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Part I

Part I - A Derivation and Analysis
of the N-point Hierarchy For

Conservation Laws



Chapter 1

Introduction

1.1 Background on Conservation Laws

This dissertation consists of two parts. In the first part of this thesis, we develop kinetic equations
for scalar conservation laws with a polygonal flux function. The classical prototype for nonlinear
conservation laws is Burgers’ equation, which has been studied in numerous works (e.g. [2], [3], [4],

[5], [6], [14], [16], [20]). This is a simple model that produces shocks, given by:

U + utt, =0

u(z,0) =g (z). (1.1)

This has also been studied extensively in Menon and Srivisan [31] involving random initial conditions,
which is directly relevant to our current work. Under conditions of sufficient regularity, the solution

of a generalized nonlinear conservation law

us + (f (u)), =0on R x (0,00)

u(z,0) = ¢ (z) on Rx {0} (1.2)



can be related to that of the Hamilton-Jacobi problem

wt + (f (wz)) =0 on Rx (0, 00)

w = g on Rx {0} (1.3)

by the formula

w(x,t) = /u(m,t) dz, (1.4)

assuming f € C?. One can also consider an analogous problem for a discretized flux function, and
we analyze this problem under a wide range of techniques, from Hopf-Lax analysis to front tracking,
usage of the theorem of total probability, and finally the derivation of a formal hierarchy.

The classical Hopf-Lax formula is used to introduce the notion of an entropy solution to a scalar
conservation law of the form (1.2). One method to construct the solution entails the use of curves
(or as in this case, with no source term, straight lines) denoted characteristics in the space-time
two-dimensional domain to simplify the PDE to a one-dimensional structure. Along these lines, the
slope of which depends on the value at the initial condition, the solution is constant. If a point
(z,t) can be traced back to a unique characteristic, the solution at this point is then prescribed by
that value. However, it is often the case that multiple characteristics can be drawn back from a
given point, leading to a multivalued solution if constructed solely from this method of tracing back
characteristics. One method of well-posedness that was resolved by Hopf [22], and generalized by
Lax [26], [27], involved the addition of a vanishing viscosity term eu,, as a source to (1.1). Using
various transformations and analytic techniques, they showed that there was indeed a closed form
solution for the value of the solution. This solution identified the unique characteristic that would
yield the solution with the desired properties. This solution formula is known as the Hopf-Lax
formula and applies to convex, smooth flux functions f. However, this can also be used as a building
block for some of our calculations with a piecewise linear flux, together with mollification and other

arguments. In particular, if we denote the Legendre transform of the flux function f by

f*(p) =sup{gp - f(a)}, (1.5)

q€R

the integrated initial condition as

G(p) = /Opg(x) dx, (1.6)



and the Hopf-Lax functional as

[0 = Go ) 4177 (S0, (1)

then the inverse Lagrangian point is expressed by the variational form

a(z,t) = sup {I(p,x,t) = inf I(s,x,t)} . (1.8)
pER seR

The solution is then expressed as
u(z,t) = ——= (1.9)
for Burgers’ equation, or by
_ — t
u(z,t) = (f)" (x at(x’ )> (1.10)

in the more general case. Of course, the further growth condition on the functional

lim I (p,z,t) =00 (1.11)
p—Foo

is also needed in order to ensure a (z,t) is finite and that the infimum is achieved. This is known as
the Hopf-Lax formula for conservation laws. The notable case of Burgers’ equation is achieved by

setting f (u) = u?, upon which (1.8) may be rewritten as

a(x,t) =arg® I;leiﬂg {Go (p) + (xp)} , u(x,t) = L(w’t). (1.12)

The *+ means we pick the largest argument at which the minimum is obtained, should it occur at

more than one point.

1.2 Evolution of Conservation Laws with Random Data

Burgers proposed his equation [4] as a model for turbulence of incompressible fluids. Even though
it lacks some of the key features, it is a simple model that exhibits some key aspects of conservation
laws. In particular it illustrates the development of shocks, even when the initial conditions are

smooth. With the introduction of randomness in the initial conditions, a conservation law such as



Burgers’ equation is useful to study to understand how the features of the randomness in the initial
conditions evolve in time. In particular, questions that can be asked include how do the statistics of
the solution evolve, whether Markov properties conserved, and whether there are universality classes
for Burgers’ equation, as in [30].

In Menon [29] and Menon and Srinivasan [31], further analysis on these equations was performed
to gain deeper understanding of particle dynamics and the evolution of the system starting with
random initial data. The analysis went beyond Burgers’ equation to the more general case of a C?,
convex flux. Here, the initial conditions were restricted to processes that were spectrally negative, that
is, stochastic processes with jumps but only in one direction. In particular, only downward jumps
were permitted, as upward jumps lead to an immediate breakdown of the statistics. Furthermore, this
initial stochastic process was also assumed to be Markov. Using the Levy-Khinchine representation
for the Laplace exponent and other methods, formal calculations were used to establish a number
of results. One remarkable assertion proven states that if one starts with strong Markov, spectrally
negative initial data, then this Markov property persists in the entropy solution for any positive time
t > 0. This closure result can also hold for a non-stationary process and can obtain an equation
for a generator in the case of Feller processes. In general, Feller jump diffusions are described by a

generator acting on C2° test functions, taking the form

Ap (u) = a(u)¢" (u) +b(u) ' (u) + ¢ (u) ¢ (u)

+ / (0 () — 0 () — ) (u,0) o (w)) . (u, ) (1.13)
R\{u}

for certain functions a, b, ¢, jump kernel n (u, dv), and ¢ describes certain types of interactions. For

example, for a Feller process, the generator (1.13) becomes

u

A(t)p(u) =b(u,t) ¢’ (U)+/ (v (v) = @ (w) n(du,v,1). (1.14)

— 00

Indeed, one main result of Menon and Srinivasan is that

A =[A, B] (1.15)



where brackets denote the Lie bracket, and the operator B is given by

u

By (u) = —f" (u)b(u,t) ¢’ (U)—/ (Fluw (0 (v) =@ (W) n (u, dv, 1) (1.16)

)
— 0o

where [f],, is the slope given by the Rankine-Hugoniot condition

uv

If the process is not stationary, (1.15) can be amended by adding in another term:
A —0,B =[A,B]. (1.17)

Another surprising result along these lines is that these equations can admit exact solutions in certain
special cases. The work of Groeneboom [20] calculates shock statistics for one such case with white
noise initial data. A self-similar solution is obtained with explicit formulae for the jump density in
terms of Laplace transforms of Airy functions.

Although a closure theorem is proved rigorously, many of the calculations in [31] such as the new
kinetic equations and derivations of the Lax equation from four different approaches are formal. In

[23], (1.15) is rigorously established. Specifically, they consider the Cauchy problem

p=H(p), inRx(0,00) -
p=E& on Rx {t = 0}

for a stochastic process £ = £ (x) . Uniqueness of the solutions to marginal and kinetic equations was
proven under the assumptions: (i) this process is a pure-jump process starting at £ (0) = 0, evolving
according to a specific rate kernel, (ii) that the Hamiltonian H : [0, P] — R is smooth, convex, has
downward jumps, nonnegative right derivative at 0, and noninfinite left-derivative at P. This is then
used to prove the main result. In doing so, they consider a random particle system and write down
equations for the infinite-dimensional system, much like in a statistical mechanics approach from

physics.



1.3 Conservation Laws with Polygonal Flux

A polygonal flux function f consists of a finite number of piecewise linear segments. Denoting these
slopes by {mi}?;l ,we also require that they are in ascending order to force (non-strict) convexity
of the flux function, and have break points at {cl}Z":l That is, we require m; < mo < ... < My,.

More precisely, define
() =m; for ;1 < < ¢y co=—00, Chp1 = +00 (1.19)

As is readily calculated, the Legendre transform of such a function is another piecewise linear
function on a bounded interval with the roles of the slopes and break points switched, and becomes
infinite outside of that interval. Much of the original Hopf-Lax theory can still be implemented, as it
involves minimization problems, which continue to make sense with the obvious correction of taking
the minimum over the corresponding domain of the function argument rather than the entire real
line. For the initial conditions, we take piecewise constant data whose range of values is specified by
the slopes {mi}?jll of the polygonal flux function. This sort of setup for the flux function was used
in Dafermos [11] in an approximation argument, to build up to a smooth flux using increasingly fine
polygonal approximations

Another related approach is that of a sticky particle system as considered by Brenier and Grenier
[6]. As particles are discrete, this requires them to express the solution for the velocity field as a

nonnegative measure rather than a function, and impose an entropy condition
9 (pU (u)) 4 05 (pul (u)) <0 (1.20)

for all convex smooth functions U. They consider n particles on the real line, tracked by their weight
(mass), position, and velocity. When two particles collide they "stick" together, and in this manner
only a finite number of collisions (or shocks) can occur in this setup before a steady state is reached.
A given pair of particles will either collide within a finite amount of time or never catch up due to
their relative velocities. This is similar to the sort of behavior considered in this dissertation through

the study of shocks both at the one and n-point levels.



1.4 Kinetic Equations Derived in This Dissertation

The main goal of this thesis is to derive kinetic equations that describe the evolution of the statistics
of the solution to (1.2) when the flux function is polygonal, and the initial data is piecewise constant.
This work improves on [31], as the results therein do not apply when the flux is not C!. In this
work, we pursue two different tracks for building a hierarchy of equations to describe the movement
and interaction of shocks as they propagate through the system. In essence, the velocities at various
points (and to a greater extent, shocks) can be treated as sticky particles. When an interaction
occurs, they stick together and will not separate. Under the appropriate assumptions in regards
to specific permitted initial data, there is no separation (i.e., rarefaction fanning), in such discrete
cases. The virtue of this description of the problem and polygonal approximation scheme of Dafermos
[11] lies in being able to enumerate possible interactions and illustrate results against a variety of
examples. Further, in cases with such discrete states and corresponding initial data, the theorem
in [31] does not hold, as the flux is no longer C*.We derive results to fill in the gap and explain
the results in our case of interest, with a polygonal flux. Similar work with a different approach
is established in [23] with a finite boundary condition (that is, restriction of the problem to a box
0 < z < L) and a representation of statistical solutions with bounded, monotone, and piecewise
constant initial conditions.

In this dissertation, we consider a piecewise linear flux function as outlined in the proceeding
subsections, using two different methods. In both approaches, a key object of importance to establish
the hierarchy is the n-point function. This is the basic building block to track the important
properties in a particle system in terms of probability distributions. For example, the one-point

function of the form

p1 (x, t;u;) (1.21)

describes the probabilities (or distribution, in a continuous case) of a particle at location z with
velocity state u;, occurring at some time ¢ in the system. Similarly, the two-point function may be

described as

p2 (T1, 22,85 Ui, uy) (1.22)

and can be thought of in several ways. One interpretation is that we take a cross-section of the

solution at time ¢ and view it as a process, and (1.22) provides the information as to the probabilities



(or distribution) of the solution with the values at the points 27 and zo pinned to velocity states w;
and wu;, respectively. This definition can then easily be extended to any (finite) number of points,

and in particular an n-point function of the form
D (T1y ooy Ty B Uy y vy Uy, ) - (1.23)

This simply corresponds to the probability that, at time ¢, the solution profile takes the value u;, at
the point x1, u;, at the point z2, etc., up through u;, at x,. The exact information specified can vary
in different approaches that we consider, but the principle remains. At the n-th level, for a specific
time ¢, there are n x-coordinates to which the n-point function ascribes information. Generally, the
information at the nth level can be expressed in terms of various interactions at the (n+1) level. The
goal is to ultimately provide a derivation of a set of equations known as a hierarchy and perform
analysis and work various examples on it to check for consistency. It should be noted that later on

in our work it becomes convenient to work with the tail cumulative distribution functions, that is

n
Fy(z,tu) =Y p(z,tw)
=i

n n

Fy (21, @2, 6wy, uj) = Z sz (z1, 22, L5 0, uy)

hi=ila=j

and so forth.

In the first of the approaches we consider, these particles are represented simply as the value
of the velocity field at various points. When carried through, this method accurately describes
the dynamics of the system and initial formation of shocks in a similar manner to the method of
characteristics and front tracking. After the time at which shocks first encounter each other and
combination of shocks occurs, it leads to a multivalued solution much like classical solutions. While
this leads formally to a set of kinetic equations, they do not satisfy the entropy condition and do
not ultimately give an adequate description for kinetic theory.

The latter, more cohesive and comprehensive approach comes from considering shocks rather
than individual points in the velocity field as the basic building block of the particle system. In

doing so, we change the definition and notation for the n-point function, writing it in the form

fn (xl, e T, Gt ™ v ...,v”)



10

to represent the probability of the solution profile taking on values u® at x;— (the left-hand limit of
the solution at z;) and v* at z;. We assume right continuity, so one can regard it as the values at
x;— and x;+, that is both limits, as one would consider it in a continuous case. In this approach it is
necessary to make some reasonable assumptions on the initial data to avoid discretized rarefaction
waves. In particular, with strictly ordered states {u;} ,the assumption that there are no upward
jumps between non-neighboring states is required. With this particle structure, a complete (though
not closed) hierarchy is obtained and tested rigorously against several examples. In particular, the

n-point equation obtained by this method of focusing on shocks is given by

n
- n .1 n - n 1 n
Ot fn ($1,...,xn,t,u s ut vt L )+ E Cuiv; O, fn (xl,...,xmt,u senut vt v )

i=1
n
= Z 1{vi=u,:+1} Z (Cuiw - C'UJ'Ui) 8ifn+1 (l'ia Lijyeeey t; ula w,w, vl"")
i=1 w
n
- Z Z (Cuso — Cosw) Oir frrr (T4, iy oy ", 0% 0" w0, L)
=1 wew;
n
- Z Z (wa - Cuivi) 6ifn+1 (zi; T, '--at; waulaulavlv ) . (124)
i=1 wew;

On the left-hand side of the equation we have a term representing the change in time of the n-
point function, and a second free-streaming term keeping track of the relative motions of each pair
(ui, vi) . The right-hand side contains three different types of collision terms. The first is a growth
term, enumerating the possibilities by which a trajectory described by {ui, vi}::l specified on the
left-hand side can occur. Namely, this happens when a shock of the form (u,w) collides with (w, v*)
and forms (ui, vi) . The characteristic function in front represents the fact that this is only possible
if the states u; and v; have an appropriate ordering, so that there is no upward jump between non-
nearest neighbors formed, as it should be. The second and third terms refer to the possible ways in
which this trajectory can be destroyed, and the sums enumerate the possibilities. Again depending
on the ordering of u; and v;, a particular shock (u;,v;) can generally be destroyed by a shock from
the right (second term) or shock from the left (third term). Only certain types of interactions are
possible, as contained in the sets Wi and W4 for the indices. The intricacies and derivation of these

exact lists of possibilities will be explained in greater detail later, but for completeness, we state the



11
definitions here:

. w < ul if vl =ut+1
Wy = qwl . -
w<ov'+1 if v* < vt

. w>ut+1 ifvl=ul+1
wimwl Y7 o (1.29)
w>ut—1 if v <u*
Unlike the first approach, this hierarchy of equations are consistent through collisions of shocks.
When applied to examples with shock interactions, it is shown empirically that solving these equa-
tions yields a complete characterization of the solution profile. It persists even through shock

interactions, an achievement that has eluded many classical methods without some sort of resetting

or application of entropy conditions.

1.5 Multistable Dynamics in Allen-Cahn Equations

The second part of this thesis concerns a problem involving the introduction of white noise into
Allen-Cahn equations. In basic ordinary differential equations, many become familiar with innocuous

looking equations of the form
du 1 9
dt:4<u—2>(1—u). (1.26)

It has a stable equilibrium points at £1 and an unstable equilibrium point at %, and analysis is clear-
cut. It is somewhat less obvious, however, that under the addition of even an infinitesimal amount of
randomness, the problem is transformed from simple and deterministic to probabilistic. Based on the
relative strength of the associated potential calculated from the expression on the right-hand side,
we delve into a rich collection of results regarding this and other stochastic ODEs. These results are
interesting in many aspects, not the least of which that they initially counterintuitive to rudimentary
ODE theory. We investigate the effect of replacing this bistable forcing term 4 (u — ) (1 — u?) with

a generic drift b (u), and consider the dynamics of the resulting stochastic differential equation

dut = b(ut)dt +e€ a(ut)th (127)
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where {W;}4>0 is the Wiener process (Brownian motion), € is a positive constant measuring the size
of fluctuation, and o(-) is a non-negative function modeling the dependence of fluctuation on system
state. By standard Stochastic Differential Equation (SDE) theory ([38]), with certain conditions on
o and b, (1.27) admits a unique solution and the probability density of the random variable is the

solution to the Fokker-Plank equation

Oip = 0,{0,[5%%p] —bp}  on R x (0,00),
(1.28)

p(+0) = po(-) on R x {0}
We expect the system to eventually achieve stochastic equilibrium in the sense that there is an
invariant distribution p* formed from the limit

lim p(-,t) = p*(+). (1.29)

t—oo

In this second part we establish the existence of a unique invariant measure and analyze the asymp-
totic limit of vanishing noise, which in fact leads to Dirac measures. We also consider further results
when the regularity and nondegeneracy conditions on the various parameters (o,b) are relaxed. A

more detailed introduction to this problem is presented in Part II.



Chapter 2

Background: A Discrete Example
And Generalization for Piecewise

Linear Flux

We start by providing a discrete pedagogical example with a piecewise linear flux, and analyze it
using the Hopf-Lax formula. Our intention in doing so serves to illustrate the techniques for dealing
with conservation laws with polygonal fluxes as in [11]. Although the assumptions of convexity
and superlinearity are not met in a strict sense or do not hold, respectively, the solution formula
can still be applied. The absence of the latter condition leads to infinite values for the Legendre
transform of the flux function on all of R aside from a compact interval. However, this pathology
can be mitigated by simply considering the minimization problem over this compact interval where
the Legendre transform takes finite values.

As usual, any sort of example can be decomposed into two basic Riemann-style problems. The
first is a downward jump in the initial conditions, which results in a single shock propitiating with a
velocity determined by the Rankine-Hugoniot condition. We show that the Hamilton-Jacobi solution
evaluated through the Legendre transform and minimization problem indeed matches the expected
velocity of the shock. The second example is the reverse problem, with an upward jump in the initial
solution profile. When passed through a smooth flux function, this sort of discontinuity results in
a rarefaction fan. We argue that in the piecewise linear flux case, the solution profile will imitate

13
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this rarefaction structure to the best degree of fineness possible based on the available velocities
contained in the flux function. In other words, a number of shocks appear between the two initial
values, each between nearest neighbors, with velocities that match what would be given by the
Rankine-Hugoniot condition. These two cases are illustrated below. Note that in our examples, the
left and right slopes do not necessarily match with the slopes of the flux function. Thus, it does not
truly correspond to the situation of kinetic theory, but it still provides some valuable insight into

the behavior of solutions.

2.1 Downward Jump Case

We being by considering the Hamilton-Jacobi problem

ug + H (ug) =0, in Rx (0, 00) (2.1)

u=g, on Rx {0}, (2.2)

n+1

where H is a piecewise linear flux function, with slopes given by {m;}.-; and break points {c;} -

=12

with some initial condition that is piecewise linear with one break point at zero. In particular, choose

the parameters —c; = —2, —cg = —1.5, —¢c5 = —=.7, —c4, = —4, c3 = —.2, —co = .1, —c; = 2, and
set
Sy y<o0
g9(y) = : (2.3)
-3y y>0

The {m;}’_, are arbitrary.
We want to minimize the expression I (y;x,t) = tL (*7%) + g (y) . The function I evaluated at
the minimum is indeed the solution to the Hamilton-Jacobi equation. For the region x < mst, the

minimum will be attained at the value y = x — mst, and we observe
u(z,t) =I(x —mst;x,t) =tL (ms) + .5 (x — mst) (2.4)

and

Ozu (x,t) = .5. (2.5)
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Similarly, for the region x > mst, the minimum is attained at y = z — mat, and
u(z,t) = I (x —mat;x,t) =tL (m2) — .3 (z — mat) (2.6)

so that

Ozu (z,t) = —.3. (2.7)

The more interesting case occurs when mot < x < mst. In this case, we will have two local
minima. They will be obtained at the y-values y; = © — mst and yo = x — mot. We check when the

values of I are equal at these two points:

I(z —mst;x,t) = tL(ms) + .5 (x — mst) = tL (ma) — .3 (x — mat) = I (x — mat; x,t) (2.8)

5
==t {L (m2) = L(ms) + .5ms + 3ma} =: M*L.

Along M*t, the value of y will not be unique. Both y; and y» give the value for the minimizer of
I(y;x,t). For M*t < x < mst, we have I (...) = tL(ms) + .5 (x — ms)t, and for maot < x < M*t,
we have I (...) = tL (msg) — .3 (x — mot). Hence the derivative is given by

D x> Mt

Ozu (z,t) = . (2.9)
-3 x< M*t

We want to compute precisely the slope of the shock formed in this case, and compare it with
the result one would obtain by an application of the Rankine-Hugoniot condition. From the above

calculation, we have

Af*==Zt{L(Wm)-L(Ww)+-&ns+~3nm} (2.10)
= Z {c4 (ms —my) — c3 (Mg —m3) — c2 (M3 — mg) + .5ms + .3ma}
= g {—=Ams + .4dm4 — 2m4 + 2ms + .1mg — .1mg + .5msz + .3ma}
= Z {.Ims + .2my4 + .3mz + 2ms}

RS S
= —-m5+ —Mag + ~m3 + —Ma.
g Ty gl e
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Now, from the Rankine-Hugoniot condition, one would expect to obtain

o= [[Iaz(tﬁ)“ _ (5511_11353) = 2 (:2mg + .3msz + .2my + .1ms) (2.11)
1 3
=3gms + RE + 3ms + 1me

and we see that they indeed agree.

2.2 Upward Jump (Rarefaction) Case

Now we observe we happens for an initial condition with an upward jump instead. Specifically,

consider the initial condition defined by

-5y y<O0
9(y) = : (2.12)
3y y >0

The set of points which could potentially be minima for the expression I (y;x,t) =tL (%) +9g(y)
for a given (z,t) is limited to a finite set, namely y; := x —m;t and {0} . For x —myt < 0 <  —mst,

i.e.,, mst < x < myt, the minimum is clearly attained at y = 0, so that

yeR

u(z,t) = I(0;z,¢) = min {tL (T”) +g (y)} = tL (f) +g(0), (2.13)

and differentiating yields

Oz u (x,t) = c3. (2.14)

For x — mgt < 0 < z — mat, we again have

u(z,t) = I(0;z,¢) = min {tL <x_y> +g (y)} = tL (%) +g(0), (2.15)

yeR t

and differentiating yields

Oz u (z,t) = ca. (2.16)

Now, for z — mat < 0, i.e. © < mat, the slope of I (y;x,t) is positive for y > 0, so the minimum
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must be attained for some y < 0, specifically at y = x — mot. The minimum is then given by

I(z — mat;x,t) = tL (ma) + g (x — mat) = tL (m2) — .5 (x — mat), (2.17)

and the derivative

Ozu (z,t) = —.5. (2.18)

For x — myt > 0, i.e. & > myt, the slope of I (y;z,t) is negative for y < 0, so the minimum must
be achieved for some y > 0. Specifically, the minimum is then attained at y = x — my4t. The value

at the minimum is then given by

I(z —myt;x,t) = tL (ma) + g (x — mat) = tL (myg) + .3 (x — mat), (2.19)

and the derivative

Ozu (z,t) = .3. (2.20)

Putting the value of d,u in all the different regions together, one has

—-.5 T < maot

Co meot < x < mst
Oz u (z,t) = . (2.21)
c3 mst < x < myt

+.3 myt < x

From plotting this solution graphically, one can see that we obtain a rarefaction "fan" in a certain
discretized sense. More precisely, note that from typical analysis using characteristics, one would
expect the behavior in the regions x < mot and = > myt . The region maot < x < myt is left empty.
For a smooth function, we would expect a rarefaction fan to open up in this wedge. Here, we observe
that we still have a fan, in the sense of discretized wave speeds in accordance with the velocities of
the flux function. In fact, it picks out the velocities ¢; that are between the two slopes of the initial
condition. In this case, this refers to ¢; < —.5 < ¢3 < ¢3 < +.3 < ¢4 < ... The solution profile and

idea of this rarefaction in a discretized manner are illustrated in the figure below.
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du(x,t) =c,

x=m2t
3 u(x,t)=-.5 ¥
g(y) =-.5y g(y) = .3y

Figure 2.1: In the discrete case, an upward jump in the initial conditions results in the discretized
version of a rarefaction wave. The region beteween splits into values between the two slopes, and
the interface between regions is the line with slope prescribed by the Rankine-Hugoniot condition.

2.3 Generalization - Downward Jump

We now proceed to generalize the previous example in the form of a Proposition, from [11] as follows.

Proposition. Let H (-) be a piecewise linear flux function with n+ 1 different slopes, denoted
by {mi};fll, m; < mit1, and n corresponding break points {¢;}!_,, ¢; < ¢it1, and g be an initial
condition of the form

coy y<O0
9(y) = : (2.22)
oy y>0

where ¢, < ¢,. Consider the solution u (x,t) to the corresponding Hamilton-Jacobi problem

ur + H (ugy) =0 (2.23)

u=g.

Then we have

C T < misqt
Opu(a,t) =4 B (2.24)
¢, T > miq1t

Proof. We consider two cases: (i) if there exists ¢ such that ¢; < ¢y < ¢, < ¢;41, that is, none of

the ¢; are between ¢, and ¢, and (ii) otherwise, there exists some j > 0 such that ¢; < ¢, < ¢;41 <
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ce < Cigj < Cp < Cijta-

To this end, consider an arbitrary initial condition of the form

cy y<0
9(y) = (2.25)
oy y>0

with ¢, > ¢, constant. We also take a flux function H (-) that has n + 1 different slopes denoted
by {mi}?jll, m; < m;41, with n corresponding break points {c;};—;, ¢; < ¢;41. Take the Laplace
transform in the usual way: L (p) = sup,cg {rg — H (¢)}. Then L (y) has slopes which will be
given by 7 — o0”, {¢;}i;,” + 00", ¢; < ¢i1, and break points {m; ?:11 . Now consider f (y;,t) :=
tL (%) , as a function of y. The function will have slopes —c¢,, —c,_1, ..., —c1, with break points
at Ynt1,Yn, - Y1, where y; = y; (x,t) = x — m;t, 1 < i < n+ 1. Now, we find i, j such that
¢i < €q < Cixj <y < Ciyjy1, noting that 7 > 0. If in fact j = 0, it means that there are no such 7 so

that ¢, < ¢; < ¢, and if not, then we have ¢; in this range from i, 4+ 1 to i*. We split this into cases.

Case j = 0. In this case we have ¢; < ¢, < ¢, < ¢i41, leading to the set of inequalities

Cqo—¢; >0, cqg —cip1 <0,

cpb—ci >0, cp —cip1 <O (2.26)

When y; 1 > 0, the slope of f near 0is —c¢;+1 on both sides. Since we have ¢, —c¢;11 < 0, cp—ci4+1 <0,
and ¢, — ¢; > 0, the minimum will be attained at y;,1, and hence
T — Yi+1t
u(z,t) =tL <tl+1) + 9 (Yit1) = tL(miy1) + g (x — mitat)

Ozt (2,t) = cq. (2.27)

When y;11 < 0 < y;, the slope of f near 0 is —¢; on both sides. Noting that ¢, — ¢; > 0,
Ca — Cir1 < 0, and ¢, — ¢; > 0, we note that the minimum is attained at y;11 (the vertex of the
slopes —c¢;11 and —¢; of f), and
T — Yit1t
u(z,t) =tL (tH) + 9 (Yit1) = tL(miy1) + g (x — mit1t)

Ozt (T,1) = ¢ (Mit <z < Mjz1t) (2.28)
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Finally, if y; < 0, the slope of f near 0 is —¢;_;. Noting that ¢, — ¢;—1 > 0, ¢y — ¢c;—1 > 0,
¢q —¢; >0, and ¢g — ¢;+1 < 0, the minimum is attained at y; 41 (the vertex of the slopes —c¢;+1 and
—¢;), and

T — Yi+1
u(z,t) =tL (ﬁ) + 9 (Yit1) = tL(mit1) + g (x — mipat)

Ozt (z,t) = ¢q (since x — my 1t < 2 —myt < 0). (2.29)
Putting the pieces together, the solution is then given by

Ca T < Mgt
Ogu (x,t) = . (2.30)
¢y, T > miqt

To check with the Rankine-Hugoniot condition, one observes that

so it indeed matches.
Case j > 0. Then we have the string of inequalities ¢; < ¢, < ¢i41 < ... < Ciyj < € < Cigjti-

This leads to

Ca—¢ >0, g —cit1 <0,y ¢ — ¢t <0, ca — Cigjp1 <0,

cpb—¢c; >0, cp—civ1>0,..., cp — Cit+j > 0, ¢, — Citj+1 < 0. (232)

For y; 441 > 0, the slope of f near 0is —c;1;11. Noting that ¢, —c; 441 <0 and ¢, —cijj41 > 0,

¢y — Ci+; > 0 we see that y;4 ;41 is the minimum, hence

T~ Yitj+1
u(z,t) =tL (ﬁr) + 9 Witj+1) = L (Mivjt1) + g (T — Miyjtat)

Ozu (z,t) = cp. (2.33)

For yrpy1 < 0 <y for i < k < i+ j, the slope of f near 0 is —c¢k. Noting that ¢, — ¢ < 0 and
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¢y — ¢, > 0, we have that the minimum is at 0, hence

u(z,t) = tL (%) +4(0)

Oru (x,t) = ¢p (since x > myt > m;t). (2.34)

For y;11 < 0 < y;, the slope of f near 0 is —¢;. Since ¢, —¢; >0, ¢y —¢; > 0, ¢g — ;41 < 0, the
minimum is attained at y;+1 (at the vertex of the slopes —¢; and —c¢;41 of f), so that
T — Yit+1
wlest) =L (T ) g (o) = 1 Omi) 49 (@ = )

Oz (x,t) = ¢4 (2.35)

Finally, for y; < 0, the slope of f near 0 is —¢;_1. We have ¢, —c;—1 > 0, cp—c;—1 > 0, cq—c¢; > 0,
Cq — Cit1, SO that the minimum is attained at y;11 (at the vertex of the slopes —¢; and —c¢; 41 of f),
so that
T — Yit+1
u(w,t) =tL (t) + 9 (Wit1) =tL(mit1) + g (x — mipat)

Ozt (z,1) = ¢q (since x — m;p1t < x —myt <0). (2.36)
Hence, the solution in this case is still given by

Ca T <Myt
Oru (z,t) = . (2.37)
T > Mgt

although the computations are slightly more involved, as we have seen. Indeed, the Rankine-

Hugoniot holds:

o “f[f[éﬁm (2.38)
_ Mit1 (Cit1 = Ca) +Mig2 (Civa — ) + o + Mg (Civj — Cing) + Migjr1(ch — Ca)
Cp — Cq
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2.4 Generalization for Upward Jump (Rarefaction) Case

Now consider the case with the opposite initial condition, i.e.

cay Yy<0
9(y) = ; (2.39)
ay y>0

now with constants ¢, < c¢;. We argue that one will obtain a rarefaction fan of discretized slopes if
there exist ¢; in a suitable range, but not otherwise. To this end, we will consider cases.
Case (i). First suppose there does not exist ¢ such that we have ¢, < ¢; < ¢p. Then there exists

i such that ¢; < ¢, < ¢ < ¢;41. We then have the following inequalities:

Ca—¢; >0, cg —cit1 <0

c—c; >0, ¢p —cip1 <O0. (2.40)

Consider first the range bounded by 3,11 < 0 < y;. Under the above inequalities, we consider two
subcases based on the vertex of the function f (y;x,t) :=tL (%) where the slopes —c¢;+1 and —c¢;
meet. More precisely, this occurs at the point y; 11 = x — m;41t.

First suppose y;11 < 0. In this case the slope of f near zero is —¢; on both sides. Since the
sum of the slopes ¢, — ¢; > 0, the function [ (y;x,t) is increasing as one moves in the positive x
direction. Further, in the other direction, we note that ¢, — ¢; < 0, so as one moves in the negative
z direction, the function I (y;z,t) is also increasing. This in conjunction with the convexity of the
function outside the interval implies that the minimum indeed occurs at y;41 in this case.

Now suppose that in fact y;11 > 0. Then the slope of f near zero is —¢;11 on both sides. Since
the sum of the slopes ¢, — ¢;41 > 0, the function I (y;z,t) is again increasing in the positive x
direction. Furthermore, in the other direction, since ¢, — ¢;+1 < 0, I (y;x,t) is again increasing.
Hence, by the same token, the minimum is attained at y;41 again in this case.

Evaluating I (y;x,t) at the minimum yields

T — Y11t
(e t) =10 (T g i) = L i) 9~ i) (2.41)
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Differentiating yields
c m;t < ax < m;yit
Opu(z,t)y=4 * o (2.42)
Cp T > mipt

which in fact reduces to ¢, inside the wedge m;t < x < m;y1t we were considering. One can then

show that Oyu (z,t) = ¢, for x < m;t and ¢, for x > m;41t, so that for the final result we have

C T < mitt
Opu(a,t) =4 A (2.43)

¢, T > miq1t

The boundary between ¢, and ¢, occurs at the line x = m; ¢, which has slope m;;1. From the
Rankine-Hugoniot condition, we would expect the slope
[H (w)]] _ (o — ca) Mit1

g = [[u]] = Co — Ca = Mi+1, (244)

which indeed agrees with what we have obtained above.
Case (ii). Now suppose there exists exactly one of the ¢; that is between ¢, and ¢, that is,

¢; < g < Cip1 < ¢p < Cipo. This yields

o —Ci >0, cg —ciy1 <0, cg —ciya <0,

cpb—c¢i >0, cp—cip1 >0, ¢p —cipa <O (2.45)

First suppose that y; 12 > 0. Then near zero, the slope of f (y;x,t) is —¢;1+2 on both sides. Since we
have ¢, — ¢iy2 < 0, ¢y — ¢ip2 < 0, and ¢ — ¢;41 > 0, the minimum is attained at y;1o (the vertex
between the slopes —c¢; 12 and —¢;11). This means that

T —Y; t
u(xz,t) =tL (F) + g (Yit2) =tL (mis2) + g (x — misot). (2.46)

Differentiating yields

Ozt (2,t) = ¢p, T > miqat. (2.47)

Next consider the case y; 12 < 0 < y;+1. Then near zero, the slope of f (y;x,t) is —c¢;1+1 on both

sides. Noting that ¢, — ¢;41 < 0 and ¢, — ¢;41 > 0, we observe that the minimum of I (y;x,t) occurs
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at 0, hence

u(z,t) = tL (%) +g(0)

Oz (SL’, t) = Cit1, Mi+1t < T < Mj4at. (248)

Now suppose y;+1 < 0 < y;. Then near zero, the slope of f (y;x,t) is —¢; on both sides. Noting
that ¢, —¢; > 0, ¢y — ¢; > 0, we observe that the minimum of I (y;z,¢) occurs in this case at y;41,

hence

ZL’—it
wlet) =12 (T g i) = L Omi) +. (0 = i) (2.49)

Differentiating then yields
Ozt (2,t) = cqy, Mt < < Mmyqqt. (2.50)
Finally, when y; < 0, we have a minimum at y; by a similar argument, so that
T —yt

wlet) =12 (55 4 g ) = L 0m) 4 9 (o = )

Ozu (x,t) = ¢q, T < myt. (2.51)

Putting the different cases together, we have

Cq T < myt
Ozu(z,t) = ci mit <z <mipt - (2.52)
Ch miy1t < T

This leaves us with two shocks, one on the line z = m;t and the other on x = m;1t. We verify that

these shocks satisfy the R-H condition:

[[H ()]] _ (e = ca)mi

S 7 BECE
S [H W] _ (b —ci)miyr . (2.53)
] & — ci

Case (iii). Suppose there are multiple ¢; between ¢, and ¢, i.e., ¢; < ¢g < ¢it1 < Cipa < ... <
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Ci+j < Cp < Ciyjr1. We then have the inequalities

Cqg —C; >0, cq — Civ1 < 0,..., cqg — Cit+j < 0, ¢ — Citjit+1 < 0

cp—c; >0, ¢ — Cit1 > 0,..., cp — Citj > 0, ¢, — Citj+1 < 0. (254)

First suppose ¥;4+j+1 > 0. Then near 0, the slope of f(y;x,t) is —c;+j+1 on both sides. Since
Ca — Citjt1 <0, cp — Cipjy1 <0, and ¢, — ¢ > 0 we have that y;4 ;41 (the vertex between slopes

—Citj+1 and —¢;4;) is the minimum and

T — Yi+j 1t
u(z,t) =tL (ﬁ) + 9 Yirj+1) =1L (Mitj1) + g (T — miyjt1) (2.55)

Ozu (z,t) = cp.

Now suppose that yr+1 < 0 < yg for ¢ < k < i+ j. Then near 0, the slope of f (y;x,t) will be
—cg on both sides. Since ¢, — ¢ < 0 and ¢, — ¢ > 0, clearly 0 will be the minimum, and

u(x,t) =tL (%) +g(0)=tL (%)

Oz (x,t) = ck. (2.56)

Then the value of d,u (z,t) takes on the different ¢; bounded between ¢, and ¢, in the wedge
Yitj+1 > T > Yi.

Finally we suppose y; < 0. In this case, near 0, the slope of f (y;z,t) is —¢c;—;. We note that
Cqg —Ci—1 > 0,cp —ci—1 >0,cqg —c; >0 and ¢, —cjy1 < 0, so that the minimum is attained at

yi+1 (at the vertex between the slopes —¢; 11 and —¢;), and we have

L —Yi
u(x,t) =tL <ty+1> + 9 (Yi+1) =tL(miy1) + g (z — mip1t)

Oz (x,t) = cq. (2.57)
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Now combining all of these cases, we have

Cq r < m;t
C; mit < x < miy1t
O u (z,t) = (2.58)

Citj miﬂ-t <z < mi+j+1t

Cp mi+j+1t <x

The last step is to check the Rankine-Hugoniot conditions along the j + 2 shocks. Indeed, we have

o — H (ci) = H(ca) _ mi(ci = ca) -
0 ci — Cq C; — Cq v
O = H (Citrt1) — H (Citr) _ Mitrt1 (Citrt1 — Cipr) _ Misrit, 1<k <j
- - - (3 — —_
Citk+1 — Cit+k Citk+1 — Cit+k ’ ’
H (cy) — H (citj Mitj+1 (Cb — Citj
oj = ( ) ( z+j) _ Mg+ ( 1+J) = Miit, (2.59)
Cb — Citj Cp — Ci+ty

which indeed matches the expression above.



Chapter 3

Derivation of n-point Distribution
From Entropy-Entropy Flux Pair

Form

In attempting to derive equations to represent the statistics of the system, a natural approach entails
considering the velocities at certain points (x coordinates) as the basic building block. One might
then start from an entropy-entropy flux pair form and derive algebraic identities to express the kinetic
behavior at one level in terms of expressions at the next level. As outlined in the introduction, this
behavior is expressed in terms of n-point functions. Recall that these expressions take the form, for

example, of

p1(w,t;u;)
D2 (Z‘, ZI?+, t7 Uj, u7)
P2 (T1, T2, 1 U4, uy)

D (T1y ooy Ty B Uy y vy Uy, ) - (3.1)

The first equation in (3.1) represents the probability that the solution at the point x takes on the
velocity u;. The second expresses the probability that the solution takes the value u; at x and the

value u; is the limiting value from the right - that is, there may be a jump at that point on the right.

27
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That is, one hopes to obtain and solve an accurate collection of equations for the n-point distributions
in terms of various other combinations of the n-point and n+1-point distribution functions.

The basis of our approach is the use of a piecewise linear, convex flux f and given test functions.
The following sections highlight the steps in obtaining these equations, both for the simplest one-
point distribution, the next level of the two-point distribution, and then finally for the generalized

equation for the n-point distribution.

3.1 Derivation of equation for the 1-point distribution

We begin our study of the conservation law

u + (f (), =0, (3.2)

where f is convex and polygonal (with finitely many break points) subject to piecewise constant
initial conditions. By Corollary 2.8, p.67 of [21], there exists a unique solution that is a piecewise
constant function of = for each t, and w (z,t) takes values in the finite set comprising the break
points of f and the values of the initial conditions. Also, there are only finitely many interactions
between the fronts of u. The function u satisfies the Kruzkov entropy condition. For each fixed ¢ as

a function of x, the total variation of w is bounded by the initial total variation. In addition, the
lu () —u(s8)llp <[ fllpip TV (wo) [t — 5]

Using this inequality in conjunction with basic BV results, one sees that wu(z,t) is of bounded
variation in either x or ¢ with the other variable fixed ([11], p.117, [40]). Thus, u (z,t) is differentiable

almost everywhere in  and ¢, and the derivatives are in L' ([35], p. 116) Thus, we can calculate

Orp (u) = ¢ (u) Opu = —¢' (u) (f (u)), = —¢' (u) ' (v) Dou = —¢' (u) Oy u. (3-3)

In other words, we have
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almost everywhere. To be precise, this is a piecewise linear, cadlag, convex flux f defined by its

values at points u; together with piecewise linear interpolation; that is

flu)=fi, 1<i<M

and slopes then given by
_ Sk — e

Uk+1 —uy

(3.5)

We now take expectations of both sides of equation (3.4), assuming for the moment that we can

pass the expectation on the left-hand side inside the time derivative, and have

E{0ip (u (1))} = OB {p (u(2, )} = —E{0:¢ (u(2,1))} (3.6)

We take a test function ¢ with discrete values on x € {xz}f\il . Then the LHS of (3.6) becomes

M

Oy Ztﬂ (w) p1 (25 u5t), (3.7)

=1
and the RHS is
M M
- Z Z (W (um) — 9 (w)) p2 (T, 245 U, Ui t) - (3.8)

=1 m=1

Therefore, in the general case (3.6) yields

M M M
0y @ (u)pr (wust) = = Y (W (um) = ¢ (w)) pa (@, 2+; wt, ums t) - (3.9)
=1 =1 m=1

Now, we wish to choose the derivative of ¢ as a discretized version of a d-function at uy, i.e. define

1[uk‘1uk+1) (u)

(u) = 3.10
i () = Lt (3.10)
Consequentially, one has (integrating ¢ up from —oo and holding the left limit at zero)
Ckl Uk Ukt 1 (u)
o1 (1) = Ly 00 (W) 0 () = = () = 0Ly g (0) (311

Uk41 — Uk
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Substituting the expressions (3.11) into (3.9), we have

M
LHS =0, lju,,00) (W) pr (w5t Zm (zywst
=1
kM
RHS = — Z Z ckpe (T, x+; U, U t) + Z Z ckp2 (T, 45 up, U t) (3.12)
=1 m=k+1 I=k+1m=1

Hence, we have an equation for the 1-point equation in terms of the 2-point equation:

M k M M k
Do (mwst) ==Y D> apa (@ atiw,umit) + > > ekpa (@, 2w, umtit) (3.13)
l=k+1 =1 m=k+1 l=k+1m=1

The significance of this expression is that it presents an equation for the change in time of
probabilities of a particle having certain velocities in terms of the behavior at the right-hand limit.
In a way the terms on the right hand side of (3.13) can be interpreted as a discrete derivative or
finite difference. We show in the following sections that this process can be generalized, for the
2-point and then n-point equations, establishing the pattern of deriving various combinations of the
n-point distribution in terms of other expressions involving the n+1 point distributions. Thus, we
will see that the change in time at one level of the system is related to changes at the limit points
x;+ at the next. We outline the procedure first for the 2-point distribution and then for the n-point
to derive a complete hierarchy of the equations. Once the hierarchy is obtained, our aim is to use the
theorem of total probability on the equations to show how they can be reduced to a set of transport
equations in n dimensions. One can then solve these systems of equations and then analyze the

resulting solutions, comparing them against classically obtained results in different examples.

3.2 Equation for the 2-point distribution

We now take @1, o that satisfy
Orpi (u(z,t)) = —0:0; (u(x,t)), i =1,2 (3.14)
with ¢ := f’¢! and note that then

O (1 (u(1,8)) @2 (u(22,1))) = —=0pthr (u (21, 1)) 2 (u (2, 1)) = Futh2 (u (22, 1)) @1 (u (21,1)) (3.15)



Taking expectations and passing to the limit as before, we have
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OB {1 (u(1,1)) @2 (u(2,1))} = —B{0st)2 (u (2, 1)) 1 (u (22, 1))} - (3.16)

Now we consider test functions of the form

902 (u) = 1[uki7uk1¢+1) (u)v Pi (u) = 1[?Lki+1,00) (u) , 1=1,2

We then have

u < Uk, +1

v 0
i (u) = /_ I (s) ¢ (s)ds = ,i=1,2 (3.17)

Ck, U= Ug;+1

We now evaluate both sides of the equation (3.16) and have

M M M M

LHS =0, Y @1 (u) 2 (um) p2 (w1, D23, imit) =0 D > pa (w1, 025U, Ums t)
=1 m=1 lI=k14+1m=ko+1
M M M

RHS ==Y "3 (1 (u(@m)) — 1 (u(@))) @2 (u(xy))

=1 m=1p=1

=3NS W () — 2 (u (@) g1 (u ()

k1 M M
= - g § § Ck,P3 ($17x1+7x2;ul,u7n;up;t)
=1 m=k1+1 p=ko+1
M k1 M
+ g E Ck,P3 (I17x1+7x2;ulyu7naup;t)
l=k1+1m=1p=ko+1
ko

M
Z CyP3 (T2, T2, T15Us,s Uy, Up3 ) (3.18)



Hence, we have

M M
Oy Z Z Orp2 (1, T2 U, U

l=k1+1m=ko+1

t)

kM M
=— g E g Cly D3 (L1, T14, T2 Up, Uy, Up3 L)

=1 m=k1+4+1 p=kao+1
M k1 M

+ Z Z Z Cly D3 (L1, T14, T2 Up, U, Up3 T)

I=k1+1m=1 p=ky+1

ke M M
— g g E ChyP3 (T2, Lo, T 13 UL, Uy, Up3 T)

=1 m=ko+1p=k1+1
M ko M

+ Z Z Z ChyP3 (T2, Lo, T15 U, Uy, Up3 L)

I=ko+1m=1 p=k;+1

3.3 Equation for the n-point distribution

In a similar fashion, we choose test functions p; with ¢, =

Orpi (u(x,t)) = =0, (u(x,t)), 1<i<n

and note that then

E {@ (H @i (u (‘rivt))>} =-E{> Ot
i=1 i=1

Now specifically set

/

We then have

w 0
vl = [ 1) =

Ck;

(w (@i ) [ s (u (), 0))

U < Uk, +1

U 2 Uk, +1

fiisuch that

J#i

)

@i (W) = Ly iy ) (W) 5 @i (W) = 1y 41,00) (W), 1 <0<

<1< n.
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(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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We then evaluate both sides of equation (3.21) and have

M M n
LHS = 0; Z Z Hgoi (u;) pn (21, ..ry

Li=1 l,=1i=1

M M

g E Dn (X1, ey
li=ki+1 ln=k 41

RHS——EZ ZZ&M (1,))

l,=11=1

=-E Zl YooY (Wi

hi=1le=k1+1 lp41=1
M M M
li=k1+112=1 Ip41=1

— other terms

11=1 l/1:k1+1 lo=ko+1

M k1 M M
+ Z Z Z Z Ck:1pn+1(9517361-1-7%2,...7

Ty Uy oey

ln=Fkn+1

T ULy ooy Up; )

ug, ;t)

[T (u (a0, ))

J#i
(mlz)) xll H SDJ ))
J#i
(mlz)) xll HLPJ ))
J#£i

CkyPn+1 (xl,ler,:rg, ooy T3 Wy 5 U5 Uiy s ...uln;t)

Tn; ull7ul’17ulzu uln7t>

li=k1+1 1,1:1 lo=ko+1 lon=kn,+1
— other terms
n 11_1 Zl/ ki1 Zl]—k 1 G Pt (T1, @2, ooy Ty Tity oy T Uy, iy ooy UL U7 L, t)
= — E jFi
< M k1 M . .
=1 - Zli,:kﬁ'l 21221 le:kj+1 Ck; Pn+1 (1’1, T2y ey Ty Tihy ooy Ty Uly Uiy ooy uli,ul;; U, t)
J#i
(3.24)
Hence,
M M
§ § atpn (xl,'“,l'n;ulla"'7uln;t)
li=ki14+1  lp=kn+1
n ll_l Zl’_kl-i—l Zlgfk +1 Ck; Pn+1 (.’31,5627 mi7$i+7"'7xn;ul17ulzv"'7ulivulg7"‘uln;t)
- J#i
i=1 lﬁk 41 Zl,_l le:k_7-+1 Ch;Dn+1 (ml, Ly eeey Ly Ty oy Ty Uy, Uy ooy Uy, Ul ---Uln;t)

J#i

(3.25)
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3.4 Reduction to Transport Type Equation and Properties

Under the assumption that the theorem of total probability holds without issue at a limit point z+,

i.e. an equality of the form

Zp2 (:C? .'17+, t7 Uy, ulg) =DP1 (.Z', ta ull) ) (326)
l2

we show that we can reduce and close the n-point hierarchy to a system of transport equations at
each level. As expected, the complexity and number of equations increases with n, but the equations
all express the time derivative of the n-point function in therms of the other spacial derivatives, as

will be shown in the following section.

3.5 Two-point case

We begin our calculations with the long form of the two-point equation, which is given by

M M
at Z Z D2 ($17$2,t;Ull,U12)

l1=k1+11la=ko+1

k1 M M
= - E E E Ck,1P3 (:'317x1+7x27t;ul17ul'17u12)

11=1 l'lzk1+1 lo=ko+1

M kM
+ E E E Cly D3 ($17$1+7fﬂz,t;uzl,uz’laub)

li=k1+1 l/1:1 lo=ko+1
ko M

M
E E E ChyD3 (T2, Tot, 1, 5wy, wyy, i)

lo=114=ko+1 1=k +1

M ks M
+ Z Z Z ChyD3 (T2, Ta+, 1, b wy, wyy, i, (3.27)

lo=ko+1 lé:l li=k1+1



35

We want to rewrite the terms and rearrange them using the theorem of total probability. We label

the terms on the right-hand side as (1) through (4):

(1) :

k1 M M
- E § E Ck,P3 ($1,$1+,$2,t;Ull,Ul/l,U[z)

Li=11=ky+1la=ko+1

M k1 M
2):= > > > cxps (1, 1+, w0, tug, g, )

li=k1+1 l/1:1 lo=ko+1

ke M M
— E E E CkyD3 ($2,$2+,~’C1,t; UZQ,uzg,Uzl)

lo=1 l’2:k‘2+1 li=k1+1
M ko

M
@= > > > crups (2, 0+, 21, Bwsy, gy, u, ) (3.28)

lo=ko+1 l/2:1 li=k1+1

—~
[o%)

«
i

and add or subtract terms to as follows:

M

E Ckyps (21, 21+, T2, twg,, g, wy,) to (1),
1+l =k1+11l2=ka+1

M M

E E Ck, D3 ($1,$1+,$2,t;Ul17ul/17Ul2) to (2)7
1+l =ki1+11l2=ka+1

M M

E E CkyD3 ($2; $2+,$17t; Ul27Ul/27Ull) to (3)7
1+1la=ko+11i=ko+1

M M

+ E g § Cky D3 (an o+, 21, t; ulzvulévuh) to (4) (329)

Li=k1+11lo=ka+11,=ko+1

| —+ |
ENIEEINIERENIE
NE

Observe that the term we subtract from (1) is the same as the term we are adding to (2), and that
the term we subtract from (3) is the same as the term we subtract add to (4). Therefore, defining

the new quantities as (1’), (2’), (3), and (4’), we have

M M
O Z Z po (1, T2, tuy,, u,) = (1) + (2) + (3') + (47) (3.30)

l1=Fk1+11la=Fk2+1
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where

M M M
W) =W = > D > crps (1,214, maiu,, uyg, wyi t)

li=k1+1 l&:kl-ﬁ—l lo=ko+1

M M M
@) =@+ Y. D > crps (vr,mit, maiu,, uy, wyit)

li=k1+1 l&:kl—‘rl lo=ko+1

M M M
BN=B)= D D > crps (v2,mat, w15 Uy, upy, w5 t)

li=k1+1la=ko+11i=ko+1

M M M
(4) + Z Z Z ChkyD3 (I2,$2+,$1;ul2,ul'2,ull;t) (3.31)

li=k1+1lo=ko+1 lé:k,‘g-‘rl

—
=~
~
—
Il

Then we have

ki M M
(1) =- Z Z Z CyP3 (21, 1, T2, b wry g, iy )

I1=1 l/lzkl—‘rl lo=ko+1

M M M
— E E E Cky D3 (501,$1+,$2,t;uzl,uz;,U12)

l1=k1+1 li:kl—‘rl lo=ko+1

M M M
= - E E E Ck, D3 (!E1,9€1+,$2,f;ull,ul;,uzz)

I1=1 l&:kl—‘rl lo=ko+1

M M
- Z Z Cki P2 ($1+7$2,t;uz’17u12) (3.32)
lllik1+ll2:k2+1

whereby in the last step we have used the theorem of total probability. For the other terms, one has

M k1 M
(2/) = Z Z Z Ck,1D3 ($1,.’L’1+,.’L’2,t; ullaul’luulg)

lhhi=ki14+11l=11l2=ka+1

M M M
+ E E E ChyPs (21, L1+, T2, 6wy, wy, ugy )

li=k1+11=k1+1l2=ko+1

M M M
E E E Ck,P3 (xlaxl+ax27t;ullaul’laulz)

hhi=ki14+11l=11l2=ko+1

M M
Z Z cky P2 (71, 2, b5 ury , ur,) (3.33)

li=k14+11la=ko+1



ks M M
(3)=- Z Z Z Chy3 (22, o+, 1, 15wy, up,, ug, )

lo=1 lé:k}z-‘rl li=k1+1

M M M
- > > " ko3 (w2, o, w1, G sy, ugy, )

li=k1+11lo=ko+1 lé:k}g-‘rl

M M M
- E E E CkoP3 ($2,$2+,xl,t;Ul2,Ul’2,Ull)

li=k1+11l2=11,=ko+1

M M
- Z Z ChyD2 (T2, @1, 5wy, )

li=ki14+11,=ko+1

(4)

M ks M
E E E CkyD3 ($2,£C2+,9017t;Uzz,uz;,uzl)

lo=ko+1 l/2:1 li=k1+1

M M M
+ E E E ChkyP3 (5527$2+7$1,t;u12,ul;7u11)

li=k14+1lo=ko+1 lé:k2+1

M M M
E E E Chyps (22, Tot, 1, 5 wpy, gy, w, )

li=k14+11l2=ko+1 1/2:1

M M
E E ChoP2 (21, T2, 5wy, ug,)

li=k14+11l2=ka+1

Relabelling dummy indices, we have

M M
W) == > > cmpa(@t z,tiu,, uy)

l1=k1+1l2=ko+1

M M
@)= > > cupa(wima,tiu,,uy)

li=k14+11la=ka+1

M M
(3/) = - Z Z Ckyo D2 (x17x2+at;ul17ulz)

li=k1+11l2=ko+1

M M
4) = Z Z CroP2 (T1, T2, 5 Uy, uly) -

li=k1+11l2=ka+1

37

(3.34)

(3.35)

(3.36)
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Recalling equation (3.30), we can now put the right-hand side of the original equation back together,

yielding

M M
825 Z Z D2 (xlaant;ullaub)

l1=k1+11la=ko+1

_ i\/[: iw: ck1 (p2 ($1+;$2,t;UZI,U12) — D2 (CCl,CUQ,t;U[l,Ul?)) (3 37)
li=k1+11l2=ko+1 +Ck2 (p2 (xla x2+7 ta ull ) ulz) - p2 (xla 3?27 ta ull ) ulz))
Finally, we rewrite this as a derivative of its cumulative distribution function, i.e.
01 Fy (1,22, t; k1, ko)
M M
== Z Z Chy (P2 (1H; @, by, wr,) — pa (2152, 8wy, u, )
li=ki1+1lo=ka+1
M M
= Y D> ks (D2 (w1, mat Gun, w,) — pa (T, T, B g, ) (3.38)

li=k14+11la=ka+1

The right-hand side can also be written in terms of a cdf, and so the two-point equation simplifies

to

815F2 (.’Ehwz,t;khkg) +c- VFQ =0

where we define the constant vector ¢ as

Ck,
CcC =
Cky
At this point we have a set of transport equations for F'(z1,x2,,+,t). We also want to have consis-

tency conditions, i.e. that the functions F5 satisfy

0 < Fy(zq,29,8-,-) <1, allt >0

1=F (131,132,15;1,1), all £ > 0. (339)

and that they are increasing in the variables ki and ko.



3.6 N-point case
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In the previous section we reduced the two-point equation to a set of transport equations for the

cumulative distribution function of the two-point equation. Now we will show that by using similar

techniques, we can do the same for the m-point equation. Recall the equation for the n-point

equation:

M

M
Z Z OtDn (T, ooy Ty U,y ey Uy,

li=ki1+1  lp=kn,+1

ki M M .
n Zlizl Zl;:kﬁ»l le:k?j"rl Ck; Pn+1 (.'L'l, T2y ey Ty Tity eeey Ty, ta WUy, ULy,
— J#i
_ M ki M .
i=1 - Zlizkﬁ-l Zl;:l le:kj+1 Ck;Pn+1 (:1:17 T2y wees Tiy Tty vevy Ty Ty Uiy, Uiy
i#i

Indeed, for the left-hand side, by definition we have

M

M
LHS = E E OtPn (L1, eeey T Upy s oeey Uy, 3 )
hi=ki1+1  lp=k,+1

= 8tFn (xl, ceey Ly kl, ceey kn,t) .

...7uli7ul;7 ...7’U,ln)

ey Wiy, Ul ooy uln)

(3.40)

(3.41)

On the right-hand side, we once again add and subtract off terms and use the theorem of total

probability on each term. For brevity we consider ith pair of terms, labelling them as A; and B;.

These terms are given by

ki M M
A = E E E Ck;Pn+1 (xi,xi—h...;uli,ul:_,...;t)
;=1 l;:kl-‘rl l]‘:k‘j+1
J#i
M ki M
B’L = - E E Cl;Pn+1 (xzaxl—’_,aull,ul;aat)
J#i

To the A; term we add on a sum, defining

M M M

Ai =A; + Z Z Z Clk; Pn+1 ({,131‘,{,131‘-1-,...;uli7ul;7...;t)

li=k;+1 l;:k},;kl lJ:k?J-‘,-l
J#i

(3.42)

(3.43)



To B; we subtract this same term, writing

M M

M
B;=B; + Z Z Z Cl; Pn+1 (xi,xi—i—, 3 UL, U ...;t)

lLi=ki+1 1 =k;+1 l;=k;+1

J#i
These terms cancel, so we have
M M
E E Ot (T1, ey T Uy, -
li=ki1+1 Il,=knp+1
Further, we have
ki M
A = E § Ck; Pn+1 xu zi+,.

M M M
+ Z Z Z Ck; Pn+1 (xi,xrh...;ul

i
M

Li=11=k;+11;=k;+1
JFi

M

Z Z Ck;Pn xl—l—

=ki+11=k;+1
J#i

Uy st) =

M M
Z Z Z Ck; Pn+1 (-'L'i7.’1?i+,...;

;’U,l;, ...;t)

40

(3.44)

- z": {A; + B;} (3.45)

Z—i{z‘ii+gi}

3 Wiy, Ul s 7t)

“ul;, ceed t)

UL, Wiy ...;t)

(3.46)
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by the theorem of total probability on the index [;. For the B; term, we have

M ki M
B, = — Z E Ck; Pn+1 (Ii,xi—h...;uli,ul;,...;t)
li=ki+11=11=k;+1
JFi

M M

- Z Z § Ck;Pn+1 (xiaxi+7 ey Ul U 7t)
M M

= Z Z Z Clk;Pn+1 x17x1+ ~;uliaul;a“';t)

= Z Z Chy P (Tiy ooy Ugyy oo T) (3.47)

using the theorem of total probability on the index I;. We relabel the I index in the ith term, so we

have
M M
Z Z Ch; P (i, Uy, o5 t) (3.48)
Li=hi+11;=k,+1
J#i
and hence
- - M D (T1y ooy Ty ey Ty Uy g ey U,y oy Uy, 3 1)
A;+ B; = Z Ck; (3.49)
Lj=k;+1 =P (L1, oLy oy Ty Uiy g ooy Uy vey Uy, 5 1)
1<j<n

Using (3.41), (3.45), and (3.49), we may write the n-point equation as

8tFn ($17--~7x7zak17--' n; ch (A BL)

F, ($1,$+ an;kl,... kjn;t)

—i% " o ’ (3.50)
=1

—Fn (X1 ey Ty ooy Ty 1y oy ki 1)

or, more simply as

OtFpn (X1, ooy Ty k1, ooy ki t) +¢- VF, =0, (3.51)
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again a series of transport equations, where the vector c is given by

Ckl

c= (3.52)

In this way, under the assumption that the theorem of total probability can be applied at the right-
hand limit of some point, denoted by xz+, the n-point equations can be reduced to a system of
transport equations. As can be see in a number of examples following the solution of the equations,
these algebraic identities yield a solution that persists until shock interactions form. Because the
transport equation in both the two and higher dimensional cases is time-reversible, we know that
the solution will break down once any of the initial shocks collide. This is explored further in several
examples that follow. However, using a method similar to front tracking, one can use a bootstrapping
method to continue the solution at each intersection of shocks. In essence, when shocks collide one
state is eliminated and a recalibration of the set of discrete states is necessitated. The process

continues until the next collision, etc.



Chapter 4

Solution and Illustration of

Equations

4.1 Solving the Equations

The natural next step after working out the form for these equations is to solve them and apply the
solutions to some simple cases to evaluate the results. For the one-point case, we drop the indices

on z and k and have the set of one-dimensional transport equations given by

8,5F1 (Z’,k,t) + CkalFl (x,k,t) =0

F (2,k;0) = gi, () (4.1)
where gi (x) are prescribed initial conditions satisfying the conditions
gu () =1, 0<gp(x) <gi(x) <1, zeR I<keN (4.2)
The solution to the kth equation is given by

By (2, ki) = gk (v — cxt) (4.3)

43
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In n dimensions, we have

OcFp (1, ooy Ty K1y oy ks t) +¢- VE, =0

Fo (1, ey Tny k1, o kn3 0) = gy iy, () (4.4)

with an associated initial and consistency conditions given by

Gky,....kn (xlv ) x”) ‘ki:M = Gk, ki—1,kig1, ok (331, coy Th—1y Lh41, ooy 'rn)

gM,..om (T15 ) =1, 0< g (2) <1, x €R (4.5)
The solution to this transport equation is given by

Fn (xla vy Ty kly LR k’n; t) = gkl,...,kn ('7: - Ct) (46)

4.2 Examples: purely deterministic case with shocks

Now we want to consider some examples with purely deterministic cases. In these examples only
the one-point functions are relevant, so we drop the subscript 1 on F. We consider several cases and
observe behavior consistent with classical results.

Example. First consider the case of one shock with only two possible states. We have an initial

condition of the form

1 <0
g(z) = (4.7)
0 z>0
which leads to the cdfs given by
1 <0
g1 (z) =1, g2 (z) = (4.8)
0 >0

Note that we are labelling the states in this and following examples in increasing order, i.e. 0 is the
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first and 1 is the second. Then the solution is given by

r < cit
F (2,2;t) = go (x — cot) =
T > cit
F(z,1;t) = g1 (x — ent) = 1. (4.9)
The values can then be calculated by subtraction:
1 x<ct
p1(x,2;t) = F (z,2;t) =
0 x>ct
0 z<ct
P (2, 158) = F (2,158) — F (2,2:¢) = (4.10)
1 x>ct
Hence, the solution is
1 x<cit
u(z,t) = . (4.11)
0 x>cit

Example. Now consider a rarefaction type case, where we have three possible states (u = 0,+1)

and an initial condition of the form

-1 =<0
g9 () ; (4.12)
1 x>0

leading to the cdfs given by

0 =<0
g (z) =1, g2 (x) = g3 (2) = . (4.13)
1 >0
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We then have

0 z<ecst
F(x,3;t) = g3 (x — cgt) =
1 z>cst

0 z<ecot
F (2,2;t) = go (x — cot) =
1 z>cot

F(z,;t)=g1(z—c1t) =1 (4.14)

and probabilities are computed by

0 z<cst
p1(z,3;t) = F (z,3;t) =

1 x>cst

0 T < cot
p1(x,2t) = F(2,2;) — F(2,3:) = ¢ 1 ot < <cst

0 cst <

1 x<cot
p1(z,1;t) = F (x,1;t) — F (z,2;t) = (4.15)

0 x>cot

Therefore, the solution in this case is then given by

—1 x < cit
u (.’E,t) = 0 at <z <cot - (416)

1 cot < x

Example. Now consider the evolution of the equations under a more complicated, 3-state case

given by
3 r<1
g@)=4 2 1<az<2, fi=2 f2=3, f3=8 (4.17)
1 2<zx

First we need to rewrite this in terms of cumulative distribution functions for the different values of
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1 =<2
g2 (v) =

0 x>2

1 =<1
g3 (v) =

0 x>1
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(4.18)

The resulting 1-point equation is then a series of simple transport equations that are given by

OcF1 (2, k;t) + e O F1 (2, k;t) =0

Fl (IE,]C,O) = 9k (I’)

and the solution to each of these equations is

Fy (x,k;t) = gi (x — cpt)

(4.19)

(4.20)

The individual probabilities can be computed directly from the cumulative distribution functions,

as before:

1
F(z,3;t) = g3 (x — c3t) =

0

1
F(z,2;t) = ga (x — cot) =

0

F(z,;t)=q1(x—c1t) =1, all x

T <1+cst

x> 24 cot

T <2+ cot

(4.21)
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so that

1 z2<1+4c¢c3t
p1(x,3;t) = Fy (z,3;¢) =
0 2<14c3t

p1(z,2;t) = Fy (2,2;t) — Fy (2, 3;%)

1 24+ cot<x<1+4cst
= 0 2 <min(1l+ c3t,2+ cot) or x > max (1 + c3t,2 + caot)

—1 24+ cot<x<1+4cst

0 z>2+4cot
p1(z,1;t) = Fy (2, 1;t) — Fy (x,2;¢) = (4.22)

1 x2<2+4cot

This leads to the solution

3 x <145t
fl@)=4 2 = 14+5t<z<2+4t (4.23)
1 24t<x
up until the point ¢t = i, T = % At this point the solution becomes multivalued, as we have

probability 1 for the states u = 1 and w = 3, that is, the two values seem to overlap. Thus at (g, i) ,

we need to reset the differential equation, eliminate any states in the middle (namely the value 2
in this case), and reapply the process with a new initial condition at ¢t = % and in this way can
construct the solution for all time and space.

As is apparent from these examples, the application of the solution to the derived transport
equations from the n-point equations aligns with the expected results from the method of charac-
teristics. Similar to these classical results, solutions break down at some point, in particular when
there is a collision of shocks. At time beyond that point, multiple, overlapping values for the solution
are given, as would be obtained by continuing to draw characteristics from the conservation law.
In order to obtain the full solution, one would reset the problem at each successive collision time

t*, perform the computations using the Rankine-Hugoniot condition to determine the new shock

formed, and solve a new problem with initial condition @ (0, z) := u (z, t*).
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4.3 Selected examples with randomness introduced into the
initial conditions

Another set of problems for consideration on this algebraic system of equations is formed by in-
troducing some basic randomness into the initial conditions. We show that in several examples,
the system of equations exhibits the same sort of qualitative behavior. For parts of the solution
before potential shocks, the solutions to various examples will match up and be the same as drawing
characteristics, and subsequent to collisions of shocks, different values will overlap. We being by

considering the same set of transport equations for the tail end distributions as above:

O F (z,k;t) + 01 F (x,k;t) =0

F(z,k;0) = gi (2) (4.24)
where the one-point function F' (z, k;t) and initial condition are defined as

F(z,k;t) =P{u(z,t) > ur}

gr () = P{u(z,0) > up} (4.25)

Recall that when attempting to use an initial condition of the form

3 r<1
gx)=¢ 2 1<z<2, (4.26)
1 2<x

we obtained a region of overlap forming when the shocks collided. In this wedge, the probabilities

(according to the solution of the transport equation) were given by
1
p(z,1;t) =p(x,3;t) =1; p(a,25t) = —1for 2+t <z <1+5t t> 1 (4.27)

We now consider several examples where we induce randomness by prescribing it in the initial
condition g for the location of the shocks to blur out the sharp discontinuity. We consider a uniform

distribution, and an exponential distribution with and without an offset. As the uniform distribution
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is absolutely continuous with respect to the exponential, we expect qualitative similarities to arise in
the results, as indeed becomes apparent through the calculations. More precisely, the prescription

is to rewrite (4.26) as

3 <0
gl)=9 2 O0<z<umz, , (4.28)
1 T, < T

without loss of generality, where the value of x, is prescribed not by a fixed value but by a given

probability distribution p,, (), where

supp (pa.) € (0,00). (4.29)

In one example below we shift the values slightly, but the principle remains the same.

4.4 Example 1: Uniform Distribution

To start off, we consider the simplest possible case, a uniform distribution for the location of the
second jump (from the value 2 down to the value 1) at z.. Fix the location of the discontinuity from
3 down to 2 at x = 0 without loss of generality, by translation. The location of the point z, € [1,2]

is then ascribed randomly by the probability density

1 1<z<2
Pz, (T) = (4.30)
0 otherwise

As given by (4.28), our new initial condition is prescribed by

3 z <0
gla)=¢ 2 0<z<uz, - (4.31)

1 Te < T
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Next, we need to rewrite this into the expressions g1, g2, g3 (recall g; () = P{u (z,0) > u;}; uy =

1,us = 2,u3 = 3). We have

1 r<l1
g2 (x) = 1l—2z 1<zxz<2
0 2<zx
1 =<0
g3 (x) = (4.32)
0 O<z

The next step is to write out F (z,-;t); for this we have

Fx,Lit)=q(x—c1t) =1, allx

1 x <1+ cot
F(z,2it) =ga(x—cat) = ¢ 14ct—a 14cot<az<2+cot
0 24 ct<z
1 z<cst
F(x,3;t) = g3 (x — cst) = (4.33)
0 cgt<cx

The expressions in (4.33) can now be used to compute the probability of each state at any point

with a few simple computations. One has

1 x<cst
p1 (z,3;t) = F(x,3;t) = , (4.34)
0 ecst<cx
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p1 (z,2;t) = F (x,2;t) — F (z,3;t)

1 z<1+cat
1 xz<cst
= l4+cot—x 14ct<zr<24cot —
0 ct<czx
0 24 ct <z
1 cst <z <1+4cot
1+cot—x max {1 4 cot, c3t} < & < 2+ cot
= 0 max {2 4 cot, c3t} < x or x < min {1 + cot, c3t} > (4.35)
cot — 1+ cot < x <min {2+ cot, et}
-1 2+ cot <x<cst
p1(x,1;t) = F (z,1;t) — F (x,2;)
1 z<1+ecot
=1-q 1+et—2 l4+ect<az<2+4ct
0 24 ct <z
0 T <1+ cot
=4 z—ct l+eot<z<24cot (4.36)
1 24 ct<z

Making a sketch of the zt-plane, one has six separate regions bounded by the z-axis and the
lines © = 1 4 cot, * = 2 + cot, © = cgt. Labelling them counterclockwise and using the shorthand
p (i) := p(x;u;;t), we can describe the probabilities of the solution to take on certain values and

summarize the information obtained in equations (4.34)-(4.36). Specifically, let

Ry :={(z,t)| z < min{1 + eat, c3t}}

Ry :={(z,t)| ezt <x <1+ cot}

Rs :={(z,t)| max{l + cat,c3t} <z < 2+ cat}
Ry :={(z,1)| max{2+ cot, 5t} < a}

Rs :={(z,t)| 2+ cat < x < c3t}

Rg :={(z,t)| 1 + cot < x < min {2 + cat,c3t}}. (4.37)
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For shorthand, denote p (-) = p1 (z,-;t). Then for u (x,t), we have

p(l1)=0,p(2)=0, p(3)=1in Ry

p(1)=0,p(2)=1, p(3)=0in Ry

p(1)=1,p(2)=0,p3)=0in Ry
p(1)=1,p(2)=-1, p(3) =1in R;

p(l)=x—cot, p(2) =cat —x, p(3) =11in Ry (4.38)

In the regions Ri, Ro, and Ry, the solution proceeds as one might expect. However, in regions
R3, R5, and Rg, we obtain probabilities outside the range [0,1]. For example, in R3 by definition

x — cot > 1, implying that p (1) > 1 and p (2) < 0, both of which are physical impossibilities.

4.5 Example 2: Exponential Distribution

Now consider a second example with a different kind of randomness. This time we choose an

exponential distribution for the placement of the second shock. Recall the initial condition

3 <0
g@)=4¢ 2 0<z<uz, - (4.39)
1 T, < T

This time, the density for the point x, is prescribed by

e * O<z
pz. (T) = (4.40)
0 otherwise
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As before, we write out the expressions for g; (z) and have

g1(x)=1, all z

1 <0
g2 (7) =
e 0O0<=x
1 =<0
g3 (7) = (4.41)
0 O<zx

and hence

F(z,it)=q1(xz—cit) =1, all

1 x < cot
F(z,2;t) = ga (x — caot) =
et ot <
1 z<¢cst
F(z,3;t) = g3 (x — c3t) = . (4.42)
0 cgt<=x

The probabilities of given states can then be calculated as follows:

1 z<cst
p1 (z,3;t) = F (x,3;t) = (4.43)

0 ct<zx
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p1(z,2;t) = F (x,2;t) — F (z,3;1)

1 x < cot 1 x<cst
- el ot < 0 ct<z
1 cat < x < cot
et _ 1 ot < x < cst
- ec2t=2 cst < T
0 x < cot
0 z < cot
=9q €27 -1 ct<x<cst (4.44)
ec2t—= st <

1 T < cot
p1(z,1;t) = F (z,1;t) — F (2,2;t) =1 —
et et <z

0 z < cot
= (4.45)

1—e®2=% ct<a

Labelling regions from left to right as R, Ro, and R3, where

Ry ={(z,t)| x < cot}
Ry ={(z,t)| cot < & < est}

Ry = {(z,t)| cst < x} (4.46)

we then have

p(1)=1—e2"" p(2) =e?"" p(3)=0in Rs. (4.47)
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Again, one observes that physical impossibilities arise in the cone between the two shocks, wher-

ever they would collide (somewhere in the region Rp). For the other two regions, the computed

probabilities make intuitive sense.

4.6 Example 3: Exponential Distribution (with offset)

We consider the exponential distribution again, but this time put an offset to introduce a set of fixed

measure where the initial condition takes the intermediate value with probability 1. That is, modify

the initial condition to the following:

3 < -1
g(x) = 2 —l<zx<ux,
1 Ty < T

and keep the probability distribution function for z, identical to (4.40):

e " O<x
Pz (x) =
0 otherwise

We then have

1 <0
g2 (z) =

e O<zx

1 z<-1
g3 (x) =

(4.48)

(4.49)

(4.50)
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Fz,;t)=g1(x—c1t) =1, all

F(z,2;t) = g2 (x — cat) =

F(z,3;t) = g3 (v — cgt) =

e

0

Again, we calculate the probabilities of the given states

p(z,3;t) = F(z,3;t) =

0

p(z,2;t) = F(x,2;t) — F (x,3;t)

eCQt—.'L'

1 x < cot

_ eCQt—x

602t—x

cot < x

cst—1 <z <eot

cot<r<cgt—1

1 x < cot
el=z ot
rz<cgt—1
cst—1<x
rz<cgt—1
cst—1<x
1 x<c3t—1
0 ec3t—1<x

max {cot,cst — 1} < x

x < min {cot, c5t — 1}

p1(z,1;t) = F (x,1;¢) — F(z,2;t) =1 —

1—

0

€

cot—ax

z < cot

cot <

€

1

cot—x

x < cot

cot < @

o7

(4.51)

(4.52)

(4.53)

(4.54)
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The space is now separated into several regions bounded by cot and c3t — 1; label them going

counterclockwise as follows:

Ry = {(2,t)| @ < min {est, c3t — 1}}
Ry = {(z,t)| cst — 1 <z < cat}
Ry = {(z,t)| max{cat,cat —1}}

Ry={(z,1)| et <a < czt — 1} (4.55)

The probabilities that the solution u will take certain values at points (z,t) is then given, by region,

as

p(1)=1-—€2"" p(2)=e""—1, p(3) =0in Ry

p(l)=1—e2"" p(2) =e=""" p(3)=1in Ry (4.56)

We once again see the pattern of an intuitively correct result before the first possible collision, i.e.
in Ry, Ry, R3, and afterwards results that seem counterintuitive. Subsequently, we have issues that
are similar to what one obtains with classical front tracking without using the Rankine-Hugoniot

condition.

4.7 Analytic Solution

Now we try to solve the third example completely analytically, in the way the solutions would evolve
according to the methods of characteristics, and doing computations over the appropriate probability

measures. We begin with the initial condition from the third example

g@)=9 2 —-l<z<auz, (4.57)
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and aim to do computations over various values of x,. We know that initially, we have two shocks,
located along the lines * = c3t — 1 and & = x, + cot. This behavior will continue until the first

possible point at which the shocks collide. In general, this will be at the value where

cst — 1=z, + cot

t:x*—i—l
C3 — C9
Te+ 1 Ty +c3—co—1

T = -1l==—
€3 —C2 C3 — C2
Te+1 o +c3—co—1

(xoato)=< . , = (4.58)

Cc3 — C2 C3 — C2

The earliest possible time for this occurrence is when z,. = 0, yielding

(20, to) = ( 1 szc- 1). (4.59)

63—02’ C3 — C2

Subsequent to this point, we expect that the shocks collide, the state © = 2 disappears, and leaves

us with a single shock moving with velocity

SB[ -f@)  fR)-FM)] _c2ates
T3 T2 39 T 91 = (4.60)
The complete description of the behavior of the solution can then be given by
3 r<ecst—1
u(w,t) = 2 est—l<az<uz,+eot fort<ty
1 T+t <x
3 z<x9+ct
= for ty < t. (461)

1 zg+ct<cx
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Of course, we want the result in terms of probabilities rather than x., so we use the distribution to

obtain this result. Recall the definition of the four regions used in the third example:

Ry = {(x,t)| x < min {cot, c3t — 1}}
Ry = {(z,t)| cst — 1 <z < cat}
Ry = {(z,t)| max{cat,cat —1}}

Ry ={(z,t)| cat <z < 3t —1}. (4.62)

We then have

p(1) =0, p(2) =1, p(3) =0in Ry,

p(1)=1—e2"" p(2)=e2"" —1, p(3) =0 in R3 (4.63)
quite easily. For the fourth region, we first rewrite the solution out fully:

3 x< il
u(z,t) = 8T (4.64)

T

Cc3—C2

Hence,

Ty +1
C3 — C2

p(l)—IP’{ +5t<x}—]P’{:c*<(0302)(x6t)1}

(ez—c2)(z—ct)—1
= /0 L(o,00) (¥) e Ydy = 1 — exp (max {0,1 — (c3 — ¢2) (v — ¢t)}). (4.65)
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We can therefore represent the full solution probabilistically as

p(1)=0, p(2)=0, p(3) =1in Ry
p(1)=0, p(2)=1, p(3) =0in Ry,
p(1)=1—e=2"7 p(2) =e='"" — 1, p(3) =0 in Ry
p(1) =1—exp(min{0,1 — (c3 — ¢2) (z — &t)})
p(2)=0 in Ry (4.66)

p(3) =exp(min{0,1 — (¢5 — c2) (x — ¢t)})

It is not quite clear how to reconcile (4.56) with (4.66).

4.8 Calculating two-point functions for Example 3

To remedy the nonphysical probabilities we obtained in the examples, we now calculate out expres-
sions for the two-point functions in the pursuit of a better understanding of the missing decay term
on the right-hand side of (4.24). We perform our calculations in terms of z, and the point of first

collision, which we label as (xq, o), and modify the notation to define several regions of xt-space:

Ry ={(z,t)| v < min{z, + cat,cst — 1}, t < to}
Ry ={(x,t) | ecst —1 <ax <x.+cat}

Rs = {(x,t)| max{x. + cat,c3t — 1} ,t < 1o}
Ry ={(z,t)| x < mo + &, 10 <t}

Rs ={(z,t)| @ <xo+&(t—to),to < t}, (4.67)

recalling that ¢ = <5 Define in addition

Lh={(z,t)|z=cst — 1, t <to}
lo = {(Z’,t) ‘.’17 =2, +cot, t < t()}

I3 = {(a?,t) ‘$:$0+é(t—t0), to St} (468)
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We already know what the expected solution looks like for a given x, and hence (zg,%o) . In terms

of these variables, the solution can be expressed as

3 in R1
2 in R2
u(z,t)=1{ 1 in Ry (4.69)
1 in R4
3 in Rj
For brevity, in this section we adopt the notation
Fy (ky, ko) := Fy (w1, o5 k1, koy t) = P{u(x1,t) > ug,, u (x2,t) > up, } (4.70)

and where further u; = k, within the scope of this example. Clearly, with this setup in terms of z,,

one can write the two-point function in terms of the discretized heaviside function:

F2 (k‘l, k2) = Hu(:cl,t),leu(zQ,t),kga

1 i>j

H;; = (4.71)

0 i<y
i.e. the two point function vanishes if the value of the solution at either argument is greater than its
k index, for either value. We assume that our solution is cadlag, i.e. define it to be left continuous

and assume the right-hand limit exists. On a boundary of the shock, we then have

lim F5 (kl,kg) = H27k2, r1 €1y

To—T1+

lim F5 (kl,kg) = 51,k2H2,k1, Ty € g

To—T1+

lim Fy (kl,kg) = 51,k2, x1 € 3. (472)

To—T1+

We note that in the first equation, there is only one term since the solution takes the value of 3 on

the left-hand side of 1, so that whatever the value of k1, one has 3 > k;. Define F2+ , (relabelling the
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arguments x; as x, o as «’, and similarly for ki, ko) by

Fyf (kK = By (2,2 k,K'5t) == lim Fy (21, 9, k1, ko t) (4.73)

To—T1

which takes the value 1 with appropriate pairs of k; on each shock, and is otherwise zero. We now

modify (4.24) to the form

8tF1(:p k: t)+6k81F1 Z, k t chk/ )
k'=1
Fy (z,k;0) = gx (2), (4.74)

adding in any possible combination of F,. The solution to (4.74), the inhomogeneous transport

equation, is then given by
Fy (z,k;t) = g (x — cxt) / chk' (x+ (s —t)cx, o' k, ks 8) ds. (4.75)
0 =1

The entirety of the extra term will drop out for x ¢ U3_; {l;} . Therefore, consider the behavior of
the equations for x in one of these sets, starting with « € [3. Under this restriction, F; (k,K')#0

iff k' > 2. Thus, (4.75) becomes

Fy(x, ks t) = gp (x — cpt) + ZC’kk/ (z+ (s—t)er, 2’ kK5 8)ds
0 pr=2
3
=gk (z —cxt) +1 Z Ch i (4.76)
k=2

In order to match the solution (4.69), we must have Zi/:z Cri =Cro+Cr3z=0,1<k<3.

Similarly, choosing z € Iy, we must have &' = 1, k > 2 for F; (k, k') # 0 and compute

t
Fy (z,k;t) = gi (z — cgt) +/ Ck.71F2+ (x+ (s —t)ex, o', k,1;5)ds
0

= g2 (:C — th) + tCk,l, k>2

Fi(z,1;8) = g1 (x — c1t) (4.77)

requiring Cj 1 = 0 for k > 2 to reconcile (4.77) with (4.69).
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We proceed to x € I3, and in this case k' = 1, k is free so that

t
Fy (z,k;t) = g3 (z — tb) +/ CroFy (v + (s —t)cp, 2’ k, 1;8)ds
0

= g3 (x —tb). (4.78)

This second term in (4.78) is only nonzero when the first argument of F,", that is the quantity

z+ (s — t) ¢, traces out the line z = x4+ (¢ — ty) . However, as the slopes ¢ = 2% and {¢;} will
never match, this term is zero outside of a set of Lebesgue measure zero, and the second term drops

out. Hence, we conclude that

C11=0,C12=—C13,0C 3 free
C1=0,C39 =—C33,C 3 free

03,1 = O7 0372 = —03’3, 03)3 free (479)

Therefore, adding terms of the form F,~ would not seem to reconcile the differences between the
solution computed from the transport equation and the expected solution from the method of charac-
teristics combined with the Rankine-Hugoniot condition. Thus, a natural limitation of this approach
appears to be the requirement of resetting the problem at the point when there is interaction between
shocks. [It seems for this derivation that the method of solving the problem until there are interac-
tions between shocks and then resetting the problem in the way described above is the furthest this

approach can be carried out.]



Chapter 5

Utilizing Shocks as the Building
Blocks

We now approach the problem in a distinctly different manner from the calculations above by making
a fundamental change in how we view our system. In previous sections we had considered the discrete
system as a set of particles and velocities at specific points and left-hand limits of these points. In
this section, in contrast to this idea of using individual velocities as the main building block, we
use the individual shocks as building blocks for the system. In this way we replace the one-point
distribution with the density of a shock prescribed by its values at left and right states, the two-point

distribution by a term tracking two shocks at these two points, and so forth, i.e.

P1 (x,t,u) - fl (x—axat;uav)

p2 (21, 2, LU, u2) — fo (T 1,—, 1, T2, T2, U1, V1, U2, V2) . (5.1)

We are also considering the left limit and value at the point and assuming right continuity for this
chapter for consistency with the broader literature. We can think of shocks between different values
as different species of particles, whose velocities are based only on the relative difference of these two
states making up the species. The orientation will not matter in the sense that the shock speed will
be the same whether we have a jump from u; to us or from wuy to uy, but there will be changes that

enter into interactions between the shock and other shocks. We assume without loss of generality

65
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that the original flux function is strictly increasing, so that all shocks are rightward moving. To

simplify the notation, for the time being we will express this two-point distribution as
fo(z, o' tyu,u/ v, 0") . (5.2)
and the n-point distribution as

Fr (@15 ey T UL ey U VL ey V) (5.3)

5.1 Compatibility Conditions for n-point Equations

Before starting to write out the equations for what is expected in the evolution of the n-point equa-
tions, starting with the 1-point equation, it is important to establish some compatibility conditions
to ensure these objects make sense. For instance, the two-point distribution should reduce down to

the one-point in several ways. Most simply, one would expect to find that
Z fo(z, 2, t;u,u’ v,0") = f1 (x,t;u,v) and ng (z, 2 t;u, ' v,0") = f1 (x,t;u,0). (5.4)
u’ v u,v

Equation (5.4) is the statement that the two-point distribution summed over one set of arguments
reduces to the one-point distribution over the remaining set. Further, one expects convergence in
some sense for the two-point distribution down to the one-point as the arguments converge, but only
if the velocity pairs are identical, i.e.,

lim fo (z, 2, t;u,u’,v,0") = fi (@, 6 u,0) 8y 000 0 (5.5)

z/—x

This is equivalent to statement that the probability in the limit is zero unless these shocks are indeed

identical. In the n-point limit, equations (5.4) and (5.5) generalize to

E fn (xla ooy Ly oy xnvt; ULy eoey Ujy ovny U,y U1, -o0y Vg, "'7vn)

Ui, Vs

= fn—l (LEl, ey Li—1, Li41, t;ul, ey Ug—1, U415 ooy Upn,y V1y ooy UVj—1, V41, ...7Un) (56)
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and

Hm  fr (21, s Ty ooy Ty B UL, oy Uy ey Uy V1, wevy Uy ey Upy)
T;—a;
= fn—l ($1, vy Tj—1, Lj41, t;uy, ey UG 1, U1y vees U ULy ooy Uj— 15 Ujp 1y oeny ’Un) 5ui,vi6uj,vj (57)

Further, we want to impose the restriction that any upward jumps in prescribed initial conditions
can only be between nearest neighbor states when ordered as strictly increasing. This can be phrased
in symbols as the following:

f1(z,0,u,v) =0 forv>u+1, (5.8)

assuming that the states are labelled by integers and in increasing order. Indeed, by simple convexity
arguments, one can conclude further that no larger upward jumps (that is, an upward jump between

two states that are not nearest neighbors) can ever form.

5.2 Derivation of 1-point Equation for Shocks

We want to write down an equation for the one-point density in (5.1) as a function of the two-point

density. On the left-hand side we clearly have a term of the form
Oufr (x—,m, t;u,v) (5.9)

for the creation/destruction of the species. There will also be a free-streaming term, as the shocks
will be moving with speed ¢y, given from the Rankine-Hugoniot condition based on the values taken

on by the solution on either side of the shock. This term will be given by
CuwOz f1 (T, 2, t;u,v) . (5.10)

On the right-hand side of the equation, we must now account for creation or destruction of shocks
of the flavor with u on the left side and v on the right side. Indeed, there is a birth term of the
following sort:

ng (z,2 + Az, t;u, w,w,v). (5.11)

w
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That is, when we have one shock between u and an intermediate value w, and a second shock between
that intermediate value w and the original terminal value v, these shocks will combine to produce a
new member of the species uv. This can only occur when the shock between u and w can catch the

shock between w and v, which is possible when

S ) fw) i) 512)

We can also have a destruction of a shock with speed c¢,,, upon collision with another shock. This

leads to a term of the following
72]“2 (z,z + Az, t;u,v,v,w) . (5.13)

There is a negative sign as this term leads to a destruction of the shock rather than creation as in

(5.11). Again, this can only happen if the left shock can overtake the right one, i.e. if

fw -t _ o, 0= fw) (5.14)

Further, there can also be a loss if we have the shock between v and v collides with a different shock

between w and w from the left, leading to a term of the form

- Z fo(z — Az, z, t;w,u,u,v) . (5.15)
which can only occur if
@S0, - (0 10) 516

We now want to express these terms in a Taylor expansion and rewrite the quantity Ax using the
relative speeds of the collisions. Note that, starting with term under the summand in (5.11) we

observe

fo(z, x4+ Az, t;u, w,w,v) =fo (x, 2, t;u, w,w,v) + Azxds fo (z, z, t;u, w, w, v) (5.17)

We want to set

Az = (Cyw — Cuw) At (5.18)



69

yielding
fo(z,z + Az, t;u,w,w,v) = fo(x,2,t;u, w, w,v) + (Cwy — Cuw) Atdafa (z, 2, t;u, w,w,v) (5.19)

so the term we want is
Z (Cuw — Cww) O2f2 (z, 2, u, w, w,v). (5.20)
w
The first term vanishes since whenever u, v, w are not distinct, there are no shocks.
For the time being, we drop the first term in the right-hand side of (5.19) as it does not make
a physical contribution. If u, v, w are not distinct, there is by definition no shock, and if they are

equal, there are by definition no shocks. Similarly to this, we will obtain terms

_Z(Cuv _va) 82f2 (x,x,t;u,v,v,w) (521)

and

_Z(cwu _Cuv) 81f2 (x,axt;w,wu,v) (522)

w

There is an additional matter of which values the summand can take; that is, for which values of w
do we indeed have growth and decay terms, and which simply give no contribution due to the left
shock not being able to catch the right shock. These different cases can be separated into v < v and
v < u, and further bifurcated by the relative position of w with respect to the two values. Using
the notion of the (piecewise linear) convexity of f, one can perform the bookkeeping to see which
cases are possible and which are not. For example, for the term (5.20), we have shocks between the

values (u,w) and (w,v). With u < v we have

w<u<v:>M:cuw<cw:M
u<w<v:>M:cuw<cwv:M
U —w w—v
u<v<w$M:Cuw<va:M. (5.23)
u—w w—v

Indeed, these calculations demonstrate that there cannot be a growth term for v < v,. On the other
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hand, should one have v < u, one computes

’LU<U<U,:>f(U)_f(w):Cuw>va—f(w)_f(v)

u—w w—v
’U<’LU<7.L:>f(U)7f(W):Cuw>0uw:f(w)7f(v)

u—w w—v
v<u<w$f()_f(w):cuw>cwv=M (5.24)

uU—w w—v

meaning that the term can occur for any value of w as long as v < u. Next, for the decay term with

collisions from the right (5.21), the relevant shocks are (u, v) and (v, w). We compute, for u < v :

W< U<V Cyy > Cyp
U< W<V Cuy < Cyo

U<V < W= Cuy < Cyp

(5.25)
and for v < u:
W< V< U= Cup > Cuw
v<w< U= Cup > Cuo
V< U< W= Cup < Cup (5.26)

so this term will have a nonzero contribution if v < v and w < u or if v < v and w < w. Finally, for

the decay term with collisions from the left (5.22), the relevant shocks are (w,u) and (u,v). When
u < v we have

W< U<V Cpu < Cup
U< W<V Cpu < Cuo

U< V< W= Cpy > Cup (5.27)
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and for v < u we have

W<V < U= Cpy < Cyp

V< W< U Cpy > Cun
(5.28)

U< U< W= Cyy > Cup
so that this term can occur for v < v if w > v or if v < w and w > v. Putting together the terms

(5.9), (5.10), and (5.20)-(5.22), we have

Ocf1 (x,t;u,v) + CupOu f1 (2, t;u,v)

- Z (cuv - cvw) 82f2 (x,l‘,t;U,’U,U,U))

— izcuwu — Cuv) O1 f2 (z, 2, t; w, u,u, v) . (5.29)
v<w
for u < v and
O f1 (2, 85U, 0) + CupOs f1 (2, u,v)
- Z (Cuw — Cww) Oafo (z, 2, t;u, w, w,v) — Z (Cuv — Cow) O2f2 (@, T, t;u, v, v, W)
w w<u
(5.30)

- Z (Cwu — Cuv) O1 f2 (z,x, t; w, u,u,v) .

v<w
for v < u, where all summations are under the additional restriction that u,v,w are distinct. We

need to incorporate the additional assumption that any upward jumps are only between nearest

neighbors. This leaves us with the one-point equation written as

atfl (:C?t;uw U+ 1) + cu7u+lamf1 (SB,t;U, U+ 1)
- Z (Cujutt = Cutrw) 2 f2 (z, 2, tu,u+ 1 u+ 1, w)

w<u
- Z (Cwu — Cuut1) O1fa (x, 2, t;w, w, u,u+ 1) (5.31)
w>u+1
for u < v, wherein the only meaningful case is when u and v are neighbors. We use the shorthand

v = u + 1 to mean that for u = u;, we set v = u; 1, that is, the next state in increasing order. We

use the same notation (where applicable) with the quantity u — 1 below in the equation for v < u
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and have

O f1 (T, 85U, 0) + CupOs f1 (2, u,v)

= Z (Cuw_va)anQ(xaxat;uvwaw,v)_ Z (Cuv—va)agfg(l',.’t,t;u,U,U,U))

wlu+1 w<u
w<lv+1

- Z (Cwu*Cuv)alfQ(xaxat;wauauav)' (532)

v<w
w>u—1

In fact, the second term in equation (5.32) can have its summand rewritten as w < v+1 since v < u
implies v < u+1 and the last term can have its summand rewritten as u —1 < w since v < u implies

v < u — 1. Hence, one has

Ocf1 (2, t;u,v) + CuuOp f1 (0, t; u,v)

- Z (Cuw_va)62f2(xaxat;uawaw7v)_ Z (Cuv—C,Uw>82f2($,.’li,t;u,’l),’(),w)

w<u+1 w<v+1

— Z (Cwu — Cuv) O1f2 (x, 2, t; w,u, u, V). (5.33)

w>u—1

Equations (3.22) and (3.24) together describe the one-point equation in all cases. The further
restriction that wu,v,w are all distinct is not further written out in the equations for notational

convenience, but always assumed in calculations following.

5.3 Example with two shocks

Consider an example with two downward shocks: one between u3 and us, and a second between uo
and w1, where ug > us > u;. The various possible interactions are pictured in the figure on the next

page. By convexity, one has

flog) = flua) _ o, = F2) = flm) (5.34)
Uz — Ug U2 — U1
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ensuring that the left shock will catch up to the right one in finite time. More precisely, write an

initial condition of the form

us r < T
g (x) = Uy T1 T < To (5.35)
Ul To < T

We will apply the one-point equation to all six species of shocks, denoting them by the notation
(u,v), where u is the value of the "left" state and v the value of the "right" state. First we do this
in the general framework of a three-state system, then apply it specifically to the initial condition
in (5.35). We begin with the case u = 3, v = 1 (i.e., what is the equation describing the creation

and destruction of shocks between the values u = uz and v = u1), one has

Ofr (2:3,1) + e fi (2:3,1) = D (e3w — cun) Dofo (2,13, w,w, 1)

w<4

- Z (C31 - clw) 82f2 (.T,.Z',t;u, v, v, ’LU)
w<2

- Z (cws —¢31) O1 fo (¢, x;w,3,3,1). (5.36)
w>2

Labelling the terms on the right-hand side of equation (4.3) as (I) and (II), and (III), we observe

that each sum contributes only one term (using the restriction that u,v,w must all be distinct):

(I) = (c32 — ca1) O2 fa (%, 253, 2,2, 1)
(IT) = — (c31 — c12) Oa f2 (2,5 3,1,1,2)

(III) = 7(023 7031)81f2 (1‘,56,2,3,3,1) (537)

Hence, (5.36) yields

Ocf1 (253,1) + €310, f1 (53, 1) = (c32 — c21) 02 f2 (2,25 3,2,2,1)
— (631 — 612) 82f2 (x,m; 3, 17 1, 2)

- (023 - 031) 81f2 (.’IJ, x, 27 37 3a 1) (538)

which conforms to our expectations of the right equation; on the left hand side we have a creation

and translation term between the states us = 3 and w3 = 1, and on the right we have a growth term
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Production and destruction of shocks (lefl state, right state) in the three-state system, Pairs of shocks that will never
collide due Lo relative velocities are marked with a (X), shocks that will interact are marked by a (v), and interactions
involving an upward jump not between nearest neighbors (here, from lefl state 1 to right state 3) are overlayed with a

dashed (X).

Growth
(1,2)

;,_:n __|_2_-cz.! X jcuT_,__-
' @3) '

3 3 3 3
=, ] - ;
Ca3 €13 : ¢ P cp ¢, ¢,
2 v v
1 1 1 1

Decay (left)

(1,2)

3 .
ittu I c'IZ
1 1 ¥

2,3)

(. an’ @3)

Figure 5.1: Interactions between possible shocks in the three-state system, categorized by growth
and different kinds of decay. Depending on relative velocities of the shocks, one shock may catch up
to another and interact to combine a new shock in the form of (left state, right state) above each
figure.
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when the pairs (3,2), (2,1) collide, and decay when (3,1) hits (1,2) or (2,3) hits (3,1).
In contrast, for the case u = 1, v = 3, we are considering a hypothetical upward jump between

non-neighboring states, so we end up with a trivial equation of the form
Ouf1(2;1,3) + 130, f1 (7;1,3) = 0, (5.39)

so that since the shock does not exist in the initial conditions, the 0, term is zero, hence the J; term
is also zero and such a shock can never be created, which is consistent with our assumptions and
intuition.

If we try for example u = 1, v = 2, we have

8tfl (I‘, 17 2) + 6126xf1 (37, 13 2)

== > (12— c2w) Dafo (2,2,1,2,2,w) = Y (co1 — c12) D1 fo (w, 03w, 1,1,2) (5.40)

w<1 w>2

and the right-hand side reduces to
(c31 — c12) O1 f2 (z,2;3,1,1,2) (5.41)
leading to the equation
Ocf1 (2;1,2) + 120, f1 (2;1,2) = (e31 — c12) O fa (x,2;3,1,1,2). (5.42)

That is, shocks between u; = 1 and us = 2 can be destroyed by a collision between (3,1) from the
left with (1,2), but not created.

For the case u = 2, v = 3, we have

atfl (LU; 2, 3) + ngazfl (.’E; 2, 3)

=- Z (€23 — €3w) 02 fo (%, 2,2,3,3,w)

w<2

- Z (Cw2 _C23) 81f2 (1’71';11),2,2,3). (543)

w>3
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or
8tf1 (iE; 2, 3,) + 023(995]01 (SC; 2, 3) = — (623 — 631) 62f2 (ZE, x,2,3,3, 1) (544)

so shocks of this form can only be destroyed by an interaction from the right between (2,3) and

(3,1).
The next case is u = 3, v = 2, for which we have

Opf1 (2;3,2) + ¢320: f1 (233, 2)

= > (c3w — cu2) Dafo (,;3,w,w,2) = Y (ca2 — co) Do fa (33,2, 2,w)
w<4 w<3
(5.45)

- Z (CwS - 032) alf? (ZC,.’I?;’U),S,g,Q) .

w>2

or

Orf1(%53,2) + c320: f1 (23 3,2) = (c31 — c12) o f2 (v, 25 3,1, 1,2)
— (c32 — c21) O fa (2,25 3,2,2,1) (5.46)

so this shock can be created by a collision between (3,1) and (1,2) and destroyed by a collision from

the right with (2,1).
The final case is u = 2, v = 1, and we have

atfl (.’E, 2, 1) + CQlamfl (IE, 2) 1)

= Z (C2w - cwl)aZfZ (a?,ac; 2,’(1),111, 1) - Z (021 - clw) a2.]02 (ZC,.’II; 2a 17 1,’LU)
w<3 w<2
(5.47)

- Z (CwZ - 021) 81f2 (iE,J?;’U), 2; 27 1) .

w>1

or

3tf1 (.’E, 2, 1) + CZlazfl (.’E, 2, 1) = (623 - 631) 32f2 (1'7 X 23 37 3, 1)
- (632 _621)81f2 (.T,.T,;3,2,2,1) (548)

so this shock can be created by a collision between (2,3) and (3,1) or decay via a collision from the

left by (3,2).
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In the case of (5.35), the densities of f; and fo for a specific time ¢ are expressed as measures
concentrated at discrete points, and can be written formally as d-functions. It is known that the

solution profile is given as

us < min{zy + cozt, o + c13 (E — ti)}
u(z,t) =19 us T1 + ca3t <z < T2 + C1at (5.49)

up x> max{xs + c1ot, Tu + 13 (£ — 1)}

where

b= o — I
T cas — e
. o — w1 (Co3 — C12) T1 + Co3To — 2371
Ty =1 + C23 =
Co3 — C12 C23 — C12
_ Co3T2 — C1271 (5 50)
Ca3 — C12 '
Specifically, for the one- and two-point functions, one then has
Ji(2,653,1) =6 (x — s — c13 (t — t4)) Ligst,}
J1(2,63,2) =6 (v — x1 — cast) Lpp<s,y
Ji(2,t52,1) =6 (x — 22 — ci2t) 1 <4y (5.51)
and
Jo(z,y,1;3,2,2,1) =6 (x — 21 — c23t) § (y — w2 — c12t) Ljp<t,) (5.52)

Evaluating these functions for any other combination of values in this problem yields identically

zero. Testing this against (5.38), (5.46), and (5.48) yields

atfl (.’L’, t; 37 1) + CISaa:fl (.’L‘ﬁ, 37 1) = (023 - 021) 82f2 (.’L‘, x, t; 37 27 27 1)
8tf1 (iE, t; 3, 2) + 623(995]01 (1‘.t; 3, 2) = — (623 — 821) agfg (IE, z,t;3,2,2, 1)

atfl (x7t; 27 1) + CQlamfl (.’Ii,ﬁ; 27 1) = - (023 - 021) 81]62 (SL',LL',t; 37 27 2a 1) (553)

These equations formally give the correct conclusions. For ¢ > t,, the first equation describes the
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steady-state of the shock (3, 1) persisting indefinitely and moving to the left at speed c¢i3 :
Ocf1 (2;3,1) + 130, f1 (2;3,1) =0 (5.54)

and for t < t, yields identically zero. The second and third equations yield identically zero for ¢ > t,

and the steady-state of the shocks (3,2) and (2,1) persisting for ¢ < ¢, :

atfl (SU, t; 37 2) + 6238xf1 (5[,’7 t; 3, 2) = 0

Ocf1 (2,8,2,1) 4+ €120, f1 (x,t;2,1) = 0. (5.55)

At the point (z.,t.) where the two shocks (3,2) and (2,1) collide and form (3, 1),

5.4 Derivation of n-point Equation for Shocks

In the same way as for the section on the derivation for the one-point equation, we now want to
generalize the procedure and derive the equations for the n-point equation. For the left-hand side

of the equation, the analog of the time-derivative term should clearly be represented by
Ofn (21, oy, tyut, w0t 0™ (5.56)

We use superscripts to distinguish the different states {u;} from the 2n arguments in this term
giving the left and right hand values of the solution on either side of the shocks located at the
positions {x;}. That is, u’,v" € {u1,us,...} for each 1 < i < n. For the free-streaming term, as
a replacement for the single term dealing with the interaction between two states in the one-point
term, we now need to account for every possible combination of pairs of states, leading to the term

Cuiv; Ox; [ (:51, o T, tut, L u™ vl v”) summed over all combinations:

n
Zcuimamifn (21, ey T, Bty w0 0" (5.57)
i=1

We now want to consider the terms that will form on the right-hand side of the equation. In the
one-point equation, these consisted of birth or decay terms for the two-point function arising from

interactions of those shocks, modified by the appropriate rate constants c,,. Our hypothesis here is
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that we have similar terms with a possible interaction involving any of the n shocks, with the same

appropriate rate constants. For the birth term, we stipulate

n
Ty TiT1y ooy Tim 1, Tig 1y ooy Ty L
Z Z (Cuiw - vai) ai’f7l+1 ) ) ‘ ) (558)
i—1 w wi, w, w, v, ut, L u T T e et Lt et
We have rearranged the order of arguments to put the ¢th component and intermediate shock first.
The notation 0 refers to the derivative with respect to the index that appears second under f in

(5.3), and O; to the one appearing first (the ith component). For brevity, we will use abbreviated

notation henceforth and suppress the remainder of the arguments, i.e. rewrite (5.58) as

Z Z (Cuiw — Cwwi) O frnt1 (xi, Ti, s tut, w, w, vl) (5.59)

i=1 w

The range for w is precisely the same as for the one-point equation case, that is for w < u® + 1 as

long as v* < u’. We can also have a decay term formed by collisions from the right, given by

- Z Z (Cuiv - Cviw) ai’fn+1 (xiv Ty ey b uia Ui7 Uia w, ) (560)

i=1 w

and for collisions from the left, given by

- ZZ (Cwui - Cuivi) aifn+1 ($i>$i> -~-7t;w7ui,ui,via ) (561)

=1 w

The appropriate ranges for the terms (5.60) and (5.61) are given by w < u! and w > u’ + 1 for
ut < ' (ie. when v' = u'+ 1) and w < o' +1 and w > u’ — 1 for v* < u’. For ease of notation,

define the sets

w < ul ifol =ut+1
w<vi+1 if v < !
w>u+1 ifvi=u+1

Wi =S w| (5.62)
w>ul—1 if vt < o’
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Then the n-point equation is given by

n

a1 n 1 n o1 n 1 n

Or fn (m1,...,wn,t,u S AL TR )+ E Cuiv;Oz; fn (xl,...,a:n,t,u SO AL PR 3 )
i=1

n
= Z 1{v,;:ui+1} Z (Cuiw - cwvi) 8ifn+1 (-’I;iw’riv ~-~7t;uz7waw7vl““)

=1 w
n
- Z Z (Cuso = Cosw) Oir frgr (T4, iy oy ", 0%, 0" w0, L)
=1 weW}
n
- Z Z (Cwui - Cuivi) 8ifn+1 (xia Ly eeey b wvuzvuzvvzv ) . (563)
=1 wewi

In this fully written out n-point hierarchy, one can see all the expected interactions and dynamics
between the modelled particle system of shocks. On the left-hand side we have two terms: the first
of which the change in time of the distribution of a particular n-point state, a collection of n
shocks between different state values at prescribed points. The other term is a free-streaming term
representing the motion of each of these n shocks with relative velocities {c,,., } along the z direction
as time advances. On the right-hand side, we have three terms relating to the creation or destruction
of this object by various types of interactions. The summand of the first term involves a growth
by a shock of states (ui, w) combining with (w, vi) , forming the shock (ui, fui) , hence the positive
term. The latter two summands involve destruction of the shock (ui, vi) from the right by a shock
(v, w) or from the left with the shock (w,u'), respectively. The sums then cover interactions with
any of the n shocks involved. In this derivation, it should also be noted we have also implicitly ruled
out the possibility of three or more shocks intersecting at the same point, which is a reasonable

assumption for kinetic theory.

5.5 Reduction of n-point equation to 1-point

One important check that can be performed via a straightforward calculation is the reduction of the
n-point equation down to the one-point. Substituting in n = 1 into equation (5.63) yields for the
left-hand side

Ouf1 (z1,t; ul, vl) + Cuyos 1 (xl,t;ul,vl) (5.64)
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and for the right-hand side

Liyi—py Z (Cutw — Cupor ) O17 f2 (3:1, z, tub, w, w, vl)

w

- Z (Cul’ulfcwvl)al’fQ (3317371,15;’&1,7)1,11))

weWy

- Z (Cwul 767111)1)81][‘2 (xhzlat;waulaul,vl) (565)

weWy

Dropping the subscripts and breaking into cases, we have for u < v (v =wu + 1) that

atfl (x,t;u,v) + Cuvf (z,t;u,v)

- Z (Cuw - va) 62fQ (x,x,t;u,w,w,v) - Z (Cuv - va) 82f2 (m,x,t;u,v,w)

w w<u

- Z (Cw'u - Cu’u) 81f2 (1‘7$,t; w,u,u, U) (566)

w>u+1

and for u > v, we have

O f1 (z, t;u,v) + cun f (2, 8w, v)

== Z (Cuv — Cww) O2f2 (T, 2, t; u, v, W)

w<v+1

- Z (va _Cuv) 81.]02 (a:,x,t;w,u,u,v), (567)

w>u—1

matching the one-point equation.

5.6 Flavor of a more Complex Example (5 shocks)

One can consider more complex examples and in theory, perform more computations on them to
further verify the n-point hierarchy. As we will see in the following section, however, such examples
become increasingly more complicated to work out. We limit ourselves to writing out the probability

densities and showing how the equations match up intuitively with the expected terms. To this end



we consider initial condition of the form

Uus r < x
Uy x1<x<To
g(x): U1 To <z < a3

U X3 <x< Ty

us Ty <X

82

(5.68)

Initially, there are four shocks with speeds cy5, 14, c12, and ca3 (in order from left to right). The

first interaction expected is c¢15 with c14, forming a shock of speed c;5. This shock then collides

subsequently with cyo, then ca3, to form a shock ¢35 which then persists indefinitely. Denoting the

collision points by (z7,tF), the expected solution profile is given by the following:

177

us r < w1+ cist
Ug x1+ci5t < x < o + ci4t
w(z,t) =19 wuy  xo+cput <z <axg+cpot fort<t

U X3+ crot < x < x4y + Cost

us Tyt ci3t <
us x<zi4+({t—t]) s
Ul I’*+(t7t*)615<1}§$3+012t
u(z,t) = ! ! for 7 <t <t
U9 x3 + c1ot < x < T4 + Cogl
us T4 +ci3t <
us x<azy+ (t—th)cos
w(@,t) =4 uy b+ (t—t5)cos <x < ay+ ot forty <t <ty
U3 Tyt izt <z

us x<xi+ (t—1t5) ess
u(z,t) = (=t for ¢ <t
us x5+ ({E—t5)egs <

(5.69)

(5.70)

(5.71)

(5.72)
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Given the solution profile (5.69)-(5.72), we can now write out the n-point probability distributions.

Starting with the one-point distribution, we have

fi(@,65,4) = 8 (@ = 21 = e15) 1oy
fi(@,5:4,1) = 8 (@ = 2 = 1) 1o
fi(@,61,2) = 8 (2 = 3 = c128) 1y
fi(2,6:2,3) = 8 (¢ = 24— cast) 11y
Fi(@,5,1) = 8 (0 = @f = (t= 1] e15) L ey <1
fi(@,8:5,2) = 6 (v — 5 = (= 3) e25) 1y

bil (xat;573) = 5(I 7%3 - (t7t3)035) 1{t§St} (573)
and zero for any other arguments. For the two-point distributions, we compute

fo(z,y,8;5,4,4,1) =6 (x — 1 — c15t) 0 (y — T2 — c14t) 1{t§q}
fo(x,y,¢5,4,1,2) =6 (x — 21 — c15t) 0 (y — =3 — c12t) 1{t§t§}
fo(z,y,t,5,4,2,3) = (x — 21 — c15t) 6 (Y — x4 — Ca3t) 1{t§t§}
fo(z,y,t:4,1,1,2) = § (z — w2 — c14t) § (y — T3 — c12t) Lcu)
fo(x,y,6:4,1,2,3) =6 (x — 2 — c14t) 0 (y — T4 — Ca3t) l{tgt;}

fo(z,y,t;,1,2,2,3) = (v — w3 — c12t) § (y — x4 — co3t) 1<t§t§

~

fa(@,y,4:5,1,1,2) =6 (w — 21 — (= 17) 15) 0 (y — 23 — C128) Lppncy 4y
fa (@,9,4:5,1,2,3) =6 (w — 21 — (L —17) 15) 0 (y — @4 — casl) Lppncy <4y

f2 (l’, Y, t; 5,2,2, 3) =0 (x - LE; - (t - t;) C25) d (y — T4 — C23t) 1{t§§t§t§} (574)

Aside from simple permutation of the arguments (i.e. f2 (y,2,t;4,1,5,4) = fa (z,9,t;5,4,4,1)), the

two-point distributions will be zero for other combinations of wu; in their arguments. Next, for the
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three-point distributions, we have

fa(z,y,2,t,5,4,4,1,1,2) = 6 (x — 21 — c15t) § (y — T2 — c14t) § (2 — 23 — c12t) l{tgt;}
f3(x,y,2,t5,4,4,1,2,3) =6 (x — 1 — ¢15t) § (y — 22 — c14t) 0 (2 — T4 — co3l) l{tgt;}
f3(x,y,2,t,5,4,1,2,2,3) =5 (x —x1 — ¢15t) § (y — x3 — c12t) 0 (2 — T4 — co3l) l{tgt;}
f3(x,y,2,t4,1,1,2,2,3) = § (x — 2 — c14t) § (y — x3 — c12t) 0 (2 — T4 — ca3l) 1{t§t“{}

f3(x,y,2,65,1,1,2,2,3) =6 (x — ] — (¢t —t]) c15) 0 (y — x5 — c12t) § (2 — 4 — ca3t) 1{t1‘St§t§}

(5.75)

and zero otherwise, except for permutations of the arguments. Finally, for the four-point distribution,

we have simply

f4 (x,y,z,w,t;5,4,4, ]-7 13272,3) = 5(33 — 1 — clSt) 5(y — T2 — cl4t)

~(5(2:—:I}3 —Clgt)d(w—$4 —Cg3t) 1{t§t§} (5.76)

Now we want to substitute the expressions (5.73)-(5.76) into the n-point equations. Recall the

one-point equation is expressed by

aitfl (x,t;u,u + 1) + Cu,u+lazf1 (IL',t;’UJ, U+ 1)

= - Z (Cu,u+1 - cu+1,w) 82f2 (m,x,t;u,u + 1)“ + 1aw)

w<u

- Z (Cw,u - Cu,u—i—l) 61f2 (xa €, ta w, u, u, u + 1) (710)
w>u+1

for v =u+1 and

atfl (1’7 t; u, U) + Cu’uaa:fl (LU, t; u, U)

= Z (Cuw_C’wv)82f2(xax;t;uaw7wvv)_ Z (Cuv—va)82f2($,$,t;u,’0,v,w>

w<u+1 w<v+1

- Z (Cwu—Cuv)alfQ(33,$,t;w,u,u,7.1). (577)

w>u—1
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for v < u. We start with equation (5.77) for u = 1,2, ..., and have

6tf1 (.73, t: 1, 2) + Clgazfl ($,t, 1, 2)
- Z (Cl2 - CQw) a2f2 ({E,%t; 1,2, va) + Z (Cwl - C12) 81f2 (:L’,.’E,t; w, 1,1, 2)

- w<l w>2
— (e31 — c12) fo (z,,853,1,1,2) — (eq1 — c12) fa (x,2,t;4,1,1,2)
— (51 — c12) fo (x,2,6;5,1,1,2) (5.78)
Ouf1 (2, 4,2,3) + ca30, f1 (2,8, 1,2)
=— Z (cas — c3w) Oa fo (z, x,t;2,3,3,w) — Z (cwa — ca3) O1 fo (z, x, t;w, 2,2,3)
w<2 w>3
= —(ca3 — ¢31) Oafa (2, 2,¢;2,3,3,1) — (caz — c23) O1 fo (z,2,¢;4,2,2,3)
— (52 — co3) O f (2,2, 5,2,2,3) (5.79)
Ocf1 (2,653,4) + €340, f1 (x,t,3,4)
=— Z (c34 — Caw) Oa fo (z,x,t;3,4,4,w) — Z (cws — c34) Oa fo (z, x,t; 3,4, 4, w)
w<3 w>4
— (34 — c41) 02 (w, 2,8, 3,4,4,2) — (34 — Ca2) 02 fa (2, 2,t;3,4,4,2)
(5.80)

- (053 - 034) a?f? (xa (E,t; 3a4a 47 5)

Ouf1 (x,6;,4,5) + c120. f1 (2, 6,4, 5)
- Z (cas — Csw) O2 fa (z,2,t,54,5,5,w) — Z (cwa — ca5) 01 fa (z, 2, t;w, 4,4, 5)

w>5

w<4
= — (645 — C51) agfg ($, Z, t; 4, 5, 5, 1) — ((245 — 052) 8sf2 (l‘, x, t; 47 5, 5, 2)
— (ca5 — ¢53) O f2 (v, 2,15 4,5,5,3) (5.81)
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Now we consider equation (5.77), the case v < u, first considering v = 1. This yields

Ouf1 (x,tu, 1) + cu1Ou fr1 (z, t;u, 1)
Z (Cuw — Cw1) O fo (2,2, tu, w,w, 1) — Z (cu1 — Ciw) O2fa2 (z, 2,84, 1,1, w)

w<u+1 w<2
- Z (Cwu_cul)alfQ (x,x,t;w,u,ml). (582)
w>u—1
and substituting in for u = 2,3, ... will yield
8tfl (JT, tv 27 1) + CQlaa:fl (.%‘, ta 2a la )
- Z (CZw - Cwl) 82f2 (xaxat; 2,’(1),’[1}, 1) - Z (021 - Clw) 82f2 (Z’,ZL’Jf; 27 ]-, ]_,’U/)
w<3 w<2
- Z (Cw2 - 021) ale (x,:c,t;w, 23 27 1)
w>1
= (023 - C31) 82f2 (.’E, Z, t; 2, 3, 3, 1) - (032 — 621) 81f2 (x, x, t; 3, 2, 2, 1)
(5.83)

— (042 — 021) 81f2 ($, Z, t; 4, 2, 2, 1) — (052 — 021) 81f2 (33, Z, t; 5, 2, 2, 1)

8tf1 (Z‘,t; 37 ]-) + cSlarfl (.’I?,t; 37 1)
Z (Caw — Cw1) O2 fo (z, 2, t; 3, w,w, 1) — Z (e31 — c1w) Oafo (z,x,t; 3,1, 1, w)

w<2

w<4

— > (cws — c31) O fa (z, 2, w0, 3,3,1)

w>2

- (042 - C21) 62f2 (I, I7t; 33 27 27 1) + (643 - C41) a2.}02 (LE, l‘,t; 334347 1)

— (631 — 012) agfg (.’1?, Z, t; 3, 1, 1, 2) — <023 — C31) 81f2 (.’E, Z, t; 2, 3, 3, 1)
(5.84)

— (ca3 — ¢c31) O1 f2 (w,2,;4,3,3,1) — (cs3 — c31) O1 f2 (@, 2,15 5,3,3, 1)
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atfl ('Tv t; 47 1) + c4181f1 (.’E, t; 47 1)

= (C4w - Cwl) a2.](‘2 (x,x,t;4,w,w, 1) - Z (C41 - Clw) 82f2 (Z‘,l‘,t;4, 17 1,UJ)
w<2

g
A
wt

(cwa —c41) O1 fo (z, 2, t;w, 4,4, 1)

N

g
vV
w

= (042 — 621) 62f2 (I, 1‘,t;4, 2,2, 1) =+ (C43 — 631) 82f2 (LE, l‘,t;4, 3, 3, 1)
+ (045 - 051) 82f2 (.’L’,.'L',t; 47 57 5a 1) - (041 - C12) 82f2 ($7.'L',t;4, 17 13 2)

— (634 — 641) 81f2 (x,x,t; 3,4,4, 1) — (654 — C41) 81f2 (z,x,t; 5,474, 1) (585)

8tfl (‘T7 t7 57 1) + C5lazv (.’13, t7 57 1)

= - Z (C5w - Cwl) 82‘/:2 (l',l’,t; 5, W, w, 1) - Z (051 - Clw) anQ (xax;t; 9,1, 17w)

w<6 w<2

- Z (Cw5 - C51) 81f2 (m,wat; w, 57 57 1)

w>4
= — (54 —ca1) Do fo (z,2,4;5,4,4,1) — (c53 — c31) O2 f2 (v, 7,55, 3,3, 1)
— (652 — 621) 82f2 (x, x, t; 5, 2, 2, 1) — (651 — 612) 62f2 (J?, x, t; 5, 1, 1, 2)

— (ca5 — c51) O f2 (w,2,t;4,5,5,1) (5.86)

These calculations help to give a flavor of future direction and serve to illustrate the various inter-
actions by which perturbations at the one-point level can occur in a more complex system. Based
on whether the velocity of one shock is sufficient to catch up to that of another, shocks of certain
species can be created or destroyed, with rate constants specified by the relative velocities between
the two. There is a free-streaming term on the right-hand side that tracks the movement of any
existing shocks in that species. For future study, this lays the groundwork for either numerical

computation or further analysis under special cases, such as more stringent initial conditions.



Chapter 6

Two interesting limits

In the previous section, we derived a set of exact equations for the n-point equations. Of particular
interest is the application of this framework to two specific limits. The first such limit is the simplest
nontrivial case, where we have three possible velocity states and hence, three different shock speeds
in the system. The second limit of interest is obtained as the number of states tends to infinity,
creating a finer approximation by piecewise linear functions to a smooth flux function, and passing
to continuum limits in all the expressions, using theory of semigroups and generators. One would
expect that in this latter limit and under appropriate assumptions, the discrete model in fact recovers

the correct continuum dynamics of Menon and Srinivisan [31], etc.

6.1 Three-state limit

First consider the limit of the three velocity state system. Specifically, this means that the indices

{ui} , {v’} all take values from the set {u1,ua,us}. We may assume without loss of generality that
ur < uz < Us. (61)

The three possible species of shock are between u; and us, between us and us, and finally between
u1 and uz. We allow upward jumps only between nearest neighbors, so a shock between u; and ug is

allowed only with ug as the left state and u; as the right state, and the other two are allowed with
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either orientation. The shocks then have speeds given by

Cl2 =
U2 — U1

Con = f(us) — f (u2)

23 —
Uz — U2

C13 = M (6.2)
U3z — Uy

and by the usual convexity assumption on f, we have
c12 < c13 < C923. (63)

We start with the sets W4, Wi defined in (5.62). Because of the restrictions on {u'}, {v'}, we may

rewrite them based on cases. We have

U=y, vt =y = Wi ={w | w<w}=¢, Wi={w|w>us}={us}

u :ug,vi:u1:>W2i:{w|w§u2}={u1,u2}, Wéz{w\wzuo}:{ul,u%u?,}
ui:uQ,viZU3:>W2i={w|w<uQ}:{u1}, ng:{w|w>u3}:qb

u' =z, v =y = Wi ={w | w<ut = {ug,ua}, Wi ={w|w>up} = {ug,us}

ut =g, vt = up = Wi = {w | w <ug} = {ur,uz,uz}, Wi ={w|w>us} = {us,us} (6.4)
We can write out the exact form for the one-point equation, in the case of three states, as follows:

Osp1 (xl,t;ul,vl) + Cu1410s, f1 (xht; ul,vl)

= Lpt—ui41) Z (Cutw — Cuwt) O2f2 (ml,xl,t;ul,w,w,vl)

w<ul+1
- Z (Culvl - Cvlw) a2]02 ($17$13t;u17vlav17w)
weWy
- Z (Cwut — Cutor) O1 fo (ajl,xl,t;w,ul,ul,vl) (6.5)

weWS
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and the two-point equation as

2
1 2 1 L2 1 2
ath (.Tl,.’l?g,t,u U, v 71]2) + E CuiviawifQ (Qfl,.Z‘Q,t,U y U, v, )
=1
2

= Zl{vifui+1} Z (Cuiw _va"')ai’f?) (xiaxia"'at;ulvwvwavza“')
=1

w<lui+1

2
— Z Z (Cuivi — Cyiw) Oi f3 (xi7xi7 it vt vt w, )

i=1 weWw;

2
— Z Z (Cwui — Cuivi) Oif3 (aci,aci, cntiw, ut ut vl ) . (6.6)
i=1 wew;

As one can see, in the simplest case the equations do simplify somewhat, as the range of indices
in and number of VVJZ are reduced. However, in terms of notation, the two-point equation cannot
be simplified much further, as there are certain combinations of possibilities allowed at the values
of the given x-coordinates. For example, in the one-point equation with u' and v' taking on the

values u; and us, respectively, one would have

Op1 (1, t; U1, u2) + Cyyoy Oz, f1 (21,8 U, v1)

= Z (Clu) - ng) 62f2 ($17x1at;u1awaw7u2)

w<2
-0~ Z (Cwl _612)81f2 <$1,$1,t;w,171,2)
we{usz}
= —(631 —012)81f2 ($1,1‘1,t;3,1,1,2). (67)

In particular (6.7) indicates that, within the three-state system, the a shock between (1,2) can decay
via an interaction with a shock of the species (3, 1) from the left. It cannot decay within this limited

state system from an interaction from the right or form from a collision of two other shocks.



Part 11

Part II - Multistable Dynamics in
the Allen-Cahn Equation with

White Noise
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Chapter 7

Introduction

The Allen-Cahn equation

w = Au—+u—ud

can also be studied without the presence of the diffusion term to see how solutions evolve toward the
equilibrium points. In the theory of ordinary differential equations, the concept of stable equilibrium
points plays a key role. The initial condition determines uniquely the evolution to the particular
stable equilibrium point. An important question involves the introduction of white noise. In fact,
as we will see, even a very small amount of noise will result in a small perturbation that influences
which particular stable equilibrium point to which the trajectory evolves. As a practical exam-
ple, multistable dynamics are well-known in the description of patterns in physics, chemistry, and
biology; see for example a recent experimental work of Chang, Oh, Ingber, and Huang [10] analyz-
ing a multistep dynamics of mammalian cell differentiation with multistability. Mathematically a
prototype bistable dynamics is

du 9 9

524(u—a)(1—u ) or du=4(u—a)(l—u”)dt (7.1)
where « € [0,1) is a constant and v := 1 and u := —1 are two stable equilibria. In the context
of phase transition, the stability of an equilibrium is described by the smallness of the potential
P(u) =4 [(u— a)(u? — 1)du. In particular, when « € (0, 1), the equilibrium u = —1 is regarded as

more stable than v = 1 since P(—1) < P(1).
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It is commonplace that fluctuations gives rise to many interesting phenomena; see for example,
molecular collisions in gasses and liquids [19] and electronic fluctuations in solids [25]. It has been
long observed that external noise can induce a phase transition; see for example, Bulsara, Schieve,
and Gragg [7], Porrd, Masoliver and Lindenberg [32, 33|, Schimansky-Geier, Hesse, and Ziilick
[36, 37], Xiao, Yan, and Zhang [43], Zhang, Cao, and Wu [44], de Rueda, Izis and Borzi [39],
Weidlich and Grabert [42], and references therein. It is well-known that white noise best models
the fluctuations generated by microscopic effects in a homogeneous physical system. In the case of
Allen—Cahn [1] bistable dynamics describing phase transition in binary alloys, interesting phenomena
induced by white noises have been studied by Brassesco, De Masi, and Presutti [8], Erbar [13], Funika
[15], Da Prato and J. Zabczyk [12], Fatkullin and Vanden-Eijnden [17], Katsoulakis, Kossioris, and

Lakkis [24], Liu [28], Reznikoff & G. Vanden-Eijnden [34], Weber [41], etc.

In this part we investigate the effect of white noise on multistable dynamics. Replacing the
bistable forcing 4(u — «)(1 — u?) by a generic multistable forcing (or drift) b(u), we consider the

dynamics with white noise modeled by the stochastic differential equation (SDE)

duy = b(ug)dt + € o (uy)dWy (7.2)

where {W; }4>0 is the Wiener process (Brownian motion), ¢ is a positive constant measuring the size
of fluctuation, and o(-) is a non-negative function modeling the dependence of fluctuation on system
state. By a standard theory of std (e.g. [38]), under certain technical conditions on ¢ and b, (7.2)
subject to an initial condition admits a unique solution and the probability density p = p(u,t) of the

random variable u; is the solution of the following Fokker-Plank or forward Kolmogorov equation

Orp = Oy {au [% 82U2p] — bp} on R x (0,00),
(7.3)

p(+0) = po(-) on R x {0}

where 9; and 9,, are partial derivatives and pg is the probability density function (pdf) of ug. We

expect that the system eventually achieve a stochastic equilibrium in the sense that

lim p(-, 1) = p"("). (7.4)

t—oo

When p* is non-trivial, it must be a pdf and is well-known as the invariant measure which describes
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the observed distribution density after a certain amount of initiation time that is used to get rid of
the initial effect. If a non-trivial p* exists then it must be a solution of the following linear second

order ordinary differential equation (ode) subject to the pdf conditions:

{[% 6202;)*}, — bp*}/ =0 onR,
(7.5)
p*>0onR, [ p*(u)du=1.

Suppose there exists a unique solution p* and that (7.4) holds. Then we conclude that fluctuation
eventually drives a multistable system into an invariant state that does not depend on any initial
setup. This is totally different from the ode dynamics (7.1) whose long time behavior of the solution
crucially depends on the initial condition. This is indeed one of the main reason that multistable

systems are studied with fluctuations.

In this part, we establish the existence of a unique invariant measure and analyze its asymptotic
limit as the white noise vanishes (i.e. as € \, 0). The limit is shown to be Dirac measures. When o

is a constant, the Dirac measure is concentrated on the most stable equilibria of the potential

When o is biased, the measure may support on those lesser stable equilibria but with smaller o.

The overall selection is the most stable equilibria of the effective potential ) defined by

o[ B

Observe that @) shares the same set of equilibria and set of stable equilibria as P, but with different

stability. The smaller the o, the more stable the stable equilibrium of Q. We shall also address a few
fundamental mathematical issues related to the degenerate case when o is not everywhere positive

and to the well-posedness of (7.3).

The rest of Part II is organized as follows. In the Chapter 8 we establish the existence of a unique

solution of (7.5) under the following regularity, non-degeneracy, and stability conditions:

o,be C(R),e€R; >0, o(-)>0; lim b(u) <0< lim b(u). (7.6)

u—0o0 U——00
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In Chapter 9 we convert (7.3) to its classically equivalent version for the cumulative distribution
function (cdf) to establish its well-posedness under the conditions only listed in (7.6). In Chapter
10 we show that every solution of (7.3) with pg being a pdf approaches p* as t — co. In Chapter 11
we study the asymptotic limit of the invariant measure as the size € of the white noise approaches
zZero.

Finally, in Chapter 12 we consider the case when ¢ is not everywhere positive. We regard the
invariant measure as the limit of invariant measures with o replaced by an approximation sequence
of positive functions. We show that if o vanishes at a set S of (non-degenerate) stable equilibria,
then for any probability measure p supported on S, there exists a sequence of positive functions
approximating ¢ uniformly such that the corresponding invariant measures approach u. On the
other hand, if ¢ vanishes only outside of all stable equilibria, the limit, although highly non-trivial,

does not depend the approximation in general, so an invariant measure can be uniquely defined.



Chapter 8

The Invariant Measure

In this section we prove the following:

Theorem 8.1. Assume that the regularity, non-degeneracy, and stability conditions listed in

(7.6) hold. Then (7.5) admits a unique solution and the solution is given by

e‘l(u) u T eq(r)
p*(u) = % 2’ q(u) ::/0 Efi%dw, Z = /R T(gc)d:r. (8.1)

Proof. Existence. We show that p* defined in (8.1) is a solution. By the positivity assumption
g,0 > 0 and the regularity assumption o,b € C(R), the function ¢ is well-defined. To see that p* is
a pdf, we need only show that Z is finite. For this we use the stability assumption lim, ., b(u) < 0
and lim,  __ b(u) > 0. There exist positive constants n and M such that b(u) < —n for every

u > M and b(u) = n for every u < —M. It then follows that

% (@) o _ a(z) 00 2,1 (1) e(®) 2ea(M)
/ deg/ ~2blz) e d:c:/ Cq@)e? T (8.2)
M

m () . 2n o*(z) M =21 2n
Similarly, f:ojg o 2(z)e!™®)dz is also finite. Thus, p* defined in (8.1) is a pdf. By differentiation,
one can verify that p* satisfies (7.5) and therefore is a solution of (7.5).

Uniqueness. Let p* be a generic solution of (7.5). The ode in (7.5) can be solved by an

integration followed by another integration with integrating factor e~4, giving the general solution

P (u) = o2(u) <C’1 /Ou e 1) dy + CQ) (8.3)
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with integration constants C7 and Cy. For such p* to be non-negative, C; must be 0. Indeed,
u +M u
lim e 1@ dy = / e @ dz + lim e 1@ dr = +00 (8.4)
u—=£oo J 0 u—Fo0 +M

since ¢(z) < ¢(M) for z > M (as b < 0 in [M,0)) and ¢(z) < ¢(—M) for © < —M. Thus, C; = 0.

The condition fR p*(z)dz = 1 then gives Cy = 1/Z. This completes the proof.



Chapter 9

Well-posedness of Kolmogorov

Equation

Under the conditions listed in (7.6), the problem (7.3) may not admit a classical solution, i.e., a
solution such that all derivatives appeared in (7.3) exist in the classical sense and the differential
equation in (7.3) is satisfied. Hence, a certain notion of weak solutions is needed. From the proba-
bilistic point of view and also to treat measure type initial values, it is natural to convert (7.3) to

the cumulative distribution functions (cdf) defined by

u

flu,t) = /u plx, t)dz, folu) :=P({up <wu}), [f"(u) ::/ p*(z)dz. (9.1)

— 0o — 00

Here P stands for the probability. Setting a = £202/2, one can derive formally that f satisfies

Lf:=0f—0,(a0.f)+b0,f=0 in R x (0,00),
}i\n(l) f(u,t) = fo(u) a.e. u€R, (9.2)

lim flu,t) =0, lim f(u,t)=1 locally uniformly in ¢ € [0, 00).

We define a solution of (9.2) as follows: f is called a classical solution of (9.2) if

f, 8uf7 o f, 8U(aauf) € C(R X (Oa oo)), auf =0 (9~3)
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and each equation in (9.2) is satisfied. Also, when fy is continuous, we require f € C(R x [0, 00)).

We say that p is a weak solution of (7.3) if p = 9, f and f is a classical solution of (9.2).

Theorem 9.1.  Assume that €,0, and b satisfy (7.6) and a = €202/2. Then for each given

cumulative distribution function fo, (9.2) admits a unique classical solution.

The classical theory of linear parabolic pde of divergence form (e.g. [18]) involves weak solutions
in Sobolev spaces and does not seem to be enough to provide the stated assertion of the theorem.
There are two concerns: (i) the regularity (9.3) is often lacking in high space dimensions, and (ii)
the asymptotic behavior of the solution as u — +0o depends on behavior of b; that is, the stability
property of b is crucial in the analysis since without this property, drifted Brownian particles could

escape from 4oo in finite time, so the solution may not be a cdf.

Proof. We divide the proof into four steps. In the first step we establish the existence of a
weak solution of £f =0 in R x (0, 00) with initial condition f = fp on R x {0}. In the second step
we show that the weak solution satisfies the boundary condition at u = 4+co. In the third step we

establish the regularity (9.3). Finally, we prove uniqueness.

1. The existence of a weak solution is standard so we keep it brief. Let {(a™,b™)}%,, where
a™ > 0, be smooth functions that approach (a,b) locally uniformly in R as n — oo. Let {f'}52, be
smooth increasing functions such that fJ'(—n) =0, fi(n) =1, and " — fy a.e. in R as n — .

Let f™ be the smooth solution of the initial boundary value problem

LM =0 f™ — 0y (a™ 0 f™) + 00y f" =0 in (—n,n) x (0,00),
fn(_nat) =0, fn(n’ t) =1 Vit> 0, (94)

f(u,0) = fi(u) Vu € [—n,n].

The existence of a unique smooth solution f™ follows from the classical theory of parabolic pde [18].
By the maximum principle, 0 < f < 1 on [-n,n] X [0,00), so f™(—n,t) = 0 is the global minimum,
f™(n,t) = 1is the global maximum, and 9, f™(+£n,t) > 0 for every ¢ > 0. By the maximum principle
again, 0, f™ > 0 in [-n,n] x (0,00). Standard local regularity estimates (c.f. Step 3 below) allows

us to pass to a limit to obtain a weak (in the sense of distribution) solution of £f = 0 in R x (0, c0)
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with initial condition f(-,0) = fo. The solution has the property

duf € L3 (R x [0,00)), Ouf >0, 0

loc

N
~
N

—

(9.5)

2. We show that the solution obtained from Step 1 has the desired limit as u — +oo. It is in
this step that the stability assumption on b is needed, by means of using the invariant measure.

Let 7 be any small positive constant. Since fy is a cdf, there exist x,, < 0 and y, > 0 such that

Jo(u) <n Yu <y, fo(w) =21—n Yu =y, (9.6)

Also, since 0 < fy < 1, for every u € R we have

f:;(u) — u M) =1 —mn — 1_f7>:(u)
n+f;($n) =t f{'(u) = folu) > fi(u) =1-n =) (9.7)

where f7 is the analog of f*, the cdf of the invariant measure p* defined in the previous section
with (a,b) replaced by (a™,b™). Note that £"f = 0 and L"f) = 0 on R x [0,00). Also, when
n = max{|x,|, |yy|}, fi' = f™ = fJ on the parabolic boundary of (—n,n) x [0, 00). Hence, applying

the comparison principle on [—n,n] x [0, 00) we derive that
f9(w) < f™(u,t) < fi'(u) Yué€[-n,n], t>0. (9.8)
Passing to the limit, we see that

L=n= 1_f*(yn) h

VueR,t € [0,00). (9.9)

Since 0 < f < 1, first sending v — +oo and then 7 \, 0 we conclude that

lim sup |f(u,t)| =0, lim sup |f(u,t)—1]=0. (9.10)

U= =00 ¢€[0,00) U090 ¢e(0,00)
3. Next we establish the needed regularity (9.3) for the solution obtained in Step 1. We use
energy estimates. For notational simplicity, we omit the superscript n so in the following energy

estimates, (f,a,b) is indeed meant to be (f",a™,b") with n > R+ 2.



Let R > 1 be any constant and let { be a cut-off function:

CeC™®MR), 0<¢|¢'|<1onR, ¢=1on[-R,R], ((u)=0if|ul>R+2.
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(9.11)

For any non-negative integer k, integrating ¢***2(u)[0F f][0F L™ f] = 0 over R x {t} and using inte-

gration by parts we obtain

2 dt/c4k+2|8kf|2 /a<4k+2|aka f|2 /{(4k+2)a(4k+1§’+bg4k+2} (aécf)(afauf)

2
< fact oo + [[anearar ¢ ok

by Cauchy inequality. Multiplying the resulting inequality by 2t2* we obtain

d
dt

421 Ak 2b%t .
/t2k§4k+2|akf|2 /at2k<4k+2|afauf‘2 < /[2(4]%2)2@15_’_7 + 2k] t2k—1c4k|aff|2'
a
Similarly, integrating 2t2*+1¢4+4(9F L £)(OF L™ f) = 0 over R x {t} we obtain

d

f2k+1<4kM|ak+1f| +dt

Alternately integrating these two inequalities with k = 0,1 over [0, 7] we obtain

/g 2 (u,T) du+//ag |0, f|2dudt < //lm 8a + %T)deudt—k/CQfgdu,
T/a(4|6uf|2du+//tC4|6tf|2dudt<//32at+2b2t—|—1)a§2|5uf|2dudt,

/gﬁ\a f\2du+//at 81010 f|2dudt < //72 t+—+2)tg4|atf|2dudt

T3/a§8|8tc’)uf|2du+//t3§8|8t2f|2<// 128a2t+—+3)at2§6|8t8uf|2dudt.
0 0 a

These inequalities imply that

T rR R
[ [ #o@ppas sw [ SlououPas o)
0J—R R

tel0,7]J —

2
jét%+1g4’€+4|afau fI? < /[2(41&4)%#%&%1] at* 21989, 12

(9.12)

(9.13)

(9.14)

(9.15)

(9.16)
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where C(R,T) depends only on T and on ||a+b*/a+1/al| L (- r—2,r+2))- Thus, by Sobolev imbed-

ding, changing notation f back to f™ which is what f meant to be here, we obtain
||8tfn||Cl/4([7R,R]><[T,1/T]) < C(R, T) VR>1,T>1,n>R+2. (917)

Passing this estimate to the limit, we see that d;f € C'/4(R x (0,00)). Regarding 0;f as a known
function, writing £f = 0 as 0, (ae" %0, f) = €90, f, and using 9;(ae~20,f) € LE (R x (0,00)) we

derive that ae~0, f € CY/*(R x (0,00)). Then, 8, (ad, f) = 0if +bd,f € C(R x (0,00)). Thus (9.2)

admits a classical solution.

4. Finally we prove the uniqueness of the solution. The argument relies on the required behavior
of the solution near u = +oo. Suppose f; and fy are two solutions of (9.2). Let T > 0 be any
positive constant. Fixing n > 0, we derive from the boundary condition lim, 4o fi(u,t) = (1£1)/2
uniformly on [0,7] that |fi(u,t) — fao(u,t)| < n for all |u| > y,,t € [0,T], for some large enough
Yy On the domain [—ys,,y,] x [0,7] we can apply the maximum principle for weak solutions [18]
to conclude that |fi — fa| < 0 in [—yn, yn] x [0,T]. Sending n — 0 we obtain f; = f» in R x (0,T7.
As T is arbitrary, we see that f; = fo, and therefore obtain the uniqueness of the solution. This

completes the proof of Theorem 9.

Remark. One can further show that d¢(ad,f) € C(R x (0,00)). Then p; = 0,0, f = 0,j with
j = Oulap] — bp is also continuous, so p is indeed a classical solution too, though it may not be even
differentiable in u. The delicacy here is that the combinations ap and j are differentiable in u. These

properties in general hold only in one space dimension.



Chapter 10

Long Time Behavior

In this section we prove (7.4).

Theorem 10.1. Assume that e,0,b satisfy (7.6) and that po is a probability density function.

Let p* be defined as in (8.1) and p be the weak solution of (7.3) defined in the previous section.
Then

lim p(-,t) = p*(-) locally uniformly in R and in L'(R). (10.1)

t—oo

Consequently, for any Borel set A in R, the solution {ui}i>o of the SDE (7.2) satisfies

tlggo P({u: € A}) = tlirgloﬁp(x,t)dx = /Ap*(x)dx. (10.2)

Note that p* defined in (8.1) depends only on e,0, and b; in particular it does not depend on the
initial distribution of wug. Theorem 10 proclaims that regardless of initial setup, any solution of the

std (7.2) approaches the same statistical equilibrium distribution as p* in the long run.

Proof. Let f(-,t) and f*(-) be the cdfs of p(-,t) and p*(-) respectively. Set g = f — f*. Then

Lg=0,  g(-,0) = fol-) = f*(), lim  sup |g(u,t)] =0 (10.3)

lul =00 te[0,00)
where the last equation follows from (9.10) (as the solution is unique).

Let 7 > 0 be any small positive constant. We shall show that [|g(-, )| o r) < 217 when ¢ is large
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enough, by using comparison principle. The above asymptotic behavior of g as |u| — oo implies

that there exists y, > 0 such that

lg(u,t)] <m Vu € (—00, —yy] Uy, 00), t € [0,00). (10.4)

Next we focus the solution on the spatially bounded domain [—y,,y,] x [0,00). Let

o(u,t) == e Msin(mf*(u)), A= min {7r2a(u)p*(u)2}. (10.5)

UwE[=Yn,Yn]

For u € [—yy, yy) and ¢ > 0, direct computation gives
Lo =[-X+ar?(0, )2+ me Mcos(mf*)LF* = [-\ + 72ap*?]p > 0. (10.6)

On the set [—yy, yy] x (0,00) let

e Msin(mf*(u))

min{sin(7 f*(—yy)), sin(m f*(y,))}

U(u,t) :=n+ (10.7)

It is easy to see that L¥ > 0 on [—yy,,y,] X [0,00), ¥(u,0) > 1 > |g(u,0)] for all u € [—yy, yy)
and U(+y,,t) > n > |g(£y,,t)| for all ¢ > 0. Hence, comparing ¥ with +g on [—y,, y,] X [0, 00)
we see that £g < ¥ on [—y,,y,] X [0,00). Since this estimate is already known to be true when
U & [—Yny, Yy, we hence conclude that |g(u,t)| < ¥(u,t) for every u € R,t € [0, 00). Therefore, there

exists T;, > 0 such that |g| < 27 on R x [T},,00). Since 7 is arbitrary, we conclude that
Jm {lg (- 2)|[ Lo ) = 0. (10.8)

Finally, we apply the energy estimates in Step 3 of the regularity proof in the previous section

to the function ¢(-, h + -) in the domain R x [0,2] for any h > 0 to conclude that for every R > 1,

Jim (o 1) = " ()l s~y = Jim [8ug( D]l w1y = 0. (10.9)

This completes the proof.
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=001, e=0.1. v=0.05 =001, e=0.1. v=0.00
4

3 [ [

e
T

Figure 10.1: Graphs of p = p*(u) with b(u) = (u — a)(1 — u?) and o(u) = 1 + v(u — 1)2. When
v = 0.05, the less stable equilibrium u = 1 is selected by the fluctuation.



Chapter 11

Limits of the Invariant Measure

When White Noise Is Vanishing

In this section, we consider the asymptotic behavior of p* as € N\, 0. We write it as

e o 2(u) e1(®) ) .__2Q(u) o uM }
p*(u) = To2(y)eidy’ q(u) = ;o Qu) = A UQ(x)d : (11.1)

Figure 10.1 displays the probability density function p* for the case b(u) = (u — a)(1 — u?) and
o(u) = 1+v(u—1)% with (o, g,) = (0.01,0.1,0.05) and (0.01,0.1,0) respectively. Basic observation
indicates that as € \, 0, p* approaches a Dirac type mass concentrated on the most stable equilibria
of the effective potential Q. We confirm this observation into two Theorems, beginning with the

model problem with constant o.

Theorem 11.1. Let o(u) =1, b(u) = (u — a)(1 —u?), 0 < e < 1, and {us}¢>0 be any solution
of (7.2).

1. If a =0, then f‘uﬂ‘gﬁp* (u)du = % + O(e=1/%). Consequently, for all t sufficiently large,

P({|us £ 1] < Ve}) = 3 + O(e™V/°).
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2. If a« € (0,1), then f +1|>\/gp*(u)du = O(e~Y#) and for each sufficiently large t,

P({Jus + 1] > VE}) = O(e™/*).

The proof follows by a straightforward evaluation of the potential p* and therefore is omitted.

Notice that without the white noise, i.e., for the ode solution of (7.1), we have

1 if u(0) > a,
tll)rglo ut) =9 a if u(0)=a,

-1 if »(0) < a.

Thus, adding an arbitrary small white noise totally eliminates the initial effect in the long run.

Statistically, it is important to find the mean time needed for the system to switch from one

stable state to another by fluctuations; see [32, 33, 36, 37, 39, 43, 44| and references therein.
Next we consider the general case. We denote by 6(- — z) the Dirac mass concentrated at .

Theorem 11.2. Let o and b be in C*(R) and satisfy (7.6), Q(u) = — [, b z)dz, and S
be the set of global minimizers of Q. Assume that b (x) # 0 for each © € S. Then in the sense of

measure

lim p*(

— h A=
RN A xze;s |bl 0- .T)y where xze;g |bl 0-

(11.2)

Remark. Note that S is a subset of the stable steady states {u | P'(u) = 0 < P”(u)} since
Q' =-b/o?=P'/o?> andon S, Q" = —b'/o? = P"/o?.

Proof.  Assume, without loss of generality, that 0 € S. Then min,cr @Q(u) = Q(0) = 0.

Denote by M and 7 the positive constants such that b(u) > 1 in (—oo, —M + 1] and b(u) < —n
in [M —n,00). Then Q'(u) = —b(u)/c?(u) > 0in [M —n,00) and Q' (u) < 0 in (—oo, —M + 7], so
that S C (=M +n, M —n). As Q"(x) = —b'(z)/0?(x) is non-zero and therefore must be positive

for every x € S, S is non-empty and has finitely many points. By taking smaller n if necessary we
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can assume that Q" (y) > 1Q"(z) if |y — x| <7 and z € S. We introduce

d(y,S) =minjz -y, o= d(;I,lsi?an(y)’ ¢z = min Q" (x). (11.3)

We now calculate the contributions of the integrand towards the integral

a(y)
7 = é/;T(y)dy with ¢(u) := —%igy). (11.4)

We shall show that the contributions from the set {y | d(y,S) > 2./} is negligible, whereas the

contribution from each ball {y | d(z,y) < 24/} is proportional to 1/4/|0'(z)|0?(x), if z € S.

(i) For the set (—oo, —M] U [M, c0), we use the estimate in the proof of Theorem 8 to derive

a(y) q(—M) q(M) —2¢; /€?
1/ G gy A T e O (11.5)
€ Jlyl>m O (y) 2n 2n
(ii) In the bounded set {y € [-M, M] | d(y,S) > n} we have Q > ¢ so that
1 a(y) 2M —2¢; /€2
*/ 62 dy < —— ‘ : (11.6)
e Jlyl<ma(y.s)> 02(y) € min{o?(u) | u € [-M, M]}

(iii) Suppose 2v/e < |y — z| < n for some z € S. Then Q(z) = 0 and Q'(z) = 0 < Q"' (x). Using

Q"(§) = 1Q"(x) for every § € [x —n,z + n] and Taylor expansion, we derive that

Qly) = 1Q"(M)ly — = = Q"(x)e > cae,

1 / ) 2Me—2e2/¢
- dy < — . 11.7
e ovecansren @)™ S Eminto2w) [ e (A} L
(iv) Now for each z € S and |y — x| < 24/€, we have
2Q x—y)?
at) = —2H — (@) o] T )=o) o) (1)
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where o(1) \, 0 as € \ 0. The change of variable y = © + €z gives

L aw 2/ /% —[Q”(r)+0(1)]22d
im — ———dy = lim ——dz
N0 € Jjy—si<ayE 72(Y) N0 o)z 02(z) +o(1)
-Q" ()2
- /e ——dz = VT = VT (11.9)
o?(z) Q" (z)o?(z b/ (z)| o ()

The above estimates can be summarized as follows:

1
lim Z =1 A,
lim s\oa/ =2 e W VT

zeS
1 a(y) 1
lim p*(y)dy = lim — / 62 dy = Vzes,
N0 Sy atenye” N0 Z e Jly-al<ave oY) T AV (2)lo(2)
I “(y)dy = Tim — / Y =0 (11.10)
im o (y)dy = lim — ——dy = 0. .
N0 Ja(y,8)>2vE N0 Z € Jay,s)>2v2 07 (1)

The assertion of Theorem 11.2 thus follows.



Chapter 12

The Degenerate Case Where o Is

Not Everywhere Positive

Here we consider the degenerate case where o is not everywhere positive. Our prototype is

b(u) = (u—a)(l —u? a€|0,1)),
(u) = (u—a) ) (aelf0,1)) 12.1)
o(u) = (max{€® —u?,0})"  (v>0,£>0).
For the invariant measure p* in (8.1) to be well-defined, we go through a regularization process

defining p* as the n ™\, 0 limit of those regular p, obtained by replacing o by positive o,

1 etn(@) T b(s) en(w)
()= — g = [ =g oz, = [ 12.2
@) =7 2y W@ / 2% % / 2 ™ (12.2)

Here by absorbing ¢ into o, we assume for simplicity that ¢ = v/2. It turns out that when ¢ € (0, 1],
the limit depends sensitively on the regularization process, whereas when ¢ > 1, the limit does not

depend on the regularization process and therefore p* is well-defined.

We shall consider a special regularization for the case £ = 1 in the first subsection. Then consider

a general regularization covering the case £ € (0, 1] in second subsection, showing that

lim py() = 06(+1)+[1 =016~ 1) (12.3)
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where 6 € [0,1] is a constant that depends on the regularization. Indeed, for any constant 6 € [0, 1],
there is a regularization such that (12.3) is true. The conclusion is then generalized to a much
broader situation where ¢ vanishes at certain stable equilibria of a quite general potential. In the

last subsection we consider a general regularization covering the case ¢ > 1, proving that

o(-+¢ o(-—14 6(-) X (—e.0) (-
lim py () = ™ (+0 4+ mad(-—0) + p(-) X(—e0() (12.4)
7\.0 mi; + me + m

where X 4 is the characteristic function of the set A, p = /02, m is a positive constant, and my, ms

are non-negative constants depending only on «, ¢, and v; m; = mg = 0 if and only if v > 1/2.

12.1 The Model Case With Special Regularization

We begin with a special regularization for a special case where o vanishes at the stable equilibria.

Theorem 12.1. Let o € [0,1) and v > 0 be constants and b(u) = (u — a)(1 — u?) and
o = (max{1—u?,0})” be functions of u € R. Forn € (0,1] define p,, by (12.2) with o,, = max{n,c}.

Then (12.83) holds in the sense of measure with

! if a=0,
1
— _ b’ 1 b(u .
=T ™= Vehe (S Ahds) i ac©01),ve 0,
0 if a«€(0,1),v>=1.

To prove the theorem, we first prove a lemma. For this we introduce

(@) an (@)
+) . €T —qn(1 — () = & —an(—1
p'r] (ZE) T J%(l’) ne an( )X[a,oo)(m)7 pn (l’) T % ne an( )X(foo,a)(x)' (125)

Lemma 12.1. Asn \, 0, pF(-) — M= §(- T 1) where, with k = |[b'(£1)]/2,

1= ek dz if v>1,
+ _ 00 Cx2 —1/2 —k/4 .
M= = f_1/26 Mde A / EZVCT(E if v=1,

o0

I e+ dz if ve(o,1).
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Proof of Theorem 12.1. Setting MF = [pif(z)dz and m,, = M, et ™) /[M, e?(~D]. Then

m, Py (@) 1 p, (@)
071(33) = T — (126)
L+my My L+my My
The assertion of Theorem 12.1 thus follows from Lemma 12.1 and the computation
M,F M+ )
lim m, = lim —~- etnM=an(=1) — —_ Jim exp (/ Q(u) du) =m. (12.7)
n\.0 N0 M, M= n\o0 —102(u)

Proof of Lemma 12.1. First consider p; . We shall show that the major contribution toward
the total mass M, of p;f comes from the interval (1 —n|Inn|, 1 + n|lnn|) for the case v > 1, and
from the interval [1,1 4 n|lnn|) for the case v € (0, 1).

Set 7, = 1 — /1 —7'/. Then op(w) = n when |u| > 1 —n, and o,(u) = (1 — u?)” when
|u| <1 —1m,. Denote k = —¥'(1)/2. Then for x > 1 —n,,

an(z) — qy(1) = /j bf;;)du = —k(x ; 1)2(1 + (@) (x — 1)) (12.8)

by Taylor expansion, where & lies between 1 and z. Since ¥'(1) < 0 and b” < 0 in [1, 00),

__[*® Y eqn(w)_qn(l) o0 kox2
lim P (x)de = Tim ——— dz < lim e dz=0 (12.9)
N0 J 1 | N0 J14) n | n N0 S |

by the change of variable z = 1 + nz. Also, by Lebesgue’s Dominated Convergence Theorem,

ffooo e " dz if v>1,
1+n|Inn| N [In 7| k22(140(2m)) )
I — i —k2H0G) gy — ) (oo ke I
Jim, . py (v)dw Jim, 7%/776 dz JS etz i v=1,
I e " dz if ve(0,1).
(12.10)
Finally consider the integral on (a, 1 — n,]. We shall use n, = %77% [1+0(n¥)] and
771/ 2 bl/("’%) v— k
a1 =) —qy(1) = fk(?) (1 - 3b,(1)nu> = /2 [Z + O(ny)]. (12.11)
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(a) When v > 1, using g,(z) < ¢,(1—n,) and 0, (z) > (1+a)"(1—z)” for z € (a, 1 —1,], we obtain

1-n, N J 1—mn, 776qn(l—n,,)—qn(l) J 1’]6_772/V72[k/4+0(77u)]
T)dr < T < — 0 as 0.
/a Pn ( ) /a (14 ) (1 —z)2 (2V — 1)(1 + a)2y,r]gl/71 -\

(12.12)

(b) When v € (0,1), considering separately cases v € (0,1/2),v = 1/2, and v € (1/2,1) we derive

that

1-mn. 1—mn, d
/ py (x)dz < / ﬁ <O+ |Inn,| +n-72"] — 0 asn \, 0. (12.13)

(¢c) When v = 1, we have 7, = 4 + O(n?) and for z € (a,1 —1,],

() petn(1=m)—an (D) iy GHD oh/a+0() ( % )§+2 (2 — nu)HTa+2 (12.14)
x) = = .
Pn (1 —22)2 n 1—x 1+
Using the change of variable x = 1 + 1z we obtain
1-n, =1 /1 ko —1/2 o—k/4 4,
lim T(z)dr = lim (77—”) ’ [efk/4+0 In ]dz :/ IEETE
01’ (e)eke = g 12 (1) |2
___ pl-nllng) Il o)
li T(x)dr < i ————dz=0. 12.15
lim, | pr(@)de <l [ de (12.15)

In conclusion, defining f,(z) = [*__ p;} (u)du, we find that lim,~o fy(z) =0if 2 <1 and = M "
if z > 1. Thus, p;f(-) = M*é(- — 1). Similarly, by considering p,(z) = p,(—z) with k = —b'(-1)/2,

we can show that p;"(-) — M~d(- + 1). This completes the proof of Lemma 12.1.

Remark. From the proof, one sees that p™ has the following limiting profile:

e~k if v>1,
: + _ L2 .
lim oy (FL£21) = ¢ e Xpo,00) if vel(01), (12.16)

5,2 —k/4 .
e k= X[_%po) + WX(—OQ—%) if v=1.
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12.2 General Regularization When ¢ Vanishes at Stable States

Here we extend Theorem 12.1 to a general regularization for the general case when o vanishes at
stable equilibria. We assume that ¢ vanishes near +1 where —1 is the smallest and 1 is the largest
zeros of b. Also o is positive in [z1,22] C (—1,1) where (z1,z2) is an interval contains all zeros of b

except *1.

Theorem 12.2. Let b be a continuous function that satisfies, for some xo € (0,1) and 1 €
(_170)7
b<0in (—1,21]U(1,00), b(u)>0in (—oo,—1)U[z2,1), lim |b(u)| > 0. (12.17)

[u]—o0

Let o be a non-negative continuous function such that, for some € > 0,
o(u)>0in [z1,x2], o(w)=0in [-1—¢—1J UL, 1+¢€. (12.18)

For o, to be specified below, let p, be defined as in (12.2). The following holds:

1. Suppose {0y }ne0,1] is a family of continuous positive functions satisfying lim,~ o oy (-) = o (-)

uniformly on [—1 —€,1+€]. Then for some 0 € [0,1], (12.3) holds along a sequence 1\ 0;

2. For every 0 € [0, 1], there exists a family {0y }ye (0,1 of continuous positive functions satisfying

lim,\ o 0y = 0 uniformly on R such that (12.3) holds.

Proof. Similar to the proof of Theorem 12.1, we introduce

o (@)~ (£1)
pw) = X (), M= [ @) (1219)
73()

1. We first show that lim,~ o M, = oo. For each x > 1 setting b*(z) = maxye1,4] [b(u)| and
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using ¢;, = b/o2, b < 0 in (1,z), lim,\ 00, =0 on [1,1+ €], and b(1) = 0, we derive that

z b(u)
z|p 1 —exp(f], saraydu)
a5 [0~ 2PN i
1

b ()" b
T b
. + . . 1- exp( 11c 02((uu),) du) . 1
lim M > lim lim L = lim = 0. (12.20)
70 PNERN b*(x) a\1b*(2)

2. Next we estimate the mass on [x,00) for each 2 > 1. Setting b,(z) = inf, >, |b(u)| we have

— [ = [ |b(u)]

1 T(w)du < 1 |7+ d

o | eridu< T [T ot
_ edn(®)—an(1) 1 * b(u)
<lm-———=1lim —— ——du) =0. 12.21
S = im g ([ ) (1221

3. For any x € (29, 1), setting B.(x) = min,c[,+ ) b(u) we derive that

T Tz —qn(1) T 1
/ Py (w)dus W) wyan = 2 / ¢ (u)e ™ du <
zt x

o+ Ba(z) " B.(z) J,+ B. ()’
tm [ ot ) dusTim " emt ) | 1 0 12.22
m < —( + ): . .
0 Mﬁ'/oop" (w)du 0 M,F /0 o2(u) Y B*(x) ( )

4. The above three estimates shows that as 5\, 0, pj,‘ (3:)/M,‘7|r — §(x —1). Similarly, as n \, 0,
py () /M, — 6(x + 1). Finally, note that

Py () Py () M, et Y

+[1 =0y M+(n)’ O := M, et + M, etn(=1)"

(12.23)

As {0y }ne(o,1) is a family in (0, 1), there exists a sequence {n;}72; in (0,1) such that as i — oo,
7; N\, 0 and 6,, — 6 for some 6 € [0,1]. This implies that p,,(-) — 65(- +1) +[1 — 6]6(- — 1) as
1 — 0o. The first assertion of the theorem thus follows. As the second assertion is a special case of

the theorem to be presented next, this completes the proof.

Remark. Following the same proof, one sees that the first assertion of Theorem 12.2 remains

true if condition (12.17) is replaced by the following more applicable conditions:

xo d _ xTo d —1 d 14¢ d
/ - <1im/ o <oo=/ - :/ = du Ve >0. (12.24)
z, O (u) ™NO Sy Og (u) —1-¢ 0 (u) 1 o (u)

For example, o(u) = /|u| | Inu?|.
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Since the effective potential is Q(u) = [ b(u)/o?(u)du, the second assertion of Theorem 12.2 can
be extended to a much more general case where o vanishes at multiple stable equilibria.
Theorem 12.3. Let o be a non-negative continuous function and b be a C1(R) function satis-
fying
lim b(u) <0< lim b(u). (12.25)

U—00 U— — 00

Assume that the set S := {u € R | bu) = 0,0/(0) < 0,0(u) = 0} is non-empty. Then for
every probability measure p supported on S, these exists a family of continuous positive functions

{on}ocn<1 such that lim,~ o 0, = 0 uniformly on R and the function p, defined in (12.2) satisfies

li\r\% Py =N in the sense of measure. (12.26)
7

Proof. 1. Let n € (0, 1] be any constant.
Observe that S is bounded and has only finitely many points. As ¢ = 0 and ¥’ < 0 on S, there
exists € > 0 such that o(y) < nand |V/(y)/b' () — 1] < 1/2 wheny € [t —€,x + €] and € S. The

distance between different points in S exceeds 2¢ since b(z —€) > 0 > b(z+¢) for each € S. Denote

A = Ugesz — e,z + €, A =R\ A, &(u) = max{o(u),n},
oo [UD g [
q(u) = /0 52(1) dy, Z= /R 5(y) dy,  Z.= /A 520) dy. (12.27)

Here without loss of generality, we assume that 0 € A°. Recall that the stability assumption on b

implies that Z is finite. For non-negative functions s(z) and L(z,u) to be chosen later, we define

X &(u)
i) = oy z;s V1+62(u)s(z)L(z, u)X[xisﬁzﬁ] “ (1229

and the corresponding p,, ¢, Z,, as in (12.2). The central idea here is to choose an appropriate L
such that g, = ¢ on A°. Then the integral of p,, on A° is still Z., whereas in each interval [x—€,x+€]

with z € S, we still have the freedom to choose s(x). For this we notice the following

agl(u) - o'%(u) + ZSS(”J)L(%“)X[z—e,He] (u), (12.29)
n(u) = q(u) + > s(z) /O u b(y) L(2, Y)X [z .ot (¥)dy. (12.30)

zeS



117

Hence, for g, = § on A°, we need only f;f: b(y)L(z,y)dy = 0 for each z € S. More details will be
given later. Here we point out that if L(x,u) is continuous in u and L(z,z +¢) =0 for each z € S,

then o, is positive and continuous. In addition, since ¢ < 7 on A4,

||O' — 07]||L°°(R) < . (1231)

2. Now we define L(x,-) for each 2 € S as follows: L(z,-) is zero in (—oo, 2 — €/2], linear with

slope 2 in [x — €/2, 2], linear with slop —k in [z, z + €/k] and zero in [ + €/k, 00); more precisely,
L(m,u) = [2(u - .’E) + d Xz—e/2,2] (u) + [6 + (1[,’ - u)k]X(x,x-‘re/k] (u) (1232)

Here k = k(z) > 1 is the root of the equation j(k) = 0 where

® z+e/k
j(k) = /L(a:,u)b(u)du = /7 /2[2(u — ) + €]b(u)du + 6/ b(u)le + (x — u)k]du
' T —€s T+ €s
:62/0 (175)[b( . /2) +k /k)}ds
= 63/0 (1— 8)5/0 {b'(x —I—kgﬁs/k) _V(z —4603/2)]0[%8. (12.33)

There exists a (unique) k € [1, 4] such that j(k) = 0 since [b'(y)/b' (x) —1| < 1/2for y € [z —€,x +€].
Since 0 ¢ A, we see from (12.29) that ¢, = ¢ on A°. In addition, since f:_s b(y)L(z,y)dy is

increasing in (—oo, z] and decreasing in [z, 00), it is non-negative in R.

3. Now we define s(z) = s for € S as the root of

/:Jre (% + sL(m,u)) exp (Q(y) + 8/u b(y)L(m,y)dy) du = w (12:34)

—€ g (u) Tr—e ’rl

There exists a unique solution s > 0 since the left-hand side is an increasing function of s € [0, 00)

(as [ _b(y)L(z,y) > 0 for each u € [x — €, x + €]), approaches 0o as s — 0o, and is less than the

xr—e

right-hand side when s = 0.

4. Now we are ready to complete the proof. Since g, = ¢ on A¢, we have

eQn(u) 64(“) N ~
Ac O',r](u) Ac O (u)
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Also, for each x € S using (12.28), (12.29) and the definition of s = s(z) in (12.34) we find that

e ; : (12.36)

/erE etn(¥) p Z [n({z}) +n)

Consequently,

an(y) wte Lan(y) . VA . . 7
Zn:/ e; dy-i—Z/ 621 dy:Zc‘FZM:ZC"’_LﬂZ—’_*
Ac Un(y) S —€ U”/(y) reS 77 K

since ) s u({x}) = u(R) = 1, where |S| is number of points of S. Hence,

/ iy =~ [ “rd nZe
pn(W)dy = — | —dy= -
. Zy Jae 037 (L nlS)Z +nZe
whe 1 [7F%€ etn z}t+
/ py(y)dy = f/ 5 dy = Moy tn e, (12.37)
r—€ Z77 T—2€ Un 1+7’}|S‘+772¢/Z

Sending 1 ™\, 0 we then conclude that p,, — p. This completes the proof.

12.3 The Case When o Vanishes Only Beyond All Critical
Points

Here we consider a case based on the prototype b(u) = (u—a)(1—u?) and o(u) = (max{(? —u?,0})”
with £ > 1. Let [—1,1] be an interval that contains all critical points of the potential, i.e., the set
{z € R| b(x) = 0}. We consider a degenerate case where o is positive in an open interval (x1,z2)
that contains [—1,1] and vanishes outside (z1,22). It turns out that the limit of the regularized
invariant measure does not depend on the modification. Therefore, the limit can be defined as the

invariant measure.

Theorem 12.4. Let b be a continuous function on R that satisfies

b>0in (—o00,—1), b<0 in (1,00), lLim |b(u)| > 0. (12.38)

lu[—o0

Let o be a continuous function on R such that, for some x1 < —1, o > 1 and € > 0,

>0 in (z1,z2), oc=0 in [z — € x1]U[z2, 22 + €. (12.39)
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Let py(-) be defined as in (12.2) where {0y }ye(0,1) 95 any family of continuous positive functions in

R that satisfies lim,~ o 0,,(-) = o(-) uniformly on [x1 — €, x2 + €]. Then in measure

) 1 e1(@)
where
T b(s) ed(@:) /Z ed(®)
= ———d i = , = —dx. 12.41
Q(x) ‘/0' 0'2(33) sVx e [5[,'1,1’2], m |b(.’131)‘ m - 0_2(:1:) xz ( )

Before the proof, we remark on the sizes of m,mq and mo.

Remark. Clearly, m1,ms, and m are finite positive constants if f;f o~ 2(z)dx < co.

Suppose [y 0~%(x)dz = co. Then g(x2) = —oo since b(x2) < 0. This implies that mg = 0. In
addition, setting

1
€1 := —min{zs — 1,—-1 —x1}, by == inf b(x)|,
! 2 { 2 1} ze(foo,ml+el]u[zgfel,oo)| ( )|

we have b, > 0 and

T2 q(x) y q(z2—er)
|7 St [ dween = o

2—€1 0-2('1;) 2—E *

Similarly, if ffl o~ 2(z)dx = oo, then q(z;) = —o00,m; = 0, and fw1+81 o 2e1®) dx < oo. Thus, m is

Z1

a finite positive constant whereas m; and mso are non-negative finite constants.

Remark. The limit does not depend on regularization, so the right-hand side of (12.40) can well
be defined as the invariant measure p*. Here the contribution of the point masses at x; and x5 is

highly non-trivial and has to be obtained through a regularization process.

Proof of Theorem 12.4. 1. Introduce

T el (q z oq(u)
Fy(x) := /0 0727((u)) du VzeR, F(x) ::A mdu Va € [z1,z2). (12.42)
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By Remark 12.3, F is continuous on [z1, z2]. Since o > 0 in (x1,z2) and lim,\ o 0,, = ¢ uniformly,

}zi{% an(z) = q(z), %13% Fy(z) = F(z) Ve (x1,x2). (12.43)

2. Next we consider F),(c0) — Fy(z) for « € (z2,00). Let b, be as above. For 3 > 0,

©  on(u) o b 1 [ an(z2+B)
/ e; du < / | (;L)‘ e®(®) dy, = - q;(u)eq”(“)du < (:’"7*. (12.44)
z2+5 Un(u) z2+5 b*on(u) b z2+03 b

In addition, since lim,~\ g0, = 0 in [z2, 22 + €] and b < 0 in (1, 00),

© b(s)
lim g, (z2 + ) = q(1) + lim = —00. 12.45
n\OQI( 2 B) Q( ) ) 1 0_72](8) ( )
It then follows that
o eqn(u)
lim 5 du=0 VpB>0. (12.46)

N0 S48 05 (u)

3. Now we consider the jump of F,, across x2. For every 8 € (0,¢1), by the mean value theorem,

there exists x, g € [x2 — B, z2 + ] such that

2+ ©i+6 g
q;z(x)eq"(m)das = —/ ﬂeq"(x)da:

ot (@2-B) _ jan(@atB) _ _ /
:ngﬁ 0-% (m

z2—f
zo+f3 eqn(x)
= tlegs) [ Grde = W) (Fyles 4 ) - Fyfea =Dl (1247

2= 7y(®)

Thus, for any fixed x > x4, in view of (12.46), (12.45) and (12.43), we have

lim F,(z) = lim lim F,(xq +
77( ) N0 10 n( 2 ﬂ)

7\.0
1 17 F e(hy(af?_ﬁ) —_ e(In('T2+B)
= lim lim To — )+
5\077\0< 77( ? 5) |b($717,3)‘ )
tim (P — )4 < Flea) + S F(a) (12.48)
= lim To—B)+ ———— | = F(x2) + ——— = F(x23) + ma. .
BN0 lim, o [b(y,5)] b(z2)]

Similarly, we derive lim, . , F,(z) = F(z2)+mo. Hence, lim,~ o F;) () = F(z2)+my for each z > 5.
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In summary, we have

F(x if =€ (z1,22),
lim F,(z) = (=) (z1,22) (12.49)
™0 mo + F(z2) if x> xs.

After a similar analysis for F),(z) for « < x1, we then obtain the assertion of the Theorem.

Remark. Following the same proof, one sees that Theorem 12.3 remains true if the assumptions

are replaced by the following more applicable conditions:

To—€ d To—€ d x1 d xo+e d
lim %:/ 27u<oo:/ 2716:/ %du Vee(&%).
77\‘0 x1+e Jn(u) $1+€ o (u) xr1—€ o (u) xro o (u)
(12.50)

For example, o(u) = \/|(u — 21) (w2 — u)| | sin(27w)|/* with z1 < —1 and z9 > 1.



Appendix A

Hopf-Lax Style Existence and

Uniqueness of Solution

By relating the conservation law to the corresponding Hamilton-Jacobi problem, it is possible to
prove both uniqueness and existence of such a solution. The argument involves using mollification
techniques and analysis, as well as a solution candidate from the conservation law. We have the
following.

Theorem. Let H be a piecewise linear function with a finite number of break points, and ¢’ be

a step function with a finite number of steps, and fix T' > 0. Consider the PDE given by

wy + (H (w)), =0 on Rx (0, 00)

w=g on R x{0}.
Then there exists an integral solution w € L* (Rx[0,T")) which satisfies

/OOO /_Z wipy + H (w) z/)mda:dt—i-/oo wipdz|—o = 0

— 00

for each test function ¢ where ¢ : Rx[0,7) — R is smooth with compact support. Furthermore,

this solution is unique.

122
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A.1 Proving existence of a solution

I. Clarification of sufficient conditions for existence in Evans text

We go over Lemma 1 in Section 3.3 without the assumption of superlinearity on the flux function
on H. This means that some quantities in L will be infinite, but this will not matter since we are
then taking the minimum which is not affected by the infinite values.

Also, the Lemma 1 in Evans depends on part of Lemma 2, and we write this in a more coherent
manner using Lemma A, B etc.

The first thing to do is to make sure that we have the key theorem that H and L are Legendre
transforms of one another. We do not need to use any of the theorems in Evans that rely on
superlinearity. We only assume that H is Lipschitz continuous, which is obvious from the definition.
We also assume that g (which will be the initial condition for the Hamilton-Jacobi equation) is
Lipschitz on R.

In all of the theorems we start with the assumption that H (q) is polygonal convex with the last
segments having slopes my at the left and my,1 at the right, with ¢; < ¢o < ... < ¢y at the break
points with ¢; <0 < ¢y . Assume m; <0 < mpyyq -

Definition. We define the usual Legendre transform, and let L (p) denote it:

L(p) = H"(q) := Sup {rq — H(q)} (A1)

A computation shows that this is a convex polygonal shape such that L (p) < oo iff p € (mq, my + 1).

It has break points at m; < mgy < ... < my41 and slopes ¢, ca,..,cny. The last break point is at

mpy+1 where the slope and L (mpy41) become infinite. Note that L is Lipschitz on (mq, mn41) -
Prop. P1. Let L(p) be as defined above (with L (p) < oo iff p € (m1,mn4+1) ). Then the

Legendre transform (defined above) of L (p) is

L (q) := sup {rg—L(q)} =H (q). (A.2)

Remark. In other words, if we define L (p) as polygonal, convex between p € (my,my4+1) as in
the figure, with L (p) = oo for p ¢ (m1,my1) then the operation sup,cg {pg — L ()} yields the
function H defined above. This is all that one needs in order to prove (below and in Evans, Theorem

5 or 6) that if u is defined by the Hopf-Lax formula u (x,t) := minyecr {tL (%) +g (y)} , then it
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satisfies the Hamilton-Jacobi equation, u; + H (Du) = 0 at points where u is differentiable.
Lemma A. Suppose L and g are Lipschitz continuous and L (-) < oo only on (mq, mpy41) . Then
u defined by the Hopf-Lax formula is Lipschitz continuous in x.

Proof. Fix t > 0, z,# € R . Choose y € R (depending on x,t) such that

z

u(w,t):min{tL <xzz>+g(z)}:ﬂ, (m;y)—&—g(y). (A.3)

The minimum is attained since both L and g are continuous. Note that while there may be values
of (x — z) /t such that L ((z — z) /t) = oo, these are irrelevant, as there are some finite values, and

L ((x —y) /t) will be one of those. Now use (1) to write

w (@, t) — u(z,t) irZ}f{tL (xtz) +g(§)} —tL (xty> —g(y) . (A.4)

We define z := & — x + y such that

- (A.5)

and substitute this z in place of Z in (A.4) which can only increase the RHS. This yields the inequality

t
=tL ("Ety)+g(§:—:c+y) —tL (H) -9()

t

w(i,t) —u(z,t) < tL ("’”;Z> +g(z)—tL (x_y) — ()

=g9@-2+y)—g().
Using the assumption that g is Lipschitz, one has
w (@) —u (1) < Lip(g) - & — 2] . (A.6)

Note that in obtaining this inequality,  and & were arbitrary (without any assumption on order).

Hence, we can interchange them. Le., we start by defining y such that, instead of (1), it satisfies

(@, t) = tL <xty> +gly).
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Thus, we obtain the same inequality as (A.6) with the x and Z interchanged, yielding

lu(#,t) —u(z,t)] < Lip(g) - [& — x| . (5)

Lemma 1. Suppose L and g are Lipschitz continuous and L (-) < oo only on (mq,my). For

each z € R and 0 < s < t we have

u(:zc,t):miﬂ%{(t—s)L(j_g) +u(y,s)}.

ye

Proof of Lemma 1. Part 1. Fix y € R, 0 < s < t. Since u and L are continuous, the minimum

in the definition of u (x,t) is attained on the interval (mj, mpy41) where L is finite. Thus we can

find z € R such that
u(y,s) = sL <ysz) +g(2). (A7)

Note that since (y — z) /s is the minimizer, we know that L ((y — z) /s) is finite.

By convexity of L we can write (as in Evans) using
T —z s\ (xz—y s (y—z
=(1—-- - A.
t ( t)(t—8>+t( s > (A.8)
T—z S x—y S y—z
L <(1—--=)L -L . A.
< t )‘( t) (t—s>+t < s ) (A.9)

Note that L ((y — z) /s) is finite, and, from the geometry of convexity it is clear that for any fixed

L(xzz)zoo if f L(”;_i’):oo. (A.10)

Next, we have from our basic assumption that u (z,t) is defined by the Hopf-Lax formula, the identity

y € R, 0< s <t we have

w(z,t) = min {tL ("”;Z) +g (2)} (A.11)

z

so substituting the z defined above in (A.7) yields the inequality

u(z,t) < tL <x;z> +g(2) (A.12)
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and now using (A.9) yields

w(z,t) < (t—s)L (W) +sL (y;z) 1g(2). (A.13)

Now note that the last two terms, by (A.7) are u (y, s) . This yields

w(z,t) < (t—s)L (H) Fu(y,s). (A.14)

t—s

Now we take the minimum over all y € R. Note that y has been arbitrary. As we take the minimum
over y we note that there are values of y for which 77 is infinite, but there are also values for which
it is finite. Thus in taking the minimum, the values for which it is infinite are irrelevant. Hence, we

can write

u(z,t) < min {(t — )L (fi’) + u(y,s)} . (A.15)

yeR

Part 2. Next, we know again that there exists w € R (depending on z and ¢ that we regard as

fixed) such that

Tr—w

u(w,t) =tL ( > +g(w). (A.16)

We choose y := 3z + (1 — f) w, which implies

x—y:x—w:y—w (A17)
t—s t s ’

We know that w is the minimizer (and of course, ¢ is finite in the domain (m,my)) so that
L ((x —w) /t) is finite. Thus, by the identity (A.17) above, so are L ((z —w) /t) and L ((y —w) /s).

Thus we can write, using the basic definition of u (y, s), the equality

(t—s)L (j_f) Fu(y,s)=(t—s)L <”;_j> +mﬁin{sL <yxz) +g(é)}
<a-or(F=2)+ {r (1) o)

where the inequality is obtained simply by substituting a particular value for Z, namely the w that
we defined above in (A.16).
We can use (A.17) in order to re-write the arguments of L in equivalent forms. By the equality

and the fact that L ((z —w) /t) is finite, so are so are L ((x — w) /t) and L ((y —w) /s). Hence,
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replacing the two expressions involving L on the RHS of (A.18) yields

=L (72 vutm < -9 n (F7) + {or (F0) vaw)

:tL<w—tw)+g(w>:u<m,t) (s)

where the last identity follows from the expression (A.16) that defines w. Thus (A.18) gives us an

identity for a particular y that we defined, namely

(t—s)L <fi{> Fuly,s) <ul(zt). (A.19)

If we replace y be a minimum over all § we obtain the inequality

min {(t — 9L (x_y> +u(y, s)} <u(z,t). (A.20)

9 t—s
Combining (A.15) and (A.20) proves Lemma 1. ///

Lemma B (This is the analog of Lemma 2 - proof in part 2 of Evans. Part 2 is essentially the
same; one needs only pay attention to finiteness of the terms)

Under the same conditions (L and g Lipschitz continuous), one has u (x,0) = g ().

Proof. Since 0 € (m1,mpy+1), the interval on which L is finite, one has

u(z,t) = min {tL (xty> tg (y)} <tL(0) + g (z), (A.21)

Y

upon choosing y = z. Also,

u(,t) zmyin{tL (x;y> +g(y)}
>myin{tL <$;y> +g(x) — Lip(g) - I:v—yl}
— o) +min{er (272 - Lintg) - Jo - o1}

:g(x)—tmgx{llip(g)' |z;y\ _L<xty>}

= g(x) — tmax{[z| Lip (g9) — L (2)} . (A.22)
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Note that max, {|z| Lip (g) — L (2)} is a finite number since —L (z) is bounded above and is —oo

outside of the range (my, my). Thus we define
C := max {|L (0)| ,max {|z| Lip (g) — L (z)}}
and combine (A.21) and (A.22) to write

lu(x,t) —g(z)| < Ct forallz e Randt>0. ///

(A.23)

(A.24)

Lemma C (This is the analog of Lemma 3— proof in part 3 of Evans. This is just sketched out,

even in the case he considers). If L and g are Lipschitz, one has for any = € R and 0 < ¢ < ¢, the

inequalities,

lu(z,t) —u(z,t)| < Clt -1
C = maX{|L(0)|, masx {|2| Lip (g) - L(z)}}.

Proof. Let € R and 0 < < t. By Lemma A one has
fu (2, 1) — u (&,8)] < Lip (g) | — 3

i.e., Lip (u(-,t)) = Lip(g). From Lemma 1, we have for 0 < s = { < t, the inequality

Yy t—s

(1) :min{(t—s)L<m_y> -l—u(y,s)}
2myin{(ts)L<j_g> +u(x,s)Lip(u)~|:1:y|}

:u(x,S)-l-m?Jin{(t—S)L(j:g) —Lip(g)~|x—y|}
:u(x,s)—i—(t—s)min{L (H) —Lip(g)-w}

Y

=wu(z,8) + (t = s)min{L (2) — Lip (9) - [2[}
where we have just defined z := |z — y| / (t — s) . We can also write this as

u(z,t) > u(z,s) = (t = s)max {Lip(g) - |2| = L(2)} .

(A.25)

(A.26)
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Using Cy := max, {Lip (g) - |z| — L (2)} which, as discussed above, is clearly finite, one has then

u(z,t) —u(z,s) > —Cy(t—s).

(A.27)

The other direction in the inequality is given by using Lemma 1 directly. Substituting x in place of

the y in the minimizer, we have

Y — S

)+ utes)

(1) zmin{(t—s)L<:§_y> -l—u(y,s)}

r—x

-9z (3

— S

=({t—s)L(0)+u(x,s)

yielding the inequality
u(x,t) —u(z,s) < (t—s)L(0).

Combining (A.28) and (A.29) yields the Lipschitz inequality in ¢, namely,

u(z,t) —u(z,s)| <Clt—s| .

Lemma D. Under the conditions of Lemmas A and C one has

|u(:%,f) —u(x,t)| §C|

(&,8) = (1)l

where ||-||, is the usual Euclidean norm.

Proof. We use the triangle inequality and Lemmas A and C, one has

‘u(i,f) —u(a:,t)| < |u(a§,f) —u(a:,f)}—l— |u(x,f) —u(x,t)’

<Clz—&|+Ct—1{

< 2C{|x—§:|2 + ]t—f|2} =20 ||(,8) — (x,8)]], -

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

Lemma E. If L and g are Lipschitz continuous then u : R? — R is differentiable almost

everywhere on Rx (0, 00) .

Proof. Follows from Rademacher’s theorem and Lemma D.
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Theorem 5 (Modified Evans’ Sec. 3.3) Let € R and ¢ > 0. Let u be defined by the Hopf-Lax

formula and differentiable at (z,t) € Rx (0,00). Then
ut (z,t) + H (Du (x,t)) = 0. (A.33)
Proof. Part 1. Fix ¢ € (m1,my4+1) and h > 0. By Lemma 1, we have
y€R h

w (@ + ha,t + h) :min{hL (m—l—hq—y) +u(y,t)}. (A.34)

(Once again since there are some finite values over which we are taking the minimum, the expression

is well-defined). Upon setting y as x, we can only obtain a larger quantity on the RHS, yielding
uw(z+ hg,t+h) <hL(q)+u(z,t). (A.35)

Hence, we have that for ¢ € (m1, my41) the inequality

u(z+ hg,t +h) —u(z,t)
h

< L(q). (A.36)

Since we are assuming that u is differentiable at (x,t) we have the existence of the limit of the

LHS of (A.36) thereby yielding

Opu(2,t) + qDu (z,t) < L(q), ie.,

dyu (x,t) + qDu (z,t) — L (q) < 0. (A.37)

We now use the definition, sup,cg {qw — L (q)} =: H (w) that we made earlier (note that we are

taking the sup over ¢ and not p now), and write

H (Du (z,t)) = (511€1£ {¢Du—L(q)}. (A.38)

Note that the values of ¢ for which L (q) = oo are clearly not candidates for the sup, since

—L(q) = —oo. Hence, we can take the sup over all ¢ in (2), (which is equivalent to taking the sup
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over q € (my,my+1)) to obtain

Owu (x,t) + sup {Osu (z,t) + ¢Du (z,t) — L(q)} <0, or,
qeR

Opu (x,t) + H (u (z,t)) <O0. (A.39)
Part 2. Now use the definition

u(z,t) = min {tL (T’) +g(y)}.

Since L and g are continuous, the minimizer exists and for some z € R depending on (z,t) we have

r—Zz

u(z,t) = tL ( ) +g(2). (A.40)

Define s := ¢t — h, y := Sz 4 (1 — %) z so £72 = == Then we can write, using the definition of

u(y,s),

Y

u(z,t) —u(y,s) =tL (’5 - Z) +¢(2) — min {sL (ysy> +g (g)} . (A.41)

By substituting z (defined by (A.40)) in place of § in this expression, we subtract out at least as

much and obtain the inequality

=(t—8)L(th> (A.42)

by virtue of the equality £7% = == Note that by definition, L (27%) = L (¥%) < o0, so there is

no divergence problem there. Now replace y with its definition above, and use t — s = h to write (5)

as

(A.43)

u(x,t)—u(x+h’g(z—x),t—h) ZL<x2z>.

Since we are assuming that the derivative exists at (z,t) we can take the limit as h — 0+ and obtain

z—x
t

Du(z,t) + 8y (z,8) > L (x - Z) (A.44)
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We use the definition of H again, and write

ut (z,t) + H (Du (z,t)) = ut (x,t) + max {¢Du — L(q)}

> uy (2, 1) + %Du (z,t) — L (”5 - Z) (A.45)

where we have chosen one value of ¢, namely (z — z) /¢ to obtain the inequality. Note, again, that

from the original definition in (4), L (%3%) must be finite. Hence, the RHS of (8) is well-defined.

Combining (7) and (8) yields the inequality
Owu (z,t) + H (Du (x,t)) > 0. (A.46)

Combining (A.46) with the result from Part 1 of the proof, namely (A.40), we obtain the result

that u satisfies the Hamilton-Jacobi equation at (x,t). ///

Thus, Theorem 5 in Evans (Section 3.3) is fine as stated for the polynomial H.
Theorem 6. The function u (z,t) defined by the Hopf-Lax formula is Lipschitz continuous,

differentiable a.e. in Rx (0, 00) and solves the initial value problem
ug + H (Du) =0 a.e. in Rx (0,00)
u(z,0)=g(x) forallzeR. (A.47)
Definition. We say that w € L (Rx (0,00)) is an integral solution of

wy + H (w), =0 in Rx (0, 00)

w(x,0) =h(z) forallxzeR (A.48)

if for all test functions ¢ : Rx[0,00) — R (i.e., ¢ that are smooth and have compact support) one

has the identity

/OOO /_Z wordwd + /_Z wédzli=o + /OOO /_O; H (w) ¢pdadt = 0. (A.49)

Theorem 2 (Section 3.4 of Evans, but statement of the theorem is somewhat different) Under
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the assumptions that g is Lipschitz and that H is polygonal and convex (as described above), the
function w (z,t) := dyu (z,t) where u is the Hopf-Lax function is an integral solution of the initial
value problem for the conservation law above.
Proof. From Theorem 6 above we know that w is Lipschitz continuous, differentiable a.e. in
x (0,00) and solves the Hamilton-Jacobi initial value problem subject to initial condition h (x)
where g (z fo z)dz. We multiply u; + H (u,) = 0 with a test function ¢, and integrate over
fo f —_...dzdt. Upon integrating by parts one obtains the relation above in the definition of integral
solution. The integration by parts operations are justified by the fact that w (z,¢) is Lipschitz in
both x and ¢. Also,
w(z,0) = Ou (x,0) =g (x) = h (). (A.50)

A.2 Uniqueness

Suppose that we have two integral solutions, w and w, to the conservation law IVP:
w+ H(w), =0, w(z,0)=g (x). (A.51)

Le., these satisfy the integral identity that we obtain by multiplying by the derivative of a test
function, ¢,.

We also assume that they satisfy the condition

w(w—&—z,t)—w(m,t)SC’(l—Fi) z. (A.52)

We define u (,t) == [ w(&,t) dZ and @ (z,t) := [ @ (i,t) dF. We have seen that u and @ will then

be solutions to the Hamilton-Jacobi equations a.e. in (z,t).
We then take the equations and mollify them in R?, i.e

(u), + (H (ug))e =0, (@), + (H (iy))e = 0. (A.53)

Note that (u¢). = (uc), and similarly for .
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Let ve (x,t) := @e (z,t) — ue (z,t) so that
Oyve = (H (uz))e — (H (tz))e , v (2,0) = 0. (A.54)
We add and subtract terms to write

Ope = H® (usm) +{(H (ug))e — H® (usz)} (A.55)
— H® (lic,2) — {(H (tiy))e — H (fic0)}

=t HE (uep) — HE (es) + Ry (€) + Ra (¢) (A.56)

By the usual theorems on mollification, we note that Ry and Rs converge (uniformly on compact
sets in (x,t) ) to zero as € — 0.

We define Z, (z,t) by leaving out the R; and Ry terms:

O Z: = H® (ue ) — H® (Gep), Zc(x,0)=0. (A.57)

We then use the arguments of Evans (Section 3.3 Theorem 7). Note that these use convexity, but

not uniform convexity or superlinearity. Also, (1) implies, for small z > 0,
1
u(z+z,t)2u(1’,t)+u(xz,t)§0(1+t)zz, (A.58)

which is the key condition needed for uniqueness. The inequality is inherited by the mollified
functions u. and .. Note that all we need for the proof is for (A.58) to hold for small, positive z,
since we use it to bound smoothed out derivatives. To establish that (A.52) implies (A.58) for small,

positive z, note the following. By definition of w one has from (A.52),
1
Ot (4 2) — Opu(x) < C (1 + t) z. (A.59)

For sufficiently small h > 0, one must have for some C”

u(x+z)—u(x+z—h) u(z)—ulz—~h)

- _ h < (1 + ) z. (A.60)
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Setting z at h, and dividing by h, one has

w(x+ h) — 2uh(2$) tul@—h) ., (1 N 1) L (A.61)

Hence, when (A.52) applies, we can use (A.58) at least for small h > 0.
Thus, we can use the proof of Evans identically on (A.57), noting that H is convex and u. and
. satisfy (5). This allows us to conclude that Z. (x,t) = 0 and so 9;Z (x,t) = 0 both on Rx[0, c0).

From (4) this means that H¢ (uc ) — H® (Gie,) = 0. We can then use this in (A.56) to obtain
ve (z,t) = Ry () + Ra (), v(z,0)=0. (A.62)
From the uniform convergence properties of R; we conclude that
[v(z,t)] < CTe, on Rx[0,T]. (A.63)

Since this difference can be made arbitrarily small, we have uniqueness. Another approach to proving

these results is to follow [21].
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