; be an ordered set partition
of G — e with ¢ — 1 non-empty blocks. Inserting a block containing only e into P},
will create an ordered set partition of G with ¢ non-empty blocks, because the new

block contains only the single edge e and thus does not contain a cycle. The number
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of ways to insert such a block into P} ; is exactly ¢, since the block can be added
at either end of the ordering or at any of the 7 — 2 locations between blocks. This
process can be applied to any such partition P} ;, meaning there must be exactly
1f, ways to construct an ordered set partition of the edges of G with ¢ non-empty

blocks from some P ;.

We have established that the ordered set partitions of the edges of G with i
non-empty blocks can be separated into two categories — those where e is alone and
those where e is in a larger block — and that each of these categories can be counted
using the ordered set partitions of the edges of G —e. From this, we can conclude that

the total number of ordered set partitions of the edges of G with exactly ¢ non-empty

blocks is f; =if +if’ ;.

Proposition 9.3.1 and Proposition 9.3.2 demonstrate one way to analyze arboricity
polynomials, which is to identify and characterize edges with special behaviors. A
related approach to these polynomials focuses on vertices and their degrees. Any
vertex of degree 1, for example, is a leaf, and the single edge incident on it cannot be
part of any cycle in the graph. Therefore an arboreal edge coloring of that graph could
assign any of the k available colors to such an edge, meaning the arboricity polynomial
will have a factor of k for each leaf. This can also be viewed as a consequence of
Proposition 9.3.1, since removing the edge to any leaf vertex disconnects that vertex
from the rest of its graph. Building on this notion, the next proposition allows
vertices of degree 2 to be suppressed. The strategy of pruning a graph to simplify
its structure is one that needs further exploration — by finding ways to reduce the

complexity of a graph, we can progress towards a toolbox that can analyze small
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pieces of graphs and assemble the results to generate a fuller understanding of the

larger object.

Proposition 9.3.3. Let G’ denote G with an edge e subdivided, then

Xa@y (k) = k(k = )xac-e (k) + xa@ (k).

Proof. This proof focuses on the ways to obtain arboreal edge colorings of G’ based
on the information from G. Let e; and ey be the edges of G’ resulting from the
subdivision of e in G, and note that they are exactly the two edges incident on the
degree-2 vertex v created by the subdivision. In any arboreal edge coloring of G,

these two edges either have the same color or different colors.

Suppose eq, e have the same color in some k-color arboreal edge coloring C of
G'. Consider the edge coloring of GG such that e has the same coloring as e;, e, and
all other edges are colored the same as in GG'. Then because coloring ey, es with the
same color in G’ did not yield a cycle of all one color, coloring e with that color must
not yield a cycle of all one color in G. Therefore, any such coloring C of G’ must
correspond to exactly one arboreal edge coloring of GG, of which we know there are

xa() (k) in total.

Suppose e, e; have different colors in some k-color arboreal edge coloring C of G.
Note that any cycle containing e in G must instead contain both e; and ey in G'. By
stipulating that e; and ey have different colors, we ensure that any such cycle will not
all be colored the same, even if all other edges in the cycle have the same color as one
of the colors used for e; and ey. This is equivalent to removing e from consideration

in the coloring altogether, i.e. deleting it from G. Within this framework, there are
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k(k — 1) ways to color e; and es, meaning the total number of colorings C of this
type for G' must be k(k — 1)xa(a—e) (k). Since these cases cover all possible scenarios
for a k-color arboreal edge coloring of G’, the total number of these colorings must

be the sum of the cases:

xay (k) = k(k = 1)xac—e) (k) + xaw) (k)

We can return to the cycle graph to see this subdivision property in action. Note
that the cycle graph on m + 1 edges is obtained by subdividing a single edge of C,,,
and that subtracting any edge from C,, will yield a path graph on m — 1 edges, which

by definition is a tree. Thus the proposition gives us:

XA(Crsr) () = k(K = D)xa,,_) (k) + xa@c,) (k)
=k(k—1)- (K™ N+ (k™ - k)
:km+1_km+km_k

— karl —k

Which is exactly what we expect the polynomial for C,, 1 to be based on prior results.

Although arboricity does not possess a deletion-contraction recursion, we can
still make use of contraction and deletion to develop some intuition about a larger
polynomial. Both contraction and deletion are operations that decrease the number
of edges in a graph by 1, and since the maximum number of colors that could be
used for this missing edge is k, we can multiply the arboricity polynomials of G/e

and G — e by a factor of £ and compare the resulting polynomials to the arboricity
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polynomial of G. In fact, these computations bound the arboricity polynomial of G.

Proposition 9.3.4. For any graph G and any edge e € E(G), the following inequali-

ties hold for the contraction graph G/e and the deletion graph G — e:

kxaccre (k) < xa)(k) < kxag—e (k)

Proof. For the first inequality, consider any k-color arboreal edge coloring C of G/e.
Since contraction preserves cycles, G/e has exactly the same number of cycles as
G, and any arboreal edge coloring must have at least two colors covering any cycle.
Consider the edge coloring of GG such that every edge except e has the same color as
in C, and e is assigned any of k colors. Then this must be an arboreal edge coloring
of G, because it is impossible to assign a color to e and create a monochromatic cycle
when all cycles of G/e have already been colored with two or more colors. Therefore

G has at least kx a(q/e) (k) k-color arboreal edge colorings, i.e. kxa(a/e)(k) < xae)(k).

For the second inequality, consider any k-color arboreal edge coloring C of G.
Then any cycle, including those containing e, must be covered by at least two colors.
Consider the edge coloring of G — e such that every edge is given the same color as
in C; since any cycle in G — e must exist in G, this will be a k-color arboreal edge
coloring of G — e. Because e has been deleted, it can be restored with any of k£ colors;
however, the result may not be an arboreal edge coloring of GG, since one or more
of these colors could yield a monochromatic cycle in G. Therefore, G must have at

most kxa(g—e)(k) k-color arboreal edge colorings, i.e. xa)(k) < kxa—eo(k). O

From Proposition 9.3.4 we can see that contraction and deletion are still influential

and meaningful in the arboricity setting, although they do not have the same power
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as with other graph invariants that obey strict deletion-contraction recursions. This
suggests that although such a formula may be unachievable for arboricity polynomials,
there may be a formula that utilizes contraction and deletion in combination with
other special behaviors, such as the paradigm in Proposition 9.3.3 that allows vertices

with sufficiently small degrees to be suppressed.

9.4 Polynomial properties

To investigate properties of arboricity polynomials and seek out closed formulas for
specific families of graphs, we begin by giving a computational exploration of several
small graphs whose arboricity polynomials have been explicitly calculated using an
algorithm in Python. A table of examples computed in this way is given below.
Evaluation for graphs with more edges than those listed here proved difficult due to

rapidly-inflating code runtime.

G | xa) (k)

Wy =Ky | kb —4k* — 3k + 12k> — 6k
Ws | k® — 4k® — 5K% 4 6k* + 28k — 40k% + 14k
We | k19 — 5k8 — 57 4+ 9K5 + 205 + 20k* — 120k3 + 110k2 — 30k
Wy | B2 — 6k10 — 6k° + 15k8 + 297 — 115 — 30k® — 180k* + 402k3 — 276k% + 62k
Ks | kY9 — 10k® — 15k7 + 63k5 + 140k° — 540k* + 535k3 — 174k>
Kas | kS — 3k + 2k
Koy | k® — 6k5 + 8k3 + 3k — 6k
Kys | kO — 10K7 + 20k5 + 15k* — 30k — 20k2 + 24k
Kog | k' — 15k° + 40k + 455 — 90k® — 120k* 4+ 129k2 + 1302 — 120k
K33 | kY — 9k5 + 6Kk* + 36k — 54k% + 20k
K34 | k™ —18k° + 12k7 + 171k5 — 162k® — 388k™* + 720k> — 420k> + 84k
Ky—e | k°—2k% —k? + 2k

Figure 9.2: Arboricity polynomials for small wheel graphs and bipartite graphs, with
a maximum of 12 edges. The graph K, — e is also included for completeness.

The examples shown in Figure 9.2 demonstrate that on the surface, the arboricity

polynomial do not display many consistent properties in the standard basis. In the
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table, it can be seen that the signs of the coefficients do not follow a clear pattern and
that some terms are completely absent. Two constant characteristics are that the
polynomials are monic, and that their orders are equivalent to the number of edges
in the corresponding graph. Looking at the construction given in Theorem 9.2.3, we

can confirm that these two observations will hold for any graph.

Lemma 9.4.1. For any graph G with m edges, the arboricity polynomial X aic)(k)

will be a monic polynomial of order m.

Proof. For a graph with m edges, there will be exactly m! ordered set partitions
with m non-empty blocks, these being the orderings of m blocks each containing
exactly one edge. This is the maximal number of non-empty blocks that any OSP
on the edges can have. Moreover, looking at the polynomial structure according
to Theorem 9.2.3, each binomial expression produces a polynomial whose order is
equal to the number of non-empty blocks in the ordered set partitions being counted,
meaning m is the largest possible order. The binomial expression for the order m

OSPs produces the order m polynomial:

#im)!:%k-(kz—l)-...-(k’—erl)

The m! coefficient guaranteed by Theorem 9.2.3 cancels the factor of m! in the denom-
inator, yielding a monic polynomial of order m. Thus, every arboricity polynomial

will have a monic leading term of order m. O]

However, the lack of niceness elsewhere in the polynomial’s structure presents a
challenge. The ordered set partition construction suggests an immediate alternative
by which some niceness may be recovered. Instead of remaining in the standard basis,

we propose moving to the falling factorial basis for further evaluation. Several nice
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properties emerge by making this adjustment. For notation, we define the falling
factorial as

ko= k(k — 1) (k —n+ 1)

for integers £ > 0. Conversion from the standard basis to the falling factorial basis is
executed through the relation k" = Y7  S(n, )k, or likewise through the relation
k™ =30 s(n,i)k', where s(n,i) and S(n,i) are Stirling numbers of the first and

second kinds, respectively.

Proposition 9.4.2. For any graph G, let x aic) (k) be its arboricity polynomial and let
xa() (k) be the representation of x aicy(k) in the falling factorial basis, with dp, and
Amaz being the smallest and largest degrees of non-zero terms in the falling factorial

form. Then xa)(k) has the following properties:

(a) xa)(k) is monic and has the same degree as x aq)(k);
(b) dmas s the number of edges of the graph G;

(c) for any term of degree d in xac)(k), the coefficient represents the number of
unordered partitions of the edge set of G with exactly d non-empty blocks such

that no block contains a cycle;
(d) dmin s the arboricity number A(G) of the graph G;

(e) xa)(k) has non-negative coefficients, and moreover all terms of degree dpmn <

d < dpmae have strictly positive coefficients.

Proof. Part (1) follows from the conversion of a polynomial in the standard basis to
a polynomial in the falling factorial basis. It was observed earlier that the standard
arboricity polynomial is monic. Let d,,., be the degree of x () (k), so that the

highest-degree term of the polynomial is simply k%=, Note that for any degree
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d, converting a k¢ term to the falling factorial basis yields a polynomial of order
d; therefore the only term in x4(¢)(k) that can yield a term with degree equal to
the order of y 4(q)(k) is the highest-degree term k%mer, and no terms in x a(e)(k) can
yield a term with degree greater than this value. Additionally, for any degree d,
the coefficient of the highest-degree term in the resulting polynomial is S(d,d) = 1.
Therefore, the conversion of k%= is guaranteed to produce the monic term k9ma= with
Aoz = Aymaz, and since the k%mes term has a coefficient of 1 in y A(e)(k), multiplying
this coefficient through the converted polynomial means that this highest-degree
term maintains a coefficient of 1, meaning the polynomial is monic in the new falling

factorial basis.

Part (2) immediately follows from the first result. Let m be the number of edges
in G, and consider the formulation of x4 (k). Note that there will always exist
a single valid m-block partition of the edge set — the partition where each edge is
placed in a separate block. Thus h,, = 1, and the binomial term gives us a nonzero
k™ term, which by the form of x4()(k) is the highest possible degree that any term
could take. Having already established that the order of the polynomial is conserved

through conversion to the falling factorial basis, it follows that d,,.. = m.

For Part (3), we must investigate the structure of the standard arboricity poly-
nomial as well as that of the conversion into the falling factorial basis. In the
standard basis, the arboricity polynomial is a sum of binomial terms with coefficients

corresponding to set partitions, which can be ordered or unordered depending on
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perspective. We will focus on the formula using unordered set partitions, which is:

Xa@ (k) =t hz(l)
i=1

Note that 4! - (]:) = ﬁ = k(k—1)...(k —i+1) = k*. Thus this formula immediately

becomes:

Xa) (k) = hi- K
=1

Recall that h; was defined to be the number of unordered set partitions of the edge
set with exactly ¢ non-empty blocks such that no block contains a cycle. Since this
summation will include exactly one term for each possible value of 7, i.e. each possible
degree of a term in the polynomial, the coefficient of each term will thus have the

desired relationship to the unordered partitions of the edge set.

Part (4) emerges when we consider the falling-factorial formula for the arboricity
polynomial as described above. By definition, the arboricity number A(G) of a graph
is the smallest number such that an arboreal edge coloring exists. In other words, for
any ¢ < A(G), we will have h; = 0 since there will be no unordered set partitions that
meet the criteria of an arboreal edge coloring. Similarly, we are guaranteed to have
h; > 0 at i = A(G). Therefore there will be a nonzero k4% term in the arboricity

polynomial for any graph G.

Finally, Part (5) also emerges from the falling factorial formula expressed in the
proof of Part (3). In this formula structure, we can see that the coefficients of the
falling factorial polynomial are simply the constants representing the number of

unordered set partitions with ¢ blocks, for ¢ from 1 to m. Since these constants count
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partitions, no h; will ever be negative. We have already established that h4g) must
be strictly positive, and that h,, = 1 (since the polynomial is monic; this could also
follow from an argument on partition structure). For any graph G with m edges and
arboricity number A(G), let ® be an arboreal edge coloring with exactly k = A(G)
non-empty blocks, since we know there must exist at least one. If k = m, then we
are done; note that since there are only m edges on the graph, no partition exists
with more than m non-empty blocks. If & < m, then ® must have at least one
block containing 2 or more edges. We can construct a new arboreal edge coloring
@’ by dividing this block into two blocks and otherwise using the same blocks as
®; since ® is an arboreal edge coloring, none of its blocks contain a cycle, which
means subdividing a single block will not yield any blocks containing cycles. (In the
language of partitions established earlier in the thesis, we would say that ®’ is a direct
refinement of ®.) Then & will have k+ 1 blocks and will be an arboreal edge coloring,
meaning hx1 > 0. We can repeat this process until we reach k& = m, meaning there
exists at least one arboreal edge coloring with i blocks for every A(G) < k < m, and
so all terms of the arboricity polynomial with degrees between A(G) = d,i, and

m = dpe, Will have strictly positive coefficients. O

To see this conversion and its interpretations in action, we return once again to

the cycle graph.

Example 9.4.3. Consider the graph Cy, whose arboricity polynomial is x 4c,)(k) =
k* — k. We can apply the known conversion to see the version of the polynomial in

the falling factorial basis, x(c,)(k):

xacw) (k) = (Z S(4,i)ki> — (Z 5(172')]{;1')

= (0K® + 1K' + 6k% + Tk® + 1k*) — (0K + 1K*)
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= k' + 7Tk + 6k*

We can immediately observe that xa(c,)(k) is monic with degree 4, which matches
the degree of x a(c)(k) and is equal to the number of edges in Cy as specified by parts
(a) and (b) of Proposition 9.4.2. Similarly, the smallest-order term in x4(q)(k) has
degree 2, which is indeed the arboricity number of the cycle Cy as per part (d) of
Proposition 9.4.2. Part (e) is also met by the presence of a degree-3 term with a
positive coefficient. However, it is part (c¢) of Proposition 9.4.2 that now allows us to
go beyond verifying known information. According to part (c¢) of Proposition 9.4.2
the unordered partitions of the edges of Cy whose blocks avoid cycles will consist
of 1 partition with 4 non-empty blocks, 6 partitions with 3 non-empty blocks, and
7 partitions with 2 non-empty blocks. We can refer back to our knowledge of the
partitions on n = 4 in Section 2.2 to rapidly verify that these counts make sense; since
the only cycle in C} is the cycle consisting of all 4 edges, every partition on n = 4
with more than one block will yield an arboreal edge coloring, and the coefficients

match the total numbers of 2-block, 3-block, and 4-block partitions on n = 4.

In general, for any cycle C,,, the only unordered partition that will not yield
an arboreal edge coloring is the 1-block partition containing all n edges. Since the
Stirling numbers of the second kind S(n, i) count the number of unordered partitions
of n objects into exactly ¢ blocks, the falling factorial arboricity polynomial for the

family of cycle graphs C), will be:

XA, (k) = Z S(n, i)k

This summation produces exactly one term for each power of k, with a clearly-
interpretable coefficient in the context of the structure of C),. The result indicates the

potential of the falling factorial basis for improving understanding of arboricity — since



224

this perspective on the polynomials is directly and clearly linked to the structure of
the corresponding graph, the rules described in Section 9.3 may have nice extensions
when re-evaluated in the falling factorial basis, and similarly new rules may become

apparent for other graph structures.

9.5 Future Directions in Arboricity

There are many interesting future investigations to be undertaken in this area. One
intriguing direction is to expand on the vertex suppression of Proposition 9.3.3 for
higher-degree vertices, ultimately seeking a structure that will allow vertices of any
degree to be suppressed. In a similar vein, going beyond the 1-edge-connectedness
of the graphs discussed in Proposition 9.3.1 and Proposition 9.3.2 may be fruitful
for breaking down arboricity polynomials based on component graphs. Other graph
operations, such as gluing graphs along an edge or sequence of edges, could also be
investigated. The long-term goal of such endeavors would be to develop a toolbox
of techniques for understanding the arboricity polynomial of a graph in terms of
the polynomials of smaller graphs, effectively replacing the utility of the deletion-

contraction recursion with an array of smaller techniques.

In addition, the many nice properties of the polynomial in the falling factorial
basis according to Proposition 9.4.2 indicate that further inquiries into generalized
formulas for the arboricity polynomials of families of graphs should be pursued in this
alternative basis. Construction may be more straightforward in this setting since the
coefficients of the falling factorial polynomial have a direct interpretation in terms

of the associated graph, rather than being combinations of factors corresponding to
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the graph. This also means patterns for coefficient values and polynomial structures
may emerge more readily, revealing closer ties between graph structure and cycle
counts in the process. A good starting point would be to convert the polynomials in
Figure 9.2 into the falling factorial basis to look for patterns among wheel graphs
and complete bipartite graphs. Most families of graphs are defined according to the
number of vertices they possess; as such, it is prudent to start with graph families
whose edge counts grow on the same order as their vertex counts, as well as families
that grow in highly predictable ways. The family of complete graphs was excluded
from the examples in Figure 9.2 due to having (’g) edges, but its extreme regularity

in structure makes it a good candidate for further investigation.

Finally, a crucial area for further investigation is the possibility of a reciprocity
theorem for arboricity polynomials. Chromatic polynomials, when evaluated at
negative integers, have a different combinatorial meaning than when evaluated at
positive integers. This represents a broader trend for Ehrhart polynomials, of which
chromatic polynomials are merely one category. It can be shown that arboricity
polynomials are also Ehrhart polynomials, which means they too should possess a
distinct combinatorial interpretation when evaluated for negative integers. However,
the nature of this interpretation remains elusive. In Figure 9.3, the evaluations at
k = —1 are listed for each arboricity polynomial computed and listed in Figure 9.2.
These examples do not yield a clear pattern, and their resulting integer sequences

produce no results in OEIS, leaving their significance unclear.

As an explicit example of the difficulty with & = —1 evaluations, consider the
cycle graph (), whose arboricity polynomial is k™ — k. Evaluating this polynomial

at k = —1 will result in 2 if n is even, or 0 if n is odd. One sequence which matches
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G | xa@)(-1)
Wy=Ky | 18
Ws | =74
We | 270
Wo | —914
K5 | —1320
K273 2
Kou | 8
Kos | -8
Kag | 112
Kss | —114
K34 | —1272
Ky—e| =2

Figure 9.3: Evaluations of each of the arboricity polynomials given in Figure 9.2 at
k = —1. No clear pattern emerges for either wheel graphs or bipartite graphs.

this pattern is the Euler characteristics of n-dimensional convex polytopes; however,
it currently remains unclear what connection may exist between this sequence and
cycle graphs, as well as if or how this observation might translate to more complex
graphs. More investigation is required to determine the combinatorial significance of

these sequences.
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