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Abstract of “Compositionality in Human Structure Learning” by Nicholas T. Franklin,

Ph.D., Brown University, May 2018.

Humans are remarkably adept at generalizing knowledge between experiences in a

way that can be difficult for computers. Often, this entails generalizing constituent

pieces of experiences that do not fully overlap, but nonetheless share useful similari-

ties with previously acquired knowledge. A young musician may learn to play several

instruments in different contexts, for example, learning the flute to play classical and

the saxophone to play jazz. Because the fingerings of the saxophone and the flute are

nearly the same, a musician can re-use previously learned hand motions for different

effect across the two instruments. Conversely, a musician may learn to play a single

song across many instruments that require completely distinct physical motions, but

yet still transfer knowledge between them. This degree of compositionality is critical

for flexible goal-directed behavior but can be difficult for computational frameworks

because they often assume an underlying structure of the world that is incompatible

with generalization. Here, I propose a novel computational framework that leverages

the compositional structure in real-world environments by assuming people generalize

goals, or what to do, independently from a word model, or how to do it. I examine

the computational framework normatively and ask when it makes sense to generalize

goals and world models independently or together. In a series of experiments, I com-

pare human subject behavior to model predictions, showing that people adapt their

generalization strategy depending on the environment. Together, these results sug-

gest that no one strategy is best across all environments, and that while it is adaptive

to represent a complex environment in learnable components, people pay attention

to the relationship between components in their environment.
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Chapter 1

Introduction

A central question in cognitive science is how do people think and act in their en-

vironment, making decisions intelligently? While this broad question has inspired

entire fields of research and generations of scientists, philosophers and artists, we are

far from understanding all of the creativity and nuance with which people interact

in their world. Nonetheless, asking this broad question is useful as a loadstone that

frames our research as we parse or field into ever smaller, but tractable, problems.

One possible parsing is learning; we can substitute the question of human in-

telligence for an easier question of how do people learn about regularities in their

environment and act accordingly? This problem, while complex, is well motivated

theoretically. In order to act in a purposeful way, a person needs knowledge of the

structure of their environment, the effect their actions have in that environment

and an internal objective. From a theoretical perspective, we can cast two of these

problems, learning the structure of an environment and learning action effects, as

statistical inference. At its most broad, we can interpret learning to take an action

given some internal objective as a classification problem: raw perceptual input is clas-

sified to output some subset of possible actions. This insight provides the theoretical

foundation needed to formally link human learning to that of artificial agents.

A promising line of research in this regard has linked theoretical accounts of learn-

ing, often originating in computer science, to human and animal behavior and neuro-

biological functions (Dayan and Balleine, 2002). Empirically, there is strong support

that simple types of feedback based learning are instantiated by the basal ganglia and

1
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connected systems via a mechanism substantially similar to reinforcement-learning

(RL) learning algorithms. RL agents learn through maximizing the reward they re-

ceive through the interaction with their environment (Sutton and Barto, 1998). A

simple RL agent will update the value of the actions with feedback, such that actions

that lead to higher reward will become more likely and actions that lead to lower

reward will become less likely. Both humans and animals respond to feed back in a

similar way, suggesting they learn using a similar strategy.

A key finding from this line of research has been the implementation of a simple RL

algorithm within the basal ganglia. Mid-brain dopamine provides the basal ganglia

with a feedback signal in the form of a reward-prediction error (Bayer et al., 2007;

Schultz, 1998; Zaghloul et al., 2009). This feedback signal aids learning by biasing

action selection towards actions that have been previously associated with reward.

In the basal ganglia, a similar form of learning is thought to occur through plasticity

in striatal medium spiny neurons (MSNs). There are two classes of MSNs within

the striatum exerting opposing influences on action selection. Activity in the D1

dopamine receptor expressing MSNs (D1-MSNs) leads to the selection of an action

while activity in D2-MSNs leads to the suppression of action selection (Frank et al.,

2004; Kravitz et al., 2010). Dopamine affects plasticity but has separate effects on

excitability of the two classes of MSNs as D1 activity is excitatory and D2 activity is

inhibitory (Surmeier et al., 2011). As a result, a phasic dopamine increases in response

to an unexpectedly rewarding event increase the propensity of an actions that led to

that event to be taken in the future. Likewise, an outcome with an unexpectedly

low reward will result in a decrease of phasic dopamine and lower the likelihood of

selecting the actions that led to that outcome. In this way, the basal ganglia is able

to function in the same way as a simple reinforcement learner.

Despite compelling evidence to support reinforcement-learning within the basal

ganglia, simple RL algorithms are limited theoretically in the types of problems they

can solve. While modern Q-learning systems can learn to play Atari games at a human

level of performance (Mnih et al., 2015), they require several orders of magnitude

more training time than a human learner requires (Lake et al., 2016). In addition,

the policies these systems learn are often brittle to small perturbations in the input

space. Kansky et al. (2017) trained a Q-learning system on “Breakout,” an Atari
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game in which the player controls a paddle at the bottom of the screen that can be

used to hit a ball into blocks at the top of the screen to win points, and found that

displacing the paddle a few pixels higher on the screen was sufficient to disrupt the

learned policy. Humans, in contrast, do not show these types of sensitivities to small

perturbation. Furthermore, people are capable of transferring policies learned in one

game to another and can reuse to world knowledge to solve a similar problem in a

way that can be difficult for artificial agents (Lake et al., 2016).

This insight is not new; the limitations of associative learning systems and the

challenges they pose as a model of human intelligence have been debated for decades

(Newell and Simon, 1959; Fodor and Pylyshyn, 1988). Nonetheless, there is sufficient

empirical support for the involvement in a prediction error based reinforcement learner

in higher cognitive function to motivate to how such a system could underlie higher

cognitive functions (Badre et al., 2010; Daw et al., 2011; Collins and Frank, 2013,

2016b; Donoso et al., 2014). Two central problems are the lack of generalization and

the treatment of non-stationary environments. In the RL models of human and animal

learning, it is typically assumed that subjects learn action-values conditional on the

current state, which are then used to guide action selection (Daw and Doya, 2006;

Sutton and Barto, 1998). A state is some representation of the current environment

that is sufficient to determine a policy. In a navigation task, this might be the agent’s

location as well as the location of all other relevant objects. In a bandit task used to

study human learning, the state might represent a trial type in a given task. Lack

of generalization arises because states, as a formalism, are Markovian. Thus action-

values learned in one state aren’t transferable to another state regardless of how

similar the states may be.

In ecological environments, the size of the state space is unbounded and large scale

problems require substantial experience for simple RL methods to solve (Botvinick

et al., 2009). This need to learn a large number of independent state-action val-

ues partially drives the long convergence time of the reinforcement learning systems

trained on Atari games (Lake et al., 2016; Kansky et al., 2017). It is unclear, given

the potential size of an ecological state-space, whether a human learner could ever

have sufficient experience to learn enough stimulus-action associations to perform

even trial tasks. A far more likely hypothesis is that people pool experiences into
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an abstraction on which learning can occur (Wilson et al., 2014b), in much the same

way that using a convolutional neural nets as the basis of a reinforcement learner has

been fruitful (Mnih et al., 2015). Abstracting experiences into a state may reduce

the dimensionality of the problem substantially and thus, learning time, but it leaves

open the problems of generalization and non-stationarity.

To illustrate the problem of generalization, consider the following example. If a

person goes into the kitchen, regardless of whether they are making lunch or doing

the dishes, the set of perceptual stimuli will be similar. Given the same set of stimuli,

multiple possible tasks are possible each requiring a separate policy. Likewise, if we

go to a friend’s house and they ask us to help with the dishes, we won’t need to

relearn how to do the dishes even if we’ve never seen the specific dishes or kitchen.

We should be able to reuse the previously learned dish washing behavior in this new

context, even though the specific percept is different. This problem is complex and

poses two separate challenges: separating similar perceptual experiences into multiple

policies and reusing the same policy in perceptually different contexts.

A highly similar problem to generalization is non-stationarity. Learning volatile,

or non-stationarity, environmental contingencies poses a problem that often be simple

for humans to solve but difficult for computational agents as a consequence of the

Markov assumption. Non-stationarity, reflecting changes in the observation distribu-

tion across time, is common in both experimental and ecological settings. Broadly,

these tasks reflect either random, unpredictable changes to the outcome statistics

that have to be incorporated into updating the previous model, or they can reflect

a change in an (often unobservable) statistical context. In the former case, adaptive

strategies allow agents to dynamically estimate stimulus-action-outcome associations

by inferring the presence of change points probabilistically and weighing observa-

tions following a change point more strongly while discounting prior ones (Behrens

et al., 2007; Wilson et al., 2010; Nassar et al., 2010). More simple, heuristic strate-

gies that modulate their learning rate (the degree to which unexpected outcomes

serve to update stimulus-action-outcome associations) as a function of a measure of

uncertainty are also adaptive (Yu and Dayan, 2002, 2005; Wilson and Finkel, 2009;

Payzan-LeNestour and Bossaerts, 2011; Franklin and Frank, 2015). However, because

these models assume that previously acquired knowledge is no longer relevant, they
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suffer in environments in which this knowledge is again relevant in new contexts.

A promising expansion of RL models to account for both generalization and non-

stationarity it to frame fronto-striatal learning in terms of a partially observable

Markov decision process (POMDPs) (Todd et al., 2008; Collins and Frank, 2013). A

POMDP represents a structure in which determining the current state is accomplished

through inference. Each observation is assumed to be generated from an observation

distribution and the current state can be inferred by inverting the generative process

via Bayesian inference. This poses a potential solution to both generalization non-

stationarity, if two distinct percepts have similar task statistics, they can potentially

be inferred as belonging to the same latent state, and thus share the same action-

values. Similarly, if two similar percepts have different task statistics, they may be

inferred to belonging to different states and different action-values.

Nonetheless, POMDPs present a considerable computational challenge. Learning

to act optimally in a fully observable Markov Decision Process has a well-defined

solution that is computationally cheap and can be computed online (Littman, 1996).

Solutions to POMDPs are considerably more complex to the point that learning

to act optimally is computationally intractable in the worst case (Kaelbling et al.,

1998). In practice, it is useful to estimate the current state and learn the reward

contingencies conditional on this estimate. In a Bayesian framework, this estimate

is a belief distribution over the state space. An online approximation algorithm,

such as a particle filter, can be used to update the belief state as the learner moves

through the task. However, the process of updating the belief distribution can be

highly computationally demanding. When the state-space is large, it can lead to a

high degree of model uncertainty when the agent does not know the structure well

and substantial waste of computational resources on unlikely solutions.

One solution is to assume a generative process that enforces parsimony (Chrisman,

1992; Doshi-Velez, 2009; Gershman et al., 2010). In this framework, the number of

states in the state-space grows as the evidence requires but is biased towards a lower

number of states. Having a generative process over the number of states allows

the learner to learn the structure of the task in addition to its solution. Thus, the

learning problem faced is the inference of the correct latent state, followed by learning

a policy dependent on this state. The extant empirical evidence tends to support
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this hypothesis. Recent studies within the human and animal literature suggest that

inferring a structure occurs whether or not it is valuable to do so (Acuña and Schrater,

2010; Badre et al., 2010; Gershman et al., 2010; Collins and Frank, 2013, 2016b).

This appears to involve the inference of a latent state, potentially represented in

the Orbital Frontal Cortex (Wilson et al., 2014b), that influences both dopaminergic

(Starkweather et al., 2017) and cholinergic (Stalnaker et al., 2016) signaling.

Mathematically, models that explain this type of structure learning are clustering

algorithms that partition experiences into clusters that share a policy. These mod-

els are highly similar to models used to explain category learning (Gershman and

Niv, 2013; Sanborn et al., 2010; Shafto et al., 2011) and feature learning in humans

(Austerweil et al., 2009). In the model proposed by Collins and Frank (2013), a

“context” (typically, an observable feature of the data) signals a “Task Set” or rule

structure that is operative. Each stimulus within a given Task Set has the same

action-values. An alternate interpretation of this model is that each context cues the

same policy. In this view, policies are reused based on their appropriateness given the

data and a defined prior, an approach that is common in machine learning (Mahmud

et al., 2013; Rosman et al., 2016; Wilson et al., 2012). These models assume that two

or more contexts (or tasks, environments, etc.) can share a policy if the policy leads

the same objective function value to an acceptable degree of error (Mahmud et al.,

2013).

While this line of research is promising, it is limited in its capacity as a model

of human intelligence. A key feature of cognition is thought to be productivity, or

the ability to devise a novel solution to a novel problem using component pieces

(James, 1890; Chomsky, 1968; Fodor and Pylyshyn, 1988; Sloman, 1996). A model

that learns a policy in context and re-uses that same policy without changes in a new

context is not productive; in James’ terminology it is reproductive. As a practical

matter, this distinction is important as an agent that has simply transferred a policy

from one context to another may by highly sensitive to small changes in environment

(Lake et al., 2016; Kansky et al., 2017). This leaves open a substantial theoretical

challenge: can reinforcement learning, as an associative model of human learning,

produce productive behavior? Or is a separate mechanism needed to explain the

complex patterns of behavior assumed to be associated with productive thought?
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There are two classes of hypotheses in which a reinforcement learning system

would be able to account for complex behavior. One, it may be the case that a

cognitive system that appears productive is not actually productive (Rumelhart and

McClelland, 1986; Johnson, 2004). A second, intriguing possibility is that the fronto-

striatal learning system is capable of learning the structured representations necessary

for productivity. This raises the question of what would we need to call an RL agent

productive? At minimum, we would expect the agent is able to learn component

pieces of a task and recombine them in a novel situation. In other words, we would

expect a productive reinforcement learning agent to be, at minimum, compositional

in its representations.

The central question asked within this work is this precursor question: how can a

reinforcement learning agent generalize compositionally? The balance of this chapter

will present the mathematical background for the Markov Decision Processes and

clustering algorithms used as the basis of the models presented in later chapters.

Chapter 2 presents a theoretical model of generalization accompanied with a norma-

tive analysis of alternative models across different task domains. Chapter 3 provides

a series of behavior experiments to test the predictions of the models presented in

chapter 2 and provides evidence that human subjects show compositionality in their

generalization.

1.1 Markov Decision Problems

Markov decision problems (MDPs) from the basis of RL agents by providing a def-

inition of the statistical problem the agent has to solve. It is informative to discuss

the assumptions underlying the MDP and how those assumptions shape the algo-

rithms used to solve them. An RL agent typically is tasked with solving a completely

observable MDP. An MDP describes a process of making sequential decisions and

differs from a POMDP in that the agent always has full knowledge of its position or

condition in the environment. This knowledge is abstracted into a state, which serves

as a summary of all of the potentially relevant information. Many experimental tasks,

such as classical conditioning and bandit tasks, can be framed as MDPs, making RL

well suited to serve as a model.
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Formally, an MDP can be defined by the tuple 〈S,A, T ,R, γ, 〉 (Kaelbling et al.,

1996), where

• S is a set of states s

• A is a set of actions a available to the agent

• T : S × A → Π(S) is a mapping between states and actions that returns a

probability distribution over successor states.

• R : S ×A× S ′ → R is a mapping between states, actions and successor states

that returns a real valued reward

• γ is a discount rate

The sets S and A can be defined as continuous or discrete. We can define S
most broadly as a set of vectors in Rd, but for the purpose of psychological tasks,

it is convenient to define S as small set of integers, with each integer representing

some stimulus class (for example, a blue triangle on a screen). Similarly, in most

psychological paradigms, there is a small number of discrete actions that make up A
(for example, a button press). The mapping T defines a transition function, typically

represented via a conditional probability distribution T (s, a, s′) = Pr(s′|a, s) that

define the probability of moving from state s to state s′ given action a is taken. R is

the reward functions R (s, a, s′) =
∫∞
−∞ rPr(r|s, a, s′)dr (often simplified to R (s, a))

that define the rewards received by taking action a in state s and moving to the

successor state s′. It is important to note that the MDP tuple defines the environment,

not the behavior of the agent in the environment. The agent’s behavior is defined by

a policy π : S → A, a function that maps states to actions. Finally, the discount rate

γ defines the degree to which an agent values reward in the future less than current

rewards. γ is a multiplicative factor with the constrain that γ = [0, 1] and while is

traditionally defined as a property of the MDP, it is often more natural to think of it

as a property of the agent.

An MDP gets its name because it observes the Markov property, meaning that

the process is memoryless and both state-transitions and rewards only depend on the

current state. Consequently, the transition functions T and reward functions R are

independent for each state. If an agent uses some stationary policy π, the expected
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value of an action is dependent only on the current state. As a result, we can compute

a value function for a given policy, defined by the system of equations known as the

Bellman equation (Bellman, 1957):

V π(s) = R (s, π(s)) + γ
∑
s′∈S

T (s, π(s), s′)V π(s′) ∀ s ∈ S (1.1)

We can define the goal of an agent in an MDP as maximizing its total discounted

reward. Therefore, an optimal policy π∗ is any policy that maximizes the expected

discounted reward in all states.

π∗(s) = argmaxa

[
R (s, a) + γ

∑
s′∈S

T (s, a, s′)V ∗(s′)

]
(1.2)

Because the MDP observes the Markov property, knowing the value of the states is

sufficient to determine an optimal policy. If all of the values are known, the optimal

policy is to move to the state with the highest expected discounted reward. As a

result, there are two general approaches that can be used estimate to state values

(Sutton and Barto, 1998). One way would be to estimate the transition and reward

functions and use those to determine an optimal policy. Dynamic programming can

then be used to estimate the value function. This approach can be referred to as

model-based RL because its utilizes a model of the MDP to generate a policy.

A second approach would be to estimate the values of each state-action pair di-

rectly without learning the full MDP. This is typically referred to as model-free RL.

In behavioral neuroscience, this distinction is important as the two serve as models

for distinct types of behavior (Dayan and Niv, 2008). Model-free RL associates a

state-action pair with future rewards and is used as a model of habitual learning.

In contrast, because model-based RL determines a behavioral policy from knowledge

of the structure of the environment, it is used as a model of goal-directed behavior

(Balleine et al., 2008; Daw, 2012). A key distinction between the two types of learning

is planning, learning the MDP allows the agent to plan multiple moves in advance

while learning state-action values is myopic. Both model-based and model-free RL

are thought to be involved in basal-ganglia dependent learning (Balleine et al., 2008;

Daw et al., 2011). Model-free RL models of the basal ganglia can be quite detailed,

drawing on a wealth of biological data (Frank et al., 2004).
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1.1.1 Model-Free RL

Perhaps the simplest form of model-free RL is Q-learning. In Q-learning the agent

explores an MDP learning state-action values through feedback. As the agent explores

the environment, the observed outcomes are used to update estimated state-action, or

“Q”, values for each experienced state-action pair. These Q-values are subsequently

used in an action selection function to determine the next action. As the agent does

not know the veridical expected value of each action and must learn them through

exploration, learning and exploration will interact resulting in a trade-off between

the exploring the environment and maximizing current reward (Gittins, 1979; Wilson

et al., 2014a). As an estimate of the state-action value function, Q-values can be

defined recursively for a policy using the Bellman equation.

Qπ (s, a) = R (s, a) + γ
∑
s′∈S

T (s, a, s′)Q (s′, π(s′)) (1.3)

If the agent learns the optimal policy, then Q(s, π(s)) will converge to V (s). The

optimal Q function is

Q∗ (s, a) = R (s, a) + γ
∑
s′∈S

T (s, a, s′) max
a′

Q∗ (s′, a′) (1.4)

While Q-values are a function of function of T and R, they can be defined as

an expectation (specifically, the expected value of an action given a state) and can

be estimated independently online. If we initialize Q-values with a prior value, we

can update them with the difference between the current Q-value and the observed

reward following an action using the update equation

Q (s, a)← Q (s, a) + α
(
rt + γmax

a′
Q (s′, a′)−Q(s, a)

)
(1.5)

where s′ is the observed next state and α is the rate at which Q-values are updated,

often referred to as the learning rate. If α = 1/t, where t is the number of times the

state-action pair has been visited, then the equation 1.5 is equivalent to an online

maximum likelihood estimator of the expectation of total discounted reward for taking

action a in state s. As such the Q-learner’s state-action value function will converge

to the optimal action-values with probability 1 if all states-action pairs are sampled

sufficiently (Watkins and Dayan, 1992).
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It is often useful to think of the difference between the predicted and observed

values as a separate quantity. This value, known as a temporal difference (TD) error

or prediction error is often denoted with δ and can be defined

δ =
(
rt + γmax

a′
Q (s′, a′))−Q(s, a)

)
(1.6)

Q (s, a)← Q (s, a) + αδ (1.7)

Updating Q-values with the prediction error propagates received rewards later in

time to earlier states that are predictive of future reward. More broadly, Q-learning

is a temporal difference algorithm because it uses a δ term to update its values

iteratively. In other temporal difference algorithms δ may be defined differently but

the basic framework is the same.

This simplified form of reinforcement learning is useful in that there is substantial

neurobiological evidence for a dopamine reward-prediction error term similar to δ.

Specifically, the magnitude of phasic dopamine bursts in response to unexpectedly

positive outcomes closely correlates with δ when δ is positive while the duration of

the phasic dopamine pauses in response to unexpectedly negative outcomes correlates

with δ when δ is negative (Montague et al., 1996; Schultz, 1998; Bayer et al., 2007).

Likewise, human fMRI studies have demonstrated that BOLD signals in the ventral

striatum, an area innervated by mid-brain dopamine, correlate with fitted estimates of

δ (Pagnoni et al., 2002; McClure et al., 2003a; Abler et al., 2006). Because dopamine

is sufficient to drive learning within the basal ganglia (Tsai et al., 2009) and neuronal

activity in its targets can control motion (Kravitz et al., 2010), there is strong reason

to believe that dopamine acts as a training signal much in the way a prediction error

signal in a model-free RL learning would. While the role of mid-brain dopamine in

the striatum is likely more complex (Schultz, 2010; Hamid et al., 2016) and there is

evidence to suggest model-free RL is not sufficient to explain all extant behavioral

data (Balleine et al., 2008), model-free RL models of the basal ganglia have generated

numerous empirically substantiated predictions (Maia and Frank, 2011).

It is worth noting that model-free learning systems are quite powerful, if given suf-

ficient training data. Deep reinforcement learning systems have shown human level or

superhuman level performance on a range of Atari task (Mnih et al., 2013; Schölkopf,

2015). These models work by training a convolutional neural net to process the raw
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pixel input of Atari games while simultaneously training a Q-learner on the output of

the neural net. In an analogous way to the visual system, the convolutional neural net

reduce the raw visual input into a much more compact, and linearly discriminable,

representation (Yamins et al., 2013; DiCarlo and Cox, 2007). Deep reinforcement

can often learn an effective policy over this compact representation, as long as the

algorithms are provided with a sufficiently large training set.

Exploration

As previously stated, a major challenge for an RL agent is balancing the tradeoff

between exploring the environment and leveraging current information to garner as

much immediate reward. To illustrate the problem, imagine a Q-learner is playing a

game in which it has to select one of two cards. Card A pays +10 reward with 80%

probability and card B pays +1 reward with 10% probability. Suppose the Q-learner

selects randomly the first trial, selects card B and receives +1 reward. If the agent

follows a greedy policy and always chooses the action with the highest Q-value, it will

always choose card B. Alternatively, if the Q-learner has some policy to encourage

exploration, it will quickly learn a higher Q-value for card A and learn to select it more

frequently. However, the question remains to what degree the learner should explore.

If the learner continues to explore after it is clear what the optimal policy is, then the

learner will not be able to maximize its reward. As such, there is a tradeoff between

exploration and exploitation. Any exploration policy that is based on Q-values will

have the additional problem that the learned Q-values will be heavily influenced by

the exploration strategy (and vis-versa) before the environment is well-learned.

For some small problems in stationary environments, like two arm bandit tasks

(an MDP with a single state), there are optimal ways to balance the exploration and

exploitation (Cohen et al., 2007). The optimal solution to exploration/exploitation

tradeoff in such environments is to calculate the Gittins index for each action, which

is the value of the stochastic process associated with each action, and select the

option with the highest value (Cohen et al., 2007; Gittins, 1979). For more complex

environments, the calculation of the Gittins index can be intractable. As such, a

Q-learner will not always be able to explore optimally. Instead it will need a policy

that explicitly addresses exploration, typically assumed to be stochastic. There are
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multiple ways of accomplishing this. One could initialize the Q-values at a high level,

encouraging exploration until the agent learns more accurate lower values (R-max).

Alternatively, an agent could select the action with the highest value most often

but choose randomly with some probability (ε-greedy). In the human behavioral

literature, the Q-values are often used in a Boltzmann distribution (softmax function)

that adds some degree of noise.

Pr (a|s) =
eQ(s,a)β∑

ai∈A e
Q(s,ai)β

The Boltzmann distribution has the attractive characteristic of the having a gain

parameter β that controls the degree to which the learner stochastically explores.

When used to fit behavioral data, this allows individual differences in exploration to

be fit.

However, a limitation of this approach is that the degree to which an agent ex-

plores its environment is unrelated to learning. Because the gain parameter in the

Boltzmann distribution is fixed, updating the Q-values does not affect exploration.

In this sense, stochasticity in action selection due to the Boltzmann equation is a

form of undirected exploration. An optimal learner will use directed exploration that

scales their exploration with the uncertainty of the environment and their knowledge

of it. (Yu and Dayan, 2005; Cohen et al., 2007). At a behavioral level, humans show

evidence of both directed and undirected exploration, exploring more when uncer-

tainty is high and the task horizon is long (Wilson et al., 2014a; Cockburn, 2015).

Directed exploration can be implemented in neural network models of the basal gan-

glia through the dynamics of competitive representations of action values. When

knowledge of a task is uncertain, activity for competing responses is roughly similar

and action selection is generally stochastic . However, as the network accumulates

evidence for one response over another, it will select the correct response more often

and explore less (Franklin and Frank, 2015). At a broader level, directed exploration

follows the pattern that an agent should explore when it has little knowledge of its

environment and exploit when it knows it well. However, in order to govern this

trade-off, the agent needs to track its uncertainty of its own knowledge.
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Uncertainty and Learning

In an RL setting, uncertainty can be broken down into several types that interact

over the course of learning but are asymptotically separate. For a model-free learner,

one way to view learning is estimation of the state-action values. In a model-based

setting, learning would be the estimation of T and R. In either setting, the agent

can be more or less confident in these estimations and we can refer to the agent’s lack

of knowledge as its estimation uncertainty. As the agent learns the MDP, estimation

uncertainty will decline. The precise measure of estimation uncertainty will vary

depending on the exact parameterization, but it can be conceptualized as the width

of a posterior distribution of expected values for a Bayesian learner.

A separate form of uncertainty that might not affect exploration on its own is ex-

pected uncertainty or volatility. In any stochastic process, there is a certain amount

of irreducible uncertainty about future outcomes that is a product of the inherent

stochasticity. Even when the task is well-learned and the agent has very low esti-

mation uncertainty, the outcome of any action will be unpredictable. If an optimal

policy is known, then this uncertainty is ignorable as the agent should still choose the

action with the highest expected discounted reward.1 However, the stochasticity of

the task will affect the speed with which an ideal observer learns an optimal policy.

For example, if an agent is playing a two-armed bandit task in which the rewards are

normally distributed around means +10 and +15, the agent will learn the optimal

policy much more quickly if the standard deviation is 1 than it will if the standard

deviation is 10. With less variance, the difference between the means is easier to

detect.

As an agent may experience both forms of uncertainty while learning a task, if

it behaves optimally it will change both its exploration and its learning dynamically.

As estimation uncertainty can be used as a measure of the agent’s the knowledge

of the task, it is the relevant measure. When estimation uncertainty is high, any

new information is relatively informative and the agent should learn more quickly

1There is substantial evidence that people are sensitive to risk and do not value changes in
monetary rewards linearly (Kahneman and Tversky, 1984). As a result, the stochasticity of
outcomes could change the optimal policy as actions with the same expected monetary value
could have different subjective utility. While this may be a problem empirically, if the rewards
of an MDP are delivered in units of subjective utility then expected uncertainty does not change
the optimal policy beyond the expected discounted reward.
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and explore more (Yu and Dayan, 2005; Cohen et al., 2007). However, as estimation

uncertainty drops, the agent will want to ignore the irreducible expected uncertainty

and pursue a greedy policy in order to maximize reward.

As an empirical matter, it does appear that people consider uncertainty both

in terms of learning and exploration in a process that involves the prefrontal cortex

(PFC) and anterior cingulate cortex (ACC) (Badre et al., 2012; Cavanagh et al., 2012;

Frank et al., 2009; Behrens et al., 2007). Additionally, there is some fMRI evidence

to suggest that the basal ganglia may also consider uncertainty directly (Summerfield

et al., 2011). The question how people track uncertainty and how that is integrated

in striatal learning is still an open question. From a modeling perspective, in order to

take advantage of uncertainty an agent must track it. The Q-learning model defined

earlier and many RL models of the basal ganglia use point estimates and do not

explicitly track uncertainty. Bayesian models implicitly track uncertainty and adjust

appropriately but it is unclear how mechanistically a direct Bayesian implementation

is consistent with the empirical support for a dopamine based prediction error (but

see Nassar et al. 2010).

Non-stationarity

Exploration and uncertainty become more difficult to solve and more important in

non-stationary environments. In a non-stationary MDP, there is some probability that

T and R will change from time-point to time-point. This lack of stationarity could

be drift or a change point and may or may not be random. In a stationary MDP,

the Q-values will eventually converge on the expected value if a declining learning

rate is used and each state-action pair is visited enough times. The assumption of

stationarity guarantees convergence but it may not reflect an ecological setting.

A common heuristic for dealing with non-stationarity is using a fixed learning rate

when updating Q-values. Using a fixed learning rate has the effect of preferring more

recent observations and discounting observations further in the past. This allows

the Q-values to approximate a locally weighted average of the recent rewards and

reduces the influence of previous experiences over time. If there is a change point

and a declining learning rate is used, it will take substantially more observations to

learn the new expected values of state action pairs than was required initially. By
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using a fixed learning rate, the models are able to adapt more quickly. However,

even a fixed learning rate can be slow to respond and may not be appropriate for

different levels of predictable stochasticity. To illustrate the point, in a deterministic

setting a fast learning rate will allow an agent to adapt quickly to any change. In

contrast, a slower learning rate may be preferable in a noisy environment as it allows

the learner to integrate information over a longer time frame, reducing its sensitivity

to noise. Ideally, a learner would be able to scale its learning rate with uncertainty

of its current estimate, learning quickly when something has changed and ignoring

predictable negative feedback when the task is well-learned (Dayan and Yu, 2003).

The proper treatment of non-stationarity depends on the generative process that

underlies it. For example, in a change point paradigm, the distribution of possible

expected values can be approximated with a mixture distribution (Nassar et al., 2010;

Wilson et al., 2010). If we assume that the value of a state-action pair of a bandit

task has some probability φ of changing from trial to trial, then we can estimate its

expected value with a mixture distribution. If we assume some prior distribution

of expected values Pr (Vs,a) then an approximation of our belief distribution for the

value of a state-action pair at the next time point would be

Pr
(
V t+1
s,a |D

)
= (1− φ) Pr

(
V t
s,a|D

)
+ φPr(Vs,a)

where Pr
(
V t
s,a|D

)
is the value of the posterior found through Bayesian updating.

A fully Bayes treatment will allow for the belief distribution over previous trials to

change as new observations are made, but this approximation can be useful as it

allows the learner to treat the world as Markovian.

Estimating φ can be difficult, however, as it depends on the generative model.

While it may not be reasonable to expect people to use the generative model in the

general case, in limited cases people do follow strategies close to optimal and appear

to integrate information about uncertainty (Nassar et al., 2010). The question of how

people can do this is unresolved, but one possibility is that instead of directly estimat-

ing φ people track unexpected uncertainty. While the exact definition of unexpected

uncertainty will also depend on the generative process, a heuristic can be derived

from the derivative of the change in uncertainty (Payzan-LeNestour and Bossaerts,

2011; Yu and Dayan, 2005). The idea is that if a change has occurred in T or R,

then any general measure of uncertainty (for example, the entropy of distribution over
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which action has the highest value) will increase as the agent receives an unexpectedly

large degree of negative feedback. As such, this change in uncertainty can be a useful

cue for signaling a change point. In a probabilistic process, randomness will cause

transitory increases in uncertainty so it is important that an actor be able to ignore

expected uncertainty. In an influential model by Yu and Dayan (2005), expected

and unexpected uncertainty, signaled by cortical acetylcholine and norepinephrine

respectively, interact to facilitate optimal inference.

1.1.2 Limitations of MDPs

While questions of how exploration, uncertainty and non-stationarity are unresolved,

they are tractable problems that do not pose a general problem for the MDP as a

model for the environment in which people learn (Dayan and Niv, 2008). However,

in order to scale RL models and incorporate models of the basal ganglia in richer

descriptions of learning and cognitive control, there are a number of challenges that

may necessitate an expansion of the model. People can generalize their knowledge to

new situations, resolve ambiguity and learn quite quickly, all of which can be difficult

for model-free RL algorithms. While simple RL algorithms can solve MDPs, fully

observable Markovian states pose a problem. If each state is treated as independent

and fully observed, then there is no way to generalize between them. To put this

another way, learning an MDP in a model-free way prevents learning a more appro-

priate structure. This is a poor model of human learning as people impose a structure

in order to learn more quickly, even when the strategy is detrimental to performance

(Acuña and Schrater, 2010; Yu and Cohen, 2008; Tenenbaum et al., 2011; Collins

and Frank, 2013). A different model is needed to explain how people can learn and

use these structures. However, it seems likely that the basal ganglia is involved in

this process given the broad connectivity with the cortex and the rest of the brain as

well as fMRI evidence linking the basal ganglia to abstract rule learning (Alexander

et al., 1986; Badre et al., 2010). If this is the case, then a reasonable place to start

is expanding limited models that have strong empirical support. If we loosen some

of the assumptions of the MDP we may be able to adapt our algorithms to the new

environments in a way that more closely matches human learning.



18

Structure in the MDP

Structure can address many of the problems that arise in learning and the MDP

assumes some structure that serves as a simplifying assumption. If reinforcement-

learning happens not in an MDP but over all of perception and action, the learner

would have to find a policy mapping the entire perceptual space to the entire effector

space. Because percepts will vary over time and are unlikely to be repeated exactly

multiple times, a policy would likely need to map features of the perceptual space to

the effector space. This runs into the problem that both the feature space and the

effector space have very high dimensionality. Learning in high dimensional spaces is

incredibly slow and any direct mapping between features and effectors is unrealistic

because of the large number of training examples needed (Bellman, 1957). In order

for any learning system to be effective at all, the dimensionality of both spaces needs

to be substantially reduced. Arguably, the visual system dramatically reduces the

dimensionality of the feature space in the form of object recognition (DiCarlo and

Cox, 2007), much like a deep reinforcement learning system uses a convolutional

neural net to reduces the input space (Mnih et al., 2013), but it’s still an important

concern as a the feature space may be relatively high dimensional with only a few

relevant dimensions for any given situation.

One way to reduce dimensionality is adding structure. By using an MDP, we are

assuming a particular structure in which all of the available perceptual information

and history of perceptual information are summarized by the current state. Likewise,

actions in the MDP can be viewed as structured in the sense that they may repre-

sent more complex behavior (e.g. “push the left button”) than the low-level control

of individual muscle fibers. The Markov assumption further simplifies the learning

problem because it allows us to treat each state as independent. This is probably

a reasonable assumption if we assume the states are reflective of some causal re-

lationship between actions and the outcomes (Gershman and Niv, 2010). What is

probably not a reasonable assumption is to equate states to percepts. For example,

a rat could learn to associate pressing a lever with receiving a food reward. After

a while, this relationship could change and pressing a lever no longer leads to the

reward. How the animal should treat this situation is ambiguous. The rat could treat

this as a non-stationarity, i.e. a permanent change in R, perhaps caused by the food
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dispenser running out of pellets. Alternatively, the rat could treat the change as a

state transition, perhaps reflective of a task condition set by an experimenter that is

still relevant. The latter possibility requires perceptual aliasing, or treating two sim-

ilar percepts as separate. Both a non-stationarity or an unobserved state transition

are plausible interpretations that may result in the animal taking different courses of

action. A priori, there is no reason to expect that the occurrence of a change or its

nature must be signaled. Assuming that percepts can be treated as states forces the

interpretation of non-stationarity and this interpretation is sometimes inconsistent

with empirical findings (Bouton and Bolles, 1979).

Ambiguity & Generalization

If we treat states as reflective of a causal structure and assume people and animals

solve a perceptual aliasing problem to learn that structure, then it is possible to use

MDPs as a model for more general cognitive processes. One phenomenon that could

be explained this way is contextual learning, something that has been demonstrated

in rats using the ABA renewal paradigm (Bouton and Bolles, 1979; Gershman et al.,

2010). In an ABA renewal paradigm, an animal is trained on a conditioned stimulus

in Context A, undergoes extinction in Context B and is then retrained in Context

A. The animals re-learn the conditioned stimulus in less time than during the ini-

tial conditioning phase, suggesting the animals do not fully unlearn the relationship

during extinction. One interpretation of these results is the rats learn a new state

for Context B and learn that in the new state, the stimulus outcome relationship is

different (Gershman and Niv, 2010; Gershman et al., 2010). When placed back in

context A and reconditioned, the animals quickly identify the new state and behave

appropriately. Because the animal has access to context, it can treat the relationship

between the stimulus and outcome differently, resolving the ambiguity.

Interestingly, simulations suggest that renewal can occur as a result of drug inter-

ventions by preventing the basal ganglia from fully unlearning the association. This

suggests these effects may be explainable without the animals learning a new structure

(Wiecki et al., 2009). Because the MSNs of the striatum store evidence both for and

against taking an action over separate populations of cells, it is possible to learn a new

stimulus-action association without fully unlearning the previous association. This is
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not consistent with a simpler model-free RL algorithm like Q-learning, which would

have no way of retaining the learned representations. In the case of ABA renewal,

however, learning different states for the two different stimulus outcome relationships

is “correct” in that it mirrors the design of the experimenter (Gershman and Niv,

2010). This is supported empirically as a change of contexts is needed as the animals

don’t show renewal when they are retrained in the extinction context (Bouton and

King, 1983).

In addition to resolving ambiguity by treating a stimulus differently in separate

contexts, inferring a causal structure can be useful in generalization as well. ABC

renewal is very similar to ABA renewal except that after extinction in context B,

the animal is reconditioned in a new context C. In context C, the animal learns

the contingency relationship quickly, suggesting they generalize their knowledge of

the structure of context A to context C (Bouton and King, 1983; Gershman et al.,

2010). Importantly, if the stimulus-outcome relationship is treated as the same in

both contexts A and C, then this suggests some form of abstraction because the

conjunction of stimulus and context does not uniquely predict the relationship. The

states can be interpreted as abstract structure that governs the relationship between

actions and outcomes. In contexts A and C, a particular structure is inferred and

the animal learns one behavior, while in context B a different structure is inferred

and the animal learns another behavior. Once an agent has learned a new state and

associated behavior, this has the potential to be generalized to any new situation

independent of any similarity in the perceptual space.

1.2 Partially Observable Markov Decision Processes

While treating states as an abstract but discoverable structure is potentially very

powerful, it has the drawback of substantially increasing the complexity of the learning

problem. By treating the states as discoverable and not fully-observed, we are casting

the learning problem as solving a partially-observable MDP (POMDP). In a POMDP,

instead of full knowledge of the state space, an agent will make an observation as it

takes an action. From this observation, the agent will need to infer the current

state. The POMDP can be formally defined by the tuple < S,A, T ,R,Ω,Z >. The
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elements S,A,T , and R define the MDP, Z is the set of observations and Ω defines

the observation functions O (s′, a, z) = Pr(z|s′, a). When an agent takes action a to

move to state s it makes some observation z ∈ Z and can use that to infer its position

in the state-space.

Because the agent never knows its current state, its actions are conditional on

its history of actions and observations. In practice, it can be useful to break down

the policy selection into state estimation and planning. State estimation involves

summarizing the agent’s knowledge of the current state given its history of actions

and observations while planning determines a policy conditional on that estimate.

Conveniently, if we represent the state estimate as a probability distribution over the

state space and update that estimate with Bayesian inference, than the estimate is

a sufficient statistic of the agent’s history (Kaelbling et al., 1998). This distribution

is known as a belief distribution and denoted with b. Given that the agent has some

initial belief state b, it takes action a and makes observation z. The resulting belief

state b′ is defined as:

b′(s′) = Pr(s′|, z, a, b)

=
O(a, s′, z)

∑
s∈S b(s)T (s, a, s′)

Pr (z|b, a)

(1.8)

We can also define the updating as b′ = τ(b, a, z). Because b is a sufficient statis-

tic for the agent’s history in the POMDP, planning is Markovian, conditional on b

(Kaelbling et al., 1998; Ross et al., 2008). We can use the Bellman equation to define

the optimal policy as:

π∗(b) = argmaxa

[∑
s∈S

R(s, a)b(s) + γ
∑
z∈Z

V (τ(b, a, z)) Pr(z|b, a)

]
This reduces to a problem that is piecewise linear and convex (Kaelbling et al.,

1998). Unfortunately, while there are a number of algorithms that can generate exact

solutions, the problem grows exponentially with observations and is computationally

intractable. This points to the considerable computational complexity of solving a

novel POMDP. When given a POMDP, an agent will need to learn the structure of

the MDP in either a model-based or model-free way, learn the relationship between

observations and states, generate a state estimate, and plan. Given the general in-

tractability, this is probably too hard to expect a person to be able to solve optimally
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in the general case.

The benefit of this complexity is that the learner would have access to a structure

that can help it generalize its knowledge and adapt quickly to new circumstances.

In principle, these abstractions are quite powerful and can grow in complexity with

policies that transverse multiple states. However, the complexity needed to explain

ABA or ABC renewal is very low, requiring only 2 states. In this case, the task would

be to identify the current state and then take an action that is appropriate given the

current state.

Additionally, if the basal ganglia are involved we might expect action selection to

be dependent on action values represented in MSNs and updated through a dopamine

prediction error. How the basal ganglia could incorporate the uncertainty of the

current state during action selection is an open question but there are two heuristic

algorithms for model-free action selection in POMDPs that could serve as a boundary

to what is possible. One possibility is that state uncertainty is ignored and actions

are only considered conditional on the most likely state. This is similar to the Most

Likely State algorithm, which assumes the most likely state is the current state and

selects the action with the highest Q-value for that state.

πMLS(b) = argmaxaQ [argmaxs [b(s)] , a]

As an alternative, one way to consider the state uncertainty is to weigh Q-values by

the belief state.

πQMDP(b) = argmaxa

[∑
s

b(s)Q(s, a)

]
Q MDP is optimal if the agent will have full knowledge of the state following

the next action (Cassandra, 1998). If the uncertainty of the current state is high,

both heuristic methods will perform poorly. One strategy to overcome this is to use

a dual-control mechanism that will take actions with respect to the Q-values when

uncertainty is below some threshold and take action to actively reduce the uncertainty

of the state space otherwise (Cassandra, 1998).

A further complication is both of the algorithms assume the underlying MDP

is known. It may not be reasonable to assume that a person knows an arbitrary

hidden structure and is attempting to plan given his uncertainty. For either of these

algorithms to be a model of model-free learning in the basal ganglia, the Q-values
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would have to be updated with feedback. If the uncertainty of the current state were

low enough, then presumably this would not be problematic.

1.2.1 Structure Learning Models

Perhaps a more elegant method of solving a POMDP would be to attempt to infer the

structure of the POMDP. This would allow the learner to assign a state conditional

on an observation and its history. States in the POMDP can be thought of as similar

to rules in that they govern the appropriate action to maximize reward. Learning the

structure of the POMDP is similar to learning a set of appropriate rules to complete

the task at hand. Following the metaphor, inferring the current belief state would be

analogous to applying the appropriate rule.

A principled way of learning this structure is to propose a simple state space and

progressively increase the complexity of the model. One possibility is to estimate the

transition and observation functions while exploring the environment and to “split”

the states as the evidence suggests (see Chrisman, 1992). The proposed POMDP can

then be used to generate a belief-state estimate and update a Q function.

Q(b̄, a) ≈
∑
s∈S

b(s)Q(s, a)

Q(s, a)← Q(s, a) + αb(s)
(
r + γmax

a′
Q(b̄′, a′)−Q(s, a)

)
Like QMDP , the belief state probability is used to weigh the Q-values for action

selection. In addition to action selection, the belief-state probability function can be

used to weigh Q-value updating.

As a general framework, progressively increasing the complexity of the model is

attractive because it reduces the computational complexity by limiting the model

uncertainty considered (Doshi-Velez, 2009). Likewise, using Q-values is attractive

because they have a meaningful interpretation in neural network models of the basal

ganglia. Unfortunately, balancing exploration and exploitation is much more difficult

in a POMDP and in this formulation, Q-values are not useful to balance this trade-

off (Chrisman, 1992; Cassandra, 1998). They key problem is that if a state is not

identified, then even if it has been visited often, its properties won’t be learned. A

separate problem is learning when to split the state. A good solution to both of these

problems probably requires tracking state uncertainty, as does updating Q-values.
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From a computational perspective, one alternative is to frame the problem in a

fully Bayesian setting and propose a generative model for the learner. iPOMDP is

a Bayesian non-parametric model that formalizes the learning problem as inference

over a distribution of possible models (Doshi-Velez, 2009). Each model m is defined

by its transition, reward and observation function such that m = {T ,R,Ω}. A non-

parametric prior over the model space is set to allow an unbounded number of models

of arbitrarily large state spaces. To reduce complexity the prior over the model space

is biased to prefer small models. As the agent moves in the environment, it maintains

each model as a hypothesis and tracks the posterior of the hypothesis space with

Bayesian inference.

A particle filter is used to estimate the posterior over the models. In a particle fil-

ter, each proposed model m is maintained in a weighted distribution. For each model,

its belief state can be estimated with equation (1.8), giving a hypothesis trajectory

through its state space. Consequently, the likelihood equation over observations given

a model Pr(o|m, a) is straightforward to calculate. The weights for each model w(m)

are updated after each time-step with

wt+1(m) ∝ Pr(o|m, a)wt(m)

Afterwards, the particles are resampled to generate a new posterior distribution.

Because each hypothesis model tracks its trajectory, the agent’s belief of its trajectory

through the state space is updated with resampling. The updated posterior can be

used to generate a new state estimate and policy choice.

1.3 The Basal Ganglia as a POMDP-solver

Linking basal ganglia circuitry to solving a POMDP is the gating model. Developed

to model working memory tasks and the prefrontal cortex (PFC), the gating model

is a neural network model of executive function that can learn to perform several

tasks independently in a single network (Braver and Cohen, 2000; Rougier et al.,

2005). Historically, executive function had been represented at an abstract level

as rule-based symbol manipulation and the question of whether a neural network

was capable of producing rule-governed behavior has been a matter of significant

debate (Newell et al., 1989; Fodor and Pylyshyn, 1988; Rumelhart and McClelland,
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1985; Johnson, 2004). In many ways the gating model addresses those concerns by

proposing a method through which the prefrontal cortex can learn to implement

rules without the use of symbolic representations or implementing a “homunculus”

as control mechanism (Rougier et al., 2005; Hazy et al., 2007; Kriete et al., 2013). As

argued before, rules can be thought of as similar to states and the process of learning

can be represented by inferring a POMDP.

In the original gating model, working memory representations are maintained in

the PFC and a DA signal directly innervating the PFC acts as a gate for working

memory updating (Braver and Cohen, 2000). These maintained representations are

used as an input for subsequent trials, allowing the network to solve tasks that require

sequential information and keeping track of stimuli across time. An alternative version

of the gating model proposes that learning to update working memory is dependent

on the basal ganglia (O’Reilly and Frank, 2006). A dopamine prediction error signal

is proposed to train gating in much the same way that it can train action selection.

As a more general model of executive function, the gating model has been shown to

be able to learn multiple rules and apply those rules appropriately to solve different

behavioral tasks (Rougier et al., 2005).

While the gating model has been developed as a model of working memory and

executive function, the model can be formally interpreted as a model-free POMDP

solver (Todd et al., 2008). When an agent does not know the structure of an underly-

ing MDP, one solution to finding a good policy is to augment the system with external

memory (Peshkin et al., 1999). To augment model-free RL, an eligibility trace can be

used. The SARSA(λ) model is a temporal difference algorithm like Q-learning that

differs in that the prediction error of SARSA is evaluated on the next chosen Q-value

and not the maximum (Peshkin et al., 1999; Sutton and Barto, 1998).

δ = r + γQ(s′, a)−Q(s, a)

The eligibility trace acts as memory that allows the Q-values not visited to be updated

after each time point.

Q(s, a)← Q(s, a) + αδe(s, a) ∀s, a

e(s, a) =

γλe(s, a) + 1 if s = st and a = at

γλe(s, a) otherwise
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SARSA is an “on-policy” algorithm, meaning it will estimate the Q-values for the

learned policy (Qπ) and not the Q-values assuming all subsequent steps are optimal

(Sutton and Barto, 1998). As a result, SARSA(λ) considers the exploration policy

in its computation of Q-values. In an on-policy algorithm, the value of the current

state depends on the current observation, the agent’s history of observations, as well

as the policy the agent has used. While SARSA(λ) cannot solve POMDPs in the

general case, it can handle a POMDP that requires a controlling a single bit of

memory (Peshkin et al., 1999). For POMDPs that require multiple bits of memory to

solve, SARSA(λ) has credit assignment problems, but similar algorithms with more

sophisticated credit assignment can handle more complex POMDPs.

Todd and colleagues (2008) simplified the gating model from a neural network

model to a four-parameter actor-critic model that shares much in common with

SARSA(λ). Their model contained two actors that individually controlled gating

of working memory and action selection as well as a critic that learned the values of

the observed stimuli. In an actor-critic framework, the critic learns the state-values

and is used to calculate δ. Actor preferences are updated separately, using δ from the

critic as the prediction error. In the Todd et al. model, eligibility traces were used

when updating actor and critic values. Because the gating model learns to control

it’s working memory bit, a gating model effectively turns a non-Markovian problem

into a Markovian one, much in the same way that augmenting the state-space in the

problem presented in Peshkin et al. (1999). In doing so, Todd and colleagues were

able to show that the model was capable of solving a 12-AX working memory task

and generated similar errors as human subjects did in an artificial grammar task.

A substantial limitation of these model-free POMDP solvers is that they do not

explicitly learn structure that is relevant and generalizable and instead, simply aug-

ment the state-space with a working memory bit. This is a useful strategy for tasks

like the 12-AX task, as the presence of a working memory bit can act in combination

with an ambiguous stimulus to determine a state. This is a generalization of the com-

putational strategy employed by a simple recurrent network, a three layer recurrent

network, in which the network’s activity in the previous trial acts as an input in the

next trial (Elman, 1990; O’Reilly and Frank, 2006). As a result, working memory

does not need to contain generalizable structure and can be defined operationally as
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whatever information is needed to solve the current non-Markovian problem (Todd

et al., 2008).

A POMDP where the temporal order is not as informative could be harder to

solve. Indeed, gating models can solve tasks under these conditions, suggesting gating

models are doing something more complicated than “memorizing” policies (Bakker,

2001; O’Reilly and Frank, 2006). Of interest is what gating models are learning and

particularly, what working memory represents. One possibility is rule structure of the

task. Mathematically, this structure can be thought of as state-action contingencies

where the states are partially defined by a memory object.

Experimentally, tasks that investigate rule use are typically designed to evoke very

simple rules, such as learning different stimulus-response associations in different con-

texts. Often these associations can be learned without leveraging the rule structure,

but human and primates both appear to use these rules in processes involving the

PFC and BG (Wallis et al., 2001; Bunge et al., 2003; Badre et al., 2010; Collins and

Frank, 2013). This suggests that if gating is a good model for this type of learning,

then it needs to be able to represent a more generalizable structure than individual,

learned policies.

1.3.1 Causal Inference and Rule Learning

Using a non-parametric Bayesian model similar to iPOMDP, Gershman and colleagues

were able to model ABA and ABC renewal (2010). They modeled the effects of ABA

and ABC renewal as a process of inferring a latent causal structure that is responsible

for the observation. In this interpretation, the problem reduces to a clustering problem

where each observation needs to be assigned to a cluster (i.e. cause) and the statistics

of that cluster need to be learned.

Like iPOMDP, they used a non-parametric prior over the number of latent causes

that allows the number of causes to grow with the complexity needed to solve the

task. In their model, they used a Chinese Restaurant Process (CRP) to define the

prior over causes. We can define a CRP as:

Pr(ct+1 = k|c1:t) =


Nk

t+α
if k ≤ Kt

α
t+α

if k = Kt + 1
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where Kt is the number of causes at time t, Nk is the number of observations orig-

inating from cause k and α is a free parameter that governs the formation of new

causes (Aldous, 1985). In the CRP, the prior probability of a cluster is the number of

points assigned to that cluster. While the potential number of clusters is unbounded,

this property biases a smaller number of clusters and has a maximum number of clus-

ters equal to the number of observations. Following each observation, the posterior

distribution over the structure Pr(c1:t|z1:t, r1:t) is estimated using a particle filter.

The hypotheses for the particle filter in the Gershman et al. model are proposed

cluster assignments. After each observation, the weights for the cluster assignment

are updated and resampled in a method similar to iPOMDP. These weights are de-

termined by the prior over the clusters, which biases smaller numbers of clusters,

and the likelihood function determining the probability of observing a particular

reward history given a cluster assignment. The statistics of the reward contingen-

cies are updated analytically for each hypothesis. This differs from iPOMDP, where

each hypothesis model was a complete POMDP and learning the statistics of the

environment was accomplished by identifying a model. Thus, the model considers

multiple reward schedule hypotheses simultaneously, with the uncertainty of a partic-

ular reward schedule as well as the cluster assignment contained in the distribution

of hypotheses.

The model by Gershman and colleagues can explain ABA and ABC renewal and

poses an interesting interpretation of the phenomenon as causal induction. A limita-

tion of the model is that as a strictly computational model it does not directly propose

a biological implementation. While there are theories as to how sampling methods

like those used in a particle filter could be implemented biologically (Fiser et al.,

2010), an alternative possibility is that the learning mechanism produces behavior

that approximates Bayesian inference but uses an altogether different approach than

mathematical integration.

Collins and Frank (2013) proposed an approximate implementation of a non-

parametric structure learning model, explicitly comparing a Bayesian model with a

biologically-plausible, multiple loop PFC-BG gating model. Their Bayesian model,

C-TS, differed from iPOMDP and the Gershman et al. model in that states were

not explicitly represented. Instead, the internal state of the model was represented



29

by both a ’task set’ (rule) and a stimulus. This division is important as it allows

the direct comparison with the gating framework in which working memory and the

current stimulus each function as separate inputs. The unobserved task set TS is

conditionally dependent on an observable context and a CRP was used as a prior

over TS. Formally, the C-TS model can be defined:

Pr(r|z, a, c) =
n∑
i=1

Pr(r|z, a, TSi) Pr(TSi|c)

The task of the learner is to learn the two conditional distributions. This breaks

the task into learning to identify the correct rule Pr(TS|c) and the properties of that

rule Pr(r|z, a, TS). In the task, the trials are interleaved and formally the model

is equivalent to a POMDP in which the transitions are random. The agent learns

the distributions and identifies the current task set with Bayesian inference. Instead

of a particle filter, the task set with the maximum posterior probability is used for

action selection and updating.2 This is done to more closely relate C-TS to the neural

network model. In a particle filter, resampling particles will change the belief over

past trajectories, something that may be difficult to implement in a neural network. A

major drawback of this approach is that it completely ignores any relevant uncertainty.

While this approximation did not qualitatively change the pattern of behavior in the

task examined by Collins and Frank, it may be more detrimental in more complex

environments.

A key feature of the C-TS model is generalization. The model was trained in an

environment in which two contexts uniquely determined two task sets. By learning

the task sets, the C-TS model was able to learn more quickly than a similar model that

treated the conjunction of context and stimulus as a state. When presented with new

contexts, the C-TS model tended to attribute task sets to the new contexts instead

of generating new task sets. Behaviorally, this was apparent through a performance

benefit when previously learned task sets can be applied to the new context and a

performance penalty when it cannot. When compared, human subjects display a

similar pattern of behavior. Likewise, they are better fit by the C-TS model than a

similar model that does not utilize structure.

2Using maximum a posteriori estimator for the task set also introduces order effects into the
C-TS model. The effects are also found in the neural network model.
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1.3.2 Multiple Loop BG-PFC Neural Network model

Linking the C-TS model to BG-PFC circuitry is a biologically plausible multiple

loop BG-PFC gating model. The neural network model is an extension of a single

loop BG model that has been used to make detailed and subsequently substantiated

predictions of basal ganglia dependent learning in humans and animals in studies of

disease as well as pharmacological and genetic manipulations (Frank, 2005; Frank

et al., 2009; Beeler et al., 2012). Recall that action selection within the basal ganglia

is thought to occur through the balance of excitation of D1 and D2-MSNs. Activity

in D1-MSNs leads to the selective gating of an action through disinhibition of the

thalamus, while D2-MSN activity inhibits disinhibition (Frank, 2005; Kravitz et al.,

2010). Dopamine provides a training error to the system, biasing action selection

in the same way a prediction error term in a TD model updates state-action values

(Schultz, 1998; Bayer et al., 2007; Tsai et al., 2009). The training signal acts through

D1 and D2 dopamine receptors, which effect the ability of cortical glutamatergic

signaling to drive MSN activity (Surmeier et al., 2011). Activation of D1 receptors

facilitates a sensitization of D1-MSNs to glutamatergic signaling while activation of

D2 receptors have the opposite effect in the D2-MSNs. Activity within the MSN

is sufficient to drive action selection (Kravitz et al., 2010). Likewise, stimulation of

midbrain dopaminergic neurons that synapse in the striatum is sufficient to drive

behavioral conditioning (Tsai et al., 2009). While there are important differences

between the two, the similarities between TD learning and basal ganglia learning are

strong.

The BG model was extended to explain working memory updating with the

PBWM model (O’Reilly and Frank, 2006). In the original gating model, direct

dopaminergic projections to the prefrontal cortex provided a gating signal that affect

the stability of PFC representations (Braver and Cohen, 2000). As such, the gating

signal was global and did not permit the gating of specific (or multiple) items into

and out of working memory. In the PBWM model, in contrast, working memory

updating acts through the basal ganglia. While working memory is dependent on

the PFC (D’Ardenne et al., 2012; D’Esposito et al., 1995), the midbrain and stria-

tum also appear to be involved in working memory updating (Yu et al., 2013). On

an anatomical level, the basal ganglia are organized in parallel, largely segregated
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functional “loops” that involve motor, prefrontal and other cortical areas (Alexander

et al., 1986). In the PBWM model, BG “loops” may correspond to different func-

tions but behave similarly. Working memory representation is gated by a prefrontal

loop in the same way action selection is gated by a separate loop. Within the PFC,

working memory is maintained across time with recurrence, simulating stable PFC

representations. These representations feed into a second basal ganglia loop along

with a stimulus to influence action selection. Much like in a non-working memory

version of a BG model, learning to gate is driven by a dopamine training signal. For

the PBWM to take advantage of working memory, it is forced to learn what to gate

through the dopamine training signal. This specificity provides the advantage that

multiple items can be gated into and out of memory independently.

In the PBWM, the dynamics of action selection are abstracted away and the

training signal, while similar, is not a TD prediction error. The model by Collins

and Frank was similar to the PBWM but used a more detailed representation of

basal ganglia circuitry and used a more traditional prediction error signal. A second

difference between the model used by Collins and Frank and the PBWM is the use

of input and output gating. In a working memory task, the PBWM learns to gate a

representation into memory if it is predictive of future reward (O’Reilly and Frank,

2006). It is also advantageous for the network to learn when to use the representation

separately, as it prevents the memory from influencing a trial when it is not relevant

(Hochreiter and Schmidhuber, 1997). The PBWM maintains multiple “stripes” that

each contain a separate working memory representation. Over time, the network

learns to appropriately gate in and out of memory. This allows the network to encode

memories when they are useful and learn to apply them as needed. While input and

output gating are possibly quite useful in rule-driven behavior, the mechanism was

simplified in the Collins and Frank model. In this model, the network was provided

the context as an input to the anterior striatum and had to learn to gate a single

relevant task set to the PFC. The PFC representation along with the relevant stimulus

acted as an input to the parietal cortex, which fed into the posterior striatum. The

PFC representation also had direct connections to the posterior striatum. As a result,

both the task set and a conjunction of the task set and stimulus were used by the

posterior striatum to choose an action.
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The multiple loop BG was trained on the same task as the C-TS model. Like

the C-TS model, the multiple loop BG model learned more efficiently and was able

to generalize old task sets to new contexts. When presented with a new context,

randomly gating an appropriate task set leads the network to select the appropriate

action. This leads to positive prediction errors, increasing the propensity of gating

the task set and leading to generalization. Although this poses a credit assignment

problem in that the neural network does properly apportion credit between task set

gating and action gating, the network is still able to learn the task and generalize in

a way consistent with the C-TS model.

Like the C-TS model, the behavior of the multiple loop BG model is consistent

with human subjects. Both the model and human subjects show a performance benefit

when generalizing and old context to a new set of stimuli is beneficial. Likewise, both

can show a performance impairment when there is a new task set that is similar,

but not identical, to an old task set. Broadly, this pattern of behavior is consistent

with previous empirical work linking abstract rule discovery to the anterior prefrontal

cortex (Badre et al., 2010; Badre and Frank, 2012).

The link between the levels of modeling and between human behavior suggest a

novel framing of rule learning. Empirically, the PFC and basal ganglia appear to

be involved in human rule-learning (Badre et al., 2010; Badre and Frank, 2012) and

the pattern of behavior observed in subjects is consistent with Bayesian models and

neural network models in which the BG gates a task set or rule into the PFC (Collins

and Frank, 2013; Frank and Badre, 2012). Formally, the multiple loop BG model

can be seen as an approximation of the C-TS model,3 and the C-TS model, like

the Gershman model, is a clustering algorithm. This suggests an interpretation in

which we can view human rule learning as clustering observations into some structure

(i.e. task set, rule) in which certain stimulus-response-outcome contingencies apply.

This structure has the advantage of being Markovian, but has the limitation of being

unobservable. Determining which structure to apply can be a difficult question as the

complexity of the task grows.

3Parametric manipulations further link the two models as parameters in the neural network were
found to correlate with parameters in the C-TS model. For example, the connectivity between
the Context layer and the PFC in the BG model was correlated with the propensity of the C-TS
model prior to generate a new TS.
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1.4 State Uncertainty

Linking dopamine driven basal ganglia to structure learning is a substantial expan-

sion of the basal ganglia that poses many new challenges and open questions as to

how the system can cope with uncertainty. Through the lens of a POMDP, uncer-

tainty over the relevant structure in a structure learning model can be thought of

as state uncertainty, or the uncertainty of the state estimate. State uncertainty has

peripheral effects that change the behavior of an optimal leaner beyond the chal-

lenges of identifying the current state. One notable challenge that is exacerbated by

state uncertainty is the exploration/exploitation tradeoff. Recall that in a POMDP

exploration is a more challenging problem than in an MDP because the states aren’t

observable. When exploring in an MDP, an agent uses the outcome of each each ac-

tion to update its estimated state-action values or MDP model. This exploration can

be directed efficiently by taking into consideration the uncertainty of these estimates

(Gittins, 1979; Cohen et al., 2007). In a stationary MDP, this uncertainty will drop

overtime as the agent gains more experience (Dayan and Yu, 2003). If the agent scales

its exploration with its uncertainly, its behavior will lean toward more exploration as

it gains knowledge of the MDP.

In a POMDP state uncertainty, will complicate the problem. Because an agent

will not always have a good estimate of its state, it may have visited an area of the

state space repeatedly and not been aware. This area can be unexplored (from the

point of view of the agent) after repeated visits as the agent won’t have learned any

of properties about states it doesn’t know it has visited (Chrisman, 1992). Second,

state uncertainty could slow learning of the parameters of the underlying MDP (either

Q-values or T andR). For an agent that scales it learning rate with uncertainty in an

MDP, the learning rate will be higher when the environment is unknown and will drop

as the agent learns (Dayan and Yu, 2003). However, for a POMDP-solver like the

state splitting model, Q-values are updated proportional to the belief probability of

the state (Chrisman, 1992). This would slow learning Q-values when state uncertainty

is high, and as a result, could prolong exploration.

A second complication is the interaction between state uncertainty and estimation

uncertainty. For an agent in an MDP, the expected uncertainty will interact with the

estimation uncertainty before the environment is well-learned. This happens because



34

the agent’s uncertainty about the parameter estimates is high enough that stochastic

noise can move the estimate. Likewise, we would expect estimation uncertainty (and

expected uncertainty) to effect state uncertainty if the agent does not already know

the POMDP. This would happen because correctly identifying state with unknown

properties should be more difficult than identifying states with uniquely identifiable

properties. This is a similar problem to perceptual aliasing, in that states with

unknown properties are not necessarily distinguishable by observation.

Optimally planning with high state uncertainty can be very computationally

costly for little appreciable gain. These effects partially motivate the non-parametric

Bayesian POMDP solvers that grow with complexity (Doshi-Velez, 2009). By biasing

the world model toward model with lower complexity, the need to consider uncertainty

is substantially reduced. However, this generative process introduces a new role that

state uncertainty could play: identifying when a new structure needs to be generated.

In the non-parametric Bayesian models, this computation falls out of Bayesian infer-

ence with out a separate estimate of state uncertainty. In Bayesian models, all of the

necessary uncertainties are contained in the probability distributions.

If BG-PFC interactions are reasonable approximation of this generative process,

then it is an open question if and how state uncertainty plays a role. In the BG-

PFC model by Collins and Frank, state uncertainty was ignored. At the beginning of

training, the model randomly gated both actions and PFC stripes. Gating of both was

trained by the dopamine signal, and eventually the network would learn to associate a

task set with a context. Interestingly, this was similar to the behavior of subjects, who

appeared to respond randomly early in training. It is entirely possible that people do

not use state uncertainty to mediate ambiguity between state assignments and the

state with the preponderance of evidence is used. This would solve several problems

computationally at a cost of learning speed. Particle filters track multiple hypotheses

and as a result, will track multiple historical paths through the state space. Updating

the particle weights following an observation could change the identities and values

of unobserved states, something that may be difficult to implement without sampling

methods. Likewise, ignoring state uncertainty reduces the number of computations

required.
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There is evidence in other areas of learning that people may use similar heuris-

tics instead of a fully Bayesian implementation. In a task where subjects are given

multi-dimensional stimuli, modeling work suggests that subjects serially attend to the

dimension of the stimuli in order to infer the predictive relationship (Wilson and Niv,

2011). An ideal observer would consider all relevant dimensions and update their pre-

dictive relationships simultaneously, but this is more computationally complex and

requires tracking uncertainty. Similarly, in a sequential decision-making task, subjects

appear to use a tree-search method with pruning strategy that reduces the number of

considered paths (Huys et al., 2012). For sequential decisions, the number of possible

paths can grow exponentially with the sequence length. Pruning algorithms reduce

the size of the tree search problem, but the way people prune appears to be subopti-

mal. People avoids paths that incur a large loss early on, even if that pruning leads

to a worse outcome. In both situations, people appear to use approximate instead of

optimal strategies. Ignoring state uncertainty and choosing the state with the highest

evidence (analogous to the most likely state algorithm) would be similar.

As of yet, there is limited evidence that state uncertainty is tracked and used

to influence human behavior. State uncertainty is unobservable, task-dependent and

may be correlated with other forms of uncertainty. As a result, task must be carefully

designed in order to measure the effects of state uncertainty. This limits our ability

to find evidence of state uncertainty consideration in task not specifically designed to

investigate it.

A second complication is whether state uncertainty in one task is relevant in

another. POMDPs are a formalism that may be applied in many domains. For

example, the direct analog of the grid worlds used to study POMDPs may be spatial

navigation tasks. While it is possible that state uncertainty in spatial navigation is

treated in the same way as state uncertainty in rule learning, this is not guaranteed

to be the case. Although the computational problem is the same, we might expect

the specific implementation when the underlying neural architecture is different. As

such, we might expect the treatment (or ignorance of) state uncertainty to be modality

dependent.

This may result in separate representations of state uncertainty as well. Because

we expect rule learning to involve working memory (Rougier et al., 2005; Badre et al.,
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2010), we might expect to find state-uncertainty in areas involved in working memory

processing like the PFC (D’Esposito et al., 1995; D’Ardenne et al., 2012). Likewise,

we might expect states in a spatial navigation task to be encoded by the hippocampus,

thought to be heavily involved in identifying location (Ekstrom et al., 2003; Cornwell

et al., 2008). While both rule learning and spatial navigation both rely on the basal

ganglia (Badre et al., 2010; Devan et al., 1996; Retailleau et al., 2012) and can be

framed as POMDPs, there is no guarantee the treatment of uncertainty is the same.

However, this does not preclude a shared representation of state uncertainty across

modalities. In spatial navigation, state uncertainty does appear to be considered

in an PFC dependent process. In an fMRI study by Yoshida and Ishii (2006) in

which subjects navigated a POMDP grid world, correlates of state uncertainty were

found in the anterior and medial PFC. Yoshida and Ishii interpreted their findings

as anterior PFC tracks state re-estimation (when observations contradict the agent’s

estimate) and medial PFC tracks belief state entropy. However, other interpreta-

tions are possible. In model proposed, belief state was tracked but planning behavior

was not explicitly accounted for. One possible interpretation of their data is that

state uncertainty affects state estimation. An alternate possibility is that state un-

certainty is involved in the planning processes. Prefrontal cortex is thought to be

involved in planning sequential decisions (Mushiake et al., 2006) as well as model-

based reinforcement-learning (Balleine and Dickinson, 1998; Gläscher et al., 2010) and

it is possible this uncertainty reflects these processes. Although it is unclear how state

uncertainty affected the learning process, at minimum it appears state uncertainty is

tracked during spatial navigation and we would expect it to affect some aspect of the

planning process. It is equally unclear whether this state uncertainty would affect

rule-governed behavior. Given that state uncertainty was found to be tracked by the

PFC, it is plausible that rule-governed behavior might have access to uncertainty over

the current rule.

Behaviorally, state uncertainty appears to be detrimental to performance in learn-

ing tasks. In a series of experiments by Gureckis and Love (2009a; 2009b), subjects

played a task in which actions either improved their short-term or long-term rewards

at a cost of the other. In their task, each action the subject made resulted in a state

transition. High immediate reward actions led to transitions to lower value states
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while low immediate reward value actions led to transitions to higher value states.

They found that the absence of state cues impaired subjects’ ability to follow a long

term optimal strategy. When given state cues, subjects were much more likely to

follow an optimal strategy. They also found that noise in the state cues decreased

performance overall without an identifiable benefit. Interestingly, noise in the reward

schedule (expected uncertainty) encouraged exploration and increased the likelihood

a subject would find an optimal strategy. One interpretation of this data may be that

people are unable to learn any structure equally and require explicit cueing to learn

some structures. Overall, subjects found Gureckis and Love’s task difficult and maybe

be able to learn structure more easily in other situations, for example in sequential

dependencies (Acuña and Schrater, 2010; Yu and Cohen, 2008; Green et al., 2010).

One area where the consideration of state uncertainty appears to have a benefit

on performance is exploration. In an experiment by Knox and colleagues (2011),

subjects were given a variant of a two-armed bandit task called the leapfrog task. In

the leapfrog task, one of the two arms pays a higher reward than the other. Which

arm pays the highest value switches; periodically, the lowered valued arm will jump

in value to become the more valuable option. If the subject has been consistently

choosing the arm with the highest value, the change is unobservable, making the

process a POMDP. The optimal policy is then to explore as a function of belief state

uncertainty, which will increase as a function of time. Knox and colleagues found

subjects’ exploratory choices fit a pattern consistent with belief drive exploration and

inconsistent with a stochastic search policy. They further found that exploration

behavior was not completely optimal in that subjects did not appear to take in to

account the prospective value of information when choosing to explore. Instead, their

behavior was best explained by a model that tracked belief uncertainty but myopically

chose actions based on immediate expected value.

1.5 Compositionality in Neural Networks

So far, we have briefly covered the problems of generalization, state inference and non-

stationarity and made the case these are all problems a reinforcement learner has to

solve. We have not directly dealt with the topic of compositionally or productivity
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with respect to reinforcement learning agents, a topic that will be the main focus of

the balance of the presented work. Compositionally is rarely discussed with regard to

reinforcement learning but exists as a point of controversy in a long-standing debate

over the use of neural networks as a model of cognition. In this section, we will

introduce the issue of compositionally in neural networks in order to motivate the

rest of the work.

Following the development of the back-propagation algorithm in the 1980s, there

was a substantial amount of excitement and debate of over the use of neural networks

as a model for cognition. In contrast to the symbolic processing models that had pre-

viously dominated, like those proposed by Newell and Simon in the 1950s, connection-

ist models allowed for softer representations that facilitated problem solving through

measures of similarity instead of a rigid rule-structure (Rogers and McClelland, 2004).

The rise in interest in these models re-sparked an old debate over whether and how

connectionism could be considered a model of cognition. In many ways, this was a

debate over what phenomena and models are the appropriate level of analysis to be

called “cognition”. At its core, though, the debate addressed a substantial theoretical

question over representation: is cognition better explained as a rule-based, symbolic

system or by an associative system that learns through statistical regularities? Both

types of systems are advantageous; rule-based systems are clearly advantageous in

tasks like mathematics while associative systems can leverage predictability in the

world in a powerful way to implement pattern recognition (Sloman, 1996). We might

expect a complete description of the cognitive architecture to include both such sys-

tems, and when framed this way, the debate over connectionism was a continuation

of a much older debate discussed at length by earlier psychologists.

At a superficial level, the debate is trivial. Both symbolic processing models

and recurrent neural networks are capable of solving any arbitrary problem (Turing,

1950; Siegelmann and Sontag, 1991, 1995), suggesting the difference between the mod-

els may be the description of formally equivalent mathematical systems. Problems

thought to require one method – either symbolic processing model or neural networks

– can be proved to be solvable by the other. Indeed, problems that were originally

thought to require productive thought and unlearnable by an associative system, such

as chess (Newell and Simon, 1959; Campbell et al., 2002), Go (Silver et al., 2016) and
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the learning past tense of verbs (Rumelhart and McClelland 1985; but see Pinker

2001) have been solved by algorithms that cannot be described as productive. Fur-

thermore, the structured representations needed for productivity can be imbedded

in a neural network (Smolensky, 1990; Plate, 1995) and theoretical models suggest

fronto-striatal networks can solve simple binding problems(Kriete et al., 2013).

However, a proof that a model can exist to solve any problem trivializes the dif-

ficulty with which it can be to find an algorithm to solve a specific problem. While

a fully connected neural network can solve any arbitrary problem with the correct

weights, training one without heavy constraints on its structure requires an imprac-

tically large number of training examples (Geman and Doursat, 1992). Thus, as an

empirical and theoretical matter, it is far from clear if symbols and causal reasoning

are obviated as a useful description of human thought by neural networks (Fodor and

Pylyshyn, 1988; Crick, 1989; Pinker, 2001). Furthermore, the existence of a neural

network that can solve a problem thought to require the productive use of symbols

doesn’t solve the problem, it may merely mask the computational and algorithmic

strategy in a neural network implementation (Griffiths et al., 2010).

While addressing this debate is beyond the aim of the current work, it is relevant to

consider productivity and its relationship to goal-directed behavior. A key implication

of a productive system is a system of component pieces that can be reused in a novel

way (Fodor and Pylyshyn, 1988; Sloman, 1996). In the language of reinforcement

learning, this is similar to planning over a world model (transition function) and

an objective (reward function). In short, a strong interpretation of goal-directed

behavior is a productive system of planning. This requires a compositional structure.

Previous research has interpreted the differentiation between model-based and model-

free reinforcement learning as a division between a habitual and a more controlled

process. From theoretical perspective, this isn’t necessarily the case. Model-based

algorithms are not strictly productive, for example the DYNA-Q algorithm uses a

model to solve for state-action values and can flexibly adapt to changes in the reward

function, but does not pose a novel solution to a novel problem (Sutton and Barto,

1998; Kulkarni et al., 2016)

A stricter criteria of a productive reinforcement learning system would be one that

takes components learned across experiences and recombines them to create a novel
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solution to a novel problem. This requires the generalization of component pieces

as well as model-based control. In the following chapter, we present such a model,

and while we do not make the claim the model represents a productive system, we

claim that the imbedded compositional representations provide previous models of

generalization a natural extension towards the more complex learning behaviors.



Chapter 2

Theoretical and normative account

of compositionally in clustering

models of generalization

2.1 Introduction

Compared to artificial agents, humans exhibit remarkable flexibility in our ability to

rapidly, spontaneously and appropriately learn to behave in unfamiliar situations, by

generalizing past experience and performing symbolic-like operations on constituent

components of knowledge (Marcus et al., 2014). Formal models of human learning

have cast generalization as an inference problem in which people learn a (latent)

shared task structure across multiple contexts and then infer which causal structure

best suits the current scenario (Gershman et al., 2010; Collins and Frank, 2013). In

these models, a context, typically an observable (or partially observable) feature of the

environment, is linked to a learnable set of task statistics or rules. Based on statistics

and the opportunity for generalization, the learner has to infer which environmental

features (stimulus dimensions, episodes, etc.) should constitute the context that

signals the overall task structure, and, simultaneously, which features are indicative

of the specific appropriate behaviors for the inferred task structure. This learning

strategy is well captured by Bayesian nonparametric models, and neural network

approximations thereof, that impose a hierarchical clustering process onto learning

41
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task structures (Collins and Frank, 2013, 2016b). A learner infers the probability

that two contexts are members of the same task cluster via Bayesian inference, and

in novel situations, has a prior to reapply the task structures that have been more

popular across disparate contexts, while also allowing for the potential to create a

new structure as needed. Empirical studies have provided evidence that humans

spontaneously impute such hierarchical structure, which facilitates future transfer,

whether or not it is immediately beneficial – and, indeed, even if it is costly – to

initial learning (Collins and Frank, 2013, 2014, 2016b).

A similar approach has been adopted for artificial agents in the domain of lifelong

learning, in which previously learned policies are reused in novel tasks when their

statistics are similar enough to a previously solved task (Rosman et al., 2016; Mahmud

et al., 2013; Wilson et al., 2012). However, a key limitation to these models of both

human and artificial learning is that the task statistics are typically generalized as a

whole. That is, in a new context, a previously learned policy can either be reused or

a new policy must be learned from scratch.

These clustering models can account for aspects of human generalization that

are not well explained by standard models of learning. Nevertheless, because task

structures as a whole are either reused or not, they are still limited in their ability

to reuse and share component parts of previous knowledge; that is, they are not

compositional. Importantly, in ecological settings, experiences across contexts often

share a partial similarity.

To provide a naturalistic example, an adept musician can transfer a learned song

between a piano and a guitar, even as the two instruments require completely differ-

ent physical movements, implying that their goals can be generalized independently

of the actions needed to achieve them. A clustering model that generalizes entire task

structures cannot account for this behavior and worse, predicts an unlikely interfer-

ence effect where the similar outcome of playing the same song on two instruments

results in the model incorrectly pooling motor policies across instruments. This in-

ability to share partial information is not unique to clustering models, as algorithms

agnostic to human behavior often generalize learned policies (Goodman et al., 2011;

Rosman et al., 2016; Borsa et al., 2016) and are unable to generalize across two con-

texts that share the same goal outcome but require different behaviors to achieve
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it. Thus, we propose a general strategy to address this problem by independently

clustering and generalizing component properties of the task structure, which can be

flexibly combined in novel contexts.

This degree of compositionality is critical for flexible goal-directed behavior as

its absence makes surprising and often undesirable predictions. To continue with

the music example, if the actions needed to produce a note are represented as the

same task structure as the notes needed to play (and in what order), an agent that

generalizes both together would need to relearn a song from scratch to play it on

a new instrument. Likewise, a robot that has learned to transfer a package from

one room to another would need to relearn to do so if an obstacle is put in its

way. Nonetheless, this can be difficult for computational frameworks as the assumed

latent structure needed to generalize is incompatible with basic compositionality. To

effectively generalize, an agent needs to structure their experiences in a useful way,

clustering related experiences and segregating unrelated experiences.

Here, were propose a framework for compositionality in models of context-based

generalization by decomposing the learned structure of tasks into a reward function

and a transition function. These two independent functions of a Markov decision pro-

cess are suitable units of generalization: if we assume that an agent has knowledge of

a state-space and the set of available actions, then the reward and transition functions

are sufficient to determine the optimal policy. We propose two alternative models,

an independent clustering agent that generalizes rewards and transitions composi-

tionally and a joint clustering agent that generalizes them together. We show that

these two models lead to different predictions depending on the task environment. In

environments where there is a clear, discoverable relationship between transitions and

rewards, joint clustering can lead to better generalization. Nonetheless, independent

clustering may be a better strategy overall as even in cases where there is a discov-

erable relationship, independent clustering can provide better generalization if that

relationship is weak, difficult to discover, or costly to do so.
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2.1.1 Model Description

To provide a test-bed for characterizing the benefits of compositional vs. joint struc-

ture, we consider a series of navigation tasks, whereby an agent needs to learn tran-

sition functions (the consequences of its actions in terms of subsequent states) and

reward functions (the reward values of locations, or goals), as it navigates through

space. At each point in time, the agent is given a state tuple s =< x, c > where

x ∈ Rd is a vector of state variables (e.g., a location vector in coordinate space) and

c ∈ Rn is a context vector. Here, we define “context” as a vector denoting some

mutable property of the world (e.g., the presence or absence of rain, an episodic pe-

riod of time, etc.) that constrain the statistics of the task domain, whereby these

task statistics are consistent for each context that cues the relevant task. Formally,

for each context we can define a Markov decision process (MDP) with state variables

x ∈ X, actions a ∈ A, a reward function mapping state variables and actions to a real

valued number R : X × A → R, and a transition function mapping state variables

and actions to a probability distribution over successors T : X ×A → Π(X).

For the purpose of simplicity, we assume that the agent knows the spatial rela-

tionship between states and learns how its actions take it from one space to another.

Specifically, we assume the agent knows a set of cardinal movements A ∈ Acard,
where each cardinal movement is a vector that defines a change in the state variables

with regard to the known spatial structure per unit time. (For example, in a two

dimensional Gridworld we can define North = 〈dx/dt, dy/dt〉 = 〈0, 1〉 as a cardinal

movement). We can thus define a transition function in terms of cardinal movements

T (x,A, x′|c) = Pr(x′|x,A, c) that we assume the agent knows and cast the problem

of learning to navigate as the problem of learning some function that maps actions to

cardinal movements φc : A → Acard, which we assume to be independent of location.

This simplifying assumption has the benefit of providing a model of human naviga-

tion, whom we assume understand spatial structure. In general, we can think of the

relationship between actions and cardinal movements as dependent on environmental

conditions, and thus, context (for example, wind condition can change the relation-

ship between actions and movements in space for an aerial drone). Similarly, we can

express the reward function in terms of cardinal movements, Rc(x,A) = Pr(r|x,A, c).
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This allows us to consider how the agent receives reward as it moves through coordi-

nate space (as opposed to how it receives reward as it takes actions in space).

The task of the agent is to learn a policy (a function mapping state variables to

primitive actions, for each context; π∗|c : X → A) that maximizes its expected future

discounted reward (Kaelbling et al., 1998). Given a known transition function and

reward function, the optimal policy given this task can be defined as:

π∗c (x) = arg max
a

[∑
A∈Ψ

φc(a,A)

[
Rc(x,A) + γ

∑
x′∈X

Tc(x,A, x
′)Vc(x

′)

]]
(2.1)

where Vc(x) is the optimal value function is defined by the Bellman equation:

Vc(x) = max
a

[∑
x′∈X

Tc(x,A, x
′) [Rc(x

′) + γVc(x
′)]

]
∀ x ∈ X (2.2)

As the relationship between locations in space, Tc, is known to the agent, it is sufficient

to learn the cardinal mapping function φc(a,A) and reward function Rc(x,A) to

determine an optimal policy.

While the optimal policy is dependent on both the mapping function and reward

function, crucially, the optimal value function is not: it is dependent only on the

reward function (and Tc). Consequently, an agent can determine an optimal policy

as a function of movements through space:

π∗c (x) = arg max
A

[
Rc(x,A) + γ

∑
x′∈X

Tc(x,A, x
′)Vc(x

′)

]
(2.3)

This allows the agent to learn how it can take an action to move through space –

the mapping function φc(a,A) – independently from the desirability of these moves,

Rc(x,A). This distinction allows for compositionality during generalization, as we

will discuss in the following section.

2.1.2 Context clustering as generalization

A common strategy to support task generalization is to cluster contexts together, as-

suming they share the same task statistics, if doing so leads to an acceptable degree

of error (Mahmud et al., 2013). This logic underlies both models of human gen-

eralization (Gershman et al., 2010; Collins and Frank, 2013) and category learning
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(Sanborn et al., 2010). Clustering models of human generalization typically rely on

a non-parametric Dirichlet process, commonly known as the Chinese restaurant pro-

cess (CRP) as a clustering prior in a Bayesian inference process. The CRP enforces

popularity-based clustering to partition observations, so that in this case the agent

will be most likely to reuse those tasks that have been most popular across disparate

contexts (as opposed to across experiences; (Collins and Frank, 2016b)), and has the

attractive property of being a non-parametric model that grows with the data (Al-

dous, 1985). Consequently, it is not necessary to know the number of partitions a

priori and the CRP will tend to parsimoniously favor a smaller number of partitions.

As in prior work, we model generalization as the process of inferring the assignment

of contexts k = {c1:n} into clusters that share common task statistics. But here,

we decompose these task statistics to consider the possibility that that all contexts

c ∈ k share either the same reward function and/or mapping function, such that

Rk(x,A) = Rc(x,A) ∀ c ∈ k and/or φk(a,A) = φc(a,A) ∀ c ∈ k. (We return to

the “and/or” distinction, which affects whether clustering is independent or joint

across reward and mapping functions, in the following section). Formally, we define

generalization as the inference

Pr(c ∈ k|D) ∝ Pr(D|k) Pr(c ∈ k) (2.4)

where Pr(D|k) is the likelihood of the observed data D given cluster k, and Pr(c ∈ k)

is a prior over the clustering assignment. As in previous models of generalization, we

use the CRP as the cluster prior. If contexts {c1:n} are clustered into N ≤ n clusters,

then the prior probability for any new context cn+1 6∈ {c1:n} is:

Pr(ct+1 ∈ k|c1:n) =


Nk

N+α
if k ≤ Kn

α
N+α

if k = Kn + 1
(2.5)

where Nk is the number of contexts associated with cluster k and Kn is the number

of unique clusters associated with the n observed contexts. If k ≤ Kn, then k is a

previously encountered cluster whereas if k = Kn + 1, then k is a new cluster. The

parameter α governs the propensity to assign a new context to a new cluster, that

is to create a new task. Higher values of α lead to a greater prior probability that a

new cluster is created and will favor a more expanded task space overall, leading to
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reduced likelihood of reusing old tasks. Thus, the prior probability that a new context

is assigned to an old cluster is proportional to the number of contexts in that cluster

(popularity), and the probability that it is assigned to a new cluster is proportional

to α. As a non-parametric generative process, the prior allows the number of clusters

to grow as new contexts are observed. Importantly, this process is exchangeable, and

as such, the order of observation does not alter the inference of the agent (Aldous,

1985).

2.1.3 Independent and joint clustering

As we noted above, there are two key functions the agent learns when navigating in

a context: φc(a,A) and Rc(x,A). These functions imply that the agent could cluster

φc(a,A) and Rc(x,A) jointly, or it could cluster them independently, such that it

learns the popularity of each marginalizing over the other. Formally, the independent

clustering agent assigns each context c into two clusters via Bayesian inference as in

[Eq. 2.4] and using the CRP prior for each cluster [Eq. 2.5]. The likelihood function

for the two assignments are the mapping and reward functions

L(D|kφ) = φk(a,A) (2.6)

and

L(D|kR) = Rk(x,A), (2.7)

respectively. Conversely, the joint clustering agent assigns each context c into a single

cluster k via Bayesian inference [Eq. 2.4] and, like the independent clustering agent,

uses the CRP as the prior over assignments [Eq. 2.5]. The likelihood function for the

context-cluster assignment is the product of the mapping and reward functions

L(D|k) = φk(a,A)Rk(x,A) (2.8)

The joint clustering agent is highly similar to previous non-compositional models

of task structure learning and generalization, which have previously been shown to

account for human behavior (but without specifically assessing the compositionality

issue) (Collins and Frank, 2013, 2016b).
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Figure 2.1: Schematic of Independent and Joint clustering agents. Both use the map-
ping function (a reduced transition function) and reward functions as the likelihood
for cluster. The independent clustering agent considers the mapping transition func-
tion and reward functions separately for clustering, and is therefore compositional,
whereas the joint clustering agent only considers the product of the two functions as
a single task unit.

2.2 Gridworld simulations

We first consider two sets of simulations to expose the complementary advantages

afforded by the two sorts of clustering agents depending on the statistics of the task

domain, using a common set of parameters. A third simulation explores how the

benefits of clustering can compound in a modified Rooms problem previously used

to motivate the need for hierarchical RL approaches (Sutton et al., 1999; Botvinick

et al., 2009), and we show how our independent clustering model with hierarchical

decomposition of the state space can facilitate more rapid transfer than that afforded

by standard approaches. Finally, we conduct an information theoretic analysis to

formalize the more general conditions under which each scheme is more beneficial.

Code for all of the simulations presented here have been made available in our GitHub

repository: https://github.com/nicktfranklin/IndependentClusters

2.2.1 Simulation 1: Independent Reward and Mapping Task

Statistics

In the first set of simulations, we simulated the agents learning a task domain with

four contexts. In every trial, a “goal” location was hidden in a 6x6 grid-world. Agents

https://github.com/nicktfranklin/IndependentClusters
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were randomly placed in the grid-world and explored action selection until the goal

was reached, at which point the trial ended and the agent was placed in the subsequent

trial. The task of the agent is to find the goal location as quickly as possible (encoded

as +1 reward for finding the goal and a 0 reward otherwise). The agents had a

set of eight actions available to them A = {a1, ...a8}, which could be mapped onto

one of four cardinal movements Acard = {North, South,East,West}. Both the goal

locations and mappings were stationary across all trials within a context and the

agents were trained on four trials per context. Each of the four contexts had a unique

combination of one of two goal locations and one of two mappings [Fig 2.2.1, left], and

hence knowledge about the reward function or mapping function for any context was

not informative about the other function. However, because the reward and mapping

functions were each common across two contexts, the independent clustering agent

should be able to leverage such structure to improve generalization without being

bound to the joint distribution of mappings and rewards.

Three agents were simulated in the task environment: both the independent and

joint clustering agents as well as a “flat” agent that does not cluster contexts at all

and hence has to learn anew in each context. (The flat agent is a special case of

both the independent and joint clustering agents such that ki = {ci} ∀ i). Models

were simulated using hypothesis-based inference. Hypotheses consist of a proposal

assignment of contexts in to clusters, h : c ∈ k, defined generatively, such that when a

new context is encountered the hypothesis space is augmented. For each hypothesis,

maximum likelihood estimation was used to generate estimates φ̂k(a,A) = P̂r(A|a, k)

and R̂k(x) = Pr(r|x). To encourage optimistic exploration, R̂k(x) was initialized to

the maximum observable reward (Pr(r|x) = 1) with a low confidence prior.

The belief distribution over the hypothesis space is defined by the posterior prob-

ability of the clustering assignments [Eq. 2.4]. Calculating the posterior distribution

over the full hypothesis space is computationally intractable as the size of the hypoth-

esis space grows combinatorially with the number of contexts. As an approximation,

we pruned hypotheses with small probability (less than 1/10x posterior probability

of the maximum a posteriori (MAP) hypothesis) from the hypothesis space. We fur-

ther approximated the inference problem by using the MAP hypothesis during action

selection (Collins and Frank, 2013; Sanborn et al., 2006). Value iteration was used
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Figure 2.2: A: Schematic representation of the first task. Four contexts (blue circles)
were simulated, each paired with a unique combination of one of two goal locations
(reward functions) and one of two mappings. B : Cumulative number of steps taken
by each agent shown across trials (left) and at completion (right). Fewer steps taken
represent faster learning. C : KL-divergence (information gain) of the models esti-
mates of the reward (left) and mapping (right) functions as a function of experience.
Lower KL-divergence represents better function estimates. Time shown as the num-
ber of trials in a context (left) and the number of steps in a context collapsed across
trials (right) for clarity.

to solve the system of equations defined by [Eq. 2.3] using the values of φ̂k(a,A)

and R̂k(x) associated with the MAP hypothesis(es). A state-action value function,

defined here in terms of cardinal movements

Q̂k(x,A) = R̂k(x,A) + γ
∑
x′∈X

T (x,A, x′)V̂k(x
′) (2.9)

was used with a softmax action selection policy to select cardinal movements:

Pr(A|x, k) =
eβQ̂k(a,A)∑

A∈Acard
eβQ̂k(a,A)

(2.10)
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where β is an inverse temperature parameter that determines the tendency of the

agents to exploit the highest estimated valued actions or to explore. Lower level

actions (needed to obtain the desired cardinal movement) were sampled using the

mapping function:

Pr(a|x, k) =
∑

A∈Acard

φ̂k(a,A) Pr(A|x, k) (2.11)

We first simulated the independent and joint clustering agents as well as the flat

agent on 150 random task domains using the parameter values γ = 0.75, β = 5.0 and

α = 1.0 (below we consider a more general parameter-independent analysis). Each

of the four contexts was repeated 4 times for a total of 20 trials. The independent

clustering agent completed the task more quickly than either other agent, completing

all trials in an average of 205.2 (s=17.2) steps in comparison to 267.72 (s=19.1) and

263.2 (s=23.7) steps for the joint clustering and flat agents, respectively [Figure 2.2,

B]. This is due to better estimates of reward and mapping functions across time. The

independent clustering agent has lower KL-divergence for its estimate than either

the joint clustering or flat agents, which show a similar degree of information gain

[Figure 2.2, C, left]. Similarly, the independent clustering agent’s estimate has lower

KL-divergence than either of the two other agents, though both clustering agents

show faster learning than the flat agent [Figure 2.2, C, right].

2.2.2 Simulation 2: Dependence in Task Statistics

We next simulated all three agents on separate task domain in which there was a

discoverable relationship between the reward and mapping functions across contexts,

such that knowledge about one function is informative about the other. There were

with four orthogonal reward functions and four orthogonal mappings across eight

contexts, with each pairing of a reward and mapping function repeated across two

contexts, permitting generalization [Figure 3, A]. As before, 150 random task domains

were simulated for each model using the parameter values γ = 0.75, β = 5.0 and

α = 1.0. Each of the eight contexts was repeated 4 times for a total of 20 trials. In

these simulations, both clustering agents show a generalization benefit, completing

the task more quickly than the flat agent [Fig 2.3, B]. The joint clustering agent

showed the largest generalization benefit, completing all trials in average of 5167



52

Figure 2.3: A: Schematic representation of the second task domain. Eight contexts
(blue circles) were simulated, each paired with a combination of one of four orthogonal
reward functions and one of four mappings, such that each pairing was repeated across
two contexts providing a discoverable relationship. B: Cumulative number of steps
taken by each agent shown across trials (left) and at completion (right). C: KL-
divergence of the models estimates of the reward (left) and mapping (right) functions
as a function of time.

(s=1051) steps in comparison to 6742 (s=1674) for the independent clustering agent

and 8360 (s=841) steps for the flat agents.

Both the independent and joint clustering agents had similar estimates of mapping

functions across time [Fig 2.3, C, right] whereas the independent clustering agent

uniquely shows an initial generalization deficit in the reward function, as measured

by KL divergence in the first trial in a context [Fig 2.3, C, left].

2.2.3 Simulation 3: Exploration Costs in the Diabolical Rooms

Problem

A primary benefit of generalization is a reduction exploration costs. If an agent

generalizes effectively, it can determine a suitable policy without fully exploring a
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Figure 2.4: A: Schamatic diagram of rooms problem. Agents enter a room and choose
a door to navigate to the next room. Choosing the correct door (green) leads to the
next room while choosing the other two doors leads to the start of the task. B :
Distribution of steps taken to solve the task by the three agents (left) and median
of the distributions (right). C,D : Regression of the number of steps to complete the
task as a function of grid area (C) and the number of rooms in the task (D) for the
joint and independent clustering agents.

new context. Consequently, a good measure of generalization is the reduction in

exploration cost. In the above simulations, exploration costs were uniform across

all contexts. Here, we consider a set of task domains in which each context has

a different exploration cost and that cost of exploration increases across time. In

real world situations, the cost of exploring in a domain with multiple subgoals can

compound as a person progresses through a task. For example, if a person is baking

a cake and uses vinegar instead of vanilla, they may have to start over from scratch.

Thus, the benefits and costs of generalization can compound in task with a sequential

structure in ways that are not often apparent in a more restricted task domain.

We define a modified ‘rooms’ problem as a task domain in which an agent has to

navigate a series of rooms to reach a goal location in the last room [Fig 2.4, A]. In
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each room, the agent must choose one of three doors, one of which will advance the

agent to the next room, whereas the other two doors will return the agent to the start

of the task. However, there are multiple mappings that could apply and the agent

has to discover which actions to select to make the cardinal movements separately

from the location of the reward (goal door). All of the rooms are visited in order such

that if an agent chooses a door that returns it to the start of the task, it will need to

visit each room before it can explore a new door. Consequently, the cost of exploring

a door in a new room increases for each newly encountered room.

Botvinick et al (Botvinick et al., 2009) have previously the ‘rooms’ problem in-

troduced by Sutton et al. (1999) to motivate the of options (hierarchical RL) as a

method of reducing computational steps. However, in the traditional options frame-

work, there is no method of reusing options across different parts of the state-space

(for example, from room to room). Each option needs to be independently defined for

the portion of the state-space it covers. In this variant of the rooms problem, we have

afforded the opportunity for reuse of subgoals across rooms, but have modified the

task such that there is a large cost to when a learned subgoal (choosing the correct

door) is not reused. In addition, the rooms problem here is qualitatively similar to

the “RAM combination-lock environments” used by Leffler et al. 2007 to show that

organizing states into classes with reusable properties (analogous to clusters presented

in the present work) drastically can drastically reduce exploration costs. In the RAM

combination-lock environments, agents navigated through a linear series of states, in

which one action would take agents to the next state, another to a goal state and all

others back to the start. The rooms task environment presented here is highly similar

but allows us to vary the cost of exploring each room parametrically by varying its

size.

We simulated an independent clustering agent, a joint clustering agent and a flat

agent on series of rooms problems with the parameters α = 1.0, γ = 0.80 and β = 5.0.

Each room was represented as a new context (e.g. to simulate differences in surface

features). There were three doors in the corners of the room, and the same door

advanced the agent to the next room in every room (for simplicity, without loss of

generality). Agents received a binary reward for selecting the door that advanced to
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the next room.1

In the first set of simulations, we simulated the agents in 6 rooms, with each room

comprising a 6x6 Gridworld, with three mappings φc ∈ {φ1, φ2, φ3}, each repeated

once.2 In this task domain, both clustering agents show a generalization benefit as

compared to the flat agent [Fig 2.4B], with the flat agent completing the task in ap-

proximately 2x and 4x total steps than joint and independent clustering, respectively.

We further explored how these exploration costs change as the task domain changes.

In the simulations presented in figure 2.4C, we varied the dimensions of each room

from 3x3 to 12x12. While both clustering models show increased exploration costs

as the area of the Gridworld increases, the exploration costs for the joint cluster-

ing model grow at a faster exponential rate compared to the independent clustering

model.

Similarly, we can increase the exploration costs by increasing the number of rooms

in the task domain. In figure 2.4D, we varied the number of rooms in the rooms in

the task domain from 3 to 27 in increments of three. As before, the same door in

all rooms advanced the agent and three mappings were repeated across the rooms.3

As before, both clustering agents experience an increased cost of exploration as the

number of rooms increases, but the cost of exploration increases at a faster linear rate

for the joint clustering agent than the independent clustering agent.

2.3 Normative Analysis

Thus far, we have examined the performance of agents based on variants of a non-

parametric clustering algorithm using specific assumptions about how their choices

are generated (e.g., planning and exploration, etc.). However, these agents were not

constructed by inverting the generative process of the tasks that they confronted. As

such, neither of the clustering agents is strictly optimal for any of the above of the

1i.e. Ri(x) = Rj(x) ∀ i, j
2Because the cost of exploration grows as an agent progresses through a task, the ordering of the
rooms affects the exploration costs. For simplicity, order of the mappings encountered by rooms
can be defined by the sequence Xφ = φ1φ1φ2φ2φ3φ3

3The order of the mappings encountered is defined by the sequence Xφ = φ
(k)
1 φ

(k)
2 φ

(k)
3 for k ∈

{1, 2, ..., 9}, where k is the number of times a mapping is repeated
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tasks considered in isolation (and certainly not across the set of tasks, given that

the ranked model performances reversed across them). Over a larger set of tasks,

optimality can be a nebulous construct as it depends on the assumptions embedded

in the model about the generative process, and any agent’s performance will depend in

part on whether those assumptions are congruent with reality. Indeed, we can expect

that there exists an algorithm for each task that outperforms the models presented

here. However, we are more concerned with the suitability of generalization across

ecological environments, rather than the specific task domains we have simulated.

To properly assess this question, one requires a definition and characterization of

ecological environments, a problem well outside the scope of the current work.

Nevertheless, we can more formally and generally assess when, and under what

conditions, each of the clustering models might be more suitable than the other.

In the simulations thus far, we have imposed strong assumptions about the task

domain, the agents’ knowledge of its structure, exploration policies, and planning.

While these assumptions are useful for the purpose of demonstration, they are less

likely to be valid in real-world applications (such as a robot navigation) or as a

model of human or animal learning. To make a more general normative claim, it

is desirable to abstract away the implementation and strictly address the normative

basis of context-popularity based clustering as a generalization algorithm by itself.

To do so, we can frame generalization as a classification problem and quantify

how well an agent correctly identifies the cluster in which a context belongs without

regard to learning the associated tasks statistics. This simplifying assumption allows

us to examine the CRP as a generalization agent and abstracts away the effect of

the likelihood function on generalization. Let k ∈ K be a cluster associated with a

Markov decision problem and let context c ∈ C be a context experienced by the agent.

Given a history of experienced contexts and associated clusters {c1:n, k1:m}, we cast

the problem of generalization as learning the classification function k = f(c) that

minimizes the risk of misclassification. Misclassification risk here is loosely defined:

some misclassification errors are worse than other and misidentifying a cluster (and

consequently, its MDP) may or may not result in a poor policy if the underlying

MDPs are sufficiently similar. As such, the loss function is ecological settings is a

highly non-linear, domain specific function (as we demonstrate in section 2.2.3).
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More formally, we define risk as the expectation R(p, f) = E[L(p, f)], where

L(p, f) is the loss function for misclassification and p is the generative distribution

over new contexts p = Pr(k|ct+1). For our purposes here, we wish to abstract away

domain specificity in the loss function L(p, f). Because the CRP is a probability

distribution, a reasonable domain-independent loss function is the information gain

between the CRP’s estimate of the probability of k and the realized outcome, or

L(p, f) = − log2 qK (2.12)

where qM is the CRP’s estimate of the probability of the observed cluster k in context

c. The misclassification risk is thus the cross entropy between the CRP and the

generative distribution:

R(p, f) = Ep[− log2 q] = H(p, q) (2.13)

Thus, by casting generalization as classification and assuming information gain as

a domain-general loss function, we are in effect evaluating the degree to which the

CRP estimates the generative distribution. Risk is minimized when q = p, that is,

when the CRP perfectly estimates the generative process. There is no upper bound

to poor performance, but in many task domains it is possible to make a näıve guess

over the space of clusters (for example, a uniform distribution over a known set of

clusters). Because any useful generalization model will be better than a näıve guess,

we can evaluate whether the CRP will lead to lower information gain than a näıve

estimate in different task domains. Thus, we can ask what properties of the task

domain effect the quality of the estimate.

2.3.1 CRP performance as a function of task structure

One question we can ask is how well the CRP prior generalizes as a function of

the underlying structure of the task domain. Intuitively, we might expect that a

generalization agent should show a generalization benefit in highly structured task

domains and show a less of a generalization benefit in unstructured domains. We can

thus define a set of restricted task domains that vary in their structure. Specifically,

we can vary the predictability of the generative process p and evaluate the agent as

a function of this predictability.
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Let K = {A,B,C,D} be the set of possible clusters in a task domain with prob-

abilities P = {pA, pB, pC , pD}. Let X = ABCD represent a sequence of contexts

and cluster identities experienced by an agent, such that cluster A is experienced in

context c1, B is experienced in context c2, etc. We assume that the cluster identity is

observable from the statistics of the associated MDP and that the agent knows the

members of the set of K.

We want to evaluate the ability of the CRP prior to predict each cluster in the

sequence, conditional on its own history. We do so by calculating the expected loss

experienced by the CRP over the sequence X. We define our loss function over

sequence X as

L(p, f(X)) = − 1

||X||
∑
X

log2 q
(t)
k (2.14)

where q
(t)
k is the CRP’s probability estimate for the value of Xt given X1:t−1. As noted

above, this loss function is equivalent to the cross entropy between the CRP and the

generative process H(q, p). That is, H(q, p) is the average degree of unpredictability

(in bits of information content) of experiencing each MDP given the estimate q. We

can assess H(q, p) for the CRP by updating the CRP in each context and probing

its estimate for the subsequent context. As the CRP is exchangeable (Aldous, 1985),

H(q, p) is invariant to the order of the sequence.

We can quantify the degree of predictability of X similarly by evaluating the en-

tropy of the sequence, defined H(X) = −
∑
P px log2 px. Here, we define a sequence

X(n) to allow us to monotonically decrease H(X) with n. Let X(n) be the sequence

A(n)BCD, where n denotes the number of times A appears in the sequence. For exam-

ple, X(1) would be the sequence ABCD and X(3) would be the sequence AAABCD.

For simplicity, we assume the probability distribution P over the ensemble K is ex-

changeable and that the probabilities over the members of its ensemble are propor-

tional to their frequency in the sequence such that pk = Nk/||X|| where Nk is the

number of times k appears in sequence X. Consequently, the entropy of the sequence

X(1) is H(X(1)) = 2 bits and the entropy of the sequence X(3 is H(X(3)) ≈ 1.79bits.

As n approaches infinity, the entropy H(X(n)) asymptotically approaches 0 bits. Intu-

itively, as A is repeated more often in the sequence, the sequence is more predictable

(lower entropy)4.

4It is important to note that the sequence predictability does not depend on order. Because the
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Figure 2.5: Performance of the CRP as a function of task domain structure. Left :
Relative information gain of a näıve guess over the CRP as function of sequence
entropy for a CRP with an optimized alpha parameter (green) or fixed at α = 1.0.
Right : Optimized alpha value (log scale) as a function of sequence entropy.

We evaluated the CRP on X(n) for n = [1, 100] and compared it to a näıve guess

(uniform distribution over M). Because the CRP is parameterized by its tendency

to generate a new cluster, the value of its α parameter alters the predictive distribu-

tion. To establish an upper limit on the performance of the CRP, we used numerical

optimization to determine α for each value of n. In addition, we also evaluated the

performance of an agent with a fixed α = 1, which we believe is a more accurate

reflection of a generalizer in an unknown environment. As expected, as we increase

the structure of the sequences (lower entropy), the CRP advantage over a näıve guess

increases [Fig 2.5, left, green line]. Similarly, the optimal value of α declines with

the sequence structure, such that it is more advantageous to cluster as the sequence

becomes more predictable [Fig 2.5, right]. However, this benefit is minimal for very

unstructured sequences, and for fixed values of α, clustering for highly unstructured

sequences (H(X) . 1.45bits) yields worse CRP performance compared to a näıve

guess.

CRP is exchangeable, it will have the same predictive error for the sequences ABCDABCD and
ADBCDBAC. Order-dependent predictability is beyond of the scope of the current work.
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2.3.2 Independent vs Joint clustering

Having confirmed these intuitive properties of the CRP, we can now ask under what

conditions is it better to cluster aspects of the task structure (such as reward functions

and transition or mapping functions) independently or jointly. To do so, we rely on the

assumption that a reward function is typically substantially sparser than a transition

function: as an agent interacts with a task it will gain more information about the

transition function early in the task than it will about the reward function (unless the

environment is very rich with rewards at most locations, in which case any random

agent would perform well).

Consequently, for an agent that clusters rewards and transitions together, the in-

formation gained about transitions will dominate the likelihood function, such that

the inference of rewards can be thought of as approximately conditional on knowledge

of the transition structure. Conversely, an agent that clusters rewards and transition

independently will not consider the mapping information in their generalization of

rewards. Thus, we can compare the two agents by evaluating the consequences of

clustering rewards conditional on transitions as compared to clustering rewards in-

dependent of transitions. Formally, we can consider the comparison of independent

and joint clustering as the comparison between two different classifiers, R = f(c) and

R = f(c, T ), one of which classifies reward functions solely as a function of contexts

and the other as a function of contexts and observed transition statistics.

Interestingly, this approximation leads to the conclusion that joint clustering pro-

duces better generalization when the true structure of the task domain is known. Intu-

itively, this claim is based on the notion that more information is always better (or at

least, no worse). More formally, given random variables R and T , H(R|T ) ≤ H(R).

This statement implies that given a known joint distribution between two random

variables, knowledge of one of the random variables cannot increase the uncertainty

of the other (and an agent can simply learn when there is no relation between

the two, in which case the joint distribution doesn’t hurt). Note that this rela-

tionship is only guaranteed to be true if the generative distribution is known, and

experience in the task domain plays an important role (i.e. there needs to be suf-

ficient experience to determine whether the joint distribution is useful or not; see

next section). If we consider the CRP to be an estimator, we can consider its bias
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Biasp [q] = E [q − p] = −α/ (α +Nc), where Nc is the total number of contexts ob-

served. Thus, limNc→∞ Biasp[q] = 0 and the CRP will converge to the generative

distribution asymptotically. As a consequence, joint clustering will have lower in-

formation gain than independent clustering asymptotically as the CRP for a joint

clustering agent will converge to the conditional distribution Pr(R|T ) whereas the

CRP for an independent clustering agent will converge to the marginal distribution

Pr(R).

Mutual Information

As alluded to above, joint clustering is guaranteed to produce a better estimate only

true as n→∞ whereas here we are concerned with task domains in which an agent has

little experience. Intuitively, we might independent clustering to be favorable in task

domains where there is no relationship between transitions and rewards. Conversely,

we might expect Joint clustering to be more favorable when there is relationship

between transition and rewards. Formally, we can consider the relationship between

transitions and rewards with mutual information. Let each context c be associated

with a reward function R ∈ R and a transition function T ∈ T and let P = Pr(R, T )

be the joint distribution of R and T in unobserved contexts. The mutual information

between R and T is defined

I(R;T ) =
∑

R∈R,T∈T

Pr(R, T ) log2

Pr(R, T )

Pr(R) Pr(T )
(2.15)

Mutual information represents the degree to which knowledge of either variable re-

duces the uncertainty (entropy) of the other, and can be used as a metric of the degree

to which a task environment should be considered independent or not. As such, it

satisfies 0 ≤ I(R;T ) ≤ min (H(R), H(T ))

To evaluate how mutual information affects the relative performance of indepen-

dent and joint clustering, we constructed a series of task domains that vary in I(R;T )

by manipulating parametrically a single parameter m while holding all else constant.

We define R = {A,B} and T = {1, 2} and we define two sequences XR and XT

such that XR
i and XT

i are the reward and transition function for context ci. We

define the sequence XR = A(2n)B(2n), where A(k) refers to a k repeats of A, and the

sequence XT = 1(n+m)2(2n)1(n−m), where 1(k) refers to k repeats of 1. To provide a
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concrete example, if n = 2 and m = 0, the sequence XR = AAAABBBB and the

sequence XT = AABBBBAA. Similarity, if n = 2 and m = 2, than the sequence

XR is unchanged while XT is now AAAABBBB. Critically, these sequences have

the property that I(R;T ) = 0 if and only if m = 0 and that I(R : T ) monotonically

increases with m. In other words, the residual uncertainty of R given T , H(R|T ),

declines as a function of m. This allows us to vary I(R;T ) independently of all other

factors by changing the value of m.

We evaluated the relative performance of the independent and joint clustering

agents by using the CRP to predict the sequence XR, either independent of XT

(modeling independent clustering), or conditionally dependent on XT (modeling joint

clustering) for values of n = 5 and m = [0, 5]. For these simulations, we first assume

both sequences XR and XT are noiseless, but below we show that noise parametri-

cally affects these conclusions. For low values of m (m ≤ 2), independent clustering

provides a larger generalization benefit [Fig 2.6, left]. This has the intuitive expla-

nation that as the task domain becomes more compositional, independent clustering

provides better generalization. It is important to note that in the considered task

domains, independent clustering is better for cases where there is non-zero mutual

information [0 ≤ I(R;T ) . 0.2bits].

Noise in observation of transition functions

Above, we assumed that transition functions were fully observable with no uncer-

tainty. But in many real-world scenarios, the relevant state variables are only partially

observable and the transition functions may be stochastic. In this section, we there-

fore relax this noiseless assumption to characterize the effect noisy observations have

on inference and generalization. As before, we model generalization as the degree of

predictability of XR
i+1 given XR

1:i either independent of XT (independent clustering)

or conditionally on XT (joint clustering).

We first construct reward and transition sequences in which knowledge of the

transition function completely reduces the uncertainty about the reward function

(I(R;T ) = H(R), and hence H(R|T ) = 0). Consider XR = A(20)BCD and XT =

1(20)234, where A(20) and 1(20) refer to 20 repeats of A and 1, respectively. As such,

we would expect joint clustering to produce better generalization than independent
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Figure 2.6: Performance of independent vs. joint clustering in predicting a sequence
XR, measured in bits of information gained by observation of each item. Left : Rel-
ative performance of independent clustering over joint clustering as a function of
mutual information in reward and transition functions. Right : Noise in observa-
tion of XT sequences parametrically increases advantage for independent clustering.
Green line shows relative performance in sequences with no residual uncertainty in
R given T (perfect mutual information), orange line shows relative performance for
a sequence with residual uncertainty H(R|T ) > 0bits.

clustering if observations are noiseless. To simulate noise / partial observability, we

assume each observation of XT
i is mis-identified as some new function T ∗ 6∈ {1, 2, 3, 4}

with some probability. Importantly, this simulation has the desiderata that noise

does not affect I(R;T ) or H(R) themselves (the true generative functions). We

compare the inference of XR independent of XT (modeling independent clustering)

or conditionally dependent on XT (modeling joint clustering) for various noise levels

σ = [0, 1.0]. When noise is sufficiently high (σ > 0.75), independent clustering

produces a better estimate of XR than joint clustering [Fig 2.6, right, green line] even

for this extreme case where the two functions have perfect mutual information.

Next, we assessed how mutual information and noise interact by decreasing the

correspondence of the sequences. As noted above, in the sequences used above

(XR = A(20)BCD and XT = 1(20)234), there is no residual uncertainty of R given

T , H(R|T ) = 0. By appending the sequences such that XR = A(20)BCDBCD

and XT = 1(20)234342, we can increase the residual uncertainty of R given T above

zero (specifically, to H(R|T ) = 0.23). As we have previously noted, this increase in

H(R|T ) reduces the benefit of joint clustering, all else equal. Simulating independent
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and joint clustering on these new sequences as a function of σ = [0, 1.0] reveals a lower

level of noise needed to see a benefit of independent clustering (i.e. here independent

clustering produces a better estimate of R for σ > 0.3).

2.4 Discussion

In this paper, we provide two alternative models of context-based clustering for the

purpose of generalization, a joint clustering agent generalizes reward and transition

functions together and an independent clustering agent that separately generalizes

reward and transition functions. These models are motivated by human learning,

which we argue is compositional to a degree that previous models of generalization

are unable to capture.

One view of generalization is a solution to a dimensionality problem. In real-world

problems, perceptual space is typically high-dimensional. In order to learn a policy,

agents need to learn a mapping between the high-dimensional perceptual space and

the effector space. Learning this mapping can require a large set of training data,

perhaps much larger than a human would have access to (Botvinick et al., 2009;

Lake et al., 2016). Generalization can be seen as a solution to this dimensionality

problem by projecting the perceptual space onto a lower dimensional latent space in

which multiple precepts share the same latent representation. Thus, an agent does

not need to learn a policy over the full state space but over the lower dimensional

latent space. This is an explicit assumption of the models presented here as well as

other clustering models of human generalization (Gershman et al., 2010; Collins and

Frank, 2013) and lifelong learning (Wilson et al., 2012; Mahmud et al., 2013; Rosman

et al., 2016). A similar logic can be applied to both hierarchical approaches as well as

object and symbol based approaches (Diuk et al., 2000; Konidaris and Barto, 2007;

Solway et al., 2014; Kansky et al., 2017; Konidaris, 2016).

Compositionality takes this argument further. Instead of learning at the policy

level, learning at the component level decomposes a high-dimensional problem into

multiple lower-dimensional problems. For example, if areas of the state space share

features such as action-outcome relationships, then this feature can be shared across

the space (Leffler et al., 2007). If component features are reused in combinations,
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then estimating components independently and binding them to a representation in

latent space further reduces the learning problem. When an agent enters a new

environment, components may be generalized as observations support. Furthermore,

while the choice of an appropriate set of task components is open-ended, here we argue

that Markov decision problems provide a natural decomposition. Reward functions

and transition functions provide separate information about a task and thus, are good

candidates for components of generalization.

Nonetheless, learning separate components does not take into consideration the

correlation structure between components. In the present work, we ask what are

the effects of assuming a strong vs a weak relationship between components as a

function of the strength of the relationship? Both joint and independent clustering

show meaningful generalization benefits for mappings (Figures 2.1.3 & 2.2.1) but

nonetheless realize very different benefits or costs overall as a consequence of goal

generalization. With sufficient experience, we typically expect joint clustering to

perform better in new contexts as assuming a potential relationship between goals and

mappings can be no worse asymptotically than assuming independence. Nonetheless,

this is not always what we observe. In the rooms problem above, joint clustering

performs much worse than independent clustering, even as it may similarly benefit

from the task structure.

While we have shown that noise in the observations, low mutual information and

a non-linear cost function can result in strong benefits for independent over joint

clustering, this can be puzzling given the asymptotic assurances that joint clustering

will be no worse. Here, the comparison between classification and generalization is

instructive. We can think of joint clustering as similar to estimating a joint distribu-

tion of the generative process and independent clustering as estimating the marginal

distribution for each component independently (similar to a näıve Bayes classifier).

In this interpretation, independent clustering trades an asymptoticly worse estimate

of the generative process for lower variance, with a bias a equal to the mutual infor-

mation between mappings and goals.5 In problems with limited experience, such as

the type presented here, a biased classifier will often perform better than an asymp-

totically more accurate estimator because misclassification risk is more sensitive to

5As noted previously, the bias of the CRP asymptotically approaches zero as n → ∞ and is
ignored here
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variance than bias (Friedman, 1997). Thus, by ignoring the correlation structure and

increasing the bias to generalize goals that are most popular overall, independent

clustering may minimize its overall loss.

We can think of joint clustering as being potentially overly sensitive to noise

in the correlation structure and it may be better to ignore real correlations in the

environment in order to be robust to this source of noise. To provide a concrete

example, we can imagine that if a person is getting food from a buffet, how hungry

they are may inform the actions needed to carry the food back to the table. If they

are hungry, they may carry more food on a plate and need a subtly different set

actions. Nonetheless, the generalization benefit by assuming this relationship may be

trivial in comparison to the cost needed to learn the association, especially in other

environments where the risk of poor generalization is severe.

An altogether different possibility is that a mix of strategies is appropriate. It

is not known what a human learner would consider a context, contexts are typically

cued to subjects artificially, but the number of contexts a human could potentially

encounter ecologically is quite high. In which case, they would be able to form a

more accurate estimate of the correlation structure between components over time.

If this speculation is true, then one potential adaptive strategy would be to assume a

weak relationship between components early in learning and increasingly relying on

the correlation structure as the evidence supports it. Furthermore, high dimensional

representations can be useful for decision making (Fusi et al., 2016) as well as bind-

ing operations (Smolensky, 1990). This suggests a tension between low-dimensional

representations, which are easier to learn and generalize, and high-dimensional rep-

resentations, which may be more flexible for complex thoughts and behavior.

Finally, while we have presented independent clustering as motivated by human

generalization, the question of whether human learning is better accounted for by

independent or joint clustering remains an open question. Both models are a gener-

alization of previous models used to account for human behavior (Gershman et al.,

2010; Collins and Frank, 2013, 2016b). In the following chapter, we examine the

predictions of these two models in a series of behavioral tasks and compare these

predictions to human subject behavior.



Chapter 3

Empirical study of compositionally

in human structure learning

3.1 Introduction

It has long been proposed that humans are able to combine component pieces of

knowledge together beyond simply re-using past associations (James, 1890). A young

musician who has learned to play the guitar, for example, can more easily learn the

banjo, as the skills learned in one instrument are transferable to the other. In prin-

cipal, the skills needed to manipulate a fretted instrument are independent of the

song being played; they are reusable components that can be combined composition-

ally to create an arbitrary number of songs (policies). In contrast, computational

agents typically lack this degree of compositionality. Instead, they are restricted to

re-using previously learned policies exactly as learned. When a computational agent

generalizes at all, it typically does so rigidly, either re-using a past policy as a whole

or learning a novel policy from scratch (Rosman et al., 2016; Mahmud et al., 2013;

Wilson et al., 2012). A young musician following a similar strategy would be able to

generalize the same pattern of hand motions to play the same song from an electric

guitar to an acoustic guitar but wouldn’t be able to generalize any information at

all to a banjo, as a banjo has a different number of strings. Consequently, models

of generalization without compositionality lack an important component of flexible

human behavior.

67
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The distinction posed by whether or not a behavior is best described as com-

positional has long been the source of debate in cognitive science. Early models of

cognition were often symbolic processing models that made the strong assumption

of compositional representation (Newell and Simon, 1959). In contrast, later connec-

tionist models and their descendants, modern neural nets, largely depend a form of

associative processing the deliberately eschews symbol manipulation (Rumelhart and

McClelland, 1985; Elman, 1990; LeCun et al., 2015). While powerful, neural nets

often struggle on problems with sparse rewards and a high degree of latent structure

– problems that seem to favor the use of a compositional structure (Lake et al., 2016;

Kansky et al., 2017).

Reinforcement learning (RL) models of human and animal learning are associative

models of learning and fall into the later tradition, assuming representations incon-

sistent with the degree of compositionality we expect to find in human behavior. In

simple RL models, action-values are updated through a process of feedback-based

learning (Sutton and Barto, 1998; Montague et al., 1996). These models are typically

used to describe very simple tasks, such as learning to take a single action in return for

reward, but nonetheless have shown substantial predictive validity describing behav-

ior and neurobiological functioning in humans and animals (Tsai et al., 2009; Kravitz

et al., 2012; Shen et al., 2008; McClure et al., 2003b; O’Doherty et al., 2003; Frank

et al., 2004).

Although simple, there is reason to believe that the neurobiological mechanisms

that underlie this type of feedback based learning may support a more complex and

goal-directed learning system involved in volitional action (Balleine et al., 2008; Daw

et al., 2011; Daw, 2012; Kool et al., 2016). Theoretical RL models can leverage

control over working memory to solve multiple task (Rougier et al., 2005; Todd et al.,

2008), as a mechanism for variable binding (Kriete et al., 2013) and to generalize

from one task to another (Collins and Frank, 2013). The generalization an RL agent

can perform can be described at a computational level with clustering algorithms

that partition contexts based on their statistics, in effect treating contexts clustered

together as the same to facilitate the transfer of a previously learned policy from one

context to the next (Gershman et al., 2010; Collins and Frank, 2016b).

Empirically, humans tent to build latent structures consistent with these clustering
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models of generalization in a process that depends on fronto-striatal circuitry (Collins

and Frank, 2013; Werchan et al., 2016; Collins and Frank, 2016b; Badre et al., 2010).

Although promising, clustering models of generalization nonetheless lack the compo-

sitional structure needed to generate novel policies. Like other artificial agents, they

are limited to either the reuse an old policy or learning a new one from scratch (Ros-

man et al., 2016; Mahmud et al., 2013; Wilson et al., 2012). In James’ terms, these

models are more “reproductive” than “productive” (1890). This poses a potential

limitation of clustering models as a description of fronto-striatal rule-like behavior.

Here, we address this limitation by comparing model predictions of a clustering

agent extended compositionally to human subject behavior across three navigation

tasks. In the navigation tasks, subjects are able to learn goals (“where do you want

to go?”) independently of a world model (“how can you get there?”) but need both

pieces of information to solve the task. We examine the predictions of a model that

clusters these two task components independently, as well as the predictions of a

control model that jointly clusters goals and world models.

In Chapter 2 we described these two computational agents, both of which gener-

alize by popularity based-context clustering. The first model clusters the statistics of

the goals and world models independently, while the second model jointly clusters the

two. While both of these agents are a generalization of the model proposed by Collins

and Frank (2013), only the independent clustering agent is compositional. Indepen-

dently clustering provides the agent with the ability to combine two functions learned

in separate contexts in a novel context to create a novel plan. We show that subjects

display the degree of compositionality predicted by the independent clustering model.

More over, we show that subjects are sensitive to the task environment and are able

to modify their strategy when it is adaptive to do so.

3.2 Separable Predictions of Independent and Joint

clustering

In the generalization models we consider here, contexts are clustered based on their

popularity and by the degree to which the statistics of a cluster predict the observa-

tions in any associated context. The intuition is that contexts that share statistics
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will produces similar observations, and can thus be clustered together. We rely on

the Chinese Restaurant Process (CRP) (Aldous, 1985) as a prior over the assignment

of contexts into clusters (see methods). This prior is an unbounded generative pro-

cess that allows for as many clusters as there are contexts, but nonetheless biases the

number of clusters towards parsimonious clusters.

Both independent and joint clustering used popularity to generalize but differ

in how they link information about goals and world models. Here, we operational-

ize goals as a rewarded function over labeled locations in a navigation task and we

operationalize a world model with a mapping function that defines the relationship

between button responses and movement in the task. Independent clustering assumes

the inference of mappings and goals are not mutually informative. In contrast, joint

clustering will use information of one to infer the other. During exploration of a new

context, an agent will generally observe mapping information prior to observing goal

information. As a consequence, the information flow largely goes in one direction:

observations about the mappings can inform the inference of a goal, but an agent will

have typically already observed the correct mapping by the time it reaches a goal.

Therefore, we can distinguish the predictions of the two models on a qualitative

basis by looking at goal generalization to see whether it varies as a function of map-

ping (See section 2.3.2 for a normative analysis). The three experimental paradigms

presented here exploit this logic. In each of the three experiments, subjects learning

the statistics of a set of “training” contexts. Each of these training contexts are associ-

ated with one of two mappings (a “high popularity” and “low popularity” mapping).

Each context is also associated with a single rewarded goal, and the popularity of

goals across contexts differs depending on whether mapping is considered, such that

the popularity of goals across all contexts with associated with the high popularity

mapping is different than the popularity of goals across contexts associate with the

low popularity contexts.

These training contexts provided an expectation we can test in novel contexts.

Both models predict goals with high popularity across contexts are more likely to be

generalized (i.e. explored more quickly) than goals with low popularity. By choosing

novel “test” contexts with different mappings, we probe these expectations, look-

ing for evidence of generalization benefits and costs consistent that differentiate the
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predictions of the two models.

3.3 Experiment 1

Experimental Design

Participants performed an interactive task in which they navigated a 6x6 Gridworld

and selected one of three labeled goal locations to receive reward. Each trial was a

new instance of a Gridworld, in which an agent the subject controlled was randomly

placed on the board [Figure 3.1, left]. The agent, marked by a colored circle, could

be moved in four possible cardinal directions (North, South, East and West). Also on

the board were three colored-squares, “goal” locations. labeled A, B, and C. These

locations shared the same color as the agent and the subjects were instructed that

navigating the agent into any goal location would end the trial. Subjects were also

instructed that choosing the correct goal location for a given trial would win them

points whereas choosing either of the other two goal locations would win them no

points. To incentivize subjects to perform well, subjects were given a bonus payment

at the rate of $0.01 per correct goal choice.

Subjects navigated the Gridworld using eight keys on a standard keyboard (‘a’, ‘s’,

‘d’, ‘f’, ‘j’, ‘k’ , ‘l’, and ‘;’), four of which deterministically corresponded to a cardinal

movement. Subjects were required to learn the relationship between responses and

cardinal movements (a “mapping”) from experience [Figure 3.1, right]. There were

two mappings used for the duration of the experiment and all of the valid responses for

a single mapping were grouped on either the left or right hand. Invalid responses and

errant keypresses led to no movement and were cued to the subject with an animation.

Goals locations were distributed randomly on the map in each trial to control for low-

level response biases and required the subjects to generate a novel navigation for each

trial. In addition, a randomly generated pattern of walls was placed on the map that

prevented the agent’s movement to further encourage planning.

On each trial, a context was cued to the subject by the color of the agent and goal

location. Every trial in a context shared the same color. Subjects were instructed that

the keys they used to move the agent as well as the identity of the rewarded goal were

contingent on the color of the agent. Subjects were required to learn the association
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Figure 3.1: Interactive, online task. Subjects controlled a circle agent in a Gridworld
(left) and navigate to one of four goals, each a colored square labeled “A”, “B”, “C”
or “D”. Context was signaled to the subject with a shared color for the agent and
goals. In each context, subjects learned a mapping between the responses of one hand
and the cardinal movement within the Gridworld (top right) as well as the identity
of the rewarded goal within the trial.

between the contexts, mappings and goals from experience. Prior to the start of

the experiment, subjects completely a short tutorial and were required to answer

questions about the rule structure correctly before they were allowed to begin.

The five training contexts were chosen such that the popularity of goals differed

across contexts with the high and low popularity mappings [Figure 3.2; Table 3.1].

The high popularity mapping was associated with goals A and B in remaining contexts

three contexts, with goal A as the correct goal in two of these contexts. The low

popularity mapping was paired with goals A and C in two contexts. Thus, goal A had

the highest popularity across of all of the contexts, but its popularity was equivalent
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to goal C when only contexts with the low-popularity mapping are considered. Each

training context was repeated in at least 10 trials and the trials were balanced such

that each mapping and each goal was seen in the same number of trials [Table 3.1].

Subjects then saw four novel test contexts (discussed below) immediately following

the training contexts. The identity of the goal was randomized for each subject (e.g.

subjects may see goal A, B or C as the high popularity goal), as was the relationship

between keys-presses and cardinal movements that defined both mappings.

Figure 3.2: Experiment 1: Task design. Left : Subjects saw five contexts during train-
ing (red/blue circles), each paired with one of two mappings (red : high popularity,
blue: low popularity) and one of three goals (A, B, or C). Subjects saw an additional
four contexts following training (grey numbered circles). Right : Goal popularity both
as a function of mapping (left) and collapsed across all contexts (right). Joint cluster-
ing makes its inference of goals as function of mapping while independent clustering
is sensitive to goal popularity across all contexts.

Model Predictions

The four test contexts were selected to distinguish independent and joint clustering

through the speed of learning correct goal. The null hypothesis is that there would

be no differences between the rate at which each test context is learned, reflecting an

absence of popularity-based context clustering.

250 iterations of a joint and independent clustering agent were trained on random
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Context Goal
Mapping

Popularity
n Trials

Train 1 A High 10
Train 2 A High 10
Train 3 A Low 20
Train 4 B High 40
Train 5 C Low 40
Test 1 A Low 10
Test 2 B High 10
Test 3 C High 5
Test 4 C Low 5

Table 3.1: Experiment 1 Task design. The number of trials within each context is
balanced such that each goal and each mapping is presented the same number of trials
across both training and test.

initializations of the behavioral task. There are two free parameters in the model, an

inverse-temperature parameter β that controls stochastic exploration over cardinal

movements and the concentration parameter α that controls the propensity of the

model to generate a new cluster. Of the two parameters, only α effects generalization

and was drawn from a standard log-normal distribution while β was set to 2.0.

The main predictions of the clustering model are a difference in accuracy in the

test contexts as a function of time [Figure 3.3A]. The independent clustering will

generalize the highest popularity goal regardless of mapping and predicts the goal A

is more likely to be chosen in a new context than goals B or C. As a consequence,

independent clustering makes the unique prediction test context 1 to be learned to

be learned more quickly than test contexts 2 and 4, [Figure 3.3A,C], as test context

1 is the only test context associated with the high popularity goal. Additionally,

independent clustering predicts above chance performance (positive transfer) in the

first trial in test context 1 and a below chance performance (negative transfer) in

the first trial on in contexts 2, 3 and 4. Independent clustering agent predicts no

difference in learning contexts 2, 3 and 4.

In contrast, the joint clustering will generalize goals taking into consideration

the mapping observations it makes. Test contexts 2 and 3 are associated with the

high popularity mapping while test context 1 and 4 are associated with the low
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popularity mapping. Because goal C was paired with the low popularity mapping

in the training contexts, the joint model predicts that test context 4 (goal C, low

popularity mapping) will be learned the most quickly1 and test context 3 (goal C,

high popularity mapping) will be learned the most slowly. The unique predictions of

joint clustering can be summarized by the predictions that the accuracy test context

3 will be less than the accuracy in test contexts 2 and 4 and, to a lesser degree, that

accuracy in test context 2 will be less than in test context 4 [Figure 3.3D]. These

predictions are accompanied by a further prediction of positive transfer in the first

trial in test context 4 [Figure 3.3C].

In addition, we simulated a flat agent that does not cluster contexts for the pur-

poses of a normative comparison. This model is a special case of both the independent

and joint agents that assigns each context to its own cluster. The flat model does

not predict any differences in the learning speed between contexts. For generalization

to be normatively advantageous on a specific task, it needs to outperform an agent

that does not generalize. In this task, there is no generalization benefit in either the

training or test conditions. A flat agent that does not generalize between contexts

receives greater rewards on average than either clustering agents [Figure 3.4] across

both training (r ∼ Binom(θ); θflat = 0.944, θind = 0.920, θjoint = 0.934, θflat − θind
95% HDI=[0.017, 0.025], θflat − θjoint 95% HDI=[0.004, 0.012]) and test contexts

(θflat = 0.829, θind = 0.802, θjoint = 0.811, θflat − θind 95% HDI=[0.057, 0.109],

θflat− θjoint) 95% HDI=[0.035, 0.086]). As subject pay is tied to rewards in the task,

we would expect subjects that generalize to earn less on average for doing so.

Participants

156 online participants were recruited as subjects through Amazon’s Mechanical Turk

platform. Seven participants reported taking notes and were excluded from analy-

sis. An additional 30 subjects were identified with cluster analysis as having chance

performance (see Appendix A for details), leaving 119 subjects carried through to

1This is partially a frequency effect predicted by the model. Although the agents do not explicitly
generalize based on frequency, the likelihood function is estimated with experience and clusters
visited more often will have a better likelihood estimate. As such, the joint model will have a
better estimate of the mapping function for frequent clusters, and will consequently be more
likely to guess the associated goal.
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Figure 3.3: Experiment 1 Model predictions and behavioral results in test contexts.
A,B : Accuracy of independent (A) and joint (B) clustering models of the four test
contexts as a function of trials in the context. Chance accuracy is denoted by dotted
line. C,D : Comparisons of accuracy in test contexts highlight differences between the
model. Independent clustering predicts test context 1 will be learned more quickly
than contexts 2 and 4 (C, left), while joint clustering predicts a difference in test
accuracy for test context 3 as compared to 2 and 4 (D, middle) and a smaller difference
between contexts 2 and 4 (D, right). E : Subject accuracy in test contexts across time.
F : Regression coefficients comparing test contexts 1 vs 2/4, 3 vs 2/4 and 2 vs 4.

analysis.

Behavior

We first explore subject performance during training to verify subjects learned the

task [Figure 3.5]. We assess accuracy, reaction time and navigation efficiency (the

number of steps over and above the minimum path length needed to reach a goal) as

performance measures using Bayesian linear modeling (see methods). The number

of trials within a context was found to predict accuracy (βt: 95% posterior highest

density interval (HDI) = [0.080, 0.094]), suggesting subject learned the correct goals

over time. Likewise, the number of times within a trial also predicted reaction time
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Figure 3.4: Experiment 1: Model performance on the task. A flat agent that does
not cluster receives higher reward in both the training and test contexts than either
the independent or joint clustering agents.

(βt: 95% HDI = [0.38, 0.53]) and the number of steps greater than the minimum path

length (βt: 95% HDI = [-0.0095, -0.0008], suggesting that subjects responded more

quickly and took more efficient paths over time.

The main predictions of the clustering agents were that subject accuracy would

differ as a function of test contexts. We used Bayesian logistic regression analysis to

assess these predictions. Three a priori comparisons of interest were defined in the

regression, test context 1 vs test context 2 and 4, test context 3 vs 2 and 4, and test

context 2 vs 4. Both models make directional predictions. Independent clustering

predicts that test context 1 will be greater than test contexts 2 and 4 [Figure 3.3C].

Joint clustering predicts that the other two comparisons will be negative [Figure 3.3D].

Nuisance predictors for the number of trials in a context and whether a context was

repeated sequentially were also included in the regression. A subject specific bias was

included to account for individual differences, with each subject specific bias assumed

to be normally distributed around a group average (Kruschke, 2015). A flat prior was

assumed for each regression coefficient and a wide, half-Cauchy distribution was used

as a prior over both regression noise as well as for the normal distribution over the

subject specific offset (Gelman, 2006).

We found evidence for both joint and independent clustering. We first compared

our regression model to a null model that did not include context contrasts using
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Figure 3.5: Experiment 1: Performance in training contexts. A: Subject accuracy
as a function of trials within contexts. B : Median RT as a function of trials within
context. C : Navigation efficiency, as measured by the number of responses over the
minimum path length needed to reach the selected goal.

WAIC as a model selection measure (Watanabe, 2010) and found the presence of

context contrast improved model fit (Model WAIC = 3036.3; null Model WAIC =

3046.1). Consistent with the prediction of the independent clustering agent, accuracy

was higher in test context 1 than test contexts 2 and 4 (β1>2/4: Pr(β1>2/4 < 0) =

0.99987 95% HDI = [0.12, 0.41]) [Figure 3.3F]. Consistent with the prediction of the

joint clustering agent, accuracy was lower in test context 3 than test contexts 2

and 4 (β1>2/4: Pr(β1>2/4 < 0) = 0.9992, 95% HDI = [−0.35,−0.08]). We did not

find evidence that accuracy in test contexts 2 and 4 differed (β2>4: 95% HDI =

[−0.06, 0.21]).

We further examined positive and negative transfer in the first trial of a test con-

text. Independent clustering predicts positive transfer in test context 1 and negative

transfer in the other test contexts. Joint clustering predicts positive transfer in test

context 4. Consistent with independent clustering we found positive transfer in text

context 1 (y ∼ Binom(θ); Pr(θ1 >
1
3
) = 0.963, 95% HDI=[0.325, 0.500]) but did not
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find evidence of transfer in the other test context (y ∼ Binom(θ); θ2: 95% HDI=[0.29,

0.46]; θ3: 95% HDI=[0.23, 0.40]; θ4: 95% HDI=[0.21, 0.38]).

Figure 3.6: Experiment 1: Behavioral Results. Differences scores across time for the
comparisons test context 1 vs 2 & 4 (left), 3 vs 2 & 4 (right), and 2 vs 4. A: Model
predictions for both joint (green) and independent (blue) clustering. B : Subject
behavior.

As a follow up analysis, we performed a similar Bayesian logistic regression on the

accuracy of the training contexts as a function of goal. We included as predictors the

identity of the correct goal (βA and βB for goals A and B, respectively with goal C

used as a baseline) and included the same set of subject specific bias and nuisance

parameters. Independent clustering predicts that accuracy in training contexts will

be predicted strictly by popularity, such that contexts with goal A will be learned

faster than contexts with goals B and C. Joint clustering predicts an interference

due to the mappings, with training context 5 (goal C) to show the least degree of

negative transfer. Surprisingly, we found improved learning in contexts with goal B

than in contexts with goal A or C (βB: 95% HDI = [0.12, 0.51], βB−βA: 95% HDI =
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[0.069, 0.406]) and only week evidence contexts with goal A were learned faster than

contexts with goal C (Pr(βA > 0) < 0.84; βA: 95% HDI = [−0.07, 0.24]).

Discussion

In this experiment, we found evidence to suggest subject was consistent with both

independent and joint clustering. A key prediction of both models is that accuracy

would vary across test contexts, which is supported by model selection. Context

contrasts support both independent and joint clustering, test context 1 was learned

faster than contexts 2 and 5, the unique prediction of independent clustering, while

context 3 was learned more slowly than 2 and 4, a unique prediction of independent

clustering. In our data, test context 4 was not learned more quickly than test context

2, a unique prediction of the joint clustering agent.

A potential confound is the frequency of the test contexts. In order to balance the

trials such that each goal and each mapping is shown in the same number of trials, test

contexts 1 and 2 are shown twice as often as 3 and 4, and thus, twice as frequently due

to the random order of presentation. Overall, accuracy was higher for test contexts

1 and 2 than test context 3 and 4 (Pr
(
β1>2/4 − β3>2/4 + β2/4 > 0

)
> 0.999, 95%

HDI=[0.28, 0.85]). One possibility is that the more frequent contexts have greater

accuracy because they have lower working memory demands. These are partially, but

not fully, accounted for by the nuisance parameter for whether a context was repeated

sequentially (βctx repeat: 95% HDI = [0.44, 0.96]). More important is the finding of

initial positive transfer in test context 1, which is difficult to explain as a working

memory effect. Nonetheless, we cannot fully rule out a working memory account in

this design.

An alternate hypothesis would be that increased accuracy in the training condi-

tions accounted for some of the context differences during test. For this hypothesis

to account for the data, we would have expected to find greater accuracy in training

contexts with goal A than in contexts paired with B or C, which we failed to find.

In the following section, we attempt frequency as a potential confound by con-

trolling for the frequency in the test contexts. To do so, we introduce an additional

goal to allow us to balance goals, mappings and frequency. In addition, we bias the

design to favor independent clustering by further dissociating mappings and goals in
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the training phase by having multiple goals associated with both mappings.

3.4 Experiment 2

Experimental Task

Participants performed a similar navigation task as the task presented in section 3.3.

Subjects navigated a 6x6 gridworld and selected one of four labeled goal locations

(labeled A, B, C, and D) to receive reward. Subjects controlled an agent that could be

moved in four cardinal directions (North, South, East and West) using eight keys on a

standard keyboard (‘a’, ‘s’, ‘d’, ‘f’, ‘j’, ‘k’ , ‘l’, and ‘;’), four of which deterministically

corresponded to movement in a cardinal direction in the grid.

Figure 3.7: Experiment 2: Task design. Left : Subjects saw seven contexts during
training (red/blue circles), each paired with one of two mappings (red : high pop-
ularity, blue: low popularity) and one of four goals (A, B, C or D). Subjects saw
an additional four contexts following training (numbered grey circles). Right : Goal
popularity both as a function of mapping (left) and collapsed across all contexts
(right). Both the joint and independent clustering predict goal generalization based
on context-popularity, but differ in their consideration of mappings. Joint clustering
(left) is sensitive to the mapping when determining goal popularity while independent
clustering (right) predicts goal generalization based on the popularity of all contexts.

Seven training contexts were cued to the subject [Figure 3.7, Table 3.2]. To aid

with the additional memory load, in addition to cuing context with the color of the
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Context Goal
Mapping

Popularity
n Trials

Train 1 A Low 20
Train 2 A High 10
Train 3 A High 10
Train 4 B Low 20
Train 5 B High 20
Train 6 C Low 40
Train 7 D High 40
Test 1 A Low 6
Test 2 B High 6
Test 3 C High 6
Test 4 D Low 6

Table 3.2: Experiment 2 task design. The number of trials within each context is
balanced such that each goal and each mapping is presented the same number of trials
across both training and test.

agent and goals, a fixed pattern of walls on every trial with a context and a “Room”

number at the top of the screen also cued the context. Across the seven training

contexts, subjects needed to learn two mappings, each with all of the valid responses

for a mapping were grouped on either the left or right hand. Subjects were required

to learn the association between the contexts, mappings and goals from experience.

Goal popularity was modulated parametrically across training contexts, with goal

A repeated three times, goal B repeated twice and goals C and D paired with one

context each. Mappings were chosen to dissociate goal popularity as a function of

context and so that both goals A and B were associated with both mappings. Fol-

lowing a total of 160 training trails across the seven contexts, subjects saw 6 trials

each of 4 novel contexts. Each test context was uniquely paired with a single goal

and each mapping was paired with two goals, such that in the test contexts, all goals

and mappings were matched for both frequency and popularity. The goal labels (A,

B, C and D) as well as the keys that define each mapping were randomized between

subjects.
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Model Predictions

The four test contexts were selected to distinguish independent and joint clustering

through the speed of learning correct goal. An independent and joint clustering agent

were trained on 250 random initializations of the behavioral task. As a control, a flat

agent that does not cluster was also simulated. The clustering models each have two

free parameters, a CRP concentration parameter that controls the models’ tendency

to generate a new cluster, α, which was drawn from a standard lognormal distribution,

and a softmax inverse-temperature parameter β that controls stochastic exploration

and was fixed β = 2.0.

Both clustering agents collected fewer rewards per trial than the flat agent in

both the training and test contexts, suggesting the absence of a normative benefit of

generalization in the task [Figure 3.8]. The average reward collected per trial by the

flat agent was higher than both the reward collected by the independent clustering

and joint agents during both training and test (r ∼ Binom(θ); Training: θflat = 0.89,

θind = 0.76, θjoint = 0.85, θflat − θind 95% HDI=[0.116, 0.127], θflat − θjoint 95%

HDI=[0.03, 0.04]; Test: θflat = 0.65, θind = 0.53, θjoint = 0.58, θflat − θind 95%

HDI=[0.104, 0.141]; θflat − θjoint 95% HDI=[0.049, 0.087]).

Figure 3.8: Experiment 2: Model performance on the task. A flat agent that does
not cluster receives higher reward in both the training and test contexts than either
the independent or joint clustering agents.

Differences in test context accuracy are the main empirical predictions of the

models. Independent clustering predicts contexts will be learned more quickly if they
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have a more popular goal [Figure 3.9A]. Test context 1 is paired with the highest

popularity goal (goal A) and is learned faster than test context 2, which is paired with

an intermediate popularity goal (goal B). Test contexts 3 and 4 have goals C and D,

respectively, which were each low popularity goals and are consequently predicted to

be learned to slowest. Importantly, only test context 1 is predicted to show positive

transfer in the first trial. The joint clustering model, in contrast predicts negative

transfer in the first trial of all four contexts due to the influence of mappings [Figure

r3.9B]. This effect is predicted to be weaker in test contexts 1 and 2.

As in section 3.3, we can define specific contrast to highlight the predictions of the

models. Both models predict contests 1 and 2 will be learned faster than 3 and 4 and

both models predict, to a lesser degree, that context 3 will be learned more slowly

than context 4 [Figure 3.9C, D]. Independent clustering makes the unique prediction

that test context 1 will be learned faster than test context 2 [Figure 3.9C].

In addition, the two models make a more detailed prediction as to which goals will

be guessed in the first trial of a test context as a function of which mapping the context

was paired with [Figure 3.10]. Independent clustering predicts the same qualitative

pattern across the two mappings, tending to guess A followed by B followed equally

by C and D. In contrast, joint clustering predicts a qualitatively different pattern of

results dependent on the mapping used in the context. When the high popularity

mapping is observed in a test context, joint clustering predicts approximately the same

goal preference as independent clustering, with goal A as the most likely selection. In

the low popularity mapping, however, joint clustering predicts no preference between

that A, B and C and is systematically less likely to choose goal D.

Participants

An additional 156 online participants were recruited as subjects through Amazon’s

Mechanical Turk platform. Six participants reported taking notes and were excluded

from analysis. An additional 28 subjects were identified with cluster analysis as

having chance performance (see Appendix A for details), leaving 120 subjects carried

through to analysis.
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Figure 3.9: Experiment 1 Model predictions and behavioral results in test contexts.
A,B : Accuracy of independent (A) and joint (B) clustering models of the four test
contexts as a function of trials in the context. Chance accuracy is denoted by dotted
line. C,D : Comparisons of accuracy in test contexts highlight differences between the
model. Independent clustering predicts test context 1 will be learned more quickly
than contexts 2 and 4 (C, left), while joint clustering predicts a difference in test
accuracy for test context 3 as compared to 2 and 4 (D, middle) and a smaller difference
between contexts 2 and 4 (D, right). E : Subject accuracy in test contexts across time.
F : Regression coefficients comparing test contexts 1 vs 2/4, 3 vs 2/4 and 2 vs 4.

Behavior

First, we again explore subject performance during training to verify subjects learned

the task [Figure 3.11]. We again assess accuracy, reaction time and navigation effi-

ciency as performance measures with linear models (see methods). Accuracy was

found to increase across time (βt: 95% posterior highest density interval (HDI) =

[0.095, 0.107]) as was response time in hz (βt: 95% HDI = [0.048, 0.061]) and the

number of steps greater than the minimum path length (βt: 95% HDI = [-0.0065,

-0.0052], all of which are consistent with subjects learning the task.

A main prediction distinguishing the models is the difference between in accuracy

between test contexts. Again, we evaluated differences in accuracy between test con-

texts with a Bayesian logistic regression, including the number of trials in a context
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Figure 3.10: Experiment 2: Frequency of goal choices in first trial of a test context,
split by mapping. Test context 1 and 2 (left) share a mapping while test contexts 3
and 4 (right) share the other mapping.

and whether a context was repeated sequentially as nuisance predictors, as well as a

subject specific bias term (see methods). The key contrasts of interest were test con-

text 1 vs test context 2 (a unique prediction of independent clustering), test contexts

1 and 2 vs 3 and 4, and test context 3 vs 4. Each was included as a predictor in the

linear model.

A logistic model including our contrasts of interest provided a better fit to the

data than a null model that did not include these contrasts but was otherwise iden-

tical (WAIC = 3322.9; null model WAIC = 3324.04). Consistent with the a priori

prediction of independent clustering, subjects had greater accuracy in test context 1

than in test context 2 (Figures 3.9E, 3.12B; Pr(βT1−T2 > 0) > 0.959, 95% HDI =

[-0.01, 0.24]). Consistent with the predictions of both clustering agents, accuracy in

test contexts 1 and 2 greater than in context 3 and 4 (Pr(βT1/2−T3/4 < 0) > 0.979,

95% HDI = [0.004, 0.174]). We failed to find sufficient evidence that test context 3

was learned more slowly (βT1/2−T3/4 95% HDI = [-0.10, 0.13]).

Further supporting the regression analysis is positive transfer in the first trial of
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Figure 3.11: Experiment 2: Performance in training contexts. A: Subject accuracy
as a function of trials within contexts. B : Median RT as a function of trials within
context. C : Navigation efficiency, as measured by the number of responses over the
minimum path length needed to reach the selected goal.

test context 1, a key prediction unique to independent clustering [Figure 3.9A]. Accu-

racy in the first trial of test context one was greater than chance (y ∼ Binom(θ); Pr(θ1 >

0.25) > 0.98, 95% HDI = [0.252, 0.416]). We found no evidence of positive or neg-

ative transfer in the first trial of the other three test contexts, a null result (θ2 95%

HDI=[0.203, 0.363]; θ3 95% HDI = [0.159, 0.310]; θ4 95% HDI=[0.172, 0.326]).

Next, we looked at subjects’ selection of individual goals in the first trial of a test

context, collapsed across all subjects [Figure 3.10]. Independent clustering predicts

goal A will be chosen more frequently and predicts no difference as a function of

mapping. Joint clustering predicts a difference as a function of mapping, with goals

A, B and C equally favored in contexts with the low popularity mapping while strongly

favoring goal A with the high popularity mapping.

We first tested whether there were any differences in which goals were selected

through model selection (see methods 3.7). Allowing the choice probabilities for goals

A, B, C and D produced a better model fit than a null model (WAIC = 2154.5, null
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Figure 3.12: Experiment 2, difference scores between test contexts across time. Dif-
ferences shown between test contexts 1 and 2 (left), 1 and 2 vs 3 and 4 (middle), and
3 vs 4 (right). A: Model predictions for both joint (green) and independent (blue)
clustering. B : Subject behavior.

model WAIC = 2161.4), consistent with both clustering models. Across all test con-

texts, goal A was chosen the most often [Figure 3.10]. Goal A was chosen above chance

rate (Pr(θA > 0.25) > 0.998, 95% HDI=[0.267,0.349]) and was chosen more often than

the other three goals (Pr(θA > θB) > 0.999, 95% HDI=[0.032,0.141]; Pr(θA > θC) >

0.998, 95% HDI=[0.032,0.142]; Pr(θA > θD) > 0.977, 95% HDI=[0.002,0.116]). Both

clustering models further predicted a parametric effect in which goal B was chosen

more often than goals C and D, and where goal C is chosen more often than goal D,

both of which we failed to find (θB − 1
2
(θC + θD) 95% HDI=[-0.059,0.031]; θC − θD,

95% HDI=[-0.084,0.024]).

Joint clustering makes the further prediction that goal selection in the first trial of

a test context will differ by mapping. In contrast to the predictions of joint clustering,

model fit was not improved by allowing goal choice probability to vary as a function of
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mapping and instead resulted in a higher value of WAIC (∆WAIC= 3.6). Follow up

analysis examined the a priori predictions of the independent clustering model that

goal A would have higher choice probability than goals B and C in low popularity

mapping contexts [Figure 3.10, bottom]. Choice probability was higher for goal A

than goal C (Pr(θA > θC) > 0.995 95% HDI=[0.029, 0.185]), but there was only

week evidence to suggest that choice probability was higher for goal A than goal B

(Pr(θA > θB) > 0.906 95% HDI=[-0.024, 0.127]). These results are inconsistent with

joint clustering and consistent with independent clustering.

In order to investigate whether a learned value of goals across all contexts is

driving the generalization results, we ran a follow up analysis on the accuracy of

goals during training. As in the previous experiment, we expect that subjects are

learning a context-independent value for each goal and searching new contexts based

on this, then we would expect goals that showed positive transfer to have a higher

learned value (i.e. more rewards received). To address this possibility, we analyzed

training goal accuracy with the identity of the goal as predictors of interest. Goals

A, B and C each were given a parameter βA, βB, and βC , respectively, while goal

D was used as a baseline. We also included a subject specific bias term as well as

whether context was repeated and the number of trials within a context as nuisance

parameters. We found little evidence that goal A was learned the best during training.

While training contexts with goal A had higher accuracy (Pr(βA > 0) 95% HDI =

[0.028, 0.22]) than contexts with goal D, the accuracy of contexts with goal A was

not higher than the accuracy in those with goals B or C (Pr(βA > βB) 95% HDI

= [-0.12, 0.04]; Pr(βA > βC) 95% HDI = [-.11, 0.08]), suggesting accuracy in the

training contexts (independent of clustering) was insufficient to explain the pattern

of responses in the test contexts.

Discussion

These results replicate our findings in the previous experiment, again showing popu-

larity based clustering and evidence consistent with independent clustering. In this

experiment, we did not find evidence to support joint clustering. Goal A, the highest

popularity goal, was guess more often regardless of mapping and test context 1, paired

with goal A, was learned more quickly. This effect does not appear to be driven by
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an increase learning of training contexts with goal A, nor can it be accounted for by

a frequency effect between test contexts.

Interestingly, while both clustering models predicted negative transfer (including

the prediction by both models that test contexts 3 and 4 would show negative trans-

fer), we found no evidence for it in the current experiment. Similarly, we found no

evidence for the parametric effect predicted by the independent clustering model.

These may be related effects if the generalization effect we observe in our data

are caused by the cumulative effects of a directed search strategy and not be more

efficient learning. One possibility is that subjects search the goal-space as a function

of popularity based clustering and learn the goals equally. This is in contrast to an

alternative possible generalization mechanism that we did not observe in our data,

in which all goals are searched equally but higher-popularity goals are learned more

quickly. If subjects largely realize a generalization benefit as a benefit of directed

search, than a lack of negative transfer would reduce any compounding benefits.

In current task, the independent clustering model did not predict an initial positive

transfer for goal B, the intermediate popularity goal [Figure 3.9A]. As such the absence

of negative transfer may be related to the lack of a parametric finding, though an

alternative possibility is that the experiment is simply under-powered to detect this

difference.

However, while the current results suggest subjects behave consistently with in-

dependent clustering, normative behavior depends on the environment. As discussed

in Chapter 2, in task domains where there is a relationship between goals and map-

pings, it is more adaptive in to cluster jointly. In the experiments presented thus

far, there isn’t an obvious association between goals and mappings. Nonetheless,

the experiment in section 3.3 showed evidence for joint clustering in addition to joint

clustering. One possibility is the that task design is influencing the subjects’ strategy.

It is possible, given the loose relationship between goals and mappings in the training

contexts in the experiments thus far, subjects did not expect mappings and goals to

be linked and clustered independently (even though clustering there is a cost to goal

generalization in this task). This leave open the question, what happens when there

is an association between mappings can goals? Do people respond to the association

and cluster jointly? We ask this question in the following section.
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Context Goal Mapping n Trials

Train 1 A High Pop 8
Train 2 A High Pop 8
Train 3 B Low Pop 16

Joint Test 1 A High Pop 4
Joint Test 2 A High Pop 4
Joint Test 3 B Low Pop 8
Indep Test 1 A Low Pop 4
Indep Test 2 A Low Pop 4
Indep Test 3 B High Pop 8

Table 3.3: Experiment 2: task design

3.5 Experiment 3: Joint clustering

Task Design

Participants performed a similar navigation task as the task presented in sections 3.3

and 3.4. Subjects navigated a 6x6 Gridworld and selected one of two labeled goal

locations (labeled A and B) to receive reward. Subjects controlled an agent that could

be moved in four cardinal directions (North, South, East and West) using eight keys on

a standard keyboard (‘a’, ‘s’, ‘d’, ‘f’, ‘j’, ‘k’ , ‘l’, and ‘;’), four of which deterministically

corresponded to movement in a cardinal direction in the grid. Subjects completed a

short tutorial and were required to respond correctly to questions about the rules the

game and how they were rewarded prior to starting the experiment.

Subjects saw six contexts over the course of the experiment, split into three test

contexts preceded by three training contexts [Figure 3.13, Table 3.3]. Each context

was cued to the subject by the color of the agent and goal locations. All subjects

saw the same training contexts. Two of the training contexts were paired with a

high-popularity goal (goal A) and a high popularity mapping while the other training

context was paired with the low-popularity goal (goal B) and the low-popularity

mapping. This was done to introduce a relationship between the goals and mapping

such that there is no uncertainty of the correct goal given the mapping.

The subjects were randomly assigned into two groups for the test contexts. The

first group received the “Joint” design in which the statistics of the training contexts
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Figure 3.13: Experiment 3: Task design. Left : Subjects saw three contexts dur-
ing training, in which each goals and mappings were related. For the test con-
texts, subjects with saw a repeat of the 3 new contexts with the goal popularity
and goal/mapping relationship (“Joint design”) or a set of three new contexts in
which the goal/mapping relationship had been reverse (“Independent design”) Right :
Goal popularity both split by mapping (left) and collapsed across mapping (right)

were repeated. In the joint test contexts, goal A was again paired with the high-

popularity mapping in two contexts (test contexts 1 and 2) while goal B was paired

with the low-popularity mapping in a single text context (test context 3). The second

group received the “Independent” design in which the relationship between mappings

and goals was switched. In the independent test contexts, goal A was paired with the

low-popularity mapping in two contexts (test contexts 1 and 2) whereas the goal B

was paired with the high-popularity mapping in a single context (test context 3).

Model Predictions

Critically, all of the training contexts have the same goal statistics independent of

mapping. Thus, if subjects are clustering goals independently of mappings, there will

be no between-subject differences the two test conditions [Figure 3.14A]. In contrast,
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joint clustering predicts that the two test conditions will be meaningfully different,

with higher accuracy in the Joint test context than in the Independent test contexts.

In addition to the differences predicted in the test conditions, both models predict an

accuracy difference during training between contexts paired with goal A and goal B.

Figure 3.14: Experiment 3 Model predictions. A: Average reward collected in the
first four trials of a context, collapsed across goal, for training (left, collapsed across
both clustering agents), the independent clustering condition (center) and the joint
clustering conditions (right). B : Average reward per trial in training contexts (left)
and the test contexts for the independent (center) and joint conditions (right).

In a separate prediction, the independent model predicts a difference in accuracy

of test contexts, with higher accuracy in test contexts 1 and 2 than in the equivalent

trials of test contexts 3 across both groups (y ∼ Bernoulli(θ); θA−θB 95% HDI=[0.128,

0.184]). The joint model predicts this difference as well, but to a much smaller degree

that may or may not be detectable experimentally (Pr(θA > θB) > 0.917 95% HDI=[-

0.01, 0.053]) This happens as a consequence of the goal popularity. In both groups, the

test contexts 1 and 2 share the high popularity goal (goal A). As such, the independent
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clustering model will learn them faster than test context 3, which is paired with the

low popularity goal (goal B). In contrast, the joint model makes its inference on

the goal popularity taking into account the observed mapping. In the joint test

contexts, goal popularity is high for all contexts conditional on the mapping (and the

training statistics), and the joint model see positive transfer in all test contexts. In

the independent test contexts, all of contexts have low-popularity goals conditional on

the observed mapping, such that all contexts will be show negative transfer. Because

there are only two goals to explore, the effects of exploration beyond positive/negative

transfer are minimal.

It is important to note that the training contexts, the normative strategy is to

jointly cluster (r ∼ Bernoulli(θ); θjoint = 0.915, θind = 0.886, θflat = 0.898; θjoint −
θflat 95%HDI = [0.008, 0.026]). Subjects can’t know this a priori, but it is possible

that this biases their expectation for the test contexts, and they adopt a strategy in

the test contexts in which they rely on the mappings to inform their guess of the goals.

The normative strategy in the test context depends on the task conditions. In the

Joint condition, it is normative to jointly cluster while in the Independent condition,

it is normative to independently cluster (“Joint” condition: θjoint = 0.968, θind =

0.918, θflat = 0.901; θjoint− θflat 95%HDI = [0.058, 0.078]; “Independent” condition:

θjoint = 0.847, θind = 0.916, θflat = 0.901; θind − θflat 95%HDI = [0.002, 0.028]).

Assuming subjects can observe the normative strategy at all, they would be unlikely

to rely on the normative value of the test contexts as they would not be able to know

the correct strategy until after observing the correct response. Hence, if subjects are

sensitive to how the strategies interact with the task domain, they are most likely to

be sensitive to the conditions of the training contexts.

Hence, part of the logic of the study is to ask if subjects respond to the normative

context of the task domain and use that as an expectation for future generalization.

This would be consistent with the theoretical observation that neither independent

nor joint clustering is normative across all task domains (See Chapter 2).

Participants

198 subjects were recruited online using Amazon’s Mechanical Turk platform. 2

subjects were excluded for reporting they took written notes during the experiment
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and 65 subjects were excluded for poor performance in the training contexts, as

determined by cluster analysis (see Appendix A for details). Of the subjects included

in the analysis, 50 subjects were randomly assigned the Joint test contexts and 81

subjects were assigned the Independent test contexts.

Behavior

Accuracy in the training contexts was analyzed with a logistic regression in which

the number of trials within a context and a whether the context was sequentially

repeated were included as predictors as βt and βr, respectively. Individual subjects

were accounted for by a subject specific bias, with each subject specific bias assumed

to be normally distributed around a group average. Subjects accuracy, response time,

and navigation efficiency improved accuracy across time, indicating subjects learned

the training contexts (Accuracy: βt = [0.122, 0.176]; reaction time βt = [0.027, 0.052];

navigation efficiency: βt was [-0.029, -0.017]).

Figure 3.15: Experiment 3, performance in training A: Subject accuracy across time.
B : Reaction Time across time. C : Navigation efficiency, as measured by the number
of responses over the minimum path length needed to reach the selected goal.

The main predictions of the task were assessed with logistic regression (see Meth-

ods). As this was a between subjects design, we analyzed both the training in test
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data in one model. This allows us to better estimate individual subject bias terms

to account for individual differences without confound, as all subjects saw the same

statistics in the training contexts. As a priori predictors of interest, we included

goal A vs goal B during training (βAtrain
) and test (βAtest) as well as a predictor for

the between subjects Joint vs Independent test conditions (βtask). We also included

whether the context was repeated as well as the number of times a subject had seen

a context as nuisance predictors and a comparison of training vs test overall. The

regression model provided a better fit to the observed data than a null model that did

not include the predictors of interest (WAIC = 3303.5, null model WAIC = 3326.87).

Figure 3.16: Experiment 3 Subject behavior in training contexts (left) the “Indepen-
dent” test design (middle) and the “Joint” test design (right) as a function of the
correct goal in the context.

Consistent with the joint clustering, we found subjects in the “Joint” test design

had greater accuracy than subjects in the “Independent” test design (βtask, 95% HDI

=[0.128, 0.421]). Furthermore, across both test conditions there was no difference

between accuracy in contexts with goal A and contexts with goal B, representing a

failure to find the key prediction of independent clustering (βAtest , 95% HDI =[-0.138,

0.128]). Both models predicted contexts with goal A would be learned more quickly

than contexts with goal B during training, a prediction that was borne out by the

data (βAtrain
, 95% HDI =[0.148, 0.387]).
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3.6 General Discussion

In the current work, we demonstrate how clustering models of generalization can be

expanded to account for simple compositional behaviors. We show how clustering

goal and world models independently as a model of generalization can capture as-

pects of human behavior that previous models of generalization, which generalized

them together, fails to predict. Qualitatively, independent and joint clustering are

dissociable models of how people can exploit regularities in their environment. While

the normative value of either strategy depends on the task domain (Chapter 2), in-

dependent clustering represents a basic form of compositionality long to be a critical

part of human intelligence.

In this set of experiments, we used both models to generate qualitatively differ-

ent patterns of behavior in a multistep navigation task that facilitates the separate

learning of goal values and world models. In all three experiments, subjects learned

a set of training contexts and were given novel test contexts to probe how they used

the learned statistics of the training contexts as an estimate of the statistics of the

novel contexts. Taken together, the results of the three studies provide a replica-

tion of context-popularity based clustering in human subjects as a model of gener-

alization (Collins and Frank, 2013; Collins et al., 2014; Collins and Frank, 2016a).

Subject behavior showed evidence of popularity-based clustering in all three experi-

ments. In each experiment, goals were balanced such that each goal was correct in the

same number of trials. Even though popular contexts were experienced less often,

subjects tended to generalize the goals associated with popular contexts, suggest-

ing popularity-based generalization. Furthermore, in a replication of previous work,

subjects tended to generalize even as they paid a cost to do so (Collins et al., 2014).

We further found evidence that subjects are capable of both joint and indepen-

dent clustering. In the above experiments, we were able to dissociate generalization

of goals from mappings by dissociating learned goal-values from navigation with a

multistep navigation task that enforced planning (See Appendix B for an analysis of

mapping generalization). In experiment 1, goal generalization was consistent with

both independent and joint clustering. Experiment 2 highlighted independent clus-

tering while experiment 3 encouraged joint clustering by creating a clear association
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between mappings and goals. While we have presented independent and joint clus-

tering as two separate strategies here, it is perhaps better to present them as bound

on a spectrum of strategies. Theoretical analysis suggests that neither independent

nor normative clustering is always normative (Chapter 2), suggesting that a mix of

strategies may be adaptive. Indeed, we show that people exhibit behavior that is

neither purely independent nor purely joint and instead respond to the task domain.

It is important to note that not all of the predictions of the model were borne

out. Clustering models of human and animal generalization typically rely on the CRP

prior (Gershman et al., 2010; Collins and Frank, 2013). In a prediction shared with

the current work, these models suggest a parametric effect such that contexts with

intermediate popularity will be preferred less than contexts with high popularity but

more than contexts with low popularity. We failed to find any evidence of parametric

effects. Assuming this null effect does not simply reflect an absence of statistical

power, there are multiple potential explanations. One is that subjects do not cluster

parametrically but instead favor a single popular cluster in a simpler mechanism.

An alternate possibility is that subjects do cluster parametrically via the inference

process but use a different exploration strategy. Conceivably, this may also interact

with the difficulty of the task. In experiments 2 and 3, there were only 3 or 4

possible goals, respectively. Normatively, there was no benefit of generalization in

these restricted domains, and the absence of a normative benefit may have reduced

the subjects’ motivation to generalize to the point where we were not able to detect

parametric effects. It is possible in a more difficult task where there is a clear benefit

of generalization that subjects may show a parametric tendency to generalize.

A further limitation in the current study is working memory demands. In order

to complete the task, a subject has to correctly remember each association between

contexts and their associated functions. While increasing the number of contexts

in the task can increase the ability to make detailed predictions distinguishing the

models, the increased working memory load can act as a countervailing force. Subjects

accuracy was lower in the training contexts in experiment 2 than in experiment 1 (βexp

95%HDI = [-0.617, -0.172]) and similarly lower in experiment 1 than in experiment

3 (βexp 95%HDI = [-0.821, -0.404]). This reflects the complexity of the design, as

experiment 2 was the most complex and experiment 3 was the least, and may be
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a consequence of increased working memory load. This may cause a problem for

interpreting the test data if in a more complex design, subjects have a worse mastery

of the training statistics overall, and thus, weaker generalization.

Our findings suggest that subjects can generalize aspects of the task structure

independently of each or jointly. Importantly, this suggests that subjects have sepa-

rate representations of rewards and transitions that are in some degree compositional.

Even in cases where it is beneficial to generalize rewards and transitions together, it

may be useful to represent them as separate functions (as opposed to learning a single

policy function). Separate representations may allow for further flexibility in unseen

environments. For example, if we changed the structure of the task from navigating

an agent to a goal location to using the agent to pushing a block in the grid-world,

we might expect subjects to reuse previously learned mappings. This flexibility is of

an altogether different form than the question of whether it is useful to exploit the

correlation structure of the task domain when generalizing

Importantly, context-popularity based clustering is thought to involve the same

fronto-striatal circuitry that underlies simple feedback based learning (Collins and

Frank, 2013; Collins et al., 2014). This leaves open many questions, the first of which

is to what degree is the generalization behavior exhibited in these experiments de-

pendent on fronto-striatal circuitry? One simple mechanism to enforce compositional

representations of goals and values would be to embed in independent systems. It

is possible learning mappings is a motor learning task dependent on the basal gan-

glia, cerebellum and/or motor areas of the cortex (Doya, 1999) while learning goal

values are more represented in areas of the frontal cortex that represent value and

or state (Batra et al., 2013). While the orbital frontal cortex has been proposed as

representing a latent state (Wilson et al., 2014b; Schuck et al., 2016), it is possible

that generalization relies on more complex representations that allow recombinations

across between states. A further question is how the relationship between mappings

and rewards is learned. One possibilities is that this is also learned hierarchically,

as the frontal cortex is thought to embed multiple levels of abstraction Badre et al.

(2010), potentially corresponding to a front such that a higher level in the hierarchy

controls whether environment is expected to have an exploitable correlation struc-

ture. While the question of how goal values and mappings are separately represented
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in the brain in such a way that allows a compositional recombination is beyond the

scope of the current work, the findings here suggest that people are nonetheless able

to learn simple correlations between these representations.

3.7 Methods

Modeling Details

Our models estimate two functions, a reward function over goals (Rc(g) = Pr(r|g, c))
and a mapping function between eight available primitive actions and four available

cardinal movements (φc(a,A|c) = Pr(a,A)). The agent is provided a transition func-

tion that includes the locations of the goals as well as the locations of any walls as

an assumption. Consequently, all the agent needs to learn to solve a trial is the

reward function over goals and mapping function. This simplifying assumption has

the benefit of providing a model of human navigation, whom we assume understand

spatial structure. We assume the planning problem (navigating a 6x6 Gridworld) to

be trivial for a human subject and as such, solve action values using value iteration.

At each point in time, the agent is given a state tuple s =< x, c > where x is

the agent’s location in 6x6 coordinate space and c ∈ {1, .., nctx} is a context variable.

Here, we model generalization as generating clusters of contexts k = {c1:n} that share

common task statistics. We consider two decompositions of these task statistics

to consider two alternate hypotheses. In one, the task statistics are decomposed

into reward functions and mapping functions separately. This allows the agent to

cluster context twice, into two independent sets of context clusters Kr = {kr1:n} and

Kφ = {kφ1:m}. The second decomposition treats the reward and mapping functions

jointly and generates a single set of context clusters K = {k1:n}. We refer to the fist

decomposition as Independent clustering as the agent creates two independent sets of

cluster and we will refer to the second decomposition as Joint clustering.

We define generalization as the inference of contexts into clusters. Stated formally,

this is

Pr(c ∈ k|D) ∝ Pr(D|c ∈ k) Pr(c ∈ k) (3.1)

where Pr(D|c ∈ k) is the likelihood of the observed data D given context c is a

member of cluster k and Pr(c ∈ k) is a prior over the clustering assignment. As in
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previous models of generalization, we use the CRP as the cluster prior. If contexts

{c1:n} are clustered into N ≤ n clusters, then the prior probability for any new context

cn+1 6∈ {c1:n} is:

p(ct+1 ∈ k|c1:n) =


Nk

N+α
if k ≤ Kn

α
N+α

if k = Kn + 1
(3.2)

where Nk is the number of contexts associated with cluster k and Kn is the number

of unique clusters associated with the n observed contexts. If k ≤ Kn, then k is a

previously encountered cluster whereas if k = Kn + 1, then k is a new cluster. The

parameter α governs the propensity to assign a new context to a new cluster. Higher

values of α lead to a greater prior probability that a new cluster is created for a new

context whereas lower values of α will favor the re-use of previous clusters and thus,

favor generalization. As the choice of α is ultimately arbitrary, for each simulation

the value of α was sampled from the log-normal distribution lnα ∼ N (0, 1).

Independent and joint clustering

As we noted above, there are two key functions the agent learns when navigating in

a context: φc(a,A) and Rc(g). These functions imply that the agent could cluster

φc(a,A) and Rc(g) jointly, or it could cluster them independently, such that it learns

the popularity of each marginalizing over the other. Formally, the independent clus-

tering agent assigns each context c into two clusters via Bayesian inference as in [Eq.

3.1] and using the CRP prior for each cluster [Eq. 3.2]. The likelihood function for

the two assignments are the mapping and reward functions

L(D|c ∈ kφ) = φk(a,A) (3.3)

and

L(D|c ∈ kr) = Rk(g), (3.4)

respectively. Conversely, the joint clustering agent assigns each context c into a single

cluster k via Bayesian inference [Eq. 2.4] and, like the independent clustering agent,

uses the CRP as the prior over assignments [Eq. 2.5]. The likelihood function for the

context-cluster assignment is the product of the mapping and reward functions

L(D|c ∈ k) = φk(a,A)Rk(g) (3.5)
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The joint clustering agent is highly similar to previous non-compositional models

of task structure learning and generalization, which have previously been shown to

account for human behavior (but without specifically assessing the compositionality

issue) (Collins and Frank, 2013, 2016b)).

Planning was accomplished via value iteration of the state-action value function,

defined here as

Qk(x,A) = Rk(x) + γ
∑
x′∈X

T (x,A, x′)Vk(x
′) (3.6)

where Vk(x) is the value of locations, T (x,A, x′) is the known transition function and

Rk(g) is the location-based reward function. A location-based reward function Rk(x)

is used for the purposes of planning and is created by projecting the goal values of

Rg(x) into the locations of the goals in each trial. This is done for convenience and

assumes the agents know the locations of the goals, information explicitly provided

to the subjects on each trial.

Each function is estimated via maximum likelihood estimation. On each time-

step, the agent was given supervised feedback of the selected cardinal movement (as

this is visible to human subjects via an animation) and binary reward feedback when

it reaches a goal. As a simplifying assumption, the mapping function for each cluster

was estimated twice as

Pr(Ai|aj, k) =

∑
1A=Ai

1a=aj∑
1a=aj

(3.7)

and

Pr(aj|Ai, k) =

∑
1A=Ai

1a=aj∑
1A=Ai

(3.8)

Pr(Ai|aj, k) was used as the estimator for inference [eqns 3.3 and 3.5] while Pr(aj|Ai, k)

was used for the purpose of sampling actions.

A softmax function was used to create a policy over cardinal movements from the

state action value function:

Pr(A = Ai|x, k) =
exp(βQk(x,Ai))∑
j exp(βQk(x,Aj))

(3.9)

Actions were selected by sampling from the conditional mapping distribution Pr(a|A =

Ai, k).
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Statistical Analyses

Analysis of training data for experiments 1, 2 and 3 (Sections 3.3, 3.4 and

3.5)

Training performance was assessed using a combination of Bayesian general linear

models that each accuracy, reaction time, or navigation efficiency, which we define as

the number of responses in excess of the minimum path length to the goal chosen in

a given trial. Accuracy was assessed with a logistic regression, defined:

logit(θ) = βsubj + βtxt + βrxr (3.10)

y ∼ Bernoulli(θ) (3.11)

where logit(θ) = log(θ/(1-θ)), βsubj is hierarchically determined, subject specific bias

term distributed normally with mean µb and standard deviation σb (Kruschke, 2015),

xt is the number of trials within a context, and where xr is a Boolean vector corre-

sponding to whether the previous trial shares the same context as the current trials.

Uninformative priors were used for the regression parameters and group mean βsubj

and a wide, half-cauchy prior was used for model error and the variance over the βsubj

(Gelman, 2006).

Reaction time, expressed in frequency space was assumed to be normally dis-

tributed (Noorani and Carpenter, 2016) and was fit using parameters defined equiv-

alently for eqn. 3.10:
1

RT
= βsubj + βtxt + βrxr (3.12)

Navigation efficiency, defined as the number of steps over and above the minimum

path length from the subjects starting location on the grid and the eventual goal

chosen on each trial was fit using a similar linear model that also shares all parameters

with eqn. 3.10 but using a Poisson link function:

log λ = βsubj + βtxt + βrxr (3.13)

y ∼ Poisson(λ) (3.14)

In all three analyses, the parameter βt was of interest. A positive value of βt

for accuracy and reaction time indicate greater accuracy and faster reaction times,

respectively, as a function of time. A negative value for the value of βt for equation

3.13 reflects more efficient paths as a function of time.
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Bayesian Analysis of test context accuracy for experiment 1 (Section 3.3)

Test context accuracy was analyzed using a logistic linear model similar to the model

defined in equation 3.10, with terms equivalently defined for a subject specific bias

term, trials in a context and sequential repeats of a context. Comparisons of interest

were defined as contrast vectors. x1>2/4 defined the comparison test context 1 - (test

context 2 + test context 4), x3>2/4 defined the comparison test context 3 - (test

context 2 + test context 4), x2>4 defined the comparison test context 2 - test context

4. These contrasts span the space of potential comparisons between tests contexts,

facilitating arbitrary comparisons through linear combinations. The full model is

defined here:

logit(θ) = βsubj + βtxt + βrxr + β1>2/4x1>2/4 + β3>2/4x3>2/4 + β2>4x2>4 (3.15)

The full model was compared to a reduced null model lacking the contrast predic-

tors to assess whether the addition of context contrasts improves model fit. A failure

of contrasts predictors to increase model fit can be interpreted as a lack of evidence

for a difference between test contrast accuracy, and a null result for popularity based

clustering overall. We used WAIC as the model selection criterion, with lower values

of WAIC indicative of better model fit (Watanabe, 2010).

Bayesian Analysis of test context accuracy for experiment 2 (Section 3.4)

As in section 3.3, test context accuracy was using a logistic linear model. Equiv-

alent terms for a subject specific bias, trials in a context and sequential repeats of

a context were included as nuisance parameters. Comparisons of interest were de-

fined as contrast vectors. x1>2 defined the comparison test context 1 - test context

2, x1/2>3/4 defined the comparison (test context 1 + test context 2) - (test context 3

+ test context 4), x3>4 defined the comparison test context 3 - test context 4. These

contrastsspan the space of potential comparisons between tests contexts, facilitating

arbitrary comparisons through linear combinations. The full model is defined here:

logit(θ) = βsubj + βtxt + βrxr + β1>2x1>2 + β1/2>3/4x1/2>3/4 + β3>4x3>4 (3.16)

WAIC was used to compare the model to a reduced null model lacking the contrast

predictors to assess whether the addition of context contrasts improves model fit.



105

Bayesian Analysis of goal choice probability for Experiment 2 (Section 3.4)

The probability of choosing goal g ∈ {A,B,C,D} in the first trial of a new context was

modeled independently for each goal as a Bernoulli random variable with probability

θg. To assess whether goal choice probability varied between goals, this model was

compared to a reduced, null model in which goal choice probability was fixed at

θi = θj ∀ i, j ∈ {A,B,C,D}, which is equivalent to a chance model.

In order to assess whether goal choice probability varied as a function of mapping,

the previous model was compared to a model in which θg,m were allowed to vary

independently, where θg,m = Pr(g|m), ∀ g ∈ {A,B,C,D}, m ∈ {low popularity, high

popularity}. Estimates of θg,m were carried through for follow up analysis to examine

a priori predictions.

Bayesian Analysis of accuracy for Experiment 3 (Section 3.5)

In experiment 3, Bayesian logistic regression was used to assess model predictions.

As before, a hierarchically determined subject specific bias term βsubj, a term for

the number of trials within a context xt and a Boolean variable for whether the

trail featured a sequential repeat of the same context xr were included as nuisance

variables.

Predictors of interest were the between subjects variable corresponding to the test

design xtest and whether the correct goal in a test context was the high popularity

goal, goal A, xAtest . Because the between subjects design causes subject specific bias

terms to be correlated with the manipulation of interest, we included the subjects’

performance in the training contexts in the analysis as well. This de-correlates the

bias term with the manipulation of interest. We further included training contexts as

a predictor xtrain and the identity of the goal during training xAtrain
. We further com-

pared our regression model to a null model that did not include any of our predictors

of interest using model selection.

Comparison of Task difficulty

We performed pairwise comparisons the training data for experiments 1 vs 2 and 1 vs

3 using Bayesian logistic regression. The training data for each context was equated

for the number of trials across both experiments within a single comparison. As
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before, a term for the number of trials within a context xt and a Boolean variable for

whether the trail featured a sequential repeat of the same context xr were included as

nuisance variables. A hierarchically determined subject specific bias term βsubj was

assumed to be normally distributed with mean fixed at 0 and a standard deviation

estimated from the data. The comparison of interest was modeled with a Boolean

predictor variable and associated coefficient βexp that coded for experiment 1, with

a non-zero coefficient reflecting a difference in training accuracies between the tasks.



Chapter 4

Conclusions

In this dissertation, I have expanded extant theory of context-based clustering to

account for a basic form of compositionality and shown that predictions of this model

are able to capture aspects of human subject behavior unaccounted for by previous

models of generalization. This work is motivated by a desire to build more general

theories of cognition. While the fronto-striatal learning systems thought to underlie

context-popularity based generalization (Collins and Frank, 2013; Collins et al., 2014)

are thought to be capable of complex behavior (Kriete et al., 2013; Donoso et al.,

2014), it is an open question if these learning systems are sufficiently flexible to serve

as the basis as a model of cognition. One of the limitations of the system, which I

have attempted to address here at a computational level, is compositionality. This

characteristic is important for the ability of recombining knowledge in novel ways

to solve novel problems, a critical feature of human behavior (Fodor and Pylyshyn

1988; but see Johnson 2004). Nonetheless, while the studies presented in Chapter 3

suggest that humans are capable of generalizing compositionally, they do not provide

evidence that this occurs using fronto-striatal circuitry. Furthermore, as the models

presented in chapters 2 and 3 are at a computational level, it remains unclear how

fronto-striatal circuitry could be implement compositional representations.

Theoretically, this is a non-trivial problem. Learned values can be represented

easily with vectors as can the linear mapping functions, but the question of how to

combine a representation into a multi-step policy is non-trivial. The models presented

here rely on dynamic programming to solve a value function; it is not clear how

107
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dynamic programming could be plausibly implemented in a neural system. More

generally, the question of combining compositional representations into a policy is a

planning problem. Planning problems are computationally demanding and it is not

known how people can solve planning problems, though several possibilities have been

raised, including tree-search and pruning algorithms (Huys et al., 2012), the use of

hierarchical policies (Solway et al., 2014) or via a successor representation (Russek

et al., 2017; Momennejad et al., 2017; Stachenfeld et al., 2017). In the present work,

I have avoided difficult planning problems in experiment designs in an attempt to

minimize the difference between the model’s planning algorithm and a human’s.

A further limitation of the studies presented here is how contexts are inferred. For

the purpose of modeling, we assumed the model has veridical access to the current

contexts and in the human studies, subjects were cued unambiguously. In real-world

settings, this is likely to be a much more difficult problem. One possibility is that

humans infer context through the internal consistency of their structure (Zacks and

Tversky, 2001). Alternatively, contexts may be constructed more simply through

perceptual similarity. It is important to note that here we have assumed that context

is a component of a state variable that is distinct from the rest of the state-space in

that it defines some set of rules to follow. It is possible that humans do not make this

assumption and are treating the provided context as an equivalent part of the state

space and are nonetheless able to use it as a unit of generalization.

A further non-trivial limitation is the choice of components in compositional learn-

ing. Here, I have introduced a reduced version of the reward function (goals) and tran-

sition function (mappings) of an MDP as a natural choice of units of information.

However, humans may be better described by different subunits. It is unclear if a

‘goal’ as I have represented it is different than an ‘option’ in a hierarchical framework

and it may easily be the case that a policy operates at a higher level (for example,

collect as many points as possible). Substituting that policy could change the behav-

ior (for example, get exactly 100 points) and the ‘goals’ learned by the subject could

be reused as a different type of information. Moreover, it is unlikely that a mapping

as described here is the atom of movement. We might expect to see repeated motor

plans or skills as compositional units.

Future work will focus on addressing these theoretical challenges and probe what
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are the neurobiological foundations of this form of compositional behavior in humans.

Nonetheless, I would argue that I have provided a normative basis for compositional-

ity. Even as parts of policy space are correlated, there is often a benefit to ignoring this

correlation structure in generalization. Ignoring this correlation structure requires a

compositional representation whereas strictly assuming a correlation structure can be

represented compositionally or non-compositionally. This feature provides the basis

for additional flexibility in human and animal behavior.



Appendix A

Cluster analysis exclusion criteria

In our online experiments, we were concerned some subjects would not engage with the

task and instead rush through it as quickly as possible. In order to control for such a

possibility, we used subjects relative performance on the training contexts as a control.

Specifically, we looked at the accuracy on trials in which the preceding trial shared

the same context and the subject was correct. All versions of our online task used

a deterministic reward schedule. As a consequence, if our subjects understand the

rule structure, they can perform close to 100% in these trials (on a small percentage

of trials, it is not possible to reach the correct goal due to the random placement of

objects in the grid).

As a second measure of accuracy, we conducted a binomial test on all other training

trials against a chance. These two measures of accuracy were used as the basis of

a cluster analysis. A Gaussian mixture model were fit to the data, we allowed the

number of clusters to range between one and three and allowed for the and allowed for

constraints over the covariance matrix to vary from spherical, diagonal, tied or full.

Bayesian information criterion (BIC) was used for model selection, and the model

with the lowest BIC was chosen. For the experiments presented in sections 3.3 and

3.4, a model with 2 components and a diagonal constraint on the covariance matrix

had the lowest BIC (Figure A.1)

The members of the largest cluster were carried forward for analysis and all other

subjects were used excluded. Follow up analyses found the included subjects spent

significantly more time viewing the instructions, (experiment 1: t(54.1) = 4.58, p <
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3× 10−5, cohen’s d = 4.65; experiment 2: t(67.5) = 4.03, p < 0.0002, cohen’s d = 4.09

and were significantly more likely to choose the goal closet to the initial location of the

agent at the start of a trial (experiment 1: t(34.3) = 6.61, p < 2× 10−7, cohen’s d =

6.71; experiment 3: t(47.3) = 5.51, p < 2 × 10−6, cohen’s d = 5.59) (Figure A.2),

suggesting the excluded subjects were less engaged in the task.

A similar clustering procedure was used to determine the subjects in experiment

3 that were carried through for further analysis but with loosened criteria as a large

number of subjects were found to be excluded using the criteria above. This was

likely due task differences as experiment three was substantially easier that the other

two tasks. Accuracy in trials in which the context was sequentially repeated and in

which the previous trial was correct was again used as a dimension of the clustering

analysis. In lieu of the binomial probability that all other trials were at chance

accuracy, the raw accuracy in these trials was used. Chance accuracy in experiment

3 was 50%, and this was found to be too strict of a criterion. Subjects excluded in

were less likely to choose the closest goal closest to the initial location of the agent

(t(110.4) = −2.16, p < 0.033, cohen’s d = 2.18) but we saw no difference in the time

spent viewing instructions (t(156.7) = 0.86, p < 0.39, cohen’s d = 0.87).
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Figure A.1: Cluster analysis of subjects training performance. Panels A & B were
performed on subjects collected for the experiments presented in sections 3.3 and 3.4
A & B, Right : Included subjects (green) were less likely to respond at chance levels
and were more likely to respond correctly on trials immediately following a correct
trial with the same context
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Figure A.2: Group difference in time spent viewing instructions (left, both panels)
and the proportion of times subjects chose the goal closet to the initial location of
the agents (right, both panels) Panels A & B were performed on subjects collected
for the experiments presented in sections 3.3 and 3.4.



Appendix B

Analysis of mapping generalization

In experiments 1 and 2 (Sections 3.3 and 3.4, respectively). We have argued the

finding that goal generalization appears not to necessarily depend conditionally on

the observed mapping is equivalent to independent clustering. However, an alternative

possibility is that subjects do not make an observation of the mapping and learn the

mappings through trial and error in each trial or for each context independently.

Training data appear to rule out the former: subjects respond more quickly and

take more efficient paths to the goal as the experience more trials within a context,

suggesting subjects learn the mappings. However, this does not rule out the possibility

subject re-learn the mappings from scratch in the new test contexts.

Both joint and independent cluster predict that high popularity mappings will

show a generalization benefit over low popularity mappings. In addition, both predict

a difference between training and test conditions as the models are able to generalize

for both learned mappings. An agent that does not generalize mappings predicts all

contexts, regardless of mapping or train/test difference, will show the same perfor-

mance.

In order to assess mapping generalization, a Bayesian linear model with a Poisson

link function was fit to the number of excess steps taken over the minimum path

length to reach the goal, defined here as:

log λ = βsubj + βtxt + βrxr + βHPxHP + βtrainxtrain (B.1)

y ∼ Poisson(λ) (B.2)
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where βsubj is a hierarchically determined subject specific bias term distributed

βsubj ∼ N (µ, σ), xt is the number of trials a subject has seen a context, xr is whether

the trial was a sequential repeat of the previous context, xHP is whether the mapping

is the high popularity mapping and xtrain is whether the context is a training or test

context.

A similar model was fit to the mean reaction time per trial (expressed in frequency

space),
1

RT
= βsubj + βtxt + βrxr + βHPxHP + βtrainxtrain (B.3)

with equivalent terms. The models make no reaction time predictions, but it

is plausible to expect reaction to correlate more with mapping learning than goal

learning as it reflects the motor component of the task (it is nonetheless impossible

to isolate the effects of goals from mappings in reaction time).

In experiment 1, training was associated with less efficient paths (i.e. more re-

sponses needed to reach the goal; βtrain 95% HDI = [0.014, 0.054], but little evidence

to suggest the high popularity mapping was associated with more efficient navigation

(Pr(βHP > 0) < 0.75 95% HDI = [-0.010, 0.021].) Reaction times were also slower

in training (RT: βtrain 95% HDI = [-0.385, -0.319]) and there was also an effect of

mapping on reaction time (Pr(βHP > 0) < 0.73 95% HDI =[0.003, 0.053]).

For experiment 2, training was also associated with less efficient paths (βtrain

95% HDI = [0.048, 0.089] as was the high popularity mapping (βHP > 0 95% HDI

= [0.011, 0.037]). Reaction times were also slower in training (RT: βtrain 95% HDI

= [-0.590, -0.522]) but there was no meaningful effect of mapping on reaction time

(Pr(βHP > 0) < 0.73 95% HDI =[-0.029, 0.014]).

Overall, the difference in reaction time and path efficiency suggest subjects were

generalizing mappings from the training contexts to the test contexts, but the effects

of the high popularity mapping on both measures was not as reliable across both

studies.
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