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Abstract of “Regularity Theory of Elliptic and Parabolic Equations and Systems”,
by Hong Zhang, Ph.D., Brown University, May 2017

In this dissertation, we study regularity theory of elliptic and parabolic equations

and systems with irregular coefficients.

In the first part of the dissertation, we consider Schauder and L, theories for
general linear elliptic and parabolic systems with particular types of irregular co-
efficients. We also establish some new regularity results regarding a model from
fiber reinforced composite material and expand the L, and Schauder estimates of
higher-order parabolic equations and systems to include a large class of irregular

coefficients.

In the second part of the dissertation, we investigate the regularity problem of
nonlinear nonlocal elliptic and parabolic equations. We prove the Schauder estimates
for concave fully nonlinear nonlocal parabolic equations and then establish the Dini

type estimates for such type of equations.
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Chapter 1

Introduction

The celebrated Hilbert’s 19th problem was solved by De Giorgi [26] and Nash [91] in
1950s, who showed that the weak solution to the following divergence type uniformly

elliptic equation with merely measurable coefficients

d

Z D;(a;j(x)Dju) =0

1,7=1

is Holder continuous. Later the corresponding result for non-divergence type elliptic

equations with merely measurable coefficients
d
Z aij(:l:)Diju = O
ij=1

was established by Krylov and Safonov [71, 70] in 1970s. Since then tremendous re-
search efforts have been dedicated to the study of general linear elliptic and parabolic
equations with particular type of irregular coefficients. The first part of the disser-
tation lies in that direction based on our previous work [42; 43, 52, 44], where we

expanded the Schauder and L,, theory to include a large class of irregular coefficients.

1



Specifically in [42, 43], we considered Schauder estimates for higher-order parabolic
systems under various boundary conditions with coefficients merely measurable in
the time variable. In [43, 52], we studied L, estimates of higher-order parabolic sys-
tem under the conormal boundary condition and weighted L, estimates of parabolic
equation under the Neumann boundary condition, respectively. In both papers, the
coefficients are in the space of vanishing mean oscillation (VMO), which is a large
class of discontinuous functions introduced by Sarason [95]. In [44] we investigated a
model from fiber-reinforced composite material and established a piecewise Schauder

estimate for the following equation

2
Lu := ZDi(a(x)Diu) = Zszz in D,
' i=1

where a(z) and f;(x) are piecewise Holder continuous in domain D containing two
touching balls as subdomains. This completely addresses the open questions raised
by Li and Vogalius [76] in dimension 2 and opens the door to fully understand the
case of arbitrary shape of touching domains. Furthermore, our method has been

applied to other problems such as conductivity problems on composite material [29].

The last decade has seen vigorous research activity in understanding nonlocal
equations, which model systems involving long-range effects and have wide applica-
tions in biology, fluid mechanics, finance, geometry, image processing, etc. The most
canonical example of nonlocal elliptic operator is the fractional Laplacian

w(x +y) +ulx —y) — 2u(x)
y|dte

(—A)Uﬂu(x) = Cdp/ dy, o€ (07 2)7

R4

which is the infinitesimal generator of the radial symmetric and stable Lévy process of
order o. Notice that the canonical Laplacian is the asymptotic limit of the fractional

Laplacian as ¢ — 2. Apparently from the definition above, it is not hard to see the



value of (—A)?/?u(z), unlike the classical differential operator, depends on values of
u far away from x. Such nonlocal nature brings more difficulties into the analysis
of nonlocal equations. In seminal works of Caffarelli and Silvestre [15, 17, 16], the
classical regularity results of elliptic equation, such as Krylov-Safonov estimates and
Evans-Krylov estimates [46, 61], were extented to nonlocal elliptic equations with
symmetric and smooth kernels. In the second part of the thesis, based on our papers
[31, 30, 32] we introduce our results on regularity theory of fully nonlinear nonlocal

concave parabolic equations as fOHOWS
— 1 f L
atu ;En ( all fa)a

where A is an index set and L, is a nonlocal operator for each a € A. In [31], we
established Schauder estimates for such equations with non-symmetric rough kernels
and obtain an optimal estimate when the inhomogeneous term is merely bounded.
Moreover, our estimates are uniform in the order of the operator. Namely, as 0 — 2
our results recover the classical result of second-order parabolic equations. We further
studied Dini type estimates in [30, 32] for such equations by implementing a novel
perturbation type arguments. We believe that such novel approach can be applied
to other problems when dealing with nonlocal equations. In the rest of the chapter,

we introduce these problems separately.



1.1 Regularity theory of classical elliptic and parabolic

equations

1.1.1 On an elliptic equations with discontinuous coefficients

It is important to understand the regularity properties of elliptic equations with
piecewise constant coefficients. In [44], we considered the following divergence type

elliptic equation

2

Lu := ZDi(a(x)Diu) = Zszz in D, (1.1.1)

=1

where D is a bounded subset of R?,

CL(:L‘) = QX B, (0,r1) + bOXBT2 (0,—r2) T XR2\(By, (0,71)UByy (0,—73))5 (1.1.2)

ag,bgp > 0 are constants, r1,75 € (0,00), and y is the indicator function. Notice
that the two balls touch each other and therefore there exists a cusp like singularity
at the origin. This problem was raised by Bonnetier and Vogelius [10], and can be
considered as a simplified model for composite media with closely spaced interfacial
boundaries. They proved that u € W1*(D) under the assumption that ay = by,
r1 =1y =1, and f; = 0. Later, Li and Vogelius [76] improved this result by showing
that under the extra condition that D = Bp, for Ry sufficiently large, u is piecewise
smooth up to boundary. Here for piecewise smooth, we mean for any compact set

K C D,

u e C™®(B1(0,1)), ueC®(B1(0,-1)), and ue C®(K\(Bi(0,1)UB;(0,—-1))).



In our paper [44], we first answered the question raised by Li and Vogelius [76]
by relaxing the condition in their paper and showing that Ry, > 2 is sufficient to

guarantee that u is piecewise smooth up to the boundary.

Theorem 1.1.1 ([44]). Let Ry > 2 and g € HY?(0Bg,). Suppose u is a weak
solution of

Di;(a(x)D;u) =0 in Bg,, u=g¢g on OBg,,

where a satisfies (1.1.2) with ag = by and r1 = 1o = 1. Then u is piecewise smooth

up to the boundary.

In order to fully understand the operator, we considered (1.1.1) with non-
vanishing right-hand side and removed the geometric constraint of D. We proved a

piecewise interior Schauder type estimate.

Theorem 1.1.2 ([44]). Lety € (0,1), andn > 0 be an integer. Assume that D C R?
15 a bounded open set containing 0. Suppose that for any i = 1,2, f; is piecewise
Cc™ | e,

fieC"" (DN B, (0,1m)), fieC™(DNB,,(0,—ry)),

and

fie C"(D\ (B,,(0,71) U B,,(0, —713))).

Let u be a weak solution to (1.1.1). Define D. = {x € D, dist(x,0D) > €} for any

e > 0. Then u is piecewise C" 17 in D,.

In particular, when f; =0, u is piecewise smooth in D. up to the boundary.

The main ingredient in our proof is the construction of the Green’s function of

the elliptic operator in (1.1.1). Then we are able to apply some known results of the



Poisson equation with piecewise Holder continuous data. Our method gives a way
to understand touching domains with arbitrary interfacial boundaries. It has been

successfully implemented in the conductivity problems on composite material [29].

Moreover, by a perturbation argument, we are able to deal with the case that a(x)
is piecewise Holder continuous. Specifically, if a(z) is piecewise C™7 and A < a < A,

we can prove the same result as in Theorem 1.1.2.

1.1.2 L, and Schauder estimates for parabolic systems with

rough coefficients

L, and Schauder estimates are two major topics in elliptic and parabolic regularity
theory. The elliptic and parabolic equations and systems with regular coefficients are
well-understood, for example, see [1, 2]. For the parabolic equations, there is a less
well-known result that the regularity assumptions in the ¢ variable on the coefficients
and data are sometimes not necessary, which was first considered by Knerr [56], and
later by Lieberman [81]. In the same spirit, L, estimates can be obtained under this
relaxed condition, for instance see [66]. In several papers [42, 43, 52], we followed this
line to consider L, and Schauder estimates for higher-order parabolic systems with
various boundary conditions and weighted L, estimates for second-order parabolic

equations with the Neumann boundary condition.



1.1.2.1 Schauder estimate for higher-order parabolic systems under the

Dirichlet boundary condition

Divergence type system. In [42], we considered the divergence type higher-order

parabolic systems,

w A+ (1) Lu =+ (=)™ Y D*(AYDu)= Y Df, in (0,T)xQ,
laf,|8]1<m la|<m
(1.1.3)
where m is a positive integer, D is the differential operator in x variable, o, 3 are
d-dimensional multi-indices, and, for each a and 3, A% = [AO‘B J7;=1 15 an n x n real
matrix-valued function. The coefficients A®® satisfy certain ellipticity condition.

We obtain a Schauder type estimate under the Dirichlet boundary condition with

coefficients and data irregular in the t variable. Specifically, we can show that

Theorem 1.1.3 ([42]). Let u be a weak solution of (1.1.3) with the Cauchy-Dirichlet

boundary condition. Assume that the coefficients A*® € C. Then

etm o +m;(0,T) ><Q (HU“L2 (0.1)x0) T Z [falz; (0T)xQ T Z ||faHLoo ((0,7) XQ))

2m

[l

la]=m laf<m

Moreover, under the same condition, (1.1.3) has a unique solution.

Here, || - ||ap is the Holder norm, where a and b represent the regularity in ¢ and
x variables, respectively.
Non-Divergence type system. In [42], we also considered the non-divergence type

systems

wt ()" Lu =+ (=1 > APDDPu=f in (0,7)xQ (114

o[ Bl<m



We studied the interior estimate and boundary estimates separately. For the interior
estimate, we can control all the 2m-th order spatial derivatives in both the ¢ and x
variables, and u; in the x variable. Generally, one cannot expect that w; is regular in
the ¢ variable under the reduced regularity assumption on the coefficients and data.
For the boundary estimate, we can control all the 2m-th order spatial derivatives
with the exception of the highest order normal derivative. Even for heat equation in
a half space, one cannot expect to bound D?u if f(¢) has jump discontinuity, where

v is the unit normal vector. To summarize, we proved the following theorem.

Theorem 1.1.4 ([42]). Let a € (0,1). Suppose that A*? € C. Let u smooth be a

solution to (1.1.4). For any R <1,

L Interior case: if (1.1.4) holds in Qug, then

luellign + 10° ™l 2 air < Clllullza@un) + 1£150.5):

II. Boundary case: if (1.1.4) holds in Q with the homogeneous Dirichlet boundary

condition on {xy = 0} N Qur, then

(Do D*" M) o o2 SCC Y 1Dl gt + g ).

[v|<2m

Here Qr := (—R*™,0) x By is the parabolic cylinder, and [-]* (or ||-||*) represents

the semi-norm (or norm) only in the z variable.

Our results extend the corresponding results found in Liberman [81] for second-
order scalar equations. In the special case of second-order parabolic systems, com-

pared to [96], our coefficients and data are more general.



1.1.2.2 L, and Schauder estimates for higher-order parabolic systems
under conormal boundary condition with coefficients irregular

in the ¢ variable

In [43], we considered the conormal problem for higher-order divergence type
parabolic systems. We first obtained the L, estimate, and then used the L, estimate

to prove the Schauder estimate.

For the L, estimate, unlike the case of constant or continuous coefficients, which is
based on the exact representation of solutions and the Calderéon-Zygmund theorem,
our proof is in the spirit of an approach introduced by Krylov [66, 67|, to deal
with elliptic and parabolic equations with VMO, coefficients in the whole space.
We considered the divergence type system with coefficients having vanishing mean

oscillation in the x variable (VMO,). For any p € (1, 00), we proved the following:

Theorem 1.1.5 ([43]). Under reasonable regularity assumptions on the boundary
and ellipticity condition on the coefficients, there exist constants Ag and N such

that, for any u € H;'((—o00,T) x Q),T € (—00,q] satisfying
ur + (—1)"Lu+ du = Z D%f, in (—o00,T] xQ (1.1.5)
|o|<m

with the conormal derivative boundary conditions on (—oo, T)x0S), we have
m

s Lol
Z/\l 2 || D u| 1, (—oomyx) < C Z A2 || foll Ly ((—o0m) <) (1.1.6)

k=0 la|<m

provided that A > \g.

Moreover, if X\ > X, there exists a unique solution u € H'((—o0,T) x Q) of

(1.1.5) with the conormal derivative boundary conditions on (—oo,T)x0S2.
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With the help of the L, estimate, we applied Campanato’s approach to obtain a
Schauder type estimate. Similar to the non-divergence type system near the bound-
ary, we can bound all the m-th order spatial derivative with the exception of the
highest normal derivative, which is optimal in this case. Specifically, we considered
the system (1.1.5) near a flat boundary. Under the assumption that the coefficients
and data are only regular in the z variable and measurable in the ¢ variable, we

proved

Theorem 1.1.6 ([43]). Assume that a € (0,1), u smooth in x satisfying

u + (—1)"Lu = Z D*f, in Qi
laj<m
with the conormal derivative boundary conditions on {zq = 0}NQar, A*? € CH Q7).

Then for any R < 1, there exists a constant C' such that

Do D™ ) s < OO D%l iy + 3 Lol + D Iallioiasy)

|a|<m |a|=m la|<m

1.1.3 Weighted L, estimate for non-divergence type parabolic

equation with Neumann boundary condition

When the data may blow up near boundary, it is important to understand the be-
havior of the solutions to parabolic (or elliptic) equations near boundary. In [52],
we studied a special case by considering non-divergence type second-order parabolic
equations with the Neumann boundary condition in a half space {z4 > 0}. We es-
tablished the L, estimates with measure p(dx dt) = 2§ dx dt in place of the Lebesgue
measure, where a € (—1,p—1). This is a continuation of [41], where Dong and Kim

established the weighted L, estimates for both divergence and non-divergence type



11

parabolic equations under the Dirichlet boundary condition. We do not impose any
regularity assumption in the ¢ variable on the coefficients, and in the x variable we
impose a small bounded mean oscillation (BMO,) assumption, which extends the

result in [59]. Specifically, we considered the following equation
—u + a;;Dijju+bDu+cu— = f (1.1.7)

in (—o00,T) x R with the Neumann boundary condition Dgu = 0 on {z, = 0}. We

proved that

Theorem 1.1.7 ([52]). Under the uniform ellipticity condition and BMO, condition
on the leading coefficients a;;, there is a Ao such that for X > \o, uy, D*u, and Dgu/z,

are bounded by f in the weighted L, spaces.

Our weighted L, estimates extend the result of [59] to a more general setting to

include coefficients discontinuous in the z variable.

1.2 Regularity theory of nonlocal parabolic equa-

tions

In a series of works [31, 30, 32], we considered a class of fully nonlinear nonlocal

concave elliptic and parabolic equations as follows

up — i%f(Lgu(t, z)+ fa(t,x)) =0, (1.2.1)
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where Lg is a non-local operator defined by

Luult,) = [ (uftsx+y) = ult,a) Kaltoy)dy for o € (0,1)
R4

Lgu(t,z) = / (u(t,x +y) —u(t,x) — Du(t,x)yxes ) Ks(t,z,y)dy for o =1,
R4

Lgu(t,z) = /Rd(u(t, r+y) —u(t,z) — Du(t,z)y)Ks(t,z,y)dy for o € (1,2),

and for some constants 0 < A < A

(2—0)A (2—0)A
< Ks(t,z,y) < .
|y[d+o £l ) |y[d+e
In particular, when ¢ = 1 we assume
/ yKg(t,z,y)dy =0 for r e (0,00). (1.2.2)

This type of nonlocal operators was first considered by Komatsu [57], Mikulevi¢ius
and Pragarauskas [89, 88], and later by Dong and Kim [40, 39], and Schwab and

Silvestre [97], to name a few.

1.2.1 Schauder estimates for fully nonlinear nonlocal equa-

tions

In [31], we first extended the Schauder estimate in [50, 98] to include concave nonlocal
parabolic equations with non-symmetric rough kernels. Specifically, for any small «,
if f5 and Kz(t,z,y) are C in x and C*/? in ¢, then we have the following C''*e/oo+e

a priori estimate of any smooth solution to u of (1.2.1).

Theorem 1.2.1 ([31]). There exists a constant & € (0, 1) so that for any a € (0, &)
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and o+a not being an integer the following holds: Suppose that u € C1Fe/7o+e(Q)N
Co/7((—1,0) x RY) is a solution of (1.2.1) in Q1. Then

[U]1+a/0,a+U§Q1/2 S C(””Ha/o,a;(—l,O)XRd + Slﬁlp[fﬁ]a/a,a;QJa

where C' remains bounded as o — 2.

As 0 — 2, our result recovers the classical Schauder estimates of concave fully

nonlinear parabolic equations [104].

We also considered the end-point situation when o = 0. When the kernels are
independent of ¢ and x for ¢ # 1. We prove a priori C'? estimate in the = variable
and A! estimate in the ¢ variable when f, is merely bounded and measurable, where
A is the Zygmund space. For ¢ = 1, we obtain a priori A! estimate in both ¢ and
x. Notice that such results do not hold for classical elliptic (or parabolic) equation.

For example, even for the Poisson equation
Au=f,

when f is merely bounded, u may fail to be C11.

Theorem 1.2.2 ([31]). Assume that u smooth satisfies (1.2.1) in (—o00,0) x R? with

Kz independent of t and x. Then there exists a constant C' so that for o € (1,2)
[l + [ulg + [Duless < C'sup /8]l o

foro <1,

[y + [ulg < CS%p /8]l e
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foro =1,

[ular < CSIBIP /8l zec -

Moreover, we localized the result to prove an interior estimate corresponding to
the previous theorem. Such result is new even for nonlocal elliptic equations with

symmetric kernels and optimal even in the linear case.

1.2.2 Dini estimates for fully nonlinear nonlocal equations

As a continuation of our previous work, we considered the case that the kernel and
data are Dini continuous and proved that the solution is C° in z and C*' in ¢t. In
our proof, we implement a novel perturbation type argument which is well fitted to
the nonlocal structure. We believe such novel technique is very useful in the study

of nonlocal equations in the future. Specifically, we studied the following equations
Oyu = inf (Lgu + b/gDu + fg), (123)
BeA
where, when o < 1, bs(t,z) = 0; when o = 1, bs(t, z) = b(t, z). We assume that

2—o0)ag(t,z,y
K5<t7xvy> = ( |;’dﬁ+(a )7 )\ S aﬁ S A7

and the moduli of continuity of ag(t,x,y) with respect to (¢,x) is a Dini function.
Furthermore, we require the moduli of continuity of fz and bg are Dini functions as
well.

We obtain the following result.

Theorem 1.2.3. Let o € (0,2),0 < A < A < o0, and A be an index set. Assume for
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each p € A, Kz satisfies (1.2.2) when o = 1. Suppose u € CY"(By) is a solution
of (1.2.3) in Q; and is Dini continuous in (—1,0) x R%.  Then under reqularity

assumptions of coefficients and data, we have the a priori estimate
10l L@ y2) + (U5, , < CUllull Loy wu, wyp)- (1.2.4)
Moreover, when o # 1, we have
sup  [U]5.0,(t0me) — 0 as 17— 0.

(t0,0)€Q1 /2

When o = 1, Du is uniformly continuous in Q1.

By regarding the elliptic equations as steady-state of parabolic equation, we ob-

tained the corresponding results of concave fully nonlinear nonlocal elliptic equations.



Part 1

Regularity Theory for Linear

Equations and Systems

16



Chapter 2

An elliptic equation arising from

composite material

2.1 Introduction

In this section, we consider second-order divergence type elliptic equations with

discontinuous coefficients and data
L, r,u = D;(a(x)Dyu) = D;f; in D, (2.1.1)
where D is a bounded subset of R?,
a(z) = A0 X B, (0,r1)UByy (0,—r2) T XR2\(By, (0,r1)UBr, (0,—72))>

ap > 0 is a constant, r1,75 € (0,00), and x is the indicator function. This prob-

lem was raised by Bonnetier and Vogelius [10], and can be considered as a sim-

17
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plified model for composite media with closely spaced interfacial boundaries. Here
D models the cross-section of a fiber-reinforced composite and the balls B, (0,71)
and B, (0, —rg) represent the cross-sections of the fibers; the remaining subdomain
represents the matrix surrounding the fibers. Moreover, a(z) is the shear modulus,
which is a constant on the fibers, and a different constant on the matrix surrounding

the fibers. The function u stands for the out of plane elastic displacement.

Elliptic equations and systems arising from elasticity have been studied by many
authors. See, for instance, [25, 10, 76, 4, 93, 33, 106, 3, 6, 74]. In [25], Chipot,
Kinderlehrer, and Vergara-Caffarelli considered divergence type uniformly elliptic
systems in a domain D C R? consisting of finite numbers of linearly elastic, homoge-
neous, parallel laminae, which models the equilibrium problem of linear laminates.
In [76], Li and Vogelius studied divergence type elliptic equations in a bounded do-
main D C R, where D can be divided into finite numbers of subdomains with C'*®
boundaries. The coefficients of the equations and data are Hoélder continuous in
each subdomain up to the boundary, but may have jump discontinuities across the
boundaries of the subdomains. Under these conditions, they proved a global W1
estimate and a piecewise C'* estimate, for any 8 < m. Notably, their estimate
does not depend on the distance of discontinuous surfaces, which indicates that by an
approximation argument, interfaces may touch each other, e.g., the geometry shown
in Figure 2.1. Later, Li and Nirenberg [77] extended the result in [76] to elliptic
systems under the same condition. They were able to improve the piecewise C1#

estimate in [76] to any 3 € (0, 5555]-

Regarding the operator in (2.1.1), Bonnetier and Vogelius [10] first considered
the Dirichlet boundary value problem with r; = ro = 1 and f; = 0: Ljju = 0
in D and u = ¢ on 0D. They showed a global regularity result that the solution

u € Wh*°(D). Later, Li and Vogelius [76] extended the result in [10] and proved
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Figure 2.1: A disk contains two touching disks

that when r; =, =1, f; =0, and D = Bp, with R, sufficiently large, the weak

solution u is piecewise smooth, i.e.,
u € C®(B(0,1)), ue C®(Bi(0,-1)), ue C®(K \ (B:(0,1) U By (0,-1))),

where K is any compact subset of Bg,. Then they asked the following natural

question: can we drop the condition that Ry being sufficiently large?

In our first result, we answer this question by proving that Ry > 2 is sufficient

to guarantee that u is piecewise smooth in the interior of Bp,.

Theorem 2.1.1. Let Ry > 2 and g € H*(0Bg,). Suppose u is a weak solution of
D;(a(z)Dju) =0 in Bg,, u=g on O0Bg,
where

a(z) = aoX B, (0,1)uB; (0,-1) T+ X Bro\(B1(0,1)UB1 (0,~1))- (2.1.2)
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Then

ue C®(B(0,1)), weC®(Bi(0,-1)), ueC®(K\ (Bi(0,1)UB;(0,-1)))

for any compact set K C Bp,.

To prove Theorem 2.1.1, we borrow some ideas from [76]. In [76], Li and Vogelius

constructed a sequence of piecewise smooth solutions {u;} to
D;(a(z)Dsu) =0 in R?

the linear combinations of which are dense in Hg,,, (0Bg,) for Ry sufficiently large,
where HS | (0BR,) denotes the space of functions even in z;, with finite /* norm for
s > 0. The precise definition can be found in Section 2. Therefore, the solution u
to the Dirichlet problem with the boundary condition u = ¢ € Hg,, (0Bg,) can be

approximated by linear combinations of u;’s. Hence, by a classical elliptic regularity

argument, one can show that |D*u| < oo in each subdomain for any &k > 0.

We carry out a more careful analysis on {u;} to show that Ry > 2 is sufficient to
guarantee that {u;} forms a Schauder basis for HS  (0Bg,). Precisely, it is obvious

that

{ej,5 > 0} == {(—1) cos(20), (—1) sin((2j 4 1)6),j > 0}

is an orthogonal basis of H, ,,(0Bp, ). Each u; can be written as a linear combination
of e;’s, i.e., uj =Y ooy Mjpex. We show that the infinite dimensional matrix M :=
(Mp )75~y define a bounded and invertible operator on a Hilbert space 1°. For the
definition of 1%, see Section 2. An important observation in our proof is that the
submatrix {Mlﬁj}z?j:l is diagonally dominant by column. From this, we deduce that

the map induced by M is invertible, which further implies that {u;};>¢ forms a
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Figure 2.2: Arbitrary domain contains two touching disks

Schauder basis of H?  ({|x| = Ro}). The remaining proof then follows the lines in

sym

[76].

Another natural question to ask is if the geometry of the domain where the
equation is satisfied affects the smoothness of the solution around the origin? In other
words, if Lu = 01in D, is it necessary that D contains a ball with radius Ry > 2 for u to
be piecewise smooth around the origin? Or D can be any neighborhood of the origin?
Our second result answers this question by proving an interior Schauder estimate for
the non-homogeneous equation (2.1.1) in a general domain. Furthermore, we break
the symmetry of the coefficients, meaning that a(z) can be two different positive

constants ag and by in the two balls with different radii.

Theorem 2.1.2. Let ry,r3,a0,bp € (0,00), v € (0,1), and n > 0 be an integer.
Assume that D C R? is a bounded open set. Suppose that for any i, f; is piecewise
c™ e,

fie C"(DNB,(0,r)), fi e C"(DNB,,(0,—12)),

and

fi € Cnﬁ(’D \ (BTl <07 7“1) U Brz (07 _TQ)))'
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Let u be a weak solution to
D;(a(x)Dyu(x)) = D;f; in D,

where

a(r) = aoXB,, (0,r1) T D0X B, (0,—r2) T XB2\(By, (0,r1)UByy (0,—12))-

Define D. = {x € D, dist(x,0D) > €} for any e € (0,1). Then
u € C"Y(D.N B, (0,11)), u€C"(D.N B,,(0,-13)),

and

u € C"T(D\ (B, (0,71) U B,,(0, —73))).

In particular, when f; =0, u is piecewise smooth in D. up to the boundary.

For the proof, first we find a conformal mapping which maps two balls with
different radii to two balls with the same radius, so it is sufficient to consider r; = ry
and we denote the elliptic operator in (2.1.1) with 7 = ro = 1 by L. Then the
conformal mapping I' : z — i/z maps {|z —iy| = 1} and {|z+iy| = 1} to {Rez = 3}
and {Re z = —%}, respectively, where i = v/—1 is the imaginary unit. We are able to

construct Green’s function G(z, ) of the elliptic operator Lu = D;(A(x)D;u), where

A(T) = a0X(zy>1) T DX (a1 <-1) + X{jaa|< 1}

With the help of T’ and G(z,y), we obtain Green’s function G(z,%) of the elliptic
operator L in R?, which can be written as an infinite series of logarithmic function

composed with smooth functions, for example, when z € R?\ (B;(0,1) U B1(0, —1)),
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and y € B1(0,1),

G(z,y) =1 Z(Oéﬁ)k log [X_ak(z) — y| — 2 Z(Oéﬁ)kfl log | Xox—1(z) — 7,
k=0 k=1

where ¢, o, 0, and [ are constants with ||, || < 1, ¥ = (y1, —y2), and {X}} are
conformal maps and Xy(x) = x. Note that log|z — y| is Green’s function of the
Laplacian up to a factor. This observation allows us to implement some known
results of the Laplace equation with piecewise Holder continuous data on the right-
hand side. More precisely, the original problem is decomposed to understand the

regularity of solutions to the following equations

Au = Di(fiXBl(Ovl))’
Au = Di(fiXBl(07—1))’

or Au = D;(fiXw2\(B,(0,1)UB1 (0,-1)))

where in each subdomain f; € C™". By locally flattening the boundary, the first two
equations can be further reduced to the case that f; € C™7 in two half spaces, i.e.,
{z2 > 0} and {xs < 0}. The detail can be found in the proof of Theorem 2.4.10
Case 1. The last equation needs an extension result to be reduced to the previous
case. See Lemma 2.2.1. Combining with the smoothness of each X}, we are able to

estimate all the derivatives of the solution.

By a standard perturbation argument, we have the following corollary.

Corollary 2.1.3. Let 0 < A < A < oo and n > 0 be an integer. Assume a(x) is

piecewise C™7 | i.e.,

a(x) € C" (B, (0,m)), alx) € C"(B,, (0, —ry)),
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and

a(a:) S CH’V(RQ \ (BT1 (07 Tl) U Brz (O’ _TQ)))7

and satisfies the ellipticity condition N\ < a < A. Suppose that for each i, f; is

piecewise C™7 | i.e.,
fie " (DN B, (0,1)), fieC"(DNDB,,(0,—rs)),

and

fi € Cmﬁ(D \ (Brl <07 Tl) U BT2 (07 _TQ)))'

Let u be a weak solution to

Denote D. = {x € D, dist(x,0D) > €} for e > 0. Then u is piecewise C"™7 in D,

up to the boundary.

The rest of this chapter is organized as follows. In the next section, we introduce
some notation and preliminary results, which are needed in the proof of our main
theorems. In Section 3, we prove Theorem 2.1.1. In Section 4, we make necessary

preparations and prove Theorem 2.1.2 and Corollary 2.1.3.

2.2 Notation and preliminary results

In this section, we first introduce some notation used throughout this part of chapter.
The Einstein summation convention is applied in this chapter. We use Bg(z) to

denote the Euclidean ball in R? with radius R and center z. For simplicity, By (0, 1)
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and B;(0, —1) are denoted by B; and By, respectively, and R?\ B; U B, = By. When
there is no confusion, we use Bp, to denote the ball with radius Ry and center (0, 0).

We use L to denote the operator L,, ,, when r; = ry = 1.

Let D be a subset of R? and 3 € (0,1]. For any function f, we define

[f(x) = fy)]

rx,y €Dz F#y
|z —yl?

[f]ﬁ;D = sup {
and
1fllsp = fllLeip + [floi-

We denote the space corresponding to || - ||5.p by C?(D). For nonnegative integer m,

we define

[fllmpp = 1 Fll oo + [D™ flp:-

The space corresponding to || « ||;mg.p is denoted by C™#(D).

Denote L2, ({z : |z| = Ro}) to be the set of real-valued L* functions on the

sym

circle {|z| = Ry} which are even with respect to z;. We use a similar notation for
the Sobolev spaces HZ,,({z : [#] = Ro}) for s > 0. Note that L2 ({z : |z] =

Ro}) = HY, ({2 : 2] = Ro}).

Let V be a Banach space over R. We say that a sequence {b,} in V' is a Schauder

basis of V' if for every v € V| there exists a unique sequence {a, } of scalars such that

o
v = E b,
n=0

where the convergence is in the norm topology.

We first present an extension lemma, which is useful in our proofs.
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Lemma 2.2.1. Let v € (0,1), n >0, and f € C™(R*\ (B,,(0,71) U B,,(0, —13))).

Then there exists a function F € C™(R?) such that

F|JR<2\(B,01 (0,r1)UBry (0,—12)) = f

and

||F”n,'y;R2 S CHan,ﬁ/;RQ\(Brl (0,71)UBry (0,—72))>

where C' is independent of f.

Proof. The proof can be found in [44]. O
Denote
ag — 1
= —-1,1).
ag + 1 < ( ’ )

Let a(x) be defined as in (2.1.2). As mentioned in the introduction, Li and Vogelius

[76] constructed a sequence solutions to

D;(a(z)Dju) =0 (2.2.1)

in R?, whose linear span is dense in H,,({z : |z| = Ro}) for sufficiently large Ry.

Following [76], we define ¥; as follows:

[e.e]

in {z:|z—i| <1},

k;z—l—

RS = 2 2
,(z) = (—1)7=z iz? k - — :
i(2) = (=17 iz +;O‘ {(k:eri)J (hz — 1)

in{z:|z+1i >1land|z —1i| > 1},

U,(z) =— in{z:|z+i] <1}

e~ (k2 - i)/



27

for j odd, and

in {z:|z—i| <1},
k:O kz+1)

1) = (143 (e

2J

[k:z—i— i)y (kz—1)

in{z:|z+1i >1land|z —1i] > 1},

Ui(z) = —> Z(_a)'f(kz—‘j_ i (=2 < 1)

Qo + 1 0

for j even. Let u;(z1,22) = Ry’Re W;(2). It is shown in [76, Proposition 8.2] that
{u;} are solutions to (2.2.1). In the lemma below, we first give an explicit represen-

tation of u;’s on {|z| = Ry} in terms of trigonometric polynomials for Ry > 2.

Lemma 2.2.2. Let Ry > 2 be a constant. For any j > 0, we have

Unj11(21, 2)j2|=Ro

. X ok (P (—1) sin(20 + 1)0
= (—=1Ysin(2j + )6 —2> ( ]<k)];0)23+21+2( el (2.2.2)

For any j > 1, we have

Usj(T1, T2)12)=Ry
© = (—a)k (212?.2_]'171) (—1)! cos(210)

= (—=1)’ cos 250 + 2 (o Ry 772 ,

(2.2.3)

and

up = = (2.2.4)

Set



28

for j > 1, and eg = ug. Clearly, for any s > 0, {e;}32, forms an orthogonal basis of

HE,({z : |z| = Ro}). Define the Hilbert space

o0

1° = {a = (ap,ay,...): Z la; P (14 5)* < oo}

=0

s = (Z]".’;O la;]?(1 + j)QS)l/Q. Then up to a constant factor,

with the norm |la
H,,({|z] = Ro}) is isometric to 1. Denote f € I* to be the infinite column vector

(fj)j>0. Let M be an infinite dimensional matrix such that its jth column is ;.

Since uy = e, we have Myy = 1 and M;o = 0 for j > 1. By Lemma 2.2.2,
M = id+ B, where id is the identity matrix, and B is defined as follows: for [,j > 1

2l+23 3) k(2[+2] 1)

N 22 ) o 2j—1
Ba-12j-1 = QZ kRO )2t+2j-2" Baiz2j = 22 (kRo)2+2i (2.2.5)
k=1

By =

k
—

The following observation is crucial in our proof.

Lemma 2.2.3. When Ry > 2, the infinite dimensional matriz {M;;}25_, is diago-

nally dominant by column.

Proof. Since M = id + B, it suffices to show that Y ,° |B;;| <1 for j > 1. We first
consider odd number columns. When a € (0,1), obviously By_j2;—1 < 0. On the
other hand, when o € (—1,0), by (2.2.5) we have By_1 21 > 0. Thus, for j > 1 we

have

00 2z+2; 3

x )
Z ’BQZ—1,2]'—1| - 2‘ Z R k 22]14»31 2
=1 =

2z+2g 3)

2j—-2
_Q‘ZZ T 2) (2.2.6)
=1 k=1
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Note that
of (22— 3) 00 (2l+2j—3)

0o 00 k( 00
2j—2 2j—2
QZZ(RO 2]l+2j 2:22 kRO )2 12(30;{;)21—1
—1 k=1 =1

=1

- ;O‘k ((kRol— 1>2H N (kR01+ 1>2j_1) ‘ (22.7)

Since |a| < 1 and Ry > 2, we have

g of <(kR01— 1)2j_1 - (kRolJr 1)2j_1)
() ) ) e

Then combining (2.2.6)-(2.2.8), we obtain

o0
Z |BQl—1,2j—1| < 1.
=1

Similarly, for j > 1 we compute

2l+2_] 1)

Z | Baioj| < Z 22 2;l+12] (2.2.9)

=1 k=1
N Z of ((k:Rol— 1)2j + <I<:Rol+ 1>2j B 2<1%&]>2j) ' (22.10)

Note that for any k£ > 1, Ry > 2, and 5 > 1, by convexity,

(k;Rol— 1>2j + (kR01+ 1)2j - 2(%}30)% > 0.

Therefore, the right-hand side of (2.2.10) is less than

> (k:RO — 1) | (k;Rol+ 1>2j B 2(%}30>2j’

k=1
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which is decreasing with respect to Ry because the right-hand side of (2.2.9) is

decreasing. Thus, the left-hand side of (2.2.10) with |a| =1 is less than

- <2k51— 1>2j * <2k1+ 1)2j - 2(%)%

- 1+2§2 <<2k:1+ 1)2j - (%ﬁ) <1

o0

Therefore,
Z |BQZ’2j| < 1.
=1

The lemma is proved. [

In [76, Proposition 8.5], it is proved that for Ry sufficiently large depending on
8, Span{u;(z:|zj=Re} } is dense in HS | ({|x| = Ro}). In the following proposition, by
using Lemma 2.2.3 we prove that Ry > 2 is sufficient to show that {u;|{z:(zj=ro}}

forms a Schauder basis in H:  ({|z| = Ry}) for any s > 0.

sym

Proposition 2.2.4. For any Ry > 2 and s > 0, {u;|{zz]=re}} forms a Schauder

basis in Hj, ({|x] = Ro}), i.e., for any f € H;,, ({|z] = Ro}), there exists a unique

sym

sequence {a;}52, in R such that f =72 aju;. Moreover, we have

ZCL? 1 +] 25 < C(Oé S Ro)“f‘ Hs({|z|=Ro})" (2211)
7=0

Before proving Proposition 2.2.4, we first show that the matrix M defines a

bounded and invertible operator on 1° in the following lemmas.

Lemma 2.2.5. Let Ry > 0 and s > 0. The matriz M defines a bounded operator

on 1*. Consequently, u; € H,,,({|z| = Ro}) for any j > 0.

sym
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Proof. For any nonnegative integer N, we first estimate the block (B ;)i>n,;j>0-

Clearly,

ZZ |Bigl = Z Z | Bav2j| + Z Z | Bai—1,2j-1]- (2.2.12)

I>N j=0 2A>N j=0 2A—1>N j=1

From (2.2.5) and the fact that B,y = 0 for [ > 0, we have

o0 [e'e) e (2l+2j 1)
Z Z | Bay 25| = Z 22 Z kRg 2042
2>N j=0 2A>N j=1 |k=
1 2l+1 1 20+1
< o (=) - ) )
2z2>;v Rle Z —1/Ro k+1/Rg
Since Ry > 2,

Sl () - Grom) )

where C'(«) only depends on a.. Then we get

> Z |Buajl < ) 2(l+2 < Cla)Ry N1 (2.2.13)

201>N j=0 20>N Ry

Similarly by (2.2.5), we obtain

Z Z | Bor—1,2j-1]

2A—1>N j=1

2. imk ((le

2l—-1>N k=1

1)21 - (kRglJr 1>2l> < CRT (22.14)
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Combining (2.2.12), (2.2.13), and (2.2.14), we have

> i |By;| < CRyNL (2.2.15)

I>N j=0

Now we are ready to show that M is a bounded operator on 1°. For any f € 1°
with

I/

E= Y AP+ =1,
1=0

we have

o0

IMFIE =D A+ D>|(M P =) 1+

=0 =0

2

(2.2.16)

> My
=0

Since M, ; = 6;; + By, by the Cauchy-Schwarz inequality

2). (2.2.17)

‘ZMl,jfj = ’fl +) Bt < 2<|fl|2 + ‘ > Biif
j=0 j=0 J=0

From (2.2.16) and (2.2.17), we get

2

M f

R<242) (1+0D)*
=0

Z By;f;
=0
Notice that (2.2.15) implies for { > 0,

> Bl < CRG (2.2.18)

Jj=0
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o)

<>+ l)ﬂi !Bz,j!>2

1=0 j=0

o

Combining with fact that ||{f;}|l;. < 1, we obtain
> (40>

> Bif 2
=0 7=0

<C Zl+lzsR‘2l 2< C(a,s),
=0

where C(a, s) depends on « and s. Therefore, the proof is completed.

Lemma 2.2.6. The operator on 1° defined by M 1is invertible.

Proof. Let N > 1 be a large integer to be chosen later. First we estimate the block
of (B);;, where [ € [1,N], j > N:
[N/2]+1 [N/2]+1

ZZ|BU|< Z Z‘B2Z2J’+ Z Z | Bai—1,2j-1]-

=1 j>N =1 2j>N I=1 2j—1>N

Using (2.2.10), the first summation on the right-hand side of the inequality above is

bounded by
00 N/2]+1 [ —
Z 2\a’“ [N/2]+ (2;2_J11)
2j>N k=1 (kRo)> =1 (kRo)*
00 2’0&’k 00 (2[;23’;1) vy
<> Y g ( W—l < CRyM, (2.2.19)
2j>N k=1 0 1=0 0

where C' = C(«). Similarly, by (2.2.6) and (2.2.7) we have

[N/2]+1
(2.2.20)

Z Z | Boi—1,2j— 1|<CR0N !

=1 2j—1>N
Therefore, combining (2.2.19) and (2.2.20) we obtain

(2.2.21)

N
SN Bl < RN

I=1 j>N
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Next, we consider the N dimensional matrix @ := {M;;}},_,. Since by Lemma
2.2.3 {Mm}ffj’-:l is diagonally dominant by column, @) is diagonally dominant by
column as well, which implies that @ is invertible. We estimate Q! as follows. For

odd number columns 2/ — 1 € [1, N, by (2.2.7),

o0
|Q2171,2171’ - Z ‘Q2j71,2171| > \Q2zf1,2zf1’ - Z |M2j71,2171
{j:2j—1€[1,N],j#l} J=1,j#l

z1- ZO‘ ((kRo - 1)21_1 - (kR01+ 1)2H) = Cla, o) >0,

where C(a, Ry) is a constant depending on o and Ry but not on N. For even number

columns, by (2.2.10) we obtain the same estimate,

|Qar.21] — Z |Q2j.21| > C(e, Ry) > 0.

{7 :2j€[2,N].j#1}

Therefore, by [103, Corollary 1] we get
||Q71|lll < C(O“RO)ilv

which implies

1Q7 e < Cley, Ro)'WN(1+ N)?, (2.2.22)

where [|Q7!||;s is the operator norm of Q! in a finite dimensional subspace of 1°.

Indeed, for any = = (21,29, ..., zy5)", we compute
N N 2 N N 2
lQ~ x|t = Z (Z thixj) L+ <(A+N)>> (Z Qulscj> . (2:2.23)
=1 \j= =1 \j=1
Note that

N N 2 N N 2 N 2
> (ZQZ}%‘) < (Z ‘ > Q) ) < <||Q_1||11 Z|l‘j|> :
j =1 j=1

=1 j=1



35

By the Cauchy-Schwarz inequality, we have

N 2 N
<||Q_1||z1 Zm‘l) < QM7 <Z(1+l)_zs> [Eale
=1 =1
< NQ7HIF |- (2.2.24)

Therefore, combining (2.2.23)-(2.2.24), (2.2.22) is proved.

Thanks to the estimates of the blocks, we are ready to prove the invertibility of
M. For any fixed y € 1°, we need to find a unique x € 1° such that Mx = y. Similar

to 1° we define the space
o0

¥ = {a = (ay,ag, -+ ): Z\aj\Q(l +7)* < oo}

j=1

P = (Z]Oil la;[2(1 + j)QS)l/z. Notice that the summation index

with the norm ||a

runs from 1 instead of 0 as in the definition of 1°.

By setting x = (¢, )T and y = (yo,9)”, where x¢,yo € R, Mz = y is written as

1 (Boy)jz1 To Yo
0 (Mpj)i>1

=>
<

Clearly, it is sufficient to prove that for any y € is, there exists & € 1* such that
(My;)1 514 = §). In fact, if there exists & € 1* so that (M) ;1% = 9, it remains to
set ©9 = yo— (By;)j>12. From (2.2.18), z is well defined. Obviously, (M) ;>1Z =¥

can be further written as

B, id+ B X9 NG
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where & = (x1,%2)7, 9 = (y1,y2)7, x1,y1 are N dimensional vectors,

A

By = (Bij)icpn),j>N, B2 = (Bij)isnjenn, B = (Bij)ij>n-

We rewrite the equation above as follows

Qx1 + Bixo =y1, DBoxi + X9+ BXQ = ya.

We take Q! on the first equation to get

x1=—Q 'Bixg + Q7 ly1, X9 = —Box; — Bxy + Va.

It is sufficient to find a unique fixed point for the map on the right-hand side of the
system above. We claim when N is sufficiently large the map is a contraction, i.e.,
the operator norm of
0 —-Q'B
—Bs -B

is less than 1. Indeed, fix # = (x,x2)T € I°

rll;s = 1, and we compute

1Q " Bl + (| Bax1 + B2

iuk (ZQM( S lea:l>> +3 (14 k) (ZBk]x]>2.

k=1 I=N+1 k>N
By the definition of the 1° norm, we have

ilm (ZQk]< 3 Bm>) S 1Ry (ZBM)

=1 I=N+1 k>N

< QY Z 14 k)% Z B+ (1+k) (ZyBkj) . (2.2.25)

[=N+1 k>N
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By (2.2.21), (2.2.18), and the fact that |By;| < 1 for any k,1 > 1, we know that

and

> Byl < CRG*

J=1

Therefore, combining the two inequalities above with (2.2.25) and (2.2.22), we have

Q™" Bixy

<SON(1L+N)PRVT 4+ C Y (14+ k)™ Ry™ % < 1,

k>N

2 + || Baxy + Baolf2

provided that N is sufficiently large only depending on «, Ry, and s. Hence M and
thus M are one-to-one and onto, and M is an invertible operator. Hence, we finish

the proof. n

Proof of Proposition 2.2.4. From Lemmas 2.2.5 and 2.2.6, M induces a bounded
and invertible map T on HZ, ({|z| = Ro}). For any f € HS ({|z] = Ro}), let

T'(f) = g and suppose that g = > -2 aje;. Since T is bounded, we have

f= T<§:ajej> = i a;T(e;). (2.2.26)

J=0 J=0

Therefore, {u; = T'(e;)} is a Schauder basis in HZ, ({|z| = Ro}). By the Parseval

identity,
Za?(l +5)* = C(s, Rl iz ((ai=rap) < Clev, s, Ro)ll fIlzrs ((1a1=ro)-
=0

which gives (2.2.11). The proposition is proved. ]
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Remark. In the previous proposition, we only consider functions even in x;. For

functions odd in x;, the same result can be proved and we refer the reader to [44].

We finish this section by stating [76, Proposition 8.4].

Proposition 2.2.7. Given any multi-index m there exists a constant C,,, indepen-

dent of 7 and Ry, so that the functions u; satisfy
D™ uj (@, )| < CruB? (5 + [m])™

in each of the three regions B; N By, By N By, and B, N By.

2.3 Proof of Theorem 2.1.1

Now we are ready to prove our first main theorem.

Proof of Theorem 2.1.1. As explained in Remark 2.2, we only need to consider g
even in x;. Without loss of generality, we may assume that g is smooth on 0Bp, =
{lz] = Ro}. If not, we may simply choose 2 < R < Ry such that K C Bg,. By the
elliptic regularity, u|fq|= ry} is smooth. Therefore, we can replace Ry by Rj. From

Proposition 2.2.4 we have
9=> g, > lgilP(i+1)* < oo (2.3.1)
=0 =0
for some s > 3/2. It is easily seen that

d
— Y.< ]
)dzqf] <O +1)
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in each of the three subdomains {z : |z +1i| < 1}, {z: |z —i] < 1}, and {2z : |2]| <

Ry, |z +1i| > 1,]|z —i| > 1}, with constant C' depending on Ry. Therefore,
[willm(Bg,) < CU+1). (2.3.2)

We consider Uy, = Zfzogjuj. Let hy be the trace of Uy on {|z|] = Ro}, ie.,
hi = Ugl{je|=ro}- By Proposition 2.2.4, in particular (2.2.26), we have hy — g in
HY2({|z| = Ry}). Moreover, by (2.3.2) and (2.3.1), we get

Sup Ukl By < C D lgil (G +1)

=0
<o( oG+ 1) (6 + ) <.
j=0 Jj=0

From the construction of u;, Uy, is the solution of the following equation
Dj(aDjUk) =0 in BRO, Uk = hk on 8BRO-

Since h, — g in HY/?({|x| = Ry}), we have that U, — u in H'(Bpg,). Further-
more, for any multi-index m, by the interior elliptic estimates, we have the pointwise

convergence

D"U(x) — D™ u(x) (2.3.3)

with « € Bg, but not on {|z — (0,1)| = 1} and {|x — (0, —1)| = 1}. By Proposition

2.2.7, and the Cauchy-Schwarz inequality,

k
D" Un(@)| < ) 1gilID™us(2)] < Cou Y 195 Re” (G + Im])™

Jj=0

< Cm(z Igj|2>1/2(jZOR02j(j + |m|)2|m|>1/2 <c, (2.3.4)

J=0

<
Il
o



40

for each multi-index m in each of the three regions B, N By, By N By, and B; N By.
From (2.3.3) and (2.3.4), it follows immediately u has the desired smoothness in
{|]z| < 1}. In particular, D™u(z) has the same limit at the origin, whether we
approach through the left cusp or through the right cusp. For z € K but outside
{]z| < 1}, the piecewise smoothness of u follows from the classical elliptic regularity

results; see, for instance, see [77, Proposition 1.4]. The theorem is proved. Il

2.4 Non-homogeneous equations with non-symmetric

coeflicients

In this section, we consider non-homogeneous equations with non-symmetric coeffi-
cients

D;(a(x)D;u) = D, f;, (2.4.1)

where a(z) is equal to ag in B,,(0,71), by in B,,(0,—rs), and 1 in R?\ (B,,(0,71) U
B,,(0,—r3)), and ag,by > 0. The proof is divided into three steps. We shall first
consider homogeneous equations with r; = ro = 1 in Section 2.4.1, and then non-
homogeneous equations with r; = ro = 1 in Section 2.4.2, and finally the general

case in Section 2.4.3.

2.4.1 Homogeneous equations

In this case, we basically adapt the proofs in Li and Vogelius [76], where they con-

sidered the special case ag = by > 0.
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Recall that we use By and By to denote B;(0, 1) and B;(0, —1), respectively, and
By := R?\ (B; UBy). Let D be an open bounded subset of R?. The conformal
mapping z — i/z maps By to {Rez > 1}, By to {Rez < —3}, and By to {Rez €

(—%, $)}. This leads us to study the following homogeneous equation:

Lu := Dy(A(z)D;u) = 0, (2.4.2)
where
A(z) = @0X{z1>1} + X{z1e(-1, 1)} + bOX{x1<—%}'
Let
-1 —
o = ao , 6 _ bg 1 .
Qo —|— 1 bo —|— ]_

Choose a holomorphic function ¢ : C\ (0,0) — C satisfying

¢(2) = ¢(2) (2.4.3)

and

1
|6(2)] < CyIBe=l when |Rez| > 5 (2.4.4)

where 0 < v < |a8|™! and C' is a constant. We define ® as follows:

B(z) = (1 - a) i(aﬁ)k [¢(z 4 2k) — B(—z — (2k + 1))} in {Rez > %}

[en]

oo

D(2) = 6(2) + D [(@B)(6(= + 2K) + o= — 2k))

k=1

— (@B (ab(~= + 2k — 1)+ Bo(—= — (2t —1)))| in {Rez € (-%, %)}

NE

0(=) = (1-8) (@B [6(z — 2%) — ad(~= + 2% +1)] i {Rez < —%}

i
o

Similar to [76, Proposition 8.2], we have the following proposition.
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Proposition 2.4.1. The function u(zy,xe) = Re®(i/z) satisfies

Di(a(x)Diu) =0 in R% (2.4.5)

Moreover, u is even in .

When ¢;(z) = 1/z7 for j > 0, which is holomorphic in C \ (0,0) and satisfies

(2.4.4), from Proposition 2.4.1, u; := Ry’Re ¥;(2) is a solution to (2.4.5) for each j

with
s (1-a) kZ:O [ +2kz) +5(i+(2k+1)z)3} m By,
0,(2) = () 13 () G +Z;kz>j + _ngz>j}
— (aB)F ! [a(—i k) 6(1 Okt 1)2)1] in By,
\I/]<Z) = (1 - B) ;(O&ﬁ)k [(1 — ka)] — (_1 n (Qk; n 1)2’)]} in By
for 7 odd, and
Uy(z) = (1~ a) ;(aﬁ) I 3 v B
Uj(e) = (177 4 Z ab) [ (i+ ka) (1 - Qk‘z)j]
(ap)” 1[0‘( k1) i T 1)2)3} i Bo,
¥i() = (1= _ah) [(i—ka)j YT ek l)z)j] n By

for j even. By straightforward calculations, we have the following propositions sim-

ilar to [76, Propositions 8.3 and 8.4], the proof of which can be found in [44].

Proposition 2.4.2. Given any integer m, there exists a constant C,,, independent
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of 7, so that the functions V; satisfy

()" 0i2)] < Cul +m)”

in each of the three regions
{z: 2] <102+ > 1]z —i| > 1},

{z:|z|§1,|z—i|<1}, and {z:|z|§1,\z+i|<l}.

Proposition 2.4.3. Given any multi-index m, there exists a constant C,, indepen-

dent of j and Ry, such that the functions u; satisfy
| D" uy(w1, w3)| < Cou Ry (5 + [m])™

in each of the three regions: B; N By, By N By, and B, N By.

Next, we investigate u; restricted on {|z| = Ro} with Ry > 2. By setting

2 = Ryel for j >0,

Ugj1 = (—1)7 sin(2j + 1)0

o0

2j+1)6 ei(25+1)8 }

i(
k (&
+Re ;@‘5 ) [(1 2k Roe®)2H | (i — 2kRoe?)%i 1l

ei(25+1)8 ol(25+1)8 ] }

~ O @ DR T @ DR

o

' . 6i2‘j9 ei2j0
e _ __
gy = (1) cos(2j0) +Re{;<0‘5> [(i+ 2Roc®) | (1= ZkRoele)QJ
276 6i2j9

eI 1)Roei9)2j] >

€
(—i+4 (2k + 1) Roe?)%

~ (a9 |a
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It is easy to see that

(a-1)(B-1)
1—aB

ug; = (=1) cos(246) + O(Ry ™) on {|z| = Ro}, j > 1,

Uy =

gt = (—1)7sin(2j + D+ OB, on {Je = Re}, j > 0.

Therefore, similar to [76, Propositions 8.5 and 8.6], we obtain the following denseness

result on {u;}.

Proposition 2.4.4. Given any s > 0, there exists a constant Cs < 00, so that
span{;|{jz|=ro} } s dense in H, ({|z| = Ro}) provided that Ry > Cs. Moreover, for

any function g € H, ({|z] = Ro}), we may approzimate it by g = limy, hy, with
Ng
k
= Z’V]( )Uj|{\w|:Ro} = Spa”{uj’{mzRo}}
5=0
and
Nk 1/2
k 3 S
(> 1PRG+ 1) < Cllglae,
5=0
where C' depends on s and Ry, but independent of k and g, and N, € N.

Remark. In Proposition 2.4.4 the solutions are even in x;. For the case when solutions

are odd in z7, we define ® as follows:

1—@% [ z+2/€)+6¢(—z—(2k+1))} in {Rez>%};

+§:[ &z + 2k) + ¢z — 2k))

k=1

+(@B) " (ad(—z + 26+ 1) + Bo(—z — 2k +1)] in {Rez € (—3, )}
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o0

B(z) = (1-8) Y (a8)*[6(z — 26) + ad(~z + 2k +1)] in {Rez < _%},

k=0
and v(zy,x5) = Im®(i/2). It is easy to see that v is odd in z; and following the
proof of Proposition 2.4.1, we can show that v is a solution to (2.4.5). Further, we

can prove similar result to Proposition 2.4.4.

Now we are in a good position to show the following theorem, the proof of which
is similar to that of Theorem 2.1.1, and follows the lines in proving [76, Proposition

8.1].
Theorem 2.4.5. Suppose Ry > Cy, where Cy is a constant depending on ag and by.
Let g be in H'*({|z| = Ro}), and u € H'(Bg,) denote the weak solution to
D;(a(z)D;u) =0 in Bg,, u=g on {|z|= Ro}.
Then
u€ C®(K\ (BiUBy)), ueC®By), and uec C™(By)

for any compact set K C Bp,.

2.4.2 Non-homogeneous equations

In this subsection, we consider the non-homogeneous equations by constructing
Green’s function of the operator in (2.4.1). By applying the conformal mapping
z — i/z, we shall first construct Green’s function of the operator L defined in

(2.4.2), ie.,

Di(A(z) DiG(z,y)) = 0(x — y),

where D; is with respect to z;.
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It is well know that
N | | =d( )
——Aloglz —y| =d(x — vy).
o g Y Y

In this section, for simplicity of exposition, we write Alog|x — y| = d(x — y). De-

note k = (k,0), where k € Z. Let § = (y1, —y2). We define G(x,y) as follows:

when y1 € (=3, 3),

o0

Glr,y) = (1= a) Y (aB)* | log|r + 2k — y|

k=0

1
—ﬁlog|x+2k+1+y|] in {ml > 5},

G(z,y) =logl|z —y|+ ) [(Oéﬁ)’“(log |z + 2k — y| + log [z — 2k — y])
k=1
— (aﬁ)kfl(ﬁlog |z +2k —1+7|+ alog|xr — (2k — 1) —l—@\)}

in {1, € (—%, %)},

Cla.y) = (1= 8) Y (aB)* | log |z — 2k — y|

k=0

1
—alog|z — (2k+ 1) +§|} in {z; < —5};

when y; > %,

G(z,y) = logle —y| + alog|z — 1 + 7|

2801 +a)

1
k _ .
E 0613 10 $+2k+1+ 1 x >—,

[e.9]

Glr,y) = (1+0) Y ()" | log|r — 2k — g

k=0
11
— Blog |z + 2k + 1 +y|} in {1 € (—5,5)},
; 2(1+0a) 5~ . 1
Gz, y) = (1Tbo) (aB)*loglz — 2k —y| in {z; < —5};

k=0



47

when y; < —%,

~ 2(1 _|_5 >
G(z,y) = 1 + 2k — >
(x,y Tra g afB)*log |z y| in {z }
G(z,y) = (1+p) [log|x+2k—y|
k:O

11
—alog |z — (2k + 1) +y|} in {z, € (—575)}7

G(z,y) =log|z —y| + Blog |z + 1 + 7|

20(1 + ) — , I 1
“ S e ;0(046) loglz — (2k+ 1)+ 7| in {z; < —5}
Proposition 2.4.6. The function é(:v,y) defined above is Green’s function of L,
1.€.,

Di(A(z) DiG(x,y)) = 0(x — y).

Proof. To show é(:c, y) is Green’s function, it is sufficient to prove that for y € R?
a.e., AG(x,y) = 0(x —y) for x ¢ {x, = $HU{z1 =-1} and G(x,y), A(x)D,G(x,y)
are continuous in z across the two lines {z; = +1}. The detail of the proof can be

found in [44]. O

Now, let us turn back to the original operator Lu = D;(a(z)D;u(z)). The con-

formal mapping z — i/z can be written in real variables as © : R? — R

For any integer k, denote Xi(z) = ©(O(x) + k), which is a conformal map.
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According to G, we define G(x,y) as follows: when y € By,

(aB)* [log | Xox(2) — y| — Blog | Xog1(z) — gﬂ for x € By,

NE

Gz, y) = (1 - a)

b
Il
o

G(x,y) =loglz — gl + > { (aB)* [ log | Xar(w) — y| + log | X ax(x) — y])]
k=1
— (ap)k! [ﬁ log | Xop—1(z) — 7| + alog | X_ (k1) () — y\] } for x € By,

(a3)"[log | X_a(x) — ]

NE

G(a,y) = (1= 5)

il
o

— alog | X_(pi1y(2) —9|] for 21 € By;
when y € By,

G(x,y) = log |z —y| + alog [ X _1(z) — 7|

_ 28(1+ a) Z(aﬂ)klog | Xogs1(z) —g| for x e By \{(0,1)},

I+ao 4=
Gz 1—1—042 )*[log | X_ak(z) — y| — Blog | Xopi1(z) —Y|] for = € By,
k=0
2(1+ «) >
Flog | X _ f Bs:
G(z,y) = b % V¥ log | X _on(z) —y| for x € By;
when y € B,
2(1 4+ B) &
Flog | X f B
G(x,y) = [ Fac kX; og | Xop(x) —y| for z; € By,
G(x,y) = (1+ 8) Y (aB)* | log | Xar(x) — y

k:0

~ alog|X_puin(e) 7l for @€ By,
G(x,y) = log|z —y| + Blog | X1(x) — 7|

_ 263(1&05) > (08)!log | Xoaioa() =71 for = € B\ {(0.=1)}.
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Remark. Note that in the definition of G, for the case y € By (or y; € By), we
excluded (0, 1) (or (0,—1), respectively). This is because X_; (or X;) has a singu-
larity at (0,1) (or (0, —1), respectively). All the other X} for k € Z appeared in the

summation are regular.

Proposition 2.4.7. Let G be defined above. Then we have

A G(x,y) =0d(x —y) for ye€By and z ¢ I(B;UBy);
AG(x,y)=06(x —y) for ye€By and x¢ (B UBy)U{(0,1)};

A G(x,y)=06(x—y) for ye€By and x¢ 0By UBy)U{(0,—1)}.

Proof. We consider the case when y € By as an example. When z € B; U By, we

show that G(z,y) is harmonic. For instance, when z € By,

O(z) + 2k € {1 > 1/2} and O(y) € {z € (-1/2,1/2)}.

Therefore, ©(z)+2k # O(y), implying Xox(x) # y. Similarly, we have Xop_1(x) # 7.
Combining with the facts that A,log|z — y| = 0 when z # y in R? and that X
is conformal, we obtain that G(z,y) is harmonic in B;. In the same way, we can
show that G(z,y) is harmonic in By as well. When = € By, as we mentioned in
the beginning of this section, we use the notation A, log|z — y| = d6(x — y). Each
term in the expression of G(x,y), with the exception of log |z — y|, is harmonic in
Bg by the same argument in proving A,G(x,y) = 0 in B;. Hence, when z € By,
AG(z,y) = 6(z —y).

For the case when y € B; U By, the same argument can be implemented to show

that A,G(z,y) = d(z—y) in the corresponding domains, and we omit the details. [

Proposition 2.4.8. The function G(x,y) defined above satisfies the compatibility
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G(z,y) and a(x)D,G(z,y)
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are continuous across O(By U By), where v is the unite normal vector of (B U By).

Proof. Because O is a conformal map, the continuities of G(z,y) and a(z)D,G(z,y) is

equivalent to the continuities of G(©(x),y) and a(O(z))D1(G(O(x),y)), respectively.

Note that a(0(z)) = A(z) and

| |y

O 18()]

which by similarity of triangles implies that

O(x) —y| |yl

e =0y |zf

(2.4.6)

We take the case when y € B; as an example and the other cases can be verified in

the same way. Since ©(0O(x)) = z, we have

G(O(r),y) =log|O(z) — y| + alog |O(r — 1) — 7|

_2B(1—|—o¢)
14+ ag

Z( B)*log|O(x + 2k + 1) — {:1:1> }\{10

k=0

G(O(z),y Z [log]@ r — 2k) — 9|
k=0
_ 11
— flog |O(x + 2k + 1) — y[] in {z; € (—5, 5)},
2(1+ )
1+ bo

G(O(x),y) Z 046 log |©(x — 2k) —y| in {$1 < __}
k=0
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By taking (2.4.6) into account, G(O(z),y) has the expression: in {z; > 1}

G(O(r),y) = log|r — O(y)| + alog |z — 1 + O(y)|

28(1
_61(—1-——;00{);0( B)Flog |z + 2k + 1 + O(y)| — log |z| — alog |z — 1|
28(1+ @) 5= i (L-p)(1+a)
_— 1 2k+1 1 ;
M (af)"log |z + 2k + 1| + I af og [yl;

k=0

in {xl € ( % %)}

G(O(x),y) = (1+a) Z (aB)* | og |z — 2k — ©(y)| — Blog |u + 2k + 1+ O(y)|

(1+a g )* [1og | — 2K| - Flog|e + 2k + 1] + a +1Oi)(;ﬁ_ D 10yl
and in {z; < —3}
G100 = A5 S (00 gl - 2 - 00)
2(11++b0‘> :Oo(aﬁ)k log [z — 2k] + L _15_) (;; 2 1og [y
Observe that
6(6().1) = G 0() — #(a) + 52D gy

where G/(z,y) is Green’s function of L and H(z) is a function obtained by replacing
y with 0 in the expression of G(z,%). Since we verify the continuities of G(z,%)
and A(z)D,G(x,y) across the lines {z; = +1 5} in Proposition 2.4.6, the same proof
shows that [ (z) and A(x)D;H (z) are continuous across the lines {z; = £3}. There-
fore, G(©(x),y) and A(x)D,1G(O(x),y) are continuous by linearity, and the proof is

completed. Il
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With Proposition 2.4.7 and 2.4.8, we are ready to construct Green’s function

G(x,y) of operator L. Define

G(z,y) = G(z,y) when y € By,
Gle,y) = Ge,y) + 1=—G(x.(0,1)) when y e By,

G(z,y) = G(z,y) + iQ(x, (0,—1)) when y € B,.

When defining G, we remove (0,1) and (0,—1), since X_; and X; have singularity
at these points. Nevertheless, in the following proposition we prove that for fixed y,

G(x,y) is the well-defined in R?\ {y}. In particular,

) Gz, ists.
x—>(0,1)%§3(07_1)) (93 y) exists

Proposition 2.4.9. G(z,y) defined above is Green’s function of L.

Proof. Since from Proposition 2.4.8, G(z, y) satisfies the compatibility conditions, by
linearity G(x,y) satisfies the compatibility conditions as well. It remains to prove

AG(z,y) = 0(x —y) for x ¢ 9(B; UBy).

For y € By, this is proved in Proposition 2.4.7. It remains to consider y € B;UBs.
Without loss of generality we assume y € B;. As we mentioned in Remark 2.4.2

X_1(x) has singularity at (0,1). By a simple computation,

Xale) = <|x —fé, DR \xxi_<0|7x1|§\2) |

Hence for fixed y # (0, 1),

IOg ’X,1<$> - g‘ ~ = IOg |Z‘ - (07 1)| and g(:c,y) ~ —OélOg ’.CL’ - (07 1)’
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when x is near (0,1). As the singular part in G(z, (0, 1)) behaves like (1 — «) log |z —
(0,1)], it is easy to see that G(x,y) is bounded around (0, 1). This implies that (0, 1)
is a removable singularity of G(-,y) for fixed y # (0,1). Furthermore, y is the only
singular point of G(-,y) for fixed y # (0, 1), i.e., AG(z,y) = d(x — y). For the case

y = (0,1), it suffices to consider z € B;. By the definition of G(z,y),
1
where H(z,(0,1)) is harmonic in B;. Since

log [X_1(z) — (0,-1)[ = logm’

we have

Glz,(0,1)) — log |z — (0,1)] = —— H{(z, (0,1)).

-«
Since the right-hand side of the equality above is harmonic, when y = (0, 1), G(z,y)
is well defined as well and AG(z,(0,1)) = 6(z — (0,1)). Therefore, we finish the

proof of the proposition. O

With the help of Green’s function constructed above, we are ready to consider

the non-homogeneous equation
Di(a(z) Dyu(z)) = Difi(x)

in general D C R%. Now, we state our theorem in the case when r; =y = 1.

Theorem 2.4.10. Let n € NU{0} and v € (0,1). Assume that u is a weak solution
to the equation

Di(a(z)Diu(x)) = Dif; inD,
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where

a(z) =ap nBy, a(x)=0by inBs, a(z)=1 inB,,

and for each i, f; is piecewise C™7, i.e.,

fieC™(By), fieC™(By), fieC™(By).

Let D. = {z € D, dist(x,0D) > e} for e > 0. Then u is piecewise C"7 in D, up

to the boundary, i.e.,

we C"(D.NBY), ue CI(D.NB,), ue C"Y(D, N By).

Proof. We prove the theorem by considering two cases.

Case 1: (0,0) ¢ D. Define Q; = DNBy,Qy = DNBy, and g = DNBy. Because
(0,0) ¢ D, it is easy to see that any point in D belongs to at most two subdomains
Q;, which is exactly the case in [33, Remark 3(ii)]. Therefore, we apply [33, Theorem
2 and Remark 3(ii)] to obtain that when n = 0, u € C' piecewise in D., i.e., for
any 0 <1 < 2,

u < CL’Y(DE N QZ)

For n > 0, we use an induction argument. For a ball away from the circles
{|]z — (0,£1)| = 1}, the conclusion follows from the classical Schauder estimate for
Poisson’s equation. We only need to consider a ball Bj(x) C D, and = € {|z —
(0,£1)] = 1}. Notice that by locally flattening the boundary, it is sufficient to
consider

Di(aiiju) = Dlhl,
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where a;; are piecewise smooth in R%r and R? with bounded derivatives and h; €
C™(R%), h; € C™(R%), where R% (or R?) is the upper (lower) half plane. Here
we only give a sketch of the proof. For n = 1, by taking derivative with respect to

the tangential variable x;, we have

Thanks to the case n = 0, we have that Du € C7 piecewise, which implies the right-
hand side can be written as D;f; for some piecewise C”7 functions f;. Therefore, we
apply the result of the case k = 0 to obtain that DDyu € C7 piecewise. It remains

to estimate D3u, which is obtained from the formula

Dgu = a2_21(Dihi — Dl (aliju) — Dg(anglu)).

Therefore, DDyu is piecewise C17 as well. By induction, it is easy to prove that

u € C"1Y piecewise.

Case 2: (0,0) € D. There exists 0 < [ < 1 such that B, C D. We define a cutoff

function n € C§°(5;), which equals 1 on By/,. Let v = un, which satisfies

D;(aD;v(z)) = Diﬁ- — fiDin 4+ aD;uD;n in R? (2.4.7)

where

Ji = fin+ auD;n. (2.4.8)
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We define
a(x
(- / Gy~ | DuGlan) i)y | DyGlay)fi)dy)
/ (x,9) (fi(y) Din(y) — aDiuDyn) dy

= (z) + uz (), (2.4.9)

Since G is Green’s function of L, the function u defined above is also a solution to
(2.4.7). When w is restricted to {|z| > £}, the result follows from Case 1. Therefore,

it remains to estimate u in By, where v = u. Because
D;(a(z)D;(a —v)) =0

in R?, by Theorem 2.4.5 with a sufficiently large Ry, we know that @ — v is piecewise

smooth. Hence, it suffices to estimate @ in Bj/s.

Note that supp(D;n) C {l/2 < |z| < I}, on which by Case 1 u € C"17 piecewise.
Combining with the definition of f; in (2.4.8), we get that f; are piecewise C™7. By
(2.4.9), Since the estimates of u; and uy are quite similar, we only consider u; as

follows:

uy ()

=— | DGy fiy)dy— | Dy,Gx.y)fity)dy— | Dy, G(x,y)fi(y)dy

B1 B2 Bo

= —wi(x) — wo(z) — ws(x).

We focus on the case © € €0y N By and the same argument can be applied to the
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other cases as well. By the definition of G(x,y), we have

[ee]

wi(e) = (1+0) S (@B | Dylog X oaur) = ylfily) dy
=5 | Dylog X (v) = 7lfily) dy)
=(14+a)Y (aB)*[MX k() = BR(Xaps1(2))], (2.4.10)

where

h(x)—/B D, log |z —y| fi(y) dy, B(x)—/B Dy, log|z —glfi(y)dy.  (2.4.11)

Since log |z — y| is the fundamental solution of the Laplace equation in R? h(x)
satisfies

Ah = —D;(fixs,) inR2

Since f is piecewise C™7 and the interface 9B, is smooth by the same method in

dealing with Case 1, we obtain that h € C""7(By) piecewise.

For any k # 0, by the definition,

i i 1 1 1
Hon22) ( itk mi/z+k) k’( "Rty +m7€2+i)’

where z = x; + izg. Notice that for x € By, |kz +i] > 1. By a straightforward

calculation, it is easily seen that for any 7 > 0 and x € By N By,
| DI X (z)| < C|kJTTH, (2.4.12)

where C'is independent of k. Moreover, since x € Qo N By, O(x) € {|z| > 1} n{x; €
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(—3,3)}, which implies that ©(z) — 2k € {z : 21 < 1/2,|z| > 1}, and
X o (z) = O(O(z) — 2k) € By \ By. (2.4.13)

Therefore, combining (2.4.12) and (2.4.13), with the chain rule, we have for any

k>0

IR @Dl 1zimin0n < O+ 1™ (Al sars + bl gimion )

It remains to estimate fAL(ng,l). Notice that

[ Dutogle—gifiw)dy| =| [ Duogle — ylfi@) dyl.
B, Ba

implying that

Note that for any k£ > 1 and z € By N By,
X2k71<£[}) = @(@(QZ’) + 2k — ]_) € B; N B;.

Furthermore, the regularity of f;(7) is the same as f;(y), which indicates that

~

h(Xar—1) can be estimated in a similar way as h(X_o;). Hence, combining the

estimates of A and ﬁ, we have

||w1 Hn-l-l,’Y;BNWBo

o0

< C(1+a) D (@) (IACX 98 s + BUIAXon41) st 25,00 )
k=0

2
< C( Z Hfj“'rl,'y;Bl + ||u||n,'y;B1U(Bl\Bl/2)>7 (2414)

J=1
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where the last term on the right-hand side is estimated in Case 1. Here in the last

inequality above, we use the fact that

1P| Lo (B2) + 1 Pl| oo (B2)

2 2
<O illiemn < C(D Millimm + lulinmin,m )

j=1 j=1
which can be deduced directly from (2.4.11).
By symmetry, it is easy to see that the argument applied to w; can be imple-

mented to wy as well. We omit the details. Now let us estimate ws with a little

modification. Similar to the expression in (2.4.10), we have

walz) = 9(2) + 3 (08) o Xan(2)) + 9(X_an(@))]

k=1

— (@) [B3(Xopnr (2) + ad(X iy ().

where

z) = / D, logle — ylfiw)dy, 9(x)=— [ Dy loglz —y|f.() dy
Bo

Bo

Since ﬁ(y) has the same regularity as f;, it is sufficient to consider g, which satisfies

Ag = _Di<ﬁlXB0)'

Here, we cannot directly apply the result in Case 1 because of the singularity of the
domain By. Nonetheless, by Lemma 2.2.1, there exists F; € C™(R?) which is the

extension of fiXBo and satisfies

||E||n,’y;R2 < C(||fi||n,7;BzﬂBo + ||u||n,’y%(Bl\BZ/2)ﬁBo)'



60

Therefore, define

gi= [ Dylogle ~ylFwdy. 5= | Dylogle~ ylRw)dy
R

B:

and

g2 = [ Dy loglx —y|Fi(y)dy,
Ba

which satisfy
Ag=—-D;F;, Ag = _Di<EXB1); and Agy = _Di(EXBg)-

From the classical Schauder estimate, we have g € C"17(B;). By the estimate of
w; above, we have g;, go are all piecewise C™*7, which implies ¢ = § — g — g» is
piecewise C"T17 as well. Then we can follow the same argument in the estimate of

wy and obtain a similar estimate for ws
2
”wi’)HnJrl,'Y;BlﬂBo < C( Z Hf]'Hn,’Y;BzﬂBo + HuHm’Y;(Bl\Bz/z)ﬂBo)'
j=1

Hence, we show that @ is piecewise C"*17 and the proof is completed. O

2.4.3 Two balls with different radii

Next, we consider the general case that the two balls have different radii. Specifically,

a(r) = agXB,,(0,r1) T BOX By, (0,~r2) T XD\(Br, (0,r1)UBry (0,—12))-

Denote 0B,,(0,71) = C; and 0B,,(0, —r3) = Cs. By scaling and reflection, without

loss of generality, we may assume that ro > r; > 1/2. Now, we consider a conformal
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map 7 : C — C,T(z) = ﬁ, where zy € C and zy = z1 + 201. It is well known
that for zg ¢ C7 U Oy, T maps C7 and Cs to two circles. We shall find a suitable z
such that the two circles have the same radius. Indeed, by a simple computation it
is easy to see that T(C}) and T(Cy) are circles with radii |ry /(22 4+ 22 — 2r125)| and

|79/ (2% 4 23 + 2r923)|, respectively. Then, we only need to find (z1, 29) such that
‘m/(z% + z§ —2r129)| = |r2/(zf + zg + 2T222)|.
It is obvious that

P23+ 22+ 2rg29) = o2 + 22 — 211 29)

& (rg — 1) (22 + 23) = 421297170 (2.4.15)

Note that (2.4.15) can be written as

4
2y TR o (2.4.16)
) 21 o —T1

which implies the existence of (z1, z5). Moreover, if (21, 29) is a solution of (2.4.16),
for any s > 0 (sz1, $22) solves (2.4.16) as well. Hence, we can pick 2, outside D,
which indicates that 7' is smooth in D. After a translation, rotation, and scaling
of the coordinates, we can assume that T maps B,,(0,7) and B,,(0,—r3) to By
and B,, respectively. Therefore, we obtain the desired conformal map T, which is a

diffeomorphism between D and T(D).

Now we are ready to prove Theorem 2.1.1.
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Proof of Theorem 2.1.1. In order to consider the equation

Di(a(z) Diu(x)) = D; fi(x),

we define v(z) = u(T~'x) in T(D). By a straightforward calculation, we have
Dy(a(T"x) Div) = Dy(myi f(T "))

in T(D), where n;,; are some smooth functions in 7(D). The operator on the left-hand
side of the equation above is the same as the operator in Theorem 2.4.10. Therefore,
applying Theorem 2.4.10, we get v € C™17 piecewise in T(D) N B;, where B; is
a small ball around the origin. This, combined with the smoothness of 7" and the
chain rule, implies that u € C™*7 piecewise in a small ball B; C T-Y(B,) around
the origin. For the region outside B;, it follows from Case 1 in the proof of Theorem

2.4.10. Hence, the theorem is proved. [



Chapter 3

L, and Schauder estimates for

higher-order parabolic systems

3.1 Introduction

This Chapter is devoted to the study of L, and Schauder estimates for higher-order
divergence type parabolic systems with various boundary conditions based on our

papers [42, 43].

3.1.1 L, estimates for higher-order parabolic systems

Many authors have studied the L, estimates for parabolic equations and systems
with discontinuous coefficients. It is of particular interest not only because of its
various important applications in nonlinear equations and systems, but also due to

its subtle link with the theory of stochastic processes. A good reference is [65].
63
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In [43], we expand the L, theory of higher-order parabolic systems to include a
large class of discontinuous coefficients. For systems in the whole space and on a
half space with the homogeneous Dirichlet boundary conditions, Dong and Kim [37]
obtained the L, estimates with leading coefficients having vanishing mean oscillations
with respect to spatial variables (VMO,) under the Legendre-Hadamard ellipticity
condition (cf. (3.2.3)). Later in [38], they considered the conormal problem for
higher-order elliptic systems with coefficients merely measurable in one direction
and have small mean oscillation in orthogonal directions on each small ball, under

the strong ellipticity condition (cf. (3.2.2)).

The L, estimates of [43] can be viewed as a continuation of [37] and [38]. Com-
pared to the strong ellipticity condition used in [38], the coefficients in the L, esti-
mates satisfy a Garding type inequality (cf. (3.2.1)), which is weaker than the strong

ellipticity condition. To present our results, we define the operator

Lu = Z D*(A“P DPy),

o] <m,|B|<m

where m is a positive integer, A%’ are n x n matrices, and D* = D{" - .. Dj?*. The

functions used throughout this chapter

u:(ul’“.’un)tr’ foc:(;a"wfg)tr

are complex vector-valued functions. For the L, estimates, the parabolic systems

which we consider are of the form

ut (—1)"Lu+du= Y D, in (—00,T)xQ (3.1.1)

la|<m

with the conormal derivative boundary conditions on (—oo,T’) x 02 (cf. (3.2.5)),
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where A > 0, T € (—o0, 00|, and Q C R? is either a half space or a C™ 1! domain.

We prove that if the leading coefficients A“?(t, z) with |a| = || = m are VMO,
and satisfy a Garding type inequality (3.2.1), then the solution u of (3.1.1) with the

conormal derivative boundary conditions satisfies the estimate

m

_x lal
> A2 | DRl —oomyx) SN D A2 | fall (oo e

k=0 |a|<m

where N is a constant independent of u and A is sufficiently large. To our best
knowledge, this result is new in the higher-order case. We note that in the second-
order case such result was proved in [36] by using the result in the whole space and
the technique of odd/even extensions. However, such technique does not work for

higher-order equations or systems.

For the proof, in many references including, for example, [1], the L, estimates
for second-order and higher-order systems with constant or continuous coefficients
are obtained by relying on the exact representation of solutions and the Calderén—
Zygmund theorem. Another approach for such L, estimates is that of Campanato—
Stampachia using Stampachia’s interpolation theorem (see [48]). Our proof is in
the spirit of an approach introduced by Krylov [66, 67] to deal with the second-
order elliptic and parabolic equations with VMO, coefficients in the whole space,
which is well explained in his book [68]. Generally speaking, this approach consists
of two steps. The first step is to establish mean oscillation estimates for systems
with simple coefficients, i.e., the coefficients which depend only on t. The second
step is to use a perturbation argument, which is well suited to the mean oscillation
estimates, together with the Fefferman—Stein theorem on sharp functions and the
Hardy-Littlewood theorem on maximal functions, in order to obtain the desired L,

estimates.
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In our case, we estimate D7'u and D, D™ u separately. Here is an outline of our
proof. We begin by considering special systems with simple coefficients as follows.

Let u be a solution of

u + (=1)"Lou=0 in {zq> 0}

with the conormal derivative boundary conditions on {x; = 0}, where

d—1
Lou=Y_ D™u+ D*(A%(t)D%)
j=1
and & = (0,...,0,m). A key observation here is that the conormal derivative bound-

ary conditions corresponding to the special systems are given by
Diu=---=D"1u=0 on {z4=0},

which allows us to use some estimates for non-divergence type systems with the

Dirichlet boundary conditions obtained in [37] to get

1/2
j[ |Diu — (D) g (x| der dt < Cr™ ( / Dl do dt) ,
Qi (Xo) Qi (Xo)

where Q,(Xj) is a parabolic cylinder with radius r and center Xy € {z4 = 0},

Q (Xo) = Qr(Xo) N {zq > 0},

(Dg'u) g+ (x,) 18 the average of Dj'u in @ (Xp), £ > 32, and N is a constant inde-
pendent of r, Xy, and u. The mean oscillation estimate above, together with the
Fefferman—Stein theorem and the Hardy-Littlewood theorem, yields the L, estimate

of DJ'u on a half space for the special systems. For general systems on a half space
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with simple coefficients, which is

Uy + (—1)m£0U + A\u = Z Dafou (312)

laf<m

with the conormal derivative boundary conditions on {x; = 0}, where

Lou= Y D*(A’(t)D’u),
lal=|8l=m
A8 (t) are functions of ¢, and A > 0, we implement a scaling argument and the L,
estimates of DJ'u for the special systems to control the L, norm of DJ'u by the
L, norms of f, and D, D™ 'u. Then by the Sobolev embedding theorem and a
bootstrap argument, we are able to obtain a local Holder estimate of D™ 14 for the

homogeneous system
u + (—1)"Lou+Au=0 in QF, (3.1.3)

where Q3 = Q3 (0). Note that we can differentiate (3.1.3) with respect to 2’ without
affecting the system and boundary conditions, which enables us to estimate the
mean oscillation of D,y D™ 'y for (3.1.2). Finally, for coefficients depending on both
x and ¢, we use the argument of freezing the coefficients to obtain the L, estimate

of D,y D™, and apply the same method for the operator with simple coefficients

to bound the L, norm of D7'u by those of f, and D, D™ 'u.

Let us mention some other related results in the literature. In [23, 24], Chiarenza,
Frasca, and Longo initiated the study of the I/Vp2 estimates for second-order elliptic
equations with VMO leading coefficients. Their proof is based on certain estimates
of the Calderén—Zygmund theorem and the Coifman—Rochberg—Weiss commutator

theorem. We refer the reader to Bramanti and Cerutti [12], Bramanti, Cerutti, and
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Manfredini [11], Di Fazio [27], Maugeri, Palagachev, and Softova [86], Palagachev

and Softova [92], Krylov [68], and the references therein.

3.1.2 Schauder estimates for higher-order parabolic systems

The second objective of this chapter is to obtain the Schauder estimates for solutions

to the systems: 1. divergence type parabolic systems

u+ (—1)"Lu= Y D%, in (0,7)xQ (3.1.4)

la|<m
with the conormal derivative bondary conditions on (0,7") x 92 and the zero initial
condition on {0} x €2; 2. the divergence type and non-divergence type parabolic

systems

w4 (~1)"Lu= Y D, in (0,T)x,

laf<m

w4+ (=1)"Lu=f in (0,7) xQ,

with the Dirichlet boundary conditions on (0,7") x 092 and zero initial condition on
{0} x Q, where
Lu= Y  A*D*Du.

la|<m, |B|<m

It is well known that the Schauder estimates play an important role in the ex-
istence and regularity theory for elliptic and parabolic equations and systems. The
classical approach is to first study the fundamental solutions for equations with
constant coefficients, then use the argument of freezing the coefficients for general

equations with regular coefficients; see, for instance, [1, 47, 63, 100]. For systems it
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has become customary to use Campanato’s technique first introduced in [18], the ap-
plication of which to second-order elliptic systems was explained comprehensively in
Giaquinta [48]; see also [96, 34] for second-order parabolic systems. For higher-order

systems, we also refer the reader to [85, Chap. 3] and the references therein.

The classical Schauder estimates were established under the assumption that the
coefficients are regular in both space and time. In this chapter, we consider the
coefficients which are regular only with respect to spatial variables. This type of
coefficient has been studied by several authors mostly for second-order equations;
see, for instance, [13, 56, 81, 84, 69]. In [81, 82| Lieberman studied interior and
boundary Schauder estimates for second-order parabolic equations with time irregu-
lar coefficients using the maximum principle and a Campanato type approach. More
recently, Boccia [9] considered higher-order non-divergence type parabolic systems

in the whole space.

3.1.2.1 Dirichlet boundary conditions

For the homogeneous Dirichlet boundary condition, i.e., |u| = |[Du|] = ... =
|D™ 1u| =0 on (0,7) x 99, we assume the leading coefficients satisfy the so-called
Legendre-Hadamard ellipticity condition (see (3.2.3)), which is more general than

the usual strong ellipticity condition.

For the non-divergence form systems, we prove that D?™u is Holder continuous
with respect to both variables in the whole space, and in the half space all the
2mth order derivatives of v are Holder continuous with respect to both variables up
to the boundary with the exception of D3™u, where x 4 is the normal direction of

the boundary. For the divergence form systems, we prove that all the mth order
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derivatives are Holder continuous with respect to both variables up to the boundary.
We also prove an existence theorem for the divergence form systems in a cylindrical
domain, provided that the boundary of the domain is sufficiently smooth. To our
best knowledge, these results are new for higher-order systems and they extend the
corresponding results found in Lieberman [81] for second-order scalar equations. In
the special case of second-order parabolic systems, compared to [96] our conditions
on the coefficients and data are more general. In particular, we do not require the
data to vanish on the lateral boundary of the domain, i.e., the compatibility condition

imposed in [96].

For the proof, we use some results in [37], in which the authors proved L, esti-
mates for divergence and non-divergence type higher-order parabolic systems with
time-irregular coefficients. Let us give the outline of the proofs. In the divergence

case, the classical Ly estimates and an interior estimate obtained in [37] imply

/ |D™u — (D™u) g, (xo)|*de dt
QT(XO)

< C(L)2+d+2m/ |Dmu . (DmU)QR(Xo)‘2d$ di, Vr < R,
R Qr(Xo)

where Q,.(Xo) (or Qr(Xj)) is a parabolic cylinder with radius r (or R, respectively)
and center Xo, (D™u)o, (xy) (or (D™u)gy(xo), respectively) is the average of D™u in
Q-(Xo) (or Qr(Xp), respectively), C is a constant independent of r, R, Xy, and wu,
and u is a solution of

U + (—l)mﬁou =0 in QQR.

Here

Lo= > D*(A*(t)D")

lal=|8]=m

and Xo € Qr. The coefficients A*®, which depend only on t, are called simple
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coefficients. For the boundary estimates, we combine the L, estimates established in
[37] and the Sobolev embedding theorem to prove the Holder continuity and obtain,
for instance, the following mean oscillation type estimate for systems with simple

coefficients,

/Q o, = (D) g1 P
T 0
r

<Clg

)2’7+d+2m \/Q+(X ) |D;rinu — (D?U)Q%(XO)F dx dt, \V/r S R’
0

where Xg € {z4 = 0}NQr, and v € (0, 1) are arbitrary, Q; z(Xo) = Q. r(Xo) N {z4 >

0}, C is a constant independent of r, R, Xy, and u, and u satisfies
w+ (—1)"Lou=0 in Qi

with the Dirichlet boundary condition |u| = |Dgu| = ... = |D7 'u| = 0 on {z4 = 0}.

We then use a perturbation argument to treat the general systems.

Similar interior and boundary estimates for the non-divergence form systems can
be established in the same fashion. Here the idea is that we can differentiate the
system

u+ (—1)"Lou=0 in Qjx
u=0,Du=0,....,D0"'u=0 on {xg=0}NQap

with respect to tangential direction z’. This together with the Wpl’Qm estimates
implies that D, D*™ Ly is in some Hélder space C2n%(Q};) with a arbitrarily close

to 1 from below, which yields the mean oscillation type estimates.
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3.1.2.2 Conormal boundary conditions

For the Schauder estimates under conormal boundary conditions, we assume the
same ellipticity condition on the leading coefficients as in the L, estimate for the
conormal boundary condition, i.e., the Garding type inequality (3.2.1). For systems
on a half space, we estimate the Holder norms of all the mth order spatial deriva-
tives with the exception of DJ'u, when the coefficients are only measurable in the
t variable. Here we implement the L, estimates with a bootstrap argument to ob-
tain a local Holder regularity for systems with simple coefficients, which yields the

following mean oscillation estimate:

/ | Doy D™t — (Do D™ 1) g | dz it
oy '

< C(%)Z’y+2m+d/

| Dy D™y — (Dz/Dm’lu)QE ? d dt,
o)

where v € (0,1), 0 <7 < R < 00, and u is a solution of
u+ (=)™ Lou =0 in QF

with the conormal derivative boundary conditions on {z4 = 0} NQr. We then prove
that if the coefficients A%® and f, in (3.1.4) are Holder continuous in the spatial

variables z, then D, D™ v is Holder continuous in both ¢ and =.

In contrast to the Dirichlet boundary condition case in the previous subsection,
more regularity assumptions on the coefficients and data are necessary. In fact, this

is not surprising by considering the second-order equation

Uy — Dnu — DQ(G(t)DQU) = Dgf(t> in (0, T) X Ri
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with the conormal derivative boundary condition. It is easily seen that the corre-

sponding boundary condition is given by

Dyu = —f(t)/a(t) on {xs =0},

which implies that Dyu is not necessarily continuous on {z5 = 0}.

For linear systems, our Schauder estimate extends the results in Lieberman [79],
in which the author considered second-order quasilinear parabolic equations with
the conormal derivative boundary condition. For more results about the conormal

derivative problems, we refer the reader to Lieberman [78, 80] and his new book [83].

The chapter is organized as follows. In the next section, we introduce some
notation and state our main results. In Section 3, we present some technical lemmas.
In Section 4, we treat the L, estimates. In Section 5, we deal with the Schauder
estimates under the Dirichlet boundary condition. In Section 6, we deal with the

Schauder estimates under the conormal derivative boundary condition.

3.2 Main results

We first introduce some notation used throughout the chapter. A point in R? is

denoted by = = (x1,...,24), also by x = (2/, 14), where 2’ € R, A point in

R =R xR = {(t,z): t e R,z € R}
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is denoted by X = (¢, x). For T' € (—o0, o], set
Orp = (=00, T) x RY,  Of = (—00,T) x ]Ri,

where RY := {z = (21,...,24) € R? : 23 > 0}. In particular, when T' = oo, we use

OL =R x R%. Denote

B(zo) ={y € Rt |zg —y| <71}, Qr(to,z0) = (to — 7™, t0) x By(x0),

B:([BQ) = BT(IEQ) N {iL‘d > 0}, Q:(to,.’l}'o) = Qr(tg,.il?o) N O:o

We use the abbreviation, for instance, @), to denote the parabolic cylinder centered

at (0,0). We denote
—tr n — .
(f,9)0 = / [lg= Z/ Fg.
Q = Jo
The parabolic boundary of Q,(tg, zo) is defined to be
(%Qr(tg, ZL'()) [to, to — 7" ) X @B ( ) {t =1ty — T2m} X BT(ZL‘()).
The parabolic boundary of Q; (to, zo) is

8pQf (to, x0) = (8,Qr(to, 10) N OL) U (Qr(to, o) N {xg = 0}).

For a function f on D C R, we set

|f(t2) = f(s,9)|

|t = sl + |z —y|°

lasp — sup{ - (t,2), (5,) € D, (1, ) £ (s,y>} ,

where a,b € (0,1]. For 0 <a <1, let

Hf”—ap— | fll ooy + Lf ] ,a,D-
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The space corresponding to || - || o 4p is denoted by C2n%(D). For 1 < a < 2m not

an integer, we define

100 = 1wy + 30D Flactet

la|<a

where {a} = a — [a].

The Holder semi-norm with respect to ¢ is denoted by

t {|f(t,$)—f(8,$)|

[f]ap = sup T (t,x), (s, 7) ED,t;«és},

where a € (0,1]. Define [|f[|’p = ||fllzec(p) + [f]hp and denote the space corre-

sponding to || - [|; » by C7(D).

We also define the Holder semi-norm with respect to x

‘f(taaj) — f(tay)’
[z =yl

i =sup { (o)) €D 2 0.

and denote

1/ 1le = I1fllzeim) + [flap:

where a € (0, 1]. For a nonnegative integer m and a € (0, 1], we define

1 ran = 1 ll2eeo) + [D™ fla.-
In particular,
L1 = [ | ey + [1D™ fll Lo () -

The space corresponding to [|-||5 5 (or [|-|[},, 4, p) is denoted by Cg (D) (or Cm+a)z (D),

respectively).
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We denote the average of f in D to be

1
(f)DIW/Df(t,:c)d:cdt:j[Df(t,:c)dxdt.

Sometimes we take the average only with respect to x. For instance,

(f) Br(zo) (t) 2/ f(t,x)dx.

Br(zo)

Throughout this chapter, we assume that all the coefficients are measurable and
bounded:
|A%F| < K.

In addition, for the case of conormal boundary condition, we introduce a Garding

type inequality: for fixed X € R* and any u € W3*(R%),

Re/
R

where § > 0 is a constant and we use Re f to denote the real part of f. Clearly, this

D (A X)D ) dy = 6 [ S|P Py (32.)

d .
+ |al=[8]=m + j=1

condition is weaker than the strong ellipticity condition used, for instance, in [38]:

for any § = (§Q)|a|:m7§a S Cn?

Y Re(§rA%g) >8> el (32.2)

|lal=|B|=m laj=m

We will show in Lemma 3.4.1 that (3.2.1) is stronger than the Legendre-Hadamard
ellipticity condition used, for instance, in [37] and our Schauder estimates for the

Dirichlet boundary conditions: for any n € R? and ¢ € C™,

S Re(AFad; o) > olelln, (3.2.3)

laf=[8]=m



7

where a = (ay,...,aq) and 7% = n{'n3? - - - ny?. Here we call A% the leading coeffi-
cients if |a| = || = m. All the other coefficients are called lower-order coefficients.

When A*? only depend on ¢, we assume that (3.2.1) holds with A% = A%%(¢) for

any t € R.

In order to state and prove our results in Sobolev spaces, in addition to the well-
known L, and Wé" spaces, we introduce the following function spaces. If Q = R,
let

H,'((S,T) x RY) = (1 — A)%W;’Qm((S, T) x R%)
equipped with the norm
el 2 (5.1 xRy = [I(1 — A)_%UHWI}’Q’”((S,T)XRd)‘
Here
W™ ((S,T) x RY) = {u : uy, D*u € L,((S,T) x RY),0 < |a| < 2m}
equipped with its natural norm. Notice that if we set

H,™((S,T) x RY) = (1 = A) % L((S,T) x RY),

Hf”Hgm((s,T)de) = [|(1 - A)i%fHLp((S,T)XRd)v

then

[wll2n 57y xRy = Nuellgzm s,y xray + Z | D%ul| L, ((s,7)xR4)-

laj<m
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For a general domain Q C R?, we set

H™((S,T) x Q) = {f f =) D%, fa € Ly((S,T) x Q)},

laj<m

s =00 { S Ufolsqsareny 7 = 3 D%

|a|]<m |a|<m

and

Hy'((S,T) x Q)
={u:u, € H;™((S,T) x Q), D% € Ly((S,T) x 2),0 < |a| <m},

lallagsmyxey = luellgzm (s myay + D IDullL,smyxe)-

la|<m

Let T € (—o00, 00| and Q@ = {Q,(t,z)NOF : (t,x) € OF,r € (0,00)}. For a function g

defined on O, we denote its (parabolic) maximal and sharp functions, respectively,

by
Mg(t,x) =  sup / l9(s,y)| dy ds,
QeQ:(t,z)eQ
g7 (t, x) sup / lg(s,y) — (9)g| dy ds.
QGQ (t,x)eQ
Then

||9||Lp(o;f) < N||9#||Lp(o;r)a ||M9||Lp(o;) < N||9||Lp((9;)7

if g € L,, where 1 < p < oo and N = N(d,p). As is well known, the first inequality
above is due to the Fefferman—Stein theorem on sharp functions and the second one

is the Hardy—Littlewood maximal function theorem.

Now we state our regularity assumption on the leading coefficients for the L,
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estimates. Let

t
osc, (A Qf (t, x)) :/ / [ A% (5,) _/ A% (s, 2) dz| dy ds,
t—r2m J Bt (x) B;f ()
which is the mean oscillation in the spatial variables. Then we set

Af = sup sup sup  osce(A%, QF(t,x)).
(t,3)e0% T<R|a|=|8|=m

We impose on the leading coefficients a small mean oscillation condition with a

parameter p > 0, which is specified later.

Assumption 3.2.1. (p). There is a constant Ry € (0, 1] such that Aﬁo < p.

We are now ready to present our main results.

L, estimates with conormal boundary conditions. For any —oco < S <

T < oo and Q C R?, we say that u € H)'((S,T) x Q) is a solution to
u+ (—1)"Lu+ u = Z D%f, in (S,T)x$ (3.2.4)
la|<m
with the conormal derivative boundary conditions on (S,T") x 0 if the equality

— (U, ¢) (s r)x0 + Z (—1)" (A2 DPu, D) (smyxa

laf<m,|B]<m

+ M, ¢>(S7T)><Q = Z (_1)‘a|<fom Da¢>(S,T)><Q (3.2.5)

laj<m
holds for any ¢ € Cg°((S,T) x Q).

Theorem 3.2.2. Let p € (1,00) be a constant, 0Q € C™ 1 T € (—o0,00],

and fo € Ly((—00,T) x Q) for |of < m. The operator L satisfies (3.2.1)
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for any X € (—o00,T] x Q. Then there erist constants p = p(d,n,m,d,p, K),
and N\ = Xo(d,n,m,d,p, K, Ry) such that, under Assumption 3.2.1 (p), for any
u € H)'((—o0,T) x Q) satisfying (3.2.4) with the conormal derivative boundary con-

ditions on (—oo, T)x 02, we have

m

s ol
ZAl 2 || D*ul| 1, ((—ooryxe) < C Z A2 || foll Ly ((—oom) <) (3.2.6)

k=0 la|<m

provided that X\ > A\, where C' depends only on d,n,m,d,p, K, and 2.

Moreover, if X\ > A, there exists a unique solution u € H'((—o00,T) x Q) of

(3.2.4) with the conormal derivative boundary conditions on (—oo, T)x0f2.

Schauder estimates under the Dirichlet boundary conditions The follow-
ing result is about the solvability of divergence type higher-order parabolic systems

with the Dirichlet boundary condition.

Theorem 3.2.3. Let a € (0,1) and T' € (0,00]. Assume f, € C¢ for |a| = m and
fo € Lo for |a| < m. Suppose that the operator L satisfies the Legendre—Hadamard
condition (3.2.3), and A € C2. Let g be a smooth function in R*™ and Q € C™°.

Then

(

wt (—1)"Lu= Y D, in (0,T)xQ,

|ao|<m

u=g, Du=Dg, ..., D" 'u=D""1g on [0,T)x 09,

(u=9g on {0} xQ

a+m

has a unique solution u such that u € C2m ([0, min(T, k)) x Q) for any k > 0,

and it satisfies

[ull et gim 0.1yx < C ([l Lagor)xe) + F + G), (3.2.7)



81

where

F= Y [flipmat 3 Ialieomxo.

|a|=m lal<m
G=>> DIz 0mwat > ID°Gleiomxe) + 9l Lo (o))
|a|=m lal<m

and C > 0 is a constant depending only on d, n, m, \, K, ||[A%?||Z, Q, and a.

Moreover, for any constant k > 0, we have
[l asm om0 min(r k) x02 < Ce“ " (Fy, + Gy), (3.2.8)

where

Fe=Y [falf omnmmyxa + D Ifallzw@minmiyxe).

|a|=m lal<m
Gy = Z HDagHi,(o,min(T,k))xQJr Z DGl L. ((0,min(T ) x2)
|a|]=m laj<m

+ Hgt H Loo ((0,min(T,k))xQ2) s

C > 0 is a constant depending only on d, n, m, X\, K, [|[A%?||2, Q, and a, and C; > 0

18 a constant depending only on d, n, m, A\, and K.

The next theorem is regarding the a priori interior and boundary Schauder esti-

mates for the non-divergence type systems under the Dirichlet boundary conditions.

Theorem 3.2.4. Let a € (0,1). Suppose that A%? € C* and f € C*. Let u €
> (R be a solution to

loc

w4+ (=1)"Lu = f, (3.2.9)

where L satisfies (3.2.3). For any R <1,
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L Interior case: if (3.2.9) holds in Qur, then there exists a constant C' depending

only on d, n, m, \, K, ||A°?||2, R, and a such that

luell?.gp + 1D ull 21 00 < C(IIF

£7Q4R + ||u||L2(Q4R));

II. Boundary case: if (3.2.9) holds in Q with the homogeneous Dirichlet boundary
condition on {xq = 0} N Q4g, then there exists a constant C' depending only on d, n,

m, \, K, ||[A*?||%, R, and a such that

(DD Ml oy 0n < Ol e +C Y 1Dl gz,

50 QR a,Qip
[y|<2m

We note that the boundary estimate in Theorem 3.2.4 is optimal even for the
heat equation, in the sense that near the boundary D3u might be discontinuous with
respect to z if f has jump discontinuities in ¢t. See, for instance, [101, §3] and [81,
§16]. In order to estimate the Holder semi-norm of D?™u, we need to impose more

regularity conditions on A’ and f. See Remark 3.5.2.2 below for a discussion.
Schauder estimates under conormal derivative boundary conditions.

We say u € HY'((0,T) x Q) is a weak solution to

u At (~1)"Lu= Y _ D, in (0,T)xQ

la<m

with the conormal derivative boundary conditions on (0,7") x 92 and the zero initial

condition on {0} x € if (3.2.5) with S = A = 0 holds for any ¢ € C>=([0,T) x Q).

The following result is regarding the Schauder estimates near a flat boundary
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with coefficients and data only measurable in the ¢ variable under the conormal

boundary condidtions.

Theorem 3.2.5. Assume that a € (0,1), u € C (O_ar) satisfying

x,loc

u+ (—1)"Lu = Z D%f, in Qi
|a|<m
with the conormal derivative boundary conditions on {xq = 0} N Q2r, where f, €
CU Q) if la| = m, fo € Loo(QFR) if la| < m, and A*® € C4(Q3y). Suppose that
the operator L satisfies (3.2.1) for any X € Q_;R. Then for any R < 1, there exists
a constant N depending only on d, n, m, 6, K, a, ||A*%||* and R such that

ayQ;R7

[Dy D" ) «

%7‘17Q;

<N 3 1Dl gy + X Ueligy, + 2 Mallieiaty)

la|<m |a|=m laj<m

Our last result is regarding the Schauder estimates in cylindrical domains with
more regularity assumptions on the coefficients and data under the conormal bound-

ary conditions.

Theorem 3.2.6. Assume that a € (0,1), 9Q € C™* T € (0,00), fo € C([0,T) x
) N CP7([0,T) x OQ), fo =0 on {0} x dQ if |a| = m, and fo € Loo((0,T) x Q)
if |o| < m. The operator L satisfies (3.2.1) for any X € [0,T] x Q, and A*® €
Ca([0,T) x Q) N C27([0,T) x Q). Then the equation

ut (—1)"Lu= Y D, in (0,T)xQ

la|<m

with the conormal derivative boundary conditions on (0,T) x OS2 and the zero initial

condition on {0} € has a unique solution u € C 2"

atm ([0, T)x2). Moreover, there
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exists a constant N depending only on d, n, m, 6, K, ||A*?||* 0.T)xQ [A2B]t, (0.7) %00
b b 2m’ b

), and a such that,

[l tm g 0.19x0 < N ([l ooy <0 + G), (3.2.10)

where

G = Z ([fa]g,[O,T)xQ + [fa]zim,[o,T)xaQ) + Z ||foaHLoo((0,T)xQ)-

|a)]=m |a|<m

It is worth noting that in view of the example given at the end of the introduction,
without the compatibility condition that f, = 0 on {0} x 9Q for |a| = m, in general
D™y is not Holder continuous near {t = 0} x 9. This is in contrast to the Dirichlet

case, where such condition is not needed.

3.3 Technical preparation

We first present some technical lemmas which are useful in our proofs. The following

one is well known and its proof can be found in [48].

Lemma 3.3.1. Let ® be a nonnegative, nondecreasing function on (0,ry] such that

@(p) < ALy () + Br'

for 0 < p<r <ry, where 0 < b < a are fired constants. Then

d(r) < Nr(ry®®(ro) + B) Vr € (0,70)
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with a constant N = N (A, a,b).

The following version of Campanato’s theorem can be found in [48] and [96].

Lemma 3.3.2. (i) Let f € Ly(Q2) and a € (0,1]. Assume that

][ |f — (f)QT(tO@O)]Q dedt < A*r*, Y (to, o) € Q1, (3.3.1)
Qr(to,zo0)

and any 0 < r < 1. Then we have f € C3n%(Q,) and

[l a0 <CA
with C = C(d, m,a).

(i) Let f € Ly(QF) and a € (0,1]. Assume that (3.3.1) holds for any r € (0, zoq)-

Moreover,

/+ |f - (f)Qj(tl,:cl)Fdx dt < A2T2a7 V(tl,l'l) S {.ZUd = O} N Qla
Qr (t1,71)
and any 0 < r < 1. Then we have f € C2n(Q7) and

/] = agr < CA

2m’

with C = C(d, m,a).

Here is another technical lemma.

Lemma 3.3.3. Assume that Q) is an open bounded domain in R?. Then there exists

a function £ € C§°(2) with a unit integral such that for any 0 < |a| < m

/Qé(y)yady =0.
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Next, we state a parabolic type Sobolev embedding theorem (cf. [7, pp. 187] and

8, pp. 72]).

Lemma 3.3.4. Let r € (0,00) and 1 < g < p < co. Assume that

d+2m’

|
=

Let ¢ € C§° be such that ¢ = 1 in QF. Then for any function u such that u¢ €

HM(OF ), we have u, D™ 'u € Ly(Q)) and
||u||Lp(QT+) + ||Dm_lu||Lp(Qj) < CHUC”H?(ogp
where C' = C(d,m,r,p,q). Moreover, for any q > d + 2m, we have
||u||%,%cgj < C”“Hﬂ;ﬂ(@jy

where vy =1 — (d 4+ 2m)/q.
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3.4 L, estimates for higher-order parabolic sys-

tems

3.4.1 Some auxiliary result under conormal boundary con-

ditions

In this section, we consider operators without lower-order terms. Denote

Lou= Y D*(A’Du),
la|=|B8l=m
where A% = A*8(t). Let C5° ((9_;) be the collection of infinitely differentiable func-
tions defined on O_; vanishing for large |(¢,z)|. We prove (3.2.1) implies (3.2.3) in
the following lemma. Recall that when the coefficients only depends on ¢, we assume

that (3.2.1) holds with A%? = A%5(t) for any t € R.

Lemma 3.4.1. Under the condition (3.2.1), (3.2.3) holds with a possibly different

d>0.
Proof. We refer the interested reader to [43]. O

We state the following Lo estimate for parabolic operators in the divergence form

with measurable coefficients satisfying (3.2.1).

Theorem 3.4.2. There exists a constant C = C(d,m,n,0) such that under the

condition (3.2.1), for any A >0 and T € (—o0, +00],

el Jal
Z )‘1 2mHD UHLQ((’);) S C Z AQmeaHLQ(O;) (341)

la]<m la]<m
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provided that u € H5(OF) satisfies

up At (=) Lou+ u= Y D*f, (3.4.2)

laj<m
in OF with the conormal derivative boundary conditions on {zq = 0}, and f, €
Ly(OF), |a| < m. Furthermore, for any X > 0 and f, € Lo(OF), there exists
a unique solution u € HY(OF) to the system (3.4.2) with the conormal derivative

boundary conditions on {xq = 0}.

By Theorem 3.4.2 and adapting the proofs of [35, Lemmas 3.2 and 7.2] to the
conormal case, we have the following local Ly estimates.

Lemma 3.4.3. Let 0 <7 < R < co. Assume that u € C2(Of) satisfies

loc
u+ (=1)"Lou=0 in QF

with the conormal derivative boundary conditions on {xy = 0} N Qr. Then under
the condition (3.2.1), there exists a constant C' = C(d,m,n,d, K) such that for
7=1,...,m,

1D7ullagt) < CR = 1)l (-

The technical lemma below is useful in our proof. Note that we do not require

any ellipticity condition for this lemma.

Lemma 3.4.4. Let R € (0,00) and fo € Loo(Qs3g). Assume that u € C2(Of)

loc

satisfies

u + (—1)" Lou = Z D%fo, in Qin

laf<m

with the conormal derivative boundary conditions on {xq = 0} N Q2r. Let P(z) be a



89

vector-valued polynomial of order m — 1 and satisfy
(D P(:c))Q; = (D U)QE (3.4.3)

for |a] <m. Let v=wu— P(x). Then there ezists a constant C = C(d,n,m, K) such

that

||D%||L2(Q+R)

el m 3m+d/2—|a|—|3
< CR™M|D ull Ly +C > Rl |“f’3HL°°(QE)’

1BI<m

where |a| <m. If f, =0 for any o, then it holds that
HDO‘U”LQ(QQ < CR‘ﬁl_MHDﬁU”LQ(Q;y

where |af < |5] < m.

3.4.2 L, estimate of D)'u for systems with special coefficients

In this section, we consider the special operator:
Ly =D Lnxn + D*(A*(t) D),

where

d—1
a=(0,...,0,m), Dy,=> D",
j=1

and A%(t) is only measurable in ¢ and satisfies A% > §1,,.,,. Note that £, satisfies

(3.2.1) so that Theorem 3.4.2 is applicable.
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We have the following observation.

Lemma 3.4.5. Assume that u € C°(Of) satisfies
u + (=D)"Lou=0 in QF (3.4.4)

with the conormal derivative boundary conditions on {xy = 0} N Q4. Then the

boundary conditions are given by

Diu=---=D"1y=0 on {xg=0}N0Q,.

Proof. By the weak formulation of the system,
d—1
—(u, degr + D _(DJ'u, DI') or + (A () Difu, D) r = 0 (3.4.5)

j=1

for any ¢ € C§°(Q4). Since only the boundary conditions on {x; = 0} are considered,
we integrate by parts and boundary terms only appear in the last term of the equation

above. Let us denote ¥ := {z4 = 0} N Q4. First, we integrate by parts once and get

(A (t) Dif'u, D 6) o

S / A () D uDy " § da’ dt — (A () Dy u, Dy~ 6)
%

We continue this process by integrating by parts the second term on the right-hand

side of the equality above. By induction, it is easily seen that

(A% () Dju, DY @) g1

-y / (—1)) A% D~y D da’ dt + (—1)™ (A% (1) DI™u, 6)
j=17%
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Plug the equality above into (3.4.5). Since ¢ is an arbitrary smooth function, we get
> / (—=1)7 A% DI~y DT ¢ da’ dt = 0,
j=17%

and thus

ADIH =0 on X for j=1,2,...,m.

Since A% is positive definite, we obtain
Diu=...=D7""'u=0 on X.

The lemma is proved. Il

We state a conclusion in [37, Remark 6] and notice that by Lemma 3.4.1 L,

satisfies the Legendre-Hadamard condition (3.2.3).
Lemma 3.4.6. Let R € (0,00) be a constant. Assume that u € C2(OL) satisfies

Uy + (—1)m£~0u =0 in Qi

u=---=D""u=0 on QurN{zy=0}.

Then for any r € (0, R), there exists a constant C' depending only on d, n, m, 8, K,

r, R, and a such that

||u||ﬁ,a,Q,{r < C||“||L2(Q;)7

where 0 < a < 2m.

As a consequence of Lemma 3.4.6, we get the following Holder estimate of D} u.
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Lemma 3.4.7. Let A > 0 be a constant. Assume that u € C;2(O%) satisfies
w4+ (=)™ Lou+ M =0 (3.4.6)

in Q3 with the conormal derivative boundary conditions on {xq = 0} N Qa. Then

there exists C' = C(d,m,n, o, K) such that

Dl sy or < NIDFullL 0.

Proof. For the case when A = 0, as noted in Lemma 3.4.5, the conormal derivative

boundary conditions for (3.4.4) are given by
Diu=---=D""1 u=0 on {z4=0}

We differentiate (3.4.4) m times with respect to x4 and let v = D7'u. Then we arrive

at

v 4 (=1)"Lov =0 in QF,

U:de:-~~:D2”_1v:0 on {xg =0} NQ,.
By Lemma 3.4.6 with a = 1,

0] L 1o < Cllvllnyqp)-

Since v = DJ'u, we prove the case when A = (. For the case when A > 0, we apply

an idea of S. Agmon, the details of which can be found in Corollary 3.4.14. O

Lemma 3.4.8. Let r € (0,00), k € [32,00), A > 0, and Xy = (to,z0) € OZL.

Assume that u € C2(0OF) satisfies (3.4.6) in QF (Xo) with the conormal derivative

loc
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boundary conditions on {xq = 0} N Qur(Xo). Then we have

1
2

(107w = (D7) g (xo) Dot (xo) < C8(IDFU) s v

where C' = C(d,n,m, 0, K).

Proof. By scaling, it suffices to prove the inequality for r = 8/k € (0,1/4]. We

consider the following two cases.

Case 1: the last coordinate of zo € [0, 1). In this case, by denoting Yy = (o, x7, 0),

we have

Qr(Xo) C Q2(Yo) C Qu(Yo) C Qur(Xo)-

After applying Lemma 3.4.7 to u with a scaling and translation of the coordinates,

we obtain

(I1Dg'u — (D?U)Qi(XO)DQi(XO) < CT[DZlnu]ﬁ,l,Q;(Yo)

1 — m 3
< CrM(IDFuP) gy ) < OR T (IDFUP) 3y

Case 2: the last coordinate of xg > 1. This case is indeed an interior case. From

Lemmas 2 and 3 in [37], we have

[’U]L 1,01 S C||U||L2(Q4)7 (347)

2m’

where v smooth is a solution of

v+ (=1)"Lov+ =0 in Q.
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Taking v = DJ'u, we get

(1D7'w = (DFw)q, (xo) Da.(x0) < CrIDFU] 110, ,(x0)

< CrlIDF Ul La@ixoy < Cr (| Dgul” )Q+ (X0)’

where we use (3.4.7) with a scaling and translation of the coordinates in the second

inequality. Hence we prove the lemma. Il

Now we are ready to establish a mean oscillation estimate of D}'u for systems

with special coefficients on a half space.

Theorem 3.4.9. Let r € (0,00), T € (—00,00], k € [64,00), A > 0, Xo = (tg,x0) €

OF, and fo € Laoe(OF), where || < m. Assume that u € Hy! e OF) satisfies

wt (—1)"Lou+ u= Y D*f, (3.4.8)
laj<m
in QF..(Xo) with the conormal derivative boundary conditions on {xq = 0} N

Q21r(X0). Then we have

(ngLu - <D31U)Qi(Xo)|)Q+(XO)
1
< CwH(IDFul) s +cmm+2 > A3 (| f|? )Q+ o (3.4.9)

|a|<m

where C' = C(d,m,n,d, K).

Proof. Choose two smooth functions ¢ and (; defined on R%*! such that

Czl on Qnr/2(X0)7

(=0 outside (to— (k7)*™ to+ (kr)*™) X By (z0).
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and

Cl =1 on QNT(XO)u

¢ =0 outside (to— (26r)*", to + (261)*™) X Bayr(x0).
Define @ = (yu. We claim that @ satisfies the following equation in O

i+ (—1)"Loti+ A= Y D°F, (3.4.10)

la<m

with the conormal derivative boundary conditions on {x, = 0}, where F, is the

linear combination of terms like

folis  uCiyy  DFCifa,  AD™uDF¢,  D™uDF(,

Asepm=ky Dk D™ RuDR¢, k> 1.

In order to show (3.4.10), we compute

m—1
— (@, du)oy + > (D, D' $) oy + (A D@, Di'd)oy: (3.4.11)
7j=1

for any ¢ € C5°((—o0, o) x R%). Notice that

m—1
D™(@) = D™ (u¢,) = D™u¢y + Y _ C(d,m, j)DuD™ ¢y,
=0
GD™p=D"(¢19) — Z C'(d,m, j) D¢, D™ ¢,
j=1

and (3¢ vanishes outside (a.,(Xp). Upon plugging the two equalities above into
(3.4.11) and using the fact that u satisfies (3.4.8) in Q5. .(Xy) with the conormal

derivative boundary conditions on {z4 = 0} N Qo (Xo), where we take (1¢ as a
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test function, we obtain (3.4.10). On the other hand, by our assumption that u €
Bloc (OF) and fo, € Lojee(OF), it is easy to see that F, € Ly(O3). Now we consider
the values of u and f, in Q,.(Xo). Because ¢ = u and f, = F, in Q.(Xy), after

extending f, to be zero when t > T, without loss of generality we can assume that

fo € La(OL).

By a standard approximation argument, we can assume A%® and f, are smooth
in O and (3.4.8) holds in OF. Indeed, let A% be the mollification of A%% in the ¢
variable and f,. be the mollification of f, (we may further extend f, to be 0 when
1q < 0). Therefore, fo. — fo in Ly(OL) and A% — A (a.e) as ¢ — 0. Let u® be

the unique weak solution to the system

Ul + (—1)"Locu® + MF = Z D*f,e
laj<m
in OF with the conormal derivative boundary conditions on {z; = 0}. By Theorem
3.4.2 and the dominated convergence theorem, u® converges to u in 7-[5”((9;;) as
e — 0. Obviously, if (3.4.9) holds for u®, then it holds for u as well. Thus, it is
sufficient to assume that f, and A% are smooth and u satisfies (3.4.8) in OF, which
(OZL) (see, for instance, [1]).

implies v € Cp,

By Theorem 3.4.2, for any A > 0, there exists a unique solution w € H5"(OL),

which is also smooth, to the equation

w+ (1) Low + Aw = Y D fa)

laj<m

in OF with the conormal derivative boundary conditions on {zg = 0}. Let v :=
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u—w € C2(OF). Then v satisfies

loc
vt ()" Low+ =0 in QF ,(Xo)

with the conormal derivative boundary conditions on {zq = 0} N Q. /2(Xo). By

applying Lemma 3.4.8 to v (note that x/2 > 32), we have

m,, m -1 m, |2 %
(|Dd v—(Dj U)Qi(xo)’)Qj(Xo) < Cr™(|Dg'v] >Q:T/2(Xo)' (3.4.12)

By Theorem 3.4.2 with T = t,, we get

el g la|
Z AT ||D wHLz(ojo) <C Z )‘QmHCfaHLg(O%)' (3.4.13)
la|<m la|<m
In particular,
(ID™w*) 3 ) < O AN Ao 2 (fal*)ds - (3.4.14)
o] <m

Now let us prove (3.4.9). By the triangle inequality,
(’D&nu - (D?U)Qj(xo)‘)Qj(Xo) < 2(|Dg'u — C‘)Qi(xo)
for any constant c. By taking ¢ = (Dj'v) g+ (x,), we have
(’D&nu - (D?U)Qr(xo)‘)@(xo) < 2(|Dg'u — (DZnU)Q;“(XO)DQ;r(XO)-

By using the triangle inequality and the Cauchy—Schwarz inequality, the right-hand

side of the inequality above can be bounded by

C(’DZln’U - (D?U)Qi(XO)DQj(XO) + OﬂmeF)?)j(Xo)



By using (3.5.35) and (3.4.14), the quantity above is less than

R (Dfo P,
e/ |a|<m

Finally, from (3.4.13) we know that

(‘D w‘ >Q:r/2(X) S C Z A%7§(|fa’ )Q+ (Xo0)’

|a|<m

Cjm+d/2 ‘“—W';l
(Xo Z Asm |fa Q+ (Xo)
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(3.4.15)

Combining the inequality above and the fact that v = u — w, we see that the first

term of (3.4.15) is less than the right-hand side of (3.4.9). The theorem is proved. [

Now we are ready to prove an L, estimate of DJ'u for the system with special

coeflicients.

Theorem 3.4.10. Let p € [2,00), A > 0, T € (—o0,00|, and f, € L,(OF) for

la| <m. Then for any u € H(OF) satisfying

u + (=)™ Lou + Mu = Z D*f, in OF

laf<m

with the conormal derivative boundary conditions on {xq = 0}, we have

Lm Lol
AZ|| Dy UHLP(O;) <C Z AQT"Hfa”L,,(O;),

lal<m

where C'= C(d,m,n,p,d, K).
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Proof. First we suppose that p € (2,00). From Theorem 3.4.9, we deduce that

(Dg'u)* (Xo)

|

< Cr  (M(DJu)(Xo))? + Ch™ 3 37 N3 (M(fa)2(X0))?

laj<m

for any k > 64 and X, € O_; This, together with the Fefferman—Stein theorem and

the Hardy-Littlewood maximal function theorem, yields

1D ull,05) < CIDFW |1, 05)

_ m mad lof 1
< Cr7'|Dj UHLP(O;)"‘C"‘? i Z Azm QHfaHLp(O;y

laj<m

Now we choose k sufficiently large such that the first term on the right-hand side of
the inequality above is absorbed in the left-hand side. Then we obtain the desired
estimate. The case when p = 2 follows from Theorem 3.4.2. The theorem is proved.

]

3.4.3 Mean oscillation estimate for D, D" 1y

In this section, we prove a mean oscillation estimate for D, D™ 'u. The follow-
ing lemma shows that ||DZJ'ul|z, can be bounded by || Dy D™ 'ul|,, and || fa| z, for

systems with simple coefficients.

Lemma 3.4.11. Let T € (—00,00] and p € [2,00). Assume that u € H'(OF) and

w4+ (=)™ Lou + Au = Z D f,

|| <m

with the conormal derivative boundary conditions on {xq = 0}, where A > 0 and
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fo € LP(O;C). Then under the condition A*Y > 1y, there exists a constant N,

depending only on d, m, n, 6, K, and p, such that
Lom lol 1 m—
Az||D U||Lp(o;) <C Z >\2m||fa||Lp(o;) + CA2|[ Dy D 1U||L,,(o;)-
|| <m
FEspecially, if A =0 and fo, = 0 when |a| < m, then

D™ ull o) < CHDI’Dm_lUHLp(O;) +C Z 1fallz, o)

laf=m

Proof. The case when A = 0 follows by letting A N\, 0 after the estimate with A > 0

is proved.

We use a scaling argument. Let v(t,2',x4) = u(p=>"t,2', p~'zyg) with a suffi-

ciently large constant i to be chosen later. Then v satisfies in (9+2mT,
o

v+ (=)™ Z paﬁﬁd_QmDo‘(/NlO‘BDﬁv)+u_2m)\v

laf=[8]=m

_ Z Had_szafa

laj<m

with the conormal derivative boundary conditions on {x; = 0}, where
Aaﬁ(t) = Aaﬁ(:u_th)’ fa(t’ Zlf/, xd) = fOé(:u_thv :B/a :u_lmd)'

We leave the term (—1)™D%(A% D%) on the left-hand side and move all the other
spatial derivatives to the right-hand side and add (—1)"D!" ;v to both sides of the

system,

v+ (1) (DY(A* D) + D ) + > M = Y D*fo + (=1)"Dy v,

laj<m
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where f, = p®=2mf, for |a| < m,

o= W 3 (A e A0 D
|Bl=m

for || = m but a # &, and

fompmfat S0 (1t m A () DRy
|Bl=m,B#&

Then we implement Theorem 3.4.10 to get

—mA L1 m
BN D 0,

Comas el g Y —
<C Z (n? A)Qmeoc”Lp(O:QmT) + Cp " A2|| Dy D LUHLP(O:QmT)
|| <m

—om L2l ag—2m F
<C Z (u 2 A)zm 2 Hfa”Lp(O:zmT)

laj<m

O D D D o
|a|l=m,a#d |B|l=m

Ba—m B —my m—1
b I o, )+ O NID D

Let p be sufficiently large such that

C( Z Z Mad+ﬁd—2m + Z Mﬂd—m) < 1/2‘

la|=m,a#a |B|l=m |B|=m,B#&

Then we fix this x4 and obtain

—ma L m —2my\\i  ag—2my F
Az || D U”Lp(o:QmT) <C Z (" A) 2 ||fa||Lp(O:2mT)

laf<m

L m—
+ O " A |[Dy D 1UHL,,(<9:MT)-

After returning to v and f,, we complete the proof of the lemma. n
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We localize Lemma 3.4.11 to get Lemma 3.4.12 following the proof of [37, Lemma
1].

Lemma 3.4.12. Let 0 <7 < R < o0 and p € [2,00). Assume u € H]'(QF) and
w+ (—D)"Lou=0 in QF

with the conormal deriative boundary conditions on {xy = 0} N Qr. Then under
the condition A% > §1,,.,, there exists a constant C' depending only on d, m, n, 9§,

r, R, p, and K such that

ID™ull g, i) < CUD= D™ ullp, i) + Iz, o)- (3.4.16)

In the next lemma, we obtain a Holder estimate of D™ .

Lemma 3.4.13. Assume that u € C2(OF) satisfies

loc
u + (=1)"Lou=0 in QF

with the conormal derivative boundary conditions on {xq = 0} N Q2. Then under the
condition (3.2.1), for any v € (0,1) there exists a constant C' = C(d, m,n,d,, K)

such that

||Dm_1u|’ﬁa%QI’ < CHUHM(Q;)‘

Proof. Due to Lemma 3.4.3 and the definition of || - ||y, we have

ullag gy < Cld ) llull L,y

where 1 < r; < 2. From Lemma 3.3.4, we know that there is a p; satisfying
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1
<7 o such that

1
p1

N |—=

lulz, @z + 12" ulls,, @)

< C(dv 71/177"17])1)”“”’}-[%"((2;*1) < C<d= T17T17p1)||u“L2(Q;‘)7 (3417)

where 1 < 7] < r;. Since D,u satisfies the same system and boundary conditions

as u, with slight modifications of the argument above and Lemma 3.4.3 we get
||Dm/Dm71uHLp1(Q:',l) < C(d, rll77a17p1)HuHL2(Q3')'
Choose 75 € (1,r]). From Lemma 3.4.1, (3.4.16), and (3.4.17), we have
”Dmu”Lm(QiQ) < C(HDw’DmﬂUHLm(Qj,I) + HUHLM(Q::I)) < CHUHLQ(Qg)y
which, combining with the fact that u satisfies the system, implies
[l @) < CllullLy o)
By induction, we can choose an increasing sequence py, ps, ..., such that
1 1 1
<

i Dis1  d+2m’

and a sequence of decreasing domains @ D Q;, D ---, such that

It is obvious that for any v € (0, 1), in finite steps we can always take p, = (d +
2m)/(1 —~) and Q;, D QF. Finally applying the last assertion of Lemma 3.3.4 for

p > 2m + d, we prove the lemma. n
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Corollary 3.4.14. Let A >0 and v € (0,1). Assume that u € C2(OF) satisfies
u + (—1)"Lou+Au =0

in Q3 with the conormal derivative boundary conditions on {xq = 0} N Qy. Then
under the condition (3.2.1), there exists a constant C' depending only on d, m, n, ¢,

v, and K such that

m— 1 — 1_ k.
(D D™ ) 2 e + A2 u] o or < C Y AT 2| Drull o). (3.4.18)
k=0
Proof. We refer the interested reader to [43]. O

In the next lemma, we obtain a mean oscillation estimate of D,D™ 1u for ho-

mogeneous systems. The proof is similar to Lemma 3.4.8.

Lemma 3.4.15. Let r € (0,00), & € [32,00), v € (0,1), and X, = (to,z0) € OF .

Assume that u € C2(OF) satisfies
u + (—1)"Lou+ =0 in QF (Xo)

with the conormal derivative boundary conditions on {xgy = 0} N Qxr(Xo). Then

under the condition (3.2.1), we have

m—1 m—1 1
(1D2 D™ = (Dar D™ ) gt x) ) g () T A2 (10 = (Wt o)) 0 (x0)

< C’/{_'yz/\z =

Dku| )

Qt’l‘ XO)

where C'= C(d,n,m, 0,7, K).

In the following proposition, we obtain a mean oscillation estimate of D, D™ v
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for systems with simple coefficients, the proof of which is similar to that of Theorem

3.4.9.

Proposition 3.4.16. Let r € (0,00), T € (—o00, 0], k € [64,00), A > 0, v € (0,1),

and Xo = (tg, z0) € OF. Assume that u € HQTZOC(O_JTF) satisfies

Uy + (—1)m£0u + \u = Z Dafa
|| <m
in Q..(Xo) with the conormal derivative boundary conditions on {xq = 0} N
Q21r(Xo), where f, € LQ’ZOC(O_;:), la| < m. Then under the condition (3.2.1), we

have

m—1 m—1 1
(1Da D™t = (Do D U)Qi(Xo)DQj(XO) + A% (Ju— (U>Qr+(Xo)|)Qi(Xo)

N Lk 1 m la] 1
< O YA (DR, o+ 0K T ABMIG )

k=0 la|<m

where C'= C(d,m,n, 0,7, K).

Next, we consider the case that A%® are functions of both z and t and use the

argument of freezing the coefficients to obtain:

Lemma 3.4.17. Let L be the operator in Theorem 3.2.2 and T € (—o0, 00]. Suppose
the lower-order coefficients of L are all zero. Let £, v € (1,00) satisfying 1/§+1/v =
1, v € (0,1), and \,R € (0,00). Assume that u € HQTZOC(O_;) vanishes outside
Qi(X1), where X; € O+

and satisfies

[oops

u+ (—1)"Lu+ I = Z D f,

laj<m

in O with the conormal derivative boundary conditions on {xy = 0}, where f, €

LQJOC((’)_;). Suppose that (3.2.1) holds for any X € (9_; Then there exists a constant
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C = C(d,m,n,0,&, K,v) such that for any r € (0,00),k > 64, and Xy € (9_;, we

have

m—1 m—1 1
(|D$’D u—(DyD U)Q+(X0)|)Q+(X A2 (|u o (U>Q+(X0)|)Qi(X0)
< Onmtt (S NRTH(AE, )+ (ADB (D" E

|o¢|<m

Qir (X0)>

+Cr™ VZ)\Z 2 (| DFul? )

k=0

~(Xo0)"

Proof. Throughout the proof, we assume that Q%(X;) N Q. (Xo) # 0. Otherwise,

the conclusion holds trivially. Fix a y € ]RTZZr and set

L= Z DY(A“P(t,y) D u(t, z)).
la|=|8]=m

Then we have

w A (1) Lyu+ M= Y D*fa,

laj<m

where

fo=Ffat (=1)™ Y (AP(t,y) — AP(t,2))D u  when |a|=m,

fo = f. otherwise.
It follows from Proposition 3.4.16 that

m—1 m—1 1
(I1D2 D™ u = (Dar D™ )t x0) ) g (x) T A2 (10 = (Wt o)) g x0)

< ORI AT (D P) ) o OREY ABTE ()2

k=0 || <m

) (3:419)
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Note that

/Q+ . |fa|2 dx dt < C/Q+ - | ful? dzdt + cl,, (3.4.20)
KT 0 KT 0

where, for |a| = m,

I, = / (AP (t,y) — A*P(t, ) DPul? dx dt.
Q;tr(XO)

Denote BT to be B} (o) if kr < R, or to be Bf(x1) otherwise; denote Q™ in the
same fashion. Now we take the average of I, with respect to y in B*. Since u

vanishes outside Q7 (X1), by Holder’s inequality we get

Fonans (] ) - a0 do i
B+ B+ Jo+
| D™ ul* dxdt) ¢,

1
v

dy

ey

/C;ir(Xo)ﬂQE(Xl)

where, by the boundedness of A%®, Holder’s inequality as well as the definition of

osc, and A%, the integral over B* in the last term above is estimated as follows

f ( / A% (2, ) — AB(t, 2)[* da db)* dy
B+ Jo+

< O(1Q* |ose, (A%, QF))v < O((wr)* ™+ AR)v.

This together with (3.4.19) and (3.4.20) completes the proof of the lemma. O

3.4.4 Proof of Theorem 3.2.2

Proof of Theorem 3.2.2. Due to the method of continuity, it suffices to prove the
a priori estimate. First we note that the interior estimates are obtained in [37,

Theorem 1]. With the standard arguments of partition of unity and flattening the
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boundary, it suffices to consider the case when ) = Ri.

We may assume that all the lower-order coefficients are zero. Indeed, if we get
the a priori estimate without the lower-order terms, for general systems, we can move
the lower-order terms to the right-hand side and apply the interpolation inequality.

Taking A large enough, we then obtain the estimate for general systems.

Case 1: p € (2,00). First we suppose u € H7(OF) and vanishes on OF\ QF, (X1)

for some X| = (t,71) € OL, where

Qr, (X0) = {2, p " aa) : (8,2) € Qp, (X))},

i > 1 is a parameter which will be determined later, and Ry is the constant in

Assumption 3.2.1 (p). Then it follows Q;O (X1) C QF, (X1), where

Xy = (2™, 2y, p ).

Choose ¢ and v € (1,00) such that 26 < p and 1/v +1/¢ = 1, and fix v € (0,1).

Under these assumptions, from Lemma 3.4.17 we easily deduce

(Do D™ u)# (Xo) + A7u# (Xg) < Ok Emj A2 (M (D)’ (X))

ronntt (30 AR OI)X0)} + (D0

la<m

for any k > 64 and X, € O_jf This, together with the Fefferman—Stein theorem and
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the Hardy—Littlewood maximal function theorem, yields

1D D™ Yl 1, + A2 |ul, < C(|(Dor D™ *u)#| 1, + A2 [[u#|1,)

<CORmE Y A3 | fallp, + C (577 + K8 o) SN DRl (3.4.21)
k=0

jal<m
for any x > 64, where L, = L,(OF).

Now we use the arguments of freezing the coefficients and scaling to get the

estimate of DJ'u. As in Lemma 3.4.11, let
v(t, o' xg) = u(p ™t 2, u ),

APt ol xg) = AP (W2 ! ),
fa(t7 ',L./7 xd) = fa(/"L72mt7 aj/? /’Lilxd)'

Then v satisfies

v+ (1) Dy (A Do) + (=1 Y peethemim DA Diy)
lo|=[8]=m
(,B)#(4,4)
+ )\MmeU _ Z /Lad72mDafa
lo|<m
in OZQ,,LT with the conormal derivative boundary conditions on {xy; = 0}. We fix

(t,y) € OL and move all the spacial derivatives to the right-hand side of the equation,

then add (—1)™(D7" v + D7 (A% (t,y)Dv)) to both sides of the equation so that

v + (=1)™(DJ(A%(t, y) Dv) + D qv) + A~

= D*f, + (—l)ng"”((fldé‘(t, y) — A%e(t, x)) D) + (=1)"Dy v,
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where f, = p®=2mf, for |a| < m,

fa _ ad 2mfa+ Z m+1 adJrﬁd 2mAaﬁ(t,£C)Dﬁ'U
|Bl=m

for || = m but a # &, and

fom it Y (A 2 D,
B#d,|Bl=m

We follow the proof of Lemma 3.4.17. From (3.4.9), we know that

(1030 = (D7) i (x0)]) g (o)
_ m 3 m+5 S5 (| 4 3
< R (IDFOR), )+ R <||Z N 31l
al<m

+ (J(A% (¢ y) — A% (t,2)) Dyof?) 2 + (IDpof)

Qi r(Xo) QW(XO))

for any X, € O;@mT and k; > 64. It is easy to check that A8 gatisfies the Assumption
3.2.1(2p>™ ! p) with the same Ry as A* and the support of v is contained in Q, (X1).
Therefore, applying the same argument as in Lemma 3.4.17, we obtain for £, v €

(1, 00) satistying 1/ +1/v =1,

(103 = (D7) g xo)l) o (x0)

— m L m+ lol 1
< OR (1070 g 1y T OR300 M (1faP)d v,
|a|<m

Cm+%22m+1 w (| D™ 26 2¢
+Cry 2 (207 p) 2 (| Dy'v[)

Qi1 r(Xo) +C (lD

| ) ml'r(XO)

By the definition of fa, the right-hand side of the inequality above can be bounded
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from above by

m+2

1 1
Cri (IDF ) x + O " 2u )2 (1D o)

r(Xo) Qfy +(Xo)

m+ lof 1, mol 1 m+4
Y AT (D, OR (Do),

|a|<m

17(Xo)

ml
FORT DD T

provided that p > 1. Therefore, we obtain that, for any X, € Ofpr 2m

(Di'v)™(Xo)

1 m+2 1 m 1
< CHII(M(D?U)Q(X()))E + Oy (202 p) 2 (M (Do) (X)) %

By the Fefferman—Stein theorem, the Hardy-Littlewood maximal function theorem,

and choosing & > 1 satisfying 2 < p, we get

1Dz vz, < CIDFv) |1,

— m m L m
< CRIDG s, + kY2 (22 )| D,

d la| ~ d
+ Ry Y D N foll, + CRy T D

laj<m

d
+ CR 2| DY D™ |,

where L, = L,(O 2mT) We first let k; be sufficiently large, then p be sufficiently

large, and finally p be sufficiently small so that

-1 m-‘r% om41 \ L m+% -1
Cri +Cry 2™ p) +Cry 2p <1/2.
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We then obtain

m lol 1 % m—
1D vll, < C ) A= 73| fallz, + ClIDe D™ ],

la<m

where L, = Lp((’);ng). After changing back to u and f,, we get

m leof 1 m—
IDFull o) < C Y A5 Z | fullp,08) + ClIDe D™ ull 02

laj<m

Combining the inequality above, the interpolation inequalities, and (3.4.21), we know

that

NE

1_ & m 1
A2z HDkUHLp(oqt) <C|D U”L,,(o;) + C)\Q”UHL,,(O,})

k=0
m— 1 m
< C||DyD 1UHL,,(0;) + CX2|[ull, 0f) + ClIDGull o)
m+ 2 lel 1 _ m4+d L - 1k
SCR™E Y A3 fallp o) + O + 67 2p2) Y XT3 || Drullp, o
jaj<m k=0

We take k sufficiently large and p sufficiently small so that the terms involving v on
the right-hand side are absorbed in the left-hand side. The desired estimate then

follows.

Due to the argument of partition of unity, we can remove the assumption that u

vanishes on O;\QEO(Xl) for some X; € OF by choosing \g large enough.

Case 2: p € (1,2). Since the system is in the divergence form, this case follows

from the previous case by using the duality argument.

Case 3: p = 2. Denote A\; and Ay to be the constant Ay in Theorem 3.2.2
corresponding to p = 3/2 and p = 3, respectively. Let A3 = max{A;, \a}. When

p=3/2,3, (3.2.6) is proved for any A > A3. Applying the Riesz—Thorin theorem, we
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then obtain (3.2.6) for p = 2 and A > A3. Therefore, the proof is completed. ]

3.5 Schauder estimates under the Dirichlet bound-

ary condition

3.5.1 Estimates for divergence type systems

This section is devoted to the interior and boundary a priori estimates for the diver-
gence type higher-order systems under under the Dirichlet boundary condition. We

assume the leading coefficients satisfy the Legendre-Hadamard ellipticity condition.

3.5.1.1 Interior estimates

The main result of this subsection is the following proposition.

Proposition 3.5.1. Leta € (0,1). Assume that R < 1 andu € C2 (R4 satisfying

w4 (=1)"Lu= Y Do in Q. (3.5.1)

laj<m

Suppose that A € C2, f, € C* if |a| = m, and f, € Lo if |a| < m. Then there

exists a constant C depending only on d, n, m, \, K, ||[A%?||%, R, and a such that

[_DmU]ﬁ,a,QR S C( Z ||D6UHLOO(Q2R) —+ F)7 (352)
[B|<m
Y g0 = C( D2 1Dl + F), (353

IB1<m
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where

F= Z [fa]§7Q2R+ Z ||fOél|Loo(Q2R)'

|a)]=m lal<m
For the proof of the proposition, we first consider homogeneous systems with the
simple coefficients.

Lemma 3.5.2. Assume that u € C°

loc

(R and satisfies
U + (—1)m£0u =0 QQR, (354)

where R € (0,00). Then for any Xo € Qr and r < R, There is a constant C

depending only on d, n, m, and X\ such that

/ = () gy (o) | vt
Q’I‘(XO)

< C(L)Mm”/ | — (W) @p(xo) | dz dt. (3.5.5)
R Qr(Xo)

Proof. By scaling and translation of the coordinates, without loss of generality, we

can assume that R = 1 and Xy = (0,0). First we consider the case r < 1/4. Since

/ lu — (u)g, |* d dt < Cr*?™ sup |Du|? + Or*™2m gup |u,|?. (3.5.6)
Qr Qr

T

By Lemma 2 in [37],

sup(|Dul + [w]) < CllullLyq)-

Q1/4

Hence, by scaling and (3.5.6),

/Q i — (), [P dadt < Cr+2m )y

Clearly, the inequality above holds true in the case when r € [1/4,1) as well. Since
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u — (u)g, also satisfies (3.5.4), upon substituting v by u — (u)g,, the lemma is

proved. O

Lemma 3.5.3. Leta € (0,1). Assume thatr < R <1 andu € Cf2

loc

(RIHY) satisfying

Ut + (—1)m£0U, = Z Dafa m QQR,
la|<m
fa € C2if la] =m, and f, € L if |a] <m. Then for any Xo € Qr, there exists a

constant C' depending only on n, m, d, and X such that

| Dm0, P de e
QT(XO)

r

<Ot [ D" (D u)gy e d
R Qr(Xo)

+C Z [fo‘]g?Q2RR2a+2m+d +C Z ||fa||%oo(Q2R)R2+2m+d'

la|=m |ar| <m

Applying Lemmas 3.3.1 and 3.5.3, we get the Campanato type estimate

/ D™ — (D™ ) x| da dt
QT‘(XO)

r

< O(Lyntasom / D™ — (D™ u) gy |
R Qr(Xo)

+ C( Z [fo‘]g?Qm% + Z Hfoz“%oo(QQR)>7’2a+d+2m

|a]=m lal<m

for any r < R <1 and Xy € Qg. Then,

1
Patdiom D™u — (D™ >dx dt
r2a+d+2m /Qr(XO)| u— (D"u)q, (xo)|" dx

C

P —
— R2a+d+2m

C

= R2a+2m+d

/ D™ — (D™ )y x| da di + CF
r(Xo)

/ |D™u|* dx dt + CF?.
Q2r
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Thanks to Lemma 3.3.2, we get

1
[D"u] 0. < C (R CeF42 / (D"l e dt + F*) (3.5.7)

2R

As for the coefficients which also depend on z, the estimates follow from the
standard argument of freezing the coefficients. Specifically, we first consider the

operator L that only has the highest-order terms. We fix a y € By, and define

Loy= Y D(A*(t,y)D").

|la|=|B8|=m

Then
u+ (=1)"Logu =Y D*fo = (=1)™(L — Loy)u= > _ Dfa,

lor|<m la|<m

where

fu= Jut (0730 (A% (k) — AP (8, 2) D) i Ja] = m,
|B|l=m

fo=fo if ol <m.

Applying the method in proving Lemma 3.5.3, we obtain

||me||%2(Q2R)<C< Z [Aaﬁ]iZ||Dmu”%oo(Q2R)R2a+2m+d

|lal=|B8|=m

3 el B ST [l ).

|a|<m |a|l=m
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Following the proof of (3.5.7), we reach

[D™u] 2 0qp < C’(R_(2“+d+2m) / | D™ u|? dz dt
Q2r

1
+ Y [A“5]§2||Dmu||im(Q2R)+F2)2. (3.5.8)

la|=|8]=m

For systems with lower-order terms, we move all the lower-order terms to the

right-hand side to get

w+ ()" L=y D (fa+ (—1 Y AaﬂD%>

loo|=m [Bl<m
+ 30 D (fat (-1 YT 4D,
la|<m |B]<m

where L,u denotes the sum of the highest-order terms. It suffices to substitute fa =

fo 4 (=1)"H1 375 A*P DPy into the estimate (3.5.8) and notice that when |a| = m

Z [A* DPuz

|8]<m

<C 3 (14 ealDPulz gy + A LN Dl tcium)

[Bl<m

An easy calculation then completes the proof of (3.5.2).

It remains to prove (3.5.3). We estimate |u(t,xg) — u(s,xg)|, where (t,zy),
(s,20) € Qr. Let p = |t — s|zn and n(z) = p—ldf(%), where &(x) is the function

in Lemma 3.3.3 with 2 = B;. We define
ﬂ(t, y) - u<t7 y) - Tm@OU(t, y) + U’(tv xo)a

where T, ,u(t,y) is the Taylor expansion of u(t,y) in y at xy up to mth order. By
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the triangle inequality,

)u(t’xo) - “(57950)’ < ’u(tal’o) —/

By (o)

wlutszo) = [ oty =t )

n(y — xo)u(t, y) dy)

[ a-sasna- [ ay-soutna| @359
Bp(fEO) Bp(fL"O)

The first two terms on the right-hand side of (3.5.9) can be estimated in a similar

fashion: noting that pr n(z)dr =1,

‘U(ta o) — /B - n(y — xo)u(t, y) dy‘

| [ty )t ) (t,) o]
BP(IO)
Since
[a(t,y) = ult, xo)|= [u(t,y) = Toaoult, y)l < CID™ul; g, 1y — wol™™,
we get
)u(t,xo) — / n(y — zo)u(t,y) dy) < CID™ulg o,.P" " (3.5.10)

By (z0)

For the last term on the right-hand side of (3.5.9), by the definition of 7,

—xo)u(s,y)dy = — xo)u(s,y) dy.
/Bp(m)n(y )(y)y/ n(y — zo)u(s,y) dy

BP(mO)



Therefore,

’ /B - n(y — xo)u(t,y) dy — /B - n(y — wo)u(s,y) dy‘

=[ [ ety [ oot i

t
[ [ ity mutrdyas
S By (w0)

Because u satisfies (3.5.1),

‘/t/B (xO)TI(y_?KO)Ut(Ta y) dydf‘
- ‘/:/B (m)n(y —w) (=)™ Y DUAYD u(ry)

la|<m,|B]<m

+ Y0 D) dydr|

laj<m
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(3.5.11)

Since n(y — xo) has compact support in B,(zo), we use fo — (fa)B,(z0) to substitute

fo when |a| = m. Moreover, for |a] = m,

D (A% DPu)

= D(X((Aaﬁ — (Aaﬁ)Bp(xD))Dﬂu) + Da((Aaﬁ)Bp(xo)(Dﬁu — (DBU)BP(IQ)))'

We plug these into (3.5.11) and integrate by parts. It follows easily that

t
[ = autr.yayar]
s By(x0)

<CY D ullf g™+ C Y [faliguar™

|Bl<m |al=m
+O Y (Ifalliaiam + 3 147 | 1Dy ) 7
o <m 181<m

where we use the fact that ||[Dn||;.. < Cp~¢lel for any || < m. Hence, combining
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with (3.5.10), we reach

[u(t, o) — u(s,z0)] < Co™ (S0 IDulz g, + F),

a,Q2r
|BI<m

which, together with (3.5.2) and the interpolation inequality, implies (3.5.3). This

completes the proof of the proposition.

3.5.1.2 Boundary estimates

As in the previous subsection, we first consider systems with the simple coefficients

without lower-order terms:

w+ (=1)"Lou=0 in Qi (3.5.12)

u=0, Dgu=0, ..., D" 'u=0 on {xg=0}NQar. (3.5.13)

Thanks to the L, estimates in a half space obtained in [37], we are able to derive
a local W,»*™ estimate for solution of (3.5.12)-(3.5.13) by the method in Lemma 1
in [37]. Namely,

||U’||W1}’2W(QE) < O(Rap>||u||Lp(Q2+R)7 (3.5.14)
where C'(R, p) is a constant. Now we are ready to prove the following lemma.

Lemma 3.5.4. Assume that 0 < r < R < oo, v € (0,1), and u € CZ (R

loc

satisfying (3.5.12)—(3.5.13). Then there exists a constant C' depending only on d, n,
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m, \, K, and vy, such that

/ [l dede < C(5)H / 2 dz dt, (3.5.15)

QF (Xo) Q1 (Xo)

/ | Dhul? do dt < 0(%)2<m*l>+d+2m / | Dhul? du dt, (3.5.16)
QF (Xo) Q% (X0)

/Q o, = (D) g
L 0

r

< O(g

yHdrem D' — (D) gy xp|* dadt, (3.5.17)
Q% (Xo) "

where Xg € {xg =0} NQr and 0 <1 < m.

Proof. By scaling and translation of the coordinates, without loss of generality, we
can assume R = 1 and Xy = (0,0). From (3.5.14), for any ri€ [1,2), there exists a

constant C' = C'(ry) so that

HUHWQ’Q’"(Q;.*I) < CHUHLQ(Q;).

By the Sobolev embedding theorem,

HUHLP(Q;) < CHUHWQ’QWL(Q;E)’

where 1/p > 1/2 —1/(d+ 1). Using (3.5.14) again, we get

[ullwiemgr) < Cllulln, ) < Cllullruop):

where 7 < r; and C' = C(ry,rp). Using a standard argument of bootstrap with a
sequence of shrinking cylinders @),,, for any p > 2 there is a C' depending on p such
that

HUHWZ}Q’“(QD < CHUHL2(Q2+). (3.5.18)
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By the Sobolev embedding theorem, we have

W 2™MQ7F) = C2"(QY),

[ull o a0 < Cllullypm g, (3.5.19)

where a = 2m—(d+2m)/p. Since p < oo can be arbitrarily large, a can be arbitrarily

close to 2m from below.

Let us first prove (3.5.15). We only need to consider r € (0,1/2], otherwise it is

obvious. By the Poincaré inequality and (3.5.19) with some a > m,

| WPt < e Dyl gp @] < Crtn Dy

r

uHLOO(QJr

< OrtHm|ul|? WM (@Q) < Crd+4m/ |u|? dx dt.
Qf

The last inequality is due to the L, estimate in (3.5.18) with 1/2 and 1 in place of 1
and 2, respectively. Next, we prove (3.5.16) and only consider the case r € (0,1/2] as
in the proof of (3.5.15). By the Poincaré inequality and (3.5.19) with some a > m,

we have

/ \Dgu|2d:cdt§r2<m—l>/ |Du)? da dt
+ +

T T

< CpAm=OrdR2m gy | Dy 2 < O l)+d+2m||u||2 1.2m

+
oy @t
< Cr2(ml)+d+2m/ |U’2 dx dt < Cr2(ml)+d+2m/ |D£1U|2 dr dt.
QF Qf

Finally for (3.5.17), let v = u — —d,(Dg“u)Q+ so that v also satisfies the same system

as u. Moreover, Dg'v = Dg'u — (Dg'u)gs. Then, by (3.5.19), (3.5.18), and the
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Poincaré inequality, for a = m +~y € (m,m + 1) and r € (0,1/2],

/ | Do — (DZ”U)Q+|2 dx dt < C’TQ(“_m)+d+2m||v||2L
Q;L r 2m

’a/7QT-!—

< C,r,2“/+d+2m /

|v]* dx dt < Cr27+d+2m/ |Dv|? dx dt.
Qf

Q7

The lemma is proved. Il

Similar to Lemma 3.5.3, we consider

w ot (—1)"Lou= Y _ D°f, in Q (3.5.20)

la|<m
and the boundary condition (3.5.13).

Lemma 3.5.5. Let a € (0,1). Assume that u € O (RE™) satisfying (3.5.20) and
(3.5.13), fo € C* for |a] = m, and f, € Lo for |a| < m. Then for any 0 < r <
R<1,7v€(0,1), and Xy € {xq = 0} N Qr, there exists a constant C' depending only

ond, m, n, \, K, and vy such that

/ | D™u|* d dt
Q7 (Xo)

r

< C(_>4m+d/ |DZ/LU‘2 drdt +C [fa]zQ N R2a+2m+d
R Q% (Xo) Iozlgm Q2p

+C Y fallf_gr, B (3.5.21)
lal<m

/Q*(X ) |DJ'u — (Dglu)Qj(Xo)Fdx dt
T 0

r

2y+d+2m m m 2
e NN A G R

+ O [l R OO fullF g B, (3.5.22)

|a|l=m lal<m
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and

/ |DLD ) da dt
Qi (Xo)
T

<Clg

ot [ DyDz e
R 0

+ O Y Ul R L CON T ull g R, (3.5.23)

|a)|=m la|<m

where 0 < 1 < m.

Now we are ready to prove the boundary Holder estimates similar to the interior
case. From (3.5.21), (3.5.22), and (3.5.23), taking 7 > a and using Lemma 3.3.1, we

get that for any Xy € {4 =0} N Qg and r € (0, R),

m—1

[ DB DR (DF gy Y 106D dde <
T 0 =1

where

[i= O R tesamed / (D"l da dt + F2 )2+,
Qg

F= Z [fa]iQ;RjL Z 1fallzo oz,

|a|=m la|<m

This estimate, together with the interior estimates and Lemma 3.3.2, implies that

m —(2a+2m+d)

+
QQR

|Dmu]2dxdt+F2>§.

Similar to the proof of (3.5.2), we can apply the argument of freezing the coefficients
to deal with the general operator £ with lower-order terms. Here we just state the

conclusion as the following proposition.
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Proposition 3.5.6. Assume that R < 1 and u € C2(RE™) satisfying

loc

u + (—1)"Lu = Z D%f, in Qip,
|a|<m

u =0, Ddu:(),...,Dg"b_lu:O on {zxq=0}NQax.

Suppose that L and f, satisfy the conditions in Theorem 3.2.3. Then there exists a

constant C' depending only on d, n, m, X\, K, ||A*?||*, R, and a such that

[u]tbrﬁ,Q}g + [Dmu]%ﬂ@; < C( Z ||D'8U||LOO(Q2+R) + F)

2
|BI<m
3.5.1.3 Proof of Theorem 3.2.3

Before proving the main theorem, let us state a technical lemma.

Lemma 3.5.7. Assume that a € (0,1), u € C°

o0 (R, Q is an open set in RY,

00 € C? and T € (0,00]. Then for any € > 0 sufficiently small, we have
||U||Loo((0,T)><Q) < €[U]ﬁ,a,(o,T)xQ + C(€)||U||L2((0,T)x§2)7

where C(g) is a constant depending on ¢.

Next, we show a global a priori estimate.

Proposition 3.5.8. Let L, ), and f, satisfy the conditions in Theorem 3.2.3. As-
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sume that u € C*((0,T) x Q) and satisfies the following system

(
u+ (—1)"Lu = Z D*f, in (0,T) x Q,
|a|<m

| =0, [Du[ =0, ... D™ u[=0 on [0,T)x (3:5:24)

lu=0 on {0} xQ.

Then (3.2.10) holds with G = 0.

Proof. Using the standard arguments of partition of the unity and flattening the

boundary, we combine the interior and boundary estimates to get

[u]taﬂ,(o,T)XQ + [Dmu]ﬁ,a,(O,T)XQ S C( Z ||Dﬁu||L<>O((O:T)XQ) + F)

2m
[B]<m

By the interpolation inequalities in Holder spaces, for instance, see [63, Section 8.8],

(1) im omxa T [D™u] a4 07)x0 < C(lull oo (0ryx0) + F)-

2m

Applying Lemma 3.5.7 and the interpolation inequalities again, we get

]| Lo (0,7 %)

< C(@)ull ao.ryxey + €lD™u] 2 a0y xoteUom o7

m’

Upon taking e sufficiently small, we arrive at (3.2.10). The proposition is proved. [

In order to implement the method of continuity, we need the right-hand side of

(3.2.10) to be independent of u and this leads us to consider the following system
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for T < oo

;

u+ (—1)"Lu+ ku = Z D%f, in (0,7) x €,

|| <m
ul =0, [Du| = 0,..., D™l =0 on [0,T)x 9, (3:5.25)
lu=0 on {0} x£,
where & is a large constant to be specified later. We rewrite the system as
u + (—1)" Lru + ku = Z D%fo + (=1)™(Ly, — L)u, (3.5.26)

laj<m

where L,u is the sum of the highest-order terms. Then multiply u to both sides of
(3.5.26) and integrate over (0,7") x Q. Thus

/\HDmuH%Z((O,T)XQ) + K’HUH%Q((QT)XQ)

<>y (—1)|a/ faDudz dt

la]<m (0,T)x2

+ Y (—pymtle / AP DPuD dx dt

loe|<m,|B|<m (0,T)x £
+ Z (_1)m+\a|+1 / AaﬂDBuDau dr di. (3527)
loe|=m,|B|<m (0,T)x £

Take a point zy € 2. Due to the homogeneous Dirichlet boundary condition, if
la| = m, the factor f, in the first integral on the right-hand side above can be
replaced by fo(t,x) — fo(t,xo). We use the Cauchy-Schwarz inequality, Young’s

inequality, and the interpolation inequality to bound the right-hand side by

C(n,m,d,A,K,e)( 3 /m) Q|fa—fa(t,x0)1|a‘:m|2d:vdt

laf<m

[ P )+ 2Dl oy
(0,T)xQ2
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After taking e sufficiently small to absorb the term <‘5HDmUH%2((o,T)XQ) to the left-
hand side of (3.5.27) and choosing « sufficiently large depending on n, m, d, A\, K,
and €, we reach

|l a0,y x0) < CVTF, (3.5.28)

where C' depends only on d, n, m, A, K, and €.

Now we are ready to prove Theorem 3.2.3.

Proof of Theorem 3.2.3. By considering u — g instead of u, without loss of generality,
we can assume g = (. We only consider the case T' < 0o, as the case when T' = oo
then follows by considering min(7', k) in place of T'. It remains to prove the solvability.
Let k be the constant in the derivation of (3.6.21). Since u satisfies (3.5.24), the

function v := e "ty satisfies

v + (—=1)" Lo + kv = e Z D*f,.

la|<m

By (3.6.21), we have
V]| Lo (0.1)x0) < CVTF,

which implies that
]| a0,y x0) < CVTe"'F < Ce*TF.
The inequality above combined with (3.2.10) yields

[l s g 0.1y 000 < Ce* T F, (3.5.29)
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which gives (3.2.8). Next we consider the following equation

e+ (1) (sLu+ (1= 8)A" Lgqu) = > D°fs

laf<m

with the same initial and boundary conditions, where the parameter s € [0, 1]. It is
well known that when s = 0 there is a unique solution in C“zw 9+ ([0, T) x Q). Then
by the method of continuity and the a priori estimate (3.5.29), we find a solution

when s = 1. The theorem is proved. ]

Remark. Actually the condition f, € Ly for |a| < m can be relaxed. With slight

modification in our proof, f, can be in some Morrey spaces.

3.5.2 Estimate for non-divergence type systems

In this subsection, we deal with the non-divergence type systems under the Dirichlet

boundary conditions.

3.5.2.1 Interior estimates

First, we consider the interior estimates for the non-divergence form system
U + (—]_)mL()’LL = f in QQR.

For this system, the interior estimates are simple consequences of the corresponding

estimates for the divergence form systems. Indeed, we differentiate the system m
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times with respect to x to get
D™uy + (—1)"LoD™u = D™ f.
Thanks to the estimates for the divergence type systems, by (3.5.7),

[.DQmu]ﬁ,mQR S C(||D2mu||Loo(Q2R) + Lf]i,QQR)

Next we deal with the general non-divergence form systems with lower-order terms
and coefficients depending on both ¢ and x. The coefficients are all in C?. Following

exactly the same idea as in handling the divergence form systems, we first consider

L =3 0=81=m A*PDDP. Fix y € B}, and let

Loy= Y, A“(t,y)D°*D’.

laf=[B]=m

We rewrite the systems as follows
u + (—1)"Loyu = f 4+ (=1)"(Loy — L)u.
Set ¢ to be an infinitely differentiable function in R%*! such that
(=1 in Qr, (=0 outside (—(4R)*", (4R)*") x Byg. (3.5.30)

From Theorem 2 and Remark 1 of [37], for T = (4R)*™, there is a unique solution

w € W,*™ to the following system

wi + (=1)"Loyw = ¢(f = (f)Barry) + (=1 (Loy — L)u
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n (=7T,0) x R? with the zero initial condition at ¢t = —T', and w satisfies

1D 02, @y < CULF = (D2ir I sium + Cll(Eoy = Dl guny

< CRMA]E, o ORI ST AR DT g,
laf=|8]=m

a,Q4r

We apply the mollification argument so that w is smooth. Let v = u—w which is also
a smooth function. Moreover, since ¢ = 1 in Qyp, D*™v satisfies (3.5.4). Therefore,
(3.5.5) holds for D*™v. Combining the estimate of w and D?*™v, similar to the proof

of Proposition 3.5.1, we get

D%l & agn < CUID™tll1 i@y + [l 00 (3.5.31)

a,Q4r

For the operator L with the lower-order terms, we rewrite the systems as follows
ut (—1)"Lyu = f+ (=)™ > APDeDy,
| +|B]<2m
f = f+ (_1)m+l Z A8 D DBy,
lal+]8|<2m

An easy calculation shows that

Mg <C(Miau+ Y (AN D D ullq,,

|a|+|8|<2m

+ (A2 D DPullpciqum)).
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From (3.5.31) with f in place of f, the following estimate holds

[DZmu]ﬁ,a,QR < C( Z HDVUHLoo(QzLR) + [f]g7Q4R)’

[y|<2m

where C' depends only on d, m, n, A\, K, ||[A*?||%, R, and a. Because
up = (=1)""'Lu + f,
it follows immediately that

lulls g + (D) men < C( 2 1D Uli@um + 1F5000 )

|| <2m

Implementing a standard interpolation argument, for instance, see [63, Section 8.8

and Lemma 5.1 of [48], we are able to prove the first part of Theorem 3.2.4.

3.5.2.2 Boundary estimates

In the non-divergence case, in order to prove the boundary Schauder estimates,
better estimates than these in Lemma 3.5.4 are necessary. For (3.5.17), we actually
can estimate more normal derivatives up to 2m — 1-th order. In order to show this,
let us present the following lemma. A similar result can be found in Lemma 3.3 of

[35).

Lemma 3.5.9. Assume that u € CS(RTM) satisfying (3.5.12)~(3.5.13). Let Q(x)

be a vector-valued polynomial of order m — 1 and P(x) = 2} Q(x). Suppose that

(DFDJP(x))g: = (DFDfu(t,z))q;.
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where 0 < k <m —1. Let v=u— P(x), then there ezists a constant C' depending

only on d, m, n, and K such that
||DkD2nfU||L2(Q§) S CRm_l_k“Dm—lDZnUHLQ(Q;)

forany 0 <k <m—1.

Next, we prove an estimate for D?™ 1y,

Lemma 3.5.10. Assume that u € C5(RT™) and satisfies (3.5.12)~(3.5.13). Then
forany 0 <r < R < oo andy € (0,1), there exists a constant C' depending only on

d, n, m, \, and 7y such that for any Xo € {4 =0} N Qg

/Q S
r 0

r
S C(_)2'y+d+2m/ ‘Dmelu o (D2m71u) Ty ‘2 dx dt.
R Q—IS(X()) QR( 0)
Proof. By scaling and translation of the coordinates, without loss of generality, we
can assume R = 1 and X, = (0,0). Moreover, we only need to consider the case
r € (0,1/2] for the same reason as in the proof of Lemmas 3.5.2 and 3.5.4. Recall

that in Lemma 3.5.4 we have
lull s 00p = Cllullwgomopy < Cllulliagp),

where a < 2m can be arbitrarily close to 2m. Set a = v +2m —1 € (2m — 1,2m).

Applying the inequality above with 1/2 and 1 in place of 1 and 2, and the Poincaré
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inequality, we have

/ | D™y — (DQm*lu)Q+ |? dw dt
QF '

< C«r2’y+d+2m”uH22L g < CT27+d+2m”uH12/VI}’2m
m7 b

Q (@7 )2)
< Or27+d+2m”u||iz(QD < OT27+d+2m||DZlnu||iQ(Q1+)‘ (3532)

Let P and v be the functions in Lemma 3.5.9. It is easily seen that for a given
function u, such P and thus v exist and are unique. Note that v also satisfies
(3.5.12)—(3.5.13). Then the inequality (3.5.32) holds with v in place of u. Since P(x)

is a polynomial of degree 2m — 1, using Lemma 3.5.9, we have

/Q D2 (D ) e
_ /{02+ D=1y — (D¥ ) 2 du dt

S C«r27+d+2m /

|D7w|? da dt < Cp?rdt2m / | D™ Dm|? da dt
QF

Qf
= CrPrtatzm / | D" D — (D™ D) o | da dt
of

< CT27+d+2m /

| D™y — (DQm_lu)Q+ |? dz dt.
Qf '

The lemma is proved. O

Let us turn to the non-homogeneous systems. Consider a smooth solution u €

loc (R(-ii-+1) of

Ut + (—1)mL0u = f n Q:{R,

UZO,Ddu:(),...,D;nilu:O on Q4Rﬂ{xd20}

We shall show the estimates of all derivatives up to order 2m with the exception of
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D?™u. Let ¢ be the function in (3.5.30). For T = (4R)*™, consider the following

system

.

w+ (<1)"Low = ((f = (f)gg, (1) in (~T,0) x R,

w=0,Dgw=0,..., D7 "w=0 on (-T,0)x {xq =0},

(w=0 on {t=-T1}.

We know from Theorem 4 and Remark 1 of [37] that the system above has a unique

W, *™-solution which satisfies the following estimate

|0 w2, o1 ) < CIF = (s R )72 (3.5.33)

Ol @t

We again apply the mollification argument so that w is smooth. Observe that v :=

u — w satisfies

vt (S Lo = (1= OF +CNpe () i Qi
v=0,Dw=0,....,D7 'v=0 on {xg=0}NQa.

Since ¢ =1 in Q3x, ¥ := Dv satisfies

’l?t + (-1)mL(ﬂ7 = 0 in Q;R’
(3.5.34)
9=0,Dg0=0,....D7'9=0 on {xg=0}NQax

Thanks to Lemma 3.5.10, for any X, € {xg4 =0} N Qg and r € (0, R), we get

/Q+(X ) [Da DX = (Dar D20 g oy | i
0

-
< O )PrHdtam / | Dy D™ — (D D™ 0) 4 0 |2 daz dt. (3.5.35)
R Q}(Xo) @r(Xo)
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Therefore, by the triangle inequality,

/Q+(X ) |Dar DP" " — (D D™ ) g x| dt
r 0

r

<Clg

)2’Y+d+2m /+ |Dx/D2m_1u . (Dx’DQm_lu)QJIg(XO)F dr dt
QR(XO)
+C'/ | D*™w|? dz dt.
Q+
2R
Combining with (3.5.33), we obtain
2m—1 2m—1 2
r m m— m—
< Oy / ADe D (DD ) gy
Qr(Xo)
+ CR2a+d+2m [f]:pQ

anij'

Taking v > a, from Lemmas 3.3.1 and 3.3.2, and the corresponding interior estimates,

we obtain the estimate for the Holder semi-norm,

DD Ml o < C(ID* gy + i)

Let us turn to the case that the coefficients are functions of both ¢ and z. The
method of freezing the coefficients is implemented in this case. We first consider the

case when L = Zlal=\ Bl=m AP D>DP. Fix y € B}, and rewrite the system as follows
Ut + (—l)mLOyU, == f + <—1)m(L0y — L)U

We use the same ¢ as in (3.5.30) and let T' = (4R)?*™. By Theorem 4 and Remark 1
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of [37], there is a unique solution w € W,*™ to the system

wi+ (~1)"Logw = C(f — (N (1) + C(~1)" (Lo, — L)

in (—7,0)xR% with the Dirichlet boundary conditions w = 0, Dgw =0, ..., D" 'w =

0 on (—7,0) x {zg = 0} and the zero initial condition at ¢t = —7". Moreover,

1D gy < CIT = (g 1, gy + Oy = Dl
< CRAPHf e + CR2a+2m+d| ; [A“IZND*™ ull g -
a|=[8|=m

Let v = u —w. Then ¢ := D,v satisfies (3.5.34), which implies (3.5.35) holds for v.
Consequently, taking v > a, we get the following inequality

DaD* Ml o gi < C(UfEge +ID™ull, _gpy)- (35.36)

anIR

When the operator L has lower-order terms, we can move all the lower-order
terms to the right-hand side regarded as a part of f. Hence, we proved the second

part of Theorem 3.2.4, i.e.,

(Do D" Ml o002 < O([fligp, + 2 1070l )

[v|<2m

The proof of Theorem 3.2.4 is completed.

Remark. We need more regularity assumptions to get the estimate of [ngu]%ﬂ@;.
For example, if assuming A*?, f € Cz, then for R < 1, by using a similar method
one can show that

[‘Dimu]ﬁ,a,QE + [ut]% a7Q§ < C(||f||ﬁ,a,QIR—i—HuHLQ(QIR)) (3537)

m’
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3.6 Schauder estimates under the conormal bound-

ary conditions

3.6.1 Schauder estimates for systems on a half space under

the conormal boundary condition

In this subsection, we prove the Schauder estimates for (3.1.4) on a half space under

the conormal derivative boundary conditions.

3.6.1.1 The estimate of D, D™ '

Systems with coefficients depending only on t. First we consider
w+ (—1)"Lou=0 (3.6.1)

in Q5 with the conormal derivative boundary conditions on {zq = 0} N Q2z. We

have the following mean oscillation estimate, the proof of which can be found in [43].

Lemma 3.6.1. Let R € (0,00) be a constant. Assume that u € C2(OF) satisfies
(3.6.1) in QF, with the conormal derivative boundary conditions on {xq = 0} N Qg.
Then under the condition (3.2.1), for any r € (0, R) and v € (0,1), there ezists a

constant C = C(d, m,n, o, K,v) such that

/ |D™ 1ty — (Dm_lu)m ? dx dt
Qf '

< C(%)27+2m+d /

| D™ty — (Dm’lu)cv,gl2 dx dt. (3.6.2)
Q%
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Lemma 3.6.2. Let R € (0,1] and a € (0,1) be constants. Assume that u €

C(m)x(OBL) satisfies

loc

w o (=) Lou= Y Dfo in Q3 (3.6.3)

la|<m

with the conormal derivative boundary conditions on {xrq = 0} N Qar and f, €
CUQ3r) if lal =m, fo € Le(Q3R) if || < m. Then under the condition (3.2.1),
for any r € (0,R), v € (0,1), there exists a constant C = C(n,m,d,d,v, K) such
that
/ | Dy D™ — (Do D™ ) 1 |* da
QF '

S C’(L)Q’YJerer ’DI,Dmflu . (D:E/Dmflu) N |2 dx dt
R QE QR

+C Z {fa]Z?Q;RRZGJFQerd +C Z HfOzHioo(Q;rR R2+2m+d.

|a|l=m laj<m

Proof. By using the approximation argument as in Theorem 3.4.9, without loss of
generality we may assume that A%, f,. and u are smooth functions. Let ( €

CS°(R*T1) and
(=1 in Qg, (=0 outside (—(2R)*",(2R)*™) x Byp.
For T = (2R)*™, we consider the system

wi+ ()" Low =Y D*((fa)

la|<m

in (=7,0) x R? with the conormal derivative boundary conditions on {x4 = 0} and
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the zero initial condition on {—7} x R%, where

fa(t7x) = fa(t>x> - fa(tvo)

if |a| = m, and f, = f, otherwise. From Theorem 3.4.2, the above system has a
unique solution w € H5'((—7,0) x R%). Indeed, we can consider the system which

A

w = e Mw satisfies, where A\ > 0. It is easy to see that from Theorem 3.4.2 and

[37, Remark 1], we can solve for @, and then obtain w. By the classical theory, w is

smooth. Let v = u — w, which satisfies

v (D) Lov = Y Dfu(t,0) i Qf

|al=m

with the conormal derivative boundary conditions on {z; = 0} N Qg.

We differentiate the above system with respect to 2’ and let © = Dyv. Then ©
satisfies all the conditions in Lemma 3.6.1 so that (3.6.2) holds for ©. Therefore, we

obtain

/ | Dy D™ty — (Dm/Dm_lv)QﬂQ dx dt
oF
r m m— m—
< Oy +d/ Dy D" 0 — (D D™ 0) g 2 da i, (3.6.4)

o

From the proof of Theorem 3.4.2,

5/@+ D™ w|? d dt §5||mey|iQ(Q2+R) + C(e) Z | fu(t, ) — falt, o>||§2(%)
2R

|al=m

+ D [(fa, Dw)gs | (3.6.5)

lo|<m

We take e sufficiently small so that the first term on the right-hand side is absorbed
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in the left-hand side. The second term is less than

Z C[fa]Z?Q;rR R2a+d+2m.

|al=m

The last term can be estimated as follows. We choose a vector-valued polynomial
P(z) as in Lemma 3.4.4 with respect to w. Let h = w — P(x). Because P(z) is of
degree m — 1, h satisfies the same system and boundary conditions as w. Moreover
D"h=D"w. Therefore, (3.6.5) holds with h in place of w in the last term of the
right-hand side. By Lemma 3.4.4 with 2R in place of R and the Cauchy—Schwarz

inequality,

(03 l (07
[{far D*h) s | < Cllfallpoiainy | Q3rl 1Dl o1
1 m—|a m
< Cllfallpe i) | @arl? (B™ D™ 0]l 1y 0z,

" Z R3m+d/2—|al-|6] ||f6||Loo(Q2+R))' (3.6.6)

|B]I<m

Since R <1 and for |3] = m,

1F6ll Loty < Clfelyor B

by Young’s inequality and the Cauchy-Schwarz inequality, the right-hand side of
(3.6.6) is bounded by

5\|me|\iQ(Q2+R) + C(e)( Z Hfa|\ioo(Q2+R)R2+2m+d 4 Z [fa]zfQ;RRzﬁszrd)_

o] <m |a|=m

(3.6.7)

Finally, choosing ¢ sufficiently small and combining (3.6.4)-(3.6.7), by the triangle

inequality we immediately prove the lemma. [
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Thanks to Lemma 3.3.1, by using Lemma 3.6.2 with v > a, a translation of the

coordinates, and scaling, we have

/Q+(X ) [ D D™t = (Do D™ ) g x| v
0

T
S C(_>2a+2m+d/ ‘Dm/Dm—lu - (_Dm/Dm_lu) 4 |2 dl’ dt
R Qh(x0) OnX0)
FO Y [l P O3 fall2 g
|a|=m laj<m

for any r € (0, R/2), where R < 1 and Xy € {z4 = 0}NQg. By Lemma 3.3.2 together

with the corresponding interior estimate (cf. [42, Proposition 4.1]), we obtain

Dy D™ ') o, or < C(R™Gatedt2m) / | D™ u? da dt+F2)%
Qar

where

= Z ”fozHL(><> @ T Z “QzR (3.6.8)

lor|<m lor|=m
Variable coefficients depending on both z and ¢. In this part, we use the
argument of freezing the coefficients to deal with the case when A%® depend on both

x and t. First, let us consider systems which only consist of highest order terms:

u At ()" Lyu = uy + (=)™ > D*(ADw) = Y D°f, (3.6.9)

loo|=[8]=m |o|<m

in Q35 and follow the steps in the simple coefficient case. For any & € B_f.g, the

equation above can be rewritten as

u+ (—1)" Lozu = Z D f.,

la|<m
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where
£Oi = Z Da(Aa/B<t7£)Dﬁ)7
lol=181=m
and
fo=fat+ (=1)" Y (A°P(t, &) — AP(t,2)) DPu
|Bl=m
when |a| = m, and f, = f, otherwise. Using exactly the same argument as in

Lemma 3.6.2 with fa in place of f,, we can prove the following lemma corresponding

to Lemma 3.6.2.

Lemma 3.6.3. Let R € (0,1] and a € (0,1) be constants. Assume that u €
C1:7137,1100

on {xzg = 0} N Qar, fo € CHQ3R) if la| = m, fo € Lo(Q3x) if o] < m, and

A% € CUQ3y). Suppose that the condition (3.2.1) holds for any X € Q_;“R. Then

(O_ar) satisfies (3.6.9) in Q45 with the conormal derivative boundary conditions

for any r € (0, R) and v € (0,1), there exists a constant N depending only on d, n,

m, §, K, v, and |’AQ6HE,Q;R such that

/ | Dyt D™ — (Do D™ M) o1 | di

QF "

S C(L)2’Y+2m+d |Dw/Dm71u . (Dm/Dmflu) +|2 dr dt
R QE QR

+ C( Z [fa]z?Q;rR -+ ”DmuHiw(QJR))RQaJerer

la)l=m

2 242m+d
+C Z Hfa“Loo(QQ*R)R :

laj<m

By Lemmas 3.3.1, 3.3.2, a translation of the coordinates and scaling, we derive
the following corollary by taking v > a in Lemma 3.6.3 and the corresponding interior

estimate.
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Corollary 3.6.4. Under the conditions in Lemma 5.6.3, we have
[Dx’Dmilu]#,a,QE < C(HDmUHLm(Q;R) + F),

where C' depends only on d, m, n, §, ||A%?||* K, R, and a, and F is defined in

a:QS_R7

(3.6.8).

Proof of Theorem 3.2.5. Now we are ready to handle the general system

u A+ (=)"Lu= Y D,

laf<m

which can be written as

u + (=) Lpu = Z Dafa,

laj<m

where
o= fut (C)™ Y 47D ol =
|Bl<m
fo = fadt (=1)m* Z A*’DPy  otherwise.
|B|<m
Note that

[AaﬁDﬂU]iQ;R < CHAQB“LOO(Q;R)[Dﬁu]z,Q;R + C[Aaﬁ]:Q;R||DBU||LOO(Q2+R)-
We substitute f, with f, in the estimate of Corollary 3.6.4 to get

(Do D™ M) o0 < C(ID™ully g2y + ID%ull gy, + F)-

|Bl<m
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Since R < 1, it is easily seen that

D 1Dl gp < D 1D ully ot

|Bl<m |8]<m

Therefore, Theorem 3.2.5 is proved. [

3.6.1.2 The estimate of D]'u

In this subsection, we prove the Schauder estimate for D}'u near a flat boundary.
In this case, in view of the example in the introduction it is not sufficient that
the coefficients are merely measurable in ¢. We require the coefficients be Hoélder
continuous in ¢ as well but only on the boundary where the conormal derivative

boundary conditions are given.

Special systems with coefficients depending only on ¢. In this part, we

study the special systems which we introduced in Lemma 3.4.5.

Lemma 3.6.5. Let R € (0,1] be a constant. Assume that u € C’ﬁ;((’)_ar) satisfies

w4+ (—1)™Lou = Z D%fy in Qf

laj=m

with the conormal derivative boundary conditions on {xq = 0} NQr. Moreover, A%
and fs are constants, and fo, = fo(t) for |a] = m,a # &. Then under the condition

A > 01, p, for any r € (0, R),

/ |D7'u — cf? de dt < C(L)4m+d/ |DJ'u — cf? dx dt,
Q! R Q

+
R

where C' = C(d,n,m,d,K) and ¢ = (—1)™(A%)~! f4 is a constant vector.
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Proof. Using the method in the proof of Lemma 3.4.5, one can show that the system

and boundary conditions can be written as

u + (~1)"Lou=0 in QFf,

Diu = (—1)"(A*) " fs, Ditu=...=D> 'y =0on{zy=0}NQks

Indeed, by the definition of the conormal derivative boundary conditions,

-1
— (u, (bt)Q; + <D;nuv D;%)Q; + (Ad&D?u, D;n@Q;
1

= (=1)" > {fars D)

R

3

<.
Il

laj=m

for any ¢ € C§°(Qr). We integrate by parts as in the proof of Lemma 3.4.5 and the

left-hand side becomes

-1
<ut7 ¢>QJ§ + (_1)771 <D]2mu7 ¢>Q; + (_1)m<Ad&Dc2lmu7 ¢>QE
1

+/Z(—1)J’A@dDd’"”1udej¢dx'dt,
24

3

<.
Il

where ¥ = {zy = 0} N Qg. For the right-hand side, since f, = f.(t) when o # @&,
after integrated by parts the terms vanish when o # &. Moreover, because fy is

constant, the only boundary term is
1)m+1/f@D?_1¢dx’ dt.
b
By the arbitrariness of ¢, it follows that

m—1
<ut7 Q+ + m Z DQmU ¢ QJr + ( )m<A&&Dz2imu7 ¢>QE =
j=1
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and
/ D (1Y ACDF DY g dal dt = (—1)" / faD7 o da dt,
I by
which yield
U + (—1)mﬁ~0u =0

and
Diu = (=1)"(A**) " fs, DPu=...= D yon {xg =0} NQk.
Recall that A% and f4 are constants. Hence v := D7u — (—1)™(A%)~! f, satisfies

v + (—1)m£0v =0 in QE,

v=-=D"1v=0 on {z;=0}NQx
From [42, Lemma 4.4],

/ 0|2 da dt < o(i)4m+d/ 0|2 da dt.
¥ R Qh
We note that although in [42, Lemma 4.4] we assume C22(O%), from the proof it is

easy to see that we only need u € C° ((’) ). Then the lemma is proved. O]

loc

We now use a scaling argument to handle D}'u for systems with simple coef-
ficients. Assume that u satisfies (3.6.3) and as in the proof of Theorem 3.2.2, we

define v, fa, and A*°. Then v satisfies

v (=1 peet R pe(AeB () D) = Y pee P m DA, (3.6.10)

lo]=[B|=m la|<m
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in 7,,(Q35) with the conormal derivative boundary conditions on {z; = 0}N7T,(Q2r),

where

TH( ;R) - {(:U’thv LL’/, :U’xd) : (t7 ‘T/7 xd) S Q;R}

and 7),(Q2r) is defined in a similar way. From now on, we consider the system of
v with g > 1 and it is easy to see that Qi C T,(Q35). Note that the regularity

assumptions on A% and f, are naturally inherited by A*? and f,. For instance, if

fa € CH(Q3p), then f, € CHT,.(Q37)).

UM Gbm AT .
Lemma 3.6.6. Assume that a € (0,1), R € (0,1], v € C,2" “""(OF) satisfies

loc

(3.6.10) in Q35 with the conormal derivative boundary conditions on {xy = 0} NQ2g,
fo € CHQIR) if lal = m, fo € Lec(Q3p) if la] < m, fa € Cf({za = 0} N Qan),
and A% (t) € C2m (R). Then under the condition A% (Xy) > 0l,xn for any X, €
Q_E, there exist two constants C, = Cy(d,n,m,d, K, [Aé‘ﬁ]t%m’Q;R,R, a) and Cy =

Cy(d,n,m, 8, K, R,a) such that

(D] @ 0,QF SClHDmUHLOO(Q;R) + 02([Da:'Dm_1U]

a +
3m 50 Q2R

+ :u_l[DtTU]i a,Qip + é)’

2m’

where

é = Z [fa]§7Q;R + [féé]zim,{xdio}szR + Z ||j:a||Loo(Q;rR) (3611)

|a)=m |a|<m

Proof. As before, we may assume that A%, f,, and v are smooth functions. We

move all the spatial derivatives to the right-hand side and then add

(=) Dy + (=1)"D*(A*(0) D)
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to both sides of the system so that

v+ (—1)™ (DY(A%(0) DY) + D)
= > Dfo+ (—1)"Dy v+ (—1)" DY (A% (1) — A%4(0))D%),  (3.6.12)
la|<m

where f, = p®=2mf, for |a| < m,

Fum eIy (13 et o5 D
[Bl=m

for || = m but o # &, and

fam w k(<1 e A () Dy,
|Bl=m,B#b
Notice that the left-hand side of (3.6.12) satisfies the conditions in Lemma 3.6.5,
and similar to £, we denote this operator by Lo. Note that in the definition of £,
in Section 4, A% is not required to be constant, while for £, it is assumed to be

constant.

Let r and 7 be constants such that 0 < r < 7 < R/2. We use basically the same
argument as in Lemma 3.6.2 with slight modifications. Let w € Hy'((—(27)%™,0) x

R?%) be a smooth solution of the system

we+ (—1)"Low = Y D(CF) + (—1)" Z_: D (D — Dt 0)))

laf<m

+ (=)D (C(A% (1) — A%(0))D%) in  (—(27)*™,0) x RY (3.6.13)

with the conormal derivative boundary conditions on {x; = 0} and the zero initial

condition on {—(27)?"} x R%, where ( is the same smooth function as in Lemma
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3.6.2 with 7 in place of R, fs = fa(t,x) — f2(0,0), o, = falt,x) — fa(t,0) if |o| = m

and o # &, and f, = fa otherwise. Then v := v — w is also smooth and satisfies

d—1
Vit (=1)"Lov=" Y Dfo(t,0) + D*5(0,0) + (—1)™ > D3"™uv(t,0)
|a|=m,a#£d& j=1

in Q3. with the conormal derivative boundary conditions on {z4 = 0} N Q2,. Due to

Lemma 3.6.5, we have
/ Dy — o2 dedt < C(L)yim+a / DIy — of? da dt, (3.6.14)
Qr T Qf

where ¢ = (—1)™(A%(0,0))"'f4(0,0) is a constant vector. Next we estimate w by

applying the same idea as in Lemma 3.6.2,

b / D™ w|dwdt < Y (" fo, Dw) s |
Q;_T 2T

la)<m
+ [(C(A% = A%(0)) D%, D*w) gy | + [(C(fa — fa(0,0)), D*w) gy |

O QU Falt,0)), D) g |

|a|=m,a#d&

d—1
+ Y 1Dy = Dot 0)), Dy'w) g | (3.6.15)
j=1

The first term on the right-hand side of (3.6.15) can be dealt with in the same way
as (3.6.6) in Lemma 3.6.2. Indeed, we use the same h as in the proof of Lemma 3.6.2,
i.e., h = w — P(z) where P(x) is the vector-valued polynomial as in Lemma 3.4.4.
Therefore, the inequality above holds with A in place of w in the first term on the

right-hand side of the inequality above and this term can be estimated as follows:

[(Cu ™™ fay Dh) g |

ag—2m|| f 3 «
< O ol @i | QB ID ] s
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Then we apply Lemma 3.4.4 to h, which satisfies (3.6.13), and note that A% ¢

C7w (R) to bound the first term from above by

aa—2mll £ 1 m—|«x m
a2 ||fa||LN<Q;>|Q;|2(T D™l g

. Z 73m+d/2—|a\—|6|||75HLOO<Q§)
1Bl<m

+ T2m+d/27|a\+a([DZ}v]z7Q; + [Adé‘]tzin,Q;rTHDZan|’Loo(Q§2)>>'
Using the definition of f,, we get

HTaHLOO(Q;)

< CQTa[fa]z’Q; + CZTQ([Dm/Dm_IU]zyQ;r + ’u—l[DZan]x )

a7Q;T

for |a] = m but « # &. For a = &, noticing that for any smooth function f,

|f(t,l’) _f<070>| = |f(t,:t) _f(t70)+f(t70> _f(070)|

< (Aol + [f1e ¢,
we have

1Fallrior) < Cor*([falsgp + [falle i—0)ngs)

+ Cor ([A]'e o D™l (gt + ColDer D™ 0] oy )-

2m >
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We then obtain

D @)™ fay Dw) gy |

lal<m
< ellDmwlf} gr )+ Cale) Y Mallz gp 7
la|<m
+Coe) (D0 Ul + alh ouoinn, + [Dar D™ 0 o0
|a|=m
+/IJ [Dd U] Q2T> 2a+d+2m + Ol||Dmv||ioo(Q3'T)T2a+d+2m

provided that p> 1.

For the other terms on the right-hand side of (3.6.15), following the proof of
Lemma 3.6.2, we apply Young’s inequality so that, for any € > 0, the right-hand side

of (3.6.15) is bounded by

ellD™ 0l g5 )+ Coe)( D alihs + % (zimopnga.

laf=m

+ Do D" 0P o i (D0 o )T

2m’

+ C«l||DmU”ioo(Q3_T)7_2a+2m+d + O Z ||fa||ioo(Q;'T)7—2+2m+d- (3616)

la|<m

After choosing e sufficiently small, by the triangle inequality, (3.6.14), and (3.6.16)

we obtain

/ | D70 — c* da dt
+

r

< 02(£)4m+d/ |Dzln,U _ 0’2 dx dt + 17_2a+2m+d’
T Qf
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where

1i=Co 3 Uy + GO gp)+ 3 el o3,
la|=m lal<m

t2 m—1,12 -1 m, 12
+ [fd]ﬁ’{xd:(]}mQQT + [Dx/D U]ﬁ,a, ;rT + ,LL [‘Dd U]ﬁ,a,Q;;> .

It then follows from Lemma 3.3.1 that

/ |D7v — c|* da dt
QF

< 02(1)2a+2m+d |Dgn,U _ C|2 dr dt + ],’,,2a+2m+d’
R Q

+
R/2

which together with a translation of the coordinates, a corresponding interior esti-

mate, and Lemma 3.3.2 yields

[D;nv]iim%% < Oy(R~Catd+2m)|| pmyy cHiQ(Q;R) +1)

< Cy([Dur D" 0l i + 1 DFVP e o + G2+ CUID™ 3 o
3m &Qap 3m »Qap (Q3R)

Therefore, the lemma is proved. [

General systems with coefficients depending on both = and ¢. Similar to
Lemma 3.6.6, we can estimate the highest normal derivative in the case of variable
coefficients depending on both x and ¢t. As before, we need more regularity assump-
tions on A*? and fa. Similar to Lemma 3.6.3 and Corollary 3.6.4, following the proof

of Lemma 3.6.6, we can prove the lemma below.

at+tm
S ,a+m

Lemma 3.6.7. Assume that a € (0,1), v e C,2 (O_ar) satisfies

v, + (_1>m Z Mad+6d72mDa(AaﬁDﬁv) _ Z ’uad72mDaf~a

|oo|=|B|=m |oe]<m
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in Q3 with the conormal derivative boundary conditions on {z4 = 0} N Qar, where
Jo € CH(Q3R) if la] =m, fo € Lao(Q3p) if o] <m, A% € C1(Q3p) for |a =m,
and fs, A% € C’tﬁ({xd = 0} N Qsr). Then under the condition A% (Xy) > 6L,xn

for any Xy € Q_E, there exist two constants
Cl = C(1 (d: ,m, 57 Ka [A&B]Zim,{rd:ﬂ}ﬁQQRa HAaﬁHaainfRa R7 CL)
and Cy = Cy(d,n,m,d, K, R,a) such that

D4l 5005 < CID™ 0l gy + CalDw D™ 0

a +
m im0 Q2R

+ :uil[Dglv]ﬁ,a,Q;R + é)v

where G is defined in (3.6.11).

Furthermore, from Lemma 3.6.7 we follow the proof of the Theorem 3.2.5 moving

the lower-order terms to the right-hand side regarded as part of fa and noticing that,

Z <AdﬁD5U>ﬁ:{xd=0}ﬁQ2R <C Z (HA&BHLOO(Q;R)[Dﬁv] o 0Q3p

2m’
[Bl<m |Bl<m

Aapt B
+ [A ]ﬁv{deO}mQZRHD /UHLOO(Q;—R))

to get the following lemma.

at+m

Lemma 3.6.8. Assume that a € (0,1), v € C,2" ’a+m((9_ar) satisfies

loc

v+ (—D)™ Z pcatPamim pe foB phyy = Z pe=Impef, (3.6.17)

la|<m,|B|<m laf<m

in Qi with the conormal derivative boundary conditions on {xy = 0} N Qar and

Jo € C2(Q3R) if lal = m, fa € Loo(Q3g) if la| < m, AP € CH(Q35) for o] = m,
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and f4, A% € C’tﬁ({xd = 0} N Qar). Then under the condition /Idd(Xo) > 01, n

for any X, € Q_E, there exist two constants
Cl = Cl(d7 n,m, 57 K7 [Adﬂ]tzim,{xd:o}ﬂQgR7 ||Aa5||z7Q;LR7 R? CL)
and Cy = Cy(d,n,m,d, K, R,a) such that

[DZLU]% anE S 01 Z HDBUHLOO(Q;R) + OQ([Dm/Dm—IU]

a ﬁvan;R
|81<m
1 DF e aop, + D DM g, + G,

[Bl<m

where G is defined in (3.6.11).

3.6.1.3 Proof of Theorem 3.2.6

The interior Schauder estimates of divergence type higher-order parabolic sys-
tems were established in Proposition 3.5.1. We note that although we assumed

u € C™

lOC(Rd“) in Proposition 3.5.1, by using the approximation argument as in

atm o m
Theorem 3.4.9, the result still holds for any u € ¢} 2™ " (R,

loc

We have the following global estimate in (0,7) x R‘i. For simplicity, we use C?
(or C’tﬁ) to denote C4((0,T) x R%) (or C’tﬁ((O,T) x {x : x4 = 0}), respectively).

a+m
S ,m+a

Proposition 3.6.9. Let a € (0,1), u € O\ ((0,T) x RL) satisfy

u + (=1)"Lu = Z D*f, in (0,T) x RL

la|<m

with the conormal derivative boundary conditions on (0,T) x {z : x4 = 0}, the

zero initial condition on {0} x RL, and f, € C% if |a| = m, fo € Lo if |a| < m,
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A% € C for |al = m, fa, A% € C’tﬁ, and fa =0 on {0} x {z : x4 = 0}. Then
under condition (3.2.1) for any X € [0,T] x @, there exists a constant C' depending

only on d, n, m, §, K, [A%F]!

_a
2m

|A%%||%, and a such that

[D™u] 5%,a,(0,T) xR%

< C(HDmUHLm((o,T)xRi) + Z HD/BuHﬁ,a,(O,T)XRi + G)7

I8]<m

where

G = [fd]l;im,(O,T)x{x:xd:O} + Z [fa]z,(O,T)xRi + Z HfaHLoo((O,T)XRi)'

laj=m laj<m

Proof. We extend u and f,, to be zero when ¢t < 0. By checking the definition (3.2.5),
we see that u satisfies the system in (—oo,T) x R% with the conormal derivative
boundary conditions on {z; = 0}. Moreover, by our compatibility condition fj is
Holder continuous in ¢ on (—oo0,T| x {z : x4 = 0}. We then use a scaling argument
and consider the equation of v in the corresponding domain (—oo, T1) X Ri, where
Ty = u?™T. If we can prove the inequality above for v, then after changing back

to u, we prove the lemma. By translation of the coordinates and applying Theorem

3.2.5 to (3.6.17), we get

(Do D" oo gty < CUO( D 1D 0100500

2m?
|a|<m

+ oleagmon + > 1 fall o (@tptxon) (3.6.18)

la|=m || <m.

for any Xy € (—oo, 1] x OR%. Similarly, translating of the coordinates and applying
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Lemma 3.4.1, Proposition 3.5.1 to (3.6.17), we get

[D™ v]*aQR(Xo < C(u Z HDBUHLoo(Qm(XU))

[B|<m
+ Z [fa];QzR(Xo) + Z ||fa||Loo(Q2R(X())))7 (3619)
|a|=m |a|<m

for any Xy € (—o0,T1] x R?% satisfying Qap(Xo) C (—o00,771) x R%. Using the
arguments of partition of unity and translation of the coordinates, we deduce from

Lemma 3.6.8, (3.6.18), and (3.6.19) that

[Dm ] a,(0,T1)x R4

SCI(N)(HD Ul Lo, xme) T Z |1D° Ul o g (0/)xR +G)

|Bl<m

+ Cou™ ' [Dyf V) a4 (0.13)xRE

where G is defined in (3.6.11) with (0,7}) x R? in place of Q35, C1(p) depends on
i, but Cy does not. Let p be sufficiently large such that C’Q,u_l[Dg”v]QL,a’(o’T)XRi is

absorbed in the left-hand side. Then we fix this © and obtain that

[D™v] 22.,a,(0,T1) xR

< O(ID™0ll o myxrty + D ID%0] 2 omiyxze +G)-

I8]<m

Therefore, the proposition is proved. O]

Next, we obtain the estimate in the ¢ variable by applying the method in Propo-

sition 3.5.1.

Proposition 3.6.10. Let a € (0,1) and R € (0,1] be constants. Suppose that
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m

atm —_—
ue Cpr ’m+a(08“) satisfies

loc

u+ (—1)"Lu = Z D%fo in Qin
la<m
with the conormal derivative boundary conditions on {xy = 0}. The coefficients of L
and f. satisfy the same condition as in Theorem 3.2.6. Then there exists a constant

C depending only on d, m, n, §, K, ||A*?||* R, and a such that

an;R7

[u]%‘*‘ﬁ@; S O(||Dmu||z7Q3'R + Z HDBUHLOO(Q;R) + F)’

18]<m

where F' is defined in (3.6.8).

Due to Propositions 3.6.9, 3.6.10, and 3.5.1, we use the standard arguments of

partition of unity and flattening the boundary to obtain

[u]ta+m (0,T)x + [Dmu]ﬁva,(oyT)XQ

2m

< C(ID™ )l b0y + Y, [1Dull o a0myxe + G).

I8]<m

By the interpolation inequalities in Holder spaces (see, for instance, [63, §8.8]),

[Wferm (010 T [P 20 0m)xe < Clllullwomxe) + G).

2m

Applying the interpolation inequalities again, we get

]| oo ((0,7) x2)

< C(e)|[ullLaqomyx) +([D™u] 2 0 0m)x0 + [Worn (o.1yxq)-

2m

Upon taking e sufficiently small, we arrive at (3.2.10). In order to implement the
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method of continuity to prove the existence of solutions, we need the right-hand side

of (3.2.10) to be independent of w and this leads us to consider the system:

w+ (~1)"Lu+rku= Y D, in (0,T)xQ (3.6.20)

|| <m

with the conormal derivative boundary conditions on (0,7") x 992 and the zero initial

condition on {0} x €. We claim that for x sufficiently large,
|l L0,y x0) < CVTG, (3.6.21)

where C' = C(d,n,m, K, ||A*?||%,Q)). We extend u = 0 and f, = 0 for any «
when ¢ < 0. It is easy to check that (3.6.20) holds in (—o0,T") x 2 with the conormal
derivative boundary conditions on (—oo,T') x 9S2. Furthermore, since A% are Holder
continuous in x, which implies A%® are VMO, we can apply Theorem 3.2.2 and set

Kk = Xg + 1 to obtain

lol
|u|| o0,y <) < C Z k20 | fallLaomyxe) < C Z [ fall 20,1 x ) -

la|<m |a|<m

Therefore, we reach (3.6.21).

Finally, we follows the proof of Theorem 3.2.3 to show the solvability in Theorem

3.2.6 and omit the proof.



Chapter 4

Neumann problem for
non-divergence elliptic and
parabolic equations with BMO,
coefficients in weighted sobolev

spaces

4.1 Introduction

In this chapter, we study L, estimates for elliptic and parabolic equations in non-
divergence form:
a;;Diju+bDiu+cu—Au=f in Ri,

—u +ai;Diju+ b Diu+cu—Au=f in (—oo,T) x Ri,
160
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with the homogeneous Neumann boundary condition, where A is a nonnegative con-

stant and Ri is a half space defined by

Ri:{xz(ﬂﬁb“' ,xq) = (¢',q) 1 24 > 0}.

We consider the equations in weighted Sobolev spaces with measures

pa(dr) = 25 dr  and  p(dedt) = 257 dx dt

in the elliptic and parabolic cases, respectively, for some 6 € (d —1,d — 1 + p).

Krylov [64] first studied Laplace’s equation and the heat equation in weighted
Sobolev spaces H; o and H;ﬂ; see Section 2 for precise definitions. After [64], there
has been quite a few work on the solvability theory for elliptic and parabolic equa-
tions in weighted Sobolev spaces, for instance, see [54, 60, 55, 53]. In particular,
the authors of [55, 53] studied second-order parabolic equations with the Dirich-
let boundary condition in weighted Sobolev spaces with leading coefficients having
small mean oscillations. The motivation of such theory came from stochastic partial

differential equations (SPDEs) and is well explained in [62].

Recently, Dong and Kim [41] studied both divergence and non-divergence type
elliptic and parabolic equations on a half space in weighted Sobolev spaces with
the Dirichlet boundary condition. The coefficients in [41] are contained in a larger
class than those in [55, 53]. Namely, the leading coefficients are assumed to be only
measurable in ¢ and x4 except aqq, which is measurable in either ¢ or x4, where x4
is the normal direction. Kozlov and Nazarov [59] considered an oblique derivative
problem for non-divergence type parabolic equations on a half space with coefficients

discontinuous in ¢ (and continuous in x) in a weighted Sobolev space. Their proof is
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based on a careful investigation of Green’s functions. In this chapter, we extend the
result in [59] to a more general setting. Namely, the coefficients considered in this
chapter are measurable in the time variable and have small mean oscillations with
respect to a weighted measure in the spatial variables. We call this class of coefficients
BMO,. The weight, for instance, for the parabolic case is u(dzdt) = xg_d dx dt,
where 6 € (d—1,d—1+p). The condition § € (d—1,d — 1+ p) is sharp even for the
heat equation; see [64]. We note that the coefficients a;; in [41] also have small mean
oscillations with respect to a weighted measure as functions of 2/ € R%"! (whereas,
in this chapter as functions of € RY), but the size of the modulus of regularity
of a;; is proportional to the distance to the boundary. See Assumption 4.2.1 and

Remark 4.2.

Our proof is in the spirit of the approach by Krylov [63] and one of the main

steps is to get the mean oscillation estimates of D?u. For a simple equation

—uy + a;j(t)Diju= f

in R x RY with the Neumann boundary condition Dyu = 0 on {z4 = 0}, we treat
DDgu and D?u separately. We estimate D Dgu as follows. Differentiating the equa-
tion above with respect to x4, it is easily seen that Dyu satisfies the divergence type
parabolic equation

—(Dau); + Di(aizDj(Dgu)) = Daf

in R x R with Dgu = 0 on {z4 = 0}. Therefore, we can apply a result in [41] to
obtain the mean oscillation estimates of DDgu. On the other hand, the estimates of
D2 are much involved. We treat the mean oscillations of D?u in the x4 variable
and 2’ variables differently. By integrating by parts and the Poincaré inequality in

weighted spaces, we manage to bound the mean oscillations of D? u in the x4 variable
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by the maximal functions of D Dju. For the mean oscillations in x’ variables, we write

the equation in the following form

d—1

—up + Z ai;Diju= f — Z(ajd + ag;) Dgju — agaDaqu,
i,7<d j=1

which can be regarded as a non-divergence type parabolic equation in R x R4~!,

Then by applying an interior estimate result without weights for D?u, where u is, as

a function of 2/ € R%"!, a solution of a non-divergence type equation in the whole

space R?™! (see, for instance, [63]), we bound the mean oscillations of D?u in the 2’

variables by the maximal functions of f, DDgu and D?u.

This chapter is organized as follows. In the next section, we introduce some
notation and state our main results. In Section 3, we obtain the mean oscillation
estimates for D?u and DDgu separately for a parabolic equation with simple coef-

ficients. In Section 4, we prove our main theorem (Theorem 4.2.2).

4.2 Preliminaries and main results

In addition to the notation of the previous chapter, we set RT™" = {(¢,x) : 24 > 0}.
For r > 0, let B.(2) be the open ball in R%"! of radius r with center z’. Note that

the definition of the ball in R? is different

B.(z) = B.(2',24) = BL.(2') X (xqg — r,xqg + 1),
Q.(t,2) = (t — 1%, t) x B,(x),

B:_(LL‘) = Br(m) N Ria Q:_(t,ilf) = Qr(t7m) N Ri—H'
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For a € R, we use Q,(a) to denote
Q7"<07 07 CL) = (_TZ’ O) X (CL —T,a+ T) X B:”(O)?
and @, = @Q,.(0). Similarly, we define @ (a) and @Q;". By a™ we mean max{a,0}.

Throughout the chapter, we assume that the leading coefficients a;; are bounded,

measurable, and satisfy the ellipticity condition:
aigming > Onl*,  ai| <1/6
for any n € RY, where § > 0 is a constant.

To introduce the function spaces used in this chapter, we first recall the weighted

Sobolev spaces H) , introduced in [64]. If v is a non-negative integer
H)y=H)o(RY) = {u: 2D € Lp(RY) Va:0< o] <o},

where L,(R%)(= L,4) is a Lebesgue space with the measure pg(dzr) = 29 dx.
For a general real number ~, H; o 1s defined as follows. Take and fix a nonnegative

function ¢ € C§°(0, 00) such that

> ey > 1

n=—oo

for all z; € R. For any 7,0 € R and p € (1,00), let H;Z,e be the set of all functions u

on R? such that

o0

lll? o = > e llule™)¢(za)llE, < oo,

n=—0oo

where || - ||, is the norm in the Bessel potential space H](R?). For any a € R, let
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M be the operator of multiplication by (z4)* and M := M*. We write u € M*H],

if M~*u € H),. We set
Hy (5, T) = Lp((S,T), Hyp),  Lpo(S,T) = Lp((S,T), Lps),

where —oc0 < 5 < T < 0.

Our solution spaces are defined as follows. For the elliptic case, we set

W2o(RY) = {u: u, Du, D*u € L,p(R)}.
For the parabolic case,
W;ﬁ(S, T) = {u : u, Du, D*u,u; € L, 4(S,T)},

where —oc0o < S < T < 0.

Throughout the chapter, we use the weighted measures:

pa(de) == (xq)"4dx, p(drdt) = (zq9)" ¢ dedt,

where § € (d—1,d — 1+ p) and p € (1, 0).

Now we state our regularity assumption on the leading coefficients. For a function

g on RT™ denote

96950 = f ot - fB o 0051l ).
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Then we define the mean oscillation of g in Q;F (s, y) with respect to z as

S

0sc. (g, Q (s,9)) :/ [9(7, )] B 3 AT

s—r2

and denote

f;: sup  sup osc,(g, Q' (s,9)). (4.2.1)

(s;y)eR{TI r<R

9

Using the notation above with a;; in place of g, we state the following regularity

assumption on a;; with a sufficiently small parameter p > 0 to be specified later.

Assumption 4.2.1 (p). There exists a positive constant Ry such that

AR, = sup (ay)F, < p.
J

Note that under this assumption, the coefficients a;; may not have any regularity

with respect to t.

Remark. While we have a fixed size of the modulus of regularity Ry above, in [41]
the size of the modulus is proportional to the distance from the boundary to the
location where the mean oscillations of a;; are measured. To express this, one can
replace R in (4.2.1) by ysR. This means, in particular, that the coefficients a;; in

[41] are allowed to be much rougher near the boundary than those in this chapter.

For lower-order terms, we assume that the coefficients b; and ¢ are only measur-

able (without any regularity assumptions) and bounded so that
[il, |e] < K

for some constant K > 0.
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The following theorems are our main results, the first of which is the unique

solvability of parabolic equations.

Theorem 4.2.2. Let T € (—00,00|, 1 <p < oo, and § € (d—1,d — 1+ p) be con-
stants. Then there exist constants p = p(d,d,p,0) > 0 and A\g = N\o(d, 0, p, 0, K, Ry) >

0 such that under Assumption 4.2.1 (p) the following assertions hold.
(i) Suppose that u € Wplﬁ(—oo, T) satisfies
—u + a;;Diju+bDiu+cu— = f (4.2.2)

in (—oo, T) x RL with the Neumann boundary condition Dgu = 0 on {z4 = 0}, where

fel,o(—00,T). Then we have
lutllpo + 1M~ Daullpo + | D*ullpo + VA Dullps + Allullpe < Coll fllpe (4.2.3)

provided that X > Ao, where || - [lpo = || - I, o(—c0r) and Cy = Co(d, 6,p,0). In

particular, when b; = ¢ =0 and a;; = a;;(t), we can take Ao = 0.

(i) For any A > Ao and f € L,g(—00,T), there is a unique solution u €

W'2(—00,T) to the equation (4.2.2).

D,

We now present our results for elliptic equations, where the coefficients are inde-
pendent of ¢. Since Assumption 4.2.1 (p) does not concern the regularity of coeffi-

cients in ¢, we still require the coefficients to satisfy Assumption 4.2.1 (p).

By adapting, for example, the proof of [63, Theorem 2.6] to the results above
for parabolic equations, i.e., by regarding elliptic equations as steady state parabolic

equations, we obtain the following theorem for elliptic equations.
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Theorem 4.2.3. Let 1 <p < oo and 0 € (d—1,d—1+p) be constants. Then there
exist constants p = p(d,0,p,0) >0 and A\g = Ao(d,0,p,0, K, Ry) > 0 such that under

Assumption 4.2.1 (p) the following assertions hold.
(i) Suppose that u € W72 o(R%) satisfies
a;jDiju +b; D+ cu — Au = f (4.2.4)

in RY with the Neumann boundary condition Dgu = 0 on {xq = 0}, where f €

Lp,e(Ri)- Then we have
1M Dyl -+ 1Dl + VA Dl + Al < Coll b

provided that X > Ao, where ||-||,9 = ||- HLp,o(Ri) and Cy = Cy(d, 0,p,0). In particular,

when b; = ¢ = 0 and a;; are constant, we can take \g = 0.

(it) For any A > Ay and f € Lyg(R%), there is a unique solution u € W2,(R%)

to the equation (4.2.4).

4.3 Equations with coefficients independent of z

In this section, we deal with equations in the form

Uy — aij(t)Diju = f in Rfl:rl, (431)

Dju=0 on {x4=0}. (4.3.2)
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Note that now the coefficients a,;; depend only on ¢. Let us state several technical

lemmas. The first one is Hardy’s inequality, which can be found in [72].

Lemma 4.3.1. Let p € (1,00), 0 € (d—1,d — 1+ p), and v € C(RE™) such that

loc

v=0 on {xg=0}. Then

| wbtriray<c [ papydy
B, B,

for any r € (0, 00], where C = C(d, p,0).

We summarize Lemmas 4.2 and 4.3 in [41] as the following results, which were

proved by localizing the results in [51, 28] and using the Sobolev embedding theorem.

Lemma 4.3.2. Let p € (1,00) and a € (0,1) be constants. Assume that u €

O (R satisfies (4.3.1) in QF with f =0, and u =0 on {xg = 0}. Then we have
”DUHCa/Z,a(QD < CHu”Lp(Qg)a

where C = C(d, 6, p,«). If Q1 and Qs replace QF and Q5 , respectively, then
[Dullcerzaig) < CllDul|L,@y)-

For a domain D C R, we denote (u)p to be the average of u in D with respect

to the measure pu(dr dt) = 2% dx dt. Precisely,

(u)p = —/Du(t,x)u(dxdt) —/ u(t, z)p(dz dt),

D

where
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Using Lemma 4.3.2, we obtain the following mean oscillation type estimate.

Corollary 4.3.3. Let p € (1,00), a € (0,1), yg € [0,1], and 0 € (d—1,d — 1 + p)

be constants. Assume that u € C5o(RT™) satisfies

Uy — aij(t)Diju = O mn QI

with the Dirichlet boundary condition u = 0 on {xq = 0}. Then there exists a

constant C = C(d, d,p,0,«) such that for any r < 1,

(1D = (D) ey < O 1Dl il ).

4

Before we state the next theorem, we introduce a function space. For A > 0, we

denote u € ’H;:g(—oo,T) if
Vu, M~u, Du € Lys(—o0,T),

and uy € M~'H, §(—00,T) 4+ V/AlLye(—00,T). Let us write H} (—00,T) if A = 0.
By [64, Remark 5.3], one can find f,g = (¢1,...,94) € L,o(—00,T) such that

w = Digi + VAS
in (—o0,T) x RL. We set
by iy = 00 { VAl + 1Ml + 1Dl

‘WﬂM+WM%W:DM+¢H}

Now we state a special case (a;; = a;;(t)) of [41, Theorem 3.9], where a;; are
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allowed to be merely measurable in (¢, z4) except that agq = aqq(t) or agg = aga(zq).
Note that in the theorem below there is no specification of the boundary condition,
but functions in the solution space H;:g(—oo,T ) necessarily satisfies u = 0 on the
boundary. Hence the theorem is about the Dirichlet boundary value problem for

divergence type equations in weighted Sobolev spaces.
Theorem 4.3.4. Let T € (—o0,00], A >0, p€ (1,0),0 € (d—1,d—1+p), and
u € H;:g‘(—oo,T) satisfy

in (=00, T) x RL, where g = (g1, 92, ---+9d), 9, f € Lpg(—00,T), and f =0 if A = 0.

Then we have

_ C
VAl[ullps + M ullpo + 1 Dullpo < Cllgllpo + ﬁHpr,e,

where C' = C(d, d,p,0). Moreover, for any g, f € L,g(—00,T) such that f = 0 if

A =0, there exists a unique solution u € H;:g(—oo,T) to the equation (4.3.3).

Next we consider (4.3.1)-(4.3.2) with non-vanishing right-hand side.

Lemma 4.3.5. Letp € (1,00), 0 € (d—1,d—1+p), a € (0,1), r >0,k > 32, and

ya > 0. Assume that f € L,o(Q.(yq)) and u € C(RE™) is a solution of
Uy — GUD”U = f

in QY (yq) with the Neumann boundary condition Dgu = 0 on {xy = 0}. Then we

KT
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have

(’DDdU — (DDdu)Qﬁ'(yd)‘p> ¥ (va)

< Cr™(IDDgul") g, 4y + CE (1) g

;tr (yd) ’

where C'= C(d, 0,p, 0, a).

Proof. Denote v = Dgu. Then v satisfies
V¢ — Di(aiijv) = Ddf

in @ (yq) with the Dirichlet boundary condition v = 0 on {z; = 0}. By a scaling

KT

argument, it is sufficient to set xkr = 8. We consider two cases.
Case 1: yq € [0,1]. Since r = 8/kr < 1/4, we have
Q (ya) C Q3 C Qi C QL (ya):

Let 7 be a smooth function with support in (—(x7)?, (kr)?) X Bk (0,yq4) and n =
1 in Q4. By Theorem 4.3.4, there exists a unique solution w & H;:g(—oo,O) =

H, 9(—00,0) to the equation
wy — Di(a;;Djw) = Da(fn)
in (—o00,0) x RY, satisfying

[Dwllpo < Cllfnllpe-
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Due to the definition of 7, this implies

[1Dwll}p < Cr(Qy(ya)) (1) gt () - (4.3.4)

By a standard mollification argument (see, for instance, [43, Theorem 4.7]), we
may assume that w is smooth. Let & = v — w, which is also smooth, and satisfies
4 =0on {x; =0} and

t; — Di(a;;Dja) =0

in QF. By Corollary 4.3.3, we have
(1D = (D) g () [") @t (va) < 07‘&’)/+ | Daa|? p(da dt). (4.3.5)
Q4
Combining (4.3.4), (4.3.5), and the triangle inequality, we reach

(IDDau = (DDatt) g (4 Pt )
< C(lDﬁ - (Da)Qi(ydﬂp)Qf(yd) + C(|Dw|p)Qj(yd)

< Cr?(IDDgul?) o + Cr(Qy (ya)) ™ (@ (9a)) (1 F V) oz (-

Bearing in mind that u(Q; (y4)) > Cr°t? where 0 = max{d, 0} and r = 8/x, we

prove the lemma for Case 1.

Case 2: yq > 1. This is essentially an interior case. Since r = 8/k < 1/4, we

have

Q (ya) = Qr(ya) C Qu/a(ya) C Qu/2(ya) C Qi (va)-

As in Case 1, we take a smooth function n with support in (—(xr)?, (k7)?) X B (0, 34)

and 7 = 1 on Q1/2(ya). Then by Theorem 4.3.4, there exists a unique solution
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w € H, y(—00,0) of the equation
Wy — Di(aiijw) = Dd(fﬁ)
in (—o00,0) x R%, satisfying
[1Dwllpo < Cllfnllpo-

Then we get

[1Dwll}p < Cr(Qyr(ya)) (1) gt () - (4.3.6)

For the same reason as before, we may assume that w is smooth and so is @ =

Dgyu — w. It is easily seen that

A

Uy — a;; Diju =0 in Q1/2(ya)-
By Lemma 4.3.2, we have

HDﬁHca/Za(Qm(yd)) < CHDﬁHLp(Ql/z(yd))-

From this and (4.3.6), we apply the triangle inequality

([DDgu — (DDqu)q, () I ) Qv (ya)

< C(|Dt — (D), ) )0 ya) + C(1DW|P) g, (ya)

< CrP|Dill g, ey T Cr(Qr (W) Qi (wa)) 1), (- (4.3.7)
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Since for any z4 € (ya —1/2,y4 +1/2),

0—d
Lyq

)

A\

S 027
where C} 2 = C12(d, 0), by (4.3.7), (4.3.6), and the triangle inequality, it holds that

(|DDgu — (DDqu)q, (ya) ") @ (4a)

< Crap(’DDdu|p)Q1/2(yd) + CN(QT@d))—IN(Q:r(yd))(‘flp)Qir(yd)'

Taking into account that u(Q,(ya)) > Nr4t2u(Q4 (ya)), we prove the lemma for the

second case. O

It remains to estimate D;;u with 7,5 > 1. Let us first state a Poincaré inequality
in weighted L, spaces.
Lemma 4.3.6. Leta € R, a € (—1,00), r € (0,00), p € [1,00), v(dx) = (z4)" du,

z€RL, andu € C2(RL). Then

/3*( )/B+( ) [u(@) = uly)l" v(dr) v(dy)
< Crou(B*(a)) / |\ Dul? v(dz),

B/ (a)

(4.3.8)

where C'= C(d, p, @).

Proof. When « € [0, 00), the inequality is proved in [55, Lemma 4.1] with a missing
constant depending on d. For the sake of completeness, we here present a proof when
a € (—1,00). Since the weight is with respect to x4, we only prove (4.3.8) for d = 1.
In fact, to prove (4.3.8) for d > 1 we just need to combine the case when d = 1 with

the unweighted Poincaré inequality.
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Due to scaling, it suffices to prove (4.3.8) with r = 1. We further assume a €
(0,2). Indeed, if a > 2, the inequality (4.3.8) is equivalent to the usual Poincaré

inequality without weights. For each 2,y € ((a — 1), a+ 1), by Holder’s inequality,

max{z,y}

uw) = u)l =] [ it

. . p/a max{z,y}
< C (y'ove g gl / [/ (2)|P2* dz

min{z,y}

p

a+1
<y an)t [T e

(a—1)*

where 1/p+ 1/g = 1 and C' = C(p,«). Then, to conclude (4.3.8), we integrate
the above inequalities with respect to v(dz) and v(dy), and use the fact that a €
(0,2). O

In the sequel, we denote the standard parabolic cylinder in R as
QFH(X) = (t =1 1) x By(x),

where BT(J}) is the Euclidean ball in R¢ with radius r and center z. For a function

f on R4 we define the average of f in Q% (X) without weight as

1
= 0m) /Qﬁ“(X) /i

Theorem 4.3.7. Let p € (1,00) and u € C2 (R4 satisfy

loc

—Us + Qij (t)DUU = f m Rd+l.
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Then there ezists a constant C = C(d, d,p) such that for any k > 4,7 > 0, we have

<]D2u — (D) \p>Qd+1 < CKP{| D2l gurr + CRE ([ fIP) g
Proof. See [67, Theorem 5.1]. O

To estimate D?u, we introduce the following notation. For y; > 0, set B} (y4) =

((va— 1), ya+7) C Ry, pi(dag) = 254 dxg, and

ya+r

(B i) = [ el tdn

(ya—r)*t

Lemma 4.3.8. Let p € (1,0),0 € (d—1,d — 1+ p),r > 0,k > 32, and yq > 0.

Assume that f € L,5(QF.(va)) and u € CS(RE™) ds a solution of
— U + aijDiju = f (439)

in Q. (va) with Dgu =0 on {xg = 0}. Then there exist constants C = C(d,d,p,0)

RT

and o = a(d, p,8) > 0 such that

(|D92C'u o (D?E’u> ﬁ'(}'d)|p>Qi(y¢1)

< CR (D3P ) g5y + O (1) g5 + (DDt g, (1)

(ya

Proof. By scaling, we may assume that xr = 8. In this case r < 1/4 because k > 32.

Let n = n(t,2') € C°(R x R4"1) with a unit integral such that supp(n) C Q¢ and

| Dy < C(d)r™47% on QY (4.3.10)
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where
Qd = (—7"2,0) X Bg_l = (—7"2,0) x {]z'] <7}

r

We consider two cases.

Case (i): yq € [0,1]. By Holder’s inequality and the triangle inequality, it is

easily seen that

/Q o P2 = (D Pt
r \Yd

< C/ / |D2u(t, x) — D2 u(s,y)|? u(dr dt) p(dy ds). (4.3.11)
fa)J @ (va)
Since, by the triangle inequality,

|D92c’u(t7 $) - D?}’u(sa y)|p

< C‘Di,u(t,:r;) —/ n(o, 2" D2u(o, 24, 2') dz' do

‘p
Q4

P
+ C"Di,u(s, y) — / n(o, 2D u(o, yq, 2') dz’ da’
Q4
+ C‘ / n(o, 2 ) (D2u(o, x4, 2") — D2u(o,yq,2')) d2' do p,
d
the right-hand side of (4.3.11) is bounded by C(I + II), where
I: :/ DilU(t,[L’d,LE,) - / T](S,y/>D§/U<S,ZEd,y/> dy/ ds plu’(dx dt)a
Qf (va) Q

17 _j[ /
Bit(ya) Y Brt(ya)

- pin(dzq) pa(dya).

P
/ (D2 u(t,zq,2") — D2u(t,ya, 2 ))n(t, 2') d2’ dt’
Qs

Let us now estimate I and I separately and first consider /. By integrating by
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parts and Holder’s inequality,

‘ / (D2 u(t, zq,2") — D2u(t, ya, 2 ))n(t, 2')d2’ dt’p
d
p
= ‘/ (Dyu(t, xg, 2") — Dpru(t, ya, 2')) Dem(t, 2")d2' dt‘
Q4

< / Dot 2, #') — Doult, ya, 2)Pd2" dt - / \Dynlds’ dt)s,
o o

where 1/p+1/¢ = 1. From (4.3.10), we have

(/ |D$/n|qdadz')5 < Oy~
Q4

We plug the two inequalities above into 11 to achieve

11 <

Cr_(d+1+p)/ / / |Dx/U(t7{Ed,Z,) - Dﬂ?/u(t7yd7zl)|pd’zl dt
Brt(ya) Y Bit(ya) J Q4

- pa(dra) pa(dya).
Applying Lemma 4.3.6 with d = 1, we get

II<c | DaDyrul” p(da dt) < Ck™*2(IDDgul?) o (4.
Qt (va) "

because |Q; (vq)| > Crito+2,

Next, we estimate I, which can be written as

. /
Qi (ya)

/ n(s, v ) (DAu(t, xq,7") — D2u(s, x4, y)) dy' ds p/z(dx dt).
Q7
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By Holder’s inequality,

I< / / |D2u(t, vq, ") — D2u(s, 24,9 )P dy’ ds p(dx dt)
Qi (va d

: </Qd In!qdy’ds)q-
(/d In|? dy ds) < CpmldtD,
Q7

Since

we have

I <C’/ / |D2u(t, xq,2") — D3 u(s, zq,9) P dy ds p(dx dt)
) (4.3.12)
- [(iﬂd) ~dxy,

Bl+(Yd)

where

I(zq) = / d/ ) |D2u(t, x4, ') — D2u(s, q,y )P dy' ds d’ dt.

We now estimate I(z4) by writing the equation (4.3.9) as

d—1
—U + Z a;;Diju = —agqDgqu — Z(adj + ajq)Dgiu + f.
ij<d j=1

Here, for each fixed z; € (0,00), we regard u(t,z’, ;) as a solution to the above
equation defined in R x R%~!. Then thanks to Theorem 4.3.7 with d in place of d+ 1

and the triangle inequality, we get

I(zg) < C |D2u(t, 2, xq) — (ch/u)Qg(xd)V’ da’ dt
Q4

< Ok D2uP) g, (22) + OK (| FI7) s, (22) + Ok (| DDl ()

where, for fixed x4, (|g|?)ga (74) is the unweighted average of g with respect to (¢, 2')
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in the d dimensional parabolic cylinder with radius xkr. We plug the inequality above

into (4.3.12) to obtain

r<cf @ﬁmﬁmmm@w+ﬁ“wm%xm
B%+(yli)

+ | DDgul) g (ivd)) 274 dxg. (4.3.13)

Bearing in mind that pu; (B (y4)) > Cr¢t174, where ¢ = max{d, 0}, and r = 8/x,
we obtain from (4.3.13) that

[ < Crm V(D2 ufP) o )

+ Ok ((17) g0 + (DDl )

By the definition of ¢, p+d — ( — 1 > 0. Combining the estimates of I and I, we

complete the proof of Case (i) witha =p+d—(— 1.

Case (ii): yq > 1. Set v = Dyu, k = 1,...,d, and note that v satisfies the
divergence type equation

V¢ — DZ‘(CLUD]'U) = Dkf

in By,(yq). Since this is an interior estimate, we do not care about the boundary
value of v on {x; = 0}. Then we repeat the second part of the proof of Lemma 4.3.5

with Dy in place of D;. The lemma is proved. O]

4.4 Proof of theorem 4.2.2

In this section, we deal with operators with coefficients depending on both x and t¢.

We denote L = a;;D;; and assume p > 1, A >0, and § € (d — 1,d — 1+ p).
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First we need the following lemma.

Lemma 4.4.1. Let 0 <7 < R< oo and X = (t,x), Y = (s,y) € RE'. Then

1 (QF(X)) < C(d,0) 1 (@) (4.4.1)

provided that QF (X) N QL(Y) # 0.

The following two lemmas are mean oscillation estimates for the operator
a;;(t,z)D;;. We prove them by using the mean oscillation estimates for a;;(t)D;;

proved in Section 4.3 combined with a perturbation argument.

Lemma 4.4.2. Let R > 0, k > 32, and 5,0 € (1,00) satisfying 1/5 + 1/8" = 1.
Suppose that u € O (REY) s compactly supported on Qh(z4), where x4 = (£,1) €
REH . Moreover, Dgu =0 on {xq = 0} and f := —u; + Lu. Then for any r > 0 and

Y = (s,y) € RT™, we have

(IDDqu = (DDaut) g 5[ vy < Cos™ (| DDgul) g v

T Cor (| 1) g vy + CLtH o2 (AR (| D)) (4.4.2)

(Y)’

where Cy = Cy(d, 0, p,0) and C; = C1(d, 6, p,0, ).

Then we obtain the following Lemma.

Lemma 4.4.3. Let R > 0,k > 32, and 3,0" € (1,00) satisfying 1/ + 1/p" = 1.
Let u € C32(RE™) be compactly supported on Qh(xq), where x4 € RE™. Moreover,

Dgu =0 on{xq =0} and f := —u;+ Lu. Then for anyr >0 andY = (s,y) € RT™,
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we have

(ID3uw — (D) gt vy P gt (v
< Cor™ (I D2ul”) g vy + Cor™ 2| fIP + 1D Dgul?) o (v

+ ORI AR (D) gL

where Cy = Cy(d, d,p,0), C; = C1(d, d,p,0,5), and o = a(d,0,p) > 0.

Next we recall the Hardy-Littlewood maximal function theorem and the

Fefferman—Stein theorem on sharp functions. Let
Q={Qf(2): 2= (t,x) e RL",r > 0}.

For a function g defined on Riﬂ, the weighted (parabolic) maximal and sharp func-

tions of g are given by

My(t,a) =  sup f 19(s,9)] p(dy ds),
QeQ,(t,x)eqQ

g?(t,z) = sup / l9(s,y) — (9)q| u(dy ds).
QeQ,(t,x)eQ

For any 6 > d — 1 and g € L, 4(RT™), we have

*ll,

191, oty < Cllg™ L, y@eery: M, @ary < Cllglly, @y

where p € (1,00) and C = C(d,p,0). The first inequality above is known as
the Fefferman—Stein theorem on sharp functions and the second one is the Hardy—

Littlewood maximal function theorem, for instance see [68, Chapter 3.

Now we are ready to prove our main theorem.
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Proof of Theorem 4.2.2. By the method of continuity, it is enough to prove the a

priori estimate (4.2.3). Moreover, since the set of functions in C*((—o0,T) x R%)
vanishing for large (¢,z) is dense in W;ﬁ(—oo, T), we only need to prove (4.2.3) for
infinitely differentiable functions with compact support. In this case, the proof of

(4.2.3) can be divided into several steps.

Step 1: We consider A =0, b; = c=0,T = 00, and u € C“(@) vanishing
outside m for some z4 € W, where Ry is from Assumption 4.2.1. Let k > 32
be a constant to be determined later. We fix ¢ € (1,p) and § € (1, 00), depending
only on p and 6, such that f¢ < pand 6 < d—1+q. Let ' be such that 1/8+1/5" = 1.

By applying Lemma 4.4.2 with ¢ in place of p and using Assumption 4.2.1, we obtain

(DDgu)*(Y) <Cor™2MYU(| DDgul)(Y) + Cor ™ H2IMYA(|f17)(Y)

+ Corld+0+2)/a,)1/(5'a) p1/(Ba) (| D?u|)(Y)

for any Y € R4 where Cy = Cy(d, 6, p, 0). This estimate, together with Fefferman-—
Stein theorem on sharp functions and the Hardy-Littlewood theorem on maximal

functions, gives

IDDauillpo < Cll(DDaw)* |0
< Cor™ P2 MY(IDDul ")l 6 + Cor' ™21 M| F7)19
+ Coli(d+9+2)/qpl/(6/q)HMI/(B(])(|DQU|Bq)||p9

< Cok™ | DDgullp + Cor P2/ £l + Cor 420991 D D2l (4.4.3)

In the same way, we apply Lemma 4.4.3 instead of Lemma 4.4.2 to obtain the estimate
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of D?u:

1D%ullpe < Cor™ /| Dsullyo + Cor ™ 2/9(| fl,.6 + | D Dgullyo)

+ Cor'TH0+2/a gL/ BD| D2y, 4. (4.4.4)
By choosing k sufficiently large, from (4.4.3) and (4.4.4) we obtain

[DDagullpo < Col fllpo + Cop™ PV D?ull0, (4.4.5)

1DZullps < Colll fllps + |1 DDaullyp) + Cop*/ || D2ull 6. (4.4.6)
We combine (4.4.5) and (4.4.6) together to get
1D?ullpo < Collfllpo + Cop™ P D?ully .
Taking p sufficiently small depending only on d, 4, p, #, we arrive at
I1D%ullp0 < Coll fllp0- (4.4.7)

On the other hand, since

uy = a;;Diju — f,

we have

luellpo < Collfllpo + Coll D*ullpp- (4.4.8)

By Hardy’s inequality (Lemma 4.3.1) with r = oo,
| M~ Daullpe < Col| Dirul|pe- (4.4.9)

Combining (4.4.7), (4.4.8), and (4.4.9), we obtain (4.2.3) for A = 0.
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Step 2: We remove the assumption that u is compactly supported in QEO (xq).
By a standard partition of the unity argument with (4.4.7)—(4.4.9) (cf. [68, Theorem

1.6.4]) we see that
luellpo + 147 Daullpo + | D*ullpo < Collfllpo + Cillullpe, (4.4.10)
where OO = C()(d, 6,p, 9) and Cl = Cl(d, 5,]9, 6, Ro)

Step 3: We still assume that b, = ¢ = 0 and T" = oo, but A is not necessarily

zero. In this case, we follow an idea of S. Agmon. Since
—u + ai; Diju = f— A,
by (4.4.10) we have

uellp.o + 1M~ Daullpe + | D*ullp < Collf = Aullpo + Cillullpe

< Coll fllpo + (CoA + Co)|ullpe-

Hence it is sufficient to show that for large A

Mullpo < Coll fllpo-

We pick a function ((y) € C5°(R), ( # 0 and introduce the following notation

2= (z,y), At z)=u(t,z)C(y)cos(Vy), Lu=L(t x)ult,z)+ uy(t, 2).
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187

B,(2) = (vg—r,0q+7) x B.(2) x (y —r,y +71), Qu(t,2) = (t —r*t) x B.(2),

B (z) =B,(2) N{zqg >0}, Qf(t,2) = (t—1>1) x B (2).

For any r > 0, Z = (t,2) € RT™ and a(t), we have

b lattn) = a@llde) dy = f - Jagt,0) = a(0)] o),
B (2)

B (z)

where C' = C(d). In particular, by the definition of the osc, and setting
o) = | ay(t.) paldo),
B (z)
we have osc,(a;;, QF (¢, 2)) = oscy(a;;, Q) (t,x)). By a simple calculation,
Li = fcos(VAy)C(y) + u¢” cos(vVAy) — 2V ul’ sin(vVAy) = f.
By (4.4.10) with @ instead of u in dimension d + 2,

I1D%l,.o < Coll fll,.o + Callall, .

(4.4.11)

where ||| - |, 5 is the weighted L, norm in R%2 with respect to u(dx dt) dy. Note that

for A > 1,
c < / 1< () cos(\/Xy)]p dy == A < ¢y,
R

(4.4.12)

where ¢; and ¢y are positive constants independent of \. Moreover, A is bounded from

above with ¢ replaced by any derivatives of ¢ and cos(v/Ay) replaced by sin(v/Ay).
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Then from (4.4.11), we have
I1Dyyalll, o < I1D%all, 5 < Collfllpo + Cr(l + VX |ullps. (4.4.13)
Since

Dyt = u(t, x)¢" (y) cos(VAy) — 2V Au(t, 2)¢ (y) sin(v y)

— u(t, z)¢(y) cos(VAy), (4.4.14)
Combining (4.4.12), (4.4.13), and (4.4.14), we have
Mlullpo < Coll fllps + Co(1+ V) |ullps. (4.4.15)

After choosing A sufficiently large depending on d, d, p, 0, Ry to absorb the term of u

on the right-hand side of (4.4.15) to the left-hand side, we have
Mullpo < Collfllp.o,
where Cy = Cy(d, 0, p,0). By the interpolation inequality
VAIDullpp < Coll D*ullyps + CoMullp,
we finish the proof of Step 3.

Step 4: We remove the assumption that b; = ¢ = 0 by moving the terms of b;

and c¢ to the right-hand side

—uy + a;;Diju — Au = f — b;D;u — cu.
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By the conclusion in Step 3 with b; = ¢ = 0, there exists A\g = A\o(d, 9, p, 0, Ry) such

that for any A > g,

[tellpo + Meellpo + VA Dullypg + |M Daully + || D*ull 0
< Collf —biDiu — cul|pp

< Collfllpo + CoK|[Dullpo + CoK|[ul|p,o-
By taking A sufficiently large depending on d, ¢, p, 6, Ry, and K, we get
luellpo + Alullpe + VA Dullpg + | M ullpo + [ D?ullpo < Coll fllpo-
Step 5: To remove the assumption that T = oo, we simply follow the standard

step in [41, Theorem 2.1] or [68, Theorem 6.4.1]. Therefore, the estimate (4.2.3) is

proved.

Finally, in the case when b; = ¢ = 0 and a;; = a;;(t), by using a scaling argument

we can take Ry = 0. The theorem is proved. O
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Chapter 5

Schauder estimates for a class of
nonlocal fully nonlinear parabolic

equations

5.1 Introduction

This chapter is based on [31] about the study of Schauder estimates for a class
of concave fully nonlinear nonlocal parabolic equations. An example of nonlocal

operators, which is associated with pure jump processes (see, for instance, [89]), is

191
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the following

Lu = / (u(t,x +y) —u(t,z) — yTDu(t,x))Ka(t,x,y) dy for o € (1,2),
]Rd

Lou= / (u(t, r+y) —u(t,r) — y' Du(t, ]})XBl)Ka(t, z,y)dy foro=1
]Rd

with / yK (t,z,y)ds=0 Vr >0, (5.1.1)

T

Lou— / (ult, x +y) — ult,2)) Ka(t, 2, y) dy for o € (0,1),
R4

where

Kaecozz{K:—_

for some ellipticity constants 0 < A < A, with no regularity assumption imposed
with respect to the y variable. This type of nonlocal operators was first considered
by Komatsu [57], Mikulevicius and Pragarauskas [89, 88], and later by Dong and

Kim [40, 39], and Schwab and Silvestre [97], to name a few.

The fully nonlinear nonlocal parabolic equation that we are interested in is of
the form

uy = inf (Lyu + f,), (5.1.2)

2
where K, € L for a € A and A is an index set. For fully nonlinear second-order
equations with f, = 0, the celebrated C?“ estimate was established independently
by Evans [46] and Krylov [61] in early nineteen-eighties. Nonhomogeneous second-
order equations were considered a bit later by Safonov [94]. Recently, Caffarelli and
Silvestre [16] investigated the nonlocal version of Evans-Krylov theorem with trans-
lation invariant and symmetric kernels, i.e., K,(z,y) = K,(y) = K.(—y), satisfying

additional regularity assumptions

[Ka)cewang,) < A2 —0)p~ 7772 (5.1.3)
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More recently, their result was extended to nonhomogeneous fully nonlinear elliptic
equations by Jin and Xiong [50] by using a recursive Evans-Krylov theorem. At al-
most the same time, Serra [98] removed the regularity assumption (5.1.3) and proved
the Evans-Krylov theorem and Schauder estimates with symmetric kernels. His proof
relies on a Liouville type theorem and a blow-up analysis. In this chapter, we do
not assume that the kernels are symmetric, which is certainly more general than
the kernels considered in [16, 50, 98]. Specifically, when the kernels are symmetric,

(5.1.1) is satisfied automatically, and

1

Loyu = 3 /Rd (u(z +y) +ulz —y) — 2u(z)) K. (y) dy,

which is the form of the operators considered in [16, 50, 98].

For equations with non-symmetric kernels, Dong and Kim [39, 40] proved L, and
Schauder estimates for linear elliptic equations. Chang-Lara and Davila [73, 20] con-
sidered nonlocal parabolic equations with non-symmetric kernels and critical drift,
and proved the corresponding C* and C® estimate. Recently in [21], they proved a
version of the Evans-Krylov theorem for concave nonlocal parabolic equations with
critical drift, where they assumed the kernels to be non-symmetric but translation
invariant and smooth (5.1.3). We also mention that Schauder estimates for linear

nonlocal parabolic equations were studied in [49, 88].

First we extend the previous results in [98, 21, 50, 49] to include concave nonlocal
parabolic equations with non-symmetric rough kernels. More specifically, for any
small «, if f, and K,(t,z,y) are C* in z and C*/? in ¢, then we have the following

C'Fe/7ote g priori estimate of any smooth solution u to (5.1.2) in (—1,0) x By.

Theorem 5.1.1. Let 0 € (0,2), 0 < A < A < oo, and A be an index set. There

is a constant & € (0,1) depending on d,o,\, and A so that the following holds. Let
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a € (0,&) such that o + « is not an integer. Assume K, € Ly and satisfies (5.1.1)
when o =1, and

A2 —0)

|Ka(ta xay) - Ka(t,7$,ay)‘ < A(|I‘ - x/|0¢ + |t - t,|a/a) ’y|d+0' !

(5.1.4)

where A > 0 is a constant. Suppose u € C'Te/7or(Q) N CY7((~1,0) x R?) is a
solution of

up = igﬁ(Lau + fa) inQq, (5.1.5)

where f, € C7(Qy) satisfying

inf fa(t,x)) < 0.

Co = sup|fa)a/oao < 00, sup
acA acA

(t7CC)EQ1

Then,

[Uit+aso,0+0:01 2 < Clltlla/oa(-1.0xrs + CCo, (5.1.6)

where C' > 0 is a constant depending only on d, \,\, o, A, and o, and is uniformly

bounded as o — 2.

In the theorem above, || - ||la/¢.a;0 is the Hélder norm of order o/ in t and av in
with underlying domain 2. We used @), to denote the parabolic cylinder with radius
r centered at the origin. For precise definitions, see Section 2. As pointed out in
98], the %/ Holder norm of u on the right-hand side of (5.1.6) is necessary and
cannot be replaced by the L., norm or any lower-order Hélder norm of u. We also
note that by keeping track of the constants in the proofs below, in the symmetric
case, if 0 € [0¢,2) for some oy € (0,1), then the constant C' in the estimate (5.1.6)
depends on 0y, not 0. In the non-symmetric case, if 0 < 09 < 0 < 07 < 1 (or
1 < 09 < 0 < 2), then the constant C' depends on oy and oy (or o3), not o. In

particular, C' does not blow up as ¢ approaches 2.
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Roughly speaking, the proof of Theorem 5.1.1 can be divided into three steps.
First we prove a Liouville type theorem for solutions in (—oo,0) x RY. For the
classical PDEs, we generally apply interpolation and iteration to obtain C® and
O estimates. One notable feature of nonlocal operators is that the boundary data
is prescribed on the complement of the domain where the equation is satisfied, which
makes it difficult to implement these techniques. However, if we assume that (5.1.2)
is satisfied in (—o0,0) x R? then we do not need to handle boundary data any
more, which is the advantage of considering an equation satisfied in the whole space.
Second, we prove the a priori estimate for equations with translation invariant kernels
by combining the Liouville theorem and a blow-up analysis. Particularly in this step,
the extension from symmetric kernels to non-symmetric kernels is non-trivial. A key
idea in the classical Evans-Krylov theorem for F'(D?u) = 0 is that, since the function
F is concave, any second directional derivative D% u is a subsolution. It is relatively
easy to adapt this idea to the nonlocal equations with symmetric kernels due to the
appearance of centered second order difference in the definition of the operator. For
nonsymmetric kernels, some new ideas are required to obtain a similar subsolution
as in the symmetric case. Moreover, the dependence of the ¢ variable also makes the
proof more involved. Finally, we implement a more or less standard perturbation

argument to treat the general case.

The second objective of this chapter is to consider the end-point situation when
a = 0. For second-order elliptic equations, even the Poisson equation Au = f, when
f is merely bounded, it is well known that u may fail to be C'!. However, this is
not the case for nonlocal equations. When o # 1 and the kernels are independent
of t and z, we prove a priori C° estimate in the x variable and A! estimate in the
t variable when f, is merely bounded and measurable, where A! is the Zygmund

space. When o = 1, we obtain a priori A! estimate in both ¢t and . We assume that



196

the solution is smooth because the spaces in which estimates are obtained are not

fine enough for the nonlocal operators to be defined pointwise.

Theorem 5.1.2. (i) Let 0 # 1. Assume that w is a smooth solution to (5.1.2) in
(—00,0) x R with K, independent of t and x. When o € (1,2), we also assume that
Du is C=1/7 int. Then there exists a constant C' depending on d, \, A, and o such

that for o > 1,

[l + [uls + [Dulems < C'sup [|fallLo;

and for o <1,

[wlis + [u]s < Csup || fallro-

(ii) Let o = 1. Assume that u is a smooth solution to (5.1.2) in (—o0,0) x R?
with K, independent of t and x. Then there exists a constant C depending on d, X\, \,

and o such that

[ular < Csup || fall Lo -

Here all the norms are taken in RIT! ;= (—o0,0) x RZ

In the theorem above, [-|*, [-]%, [-]%:, and [-]s1 are the Holder semi-norms in ,

t, the Zygmund semi-norm in ¢, and the Zygmund semi-norm with respect to (¢, x),

respectively. See the precise definitions in Section 2.

We localize Theorem 5.1.2 to obtain the following corollary.

Corollary 5.1.3. (i) Let 0 # 1. Assume that u is a smooth solution to (5.1.2) with

K, independent of t and x. Then for o > 1,

(W50, T Wi, + [Plezs g, < 0(31613 Vfallzwi@n + lell e r0pm )

o !
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and for o < 1,

[u];§Q1/2 + [U]5\1(Q1/2) < C<ilel,li ”faHLoo(Ql) + HUHLOQ((fLO)XRd))-

(ii) Let o = 1. Assume that u is a smooth solution to (5.1.5) with K, independent

of t and x. Then we have

[Waaya < C(592 1 ull i@ + 10z

To our best knowledge, such result is new even for nonlocal elliptic equations with
symmetric kernels. A similar result was obtained very recently by Mou [90] for elliptic
equations with symmetric, smooth kernels and Dini continuous data. With merely
bounded and measurable data, the best estimates known in the literature are the C#
regularity of u in ¢t for § < 1 and the C7 regularity of u in z for v < min{o, 1 + a},
where a > 0 is a small constant. See [99, 19]. Because A* C C” for any 8 < 1,
Theorem 5.1.2 improves these results and is optimal even in the linear case. See

Remark 5.1 below.

The proof of Theorem 5.1.2 is based on a perturbation type argument using
Campanato’s approach. We first refine the estimate in Theorem 5.1.1 when the
operator is translation invariant. In particular, we replace ||u/|4/0,q:(—1,0)xre OD the

right-hand side of (5.1.6) by

[U]a/o,a;(fl,o)ng + Z 2_]'0.[u]a/g’a;(fl,o)X(B2j\BQj71)' (517)
=2

The advantage of the replacement will be explained below. Another important in-
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gredient in the proof is the fact that, for example, when o > 1,

[U]21(Rg+1) + [U]Z;Rgﬂ + [DU}Z%;RSH <Csup sup Elu;Q(t, )], (5.1.8)

>0 (t7x)€Rg+1

where

Elu; Q,(t,x)] := piggl U = Pl Lo (@ (t2))

P, is the set of linear functions in (¢, z), and Q,(t,z) is the parabolic cylinder with

center (t,x); see (5.2.1). Therefore, instead of directly estimating
[ul e + (g + [Dules,

we estimate Flu; Q,(t, )] for any fixed r and (¢, x). It is worth noting that in view
of the proofs of Lemmas 5.5.2, 5.5.4, and 5.5.5, the two quantities on the left and

right hand sides of (5.1.8) are actually equivalent.

More specifically, without loss of generality, we set (¢, z) = (0,0) and let v solve

the homogeneous equation

Ok = infaea Lovgk in Qar
9

v = gk = max{— K, min{u — p, K}} in (—(2R)?,0) x BSp

where K is a large constant, p is a carefully chosen linear function, and R > 2r
is a constant to be determined. Now we apply Theorem 5.1.1 to vg and control
[UK]HQ/U,QM;QR/Q by using scaling argument and replacing ||vk |lajs by (5.1.7). It
is easily seen that in each cylindrical domain (—R?,0) X (Bgjg \ Bai-1g), the Holder
norm of gx is bounded and independent of K, but globally it depends on K and goes

to infinity as K — oo. This is also the advantage of decomposing the domain into



199

annuli. We then set qx to be the first-order Taylor expansion of vg and estimate

lu =P —axllzw@) < U =0 =&l + lvr — @kllLo@n)

where the first term is bounded by C'R? due to the Aleksandrov-Bakelman-Pucci
estimate and second term is controlled by [vk]ita/o,at+e:0,- Finally, we are able to

obtain
rNu—p = ax L@y < COr/R)* ([ul} + [u]jn + [DU]Z%) + C(R/T)7 || fl| 2o

By setting R = Mr, using (5.1.8), and taking M sufficiently large, the terms involv-

ing u on the right-hand side above are absorbed in the left-hand side.

Remark. We give two simple examples which indicate that the estimates in Theorem
5.1.2 are optimal even in the linear case. Set d = 1. Let f = f(t,2) = X{t<—m|z|"}

for some constant M > 0 and u be a solution to the equation
u 4+ (=A)?u=f in (—o0,0) x R

Then by the explicit representation of solutions, it is easily seen that for sufficiently
large M,

11}% u(t,0) = —oo0.

Thus u cannot be Lipschitz in ¢ in this case. Next we set 0 = 1, g = g(t,z) =

X{t<0,z>t}, and v be a solution to

v+ (=A)?u =g in (—o0,0) x R
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Again by the explicit representation of solutions,
li 0,x) = oo.
lim v2(0, ) = 00

Therefore, v cannot be Lipschitz in z in this case.

By viewing solutions to elliptic equations as steady state solutions to parabolic
equations, from Theorems 5.1.1, 5.1.2, and Corollary 5.1.3, we obtain the correspond-

ing results for nonlocal elliptic equations with nonsymmetric and rough kernels.

The organization of this chapter is as follows. In the next section, we introduce
some notation and preliminary results that are necessary in the proof of our main
results. We prove the Liouville theorem in Section 3 and Theorem 5.1.1 in Section

4. In Section 5, we apply Theorem 5.1.1 to prove Theorem 5.1.2.

5.2 Notation and preliminary results

In this section, we introduce some notation which will be used throughout this chap-
ter and some preliminary results which are useful in our proof. We use B,(z) to

denote the Euclidean ball in R? with center x and radius r. The parabolic cylinder

Q. (t,x) is defined as follows

Q.(t,x) = (t —r?,t) x B.(x). (5.2.1)



201

We simply use Q, to denote @Q,(0,0) and R4 := (—o00,0) x R% For a € (0,2), we

define the Lipschitz-Zygmund semi-norm and norm by

Wha=$§VWWWC+h%+M~—M—2MJMW

[ullae = llullLe + [ulse-

We say u € A if ||ul[pe < 00.

For simplicity of notation, we denote

;

u(t,z +y) — u(t,z) — y" Du(t,z) for o € (1,2),
out,z,y) =  u(t,z +y) — u(t,z) — y" Du(t, z)xp, for o0 =1, (5.2.2)
u(t,z+y) —u(t,x) for o € (0,1).

\

The Pucci extremal operator is defined as follows: for o # 1

AﬁMm@:/‘MM@LQ+—MMLQQ)%%%@,

R4

M u(t,x) = / (Nou(t, z,y)* — Aéu(t,x,y))—fyl;i dy.
R4

When o = 1, the extremal operator cannot be written out explicitly, due to the
condition (5.1.1). Nevertheless, we do not use exact representation directly and
define the extremal operator by

Mt u = sup Lu and M u =inf L,u,

a

where the infimum (or supremum) is taken with respect to all L,’s with kernels K,

satisfying (5.1.1).
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We recall the weak Harnack inequality of [97, Theorem 6.1].
Proposition 5.2.1. Assume that 0 < 09 < 0 < 2 and C' > 0 is a constant. Let u
be a function such that

w—Mu>-C in Q, u>0 in (—1,0) xR

Then there are constants Cy; > 0 and g1 € (0,1) depending only on oy, \, A, and d,

such that

1/e
(/ ufldxdt) 1§01<infu+0>.
(—1,—279)xBy 4 Q1/4

From Proposition 5.2.1, we obtain the following corollary for o € (1, 2), the proof

of which is provided in the appendix.

Corollary 5.2.2. Let 09 € (1,2), 0 € (02,2), C > 0 be constants, and u satisfy
w— M u>—-C in Q, u>0 in (—(2r)7,0) x R%

Let €1 be the constant in Proposition 5.2.1. For any 7,6 € (0,1), denote Qs =
(—r?,—(67r)7) x B,. Then we have

1/e
p(dto)/a (/ uft dx dt) ' < Cg( inf u+ Cr"),
Qsr Qsr/2

where Cy > 0 is a constant depending only on d, oo, A, A, and d.

We state the following local boundedness estimate from [22, Corollary 6.2].

Proposition 5.2.3. Let Q C RY, ¢, < to, and u satisfy

Uy — M+U <0 (tl, tg] x €.
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Then for any (t},ts] x Q' CC (t1,ts] X Q,

N to u+
sup u <C2—-0 —— dx dt,
p - ( )/t1 /Rd 1+ |SL’|d+U

Q X(tll,tg}

where C' depends on Q, V', t1, to, and t).

The next proposition is [97, Theorem 7.1].

Proposition 5.2.4. Let 0 < 0y < 0 < 2 and u satisfy in Q1
w—Mtu<Cy and w— M u>—C,.

Then there are constants v € (0,1) and C > 0 only depending on d, og, A, and A
such that

[y /0210 < CllUll L ((-1,0):L1 (w0)) + CCo.

Here

Ju(t, )]
all oo = (2 — o) su
[l Ee (- 10):21 () = ( )te(oﬁ) /Rd 1+ [z]®+e

Note that we replaced ||ul|;__((—1,0)xr?) DY ||| Lo ((=1,0:1(wn)), Which follows from a
simple localization argument. See, for instance, [22, Corollary 7.1]. In the sequel,

we always assume v < 0.

We finish this section by proving the following global Holder estimate.

Lemma 5.2.5. Let u satisfy in Q)4
w—Mu<Cy and uw — M u> -0,

where Cy is a constant and v = 0 in RI™N\Q1. Then there exists a constant o € (0, 1)
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depending on d,\, A, and o (uniformly as o — 2), so that
[Ua/oai00 < CCo,

where C' depends on d, A\, A, and o, which is uniformly bounded as o — 2.

Proof. Thanks to the interior Holder estimate Proposition 5.2.4, it suffices to prove
the estimate near the parabolic boundary of ;. We consider the lateral boundary

and bottom separately. Define ¢ : R — R* as

acg for x4 > 0

¢(r) = ,

0 for x; <0

where § € (0,1). We claim that for sufficiently small 5 € (0, 0() depending on d, A,

A, and oy, we have

Mro(x) < —Ca™° in {xg > 0},

where C depends on d, A\, A, and 0y. By scaling, it is obvious that
MT () = & " M*¢(e),
where e = (0,0,...,0,1). Therefore, we only need to estimate M™*¢(e).
Case 1: 0 > 1. By definition,

ME6(e)
= (2—0)° e,y))t — e,y))” L
=i ([ e ) (Mol ) = M) ) s

= (2— o)zt (I, + 1).
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When y; > —1, by concavity, it follows that

dle+y)=(1+ya)’ <1+ Bys and d¢(e,y) <0.

Therefore,

1
I < / A6 (e, y)——— dy
{lyal<1} ly|d+
1

ZA/ (1 +ya)’ + (1 —ya)’ —2) = dy.
ya€(0,1) ( ) |yl e
Notice that for any s € (—1,1),

(1+5)° <1+ Bs+ @SM B3~ 12(5_2%3,

which implies that for y; € (0,1)

(1 +ya)’ + (1 —ya)’ —2 < BB — 1)y

Therefore,

L <>\5<5—1)/ yg dy:Clw

ae(0,1) Y14 2—0 '

where C depends on d and \.

Now we turn to I. Since ¢(e + y) = 0 when y; < —1, we have

By — 1) — A(=Bya— 1)"
I, :/ A(—Pyqs — 1) d+o( Byq — 1) dy
{ya<—1} ‘y’
A(— —1
S
{ya<—1/B8} |y‘

where C5 depends on A, d, and o, and is uniformly bounded as ¢ — 2. Thanks to
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the estimates of I; and I, above, it follows that
MFpe) < CLA(B — 1) + Co7.

By choosing § sufficiently small depending on A, A, d, and o (but uniformly as
o — 2) so that

Ci(B—1)+Cop7 ! < —=C1/2,
the claim is proved.

Case 2: 0 < 1. Let I; and I be defined as before. Since ¢(z) = 0 for z4 < 0, we

get

L= —(2— a)/{ A = o (5.2.3)

ya<—1} |y‘d+0

where C3 > 0 depends on o, A\, and d. For I;, we have

B _ _ B
L =(2- 0)/ Al %i) D dy — (2 — 0)/ A ({ij ya)") dy
{ya>0} |y! ’ ya€(—1,0) |y| 7

1 f_1
§(2—0)A/ %dy—)O as [ —0
{ya>0} |y\

by the monotone convergence theorem. Therefore, we can choose § small depending
on A, \, d, and o so that

MTg(e) < —Cs/2.

The claim is proved.

Case 3: 0 = 1. In this case, we still have (5.2.3). For I;, we notice that integrand



207
in the region {—1 < yq < 0} U {]y| < 1} is negative, and
1 -1
/ (+y+la dy—0 as [—0
wason(yi>1 1Yl
by the monotone convergence theorem. Thus the claim follows as well.

Now we are ready to consider u near the lateral boundary. By a translation and

rotation of the coordinates, we replace the ball By by Bj(e) and estimate u near the

origin. Define the barrier function ¥ (t,z) = 2[5‘; =¢(z). Obviously,

C10 B—o

Co ~MTo(z) > z, 7 > C

Ot @) = Mt @) = — = DY

when = € Bi(e). On the other hand, ¢ > 0 in R x R% Since
Ut — MJrU S C(]

and u = 0 outside ()1, by the comparison principle,

Co 5
u(t,z) < Y(t,z) = ~T.
(7)—1/)(7) 25*00d
By considering —u instead of u, we have u > — 2ﬁ€?f éxg . Hence, around the origin

lu| < C|z|?. By rotation of the coordinate, we obtain the estimate near the lateral

boundary.

For the bottom, let ¢ = Cy(t + 1) so that ¢(—1) = 0 and ¢(t) = Cp. This yields
that
0ip — M*¢ = Cy.

Moreover, ¢ > 0 in (—1,0) x R% By the comparison principle again, u < ¢ in Q.

In particular, near the bottom u < Cy(t + 1), which further implies |u| < Cy(t + 1)
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by symmetry.

Combining the estimates of lateral boundary and bottom with the interior Holder

estimate, we prove the lemma. Il

5.3 A Liouville theorem

The aim of this section is to prove the following Liouville theorem for the fully non-
linear parabolic nonlocal equation with non-symmetric kernels. The elliptic version

for symmetric kernels was established in [98].

Theorem 5.3.1. Let 0 € (0,2). There is a constant & € (0,1/2) depending on d,
A, A, and o (but is uniform as o — 2) such that the following statement holds. Let

a € (0,&) be such that [0+ &) < o+a and suppose that u € C1+%’U+G(Rg+l) satisfies

loc

the following properties:
(i) For any B € [0,0 + a] and R > 1, we have

[Wlg/op:0n < NoR7HP; (5.3.1)

(ii) For any (s,h) € R we have

O (u(- +s,-4+h) —u) = M (u(-+s,-+h) —u) >0, (5.3.2)

O(u(-+s,-+h)—u) = M (u(-+s,-+h) —u) <0; (5.3.3)
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117 g > , JOT any nonnegalive measure W in wi compact support,
1) If 1, f ti m R with t t

Oy, — MFu, <0, where u,(t,x) = [ ou(t,x, h)du(h).
Rd

Then u is a polynomial of degree v in x and 1 in t, where v is the integer part of

o+ .

Remark. Asin [98], it is possible to relax Condition (i) in Theorem 5.3.1 by assuming
that (5.3.1) is satisfied for any 8 € [0,0 + /] and R > 1, where o/ € (0,«) is a
constant satisfying o + o/ > v. A simple computation reveals that in the case we

also require that 0 > 14+ a— o' wheno >1land v =1;and o0 > a — o' when o < 1

and v = 0.

To prove Theorem 5.3.1, we first present a few lemmas. Define
+ 2—0

P(ta .f) - (5u(t> T, y) - 5“(()’ 07 y)) 1 1d+o dy>

Rd |y

_2—0
N(t,z) = /Rd (du(t, z,y) — 0u(0,0,y)) W dy.

Lemma 5.3.2. Let & € (0,1/2) be a constant satisfying & < /2. Under the

conditions (i) and (i) of Theorem 5.3.1, for any k > 2 and | € NU {0}, we have

sup (P + N + |u; — u(0,0)]) < CNor® < CNor™ (5.3.4)
Q1

and

[ut}’Y/U,’WQUz < CNOKda (535)

where C depends only on d,\,\, and o, and is uniformly bounded as o — 2.

Proof. We first estimate P and N assuming that v = 2. Fix (¢, z), (¢, 2') € Q; and
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set [ = |z — /| + |t — ¥'|'/?. By Condition (i), when |y| < [,

|du(t, z,y) — du(t', 2, y)|
— ) /01 y[Du(t,m + sy) — Du(t,z) — (Du(t', 2’ + sy) — Du(t',x'))} ds)

< C\y[2l”+a*2[u]lm/mwa;QQ < O N|y|P1ote—2. (5.3.6)
Similarly, when |y| > [,
Bult, 2,) — u(t' ', )| < Clyl"** Ufulsafmasoary < CNallyl™™. (5:3.7)

Combining (5.3.6) and (5.3.7), we have

2—0
[ it z9) = bttt

- (2-0)lyl? (2 —o)ly|7+t
< CN,o+o2 / EZIWE 4 4+ oyl dy
B |yl9tT RI\ B, ly|ite

< CONyl™. (5.3.8)

Hence P, N € C**/?(Q;). Because P(0,0) = N(0,0) = 0, we have

P(t,flf)—i—N(t,ZL') SCNO in Ql'

By modifying the estimate above, we can prove the same estimate for P when v = 0

or 1.

We then use a scaling argument. Define u(t, z) = n~* %u(n’t, nx) for any n > 1.
It is easily seen that @ satisfies all the conditions in this lemma. Hence, we know

that

92— o)|salt — 66(0.0
/ (2 — o)|da(t, z,y) — 54(0, ,y)\dySCNO n 0L
Rd

|y|d+a



211

Therefore,

P(n°t,nx) + N(n°t,nx) < CNon® in @4,

which together with (5.3.2) and (5.3.3) implies (5.3.4).

To prove (5.3.5), we take h = 0 in (5.3.2) and (5.3.3), and then multiply them
by 1/s. By letting s — 0, we know that u; as well as u; — u;(0,0) are sub and super-
solutions at the same time. By Proposition 5.2.4, we obtain that u; € CW/‘W(QUQ)

for some v > 0 depending on d, A\, A, and o¢, and

|ue — ue(0,0)]
o = [t — 4 (0,0)] /om0, < C L Y
[ut]v/ Q12 [ut ut( )]'Y/ Q12 = tes(lfl?,o) /Rd 1+ |l‘|"+d x

Using (5.3.4), for any t € (—1,0),

/ ’ut _ ut(()? 0)‘ dax dt
R 1+ |x’d+0

— 4,(0,0 — 4,(0.0
S/ [ue = (0,0)] “t(d; ) dxdt+2/ [ — w(0,0)] “t(d; ) da dt
B L+ |z|tte —~Jp.\B. L1t |z|dte

00 s
lia(erl)

1
< CON, / ——  dxdt + CN, / —_—
‘ B OZ B,_i+1\B,: 1+|I|d+a

dx dt < C'Npyk®
L1 Jxfdte pn Tat = Lok,

where C' depends only on d, A\, A, and 0y. Here we used the fact & < 0/2 and k > 2

in the last inequality. Therefore, the lemma is proved. Il

Dividing u by a C'Ny, where C'is the constant in (5.3.4), and using Lemma 5.3.2,

we have that for any x > 2 and [ € NU {0},

supP < k¥, sup N < g™ (5.3.9)
Q.1 Q.1

We are going to prove inductively that there exists a sufficiently large x > 2 and
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sufficiently small & € (0,1/2) such that

al

sup P< k™%  sup N <k foranyleN.
Q.1 Q.1

For a fixed r € (0,1), assume that P attains its maximum in Q, at (to,zo).

Denote
A= {y : 5U(t0,$07y> - 6u(0707y) > O}
Then
2—0
p(to, xo) == / (5u(t0,xo,y) - 5U(O, O’y)) ‘y’d-HT dy’
A
2—0
N(to, o) = / (Bu(to, z0.y) — 6u(0,0,9)) T dy.
Ri\A 1yl
We define

9 _
v(t,z) = /A (bu(t, z,y) — ou(0, O,y))MTj7 dy.

Notice that v < P, and in particular v < 1 in @);. Moreover, P(to,zo) = v(to, xo)-

We denote v = (1 —v)™.

Lemma 5.3.3. Suppose that & € (0,1/2) satisfying & < 0/2 and k > 2. Then we
have

vi— M v > —C(k*—1) in Qs (5.3.10)

where C' is a positive constant depending only on d, X\, A, and o, and is uniformly

bounded as o — 2.
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Proof. Since v < 1 in @1, for any (¢,z) € Q1 we have v(t,z) = 1 — v(¢, x), thus

w(t,z,y) =v(t,x +y) —v(t,z) — Dv(t,z)y
=1-v)*t,z+y) —(1—0v)(t,r)+ Dv(t,z)y

= (U - 1)+<t,l’ + y) - 5U(t,$,y)-
Therefore, we have

(5V(t,m,y))_ > (5U(t,x,y))+ —(v—=1D"(t,z +v),

((5V(t,x, y))+ < (5v(t,x, y))_ + (-7t z+y).

These imply

Aov(t,x,y))" — A(ov(t, z,y))”

M v=—u —(2— d
vi— MV v — (2—0) /Rd = Yy
— 1)t
> —vt+M+v—(2—a)(A+/\)/ v |)y|§i’f+y) dy. (5.3.11)
Rd

From Condition (i7i) and an approximation (see, for instance, the proof of Lemma
5.4.4 below), v satisfies

v — MTo <0. (5.3.12)

On the other hand, we have

— 1) (¢ P—1)*(t
/‘@ )&x+mdy§/ ( %&w+wdy
Rd |y|dto Rd |y|dte

Since P satisfies (5.3.9), for (t,x) € 0374, we have P(t,z +y) < 1 when y € B4,

and thus the right-hand side above is equal to

> (P (ta+y)
— /B |y|+e v

mi+1—3/4\Bni—3/4
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which by (5.3.9) is bounded by

< O (KDY 1)p = C( i ! ) <C(x*—1), (5.3.13)
i=0

l—pgéo 1—pgo)—

(i+1)& __ 1
K
[y| e dy

~i+173/4\Bni73/4

where C' only depends on d, A\, A, and oy. Here we used the fact & < ¢/2 and
x > 2 in the last inequality. Combining (5.3.12)-(5.3.13) with (5.3.11), we prove the

lemma. O

Let 0 = A/(4A) and v be the constant in Proposition 5.2.4. For any r; > 0,
define the set

D, ={(t,x) € Q,, :v>1—0}.

Lemma 5.3.4. Suppose that & € (0,1/2) satisfying & < 0/2 and k > 2. There exist
somen € (0,1) sufficiently close to 1 and c € (0, 1) sufficiently small, both depending

only on d, \, A, and o (and is uniform as o — 2), such that for r| = ck=%/7,
Dry | < 0l@r . (5.3.14)

Proof. By contradiction we assume that |D,,| > 1|Q,,|, and consider

2—o0
w = ou(t,z,y) — ou(0,0,y)) —— dy.
/Rd\A( (t,z,y) — 0u(0,0,y)) e

By Condition (ii7) and an approximation argument, w is a subsolution, i.e.,

w, — MTw <0 in RITL (5.3.15)
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From (5.3.2) and (5.3.3), we know that in R4

A Uy — ut(O, 0) _ Uy — ut(O, 0)

A
—P — <N —-P 5.3.16
A A - T A A ’ ( )
implying that in Qs
A [Ut]v/amQ / o A [ut]v/a,v;Q / -
KP — T”(MJP + ]t|”/ ) <N XP + fw(m'y + |t|7/ )

From (5.3.5), (5.3.9), and the above inequality, we obtain

w=P—v—N<(1=-XMA)P—v+Crz|" + [t]7)
<1—=MA—(1—0)+Cr®(|Jz|" + [t[/7)

< —MA+0+ Cr®(|z|” + [t[7)  in Dy,

where C' only depends on d, A\, A, and o, and is uniformly bounded as ¢ — 2. Now
we choose ¢ sufficiently small depending only on d, A, A, and o (uniformly as o — 2),

such that

— MA 40+ Cro (|2 + |t[77)

< =30+ Cr*(ch™ )" < =30+ C’ < -0 in Q,,, (5.3.17)

which implies w < 0 in D,,. Since w is a subsolution (5.3.15), it follows immedi-
ately that for any ¢ € (0,71), we(t,2) := (w + 0)T(°t,ex) is a subsolution as well.

Moreover,

{@. <0} NQ,, .| > n‘Qh/E . (5.3.18)
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We estimate w, by applying Proposition 5.2.3 with t; = —1, t, = 0, and Q = R?

0 W
5.(0,0) < C ——c  duxdt
w00 <0 [ [ i
_C/ /T/51+’|d+adxdt—|—0/ /C ’d+0dxdt (5.3.19)

We first consider the second term on the right-hand side of the inequality above

dx dt
// 1+‘ |d+a x
|w|(e%t, ex)
dx dt dz dt
// 1+|x|d+ff ! +// T [l

< Ch(z/r1)" / / _fwlttx) (5.3.20)

5d+0 + |$‘d+

Since |w| < max{P, N}, from (5.3.9), for any [ > 0,

sup |w| < k.
Q.1

Therefore,

Jwl|t,z)
/ /B cdto 4 |g|dto |x|d+a dx dt
dx dt + / / ———dxdt
/ /B1\Br1 €d+a + |ZE|d+U Z B i \B

< C((efr1)” + %K), (5.3.21)

where C only depends on d, A\, A, and o, and is uniformly bounded as ¢ — 2. We

combine (5.3.20) and (5.3.21) to obtain that

/_1/c |d+ dodt < C((c/r)" + e7k%).
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Recall that r, = ck~%/7. For the right-hand side of the inequality above, we want to
choose ¢ sufficiently small such that Ce?(r;” + k%) < /4. Indeed, since ¢ € (0,1)

and o > v, we have 7,7 > k. It is sufficient to fix € such that 2Ce%r; 7 = é/él, ie.,
A 1/
5/7"1: (0/(8C>) = (1,

where ¢; only depends on d, A\, A, and o, and is uniformly bounded as ¢ — 2. In

other words, by taking ¢ = c;r; we have
0 D .
C ————dzdt <0/4. 5.3.22
/_l/c/1+’x|d+ax </ ( )
r1/€e

Next we estimate the first term on the right-hand side of (5.3.19) using (5.3.18):

dx dt
/ /Bl/c 1+! \d“

- ——dxdt
/(( 1 O)XB1/c1)n{w5>0} 1+ ‘x’dﬂr
CL=n)|Qije| sup (w+0)* <6/4 (5.3.23)
(=1,0)xBr;

upon taking 7 sufficiently close to 1 depending only on d, A\, A, and ¢ (uniformly as

o—2).

Combining (5.3.23) and (5.3.22) with (5.3.19), we have @.(0,0) < #/2 indicating
that w(0,0) < —0/2, which contradicts with w(0,0) = 0 by the definition of w.
Therefore, the lemma is proved. [

Now we are ready to prove Theorem 5.3.1.

Proof of Theorem 5.5.1. Below we first elaborate on the case when o > 1. At the



218

end, we briefly discuss the case when ¢ = 1. The proof of the case when o < 1 is

omitted due to similarity to the first case.

Let i and ¢ be the constants in Lemma 5.3.4 and r; = cx~%/7. From (5.3.14),

|{1_U2é}ﬂQn} 2 (1_77)|Qr1‘-

Recall that Qs,, = (=77, —(dr1)?) x B,,. For ¢ sufficiently small depending on 7,

we have

A ~ 1— ~
|{1 —v2 0} mQém} > TletSm"

We set r = 071 /2 and apply the weak Harnack inequality Corollary 5.2.2 to (1 —v)™
in @34 with (5.3.10) to obtain

icr?lf(l —v) + O(k* = 1)rg
> CON =) Iy, oy T
> C(5)0((1— )| Qsr,|/2) /W

— C(6)A((1 —n)(1—67)/2) """ = 20, (5.3.24)

where 0 is a small constant depending only on d, A, A, and o, and is uniformly
bounded as ¢ — 2. We fix k = 4/(cd)?, where ¢ is chosen according to (5.3.17),
which guarantees that

KL< ed)2- kD

for any & € (0,v/2). Since r = dr,/2 and r; = cx~%/7, the inequality above can be

written as k=1 < r.
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Next, we choose &; = log(1 + 0/C)/log k such that for any & € (0, 4q),

C(r*—1)rf <C(k*—1) <.

Therefore, from (5.3.24) and the inequality above we obtain that supy, v < 1 — 6.

Since k™ < 7,

sup P <sup P = P(to,zo) = v(tg,x0) =supv < 1 —6. (5.3.25)
QN—I Q'r QT
Similarly,
sup N <1-6. (5.3.26)
Q.1
Set

o)

min { — log(1 — 6)/log k, &1,v/2}.

Then (5.3.25) and (5.3.26) imply

sup k9P <1, sup kN < 1. (5.3.27)
Q.1 Q.1
Let
P(t,x) = k%P(k~ 2, k), N(t,z) =k N(k 1z, k),
and

a(t,r) = kT u(k e, KTOt).
From (5.3.16), we have

polmw0,0) 5

Af _ % —w(0,0)
A A ‘

A -
—P
A
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Since kK > 2 and & < v, we get

[ﬁt]v/ale/z < ’iaiv[ut]v/a,'y;Ql/Q < [ut]v/o,v;Ql/z'
On the other hand, for any [ > 0,

sup P = k% sup P < k%kUD8 = gl& qup N < k!9,
Q.. Q,1-1 Q.

Therefore, P and N satisfy all the conditions that P and N satisfied. Applying

(5.3.27) to P and N, we have

sup P <K@ sup N < H_d,

Y

Q.1 Q.1

which further implies that

sup P < k™2%  sup N < k™22,
Q.2 Q-2

By induction, for any [ € N,
sup P < k'@ sup N < k7@

Q-1 Q-1

Therefore, we have in 1

P(t,x) < C(’m‘d + |t‘d/a), N(t,x) < C(|x|d + Md/g)'

Since for any n > 1, 4(t,x) = n~7“u(nt, nz) satisfies the same condition as u,

replacing u by @ in the definition of P and denoting it as P, we obtain

Pi(t,x) < O(2* +[1°) in Q..
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Returning to P, we have
WPt nz) < C(lz|* + [t[*7)

in ()1, which further implies that

Let n — oo yields

SUbP e fjaje
(t,0) R |z + [t/

which gives P = 0. Similarly, N = 0.
From the definition of P and N, we have
u(t,x +y) —u(t,z) — Du(t,z)y = u(0,y) — u(0,0) — Du(0,0)y.
Taking derivative in y, we have, for any ¢ € (—00,0) and z,y € R?
Du(t,x +y) — Du(t,z) = Du(0,y) — Du(0,0),

which implies for fixed ¢, u is a polynomial in x of order at most two. Using Condition
(1) with 5 = 0, we infer that this order is at most v. Condition (i7), together with

P = N =0, yields u; = ¢ for some constant c. The proof is completed for o > 1.

Finally, we sketch the proof for ¢ = 1. From Condition (ii), we know that

u(-+s,-+ h) —u, and thus Du and u,; are both sub and supersolutions, and are in
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CW‘W(QUQ). By Proposition 5.2.4, we have

| Du| + |uy
oy +|D - <(C —dx.
[ut]’Y/ 13Q1/2 [ ’LL] v/0:7:Q1)2 til[épl] /Rd 1 |LL”d+1 v

From Condition (i), the right-hand side of the inequality above is less than

C27 C
d dr <
/ 14+ |.T|1+d T+ Z/QJ\BQJ1 1+ |l’|1+d L= 1 —92a-1

for any a € (0,1). By taking & < v and scaling as before, we can prove that

[u] 17, 147:Qr < CR*™,

i.e., v must be a linear function by sending R — oo. The theorem is proved. [

5.4 Schauder estimate for nonlocal parabolic equa-

tions

In this section, we prove Theorem 5.1.1 by applying the Liouville theorem, a blow-up
analysis, and a localization procedure. In the rest of the chapter, we do not specify

the domain associated with the norm when it is R4 = (—o0,0) x R<.

5.4.1 Equations with translation invariant kernels

In this subsection, we consider equations with translation invariant kernels, i.e.,

K = K(y). The main result of the subsection is the following theorem.



223

Theorem 5.4.1. Let 0 € (0,2) be a constant and A be an index set. There exists
a constant & > 0 depending on d, \, A, and o (uniformly as o — 2), such that
given 0 < o/ < a < & satisfying [0 + a] < 0+ o' < o+ « the following holds. Let

u € Creeeto((—1,0) x RY) N CHH/20to(Qy) satisfy
= inf (L )
Uy ;QA( Ut fa) in Q,

where L, € Lo(o, X\, N) with K, = K,(y) for any a € A. Assume that

inf fa(t,x)‘ < 00.

Ssu
P acA

(tvz)EQl

Then

[u]1+a/a,a+U;Q1/2 S C[u]1+a’/a,a’+a;(—l,0)><]R‘i + Osug[fa]a/a,a;Qn
ac

where C only depends on d,\,\,o,a, and o, and is uniformly bounded as o — 2.

We denote
Q¥ = (—1+427¢7/(1-277),0) x By_5-+(0) (5.4.1)

for all sufficiently large integers k such that 2-*+Y < 1 — 279 We shall prove a

stronger result:

Sllip g~ Mo—al) [u] 1+a/o,a+0;QF

< C[u]1+a’/0,o¢’+a;(—1,0)><Rd + Osuﬁ[fa]a/a,a;Ql' (542)
ac

The conclusion of the theorem is a particular case for k£ large only depending on o

(uniformly as o — 2) so that Q> C Q". Since we assume that u € CH/oeto(Q)),
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there exists an integer k such that

27k(a7a/)[u]1+a/o,a+cr;Qk = Slllp 271((17&/)[u]1+a/0,a+02Ql'

Next, we prove (5.4.2) by contradiction. Assume that we can find solutions u;

and index sets A; such that

Opj = wf (Lou; + fa) in Qi sup | inf fa(t,x)) < 00,

(tvx)te aEAj
[uj]1+a’/0,a+a’;(—1,0)de + sup [fa]oz/a,a;Q1 S 17
aE.Aj
and  sup 27" w1 oo ook > s (5.4.3)
k

where for any a € A, L, € Lo with K, = K,(y). As explained above, for each j

there exists an integer k; so that
—kj(a—a' —k(a—a’
27O, aoigh = sup 2 ©=Nuy)1 va/o.atoqr
Lemma 5.4.2. For any 7 > 1, we have

[uj]lJra/cr,oHro;ij < Sup  sup r*(a*a )[uj]1+o¢’/a,a’+a;Qr(t,x)ﬂ{t>—1}
>0 (ta)eQbs

<497« [uj]Ha/a’aerij. (5.4.4)
Moreover, we can find (t;,z;) € Q% and r; such that
1 ~(a—a)
§[uj]1+a/a,a+a;ij < T [Uj]1+o//a,o¢’+a;er(tj,xj)ﬂ{t>—1} (545)

and

2kir; -0 asj— oo. (5.4.6)
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Proof. The first inequality in (5.4.4) follows from the fact that for any (¢, x), (s,y) €
Q" with t > s, we have (s,y) € Q,(t,z)N{t > —1}, where r = max(|z—y|, [t—s|'/7).

(kj+1

See, for instance, Claim 3.2 of [98]. For the second inequality, if < 2~ ), for any

(t,z) € Q% we have Q,(t,z) C Q%! and

rf(aia ) [U]] 14a//o,0/+0;Qr (t,x)N{t>—1}

< 207 [uy] ke < 4% uy]

1+a/o,a+0;Q™ 1+a/o’,a+a;Qki )

where the last inequality is due to the choice of £;. On the other hand, if r > 9~ (ki+1),

for any (t,x) € Q%

7a_(Oé_OCI)[uj]1+o//0',o/+a';QT(t,:p)l’\{t>71}
kj a—a’ a—a'
< 2( i +1)( )[uj]1+o//a,a’+o-;(71,0)><]Rd <2 [uj]1+o¢/a7a+0';ij’
where the last inequality follows from (5.4.3). Thus, we obtain the second inequality

in (5.4.4).

Due to (5.4.4), we can find (;,z;) € Q% and r; such that (5.4.5) is satisfied and

thus by (5.4.3),

20U5] 140 fo,0l40:Qr (8 ,3)N{t>—1}
kj.. ya—a' < J ’ YT \NI)
(2 7’["]) ~ 2—kj(a—a’) [uj]

—0 asj— oo,
1+a/0,a+U;ij

which further implies (5.4.6). The lemma is proved. O

Let Tj be the Taylor expansion of u; at X; = (¢;,x;) of order v = [0 + @] in x

and 1 in £. Now we consider the blow-up sequence

w;(t; + Tt x5 + rjx) —Ti(t; + rt, x; + ;)
o+«

re

vi(t, ) =
J [uj]1+a/0',a+0';ij
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Here (¢j,z;) and r; are from Lemma 5.4.2. Note that v; is well defined on

(—R9,0) x RY, where by Lemma 5.4.2,
R; = 2_(kj+1)rj_1 — 00 as J — Q.

Observe that from (5.4.5) and (5.4.6), for sufficiently large j such that r; < 2-(*i+1),

T('H_O/ [uj]l—}—o//a o’ +0;Qr . (tj,75)
[Vilite oo = ——ra A ) (5.4.7)
r]' [UJ] 1+O¢/O’7OL+O';ij
Lemma 5.4.3. For any R > 0 and 8 € [0,0 + &/], we have
[03]8/0,8:Qunti>—nrey < CR7TP, (5.4.8)

where C' depends only on o and o'. Moreover, for any0 < R < R; and 5 € [0,0+q],

we have

[318/0.8:0n < CRTTP, (5.4.9)

where C depends only on o and o. Thus, we can find v € C'He/7oT(RITYY sych
that v satisfies (5.4.9) for any R > 0 and f € [0,0 + «], and along a subsequence

v; = U In CB1%8 locally uniformly for any B € [0,0 + a).

We remark that (5.4.8) will be used below to prove that v satisfies Condition (i)

in Theorem 5.3.1, and (5.4.9) will be used to show that v satisfies Condition (7).
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Proof of Lemma 5.4.53. For any R > 0 and 8 € [0,0 + /],

[vilg/0,8:0m01t>—R2}
[Uj(lfj + 7";-", T;+ T’j') - Tj(tj + T?'? T+ rj')]ﬁ/oﬁ;QRﬂ{D*Rf}

- otaf,,
Ty [u3]1+a/o,a+a;ij

P (Rr) 7 P[]t a oot 0@, (1 )01}

— otaf,,
Tj [u3]1+a/a,a+a;ij

< CRU—HX—B’

where we used (5.4.4) in the last inequality.

For any R < R;, by the choice of k; we have

[uj (tj + T?'? Tj+ Tj')]l-&-a/a,a-i-G;QR

[v;]1+ /oa+0;Qr =
J ajo,a+0;QRr r;+a[uj]1+a/g,a+U;ij
B [uj]1+a/a,a+a;62mj(tjw’vj) < [uj]l+a/a,a+0;ij+1 < ga—a’
I:uj]1+a/g,a+o';ij N [uj]1+a/0,a+o;ij B

Using the interpolation inequality, we reach (5.4.9). The last statement of the lemma

follows from the Arzela-Ascoli theorem and the Cauchy diagonal method. O

Lemma 5.4.4. The function v in Lemma 5.4.3 satisfies the conditions in Theorem

5.5.1.

Proof. By Lemma 5.4.3, Condition (7) is satisfied. Next we verify Condition (zii) for

o € (1,2). For any measure p with compact support and ¢ € (0,1), we define

Vit x) = /R vtz 4+ h) — vyt 2) — 20D = “(;‘(t"” = M) guh),
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Since Tj is linear in ¢, from the definition of v;, we have

—Q

T,
at‘/](tvx> = ’

[uj]1+a/o,a+a;ij

. / [@uj(tj + T;-Tt, Tj+ T’j(ZE + h)) — atUj(tj + T?t, i+ zj)
Rd

B 8tuj(tj + qut, X + T’j[L’) - 6t;j(tj + 7’}775, Z; + Tj(l’ - 5h))] du(h))
which is equal to
r.®
) [ sty + rt g+ s+ ) dph)
[uj]]_—‘,-a/o"oé—‘,—o';ij R4

Opu;(t; + 19t 5 + ri(x — Oh
+/ () T, Ty iz ))d,u(h)
Rd

J

— (1 —+ 1/5)Hu|\L18tuj(tJ + T?t, T; + Tjili') . (5410)

For any a € A;, define K,(y) = r?*"Ka(rjy), which satisfies

AN2—0) A2 —0)
e S Ku(y) £ — 7,
|y[dte ¥) ly|d+e

and L, be the corresponding operator with kernel K,.

Clearly,
X . Eav‘t,x —’U-t,l'—5h
LoV, = / | Lalv(tz + ) = v(t,2)) - i 5( ))]d"(h)
R4
r;
= =" / {(Law)) (& + 5ty + vy + 1)
[uj]1+a/0',a+o';ij R4

— (Lqu;)(t; + rit, T+ ;)

B (Lan)(tj + T’?t, T + Tj.l’) — (Lauj)(tj + T’?t, T + Tj(x — (Sh)) } d,u,(h)
5 Y

where in the second equality, we used the definitions of La, v; and the fact that Tj
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is at most second-order in  variable, so that for ¢ > 1 and any y € R?
0T;(t,x + h,y) — 01;(t,z,y) = 0.

Therefore, for any (t,z) € (—R7,0) x R,

—

N T
sup L, (V;) = J sup { /Rd <(Lauj)(tj +rit, xj + T+ 75h)

a€A,; [uj]1+a/cr,a+o;ij a€A;
n (Lau]')<tj + T?t, Zj + Tj(&? - 5}1))
)

Yau(h) — (1 + D) (Laaw)t; + 1502, + 7))

r:“

- [uj]l /j Qi Sélfl) {/Rd([’auj)(tj‘i‘rgt,xj +7"j55+7”jh)
+a/o,a+0;Q% ACA;

+ falty +75r x) + i+ 75h) + %((Lau]’)(t]’ +77t, x; + rj(x — 0h))
+ falty + it x5+ ri(2 — 5h))) du(h)

—(1+ %)((Lauj)(tj +rit,xy +rw) + folty + itz + ) - f|pll,
_ /Rd (fa(tj + it xy +rjr+rih) — fo(t; it xy + i)

+ %(fa(tj + 1tz +ri(v —0h)) — fu(t; +rit, x5 + rj:L‘)> du(h)}.

Note that for sufficiently large j such that max((—t)/?, |z| + |h]) < R; whenever

h € suppu, we have

|fa(tj + T;-Tt,.l‘j + r;x + T’jh) — fa(tj + T’;t,x]‘ + zj)| S [fa]a/ma;th‘jh‘a,

|fa(tj + T;‘Tt7xj + Tj(x - 6h)) - fa(tj + T;t7 i+ T‘ja})| < [fa]a/aya;Q1|5rjh|a'
Therefore, by the inequality

sup{f + g — h} > inf f +inf g — inf A,
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we have that for (t,7) € RI*! and h € supp u so that max((—t)¥/7, |z| + |h|) < R

sup Lq(V;)(t, @)
GGA]'
r. ¢
> J [1nf/ Lau. tA_’_rqt)vr""T‘l'—l—T‘h
= [uj]l—i-a/g,oc—‘,—o';ij GEAJ' Rd( ])( J J i j j )

+ fa(ty +rir, x5 + rjw +rih) du(h)

1
—+ inf / g((LﬂJj)(fj -+ T?t, l’j + Tj(iE — 5h))

a€A; JRrd
+ Lalty + 77t w5+ — 5h))> dpu(h)

J+1 . "
— —HH”Ll 1nf[(Lauj)(t4 + itz + r;x) + fa(tj + itz + r;x)]

— (1+6°1)rs sup|fa] a/gan/ || du(h (5.4.11)

aEJ

Since each u; satisfies

Ouj = nf (Louj + fo) i Qu, (5.4.12)

it follows from (5.4.10) and (5.4.11) that in any bounded subset of R4, for suffi-

ciently large 7,

. 146t
0,V; — sup L,V; < * sup ol a/aa/ " dph R
a€A; [uj]lJra/a,oHrU;Qk] a€A;

We denote

v(t,x) —v(t,x — oh)

V(t,z) = /R [v(t, x4 h) —o(t,z) — du(h).

For fixed (t,7) € Rit! by (5.4.8) in Lemma 5.4.3 and using the fact that u has

compact support, we have

lim 0,V;(t,x) = 0, im V(t, z) = o,V (¢, z), (5.4.14)
j j
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for y| <1,
6V;(t,2,y)] < Cly|”™, 6V (t,z,y)| < Cly|"*, (5.4.15)

and for |y| > 1,
Vit 9)l, IV (t, )| < Clyl|*, (5.4.16)

where C' depends on p. Clearly,

sup |Lqo(V; = V)(t,z)| < C 9 16(V; = V)t 2, )| ly| == dy.

acA;

It follows from Lemma 5.4.3 that §(V; — V) — 0 locally uniformly. Therefore, by

(5.4.15), (5.4.16), and the dominated convergence theorem, we have

hm sSup |(La(‘/; - V)(t7$)>‘ =0,

J aE.Aj
ie.,
lim sup L,V;(t,z) = sup L,V (¢, z). (5.4.17)
] acAy ac Ay

Since g has compact support, by Lemma 5.4.2 and (5.4.3), we have R; — oo and

w, > 2 kila—a)) (]

[uj]1+a/g,a+g;Q j k; —» OQ.

1+a/o,a+0;Q%I

For fixed 6 € (0, 1), we send j to infinity to get from (5.4.13), (5.4.14), and (5.4.17)
that

OV — MV <0 inRI

By sending ¢ to 0 and using the dominated convergence theorem, we conclude that

/R (vlt a4 B) = olt,7) — W7 Dult, @) dp(h)

is a subsolution as well. Therefore, for o > 1, v satisfies Condition (7).
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It remains to verify that v satisfies Condition (ii). Clearly, for fixed (¢, x), (s, h) €

Rg“, when j is sufficiently large,

at (Uj(t +s,x+ h) - Uj(t7 JT)) = Tj_a[uj]l_—ia/a,a-‘ra;ij

(Bt +rI(t+ ), 25+ 1j(x + h)) — Ouy(t; + rit,x; +rjx)).  (5.4.18)
On the other hand,

M~ (Uj (t+s,x+h)— Uj (t, :L’)) = rj_a[uj]l_ia/a,aJro;ij

M (it + 19t + s), @5 + (x4 h) —ui(t; + 7t @y + ). (5.4.19)
Combining (5.4.12), (5.4.18), and (5.4.19), we obtain that for j sufficiently large,

O (vj(t + s, + h) —vj(t,x)) — M~ (v;(t + s,z + h) — v;(t,z))

> (03] s osgrs SPalasmarcn:
By sending j to infinity, we get for any (¢,z) € R&™,

O (v(t+ s,z +h) —ov(t,z)) — M~ (v(t+ 5,2+ h) —v(t,z)) > 0.
Similarly,

O (v(t+ s,z +h) —v(t,z)) — M*(v(t+ 5,2+ h) —v(t,z)) <O0.

The lemma is proved. Il

Now we are ready to finish
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Proof of Theorem 5.4.1. By Lemma 5.4.4 and Theorem 5.3.1, v is a polynomial of
order v in « and 1 in ¢. Since at the origin v; along with its first derivative in ¢
and up to v-th order derivatives in x are 0, by Lemma 5.4.3 the same is true for v.
Therefore, v = 0. This gives us a contradiction with (5.4.7) and Lemma 5.4.3. The

proof is completed. Il

5.4.2 Equations with (¢, z)-dependent kernels

In this subsection, we consider the case that kernels also depend on (¢, x) and Holder
continuous in (¢, z), i.e., there exists A > 0 such that for any a € A, (5.1.4) is
satisfied. We only prove Theorem 5.1.1 in the case when o + o > 2 and the proof of
the cases 0 + a < 2 is similar and actually simpler. Below we divide the proof into

several steps.

Let n be a nonnegative smooth cutoff function with » = 1 in ¢; and vanishes

outside (—(5/4)7,(5/4)7) x Bs/s. Set v := nu and note that in @,

Ut = Nu + Nu = igﬁ(nLau +nfa + niu)

= inf (L% 4 (Lo — L2Yv + nLau — Lyv + 0 fo + niu)
ac

where

Lov= [ 6u(t,z,y)K,.(0,0,y)dy.

R4
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We further define

he == nLou — Lav

= [ (@ft.) = ntt.o -+ g))uttn + ) + " Dt oyutt, 0) Kult. ) dy

and

Ga = (Lg — L2v = / dv(t, z,y) (Ka(t,a:,y) — Ka(0,0,y)) dy.

Rd
Here in order to apply the argument of freezing the coefficients, we subtracted and

added K,(0,0,y) in the formula above.

Lemma 5.4.5. Assume that u € CFe/7742(Qyy ) N C/7((—(11/8)7,0) x RY).

Let h, and g, be functions defined above. Then for any o € A, we have

[ga]a/a,a;Q1 S CA([U]1+O¢/J,a+J + [U]a/a,a)a (5420)
[h‘l]a/dya;% < C(A + 1)(HUHa/a,a;(—(ll/S)G,o)XRd + ||D2u||Loo(Q11/8))' (5.4.21)
Moreover,

[u}1+o¢/a,a+a;Q1/2 S C([u]1+a’/0,a/+a;Q5/4 + CO + A[u]1+a/a,a+U;Q5/4

+ (A4 D(lullajoai-aieoxze + D%l La@uye))- (5.4.22)

Here the constant C' depends only on d, \, A\, a, and o, and is uniformly bounded

as o — 2.

Proof. For (t,z),(t,2') € @y, set | = max(|z — 2|, |t — ¢|'/?). Without loss of

generality, we may assume that [ < 1/4.
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Estimates of g,: From the definition and the triangle inequality,

|ga<t7 SE) - ga<t/> Il)‘

< ‘/Rd (Ou(t, z,y) = ou(t', 2, y)) (Ka(t, 2, y) — Ka(0,0,y)) dy‘
+] /R ot ) (Kalt,2,y) — Kt o', 9)) dy

= I+1L
Then we estimate I and II separately. First, similar to (5.3.8), I is less than

/B ‘((51}(15, x,y) — ov(t', 2, y)) (Ka(t, z,y) — K,(0,0, y))‘ dy
+

fo

Applying (5.3.6), we have

(6v(t, z,y) — ov(t', 2" y)) (Ka(t, z,y) — K.(0,0,y)) ’ dy =1, + L.

Il S C[U]1+a/0,a+U;Q5/4 / la+072|y‘2(Ka<ta Z, y) - Ka(07 07 y)) dy
B,

1

< CA2 = 0)[t)ia/marol ™72 (2| + [t*/7) / ly[*lyl =" dy
By

= OAla[U]l—i-a/a,oa—l—U-
For I, we have

I, < C[v]1+a/a,a+al/d\ ly[7T T Ka(t, @, y) — Ka(0,0,y)] dy
R

B

S CA<2 — 0)[0]1+a/01a+ala(|x|a + |t|a/o) S CAla[U]1+a/07a+o-.
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Next, we bound

Il < / (Wajoalyl® + 1DV yl) | Ka(t, 2, y) — Ka(t' 2, y)| dy
Rd\ By
T / 1Dl [y Kot 2,y) — Kot 2, y)]| dy
By

< CAI* ([V]afoa + 1DVl + [ D0l ).-
Combining the estimates of I, II, and the interpolation inequality, we get
19a(t,2) = ga(t', 2)] < CAI* ([]140/0010 + [V]a/oa),
which implies (5.4.20).

Estimates of h,: For simplicity of notation, we denote

E(t,m,y) = (n(t, x) —n(t,z+ y))u(t, x+y) +yl Dn(t,z)u(t, r). (5.4.23)

By the Leibniz rule, we have

(t,z,y) = yT/O (Dn(t, x)u(t,x) — Dn(t,x + sy)u(t,x + y)) ds

1,1
= — / / (u(t, x)sy’ D*n(t, x + s'sy)y
o Jo

+y"Dn(t,x + sy)y" Du(t,z + s'y)) ds’ ds, (5.4.24)
which implies that when |y| < 1/8,

|€(t’ xay)| < C|y|2(||u||Loo(Q11/8) + ||Du||Loo(Q11/8))' (5425)
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On the other hand, clearly when |y| > 1/8,

60 2,9)] < C(ull e 10zt + Wl i) (5.4.26)

Note that

|halt, ) — he(t',2")| < /Rd &(tm,y) — £, 2, y) | Ka(t, 3, y) dy

+/ £t 2", )| Kalt, 2, y) — Ko(t', 2", y)| dy =: TIT+1V. (5.4.27)
R4

Estimate of III: By (5.4.24) when |y| < 1/8, we have

(t,z,y) — &t 2, y)|

1 1
= | / s(u(t', 2y " Dn(t', 2" + ss'y)y — u(t, 2)y" D*n(t, z + ss'y)y) da ds’
0 Jo

1
—l—/ TDnt 7'+ sy)y" Du(t', 2’ + s'y)
o Jo
T T / /

—y Dn(t,z+ sy)y Du(t,:c—irsy)] dsds'|

< ClylP1 ([l Lo (@u ) + 1Dl @11 )

where we used the interpolation inequalities in the last inequality. On the other

hand, when |y| > 1/8,

‘yTDn(t,x)u(t,m) — yTDn(t',x’)u(t’,m')| < |y|i*||ulla/o,a:0:



and

|(n(t, z) — n(t,z +y))ult, z +y) — (n(t', ') — n(t', 2" + y)ut’, 2’ +y)|
= [u(t,x +y)(n(t,z) —n(t',2") = nt,x +y) +n(t', 2" +y))
+ (n(t',2") —n(t', 2" +y)) (u(t,z + y) — u(t', 2" +y)) ‘

< C(lHu“Loo((—l,O)XRd) + laHuHa/a,a;(—l,O)XRd)7

which imply that when |y| > 1/8,

{g(ta Z, y) - §(t,7 xla y)‘

< C'(l||U||Loo((—1,0)de) + la”uHa/a,a;(—l,O)de) + Clyll*|ulla/o,0:0; -

Now with the above estimates, we obtain

I < /B ClyPl* (lull @iy ) + 1Dl L@y o) Kalt, 2, ) dy
1/8

+ Cla||u||a/0,oc;Q1 / |y|Ka(t,x,y) dy

Bl/8

+ C(ZHUHLOO((—LO)XW) + laHuHa/(f,a;(—l,O)de) K, (t,x,y)dy
Bi/g

= Cla(”DzuHLoo(Qu/s) + HuHa/o,a;(f(ll/S)“,O)de)-

Estimate of IV: By (5.4.25) and (5.4.26), we have

IV < ClA(||lull 1o ((—1ys)e.0yxrey + 1Dl Loo(@r ) -

The estimates of III and IV with the interpolation inequalities give (5.4.21).

238
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Now we apply Theorem 5.4.1 to v with the estimates of g, and h, in Lemma

5.4.5 to obtain

[U]1+a/a,a+o;Q1/2 S C([U]lJra//o,o/Jra + A[U]1+a/0,a+o + A[U]a/a,a

+ (A + 1)(||u||oc/a,a;(—(11/8)f’,0)de + ||D2u||Loo(Q11/8)) + Slip[nfa]a/o,oé;Q1>'

Since n = 1 in @y and has compact support in (—(5/4)7,(5/4)7) x Bs;s, we get

(5.4.21). The lemma is proved. O

Proof of Theorem 6.1.1. We first use a scaling argument. For any ¢ > 0, set

u(t,x) == e %u(et,ex). Since u satisfies (5.1.5), we have

a

ult.r) =int { [ Gt np)Kito)dy+ filten)} i Qe
Rd
where
KE(t,m,y) = e K, (7t ex, ey).
Clearly,

A

Kot w,y) = Kt 2, y)| < AR = 0)e(Jo — 2| + [t — ¢/]77) e

Then we apply (5.4.22) to @ and get

@1saioatoays < C([lsaoasos, + Coz® + A= (1 ra/natoy

+ (Ac‘:a + 1)(||'a||a/a,06;(—(11/8)”,0)XRd + ||D2a||LOO(Q11/8)))'
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Returning back to u, we have

[u]1+a/a,o+a;QE/2 < C(50/70[[u]1+a’/a,cx’+a;Q5g/4 + OO + Ac® [u]1+a/a,a+a;Q55/4

+ (Aé‘a + 1) (E_U_a||u||a/a7a;(7(115/8)070)XRd + 52_U_a|‘D2u||Lm(Q11s/8))>'

By a translation of the coordinates, the inequality above holds for any (¢,z) € Q

for sufficiently small ¢ > 0

[U1+a/0,0+0:Q. 2 ()
< C<5a “ulivar/earto@s ata) T Co T A U] 1va/o 040150 a(t)

+ (Ae® + 1) (77N tl| afoas(t— (116 /8)7.1) xRE + 82_0_a||D2“||Loo(Que/s(tv$)))>‘

(5.4.28)

Let Q* be defined in (5.4.1). It is obvious that Q¥ monotonically increases to Q.

Then for any (¢,z), (s,y) € QF such that t > s, we set [ := max(|t — s|'/7, |z — y|).

When [ > /2,
ID2u(t, )~ DPu(s, )| ult, ) — (s, )
la+a—2 l0+a—2
<2712 (lug|| oy + 1D ull o))
when [ < /2,

| D2u(t, z) — D*u(s,y)| | |u(t, ) — w(s,y)l
Jota—2 + Jo+a—2 < 2[u]1+a/a,a+a;Q€/2(t,r)-

Now we choose ¢ = 27772 so that for any (t,z) € QF, Quss(t,z) C Q" and

(t — (11/8)7,t) C (—1,0). Combining the two inequalities above with (5.4.28), we
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obtain

)(o+a—2) +1(‘

[U]1+a/g,a+g;Qk < 2ok +3 el Qk) T HDZUHLDO Q’“))

+ C( (k+2 o )[ ]1+a'/a,a’+a;Qk+l + CO + 27(k+2)aA[u}1+a/07a+U§Qk+l
+ (27 B+ g 4 1)(2 (k+2)(ota) 2]l 0 /o,5(—1,0) xR

+ 22 (ota=2) HD%HLW(QM))) . (5.4.29)
By the interpolation inequalities

[u] 1+a’/o,a’+U;Qk+1 S 272(]?4’2)(0470/) [u]1+a/o,a+U;Qk’+l + 022(k+2)(0+a’) HUHLOO’

HD2U||LOO(Q’““) + ||utHLOO(Qk+1)

S 272(k+1)(0+a72) [U]H-a/cr,a—‘ro;QkJrl + C24(k+1) ”ul|Loo(Qk+l)’

we reorganize the right-hand side of (5.4.29) to get

[ ]1+a/g ato;Qk < C(( (k+1)(o+a—2) + 92 (k+2)(a—a )) [u]1+a/a,a+g;Qk+1

+ 27 Ul s 1.0y xR F C'o>>

where C' depends on A. Obviously, 0+« < 3 and there exists a constant ky depends

on d, o9, a, A, A, and A such that @/, C Q" and for any k > ko,
C(2—(k2+1)(0’+0¢—2) +2—2(k+1)(0!—0/)) < 2—16
Therefore, we have for any k > ko,

[u]1+a/a,a+a;Qk < 2_16[u]1+a/0,a+0;Qk+1 + C215kHuHa/0,a + CVC’O

We multiply both sides above by 2716 =k0) and then sum from k = ko to infinity
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and obtain that
[u]1+a/070é+0;@k0 < C215k0”uHa/o,a;(*l,O)de + CCy.

In particular,

[u]1+a/o,a+o;Q1/2 < C(““”a/g,a;(fl,O)XRd + CO)

The proof is completed. O

5.4.3 An improved estimate

By a more careful analysis, we obtain the following corollary when the kernels depend

only on y.

Corollary 5.4.6. Let 0 € (0,2) and 0 < A < A. Assume that for any a € A,
K, only depends on y. There is a constant & € (0,1) depending on d, o, A\, and
A (uniformly as o — 2) so that the following holds. Let o € (0,&). Suppose

u e Crreloota(Q,) 0 C“/Uva([—l, 0] x RY) is a solution of

loc
. .

Then,

[u] 1+0£/0’,0{+0’,Q1/2

< Clulajoas(-1,0)xBy +C Z 279 (U)o /o 05(-1.0)x (B, \B,; 1) + CCo, (5.4.30)

Jj=2

where Cy = sup,[falajoag. and C > 0 depends only on d, A\, A, a, and o, and is

uniformly bounded as o — 2.
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Proof. Since the proof is quite similar to the proof of Theorem 5.1.1, we only provide
a sketch here. By a standard scaling and covering argument, we may assume that

u € CHe/mota(Qy)) M Co/7([—2,0] x RY) and the equation is satisfied in Qo. Let

loc

n be a cutoff function such that n € C§°((—=27,27) x By) and n = 1 in Q54 Let

v = nu, which satisfies
vy = inf(Lov + hy + nfy + nu),

where

he = g(taxvy)Kll(y) dy
R4
and ¢ is defined in (5.4.23). It is sufficient to estimate [R4)a/o,a;0,- Since K, only
depends on y, it follows that

ha(t, @) — ha(t',2')| =TI,

where IIT is defined in (5.4.27). The estimate is similar to the one in the proof of
Lemma 5.4.5. For any (¢, ), (t',2") € @1, since n = 1in Qs/4, Dn(t,x) = Dn(t',2') =

0. When |y| < 1/4, &(t,z,y) = 0; When |y| > 1/4, we have

|§(t7 Z, y) - f(t/, ZE’, y)’

< otz + y)ult,x +y) =0’ 2" + yut', o +y)| + Jult, 2 +y) —u(t', " +y)].
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Recall that [ = max{|z — 2/, [t — #'|'/°}. Combining the estimate above, we obtain

I = / €t 2.y) — £ 2", )| Kaly) dy

c
1/4

< Cullajo 10sz+Z/ alt,z+y) —ult'a’ +y)|Kaly) dy

g——l Byj\Byj-1

< Cl <Hu”o¢/a'a 10 XBZ + 22 ] 06/0'04( 1,0)><(BQJ'\B2]',1)>7
j=1

which implies that

[ha)asoaian < C(H“Ha/oa( 1,0)x B +22 7 [u] o jo0s(~1,0)x (B 2]-\823-_1))

7j=1

Then we apply Theorem 5.1.1 to v and obtain

[v]1+a/a o+a;Q1 /2 < C<||U||oz/a,a;(—l,0)><Rd + ||u||a/0,a;(—l,0)><32

+22 7 [ulo/o,0x(-1.0)x(5 2]-\82j_1>+00)-

Combining the fact that n = 1 in Q5,4 and replacing v by v — u(0,0), we reach

(5.4.30). Therefore, the proof is completed. H

5.5 Equations with bounded inhomogeneous terms

In this section, we present an application of Corollary 5.4.6 to nonlocal parabolic

equations with merely bounded nonhomogeneous terms:

w = inf (Lou+ fa), (5.5.1)
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where sup, || fal|£.. < oo and

Lou(z) = | ou(t,z,y)K.(y)dy.

R4

Before proving Theorem 5.1.2, we first present an interpolation inequality involving

the Zygmund semi-norm. The proof can be found in the appendix of [31].

Lemma 5.5.1. Let a € (0,1) and f € A'((—=1,0)) N Loo((—1,0)). Then we have
feC*((-1,0)) and

[flas(-10) < Cllfll =100 + ClfIar( =105 (5.5.2)

where C' depends only on a.

In the sequel, we set

[U]Rl - [u]j\l(Rngl)’ [U]Z = [U]Z;RgH’ and [DU]ta;l =: [Du]ta%l;Rgﬂ.

o

Let 1 be a smooth even nonnegative function in R with unit integral and vanishing

outside (—1,1). For R > 0, we define the mollification of u with respect to t as
uP(t,z) = / (2u(t — R7s,x) — u(t — 2R%s,z))n(s — 1) ds.
R

The following lemmas will also be used in our proof. We present their proofs in

the appendix of [31].

Lemma 5.5.2. Let € (0,1] and R > 0. Then we have

0 zgen < CBYR [ula. (5.5.3)
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Lemma 5.5.3. Let 0 € (1,2), a € (0,1), and R > 0 be constants. Assume that u
defined on RIT™ is O in x, A int, and Du is C"~V/7 int. Let p = p(t,x) be the
first-order Taylor expansion of uf) at the origin. Then for any integer j > 0, we

have

*

[u — p]a;(—R",O)XBQjR

< C(2jR)"*a[u]; + CZ“*"”R"*O‘[Du]t‘,;l + CQ*j“R"*O‘[u]’}xl (5.5.4)
and

4= o rmopen, , < OV DR ul; + OV DRI D

a/o; o =

+ O/ go=afy)t (5.5.5)

where C' > 0 is a constant depending only on d, o, and «.

In the case when o = 1, we define u® differently. Let ¢ € C5°(B;) be a radial

nonnegative function with unit integral. For R > 0, we define

uB(t, x) = /}Rd+1 (2u(t — Rs,z — Ry) — u(t — 2Rs,x — Ry))n(s — 1)C(y) dy ds.

Lemma 5.5.4. Let o € (0,1), and R > 0 be constants. Assume that u defined on
RI* s AY in (t,2). Let p = p(t,x) be the first-order Taylor expansion of u'™) at the

origin. Then for any integer j > 0, we have
[ = Plaas-royxs,,, < C2U DR [u], (5.5.6)

where C' > 0 is a constant depending only on d and c.
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Define Py to be the set of first-order polynomials of ¢, and P; to be the set of

first-order polynomials of (¢, ).

Lemma 5.5.5. (i) When o € (0,1), we have

[wfi + [u]l < Csup sup r~7 inf |[|u—p|li. (@)
>0 (¢ ) eREH! p€Po

where C' > 0 is a constant depending only on d and o.
(11) When o € (1,2), we have

[ulfi + [u]i + [Duloes < Csup  sup 77 inf [Ju—pllr.@ )
v >0 (1)eRitt  PEPL

where C' > 0 1s a constant depending only on d and o.
(1ii) We have

[uJar < C'sup  sup r~! inf | u _pHLoo(Qr(tax))7
>0 (¢2)eRIT? pEPL
) 0

where C' > 0 is a constant depending only on d.

Proof. The estimates of [u]% and [Dul%,_, are standard. See, for instance, [63, Section

o

3.3]. We only consider [u],. For any polynomial p which is linear in ¢, by the triangle

inequality,

lu(t + s,2) + u(t — s,x) — 2u(t, z)|

= |u(t+s,2) — p(t+ s,2) + u(t — s,2) — p(t — s,2) — 2(u(t, z) — p(t,z))|

< AU — pll Lo (@ (t+sa))
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where r? = 2s. Since p is arbitrary, the inequality above implies that
‘u(t +s,2) +u(t — s, ) — 2ult, :c)} < 8sr77inf ||u — pllL (@, (t+s,2))-
p

Similarly, we can prove Assertion (iii). The lemma is proved. O

Proof of Theorem 5.1.2. We only treat the case when ¢ > 1. For the case when

o < 1, the proof is almost the same with minor modifications.

First we assume o > 1. Let & be the constant in Corollary 5.4.6 and a € (0, &)
be such that a + o < 2. Let R > 0 be a constant, p be defined as in Lemma 5.5.3,

and ¢y = Op. Let K > 2|ju—p||1.(Q,5) Pe a constant to be specified later and denote
gk = max (min(u — p, K), —K).

Clearly, gx € C*/?* and any C°/** norm (or semi-norm) of gx is less than or equal

to that of u — p.

Let vg be the solution to

O = inf,(Lavg — co) in Qap,
(5.5.7)

VK = K in R\ Qor.

Noting that g is Holder continuous in both ¢ and z, the solvability follows from

Theorem 5.1.1 and a regularization argument; see [16, 98]. We apply Corollary 5.4.6
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to vk with a scaling to get

[vK]1+a/oataQn
0o

< C(Ria[UK]a/a,a;(—R”,O)XB2R + Z 27J0R70[u B p]a/“”a?(_RU’O)X(szR\sz—lR)>’
j=2

(5.5.8)

where in the last equality we used the fact that vx = gx in (—(2R)?,0) x BS, and

the Holder norm of gy is less than the Holder norm of v — p. By Lemma 5.5.3,

[u _ p]a/o,a;(fRd,O)XBQjR < Czj(a—a/Q)Ra—a[u]j\l

+ Ol go=afy)r ¢t l=2Ro=a Dyt (5.5.9)
which together with (5.5.8) gives

[vkli+a/o0t0:Qr)

< C(R 7 vklajoa(—r 0)xBorn + B *ulys + R[uls + R=*[Dulb—y).  (5.5.10)

Next we estimate wg = gx — vk, which is equal to u — p — vg in Qog by the

choice of K. By (5.5.1) and (5.5.7), wk satisfies

(

Owr < MYwi + h +supgea || fall no in Q2r,
dwyg > M wg + h — SUPgea || fall Lo in Qar,

WK = 0 in Rg—H \ QQR,

\

where

~

hg =M (u—p—gk), hg:=M (u—p-—gk).
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By the dominated convergence theorem, it is not hard to see that
HhKHLoo(QzR)7 HhKHLoo(QzR) —0 as K — oo
We then fix K large enough so that
1Pkl Loc(@ar) + 1PN Lc (@ar) < sUP ([ fall Lo
acA
From Lemma 5.2.5, we have
HwK||Loo(Q2R) < CR? Sup||fa||Loo> [wK]Oé/U,Oé;Qma < CR™ SupH-faHLoo’ (5511)
acA acA
where C' depends on d, o, A\, and A.

Now let gx be the first-order Taylor expansion of vy at the origin. Then by
(5.5.10), for any r € (0, R/2),

v —p = ax @) < v —p— vkl + IvE — @kl
< lu—p = vglle(@n) + CT7 TR [0k ajo.0s(~R7 0)x Bar

+ Crot R ([u)f + [u]; + [Du]i%l). (5.5.12)

Since wg = u — p — Vi in Qag, we plug (5.5.9) with 7 = 0, and (5.5.11) to (5.5.12)

and obtain

o

lu—p—axllLei@n) < OR? sup I falloe + Cr7 *R™ ([ujn + [ul} + [Dufes ).
ac
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Dividing both sides of the inequality above by 7, we have

7w = p = ar | Lo@n)

< C(R/r)"ilelg fallzoe + Clr/R)* ([ulhn + [ull, + [Dulors ).

Set r = R/M, where M > 2 is a constant to be determined. Note that the center of

the cylinder can be replaced by any point (¢,z) in R i.e.,

7w = p = x| L@ (t.2))

< OM sup | full e + M (s + [u; + [Dufts), (5513
acA o
which together with Lemma 5.5.5 implies

i + (o + [Du'es

< Csup sup r 7 inf |ju —pHLoo(Qr(t,x))

r>0 (t,x)eRng pEP1
< OM sup || fall oo + CM~*([u]fys + [u]} + [Dull-s). (5.5.14)
acA v

By taking M sufficiently large in (5.5.14) so that CM~* < 1/2, we obtain

[ulis + [u]y + [Dule—s < Csup | foll oo
o acA

In the case when ¢ = 1, by Lemma 5.5.4 and (5.5.8),

[UK]1+a,1+a;QR/2 < C(R_l[UK]a/U,a;(—R"vo)XBm + R_Q[U]Al)'
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Then by the same proof, similar to (5.5.13), we get
rHu = p = x|l L@ty < CM SUP | foll oo + CMul,
ac
which together with Lemma 5.5.5 gives

[ular < Csup | fall Lo
acA

by taking M sufficiently large. The theorem is proved. O]



Chapter 6

Dini estimates for nonlocal fully

nonlinear parabolic equations

6.1 Introduction and main results

This chapter is a continuation of the work in the previous chapter. We consider
concave fully nonlinear nonlocal parabolic equations with Dini continuous coefficients

and nonhomogeneous terms, and establish a C1? estimate under these assumptions.

The study of classical elliptic/parabolic equations with Dini continuous coeffi-
cients and data has a long history. Burch [14] first considered divergence type linear
elliptic equations with Dini continuous coefficients and data, and estimated the mod-
ulus of continuity of the derivatives of solutions. The corresponding result for concave
fully nonlinear elliptic equations was obtained by Kovats [58], which generalized a
previous result by Safonov [94]. Wang [105] studied linear non-divergence type el-

liptic and parabolic equations with Dini continuous coefficients and data, and gave
253
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a simple proof to estimate the modulus of continuity of the second-order derivatives

of solutions. See, also [79, 102, 5, 45, 87, 75|, and the references therein.

Recently, there is extensive work on the regularity theory for nonlocal elliptic
and parabolic equations. For example, C® estimates, C'T® estimates, Evans-Krylov
type theorem, and Schauder estimates were established in the past decade. In par-
ticular, Mou [90] investigated a class of concave fully nonlinear nonlocal elliptic
equations with smooth symmetric kernels, and obtained the C? estimate under a
slightly stronger assumption than the usual Dini continuity on the coefficients and
data. The author implemented a recursive Evans-Krylov theorem, which was first
studied by Jin and Xiong [50], as well as a perturbation type argument. In this
chapter, by using a novel perturbation type argument, we relax the regularity as-
sumption to simply Dini continuity and also remove the symmetry and smoothness

assumptions on the kernels.

To be more specific, we are interested in fully nonlinear nonlocal parabolic equa-

tions in the form

up = Bigi(Lgu +bgDu+ f3), (6.1.1)

where A is an index set and for each g € A,
Lgu = / du(t, z, y)Ks(t, z,y) dy,
R4
du(t,x,y) is defined (5.2.2) and

Ks(t,,y) = (2= o)ag(t, z,y)ly| .
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We assume that a(-,-,-) € [A\,A] for some ellipticity constants 0 < A < A, and
is merely measurable with respect to the y variable. When o = 1, we additionally

assume that

/ yKp(t,x,y)ds, =0, (6.1.2)

T

for any r > 0, where S, is the sphere of radius r centered at the origin. We say that

a function f is Dini continuous if its modulus of continuity wy is a Dini function, i.e.,

/01 we(r)/rdr < oo.

The following theorem is our main result.

Theorem 6.1.1. Let 0 € (0,2), 0 < A < A < 00, and A be an index set. Assume

for each B € A, Kz satisfies (6.1.2) when o =1, and in (—1,0) x R?

‘ag(t, z,y) — ag(t', o', y)} < Aw,(max{|z — 2|, |t — t'|1/“}),
fa(t, ) — fs(t', )| < wp(max{|z — 2|, [t — '|'/7}), sup 18]l Lo (@) < 00,
S

Sup 1512y < Now  [bs(t @) — bs(t', 2')| < wy(max{|e — 2’|, [t — ¢'[V7}),

where wq,wy, and wy are Dini functions. Suppose u € C’l"’+(Q1) s a solution of
(6.1.1) in Q and is Dini continuous in (—1,0) x R%.  Then we have that dwu is

uniform continuous and the a priori estimate: for o € (0,1)

Hatu”Loo(Quz) + [u]i;Ql/Q

< Cllull Lo (1.0 xR) + C'sup fsllwi@n +C Y (@u2) +wp(27); (6.1.3)

Jj=1
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foro=1

Hatu”Loo(Ql/Q) + HDU||L<>0(Q1/2)

< Cllullza(-1.0)xrey) + CSI;P 15l o + O (@u2) +ws(27));  (6.1.4)

Jj=1

for o € (1,2)

Hatu||Loo(Q1/2) + [Du]t”;l-Ql/z + [u]i;Q1/2

o

< Cllullp(-1.0)xrey) + CS%P 15l i + C D (wul(27) +ws(27)),  (6.1.5)

=1

where C' > 0 is a constant depending only on d, o, X\, A, Ny, wy, and w,. Moreover,

when o # 1, we have

sup  [ulg.0.000) — 0 as T —0
(t0,70)€Q1 /2

with a decay rate depending only ond, o, X\, A, Wa, Wr, Wy, No, wy, and supge 4 || f5ll 2o (@1)-
When o = 1, Du is uniformly continuous in QQ1/2 with a modulus of continuity con-

trolled by the quantities before.

Here for simplicity we assume u € C" (Qy), which means that v € C7+(Q;)
for some arbitrary ¢ > 0. This condition is only needed for Lgu to be well defined,

and it may be replaced by other weaker conditions.

Remark. By a careful inspection of the proofs below, one can see that the estimates
above in fact only depend on d, o, A, A, supgc 4 || f3]| L. (), the modulus continuity
wy of fzin By, we(r), wy(r) for r € (0,1), and |Jul|, ,, where the weight w = w(z)
is equal to (1 + |z|)~%=?. In particular, u does not need to be globally bounded in

R
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By regarding elliptic equations as steady-state parabolic equations, we obtain the

following corollary.

Corollary 6.1.2. Let 0 € (0,2), 0 < A < A < o0, and A be an index set. Assume

for each B € A, Kz satisfies (6.1.2) when o =1, and in R?

‘CLB(ZL‘,y) - aﬂ(x,7y)’ < Awa(|x - ‘/LJ|)7

| fa(z) = fa(a)] < wp(lz —2'|), sup 1 £l e (1) < 00,

Sup 166l (i) < Nos [bg(@) = ba(a")] < wy(lz — ),
where wq,wy, and wy are Dini functions. Suppose u € C"’+(Bl) 1S a solution
i%f(Lﬂu +bgDu+ fz) =0,

By and is Dini continuous in RY. Then we have for o # 1

[u]i;Bl/Q
< Olfulliwqmsy + O sup [ follzwimn) + € D (@a7) +wp(27); (6.1.6)
j=1
foro=1

HDuHLoo(BUz)

< Ollullzoe) + O'sup sl ocer) + O (wa(277) + wp(279));

j=1

where C' > 0 is a constant depending only on d, o, X\, A, No,wp, and w,.

Roughly speaking, the proof can be divided into two steps: We first show that

Theorem 6.1.1 holds when the equation is satisfied in the whole space; Then we
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implement a localization argument to treat the general case. In Step one, our proof
is based on a refined C'+%/?:°F® estimate in our previous paper [31] and a new
perturbation type argument, as the standard perturbation techniques do not seem
to work here. The novelty of this method is that instead of estimating C'' semi-
norm of the solution, we construct and bound certain semi-norms of the solution,
see Lemma 6.2.1. When o < 1, such semi-norm is defined as a series of lower-
order Holder semi-norms of uw. This is in the spirit of Campanato’s approach first
developed in [18]. Heuristically, in order for the nonlocal operator to be well defined,
the solution needs to be smoother than C'°. To resolve this problem, we divide
the integral domain into annuli, which allows us to use a lower-order semi-norm to
estimate the integral in each annulus. The series of lower-order semi-norms, which

turns out to be slightly stronger than the C*? semi-norm, further implies that

[W]5.0r(me) =0 as 7 —0

uniformly in zy. In particular, when ¢ = 1 we are able to estimate the modulus of

continuity of the gradient of solutions.

The organization of this chapter is as follows. In the next section, we introduce
some notation and preliminary results that are necessary in the proof of our main
theorem. Some of these results might be of independent interest. In section 3, we
first prove a global version of Theorem 6.1.1 and then localize the result to obtain

Theorem 6.1.1.
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6.2 Preliminary

We will frequently use the following identities:

2 (u(t, x +2771) — u(x)) — (ult,x +1) — u(t,z))

j
Z 28 Qu(t, x4+ 27F1) — u(t, x + 275 ) — u(t, x)) (6.2.1)
k=1

and

2 (u(t — 277, x) —u(t,z)) — (u(t —1,2) — u(t, v))

— z]: 281 Qu(t — 27F &) —u(t — 277 1) —u(t, x)), (6.2.2)

which hold for any unit vector [ € R? and j € N. Denote P, (or P,) to be the set
of first order polynomial in ¢ (or x), respectively. Let P; be the set of first order

polynomial in both ¢ and z.

Lemma 6.2.1. Let a € (0,0) be a constant.

(i) When o € (0,1), we have

[ulz + [0l ..

<O 2507 supinf (4 — plajoas, - (tomo) T Clltl L (6.2.3)

(to x0 )ERd+1 PEP:

where C' is a constant depending only on d, o, and «. Moreover, the modulus of
continuity of Oyu is bounded by the tail of the summation on the right-hand side of
(6.2.3).
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(ii) When o € (1,2), we have

[l + 10l + [Dufes

<CY 2 sup inf [ Plajoo,yom + Clluli..  (624)
k=1

(tO ,$0)€Rg+ 1 pepl

where C' is a constant depending on d, o, and o. The modulus of continuity of Oyu

is bounded by the tail of the summation above.
(iii) When o = 1, we have

Du + |[0yu <C ok(l=e) gy inf [u — pla.a: .
IDulee + 100l £ O3 20 sup it (0 s, s

+C sup lu(t, x) —u(t', z")], (6.2.5)

(t.2),(¢ o )Ry
max{|t—t'|,|z—'|}=1

where C' is a constant depending on d, o, and o. The modulus of continuity of Oyu

and Du are bounded by the tail of the summation above.

Proof. We first prove the estimate of d;u for o € (0,2) by showing that

o <(C ofle—a) oy inf [u — p|t, .
H t HLOO a ; (to xo)epRgﬂ pept[ p]a/U’QTk(to’zo)

+2  sup Ju(to — 1,x0) — u(to, zo)|- (6.2.6)

(to ,xo)ERg+l
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Indeed, from (6.2.2)

2| u(t — 277, x) — u(t, )|

[e.e]
<2ut — La) —u(t,z)| + Y 2" 2u(t — 27%, 2) —u(t — 275 2) — u(t, )|
k=1

k(l-a/o
<2u(t — La) —u(t,z)| +C Y 2K~/ >[u];a/a(Q27k* ()" (6.2.7)
k=1
where C' only depends on o and k* = [£], i.e., the largest integer which is smaller

than k/o. Obviously, k* > k/2. Therefore, the right-hand side of the inequality

above is less than

2|U(t — 1, J}) — u(t7 x)| +C Z 2(k*cr+0)(1—a/cr) I:U:Ii\a/o'
k=1

(Qy1- ()

< 2lu(t — 1,2) —u(t,)| + C Y 25 nf 1= pliaroq, . ey
k=1

By using the definition of £*, it is easy to see the second term on the right-hand side

of the inequality above is bounded by

20 Z 2]6(0*04) sup inf [U — p]g/a;QQ_k (to,xo)
k=1

(to,xo)ERGH pePr

+2  sup  |u(to — 1,20) — u(to, To)|-

(to ,Z‘())E]R(d)Jrl

Therefore, by sending j — oo in (6.2.7), we prove that ||dsu||r.. is bounded by the
right-hand side of (6.2.6). Notice that

. t .
plélgt [u - p]a/cr;Qz,k (to,zo0) < plél,]gt [U - p]oc/a,a;Q2_k (to,xo0)s
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and

. t .
plél']gt {’U/ - p]a/a;szk (tOer) S plerl,];‘l [u - p]a/U,OﬁQQ,k(tO’x()) .

Then the right-hand side of (6.2.6) is bounded by that of (6.2.3), (6.2.4), and (6.2.5).

We obtain the bound of ||d;ul|._. .

Next, we bound the modulus of continuity of d,u. Assume that
it —t'| + |z — /|7 e [270FD 279,
From (6.2.2), for any j > i+ 1,

2 (u(t — 279, x) —u(t,z)) — 2"(u(t — 27", ) — u(t, x))

= > 2PN u(t —27F 2) —u(t — 277 2) — u(t, 7)),

k=i+1

and the same identity holds with (¢, z’) in place of (¢,z). Then we have

|0u(t, z) — Owu(t’, 2')|

= lim [2(u(t — 277, 2) —u(t,z)) — 2 (u(t’' — 277, 2') —u(t', "))

Jj—00

< 129(u(t — 27 2) —u(t,x)) — 29 (u(t’ — 274, 2") —u(t', 2"))|

k(l1—a/o)1,,1t
+C Z sup 2 [U}Aa/a(QQ_k* (to,0))?

f=i+1 (to,z0)ERGT!

where k* is defined above. By the triangle inequality, the first term on the right-hand

side is bounded by

2 u(t — 27" ) +u(t, o) — 2u(t,z)| + 2 u(t’ — 27", 2') — 2u(t, 7) + u(t, z)|,
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where t = (t + ¢ —27%)/2 and & = (x + 2’) /2, which is further bounded by

21077 s )\ o/ + [ul]Z. )
(to,rg)epRg*lq ]A / (Qy—ix (to,%0)) [ ]a,QQﬂ.* (to,ﬂﬁo))

where i* = [£]. Therefore,

K2
o

yatu(ta LE’) - atu<t/7 ZC/)’

S C Z sup 2]6(17&/0) ([U]ZQ/U(Q _;* (to,x0)) + [u]z;QQ,i* (to,xo))
fi—i (to,z0)ERIT! :

[e.e]

<C Z sup  2M172/9) inf [y — p]!

a/o,a;Q, i (to,z0)”
P (t07x0)eRg+1 PEP:

which, from the definition of £*, converges to 0 as i — oc.
In the rest of the proof, we consider the three cases separately.

Case 1. 0 € (0,1). The estimates of [u]% is the same as [30, Lemma 2.1] and we
only provide a sketch here. Let z, 2" € R? be two different points. Denote h = |z —1/|.

Since

u(t,z') — u(t, x)

(u(t, 22" — z) —u(t,x)) — %(u(t, 20’ — z) — 2u(t,x’) + u(t,z)),

N —

we get

h=7lu(t, ') — u(t, z)|
< 2771 (2h) 7 (u(t, 22 — x) — u(t,x)) + h~|u(t, 22’ — x) — 2u(t,2’) + u(t, z)|

< 2771 2h) 7 (ult 20" — @) = u(t, z)) + sup AT [ult, )ae(py )
zeR



Taking the supremum with respect to ¢, z, and 2’ on both sides, we get

uly §2‘771u§—|— sup  sup h* 7 [ul®, .
[ ] [ ] (towo)ERgH h>0 [ ] iQn (to,zo)

which further implies

ul* <C  su sup h* 7 [ul®.
[uly < (to,xo)epRg“ h>% [ ]a;Qh(tmeO)

<C Z 2= gup [U]ﬁ;Qr,ﬁ(to,zo) + Cllullz..,
k=1 (to,wo)ERG T

where we used the obvious inequality

haia [u]z;Qh(to,xo) S CHUHLOO

when h > 1/2. Notice that

[u]z;QQ,k(to,xo) = lnf [U’ - p]z;QZ,k(to,xo) S lnf ['U/ - p]a/gaoﬁQQ—k(tO,mO)'

pEPL pEP:

The proof of Case 1 is completed.
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Case 2. o € (1,2). Similar to the previous case, we only provide the sketch

of the proof following that of [30, Lemma 2.1]. Let ¢ € R? be a unit vector and

e € (0,1/16) be a small constant to be specified later. For any two distinct points

r,2" € RY, we denote h = |z — 2/|. By the triangle inequality,

h'=7|Dyu(t, ) — Dou(t,2')| < I + I + I,

(6.2.8)
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where

I = 17| Dyult, ) — (ch) ™ (ult, @ + <ht) — u(t,2))],
Iy = 17| Dyut, o) — (eh) ™ (u(t.a’ + ht) — u(t,a')).

I3 := h'"7(eh) Y (u(t, x + ehl) — u(t,x)) — (u(t, 2’ +chl) — u(t,z'))|.
By the mean value theorem,
I + I, < 2e° HDu)?. (6.2.9)

Now we choose and fix a ¢ sufficiently small depending only on ¢ such that 2e77! <

1/2. Using the triangle inequality, we have

I3 < Ch™7 (|u(t, z + ehl) + u(t, z") — 2u(t, )]

+ |u(t, 2’ + ehl) + u(t, z) — 2u(t, z)|),
where 7 = (z + ¢hl + 2') /2. Thus,
I3 < Ch*[u(t, )] je By (2)- (6.2.10)
Combining (6.2.8), (6.2.9), and (6.2.10), we get

)+ Cllull .-

x
@;Qq—k (to,z0

[ulz <C Z ok@=e) sup  inf [u — p]
k=1

(tO,Z‘O)ERg+1 pGPz

By noting that

piengz [u N p]i?szk(tO@O) < piengl [u - p}a/o,a;Qg—k(tovxo%

we bound [u]% by the right-hand side of (6.2.4).



266

The estimate of [Dul]’,_, follows from [63, Section 3.3]. Therefore, (6.2.4) is

o

proved.

Case 3. 0 = 1. We give the estimate of ||Dul|r_ . It follows from (6.2.1) that

2tz +2770) — u(t,z)|
J
<20u(t,z 4+ 0) — u(t,z)| + Z 2 M Dt R (B, @2t
k=1

Taking 7 — oo, we obtain that

|Dull,, <CY 2" sup inf [u— p]

X

a;Q,—k (to,x0)
P 2
k=1 (to,z0)eREH! P&

+ 2 sup lu(t, z) — u(t,z)|.
(t,z),(t,a')ERGT
le—z'|=1

The estimate of the continuity of Du is the same as d;u, and thus omitted. O]

Let n be a smooth nonnegative function in R with unit integral and vanishing
outside (0,1). For R > 0 and o € (0, 1), we define the mollification of u with respect

to t as

uP(t, x) = /Ru(t — R%s,z)n(s) ds.

For the case o € [1,2), we define u® differently by mollifying the x variable as well.
Let ¢ € C§°(B1) be a radial nonnegative function with unit integral. For R > 0, we

define

WP (1, ) = / ult — R,z — Ry)n(s)C(y) dy ds.
Rd+1

The following lemma is for the case o € (0, 1).
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Lemma 6.2.2. Let a € (0,0) and R > 0 be constants. Let py = po(t) be the first-
order Taylor expansion of v at the origin in t and & = uw — py. Then for any

integer j > 0, we have

[a]a/U,a;(—RU,O)XBy'R S C lnf [U - p]a/g,a;(—RU,O)xB (6211)

pEPt 2R’

where C' is a constant only depending on d and «.

Proof. 1t is easily seen that @ is invariant up to a constant if we replace u by v — p
for any p € P;. Thus to prove the lemma, we only need to bound the left-hand side
of (6.2.11) by

Clulajo.a;(~Re0)xBy -

Since 4 = u — p(t), it suffices to observe that
[p]fx/a;(fRU,O) = RU—a|atu(R)(07 O)l < C[u]ta/J;QR'

The lemma is proved. Il

The following lemma is useful in dealing with the case o € (1,2).

Lemma 6.2.3. Let o € (0,1) and o € (1,2) be constant. Then for any u € C*, we

have

Z oke=)  sup  [u— pO]z;QT;@(to,wo)
k=0

(to ,xo)eRg“

<C Z oke=e) sup  inf [u— p]ii;%,k(to,xo), (6.2.12)
k=0

(to ,xo)GRg+1 PEP
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where py is the first-order Taylor’s expansion of u in the x variable at (ty,xo), and

C > 0 s a constant depending only on d, a, and o.

Proof. Denote

be =27 su inf [u — p|%. .
' (to,zo)epRngl PGPZ[ p]a’Q27k(to,zo)

Then for any (ty, 2¢) € R&T" and each k = 0,1, ..., there exists p, € P, such that
[u - pk]z;QQ—k(t0,$0) < Qbk2_k(a_a)'
By the triangle inequality, for £ > 1 we have
[Pr—1 = DR, 4 0.me) < 20627707 4 20,27 (D), (6.2.13)
It is easily seen that
[Pr-1 — pk]ﬁ;%_k(to,xo) = |Vpp_1 — Vpg|2~ Do),
which together with (6.2.13) implies that

IVpr_1 — Vpi| < C27H0 D (b1 + by). (6.2.14)

Since Y, b, < 0o, from (6.2.14) we see that {Vp;} is a Cauchy sequence in R?. Let

q = q(to, 7o) € R? be the limit, which clearly satisfies for each k > 0,

lg — Vpi| < C’ZQ‘j(a_l)bj.

j=k
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By the triangle inequality, we get

xT x

[u—gq- x]a;QTk(to#Eo) < [u— pk]a;Qrk(to,Io) +[pe—q- x]z;QTk(to,Io)

o
< C27H0m) Y "omilom ;< CoMome), (6.2.15)
j=k

which implies that

Ju(to, ) — ulto, 7o) — ¢ (& — 20) | Los(B, . (20)) < C27%,

and thus ¢ = Vu(ty, zg). It then follows from (6.2.15) that

Z Qk(a—a) sup [u — po]ﬁ;%_k (to,z0)
k=0

(to,zo)ERG T

<C f: ok(e—1) i Q—j(ff—l)bj
k=0 j=k

=C i 9790, i: o=l < ¢ f: b;.
j=0 k=0 Jj=0

This completes the proof of (6.2.12). O

The last lemma in this section is for the case when o € [1,2).

Lemma 6.2.4. Let a € (0,1), 0 € [1,2), and R > 0 be constants. Let py = po(t,x)
be the first order Taylor’s expansion of uf at the origin and & = uw — py. Then for

any integer 7 > 0, we have

"’t _~tl /
. (t,2) = (', 2)

(b). (' a')e(— R 0)x By , [T — T'[* + [t = ¥]/°
(t,z)#({t ,x"),0<|z—z'|<2R

< C inf |[u—pla/oa(—Re -
= p1€n771[u p] /o,a;(—R?,0)xByj

(6.2.16)
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where C' > 0 is a constant depending only on d, o, and o.

Proof. 1t is easily seen that @ is invariant up to a constant if we replace u by u — p
for any p € P;. Thus to show (6.2.16), we only bound the left-hand side of (6.2.16)
by

Clulajo.a;(~Re0)xBy; -
Since @ = u — p(t, x), it suffices to observe that for any two distinct (¢, z), (t',2') €

(—R?,0) X Bayjp such that 0 < |z — 2'| < 2R,

p(t, @) = p(t', 2')]
< | = 2'[|Dul™(0,0)] + [t — ']|0,u"™(0,0)]
< Clo =o' |R* [ulg g, + Clt = t1R7 VUl g,

< Ol = 2| + |t = *7) [ua/o,0i0n-

The lemma is proved. O

6.3 Proofs of Theorem 1.2.3

The following proposition is a further refinement of [31, Corollary 4.6].

Proposition 6.3.1. Let 0 € (0,2) and 0 < A < A. Assume that for any B € A, Kg
only depends on y. There is a constant & depending on d, o, X\, and A so that

the following holds. Let o« € (0,&) such that o + « is not an integer. Suppose

u € CHe/oote(Q) N C7e((=1,0) x RY) is a solution of

Ou = EEE(LWJF fs) in Q.
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Then,

[u]1+a/070¢+0§Q1/2 <C Z 2_j0Mj + Csup[fﬁ]a/U,OGQn

j=1 A

where

t _ t/ /
Vi wp b —ue)
(t,z),(t’,z’)e(fl,O)XB2j, ‘.T — X ’a + |t - t ‘Oé/cr
(tya)#(t ,x!), 0< |z —a’ | <2

Proof. This follows from the proof of [31, Corollary 4.6] by observing that in the
estimate of [hgla/sa:0,, the term [u]a/g,a;(,l,o)xBy can be replaced by M;. Moreover,

by replacing u by u — u(0,0), we see that
||u||a/a,a;(—l,0)><B2 S C[u]a/a,a;(—l,O)XB2~

The lemma is proved. O]

In the rest of this section, we consider three cases separately.

6.3.1 The case o € (0,1)

Proposition 6.3.2. Suppose that (6.1.1) is satisfied in RS™. Then under the con-

dition of Theorem 1.2.3, we have

W) + 0wull. < Cllull. +C Y wp(27¥), (6.3.1)

k=1

where C' > 0 is a constant depending only on d, A\, A, w,, and o.
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Proof. For k € N, let v be the solution of

0w = infgeA(Lp(0,0)v + f3(0,0) — Orpo) in Qy-,
v =u - pold) in (~274,0) x Bg_.,
where Lg(0,0) is the operator with kernel K3(0,0,y), and po(t) is the Taylor’s ex-

pansion of u® ™™ in ¢ at the origin. Then by Proposition 6.3.1 with scaling, we

have

[U]Ha/o,aJrU;Qqu <C Z 2(k_j)gMj +C2" [U]a/a,a;Qrk’ (6.3.2)

i=1

where a € (0, &) satisfying 0 + o < 1 and

~t _~t, /
M . alt, 2) = a(t', ")

.l T — ! t — /o’
(t,2), (¢ @' )E(=27%7 0)x By; 1., ’ |+ | |
(t,2) £t "), 0<|z—a’| <27k +1

Let ko, k1 > 1 be integers to be specified and p; = p;(t) be the Taylor’s expansion

of v in t at the origin. By the mean value formula,

S 2—(k:+k0)(0+oc) [U]

v —p1 ||Loo(Q2—k7k0) 1+a/o,0+aQ,—k—ky

and the interpolation inequality

[v— pl]a/ﬂva;Qkako

< C(Q(k-i-ko)OéHU — DM ||LOO(Q2,,€,,€O) + 2—(k+ko)a[v — p1]1+a/07a+U§Q2—k—k0 ),
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we obtain

[U - pl]a/OHO‘?Qkafko < C27(k+k0)a[U]1+0</07Q+U;Q27k7k0'

This and (6.3.2) give

k
[U — pl]a/a,oz;Q2_k_k0 S 02—(k+k0)0 Z 2(1€—J)0']\4‘7
j=1
02 (k-+ko)o _ 02*]600'
* [ = ol a2k gyt + C2 7 oo, 4

k
< (19~ (k+ko) 022 (k—3) M+ C2” (k+ko)o ([ ]a/m + ||atu||Lw)

Jj=1

+ C27M7 [y, Jo0i Qi (6.3.3)

Next, w := u — py — v satisfies

(
— Mtw < G in Qyr,
“Mw>—-Cp i Qg (6.3.4)
w=0 in (—27%,0) x BS_,,
\

where

It is easily seen that

Cy < Wf(2_k) + C’wa(2_k) |u(t, T+ y) _ u(u £)||y|_d_g dy
Rd
<wp(27%) + (Jwa(z—’f)< sup sz(a—a) W0, o0 T ||u||Loo).
(to,20)€Qy—k =g



Then by the Hélder estimate [31, Lemma 2.5], we have

[W]ajoa, < C27HTNC, < C27Ho)

o0
e (s PPz + ) +wp27).

(tOJO)EQQ—k j=0

From Lemma 6.2.2, we have

Mj S Oplélg‘t[ ]a/o’7a;(—27k0,0)Xsz_k

Notice that from the triangle inequality and Lemma 6.2.2 with j =0

[U]a/a,a;Q2,k < [w]a/a,a;QZ,k + [U - pO]a/a,a;Q2,k

< Wasnai@,i +C 10f (U= Plajoa-2-r0x8,

Combining (6.3.3), with (6.3.5) and (6.3.6), yields

2(k+k;())(0‘—0!) [U — po — pl]a/a. Ol'Q27k7k0

—(k+ko)a k—
v ZQ( e plé%i“_P]a/o,am—rka,OVBy—k

+02 (k+ko)a ([ ]z+HatuHLoo)_FCkaoaJrk(a—a)

- inf [u - p]a/a,a;(,kaa’O)XB2ik + C’Qko(crfa)wf(ka)

pEP:
+ CQkO(U—a)wa(Z_k) ( sup 2j(a—a) [u]z . I ||U,||Loo> '
(to,x0)€Q2,k Jz:; ’Q2—3(t0,zo)
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(6.3.5)

(6.3.6)

(6.3.7)
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By translation of the coordinates, from (6.3.7) we have

2(k+k0)(o‘7a) sup [u — Py — pl]a/g,a;Q —k—kq (t0,Z0)
(toﬂﬁo)@Rg+1 2 0
k
—(k+ko)a k=)o
< (2~ (ktko) (t S;lEP]Rd-H 22( 7 z>l€n7£t[u _p]a/a,a;(tO*Q_k”’tO)XB%’*’C(xO)
0,20)ERG " j=0

+ 027 ([ + |9yl ) + O [wf(Tk) +wa(27%)

sup SV inf [u = Plaja, eomn + lulis )| (638)
(to,ﬂco)ERgH gy pEP:

Then we take the sum (6.3.8) in k = k1, k; + 1, ... to obtain

k+ko)(oc—a :
Z 2( + 0)( ) Sup lng [u - p]a/g7a;Q2ik7kO (t07x0)
k=Fk; (to,z0)eRETL PEFt

o0 k
<C Z 2~ (Ftkole gqup Z g(k=d)e in7£ (U= Plajo.ai(to—2-%7 to) x B, (x0)
— (to,zo)ERGT =0 peF
+ C2m R (]t 4 |G|, ) + €257 Y "y (27F) 4 2kl
k=k:

: Z wa(27F) ( Z 210=2)  sup  inf [u— Plajo,o@,-; (too) T HuHLw>

=
=k =0 (to,zo)ERGTT PETH

By switching the order of summations and then replacing k by k£ + 7, the first term

on the right-hand side is bounded by

[e.o]

C2—k:ooc Z 2—ja Z 2k(a—06) sup ing [u — p]a/d,a;(t072—k“,to)><BQj,k(xo)
=0 k=j (to,w0)eRG Tt PET

oo

[e%S)
S C27k0a Z ija Z Qk(gia) sup inf [u — p]a/g’a;(to_szo’to)XBka(ZO)
k=0

cP.
=0 (to,xo)eRg+1 e

oo
< 02 hoe Z oke=)  sup  inf [u — Plajo,0:@, i (to.x0)-
om0 (to,zo)GRg+1 pEP:
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With the inequality above, we have

Z olktho)o—a) gy, in7£ [u — p]a/ma;Qkako (to,zo)
k=k, (t07xo)ERg+l pEF

= OQ_kOO‘ 2j(U—Oc) su inf [u — oo, ) T
- JZ; (to,ro)ggg+l PE’Pt[ p] /0,050y (to,z0)

+ C’Q‘(h-‘:—ko)a([u]z + ”&quLoo) + OQkO(U—a) Z Wf(Q_k)

k=k1
+ OQkO(U_a) Z wa(2—k) . (Z 9i(e—a) sup ing‘ [U _ p]a/mOé;QTj (to.0)
k=kq j:() (to,l‘o)ERngl pEr

+ lule. )

The bound above together with the obvious inequality

k1+ko—1
Z 2J(U_a) sup inf [u - p]a/a.erj (to,xo) < 02(k1+ko)(a—a) [u]a/a,aa
7=0

(to,xo)ERg+1 pEP:

implies that

o

9i(o—a) su inf [u — pla/o.a: .
j; (to,xo)ep]Rg*l pEPt[ p] /9:05Q5—; (to,z0)

< 02 ko Z 2= sup  inf [u— Plajo.o:@,; (toz0)
o (to,xo)eRgH PEP:

[e.9]

+ C2(k1+k0)(a—a) [u]a/a,oz + 02160(0—(1) Z wf(2—k)
k=k1

+ C27 PR ([uf + |0 1..)
oo

(o)
| (9holo—a) Z wa(27F) - (Z sup  inf [u — Plajoa,; (toxo) T ||U||Loo>

d €P,
k=Fk; =0 (to,z)eRG T P="

By first choosing k¢ sufficiently large and then k; sufficiently large and using (6.2.3),
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we get

Z 2.7'(‘770‘) sup inf [u - p]a/a',a;Q27k (to,z0)
7=0

(t(),CC()) ERSJFl pEPt

< Cllullze + Clulafoa +C Y _wp(27),
k=1

which together with Lemma 6.2.1 () and the interpolation inequality gives (6.3.1)

and the continuity of du. O

Theorem 1.2.3 follows from Proposition 6.3.2 by the argument of freezing the
coefficients. Since the proof of it is almost the same and even simpler than the case
o € (1,2), we only present the detailed proof of Theorem 1.2.3 for o € (1,2) in the

next section.

6.3.2 The case when o € (1,2)

Proposition 6.3.3. Suppose that (6.1.1) is satisfied in RI™. Then under the con-

dition of Theorem 1.2.3, we have for o € (1,2)

[l + [Dufos + |00l 1. < Clullre, +C Y ws(27), (6.3.9)
k=1

where C > 0 is a constant depending only on d, A\, A, w,, wy, Ny, and o.

Proof. For k € N| let vy, be the solution of

atUM = infﬁGA (Lﬁ(()a O)UM + fﬂ(oa 0) + bﬂ(ov 0)DU(07 0) - atp()) in 622*"C

UM = Gu in (—27%,0) x BS,
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where M > 2[|u — po||z..(q,_,) is a constant to be specified later,
gy = max(min(u — po, M), —M),

and py = po(t,x) is the first-order Taylor’s expansion of u®™" at the origin. By

Proposition 6.3.1, we have

alita/oatoq, o < C Y257 M; + 02 [vajoaq,
j=1

k
<CY 2%7M; + C(||Dullp + 100l r) + C2 [vadlajoasa, . (6:3.10)

Jj=1

where « € (0, min{&, (o — 1)/2}) and

Mj — sup |U(t, l’) - pO(t? $) - u(tla I/) +p0(t/7 I,)| .

_ {|ajo _ |
(t,2), (2" (=27 0)x B, 1 |t — U]/ + |z — 2|
(t,ﬂ?);é(t/,:rl),0S|r—$/|<2_k+l

From Lemma 6.2.4 with o € (1,2), it follows

M; < C’pieng1 (U= Plajo.a:(—2-+ 0)xB,; ;- (6.3.11)

From (6.3.10), and the mean value formula,

k
loar = Drll (@, i) S C2EHFO Y Ty

J=1

+ O~ (k+ko)(o+a) (HDU”LOO + HatuHLoo) 4 (2~ ka—ko(o+a) [UM]a/o,a;QTk»

where p; is the first-order Taylor’s expansion of vy, at the origin. The above inequal-
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ity, (6.3.10), and the interpolation inequality imply

k
[UM — pl]a/o.7oé;@2_k_k0 S 02—(k+k0)0' Z 2(](3—.7)0']\4‘7
j=1
+ 02_(k+k0)0 (HDUHLOO + ||8tU“LOO) + CQ‘kOU[’UM]a/J’a;Q27k_ (6312)

Next wys := gy — vy satisfies

.

Owyr < MYwyr + by + Ch in Qyr
8th > M-wy + ilM — n ngk )

wy =0 in (—27%,0) x BL,

\

where

har =M™ (gar — (u—po)), har == M (gar — (u — po))-

Here

Cr = sup /5 = f5(0,0) + bgDu — bg(0,0)Du(0,0) + (L — Ls(0, 0))uHLw(QH).
S

It follows easily that

Cr <wp(27%) +wy (27| Dz + Sup 1651 2. 27" [Dula /0,0,

o0

+ Cwy(27F) ( 05 D 2= polEo, o) T ||DUI|LOO>~
0,Z0 o—k j=0

From Lemma 6.2.3, we obtain

Cr < wp(27%) +wy (27| Dullr. + sup 16511 2. 27" [Dula /0,0,

o0

—k j(c—a) z
+ Cwa(2 ) < to i;lepQ ) g 21( ) plengz [u — p]Oé;QQ—j (to,z0) + ||Du||Loo> .
T 2~ ]:0
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By the dominated convergence theorem, it is easy to see that
vl Le@, ) Nhrilliec@, o) =0 as M — oo
Thus similar to (6.3.5), choosing M sufficiently large so that

[hatll 2@, r)s Nhaellza@, ) < Cr/2,

we have

[wM] OC/O',(I;QQ_k

< C2-k(U—C¥) (wf(Q_k) + (wb<2_k) + wa(2_k)) ||Du||Loo + 2_ka[Du]a/U,a;Q2_k

twa(27")  su 2 inf [ = D)2, 100 ) 6.3.13
( )(towo)EpRg“ J;O ’P€77’x[ p] /0:05Q4—j (to,x0) ( )

Clearly,
piengz [u - p]g;QQﬁ (t07$0) - Pi€n7£1 [u N p]a/‘77a§Q2—j (to,xo)' (6314>

From the triangle inequality and Lemma 6.2.4 with j = 0,

[’UM]OC/Uaa;QQ—k S I:wM:IOé/O',Ot;QQ_k + [u - pO]OC/U,O!;QQ_k

< [wmlaoq, « +C Jnf [u = Dlajsa, &
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Combining (6.3.12), (6.3.13) with (6.3.14), and (6.3.11), similar to (6.3.8), we get

glk+ko)o=a)  gup inéC [ = Plajoai@, g (to.o)
(to,m0)eRG T PETL
k

—(k+k k—j)o :
< (02~ (ktko)a sup 9(k—=j)o 1n7£ [u _p]a/a,oz;(t(r2"“’ﬂfo)X132j4c(z )
(to,xo)ERSH'l = peP1 0

+ C2 (Dl 4+ oulle) + s 2 Dilajsac, )

(to,xo)ERG T

_|_ 02_k0a2k(0_a) Sup 1n7£ [U - p]a/g7a;Q2_k(t0,a}0)
(to,xo)ERg+l PEML

+ C2 o (27) + (wp(27) + wa(275) | Dt .,

+ Wa 2_k su 2j(0—a) mf U — Pla/o.a: . x :|
( )(tax)EﬂI;ngl jgo Pepl[ p] /9,0:Q4—j (to,20)

Summing the above inequality in k = kq, k; + 1, ... as before, we obtain
k+ko)(oc—a .
Z 9(k+ko)(o—a) sup 1n7£ [u — p]a/ma;Qrk—kO (to,z0)
=k (to,xo)ERg+1 pEm

—koa j(0—a) 1 —
S T (T
» L 0

5=0

+ C27 R (Jlufy + (|9l 1)

+ C2kolo=a) Z 27k sup [Du]a/ma;Qg—k(thxO)
k=k1 (to,@o) R

+ O 37 (wp(27F) 4 (w(27) + wa(27) | Dl )
k=k1

+ (Coko(o—a) Z Wa(Qik) sup Z 9ile=a) inf [u — p]z;QTj (to,0) (6.3.15)

d cP
=k (to,xo)ERoJrl 7=0 PEm
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and

209 sup  inf [u— Plajo,a:@,; (to.z0)
=0 (to,m0)€REH PEPL

o
< ¢ e Z 21— sup  inf [u — Plajo.o@,; (to.20)
j:O (t07m0)€Rg+1 pepl

4 20ROy o+ C2TRHRI (| 4 | Oyul| ., )

T Cololr=) §° (wf(Q_k) + (wp(27F) + wa(2_k))HDU||Loo>

k=k1

+ C2R R D),

+ (C9ko(o—a) Z Wa(2_k> sup Z 9i(0—a) jng [U - p]a/@a;QTj (to,20)"
k=k1 (to,z0)ERGT =0 PEML

By choosing kg and k; sufficiently large, we obtain

2j(0_a) su lnf U — ajo,o; i x
jgo (to,a:o)epRg‘H Pepl[ p] /o) Qs (to,xo)

< C(HDuHLoo + HatuHLoo + [Du]a/a,a) + Czwf(zik» (6316)

k=1

Finally, by Lemma 6.2.1 (i7), recalling that a < (0 — 1)/2, and the interpolation

inequality, we obtain (6.3.9). O
Then we use the localization argument to prove Theorem 1.2.3 for o € (1, 2).

Proof of Theorem 1.2.3 when o € (1,2). We divide the proof into three steps.

Step 1. For k =1,2,..., denote Q* := Q;_,«. Let n, € C°(Q*!) be a sequence
of nonnegative smooth cutoff functions satisfying n = 1 in Q*, |n| < 1 in QL

& Dingll. < C2*D) for each 4,5 > 0. Set vy, := une € CLF and notice that in
10{ D' .o, J "
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Rngl
Oy = MpOyu + Oynpu = éreli(nkLgu + nibg Du + ni f5 + Opmiu)

= ,Bl’Ieli(LBUk + bgDUk — bguDT]k —+ hkg —+ nkfﬁ + &mku),

where
gk‘(tv Z, y>a5(t7 x, y)
hk znkLu—ka: d,
B B B iy |y|d+a

and

ﬁk(t,x,y) = u(tvx + y)(nk(t’x + y) - nk(t,ZL‘)) -y an(t7$)u(t>x)'

Obviously, 1, f3 is a Dini continuous function in Rg* and

|77k<t7 m)fﬂ(tv I) - nk‘(tlv x/)fﬁ(t,7 l’/)|

< lmillzocw s (max{je — a'], [t = [Y7}) + 1| foll Lowi@n) (I Dl o2 =

+ 10l L]t = t'])

< Cws(max{la - 2'|, [t = ¢[V7}) + C2 fsllooe oy (o — '] + |t — '],

where C only depends on d and o. Similarly, we consider d;nzu and bguDmny by

estimating their moduli of continuity and L., norm. It is easy to see that

[0imiul| L. + bsuDnel L < C2¥|Jull s ((—1,0)xRe)-

Furthermore, we have

|at77k (tu (L’)U(t, CL’) - atnk (t/7 [L’,)U(t,7 ZE,)|

< O ull - r0)xmay (|2 — @' + [t = ¢]) + O wy(max{|a — 2], [t — ¢]V7})
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and

|bguDny(t, ) — bguDny (¢, z')|
< C2*ull o1, 0y xRty (max{ | — 2|, |t — ]/ })

+ 2w (max{lz — ), |t — ¢7}) + C2ull . a0y (2 — 2| + [t — £1]).

Step 2. We first estimate the L, norm of hig. By the fundamental theorem of

calculus,

1
gk(twr?y) =Yy~ / U(t, T+ y)an(ta T+ Sy) - u(t?m)an(t7x> ds.
0

For [y| > 27%3,

&kt z,y)| < 02k|y|||u||Loo((—1,0)><Rd)-

For |y| < 27%73, we can further write

&t y) =y / (ult,z +y) — u(t,z)) Dyt z + sy)

+ u<t7$)(an(t7x + Sy) - an(tvx)) dS7

where the second term on the right-hand side is bounded by C2%|y|?|u(t,z)|. To
estimate the first term, we consider two cases: when |z| > 1 — 27572 because

ly| < 27%73 & (t,7,y) = 0; when |z] < 1 — 27572 we have
1
)y : / (u(t,z +y) — u(t, ) Dni(t, = + sy) ds| < C2[y|*|| Dul|,_(qr+a.
0
Hence for |y| < 27573,

(¢, 2,9)] < Clu (@¥ult, )] + 2] Dull.. grsn).
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2—k—3

Combining with the case when |y| > , we see that

1rsllLe < C27 ([l Lo (- 10 xmt)y + ([ DUl Loy r+3)) - (6.3.17)
Next we estimate the modulus of continuity of hys. By the triangle inequality,

|hia(t, ©) — hys(t', o)
é-k t X 3/ é-k(t/7x/7y))aﬁ(t7xay)’

R ’y‘dJra
t —ag(t', 2’
|§k( 7’ y)(aﬁ( |y’|xdfa) aﬁ( y L 7y))| dy =T+ 11 (6318)

Similar to (6.3.17), by the estimates of | (¢, z,y)| above, we have
1T < C27% ([|ul| po 1.0y xmey + 1 DUl Loy 2y )wa (max{ |z — 2|, [t — |7}), (6.3.19)
where C' depends on d, o, and A. For I, by the fundamental theorem of calculus,

1
&t v, y) — &t 2 y) =y - /0 (u(t, x+y)Dni(t, z + sy) — u(t, x) Dng(t, x)

uw(t', 2’ + y)Dni(t', 2 + sy) + u(t', ") Dyt m')) ds.
When |y| > 27773, similar to the estimate of & (¢, x,y), it follows that

& (t,y) = &(1, 2, y)| < Clyl (28w, (max{|a — 2|, [t = ¢]Y7})

+ 2%l po (2 = | + [t = 1)) (6.3.20)

The case when |y| < 27573 is more delicate. First, by the fundamental theorem of
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calculus,

&k (t, 2, y) — &t 2, y))
< [ Vte. +0) = utt ) e+
— (u(t', 2" +y) —u(t',2"))Dnp(t', 2" + sy)| ds
+ |y[? /1 /1 \u(t, z)D*ni(t, 2 + 8'sy) — u(t', ") D*ni(t', 2’ + §'sy)| ds ds’
o Jo

=II+1V.
It is easily seen that
IV < ClyP (2% wn(max{fe — '], 1t = £]"7}) + 2% ull i (2 — ] + |t = £1])).

Next we bound III by considering four cases. When (¢, ), (', 2) € (Q**?)¢, we have

Il = 0. When (¢, z), (t',2') € Q*2 1II is bounded by

1 1
2 / / Dult,x + sy) Dtz + s'y) — Du(t, @' + s'y) Dnu(t's o + sy)| ds ds’
0 0
< C\y[Q [Qk([Du]z;Qk+3’$ — .%/’a + [Du]g/U;QHg]t — t/’a/a)

+ 25| Dl ooy (2 — /| + It = ¥])],
where we choose a = 07—1 When (t,z) € Q2 and (¢, 2') € (Q*2)e,

1
I = |y / (ult,x + ) — ult, 2)) Dtz + sy)| ds
0

1 1
< JyP? / / Dult,x + s'y) (Dn(t,x + sy) — Diu(t's ' + sy))| ds ds’
0 0

< C|y|222k||Du||Loo(Qk+3)(|fl7 2+t =t)).
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The last case is similar. In conclusion, we obtain

II < Cly/* [2"([Du]§@k+3lx — 2|* + [Dullp quealt — 1)

+ 2| Dul ., guny (& — '] + |t = ).
From the estimates of III, IV, and (6.3.20), we obtain

[ < Cokle+D) [wu(max{]:[ — 2| [t =tV

+ [Dulg grislz — 2'[* + [Dul, . grralt — t'|°/°

a/o;

4 (DUl igrrsy + Il o ropmen) o = | e = D] (6:3:21)
By combining (6.3.18), (6.3.19), and (6.3.21), we obtain
s (t, ) — hig(t', 2')| < wn(max{le —a'|, |t —¢'[V7}),
where

wh(r) = C2O’k(HU/HLOO((71,O)><Rd) + ”DUHLOO(Q’“'*‘3))WL1<T)

+ C2He D) [wu(r) + ([Dulg ones + [Du]g/QO)r“

+ (1Dl ey + el i ryiny) (7)) (6.3.22)

is a Dini function.
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Step 3. We apply Proposition 6.3.3 to v, to obtain

1040k || Lo + [08)% + [Vk]o1

< Cllorllie +C Y (wn(27) + wp(27)) + C2* Sup /51| o)

j=1

+ C2%|lull p o (- 1,0)xrey + C2° Zwu(zfj) + C2%||ull Lo ((~1,0)xre Zwb(fj)

J=1 J=1

< Cllvgllr. + C2k(g+1)([DU]Z;Qk+3 + [DU]Z/U;QHS + || Dul| 1 (or+3))

+CY 0 (2Mw, (27) + wp(27)) + C2F Sup 1 f5ll L (@1)

J=1

+ C2P w1 (- 1.0y xRy,

where C' depends on d, A\, A, o, Ny, wp, and w,, but independent of k. Since n, =1

in Q*, it follows that

100l Lty + [l + D)oo g < C2T D ull 1 ((1.0) )

+ Co2k(”+1)([Du]i;Qk+3 + [Dulf, )y gres + | Dull Ly gr+9))

a/g7

FOY QT (2) +g(2) + O s I fsllmian (6329

J=1

By the interpolation inequality, for any ¢ € (0, 1)

[Dulggess + [Dul jigera + 1 Dull o r+)
_ 14«
S €(||8tu||Loo(Qk+3) + [u]i;Qk+3 + [Du]t(;%;@k+3) + (e o-0+a) ||u||Lw((—1,0)><]Rd)'

(6.3.24)

Recall that o = "T_l and denote

I+a o+1
N = = > 3).
c—(14+a) 0—1( )
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Combining (6.3.23) and (6.3.24) with ¢ = C; '273*=12NV=1 "we obtain

10vul| Loy (@r) + [ulf.or + [Du](, Lok < C23k+(3k+12N)NHUHLOO((A,O)de)

49 12N- 1([u]ng+3 + ||0pul| 1, (Qk+3) [DU]IET;I;QIC-&-S)

+02kSUpl|fﬁ||Loo(Q1 —}-Cz 23k 2 ])+wf(2 J))

7=1

Then we multiply 274 to both sides of the inequality above and get

27N ([|00ull oy + [ulfgr + [Dufoms g0)

< OBVl (1 0yrny + 2 NI ([0l gy + [l e + [P )

+C2” 4kN+ksuPHf,8”Loo(Q1 +C2” kNZ W(277) +wp(27)).
7j=1

We sum up the both sides of the inequality above and obtain

D27 (00l by + Tl e + [Dufocs 1)

<C Z 23k7kNHUHLoo((71,0)de)
k=1

1= _ .
+3 D2 N (10sull iy + [l + [Dufes o)

k=4
+022 4'“N+'“SHPHJ”BHLOO(91 +CZ wa(277) +wp(277)),
k=1 7=1

which further implies that

o0

D27 N (100l gry + Tl e + [Duocr 1)
k=1

< Cllull g ((-1,0xRe) JFCSUPHJ"BHLOo (@) +CZ wu(277) + wp(279)),
7j=1



290

where C' depends on d, A\, A, o, wy, Ny, and w,. In particular, when k& = 4, we deduce

10eull e @) + [Ulgge + [Dufecr g

< Cllufl o ((—royxre) + 081;13 sl +C D (wa(27) +wp(27)),  (6.3.25)

=1

which apparently implies (6.1.6). Finally, since [vi]a/o,a, [|[DV1||0o, |0 ||L.. are

bounded by the right-hand side of (6.3.25), from (6.3.16), we see that

Z 2= sup  inf [v; — Plajo.a:@,; (to.z0) < C-
=0

(to,xo)ERng pEP1

This and (6.3.15) with u replaced by v; and fs replaced by hig+m fs+0ymu—bsguDmy
give

e}

2(j+k0)(gia) su inf [v; — o : T
jZk:l (to,xo)EI])Rgﬂ pepl[ ! p]a/ 15Q,—j— ko (t0,20)
< 02700 4 020 Y 7 (ws(279) + wa(277) F wu(27) + wy(27) +277).
Jj=k1

Here we also used (6.3.22) with £ = 1. Therefore, for any small ¢ > 0, we can find
ko sufficiently large then k; sufficiently large, depending only on C, o, Ny, a, wy, Wa,

Wy, wp, and w,, such that

[e.e]
Z 9(i+ko)(o—a) sup ing [1)1 - p]a/o,a;QijkO (to,m0) < €
j=k1 (to,azo)ERg+1 pEML

which, together with the fact that vy = u in @1/, and the proof of Lemma 6.2.1 (ii),

indicates that

sup <[U]§;Qr(to,xo) + [Du]to;l;Qr(to,l‘o)> —0 as r—0
(tov’EO)EQl/z o
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with a decay rate depending only on d, A, Ny, A, wa, Wy, Wp, Wu, SUPse4 || /5]l 200 (@1

and 0. Hence, the proof of the case when o € (1,2) is completed. O

6.3.3 The case when 0 =1

Proposition 6.3.4. Suppose that (6.1.1) is satisfied in RI™. Then under the con-

dition of Theorem 1.2.3,
1Dl r. + 1rullr, < Cllullr, +C Y w27, (6.3.26)
k=1

where C' > 0 is a constant depending only on d, A\, A, Ny, w,, and wy.

Proof. Set by = b(0,0) and we define
a(t,x) = u(t,x —bot),  fa(t,x) = fa(t,x —bot), and b(t,x) = b(t,z — bot).
It is easy to see that in RZ™
Ou(t, ) = Ou(t,x — bot) — boVu(t, z — bot),
and for (t,z) € Qg

[fa(t,2) = f5(0,0)] < wp((1+ No)27"),

b — bo| < wy((1+ Np)275).
It follows immediately that

i = inf(Lgi + fa+ (b—by) V). (6.3.27)
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Furthermore,
[Dullr.. + 10wl r. < (1+ No)(IDar. + 102 r..).

so it is sufficient to bound @. In the rest of the proof, we estimate the solution to
(6.3.27) and abuse the notation to use u instead of @ for simplicity. We are going to

choose ¢ sufficiently small so that

The proof is similar to the case ¢ € (1,2) and we indeed proceed as in the
previous case. Take py to be the first-order Taylor’s expansion of u®™") at the origin.

We also assume that the solution v to the following equation

0w = infge4(Lg(0,0)v + f5(0,0) — Oepo) in Qyr

v=u—Dpo in (—27%,0) x BS_,

exists without carrying out another approximation argument. By Proposition 6.3.1

and Lemma 6.2.4 with ¢ =1,

[U]1+a,1+a;Q2_k_1 <C Z Qk_ij + OQk[U]a,a;QQ—k

j=1

k— k
<C Z 2t plengl p]a»a;(%"“,o)Xszfk + 02 [U]O"O‘;Qr’“

< CZQ’f Jplggl — Dlaas-2-+0)xB,,_, + Cltlaa + C2W]aag, .- (6.3.28)
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From (6.3.28) and the interpolation inequality, we obtain

[U - pl]a Ol‘Qkaka

—(ktko) Z ok—j pieng1 Plovos(—2-k,0)x B,
e Vo, s + O+ ] (6.3.29)

where p; is the first-order Taylor’s expansion of v at the origin. Next w :=u—py—v

satisfies (6.3.4), where by the cancellation property,

Cr <wp((14 No)2™) + wy((1 + No)27™) || Dul|,. + Cwa((1+ No)27*)

o

su 2i(1=) inf [y — pl=,, + |lu )
(to,xO)GI;Qngl jgo pepx[ pj|a7Q27J (t07x0) H HLDO

Clearly, for any r > 0,
we((1 4+ No)r) < (24 No)ws(r).
Therefore, similar to (6.3.5), we have

[Waai@, < C27 (wp(27%) +wy (2771 Dull ..

+wa(2_k)< sup 320 nf fu—plEg o ||u||LOO>. (6.3.30)

(tO,IO)ERd+1 j:O pE’Pz
From (6.2.16) and the triangle inequality,
[U]a,a;QQ—k < [w]ma;QQ—k + [u — pO]aﬂ;QQ—k
< [Wlaeq, » +C inf [u—plaaqg, ;-

pEP1

Similar to (6.3.8), by combining (6.3.29) and (6.3.30), shifting the coordinate, and
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using the inequality above, we obtain

Uith)=e)sup inf [u — p]
(to,xo)eRgH pEP1

k
< o2 FHRl s 2" inf [u = Placy-2-roxn,
- (tOvJCO)EpRgHj;o PGPl[ p] s05(—=27F,0)X Byj

5Qy—k—ko (to,70)

O 0y (27%) 4w, (27) | Du ..
twa@)( sup ST inf [u—plE gy + s )]
(to.0) R ]z:; PEP: 1Qy—j (to,mo0)

+ ¢ (k+kolafy]
which by summing in & = k1, k1 + 1, ..., implies that

o0
ketko) (1— .
Z glktho)(1-a) g 16117£ [u — p]a@;Qrk_kO (to.z0)
k=k1 (to.zo) R P

< 0 ko Z 20=2)  qup  inf [U = Ploys@,—; (to,z0)
]:0 (to,xo)ERg+l pE'Pl

+ Clu]an + C2%0 Y " wp(27)

k=k1
+ 0200 7 (279 | Dl + wa(27)
k=k1

su 202 inf [y — p]®, +||u )]:
(tO@O)EI;Qngl ];0 pepm[ p]Oé,Q27] (tOJCO) H HLOO

where for the first term on the right-hand side, we replaced j by k — j and switched
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the order of the summation to get

k
9~ (ko) qup 2" inf [u — Plav,ac(to—2-% t0)x B (zo0)
kz;ﬂ (to,xo) Rd'H ]Z:; pEP1 o +o 27—k %0
—(ktho)ox 27 su inf (v — plaao._ oz + Clilao
kz:: Z (to,mO)GII)Rngl p€'P1[ p] } 7Q277 (t07 0) [ ] )
Z sup . plenpl[u p] ,0;Q5—j (to,z0) Z + [u] )
j=0  (to,z0)€Ry k—j

o0

< (9 Hoa Z 2/0=)  qup  inf [u— Pla.a:@,—; (tozo) T ClUaa
]:0 (t07 )ERd+1 pEPl

Therefore,

2j(1_a) sSu 1nf u — 0 . x
Z (to,fvo)el?Rd'*‘l pe’Pl[ p] ,5Q5—; (to,0)

e}

< 02 ko Z 21072} sup inf [u — p)

o,05Q),— i (to,x
(to,w0)eRIT1 PEPL Q= {fo,w0)

Jj=0

+ Cotk) =)y 4 C2R=) Yy "y (27

k=k1
+ 25070 N " o, (27F) | Du| 1., + €207 Y " w
k=k1 k=k1

. <Z 2/0=2)  qup  inf [u — p]a,a;QZ_j(to,xo) + ”UHLOO>

(to,0)€Rd+1 PEPL

Then we choose kg and k; sufficiently large, and apply Lemma 6.2.1 (i7i) and the

interpolation inequality to get (6.3.26). The proposition is proved. O
Next we employ a localization argument as before.

Proof of Theorem 1.2.3 with 0 = 1. The proof is very similar to the case when o €

(1,2) and we only provide a sketch here. We use the same notation as in the previous
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case

Sk(ta €, y)aﬁ(ta x, y) d
|y|d+1 ’

hkﬁ(t, {L’) =
R4

where
&tz y) =ult,z +y)e(t,z +y) — ne(t,x)) — u(t, )y - Dnp(t, z)xB,-
It is easy to see that when |y| > 27F=3
€kt 2, )] < C2[yl[lull Low(—1.0)x):

On the other hand, when |y| < 27573,

1
[6(t, 2, y)] < [yl / |u(t, x +y)Dni(t, = + sy) — u(t, z) Dip(t, )| ds
0

< C2%ylw,(|y]) + C2%|y?|u(t, z)|.

Therefore,

1
wy (1)
”MN%SC%@W%wmmw+/ j dr).
0

Next we estimate the modulus of continuity of his and proceed as in the case
when o € (1,2). Indeed, recall the definitions of and I and II in (6.3.18). It is easily
seen that

wy (1)

r

1
1< O (e ropesn + | 247 dr) wamalfe =) [ 1)
0
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To estimate I, we write

§k<t7 z, y) - §k<t/> :Clv y)
=u(t,z +y)w(t,r +y) — i(t,x)) —ult,z)y - Dnk(t, z)xB,

- u(t’, z’ + y) (nk(tlv '+ y) - nk(t/7 13/)) + u(tlv l’/)y ’ an<t/7 I/)XBl‘
Obviously, when |y| > 27+

|§k(t7 x?iU) - gk(t/7x,7 y)|
< Oyl (lull oo (—1,0)xmey (|2 = @' + [t = #']) + wu(max{|z — 2|, [t = ¢']})).

(6.3.31)

When |y| < 27773, we have xp,(y) = 1. Thus similar to the previous case,

6kt 2, y) — &t 2, y)]
<l [tz +2) - o) Dot + 50
— (u(t', 2" +y) —u(t', ")) Dnp(t', 2" + sy)| ds
+ Jy|? /1 /1 lu(t, ) D*ni(t, 2 + 8'sy) — u(t', ") D*np(t', 2’ + &'sy)| ds’ ds
o Jo

=1II+1V.
Clearly,
IV < C2*[y[2(w, (max{fe — o], |t = ¢1}) + [l 1y (2 — ] + ¢ = £]).

When (¢, ), (t,2") € (Q*?)¢, we have IIl = 0. When (t,z), (¢,2') € Q*2, by the
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triangle inequality, III is bounded by

1
Y| / lu(t,z +y) —ult,r) — (u(t', 2" +y) —u(t’, ") || Dnp(t,  + sy)| ds
0
1
+ [yl / lu(t',z" +y) — u(t', 2")||Dne(t, x + sy) — Dnp(t', 2" + sy)| ds
0
< C2k‘y’1+’y(|$ - xI’< + |t - t/|<>[u]é+%c+w;Q’“+3

+ C2|ylwu(lyl) (|2 — o' + [t = ¢]),
where C' depends on d, and ¢ + v < 1. Here we used the inequality

lu(t,z +y) —u(t,z) — (u(t', 2" +y) —u(t’,2'))|

< Clulyscorclle = 215+ [t — 1)y
Set v = (¢ = 1/4. When (t,2) € Q**? and (¥, 2') € (Q**?)¢,

I = |y| / (ult,z +y) — ult, 2))Dnp(z + sy)]| ds

= |y| /0 [(u(t, x +y) —u(t, ©))(Dne(t, x + sy) — Dnp(t', 2" + sy))| ds

< C2%ylwu(ly)(jz — '] + [t = 1']).

The case when (¢, 2') € Q"2 and (¢, z) € (Q*2)¢ is similar. Then with the estimates

of III and IV above, we obtain that when |y| < 27573,

|€k(t7'r7y) - gk(tl>x/7y)|
< OOy 2w amax{ o — /| + [t = £11) + Null o — 21 + [t — ¢1)
+ C2Fy P |z — V4 |t — t/’1/4>[u]1/2,1/2;Qk+3

+ C2%ylwu(lyl) (Jo — 2’| + [t — t']),
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which, combined with (6.3.31) for the case when |y| > 27%73, further implies that

1< 02 (wu(max{le — /|, 1t = #1}) + ull e -y (12 = '] + 1t = )

11/4 /1/4 / / ' wU(T)
+lulysasauallo = o1/ 4 e 0P + (o |+ e — o)) [ 20 ar),
0

where C' depends on d and A. Hence, we obtain the estimate of the modulus of

continuity of hyg(x):

wi(r) = c2% (Wu(T) + [U]1/2,1/2;Qk+37”1/4 + (HUHLOO((A,o)de)

- /01 wuy) dr) (r + wa(r))>.

Applying Proposition 6.3.4, the rest of the proof is the same as the previous case. []
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