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Preface

Today, more than ever before, scientific exploration relies on large-scale computer
simulation of complex phenomena. The installation of larger and faster supercom-
puters enables models of physical systems to include more features and make more
accurate predictions. The advent of the new generation of exascale machines, as
mandated by President Obama’s executive order to establish the National Strategic
Computing Initiativeﬂ poses several unique challenges. Historically, algorithms and
their implementations were optimized with respect to the number of floating-point
operations (flops) necessary. However, it has become apparent that the time to so-
lution is more and more dependent on the amount of communication between the
individual compute units of the system. A new constraint in the design of super-
computers is the power consumption of the installation. The energy necessary to
send a message depends on distance of the communication, and simply up-scaling
the design of current petascale systems, i.e. systems that can perform one petaflop,
to the next generation of exascale machines is outright infeasible. The power con-
sumption of such a system would easily surpass that of half a million homes. In
order to observe the commonly accepted limit of 20MW, lower voltage thresholds
and reduced cell capacitance are required. The inevitable consequence of these
hardware level solutions are increased rates of faults that affect the correctness of

the performed computations. This effect is amplified by the significant expansion

!Creating a National Strategic Computing Initiative, Executive Order No. 13702 of July 29th,
2015, Federal Register



of the number of components making up an exascale system. Therefore, fault de-
tection and mitigation strategies will have to be considered in order to take full
advantage of the potential of the next generation of supercomputers [27, 28, 29,
42].

Many scientific simulations rely on the solution of very large, but sparse, linear
systems of equations. Multigrid and Domain Decomposition methods are widely
used solvers due to their attractive properties. Their benefits include optimal com-
putational complexity, scaling and easy of implementation on parallel machines. It
is therefore of prime concern to ensure the transition of these methods and their
preexisting implementations to the next generation of high-performance systems
and study their application to the problems that become tractable on these new
machines.

The contribution of this work is two-fold. In the first part, we study the impact
of faults on the convergence of iterative solvers of linear systems. The first chap-
ter serves as an introduction to linear iterative solvers, and briefly describes one of
the theoretical frameworks used to prove convergence of multigrid methods in the
ideal, fault-free case. In Chapter [2| we describe the different categories of faults
and how they are modeled using random matrices. We derive the error propagator
of a fault-prone multigrid algorithm, which will be instrumental to prove conver-
gence estimates in the presence of faults. Theoretical results concerning products
of random matrices and methods of determining their asymptotic rate of conver-
gence are given in Chapter 3] As it turns out, the so-called Lyapunov spectral radius
is difficult to compute, but can be estimated in some cases. In Chapters 4| and
we apply the theoretical framework first to a simple iteration to illustrate the ap-
proach, and then to a two grid method. The extension to the multigrid case is given
in Chapter [6] It will transpire that multigrid is not a fault-resilient solver, since
convergence can only be achieved for limited problem size. By protecting one of

its steps, the prolongation operation from coarser to finer meshes, fault resilience

xi



is obtained. All theoretical results are illustrated by means of numerical examples
that stem from a variety of different applications. More practical implementation
details concerning the detection and mitigation of faults are discussed in Chapter|[7]
We illustrate how the theoretical results can be leveraged to obtain a fault-tolerant
multigrid implementation. Finally, we discuss fault mitigation for overlapping do-
main decomposition solvers in Chapter |8 We extend the framework to account for
faults that appear in unknowns that are shared between compute nodes, and give
convergence estimates for one- and two-level methods.

In the second part of this work, we turn our attention to the efficient solution of
non-local and fractional models using iterative linear solvers. Non-local equations,
as compared to classical local models, can be used to more accurately describe the
underlying physical phenomena. The price to pay is an increased complexity in
terms of discretization and solution of the arising system of equations. We intro-
duce archetypes of elliptic and parabolic non-local equations in Chapter and
state results concerning the regularity of their solution. We give details concern-
ing finite element approximations and explain how optimal rates of convergence
can be achieved through adaptive mesh refinement based on the use of a poste-
riori error estimators. In Chapter we turn to the question of efficient imple-
mentations of assembly, solution and computation of error indicators. The finite
element assembly involves the computation of singular element contributions for
which special quadrature rules are required. Since the considered problems are
non-local, the straightforward approach results in dense system matrices. Similarly,
straightforward computation of a posteriori error estimators scales quadratically in
the number of unknowns. We circumvent these issues by exploiting the low rank of
off-diagonal blocks and explain how all steps of the assemble-solve-estimate-refine
cycle can be achieved in quasi-linear complexity. Finally, in Chapter we illus-
trate optimality of computational complexity and rate of convergence for a number

of one- and two-dimensional numerical examples, involving fractional Poisson and

xii



heat equations and a fractional reaction-diffusion system.
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Part 1

Fault-Prone Iterative Methods



Chapter 1

Multigrid Algorithm

Solvers for linear systems of equations can be classified into two categories. Direct
methods aim to obtain the exact solution of the linear system (up to rounding error).
This is typically achieved computing a factorization of the system matrix. Solution
of the linear systems involving the factors is significantly easier, since their special
structure can be exploited. The most well-known example of a direct method is
Gauss elimination in which the system matrix is factored into upper and lower tri-
angular factors. The drawback of direct methods is that even if the system matrix
is sparse, i.e. if only O (n) of its entries are non-zeros, where n is the number of un-
knowns, the arising factors will be dense. Moreover, the computational complexity
of direct methods is generally of order O (n?). These drawbacks in memory usage
and complexity motivated the development of iterative methods. These methods
aim to obtain approximations that converge to the exact solution. The iterates are
obtained only by matrix-vector products with the system matrix (and sometimes its
transpose), which has complexity proportional to the number of non-zero entries of
the matrix. In practice, obtaining only an approximate solution is not an issue. It
suffices that the error in the solution of the system is dominated by other inherent
errors, such as the one stemming from discretization of a continuum model. In

the present chapter, we give an introduction to linear iterative methods, and to the
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multigrid algorithm in particular.

1.1 Classical Iterative Solvers

Let A be a symmetric, positive definite sparse matrix arising from the discretization
of an elliptic partial differential equation in d spatial dimensions, and b € R". The

equation
Ax =D
can be rewritten as the fixed point problem
r=xz+ N (b— Ax),

where NN is a suitably chosen invertible matrix. If we require that the application
of the so-called preconditioner IN is inexpensive, evaluation of the right-hand side
will not be costly because of the sparsity of A. This leads to the following linear

iterative method
Tjy1 = Tj + N (b — A.CL’J) .

If the method is to be used as a solver, then we need that x; — z as j — oco. The

error of the method after the j + 1-th step can be written as

€j+1 = Tj1 — T
=xz;—x+ N (b— Ax))

=(I—-NA)e;.

We call E = I — N A the iteration matrix or error propagator. The error converges
to zero if and only if p (E) < 1. The smaller the spectral radius of E, the faster
the convergence to the exact solution. The ideal preconditioner would be A",

which would lead to convergence after just one iteration. Since finding A" is more



expensive than solving the original linear system Az = b, A™' is not a reasonable
choice for the preconditioner. It demonstrates, however, that a good preconditioner
should mimic the spectrum of A~'. On the other hand, taking N = p(A) I leads
to a very inexpensive preconditioner, which, in turn, has often poor convergence
properties since almost no information of the original problem is taken into account.
The construction of efficient preconditioners that are both inexpensive and a good
approximation to A™! is an extensive field of very active research.

A classical iterative scheme is the (damped) Jacobi method, where IV is propor-
tional to the inverse of the diagonal part D of A. The convergence rate is given by

the following theorem:

Theorem 1.

Let E = I — D' A be the iteration matrix of the damped Jacobi method.
1. If0 < 0 A < 2D, then the damped Jacobi method converges.

2. If 0 < AD < A < AD, then the spectrum of E is contained in [1 — A, 1 — )|

and the convergence rate is p(E) = max {A — 1,1 — \}.

Example 1.
Let A;p € R™" be the finite difference approximation to the 1D-Laplacian with Dirich-

let boundary conditions:
Aip = tridiag, (—1,2,—1).
The eigenvalues of Aip are

A, = 2 — 2cos

n+1

and the corresponding eigenvectors are the discrete sine waves

=1,...,



Because D = 21, we have 0 < AD < A;p < AD with

/\zl—cos( T ),
n+1

Hence

For problem size n, we have

Ey=1-——— 1)~
p(E) 2(n+1)2+0((n+ ) )
which makes this method quite slow. We observe though that the error components
along the different eigenvectors vy, get damped by

zl—ﬁzcos b
P 2 n+l)

The components along vy, where k is close to ”T“ decrease indeed much faster.

Example [1| shows that the Jacobi iteration reduces high-frequency error (with
large \,) rapidly, but stalls on low frequency error. This suggests coupling the Jacobi
iteration with a second type of iteration that specifically targets the low-frequency

€rror.

1.2 Multigrid Algorithm

The fundamental observation that leads to the multigrid method is that low-frequency
error varies slowly, whereas high frequency error is oscillatory. This means that low-
frequency error can be transferred to a coarser discretization without loosing too
much information.

In what follows, let QO C R be a convex polyhedral domain, I', C 92 be non-

empty and V = {v € H' () : v = 0onTp}. Let Ty be a partitioning of € into



the union of elements each of which is a d + 1-simplex, such that he intersection of
any pair of distinct elements is a single common vertex, edge, face or sub-simplex
of both elements. For ¢ € N, the partition 7, is obtained by uniformly subdividing
each element in 7,_; into sub-simplices such that 7, satisfies the same conditions as
To [73]. Let P, k € N, consist of polynomials on R? of total degree at most k. The
subspace V, consists of continuous piecewise polynomials belonging to P, on each
element on the partition 7,. In particular, this means that the spaces are nested:
VocWVicC...cV,CV.

Leta: V x V — R be a continuous, V-elliptic, bilinear form and ' : V" — R be

a continuous linear form and consider the problem of obtaining u; € V}, such that
a(up,v) = F(v) YveVg. (1.1)

Let ¢§j>, i=1,...,ny, denote the usual nodal basis for V,, and ¢, be the correspond-
ing vector formed using the basis functions.

Problem eq. (|1.1)) is then equivalent to the matrix equation
A L = F L (12)

where A, = a(¢y, ¢,) is the stiffness matrix, z; is the coefficient vector of u, and

Fr, = F(¢yp) is the load vector. For future reference, we define the mass matrix by

M, = (¢, P0).

The multigrid method solves the linear system of equations
Ar=0>
by introducing a hierarchy of coarser problems
Ay = by

of size ny, £ = 0,..., L with A}, = A. Information gets transferred between levels

through restriction and prolongation operators

R :RM 5 R™, Py R™ — R



We will assume that Py, = (Rﬁ“)T along with the Galerkin relation
Ay =R""A, Py,

In the finite element context, the natural way to define these operators is to employ
the nesting of the spaces V;, C V,,1, which means that there exists a matrix R} 41
such that ¢, = R} +1¢¢+1. We will drop sub- and superscripts on restriction and
prolongation operators in what follows.

Moreover, linear iterations called smootheners are defined on each level as
Ty %.Tg—i—Ng(bg—Az.Tg),

where N, is a suitable preconditioner, e.g. the damped Jacobi preconditioner N, =
QDZI, with D, the diagonal part of A,, as described above.

The multigrid method now consists in applying several steps of smoothening,
i.e. application of an iterative methods that reduces high frequency error, followed
by restriction of the residual b, — Az, to the next coarser grid. The coarser problem
is solved by one or more recursive calls to the multigrid algorithm, or, in case of
the coarsest mesh, by a direct solver. The multigrid method is given in Algorithm
and illustrated in Figure and may be invoked to obtain an approximate solution
of problem eq. by a call to MG (b,0). The reason why the smoothening step
appears twice is that it can be beneficial for the iteration to be symmetric, since the
corresponding preconditioner will then be symmetric. This permits, for example,
to use a multigrid iteration as a preconditioner in the Conjugate Gradient method.
The number of recursive calls v to the multigrid method on a coarse grid leads to
different multigrid schemes. The most popular ones are called the V-cycle for which
~ =1, and the W-cycle with v = 2.

Alternative choices for the smoothening iteration are possible. Popular op-
tions apart from the damped Jacobi iteration include Gauss-Seidel iterations, SOR

smootheners, block-smootheners and polynomial smootheners.



smoothing smoothing
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coarse solve
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Figure 1.1: Multigrid hierarchy with three levels, and restrictions R and prolonga-
tions P.

Algorithm 1 Multigrid method MG,

Input: Right hand side b,; Initial iterate xz,
Output: MGg(bg,l’g)

1: if / = 0 then return A;'b, // Exact solve on coarsest grid
2: else
3: for: < 1tor, do
4: xg < Sy (by, z4) // vi pre-smoothening steps
5: dy—1 < R (by — Ayxy) // Restriction to coarser grid
6: 1+ 0
7: for j « 1to~ do
8: er—1 < MGy_1(dg—1,€0-1) // 7 coarse grid correction steps
9: Ty < 10+ Pey_y // Prolongation to finer grid
10: fori + 1to 1, do

11: xg < Sy (be, zp) // vy post-smoothening steps




What makes the multigrid method particularly attractive is its computational
complexity. On every levels, only sparse operations with complexity proportional to
ny are used. Provided that the coarsening ratio from level to level is large enough,
a single iteration of the multigrid method can easily be shown to have complexity
O (nr) or O (nrlogny) [62]. As we will discuss in the next section, the rate of con-
vergence of the multigrid method does not depend on the problem size. This means
that an essentially constant amount of iterations needs to be taken to converge to a

given error tolerance, making the multigrid method a solver with linear complexity.

1.3 Convergence Theory for Multigrid

The analysis of the convergence behavior of multigrid algorithms is a rich topic. Two
theoretical frameworks are available. The first one relies on splitting the problem
into high and low frequencies for a two grid method. The results are then extended
to the multigrid case by a perturbation argument and recursive inequalities [|62,
63]]. The second framework is inspired by the analysis of domain decomposition
methods and relies on a nested decomposition of the solution space [21,/101,102].
In what follows, we adhere to the first framework as it will be seen to extend to the
analysis of fault-prone methods.

Let the iteration matrix of pre- and post-smoothener be given by E. Then the

iteration matrix of the multigrid method is given by

E,= (E})”E{° (E})", (1.3)
where the coarse grid correction is given by
Ej“=1-P(I-E] ) A RA,.
In the case of a two grid method, the iteration matrix is given by

BI% = ()" (1 - PAT,RA) (B)" a9
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The standard assumptions for the convergence analysis of the multigrid method

read as follows [20, |62, |63}, 95]:

Assumption 1 (Smoothening property): There exists n : N — Ry satisfying

lim, ., n(~) = 0 and such that
A (B9, <) | Adly, v=0,£=1,...,L.

Assumption 2 (Approximation property): There exists a constant C'4 such that

_ Ca
ECCATY . < —=- ¢=1,... L.
” ¢ 4 Hz - HA€H2’ ) )

The smoothening and approximation property imply two grid convergence, with

convergence rate given by

o (1Y) < | BCC ()" (1.5)
< e A, | (w5
< Cun (v + 7).
The right-hand side is less than one provided v; + 15 is large enough.
Assumption 3: The smoothener is non-expansive, i.e. p (Ef) = ||E7||, < 1, and

there exists C's > 0 such that
(B ||, <Cs v=>1,¢=1,.. L

Assumption (3| permits to show that the two grid method is also a contraction

with respect to the spectral norm ||e||,:
1B, < 1(22) (|, [ B (B2)™]], < CsCan ().
While this result is weaker than eq. (1.5)), it will be useful in the fault-prone case.
Assumption 4: There exist positive constants ', and C, such that

C; leelly < 1Paelly < Ty laell, Ve €R™, £=0,...,L—1.
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Assumptions 3| and |4 allow to extend the convergence theory to the multilevel

case with v > 2. The most interesting case in practice is the W-cycle (y = 2).

1Edl, = ||(E})” [I - P (I - E]_,) A;",RA/| (E7)"|,
<|(E)” [I - PA,RA/] (E})"|

2

+ 1 (D)L 1Pl | B3 [ A RA, (B2)™ |

2
< ||ELC], + C,CCs 1Bl | PAL RA, (B2)™ ),

Since

1PAZLRA (B7)" ||, < [|(T - PAZRA) (B7)" [, + (| (B2)" |,

S CS + CAT] (1/1) s
we obtain the recursive inequality
1Belly < [|BLE, + Cu | Beall3 (1.6)

with C, = Cngép (Cs + Can(11)). A classical result [63] concerning this inequal-
ity is
Lemma 2.

Suppose the elements of the sequence {774}@21 satisfy 0 < < &and 0 <y, < £+

Con] p0>2.Ify>2 Coy>1land ¢ <1 —1  then
7 (Cy)T

56, v > 2,

2§ _
vice V=2

Me < < 1.

The result show that two grid convergence along with a sufficient number of

smoothening steps imply that the multilevel scheme is convergent.



Chapter 2

Fault-Prone Iterative Methods

The taxonomy of faults and failures by Avizienis et al. [11]] distinguishes between
hard faults and soft faults. Soft faults correspond to corruption of instructions as
well as the data produced and used within the code but which allow the execution of
the code to proceed albeit in a corrupted state. An example of such a fault would be
flipping of individual bits in a floating point number. Some bit flips in the exponent,
sign or in the significant components of the mantissa may result in a relatively large
corruption that becomes detectable. Hard faults might correspond to a message
from one or more compute nodes either being corrupted beyond all recognition
(possibly resulting in an exception being thrown), or lost altogether in the event
of a compute node failing completely. Hard faults result in the interruption of the
execution of the actual code unless remedial action is taken. As such, hard faults
constitute errors that are readily detectable. Although the likelihood ¢ of a hard
fault occurring can be assumed small, it is not negligible. The fact that an algorithm
cannot continue after a hard fault without some kind of remedial action means that
such faults cannot simply be ignored in the hope that the algorithm will recover
naturally.

Most, if not all, existing algorithms were derived under the assumption that

such faults cannot occur and accordingly, no indication is generally offered as to

12
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what might constitute an appropriate course of action should a fault be detected
in a particular algorithm. Nevertheless, in the event of a hard fault occurring,
a decision has to be made as to what remedial action should be taken in order
to resume the execution of the algorithm. The action that is chosen can have a
dramatic effect on the performance and characteristics of the algorithm and as such
represents a vital part of the algorithm. Ideally, the resulting algorithm should
be subjected to the same kind of mathematical analysis that was applied to the
original, deterministic, variant of the algorithm. Historical considerations mean
that such analysis is available for very few methods.

At the present time, the basic approach to dealing with faults consists of at-
tempting to restore the algorithm to the state that would have existed had no
fault occurred. Two common ways in which this might be accomplished include:
Checkpoint-restart [56, |64, 89]] whereby the state of the system is stored (or check-
pointed) at pre-determined intervals so that in the event of a fault occurring, the
computation can be restarted from the stored state; or, Process Replication [48, 53,
64, 89]], whereby each critical component of the overall process is replicated one
or more times so that in the event of a component being subject to a fault, the true
state can be restored by making reference to an unaffected replica. Hybrid variants
of these strategies can also be contemplated. The drawbacks of such approaches
are self-evident.

Different techniques have been previously employed in order to achieve fault
resilience for iterative methods in general and multigrid in particular. Replication
was used in [30, 38], and checkpoint-restart in [3} |4, 26]. Stoyanov and Webster
[90] proposed a method based on selective reliability for fixed point methods, a
concept that has been introduced in [46| 47, 65]]. Finally, different authors [59, 69,
70] have proposed forward recovery methods to mitigate the effect of faults. The
efficient detection of faults has been addressed in the context of various applica-

tions[14, 26, 81]].
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2.1 Modeling Faults

In order to take account of the effect of detectable faults on the stability and con-
vergence of a numerical algorithm, we develop a simple probabilistic model for this
behavior and describe how it is incorporated into the formulation of iterative algo-
rithms. As a matter of fact, it will transpire that our model for detectable faults will
also apply to the case of silent faults that are relatively small.

Our preferred approach to mitigating the effects of faults in multigrid and re-
lated iterative algorithms is rather simple: the lost or corrupted result expected from
a node is replaced by a zero. That is to say, if a value = € R is prone to possible hard
faults, then we propose to continue the global computation using z € R in place of

x, where

0 if a fault is detected,

S
I

x otherwise.
This minimalist, laissez-faire, approach has obvious attractions in terms of restoring
the system to a valid state without the need to (i) halt the execution (other than to
perhaps migrate data to a substitute node in the event of a node failure); (ii) take or
read any data checkpoints; (iii) recompute any lost quantities; or, (iv) compromise
on resources through having to replicate processes. However, the efficacy of laissez-
faire depends on the extent to which the convergence characteristics of the resulting

algorithm mirror those of the fault-free deterministic variant.

2.2 Probabilistic Model of Faults

In order to model the effects of the laissez-faire fault mitigation approach on an

algorithm, we introduce a Bernoulli random variable given by

0 with probability ¢,
X = (2.1)
1 with probability 1 — ¢.
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If a scalar variable x is subject to faults, then the effect of the fault and the laissez-
faire strategy is modeled by replacing the value of x by the new value & = yux.
Evidently 7 is a random variable with mean and variance given by E[z] = (1 — ¢)z
and V[z] = ¢(1 — ¢)z*. By the same token, the effect of a fault on a vector-valued

variable € R" is modeled in a similar fashion by defining & = Xz, where

X =diag (x1,---,Xn)

and y; are identically distributed Bernoulli random variables. The variables y;
can be independent, thus modeling componentwise faults, or block-dependent, as
would be the case for a node failure.

More formally, for given ¢ > 0, let S, denote a set consisting of random matrices

satisfying the following conditions:
Assumption 5:
1. Each X € S. is a random diagonal matrix.

2. For every X € S,, there holds E[X| = e¢(X)I, where ¢(X) > 0, and |e(X) —

1] < Ce¢ for some fixed C > 0.
3. For every X € S, there holds ||V[X]||, = max; ; |Cov (X, X' ;)| < e.

The parameter ¢ is regarded as being small meaning that the random matrices
X behave, with high probability, like an identity matrix. While the value of ¢ could
vary from operation to operation, for example to take into account that denser
matrix-vector products take more time and are therefore more likely to be hit by
faults, we neglect this aspect in the analysis for the sake of clarity.

Important examples of random faults covered by Assumption [5|are

1. Componentwise detectable faults

A typical example of a detectable fault would be flipping of individual bits

in a floating point number, resulting in a large enough upset to be detected,
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or a pointer corruption that leads to an invalid memory address. Such cases
can be treated using the laissez-faire strategy described above, and therefore

modeled as componentwise faults with

X = dlag (Xla s 7Xn) 9 (2-2)

where y; are independent and identically e-distributed Bernoulli random vari-
ables, i. e.
0 with probability ¢,

Xi =
1 with probability 1 — ¢.

2. Blockwise detectable faults

In the event of a node failure and application of the laissez-faire strategy, all
the components of a vector that were residing on the node will be zeroed out.

This can be modeled by a random matrix with independent diagonal blocks:
X = blockdiag (x111,...,xnIN), (2.3)

where y; are independent and identically e-distributed Bernoulli random vari-

ables and I, are identity matrices.

3. Silent faults

Some bit flips in the exponent, sign or in the significant components of the
mantissa may result in a relatively large error that becomes detectable. Such
cases could be treated using the laissez-faire strategy described earlier. How-
ever, in other cases such faults may give a relatively small error and, as a
result, be difficult (or impossible) to identify. Such silent faults can be mod-

eled by a random matrix

X =TI +diag (mX1 - MXn) (2.4)
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where 7; are independent and identically distributed random variables, and y;
are independent and identically distributed Bernoulli random variables, such
that X € S.. In particular, this in includes the cases of frequent faults with

small impact and of rare but large upsets.

The matrices X will appear at various points in our model for the Fault-Prone
Multigrid Algorithm. It is easy to see that if X’; and X', are independent diagonal
matrices, then X'; X5 is again a random diagonal matrix.

Sometimes, a random matrix will appear in two (or more) different places in
a single equation and it will be important to clearly distinguish between the cases
where (i) each of the two matrices is a different realization of the random matrix, or
(ii) the matrices both correspond to the same realization of the random matrix. We
shall adopt the convention whereby should a symbol appear twice, then (ii) holds:
i.e. the two occurrences represent the same realization of the random matrix and
the matrices are therefore identical. However, if the square or higher power of a
random matrix appears then (i) holds: i.e. each of the matrices in the product is a

different realization of the same random matrix.

2.3 Scope of Faults Covered by the Analysis

Our analysis will cover faults that can be represented by a random matrix belonging
to S.. This means that the analysis will cover each of the cases (i) when the fault is
detectable and mitigated using the laissez-faire strategy, and (ii) when the fault is
silent but is relatively small in the sense that it may be modeled using (2.4). How-
ever, our analysis will not cover the important case involving faults which result in
entries in the matrices or right hand sides in the problem being corrupted. Equally
well, our analysis will not cover the case of bit flips that result in a large relative er-
ror but which nevertheless remain undetected. Finally, this work is restricted to the

solve phase of multigrid; we assume that the setup phase is protected from faults.
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2.4 A Model for Fault-Prone Multigrid

The multigrid algorithm comprises a number of steps each of which may be affected
by faults were the algorithm to be implemented on a fault-prone machine. In the
absence of faults, a single iteration of multigrid replaces the current iterate z, by
MG (bg, z¢) defined in Algorithm However, in the presence of faults, a single
iteration of multigrid means that xz, is replaced by MG,(by, x;) where MG, differs
from MG, in general due to corruption of intermediate steps in the computations
arising from faults. The object of this section is to develop a model for faults and
define the corresponding operators MG,, ¢ € N. For simplicity, we assume that the
coarse grid is of moderate size meaning that the exact solve A;"' on the coarsest
grid is not prone to faults, i.e. MGy(dy, ) = A;'do. This is a reasonable assumption
when the size of the coarse grid problem is sufficiently small that either faults are
not an issue or, if they are, then replication can be used to achieve fault resilience.
The extension of the analysis to the case of fault-prone coarse grid correction does

not pose any fundamental difficulties but is not pursued in the present work.

2.5 Faults in the Smoothener

A single application of the smoothener S, to an iterate x, takes the form
Sg(bg, :L’g) =Ty + Ng(bg - Agl’g) (25)

with each of the interior sub-steps in eq. being susceptible to faults.

The innermost step is the computation of the residual p, = b, — A,x,. The action
of the matrix A, is applied repeatedly throughout the solution phase. We shall
assume that neither the entries or structure of matrix A, nor the right hand side b,
are subject to corruption, only computation involving them. This would be the case
were the information needed to compute the action of A, placed in non-volatile

random access memory (NVRAM) with relatively modest overhead. The net effect
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Global: Ty
\ /

e
Distributed: % [z, — [z, + [Nadgbr—=Auz], = [z,
., [z, —

(I s [z, — [wdy+ (N5 [be — Agely

Ty + XES)N@ (bg — Am)

[@ely + [INely [br — Agily

Figure 2.1: Schematic representation of a node failure during smoothening and the
remedial action taken by the laissez-faire approach in the case of three compute
nodes. [e], represents the part of the quantity e local to node :.

of faults in the computation of p, is that the preconditioner IN, does not act on the
true residual but rather on a corrupted version modeled by X;p, where X is a
random diagonal matrix.

By the same token, the action of IN, is prone to faults, meaning that the true re-
sult V,X1p, may be corrupted and is therefore modeled by X's N, X p,, where X,
is yet another random diagonal matrix. The matrix IN, corresponding to damped
Jacobi is diagonal and hence XN, X; = XN, where X*®) = X, X, is again a
random diagonal matrix. Consequently, the combined effect of the two sources of
error can be modeled by a single random diagonal matrix.

In summary, our model for the action of a smoothener prone to faults consists
of replacing the true smoothener S used in the pre- and post-smoothening step in

the multigrid algorithm by the non-deterministic smoothener
Su(be, w0) = xp + XS N (b — Agy) (2.6)

in which X 1({3) is a random diagonal matrix which models the effect of the random
faulty nature of the underlying hardware. The model eq. (2.6)) tacitly assumes that

the current iterate z, remains fault-free. We illustrate the remedial action to a node

failure in Figure
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2.6 Faults in Restriction, Prolongation and Coarse Grid

Correction

The restriction of the residual described by the step
dg,1 = R(b@ — Agl‘g) (27)

is prone to faults. Firstly, as in the case of the smoothener, the true residual p,

)

is prone to corruption and is modeled by Xff’ pe. The resulting residual is then

operated on by the restriction R, which is itself prone to faults modeled using a

random diagonal matrix X élj)l We arrive at the following model for the effect of

faults on eq. (2.7):
dpy = XS RXY (b — Agzy).

The coarse grid correction e, ; is obtained by performing ~ iterations of MG, ;
with data d,_; and a zero initial iterate. The effect of faults when applying the
prolongation to e, ; is also modeled by a random diagonal matrix Xﬁp) leading
to the following model for the effect of faults on the coarse grid correction and

prolongation steps:

Ty X0+ XEP)Peg,l.

2.7 Model for Multigrid Algorithm in Presence of Faults

Replacing each of the steps in the fault-free Multigrid Algorithm [1| with their non-
deterministic equivalent yields the following model for the Fault-Prone Multigrid

Algorithm 2|and defines the associated fault-prone multilevel operators MGy, ¢ € N.

The classical approach to the analysis of iterative solution methods for linear sys-

tems uses the notion of an iteration matrix as given in For example, in the case
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Algorithm 2 Model for Fault-Prone Multigrid Algorithm MG, where X 1(2') are ran-
dom diagonal matrices.

Input: Right hand side b,; Initial iterate x,
Output: MG, (b, zy)

1: if / = 0 then return A;'b, // Exact solve on coarsest grid
2: else
3: for: < 1tor, do
4: xg < Sy (by, z4) // vi pre-smoothening steps
5: dy_q Xy_%)lRX gf’ ) (be — Ayxy) // Restriction to coarser grid
6: er—1 <0
7: for j « 1to~ do
8: er—1 < MGi_1(dp—1,€0-1) // 7 coarse grid correction steps
9: Ty 10+ X EP)Peg,l // Prolongation to finer grid
10: fori + 1to 1, do
11: xg < Sy (be, zy) // vy post-smoothening steps

of the fault-free smoothening step E; = I — N, A, is the iteration matrix, with pre-
conditioner IN,. The corresponding result for the fault-prone smoothener eq. (2.6)

is given by
v = S(Aew,y) = Ef(z —y), Y,y eR™ (2.8)

where the iteration matrix € f =I-X §S> N,A, is now random. Similarly, we define

the iteration matrix for the Fault-Prone Multigrid Algorithm |2 by the equation
x— MG (Az,y) =E(x—y), Vr,yeR™. (2.9)

In particular, x — MGy(Apx,e) = 0 and hence £, = 0, i.e. the zero matrix.

The v, pre-smoothening steps in Algorithm |2| can be expressed in the form
2O =z 2D =8y(by, xY), i=1,... 1.
Using eq. gives
x—xy) = Sgs(x—xéi_l)), i=1,...,1n

and hence

z—z = (ED)" (2 — x0). (2.10)
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Using this notation means that the vector d, ; appearing in Algorithm |[2|is given by
dioy = X RX P (b — Ay = XM RXP Ay(z — 2.

where b, = A,zx.

The coarse grid correction steps of Algorithm [2| can be written in the form
€1 ; e(gl Go 1((17641 )y J ey Y-
Let 2 = A, d,; then

z— eé])l =z— /\/lgz-1(dé—17€é{_11)) =&pa(z - eéj 11)), J=1...7

(0)

thanks to eq. (2.9). Iterating this result and recalling that e, ™

=0, gives z — ¢, =

&/ 1z, or, equally well,
eé 1 = (I — & )A e

Using these notations, the prolongation to the finer grid step in Algorithm

takes the form
xép) = :cﬁyl) +X EP)Pey_)l
and hence, by collecting results, we deduce that
v—a)) = (r—a") - 2 Pey?)
= [1-x"P(I- € )A XD RXP A (o - o).
Arguments identical to those leading to eq. give the following result

x— MGo( A, z) = (E7)" (x — )

which, in view of identity eq. (2.9) and eq. (2.10), yields the following recursive

formula for the iteration matrix of the Fault-Prone Multigrid Algorithm [2]

&= (&) [1-2"Pua-g At 2N RXP A (877°)", @D
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for ¢ = 1,...,L with &, = 0. Here, we have used superscripts pre and post to
reflect that the pre- and post-smootheners are independent realizations of the same
random matrix.

By setting £, 1 = 0 and applying the recursion eq. in the case ¢/ = L

yields a formula for the iteration matrix of the Fault-Prone Two Grid Algorithm:

£1¢ = (g7 ” 1-x"Pa;l X" RxX A, (sip) (2.12)

o S,post Y2 Lca S,pre Vi
— (&57) "ee (g77)

corresponding to using an exact solver on level L — 1. Here £9¢ is the iteration

matrix of the exact fault-prone coarse grid correction.

Algorithm 3 Model for Fault-Prone Two-Grid Algorithm 7G; where X (*) are ran-
dom diagonal matrices.

Input: Right hand side b, ; Initial iterate x,

Output: TQL(bL, l‘L)

1: fori + 1tov; do

2 xp, « Sp (br,zp) // v1 pre-smoothening steps

3: dr_q +— X(LR_)lRX(Lp) (bp — Apzp) // Restriction to coarser grid
4: ep_1 +— A7l dp // ~ coarse grid correction

5. xp < x, +X (LP)Pe I—1 // Prolongation to finer grid

6: for i < 1 to v, do

7 xp < Sp (br,zp) // v post-smoothening steps

Having determined the iteration matrices for both Fault-Prone Two Grid and
Multigrid Algorithm, the question of convergence of theses methods arises. In the
fault-free setting, as presented in Section|[I.3] the iteration matrix is constant and its
asymptotic convergence rate is given by the spectral radius. In the present setting,
however, the iteration matrix changes from iteration to iteration. Therefore, we dis-
cuss the theory of products of random matrices in the next chapter and generalizes

the spectral radius to the random setting.



Chapter 3

Lyapunov Exponents and Their

Computation

In the previous chapter, we determined the random iteration matrices correspond-
ing to the Fault-Prone Two Grid and Multigrid Methods. To analyze their respective
convergence, we introduce the theory of products of random matrices that concerns
itself with the study of the asymptotic behavior of product sequences of random
matrices. Most importantly, we will state a “law of large numbers” for random ma-
trices, and discuss a multitude of approaches to the computation and estimation of

the asymptotic convergence rate.

3.1 Lyapunov Exponents

Let A be a random matrix of size n x n with distribution ;. We will assume that x4
is a discrete probability distribution and picks values in a finite set A C GL,,.

We define the Lyapunov exponent v(.A) as

1(A) = Jim —E [log | AY]].

24
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(Remember that according to our notation A" = va:l Aj, where A; are all inde-
pendent and of the same distribution as .A.) This quantity does not depend on the
choice of the norm |-|| as all norms are equivalent in finite dimension. The definition

is motivated by the equality
: 1
logp(A) = ]\}5{1)0 N log HAN”

that holds for non-random matrices A.
Furstenberg and Kesten[55]] showed that provided that E [log (A) "] < oo, 7 (\A)

exists and

v (A) = lim %log | A 20| a.s.

N—oo

The Lyapunov spectral radius

0(A) =™ = lim HAN:EOH% a.s.

N—oo

is the quantity corresponding to the spectral radius of a non-random matrix. ¢ (A) <
1 means that the matrix product is convergent, whereas ¢ (.AA) > 1 means that it is
divergent.

We also define the generalized Lyapunov exponents L(.A, «) for o # 0 as
1 N
L(A, «a) = ]\}I_I}(l)oﬁlogE [[[«AY]"]
and the generalized Lyapunov spectral radii g, (A) as
0o (A) 1= extA),

It can be shown that =+ log [ LAYz, satisfies a large deviation principle with a

rate function / which means that
1
2 (N log | AV | = )\) ~ NI,

From the above, we find that J satisfies



26

We can approximately calculate

E [HANZ‘O”Q] =E [eNa%log”ANxO”]
%/eNou\eNI()\) d\

N supy{aA—I(\)}

~e
and hence
L(A, a) =supad — I(N).
A

This means that L is the Fenchel-Legendre transform of the rate function /. For

each o, there is a characteristic growth rate \* that corresponds to it, given by

g—i(a*) ="
Therefore, the values of L(.A, a*) depend on the unlikely sequences {.A"z,} with
growth rate \* different from ~ (\A).
Finally, the Lyapunov spectral radius can also be estimated by neglecting the
interactions between different values taken by the random matrix .A. We define
0(A) :=exp sup E [log |Az]],

0(A) := expE [log |.A|]
and
_ 1 o
0o (A) = exp ~ logE [[A]"]

for induced sub-multiplicative norms. These quantities obviously depend on the

choice of the norms.
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Hence, we have for oo > 0
0-a (A) <0(A) <0a (A)
<

< 2(A

IN

<

0-a(A) <0(A) <0a (A)

The horizontal inequalities follow from Jensen’s inequality.
Moreover, if 1 picks only one matrix A, so that we are in fact in the non-random

case, we find

The quantities 5(A), 0(A) and g, (A) can then be made arbitrarily close to p (A)
by choosing suitable vector and matrix norms.

The theory of Lyapunov exponents is thoroughly discussed in the book [[19] by
Bougerol and Lacroix.

The following example adapted from [37] shows that the interaction between

the values taken by A can be important:
Example 2.
Let a € R and let the random matrix A take values

a

0

01
with probability (1 —p) and S := with probability p.

2a

We are interested in the growth and decay of
N
Xy =AVzy = Hijo,
7j=1
where

o = 0651 + ﬂé'g
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and A; are independent random matrices that are distributed like A. Obviously, we
have o (A) = max {a, -} forp=0and o (A) =1 forp=1.
We define the stopping times

TOZOa
op=inf{i>1: A, +;=5S}, kE>1,
Tinnf{i21iA5k+iIS}, ]{521
And set
k
0k225n—|—7n, k> 1.
n=1

Between oy, and oy + dx.1 the first component is expanding by a and the second one
is damped by i Between o, + 041 and oy, the roles are exchanged. Moreover,
0, T are all independent and identically geometrically distributed with parameter p.

We have

k k
log | X;1| = log|a| +loga [Z(én —Ty) + N — O'k] - logQZ(Tn - 1)

n=1 n=1

l'fO'k < N < 0p + gy O

k
log| X, 1| =log|s] + loga [Z(Tn —0n) + 20411 — N + 0p — 1]

n=1

—log 2

k+1
Z(Tn — 1) + N — O — 5k+1]

n=1

if ox + 011 < N < 0y41. Similar expressions hold for log | Xy |- Now,

and both upper and lower bound converges almost surely to E [0; + 1] = %.



5k+1 a.s.
— 0
N 7
so we find
1 1
~ log || £ —log(2)% (- - 1)
and

The same is true for the second component and hence

0(A) = lim |Xy|¥ =

On the other hand,

(

\

max {a, %} for p =0,

p—1

272 for0<p<1,

1 forp=1.

1
log 3 (A) = E [log | A,] = (1 — p) log max { 2—}

and

log2(A) = sup E[log |.Az[,] = (1 — p)log max

lz],=1

Sofor0<p<landa¢ [3,1],

0(A) <1<o(A)=2(A).

4}
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Moreover, 0 (A), 2 (A) — oo as a — oo or a — 0, whereas o (\A) is independent of a.

Remark: The previous example shows that the Lyapunov spectral radius can be

discontinuous with respect to the weights and matrices in the support of A. In

particular, this means that we cannot conclude from p (E;) < 1 that o (£;) < 1 for

small perturbations.
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The next example shows that measuring unlikely sequences can lead to serious

over-estimation of the convergence rate:

Example 3.
Let A be a random 1 x 1 matrix taking values 2* with probability X and 1 with
probability “=*. Hence the growth rates of all possible sequences are between 1 and 2°.

Then

0(A)=2(A) =2(A)
A)

2,
1 —1\*
Qa( <_2aa + a ) ’
a a
and for large a we find o (A) < 0, (A), a > 0.

The following theorem is given as an exercise in the book [[19].

Theorem 3.

Suppose that a random matrix A has block triangular form

B C
0 D

A:

with square blocks B and D. Then

1(A) = max{~(B), v(D)}.
An immediate consequence is

Lemma 4.
Suppose that the support A of a random matrix A can be simultaneously triangular-
ized, i.e. there exists an invertible matrix P such that P~ BP is upper triangular for

every B € A. Then

7 (A) = In]?X]E [log (P~'AP) kk] :
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In general, unless the matrices in the support of A can be simultaneously trian-
gularized, it is impossible to calculate ¢ (\A) analytically. Several different methods

to do so numerically have been proposed:
e Monte-Carlo simulation of trajectories of A"z,
e Approximation of the invariant distribution of the Markov chain Hj*?oﬂ’
e cycle expansions,
e weak disorder expansions.

A good review of these methods is given in [37]]. We discuss and use the Monte
Carlo approach as well as the calculation of the invariant distribution below. The
cycle expansion can only be applied successfully if the cardinality of A is small,
whereas the weak disorder expansion works only for small deviations around a
deterministic matrix. As the invariant distribution method is limited to low dimen-
sional matrices, the Monte-Carlo approach is the only generally available option to
obtain the asymptotic growth rate o (\A).

The situation is slightly better for the generalized Lyapunov spectral radius

0o (A) which can be calculated using
1. Vanneste’s [97] resampled Monte-Carlo algorithm,
2. the Replica Trick.

We shortly describe both methods below. The resampled Monte-Carlo algorithm
can be seen as the equivalent of the Monte-Carlo approach for the calculation of
o (A) in that it is generally available. The more specialized Replica Trick can only

be used to calculate generalized Lyapunov exponents of positive even order.
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3.2 Monte-Carlo Approximation

We can approximate the Lyapunov exponent 7 (,A) by Monte-Carlo simulations of a

trajectory
N
Xy(w) =[] Aj (@)
j=1

for normalized random initial vector x, and calculating

1
7 (A) = 5 log [ Xn(w)]-

This makes sense because of the almost sure convergence of Xy to v (A).
In order to avoid over- and underflow of the components of the vector Xy (w),
we renormalize after every step, i.e. we set
o Aj(w) X
J ~
HAj (w)Xj—l‘

aj = HAj(w)Xj_lu

and approximate

N
1
7(A) =~ ¥ Zlogaj.
j=1

3.3 Approximation via Invariant Distribution

Another characterization of v can be given in terms of the invariant probability

distribution v of the Markov chain Xy = "ﬁ—xu on the projective space PR !:

) / dv(x) / dyu(A) log | Az
de—l Rdxd

Here, v satisfies the invariance equation

[ @i [ i [ dua) s (Hjﬁu)
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for any Borel measurable bounded function f on PR,

If d is small and only finitely many matrices are picked by , it is possible to
approximate v and then calculate v. The following method has been proposed by
Embree and Trefethen in [49] for the calculation of the Lyapunov spectral radius of

the random Fibonacci sequence
Tnt1 = Ty + Tn—1,

where the signs = or — are chosen with equal probability. Rewritten as a one-step

sequence, this corresponds to picking the matrices

0 1
+1 1

A:

with equal probability. This has become a test problem for different algorithms
to determine the Lyapunov spectral radius, because Viswanath [98] was able to
determine with high precision that o (A) = 1.1319882. ..

We restrict ourselves to 2 x 2 matrices. Vectors ¥ of PR can be parametrized by
their slope m = 2 € (—00,00) U {oo} or by their angle # = arctan (i—f) € (=% 5l

The action of a matrix B on an angle ¢ or a slope m can be written as

o ~ cos 6
B - 0 = arctan —, y=0B
% sin 0
1
B-m=2 j=B
yl m

We call 6 or m a point of discontinuity of B, if y; = 0.
For numerical calculations, it is easier to work with a bounded interval, so we

use the second option and partition the angular domain into K intervals:

T T K
—~. 2= | L.
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We then make the following ansatz:

]~

V(J): V(Ikﬂj)

k

[(I.NJ)
[ (1)

2
[~

Vi

B
Il

1
where [(J) is the length of the interval J. We plug the ansatz into the invariance

equation to obtain the set of equations

Um = V(In) = ZVk/ dN(A)M

L (Ik)
K
=: Z VkBm,k-
k=1

Here, we write Al to designate the image of the angular interval [, under the
action of A.

Supplemented with the condition

K
1= Z Vi
k=1
there exists a unique solution vector v}, of the resulting system
B-1 0
v =
1 1

It can be solved by either replacing one of the first K" equations by the last one and
then solving a square system or as a least squares problem.

Now, v can be approximated as

K
v R Z I/k/ du(A)log | Azg| -
j=1

We chose the evaluation point z; € I to be the midpoint.
It remains to pick a suitable partition Z = {I} of the angular domain. It is con-

venient to choose the points of discontinuity for all matrices in .4 as boundaries for
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the intervals in order to simplify the calculation of / (I, N Al,,). Embree and Tre-
fethen [49] used uniformly spaced nodes for the Fibonacci problem. (This works,
because the discontinuities are -7.) In order to get precision of 6 digits, they had to
pick 22° nodes, resulting in a matrix with 107 non-zero entries. Instead, we propose

the following strategy of choosing a partition of (—7, 7]:

Algorithm 4 Invariant distribution algorithm with refinement
Input: Number of refinement steps NV, refinement threshold 6, number of subdivi-
sions k
1: fori«+ 1to N do
2 7 <+ refine(Z,v; 0, k)
3: v < FindInvariantDistribution(Z)
4: v < CalculateLyapunovExponent(Z, v)

This strategy does worst, when the invariant distribution puts similar weight
on the whole angular domain, and best if it has localized support. The method can
obviously only be applied to low dimensional problems, as it requires the discretiza-

tion of the hyper-cube (—=~, %“)d_l.

3.4 Resampled Monte-Carlo Method

The generalized Lyapunov exponents L(«) could in principle be calculated just as

the Lyapunov exponent ~ using brute-force Monte Carlo simulations:

. 1 «
L(a) = lim —logE[|Xn|"]
K
Ny 1 1 (k) «
~ Nlog [?ZHXN ] ,
k=1
(k)

where X’ are independent realizations of X = vazl A;zy. Vanneste[97] re-

marked that because the generalized Lyapunov exponents are associated with a
class of sequences that display a growth behavior different from ~, it would be ad-

vantageous to give those rare sequences a higher weight. He proposed a resampling
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strategy that selects exactly those realizations. At every step of the simulation, we

calculate as before

) AP X!
X = @zo ]’
HAJ' Jj—1
k E) (k) ||¢
o) .= HAE‘) )
But then we resample, i.e. we set
K
B=>_a
k=1
al®)
and pick Ji for k =1,..., K in {1,..., K} with probabilities ot Then we assign
J
v (k) _ (k)
X =x®.

Finally, we approximate
| XN
L(a) ~ + ;Bj —log K.

Vanneste also shows that for an accurate estimate of L, we now only need K > N

and not, as in the brute-force case, K > eV with ¢ > 0.

3.5 Replica Trick

Just as the resampled Monte-Carlo method, the Replica Trick can be used to cal-
culate the generalized Lyapunov exponent. It’s attraction stems from the fact that
the mean is taken directly of a random matrix, not of a nonlinear function. Hence
the method is well suited for linear perturbations. The price to pay is that not all

exponents L (A, a), « € R can be calculated, but only a € 2N,

Definition 5.

Let A € R%*¢. The vectorization of A by stacking its columns is defined as

vec (A)l = A(i—l div d)+1,(i—1 mod e)+1
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for 1 <i <de.

Definition 6.

Let Z, Y € R™¢, W < R/*9. Then the Kronecker product Z @ W of Z and W is
defined as

(Z®W), ;= Z(i-1divd)+1,i-1 dive)+1 W (i=1 mod f)+1,(j—1 mod g)+1
for 1 <i<dfand 1< j < eg. We also define the k-th Kronecker power Z®* of Z as

Z8% —Z90Zx --® Z.

~
k times

Lemma 7.

Let A, B, C c R% and I the identity in R%. We have the following identities:
o tr (A® B) =tr(A)tr(B),
o tr(A) =vec(I)-vec(A),
e (A®C)vec(B) = vec (ABC").

Lemma 8 (Replica trick).

Let A be a random square matrix. Then
L(A,2k) =log p (E [A%*"])
for k € N.
Proof. Let A a nonrandom square matrix. We write using the above identities

4] = (a4T)’
= tr ((AAT)®¥)
= vec (I®) - vec ((AAT)®F)

= vec (I®") - vec (A®FT®F(AT)=F)
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= vec (I®k) - A®% vec (I®k) .

Hence, if we call \j o, and vj g0y the eigenvalues and eigenvectors of E [A%*],

sorted in descending order with respect to their absolute value, we have

E [HANH?} = vec (I®") -E [(.Amk)N] vec (I%)
= vec (I®") -E [A®2k]N vec (1)

— [vec (I®*) - vy goi]” Mook + O (M) -

Here, we assumed without loss of generality that |A\; gor| > |A2,g2x|. Otherwise, we
would only have a different constant multiplying the leading order term. Therefore,

after taking the logarithm, dividing by N and letting N — oo, we obtain
L(A, 2]{3) = 10g /\1,®2k:‘

N
Ao g2k . .. .
Moreover, we also see that (—ﬁii’;) can be used to estimate the finite /V variations

of the generalized Lyapunov exponents. O

The determination of the Lyapunov spectral radius is in general a hard problem.
In what follows, we will limit ourselves to finding approximations numerically, as
presented in Section or estimates using the generalized Lyapunov exponent
and the Replica Trick. While we have shown that the Lyapunov spectral radius can

be bounded by

0(A) < 02 (A) </p (E[AT]),

the sharpness of the estimate is not always known and depends on the random ma-
trix A, as shown in Example (3| Therefore, in what follows, we complement analytic
convergence estimates for the Lyapunov spectral radius with Monte-Carlo simula-
tions to determine if the predicted behavior matches the observed convergence rates

of fault-prone methods.



Chapter 4

Application of the Replica Trick to a

Simple Iteration

In this section, we will turn to the application of the Replica Trick to the analysis of
a fault-prone linear iterative method. Before we discuss the more complicated cases
of the Fault-Prone Two Grid and Multigrid Methods, we illustrate the approach by
limiting ourselves to the case of a fault-prone smoothener.

The iteration matrix for the fault-prone smoothener eq. (2.6) is given by
& =1-x"N,A,,

Here, we take XES) = diag(x1, ..., Xn,) to be a random diagonal matrix of compo-
nentwise faults with E(x;) = 1 — ¢ and Cov(y;, x;) = €(1 — €)d;;. The behavior of
the fault-prone smoothener is governed by the Lyapunov spectral radius o(£7). Our
goal is to determine under which conditions the smoothener will stay convergent,
ie. o(€7) < 1.

The following Lemma permits us to expand the second moment of a fault-prone

iteration matrix in terms of expectations and variances of the fault matrices:

Lemma 9.

39
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Let B; € R"*mi+1 ¢ =1,..., k, be independent random matrices with n, = n;1. Then

E[(I-Bi-B)*]=E[[-Bi---BJ” + > Ei-Ey,
where

k
S=|QR{EB,]%*, VIBj]}| \{(E[B],... . E[B:*)}.
j=1

Proof. We multiply out to find

E [(I—Bl--~Bk)®2} =E[I**-1® (Bi - Bi)— (By---By) ®I+(Bl---Bk)®2}
=1 - IQE[B,-- By -EB- B @I +E[(B; - By)*]
=E[I -8B, B -E[B,])*  -E[B,** +E[B?] ---E [B}?] .
In the last step, we used the independence of the random matrices. Now, because
E[B{?] = V(B +E[B,]*,

we can combine the last two terms in the expression above to obtain the desired

result. ]

Theorem 10.
Let Ef = I — N, A, be the iteration matrix for any convergent smoothener. Then, the

corresponding fault-prone smoothener satisfies

o€5) < /(L =) | BE|2 42 (| BE ], + [ NeAl)”.
forall e € [0,1].

Proof Let B = XY N A and dispense with subscripts and superscripts for the du-

ration of the proof. Then

E[E®] =E[I®””-BoI—-1%B+ B
— I _E[B|®I—-I®E[B]+E[B]*
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— E[B]** +E [B*]
= E[E]* +V[B] (4.1)
and
VB =V [X(S)] (NA)® = (1 - o) K (NA)®*,
where
K = blockdiag (¢¥) @ (¢0)", j=1,....n)

and ¢V the j-th canonical unit vector in R”. We will derive a more general form of
eq. (4.1) in Lemma@in the appendix. Since ||C®*||, = ||C|; and | K,C||, < ||C||,

for any compatible matrix C, we obtain

IVIB]ll, = (1 —¢) [ K (NA)*[|, < e(1 —¢) [N A,

and
IE[E]%%||, = IE[E][l; = 1T — (1 —e)NAl;.
Consequently,
IE[EZ?]||, < IT—(1—e)NA|;+e(1—¢)|[NA;

— | B+ eNAJ3 +e(1 - ) [ NAI;

< (|Bll, + e INAIL)* +&(1 - o) | NAJ

=(1—¢) | E|;+(|E|l, + | NA|,)
and the result follows thanks to Lemma O]

In order to illustrate Theorem[10], we consider the situation where the smoothener
is taken to be a convergent relaxation scheme so that ||Ef ||2 =TI €[0,1). The trian-
gle inequality gives || N,A,||, < 14T and hence, thanks to Theorem[10} we deduce

that

0(E) < VT2 +e(14+4T +302) =T+ O (¢).
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As a consequence, we find that a sufficient condition for the fault-prone smoothener

to remain convergent is that the fault rate is sufficiently small: ¢ < (1—T")/(1+3TI).



Chapter 5

Analysis of the Fault-Prone Two Grid
Method

We now turn to the analysis of the Fault-Prone Two Grid Method as given in Al-
gorithm We use subscripts C' for coarse-level quantities, and F' for fine-level
quantities.

The convergence analysis will be carried out with respect to the energy norm:

Definition 11 (Energy norms).
For matrices Z € R™*™, we define the usual matrix energy norm || Z|| , as well as the

1 _1
double energy norm || Z|| .. to be || Z|| , = HAZZAe 2, and [|Z]] . = ||AZ ALY,
2

For matrices W € R"*", we define the tensor energy norm ||W|| , and the tensor

(a) "z (a7%)7)| . and W0 =

2
HA?QZ (A[1)®2H2. In all cases ||o||, is the spectral norm.

double energy norm |W|| ;. to be ||W]|, =

The first main result of the present work concerns the convergence of the Fault-
Prone Two-Grid Algorithm for the special case of all X{* having independent Ber-

noulli distributed diagonal entries with probability of fault «:

Theorem 12.

Let E7C = (£5P7)™ £9C (£5P7)™ be the iteration matrix of the Fault-Prone Two Grid
43
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Method (Algorithm [3) with Jacobi smoothener and component-wise faults of rate ¢ in
prolongation, restriction, residual and in the smoothener, and let ET¢ be its fault-free
equivalent. Assume that 2 € C? or Q a convex polyhedron, T¢ quasiuniform and that

Assumptions [I|to [ hold. Then

(
eng_dwd d < 4,

Q((‘:TG) < HETGHA‘FC elogng d =4, 5.1)

€ d >4,

\

where ||e|| , is the matrix energy norm and the constant C'is independent of € and np.

Before we turn to the proof of Theorem [12] we record several useful definition

and results.

Definition 13.
Let Z, Y € R™™ n, m € N. The element wise or Hadamard product ZoY € R"*™
of Z and Y is defined as

(ZoY),; = Z;Y
for1<i<mn,1<j<m,and the k-th Hadamard power Z°* € R"™™ of Z as

Z%=Z0Zo. . 0Z.

k times

Lemma 14 (Horn and Johnson [66]).

Let H = ( fr B) € RPH9*®+9) pe symmetric, A € RP*?, B € RP*%, C € R?*%. Then
H is positive (semi-) definite if and only if A and C are positive (semi-) definite and
there exists a contraction X € RP*? (i.e. all singular values are smaller or equal than

1) such that B = A3 XC:3.

Lemma 15 (Horn and Johnson [67]]).
Let Z, Y be symmetric positive (semi-) definite matrices. Then Z oY is symmetric

positive (semi-) definite.
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We now prove the following estimates for the Hadamard power of matrices:

Lemma 16.

Let Z € R™™. Then

HZ02

ey ]

where {5,(,?} and {eﬁ(bj )} are the canonical unit basis vectors in R™ and R™ respectively.

Proof. Both the matrix ( Z I, >T< Z I, ) and ( I, zZ7 >T< I, zZ7 ) are

symmetric positive semi-definite. Using Lemma [15| their Hadamard product

(272)o1,, (27)*
z> I,0(ZZ")

is also positive semi-definite. Hence, by Lemma |14}

HZO2

s < (227) o 1|, | (27 2) o L[|, = max || 22|, max | 270,
The second inequality follows trivially. O
Proof of Theorem [12ng. We set

F [Xm} — T, % [Xm} — v

Using Lemma [9] the second moment of the fault-prone coarse grid correction and

smoothener can be written as

E|(£°9)%] =E[£7]” + P + @ + C¥) (5.2)

+ C(PvR) + C(Pvp) + C(Rvp) _|_ C(P,R7P)’

E|(£5)%] =[]+ €, (5.3)
with

E[£°Y] = E9C + (1 — ePel®e)) (I — E°Y)
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D) = (el 2P (PA;'R AF)®2,
( L(PAN)T VT (RART,
P — (e(P)e(R))2 (PAg R>®2 VA2,
PP = (o 2y (PAS'R) VAL,
( 2 (PA51)®2 V(R)R®2V(p)A§?2,
C(PRp) _ y(P) (PA(_11>®2 V(R)R®2V(p)A}‘?32,
E[€°] = E® + ¥ (I - E%),
C® =V (NAR)®.
We have that
eW=1—¢, VIO=vVvO_vVO_c1-0)Kp VB =¢1-2Kgc,
with

_ o0 o (50—

K = blockdiag | € ® (€p ,i=1,...,np ),
_ R e e A

K = blockdiag | " @ | €5 ,i=1,...,n¢c].

Here, € S) and 5§;’> are the canonical unit basis vectors of R"* and R" respectively.
Adding and subtracting E [STG] “? from E [(STG) ®2} , We estimate using the energy

norm on the tensor space
o(B[E)7]) < [B[E)™]

< [ [£7II% +

A
E [((gS,post) v2 gCG (gs,pre)Vl)@)Q}

ost V2 re\ V1 2
— [ [(g72) = e7F (€)M ][

’

We then use the subadditivity of ||e|| , and equations eq. (5.2)) and eq. (5.3)) to write

o (B[(€7)7]) < IR,
+ (BT, +

e+ el +lle”
A A

A
Fleol el e+ e,
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) vitrve

| [ (5.4)

< (I[E[9]) + [

- [

I

First, we estimate the terms involving only first moments of the fault matrices. Us-
ing that E°“ is an A-orthogonal projection and that the damped Jacobi smoothener

is convergent, we find

= [£7]

= (€]

HA HECGHA ( (1_6 3) HI—ECGHAS]__i_C%,

Lo 1B7]s + 21— B2, < 1+ Ce,

and therefore
1 (7], < [IB™]],, + 1B [£5]]1 " |E [€99]

= B, + e

B3 1B,

= [

Next, we estimate all the terms C® involving variances of the fault matrices. We
bound

1 [/ 1 ©2] 3

= HC<P>H <p (A;PA;;R) "KrAZK, (PA 1RA2) }

£ A

1

= |(PAG'RArPAC'R)” KrAPKy|”

— ) '(PA—lR)"2 Aﬂ :

<H (PAZ'R)*

‘AOQ

Here, we used that K = K3 and that for compatible Z

(KrZ®’Kp) ZiZ,, (Kr)

intpjntq <KF )in+p7m+p Jntgq,gntq

(Zoz)ij if 4 =p, J=q,

0 else
for 1 <i,7,p,q < n. Similarly, we find

Hew|, < lazli | pazm)?|;
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1
e, = 1a21;

Sl < lazld 4z e

- (Pp) 02
o] < |4

|(Pacr)”

Y

2

1
2

1
o2|| 2
2 HAF 2

o2
, |IR

(4c)”

(AZ'R)™

)

2

— ‘C(R,p) < HP02
A

Lo, < 1l az,

)
2

- Hc(s) ) < H(N'AF)OQ

9

In the last inequality, we used that V® and N®? commute. Using Lemma
and Assumptions 2| and [4 we find

||P02

, SIPIL<C,
4%

, < I AE5,
HAC02

2 2
, <l Aclly < [ Arlly,

|(Pa: R)” HPAgRéﬁz
< |PAG RAF|[; max|| Azt e 2
SleaXHA;lé(i) z,
|(acm)” |Paza | max|acret
SCmaxHAflg( |Ac 1RAF||2maXHAF e 2
<CmaxHA 1*’) maXHA e 7
[(NAR)?||, < INAg|3 < C.

Now, because Ay is the finite element discretization of a second order PDE over a

quasi-uniform mesh with mesh size /1, we obtain (see Theorem 9.11 in [50]),

AR, < ChO2.
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Since

e

_d
<O fup| s,
where up € Vp is given by

a(up,v) =v (%), Yvé€ Vg,

we can apply Lemma to obtain bounds for max; ||A'¢’ }j) (and equally for
2
max; ||AZ' W] ).
2
(
he d < 4,
1 cP) 1 C® 1 lol2 l CEA|l <O T
c 4 e 4 & 4 22 4= 1+‘10gh| dI4,
1 d >4,
\
(
hid—4 d < 4,
Licen| Licen|| Llcrro| <o
o2 4 g2 4 23 A (1+[loghl) d=4,
1 d >4,
\
Lo
~le@| <c.
€ A
Therefore, we obtain from eq. (5.4)
(
g2pd—4 d <4,

p(E[(€7)7]) < 1B +C S 2 (14 foghl) d=14,

k52 d >4,
and hence
( 4—d
engt d <4,
0 (E7) < | B™| ,+C Qeviognr d=4,
€ d >4,

where we used that np ~ h~7. O
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In order to conclude, we need the following technical estimate:

Lemma 17.

Let Q € C? or Q a convex polyhedron and let ur € Vi be the unique solution of
a(up,v) =v(7;), Yve V.
Then

1 d < 4,
lupll. <C (1+|logh|)% d=4,

h2-% d> 4,

\

where C'is a constant independent of h.

Proof. Let f € Vr be the unique function that corresponds to the load and write

f= F. ¢ with F its coefficient vector and ¢ the vector of shape functions. Then
ex) = (¢r, 2 = (6r.dr)pe - F = MpF.
Since by Theorem 9.8 in [50]
Ch'I < Mp < Ch'I, (5.5)
we have

Il < O |67 (5.6)

Hm

Now u is an approximation to v € V' that solves
Q(U,U):(f,U)LQ, Vo e V.
Since f € V C L? (), we find by the Aubin-Nitsche Lemma [50] that

lur = ullp2 < CR*[| £l -
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Consider the solution u* € V to the dual problem
a(v,u”) = (u,v);., YveV.
By elliptic regularity [50]], we have
[0l g2 < Cllull 2 -
Moreover,
(u,u) 2 = a(u,u”) = (f,u") 2,
SO

2
||U||L2 < ||f||H—2 ||U*||H2 <C ||f||H—2 ||u||L2 )

and hence ||u||;. < C| f||;-2. Therefore, by triangle inequality and eq. (5.6), we
find

sl < CH2 | fllge + C U fll -2 < O (2 | of?

(i)
ot 1

i)

Applying the estimates for H(bg) H from Theorem 4.8 in [[10], we obtain
Hm

lurll,, <C S (1+|loghl)? d=4,

O

If the probability of a fault occurring is zero, i.e. € = 0, then the bound eq.
reduces to the quantity || E”“||, which governs the convergence of the fault-free
Two Grid Algorithm. Under the foregoing assumptions on the finite element dis-
cretization, it is known [20, |21} |63, 95] that HETGHA < Cra < 1, where Cr¢ is a

positive constant independent of np. If ¢ € (0, 1), then the bound eq. (5.1) depends
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on the failure probability ¢, the number of unknowns ny and the spatial dimension
d of the underlying discretization.

In the simplest case, in which the spatial dimension d > 4, the Fault-Prone Two
Grid Method will converge uniformly in nyr provided that the failure probability ¢
is sufficiently small, i.e. ¢ € [0, (1 — Cr¢)/C) C [0,1). The estimate in the cases of
most practical interest, in which d < 4, is less encouraging with the bound depend-
ing on the size ny of the problem being solved. In particular, the estimate means
that no matter how small the probability ¢ of a failure may be, as the size of the
problem being solved grows, the bound will exceed unity suggesting that the Two

Grid Method will fail to converge at all.

5.1 Numerical Verification of Non-Resilience

In order to illustrate this behavior and to test the sharpness of the estimate eq. (5.1)),
we apply the Fault-Prone Two Grid Method to the system arising from a discretiza-
tion of the Poisson problem on a square using piecewise linear functions on a uni-
form mesh of triangles (Figure [5.2)).

We wish to investigate the behavior as the number of degrees of freedom np
and the fault rate ¢ are varied. In order to do this, it will be necessary to simulate
the faults that might be encountered on an actual system. To verify the scaling
law eq. (5.1)), we inject faults at a much higher rate than what one would expect
to see on an exascale machine in practice. Equally well, the numbers of degrees of
freedom n that we can simulate is chosen as large as feasible but falls short of what
one may expect to achieve on an exascale machine. The laissez-faire mitigation
strategy described in Section [2.1]is oblivious of the nature of the fault so long as they
are reliably detected. Consequently, our fault simulation procedure does not need
to take account of the type of fault. Hence, in order to simulate Algorithm [2, we

generate independent realizations for the random matrices involved. In particular,
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—— =961 n = 65,025 n—=4,190,200 —— n = 268,402,689
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Figure 5.1: Plot of the norm of the residual against iteration number for the Fault-
Prone Two Grid Method in the case of discretization of the Poisson problem on a

square domain.
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Figure 5.2: Uniform mesh for the square domain.

in order to realize line 5 of Algorithm |2, which contains two fault terms, we sample
nc + np independent realizations from an e-distributed Bernoulli variable (each
resulting in a value of zero or one), and multiply residual and coarse-grid right-
hand side element by element with the corresponding sampled values. The same
approach is applied to simulate faults in lines 4, 9 and 11 of Algorithm [2| where the
expression for the optimally damped Jacobi smoothener is given by eq. (2.6).

In Figure we plot the norm of the residual after each iteration for a range
of values of failure probability ¢ and system sizes np ranging from 1 thousand to 1
billion. These computations were performed on the Titan supercomputer located at
Oak Ridge National Laboratory.

It is observed that when ¢ = 0, the method reaches residual norm 10~2 in about
7 iterations uniformly for all values of nr up to around one billion. However, as ¢
grows, it is observed that the convergence deteriorates in all cases, with the deteri-
oration being more and more severe as the number of unknowns is increased, until,
eventually, the method fails to converge at all.

The fact that the Two Grid Method fails to converge even for such a simple
classical problem means one cannot expect a more favorable behavior for realistic
practical problems.

In order to verify the scaling law suggested by eq. (5.1) we examine the case
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Figure 5.3: Lyapunov spectral radius o(£7“) for the iteration matrix for the Fault-
Prone Two Grid Method in the case of discretization of the Poisson problem on a
square domain.

d = 2 further. In particular, we expect convergence to fail when ¢,/np exceeds
some threshold. The Lyapunov spectral radius of the Fault-Prone Two Grid Method
is approximated by repeatedly applying Algorithm [2l We perform 1000 iterations
for each parameter combination of ¢ and np, and avoid under- and overflow of
floating point numbers by renormalizing the iterates. Figure shows a contour
plot of the variation of the Lyapunov spectral radius with respect to the failure
probability € and the size nr of the system. The plot indicates the boundary of the
region in which the Lyapunov spectral radius exceeds unity, or equally, the region
in which the fault-prone iteration no longer converges at all. It will be observed
that the lines on which e,/nr remains constant (also indicated in the plot) coincide
with the contours of the plot in the region in which failure to converge occurs. This

supports the scaling law suggested in the estimate eq. (5.1)).



56

5.2 Protecting the Prolongation Restores Resilience

Theorem (12| indicates that the Fault-Prone Two Grid Method will generally not be
resilient to faults. What remedial action, in addition to laissez-faire, is needed to
restore the uniform convergence of the Fault-Prone Multigrid Method to that of the
fault-free scheme? Theorem[18]states that if the prolongation operation is protected,
meaning that XF) = I, then the rate of convergence of the Two Grid Method is
independent of the number of unknowns and close to the rate of the fault-free

method.

Theorem 18.

Let £ (v1,15) = (E52)™ £9C (E577)™ be the iteration matrix of the Fault-Prone
Two Grid Method with faults in smoothener, residual and restriction, and protected
prolongation. Provided Assumptions |1|to @ hold, and that N and X commute, we
find that

@ (STG (I/h VQ)) g M1+lg1=ig1+l/2 HETG (Ml’ u2)H2 + 06,
H1,p220

where the constant C' is independent of € and np.

Proof. Adding and subtracting E [E7 (v, 1,)]”* from E [( E7% (1, 1/2))®2}, e esti
mate in [lo]

p (B [(€7% m)”"]) < ||B[(€7¢ w1,02)) ]|

< [|E (€7 ()]s + (B[ 5 + €@

< (B + o] )"

- e[

(v14v2)
Fe 1B (€575

We then get by Assumptions and [5/and (*)* < 1+ 2Ce + 022 < 1 + Ce that
[o®]], <= () A5 RAR LI RIZ < = (47 3033 < O,

|c@|| | <e () |[PAG RAS; <= (V)" ¢ < Ce,

A2
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Hcm,p)

o S | A RAR|2|R|2 < £2C2C,C% < C<.
We also estimate

C(S) — A®2V(S)N®2 _ (AFN)®2 V(S) <e ||AFN||2 < Ce.
A2 F 9 2

2

Here, we used Assumptions 3|and |5|and that N and X¥) commute. Moreover,

1= 1%L = [ (77, = 1= (%]
< ([ B, + 1 = e |l - B,
<SCa(1+]1—-ePe]) <C(1+¢),
85

= 7] = |[E

= e,

IN

(B[], + [t = e[| = B[], < C1+2),

|E (€7 (. 0)] | o = |[E[E7€ (,02)]" | = B [€7 (o)

= |17 ), + 1B €76 )] ], 1B ()],

< HETG (va, 1/1)H2 + Ce.
Here, we used that by Assumption

|1 —e® (e(°))2 <1+ Ce¢, 1— e(R)e(p)‘ < (k.

Collecting all the terms, we have
o (E[(E7 (1,)]) < || B (v, )] + Ce.
so that we finally obtain
0 (E7C (1, 10)) < ||E™ (1,11)]|, + Ce

We conclude by observing that the Lyapunov spectral radius, just as the ordinary

spectral radius, is invariant with respect to cyclic permutations. O
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Theorem |18 makes no additional assumptions about the origin of the problem
or the solver hierarchy, and allows for more general fault patterns and smootheners
than Theorem [12|and as such, is more generally applicable.

We apply the Fault-Prone Two Grid Method incorporating protection of the pro-
longation to the same test problem as above. In Figure we plot the evolution
of the residual norm for varying system sizes and fault rates, and in Figure we
plot the Lyapunov spectral radius of the iteration matrix. Observe that the rate of
convergence is independent of the number of unknowns and even stays below unity
(indicating convergence) for fault probabilities as high as ¢ ~ 0.6. Moreover, Fig-
ure |5.5[seems to indicate that while the asymptotic behavior is independent of the
number of unknowns, the first iteration is not.

In practice, we are faced with the problem of protecting the prolongation. Some
developers have proposed architectures on which certain components are less sus-
ceptible to faults, and the prolongation operator would be a candidate for this treat-
ment. We shall present a practical approach to the protection of the prolongation

in Chapter

5.3 Protecting the Restriction Fails to Give Resilience

The previous result raises the question as to whether protection of any other com-
ponent of the algorithm can give similar (or better) results. From a theoretical
aspect, this is does not seem to be the case, as careful examination of the proof of
Theorem [18|reveals. A provably resilient method can only be obtained if either the
prolongation or both restriction and residual in the coarse-grid correction are pro-
tected. To confirm whether or not this proves to be the case in practice, we repeat
the previous simulations, using instead a protected restriction operation. The mea-
sured rates of convergence as shown in Figure resemble the behavior in the case

without protection. Another possible alternative might be to protect the calculation
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Figure 5.4: Lyapunov spectral radius o(£7¢) for the iteration matrix for the Fault-
Prone Two Grid Method with protected prolongation in the case of discretization of
Poisson problem on a square domain.

of the residual. However, this is computationally unattractive, since the residual
constitutes typically the most expensive part of the method and will therefore have

a larger overhead than protection of the prolongation or restriction.
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Figure 5.5: Plot of the norm of the residual against iteration number for the Fault-
Prone Two Grid Method with protected prolongation in the case of discretization of
Poisson problem on square domain.
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Figure 5.6: Lyapunov spectral radius o(£7¢) for the iteration matrix for the Fault-
Prone Two Grid Method with protected restriction in the case of discretization of
Poisson problem on a square domain.



Chapter 6

Analysis of the Fault-Prone Multigrid
Method

While the two grid method is, as a solver, mostly of academic interest, the behavior
of the multigrid method under the impact of faults is of great practical importance.
We extend the result of Theorem to the W-cycle. This theorem mirrors the
classical implication of W-cycle convergence by two grid convergence outlined in
Section but applies to the Lyapunov spectral radius needed for the analysis of
the Fault-Prone Multigrid Method. No additional assumptions are required beyond

these needed for the classical multigrid analysis.

Theorem 19.
Provided Assumptions (1| to |5 hold, that the prolongation is protected, that the num-
ber of smoothing steps is sufficient, and that ¢ is sufficiently small, the fault-prone

multigrid method converges with a rate bounded by

L Crg + Ce, > 2,
Q(ge (V1,V27’Y>> < T=1TE !
2 _

[ERY e rearrom %174C*CTGCTG+06’ v =2,

where C' is independent of € and ¢ and

Crg = max | E7E (va, V1)H2 < CsCan(ro),
62
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C, = Osgpép (CS —+ CAT](VQ)) .

Setting the fault rate ¢ = 0 in the above bounds recovers the classical esti-
mates from Section for the fault-free multigrid method, since o (£,) reduces to
p (Ey) for e = 0. Just as the Two Grid result, this Theorem makes no assumptions
about the origin of the solver hierarchy, and does not rely on a particular choice of
smoothener. The proof of Theorem [19| requires several steps that are recorded in
the results below.

Throughout this section, C' will be a generic constant whose value can change
from line to line, but which is independent of ¢ and «.

We set
E[x] =1, v[xp| =vi.

and expand

E|(e)7] =E[€]” + )Y

E
() () ®2
C€ VE (NZAZ) )

using Lemma [9] Similar to the fault-free case, we derive recursive inequalities for

the iteration matrix of the multigrid method.

Theorem 20.
If Assumptions (1| to 5| hold, then the iteration matrix of the Fault-Prone Multigrid

Method satisfies the following recursive inequalities:

IE [E¢ (1,2, 42 < ||E [E7C (v1,v2)] || o + C + Cu |E[Eim1 (v1, v2,7)] [ e

(6.1)

Lo

and

IE [E0 (1, v2,7) %] || 4o < I|E[E7€ (v1,12)%%]]| o + C (6.2)

+2C, |[E[E7° (1, )] || po IE [Eicr (1, 0, 7)o
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+C?

(€11 01,02, e
with

C, = CsC,Cp (Cs + Can(ra)) .
The constants C' and C, are independent of the level ¢ and e.

If ¢ = 0, the second inequality matches exactly the recursive inequality that
we would use for the fault-free case, while the first inequality matches the tensor

square power of the same inequality.

Proof. Since the proof on level ¢ only involves the levels ¢ and ¢ — 1, we will drop
the first subscript and replace the second one with a subscript C.

We can write the iteration matrix as

E (vi,v2,7) = (57 (I = P (I - (Ec)) AG' X RX 1V A) (£57)"

<£Spost)V2 (I PA 1X RX A) (gs,Pre)Vl

ETG(Vl v2)
+ (gs,post)W P (8 )WA 1X RX A (8S,pre)l’1
—c

Since

[E[(£%)™ P]|| . = | AE [£°]™ PAZ,
= [[Ac'RAE [£°]™],
<G, (&[], + [|E“E[£°]7],)
< C, (Cs+ Can(1a)) + Ce,
HE[ A X" RX”)A]H <‘ (p‘||RH <T,+Ce,
e (]

HA2 S CS+C57

we have by Assumptions 4| and [5] that

IEClll4e < ||E[£°]™ Pl . IE[Ec] e

E|A;X{"RX A HA2 IE[€9]" o



< CLEE| e + Ce.

Therefore the first inequality of the theorem follows from

IE €]z <

[E[E7]]| o + IELC]I] gz -

The second inequality is more work, but follows the same path:

& (52, < [E[(€)*]| , + IE[c*?]

e +2[[E[E" @] o

We start by bounding the second term on the right-hand side.

)| e €

IE (7], < |E[((€5)" P

X

We have by

= (e m], < ez p)

E{(A xP R A>®2]

(Conl

A2

| +ele?.

— ||AE [£5]” PAG|[S + Ce

|45 RAE 65|} + C=

<G (IE (€], + | BE[£°]"],)" + C=

< C?(Cg + Can(1))* + Ce.

= p

Since by Assumptions [4] and

E[(A xP Rt A)®2]

A2

’ JE{(X@))@Q]
[ o)) i
HV[ '”)} 5[]

)Y (24 (¢)) IR
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(6.3)

(6.4)

(6.5)

(6.6)

(6.7)

2
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< 612, + Ce.
and

HE[ ((E5)™) ] (6.8)

ety

<|E [55}”

A2

%2 + Ce < C% + Ce,

Inserting egs. (6.8), and (6.7) into eq. (6.5), we have

B e . < €2

e B[] + Ce. 6.9)

Now we turn to the third term of eq. (6.4). We split

€70 = (£57%)" (I - PA; X RXV A) (£57)"
— E[£5]" EOE [¢5]"
+ (£ _  [£5]") BOR [£5]"
+E €] E9C ((£57)" —E [€%]™)
+ (€97 —E [€°]") B9 ((£°7)" ~E[€°]")
+ (&%) P (Ag'RA - AZ XV RXV A) (£57)"

so that

[E [ e, (6.10)
<|[E[£°]" E““E[£°]"| . [E[C]]]
+ | ECC| 2 1Pl a2 IE[EC 4
{IIE[(%)” @ ((£5)" ~E[£5])]]| . [E [£5]" |5
+ B[] [ [(£%)" @ ((€%)" —E[€7]")]]
+|E[(€%)" @ ((£°)" —E[£°]7)]] 1
<|E[(£%)" @ (%) —E[£°])]] .}

E{(AclRA)@;(A xVRXVA) - (AZ X RV A>®2}

E [Aglxngx(P)A}
A

i

A2
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< [E (&I |[E [ P)]| [ (™|
Now, we have by Assumptions[2] and [4] that
8], = 1B, < Ca, 6.11)
IP| . = |APAG |, < C,, (6.12)
and by Assumptions [4 l 4] and [5] that
H [ AZ'RA) @ WRXVA) ~ (A X RV A>®2] G
_H [R@(Xc RXP>)-(X(CR)Rx<p>) } 2
§||R||§{‘e§f)e(p) 1— el 4 (elo)) [X(CR)]HQ
o () o ]+ [ [ o )L )
<Ce
and that
[E[(£%)" @ ((€°)" —E[£°])]] 12 (6.14)
=[] - (=e%)].
-|(BE”+ o) - (e,
<clos],, <c-
Also,
B [£9]" B[], 6.15)

< B £7° ()] o+ |1~ ] [1 - e [E [£7]" (1 B [£9)

I

= ||E [STG (Vl 12} } + Ce.

e

Hence we find by inserting eqgs. (6.3), (6.11), (6.12) and (6.13) to into
eq. (6.10)

|E [T @C]]| . < C.||E[ETC]| 12 IE [EC]| 2 + Ce. (6.16)

o e



Therefore, the second recursive inequality

IE (€57 o < [ |(£7%)%"]

| |, +Ce

+ 20,
+(C)* B[]}

E [ . IE[ECII:

follows from egs. (6.4), and (6.16)).

We adapt Lemma |2 to the tensor space setting:

Lemma 21.

Let the elements of the sequences {n},-, and {nex2},, be bounded as follows

m <&, ne <E+ 0y, €22,
M w2 < Ebo, Mg < &by + 26Cm)_ + CInYy gy €2 2.
Ify>2 Cwy>1and max {, &g} < %(C*vl)ﬁ’ then
max {1, Ne,2} < %max {6, &en} < 1, >1.

In the case of v = 2, we have

2max {{, o2}
14+ +/1—4C, max {&, g}

Proof. Set oy := max {1, Nr,g2} and § := max {{, {g2}. Then

max {7, Ne,g2} <

m < f, ne <p+Ci) ;, (>2,
M e < B2 Mgy < B2 +28C.a)_ +C2a}), (22,
and hence
a; < B3, o <B+Cu) ,, (>2.

Application of lemma 2| gives for v > 2

az§L5<1
v—1

<1, {>1.

68



and for y = 2

20
< 1.
S IR e Ton: A

This finally permits us to give prove the main result of this chapter:

Proof of Theorem Set

Ne = H]E[Se (V17V277)]‘|A2>
n€,®2 = HE [85 (l/la V2a7)®2} ||32 )

£:= max |E7C (v2, 1) ||, + Ce,

§oz = max || E; 7 (v, 1), + Ce.
It follows from
E[&] = B + (1-¢) (I- E),
E[£0%] = B{C + (1- ) (1~ ECY),
and Assumptions and [5] that

||E [8;7,1G (Vl,VQ)} S HE?G (Vg,Vl)HQ‘i‘Oé‘,

e
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and therefore with eq. (6.1)) that , < £ + C.n,_,. By Theorem (18|and eq. (6.2)), we

find 07 oo < &2y +26Cn)_, + CZnj_ o, Since C,, § and £y, decrease as the number

of smoothening steps increases, Lemma [21| can be applied for a sufficient number

of smoothing steps.

6.1 The Effect of Protection of the Prolongation

]

Theorem |[19| assumes that the prolongation operator is protected. We investigate

whether this assumption can be relaxed by considering a numerical example where
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we do not protect the prolongation. Specifically, we consider the Poisson equation

in two dimensions

—Au = f inQ=][0,1]?
v =0 on ),

(6.17)

and in order to rule out extraneous effects, we use a uniform mesh, a discretiza-
tion with piecewise linear finite elements, and optimally damped Jacobi pre- and
post-smootheners. In particular, it is well established that the fault-free multigrid
method converges in this setting. Assumptions [1to |4 are satisfied, as for example
shown in [62]. On every level, residual, restriction, prolongation and smootheners
are subject to componentwise faults, as given in eq. (2.2). We consider problems
of size between 1 million and 1 billion degrees of freedom, and fault probabilities
between 10~* and 0.6. To minimize floating point contamination in the approxima-
tion of the Lyapunov spectral radius, the right-hand side f is taken to be zero, a
non-zero random initial iterate is chosen, and after each iteration the current iter-
ate is renormalized. In Figure we plot the evolution of the residual norm with
respect to the iteration number for the case of laissez-faire mitigation in prolonga-
tion, restriction, residual and smoothener. We can see that the number of degrees
of freedom nj, adversely affects the rate of convergence, even leading to divergence
for large number of unknowns. Estimates of the Lyapunov spectral radius are ob-
tained as the geometric average of 1000 iterations of Fault-Prone Multigrid, and are
displayed in Section (6.1

In the Two Grid setting which was discussed in Chapter |5, we found that the
asymptotic rate for this problem scales like v/n;e2. Similarly, as seen in Section

we find

0(E) =Cy+ O <\/nL€2) (6.18)

for the multilevel case, with C, being a constant related to the fault-free method.

This means that the method is not fault resilient, since for any given rate of faults
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Figure 6.1: Plots of the norm of the residual against iteration number for the Fault-
Prone W-Cycle Multigrid Method in the case of discretization of Poisson problem on
square domain.



72

without protection with protection
109 4 E 1.5
1 —_— O =en)? ]
seenn p=1 ] 1.31
] 1.144
2 !
<
= 10°1 . 0.9988
ETT W f
g 1 0.8722
H L ] <
kS ) ] 0.7616
2 A
8 \
S 107 4 ‘ - 0.665
A 1 1
; 0.5807
] 0.5071
N e SESMNSSSNINMMM————. 0.4428
10~4 10~3 10—2 10~1 107* 1073 1072 107!

Probability of faults

Figure 6.2: Lyapunov spectral radius o(€) for the iteration matrix for the Fault-
Prone W-Cycle Multigrid method in the case of discretization of Poisson problem
on a square domain. Without protected prolongation (left), and with protected
prolongation (right).
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Figure 6.3: Plot of the norm of the residual against iteration number for the Fault-
Prone W-Cycle Multigrid Method with protected prolongation in the case of dis-
cretization of Poisson problem on square domain.

¢, there exists a maximum problem size above which multigrid diverges. Therefore
additional protection is mandatory in the multilevel case as well.

We repeat the same experiments, this time with a protected prolongation, i.e.
X ép) = I. This produces the desired independence of the problem size, as predicted
by Theorem [19|and as shown by the evolution of the residual in Figure and by
the estimated rate of convergence in Section We further illustrate the results

with several test problems that pose more of a challenge to the multigrid solver.
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6.2 Adaptively Refined Meshes

A second numerical example illustrates the results of Theorem [19|for the case of an
adaptively refined mesh. We consider the 2D magnetostatics problem for a three
phase 6/4 switched reluctance motor as depicted in Figure Gauss’s law and

Ampere’s law are given by
divB = 0, curl H = J,

where B is the magnetic flux density, H the magnetic field intensity and .J the
current density. B and H are linked through the constitutive relation B = ,uﬁ
with magnetic permeability ;. Using the magnetic vector potential B = curl u, the
system can be rewritten as
—lAu =J.
1

This gives rise to a variational problem with

1
a(u,v) :/Q;gmdwgmdv, F(v):/QJU.

The permeability i is 5200 in the rotor and the stator, and 1 everywhere else. The
current density J is unity in the coils and 0 everywhere else. Using continuous
piecewise linear finite elements and classical residual-based local a posteriori er-
ror indicators [50], we adaptively refine an initial mesh shown in Figure We
use Red-Green refinement [12] coupled with a Dorfler marking strategy [43] with
refinement parameter 0.5. The solver hierarchy is generated without injection of
faults; then the problem is solved for componentwise faults and varying fault rates.

Section depicts the approximate rate of convergence of the W-Cycle with
one step of Jacobi pre- and post-smoothening each and without protection of the
prolongation. We can see that although neither the W-Cycle nor the adaptively
refined mesh are covered by the two grid result from Chapter [5, the convergence

estimate is qualitatively correct. Added protection of the prolongation operation
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Figure 6.4: Initial mesh for the motor problem.

leads to a fault resilient method, as shown in Section Small variations with
respect to the number of degrees of freedom are due to varying coarsening ratios
of the levels. The results match Theorem even though Assumption [2] is not

satisfied.

6.3 Higher Spatial Dimension and Higher Order Fi-

nite Elements

We now demonstrate that fault resilience of the W-cycle is retained for a 3D partial
differential equation and higher order (quadratic) continuous finite elements, and

solve the Poisson equation on the Fichera cube.

_Au=f in Q =1[0,2]*\ [1,2)°,

U= U on 0f2

The geometry and its uniform meshing are shown in Figure The system is
partitioned using METIS [[71] into blocks of size 2'* and distributed over the com-
pute nodes. We inject nodewise faults as given by eq. (2.3). The problem sizes
considered range from 1.7 million to about 940 million degrees of freedom. In Sec-

tion |6.3] we show the approximate rate of convergence as well as a level set of the
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Figure 6.6: Mesh for the Fichera cube, indicating partitioning from METIS.

error bound obtained for the Fault-Prone Two Grid Method in Chapter |5, It can be

seen that the rate of convergence in the multilevel case behaves like

0(Er) =Co+ei/nyg,

where () is a constant that is related to the fault-free method. We notice that the
onset of divergent behavior indeed happens at a slower rate as compared to the 2D
setting. Protection of the prolongation again makes the method fault resilient, as
shown in Section [6.3] The choice of higher order elements plays no significant role

in the convergence behavior of the method.
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Chapter 7

Implementation Issues

In the previous chapters, we assumed that faults can be perfectly detected. In prac-
tice, faults cannot be perfectly detected, nor is is it possible to perfectly protect the
prolongation. The question therefore arises of whether Theorem [19| has any prac-
tical relevance. In Section 7.1, we present one possible simple approach for fault
detection and show that the behavior of Fault-Prone Multigrid found in eq.
is recovered. In Section we turn to the issue of protecting the prolongation

operator.

7.1 Detection of Soft Faults

The laissez-faire fault mitigation strategy requires fault detection. While this is
straight-forward in the case of hard faults, soft faults are more problematic. Various
techniques have been suggested [89]. Here, we present a simple approach based
on replication [64] in which a fault-prone component is repeated K times (K > 2)
and the results are compared for consistency. Algorithm (5 shows how the strategy
is used in conjunction with laissez-faire in the detection of faults in the computation
of a generic matrix-vector product y = Mx. Instead of the action of M, only its

fault-prone equivalent M is available in practice, where M € R™*" is a random
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matrix.

Algorithm 5 Detection of faults using K replicas and laissez-faire mitigation for the
fault-prone matrix-vector product y = M.

1: fori + 1ton do

2: for j + 1to K do

3: wj +— (Muzx); // j-th replica

4: ifw;, =w; =+ = wg and |w;| < 10'® then

5: Y; — wq // value accepted
6: else

7: y; < 0 // Laissez-faire

The basic idea behind Algorithm |5|is to declare an operation as being fault-free
if all replicas are in agreement, otherwise a fault is deemed to have occurred and
laissez-faire is triggered. This means that there are three possible outcomes for the

i-th component of the output y from Algorithm [5}

(C)  the correct value of y; = (M), is returned,
(M) an error is detected, the laissez-faire mitigation is triggered, and y; = 0,

(U)  afault occurs but remains undetected, and y; is a corrupted value.

Our analysis in Chapter [f] caters for the cases (C) and (M), but does not take
account of case (U). Suppose that the probability of a replica being corrupted is
¢ < 1. Then the probability of all K replicas being corrupted in exactly the same
way is O(e), showing that the likelihood of (U) occurring is exponentially small

in K. Hence, the probabilities of the outcomes of Algorithm [5|are

P(C)=1-0),
P (M) = O(e),
P(U) = O(X)

We illustrate the effect of using our ad-hoc fault detection strategy given in

Algorithm 5in Figure[7.1]for the Poisson problem eq. (6.17). In particular, the faults
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Figure 7.1: Lyapunov spectral radius o(€) for the iteration matrix for the Fault-
Prone W-Cycle Multigrid Method in the case of discretization of the 2D Poisson
problem with fault detection using K = 2 replicas in every operation.

are modeled using bit flipping in which any bit in the floating point representation
is flipped with a small but non-zero probability such that the overall probability of
a floating point number being corrupted is €. The results are given in Figure in
the simplest case where K = 2 replicas are used in Algorithm |5|and all operations.
It is observed that, even in this simplest case, the convergence behavior mirrors that

which would be obtained with perfect detection.

7.2 Protection of the Prolongation

Theorem |19|requires that the prolongation operations

Ty < Ty + Peg_l
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are computed exactly, i.e. without any faults. This is clearly not possible in practice.
We have seen that in the absence of full protection of the prolongation, the Fault-
Prone Multigrid converges at a rate given by eq. (6.18]), where ¢ is the underlying
failure rate of the machine. Moreover, Theorem (19| suggests that the O(v/ne?)
term is entirely due to faults in the prolongation (with the faults coming purely
from other components of multigrid contributing with higher order terms). At any
rate, it is clear that if we can enhance the reliability of the prolongation sufficiently
(without being necessarily exact), then one can expect to ameliorate the factor
@ (\/W ) in the bound of the Lyapunov spectral radius, e.g. by obtaining a growth
of O (nre®) for some o > 2.

Is it possible to improve the likelihood of detecting and mitigating faults in the
prolongation beyond P (M) = O (¢)? Algorithm [5| may be regarded as being overly
conservative. For instance, if all but one of the replicas are in agreement, then
intuitively it seems likely that the majority are correct. Algorithm [6]implements the
approach suggested by this argument by looking for agreement amongst a subset of

kp of the Kp replicas for the prolongation. This added freedom alters the likelihood

Algorithm 6 Protection of the fault-prone prolongation z, + z, + Pe,_, with up to
Kp replicas, acceptance threshold kp and laissez-faire mitigation.

1: fori <+ 1to n, do

2 for j « 1to Kp do

3: wj < (Pee-1); // j-th replica

4: if kp replicas have matching value w and |w| < 10'® then
S (x0);  (x0); +w // value accepted

6 break

at which the three events occur in the prolongation:

P(Cp) =1— O(efr=Frthy,

P (Mp) = O(Kr i),

P (Up) = O(e*r).

In particular, when Algorithm [6 is applied to the computation of the prolongation
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Figure 7.2: Lyapunov spectral radius ¢o(€) for the iteration matrix for the Fault-
Prone W-Cycle Multigrid Method with Kp = 4 replicas and acceptance threshold
kp = 3 in the prolongation and K = 3 replicas in all other operations.

with parameters kp = 3 and Kp = 4, we obtain an overall rate of P (Mp) = O(g?)
at which mitigation occurs. Figure shows the results obtained by applying Al-
gorithm [l with kp = 3 and Kp = 4 to the prolongation, and Algorithm [5| with
K = 3 to all other operations. It is seen that the strategy has resulted in the factor
O (v/n.€?) in the Lyapunov spectral radius being replaced by O (ne®) with a = 3.

Would a cheaper detection and protection strategy (e.g. with Kp = 3, kp = 2
and K = 2) suffice? Figure shows the results obtained employing a variety of
different choices for K, Kp and kp. It is seen that the cheapest strategy that results
in the growth O (v/n.£?) being replaced by O (n.e®), a > 2, is indeed Kp = 4,
kp =3 and K = 3.

Moreover, if one wishes to obtain a given rate o > 2, then one can choose
K = kp = aand Kp = 2o — 2. As problems in three spatial dimensions are more

resilient to the effect of laissez-faire mitigation, as reflected by Theorem|[12|and the
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numerical evidence in Chapter [6], we expect the strategy K = Kp = kp = « to be

sufficient for 2 < a < 6.



Chapter 8

Fault-Prone Domain Decomposition

Methods

A second class of widely used iterative linear solvers are so-called domain decom-
position methods. The main idea behind domain decomposition methods is to di-
vide up the problem domain into several potentially overlapping subdomains, and
solve the system restricted to every subdomain concurrently. Therefore, a domain
decomposition method is similar in spirit to a block Jacobi smoothener. In typical
applications, the subdomain size is chosen so that each compute node in the parallel
computation can fit one subdomain problem. In order to obtain a scalable method,
a coarse grid solve needs to be incorporated for global exchange of information.
While multigrid methods achieve optimal complexity by coarsening the problem
only mildly and using inexpensive solvers on each level, domain decomposition
methods coarsen aggressively, so that typically only two levels are used. In turn,
the considered problem on the different levels are significantly more expensive to
solve [41, |88, 94].

Domain decomposition methods can be divided up into two categories: solvers
without and with overlap of the subdomains. In this chapter, we introduce the later

kind, and discuss an extension of the framework for the analysis of laissez-faire fault

86
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mitigation to blockwise faults in one and two level domain decomposition solvers.
In particular, we explain the effect on faults in unknowns that are shared by several

subdomains.

8.1 Overlapping Domain Decomposition Methods

Let the polygonal domain 2 C R? be divided up into a shape regular, quasi-uniform

partition 7, of simplices of size h. Partition 7, into N parts 7;5170)

,t=1,...,N, cor-
responding to subdomains Q). The extended triangulations T}Ei’é), 0=1,2,... are
obtained by adding ¢ exterior layers of cells to ngi’o). We denote the corresponding
overlapping subdomains by Q9. Let V := H} () and V}, be the space of piece-
wise linears on 7, and V}fi"s) the space of piecewise linears on 7;1(1',5)’ with respective
dimensions n = dim V;, and n(» = dim V,*”). Let ¢; the nodal basis functions of

Vi, and let 5 and 5(’?‘5) be the vectors of basis functions in V}, and Vh(i’&)

respectively,
with index sets Z and 79} C . Moreover, let z; € Q2 be the node corresponding to

the basis function ¢;, j € Z. The canonical injection
Py ey,

gives rise to the prolongation matrix P® defined by the action of P% on u =

7 ¢lt) e VI as
Py — . plid) s — ( P(zﬁ)f) .

, CN\T

Moreover, define the restriction matrices R := (P(“‘s) ) , and the corresponding
operator R (%),

Let a be a symmetric, continuous, bilinear form on V' x V that is V-elliptic with

constant 7. Foru:f-q;,v:y_"gge Vs
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where A is the stiffness matrix. Similarly, we define the subdomain stiffness matri-
ces A = a(gg(i,a)’ 95(1"5)). Hence, for u = 7 - ¢, v = - ¢(#9) € Vh@ﬁ)

7AW g (f 30 7. (5(1',5))
(). (re25) 3
_ p(i,6>f) a (5, 5) : ( p(iﬁ)g)
_ 7. RODAPUD
Therefore, A = R AP We also set AP+ .= R A Pt go that
R0 4 — Ali60+1) Rlio+1)
Moreover, let a partition of unity be given by 09 ¢ C(Q,[0,1]) such that
3,009 =1 and supp 49 c Q9. The operator
DO () == 1T, (H(i’é)u) , u€ Vh(i’é)
has the matrix representation
D) = diag (G(i"s)(zj)) )
Then the discrete partition of unity property reads as

S PO DO RED

A particular choice of such a partition function is §%:~ such that 6¢~Y (2;) € {0,1},
which leads to an algebraically non-overlapping partition of the unknowns. We

write the restriction and prolongation matrices and operators using the superscript

(4, —1).

For every subdomain i, we define its set of neighbors by
O; = {j £ | 7(6:8) A 7:9) £ @} _

Lemma 22.

Fori=1,...,N

P:9) AW pid) Ap(iﬁ)D(M)’ D) A@0) REd) — D(id) REd) A
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DO RN A _ Dd) 40 REd) _ plid) Rd), (57 ¢> D (6, 1) RS
:a(D o) ¢> ( DD ), ( p(i,6>¢<i>)>
—a (D 7 <¢ _ p(i75)¢(i))>

{ ( (% ¢J’5{’“¢I<”}¢k> }jeI(i)JgeI

= {Q(Zj)5{k§zz(i>}a(¢ja ¢k>}

JEIW ke

Now, a(¢j, ¢r) # 0 only if i and j belong to the same element. For k ¢ Z1,
a(é;, ¢x) # 0 therefore implies that z; must be on the boundary of subdomain Q).
Since 6; is a continuous function that is zero outside of Q9 we have 6(z;) = 0 and
therefore that D) R A = D% A9 R(:)  The second equality is the transpose
of the first. N

An immediate consequence of the lemma is that
ZP(“S)D(@J (15)R15) ZP“S)DZJ )A A
We define the additive Schwarz preconditioner
Nis =3 Pt ( A(z‘,a))l RIS
the additive Schwarz preconditioner with harmonic overlap [[23]
Nasy =3 P9 (A(i,6)>1 Do) R,
and the restricted additive Schwarz preconditioner [24]]
Npgas = Z P9 Do) (A(i’5)> - R
The corresponding iterative schemes S, are given by

P S, (5, fk) — 7 £ ON 45 (6 _ Afk) ,
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P Z S, on (5, f’“) — 7" + N sy (5 _ Afk> ,
P = Spas (B.7") = & + Npas (0 - AF)
in global form. The additive Schwarz iteration is only convergent if the damping
parameter 6 is small enough.
It is typically observed that the number of iterations of the above methods de-
teriorates with a growing number of subdomains. In order to obtain a scalable

solver, the inclusion of a coarse grid is therefore often mandatory. Let V; C V},, and

designate the canonical injection by
PO : VH — Vh.

The associated matrix form is called P, and the corresponding restriction is
T
R = (P“”) . This permits to define a coarse grid system matrix A”) through

the Galerkin relationship
AO = RO A PO
and a coarse grid preconditioner and correction scheme as
Noo = PO (A(m)‘l RO
P =Scq (5,7) =7 + Nee (- A7),

Two grid methods can then be obtained by combining a domain decomposition

iteration with the coarse grid correction, for example as

71 = [Seq (b.+) oSasu (5.-)] ().

We will now turn to a detailed description of how faults will affect the convergence

properties of one and two level domain decomposition solvers.
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8.2 Modeling Blockwise Faults in Iterative Schemes

For the purposes of implementation, and to study the impact of faults, the local
form of the above iterations is more helpful. We notice that faults of subdomain
solves can not be modeled as before, since, due to the overlap, one unknown can
be owned by several subdomains. This means that we cannot model faults by a
random diagonal matrix with blockwise dependent diagonal entries.

The additive Schwarz iteration can be written as
7 = # 4 RN s (5 - A7)

. 4 Nl ,
=y Z R(:5+D) pid) (A(m)) (bj _ A(z,6,5+1)fl§> 7

K
JEO;

where ¥ = R*Vz* and b; = R} are the node local part of the solution and
the right-hand side respectively.
In practice, one subdomain will be assigned to one compute node. We can model

the effect of failing compute nodes by Bernoulli distributed random variables

, 1 with probability 1 — ¢,
X(%) -

0 with probability «.
Here, the probability of a node failure ¢ is taken to be small. We rewrite the additive
Schwarz scheme introduced above by introducing faults:
P = 4 Y RESHL 0 pUo) ( A(j,5)>1 (gj _ A(ja575+1)f§;’> ‘
J€O;

Since all operations up to the communication step are node local, we only need to
include one random variable per node to account for any failure on that node.

In order to analyze the convergence behavior, we derive the error propagator

1

€ 45 associated with the error equation. The error &“*! after k + 1 iterations in

terms of the error after k iterations by

R D D (A(i,6)>—1 RUDA (7 — )
J
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) . . -1 )
— < 1-Y \9pud ( Aw)) RU-) A) &
J
= gASék.

The local version of the additive Schwarz method with harmonic overlap reads

as

= 7 4 ROON o (5 — Afk>

e Z R0 plid) ( A(z,é))_l DI ( RUOE _ R0 Afk)
JjEO;

_ ff n Z R(i"S)PU"s) (A(Z,E))_l D(jﬁ) (gj _ A(Jﬁ)ff)
JjEO;

with 7¥ = R z* where we used Lemma [22]in the last equality. This shows that
again, only one random variable per node is necessary to capture all failures that
that node might suffer in one iteration. Similar to the additive Schwarz method, we
obtain the error propagator
Ensn =T -3 (P ( A(m)) DU RG 4.
J

The reduced additive Schwarz method

1

#H = 7+ R N pas (5— Afk)

— 7+ 3 REOpUI DU ( A(m))‘l b= S RUDPOI DD A |

JEO; lGOj

can be rewritten as

g‘f-&-l — gf + (A(z',a))l (l;i _ Z R(i,a)P(j,é)A(j,&)D(j,a)g;?> ’

J€0;
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which leads to
Enus =1 — ZX P2 pld) (AW)_1 RUMA,
Finally, the coarse grid correction can be given as
FH = 7 4 RN (6 - Afk)
_ # 4+ RUIPO ( A<0)> ! Z RO pG- ( RU-VE _ RU-D Afk’>

_ L REOPp ( A<o>> Z RO (* A6—1) RUD) P(jﬁ)[,;?)

with 5j — RU~Y, The error propagator of the coarse grid is given by
Eog =1 — XM N 3 X0 PO~ AG-D RO,
J
Here, two sources of faults are possible: faults can occur during the computation
of the residual, or during the coarse grid solve and update. The random variables
x) model the former, whereas the diagonal fault matrix X") encodes the fault
structure of the coarse grid solve. Since we chose an algebraically non-overlapping

partition, we can write
Eco=T—-XNVN XA,
where the diagonal faults matrix X”) has block structure:

X(p) _ X(j) if H(J'ﬁl)(zi) =1,
xl —o if i # k.
The corresponding error propagators for the classical fault free methods are ob-

tained by replacing the random variables with identity, and are designated by F 4,

FE 45y, Eras and Eq respectively.
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8.3 Convergence Analysis for Domain Decomposition

Methods

Our first result concerns the convergence behavior of the single level domain de-
composition methods introduced above.
A standard assumption needed in the convergence analysis of fault-free domain

decomposition methods concerns the interaction of the local solution spaces 1/ (%9):

Assumption 6 (Strengthened Cauchy-Schwarz inequality): Define 0 < ¢;; < 1 to

be the smallest constants such that
la(u, v)| < ejalu, u)?a(v,v)? Yu e V) e Vo),
If N. denotes the smallest number of colors necessary to color the subdomains, then
p(e) < N,
and N, is independent of » and N.

Theorem 23.
Let Epp € {€as,Easn, Eras}, and let E pp the iteration matrix of its fault-free equiv-
alent. Provided Assumption [6| holds, the convergence rate of the fault-prone iterations

is bounded as
¢(€pp) < | Eppll4 + Ce,
where |o|| , is the energy norm and C' is independent of ¢, h and N.

Proof. For easy of notation, we define the extended matrices

A = blockdiag (AW)) , D = blockdiag (DW) ,
R := vec (R““”) , P := vec (P“"”) ,
X := blockdiag (X(i)_[n(i,é)> ,



and write

Eis=1-PA RA, £,s=I1—-PXA RA,
Busn=1-PA DRA, Esu — - PXA 'DRA
Enis=1-PDA RA, Enns — I - PXDA 'RA.

Using the fact that A"/ and X commute, we find

Vi)l - [PV 7] (A7 Ra)

A
_ / ®2 11— ®2
- (Al QP) V[ X] (A 1RA1/2> 2

| (a"pa 2)®2V ®) (A "R A1/2>®2

X

2

1/2||2 1/2_

A1/2 2

2

A’PA

IA

< Cep(N ASA) .
Similarly, we find

- e\ ®2
\VIEasulll4 = PV [X] (A 1DRA)

A
= (m—%)‘mv X <Z_1/2D_RA>®2

= (Alﬂm_W)@QV [(X] (Z_WD—RAW)@?

A

2

IN

AvPA v (), 4 DRAY |

= <m_1RA) [V [x]]l, 0 (AI/QPDA_IW%AU2>
— o (PA'RA) |V [¥]|,) (PDA 'DRA)

< Cep(NasA)p(NrasuA)
where we have set

- . . ) -1
Npuisy = PDA DR =y PUID0 (A0D) " D g,
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It can be shown that the same holds for the reduced additive Schwarz method.

Therefore we have shown that

0(Eas) <\ (1Basl +2 [N asAl ) + Cep (N asA)’,

0(Easn) < \/(”EASHHA +e|[NasuAl )+ Cep(NasA) p(NrasuA),

0(ERras) < \/(HERASHA +||NrasAll4)" + Cep (N asA) p (N pasn A).
We conclude using Lemmas [24] and [25] below. O

Lemma 24.

The partition of unity - can be chosen such that ||V
all u e V™,

M|, < C/(8h). Then, for

a (D(i"s)u,D(i’é)u) < Cpa(u,u)
for some constant C'p.
Proof Set B := Q49 1 {§(9) < 1}. For u € V;"”, we have that
o (DU, D) < €D
—C (yu|§11(g<i,5>\3(i,6)) |7 [0 (B(M)Q .
The second term is estimated as

}Ih [9@’5)“} }Hl(B(M)) < “9(@6)“|H1(3<w>) + ‘e(i’é)“ — Iy [Q(i’é)“} ‘H1(3<i,6>)

<C ‘9(i75)“|H1(B(i,5)) :

Now

i, 2 i,6)\ 2 i,8) |2
’9( 6)u|H1(B(i,6)) < 2/3(1',5) (‘9( 6)) |Vu]2 + 2/3(1,’5) u? ’VG( 6)}
< 2l sy + 2 | VOO | il oy - (8.1)

Application of a Poincare inequality then leads to

0l ) < 21l () + 2 [F0 e O
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2 2
<2 |U|H1(B(zu6>) +2C |U|H1(B<zw6)) :
Therefore, we have shown

a (D(i,é)u7D(iv5)u) <C ‘uﬁ{l(g(i»&))

< Ca(u,u).

Lemma 25.
p(NasA) = ||[NasAll, < N,
p(NasnA) < N asuAll, < N.CJ>,
p(NpgasA) < |[|[NpgasAll , < N, nga
) <

p(NpasuA) < ||NrasaAll 4, < N.Cbp.

Proof. The proof of the first inequality is classical and makes use of the operator
form T,s of N 45A. This operator as well as the ones for N ssy A, NrasA and

N prasyA are given by
Tas = Z T,
Taow = 3769,
Thas = »_ DEOITE,
Trasy = Z D(i’é)%(w%
where the subdomain solution operators 7 %) and 79 are defined by

a (T(i’(;)% ’U) =a(u,v) Yu eV, ve Vh(i’é),
a (T(i"s)u,v> =a (u,D(i"s)v) YueV, ve Vh(i’fs).
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We then have

p(NJA) < |[NLAJ;

(N,AY) - (AN,A%)
7 AT
a(Teu, Tou)

= sup —————>

ueVy CL(U/, u)

= sup
@

For 7. =), 7:(i), we have by the strengthened Cauchy-Schwarz inequality that

a(Tou, Touw) =Y a (T 0u, TOu)

1/2

1,J
<3 eya (T, TOu) 1z, (7w, TOu)
i,J

<p(e)) a(Tu, T ).

For T, = Tas and 73" = 79, we can use that 7% are idempotent and self-adjoint
with respect to a(-,-) and obtain
a(Tasu, Tasu) < p(e) Z a (u, Tu)
= pl€)a(u, Tasu)
< p(€)a (u, W) a (Tasu, Tasu)?.

Therefore p (N 45A) < p(e).
Similarly, for T, = Tras and T = D) T9) we have by Lemma

a (Trast, Trasw) < ple) Y a (DEOTy, DEDTEy)

i

< p(e)Cp Z a (T, TEOy)

< p(€)Cpa (u,u)"? a (Tasu, Tasu)'’?
< p(€)*Cpa (u, u)

which permits to conclude that p (N gasA) < p(e)Cll)/ 2,
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For T, = Trasy and T2 = DEO T we find

a (Trasuu, Trasau) < p(€) Y a < DT, DEOTE >

7

< ple)Cp > a (TE0u, T0)
)

i

= p(e)Cp Z (u DT (0

= p(€)Cpa (u, TRasuu)

< p(€)Cpa (u, U)1/2 a(Trasmu, EASHU)I/z

and hence p (N gasuA) < p(€) Cp.
Finally, for T, = Tasy and 7.9 = 709,

T T <0 S (1900 750

i

Sp(e)z <uD“57- )

7

p(e)a (Ua EASHU)
1/2

IN

p(€)a (u, U)1/2 a(Trasu, Trasaw)

p(e)*Cpa (u,u),

IN

where the previous inequality was used. Therefore p (N gasgA) < p(€) Cp. O

In order to verify the above result, we consider the following test case:
FinduEVh:/Vu-Vv:/fv Y € Vy,
Q Q

where 2 = [0, 1%, V}, the space of piecewise linears on a uniform triangular mesh
and f € L*(Q). The resulting linear system is solved using the additive Schwarz
method with harmonic overlap on N = 16 subdomains for varying mesh sizes h
and fault rates . We iterate for 1000 iterations, as to get a good estimate of the
asymptotic convergence rate, and renormalize the residual between iterations. The

resulting approximation of ¢ (€ 455 ) is shown in Figure It can be observed that
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Probability of error €

Figure 8.1: Asymptotic convergence rate o (€ 455 ) for N = 16 subdomains.

the convergence rate varies mainly in the dependence on the number of degrees of
freedom n, but is largely unaffected by the fault rate ¢.

If the number of subdomains N gets scaled proportionally to the number of de-
grees of freedom n, similar behavior is observed. (See Figure[8.2]) In both cases,
the method stays convergent even for considerably large fault rates ¢, and essen-
tially mirror their fault free equivalent. This shows that the estimate in Theorem

is sharp.
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Figure 8.2: Asymptotic convergence rate o (€ 4s). The number of subdomains N
is proportional to the number of degrees of freedom n.

8.4 Two-Level Methods

We now turn to the case when a coarse grid is incorporated into the solver. It has
already been established in Chapters [5| and [f] for multigrid solvers that in order to
obtain a fault-resilient method, protection of the prolongation from the coarse grid
to the fine grid is mandatory. For the same test problem as above, we numerically
verify that this also the case for two level domain decomposition solvers. (See
Figures and[8.4]) Obviously, the single node case does not require protection of
the prolongation, since a fault in the coarse solve simply leads to a skipped coarse
grid correction. If the number of subdomains is fixed to N = 16, divergence can
be observed that for large values of . The dependence on the number of degrees
of freedom seems to be very mild. For the more realistic case of N ~ n seen
in Figure we observe however that the problem size for which the two level

1/2

method is convergent scales with en'/*. This behavior mirrors what was derived in
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Figure 8.3: Asymptotic convergence rate o (€ 45y € o) without protected prolonga-
tion for N = 16 subdomains.

Chapter [6|for the multigrid case.
The next result concerns the variance of the coarse grid solver if the prolongation

is protected.

Lemma 26.

Take n;; to be the smallest constants such that
N 1 - N 1-11/2 5 —1-1/2
@ A7 <y |7 A7 g A7)

for all # € range PU~Y, i € range PV, Then, if prolongation is protected, we can

IV[Ecallly < Ceh™ [max > n < Ceh™ VN, (8.2)
J

®2 _ ®2
() ()]

The proof of Lemma 26| requires several definitions and estimates that concern

bound

where the tensor energy norm is given by |/e|| , := ‘

the block structure of the variance of the fault matrix.
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Figure 8.4: Asymptotic convergence rate o (€ 45y € o) without protected prolonga-
tion for N ~ n.

The variance of X” is a diagonal matrix as well, and is given by

1 ifgeY(z;) =1
v 2] = S
st 0 else

After reordering, it is a block diagonal matrix with identity in the blocks correspond-
ing to interactions within a node, and zero blocks elsewhere. Before we introduce

the notation for the treatment of block matrices, we show the

Example 4.
Consider the case of two subdomains, where the degrees of freedom of the first subdo-

main are ordered first, and then the unknowns of the second partition. We then have
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for the variance of X*) the form

1
0
\Y [X(p)] =¢(l—¢)
0
1
. le Z12 . .. .
If a matrix Z = € R™" is block partitioned with respect to the sub-
Z21 Z22
domains, we have
zyy zy;
0
0 (V [X@)} A [X(”)D — 21— 2)%p
0
ZyY Zy
[ Z®2 Z®2
_ 52(1 B 6)2p 11 12
zZy Z3

The last block matrix is called the Khatri-Rao square power of Z, and we are interested

in estimating its spectral radius.

Definition 27 (Blocks of matrices).
Given ordered vectors of indices 1 < ap < g < -+ < ) <m, 1 < 1 < fr < -+ <
Bup) < n, and a matrix A € R™*", we designate the sub-matrix corresponding to «

and (3 by
Alo, B = {Aap, },; -
If M = N and o = 3, we write
Ala] = Ala, al.

We write the length of the index vector « as {(«), so that Al«, 5] has size ((a) x £(B).
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Definition 28 (Partitioned matrix).

Let A and B be sets of index vectors as above, with N4 = |A| and Nz = |B| the
respective number of blocks, such that | J,. , o = {1,...,m} with aNy = 0 for a # ,
and Ugep B = {1,...,n} with BNy = 0 for 3 # n. We call A € R™ " partitioned
by A x B into the blocks Ao, (], « € A, B € B. If we prescribe an ordering of
A = {a;}4 and of B = {p; }j.vjl, we can define the block-ordered permutation A of
A:

Zij = Ala;, Bj].

Definition 29 (Khatri-Rao product).
Let A, B € R™*" be compatibly partitioned by A x B. The Khatri-Rao product A « B

is defined block-wise as
(AxB),; = Ala;, Bj] ® Blay, 8], 1<i< Ny 1<j< Np.
Then A * B € RE (0’ x S5 65 e define the k-th Khatri-Rao power of A by

A*k::A*A*---*Al.

k times

Lemma 30 ([74]).
Let A, B be compatibly partitioned positive (semi-)definite matrices. Then A x B is

positive (semi-) definite.

Lemma 31.

Let A, B € R™™ be compatibly partitioned matrices. Then
1 1
|A « Bl|, < ||(A"A) « I,,||2 || I, « (BB")||Z .
T T
Proof. The matrices ( A I, > (A I, ) and < 1,, B? ) <Im BT ) are triv-
ially positive semi-definite. Using lemma [30| their Khatri-Rao product

(ATA)xI,, A"xBT
AxB I,x(BB")
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is positive semi-definite as well. Hence, by Lemma (14|
|A* B < |(ATA) « I, ||, | L. * (BB")|,.
O

Therefore, if we write the partition of a matrix Z in terms of the non-overlapping

partition given by the restriction and prolongation matrices R~ and P~V as

z=>Y pi- ( RG-Vyg P(j,—n) RUY,
1,J

we obtain

1/2

Y nax HR“"”ZZTP“"”
2 1 2

p(2?) < max HR(i,—l)ZTZP(i,—l)

= max HZP(Z"_I) (8.3)

max ’)ZTP(i’_l)
2 i 2

Lemma 32.

For all u € V},
a (R(i’_l)u, R(i’_l)u) < Ch™'a(u,u)
for some constant C that is independent of h and N.
The proof of Lemma 32| follows immediately from (8.1]) in Lemma
Proof of Lemma[26] Set D := 3", P""Y A"V R:~1 We then find that
IVIEcdlll, = [|[NeaV (¥ A%,
_ H (472N vy (a2)”

_ H <A1/2NCGD1/2>®2V[X] <D1/2A1/2>®2

2

2
®2

= (V (X)) <D1/2NCGANCGD1/2> V [ A]
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1/2

®2
<p (V x)"* (DN D) v m”)

22 1/2
p (V [X]1/2 (D_1/2AD—1/2) V[X]1/2>

*2 1/2 *2
—¢p ((DI/QNCGD1/2> ) 0 ((D—1/2AD—1/2> >

Using the result of eq. (8.3) and the discrete partition of unity property

1/2

=Y PU-VRUD,
J
one obtains that

P (<D1/2AD1/2> *2) < max HD1/2AD1/2P(1',1)H2

2
2

2

< maxz HR(j,—l)D—1/2AD—1/2P(¢,—1)
J

= max g
/L' .
J
< max 624
= 1 E ij
J

< N..

—1/2||2

‘ ( A(j,—n) 2 RG Apli) ( A(u—n)

2

By the same token,

%2 A A 1/2]|?
0 (<D1/2NCGD1/2) ) < max D'Y2N PO (A(z,—l))
’ 2
Since
D'’N¢q P (A(i’_1)>1/2
2
<||DV2A-1pli1) <A(i,—1))1/2 1 HDl/z (A_l _ NCG) pl-D (A(i,—1)>1/2
2 2
. . 1/2
< D1/2A71P(1,71) (A(Z,71)> + ||D||2 ||A71 . NCG||2
2
<|D'?A' PO <A(i"1)>1/2 +C,
2
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we have

p ((Dvwwpw)*z) <Cimaxy H (40-0)" RO At (400)
T

1/2]|?

2
We expand the summand into

1/2

H < A(jﬂ)) V2 R 41 pli1) ( A(H))

2

< H < A(ap—l)) V2 ( RU-D g1 p(j,—l)) e ( RU-D g1 P(j,_1>> Y2 Rl g1 pli-1)

1/2

(R(i,—l)A—IP(i,—1)>1/2 <R(i,—1)A—1P(i,—1)>_1/2 (A(i,—1)>

2

_1\ 1/2 1\ 1/2
<p (A(j,—l) (Ru,—l)A—lPu,—l)) ) p(Aa,—l) (R(z;—nA—lP(z',—l)) )

H (R(J}—l)A—lp(J}—l)) V2 pli-1) g-1 pli-D) (R(i7—1>A—1P<z‘,—1)) 12

2

Using that

- (ivfl) (i’fl)
P (A(i,l) (R(i,fl)Aflp(i,fl)> 1) — sup a(R u, R u)
uevi, au,u)

and that

1/2
< Mij
2

H ( RU~D 41 p(j,—n) Y2 Rl g1 pliD) ( RO A p(zﬂ))

we therefore obtain that

, , 2
%2 a (RODy, RGNy

p (<D1/2N00D1/2) ) < C' + ¢ max sup ( ) maxZnin.

i uevy, a(u,u) i~

We conclude using Lemma O

While the last inequality in (8.2) is not sharp in general, we verify numerically
that it describes the correct behavior for one dimensional problems. We calculate
|V [Ecel||, directly for varying mesh spacing 4 and number of partitions N. The
resulting scaling curves are shown in Figure This shows that the bound in
Lemma [26|is sharp in 1D, and that we cannot conclude the convergence of the two

level methods using the energy norm.
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Figure 8.5: Energy norm of the variance of the fault-prone coarse-grid correction.
Scaling with respect to mesh size h (left), and number of subdomains N (right).

On the other hand, if we consider the coarse grid correction on its own, we find

that its Lyapunov spectral radius does not display any dependence on h or N:

Lemma 33.
If the prolongation in the coarse grid correction is protected, then it holds for the double

_1\®2
o llolle = 4520 (47)

energy norm ||e| . :==||Ae A 2 that
V[Eca]|l 42 < Ce
with C independent of €, h and N, so that
0(Ecc) < || Ecall, + Ce.

Proof.

IV[Ecallle < [[NEV [X] A% .

< |ANcell; [V[X]],
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Figure 8.6: Asymptotic convergence rate o (€ 4sy€ ) with protected prolongation
and N = 16 subdomains.

<¢|NccAlfs.

Now, since ||Ec¢ll, < C (see for example [62]]), we have that ||V [Ecq]||,. < Ce

and also that

0(€ca) < \/IEEcallle + IV [Ecelll
<|[Eccl, + Ce.

O

While the coarse grid correction on itself is not a convergent iteration, this result
shows that we can expect its fault-prone version to perform similarly to its fault-free
variant. This is indeed what can be observed through numerical simulations, as seen
in Figures and (The convergence is the fastest for ¢ ~ 0.1, not ¢ = 0. This
indicates that some amount of damping might be beneficial for ASH.)

In order to obtain an analytic result for the full two level method, it would seem

logical to analyze the domain decomposition solver in turn in the double energy
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Figure 8.7: Asymptotic convergence rate o (€ 4sy€ ) with protected prolongation
and N ~ n subdomains.

or L? norm. The results in suggest however that |[NasA| . = [|[NasAl,
diverges as h goes to zero. It can be easily verified numerically (see Figure(8.8]) that
for a 1D test problem || N 45A|, ~ h~1/2, while p (N 45A) = |[NasA| , < C.

8.5 Discussion

In this chapter, we generalized the framework to the analysis of fault-prone itera-
tive schemes with overlap. We modeled blockwise faults, where special care had to
be taken to account for the fact that affect unknowns can be owned by several sub-
domains at once. We gave convergence results for three commonly used one-level
methods and observed in numerical examples that one-level solvers are resilient to
faults, mirroring the behavior observed for the smoothening iterations of multigrid.

Inclusion of a coarse grid, as is mandatory for many applications, only results

in a fault-resilient method, if the prolongation operation is protected. While the
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Figure 8.8: || N 45 Al|, in 1D for several mesh sizes h and N = 4 subdomains.

numerical examples closely resemble the ones obtained for the multigrid method,
the analysis of two-level methods in unsatisfactory. The issue that arises is that con-
vergence analysis of the domain decomposition iteration can not be performed in
spectral norm, contrary to multigrid. The isolated fault-prone coarse grid correction
is non-divergent, as is the isolated domain decomposition iteration, but the analysis

of their combination is inconclusive.



Chapter 9

Future Work on Fault Resilience and

Related Topics

9.1 Fault-Resilient Domain Decomposition Methods

While the numerical experiments in Section |8.4{suggest that the same techniques as
in the multigrid case can be used to obtain a fault-resilient two-level domain decom-
position method, the application of the theoretical framework to this case is more
intricate. The random faults matrices are best analyzed in L?-type norms, whereas
domain decomposition methods are analyzed in energy norm. I believe that by a
more tailored approach it is nevertheless possible to obtain convergence estimates
for this important class of solvers. Equally well, it would be of interest to assert
that domain decomposition methods without overlap (also called substructuring
methods) can be made fault-resilient in the same way.

In Chapter |7, we discussed a simple approach to realize fault detection in all
operations and protection of the prolongation. While the replication approach was
chosen to illustrate the practical consequences of the theoretical results of the previ-

ous chapters, its implementation suffers from a large overhead. It might be prudent
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to explore the use of node-level checksums for fault detection [[68]. The compu-
tation of checksums would only introduce a negligible overhead, but come at the
price of a coarser fault detection. Instead of applying the laissez-faire approach to
a single faulty component, a whole block of values would be zeroed out. More-
over, protection of the prolongation might be achieved by using values from coarser
levels of the hierarchy as implicit checkpoints.

Finally, there is interest to combine our work for linear iterative methods with
the results obtained by other researchers for fault-prone Krylov methods and study

the complete stack of linear systems solvers in high-performance computing.

9.2 Asynchronous Iterations

More generally, random matrices can be used not to model faults, but the delayed
arrival of updates in an asynchronous iterative method. This touches on the chal-
lenge of communication costs in evermore parallel computation. Classically, iter-
ative methods alternate phases of high communication volume between compute
nodes with phases of high computational intensity. As supercomputers are built
from more and more compute units, communication becomes a bottleneck for per-
formance. Therefore, algorithms that are as asynchronous as possible will be re-
quired for the next generation of supercomputers. The study of such asynchronous
iterative methods by itself is not a new topic [16], 54, 76, [91], but generally seems
to be lacking sharp convergence estimates. In order to employ our novel approach
based on random matrices, we would need to extend the theoretical framework to

allow for memory terms, as to model the staggered arrival of updates.



Part 11

Fast Solvers for Non-Local Equations
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Chapter 10

The Finite Element Method for the

Fractional Laplacian

In recent years, there has been a burgeoning of interest in the use of non-local and
fractional models. To some extent, this move reflects the fact that with present day
computational resources coupled with state of the art numerical algorithms, atten-
tion is now shifting back to the fidelity of the underlying mathematical models as
opposed to their approximation. Fractional equations have been used to describe
phenomena in anomalous diffusion [15]], material science [13}|85]], image process-
ing [|57, |75], finance [93]] and electromagnetic fluids [77] [[100]. Fractional order
equations arise naturally as the limit of discrete diffusion governed by stochastic
processes [79].

Whilst the development of fractional derivatives dates back to essentially the
same time as their integer counterparts, the computational methods available for
their numerical resolution drastically lags behind the vast array of numerical tech-
niques from which one can choose to treat integer order partial differential equa-
tions. The recent literature abounds with work on numerical methods for fractional
partial differential equations in one spatial dimension and fractional order temporal

derivatives. However, with most applications of interest being posed on domains
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in two or more spatial dimensions, the solution of fractional equations posed on
complex domains is a problem of considerable practical interest.

The archetypal elliptic partial differential equation is the Poisson problem in-
volving the standard Laplacian. By analogy, one can consider a fractional Poisson
problem involving the fractional Laplacian. The first problem one encounters is that
of how to define a fractional Laplacian, particularly in the case where the domain is
compact, and a number of alternatives have been suggested. The integral fractional
Laplacian is obtained by restriction of the Fourier definition to functions that have
prescribed value outside of the domain of interest, whereas the spectral fractional
Laplacian is based on the spectral decomposition of the regular Laplace operator. In
general, the two operators are different [84]], and only coincide when the domain
of interest is the full space.

The approximation of the integral fractional Laplacian using finite elements was
considered by D’Elia and Gunzburger [39]]. The important work of Acosta and
Borthagaray [2]] and Grubb [[61] gave regularity results for the analytic solution of
the fractional Poisson problem and obtained convergence rates for the finite ele-
ment approximation supported by numerical examples computed using techniques
described in [1].

The numerical treatment of fractional partial differential equations is rather dif-
ferent from the integer order case owing to the fact that the fractional derivative
is a non-local operator. This creates a number of issues including the fact that the
resulting stiffness matrix is dense and, moreover, the entries in the matrix are given
in terms of singular integrals. In turn, these features create issues in the numeri-
cal computation of the entries and the need to store the entries of a dense matrix,
not to mention the fact that a solution of the resulting matrix equation has to be
computed. The seasoned reader will readily appreciate that many of these issues
are shared by boundary integral equations arising from classical integer order dif-

ferential operators [86, 87, 103]. This similarity is not altogether surprising given
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that the boundary integral operators are pseudo-differential operators of fractional
order.

A different, integer order operator based approach, was taken by Nochetto,
Otarola and Salgado [31, [80] for the case of the spectral Laplacian. Caffarelli and
Silvestre [22] showed that the operator can be realized as a Dirichlet-to-Neumann
operator of an extended problem in the half space in d + 1 dimensions.

In this part of the work, we explore the connection with boundary integral op-
erators to develop techniques that enable one to efficiently tackle the integral frac-
tional Laplacian. In particular, we develop techniques for the treatment of the stiff-
ness matrix including the computation of the entries, the efficient storage of the
resulting dense matrix and the efficient solution of the resulting equations. Since
solutions of the fractional Poisson problem are generally non-smooth in a neigh-
borhood of the boundary, we introduce a posteriori error estimators that are used
for adaptive mesh refinement. The main ideas consist of generalizing proven tech-
niques for the treatment of boundary integral equations to general fractional or-
ders. Importantly, the approximation does not make any strong assumptions on the
shape of the underlying domain and does not rely on any special structure of the
matrix that could exploited by fast transforms. We demonstrate the flexibility and
performance of this approach in a couple of one- and two-dimensional numerical
examples. It will be observed that optimal rates of convergence are achieved in all

numerical examples.

10.1 Fractional Laplacians

The fractional Laplacian in R? of order s, for 0 < s < 1 and d € N, of a function u

can be defined by the Fourier transform F as

(=AY u=F! [|§|25 fu} )
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Alternatively, this expression can be rewritten [96] in integral form as
s L S u(T) —u(y
(—A) u () =C(d,s) p.v./ dy —S ) -»dezs)
R |7

where

is a normalization constant and p. v. denotes the Cauchy principal value of the inte-
gral [78, Chapter 5]. In the case where s = 1 this operator coincides with the usual
Laplacian. If QO C R? is a bounded Lipschitz domain, we define the integral frac-
tional Laplacian (—A)® to be the restriction of the full-space operator to functions
with compact support in €). This generalizes the homogeneous Dirichlet condition
applied in the case s = 1 to the case s € (0, 1).

The fractional Poisson problem is then given by

(—AYu=finQ, (10.1)

u=01n Q°

This generalizes the homogeneous integer order Poisson problem from the case
s =1 to the case s € (0,1).

A related operator on 2 is the regional fractional Laplacian

(80 (@ = Cld.s)pv. [ ag DD,
o |T-

which generalizes the Laplacian with homogeneous Neumann boundary condition
to the fractional order case. It will be seen that the techniques developed below for
the integral fractional Laplacian also apply for the regional fractional Laplacian.

In practice, we are usually interested in dynamic behavior rather than steady
state problems. The archetype of a time-dependent problem is the fractional heat

equation

du+ (—A) u= fin[0,T] x Q, (10.2)
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u=1upin {0} x €.

Equally well, we might consider the fractional heat equation with the regional frac-
tional Laplacian instead of the integral one, if a Neumann boundary condition is

more appropriate.

10.2 Weak formulation

Define the usual fractional Sobolev space H* (R?) via the Fourier transform. If (2 is

a sub-domain as above, then we define the Sobolev space H* ({2) to be

H* () = {u € L2(Q) | Jul o) < o0}

equipped with the norm

2 u(§))?
Hs(Q ’UHH Q)+ dz f —»|d+2s :

[l
The space
H*(Q) = {ueH* (RY) |u=0inQ°}
can be equipped with the energy norm

= a(u,u)'? =y C(C;’S) lu

where the non-standard factor \/C(d, s)/2 is included for convenience. For s > 1/2,

H* () coincides with the space H¢ (©) which is the closure of C§° (£2) with respect

Hs (Rd) )

to the H* (Q)-norm. For s < 1/2, H* () is identical to H* (Q). In the critical case
s =1/2, H* (Q) C Hg (), and the inclusion is strict. (See for example [78, Chapter
31)

The usual approach to dealing with elliptic PDEs consists of obtaining a weak

form of the operator by multiplying the equation by a test function and applying
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integration by parts [50]]. In contrast, for equations involving the fractional Lapla-
cian (—A)” u, we again multiply by as test function v € H* (Q) and integrate over

R4, and then, instead of integration by parts, we use the identity

/ df/ dy*(u(q —u( / / dﬁ ) —U(ZJ)U@))
R4 R |a:—.»_—»|d+28 R Rd |—»_y—»|d+2$

Following this approach, since both u and v vanish outside of (2, we arrive at the

bilinear form

i

(?J)) (v (2) = v (

C(d,s)/ df/ dgTd-‘,-gs’
o < |F—y

corresponding to (—A)* on H* () x H* (2). The bilinear form a (-, -) is trivially seen

)

<

a(u,

to be H* (Q)-coercive and continuous and, as such, is amenable to treatment using
the Lax-Milgram Lemma.

In this chapter we shall concern ourselves with the computational details needed
to implement the finite element approximation of problems involving the fractional
Laplacian. To this end, the presence of the unbounded domain 2¢ in the bilinear
form a (-,-) is somewhat undesirable. Fortunately, we can dispense with Q¢ using
the following argument. The identity

11 -

enables the second integral to be rewritten using the Gauss theorem as

d s / / z) fy- (X — )
50 ’—-\ —»’d-‘rQS ?

where 7, is the inward normal to 02 at y, so that the bilinear form can be expressed

equivalently as

a(u,

d $ ( ) ity (T —9)
/ / dy - —»d+2s :
o0 x—y|
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As an aside, we note that dropping the boundary term in « (-, -) leads to the bilinear

form

Cld,s) [ [ (u(@)—u(@) (@) —v@)
b(u,v):T/Q dx/Q dy

& —g""*

which represents the regional fractional Laplacian [17,|32]. The regional fractional
Laplacian can be interpreted as a generalization of the usual Laplacian with homo-
geneous Neumann boundary condition for s = 1 to the case of fractional orders
s € (0,1). It will transpire from our work that most of the presented techniques
carry over to the regional fractional Laplacian by simply omitting the boundary

integral terms.

10.3 Finite Element Approximation of the Fractional

Poisson Equation
The fractional Poisson problem

(—A)Yu=f in €,

u=20 in Q°
takes the variational form
Findue H°(Q): a(u,v) = (f,v) Yoe H (Q). (10.3)

The existence of a unique solution to the fractional Poisson problem eq. (10.1)) (and
its subsequent finite element approximation) follows from the Lax-Milgram Lemma.
As a special case of a result by Grubb [61], the regularity of the solution was

recorded in [1]:

Theorem 34.
Let 00 € C=, f € H™ (Q) for r > —s and u € H* (Q) be the solution of the fractional
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Figure 10.1: Solutions u corresponding to the constant right-hand side for s = 0.25
and for s = 0.75.

Poisson problem (10.3]). Then the following regularity estimate holds:

H?*77(Q) fo<s+r<1/2,
u €

HH2=2(Q) Ve >0 if1/2< s+

The result shows that increasing the regularity of the right-hand side only results
in an increase of the regularity of the solution, as long as » < 1/2 — s. We contrast
the result with the standard “lifting property” of the integer order Laplacian
Theorem 3.10], whereby a gain of two derivatives takes place on smooth domains.
Examining a particular solution reveals why the lifting property does not extend
to the fractional case. On Q = B(0,1) C R? the constant right-hand side f =
22T (1 + s)* has corresponding solution u (%) = (1 — \f|2)i, where y, = max (y,0),
and u is singular at the boundary 58] (See Figure[10.1}) It generally holds that
the solutions of the fractional Poisson problem contain a power § (Z)° € H*"1/27¢,
where ¢ () is the distance of Z to the boundary 0f).

For polygonal domains, the infinite lifting property does not hold in the integer
order case either Theorem 3.11].

Henceforth, let €2 be a polygon, and let P, be a family of shape-regular and
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locally quasi-uniform triangulations of €2 [50], and
0P, ={edgee|3dK € P, :e C 0K NI}

the trace of the interior mesh. Let A, be the set of vertices of P, and hx be the

diameter of the element K € P, and h, the diameter of ¢ € 9P;,. Moreover, let

h := max hg,
KePy

Pogin = ;?é% hi,

hs := max he..
e€OPy,

Let ¢; be the usual piecewise linear basis function associated with a node z; € N,
satisfying ¢; (Z;) = ¢;; for Z; € N, and let X, := span{¢; | z; € NV,,}. The finite
element subspace V;, C H* (Q) is given by Vj, = X, when s < 1/2 and by

Vo =A{vn € Xi | v =0 0n 0Q} = span {¢; | Z; & 0N}

when s > 1/2. The corresponding set of degrees of freedom Z,, for V}, is given by
T, = N, when s < 1/2 and otherwise consists of nodes in the interior of . In both
cases we denote the cardinality of Z; by n. The set of degrees of freedom on an
element K € Py, is denoted by Z.

The stiffness matrix associated with the fractional Laplacian is defined to be

A* = {a (¢, ¢j)}i7j, where
d s ; - (7) — 6, (7
a (i, d;) = —=®) / / (¢: (@ |§»$é3 6; (7))

dsg/ T

Let u, € V}, be the finite element solution. By Céa’s Lemma and the inclusion

H* (Q) C H* (),

lu—wnl ey < C 1nf lu = vl o) < C’v}illg‘f/ lw = vnl g - (10.4)
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The proof of the rate of convergence is based on approximation properties of the

Scott-Zhang interpolation operator with respect to the ||

HY(Q), ¢ > 1/2, let
M=y (/Kw @) u () dg) "

denote the Scott-Zhang interpolation operator [[83]. Here, K; is either a simplex K

me(-norm. For u €

of the triangulation such that i € Zk, or a sub-simplex e such that i is associated
with e, and {4}, is an L? (K;)-dual basis chosen such that [ K, Vi (¥) &5 (¥) dy = 0y5.

Acosta and Borthagaray [2] showed thatif u € H® (S ), where Si = |J st Bk K
is the patch of an element K € P, the local approximation property

/ dx/ ﬁ| (u — yu) (7) — (u—Tyu) ()] < Ch¥*|u |H/~’(SK
Sk

| = —»|d+2$

holds for 0 < s < ¢ < 1land for 1/2 < s < 1 and 1 < ¢ < 2. Below, we extend the
result to include the case of 0 < s < 1/2 and 1 < ¢ < 2 as well. This result will be
needed to take advantage of higher regularity of the solution in the interior of the

domain.

Lemma 35.

Ifu € H* (Sk), for £ € (1/2,2] and 0 < s < (, then

- —»|Hhu (f) - Hhu (g)|2 —2s —2s
/ i / a2 L < il + B2 ulugs |
K Sk |‘T - y|
(10.5)

—\ 2
/ dx/ 4| (v —1lyu) (7) — (u — Hyu) (3)] < ORE s (10.6)
Sk

|.’lf —»|d+25

Proof. Similar to the proof in [36]], for ¢ € (1/2, min {1, /}], we obtain

H|Hhu f Hhu ?7 2 2
/ dx/s |7 — g CZ ”‘”Z”Lw (Ki) |PilHs (5K ) -
K

€K

From [|10, Theorem 4.8], we obtain

2
|3l s (s

d—2s
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and from [83), Lemma 3.1] that
[ il i 1y < Chz” ™5
If K; is a simplex K, then
Jul 7y < P el 2 s,y
On the other hand, if K is a sub-simplex ¢, then by [36, 83]]
[l 1y < © (P2 Wl sy + P24l ) -

Combining these estimates gives the following stability estimate

L (2) = M (3) s 25
[ ar [ af DR O < [ ey + B s
K Sk |ZE

. g»| d+2s

Now, let p be a polynomial of degree 1 on Sk. Then, by II,,p = p and the above

stability result

. | (u = M) (£) = (u — Tyw) ()]
/ dx/SK dyf

|f —»|d+25

/ . /SK () q) H’Si;pmmﬁ

/dq:/ H| p — M) () — (p — i) (3)]
Sk

|f —»| d+2s

<C

<C [|u

_ 2
Hs(sK) + hy 2 Jlu — p||L2 SK) h% % lu — p|Ht(sK)] .

We distinguish two cases. In the first case, assume that ¢ < 1 and take ¢t = /. By
the Bramble-Hilbert Lemma, it holds that there exists a polynomial p of order zero
such that [u — p 25,y < Ch, Ul pre(s,)- Moreover |u — plpye(s,y = [ulges,,) and by

interpolation of spaces [u — p|y.(g,) < Chi® |ulgre(s,,)- Hence

-1 —1II
/ dx/ J u p) () — (u ) (?J)| < CR22 |U|12L12(5K)' (10.7)
Sk

| = —»|d+2s

In the second case, assume that ¢ € [1,2], and take ¢ = 1. Again, by the

Bramble-Hilbert Lemma, a polynomial p of degree one can be found such that
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lu = pllogs,) < Chi |ul pregs,ey and Ju = plyp g,y < Chi! |ulf1(s,)- By interpola-
tion of spaces, its is obtained that |u — p[ .5, < Ch% Ju

local approximability result (10.7)) holds in this case as well. O

1s(sy)» and therefore the

The proof of the rate of convergence of the finite element solution is an imme-

diate consequence of Lemma

Lemma 36.

Ifue H (Q) N H

loc

(Q), for t,0 € (1/2,2) and 0 < s < t </, i.e. if u has Sobolev

regularity t and interior regularity (, then
Ju = wnlisiey < € (B Tuliag oy + 5™ [l ) (10.8)

where hy is the maximum size of all elements K whose patch Sk touches the boundary.
In particular, if the family of triangulations P} is globally quasi-uniform, and u €

H'(Q), fort € (1/2,2] and 0 < s < t, then

Proof. Assume that u € H () N H{

loc

(Q), fort, 0 € (1/2,2)and 0 < s <t < (. By a

localization result of Faermann [51, 52]], we can estimate

lu — TT,ul

<C).
K

2
H(Q)

. lu = ITpu) (2) — (uw— I gz _9s
/ dl‘/ dy’( h )(_’) _,(d+23 h )( )’ +h‘K2 Hu_HhuHi%K)
K Sk Tl

(10.10)

The local approximability of the Scott-Zhang Interpolation (10.6) then gives

2 —92s 2 —92s 2
o) <O Z hie |ulfe (s, + Z hi [l (s

K K
SKrNON=0 Sk NONAD

<C (h%_% ’Uﬁ{l{m(ﬂ) +hy W?{t(@)) ,

lu — TThul

so that we can conclude using eq. (10.4)). O
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Moreover, using a standard Aubin-Nitsche argument [50, Lemma 2.31] gives

estimates in L? (Q):

Theorem 37 ([[18]]).
If the family of triangulations P, is shape regular and globally quasi-uniform, and, for

€>0,ue HF/?7<(Q), then

0(87 €)h1/2+s—e ‘u

s+1/2—¢ lf0<$<1/27
Ju— up] > < e

C(s,e)h' =% |u

Hs+1/2—e(Q) ifl/2 S s < 1

Estimate implies that if u € H? (), then the expected rate of convergence
on a globally quasi-uniform mesh is h>~* ~ n>~2/4, However, the solutions of
generally have limited regularity as described in Theorem owing to the
lack of regularity in the neighborhood of the boundary. This suggests one should
use a more finely graded mesh near the boundary so that hy < h. The estimate
distinguishes between elements in the interior of the domain §2 and elements
touching the boundary 0f). Generally, one would hope to restore the optimal rate
of convergence O (n(*~?/9) observed for smooth solutions by using appropriately
graded meshes.

To this end, we choose hy ~ h(¢=5)/(1=29) where h denotes the maximum element

size in the interior. Applying estimate (10.8) with ¢t = s + 1/2 — ¢ we obtain

”u —_ uh‘ﬁS(Q) S Chejs (‘U’Hﬁc(g) + ‘u’Hl/QvLS*s(Q)) ’

In the one-dimensional case, d = 1, it is a simple matter to construct meshes for
which hyx = h for all elements K such that SxNOQ = 0, and hyx = /(-2 for the
four elements whose patches touch the boundary. Then the number of unknowns

n ~ h~! and therefore

Hu — uh]ﬁs(m < Ccn*~t <]u\Hﬁm(Q) + ’u‘Hl/“S*E(Q)) . (10.11)

This means that, provided u € H?

ioc (), the optimal rate of convergence is indeed

achieved.
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However, in the two-dimensional case one is constrained in the construction of
the meshes if, as we do here, the use of hanging nodes is prohibited. This raises the
possibility of the optimal rate of convergence of O (n(*~?/9) not being achievable
in practice. Acosta and Borthagaray [2] proposed a graded mesh for the unit disc
domain for approximating the solution obtained with a constant right-hand side,
in which a grading parameter p > 1 is selected and elements are distributed in M
concentric layers of radii r; = 1 — (1 — -2)", i = 1,..., M, so that the element sizes
are h; = r; — r;,_;. The dimension of the associated finite element space is n ~ M?

if 4 <2, and n ~ M* if ;n > 2. By following the arguments in [2] it is shown that
lu = unl ey < O (max{s—t,—1+})/2 (’u‘HﬁC(Q) + |U\H1/2+3_E(Q)> . (10.12)

This suggests that the optimal rate in d = 2 dimensions is n~/>*¢, which can be
achieved if u has interior regularity of at least order 1+ s — . We note that contrary
to the result stated in [2]], this holds for all s € (0, 1), provided that the solution u
enjoys sufficient interior regularity.

A priori mesh grading of the type discussed above can give considerable im-
provements but does rely on the availability of sharp estimates for the regularity
which, unfortunately, is not always the case for practical problems on complicated
domains. Therefore, we explore a posteriori error indicators for the fractional Lapla-

cian in Section

10.4 Adaptive Mesh Refinement

The fractional Laplacian (—A)® : H* (Q) — H~* () is continuous with continuous

inverse. Hence, the discretization error
e=u—u

can be bounded from above and below in terms of the residual r = f — (—A)’ u;, as

crlg-s) < lelgsy < Clrlg-«q)
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where ¢ and C are positive constants depending on the norm of (—A)” and its

inverse. It was shown in [51,|52]] that the Babuska-Rheinboldt type error indicators

_ |a (e, vey)|
M= Sup T
vEH*(Q) [vil He ()

v #0

are reliable and efficient for non-negative order differential operators. Unfortu-
nately, the estimators are not computable owing to the presence of the supremum.
However, 7; can be estimated up to a generic (unknown) factor, independent of the

solution and the mesh-size, by

= [ B (10.13)
KeS;

where S; is the patch formed by the elements which contain the node Z;. Therefore,

the following a posteriori estimate holds:

2 N ~2
o S 0= )

The estimator (10.13) involves only the local L?-norms of the residual and can

el

easily be evaluated using quadrature, but then one requires pointwise values for
(—A)’uy. A direct evaluation using quadrature rules is discouraged due to the
presence of the singularity of the kernel |Z — 7]”% > as well as the fact that the
domain of integration is unbounded. The next result gives a method whereby this

issue can be circumvented.

Lemma 38.
For u € V,, and ¥ € K for an element K, € Py, the fractional Laplacian (—A)’ u can
be evaluated as

(A u(@ 1 / Vil 77 u(f)/ iy (E=)
C(d,s) d+2s =2 Jox, |7 — g2 2s

1 1
fg——————dy  (10.1
* Z {25(d+25—2)/ Vu‘K ny‘f_g»‘d+25—2 gy ( 4)

K+4Kj
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—

R —Tz‘ (&~ 9) dg} (10.15)

. 37| d+2s

ifs#1—d/2, and as

(—=A) u (@) / _ 1 u(@) / ity (T —y) .
- = -nglog —— dy — d
C (d, 8) ot VU|KO nglog ‘x - g’ Yy 95 ; —»|d+23

Ko |7 — 1
| ) | 1 A (F— ) 4}
+ — Vu|,. -figlog ——— dyj — — u 2 Py .
Z{2s/aK e A8 T 5 "D g

K+#Ko
(10.16)
when s =1—d/2.
Proof. Letu € V}, and ¥ € K, for some K, € P;,. Then
A [ 2O
C(d,s) Re [T — ]t
u (Z) — u () 1 .
—PV/deF()/ s Y
Ko |T \ RAK, |Z — 7]
/ d+28 dyj. (10.17)
K#Ko |7 — ?/|
We have the following helpful identities:
1 1
7 —Vi—tm=, S#1—4d/2,
= e e (10.18)
| | Vglogﬁ, s=1-d/2,
1 1 i—q
’f__mdﬁszzﬁgvﬁ'ﬁgjgﬁiﬂ’ (10.19)
1 1
1 2s(d+25—2) Ay Z_gdtzs—2, S #1—dJs,
T | st (1020

For 7,y € K,
u(Z) = u(y) = Vul, - (T -9
since u‘ K, 1 linear. Hence, the first term of (10.17)) can be rewritten using (10.18]

as

w(@) —u(y) . . r—y .
Ko =g tiny Vs, Ko\B(@e) |F— 41"
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1 Mg
\Y% . Y dy
U‘Ko d+25—2/8[{0 ‘f—md+28_2 Yy

1 Tig
+ V|, - 4
a2 /63@5) g
~

_ ! / Vil s
d+2s =2 Jo, |7 — g2 7

Here, 7i; is the outward normal at . When s = 1 — d/2, we obtain instead that

uw(?) —u(y) . . 1 .
p.V./ (_‘)—_’z()dy:/ Vu’KO-nglog—_, dy.
Ko |x—y| 0Ko ‘x—ﬁ

The second term of (10.17) can be rewritten using (10.19) as

1 1 7
——dj = — Vo W
/Rd\Ko |f i y—»|d+25 2g R\ K Y |f _ g»ld+2s
iig- (T —9) .

)
28 8K0 |.’,i" _ g»|d+28

Finally, for every K € P),, K # K,, it follows from (10.20)), Green’s second identity

and (10.18) that

u () . 1 / . 1 B
= W) At 47
/K |7 — ]2 2s(d+2s—2) Jg (5) A7 |7 — g2
1 1
— A_‘ — d_;
s ) ey
5 | {ut iy (7~ )
+ U(y)(d+23—2)i—s
25(d+2s —2) Jor { 7 — y—»|d+2
B 1 .
_V'U/’K ' ng|l—;‘_ y—»|d+2872 Y
1 g (F—9) -
T e (7) -~ = dy
2s Jox 7 |E— g™
1 1
Vul, - fg——————s dy.
2s(d + 25 — 2) /BK ‘K y|f_?j|d+25—2 Y
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When s = 1 — d/2, we obtain instead that

/ 7 — y‘d+2s dy = 23/ u (9) W dy — %5 Vul . - iizlog 77 dy.
In conclusion, we find that

(-AYu@ 1 / Vil Ty u<:f>/ iy (7= 0)
0

C(d,S) _d+23—2 9K, |j»_g»|d+28—2 Y 25 Ky |f_g»|d+28

1
V ._»_,—d—»
* Z {23 d+2$—2)/ U|K ny|f_y—»|d+2s—2 Y
! AT (E=0)
L w4
|7 — ]

and when s = 1 — d/2 then

(—A) u (Z) / _ 1 L u(7) / iy (T—79) ..
o) U - figlog ——— dj — d
C(d,s) Ko Vu|K0 5708 ‘x Z 37’ Y 25 Jy *|d+2$ Y

Ko |f_y
B 1 1 ng- (€ —vy)
+ ) { / Vu]K'nﬁlogmdy—% u(y)%dy

K+#Ko

The integrals over the element surface in egs. and can be evalu-
ated using standard quadrature rules since the integrals in eqs. and
are regular. Although we are primarily concerned here with the case of piecewise
linear basis functions, the above expression can easily be generalized to higher or-

ders finite elements.



Chapter 11

Overcoming Computational
Challenges of the Fractional

Laplacian

11.1 Computation of Entries of the Stiffness Matrix

The computation of entries of the stiffness matrix A° in the case of the usual Lapla-
cian (s = 1) is straightforward. However, for s € (0, 1), the bilinear form contains

~9725 which means that simple closed forms for the entries are no

factors |¥ — 7]
longer available and suitable quadrature rules therefore must be identified. More-
over, the presence of a repeated integral over 2 (as opposed to an integral over
just ) in the case s = 1) means that the matrix needs to be assembled in a double
loop over the elements of the mesh so that the computational cost is potentially
much larger than in the integer s = 1 case. Additionally, every degree of freedom is

coupled to all other degrees of freedom and the stiffness matrix is therefore dense.

134
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Figure 11.1: Element pairs that are treated separately. We distinguish element
pairs of identical elements (red), element pairs with common edge (yellow), with
common vertex (blue) and separated elements (green).

11.1.1 Reduction to Smooth Integrals

In order to compute the entries of A* = {a (¢, ¢;)},; we decompose the expression
for the entries into contributions from elements K, X € P, and external edges

e c 'Phﬁ:

i, 0) =3 3 a K (G, 05) + YD (gi,0y),
=

K e

where the contributions a®*¥ and a**¢ are given by:

E (5 ) — é ))Eﬁﬁj)—@(@{ 1Ly
a"* (i, ¢) = *gb’ & ﬁﬁ f{\;'f‘@. (11.2)

Although the following approach holds for arbitrary spatial dimension d, we restrict
ourselves to d = 2 dimensions. In evaluating the contributions a**% over element

pairs K x K, several cases need to be distinguished:
1. K and K have empty intersection,
2. K and K are identical,
3. K and K share an edge,
4. K and K share a vertex.

These cases are illustrated in Figure In case 1, where the elements do not

touch, the Stroud conical quadrature rule [92]] (or any other suitable Gauss rule on
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simplices) of sufficiently high order can be used to approximate the integrals. More
details as to what constitutes a sufficiently high order are given in Section|11.1.2

Special care has to be taken in the remaining cases 2-4, in which the elements
are touching, owing to the presence of a singularity in the integrand. The contri-
butions «”*X and a**¢ as given in egs. and for touching elements
K and K contain singularities. Fortunately, the singularity is removable and can,
as pointed out in [2]], be treated using standard techniques from the boundary ele-
ment literature [82]]. More specifically, we write the integral as a sum of integrals
over sub-simplices. Each sub-simplex is then mapped onto the hyper-cube [0, 1]*
using the Duffy transformation [44]. The advantage of pursuing this approach is
that the singularity arising from the degenerate nature of the Duffy transforma-
tion offsets the singularity present in the integrals. Removing the singularity means
that the integrals in egs. and will become amenable to approximation
using standard Gaussian quadrature rules of sufficiently high order as discussed in
Section The same idea is applicable in any number of space dimensions.

The derivations of the terms involved can be found in [1, |82]] and is outlined
below for d = 2 dimensions.

The expression for a“*X can be transformed into integrals over the reference

element K:

K (61, 65)
/ / (0i(T) — 6i(9)) (65(T) — 6,(9))

|* g

5 (67 (7)) = 0@ (5))) (057 (7)) — 057 (7))

i

X, ) = C(2 s / / 5% (& )ﬂzi-zs(fi"—@')
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2
4 3
2 0 1
A\ /
0 1 3 1 2
@Q KNK=K b)) KNK =edge (¢) K N K =vertex
2
2 0 1
AW \
dKne=e (e) K Ne =vertex

Figure 11.2: Numbering of local nodes for touching triangular elements X and K
or element K and edge e.

Ci2.0) K] o0 (7(2)) 0 (7 (7)) 7e- (2 (2) 3 (7))
PR i

for touching elements K and edges e. If K and K or e have ¢ > 1 common vertices,

and if we designate by \;, k = 0, ..., 6 — ¢ the barycentric coordinates of K U K or
K U e respectively (cf. Figure[11.2)), we have

where k(i) is the local index on K U K or K U e of the global degree of freedom i.

Moreover, we have that

I
| p—
>
ES
—~
IR
~—
I
>
ES
7~
<Y
~
—_
ol

Here, @, k = 0,...,6 — c are the vertices that span K U K or K U e respectively.

By setting
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we can therefore write
C’ ki (T y) Yr(j) <f, ?7)

6—c 2+42s "
’Zk owk (SL’ y) Tk

By carefully splitting the integration domain & x K into L, parts and applying a

dx

((bu ¢J> dy

Duffy transformation to each part, the contributions can be rewritten into integrals

over a unit hyper-cube, where the singularities are lifted.

T(4,e) = T.(4e) [ o
; C(2,s & e k-(n)k-(n)
B 05) = (2 )KL / di JO) ——*0 W . (11.3)

The details of this approach can be found in Chapter 5 of [82] for the interactions

between K and K. We record the obtained expressions in this case.

e K and K are identical, i.e. ¢ = 3

L3 — 37 j(1,3) — j(2,3) _ J(3 3) _ 773 2377% 2377% 257
( ( (
=3 -1 UR
QZ’(CLS) — 15 — 1 QZ’(CZ,?)) —{q_ 0 ’(CS 3) 1
1 "3 I —mns
\ \ \

e K and K share an edge, i.e. ¢ = 2
Ly =5, J2) 3 257]% 257

j(2,2) — j(3,2) _ j(4,2) _ j(5,2) _ 778 2577% 2377

( ( 4
12 —n273 2
- L—mn;3 - ne — 1 _ nenz — 1
1,2 2,2 3,2
1) 5 5D
3 1 L—mn
(72 — 1 72713 — 72 | 72703
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M273 1213
_ L —mn _ n2 — 1
(4,2) (5,2)
k = % =
N2 — M213 1 —mams
L —1 L 72

e K and K share a vertex, i.e. ¢ = 1

L, =2, Jan — e 773 25772
4 4
ne — 1 L=
L—m T2 — 11273
(L) 7(2,1) _
wk Y wk — \ 7273
M2M3 — 12 m—1
—17273 —Th
\ \

We notice that the contributions for identical elements only depend on 73, so that
in fact only one-dimensional integrals needs to be computed. Similarly, the cases
of common edges or common vertices only require two and three dimensional inte-
gration.

Kxe

In a similar fashion, the integration domain of a can be split into several

parts, so that the singularity can be lifted:

l,c) ; —» l,c) /- —c 7.(4,c) /> — —
o ( 5) K| Je] dﬁcb,i(i)) () i) (D) Samown ™ (i) i - T
a (¢17 ¢J) el 5 n ~(t.0) 2+4-2s :
s[RIl o S d (i
(11.9)

Here, qbff’c) are the expressions for the local shape functions under the Duffy trans-

formations. The obtained expressions are
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e cisanedge of K,i.e. c=2

L2 = 37 j(172) = j(272) = j(372) = 0628 (1 - 770) )
( (
L =m0 —m2+ none 1L — 1m0 —m2 + none
(12) _ (2,2) _
k= Y7o+ 12— "N — o ko T T2~ None2
o Mo
\ \
)
L —m2 + nom2 — nom
(3,2) _
k — Y N2 — Motz
o™
\
4 4 4
-1 — L—m
T(1,2) _ 7(2,2) _ T7(3,2) _
wk =3y1—m Q/Jk =ym-—1 Q/Jk =9 -1
Uit 1 m
\ \ \

We notice that for s > 1/2, the integrand still contains a singularity. In this
case, the finite element space V}, does not include the degrees of freedom on
the boundary. For the interaction of the single degree of freedom that is not

on the boundary (k = 2), we obtain

J2) — J@2) _ 732 _ 773—23 (1—np),

¢(172) —

2,2 3,2
2 m é ) = 1 ¢( )

2 =M

and 5 as above.

e K and e share a vertex, i.e. c =1

L, =2, Jan — 7737237 J@n — 77(1)725771
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( (
n2—1 L—m
~(L1) L—m ~2,1) )T T e
Y= koo
n 172
—72 —1

\

11.1.2 Determining the Order of the Quadrature Rules

The foregoing considerations show that the evaluation of the entries of the stiffness

matrix boils down to the evaluation of integrals with smooth integrands, i.e. ex-

pressions eqs. (11.1) and (11.2]) for case 1 and expressions eqs. (11.3) and (11.4)

for case 2-4. As mentioned earlier, it is necessary to use a sufficiently high order
quadrature rule to approximate these integrals. We now turn to the question of
how high is sufficient.

The arguments used to prove the ensuing estimates follow a pattern similar to
the proofs of Theorems 5.3.29, 5.3.23 and 5.3.24 in [[82]]. The main difference from

[182] is the presence of the boundary integral term.

Theorem 39 ([82]], Theorems 5.3.23 and 5.3.24).
If K and K (K and e) are touching elements, then

,J 2—2s —2kr
‘EKXK‘ = ChK P1 )

i, 2-2s —2kr.0
‘EKXe‘ S C’hK p3 )

where py, ps > 1 and kr, kr o are the quadrature orders in every dimension of egs. (11.1)

and (11.2) (after regularization).
If K and K (K and e) are not touching, then

V] 2 7—2-2s dK,f( 2~ ~\ —2knT dK’[}' 2~ ~ —2knT
] < lomnea{ (52 (o 8) 2 (455 i) )
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.. d 2 d 2
. = i () o () s

where d ;. 1= dist(K, K), dg. := dist(K,e), pa( K, K) := py max {d;;—j, 1}, pa(K e) =

P4 Max {d’“, } and py, ps > 1, and knr, knt,o are the quadrature order in every di-
mension of eqs. (11.1)) and (11.2).

Theorem 40.

For d = 2, let Tk index the degrees of freedom on K € Py, and define Z,;,  := L UZ.
Let kr (K K ) (respectively kr.o (K, e)) be the quadrature order used for touching
pairs K x K (respectively K x e), and let kyr (K K ) (respectively knro (K, e)) be
the quadrature order used for pairs that have empty intersection. Denote the resulting
approximation to the bilinear form a (-,-) by a® (-,-). Then the consistency error due

to quadrature is bounded by
la(u,v) = ag(u,v)| < C(Er + Ent + Ero + Ento) [ul 1200 [V 1200 Vv € Vi,

where the errors are given by

—2kr (KK
ET =n max h;(?spl T( ),
K, KePy, KNK#)
) . —QkNT(K,f()
Enr=n max _ |hgpo (K,K)

- 2kNT(K,i<)
~ + Wi (K K) }
K,KeP,, KNK=0

dKQIf{ max {hK2, hK }

2 —2s —2kr 5(K,e)
Erpg=mn 1/ max hy" ps ,

KEPy,,ecOPy, , KNe#l

- k1 (K, . —oknr(K.e)] 1251 —
Enrp =n'/? . gé%x?mi . [him (K, e) 2vrBe) L p2 5 (e, )~ 2nr(Ee) dK?thQ,
h»€ hs €=

and where d; ; = L |7 — ], dx,e = infzer gee |T — |, and p1, pa, p3, pa are

as in Theorem [39

Proof of Theorem[d0} Let the quadrature rules for the pairs K x K and K x ¢ be

denoted by aKXK( ) and ay* (-, -). Set

E;(JXK = KXR (¢“¢]) KXK (¢z7¢])



143

E;‘;'jxe - aK><e (¢ZJ d)]) - K><e (¢’H¢])

For u,v € V},, we set

i,J
Bolwv)= 3 > wiB g

1€l g Ik &

0]
Exye(u,v) = E E uv; R,

1€l jE€ELK
so that

B ()| < (max[£2,[) X ul 3l

1€l i I€ Tk ik

mox B o) el [ 3 1l [ 3 1of,

€l i I€Tk v ik

(
(

Bral.0)] < (max B ) 3 ful ¥ o
(

€Tk JE€IK

ax | B2, ) Tl [ il [ P

iEIK jEIK

Since

Z lu|* < C {h;(d/ u2—|—h;~<d/~ uz],
. K K

ZeIKxf(

> Juif® < Chy /

€Ly

we find

|a(u7 'U) - aQ(uvv)l < ZZ |EK><I~((U7U)‘ + ZZ |EK><€(U’U>|
K i K e
/
<03 % (1o |2, o] ) mo (g} [l + D]

) ) 1/2
[uvum(m + ol

* CZ Z (max | By ) | ) b Tl ey o) o)
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<C <max max ’E;ng‘ max {hl}d, h;(d}> Z Z lul ooy 190 20ty
K K
e (f%m Fic f_{d) > Xl Pl
€

i,

Because

2 2
E E ||U||L2(Kuf<) ||U||L2(Kuf<) < E E :”u”LQ(KUf() E E :”v”LQ(KUf()
K K K K K K

< 2 [Pl lul p2(0) W] 120

< Onuf 2o [V 20

and

Z Z ”U”L2(K) ”U||L2(K) < |0Pn| HUHL2(Q) HU||L2(Q)
K e
< O ] gy [0l 2y
we obtain
la(u,v) — ag(u,v)| < C [n (maxngax By e max {ni hﬁ})
+nld-D/d (Hll(agcni%x ’EK | h;{d)} ||U||L2(Q) ||U||L2(Q) :

For d = 2, using Theorem 39| stated below permits to conclude. O

The impact of the use of quadrature rules on the accuracy of the resulting finite
element approximation can be quantified using Strang’s first lemma [50, Lemma

2.27]:

- < C inf
Ju =l < C inf [ lu=onl

Hs ()

|a(vn, wi) — ag(vp, wy)|
sy T Sup
He(©) wpEVy ”wh’

H%(Q)

<C inf |lu—vilgug

v EVY

wpEV ” h| H

|wn |
+(Er + Ent+ Erg+ EnTo) ||Uh||L2 (@) Sup )
Hs(Q)
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< C inf [||u — Unl goy + (Er + Ent + B0 + ENT0) [Un] 1200 | 5
UhEVh

where we used the Poincare inequality [wy|2q) < C |wp|g. () in the last step.
Based on the error estimates of Theorem 40}, the optimal quadrature orders in order

to allow convergence of up to order n~* should be chosen as

br (K K)
- (a/2+1/2)logn + s[loghk|
- log(p1)

bvr (K K)

(a/2+1/2)logn + (s — 1) [log hiz| + max {|log hk/|, [log hi|} — slogdf—; - C

C,

> max

b

d ~
log, =% + log(p2)

(/2 +1/2)logn + (s — 1) [log hg| + max {|log hk|, [loghz|} — slogd}’f—l’f -C

d. -
log, 7% +1og(p2)
k}T,a (K, 6)
a/2+1/4)logn + s|log hg|
log(ps)
kNT,(‘) (K, 6)
- (/2 +1/4)logn + (s — 1) [log he| + max {|log hx| , |log he|} — slog d;f"" Yo
> max .
log | d,f;e +log(p4)
(0/2+ 1/4) g+ (5 = 1) log hue| + max {flog ], log Al } — s log %= — C}

S

C,

)

hx
log,, %=+ log(pa)

It transpires from the expressions derived above and the fact that n ~ h~2 for
a quasi-uniform mesh that the complexity to calculate the contributions by a single

pair of elements K and K scales like
e logn if the elements coincide,
e (logn)” if the elements share only an edge,

e (logn)® if the elements share only a vertex,
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e (logn)® if the elements have empty intersection, but are “near neighbors”, and
e ( if the elements are well separated.

Since n ~ |Py|, we cannot expect a straightforward assembly of the stiffness matrix
to scale better than O (n?). Similarly, its memory requirement is n?, and a single
matrix-vector product has complexity O (n?), which severely limits the size of prob-

lems that can be considered.

11.2 Solving the Linear Systems

The fractional Poisson equation (10.1]) leads to a dense linear algebraic system
A% = b, (11.5)

The solution of the dense matrix equation also poses its own problems. For
instance, using matrix factorization to solve the resulting system has complexity
O (n®), where n is the number of degrees of freedom.

Alternatively, if conjugate gradient iteration is used, the number of iterations
necessary to converge to a given error tolerance is known to scale as the square
root of the condition number of the matrix. The condition numbers of the frac-
tional Laplacian, as well as the its diagonally preconditioned version grow with the

number of unknowns n, as shown by Theorem

Theorem 41 ([10]).
For s < d/2, and a family of shape regular triangulations P, with minimal and maxi-

mal element size h.,;, and h, the spectrum of the stiffness matrix satisfies

en T < A < ChTHI,

en 2/ < (D*)"'? A*(D*) V2 < CT,
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where D? is the diagonal part of A°. The condition number of the stiffness matrix

satisfies
A d—2s
k(A% =C (h ' ) n*/?, (11.6)
k ((D*) ! A®) = Cn?/4, (11.7)

The exponent of the growth of the condition number depends on the fractional
order s. For small s, the matrix is better conditioned. For large s, the growth of the
condition number approaches that of the usual integer order Laplacian. Moreover,
shows that the ill-conditioning becomes increasingly severe on non-uniform
meshes. Fortunately, estimate shows that using diagonal scaling removes the

effects of the non-uniformity of the triangulation. The conjugate gradient method

applied to eq. (11.5) is therefore expected to converge in \/ K ((Ds)_1 As) ~ nld

iterations. Alternatively, a geometric multigrid solver can be used. In the integer
order case, multigrid iterations are used to good effect for solving systems involving
both the mass matrix and the stiffness matrix which arises from the discretisation
of the regular Laplacian. It is known that multigrid converges with a rate that is in-
dependent of the problem size for pseudo-differential operators of positive order in
general, which in particular includes the fractional Laplacian [|62, 63, 82]. Although
a single multigrid iteration is more expensive than a single iteration of conjugate
gradient, a multigrid solver is more efficient, especially for larger fractional order s
that are troublesome for the conjugate gradient method.

As mentioned earlier, the temporal problem is often of more interest than
the steady state problem (I10.I). We first observe that using an explicit schemes
for the time discretization will lead to a CFL conditions on the time-step size At of
type At < Ch?%. The discretization using an implicit integration scheme in the time

variable lead to systems of the form

(M + AtA®) i = b, (11.8)
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where M is the mass matrix. In typical examples, the time-step will be chosen so
that the error from the approximation in time matches the spatial order, and hence
At depends on the spatial discretisation. The following Theorem shows that if the
time-step size is O (h**), we can expect the conjugate gradient method to converge

rapidly, since the condition number of the system is bounded by a constant.

Lemma 42.
For a shape regular and globally quasi-uniform family of triangulations P;, and time-

step At < 1,

At
s <o (i420).

More generally, for a family of triangulations that is only locally quasi-uniform and

At < h?s n?s/% it holds that

ho\¢ A
/-@(M+AtA5)§C(h ' ) <1+hi>. (11.9)

If D" is taken to be the diagonal part of the mass matrix and At < h**n?*/?, then

R (D)7 (M + Ata) <C (1 + h%f ) (11.10)

Proof. Since ch?. I < M < ChI, this also permits us to deduce that

min

c (hd

min

+ At ORI < M+ AtA® < C (B + At k) T

min

and so

hd + At hd725
+ At p2s/dp-2s

min

k(M + AtA%) < C

hd

min

_of Tl Ath
© 7 N\ ) 1+ At n2/dp 2

ho\* At
< .
_C(hmin) <1+h25>

For globally quasi-uniform meshes, ;" ~ C and hZ; n*/4 ~ 1,

min
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Since |¢;]7. ~ h¢ and |¢;|%. ~ k¢~ [10] and (DU)_I/QM (DO)_l/2 ~ I, we
find

-1/2

¢ (L4 Atn /) 1< (D)7 (M + AtAY) (D) < € (14 At 22 I,

min

and hence

—2s
w (D) (M 4+ Ata9)) < 0 LT A in o (4 ALY
(D)7« )

= 14 At n2s/dp=2s = h2s
[
Lemma [42] shows that if the time step At is chosen to be At ~ h%, , then using

the conjugate gradient method to solve the diagonally preconditioned system (11.8)
gives a uniform bound on the number of iterations. However, if larger time steps
are chosen, e.g. independent of h,,;,, then shows that the simple diagonal
scaling becomes inefficient resulting in a number of iterations growing as O ( h%—t>
Nevertheless, by applying a multigrid solver (as in the steady state case), one can
restore a uniform bound on the number of iterations [|62, 63, 82]].

In this section we have concerned ourselves with the effect the mesh and the
fractional order has on the rate of convergence of iterative solvers. This, of course,
ignores the cost of carrying out the iteration. The complexity of both multigrid and
conjugate gradient iterations depends on how efficiently the matrix-vector product
A°7 can be computed. (The mass matrix in eq. has O (n) entries, so its
matrix-vector product scales linearly in the number of unknowns.) Since all the
basis functions ¢; interact with each other, the matrix A® is dense and its matrix-

2, In the following section, we discuss a sparse

vector product has complexity n
approximation that will preserve the order of the approximation error of the frac-
tional Laplacian, but display significantly better scaling in memory and operations

for both assembly and matrix-vector product.
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11.3 Sparse Approximation of the Stiffness Matrix and

of the Strong Form

The presence of a factor |7 — 7] * %

in the integrand in the expression for the en-
tries of the stiffness matrix means that the contribution of pairs of elements that
are well separated is significantly smaller than the contribution arising from pairs
of elements that are close to one another. The evaluation of the strong form of the
fractional Laplacian as given in egs. and involves integration over
all edges of the mesh weighted by the same kernel. This suggests the use of the
cluster method from the boundary element literature, whereby such far field contri-
butions are replaced by less expensive low-rank blocks rather than computing and
storing the all individual entries from the original matrix. Conversely, the near-field
contributions are more significant but involve only local couplings and hence the
cost of storing the individual entries is a practical proposition. A full discussion of
the clustering method is beyond the scope of the present work but can be found in

[[82, Chapter 7]. Here, we confine ourselves to stating only the necessary definitions

and steps needed to describe our approach.

Definition 43 ([82]).
A cluster is a union of one or more indices from the set of degrees of freedom Z. The
nodes of a hierarchical cluster tree T are clusters. The set of all nodes is denoted by T'

and satisfies
1. Zisanodeof T.

2. The set of leaves Leaves(T) C T corresponds to the degrees of freedom ¢ € 7 and

is given by
Leaves(T) :={{i} : i € Z}.

3. Forevery o € T \ Leaves (T) there exists a minimal set ¥ (o) of nodes in T'\ {0}
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Figure 11.3: Cluster tree for a one-dimensional problem. The mesh with its nodal
degrees of freedom is plotted at the bottom. The leaf clusters are colored in blue.

that satisfies
o = U T.
T€X(0)
The set X (o) is called the sons of 0. The edges of the cluster tree T are the pairs
of nodes (o,7) € T x T such that T € ¥ (0).

An example of a cluster tree for a one-dimensional problem is given in Fig-

ure

Definition 44 ([|82]).

The cluster box ), of a cluster o € T is the minimal hyper-cube which contains
Uico supp ¢;. The diameter of a cluster is the diameter of its cluster box diam (o) :=
SUPz zeq, |7 — ¥l The distance of two clusters o and 7 is dist (0, 7) := infzeq, geq, |7 — -

The subspace V,, of V}, is defined as V,, := span{¢; | i € o}.
For given n > 0, a pair of clusters (o, 7) is called admissible, if

ndist (o, 7) > max {diam (o) , diam (7)} .
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—1.0
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x

Figure 11.4: Cluster pairs for a one-dimensional problem. The cluster boxes of
the admissible cluster pairs are colored in light blue, and their overlap in darker
blue. The diagonal cluster pairs are not admissible and are not approximated, but
assembled in full. The nodes of the nodal degrees of freedom are plotted on z- and
y-axis.

The admissible cluster pairs can be determined recursively. Cluster pairs that are not
admissible and have no admissible sons are part of the near field and are assembled
into a sparse matrix. The admissible cluster pairs for a one dimensional problem
are shown in Figure

For admissible pairs of clusters o and 7 and any functions ¢, ¢ with supp ¢ C Q.

and supp v C Q,, the bilinear form a evaluates to
0@.0)==Clas) [ [ k@D @@,

since Q, N Q, = 0. Here, k (Z,9) = |7 — 37|‘(d+25) is the interaction kernel, which

can be approximated on (), x (), using Chebyshev interpolation of order m in every
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spatial dimension by
md
D=3 k(&.8) L@ L)
a,8=1
L7 are the tensor Chebyshev polynomials of order m on the cluster box @),, and
€7 are the tensor Chebyshev points on @, with L? (Eg) = J,4. This leads to the
following approximation:
(o) = Ol S k(8 &) e@n@da| v@L@
a,8=1 supp ¢ supp 4

Expressions of the type |, wops @ (@) LY (¥) dZ can be computed recursively starting

from the finest level of the cluster tree, since for 7 € ¥ (¢) and 7 € Q.
Z L7 (&) 23 (@),

This means that for all leaves ¢ = {i}, and all 1 < a < m¢, the basis far-field

coefficients

/ 6(7) L7 (7) dT
supp ¢NQs

need to be evaluated (e.g. by m + 1-th order Gaussian quadrature). Moreover, the

shift coefficients

L5 ()

for 7 € ¥ (0) must be computed, as well as the kernel approximations

k(&)
for every admissible pair of clusters (o, 7). We refer the reader to [82] for further
details.
In order for the consistency error of the cluster method to be dominated by the

discretization error of the method, the interpolation order m essentially needs to

grow with |log h.,;,|. For further details, we refer to [9, [82]].
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By following the arguments in [82], it can be shown that the number of near
field entries scales linearly in n. The same conclusion holds for the number of far

KxK gre eval-

field cluster pairs. Since the four dimensional integral contributions a
uated using Gaussian quadrature rules with at most &£ ~ log n quadrature nodes per
dimension, the assembly of the near field contributions scales with nlog?*n . The
far field kernel approximations and the shift coefficients have size m?? ~ log®'n,
and are also calculated in log?’ n complexity. This means that all the kernel approx-
imations and shift coefficients are obtained in nlog®? n time. Finally, the nm¢ basis
far-field coefficients require the evaluation of integrals using m-+1-th order Gaussian
quadrature, leading to a complexity of n log>® as well. The overall complexity of the
cluster method is therefore O (n log*? n), and the sparse approximation requires
@) (n log*? n) memory. In practice, this means that the assembly of the near-field
matrix dominates the other steps but involves only local computations.

The computation of the matrix-vector product involving upward and downward
recursion in the cluster tree and multiplication by the kernel approximations can
also be shown to scale with O (nlog* n).

The same principle can be used to evaluate the strong form in all the quadra-
ture nodes necessary for the computation of the BR error indicators. According to
egs. (10.15) and (10.16), a naive implementation scales as O (n?). Many of the
components that are used for the cluster method in the matrix-vector product can
be reused. Letu =},

evaluation of the local L?-norms in (10.13). Moreover, let iy € Z,, be the closest

u;p; € Vy,, and let Zy € K, be a quadrature node in the

degree of freedom to 7, on K.
Let (o, 7) be an admissible cluster pair such that i, € ¢, and set u, = Zj@ u;j;,

so that suppu, C @,. The contribution to the fractional Laplacian is approximated

by

—/Tk(f,g)uT(g) dg:—/a/Tk(f,y*)é(f—fo)w(ﬁ) dy di
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md

~ 3 H(E.8) [ n@i@-d) i [ 1@ @ i

0[,5:1 QU T
md

- Y k(@) 126 [ L@ d
Oé,ﬁ:l QT

The integrals [ o. L () u- () dy already appeared in the computation of the matrix-
vector product, and can be recursively computed. The same holds for the factors
L?, (Zo).

On the other hand, if the cluster pair (o, 7) is not admissible and therefore in the

near-field, then formulas eqgs. (10.15) and (10.16) with () set to ), can be used to

evaluate the fractional Laplacian.

This shows that the evaluation of the strong form of the fractional Laplacian on
all the quadrature nodes {Z;}, can be seen as an application of the cluster method
with respect to the sets of functions {4 (- — Z;)}, and {¢;},.

We illustrate the above results by assembling both the full matrix as well as its
sparse approximation on the unit disk for fractional orders s = 0.25 and s = 0.75.
The memory usage of the matrices are compared in Figure For low number
of degrees of freedom, none of the cluster pairs are admissible, so the full matrix
and its approximation have the same size. Starting with roughly 2000 degrees
of freedom, the memory footprint of the sparse approximate starts to follow the
nlog*n curve and therefore outperforms the full assembly. The same behavior can

be observed for the assembly times, as seen in Figure [11.6]
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Figure 11.5: Memory usage of the dense matrix and its sparse approximation.
s = 0.25 (top), s = 0.75 (bottom). While the dense matrix uses n? floating-point
numbers, the sparse approximation can be seen to require only O (nlog* n) mem-
ory. At roughly 2000 unknowns, the memory footprint of the sparse approximation
separates from the O (n?) curve.
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Figure 11.6: Assembly time of the dense matrix and its sparse approximation.
s = 0.25 (top), s = 0.75 (bottom). The time to assemble the full matrix grows
quadratically in the number of unknowns, whereas the sparse approximation starts
to follow the nlog* n curve at about 2000 degrees of freedom.



Chapter 12

Numerical Examples

12.1 Fractional Poisson Equation

For s € (0,1), we consider the fractional Poisson problem

(=AY u=fin Q= B(0,1),

u=01n Q°

ind € {1,2} dimensions. The reason for choosing a unit disk domain is that analytic

solutions to the problem are known. In d = 1 dimensions, the right-hand sides

1D _ 92T (1 4 5)? (8 +n— 1/2) <s + n) PO (242 — 1)

S S

have corresponding solutions
wlB = P2 (227 — 1) (1 - a?)"

and the right-hand sides

1/2
1D _ 92 (1 4 ) (s +n+1/ ) (s +n>xp7§s,1/2) (227 — 1),
’ s s

have solutions

ui =z PPV (207 —1) (1 —2%)°
158

n >0

n>0
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as shown in [45]. Here, (Z) = % are generalized binomial coefficients,
P*?) are the Jacobi polynomials, and =, = max{0,z}. In d = 2 dimensions, the

right-hand sides

R =2"T(1+ s)” (S o g) <S i n) 7 cos (£0) P> (2r=1), £n>0

" s S

have known analytical solutions given by
uffé = 1’ cos (£0) P\ (27"2 — 1) (1 — TQ)j_ )

For more details on how these analytical solutions are determined, see [45]. We
note that both the one-dimensional and the two-dimensional solutions contain a
term (1 —2?)° (respectively (1 —r?)7) which behaves like § (%)°, where § is the

distance to the boundary.

12.1.1 One-Dimensional Examples

We first solve the fractional Poisson problem with constant right-hand side f = f(}’g
and solution u = ujf for s = 0.25 and s = 0.75. According to the regularity results
in Theorem u is in H**'/27¢(Q), so that we expect essentially h'/2 ~ n~1/2
convergence if a globally quasi-uniform mesh is used. Using graded meshes, the
expected rate in d = 1 dimensions is n*~2, as shown in eq. (10.11).

We adaptively refine the mesh based on the BR error indicators and a maximum
marking strategy with threshold 0.8. The cluster method is used both for the stiff-
ness matrix and for the evaluation of the strong form of the fractional Laplacian.
The error plots in Figure clearly display n*~2 convergence in H*-norm, both for
s = 0.25 and for s = 0.75, as compared to the n~'/? convergence obtained by uni-
form mesh refinement. This means that the optimal rate of convergence for d = 1 is
achieved. The measured L?-convergence is of order n~'/2~* for uniform refinement
and n—? for adaptive refinement for both values of s.

In Figure [12.2] we plot the number of degrees of freedom n against timing

results for the assembly of the stiffness matrix, the solution of the linear system,
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Figure 12.1: H*- and L#-error for the one-dimensional problem with constant right-
hand side f = f}{ and for uniform and adaptive refinement. s = 0.25 at the top,
s = 0.75 at the bottom. It can be seen that while uniform refinement results in
convergence in H°-norm with rate n~'/2, adaptive refinement achieves the optimal
rate of n*~2. The convergence in L?-norm is of order n~'/?>~* for uniform refinement,
and of order n2 for adaptive refinement.
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1 ]
10 § —&— assembly assembly
100 1 —<— indicator indicator
0 —o— solve solve

n(logn)? n(logn)?

seconds

10! 102 107 100 10! 102 107
n n
Figure 12.2: Timings for assembly of the stiffness matrix, solution of linear system
and computation of the error indicators for the one-dimensional problem with con-
stant right-hand side f = fj{. s = 0.25 on the left, s = 0.75 on the right. All steps
can be seen to scale quasi-linearly with the number of unknowns n.

and the computation of the error indicators (10.13)). It can be observed that all
three scale with n (logn)”.

Next, we consider the solution of the problem with right-hand side f(z) =

1D
nl

signz € H'/?7¢(Q). Based on decomposition of f with respect to the ana-

lytic solution u is found to be

wm e cpZiters ()
= n 4+ 1/2 (n+s:l/2)(n+s)

S

zP, (2x2 - 1) (1 — xQ)i
so that the discretization error can be calculated as

|lu — uh”%s(g) =a(u—up,u—uy) = (f,u) = (f,un), (12.1)

with
21—25

(25 4+ 1)L (1 + 5)?

(f;u) =

Solutions for s =¢/10, 7 = 1,...,9 are plotted in Figure For smaller values

of s, the transition at the boundary and at 2z = 0 is more pronounced, whereas for
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Figure 12.3: Solutions to the one-dimensional fractional Poisson problem with
right-hand side f (z) = signx for s = /10, i« = 1,...,9. For smaller values of s,
the transition at the boundary and at x = 0 is more pronounced, whereas for larger
values of s the solutions resemble the solution of the standard integer-order Poisson
problem.

larger values of s the solutions resemble the solution of the standard integer-order
Poisson problem.
The error plots in Figure show that n*~2-convergence in Hé*-norm is also

achieved for the discontinuous right-hand side f(z) = sign z.
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Figure 12.4: H*-error for the one-dimensional problem with discontinuous right-
hand side f(z) = signz and for uniform and adaptive refinement. s = 0.25 at the
top, s = .75 at the bottom. It can be seen that while uniform refinement results in

convergence in H°-norm with rate n~'/2, adaptive refinement achieves the optimal
rate of n 2,
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12.1.2 Two-Dimensional Examples

We consider the two-dimensional fractional Poisson problem on a disk with constant
right-hand side f = f3f. The solutions v for s = 0.25 and s = 0.75 are shown in
Figure [10.1]

Using a globally quasi-uniform mesh, we would obtain h'/? ~ n~/* conver-
gence. Using a graded mesh, n~'/? convergence was predicted, owing to the fact
that the mesh is required to be locally quasi-uniform. Again, we adaptively refine
the mesh, based on the error indicators (10.13]). The obtained meshes (Figure[12.5]
are highly refined in regions close to the boundary, where the solution is singular.

We plot the H* (Q)-error in Figure It can be observed that n~'/? conver-
gence is obtained, thus matching the optimal rate obtained using a graded mesh
for a constant right-hand side in (10.12). As in the one-dimensional case, the rate
in L2-norm is s orders higher than the rate in H*-norm. By considering the timing
results shown in Figure|12.7, we see that all phases of the adaptive refinement loop
scale with n (logn)*. The computation of the error indicators is cheaper than the
assembly of the system matrix, and the solution of the linear system is significantly
cheaper than both. Relative to the matrix assembly, the computation of the error
indicators is more expensive than for the one dimensional problem, since it involves
numerical quadrature over element edges instead of pointwise evaluations.

We now consider the solution of the problem with right-hand side f(r,0) =
Ligj<n/2 € H'Y?72(2). Based on decomposition of f with respect to f22, the analytic

nl >

solution u is found to be

U= 2*28(1 _r2>i {1

r(1+s)” 12
N Z (=1)E0/24m (20 4 5 4 1+ 1) cos (£0) r' P (272 — 1)
n—+s+1/2+1\ (s+n ’
n>0, £>1 and odd 71'(71 + 1/2)(8 + 1) ( n+l§2 )( n )

so that the discretization error can be calculated as

”u_uh’%s(ﬂ) :a(u_uhau_uh) = (fau)_(fauh)7



165

1.0 + 1.0 +
R Wm,
0.5 - N ‘\WAVAVA 4;’;« : 0.5 -
‘ VA‘ ‘&5' t‘y g
A 44'4"4?2
D AVAVAVAV 0.0
0.0 S .0 4
UV NANAVa,
—0.5 - ,;f%‘,’} —0.5 - R
—1.0 A —1.0 A
1 1 1 1 1 1 1 1 1 1
—-1.0 -0.5 0.0 0.5 1.0 —1.0 —-0.5 0.0 0.5 1.0

Figure 12.5: Adaptively refines meshes for the two-dimensional problem with con-
stant right-hand side. s = 0.25 on the left, s = 0.75 on the right.

with

1 1, 1+s/2, 5/2+s, 5/2+s
() =272 Lol S B
As+DI(s+1)° 7 2, 1/2, 1/2,  2+4s/2

where G is the Meijer G-function [99].

The solutions u for s = 0.25 and s = 0.75 are shown in Figure[12.8] The obtained
meshes (Figure [12.9) are highly refined in regions close to the boundary and along
the discontinuity § = +7/2. We plot the H*-error in Figure In the case

s = 0.25, we recover the optimal rate of convergence of n~'/2

, Whereas for s = 0.75,
we only find n~'/4, which coincides with the rate that would be obtained by uniform

refinement.
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Figure 12.6: H*- and L*-error for the two-dimensional problem with constant right-
hand side f = f;§ and for uniform and adaptive refinement. s = 0.25 at the top,
s = 0.75 at the bottom. It can be seen that while uniform refinement results in con-
vergence in H*-norm with rate n~'/4, adaptive refinement achieves the optimal rate
of n~1/2. The convergence in L?-norm is of order n~'/*%/2 for uniform refinement,

and of order n~'/2~%/2 for adaptive refinement.
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Figure 12.7: Timings for assembly of the stiffness matrix, solution of linear system
and computation of the error indicators for the two-dimensional problem with con-
stant right-hand side f = f3f. s = 0.25 on the left, s = 0.75 on the right. All steps
can be seen to scale quasi-linearly with the number of unknowns n.

Figure 12.8: Solutions u corresponding to the discontinuous right-hand side
f(r,0) = 1jg<x 2 for s = 0.25 and for s = 0.75.
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Figure 12.10: H*-error for the two-dimensional problem with discontinuous right-
hand side f(r,6) = 19j<~/2 and for uniform and adaptive refinement. s = 0.25 at the
top, s = 0.75 at the bottom. For s = 0.25, uniform refinement results in convergence

in H5-norm with rate n—'/2

, adaptive refinement achieves the optimal rate of n*2.

For s = 0.75, both uniform and adaptive refinement results in convergence in H*-

norm with rate n~/2,
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12.1.3 L-shaped Domain

We propose to solve the fractional Poisson problem on the L-shaped domain 2 =
0,2]%\ [1, 2]* with constant right-hand side. Since no analytic solution is available,
we solve the problem on a highly refined mesh and use this reference solution
uy, to approximate the error. In Figure we show H*- and L? error, as well
as the a posteriori error estimate 1 = (>, ﬁf)l/ ?, which is based on the local a
posteriori error estimators 7; given in (10.13). It can be observed that |u; — us| 5.
and the a posteriori error estimate 1 converge with optimal rate n~'/2, and that

~1/2=s/2 The apparent speed-up of convergence

|un — up|,. converges with rate n
in H*- and L?-norm for larger number of unknowns is due to the fact that the
reference solution wuy is used in their computation instead of the true solution u.
The a posteriori error estimate is obviously not suffer this deficiency, because it
does not involve the reference solution ;. This example demonstrates that more

complicated domains can easily be considered in the presented framework, and that

convergence of optimal order can equally well be achieved.
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Figure 12.11: Solutions u on the L-shaped domain corresponding to a constant
right-hand side for s = 0.25 and for s = 0.75.
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Figure 12.12: Adaptively refined meshes for the L-shaped domain. s = 0.25 on the
left, s = 0.75 on the right.
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Hs-, L?-error and estimated error n for the L-shaped domain. s = 0.25
at the top, s = 0.75 at the bottom. Adaptive refinement results in convergence in

~1/2

, and the same holds for the a posteriori error 7.
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12.1.4 Exploiting Symmetry

The example of the previous sections displayed symmetries and periodicity in the
shape of the domain and the right-hand side and therefore in the solution. In
particular, the solution shown in Figure [12.8| suggests that one should be able to
exploit symmetry to halve the number of degrees of freedom required.

Let B be an orthogonal transformation such that for some &, B¥ =1d, BQ = Q,
and let w C & C R be representative domains such that R? = |J* ' B'd and Q =
UL,! B'w. Moreover, assume that u (B'%) = u(7) and f (B'%) = f (). Examples
of such transformations for 2 = B(0, 1) include the reflection B = — Id with & and
w being the half-space and the half disc, or the rotation by angle § = 2% and the
domains @ = {(rcos¢,rsing) € R* | r > 0,¢ € [0,27r/K]} and w =0 N {r < 1}.

The variational formulation of the fractional Poisson problem eq. (10.3) then

reduces to
ds u (B'T) —u (B'g)) (v(B'T) — v (B']
a(u, //Z (Z—*))(j—<»d+23) B0
= BI—B?J’
B’L
+C’ d S // ( d+2)8
w “’\""z] Q}BZA_B]_W
d ) . . Lo
A [ @ = u@ @) - o @) ka3,
+ch3// _) eff($y)
w JO\w
and
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Figure 12.14: Periodic solution v = u3%. Only the circular sector on the right is

discretized, with periodic images taken into account through the effective kernel
Kett.

that accounts for the interaction with mirror images. Effectively, the computational
effort for the assembly and solution of systems involving the dense stiffness matrix
is divided by a factor of K, since only the sub-domain w needs to be discretized.
The complexity of the cluster method is expected to decrease from O (n (log n)2d>
to O (n/ K (log n)Qd) since the assembly of the near-field contributions constitutes
the bulk of the work.

To illustrate the approach, we solve the fractional Poisson problem with right-
hand side f; s on the unit disk. By leveraging the periodicity in the angular direction
(and neglecting the mirror symmetry), we reduce to a problem on the circular sector
w={(rcos¢,rsing) € R* | r >0,¢ € [0,7/4]} and w = & N {r < 1}. For simplicity,
we employ a uniform mesh and assemble the dense system matrix. The solution is

shown in Figure|12.14
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12.2 Fractional Heat Equation

The fractional heat equation is given by

u+ (=AY u=f in Q,

u=0 in Q°.

We propose to approximate the problem using an implicit method in time. The

simplest such scheme is the backward Euler method
(M + At A @ = Ma* + fo+,

where u(-, kAt) =~ >, uf¢; and fF = (f(-, kAt), &;).
More generally, let us assume that a scheme of order « is used in time, and
that a globally quasi-uniform mesh with mesh size A is used in space. In order to

obtain optimal convergence in L?-norm, in view of Theorem we shall choose

A ~ hl/?-{—min(l/?,s)’ ie.

AtLQ ~ hmin(2,1+2$)/(2a).

On the other hand, if optimal H* (2)-convergence is desired, we need Aty ~
hl/(22)  see Lemma Consequently, if an order « scheme is used for time stepping,
with optimal time step A2 or Aty ), we find by Lemma @42 that the condition

numbers of the iteration matrix satisfy

I{(M + AtL2 As) < C (1 + hmin(2,1+25)/(2a)—28) ’

o (M Aty A7) < C (14 p/G72)

In particular, this shows that the condition number will not grow as the mesh size
decreases if s < 1/ (4o — 2) in the L2 case, or if s < 1/ (4a) in the H* (2) case.

We illustrate the consequences of the above result in the case of a second order
accurate time stepping scheme (« = 2), and for s = 0.25 and s = 0.75. In the

case of s = 0.25, At;> ~ h*® and k(M + At;» A%) ~ 1+ h~Y/8, This suggests
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Method ‘ At = Atpe ‘ At = Atﬁs(ﬂ)
Conjugate Gradient pl+2s/d—min(2,1+2s)/(2ad) (log n)2d plt2s/d—1/(2ad) (log n)2d
Multigrid n (logn)** n (logn)**

Table 12.1: Complexity of different solvers for (M + AtA®) i@ = b for At = At
and At = Aty for an a-order time stepping scheme.

that the conjugate gradient method will uniformly in A deliver good results. The
convergence of the multigrid method does not depend on the condition number and
is essentially independent of h. This is indeed what is observed in the top part of
Figure In Figure the number of iterations is shown. It can be observed
that for s = 0.25 both the multigrid and the conjugate gradient solver require an
essentially constant number of iterations for varying values of At.

On the other hand, for s = 0.75, At;> ~ h'/? and k(M + At;» A*) ~ 1+ h™"
Therefore, the condition number increases as h goes to zero, and we expect that
multigrid asymptotically outperforms the CG solver. This is indeed what is observed

in Figures|12.15/and [12.16]

The complexities of the different solvers for different choices of time step size

are summarized in Table [12.11
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Figure 12.15: Timings in seconds for CG and MG depending on At for s = 0.25
(top) and s = 0.75 (bottom). It can be observed that, for s = 0.25, the conjugate
gradient method is essentially on par with the multigrid solver. For s = 0.75, the
multigrid solver asymptotically outperforms the conjugate gradient method, since
the condition number x (M + At 2 A®) grows as h™.
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Figure 12.16: Number of iterations for CG and MG depending on At for s = 0.25
(top) and s = 0.75 (bottom). For s = 0.25, the number of iterations is essentially
independent of At. For s = 0.75, the number of iterations of the multigrid solver

is independent of At, but the iterations count for conjugate gradient grows with
h=1/2,
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12.3 Fractional Reaction-Diffusion Systems

In [60], a space-fractional Brusselator model was analyzed and compared to the

classical integer-order case. The coupled system of equations is given by

88—); = —-Dx(-A)*X+A—(B+1)X + X?,
% — —Dy (-A)’Y 4+ BX — X?Y.

Here, Dy and Dy are diffusion coefficients, A and B are reaction parameters, and
a and  determine the type of diffusion. By rewriting the solutions as deviations

from the stationary solution X = A, Y = B/A and rescaling, one obtains

% =—(-A)"u+ (B-1u+ Q%+ qu + 2Quv + u*v, (12.2)
772% = - (—A)ﬁ v — Bu — QQU - guz — 2Quv — U2Ua (12.3)

with = /Dy /D% and Q = An.

In [|60] the equations were augmented with periodic boundary conditions and
approximated using a pseudospectral method for various different parameter com-
binations. Here, thanks to the foregoing developments, we have the flexibility to
handle more general domains and, in particular, we consider the case where 2 cor-
responds to a Petri-dish. We solve the above set of equations using a second order
accurate IMEX scheme proposed by Koto [72]], whose Butcher tableaux are given
by Table The diffusive parts are treated implicitly and therefore require the

solution of several systems all of which are of the type M + cAt A® with appropriate

values of c.
00 0
1|0 1 1|1
17210 -1/2 1 17210 O
110 -1 1 1 1/0 O 1
0 -1 1 1 0 01 O

Table 12.2: IMEX scheme by Koto. Implicit scheme on the left, explicit on the right.
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Figure 12.17: Error in L?*-norm (top) and He (©Q)-norm (bottom) in the Brussela-
tor model. Optimal orders of convergence are achieved. (Compare Theorem

and lemma )

In order to verify the correct convergence behavior, we add forcing functions f

and ¢ to the system, chosen such that the analytic solution is given by

u = nsin(t)u’(7),
v =n""cos(2t)u’ (),

for suitable initial conditions, where u® is the solution of the fractional Poisson
problem with constant right-hand side. We take o = g = 0.75, and choose At ~
h'/2, since we already saw that the rate of the spatial approximation in L?-norm is

of order h. We measure the error as

u i v i
€y2 = max Hut—uH €Y, = max Hvt.._vH
L% 7 o<ti<10 (t:, ) hilz2> L2 = 1o (tis ) — vpll e »
u i v i
€ = max Hu ti,') —u H~ e = max HU ti,') —v H~ .
H9(Q)  0<t,<10 (i) — H5(Q)” Q) ~ 051510 (i) — vy, f()

From the error plots in Figure [12.17, it can be observed that e;> ~ h and ey ~ h'/2,
as expected.
Having verified the accuracy of the method, we turn to the solution of the system

egs. (12.2) and (12.3)) augmented with exterior Neumann conditions as described
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in Section Golovin, Matkowsky and Volpert [|60] observed that for n = 0.2,
B = 1.22 and Q = 0.1, a single localized perturbation would first form a ring and
then break up into spots. The radius of the ring and the number of resulting spots
increases as the fractional orders are decreased. In Figure|12.18| simulation results
fora = = 0.625 and a = § = 0.75 are shown. We observe that in both cases, an
initially circular perturbation develops into a ring. Lower diffusion coefficients do
lead to a larger ring, which breaks up later and into more spots. In the last row,
we can see that the resulting spots start to replicate and spread out over the whole
domain.

Another choice of parameters leads to stripes in the solution. For o = g = 0.75,
n = 0.2, B = 6.26 and ) = 2.5, and a random initial condition, stripes without
directionality form in the whole domain. This is in alignment with the theoretical

considerations of Golovin, Matkowsky and Volpert [|60].

12.4 Discussion

In this work, we have presented the numerical approximation of the fractional
Laplacian operator for the case of globally quasi-uniform meshes as well as locally
refined meshes. In order to overcome slow convergence due to the inherent sin-
gularity of the solution close to the boundary, we introduced a posteriori error in-
dicators and adaptive mesh refinement. The non-locality of the problem leads to
dense matrices and solution complexity of O (n?) using direct solvers and at best
O (n?) using an optimal iterative method. We showed that by employing a cluster
method, assembly, matrix-vector product and computation of the error estimators
scale quasi-linear in the number of unknowns. This means that the solution of
the fractional Poisson problem and the fractional Heat equation can
be performed in the same complexity and with equal (or even better) rate of con-

vergence as of the standard integer order equivalents. Through several one- and
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Figure 12.18: Localized spot solutions of the Brusselator system with a = 5 = 0.625
(left) and o = = 0.75 (right). w is shown in both cases, and time progresses
from top to bottom. The initial perturbation was identical in both cases. The initial
perturbation in the centre of the domain forms a ring, whose radius is bigger if
the fractional orders of diffusion «, § are smaller. The ring breaks up into several
spots, which start to replicate and spread out over the whole domain. n ~ 50, 000
unknowns were used in the finite element approximation.
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Figure 12.19: Stripe solutions of the Brusselator system with « = § = 0.75. w is
shown on the left, and v on the right. The random initial condition leads to the
formation of stripes throughout the domain. n ~ 50,000 unknowns were used in
the finite element approximation.

two-dimensional examples, we illustrated that the predicted optimal rates of con-
vergence are obtained. We demonstrated how symmetries and periodicity in the

problem can be leveraged to reduce the problem size even further.



Chapter 13

Future Work on Fractional and

Non-Local Equations

In the present work, we focused on the case of fractional equations posed in d = 1
and d = 2 dimensions. The generalization to higher dimensions does not pose any
fundamental difficulties. Expressions for the contributions of touching pairs of ele-
ments that contain a singularity would have to be rederived. Alternatively, Chernov,
von Petersdorff, and Schwab proposed a procedure to transform quadrature rules
with suitable weights from the hypercube [0, 1]*¢ to pairs of simplices [33, 34, 35].
The advantage of this method is that simplices in any dimension d can be handled.
A preliminary implementation seems to suggest, however, that comparatively more
quadrature points are necessary to obtain the same quadrature error.

Moreover, the use of higher order elements might be worth exploring. Prelim-
inary results using piecewise quadratic instead of piecewise linear finite elements
suggests that faster convergence can indeed be achieved, but a more thorough com-
parison of computational costs would be in order, since, for example, the computa-
tion of the error indicators introduced in Section becomes more expensive.

At present, we also limited ourselves to homogeneous boundary conditions of

Dirichlet and Neumann type. Non-homogeneous Dirichlet conditions can be taken

184
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into account in a relatively straightforward way, provided that the contribution to
the right-hand side of the exterior condition can be evaluated efficiently using nu-
merical quadrature. The case of the Neumann condition is more subtle, as several
generalizations of the integer order non-homogeneous Neumann condition have
been proposed in the literature [40].

The approach described to obtain a sparse approximation to the dense system
matrix for the fractional Laplacian does not rely strongly on the form of the interac-

4+29) "and generalizations to different kernels such as

tion kernel k (Z,7) = |& — ]
the one used in peridynamics [85] or kernels that can model anisotropic behavior
are therefore possible.

Finally, it would be of interest to compare solutions to the fractional Poisson
problem involving the integral definition of the fractional Laplacian with solutions
obtained using the spectral fractional Laplacian. Solutions to the later can be ob-
tained by solving an extension problem in d+ 1 dimensions [22]. Nochetto, Otarola,
and Salgado leveraged this and proposed a method that converges essentially with
rate O (n~'/(#*1), n being the number of unknows, provided that the solution is
sufficiently regular [31, 80]]. Since the two fractional operators, albeit different
[[84], seem to enjoy very similar properties, the question arises whether a method

can be devised to solve equations involving the spectral fractional Laplacian with

error decaying at the same rate as its integral counterpart, namely O (n='/).
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