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Ingénieur diplomé de l’École Polytechnique, 2011

Diplom-Mathematiker, Karlsruhe Institute of Technology, 2012

Sc. M., Brown University, 2013

A dissertation submitted in partial fulfillment of the

requirements for the Degree of Doctor of Philosophy

in the Division of Applied Mathematics at Brown University

Providence, Rhode Island

May 2017



c© Copyright 2017 by Christian Alexander Glusa



This dissertation by Christian Alexander Glusa is accepted in its present form by

the Division of Applied Mathematics as satisfying the dissertation requirement

for the degree of Doctor of Philosophy.

Date
Mark Ainsworth, Director

Recommended to the Graduate Council

Date
George Em Karniadakis, Reader

Date
Johnny Guzmán, Reader

Approved by the Graduate Council

Date
Andrew G. Campbell

Dean of the Graduate School

iii



In memoriam Vytas.



Vita

Education

2012 – 2017 PhD, Brown University, Providence, RI, USA

Advisor: Mark Ainsworth

2013 Masters of Science in Applied Mathematics, Brown Univer-

sity, Providence, RI, USA

2009 – 2011 Ingnieur polytechnicien, Ecole Polytechnique, Palaiseau,

France

Double-degree program

Major: Applied Mathematics

Minors: Pure Mathematics, Physics, Mechanics, Computer Science

2006 – 2009 & 2011 – 2012, Diplom-Mathematiker, Karlsruhe In-

stitute of Technology, Germany

Major: Mathematics

Minors: Theoretical Physics, Economics

Diploma thesis: Sedimentation in Periodic Domains

Advisor: Willy Dörfler

v



Talks & Presentations

• 3/2017, SIAM Conference on Computational Science and Engineering, At-

lanta, ”The Resiliency of Multilevel Methods on Next Generation Computing

Platforms: Probabilistic Model and Its Analysis”

• 1/2017, CSRI, Sandia National Lab, Albuquerque, ”Resilience Analysis for

Multigrid Methods”

• 1/2017, Applied Math and Scientific Computing Seminar, Temple University,

”Resilience Analysis for Multigrid Methods”

• 1/2017, Frontiers in Applied and Computational Mathematics, ICERM, Provi-

dence, ”Resilience Analysis for Multigrid Methods” (Poster)

• 7/2016, SIAM Annual Meeting, Boston, ”Resilience Analysis for Multigrid

Methods” (Poster)

• 4/2016, CRUNCH seminar, Brown University, ”Resilience Analysis for Multigrid

Methods”

• 4/2016, Applied Math Days, Rensselaer Polytechnic Institute, ”Multigrid meth-

ods, random matrices and fault resilience”

• 3/2016, 14th Copper Mountain Conference on Iterative Methods, ”Resilience

Analysis for Multigrid Methods”

• 11/2015, Math Slam, Brown University, ”Multigrid methods, random matrices

and fault resilience”

• 8/2015, 2015 AARMS Workshop on Domain Decomposition Methods for PDEs,

Dalhousie University, Halifax, Canada, ”Multigrid methods, random matrices

and fault resilience”

vi



• 7/2015, Math Slam, Brown University, ”Multigrid methods, random matrices

and fault resilience”

• 3/2015, Graduate student seminar, Brown University, ”Multigrid methods,

random matrices and fault resilience”

• 10/2011, Workshop for Particulate Flows, Karlsruhe Institute of Technology,

Germany, ”Sedimentation in Periodic Domains”

Other Conferences & Workshops Attended

• 8/2016, Argonne Training Program on Extreme-Scale Computing, St. Charles,

Illinois

• 5/2016, HPC Day 2016, CSCVR, University of Massachusetts, Dartmouth

• 10/2015, Finite Element Circus, University of Massachusetts, Dartmouth

• 9/2015, Topical Workshop on Numerical Methods for Large-Scale Nonlinear

Problems and Their Applications, ICERM, Providence

• 5/2014, Topical Workshop on Robust Discretization and Fast Solvers for Com-

putable Multi-Physics Models, ICERM, Providence

• 8/2013, Brown-Kobe Summer School on High-Performance Computing, Kobe

University, Japan

Teaching

• 2015–, Math Teacher at English for Action, Providence, RI, Weekly classes for

immigrants on High School level

vii



• Summer 2014, Scientific Computing Summer School, Brown University, Or-

ganized a three week summer school for undergrad students from Universit

Pierre-et-Marie-Curie (Paris VI)

• Spring 2014, Teaching Assistant, Methods of Applied Mathematics II, Brown

University

• Fall 2013, Teaching Assistant, Methods of Applied Mathematics I, Brown Uni-

versity

Service & Outreach

• Fall 2016, Judge for Brown Mathematical Contest for Modelling

• 2016,AWM Grad-Undergrad Mentor, Brown University

• Fall 2015, Judge for Brown Mathematical Contest for Modelling

• 2015–2016, Treasurer for the Brown University SIAM Stundent Chapter

• 2010–2011, Treasurer for Aslive, Versailles, France, Charitable society for

adults with developmental disabilities

• Summer 2009, Summer camp organizer, Foyer Les Sources, Pairis, France,

Summer vacation camp for adults with developmental disabilities

• Summer 2008, Summer camp organizer, Foyer Les Sources, Pairis, France,

Summer vacation camp for adults with developmental disabilities

• 2005 – 2006, Voluntary social year, Foyer Les Sources, Pairis, France, Care for

adults with developmental disabilities

viii



Honors

• 03/2014, Nominated to Sigma Xi Honor Society

• 08/2009–08/2011, Recipient of the ”Jacques Garaialde Bernard Oppetit”

scholarship, Excellence Scholarship

• 09/2010, Recipient of the ”Prix du Projet Scientifique Collectif”, Scientific

group project of 9 months,
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Preface

Today, more than ever before, scientific exploration relies on large-scale computer

simulation of complex phenomena. The installation of larger and faster supercom-

puters enables models of physical systems to include more features and make more

accurate predictions. The advent of the new generation of exascale machines, as

mandated by President Obama’s executive order to establish the National Strategic

Computing Initiative1, poses several unique challenges. Historically, algorithms and

their implementations were optimized with respect to the number of floating-point

operations (flops) necessary. However, it has become apparent that the time to so-

lution is more and more dependent on the amount of communication between the

individual compute units of the system. A new constraint in the design of super-

computers is the power consumption of the installation. The energy necessary to

send a message depends on distance of the communication, and simply up-scaling

the design of current petascale systems, i.e. systems that can perform one petaflop,

to the next generation of exascale machines is outright infeasible. The power con-

sumption of such a system would easily surpass that of half a million homes. In

order to observe the commonly accepted limit of 20MW, lower voltage thresholds

and reduced cell capacitance are required. The inevitable consequence of these

hardware level solutions are increased rates of faults that affect the correctness of

the performed computations. This effect is amplified by the significant expansion

1Creating a National Strategic Computing Initiative, Executive Order No. 13702 of July 29th,
2015, Federal Register
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of the number of components making up an exascale system. Therefore, fault de-

tection and mitigation strategies will have to be considered in order to take full

advantage of the potential of the next generation of supercomputers [27, 28, 29,

42].

Many scientific simulations rely on the solution of very large, but sparse, linear

systems of equations. Multigrid and Domain Decomposition methods are widely

used solvers due to their attractive properties. Their benefits include optimal com-

putational complexity, scaling and easy of implementation on parallel machines. It

is therefore of prime concern to ensure the transition of these methods and their

preexisting implementations to the next generation of high-performance systems

and study their application to the problems that become tractable on these new

machines.

The contribution of this work is two-fold. In the first part, we study the impact

of faults on the convergence of iterative solvers of linear systems. The first chap-

ter serves as an introduction to linear iterative solvers, and briefly describes one of

the theoretical frameworks used to prove convergence of multigrid methods in the

ideal, fault-free case. In Chapter 2, we describe the different categories of faults

and how they are modeled using random matrices. We derive the error propagator

of a fault-prone multigrid algorithm, which will be instrumental to prove conver-

gence estimates in the presence of faults. Theoretical results concerning products

of random matrices and methods of determining their asymptotic rate of conver-

gence are given in Chapter 3. As it turns out, the so-called Lyapunov spectral radius

is difficult to compute, but can be estimated in some cases. In Chapters 4 and 5,

we apply the theoretical framework first to a simple iteration to illustrate the ap-

proach, and then to a two grid method. The extension to the multigrid case is given

in Chapter 6. It will transpire that multigrid is not a fault-resilient solver, since

convergence can only be achieved for limited problem size. By protecting one of

its steps, the prolongation operation from coarser to finer meshes, fault resilience
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is obtained. All theoretical results are illustrated by means of numerical examples

that stem from a variety of different applications. More practical implementation

details concerning the detection and mitigation of faults are discussed in Chapter 7.

We illustrate how the theoretical results can be leveraged to obtain a fault-tolerant

multigrid implementation. Finally, we discuss fault mitigation for overlapping do-

main decomposition solvers in Chapter 8. We extend the framework to account for

faults that appear in unknowns that are shared between compute nodes, and give

convergence estimates for one- and two-level methods.

In the second part of this work, we turn our attention to the efficient solution of

non-local and fractional models using iterative linear solvers. Non-local equations,

as compared to classical local models, can be used to more accurately describe the

underlying physical phenomena. The price to pay is an increased complexity in

terms of discretization and solution of the arising system of equations. We intro-

duce archetypes of elliptic and parabolic non-local equations in Chapter 10, and

state results concerning the regularity of their solution. We give details concern-

ing finite element approximations and explain how optimal rates of convergence

can be achieved through adaptive mesh refinement based on the use of a poste-

riori error estimators. In Chapter 11, we turn to the question of efficient imple-

mentations of assembly, solution and computation of error indicators. The finite

element assembly involves the computation of singular element contributions for

which special quadrature rules are required. Since the considered problems are

non-local, the straightforward approach results in dense system matrices. Similarly,

straightforward computation of a posteriori error estimators scales quadratically in

the number of unknowns. We circumvent these issues by exploiting the low rank of

off-diagonal blocks and explain how all steps of the assemble-solve-estimate-refine

cycle can be achieved in quasi-linear complexity. Finally, in Chapter 12, we illus-

trate optimality of computational complexity and rate of convergence for a number

of one- and two-dimensional numerical examples, involving fractional Poisson and
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heat equations and a fractional reaction-diffusion system.
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Fault-Prone Iterative Methods
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Chapter 1

Multigrid Algorithm

Solvers for linear systems of equations can be classified into two categories. Direct

methods aim to obtain the exact solution of the linear system (up to rounding error).

This is typically achieved computing a factorization of the system matrix. Solution

of the linear systems involving the factors is significantly easier, since their special

structure can be exploited. The most well-known example of a direct method is

Gauss elimination in which the system matrix is factored into upper and lower tri-

angular factors. The drawback of direct methods is that even if the system matrix

is sparse, i.e. if only O (n) of its entries are non-zeros, where n is the number of un-

knowns, the arising factors will be dense. Moreover, the computational complexity

of direct methods is generally of order O (n3). These drawbacks in memory usage

and complexity motivated the development of iterative methods. These methods

aim to obtain approximations that converge to the exact solution. The iterates are

obtained only by matrix-vector products with the system matrix (and sometimes its

transpose), which has complexity proportional to the number of non-zero entries of

the matrix. In practice, obtaining only an approximate solution is not an issue. It

suffices that the error in the solution of the system is dominated by other inherent

errors, such as the one stemming from discretization of a continuum model. In

the present chapter, we give an introduction to linear iterative methods, and to the

2



3

multigrid algorithm in particular.

1.1 Classical Iterative Solvers

LetA be a symmetric, positive definite sparse matrix arising from the discretization

of an elliptic partial differential equation in d spatial dimensions, and b ∈ Rn. The

equation

Ax = b

can be rewritten as the fixed point problem

x = x+N (b−Ax) ,

where N is a suitably chosen invertible matrix. If we require that the application

of the so-called preconditioner N is inexpensive, evaluation of the right-hand side

will not be costly because of the sparsity of A. This leads to the following linear

iterative method

xj+1 = xj +N (b−Axj) .

If the method is to be used as a solver, then we need that xj → x as j → ∞. The

error of the method after the j + 1-th step can be written as

ej+1 = xj+1 − x

= xj − x+N (b−Axj)

= (I −NA) ej.

We call E = I −NA the iteration matrix or error propagator. The error converges

to zero if and only if ρ (E) < 1. The smaller the spectral radius of E, the faster

the convergence to the exact solution. The ideal preconditioner would be A−1,

which would lead to convergence after just one iteration. Since findingA−1 is more



4

expensive than solving the original linear system Ax = b, A−1 is not a reasonable

choice for the preconditioner. It demonstrates, however, that a good preconditioner

should mimic the spectrum of A−1. On the other hand, taking N = ρ (A) I leads

to a very inexpensive preconditioner, which, in turn, has often poor convergence

properties since almost no information of the original problem is taken into account.

The construction of efficient preconditioners that are both inexpensive and a good

approximation to A−1 is an extensive field of very active research.

A classical iterative scheme is the (damped) Jacobi method, where N is propor-

tional to the inverse of the diagonal part D of A. The convergence rate is given by

the following theorem:

Theorem 1.

Let E = I − θD−1A be the iteration matrix of the damped Jacobi method.

1. If 0 < θA < 2D, then the damped Jacobi method converges.

2. If 0 < λD ≤ θA ≤ ΛD, then the spectrum of E is contained in [1 − Λ, 1 − λ]

and the convergence rate is ρ(E) = max {Λ− 1, 1− λ}.

Example 1.

LetA1D ∈ Rn×n be the finite difference approximation to the 1D-Laplacian with Dirich-

let boundary conditions:

A1D = tridiagn (−1, 2,−1) .

The eigenvalues of A1D are

λk = 2− 2 cos
kπ

n+ 1
k = 1, . . . , n

and the corresponding eigenvectors are the discrete sine waves

~vk =

{
sin

kjπ

n+ 1

}

j=1,...,n

k = 1, . . . , n
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Because D = 2I, we have 0 < λD ≤ A1D ≤ ΛD with

λ = 1− cos

(
π

n+ 1

)
,

Λ = 1 + cos

(
π

n+ 1

)
.

Hence

ρ (E) = cos

(
π

n+ 1

)
.

For problem size n, we have

ρ (E) = 1− π2

2(n+ 1)2
+O

(
(n+ 1)−4

)

which makes this method quite slow. We observe though that the error components

along the different eigenvectors ~vk get damped by

ρk = 1− λk
2

= cos

(
kπ

n+ 1

)
.

The components along ~vk, where k is close to n+1
2

decrease indeed much faster.

Example 1 shows that the Jacobi iteration reduces high-frequency error (with

large λk) rapidly, but stalls on low frequency error. This suggests coupling the Jacobi

iteration with a second type of iteration that specifically targets the low-frequency

error.

1.2 Multigrid Algorithm

The fundamental observation that leads to the multigrid method is that low-frequency

error varies slowly, whereas high frequency error is oscillatory. This means that low-

frequency error can be transferred to a coarser discretization without loosing too

much information.

In what follows, let Ω ⊂ Rd be a convex polyhedral domain, ΓD ⊆ ∂Ω be non-

empty and V = {v ∈ H1(Ω) : v = 0 on ΓD}. Let T0 be a partitioning of Ω into
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the union of elements each of which is a d+ 1-simplex, such that he intersection of

any pair of distinct elements is a single common vertex, edge, face or sub-simplex

of both elements. For ` ∈ N, the partition T` is obtained by uniformly subdividing

each element in T`−1 into sub-simplices such that T` satisfies the same conditions as

T0 [73]. Let Pk, k ∈ N, consist of polynomials on Rd of total degree at most k. The

subspace V` consists of continuous piecewise polynomials belonging to Pk on each

element on the partition T`. In particular, this means that the spaces are nested:

V0 ⊂ V1 ⊂ . . . ⊂ VL ⊂ V .

Let a : V × V → R be a continuous, V -elliptic, bilinear form and F : V → R be

a continuous linear form and consider the problem of obtaining uL ∈ VL such that

a(uL, v) = F (v) ∀v ∈ VL. (1.1)

Let φ(i)
` , i = 1, . . . , n`, denote the usual nodal basis for V`, and φ` be the correspond-

ing vector formed using the basis functions.

Problem eq. (1.1) is then equivalent to the matrix equation

ALxL = FL (1.2)

where A` = a(φ`, φ`) is the stiffness matrix, xL is the coefficient vector of u` and

FL = F (φL) is the load vector. For future reference, we define the mass matrix by

M ` = (φ`, φ`).

The multigrid method solves the linear system of equations

Ax = b

by introducing a hierarchy of coarser problems

A`x` = b`

of size n`, ` = 0, . . . , L with AL = A. Information gets transferred between levels

through restriction and prolongation operators

R`+1
` : Rn`+1 → Rn` , P `

`+1 : Rn` → Rn`+1 .
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We will assume that P `
`+1 =

(
R`+1
`

)T
along with the Galerkin relation

A` = R`+1
` A`+1P

`
`+1.

In the finite element context, the natural way to define these operators is to employ

the nesting of the spaces V` ⊂ V`+1, which means that there exists a matrix R`
`+1

such that φ` = R`
`+1φ`+1. We will drop sub- and superscripts on restriction and

prolongation operators in what follows.

Moreover, linear iterations called smootheners are defined on each level as

x` ← x` +N ` (b` −A`x`) ,

whereN ` is a suitable preconditioner, e.g. the damped Jacobi preconditionerN ` =

θD−1
` , with D` the diagonal part of A`, as described above.

The multigrid method now consists in applying several steps of smoothening,

i.e. application of an iterative methods that reduces high frequency error, followed

by restriction of the residual b`−A`x` to the next coarser grid. The coarser problem

is solved by one or more recursive calls to the multigrid algorithm, or, in case of

the coarsest mesh, by a direct solver. The multigrid method is given in Algorithm 1

and illustrated in Figure 1.1 and may be invoked to obtain an approximate solution

of problem eq. (1.2) by a call to MGL(b, 0). The reason why the smoothening step

appears twice is that it can be beneficial for the iteration to be symmetric, since the

corresponding preconditioner will then be symmetric. This permits, for example,

to use a multigrid iteration as a preconditioner in the Conjugate Gradient method.

The number of recursive calls γ to the multigrid method on a coarse grid leads to

different multigrid schemes. The most popular ones are called the V-cycle for which

γ = 1, and the W-cycle with γ = 2.

Alternative choices for the smoothening iteration are possible. Popular op-

tions apart from the damped Jacobi iteration include Gauss-Seidel iterations, SOR

smootheners, block-smootheners and polynomial smootheners.
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P

P

R

coarse solve
A−1

0 b0

smoothing smoothing

smoothing smoothing

` = 0

` = 1

` = 2

R

Figure 1.1: Multigrid hierarchy with three levels, and restrictions R and prolonga-
tions P .

Algorithm 1 Multigrid method MG`

Input: Right hand side b`; Initial iterate x`
Output: MG`(b`, x`)

1: if ` = 0 then return A−1
0 b0 // Exact solve on coarsest grid

2: else
3: for i← 1 to ν1 do
4: x` ← S` (b`, x`) // ν1 pre-smoothening steps
5: d`−1 ← R (b` −A`x`) // Restriction to coarser grid
6: e`−1 ← 0
7: for j ← 1 to γ do
8: e`−1 ←MG`−1(d`−1, e`−1) // γ coarse grid correction steps
9: x` ← x` + P e`−1 // Prolongation to finer grid

10: for i← 1 to ν2 do
11: x` ← S` (b`, x`) // ν2 post-smoothening steps
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What makes the multigrid method particularly attractive is its computational

complexity. On every levels, only sparse operations with complexity proportional to

n` are used. Provided that the coarsening ratio from level to level is large enough,

a single iteration of the multigrid method can easily be shown to have complexity

O (nL) or O (nL log nL) [62]. As we will discuss in the next section, the rate of con-

vergence of the multigrid method does not depend on the problem size. This means

that an essentially constant amount of iterations needs to be taken to converge to a

given error tolerance, making the multigrid method a solver with linear complexity.

1.3 Convergence Theory for Multigrid

The analysis of the convergence behavior of multigrid algorithms is a rich topic. Two

theoretical frameworks are available. The first one relies on splitting the problem

into high and low frequencies for a two grid method. The results are then extended

to the multigrid case by a perturbation argument and recursive inequalities [62,

63]. The second framework is inspired by the analysis of domain decomposition

methods and relies on a nested decomposition of the solution space [21, 101, 102].

In what follows, we adhere to the first framework as it will be seen to extend to the

analysis of fault-prone methods.

Let the iteration matrix of pre- and post-smoothener be given by ES
` . Then the

iteration matrix of the multigrid method is given by

E0 = 0,

E` =
(
ES
`

)ν2
ECG
`

(
ES
`

)ν1
, (1.3)

where the coarse grid correction is given by

ECG
` = I − P

(
I −Eγ

`−1

)
A−1
`−1RA`.

In the case of a two grid method, the iteration matrix is given by

ETG
` =

(
ES
`

)ν2 (
I − PA−1

`−1RA`

) (
ES
`

)ν1
. (1.4)
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The standard assumptions for the convergence analysis of the multigrid method

read as follows [20, 62, 63, 95]:

Assumption 1 (Smoothening property): There exists η : N → R≥0 satisfying

limν→∞ η(ν) = 0 and such that

∥∥A`

(
ES
`

)ν∥∥
2
≤ η(ν) ‖A`‖2 , ν ≥ 0, ` = 1, . . . , L.

Assumption 2 (Approximation property): There exists a constant CA such that

∥∥ECG
` A−1

`

∥∥
2
≤ CA
‖A`‖2

, ` = 1, . . . , L.

The smoothening and approximation property imply two grid convergence, with

convergence rate given by

ρ
(
ETG
`

)
≤
∥∥∥ECG

`

(
ES
`

)ν1+ν2
∥∥∥

2
(1.5)

≤
∥∥ECG

` A−1
`

∥∥
2

∥∥∥A`

(
ES
`

)ν1+ν2
∥∥∥

2

≤ CAη (ν1 + ν2) .

The right-hand side is less than one provided ν1 + ν2 is large enough.

Assumption 3: The smoothener is non-expansive, i.e. ρ
(
ES
`

)
=
∥∥ES

`

∥∥
A
≤ 1, and

there exists CS > 0 such that

∥∥(ES
`

)ν∥∥
2
≤ CS ν ≥ 1, ` = 1, . . . , L.

Assumption 3 permits to show that the two grid method is also a contraction

with respect to the spectral norm ‖•‖2:

∥∥ETG
`

∥∥
2
≤
∥∥(ES

`

)ν2∥∥
2

∥∥ECG
`

(
ES
`

)ν1∥∥
2
≤ CSCAη (ν1) .

While this result is weaker than eq. (1.5), it will be useful in the fault-prone case.

Assumption 4: There exist positive constants Cp and Cp such that

C−1
p ‖x`‖2 ≤ ‖Px`‖2 ≤ Cp ‖x`‖2 ∀x` ∈ Rn` , ` = 0, . . . , L− 1.
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Assumptions 3 and 4 allow to extend the convergence theory to the multilevel

case with γ ≥ 2. The most interesting case in practice is the W-cycle (γ = 2).

‖E`‖2 =
∥∥(ES

`

)ν2 [
I − P

(
I −Eγ

`−1

)
A−1
`−1RA`

] (
ES
`

)ν1∥∥
2

≤
∥∥(ES

`

)ν2 [
I − PA−1

`−1RA`

] (
ES
`

)ν1∥∥
2

+
∥∥(ES

`

)ν2∥∥
2
‖P ‖2 ‖E`−1‖γ2

∥∥A−1
`−1RA`

(
ES
`

)ν1∥∥
2

≤
∥∥ETG

`

∥∥
2

+ CpCpCS ‖E`−1‖γ2
∥∥PA−1

`−1RA`

(
ES
`

)ν1∥∥
2
.

Since

∥∥PA−1
`−1RA`

(
ES
`

)ν1∥∥
2
≤
∥∥(I − PA−1

`−1RA`

) (
ES
`

)ν1∥∥
2

+
∥∥(ES

`

)ν1∥∥
2

≤ CS + CAη (ν1) ,

we obtain the recursive inequality

‖E`‖2 ≤
∥∥ETG

`

∥∥
2

+ C∗ ‖E`−1‖γ2 (1.6)

with C∗ = CSCpCp (CS + CAη (ν1)). A classical result [63] concerning this inequal-

ity is

Lemma 2.

Suppose the elements of the sequence {η`}`≥1 satisfy 0 ≤ η1 ≤ ξ and 0 ≤ η` ≤ ξ +

C∗η
γ
`−1, ` ≥ 2. If γ ≥ 2, C∗γ > 1 and ξ ≤ γ−1

γ
1

(C∗γ)
1

γ−1
, then

η` ≤





γ
γ−1

ξ, γ ≥ 2,

2ξ
1+
√

1−4C∗ξ
, γ = 2



 < 1.

The result show that two grid convergence along with a sufficient number of

smoothening steps imply that the multilevel scheme is convergent.



Chapter 2

Fault-Prone Iterative Methods

The taxonomy of faults and failures by Avižienis et al. [11] distinguishes between

hard faults and soft faults. Soft faults correspond to corruption of instructions as

well as the data produced and used within the code but which allow the execution of

the code to proceed albeit in a corrupted state. An example of such a fault would be

flipping of individual bits in a floating point number. Some bit flips in the exponent,

sign or in the significant components of the mantissa may result in a relatively large

corruption that becomes detectable. Hard faults might correspond to a message

from one or more compute nodes either being corrupted beyond all recognition

(possibly resulting in an exception being thrown), or lost altogether in the event

of a compute node failing completely. Hard faults result in the interruption of the

execution of the actual code unless remedial action is taken. As such, hard faults

constitute errors that are readily detectable. Although the likelihood ε of a hard

fault occurring can be assumed small, it is not negligible. The fact that an algorithm

cannot continue after a hard fault without some kind of remedial action means that

such faults cannot simply be ignored in the hope that the algorithm will recover

naturally.

Most, if not all, existing algorithms were derived under the assumption that

such faults cannot occur and accordingly, no indication is generally offered as to

12
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what might constitute an appropriate course of action should a fault be detected

in a particular algorithm. Nevertheless, in the event of a hard fault occurring,

a decision has to be made as to what remedial action should be taken in order

to resume the execution of the algorithm. The action that is chosen can have a

dramatic effect on the performance and characteristics of the algorithm and as such

represents a vital part of the algorithm. Ideally, the resulting algorithm should

be subjected to the same kind of mathematical analysis that was applied to the

original, deterministic, variant of the algorithm. Historical considerations mean

that such analysis is available for very few methods.

At the present time, the basic approach to dealing with faults consists of at-

tempting to restore the algorithm to the state that would have existed had no

fault occurred. Two common ways in which this might be accomplished include:

Checkpoint-restart [56, 64, 89] whereby the state of the system is stored (or check-

pointed) at pre-determined intervals so that in the event of a fault occurring, the

computation can be restarted from the stored state; or, Process Replication [48, 53,

64, 89], whereby each critical component of the overall process is replicated one

or more times so that in the event of a component being subject to a fault, the true

state can be restored by making reference to an unaffected replica. Hybrid variants

of these strategies can also be contemplated. The drawbacks of such approaches

are self-evident.

Different techniques have been previously employed in order to achieve fault

resilience for iterative methods in general and multigrid in particular. Replication

was used in [30, 38], and checkpoint-restart in [3, 4, 26]. Stoyanov and Webster

[90] proposed a method based on selective reliability for fixed point methods, a

concept that has been introduced in [46, 47, 65]. Finally, different authors [59, 69,

70] have proposed forward recovery methods to mitigate the effect of faults. The

efficient detection of faults has been addressed in the context of various applica-

tions[14, 26, 81].
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2.1 Modeling Faults

In order to take account of the effect of detectable faults on the stability and con-

vergence of a numerical algorithm, we develop a simple probabilistic model for this

behavior and describe how it is incorporated into the formulation of iterative algo-

rithms. As a matter of fact, it will transpire that our model for detectable faults will

also apply to the case of silent faults that are relatively small.

Our preferred approach to mitigating the effects of faults in multigrid and re-

lated iterative algorithms is rather simple: the lost or corrupted result expected from

a node is replaced by a zero. That is to say, if a value x ∈ R is prone to possible hard

faults, then we propose to continue the global computation using x̃ ∈ R in place of

x, where

x̃ =





0 if a fault is detected,

x otherwise.

This minimalist, laissez-faire, approach has obvious attractions in terms of restoring

the system to a valid state without the need to (i) halt the execution (other than to

perhaps migrate data to a substitute node in the event of a node failure); (ii) take or

read any data checkpoints; (iii) recompute any lost quantities; or, (iv) compromise

on resources through having to replicate processes. However, the efficacy of laissez-

faire depends on the extent to which the convergence characteristics of the resulting

algorithm mirror those of the fault-free deterministic variant.

2.2 Probabilistic Model of Faults

In order to model the effects of the laissez-faire fault mitigation approach on an

algorithm, we introduce a Bernoulli random variable given by

χ =





0 with probability q,

1 with probability 1− q.
(2.1)
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If a scalar variable x is subject to faults, then the effect of the fault and the laissez-

faire strategy is modeled by replacing the value of x by the new value x̃ = χx.

Evidently x̃ is a random variable with mean and variance given by E[x̃] = (1 − q)x
and V[x̃] = q(1 − q)x2. By the same token, the effect of a fault on a vector-valued

variable x ∈ Rn is modeled in a similar fashion by defining x̃ = Xx, where

X = diag (χ1, . . . , χn)

and χi are identically distributed Bernoulli random variables. The variables χi

can be independent, thus modeling componentwise faults, or block-dependent, as

would be the case for a node failure.

More formally, for given ε > 0, let Sε denote a set consisting of random matrices

satisfying the following conditions:

Assumption 5:

1. Each X ∈ Sε is a random diagonal matrix.

2. For every X ∈ Sε, there holds E[X ] = e(X )I, where e(X ) > 0, and |e(X ) −
1| ≤ Cε for some fixed C > 0.

3. For every X ∈ Sε there holds ‖V[X ]‖2 = maxi,j |Cov (X ii,X jj)| ≤ ε.

The parameter ε is regarded as being small meaning that the random matrices

X behave, with high probability, like an identity matrix. While the value of ε could

vary from operation to operation, for example to take into account that denser

matrix-vector products take more time and are therefore more likely to be hit by

faults, we neglect this aspect in the analysis for the sake of clarity.

Important examples of random faults covered by Assumption 5 are

1. Componentwise detectable faults

A typical example of a detectable fault would be flipping of individual bits

in a floating point number, resulting in a large enough upset to be detected,
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or a pointer corruption that leads to an invalid memory address. Such cases

can be treated using the laissez-faire strategy described above, and therefore

modeled as componentwise faults with

X = diag (χ1, . . . , χn) , (2.2)

where χi are independent and identically ε-distributed Bernoulli random vari-

ables, i. e.

χi =





0 with probability ε,

1 with probability 1− ε.

2. Blockwise detectable faults

In the event of a node failure and application of the laissez-faire strategy, all

the components of a vector that were residing on the node will be zeroed out.

This can be modeled by a random matrix with independent diagonal blocks:

X = blockdiag (χ1I1, . . . , χNIN) , (2.3)

where χi are independent and identically ε-distributed Bernoulli random vari-

ables and Ij are identity matrices.

3. Silent faults

Some bit flips in the exponent, sign or in the significant components of the

mantissa may result in a relatively large error that becomes detectable. Such

cases could be treated using the laissez-faire strategy described earlier. How-

ever, in other cases such faults may give a relatively small error and, as a

result, be difficult (or impossible) to identify. Such silent faults can be mod-

eled by a random matrix

X = I + diag (η1χ1, . . . , ηnχn) (2.4)
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where ηi are independent and identically distributed random variables, and χi

are independent and identically distributed Bernoulli random variables, such

that X ∈ Sε. In particular, this in includes the cases of frequent faults with

small impact and of rare but large upsets.

The matrices X will appear at various points in our model for the Fault-Prone

Multigrid Algorithm. It is easy to see that if X 1 and X 2 are independent diagonal

matrices, then X 1X 2 is again a random diagonal matrix.

Sometimes, a random matrix will appear in two (or more) different places in

a single equation and it will be important to clearly distinguish between the cases

where (i) each of the two matrices is a different realization of the random matrix, or

(ii) the matrices both correspond to the same realization of the random matrix. We

shall adopt the convention whereby should a symbol appear twice, then (ii) holds:

i.e. the two occurrences represent the same realization of the random matrix and

the matrices are therefore identical. However, if the square or higher power of a

random matrix appears then (i) holds: i.e. each of the matrices in the product is a

different realization of the same random matrix.

2.3 Scope of Faults Covered by the Analysis

Our analysis will cover faults that can be represented by a random matrix belonging

to Sε. This means that the analysis will cover each of the cases (i) when the fault is

detectable and mitigated using the laissez-faire strategy, and (ii) when the fault is

silent but is relatively small in the sense that it may be modeled using (2.4). How-

ever, our analysis will not cover the important case involving faults which result in

entries in the matrices or right hand sides in the problem being corrupted. Equally

well, our analysis will not cover the case of bit flips that result in a large relative er-

ror but which nevertheless remain undetected. Finally, this work is restricted to the

solve phase of multigrid; we assume that the setup phase is protected from faults.
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2.4 A Model for Fault-Prone Multigrid

The multigrid algorithm comprises a number of steps each of which may be affected

by faults were the algorithm to be implemented on a fault-prone machine. In the

absence of faults, a single iteration of multigrid replaces the current iterate x` by

MG`(b`, x`) defined in Algorithm 1. However, in the presence of faults, a single

iteration of multigrid means that x` is replaced by MG`(b`, x`) where MG` differs

from MG` in general due to corruption of intermediate steps in the computations

arising from faults. The object of this section is to develop a model for faults and

define the corresponding operatorsMG`, ` ∈ N. For simplicity, we assume that the

coarse grid is of moderate size meaning that the exact solve A−1
0 on the coarsest

grid is not prone to faults, i.e. MG0(d0, ·) = A−1
0 d0. This is a reasonable assumption

when the size of the coarse grid problem is sufficiently small that either faults are

not an issue or, if they are, then replication can be used to achieve fault resilience.

The extension of the analysis to the case of fault-prone coarse grid correction does

not pose any fundamental difficulties but is not pursued in the present work.

2.5 Faults in the Smoothener

A single application of the smoothener S` to an iterate x` takes the form

S`(b`, x`) = x` +N `(b` −A`x`) (2.5)

with each of the interior sub-steps in eq. (2.5) being susceptible to faults.

The innermost step is the computation of the residual ρ` = b`−A`x`. The action

of the matrix A` is applied repeatedly throughout the solution phase. We shall

assume that neither the entries or structure of matrix A` nor the right hand side b`

are subject to corruption, only computation involving them. This would be the case

were the information needed to compute the action of A` placed in non-volatile

random access memory (NVRAM) with relatively modest overhead. The net effect
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Global: x` −→ x` + X (S)
` N ` (b` −A`x`)

Distributed:
�
�
�
�@

@
@
@

1 [x`]1 −→ [x`]1 +((((
((((

((hhhhhhhhhh[N `]1 [b` −A`x`]1 = [x`]1

2 [x`]2 −→ [x`]2 + [N `]2 [b` −A`x`]2

3 [x`]3 −→ [x`]3 + [N `]3 [b` −A`x`]3

Figure 2.1: Schematic representation of a node failure during smoothening and the
remedial action taken by the laissez-faire approach in the case of three compute
nodes. [•]i represents the part of the quantity • local to node i.

of faults in the computation of ρ` is that the preconditioner N ` does not act on the

true residual but rather on a corrupted version modeled by X 1ρ` where X 1 is a

random diagonal matrix.

By the same token, the action of N ` is prone to faults, meaning that the true re-

sult N `X 1ρ` may be corrupted and is therefore modeled by X 2N `X 1ρ`, where X 2

is yet another random diagonal matrix. The matrix N ` corresponding to damped

Jacobi is diagonal and hence X 2N `X 1 = X (S)N `, where X (S) = X 1X 2 is again a

random diagonal matrix. Consequently, the combined effect of the two sources of

error can be modeled by a single random diagonal matrix.

In summary, our model for the action of a smoothener prone to faults consists

of replacing the true smoothener S used in the pre- and post-smoothening step in

the multigrid algorithm by the non-deterministic smoothener

S`(b`, x`) = x` + X (S)
` N `(b` −A`x`) (2.6)

in which X (S)
` is a random diagonal matrix which models the effect of the random

faulty nature of the underlying hardware. The model eq. (2.6) tacitly assumes that

the current iterate x` remains fault-free. We illustrate the remedial action to a node

failure in Figure 2.1.
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2.6 Faults in Restriction, Prolongation and Coarse Grid

Correction

The restriction of the residual described by the step

d`−1 = R(b` −A`x`) (2.7)

is prone to faults. Firstly, as in the case of the smoothener, the true residual ρ`

is prone to corruption and is modeled by X (ρ)
` ρ`. The resulting residual is then

operated on by the restriction R, which is itself prone to faults modeled using a

random diagonal matrix X (R)
`−1. We arrive at the following model for the effect of

faults on eq. (2.7):

d`−1 = X (R)
`−1RX (ρ)

` (b` −A`x`).

The coarse grid correction e`−1 is obtained by performing γ iterations ofMG`−1

with data d`−1 and a zero initial iterate. The effect of faults when applying the

prolongation to e`−1 is also modeled by a random diagonal matrix X (P )
` leading

to the following model for the effect of faults on the coarse grid correction and

prolongation steps:

x` ← x` + X (P )
` P e`−1.

2.7 Model for Multigrid Algorithm in Presence of Faults

Replacing each of the steps in the fault-free Multigrid Algorithm 1 with their non-

deterministic equivalent yields the following model for the Fault-Prone Multigrid

Algorithm 2 and defines the associated fault-prone multilevel operatorsMG`, ` ∈ N.

The classical approach to the analysis of iterative solution methods for linear sys-

tems uses the notion of an iteration matrix as given in 1.3. For example, in the case
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Algorithm 2 Model for Fault-Prone Multigrid Algorithm MG` where X (•)
` are ran-

dom diagonal matrices.
Input: Right hand side b`; Initial iterate x`
Output: MG`(b`, x`)

1: if ` = 0 then return A−1
0 b0 // Exact solve on coarsest grid

2: else
3: for i← 1 to ν1 do
4: x` ← S` (b`, x`) // ν1 pre-smoothening steps
5: d`−1 ← X (R)

`−1RX (ρ)
` (b` −A`x`) // Restriction to coarser grid

6: e`−1 ← 0
7: for j ← 1 to γ do
8: e`−1 ←MG`−1(d`−1, e`−1) // γ coarse grid correction steps
9: x` ← x` + X (P )

` P e`−1 // Prolongation to finer grid
10: for i← 1 to ν2 do
11: x` ← S` (b`, x`) // ν2 post-smoothening steps

of the fault-free smoothening step ES
` = I −N `A` is the iteration matrix, with pre-

conditioner N `. The corresponding result for the fault-prone smoothener eq. (2.6)

is given by

x− S`(A`x, y) = ES` (x− y), ∀x, y ∈ Rn` (2.8)

where the iteration matrix ES` = I−X (S)
` N `A` is now random. Similarly, we define

the iteration matrix for the Fault-Prone Multigrid Algorithm 2 by the equation

x−MG`(A`x, y) = E`(x− y), ∀x, y ∈ Rn` . (2.9)

In particular, x−MG0(A0x, •) = 0 and hence E0 = 0, i.e. the zero matrix.

The ν1 pre-smoothening steps in Algorithm 2 can be expressed in the form

x(0) = x`; x(i) = S`(b`, x(i−1)), i = 1, . . . , ν1.

Using eq. (2.8) gives

x− x(i)
` = ES` (x− x(i−1)

` ), i = 1, . . . , ν1

and hence

x− x(ν1)
` =

(ES`
)ν1

(x− x`). (2.10)
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Using this notation means that the vector d`−1 appearing in Algorithm 2 is given by

d`−1 = X (R)
`−1RX (ρ)

` (b` −A`x
(ν1)
` ) = X (R)

`−1RX (ρ)
` A`(x− x(ν1)

` ).

where b` = A`x.

The coarse grid correction steps of Algorithm 2 can be written in the form

e
(0)
`−1 = 0; e

(j)
`−1 =MG`−1(d`−1, e

(j−1)
`−1 ), j = 1, . . . , γ.

Let z = A−1
`−1d`−1 then

z − e(j)
`−1 = z −MG`−1(d`−1, e

(j−1)
`−1 ) = E`−1(z − e(j−1)

`−1 ), j = 1, . . . , γ

thanks to eq. (2.9). Iterating this result and recalling that e(0)
`−1 = 0, gives z − e(γ)

`−1 =

Eγ`−1z, or, equally well,

e
(γ)
`−1 = (I − Eγ`−1)A−1

`−1d`−1.

Using these notations, the prolongation to the finer grid step in Algorithm 2

takes the form

x
(P )
` = x

(ν1)
` + X (P )

` P e
(γ)
`−1

and hence, by collecting results, we deduce that

x− x(P )
` = (x− x(ν1)

` )−X (P )
` P e

(γ)
`−1

=
[
I −X (P )

` P (I − Eγ`−1)A−1
`−1X (R)

`−1RX (ρ)
` A`

]
(x− x(ν1)

` ).

Arguments identical to those leading to eq. (2.10) give the following result

x−MG`(A`x, x`) =
(ES`

)ν2
(x− x(P )

` ).

which, in view of identity eq. (2.9) and eq. (2.10), yields the following recursive

formula for the iteration matrix of the Fault-Prone Multigrid Algorithm 2:

E` =
(
ES,post
`

)ν2 [
I −X (P )

` P (I − Eγ`−1)A−1
`−1X (R)

`−1RX (ρ)
` A`

] (
ES,pre
`

)ν1
, (2.11)
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for ` = 1, . . . , L with E0 = 0. Here, we have used superscripts pre and post to

reflect that the pre- and post-smootheners are independent realizations of the same

random matrix.

By setting EL−1 = 0 and applying the recursion eq. (2.11) in the case ` = L

yields a formula for the iteration matrix of the Fault-Prone Two Grid Algorithm:

ETGL =
(
ES,post
L

)ν2 [
I −X (P )

L PA−1
L−1X (R)

L−1RX (ρ)
L AL

] (
ES,pre
L

)ν1
(2.12)

=
(
ES,post
L

)ν2 ECGL
(
ES,pre
L

)ν1
,

corresponding to using an exact solver on level L − 1. Here ECGL is the iteration

matrix of the exact fault-prone coarse grid correction.

Algorithm 3 Model for Fault-Prone Two-Grid Algorithm TGL where X (•)
· are ran-

dom diagonal matrices.
Input: Right hand side bL; Initial iterate xL
Output: TGL(bL, xL)

1: for i← 1 to ν1 do
2: xL ← SL (bL, xL) // ν1 pre-smoothening steps
3: dL−1 ← X (R)

L−1RX (ρ)
L (bL −ALxL) // Restriction to coarser grid

4: eL−1 ← A−1
L−1dL−1 // γ coarse grid correction

5: xL ← xL + X (P )
L P eL−1 // Prolongation to finer grid

6: for i← 1 to ν2 do
7: xL ← SL (bL, xL) // ν2 post-smoothening steps

Having determined the iteration matrices for both Fault-Prone Two Grid and

Multigrid Algorithm, the question of convergence of theses methods arises. In the

fault-free setting, as presented in Section 1.3, the iteration matrix is constant and its

asymptotic convergence rate is given by the spectral radius. In the present setting,

however, the iteration matrix changes from iteration to iteration. Therefore, we dis-

cuss the theory of products of random matrices in the next chapter and generalizes

the spectral radius to the random setting.



Chapter 3

Lyapunov Exponents and Their

Computation

In the previous chapter, we determined the random iteration matrices correspond-

ing to the Fault-Prone Two Grid and Multigrid Methods. To analyze their respective

convergence, we introduce the theory of products of random matrices that concerns

itself with the study of the asymptotic behavior of product sequences of random

matrices. Most importantly, we will state a “law of large numbers” for random ma-

trices, and discuss a multitude of approaches to the computation and estimation of

the asymptotic convergence rate.

3.1 Lyapunov Exponents

Let A be a random matrix of size n× n with distribution µ. We will assume that µ

is a discrete probability distribution and picks values in a finite set A ⊂ GLn.

We define the Lyapunov exponent γ(A) as

γ(A) := lim
N→∞

1

N
E
[
log
∣∣∣∣AN

∣∣∣∣] .

24
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(Remember that according to our notation AN =
∏N

j=1Aj, where Aj are all inde-

pendent and of the same distribution as A.) This quantity does not depend on the

choice of the norm ||·|| as all norms are equivalent in finite dimension. The definition

is motivated by the equality

log ρ(A) = lim
N→∞

1

N
log
∣∣∣∣AN

∣∣∣∣

that holds for non-random matrices A.

Furstenberg and Kesten[55] showed that provided that E
[
log (A)+] <∞, γ (A)

exists and

γ (A) = lim
N→∞

1

N
log
∣∣∣∣ANx0

∣∣∣∣ a.s.

The Lyapunov spectral radius

% (A) := eγ(A) = lim
N→∞

∣∣∣∣ANx0

∣∣∣∣ 1
N a.s.

is the quantity corresponding to the spectral radius of a non-random matrix. % (A) <

1 means that the matrix product is convergent, whereas % (A) > 1 means that it is

divergent.

We also define the generalized Lyapunov exponents L(A, α) for α 6= 0 as

L(A, α) := lim
N→∞

1

N
logE

[∣∣∣∣AN
∣∣∣∣α]

and the generalized Lyapunov spectral radii %α (A) as

%α (A) := e
1
α
L(A,α).

It can be shown that 1
N

log
∣∣∣∣ANx0

∣∣∣∣ satisfies a large deviation principle with a

rate function I which means that

P

(
1

N
log
∣∣∣∣ANx0

∣∣∣∣ = λ

)
≈ e−NI(λ).

From the above, we find that I satisfies

I (γ (A)) = 0,
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I ′ (γ (A)) = 0,

I ′′ (γ (A)) > 0.

We can approximately calculate

E
[∣∣∣∣ANx0

∣∣∣∣α] = E
[
eNα

1
N

log||ANx0||]

≈
ˆ
eNαλe−NI(λ) dλ

≈ eN supλ{αλ−I(λ)}

and hence

L(A, α) = sup
λ
αλ− I(λ).

This means that L is the Fenchel-Legendre transform of the rate function I. For

each α∗, there is a characteristic growth rate λ∗ that corresponds to it, given by

∂L

∂α
(α∗) = λ∗.

Therefore, the values of L(A, α∗) depend on the unlikely sequences
{ANx0

}
with

growth rate λ∗ different from γ (A).

Finally, the Lyapunov spectral radius can also be estimated by neglecting the

interactions between different values taken by the random matrix A. We define

% (A) := exp sup
||x||=1

E [log ||Ax||],

%̃ (A) := expE [log ||A||]

and

%̃α (A) := exp
1

α
logE [||A||α]

for induced sub-multiplicative norms. These quantities obviously depend on the

choice of the norms.



27

Hence, we have for α > 0

%−α (A) ≤% (A) ≤%α (A)

≤

≤ % (A) ≤

≤

%̃−α (A) ≤%̃ (A) ≤%̃α (A)

The horizontal inequalities follow from Jensen’s inequality.

Moreover, if µ picks only one matrixA, so that we are in fact in the non-random

case, we find

% (A) = %α (A) = ρ(A).

The quantities % (A), %̃ (A) and %̃α (A) can then be made arbitrarily close to ρ (A)

by choosing suitable vector and matrix norms.

The theory of Lyapunov exponents is thoroughly discussed in the book [19] by

Bougerol and Lacroix.

The following example adapted from [37] shows that the interaction between

the values taken by A can be important:

Example 2.

Let a ∈ R and let the random matrix A take values

 a 0

0 1
2a


 with probability (1− p) and S :=


 0 1

1 0


 with probability p.

We are interested in the growth and decay of

XN := ANx0 =
N∏

j=1

Ajx0,

where

x0 = α~e1 + β~e2
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and Aj are independent random matrices that are distributed like A. Obviously, we

have % (A) = max
{
a, 1

2a

}
for p = 0 and % (A) = 1 for p = 1.

We define the stopping times

τ0 = 0,

δk = inf
{
i ≥ 1 : Aτk−1+i = S

}
, k ≥ 1,

τk = inf {i ≥ 1 : Aδk+i = S} , k ≥ 1.

And set

σk =
k∑

n=1

δn + τn, k ≥ 1.

Between σk and σk + δk+1 the first component is expanding by a and the second one

is damped by 1
2a

. Between σk + δk+1 and σk+1, the roles are exchanged. Moreover,

δk, τk are all independent and identically geometrically distributed with parameter p.

We have

log |Xj,1| = log |α|+ log a

[
k∑

n=1

(δn − τn) +N − σk
]
− log 2

k∑

n=1

(τn − 1)

if σk ≤ N < σk + δk+1 or

log |Xj,1| = log |β|+ log a

[
k∑

n=1

(τn − δn) + 2δk+1 −N + σk − 1

]

− log 2

[
k+1∑

n=1

(τn − 1) +N − σk − δk+1

]

if σk + δk+1 ≤ N < σk+1. Similar expressions hold for log |XN,2|. Now,

σk
k
≤ N

k
≤ σk+1

k

and both upper and lower bound converges almost surely to E [δ1 + τ1] = 2
p
.

1

k

k∑

n=1

τn,
1

k

k∑

n=1

δn
a.s.−→ E [τ1] =

1

p
,
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δk+1

N

a.s.−→ 0,

so we find

1

N
log |Xj,1| a.s.−→ − log(2)

p

2

(
1

p
− 1

)

and

|XN,1|
1
N

a.s.−→ 2
p−1
2 .

The same is true for the second component and hence

% (A) = lim
N→∞

||XN ||
1
N =





max
{
a, 1

2a

}
for p = 0,

2
p−1
2 for 0 < p < 1,

1 for p = 1.

On the other hand,

log %̃ (A) = E [log ||A||2] = (1− p) log max

{
a,

1

2a

}

and

log % (A) = sup
||x||2=1

E [log ||Ax||2] = (1− p) log max

{
a,

1

2a

}
.

So for 0 < p < 1 and a 6∈
[

1
2
, 1
]
,

% (A) < 1 < %̃ (A) = % (A) .

Moreover, %̃ (A) , % (A)→∞ as a→∞ or a→ 0, whereas % (A) is independent of a.

Remark: The previous example shows that the Lyapunov spectral radius can be

discontinuous with respect to the weights and matrices in the support of A. In

particular, this means that we cannot conclude from ρ (El) < 1 that % (E l) < 1 for

small perturbations.
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The next example shows that measuring unlikely sequences can lead to serious

over-estimation of the convergence rate:

Example 3.

Let A be a random 1 × 1 matrix taking values 2a with probability 1
a

and 1 with

probability a−1
a

. Hence the growth rates of all possible sequences are between 1 and 2a.

Then

% (A) = % (A) = %̃ (A) = 2,

%α (A) =

(
1

a
2aα +

a− 1

a

) 1
α

,

and for large a we find % (A)� %α (A), α > 0.

The following theorem is given as an exercise in the book [19].

Theorem 3.

Suppose that a random matrix A has block triangular form

A =


 B C

0 D




with square blocks B and D. Then

γ(A) = max{γ(B), γ(D)}.

An immediate consequence is

Lemma 4.

Suppose that the support A of a random matrix A can be simultaneously triangular-

ized, i.e. there exists an invertible matrix P such that P−1BP is upper triangular for

every B ∈ A. Then

γ (A) = max
k

E
[
log
(
P−1AP )

kk

]
.
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In general, unless the matrices in the support of A can be simultaneously trian-

gularized, it is impossible to calculate % (A) analytically. Several different methods

to do so numerically have been proposed:

• Monte-Carlo simulation of trajectories of ANx0,

• Approximation of the invariant distribution of the Markov chain ANx0

||ANx0|| ,

• cycle expansions,

• weak disorder expansions.

A good review of these methods is given in [37]. We discuss and use the Monte

Carlo approach as well as the calculation of the invariant distribution below. The

cycle expansion can only be applied successfully if the cardinality of A is small,

whereas the weak disorder expansion works only for small deviations around a

deterministic matrix. As the invariant distribution method is limited to low dimen-

sional matrices, the Monte-Carlo approach is the only generally available option to

obtain the asymptotic growth rate % (A).

The situation is slightly better for the generalized Lyapunov spectral radius

%α (A) which can be calculated using

1. Vanneste’s [97] resampled Monte-Carlo algorithm,

2. the Replica Trick.

We shortly describe both methods below. The resampled Monte-Carlo algorithm

can be seen as the equivalent of the Monte-Carlo approach for the calculation of

% (A) in that it is generally available. The more specialized Replica Trick can only

be used to calculate generalized Lyapunov exponents of positive even order.
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3.2 Monte-Carlo Approximation

We can approximate the Lyapunov exponent γ (A) by Monte-Carlo simulations of a

trajectory

XN(ω) =
N∏

j=1

Aj(ω)x0

for normalized random initial vector x0 and calculating

γ (A) ≈ 1

N
log ||XN(ω)|| .

This makes sense because of the almost sure convergence of XN to γ (A).

In order to avoid over- and underflow of the components of the vector XN(ω),

we renormalize after every step, i.e. we set

X̃j :=
Aj(ω)X̃j−1∣∣∣
∣∣∣Aj(ω)X̃j−1

∣∣∣
∣∣∣

αj :=
∣∣∣
∣∣∣Aj(ω)X̃j−1

∣∣∣
∣∣∣

and approximate

γ (A) ≈ 1

N

N∑

j=1

logαj.

3.3 Approximation via Invariant Distribution

Another characterization of γ can be given in terms of the invariant probability

distribution ν of the Markov chain X̃N = XN
||XN ||

on the projective space PRd−1:

γ =

ˆ
PRd−1

dν(x)

ˆ
Rd×d

dµ(A) log ||Ax||

Here, ν satisfies the invariance equation
ˆ
PRd−1

dν(x) f(x) =

ˆ
PRd−1

dν(x)

ˆ
Rd×d

dµ(A) f

(
Ax

||Ax||

)
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for any Borel measurable bounded function f on PRd−1.

If d is small and only finitely many matrices are picked by µ, it is possible to

approximate ν and then calculate γ. The following method has been proposed by

Embree and Trefethen in [49] for the calculation of the Lyapunov spectral radius of

the random Fibonacci sequence

xn+1 = xn ± xn−1,

where the signs = or − are chosen with equal probability. Rewritten as a one-step

sequence, this corresponds to picking the matrices

A =


 0 1

±1 1




with equal probability. This has become a test problem for different algorithms

to determine the Lyapunov spectral radius, because Viswanath [98] was able to

determine with high precision that % (A) = 1.1319882 . . .

We restrict ourselves to 2× 2 matrices. Vectors ~x of PR can be parametrized by

their slope m = x2
x1
∈ (−∞,∞) ∪ {∞} or by their angle θ = arctan

(
x2
x1

)
∈ (−π

2
, π

2
].

The action of a matrix B on an angle θ or a slope m can be written as

B · θ = arctan
y2

y1

, ~y = B


 cos θ

sin θ




B ·m =
y2

y1

, ~y = B


 1

m




We call θ or m a point of discontinuity of B, if y1 = 0.

For numerical calculations, it is easier to work with a bounded interval, so we

use the second option and partition the angular domain into K intervals:

(−π
2
,
π

2
] =

K⋃

k=1

Ik.
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We then make the following ansatz:

ν(J) =
K∑

k=1

ν (Ik ∩ J)

≈
K∑

k=1

νk
l (Ik ∩ J)

l (Ik)

where l(J) is the length of the interval J . We plug the ansatz into the invariance

equation to obtain the set of equations

νm = ν(Im) =
K∑

k=1

νk

ˆ
dµ(A)

l (Ik ∩AIm)

l (Ik)

=:
K∑

k=1

νkBm,k.

Here, we write AIk to designate the image of the angular interval Ik under the

action of A.

Supplemented with the condition

1 =
K∑

k=1

νk

there exists a unique solution vector νk of the resulting system

 B − I

1


 ν =



~0

1


 .

It can be solved by either replacing one of the first K equations by the last one and

then solving a square system or as a least squares problem.

Now, γ can be approximated as

γ ≈
K∑

j=1

νk

ˆ
dµ(A) log ||Axk|| .

We chose the evaluation point xk ∈ Ik to be the midpoint.

It remains to pick a suitable partition I = {Ik} of the angular domain. It is con-

venient to choose the points of discontinuity for all matrices in A as boundaries for
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the intervals in order to simplify the calculation of l (Ik ∩AIm). Embree and Tre-

fethen [49] used uniformly spaced nodes for the Fibonacci problem. (This works,

because the discontinuities are ±π
4
.) In order to get precision of 6 digits, they had to

pick 220 nodes, resulting in a matrix with 107 non-zero entries. Instead, we propose

the following strategy of choosing a partition of (−π
2
, π

2
]:

Algorithm 4 Invariant distribution algorithm with refinement
Input: Number of refinement steps N , refinement threshold θ, number of subdivi-

sions k
1: for i← 1 to N do
2: I ← refine(I, ν; θ, k)
3: ν ← FindInvariantDistribution(I)
4: γ ← CalculateLyapunovExponent(I, ν)

This strategy does worst, when the invariant distribution puts similar weight

on the whole angular domain, and best if it has localized support. The method can

obviously only be applied to low dimensional problems, as it requires the discretiza-

tion of the hyper-cube
(
−−π

2
, −π

2

)d−1.

3.4 Resampled Monte-Carlo Method

The generalized Lyapunov exponents L(α) could in principle be calculated just as

the Lyapunov exponent γ using brute-force Monte Carlo simulations:

L(α) = lim
N→∞

1

N
logE [||XN ||α]

≈ 1

N
log

[
1

K

K∑

k=1

∣∣∣
∣∣∣X(k)

N

∣∣∣
∣∣∣
α
]
,

where X
(k)
N are independent realizations of XN =

∏N
j=1 Ajx0. Vanneste[97] re-

marked that because the generalized Lyapunov exponents are associated with a

class of sequences that display a growth behavior different from γ, it would be ad-

vantageous to give those rare sequences a higher weight. He proposed a resampling
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strategy that selects exactly those realizations. At every step of the simulation, we

calculate as before

X̄
(k)
j :=

A
(k)
j X̃

(k)
j−1∣∣∣

∣∣∣A(k)
j X̃

(k)
j−1

∣∣∣
∣∣∣
,

α
(k)
j :=

∣∣∣
∣∣∣A(k)

j X̃
(k)
j−1

∣∣∣
∣∣∣
α

.

But then we resample, i.e. we set

βj =
K∑

k=1

α
(k)
j

and pick Jk for k = 1, . . . , K in {1, . . . , K} with probabilities
α
(k)
j

βj
. Then we assign

X̃
(k)
j = X̄

(k)
Jk
.

Finally, we approximate

L(α) ≈ 1

N

N∑

j=1

βj − logK.

Vanneste also shows that for an accurate estimate of L, we now only need K � N

and not, as in the brute-force case, K � ecN with c > 0.

3.5 Replica Trick

Just as the resampled Monte-Carlo method, the Replica Trick can be used to cal-

culate the generalized Lyapunov exponent. It’s attraction stems from the fact that

the mean is taken directly of a random matrix, not of a nonlinear function. Hence

the method is well suited for linear perturbations. The price to pay is that not all

exponents L (A, α), α ∈ R can be calculated, but only α ∈ 2N+.

Definition 5.

Let A ∈ Rd×e. The vectorization of A by stacking its columns is defined as

vec (A)i := A(i−1 div d)+1,(i−1 mod e)+1
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for 1 ≤ i ≤ de.

Definition 6.

Let Z, Y ∈ Rd×e, W ∈ Rf×g. Then the Kronecker product Z ⊗W of Z and W is

defined as

(Z ⊗W )i,j := Z(i−1 div d)+1,(j−1 div e)+1W (i−1 mod f)+1,(j−1 mod g)+1

for 1 ≤ i ≤ df and 1 ≤ j ≤ eg. We also define the k-th Kronecker power Z⊗k of Z as

Z⊗k := Z ⊗Z ⊗ · · · ⊗Z︸ ︷︷ ︸
k times

.

Lemma 7.

Let A, B, C ∈ Rd×d and I the identity in Rd. We have the following identities:

• tr (A⊗B) = tr (A) tr (B),

• tr (A) = vec (I) · vec (A),

• (A⊗C) vec (B) = vec
(
ABCT

)
.

Lemma 8 (Replica trick).

Let A be a random square matrix. Then

L(A, 2k) = log ρ
(
E
[A⊗2k

])

for k ∈ N.

Proof. Let A a nonrandom square matrix. We write using the above identities

||A||2kF = tr
(
AAT

)k

= tr
(
(AAT )⊗k

)

= vec
(
I⊗k
)
· vec

(
(AAT )⊗k

)

= vec
(
I⊗k
)
· vec

(
A⊗kI⊗k(AT )⊗k

)
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= vec
(
I⊗k
)
·A⊗2k vec

(
I⊗k
)
.

Hence, if we call λj,⊗2k and vj,⊗2k the eigenvalues and eigenvectors of E
[A⊗2k

]
,

sorted in descending order with respect to their absolute value, we have

E
[∣∣∣∣AN

∣∣∣∣2k
F

]
= vec

(
I⊗k
)
· E
[(A⊗2k

)N]
vec
(
I⊗k
)

= vec
(
I⊗k
)
· E
[A⊗2k

]N
vec
(
I⊗k
)

=
[
vec
(
I⊗k
)
· v1,⊗2k

]2
λN1,⊗2k +O

(
λN2,⊗2k

)
.

Here, we assumed without loss of generality that |λ1,⊗2k| > |λ2,⊗2k|. Otherwise, we

would only have a different constant multiplying the leading order term. Therefore,

after taking the logarithm, dividing by N and letting N →∞, we obtain

L(A, 2k) = log λ1,⊗2k.

Moreover, we also see that
(
λ2,⊗2k

λ1,⊗2k

)N
can be used to estimate the finite N variations

of the generalized Lyapunov exponents.

The determination of the Lyapunov spectral radius is in general a hard problem.

In what follows, we will limit ourselves to finding approximations numerically, as

presented in Section 3.2, or estimates using the generalized Lyapunov exponent

and the Replica Trick. While we have shown that the Lyapunov spectral radius can

be bounded by

% (A) ≤ %2 (A) ≤
√
ρ
(
E
[A⊗2

])
,

the sharpness of the estimate is not always known and depends on the random ma-

trix A, as shown in Example 3. Therefore, in what follows, we complement analytic

convergence estimates for the Lyapunov spectral radius with Monte-Carlo simula-

tions to determine if the predicted behavior matches the observed convergence rates

of fault-prone methods.



Chapter 4

Application of the Replica Trick to a

Simple Iteration

In this section, we will turn to the application of the Replica Trick to the analysis of

a fault-prone linear iterative method. Before we discuss the more complicated cases

of the Fault-Prone Two Grid and Multigrid Methods, we illustrate the approach by

limiting ourselves to the case of a fault-prone smoothener.

The iteration matrix for the fault-prone smoothener eq. (2.6) is given by

ES` = I −X (S)
` N `A`,

Here, we take X (S)
` = diag(χ1, . . . , χn`) to be a random diagonal matrix of compo-

nentwise faults with E(χj) = 1 − ε and Cov(χj, χj) = ε(1 − ε)δij. The behavior of

the fault-prone smoothener is governed by the Lyapunov spectral radius %(ES` ). Our

goal is to determine under which conditions the smoothener will stay convergent,

i.e. %(ES` ) < 1.

The following Lemma permits us to expand the second moment of a fault-prone

iteration matrix in terms of expectations and variances of the fault matrices:

Lemma 9.

39
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Let Bi ∈ Rni×ni+1, i = 1, . . . , k, be independent random matrices with n1 = nk+1. Then

E
[
(I −B1 · · ·Bk)

⊗2] = E [I −B1 · · ·Bk]
⊗2 +

∑

E∈S

E1 · · ·Ek,

where

S =

[
k⊗

j=1

{
E [Bj]

⊗2 , V [Bj]
}
]
\
{(

E [B1]⊗2 , . . . ,E [Bk]
⊗2)} .

Proof. We multiply out to find

E
[
(I −B1 · · ·Bk)

⊗2] = E
[
I⊗2 − I ⊗ (B1 · · ·Bk)− (B1 · · ·Bk)⊗ I + (B1 · · ·Bk)

⊗2]

= I⊗2 − I ⊗ E [B1 · · ·Bk]− E [B1 · · ·Bk]⊗ I + E
[
(B1 · · ·Bk)

⊗2]

= E [I −B1 · · ·Bk]
⊗2 − E [B1]⊗2 · · ·E [Bk]

⊗2 + E
[B⊗2

1

]
· · ·E

[B⊗2
k

]
.

In the last step, we used the independence of the random matrices. Now, because

E
[B⊗2

j

]
= V [Bj] + E [Bj]

⊗2 ,

we can combine the last two terms in the expression above to obtain the desired

result.

Theorem 10.

Let ES
` = I −N `A` be the iteration matrix for any convergent smoothener. Then, the

corresponding fault-prone smoothener satisfies

%(ES` ) ≤
√

(1− ε)
∥∥ES

`

∥∥2

2
+ ε

(∥∥ES
`

∥∥
2

+ ‖N `A`‖2

)2
,

for all ε ∈ [0, 1].

Proof. Let B = X (S)NA and dispense with subscripts and superscripts for the du-

ration of the proof. Then

E
[E⊗2

]
= E

[
I⊗2 −B ⊗ I − I ⊗B + B⊗2

]

= I⊗2 − E [B]⊗ I − I ⊗ E [B] + E [B]⊗2
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− E [B]⊗2 + E
[B⊗2

]

= E [E ]⊗2 + V [B] (4.1)

and

V [B] = V
[
X (S)

]
(NA)⊗2 = ε(1− ε)K (NA)⊗2 ,

where

K = blockdiag
(
~e (j) ⊗

(
~e (j)
)T
, j = 1, . . . , n

)

and ~e (j) the j-th canonical unit vector in Rn. We will derive a more general form of

eq. (4.1) in Lemma 9 in the appendix. Since
∥∥C⊗2

∥∥
2

= ‖C‖2
2 and ‖K`C‖2 ≤ ‖C‖2

for any compatible matrix C, we obtain

‖V [B]‖2 = ε(1− ε)
∥∥K (NA)⊗2

∥∥
2
≤ ε(1− ε) ‖NA‖2

2

and

∥∥E [E ]⊗2
∥∥

2
= ‖E [E ]‖2

2 = ‖I − (1− ε)NA‖2
2 .

Consequently,

∥∥E
[E⊗2

]∥∥
2
≤ ‖I − (1− ε)NA‖2

2 + ε(1− ε) ‖NA‖2
2

= ‖E + εNA‖2
2 + ε(1− ε) ‖NA‖2

2

≤ (‖E‖2 + ε ‖NA‖2)2 + ε(1− ε) ‖NA‖2
2

= (1− ε) ‖E‖2
2 + ε(‖E‖2 + ‖NA‖2)2

and the result follows thanks to Lemma 8.

In order to illustrate Theorem 10, we consider the situation where the smoothener

is taken to be a convergent relaxation scheme so that
∥∥ES

`

∥∥
2

= Γ ∈ [0, 1). The trian-

gle inequality gives ‖N `A`‖2 ≤ 1 + Γ and hence, thanks to Theorem 10, we deduce

that

%(ES` ) ≤
√

Γ2 + ε(1 + 4Γ + 3Γ2) = Γ +O (ε) .
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As a consequence, we find that a sufficient condition for the fault-prone smoothener

to remain convergent is that the fault rate is sufficiently small: ε < (1−Γ)/(1 + 3Γ).



Chapter 5

Analysis of the Fault-Prone Two Grid

Method

We now turn to the analysis of the Fault-Prone Two Grid Method as given in Al-

gorithm 3. We use subscripts C for coarse-level quantities, and F for fine-level

quantities.

The convergence analysis will be carried out with respect to the energy norm:

Definition 11 (Energy norms).

For matrices Z ∈ Rn`×n`, we define the usual matrix energy norm ‖Z‖A as well as the

double energy norm ‖Z‖A2 to be ‖Z‖A =
∥∥∥A

1
2
` ZA

− 1
2

`

∥∥∥
2
, and ‖Z‖A2 =

∥∥A`ZA
−1
`

∥∥
2
.

For matrices W ∈ Rn2
`×n

2
` , we define the tensor energy norm ‖W ‖A and the tensor

double energy norm ‖W ‖A2 to be ‖W ‖A =

∥∥∥∥
(
A

1
2
`

)⊗2

Z
(
A
− 1

2
`

)⊗2
∥∥∥∥

2

, and ‖W ‖A2 =
∥∥∥A⊗2

` Z
(
A−1
`

)⊗2
∥∥∥

2
. In all cases ‖•‖2 is the spectral norm.

The first main result of the present work concerns the convergence of the Fault-

Prone Two-Grid Algorithm for the special case of all X (•)
• having independent Ber-

noulli distributed diagonal entries with probability of fault ε:

Theorem 12.

Let ETG =
(ES,post)ν2 ECG (ES,pre)ν1 be the iteration matrix of the Fault-Prone Two Grid

43
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Method (Algorithm 3) with Jacobi smoothener and component-wise faults of rate ε in

prolongation, restriction, residual and in the smoothener, and let ETG be its fault-free

equivalent. Assume that Ω ∈ C2 or Ω a convex polyhedron, TC quasiuniform and that

Assumptions 1 to 4 hold. Then

%
(ETG) ≤

∥∥ETG
∥∥
A

+ C





εn
(4−d)/2d
F d < 4,

ε
√

log nF d = 4,

ε d > 4,

(5.1)

where ‖•‖A is the matrix energy norm and the constant C is independent of ε and nF .

Before we turn to the proof of Theorem 12, we record several useful definition

and results.

Definition 13.

Let Z, Y ∈ Rn×m, n, m ∈ N. The element wise or Hadamard product Z ◦Y ∈ Rn×m

of Z and Y is defined as

(Z ◦ Y )ij = ZijY ij

for 1 ≤ i ≤ n, 1 ≤ j ≤ m, and the k-th Hadamard power Z◦k ∈ Rn×m of Z as

Z◦k := Z ◦Z ◦ · · · ◦Z︸ ︷︷ ︸
k times

.

Lemma 14 (Horn and Johnson [66]).

Let H =
(
A B
BT C

)
∈ R(p+q)×(p+q) be symmetric, A ∈ Rp×p, B ∈ Rp×q, C ∈ Rq×q. Then

H is positive (semi-) definite if and only if A and C are positive (semi-) definite and

there exists a contraction X ∈ Rp×q (i.e. all singular values are smaller or equal than

1) such that B = A
1
2XC

1
2 .

Lemma 15 (Horn and Johnson [67]).

Let Z, Y be symmetric positive (semi-) definite matrices. Then Z ◦ Y is symmetric

positive (semi-) definite.
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We now prove the following estimates for the Hadamard power of matrices:

Lemma 16.

Let Z ∈ Rn×m. Then

∥∥Z◦2
∥∥

2
≤ max

i=1,...,m

∥∥Z~e (i)
m

∥∥
2

max
j=1,...,n

∥∥ZT~e (j)
n

∥∥
2
≤ ‖Z‖2

2 ,

where
{
~e

(i)
m

}
and

{
~e

(j)
n

}
are the canonical unit basis vectors in Rm and Rn respectively.

Proof. Both the matrix
(
Z In

)T (
Z In

)
and

(
Im ZT

)T (
Im ZT

)
are

symmetric positive semi-definite. Using Lemma 15, their Hadamard product


(
ZTZ

)
◦ Im

(
ZT
)◦2

Z◦2 In ◦
(
ZZT

)




is also positive semi-definite. Hence, by Lemma 14,

∥∥Z◦2
∥∥2

2
≤
∥∥(ZZT

)
◦ In

∥∥
2

∥∥(ZTZ
)
◦ Im

∥∥
2

= max
i

∥∥Z~e (i)
m

∥∥2

2
max
i

∥∥ZT~e (j)
n

∥∥2

2
.

The second inequality follows trivially.

Proof of Theorem 12mg. We set

E
[
X (•)

]
= e(•)I, V

[
X (•)

]
= V (•).

Using Lemma 9 the second moment of the fault-prone coarse grid correction and

smoothener can be written as

E
[(ECG)⊗2

]
= E

[ECG]⊗2
+C(P ) +C(R) +C(ρ) (5.2)

+C(P,R) +C(P,ρ) +C(R,ρ) +C(P,R,ρ),

E
[(ES)⊗2

]
= E

[ES]⊗2
+C(S), (5.3)

with

E
[ECG] = ECG +

(
1− e(P )e(R)e(ρ)

) (
I −ECG

)
,
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C(P ) =
(
e(R)e(ρ)

)2
V (P )

(
PA−1

C RAF

)⊗2
,

C(R) =
(
e(P )e(ρ)

)2 (
PA−1

C

)⊗2
V (R) (RAF )⊗2 ,

C(ρ) =
(
e(P )e(R)

)2 (
PA−1

C R
)⊗2

V (ρ)A⊗2
F ,

C(P,R) =
(
e(ρ)
)2
V (P )

(
PA−1

C

)⊗2
V (R)

(
RA⊗2

F

)⊗2
,

C(P,ρ) =
(
e(R)

)2
V (P )

(
PA−1

C R
)⊗2

V (ρ)A⊗2
F ,

C(R,ρ) =
(
e(P )

)2 (
PA−1

C

)⊗2
V (R)R⊗2V (ρ)A⊗2

F ,

C(P,R,ρ) = V (P )
(
PA−1

C

)⊗2
V (R)R⊗2V (ρ)A⊗2

F ,

E
[ES] = ES + e(S)

(
I −ES

)
,

C(S) = V (S) (NAF )⊗2 .

We have that

e(•) = 1− ε, V (P ) = V (ρ) = V (S) = ε(1− ε)KF , V (R) = ε(1− ε)KC ,

with

K = blockdiag

(
~e

(i)
F ⊗

(
~e

(i)
F

)T
, i = 1, . . . , nF

)
,

KC = blockdiag

(
~e

(i)
C ⊗

(
~e

(i)
C

)T
, i = 1, . . . , nC

)
.

Here, ~e (i)
F and ~e (i)

C are the canonical unit basis vectors of RnF and RnC respectively.

Adding and subtracting E
[ETG]⊗2

from E
[(ETG)⊗2

]
, we estimate using the energy

norm on the tensor space

ρ
(
E
[(ETG)⊗2

])
≤
∥∥∥E
[(ETG)⊗2

]∥∥∥
A

≤
∥∥E
[ETG]

∥∥2

A
+
∥∥∥E
[((ES,post)ν2 ECG (ES,pre)ν1)⊗2

]∥∥∥
A

−
∥∥E
[(ES,post)ν2 ECG (ES,pre)ν1]∥∥2

A
.

We then use the subadditivity of ‖•‖A and equations eq. (5.2) and eq. (5.3) to write

ρ
(
E
[(ETG)⊗2

])
≤
∥∥E
[ETG]

∥∥2

A

+
(∥∥E

[ECG]
∥∥2

A
+
∥∥∥C(P )

∥∥∥
A

+
∥∥∥C(R)

∥∥∥
A

+
∥∥∥C(ρ)

∥∥∥
A

+
∥∥∥C(P,R)

∥∥∥
A

+
∥∥∥C(P,ρ)

∥∥∥
A

+
∥∥∥C(R,ρ)

∥∥∥
A

+
∥∥∥C(P,R,ρ)

∥∥∥
A

)
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×
(∥∥E

[ES]
∥∥2

A
+
∥∥∥C(S)

∥∥∥
A

)ν1+ν2

−
∥∥E
[ECG]

∥∥2

A

∥∥E
[ES]

∥∥2(ν1+ν2)

A
. (5.4)

First, we estimate the terms involving only first moments of the fault matrices. Us-

ing thatECG is an A-orthogonal projection and that the damped Jacobi smoothener

is convergent, we find

∥∥E
[ECG]

∥∥
A
≤
∥∥ECG

∥∥
A

+
(
1− (1− ε)3) ∥∥I −ECG

∥∥
A
≤ 1 + Cε,

∥∥E
[ES]

∥∥
A
≤
∥∥ES

∥∥
A

+ ε
∥∥I −ES

∥∥
A
≤ 1 + Cε,

and therefore

∥∥E
[ETG]

∥∥
A
≤
∥∥ETG

∥∥
A

+
∥∥E
[ES]

∥∥ν1+ν2

A

∥∥E
[ECG]

∥∥
A
−
∥∥ES

∥∥ν1+ν2

A

∥∥ECG
∥∥
A

=
∥∥ETG

∥∥
A

+ Cε.

Next, we estimate all the terms C(•) involving variances of the fault matrices. We

bound

1

ε

∥∥∥C(ρ)
∥∥∥
A
≤ ρ

[(
A

1
2
FPA

−1
C R

)⊗2

KFA
⊗2
F KF

(
PA−1

C RA
1
2
F

)⊗2
] 1

2

= ρ
[(
PA−1

C RAFPA
−1
C R

)⊗2
KFA

⊗2
F KF

] 1
2

= ρ
[(
PA−1

C R
)◦2
A◦2F

] 1
2

≤
∥∥∥
(
PA−1

C R
)◦2∥∥∥

1
2

2

∥∥A◦2F
∥∥ 1

2

2
.

Here, we used that KF = K2
F and that for compatible Z

(
KFZ

⊗2KF

)
in+p,jn+q

= (KF )in+p,in+pZijZpq (KF )jn+q,jn+q

=





(
Z◦2

)
ij

if i = p, j = q,

0 else

for 1 ≤ i, j, p, q ≤ n. Similarly, we find

1

ε

∥∥∥C(P )
∥∥∥
A
≤
∥∥A◦2F

∥∥ 1
2

2

∥∥∥
(
PA−1

C R
)◦2∥∥∥

1
2

2
,
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1

ε

∥∥∥C(R)
∥∥∥
A
≤
∥∥A◦2C

∥∥ 1
2

2

∥∥∥
(
A−1
C

)◦2∥∥∥
1
2

2
,

1

ε2

∥∥∥C(P,R)
∥∥∥
A
≤
∥∥A◦2F

∥∥ 1
2

2

∥∥A◦2C
∥∥ 1

2

2

∥∥∥
(
A−1
C R

)◦2∥∥∥
2
,

1

ε2

∥∥∥C(P,ρ)
∥∥∥
A
≤
∥∥A◦2F

∥∥
2

∥∥∥
(
PA−1

C R
)◦2∥∥∥

2
,

1

ε2

∥∥∥C(R,ρ)
∥∥∥
A
≤
∥∥P ◦2

∥∥
2

∥∥R◦2
∥∥

2

∥∥A◦2F
∥∥ 1

2

2

∥∥∥
(
A−1
C

)◦2∥∥∥
1
2

2
,

1

ε3

∥∥∥C(P,R,ρ)
∥∥∥
A
≤
∥∥P ◦2

∥∥2

2

∥∥A◦2F
∥∥

2

∥∥∥
(
A−1
C R

)◦2∥∥∥
2
,

1

ε

∥∥∥C(S)
∥∥∥
A
≤
∥∥(NAF )◦2

∥∥
2
.

In the last inequality, we used that V (S) and N⊗2 commute. Using Lemma 16

and Assumptions 2 and 4 we find

∥∥P ◦2
∥∥

2
≤ ‖P ‖2

2 ≤ C,
∥∥A◦2F

∥∥
2
≤ ‖AF‖2

2 ,
∥∥AC

◦2∥∥
2
≤ ‖AC‖2

2 ≤ ‖AF‖2
2 ,∥∥∥

(
PA−1

C R
)◦2∥∥∥

2
≤ max

i

∥∥∥PA−1
C R~e

(i)
F

∥∥∥
2

2

≤
∥∥PA−1

C RAF

∥∥2

2
max
i

∥∥∥A−1
F ~e

(i)
F

∥∥∥
2

2

≤ C max
i

∥∥∥A−1
F ~e

(i)
F

∥∥∥
2

2
,

∥∥∥
(
A−1
C R

)◦2∥∥∥
2
≤ max

i

∥∥∥PA−1
C ~e

(i)
C

∥∥∥
2

max
j

∥∥∥A−1
C R~e

(j)
F

∥∥∥
2

≤ C max
i

∥∥∥A−1
C ~e

(i)
C

∥∥∥
2

∥∥A−1
C RAF

∥∥
2

max
j

∥∥∥A−1
F ~e

(j)
F

∥∥∥
2

≤ C max
i

∥∥∥A−1
C ~e

(i)
C

∥∥∥
2

max
j

∥∥∥A−1
F ~e

(j)
F

∥∥∥
2
,

∥∥(NAF )◦2
∥∥

2
≤ ‖NAF‖2

2 ≤ C.

Now, because AF is the finite element discretization of a second order PDE over a

quasi-uniform mesh with mesh size h, we obtain (see Theorem 9.11 in [50]),

‖AF‖2 ≤ Chd−2.
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Since
∥∥∥A−1

F ~e
(i)
F

∥∥∥
2
≤ Ch−

d
2 ‖uF‖L2 ,

where uF ∈ VF is given by

a (uF , v) = v (~xi) , ∀v ∈ VF ,

we can apply Lemma 17 to obtain bounds for maxj

∥∥∥A−1
F ~e

(j)
F

∥∥∥
2

(and equally for

maxi

∥∥∥A−1
C ~e

(i)
C

∥∥∥
2
).

1

ε

∥∥∥C(P )
∥∥∥
A
,

1

ε

∥∥∥C(R)
∥∥∥
A
,

1

ε

∥∥∥C(ρ)
∥∥∥
A
,

1

ε2

∥∥∥C(R,ρ)
∥∥∥
A
≤ C





h
d−4
2 d < 4,

√
1 + |log h| d = 4,

1 d > 4,

1

ε2

∥∥∥C(P,R)
∥∥∥
A
,

1

ε2

∥∥∥C(P,ρ)
∥∥∥
A
,

1

ε3

∥∥∥C(P,R,ρ)
∥∥∥
A
≤ C





hd−4 d < 4,

(1 + |log h|) d = 4,

1 d > 4,

1

ε

∥∥∥C(S)
∥∥∥
A
≤ C.

Therefore, we obtain from eq. (5.4)

ρ
(
E
[(ETG)⊗2

])
≤
∥∥ETG

∥∥2

A
+ C





ε2hd−4 d < 4,

ε2 (1 + |log h|) d = 4,

ε2 d > 4,

and hence

%
(ETG) ≤

∥∥ETG
∥∥
A

+ C





εn
4−d
2d
F d < 4,

ε
√

log nF d = 4,

ε d > 4,

where we used that nF ≈ h−d.
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In order to conclude, we need the following technical estimate:

Lemma 17.

Let Ω ∈ C2 or Ω a convex polyhedron and let uF ∈ VF be the unique solution of

a (uF , v) = v (~xi) , ∀v ∈ VF .

Then

‖uF‖L2 ≤ C





1 d < 4,

(1 + |log h|) 1
2 d = 4,

h2− d
2 d > 4,

where C is a constant independent of h.

Proof. Let f ∈ VF be the unique function that corresponds to the load and write

f = ~F · φ with ~F its coefficient vector and φ the vector of shape functions. Then

~e
(i)
F = (φF , f)L2 = (φF , φF )L2 · ~F = MF

~F .

Since by Theorem 9.8 in [50]

ChdI ≤MF ≤ ChdI, (5.5)

we have

‖f‖Hm ≤ Ch−d
∥∥∥φ(i)

F

∥∥∥
Hm

. (5.6)

Now uF is an approximation to u ∈ V that solves

a(u, v) = (f, v)L2 , ∀v ∈ V.

Since f ∈ V ⊂ L2 (Ω), we find by the Aubin-Nitsche Lemma [50] that

‖uF − u‖L2 ≤ Ch2 ‖f‖L2 .
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Consider the solution u∗ ∈ V to the dual problem

a(v, u∗) = (u, v)L2 , ∀v ∈ V.

By elliptic regularity [50], we have

‖u∗‖H2 ≤ C ‖u‖L2 .

Moreover,

(u, u)L2 = a(u, u∗) = (f, u∗)L2 ,

so

‖u‖2
L2 ≤ ‖f‖H−2 ‖u∗‖H2 ≤ C ‖f‖H−2 ‖u‖L2 ,

and hence ‖u‖L2 ≤ C ‖f‖H−2. Therefore, by triangle inequality and eq. (5.6), we

find

‖uF‖L2 ≤ Ch2 ‖f‖L2 + C ‖f‖H−2 ≤ Ch−d
(
h2
∥∥∥φ(i)

F

∥∥∥
L2

+
∥∥∥φ(i)

F

∥∥∥
H−2

)
.

Applying the estimates for
∥∥∥φ(i)

F

∥∥∥
Hm

from Theorem 4.8 in [10], we obtain

‖uF‖L2 ≤ C





1 d < 4,

(1 + |log h|) 1
2 d = 4,

h2− d
2 d > 4.

If the probability of a fault occurring is zero, i.e. ε = 0, then the bound eq. (5.1)

reduces to the quantity
∥∥ETG

∥∥
A

which governs the convergence of the fault-free

Two Grid Algorithm. Under the foregoing assumptions on the finite element dis-

cretization, it is known [20, 21, 63, 95] that
∥∥ETG

∥∥
A
≤ CTG < 1, where CTG is a

positive constant independent of nF . If ε ∈ (0, 1), then the bound eq. (5.1) depends
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on the failure probability ε, the number of unknowns nF and the spatial dimension

d of the underlying discretization.

In the simplest case, in which the spatial dimension d > 4, the Fault-Prone Two

Grid Method will converge uniformly in nF provided that the failure probability ε

is sufficiently small, i.e. ε ∈ [0, (1 − CTG)/C) ⊂ [0, 1). The estimate in the cases of

most practical interest, in which d < 4, is less encouraging with the bound depend-

ing on the size nF of the problem being solved. In particular, the estimate means

that no matter how small the probability ε of a failure may be, as the size of the

problem being solved grows, the bound will exceed unity suggesting that the Two

Grid Method will fail to converge at all.

5.1 Numerical Verification of Non-Resilience

In order to illustrate this behavior and to test the sharpness of the estimate eq. (5.1),

we apply the Fault-Prone Two Grid Method to the system arising from a discretiza-

tion of the Poisson problem on a square using piecewise linear functions on a uni-

form mesh of triangles (Figure 5.2).

We wish to investigate the behavior as the number of degrees of freedom nF

and the fault rate ε are varied. In order to do this, it will be necessary to simulate

the faults that might be encountered on an actual system. To verify the scaling

law eq. (5.1), we inject faults at a much higher rate than what one would expect

to see on an exascale machine in practice. Equally well, the numbers of degrees of

freedom nF that we can simulate is chosen as large as feasible but falls short of what

one may expect to achieve on an exascale machine. The laissez-faire mitigation

strategy described in Section 2.1 is oblivious of the nature of the fault so long as they

are reliably detected. Consequently, our fault simulation procedure does not need

to take account of the type of fault. Hence, in order to simulate Algorithm 2, we

generate independent realizations for the random matrices involved. In particular,
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Figure 5.1: Plot of the norm of the residual against iteration number for the Fault-
Prone Two Grid Method in the case of discretization of the Poisson problem on a
square domain.
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Figure 5.2: Uniform mesh for the square domain.

in order to realize line 5 of Algorithm 2, which contains two fault terms, we sample

nC + nF independent realizations from an ε-distributed Bernoulli variable (each

resulting in a value of zero or one), and multiply residual and coarse-grid right-

hand side element by element with the corresponding sampled values. The same

approach is applied to simulate faults in lines 4, 9 and 11 of Algorithm 2, where the

expression for the optimally damped Jacobi smoothener is given by eq. (2.6).

In Figure 5.1 we plot the norm of the residual after each iteration for a range

of values of failure probability ε and system sizes nF ranging from 1 thousand to 1

billion. These computations were performed on the Titan supercomputer located at

Oak Ridge National Laboratory.

It is observed that when ε = 0, the method reaches residual norm 10−3 in about

7 iterations uniformly for all values of nF up to around one billion. However, as ε

grows, it is observed that the convergence deteriorates in all cases, with the deteri-

oration being more and more severe as the number of unknowns is increased, until,

eventually, the method fails to converge at all.

The fact that the Two Grid Method fails to converge even for such a simple

classical problem means one cannot expect a more favorable behavior for realistic

practical problems.

In order to verify the scaling law suggested by eq. (5.1) we examine the case
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Figure 5.3: Lyapunov spectral radius %(ETG) for the iteration matrix for the Fault-
Prone Two Grid Method in the case of discretization of the Poisson problem on a
square domain.

d = 2 further. In particular, we expect convergence to fail when ε
√
nF exceeds

some threshold. The Lyapunov spectral radius of the Fault-Prone Two Grid Method

is approximated by repeatedly applying Algorithm 2. We perform 1000 iterations

for each parameter combination of ε and nF , and avoid under- and overflow of

floating point numbers by renormalizing the iterates. Figure 5.3 shows a contour

plot of the variation of the Lyapunov spectral radius with respect to the failure

probability ε and the size nF of the system. The plot indicates the boundary of the

region in which the Lyapunov spectral radius exceeds unity, or equally, the region

in which the fault-prone iteration no longer converges at all. It will be observed

that the lines on which ε
√
nF remains constant (also indicated in the plot) coincide

with the contours of the plot in the region in which failure to converge occurs. This

supports the scaling law suggested in the estimate eq. (5.1).
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5.2 Protecting the Prolongation Restores Resilience

Theorem 12 indicates that the Fault-Prone Two Grid Method will generally not be

resilient to faults. What remedial action, in addition to laissez-faire, is needed to

restore the uniform convergence of the Fault-Prone Multigrid Method to that of the

fault-free scheme? Theorem 18 states that if the prolongation operation is protected,

meaning that X (P ) = I, then the rate of convergence of the Two Grid Method is

independent of the number of unknowns and close to the rate of the fault-free

method.

Theorem 18.

Let ETG (ν1, ν2) =
(ES,post)ν2 ECG (ES,pre)ν1 be the iteration matrix of the Fault-Prone

Two Grid Method with faults in smoothener, residual and restriction, and protected

prolongation. Provided Assumptions 1 to 5 hold, and that N and X (S) commute, we

find that

%
(ETG (ν1, ν2)

)
≤ min

µ1+µ2=ν1+ν2
µ1,µ2≥0

∥∥ETG (µ1, µ2)
∥∥

2
+ Cε,

where the constant C is independent of ε and nF .

Proof. Adding and subtracting E
[ETG (ν1, ν2)

]⊗2
from E

[(ETG (ν1, ν2)
)⊗2
]
, we esti-

mate in ‖•‖A2

ρ
(
E
[(ETG (ν1, ν2)

)⊗2
])
≤
∥∥∥E
[(ETG (ν1, ν2)

)⊗2
]∥∥∥

A2

≤
∥∥E
[ETG (ν1, ν2)

]∥∥2

A2 +
(∥∥E

[ECG]
∥∥2

A2 +
∥∥∥C(R)

∥∥∥
A2

+
∥∥∥C(ρ)

∥∥∥
A2

+
∥∥∥C(R,ρ)

∥∥∥
A2

)

×
(∥∥E

[ES]
∥∥2

A2 +
∥∥∥C(S)

∥∥∥
A2

)ν1+ν2

−
∥∥E
[ECG]

∥∥2

A2

∥∥E
[ES]

∥∥2(ν1+ν2)

A2 .

We then get by Assumptions 2, 4 and 5 and (e•)2 ≤ 1 + 2Cε+ C2ε2 ≤ 1 + Cε that
∥∥∥C(R)

∥∥∥
A2
≤ ε

(
e(R)

)2 ∥∥A−1
C RAF

∥∥2

2
‖R‖2

2 ≤ ε
(
e(R)

)2
C2
pC

2

pC
2
A ≤ Cε,

∥∥∥C(ρ)
∥∥∥
A2
≤ ε

(
e(ρ)
)2 ∥∥PA−1

C RAF

∥∥2

2
≤ ε

(
e(ρ)
)2
C2
A ≤ Cε,
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∥∥∥C(R,ρ)
∥∥∥
A2
≤ ε2

∥∥A−1
C RAF

∥∥2

2
‖R‖2

2 ≤ ε2C2
pC

2

pC
2
A ≤ Cε2.

We also estimate

∥∥∥C(S)
∥∥∥
A2

=
∥∥∥A⊗2

F V
(S)N⊗2

∥∥∥
2

=
∥∥∥(AFN )⊗2 V (S)

∥∥∥
2
≤ ε ‖AFN‖2

2 ≤ Cε.

Here, we used Assumptions 3 and 5 and that N and X (S) commute. Moreover,

∥∥E
[ECG]

∥∥
A2 =

∥∥∥E
[ECG]T

∥∥∥
2

=
∥∥E
[ECG]

∥∥
2

≤
∥∥ECG

∥∥
2

+
∣∣1− e(R)e(ρ)

∣∣ ∥∥I −ECG
∥∥

2

≤ CA
(
1 +

∣∣1− e(R)e(ρ)
∣∣) ≤ C (1 + ε) ,

∥∥E
[ES]

∥∥
A2 =

∥∥∥E
[ES]T

∥∥∥
2

=
∥∥E
[ES]

∥∥
2

≤
∥∥ES

∥∥
2

+
∣∣1− e(S)

∣∣ ∥∥I −ES
∥∥

2
≤ C(1 + ε),

∥∥E
[ETG (ν1, ν2)

]∥∥
A2 =

∥∥∥E
[ETG (ν1, ν2)

]T∥∥∥
2

=
∥∥E
[ETG (ν2, ν1)

]∥∥
2

=
∥∥ETG (ν2, ν1)

∥∥
2

+
∥∥E
[ETG (ν2, ν1)

]∥∥
2
−
∥∥ETG (ν2, ν1)

∥∥
2

≤
∥∥ETG (ν2, ν1)

∥∥
2

+ Cε.

Here, we used that by Assumption 5

∣∣1− e(•)∣∣ ≤ Cε,
(
e(•))2 ≤ 1 + Cε,

∣∣1− e(R)e(ρ)
∣∣ ≤ Cε.

Collecting all the terms, we have

ρ
(
E
[(ETG (ν1, ν2)

)⊗2
])
≤
∥∥ETG (ν2, ν1)

∥∥2

2
+ Cε.

so that we finally obtain

%
(ETG (ν1, ν2)

)
≤
∥∥ETG (ν2, ν1)

∥∥
2

+ Cε

We conclude by observing that the Lyapunov spectral radius, just as the ordinary

spectral radius, is invariant with respect to cyclic permutations.
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Theorem 18 makes no additional assumptions about the origin of the problem

or the solver hierarchy, and allows for more general fault patterns and smootheners

than Theorem 12 and as such, is more generally applicable.

We apply the Fault-Prone Two Grid Method incorporating protection of the pro-

longation to the same test problem as above. In Figure 5.5 we plot the evolution

of the residual norm for varying system sizes and fault rates, and in Figure 5.4 we

plot the Lyapunov spectral radius of the iteration matrix. Observe that the rate of

convergence is independent of the number of unknowns and even stays below unity

(indicating convergence) for fault probabilities as high as ε ≈ 0.6. Moreover, Fig-

ure 5.5 seems to indicate that while the asymptotic behavior is independent of the

number of unknowns, the first iteration is not.

In practice, we are faced with the problem of protecting the prolongation. Some

developers have proposed architectures on which certain components are less sus-

ceptible to faults, and the prolongation operator would be a candidate for this treat-

ment. We shall present a practical approach to the protection of the prolongation

in Chapter 7.

5.3 Protecting the Restriction Fails to Give Resilience

The previous result raises the question as to whether protection of any other com-

ponent of the algorithm can give similar (or better) results. From a theoretical

aspect, this is does not seem to be the case, as careful examination of the proof of

Theorem 18 reveals. A provably resilient method can only be obtained if either the

prolongation or both restriction and residual in the coarse-grid correction are pro-

tected. To confirm whether or not this proves to be the case in practice, we repeat

the previous simulations, using instead a protected restriction operation. The mea-

sured rates of convergence as shown in Figure 5.6 resemble the behavior in the case

without protection. Another possible alternative might be to protect the calculation
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Figure 5.4: Lyapunov spectral radius %(ETG) for the iteration matrix for the Fault-
Prone Two Grid Method with protected prolongation in the case of discretization of
Poisson problem on a square domain.

of the residual. However, this is computationally unattractive, since the residual

constitutes typically the most expensive part of the method and will therefore have

a larger overhead than protection of the prolongation or restriction.
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Figure 5.5: Plot of the norm of the residual against iteration number for the Fault-
Prone Two Grid Method with protected prolongation in the case of discretization of
Poisson problem on square domain.
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Figure 5.6: Lyapunov spectral radius %(ETG) for the iteration matrix for the Fault-
Prone Two Grid Method with protected restriction in the case of discretization of
Poisson problem on a square domain.



Chapter 6

Analysis of the Fault-Prone Multigrid

Method

While the two grid method is, as a solver, mostly of academic interest, the behavior

of the multigrid method under the impact of faults is of great practical importance.

We extend the result of Theorem 18 to the W-cycle. This theorem mirrors the

classical implication of W-cycle convergence by two grid convergence outlined in

Section 1.3, but applies to the Lyapunov spectral radius needed for the analysis of

the Fault-Prone Multigrid Method. No additional assumptions are required beyond

these needed for the classical multigrid analysis.

Theorem 19.

Provided Assumptions 1 to 5 hold, that the prolongation is protected, that the num-

ber of smoothing steps is sufficient, and that ε is sufficiently small, the fault-prone

multigrid method converges with a rate bounded by

% (E` (ν1, ν2, γ)) ≤





γ
γ−1

CTG + Cε, γ ≥ 2,

2
1+
√

1−4C∗CTG
CTG + Cε, γ = 2,

where C is independent of ε and ` and

CTG = max
`

∥∥ETG
` (ν2, ν1)

∥∥
2
≤ CSCAη(ν2),

62
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C∗ = CSCpCp (CS + CAη(ν2)) .

Setting the fault rate ε = 0 in the above bounds recovers the classical esti-

mates from Section 1.3 for the fault-free multigrid method, since % (E`) reduces to

ρ (E`) for ε = 0. Just as the Two Grid result, this Theorem makes no assumptions

about the origin of the solver hierarchy, and does not rely on a particular choice of

smoothener. The proof of Theorem 19 requires several steps that are recorded in

the results below.

Throughout this section, C will be a generic constant whose value can change

from line to line, but which is independent of ` and ε.

We set

E
[
X (•)

`

]
= e

(•)
` I, V

[
X (•)

`

]
= V

(•)
` .

and expand

E
[(ES`

)⊗2
]

= E
[ES`

]⊗2
+C

(S)
` ,

C
(S)
` = V

(S)
` (N `A`)

⊗2 ,

using Lemma 9. Similar to the fault-free case, we derive recursive inequalities for

the iteration matrix of the multigrid method.

Theorem 20.

If Assumptions 1 to 5 hold, then the iteration matrix of the Fault-Prone Multigrid

Method satisfies the following recursive inequalities:

‖E [E` (ν1, ν2, γ)]‖A2 ≤
∥∥E
[ETG` (ν1, ν2)

]∥∥
A2 + Cε+ C∗ ‖E [E l−1 (ν1, ν2, γ)]‖γA2 ,

(6.1)

and

∥∥E
[E` (ν1, ν2, γ)⊗2]∥∥

A2 ≤
∥∥E
[ETG` (ν1, ν2)⊗2]∥∥

A2 + Cε (6.2)

+ 2C∗
∥∥E
[ETG` (ν1, ν2)

]∥∥
A2 ‖E [E l−1 (ν1, ν2, γ)]‖γA2
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+ C2
∗
∥∥E
[E l−1 (ν1, ν2, γ)⊗2]∥∥γ

A2 ,

with

C∗ = CSCpCp (CS + CAη(ν2)) .

The constants C and C∗ are independent of the level ` and ε.

If ε = 0, the second inequality matches exactly the recursive inequality that

we would use for the fault-free case, while the first inequality matches the tensor

square power of the same inequality.

Proof. Since the proof on level ` only involves the levels ` and ` − 1, we will drop

the first subscript and replace the second one with a subscript C.

We can write the iteration matrix as

E (ν1, ν2, γ) =
(ES,post)ν2 (I − P (I − (EC)γ)A−1

C X (R)
C RX (ρ)A

) (ES,pre)ν1

=
(ES,post)ν2 (I − PA−1

C X (R)
C RX (ρ)A

) (ES,pre)ν1
︸ ︷︷ ︸

ETG(ν1,ν2)

+
(ES,post)ν2 P (EC)γA−1

C X (R)
C RX (ρ)A

(ES,pre)ν1
︸ ︷︷ ︸

=:C

.

Since

∥∥E
[(ES)ν2 P ]

∥∥
A2 =

∥∥AE
[ES]ν2 PA−1

C

∥∥
2

=
∥∥A−1

C RAE
[ES]ν2

∥∥
2

≤ Cp

(∥∥E
[ES]ν2

∥∥
2

+
∥∥ECGE

[ES]ν2
∥∥

2

)

≤ Cp (CS + CAη(ν2)) + Cε,
∥∥∥E
[
A−1
C X (R)

C RX (ρ)A
]∥∥∥

A2
≤
∣∣∣e(R)
C e(ρ)

∣∣∣ ‖R‖2 ≤ Cp + Cε,

∥∥E
[ES]ν1

∥∥
A2 ≤ CS + Cε,

we have by Assumptions 4 and 5 that

‖E [C]‖A2 ≤
∥∥E
[ES]ν2 P

∥∥
A2 ‖E [EC ]‖γA2

∥∥∥E
[
A−1
C X (R)

C RX (ρ)A
]∥∥∥

A2

∥∥E
[ES]ν1

∥∥
A2
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≤ C∗ ‖E [EC ]‖γA2 + Cε. (6.3)

Therefore the first inequality of the theorem follows from

‖E [E ]‖A2 ≤
∥∥E
[ETG]

∥∥
A2 + ‖E [C]‖A2 .

The second inequality is more work, but follows the same path:

∥∥E
[E⊗2

]∥∥
A2 ≤

∥∥∥E
[(ETG)⊗2

]∥∥∥
A2

+
∥∥E
[C⊗2

]∥∥
A2 + 2

∥∥E
[ETG ⊗ C]

∥∥
A2 . (6.4)

We start by bounding the second term on the right-hand side.

∥∥E
[C⊗2

]∥∥
A2 ≤

∥∥∥E
[((ES)ν2 P )⊗2

]∥∥∥
A2

∥∥E
[E⊗2

C

]∥∥γ
A2 (6.5)

×
∥∥∥∥E
[(
A−1
C X (R)

C RX (ρ)A
)⊗2
]∥∥∥∥

A2

∥∥∥E
[((ES)ν1)⊗2

]∥∥∥
A2

We have by

∥∥∥E
[((ES)ν2 P )⊗2

]∥∥∥
A2
≤
∥∥∥
(
E
[ES]ν2 P )⊗2

∥∥∥
A2

+ C
∥∥∥C(S)

∥∥∥
A2

(6.6)

=
∥∥AE

[ES]ν2 PA−1
C

∥∥2

2
+ Cε

=
∥∥A−1

C RAE
[ES]ν2

∥∥2

2
+ Cε

≤ C2
p

(∥∥E
[ES]ν2

∥∥
2

+
∥∥ECGE

[ES]ν2
∥∥

2

)2
+ Cε

≤ C2
p (CS + CAη(ν2))2 + Cε.

Since by Assumptions 4 and 5
∥∥∥∥E
[(
A−1
C X (R)

C RX (ρ)A
)⊗2
]∥∥∥∥

A2

=

∥∥∥∥E
[(

X (R)
C RX (ρ)

)⊗2
]∥∥∥∥

2

(6.7)

≤
∥∥∥∥E
[(

X (R)
C

)⊗2
]∥∥∥∥

2

‖R‖2
2

∥∥∥∥E
[(

X (ρ)
)⊗2
]∥∥∥∥

2

≤
(∥∥∥V

[
X (R)

C

]∥∥∥
2

+
∥∥∥E
[
X (R)

C

]∥∥∥
2

2

)
‖R‖2

2

×
(∥∥∥V

[
X (ρ)

]∥∥∥
2

+
∥∥∥E
[
X (ρ)

]∥∥∥
2

2

)

≤
(
ε+

(
e(R)

)2
)(

ε+
(
e(ρ)
)2
)
‖R‖2

2
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≤ C
2

p + Cε.

and

∥∥∥E
[((ES)ν1)⊗2

]∥∥∥
A2

=
∥∥∥
(
E
[ES]⊗2

+C(S)
)ν1∥∥∥

A2
(6.8)

≤
∥∥E
[ES]ν1

∥∥2

A2 + Cε ≤ C2
S + Cε,

Inserting eqs. (6.8), (6.6) and (6.7) into eq. (6.5), we have

∥∥E
[C⊗2

]∥∥
A2 ≤ C2

∗
∥∥E
[E⊗2

C

]∥∥γ
A2 + Cε. (6.9)

Now we turn to the third term of eq. (6.4). We split

ETG =
(ES,post)ν2 (I − PA−1

C X (R)
C RX (ρ)A

) (ES,pre)ν1

= E
[ES]ν2 ECGE

[ES]ν1

+
((ES,post)ν2 − E

[ES]ν2)ECGE
[ES]ν1

+ E
[ES]ν2 ECG

((ES,pre)ν1 − E
[ES]ν1)

+
((ES,post)ν2 − E

[ES]ν2)ECG
((ES,pre)ν1 − E

[ES]ν1)

+
(ES,post)ν2 P

(
A−1
C RA−A−1

C X (R)
C RX (ρ)A

) (ES,pre)ν1

so that

∥∥E
[ETG ⊗ C]

∥∥
A2 (6.10)

≤
∥∥E
[ES]ν2 ECGE

[ES]ν1
∥∥
A2 ‖E [C]‖A2

+
∥∥ECG

∥∥
A2 ‖P ‖A2 ‖E [EC ]‖γA2

∥∥∥E
[
A−1
C X (R)

C RX (ρ)A
]∥∥∥

A2{∥∥E
[(ES)ν2 ⊗ ((ES)ν2 − E

[ES]ν2)]
∥∥
A2

∥∥E
[ES]ν1

∥∥2

A2

+
∥∥E
[ES]ν2

∥∥2

A2

∥∥E
[(ES)ν1 ⊗ ((ES)ν1 − E

[ES]ν1)]
∥∥
A2

+
∥∥E
[(ES)ν2 ⊗ ((ES)ν2 − E

[ES]ν2)]
∥∥
A2

×
∥∥E
[(ES)ν1 ⊗ ((ES)ν1 − E

[ES]ν1)]
∥∥
A2

}

+

∥∥∥∥E
[(
A−1
C RA

)
⊗
(
A−1
C X (R)

C RX (ρ)A
)
−
(
A−1
C X (R)

C RX (ρ)A
)⊗2
]∥∥∥∥

A2
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× ‖E [EC ]‖γA2

∥∥∥E
[((ES)ν P )⊗2

]∥∥∥
A2

∥∥∥E
[((ES)ν1)⊗2

]∥∥∥
A2

Now, we have by Assumptions 2 and 4 that

∥∥ECG
∥∥
A2 =

∥∥ECG
∥∥

2
≤ CA, (6.11)

‖P ‖A2 =
∥∥APA−1

C

∥∥
2
≤ Cp, (6.12)

and by Assumptions 4 and 5 that
∥∥∥∥E
[(
A−1
C RA

)
⊗
(
A−1
C X (R)

C RX (ρ)A
)
−
(
A−1
C X (R)

C RX (ρ)A
)⊗2
]∥∥∥∥

A2

(6.13)

=

∥∥∥∥E
[
R⊗

(
X (R)

C RX (ρ)
)
−
(
X (R)

C RX (ρ)
)⊗2
]∥∥∥∥

2

≤‖R‖2
2

{∣∣∣e(R)
C e(ρ)

∣∣∣
∣∣∣1− e(R)

C e(ρ)
∣∣∣+
(
e(ρ)
)2
∥∥∥V
[
X (R)

C

]∥∥∥
2

+
(
e

(R)
C

)2 ∥∥∥V
[
X (ρ)

]∥∥∥
2

+
∥∥∥V
[
X (R)

C

]∥∥∥
2

∥∥∥V
[
X (ρ)

]∥∥∥
2

}

≤Cε

and that

∥∥E
[(ES)ν ⊗ ((ES)ν − E

[ES]ν)]
∥∥
A2 (6.14)

=
∥∥∥E
[(ES)⊗2

]ν
−
(
E
[ES]⊗2

)ν∥∥∥
A2

=
∥∥∥
(
E
[ES]⊗2

+C(S)
)ν
−
(
E
[ES]⊗2

)ν∥∥∥
A2

≤C
∥∥∥C(S)

∥∥∥
A2
≤ Cε.

Also,

∥∥E
[ES]ν2 ECGE

[ES]ν1
∥∥
A2 (6.15)

≤
∥∥E
[ETG (ν1, ν2)

]∥∥
A2 +

∣∣∣1− e(R)
C

∣∣∣
∣∣1− e(ρ)

∣∣ ∥∥E
[ES]ν1 (I −ECG)E

[ES]ν2
∥∥

2

=
∥∥E
[ETG (ν1, ν2)

]∥∥
A2 + Cε.

Hence we find by inserting eqs. (6.3), (6.11), (6.12) and (6.13) to (6.14) into

eq. (6.10)

∥∥E
[ETG ⊗ C]

∥∥
A2 ≤ C∗

∥∥E
[ETG]

∥∥
A2 ‖E [EC ]‖γA2 + Cε. (6.16)
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Therefore, the second recursive inequality

∥∥E
[E⊗2

]∥∥
A2 ≤

∥∥∥E
[(ETG)⊗2

]∥∥∥
A2

+ Cε

+ 2C∗
∥∥E
[ETG]

∥∥
A2 ‖E [EC ]‖γA2

+ (C∗)
2
∥∥E
[E⊗2

C

]∥∥γ
A2

follows from eqs. (6.4), (6.9) and (6.16).

We adapt Lemma 2 to the tensor space setting:

Lemma 21.

Let the elements of the sequences {η`}`≥1 and {η`,⊗2}`≥1 be bounded as follows

η1 ≤ ξ, η` ≤ ξ + C∗η
γ
`−1, ` ≥ 2,

η2
1,⊗2 ≤ ξ2

⊗2, η2
`,⊗2 ≤ ξ2

⊗2 + 2ξC∗η
γ
`−1 + C2

∗η
2γ
`−1,⊗2, ` ≥ 2.

If γ ≥ 2, C∗γ > 1 and max {ξ, ξ⊗2} ≤ γ−1
γ

1

(C∗γ)
1

γ−1
, then

max {η`, η`,⊗2} ≤
γ

γ − 1
max {ξ, ξ⊗2} < 1, ` ≥ 1.

In the case of γ = 2, we have

max {η`, η`,⊗2} ≤
2 max {ξ, ξ⊗2}

1 +
√

1− 4C∗max {ξ, ξ⊗2}
< 1, ` ≥ 1.

Proof. Set α` := max {η`, η`,⊗2} and β := max {ξ, ξ⊗2}. Then

η1 ≤ β, η` ≤ β + C∗α
γ
`−1, ` ≥ 2,

η2
1,⊗2 ≤ β2, η2

`,⊗2 ≤ β2 + 2βC∗α
γ
`−1 + C2

∗α
2γ
`−1, ` ≥ 2,

and hence

α1 ≤ β, α` ≤ β + C∗α
γ
`−1, ` ≥ 2.

Application of lemma 2 gives for γ ≥ 2

α` ≤
γ

γ − 1
β < 1
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and for γ = 2

α` ≤
2β

1 +
√

1− 4C∗β
< 1.

This finally permits us to give prove the main result of this chapter:

Proof of Theorem 19. Set

η` := ‖E [E` (ν1, ν2, γ)]‖A2 ,

η`,⊗2 :=
∥∥E
[E` (ν1, ν2, γ)⊗2]∥∥ 1

2

A2 ,

ξ := max
`

∥∥ETG
` (ν2, ν1)

∥∥
2

+ Cε,

ξ⊗2 := max
`

∥∥ETG
` (ν2, ν1)

∥∥
2

+ Cε.

It follows from

E
[ES`

]
= ES

` +
(

1− e(S)
`

) (
I −ES

`

)
,

E
[ECG`

]
= ECG

` +
(

1− e(R)
`−1e

(ρ)
`

) (
I −ECG

`

)
,

and Assumptions 2, 3 and 5 that

∥∥E
[ETG` (ν1, ν2)

]∥∥
A2 ≤

∥∥ETG
` (ν2, ν1)

∥∥
2

+ Cε,

and therefore with eq. (6.1) that η` ≤ ξ +C∗η
γ
`−1. By Theorem 18 and eq. (6.2), we

find η2
`,⊗2 ≤ ξ2

⊗2 + 2ξC∗η
γ
`−1 +C2

∗η
2
`−1,⊗2. Since C∗, ξ and ξ⊗2 decrease as the number

of smoothening steps increases, Lemma 21 can be applied for a sufficient number

of smoothing steps.

6.1 The Effect of Protection of the Prolongation

Theorem 19 assumes that the prolongation operator is protected. We investigate

whether this assumption can be relaxed by considering a numerical example where
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we do not protect the prolongation. Specifically, we consider the Poisson equation

in two dimensions



−∆u = f in Ω = [0, 1]2,

u = 0 on ∂Ω,
(6.17)

and in order to rule out extraneous effects, we use a uniform mesh, a discretiza-

tion with piecewise linear finite elements, and optimally damped Jacobi pre- and

post-smootheners. In particular, it is well established that the fault-free multigrid

method converges in this setting. Assumptions 1 to 4 are satisfied, as for example

shown in [62]. On every level, residual, restriction, prolongation and smootheners

are subject to componentwise faults, as given in eq. (2.2). We consider problems

of size between 1 million and 1 billion degrees of freedom, and fault probabilities

between 10−4 and 0.6. To minimize floating point contamination in the approxima-

tion of the Lyapunov spectral radius, the right-hand side f is taken to be zero, a

non-zero random initial iterate is chosen, and after each iteration the current iter-

ate is renormalized. In Figure 6.1, we plot the evolution of the residual norm with

respect to the iteration number for the case of laissez-faire mitigation in prolonga-

tion, restriction, residual and smoothener. We can see that the number of degrees

of freedom nL adversely affects the rate of convergence, even leading to divergence

for large number of unknowns. Estimates of the Lyapunov spectral radius are ob-

tained as the geometric average of 1000 iterations of Fault-Prone Multigrid, and are

displayed in Section 6.1.

In the Two Grid setting which was discussed in Chapter 5, we found that the

asymptotic rate for this problem scales like
√
nLε2. Similarly, as seen in Section 6.1,

we find

% (EL) = C0 +O
(√

nLε2
)

(6.18)

for the multilevel case, with C0 being a constant related to the fault-free method.

This means that the method is not fault resilient, since for any given rate of faults
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Figure 6.1: Plots of the norm of the residual against iteration number for the Fault-
Prone W-Cycle Multigrid Method in the case of discretization of Poisson problem on
square domain.
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Figure 6.2: Lyapunov spectral radius %(EL) for the iteration matrix for the Fault-
Prone W-Cycle Multigrid method in the case of discretization of Poisson problem
on a square domain. Without protected prolongation (left), and with protected
prolongation (right).
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Figure 6.3: Plot of the norm of the residual against iteration number for the Fault-
Prone W-Cycle Multigrid Method with protected prolongation in the case of dis-
cretization of Poisson problem on square domain.

ε, there exists a maximum problem size above which multigrid diverges. Therefore

additional protection is mandatory in the multilevel case as well.

We repeat the same experiments, this time with a protected prolongation, i.e.

X (P )
` = I. This produces the desired independence of the problem size, as predicted

by Theorem 19 and as shown by the evolution of the residual in Figure 6.3 and by

the estimated rate of convergence in Section 6.1. We further illustrate the results

with several test problems that pose more of a challenge to the multigrid solver.
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6.2 Adaptively Refined Meshes

A second numerical example illustrates the results of Theorem 19 for the case of an

adaptively refined mesh. We consider the 2D magnetostatics problem for a three

phase 6/4 switched reluctance motor as depicted in Figure 6.4. Gauss’s law and

Ampère’s law are given by

div ~B = 0, curl ~H = J,

where ~B is the magnetic flux density, ~H the magnetic field intensity and J the

current density. ~B and ~H are linked through the constitutive relation ~B = µ ~H

with magnetic permeability µ. Using the magnetic vector potential ~B = ~curl u, the

system can be rewritten as

− 1

µ
∆u = J.

This gives rise to a variational problem with

a(u, v) =

ˆ
Ω

1

µ
gradu · gradv, F (v) =

ˆ
Ω

Jv.

The permeability µ is 5200 in the rotor and the stator, and 1 everywhere else. The

current density J is unity in the coils and 0 everywhere else. Using continuous

piecewise linear finite elements and classical residual-based local a posteriori er-

ror indicators [50], we adaptively refine an initial mesh shown in Figure 6.4. We

use Red-Green refinement [12] coupled with a Dörfler marking strategy [43] with

refinement parameter 0.5. The solver hierarchy is generated without injection of

faults; then the problem is solved for componentwise faults and varying fault rates.

Section 6.2 depicts the approximate rate of convergence of the W-Cycle with

one step of Jacobi pre- and post-smoothening each and without protection of the

prolongation. We can see that although neither the W-Cycle nor the adaptively

refined mesh are covered by the two grid result from Chapter 5, the convergence

estimate is qualitatively correct. Added protection of the prolongation operation
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Air

Coils

Rotor + Stator

Figure 6.4: Initial mesh for the motor problem.

leads to a fault resilient method, as shown in Section 6.2. Small variations with

respect to the number of degrees of freedom are due to varying coarsening ratios

of the levels. The results match Theorem 19, even though Assumption 2 is not

satisfied.

6.3 Higher Spatial Dimension and Higher Order Fi-

nite Elements

We now demonstrate that fault resilience of the W-cycle is retained for a 3D partial

differential equation and higher order (quadratic) continuous finite elements, and

solve the Poisson equation on the Fichera cube.

−∆u = f in Ω = [0, 2]3 \ [1, 2]3,

u = u0 on ∂Ω

The geometry and its uniform meshing are shown in Figure 6.6. The system is

partitioned using METIS [71] into blocks of size 214 and distributed over the com-

pute nodes. We inject nodewise faults as given by eq. (2.3). The problem sizes

considered range from 1.7 million to about 940 million degrees of freedom. In Sec-

tion 6.3, we show the approximate rate of convergence as well as a level set of the
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Figure 6.5: Lyapunov spectral radius %(EL) for the iteration matrix for the Fault-
Prone W-Cycle Multigrid Method in the case of discretization of the motor problem.
Without protected prolongation (left), and with protected prolongation (right).
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Figure 6.6: Mesh for the Fichera cube, indicating partitioning from METIS.

error bound obtained for the Fault-Prone Two Grid Method in Chapter 5. It can be

seen that the rate of convergence in the multilevel case behaves like

% (EL) = C0 + ε 6
√
nL,

where C0 is a constant that is related to the fault-free method. We notice that the

onset of divergent behavior indeed happens at a slower rate as compared to the 2D

setting. Protection of the prolongation again makes the method fault resilient, as

shown in Section 6.3. The choice of higher order elements plays no significant role

in the convergence behavior of the method.
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Figure 6.7: Lyapunov spectral radius %(EL) for the iteration matrix for the Fault-
Prone W-Cycle Multigrid Method in the case of discretization of the Fichera cube.
Without protected prolongation (left), and with protected prolongation (right).



Chapter 7

Implementation Issues

In the previous chapters, we assumed that faults can be perfectly detected. In prac-

tice, faults cannot be perfectly detected, nor is is it possible to perfectly protect the

prolongation. The question therefore arises of whether Theorem 19 has any prac-

tical relevance. In Section 7.1, we present one possible simple approach for fault

detection and show that the behavior of Fault-Prone Multigrid found in eq. (6.18)

is recovered. In Section 7.2 we turn to the issue of protecting the prolongation

operator.

7.1 Detection of Soft Faults

The laissez-faire fault mitigation strategy requires fault detection. While this is

straight-forward in the case of hard faults, soft faults are more problematic. Various

techniques have been suggested [89]. Here, we present a simple approach based

on replication [64] in which a fault-prone component is repeated K times (K ≥ 2)

and the results are compared for consistency. Algorithm 5 shows how the strategy

is used in conjunction with laissez-faire in the detection of faults in the computation

of a generic matrix-vector product y = Mx. Instead of the action of M , only its

fault-prone equivalent M is available in practice, where M ∈ Rn×n is a random

79
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matrix.

Algorithm 5 Detection of faults using K replicas and laissez-faire mitigation for the
fault-prone matrix-vector product y = Mx.

1: for i← 1 to n do
2: for j ← 1 to K do
3: wj ← (Mx)i // j-th replica
4: if w1 = w2 = · · · = wK and |w1| < 1016 then
5: yi ← w1 // value accepted
6: else
7: yi ← 0 // Laissez-faire

The basic idea behind Algorithm 5 is to declare an operation as being fault-free

if all replicas are in agreement, otherwise a fault is deemed to have occurred and

laissez-faire is triggered. This means that there are three possible outcomes for the

i-th component of the output y from Algorithm 5:

(C) the correct value of yi = (Mx)i is returned,

(M) an error is detected, the laissez-faire mitigation is triggered, and yi = 0,

(U) a fault occurs but remains undetected, and yi is a corrupted value.

Our analysis in Chapter 6 caters for the cases (C) and (M), but does not take

account of case (U). Suppose that the probability of a replica being corrupted is

ε � 1. Then the probability of all K replicas being corrupted in exactly the same

way is O(εK), showing that the likelihood of (U) occurring is exponentially small

in K. Hence, the probabilities of the outcomes of Algorithm 5 are

P (C) = 1−O(ε),

P (M) = O(ε),

P (U) = O(εK).

We illustrate the effect of using our ad-hoc fault detection strategy given in

Algorithm 5 in Figure 7.1 for the Poisson problem eq. (6.17). In particular, the faults
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Figure 7.1: Lyapunov spectral radius %(EL) for the iteration matrix for the Fault-
Prone W-Cycle Multigrid Method in the case of discretization of the 2D Poisson
problem with fault detection using K = 2 replicas in every operation.

are modeled using bit flipping in which any bit in the floating point representation

is flipped with a small but non-zero probability such that the overall probability of

a floating point number being corrupted is ε. The results are given in Figure 7.1 in

the simplest case where K = 2 replicas are used in Algorithm 5 and all operations.

It is observed that, even in this simplest case, the convergence behavior mirrors that

which would be obtained with perfect detection.

7.2 Protection of the Prolongation

Theorem 19 requires that the prolongation operations

x` ← x` + P e`−1
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are computed exactly, i.e. without any faults. This is clearly not possible in practice.

We have seen that in the absence of full protection of the prolongation, the Fault-

Prone Multigrid converges at a rate given by eq. (6.18), where ε is the underlying

failure rate of the machine. Moreover, Theorem 19 suggests that the O(
√
nLε2)

term is entirely due to faults in the prolongation (with the faults coming purely

from other components of multigrid contributing with higher order terms). At any

rate, it is clear that if we can enhance the reliability of the prolongation sufficiently

(without being necessarily exact), then one can expect to ameliorate the factor

O
(√

nLε2
)

in the bound of the Lyapunov spectral radius, e.g. by obtaining a growth

of O (nLε
α) for some α > 2.

Is it possible to improve the likelihood of detecting and mitigating faults in the

prolongation beyond P (M) = O (ε)? Algorithm 5 may be regarded as being overly

conservative. For instance, if all but one of the replicas are in agreement, then

intuitively it seems likely that the majority are correct. Algorithm 6 implements the

approach suggested by this argument by looking for agreement amongst a subset of

kP of the KP replicas for the prolongation. This added freedom alters the likelihood

Algorithm 6 Protection of the fault-prone prolongation x` ← x` +Pe`−1 with up to
KP replicas, acceptance threshold kP and laissez-faire mitigation.

1: for i← 1 to n` do
2: for j ← 1 to KP do
3: wj ← (Pe`−1)i // j-th replica
4: if kP replicas have matching value w and |w| < 1016 then
5: (x`)i ← (x`)i + w // value accepted
6: break

at which the three events occur in the prolongation:

P (CP ) = 1−O(εKP−kP+1),

P (MP ) = O(εKP−kP+1),

P (UP ) = O(εkP ).

In particular, when Algorithm 6 is applied to the computation of the prolongation



83

10−4 10−3 10−2 10−1

Probability of faults ε

105

106

107

D
eg

re
es

of
fr

ee
d

om
n
L

C = nLε
3

0.4492

0.5136

0.5872

0.6714

0.7676

0.8777

1.004

1.147

1.312

1.5

%

Figure 7.2: Lyapunov spectral radius %(EL) for the iteration matrix for the Fault-
Prone W-Cycle Multigrid Method with KP = 4 replicas and acceptance threshold
kP = 3 in the prolongation and K = 3 replicas in all other operations.

with parameters kP = 3 and KP = 4, we obtain an overall rate of P (MP ) = O(ε2)

at which mitigation occurs. Figure 7.2 shows the results obtained by applying Al-

gorithm 6 with kP = 3 and KP = 4 to the prolongation, and Algorithm 5 with

K = 3 to all other operations. It is seen that the strategy has resulted in the factor

O
(√

nLε2
)

in the Lyapunov spectral radius being replaced by O (nLε
α) with α = 3.

Would a cheaper detection and protection strategy (e.g. with KP = 3, kP = 2

and K = 2) suffice? Figure 7.3 shows the results obtained employing a variety of

different choices for K, KP and kP . It is seen that the cheapest strategy that results

in the growth O
(√

nLε2
)

being replaced by O (nLε
α), α > 2, is indeed KP = 4,

kP = 3 and K = 3.

Moreover, if one wishes to obtain a given rate α ≥ 2, then one can choose

K = kP = α and KP = 2α − 2. As problems in three spatial dimensions are more

resilient to the effect of laissez-faire mitigation, as reflected by Theorem 12 and the
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Figure 7.3: Level sets %(EL) = 0.57 (50% more iterations than the ideal fault-free
case) for different levels of detection and protection in the case of the 2D Poisson
problem. Optimal parameter combinations are marked in thick solid lines. The
obtained optimal detection and protection parameters for each region in the ε-nL-
plane are marked in the plot.
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numerical evidence in Chapter 6, we expect the strategy K = KP = kP = α to be

sufficient for 2 ≤ α ≤ 6.



Chapter 8

Fault-Prone Domain Decomposition

Methods

A second class of widely used iterative linear solvers are so-called domain decom-

position methods. The main idea behind domain decomposition methods is to di-

vide up the problem domain into several potentially overlapping subdomains, and

solve the system restricted to every subdomain concurrently. Therefore, a domain

decomposition method is similar in spirit to a block Jacobi smoothener. In typical

applications, the subdomain size is chosen so that each compute node in the parallel

computation can fit one subdomain problem. In order to obtain a scalable method,

a coarse grid solve needs to be incorporated for global exchange of information.

While multigrid methods achieve optimal complexity by coarsening the problem

only mildly and using inexpensive solvers on each level, domain decomposition

methods coarsen aggressively, so that typically only two levels are used. In turn,

the considered problem on the different levels are significantly more expensive to

solve [41, 88, 94].

Domain decomposition methods can be divided up into two categories: solvers

without and with overlap of the subdomains. In this chapter, we introduce the later

kind, and discuss an extension of the framework for the analysis of laissez-faire fault

86
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mitigation to blockwise faults in one and two level domain decomposition solvers.

In particular, we explain the effect on faults in unknowns that are shared by several

subdomains.

8.1 Overlapping Domain Decomposition Methods

Let the polygonal domain Ω ⊂ Rd be divided up into a shape regular, quasi-uniform

partition Th of simplices of size h. Partition Th into N parts T (i,0)
h , i = 1, . . . , N , cor-

responding to subdomains Ω(i,0). The extended triangulations T (i,δ)
h , δ = 1, 2, . . . are

obtained by adding δ exterior layers of cells to T (i,0)
h . We denote the corresponding

overlapping subdomains by Ω(i,δ). Let V := H1
0 (Ω) and Vh be the space of piece-

wise linears on Th, and V (i,δ)
h the space of piecewise linears on T (i,δ)

h , with respective

dimensions n = dimVh and n(i,δ) = dimV
(i,δ)
h . Let φj the nodal basis functions of

Vh, and let ~φ and ~φ(i,δ) be the vectors of basis functions in Vh and V (i,δ)
h respectively,

with index sets I and I(i,δ) ⊂ I. Moreover, let zj ∈ Ω be the node corresponding to

the basis function φj, j ∈ I. The canonical injection

P(i,δ) : V
(i,δ)
h ↪→ Vh

gives rise to the prolongation matrix P (i,δ) defined by the action of P(i,δ) on u =

~x · φ(i,δ) ∈ V (i,δ)
h as

P(i,δ)u = ~x · P(i,δ)~φ(i,δ) =
(
P (i,δ)~x

)
· ~φ.

Moreover, define the restriction matrices R(i,δ) :=
(
P (i,δ)

)T
, and the corresponding

operator R(i,δ).

Let a be a symmetric, continuous, bilinear form on V × V that is V -elliptic with

constant η. For u = ~x · ~φ, v = ~y · ~φ ∈ Vh,

a(u, v) = ~x · a
(
~φ, ~φ
)
· ~y =: ~x ·A~y,
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where A is the stiffness matrix. Similarly, we define the subdomain stiffness matri-

ces A(i,δ) := a(~φ(i,δ), ~φ(i,δ)). Hence, for u = ~x · ~φ(i,δ), v = ~y · ~φ(i,δ) ∈ V (i,δ)
h

~x ·A(i,δ) · ~y = a
(
~x · ~φ(i,δ), ~y · ~φ(i,δ)

)

= a
((
P (i,δ)~x

)
· ~φ,
(
P (i,δ)~y

)
· ~φ
)

=
(
P (i,δ)~x

)
· a
(
~φ, ~φ
)
·
(
P (i,δ)~y

)

= ~x ·R(i,δ)AP (i,δ) · ~y.

Therefore, A(i,δ) = R(i,δ)AP (i,δ). We also set A(i,δ,δ+1) := R(i,δ)AP (i,δ+1) so that

R(i,δ)A = A(i,δ,δ+1)R(i,δ+1).

Moreover, let a partition of unity be given by θ(i,δ) ∈ C (Ω, [0, 1]) such that
∑

i θ
(i,δ) = 1 and supp θ(i,δ) ⊂ Ω(i,δ). The operator

D(i,δ)(u) := Ih
(
θ(i,δ)u

)
, u ∈ V (i,δ)

h

has the matrix representation

D(i,δ) = diag
(
θ(i,δ)(zj)

)
.

Then the discrete partition of unity property reads as
∑

i

P (i,δ)D(i,δ)R(i,δ) = In.

A particular choice of such a partition function is θ(i,−1) such that θ(i,−1) (zj) ∈ {0, 1},
which leads to an algebraically non-overlapping partition of the unknowns. We

write the restriction and prolongation matrices and operators using the superscript

(i,−1).

For every subdomain i, we define its set of neighbors by

Oi :=
{
j 6= i | I(i,δ) ∩ I(j,δ) 6= ∅

}
.

Lemma 22.

For i = 1, . . . , N

P (i,δ)A(i,δ)D(i,δ) = AP (i,δ)D(i,δ), D(i,δ)A(i,δ)R(i,δ) = D(i,δ)R(i,δ)A.
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Proof.

D(i,δ)R(i,δ)A−D(i,δ)A(i,δ)R(i,δ) = D(i,δ)R(i,δ)a
(
~φ, φ
)
−D(i,δ)a

(
φ(i), φ(i)

)
R(i,δ)

= a
(
D(i,δ)φ(i), φ

)
− a

(
D(i,δ)φ(i),

(
P (i,δ)φ(i)

))

= a
(
D(i,δ)φ(i),

(
φ− P (i,δ)φ(i)

))

=
{
a
(
θ(zj)φj, δ{k 6∈I(i)}φk

)}
j∈I(i),k∈I

=
{
θ(zj)δ{k 6∈I(i)}a (φj, φk)

}
j∈I(i),k∈I

Now, a(φj, φk) 6= 0 only if i and j belong to the same element. For k 6∈ I(i),

a(φj, φk) 6= 0 therefore implies that zj must be on the boundary of subdomain Ω(i,δ).

Since θi is a continuous function that is zero outside of Ω(i,δ), we have θ(zj) = 0 and

therefore thatD(i,δ)R(i,δ)A = D(i,δ)A(i,δ)R(i,δ). The second equality is the transpose

of the first.

An immediate consequence of the lemma is that

∑

i

P (i,δ)D(i,δ)A(i,δ)R(i,δ) =
∑

i

P (i,δ)D(i,δ)R(i,δ)A = A.

We define the additive Schwarz preconditioner

NAS =
∑

i

P (i,δ)
(
A(i,δ)

)−1

R(i,δ),

the additive Schwarz preconditioner with harmonic overlap [23]

NASH =
∑

i

P (i,δ)
(
A(i,δ)

)−1

D(i,δ)R(i,δ),

and the restricted additive Schwarz preconditioner [24]

NRAS =
∑

i

P (i,δ)D(i,δ)
(
A(i,δ)

)−1

R(i,δ).

The corresponding iterative schemes S• are given by

~xk+1 = SAS
(
~b, ~xk

)
:= ~xk + θNAS

(
~b−A~xk

)
,
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~xk+1 = SASH
(
~b, ~xk

)
:= ~xk +NASH

(
~b−A~xk

)
,

~xk+1 = SRAS
(
~b, ~xk

)
:= ~xk +NRAS

(
~b−A~xk

)

in global form. The additive Schwarz iteration is only convergent if the damping

parameter θ is small enough.

It is typically observed that the number of iterations of the above methods de-

teriorates with a growing number of subdomains. In order to obtain a scalable

solver, the inclusion of a coarse grid is therefore often mandatory. Let VH ⊂ Vh, and

designate the canonical injection by

P0 : VH ↪→ Vh.

The associated matrix form is called P (0), and the corresponding restriction is

R(0) =
(
P (0)

)T
. This permits to define a coarse grid system matrix A(0) through

the Galerkin relationship

A(0) = R(0)AP (0),

and a coarse grid preconditioner and correction scheme as

NCG = P (0)
(
A(0)

)−1

R(0),

~xk+1 = SCG
(
~b, ~xk

)
:= ~xk +NCG

(
~b−A~xk

)
.

Two grid methods can then be obtained by combining a domain decomposition

iteration with the coarse grid correction, for example as

~xk+1 =
[
SCG

(
~b, ·
)
◦ SASH

(
~b, ·
)] (

~xk
)
.

We will now turn to a detailed description of how faults will affect the convergence

properties of one and two level domain decomposition solvers.
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8.2 Modeling Blockwise Faults in Iterative Schemes

For the purposes of implementation, and to study the impact of faults, the local

form of the above iterations is more helpful. We notice that faults of subdomain

solves can not be modeled as before, since, due to the overlap, one unknown can

be owned by several subdomains. This means that we cannot model faults by a

random diagonal matrix with blockwise dependent diagonal entries.

The additive Schwarz iteration can be written as

~xk+1
i = ~xki +R(i,δ+1)NAS

(
~b−A~xk

)

= ~xki +
∑

j∈Oi

R(i,δ+1)P (j,δ)
(
A(j,δ)

)−1 (
~bj −A(i,δ,δ+1)~xki

)
,

where ~xki = R(i,δ+1)~xk and ~bi = R(i,δ)~b are the node local part of the solution and

the right-hand side respectively.

In practice, one subdomain will be assigned to one compute node. We can model

the effect of failing compute nodes by Bernoulli distributed random variables

χ(i) =





1 with probability 1− ε,

0 with probability ε.

Here, the probability of a node failure ε is taken to be small. We rewrite the additive

Schwarz scheme introduced above by introducing faults:

~xk+1
i = ~xki +

∑

j∈Oi

R(i,δ+1)χ(j)P (j,δ)
(
A(j,δ)

)−1 (
~bj −A(j,δ,δ+1)~xkj

)
.

Since all operations up to the communication step are node local, we only need to

include one random variable per node to account for any failure on that node.

In order to analyze the convergence behavior, we derive the error propagator

EAS associated with the error equation. The error ~ek+1 after k + 1 iterations in

terms of the error after k iterations by

~ek+1 = ~xk+1 − ~x = = ~ek +
∑

j

χ(j)P (j,δ)
(
A(i,δ)

)−1

R(j,δ)A
(
~x− ~xk

)
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=

(
I −

∑

j

χ(j)P (j,δ)
(
A(i,δ)

)−1

R(j,δ)A

)
~ek

=: EAS~ek.

The local version of the additive Schwarz method with harmonic overlap reads

as

~xk+1
i = ~xki +R(i,δ)NASH

(
~b−A~xk

)

= ~xki +
∑

j∈Oi

R(i,δ)P (j,δ)
(
A(i,δ)

)−1

D(j,δ)
(
R(j,δ)~b−R(j,δ)A~xk

)

= ~xki +
∑

j∈Oi

R(i,δ)P (j,δ)
(
A(i,δ)

)−1

D(j,δ)
(
~bj −A(j,δ)~xkj

)

with ~xki = R(i,δ)~xk, where we used Lemma 22 in the last equality. This shows that

again, only one random variable per node is necessary to capture all failures that

that node might suffer in one iteration. Similar to the additive Schwarz method, we

obtain the error propagator

EASH = I −
∑

j

χ(j)P (j,δ)
(
A(i,δ)

)−1

D(j,δ)R(j,δ)A.

The reduced additive Schwarz method

~xk+1
i = ~xki +R(i,δ)NRAS

(
~b−A~xk

)

= ~xki +
∑

j∈Oi

R(i,δ)P (j,δ)D(j,δ)
(
A(i,δ)

)−1


~bj −

∑

l∈Oj

R(j,δ)P (l,δ)D(l,δ)A(l,δ)~xkl


 ,

can be rewritten as

~y0
i = x0

i ,

~yk+1
i = ~yki +

(
A(i,δ)

)−1
(
~bi −

∑

j∈Oi

R(i,δ)P (j,δ)A(j,δ)D(j,δ)~ykj

)
,

~xki =
∑

j∈Oi

R(i,δ)P (j,δ)D(j,δ)~ykj .
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which leads to

ERAS = I −
∑

j

χ(j)P (j,δ)D(j,δ)
(
A(i,δ)

)−1

R(j,δ)A.

Finally, the coarse grid correction can be given as

~xk+1
i = ~xki +R(i,δ)NCG

(
~b−A~xk

)

= ~xki +R(i,δ)P (0)
(
A(0)

)−1∑

j

R(0)P (j,−1)
(
R(j,−1)~b−R(j,−1)A~xk

)

= ~xki +R(i,δ)P (0)
(
A(0)

)−1∑

j

R(0)P (j,−1)
(
~bj −A(j,−1)R(j,−1)P (j,δ)~xkj

)

with ~bj = R(j,−1). The error propagator of the coarse grid is given by

ECG = I −X (N)NCG

∑

j

χ(j)P (j,−1)A(j,−1)R(j,−1).

Here, two sources of faults are possible: faults can occur during the computation

of the residual, or during the coarse grid solve and update. The random variables

χ(j) model the former, whereas the diagonal fault matrix X (N) encodes the fault

structure of the coarse grid solve. Since we chose an algebraically non-overlapping

partition, we can write

ECG = I −X (N)NCGX (ρ)A,

where the diagonal faults matrix X (ρ) has block structure:

X (ρ)
ii = χ(j) if θ(j,−1)(zi) = 1,

X (ρ)
ik = 0 if i 6= k.

The corresponding error propagators for the classical fault free methods are ob-

tained by replacing the random variables with identity, and are designated by EAS,

EASH , ERAS and ECG respectively.
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8.3 Convergence Analysis for Domain Decomposition

Methods

Our first result concerns the convergence behavior of the single level domain de-

composition methods introduced above.

A standard assumption needed in the convergence analysis of fault-free domain

decomposition methods concerns the interaction of the local solution spaces V (i,δ):

Assumption 6 (Strengthened Cauchy-Schwarz inequality): Define 0 ≤ εij ≤ 1 to

be the smallest constants such that

|a(u, v)| ≤ εija(u, u)1/2a(v, v)1/2 ∀u ∈ V (i,δ), v ∈ V (j,δ).

If Nc denotes the smallest number of colors necessary to color the subdomains, then

ρ (ε) ≤ Nc,

and Nc is independent of h and N .

Theorem 23.

Let EDD ∈ {EAS,EASH ,ERAS}, and letEDD the iteration matrix of its fault-free equiv-

alent. Provided Assumption 6 holds, the convergence rate of the fault-prone iterations

is bounded as

% (EDD) ≤ ‖EDD‖A + Cε,

where ‖•‖A is the energy norm and C is independent of ε, h and N .

Proof. For easy of notation, we define the extended matrices

A := blockdiag
(
A(i,δ)

)
, D := blockdiag

(
D(i,δ)

)
,

R := vec
(
R(i,δ)

)
, P := vec

(
P (i,δ)

)
,

X := blockdiag
(
χ(i)In(i,δ)

)
,
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and write

EAS = I − PA−1
RA, EAS = I − PXA−1

RA,

EASH = I − PA−1
DRA, EASH = I − PXA−1

DRA

ERAS = I − PDA−1
RA, ERAS = I − PXDA−1

RA.

Using the fact that A
1/2

and X commute, we find

‖V [EAS]‖A =

∥∥∥∥P
⊗2V

[X ]
(
A
−1
RA

)⊗2
∥∥∥∥
A

=

∥∥∥∥
(
A

1/2
P
)⊗2

V
[X ]

(
A
−1
RA1/2

)⊗2
∥∥∥∥

2

=

∥∥∥∥
(
A

1/2
PA

−1/2
)⊗2

V
[X ]

(
A
−1/2

RA1/2
)⊗2
∥∥∥∥

2

≤
∥∥∥A1/2

PA
−1/2

∥∥∥
2

2

∥∥V
[X ]

∥∥
2

∥∥∥A−1/2
RA1/2

∥∥∥
2

2

≤ Cερ (NASA)2 .

Similarly, we find

‖V [EASH ]‖A =

∥∥∥∥P
⊗2V

[X ]
(
A
−1
DRA

)⊗2
∥∥∥∥
A

=

∥∥∥∥
(
PA

−1/2
)⊗2

V
[X ]

(
A
−1/2

DRA
)⊗2
∥∥∥∥
A

=

∥∥∥∥
(
A1/2PA

−1/2
)⊗2

V
[X ]

(
A
−1/2

DRA1/2
)⊗2
∥∥∥∥

2

≤
∥∥∥A1/2PA

−1/2
∥∥∥

2

2

∥∥V
[X ]

∥∥
2

∥∥∥A−1/2
DRA1/2

∥∥∥
2

2

= ρ
(
PA

−1
RA

)∥∥V
[X ]

∥∥
2
ρ
(
A1/2PDA

−1
DRA1/2

)

= ρ
(
PA

−1
RA

)∥∥V
[X ]

∥∥
2
ρ
(
PDA

−1
DRA

)

≤ Cερ (NASA) ρ (NRASHA)

where we have set

NRASH = PDA
−1
DR =

∑

i

P (i,δ)D(i,δ)
(
A(i,δ)

)−1

D(i,δ)R(i,δ).
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It can be shown that the same holds for the reduced additive Schwarz method.

Therefore we have shown that

% (EAS) ≤
√

(‖EAS‖A + ε ‖NASA‖A)2 + Cερ (NASA)2,

% (EASH) ≤
√

(‖EASH‖A + ε ‖NASHA‖A)2 + Cερ (NASA) ρ (NRASHA),

% (ERAS) ≤
√

(‖ERAS‖A + ε ‖NRASA‖A)2 + Cερ (NASA) ρ (NRASHA).

We conclude using Lemmas 24 and 25 below.

Lemma 24.

The partition of unity θ(i,δ) can be chosen such that
∥∥∇θ(i,δ)

∥∥
L∞
≤ C/(δh). Then, for

all u ∈ V (i,δ)
h ,

a
(
D(i,δ)u,D(i,δ)u

)
≤ CDa(u, u)

for some constant CD.

Proof. Set B(i,δ) := Ω(i,δ) ∩
{
θ(i,δ) < 1

}
. For u ∈ V (i,δ)

h , we have that

a
(
D(i,δ)u,D(i,δ)u

)
≤ C

∣∣D(i,δ)u
∣∣2
H1(Ω(i,δ))

= C
(
|u|2

H1(Ω(i,δ)\B(i,δ)) +
∣∣Ih
[
θ(i,δ)u

]∣∣2
H1(B(i,δ))

)
.

The second term is estimated as

∣∣Ih
[
θ(i,δ)u

]∣∣
H1(B(i,δ)) ≤

∣∣θ(i,δ)u
∣∣
H1(B(i,δ)) +

∣∣θ(i,δ)u− Ih
[
θ(i,δ)u

]∣∣
H1(B(i,δ))

≤ C
∣∣θ(i,δ)u

∣∣
H1(B(i,δ)) .

Now

∣∣θ(i,δ)u
∣∣2
H1(B(i,δ)) ≤ 2

ˆ
B(i,δ)

(
θ(i,δ)

)2 |∇u|2 + 2

ˆ
B(i,δ)

u2
∣∣∇θ(i,δ)

∣∣2

≤ 2 |u|2
H1(B(i,δ)) + 2

∥∥∇θ(i,δ)
∥∥2

L∞
‖u‖2

L2(B(i,δ)) . (8.1)

Application of a Poincare inequality then leads to

∣∣θ(i,δ)u
∣∣2
H1(B(i,δ)) ≤ 2 |u|2

H1(B(i,δ)) + 2C
∥∥∇θ(i,δ)

∥∥
L∞

(δh)2 |u|2
H1(B(i,δ))
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≤ 2 |u|2
H1(B(i,δ)) + 2C |u|2

H1(B(i,δ)) .

Therefore, we have shown

a
(
D(i,δ)u,D(i,δ)u

)
≤ C |u|2

H1(Ω(i,δ))

≤ Ca(u, u).

Lemma 25.

ρ (NASA) = ‖NASA‖A ≤ Nc,

ρ (NASHA) ≤ ‖NASHA‖A ≤ NcC
1/2
D ,

ρ (NRASA) ≤ ‖NRASA‖A ≤ NcC
1/2
D ,

ρ (NRASHA) ≤ ‖NRASHA‖A ≤ NcCD.

Proof. The proof of the first inequality is classical and makes use of the operator

form TAS of NASA. This operator as well as the ones for NASHA, NRASA and

NRASHA are given by

TAS =
∑

i

T (i,δ),

TASH =
∑

i

T̃ (i,δ),

TRAS =
∑

i

D(i,δ)T (i,δ),

TRASH =
∑

i

D(i,δ)T̃ (i,δ),

where the subdomain solution operators T (i,δ) and T̃ (i,δ) are defined by

a
(
T (i,δ)u, v

)
= a (u, v) ∀u ∈ Vh, v ∈ V (i,δ)

h ,

a
(
T̃ (i,δ)u, v

)
= a

(
u,D(i,δ)v

)
∀u ∈ Vh, v ∈ V (i,δ)

h .
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We then have

ρ (N •A)2 ≤ ‖N •A‖2
A

= sup
~x

(N •A~x) · (AN •A~x)

~x ·A~x

= sup
u∈Vh

a(T•u, T•u)

a(u, u)
.

For T• =
∑

i T
(i)
• , we have by the strengthened Cauchy-Schwarz inequality that

a (T•u, T•u) =
∑

i,j

a
(
T (i)
• u, T (j)

• u
)

≤
∑

i,j

εija
(
T (i)
• u, T (i)

• u
)1/2

a
(
T (j)
• u, T (j)

• u
)1/2

≤ ρ(ε)
∑

i

a
(
T (i)
• u, T (i)

• u
)
.

For T• = TAS and T (i)
• = T (i,δ), we can use that T (i,δ) are idempotent and self-adjoint

with respect to a(·, ·) and obtain

a (TASu, TASu) ≤ ρ(ε)
∑

i

a
(
u, T (i,δ)u

)

= ρ(ε)a (u, TASu)

≤ ρ(ε)a (u, u)1/2 a (TASu, TASu)1/2 .

Therefore ρ (NASA) ≤ ρ(ε).

Similarly, for T• = TRAS and T (i)
• = D(i,δ)T (i,δ), we have by Lemma 24

a (TRASu, TRASu) ≤ ρ(ε)
∑

i

a
(
D(i,δ)T (i,δ)u,D(i,δ)T (i,δ)u

)

≤ ρ(ε)CD
∑

i

a
(
T (i,δ)u, T (i,δ)u

)

≤ ρ(ε)CDa (u, u)1/2 a (TASu, TASu)1/2

≤ ρ(ε)2CDa (u, u)

which permits to conclude that ρ (NRASA) ≤ ρ(ε)C
1/2
D .
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For T• = TRASH and T (i)
• = D(i,δ)T̃ (i,δ), we find

a (TRASHu, TRASHu) ≤ ρ(ε)
∑

i

a
(
D(i,δ)T̃ (i,δ)u,D(i,δ)T̃ (i,δ)u

)

≤ ρ(ε)CD
∑

i

a
(
T̃ (i,δ)u, T̃ (i,δ)u

)

= ρ(ε)CD
∑

i

a
(
u,D(i,δ)T̃ (i,δ)u

)

= ρ(ε)CDa (u, TRASHu)

≤ ρ(ε)CDa (u, u)1/2 a (TRASHu, TRASHu)1/2

and hence ρ (NRASHA) ≤ ρ (ε)CD.

Finally, for T• = TASH and T (i)
• = T̃ (i,δ),

a (TASHu, TASHu) ≤ ρ(ε)
∑

i

a
(
T̃ (i,δ)u, T̃ (i,δ)u

)

≤ ρ(ε)
∑

i

a
(
u,D(i,δ)T̃ (i,δ)u

)

= ρ(ε)a (u, TRASHu)

≤ ρ(ε)a (u, u)1/2 a (TTASHu, TTASHu)1/2

≤ ρ(ε)2CDa (u, u) ,

where the previous inequality was used. Therefore ρ (NRASHA) ≤ ρ (ε)CD.

In order to verify the above result, we consider the following test case:

Find u ∈ Vh :

ˆ
Ω

∇u · ∇v =

ˆ
Ω

fv ∀v ∈ Vh,

where Ω = [0, 1]2, Vh the space of piecewise linears on a uniform triangular mesh

and f ∈ L2 (Ω). The resulting linear system is solved using the additive Schwarz

method with harmonic overlap on N = 16 subdomains for varying mesh sizes h

and fault rates ε. We iterate for 1000 iterations, as to get a good estimate of the

asymptotic convergence rate, and renormalize the residual between iterations. The

resulting approximation of % (EASH) is shown in Figure 8.1. It can be observed that
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Figure 8.1: Asymptotic convergence rate % (EASH) for N = 16 subdomains.

the convergence rate varies mainly in the dependence on the number of degrees of

freedom n, but is largely unaffected by the fault rate ε.

If the number of subdomains N gets scaled proportionally to the number of de-

grees of freedom n, similar behavior is observed. (See Figure 8.2.) In both cases,

the method stays convergent even for considerably large fault rates ε, and essen-

tially mirror their fault free equivalent. This shows that the estimate in Theorem 23

is sharp.
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Figure 8.2: Asymptotic convergence rate % (EASH). The number of subdomains N
is proportional to the number of degrees of freedom n.

8.4 Two-Level Methods

We now turn to the case when a coarse grid is incorporated into the solver. It has

already been established in Chapters 5 and 6 for multigrid solvers that in order to

obtain a fault-resilient method, protection of the prolongation from the coarse grid

to the fine grid is mandatory. For the same test problem as above, we numerically

verify that this also the case for two level domain decomposition solvers. (See

Figures 8.3 and 8.4.) Obviously, the single node case does not require protection of

the prolongation, since a fault in the coarse solve simply leads to a skipped coarse

grid correction. If the number of subdomains is fixed to N = 16, divergence can

be observed that for large values of ε. The dependence on the number of degrees

of freedom seems to be very mild. For the more realistic case of N ∼ n seen

in Figure 8.4, we observe however that the problem size for which the two level

method is convergent scales with εn1/2. This behavior mirrors what was derived in
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Figure 8.3: Asymptotic convergence rate % (EASHECG) without protected prolonga-
tion for N = 16 subdomains.

Chapter 6 for the multigrid case.

The next result concerns the variance of the coarse grid solver if the prolongation

is protected.

Lemma 26.

Take ηij to be the smallest constants such that

∣∣~x ·A−1~y
∣∣ ≤ ηij

∣∣~x ·A−1~x
∣∣1/2 ∣∣~y ·A−1~y

∣∣1/2

for all ~x ∈ rangeP (j,−1), ~y ∈ rangeP (i,−1). Then, if prolongation is protected, we can

bound

‖V [ECG]‖A ≤ Cεh−1

√
max
i

∑

j

η2
ij ≤ Cεh−1

√
N, (8.2)

where the tensor energy norm is given by ‖•‖A :=

∥∥∥∥
(
A1/2

)⊗2

•
(
A−1/2

)⊗2
∥∥∥∥

2

.

The proof of Lemma 26 requires several definitions and estimates that concern

the block structure of the variance of the fault matrix.
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Figure 8.4: Asymptotic convergence rate % (EASHECG) without protected prolonga-
tion for N ∼ n.

The variance of X (ρ) is a diagonal matrix as well, and is given by

V
[
X (ρ)

]
in+j,in+j

=





1 if θ(i,−1)(xj) = 1

0 else
.

After reordering, it is a block diagonal matrix with identity in the blocks correspond-

ing to interactions within a node, and zero blocks elsewhere. Before we introduce

the notation for the treatment of block matrices, we show the

Example 4.

Consider the case of two subdomains, where the degrees of freedom of the first subdo-

main are ordered first, and then the unknowns of the second partition. We then have
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for the variance of X (ρ) the form

V
[
X (ρ)

]
= ε(1− ε)




I

0

0

I



.

If a matrix Z =


 Z11 Z12

Z21 Z22


 ∈ Rn×n is block partitioned with respect to the sub-

domains, we have

ρ
(
V
[
X (ρ)

]
Z⊗2V

[
X (ρ)

])
= ε2(1− ε)2ρ







Z⊗2
11 Z⊗2

12

0

0

Z⊗2
21 Z⊗2

22







= ε2(1− ε)2ρ




 Z⊗2

11 Z⊗2
12

Z⊗2
21 Z⊗2

22




 .

The last block matrix is called the Khatri-Rao square power of Z, and we are interested

in estimating its spectral radius.

Definition 27 (Blocks of matrices).

Given ordered vectors of indices 1 ≤ α1 < α2 < · · · < α`(α) ≤ m, 1 ≤ β1 < β2 < · · · <
β`(β) ≤ n, and a matrix A ∈ Rm×n, we designate the sub-matrix corresponding to α

and β by

A[α, β] =
{
Aαi,βj

}
i,j
.

If M = N and α = β, we write

A[α] := A[α, α].

We write the length of the index vector α as `(α), so that A[α, β] has size `(α)× `(β).
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Definition 28 (Partitioned matrix).

Let A and B be sets of index vectors as above, with NA = |A| and NB = |B| the

respective number of blocks, such that
⋃
α∈A α = {1, . . . ,m} with α∩ γ = ∅ for α 6= γ,

and
⋃
β∈B β = {1, . . . , n} with β ∩ η = ∅ for β 6= η. We call A ∈ Rm×n partitioned

by A × B into the blocks A[α, β], α ∈ A, β ∈ B. If we prescribe an ordering of

A = {αi}NAi=1 and of B = {βj}NBj=1, we can define the block-ordered permutation A of

A:

Aij = A[αi, βj].

Definition 29 (Khatri-Rao product).

Let A,B ∈ Rm×n be compatibly partitioned by A×B. The Khatri-Rao product A ∗B
is defined block-wise as

(A ∗B)ij = A[αi, βj]⊗B[αi, βj], 1 ≤ i ≤ NA, 1 ≤ j ≤ NB.

Then A ∗B ∈ R
∑NA
i=1 `(αi)

2×
∑NB
j=1 `(βj)

2

. We define the k-th Khatri-Rao power of A by

A∗k := A ∗A ∗ · · · ∗A︸ ︷︷ ︸
k times

.

Lemma 30 ([74]).

Let A, B be compatibly partitioned positive (semi-)definite matrices. Then A ∗B is

positive (semi-) definite.

Lemma 31.

Let A,B ∈ Rn×m be compatibly partitioned matrices. Then

‖A ∗B‖2 ≤
∥∥(ATA) ∗ Im

∥∥ 1
2

2

∥∥In ∗ (BBT )
∥∥ 1

2

2
.

Proof. The matrices
(
A In

)T (
A In

)
and

(
Im BT

)T (
Im BT

)
are triv-

ially positive semi-definite. Using lemma 30 their Khatri-Rao product

 (ATA) ∗ Im AT ∗BT

A ∗B In ∗ (BBT )



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is positive semi-definite as well. Hence, by Lemma 14,

‖A ∗B‖2
2 ≤

∥∥(ATA) ∗ Im
∥∥

2

∥∥In ∗ (BBT )
∥∥

2
.

Therefore, if we write the partition of a matrixZ in terms of the non-overlapping

partition given by the restriction and prolongation matrices R(i,−1) and P (i,−1) as

Z =
∑

i,j

P (i,−1)
(
R(i,−1)ZP (j,−1)

)
R(j,−1),

we obtain

ρ
(
Z∗2

)
≤ max

i

∥∥∥R(i,−1)ZTZP (i,−1)
∥∥∥

1/2

2
max
i

∥∥∥R(i,−1)ZZTP (i,−1)
∥∥∥

1/2

2

= max
i

∥∥∥ZP (i,−1)
∥∥∥

2
max
i

∥∥∥ZTP (i,−1)
∥∥∥

2
. (8.3)

Lemma 32.

For all u ∈ Vh,

a
(
R(i,−1)u,R(i,−1)u

)
≤ Ch−1a(u, u)

for some constant C that is independent of h and N .

The proof of Lemma 32 follows immediately from (8.1) in Lemma 24.

Proof of Lemma 26. Set D :=
∑

iP
(i,−1)A(i,−1)R(i,−1). We then find that

‖V [ECG]‖A =
∥∥N⊗2

CGV [X ]A⊗2
∥∥
A

=

∥∥∥∥
(
A1/2NCG

)⊗2

V [X ]
(
A1/2

)⊗2
∥∥∥∥

2

=

∥∥∥∥
(
A1/2NCGD

1/2
)⊗2

V [X ]
(
D−1/2A1/2

)⊗2
∥∥∥∥

2

= ρ

(
V [X ]1/2

(
D1/2NCGANCGD

1/2
)⊗2

V [X ]

(
D−1/2AD−1/2

)⊗2

V [X ]1/2
)1/2
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≤ ρ

(
V [X ]1/2

(
D1/2NCGD

1/2
)⊗2

V [X ]1/2
)1/2

ρ

(
V [X ]1/2

(
D−1/2AD−1/2

)⊗2

V [X ]1/2
)1/2

= ερ

((
D1/2NCGD

1/2
)∗2)1/2

ρ

((
D−1/2AD−1/2

)∗2)1/2

.

Using the result of eq. (8.3) and the discrete partition of unity property

I =
∑

j

P (j,−1)R(j,−1),

one obtains that

ρ

((
D−1/2AD−1/2

)∗2)
≤ max

i

∥∥∥D−1/2AD−1/2P (i,−1)
∥∥∥

2

2

≤ max
i

∑

j

∥∥∥R(j,−1)D−1/2AD−1/2P (i,−1)
∥∥∥

2

2

= max
i

∑

j

∥∥∥∥
(
A(j,−1)

)−1/2

R(j,−1)AP (i,−1)
(
A(i,−1)

)−1/2
∥∥∥∥

2

2

≤ max
i

∑

j

ε2ij

≤ Nc.

By the same token,

ρ

((
D1/2NCGD

1/2
)∗2)

≤ max
i

∥∥∥∥D
1/2NCGP

(i,−1)
(
A(i,−1)

)1/2
∥∥∥∥

2

2

.

Since
∥∥∥∥D

1/2NCGP
(i,−1)

(
A(i,−1)

)1/2
∥∥∥∥

2

≤
∥∥∥∥D

1/2A−1P (i,−1)
(
A(i,−1)

)1/2
∥∥∥∥

2

+

∥∥∥∥D
1/2
(
A−1 −NCG

)
P (i,−1)

(
A(i,−1)

)1/2
∥∥∥∥

2

≤
∥∥∥∥D

1/2A−1P (i,−1)
(
A(i,−1)

)1/2
∥∥∥∥

2

+ ‖D‖2

∥∥A−1 −NCG

∥∥
2

≤
∥∥∥∥D

1/2A−1P (i,−1)
(
A(i,−1)

)1/2
∥∥∥∥

2

+ C,
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we have

ρ

((
D1/2NCGD

1/2
)∗2)

≤ C + max
i

∑

j

∥∥∥∥
(
A(j,−1)

)1/2

R(j,−1)A−1P (i,−1)
(
A(i,−1)

)1/2
∥∥∥∥

2

2

.

We expand the summand into
∥∥∥∥
(
A(j,−1)

)1/2

R(j,−1)A−1P (i,−1)
(
A(i,−1)

)1/2
∥∥∥∥

2

≤
∥∥∥∥
(
A(j,−1)

)1/2 (
R(j,−1)A−1P (j,−1)

)−1/2 (
R(j,−1)A−1P (j,−1)

)1/2

R(j,−1)A−1P (i,−1)

(
R(i,−1)A−1P (i,−1)

)1/2 (
R(i,−1)A−1P (i,−1)

)−1/2 (
A(i,−1)

)1/2
∥∥∥∥

2

≤ρ
(
A(j,−1)

(
R(j,−1)A−1P (j,−1)

)−1
)1/2

ρ

(
A(i,−1)

(
R(i,−1)A−1P (i,−1)

)−1
)1/2

∥∥∥∥
(
R(j,−1)A−1P (j,−1)

)1/2

R(j,−1)A−1P (i,−1)
(
R(i,−1)A−1P (i,−1)

)1/2
∥∥∥∥

2

Using that

ρ

(
A(i,−1)

(
R(i,−1)A−1P (i,−1)

)−1
)

= sup
u∈Vh

a
(
R(i,−1)u,R(i,−1)u

)

a(u, u)

and that
∥∥∥∥
(
R(j,−1)A−1P (j,−1)

)1/2

R(j,−1)A−1P (i,−1)
(
R(i,−1)A−1P (i,−1)

)1/2
∥∥∥∥

2

≤ ηij

we therefore obtain that

ρ

((
D1/2NCGD

1/2
)∗2)

≤ C +

{
max
i

sup
u∈Vh

a
(
R(i,−1)u,R(i,−1)u

)

a(u, u)

}2

max
i

∑

j

η2
ij.

We conclude using Lemma 32.

While the last inequality in (8.2) is not sharp in general, we verify numerically

that it describes the correct behavior for one dimensional problems. We calculate

‖V [ECG]‖A directly for varying mesh spacing h and number of partitions N . The

resulting scaling curves are shown in Figure 8.5. This shows that the bound in

Lemma 26 is sharp in 1D, and that we cannot conclude the convergence of the two

level methods using the energy norm.
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Figure 8.5: Energy norm of the variance of the fault-prone coarse-grid correction.
Scaling with respect to mesh size h (left), and number of subdomains N (right).

On the other hand, if we consider the coarse grid correction on its own, we find

that its Lyapunov spectral radius does not display any dependence on h or N :

Lemma 33.

If the prolongation in the coarse grid correction is protected, then it holds for the double

energy norm ‖•‖A2 :=
∥∥A •A−1

∥∥
2
, ‖•‖A2 :=

∥∥∥A⊗2 •
(
A−1

)⊗2
∥∥∥

2
that

‖V [ECG]‖A2 ≤ Cε

with C independent of ε, h and N , so that

% (ECG) ≤ ‖ECG‖2 + Cε.

Proof.

‖V [ECG]‖A2 ≤
∥∥N⊗2

CGV [X ]A⊗2
∥∥
A2

≤ ‖ANCG‖2
2 ‖V [X ]‖2
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Figure 8.6: Asymptotic convergence rate % (EASHECG) with protected prolongation
and N = 16 subdomains.

≤ ε ‖NCGA‖2
2 .

Now, since ‖ECG‖2 ≤ C (see for example [62]), we have that ‖V [ECG]‖A2 ≤ Cε

and also that

% (ECG) ≤
√
‖E [ECG]‖2

A2 + ‖V [ECG]‖A2

≤ ‖ECG‖2 + Cε.

While the coarse grid correction on itself is not a convergent iteration, this result

shows that we can expect its fault-prone version to perform similarly to its fault-free

variant. This is indeed what can be observed through numerical simulations, as seen

in Figures 8.6 and 8.7. (The convergence is the fastest for ε ≈ 0.1, not ε = 0. This

indicates that some amount of damping might be beneficial for ASH.)

In order to obtain an analytic result for the full two level method, it would seem

logical to analyze the domain decomposition solver in turn in the double energy
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Figure 8.7: Asymptotic convergence rate % (EASHECG) with protected prolongation
and N ∼ n subdomains.

or L2 norm. The results in [25] suggest however that ‖NASA‖A2 = ‖NASA‖2

diverges as h goes to zero. It can be easily verified numerically (see Figure 8.8) that

for a 1D test problem ‖NASA‖2 ∼ h−1/2, while ρ (NASA) = ‖NASA‖A ≤ C.

8.5 Discussion

In this chapter, we generalized the framework to the analysis of fault-prone itera-

tive schemes with overlap. We modeled blockwise faults, where special care had to

be taken to account for the fact that affect unknowns can be owned by several sub-

domains at once. We gave convergence results for three commonly used one-level

methods and observed in numerical examples that one-level solvers are resilient to

faults, mirroring the behavior observed for the smoothening iterations of multigrid.

Inclusion of a coarse grid, as is mandatory for many applications, only results

in a fault-resilient method, if the prolongation operation is protected. While the
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Figure 8.8: ‖NASA‖2 in 1D for several mesh sizes h and N = 4 subdomains.

numerical examples closely resemble the ones obtained for the multigrid method,

the analysis of two-level methods in unsatisfactory. The issue that arises is that con-

vergence analysis of the domain decomposition iteration can not be performed in

spectral norm, contrary to multigrid. The isolated fault-prone coarse grid correction

is non-divergent, as is the isolated domain decomposition iteration, but the analysis

of their combination is inconclusive.



Chapter 9

Future Work on Fault Resilience and

Related Topics

9.1 Fault-Resilient Domain Decomposition Methods

While the numerical experiments in Section 8.4 suggest that the same techniques as

in the multigrid case can be used to obtain a fault-resilient two-level domain decom-

position method, the application of the theoretical framework to this case is more

intricate. The random faults matrices are best analyzed in L2-type norms, whereas

domain decomposition methods are analyzed in energy norm. I believe that by a

more tailored approach it is nevertheless possible to obtain convergence estimates

for this important class of solvers. Equally well, it would be of interest to assert

that domain decomposition methods without overlap (also called substructuring

methods) can be made fault-resilient in the same way.

In Chapter 7, we discussed a simple approach to realize fault detection in all

operations and protection of the prolongation. While the replication approach was

chosen to illustrate the practical consequences of the theoretical results of the previ-

ous chapters, its implementation suffers from a large overhead. It might be prudent
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to explore the use of node-level checksums for fault detection [68]. The compu-

tation of checksums would only introduce a negligible overhead, but come at the

price of a coarser fault detection. Instead of applying the laissez-faire approach to

a single faulty component, a whole block of values would be zeroed out. More-

over, protection of the prolongation might be achieved by using values from coarser

levels of the hierarchy as implicit checkpoints.

Finally, there is interest to combine our work for linear iterative methods with

the results obtained by other researchers for fault-prone Krylov methods and study

the complete stack of linear systems solvers in high-performance computing.

9.2 Asynchronous Iterations

More generally, random matrices can be used not to model faults, but the delayed

arrival of updates in an asynchronous iterative method. This touches on the chal-

lenge of communication costs in evermore parallel computation. Classically, iter-

ative methods alternate phases of high communication volume between compute

nodes with phases of high computational intensity. As supercomputers are built

from more and more compute units, communication becomes a bottleneck for per-

formance. Therefore, algorithms that are as asynchronous as possible will be re-

quired for the next generation of supercomputers. The study of such asynchronous

iterative methods by itself is not a new topic [16, 54, 76, 91], but generally seems

to be lacking sharp convergence estimates. In order to employ our novel approach

based on random matrices, we would need to extend the theoretical framework to

allow for memory terms, as to model the staggered arrival of updates.



Part II

Fast Solvers for Non-Local Equations
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Chapter 10

The Finite Element Method for the

Fractional Laplacian

In recent years, there has been a burgeoning of interest in the use of non-local and

fractional models. To some extent, this move reflects the fact that with present day

computational resources coupled with state of the art numerical algorithms, atten-

tion is now shifting back to the fidelity of the underlying mathematical models as

opposed to their approximation. Fractional equations have been used to describe

phenomena in anomalous diffusion [15], material science [13, 85], image process-

ing [57, 75], finance [93] and electromagnetic fluids [77] [100]. Fractional order

equations arise naturally as the limit of discrete diffusion governed by stochastic

processes [79].

Whilst the development of fractional derivatives dates back to essentially the

same time as their integer counterparts, the computational methods available for

their numerical resolution drastically lags behind the vast array of numerical tech-

niques from which one can choose to treat integer order partial differential equa-

tions. The recent literature abounds with work on numerical methods for fractional

partial differential equations in one spatial dimension and fractional order temporal

derivatives. However, with most applications of interest being posed on domains
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in two or more spatial dimensions, the solution of fractional equations posed on

complex domains is a problem of considerable practical interest.

The archetypal elliptic partial differential equation is the Poisson problem in-

volving the standard Laplacian. By analogy, one can consider a fractional Poisson

problem involving the fractional Laplacian. The first problem one encounters is that

of how to define a fractional Laplacian, particularly in the case where the domain is

compact, and a number of alternatives have been suggested. The integral fractional

Laplacian is obtained by restriction of the Fourier definition to functions that have

prescribed value outside of the domain of interest, whereas the spectral fractional

Laplacian is based on the spectral decomposition of the regular Laplace operator. In

general, the two operators are different [84], and only coincide when the domain

of interest is the full space.

The approximation of the integral fractional Laplacian using finite elements was

considered by D’Elia and Gunzburger [39]. The important work of Acosta and

Borthagaray [2] and Grubb [61] gave regularity results for the analytic solution of

the fractional Poisson problem and obtained convergence rates for the finite ele-

ment approximation supported by numerical examples computed using techniques

described in [1].

The numerical treatment of fractional partial differential equations is rather dif-

ferent from the integer order case owing to the fact that the fractional derivative

is a non-local operator. This creates a number of issues including the fact that the

resulting stiffness matrix is dense and, moreover, the entries in the matrix are given

in terms of singular integrals. In turn, these features create issues in the numeri-

cal computation of the entries and the need to store the entries of a dense matrix,

not to mention the fact that a solution of the resulting matrix equation has to be

computed. The seasoned reader will readily appreciate that many of these issues

are shared by boundary integral equations arising from classical integer order dif-

ferential operators [86, 87, 103]. This similarity is not altogether surprising given
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that the boundary integral operators are pseudo-differential operators of fractional

order.

A different, integer order operator based approach, was taken by Nochetto,

Otárola and Salgado [31, 80] for the case of the spectral Laplacian. Caffarelli and

Silvestre [22] showed that the operator can be realized as a Dirichlet-to-Neumann

operator of an extended problem in the half space in d+ 1 dimensions.

In this part of the work, we explore the connection with boundary integral op-

erators to develop techniques that enable one to efficiently tackle the integral frac-

tional Laplacian. In particular, we develop techniques for the treatment of the stiff-

ness matrix including the computation of the entries, the efficient storage of the

resulting dense matrix and the efficient solution of the resulting equations. Since

solutions of the fractional Poisson problem are generally non-smooth in a neigh-

borhood of the boundary, we introduce a posteriori error estimators that are used

for adaptive mesh refinement. The main ideas consist of generalizing proven tech-

niques for the treatment of boundary integral equations to general fractional or-

ders. Importantly, the approximation does not make any strong assumptions on the

shape of the underlying domain and does not rely on any special structure of the

matrix that could exploited by fast transforms. We demonstrate the flexibility and

performance of this approach in a couple of one- and two-dimensional numerical

examples. It will be observed that optimal rates of convergence are achieved in all

numerical examples.

10.1 Fractional Laplacians

The fractional Laplacian in Rd of order s, for 0 < s < 1 and d ∈ N, of a function u

can be defined by the Fourier transform F as

(−∆)s u = F−1
[
|ξ|2sFu

]
.
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Alternatively, this expression can be rewritten [96] in integral form as

(−∆)s u (~x) = C(d, s) p. v.

ˆ
Rd

d~y
u(~x)− u(~y)

|~x− ~y|d+2s

where

C(d, s) =
22ssΓ

(
s+ d

2

)

πd/2Γ (1− s)

is a normalization constant and p. v. denotes the Cauchy principal value of the inte-

gral [78, Chapter 5]. In the case where s = 1 this operator coincides with the usual

Laplacian. If Ω ⊂ Rd is a bounded Lipschitz domain, we define the integral frac-

tional Laplacian (−∆)s to be the restriction of the full-space operator to functions

with compact support in Ω. This generalizes the homogeneous Dirichlet condition

applied in the case s = 1 to the case s ∈ (0, 1).

The fractional Poisson problem is then given by

(−∆)s u = f in Ω, (10.1)

u = 0 in Ωc

This generalizes the homogeneous integer order Poisson problem from the case

s = 1 to the case s ∈ (0, 1).

A related operator on Ω is the regional fractional Laplacian

(−∆)sR u (~x) = C(d, s) p. v.

ˆ
Ω

d~y
u(~x)− u(~y)

|~x− ~y|d+2s
,

which generalizes the Laplacian with homogeneous Neumann boundary condition

to the fractional order case. It will be seen that the techniques developed below for

the integral fractional Laplacian also apply for the regional fractional Laplacian.

In practice, we are usually interested in dynamic behavior rather than steady

state problems. The archetype of a time-dependent problem is the fractional heat

equation

∂tu+ (−∆)s u = f in [0, T ]× Ω, (10.2)
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u = u0 in {0} × Ω.

Equally well, we might consider the fractional heat equation with the regional frac-

tional Laplacian instead of the integral one, if a Neumann boundary condition is

more appropriate.

10.2 Weak formulation

Define the usual fractional Sobolev space Hs
(
Rd
)

via the Fourier transform. If Ω is

a sub-domain as above, then we define the Sobolev space Hs (Ω) to be

Hs (Ω) :=
{
u ∈ L2 (Ω) | ||u||Hs(Ω) <∞

}
,

equipped with the norm

||u||2Hs(Ω) = ||u||2L2(Ω) +

ˆ
Ω

d~x

ˆ
Ω

d~y
(u(~x)− u(~y))2

|~x− ~y|d+2s
.

The space

H̃s (Ω) :=
{
u ∈ Hs

(
Rd
)
| u = 0 in Ωc

}

can be equipped with the energy norm

||u||H̃s(Ω) := a (u, u)1/2 =

√
C(d, s)

2
|u|Hs(Rd) ,

where the non-standard factor
√
C(d, s)/2 is included for convenience. For s > 1/2,

H̃s (Ω) coincides with the space Hs
0 (Ω) which is the closure of C∞0 (Ω) with respect

to the Hs (Ω)-norm. For s < 1/2, H̃s (Ω) is identical to Hs (Ω). In the critical case

s = 1/2, H̃s (Ω) ⊂ Hs
0 (Ω), and the inclusion is strict. (See for example [78, Chapter

3].)

The usual approach to dealing with elliptic PDEs consists of obtaining a weak

form of the operator by multiplying the equation by a test function and applying
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integration by parts [50]. In contrast, for equations involving the fractional Lapla-

cian (−∆)s u, we again multiply by as test function v ∈ H̃s (Ω) and integrate over

Rd, and then, instead of integration by parts, we use the identity
ˆ
Rd

d~x

ˆ
Rd

d~y
(u (~x)− u (~y) v (~x))

|~x− ~y|d+2s
= −
ˆ
Rd

d~x

ˆ
Rd

d~y
(u (~x)− u (~y) v (~y))

|~x− ~y|d+2s
.

Following this approach, since both u and v vanish outside of Ω, we arrive at the

bilinear form

a(u, v) =
C(d, s)

2

ˆ
Ω

d~x

ˆ
Ω

d~y
(u (~x)− u (~y)) (v (~x)− v (~y))

|~x− ~y|d+2s

+ C(d, s)

ˆ
Ω

d~x

ˆ
Ωc

d~y
u (~x) v (~x)

|~x− ~y|d+2s
,

corresponding to (−∆)s on H̃s (Ω)×H̃s (Ω). The bilinear form a (·, ·) is trivially seen

to be H̃s (Ω)-coercive and continuous and, as such, is amenable to treatment using

the Lax-Milgram Lemma.

In this chapter we shall concern ourselves with the computational details needed

to implement the finite element approximation of problems involving the fractional

Laplacian. To this end, the presence of the unbounded domain Ωc in the bilinear

form a (·, ·) is somewhat undesirable. Fortunately, we can dispense with Ωc using

the following argument. The identity

1

|~x− ~y|d+2s
=

1

2s
∇~y ·

~x− ~y
|~x− ~y|d+2s

,

enables the second integral to be rewritten using the Gauss theorem as

C(d, s)

2s

ˆ
Ω

d~x

ˆ
∂Ω

d~y
u (~x) v (~x) ~n~y · (~x− ~y)

|~x− ~y|d+2s
,

where ~ny is the inward normal to ∂Ω at ~y, so that the bilinear form can be expressed

equivalently as

a(u, v) =
C(d, s)

2

ˆ
Ω

d~x

ˆ
Ω

d~y
(u (~x)− u (~y)) (v (~x)− v (~y))

|~x− ~y|d+2s

+
C(d, s)

2s

ˆ
Ω

d~x

ˆ
∂Ω

d~y
u (~x) v (~x) ~n~y · (~x− ~y)

|~x− ~y|d+2s
.
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As an aside, we note that dropping the boundary term in a (·, ·) leads to the bilinear

form

b(u, v) =
C(d, s)

2

ˆ
Ω

d~x

ˆ
Ω

d~y
(u (~x)− u (~y)) (v (~x)− v (~y))

|~x− ~y|d+2s

which represents the regional fractional Laplacian [17, 32]. The regional fractional

Laplacian can be interpreted as a generalization of the usual Laplacian with homo-

geneous Neumann boundary condition for s = 1 to the case of fractional orders

s ∈ (0, 1). It will transpire from our work that most of the presented techniques

carry over to the regional fractional Laplacian by simply omitting the boundary

integral terms.

10.3 Finite Element Approximation of the Fractional

Poisson Equation

The fractional Poisson problem

(−∆)s u = f in Ω,

u = 0 in Ωc

takes the variational form

Find u ∈ H̃s (Ω) : a (u, v) = 〈f, v〉 ∀v ∈ H̃s (Ω) . (10.3)

The existence of a unique solution to the fractional Poisson problem eq. (10.1) (and

its subsequent finite element approximation) follows from the Lax-Milgram Lemma.

As a special case of a result by Grubb [61], the regularity of the solution was

recorded in [1]:

Theorem 34.

Let ∂Ω ∈ C∞, f ∈ Hr (Ω) for r ≥ −s and u ∈ H̃s (Ω) be the solution of the fractional
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Figure 10.1: Solutions u corresponding to the constant right-hand side for s = 0.25
and for s = 0.75.

Poisson problem (10.3). Then the following regularity estimate holds:

u ∈




H2s+r (Ω) if 0 < s+ r < 1/2,

Hs+1/2−ε (Ω) ∀ε > 0 if 1/2 ≤ s+ r.

The result shows that increasing the regularity of the right-hand side only results

in an increase of the regularity of the solution, as long as r < 1/2 − s. We contrast

the result with the standard “lifting property” of the integer order Laplacian [50,

Theorem 3.10], whereby a gain of two derivatives takes place on smooth domains.

Examining a particular solution reveals why the lifting property does not extend

to the fractional case. On Ω = B(0, 1) ⊂ R2, the constant right-hand side f =

22sΓ (1 + s)2 has corresponding solution u (~x) =
(
1− |~x|2

)s
+

, where y+ = max (y, 0),

and u is singular at the boundary [45, 58]. (See Figure 10.1.) It generally holds that

the solutions of the fractional Poisson problem contain a power δ (~x)s ∈ Hs+1/2−ε,

where δ (~x) is the distance of ~x to the boundary ∂Ω.

For polygonal domains, the infinite lifting property does not hold in the integer

order case either [50, Theorem 3.11].

Henceforth, let Ω be a polygon, and let Ph be a family of shape-regular and
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locally quasi-uniform triangulations of Ω [50], and

∂Ph = {edge e | ∃K ∈ Ph : e ⊂ ∂K ∩ ∂Ω}

the trace of the interior mesh. Let Nh be the set of vertices of Ph and hK be the

diameter of the element K ∈ Ph, and he the diameter of e ∈ ∂Ph. Moreover, let

h := max
K∈Ph

hK ,

hmin := min
K∈Ph

hK ,

h∂ := max
e∈∂Ph

he.

Let φi be the usual piecewise linear basis function associated with a node ~zi ∈ Nh,
satisfying φi (~zj) = δij for ~zj ∈ Nh, and let Xh := span {φi | ~zi ∈ Nh}. The finite

element subspace Vh ⊂ H̃s (Ω) is given by Vh = Xh when s < 1/2 and by

Vh = {vh ∈ Xh | vh = 0 on ∂Ω} = span {φi | ~zi 6∈ ∂Ω}

when s ≥ 1/2. The corresponding set of degrees of freedom Ih for Vh is given by

Ih = Nh when s < 1/2 and otherwise consists of nodes in the interior of Ω. In both

cases we denote the cardinality of Ih by n. The set of degrees of freedom on an

element K ∈ Ph is denoted by IK .

The stiffness matrix associated with the fractional Laplacian is defined to be

As = {a (φi, φj)}i,j, where

a (φi, φj) =
C(d, s)

2

ˆ
Ω

d~x

ˆ
Ω

d~y
(φi (~x)− φi (~y)) (φj (~x)− φj (~y))

|~x− ~y|d+2s

+
C(d, s)

2s

ˆ
Ω

d~x

ˆ
∂Ω

d~y
φi (~x)φj (~x) ~n~y · (~x− ~y)

|~x− ~y|d+2s
.

Let uh ∈ Vh be the finite element solution. By Céa’s Lemma and the inclusion

H̃s (Ω) ⊆ Hs (Ω),

||u− uh||H̃s(Ω) ≤ C inf
vh∈Vh

||u− vh||H̃s(Ω) ≤ C inf
vh∈Vh

||u− vh||Hs(Ω) . (10.4)
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The proof of the rate of convergence is based on approximation properties of the

Scott-Zhang interpolation operator with respect to the ||·||Hs(Ω)-norm. For u ∈
H` (Ω), ` > 1/2, let

Πhu =
∑

i

(ˆ
Ki

ψi (~y)u (~y) d~y

)
φi

denote the Scott-Zhang interpolation operator [83]. Here, Ki is either a simplex K

of the triangulation such that i ∈ IK , or a sub-simplex e such that i is associated

with e, and {ψi}i is an L2 (Ki)-dual basis chosen such that
´
Ki
ψi (~y)φj (~y) d~y = δij.

Acosta and Borthagaray [2] showed that if u ∈ H` (SK), where SK =
⋃
K̃s.t. K∩K̃ 6=∅ K̃

is the patch of an element K ∈ Ph, the local approximation property
ˆ
K

d~x

ˆ
SK

d~y
|(u− Πhu) (~x)− (u− Πhu) (~y)|2

|~x− ~y|d+2s
≤ Ch2`−2s

K |u|2H`(SK)

holds for 0 < s < ` < 1 and for 1/2 < s < 1 and 1 < ` < 2. Below, we extend the

result to include the case of 0 < s < 1/2 and 1 ≤ ` ≤ 2 as well. This result will be

needed to take advantage of higher regularity of the solution in the interior of the

domain.

Lemma 35.

If u ∈ H` (SK), for ` ∈ (1/2, 2] and 0 < s ≤ `, then
ˆ
K

d~x

ˆ
SK

d~y
|Πhu (~x)− Πhu (~y)|2

|~x− ~y|d+2s
≤ C

[
h−2s
K ||u||2L2(SK) + h2t−2s

K |u|2Ht(SK)

]
,

(10.5)ˆ
K

d~x

ˆ
SK

d~y
|(u− Πhu) (~x)− (u− Πhu) (~y)|2

|~x− ~y|d+2s
≤ Ch2`−2s

K |u|2H`(SK) . (10.6)

Proof. Similar to the proof in [36], for t ∈ (1/2,min {1, `}], we obtain
ˆ
K

d~x

ˆ
SK

d~y
|Πhu (~x)− Πhu (~y)|2

|~x− ~y|d+2s
≤ C

∑

i∈IK

||ψi||2L∞(Ki)
||u||2L1(Ki)

|φi|2Hs(SK) .

From [10, Theorem 4.8], we obtain

|φi|2Hs(SK) ≤ Chd−2s
K ,
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and from [83, Lemma 3.1] that

||ψi||2L∞(Ki)
≤ Ch−2 dimKi

K .

If Ki is a simplex K, then

||u||2L1(Ki)
≤ hdK ||u||2L2(SK) .

On the other hand, if Ki is a sub-simplex e, then by [36, 83]

||u||2L1(Ki)
≤ C

(
hd−2
K ||u||2L2(SK) + hd−2+2t

K |u|2Ht(SK)

)
.

Combining these estimates gives the following stability estimate
ˆ
K

d~x

ˆ
SK

d~y
|Πhu (~x)− Πhu (~y)|2

|~x− ~y|d+2s
≤ C

[
h−2s
K ||u||2L2(SK) + h2t−2s

K |u|2Ht(SK)

]
.

Now, let p be a polynomial of degree 1 on SK . Then, by Πhp = p and the above

stability result
ˆ
K

d~x

ˆ
SK

d~y
|(u− Πhu) (~x)− (u− Πhu) (~y)|2

|~x− ~y|d+2s

≤C
[ˆ

K

d~x

ˆ
SK

d~y
|(u− p) (~x)− (u− p) (~y)|2

|~x− ~y|d+2s

+

ˆ
K

d~x

ˆ
SK

d~y
|(Πhp− Πhu) (~x)− (Πhp− Πhu) (~y)|2

|~x− ~y|d+2s

]

≤C
[
|u− p|2Hs(SK) + h−2s

K ||u− p||2L2(SK) + h2t−2s
K |u− p|2Ht(SK)

]
.

We distinguish two cases. In the first case, assume that ` < 1 and take t = `. By

the Bramble-Hilbert Lemma, it holds that there exists a polynomial p of order zero

such that ||u− p||L2(SK) ≤ Ch`K |u|H`(SK). Moreover |u− p|H`(SK) = |u|H`(SK) and by

interpolation of spaces |u− p|Hs(SK) ≤ Ch`−sK |u|H`(SK). Hence

ˆ
K

d~x

ˆ
SK

d~y
|(u− Πhu) (~x)− (u− Πhu) (~y)|2

|~x− ~y|d+2s
≤ Ch2`−2s

K |u|2H`(SK) . (10.7)

In the second case, assume that ` ∈ [1, 2], and take t = 1. Again, by the

Bramble-Hilbert Lemma, a polynomial p of degree one can be found such that
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||u− p||L2(SK) ≤ Ch`K |u|H`(SK) and |u− p|H1(SK) ≤ Ch`−1
K |u|H1(SK). By interpola-

tion of spaces, its is obtained that |u− p|Hs(SK) ≤ Ch`−sK |u|Hs(SK), and therefore the

local approximability result (10.7) holds in this case as well.

The proof of the rate of convergence of the finite element solution is an imme-

diate consequence of Lemma 35.

Lemma 36.

If u ∈ H t (Ω) ∩ H`
loc (Ω), for t, ` ∈ (1/2, 2] and 0 < s ≤ t ≤ `, i.e. if u has Sobolev

regularity t and interior regularity `, then

||u− uh||H̃s(Ω) ≤ C
(
h`−s |u|H`

loc(Ω) + ht−s∂ |u|Ht(Ω)

)
, (10.8)

where h∂ is the maximum size of all elements K whose patch SK touches the boundary.

In particular, if the family of triangulations Ph is globally quasi-uniform, and u ∈
H t (Ω), for t ∈ (1/2, 2] and 0 < s ≤ t, then

||u− uh||H̃s(Ω) ≤ Cht−s |u|Ht(Ω) . (10.9)

Proof. Assume that u ∈ H t (Ω) ∩H`
loc (Ω), for t, ` ∈ (1/2, 2] and 0 < s ≤ t ≤ `. By a

localization result of Faermann [51, 52], we can estimate

||u− Πhu||2Hs(Ω)

≤C
∑

K

[ˆ
K

d~x

ˆ
SK

d~y
|(u− Πhu) (~x)− (u− Πhu) (~y)|2

|~x− ~y|d+2s
+ h−2s

K ||u− Πhu||2L2(K)

]
.

(10.10)

The local approximability of the Scott-Zhang Interpolation (10.6) then gives

||u− Πhu||2Hs(Ω) ≤ C





∑

K
SK∩∂Ω=∅

h2`−2s
K |u|2H`(SK) +

∑

K
SK∩∂Ω6=∅

h2t−2s
K |u|2Ht(SK)





≤ C
(
h2`−2s |u|2H`

loc(Ω) + h2t−2s
∂ |u|2Ht(Ω)

)
,

so that we can conclude using eq. (10.4).
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Moreover, using a standard Aubin-Nitsche argument [50, Lemma 2.31] gives

estimates in L2 (Ω):

Theorem 37 ([18]).

If the family of triangulations Ph is shape regular and globally quasi-uniform, and, for

ε > 0, u ∈ Hs+1/2−ε (Ω), then

||u− uh||L2 ≤




C(s, ε)h1/2+s−ε |u|Hs+1/2−ε(Ω) if 0 < s < 1/2,

C(s, ε)h1−2ε |u|Hs+1/2−ε(Ω) if 1/2 ≤ s < 1.

Estimate (10.9) implies that if u ∈ H2 (Ω), then the expected rate of convergence

on a globally quasi-uniform mesh is h2−s ∼ n(s−2)/d. However, the solutions of

(10.1) generally have limited regularity as described in Theorem 34, owing to the

lack of regularity in the neighborhood of the boundary. This suggests one should

use a more finely graded mesh near the boundary so that h∂ � h. The estimate

(10.8) distinguishes between elements in the interior of the domain Ω and elements

touching the boundary ∂Ω. Generally, one would hope to restore the optimal rate

of convergence O
(
n(s−2)/d

)
observed for smooth solutions by using appropriately

graded meshes.

To this end, we choose h∂ ∼ h(`−s)/(1−2ε), where h denotes the maximum element

size in the interior. Applying estimate (10.8) with t = s+ 1/2− ε we obtain

||u− uh||H̃s(Ω) ≤ Ch`−s
(
|u|H`

loc(Ω) + |u|H1/2+s−ε(Ω)

)
.

In the one-dimensional case, d = 1, it is a simple matter to construct meshes for

which hK = h for all elementsK such that SK∩∂Ω = ∅, and hK = h(`−s)/(1−2ε) for the

four elements whose patches touch the boundary. Then the number of unknowns

n ∼ h−1 and therefore

||u− uh||H̃s(Ω) ≤ Cns−`
(
|u|H`

loc(Ω) + |u|H1/2+s−ε(Ω)

)
. (10.11)

This means that, provided u ∈ H2
loc (Ω), the optimal rate of convergence is indeed

achieved.
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However, in the two-dimensional case one is constrained in the construction of

the meshes if, as we do here, the use of hanging nodes is prohibited. This raises the

possibility of the optimal rate of convergence of O
(
n(s−2)/d

)
not being achievable

in practice. Acosta and Borthagaray [2] proposed a graded mesh for the unit disc

domain for approximating the solution obtained with a constant right-hand side,

in which a grading parameter µ ≥ 1 is selected and elements are distributed in M

concentric layers of radii ri = 1−
(
1− i

M

)µ, i = 1, . . . ,M , so that the element sizes

are hi = ri − ri−1. The dimension of the associated finite element space is n ∼ M2

if µ ≤ 2, and n ∼Mµ if µ > 2. By following the arguments in [2] it is shown that

||u− uh||H̃s(Ω) ≤ Cn(max{s−`,−1+ε})/2
(
|u|H`

loc(Ω) + |u|H1/2+s−ε(Ω)

)
. (10.12)

This suggests that the optimal rate in d = 2 dimensions is n−1/2+ε, which can be

achieved if u has interior regularity of at least order 1 + s− ε. We note that contrary

to the result stated in [2], this holds for all s ∈ (0, 1), provided that the solution u

enjoys sufficient interior regularity.

A priori mesh grading of the type discussed above can give considerable im-

provements but does rely on the availability of sharp estimates for the regularity

which, unfortunately, is not always the case for practical problems on complicated

domains. Therefore, we explore a posteriori error indicators for the fractional Lapla-

cian in Section 10.4.

10.4 Adaptive Mesh Refinement

The fractional Laplacian (−∆)s : H̃s (Ω) → H−s (Ω) is continuous with continuous

inverse. Hence, the discretization error

e = u− uh

can be bounded from above and below in terms of the residual r = f − (−∆)s uh as

c ||r||H−s(Ω) ≤ ||e||H̃s(Ω) ≤ C ||r||H−s(Ω) ,
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where c and C are positive constants depending on the norm of (−∆)s and its

inverse. It was shown in [51, 52] that the Babuška-Rheinboldt type error indicators

ηi := sup
v∈H̃s(Ω)
vφi 6=0

|a (e, vφi)|
||vφi||H̃s(Ω)

are reliable and efficient for non-negative order differential operators. Unfortu-

nately, the estimators are not computable owing to the presence of the supremum.

However, ηi can be estimated up to a generic (unknown) factor, independent of the

solution and the mesh-size, by

η̂i :=

√∑

K∈Si

h2s
K ||r||2L2(K), (10.13)

where Si is the patch formed by the elements which contain the node ~zi. Therefore,

the following a posteriori estimate holds:

||e||2H̃s(Ω) ≤ η̂ :=
∑

i

η̂2
i .

The estimator (10.13) involves only the local L2-norms of the residual and can

easily be evaluated using quadrature, but then one requires pointwise values for

(−∆)s uh. A direct evaluation using quadrature rules is discouraged due to the

presence of the singularity of the kernel |~x− ~y|−d−2s as well as the fact that the

domain of integration is unbounded. The next result gives a method whereby this

issue can be circumvented.

Lemma 38.

For u ∈ Vh and ~x ∈ K0 for an element K0 ∈ Ph, the fractional Laplacian (−∆)s u can

be evaluated as

(−∆)s u (~x)

C (d, s)
=

1

d+ 2s− 2

ˆ
∂K0

∇u
∣∣
K0
· ~n~y

|~x− ~y|d+2s−2
d~y − u (~x)

2s

ˆ
∂K0

~n~y · (~x− ~y)

|~x− ~y|d+2s
d~y

+
∑

K 6=K0

{
1

2s(d+ 2s− 2)

ˆ
∂K

∇u
∣∣
K
· ~n~y

1

|~x− ~y|d+2s−2
d~y (10.14)
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− 1

2s

ˆ
∂K

u (~y)
~n~y · (~x− ~y)

|~x− ~y|d+2s
d~y

}
(10.15)

if s 6= 1− d/2, and as

(−∆)s u (~x)

C (d, s)
=

ˆ
∂K0

∇u
∣∣
K0
· ~n~y log

1∣∣∣ ~x− ~y
∣∣∣
d~y − u (~x)

2s

ˆ
∂K0

~n~y · (~x− ~y)

|~x− ~y|d+2s
d~y

+
∑

K 6=K0

{
1

2s

ˆ
∂K

∇u
∣∣
K
· ~n~y log

1

|~x− ~y| d~y −
1

2s

ˆ
∂K

u (~y)
~n~y · (~x− ~y)

|~x− ~y|2
d~y

}
.

(10.16)

when s = 1− d/2.

Proof. Let u ∈ Vh and ~x ∈ K0, for some K0 ∈ Ph. Then

(−∆)s u (~x)

C (d, s)
= p. v.

ˆ
Rd

u (~x)− u (~y)

|~x− ~y|d+2s
d~y

= p. v.

ˆ
K0

u (~x)− u (~y)

|~x− ~y|d+2s
d~y + u (~x)

ˆ
Rd\K0

1

|~x− ~y|d+2s
d~y

−
∑

K 6=K0

ˆ
K

u (~y)

|~x− ~y|d+2s
d~y. (10.17)

We have the following helpful identities:

~x− ~y
|~x− ~y|d+2s

=





1
d+2s−2

∇~y
1

|~x−~y|d+2s−2 , s 6= 1− d/2,

∇~y log 1
|~x−~y| , s = 1− d/2,

(10.18)

1

|~x− ~y|d+2s
=

1

2s
∇~y ·

~x− ~y
|~x− ~y|d+2s

, (10.19)

1

|~x− ~y|d+2s
=





1
2s(d+2s−2)

∆~y
1

|~x−~y|d+2s−2 , s 6= 1− d/s,
1
d−2

∆~y log 1
|~x−~y| , s = 1− d/2.

(10.20)

For ~x, ~y ∈ K0,

u (~x)− u (~y) = ∇u
∣∣
K0
· (~x− ~y)

since u
∣∣
K0

is linear. Hence, the first term of (10.17) can be rewritten using (10.18)

as

p. v.

ˆ
K0

u (~x)− u (~y)

|~x− ~y|d+2s
d~y = lim

ε→0
∇u
∣∣
K0
·
ˆ
K0\B(~x,ε)

~x− ~y
|~x− ~y|d+2s

d~y
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= lim
ε→0

[
∇u
∣∣
K0
· 1

d+ 2s− 2

ˆ
∂K0

~n~y

|~x− ~y|d+2s−2
d~y

+ ∇u
∣∣
K0
· 1

d+ 2s− 2

ˆ
∂B(~x,ε)

~n~y

|~x− ~y|d+2s−2
d~y

︸ ︷︷ ︸
=0




=
1

d+ 2s− 2

ˆ
∂K0

∇u
∣∣
K0
· ~n~y

|~x− ~y|d+2s−2
d~y.

Here, ~n~y is the outward normal at ~y. When s = 1− d/2, we obtain instead that

p. v.

ˆ
K0

u (~x)− u (~y)

|~x− ~y|2
d~y =

ˆ
∂K0

∇u
∣∣
K0
· ~n~y log

1∣∣∣ ~x− ~y
∣∣∣
d~y.

The second term of (10.17) can be rewritten using (10.19) as
ˆ
Rd\K0

1

|~x− ~y|d+2s
d~y =

1

2s

ˆ
Rd\K0

∇~y
~x− ~y

|~x− ~y|d+2s
d~y

= − 1

2s

ˆ
∂K0

~n~y · (~x− ~y)

|~x− ~y|d+2s
d~y.

Finally, for every K ∈ Ph, K 6= K0, it follows from (10.20), Green’s second identity

and (10.18) that
ˆ
K

u (~y)

|~x− ~y|d+2s
d~y =

1

2s(d+ 2s− 2)

ˆ
K

u (~y) ∆~y
1

|~x− ~y|d+2s−2
d~y

=
1

2s(d+ 2s− 2)

ˆ
K

(∆~yu (~y))︸ ︷︷ ︸
=0

1

|~x− ~y|d+2s−2
d~y

+
1

2s(d+ 2s− 2)

ˆ
∂K

{
u (~y) (d+ 2s− 2)

~n~y · (~x− ~y)

|~x− ~y|d+2s

−∇u
∣∣
K
· ~n~y

1

|~x− ~y|d+2s−2

}
d~y

=
1

2s

ˆ
∂K

u (~y)
~n~y · (~x− ~y)

|~x− ~y|d+2s
d~y

− 1

2s(d+ 2s− 2)

ˆ
∂K

∇u
∣∣
K
· ~n~y

1

|~x− ~y|d+2s−2
d~y.
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When s = 1− d/2, we obtain instead that
ˆ
K

u (~y)

|~x− ~y|d+2s
d~y =

1

2s

ˆ
∂K

u (~y)
~n~y · (~x− ~y)

|~x− ~y|2
d~y − 1

2s

ˆ
∂K

∇u
∣∣
K
· ~n~y log

1

|~x− ~y| d~y.

In conclusion, we find that

(−∆)s u (~x)

C (d, s)
=

1

d+ 2s− 2

ˆ
∂K0

∇u
∣∣
K0
· ~n~y

|~x− ~y|d+2s−2
d~y − u (~x)

2s

ˆ
∂K0

~n~y · (~x− ~y)

|~x− ~y|d+2s
d~y

+
∑

K 6=K0

{
1

2s(d+ 2s− 2)

ˆ
∂K

∇u
∣∣
K
· ~n~y

1

|~x− ~y|d+2s−2
d~y

− 1

2s

ˆ
∂K

u (~y)
~n~y · (~x− ~y)

|~x− ~y|d+2s
d~y

}

and when s = 1− d/2 then

(−∆)s u (~x)

C (d, s)
=

ˆ
∂K0

∇u
∣∣
K0
· ~n~y log

1∣∣∣ ~x− ~y
∣∣∣
d~y − u (~x)

2s

ˆ
∂K0

~n~y · (~x− ~y)

|~x− ~y|d+2s
d~y

+
∑

K 6=K0

{
1

2s

ˆ
∂K

∇u
∣∣
K
· ~n~y log

1

|~x− ~y| d~y −
1

2s

ˆ
∂K

u (~y)
~n~y · (~x− ~y)

|~x− ~y|2
d~y

}
.

The integrals over the element surface in eqs. (10.15) and (10.16) can be evalu-

ated using standard quadrature rules since the integrals in eqs. (10.15) and (10.16)

are regular. Although we are primarily concerned here with the case of piecewise

linear basis functions, the above expression can easily be generalized to higher or-

ders finite elements.



Chapter 11

Overcoming Computational

Challenges of the Fractional

Laplacian

11.1 Computation of Entries of the Stiffness Matrix

The computation of entries of the stiffness matrix As in the case of the usual Lapla-

cian (s = 1) is straightforward. However, for s ∈ (0, 1), the bilinear form contains

factors |~x− ~y|−d−2s which means that simple closed forms for the entries are no

longer available and suitable quadrature rules therefore must be identified. More-

over, the presence of a repeated integral over Ω (as opposed to an integral over

just Ω in the case s = 1) means that the matrix needs to be assembled in a double

loop over the elements of the mesh so that the computational cost is potentially

much larger than in the integer s = 1 case. Additionally, every degree of freedom is

coupled to all other degrees of freedom and the stiffness matrix is therefore dense.

134
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Figure 11.1: Element pairs that are treated separately. We distinguish element
pairs of identical elements (red), element pairs with common edge (yellow), with
common vertex (blue) and separated elements (green).

11.1.1 Reduction to Smooth Integrals

In order to compute the entries of As = {a (φi, φj)}ij we decompose the expression

for the entries into contributions from elements K, K̃ ∈ Ph and external edges

e ∈ Ph,∂:

a(φi, φi) =
∑

K

∑

K̃

aK×K̃(φi, φj) +
∑

K

∑

e

aK×e(φi, φj),

where the contributions aK×K̃ and aK×e are given by:

aK×K̃(φi, φj) =
C(d, s)

2

ˆ
K

d~x

ˆ
K̃

d~y
(φi(~x)− φi(~y)) (φj(~x)− φj(~y))

|~x− ~y|d+2s
, (11.1)

aK×e(φi, φj) =
C(d, s)

2s

ˆ
K

d~x

ˆ
e

d~y
φi (~x)φj (~x) ~ne · (~x− ~y)

|~x− ~y|d+2s
. (11.2)

Although the following approach holds for arbitrary spatial dimension d, we restrict

ourselves to d = 2 dimensions. In evaluating the contributions aK×K̃ over element

pairs K × K̃, several cases need to be distinguished:

1. K and K̃ have empty intersection,

2. K and K̃ are identical,

3. K and K̃ share an edge,

4. K and K̃ share a vertex.

These cases are illustrated in Figure 11.1. In case 1, where the elements do not

touch, the Stroud conical quadrature rule [92] (or any other suitable Gauss rule on
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simplices) of sufficiently high order can be used to approximate the integrals. More

details as to what constitutes a sufficiently high order are given in Section 11.1.2.

Special care has to be taken in the remaining cases 2-4, in which the elements

are touching, owing to the presence of a singularity in the integrand. The contri-

butions aK×K̃ and aK×e as given in eqs. (11.1) and (11.2) for touching elements

K and K̃ contain singularities. Fortunately, the singularity is removable and can,

as pointed out in [2], be treated using standard techniques from the boundary ele-

ment literature [82]. More specifically, we write the integral as a sum of integrals

over sub-simplices. Each sub-simplex is then mapped onto the hyper-cube [0, 1]4

using the Duffy transformation [44]. The advantage of pursuing this approach is

that the singularity arising from the degenerate nature of the Duffy transforma-

tion offsets the singularity present in the integrals. Removing the singularity means

that the integrals in eqs. (11.1) and (11.2) will become amenable to approximation

using standard Gaussian quadrature rules of sufficiently high order as discussed in

Section 11.1.2. The same idea is applicable in any number of space dimensions.

The derivations of the terms involved can be found in [1, 82] and is outlined

below for d = 2 dimensions.

The expression for aK×K̃ can be transformed into integrals over the reference

element K̂:

aK×K̃(φi, φj)

=
C(2, s)

2

ˆ
K

d~x

ˆ
K̃

d~y
(φi(~x)− φi(~y)) (φj(~x)− φj(~y))

|~x− ~y|2+2s

=
C(2, s)

2

|K|∣∣∣K̂
∣∣∣

∣∣∣K̃
∣∣∣

∣∣∣K̂
∣∣∣

ˆ
K̂

d~̂x

ˆ
K̂

d~̂y

(
φi(~x

(
~̂x
)

)− φi(~y
(
~̂y
)

)
)(

φj(~x
(
~̂x
)

)− φj(~y
(
~̂y
)

)
)

∣∣∣~x
(
~̂x
)
− ~y

(
~̂y
)∣∣∣

2+2s .

Similarly, by introducing the reference edge ê, we obtain

aK×e(φi, φj) =
C(2, s)

2s

ˆ
K

d~x

ˆ
e

d~y
φi (~x)φj (~x) ~ne · (~x− ~y)

|~x− ~y|2+2s
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0 1

2

(a) K ∩ K̃ = K

0 1

2

3

(b) K ∩ K̃ =edge

0

1 2

34

(c) K ∩ K̃ =vertex

0 1

2

(d) K ∩ e = e

0 1

2

3

(e) K ∩ e =vertex

Figure 11.2: Numbering of local nodes for touching triangular elements K and K̃
or element K and edge e.

=
C(2, s)

2s

|K|∣∣∣K̂
∣∣∣
|e|
|ê|

ˆ
K̂

d~̂x

ˆ
ê

d~̂y
φi

(
~x
(
~̂x
))

φj

(
~x
(
~̂x
))

~ne ·
(
~x
(
~̂x
)
− ~y

(
~̂y
))

∣∣∣~x
(
~̂x
)
− ~y

(
~̂y
)∣∣∣

2+2s

for touching elements K and edges e. If K and K̃ or e have c ≥ 1 common vertices,

and if we designate by λk, k = 0, . . . , 6− c the barycentric coordinates of K ∪ K̃ or

K ∪ e respectively (cf. Figure 11.2), we have

λk(i)(~̂x) = φi

(
~x
(
~̂x
))

,

where k(i) is the local index on K ∪ K̃ or K ∪ e of the global degree of freedom i.

Moreover, we have that

~x
(
~̂x
)
− ~y

(
~̂y
)

=
6−c∑

k=0

λk

(
~̂x
)
~xk −

6−c∑

k=0

λk

(
~̂y
)
~yk

=
6−c∑

k=0

[
λk

(
~̂x
)
− λk

(
~̂y
)]
~xk.

Here, ~xk, k = 0, . . . , 6− c are the vertices that span K ∪ K̃ or K ∪ e respectively.

By setting

ψk

(
~̂x, ~̂y
)

:= λk

(
~̂x
)
− λk

(
~̂y
)
,
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we can therefore write

aK×K̃(φi, φj) =
C(2, s)

2

|K|∣∣∣K̂
∣∣∣

∣∣∣K̃
∣∣∣

∣∣∣K̂
∣∣∣

ˆ
K̂

d~̂x

ˆ
K̂

d~̂y
ψk(i)

(
~̂x, ~̂y
)
ψk(j)

(
~̂x, ~̂y
)

∣∣∣
∑6−c

k=0 ψk

(
~̂x, ~̂y
)
~xk

∣∣∣
2+2s .

By carefully splitting the integration domain K̂ × K̂ into Lc parts and applying a

Duffy transformation to each part, the contributions can be rewritten into integrals

over a unit hyper-cube, where the singularities are lifted.

aK×K̃(φi, φj) =
C(2, s)

2

|K|∣∣∣K̂
∣∣∣

∣∣∣K̃
∣∣∣

∣∣∣K̂
∣∣∣

Lc∑

`=1

ˆ
[0,1]4

d~η J̄ (`,c)
ψ̄

(`,c)
k(i) (~η) ψ̄

(`,c)
k(j) (~η)

∣∣∣
∑2d−c

k=0 ψ̄
(`,c)
k (~η) ~xk

∣∣∣
2+2s . (11.3)

The details of this approach can be found in Chapter 5 of [82] for the interactions

between K and K̃. We record the obtained expressions in this case.

• K and K̃ are identical, i.e. c = 3

L3 = 3, J̄ (1,3) = J̄ (2,3) = J̄ (3,3) = η3−2s
0 η2−2s

1 η1−2s
2 ,

ψ̄
(1,3)
k =





−η3

η3 − 1

1

ψ̄
(2,3)
k =





−1

1− η3

η3

ψ̄
(3,3)
k =





η3

−1

1− η3

• K and K̃ share an edge, i.e. c = 2

L2 = 5, J̄ (1,2) = η3−2s
0 η2−2s

1 ,

J̄ (2,2) = J̄ (3,2) = J̄ (4,2) = J̄ (5,2) = η3−2s
0 η2−2s

1 η2

ψ̄
(1,2)
k =





−η2

1− η3

η3

η2 − 1

ψ̄
(2,2)
k =





−η2η3

η2 − 1

1

η2η3 − η2

ψ̄
(3,2)
k =





η2

η2η3 − 1

1− η2

−η2η3
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ψ̄
(4,2)
k =





η2η3

1− η2

η2 − η2η3

−1

ψ̄
(5,2)
k =





η2η3

η2 − 1

1− η2η3

−η2

• K and K̃ share a vertex, i.e. c = 1

L1 = 2, J̄ (1,1) = J̄ (2,1) = η3−2s
0 η2

ψ̄
(1,1)
k =





η2 − 1

1− η1

η1

η2η3 − η2

−η2η3

ψ̄
(2,1)
k =





1− η2

η2 − η2η3

η2η3

η1 − 1

−η1

We notice that the contributions for identical elements only depend on η3, so that

in fact only one-dimensional integrals needs to be computed. Similarly, the cases

of common edges or common vertices only require two and three dimensional inte-

gration.

In a similar fashion, the integration domain of aK×e can be split into several

parts, so that the singularity can be lifted:

aK×e(φi, φj) =
C(2, s)

2s

|K|∣∣∣K̂
∣∣∣
|e|
|ê|

ˆ
[0,1]3

d~η
φ

(`,c)
k(i) (~η)φ

(`,c)
k(j) (~η)

∑5−c
k=0 ψ̄

(`,c)
k (~η)~ne · ~xk

∣∣∣
∑5−c

k=0 ψ̄
(`,c)
k (~η) ~xk

∣∣∣
2+2s .

(11.4)

Here, φ(`,c)
k are the expressions for the local shape functions under the Duffy trans-

formations. The obtained expressions are
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• e is an edge of K, i.e. c = 2

L2 = 3, J̄ (1,2) = J̄ (2,2) = J̄ (3,2) = η−2s
0 (1− η0) ,

φ
(1,2)
k =





1− η0 − η2 + η0η2

η0 + η2 − η0η1 − η0η1

η0η1

φ
(2,2)
k =





1− η0 − η2 + η0η2

η2 − η0η2

η0

φ
(3,2)
k =





1− η2 + η0η2 − η0η1

η2 − η0η2

η0η1

ψ̄
(1,2)
k =





−1

1− η1

η1

ψ̄
(2,2)
k =





−η1

η1 − 1

1

ψ̄
(3,2)
k =





1− η1

−1

η1

We notice that for s ≥ 1/2, the integrand still contains a singularity. In this

case, the finite element space Vh does not include the degrees of freedom on

the boundary. For the interaction of the single degree of freedom that is not

on the boundary (k = 2), we obtain

J̄ (1,2) = J̄ (2,2) = J̄ (3,2) = η2−2s
0 (1− η0) ,

φ
(1,2)
2 = η1 φ

(2,2)
2 = 1 φ

(3,2)
2 = η1

and ψ̄`,c2 as above.

• K and e share a vertex, i.e. c = 1

L1 = 2, J̄ (1,1) = η1−2s
0 , J̄ (2,1) = η1−2s

0 η1
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ψ̄
(1,1)
k =





η2 − 1

1− η1

η1

−η2

ψ̄
(2,1)
k =





1− η1

η1 − η1η2

η1η2

−1

11.1.2 Determining the Order of the Quadrature Rules

The foregoing considerations show that the evaluation of the entries of the stiffness

matrix boils down to the evaluation of integrals with smooth integrands, i.e. ex-

pressions eqs. (11.1) and (11.2) for case 1 and expressions eqs. (11.3) and (11.4)

for case 2-4. As mentioned earlier, it is necessary to use a sufficiently high order

quadrature rule to approximate these integrals. We now turn to the question of

how high is sufficient.

The arguments used to prove the ensuing estimates follow a pattern similar to

the proofs of Theorems 5.3.29, 5.3.23 and 5.3.24 in [82]. The main difference from

[82] is the presence of the boundary integral term.

Theorem 39 ([82], Theorems 5.3.23 and 5.3.24).

If K and K̃ (K and e) are touching elements, then

∣∣∣Ei,j

K×K̃

∣∣∣ ≤ Ch2−2s
K ρ−2kT

1 ,

∣∣Ei,j
K×e
∣∣ ≤ Ch2−2s

K ρ
−2kT,∂
3 ,

where ρ1, ρ3 > 1 and kT , kT,∂ are the quadrature orders in every dimension of eqs. (11.1)

and (11.2) (after regularization).

If K and K̃ (K and e) are not touching, then

∣∣∣Ei,j

K×K̃

∣∣∣ ≤ C (hKhK̃)2 d−2−2s

K,K̃

{(
dK,K̃
hK

)2

ρ̃2

(
K, K̃

)−2kNT
+

(
dK,K̃
hK̃

)2

ρ̃2

(
K̃,K

)−2kNT

}
,
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∣∣Ei,j
K×e
∣∣ ≤ C (hKhe)

2 d−2−2s
K,e

{(
dK,e
hK

)2

ρ̃4 (K, e)−2kNT +

(
dK,e
he

)2

ρ̃4 (e,K)−2kNT

}
,

where dK,K̃ := dist(K, K̃), dK,e := dist(K, e), ρ̃2(K, K̃) := ρ2 max
{
dK,K̃
hK

, 1
}

, ρ̃4(K, e) :=

ρ4 max
{
dK,e
hK

, 1
}

and ρ2, ρ4 > 1, and kNT , kNT,∂ are the quadrature order in every di-

mension of eqs. (11.1) and (11.2).

Theorem 40.

For d = 2, let IK index the degrees of freedom onK ∈ Ph, and define IK×K̃ := IK∪IK̃ .

Let kT
(
K, K̃

)
(respectively kT,∂ (K, e)) be the quadrature order used for touching

pairs K × K̃ (respectively K × e), and let kNT
(
K, K̃

)
(respectively kNT,∂ (K, e)) be

the quadrature order used for pairs that have empty intersection. Denote the resulting

approximation to the bilinear form a (·, ·) by aQ (·, ·). Then the consistency error due

to quadrature is bounded by

|a(u, v)− aQ(u, v)| ≤ C (ET + ENT + ET,∂ + ENT,∂) ||u||L2(Ω) ||v||L2(Ω) ∀u, v ∈ Vh,

where the errors are given by

ET = n max
K,K̃∈Ph,K∩K̃ 6=∅

h−2s
K ρ

−2kT (K,K̃)
1 ,

ENT = n max
K,K̃∈Ph,K∩K̃=∅

[
h2
K̃
ρ̃2

(
K, K̃

)−2kNT (K,K̃)
+ h2

K ρ̃2

(
K̃,K

)−2kNT (K,K̃)
]

d−2s

K,K̃
max

{
h−2
K , h−2

K̃

}
,

ET,∂ = n1/2 max
K∈Ph,e∈∂Ph,K∩e 6=∅

h−2s
K ρ

−2kT,∂(K,e)
3 ,

ENT,∂ = n1/2 max
K∈Ph,e∈∂Ph,K∩e=∅

[
h2
eρ̃4 (K, e)−2kNT (K,e) + h2

K ρ̃4 (e,K)−2kNT (K,e)
]
d−2s
K,eh

−2
K ,

and where dK,K̃ := inf~x∈K,~y∈K̃ |~x− ~y|, dK,e := inf~x∈K,~y∈e |~x− ~y|, and ρ1, ρ̃2, ρ3, ρ̃4 are

as in Theorem 39.

Proof of Theorem 40. Let the quadrature rules for the pairs K × K̃ and K × e be

denoted by aK×K̃Q (·, ·) and aK×eQ (·, ·). Set

Ei,j

K×K̃ = aK×K̃ (φi, φj)− aK×K̃Q (φi, φj) ,
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Ei,j
K×e = aK×e (φi, φj)− aK×eQ (φi, φj) .

For u, v ∈ Vh, we set

EK×K̃(u, v) =
∑

i∈IK×K̃

∑

j∈IK×K̃

uivjE
i,j

K×K̃ ,

EK×e(u, v) =
∑

i∈IK

∑

j∈IK

uivjE
i,j
K×e

so that

∣∣EK×K̃(u, v)
∣∣ ≤

(
max
i,j

∣∣∣Ei,j

K×K̃

∣∣∣
) ∑

i∈IK×K̃

|ui|
∑

j∈IK×K̃

|vj|

≤
(

max
i,j

∣∣∣Ei,j

K×K̃

∣∣∣
) ∣∣IK×K̃

∣∣
√ ∑

i∈IK×K̃

|ui|2
√ ∑

j∈IK×K̃

|vj|2,

|EK×e(u, v)| ≤
(

max
i,j

∣∣Ei,j
K,e

∣∣
)∑

i∈IK

|ui|
∑

j∈IK

|vj|

≤
(

max
i,j

∣∣Ei,j
K,e

∣∣
)
|IK |

√∑

i∈IK

|ui|2
√∑

j∈IK

|vj|2

Since

∑

i∈IK×K̃

|ui|2 ≤ C

[
h−dK

ˆ
K

u2 + h−d
K̃

ˆ
K̃

u2

]
,

∑

i∈IK

|ui|2 ≤ Ch−dK

ˆ
K

u2,

we find

|a(u, v)− aQ(u, v)| ≤
∑

K

∑

K̃

∣∣EK×K̃(u, v)
∣∣+
∑

K

∑

e

|EK×e(u, v)|

≤ C
∑

K

∑

K̃

(
max
i,j

∣∣∣Ei,j

K×K̃

∣∣∣
)

max
{
h−dK , h−d

K̃

}[
||u||2L2(K) + ||u||2L2(K̃)

]1/2

[
||v||2L2(K) + ||v||2L2(K̃)

]1/2

+ C
∑

K

∑

e

(
max
i,j

∣∣Ei,j
K×e
∣∣
)
h−dK ||u||L2(K) ||v||L2(K)
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≤ C

(
max
K,K̃

max
i,j

∣∣∣Ei,j

K×K̃

∣∣∣max
{
h−dK , h−d

K̃

})∑

K

∑

K̃

||u||L2(K∪K̃) ||v||L2(K∪K̃)

+ C

(
max
K,e

max
i,j

∣∣Ei,j
K×e
∣∣h−dK

)∑

K

∑

e

||u||L2(K) ||v||L2(K) .

Because

∑

K

∑

K̃

||u||L2(K∪K̃) ||v||L2(K∪K̃) ≤
√∑

K

∑

K̃

||u||2L2(K∪K̃)

√∑

K

∑

K̃

||v||2L2(K∪K̃)

≤ 2 |Ph| ||u||L2(Ω) ||v||L2(Ω)

≤ Cn ||u||L2(Ω) ||v||L2(Ω)

and

∑

K

∑

e

||u||L2(K) ||v||L2(K) ≤ |∂Ph| ||u||L2(Ω) ||v||L2(Ω)

≤ Cn(d−1)/d ||u||L2(Ω) ||v||L2(Ω) ,

we obtain

|a(u, v)− aQ(u, v)| ≤ C

[
n

(
max
K,K̃

max
i,j

∣∣∣Ei,j

K×K̃

∣∣∣max
{
h−dK , h−d

K̃

})

+n(d−1)/d

(
max
K,e

max
i,j

∣∣Ei,j
K×e
∣∣h−dK

)]
||u||L2(Ω) ||v||L2(Ω) .

For d = 2, using Theorem 39 stated below permits to conclude.

The impact of the use of quadrature rules on the accuracy of the resulting finite

element approximation can be quantified using Strang’s first lemma [50, Lemma

2.27]:

||u− uh||H̃s(Ω) ≤ C inf
vh∈Vh

[
||u− vh||H̃s(Ω) + sup

wh∈Vh

|a(vh, wh)− aQ(vh, wh)|
||wh||H̃s(Ω)

]

≤ C inf
vh∈Vh

[
||u− vh||H̃s(Ω)

+ (ET + ENT + ET,∂ + ENT,∂) ||vh||L2(Ω) sup
wh∈Vh

||wh||L2(Ω)

||wh||H̃s(Ω)

]
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≤ C inf
vh∈Vh

[
||u− vh||H̃s(Ω) + (ET + ENT + ET,∂ + ENT,∂) ||vh||L2(Ω)

]
,

where we used the Poincare inequality ||wh||L2(Ω) ≤ C ||wh||H̃s(Ω) in the last step.

Based on the error estimates of Theorem 40, the optimal quadrature orders in order

to allow convergence of up to order n−α should be chosen as

kT

(
K, K̃

)

≥(α/2 + 1/2) log n+ s |log hK |
log(ρ1)

− C,

kNT

(
K, K̃

)

≥max





(α/2 + 1/2) log n+ (s− 1) |log hK̃ |+ max {|log hK | , |log hK̃ |} − s log
dK,K̃
hK̃
− C

log+

dK,K̃
hK

+ log(ρ2)
,

(α/2 + 1/2) log n+ (s− 1) |log hK |+ max {|log hK | , |log hK̃ |} − s log
dK,K̃
hK
− C

log+

dK,K̃
hK̃

+ log(ρ2)





kT,∂ (K, e)

≥(α/2 + 1/4) log n+ s |log hK |
log(ρ3)

− C,

kNT,∂ (K, e)

≥max

{
(α/2 + 1/4) log n+ (s− 1) |log he|+ max {|log hK | , |log he|} − s log

dK,e
he
− C

log+
dK,e
hK

+ log(ρ4)
,

(α/2 + 1/4) log n+ (s− 1) |log hK |+ max {|log hK | , |log he|} − s log
dK,e
hK
− C

log+
dK,e
he

+ log(ρ4)

}
.

It transpires from the expressions derived above and the fact that n ∼ h−2 for

a quasi-uniform mesh that the complexity to calculate the contributions by a single

pair of elements K and K̃ scales like

• log n if the elements coincide,

• (log n)2 if the elements share only an edge,

• (log n)3 if the elements share only a vertex,
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• (log n)4 if the elements have empty intersection, but are “near neighbors”, and

• C if the elements are well separated.

Since n ∼ |Ph|, we cannot expect a straightforward assembly of the stiffness matrix

to scale better than O (n2). Similarly, its memory requirement is n2, and a single

matrix-vector product has complexity O (n2), which severely limits the size of prob-

lems that can be considered.

11.2 Solving the Linear Systems

The fractional Poisson equation (10.1) leads to a dense linear algebraic system

As~u = ~b. (11.5)

The solution of the dense matrix equation (11.5) also poses its own problems. For

instance, using matrix factorization to solve the resulting system has complexity

O (n3), where n is the number of degrees of freedom.

Alternatively, if conjugate gradient iteration is used, the number of iterations

necessary to converge to a given error tolerance is known to scale as the square

root of the condition number of the matrix. The condition numbers of the frac-

tional Laplacian, as well as the its diagonally preconditioned version grow with the

number of unknowns n, as shown by Theorem 41.

Theorem 41 ([10]).

For s < d/2, and a family of shape regular triangulations Ph with minimal and maxi-

mal element size hmin and h, the spectrum of the stiffness matrix satisfies

cn−2s/dhd−2s
min I ≤ As ≤ Chd−2sI,

cn−2s/dI ≤ (Ds)−1/2As (Ds)−1/2 ≤ CI,
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where Ds is the diagonal part of As. The condition number of the stiffness matrix

satisfies

κ (As) = C

(
h

hmin

)d−2s

n2s/d, (11.6)

κ
(
(Ds)−1As

)
= Cn2s/d. (11.7)

The exponent of the growth of the condition number depends on the fractional

order s. For small s, the matrix is better conditioned. For large s, the growth of the

condition number approaches that of the usual integer order Laplacian. Moreover,

(11.6) shows that the ill-conditioning becomes increasingly severe on non-uniform

meshes. Fortunately, estimate (11.7) shows that using diagonal scaling removes the

effects of the non-uniformity of the triangulation. The conjugate gradient method

applied to eq. (11.5) is therefore expected to converge in
√
κ
(
(Ds)−1As

)
∼ ns/d

iterations. Alternatively, a geometric multigrid solver can be used. In the integer

order case, multigrid iterations are used to good effect for solving systems involving

both the mass matrix and the stiffness matrix which arises from the discretisation

of the regular Laplacian. It is known that multigrid converges with a rate that is in-

dependent of the problem size for pseudo-differential operators of positive order in

general, which in particular includes the fractional Laplacian [62, 63, 82]. Although

a single multigrid iteration is more expensive than a single iteration of conjugate

gradient, a multigrid solver is more efficient, especially for larger fractional order s

that are troublesome for the conjugate gradient method.

As mentioned earlier, the temporal problem (10.2) is often of more interest than

the steady state problem (10.1). We first observe that using an explicit schemes

for the time discretization will lead to a CFL conditions on the time-step size ∆t of

type ∆t ≤ Ch2s. The discretization using an implicit integration scheme in the time

variable lead to systems of the form

(M + ∆tAs) ~u = ~b, (11.8)
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where M is the mass matrix. In typical examples, the time-step will be chosen so

that the error from the approximation in time matches the spatial order, and hence

∆t depends on the spatial discretisation. The following Theorem shows that if the

time-step size is O (h2s), we can expect the conjugate gradient method to converge

rapidly, since the condition number of the system is bounded by a constant.

Lemma 42.

For a shape regular and globally quasi-uniform family of triangulations Ph and time-

step ∆t ≤ 1,

κ (M + ∆tAs) ≤ C

(
1 +

∆t

h2s

)
.

More generally, for a family of triangulations that is only locally quasi-uniform and

∆t ≤ h2s
minn

2s/d, it holds that

κ (M + ∆tAs) ≤ C

(
h

hmin

)d(
1 +

∆t

h2s

)
. (11.9)

If D0 is taken to be the diagonal part of the mass matrix and ∆t ≤ h2sn2s/d, then

κ
((
D0
)−1

(M + ∆tAs)
)
≤ C

(
1 +

∆t

h2s
min

)
(11.10)

Proof. Since chdminI ≤M ≤ ChdI, this also permits us to deduce that

c
(
hdmin + ∆t n−2s/dhd−2s

min

)
I ≤M + ∆tAs ≤ C

(
hd + ∆t hd−2s

)
I

and so

κ (M + ∆tAs) ≤ C
hd + ∆t hd−2s

hdmin + ∆t n−2s/dhd−2s
min

= C

(
h

hmin

)d
1 + ∆t h−2s

1 + ∆t n−2s/dh−2s
min

≤ C

(
h

hmin

)d(
1 +

∆t

h2s

)
.

For globally quasi-uniform meshes, h
hmin
∼ C and h2s

minn
2s/d ∼ 1.
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Since ||φi||2L2 ∼ hdi and ||φi||2H̃s ∼ hd−2s
i [10] and

(
D0
)−1/2

M
(
D0
)−1/2 ∼ I, we

find

c
(
1 + ∆t n−2s/dh−2s

)
I ≤

(
D0
)−1/2

(M + ∆tAs)
(
D0
)−1/2 ≤ C

(
1 + ∆t h−2s

min

)
I,

and hence

κ
((
D0
)−1

(M + ∆tAs)
)
≤ C

1 + ∆t h−2s
min

1 + ∆t n−2s/dh−2s
≤ C

(
1 +

∆t

h2s
min

)
.

Lemma 42 shows that if the time step ∆t is chosen to be ∆t ∼ h2s
min, then using

the conjugate gradient method to solve the diagonally preconditioned system (11.8)

gives a uniform bound on the number of iterations. However, if larger time steps

are chosen, e.g. independent of hmin, then (11.10) shows that the simple diagonal

scaling becomes inefficient resulting in a number of iterations growing as O
(

∆t
h2smin

)
.

Nevertheless, by applying a multigrid solver (as in the steady state case), one can

restore a uniform bound on the number of iterations [62, 63, 82].

In this section we have concerned ourselves with the effect the mesh and the

fractional order has on the rate of convergence of iterative solvers. This, of course,

ignores the cost of carrying out the iteration. The complexity of both multigrid and

conjugate gradient iterations depends on how efficiently the matrix-vector product

As~x can be computed. (The mass matrix in eq. (11.8) has O (n) entries, so its

matrix-vector product scales linearly in the number of unknowns.) Since all the

basis functions φi interact with each other, the matrix As is dense and its matrix-

vector product has complexity n2. In the following section, we discuss a sparse

approximation that will preserve the order of the approximation error of the frac-

tional Laplacian, but display significantly better scaling in memory and operations

for both assembly and matrix-vector product.
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11.3 Sparse Approximation of the Stiffness Matrix and

of the Strong Form

The presence of a factor |~x− ~y|−d−2s in the integrand in the expression for the en-

tries of the stiffness matrix means that the contribution of pairs of elements that

are well separated is significantly smaller than the contribution arising from pairs

of elements that are close to one another. The evaluation of the strong form of the

fractional Laplacian as given in eqs. (10.15) and (10.16) involves integration over

all edges of the mesh weighted by the same kernel. This suggests the use of the

cluster method from the boundary element literature, whereby such far field contri-

butions are replaced by less expensive low-rank blocks rather than computing and

storing the all individual entries from the original matrix. Conversely, the near-field

contributions are more significant but involve only local couplings and hence the

cost of storing the individual entries is a practical proposition. A full discussion of

the clustering method is beyond the scope of the present work but can be found in

[82, Chapter 7]. Here, we confine ourselves to stating only the necessary definitions

and steps needed to describe our approach.

Definition 43 ([82]).

A cluster is a union of one or more indices from the set of degrees of freedom I. The

nodes of a hierarchical cluster tree T are clusters. The set of all nodes is denoted by T

and satisfies

1. I is a node of T .

2. The set of leaves Leaves(T ) ⊂ T corresponds to the degrees of freedom i ∈ I and

is given by

Leaves(T ) := {{i} : i ∈ I} .

3. For every σ ∈ T \ Leaves (T ) there exists a minimal set Σ (σ) of nodes in T \ {σ}
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Figure 11.3: Cluster tree for a one-dimensional problem. The mesh with its nodal
degrees of freedom is plotted at the bottom. The leaf clusters are colored in blue.

that satisfies

σ =
⋃

τ∈Σ(σ)

τ.

The set Σ (σ) is called the sons of σ. The edges of the cluster tree T are the pairs

of nodes (σ, τ) ∈ T × T such that τ ∈ Σ (σ).

An example of a cluster tree for a one-dimensional problem is given in Fig-

ure 11.3.

Definition 44 ([82]).

The cluster box Qσ of a cluster σ ∈ T is the minimal hyper-cube which contains
⋃
i∈σ suppφi. The diameter of a cluster is the diameter of its cluster box diam (σ) :=

sup~x,~y∈Qσ |~x− ~y|. The distance of two clusters σ and τ is dist (σ, τ) := inf~x∈Qσ ,~y∈Qτ |~x− ~y|.
The subspace Vσ of Vh is defined as Vσ := span {φi | i ∈ σ}.

For given η > 0, a pair of clusters (σ, τ) is called admissible, if

η dist (σ, τ) ≥ max {diam (σ) , diam (τ)} .
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Figure 11.4: Cluster pairs for a one-dimensional problem. The cluster boxes of
the admissible cluster pairs are colored in light blue, and their overlap in darker
blue. The diagonal cluster pairs are not admissible and are not approximated, but
assembled in full. The nodes of the nodal degrees of freedom are plotted on x- and
y-axis.

The admissible cluster pairs can be determined recursively. Cluster pairs that are not

admissible and have no admissible sons are part of the near field and are assembled

into a sparse matrix. The admissible cluster pairs for a one dimensional problem

are shown in Figure 11.4.

For admissible pairs of clusters σ and τ and any functions φ, ψ with suppφ ⊂ Qσ

and suppψ ⊂ Qτ , the bilinear form a evaluates to

a (φ, ψ) = −C (d, s)

ˆ
Ω

ˆ
Ω

k (~x, ~y)φ (~x)ψ (~y) ,

since Qσ ∩ Qτ = ∅. Here, k (~x, ~y) = |~x− ~y|−(d+2s) is the interaction kernel, which

can be approximated on Qσ×Qτ using Chebyshev interpolation of order m in every
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spatial dimension by

km (~x, ~y) =
md∑

α,β=1

k
(
~ξσα,

~ξτβ

)
Lσα (~x)Lτβ (~y) .

Lσα are the tensor Chebyshev polynomials of order m on the cluster box Qσ, and

~ξσα are the tensor Chebyshev points on Qσ with Lσα

(
~ξσβ

)
= δαβ. This leads to the

following approximation:

a (φ, ψ) ≈ −C (d, s)
m2∑

α,β=1

k
(
~ξσα,

~ξτβ

) ˆ
suppφ

φ (~x)Lσα (~x) d~x

ˆ
suppψ

ψ (~y)Lτβ (~y) d~y.

Expressions of the type
´

suppφ
φ (~x)Lσα (~x) d~x can be computed recursively starting

from the finest level of the cluster tree, since for τ ∈ Σ (σ) and ~x ∈ Qτ

Lσα (~x) =
∑

β

Lσα

(
~ξτβ

)
Lτβ (~x) .

This means that for all leaves σ = {i}, and all 1 ≤ α ≤ md, the basis far-field

coefficients
ˆ

suppφ∩Qσ
φ (~x)Lσα (~x) d~x

need to be evaluated (e.g. by m + 1-th order Gaussian quadrature). Moreover, the

shift coefficients

Lσα

(
~ξτβ

)

for τ ∈ Σ (σ) must be computed, as well as the kernel approximations

k
(
~ξσα,

~ξτβ

)

for every admissible pair of clusters (σ, τ). We refer the reader to [82] for further

details.

In order for the consistency error of the cluster method to be dominated by the

discretization error of the method, the interpolation order m essentially needs to

grow with |log hmin|. For further details, we refer to [9, 82].
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By following the arguments in [82], it can be shown that the number of near

field entries scales linearly in n. The same conclusion holds for the number of far

field cluster pairs. Since the four dimensional integral contributions aK×K̃ are eval-

uated using Gaussian quadrature rules with at most k ∼ log n quadrature nodes per

dimension, the assembly of the near field contributions scales with n log2d n . The

far field kernel approximations and the shift coefficients have size m2d ∼ log2d n,

and are also calculated in log2d n complexity. This means that all the kernel approx-

imations and shift coefficients are obtained in n log2d n time. Finally, the nmd basis

far-field coefficients require the evaluation of integrals usingm+1-th order Gaussian

quadrature, leading to a complexity of n log2d as well. The overall complexity of the

cluster method is therefore O
(
n log2d n

)
, and the sparse approximation requires

O
(
n log2d n

)
memory. In practice, this means that the assembly of the near-field

matrix dominates the other steps but involves only local computations.

The computation of the matrix-vector product involving upward and downward

recursion in the cluster tree and multiplication by the kernel approximations can

also be shown to scale with O
(
n log2d n

)
.

The same principle can be used to evaluate the strong form in all the quadra-

ture nodes necessary for the computation of the BR error indicators. According to

eqs. (10.15) and (10.16), a naive implementation scales as O (n2). Many of the

components that are used for the cluster method in the matrix-vector product can

be reused. Let u =
∑

i∈Ih uiφi ∈ Vh, and let ~x0 ∈ K0 be a quadrature node in the

evaluation of the local L2-norms in (10.13). Moreover, let i0 ∈ Ih be the closest

degree of freedom to ~x0 on K0.

Let (σ, τ) be an admissible cluster pair such that i0 ∈ σ, and set uτ =
∑

j∈τ ujφj,

so that suppuτ ⊂ Qτ . The contribution to the fractional Laplacian is approximated

by

−
ˆ
Qτ

k (~x, ~y)uτ (~y) d~y = −
ˆ
Qσ

ˆ
Qτ

k (~x, ~y) δ (~x− ~x0)uτ (~y) d~y d~x
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≈
md∑

α,β=1

k
(
~ξσα,

~ξτβ

) ˆ
Qσ

Lσα (~x) δ (~x− ~x0) d~x

ˆ
Qτ

Lτβ (~y)uτ (~y) d~y

=
md∑

α,β=1

k
(
~ξσα,

~ξτβ

)
Lσα (~x0)

ˆ
Qτ

Lτβ (~y)uτ (~y) d~y.

The integrals
´
Qτ
Lτβ (~y)uτ (~y) d~y already appeared in the computation of the matrix-

vector product, and can be recursively computed. The same holds for the factors

Lσα (~x0).

On the other hand, if the cluster pair (σ, τ) is not admissible and therefore in the

near-field, then formulas eqs. (10.15) and (10.16) with Ω set to Qσ can be used to

evaluate the fractional Laplacian.

This shows that the evaluation of the strong form of the fractional Laplacian on

all the quadrature nodes {~xj}j can be seen as an application of the cluster method

with respect to the sets of functions {δ (· − ~xj)}j and {φi}i.
We illustrate the above results by assembling both the full matrix as well as its

sparse approximation on the unit disk for fractional orders s = 0.25 and s = 0.75.

The memory usage of the matrices are compared in Figure 11.5. For low number

of degrees of freedom, none of the cluster pairs are admissible, so the full matrix

and its approximation have the same size. Starting with roughly 2000 degrees

of freedom, the memory footprint of the sparse approximate starts to follow the

n log4 n curve and therefore outperforms the full assembly. The same behavior can

be observed for the assembly times, as seen in Figure 11.6.
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Figure 11.5: Memory usage of the dense matrix and its sparse approximation.
s = 0.25 (top), s = 0.75 (bottom). While the dense matrix uses n2 floating-point
numbers, the sparse approximation can be seen to require only O

(
n log4 n

)
mem-

ory. At roughly 2000 unknowns, the memory footprint of the sparse approximation
separates from the O (n2) curve.
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Figure 11.6: Assembly time of the dense matrix and its sparse approximation.
s = 0.25 (top), s = 0.75 (bottom). The time to assemble the full matrix grows
quadratically in the number of unknowns, whereas the sparse approximation starts
to follow the n log4 n curve at about 2000 degrees of freedom.



Chapter 12

Numerical Examples

12.1 Fractional Poisson Equation

For s ∈ (0, 1), we consider the fractional Poisson problem

(−∆)s u = f in Ω = B(0, 1),

u = 0 in Ωc

in d ∈ {1, 2} dimensions. The reason for choosing a unit disk domain is that analytic

solutions to the problem are known. In d = 1 dimensions, the right-hand sides

f 1D
n,0 = 22sΓ (1 + s)2

(
s+ n− 1/2

s

)(
s+ n

s

)
P (s,−1/2)
n

(
2x2 − 1

)
, n ≥ 0

have corresponding solutions

u1D
n,0 = P (s,−1/2)

n

(
2x2 − 1

) (
1− x2

)s
+

and the right-hand sides

f 1D
n,1 = 22sΓ (1 + s)2

(
s+ n+ 1/2

s

)(
s+ n

s

)
xP (s,1/2)

n

(
2x2 − 1

)
, n ≥ 0

have solutions

u1D
n,1 = xP (s,1/2)

n

(
2x2 − 1

) (
1− x2

)s
+

158
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as shown in [45]. Here,
(
x
y

)
= Γ(x+1)

Γ(y+1)Γ(x−y+1)
are generalized binomial coefficients,

P
(α,β)
n are the Jacobi polynomials, and x+ = max{0, x}. In d = 2 dimensions, the

right-hand sides

f 2D
n,` = 22sΓ (1 + s)2

(
s+ n+ `

s

)(
s+ n

s

)
r` cos (`θ)P (s,`)

n

(
2r2 − 1

)
, `, n ≥ 0

have known analytical solutions given by

u2D
n,` = r` cos (`θ)P (s,`)

n

(
2r2 − 1

) (
1− r2

)s
+
.

For more details on how these analytical solutions are determined, see [45]. We

note that both the one-dimensional and the two-dimensional solutions contain a

term (1− x2)
s
+ (respectively (1− r2)

s
+) which behaves like δ (~x)s, where δ is the

distance to the boundary.

12.1.1 One-Dimensional Examples

We first solve the fractional Poisson problem with constant right-hand side f = f 1D
0,0

and solution u = u1D
0,0 for s = 0.25 and s = 0.75. According to the regularity results

in Theorem 34, u is in Hs+1/2−ε (Ω), so that we expect essentially h1/2 ∼ n−1/2

convergence if a globally quasi-uniform mesh is used. Using graded meshes, the

expected rate in d = 1 dimensions is ns−2, as shown in eq. (10.11).

We adaptively refine the mesh based on the BR error indicators and a maximum

marking strategy with threshold 0.8. The cluster method is used both for the stiff-

ness matrix and for the evaluation of the strong form of the fractional Laplacian.

The error plots in Figure 12.1 clearly display ns−2 convergence in H̃s-norm, both for

s = 0.25 and for s = 0.75, as compared to the n−1/2 convergence obtained by uni-

form mesh refinement. This means that the optimal rate of convergence for d = 1 is

achieved. The measured L2-convergence is of order n−1/2−s for uniform refinement

and n−2 for adaptive refinement for both values of s.

In Figure 12.2, we plot the number of degrees of freedom n against timing

results for the assembly of the stiffness matrix, the solution of the linear system,
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Figure 12.1: H̃s- and Ls-error for the one-dimensional problem with constant right-
hand side f = f 1D

0,0 and for uniform and adaptive refinement. s = 0.25 at the top,
s = 0.75 at the bottom. It can be seen that while uniform refinement results in
convergence in H̃s-norm with rate n−1/2, adaptive refinement achieves the optimal
rate of ns−2. The convergence in L2-norm is of order n−1/2−s for uniform refinement,
and of order n−2 for adaptive refinement.
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Figure 12.2: Timings for assembly of the stiffness matrix, solution of linear system
and computation of the error indicators for the one-dimensional problem with con-
stant right-hand side f = f 1D

0,0 . s = 0.25 on the left, s = 0.75 on the right. All steps
can be seen to scale quasi-linearly with the number of unknowns n.

and the computation of the error indicators (10.13). It can be observed that all

three scale with n (log n)2.

Next, we consider the solution of the problem with right-hand side f(x) =

signx ∈ H1/2−ε (Ω). Based on decomposition of f with respect to f 1D
n,` , the ana-

lytic solution u is found to be

u = 2−2s
∑

n≥0

(−1)n
2n+ s+ 3/2

n+ 1/2

(
n+s+1/2
−1/2

)
(
n+s+1/2

s

)(
n+s
s

)xPn
(
2x2 − 1

) (
1− x2

)s
+

so that the discretization error can be calculated as

||u− uh||2H̃s(Ω) = a (u− uh, u− uh) = (f, u)− (f, uh) , (12.1)

with

(f, u) =
21−2s

(2s+ 1)Γ (1 + s)2

Solutions for s = i/10, i = 1, . . . , 9 are plotted in Figure 12.3. For smaller values

of s, the transition at the boundary and at x = 0 is more pronounced, whereas for
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Figure 12.3: Solutions to the one-dimensional fractional Poisson problem with
right-hand side f (x) = signx for s = i/10, i = 1, . . . , 9. For smaller values of s,
the transition at the boundary and at x = 0 is more pronounced, whereas for larger
values of s the solutions resemble the solution of the standard integer-order Poisson
problem.

larger values of s the solutions resemble the solution of the standard integer-order

Poisson problem.

The error plots in Figure 12.4 show that ns−2-convergence in H̃s-norm is also

achieved for the discontinuous right-hand side f(x) = sign x.
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Figure 12.4: H̃s-error for the one-dimensional problem with discontinuous right-
hand side f(x) = signx and for uniform and adaptive refinement. s = 0.25 at the
top, s = 0.75 at the bottom. It can be seen that while uniform refinement results in
convergence in H̃s-norm with rate n−1/2, adaptive refinement achieves the optimal
rate of ns−2.



164

12.1.2 Two-Dimensional Examples

We consider the two-dimensional fractional Poisson problem on a disk with constant

right-hand side f = f 2D
0,0 . The solutions u for s = 0.25 and s = 0.75 are shown in

Figure 10.1.

Using a globally quasi-uniform mesh, we would obtain h1/2 ∼ n−1/4 conver-

gence. Using a graded mesh, n−1/2 convergence was predicted, owing to the fact

that the mesh is required to be locally quasi-uniform. Again, we adaptively refine

the mesh, based on the error indicators (10.13). The obtained meshes (Figure 12.5)

are highly refined in regions close to the boundary, where the solution is singular.

We plot the H̃s (Ω)-error in Figure 12.6. It can be observed that n−1/2 conver-

gence is obtained, thus matching the optimal rate obtained using a graded mesh

for a constant right-hand side in (10.12). As in the one-dimensional case, the rate

in L2-norm is s orders higher than the rate in H̃s-norm. By considering the timing

results shown in Figure 12.7, we see that all phases of the adaptive refinement loop

scale with n (log n)4. The computation of the error indicators is cheaper than the

assembly of the system matrix, and the solution of the linear system is significantly

cheaper than both. Relative to the matrix assembly, the computation of the error

indicators is more expensive than for the one dimensional problem, since it involves

numerical quadrature over element edges instead of pointwise evaluations.

We now consider the solution of the problem with right-hand side f(r, θ) =

1|θ|<π/2 ∈ H1/2−ε (Ω). Based on decomposition of f with respect to f 2D
n,` , the analytic

solution u is found to be

u = 2−2s
(1− r2)

s
+

Γ (1 + s)2

{
1

2

+
∑

n≥0, `≥1 and odd

(−1)(`+1)/2+n(2n+ s+ l + 1)

π(n+ l/2)(s+ 1)

cos (`θ) r`P
(s,`)
n (2r2 − 1)(

n+s+l/2+1
n+l/2

)(
s+n
n

)



 ,

so that the discretization error can be calculated as

||u− uh||2H̃s(Ω) = a (u− uh, u− uh) = (f, u)− (f, uh) ,
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Figure 12.5: Adaptively refines meshes for the two-dimensional problem with con-
stant right-hand side. s = 0.25 on the left, s = 0.75 on the right.

with

(f, u) = 2−2s





π

4(s+ 1)Γ (s+ 1)2 −
1

π
G3,2

4,4


 1, 1 + s/2, 5/2 + s, 5/2 + s

2, 1/2, 1/2, 2 + s/2

∣∣∣∣∣∣
− 1





 ,

where G is the Meijer G-function [99].

The solutions u for s = 0.25 and s = 0.75 are shown in Figure 12.8. The obtained

meshes (Figure 12.9) are highly refined in regions close to the boundary and along

the discontinuity θ = ±π/2. We plot the H̃s-error in Figure 12.10. In the case

s = 0.25, we recover the optimal rate of convergence of n−1/2, whereas for s = 0.75,

we only find n−1/4, which coincides with the rate that would be obtained by uniform

refinement.
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Figure 12.6: H̃s- and Ls-error for the two-dimensional problem with constant right-
hand side f = f 2D

0,0 and for uniform and adaptive refinement. s = 0.25 at the top,
s = 0.75 at the bottom. It can be seen that while uniform refinement results in con-
vergence in H̃s-norm with rate n−1/4, adaptive refinement achieves the optimal rate
of n−1/2. The convergence in L2-norm is of order n−1/4−s/2 for uniform refinement,
and of order n−1/2−s/2 for adaptive refinement.
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Figure 12.7: Timings for assembly of the stiffness matrix, solution of linear system
and computation of the error indicators for the two-dimensional problem with con-
stant right-hand side f = f 2D

0,0 . s = 0.25 on the left, s = 0.75 on the right. All steps
can be seen to scale quasi-linearly with the number of unknowns n.
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Figure 12.8: Solutions u corresponding to the discontinuous right-hand side
f(r, θ) = 1|θ|<π/2 for s = 0.25 and for s = 0.75.
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Figure 12.9: Adaptively refined meshes for the discontinuous right-hand side. s =
0.25 on the left, s = 0.75 on the right.
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Figure 12.10: H̃s-error for the two-dimensional problem with discontinuous right-
hand side f(r, θ) = 1|θ|<π/2 and for uniform and adaptive refinement. s = 0.25 at the
top, s = 0.75 at the bottom. For s = 0.25, uniform refinement results in convergence
in H̃s-norm with rate n−1/2, adaptive refinement achieves the optimal rate of ns−2.
For s = 0.75, both uniform and adaptive refinement results in convergence in H̃s-
norm with rate n−1/2.
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12.1.3 L-shaped Domain

We propose to solve the fractional Poisson problem on the L-shaped domain Ω =

[0, 2]2 \ [1, 2]2 with constant right-hand side. Since no analytic solution is available,

we solve the problem on a highly refined mesh and use this reference solution

uh to approximate the error. In Figure 12.13, we show H̃s- and L2 error, as well

as the a posteriori error estimate η̂ = (
∑

i η̂
2
i )

1/2, which is based on the local a

posteriori error estimators η̂i given in (10.13). It can be observed that ||uh − uh||H̃s

and the a posteriori error estimate η converge with optimal rate n−1/2, and that

||uh − uh||L2 converges with rate n−1/2−s/2. The apparent speed-up of convergence

in H̃s- and L2-norm for larger number of unknowns is due to the fact that the

reference solution uh is used in their computation instead of the true solution u.

The a posteriori error estimate is obviously not suffer this deficiency, because it

does not involve the reference solution uh. This example demonstrates that more

complicated domains can easily be considered in the presented framework, and that

convergence of optimal order can equally well be achieved.
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Figure 12.11: Solutions u on the L-shaped domain corresponding to a constant
right-hand side for s = 0.25 and for s = 0.75.
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Figure 12.12: Adaptively refined meshes for the L-shaped domain. s = 0.25 on the
left, s = 0.75 on the right.
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Figure 12.13: H̃s-, L2-error and estimated error η for the L-shaped domain. s = 0.25
at the top, s = 0.75 at the bottom. Adaptive refinement results in convergence in
H̃s-norm with optimal rate of n−1/2, and the same holds for the a posteriori error η̂.
In L2-norm, the rate n−1/2−s/2 is observed.
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12.1.4 Exploiting Symmetry

The example of the previous sections displayed symmetries and periodicity in the

shape of the domain and the right-hand side and therefore in the solution. In

particular, the solution shown in Figure 12.8 suggests that one should be able to

exploit symmetry to halve the number of degrees of freedom required.

LetB be an orthogonal transformation such that for someK,BK = Id,BΩ = Ω,

and let ω ⊂ ω̃ ⊂ Rd be representative domains such that Rd =
⋃K−1
i=0 B

iω̃ and Ω =
⋃K−1
i=0 B

iω. Moreover, assume that u
(
Bi~x

)
= u (~x) and f

(
Bi~x

)
= f (~x). Examples

of such transformations for Ω = B(0, 1) include the reflection B = − Id with ω̃ and

ω being the half-space and the half disc, or the rotation by angle θ = 2π
K

and the

domains ω̃ = {(r cosφ, r sinφ) ∈ R2 | r ≥ 0, φ ∈ [0, 2π/K]} and ω = ω̃ ∩ {r ≤ 1}.
The variational formulation of the fractional Poisson problem eq. (10.3) then

reduces to

a (u, v) =
C(d, s)

2

ˆ
ω

ˆ
ω

K∑

i,j=0

(
u
(
Bi~x

)
− u

(
Bj~y

)) (
v
(
Bi~x

)
− v

(
Bj~y

))
∣∣Bi~x−Bj~y

∣∣d+2s

+ C(d, s)

ˆ
ω

ˆ
ω̃\ω

K∑

i,j=0

u
(
Bi~x

)
v
(
Bi~x

)
∣∣Bi~x−Bj~y

∣∣d+2s

= K
C(d, s)

2

ˆ
ω

ˆ
ω

(u (~x)− u (~y)) (v (~x)− v (~y)) keff (~x, ~y)

+KC(d, s)

ˆ
ω

ˆ
ω̃\ω

u (~x) v (~x) keff (~x, ~y)

and

〈f, v〉 =
K−1∑

i=0

ˆ
ω

f
(
Bi~x

)
v
(
Bi~x

)

= K

ˆ
ω

fv

with the effective kernel

keff (~x, ~y) =
K−1∑

i=0

∣∣~x−Bi~y
∣∣−d−2s

.
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Figure 12.14: Periodic solution u = u2D
2,8 . Only the circular sector on the right is

discretized, with periodic images taken into account through the effective kernel
keff.

that accounts for the interaction with mirror images. Effectively, the computational

effort for the assembly and solution of systems involving the dense stiffness matrix

is divided by a factor of K, since only the sub-domain ω needs to be discretized.

The complexity of the cluster method is expected to decrease from O
(
n (log n)2d

)

to O
(
n/K (log n)2d

)
since the assembly of the near-field contributions constitutes

the bulk of the work.

To illustrate the approach, we solve the fractional Poisson problem with right-

hand side f2,8 on the unit disk. By leveraging the periodicity in the angular direction

(and neglecting the mirror symmetry), we reduce to a problem on the circular sector

ω̃ = {(r cosφ, r sinφ) ∈ R2 | r ≥ 0, φ ∈ [0, π/4]} and ω = ω̃ ∩ {r ≤ 1}. For simplicity,

we employ a uniform mesh and assemble the dense system matrix. The solution is

shown in Figure 12.14.
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12.2 Fractional Heat Equation

The fractional heat equation is given by

ut + (−∆)s u = f in Ω,

u = 0 in Ωc.

We propose to approximate the problem using an implicit method in time. The

simplest such scheme is the backward Euler method

(M + ∆t As) ~uk+1 = M~uk + ~fk+1,

where u(·, k∆t) ≈∑i u
k
i φi and fki = (f(·, k∆t), φi).

More generally, let us assume that a scheme of order α is used in time, and

that a globally quasi-uniform mesh with mesh size h is used in space. In order to

obtain optimal convergence in L2-norm, in view of Theorem 37, we shall choose

∆tα ∼ h1/2+min(1/2,s), i.e.

∆tL2 ∼ hmin(2,1+2s)/(2α).

On the other hand, if optimal H̃s (Ω)-convergence is desired, we need ∆tH̃s(Ω) ∼
h1/(2α), see Lemma 36. Consequently, if an order α scheme is used for time stepping,

with optimal time step ∆tL2 or ∆tH̃s(Ω), we find by Lemma 42 that the condition

numbers of the iteration matrix satisfy

κ (M + ∆tL2 As) ≤ C
(
1 + hmin(2,1+2s)/(2α)−2s

)
,

κ
(
M + ∆tH̃s(Ω) A

s
)
≤ C

(
1 + h1/(2α)−2s

)
.

In particular, this shows that the condition number will not grow as the mesh size

decreases if s ≤ 1/ (4α− 2) in the L2 case, or if s ≤ 1/ (4α) in the H̃s (Ω) case.

We illustrate the consequences of the above result in the case of a second order

accurate time stepping scheme (α = 2), and for s = 0.25 and s = 0.75. In the

case of s = 0.25, ∆tL2 ∼ h3/8 and κ (M + ∆tL2 As) ∼ 1 + h−1/8. This suggests
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Method ∆t = ∆tL2 ∆t = ∆tH̃s(Ω)

Conjugate Gradient n1+2s/d−min(2,1+2s)/(2αd) (log n)2d n1+2s/d−1/(2αd) (log n)2d

Multigrid n (log n)2d n (log n)2d

Table 12.1: Complexity of different solvers for (M + ∆tAs) ~u = ~b for ∆t = ∆tL2

and ∆t = ∆tH̃s(Ω) for an α-order time stepping scheme.

that the conjugate gradient method will uniformly in h deliver good results. The

convergence of the multigrid method does not depend on the condition number and

is essentially independent of h. This is indeed what is observed in the top part of

Figure 12.15. In Figure 12.16, the number of iterations is shown. It can be observed

that for s = 0.25 both the multigrid and the conjugate gradient solver require an

essentially constant number of iterations for varying values of ∆t.

On the other hand, for s = 0.75, ∆tL2 ∼ h1/2 and κ (M + ∆tL2 As) ∼ 1 + h−1.

Therefore, the condition number increases as h goes to zero, and we expect that

multigrid asymptotically outperforms the CG solver. This is indeed what is observed

in Figures 12.15 and 12.16.

The complexities of the different solvers for different choices of time step size

are summarized in Table 12.1.
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Figure 12.15: Timings in seconds for CG and MG depending on ∆t for s = 0.25
(top) and s = 0.75 (bottom). It can be observed that, for s = 0.25, the conjugate
gradient method is essentially on par with the multigrid solver. For s = 0.75, the
multigrid solver asymptotically outperforms the conjugate gradient method, since
the condition number κ (M + ∆tL2As) grows as h−1.
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Figure 12.16: Number of iterations for CG and MG depending on ∆t for s = 0.25
(top) and s = 0.75 (bottom). For s = 0.25, the number of iterations is essentially
independent of ∆t. For s = 0.75, the number of iterations of the multigrid solver
is independent of ∆t, but the iterations count for conjugate gradient grows with
h−1/2.
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12.3 Fractional Reaction-Diffusion Systems

In [60], a space-fractional Brusselator model was analyzed and compared to the

classical integer-order case. The coupled system of equations is given by

∂X

∂t
= −DX (−∆)αX + A− (B + 1)X +X2Y,

∂Y

∂t
= −DY (−∆)β Y +BX −X2Y.

Here, DX and DY are diffusion coefficients, A and B are reaction parameters, and

α and β determine the type of diffusion. By rewriting the solutions as deviations

from the stationary solution X = A, Y = B/A and rescaling, one obtains

∂u

∂t
= − (−∆)α u+ (B − 1)u+Q2v +

B

Q
u2 + 2Quv + u2v, (12.2)

η2∂v

∂t
= − (−∆)β v −Bu−Q2v − B

Q
u2 − 2Quv − u2v, (12.3)

with η =

√
DY /D

β/α
X and Q = Aη.

In [60] the equations were augmented with periodic boundary conditions and

approximated using a pseudospectral method for various different parameter com-

binations. Here, thanks to the foregoing developments, we have the flexibility to

handle more general domains and, in particular, we consider the case where Ω cor-

responds to a Petri-dish. We solve the above set of equations using a second order

accurate IMEX scheme proposed by Koto [72], whose Butcher tableaux are given

by Table 12.2. The diffusive parts are treated implicitly and therefore require the

solution of several systems all of which are of the typeM +c∆tAs with appropriate

values of c.

0 0
1 0 1

1/2 0 -1/2 1
1 0 -1 1 1

0 -1 1 1

0
1 1

1/2 0 0
1 0 0 1

0 0 1 0

Table 12.2: IMEX scheme by Koto. Implicit scheme on the left, explicit on the right.
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Figure 12.17: Error in L2-norm (top) and H̃s (Ω)-norm (bottom) in the Brussela-
tor model. Optimal orders of convergence are achieved. (Compare Theorem 37
and lemma 36.)

In order to verify the correct convergence behavior, we add forcing functions f

and g to the system, chosen such that the analytic solution is given by

u = η sin(t)us(~x),

v = η−1 cos(2t)us(~x),

for suitable initial conditions, where us is the solution of the fractional Poisson

problem with constant right-hand side. We take α = β = 0.75, and choose ∆t ∼
h1/2, since we already saw that the rate of the spatial approximation in L2-norm is

of order h. We measure the error as

euL2 = max
0≤ti≤10

∣∣∣∣u(ti, ·)− uih
∣∣∣∣
L2 , evL2 = max

0≤ti≤10

∣∣∣∣v(ti, ·)− vih
∣∣∣∣
L2 ,

eu
H̃s(Ω)

= max
0≤ti≤10

∣∣∣∣u(ti, ·)− uih
∣∣∣∣
H̃s(Ω)

, ev
H̃s(Ω)

= max
0≤ti≤10

∣∣∣∣v(ti, ·)− vih
∣∣∣∣
H̃s(Ω)

.

From the error plots in Figure 12.17, it can be observed that eL2 ∼ h and eV ∼ h1/2,

as expected.

Having verified the accuracy of the method, we turn to the solution of the system

eqs. (12.2) and (12.3) augmented with exterior Neumann conditions as described
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in Section 10.2. Golovin, Matkowsky and Volpert [60] observed that for η = 0.2,

B = 1.22 and Q = 0.1, a single localized perturbation would first form a ring and

then break up into spots. The radius of the ring and the number of resulting spots

increases as the fractional orders are decreased. In Figure 12.18, simulation results

for α = β = 0.625 and α = β = 0.75 are shown. We observe that in both cases, an

initially circular perturbation develops into a ring. Lower diffusion coefficients do

lead to a larger ring, which breaks up later and into more spots. In the last row,

we can see that the resulting spots start to replicate and spread out over the whole

domain.

Another choice of parameters leads to stripes in the solution. For α = β = 0.75,

η = 0.2, B = 6.26 and Q = 2.5, and a random initial condition, stripes without

directionality form in the whole domain. This is in alignment with the theoretical

considerations of Golovin, Matkowsky and Volpert [60].

12.4 Discussion

In this work, we have presented the numerical approximation of the fractional

Laplacian operator for the case of globally quasi-uniform meshes as well as locally

refined meshes. In order to overcome slow convergence due to the inherent sin-

gularity of the solution close to the boundary, we introduced a posteriori error in-

dicators and adaptive mesh refinement. The non-locality of the problem leads to

dense matrices and solution complexity of O (n3) using direct solvers and at best

O (n2) using an optimal iterative method. We showed that by employing a cluster

method, assembly, matrix-vector product and computation of the error estimators

scale quasi-linear in the number of unknowns. This means that the solution of

the fractional Poisson problem (10.1) and the fractional Heat equation (10.2) can

be performed in the same complexity and with equal (or even better) rate of con-

vergence as of the standard integer order equivalents. Through several one- and
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Figure 12.18: Localized spot solutions of the Brusselator system with α = β = 0.625
(left) and α = β = 0.75 (right). u is shown in both cases, and time progresses
from top to bottom. The initial perturbation was identical in both cases. The initial
perturbation in the centre of the domain forms a ring, whose radius is bigger if
the fractional orders of diffusion α, β are smaller. The ring breaks up into several
spots, which start to replicate and spread out over the whole domain. n ≈ 50, 000
unknowns were used in the finite element approximation.
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Figure 12.19: Stripe solutions of the Brusselator system with α = β = 0.75. u is
shown on the left, and v on the right. The random initial condition leads to the
formation of stripes throughout the domain. n ≈ 50, 000 unknowns were used in
the finite element approximation.

two-dimensional examples, we illustrated that the predicted optimal rates of con-

vergence are obtained. We demonstrated how symmetries and periodicity in the

problem can be leveraged to reduce the problem size even further.



Chapter 13

Future Work on Fractional and

Non-Local Equations

In the present work, we focused on the case of fractional equations posed in d = 1

and d = 2 dimensions. The generalization to higher dimensions does not pose any

fundamental difficulties. Expressions for the contributions of touching pairs of ele-

ments that contain a singularity would have to be rederived. Alternatively, Chernov,

von Petersdorff, and Schwab proposed a procedure to transform quadrature rules

with suitable weights from the hypercube [0, 1]2d to pairs of simplices [33, 34, 35].

The advantage of this method is that simplices in any dimension d can be handled.

A preliminary implementation seems to suggest, however, that comparatively more

quadrature points are necessary to obtain the same quadrature error.

Moreover, the use of higher order elements might be worth exploring. Prelim-

inary results using piecewise quadratic instead of piecewise linear finite elements

suggests that faster convergence can indeed be achieved, but a more thorough com-

parison of computational costs would be in order, since, for example, the computa-

tion of the error indicators introduced in Section 10.4 becomes more expensive.

At present, we also limited ourselves to homogeneous boundary conditions of

Dirichlet and Neumann type. Non-homogeneous Dirichlet conditions can be taken

184
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into account in a relatively straightforward way, provided that the contribution to

the right-hand side of the exterior condition can be evaluated efficiently using nu-

merical quadrature. The case of the Neumann condition is more subtle, as several

generalizations of the integer order non-homogeneous Neumann condition have

been proposed in the literature [40].

The approach described to obtain a sparse approximation to the dense system

matrix for the fractional Laplacian does not rely strongly on the form of the interac-

tion kernel k (~x, ~y) = |~x− ~y|−(d+2s), and generalizations to different kernels such as

the one used in peridynamics [85] or kernels that can model anisotropic behavior

are therefore possible.

Finally, it would be of interest to compare solutions to the fractional Poisson

problem involving the integral definition of the fractional Laplacian with solutions

obtained using the spectral fractional Laplacian. Solutions to the later can be ob-

tained by solving an extension problem in d+1 dimensions [22]. Nochetto, Otárola,

and Salgado leveraged this and proposed a method that converges essentially with

rate O
(
n−1/(d+1)

)
, n being the number of unknows, provided that the solution is

sufficiently regular [31, 80]. Since the two fractional operators, albeit different

[84], seem to enjoy very similar properties, the question arises whether a method

can be devised to solve equations involving the spectral fractional Laplacian with

error decaying at the same rate as its integral counterpart, namely O
(
n−1/d

)
.
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