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Abstract of “Statistical Learning Tools for Information Fusion in Computational
Fluid Dynamics” by Seungjoon Lee, Ph.D., Brown University, May 2017

For more than a decade, remarkable scientific progress in computational fluid dynam-
ics (CFD) has been achieved via powerful collection of tools for exascale simulations,
data-driven approaches, and machine-learning (or statistical learning) techniques

that enable efficient simulations of multiscale and multiphysics problems.

With the prospect of exascale simulations in the next decade, it is clear that
new flexible tools and specialized algorithms are required to take advantage of such
unprecedented computing environment. For example, in the DOE ASCAC subcom-
mittee report [68] it is stated “new algorithms will need to be designed to optimize not
only for floating-point performance and accuracy, but also to minimize associated
data movement, power, and energy cost”. Furthermore, robust and fault-resilient
algorithms are increasingly attracting attention in exascale simulations against ex-
pected and repeated software or hardware error. Hence, new algorithms for exascale
simulations inherently require the seamless integration of robustness, resilience, cor-

rectness, and efficiency.

Computational fluid dynamics has been developed following different pathways
to address for complex flow physics problems. Many researches have focused on
building up their own model to describe and address multi-resolution and multi-
physics applications. Based on the recent introduction of data-driven algorithms
via machine-learning techniques in computer simulations [26], computational fluid
dynamics must rely also on data-driven approaches as much as on the anticipated
improvements in computer hardware. In data science, data from various heteroge-
neous sources can be used effectively to accelerate simulations via multiple fidelity

information fusion without additional complex models, equations, and extra state



variables. This could result in establishing a new paradigm of multifidelity simula-

tions in computational fluid dynamics.

In this thesis, we address these new requirements for new algorithms in exas-
cale simulations and introduce a novel framework including fault-resilient, robust,
and efficient algorithms via multiple fidelity information fusion realized via statis-
tical learning tools. This achievement addresses the new capability that statistical

learning techniques can bring to traditional scientific computing algorithms.

This thesis proposes two possible directions of a next generation of computational
frameworks for exascale simulations. The first direction addresses resilience via in-
formation fusion with auxiliary data. In exascale simulations, if each processor can
share some global information about the simulation from a coarse, limited accuracy
but relatively costless auxiliary simulator we can effectively fill-in the missing spatial
data at the required times by a statistical learning technique based on multi-level
Gaussian process regression, on-the-fly. The second direction addresses efficiency
via adaptive projective time integration. The aforementioned auxiliary data provide
additional information about dynamics-informed timestepping via Diffusion maps,

which leads to significant acceleration of CFD simulations.

This thesis also presents and demonstrates methods of a robust nonlinear infor-
mation fusion with multiple fidelity, multi-scale, parameterized data via manifold-
driven regression algorithms. Finally, all multiple fidelity data can be integrated

without complex models or equations.

Put simply, ensuring resilience, efficiency will be required for all new algorithm for
simulations at the exascale and beyond. Finally, this thesis sets the foundations of a

new class of algorithms that will combine traditional CFD with cutting-edge machine

X



learning techniques. Moreover, it integrates physics, mathematics and computer

science for exascale simulations.
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CHAPTER ONE

Introduction



This thesis proposes two directions for a next generation of exascale simulations.
The first direction is to setup a fault-resilient and efficient algorithmic framework
against spatio-temporal gaps in computational fluid dynamics. It starts from recon-
structing missing fields with an auxiliary simulation, which is relatively costless with
a coarse resolution. It can be extended to an efficient framework, which can reduce
computational redundancy by dynamics-informed projective time integration with

Diffusion maps.

The second direction is focused on establishing a robust information fusion tech-
nique between multiple resolution, fidelity, scale, and even heterogeneous data. Specif-
ically, we introduce a multi-level Gaussian process regression for multiple resolution,
fidelity, and heterogenous data. Also, robust information fusion techniques, different
manifold-driven Gaussian process regressions are introduced for nonlinearly corre-
lated data. Finally, all multiple fidelity data can be integrated without complex

models or equations and this results in enhancing both accuracy and efficiency.

Through several benchmark problems in computational fluid dynamics, we demon-
strate all aforementioned capabilities for exascale simulations. Next, we provide a

brief summary of each chapter and organization of this thesis.

In chapter 2, we introduce three empirical approaches to reconstruct missing
flow fields for three different fault scenarios — (1) only field variables at the current
time step are missing, (2) current and previous field variables are missing, and (3)
current and previous field variables are missing but in addition neighboring data
are contaminated by silent errors. The first approach to reconstruct gappy fields is
“projective time integration” with previous temporal snapshots and it is found to
be the best method for the scenario (1). The second approach is “CoKriging” with

neighboring data at same time step and it is found to be the best method for the



large time gaps in the scenario (2). The third approach is “Resimulation”, which
resimulate missing flow fields with estimated boundary conditions. This is the best

method for the worst scenario (3), which the other two approaches fail.

In chapter 3, we introduce a novel algorithmic framework against gaps in space,
called “gappy simulation”. Through two benchmark problems, we first demonstrate
a capability of information fusion with multiple resolution auxiliary data. Also, we
investigate important (trade—off) parameters to affect accuracy and efficiency of this
framework. The first parameter is a type of covariance kernel in the multi-level Gaus-
sian process regression and it is found that “Matérn” kernel is the best to construct
a covariance kernel correctly in all benchmark problems. The second parameter is
a buffer size, which can protect our original subdomains from uncertainties of local
boundary condition. A large buffer size guarantees a smaller RMS error but we
need to solve bigger subdomains and this results in losing efficiency. The third pa-
rameter is quality (accuracy) of auxiliary data. The higher accurate auxiliary data
provides the smaller RMS error due to impose more accurate boundary conditions
in each subdomain. The forth parameter is a non-interaction timestep number (7).
The small 7 guarantees the small RMS error because of frequent updating of local
boundary conditions. However, all computer node should communicate each other

more frequently and this leads to additional computational cost.

In chapter 4, we extend the previous framework to efficient algorithm, called
“patch simulation” by dynamics-informed projective time integration via nonlinear
dimensionality reduction techniques, Diffusion maps. We simulate two benchmark
problems as same previous chapter and demonstrate the new capability of informa-
tion fusion with heterogeneous and multi-fidelity data, which come from a stochastic,
particle-based, more “microscopic” simulation, e.g., a Monte Carlo random walk for

the heat equation and a dissipative particle dynamics (DPD) model for the Navier-



Stokes equations. We investigate that the auxiliary simulation can support the main
simulation in two ways. The first way is to reconstruct (missing) local boundary
condition of each subdomain. The second way is to provide the appropriate projec-
tion time (jump size) and accelerate the main simulation. Finally, we show that the

patch simulation guarantees both efficiency and accuracy against spatio-temporal

gaps.

In chapter 5, we introduce an application of the efficient algorithm via dynamics-
informed projective time integration, which described previous chapter. We demon-
strate a multi-rate problem in a complex biological system. In order to capture all dy-
namics of each species correctly, we need to employ the smallest timestep size and this
leads to computational redundancy. We demonstrate that the dynamics-informed
projective time integration with each coarse simulator guarantees the smaller com-
putational cost compared to the original simulation. Moreover, we found that a
physics-related tuned parameter, «, can estimate appropriate projection time for
each species from the given field variable. In this application, a dynamics-informed
projection time from velocity fields (given) with « = 1/Pr are able to estimate
appropriate projection time for each species and this results in reducing huge com-
putational cost. Hence, we demonstrate the capability of (dynamics and physics

informed) projective time integration without additional coarse simulations.

In chapter 6, we introduce two methods to extend a robust nonlinear information
fusion techniques [79] for nonlinearly correlated data. In order to show capability of
introduced approaches, we simulate Van der Pol oscillators, which have a nonlinear
damping with a intensity parameter p. Two introduced methods are focus on making
a smooth and one-to-one mappable manifold, where Gaussian process is available.
The first method is “iterative Gaussian process”, which modify the low fidelity data

to make the original manifold smooth (or flatted). It is available in only the similar



limit cycle case, which frequency and shape of responses of two oscillators are sim-
ilar. The second method, more robust, is the Gaussian process via Diffusion maps.
Diffusion maps provide the smooth and one-to-one mappable manifold constructed
by the appropriate pair of diffusion coordinates. It guarantees robustness for any two
oscillators. Finally, we show the capability of robust nonlinear information fusion

for nonlinearly correlated data.

In chapter 7, we conclude and summarize this thesis. Also, we introduce three
directions of future works. The first direction is to investigate numerical and sen-
sitivity analysis for supporting our framework with a concrete mathematical back-
ground. The second direction is an extension of robust nonlinear information fusion
techniques for more practical and realistic problems. The last direction is to setup
a new type of efficient framework by auto-adaptive and asynchronous algorithm for

demonstrating a complex biological and chemical system effectively.

In appendices, we introduce details of introduced statistical learning tools. In the
appendix A, detailed formula for a classical Gaussian process regression (Kriging) and
a multi-level Gaussian process regression (CoKriging) are included. In the appendix

B, detailed formula and mathematical descriptions for Diffusion maps are included.



CHAPTER TWwO

Resilient Algorithms for

Reconstructing and Simulating

Gappy Flow Fields in CFD



2.1 Introduction

In large-scale simulations of computational fluid dynamics (CFD) on modern mas-
sively parallel computers involving hundreds of thousands of processors, it is very
possible, and in fact it has already been observed that random hardware or software
faults may render the computation useless [40], 107, [72], [94]. While research is on-
going to robustify both hardware and systems software [39, 4], on the algorithmic
side it is also important to formulate a new class of resilient algorithms that per-
form the simulation accurately irrespective of such faults. Hence, in order to make
progress on developing new methods or reformulating existing methods but in this
new context, we can hypothesize a few different scenarios and apply them to CFD
benchmark problems in order to evaluate the effectiveness of such approaches. First,
we will assume that being able to reproduce accurately but also efficiently the data
from a failed processor is, in principle, equivalent to omitting the processor from
the computation. Hence, fault tolerance implies that we have to be able to com-
pute with reasonable accuracy on “partial” spatio-temporal domains [29, [, 2] [77].
Based on this general assumption, we then proceed to examine three progressively
more complex cases: (1) only grid values at the current time step are missing, (2)
current and previous grid values are missing, and (3) current and previous values
are missing but in addition the neighboring data are contaminated by silent errors,
detected after some delays such as L1 cache, or double bit flips error [4]. In order
to reconstruct missing flow field data on-the-fly, we can employ temporal or spatial

estimation methods and other known data recovery techniques.

For spatial estimation of gappy flow fields in fluid dynamics, the gappy proper
orthogonal decomposition (POD) method was introduced in [106) 110], which ex-

trapolates the POD basis from previous data. Another spatial estimation method



used often in geophysics is Kriging and coKriging, which are unbiased linear interpo-
lations [103] 43, 65]. While the Kriging method uses one sample set, the coKriging
method uses two or more sample sets, e.g., a coarse and a refined set correspond-
ing to different fidelity [46]. For temporal estimation of missing data, the projective
integration was introduced in [38, 89] to use previous snapshots and POD-assisted
bases. Based on the projective integration the equation-free/Galerkin-free method

was introduced in [99] for solving the incompressible Navier-Stokes equations.

In the current work, we employ two estimation methods; see 2.1} the projective
integration and the coKriging method for the three aforementioned scenarios. We
also introduce a new method, the “resimulation” method, which resolves via simula-
tion a missing region only with the proper initial and boundary conditions. Finally,
we compare these three methods for two classical problems of fluid dynamics, namely

the lid-driven cavity flow and flow past a circular cylinder.

This chapter is organized as follows: In section 2, we introduce the projective
integration, the coKriging, and the resimulation method and present the mathe-
matical algorithms for each. In section 3, we present the computational domains
and simulation set up. In section 4, we present results of the flow problems for the
three aforementioned scenarios and compare them in terms of accuracy. In section
5, we summarize our results and discuss open issues in estimation theory for further

developments of fault-resilient methods.



2.2 Methodology

Incompressible flow is described by the divergence-free Navier-Stokes equations:

z—Z+V-VV:—Vp+1/V2v+f (2.1)

V.-v=0 (2.2)

where v is the velocity vector, p is pressure, and v is the kinematic viscosity of
the fluid. Here we employ the spectral element method to solve these equations
[50]. In order to produce a useful estimate for the missing part, we have to use
both temporal and spatial data and corresponding estimators. In this section, we
introduce the projective integration for temporal estimation and the coKriging for
spatial estimation. We will also formulate a new method, the resimulation method,

with different boundary conditions.

2.2.1 Temporal estimation: Projective integration

If numerical solutions are sufficiently smooth in time, the temporal estimation based
on previous saved data can give a highly accurate result on a missing part of the
solution. To accomplish this, the best and simplest way is to save flow field data
every time step and employ good extrapolation schemes to estimate the missing
data. Also, if the time step (At) of a simulation is small enough, an alternative
way is to use just previous flow field data as current flow field data, in analogy zero-
and first-order continuation schemes. However, these ways are inefficient due to big

memory issues and additional computational cost in large-scale simulations. In order
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(a) Spatial estimation (b) Temporal estimation

Figure 2.1: Temporal and Spatial estimations: In (a), the green box denotes the entire domain,
the blue box is the missing part, and the red box represents the region of sampling. In (b), the
three blue “slices” represent previously saved data to be used for estimation of the current fields in
the missing part.

to avoid this drawback, an equation-free/Galerkin-free projective integration can be
employed instead [99]. The projective integration is based on the proper orthogonal
decomposition (POD) for a dimension reduction [100} B]. The saved flow field data
can be represented by the corresponding temporal modes a(t) and POD-bases ¢ ()

as follows:

u(t,x) =Y ar(t)ér(z). (2.3)

The basic algorithm of the projective integration consists of three stages: the
restriction, estimation, and lifting. In the restriction part we calculate the temporal
modes a(t;) of the POD-assisted bases in equation (4). The number of snapshots (n)

we employ determines the number of terms of the POD expansion.

a(t;) = Pu(ty,x) = {(u(ts,x), ou(x)),VE} 1=1,... n. (2.4)
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After the restriction, using the computed POD-assisted temporal modes, the
required missing coefficients a(t*) of the corresponding POD-assisted basis are es-
timated by an extrapolation scheme (“projected” forward in time) based on the
Piecewise Cubic Hermite Interpolating Polynomial in equation (2.5), see the refer-
ence [35]. This extrapolation method is found to agree well with current boundary

conditions in scenario 3 in section 4. Hence, we have:

(t*—t;)?+d; (t* —t;)+a(t:),

d; + diyr — 20, —2d; — iy + 30,
a(t*) _ |: + +1 :| (t*—tz)g |: +1 + 3

(tig1 —t:)? tiv1 — t;

(2.5)
where A; = (a(t;y1) — a(t;))/(tiz1 — t;) and d; = da(t;)/dt.

Finally, the lifting step is to find the current flow field data by the estimated tem-

poral modes with the low-dimensional POD-assisted bases by the following equation:

u(t,x) = La(t) = Y an(t)ou(x). (2.6)

k

If we use only temporal data to estimate the current flow fields, the accuracy of
this method depends on how many snapshots (number of terms of POD expansion
and Taylor expansion for calculating the derivative, d;), which extrapolation scheme
(local truncated error) we use, and how big the time gaps are. This chapter used
three snapshots (three POD modes) for each simulation. For the efficiency, the POD

modes are calculated in only missing regions.
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2.2.2 Spatial estimation: coKriging

While for the temporal estimation we use the previous flow field data and smooth-
ness in time, in the spatial estimation we need to use geometrically neighboring
data points at the current time to exploit smoothness in space. There are many
ways to estimate gappy flow field data by the neighboring data. In this chapter, a
“multi-fidelity coKriging interpolation method”, the unbiased linear interpolation,
is introduced for estimating the missing part because of higher accuracy compared
with the simple Kriging for the same size of neighboring data as shown in [446].
A general multi-fidelity coKriging method uses two sample sets: a coarse sample
set (small number of points) corresponding to high fidelity and a refined sample set
(large number of points) corresponding to low fidelity. In this chapter we choose the
same fidelity model for both the coarse and refined sample sets; the coarse sample set
can be any subset of the refined sample set, see 2.2l The basic idea of this method
is that the target value g(x) at the target point x can be found using a linear inter-
polation by the two sample sets. The first equation for the coKriging interpolation

method is as follows:

§(x) = A\Ty1 + A3z, (2.7)

where y; € R" is a neighboring field data vector in the refined sample set and
y2 € R™ is in the coarse sample set. In this chapter, the coarse set is chosen by a
subset of the refined set. Here we solve a simple optimization problem in minimizing

the mean squared error (MSE) of this linear combination.

arg min fs [(51(x) = y(x))7]; (2.8)
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subject to the unbiased constraint

E[j(x)] = E[y(x)] or Z A, = 1and Z Ao, = 0. (2.9)

Then, we can solve the linear system with Lagrange multipliers p; and uo as follows:

Cll ClZ 1 0 )\1 CI(X)
C21 C22 01 )\2 C2(X>
= : (2.10)
1T 0T 0 0| |m 1
0T 1T 0 0| |pe 0

where C is a covariance matrix whose submatrix C;; is the covariance matrix be-
tween sample points in the refined set, Ca3 between sample points in the coarse
set, and Cio between the refined and the coarse set. c1(x) is the covariance vector
between the target point (x) and sample points in the refined set, and c2(x) between
the target point (x) and sample points in the coarse set. For the correlation kernel
R for modeling covariance in the sample set S, we employ a spherical correlation

model since the flow fields are smooth near the missing part as follows:

R(O, z;, v;) = A{1.50(|z; — z;]) — 0.5(0(|x; — x;]))*}, (2.11)

where z; and x; are points in S, 0 is the correlation length and A is a scalar parameter

calculated by the least-squared method.
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Figure 2.2: Resimulation with estimated boundary condition: First, we estimate the initial con-
dition for the missing part (blue) with two sample sets: refined (orange) and coarse (red). Sub-
sequently, we use the projective integration to update the boundary using the refined sample set.
Finally, we solve the Navier-Stokes equations in the missing part only.

2.2.3 Resimulation

The main idea of the resimulation method is to solve the Navier-Stokes equations
again on the missing part only. Generally, we prescribe initial and boundary condi-
tion by function of space and time at the beginning of the space-time interval — that
is, the boundary conditions are not altered by communication in an unit timestep
between data dumps. If we have exact initial and boundary conditions for the miss-
ing part, we can obtain the highest accurate solution compared to any method we
can choose. For example, in steady-state, since a boundary condition of the missing
part is independent of time, the resimulation method can give the exact solution
[50]. However, if we do not have the correct information about initial and boundary
conditions, then it is not so clear how to estimate these data in order to assign appro-
priate initial and boundary conditions. For initial conditions, if we do not have any
previous data (scenarios 2 and 3 in section 4), the coKriging method can be employed
for estimating initial conditions of the missing part. For the boundary conditions,
there are two ways: the first is to use the latest saved data as a Dirichlet boundary
condition. If the solution of the flow problem is smooth enough and changes of flow
fields are relatively small during time gaps, then this boundary condition works for

resimulation. However, if the solution is not smooth or the difference between the
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latest saved and current flow field data at the boundary is not sufficiently small, then
the error at the boundary propagates through the entire missing domain, resulting

in bigger errors than other estimation methods.

In order to avoid error propagation from assigning an incorrect boundary con-
dition, a boundary estimation technique is introduced in this chapter as shown in
[2.2] The basic idea of this method is that we can extrapolate a boundary condition
from previous snapshots by the projective integration, which is already explained in
section 2.2. In order to reduce the computational cost, the estimated boundary is
extracted not from the entire domain but only from the domain of sample sets. The

process of calculating the estimated boundary is as follows:

e Assign the size of a sample set by choosing a “spacing’ parameter.

e Employ the projective integration method and estimate the current flow field

data in the sample set.

e Extract the flow field data at the boundary of missing region (boundary con-

dition is constant in time).

In section 4, the “estimated” boundary is found to approximate the boundary
condition reasonably well. Hence, we can impose this as a Dirichlet boundary con-
dition for the missing region. This boundary condition is useful during sufficiently

short time intervals.

An important objective in any resilient method is to synchronize the simulation
in the gappy domain with the rest of the simulation as soon as possible. Hence, we
can resimulate the missing part with a coarse grid by interpolation. If the solutions

are smooth, a coarse time-step can also be used for the resimulation. In this case,



16

the error comes from the interpolation scheme, spatial and temporal discretization,

and consistency error with respect to initial and boundary conditions.

2.2.4 Key parameters

This resilient method has some key parameters that affect accuracy and efficiency.
The first key parameter is the size of the missing part; as it grows, the accuracy
decreases due to the increased estimation error. Since the spatial estimation uses
an interpolation method with neighboring data, points on the middle of the miss-
ing region have no accurate neighboring data. Hence, the accuracy of the spatial

estimation is dramatically decreased as the missing part is growing.

The second key parameter is the size of time gaps (AT}) between current and
previous saved data. If the time gaps are small and we have available previous data
(scenario 1), then the projective integration or resimulation method can give good
estimation results compared to the coKriging method. However, when the time
gaps are big, the projective integration cannot give us a good accuracy and also the
consistency error of the resimulation method is growing by the propagation of the
incorrect boundary conditions. On the other hand, the coKriging method is less

dependent on time gaps.

The last key parameter is the “spacing” (As), which is a physical parameter for
choosing the number of sample points, see 2.3] The formulation of choosing the

sample set (S) for the missing region (M) is defined as follows:

S={xe€Q:mind(x,y) < As, y € M}, (2.12)
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Figure 2.3: In (a), the graph shows RMS error for values of different spacing with coKriging and
Kriging in flow past a circular cylinder. In (b), the blue box is the missing region, the green box
represents the sample set, where the size of sample set is changed by the “spacing” parameter.



18

where () represents the entire domain and As is the spacing.

If the spacing is too small, the spatial estimation is performed by only a few
neighboring sample points. Consequently, the result cannot be very accurate as
shown in [2.3] On the other hand, if the spacing is too big, then the computational
cost is dramatically increased by calculating a big covariance matrix inversion in
the coKriging method in equation (10). Furthermore, the accuracy is also slightly
dropped by using uncorrelated data that are too far from the missing region. How-
ever, if we do not know the true solution we should use the local residuals in similar

fashion as in adaptivity methods.

2.3 Simulation Configuration

In this chapter, two benchmark problems are chosen for comparisons of three differ-
ent estimation methods in three different scenarios. The first simulation is a two-
dimensional lid-driven cavity flow at Reynolds number Re = 100, which represents
quasi-steady flow. The second simulation is a two-dimensional flow past a circular
cylinder at Reynolds number Re = 100, which represents quasi-periodic flow. The
numerical method is based on a high-order spectral/hp element method using the
solver NekTar [50]. In order to readily impose the Dirichlet boundary condition, the
missing part is chosen always as a rectangle box with a rectangular grid. In order
to satisfy this condition, the smoothed profile method (SPM) is employed, see [70],
to describe a rectangular structured grid by the use of an indicator function, which
is a constraint of a force distribution associated with the flow boundary condition.

Details for the simulation setup are presented below.



19

2.3.1 Lid-driven cavity flow at Re = 100

The computational domain is a structured rectangular mesh shown in . Nor-
malized unidirectional flow is imposed on the top boundary (I'y) while on the other
boundaries (I'y) we impose no-slip condition on the velocity. The domain has the
same size of discretization in the x and the y directions defined by dz = dy = 0.1
with 3rd order Jacobi polynomial basis, for a total 961 nodes to solve for. The tem-
poral discretization corresponds to dt = 0.005. Our simulation is scheduled to stop
at two different times: t=2.0 and 2.5. At those times, we assume that we have three
saved snapshots at t=1.40, 1.45 and 1.50. Hence, the time gaps (AT,) are 0.5 and

1.0, respectively.

In order to investigate error propagation of three methods, the missing region is
chosen as a rectangle box in the middle of cavity. The missing region (M) is defined

as follows:

M, ={(z1,22) €Q2:04 <z <08and 04 <1z <08}

where 2 = [0,1] x [0,1] and the origin (0,0) is located in the Southwest corner of

the cavity.

The spacing for the sample set corresponds to 0.2. The sample set has 433 points
for the refined case and 144 points for the coarse case, while the missing region has

144 missing points.
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Figure 2.4: Computational domains and spectral element meshes for the two flow problems
considered. In (a), the blue line represents the missing region (M;) and the red line represents the
sample set (S). The coarse sample set is a subset of the refined set.
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2.3.2 Flow past a cylinder at Re = 100

The computational domain consists of 1118 rectangular elements with Jacobi poly-
nomial order P = 3; the domain is shown in . The inflow boundary conditions
(I'y and I'y) correspond to a normalized unidirectional flow (U = 1). On the outlet
boundary (I'3), the zero Neumann boundary condition is applied. The surface of the
circular cylinder with diameter D = 1.0 has a no-slip boundary condition imposed
via the indicator function with a 0.03 interface thickness according to the smoothed
profile method. Since the grid resolution near the circular cylinder is 0.15, the in-
terface thickness can capture artificial boundary of the circular cylinder effectively.
In order to increase the accuracy of the smoothed profile method, regions near the

circular cylinder have a refined grid to capture the geometric boundary better.

We choose the missing region as a rectangular box in the near wake, i.e., the region
of absolute instability that is responsible for sustaining the von Karman street, see
[51]. The temporal discretization corresponds to dt = 0.001. Our simulation is
scheduled to stop at two different times, 331.89 and ¢ = 332.09, and we have three
snapshots available at ¢ = 331.60, 331.61, and 331.62. Hence, the time gaps (AT,)
correspond to 0.27 and 0.47, respectively. The shedding frequency corresponds to
0.167, i.e., a shedding period is 5.98 unit time. Hence, chosen time gaps are small

enough compared to a shedding period. The missing region (M,) is defined as follows:

M. ={(z1,22) €Q2:15<x; <25and —0.5<2,<0.5}

where Q = [—15,25] x [—9,9] and the origin (0,0) is located on the center of the

circular cylinder.

The spacing for sampling corresponds to 0.25. The sample set has 289 points for
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*

Table 2.1: Comparison of RMS error for three different methods in lid-driven cavity flow. ()
indicates Projection Integration

Velocity Time gaps (AT,) Scenario P.I*  coKriging Resimulation
streamwise 0.5 0.0044 0.0136 0.0075
— 0.0136 0.0074
— — 0.0078
0.0156 0.0150 0.0124
— 0.0150 0.0122
— — 0.0158
0.0177 0.0060
— 0.0177 0.0059
— — 0.0088
0.0116 0.0192 0.0108
— 0.0192 0.0106
— — 0.0105

1.0

crossflow 0.5

1.0

WO DN W N W N =
e
o
S
S
J

the refined case and 97 points for the coarse case, while the missing region has 240

missing points.

2.4 Results for Three Fault Scenarios

We introduce three possible fault scenarios that may occur in massively parallel
simulations. The Root-Mean-Squared (RMS) errors are presented in Tables 1-3
while contour plots of absolute errors are shown in Figures 5-14. Details about each

scenario are presented in the following subsections.

2.4.1 Scenario 1

The first scenario assumes that at some point in time a gappy region arises, but that
we have complete information up to that point. In this case, saved data is available

to estimate the current missing data. Thus, we can employ all three methods for
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Table 2.2: Comparison of RMS error for three different methods in flow past a circular cylinder.
()* indicates Projection Integration

Velocity Time gaps (AT,) Scenario P.L* coKriging Resimulation
streamwise (.27 0.0039 0.0219 0.0060
— 0.0219 0.0172
— — 0.0175
0.0193 0.0251 0.0144
— 0.0251 0.0235
— — 0.0291
0.0178 0.0065
— 0.0178 0.0168
— — 0.0189
0.0231 0.0159 0.0149
— 0.0159 0.0241
— — 0.0374

0.47

crossflow 0.27

0.47

WD WN WD = WN
e
o
o
=
D

reconstructing the flow fields, namely projective integration, coKriging, and the res-
imulation method with correct initial conditions. In assigning a boundary condition
for the resimulation method, we employ a Dirichlet boundary condition, which is

extracted from the “current” neighboring flow subdomains.

Lid-driven cavity flow:

For AT, = 0.5, shows that the projective integration method appears to be the
best way to reconstruct gappy flow fields because there are no big changes in the
flow field within that time interval; this is true for both the streamwise and crossflow
velocity. In particular for the crossflow velocity, we observe that the projective
integration method reduces the error greatly compared to other methods. Thus, the
projective integration seems to be the most effective method for short time gaps in
this simulation. By increasing the time gap to AT, = 1.0, however, we observe
that the magnitude of error of the projective integration is increased substantially

compared to AT, = 0.5. On the other hand, the changes in error for the coKriging
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Figure 2.5: Lid-driven cavity flow in scenario 1 and 2: Absolute error of streamwise velocity at

AT, = 0.5.
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Figure 2.7: Lid-driven cavity flow in scenario 1 and 2: Absolute error of streamwise velocity at
AT, =1.0.
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and resimulation method are small compared to the projective integration method.
For this time gap, the resimulation method seems to be the most effective approach
to recover the flow field in the gappy region. In both cases, since the accuracy of the
coKriging method depends only on surrounding data, the magnitude of the error is
not changed significantly for either time gaps. In general, the resimulation method
is competitive to the projective integration and seems to be robust for different time
gap sizes. With regard to error distribution, the maximum error in the coKriging
method is located at the middle of the spatial domain whereas the maximum error
of the resimulation method is located near the boundary due to the incorrect type

of boundary condition, see [2.5] and [2.6]

Flow past a circular cylinder:

Since the gappy region (M.) is located in the near-wake, relying on the neighboring

data only cannot guarantee a strong correlation with the missing flow field data.

First, for AT, = 0.27, the results shown in lead to the same conclusion
as in the lid-driven cavity flow. Even though the flow is unsteady, the projective
integration is the most effective approach to reconstruct the gappy flow fields because
the “current” flow field is still similar to the saved one. In particular, we see in [2.9
that the velocity at the boundary does not deviate significantly from the saved values.
Hence, the resimulation method can also estimate the current flow field well while the
coKriging method seems to be the worst method due to the rapid spatial variation
of velocity in this region. However, increasing the time gap to AT, = 0.47 seems to
result in a big change in velocity and hence the projective integration method cannot
be used effectively. Since saved or neighboring data are not available to estimate the

current flow field accurately, all three methods show similar results but the best
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method seems to be the resimulation method.

2.4.2 Scenario 2

The second scenario assumes that there exist previous gaps but there is no contam-
ination in the neighboring data, which can be used in the reconstruction. In this
scenario, the projective integration cannot be employed because of the absence of
previous data in the missing region. Hence, we employ the coKriging and resim-
ulation methods only for reconstruction of the gappy flow field. Also, due to lack
of correct initial conditions to be used in the resimulation method, we employ the
coKriging interpolation for estimating the initial condition, see 2.2 Hence, the res-
imulation method will inherit an error due to approximate initial conditions but it
will employ the correct (Dirichlet) boundary conditions since we assumed that the

current neighboring data are not contaminated.

Lid-driven cavity flow:

Even though we employ the coKriging interpolation for the initial condition of the
resimulation method, the resimulation method seems to be more accurate than the
coKriging method, see 2.1} Moreover, the error distribution is similar to scenario 1,
which uses correct initial conditions. Based on this result we observe that the initial
perturbation by the coKriging method is “forgotten” during resimulation with a
divergence-free constraint. Furthermore, the maximum RMS error is located near

the boundary as shown in Figures 2.5
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Flow past a circular cylinder:

While the resimulation method is better than the coKriging method for AT, = 0.27,
the coKriging method is competitive with the resimulation method for AT, = 0.47.
The reason is that the resimulation method is affected by the initial condition ap-
proximation by the coKriging method and the error due to the Dirichlet boundary
condition for big time gaps. Specifically, the coKriging method is better in pre-
dicting the crossflow velocity. As shown in [2.2] the RMS errors of the coKriging
and resimulation methods are bigger than the same methods in scenario 1, which
means that the initial perturbation in the gappy region affects the entire missing
domain. Figures [2.942.12| show that the error distribution is affected by both initial
and boundary conditions while the error in the lid-driven cavity flow appears to be
affected by the boundary condition only. Hence, the initial perturbation is a key

factor in error propagation for unsteady flows.

2.4.3 Scenario 3

The third scenario represents the worst case. There exist previous time gaps but,
in addition, the current neighboring data are somehow contaminated by silent er-
ror. In this scenario, we cannot employ the projective integration or the coKriging
method because of the absence of accurate previous data and the contamination of
neighboring data. Hence, the only way to reconstruct gappy flow fields is the resim-
ulation method, where we need to consider carefully how to set appropriate initial
and boundary conditions. A rather simple way is to employ coKriging to estimate
the initial condition and employ previously saved flow field data as a boundary con-

dition, which we will refer to as “previous boundary”. However, this may propagate
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Figure 2.13: Lid-driven cavity flow in scenario 3: Comparison of velocity at the boundary of
the gappy region at AT, = 0.5. “Current” represents the correct value, “previous” represents last
saved data, and “estimated” is calculated by Projective Integration.
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Figure 2.15: Lid-driven cavity in scenario 3: Absolute error of different boundary at AT, = 0.5.

Left: previous boundary, Right: estimated boundary.
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Figure 2.16: Lid-driven cavity in scenario 3: Absolute error of different boundary at AT, = 1.0.

Left: previous boundary, Right: estimated boundary.
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Figure 2.17: Flow past a circular cylinder in scenario 3: Comparison of velocity at the boundary
of the gappy region at AT, = 0.27. “Current” represents the correct value, “previous” represents
last saved data, and “estimated” is calculated by Projective Integration.
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Figure 2.18: Flow past a circular cylinder in scenario 3: Comparison of velocity at the boundary
of the gappy region at AT, = 0.47. “Current” represents the correct value, “previous” represents
last saved data, and “estimated” is calculated by Projective Integration.
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Figure 2.19: Flow past a circular cylinder in scenario 3: Absolute error of different boundary at
AT, = 0.27. Left: previous boundary, Right: estimated boundary.
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Table 2.3: RMS Errors for different boundary conditions in scenario 3.

Type Velocity Time gaps (AT,) Previous Estimated
Lid-driven Cavity® streamwise 0.5 0.0170 0.0078
1.0 0.0310 0.0158
crossflow 0.5 0.0116 0.0088
1.0 0.0214 0.0105
Flow Past a Cylinder? streamwise 0.27 0.0248 0.0175
0.47 0.0386 0.0291
crossflow 0.27 0.0980 0.0189
0.47 0.1797 0.0374

errors into the entire gappy region and more globally due to the erroneous boundary
condition. In order to avoid this issue and increase accuracy, we introduce the con-
cept of “estimated boundary” by the projective integration method. This concept
uses the same initial condition as before (by the coKriging method) but employs the
projective integration method for extracting proper boundary condition from points
in a sample set. In this section, we examine the quality of the simulation results
for two different boundary conditions, the “previous” and “estimated” boundary

conditions.

Lid-driven cavity flow:

We see from that the “estimated” boundary condition reduces the error signifi-
cantly. However, the crossflow velocity is captured reasonably well by the “previous”
boundary condition as well. The reason is that boundary values are not changing
rapidly as shown in Figures and [2.14] In other cases the “estimated” bound-
ary gives better result because it can estimate the current velocity at the boundary
better. When imposing “estimated” boundary, the absolute error at the boundary
is reduced dramatically compared to “previous” boundary, see and [2.16] This

results in total error reduction in the entire missing region.
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Flow past a circular cylinder:

In this case, the resimulation method with the “estimated” boundary seems to pro-
vide the better approach. In this unsteady flow, the current boundary is totally
different from the “previous” saved boundary as shown in Figures [2.17H2.18] The
“estimated” boundary by the projective integration can capture the current bound-
ary condition well for both AT, = 0.27 and 0.47. This results in a noticeable error
reduction at the boundary in this unsteady flow even though the inner part of the
missing region still has large error, see and Furthermore, in the cross-
flow velocity, the “estimated” boundary leads to the significant error reduction in
2.20L So in general, the “estimated” boundary approach seems to be a more robust

method for predicting the proper boundary values, see results in [2.3]

2.5 Summary

Data assimilation in Computational Fluid Dynamics is a relatively unexplored area.
The techniques that we have developed in this chapter by combining numerical ap-
proximation with statistical learning methods (e.g., Kriging/coKriging) for recon-
struction of gappy fields can also be used for data assimilation. Here, our interest
has been the “restarting” of a CFD simulation in a massively parallel environment,
which may be interrupted due to hardware or software problems in only one relatively
small part of the space-time computational domain. To this end, we developed and
tested three empirical approaches to reconstruct gappy flow fields. Specifically, we
performed simulations of two “textbook” CFD problems, namely flow in a lid-driven
cavity and flow past a circular cylinder in two dimensions, and under three different

fault scenarios with progressive complexity. We summarize here the main findings
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of our study:

e For sufficiently small time gaps the projective integration method is the best

while for longer time gaps the coKriging method is better.

e Overall, the resimulation method seems to be the most robust method, per-

forming well in all three fault scenarios.

e Estimating the boundary condition using projective integration leads to ac-
curate results for the resimulation method in scenario 3 where the other two

methods fail.



CHAPTER THREE

Fault-resilient simulations based
on multi-resolution information

fusion
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3.1 Introduction

The present work introduces a new paradigm in Computational Fluid Dynamics
(CFD) and is motivated by two facts: (1) The lack of robust and efficient methods
to carry out multiscale simulations in practical applications, despite several pub-
lished papers proposing coupling techniques for heterogeneous flow models |76} 113],
84, [0, 108]. (2) The occurrence of random faults from hardware or software that
may render the simulation results erroneous on petaflop and on the emerging ex-
aflop computing platforms [94, {4l [72, 14]. While one may think that the latter is a
computer science issue and can be solved e.g. via fault-tolerant MPI [41] [39, [47, [7],
there may be an algorithmic solution to it that can lead to affective recovery of the
computation or protecting against the erroneous results in the first place. Here we
develop a framework that addresses simultaneously fundamental open issues of the
aforementioned two topics. This framework can be readily generalized to accommo-
date heterogeneous flow models as well as deterministic or stochastic descriptions;
in this chapter we focus only on multi-resolution to layout the basic ideas. One fun-
damental question is how to reconstruct complete fields from gappy data and some
auxiliary information. This issue has been addressed before in different contexts,
including the dynamical systems approach with the so-called gap-tooth and patch
dynamics algorithm [37, 9], 54]. However, this algorithm has not yet been applied
to the Navier-Stokes equations, which is the subject we examine in the current work,
by also introducing reconstruction techniques employed by the statistical learning

community.

Considering the faulty processors scenario, we may assume that we encounter
spatial gaps in the computational domain at certain time. Hence, we need to re-

construct the gaps with appropriate methods, e.g., based on estimation theories
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117, 1, 77, 2, 55]. In particular, for spatial estimation for gaps in fluid dynamics,
the gappy proper orthogonal decomposition (gappy POD) method was introduced in
[29, 106, 110], which extrapolates the POD basis from previous data. Another spatial
estimation method used often in geophysics is Kriging and coKriging, which are un-
biased linear interpolations [103, [65] [43] [46] [80]. More recently, a resilient algorithm
based on a “re-simulation” method for CFD was introduced in [62], demonstrating

the possibility of filling the spatial gaps effectively at a fixed time.

In this chapter, we aim to combine the gap-tooth algorithm with information
fusion methods for field reconstruction emphasizing robustness and generality. We
assume that we only have gaps in the spatial domain but not gaps in time. We
introduce a new CFD algorithm for parallel simulations, namely a gappy simula-
tion with auxiliary data, which is capable of performing uninterrupted simulations
despite the occasional presence of spatial gaps. Furthermore, by employing tech-
niques from statistical learning for information fusion, we can potentially increase
the overall simulation accuracy by utilizing low-resolution auxiliary data from diverse
sources. This new capability allows us to simulate multiscale but also multiresolution
discretizations. The new framework can be extended to generalize previous multi-
scale approaches (e.g., continuum-atomistic) [32] in a unified parallel computational

framework.

This chapter is organized as follows: In section 2, we introduce the gappy sim-
ulation algorithms with a definition and a flow chart. In section 3, we present
the computational domains and simulation set up for two benchmark problems. In
section 4, we present results of a parametric study and analyze them in terms of
accuracy. In section 5, we summarize our results and discuss open issues for further

developments of gappy simulations.
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Figure 3.1: A schematic illustration of a gappy simulation: Computations are performed only on
the green subdomains (left) with independent auxiliary data on a small number of points (right).

3.2 Gappy Simulation Framework

3.2.1 Problem set up

In the gappy simulation framework we compute explicitly the solution to a PDE not
on the entire domain but only partially on some subdomains (colored by green) with
some auxiliary data that are distributed across the entire domain (colored by blue)
and obtained independently, see Figure [3.1 The main idea is to combine the global
coarse information with some finely resolved subdomains and appropriately fuse the
two solutions to obtain a more accurate solution on the entire domain. This set up ad-
mits two different interpretations. From the multiscale perspective, the global coarse
solution represents the large scales, whereas the solution on the fine-resolution subdo-
mains represents dynamics of finer scales. From the parallel computing perspective,
the gappy subdomains may be regions corrupted by random software or hardware
faults whereas the global coarse solution is obtained on an independent small set
of processors, which is assumed to be immune to such faults that the big computer

system may suffer from. This framework has some similarities with the“gap-tooth”
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Main simulation

node 1 node 2 OO0 | noden Auxiliary

Parallel computing Auxiliary simulation

Figure 3.2: Breakup of the computation into fine resolution on a few patches (parallel execution)
and into an auxiliary computation in the entire domain. Auxiliary data should be obtained from
an independent computer node and should be tuned to run (approximately) synchronously with
the main parallel simulation.

algorithm for micro-simulators [37, 01, [54]. In the micro-systems, the computational
cost increases greatly as the number of particles or the size of the computational
domain increases. Hence, the “gap-tooth” algorithm was introduced to solve only
partial subdomains (in a “micro” sense) and smoothly interpolate/extrapolate state

variables (in a “macro” sense) at the expense of some penalty in accuracy but with

a large computational gain and thus enhanced computational efficiency.

3.2.2 Auxiliary data

The auxiliary data is a key component of the gappy simulation. First, to facilitate
resilience, the auxiliary data should be independent of the main simulation by com-
puting them on a separate computer node or even by obtaining them experimentally,
e.g., using a Particle-Image-Velocimetry (PIV) technique [71), 42, 98], see Figure [3.2]
Moreover, the auxiliary data should be small in size so that it can be saved on a
fast disk, e.g., a solid state device. In order to be (approximately) in synch with
the parallel main simulation, the auxiliary data should be much faster to compute

compared to the main parallel simulation. Alternatively, a lower-dimensional model
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Figure 3.3: A flow chart for a gappy simulation (start from left-top): We first check where the
gappy domains are located. Next, we choose a buffer size, impose appropriate boundary conditions,
and estimate field variables at local boundaries. Each subdomain is solved in parallel and indepen-
dently during non-interaction time 7 - At. Subsequently, all gappy domains are re-joined together
after cutting-off the buffer region. Finally, fusing information from the fine resolution patches with
auxiliary data, all field variables are updated at the local boundaries (buffers) of the subdomains.
This is one complete cycle of the gappy simulation algorithm.

can be constructed based on a coarse-grained simulation and be run in parallel with
the main simulation but on a smaller fault-free computer. Irrespective of the sce-
nario employed to obtain the auxiliary data, we will assume here that they provide
information of lower resolution and of course at lower fidelity but can be acquired
much faster compared to the main simulation. Second, because the auxiliary data
span the entire domain, they contain information of global connectivity, which the
main simulation does not have. Based on methods of information fusion, we can

then endow the estimated field variables at the local boundary with both global

(from auxiliary data) as well as local information (from the gappy domains).
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Figure 3.4: A schematic representation of information fusion via coKriging: coKriging uses two
data sets, red and green: a red box represents a set of auxiliary data and a green box represents a
set of data from the gappy simulation.

3.2.3 Algorithm flow chart

A flow chart of the gappy simulation is shown in Figure[3.3] First, upon notification of
a fault detection (not discussed here), we check which domains are affected by errors,
and define computational subdomains and gaps. Next, we choose a proper buffer
size and corresponding boundary conditions for each subdomain. After imposing
the boundary conditions, the gappy simulation estimates the field variables at the
local boundaries of each subdomain by the information fusion method using also
the independent auxiliary data (coKriging). After setting-up all the parameters and
variables, the gappy simulation solves each subdomain on independent nodes during
non-interaction time 7 - At. After time 7 - At, all subdomains are re-joined together
and the buffer region of each subdomain is cut-off. Finally, using the auxiliary data,
the new field variables at the boundaries can be updated via coKriging. The gappy
simulation repeats again this procedure until the main simulation ends or all faults

are fixed.
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3.2.4 CoKriging

In order to estimate field variables at the local boundary, a multi-fidelity coKriging
interpolation method is introduced [62, 23], [52]. In this chapter, we use two data sets:
data from the gappy simulation, locally computed with high accuracy, and data from
auxiliary data, globally computed with low accuracy, see Figure [3.4] The basic idea
of this method is that the estimated field variable §(x) at the local boundary x can

be represented by a linear combination of two data sets as follows:
§(xp) = A\Ix + A3y, (3.1)

where x € R" is a field data vector in the auxiliary data and y € R™ is in the gappy
simulation data. Also, A; and A5 are vectors of weights which will be determine below.
Here we solve a simple optimization problem in minimizing the mean squared error

(MSE) of this linear combination, i.e.,

arg min E[(j(xb) — y(xb))’]; (3.2)

subject to the unbiased constraints

E[j(xp)] = Ely(xp)] or Z A, = 1 and Z Ao, = 0. (3.3)

Then, we can solve the linear system with Lagrange multipliers p; and uo as follows:

C11 Clz 1 0 )\1 C1 (Xb)
Cy1 Cp2 01 A2 Cz(Xb)
1T OT 0 0 [25% 1

0T 1T 0 0| | 0
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Figure 3.5: A schematic illustration of a buffer: The left plot shows numerical errors propagating

from the boundaries into the subdomains. The right plot shows how the buffer can prevent the
error at the local boundary from entering the fine-resolution subdomains.

where C is a covariance matrix whose submatrix C;; is the covariance matrix be-
tween points in auxiliary data, Cog between points in the fine-resolution subdomains,
and Cj5 between the auxiliary data and the subdomains. Here, c1(x) is the covari-
ance vector between the target point (x) and points in the auxiliary data, and ca(x)
between the target point (x) and points in the subdomains. In order to set a covari-

ance matrix, we need to choose the proper correlation kernel, see section 4.1.

3.2.5 Buffer region

In this framework we choose a Dirichlet boundary condition as the default type. If
we have no auxiliary data (via Kriging) and no buffer, the field variables at the local
boundary of each subdomain cannot be changed by the basic property of Kriging
estimation — the estimated value at the training data point should be the same as
the training data. Even though we employ the coKriging estimation with auxiliary

data, there is still “default” error coming from the estimation, which may render
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our simulation useless after long time integration. In order to prevent this negative
effect from polluting the solution in the interior of our subdomains during the non-
interaction time 7 - At, we introduce the concept of a “buffer”, which plays a similar
role as that of a “dashpot” in the classical vibration system of a mechanical design.
We choose a proper size of the buffer as shown in Figure by balancing computa-
tional cost and desired accuracy; this size should be correlated to the dominant time

scales of the problem, e.g., diffusion or convection time scale.

3.3 Simulation setup

3.3.1 Heat equation

We consider a square domain for simplicity, and we solve the two-dimensional heat

equation with diffusivity, x, given by:

YT kV2T, (3.5)

with proper boundary conditions at the boundaries of the domain. This is a simpler
problem than the Navier-Stokes equations but it serves as a pedagogical example to

introduce all the steps of the algorithmic framework we propose.

In order to perform a fine-resolution gappy simulation and a fine-resolution refer-
ence simulation on the complete domain, we employ the second-order finite difference
method. The physical boundary conditions are: 7' =1 at the top and T' = 0 on all
other sides. The computational domain consists of a structured rectangular mesh.

The grid resolution of the gappy simulation is 11 x 11 per each subdomain (total of
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Figure 3.6: A schematic illustration of gappy domains for two benchmark problems: (left) the
global (physical) boundary condition of the reference simulation. (right) the location and index
of the fine-resolution subdomains colored by green. In the heat equation (a), the fine-resolution
subdomains are connected by only the corner point of cell “3” while the fine-resolution subdomains
are totally disconnected in the Navier-Stokes equations (b).
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5 subdomains), with a total of 605 grid points in the gappy simulation while the grid
resolution of the reference simulation is 31 x 31. In order to compare the influence
of auxiliary data on the overall accuracy, we employ a coarse grid with resolution
4 x4, 6 x6, and 10 x 10. Four subdomains have two global boundaries but one
subdomain in the middle, cell 3, has no global boundary, see Figure (a). The
temporal discretization corresponds to time step At = 0.0125 with heat diffusivity,
k = 0.01. The simulation is integrated from t=0 to t=30 (the steady-state is near

t=25). Temperature contours at the steady-state are shown in Figure .

3.3.2 Navier-Stokes equations

Next, we consider incompressible flow for the lid-driven cavity described by the

divergence-free Navier-Stokes equations:

68_:5’ +v-Vv=-Vp+vV>v+f, (3.6)

V-v=0, (3.7)

where v is the velocity vector, p is pressure, and v is the kinematic viscosity of
the fluid. For spatial discretization we employ a two-dimensional finite difference
method. For the physical boundary condition, we prescribe the streamwise velocity,
u = 1 at the top and u = 0 on all other sides; the crossflow velocity v = 0 at all
boundaries, see Figure[4.6(b). The resolution of a rectangular cell for each subdomain
is 8 x 8, with total 320 cells for the gappy simulation. In order to compare errors from
different auxiliary data quantitatively, we employ a coarse simulation with resolution

4x4,8x8, and 16 x 16 for the entire domain. The gappy regions are similar as in the
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previous example but the only difference is that all fine-resolution subdomains are
totally disconnected, see Figure (b) The time step is At = 0.005 with Reynolds
number, Re=100. The discretized equations are integrated from t=0 to t=15 (the
steady-state is near t=10). Streamwise velocity contours at the steady-state are

shown in Figure (3.8

3.4 Results

In this section, we show results of the parametric study in terms of the correlation
kernel, the size of buffer, the auxiliary data, and the non-interaction time 7 - At.
In order to compare effectiveness quantitatively, we employ two measures of RMS
error, namely the “total” RMS error for temporal accuracy and the “time-averaged”
RMS error for overall accuracy. The “total” RMS error at time t is calculated by

the following formula

RMS:(1) = | 22

7=1 =1

uf‘,j(ivt) - ugyj(i>t))27 (3'8)

where N is the number of grid point of each subdomain and n is the number of
fine-resolution subdomains while w, ;(i,t) and ug ;(i,t) represent the reference solu-
tion and the gappy solution in j** fine-resolution subdomain, respectively. We also
introduce another accuracy metric, the time-averaged RMS error from t=0 to t=T,

calculated by

RMS:(T) — % / C RMS (). (3.9)
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(a) The reference simulation.

(b) The gappy simulation.

Figure 3.7: Temperature contours for the heat equation: the reference simulation solves the entire
domain (31 x 31 grid) by a second-order finite difference method.
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(a) The reference simulation.

(b) The gappy simulation.

Figure 3.8: Streamwise velocity contours for the Navier-Stokes equations: the reference simulation
solves the entire domain (27 x 27 cell), by a second-order finite difference method.
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3.4.1 Correlation Kernel

In order to set a covariance matrix by the information fusion via Kriging or coKriging,
see section 2.4, we need to choose a proper correlation kernel (also called correlation

function). We employ four different kernels widely used in general problems as

follows:

e Gaussian

Kg(2i, ;) = exp (—0d(z;, x;)?) . (3.10)
e Exponential

Ke(xi, ;) = exp (—0d(x;, z;)) . (3.11)
e Spherical

3 . L, . 3
ks(zi, ;) =1 — 5 min(6d(z;, z;), 1) + 3 (min(6d(z;, z;),1))". (3.12)

e Matérn

Km(Ti, ) = <1 - \/§9d(:ci,xj)> exp (—\/ﬁ&d(:ci,xj)) : (3.13)

The hyperparameter 6 is obtained by maximum likelihood estimation (MLE); it
decides how fast the correlation kernel converges to zero, i.e. the larger 6 represents
that the points are affected by only nearer points; on the other hand, for small 8, all

points are correlated to each other.

The results of constructing the covariance matrix at the steady-state by different

correlation kernels are shown in Figures and [3.10l In order to compare the
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Figure 3.9: The time history of the total RMS error for different correlation kernels. In (a) and
(b), fixed parameters are the size of buffer at 30%, no auxiliary data (by Kriging), and a non-
interaction timestep number (7) of 50. In (c), the fixed parameters are the size of buffer at 25%,
no auxiliary data (by Kriging), and a non-interaction timestep number () of 5. (In plots (a) and
(b), the blue and red curves coincide).
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Figure 3.10: Covariance matrix of different correlation kernels at the steady-state. Fixed param-
eters are same as in Figure In (a), each fine-resolution subdomain has 121 points, totally 605
points. In (b), each fine-resolution subdomain has 90 points, totally 450 points.
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effectiveness of the kernel only, other test parameters should be fixed. In the heat
equation, the size of the buffer is fixed at 30%, the non-interaction timestep number
(1) is 50, and no auxiliary data are provided by Kriging. In the Navier-Stokes
equations, the size of buffer is fixed at 25%, the non-interaction timestep number (7)

is 5, and no auxiliary data are available by Kriging.

In the heat equation, we found that the best kernel at steady-state is the Matérn
kernel. Theoretically, solutions of a diffusion problems yield strong spatial corre-
lations between subdomains. Thus, all kernels show a strong correlation between
subdomains except the Gaussian kernel. As shown in Figures (a) and [3.11]
the Gaussian kernel has weak correlation between other subdomains and this leads
to the highest RMS error compared to other kernels. Specifically, as shown in Fig-
ure (b), the dominant RMS error comes from cell 3, where there is no global
boundary condition. Hence, the accuracy of the boundary conditions in cell 3 is
much more critical than the boundary conditions in other cells. Since the Gaussian
kernel exhibits less communication between subdomains due to its weak correlation,
the updated boundary condition of cell 3 becomes inaccurate compared to the other
kernels. Moreover, similar to the weak correlation, the strong correlation leads to
higher RMS error as well. For example, the strong correlation of the Matérn kernel
during the transient period makes the RMS error increase. However, as we approach
the steady-state, the correlation is decreased smoothly and this results in a reduction

of the RMS error, see Figure |3.11]

In the Navier-Stokes equations, the spatial correlation between different subdo-
mains is relatively weaker than the heat equation. After the maximum likelihood
estimation, we observed that the worst kernel is the spherical one which has weak
correlations with points between other subdomains. The exponential kernel has sim-

ilar but relatively stronger correlation compared to the spherical kernel, see Figure
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[3.10, and this leads to reduction of the RMS error. In the Gaussian kernel, however,
the correlations between other subdomains are too strong, that is, too many data
can affect an estimated boundary condition. This over-fitting leads to wiggles in the
total RMS error. Finally, we found that the Matérn kernel is the best because it has
very strong correlation for the inner subdomains but also an appropriate correlation
with respect to directions. Specifically, in cell 1, the distance from cell 2 and cell 4
is the same but the correlation with the cell 4 is relatively strong, which means that

the spatial correlation along the y-axis is much stronger than along the x-axis.

3.4.2 Size of a buffer

The next parameter we focus on is the size of the buffers we employ for estimating
the boundary conditions on each fine-resolution subdomains. The results of the to-
tal RMS error and time-averaged RMS error are shown in Figure [3.12, The main
observation is that the total and time-averaged RMS errors are reduced as the buffer
becomes larger during the transient period but also at steady-state. Specifically,
considering the heat equation first, the uncertainties from the estimation during the
transient period due to a rapid change of field variables are large and this leads to
high effectiveness of a large buffer, e.g., see the peak of the RMS error in Figure
3.12| (a). On the other hand, because the uncertainties at the local boundary are
relatively small near the steady-state, the associated errors can be diffused in the
buffer region. Hence, the difference of the RMS error at the steady-state is smaller
than the error during the transient states. Considering now the Navier-Stokes equa-
tions, the convection mechanism introduces a different time scale and the vector field
presents another complication so the results are somewhat different compared with

the diffusion equation. The size of the buffer becomes even more important both
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Figure 3.12: The time history of total RMS error and time-averaged RMS error for different
buffer sizes. In (b) and (d), the x-axis represents the percentage of the buffer with respect to
the size of a fine-resolution domain. In the heat equation, the fixed parameters are as follows:
resolution of auxiliary data is 6 x 6, and a non-interaction timestep number (7) of 1. In the Navier-
Stokes equations, the fixed parameters are as follows: resolution of auxiliary data is 8 x 8, and a
non-interaction timestep number (7) of 5.
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during the transient period and at steady-state.

3.4.3 Auxiliary data

The auxiliary data affects the accuracy of the estimation scheme via coKriging in
estimating the boundary conditions for all fine-resolution subdomains. The results
of total and time-averaged RMS error for different auxiliary data are shown in Figure
[B.15] As a reference case, the results of the gappy simulation with no auziliary data
are added in the same graph; by that we refer to using the Kriging method instead
of coKriging, which estimates the field variables with only one data set from the
gappy simulation due to the absence of auxiliary data. From these results we can
appreciate that the accuracy of the auxiliary data greatly affects the RMS errors in

both cases.

In the simulation of the heat equation, the temperature contours of different
resolutions of auxiliary data are shown in Figure[3.13] The auxiliary data with finer
resolution gives the lower RMS error at the steady state. However, at the transient
region (¢t < 10), the case with no auxiliary data with Kriging leads also to a good
reduction of RMS error. This is because all fine-resolution subdomains have near
zero value except the top boundary, i.e., cells 1 and 2. Thus, even though the Kriging
method estimates near zero value at the local boundaries at cell 3, 4, and 5, these
estimated values are not that different from the exact value. However, after ¢t = 5,
cell 3 exhibits nonzero values in the field variables at the local boundary. Hence, the

RMS errors of the no-auxiliary data cases increase up to the steady-state.

In the simulation of the Navier-Stokes equations, the different resolutions of aux-

iliary data, see Figure |3.14] show the relatively bigger effect of the auxiliary data
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(a) 4 x 4 grid.

(b) 6 x 6 grid.

(¢) 10 x 10 grid.

Figure 3.13: Temperature contours for the heat equation by different auxiliary data from coarse
grids.
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Nt

(a) 4 x 4 cell.

(b) 8 x 8 cell.

(c) 16 x 16 cell.

Figure 3.14: Streamwise velocity contours for the Navier-Stokes equations by different auxiliary
data from coarse grids.
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compared to any other tested parameter. Because of the weak spatial correlations of
the solution between the fine-resolution subdomains, the auxiliary data can support
the information associated with global interactions, and this results in significant
reduction of the RMS error. However, the lowest resolution (4 x 4) is too coarse to
be useful to the information fusion technique, see Figure M(a). Specifically, the
center of vortex in the 4 x 4 auxiliary data is located near the middle of the domain
whereas in truth it should lie toward near the top-right corner in the exact solution.
This mismatch leads to big RMS error at cells 2 and 3, which affect the total RMS

error.

3.4.4 Non-interaction timestep number (7)

Employing a non-interaction timestep number, 7, as an independent parameter al-
lows us to minimize communications by performing independent parallel runs dur-
ing time 7 - At. From the multiscale modeling perspective, 7 - At can represent a
“macro” time step as compared to a micro time step, At. The results of total and
time-averaged RMS error with different 7 are shown in Figure [3.15] The difference
of RMS errors between various 7 is large during the transient period while the dif-
ference is relatively small (or negligible) at steady-state. Hence, we need to choose a
proper 7 by balancing computational cost and desired accuracy at target simulation
time. For example, for long time integration until the steady-state, a large value of

T is a good choice with respect to computational cost.

In the heat equation, we have observed that the optimal 7 depends on the pen-
etration length for diffusion — the measure of how long each field variable can pen-

etrate into the neighborhood numerically during a unit time step. Generally, the
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Figure 3.15: The time history of time-averaged and total RMS errors for different auxiliary data.
In the heat equation, fixed parameters are as follows: size of buffer at 30% and non-interaction
timestep number (7) of 1. In the Navier-Stokes equations, the fixed parameters are as follows: size
of buffer at 25% and with non-interaction timestep number (7) of 5.
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Figure 3.16: Time history of time-averaged and total RMS errors for different non-interaction
timestep number (7). In (a), the dashed lines correspond to 7 > 74 = 64.8. In (c¢), the dashed
lines correspond to 7 > 7, = 15. In the heat equation, (a) and (b), the fixed parameters are as
follows: auxiliary data 6 x 6, and buffer of 30%. In Navier-Stokes equations, (c¢) and (d), the fixed
parameters are as follows: auxiliary data 8 x 8, and buffer of 25%.
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penetration length for the diffusion can be estimated by

lpa~ VK- TAt. (3.14)

Then, the allowable non-interaction timestep number 7, for the diffusion, corre-

sponding to the length of the buffer [;, is obtained as

3

kAL (3.15)

Td

First, we obtain 74 for a 30% and a 20% buffer, which is about 64.8 and 28.8,
respectively. As shown in Figure [3.16] if the selected value of 7 is smaller than 74,
i.e. the penetration length is smaller than the length of the buffer, we observe that
the total and time-averaged RMS errors become smaller as 7 becomes larger. On
the other hand, if we choose 7 bigger than 74, the error from the local boundary
can penetrate the fine-resolution subdomains and this would lead to the increase of
RMS error. In the case of Navier-Stokes equations, we have an extra length scale

associated with convection, namely

lpa ~ V - TAL. (3.16)

Thus, the allowable non-interaction timestep number 7, for the convection with

the length of the buffer [, is
- VAt

Ty

(3.17)

where V is the maximum streamwise velocity. Finally, the allowable non-interaction
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timestep number, 7, is the minimum between these two different non-interaction

timestep numbers as follows:

7, = min{ry, 7, }. (3.18)

In this simulation, 7, for a 25% buffer is around 15. However, as shown in Figure
[3.14] the RMS error increases linearly as 7 increases. This result shows that the RMS
error in the Navier-Stokes equations appears to be independent of the allowable non-
interaction timestep number 7,. The reason is that it is hard to find optimal 7, in a
nonlinear convection-diffusion equation. In order to investigate further, we perform
a similar simulation of the same problem but with different size of the buffer, 37.5%.
The results for this case follow the same trend as before, i.e., the smallest 7 is the

best with respect to RMS error.

3.5 Summary

We developed a new algorithmic framework and tested simulations of two benchmark
problems, namely the heat equation and flow in a lid-driven cavity in two dimen-
sions, and under different resolutions of auxiliary data. We obtained important first
insights via a parametric study by varying: 1) type of correlation kernel, 2) size of
buffer, 3) accuracy of auxiliary data, and 4) non-interaction timestep number, 7. We

summarize here the main findings of our study:

e Kernel: The Matérn kernel is found to be the best kernel with respect to

RMS error and stability in both problems.
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e Buffer: A bigger buffer can guarantee a smaller RMS error in both problems
because the error at the local boundary can be diffused in a buffer region.
Moreover, as the auxiliary data is inaccurate or auxiliary data may not be

available, the size of the buffer enhances the robustness of the method.

o Auxiliary data: Higher resolution auxiliary data lead to a smaller RMS
error in both problems because of increasing accuracy of results by information
fusion. The accuracy of auxiliary data is found to be the most important

parameter to reduce the RMS error effectively.

e Non-interaction timestep number (7): In the heat equation (only dif-
fusion), near the allowable 74, calculated by the estimation of a penetration
length for a diffusion, we can guarantee the smallest RMS error. However, in
the Navier-Stokes equations (combined diffusion and convection), the smaller

7 (update boundary values more frequently) gives the smallest RMS error.

From the fact that the auxiliary data can be of any fidelity, scale, or model, this
framework can be extended to enable multifidelity and multiscale parallel simulations
in a resilient way. In next chapter, we have employed the Monte Carlo method for
the heat equation, and dissipative particle dynamics (DPD) for the Navier-Stokes
equations to obtain auxiliary data. We will also address the spatio-temporal gappy

simulation with gaps both in time and space.



CHAPTER FOUR

Resilient and efficient simulations
based on multi-fidelity and

heterogeneous information fusion
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4.1 Introduction

As demands for solving complex physics problems are growing in computational fluid
dynamics, exascale simulations will be performed in the near future, e.g., [27, [101].
However, exascale simulations, which use massive numbers of processors, require not
only an efficient algorithm but also a fault-resilient algorithm to address traditional
open issues [I4]. The key issue is “fault resilience” against repeated and expected
(but random) software or hardware failures during computations, which may render
the simulation results unsatisfactory or simply unusable. Many research approaches
have been developed to recover the missing data on both sides, computer systems
[83, 30, 119, 60] and mathematical algorithms [IT0, 114, 67, 62]. The other im-
portant issue is “computational efficiency” against computational redundancy from
inadequate spatio-temporal discretization or dynamics of a problem itself. Over the
last few decades, several numerical methods are introduced to overcome the compu-

tational redundancy [66, O7].

This chapter is motivated by the approach introduced by Lee et. al., which
demonstrably achieved fault-resilience when solving PDEs and processor failures
resulting in spatial gaps in the simulation output. This was achieved by an infor-
mation fusion method with multi-resolution auxiliary data from a repeatedly reini-
tialized, short-duration, coarse resolution, auxiliary simulation of the problem [63].
Based on this algorithm, we now introduce a new framework, namely “patch simula-
tion”, for accelerating simulations via a statistical learning technique, Diffusion Maps
(DMaps), that helps detect computational redundancy in time and hence acceler-
ating the simulation by projective time integration. The projective time integration
was introduced by Gear and Kevrekidis and used in Sirisup et. al. in a CFD con-

text, demonstrating computational acceleration by an equation-free POD-assisted
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approach [99]. However, choosing appropriate projection steps is still an open is-
sue. In this chapter, learning from the auxiliary data via diffusion maps provides a
dynamics-informed temporal discretization, which can lead to an acceleration of the

computation in time.

The original concept of the patch simulation comes from “patch dynamics”
[53, 90], which can predict large scale spatio-temporal dynamics (macro level) from
a series of short spatio-temporal dynamics (micro level). In order to extend this
concept to a large scale simulation of a CFD problem, we employ two statistical
learning techniques to provide additional and important spatio-temporal informa-
tion from the auxiliary data, produced by a coarse, auxiliary, repeatedly restarted,
relatively costless simulations (even experiments). The first method is a multi-level
Gaussian process regression, which can help to “fill-in” the missing data in space
[85], [86l, 80, 82]. The other method is diffusion maps, which can provide lower-
dimensional information to estimate the appropriate projection time [22, 20, [74] [19].
In this chapter, we show that these two statistical learning techniques can use the

auxiliary data to improve the accuracy and the efficiency simultaneously.

Furthermore, in order to investigate multiscale phenomena in complex problems,
many research efforts have sought to couple numerical simulations and even exper-
iments, with multi-fidelity and heterogeneous models via information fusion tech-
niques [76], [113] 10§]. In this chapter, the auxiliary data is generalized to stochastic
descriptions such as a random walk model for the heat equation and a dissipative
particle dynamics (DPD) model for the Navier-Stokes equations. This results in a
guarantee of the generality of the auxiliary data, which can come, in principle, from

any scale, any fidelity and any heterogeneous model.

This chapter is organized as follows: In section 2, we introduce a general patch
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simulation framework with a flow chart. In section 3, we introduce the two statistical
learning techniques used here, the multi-level Gaussian process regression and Dif-
fusion Maps (DMaps). In section 4, we introduce heterogeneous and multi-fidelity
models as the source of auxiliary data for each benchmark problem. In section 5,
we present the computational domains and simulation set up for the benchmark
problems. In section 6, we present results of parametric studies and analyze them
in terms of the overall accuracy. In section 7, we summarize our results and discuss

open issues for further development of a robust and efficient CFD framework.

4.2 The Patch Simulation Framework

In the new CFD framework we propose, we split up the simulation into a main
simulation and an auxiliary simulation. The main simulation computes a solution to
a PDE on some (non-overlapping) fine-resolution subdomains with spatial gaps. The
auxiliary simulation, on the other hand, computes a solution on the entire domain
but with less accuracy. This auxiliary data can come from any fidelity, scale, or
model. In previous work (see reference [63]), data from the auxiliary simulation
provide information about the global continuity of the solution fields to the gappy,
main simulation via multi-level Gaussian process regression, namely coKriging. We
can then estimate field variables at each local boundary using both global (with low
accuracy) and local (with high accuracy) information. This leads to a fault-resilience

with respect to spatial gaps.

In [99], a data-driven “equation-free/Galerkin-free POD-assisted computation”
was presented that exploited brief bursts of the full Navier-Stokes simulation over

the entire computational domain and the low-dimensionality of the behavior to ac-
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(b) A schematic illustration of information fusion between the two simulations.

Figure 4.1: In (a), we first initialize all hyper-parameters of the main simulation. Next, we
advance the main simulation (the gappy simulation) and save a snapshot of field variables. After
“N” snapshots are saved, we estimate time derivatives and use them to approximate long term
variables by projective time integration. The auxiliary simulation provides two types of information
to the main simulation (colored blue): global but inaccurate estimates of the field variables via
Gaussian process regression and a jump size (projection steps) for the projective time integration
via diffusion maps. In (b), the auxiliary simulation helps to update local boundary conditions every
non-interaction time (colored by blue) and to estimate a jump size (colored by red).
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celerate the overall simulation. In this chapter we show how to extend this approach
so as to avoid doing the detailed simulation over the entire spatial domain. The
main new enabling ingredient is the availability of a “cheap and coarse” auxiliary
simulation which is reliable only over short times, and which is therefore repeatedly
(and carefully) reinitialized. Keeping the same assumption (low-dimensionality of
the long-term dynamics) this new ingredient will, as we will show, enable signifi-
cant computational savings over the spatial extent of the full detailed simulation.
While this ingredient allows the full simulation to be performed systematically in
only parts of the domain, the same idea can be also used in enabling the “filling
in” of computational information loss through hardware/software failure locally in
space-time. We repeat that the main assumption is that the long-term dynamics lie
on a slow manifold, which can be parameterized by a few POD basis functions [29].
Then, we can perform simulations on this manifold through short time computations
via “projective time integration”, and this results in accelerating the main simula-
tion. However, it is nontrivial to systematically and accurately estimate the length
of the appropriate projection steps due to rapid changes of dynamics in a transient
period. The auxiliary data can help estimate this projection time, or “a jump size”,
for the main simulation via a statistical learning technique, diffusion maps. Finally,
this framework bears some similarities with “patch dynamics” for a micro-macro
simulator [53] [00]. The projection time represents a macro time scale for dynamics
on the slow manifold while detailed computation on the fine-resolution subdomains

represents the micro (fine)-level of the description of the dynamics.

A flow chart of the patch simulation is shown in Figure A cycle of the
main simulation with fine-resolution subdomains is described below (see reference
[63] for details). We first check spatial gaps due to computational faults and choose

a buffer size for each fine-resolution subdomain. Next, we estimate the local bound-



83

ary condition of each subdomain with auxiliary data and obtain the solution (in
embarrassingly parallel or EP) during a macro timestep, called the non-interaction
timestep. After each macro timestep, we save a snapshot of the field variables on
fine-resolution subdomains. We repeat this cycle until we have “N” snapshots. Af-
ter that, we employ the projective time integration scheme on each fine-resolution
subdomain independently with an appropriate projection time. This constitutes one
complete cycle of the patch simulation algorithm. The patch simulation repeats this
cycle until the main simulation ends or all faults are fixed. The number of saved
snapshots, N, is a hyper-parameter of the patch simulation and will be discussed in

section [4.6.3

As shown in Figure (a), the auxiliary data provides two different types of
information (colored by blue) through two different statistical learning techniques
(colored by red). Asshown in Figure[d.1](b), first is the global and spatial information
of field variables with low accuracy, via the multi-level Gaussian process regression,
for estimating local boundary conditions for the fine-resolution subdomains. Second
is the temporal information of a projection size, via diffusion maps, for the projective

time integration. Details of these statistical learning techniques are described below.

4.3 Statistical Learning Algorithms

In order to connect the auxiliary simulation with the main simulation, we take ad-
vantage of two statistical learning algorithms, namely multi-level Gaussian process
regression and diffusion maps. Multi-level Gaussian process regression has to do
with fine-resolution subdomains, and can be done independent of projection. The

other, Diffusion Maps, have to do with projection, and can be done independent of
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gaps in space. Here we will put them together but we first describe each “without

the other”.

4.3.1 Gaussian Process Regression

The auxiliary simulation, which is relatively costless, provides a data set to “fill in”
the missing data spatially, such as the boundary conditions of each subdomain. In
this framework we have 2-levels of data sets: (1) data from the main simulation,
the local information with high accuracy and (2) data from the auxiliary simulation,
the global information with low accuracy. Two data sets, from the main simulation
and the auxiliary simulation, can be modeled by two different Gaussian Processes,
Z and Z,, respectively. Then, the auto-regressive scheme of Kennedy and O’'Hagan

[52] can be written as follows:
Z(x) = p()Za(x) + 6(x), (4.1)

where p is a scaling parameter, which represents a correlation between two Gaussian
processes, and d(x) is a bias Gaussian field, which is independent of Z and Z,. y(z*)
is a predicted field variable, i.e., temperature or velocities, at the local boundary
x* of each subdomain. Predicted field variables can be obtained by the following

equation:

§(2) = p+ pla(a®) + 17 (R+021) " y(x) — Ly — pga ()], (4.2)
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2
1—rT(R+020) 'y
17 (R+021)""1

, (43)

§2(x*) = p?82 (") + o |1 — 1T (R + 062[)_1 r+ [
where {1, 0%} and {1, 02} represent means and variances of Gaussian processes of
Z and Z,, respectively. R = k(z,2',0) and r = r(z,2*,0) represent a correlation
matrix and a correlation vector, respectively, and o2 is the variance of the normally
distributed random field for Z. The correlation kernel, x(x,2’,0), is constructed by

the Matérn kernel [103] as follows:
k(z,2',0) = (1 +/30d(z, x')) exp (—\/§9d(:p, $')> : (4.4)
where d(-, -) represents the Euclidean distance between two data.

An optimal hyperparameter set, {u,o, 0., p,0}, can be obtained by maximum
likelihood estimation (MLE) from the aforementioned data sets. For details of the

formulation and hyper-parameters, see reference [82].

4.3.2 Diffusion Maps

Diffusion maps, based on a discrete Laplace-Beltrami operator, provides a parametriza-
tion of the low-dimensional nonlinear manifold as well as a (diffusion) distance on
it [20, (74, 19]. As shown in Figure , diffusion maps obtained by temporal snap-
shots of field variables can provide a “dynamics-related” temporal discretization on
the diffusion coordinate. This observation can be used as a criterion of the com-
putational redundancy of the original uniform discretization in time. Based on the

diffusion distance, we can assign an appropriate jump size for the projective time
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(a) Snapshots of the streamwise velocity.
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Figure 4.2: A schematic illustration of our use of diffusion maps: the left contours show a
series of snapshots of the streamwise velocity from a 16 x 16 grid of auxiliary data in the Navier-
Stokes equations. The right plot represents the component of these snapshots in the first nontrivial
diffusion map eigenvector obtained from the data ensemble. The first diffusion map coordinate of
the sample snapshots in (a) are colored by red in (b).
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integration. The diffusion distance, D(:,), between adjacent snapshots on a one

dimensional slow manifold can be calculated by the following equation:

D*(tis1,t:) = A [1(tirn) — én(t:)], (4.5)

where (A1, ¢1) represents the first nontrivial eigenvalue and eigenvector of the dis-
crete Laplace-Beltrami operator, which is a generalized Laplace operator on the

Riemannian manifold, via a diffusion kernel, W, like the following:

| P
VVi}j — eXp (_ ||yl QyJ” ) , (46)

€

where y represents each data vector (temporal snapshot) and e represents a char-
acteristic distance between data vectors. In this framework, we choose € to be the

median distance between all data from the coarse but full simulation.

A formulation for finding an appropriate jump size starts from a fundamental
observation of the diffusion distance between temporal snapshots — the diffusion
distance between adjacent snapshots in time corresponds to the data variability of
the slow dynamics during that time interval. A large diffusion distance, for example,
represents a large change in the dynamics, i.e., we have to employ the projective
time integration with small timesteps, and vice versa. Hence, the jump size at time
t; for the projective time integration can be generalized to an “adaptive timestep

refinement” by the following equation:

Dy,

J(t) = alog ——m
(t:) gD(tiJrlati)

(4.7)

where « is a tuned parameter and D,, represents the maximum diffusion distance

along the time series. Since the jump size should be an integer, J(¢;) is rounded
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to the nearest integer. Then, we can project and estimate field variables at time
t* =t+ J(t) -7 - At by a POD assisted projection, where 7 is a non-interaction

timestep number (see reference [63]).

In this formulation, there is no jump (no projection) when the diffusion distance
is the maximum, while there is the biggest jump when the diffusion distance is the
minimum. There is a trade-off between the computational efficiency and accuracy
via the tuned parameter «. For example, if « is bigger than 1, there is an efficiency
gain (proportional to a)) but a loss of accuracy due to the long time projection. In

this framework, « is set to 1 as a default.

4.4 Multi-fidelity and Heterogeneous Auxiliary Data

In order to demonstrate the capability of the information fusion with multi-fidelity
and heterogenous auxiliary data, we introduce two stochastic and particle-based
auxiliary simulations, namely a two-dimensional random walk model for the heat
equation and a dissipative particle dynamics (DPD) model for the Navier-Stokes
equations. In order to understand and characterize the capability for multi-fidelity
and heterogeneous simulations, we used accurate and expensive models (but small
number of particles) as the auxiliary simulation for analysis purpose. In the future,
we will use “cheap and dirty but useful” auxiliary simulations. Details for simulation

and problem setup are presented below.
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Figure 4.3: A schematic illustration of a random walk model for the two-dimensional heat equa-
tion: the temperature T at the node (i,j) at the next time ¢ + nAt (colored orange) is obtained by
averaging the field variables over all sample paths that visited (i,j) at time ¢ + nAt (colored red)
by the Monte Carlo method.

4.4.1 Two-dimensional random walk model for the heat equa-

tion

The two-dimensional heat equation in a uniform rectangular grid can be solved by
a simple random walk model via the Monte Carlo method. Specifically, by Fick’s
law, a particle with temperature 7'(z,7) at a point z can move north, south, east,
or west with equal probability, p(N) = p(S) = p(E) = p(W) = 0.25, after a unit
time t = 7 + At. Hence, after t = 7 + nAt, all particles originally located at the
point x are distributed by the random walk model. Using those distributed data, we
calculate the updated temperature T'(z,t + nAt) at every grid point. The equation

for calculating a heat quantity in the arbitrary domain D after time nAt is as follows:

T(x*, 7+ nAt) = ][T(x,T)d,u(x) Vo e D, (4.8)

where u(x) is a probability measure representing the probability that a particle moves

from x to x* after time nAt (n steps).
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As shown in Figure[£.3] the continuous model can be rewritten as a two-dimensional
10 x 10 grid discrete model with N sample paths (particles) of the Monte Carlo

method as:

T(x*,7+nAt) =Y T(z,7)P(x), (4.9)

zeD
where z is the position of each node (i,j) and P(z) is a discrete probability measure

calculated by the Monte Carlo method:

(4.10)

where N is the number of total sample paths originating from x, and n is the number

of those paths that land at z* at time ¢ + nAt.

In this work, we choose 20, 200 and 2000 sample paths at each grid point (totaling
2000, 20000 and 200000 computations, respectively) for calculating the updated
temperature at each point through equations and . By the equivalent
numerical discretization corresponding to the random walk model, the diffusivity
k = h%/4At is determined by temporal and spatial discretization (At and h) of the

random walk model. Temperature contours of different auxiliary data are shown in

Figure [4.4]

4.4.2 Dissipative Particle Dynamics (DPD) for the Navier-

Stokes equations

Next, we introduce a dissipative particle dynamics (DPD) model, a particle-based
mesoscale simulation, as auxiliary data-producing simulator for the Navier-Stokes

equations. The DPD method uses virtual particles, which represent “molecular clus-



91

(¢) 10 x 10 grid. (d) 20 sample paths.

(e) 200 sample paths. (f) 2000 sample paths.

Figure 4.4: Temperature contours of different auxiliary data for the heat equation at time ¢ = 15
(a transient period). (a)-(c): the finite difference method. (d)-(f): the random walk model by the
Monte Carlo method.
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ters” moving together in Lagrangian fashion. In DPD systems, we assume that
particles interact with each other by pairwise-additive forces, which consist of three
terms: (1) conservative force (FY;), (2) dissipative force (F)), and (3) random force

R .
(F;;) as follows:

Fjj = Fj (rij)ri;, (4.11)
F = =P (riy)(vij - 151y, (4.12)
Fjj = ow'(ri)&ris, (4.13)

where r;; = r; —r;, r;; is a distance between ¢ and j particles; v and o are hyper-

P and wf are weight

parameters for dissipative and random force, respectively; w
functions, and &;; is a normally distributed random variable. For details of DPD

systems, see reference [34].

In this chapter, the kinematic viscosity, v, of the DPD fluid is equal to 2.86 (in
DPD units), corresponding to Reynolds number Re=35. This value was obtained by
fitting a double parabola to the DPD results using the reverse Poiseuille flow method
described in reference [5]. The field variables of the DPD results are obtained by a
spatiotemporal averaging. In space, the DPD results are averaged on 10 x 10 rectan-
gular bins, total 100 bins. In time, the DPD results are averaged by every 1000 time
steps with ¢ = 0.1. The accuracy of averaged values are dependent on the number of
particles, which is controlled by the length in the z-direction. Due to our definition
of the auxiliary data as relatively costless, we employ small numbers of particles like
1000, 4000, and 8000 DPD particles to obtain field variables. Streamwise velocity

contours of different auxiliary data are shown in Figure [4.5]
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(c) 16 x 16 grid. (d) 1000 DPD particles.

(e) 4000 DPD particles. (f) 8000 DPD particles.

Figure 4.5: Streamwise velocity contours of different auxiliary data for the Navier-Stokes equations
at time ¢ = 5 (a transient period). (a)-(c): the finite difference method. (d)-(f): the DPD model.
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4.5 Simulation setup

4.5.1 Heat equation

First, we solve the two-dimensional heat equation with diffusivity x, given by:

aa—f = kV?T. (4.14)

The physical boundary conditions are described in Figure (a). The grid reso-
lution of the patch simulation is 11 x 11 per each subdomain (total of 5 subdomains),
with a total of 605 grid points in the patch simulation, while the grid resolution of
the reference simulation is 31 x 31. In order to investigate the influence of multi-
fidelity auxiliary data on the overall accuracy, we employ not only a coarse grid with
resolution 4 x 4, 6 x 6, and 10 x 10, but also the random walk model with different
numbers of sample paths as 20, 200, and 2000 on a 10 x 10 grid. We use an ensemble
average of the data by 30 trials of the random walk model. The temporal discretiza-
tion corresponds to time step At = 0.01 with heat diffusivity x = 1/60 given by the
random walk model. The non-interaction timestep number 7 is 15. The discretized
equations are integrated from t=0 to t=30 (the steady-state is established around

£=25).
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(a) Heat equation.
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V= V=l
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(b) Navier-Stokes Equations.

Figure 4.6: A schematic illustration of gappy domains for two benchmark problems [63]: (left)
the global (physical) boundary condition of the reference simulation. (right) the location and index
of the fine-resolution subdomains colored by green.
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4.5.2 Navier-Stokes equations

Next, we consider incompressible flow for the lid-driven cavity described by the

divergence-free Navier-Stokes equations:

0
a—:+V-VV= ~Vp+vViv + f, (4.15)

V.v=0, (4.16)

where v is the velocity vector, p is the pressure, and v is the kinematic viscosity
of the fluid. For spatial discretization we employ a two-dimensional finite difference
method. The physical boundary conditions are shown in Figure [4.6{b). The res-
olution of a rectangular cell for each subdomain is 8 x 8, with a total of 320 cells
for the patch simulation. In order to compare errors from different auxiliary data
quantitatively, we employ not only coarse simulations with resolution 4 x 4, 8 x 8,
and 16 x 16 for the entire domain, but also DPD simulations with different numbers
of DPD particles as 1000, 4000, and 8000. For the DPD result, we use an ensem-
ble average data of 30 trials. The time step is At = 0.005 with Reynolds number
Re=35 given by the DPD model. The non-interaction timestep number 7 is 20. The
discretized equations are integrated from t=0 to t=9 (the steady-state is established

around t=5).

4.6 Results

The contour plots of field variables compared to reference simulations (no spatial

gaps or projective time integration) are shown in Figure [4.7] Also, the results of
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(a) Reference solution. (b) Auxiliary data from a finite (¢) Auxiliary data from a ran-
difference model with a 6 x 6 dom walk model with 200 sam-
grid resolution. ple paths.

(d) Reference solution. e) Auxiliary data from a finite (f) Auxiliary data from a DPD
dlfference model with 8 x 8 grid model with 4000 paritcles.
resolution.

Figure 4.7: Contours of field variables at the steady-state. (a)-(c): Temperature contours for the
heat equation. The reference simulation is obtained on the entire domain (31 x 31 grid). (d)-(f):
Streamwise velocity contours for the Navier-Stokes equations. The reference simulation is obtained
on the entire domain (27 x 27 cell). Results of patch simulations are based on fine-resolution
subdomains with different auxiliary data.
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Figure 4.8: The time history of time-averaged RMS error for different jump sizes in the heat
equation ((b) has a different RMSE scale). The green line represents a solution of the gappy
simulation, which has no projective time integration. The blue dots represent a solution of the
patch simulation with different jump sizes. The auxiliary data comes from a finite difference model
with resolution 6 x 6. We employ 10 snapshots in the projective time integration.
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Figure 4.9: The time history of time-averaged RMS error for different jump sizes in the heat
equation ((b) has a different RMSE scale). The green line represents a solution of the gappy
simulation, which has no projective time integration. The blue dots represent a solution of the
patch simulation with different jump sizes. The auxiliary data comes from the random walk model
with 2000 sample paths. We employ 10 snapshots in the projective time integration.
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Figure 4.10: The time history of time-averaged RMS error for different jump sizes in the Navier-
Stokes equations. The green line represents a solution of the gappy simulation, which has no
projective time integration. The blue dots represent a solution of the patch simulation with different
jump sizes. The auxiliary data comes from a finite difference model with resolution 8 x8. We employ
5 snapshots in the projective time integration.



101

27

0.06

0.01

Time

(a) Projection to 2 - 7 - At.

107
0.18 T T

0.16

0.14 -

0.12F

<

Time
(b) Projection to 10 - 7 - At.

DMAP
0.06 T T

0.01

Time

(¢) Projection to J(t) - 7 - At.

Figure 4.11: The time history of time-averaged RMS error for different jump sizes in the Navier-
Stokes equations ((c) has a different RMS scale). The green line represents a solution of the gappy
simulation, which has no projective time integration. The blue dots represent a solution of the
patch simulation with different jump sizes. The auxiliary data comes from the DPD result with
4000 DPD particles. We employ 5 snapshots in the projective time integration.
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the patch simulation with different auxiliary data and jump sizes, compared to the
results of the gappy simulation (no projective time integration), are shown in Figures
- [.11} The green line represents the result of the gappy simulation, which has
no projective time integration as in previous work [63]. The blue dots represent
the result of the patch simulation, which employ projective time integration with

different jump sizes.

In order to compare results of patch simulations with different auxiliary data,
we employ a measure of RMS error, namely the “total” RMS error (RMSEr) for
temporal accuracy. The “total” RMS error at time t is calculated by the following

formula:

n Ny

RMSE(f) = niz\@, SO (s (5,) — s (5,2 (4.17)

j=1 i=1
where Ny is the number of grid points of each fine-resolution subdomain and n is the
number of fine-resolution subdomains, while w, ;(¢,t) and u,, ;(,t) represent the fine-
resolution reference solution and the patch solution on j** fine-resolution subdomain,

respectively.

As shown in Figures - [£11] for a small fixed jump size, the difference be-
tween RMSEr of the gappy simulation and the patch simulation is relatively small.
However, too many computations are needed near the steady-state when the change
of dynamics is negligible. For a large fixed jump size, on the other hand, a large
difference in RMSE~ is observed during the transient period. For a jump size given
by diffusion maps, the gap between results of the gappy simulation and the patch
simulation is small enough during the transient period (due to a small jump size),
and the computation redundancy is also small enough near the steady-state (due to

a large jump size).
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of the auxiliary data increases in both cases.
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converged as the accuracy
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In order to quantify these observations, we introduce three different measures:
namely “a scaled maximum difference of RMSEr (D,;)” for quantifying the accuracy,
“a normalized computation time (7¢)” for the efficiency, and “an overall accuracy (()
compared to a reference gappy simulation. As shown in Figure [4.12, the RMS errors
converge as the accuracy of auxiliary data increases for both the finite difference
method and the particle based method. Hence, we can choose a fine-resolution
simulation as the reference gappy simulation for each problem — the finite difference
method with a 24 x 24 grid resolution for both the heat equation and the Navier-

Stokes equations. Then, the D), is calculated by the following equation:

Dy = max (|JRMSER(¢) — RMSE&(t)]) - R, ¢ € (0,7), (4.18)

[{3)]

where superscripts “p” and “g” represent the patch simulation and the gappy simu-
lation, respectively, while R is the ratio of the mean RMSES, between each auxiliary
data and the reference auxiliary data. Then, the RMS error of all auxiliary data can
be scaled with respect to the reference gappy simulation. Another measure T can
be calculated by the ratio of total computation time of the patch simulation to the
reference gappy simulation. There are inverse correlations between the two afore-
mentioned measures, i.e., if D), becomes larger, then T becomes smaller. Hence,

we introduce the “overall accuracy (¢)” as follows:

¢(=1—(Dy-Te). (4.19)

4.6.1 Accuracy versus efficiency

In the heat equation, for cases of fixed jump sizes only, T decreases linearly while

Dy grows exponentially as the jump size increases (see Figure 4.13). Hence, a
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Figure 4.13: Three computational quality measures in the heat equation: the x-axis represents a
fixed jump size for the projective time integration and “DMAP” represents a varying jump size by
the diffusion maps. Square and triangle markers represent auxiliary data from a finite difference
model with a coarse grid and a random walk model by Monte Carlo method, respectively.
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Figure 4.14: Three computational quality measures in the Navier-Stokes equations: the x-axis
represents a fixed jump size for the projective time integration and “DMAP” represents a varying
jump size by the diffusion maps. Square and triangle markers represent auxiliary data from a finite
difference model with a coarse grid and a DPD model, respectively.
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small jump size requires a large computation time linearly while a large jump size
loses accuracy exponentially. That is, a small jump size has higher overall accuracy
compared to a large jump size. However, varying the jump size by the diffusion
distance gives a value for Dy, that is similar to the value for a fixed jump size of
2, and a value for T that is similar to the value for a fixed jump size of 6. This
leads to a better overall accuracy (¢). The patch simulation with the random walk
model (stochastic and particle based auxiliary data) has the same trend as the finite
difference method (deterministic and grid based auxiliary data), i.e., varying the
jump size by the diffusion distance always provides the highest overall accuracy for
any auxiliary data. The random walk model with 2000 sample paths is found to
be the best auxiliary data with respect to the overall accuracy, although the finite
difference model with a 10 x 10 grid is comparable. Since the random walk model
solves the heat equation on a 10 x 10 grid resolution, D), appears to be similar to

the finite difference method with a 10 x 10 grid.

In the Navier-Stokes equations, for cases of fixed jump sizes with a finite difference
method only, results are same as the heat equation, i.e., varying the jump size by the
diffusion distance provides the highest overall accuracy; D), is at a similar level as
for a fixed jump size of 2, and T is at a similar level as for a fixed jump size of 4 or 6.
However, the DPD model with 1000 particles (too coarse) cannot provide an adequate
jump size due to its incorrect slow manifold, which results in a decrease in overall
accuracy even though we employ the varying jump size. As the number of DPD
particles increases from 1000 to 8000, the diffusion map provides the appropriate
jump size, which leads to large improvement of both the accuracy and the efficiency
(see Figure [4.14)). Furthermore, since differences in T for all cases are negligible
(except the finite difference with 4 x 4 grid), Dy, determines the overall accuracy.

Finally, the finite difference model with a 16 x 16 grid (the lowest D)) is found to
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be the best auxiliary data with respect to the overall accuracy.

From the results of all simulations, we conclude that varying the jump size at
every projection step, based on the rate of temporal variation of the local leading
diffusion maps coordinate, is the best method to achieve the highest overall accuracy
for any auxiliary data. Moreover, the heterogenous models (based on particles)
are comparable as the number of particles increase. This result shows that the
patch simulation can provide high quality even when using heterogeneous information

fusion.

4.6.2 Jump size and auxiliary data

Diffusion maps provide a non-linear low-dimensional manifold associated with the
slow dynamics of the original problem. The diffusion maps from accurate auxiliary
data can draw a smooth coordinate which contains slow dynamics precisely and this
results in increasing the jump size compared to inaccurate auxiliary data (see Figure
[4.15). Hence, Tr decreases as the auxiliary data becomes accurate due to a large
projection time. The accuracy of the auxiliary data also affects computation time
for the multi-level Gaussian process regression. For example, finite difference meth-
ods with high accuracy have more data points, which results in consuming extra
computation time to obtain optimal hyper-parameters by the maximum likelihood
estimation. Hence, more accurate auxiliary data cannot guarantee smaller computa-
tion time. However, more accurate auxiliary data provides more accurate snapshots,
which results in a smaller Dj; with the same projection time. Finally, we show that

more accurate auxiliary data gives higher overall accuracy (¢).

Next, we focus on the jump size of heterogeneous models (stochastic and particle-
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Figure 4.15: The jump sizes with respect to time given by the diffusion maps . The dashed lines
represent the jump sizes for the finite difference model in both cases. The solid lines represent the
jump sizes for the random walk model in the heat equation and the DPD model in the Navier-Stokes
equations, respectively.
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based models). As shown in Figure , the jump size is bounded above and has
wiggles near the steady-state. As the system approaches the steady-state, the change
of dynamics is very small (or negligible). This, in turn, means that the diffusion dis-
tance between adjacent snapshots at that time is very small. Thus, the jump size
(inverse logarithm scale of the diffusion distance) becomes very large and it can be
affected strongly by a small perturbation of each snapshot. Thus, intrinsic perturba-
tions of both stochastic models, the random walk model and the DPD model, cause

the oscillation of the jump size near the steady-state in both benchmark problems.

4.6.3 Number of snapshots

The number of saved snapshots, N, determines the number of terms of a POD
expansion for reconstructing field variables in the projective time integration. If
we use more snapshots for the projection with the same auxiliary data and same
jump size, the accuracy of the patch simulation can be increased while the extent of

simulation “saved” becomes less, leading to less efficiency.

In the heat equation, as shown in Figures accuracy gains with respect to
Dy are very small even though T¢ increases. This result shows that 5 snapshots, i.e.,
5 terms of POD expansion, are enough to reconstruct and estimate field variables
of the heat equation we setup. On the other hand, for the Navier-Stokes equations
(which are much more complex than the heat equation), D), decreases as the number
of snapshots increases (see Figure[1.17|(a)). The additional snapshots can reconstruct
the field variables precisely, which leads to high accuracy for the patch simulation
by using more terms of POD expansion. However, additional snapshots require
more time steps to perform fine simulations for each projective time integration,

which make Tt increase (see Figure [L.17(b)). From our observations, D), has a
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Figure 4.16: Results of three computational quality measures with different number of snapshots
in the heat equation. x-axis represents the number of snapshots for the projective time integration.
The blue and the red represent the coarse grid (10 x 10) and the random walk model with 2000
sample paths, respectively.
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particles, respectively.
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more pronounced effect than 7, on the overall accuracy. Hence, as shown in Figure

4.17|(c), more snapshots are suitable for this problem setup.

4.7 Summary

We formulated and implemented a new framework to extend gappy simulation with a
“patch dynamics” flavor and tested simulations of two benchmark problems, namely
the heat equation and flow in a lid-driven cavity in two dimensions. Furthermore,
we demonstrate the new capability that statistical learning tools can help achieve
with heterogeneous and multi-fidelity data. By learning from the auxiliary data, the
new algorithmic framework can achieve not only high accuracy via the Gaussian pro-
cess regression, but also high temporal integration efficiency via the diffusion maps.
From results of simulations, we observed important trends about the patch simula-
tion. Accurate auxiliary data provides accurate data sets in the Gaussian process
regression and the appropriate projection time from the diffusion map. Moreover,
the number of snapshots we use for the projective time integration totally depends
on the dynamics of the problem. Generally, more snapshots increase the accuracy
but decrease the efficiency. We demonstrated that this framework can be extended

to enable multi-fidelity and multiscale parallel simulations in a resilient way.
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5.1 Introduction

In exascale simulations, the acceleration of simulations is as important as robustness
and resilience in previous chapters. Many researches have been developed in not only
computer frameworks [10, 24] but also mathematical algorithmic side [8, 105}, [75] to
accelerate simulations. Among many applications of the exascale simulation, some
physics problems can be accelerated by an adaptive timestep, if we know its dy-
namics “briefly”. For example, a biological system where many species are mixed
together [111], 118, [59, 13]. Each species has its own dynamics of concentration and
thus corresponding evolution time are totally different depending on some param-
eters of physics. If we simulate this system with the smallest equidistant timestep
for capturing all different evolution of dynamics effectively, the computational cost
increases dramatically as fast as a number of species and it is impossible to solve the

dynamical system within reasonable computation time.

In order to reduce the computation cost in this multi-rate dynamics problem,
we extend the previous framework, “adaptive” projective time integration. First,
we obtain a concentration of each species in time by a coarse simulator and find a
dynamics-informed timestep for each species by Diffusion maps. Then, we perform
the fine simulation with the aforementioned dynamics-informed timestep. In this
case, we should perform coarse simulators as many as a number of species and this
leads to additional computation coset. However, if concentrations of each species are
highly related to other field variables, e.g., velocity fields (given from auxiliary data),
we avoid performing coarse simulators to obtain adaptive timestep. For example,
we put the velocity field data as the auxiliary data. Then, Diffusion maps for the
velocity field provide a suggested timestep with a tuning parameter. If we find a

relation between dynamics-informed timestep for velocity fields and concentration,
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we can solve the multi-species problem without coarse simulators and this guarantees

efficiency gain.

In this chapter, we introduce “one-way” coupled the transport equation with
the Navier-Stokes equations. We demonstrate that the dynamics of different species
can be parameterized by a physical-informed parameter and finally, we show this
framework enhances the computational efficiency by the adaptive timestep for each

species.

5.2 Simulation setup

A general multi-rate dynamics system has two governing equations. The first is a
(scalar) “transport” equation for evolution of the concentration of each species (C),

which consists of a convection and diffusion term as

ac 1

where Pe is a dimensionless number which is ratio of the convective transport rate

to the diffusion transport rate as
Pe = — (5.2)

where L represents a characteristic length, v and « represent a maximum velocity

and a diffusivity of species, respectively.

In the transport equation, the convective term has a velocity vector field u, which
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Figure 5.1: (left) The physical boundary condition for velocity fields and concentrations. (right)
The Navier-Stokes equations provide the velocity fields (u) to the transport equation.

is given by the Navier-Stokes equations as

0
a—ltl—{—u-Vu: ~Vp +vViu+ f, (5.3)

V-u=0, (5.4)

where u is the velocity vector, p is the pressure, and v is the kinematic viscosity
of the fluid. In this framework, the Navier-Stokes equations are independent of the
transport equation. Thus, this system is “one-way” coupled from the Navier-Stokes

equations to the transport equation.

In order to perform a simulation, we employ a second-order finite difference
method for both equations. The physical boundary conditions are imposed Dirichlet
condition and shown in Figure |5.1] For the concentration, C' = 1 at the top and
C = 0 on all other sides and for the velocity fields, v = 1 and v = 0 at the top and
u = v = 0 at all other sides. The computational domain consists of a structured

rectangular mesh and their grid resolutions of the transport equation and the Navier-
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Stokes equations are 20 x 20 and 8 x 8, respectively. The temporal discretization
corresponds to timestep At = 0.001 with Peclet number, Pe = 1, 2, 5, and 10-Re
— Peclet numbers are proportional to Reynolds number (Re) of driving flow. The
simulation is integrated from t=0 to t=10 and the number of snapshot for projective
time integration corresponds to 30 snapshots. For details about projective time
integration, see the reference [99]. Due to one-way coupling system, we solve the
Navier-Stokes equations first and obtain velocity fields at every time step. After
that, we interpolate velocity fields on 8 x 8 grid to 20 x 20 grid for the transport

equation.

5.3 Results

First of all, in order to find “reference” projection time for different Peclet number,
we solve all the transport equations for different Peclet number Pe= 1, 2, 5,and 10-Re
with a same grid resolution. After that, we obtain “adaptive” projection time via
the first nontrivial diffusion coordinate with 1000 temporal snapshots from ¢ = 0 to

t = 10 for each species. A projection time (jump size) J(¢;) is obtained by

Dy,

J(t;) = alog Dl i)’

(5.5)

where « is a tuned parameter and D,, represents the maximum diffusion distance
along the time series. Since the projection time should be an integer, J(t;) is rounded
to the nearest integer. Then, we can project and estimate field variables at time

t* =t+ J(t) - At by a POD assisted projection, see [99).

First, Figure (a) shows reference jump sizes for different Pe obtained by the
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Figure 5.2: Jump sizes of each species with different Pe. The black line represents a jump size
calculated by streamwise velocity field in the Navier-Stokes equations. (a): the original (untuned)
jump size of each species. (b): all jump sizes are tuned by o = 1/Pr.

equation . The black line represents the adaptive jump size by snapshots of the
streamwise velocity fields (auxiliary data). Each species has a different jump size at
time ¢, which means that each species has different dynamics evolution. Hence, we
should employ the smallest jump size at every jumps in order to capture all dynamics
effectively. However, if there is correlation between jump sizes of each species and
velocity fields (auxiliary data), we estimate the jump size of each species from the

jump size of velocity fields, which is given.

As shown in Figure (b), if we employ a linear multiplier f = Pe/Re in jump
sizes of each species, then jump sizes of all species are well matched to the jump
size of velocity fields. This § has a physical meaning, called a Prandtl number (Pr),
which is ratio of viscous momentum of fluid to diffusivity of each species. Hence, we
are able to choose a tuning parameter as a = 1/Pr in the jump size of velocity fields
and this results in huge computations saving because we eliminate the computational
redundancy to solve coarse simulations for each species to obtain the adaptive jump

size.
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In order to show the capability of this framework with physical-informed tuned
parameters o = 1/Pr, we compare RMS error of three different approaches in time:
the jump size by snapshot of each concentration (the reference), velocity fields (un-
tuned), and velocity fields tuned by physical-informed parameter «, see Figure .
From results, RMS error from three different approaches are bounded in acceptable
magnitude of error. Moreover, the RMS error from velocity fields tuned by physical-
informed parameter is much smaller than the RMS error from untuned velocity fields
and also comparable to the RMS error from the reference. Thus, in this framework,
we are able to save the computational cost without performing a coarse simulator

for each species.

5.4 Conclusions

We demonstrate the efficient algorithm for the multi-rate problem in the complex
biological system. First, we demonstrate the projective time integration adaptively
with appropriate projection time (jump size). Also, different but physically related
field variables are able to give the appropriate jump sizes via physical-informed tuned
parameter «. If multi-species are solved by different projective time integration asyn-
chronously, then there is a huge computational cost saving in exascale simulations

because of less communication between computer nodes, see chapter 7.

Furthermore, if we have time series data of concentrations but do not know the
Peclet number, a tuned parameter « given by Diffusion maps provides the Prandtl
number and finally provide the (unknown) physical parameter by data mining ap-
proaches. Hence, it shows the data are able to parameterize the dynamics intrinsi-

cally, without explicit reference to fundamental physical quantities [116].



CHAPTER SIX

Robust nonlinear information
fusion via manifold-driven

Gaussian process regression
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6.1 Introduction

Thanks to advance in the new paradigm of computer science, the burst of data-
driven approaches has been widespread through all scientific computing area, for
example, exascale simulations for multiscale and multiphysics problems [112, BT,
33, [64]. In specific, many researches have been developed by their own models for
simulations or experiments to demonstrate a same physics problem much effectively.
Hence, multiple fidelity data for the same physics problem are omnipresent and it
is possible to combine data to gain accuracy and efficiency. In computational fluid
dynamics, many results from different algorithms or experiments have been published
for describing same flow physics. Hence, we can compare accuracy and efficiency of
multiple models and distinguish their own strength and weakness. Finally, we are

able to integrate multiple models to take their advantages only.

In data-driven approaches, it has shown that the information fusion between
multiple fidelity data gain the computational efficiency if it is very expensive to
obtain the highest fidelity data. In statistical learning theory, the Gaussian process
has been widely used to fuse multiple fidelity data [80, 82, [79] [78, 63, 06]. The
classical technique is to find a linear correlation between low and high fidelity via
the approach of Kennedy and O’Hagan [52]. However, if multiple fidelity data not lie
on the same linear manifold, i.e., there is no linear correlation, this linear approach
loses its capability. In order to resolve this nonlinearity problem, nonlinear auto-
regressive Gaussian process (NARGP) was introduced [79] and shows the capability
of fusion for multiple fidelity data which are nonlinearly correlated. This approach
introduces a hidden (latent) dimension to find a strong correlation between low and
high fidelity data on (d 4+ 1) dimensional manifold. In specific, low fidelity data

provides an additional dimension and high fidelity data is projected onto (d + 1)
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manifold, where Gaussian process has a simple and correct kernel.

Sometimes, results from same physics problem are different depending on the
problem setup (the initial or the boundary condition and physical parameters) or
uncertainty. For example, in computational fluid dynamics, there is a textbook
problem, “flow past a circular cylinder”. In this simulation or experiment, depending
on mesh or experiment size, order of accuracy of scheme, type of scheme, and other
parameter uncertainties, the flow dynamics are changed [44] 115,69, [15]. In this case,
we cannot guarantee the high fidelity data lie on the introduced (d + 1) dimensional

manifold, where Gaussian process is available.

In order to resolve this problem, we may need to find another appropriate man-
ifold where the Gaussian process is available. In this chapter, we introduce two
different approaches to find the appropriate manifold, where low and high fidelity
functions are invertible each other. This invertibility provides a (one-to-one) map
between two functions, which makes Gaussian process available. The first method is
iterative Gaussian process, which modifies the low fidelity data iteratively until we
get the smooth manifold. Another approach is to construct the appropriate mani-
fold with (intrinsic) diffusion coordinates via Diffusion maps. In this approach, we
construct a (d + x) dimensional manifold by choosing pairs of diffusion coordinates.
Specifically, Diffusion maps check a number of additional dimensions (x) for one-to-
one mapping between two fidelity data and also provide the corresponding (d + x)

dimensional manifold where the Gaussian process works.

In order to show the capability of our approaches, we demonstrate a nonlinear
dynamic system, Van der Pol oscillators [109], which have a bifurcation by a (scalar)
nonlinear damping parameter p. Depending on u, responses of oscillators are totally

different with respect to its frequency and shape. Hence, without physical intuition,
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it is hard to find a reasonable relation between data from different Van der Pol

oscillators.

In this chapter, we introduce general Van der Pol oscillators. After that, we
present two different approaches of the manifold-driven Gaussian process. In order
to demonstrate effectiveness of two approaches, we present two examples: intensity
parameters of two data are 1) similar or 2) totally different. Finally, we show two ap-
proaches are good methods to find the GP-available (one-to-one invertible) manifold

for the nonlinear information fusion.

6.2 Problem setup: Van der Pol oscillator

Van der Pol oscillators, which have a nonlinear damping, draw different response
curves depending on an intensity parameter of nonlinear damping. The Van der Pol

oscillator evolves in time according to following ODE:
& S " (6.1)
dtz /‘L Y

where p is a scalar parameter, which controls the intensity of nonlinear damping.

Generally, time evolution of dynamics of the Van der Pol oscillator can be rewrit-

ten to two-dimensional ODE system by Lienard transformation as

g =pu(l -ty — . (6.3)
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Figure 6.1: Dynamics of Van der Pol oscillators. (a): the evolution of a limit cycle depending
on a parameter pu. Peak points increase as u increases. (b): Responses of two oscillator with
different parameters 4 = 0.1 and p = 7.5. The x-axis and y-axis represent time ¢ and response x,
respectively.
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The limit cycle of oscillators are parameterized by the scalar parameter pu, see
Figure (a). We employ Matlab solver ODE45 for solving the ordinary differential
equation (ODE) system and [6.3] For simplicity, in this thesis, we use only two

different oscillators for the nonlinear information fusion.

In a view of data mining, our merged and expanded data set Y = {xp, yn, X1, ¥1}
(introduced in next section), supports to find appropriate pair of coordinates via
nonlinear statistical learning algorithm, Diffusion maps. Hence, we can find latent
dimensions on parametric space and this results in finding intrinsic function effec-

tively.

Data from two oscillators cannot be distinguished with respect to fidelity. How-
ever, in order to match the general concept of multiple fidelity information fusion
framework, we assume one oscillator as a high fidelity model and another as a low

fidelity model.

6.3 Methods

6.3.1 Nonlinear auto-regressive Gaussian Process

A generalized auto-regressive scheme for multiple fidelity is

fn(x) = 21 (fi(x)) + 0n(x), (6.4)

where f; and fj, are low and high fidelity data, respectively. z(-) is an unknown

mapping from a low fidelity model to a high fidelity model. If there is a linear
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map z(-) between f; and f,, then we employ a classical linear approach of Kennedy
and O’Hagan, i.e., z; is independent of x. For a nonlinear map between low and
high fidelity model, the generalized scheme still enable to find appropriate mapping
via nonlinearity of z(-). However, the computational cost to find the appropriate
nonlinear map is dramatically increasing and this results in losing total efficiency of

information fusion.

In order to gain efficiency, Paris et al. [79] employ the additional dimension via
previous inference level f;. Hence, the auto-regressive scheme on a (d+1) dimensional

manifold can be rewritten as

fu(x) = g (x, fi(x)). (6.5)

and ¢ is a Gaussian process as follows:

g~ GP (fulka((x, fi(x)), (7, fi(x7)); On) (6.6)

where x,x* are given data points. For more details, see the reference [79].

If high fidelity data are embedded on the low fidelity data and invertible (or
have directionality) as Figure (a), i.e., the high fidelity data lie on the (d + 1)
dimensional manifold constructed by z and f;(z), the kernel on this manifold for
Gaussian process has a main direction and this leads to gain higher accuracy of
Gaussian process compared to the original d dimensional manifold. However, if
distribution of high fidelity data has no directionality on the (d + 1) dimensional
manifold as Figure (b), the introduced NARGP fails and finally there is no

accuracy gain even though we use multiple fidelity data.

From this simple counter-example, we show that the introduced NARGP is not
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Figure 6.2: A example of (d + 1) dimensional manifold. Colormaps of different high fidelity
models embedded on low fidelity data, f; = sin(87z). A color distribution represents high fidelity
data at location z (x-axis). (a): the high fidelity data are embedded on the low fidelity model
with directionality in y direction. (b): the high fidelity model are not embedded on the low fidelity
model because of non-directionality.

capable for information fusion with nonlinearly correlated data. In this case, we
need to find other approaches to fuse multiple information or find the appropriate
manifold where the high and low fidelity data are invertible each other. In this

chapter, first, we introduce “iterative” Gaussian process” to find a smooth (d + 1)

manifold by modifying low fidelity data.

6.3.2 Iterative Gaussian Process

Generally, it is relatively costless to obtain data from low fidelity models (either
simulations or experiments) compared to high fidelity models. Since a number of
low fidelity data is enough (but less accurate), we can modify our low fidelity data
until fitting targeted high fidelity data. Then, we are able to employ nonlinear auto-
regressive Gaussian process with modified data sets. In geometrical interpretation,
the original manifold constructed by z, fi(x), and f,(z) is not smooth and has

wiggles, which makes the accuracy of NARGP down. Hence, we stretch this uneven
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manifold until we get a smooth (or flat) manifold by modifying low fidelity data

iteratively.

The iterative Gaussian process (IGP) has an iteration and regression. First, two

multiple fidelity data sets are merged into one big data sets as

yr = {wx), - w(@m), yn(@n), - yn(@nn) ) (6.7)

where subscript [ and h represent the low and high fidelity data, respectively. After
that, we perform the Gaussian process regression with yr for estimating new low
fidelity data at location x;. Then, we have updated low fidelity data y;; by regression

and perform this process iteratively until we get a smooth manifold, see the algorithm

itk

Algorithm 1: Iterative Gaussian Process (IGP) for modifying the low fidelity
data

1 Gaussian Process;

Data : ({xlv l’h}, {yl7 yh})

Result: (z;,y))

for i+ 1to !l do

(z1, 1) < (20, 97);

D = ({Il,xh]w {yl;yh});

h ~ GP(fi|kn(x,z*);0,) for x,x* € D;
y* = h(x);

(:Ela yl*)

end

® N o ook W oN

In the iterative Gaussian process framework, the high fidelity data pick up low
fidelity data to match its own frequency iteratively. Finally, two fidelity data are
matched their frequency, which makes our manifold smooth. In this thesis, our stop
criteria of iterations is given by the physical intuition but generally, (d) dimensional
total variation is one of the best candidates to measure the smoothness (or flatness)

of the manifold.
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(b) The modified low fidelity model.

Figure 6.3: A example of iterative Gaussian process. The distribution of high fidelity data on (a):
the original low fidelity data and (b): the modified low fidelity data. The color represents the high

fidelity data at location z (x-axis). The modified low fidelity data is obtained after 10 iterations.
The high and low fidelity data have parameters p = 1.5 and p = 1.1, respectively.
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In Van der Pol oscillators, changing a intensity parameter (u) changes the period
of the limit cycle and this results in changing the shape and phase of responses.
As difference between two parameters getting bigger, corresponding responses of
oscillators have large shifted phase. It may render low fidelity data useless since
different frequency and phase provides spurious frequency to the high fidelity oscil-
lator. Hence, we need another approach which is capable to find a smooth mani-
fold correctly and effectively. In next section, we introduce another manifold-driven

Gaussian process via a nonlinear statistical learning tool, Diffusion maps.

6.3.3 Gaussian Process via Diffusion maps

Diffusion maps have been widely used in dimensionality reduction. It extracts a
nonlinear low dimensional manifold without losing of slow dynamics of the system.
Hence, it guarantees the minimum dimensional manifold compared to classical linear

techniques like principal component analysis (PCA) [48].

In this chapter, the other way around, we employ Diffusion maps for finding
hidden (latent) dimensions, i.e., dimensionality expansion. Two or multiple fidelity
data, which have space and time dependent correlations, can be embedded on a
parametric manifold where Gaussian process is available. Diffusion maps extract
several principal nonlinear coordinates from our expanded data set and some pairs

of these coordinates construct a GP-available manifold.

Given n multiple fidelity data {y1(x),...,yn(x)} of N observations, we set an

N x N affinity matrix via diffusion kernel by

Yi — Y2
Wij = exp (—u) ) (6.8)

€
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where Y; = (y1(2;),...,yn(z;)) is an observation vector of multiple fidelity models

at same location x;. Then,

W =D"'W, (6.9)

where D is a diagonal matrix given by

D =Y Wy (6.10)

Then, the matrix W can be a transition probability matrix of a Markov chain and
this matrix is equivalent to discrete Laplace-Beltrami operator [20]. Eigenfunctions
of the matrix W, called diffusion coordinates, describe the embedded (nonlinear)
coordinates effectively. Among those eigenfunctions, we choose a pair of diffusion
coordinates which high and low fidelity data embedded with directionality. Then,
the number of elements in the chosen pair informs the number of hidden (latent)
dimension for mapping each other. On the chosen manifold, the high and low fi-
delity data are constructed by corresponding Gaussian processes g, and g; on the m

dimensional manifold as:

In(@) = gn (61(%), @2(%), -, (X)) , (6.11)

fix) = g1 (¢1(x), @2(x), .., P (X)), (6.12)

where g, and g; are Gaussian processes constructed by

gn ~ GP (fulkn((91(x), - - dm(x)), (¢1(X7), .. -, ¢m(X7))); On) , (6.13)
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gr ~ GP (filki((¢1(x), -+, ¢m(X)), (91(X7), -, dm(X7))); 61) - (6.14)

Hence, we employ Gaussian process g, on the (d + x) parametric space for the
estimation of high fidelity function. For details about Diffusion maps and Gaussian

process, see the Appendices.

6.4 Result

6.4.1 On the similar limit cycle (u, ~ 1)

As shown in Figure [6.1] if parameters u of two oscillators are similar, i.e., two data
have similar limit cycles, we are able to employ iterative Gaussian process (IGP). In
this chapter, we choose parameters p = 1.5 for the high fidelity model and p = 1.1
for the low fidelity model. Modified low fidelity data by IGP give a stretched (and
smoothed) manifold, where high and low fidelity data have one-to-one mapping,
see Figure As shown in Figure (b), modified low fidelity data (labeled by
NARGP(M)) have the lower RMSE compared to Gaussian process with high fidelity
data only (Kriging) and NARGP with original low fidelity data. Moreover, it is found
that IGP shows the better result if we have a few high fidelity data. Hence, this

framework is robust to number of high fidelity data compared to other approaches.

Moreover, we employ another manifold-driven Gaussian process. Each oscillator,
solved by equations (6.2]) and (6.3), has two data sets,  and & (totaling four data
sets). We construct an expanded data set as Y = {xy,Zp, 2,4} And Diffusion

maps provide several diffusion coordinates from Y and we choose the best pair of
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Figure 6.4: A result of iterative Gaussian process. (a): exact responses of two different oscillators
— u = 1.1 for low fidelity and p = 1.5 for high fidelity. (b): regression results with different
approaches. (M) represents the modified low fidelity data by IGP.
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Figure 6.5: Distribution of two fidelity data on the GP-available manifold. The pair of (¢; and
¢2) is the best to embed high and low fidelity data with directionality. The green line represents
the path along with z. (a): The color represents high fidelity data. (b): The color represents low
fidelity data.

them, see Figure[6.5] On this chosen manifold constructed by diffusion coordinates
¢1 and ¢o, the high and low fidelity data are invertible and one-to-one mappable.
Color distributions of two fidelity data on this manifold are tilted each other. It
informs the phase shift between two oscillators, see the Figure (a). The Gaussian
process on the GP-available manifold is found to be the best approach compared
to simple Gaussian process and original NARGP see the Figure [6.60 However, if
the number of high fidelity data increase, other approaches provide better results

because the chosen manifold does not have a clear directionality everywhere, which

makes small wiggles on the manifold.

6.4.2 On the different limit cycle (u # )

We choose parameters of two different oscillators as p = 1.5 for high fidelity model
and p = 5.0 for low fidelity model and the exact responses of two oscillators are
shown in Figure (a). The shape and frequency are totally different and hence it

is hard to find a nonlinear relation between data without physical intuition or prior
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Figure 6.6: The result of manifold-driven Gaussian process in the similar limit cycle. (a): Regres-
sion results of different approaches. (D+1) represents that we employ one additional dimension.
Blue dots represent high fidelity data points. (b): the x-axis represents number of high fidelity
data. Each RMSE is normalized by max f;, and averaged by 10 simulations.
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Figure 6.7: The result of iterative Gaussian process. (a): exact responses of two different oscil-
lators: p = 5.0 for low fidelity and p = 1.5 for high fidelity. (b): regression results of different
approaches. (M) represents the modified low fidelity data by IGP.
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(a) High fidelity data. (b) Low fidelity data.

Figure 6.8: Distribution of two fidelity data on the GP-available manifold. The pair of (¢1, ¢3,
and ¢4) is found the best manifold to embed high and low fidelity data effectively. (a): The color
represents high fidelity data. (b): The color represents low fidelity data.

knowledge of the dynamical system.

First, we employ IGP and its results are shown in Figure (b). IGP is no longer
good approach with two data sets because two oscillators have totally different fre-
quencies and thus, IGP produces a spurious oscillation between two frequencies. This
result makes IGP worse than Kriging (GP with only high fidelity data) even though
we employ two data sets. However, the manifold-driven GP still provides the better
result if we add two additional dimension, see Figures and While similar
oscillators need only one additional dimension to map each other, different oscillators
need two additional dimensions to construct GP-available manifold because there is
a bifurcation of the limit cycle between two oscillators. In this case, we choose a pair
of triple diffusion coordinates of ¢1, ¢3, and ¢4, see the Figure [6.8 The manifold-
driven GP are able to reduce the RMSE dramatically compared to other approaches,
see Figure (b) and this reduction is independent of the number of high fidelity
data. Because we construct a smooth-enough manifold for GP, the RMSE is always

small independent of the number of high fidelity data.
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Figure 6.9: The result of manifold-driven Gaussian process on the different limit cycle. (a):
regression results of different approaches. (D+2) represents that we employ two additional dimen-
sions. Blue dots represent high fidelity data points. (b): the x-axis represents number of high
fidelity data. FEach RMSE is normalized by max fj and averaged by 10 simulations.
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From this result, we are able to find a (hidden) nonlinear correlation between
two data sets via the pair of Diffusion coordinates. Also, we demonstrate the capa-
bility of the manifold-driven for bifurcated dynamical systems. Finally, we setup the
algorithm to find the appropriate manifold to (one-to-one) map each other, whose

manifold becomes the important clue to describe physics between oscillators.

6.5 Conclusion

In this chapter, we introduce two novel approaches for the nonlinear auto-regressive
information fusion and demonstrate their capabilities in the Van der Pol oscillators.
Specifically, if parameters p are similar, i.e., limit cycles are similar, the IGP frame-
work can stretch and smooth the original manifold. Also, it is a clever way to find the
GP-available manifold via Diffusion maps. If parameters u are totally different, on
the other hand, only Gaussian process with Diffusion maps presents the reasonable
result and it shows the robustness for nonlinear correlated data. The ultimate goal
of two approaches are same; to find a smooth (one-to-one) manifold with high and
low fidelity data, where Gaussian process is available. Finally, we present the new

type of the information fusion between nonlinearly correlated data.

Moreover, we show that the manifold given by Diffusion maps is able to map two
oscillators each other. In this mapping, the number of additional dimensions may
provide the important physical meaning, which informs the location of the bifurcation
in dynamical systems. From data, we are able to find a system identification without
physical models, equations, variables, and parameters. Hence, this approach will

provide a breakthrough in data mining of complex dynamical systems.



CHAPTER SEVEN

Conclusions and Future work



143

7.1 Conclusions

In this thesis, we have demonstrated a fault-resilient, robust, and efficient frame-
work for exascale computational fluid dynamics. The novel framework contains
cutting-edge techniques in data science. For example, we employed a supervised
statistical learning technique, multi-level Gaussian process regression, for informa-
tion fusion with multiple fidelity or scale simulations to equip the resilience against
expected hardware or software error. Moreover, we employed a nonlinear dimension-
ality reduction technique, Diffusion maps, to detect the computational redundancy
and accelerate simulations via projective time integration adaptively. Furthermore,
we combine these statistical learning techniques, a nonlinear manifold-driven auto-
regressive Gaussian process to fuse nonlinearly correlated data. Finally, we set the
foundations of a new framework in CFD, called patch simulation, that combines in-
formation fusion techniques from, in principle, multiple fidelity and resolution simu-
lations (and even experiments) with a new adaptive timestep refinement technique.
More broadly, in this thesis we demonstrate the symbiotic and synergistic combi-
nation of statistical learning, domain decomposition, and scientific computing in

exascale simulations.

In chapter 2, we introduced three different approaches to fill-in the spatial miss-
ing gaps. In chapter 3, we set a novel framework, the gappy simulation, which are
able to keep simulating against spatial missing data with limited accuracy but cost-
less auxiliary simulation vis information fusion techniques. In chapter 4 and 5, we
extended the aforementioned framework for spatio-temporal gaps, called the patch
stmulation, which are able to not only accelerate simulation by projective time inte-
gration with dynamics-informed time steps but also combine multiple fidelity, rate,

or heterogeneous data. In chapter 6, we introduced a new information fusion tech-
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nique, manifold-driven auto-regressive Gaussian process, which combine Diffusion
maps and nonlinear auto-regressive Gaussian process for nonlinearly correlated data
in complex dynamical system. Here we draw up a list for future works to extend our

framework.

7.2 Future work

7.2.1 Numerical analysis of the patch (or gappy) simulations

In previous chapters, we formulated the novel framework, the patch (or gappy) sim-
ulation and demonstrated various benchmark problems to show its effectiveness,
robustness, and efficiency. In mathematical view, it is also highly desirable to in-
vestigate the numerical stability of this framework with respect to auxiliary data,
gap size, and projection time, and we are currently pursuing such an investigation.
The reference frameworks (the gap-tooth algorithm and patch dynamics) have been

shown their numerical analysis and sensitivity in [87, [88] 0] 12].

The first idea for the numerical analysis of the proposed framework is the compar-
ison of two operators. We formulate an equivalent operator of the patch (or gappy)
simulation, A compared to the original (reference) operator, A in simple dynamics
given by

x" = Ax®, (7.1)

where x is a state variable vector, e.g., velocity fields and pressure field in compu-
tational fluid dynamics. Depending on gap sizes, auxiliary data, projection time,

equivalent operators A are changed. Then, we compare eigenfunctions of two oper-
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ators and obtain sensitivity or error analysis from difference of eigenfunctions with
respect to targeted parameters. Equivalent operator A can be obtained by “dy-
namic mode decomposition”, which is capable to find approximated eigenfunctions

of a nonlinear dynamic operator [92, [17].

The second idea for the numerical analysis is to use Diffusion maps with time
series data and compare principal diffusion coordinates. A rough sketch for the
sensitivity analysis by Diffusion maps is following. If we assume that the equivalent

operator A = A + ¢ has (fixed) constant error, without loss of generality, then
[Ax — x|l = [[(A + e)x — x| < [|[Ax — x|| + [|ex]. (7.2)

And then,
JAx —x]? < [[Ax — x]2 + 2¢| Ax — ]| x]. (7.3)
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We can rewrite above equation to a normal form of Diffusion maps as

A~ — ~]|[2 2 _
o <_||Ax2xu ) - o (_HAx2xH _ 2[Ax 2x||r|x||>_ r4)

o o o

Finally, we finish the rough sketch of the sensitivity analysis and get the relation

between a constant error € and approximated Laplace operator as

A=A+e & D=D-explale]), (7.5)

where D represents a diffusion kernel. The preliminary result for fixed € shows that

we estimate the error in the right way, see Figure [7.1]

From this rough sketch, we will develop the numerical analysis with respect to
targeted parameters. Finally, this fundamental numerical analysis are able to support
and provide mathematical foundation to the proposed framework, and this gives the

generality of this framework.

7.2.2 The extension of manifold-driven Gaussian process

We demonstrated that manifold-driven Gaussian process are able to fuse two data
which are nonlinearly correlated each other. Now, we can extend this scheme to
find a structure of nonlinear dynamical system from data [25] @, 93], 104 [11]. If we
construct the (d+ x) manifold which is able to map each data, we find the knowledge
about a bifurcation by data mining in complex dynamical system. However, (d + x)
manifold cannot be visualized if d + x > 3. Hence, we need new algorithms to find

the appropriate manifold without visualization.
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Another topic we are making effort is to construct same manifold with a few
high fidelity data. In the previous chapter, we demonstrated and addressed the
capability of the GP-available manifold with a large set of high and low fidelity
data. This approach provided not only the number of hidden (latent) dimension
for Gaussian process but also the pair of Diffusion coordinates of the GP-available
manifold. More practical issue is that we have a few high fidelity data in general
cases. In this case, we find diffusion coordinates by a few data and extend these

coordinates by interpolation.

As shown in preliminary result, we employ a spline interpolation with equidistant
data, which works better than randomly distributed data. As shown in Figure [7.2]
a few data construct not a same but similar manifold compared to the original
manifold constructed by a large set. A simple interpolation (like a spline) provides

similar Diffusion coordinates but it works for only equidistant data.

In order to overcome this limitation, we suggest to employ geometric harmonics
[58, 21]. Geometric harmonics, based on Nystrom method, is able to extend tar-
geted function to large dimensional manifold. Geometric harmonics introduce the

extension (K) and restriction (K*) operators as

ij = )‘jqjja (76)

K*\Ijj = %'7 (77)

where 1 and ¥ represent eigenfunctions on restricted and extended manifolds, re-

spectively. Then, the extension algorithm starts to project a targeted function onto
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Figure 7.2: The result of manifold-driven Gaussian process with a few data. (a): the (d + 1)
and (d + 2) dimensional GP-available manifold by 25 high fidelity data. (b): regression results by
Kriging (simple GP), NARGP, (d + 1) dimensional manifold, and (d 4 2) dimensional manifold.
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Figure 7.3: A schematic illustration of auto-adaptive scheme in space. (a): a computational
domain is divided by nine subdomains and we choose four subdomains among them. (b): the
concentration of species in transport equation.

the orthonormal manifold as

fePsf =) (fu) e (7.8)

JESs

After that, we can extend this function to the larger manifold constructed by an

extend operator E as

Ef(z) =Y (f ) ¥, (7.9)

JESs
Then, we construct extended (mapped) diffusion coordinates with a few high and
low fidelity data. Finally, we will obtain much accurate manifold compared to the
reference manifold constructed by all high and low fidelity data. We will set the
best approach to construct GP-available manifold with a few data and this results

in computational cost saving in multiple fidelity information fusion.
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Figure 7.4: The RMS error of the interpolation by four subdomains in time. The green represents

mean (square box), minimum, and maximum RMSE for all choosing possibility. The blue and red
marker represent the “min-max” approach and the “Diffusion map”, respectively.

7.2.3 Auto-adaptive and asynchronous exascale simulations

In exascale simulations, the multiscale simulation has been developed to demonstrate
real physics problem effectively [112], B1) 33, 64]. In algorithmic sides, the efficient
algorithm is highly required to solve the problem within reasonable computational
time. We demonstrated that the patch simulation works against spatio-temporal
gaps. Then, we can extend this framework to an auto-adaptive framework for the
multiscale simulation. We choose gappy subdomains and corresponding timestep
adaptively, i.e., we make spatio-temporal gaps intentionally, with relatively cost-
less auxiliary data (given). Then, the auxiliary data provides not only appropriate
locations of gappy domains but also dynamics-informed timestep size. Thus, this
framework will be equivalent to classical adaptive mesh refinement (AMR) and this

results in reducing computational cost dramatically. Moreover, if each gappy sub-
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domain has its own projective time asynchronously, then the computational cost is
reduced by less communication between computer nodes. For example, as shown in
Figure [7.3] we choose four subdomains among nine subdomains to reduce compu-
tational time, which is governed by the equation 5.1 As shown in Figure the
chosen subdomains by Diffusion maps show the less RMS error compared to “min-

?

max” algorithm, which find subdomains which have the largest difference of field

variable.

Now we extend this framework to targeted problems. For example, in simulation
for flow past a circular cylinder, velocity fields and pressure gradient in far field are
not affected strongly by vortex shedding of the cylinder. Thus, we assign the spatial-
temporal gaps in far field and furthermore, we can employ a different computational
model, e.g., a potential flow model. This results in huge computational cost saving

compared to classical approaches, which should employ same equations in whole

fields.

Another example is the multiscale simulation in biological system. In complex
biological system, there are multiple models for describing multiple scales, from
atomic scale to continuum scale. If we solve all domains by (atomic scaled) mol-
ercular dynamics (MD), it is impossible to get results in reasonable computational
time. However, this framework allows multiple information fusion between multiple
scales with adaptive spatio-temporal gaps. Hence, we obtain results efficiently within

reasonable simulation error, which is smaller than the modeling error.
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A.1 Classical Gaussian process — Kriging

A general Gaussian process, a supervised learning technique, has been widely used
in the regression [86l 85l [102], [05] [16] [36]. The definition of Gaussian process is “a
collection of random variables, any finite of which have a joint Gaussian distribution”
[86]. Hence, we assume that our observations come from a realization of a Gaussian
random field, f, with additive independent identically distributed Gaussian noise €

with variance o2, i.e., €(x) ~ N(0,02). Then, our observation can be modeled by

y(x) = J(x) + €(x). (A1)

This framework is specified by a mean function p(x) and its covariance kernel

k(x,x*;0) with hyperparameters 6 as

where x and x* are elements of a training set.

We find a hyperparameter via maximum likelihood estimation in training part.
Using reconstructed y(x), we can predict y(Xpew) at test location Xpew by trained
mean /i, variance 62, and hyperparameter 6. The predicted mean, §(Xpew) and the

predicted variance s*(Xpew) are calculated [49] as

J(%new) = i + KT (K +621) " (y — 17), (A4)
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1= kT (K 6,71) 7 | i

1T (K+0, )1 |

5 (Xnow) = 67 |1 — kT (K +6,21) " k+ (A.5)

where k = k(X,Xpew; ) and K = k(x,x*;0) represent the covariance vector and

matrix. For detail, see the references [86), [81].

A.2 multi-level Gaussian Process - CoKriging

Depending on a chosen scheme, model, and parameter, we have multiple fidelity data
for same physical problem. If these multiple fidelity data have a linear correlation,
we are able to employ a multi-level Gaussian process regression by a well-known
auto-regressive scheme introduced by Kennedy and O’Hagan [52]. Without loss of
generality, in this thesis, we assume that there are two fidelity data: high and low
fidelity data. High and low fidelity data can be constructed by different Gaussian
process f(x) and f;(x), respectively. Then an auto-regressive scheme sets a linear

correlation as

f(x) = pfi(x) +0(x), (A.6)

where § ~ N(us,0?K) is a Gaussian field and p is a (scalar) linear correlation pa-
rameter, which is also trained by given data set via maximum likelihood estimation.

Then, the predicted mean and variance at test location Xpeyw is calculated [61] as

@(Xnew) = /l + ﬁl?jl(xnew> + kT (K + 6-1211)_1 (yh - 1/}’ - [)yl) ) (A7>
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[1—H(K+dﬁnlkr

1 ?

1T (K +0,°) 1

5% (Xnew) = 025} (Xnew) + 02 |1 = kT (K +,21) "k +

(A.8)
where subscript [ indicates low fidelity. Furthermore, we are able to employ the auto-
regressive scheme for multiple fidelity data through iterated process. For detail, see

the reference [§1].
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B.1 Diffusion maps

Diffusion maps have been used in model and dimensionality reduction fields and
it is chosen one of the best candidate for finding nonlinear embedding manifold
[22, 201, 19, 18, [45] 58, 57, 66, 73, [74]. Nonlinear dimensionality reduction schemes
are able to project high dimensional data onto a lower dimensional manifold and it
guarantees the lower dimension compared to linear dimensionality reduction schemes

like principal component analysis (PCA).

In recent year, they have been studied that eigenfunctions of Laplace-Beltrami
operator, which is a generalized Laplace operator and can be extended to form
curvilinear manifold to Riemannian manifold, on the nonlinear manifold provide
principal coordinates of lower dimensional manifold. For example in [28], on the
two-dimensional rectangle (L; X L), the first two eigenfunctions are two cosine
functions, ¢; = cos(mz/L1) and ¢o = cos(my/Ls) except a constant eigenvector.
These two eigenfunctions are one-to-one with x and y coordinates and hence we are
able to parameterize given observations on the manifold which is constructed by two
eigenfunctions. This results in the good parametric manifold via eigenfunctions of

Laplace-Beltrami operator.

However, in general, observed data is not a continuous but scattered. Hence, it
is needed to introduce “discrete” and “approximated” Laplace-Beltrami operator for
scattered data. In order to provide approximation of continuous Laplace-Beltrami
operator with scattered data, we employ a normalized Diffusion kernel matrix be-

tween observations as

€

. — v]2
Wij = exp (_ ||yl YJ|| ) ’ (Bl)
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where y; is an observation at location x;. After that, we obtain W by
W =D"'W, (B.2)
where D is a diagonal matrix by

D =) Wy (B.3)

Then W is a Markovian matrix whose elements represent the probability of jump
from y; to yj on the true manifold and this matrix is equivalent to discrete Laplace-

Beltrami operator.

Finally, high dimensional observations lie on the low dimensional manifold con-

structed by first d eigenfunctions as

Vi = (M1, Ao, - . -, /\d¢d,i)T : (B.4)

where descending ordered eigenvalues \; represent scalar parameters which decide
relative diffusion distance of corresponding coordinates. And its diffusion distance D
on the embedded d-dimensional manifold is calculated by a normal form of Euclidean

distance as

d
D*(yi,yj) = Z Mei(Bri — dry)’. (B.5)
k=1

And we can use this diffusion distance to the distance between data on the lower
dimensional manifold. Also, it can be used for constructing a kernel in Gaussian

process. For all details, see the reference [28].
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