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CHAPTER ONE

Introduction



Discontinuous Galerkin (DG) methods are a class of finite-element methods using
completely discontinuous basis functions, which are usually chosen as piecewise poly-
nomials. In this dissertation, we consider using the DG methods to solve the following

hyperbolic conservation law
U + f(u):r =0, u(x, 0) = uo(x) (1'1)
and its two-dimensional version.

For the one dimensional hyperbolic conservation law, for simplicity we consider a
uniform partition of the computational domain (a, b) in N cells, with cell boundaries
{z51)2 };VZO. We set I; = (xj_1/2,%j11/2) and the cell center z; = %(:Uj,l/g +Tj11/2),

for j=1,..., N, where

a=21 <T3 <---<Xn,1=2b
£ 5 N+§ 9

V]

and denote the mesh size Az = (b —a)/N.

With an abuse of notation, we seek a numerical approximation u such that for

each time ¢ € [0, 77, u(t) belongs to the finite dimensional space
Vi=Vi={v:o|, € P"I), j=1,...,N}, (1.2)
where P*(I) denotes the space of polynomials in I of degree up to k.

The semi-discrete DG method for solving (1.1) is defined as follows: find the

unique function u = u(t) € V;, such that, for j =1,2,... N,

/utvdx—/ f(u)vg;dx—l—fﬂ%v(x;rl)—fj_% i
I; I; 2



holds for all v € V},. Here fj 11 is a numerical flux, originally designed for finite

difference and finite volume schemes for solving conservation laws [26].

The above defined DG method was first introduced in 1973 by Reed and Hill
[38] solving the equations for neutron transport, which are time independent linear
hyperbolic equations. A major development of the DG method is carried out by
Cockburn et al. in a series of papers [9][11][12][13][14][15], where a framework has
been established to easily solve nonlinear time-dependent hyperbolic equations, such

as the Euler equations of compressible gas dynamics.

Since the basis functions of the DG methods can be completely discontinuous,
DG has the flexibility which is not shared by typical finite-element methods, such
as the allowance of arbitrary triangulation with hanging nodes, complete freedom in
changing the polynomial degrees in each element independent of that in the neigh-
bors (p adaptivity), and extremely local data structure and the resulting high parallel
efficiency [10]. However, DG methods are oscillatory in the presence of strong dis-
continuities. One of the bottlenecks for the development of the DG methods is the
design of good, robust limiters to control these oscillations. Efforts have been made

in this dissertation to investigate two types of limiters for the DG methods.

An important property of the unique entropy solution to the initial value prob-
lem of a scalar conservation law (1.1) is that it satisfies a strict maximum principle,
namely, if uy; = max, ug(x), uy, = ming ug(z), then u(z,t) € [uy,, uy| for any x and
t. It is a highly desirable property, not only because violating it may produce phys-
ically meaningless numerical solutions, but could also lead to numerical instability
or ill-posedness. However, the existing high order schemes for solving (1.1) do not
necessarily retain the maximum principle preserving property. Two kinds of high

order discrete maximum principle preserving (MPP) limiters have been developed in



recent years. One is the polynomial re-scaling MPP limiter proposed by Zhang and
Shu in [54][55][57][56][58][53]. The other is the high order parametrized MPP flux
limiter proposed by Xu et al. in[50][28], which was later improved by Xiong et al. [47]
by applying the limiter only at the final stage of the Runge-Kutta method. In this
dissertation, we apply the parametrized MPP flux limiter on implicit discontinuous
Galerkin methods solving one dimensional transport equation using the upwinding
flux. We also explore another limiting approach by solving a global optimization

problem with coupled inequalities ensuring the maximum principle.

One of the main difficulties in solving (1.1) is that the solution may contain dis-
continuities even if the initial condition is smooth. While DG methods have many
advantages, when computing solutions with strong discontinuities, the scheme is not
enough to control spurious numerical oscillations by itself, and sometimes may even
result in nonlinear instabilities. Therefore nonlinear limiters prove to be an impor-
tant component of to control these oscillations, especially for nonlinear problems
containing strong shocks. There are many limiters for DG existing in the literature
[19] [41] [4] [37] [60] [59], most of which act independently as an add-on procedure
upon the original DG scheme. In this dissertation, we discuss a new limiting ap-
proach by changing the integral formulation of the DG scheme and incorporating
the limiting procedure within the original DG framework, similar to finite element
methods with artificial diffusion[31][21]. To do so we add a shock capturing term
in the variational formulation of the DG scheme based on the WENO reconstructed
polynomial in [59]. We expect the extra term to act as an artificial viscosity to
control spurious numerical oscillations near discontinuities while maintaining the
original order of accuracy, and we have the freedom of adjusting the added term by

a parameter €.

This dissertation is organized as follows. In Chapter 2, we investigate the



parametrized MPP flux limiters for the one dimensional transport equation. In
Chapter 3, we present the artificial diffusion WENO limiter for the DG methods.

Conclusion and remarks for future work will be given at the end of each chapter.



CHAPTER TWwO

Parametrized MPP Flux Limiters
for the One Dimensional

Transport Equation



2.1 Introduction

In this chapter, we investigate a parametrized maximum principle preserving (MPP)
flux limiter, and a global flux limiter, for the high order implicit discontinuous

Galerkin finite element method, solving the one dimensional transport equation

up +u, =0 (2.1)

subject to the initial condition u(z,0) = wuy(z), and the inflow boundary condition

u(0,t) = g(t).

For this equation, the solution satisfies a strict maximum principle, that is

U < u(z,t) < uyy, (2.2)

if wy, < ug(x) <upy and u, < g(t) < uyy.

When u,, = 0, the problem is generally addressed as positivity preserving.

However, the existing high order schemes for solving hyperbolic conservation
laws do not necessarily retain the maximum principle preserving property. Zhang
and Shu [54] previously developed a class of maximum principle preserving limiters
for arbitrarily high order finite volume WENO and discontinuous Galerkin methods,
coupled with explicit strong stability preserving (SSP) time discretization [18] by
limiting the reconstructed polynomials around cell averages. They demonstrated
that the schemes were able to maintain the designed order of accuracy under a CFL

constraint.



Recently, Xu et al. in [50][28][7][24][48][49][51] developed a new class of
parametrized maximum principle preserving flux limiters for hyperbolic conserva-
tion laws. The key idea of this limiter is to limit the temporal integrated high order
numerical flux with a first order monotone flux, which preserves the maximum prin-
ciple. The main advantage of this new limiter is that the designed order of accuracy
of the orginal scheme might be able to be maintained without excessively restrict-
ing the CFL number. Later they improved the parametrized MPP flux limiter by
applying it only at the final Runge-Kutta (RK) stage to reduce the computational

cost and to relax the CFL constraints.

In this chapter, we propose to apply the parametrized MPP flux limiter on im-
plicit discontinuous Galerkin method to relax the strict CFL constraints of the ex-
plicit schemes. The feasibility of applying the MPP flux limiters to the DG solution
lies on the fact that the cell averages for the DG scheme are updated in a conservative
fashion by using flux differences. The parametrized MPP flux limiter is proposed ro
preserve the MPP property for the cell averages and at the final Runge-Kutta stage
only. Our approach can be viewed as a low-cost easy to implement post processing
procedure that modifies the high order numerical fluxes towards a first order one, for
the evolution of the cell averages, with all higher order moments unchanged. Based
on the same framework in search for the limiting parameters 6;,1/2, we also explore
another global flux limiting approach by solving a global optimization problem using
the Simplex algorithm to ensure maximum principle on the cell averages. Experi-
ments for the one dimensional transport equation with different initial conditions

will show the performance of these two kinds of limiters for implicit DG schemes.

The outline of the chapter is as follows. In Section 2.2, the DG formulation
with implicit Runge-Kutta time integration is described. The formulation of the

parametrized MPP flux limiter is presented in Section 2.3, and also the global flux



limiter from the Simplex Algorithm in Section 2.4. Numerical results are provided

in Section 2.5. Finally we give the concluding remarks in Section 2.6.

2.2 Implicit Discontinuous Galerkin Formulation

In this section, we give an overview of the algorithm formulation of the implicit

discontinuous Galerkin method solving the transport equation (2.1).

The semi-discrete DG scheme has already been given in (1.3), we take the upwind

numerical flux therein, that is

f=flu)=u" (2.3)
at all interfaces.

Here and below u~, u™ denote the left and right limits of the function u at the

cell interface, respectively.

Now we consider the implementation of the DG scheme. We note that for every
new time step, when we solve for the numerical solution for the current cell, we
only need the information of the left adjacent cell (or the left boundary), and the
numerical solution of the previous step. Therefore we can sweep the cells from left

to right to get the numerical solution at the new time level in the computation.



10

After discretizing in space the problem by the DG method, we obtain a system

of ODEs for the degrees of freedom that we can rewrite as follows:
—u = L(u), in (0,7), (2.4)
where L(u) is the spatial discretization operator.

To discretize our ODE system in time, we use the implicit Runge-Kutta time

discretization.

The general description of an m-stage Runge-Kutta method for solving the

Cauchy problem

y, = f(tuy)

y(to) = yo

is given by the formulas

v =y ALY agf(te + AtLyY)  (1<i<m)
j=1

Ynrt = Yo+ ALY bif(t, + ity

=1

which can be represented in a Butcher table as follows
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C1 aiq c. A1m
Cm | Qm1 - - - Amm
by ... bn

The notation A = (a;;), b = (b;) and ¢ = (¢;) allows any Runge-Kutta method
given in a Butcher table, in which the coefficients of the method satisfy the following

condition

c=Ae ble=1 e=][l,...,1]" (2.5)

Among the implicit Runge-Kutta methods, the diagonally implicit Runge-Kutta
(DIRK) methods [33], for which A is lower triangular, can be implemented effi-
ciently without transforming to the Jordan form of A. For simplicity we use DIRK
methods in this chapter for time integration. There are two popular types of such
methods, namely, SDIRK (Singly DIRK) and ESDIRK (Explicit first stage Singly
DIRK) methods. The SDIRK methods are both singly implicit and diagonally im-
plicit, where A is lower triangular with all diagonal entries identical, whereas the
ESDIRK methods have an explicit first stage. For details on efficient implementation

of implicit Runge-Kutta methods, refer to [2][6][1][44][8][29].

We specifically choose two 3-stage third order L-stable methods in our numerical
tests, SDIRK33 and ESDIRK33 (the first digit indicates the number of implicit

stages, and the second digit indicates the order).

SDIRK33 method has the following Butcher table
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| m—a o 0

bl b2 (6]

where « is the root of 2® — 32% + 3z — ¢ = 0 lying in (§,3), » = 22, b =

—(6a* — 16ac 4+ 1)/4 and by = (6a* — 20a + 5) /4.

And the Butcher table for ESDIRK33 method reads

0 0
2y g g
C3 C3 —aga — 7 azz Y

1 | 1—=by—bg—vy Dby b3 v

L | 1—=by—bs—7y by b3 7

where 7 is the root of #* —32? + 3z — % = 0lying in (§,3), s = 5+ 3, as = calea=2y)

__ 2—67—3c3+6yc3 _ 1-67+6+?
= =205 an =
by 129(27—c3) & d bs 3c3(c3—27)

Thus, for the final computing time T, if {t"}»_; is a partition of [0,7], and

At ="t " n =0,..., N — 1, our time-marching algorithm reads as follows:

e Set u’;
e For n=0,...,N — 1 compute ©"*! from u" as follows:

1. for i = 1,...,m compute the intermediate solutions from:

u =" 4+ At Z ai; L(u);
=1
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2. set
uth =" 4 ALY b L(u®),

1=1

Note since for both methods, the last row in A is identical to b® (the stiffly accurate

m

methods), thus we actually have u"*! = u(™ in the computation.

2.3 Parametrized Maximum Principle Preserving

Flux Limiter Formulation

Upon the previously discussed implicit DG scheme, we apply the parametrized max-
imum principle preserving (MPP) flux limiter on the cell average of the numerical
solutions at the final stage of every Runge-Kutta time level. In this section, we
present the formulation of the parametrized MPP flux limiter. Take v = 1 in the

semi-discrete DG scheme (1.3), we get the time evolution of the cell average

1

_A_x(fjﬂ/? = fi-12) (2.6)

u =

SR

Using DIRK in time, the updating of cell average in each Runge-Kutta step can

be written as

ﬂ?“ = ﬁ? - /\(f;—]f-l/2 - f;l—clm) (2-7)
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where A = %, and f”“ is the combined numerical flux for the m-stage implicit

Runge-Kutta method at the current time level, which can be computed explicitly.

Recall the 3-stage third order DIRK algorithm as discussed in the previous ses-

sion,

3
i=1
kl = L(u” + Atank:l)
ky = L(u" + At(ag ki + agoks))

ks = L(Un + At(aglk’l + agoky + aggk’g))

where k; (i = 1,2,3) can be obtained through each Runge-Kutta stage and the
intermediate numerical solutions. They can be written in the form,

. | Y A :
Fi= (=) i=1,2.3 (2.9)

where k; is the cell average of k;, with f(i)(i = 1,2,3) being the numerical fluxes

based on the corresponding numerical solutions at the i-th Runge-Kutta stage.

Thus from (2.8) we can get the expression for the total high order numerical flux

f* from the implicit Runge-Kutta time discretization

fri g £(1) F(2) £(3)
/2 = bifiiys T 028 + 05 (2.10)

which does not necessarily preserves the maximum principle. At every Runge-Kutta

i)

stage, we store fj( +1/2

in order to get fﬂfl /o at the final stage.

On the other hand, we denote the numerical flux derived from the first order



15

implicit method as ij+1 /2, which preserves the maximum principle.

Now we aim to replace the numerical flux f;ﬁl /2 by the modified one

Fiti = 9j+1/2(f;f-1/2 — hji1ya) + by (2.11)

with 6,1/ € [0, 1] for the cell averages. That is to say, if we use Legendre polyno-
mials, for instance, for the basis of the DG scheme, we modify the numerical flux
only for the first degree of freedom of the numerical solution. Let

um = min(u(z,0),9()),  wy = max(u(z,0), g(2)),

z,t

to ensure the maximum principle on cell averages
0 .
Uy < UjiS’umh Vﬁ,n

we seek parameters {6;;,2} at time ¢, such that the newly constructed numerical

n+l€5[

fluxes can ensure the maximum principle on cell averages ()] U, Upg). 1€,

um ST = = A(ffE1 g = fEe) < un (2.12)

We decouple the inequalities (2.12) and compute {6;1/5} in the following fashion.

rk

For each 61/, limiting the numerical flux fj Y1720 We are looking for proper

—n+1 —n—+1

upper bounds A+1/271j and A_y), from the needs of keeping u} and url

Ijta
within [u,,, upr], respectively. In cell [;, in order to obtain an independent pair
of (0j-1/2,0j11/2) for the numerical flux to be locally defined, we ought to find
upper bounds A_yp; and Ay 7, such that any chosen pair (0j-1/2,041/2) €

[0, A_1/2,1;] X [0, Ay1/21,] should satisfy (2.12).
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We separate (2.12) into the following two inequalities. For the maximum value

part,

Mi—12(f7%1 o = hicay2) = Mg (751 o = higae) = T3 <0, (2.13)

where

M = upr — (@) + Mhjrjo — hjorja) > 0.

For the minimum value part,

)\9j71/2(ff51/2 — hy_1p) — )\9j+1/2(fff1/2 — hjt1p2) =T >0, (2.14)

where

~

T =ty — (@)} + Alhji12 = Bjo1/2) <0,

We denote Fjiq/o = ]E;L/z - ;Ljil/Qa

First we determine Afl J2.0; based on the signs of Fj_;/; and Fjy/s, to ensure the

upper bound part.

(a) If Fj_1/2 < 0 and Fji1/2 > 0, then the inequality (2.13) holds automatically,
thus

Aﬁ /2,0 — 1

(b) If Fj,1/2 < 0 and Fj+1/2 < O,

M
¥

AM AM = (1,min(l, ————
( —1/2,1;> +1/2,Ij> (1, min( ’—)\Fj+1/2



() IfF 1/2>O&HdF}+1/2>O

(A]yl/z,ljaAfl/z,lj) = (min(1, —),1).

(d) IfF 1/2>O&Hd F+1/2<0

If (2.13) is satisfied with (0;_1/2,0;11/2) = (1,1), then
(A 1/2,I; 7A+1/21 ) =(1,1).

If (0j_1/2,0j41/2) = (1,1) does not satisfy (2.13), then

i v
AM o AM :
Ay M) = (/\F “1/2 = AFjy1je’ AFj_yj2 — AF; +1/2)

Similarly, AT, J2,1, Can be obtained to preserve the lower bound by (2.14).

()IfF 1/2>0andF+1/2<0

i1/21 =1

(b) IfF ~1/2 >0 and F+1/2 > 0,

A" AT ) = (1, min(1, —2Z—
( 1/2,1; +1/2,I]) ( ( \F, 1/2))
()IfF 1/2<0&1’ldF+1/2<0
( ) = (min(1, Fj ), 1)
AT LA . min ,1).
1/2,1;0 B 41/2,1; NF, 12

(d) IfF —-1/2 < 0 and F+1/2 > 0,
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If (2.14) is satisfied with (6;_1/2,0;11/2) = (1,1), then
(AT1/2,IJ~7 ATl/z,Ij) = (17 1)-

If (0j_1/2,0j41/2) = (1,1) does not satisfy (2.14), then

Irm Irm

AT .7Am ) = J , J )
( 1/2,1; +1/2,Ij) (>\Fjj_1/2 . )\F1j+1/2 >\Fjj_1/2 . )\F}‘+1/2

Put the constraints for upper bound and lower bound together, we get

Asrjor, = min(AY o 1, AT o) (2.15)

Arjor; = min<A§41/2,IjaAT1/271j) (2.16)

Since the range of 6/, should ensure the inequality (2.12) to hold for both the

left and the right cells, I; and I;;4, it is taken as

0j+1/2 = miH(A+1/2’[j,A_1/27]j+l) (217)

With the parameters {6;,1/2} defined above, the modified numerical flux can be

computed as in (2.11) to update the cell averages.

ﬂ}‘“ =uj — )‘(f;—]f-l/Q - ;]fl/z) (2.18)

We keep all other degrees of freedom unchanged in our scheme. The design of this
parametrized flux limiter automatically guarantees the maximum principle for the

cell averages of the numerical solution.
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2.4 Global Flux Limiter from the Simplex Algo-

rithm

The design of the parameters {6;,1/5} in the previous section is a sufficient condition
for the cell averages to preserve the maximum principle. It is pretty restrictive since
we require for V0,15 € [0,min(Ay1)27,, A_1/21,,,)], the coupled inequalities (2.12)
should hold for j = 1,2,..., N. For instance, when we consider the upper bound
requirement for the cell I;, the value for the parameter 6;_;/,, should work for all

M

possible values of 041/, € [0,A+1/2 Ij], not just any pair (6;-1/2,0;41/2) satisfying

(2.13). To relax the restriction for 6;1/o, instead of seeking its upper bounds and
ensuring the coupled inequalities to be held for all positive 6,1/, smaller than that,

we consider the system of inequalities
Umgﬂ?—)\(iﬂil/Q_f;’jl/g)SuMy j:1727"'7N

in a global manner and intend to find single values of (6112)}, that satisfy the

coupled inequalities, with parameters 6,11/, € [0,1] as large as possible.

We maximize the sum of all 6/, and propose the following optimization prob-

lem

N
max E 9j+1/2,
Jj=0

s.t., AFj 120172 — AFj1/20541)2 < Fj-w; j=L2...,N

AFj 1y90; 172 — AFj1p20i 012 2 T J=12,....N



0< (93'-1-1/2 <L

j=0,1,...,N

with Fjiq/2, F;-W and I']" defined the same as in the previous section.

We can rewrite the optimization problem in the following form

min f1x,
s.t., Ax <b
Ib <x <ub

with

T
X = [Il/g, T3/25 vy .TN_H/Q]

the variables of the problem,

f=1[1,1,..., 1%
N+1
the coefficients of the objective function,
—)\Fl/g )\Fg/g
—)\Fg/g )\F5/2
—AFN_1)2

AFip —AF3)
)\Fg/g —AF5/2

AFN_1/2

AEN 172

—AFNj1/2)

20
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a 2N x (N + 1) matrix,
b=[¥ ... N - .. T
with elements all positive,

Ib=[-1,-1,...,-1]"

~~
N+1

and

ub =1[0,0,...,0/"

N+1

a set of lower and upper bounds on the design variables x.

This form of linear programming problems can be easily and efficiently solved
by the Simplex algorithm [32][16]. And then 6/, is taken to be —x;41/ for j =
0,1,...,N.

Invented by Dantzig in 1947, the Simplex algorithm tests adjacent vertices of the
feasible set in sequence so that at each new vertex the objective function improves
or is unchanged, until the optimal basic feasible solution is identified. This method

is very efficient in practice, generally converges in expected polynomial time.

If the original high order numerical solution satisfies the maximum principle
itself, all the 0;;,/, will be taken to be 1 in the Simplex algorithm, thus the limited

numerical solution coincides with the original high order numerical solution.

At the final stage of each Runge-Kutta time step, we compute {Fj+1/2}§y:07
{3, and {I'7"}., and solve the global optimization problem defined above.

After we obtain the parameters {0;11/2}, the numerical flux for the cell averages is
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modified in the same way as in (2.11), and the rest of the scheme remains the same

as in the previous section.

2.5 Numerical Examples

In this section, we apply the parametrized MPP flux limiter as well as the global flux
limiter derived from the Simplex algorithm, described in Section 2.3 and Section 2.4,
respectively, to the implicit DG method for solving the model problem with three
different initial conditions as numerical tests. We present results for P? DG method
coupled with the 3-stage third order SDIRK33 time discretization. Results are similar

with the ESDIRK33 time discretization and are therefore not reported here.

Note that in the computation of both limiters, Fj.” should be positive and I'}*
should be negative, which comes from the first order method satisfying the maximum
principe. But in actual computation, this may not be true due to round off errors,
which may eventually affect the value of # (6 may not be within [0,1]). To address
this issue, we monitor Féw (I'7") in our computation and set it to be 0 whenever it is

negative (positive) with absolute value less than a tolerance 1071°.

For all the tests, we use the uniform mesh with N cell, for N = 20 up to 2560,
and compute up to t = 1. We test on different CFL numbers, especially for large
ones. In particular, in the following, we take both CFL= 1 and CFL= 10. For all

the three initial/boundary conditions, we will show the results for the implicit DG
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scheme without any limiters, with the original parametrized flux limiter, and with

the global flux limiter derived from the Simplex algorithm, respectively.

For all figures in this chapter, the solid lines are for the exact solution, and the

symbols are for the numerical solution.

Example 2.5.0.1. Equation (2.1) with a Heaviside function as the initial condition

0, z <0

and zero inflow boundary condition.

upy = 1, uy = 0. The results are shown in Figures 2.1 and 2.2.

Example 2.5.0.2. Equation (2.1) with a hat function as the initial condition

0, —-2<zr<—1
1+, —1<x2<0
u(z,0) =
1—u, 0<r<l1
\ 0, l<z <2
and zero inflow boundary condition at x = —2.

upy; = 1, Uy, = 0. The results are shown in Figures 2.3 and 2.4.

Example 2.5.0.3. Equation (2.1) with a smooth sine function as the initial condi-
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Figure 2.1: 1D transport equation with the Heaviside initial condition using the
SDIRK33 P? DG sheme with (a) no limiter; (b) original parametrized MPP flux
limiter; (c) global flux limiter from the Simplex algorithm. N = 160. CFL = 1.
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Figure 2.2: 1D transport equation with the Heaviside initial condition using the
SDIRK33 P? DG sheme with (a) no limiter; (b) original parametrized MPP flux
limiter; (c) global flux limiter from the Simplex algorithm. N = 640. C'F'L = 10.
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tion
0, —2r<x < —T7
u(r,0) = 4 sin*(x), —r<zx<m
\0, T<zx<2m
and zero inflow boundary condition at z = —27.

upy = 1, Uy, = 0. The results are shown in Figures 2.5 and 2.6.

For the first two examples with discontinuities, we show figures to demonstrate
the effects of the two limiters. For the third one with smooth initial condition,
we also record the errors in L, Lo and L., norms, as well as the maximum and
minimum value of the cell averages, denoted as aMax and aMin, respectively. In
our error tables for the global flux limiter with the Simplex algorithm, we observe
sometimes aMin can be negative. This is due to the tolerance we set for the Simplex

optimization solver.

As can be seen from the results of the first two examples, when the initial wave
contains discontinuity and irregularity, the two limiters do take effect and keep the
numerical solution staying in bounds. However, the original MPP flux limiter smear
the solution a lot when acting on the implicit DG scheme, especially for large CFL
numbers. On the other hand, the global flux limiter from the Simplex Algorithm

performs a lot better.

For the third smooth initial condition, we observe order degeneration for the
original parametrized MPP flux limiter with the magnitude of error significantly

larger, while the global flux limiter can preserve third order of accuracy in all norms.

We remark that, since we only preserve the maximum principle for the cell av-
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Table 2.1: Error for the DG scheme without limiters with N cells. T =1. CFL = 1.

N L, error order | Ly error order | Loo error order | aMax aMin
20 | 2.31e-01 1.04e-01 8.69¢-02 0.77  -1.30e-02
40 | 6.79e-02 1.77 | 3.05e-02 1.77 | 2.23e-02 1.96 | 0.94 -9.01e-03
80 | 1.12e-02 2.60 | 4.98¢-03 2.62 | 3.54e-03 2.65 | 0.99 -1.85e-03
160 | 1.54e-03 2.86 | 6.88¢-04 2.86 | 4.81e-04 2.88 | 1.00 -2.67e-04
320 | 2.00e-04 2.95 | 8.95e-05 2.94 | 6.20e-05 296 | 1.00 -3.65e-05
640 | 2.54e-05 2.97 | 1.14e-05 2.97 | 7.85e-06 2.98 | 1.00 -4.64e-06
1280 | 3.18e-06  3.00 | 1.43e-06 3.00 | 9.83e-07  3.00 | 1.00 -5.85e-07
2560 | 3.98¢-07 3.00 | 1.79e-07 3.00 | 1.23e-07 3.00 | 1.00 -7.33e-08

Table 2.2: Error for the DG scheme with the original parametrized flux limiter with

Necells. T=1. CFL=1.

N Ly error order | Ly error order | Loo error order | aMax aMin
20 | 3.72e-01 1.65e-01 1.55e-01 0.74  0.00e+00
40 | 2.91e-01 0.36 | 1.38¢-01 0.26 | 1.32¢-01 0.23 | 0.93 0.00e+00
80 | 1.01le-01 1.53 | 5.63¢-02 1.29 | 591e-02 1.16 | 0.96 0.00e+00
160 | 1.76e-02 2.52 | 1.32¢-02 2.09 | 2.03e-02 1.54 | 0.98 0.00e+00
320 | 2.28¢-03 294 | 2.61e-03 2.34 | 5.52¢-03 1.88 | 1.00 0.00e+00
640 | 3.08e-04 2.89 | 5.00e-04 2.38 | 1.42¢-03 1.96 | 1.00 0.00e+00
1280 | 4.43e-05 2.80 | 9.60e-05 2.38 | 3.53e-04 2.01 | 1.00 0.00e+00
2560 | 6.47e-06 2.78 | 1.84e-05 2.38 | 8.74e-05 2.02 | 1.00  0.00e+00

erages, the entire piecewise polynomial of the DG solution with the limiters applied

might still be out of the bound [u,,,uy]. One can apply the polynomial rescaling

limiters [54] in the final time step only, to ensure the numerical solution to be within

the desired bounds.
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Figure 2.3: 1D transport equation with the Hat initial condition using the SDIRK33
P? DG sheme with (a) no limiter; (b) original parametrized MPP flux limiter; (c)
global flux limiter from the Simplex algorithm. N = 160. CFL = 1.
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Figure 2.4: 1D transport equation with the Hat initial condition using the SDIRK33
P? DG scheme with (a) no limiter; (b) original parametrized MPP flux limiter; (c)
global flux limiter from the Simplex algorithm. N = 640. CFL = 10.
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Table 2.3: Error for the DG scheme with the global simplex limiter with N cells.

T=1 CFL=1.

N Ly error order | Ly error order | Loo error order | aMax aMin
20 | 2.19e-01 1.02e-01 8.67e-02 0.77 0

40 | 5.81e-02 1.91 | 2.84e-02 1.84 | 2.23e-02 196 | 0.94 -4.58e-20
80 | 1.10e-02 240 | 5.11e-03 248 | 3.73e-03  2.58 | 0.99 -8.59e-07
160 | 1.56e-03 2.82 | 7.19e-04 2.83 | 7.27e-04 2.36 | 1.00 -4.47e-07
320 | 2.00e-04 297 | 9.38¢-05 294 | 1.23e-04 256 | 1.00 -7.63e-07
640 | 2.54e-05 2.98 | 1.17e-05 3.01 | 1.51e-05 3.03 | 1.00 -8.57e-07
1280 | 3.18e-06  3.00 | 1.43e-06 3.02 | 9.81e-07 3.94 | 1.00 -9.07e-07
2560 | 3.98e-07 3.00 | 1.79e-07 3.00 | 1.23e-07 3.00 | 1.00 -1.03e-07

Table 2.4: Error for the DG scheme without limiters with N cells. T'=1. CFL = 10.

N L, error order | Ly error order | Loo error order | aMax aMin
20 | 5.85e-01 2.67e-01 2.06e-01 0.77 -4.00e-02
40 | 5.82e-01 0.01 | 2.67e-01 0.00 | 1.99e-01 0.05 | 0.86 -4.59e-02
80 | 5.82e-01 0.00 | 2.67e-01  0.00 | 2.00e-01 -0.01 | 0.88 -5.34e-02
160 | 3.42¢e-01 0.77 | 1.56e-01 0.78 | 1.18-01  0.77 | 0.92 -3.20e-02
320 | 9.95e-02 1.78 | 4.46e-02 1.81 | 3.25e-02 1.86 | 0.97 -1.43e-02
640 | 2.13e-02 2.22 | 9.50e-03 2.23 | 6.69e-03 2.28 | 0.99 -3.66e-03
1280 | 3.01e-03 2.83 | 1.34e-03 2.82 | 9.29¢-04 2.85 | 1.00 -5.43e-04
2560 | 3.88¢-04 2.95 | 1.74e-04 295 | 1.19¢e-04 296 | 1.00 -7.11e-05

Table 2.5: Error for the DG scheme with the original parametrized flux limiter with
N cells. T=1. CFL = 10.

N Ly error order | Ly error order | Loo error order | aMax aMin
20 6.82e-01 2.93e-01 2.49¢e-01 0.77  0.00e+00
40 | 1.10e+00 -0.69 | 4.80e-01 -0.71 | 3.99e-01 -0.68 | 0.79  0.00e+00
80 | 1.45e+00 -0.40 | 6.25e-01 -0.38 | 5.00e-01 -0.33 | 0.83 0.00e+00
160 | 1.23e+00 0.24 | 5.39e-01 0.21 | 5.08e-01 -0.02 | 0.79  0.00e+00
320 | 8.56e-01 052 | 3.71e-01 0.54 | 2.84e-01  0.84 | 0.82 0.00e+00
640 | 5.52¢-01  0.63 | 2.44e-01 0.61 | 2.07e-01  0.46 | 0.86 0.00e+00
1280 | 2.35e-01 1.23 | 1.10e-01 1.15 | 9.75e¢-02 1.09 | 0.92 0.00e+00
2560 | 9.58e-02 1.29 | 4.94e-02 1.15 | 4.63e-02 1.07 | 0.96 0.00e+00
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Figure 2.5: 1D transport equation with smooth initial condition using the SDIRK33
P? DG sheme with (a) no limiter; (b) original parametrized MPP flux limiter; (c)
global flux limiter from the Simplex algorithm. N = 160. CFL = 1.
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Figure 2.6: 1D transport equation with smooth initial condition using the SDIRK33
P? DG sheme with (a) no limiter; (b) original parametrized MPP flux limiter; (c)
global flux limiter from the Simplex algorithm. N = 640. CFL = 10.
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Table 2.6: Error for the DG scheme with the global simplex limiter with N cells.
T=1. CFL =10.

N | Ly error order | Ly error order | Loo error order | aMax aMin
20 | 5.41e-01 2.57e-01 2.06e-01 0.77  0.00e+00
40 | 5.37e-01  0.01 | 2.60e-01 -0.01 | 1.99¢-01  0.05 | 0.86 -2.21e-17
80 | 5.28e-01 0.02 | 2.60e-01 -0.00 | 2.00e-01 -0.01 | 0.88 -1.77e-16
160 | 3.03e-01  0.80 | 1.52e-01 0.78 | 1.18-01  0.77 | 0.92 -2.13e-07
320 | 8.61e-02 1.82 | 4.29e-02 1.82 | 3.25e-02 1.86 | 0.97 -6.82e-07
640 | 2.01e-02 2.10 | 9.67e-03 2.15 | 8.65e-03 1.91 | 0.99 -9.73e-07
1280 | 3.05e-03  2.72 | 1.43e-03 2.76 | 1.83e-03 224 | 1.00 -9.89e-07
2560 | 3.87e-04 297 | 1.83e-04 2.96 | 2.56e-04 2.84 | 1.00 -9.10e-07

2.6 Conclusion and Future Work

In this chapter, we investigate two kinds of MPP flux limiters to the implicit DG
method, for solving the one dimensional transport equations. First we apply the
parametrized MPP flux limiter, proposed by Xu [50], to maintain the maximum
principle for the cell averages. The limiter is based on the conservation of the DG
scheme using the flux difference form in updating cell averages. At every final Runge-
Kutta stage, we combine the high order numerical flux with a low order one, by a
parameter 6, +1s and the formulation to determine 6, +1 can be easily implemented

with both the high order and low order numerical fluxes computed beforehand.

Based on a similar idea, but by considering the coupled inequalities governing
the maximum principle globally, we also investigate another global flux limiter de-
rived from the solution of the proposed optimization problem using the Simplex
algorithm. In our numerical tests, this global flux limiter can achieve the maximum
principle successfully for the cell averages, with the original order of accuracy and

the magnitude of error being maintained.
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In future work, general implicit DG schemes for more complicated equations will
be investigated with both the local parametrized MPP flux limiter and the global
flux limiter. Also, for the global flux limiter, we will explore a more robust and

efficient optimization solver.



CHAPTER THREE

Artificial Diffusion WENO Limiter
for Discontinuous Galerkin

Methods
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3.1 Introduction

In this chapter, we consider the following hyperbolic conservation law

u+ f(u), =0, u(z,0)=up(z), (3.1)

and its two-dimensional version, where u and f(u) can be either scalars or vectors.
We investigate a new limiting approach based on weighted essentially non-oscillatory
(WENO) limiters for the discontinuous Galerkin (DG) methods to obtain a high or-
der limiting procedure to control spurious numerical oscillations near discontinuities
while maintaining uniform high order accuracy in smooth regions. The idea of this
limiter is to add an artificial viscosity term containing the difference between the
numerical solution and the reconstructed polynomial based on a WENO limiter [59],

to the original variational formulation of the DG method.

One of the main difficulties in solving (3.1) is that the solution may contain
discontinuities even if the initial condition is smooth. While DG methods have
many advantages, when computing solutions with strong discontinuities, the scheme
is not enough to control spurious numerical oscillations by itself, and sometimes may
even result in nonlinear instabilities. Therefore nonlinear limiters prove to be an
important component to control these oscillations, especially for nonlinear problems

containing strong shocks.

There are many limiters for DG methods in the literature, most of which come
from the methodologies of finite volume and finite difference high resolution schemes.
For example, the total variation diminishing (TVD) limiters [19], the total variation
bounded (TVB) limiters [41], and the moment-based limiters [4][5]. However some-

times they tend to degenerate accuracy when mistakenly used in smooth regions of
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the solution. There is a class of limiters that first identify troubled cells, namely those
cells where limiting might be needed, then replace the DG polynomial in those cells
by new polynomials of the same degree, while maintaining the original cell averages
for conservation. Among this class, the limiters based on the WENO methodology
[23][17][20][22][27][30][34][40] designed in recent years are promising, which involve
nonlinear reconstructions of the polynomials in troubled cells using the information
of neighboring cells. The WENO reconstructed polynomials have the same high or-
der of accuracy as the original polynomials when the solution is smooth, and they
are (essentially) non-oscillatory near discontinuities. Qiu and Shu [37] and Zhu et al.
[60] designed WENO limiters which abandon all moments in troubled cells except
the cell averages and reconstruct those moments from the information of neighboring
cells using a WENO methodology. Hermite type WENO limiters [35][36] tend to use
more information than the cell averages to reduce the spread of reconstruction sten-
cils. Recently, Zhong and Shu [59][61] developed a new WENO limiting procedure
for RKDG methods to simplify the computation. The idea is to reconstruct the
entire polynomial instead of point values and the reconstruction polynomial on the
target cell is a convex combination of the polynomials on this cell and its immediate
neighboring cells, with suitable adjustments for conservation, and with the nonlinear

weights of the linear combination following the classical WENO procedure.

However, all previous WENO limiters can be considered as a post-processor of
the computed DG solution. Because of this independently add-on procedure, the
whole scheme obviously does not have any semi-discrete form, and sometimes it
is hard to reach steady state convergence. Our motivation is to change the inte-
gral formulation of the DG scheme and incorporate the limiting procedure within
the original DG framework, as is preferred by scholars in the finite element fields

[31][21]. To do so we add a shock capturing term in the variational formulation
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of the DG scheme based on the WENO reconstructed polynomial in [59]. Instead
of the traditional artificial diffusion term —e f uzv, being added (here v is the test
function), we consider replacing u, with (u, — (Pu),), where Pu is the reconstructed
polynomial in the current cell I; as computed in [59]. This is in spirit similar to spec-
tral vanishing viscosity [31], except that Pu uses information both from the current
cell and from neighboring cells, thus is more reasonable in predicting high frequency
errors for hyperbolic problems. As the difference between u and Pu is large around
the shocks, while small in the smooth region, we expect the extra term to act as
an artificial viscosity to control spurious numerical oscillations near discontinuities
while maintaining the original order of accuracy. With the extra term added, the
new DG scheme is expected to perform better for steady state problems and achieve

good analytical results for suitable choice of €.

The rest of this chapter is organized as follows. We first present an overview
of the RKDG method in Section 3.2. After we review the WENO limiter [59] in
Section 3.3, we present our new artificial diffusion WENO limiter in the Section 3.4
and perform preliminary finite difference analysis in Section 3.5. Extensive numerical
examples are tested in Section 3.6. And finally in Section 3.7 we give the concluding

remarks.
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3.2 Discontinuous Galerkin Method Formulation

In this section, we give an overview of the algorithm formulation of the discontinuous
Galerkin method solving the hyperbolic conservation law (3.1) and its two dimen-
sional version. The semi-discrete DG scheme solving (3.1) has already been given
in (1.3), therein we use the Lax-Friedrichs flux for all of our numerical tests in this

chapter
FE () = S ) + F) — aut =)

where

@ = max |/ (w)].

For the two dimensional version

U + f(u>$ + g(u>y - 07 u(x,y, O) = ’LL()([L‘, y), (32)

where f(u) and g(u) can be vectors, the DG scheme with Euler forward time dis-
cretization on a rectangular mesh becomes

un—i—l —u

| ey = [ p@vedsdy [ @ty
I; t I gl 2

2J

N

—/J fios(y)v(a l,y)dy—/ Q(U)vydﬂfd?/+/_ Gis (@) V(Y7 1 )de

_1 1
. 2 . 2
J I I

_ /I gﬁ%(x) v(z,yh )de =0 (3.3)

j—

N[

7

where u = u™, and f and ¢ are numerical fluxes.

For the time discretization, we use the TVD Runge-Kutta time discretization



40

introduced in [43]. Denote L(u,t) as the spatial discretization operator

u = L(u,t),

then the third-order Runge-Kutta method has the following form

3 1 1

u® = Jut g qu® 4+ AL, 1+ A, (3.5)
1 2 2 1

s - gun+§u(2)—|—gAtL(U(m?tn-i-iAt)' (3.6)

Other TVD, or strong stability preserving (SSP) time discretizations can also be

used. For details, see the review paper [18].

The WENO limiters in [59] and our new limiting procedure we are about to

introduce take place in each of the Runge-Kutta stage for every time level.

3.3 WENO Reconstructed Polynomial

In this section, we review the procedure of the WENO limiter in [59], which is also

the way to determine Pu in our new method.

The WENO limiting procedure consists of two parts:
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1. The first step is to identify the troubled cells, namely those cells which might
need the limiting procedure. In our computation, we use the usual minmod type
TVB limiters [41][11][9] as the troubled cell indicator. That is, whenever the minmod

limiter changes the slope, the cell is declared to be a troubled cell.

However, we point out that the troubled cell indicator is not our emphasis here.
We would like to see that, even if the indicator mistakenly identifies some cells to be
troubled, it should not affect the performance of the method. So we omit the details

of the identification of troubled cells here.

In our numerical tests, we observe that if we apply our new artificial diffusion
WENO limiter on all cells of the domain, the scheme performs well, and there is not
much difference in the numerical solution, whether to use the troubled cell indicator

or not.

2. The second step is to replace the solution polynomials in the troubled cells
by reconstructed polynomials which maintain the original cell averages (for conser-

vation), have the same order of accuracy as before, but are less oscillatory.

Assume the current cell is a troubled cell, the idea of the previous WENO limiter
is to reconstruct a new polynomial on it, which is a convex combination of the poly-
nomials on this cell and its immediate neighboring cells, with necessary adjustments
to keep the original cell average on the target cell. The nonlinear weights in the con-
vex combination coefficients follow the classical WENO procedure. In this section,

we mainly review this way to compute the WENO reconstructed polynomial.

1. One dimensional scalar case. For the current cell I;, denote the DG solution

polynomial of u on the cells I;_y, I; , 141 as po(x), p1(z), p2(x), respectively.
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We make the following modifications:

Po(r) = po(x) — po + P1, Pa(x) = po(x) — P2 + D1, (3.7)
where
_ 1 / (2)d
-— x)dx
Po ij 1, Po ’
_ 1 / (2)d
= x)dx
p1 Az, " P1 )
_ 1 (2)d
P2 = Az; J, p2\T)azx,
The final reconstructed polynomial is defined as follows
(3.8)

Pu(x) = P{""(z) = wopo(x) + wip1(w) + wapa(z),

which has the same cell average and order of accuracy as p; if the weights

satisfy wp + wy + wy = 1.

As in [23][3], the nonlinear weights are defined as

d (3.9)

where
n (3.10)

w; = —(6 T BZ)T.

We use € = 107% and 7 = 2 in our computation. ; are the linear weights and

[, are the smoothness indicators, defined as

88

k
B = Szl /Ij Aw?s_l(axspl(x))zdx. (3.11)
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The linear weights can be chosen as any set of positive numbers adding up to

one. In our tests we take

v =0.001, 45 =00998, 7, =0.00L

Thus we complete the procedure to compute Pu(z) in the one dimensional

scalar case.

. For two dimensional scalar case, with rectangular meshes considered in this
chapter, the WENO reconstructed polynomial is computed in a similar way as
described above, only with four neighboring cells (cells I;_; ;, I;+1, 1 j—1 and
I; j+1 for cell I; ;). For our numerical experiments, the linear weight is taken
to be 0.996 for the center cell, and 0.001 for all four neighboring cells. The
computation of the smoothness indicator and the nonlinear weights follows the

standard WENO procedure

h= Y / (AziAg,) (D pu(, ) 2der dy (3.12)

1<]a|<k  Tii

where o = (a1, aq), || = ag +ay and D = For the two dimensional

o>
T 9z 9y*2 "

case and more details about this smoothness indicator, we refer to [3][23][42].

. For one dimensional systems, i.e., when u and f are vectors with m compo-
nents in Equation (3.1), in order to achieve better non-oscillatory qualities,
the WENO reconstruction limiter is applied with a local characteristic field
decomposition. For the current cell I, ;, first compute

R(a;) = (i, oo™, (3.13)

and its inverse R~!, where rj(-p ) p=1,2,...,m, are the normalized right eigen-
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vectors of the Jacobian matrix A; = % evaluated at the cell average ;.

Denote the DG polynomial (m - component) w on the cells [;_1, I; , ;41 as

ug, U1, Uz, respectively. Project u; (i = 0,1,2) into the characteristic fields

v; = Ry, for i = 0,1,2. Note that v; is a m-component vector with each

component a polynomial. Reconstruct each component of v; as in the one
new

dimensional scalar case, to get the updated vector v7¢*. Then the reconstructed

polynomial in the current cell is taken as Pu(z) = u}®’(x) = Ro}e".

4. For two dimensional systems, we perform the characteristic-wise WENO recon-
struction in the x-direction and y-direction separately to get two corresponding

reconstructed polynomials in each direction.

(a) In the z-direction, use the eigenspace of the Jacobian matrix % and poly-
nomials on the cells I;_ ;, I; j and I; 1, ; to get the reconstructed polynomial

in the z-direction, Pu(®(x,y), as in the one dimensional case.

(b) In the y-direction, use the eigenspace of the Jacobian matrix g—g and poly-
nomials on the cells I; ;_1, I; j and I; ;1 to get the reconstructed polynomial

in the y-direction, Pu® (z,y), as in the one dimensional case.

3.4 Artificial Diffusion WENO Limiter

In this section, we describe our new artificial diffusion limiting approach, based on the

WENO reconstructed polynomials computed in the previous section. For simplicity,
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the limiter is applied on all cells here.

In one dimension, we consider the DG scheme (1.3) in the weak form

U VAT = Uy AT 1V 1) — -_UCL’—.*_ = .
/1 a /,f() Az + 114 (@7 1) = fi-g (@i 1) =0 (3.14)

J J

At every time level t", instead of solving the original DG scheme, we add an

extra term —¢ [, (uy — (Pu),)vydz to the RHS of the DG scheme, where ¢ is a pre-
J

determined parameter, and Pu(x) is the new polynomial we reconstructed for every

cell in the previous section. Then the scheme becomes

In one dimension, we take ¢ = C'- Ax so as not to degenerate the order of accuracy
of the origianl DG scheme. The constant C' is taken to be, for example, 0.1, 1, 10, in
our numerical tests. For different problems, € may be chosen suitably and differently,

but we keep it uniform among all cells in our computation.

In two dimension, the weak formulation of the DG scheme solving (3.2) is

/ utvdxdy—/ f(U)vmdrcder/ fier@) vl 1, y)dy
I I; Jj 2

7

- [l oty [ gtwvdedy+ [ @) o6, s

j : x Ii
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This time we add to the RHS, —¢ ffm' (uy — (Pu),)v, + (u, — (Pu®),) v,dzdy
as the extra artificial diffusion term to the RHS of the DG scheme, where ¢ is a
constant parameter, Pu(® is the newly reconstructed polynomial in the z-direction,
and Pu® is the newly reconstructed polynomial in the y-direction. The scheme
becomes,

J

wodsdy~ [ fvedady+ [ fuyw)oer, )y
Ii,j Jj

¥

() vl vy, )

N|—=

_1 1
2 -3 2
j Iij Ii

_/J fl (y)v(l’jl,y)dy—/ g(u)vyd:r:dy_k/. i
_A%ﬁ@wanM:

1
)

- 5/ (uy — (Pul),)v, + (uy — (Pu(y))y)vy drdy (3.17)

L

In two dimension, we take € as a constant, for example, 0.01, 0.1, 1, in our

numerical tests.

We solve the new DG schemes (3.15) and (3.17), instead of the original ones
(3.14)-(3.16) to achieve the desired properties of the limiter. The extra term added
is supposed to act as an artificial viscosity, whose magnitude is controlled by the
difference between u and Pu. This is desirable for us, since the difference are pre-
sumably big around the shocks, while small in the smooth region. In the next section,
we will give an analysis to show that the extra term added is indeed a numerical

viscosity.

We summarize our new artificial diffusion WENO limiting procedure case by case
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as follows.

At every time level ", denote the current numerical solution to be u™.

1. One dimensional scalar case. For the current cell I;, denote u" on the cells
Iy, I, Ijy as po(x), pi(x), pa(z), respectively.
(a) Compute the RHS of the original DG scheme (3.14).
(b) Rewrite py and ps in cell I; and compute the corresponding coefficients.

(¢) Choose the linear weights ~;, compute the smoothness indicator f; by

(3.11), and then the nonlinear weights by w; (3.10)-(3.9), for i = 1,2, 3.

(d) Compute the convex combination (3.8) to get the reconstructed polyno-

mial Pu.

(e) Compute the derivative of Pu(x) and then the numerical integral of
— [ (ug — Pug)v,de.
(f) Multiply the integral by ¢ and add it to the RHS of the DG scheme. Solve

for the degrees of freedom and integrate in time to get u™*!.

2. Two dimension scalar case. For the current cell [; j, denote u" on the cells I ;,

Liovg, Livag , Lija, Lij—1 as po, p1, P2, P3, P4, respectively.

(a) Compute the RHS of the original DG scheme (3.16).
(b) Rewrite p; (I =1,2,3,4) in cell [;; and compute the corresponding coef-
ficients.

(¢) Choose the linear weights ~;, compute the smoothness indicator f; by

(3.12), and then the nonlinear weights w; by (3.10)-(3.9). 1 =0,1,2,3,4.

(d) Compute the convex combination of p; (I = 0,1,2,3,4) to get the recon-

structed polynomial Pu.
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(e) Compute the derivatives (Pu(z,y)), and (Pu(x,y)), and then the numer-

ical integral of — fIij(ux — (Pu)z)vg + (uy — (Pu)y)v, dz dy.

(f) Multiply the integral by ¢ and add it to the RHS of the DG scheme. Solve

for the degrees of freedom and integrate in time to get u™*!.

3. One dimensional system case. For the current cell I;, denote u™ on the cells
I;q, I;, Ijq as ug(x), ui(z), ug(x), respectively.
(a) Compute the RHS of the original DG scheme (3.14).
(b) Compute the cell average @; and matrices R(i;) and R, as in (3.13).
(c) Project u; (i = 1,2,3) to the characteristic fields to get v; = R u;.

(d) For each component of v;, repeat the steps (b)-(d) as in the one dimen-

sional scalar case to get the modified v"*".

(e) Project back to get the reconstructed polynomial Pu = Ruv}".

(f) Compute the derivative of Pu(z) and then the numerical integral of
- flj (uy — (Pu)y)v de.

(g) Multiply the integral by € and add it to the RHS of the DG scheme. Solve

for the degrees of freedom and integrate in time to get u™*1.

4. Two dimensional system case.

(a) Compute the RHS of the original DG scheme (3.16).

ompute e cell average u; ; and matrices z) — 3, all m € T-
b) Compute the cell ; and matrices Ry = 5L and R} in th
direction.
C ompute € Imaftrices = 3> an 3 In € y-direction.
Compute the matrices R, = 52 and R} in the y-directi

(d) Use R(; and polynomials w;_1 j, 4, ;, u;+1,; to repeat steps (c) to (e) as in
the one dimensional system case to get the reconstructed polynomial in

the z-direction, Pul®(z,y).
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(e) Use R, and polynomials u; j_1, u; ;, u; j+1 to repeat steps (c) to (e) as in
the one dimensional system case to get the reconstructed polynomial in
the y-direction, Pul¥(z,y).

(z) (v)
OPul™) (z,y) and OPulY) (z,

(f) Compute the derivatives o o Y and then the numerical

integral of — [, (u; — (Pu®),)v, + (u, — (Pul),)v,dedy.
(g) Multiply the integral by € and add it to the RHS of the DG scheme. Solve

for the degrees of freedom and integrate in time to get u™*!.

3.5 Analysis

In this section, we perform Fourier analysis to the modified DG scheme in the varia-
tional form in finite difference fashion. We rewrite the discontinuous Galerkin method
as finite difference schemes[52], and then use finite difference techniques to analyze
the extra term added to the RHS of the scheme. This is to ensure that we have

indeed added a numerical viscosity.

We consider the one dimensional wave equation,

Uy + uy = 0, x € |a,b),

u(z,0) = up(x)

The DG scheme to solve this equation has been addressed in (1.3).
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We look at the implementation of the scheme (1.3). If a local basis of Pfj is
chosen and denoted as gbé(x) for l =1,2,...,k+ 1, then the numerical solution can

be represented as
k+1

u(z) = Zu§¢§(x), x € ;. (3.18)

After substituting (3.18) into (1.3) and inverting a local (k + 1) x (k + 1) mass

matrix, the DG scheme can be written in a compact way

du; a
d_t] = A—x(Au]' + Buj,l), (319)
where u; = (uj, ... ,uf“)T, A and B are constant matrices.

As in [52], we choose the degrees of freedom for the k-th degree polynomial inside
the cell I; as the point values of the solution in a uniform mesh, denoted by

i=0,...k

Ui+ =k
at the k£ + 1 equally spaced points

21—k

W)AZL’, Z:O,...7l€.

(j+

The schemes written in terms of these degrees of freedom become finite difference
schemes on a globally uniform mesh (with a mesh size Az/(k + 1)). Note that they
may not be standard finite difference schemes since each points in the group of £+ 1

points belonging to the cell I; obeys a different form of the finite difference scheme.

We discuss the P! and P? cases separately as follows.
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3.5.1 k=1

For the piecewise linear k = 1 case, we choose the degrees of freedom as the point

values at the 2N uniformly spaced points

The local basis ¢;_ 1 (z) is taken to be the linear polynomial which equals 1 at
the point (z; — $Az) and equals 0 at the point (z; + {Az). Similarly gzﬁj_%(a:) is
taken to be the linear polynomial which equals 1 at the point (x; + %Aa:) and equals

0 at the point (z; — }lAm). Thus the solution inside the cell I; is represented by

u(z) = uj_igbj_ (x) + Uj+i¢j+%($)-

1
1

Now we are ready to evaluate the added term —¢ [ 1 (uy — (Pu)y)vedx, where

Uy — (PU)x = (1 — wl)(Pl)x — O.)O(Po)x — WQ(PQ)I.

We write out the local basis on cell I;

Thus,

(P1)o(z) = uj—iqu—ix t Ul i, = A_$(uj+i j—%) (3.20)



52

Similarly,

Therefore we have

o — (Pu), = Aix[(1—w1)<uj+

Taking the test function v to be ¢, i(:z:) and ¢J*i($)’ respectively, evaluating
the integral —¢ [, (u, — (Pu);)v,dz, and inverting the mass matrix, we obtain the
J

expression for the extra term

—_ [(]_ — wl)uj — Wolj—1 — w2u]‘+1] (322)

As the nonlinear weights w; involve complex computation from WENO method-

ology, we consider only the linear weights ~; in (3.22), and assume

Yo = Y2, Yo+ + =1,

to get
670 1 -1
E [uj—l — 211j + uj—i—l}- (323)
-1 1
1 -1
As the two eigenvalues of the matrix are non-negative, and the
-1 1

term [u;_; — 2u; + u;41] is an approximation to the second derivative, we conclude
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that the extra term added to the scheme is indeed a numerical viscosity.

3.5.2 k=2

For the k = 2 case, the degrees of freedom are the point values at the 3N uniformly

spaced points

The local basis functions {qﬁj_%(a:), oj(x), qu_,,_%(x)} inside cell I; are the Lagrangian

polynomials based on the points Tj 1T Tiy 1, 1e.,

654() = ST — ) (x — 711)
¢i(z) = —9Az *(x — xj_%(:p — xj+%)

9
Oy (2) = AT — 3,y — 1)

The solution inside cell /; is then represented by

u(z) = uj_%@_ () +ujp;(z) + uj+%¢j+%(x) (3.24)

1
3

Taking the derivative, we get

9. _
(P))y(x) = §Ax Q[ujfé(Qx—xj—xj+%)+uj(2x—xjf —xj+%)+uj+%(2x—xj—xj,%)]

W=

(3.25)
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Similarly one can get the formula for (). (x) and (P),(z). Therefore,

Uy — (Pu),

—_

= —wogASL’fz{U,j7§§<2l’ — xj*l — x];%) — Uj,1(237 — QJJ;% j*%)

_ 1
—i—uj_%(Qx —x;— :Bj_%)} + (1 —w)9Ax Q{Uj_%ﬁ(l’zr —Tj—Tj,1)

1
3

—u;(2r — x;

=

1
_ 1
—wp9Ar w25 (20 — w0 = wppe) — w20 — e — @)

3

—i—uH%(Zx — Tjyz — Tj1)}

Take the test function v to be (bjf%(af), ¢;(x) and ¢j+%(:c), respectively, and

assume w; = 7; and vy = 2. The integral —e fI(ux — Pug)v.dzx is evaluated to be
J

-05 15 —1 1 —-15 05
-15 3 =15 [w-1—2| —-15 3 —15 |u,
2 =45 25 05 —-15 1

25 —45 2
+1 -15 3  —1.5 | w1 (3.26)

-1 15 -0.5

with a coefficient 9Az~27p¢e in the front.

By performing Taylor expansion around the corresponding point for each com-

ponent of this term (3.26), we obtain the leading terms

1 3 1 4 1 3 g
(6AZB uxac:c|xj 7_6A$ uxa:xx|xja _EA:B uxac:c|xj+% )

1
3

which is a fourth order derivative in the middle and two third order derivatives with
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the opposite sign for the other two points. This is a kind of numerical viscosity, but

may also introduce some numerical dispersion error along.

3.6 Numerical Examples

In this section, we provide numerical experiments to demonstrate the performance of
our new limiting methodology for the RKDG methods described in Section 3.4. For
simplicity, for both one and two dimensions, we use structured and uniform meshes

in our simulation.

For all the computational results, we use the local Lax-Friedrichs flux. For the
one-dimensional examples, the CFL number is taken as 0.2 for the P! case, 0.1 for
the P? case and 0.05 for the P? case. For all numerical results shown below, the

limiter is applied in all cells.

For the one dimensional figures, the solid lines are for the exact solutions, and

the symbols are for the numerical solutions.
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Table 3.1: Error for the 1D Burgers’ equation at ¢ = 0.5 using the DG scheme
without limiter.

P! pP?

N L, error order | Lo, error order | Lj error order | Lo, error order
20 || 3.81E-03 3.83E-02 2.73E-04 5.04E-03

40 | 9.45E-04 2.01 | 1.02E-02 1.90 | 4.22E-05 2.70 | 8.95E-04 2.49
80 || 2.35E-04 2.01 | 2.65E-03 1.95 | 6.17E-06 2.77 | 1.60E-04 2.48
160 || 5.89E-05 2.00 | 6.73E-04 1.98 | 8.86E-07 2.80 | 2.55E-05 2.65
320 || 1.47E-05 2.00 | 1.70E-04 1.98 | 1.25E-07 2.82 | 3.79E-06 2.75
640 | 3.69E-06 2.00 | 4.27E-05 1.99 | 1.74E-08 2.85 | 5.27E-07 2.85

3.6.1 Scalar conservation laws

Example 3.6.1.1. We solve the Burgers’ equation

2
w + (%)m — 0,z € [0,27] (3.27)

with periodic boundary conditions. The initial condition u(z,0) = 0.5+ sin(z). The
exact solution is smooth up to t = 1, then it develops a moving shock which interacts
with a rarefaction wave. For smooth solutions at ¢ = 0.5, we document the errors
with the original DG scheme in Table 3.1, with the limiter for ¢ = 0.3Axz in Table
3.2, and with the limiter for ¢ = Az in Table 3.3. We can clearly see from the
latter two tables that the designed order of accuracy is achieved in the L; and L.,
norm, and the magnitude of the errors of the original RKDG method is maintained.
To make the solution non-oscillatory, we set ¢ = 0.3Az and ¢ = Ax, and plot the
solutions for different k and ¢ in Figure 3.1. We can see that the shock is captured
very well at ¢t = 1.5 without oscillations. As also can be observed, when ¢ increases,

the solution do become more dissipative.
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Table 3.2: Error for the 1D Burgers’ equation at ¢ = 0.5 using the DG scheme with
limiter. € = 0.3Axz.

P! P?

N L, error order | Ly error order | Ly error order | Lo, error order
20 || 5.72E-03 5.35E-02 2.68E-04 5.06E-03

40 || 1.57E-03 1.86 | 1.25E-02 2.10 | 4.14E-05 2.69 | 8.80E-04 2.52
80 || 3.10E-04 2.34 | 2.65E-03 2.24 | 6.03E-06 2.78 | 1.58E-04 2.48
160 || 5.96E-05 2.38 | 6.73E-04 1.98 | 8.63E-07 2.80 | 2.49E-05 2.66
320 || 1.47E-05 2.02 | 1.70E-04 1.98 | 1.22E-07 2.82 | 3.70E-06 2.75
640 | 3.69E-06 2.00 | 4.27E-05 1.99 | 1.70E-08 2.85 | 5.14E-07 2.85

Table 3.3: Error for the 1D Burgers’ equation at ¢ = 0.5 using the DG scheme with
limiter. ¢ = Ax.

Pt P?

N Ly error order | Lo error order | Ly error order | L., error order
20 || 1.01E-02 6.31E-02 2.61E-04 5.01E-03

40 || 2.19E-03 2.20 | 1.84E-02 1.78 | 3.99E-05 2.71 | 8.45E-04 2.57
80 || 4.17E-04 2.39 | 3.98E-03 2.21 | 5.75E-06 2.80 | 1.52E-04 2.47
160 || 6.37E-05 2.71 | 6.72E-04 2.57 | 8.15E-07 2.82 | 2.38E-05 2.68
320 || 1.48E-05 2.11 | 1.70E-04 1.98 | 1.15E-07 2.83 | 3.501E-06 2.76
640 || 3.69E-06 2.00 | 4.27E-05 1.99 | 1.60E-08 2.85 | 4.85E-07 2.85




(a) e=03-Azx, k=1

b)ye=1-Az, k=1

(c)e=03-Azx, k=2

(d)ye=1-Az, k=2

() e=03-Azx, k=3

o8

Figure 3.1: Numerical solution for the Burgers’ equation at ¢ = 1.5 using the P* DG

scheme with limiter fore =0.3- Az ande =1 -Az. k=1,2,3. N = &0.
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Example 3.6.1.2. We test the Buckley-Leverett problem

4o
=0 3.8
ut+(4u2+(l—u)2> ( )
The initial condition is taken as u = 1 in [—1,0] and u = 0 elsewhere. We test on the

29

Buckley-Leverett problem up to ¢ = 0.4. The exact solution is a shock-rarefaction-
contact discontinuity mixture. We use the Lax-Friedrichs flux for the DG scheme
and apply the artificial diffusion WENO limiter on every cell, with € = 0.6Ax. The

computational result is displayed in Figure 3.2, which is quite satisfactory.

Example 3.6.1.3. We solve the two dimensional Burgers’ equation

2 2

-+ (%)x + (%)y —0, 2,y € [0,27] (3.29)

with periodic boundary condition. The initial condition is u(x,y,0) = 0.5+sin(z+y).

As in the one dimensional Burgers’ example, we collect the L; and L, errors at
t = 0.25, when the solution is smooth, in Tables 3.4, 3.5 and 3.6, for ¢ = 0 (without
limiter), 0.01 and 0.1, respectively. Again we can see that the errors with limiters
maintain the same high order accuracy and very close in magnitude of the original
DG method. A shock begins to form at t = 0.5. We compute the solutions of the
RKDG methods using P* polynomials with our new limiter with 80 x 80 meshes
until ¢ = 0.75 and plot the solution on the diagonal cells in Figures 3.3. We can see

the sharp, non-oscillatory shock transitions for our methods for £ = 1, 2 and 3.
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Figure 3.2: Numerical solution for the Buckley Leverett problem at ¢ = 0.4 using
the DG scheme with limiter for ¢ = 0.6Axz. kK =1,2,3. N = 100.
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Table 3.4: Error for the 2D Burgers’ equation at ¢ = 0.25 using the DG scheme
without limiter.

Pl P2
N L error order | Lo, error order | Ly error order | Lo, error order
20 x 20 || 7.56E-03 1.23E-01 8.62E-04 4.37TE-02
40 x 40 1.92E-03 1.98 | 3.55E-02 1.79 | 1.16E-04 2.89 | 6.08E-03 2.84
80 x 80 || 4.79E-04 2.00 | 9.36E-03 1.92 | 1.50E-05 2.96 | 9.60E-04 2.66
160 x 160 || 1.20E-04 2.00 | 2.39E-03 1.97 | 1.90E-06 2.98 | 1.35E-04 2.83
320 x 320 || 2.99E-05 2.00 | 6.04E-04 1.98 | 2.43E-07 2.97 | 1.83E-05 2.88

Table 3.5: Error for the 2D Burgers’ equation at t = 0.25 using the DG scheme with
limiter. ¢ = 0.01.

P! p?
N Ly error order | L, error order | L; error order | Lo, error order
20 x 20 7.52e-3 1.23e-1 8.62E-04 4.36E-02
40 x 40 1.96e-3 1.94 | 3.55e-2 1.79 | 1.16E-04 2.89 | 6.08E-03 2.84
80 x 80 5.18e-4 192 | 9.36e-3 1.92 | 1.50E-05 2.95 | 9.57E-04  2.67
160 x 160 || 1.22¢-4  2.09 | 2.39e-3 1.97 | 1.89E-06 2.99 | 1.33E-04 2.85
320 x 320 || 3.00e-5  2.02 | 6.04e-4 1.98 | 2.38E-07 2.99 | 1.7T9E-05 2.89

Table 3.6: Error for the 2D Burgers’ equation at t = 0.25 using the DG scheme with
limiter. € = 0.1.

P! p?
N Ly error order | L, error order | Ly error order | L., error order
20 x 20 || 8.52E-03 1.35E-01 8.63E-04 4.35E-02
40 x 40 || 3.07E-03 1.47 | 4.04E-02 1.74 | 1.17E-04 2.88 | 5.99E-03 2.86
80 x 80 || 8.69E-04 1.82 | 9.99E-03 2.02 | 1.50E-05 2.96 | 9.29E-04 2.69
160 x 160 || 1.58E-04 2.46 | 2.38E-03 2.07 | 1.90E-06 2.98 | 1.23E-04 2.92
320 x 320 || 3.28E-05 2.27 | 6.01E-04 1.99 | 2.51E-07 2.92 | 1.47E-05 3.06
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Figure 3.3: Numerical solution for the two dimensional Burgers’ equation at ¢t = 0.75
using the DG scheme with limiter for e = 0.1. k =1,2,3. N, = N, = 80.
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3.6.2 FEuler system in one dimension

We test on the Euler system for our new artificial diffusion WENO limiter, the one

dimensional version is given by

u; + f(u), =0 (3.30)
where
u=(p,pv, E)",
and
f(u) = (pv, pv*, v(E + P))7,
with

P=(y=1)(E - ),

where p is the density, v is the velocity, E is the total energy, P is the pressure, and
v > 1is a constant (y = 1.4 for the air). The speed of sound is given by ¢ = \/vP/p
and the three eigenvalues of the Jacobian matrix are v — ¢, v and v + ¢. For details

of the Jacobian, its eigenvalues, eigenvectors, etc., see [20][39].

Example 3.6.2.1. This example is to test the order of accuracy for the DG method
with our artificial diffusion WENO limiter. The initial condition is set to be p(z,0) =
1+ 02sinz, v(z,0) = 1, p(x,0) = 1 and the boundaries are periodic. The exactly
solution is p(z,t) = 1+ 0.2sin(x — t), v(x,t) = 1 and p(x,t) = 1. We collect the
L, and L, errors at t = 27 in Tables 3.7, 3.8 and 3.9. Table 3.7 list the errors and
orders of accuracy for the DG method without limiters, and Tables 3.8 and 3.9 list
the DG method with our limiter for e = 0.1Az and 0.5Ax, respectively. We can see

that out limiter maintains both the designed order of accuracy and the magnitude



64

Table 3.7: Error for the 1D Euler equation with the initial condition p(x,0) =
1+0.2sinz, v(z,0) =1, p(z,0) = 1 at t = 27 using the DG scheme with N cells.

P! pP?

N Ly error order | Lo, error order | Ly error order | Lo, error order
20 || 4.91e-04 2.98e-03 2.96e-05 1.56e-04

40 || 1.29e-04 1.93 | 7.80e-04 1.93 | 3.83e-06 2.95 | 2.04e-05 2.94
80 || 3.33e-05 1.95 | 1.99e-04 1.97 | 4.83e-07 2.99 | 2.57e-06 2.99
160 || 8.52e-06 1.97 | 5.04e-05 1.98 | 6.05e-08 3.00 | 3.22e-07  3.00
320 || 2.15e-06 1.99 | 1.27e-05 1.99 | 7.57e-09 3.00 | 4.02e-08  3.00

Table 3.8: Error for the 1D Euler equation with the initial condition p(z,0) =
1+0.2sinz, v(z,0) =1, p(x,0) = 1 at t = 27 using the DG scheme with the limiter.

e =0.1Az. N cells.

P! p?

N Ly error order | Lo, error order | Ly error order | Lo, error order
20 || 3.36e-03 1.02e-02 2.95e-05 1.56e-04

40 || 3.35e-04 3.33 | 1.65e-03 2.63 | 3.83e-06 2.95 | 2.03e-05 2.94
80 || 3.52e-05 3.25 | 2.17e-04 2.93 | 4.83e-07 2.99 | 2.56e-06 2.99
160 || 8.53e-06 2.05 | 5.01e-05 2.11 | 6.05e-08 3.00 | 3.21e-07  3.00
320 || 2.15e-06  1.99 | 1.25e-05 2.00 | 7.57e-09 3.00 | 4.02¢-08  3.00

of accuracy of the original DG method.

Example 3.6.2.2. Sod and Lax problems come from physical experiments where a
gas tube is separated by a membrane into two sections. The gas in each section is
uniform in the y and z direction, so the problem is modeled as in one dimension.
We consider the Riemann problems of the Euler equation of gas dynamics for a

polytropic gas

ug, z <0
u(z,0) = (3.31)
ug, x>0
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Table 3.9: Error for the 1D Euler equation with the initial condition p(x,0) =
1+0.2sinz, v(z,0) =1, p(x,0) = 1 at t = 27 using the DG scheme with the limiter.
e =0.5Az. N cells.

P! P?

N L error order | Lo, error order | Ly error order | Lo, error order
20 || 8.49e-03 1.71e-02 3.15e-05 1.56e-04

40 || 8.92e-04 3.25 | 3.31e-03  2.37 | 4.13e-06 2.93 | 2.04e-05 2.93
80 || 5.41e-05 4.04 | 3.13e-04 3.40 | 5.25e-07 2.98 | 2.56e-06  2.99
160 || 8.95e-06 2.60 | 5.27e-05  2.57 | 6.59e-08 2.99 | 3.24e-07 2.98
320 || 2.16e-06  2.05 | 1.23e-05 2.10 | 8.24e-09 3.00 | 4.07e-08  2.99

Two sets of initial conditions are considered. One is proposed by Sod [45]:

(pL,’UL,PL) = (1,0, 1), (PRavR,PR> = (0125,0, 01)

The other is used by Lax [25]:

(pr,vr, Pr) = (0.445,0.698,3.528);  (pr,vr, Pr) = (0.5,0,0.571).

The solution to these two problems contains three waves propagating from the
discontinuity at the initial time. We compute up to time t = 2 for the Sod prob-
lem and t = 1.3 for the Lax problem, and results for density are plotted against
the exact solution for different k and e. Figure 3.4 shows the results of the Sod
problem for e = 0.05Az, where we can see the oscillations near discontinuities are
successfully controlled by the limiter, yet the method can still capture the shock
transition without much smearing. As ¢ increases to 0.5Ax in Figure 3.5 and 10Ax
in Figure 3.6, the solutions are more and more dissipative as we expect. Similarly,
we take ¢ = 0.05Az, 0.1Ax, 0.5Az, 10Ax in Figures 3.7, 3.8, 3.9, 3.10, respectively.
For the Lax problem, the solutions act more sensitively to the parameter €, and for

different k, the optimal parameter ¢ is different. For solutions containing shocks, we
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Figure 3.4: Sod problem at ¢ = 2 using the P¥ DG scheme with different k. ¢ =
0.05- Az. N = 100.

Figure 3.5: Sod problem at ¢t = 2 using the P*¥ DG scheme with different k. ¢ =
0.5-Az. N = 100.

observe that the bigger k is, the less € needs to be to make the numerical solution

non-oscillatory near the shock.

Example 3.6.2.3. First proposed by Shu and Osher in [43], this test is a hydrody-

namic shocktube where the left and the right states are given as follows

u(z,0) = (3.32)

with the data
(pr,vr, Pr) = (3.857143,2.629369, 10.33333),
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Figure 3.6: Sod problem at t = 2 using the P*¥ DG scheme with different k. ¢ =
10 - Az. N = 100.

Figure 3.7: Lax problem at ¢t = 1.3 using the P*¥ DG scheme with different k.
e =0.05-Ax. N =100.

Figure 3.8: Lax problem at ¢t = 1.3 using the P*¥ DG scheme with different k.
e=0.1-Az. N =100.
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Figure 3.9: Lax problem at ¢t = 1.3 using the P¥ DG scheme with different k.
e=0.5-Az. N =100.

Figure 3.10: Lax problem at t = 1.3 using the P¥ DG scheme with different k.
e=10-Az. N = 100.
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(pRa VR, PR) = (1 + OZSIH(&%)? 0, 1)7

which describe a moving Mach 3 shock interacting with sine waves in density. This
example is to show the advantage in using higher order schemes when the solution

contains both shocks and complex smooth region structures.

The solution is computed up to time ¢ = 1.8 and compared against a converged
solution computed by the fifth order finite difference WENO scheme with 2000 grid
points. We use N = 200 in our DG scheme with limiters to obtain the numerical
solution in Figures 3.11, 3.12 and 3.13 for ¢ = 0.2Axz, 0.5Az and Ax, respectively.
We observe that the fine structure in the density profile makes the higher order
schemes (k = 2, 3) perform much better than the lower order methods, and they can

capture the structure really well.

Example 3.6.2.4. We consider the interaction of blast waves of the Euler equation

(3.30) with the initial condition

ur, 0 S T < 0.1
u(z,0) = quy, 01<z<0.9 (3.33)

urp, 09<z<1

with the following data
(pL, vr, PL) = (1, O, 1000),

(pars var, Par) = (1,0,0.01),
(pr:vr, Pr) = (1,0,100).

A reflecting boundary condition is applied to both ends. See [46][20].
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density

density

density

Figure 3.11: Shu-Osher shocktube problem at ¢ = 1.8 using the P* DG scheme with
different k. ¢ = 0.2 - Ax. N = 200.
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density

density

density

Figure 3.12: Shu-Osher shocktube problem at ¢ = 1.8 using the P* DG scheme with
different k. ¢ = 0.5- Azx. N = 200.
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density

density

density

Figure 3.13: Shu-Osher shocktube problem at ¢ = 1.8 using the P* DG scheme with
different k. e =1- Az. N = 200.
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The results of density p at t = 0.038 are in Figures 3.14, 3.15 and 3.16 for
e = 2.5Az, 5Ax and 10Ax, respectively. The solid line is a converged solution
computed by the fifth order finite difference WENO scheme with 16000 grid points,
regarded as the “exact” solution. For this example, € should be taken big enough
(roughly 2.5Ax in our numerical tests) for the scheme to work, and we do not need
positivity preserving limiters for all £ = 1, 2 and 3. We see that the scheme again
performs pretty well for this example, especially for higher order schemes. When ¢
is suitably chosen, our solution on the coarse mesh can closely match the reference

solution without much smearing.

3.6.3 Euler system in two dimension

In this part we test our new artificial diffusion limiter on rectangular meshes solving

two dimensional Euler equations

u; + f(u), +g(u), =0 (3.34)
p pu pv
2
puU pu® + P pUv
u= , o f(u) = , g = ,
pv pUY pv?: + P

E w(E + P) v(E + P)
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Figure 3.14: Blast wave problem at ¢ = 0.038 using the P* DG scheme with different
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Figure 3.16: Blast wave problem at ¢ = 0.038 using the P* DG scheme with different
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Table 3.10: Error for the 2D Euler equation with the initial condition p(z,y,0) =
1+ 0.2sin(x + y), u(z,y,0) = 0.7, v(z,y,0) = 0.3 and P(z,y,0) =1 at t = 1 using
the DG scheme with N x N cells.

P! P?

N L error order | Lo, error order | Ly error order | Lo, error order
20 || 2.04e-03 5.71e-03 9.00e-05 7.35e-04

40 || 3.52e-04 2.54 | 1.74e-03 1.71 | 1.09e-05 3.05 | 1.05e-04 2.80
80 || 7.21e-05 2.29 | 4.74e-04 1.88 | 1.29¢-06 3.08 | 1.39¢-05 2.93
160 || 1.65e-05 2.14 | 1.22e-04 1.96 | 1.56e-07 3.05 | 1.76e-06  2.98

where p is the density, u is the velocity in the z-direction, v is the velocity in the

y-direction, E' is the total energy, p is the pressure
Loy, 9
P=(y=1(E - 5p(u” +07)).

The speed of sound is given by ¢ = y/vP/p. The eigenvalues of the Jacobian f'(u)
are u — ¢, u and u + ¢, and the eigenvalues of the Jacobian g'(u) are v — ¢, v and

v+ c. v=1.41is used in the computation.

Example 3.6.3.1. This example is to test the order of accuracy for the DG method
with our artificial diffusion WENO limiter. The initial condition is set to be
p(xz,y,0) = 1+ 02sin(x + y), u(z,y,0) = 0.7, v(z,y,0) = 0.3, P(z,y,0) = 1
and the boundary conditions are periodic. The exactly solution is p(z,y,t) =
1+ 02sin(x +y — t), u(z,y,t) = 0.7, v(z,y,t) = 0.3 and P(z,y,t) = 1. We
collect the L; and L., errors at t = 1 in Tables 3.10 and 3.11. Again, we can see
that our limiter maintains both the designed order of accuracy and the magnitude

of the error of the original DG method.

Example 3.6.3.2. Consider the following idealized vortex problem [22][42] for the
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Table 3.11: Error for the 2D Euler equation with the initial condition p(z,y,0) =
1+ 0.2sin(x + y), u(z,y,0) = 0.7, v(z,y,0) = 0.3 and P(z,y,0) =1 at t = 1 using
the DG scheme with the limiter. e = 0.1. N x N cells.

P! P?

N L error order | Lo, error order | Ly error order | Lo, error order
20 || 2.33e-03 8.36e-03 8.98e-05 7.35e-04

40 | 3.68e-04 2.66 | 2.01e-03  2.06 | 1.08e-05 3.06 | 1.05e-04 2.81
80 || 7.23e-05 2.35 | 4.72e-04 2.09 | 1.28¢-06 3.08 | 1.38¢-05 2.93
160 || 1.65e-05 2.13 | 1.24e-04 1.94 | 1.55e-07 3.05 | 1.75e-06  2.98

Euler equations in 2D: The mean flow is p = 1, P = 1 and (u,v) = (1,1) (diagonal
flow). We add to this mean flow, an isentropic vortex (perturbations in (u,v) and

the temperature T = %, no perturbation in the entropy S = p—lz):

(6u,60) = -0 (=g, 3), (3.35)
—1)é? 2

0T = —W&y—ﬂ)eel—h (3.36)

55 = 0, (3.37)

where (Z,7) = (x — 5,y — 5), 7> = %> + §?, and the vortex strength ¢ = 5. Since the
mean flow is in the diagonal direction, the vortex movement is not aligned with the

mesh direction.

The computational domain is taken as [—5,15] x [—5, 15], extended periodically
in both directions. It is clear that the exact solution of the Euler equation with the
above initial and boundary conditions is just the passive convection of the vortex
with the mean velocity. Our simulation is performed until ¢ = 2. As the errors can
be seen from Tables 3.12 and 3.13 for € = 0 and 0.3, the order of accuracy and the

magnitude of errors are maintained.

Example 3.6.3.3. We consider the double Mach reflection problem [46], which is
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Table 3.12: Error for the 2D Euler system of the vortex evolution at ¢ = 2 using the
DG scheme with N x N cells.

Pl P2

N Ly error order | Lo, error order | Ly error order | Lo, error order
20 || 2.11e-03 1.63e-01 5.44e-04 1.01e-01

40 || 4.58e-04 2.21 | 4.05e-02 2.01 | 6.19e-05 3.14 | 9.99e-03 3.43
80 | 8.89e-05 2.37 | 1.28¢-02 1.66 | 7.70e-06 3.01 | 1.28¢-03  2.97
160 || 1.67e-05 2.41 | 2.91e-03 2.14 | 1.08e-06 2.84 | 1.78e-04 2.85

Table 3.13: Error for the 2D Euler system of the vortex evolution at ¢ = 2 using the
DG scheme with limiter. € = 0.3. N x N cells.

P! P?

N L error order | Lo, error order | Ly error order | Lo, error order
20 || 3.20e-03 2.73e-01 8.01e-04 8.72e-02

40 | 9.00e-04 1.83 | 8.03e-02 1.77 | 5.76e-05 3.80 | 9.34e-03  3.22
80 | 1.90e-04 2.24 | 2.29e-02 1.81 | 7.70e-06 2.90 | 1.21e-03 2.95
160 || 3.04e-05 2.65 | 5.02e-03  2.19 | 1.06e-06 2.86 | 1.78e-04  2.77

a standard test case for numerical schemes to capture strong shock wave and high
resolution. A Mach 10 shock initially makes a 60 degree angle with a reflecting wall.
The undisturbed air ahead of the shock has a density of 1.4 and a pressure of 1.
We use rectangular elements for this problem. The computational domain for this
problem is chosen to be [0,4] x [0, 1]. The reflecting wall lies at the bottom of the
computational domain, starting from z = 1/6. Initially a right-moving Mach 10
shock is positioned at x = 1/6, y = 0 and makes a 60 degree angle with the z-axis.
For the bottom boundary, the exact post-shock condition is imposed for the part
from = = 0 to x = 1/6, and a reflective boundary condition is used for the rest. At
the top boundary of our computational domain, the flow values are set to describe
the exact motion of the Mach 10 shock. Inflow/outflow boundary conditions are

used for the left and right boundaries.

This problem has fine details and complicated structure in the region. We com-
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pute the solution up to ¢t = 0.2 and only display part of the domain [0, 3] x [0, 1]
in our figures. Three different uniform meshes, with 960 x 240, 1440 x 360 and
1920 x 480 cells, and several different values of ¢ are used in the numerical exper-
iments. The density is plotted in Figure 3.17 for £ = 1 and in Figures 3.18, 3.19,
3.20 for k = 2 with different mesh sizes. In each of them, schemes with different
values of ¢ are used. We plot 29 contours equally distributed from p = 1.3 to 23 in
all figures. One observes an increased resolution with an increasing k£ on the same
mesh, and with finer mesh for the same k. Also, we can see clearly in this example
that with the increase of €, the solution becomes less oscillatory, especially seen from
the several contours on the left part of the domain, and the small waving area in the
right bottom triangular area. But we also observe in our numerical tests, when ¢ is
taken to be very large, say 5, the solution around the right bottom triangular area
becomes messy, which may be due to the numerical dispersion errors mentioned in

the previous section.

3.7 Conclusion and Future Work

In this chapter, we have introduced a new limiting procedure for the DG method
to solve hyperbolic conservation laws using the WENO methodology. The idea is to
incorporate the limiter into the DG framework, by adding an extra term —e [(u, —
(Pu);)v, dz to the RHS of the DG scheme, where Pu is the reconstructed polynomial

on the current cell based on the WENO methodology. This added term proves to be,
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Figure 3.17: Double Mach reflection problem solution using the P* DG sheme with
limiter applied for all cells. Az = Ay = 1/240. Twenty-nine equally spaced density
contours from 1.3 to 23.
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Figure 3.18: Double Mach reflection problem solution using the P? DG sheme with
limiter applied for all cells. Az = Ay = 1/240. Twenty-nine equally spaced density
contours from 1.3 to 23.
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Figure 3.19: Double Mach reflection problem solution using the P? DG sheme with
limiter applied for all cells. Az = Ay = 1/360. Twenty-nine equally spaced density
contours from 1.3 to 23.
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Figure 3.20: Double Mach reflection problem solution using the P? DG sheme with
limiter applied for all cells. Az = Ay = 1/480. Twenty-nine equally spaced density
contours from 1.3 to 23.



85

or contain, numerical viscosity, when using linear weights for reconstruction in our
finite difference analysis. The magnitude of the artificial diffusion depends on the
difference between u and the reconstructed polynomial Pu, which is to our desire,
large around shocks and small in smooth regions. Extensive numerical examples
have shown that the new limiter can obtain both uniform high order accuracy and
sharp, non-oscillatory shock transitions. Compared with previously WENO limiters,
our method adds the numerical viscosity directly to the weak formulation, and has a
semi-discrete form. It also enjoys the flexibility of being able to control the strength
of the limiter by changing the parameter . When suitably chosen, the scheme can
achieve its optimal performance. Also our method is not very sensitive to ¢, which

allows us to have a wider range for it to be properly chosen.

In the future work, we will test our limiters on steady state problems, and we
expect the scheme to work well when converging to a steady state. Besides, the choice
of € in our approach can be subtle, we could investigate non-uniform parameters

depending on the smoothness indicator of the cells to capture the shock.
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