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1. Finite Approximations for Point

Processes

Point processes arise in many different contexts. In neuroscience they may model the
firing of neurons (e.g. [25]), in geostatistics they may model the presence of notable
aspects of the terrain (e.g. [35]), in computer vision they may model the presence of
objects being detected (e.g. [10]), and in general they provide a tractable approach to
model random sets.

One very general class of point processes arise from distributions which are absolutely
continuous with respect to some general Poisson point process. We will refer to these as
Poisson-Absolutely-Continuous (PAC) point processes. Among many others, this class
includes the Gibbs processes, most Cox processes, most determinantal processes, and
area-interaction-type processes. It also includes many posterior distributions on latent
point processes, assuming the prior model is itself a PAC process; that is, if X is a PAC
process and Y|X = z ~ ¢(-;x), then the distribution on X|Y = y is itself often a PAC
process.

One difficulty in analyzing such processes is that the the number of points is generally
not fixed. This makes it impossible to directly apply common techniques such as Gibbs
sampling to analyze the process. However, there are some general-purpose techniques
available for analyzing point processes. The Geyer-Moller method is perhaps the oldest
general-purpose technique for drawing samples from a point process. This method is a

straightforward application of reversible-jump monte-carlo to the problem at hand (cf.



[15]). In some cases, however, this method was found to be somewhat computationally
burdensome. Various improvements have been made over time, such as focusing on small
neighborhoods to speed up the exploration of the space (e.g. [28]), making clever choices
of the birth-of-point and death-of-point proposal distributions (e.g. [10]), developing
efficient parallelization (e.g. [I]), and so-forth. However, in order to deal with the fact
that the number of points is not fixed, all of these methods are forced to go through
all the careful details of a reversible-jump method. These details complicate both one’s
thinking and one’s algorithms. It also generally leads to a focus on Markov-chain monte-
carlo methods for obtaining samples, since standard variational Bayesian techniques (e.g.
mean field) may be difficult to apply directly.

To simplify thinking and make it easier to apply a wider variety of inference methods,
we propose a fairly obvious solution: represent the process with a fixed number of random
variables. We will see exactly what we mean by “fixed number of random variables”
shortly. It necessarily involves some approximation. However, it certainly doesn’t mean
that we need to fix the number of points. Moreover, if we allow ourselves enough variables,
we can ensure that our approximation error is negligible. The benefit of fixing the number
of variables is simple: all of the standard techniques for probabilistic inference become
applicable without any modification. Here we will present one simple way to find a good
approximation to a point process, using only a fixed number of variables.

Before we look at our proposed approximation, we will take a moment to consider
what is already known about approximating point processes. There is a wide variety
of literature on the subject. However, much of this literature focuses on showing how
the various relatively simple distributions emerge from complex situations. For example,
there are papers investigating how the stationary distribution of various birth-death
processes can approach a Poisson process (e.g. [4]) or compound Poisson processes (e.g.
[5]), how so-called “hard-core” processes approach Poisson processes (e.g. [§]), and how

the stationary distribution of various birth-death processes can approach distributions for



which the positions of points are independent and identically distributed conditioned on
the number of points (e.g. [36]). By contrast, our focus is more computational and more
general. We will start with some general PAC point process and endeavor to approximate
it with a simple, fixed-variable model.

The basic idea of our finite-variable approximation is pretty straightforward. We first
observe that it is easy to sample a Poisson point process if we are allowed an unbounded
number of variables. Take n ~ Poisson(A), and X;, Xo--- an infinite sequence of i.i.d

random variables; we can then produce

where ¢, indicates the delta measure, d, (A) = Ihca. The variable X is said to be
a Poisson point process. We next observe that it is pretty easy to approximate X
with only a finite number of variables. Fix some modestly large constant N. We take
N independent variables &;1,& - &y € {0,1}, N independent variables X - -Xn, and
define

~ N
X =D &,
1=1

Note that N is not a random variable here. Instead, the number of points in X is
controlled by the {&} variables. Also note that {Xz} variables are not necessarily
identically distributed, nor are the {¢;} variables. Despite all this, the distribution of
X and the distribution of X may nonetheless be quite similar. The accuracy of the
approximation X (,i) X is of course limited if N is small. However, as long as E [ &] = A
and N is large enough that we can make STE[£]? < ¢, Le Cam’s theorem immediately

tells us that

3 ‘]P’ (X(P) = n) ~P(X(P) =n)| < 2



Here X (P) and X (P) indicate the total number of points in X and X, respectively.
If we further require that Zf\;1E[§z]P (Xl € A> = P(X; € A) for every measurable
A C P and make sup; E[&] sufficiently small, the total variation between X and X
can be made arbitrarily small (we will show this momentarily). This gives us a way
to approximate Poisson point processes. What’s more, we can use this building block
to approximate more sophisticated point processes, by suitably reweighting the joint
distribution of { (ﬁi, XZ> }

Before we continue, let us fix some notation.

e Let (P,B,)\) denote some finite Radon measure space, i.e. P is endowed with a
locally finite, inner regular Hausdorff topology, and B are the corresponding borel

sets.

e We will be working with random objects whose support lies in the space of random

measures, i.e.
n
N, = g da;
i=1

We will take the measurable subsets of 91 to be the natural ones inherited from

N = [j Ny,
acPn n=0

(P,B), i.e. that is, those generated by

n

Zéai Doy €A;
i=1 A;€B, i€l--n
ne0,1,2--

e We say that X ~ PoissonProcess(P, B, \) if X is a Poisson process with intensity

A. That is, for any bounded measurable ¢ : M — RT, we have that

> —AP) n
E [¢(X)] = Z n! /'P" ¢ (Z 5Oéi) )‘n(dal---n)
n=0 i=1



e We say that Y ~ PAC Process(P,B, A, f) if

for any bounded measurable function ¢ : 9 — R* and any X ~ PoissonProcess(P, B, \).

With this notation in hand, we can now carefully define the finite-variable approximations

which we are proposing.

Definition. Let M = (g1 - - - gn) denote any collection of positive functions on (P, B, \)
such that SN gi(a) =1, Ya € P and [ gi(a)A\(da) <1, Vi€ 1---N.

e We say that X is a Poisson Localization, X ~ PoissonLocalization(P, B, \, M)

if its distribution can be expressed by the following equations:

A2 / gi(@)A(doy)
& ~ Bernoulli (\;) independently Vi

- 1
X~ [a — ygi(a))\(doz) independently Vi

N
X2 oxé
i=1

Two remarks at this time:

— The expression for the distribution of X; may be a bit hard on the eyes.
The intuition is fairly simple, however: it is the measure A\ weighted by a

renormalized version of g;.

* We emphasize again that N is not random. It is a fixed constant of the
localization approximation. The number of points is not controlled by NV,

but rather by the binary variables &,& - --&n € {0,1}.

— We say that Y is a PAC Localization, Y ~ PAC Localization(P, B, \, f, M)



if
E [ f(X)(X)]

Bl -5 (%)

for any bounded measurable function ¢ : 91 — R™ and some X ~ PoissonLocalization(P, B, \, I
As with the Poisson localization, every such ¥ may be written as Y = > Ci(?z_.

It is worthwhile to now take a moment to consider the following question: what

is the correct distribution of the variables {(Q,ffl)} such that Zg&ﬁ, ~

PAC Localization(P, B, A, f, M)? The answer can be readily expressed as a

density with respect to {0, 1} x (P, B, \)", namely

N

N
p(Crn, dg1..n) o< f (Z Ci5gi> 11 ((M)Ci (1- )\i)lfci> gi(G)AN (djr..w)
i=1

i= i=1

This density may appear daunting, but it is simply the distribution of the
Poisson localization reweighted by f. The fact that this density is explic-
itly available (up to a normalizing constant) makes it very straightforward to

implement the usual techniques for Bayesian inference.

By making good choices for the densities M = ¢; --- gn, we can produce localizations
which make computation easy. In general, the { (Q, f/z) } variables will be neither identi-
cal nor independent. However, we may be able to choose M so that the dependencies are
computationally manageable. For example, we can choose M so that foreachi € 1--- N,
g; is only supported on a small subset of P. Perhaps the support of the M distributions
could tile together in an overlapping fashion, like the shingles of a roof. This allows our
distribution to break into coherent local pieces, permitting both the “local moves” of the
kind advocated by [28] and parallel computational strategies similar to those developed
by [I]. These kinds of locality also make it reasonable to adopt mean field approximations
for {(Q, Y,) } Since a density for {(Q, fﬁ)} is explicitly available (up to a normalizing

constant), all of these ideas are straightforward to implement.



However, even though Y ~ PAC Localization(P, B, \, f, M) is easy to work with, it
wouldn’t be very useful if it is a poor approximation for Y ~ PAC Process(P, B, A, f).
Under what conditions is the localization a good approximation? It is to this question

we now turn our attention.

Theorem. Let (P,B) some measurable space and X a finite Poisson intensity measure
on (P,B). Let MM M® ... = ( 51) - '9](\121)) ) (g:(lz) - '95522>) ,++ denote a sequence
of densities on (P,B,\) such that Zz‘]\g;) glm(a) = 1 for every o € P. Let AZ(T) £

[ 9" (@)A\(de). Define

o X ~ PoissonLocalization(P, B, \, M) and X ~ PoissonProcess(P,B,\)

- Y ~ PAC Localization(P, B, A, f, M(T)) and Y ~ PACProcess(P,B, A, f)

for some density f

If

lim sup AE”:O
T 1. N(7)

then the distributions of X ) converge to that of X in total variation, and likewise

the distributions of Y(") converge to that of Y in total variation.

Proof. We will start by looking at {f( (T)} and X. We can then use our analysis of these
T

random objects to understand {}7(’”)} and Y.

r

The distribution of the Poisson localizations {X (")} are themselves absolutely con-
T

tinuous with respect to the distribution of X. Indeed, let

™) (o
AP (Hﬁi(l) <1 - ,\Z(n)) 5 esymmnn Tt giiifm) ifn< N

L) (i: 5%) = o (i)
=1 0

where Sym(n, N) denotes the set of injections o : {1---n} — {1--- N}. Then we may

otherwise

immediately calculate that for any measurable bounded ¢ : 91 — R™*, we have that



E [gb <)~((T)>} = E[h(X)$(X)]. We can use this h to show that X(") and X are similar

in total variation; this total variation distance can be explicitly written as
1
oy (Poz’ssonLocalization(P, B, A\, M), PoissonProcess(P, B, )\)) = §E Hh(’") (X)— IH

Let’s look at some bounds for h: O

e h(")(z) is bounded from above by a constant, uniform in r and z. In showing this,

there are two cases to consider:
— Ifz =30 0o, withn > N a0)(z) =0,

x If o =37 | 0o, with n < N then

n N
h(") (Z 5%) =] (1 - Af.’“)) 3 H iU R
=1

=1 o€Sym(n,N () i=1 1- (1)
N N NO o (1)
< AP H (1 _ )\Z(r)> Z Z H a(z
i=1 Fiml ka1l 1= (Z)
N N p

<MY Y ng(:(z)(ai)

ki=1  kp,=1i=1

—_ A(P)

™ (1)

Here we have used the facts that )\Z(-T) € 10,1) and va . (a) =1 for

every «.
Putting those two cases together, we see that for every x and every r, we have

that
h)(z) < XP) (1)

— For any fixed value of z, we can get an even better upper bound on A" in

the limit of large r. Since log(1 — k)/k < —1 and Efil Ai = M(P), we obtain



i=1 i=1
N )\('r)
<AUU<1+Z;MPﬂ_))
=0

And so, applying the fact that Zi\; 1 glm (o) =1, we get that

)\(T — sup; A

(2

n n Gori az 1 n
o) 5, B8 () ¢
i= G

reSym(n,Nm)i=1 1~

Obviously when n is large enough, this bound becomes pretty useless. How-

ever, for any fixed  we can use this bound to force h(z) < 1+ € for any

arbitrary € by taking sup,; A; sufficiently small.

Proof. It should now begin to be clear why the distributions of X () must converge to

that of X in total variation. We have that

e A" (x) > 0 for every x and every r
— E[A")(X)] =1 for every r
— Equation () tells us that limsup, . h(")(x) < 1 for every z € N
— Equation (f) tells us that h(") is bounded from above, uniformly in r

As Lemma [T3] from Appendix [A] shows, this is sufficient to prove that

MnlEHM” —1H

T—00

and so the distributions of X(") converge to that of X in total variation.

O

Proof. We now turn our attention to Y and Y. Note that the distribution of ¥(")



is absolutely continuous with respect to the distribution of V. Indeed, let Z(") =

E [r" (X) f(X)], then we have that

a[o (7)) -2

for any measurable bounded ¢ : 91 — RT. This makes it pretty easy to analyze the

A (Y)
Z(r)

R (X)

=El—5

o(Y)

¢(X)f(X)]

convergence of Y™, Just as with X("), we can explicitly calculate the total variation

distance:

ory (PAC’Localization(P, B, f, M(T)),PACProcess(P, B, A\, f)) = %IE

Z(r)

hOy) 1“

Now we know that E Hh(r) (X)— 1H — 0, and the distribution of Y is absolutely con-
tinuous with respect to the distribution of X, so it should be no surprise that this total
variation also converges to zero in the limit of large r. The only minor hiccup is that
we have to be a little bit careful to make sure nothing goes wrong with the normalizing

constants, Z("). We will split our analysis into three steps: O

e First we will show that Z(") £ E [f(X)h(")(X)] behaves as we would hope - that
is, it converges towards E [f(X)] = 1. This is straightforward to show. For any e

we have that

20| <2 0n
=E Hhm(y) - 1’ H’h(T)(Y)71|§J +E Hh(r)(y) - 1‘ ]I|h(r>(Y)fl|>e

<ext <S1;p ‘h“)(y) - 1‘) i (‘h(”(Y) - 1( > e)

Remember from equation (1) that sup h(") (y) is bounded uniformly in . Therefore,
to show lim Z(") = 1 it suffices it suffices to show that lim,_,., P (|h(T) (Y)=1] >€) —

0 for every e. This is immediate: we already showed that lim, . P (’h(r) (X) — 1‘ > e) —

10



0, and the distribution of Y is absolutely continuous with respect to the distribution

of X. Thus lim Z2(") = 1.

— Since we earlier showed that lim, E Hh(r) (X)— ll] = 0, it immediately follows

[0

Since the distribution of Y is absolutely continuous with respect to the distri-

that
() (X)
Z(r)

lim E

700

-1

bution of X, this nearly completes the proof. We just have one final step to

take care of some details:

— Finally, we can show that

lim E
r—00

(")
Wy L,
Z0

that is, the distributions of Y(") converge to that of Y in total variation. To

show this, note that for any fixed ¢ we may compute

h") (y)
i -1))e

Using lim, Z(") = 1 and equation (f), we can always pick r* large enough so

R (Y)

Zi *

h(f‘)(y) — 1‘ > 6)

<e+ <sup =0

Y

that sup, R (y)/Z(") is uniformly bounded among all 7 > r*. Thus to show

limy o B [|2)(Y) /2" — 1] = 0t suffices to show that lim, e P (|2 (Y)/Z20) — 1| > €) —
0 for every e. Asin the first step, this follows immediately from lim, o, P (|h(’") (X)/2) — 1’ > 6)
0 and the absolute continuity of the distribution of Y with respect to the dis-

tribution of X. Thus

as desired.

11



We will now look at several examples of PAC process distributions, giving explicit for-

mulae for their densities with respect to the distribution of a Poisson process.

Example. Arca-interaction Process. Let P C R?, and let u denote the usual Lebesgue

measure. Define

Ue <25Qi> = U {z: |r—ai] <€}
i=1 i=1

! (Z 5> _ gy V(T 80)
=1

Then we say that ArealnteractionProcess (P, S3,r) £ PACProcess (P,B,u, f). This
process has a certain kind of local quality (we will make this more precise in a moment).
Consequently, a localization made up of densities with small support can facilitate effi-
cient parallel computation. Just to look at a toy example, let us consider the case that
P is a circle with circumference 1 - i.e. for every a € P, we have a = a+ 1. Let e = 1/N

for some integer IV, and consider the localization given by taking

gz(:z:) er[%,%] ZE{O"'N—l}

T2
Taking the distribution of {Cz‘> Yfz} to be given by
N-1 N-1
p(Crn, dyr..n) o< f (Z Ci5g¢> 11 ((Ai)g (1- Ai)l_@) gi(@)AN (djjr...x)
i=0 i=0

and taking Y = vagol ;Y;. That is, Y ~ PACLocalization(P,B, , f,(go---gn-1)).

The distribution on ¢;, ¥; has some key conditional independence properties. For example:

P((€9), (67) (6 7), (7)1 67, (7)1 (6F), (7)o (67),, )

N/3

I ((69),167) (0) () (), 7).

12



This is what we mean by saying that the distribution has a “local quality.” This inde-
pendence would allow us perform Gibbs sampling efficiently and in parallel; conditioned
on certain variables, we can easily resample large blocks of variables which are all con-
ditionally independent. This is sometimes known as “chromatic” sampling. We could
also use this localization for a variational Bayesian approach. Although the variables
are not independent, their dependencies are limited: this provides a rich ground for ex-
ploring possible variational Bayesian approximations, such as mean field and loopy belief

propagation.

Example. Determinantal Point Processes. Let P C R? and let u denote the usual

Lebesgue measure. Let C: P x P — R admit the spectral representation

Cl,y) = Y Mcr(z)er(y)
k=1

with A\ < 1 for all k. Then we say that Y ~ Determinantal PointProcess (C) if its

joint intensities are given by

Clag,a1) -+ Clag,ay)

pn (21,22 - xy) = det

Clap,a1) -+ Clap,an)

This distribution is absolutely continuous with respect to the distribution of a Poisson

process with unit intensity. The density is given by the formulae

Clag) =Y T2 cn()enly)
k=1
. C’(al,al) é(al, an)
f (Z 5%)  det
i=1 . .
Cl(am, aq) Cap, an)

13



according to which Determinantal PointProcess (C') = PAC Process (P, B, u, f) (cf.
[27], equation 4.41). If C' has compact support, this distribution shares the same local
quality as the previous example, making it amenable to the same kinds of localization-

based approximate inference techniques mentioned in the previous example.

Example. Cox Point Process. Let Z denote some random positive function on P such

that P ([ Z(a)A(da) < oo) = 1. Define the measure Az as

/\Z(A)—/AZ(a)/\(da)

and let (Y|Z = z) ~ PoissonProcess(P, B, Az). We then say that Y ~ CoxProcess (P,B,\, Z).
This distribution is absolutely continuous with respect to the distribution of a Poisson

process. Indeed, let

f (Zn: 5%) — F | AP)=[ Z(a)A(da) (ﬁ Z(a,))]
i=1 i

Then CoxProcess (P,B,\,Z) = PACProcess (P, B, A, f).
One important special case of the Cox point process is the “Cox cluster process.” In
such processes, the function Z may itself driven by a point process. For example, we

may have W ~ PoissonProcess(P, B, \), and

Z(a) = / k(o — w)W (dw)

for some positive convolution kernel x and Y ~ CoxProcess(P,B,\, Z). That is, each
point in W increases the intensity for Y in some neighborhood of that point. In this
case, the posterior distribution of W|Y = y is itself a PAC process. If k has compact
support, this posterior once again shares the same kind of locality we saw in the previous

two examples.

We conclude by considering what happens if we perform the natural generalization of

14



the Cox cluster process to many levels of hierarchy. That is, consider a process of the

form

X1 ~ PoissonProcess (P, B, \)
Xo| X1 = x1 ~ PACProcess (P, B, \,m1(+;21))

X3‘X1 = a:l,Xg = Ty PAC Process (P,B,)\,’/‘FQ(-;IL’l,mQ))

Xe| X1 =21 Xyp—1 =291 ~PACProcess (P, B,\,mp_1(-;21 - xp-1))

Here m; indicate conditional densities which are determined by the values of the previous
point processes. In the context of computer vision, we take special interest in such
distributions as a possible general framework for hierarchical object detection models.
We may be therefore interested in some form of posterior inference, such as X;|X; = zy.
As with the Cox cluster process, this posterior is a PAC process and can be approximated
with a PAC localization. However, unless the forms of {m;} are very simple indeed, it
will not in general be practical to perform all of the relevant integrals. Instead, we may
need approximate Bayesian techniques. For this purpose, one option would be to replace

the entire process with a series of localizations:

X, ~ PoissonLocalization (P, B, \)
X5| X1 = 21 ~ PACLocalization (P, B, A\, m(-;x1))

X3| X1 = 21, Xy = 29 ~ PAC Localization (P, B, \, wa(+; &1, 23))

Xg\f(l =21 Xp_1 = x4 ~ PAC Localization (P,B, A\, mp—1(-521 - xp-1))

This naturally raises an important question for future research: how bad is the localiza-

tion approximation? In particular, how does the approximation error accumulate as we

15



add more levels of hierarchy? If each localization always has a total variation error of less
than €, conditioned on its parameters, what can be said about total variation error of the
overall distribution? This problem may be difficult to answer in the completely general
case. However, bounds for even very simple examples may lend important insight into
whether these kinds of localizations might be safely used as building blocks in a deep

learning system.

16



2. A Particle Method for Mean Field

Variational Bayes

Drawing exact samples from complex high-dimensional distributions is often not possible
in practice. However, there are a variety of methods available to draw approximate
samples. Two popular approximate methods are “Gibbs sampling” and “mean field.” In
this section, we will show that these algorithms are in fact two extremes on a continuum.

For both Gibbs sampling and mean field, we begin with a distribution p on a product
space ) = Hf 2;. For simplicity, we will require that |€2;| is finite. We assume that || is
very large and there is no obvious way to draw exact samples from p without inordinate
computation. However, we will assume that it is possible to sample from p(mi\m\i), where
z\; denotes {z;} i - Let us see how Gibbs sampling and the mean field approximation

approach this situation.

e Gibbs sampling. We begin with some x = (z1,z2---24) € , and iteratively

update each variable of x according to
x; < draw sample from p(z;|z\;)

This random process is a Markov chain. Subject to mild requirements (e.g. p(z) > 0
for all x is more than enough, cf. [14]), it has a unique stationary distribution,
namely p. Thus by taking enough iterations, we are guaranteed that the distribu-

tion of x will converge to p.

17



e Mean field approximation. Here we try to find the information projection of p

to the space of product measure on ). That is, we attempt to find

q" = arg min (allp)

where D(q||p) denotes the KL-divergence, ) ¢ q(z)log % and Pq denotes the
set of product measure on 2 (i.e. ¢ can be expressed as q(z; - - z4) = H?Zl qi(z;)).
In practice, exact computation of ¢* is not possible. Instead, it is usually ap-
proached via an iterative scheme. Perhaps the simplest such scheme is given by
looking at each variable in turn. We initialize ¢ = [][; ¢; where each ¢; is some

arbitrary initial distribution on €2;. The distribution ¢ is then iteratively updated

according to

exp (Lo e, 0, Tl 0(@)) log p(aile) )

qi(Ti) < -
Saren, 0 (Lo e, 0, L (2;) log p(a|yy) )

After sufficient iterations, an approximate sample from p can be drawn by taking

T ~ (i

Each method is useful in different contexts. In some cases mean field methods converge
much faster than Gibbs sampling methods. On the other hand, mean field approximations

have some special challenges:
e The summation over all z\; € I1 ki Q; may be impossible in practice

e Storing ¢; may be difficult. In general, it would require |2;| — 1 values to encode a
distribution on €;. When [€;| is very large, this may be impossible (even though

sampling x;|z\; may be possible, albeit using approximate methods).

e Mean field samples are not asymptotically exact. That is - unless p € Pq - there is

a lower bound on the difference between ¢ and p, no matter how many iterations
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you take.

e Mean field is susceptible to local minima. Although the iterative algorithm gen-
erally converges, it often fails to converge to ¢*. Thus, the resulting samples are
not from p, and, worse, they are not even from ¢*. They are merely from a local

minima of the KL-divergence.

We here present a new particle approach to these difficulties. Particle methods are not
unknown to the mean field community, but this method has novel interest due to its
simple form and asymptotic properties. Intuitively speaking, this method consists in
replacing each ¢; with a collection of samples, (z;(1)---z;(n)). These samples will be
updated randomly in a Markov chain monte-carlo algorithm. By making the process
random instead of deterministic, we both ease computational burdens and get stronger

guarantees of asymptotic accuracy.
Definition 1. We will now introduce what we call an n-fold blur chain for p. Consider

n
a homogeneous Markov chain on (H?Zl Ql) . Let us denote the transition kernel by

M(z,vy), with
x=x1(1) - 24(1),21(2) - - zg(n — 1), 21(n) - - - 24(n)

y=y1(1) - ya(1),y1(2) - - - ya(n — 1), 51(n) - - - ya(n)

The chain is said to be an n-fold blur chain for p if the transition kernel is given by the

following stochastic process:
1. Pick i ~ Uniform{1,2,---d}

a) Sample y;(1)---y;(n) independently and identically from the distribution

exp <# Zke{l--~n}d_l 1ng($Z|X\Z = Ji\z(k’))>

Bilaizy(1) -y (n) 2 1 :
szeﬂi exp <F Zke{ll..n}’ifl logp(xi ‘X\’L = x\z(k)))
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b) Let y;(1)---yj(n) = x;(1)---z;(n) for all j # i.
Definition 2. That is,

n

d n
M (z,y) = é S T ey o= | TT 86w (B)s (1) - - 2 5(m))
=1 k=1

i k=1

As long as p(z) > 0 for every z € Q, n-fold blur chains are guaranteed to have some
stationary distribution. The most interesting aspect of this method is how this stationary

distribution varies with n. In particular,

e If n =1, it reduces to ordinary Gibbs sampling, so the stationary distribution is
exactly p. However, the Markov chain may take quite a long time to converge to

that stationary distribution.

e As n — oo, the stationary distribution approaches the global minima of the KL-
divergence, ¢*, the true mean field approximation. In particular, the marginal

distribution of x;(k) converges to that of ¢} for each i, k.
The first point is self-evident, but the second point requires a bit of analysis to prove:

Theorem. If p(z) > 0 for every x € Q, then the n-fold blur chain for p has a unique

stationary distribution, which we will denote B,. For each n, let
X" =(X7(1)--- X5 (1), X7(2) - X (n = 1), X{'(n) - -- X3 (n))

be distributed according to this stationary distribution. We observe that X*(1), X7*(2) - -- X[*(n)
are all identically distributed for each i. If ¢* is unique, then the distribution of X['(1)

converges to q; for each i €1---d as n — oo.

Proof. First observe that the n-fold blur Markov chain is certainly aperiodic and recur-
rent, since M(z,z) > 0 for every z € Q", and (M) (z,y) > 0 for every x,y € Q" (cf.

[14] for a more detailed proof of why this is sufficient).
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Thus we know by ergodicity that the n-fold blur chain has a unique stationary distri-

bution. By direct inspection, we see that this stationary distribution is given by

B((1) - (n)) = LT Shor Sy logp(or (i)

Indeed, M satisfies detailed balance for this distribution. Pick any x,y € Q" so that
there is some 4 so that z;(k) = y;(k) Vk,Vj # i (otherwise M(x,y) = 0, so detailed

balance is automatically satisfied). Then

M(z,y) _ i Bilyi(R)ie(1) - 2yi(n) Tz Biy
M(y, ) HZ:lﬁi(m\i(k>§y\z(1) y\z(n)) Hk 1p2($\z

1 & 3 péyz( ), Xvi = 2\, (k)) Bn(y)

log
d—1 J— .
n (=1 pe(1..m}? p xl( ) X\z - li\z(k)) Bn(x)

= exp

So M satisfies detailed balance.
It now remains to show that the distribution of X*(1) converges to ¢;. The key is to
A

look at the empirical distributions of z, instead of z itself. That is, define p;(w;;z) =

% > ore1 L, (k)=w,; and observe that we may write 3, in terms of j;(:; x) alone. Indeed,

Ba(z) = ienZyGQ(ngl pi(yi;r) ) log p(y1-+-ya)
Zn
To make best use of this representation, we will need a well-known bound for distributions
on finite state-spaces. The bound describes the number of ways of achieving a given
empirical distribution, v, from a sequence of n samples. The bound is given in terms of
the entropy of that distribution, H(v). For any distribution v on £2;, the bound reads

that
1

ey V< #{ai1)zi(n) - v = (i)} < MY
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Applying this identity, we obtain that

1 Py < 3 5n(x)<iefnp<mnp>

Q J—
Zn (0 + 1)‘ | z: i (5T)=v; Zn

What does this signify, intuitively speaking? If X™ ~ f,, then the random variables
{pi(; X™)}, are distributed by something primarily governed by a desire to minimize
D (T] wi(; X™||p). In some sense, this completes the proof. As n — oo, 3, will place
ever-more concentration on empirical distributions that make D(]] ui(+;z)||p) as small
as possible. Asymptotically, the distribution of this random empirical distribution will
converge to a dirac delta on the empirical distribution with the smallest possible KL-
divergence, i.e. limy oo [ pi(wi; Xpn) = [ ¢} (w;). Finally, note that the distribution of
X7 (1)|pi(-; X™; p) is simply g, so it follows that the distribution of X*(1) converges to
q; -

To be more precise: O

D[] ui(:; X™)||p) converges in probability to D(q*||p). To prove this, we will

show that when n is large,

( (I ] wes X™)lp) > D(q* Hp)+2e)

is very small, and

< (] i X™)1p) < D(q* ||p)+6>

is very large. This will be sufficient to prove convergence in probability, since
P(D(ITwi(; X™)|p) < D(q*||p)) = 0, by the definition of ¢*. Define A,  as the
set of d-tuples of empirical distributions v = (v;---1v4) such that D(q*||p) <

D(]Tvillp) < D(q*||p) + €. That is, A,  denotes sequences whose empirical distri-
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butions are pretty close to ¢*. Then we have that

P(X" € Apoe) = Z Bn(x) = Z Z Bn(x)

x: p(z)EAS vEAn 2¢ T pi(5x)=v;

n,2e
< n I vil||p

" peAc

n,2e

]. *
< — |4n2l e~ (D(q" [Ip)+2¢)

=z

Of course, |Ay 2] < (n+ 1)m|, so we obtain that in fact

1
P(X"™ € Ap2c) < (”Jrzl)e—n(D(q*png)

That is, 8, places rather little mass on A7 5.. On the other hand, for sufficiently

large n, Ay is not empty. Therefore

POX" € Ana) > Y fale) > ———— e n(OLullo)+

Q
o p(5x)EAn e Zn(n+ 1)| |

And so 3, does place rather a lot of mass on A, 2. We can put these two bounds

together to see that
n Cc
]P)(Xn S An,2e)

For sufficiently large n, this vanishes. Thus, for any fixed ¢,

fim (‘D(HMZ(,X")H])) - D(q*Hp)) > 26) = lim P (Xn € A%JE)

=0
n—o00 n—oo P (Xn S An,?e) +P (Xn € An,QG)

as desired.

a) Ergo p;(-; X™) converges in probability to ¢ for each . This is a simple

consequence of the above, together with three facts:

i. the space of probability distributions on finite sets is compact
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ii. the KL divergence is continuous

iii. ¢* is unique

b) Ergo X['(k) converges to ¢/ for each i, k. This follows from the fact that

the distribution on X/'(k) is sampled directly from p(-; X™).
This theorem admits some relaxations. For example:

o If ¢* comprises a finite set of minimizing distributions, then the distribution of
X7'(k) will go to some convex combination of those distributions which minimize

7

the KL divergence.

e If p(z) = 0 for some z, the theorem may still hold, as long as the resulting Markov

chain is still aperiodic and recurrent.

Beyond the interesting fact that Gibbs sampling and Mean field approximations lie on a
common continuum, we now turn our attention to the question of whether this theorem

has any direct application. There are two considerations in this regard:

1. Is it computationally feasible to sample from an n-fold blur chain? When d = 2 or
d = 3, the answer is generally a straight “yes.” The key difficulty is in computing
Pi(zi;w\;(1) - - - 2\4(n)), which - from a naive point of view - requires O(|€| nd=1)
operations for each update. Obviously when d > 1, this becomes intractable.
However, there are situations when d is large and computation is still quite possible.
For example, let us assume p represents a Gibbs random field whose maximal clique
has ¢ nodes and whose maximal degree is £&. That is, the distribution of p may
be factored as p(x) = [[cc f(2c) where C is a collection of “clique” sets, each set
of size & or less. Then computation requires O(¢ [€2;| nS~1) operations per update.
For example, the Ising model on a lattice Z* is a very complex object, but its
cliques contain only 2 nodes and its maximal degree is 2k. Thus computation

of the n-fold blur sample for this object requires only O(4nk) operations. Thus
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sampling is indeed feasible in many cases. Furthermore, this sampling process is
highly amenable to parallel computational strategies (for example, it is easy to
allocate a separate process for each of the n particles). Finally, we note that blur
chains may be much easier to compute than the corresponding mean field solutions,
since there is no necessity to compute sums over z; € [] ki Q; or explicitly store

distributions on ;.

2. Does the n-fold blur chain provide any advantages over Gibbs sampling or mean
field approximations? For a preliminary exploration of this question, we looked at
the toy model of sampling from the 1-dimensional Ising model. This model has
the advantage that exact ground truth is easy to compute. Here, quite arbitrarily,
we picked the case of a 10-node Ising model with periodic boundary conditions, a

temperature of 6, and an external force field given by the values

(0.344,2.207,—1.716, —0.155,0.008, 0.292, 1.162, 0.228, 1.316, 0.224)

This was simply the first model we tried; other examples yielded similar results. In

terms of this model, we then looked at E [X}], four different ways.
a) Estimated via Markov chain monte-carlo with Gibbs sampling
b) Estimated via Markov chain monte-carlo with a 2-fold blur chain
c) Estimated via Markov chain monte-carlo with a 5-fold blur chain

d) Estimated via mean field (we were only able to find one local minima of
D(qllp))

e) Calculated directly via brute force

Using random initial conditions, we ran 500 trials with 10° iterations of method
(a), (b), and (c¢). For each trial at each iteration under each method, we produced

an estimate for E[X;] based on the empirical average of X; over all the iterations
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up until that point for that trial, excluding the first 100 iterations (we exclude
the first iterations to follow a common practice known as “burn-in”). This gave us
500 x 10° x 3 estimates for E [X7]: one for each triple of (trial, iteration, method).
For each (iteration, method)-pair, we then calculated the central region which con-
tained the estimates for 95% of the trials. These 95% spreads are plotted below on

alog plot, together with the mean field estimate and the true answer for comparison.

2.5 .
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g s - - blur estimate (n=5, 95% spread)
T —  Gibbs estimate (95% spread)
3 10 mean field estimate
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Let us also look at another plot, showing the absolute difference between the cen-
ter of the 95% confidence intervals and the truth, as a function of the number of
iterations. This captures the bias of each estimator. We also include the error for

the mean field estimate, for comparison.
10° . \

10T 9

102} — blur chain error (n=2)
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We highlight two trends in the graphs above:

e The Gibbs sampling estimate converges closer and closer to the exact answer,
as we knew it must. On the other hand, the 2-fold blur chain has an asymptotic
error of about .005. The 5-fold blur chain has an asymptotic error of about
.008. The mean field solution differs from the truth by about .132. Thus we
see that the Gibbs method is the most accurate, followed by 2-fold blur chain,

followed by the 5-fold blur chain, followed by the mean field solution.

e The mean field solution can be computed almost instantly, and has no vari-
ance. The width of the 95% confidence interval of the 5-fold blur estimator
tightens fairly quickly as the number of iterations increases. The width of the
interval for the 2-fold blur estimator tightens a bit slower. The width of the
interval for the Gibbs estimator tightens slowest of all. Thus we see that the
Gibbs method converges slowest, followed by the 2-fold blur chain, followed

by the 5-fold blur chain, followed by the mean field solution.

Thus, on the whole, we see that the blurred chains fulfill their promise of being an
intermediary between Gibbs sampling and mean field. A higher value of n causes
chains to converge faster than Gibbs, at the expense of some accuracy. In the limit
as n — 0o, we know that the convergence will be achieved in very few steps, but

the error will be that of the mean field solution.

We conclude by noting that the blur chain is almost certainly not the only algorithm
that lies on the continuum between Gibbs and mean field. It would be interesting to
explore other intermediaries, in search of the most effective ones.

For example, many mean field algorithms do not use the simple per-variable iteration
updates that I described above; instead, D(q||p) is optimized directly using gradient
methods. However, these gradient methods also involve computing expectations, and it

would be interesting to try to understand how replacing those expectations with particle
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approximations would effect their result. In this case, the random variables of the Markov
chain would be the parameters of ¢, instead of particles. The particles would merely
serve as the mechanism of the transition kernel of the Markov chain. As a result, the
stationary distribution of such an algorithm would not be so simple as it is for the blur
chain. However, further investigation might be able to at least show that the stationary
distribution converges towards the mean field solution in the limit as the number of
particles used goes to infinity. In general, the difficulty is that even the slightest error
due to particle approximations may accumulate through the Markov chain. Does the
effect of this error blow up exponentially? Or can we show that the error is controlled?

In the case of the blur chain, at least, we have herein shown that the error is tamed.
It remains to be seen whether the same can be said for other particle-based methods in

the continuum between Gibbs sampling and mean field.
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3. Brownian Motion Hitting Probabilities

for Small Sets

The computer simulation of long biological polymers continues to provide a great chal-
lenge. One of the difficulties is that such polymers spend an inordinately long time
wiggling somewhat purposelessly around in space. It is only very rarely that pieces of
polymers come close enough to each other that significant energetic interactions kick in.
At such key moments, the behavior of the molecule may be very intricate and it may
move very swiftly. At other times, molecules may be seem to be doing barely anything
at all.

This makes direct simulation of the molecular dynamics quite challenging. If a system
is accurate enough to handle the fast-timescale behavior, it is too slow to handle the long-
timescale behavior. If it is fast enough to handle the long-timescale behavior, it may not
be accurate enough to handle the short-timescale behavior. One obvious solution is to try
to divide our computation into a short-timescale analysis and a long-timescale analysis.
In theory, we should be able to put these two together to produce a good solution.

One way to bridge the gap between short- and long-timescales is by dividing the space
of possible polymer poses into a finite number of regions and building a discrete Markov
chain that moves between those regions. Here by “polymer pose” we simply mean the
collective positions of all the parts of the polymers. Each state in the state-space of
the Markov chain corresponds to one of the regions of pose space. Ideally, each region

will be relatively small, and we can therefore use simulations to try to understand what
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the transition probabilities should be (for example, cf [9]). To simulate long-timescale
behavior, we can simply run the Markov chain, which is much more computationally
efficient than simulating the whole dynamics exactly.

Unfortunately, it is not possible to divide the space of all possible poses into a small
number of small regions. In practice, some regions will simply need to be huge. Here
“huge” is defined quite practically. In particular, consider any given initial pose inside a
pose region. We need to be able to simulate the polymer as it moves from that initial
pose across the boundary into another pose region. If the amount of time required for
this transition is longer than we can tractably simulate using modern computers, we
consider the pose region to be “huge.” If we have “huge” sets then we will not be able to
actually compute the transition probabilities which we need.

For example, consider the set of all poses of an RNA molecule in which none of the
nucleotides are bound to any other nucleotides, or even close to binding to any other
nucleotides; that is, RNA molecules that aren’t close to forming any so-called “secondary
structure” (the secondary structure of an RNA molecule indicates the bonds between
non-adjacent nucleotides in the RNA sequence). This set of poses is enormous - there
are quite a lot of ways that RNA molecules can twist around without forming a secondary
structure. Simulating a polymer moving through this space would be very computation-
ally burdensome. This is especially frustrating, because in a certain sense this set is very
“boring.” In particular, there are no complicated energetic interactions happening as long
as there is no secondary structure.

This raises a very interesting question: is there an easier way to understand the be-
havior of polymers inside very large, “boring” regions? We will focus on a toy example.
We will consider the case that we have a large boring region, N C R", with two very
small important regions tucked inside it, A and B. Thus we have one “huge” set and
two tractable “small” sets. We will assume that the poses of a molecule lie IV, and that

in practice these poses always lie inside NN; for simplicity, we will assume that this is
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because of very high energetic barriers at 0N, effectively producing a reflecting bound-
ary. The small interesting regions A, B may indicate places where the energy landscape
becomes complex. Outside the interesting regions, we assume that the energy landscape
governing the molecule is flat. Given that a molecule starts somewhere in this boring
region, our task is to understand which interesting region the molecule is likely to hit
first. More generally, we want to know the probability with which it hits each important
region inside of it. If we could perform these kinds of calculations, we would be able to
compute the transition probabilities we need to make a Markov-chain-based simulation
truly practical - at least for this toy example.

It turns out that that we can understand the dynamics of such a system quite exactly
in the asymptotic limit as the diameter of A and B becomes small. What’s more,
asymptotically speaking, the dynamics do not actually depend on where the polymer
lies inside the region. Thus it may indeed be quite reasonable to consider a very large
“boring” region as just a single state in a Markov chain simulation technique. If we could
leverage the techniques to analyze this toy example to more sophisticated examples, we

may be able to make significant progress on efficient simulation of polymers.

3.1. Setup and statement of the theorem

Let {X;} denote a Brownian motion contained inside a connected, open, bounded set
N C RP by a reflecting boundary at ON. Now fix two subsets A, B C N, and a starting
point g € N. If Xy = ¢, what is the probability that {X;} hits A before it hits B?
That is: if 7 £ inf {t : X; € A U OB} then what is P* (X, € 0A)?

The answer depends upon the shapes and sizes of A, B, along with the placements of
A, B, xg inside the set V. Different scenarios may call for different methods of approxi-
mating P*0 (X, € 0A). It turns out that we can construct a pretty good approximation

for scenarios in which the following parameters can be controlled:
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e Circumscribing spheres should be small. Let x4,xp5,74,7p such that A C
B(xa,r4) and B C B(xp,rp), where B(xg,r) = {x: |v — 20| <7}. We want

ra,rp small.
e A, B should be far from each other and ON. Let dg > r4,dp > rp such that
— B(wa,da) N (B(xp,dg) UON) =0
— B(xp,dp) N (B(xa,ds) UON) =0

We want d4,dp large.

e Brownian motion should be able to mix in N. Let ¢y denote the Poincare-
Wirtinger constant for N, i.e. ||f”p2?2(N) <cn |||Vf|||?2ﬂ2(N) for all weakly differen-
tiable f with vanishing mean. Among other things, this captures how long it takes

Brownian motion on N to mix. We do not want cy to be too large.
e The dimension must be at least 3.

e The sets must be regular. We require that A, B, N are open and bounded with

C3 boundary.

e The reflection must be normal. We assume {X;} is given by the standard

Skorokhod construction of normally reflecting brownian motion inside N.

For the reader’s convenience, we review some standard definitions of smooth boundaries
and normally reflecting brownian motion in Appendix

When the above parameters can be properly controlled, we will see that P (X, € 0A)
does not significantly depend on the placement of A, B, xq inside of N. Instead, the

probability is largely governed by the “harmonic capacity” of the sets A and B:

Definition. Let C C R” any open, bounded set with C? boundaries, D > 3. Take {W;}
to denote a Brownian motion on R”, and define w(z) = P* (inf {t : W; € C} < c0).

Then we shall define the harmonic capacity of C is as cap (C) = fRD\C \Vw(z)|? d.
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We shall call the function w the harmonic capacity function. It is immediate that the
capacity scales with the size of C' like the diameter of the set to the power of D—2. That is,
just as Vol(rC)/Vol(C) = rP, the harmonic capacity satisfies cap (rC) /cap (C) = rP2.

We refer the reader to [2] for a general exposition of the capacity of sets.

We will show that the likelihood ratio P* (X, € 0A) /P* (X, € 0B) is roughly given
by the ratio of the harmonic capacities of the two sets, cap (A) /cap (B). In the limit as

A, B grow small or D — 00, this approximation becomes exact.

Theorem. Fiz dy,dp,cy. Define h** = cap (A) / (cap (A) + cap (B)).

e For any D,y > 0,e > 0 we can pick ¢ = ¢(da,dp,cn,D,v,¢) > 0 so that
|P* (X, € 0A) — h**| < e for all x outside of B (xa,7),%# (rp,7) for all scenar-

ios with r4,rp < c.

— For any ru,rp,v > 1,¢ > 0 we can pick ¢ = ¢(da,dp,cn,74,7B,7, €) so that
|IP* (X, € 0A) — h**| < € for all = outside of Z (xa,yra), P (zp,yrp) for all

scenarios with D > c.

Proof. Deferred to Section [3.4] O

When the conditions of this theorem are met for small €, we observe that the function
u(z) = P*(X; € 0A) must be quite “flat.” In particular, the theorem claims that
sup, |u(x) —h*| < € on a region at modest distance from A, B. The main difficulty in
proving the theorem will be in showing that wu is really quite flat.

In Section we will show that u is flat in the sense that infz [ (u(z) — @)* dz is small
for some scalar u. We will use this in Section to show that sup, |u(z) — ul is also
small on a region at modest distance from A, B. Having shown that w is uniformly close
to some constant, it will be straightforward to show that this constant must be very close

to h**; we use this to prove the theorem in Section |3.4]
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3.2. The variance of u is small

Let u(x) = P*(X, € 0A). It is well-known that u satisfies three boundary constraints

(cf. Appendix [B.1)):

u(0A) = 1
u(@B) = 0

(Vu(dN),n) = 0

Here n indicates the surface normal of ON.

The function u has two important characterizations, which we will use throughout:

1. The harmonic characterization. w is the unique function which is harmonic on

1 = N\ A\B and satisfies the boundary constraints.

2. The variational characterization. wu is the unique solution to min [ \Vw]2,
among all functions w € H'(f) satisfying the boundary constraints. Here H! =

W12 indicates the usual Sobolev space.

A more detailed account of these well-known characterizations is given in Appendix [B.1}
The harmonic characterization follows from the application of Corollary [1§| with g =4
and £ = A/2; the variational characterization then follows from Theorem

The variational characterization is the first hint that 4 might be inclined to be some-
what flat - indeed, the integral of its squared absolute gradient should be smaller than
that of any other function satisfying the boundary constraints. To make use of this vari-
ational characterization, we will construct an approximation, 4, satisfying the boundary
constraints, for which we can directly calculate [ |Vﬂ|2. This will give us an upper bound
on [ |Vu]2, giving us our first numerical measure of just how flat u is.

The approximation 4 will be produced by breaking up €2 into three separate regions,

and trying to treat each of them somewhat separately. Let g = ﬁ—ﬁ A % and 3 = %
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Notice that, by assumption, (x4, Br 4) D A is guaranteed to be far away from B,ON
and B(xp, BTB) D B is guaranteed to be far away from A,0N. On the other hand, if
da,dp are large, then the boundary of these balls is also guaranteed to far away from the
sets which they enclose. With this in mind, we will observe that {2 can be partitioned
into three regions: (x4, Bra)\A, B(xp, frp)\B, and N\ (%(:UA, Bra)UB(zp, B’I“B)).
Now, for each h € (0,1), we will define our approximation 4y as the unique continuous

function on N\ (AU B) such that
e 4y satisfies the boundary constraints
e iy, is harmonic inside (x4, fra)\A and B(xp, frz)\B
e U = h, a constant, when outside of 93(3:,4,5714) and ,%’(:CB,BTB)

To pick h, we will solve
min / Vi |?
he(0,1) Jo
We can get the exact solution to this problem in terms of the something called the

“condenser capacities,” k4 = cap (A C %(:EA,BTA)) and kg = cap (B C B(xp, BTA)).

Definition 3. Let C C ¢’ ¢ RP. Take {W,;} to denote a Brownian motion on C\C’,
and w(x) = P* (Xinf{t: W,eacuacy € dC). Then the condenser capacity of C C C'
is defined as cap (C C C') £ fc,\c |Vw|?. The function w is called the condenser
capacity function. Condenser capacity functions are the unique harmonic functions
subject to their boundary conditions, w(0C) = 1 and w(9C") = 0 (cf. Appendix
apply Corollary [18| with ¢ = Isc and £ = A/2). Note that the harmonic capacity is the
limit of the condenser capacity as C’ grows large. Indeed - as we we will later show in

Lemma [10]- cap (C C C") ~ cap (C) when C is very small or C’ is very large.

The condenser capacity functions - suitably rescaled - are exactly what we need for the

harmonic portion of our approximation, . Let w4, wp denote the condenser capacity
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functions for A C A(za, BTA) and B C %(wB,BrB), respectively, then it turns out we

can write 4y, explicitly as

(1—h)wa(z)+h ifze %(:CA,/JSTA)

ap(z) = hwg(z) ifrx e %(ZBB,BTB)

h else

It follows directly from the definition of the condenser capacities k4, xp that [, |V&h|2 =
ka(1— h)2 +rph?. Taking derivatives and setting equal to zero, we see that the optimal

solution h* is given by the equation

pr= A
KA+ KB

And so

R KAKB
Vi->=ka(1l—h")2 +rp(h*)? =405
/N| P = (L= 07 ()2 = SARE

When rg_Q,rg_Q are small, K4, kp become small. This forces [y \Vﬁ]Q to be small,
which then forces [ |Vu|? to be small. This is our first hint that « should be pretty flat.

Together with a Poincare inequality, this tells us that the overall variance of u must also

be small. We summarize these results in the lemma below:

Lemma 4. Extend u to all of N by taking u(A) =1 and u(B) = 0. Let u = ﬁfNU

Then [ |Vul®> < karp/ (ka + kB), and the variance of u is bounded by

/ (= @) < ey —ARE_
N

KA+ KB
Moreover,
KAKB 272 (D —2) r g’
KA+ KB F(%) <1_B2—D> TE 2+r§*2
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Thus the variance vanishes as rg _Qrg ~2 vanish.

Proof. First notice that [ |Vu|* < fN|V7th*|2 = kakp/ (ka + KkB), because u is the
minimizer of the integrated squared norm of the gradient among all functions satisfying

the boundary conditions. The variance bound follows directly from applying the Poincare

inequality, || f — JFng(N) < en [[IV Il g2 (-

It only remains is to put an upper bound on the karp/ (k4 + £p). For this, we note
that if we replaced A with A" = B(x4,74) and B with B' = #(xp,rp), the value of
/ \Vuh|2 would only get worse (this replacement corresponds to adding an additional
constraint to @). Thus we can upper bound [ |Vuys |2 using cap (A’ C B(za, BrA)) and
cap (B' C B(xp, BTB)) in place of k4, kp. Since spheres are very easy to work with, it
is straightforward to solve the partial differential equation Aw = 0 with the appropriate
boundary conditions to compute the corresponding capacity function for this condenser.
Integrating the squared norm of the gradient, we can then readily compute that that
cap (A’ - %(xA,BrA)) = r£_227r% (D-2)/T (%) (1 - BZ*D> and likewise for B; the

bound follows immediately. O

3.3. We can control |u — u| uniformly on a region away from

A B

We now know that [(u — @)? is small. We can use this to show that |u(z) —a| can

actually be uniformly controlled. Our argument will follow two steps:

1. Starting from a point far away from A U B, it takes a long time to hit either A or
B.

2. If it takes long enough, then the process will forget it’s initial conditions. Thus the
probability that it hits 9 A before 9B will not much depend on the initial condition,

x. Thus u(x) will be close to some constant for all z away from AUB. This constant
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will have to be close to u.

3.3.1. It takes a long time to hit A or B

Regardless of whether we hit A or B first, how long will the whole process take? Getting
an exact handle on this time is challenging. However, we can get some lower bounds.
We’ll start by pretending B doesn’t exist, and just focus on how long it would take to
hit A.

Let Ay = inf{t: X; € 0A} - the time to hit dA, regardless of whether we passed
through B en route. While simpler than 7, getting the distribution of A4 is still difficult,
because A, N could be very tricky objects indeed. So we will approximate this problem
using another process. We replace both 0A and N with spheres.

Let X; denote a different Brownian motion, with
e Reflecting boundary 0%(x 4, 8r4)
e Absorbing time A4 = inf {t X, € &%’(a@A,TA)}

Getting the distribution of A is possible, because the boundaries are so well under-
stood. It’s also useful, because A4 is a lower bound on A4. Indeed, we can explic-
itly construct a coupling of (5\ A, A A) so that Ay < A4 almost surely, namely A =
O{inf t: X1€0B(xa,ra)}t ]IXte@(:JcA,BrA)~

To get the distribution of A4, we will analyze the function
x— E* [6_%§25‘A}

For any fixed &, this function can be characterized with a partial differential equation,
just like u. However, unlike w, this differential equation can be solved exactly. We can
use this solution - together with a Chernoff bound - to show that ) is small with small

probability.
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B+1
5

Lemma. For any |Zo| r4, we have

D-2 _
P (3 < m gp ) <ose

Proof. Straightforward but rather technical. Deferred to Appendix Lemma O

The choice to bound P*o (5\ < (BTA)2 153(];2—22)> may seem a bit complicated and odd.
However, we will be wanting to consider the case that fr4 = d4 is fixed, and we are
sending either 74 — 0 or D — oco. In either case, A2~2/2 will go to infinity and the
bound will go to zero, thus showing that \is getting large.

All that now remains is to apply this lemma twice to get a bound on 7:
Corollary 5. Assume xq is outside of B (l’A,BT‘A) Uz <CL‘B,BTB). Then

D—-2

_ _142=D
pro (T < (Bra A Brg)? D(ﬁDQ— 2)) < 128527 B2

Proof. Apply the coupling in which A4 < A4 almost surely and likewise Ag < Ag for the
corresponding times. Then apply a union bound. O
3.3.2. If we don't hit A or B for a long time, then u(xy) =~ u

If {X;} has a long time to wander around before it hits A or B, the chance of hitting A

before B doesn’t really depend on where you start. In fact:
1. If ¢ small enough so P* (7 < t) &~ 0, then u(xg) is approximately given by E*0 [u(X})]
2. If t is large enough so that {X;} has had time to mix, then E*° [u(X})] ~ @.

Assuming we can find a ¢ which is small enough to satisfy (1) and large enough to satisfy
(2), we must have that u(zg) ~ u. This argument is made rigorous in the following

lemma.
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Lemma 6. For anyt > 0, and any ¢ outside of @(CCA,BTA),@(%B,BTB), we have

-1 -D D—2 ,,,,D—QT,D—Q
—al < P(r < —t/en D L -D _ A 'B
en um_<7_w+v@w oD (%5)  Erano) (2555 ) i e

Proof. Pick any zq € 0B(xa,Pra) U 0B(xp,frp). We are interested in u(zg) =
P*o (X, € 0A). We want to show that if the Markov process {X;} has time to mix,
then we will obtain some nice properties. Unfortunately, the mixing bounds we use do
not interact well with the degenerate initial condition Xy ~ 6,,. Therefore, we find it

convenient to instead consider a nondegenerate initial distribution, ¢, given by:

n
>

P (xo, 52;1 (Bran ,BrB>)

¢(z) = Uniform(z;5)

Using the initial condition ¢ instead of ¢, doesn’t actually change anything of importance
to us. This is because u is guaranteed to be harmonic on all of S; the averaging property
of harmonic functions thus gives that u(z¢) = [ ¢(z)u(z)dz. Combining this with the

Dynkin formula, u(z) = E? [u(X;)], we obtain that

mm-/ﬁmWWMM—wwam

So instead of dealing with u(zg) directly, we can deal with E?[u(X;)], which is less
degenerate.

Now, two observations:

1. u(zg) = B [u(X;)] ~ E?[u(X})], assuming P(7 < t) is small. Indeed,

B [u(X7) — w(Xe)]] = [E [(u(X7) — u(Xt)) Lrar] + B [(w(X7) — u(Xt)) Lri]
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Notice that 0 < u < 1 (for the first term) and EY [(u(X;) — u(Xt)) I;>¢] = 0 (for

the second term). Thus
B [u(X7) — u(Xp)]] < P(T < 1)

a) E?u(X)] =~ u. Let p?(x,t) indicates the marginal distribution on X; condi-

tioned on Xy ~ q. We apply Cauchy-Schwartz:

B [u(X,)] — ] = /N (u(z) — @) <pq(x,t) — ]1N]> < \//N (u(z) — a)2/N (ptI(:r,t) _ ‘]1702

We see that we have two forms of error to control:

i. Lemma [ controls the variance term:

o

22 (D —2) 75727‘372

/N (u@) @) < e r(2) ( BN%D) rl g

ii. The second term is controlled by applying Gronwall’s inequality applied
with the Poincare inequality to the Fokker-Planck equation p(z,t) =
Agp(z,t)/2 (cf. Appendix [B.1]). We obtain that

f o) e o)

This is where the non-degeneracy of ¢ is so important. Noting that

la= 15172, < 1s1 and |S17 = T (Dj2 4 1) 7272 (%54 (Bran pr))
L2(N) 28 '

we translate this into the bound

) -D
/N (pq(x,t) - |]17|) < e t/eny <12) + 1> n P/ (52_51 (Bran /J’T‘B)>
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D/2

All together, cancelling the I' functions and the 7 terms,

P D-2 D-2
B9 [u(X;)] —ul* < e”*/*¥D <ﬁ_1> (Bra A Brg)”" ( D-2 ) Ty Tg

26 1 D) D2y ,D2

Proof. Putting (1) and (2) together completes the proof for the case z¢g € 0%(x 4, BTA) U
0Bz, Brp). However, since the set N\B(x 4, Brp)\ B (x4, frp) is connected (and u—a
is harmonic with vanishing normal derivative on dNV), the maximum principle gives that

this bound actually holds everywhere away from % (x4, frg), B(x 4, frB). O

One difficulty in applying this lemma is in choosing the correct value of ¢t. However,
Corollary [5| gives us a fairly good value of ¢ to work with. The result is a bound on

|u — @| which can be made uniform over regions at some distance from A, B.

Corollary 7. Fiz da, dp, and cn.

e For all fixed v > 0,e > 0,D > 3 one can pick ¢ > 0 small enough so that

|u(zo) — u| < e for all xy outside of B (va,v), % (xp,7) whenever r4,rp < c.

— Forally > 1,e > 0,74, 7p one can pick D large enough so that |u(zg) — u| < €

for all xy outside of B (xa,vr4), B (xp,VrB)-

Proof. Applying the lemma above with with Corollary 5] we get

_ _4,.2-D
lu(zo) —a < 128°7 HP-DFTT
D—2 -D D—-2 _D-2
*(57’A/\5TB)2%/CND 6_1 D -2 A Tp
—_— A =
+$ CNE 28 (BraApBrp) 1— j2-D TQ,Q I Tg,Q

for all xg € 0B (x4, fra) U 0B(zp, fry). Now
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e Fix v > 0,D > 3. Note that if we could set fra = Brp = - steady and send r4,rp
to zero, the bound would become arbitrarily small. Unfortunately, our assumptions
do not allow us control over the ratio r4/rp; if this ratio is very bad, the power of
our our bound could run into some artifacts, due to the fact that we used the same
coeflicient 3 for our spheres which contain A and B. Fortunately, for any k > 74,
AC B(xa,ra) = AC PB(xa,k); we can use this to adjust r4,rp to control any

artifacts.

— Fix~y > 1,r4,rp. Pick 8 = and send D — 00; note that the bound becomes
arbitrarily small. This case is slightly less obvious because of terms such as

—D
(52—_;) , which is generally exploding with D. However, all of these terms

D-2
are completely outclassed by exp (— (Bra A [37’3)2 DB(D22)/CN>.

It is worth noticing that if d4,dp shrink along with r4,rp, we do not get any such
guarantees. Indeed, if A, B are arbitrarily small and yet their environment is also corre-
spondingly small, we really cannot say anything. If space is cramped and tiny, it becomes
impossible to show that P(7 < t) is small. Thus, our results will only hold if A, B have

significant breathing room around them, i.e. a ball around them is completely empty.

3.4. Main theorem

We have now shown that |u — 4| < € on a large portion of its domain; that is, u is really
very flat. All that remains is discover the actual value of u.

We will show that @ & cap (A) /(cap (A) 4 cap (B)), in two steps:

1. @~ ka/(ka+ kp) - here the reader may recall k4, kp are certain condenser ca-

pacities from Section [3.2]

2. ka/(ka+kB) ~cap(A)/(cap(A) + cap(B))

This will let us prove our main theorem.
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3.4.1. The average value of u is roughly determined by x4, kp

We now return to the variational variational characterization of u, ie. [ \Vu|2 <
min [ ]Vw]2 among all w satisfying the same boundary conditions.

Having demonstrated a uniform bound on |z — u| in a region at modest distance from
A, B, we now consider the relationship between 4 and [ \Vu|2. Note that if @ is too
high, the drop from @ to u(0B) = 0 will create a large integrated gradient. If @ is too
small, the climb from @ to u(0A) = 1 will also create a very large integrated gradient.
To make this idea rigorous, we need to show a lower bound on [ |V f]2 for any function

which climbs from a low value to a high value:

Lemma 8. Let C C C' C RP, open bounded sets with thrice continuously differentiable

boundaries. Then, for any f € HY(C'\C) with f(0C) < a <b< f(0C"),
/ IVf? > (b—a)*cap (Ccc
cn\Cc

Proof. Note that [ |V f ]2 scales quadratically with multiplication. Thus, WLOG, we will
assume that a = 0 and b = 1. We will also assume that f = 0 on C and f = 1 on RP\(’
- this doesn’t change [c V£

Define Sop = {z: f(z) <0} and S; = {z: f(z) <1} we obtain C C Sy C S; C C".

Take .
0 T €8y
f=41 zec\s
f(x) else

\

Then observe that:

o Jono VI = f 12+ fong, JIVIE+ |V = f]97]

— f satisfies f(9C) = 0 and f(0C") =1, s0 [ ‘Vfr > cap (C C ()
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— feH!
So [ IVf? > / ’Vf‘ > cap (C C "), which concludes the proof.
Our result now follows from combining Lemma [§ and Lemma [}

Lemma 9. Let |u(xg) — | < € for all z¢ outside of B (a:A,BTA) , B (xB,ﬁNTB>. Then

_ RA

g —A <o/
KA+ KB

Proof. By assumption, u(xg) < 4+ € for zg € 0% (mA, /5)7“,4), and u(0A) = 1. That is, u
must climb up from @+e€ to 1. It follows from Lemmal§|that the integrated squared norm
of the gradient must be large in that climb, i.e. I@(m,@m) |Vul* > (1 — @ — €)* k4. Using
the fact that u(zg) > u — € for xy € 04 (a:B,BrB) and u(9B) = 0, the same argument
yields that fg?(xB,BrB) IVu? > (@ —€)® kp. Putting those together, we have a lower
bound on [ |Vul®.

/|vuy (1—a—e)?ka+ (i—e)kp

= (1—u) ks +u%kp + 2 (e — (1 — ) kg — €likp)
On the other hand, we already know [ |Vu]2 can’t be too big; as stated in Lemma

ﬁAﬁB . 2 2 )
= 1—h h
/] < l‘iA-FRB m}in (( ) kA + hkpB

Together, these bounds create a quadratic inequality on u:
(1—0)*ka+ (0)* kp 4 2¢ (e — (1 — @) Ky — etirp) < m}%n ((1 —h) K4+ h2f<;B>
Noting the similarity of the LHS and RHS when € vanishes, it should not be hard to

believe that this inequality will force u ~ argminy (1 — h)2 kA + h’kp. Indeed, it is
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straightforward to compute the result of this quadratic inequality on %. The roots are

given by

kA —€(ka+ kB) £2/(1 —€)€exakp

KA+ KB

Applying the inequality a—ﬁg < %7 and (1 —€) < 1 we have

_ KA
- —2a
KA+ KB

<et+Ve<et e

Noting that |u(xo) — @] < 1 trivially, we have € < 1, so € < y/e. Our result follows. [

We have now shown both that that |u — 4| < € on a large portion of its domain and

that that @ is close to - A Qur result is now close at hand.
At+KEB

3.4.2. The condenser capacity and the harmonic capacity are not so

different

We now show that

h* — K;A ~ Ca’p (A) . h**
" ka+rp  cap(A)+cap(B)

First we put bounds on the individual capacities:

Lemma 10. Let A C B(xg,7r1). Then for any ro > rq,

T2

i\ D2 2
cap (A) < cap (A, B(xg,r2)) < cap(A)/ <1 _ (1> )

Proof. Let w, v denote the capacity functions for cap (A, B(xo,12)) , cap (A), respectively.

The lower bound is easy to see. We know w is the unique minimizer of [ |Vg|2 subject
to g(0A) = 1 and g(0A(xo,72)) = 0, whereas v is the minimizer of the same objective,
subject only to g(0A) = 1 and g(oco) = 0. Thus, since v is less constrained, cap (4) =

i |Vo|* will certainly achieve a lower value than cap (A, B(zg,72)) = i IVw|?. This
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proves the lower bound.

To prove the upper bound, let us consider the value of v when x € 0%(zp,r2). This
value indicates the probability that a Brownian motion started at x will ever hit A. This
probability is certainly less than the chance that a Brownian motion started at z will
e

so5—. Thus x € 0%B(xo,1m2) =
™

ever hit 0% (xp,r1), which is given explicitly by

2—D
v(z) < 2. It follows that

27
™

satisfies both 9(0A) = 1 and 9(0%A(xo,7m2)) < 0. Lemma |8 therefore tells us that
) = [ Vo > [|Vul® = cap (A, B(xo,72)). O
(-5)

Corollary 11.

KA _ cap(A) < (32"
katrp  cap(A)+cap(B)| = \1-32-D

Apply Lemma [10| to argue that

cap(A) < ka<cap(A)/ (1 - BQ—D)Z

cap(B) < kp <cap (B)/(1_52_D)2

It is straightforward to calculate that therefore

Ka cap (A) < cap (A) « 2P < 1 )
ka+rp cap(A)+cap(B) ~ cap(A)+ cap(B) 1— (32D

KA cap (A) cap (A) 32—-D 32—D
ka+rp  cap(A) +cap (B) = cap (A) + cap (B) x P (1_6 )

Note that that 1/ (1 — BQ_D) > (1 — 52_D>. So, choosing this larger bound on either
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side,

kA cap(4) ' - cap (4) p*b
watrs  cap(A) +eap(B)|

IN
VR
—_

|%1
@
Yl o
)

~__—

3.4.3. Final statement

Our theorem now follows immediately:

Theorem. Fiz da,dp,cy. Define h** = cap (A) / (cap (A) + cap (B)).

e For any D,y > 0,e > 0 we can pick ¢ > 0 so that |P*(X, € 0A) — h**| < € for all

x outside of B (xa,7),% (xp,7) for all scenarios with r4,rp < c.

— For any ra,7rp,v > 1,e > 0 we can pick ¢ so that |P*(X,; € 0A) — h*™*| < € for

all = outside of Z (xa,yra),#B (xp,yrp) for all scenarios with D > c.

Proof. Without loss of generality, assume € < 1. Apply Corollary[7]to make |u(z) — @ <
€2/9. We can then apply Lemma |§| to show |t — ka/ (ka + £B)| < €/3. Finally, taking
a more extreme r4,rp or D if necessary, ensure that 62_D/ (1 — 52_D> < 5. Corollary

and the triangle inequality then give the desired result, since €2/9+¢€/3+¢/3 <e. O

3.5. Empirical results

The theoretical results above are only asymptotic, and we were interested to know
whether the results of the theorem were relevant in regimes which one might be interested
in.

To this end, we ran some empirical simulations in which

o N=2(0,1) CR

o A= 2%((—8,0,0,0,0),.1)
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e B=2((5,.6,0,0,0),.05)

Starting at various values of xg ¢ B(x4,.3) U AB(xp,.2), we then asked how often we hit
A versus B. Our theorem would argue that the probability of hitting A versus B would

be relatively independent of xy. This probability should be roughly

cap (A) s 8 0.8

P*(X, € 0A) =~ = =
(X € 94) cap (A) +cap(B) 052 +.13 9

However, we wanted to know what actually happens. Using Monte-Carlo simulations,
we were able to obtain fairly accurate estimates based on different starting conditions.

Here are some examples:
o 20 =(.21,-.59,.003,.67, —.179) - P™ (X, € JA) = .893
o 20 = (—.22,.19,—.029, —.075, —.29) - P¥ (X, € JA) = .883
o 20 = (0.62,—-0.33,0.072,0.066, —0.61) - P* (X, € OA) = .905
o 10 = (.537,—0.051,.0996,.70913, —0.313) - P™ (X, € JA) = .885
o 20 = (—0.26,0.52,0.61,0.09, —0.268) - P* (X, € OA) = .908

These numbers are all pretty close to 8/9. Other points yielded similar results. This
suggests that the theorem is at least somewhat in effect even in this regime. In regimes
where the sets were larger or the initial position xy was closer to A, B, the performance
began to degrade. However, it was not completely obvious how the accuracy of the
theorem’s approximation depended upon interaction between the various parameters.
Since there are so many parameters involved, it is a difficult question to try to attack
empirically.

This suggests a natural direction for future research. The asymptotic bounds that we
obtained in the general case were necessarily quite poor. However, in the special case that

A, B, N are all spheres, it should be possible to obtain a much more accurate estimate of
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the error. Although this simple setup may not directly apply to any practical problems,
it might be very useful for giving at least some indication of how the error would behave

in more complex settings.

3.6. Conclusions

There are several assumptions in this work that make it difficult to apply directly to the

problem of biological polymers.

e We have assumed that the energy landscape is actually flat inside of N, instead of
merely being mostly flat. It does not seem that there is anything essential about
our arguments that depend upon this fact. A more careful analysis is necessary to

determine if the gist of our idea carries over to that case.

e We have assumed that A, B do not intersect the boundary of N. This is perhaps
implausible in many cases. A next step would be to consider the case that A, B
are actually subsets of the boundary of N. More generally, if A, B are arbitrary
sets which intersect the boundary of N, we may still be able to say some things.
For example, we may still be able to show that the probability of hitting A or B

does not depend strongly upon the initial condition, Xj.

If these difficulties could be overcome, techniques in the style of those presented could
potentially allow us to gain much greater understanding of the large, boring regions of
space which are so very difficult to simulate in practice. The very “boringness” of the

regions gives us optimism that some efficient analysis should be possible.
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4. Medical Treatments and the “Worst

Probability of Harm”

It is universally acknowledged that the general public finds medical research confusing.
From the New York Times to the Public Library of Science, confusion reigns over the
host of contradictory results from the science of medicine (cf. [23] 20]). Many theories
have been put forward to explain this bewildering state of affairs, including p-hacking,
the undue influence of business priorities on the scientific process, and exaggerated rep-
resentations of science by the media. However, there are other causes which are much
simpler and much easier to treat.

The disregard for effect size is one clear culprit. Medical practitioners are well aware
that scientific studies with small effect sizes should not be taken too seriously (cf [33]).
One simple reason is that a small effect may not be worth the time it takes to think
about it. What’s worse, however, is that a small effect may be devastatingly sensitive
to seemingly trivial variations in the experimental setup. These sensitivity issues are
already at the forefront of genomic science, where so-called “batch effects” play havoc
with statistics (cf. [17]). The problem is just as palpable in medical science, where two
experiments that seem almost identical can nonetheless yield two contradictory results,
both of which are statistically significant at the .001 level. A study may find a result
which is statistically significant, but it in no way follows that the result is scientifically
significant. As long as one gathers enough data, almost every experiment is doomed to

find a statistically significant result - whether or not that result says anything about how
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life works or how people should behave.

Fortunately, there is a growing attention to effect size and the many different methods
that people use to quantify it. One common difficulty is that any measure of effect size
must be at least somewhat intuitive. If a quantity is too abstract, it may be ignored
by practitioners. Here we will try to develop a measure of effect size that has a clear,
intuitive meaning, and makes as few assumptions as possible. Our method originated
from something called the Number Needed to Treat (NNT), used for experiments with
binary outcomes (e.g. life or death). We develop this intuitive idea into a new measure,

called the “worst probability of harm.” Our goals for this measure are twofold:
e To clarify certain assumptions around the NNT
e To generalize the essence of the NNT to the case when the outcomes are not binary

The NNT actually does an excellent job of measuring effect size, and our main focus is
on the second point. However, a proper understanding of the assumptions of the NNT
lead naturally to the generalization we will propose. For this reason we will take some

time exploring those assumptions. We proceed as follows:

1. Binary outcomes. We will try to think clearly about the assumptions implicit in
the NNT measure of effect size. A new measure of effect size will naturally present
itself: “the worst probability of harm.” This section provides context, but it is not

essential for understanding the remainder of the article.

2. Non-binary outcomes. We will see that the worst probability of harm is also well-

defined for treatments with non-binary outcomes.

3. Basic properties. In the general non-binary case, the best way to calculate the worst
probability of harm is not at all obvious. However, it turns out to be straightfor-

ward. Formulae are presented.
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4. Ezamples. We will show that the worst probability of harm yields some rather

startling results when applied to a variety of articles in medical science.

5. Statistical considerations. We will conclude by considering some nonpararmetric

methods of estimating the worst probability of harm from actual data.

4.1. Binary outcomes

Let us consider the set of patients with a given condition, such as cancer or heart disease.
Let us additionally consider two mutually exclusive treatment options which are available
to the patients. We will call them treatment A and B. Perhaps treatment B is actually
some form of placebo, or no treatment at all. In evaluating these treatments, we often
look at some indication of patient success. For example, we might look at whether the
patient is still alive three years after treatment.

This sort of situation is a good place to begin our exploration of effect size. After

performing a Randomized Controlled Trial (RCT), we obtain two numbers:

e g4 - the proportion of people who live when given treatment A

e ¢p - the proportion of people who live when given treatment B

Based on just these two numbers, a practitioner needs to have some way of understanding
the medical importance of a given treatment.

We'll start by looking at the Number Needed to Treat (NNT), a common way to
measure effect size for this situation. It carries a powerful intuition, making it a great
practical tool to help practitioners understand what matters and what doesn’t. However,
as we shall see, it also carries a hidden assumption. Taking a hard look at that assumption
will naturally suggest a new measure of effect size, which is similar to the NNT but doesn’t
make any assumptions.

Conceptually, the NNT is based on the idea that the population of patients may be

divided into four groups:
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Live Die Live a Die
Al qa=80% | 1—qa=20% :
B —30% | 1—qp = 70% g | Live | pw =7 | pp =7
a5 = 227 5 = 27 Dic | pa=7 | pr =7

pw +pB = qB = 30%
pa+pr=1—qp=T70%
pw +pa = qa =80%
pB+pL=1-qp=20%

Table 4.1.: An example of a Randomized Controlled Trial (RCT). The result of the
experiment are shown in the left table. These results tell us two things.
First, if you pick a random person and give them treatment A, they will
live with 80% probability. Second, if you pick a random person and give
them treatment B, they will live with 30% probability. However, this left
table doesn’t tell us everything we might want to know. For example: how
many people would live regardless of which treatment they were given? That
information cannot be deduced from g4,qp. This proportion corresponds
to to the variable pyy, which is represented as one of the cells in the table
on the right. All we can say about the table on the right is that we know
the row and column sums. These row and column sums correspond to the
four equations shown. Note that the fourth equation is actually redundant
to the first three, so in effect we have four unknowns and three equations.
This leaves a degree of uncertainty about the values of pw,pp,pa, pr-

e The winners - let py denote the proportion of people who will survive no matter

whether they get treatment A or B

e The losers - let p;, denote the proportion of people who will die no matter whether

they get treatment A or B

e The treatment-A population - let p4 denote the proportion of people who will only

live if given treatment A

e The treatment-B population - let pg denote the proportion of people who will only

live if given treatment B

It would be nice if we could determine the percentage of people in each of these groups.

o4



Unfortunately, an RCT cannot directly provide this information. Instead, an RCT can
only tell us g4 = pw + pa and qg = pw + pp. This is due to the fact that the treatment
options are mutually exclusive. We cannot give a patient both treatments (or, put
another way, giving them both treatments would really be yet a third kind of treatment).
Therefore, once we have decided to give a patient treatment A, there is simply no way
to determine how they might have fared if we had given them treatment B.

However, we can nonetheless say something about those four values, pg, pw,pa, pr.
To see how it works, we’ll take an example - say g4 = 80% and gg = 30%. That is, on
average, patients survive more often when given the treatment A. This is not enough
information to determine pg, pw,pa, pr, but we can make a guess at those values. For
example, we might hazard the guess that treatment never hurts - that is, pp = 0. If we
assume this is true and then apply our knowledge of g4, ¢p, all four quantities can be

deduced:

pB = 0%
pw = 30% = gB
pa =50% = qa —qB

pr=20%=1-qa

Under this assumption, the number needed to treat is calculated as

NNT £1/(pa) =1/ (g4 — qB)

In our case, NNT = 1/ (.5) = 2. Small values of the NNT suggest that p4 is large, which
signifies that there is a large proportion of people who will only live if given treatment
A. If NNT = 2, that suggests a very optimistic picture for a practitioner: for every 10

patients they give treatment A, the practitioner will save 5 lives.
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However, there is a very important assumption that has been made here. It is assumed
that nobody’s primary outcome is actually made worse by the adoption of treatment
A. An article may describe certain negative secondary outcomes or “side-effects” of
the treatment, but these are assumed to be the only harm that the treatment causes.
However, it is possible that the treatment actually causes harm to the primary outcome
for some patients. Here is another set of values which is equally consistent with the

experimental data, g4 = 80% and g = 30%:

pe = 20%
pw = 10%
pa = T70%
pr. = 0%

This presents a rather different picture. For every 10 people a practitioner gives treatment
A, they will actually save 7 lives - but they will also kill 2 people. What’s more, since
pr. = 0, we could have saved every patient if we only knew which treatment to give them.
If these numbers were true, it would be imperative to try to figure out why some people
only live under treatment A and some people only live under treatment B. This could be
accomplished by analyzing how covariates influence treatment outcomes (e.g. [19], [13]).
For example, perhaps younger patients do better with treatment B.

To properly highlight the fact that we don’t know exactly what kind of picture we are

actually dealing with, we propose a new measure of effect size.

Definition. Given g4, g, the worst probability of harm for adopting treatment A
over treatment B indicates the highest possible probability that a patient will actually
do worse taking treatment A. That is, the largest possible value of pp, subject to
the requirement that pyw + pa = qa and pw + pp = ¢g. The worst probability of

ineffectiveness indicates the highest possible probability that treatment A will not
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improve a patients outcome. That is, the largest possible value of 1 — p4, subject to the

same requirements.

In the case of the example above, with g4 = 80% and gg = 20%, we may calculate
that the largest possible value of ¢p is 20% (if it were any higher, we could not have
pr +p =1— g4 = 20%). Thus the worst probability of harm is 20%. This quantity
may give additional context to the significance of the NNT as it is usually calculated. It
has a very clear message to the practitioner: on average, for every 10 patients they treat,
they may be killing as many as 2 although they save as many as 7. It is important to
note that we cannot be sure that the treatment kills 20% of patients; another possibility,
equally consistent with the data, is that the treatment doesn’t kill anyone. Perhaps
it only saves 50% of patients and has no effect on the other 50%. However, it seems
important that the practitioner should understand all the possibilities which are fully
consistent with the experimental evidence.

Assuming this ambiguity is clear in the mind of the practitioner, we feel that the
NNT remains perhaps the overall best tool to express the effect size measured by a
binary-outcome experiment. Unfortunately, for experiments with non-binary outcomes,
there is no obvious generalization of this concept. Fortunately, the worst probability of
harm (which we hope captures something of the essence of the NNT) does generalize to

non-binary outcomes.

4.2. Non-binary outcomes

Let us now assume that treatment outcome can be measured as a value in ) C R, with

more positive numbers indicating a better outcome. In this case, we may be interested
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in the following kinds of proportions:

Fx.y(x,y) £ proportion of people for whom
their outcome is < x if given treatment A

their outcome is <y if given treatment B

In other words, let
e X denote the outcome of a patient if they were given treatment A
e Y denote the outcome of a patient if they were given treatment B

then Fxy(z,y) is the joint cumulative distribution function of X,Y for a randomly
selected patient. Given enough subjects, an RCT can readily estimate Fx and Fy, the
marginal distribution of X and Y. As before, an RCT cannot directly estimate the joint.
However, if we know the marginal distributions, we can determine the worst probability

of harm:

Definition. Let Fx, Fy denote two cumulative distribution functions corresponding to
the outcomes of patients under treatments A, B respectively. We define the worst prob-
ability of harm for (Fx, Fy) as the highest possible probability that adopting treatment
A over treatment B will result in an inferior outcome, i.e. the quantity supy Q(X <Y)
among all distributions @ for which X ~ Fy and Y ~ Fy. Correspondingly, we define

the worst probability of ineffectiveness as sup, Q(X <Y).

Let us contrast the worst probability of harm with measures of central tendency, such
as mean or median. Medical practitioners often rely heavily on measures of central
tendency in making their decisions; if E [X] > E[Y] then treatment A may be considered
preferable. Yet even though E [X] > E[Y] there are cases in the literature in which the
worst probability of harm is 80% or more. That is, it may be that the treatment actually

harms more than 80% of patients to whom it is applied. In general, a naive consideration
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of mean or median may be quite misleading. This is especially troubling since the NNT
is not available in this continuous case. In this case, the worst probability of harm can
offer insight into how a treatment may affect patients.

Of course, to make use of these concepts, we need to be able to compute them. Al-
though it is not obvious, this turns out to be relatively straightforward, as we shall see

in the next section.

4.3. Basic properties and computation

Theorem. Let Fx,Fy denote two cumulative distribution functions. Let \ denote the
worst probability of ineffectiveness. Let (k) = 1 — Fy (k)4 Fx (k) and 7* 2 1 Ainfy 5(k).

Then A = 5* and there exists a distribution Q which achieves Q(X <Y) = .

Proof. Cf. [11]. O

4.4. Examples

To show what kind of insights we might hope to obtain from calculating the worst
probability of harm, we looked at six papers from the New England Journal of Medicine.

We picked the papers purely on the basis that they
e had some continuous-valued outcome,

e provided enough information for us to get a sense of the distributions of those
outcomes under two treatments (e.g. standard errors and number of subjects,

interquartile ranges, etc)
e were randomized and controlled, and

e had a statistically significant result at the .05 level or below.
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Somewhat astonishingly, the worst probability of harm was greater than 75% for all but
one of the papers. That is, it may well be that the treatments advocated by five of these
papers actually could harm 75% of the patients to whom they are applied. Here are the

results.

1. Worst probability of harm: 86%. A study on the efficacy of estradiol in improving
the vascular health for postmenopausal patients [18]. The primary outcome was
the rate of change in carotid-artery intramedia thickness (CIMT). By randomly
assigning treatment to 643 patients, the study found that the following two treat-
ment conditions were associated with roughly the following two distributions of

outcomes:
e CIMT of patients given estradiol - N/ (.0044, .009966982)
e CIMT of patients given placebo - A/(.0078,.0101842)

This suggests that, on average, estradiol slows the rate at which arteries thicken
- a good thing. However, we ask whether it is possible that estradiol may in
some cases actually increase the rate at which arteries thicken. To answer that
question, let us calculate the worst probability of harm. Since good outcomes are
associated with lower CIMT scores, we take X ~ A (—.0044,.00996698) and Y ~
N(—.0078,.010184%) and calculate the worst probability of harm as supg Q(X <
Y) over all Q with the appropriate marginal distributions on X,Y. Notice that
the variances for the distributions of X,Y here are population variances, rather
than the standard errors of the mean estimators - this difference comes out to a
crucial factor of \/n, where n is the number of patients. We emphasize this point
here because the variance plays a very important role in determining the worst

probability of harm.

If we take it as exact truth that the distributions under the two outcomes are

given by the Gaussians described above, we can compare the cumulative distri-
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bution functions for these two distributions and then numerically calculate that
supg Q(X < Y) = .86574---. That is, it may be that estradiol actually worsens
the situation for as much as 86% of the population. In retrospect, this should not
be terribly shocking. If we look at the scale of the population variances (which are
quite large), the difference between the population means is almost negligible. Due
to the large sample size, that difference is indeed statistically significant, but the
effect size is simply negligible. This manifests in the fact that we cannot be sure

that the treatment is not actually harming most patients.

. Worst probability of harm: 80%. A study on the effects of spinal fusion for lum-
bar spondylolisthesis in the context of laminectomy. The primary outcome was
the change in a physical health summary score after two years. Here are the

distributions: [16]
e Health score change for patients with fusion - N (15.2, 11.612)
e Heath score change for patients without fusion - N/ (9.5, 11.812)

Since 15.2 > 9.5, the authors conclude that fusion is generally good thing for
patients. We caution, however, that if we take these distributions as truth then
it may be that as many as 80.1% of patients would do better with the nonfusion
treatment than with the fusion treatment. We again emphasize that this large
probability in no way contradicts the fact that the average outcome in the fusion

treatment is better than the average outcome in the nonfusion treatment.

. Worst probability of harm: 90%. A study on the effects of testosterone treatment
on the results of the Psychosexual Daily Questionnaire [32]. They find the following

distributions:
e Score for patients given testosterone treatment - N/ (.2, 1.62)

e Score for patients given placebo - N/ (—.1, 1.42)
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Taking these distributions as truth, we calculate that it may be that fully 90% of

patients would do better with a placebo treatment than the testosterone treatment.

. Worst probability of harm: 77%. A study on the ability of Caplacizumab to rapidly
normalize certain platelet counts [30]. The primary outcome was the number of
days before the platelet count was back within a normal range. They find the

following characteristics of the distribution:

e Days until platelet count is normalized for patients with Caplacizumab - mean

is 3.0, variance is 1.072

e Days until platelet count is normalized for patients given placebo - mean is

4.9, variance is 5.09%

Since the number of days is obviously always positive, a normal distribution seemed
too unrealistic. We therefore fit these statistics to a gamma distributions. Taking
those distributions as truth, we can obtain that the worst probability of harm is

77%.

. Worst probability of harm: 84%. A study on the effects of metformin on maternal
weight gain [34]. We look at what they found for the maternal weight gain in

kilograms, low weight being preferred. We found that
e Weight gain for patients given metformin - A (4.6,4.37%)
e Weight gain for patients given placebo - N/ (6.3, 4.672)
Taking these distributions as truth, the worst probability of harm may be calculated

as 84.9%

. Worst probability of harm: 4% - a different story. On the sixth study we looked at,

we finally came upon a substantial, undeniable effect [31]. This study looks at how
a drug called Andexanet reverses the anticoagulant activity of another drug, called

apixaban. That is, Andexanet has anti-anti-coagulant properties. These properties
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were measured by the percent change of a chromogenic assay of certain enzymatic

activity. They find roughly these distributions:
e Change given Andexanet - N (94%, 9.8?)
e Change given placebo - N (21%, 27%)

Taking these distributions as truth, we find that the worst probability of harm is
only 4%. That is, even in the worst case scenario, we have that the situation for at
least 96% of people are actually improved instead of worsened by the application of
Andexanet. This worst probability of harm is so low because the difference between

the means is very significant relative to the variances.

There are two significant limitations to the picture we have presented in the examples
above. We will now turn the the remedy for both of these limitations.

The first issue pertains to our definition of “harm.” Let us imagine that we have women
who seek to experience less maternal weight gain. Let us further imagine that there exists
a patient who would gain 5.001 kilograms under a treatment and 4.9999 kilograms under
a placebo. It is ridiculous to say that applying this treatment to this patient actually
caused harm (except, perhaps, insofar as someone had to pay for the treatment). Instead,
is important for medical practitioners to define what sort of differences are actually

clinically significant. This suggests a new definition.

Definition 12. Let £(y) denote some monotone function on the space of patient out-
comes, such that x < £(y) if and only if the difference between = and y is clinically
significant. For example, we might have {(y) = y — ¢, where e was some threshold.
The worst probability of clinically significant harm for (Fx, Fy) is then defined as
supg Q(X < §(Y')) among all @ with the corresponding marginal cumulative distribution
functions. From a mathematical point of view, the analysis of this object is essentially
the same as the analysis for the worst probability of harm. From a practical point of

view, however, the worst probability of clinically significant harm may be considerably
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more important than the worst probability of harm.

The second issue pertains to estimation. In the examples above, we chose parametric
families somewhat arbitrarily, estimated parameters, and used those parameters to cal-
culate the worst probability of harm. This chain of assumptions and estimates certainly
could introduce significant errors. For this reason, the calculations from all of the exam-
ples above should in no way be considered for scientific or medical purposes. In actual
practice, we must either use nonparametric methods or use model families that we have
good reason to trust. We must also calculate some measure of uncertainty, for example

by looking at confidence intervals. It is to these issues we now turn our attention.

4.5. Statistical considerations

Perhaps the simplest approach to estimation would be to take an entirely nonparametric
approach. For example, we can readily apply the Dvoretesky-Kiefer-Wolfowitz (DKW)
inequality to obtain a valid confidence interval on the worst probability of harm - without

making any assumptions whatsoever on the form of Fx, Fy.

Theorem. Let X(1)--- X(ny) ~ Fx and Y (1)---Y (ny) ~ Fy. Let Fx and Fy denote
.. . . . . . - A 1 . .

the empirical cumulative distribution functions (e.g. Fx(z) = —#{i: X(i) <z}).

Pick any €. Let X denote the worst probability of ineffectiveness for (Fx, Fy) and let A

denote the worst probability of ineffectiveness for (FX,Fy>. Then

j\ — 5\‘ > e) < 2e~nx€/2 + 2e—nv /2

— Al > 6) < 2e~nx€/2 + 9e v e’/2

For example, in the special case that nx = ny, we obtain that our estimates =4/ % logé

yield confidence intervals with coverage of at least (1 — ).

Proof. The DKW inequality, together with a union bound, tells us that we may assume

64



that

sup

Fy(a) — FX(x)‘ <¢/2

sup | Fy (y) — Fy (v)] < ¢/2

with at least probability 1 — (26_"”2/2 +26_”Y62/2>. Taking these two inequalities

as fact, we see immediately that ‘5\ — )\‘ <eand |\— :\‘ < e. After all, since Fx (k) <
Fx (E)+e, it follows that limgy, Fy (£) < limgyy, Fix (€)+¢. The same goes for the inequality

in the other direction. From there, the computations are completely straightforward. [

The theorem above provides a straightforward way to get rigorous statistical bounds
on the worst probability of harm/ineffectiveness for any pair of distributions, without
making any assumptions on the parametric form of ones distribution. However, the
coverage of a DKW-based interval generally seems to be too broad.

For example, let us consider the case that X ~ N(1,22) and Y ~ N(0,12). The worst
probability of harm for (X,Y") is about 65.486%. If we are given n random samples
of X, n random samples of Y, and use the theorem above to produce a confidence
interval with 95% nominal coverage, then how often does the true probability of harm
fall inside the interval? That is, what is the true coverage of our interval? For each
n € {5,55,105---955}, we look at the answer to that question when n is the number of
samples. The results are to be found in Figure We estimate the true coverage by
using 5000 randomly generated datasets for each n.

It is clear that the interval is much more conservative than it needs to be. There are

at least three reasons why this happens:

1. The DKW inequality constructs an envelope around the empirical cumulative dis-
tribution with constant width for all of R. However, in the computation of \, A, it
may be that we do not significantly care about fluctuations in Fx, Fy on all of R:

in fact, we only care about estimating F'y, Fy close to the point where Fy — F'x
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Figure 4.1.: The DKW-based confidence interval is almost comically conservative, but it
is at least always valid. Here we assume X ~ N(1,22) and Y ~ N(0,12).
In this figure we look at how the confidence interval changes as the number
of samples, n, increases. We focus on n € {5,55,105---955}. On the left
we compare the nominal coverage to an estimate of the true coverage. On
the right, we try to show how the confidence intervals converge on the true
parameter value. The solid lines indicate the average upper and lower bounds
of confidence intervals, averaged over 5000 trials for each value of n. Each
“x” marker indicates a bound for a confidence interval yielded from just one
of those trials. We show 50 examples in all. The dotted lines at .71 and .58
indicate the average upper and lower bounds of a confidence interval with
n = 1000.
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reaches its peak. The natural solution to this problem would be to use alternative
cumulative distribution estimators which place a varying-width envelope around
the estimates of F'x, Fy; this would allow us to be more confident where we need
to be confident. This naturally raises the question of how best to select the right
envelope for our problem. One direction would be to first estimate a rough sketch
of F'x, Fy with a subset of the data, use that sketch to determine where accuracy is
needed, and then use the rest of the data to construct confidence envelopes which

are carefully tuned so that our intervals around A, X obtain give good coverage.

2. Our task is to estimate the difference between Fx and Fy, but the DKW inequality
gives an envelope on Fx and an envelope on Fy. Applying a union bound, this
certainly gives us a way to put an envelope on (Fy — Fx) - but it is unlikely to
be the best way. This problem appears even in the simple case that the outcomes
are binary, i.e. X,Y € {0,1}. In this case we can use samples to produce two
estimates, px ~ P (X = 1) and py ~ P (Y = 1). If we put a confidence interval on
px and a confidence interval on py, a union bound can then give us a confidence

interval on px — py - but it is worse than a confidence interval taken directly on

Px — Dy-

3. The DKW-inequality does not immediately lend itself to one-sided confidence in-
tervals in both directions. Medical professionals may be only interested in showing
that the worst probability of harm is low, but a naive use of the inequality does
not allow them to leverage this to obtain increased statistical power for what they

are interested in.
We here present a very simple scheme that begins to address these three concerns:

1. Use 20% of your data to estimate k = argmax (Fy — Fx). This identifies a point

where we need to accurately model Fx, Fy .
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Figure 4.2.: A confidence interval based on simple difference of proportions is rather less
conservative, and also allows us to take the one-sided intervals that we may be
most interested in. As in the previous figure, we look at how the confidence
intervals respond to changes in the number of samples, n € {5,55,---955}.
The left side compares nominal and actual (estimated) coverage. The right
figure shows typical upper bounds that you would obtain from this method
given various amounts of data. The solid line gives the average upper bound
over 5000 trials for each n, and each “x” is an example of an upper bound
yielded from one of those 5000 trials. The dotted line gives the average
DKW-based upper bound for 5000 trials, for comparison.

2. Use the rest of your data to obtain a one-sided 95% confidence interval of the form
limgy, F'x (€) — Fy (k) < . This can be much more effective than combining two

confidence intervals, one for P(X < k) = limy, Fix(¢) and one for Fy (k).

3. Recall that for any value of k, we have A < 1 — Fy (k) — limy, Fx(¢). Thus, as

long as we are only looking for a one-sided interval, A < 1 — 3 does the job.

The results of this scheme are displayed in Figure [£.2] again using 5000 randomly gen-
erated datasets for each value of the number of samples, n. As the figure suggests, this

scheme is better than the DKW-based scheme, but definitely still conservative. We at-
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tribute this to the fact that A < 1— Fy (k) —limgyy, Fix (¢) for most values of k. This strict
inequality makes our method more conservative than it needs to be. It is very likely that
simple schemes such as this one are strictly suboptimal, and it would be interesting to
try to understand how much they could be improved. For example, perhaps it would be
possible to obtain clear results in certain well-constrained settings - perhaps if Fx, Fy
are known to be Gaussian. Even in this well-constrained case, it is far from obvious how
one should construct an optimal confidence interval for A. Four separate simultaneous
confidence intervals for the means and variances of the Gaussians would certainly give
you a way to compute bounds on A, but it is very unlikely to be the best way. More
generally, is it typically the case that knowledge of the parametric form of Fx, Fy would
enable us to significantly outperform non-parametric methods? If so, is there any general

method by which such knowledge could be usefully applied?
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A. A simple convergence lemma

Lemma 13. Let (2, F, ) denote a probability space. Let the random object X carry the
distribution p. Let XM, X@ ... denote a sequence of random objects with support on
Q, whose distributions are all absolutely continuous with respect to p. Let f1), f2) ...

denote the corresponding densities of these random variables. If

e limsup, . f)(x) < 1, almost everywhere w.r.t. p
— f)(x) < M for some constant M > 1, uniformly in r

then the distributions of X(") converge to that of X in total variation.

Proof. Fix e. Applying Egoroff’s theorem, find a region S C Q with p(S) < 57 and

lim sup <sup £ (x)) <1

7—>00 :L’%S

Using this limit, we can choose r* so that

sup f"(x) <1+e
xS
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for every r > r*. Then for any measurable A C (), we have that

ig (Xm c A) ~P(X € A) =E [Ixea (f(X) — 1)]

— E[Lxeans (fr(X) = D] +E [Ixeays (/(X) - 1)]
< () (M = 1) + u(A\S) (1 + ¢ — 1)

< 2e¢
Applying the same argument, we have that
P(X € A)— P (X(’") € A) —P (X(T) e Q\A) “P(X € Q\A) < 2
Since A was arbitrary, we have that
sgp‘IP’ (xea)-P(xe A)’ < 2

for all r > r*.
Thus
lim sup |P (XW € A) ~P(X € A)| =0

T—=00 A

as desired.
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B. Brownian Motion

B.1. Known results

The gist and main components of the following theorems are well-known, but we could

not find any place which combined these pieces in quite the way we needed.

Definition 14. A set A C R” is said to have C® boundary if for every 2y € 9A, we can

find € > 0 so that A is locally isometric to the hypograph of some function in C3(RP~1).

Definition 15. Let {B;} denote a brownian motion on R”. The SDE with Normal

Reflection (SDE-NR) problem is a tuple (N, p, o, q), where

e N C RP denotes an open set with C! boundary.
— n(z) denotes the outward-facing surface normal of ON.
—0: N —=>RP*Pand p: N — RP are diffusion and drift coefficients.
— ¢ is a probability measure on N.

A semimartingale {Y;} is said to be a solution to the SDE-NR if we can find some

7



{K;} adapted to {B;} so that

Yo ~ ¢
Y, € N

t t
Yo = Yo+ [ o(dB.+ [ uvids+ K
0 0

t
K|, = /HYSeaCd!K|5<OO
0

t
K = _/ n(X,)d|K],
0

almost surely, where |K|, is the total variation of K on [0,¢]. It is said to be

Normally Reflecting Brownian Motion if 0 = [ and pu = 0.

Theorem 16. (Ezistence/uniqueness of SDE-NR solutions) If N is bounded with a C3
boundary and {o;;},{p:} are Lipschitz on N, then the SDE-NR problem (N, u,0,q) has

an almost-surely unique solution, {Y;}, satisfying the strong Markov property.
Proof. Cf |26]. O

Theorem 17. (Martingale property of SDE-NR solutions) Let (N, u,0,q) denote an

SDE-NR problem satisfying the conditions of Theorem[16. Define the operator L by

D
Zm (Vi £) )+ 5 3 (e W), (V4. Vi, ) )

,L'7j

Then for any f € C?(N) with (f,n) =0 on ON, the process

7= f(YV)) — /0 (Cf) (Ya)ds

18 a martingale.

Proof. Follows directly from Ito’s formula applied to f(Y;). A completely rigorous argu-

ment can be found in Theorem 2 of [22]. O
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Corollary 18. Let N be connected and let A C N denote an open set with C? boundary.
Let T =inf {t: Y; € A} such that E[1] < co. Let f,g € C2%. The following functions can

be characterized in terms of partial differential equations:

Function Differential Equation | 0A Boundary | ON Boundary

up(x) = E* [g(X7)] 0= Lug g =g 0 = (Vup,n)

uy(z) = B* [g(X7) [y f(Xs)ds] 0= Luy + fuo 0=wu 0 = (Vug,n)
un(z) = E* [9(X-) (Jg f(Xs)ds)"] | 0= Lun +nfun— 0=up, 0 = (Vup,n)
Ue = Ea? ’Vg(XT)efoT f(Xs)dS] 0 — Eue _|_ fue g = Ue 0 = <VUO’ n>

Proof. First note that all the differential equations have unique solutions in C%(N\A),
per [3]. The equation for ug follows directly from Theorem 17| with the optional stopping
theorem, and likewise the equation for u; when g(z) = 1. There is some subtlety in the
general case for uj,ug,- - u. - but it is easily resolved by applying E [7] < oo and the
compactness of N to show that EY [|g(X,)| [§ [nf(Ys)un—1(Ys)ds|] < co. The existence
of this integral allows the classic results of Kac to be applied (cf. [12] for a good summary).

O]

Corollary 19. (Fokker-Planck and Kolmogorov Equations).

e Let f € C?(N) with vanishing derivative on N; then h(t,z) = E* [f(X;)] =

hi(t, z) = (Lh(t, ) (2).
— Let ¢ € C? denote a continuous density on N with vanishing derivative on
ON; then Xy ~ p(t,z) = pi(t,x) = (L*p(t,-)) (x), where L* denotes the

adjoint of L.

Proof. The smoothness allows us to interchange integrals and derivatives from Theorem
to deduce that (Lg) (z) = lim, o 2 (E® [¢(X,)] — g(z)) for any g € C?*(N); the formula
for hy follows from an application of this to g = h(¢,-). Similarly, interchanging integrals

and derivatives yields that [ pi(y,t)f(y) = [ p(y,t) (Lf) (y) for any f € C?; the formula
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for p; then follows from the definition of the adjoint and the density of C? functions in

Z2(N). O

Lemma 20. (Expected hitting time is finite). Let N be connected and bounded. Let A C
N denote an open set with C3 boundary. Let T =inf{t: Y; € A}, and let 0 = I, ju = 0,

so {Y;} is a reflecting brownian motion. Then E[1] < 0o, so|18 may be applied.

Proof. It is sufficient to show that the marginal density of X; converges uniformly expo-

nentially fast, for every initial condition Xy = ¢ (cf. [7]). This is shown in [6]. O

Theorem 21. (Harmonic functions minimize the integrated squared norm of the gra-
dient). Let A,N denote two open bounded sets with C3 boundary, A C N, and take
f € C?. Letu denote the unique solution to the boundary problem Au =0, u= f on 0A,
(Vu,n) = 0 ondN. Then for any v € H'(N) satisfying the same boundary conditions,
JIVof? = [ |Vul*.

Proof. Letw = u—v. Then [ |Vu|* = [ |Vu+ Vw|* = [|Vul*+ [ |[Vw[*+2 [ (Vu, Vw).
Since u € C?*(N\A) and w € H'(N), we can use integration by parts and the fact that
u is harmonic to obtain [ (Vu,Vw) = [, 4 on w(z) (Vu,n) — [w(x)Au - but Au =0,
w(z) vanishes on 0A, and (Vu,n) vanishes on ON, so we obtain zero overall. Thus

JIVoP = [IVu* + [ [Vw]* > [[Va]. O

B.2. Timing estimates

Recall that X; indicates Brownian motion on R? in the annulus between a reflecting
sphere of radius r = ffr4 and an absorbing sphere of radius r = r4, where both spheres
are centered at x4. Our task in this section is to understand the distribution of A\ =

inf {t : Rt = 7“,4}7 where Rt =

Xt —TA ‘ .
We will have special interest in the asymptotics as r4 — 0 for some fixed value of 8r 4.

Therefore, without loss of generality, we will mostly assume that 745 = 1. When 748 #
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. . . 3 d
1, we can use the space/time correspondence of brownian motion - (/\ Jk% Bra =k, 8= c) @

(5\; Bra=1,8= c) - to make the appropriate calculations.

Our first step will be to get the Laplace transform of the density of .

Lemma 22. Assume Brq = 1. Let A = inf {t: R, = TA}, h&(r) = R {67%525‘] for

ra<r<1. Then

e = (TAY _Lvr1(©Fy (rf) + Kyi1 (§) L (1€)
wir) ( ) L1 (§) Ky (rag) + Kuga (§) 1y (raf)

_ 2 2m—+4a I_o—1I, .
where v = % and I, = Zm 0 m K, = lim,_,, W are the modified

Bessel functions of first and second kind.

we deduce that Rt is itself a Markov

Proof. Applying Ito’s lemma to R, = ‘Xt — x4l
process, governed by dR, = dW, + %dt, where W} is a 1-dimensional Brownian motion.
This process is sometimes called the “Bessel process.”

Thus Ry satisfies a stochastic differential equation with smooth coefficients and bound-

aries, so we can apply Corollary [I§| to argue that O

1. h® must satisfy the differential equation £h® = £&2h% - here the generator L is
given by (Lf) (1) 2 %f”(r) + D2;1

a) h&(rp) =1

b) h5(1) =0

Proof. We will now show that the formula for h¢ stated in this theorem is the unique

solution to these requirements.:

O

1. The differential equation: we will first show that our formula satisfies LhS =

%§2h5 . Since Ry is called the Bessel process, it should perhaps not be surprising
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that our key tool will be something called the “modified Bessel equation,” 0 =

22y (z) + zy/ (x) — (332 + 1/2) y(z).

Let y be any solution to the modified Bessel equation, and define w(r) = r~"y(&r).

Then it is straightforward to calculate that (Lw) (r) = $r=v=2 [r262y" (&r) + r&y’ (&r) — v2y(Er)].
Now we have assumed y is a solution to the modified Bessel equation, so the term in

brackets can be rewritten, yielding (Lw) (r) = $r==2 {(57’)2 y(fr)} = 1¢%w. That

is, w satisfies the differential equation we’re interested in. Thus for any solution

to a modified Bessel equation, y, we can construct a solution to our differential

equation, w.

To apply this idea to our case, recall the well-known fact that the modified Bessel
functions I, K, are both solutions to the modified Bessel equation, and so, in

particular,
L1 (Ko (2) + Kiy1(§) 1 (2)
L1(§) Ky (148) + Kyt (§) I (raf)

y'(x) =1%

is also a solution to the modified Bessel equation. Therefore we compute that our

formula indeed satisfies Lht = %§2h5.

a) The absorbing boundary condition: we will show that our formula sat-
isfies h¢(r4) = 1. This is immediate; the numerators and the denominators

coincide when r = r4.

b) The reflecting boundary condition: we will show that our formula sat-
isfies hﬁ(l) = 0. This can be directly verified using the well-known identities
I=YL+ L), K, = =3 (K1 + K1), Loa (@) = Ly (2) + 21, (2),
and K, 1(z) = K,41(2) — 2K, ().

xT

We can use this Laplace transform to show that A is large with high probability. We
will be particularly interested in the case where our initial position is given halfway

in-between the inner and outer shells.
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Lemma 23. For any r* > %TA, we have

Proof. Note again that it is sufficient to show that

D—-2
w [~ 52 2-D 3(D—2),81+¥
PrliA<———|<6
( <D-2)=%7¢
. /- D—2
when fr4 = 1. After all, for any fixed 5 we have that P” <)\/k‘2 < %;ﬁm‘ = k) =

5 D—2
P ()\ < %;BTA = 1). Therefore, fix 748 = 1. Our argument proceeds in four
steps: show that IF’T(S\ <t) m ]P’l(S\ < t), get a bound on E! [6’%&25\], apply a Chernoff
bound, and put it all together.

O

1. Show P (5\ < t) ~ P! (5\ < t). Let T = inf {t: R, € {TA,l}} < A, the first
time we hit either the inner or outer boundary. Using the Markov property, we

have that

P’ (X < t) = P (Br=ra)P (X < t|{Rp = rA) Y P (Ry = 1)P" (X < t|{Rp = 1)

IN

P'(Ry =r4) + P! (5\ < t)

Now, apply Corollary [I§ and solve the corresponding partial differential equation
to deduce that P"(Ry = 74) = (r~-1)/ (7“;12” —1). We are interested in the
case 1* > (ra + 1) /2, yielding
_ +132\ 77
ety o ()

(T P o e
> TIZQV 1 A TZV o 7“,'51

Applying the inequalities 7} < 1 and 1 + x? > 2z, we can simplify this to obtain

83



IP’"(/N\<t>§rZ‘+IP’1(;\<t)

a) Estimate h¢(1). Applying Lemma [22| with the well-known Wronskian iden-

tity IVJrl(x)KV(m) + KVJrl(x)IV(x) = %a we get

-1
rié

€01y —
O L1(§) Ky (rad) + Ky (§) I (raf)

Let’s take a closer look at

Ly 1 (§) Ky (rag) + Kugr () 1y (rag)

v

L1 (§) Ky (r4€)

. Iy+1(£) Iy+1(7’A§) r r
 Lya(ral) L(raf) I (rag) o (rag)

Note that since d4 > r4 we can applying a bound of [29], namely ﬁg; > (%)

for x > y. We obtain

w1l (raf)

>y T (ra0) I(ra&) K, (ra&)

Iy11(2)
I, (x) 2

Applying a bound of [24],

(D) (1) 242 we obtain
r7v1 raé
A
<V+1)+\/<V+1)2+(7’A§)2

-1 TAg
T4 mfu(rAf)Ku (raf)

v

I(ra&) K, (ra&)

v

. 2 2m+tv 2}V
Applying I, £ S0 P2 > (T we get

> vl ra (TA£/2)V

T @) g )
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Since v > &, we may apply Theorem 1 of [21], K, (z) > 2""'T'(v)e %2~ to

get

—v—1 TA§ (TA§/2)V v—1 —raé —v
"a Frv+1)(2w+1) +7“A§)2 T()e (ra&)
7"2”56_”‘5

20(2(v+1) 4+ rsf)

So, in summary,

rﬁg_l
Ly41(§) Ky (ra€) + Kt (€) Ly (raf)
rE120 (2 (v + 1) +14f)
r,Eem AL
= HE220 (20 + 24 1p€) 748

h =

b) Chernoff bound. We will now apply a Chernoff bound:

e%fQEhg(ciA)

A
—
>
AN
~
~
N

6%5267324”5_22u (20 + 2 + 7 48) €748

A

Using Corollaryto calculate E [:\} , it can be estimated that A grows roughly
like 72" /4v (v + 1). We'll therefore take ¢ to be a modest ;" /4v (v + 1). We

need to cancel the e2¢ term, so we take £ = /8v(v + 1)7“';‘/2 = /2/¢. The

result is

P! (j\ < TA> < olpw_TA o, <2y+2+ 8V(V+1)T‘il+y/2> N

wv+1)) — BTASI/(Z/Jrl)
14+v/2
— 7,2 1 + VT4 / elt 8u(1/+1)r114+y/2
2 2v(v+1)
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Since r4 < 1 and —%— < 1 and e! < 3, we get
2z(x+1)

<

| W

v (3) eV DT

Writing 8v(v + 1) = 2(2v)? + 4 (2v) and noting that since v > 3 we have

(2v) < (2v)? and so 8v (v + 1) < 241% < (5v)%. Also 2 <5. All told:

14+v/2
< 5r%je’ra

c) Putting it together. Combining (1) and (3), we have that

* ~ 7"71} 1+v/2
P <)\ < 4(A_'_1)> < 7‘1”4 + 57“2€5VTA
10 %

Converting to the language of D and §, we get

D—2

D—2 - D2
P (< i) = orerer

< 65¥63(D—2)ﬂ—1+2%r[’
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