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Abstract of “The Loewner equation with branching
and the continuum random tree” by Vivian Olsiewski Healey, Ph.D., Brown University,
May 2017

Abstract

The present work brings together the fields of random maps and Loewner evolution by
constructing explicit embeddings of critical Galton-Watson trees in the upper half-plane via
the Loewner equation and considering the scaling limit of the associated time-dependent
random driving measures as the finite trees converge to the continuum random tree. Chap-
ter 2 addresses the (deterministic) conformal mapping problem of incorporating branching
into the Loewner equation. We identify sufficient conditions on the driving measure for the
Loewner equation to generate a union of two simple curves that meet at a fixed nontriv-
ial angle on the real line, which is the fundamental step in generating graph embeddings
of trees. Chapter 3 identifies a specific repulsive force (the deterministic part of Dyson
Brownian motion) that, when used to describe the evolution of a random discrete measure
whose atoms represent the particles of a Galton-Watson branching process, satisfies the
conditions for tree embedding given in Chapter 2. Chapter 4 investigates the scaling limit
of these time-dependent driving measures through the lens of superprocesses. In the set-
ting when the critical Galton-Watson trees are conditioned to converge to the continuum
random tree, the sequence of measure-valued processes is shown to be tight. In order to
identify the limit, the question of convergence of the sequence of measures is reframed as
a question concerning the associated sequence of Stieltjes transforms. For each measure-
valued process in the sequence, the flow of the associated Stieltjes transform is shown to
satisfy a particular SPDE that is related to the complex Burgers equation. Finally, in the
unconditioned case, the density p of the limiting superprocess is conjectured to satisfy the
equation Oyp 4 0, (p-Hp) = o\/p - W, where H is the Hilbert transform, W is space-time

white noise, and o is a positive constant.
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CHAPTER ONE

Introduction



1.1 Overview

The continuum random tree, introduced by Aldous in [AId91] and [AId93], is a random
metric space that arises as the scaling limit of many different finite tree processes, including
the uniform distribution on rooted ordered trees (called plane trees) with n edges and
critical discrete time Galton-Watson trees conditioned to have size n. Random plane trees
are a specific instance of random planar maps (random graphs embedded in the sphere
or plane up to orientation-preserving homeomorphisms) which provide models of two-
dimensional random geometries and possess many links to random matrix theory, including
those found in [BIZ80] and [OkoO0]. Recently, it has been shown that there is a unique,
universal scaling limit for large classes of random planar maps, which is called the Brownian
map ([Miel3d] and [LG13], or for an overview see [LGMI12]). However, the continuum
random tree and the Brownian map are not planar maps themselves, but rather metric
spaces, so it is natural to ask how these may be embedded in the sphere or the plane. This
embedding problem has been approached from a number of different directions, including
the recent work of Miller and Sheffield uniting the theories of Liouville quantum gravity
and the Brownian map ([MS15] [MS16a] [MS16b]) as well as from the point of view of
conformally balanced trees as defined in [Bisl4] whose scaling limits are investigated in

[Bar14].

This work takes a different approach, constructing explicit embeddings of finite Galton-
Watson trees in the half-plane using Loewner evolution with the goal of finding their
geometric scaling limit. These embedded Galton-Watson trees are constructed as the hulls
generated by the Loewner equation driven by discrete time-dependent driving measures
that are indexed by Galton-Watson trees and have a specific power law repulsion between

their point masses.

The (chordal) Loewner equation (|1.1)), originally proposed by Loewner in [Low23|, gives
a bijection between certain families of hulls in the upper half-plane and certain families

of real Borel measures, and it has been extensively studied in both deterministic and



random settings. In particular, if {K;}¢>0 is an increasing family of hulls in the upper
half-plane (subject to some minor assumptions), then there is a unique family of real Borel
measures j; such that the unique (up to hydrodynamic normalization) conformal maps
gt : H\ K; — H satisfy the following initial value problem, called the (chordal) Loewner

equation (see [Law05] and [Bau05]):

gt(z):/R“t(d“) g0(2) = 2. (1.1)

g1(2) —u’

Conversely, given an appropriate family of real Borel measures ji;, equation (|1.1)) generates

an increasing family of hulls K;, which we call the hulls driven by u;.

In this work we restrict ourselves to the chordal version of the Loewner equation,
but it is important to note that there is also a radial version of the equation. The radial
version describes conformal mappings on the unit disc instead of the upper half-plane, so
that the driving measure is an evolving measure on the unit circle, and the normalization
is chosen at 0 instead of co. Although the two settings are closely linked, there are subtle
differences that arise from normalizing at an interior point rather than a boundary point.
In the context of the radial Loewner equation, growth processes that exhibit branching be-
havior related to Diffusion Limited Aggregation and the Hastings-Levitov model have been

studied in [CMO1] and [JS09|, respectively, by studying discontinuous driving functions.

The relationship between the geometry of the hulls generated by the chordal Loewner
equation and the associated driving measure is not fully characterized but has been
studied in detail in a number of specific settings. When the time-dependent measure is a
single point mass jit = dyy(y) for a continuous function U, the initial value problem reduces

to a simpler form:
b(t)

OISO go(z) = z. (1.2)

gt(z) =

In this case, much is known about the relationship between the driving function U(t) and
the geometry of the hulls (see [Law05] for a summary). When b(t) = 2 and the driving

function is U(t) = /KBy, for a linear Brownian motion B, and a positive real constant s,



the generated hulls are random curves in the upper half-plane whose geometric properties
are dependent on the value of k (characterized in [RS05]), and this evolution is called
Schramm-Loewner evolution (SLE). Originally introduced by Schramm in [Sch00], SLE,
has been shown to be the scaling limit of many discrete growth processes that arise in
statistical mechanics, including the loop-erased random walk (k = 2) [LSW04]. Finally,
when the driving measure is the discrete measure p; = sz\i 1 wi(t)dy, ) for nonintersecting
continuous driving functions U;(t) € R and weights w;(t) € R, the resulting equation is

called the multi-slit Loewner equation, and it is studied extensively in [Sch12] and [Sch13].

In the spirit of understanding the relationship between deterministic driving functions

and the geometry of the generated hulls, the first question we address is the following.

Question 1. What hypotheses on u; guarantee that the hull generated by is a graph

embedding of a plane tree?

In [Sch12], the author establishes a condition that guarantees that the multi-slit equa-
tion generates a disjoint union of simple curves. In order to embed trees as hulls generated
by the Loewner equation, in the present work we build on this condition to understand
the delicate situation when these curves meet, producing hulls in the upper half-plane with
the tree property and nontrivial branching angles. Although at first glance it might ap-
pear that the results of [Sch12] could be applied directly to this situation, a fundamental
difficulty lies in the fact that the geometric properties of Loewner hulls are not necessar-
ily preserved under taking limits. In fact, one of the most important properties of the
(single slit) Loewner equation is that the maps that produce curves are dense in schlicht
mappings, so it should not be expected for any geometric property (e.g. the simple curve
property) to persist in the limit. For this reason, the conditions that guarantee that a hull
has the branching property are delicate, and much of the present work is devoted to the

construction of the finite tree embeddings.

Chapter [2| begins with an explicit computation of a driving measure that generates a

hull that is composed of two rays meeting on the real line at specified angles. This explicit



driving measure is then used to establish a sufficient condition on discrete driving measures
to guarantee that the generated hull has the desired tree property. The main work of the
chapter consists in establishing a criterion that guarantees that the hull K approaches
the real line in (o, 8)-direction, which roughly means that for each € > 0 there is a small
enough time s, such that the hull K, C K, consists of two connected components, each
of which lies in an e-sector about angles a and m — 3, respectively. (This definition and
the corresponding sufficient condition are motivated by the idea of a-directional approach
found in [Sch12], though the proof in our case requires lengthy explicit conformal radius
estimates not present in [Sch12].) The sufficient condition for («, 3)-approach is given in
the following theorem, for which the ¢; and @9 will be made explicit upon the theorem’s

restatement in the body of the chapter.
Theorem Fort €10,T] and ¢ > 0, let pu; be the discrete measure given by

N
pe=1cY Oy, (1.3)
i—1

where each U; : [0,T] — R is continuous, and U;(t) < U;1(t) for every t € [0,T] and every
1<i<i+1<N, except for a single index k for which Uy(0) = Ug41(0). Let {g:} be
the unique family of conformal mappings with hydrodynamic normalization that satisfies
the initial value problem , and let {K;} denote the corresponding hulls. There are
algebraic functions pi(a, B) and a(a, B) of a and B, which may be computed explicitly,
such that if

= pi1(a, B) — p2(e, B), and
(1.4)

= (pl(aHB) + 902(047/8)7

then the hulls K; approach R at Uy(0) in (o, B)-direction. In the case when 0 < o= < 7,

condition simplifies to




The theorem that is the goal of the chapter follows naturally from this result: if a
driving measure satisfies the conditions of Theorem [2.3] and if, furthermore, for each € > 0
the hull generated on [¢,T] is a union of simple curves (this hull is simply g.(K7)), then

the hull K7 is a union of simple curves with the branching property.

Chapter [3|is devoted to showing that a specific family of measures satisfies the hypothe-
ses required for the results of Chapter [2| and that these measures embed finite Galton-

Watson trees. The main result is the following.

Theorem Let T* = {(v,hy)} be a binary marked plane tree, with h, # hy for all
v # 1. Let p(v) denote the parent of v, and let A/T™* denote the set of elements “alive” at
time t:

AT ={veT :hpk) <t<h)}

Forc,cqy >0, let

He = ¢ Z 5U,,(t)7

veEAT*

where the U, evolve according to

Then for each s € [0, max,c7+ hy,|, the hull Ky generated by the Loewner equation

with driving measure p; is a graph embedding in H of the (unmarked) plane tree
Ts={v eT": hyu < s},

with the image of the root on R.

Theorem holds for arbitrary binary marked trees with distinct lifetimes, so in par-



Figure 1.1: A sample of the random hull generated when 7™ is a critical binary Galton-Watson tree with
exponential lifetimes and the driving measure evolves according to (3.5). (Code for this image courtesy of
Brent Werness.)

ticular it holds with probability one for critical binary (continuous time) Galton-Watson

trees with exponential lifetimes of finite mean (an embedded sample of which is shown in

Figure .

Finally, Chapter 4] investigates the limit of the driving measures uF from Chapter
through the lens of superprocesses with an eye toward determining the geometric scaling
limit of the corresponding embedded trees. In particular, since the CRT is the scaling limit

of the critical binary Galton-Watson trees with exponential lifetimes of mean —~ discussed

2vk
in Chapter [3| when these trees are conditioned to have k edges, the first step toward
finding the geometric limit of the embedded trees is to understand the superprocess limit
of the corresponding random driving measures. To this end, we show that the sequence
of measure-valued processes {u"*} is tight (so that at least one limit point exists), and in
order to identify the limit, we reframe the problem in terms of the Stieltjes transform of
the measures. In particular, we show that for each fixed k, the Stieltjes transform of these
measures satisfies the differential equation , which is related to the complex Burgers

equation. Using this equation, in the unconditioned case we conjecture that the limiting

superprocess has density p(z,t) that satisfies

0ip+ 0y (p- Hp) = o/pW, (1.6)

where W is space-time white noise, o is a positive constant (see Conjecture and equation
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Figure 1.2: Left: tracing the tree. Right: its contour function.

(4.128))), and H is the Hilbert transform, defined by

PY [ L e nde, zer (1.7)

Hp(z,t) = — B

Finding the limiting driving measure in the case when the trees are conditioned to be large

and characterizing the geometry of the corresponding Loewner hull remain open problems.

We devote the rest of the introduction to background information. To motivate the
work, we begin with a discussion of the continuum random tree. This is followed by a
section on the Loewner equation, which details the requisite notation and foundational

results.

1.2 The Continuum Random Tree

To motivate our investigation of embedded tress, we begin by giving an overview of the
construction of the continuum random tree (CRT) as a limit of finite plane trees. A plane
tree is a finite rooted tree T, for which at each vertex the edges meeting there are endowed
with a cyclic order. The cyclic order of the edges about each vertex guarantees that a
plane tree is a unicellular planar map, i.e. an embedding of a graph in the sphere (or
plane), up to orientation preserving homeomorphism, that has exactly one face. Given a
plane tree 7 with k edges, there is an associated Dyck path on the interval [0, 2k], called
the contour function (or Harris path) of the tree, denoted by C7, obtained by tracing the

tree in lexicographical order beginning at the root in the manner shown in Figure In



this construction, each step away from the root corresponds to an up step in the contour
function (slope one), and every step towards the root corresponds to a down step in the
contour function (slope negative one). In fact, this correspondence between plane trees
with k£ edges and Dyck paths with 2k steps is a bijection. The graph distance dg, between
two vertices in the tree can be recovered from the contour function as follows. If v and v’
are two vertices on the graph, and s and s’ are (integer) times at which vertices v and v’
are visited (according to the contour function construction), then

dgr(v,0") = C7(s) + Cr(s') — 2 min_ Cr(2). (1.8)

tels,s’]

Extending slightly, a marked plane tree T is a finite plane tree 7 and a set of markings
{h, : v € T} such that h, = 0 (where p denotes the root of 7'), and if 7 is an ancestor of v,
then h, < h,. These markings can be understood in terms of edge lengths on the graph:

if p(v) denotes the parent of v, then

length(p(v),v) = h, — h (1.9)

Using this interpretation, we may construct a contour function just as before, except that
now the length of each step up or down in the contour function is equal to the length of the
corresponding edge. In this case, again recovers the graph distance. Going forward,
we will use a different, though equivalent, interpretation of the markings: we can consider
a marked tree as the genealogical tree of a birth-death process, where for each element
v € T, the marking h, denotes the time of death of v, and the lifetime of v is defined as
the quantity in . With this interpretation, unmarked plane trees can be understood
as encoding the genealogical structure of a birth-death process in which every individual

has a lifetime of length one.

Galton-Watson trees are genealogical trees that correspond to a particular kind of
random birth-death process. Specifically, a population begins with a single ancestor (the

root), and at integer times each living element dies and independently gives rise to offspring
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according to a fixed offspring distribution &. For our purposes, will only be concerned with
critical Galton-Watson trees, which are Galton-Watson trees for which £ has expected value
one and finite variance (but we exclude the trivial case when £ = d;, the Dirac mass at 1).
With probability one, these trees die out after a finite number of generations. However, if
these trees are conditioned to be large, the CRT (which we will define shortly) will give us

a natural way to understand their infinite limit.

In order to make sense of what is meant by taking an infinite limit of finite trees, we

will need a final definition, that of real trees.

Definition 1. A (compact, rooted) real tree is a compact metric space (7,d) where for

every a,b € T the following hold.

1. There is a unique isometric map f, : [0,d(a,b)] < T such that f,,(0) = a and

fa,b(d(a7 b)) =b.

2. For any injective map f : [0,1] < 7 with f(0) = a and f(1) = b, we have that
f([ov 1]) = fa,b([07 d(a7 b)])

3. There is a unique distinguished point p, which is called the root.

The interpretation of the graph distance in terms of the contour function in (|1.8))
suggests a way to construct a real tree from an excursion. In particular, given a bounded
continuous function e : [0, 7] — Ry such that e(0) = e(T) = 0, define a pseudometric d,
on [0,T7] by

de(s,s') =e(s) +e(s') — 2t€i[rslfs/] e(t). (1.10)

Let ~. denote the equivalence relation naturally induced by this pseudometric:

sre s = de(s,s)=0. (1.11)
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Then 7. = [0,T]/ ~e is a real tree under the induced metric denoted by d. given by
de([s],[s']) = de(s,s"), s, €[0,T], (1.12)

whose distinguished point is p := [0], where [s] denotes the equivalence class of s. (See,
for example, [LGM12] or [Pit06] for more details about this construction.) Since real trees
are a subset of the space of pointed compact metric spaces, the usual Gromov-Hausdorff
metric can be used to compute the distance between two real trees. Furthermore, the
following theorem implies that convergence of a sequence of excursions in the sup norm is
a sufficient condition for the convergence of the corresponding real trees in the Gromov-

Hausdorf distance.

Theorem 1.1 ([LGMI2] Corollary 3.5). If e and €' are two continuous functions from
[0,1] to Ry such that e(0) = e(1) = €'(0) = €'(1) = 0, then

don(To. To) < 2 sup |e(t) —€'(1)]. (1.13)
t€(0,1]

In the very same way that deterministic excursions code deterministic real trees, random
real trees are coded by random excursions. The continuum random tree (CRT) is defined
as the random real tree coded by the normalized Brownian excursion e : [0,1] — Ry.
The CRT can be obtained as a limit of the uniform distribution on finite plane trees as

described in the following theorem.

Theorem 1.2. [[LGM12] Theorem 3.6] Let ) be uniformly distributed over the set of

plane trees with k edges, and equip 8), with the graph distance dgr. Then

1 ()
O, ——d., - dy), 1.14
(60 zer) % (T (1.1

as k — oo, in the sense of convergence in distribution of random wvariables with values
in the metric space K of pointed compact metric spaces, where K is equipped with the

Gromov-Hausdorff distance.
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Using Theorem the result of Theorem follows from the fact that under proper
rescaling, the uniform distribution on Dyck paths with 2k steps converges in distribution to
the normalized Brownian excursion. Furthermore, Theorem [I.2]implies that the continuum
random tree is a scaling limit of Galton-Watson trees that are conditioned to be large,
since the uniform distribution on plane trees with k edges is the same as the distribution

of (discrete time) Galton-Watson trees with offspring distribution

. 1 .
§(z)=2i+1, 1=0,1,..., (1.15)

when these trees are conditioned to have k edges.

One important application of Theorem comes from the close relationship between
labeled plane trees and planar maps, which are connected by a number of bijections. The
most famous of these is the Cori-Vauquelin-Schaeffer bijection ([CV81], [Sch98]), which
provides a link between a particular class of labeled plane trees and planar quadrandula-
tions. When the labeled trees are conditioned to converge to the CRT, the corresponding
random planar quadrangulations converge to a limiting random surface called the Brown-
ian map, which is universal in the sense that it is the scaling limit of planar p-angulations

for p = 3 and all even p > 4 ([Miel3] and [LG13]) as well as other classes of random maps.

Although Theorem gives a beautiful way to take a scaling limit of finite trees, it is
important to notice that Gromov-Hausdorff convergence of real trees is merely a kind of
convergence of metric spaces, so information is lost when we describe a limit of plane tress
in this way. In particular, in addition to encoding the metric, the contour function also
encodes the lexicographical order of the edges. This means that each excursion contains
the information to construct a rooted planar unicellular map, and it endows such a tree
with a root (first) edge and a metric. The limit in Theorem retains only the metric
information, ignoring the map structure that is also coded in the Dyck paths, except to the
extent that it counts the multiplicity of each real tree according to the uniform distribution

on rooted plane trees. This suggests the following question, which provides the motivation
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for this work.

Question 2. Is there a way to take a geometric limit of embedded plane trees to obtain an

embedding of the CRT?

We approach this question in the present work by constructing tree embeddings via
the Loewner equation. For technical reasons, it will be useful to consider trees for which
there is only one branching event at a time (with probability one), so instead of working
with discrete time Galton-Watson trees, we will work with continuous time Galton-Watson
trees defined as follows. Each tree encodes the genealogy of a birth-death process starting
from a single ancestor, where the lifetimes of the individuals are independent identically
distributed exponential random variables (later we will fix these to have mean ﬁ), and
upon the expiration of its lifetime each individual dies, leaving behind 0 or 2 offspring, each
with probability one half. These trees will be referred to as critical binary Galton-Watson
trees with exponential lifetimes, and it is well-known that these trees are almost surely

finite. Furthermore, as we will see in Chapter [4] these Galton-Watson trees converge to

the CRT when they are appropriately conditioned to be large.

1.3 The Loewner Equation

We review the set-up for the chordal Loewner equation, primarily following [Law05]. A
compact H-hull is a bounded subset K C H such that K = K NH and H \ K is simply
connected. For brevity, we will refer to such sets simply as “hulls.” By the Riemann
mapping theorem, for each hull K there is a conformal map gx such that g (H\ K) = H.
Furthermore, since K is bounded, we can extend gx by Schwartz reflection to a conformal
mapping on C \ K, where K is a bounded set containing K and its reflection about R, so
that it makes sense to take an expansion about co. Then the conformal map gx is unique

if we require that lim,_,(gx(2) — z) = 0. We refer to the latter condition by saying that
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gk has the hydrodynamic normalization. Under these conditions, gx has the expansion

gK(z):z—i—b?K—i—O <|1’2> , Z— 00, (1.16)
2

where by is the half-plane capacity of K. A simple curve « : [0,7] — H such that v(0) € R
and v((0,7]) C H is called a slit. Since each slit y((0,77]) is a hull, we can consider the
unique conformal map g, with hydrodynamic normalization such that g, : H\ ~v((0,7]) —
H. In fact, we can consider the unique conformal map corresponding to each sub-slit of
7v: for each t let g1 := g,(0,))- It is a classical result that for each ¢ there is a unique
Ui € R such that lim,_, ) g:(z) = U;. Furthermore, ¢ — Uy is continuous, and if b(t) is
continuous, then g; satisfies the initial value problem

b(t)

gi(z) = U’ 90(z) = 2. (117

ge(2) =
We call U the driving function for the slit ~.

In the opposite direction, one could start with a real-valued function U and study the
geometry of the hulls generated by solving with driving function U. If g; is the family
of conformal mappings that solves for driving function U, the hulls K; driven by U
are defined by g, : H\ Ky — H. It is a classical question to ask under what circumstances
the hulls K; are simple curves. It is shown in [MRO05] and [Lin05] that if U is Holder
continuous with exponent 3 and ||U H% < 4, then each K; is a simple curve. A related

result concerning the multi-slit Loewner equation

N b(t) B
gi(z) = ; 9:(2) = Us(0)’ 9o(2) = 2, (1.18)

is contained in [Sch12]. We recall this result here in its entirety, since we will refer to it
in Chapter |3| Let Lip(3) denote the set of real functions that are Holder continuous with

exponent %

Theorem 1.3. [Thm 1.2 in [Schi]] Let Uy,...,U, € Lip(3) such that U;(t) < Ui1(t)

foreachi=1,...,n—1 and allt € [0,T]. Assume that for every j € {1,...,n} and every



15

t € [0,T] there exists an € > 0 such that

sup

r,s€(0,T] \V/ |T - S|

0<|r—t|,|s—t|<e

< 4y/c/2. (1.19)

Let {Ki}iepo,m) denote the hulls generated by solving Equation , where b(t) =c>0,
fort € [0,T]. Then Krp consists of n disjoint connected components, and each component

s a simple curve.

Equations ((1.17) and (1.18]) are special cases of equation (L.1]), which is equivalent to

the following inverse equation for f; := g~1(¢):

i) = ) [ ) (1.20)

R Z—T

Endowing the space of real probability measures with the topology of weak convergence, it
is shown in [Bau05] that for any measurable family of probability measures {1, t € [0,00)}
(i.e. measurable with respect to the Borel o-algebra for the topology of weak convergence
on the space of probability measures) there is a unique family of conformal mappings f;
satisfying , whose images generate an increasing family of hulls in H. Before moving
on, we review a different version of this result, found in [Law05], which does not require
the p; to be probability measures and includes an explicit interpretation of the total weight
ut(R). The theorem shows that relates real Borel measures to hulls in the same way
that relates driving measures to slits. In this case, instead of starting with the hull,

we start with the measure.

Theorem 1.4 ([Law05], Thm 4.6). For t > 0, let uy be a one-parameter family of non-
negative real Borel measures. Assume that t — pz is right continuos with left limits in the
weak topology, and that for each t there is a constant My < oo such that sup{us(R) : 0 <
s <t} < My and supp ps C [—My, My] for all s < t. Let g; be the solution of the initial

value problem

a) = [ _eldu) oy = (1.21)

gt(2) —u’
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Let Ho = {z € H : the solution gs(z) is well defined with gs(z) € H for0 < s < t}.
Then g; is the unique conformal map from H; to H with hydrodynamic normalization.

Furthermore, g; has the expansion

1
gt(z):z++0<‘2>, z — 00,
z

where

For each ¢ let K; = H\ H;. We call {K;};>¢ the family of hulls driven by f, ¢ > 0.

In this setting, our investigation begins in Chapter [2| by considering which families of

measures {y;} generate hulls that are embeddings of trees.



CHAPTER TwoO

Branching in the Loewner

Equation
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In order to use the Loewner equation to embed marked plane trees, we will consider
these trees as representing the genealogical structure of a birth-death process. The time
parameter for the Loewner evolution will be the same as the time parameter in the birth-
death process, which is given by the height of the contour function (see . IfIl'is a
hull that is a graph embedding of a combinatorial tree 7 such that the image of each
edge is a simple curve in H and the image of the root lies on the real line, then I' can be
parametrized so that it is generated by equation , where the driving measure is of the

form

’ut =¢ Z ]]_[hp(v)ahl/)(SUu(t)’ (21)
veT*

where 7* = (T,{h, : v € T}) is a marked plane tree, each U, is a continuous function,
and Uy (hp() = limy s, Upy(t). In this chapter, we consider the converse: for what
measures are the hulls K; graph embeddings of finite plane trees? As the simple curve
question for the multislit equation is answered in [Sch12], this question centers on under-
standing the geometric properties of the hull when the driving measure splits (or, looking
backward in time, when two driving functions collide). For this reason, we begin with an
explicit calculation of the driving measure that generates a hull that is a union of two finite
rays that meet on the real line. This calculation will be called upon in §2.2|in order to

specify the angles of approach.

2.1 Explicit conformal map calculation

We explicitly compute the driving functions that generate a family of conformal maps
with hydrodynamic normalization that take H to H\I';, where I'; is the union of two finite
rays, each starting at 0, forming angles am and (1 — b)7 with the positive real line, and
Iy ¢ Ty for all s < ¢t. (This map is the inverse of the g, from the Loewner equation.)
An expert will quickly recognize that the basic Loewner scaling property, which we state
later as Lemma suggests that these driving functions should behave like ¢/t and

coV/t for some constants ¢; and c¢s, so the main contribution of this section is the explicit
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computation of these constants.
To start, consider the map
f(2) = (z = 1)%797b(z — 2)". (2.2)

If x < 0, this map takes H to H\ I', where I' is a union of two straight slits in H, meeting
the real line at 0 and forming angles am and (1 — b)7 with the positive real line. (Notice
that if 0 < z < 1 or z > 1, then the angles are permuted, so the resulting hull has the
correct shape, but the angles appear in the wrong order.) Although f generates the correct
hull, it does not have the hydrodynamic normalization, so we will need to slightly modify
it to get the map that we want. We will also have to introduce a parameter so that we

have a family of maps that generates an increasing hull.

Let x¢ : Ry — Ry be a differentiable function of ¢. (Eventually we will also want ¢ to

be increasing and ¢(0) = 0.) Let

l—a—

fi(z) = (z+ (a+ ba — 1)ke)* (2 + (a + ba)ry) b(z—|— (a—l—ba:—;v)/it)b. (2.3)

We see that
lim (fi(z) —2) =0, (2.4)

Z—r 00
so f; has the hydrodynamic normalization for every x; > 0. Notice that f; generates a hull

of the type we want for every ¢t. Next we will calculate the driving points U and weights

Ak so that f; satisfies the inverse Loewner equation

RS )
)~ 0 (25)

To simplify the calculation, let

w =z + (a+ bxr)k, (2.6)
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so that

— =1 (2.7)

We compute dfé—f):

f1(z) =law(w — zke) + (1 — a — b)(w — k) (w — xKe) + bw(w — Ky)]

X [(w — k) T (w — xmt)b_l]

(2.8)
= [w2+w/~€t(a+bx— 1— )+ riz(l —a—b)]
X {(w — k) T (w — xm)b_l] .
The poles of f/(z) are w = 0, kt, xkt, and f{(z) has zeros at
w = % (1+x—a—bxi VA —a)?+2z(a+b+ab—1) +22(1 —b)?) . (2.9)
Undoing the original w substitution, the poles of f/(z) are
(
—(a + bx)ky,
2= —(a+bx— 1)K (2.10)
—(a + bx — x)ky,
and f{(z) has zeros
z= % (1+x—3a—3b:)::|: V(I —a)2+2z(a+b+ab—1)+22(1 —b)2) . (2.11)

On the other hand, we calculate df;—(tz):

fe(2) =fi [a(a + bz — Dw(w — zk¢) + (1 — a — b)(a + bx)(w — zk) (w — Ke) + ba + bz — z)w(w — k)]

1 b—1]

X _(w — k) T (w — k)

=kt |kew | a(a — 1) 4+ 2abx + b(b — 1)_372 + wiz(a+bx)(1 —a —b)
e )

X |(w— k) w0 (w — xRy

(2.12)
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So,
f.(2) w(a(a — 1) + 2abz + b(b — 1)302) + zri(a+bx)(1 —a—1D)
oy = fke X 5 5 . (2.13)
fi(z) w? + wki(a+br — 1 —x) + kjx(l —a —b)
which by has poles
Ui(t) = % (1+x—3a—3bx— V(1 —a)?+2z(a+b+ab— 1)+x2(1—b)2)
(2.14)
Us(t) = % (1+1:73a73bx+ V(1 —a)?+2z(a+b+ab— 1)+x2(17b)2> :
Since
fi(2)
deg [ — = -1, 2.15
: ( 71) (215

there are constants A\; = Ai(t) and A2 = A\a(t) so that the the following partial fractions

expansion holds:
ft(z) . M Ao
Cflz) 2 —Ui(t) AT (2.16)

To determine A; and Ay, we must solve

2 (M + A2) — (MUs + AaUy) —FKike X (w(a(a — 1) + 2abz + b(b — 1):62) + zri(a+bz)(l —a — b))

(Z—Ul) (Z—Ug) - (Z—Ul) (Z—Ug)
(2.17)

where we have suppressed the dependence of U; and Us on ¢, and we are still employing

the substitution (2.6]). Since

— Rkt X (w <a(a — 1)+ 2abz + b(b — 1):U2) +xke(a+bx)(1—a— b))
= — fyRpw (a(a — 1) + 2abx + b(b — 1)1’2) — frta(a+ b)) (1 —a —b)
= — Kk z (a(a —1) 4 2abz + b(b — 1);1:2)

— g2 <a2(a — 1) +za(l — a — 2b+ 3ab) + 22b(1 — 2a — b + 3ab) + z3b*(b — 1)),
(2.18)

)
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(2.17)) is equivalent to solving

AL+ Ao = —Fke (a(a — 1) 4 2abz + b(b — 1):62)

AUz + AUy = fyk? <a2(a —1) +za(l —a — 2b+ 3ab) + 2%b(1 — 2a — b+ 3ab) + z3b*(b — 1))
(2.19)

For our purposes, we are interested in constant coefficients, so we let
)\1(15) = )\2(25) =cC (2.20)
so (2.19) becomes

2c = —Fitky (a(a — 1) + 2abz + b(b — 1)a:2>

c(Ur + Up) = Fyr? (aQ(a —1) +za(l —a — 2b+ 3ab) + 2%b(1 — 2a — b + 3ab) + 23b%(b — 1))
(2.21)

Equation (2.11)) implies that

U1+U2:%(1+x—3a—3bx), (2.22)

so system ([2.21)) becomes

2c = —Ryky (a(a — 1)+ 2abz + b(b — 1)x2)

1+ —3a—3ba = 2fky (aQ(a — 1) +xa(l —a —2b+ 3ab) + 22b(1 — 2a — b+ 3ab) + z3b*(b — 1))
(2.23)

If we require that ko = 0, then the first equation in (2.23)) has solution

Vi 2ve

Kt = .
! Va(l —a) — 2abx + b(1 — b)x2

(2.24)

The second equation in (2.23)) fixes = as a function of a and b. (More on this in the next
section.) Our goal is to understand the behavior of the driving points that correspond to

this chain. Substituting the value of x; given in (2.24)) into (2.14]) we see that the driving
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points are

Ui(t) :% ((1 +x—3a—3bx)+ /(1 —a)?+2x(a+b+ab—1)+a2(1— b)2)

=Vet

(1+z—3a—3b2)+ /(I -aP 2@t brab—1) + 21 —p2 (22

Va(l —a) — 2abz + b(1 — b)z2

Ui(t) = +viv/2e, | —aza_ (2.26)

(While z = —1 is not the only solution to (2.23) when a = b and k; is given by (12.24]), it

If a = b, then z = —1, so

is the “correct” one, as will be explained in the next section.)

2.1.1 Fixing the preimage = of 0 in terms of ¢ and b.

Equation gives an expression for the location of the sought-after driving points.
However, z is a function of a and b that is determined by the system , which has
multiple solutions, so in order to make sense of , we must examine more closely.
We will show that system has three real roots, explain the geometric significance of
the three solutions, and give a justification for the choice of which root to use in equation

2.25).

Substituting the first equation of (2.23) into the second one, the second becomes

<a(1 - 2@;; o b)x2> (a2(a —1) +za(l —a — 2b + 3ab) + 2?b(1 — 2a — b + 3ab) + x3b*(b — 1)>

=1+x—3a— 3bx.
(2.27)

Let

Q(z) := —a+a®+3ax — 3a’x — 3abx + 3a*bx 4 3bx? — 3abx? — 3b%2* + 3ab*x? — ba® + b3a3.
(2.28)
Then ([2.27) is equivalent to setting Q(x) = 0. To find the roots of @), we can equivalently
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consider
a(a® —1) 3a(l1+ab—a—>b) 43(14+ab—a—0b) 4
= . 2.29
"=t oy YT won T° (2:29)
Let
1+ab—a—-0
oy oAl (2.30)
so that
Q) =P(y) =y’ +py +q, (2.31)
where
3(a—1)(a+Db)
= 7 2.32
b(b+1)2 7 (2:32)
and
2(a—1)(a+b)(b+2a —1)
_ 2.33
e b(b+ 1)3(b—1) (2.33)
Then the discriminant of P(y) is
D = —4p3 — 274*
(2.34)

_ 4-27a(a—1)*(a+b)(a+b—1)
T B3(b+ 1)4(b— 1)2

Notice that the conditions 0 < a,b < 1 and 0 < a + b < 1 guarantee that D > 0, so

P(y) = Q(x) has exactly three distinct real roots.

In order to determine where these roots lie, first notice that since 0 < a¢ < 1 and
0<a+b<1
Q) =a*>—a<0 (2.35)

and
Q(1) = 2a — 3a® + a® + 2b — 6ab + 3a%b — 3b% + 3ab® + b*
=(a+b)a+b—1)(a+b—2) (2.36)

> 0.
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Also,
¥ —b=b0b+1)(b—-1) <0, (2.37)

so Q(z) is positive for sufficiently large negative values of z and negative for sufficiently

large positive values of z. We conclude that the three distinct real roots of Q(z) satisfy

0, € (—O0,0)
62 € (0,1) (2.38)
05 € (1,00).
For each real root,
fiz) = (24 (a+b0; — D) (2 + (apbi)ke) 77 0(2 + (a + bO; — 6;)kt)° (2.39)

generates a hull that is a union of two rays, and

fi(ke(1 —a —b8;)) = fi(ki(—a —b6;)) = fi(re(0; — a — b8;)). (2.40)

However, the angles between the real line and the first slit, the first slit and the second
slit, and the second slit and the real line depend on the labeling of the three roots above.
In order for the angles to appear in counter-clockwise order am, (1 —a — b)7, b, it must
be the case that

0; < 0, (2.41)

so that

0; —a—bl; < —a—0b0; <1—a—bb;. (2.42)

Thus, each root corresponds to a different permutation of the angles, and the unique
negative root of Q(x) is the unique value of x such that, for ; is given by (2.24]), the

one-parameter family of conformal maps

fi(z) = (24 (a4 bz — Dr)* (2 4 (a4 bx)r) P (2 + (a + bz — x)ky)° (2.43)
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generates the desired increasing family of H-hulls.

2.2 A condition for branching

In this section we provide a condition on the driving measure that guarantees that the hull
it generates is a union of simple curves, two of which begin at the same point on the real
line. If {K}}+>0 is a family of Loewner hulls, then for s < ¢, g5 (K; \ K;) is homeomorphic
to K; \ K, which implies that a graph embedding of a tree can be built step-by-step from

these simpler hulls.

If a driving measure generates disjoint simple curves on all intervals that do not contain
branching times, then Theorem states that (o, 8)-directional approach at branching
times turns out to be the additional condition we need. Theorem[2.3is a sufficient condition
on the behavior of the driving measure at time ¢ to guarantee approach in (a, 3)-direction
at time ¢. This condition will be used in Chapter [3|to show that a specific family of driving
measures generates tree embeddings. The definition of («, 3)-directional approach and the
basic idea of the proof of the theorem mirror similar statements found in [Sch12] concerning
the approach of a single slit in the context of the multislit Loewner equation. However, our
proof is substantially more complicated, as extending these results to our setting requires

explicit conformal radius estimates.

2.2.1 Approach in (o, §)-direction

We begin with the key definition.

Definition 2. Let 0 < o < 1— < . The hull K; approaches R in («, 3)-direction at x € R

if for every € > 0 there is an s > 0 such that there are exactly two connected components
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B

Figure 2.1: A hull approaching R in («, 8)-direction.

K? and KI! of K, that have z = U;(0) = U;j41(0) as a boundary point and
Kic{zeH:m—B—e<arg(z—U;(0)) <7 —B+e} (2.44)

and

Kit'c{zeH:a—e<arg(z—U;(0) < a+e}. (2.45)

Figure illustrates Definition 2] While the image depicts a hull that is a union of

two simple curves, this need not be the case in general.

Theorem 2.1. Let K; be a family of Loewner hulls fort € [0,T] such that K1 approaches
x € R in (o, B)-direction for some 0 < a < m— 3 <7, and assume that gs(Kr) is a union
of slits in H for all s € (0,T]. Then there are exactly two connected components of Krp

that have x as a boundary point, and each one s a slit.

Proof. Fix e. By the definition of approach in («, )-direction, there is s, such that for
t < s, there are exactly two connected components of K; that have x as a boundary point.
Fix such a ¢, and denote these two connected components by K} and Kf“. Since g¢(Kr)
is a union of slits, this implies that Kt has exactly two connected components that have

x as a boundary point, which we denote K% and Ké?‘“, and i = k, k + 1 these satisfy

1. K} C Ki, and
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2. K-\ K} is a simple curve in H.

Thus, the proof amounts to showing that K} is a slit for i = k,k + 1. We only give the

proof for K} since the proof for Kf“ is identical.

For every 0 < s < t, by assumption, gs(K}) is a union of slits, so in particular, gs(KF)
is a slit, which in turn implies that KF \ K¥ is a simple curve in H. Define the curve
v :(0,t] — H by

V() = K\ | Ky, forall0<s<t, (2.46)

u<s
so that 7 ([s, t]) = KF\KP is a simple curve for every 0 < s < t. The proof will be complete
if we can extend v continuously to a well-defined v(0) € R and show that v ([0, ¢]) is simple.
Let {t;}i>1 be a sequence of times such that ¢ > ¢; and ¢; \( 0. Then {v(¢;)} is a sequence

of points in Kf Since KT]“ is compact, there is a subsequence {tij} such that
(t;;) — «* € KF. (2.47)

Notice that since KF is a hull, K} = K7f NH. Since K7 approaches z in (a, §)-direction,
the only boundary point of K} on R is z, so that Kif = KFU{z}. Therefore, either z* = z

or x* € KF. If z* € K[, then there is an s* < ¢ such that
v(s*) = x*. (2.48)

Now let u < s* and consider the sequence {(t;,)} for only ¢;; < u. This is still a sequence

with limit point *, implying that 2* € K*, so that there is u* < u < s such that
V(") = a*, (2.49)

so v ([u*, s*]) is not simple, which is a contradiction. Therefore, * = z, so that every
convergent subsequence (t;,) converges to z. This implies that {v(#;)} converges to =,

without passing to a subsequence. (If it did not converge to z, then there would be an
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infinite subsequence of points of bounded distance away from x. By the compactness of Kitk,
this subsequence would have a further convergent subsequence that converges to a point
other than z, which is a contradiction.) Therefore, v(0,¢]) can be continuously extended

to v(0) = z.

Since 7 ([s,t]) is simple for every 0 < s < t, to complete the proof we only need to
show that there is no s € (0,t) such that vy(s) = x. Assume that such an s exists. Then
v(s) =x € R, s0 for 0 < u < s, gu(7(s)) € R. But the existence of such a point contradicts

the assumption that g, (KF) is a slit. O

2.2.2 A sufficient condition on the driving measure for (a, )-approach

We will now turn out attention to finding an explicit condition on the driving measure

itself that guarantees (o, )-directional approach of the hulls.

If L is the union of two rays from 0 forming angles o and m — 8 with the real axis, then
it turns out that Hausdorfl convergence of the sets pK,,2 to L is a sufficient condition for

(o, B)-approach, as we will prove in the next lemma.

Lemma 2.2. Let L be the union of two rays in H emanating from 0 and forming angles

a and ™ — B with the real line. Fiz R > 0. If
DrNpKy e 8 DpN L, (2.50)
then K; approaches 0 in («, 8)-direction.

Proof. Fix a small angle § > 0. The Hausdorff convergence of the hulls guarantees that

there is p large enough such that for all p > p, if z € pK,2 N Dg, then

d(z,L) < gsine. (2.51)
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Notice that z is in the set
Capo={z€eH:m—pF—0 <arg(z) <m—F+0}U{z e H: a—0 < arg(z) < a+0} (2.52)
if and only if az € C, g is for all a > 0. Notice also that z € C, g¢ if and only if
d(z,L) < |z|sin6. (2.53)
Let w € Dr M pKy 2 for p > p. The lemma follows if we show that % € Co - First,
if |w| > £, then by assumption
R . .
d(w,L) < 551119 < |w]|sin, (2.54)
so w € Cy g, and therefore % € Cq 8,0, Where % € Kyp2.
Since the hypothesis holds for all p > p, if % < |w| < g, then

d(2w, L) <

R
3 sinf < |2w|sin @, (2.55)
50 2w € Cy 9, and thus 2 € Cy g . Similarly, if 5f < Jw| < 5, then

d(2" 1w, L) < gsine < 2" w] sind, (2.56)

so 2"l € Ca,p,0, and again it follows that % € Cup- Since ¢ was arbitrary, this

completes the proof of the lemma. O
Theorem 2.3. Consider the chordal multi-slit Loewner equation

. c

g(z) =) ————, go(2) =2, (2.57)

where each U;(t) is continuous from [0,T] to R. For each t € [0,T] let {K;},t € [0,T]
denote the family of hulls generated by gy, i.e. g (H\ K;) = H. Let U;(t) < U;11(t) for all
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i and allt € [0,T) except for

Uk(0) = Ug+1(0). (2.58)
Then the hulls K; approach R at Uk(0) in («, B)-direction if

lim Ui (t) — Ui (0)
£N\0 Vit
lim Ug1(t) — Up41(0)
N0 Vi

= ?/)1(04»5) - wQ(O‘wB)
(2.59)

= P1(a, B) + ¢l B),

where 1 (a, B) and Yo(a, B) are given by
(14 x — 3a — 3bz)
Va(l —a) — 2abz + b(1 — b)z2

(2.60)
_ /e (I1—a)?+2zx(a+b+ab—1)+x2(1 —0)?
a(l —a) — 2abx + b(1 — b)z? ’

1#1(0475) f

where o = am, f = br, and x = x(a,b) is the unique negative root of .
Remark 1. In the case when 0 < o = 8 < 7, condition ([2.59) simplifies to

Ug(t) — Ug(0 ) % T — 2«

lim , and

BNV (2.61)
i JE+1(8) = Uk1(0) _ oo T2
N0 Vi

Before proving Theorem we recall the definition of conformal radius (Definition
and the Loewner scaling property (Lemma , both of which will be necessary for the

proof.

Definition 3. For any compact H-hull K and a point w € H \ K, the conformal radius is
given by
C\A
rad(w, H\ K) = SWE(W), (2.62)

By the Kobe 1/4 theorem, the conformal radius satisfies

rad(w, H\ K)

1 <d(w,0( H\ K)) <rad(w,H\ K). (2.63)
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While Loewner scaling described in the next lemma is a basic and well-known property of
the single-slit Loewner equation, we include the short proof here to make clear that it also

holds more generally for measures ;.

Lemma 2.4. If the hulls {K:}+>0 are generated by the Loewner chain g with driving
measure jit, then for each p, the chain g with driving measure pji, /p2 generates the family

of hulls {pKy/p2 }i>0-

Proof. Let g; := gk, as has been our convention, and for each t let g,x, be the unique
conformal mapping with hydrodynamic normalization such that g,x, : H\ pK; — H, as in

the introduction. Let ¢ = p?t, and let

97 (2) = gpr,(2), (2.64)

so that the gf generate the scaled hulls pK;. It is a basic property of conformal mappings

that g,x,(2) = pgK,(z/p), so that in fact gé’(z) = pgK,(z/p). We compute

00(2) = 5+ 0w (/)
1 it (du)
e 265
B / 12 (du)
- Jrgf(2) —pu’
from which the conclusion of the lemma follows. O

Proof of Theorem[2.3. So that the reader does not get bogged down in the details, we
begin by outlining the arc of the proof. If L; is the growing family of hulls parametrized
by 2c¢ times half-plane capacity such that each L; is a union of two rays from the origin
given by angles « and m — 3, let g7° denote the corresponding Loewner chain, and let V; (t)
and V5(t) denote the corresponding driving functions given by . Let g7 denote the
Loewner chain with driving functions pU;(t/p?), where {U;}?; are the driving functions

of g;. If {K,} is the family of hulls generated by g;, then by Loewner scaling (Lemma
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gf generates hulls {pK, /p2}- By Lemma for R > 0, it is sufficient to show Hausdorff
convergence inside the disk Dpg of the rescaled hulls to Li. Equation allows us to
use conformal radius to bound Hausdorff distance. Bounding the conformal radius requires
that we show that for large enough p, |§5° — 7| and |% g — %gf ‘ are uniformly bounded
and arbitrarily small for 0 <t < 1, and z € Dpg such that the distance between z and the
boundaries of the hulls is at least 4. These two estimates are assumed in the proof that
follows and are proven separately in Lemmas and We will also make use of the

elementary results the proofs of which are included in the appendix.

By the translation property of the Loewner equation, we can assume without loss of
generality that
Ux(0) = Ug41(0) = 0. (2.66)

The results of show that the following Loewner chain generates a union of two

straight slits starting at 0 meeting the real line at angles a and r—Bfor0 < a < 7—f8 < m:

(2.67)

where

Vi(t) = Vit (1(a, B) — ¥a(a, B))
VQ(t) = \/%<¢1<O‘a6) + ¢2(avﬁ)) .

(2.68)

Let L denote the hull generated by this evolution on the interval ¢ € [0,1] (i.e. L = Ly is

the hull generated at time ¢ = 1).

For each p > 0, let g§p ) to be the family of conformal mappings that satisfy the Loewner

equation with driving points pU;(t/p?):

C C C

77 (2) = + + :
e a?/(2) = pUs(t/p?) 9 (2) = pUrsa(t/p?) #k,zkﬂ 9 (2) = pUs(t/p?)

gh(z) = z.
(2.69)
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Let Kt(p ) denote the hulls generated by ¢/, and let K; denote the hulls generated by g;.

Then by the scaling property of the Loewner equation (Lemma ,

Kt(p) = pKt/p27

so in particular,

K = pKy 0.

Let

Dr:={ze€H:|z| <R}

(2.70)

(2.71)

(2.72)

Lemma 3.8.3 in [Sch13] implies that for every € > 0, there is 7 > 0 such that g.(K}) is a

union of n connected components for 0 < ¢t < 7. We can find a single 7 > 0 that holds

for all small € by the composition property of the Loewner equation. This implies that

for t € (0,7], K; is a union of at least n — 1 connected components. (The k' and k + 1"

connected components may coalesce, since Ug(0) = Uk11(0).) Since each component is

bounded, and since 0 is only a boundary point of the k" and k + 1" components, for

sufficiently large p, D contains only the connected components of pKj /2 that correspond

to U and Ugyq (which, again, may turn out to be a single connected component).

By Lemma the hulls K; approach U (0) in (a, §)-direction if

Haus.

pKl/pz N Dp p;)o LN Dg.

We will show that

Haus.

DRma(H\K@) o DR (HNL).

(p)

(2.73)

(2.74)

Notice that there cannot be any components of K"’ that converge to subsets of R as p

(p) _

increases, because K" = pKj/,2. For this reason (2.74

implies

2.73

. In order to prove
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(2.74]), we will use the relationship between conformal radius and Hausdorff distance given
in (2.63).

Fix e > 0. We prove the Hausdorff convergence ([2.74) by verifying the following.

1. If p is sufficiently large, then every v € Dr N0 (H \ K fp )) is within distance 2e¢ of

d(H\L).

2. If p is sufficiently large, then every u € 0 (H\ L) is within 2e distance of D N
o (H\K).

We begin by proving 1. For § > 0 denote

KY) ={z e H:d(z,K\") < 6. (2.75)

We will first show that there is a small enough § > 0 and a large enough p* such that for

all p > p* and all v € D N OK)

d(v,LUR) < e. (2.76)

Once we have shown this, we will use it to show that all the points in the desired set

DrNoK {p ) are close to O (H\ L), which takes a short argument, since it is not guaranteed

that every point in the boundary of of K fp ) is close to a point in the boundary of K fp 5).

Notice that the geometry of L implies that
O(HN\L)=LUR, (2.77)
so we will use these expressions interchangeably.

Let v € Dg N OK\"). If
d(v, LUR) <5, (2.78)
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then there is nothing to prove, so in what follows we assume that
d(v, LUR) > 4. (2.79)
In this case, v ¢ L, so the conformal radius rad(v, H \ L) is well defined, and

d(v, LUR) < rad(v,H\ L), (2.80)

implying that it will be sufficient to show that rad(v, H\L) is arbitrarily small for sufficiently

large p.

The first two steps in this argument are to show that for large enough p and small
enough 6 > 0, |¢g7(v) — g©°(v)| and ‘d%gf(v) - d%gfo(v)! are uniformly bounded and arbi-
trarily small for all

v € DpNIK\) such that d(v, LUR) > . (2.81)

These estimates are proven in Lemma [2.5] and Lemma [2.6] which follow this proof. Both
arguments rely on a Gronwall inequality (as, for example, in the proof of Proposition 4.47

in [Law05]).

As a notational convention, we will let / written directly above a function denote its

partial derivative with respect to z, for example

#(2) 1= o ot(), (2.52)
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Assuming the results of Lemmas and we bound rad(v, H\ L):

p
rad(v H\ L) _ rad(v H\ K(P))‘ \991 (U) gt (U?

I OIAG)
'\991 () 197 = Sgi(v) [97] + Sgf (v) |g7] — B9 (v) |g5° I‘

197° (0)] 197 (v)]
Sg1(v) (197 (v)] — 197°(v !)‘

_ 136°(0) - 3¢f(v)]

195°(v)]| 197°(0)] 147 (v)]
00 _ P P 400
< |91 (”ZO 91 ()] + rad(v, H\K(p )‘91( v) — 45°(v)
195°(v)] 197°(v)]
4R (), 4R
< ———197°(v) — g7 (v)| + rad(v, H\ K}” — |97 (v
%91 (’U)| 1 ( ) 1( )| ( 1 )%91 (U)| 1( )
(2.83)
where the last inequality relied on the fact that
Cx 00
“g}m@) = rad(v, H\ L) < 4d(v, L UR) < 4R. (2.84)

‘91 ’

Recall that by assumption d(v, L UR) > 6 (equation (2.79))), so in particular Sv > 4.
Lemma guarantees that there is d2 > 0 such that Sg{°(v) > da. Since |g7(v) — ¢g7°(v)]

and |¢7(v) — ¢°(v)| are arbitrarily small for large p, we can choose p large enough that

(2.83) is less than J, so that

rad(v, H\ L) < rad (U,H \ Kfp)) +

rad(v, H\ L) — rad (v, H\ K{P)) (
(2.85)
< 56.

This implies that

d(v,0(H\ L)) < 56, (2.86)

showing that every v € DRﬂaKfpa) is close to 0 (H \ L). We note that the final steps above

were necessary because v depends on p.
Next, we show that this implies that every point

v € DN KW (2.87)

- gfo(v)| )
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is close to

DrNO(M\L)=[-R,RJU(DrNL). (2.88)

By the argument above, for large p and 0 <4 < ¢,
d(v,d(H\L)) < e, (2.89)

for all

ve DrNOK). (2.90)

But if w, € 0 (H\ L) is the point that minimizes the distance d(v, w,), then since |v| < R,
lw| < R+e. (2.91)

The geometry of L implies that each point in

Dryen0O(H\L) (2.92)
is at most € from a point in
DrNno(H\L). (2.93)
This implies that
d(v,DrRNI(H\L)) < 2e. (2.94)

Since K Y] 5) is a hull (rather than an arbitrary set in H), this implies that
DrN (H \ Kyg) C DrN (Lo U{z €H: Sz < 2€)). (2.95)

Since the diameter of the set on the right-hand side is 2¢, and K{p ) CK fp 5), we conclude

that
d(v’,DRﬂé)(H\L)) < 2e. (2.96)
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for every

v € DrN (H\K{”)), (2.97)

proving 1.

Next, to prove 2, let u € DN L C DN (HN\ L), and fix 0 < § < £. We will show
that

d (u DrNd (H \ K@)) < 2e. (2.98)

Since L is the union of two rays meeting at 0, there is a ' € Dr_, N L such that
d(u,u’) <e. (2.99)
Again because of the specific geometry of L, we can find w € Dgr_, such that w ¢ L and
d(u',w) = 6. (2.100)

We can assume that w ¢ Kfp), since otherwise trivially d (u, 0 (]HI \ Kfp)>> < e+ 4, and

we are done. We can further assume that

5<d(w,8(H\K§p))), and

(2.101)
6 < Sw,
since, again, otherwise there is nothing to prove. Let
T,:={z€H: 2| < R,d(z, K") > }. (2.102)

The method used in the proofs of Lemmas and [2.6] can be used to show that there are
large enough p and small enough § such that for all 0 <¢ <1 and all z € 7, [¢{(z)| and
‘1/1,{’ (z)‘ are arbitrarily small. Since, in particular, w € 7,, we apply this result to conclude
that if p and ¢ are chosen appropriately, then |¢f(w)| and ‘Q/Jtp (w)‘ are arbitrarily small.

Notice that w does not depend on p, so |¢7°(w)| and |§5°(w)| do not depend on p. If p is
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large enough that

19(w) — ()] < 1), (2.103)
then
() _ Sgi(w)
rad(w, H\ K;") = )|
Sg7 (w) = Sgi®(w)| + 091( )
197°(w)| = 197 (w) — g7°(w)]
Sofw) - Sgw)] St (w)
= g )| = 197 (w) — g ()] g2 (w)[ — g7 (w) — g (w)]  (2109)
< |97 (w) — g7°(w)] N Sgi°(w)
T g (w)] = [gP(w) = g7 (w)|  [45°(w)] — [¢P(w) — ¢7°(w)
W W)

92| = [ ()| Igge(w)] — | (w)
This implies that for sufficiently large p,

rad(w, H\ K"} < rad(w,H\ L) + 6

<56 (2.105)
< €.
Since |w| < R — ¢, this implies that
d<w,DRma(H\K§p))) <e (2.106)
so that
d (u DpNd (]HI \ K@)) < 2, (2.107)
proving 2.

Since points in [— R, R] are in both the boundary of H\ Kfp) and the boundary of H\ L,

the arguments above prove that if

v € DRNd (H\KY’)) (2.108)
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then
d (v, DrRNd(H\L)) < 2, (2.109)

and if
we DrNO(H\L), (2.110)

then
d(u,DRma(H\K§p))) < 2. (2.111)

Together, these imply that

DRma(H\Kff’)) Haus D N9 (ENL), (2.112)

completing the proof, contingent upon assuming the results of Lemmas [2.5] and [2.6] which
follow. O

Lemma 2.5. Let §* > 0. In the setting of Theorem[2.3 and the notation of its proof, let

S:={zcH:|2| <R,d(z,L) > 5} (2.113)

Then there is a large enough p* such that for all p > p*, all z € S, and all t € [0,1]

[¥5(2)] = [g5(2) — 957 (2) < &7 (2.114)

Proof. As before, let Vi (t) and V5(t) denote the driving functions of ¢7°. By Lemma

there is 61 > 0 such that for all z € S and all ¢ € [0, 1],

97°(2) = Vi(t)| > 61, and
(2.115)

19¢°(2) = Va(t)| = 01
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Then for all z € S and ¢ € [0, 1],

‘w ‘ _ 2 n 2 _ 2
! 91 (2) — PUk(t/P ) () Vi) T gl (2) = pUkia(t0?)  98°(2) — Va(t)
. #Zkﬂ g1 ( pU (tp?)
2 2

97 (2) = pUksa(t0%)  g3°(2) — V&)

2
PO i)

ik k+1
Ly @I U = aO] )+ Uit/ — Valt)
6P — pU(t77%) (9°G) — i) 1) — pUkan(t/) (977 () — Vo)
2
i #kz,;ﬂ 97 () — pUi(t] )
(2.116)

Let 0* € (0,01/4), and let
o(p,2) = mins : |gf(2) — g°(2)| = ). (2.117)
We will show that ¢ > 1 for sufficiently large p and all z € S.

By Lemma pUk(t/p?) and pUx(t/p?) converge uniformly on [0,1] to Vi(¢) and

Va(t), respectively, so for any small k1 > 0 there is large enough p,

pUk(t/p?) = Vi (t)] < 1

(2.118)

|pUk1(t/p?) = Va(t)] < k1.
Furthermore, we can bound the final term of (2.116 i(t/pQ)‘ —
pP—00

0o, and gf°(z) is uniformly bounded for z € D and 0 <t < 1,s0if 0 <t <o A1, then

2 2
97 (z) — pU;i(t/p?)| = 195°(z) — pUs(t/p2)| — [0 (2)]
2
= 1o — U =5

(2.119)




43

This implies that for any small bound ks, there is sufficiently large p such that the final
term in equation (2.116f) is bounded by kg for all 0 <¢ < 1.

Next we use all of these estimates to bound the righthand side of . Of course

197°(2) = Vi(O)] < 197°(2) = 9f (2)] + |97 (2) = pU(t/p*)| + [pUk(t/p%) = Vi(1)|  (2.120)
implies that

|97(2) = pUx(t/p?)| 2 197°(2) = Vi(t)] = 197°(2) = 9f (2)| = |pUk(t/p") = VA(D)[, (2.121)

so that if 0 <t <o A1, then

|97 (2) = pUk(t/p?)] = 61/2, (2.122)
and similarly,
9£02) — pUsa (t/6)] = 61/2. (2123)
Then equation ([2.116)) becomes
: 8
i) <Gt + o) () 4 0StsanL (2124)
1
In general, 4 |¢f(z)| < ‘zbf(z) , SO
d ., ) 8
g R < (WE 4 k) | 55 | + 2, 0<t<oAL (2.125)
i

Solving this differential equation explicitly, we find that
5% 8s/62
P (2)| < (“1+8”’”2) (e o/8F —1), 0<t<onl (2.126)
If k1 and ko were initially chosen so that ki < 6%,

ke (€89 — 1) < 5% /2, (2.127)
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and

Kad? (68/5? - 1) < 46%, (2.128)

then (2.126)) implies that
[We(2)] < 6%,  0<t<oALl (2.129)

But o was defined to be the first time s for which |1 (2)| > §*, so we conclude that o > 1.

In particular, v € S, so for sufficiently large p,

L) < 6%, 0<t<L (2.130)

Lemma 2.6. Let §* > 0. In the setting of Theorem[2.3 and the notation of its proof, let
S:={z€H:|z| <R,d(z,L) > 5} (2.131)
Then there is a large enough p* such that for all p > p*, all z € S, and all t € [0,1]

0
%1#5(@

0 0
o P _ 0 *

Proof. Recall our convention that (to avoid confusion with superscripts) the symbol “ di-

rectly on top of a function denotes the partial derivative with respect to z. For example,

0 0

1/'35(2) = 92 Ot

¥y (2). (2.133)

Fix 6; as in the proof of Lemma [2.5 and assume that 6* € (0,4d:/4).
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ForzeSand 0<t<1,

PR (CER - Y | R <0
! (97(2) = pUx(t/p*))?  (92°(2) = Vi(1))? ~ (97(2) — pUk41(t/p?))?  (g9°(2) — Va(t))?
X ()
e GG = U )P
gt (2) B 9¢°(2) gt (2) B 9¢°(2)
1 (gf (2) = pUk(t/p*)*  (92°(2) = VA()2| [ (97(2) — pUr+1(t/p?)*  (92°(2) — Va(t))?
Pl — 6%°(x 400 ( 1
+ (45 (2) — 4¢°(2) + g£°( ))i#gﬂ (90 (2) — pUs(t/p2))2
gt (2) B 9 (2) n gt (2) B 97°(2)
1 (gf(2) = pUk(t/p*)?*  (92°(2) = VA(O)?| [ (97(2) = pUk+1(t/p?)*  (97°(2) — Va(t))?

+ 1977 (2)|

+19£(2) — 477 (2)]

1
2 (97 (2) — pUi(t/p?))?

1
Z (gp(z) - pUl(t/pQ))Q ik k+1 t
(2.134)

itk k+1 Tt

In the proof of Lemma it was shown that the recurring sum term above is uniformly

bounded by ko satisfying (2.128]), so

() O
(90 (2) = pUi(t/p?)*  (95°(2) — Vi ())?

+ [002)] k2 + 167 (2) 2

9 (2) )
(90 (2) = pUs1(t/p%))?  (97°(2) — Va(1))?

[deee)| <

(2.135)
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The first two terms in (2.135]) are nearly identical, so we consider only the first term. Then

g’f(z) 4°(2)
(97(2) = pU(t/p?)? ~ (97°(2) = Vi(0))?
- <><gf°<z> V(1)) = 7°(2) (9f (=) = pUR(t/0” ))'
B (97 (=) = pUK(t/ %)) 2(97° (=) = Va(1))?
2 |# @R E) - V) — 6290 () — V(1)

(9/(z) — pUka/p ))2(g7°(2) — Va(t))2
G7°(2) (97 (=) — >>2 37°(2) (9 (2) — pUk(t/p?))*
(97 (=) — pUx(t/p®))2(g°(2) — Va(2))?

- )1/17:2

= (g0 (2) — pUi(t/p?))?|
oy | 02°(2) - v1<>> (97 (=) — pUs(t/0%)’
T N G = o (172) 2 (g (2) — Va )2
) [t (=)
T (97 (2) — pUR(E/p%))?]
197°(2) — ¢ (2) + pUk(t/p?) — Vi(1)] |98°(2) = Vi(t) + ¢ (2) — pUs(t/ )]
190 (2) = pUs(t/p?)I |g¢° (2) — Vi (t)?

_|_

+19:°(2)]

[t ()
= (97 (2) — pUs(t/p®)?]
(lg°(2) = gf ()] + [pUR(t/p*) = Vi(1)]) (192°(2) = Va(t)| + |gf (2) — pUk(t/p*)])
197 (2) = pUk(t/p?)|” |g£° (2) — VA (1) ?

+197°(2)]

el

=) = pUnli /o)) 19°(2)] (198°(2) — g7 (2)| + | pUk(t/p?) — Vi(1)])

1 1
| <gf(z) SO 19— A 197 — U 97 (2) v1<t>|2>
[t ()
<
= (@0 — o0t/
’1/35(2)) 6
T N+ ()

< o ie(e)] + S oo

197 ()] (195°(2) — g (2)] + |pUn(t/0?) — Vi (1)) ((%)

<

4, 6 63 5/62 o
< g 1) g (o4 o) (% = 1) 0 ) 177G

(2.136)
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The calculation above made use of the following bounds from the proof of Lemma [2.5

|97 (2) — pUk(t/p%)| >61/2,
|97 (2) = PUk11(t/p?)] 261/2,
19:°(2) = Vi(t)] 261,
197 (2) = Va(t)] =61, (2.137)
|pUk(t/p?) — Vi(t)| <k1 < &1,

|pUs41(t/p%) = Va(t)| <k1 < &1, and
2

0
602 = 10b (=) — 6°(2)] < ( i 8) (% 1)
Then ‘wtp(z)‘ satisfies

& o) < e (f + ) + (2k3 + K2) [67°(2)] (2.138)

Since [§5°(2)| < & forall z € Sand all 0 < ¢t < 1,

% W(z)‘ < W(@‘ <;2 + /@2) + ? (2K3 + K2) . (2.139)
1
| S —

K4
Solving this differential equation explicitly, for sufficiently large p

kg (e53/0FR2) _ 1)
8/5% + K2

0<t<l. (2.140)

deee)| =

Since ko and k1 can be chosen to be arbitrarily small, k4 = %(2&3 + kg) is arbitrarily small

for large p, so we can choose p large enough so that in particular

¢§(v)‘ <o, 0<t<l (2.141)

Remark 2. Notice that for 0 < a < 7, the range of v/2c(/™=2% is (0, 00). This means that
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for any 0 < K < oo, if
Ui (t) — Ur(0)

lim = —K, and
N0 Vit
(2.142)
. Ugs1(t) = Up41(0)
lim =K,
N0 Vi
then the hull meets Uy (0) in (o, a)-direction, where
Q= (2.143)




CHAPTER 'THREE

A Natural Tree Embedding
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3.1 Choosing the diffusion

The results of Chapter [2 provide a sufficient condition for a driving measure to generate an
embedding of a finite tree, and here we will apply those results to a specific driving measure.
To specify the discrete driving measure p; on 0 < ¢ < T that will embed a tree, there are
two necessary pieces: first, a marked plane tree that will provide the underlying branching
structure of the measure, and second, a specific time-evolution for the atoms of the measure
during non-branching times. Both the tree and the evolution could be deterministic or
random. We will show in Theorem that the deterministic repulsion whereby each atom
repels all the others according to the reciprocal of the distance between them satisfies the
criteria laid out in Chapter |2, so that for any (deterministic or random) marked plane tree
T*, the measure with the repulsion just described and branching structure given by 7T*

generates a graph embedding of 7 in H.

Given the importance of the driving function \/£B; in the study of single slit Loewner
equation (this is the driving function for which the evolution is SLEy), it is natural to con-
sider the effect of using Dyson Brownian motion (n independent linear Brownian motions
conditioned on non-intersection) as the driving measure for the multi-slit equation. Dyson

Brownian motion is described by the stochastic differential equation

dr; =) ‘dt +dB', (3.1)

where for each i, B’ is an independent linear Brownian motion. Intuitively, if this diffusion
is used to prescribe the evolution of the atoms of the driving measure in between branching
times, the result should be a kind of SLE tree. However, describing the geometric behavior
of such a system would require advanced SLE techniques, and we do not attempt it here.

Instead, we use only the deterministic part of Equation [3.1] in our construction, and to
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generalize slightly we scale by a constant ¢; > 0:

dx; ca
o :Zmi_m. (3.2)
j#i J

Theorem below shows that the discrete driving measure with branching structure
determined by a fixed marked plane tree 7 and evolution on non-branching intervals given
by generates an embedding of 7*. Embedding continuous time Galton-Watson trees

follows as a corollary.

The proof of Theorem relies heavily on properties of the system of ordinary differ-

ential equations given by (3.2]), so much of this section is devoted to ODE results.

3.2 The tree embedding theorem

We begin by stating the main result of this section.

Theorem 3.1 (Tree embedding theorem). Let T* = {(v,h,)} be a binary marked plane
tree, with h, # hy for all v # . Let p(v) denote the parent of v, and let AyT* denote the

set of elements “alive” at time t:
AT ={veT :hipv)) <t<h()}. (3.3)
For c,c1 > 0, let

pe=c Y Sy, (3.4)

VEALT*
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where the U, evolve according to

neAT v
n#v
. (3.5)
U, (hyy) = lim Uy,y(t), and
(i) =, Bim Uy (1)
Up(0) =0

Then for each s € [0, max,c7+ h,|, the hull Ky generated by the Loewner equation

with driving measure is a graph embedding in H of the (unmarked) plane tree

Ts={veT": hp(y) < s}, (3.6)

with the image of the root on R.

The proof of this theorem relies on verifying a number of properties of system (3.5)),

which we will state as individual propositions in what follows.

We begin by considering the system on an interval where A;7* = N, and we change
our notation to make clear to the reader that these results do not involve trees, but rather
describe a particle system of N particles on the real line. For fixed N, let Rg denote the
Weyl chamber:

Rg: (xla-"va)GRN:CU1<"'<ZEN}. (37)

Consider the initial value problem

g C1 C1
X =Y >
2@ a0 2 (D) — a5 53
X(t1) = (a:?,...,a:?v) ,
where z; are the coordinates of X = (z1,...,zy), and (29,...,2%) € RY is a fixed initial

condition at time t; € R.
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Denote
FEX) = [ Y —— ], (3.9)
AT N TN T
Clearly,
2 2
C
FEXOP= (3 2| e [ D (3.10)
- $1—l‘j 4 I'N—l‘j
J#1 J#EN

is continuous and finite in Rg . Furthermore, for X € Ré\f , each partial derivative

0
8.@,‘

f(t, X) (3.11)

exists and is also continuous in ]Rév , which is enough to guarantee that f(t, X) is locally
Lipschitz in the second variable. Since f(¢,X) doesn’t depend on t at all, the Lipschitz
constant does not depend on t. By the Picard-Lindeléf Theorem, there is an interval
(t1 — €,t1 + €) such that the solution exists and is unique. Let (o, 7") denote the maximal
interval where the unique solution exists. We seek to extend the solution to the left
endpoint ¢ty and show that uniqueness holds even if we take the initial condition to be

defined at tg.

Proposition 3.2. If X is the unique solution to (5.8) on (to,T), then
min__|z;(t) — x;(t)| (3.12)

1<i<j<N

is a strictly increasing function of t.

Proof. For each i, let D;(t) denote the size of the i" gap in the particle system:

Dl(t) = xi-{—l(t) — I; (t), (313)
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which is always nonnegative. Then

Di(t) = di41(t) — @4(t)

B a1 B 1
=2 Tiv1(t) — z;(t) 2 z;i(t) — (1)

JAi+1

_ 2cq c1 B c1
oz (t) — a(t) * Z <3Uz'+1(t) —zi(t)  wi(t) - xj(ﬂ) '

JFii+1

Fix s, and let k be an index (not necessarily unique) that minimizes D;(s):

Di(s) < Di(s) Vi#k.

Then

5 () = 2c1 c1Dg(s)
D) = Dy~ 2 ((ackﬂ(s)—xi(s))(xk(s)—m(s»)'

itk k1

Notice that since Dy(s) is the minimum distance between any two x;,

|zi41(s) — ()| = Di(s) - (i + 1 — j).

(3.14)

(3.15)

(3.16)

(3.17)

Also, for j # 4,141, notice that the sign of ;41 (t) —x;(t) is the same as that of ;(t) —z;(t).

Together, these facts imply that

. 2¢1 c1Dg(s)
Dy(s) > - . .
Dy(s) 2, D2+ 1= (k=)
a ) L S Nk-1
Dg(s) — I(1+1) — I(1+1)
Noticing that
L
+1) 1 1+1

it is clear that for any L < oo

1
Zz<z+1)<1’

=1

(3.18)

(3.19)

(3.20)
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so that the righthand side of is always positive, so
Dy (s) > 0. (3.21)
Since the z; are ordered on the real line according to their index,
min () — ;)] - minjei(s) —o;(s)] = | _min  Di(t) = min Di(s).  (3.22)
Let k1,...,k; denote the indices that minimize D;(s):

Dkl(s) = :Dkl(s) <Di(8), Vi;fékl,...kl. (3.23)

Since [ is finite and each Dkz(s) is positive by li there is € > 0 such that

Dy, (t) >0 Vte[s,s+¢. (3.24)
Then for all ¢ € (s, s+ €],
i i(t) —x;(t)] — mi i — X = i D;(t) — D;
min a3 (t) — ,(8)] ~ minai(s) ~ 2,(s)| = _min | Di(t) = Dils)

t
= min / D;(&)de (3.25)

i=k1,ekr g

> 0.

O

Corollary 3.3. The mazimum interval where the solution to (@ is defined is (g, 00),

where either to = —oo, or there is a k such that
li t) — t)] = 0. 3.26
t{% |2k (t) — Tt (2)] (3.26)

Proof. 1t follows from Proposition that as t decreases, the particles that are closest

together continue to attract. O

Proposition 3.4. Let X be the unique solution to (@, and let (tp,00) be the mazximum
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interval on which it is defined. Furthermore, assume that there is exactly one index k such

that
th\n,% |[Zk41(t) — 2k(t)| = 0. (3.27)
Then
th\r% X(t) (3.28)

exists, so the solution X can be extended continuously at its left endpoint ty. Furthermore,

let X be the solution to the initial value problem

(3.29)

lim X (¢) = lim X (&), (3.30)

Proof. If i # k,k+1, then &;(t) is bounded, so limy\ 4, #;(t) exists, so we need only consider

xr and Tpy1.

To show that limy\ 4, 2k (t) and limy 4, 2x41(t) exist, we will first solve a simplified

version of the system (3.8 explicitly. For ¢t < 7 < T, consider the related IVP in R2>:

(7') . C1
U () = —; =
y (1) — o (1)
(‘r) C1
yk+1(t) = T
() — () (3.31)

() = 2 (7)

Y (1) = @i (1),

where z, and 1 are the k* and (k4 1) coordinates of the unique solution to (3.8)), and

we have denoted the coordinates yx, yx+1 to make the comparison with (3.8)) more natural.
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We can solve (3.31)) explicitly for y,(;) and y]gz_)l by considering the equivalent integral

equations:
T 4 c
y;(g)(t) Zxk(r)—/t (T)( ) ! G ( )ds, and
s) — s
ka yc’““ (3.32)
() 1
W) =) - [ — S ds.
(s ()
Notice that
y) = =i+ o(r) + g (7). (3.33)
Substituting this identity into the differential equation for y,(;), we have
.(T) C1
Y9 = 7 . (3.34)
297 (8) = 2 (r) = @i (7)
Then
207 (097 = (@n(7) + 2 (M) = e, (3.35)
so that
@) (1) _ c 3.36
Y (1)) = (@p(7) + 2p40(7))y;, " = cat + C. (3.36)
Solving for C' by setting ¢ = 7, we see that
2
(47 ®) = @) + 2 (D + ea(r = ) + ap(F)isa (7) = 0. (3.37)

Solving this quadratic for y,(:) yields exactly two solutions, which differ only in the order

of the indices y,(;) and ylg;)l Requiring that y,iT) (t) < y,(CT_gl(t) fixes a unique solution:

(1) = op(1) + appa (1) %\/(%(T) k(M) —dei(r —1t), and

2
(3.38)
- zL(T) +x T 1
sy = LI 2 S () ()~ der(r 1),
which exists and is unique for ¢ > ¢, where
1 2
tr =7 — — (pg1 (1) — 2p(7))". (3-39)

4cq
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By assumption (|3.27)),

1 2
lim ¢, = lim (7 — — (x T) — xp(T
lim T\t0< 401( k41(T) — 2(7)) ) (3.40)

= to.

We want to show that for any sequence {s,} such that s, “\ to, the sequences {zy(s,)}

and {x(s,)} are Cauchy, and thus have limits. Notice that

(1) = 2a(s)] = | (1) = v (5)|

(3.41)
S‘y,(f)( O ‘ ‘yk )= ()]
and similarly,
a1 (®) = 2 ()] < [ 0 = o1y + o () L), (342)

so it will be sufficient to show that

Ot~ 3" ()] and

small when s and ¢ are sufficiently close to ty for ¢ = k,k 4+ 1. In what follows, we will

ygt)(s) - yz-(s)(s)‘ are arbitrarily
formulate estimates only for ¢ = k£ + 1 since analogous estimates hold for i = k.

To bound }y,ﬁl y,(ﬁl( )|,

notice that the general fact that ’\/Z — \/§’ < +/|A - B|

implies that for s,t > tg

0 =1 6] = 5 [Vorer0 = )~ oal0) — )~ ser(e =5
<\ |t — s

(3.43)

(t)

Next, consider |y, ,(s) — 91(21(3)’- Let s,t > tg. There exists M such that for all

to <&<sVtand {i,j} # {k,k+1},

C1
@ = .
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Then

2[uf () = oL 6)] = 1) + 26®) +  ria (0) — 0(0) — deat = 5) = 215 (5)

= | (@g+1(t) + 25 (t) — Tt1(8) — 2 (8))

@k (t) — m(1)? — der(t = 5) — (@rin(s) - 7a(s))|

-[/ > (:ckﬂ(f)q— 5@ " wk(f)(ifﬂj(é))dg

S j#kk+1

e (1) = 24(0)* = er(t = ) = (@11 (5) — 2a(5)) |

- / (ik41() + 81(©) de + 1\ (@rsr () — 0(D) — der(t — 8) — (wpaa(s) — wa(s))

<2ctM(N —2) |t —s|+ '\/($k+1(t) — zp(t))? = dey (¢ — s)' + |zkr1(s) — zp(s)] .

(3.45)

If € > 0, then there is § > 0 such that and are each less than €¢/2 whenever
|s —to| < & and |t —tp| < &, so we conclude that if {s,} is a decreasing sequence with
Sn "\ to, then {xg11(sn)} is a Cauchy sequence, so its limit exists. The same argument
holds for {x(sp)}. Thus, we can continuously extend the solution X to the left endpoint

to.

Uniqueness of the solution follows (analogously to the two-particle case) from the fact
that solving the system near fy amounts to solving a quadratic equation, and only the

solution that conforms with the labeling convention xj < xy11 is kept. In particular, let
Z(t) = zp+1(t — to) — wx(t — to), (3.46)

where g, 241 are the k' and k + 1" coordinate functions of the solution to system (3.8)).

Then Z(0) = 0 and Z satisfies

(3.47)
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where

=Y @ . (3.48)

e @1 () = zi(8)) (25 (t) — 24 (t))
To see that has exactly two solutions, notice that the function C; is positive, contin-
uous at tp, and has bounded derivative on the interval [tg,to + d) for 6 > 0 (in particular,
it does not contain any terms of the form xy1(f) — xx(¢t)). Considering the system on
[to, to + 0) for sufficiently small 4, the solution is closely approximated by solving for
Ct = Cy,, for which we have the explicit solution

Z2(t) = ci (eQCto(t*m) - 1) . (3.49)
to

But only the positive square root of the righthand side above conforms to the labeling

convention, so the solution is unique. O

We now shift our attention to the rate at which the coordinates x; and x4 separate
from their initial position x(tg) = zr+1(to). Eventually, this rate of separation will be

used to determine the angles of approach of the Loewner hulls generated by pu; defined

above in (3.4)).

Proposition 3.5. Assume that there is a unique index k such that
li t) —x(t)] =0 3.50
Jm |z (8) = 2k (8)] = 0, (3.50)

where X (t) = (z1(t),...,zn(t)) is the unique solution to (3.8), which may be extended to

the left endpoint to by Proposition 3.4 Then

. wg(t) — xp(to)
lim Zk\Y — kO e
t{‘r?o Vi—1g “l
lim Tr11(t) — 241 (to)

t\to Vi—1g - \/a

(3.51)
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Proof. We calculate

- . k() —yy () | u(t) — wi(to)
lim = lim lim +
tNto T —1to Ndto T \do N Vi—to
T T .52
t\(to T \to m t\(to T \to Vi — 1o ’
A B

assuming that the limits A and B exist. We calculate A and B separately. First,

(1)
= lim lim v (1) — i{to)
B= tl\to rl\to Vit —to
—zk(to) + 5 (@k(7) + Tpp1(7) = /(@hy1 (7) — 2(7))? — der (7 — 1))

= lim lim

\eto T \do Vit —to (3.53)
= lim Vet t

t\dto Vit — 1o
= —\/e1.

Computing A using ’Hopital’s rule,

(™
A= lim lim —xk(t) Ik *)

tN\ito T \dto Vit—1g
— lim lim 2V — %o (mk( ) — ) (t))

tN\eto T \dto
Sl 2| 3 @ o0 T al - an® 0 - e
=l A 2Vt ( e ® ilyé%(t))
- th\ng) 2VE=1o ( k(1) —Clﬂfkﬂ(t) 2 szt - 750))
= lim 21Vt — T + /e,

tNto T (t) — x4 (t) (3.54)

where to obtain the fourth equality above we used the fact that for all j # k,k + 1,
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W—ll‘j(t) <M, so that

lim2vE—fp Y =0,

A Wit xp(t) —z;(t)
Adding A and B and substituting into (3.52)),

. x(t) — z(to) , 2c1v/t — 1o
lim —-———" = lim .
Noto Vi—to tNto T (t) — x4 (1)

In order to simplify this expression, we notice that by a similar argument

1) — wpga(to) 2c1vt — o
lim = lim N
t\to Vi—1p t\ito $k+1(t) - SUk(t)

implying that
i T ) — @) L 2a(t) —ak(to)

t\do Vit —to t\dto Vit—to

Using this equality and the fact that x(to) = xg+1(to),

zi(t) — 211 (t)

zp(t) — w(to) + Ty (o) — Ty (1)

lim = lim

t\to 2/t — to t\/to 2\/t —1p
_ Jim Z0) — 2o
t\to Vi—1o

Therefore, (3.56]) becomes

i P60 —2klt) _ eVt
Nto VI — fo Nto g (t) — zg(to)’

so that
i zi(t) — 21 (to)

t\/to Vi —to

By the choice of labeling of z;, and xx1, we conclude that

= +./c1.

z(t) — zx(to)

li S d

Nt Vi—Tto ., an
. Tpg1(t) — 2y (to)

] — e

o N vea

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)
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Proposition 3.6. On each interval [s;+ 0, si+1), the measure p; defined by and

for arbitrary c,c1 > 0 generates simple curves.

Proof. We show that the U, satisfy the simple curve condition given in [Sch12], Theorem
1.2, that is, we will show that U, is Holder-1/2 and for any ¢ € [s; + 6, s;41) there is an €
such that

V() ~Uu(s)l _ /2 (3.63)

for all s; +9 < s <r < sj41 such that |r —t| <e¢,|s —t| <e

For Holder continuity, notice that Proposition implies that U, is bounded on
[si+0, si+1), since the interval is bounded away from the birth time s;. This implies that it

is square integrable on the interval [s; 40, s;11). Applying the Cauchy Schwartz inequality:

0r) = Us) = [ Ot
<

U, (t)dt
[

=r—s /SU,,(t)th

so that for all 7, s € [s; + 0, $i41),

|Up(r) = Up(s)] AR
- / U <0 (3.65)

To show that U, satisfies the second criterion, fix t € (s; + J, s;+1) and fix € > 0. Let

$; + 0 < s <r < 841 such that

Ir—t| <e |s—t <e (3.66)
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Then _
U(r) — Uyt _|Jy Dott)e
r—s N r—s
fsr D ST U,,(t)‘ dt
- r—s (3.67)
=/r — s max U,,(t))
te(r,s)

=\/r— S max
t€[s;i+0,5i41)

Uy(t)‘ :

U,,(t)‘ is bounded. O

This guarantees that (3.63) is satisfied, since maxyc(s, 15,5;, 1)

We now return to Theorem [B.1]

Proof of Theorem [3.1. Proposition [3.4shows that the solution to the system is well-defined
and unique on each interval [s;, s;+1). Proposition guarantees that at each birth time,
the two connected components that share a boundary point approach R in («a, a)-direction,

for

: (3.68)

which we obtain by setting x = 2% in Equation ([2.143)) at the end of Theorem Com-
bining Propositions and we conclude that on each interval [s;, s;+1) the generated
hull is a union of simple curves. Piecing together the solutions, we conclude that at each

0 < s <T, the hull K, is a graph embedding of the subtree

Ts={v €T : hyy) < s}. (3.69)
O]
Remark 3. In particular, if ¢ = ¢; in Theorem [3.1} then the curves approach in (%77, %71')—

direction. In Chapter [d] we will consider sequences of measures that fall under this frame-

work, where for each k, u¥ depends on constants %) and cgk). Requiring that ¢*) = cgk)

guarantees that the angles do not depend on k.
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Corollary 3.7. If 0y is distributed as a critical binary Galton- Watson tree with exponential
lifetimes of mean ﬁ, conditioned to have k edges, then with probability one Theorem
holds for T* = 0.

Proof. The only hypothesis that needs to be checked is that h, # h,, for all v # n € 0,

but this holds with probability one. O

Remark 4. While Theorem guarantees a graph embedding of the marked tree 7, there
is no known sense in which it provides an isometric embedding. It is true that the distance
between two points on 7 can be easily recovered from the family of hulls {K}o<s<,
since the instant each point v € T* is embedded is given by the distance on 7* from v to
the root of T*. However, there is not a strictly geometric interpretation of this quantity
given only the hull Kp. The total weight of the driving measure is the derivative of the
half-plane capacity of the growing hull, but there is no known geometric interpretation of

the growth rate of the individual curves.



CHAPTER FoOUR

The scaling limit of the driving

measure



67

Theorem provides a way to embed finite trees in the upper half-plane using the Loewner
equation, and Corollary [3.7 specifies that this embedding holds for a specific class of critical
binary Galton-Watson trees. We now turn our attention to the question of whether these
finite tree embeddings have a well-defined scaling limit. We begin with a theorem that

clarifies exactly how continuous time Galton-Watson trees converge to the CRT.

Theorem 4.1. Let 0y be distributed as a critical binary Galton- Watson tree with exponen-

tial lifetimes of mean conditioned on the event that 0y has exactly k edges. Then

1
2Vk’
()
(9k7dgr) — (7;37 d(E) ) (41)

as k — oo in the same sense as in Theorem [1.2.

Proof. Let T, = Shape(fy), i.e. the plane tree that encodes the genealogical structure of 6y
but for which each edge has length one. (See [Pit06] for more detail on this construction.
Elsewhere, Shape is referred to as the “skeleton”.) Then T} is a discrete time Galton-

Watson tree with offspring distribution with generating function
1 1
P(s) = - + =5 4.2
(5)=5+5s (4.2)

Aldous proved that if Ty, is distributed as a Galton-Watson tree conditioned to have exactly
k edges whose offspring distribution is of mean 1 and variance 02 < oo (as usual, excluding

the trivial case where the offspring distribution is the Dirac mass at 1), then

1 @, (V2
(Fonm), ., (5), Y

In our case, the variance is one, so we conclude that

1 (d)
—C 2kzt> — (e . 4.4
(2\/% Tk( ) o<t ( t)0§t§1 (4.4)

Recall that there is a natural pairing of the segments of Cr, , since for each edge of T}, there

is an upward segment and a downward segment corresponding to this edge in the path
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CrT,. For each such pair, rescale their slope by an independent random variable distributed
according to exp(1). Let Cék denote the resulting excursion, and 6y, the associated real tree.
(Only the heights are rescaled when passing from Cy, to Cp,» not the width.) Appealing

to a conditional version of Donsker’s theorem, we conclude that

1 ) (d) o
(mCek(zk:t)> — ( t)ogtg1~ (4.5)

0<t<1

Noticing that the real tree coded by 5 IC is 5 \Fek’ Theorem implies that

1 - (d)
—— O, dyr | —= (T, de) - 4.6
<2\/E k g> (Te, de) (4.6)
But 5 fek has the same distribution as 0y, so 1) follows. O

Since the CRT can be constructed as a limit of these continuous time Galton-Watson
trees, it is natural to consider whether the corresponding random hulls generated in The-
orem have a nontrivial scaling limit. In particular, our investigation focuses on the

following question.

Question 3. For k > 1, let 0, be distributed as a random critical binary Galton- Watson

tree with exponential lifetimes of mean conditioned to have k edges. With probability

f}
one, Theorem gives an embedding of 0 in H, so the distribution of 0 induces a
probability distribution on hulls in the upper half-plane. As k — oo, does this law converge

to a nontrivial scaling limit?

To gain intuition about the precise rescaling of the measure that will be needed to give
rise to a geometric scaling limit of the hulls, we prove a bound on the Euclidean size of the
generated hull for the scaled multi-slit equation, which depends on the scaling parameter
¢, the number of driving points n, and the time ¢. This result is a minor modification of
[Law05] Lemma 4.13, but we include the proof for completeness, since it illuminates the

role of each parameter.
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Lemma 4.2. Fort € [0,T], let g(z) be the solution to the initial value problem

n

g(2) = ; MEEAC) 90(z) = z, (4.7)

for continuous driving functions Uy, ..., U,, and define K; by g: (H\ K;) = H. Let

t
R, = max{ ﬂ, max sup |Ul(t)|} . (4.8)
2 i 0<t<T

If |z| > 4Ry, then |gs(z) — z| < Ry, for 0 < s <t. As a consequence,

md(Kt) S 4Rt. (49)

Proof of Lemmal[].9 Following the proof of [Law05] Lemma 4.13, let |z| > 4R;, and let
o =o0(z,t) :=min{s : max |gs(z) — z| > R;}. (4.10)
(2

If 0 <s <tAo, then

¢ (4.11)
< =)

since for each 1,
195(2) = Ui(s)| = |2 = Ui(s)| — |z — g5(2)|

> |z = Ui(s)] = |z = 95(2)]|

(4.12)
>4R; — Ry — Ry
= 2R;.
In this case,
d d
% |g5(z) - Z| < %(98(2) - Z)
(4.13)

en
= 2Rt7
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which implies that
cns

—. 4.14
2Rt ( )

‘95(2’) - Z| <

By the definition of o, either o > ¢t or R; < ;LR‘I. But since %”t < Ry, this case is ruled

out, implying that ¢ > t¢.

The fact that rad(K;) < 4R; is seen as follows. Assume that there is z € K such that
|z| > 4R;. Since z € K, there exists § € (0,t] and ¢ € {1,...,n} such that g;(z) = U;(3).

Then

9s(2) — 2| = |Ui(8) — 7|
> |z = |Ui(3)| (4.15)
> 3R

But by the first part of the lemma, |z| > R, implies that

9s(z) — z| < Ry for all 0 < § <,

S0 no such z exists. O

If Nt’lC is the conditioned Galton-Watson process corresponding to 6, then we will see
shortly that ﬁNtk has a nontrivial scaling limit. Plugging in NJ for n in the lemma
above suggests that as long as the support of the measure does not spread out too quickly,

choosing ¢ = ik is the rescaling of the total mass of the driving measure that we expect

will yield a nontrivial geometric limit.

4.1 Preliminaries: the driving measure as a superprocess

As a first step toward answering Question [3] we consider whether the corresponding random
driving measures ,uf have a scaling limit. The language of spatial branching processes and
superprocesses gives the correct framework for considering this question, so we begin by

stating some definitions and classical results. (See [Eth00] for an overview of the subject.)

A spatial branching process is a discrete branching process (in continuous time) where
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each individual is endowed with a spatial motion in a Polish space E (in our case E = R)
and each offspring begins its spatial motion at the final location of its parent. It is common
to study such processes in the case where the spatial motion of each particle is independent.
(For example, in population genetics such spatial branching processes are used to model
genetic variation, so that location in the Polish space F is interpreted as genetic type.)
When the spatial motion of each particle is given by an independent linear Brownian
motion, the resulting spatial branching process is called branching Brownian motion. In
order for a spatial branching process to be a Markov process, the lifetimes of the particles
must be independent and exponentially distributed. We will let V' denote the parameter
for these exponential lifetimes. Finally, to specify a spatial branching process we need

specify an offspring distribution, which we record by its probability generating function:

o0
D(s) =Y pis’, (4.16)
i=0
where p; is the probability that an individual has ¢ offspring.

Let Mp(R) denote the space of finite Borel measures on R, equipped with the topology
of weak convergence. If a branching process has genealogical tree 7* and particle locations
denoted by {U,(t) : v € A/T*}, then we can equivalently consider the Mp(R)-valued

process that represents the entire state of the population, which is given by

= v, (4.17)
vEALT*

where ¢, denotes a Dirac mass at z.

Given a sequence {{F};>1 of Mp(R)-valued processes, we want to determine whether
the sequence converges to a limiting process. (This will require a rescaling of the total
mass of the system, which we will specify shortly.) To find a limit, it is not sufficient
to merely have convergence of the measure at each fixed time ¢, but instead we need to
consider convergence of the whole processes. To do this, we work in the Skorokhod space

Dt (r)[0,00) of cadlag (i.e. right continuous with left limits) paths in Mp(R), which is
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endowed with the usual topology induced by the Skorokhod metric (see Definition 1.12 in
[Eth00] for an equivalent and more transparent definition of this topology). Considering
spatial branching processes as elements of D 4, (r)[0,00) clarifies that we are aiming for a
result that proves weak convergence of random variables in D y(,.(r) [0,00). Consequently,
we aim to first show tightness of the sequence {¢*} in Dy, (r)[0,00), which guarantees
that the sequence has at least one limit point, and then prove that in fact the limit point

is unique.

To understand convergence of spatial branching processes as superprocesses, we first
take a step back and examine the convergence of the Galton-Watson processes that describe
the size of the total population. A continuous-state branching process is a Markov process
(Y;,t > 0) in Ry that has cadlag sample paths and whose transition kernels P;(z,dy)
satisfy

Py(x+2,-) = P(x,) * P(2,). (4.18)

If a collection of rescaled discrete branching processes Ntk (which represent the total pop-
ulation at time t) converge, then they converge to a continuous state branching process.
An important example of this is the Galton-Watson approximation of the Feller diffusion.
In particular, if {Nf};>; is a sequence of critical (discrete time) Galton-Watson processes,

and if the initial population zj := Né“ satisfies

L

- — xo, (4.19)
for some g > 0, then
1 -~
%kaﬂ (4.20)

converges weakly to the Feller diffusion, which is the solution to the stochastic differential
equation

dY, = VoY dB, (4.21)

where o is a diffusion parameter determined by the variance of the offspring distribution.
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We can use this result to find the limit of a sequence of continuous time Galton-Watson
processes { Nf'}x>1 by approximating each NF by a discrete time Galton-Watson process
Ntk obtained by evaluating NF at integer multiples of the mean lifetime. In our case, we

will fix the mean lifetime to be V%/E so we define

Tk __ k
Nf = NY o v (4.22)

If the lifetimes are exponential with mean «, then N} is described by the generating

function given in [NP89]:

1 1 t
= L teR,,0<s<1. 4.23
1 — Fi(s) 1—s+2a =SS (4.23)
Evaluating this for ¢ = « (in our case, a = ﬁ) we see that
1 =

Since continuous time Galton-Watson processes are Markov processes, we can use this as
the offspring distribution for the discrete time approximation Nt’“, which is a Markov chain.
Since has mean 1, it is again critical, so rescaling Ntk by the length of the intervals
gives the Feller diffusion:

1

Ny, 4.25
V\/E t t ( )

where Y; is given by 1’ Since Ntk closely approximates Nf, this same scaling holds for

the continuous time process:
1

NF -y, 4.26
V\/E t t ( )

The discussion above clarifies why the same rescaling is used in both the discrete time
and continuous time settings. Returning to the setting of superprocesses, this rescaling by
mean lifetime can be used to obtain the Dawson-Watanabe superprocess (which is called
“superbrownian motion” in [LG99] and elsewhere) as a limit of branching Brownian mo-

tions. In particular, for each k, let £€¥ € D, #(®)[0,00) be a branching Brownian motion, i.e.
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a spatial branching process where the particles move independently according to Brownian
motion, and assume that the lifetimes of the particles of £* are exponential with parameter
VVk and that at every stage the branching mechanism is the same and is critical (mean
one). If the rescaled initial states % form a tight sequence of measures, then the sequence
{X*} C Dpt,o(w)[0,00) defined by

g jgsfit (4.27)

converges to a unique limit, which is called the Dawson-Watanabe superprocess.

We would like to produce a similar result for the sequence of measures {1} defined
by (3.4)) and (3.5)) when the branching structure is determined by a critical binary Galton-

Watson tree with exponential lifetimes of mean ﬁ and the scaling constants are

1
) = P = 7 (4.28)

(so that, as described in Remark |3 the corresponding Loewner hulls are tree embeddings
whose approach angles do not depend on k). However, the standard proof of the con-
vergence to the Dawson-Watanabe superprocess relies on the independent motions of the
particles. Since in our setting the atoms comprising pf evolve dependently, our approach
to finding a limiting system is different. In below, we will show tightness of the se-
quence {¢*}, and in we will make progress toward identifying the limiting process by

reframing the problem in terms of the Stieltjes transform of the measures.

4.2 Tightness of the sequence {y/*};>1

In order to prove tightness of {u*}x>1, we first define the metric on Mp(R). Let

Lip"(R) := {¢ : R — R such that |[|¢|| ., <1 and |p(z) — ¢(y)| < |z —y|,Vr,y € R}.
(4.29)
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Definition 4. The Wasserstein metric on M p(R) is defined by

p(p,v) = sup{|{e, w)| — [{¢, )|} : ¢ € Lip' (R)}. (4.30)

In fact, the Wasserstein metric induces the topology of weak convergence on M p(R),
so it is well suited for our purposes. It plays a key role in Theorem below, which we
will use to prove that {u*} k>1 is tight. We define one more piece of notation before stating
the theorem. Let

w'(z,6,T) = inf max sup  p(z(s), z(t)), (4.31)
{ti} 2 S,te[tifl,ti)

where {t;} ranges over all partitions
O=to<t1 < - <th1 <T <ty (4.32)

with n > 1 and

min |ti — ti—l‘ > 6. (4.33)
i

Theorem 4.3. [|[EK], Corollary 7.4 of chapter 3] Let {Xi}r>1 be a family of random
variables with sample paths in Dy, (R)0,00)- If the following two conditions hold, then

{Xk:}k;21 18 tight.

1. For every e > 0 and rational t > 0, there exists a compact set I'e; C M¢(R) such
that

liminf P [Xj(t) € Tey] > 1 — €. (4.34)
k—o0
2. For every e >0 and T > 0, there exists § > 0 such that

limsup P [w'(Xy,8,T) > €] <e. (4.35)

k—o0
Theorem 4.4. Let {iF};>1 C D pt,m)[0,00) be the sequence of measure-valued processes,

where for each k, Mf is the discrete measure defined by and for k) = cgk) = ﬁ,
1

with initial value ulg = \/E(SO whose branching structure is given by a random tree 0
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distributed as a critical binary Galton- Watson tree with exponential lifetimes of mean ﬁ,

conditioned to have k edges. Then {1*}>1 is tight in DMF(R)[O 00)°

Proof. We show that {u*},>1 satisfies the conditions of Theorem

1. Following the discussion in [Eth00] §1.4, let R denote the compactification of R.
We will show that the compact containment condition holds in M F(R) Because of this
extension, later we will need to show that in the limit no mass “escapes to infinity” so, in

fact, the limit is truly a process in D, (r)[0, 00).

In fact, it is known that the rescaled total mass process converges to the total local

time at level ¢ of the normalized Brownian excursion, which we denote by L. := L.L(1)
[Pit06):
1 (d)
1,y = —=Nf = L. 4.36
(L, 1) JE e ( )

(This is analogous to convergence of the unconditioned process to the Feller diffusion.) To
compute probabilities, we use the following comparison between the supremum of the local

time and the supremum of the reflected Brownian bridge (see [Pit99], equation (35)):

sup Lt @ 4 sup B, (4.37)
t>0 0<t<1

where BIPTh! is the reflected Brownian bridge of length 1. The righthand side of 1} is

given by the well-known Kolmogorov-Smirnov formula:

o0
P ( sup Blbr"l < x) =142 Z (—1)1'6721'2962, (4.38)
0<t<1 =

implying that for each € > 0 there exists a K, such that

P (Sup(l, pky > K6> <e. (4.39)
t>0

2. In order to show that condition 2 holds for {u*}, we first notice that for fixed k& and
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fixed times ¢ and ¢ + s, the Wasserstein distance between uf and puf " s can be decomposed
into a pure drift part and a pure jump part as follows. By construction, for each fixed k,
the number of jumps on an interval [t,t 4 s) is fewer than k (since ) is conditioned to
have k total edges). Let t <73 < 79 < --- < 7j_1 < t+ s < 75 denote the jump times for
p¥ on the interval [t,t + s). Setting 7o = t (even if ¢ is not a jump time), we can bound

the Wasserstein distance by decomposing into a jump term and a drift term as follows:

(g s ptes) < Hum ‘ut H +Zp ), (4.40)
jumps drift
where by convention |u| = [ p(dz). We consider the jump and drift terms separately in

parts A and B below.

A. Contribution of the jump term. We first focus our attention on the first term
above, which represents the change in total mass over the interval. Notice that if the

lifetime of x; expires at time 7;, then

1

1 _
= ﬁ |<P(ﬂfl(7i ))’ < ﬁ’ (4.41)

pdpk, — / pdpk
R R g

for any ¢ € Lip'(R), regardless of whether the number of offspring of z; is 0 or 2.

Following the method of [Eth00] §5.3, we fix ¢t and s and let NJ ([t,t + s)) denote the
(unweighted) number of births in the interval [t,¢+s) and N¥ ([t,¢ + s)) denote the number

of deaths in the same interval. Then clearly

k k k
HMHS - ‘Mt ‘ Nt+s Nt)

(4.42)

- 7 tt~|—s))—N§([t,t+s)))‘.

Furthermore, births and deaths happen according to independent Poisson processes with
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parameter equal to 2\/%]\715]C , SO

N L [tts Ngk’
Ny (t,t+s)=V1| = —=d
Fievs)=vilg [

o b Nk (4.43)
Ng ([t t+5) = Va (2/t fds),

Vk

where Vi, Vs are independent Poisson processes of rate 1. For i = 1,2, let Vi(u) = V;(u) —u

denote the centered Poisson process. Then

k k|| _
Hﬂt+s - ‘NtH =

t+s Nk t+s Nk
LVI k “Sae) - LVQ k “ae
vVE \2J)e Vk vVE S\2J)e  Vk
~ t+s Nk t+s Nk
LVI k/ e 1 ; k “ae (4.44)
vVE \2J)e Vk vVE “\2J)e  VEk
t+s t+s
@, ‘Bl < / 1L§d§> — By ( / 1Lgd5>
k—o0 t 2 t 2

where B; and Bj are independent Brownian motions, L§ = Lg(l) is the total local time

?

)

at level £ of the normalized Brownian excursion, and the convergence is in the sense of
convergence in distribution of random variables. (Recall that ¢ and t + s are fixed, so the
total weight increment H ur +S| — ‘,uffH on the lefthand side of is a real-valued random
variable; does not address convergence of the total weight as a process.) This implies

that for € > 0,

t+s € 2

s o[ ) <)
2
(7] <3

where |B| denotes reflected Brownian motion. Appealing to the fact that P [|B| (u) < §]

klim P Huf-i-s
—00
(4.45)

is decreasing in u, and recalling that the distribution of sup,> LS is tight, we conclude

that s can be chosen small enough that the righthand side above is greater than 1 — e.

B. Contribution of the drift term.
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Let ¢ € Lip'(R). Notice that N¢ is constant for £ € [r;, 7;41), and denote this value

by N;. Denote the particles comprising ¥ on the interval by z1,...,zy, so that in this
notation
1 &
k
pRE) = == 000 (4.46)
Vi 2

Assume that x; and z;41 are the two offspring born at time 7;. Then

k B 2 uF (de
/R () p (dr) / () i ()

Tit1

Sl -
NERIGE
Ti

1
<— Ti\T; — Ti\T;
<7 2l ) = o)
1 &
<— Ti\T; — Ti\T;
_\/E]§:1’ J( +1) ]( )|
< |25 (Ti1) — 2j(7i)]
>—= J\Tit1) — Tj\Tq
VE AT
o= lmrin) = aim)] + — s () = 21 ()
Ti\T; — T\ T3 X T — X T
\/E l +1 l \/% +1 +1 I+1
(4.47)
For the second and third terms, (3.51) implies that for j = 1,1+ 1:
[ (2 (ria)) — 0 (@5 (r)| < —= [z + 1) — ()|
- (7 _ (T < —= |zi(7; — (7
\/ESO j\Tit1 w T N J (s)

To address the first term in (4.47), we let M; denote the minimum gap in the particle

system, excluding the gap between x; and x;,1 at time ¢:
M, = Igi? |ziv1(t) — zi(t)]. (4.49)

By assumption, M;, > 0. Let
M; := M,.. (4.50)

Then M; > i for all ¢ € [r;,7i41). For each j # I,1 + 1, we will bound |i;(7;)| by
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considering the corresponding quantity for a modified particle system. To motivate the

construction, first notice that the repulsive force on Z,, generated by having one particle

located at distance ]\gl and one at distance M; is greater than the force generated when

there are two particles at distance M;. We will use this observation to bound the force
generated by the newly doubled atom at the birth time 7;. Also notice that the particles

on opposite sides of x; push z; in opposite directions.

Using these observations, we construct a new particle system as follows with the aim
of bounding |x;(t)|. Assume for now that j > % Then there at least as many particles to
the left of x; as to the right. Consider the particle system consisting of {Z1,...,Z;} with
initial position at time 7; given by

Fonl(72) = (7)) — (G — m)% (4.51)

and then evolving on (7;, 7;+1) according to the usual repulsion

—Im(§) =—F# ) = - (4.52)
dt " \/En;ém xm(g)_xn(g)
Then
. d .
|l’j(t)| < %l‘j(t) , for all t € [Ti,TZ'Jrl). (4.53)
If j < %, we could construct an analogous particle system {Z;,...,Zn,} and draw the
same conclusion. This insight shows that
9 (F—DV(Ni—j)
|2;(t)] < Y =, forallt€[n, i), (4.54)

VEM,; m

m=1
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which we can use to bound ﬁ times the total displacement of z; over the interval [7;, 7;41):

1
P(Mfsl,ﬂﬁi) < T > lwi(risn) — i(n)|
o G+
< 2(7_Z+1 _ TZ') Nz (Jfl)v(le.j)i
k‘MZ’ = 1 m
N.
2(Tit1 — Ti) . . (4.55)
_ 21 —1 N; —
W 2 og ((7 = 1)V (Ni—j))
2(Ti41 — 7)
WL (2NZ log(N; — 1))
4(1ip1 — 1) N; log(N; — 1)
- M VE VE
Then the full drift term is
J-1 J—1
< 4(Ti+1 — Ti) Ni log(Ni — 1) (4 56)
1:0 p i— ’/‘I’TZ — 1:0 M/L \/E \/E b) .

so for fixed € > 0 we need to show that there is a small enough s and large enough kg such

that
J—1
]P) Z 4(Ti+1 — Ti) Nz log(NZ — 1)

~ My VE Vk

>e| <€ VEk> k. (4.57)

However, % — L7, and % becomes arbitrarily small as k gets large, implying that

the event inside the probability above only happens if M; is extremely small. In this case,
M; is close to K1/ 4 /Ti = T;_1. Recall that 7; —7;_1 is distributed as an exponential random
variable of mean (2vkN;)™!

J-1
4(Ti+1 — 7'@') Ni log(Ni — 1)

E
iz; kA /mi =1 Vk VE

) JZ_I W2Vky/NiZ1¢1 N; log(N; — 1)
g wENVR Ve VE

_E ZQ\f ¢1 VN 113/%( )]

2\f¢ 1 N og(N; — 1)
=B Z NG \/Lkus k:s/s1 ;/4

<E imax <2\[ ¢ N 110g( 1/4 1))]7
Nity

Vi K18 /o k3/8

(4.58)
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10g(Ni—1)

where ¢1 and ¢ are independent exp(1) random variables. Notice that Y is bounded
independently of €, s, and k, and E [\;%J may be factored out of the expectation since

3/4
¢1 and ¢o are independent of all other terms. Also, N ﬂ L7)3/4 which has a tight
k3/8 e

probability distribution. Recall that J — 1 is the random number of jumps in interval

[t,t 4 s) (where ¢ and s are fixed). Changing the minus sign to a plus in (4.44]) shows that

J@ /t“l ¢ /”31 ¢
\/Ekjo&(t S Leds ) + B t SLeds ), (4.59)

where B; and By are two independent Brownian motions, and the convergence is in the
sense of convergence of distribution of random variables. Combining these observations

implies that the limit of (4.58) is 0 as k — oo, which implies (4.57]), completing the proof.

O]

An analogous result holds for the unconditioned case, which is of independent interest.

Theorem 4.5. Let {1/*}>1 C D, (r)[0,00) be the sequence of measure-valued processes

such that for each k, pf is the discrete measure defined by and for ¢®) =

cgk) = %}

sequence {{if}1>1 (rather than requiring puf = ﬁéo). Furthermore, assume that for each

with the modification that the initial measures are only required to be a tight

k, the branching structure 0y, of u* is distributed according to the genealogy of a critical
binary Galton-Watson process with exponential lifetimes of mean ﬁ (unconditioned).

Then {1*}1>1 is tight in D o ()[0,00) -

Proof. The proof is analogous to that of Theorem [£:2| but in this case the convergence
of the total population process to the local time of the normalized Brownian excursion is
replaced by

NF (@
—t 2y, 4.60
Vk ¢ ( )

where Y; is the Feller diffusion. ]
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4.3 Identifying the limit using the Stieltjes transform

In we saw that {u*} is a tight sequence in D Map(R) [0, 00), which implies that it has
at least one limit point. We seeck to show that there is exactly one limit point, and that it
lies in D pq,.(r) [0,00). To identify the limit, we convert the problem to a limit problem for
the Stieltjes transforms of the measures. (Elsewhere these are called Cauchy transforms).
This is a natural method because Stieltjes transforms are a representing class for finite
measures on R and also because conditions are known that guarantee that the limit of a
sequence of Stieltjes transforms is itself the Stieltjes transform of the weak limit of the

corresponding measures. (See [GH03] for the case of probability measures.)

4.3.1 An SPDE for the flow of the Stieltjes transform

With the goal of understanding the scaling limit of the measure-valued process, we describe

the time evolution of uf via its Stieltjes transform.

For now, we work in a slightly generalized setting as the following results are not specific
to the particular choice of the distribution of the trees. Let 7* = {(v,h,) : v € T} be
a (deterministic or random) marked plane forest with distinct lifetimes (h, # h, for all

1 # v) and total population process Ni:
Ny = |ATH. (4.61)

(We generalize to let T* be a plane forest instead of a plane tree so that the initial number
of individuals need not be constrained to equal one.) Since it will be convenient to refer
to time intervals on which there are no birth or death events, let {s;} be a relabeling of
the h, so that s; < s;11. Recalling the setup, we consider the following time-dependent

measure given in (3.4) and (3.5)), where for the moment we preserve full generality and do
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not fix the ¢, ¢; or the initial condition. In particular, for ¢ € [0, max,c7~ hy], let

pe=c Y Sy, (4.62)
VEALT*

where the U, evolve according to

neEA,T* (t) = Uy(t)
Up(hyon) = lim Uy (2).
(rpw)) =, Jim. Ty (1)

For now, the initial measure pg is not fixed.

In what follows, let f = f(z,t) be the Stieltjes transform of s:

Flot) = /R . ! ). (4.64)

When 7* is deterministic, the flow of f satisfies a particular integral equation, which we

describe in the following proposition.

Proposition 4.6. Assume that T* is a deterministic marked plane forest with binary

branching and distinct lifetimes. Then f satisfies the integral equation

C

P T 0ol (4.65)

10 =10 == [ Zpoars - [ Gerrare ¥ -1

veT:h,<s

on the interval [0, max, e+ hy], where for each v € T*, ¢(v) denotes the number of offspring

of v.

Proof. The proof is a direct computation. To begin, assume that (s;, s;+1) is an interval
containing none of the h,. Once we have computed the equation describing the flow of f

on this interval, we will conclude the proof by treating the birth and death events.
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(4.66)

//RXR\{J; ST~ pe(dz) pui (dy).-

But

/ /RXR\{my} f /Eﬁz)/ut(dx)m(dy) N / /RXR\{z=y} (SO,(:C; = j(y) + ffyD pe(d) pe (dy)
N e = e
- / /RxR\{x:y} Wut(dm)m(dy)
] Lo 3t

(4.67)

SO

'(z) — ¢'(y)
//RxR\{x Ty “t(dm Heldy) = //RX]R\{I Iy pe(de)pe(dy).  (4.68)

Substituting this into (4.66]), we conclude that

©'(x) —¢'(y)
g =g [ [ sy (469)

For fixed z € H, set the test function to be

pla) = ——, (4.70)

zZ—XT

so that

%wt, @) = O f. (4.71)
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Substituting back into (4.69)), we have

_a 1 1
of = 2c //RXR\{z:y} ((2’ —z)2 (22— y)2) T — yﬂt(dHT)/it(dy)
C1 —y—x

2z
T2 / /Rle\{z:y} (z —x)2(z — y)Q’Mt(dm)Nt(dy)

_ 2 2z _ Yy B T .
2 //RxR\{z=y} <(Z —z)?(z2-y)? (z-2)(z—y)?* (2-2)(z- y)2> uz(d ))Mt(dy).
472

We compute this integral one term at a time. The first term is

[ Loy T = eretdetan =
=2 [ [, o T et
=2 [ [ e gamttn =2 [ [ e e
ZQZ/R(Z_lx)zut(dx)/R@_1y)2ﬂt(dy)—2cz/R(z_l$)4m(dx).

(4.73)
The factor of ¢ in the last term appears because (4.62)) implies that
pe () pe(y) = (C Z du, (1) (@) c Z 5U,,(t) (y)
vEALT™ neALT* (474)
= > du,w(@)dy,m®)
nvEALT*
so that if we fix x = y, then
2
pe () e () = c? Z (5Uy(t) (33))
vEALT™ (475)

= cu(x).

Before simplifying (4.73|), we record the first three z derivatives of f for the reader’s
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ease:
o.f = - /R (Z_lxwm),
X f = 2/]R (Z_lx)?),ut(dx), and (4.76)
of == | mﬂt<dx>-

Then is equal to

2z B 2, €2
//RXR\{:C s (2 —2)% (2 — y)QMt(dx)”t(dy) =22(9:f)" + 3 9 f. (4.77)

Next we compute the second term of (4.72)):

[ funieaie=simontsamion -
= zﬂt(dx)ut(dy) %ut(da:)
//RXR (z — ) /R(z x)
/Z_xzﬂt(d )/R(Zy)zut(dy) /R(z—xsv)‘lut(dx)

=0.f </Rzlym(dy) -/ (zzy)gm(dy)> —c Rﬁm(dw)

0. +20.0) = [ ()

—fazf+Z(8zf)2—C/R ( -2, = 4) pue(de)
(

= 0.0 + 2007~ | E=Thutdn) — e [ —gu(as)
= fO.f + 2(0.f)* +C/R(z—1a:)3'ut(dx) —cz A (z—lm)‘lut(dx)

= FO.f + 2(0. 1) + 82f+%6§f.
(4.78)

Subtracting twice (4.78|) from , and multiplying by the factor of gL, we see that f

satisfies the equation

ouf = ~"Lfo.f - SO (4.79)

on the interval (s;, s;+1).
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In the computation above, we assumed that # supp p; was constant, i.e. that we were
working in an interval where u; had no birth or death events. In order to modify equation
so that it holds on intervals containing birth and death events, we notice that if h,,
is the time of death of v, and if v has no offspring, then at time h, the measure jumps

Ht = Ht — €Oy, (h,), SO its Stieltjes transform jumps as well:

Cc

fE) =f17) - U h) (4.80)
Similarly, if v has two offspring, then
e = £+ gy (4.81)

By assumption, 7* is binary, so for each v, the number of offspring ¢(v) will always be 0

or 2, so these are the only cases we need. Then for each h, equations (4.80) and (4.81)

can be combined:
c

hy) = 1i t —1)——. 4.82
f(hw) t}fgﬂf(H(t(V) )Z_Uy(hy) (4.82)
We conclude that the Stieltjes transform of p; satisfies (4.65]). O

The utility of equation (4.65) is hampered by the fact that it contains explicit references
to the U,. We would prefer to have a self-contained differential equation, which is what we

will obtain in the following proposition, when we consider the stochastic version of (4.65]).

Proposition 4.7. Let 0 be distributed as the genealogy of a critical binary Galton- Watson
process N (t) with exponential lifetimes of fixed finite mean, and let 0 < s1 < -+ < $p
denote the times of discontinuity of N. Let u; be defined as in and . Then
with probability one, the Stieltjes transform f of u has the same distribution as the solution

to
c

fls) ~ f(0) = -2 /0 fo.ft — /0 02 fdt + /0 N, (4.83)

where for each t, Y (t) is a random variable distributed as |”t7 i
-
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Proof. With probability one, the h, are distinct, so they can be relabeled as 0 = sg < 51 <
S92, < Sp, and these times partition the interval where the Galton-Watson process N is
defined. On each interval (s;, $;41), IV is constant, and at each s;, N jumps up or down by
1. The evolution of the U, is deterministic on intervals (s;, s;+1), o just as in the proof of

Proposition [4.6] on each of these intervals f satisfies

f(s) = f(si) = —Ccl/ Fo.fdt — 621/ o2 fdt. (4.84)

Since the lifetimes of the elements of 6 are independent and exponential, they possess
the Markov property, and each element is equally likely to be the next to die. This implies

that
d) c

F(s:) — im £(&) Y (N(s) = N(si-1))

—_— 4.
t s z—Y(s;) (4.85)

Hy— .. . . . .
where Y'(s;) is a random variable distributed as —%~. This implies that the distribution

'u‘s.i
of f is equal to the solution to the equation
ca [? ca (%0 c
— =——= L fdt—— dt N(si)—N(si—1))———, (4.
£6)=10 === [ o= [ s + 3 (Ne-Nso) gy @49
which holds on the whole interval [0, s,]. Equation (4.86) can be rewritten
ca [? a (% .0 8 c
- =——= L fdt—— dt N(8i41)—N(s;) ) ————0s,dt. (4.
£(5)=10) = =2 [ o= [0 pae [ (NGsia)=N(s)) gt (487
However,
(N(SZ) - N(Si_l)) 5Si t= S;
N (t) = (4.88)
0 t¢ {81,...,81\[},
so (4.87) is equivalent to (4.83]). O

Remark 5. In order for a continuous time branching process to have the Markov property,
which we needed in the calculation above, its lifetimes must be i.i.d. exponential, as in

our case. Since in our case the deterministic movement of the particles also possesses the
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Markov property, each p* is itself a Markov process.

We conclude this section by remarking that (4.84]) is simply the complex viscous Burgers

equation, which can be solved using the Cole-Hopf transformation. In particular, if || is

constant and ¢ = ¢, then

n

flzt)=c> Z% (4.89)

i=1 Ui(t)

which has no zeros in the upper half-plane. Define

so that

g(zt) =) log(z — Ui(t)), (4.90)
=1

0.9(z,t) = f(z,1). (4.91)

Since f(z,t) satisfies (4.84), g(z,t) satisfies

Define w(z,t) by

Clearly,

1 c
g + §g§ = —Elgzz. (4.92)

— e/ [ (= - Ui1)). (4.93)

=1

— lgteg/q
C1

1
= —g,ed/a (4.94)
1

= lgzzeg/cl + lg2eg/01_
c1 c37F

Rearranging these to solve for ¢, g,, and g.,, respectively, and substituting the resulting

values into (4.92)) shows that w(z,

t) satisfies

W = —— W,y (4.95)

This is simply the linear heat equation, which is exactly solvable.
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4.3.2 A conjectural limiting equation

In pursuit of an answer to answer Question (3| here we describe progress toward find the
scaling limit of the integral equation (4.83]), the solution to which will identify the limit

of the Stieltjes transforms fi(z,¢) = [ Zix ¥(dr). In particular, we assume that {0 }x>1

is a sequence of random trees distributed as binary Galton-Watson trees with exponential
lifetimes of mean f’ conditioned to have k edges, and for each k, N* is the corresponding

Galton-Watson process. For each 6y, let u,’f be the time-dependent measure defined as in

(4.62) and (4.63) for the random tree 6 with scaling constants A®) and ¢® and initial
1

measures ;/5 = cF§y. For each k, let fi, be the Stieltjes transform of p¥:

Wet) = [ S ukao). (4.96)

Then for each k, with probability one, the f; satisfy (4.83]), which we rewrite here in the

current notation:

(k) s (k)
c
Ji(s) = fx(0) fka fodt — a? Frdt + / f&gNk(t)dt, (4.97)
0 2= Yi(t)
k
where for each ¢, Yj(t) is a random variable distributed as ‘uz‘
T
As in §4.2] we set
®) _ 0= L A
o =c = ) .98
1 \/E ( )
since k) = ﬁ is the total mass rescaling for which the Galton-Watson process has a

nontrivial scaling limit, and ¢*) = guarantees consistent branching angles independent

4

of k for the tree embeddings.

For this choice of constants, we expect the second term on the righhand side of (4.97))

to go to 0 as k — oo, and clearly < =1, so we expect that if

f(zat) = kli)m fk(zvt)a (499)
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then f = f(&, z) satisfies

B t+s 1/\/E

- N t+s -
feesn)=fe == [ foface im [ oo @a @100

We focus on finding the scaling limit of the final term, which has two equivalent forms:

t+s 1/\/% k . Nk(Ti)—Nk(Ti,I) 1
/t z— Yi(€) DN ()t = Z.:K;HS vk z—Y(si) (4101

where 7; are the jump times in [t,t + s).

If the sequence of measures {f};>1 is defined as above, but for an unconditioned
Galton-Watson process N*(t), then we notice that for large k on a small interval, N*(¢) is
close to a simple random walk. Furthermore, as k — oo the jumps in the Galton-Watson
process N*¥ occur very rapidly compared to the diffusion of the measure. With this in
mind, we calculate the a scaling limit of when the measure is fixed and N*(t) is

replaced by a simple random walk.

Proposition 4.8. For real numbers Uy, ..., Upn, let u to be the real empirical measure
1 N
n= Z v, (4.102)
=1
Furthermore, for i = 1,...,n, let X; be independent identically distributed random vari-

ables taking values £1, each with probability %, and let Y; be independent and identically

distributed according to . Then

~ Xi ()
z; pp e h(z), (4.103)

where h(z) is the Gaussian analytic function with covariance kernel

E (h(2)h(w)) = /R L b ). (4.104)

Z—TWwW—x
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Proof. The quantity

X
4.1
; 7 (4.105)

is a sum of random Herglotz functions, so the limit is also a random Herglotz function.

This sum can be partitioned based on the value of each Y; € {Uy,...,Un}:

n

X; 1 1
L S e S 4.106
;Z_Yvi Z—U1 n,1+ +Z—UN n,N s ( )
where
n
Snj = Xily—u,. (4.107)
i=1
We know that
1
P(Y; = U)) = 1 (4.108)
and
1

\/ﬁsn — M, (4.109)

where N7 is a standard normal. Since as n gets large the number of elements in the sum

NEPRT (4110

Sh,i is close to its expected value ,

so that

1 1 /N 1
— i ——1/—Shi —=J/V1. 4.111
\/ﬁ ) \/N n i \/NNl ( )

-Ni, (4.112)

where N; are iid standard normal. In order to understand this random Herglotz function,

we recall that a Gaussian analytic function is determined by its covariance kernel. Let

1
h(z) :Zﬁz—UiM' (4.113)
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Then

() (4.114)

=1
1 1
= ——p(dy)
RZ—YW—Y
O
This result motivates the following conjecture.
Conjecture 4.9. For k = 1,2,..., let 0, be distributed as the genealogy of a critical

binary Galton-Watson process with exponential lifetimes of mean ﬁ For each k, let uf

be defined as in (4.64) and (4.65), and let cgk) =k = ﬁ Furthermore, assume that

{,ulg}kzl is a tight sequence of measures, where Vk {ulg} 1s the initial population of 0;,. Then

the limit f = limg_, o fr exists, and there is a real constant o such that

1 oo
f = /R °(da) (4.115)

xr—z

1s the solution to the equation
Of = —f0.f + oh(z,t), (4.116)

where h(z,t) is the Gaussian analytic function with covariance kernel

E(h@gﬂh@mtﬁ)—éa——ﬂX/ ! ! uee (dx). (4.117)

RZ—TW—T

It is important to notice that the forests 6 in Conjecture are not conditioned to

converge to the continuum random tree, so the conjecture does not address the limiting
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measure corresponding to the continuum random tree. Identifying the limiting equation

in the conditioned case remains an open question.

4.3.3 The boundary SPDE

We conclude this work by identifying a conjectural SPDE for the density of the limiting
superprocess of Conjecture that is equivalent to (4.116]) on the boundary of H. (This
equation is (4.128) below.) The line of inquiry that leads to this equation is distinct from

that in providing further evidence for Conjecture [4.9

In what follows, we change notation slightly to let X; and th denote superprocesses
(instead of using y; and pf). If each XJ is a superprocess with branching structure given by
the genealogy of a critical binary Galton-Watson process and spatial motion of each particle
given by an independent Markov process with generator A, then the limiting superprocess

X satisfies the differential equation ([Daw75|, equation (6.2)):
1
dXt = AXt + O'(Xt)idBt. (4118)

Let p(z,t) denote the density of X;. If the spatial motion is standard linear Brownian

motion, then (4.118)) is equivalent to

2 plast) = 30Rpla, 1)+ /%o D) W, (4.119)

where W denotes space-time white noise, and p(z,t) denotes the density of X; ([LG99],
[KS8S]).

Recall that if p(z,t) is the density of a standard linear Brownian motion, then p(z,t)

satisfies the heat equation

op(z,t) = %agﬁ(a;,t). (4.120)

This suggests that the first term on the righthand side of (4.119) is the time derivative
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of the density of the superprocess in the case when there is no branching, and the second
term describes the branching structure of the process. Thus, we expect that if p(z,t) is the
density of the limiting superprocess from Conjecture (the scaling limit of the superpro-
cesses with critical binary Galton-Watson branching structure and the fixed deterministic

repulsion) then the evolution of p(x,t) will be given by an equation of the form

;p(x,t) = (motion term) 4 /202p(z,t) - W. (4.121)

In particular, the “motion term” above will be the time derivative of the density p(zx,t)
in the setting when the spatial motion is the same but there is no branching. To deter-
mine Jyp(z,t) in this setting, we first notice that if there were no branching, the limiting

differential equation for the Stieltjes transform would be
Of + f0.f =0, (4.122)

where

fent) = [ ot (4.123)

. . . . . k _ k‘ _ L . . . .
This equation is obtained by setting ¢¥ = ¢} = 7y in 1) and taking the limit as k — oo.
Equation (4.122)) is the complex Burgers equation (also known as the Hopf equation), which

can be thought of as the analogue of the heat equation for free Brownian motion.

Letting z — x € R, we obtain the boundary value of the Stieltjes transform:
f(z,t) =7Hp(x,t) + imp(x,t), =z €R, (4.124)

where Hp(x,t) is the Hilbert transform of p defined by

Hp(z,t) = p-v- A x%p(&,t)d&, x €R. (4.125)

§

(Many references define the Hilbert transform as the negative of the definition above.)
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Then for x € R, (4.122)) is equivalent to the system of equations

O+ 0x(p-Hp) =0

(4.126)
O(Hp) + (Hp) - 0z(Hp) — pdup = 0.
The first equation can be trivially rewritten as
Op(x,t) = =0:(p - Hp), (4.127)

which makes it clear that —0,.(p-Hp) plays the role in this setting that is played by %8% p for
the Dawson-Watanabe superprocess. We conclude that the density p(z,t) of the limiting

superprocess of Conjecture [4.9] satisfies the equation

Oup+0u (p-Hp) =a\/p-W. (4.128)

In fact, equation (4.128)) is the boundary limit of (4.116)) as z — x € R, which provides

further evidence for Conjecture [£.9 To see this, we first integrate the lefthand side of

([@.128):

1 1 1 1
[ s ontomoyie= [t [ oot ([ enen )i
= 8tf + fazf

(4.129)
On the other hand, recall that space-time white noise W(:U, t) is the stationary Gaussian

process such that

E (W(m, W (y, t')) = 5(z — y)o(t — 1), (4.130)

so for each t,

oh(z,t) := /R Zixa\/ﬁW(x,t)dx, (4.131)

where h(z,t) is a Gaussian analytic function. To specify a Gaussian analytic function, it
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is sufficient to calculate the covariance kernel:

E (h(z, h(w, 1)) ( / / Vp(z.?) V y’t' azt)W<y,t’)d:zdy>

(z —x) y)

(z — x)(w — y) ( (fﬂat)W(y,t’))dxdy

// m' y,t’ —y)d(t — t')dxdy

(z —x)(w—1y)

:5(t—t’)/R( p(x’f) dz,

z—x)(w—x)

which is exactly the covariance kernel (4.117)) in Conjecture

(4.132)

While there is still work to be done to make this argument rigorous, this line of reasoning

shows why Conjecture is natural from the point of view of superprocesses. We expect

that in the future a similar analysis will provide a natural candidate for the limiting

superprocess in the conditioned case, which would be a further step towards the desired

embedding of the continuum random tree.
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Here we collect the proofs of three elementary results that are used in the proofs of Theorem

Lemma and Lemma

We begin with a lemma that gives a uniform lower bound for |3¢f°(z)| when z € Dg
is bounded away from L and R. This is a crucial step for bounding the conformal radius

in the proof of Theorem

Lemma A.1. Fiz R > 0 and g > 0. Let

T={z€H:|z|] <R,d(z, LUR) > dp}. (A.1)

Then there is a 61 > 0 such that for all z € T and all 0 <t < 1,

Sgi(z) > 01. (A.2)

Proof. For each z € T, there is a §, for which Sg(z) > 6, for all 0 < ¢ < 1, but the point

of the lemma is that there is a single §; that works for all z € T.

We proceed by contradiction. Assume that {z,} is a sequence in 7 and {¢, } a sequence

in [0, 1] such that for every € > 0 there is a N such that for all N > N,

Sgey (2v) < e (A.3)

Since T is compact, {2, } has an infinite convergent subsequence, which we will call {2y, },
so that

Zn, = 25 ET. (A.4)

Now consider the sequence {t,, }. Since [0, 1] is compact, it has a convergent subsequence
{tn} such that
ts — t* €[0,1]. (A.5)
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We consider the sequence zj:
Sge- (27)] < [Sge(27) — Sge (20) | + [Sge- (20) — Sgr (za)] + S, (2a)] - (A.6)

Each term on the right-hand side can be made arbitrarily small for sufficiently large n by

the continuity of g¢(z) in both ¢t and z and the assumption. Therefore,
Sge- (%) = 0, (A.7)

so z* € LUR. This is a contradiction, since z; — z* and d(zz, L UR) > dy. O

The following lemma is the full justification of Equation (2.115)) in the proof of Theorem
2.9

Lemma A.2. Fix R > 0 and ég > 0, and let
S={z€eH:|z| <R,d(z,L)>d}, (A.8)

where L is as in Chapter@ and V1 and Vo are its driving functions. Then there is a &1

such that S C Vs, , where

Vs, = {z € H: min{|g:(z) — Vi(t)|, |g:(z) — Va(t)|} > 61, for 0 <t <1} (A.9)

Proof. For each z, there is a d, for which z € Vs_, but the claim of the lemma is that there

is a single §; that works for all points in S.

We proceed by contradiction. Assume that {z,} is a sequence in S and {t¢,} a sequence

in [0, 1] such that for every € > 0 there is a N, such that for all N > N,

950 (2n) = Va(tn)| < e (A.10)

Since S is compact, {z,} has an infinite convergent subsequence, which we will call {2y, },
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so that

Zn, — 25 € S. (A.11)

Now consider the sequence {t,, }. Since [0, 1] is compact, it has a convergent subsequence
{tn} such that

th =t € [0, 1]. (A.12)

We consider the sequence zj:

957 (=") = VA1) < 105 (=") — 07 ()| + [ (2n) — 075 (zn)]| - |95% (25) — Va(tn)| + [Va(t) — VA (1)

(A.13)
Fach term on the right-hand side can be made arbitrarily small for sufficiently large 7
by the continuity of ¢7°(z) in both ¢ and z, the assumption, and the continuity of V;.
Therefore,

g (2") = Va(t")| = 0, (A.14)

so z* € L. This is a contradiction, since z; — z* and d(z7, L) > dp. The same is true when

V; is replaced by V5 in the argument. O

Lemma A.3. In the notation of Theorem and Lemma pUx(t/p?) converges to

Vi(t) uniformly on [0,1], and pUygy1(t/p*) converges to Va(t) uniformly on [0,1].

Proof. Assumption (2.59) implies that
Uk+1(t) = Va(t) + (1), (A.15)

where

. p(t)
lim SV 0. (A.16)

Substituting t/p? for t, this becomes

L 9P
SN

— 0, (A.17)
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SO

o o(t/p®)
plbngop i — 0. (A.18)

Let € > 0. There exists p. > 0 such that if p > pe, then

pop(t/p®) < eVt <e, (A.19)
since t € [0,1]. But V4 satisfies
PValt/?) = Vi), (4.20)
SO
pUss1(t/p%) = Va(t) + pp(t/p%), (A.21)
implying that
U (t/6%) — Va(t)| < e (A22)

for all p > p. and all ¢ € [0, 1]. The proof for the uniform convergence of pUy(t/p?) to Vi(t)

is similar. 0
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