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Abstract of “Multiscale and Mesoscopic Modeling of Soft Matter and Biophysical
Systems Using High Performance Computing and Machine Learning” by Yu-Hang
Tang, Ph.D., Brown University, May 2018

This dissertation is composed around the subject of multiscale modeling of soft

matter and biophysical systems with applications using large-scale computations.

Specifically, it is expanded on three fronts:

1) Development of high-performance simulators and computational frame-

works. On this front, I will discuss the design of three sets of software. The

first one is an accelerated parallel particle simulator, which features many algo-

rithmic innovations for harnessing the massively parallel threading architecture of

general purpose graphics processing units. The second one is an ultrafast coarse-

grained molecular dynamics simulator, which enables the simulation of an entire

human red blood cell at protein resolution using a single computer workstation.

This is realized by a novel algorithm that allows neighbor search in a sparse 3D

space in linear time.The third one is a generic framework that utilizes the concept

of meshless interpolation to faciliate the implementation of parallel concurrently

coupled multiscale simulations.

2) Construction of mesoscopic models for amphiphilic and thermo-responsive

polymers and their applications to large-scale mesoscopic simulations. This

is manifested in a detailed study of the non-equilibrium dynamics of thermo-

responsive polymers. One of the most interesting findings is that a thermo-

responsive polymer membrane may invert its layered structure without actually

rotating any of its composing molecules.

3) Data-driven algorithms for learning complex interatomic force fields. Here

I have focus on a specific aspect of this field, i.e. the design of feature vectors

that can efficiently and accurately quantify the similarity between atomistic con-

figurations. To achieve this, a kernel minisum approach is proposed as a robust
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and efficient replacement of the principal component analysis algorithm. A set of

quadrature rules and parameters are also proposed for constructing a smoothed

density field that allows either inner product- or norm-based comparison of struc-

tural similarity.
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Introduction
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1.1 Computational Science and Particle-based Meth-

ods

Computational science is a multidisciplinary research field that has seen rapid

development since the advent of digital electronic computers. By exploiting the

tremendous power of computers in carrying out arithmetic and logical operations,

computational scientists strive to solve scientific problems that cannot be solved

analytically or that involve computations traditionally deemed intractable. In

fact, computational science is nowadays perceived as an integral and irreplace-

able part of scientific methodology, complementing theory and experimentation.

Today, the field has grown well beyond the very first topics, such as ballistic

computation, Monte Carlo sampling, ordinary differential equations, and n-body

simulations [42], as studied by first-generation computational scientists. It has

expanded to encompass diverse areas of research including but not limited to

aerodynamics, hydrodynamics, mechanical engineering, molecular biology, ma-

terial science, process engineering, biomedical imaging, economical modeling and

financial engineering.

Molecular Dynamics (MD) is among the very first set of algorithms imple-

mented on digital electronic computers[42, 3, 121]. In this method, a collection

of infinitesimal particles are used to model an atomistic system, whose evolution

are governed by the Newton’s law of motion. Each particle that represents an

atom carries a certain number of degrees of freedom, e.g. position, velocity, mass,

charge etc. The force that drives the movement of the atoms is calculated as the

negative gradient of a Hamiltonian, which in turn is defined as a sum of pairwise

and manybody potentials. One of the obvious advantages of MD is that it allows

intuitive interpretation of the simulated process. Both the model specification
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and simulation result can be directly connected to and easily interpreted within

well-established models in traditional science areas such as chemistry and biology.

Moreover, MD simulations allows observations of molecular systems at a spatial

and temporal resolution exceeding any current experimental apparatus.

However, it is extremely difficult to simulate systems with atomistic molecular

dynamics at, for example, beyond the micrometer length scale and millisecond

time scale. Traditionally, the performance of MD simulation software was primar-

ily constrained by the speed of pairwise force evaluations, where the interaction

between each particle and its hundreds of neighbors had to be examined. This

motivates the development of coarse-grained molecular dynamics (CGMD) mod-

els, where each particle represents a small group of tightly connected atoms. The

benefit of coarse-graining is two-fold. First, it reduces the total number of particles

that need to be computed. Second, it smooths out the potential energy landscape

and thus reduces numerical stiffness of the system. However, the conventional

CGMD approach of using an ‘equivalent’ conservative potential to replace the

multi-atom interaction potential often resulted in a loss, at varying degrees, of

the accuracy of the CGMD simulations, especially at reproducing the dynamic

properties of the original system. For example, coarse-grained systems using only

equivalent conservative potentials always tend to accelerate the diffusion process.

Meanwhile, thanks to the development of massively parallel processors and

supercomputers, the performance hotspot of pairwise interaction calculation has

been largely eliminated by the abundant arithmetic capabilities of modern multi-

core and many-core processors. Therefore, simulations containing billions and

even trillions of particles become feasible, at least at a time scale given by a few

hundred thousand time steps. However, an obstacle still remains and prevents

the realization of longer-time-scale simulations. It is the numerical stiffness of
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particle systems, which severely constrains the largest usable time step for stable

simulations.

The Dissipative Particle Dynamics (DPD) method has the potential to overcome

this ‘wall of stiffness’. In order to further extend the accessible time scale of

particle-based simulations, DPD uses very soft conservative potentials to allow for

aggressive coarse-graining and very large time steps. Meanwhile, it is imperative

to correct for the effect of the lost degrees of freedom during this coarse graining

to ensure correct dynamics of the coarse-grained system. More formally speaking,

the coarse-graining process is essentially a process of model reduction, where a

smaller set of variables are used in the hope that this reduced representation can

still approximate the original full system with good accuracy. However, as have

been pointed out by Mori [104] and Zwanzig [172], the lost degrees of freedom will

eventually reemerge as noise and memory terms. The DPD framework allows for

the explicit incorporation of the noise and memory terms, and has seen popularity

in areas such as biofluids and soft condensed systems thanks to its ability to

correctly capture both static and dynamic properties.[35].

MD, CGMD, and DPD all represent bottom-up particle methods in which

the concept of particle is an intuitive generalization of atoms and molecules. In

contrast, there is another category of particle methods, which are derived following

a top down approach. In these methods, the identify of a particle is no longer

endorsed by a certain amount of substance. Instead, the particles are merely

used as grid points, i.e. mobile carriers of degrees of freedom, on which certain

partial differential equations can be efficiently solved for. Typical examples of top-

down methods includes Smoothed Particle Hydrodynamics (SPH) and Smoothed

Dissipative Particle Dynamics (SDPD).
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Particle methods used in this thesis primarily fall within the bottom-up cate-

gory. Specifically, the formulation and implementation of the DPD method will

be detailed in Chapter 2 Section 2.1 and Section 2.2. A coarse-grained molecular

dynamics simulator will be introduced in Chapter 2 Section 2.3. I will make a

brief use of a top-down particle method, i.e. the SPH method, in Chapter 3 Sec-

tion 3.4.2. Chapter 4 presents a demonstration of the capability of DPD in studying

real world scientific problems. An algorithm for accelerating ab-initio atomistic

molecular dynamics simulations will be introduced in Chapter 5.

1.2 Mesoscale Science and Multiscale Modeling

Many research topics, whether computational or ‘conventional’, can be loosely

classified as being either ‘macroscopic’ or ‘microscopic’, depending on the ab-

stractions and equations that underpin the topic. Interestingly, there is often

a direct correspondence between pairs of macroscopic and microscopic theories.

For example, thermodynamics can be considered macroscopic because it primarily

concerns the relationships between macroscopic observables such as pressure, en-

ergy, and temperature; its microscopic counterpart is statistical mechanics, which

builds upon the concepts of molecules, Hamiltonians, and partition functions etc.

Another example is hydrodynamics versus molecular dynamics, where the former

is described by the phenomenological Navier-Stokes equation while the latter is

governed by the Schrödinger’s equation and Newton’s law of motion.

Given a pair of macroscopic and microscopic theories, it is natural to ask how

microscopic theories, which describes the non-linear and sometimes stochastic

interactions between the individual building blocks of a system, can eventually
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give rise to collective macroscopic behaviors that are deterministic, smooth, and

predictable. In fact, The most challenging problem in understanding physical

and biological systems is to correctly account for the mesoscale, the intermedi-

ate temporal and spatial scale which links microscopic dynamics to macroscopic

functional behaviors. The challenge is huge, however, because the mesoscale of-

ten exhibits strong fluctuation and memory effects that spawn diverse phenomena

such as anomalous transport, rare events, and heterogeneous interfaces. Hence,

we must go beyond mean-field theory and tools to achieve an in-depth under-

standing of mesoscopic events.

Multiscale simulation, as an alternative approach to study mesoscopic systems,

was proposed to circumvent the challenge in seeking a unifying theory that can

treat the diverse mesoscale phenomena. Distinct from ‘monolithic’ methodologies,

the theory and practice of multiscale and multiphysics modeling are dedicated

to combining existing techniques. The potential of multiscale modeling lies in

its ability in probing properties of hierarchical systems by capturing events that

occur across a wide range of time and length scales that exceed the capability of

any single solver and method [118, 102, 155]. Common multiscale modeling and

simulation approaches includes parameter passing, domain decomposition (DD),

heterogeneous multiscale method (HMM) [156].

Apart from theoretical developments, the implementation of concurrently cou-

pled simulations can be inherently difficult. On one hand, hard-coding remains

commonplace in projects that employ ad hoc coupling approaches. Such prac-

tice can quickly become an obstacle when further development is needed. On

the other hand, despite the richness of available coupling schemes and tools

[5, 78, 101, 30, 111, 15], adapting existing code to meet the programming inter-

face specification of a coupling framework frequently leads to code refactoring
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that consumes a substantial amount of labor [4]. Such frameworks could also be

cumbersome, especially for theorists without an expertise in software engineering,

when prototyping new coupling schemes.

In Chapter 3, I will discuss about our recent work in bringing in the idea of

meshless interpolation for coupling numerical methods of different nature. This

approach allows for the easy adoption and implementation of multiscale cou-

pling, especially using existing solvers that were not initially design for coupling

purposes. A library, i.e. the Multiscale Universal Interface, was implemented

as a demonstration of the idea and concept. The library provides a concise set

of interfaces that can be adapted to a wide range of simulation protocols and

scenarios.

1.3 Towards Exascale Computing

The speed of computer has kept increasing exponentially following the Moore’s

law. The statement is true — at least if we measure the total amount of arithmetic

operations that can be carried out per unit time, the capacity of the various levels

of the storage hierarchy, and the bandwidth of high-speed interconnects. The

statement, however, can fail should we start to examine the arithmetic throughput

of a single processing core (sans vector instructions), the access latency of DRAM,

or the round-trip latency of a fiber-optics interconnect. In fact, the performance

of a scalar core has only been improving marginally in the last ten years, while

the access latency between the CPU and the main memory has basically reached

stagnation.
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Not surprisingly, the performance improvement that we have been continu-

ously enjoying when running large-scale scientific computations is the outcome of

an exponentially growing amount of parallelism, both on a single die and across

the thousands of nodes in a parallel cluster. For example, a NVIDIA Volta GPU

may contain up to 64 streaming multiprocessors each capable of running 2048 si-

multaneous threads. A 2-socket AMD EPYC server consists of 8 NUMA nodes, 32

physical cores, and 64 simultaneously hardware threads. An IBM Power9 proces-

sor may contain up to 24 physical cores running a total of 96 simultaneous threads

spread over 4 or 8 NUMA nodes. Obviously, this brute-force tiling of processing

elements would not deliver any actual performance improvement without the

synergistic effort of parallel algorithm design and programming library develop-

ment. In fact, choreographing the execution and data flow between a massive

number of potentially heterogeneous software threads is of vital importance to

fully exploit modern computer hardware.

In Chapter 2, I will introduce my work on utilizing massively parallel proces-

sors as well as accelerators to implement high performance particle-based sim-

ulators. Specifically, Section 2.2 concerns the design of parallel algorithms for

the CUDA GPGPU architecture, while Section 2.3 discusses optimal algorithm for

harnessing hundreds of simultaneous CPU threads.

In addition, the abundance of computing power and storage capacity has given

rise to the popularity of statistical and machine learning algorithms. As such, it is

worthy to discover the opportunity for applying data science algorithms to accel-

erate conventional computational science methods and algorithms. I will explore

this front in Chapter 5, where a fingerprint algorithm is proposed for learning high-

dimensional non-linear potential energy surfaces of ab initio quantum mechanical

systems.



Chapter Two

Particle Methods and HPC Particle

Simulator
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2.1 Formulation of Dissipative Particle Dynamics (DPD)

In a DPD simulation, the movement of particles are governed by the Newton’s

equation of motion as [54]

dr
dt

= v,
dv
dt

= a =
f
m

(2.1)

The force f acting on each particle consists of three pairwise additive parts: a

conservative component, a dissipative component and a random component, i.e.

fi =
∑
i, j

Fi j =
∑
i, j

(FC
ij + FD

ij + FR
ij) (2.2)

given by

FC
ij = ai jwC(ri j)ei j (2.3)

FD
ij = −γi jwD(ri j)(ei j · vi j)ei j (2.4)

FR
ij = σi jwR(ri j)ξi jδt−

1
2 ei j (2.5)

if |ri j| ≤ rc, where rc is the cutoff distance, and

FC
ij = FD

ij = FR
ij = 0, |ri j| > rc. (2.6)

One of the two weight functions wD and wR can be chosen arbitrarily, while the

other is then fixed through the fluctuation-dissipation constraint [35]
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wD(ri j) = w2
R(ri j) (2.7)

In our implementation, wR is chosen to be a power of wC as

wR(ri j) = ws
C(ri j) = (1 − |ri j|

rc
)s (2.8)

The exponent s can be chosen arbitrarily, making it a convenient tuning parameter

for reproducing the viscosity of a wide range of fluids. The coefficients σi j and γi j

are related to each other by

σ2
i j = 2γi jkBT (2.9)

as also dictated by the fluctuation-dissipation theorem.

2.1.1 Energy-Conserving Dissipative Particle Dynamics

The eDPD method [88] extends the original DPD framework [54] by explicitly

modeling each particle’s internal energy as a degree of freedom:

dri

dt
= vi (2.10)

m
dvi

dt
= fi =

∑
i, j

(FC
ij + FD

ij + FR
ij) (2.11)

Cv
dTi

dt
= qi =

∑
i, j

(QC
ij + QV

ij + QR
ij) (2.12)

where t, ri, vi, fi, mi, Ti, qi and Cv denote time, position, velocity, force, mass,

temperature, heat flux, and heat capacity of DPD particles.



12

The force fi acting on each particle consists of three pairwise-additive compo-

nents, i.e. a conservative one, a dissipative one, and a random one:

FC
ij = ai j(Ti j)wC(ri j)ei j (2.13)

FD
ij = −γi jwD(ri j)(ei j · vi j)ei j (2.14)

FR
ij = σi jwR(ri j)ξi jδt−

1
2 ei j (2.15)

where Ti j = (Ti +T j)/2 is the pairwise local temperature between particle i and j. A

common choice for the pairwise repulsive force coefficient ai j(Ti j) that reproduces

the compressibility of water is

ai j(Ti j) =
75kBTi j

ρ
. (2.16)

The noise level σi j and the pairwise friction coefficient γi j are related to each other

through the fluctuation-dissipation theorem [35]:

σi j =
√

2γi jkBTi j. (2.17)

The pairwise heat flux also consists of three components:

QC
ij = ki jwCT(ri j)(

1
Ti
− 1

T j
) (2.18)

QV
ij =

1
2Cv

{
wD(ri j)

[
γi j(ei j · vi j)2 − σ2

i j/m
]

−σi jwR(ri j)(ei j · vi j)ξi jδt−
1
2

}
(2.19)

QR
ij = βi jwRT(ri j)ζi jδt−

1
2 (2.20)

while the contact heat flux coefficient ki j and random heat flux level βi j can be
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determined as

ki j =
C2

vκ(Ti + T j)2

4kB
(2.21)

βi j = 2kBki j (2.22)

2.2 userMESO: Scalable and Extensible GPU Com-

puting for Mesoscopic Particle Methods

2.2.1 Introduction

Particle-based simulation has continuously benefited from the ever growing com-

puting power provided by each new generation of hardware. Among the spec-

trum of parallel processors, the general purpose graphics processing unit (GPGPU)

proves to be a particularly good fit for such simulation due to the massively par-

allel nature shared by inter-particle interaction evaluation and image rendering

[6, 140, 98, 45]. Specifically, the Compute Unified Device Architecture (CUDA)

has provided a parallel programming model that could harness the processing

power of the GPGPUs, which is tens of times more than the contemporary CPUs

[47, 107]. There is currently an array of molecular dynamics simulation applica-

tions that integrate the capability to use CUDA for part or all of the computation,

such as AMBER, DL POLY, HOOMD-BLUE, LAMMPS, NAMD and GROMACS

[51, 136, 6, 116, 67, 119].

The combination of fast hardware and highly optimized software package en-

ables large-scale simulations of atomistic systems. For example, a protein folding
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simulation of 64 million particles using an all-atom resolution has been success-

fully carried out using NAMD for a total integration time of 100 ns [169]. Nev-

ertheless, the classical all-atom molecular dynamics (AAMD) method is still pro-

hibitively expensive for simulating atomistic systems at a length and time scale that

is comparable to that in experiment. To bridge the gap between the microscopic

time/length scale and the macroscopic ones, coarse-grained simulation techniques

such as coarse-grained molecular dynamics (CGMD), dissipative particle dynam-

ics (DPD) and smooth particle hydrodynamics (SPH) have been proposed in which

a group of atoms in the AAMD model is represented by a single coarse-grained

particle to reduce the computational complexity [62, 54, 35, 103, 129].

Among the various coarse-grained models, DPD has been our particular in-

terest since it accurately reproduces the equilibrium and dynamic properties of

systems in the area of biophysics, soft matter and fluid dynamics [87, 113, 39]. Un-

fortunately, little effort has been directed to the efficient implementation of DPD

on the GPUs. Despite the intrinsic similarity in the governing principles, the DPD

systems differ from their atomistic counterparts in that:

• A more complex functional form is used, i.e. a dissipative force, which

involves the relative velocity in addition to the relative position of the inter-

acting particles.

• A pairwise random force is essential to compensate for the reduced degrees

of freedom in order to correctly reproduce the dynamics of the coarse-grained

system.

• The system is sparse, which results in a much lower average neighbor count

for the particles and makes it harder to achieve optimal performance on the

GPU’s SIMD architecture.
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So far, Goga et al. have presented a GPU parallelization of the SD and DPD

types in the GROMACS tools [50], with which they observed a performance boost

of 70% on the GPU over a single processor. Phillips et al. proposed a hash-function

based pseudo-random number generator for the evaluation of the stochastic term

[114]. Wu et al. reported a GPU implementation of DPD with parallel neighbor

list updating [162]. Wang et al. reported a multi-GPU implementation, which

achieves a speedup of 90x on three GPUs over a single-threaded CPU implemen-

tation from Material Studio [152]. However, no scalable implementation that runs

across nodes has been reported so far. In this section, I demonstrate a scalable

implementation of the DPD simulation on the Kepler GPGPU architecture using

a CUDA-MPI hybrid programming model targeting optimal performance within

a GPU and also across nodes.

2.2.2 Algorithms and Implementation

We start with LAMMPS as the baseline code for the CPU portion of the program

[116]. The GPU code is written in CUDA C due to the high level of availability and

maturity. The basic control flow is shown in Algorithm 1 where the highlighted text

indicates parts that are accelerated by the GPU. The code essentially runs in a time-

stepping loop where tasks such as trajectory integration, communication, force

evaluation, statistical analysis and data I/O are executed in order according to the

Velocity Verlet algorithm [143]. Stray particles that run across domain boundaries

are exchanged each time the neighbor list is rebuilt. For parallel execution over

MPI, the default spatial decomposition scheme of LAMMPS is used, in which the

entire simulation domain is divided into equally sized subdomains of the same

shape. Each MPI rank handles a single GPU. Multiple MPI ranks can be launched
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on one multi-GPU node and occupy the GPUs in a round-robin manner according

to their local ranks.

Algorithm 1 Basic program control flow. The highlighted text indicates portions
of the computation that involve the GPU.

1: . setup
2: setup compute domain, determine particle ownership

3: CPU data−−−→ GPU
4: obtain ghost particles information from neighboring processors

5: build neighbor list

6: compute forces
7: . main loop
8: for n steps do
9: time integration: phase 1

10: if time to rebuild neighbor list then

11: GPU data−−−→ CPU
12: exchange stray particles

13: CPU data−−−→ GPU
14: obtain ghost particles information from neighboring processors

15: rebuild neighbor list
16: else
17: exchange ghost particle information
18: end if
19: compute forces

20: time integration: phase 2

21: calculate statistics
22: if on demand then
23: display runtime info, dump trajectory, write restart file, etc.
24: end if
25: end for

LAMMPS uses an Array of Structures (AoS) layout to store vector-valued

particle properties such as coordinate, velocity and force as illustrated in Figure 2.1.

Such layout results in strided access on the GPU, i.e. threads with consecutive

thread IDs will access memory locations that are separated by a stride larger than

one, which reduces the effective memory bandwidth. On the other hand, too much
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code modification is required if we were to change a data layout which is used

essentially everywhere in the original program. As a compromise we used a pair

of interleave/deinterleave kernels to convert data between the AoS and the SoA

layouts at runtime. The kernels are carefully designed to achieve high memory

bandwidth efficiency as summarized in Table 2.1.

x y z

AoS

SoA
0 1 2 3 4 5 6 7 8

0 1 2

Figure 2.1: In the array of structure (AoS) layout, the coordinate vector for each particle is placed
consecutively, whereas any specific component of the vector are separated by the other ones. In
the structure of array (SoA) data layout, components are stored consecutively.

Table 2.1: Achieved bandwidth of the data marshaling and bandwidth-sensitive kernels. The
benchmarks were done on a Kepler K20 GPU with a peak memory bandwidth of 208 GB/s.

Kernel Read (GB/s) Write (GB/s) Aggregate (GB/s)
Interleave 79.59 79.62 159.21

Deinterleave 72.21 70.80 143.01
NeighborListJoin 62.66 57.83 120.49

NeighborListTranspose 78.03 79.06 157.09
MergeXVT 95.78 54.66 150.44
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Sorting

The parallel sorting primitive plays a fundamental role in our code for reordering

particles and building the cell list. Several existing algorithm packages such as

Thrust and CUDA Data Parallel Primitives Library (CUDPP) provide high-level

interfaces for this type of workload (CUDPP actually uses Thrust::sort as its back-

end) [131, 60]. However, neither package supports the CUDA streams. In other

words, they can only launch kernels on the default stream 0. In our code, stream-

ing is essential for achieving high GPU computing efficiency as it helps to hide

communication and kernel launching latency. Moreover, our benchmark reveals

that these packages are better optimized for large arrays with millions or billions of

key/value pairs, while in practical DPD simulations the particle number per GPU

does not exceed a few millions. Therefore, we implemented our own radix sort

that is optimized specifically for smaller arrays. As shown in Algorithm 2, each

successive invocation of three kernels gpuRadixHistogram, gpuRadixPrefixSum

and gpuRadixPermute completes one pass of the sorting algorithm, while 4 bit per

pass was determined to be the optimal radix width through experimentation. The

scan primitive by Sengupta et al. combined with the newly-introduced warp shuf-

fle instructions is used to carry out the prefix summation [132]. The benchmark

presented in Figure 2.2 compares the performance of our implementation versus

Thrust over a wide range of array sizes.

Particle Reordering

Unlike grid/lattice-based methods, particle-based simulation deals with systems

whose structures are largely irregular. As a result, the memory access pattern
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Algorithm 2 Pseudo code for the radix sort template function.

1: function RadixSort<RADIX>(KeyArray, ValArray, BitLength, TargetStream)
2: BufferIn← {KeyArray, ValArray}
3: BufferOut← InternalBuffer
4: for bit = 0 to BitLength by Log2(RADIX) do
5: gpuRadixHistogram(BufferIn,BufferOut,PrefixBuffer,bit) on Target-

Stream
6: gpuRadixPrefixSum(PrefixBuffer) on TargetStream
7: gpuRadixPermute(BufferIn,BufferOut,PrefixBuffer,bit) on Target-

Stream
8: SwapPointer(BufferIn, BufferOut)
9: end for

10: if BufferOut , {KeyArray, ValArray} then
11: {KeyArray, ValArray} cudaMemcpy←−−−−−−−− BufferOut
12: end if
13: end function

0.5 1 2 4 8 16 32 64 128 256 512 1024
# of key/value pairs (K)
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Figure 2.2: Sorting time: our streamed radix sort vs. Thrust.
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of typical particle simulation codes exhibits poor locality. The situation turns

out to be worse on GPU due to the SIMD nature of the GPU architecture and a

lower per-core bandwidth. In fact, most particle-based simulation programs are

memory-bound, while DPD suffers even more because both coordinate and veloc-

ity data are required for evaluating the pairwise interaction. Particle reordering

along a space-filling curve has been proposed as an effective technique to miti-

gate the problem. For example, a space-filling curve pack (SFCPACK) algorithm

is used in the HOOMD-blue simulation package to sort particles on a per-block

basis [6]. Our code, on the other hand, uses a two-level Morton encoding (Z-

curve) scheme to reorder particles as shown in Figure 2.3. In this scheme, cells

are first sorted according to their Morton order, while at the same time particles

within a cell are also sorted by their relative position along a local Morton curve

in each individual cell. In addition, the boundary of the cells used for particle

reordering was chosen to coincide with that used for building the cell list. The

two-level Morton encoding achieves good locality while at the same time ensures

particles belonging to the same cell have consecutive indices. This feature is later

exploited by our neighbor list building algorithm. Note that at this point only

local particles have been sorted and in order to proceed we need to obtain infor-

mation of ghost particles from neighboring processors; this will be discussed in

section 2.2.6. Figure 2.4 summarizes the performance gain brought about by this

particle reordering scheme for DPD fluid simulations at four different sizes com-

pared to those without particle reordering using the same set of parameters. The

overall program performance is boosted by almost 100%, while individual GPU

kernels benefit even more depending on their level of memory consumption. The

effect of particle reordering is further characterized in Figure 2.5, which visualizes

the interaction matrices for a system of 2048 particles with and without particle

reordering. While diffusion tends to randomize the distribution of interactions
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over the entire domain, reordering on the other hand strongly diagonalizes the

matrix and aggregates off-diagonal components into concentrated blocks.
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Figure 2.3: A 2-level Morton curve is obtained by ensuring that the number of bins for reordering
is a multiple of the number of bins in the cell list by some integer power of 2.

Cell List

Our program adopts the conventional approach of using the neighbor list to

accelerate the evaluation of non-bond pairwise interactions. In addition, a cell

list is used to further facilitate the construction of the neighbor list. The cell

list construction starts with binning, i.e. partitioning the simulation box into a

number of equally sized cells and assigning particles into their corresponding

cells. This can be done efficiently using parallel sorting with the particles’ cell
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Figure 2.4: Performance gain due to particle reordering for the whole program and individual
kernels. This metric also indirectly reflects the memory bandwidth consumption for each kernel.

Figure 2.5: Interaction matrices obtained for 2048 particles with/without particle reordering. Re-
ordering strongly diagonalizes the matrix and aggregates off-diagonal components into concen-
trated blocks. Particle diffusion results in randomly distributed interaction when reordering is
off.
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indices being the input key for sorting, while the determination of the cell index

depends solely on the particle’s own position and hence is embarrassingly parallel.

This algorithm is employed by the GPU module of the LAMMPS package [22],

which contrasts the approach in Wu’s implementation where the atomic increment

operation, a potential bottleneck at high parallelism, is used to build the cell list

[162]. Alternatively, since particle indices are consecutive within each cell after the

reordering process, the construction of the cell list can be performed by performing

particle reordering followed by detecting the cell boundary in the one-dimensional

particle array without the need for further sorting of cell indices. The boundary

detection is done by launching one thread per particle, checking if its cell ID differs

from the particle that precedes it. In our code we adopted the latter approach.

2.2.3 Neighbor List Construction

Stencil

As the first step, a coarse-grained stencil list is generated, which contains one

stencil for each cell. Each stencil stores the indices of the neighboring cells sur-

rounding its master cell. Within each stencil the cell indices are sorted according

to the Morton order as illustrated in Figure 2.6. Such ordering of the stencil

combined with the aforementioned particle reordering technique ensures that the

particle indices in each stencil are monotonically increasing. Since the building of

a coarse-grained stencil need only to be done once during the entire simulation,

the sorting is simply implemented using bubble sort. The coarse-grained stencil

list is then expanded into a fine-grained one, storing the actual indices of particles

in each cell’s neighboring cells. This is particularly useful for our DPD application



24

because the particle density in a DPD simulation is much lower than that of an

AAMD simulation. For example, a cell of volume (rc + ∆r)3 in a DPD system

contains on average 10 particles, where ∆r is the skin distance for building the

neighbor list. The fine-grained stencil allows the neighboring particles from mul-

tiple cells to be loaded into our neighbor list builder in a coalesced manner without

incurring branch divergence. Both the coarse-grained and the fine-grained stencils

are stored in a row-major fashion.

1 2 7

3 4 8

5 6 9

1 4 5

2 6 7

3 8 9

Figure 2.6: Expanding stencils along the same Morton curve for particle reordering ensures mono-
tonicity of the particle indices within each stencil.

Neighbor List

For the actual job of building the neighbor list, we invented an atomics-free al-

gorithm that is able to generate a fully ordered neighbor list in parallel. The

algorithm is deterministic, meaning that the generated neighbor list will always

be the same given the same initial configuration and runtime parameter. Such

deterministic approach may benefit debugging and simulation cases that require

reproducibility.
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The neighbor list builder works on the fine-grained stencil. Instead of the

common practice of assigning one block for each cell, a warp-centric programming

model, in which each cell is taken care of by a single warp, is employed to optimally

balance data reuse and inter-thread communication. A fixed number of shared

memory slots are assigned to each warp for storing the information of the i particles

in its working cell. Each slot consists of two integers and three fp32 values

for the particle index, neighbor count and the x, y, z coordinate. In practice,

32 slots are allocated to each warp to coincide with the warp size, though in

theory any number can be used as long as the shared memory capacity is not

exceeded. The storage needed for each slot is 4 + 2 × 2 + 4 × 3 = 20 bytes. On

the Kepler architecture, an occupancy of 100% translates into 2048 concurrent

threads per stream multiprocessor and hence a shared memory utilization of

20 ∗ 2048/1024 = 40KB, which fits well into the 48 KB on-chip shared memory.

As illustrated in Figure 2.7, each warp in our neighbor list builder works in a

triple loop. The outer loop walks through the i particles in its working cell with a

batch size of 32, with each thread loading one particle’s index and coordinate into

a slot in the shared memory. The middle loop scans over the cell’s stencil with

each thread loading one j particle into its private registers at a time. The inner

loop performs the actual all-over-all distance checking with all threads looping

through the shared i particles together. Such loop arrangement minimizes the long

tail effect because branch divergence occurs only in the last iteration of the middle

loop if the stencil length is not a multiple of the batch size. Typical stencils contain

200 particles each so the performance hit due to a branched last iteration is not

significant.

Because multiple j particles may be found staying within the cutoff distance

of one i particle at the same time, a commit of the j index into the correct position
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of the neighbor list intuitively requires the use of atomic increment operation to

resolve potential conflict. This can also be thought of as each thread needs the

global hit/miss information from other threads to determine the insertion point

for its own commit. However, realizing that in our algorithm at any given time

there is only one warp evaluating the neighbors for a given particle, we can reduce

the hard problem of global information gathering into a simpler one of collecting

a Boolean value from a warp. The warp vote function, ballot(), fits naturally

for this job by enabling fast communication between the threads and eliminating

the use of atomic instructions. The ballot intrinsics takes in a predicate value

from each active threads of a warp and returns to each thread an unsigned integer

whose N-th bit is set if the predicate evaluates to true for the N-th thread. In the

inner loop of our neighbor list builder, each thread ballots its distance checking

predicate to form a bit vector nHit. Shifting nHit by warpSize - laneId toward

left, where lane id ∈ [0..warpSize − 1] is the ordinal number of a thread within

a warp, and then counting the number of remaining set bits in the bit vector

tells a thread the number of hits made by threads with a lower lane id than

itself. The insertion point is then simply determined by adding this number

to the existing number of neighbors for the i particle from previous iterations.

The number of hits from an iteration is then accumulated to the total neighbor

count for the i particle by a single thread, in our case lane 0, after the cooperative

neighbor list insertion. In contrast to the atomic-based approach, this warp vote-

based approach for committing particle indices into the neighbor list is completely

deterministic and only involves fast intra-warp communication. Recall that the

indices in the stencil are monotonically increasing. This implies that the neighbor

list generated in this way is also strictly increasing for each particle, yet no sorting

was performed explicitly on the neighbor list. A careful benchmark shows that our

atomics-free builder executes twice as fast on average compared to an equivalent
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builder using atomic increment as shown in Table 2.2.
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Figure 2.7: A graphical visualization of the triple loop in the atomics-free neighbor list builder.

Table 2.2: Performance comparison of the neighbor list builders using warp ballot or atomics
increment.

system config time(ms) speedupballot atomic
ρ = 3, n = 64k 0.76 1.55 2.02
ρ = 3, n = 512k 5.28 10.77 2.04
ρ = 6, n = 64k 1.31 2.92 2.24
ρ = 6, n = 512k 9.89 21.72 2.20
ρ = 50, n = 64k 14.58 30.15 2.07
ρ = 50, n = 512k 90.28 196.26 2.17

Another issue to be considered here is the layout of the neighbor table. A

row-major layout assigns one consecutive line of memory for each particle, while

a column-major layout, on the other hand, stores the n-th neighbors of all the

particles consecutively in the n-th row. On the GPU we typically assign each

thread a particle when evaluating the pairwise interaction, which implies that a

column-major layout is more efficient because fetching such a list results in fully
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Algorithm 3 Atomics-free neighbor list builder

1: function gpuBuildNeighborList
2: for each cell in parallel do
3: shared slot[warpSize]
4: l← threadIdx mod warpSize
5: n← number of particles in the cell
6: p← 0
7: . load working cell
8: while p < n do
9: part←Min( n - p, warpSize )

10: if l < part then
11: slot[l].i← cell[ p + l ]
12: slot[l].r← Texture(coordinate, slot[l].i )
13: slot[l].nn← 0
14: end if
15: . load stencil
16: for k = l to nStencil by warpSize in parallel do
17: j← stencil[k]
18: r← Texture(coordinate,j)
19: . distance check
20: for i = 0 to part by 1 do
21: dr2← ( r - slot[i].r )2

22: hit← dr2 < r2
c ? true : false

23: nHit← Ballot(hit)
24: nAhead← ShiftLeft(nHit, warpSize - l)
25: pIns← slot[i].nn + Popc( nAhead )
26: if hit then
27: neighborList[ slot[l].i ][ pIns ]← j
28: end if
29: accumulate Popc(nHit) to slot[i].nn by lane 0
30: end for
31: end for
32: if l < part then
33: store slot[l].nn to global storage
34: end if
35: p← p + warpSize
36: end while
37: end for
38: end function
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coalesced memory loads. However, a column-major table is much less efficient

when being written to because an entire warp works on the same i particle in the

inner loop in our neighbor list builder. In this case, each insertion of the j indices

from a thread generates a write request of 32 bytes, among which only 4 bytes are

actually useful data, resulting in a memory efficiency merely 12.5%. To combine

the advantages from both layouts, we adopt a write-transpose-read approach in

which the neighbor table is built in a row-major fashion, and then transposed

for maximum loading efficiency in the subsequent computation. In practice, we

only locally in-place transpose each 32 by 32 tile of the neighbor table matrix.

We made this compromise because a full transposition of such a large matrix is

complicated with sub-optimal efficiency [142]. A schematic representation of the

local transposition is presented in Figure 2.8.

Further, a double-insertion trick can be utilized by the neighbor list builder to

help suppress branch divergence in the force kernel. This heuristic depends on

the assumption that particles which were within the actual cutoff distance when

building the neighbor list are more likely to be found within the cutoff distance

again in subsequent time steps than those which initially lie between the cutoff

and the skin distance. To separate the two types of neighbors in the neighbor list,

the warps in our neighbor list builder can be modified to perform two commits

per inner loop iteration, one for the core particles, and the other one for the skin

particles. The core particle indices are stored in the original order, while the skin

particle indices were stored at the back of each row in reversed order. The neighbor

count integer used in the shared slots in the neighbor list builder is also split into

two short integers correspondingly. In this way we still need only one table for

storing the neighbor list. A separate kernel is used to join the two parts together,

making the splitting trick completely transparent to the rest of the code. Note that
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Figure 2.8: Local in-place transposition of the neighbor table. The memory footprint for a single
thread when looping through its neighbors as indicated by the arrowed lines produces fully
coalesced access.
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the naive way of simply forcing every thread to enter the force evaluation branch

regardless of the actual distance results in worse performance, since it issues more

stress on the memory bandwidth and the texture units. It is even erroneous in

DPD since the functional form does not accept |ri j| greater than rc.

2.2.4 Precision Model

We use a hybrid precision model for the neighbor list builder and force evaluation

kernel to optimize GPU memory bandwidth usage. Force evaluation in DPD is

expensive in terms of both memory bandwidth consumption and arithmetic com-

plexity. The memory bandwidth consumption is high because both the coordinate

and the velocity of the interacting particles are involved in the functional enve-

lope. For each pair of interacting particles an input of 2 integer and 6 fp64 values,

or a total of 56 bytes, is required to supply the required information. We used the

standard approach of texture data mapping to alleviate the problem. Note that

the coordinate and velocity are stored in double precision in our code everywhere

else, but they are converted to single precision before being mapped as textures

for force evaluation. Specifically, the single-precision coordinates are cast from the

double-precision difference between the actual particle coordinates and the geo-

metric center of the owning processor’s compute domain. The double-precision

velocity is cast to single precision directly. Our approach differs from that of

Götz et al [52] in that the computation is still done in full double precision. The

neighbor list builder works entirely in single precision because the distance com-

parison is not sensitive to precision. The possibility of using the newly-introduced

non-coherent cache pathway to load such data was also explored. However, a mi-

crobenchmark revealed that on the current Kepler GPU the latency for a cache hit
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in the non-coherent cache (140 cycles) is much longer than that of a texture fetch

(108 cycles), though is still shorter than that of a regular global memory access

(220 cycles) [159].

Table 2.3: Comparison between our custom double-precision math routines (prefixed with fast)
and the CUDA native ones. This microbenchmark is done through a chain of dependent statements
according to Ref [159].

Function Instruction# Conditional Branch Latency(cycles) Max Rel. Error
fastcospi 23 0 90 1.10 × 10−10

cospi 54 3 420 1 ULP
fastlog 47 0 380 4.21 × 10−12

log 89 5 603 1 ULP
fastpow 79 0 494 11 ULP

pow 258 18 1982 2 ULP

2.2.5 Numerical Optimization

The arithmetic complexity of the DPD pairwise interaction is high for two reasons.

First, for each pair of the random force FR
ij, one Gaussian random number has

to be consumed. This translates into one square root, one natural logarithm,

one trigonometric function and the generation of two uniform random numbers

assuming the use of the Box-Muller algorithm [20]. Second, the power function is

needed to evaluate the weight function wR(ri j) = ws
C(ri j) = (1−r/rc)s if the exponent

s takes a value other than positive integers.

Using a separate RNG library to generate the random numbers beforehand

and storing them in double precision requires a storage space that is twice the

size of the neighbor list. Besides, it is inevitable for pairs of interacting particles

to get separated onto different processors during domain partitioning. In this

case, we either have to compute the pairwise interaction only once on one of the

processors and then communicate the force back, or we have to reproduce the same
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random number on different processors to save the communication. Generally,

communication is expensive for the GPU so it is preferred if the random numbers

can be reproduced. This dictates that we use lightweight, hash function-based

generators and particle properties that are invariant across different nodes as the

seed to generate the random numbers in situ. In particular, the tiny encryption

algorithm (TEA) as shown in Algorithm 4 has been proposed as a suitable choice

for DPD simulation with the input seeds chosen to be a mixture of the particle

indices, current time step and a global seed [157, 166, 114].

The quality of the random numbers generated by TEA increases with the

number of iterative rounds performed. Due to the limited sampling range of

the input seeds in DPD (most simulations contain no more than a few million

particles), at least 8 rounds of hashing are required to obtain sufficient randomness.

We took a different approach of sampling from a wider source of entropy for the

input seeds to guarantee randomness rather than simply increasing the number of

iterative rounds. In particular, for each particle we take the bit-reversed particle

identity tag as the first integer, and an interleaving of the first 11 bits of the

mantissa of the three-dimensional velocity components as the second integer.

Besides, we employ a pre-processing step to blend the two integers using 16

rounds of the TEA hashing. The two integer output from this preprocessing step

are then combined using bitwise exclusive or into a single 32-bit binary signature

for every particle. The overhead of such preprocessing is negligible since it is

embarrassingly parallel with complexity O(N). Only 4 rounds of TEA hashing are

needed when the preprocessed binary signatures are used. In order to validate this

approach, we dumped the random numbers generated during one simulation of

65,536 DPD particles and compared up to the 4-th moment of the numbers against

that generated by MATLAB. The result matches perfectly as shown in Figure 2.9.
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Figure 2.9: The convergence of the distribution of the random numbers generated by our signature-
based TEA is compared to that generated by MATLAB using up to the 4-th moment.

Algorithm 4 The Tiny Encryption Algorithm [157]
and our signature generator.

1: function TEA(n, v0, v1)
2: sum← 0
3: for n rounds do
4: sum← sum + delta
5: v0 ← v0 + BitXor(ShiftLeft(v1, 4) + k0, ShiftRight(v1, 5) + k1, v1 + sum)
6: v1 ← v1 + BitXor(ShiftLeft(v0, 4) + k2, ShiftRight(v0, 5) + k3, v0 + sum)
7: end for
8: end function
9:

10: function Preprocess(i)
11: v0 ← BitReverse(Tag[i])
12: bx ← GetMantissa(Velocity[i].x, 11)
13: by ← GetMantissa(Velocity[i].y, 11)
14: bz ← GetMantissa(Velocity[i].z, 11)
15: v1 ← Interleave(bx, by, bz)
16: TEA(16, v0, v1)
17: return BitXor(v0, v1)
18: end function
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The uniform random numbers generated by the TEA algorithm above are con-

verted to Gaussian using the Box-Muller equation. Profiling indicated that a plain

implementation of the Box-Muller conversion alone consumes about 25% of the

total time for pairwise force evaluation. This is actually not surprising since it

involves the computation of transcendental functions as mentioned previously.

However, there are facts that we can exploit to accelerate the math functions. First

of all, we have perfect control over the range of input for the functions, i.e. the

uniform random numbers are always between 0 and 1. In addition, even though

we are producing double precision floating points as the final output, it does not

necessarily mean that we need to compute in the full precision during the inter-

mediate steps. By looking at the Box-Muller equation z1 =
√−2 ln u1 cos(2πu2),

it is clear that the radial component of the number depends only on u1, while

the phase component depends only on u2, both of which contain only 32 bits of

entropy as specifies by the TEA algorithm. It is through the combination of the

two parts that we obtain a result of full double precision.

Hence, we implement our own reduced-precision natural logarithm and cosine

as follows:

a) Instead of converting the 32-bit unsigned integer v1 into a double precision

floating point number u1 ∈ [0, 1) and then performing the natural logarithm, we

apply a binary logarithm directly to v1. The evaluation can be split into the integral

part and the fractional part as log2 v1 = log2 2I+F = I + log2 2F, where I is an integer

and F is a fractional number between 0 and 1. The integer part I can be obtained

trivially using the relation I = 31 − clz(v1), where clz stands for consecutive leading

zeros, which is a hardware-implemented PTX instruction on the Kepler GPU.

The fractional part is approximated with an 8-th order Chebyshev polynomial

as log2 x = z × P(z), where z = x−1
x+1 [57]. The natural logarithm is derived by
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subtracting the binary logarithmic result by 32 and then multiplying by ln 2. Our

implementation compiles into 47 branch-free PTX instructions, which contrasts

the CUDA native implementation that compiles into 89 PTX instructions with 5

conditional branches and one floating point reciprocal. The maximum relative

error for our implementation is 4.21 × 10−12 over the entire range of unsigned

integer, yielding a binary precision of 42.8 bits.

b) In the custom cosine function, the highest bit of v2 is taken as a sign bit,

while the low 31 bits are converted into a double precision floating point number

u2 = v2[0..30] × 2−31 ∈ [0, 1). This simplifies the range reduction for the evaluation

of cosine, enabling us to approximate the function with a 11-th order Chebyshev

polynomial, which has only 6 terms thanks to the axial symmetry of the cosine

function. The resulting function compiles into 23 branch-free PTX instructions us-

ing only cheap arithmetics such as bit shifting, floating point multiply and fused

multiply-addition. The CUDA native implementation, on the other hand, com-

piles into 54 PTX instructions with 3 conditional branches and potential conflict

in the constant cache. Our implementation gives a maximum relative error of

1.10 × 10−10 over the range [0,1], or a binary accuracy of 44.1 bits.

The double-precision power function used in evaluating the weight function

wR(ri j) is one of the most time-consuming functions in the CUDA math library.

In order to conform to the IEEE floating point standard, the CUDA native imple-

mentation has to deal with the full range of inputs as well as possible exceptions.

As a result, the native power function compiles into 258 PTX instructions with

18 conditional branches, 9 uniform branches, 3 reciprocal and 1 division with an

average execution latency of 1982 clock cycles. Again in our implementation we

seek to exploit the knowledge over the input range for optimization: the exception

conditions that the base or the exponent being 0 can be precluded by the cutoff
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testing prior to the function call; it is also unlikely that the base or the exponent

would be NaN or Inf unless there are serious problems in the underlying physics

of the model. Our custom double precision power function is based on the base-2

logarithm and exponential using the identity ab = 2blog2a as shown in Algorithm 5.

The logarithm part is similar to that used in our Box-Muller implementation except

that the order of the Chebyshev polynomial is increased to 14. The exponential

part is approximated by a 11th order Chebyshev polynomial. Both routines give

an maximum error of less than 1 unit in the last place (ULP). Special care has been

taken to ensure the accuracy of the composite function when combining the re-

sults. The maximum error of our power function is 6 ULP given an input range of

a ∈ [10−102, 10102] and b ∈ [0, 3], or 11 ULP given an input range of a ∈ [10−51, 1051]

and b ∈ [0, 6]. This should suffice for the purpose of DPD simulation, where

typically a ∈ [10−10, 2] and b ∈ [0.25, 3.0].

2.2.6 Communication

In our code, each processor maintains a sendlist for every neighboring processor

recording the indices of local particles whose information is to be sent during the

communication. The determination of the border particles can be implemented

relatively straightforward on CPUs, whereas on GPUs it requires the cooperation

of multiple kernels. Nevertheless, we still implemented it on GPU because the

border determination must be done after particle reordering where particle indices

are reassigned. A total of seven kernels are used as outlined in Algorithm 6 for

border determination. Communication of ghost particle position and velocity

between two border-determination steps involves only the last three steps of

the algorithm. A CUDA-aware MPI implementation, i.e. the Cray MPI, was
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Algorithm 5 Branchless power function with error ≤ 11 ULP. The __-
hiloint2double, __double2hiloint and __fma functions are double-precision
floating point intrinsics from the CUDA math library.

1 // fast computing for integer power of 2

2 double power2( int n ) { return __hiloint2double( (1023+n)<<20, 0 ); }

3

4 // 11th order 2ˆx = P(x)

5 // error < 1 ULP for x in [0,1.0]

6 double exp2_frac( double x ) {...}

7

8 // fast converging 14-order log2(x) = z*P(zˆ2)

9 // error < 1ULP for x in [1,2]

10 double log2_frac( double x ) {...}

11

12 double fastpow(double a, double b)

13 {

14 int hi, lo;

15 __double2hiloint( a, hi, lo );

16 // extract exponent

17 double I = ( hi >> 20 ) - 1023;

18 // reset exponent, do fractional log

19 hi = ( hi & 0X000FFFFF ) | 0X3FF00000;

20 double F = log2_frac( __hiloint2double(hi,lo) );

21 // multiply by exponent, separate to 2 parts to mantissa precision loss

22 double II = floor( b * ( I + F ) );

23 return power2( II ) * exp2_frac( __fma( b, F, __fma( b, I, -II ) ) );

24 }
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tested. However it was found that manually pipelined execution and data transfer

between the host and device yields better performance. Peer-to-peer memory

transfer is not utilized because each MPI rank handles only a single GPU.

Algorithm 6 Exchange of border information.

1: function BorderDetermination
2: flag particles to be sent using a 1-bit boolean
3: multi-block segmented prefix sum: down-sweep phase
4: multi-block segmented prefix sum: blocks
5: multi-block segmented prefix sum: up-sweep phase
6: send list generation: parallel compaction using scan result
7: pack information of particles in send list
8: MPI communication...
9: unpack list of incoming ghost particles

10: end function

2.2.7 Code Verification & Benchmark

Method

Benchmarks were carried out on the TITAN supercomputer located at the Oak

Ridge National Laboratory [1]. The TITAN is a Cray XK-7 system with 18688

nodes. Each node is equipped with one AMD Opteron 6274 CPU and one NVIDIA

Kepler K20X GPU. Each Opteron 6274 CPU has 16 integer cores and 8 floating point

cores running at 2.2 GHz along with 16 MB of L3 cache. The Kepler K20X, with

2688 CUDA cores, has a theoretical double-precision performance of 1.31 TFLOPS

and a peak memory bandwidth of 250 GB/s. Only the main loop is timed in the

benchmark since initialization and clean up overheads are neglectable for long-

time simulations. The CPU code for reference is a vanilla version of LAMMPS

with our own DPD pair style implementing the aforementioned functional form.

The polar form of the Box-Muller method is used for generating Gaussian random
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numbers on the CPU because it has much better performance than the basic form

when used on the CPU. All CPU code is compiled with the Intel compiler using

-O3 optimization, while GPU code is compiled by the NVIDIA NVCC compiler.

Flow Simulation

To verify the correctness of our code, we aimed at reproducing the fluid viscosity

measured from the double Poiseuille flow used by Backer et al [8]. The parameters

are chosen as σ = 4.5, ρ = 6.0, kBT = 0.5 and δt = 0.001. The conservative force

is left out in the same way as in the original paper. A total of 4608 particles

were simulated in a simulation box of dimension 12rc × 8rc × 8rc in the x, y and

z directions, respectively. A body force gz = 0.055 was applied to drive the flow

in the periodical space. The viscosity of the fluid was evaluated from 10 parallel

simulations with different initial configurations and random seeds. We obtained

a viscosity of 2.089 ± 0.009, which is in excellent agreement with the published

value of 2.09 ± 0.02.

Another test case of transient double Poiseuille flow was employed to examine

the accuracy of our code over long-time integration. The parameters are chosen

as ρ = 5.0, ai j = 15.0, σ = 3.0, kBT = 1.0, rc = 1.0 and δt = 0.01. The system consists

of 262,144 particles in a simulation box of 59.4123 × 7.42654 × 118.825 in the x, y

and z directions. Velocity profiles along the z direction were collected for time T

= 100, 200, 500, 1000, 2000 and 10000. For each time point the velocity profile is

sampled from a time window of [T − 0.5,T + 0.5]. The simulation was repeated

10 times with different initial configurations and random seeds. The simulation

gives good matching with the analytic solution given in Eq. 2.23 by Sigalotti et al.
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[134].
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A comparison of analytical and DPD simulation results is shown in Figure 2.10.
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Figure 2.10: Time evolution of the velocity profile for the double Poiseuille flow.

Single Node Speedup

Three different particle densities, 3, 6, and 50, and two cutoff distances, 1.0 and 1.5,

were used to fully characterize the performance of our code. Note that a particle

density of 50 is only observed for atomistic systems, yet such comparison allows

us to estimate the performance of our algorithm when applied to an atomistic

system. A time step of 0.005, along with two neighbor list updating frequencies,

3 and 5, was used. Systems whose size ranged from 8192 to 2 million particles

were simulated. To enable a fair competition between the GPU and CPU imple-

mentations, the speedup is measured for one Kepler GPU over all available CPU
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cores on a single node. Speedup is measured as the ratio of wall time elapsed for

carrying out a specific simulation. As shown in Figure 2.11, the GPU code gener-

ally performs better for larger systems, with the best speedup of over 30 measured

with 2 million particles. This is not surprising since overhead, especially kernel

launching latency, is independent of the system size. Another interesting fact is

that the speedup increases rapidly once the system size grows over 200,000. We

speculate that the CPU may be experiencing cache depletion above this point.

We also measured the speedup contributed by each of the optimizing tech-

niques mentioned in Section 2.2.2 for systems containing 64k, 128k, 512k, and

2m particles. The measurement was carried out by first substituting all afore-

mentioned optimized kernels with their conventional counterparts, and then re-

enabling them in the order as presented in the previous section. A more trans-

ferrable metric, million particles·steps per second, or MPS/second, is used because it

faciliates performance characterization and comparison across systems of different

particle numbers. The result as presented in Figure 2.12 shows that performance

enhancement ranging from 80% to 130% was achieved when combining all five

techniques. It is also shown that larger systems tend to benefit more from the

optimization.

Weak and Strong Scaling

The same set of test cases from the single node benchmark were used to establish

the weak scaling and strong scaling benchmarks. For weak scaling, particles per

node was kept at 1 million for ρ = 3 and 5, and was kept at 128k for ρ = 50.

A nearly linear speedup is observed for up to 1024 nodes as demonstrated by

Figure 2.13.



43

8k 16k 32k 64k 128k 256k 512k 1m 2m

Particle #
0

5

10

15

20

25

30

S
pe

ed
up

ρ = 3, rc = 1.0

ρ = 3, rc = 1.5

ρ = 6, rc = 1.0

ρ = 6, rc = 1.5

ρ = 50, rc = 1.0

Figure 2.11: Speedup of our code on a single Kepler K20x GPU over 16 AMD Opteron 6274 CPU
cores for various system size, cutoff distance and particle number density. Results obtained by
using two neighbor list updating frequencies, i.e. 3 and 5, are represented by dotted and solid
lines, respectively.
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Figure 2.12: Speedup contributed by each of the optimizing techniques mentioned in Section 2.2.2
for systems containing 64k, 128k, 512k, and 2m particles.
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Systems containing 2 million particles at different particle densities were sim-

ulated for the strong scaling benchmark. The result is shown in Figure 2.14. Par-

allel efficiency is satisfactory for up to 64 nodes, but then it deteriorates gradually.

The efficiency declination is attributed primarily to the overhead of copying data

between the main memory and the GPUs when preparing the MPI communica-

tion. An attempt to optimize such latency using the newly-introduced GPUDirect

RDMA pathway combined with the CUDA-aware Cray MPI was made. However,

no speedup was observed because RDMA is only efficient for smaller message

sizes due to its limited bandwidth despite lower communication latency. The

strong scaling limit for our code is around 512 to 1024 nodes, which corresponds

to the point when communication overhead dominates the entire simulation. In-

creasing node count beyond this point results in worse performance.
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Figure 2.13: Weak scaling performance of our code for various cutoff distance and particle number
density. The system size is kept at 1 million particles per node.
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Figure 2.14: Strong scaling performance of our code for various cutoffdistance and particle number
density. The system size is fixed at 2 million particles regardless of the node number.

Amphiphilic polymer self-assembly

A simulation of spontaneous vesicle formation using 134,217,728 particles is per-

formed to further demonstrate the capability of our new DPD program to study

complex fluids. An aqueous surfactant solution system consisting of water and

an amphiphilic triblock copolymer were modeled. The particles representing wa-

ter, hydrophilic block and hydrophobic block are denoted as S, A, B, respectively.

The triblock copolymer has a chain configuration of BBBAABBB. The system was

initialized to be a random distribution of water particles and polymer molecules.

Bounce-forward boundary condition was applied instead of the periodic boundary

condition. Beads within a molecule are tied together using a harmonic potential

F = K(r− r0), where the coefficients were chosen as r0 = 0.38 and K = 80. The DPD

parameters were chosen as ρ = 5.0, σ = 3.0, γ = 4.5, kBT = 1.0, and δt = 0.01. The

pairwise repulsive force magnitudes aij were adapted from Ref. [75] and scaled
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inversely proportionally with regard to the particle density:



A B S

A 15 120 15

B 120 15 120

S 15 120 15



The simulation took 54 hours to complete on 1024 nodes of TITAN. A total

of 12,400,000 time steps, or a time span of 124,000 in reduced DPD uints, were

sampled. The time evolution of the system as illustrated in Figure 2.15 proves

that a mixture of membranes, simple vesicles and multi-compartment vesicles

with a remarkable morphological variation were grown from the initially random

distribution. The structure of the vesicles as visualized by a transmission electron

microscopy-style rendering technique exhibits many similarities to those of the

onion-like multilamellar multicompartment vesicles observed by Bangham et al

[9] as shown in Figure 2.16. Figure 2.17 demonstrates that the single-compartment

vesicle in Figure 2.16a is actually formed through the fusion and spontaneous

wrapping of membrane-like structures.

2.2.8 Sectional Conclusion

We presented a complete design of the DPD simulation code on the CUDA GPUs.

The program is derived from LAMMPS and it achieves substantial speedup over

the original CPU version. Novel algorithms are used in all parts of the pro-

gram including force evaluation, data layout and numerics. An atomics-free,

deterministic algorithm for constructing the neighbor list is proposed. We have



47

Figure 2.15: A variety of vesicles and membrane-like structures were grown from the 128 million
particle simulation. The BBBAABBB triblock copolymer was initially randomly distributed in a
cubic system of size 299.4 × 299.4 × 299.4. The concentration of the surfactant is 10%. Scale bars
are in reduced DPD units.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 2.16: The multi-walled vesicle shown in a-f exhibit notable structural similarity to that
observed by Bandham et al [9] in g and h (reprinted with permission from Elsevier). The hydrophilic
and hydrophobic particles are rendered in white and red, respectively, in the colored images; and
in white and black, respectively, in the transmission microscopy-style images. Scale bars are in
reduced DPD units.
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(a) (b) (c)

(d) (e)

Figure 2.17: The vesicle shown in Figure 2.16 is formed through the fusion and spontaneous
wrapping of membrane-like structures. Polymer molecules that eventually became part of the
vesicle are highlighted, while irrelevant ones are drawn as shadows. Scale bars are in reduced
DPD units.

also been able to address locality and neighbor list building in a tightly-coupled

framework. Numerical optimization targeting random number generation and

functional form evaluation were proposed to fully utilize the computing power

of the GPU. The code executes on large-scale supercomputers with near-optimal

weak scaling efficiency, while strong-scaling efficiency is compromised by the

GPU-CPU data transfer overhead. A large-scale simulation of spontaneous vesi-

cle formation demonstrated the practicality of our code. Future work includes

optimizing communication latency through overlapping computation with com-

munication as well as load balancing for non-trivial domain geometry. The code

will be contributed as a LAMMPS user module that is freely available to the

general public.
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2.3 OpenRBC: Whole Cell Simulators at Protein Res-

olution

OpenRBC1 is a coarse-grained molecular dynamics code capable of performing

an unprecedented in silico experiment — simulating an entire mammal red blood

cell lipid bilayer and cytoskeleton as modeled by multiple millions of mesoscopic

particles — using a single shared memory commodity workstation. To achieve

this, we invented an adaptive spatial-searching algorithm to accelerate the com-

putation of short-range pairwise interactions in an extremely sparse 3D space. The

algorithm is based on a Voronoi partitioning of the point cloud of coarse-grained

particles, and is continuously updated over the course of the simulation. The

algorithm enables the construction of the key spatial searching data structure in

our code, i.e. a lattice-free cell list, with a time and space cost linearly proportional

to the number of particles in the system. The position and shape of the cells also

adapt automatically to the local density and curvature. The code implements

OpenMP parallelization and scales to hundreds of hardware threads. It outper-

forms a legacy simulator by almost an order of magnitude in time-to-solution and

more than 40 times in problem size, thus providing a new platform for probing

the biomechanics of red blood cells.

2.3.1 Background

The red blood cell (RBC) is one of the simplest, yet most important cells in the

circulatory system due to their indispensable role in oxygen transport. An aver-

age RBC assumes a biconcave shape with a diameter of 8 µm and a thickness of

1The source code is available at https://github.com/yhtang/OpenRBC .
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Figure 2.18: (A) A canonical
hexagonal triangular mesh
of a biconcave surface rep-
resenting the cytoskeleton
network is used together
with (B) the two-component
CGMD RBC membrane
model to reconstruct (C) a
full-scale virtual RBC which
allows for a wide range of
computational experiments.

2 µm. Without any intracellular organelles, it is supported by a cytoskeleton of a

triangular spectrin network anchored by junctions on the inner side of the mem-

brane. Therefore, the mechanical properties of an RBC can be strongly influenced

by molecular level structural details that alter the cytoskeleton and lipid bilayer

properties.

Both continuum models [36, 41, 117, 59] and particle-based models [40, 130, 146,

148] have been developed with the aim to help uncover the correlation between

RBC membrane structure and property. Continuum models are computationally

efficient, but require a priori knowledge of cellular mechanical properties such

as bending and shear modulus. Particle models are useful for extracting RBC

properties from low-level descriptions of the membrane structure and defects.

However, it is computational demanding, if not prohibitive, to simulate the large

number of particles required for modeling the membrane of an entire RBC. To

the best of our knowledge, a bottom-up simulation of the RBC membrane at the

cellular scale using particle methods remains absent.

Recently, a two-component coarse-grained molecular dynamics (CGMD) RBC

membrane model which explicitly accounts for both the cytoskeleton and the

lipid bilayer was proposed [82]. The model could potentially be used for particle-

based whole-cell RBC modeling because its coarse-grained nature can drastically
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reduce computational workload while still preserving necessary details from the

molecular level. However, due to the orders of magnitude difference in the length

scale between a cell and a single protein, a total of 4 million particles are still needed

to represent an entire RBC. In addition, the implicit treatment of the plasma in this

model eliminates the overhead for tracking the solvent particles, but also exposes

a notable spatial density heterogeneity because all CG particles are exclusively

located on the surface of a biconcave shell. The space inside and outside of the RBC

membrane remains empty. This density imbalance imposes a serious challenge on

the efficient evaluation of the pairwise force using conventional algorithms and

data structures, such as the cell list and the Verlet list, which typically assumes a

uniform spatial density and a bounded rectilinear simulation box.

In this paper we present OpenRBC, a new software tailored for simulations of

an entire RBC using the two-component CGMD model on multicore CPUs. As

illustrated in Figure 2.18, the simulator can take as input a triangular mesh of the

cytoskeleton of a RBC and reconstruct a CGMD model at protein resolution with

explicit representations of both the cytoskeleton and the lipid bilayer. This type of

whole cell simulation of RBCs can thus realize an array of in silico measurements

and explorations of:

· RBC shear and bending modulus,

· membrane loss through vesiculation in spherocytosis and elliptocytosis [83],

· anomalous diffusion of membrane proteins [84],

· interaction between sickle hemoglobin fibers and RBC membrane in sickle cell

disease [79, 85],

· uncoupling between the lipid bilayer and cytoskeleton [113],

· adenosine triphosphate (ATP) release due to deformation [138],

· nitric oxide (NO) modulated mechanical property change [160],
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· cellular uptake of elastic nanoparticles [170].

2.3.2 Software Overview

Figure 2.19: The A) flow chart and B) typical wall time distribution of OpenRBC.

OpenRBC is written in C++ using features from the C++11 standard. To

maximize portability and allow easy integration into other software systems [145],

the project is organized as a header-only library with no external dependencies.

The software implements SIMD vectorization [2] and OpenMP shared memory

parallelization, and was specifically optimized toward making efficient use of

large numbers of simultaneous hardware threads.

As shown in Figure 2.19A, the main body of the simulator is a time stepping

loop, where the force and torque acting on each particle is solved for and used for

the iterative updating of the position and orientation according to a Newtonian

equation of motion. The time distribution of each task in a typical simulation is

given in Figure 2.19B. The majority of time is spent in force evaluation, which is

compute-bound. This makes the code highly efficient in utilizing the high thread

count of modern CPUs with the shared memory programming paradigm.
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To maximize customizability and reusability, we strive to decompose the source

code into functionally independent modules. The structure of OpenRBC in terms

of the source file organization is given in Table 2.4.

Table 2.4: List of source files relevant to customization

File Functionality

openrbc.cpp Main program loop
orbc-util.cpp Utility program for file format conversion etc.
config static.h Compile-time options mostly relevant to performance optimization
forcefield *.h CGMD particles definition and interaction parameters
container.h CGMD particle container
init *.h Initial structure generation algorithm
compute *.h Force evaluation driver (outer loop among adaptive cells)
pairwise kernel *.h Pairwise force evaluation (inner loop between particles)
integrate *.h Time integrators, substeps, etc.
kdtree.h k-d tree algorithm
math vector *.h Vector operation support, SIMD wrapper
reorder *.h Sorting algorithm to improve data locality
runtime parameter.h Options controlling program behavior at run time
voronoi.h Voronoi cell list
trajectory.h, topology.h File I/O
util *.h, service.h, timer.h Miscellaneous utilities

2.3.3 Initial structure generation

Figure 2.20: A schematic illustration of the CGMD model. Blue: lipid; red: actin junctional
complex, silver: spectrin, black: glycophorin, yellow: mobile band-3, green: immobile band-3.
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We first briefly introduce the two-component CGMD RBC membrane model.

For more detailed description see Reference [81, 82]. As illustrated in Figure 2.20,

the model describes the RBC as a two-component system, comprised of a cytoskele-

ton and a lipid bilayer. The cytoskeleton consists of spectrin filaments connected

at actin junctional complexes forming a hexagonal network. The actin junctional

complexes, as represented by the red particles, have a diameter of approximately

15 nm and are connected to the lipid bilayer via glycophorin. Spectrin is a protein

tetramer formed by head-to-head association of two identical heterodimers. Each

spectrin filament is represented by 19 spectrin particles connected by unbreakable

springs. Spectrin chains are linked to band-3 particles via a spring potential. The

two ends of the spectrin chains are also connected to the actin junctional complexes

via the spring potential. Spectrin particles that are not connected by the spring

potential interact with each other via a Lennard-Jones potential.

The CG particles, which form the lipid bilayer and transmembrane proteins,

carry both translational and rotational degrees of freedom (xi,ni), where xi and

ni are the position and the orientation (direction vector) of particle i, respectively.

The rotational degrees of freedom obey the normality condition |ni| = 1.

The lipid particles interact with each other through a pairwise additive poten-
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tial:

ui j(ni,n j, xi j) = uR(ri j) + A(α, a(ni,n j, xi j))uA(ri j) (2.24)

uR(r) =


ε( rc−r

rc−req
)8
, r < rc

0, otherwise
(2.25)

uA(r) =


−2ε( rc−r

rc−req
)4
, r < rc

0, otherwise
(2.26)

A(α, a(ni,n j, xi j)) = 1 + α(a(ni,n j, x̂i j) − 1) (2.27)

a(ni,n j, x̂i j) = (ni × x̂i j) · (n j × x̂i j) = ni · n j − (ni · x̂i j)(n j · x̂i j) (2.28)

where xi j = x j − xi is the distance vector between particles i and j, ri j = ‖xi j‖ is

the distance between i and j, uR(ri j) and uA(ri j) are the repulsive and attractive

components of the pair potential, respectively. α is a tunable linear amplification

factor. The function A(α, a(ni,n j, xi j)) = 1+α(a(ni,n j, xi j)−1) tunes the energy well of

the potential, through which the fluid-like behavior of the membrane is regulated.

The translational motion of the particles is governed by the Newtonian equa-

tion of motion (EOM) of force, velocity, and position

ẍ = v̇ = −∇U/m (2.29)

while the rotational motion for the CG particles forming the lipid bilayer and

proteins in the lipid bilayer is governed by
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m̃in̈i = −∂(
∑N

j=1 umem,i j)

∂ni
+ (
∂(

∑N
j=1 umem,i j)

∂ni
· ni)ni − m̃i(ṅi · ṅi)ni (2.30)

where m is the mass of each particle, m̃ is a pseudo-mass with dimension of

energy · time2, and the right-hand side of Eq. 2.30 obeys the normality constraint

|ni| = 1. The Verlet algorithm combined with a Langevin thermostat is used to

update the particle’s position and orientation according to the EOMs.

As shown in Figure 2.18, a two-component CGMD RBC system can be gen-

erated from a triangular mesh which resembles the biconcave shape of a RBC

at equilibrium. Note that the geometry may be alternatively sourced from ex-

perimental data using techniques such as optical image reconstruction because

the algorithm itself is general enough to adapt to an arbitrary triangular mesh.

This feature can be useful for simulating RBCs with morphological anomalies.

Actin and glycophorin protein particles are placed on the vertices of the mesh,

while spectrin and immobile band-3 particles are generated along the edges. The

band-3–spectrin connections and actin–spectrin connections can be modified to

simulate RBCs with structural defects. Lipid and mobile band-3 particles are ran-

domly placed on each triangular face by uniformly sampling each triangle defined

by the three vertices [109]. A minimum inter-particle distance is enforced to pre-

vent clutter between protein and lipid particles. The system is then optimized

using a velocity quenching algorithm to remove collision between the particles.



58

2.3.4 Spatial Searching Algorithm

As typical in molecular dynamics simulations, pairwise force evaluation accounts

for more than 70% of the computation time in OpenRBC as well as other molecular

dynamics software[144, 126]. A brute-force all-versus-all computation over a

system of N particles incurs O(N2) work and is prohibitively expensive even for

just a few thousand particles. The approach to accelerate neighbor searching in

the legacy solver, as well as many in many other existing MD software, is to use a

Verlet list, which is essentially a table storing the indices of particles within a given

distance rv ≥ rc for each particle in the system. The Verlet list can be constructed

efficiently with the help of a cell list, which makes use of a uniform lattice to

partition the system into many nearly-cubic cells and stores the indices of the

particles within each cell. The cells are numbered consecutively along the axes,

allowing the index of cell that each particle belongs to be determined by simply

dividing the particle’s coordinate by the length of the cells and then flooring to

the nearest integer.

Given a system of N particles occupying a volume of Lx × Ly × Lz, a Verlet

list can be constructed from a cell list using O(N) time and storage by looping

over each particle, first finding the cell that the particle belongs to, and then

comparing against other particles in this cell as well as particles in all 26 immediate

neighboring cells. The cell list itself takes O(LxLyLz + N) storage and O(N) time

using the algorithm as shown in Algorithm 7.

Alternatively, it is possible to directly use the cell list for pairwise force com-

putation by looping over all pairs of neighboring cells. At first sight, the approach

appears suboptimal because on average only 16% of the interactions will be within
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Algorithm 7 The conventional rectilinear cell list algorithm.

Method RectilinearCelllist( Np: integer,

2 ncell: integer[3],

cell_size: integer[3],

4 coord: real[N][3] )

Ncell = ncell[0] * ncell[1] * ncell[2]

6 bin_size = zeros[Ncell] # O(Lˆ3) spacce

local_seq = integer[N] # O(N) space

8 cid = integer[N] # O(N) space

10 # Get cell id and cell-local index for each particle

# Count cell size

12 for i = 0:N

# operator ./: element-wise divison

14 cell_xyz = floor( coord[i] ./ cell_size )

cid[i] = cell_xyz[0] + cell_xyz[1] * ncell[0] + cell_xyz[2] * ncell[1] *

ncell[2]

16 local_seq[i] = bin_size[ cid[i] ]

++bin_size[ cid[i] ]

18

# O(N) prefix sum for the starting index of each cell

20 bin_start = zeros[Ncell] # O(Lˆ3) space

for i = 1:Ncell

22 bin_start[i] = bin_start[i-1] + bin_size[i-1]

24 # Scatter particle indices into corresponding cell

cell_list = integer[N] # O(N) space

26 for i = 0:N

cell_list[ bin_start[ cid[i] ] + local_seq[i] ] = i

28

return cell_list, bin_start
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rc, comparing to 46% when using the Verlet list with rv = 1.3rc. However, as has

been demonstrated previously [126], this saves the work and storage to construct

the Verlet list, as well as the memory bandwidth to load the huge list during force

evaluation. On modern computer systems that are typically rich in computing

power but poor in memory bandwidth, the cell list approach usually results in

better performance. Nevertheless, the cell list algorithm still suffers from one in-

efficiency that is particularly pronounced when the CG particles are concentrated

on the surface of a biconcave geometry: the O(LxLyLz) storage term, i.e. number of

particles in each cell, dominates when handling systems of large spatial density

heterogeneity as illustrated in Figure 2.21. With a cutoff distance of 5 nm, to sim-

ulate a system of 8µm × 8µm × 8µm, the O(LxLyLz) term translates into a storage

requirement for 3.8× 109 cells which occupies ∼16 GB memory. Streaming the list

into the processor every time step can waste a large fraction of the CPU-memory

bandwidth.

To efficiently simulate the reconstructed RBC model, we invented a lattice-free

spatial partitioning algorithm that is inspired by the concept of Voronoi diagram.

The algorithm, at the high level, can be described as

1 1. Group particles into a number of ‘adaptive’ clusters

2. Compute interactions between neighboring clusters

3 3. update cluster composition after particle movement

4. repeat from step 2

As illustrated in Figure 2.21, the algorithm adaptively partitions a particle sys-

tem into a number of Voronoi cells that are approximately equally populated. In

contrast, a lattice-based cell list leaves many cells vacant due to the density hetero-

geneity. Thus, the algorithm can provide very good performance in partitioning

the system, maintaining data locality and searching for pairwise neighbors in a
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sparse 3D space. It is implemented in our software using a k-means clustering

algorithm, which is, in turn, enabled by a highly optimized implementation of the

k-d tree searching algorithm, as explained below.

A Voronoi tessellation [33] is a partitioning of a n-dimensional space into

regions based on distance to a set of points called the centroids. Each point in

the space is attributed to the closest centroid (usually in the L2 norm sense). An

example of a Voronoi Diagram generated by 12 centroids on a 2D rectangle is

given in Figure 2.22A.

The k-means clustering [58] is a method of data partitioning that aims to divide

a given set of n vectors into k clusters in which each vector belongs to the cluster

whose center is closest to it. The result is a partition of the vector space into a

Voronoi tessellation generated by the cluster centers as shown in Figure 2.22B.

Searching for the optimal clustering which minimizes the within-cluster sum of

square distance is NP-hard, but efficient iterative heuristics based on e.g. the

expectation-maximization algorithm [32] can be used to quickly find a local mini-

mum.

Figure 2.21: Left: Only cells in dark gray are populated by CG particles in a cell list on a rectilinear
lattice. This results in a waste of storage and memory bandwidth. Right: All cells are evenly
populated by CG particles in a cell list based on the Voronoi diagram generated from centroids
located on the RBC membrane.

A k-d tree is a spatial partitioning data structure for organizing points in a
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k-dimensional space [14]. It is essentially a binary tree that recursively bisects the

points owned by each node into two disjoint sets as separated by an axial-parallel

hyperplane. It can be used for the efficient searching of the nearest neighbors

of a given query point in O(log N) time, where N is the total number of points,

by pruning out a large portion of the search space using cheap overlap checking

between bounding boxes.

Figure 2.22: (A) A Voronoi partitioning of a square as generated by centroids marked by the blue
dots. (B) A k-means (k=3) clustering of a number of points on a 2D plane. (C) A vesicle of 32,673
CG particles partitioned into 2000 Voronoi cells.

The k-means/Voronoi partitioning of a point cloud adapts automatically to the

local density and curvature of the points. As such, we exploit this property to

create a generalization of the cell list algorithm using the Voronoi diagram. The

algorithm can be described as a two-step procedure: 1) clustering all the particles

in the system using k-means, followed by an online Expectation-Maximization
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algorithm that continuously updates the system’s Voronoi cells centroid location

and particle ownership; 2) sorting the centroids and particles with a two-level data

reordering scheme , where we first order the Voronoi centroids along a space filling

curve (a Morton curve, specifically) and then reorder the particles according to the

Voronoi cell that they belong to. The pseudocode for the algorithm can be found

in Algorithm 8. The reordering step in updating the Voronoi cells ensures that

neighboring particles in the physical space are also statistically close to each other

in the program memory space. This locality can speed up the k-d tree nearest-

neighbor search by allowing us to use the closest centroid of the last particle

as the initial guess for the next particle. This heuristic helps to further prune

out most of the k-d tree search space and essentially reduces the complexity of

a nearest-neighbor query from O(log N) to O(1). In practice, this brings about

100 times acceleration when searching through 200,000 centroids. As shown by

Figure 2.22C, the Voronoi cells generated from a k-means clustering of the CG

particles are uniformly distributed on the surface of the lipid membrane. The

Voronoi cells can be used directly for efficient pairwise force computation between

lipids with a quad loop that ranges over all Voronoi cell vi, all neighboring cells

v j of vi, all particles in vi, and all particles in v j as shown in Algorithm 9. The

cell-wise neighbors for each cell v is determined by the criterion:

di j ≤ ri + r j + rc

where di j is the centroid-to-centroid distance between the Voronoi cell vi and v j, ri

is maxk∈vi ‖xk − ci‖, and r j is maxk∈v j ‖xk − c j‖.
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Algorithm 8 The Voronoi cell list construction algorithm.

1 Class Voronoi_Celllist

2 Ncell = SIMULATION CASE-SPECIFIC VALUE

3 centroids = EMPTY

4 bin_start = EMPTY

5 cell_list = EMPTY

6 tree = KDTree()

7

8 # find k centroids to minimize the within-cluster sum of squares

9 Method KMeans( k: integer,

10 N: integer,

11 points: real[N][3] )

12 ...

13

14

15 Method UpdateCentroids( coord: real[Np][3] ):

16 for i = 0:Ncell

17 com = (0, 0, 0)

18 n = bin_start[i+1] - bin_start[i]

19 for j = 0:n

20 com = com + coord[ bin_start[i] + j ]

21 centroids[i] = com / n

22

23 Method BuildCelllist( Np: integer, coord: real[Np][3] ):

24 if centroids = EMPTY

25 centroids = KMeans( Ncell, Np, coord )

26 else

27 Update_Centroids( coord )

28

29 local_seq = integer[N]

30 cid = integer[N]

31 # Calculate the Voronoi cell that particles fall in

32 # Compute cell size and local indices for particles

33 tree.rebuild( centroids )

34 previous = ( id = 0, dist = Infinity )

35 for i = 0:N

36 nearest = tree.find_nearest( coord[i], previous )

37 cid[i] = nearest.id

38 local_seq[i] = bin_size[ nearest.id ]

39 ++bin_size[ nearest.id ]

40 previous = nearest

41

42 # O(N) prefix sum for the starting index of each cell

43 bin_start = zeros[Ncell]

44 for i = 1:Ncell

45 bin_start[i] = bin_start[i-1] + bin_size[i-1]

46

47 # Scatter particle indices into corresponding cell

48 cell_list = integer[N]

49 for i = 0:N

50 cell_list[ bin_start[cid[i]] + local_seq[i] ] = i

51

52 destroy cid, local_seq, bin_size

53 return cell_list, bin_start
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Algorithm 9 Algorithm for pairwise force evaluation using the Voronoi cell list.

1 Method ComputePairwise( x : real[N][3], # coordinate

2 f : real[N][3], # force

3 o : real[N][3], # orientation

4 t : real[N][3], # torque

5 tree : KDTree,

6 voronoi_cell )

7 for i = 0 : voronoi_cell.n_cells

8 for each j in tree.find_around( i )

9 for p1 in voronoi_cell[i]

10 for p2 in voronoi_cell[j]

11 if dist( x[p1], x[p2] ) < cutoff

12 f, tau = pairwise_force( x[p1], x[p2],

13 o[p1], o[p2] )

14 f[p1] += f

15 f[p2] -= f

16 t[p1] -= tau

17 t[p2] -= tau

2.3.5 Force Evaluation

Lipid particles accounts for 80% of the population in the whole-cell CGMD system.

The Voronoi cells can be used directly for efficient pairwise force computation

between lipids with a quad loop that ranges over all Voronoi cell vi, all neighboring

cells v j of vi, all particles in vi, and all particles in v j as shown in SI Algorithm 9.

Since the cytoskeleton of a healthy RBC is always attached to the lipid bilayer,

its protein particles are also distributed following the local curvature of the lipid

particles. This means that we can reuse the Voronoi cells of the lipid particles,

but with a wider searching cutoff, to compute both the lipid-protein and protein-

protein pairwise interactions. For diseased RBCs with a fully or partially detached

cytoskeleton, a separate set of Voronoi cells can be set up for the cytoskeleton

proteins to compute the force. A list of bonds between proteins is maintained and

used for computing the forces between proteins that are physically linked to each

other.

A commonly used technique in serial programs to speed up the force compu-



66

tation is to take advantage of the Newton’s 3rd law of action and reaction. Thus,

the force between each pair of interacting particles is only computed once and

added to both particles. However, this generates a race condition in a parallel

context because two threads may end up simultaneously computing the force on

a particle shared by two or more pairwise interactions.

Our solution takes advantage of the strong spatial locality of the particles as

maintained by the two-level reordering algorithm, and decomposes the workload

both spatially and linearly-in-memory into patches by splitting the linear range

of cells indices among OpenMP threads. Each thread will be calculating the

forces acting on the particles within its own patch. As shown in Figure 2.23,

force accumulation without triggering racing condition can be realized by only

exploiting the Newton’s 3rd law on pairwise interactions where both Voronoi

cells belong to a thread’s own patch. Interactions involving a pair of particles

from different patches are calculated twice (once for each particle) by each thread.

The strong particle locality minimizes the shared contour length between two

patches and hence also minimizes the amount of inter-patch interactions.

Figure 2.23: Thanks to the spatial locality ensured by reordering particles along the Morton curve
(dashed line), we can simply divide the cells between two threads by their index into two patches
each containing five consective Voronoi cells. The force between cells from the same patch is
computed only once using Newton’s 3rd law, while the force between cells from different patches
is computed twice on each side.
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2.3.6 Particle Storage

The layout of particle storage has an effect on the performance of our OpenRBC

simulator. The data of the lipid and protein particles are stored separately in

two containers for the following reasons. First, the protein-protein and protein-

lipid potentials are much more complicated than the lipid-lipid potential. Thus,

frequently choosing between the corresponding force kernels by particle type will

incur a lot of branching instructions which may hurt the processor’s front end

performance. This can also be solved by working separately on the two classes

of particles. Second, protein particles carry more information, e.g. type, tag,

and bonds, than lipid particles. Hence a separation between the two classes of

particles can save 2 arrays of size O(N), which can be significant in terms of cache

performance when millions of particles are present in the system.

2.3.7 Time Stepping

The Verlet integration algorithm coupled with the Langevin thermostat consists

of embarrassingly parallel loops that iterates over particles to update their posi-

tion, velocity, orientation and angular momentum. The implementation of the

algorithm is divided into 2 stages, one before force evaluation and one after. Each

of the stages consists of 3 passes that perform different tasks such as position

updating, bounce back, orientation renormalization, force and torque reset, tem-

perature calculation and temperature adjustment. Naively, each of the passes can

be trivially parallelized with a single line of OpenMP parallel for directive.

However, this will invoke a total of 12 parallel regions per time step to process

both the lipid and protein container. Due to the low computation/transfer ratio of
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the arithmetics within each pass, the entire workload is largely memory bound. As

a consequence, the software initially displayed a performance degradation when

going from 4 to 8 hardware threads on Power8 CPUs.

We implemented a fused version of the time stepping algorithm by extracting

the core algorithm inside each pass as functors that resemble GPU kernels. A

fusion can then be performed to the greatly simplified kernels. A C++11 variadic

driver function is then used to start a single parallel region, within which an

arbitrary number of containers can be processes by the kernels. This effectively

reduced the total number of parallel regions encountered per time step to 2, and

maximizes cache line reuse without compromising program readability. The new

time stepping scheme can benefit from using all the hardware threads available

on the physical cores.

2.3.8 Memory Access

Non-uniform memory access (NUMA) / Non-uniform cache access (NUCA) are

the prevalent memory system design in current processor architectures, where

the latency of memory access depends on the link topology between the memory

location relative to the processing elements. To maximize local memory access,

the code will pin OpenMP threads to hardware threads in a depth-first manner

such that consecutive threads reside on the same physical core. The scheduling

of most OpenMP loops that operate on array-like objects are done with a central

work scheduler which controls the range processed by each thread. This ensures

consistency in the memory access footprint to each array object across different

functions. The two most frequently accessed and performance-critical data struc-

tures in the program are the particle container and the Voronoi cell list. Thanks to
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the data locality as provided by the particle reordering algorithm, the partitions of

the two structures can be aligned naturally with a simple linear split. Overall, in

most of the parallel regions each thread will only need to work on its own partition

without the need to touch data owned by other hardware cores. The non-local,

pairwise nature of the particle interaction makes it inevitable for threads in Open-

RBC to access part of the particle array which may be far away from its physical

location. However, most of the non-local access is read-only and hence does not

incur as much penalty as that in a read-write scenario.

2.3.9 Validation and Benchmark

In this section we present validation of our software by comparing simulation

and experimental data. We also compare the program performance against that

of a legacy CGMD RBC simulator used in Ref [82]. The legacy simulator, which

performs reasonably well for a small number of particles in a periodic rectan-

gular box, was written in C and parallelized with the message passing interface

(MPI) using a rectilinear domain decomposition scheme and a distributed mem-

ory model. Three computer systems were used in the benchmark each equipped

with a different mainstream CPU microarchitecture, i.e. the Intel Haswell, the

AMD Piledriver, and the IBM Power8 [139]. The specification of the machines are

given in Table 2.5.

To compare performance between OpenRBC and the legacy simulator, the

membrane vesiculation process of a miniaturized RBC-like sphere with a surface

area of of 2.8 µm2 was simulated. The evolution of the dynamic process is visual-

ized from the simulation trajectory and shown in Figure 2.24A. OpenRBC achieves

almost an order of magnitude speedup over the legacy solver in this case on all
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three computer systems as shown in Table 2.5.

Figure 2.24: (A) The vesiculation procedure of a miniature RBC. (B) The instantaneous fluctuation
of a full-size RBC in OpenRBC compares to that from experiments [37, 110, 16]. Microscopy image
reprinted with permission from Ref. [110].

Furthermore, OpenRBC can efficiently simulate an entire RBC modeled by

3.2 million particles and correctly reproduce the fluctuation and stiffness of the

membrane as shown in Figure 2.24B. The legacy solver was not able to launch the

simulation due to memory constraint. The simulation was carried out by imple-

menting the experimental protocol of Ref. [110] that measures the instantaneous

vertical fluctuation ∆h(x, y) along the upper rim of a fixed RBC. In addition, a

harmonic volume constraint is applied to maintain the correct surface-to-volume

ratio of the RBC. We measured a membrane root-mean-square displacement of

33.5 nm, while previous experimental observations and simulation results range

between 23.6 nm to 58.8 nm [37, 110, 16, 38].

Scaling benchmark for the whole cell simulation on the three computer sys-
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tems is given in Figure 2.25. It can be seen that compute-bound tasks such as

pairwise force evaluation can scale linearly across physical cores. Memory-bound

tasks benefit less from hardware threading as expected, however thanks to thread

pinning and a consistent workload decomposition between threads there is no

performance degradation due to side effects such as cache and bandwidth con-

tention.

It is also worth noting that Fu et al. recently published an implementation of

a related RBC model in LAMMPS [46], which can simulate 1.15 × 106 particles

for 105 time steps on 864 CPU cores in 2761 seconds. However, the use of ex-

plicit solvent particles in their model generates difficulty in establishing a direct

performance comparison between their implementation and OpenRBC. Neverthe-

less, as a rough estimate and assuming perfect scaling, their timing result can be

translated into simulating 8.34 × 106 particles for 0.41 × 105 time steps per day on

864 cores. OpenRBC can perform roughly the same amount of time steps on 20

CPU cores. We do recognized that the explicit solvent model carries more com-

putational workload, and that implementing non-rectilinear partitioning schemes

may not be straightforward within the current software framework of LAMMPS.

Nonetheless, this comparison does serve to demonstrate the potential of shared-

memory programming paradigm on fat compute nodes with large amounts of

strong cores and memory.

2.3.10 Sectional Summary

We presented a from-scratch development of a coarse-grained molecular dynamics

software, OpenRBC, which exhibits exceptional efficiency when simulating sys-

tems of large density discrepancy. This capability is supported by an innovative
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RBC of 3.2 million particles.
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algorithm that computes an adaptive partitioning of the particles using a Voronoi

diagram. The program is parallelized with OpenMP and SIMD vector instructions,

and implements threading affinity control, consistency loop partitioning, kernel

fusion, and atomics-free pairwise force evaluation to increase the utilization of

simultaneous hardware threads and to maximize memory performance across

multiple NUMA domains. The software achieves an order of magnitude speedup

in terms of time-to-solution over a legacy simulator, and can handle systems that

are almost two orders of magnitude larger in particle count. The software enables,

for the first time ever, simulations of an entire RBC with a resolution down to single

proteins, and opens up the possibility for conducting many in silico experiments

concerning the RBC cytomechanics and related blood disorders [86].



Chapter Three

Multiscale Coupling Framework
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3.1 Introduction

The potential of multiscale modeling lies in its ability of probing properties of hi-

erarchical systems by capturing events that occur across a wide range of time and

length scales that exceed the capability of any single solver and method [118, 102,

155]. More recently, one specific branch, i.e. domain decomposition-based concur-

rent coupling, has seen rapid development since it allows on-the-fly information

exchange and interaction between multiple simulation subdomains handled by

different solvers.

Multiscale concurrent coupling using domain decomposition dates back to

the classical Schwartz alternating method [94, 164], where solutions of a partial

differential equation (PDE) on two subdomains can be pursued iteratively. In

this method, the calculation for subdomain A is first performed with an enforced

pseudo-boundary which extends into the other subdomain B, while the solutions

on the pseudo-boundary are dictated to be the known values of B at corresponding

locations. A similar calculation is then performed for subdomain B. This proce-

dure is repeated iteratively until convergence of solution in the hybrid region or

global domain is achieved. In general, there are two practical strategies to enforce

the pseudo-boundary between two subdomains. The first is state-variable, e.g.

density, velocity, etc., based coupling, where the constraints are placed on the

state variables on the two pseudo-boundaries alternately [150, 25]. The other is

flux based coupling, where the flux, e.g. mass flux, momentum flux, etc., flowing

into/out of one subdomain is compensated by the other subdomain so that the

laws of conservation are respected [31, 112].

Despite existing theoretical developments, implementing concurrently cou-
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pled simulations remains difficult. On one hand, hard-coding remains common-

place in projects that employ ad hoc coupling approaches. Such practice can quickly

become an obstacle when further development is needed. On the other hand, de-

spite the richness of available coupling schemes and tools [5, 78, 101, 30, 111, 15],

adapting existing code to meet the programming interface specification of a cou-

pling framework frequently leads to code refactoring that consumes a substantial

amount of man-hours [4]. Such frameworks could also be cumbersome, especially

for theorists without an expertise in software engineering, when prototyping new

coupling schemes.

As far as we know, a general and non-expert-friendly software library that

assists the concurrent coupling of independently developed solvers remains un-

available. The Multiscale Universal Interface (MUI) project aims to fill in this

gap by creating a light weight plugin library that can glue together essentially all

numerical methods including, but not limited to, Finite Difference, Finite Volume,

Finite Element, Spectral Method, Spectral Element Method, Lattice Boltzmann

Method, Molecular Dynamics, Dissipative Particle Dynamics and Smoothed Par-

ticle Hydrodynamics. Hence, it can deal with Lagrangian or Eulerian descriptions

or a mixture of both. It is expected to be able to accommodate a wide range

of coupling schemes regardless of the quantities being exchanged, the equations

being solved, the time stepping pattern and/or the degree of spatial and temporal

separation.

In order to achieve such a high level of universality, MUI is designed to avoid

defining the math behind the coupling procedure, i.e. it does not specify which

and how quantities are coupled. Instead, it provides services to facilitate the

effort of constructing arbitrary coupling schemes by enabling the communication

and interpretation of arbitrary physical quantities using arbitrary data types as
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demanded by each participating solver.

MUI is simple to use, in the sense that existing solvers do not have to be refac-

tored before using it. MUI provides a very small set of programming interfaces

instead of dictating any from the solver. The entire library is coded in a header-

only fashion with the Message Passing Interface (MPI) being the only external

dependency. Hence, it can be used in exactly the same way as the C++ standard

library without pre-compilation. It does not interfere with existing intra-solver

communications for solvers using MPI.

MUI is also fast, in the sense that using it only consumes a small amount of CPU

time as compared to that used by the solver itself. To achieve this goal we heavily

employ the C++ generic programming/template metaprogramming feature to

eliminate the abstraction overhead that may otherwise arise when maintaining

the high-level flexibility of the framework.

As visualized in Figure 3.1, MUI assumes a push-fetchworkflow and serves as

the data exchange and interpretation layer between solvers. While more concrete

examples on the usage of MUI are given in Section 2.2.7, the list below outlines

the typical steps for incorporating MUI into an existing solver:

1. Substituting the MPI global communicator (Section 3.3.3);

2. Allocating MUI objects;

3. Identifying code regions that supply information to peer solvers and pushing

the data as points using MUI (Section 3.2.1);

4. Identifying code regions that require information from peer solvers and

fetching through MUI’s sampling interface (Section 3.2.2);
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5. Configuring inter-solver synchronization (Section 3.2.3);

6. Optimizing performance by managing memory allocation, simplifying com-

munication topology and tuning low-level traits etc. (Section 3.2.3, Sec-

tion 3.3.4, and Section 3.3.2). This step is not mandatory for obtaining correct

results but may have an impact on simulation efficiency.
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Figure 3.1: MUI facilitates the exchange of information across solvers by letting solvers push and
fetch data points. Flexibility of interpolation is achieved by allowing the expression of interpolation
algorithms as samplers as well as by accepting data points of arbitrary types.

3.2 Generalized Interpolation

3.2.1 Data Points

A universal coupling framework entails a generalized data representation frame-

work. By observing the fact that discretization is the first step toward any nu-

merical approximation, we realize that essentially every simulation system can be

treated as a cloud of data points each carrying three attributes, i.e. position, type,
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and value, as shown in Fig. 3.2. The points might be arranged on a regular grid

or connected by a certain topology in some of the methods, but for the sake of

generality it is useful to ignore this information temporarily.

Finite
Difference

Molecular
Dynamics

Finite
Element

domain-specific
representation

data points

Figure 3.2: Any discrete systems can be generalized as a cloud of data points by ignoring the
domain-specific knowledge such as meshes.

MUI defines a generic push method for solvers to exchange points carrying

different types of data in a unified fashion. The method assumes the signature:
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1 template<typename TYPE> inline

2 bool push( std::string name, mui::point location, TYPE value );

The push method can accept data points of arbitrary type because it takes

the type of the value as a template argument. Points belonging to the same

physical variable, i.e. points pushed under the same name, are accumulated in a

continuous container and sent out to receivers collectively to avoid fragmented

communication. Note that the solver takes the responsibility of determining

which points get pushed in, because the determination of the interface region uses

mostly prior knowledge and hence it does not necessarily require direct aid from

the coupling library.

3.2.2 Data Sampler

A generic fetchmethod for universal data interpretation on top of the data point

representation is less trivial, however. The challenge of achieving universality

here lies in the fact that solvers may be agnostic of the math and method used by

their peers. Thus, a finite difference code might find itself in need of the value

of pressure at grid point (x0, y0), yet none of the vertices supplied by its peer

finite element solver lies exactly on that point. In this case, the MUI interface is

not supposed to simply throw out an exception. Possible solutions could be to

use the pressure value defined at the nearest point, or to perform some sort of

weighted interpolation using nearby points as shown in Figure 3.3a. The decision

for the best algorithm requires knowledge beyond the reach of MUI, but we

implemented a flexible data interpretation engine so that users can choose to plug

in an appropriate one with minimal effort.
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Such engine is enabled by the data sampler construct, which is derived from

the concept of texture sampling in computer graphics [63]. A texture is essentially

a rasterized image of discrete pixels being mapped onto some 3D surface. As a

result of 3D projection and transformation, there is no one-to-one correspondence

between the pixels of the surface as shown on the screen and the pixels on the

texture, and the color of the texture at a fractional coordinate could be displayed.

In this case, as shown in Fig. 3.3b, the graphics hardware performs an interpolation

(usually bilinear) of the pixel values adjacent to the requested fractional coordinate,

and return the interpolated value as the color at the requested point.

u0=1.02

u2=1.05

u1=0.83

u3=1.14

u4=0.99

u5=0.92

u=?

(a) Weighted average

C1=(255,0,0) C2=(0,255,0)

C3=(0,0,255) C4=(255,0,255)

C0=(?,?,?)

C0=(C1|C2)|(C3|C4)

(b) Bilinear color interpolation

Figure 3.3: Weighted kernel sampling and Texture sampling.

The MUI data sampler works in a similar, but enhanced, way: each physical

quantity is treated as a samplable object, while data samplers are used to interpolate

values from the cloud of discrete data points contained in it. A MUI sampler is a

class implementing the interfaces filter and support as shown by the example of

the MUI built-in Gaussian kernel sampler in Listing 3.1. A line-by-line explanation

of the C++ code is given below:

• line 1: class template argument declaration. By making the input and output

type of samplers template arguments, it is possible to reuse the same interpo-



83

lating algorithm without duplicating the code merely for the different data

types used in different solvers.

• line 4-6: The internal basic data types of MUI are globally parameterized in

a configuration class as detailed in Section 3.3.2.

• line 8-11: Constructor that sets up the shape parameters of the Gaussian

kernel.

• line 13-27: The filter method performs data interpolation/interpretation

using data points fed by MUI. The MUI virtual container object maps to the

subset of the data points that falls within the sampler’s support while its

usage pattern resembles that of std::vector.

• line 29-31: MUI uses geometry information provided by the supportmethod

as the extent of the sampler’s support to efficiently screened off outlying

particles with an automatically tuned spatial searching algorithm.

• line 33-36: storage for sampler parameters, etc.

Listing 3.1: The implementation of the MUI built-in Gaussian kernel sampler

1 template<typename OTYPE, typename ITYPE=OTYPE, typename CONFIG=default_config>

2 class sampler_gauss {

3 public:

4 using REAL = typename CONFIG::REAL;

5 using INT = typename CONFIG::INT;

6 using point_type = typename CONFIG::point_type;

7

8 sampler_gauss( REAL r_, REAL h_ ) :

9 r(r_),

10 h(h_),

11 nh(std::pow(2*PI*h,-0.5*CONFIG::D)) {}
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12

13 template<template<typename,typename> class CONTAINER>

14 OTYPE filter( point_type focus, const CONTAINER<ITYPE,CONFIG> &data_points )

const {

15 REAL wsum = 0;

16 OTYPE vsum = 0;

17 for(INT i = 0 ; i < data_points.size() ; i++) {

18 auto d = (focus-data_points[i].first).normsq();

19 if ( d < r*r ) {

20 REAL w = nh * std::exp( (-0.5/h) * d );

21 vsum += data_points[i].second * w;

22 wsum += w;

23 }

24 }

25 if ( wsum ) return vsum / wsum;

26 else return OTYPE(0);

27 }

28

29 geometry::any_shape<CONFIG> support( point_type focus ) const {

30 return geometry::sphere<CONFIG>( focus, r );

31 }

32

33 protected:

34 REAL r;

35 REAL h;

36 REAL nh;

37 };

The sampling procedure works as:

1. Solver invokes the fetch method of MUI with a point of interest and a

sampler;



85

2. MUI collects all points that lies within the sampler’s support around the

point of interest into a virtual container;

3. MUI feeds the sampler with the collected points and lets the sampler perform

its own interpolation;

4. The sampler returns the interpolation result back to the user/solver through

MUI.

MUI achieves generality in interpolation by allowing users to easily create new

samplers to express custom approximation algorithm that can leverage domain-

specific knowledge of the system. The value at an arbitrary desired location can

be obtained by using samplers that interpolate values from nearby points. In

addition, a single piece of sampler code can be used for different data types, e.g.

float, double or int, because the filter and fetch method take the type of the

data points as a template argument.

The sampling framework makes it possible for users to fully focus on the

design of algorithms while delegating the data management job to MUI. To further

simplify the usage, MUI includes several predefined samplers such as a Gaussian

kernel sampler, a nearest neighbor sampler, a moving average sampler, an exact

point sampler, etc.

3.2.3 Storage and Time coherence

Regardless of the actual simulation algorithm, the main body of a solver is essen-

tially a time marching loop in which the quantity of interest is being iteratively

solved. Hence, points of the same quantity may be sent to a MUI interface repeat-
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edly during a simulation. However, it is inevitable that one solver may run faster

than its peer due to factors such as intrinsic performance disparity, load imbalance

and transient interruption. In such situations, data points from a later time step

may override previous ones belonging to the same quantity before the receiver

could ever get a change to sample them.

To address this problem, MUI stores the collection of numerical results gener-

ated during each time step as a frame. Frames are indexed by their timestamps

so different frames do not override each other. Technically, all data points being

pushed in for a single physical quantity within a single time step are collectively

stored in an instance of MUI’s dynamically typed data container. A frame is a

collection of mappings from quantity names to actual MUI data container ob-

jects, while the frames themselves are again organized in a mapping where time

stamps are used as indexing keys. This sparse storage structure, as illustrated in

Figure 3.4, allows efficient allocation of memory regardless of whether the time

frames are equally distributed or not. It also allows each physical quantity to be

selectively committed in a subset of all time frames.

A set of time samplers are also predefined in MUI. Time samplers work in essen-

tially the same way as the data samplers, except for that they are one-dimensional

along the time axis and use the output from a spatial sampler as the input. In

Figure 3.5 we demonstrate the concept of a simple averaging sampler. It is also

straightforward to implement more sophisticated time samplers with features

such as filtering or prediction.

The memory allocation for frames is managed transparently by a buffering

scheme. The deallocation, however, must be set up by user because it is impossible

to predict whether a frame will be reused in the future. Utility methods are
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provided for users to either explicitly request the disposal of time frames or to

let MUI automatically discard frames that are older than a certain age in the

simulation units. The default memory length is infinity so no frames will be

freed automatically. In situations where batches of data points have to be moved

between components of MUI, we use the C++11 move semantic to avoid duplicate

memory allocation or copying.

t=0

pressure vx

t=1

t=2

pressure vx

t=3

vx

t=4

pressure vx

Figure 3.4: Data points committed from different time steps are organized in time frames. Time
frames can be non-uniformly distributed. Individual quantities can appear in a select subset,
instead of all, of the time frames.
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pressure vx

Gaussian
spatial sampler

Average
temporal sampler

Gaussian
spatial sampler

Gaussian
spatial sampler

Figure 3.5: Time samplers can interpolate or extrapolate the output of a spatial sampler over a
range of time frames.

3.3 Computer Implementation Using the Generic Pro-

gramming Paradigm and the Message Passing In-

terface

3.3.1 Typing system

MUI implements a hybrid dynamic/static typing system to combine the perfor-

mance of static typing with the flexibility of dynamic typing. The dynamic typing

behavior of MUI is performed at the level of physical quantities. The value of

the first data point received by the pushmethod for each physical quantity deter-

mines the type of the quantity, while the type of subsequently pushed data points

will be examined against the type of the existing storage object. The entire stor-

age object is type-dispatched only once on the receiver’s side for each sampling
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request. Hence, MUI does not have to perform the expensive type-dispatching

for each data points. This coarse-grained dynamic-typing technique is especially

important for sampling where data points are being frequently accessed.

The system uses a type list to enumerate all possible types that may be handled

by MUI and to automatically generate type-dispatching code. A type list is es-

sentially an instantiation of a variadic class template with the template arguments

being the list members. Using recursive templates we can either query the type

of a list member using an index (a compile-time constant) or check the index of

a type in a given list. A default type list containing frequently used C++ built-in

data types is predefined in MUI’s default configuration.

Support for new types can be trivially added into MUI by 1) adding the type

into the predefined type list; and 2) defining the insertion and extraction operator

of the type with regard to the data serialization classes in MUI which share the

same usage pattern with the C++ standard input and output streams. Since MUI

predefines the insertion and extraction operators for all C++ primitive types, an

overloaded operator for any composite type can be implemented easily in terms

of the primitive ones as illustrated in Listing 3.2.

Listing 3.2: The insertion and extraction operator for type bond can be overloaded in a straight-

forward way as shown below. mui::istream and mui::ostream are the built-in data serialization

classes in MUI.

1 // bond is a composite data type

2 struct bond {

3 // double is a primitive data type

4 double k, r0;

5 };

6

7 // overload serialization operator
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8 mui::ostream& operator <<( mui::ostream& ost, const bond &v ) {

9 // enumerate over primitive members

10 return ost << v.k << v.r0;

11 }

12

13 // overload deserialization operator

14 mui::istream& operator >>( mui::istream& ist, bond &v ) {

15 return ist >> v.k >> v.r0;

16 }

3.3.2 Customizability

MUI provides a vast customization space regarding communication content, spa-

tial and temporal interpolation algorithm and communication pattern. In addition,

MUI allows a number of its low-level traits to be parameterized at compile-time

using a configuration class. A default configuration class crunch is shown in

Listing 3.3. The class serves as the last template argument of all MUI component

classes and samplers, and is passed along during inheritance and member defi-

nition so users only need to specify it once when instantiating the MUI top-level

object. It allows the tweaking of:

• dimensionality of the physical space;

• precision of floating point numbers;

• integer width;

• time stamp type;

• type list (as mentioned in Section 3.3.1);
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• debugging switch;

• exception handling behavior.

Such static configuration mechanism can eliminate unnecessary runtime polymor-

phic overhead and also allows MUI to receive better performance optimization

during the compilation phase.

Listing 3.3: The default configuration class for MUI

1 struct crunch {

2 static const int D = 3;

3

4 using REAL = double;

5 using INT = int64_t;

6 using point_type = point<REAL,D>;

7 using time_type = REAL;

8

9 static const bool DEBUG = false;

10

11 template<typename... Args> struct type_list_t {};

12 using type_list = type_list_t<int,double,float>;

13

14 using EXCEPTION = exception_segv;

15 };

3.3.3 MPI Multiple-Program-Multiple-Data Setup

MUI uses MPI as the primary communication mechanism due to its portability,

ubiquity, efficiency and compatibility with existing codes. The multiple-program-

multiple-data (MPMD) mode of MPI is a natural fit for the purpose of concurrent
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coupling. In this mode, each solver is compiled and linked separately as inde-

pendent executables but invoked simultaneously as a single MPI job using the

MPMD syntax. An example of the MPMD launch syntax is given in Listing 3.4.

Theoretically, users can launch an arbitrary amount of ranks for each of the solvers

irrespective of the number of ranks spawned for its peer solvers.

Listing 3.4: MPI MPMD launch syntax

1 mpirun -np n1 solver1 solver1_arguments : -np n2 solver2 solver2_arguments

The MUI inter-solver communication topology is established dynamically from

the MPI runtime job configuration. To ensure that this MPMD topology is only

visible to MUI itself and hidden from the solver code, it is mandated by MUI that

solvers should make no direct reference to the MPI predefined world commu-

nicator MPI_COMM_WORLD for any of its own communications. Instead, a globally

accessible MPI communicator, i.e. a variable of type MPI_Comm, should be defined

to hold a solver-specific global communicator, which can be obtained from a MUI

helper function call that effectively splits the MPI predefined world communicator

into subdomains using MPI application numbers. This is in fact one of the few

modifications to the solvers that is ever dictated by MUI.

In order to identify and connect MUI instances belonging to different domains,

each solver instance needs to initialize MUI using a uniform resource identifier

(URI) domain descriptor with the format protocol://domain/interface. The

protocol field must always be mpi in the current MUI implementation. It indi-

cates that the inter-solver communication manager sends and receives messages

through MPI. Internally, the communication managers are C++ objects allocated

through an object factory mechanism, which would allow straightforward addi-

tion of new communication managers using alternative protocols such as TCP/IP
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or UNIX pipe. In our current communication scheme, the hash value of the domain

sub-string is used as the color for splitting the MPI built-in world communicators

into smaller ones each containing a single physical domain. The interface sub-

string is also hashed to generate a unique integer value for identifying different

interface regions in the case of simulating multi-interface systems. The actual

algorithm, as given in Algorithm 10, makes use of the MPI MPI_COMM_SPLIT and

MPI_INTERCOMM_CREATE method. Figure 3.6 demonstrates the setup process in a

system consisting of two subdomains and an interface between the subdomains.

Algorithm 10 MPI MPMD setup.
function InitMpiMpmd(URI)

. Duplicate world communicator to avoid interfere with solver
World ← MPI_COMM_DUP(MPI_COMM_WORLD)

GlobalSize ← MPI_COMM_SIZE(World)

. Parse URI string
DomainString, InterfaceString ← Parse(URI)

DomHash ← std::Hash(DomainString)

IfsHash ← std::Hash(InterfaceString)

. Create local and inter-communicators for solver
LocalDomain ← MPI_COMM_SPLIT(World,DomHash)

AllDomHash[0..GlobalSize-1] ← MPI_ALLGATHER(DomHash)

AllIfsHash[0..GlobalSize-1] ← MPI_ALLGATHER(IfsHash)

root ← mini | AllDomHash[i] , DomHash & AllIfsHash[i] ≡ IfsHash
RemoteDomain ← MPI_INTERCOMM_CREATE(LocalDomain,0,World,root,IfsHash)

return LocalDomain,RemoteDomain
end function

3.3.4 Asynchronous I/O and smart sending

MUI assumes an asynchronous communication model because it can be difficult to

find synchronization points between multiple heterogeneous solvers. Specifically,

MPI collective methods are not used. Instead, MUI makes use of point-to-point

non-blocking send and blocking receive methods. The send buffers are stored

in a queue alongside with their corresponding MPI requests, and are freed upon

completion of the communication. Whenever MUI finds itself in need of data (e.g.,

due to a fetch request), it continuously accepts incoming MPI messages while also
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Figure 3.6: In this example we demonstrate how an MPI job consisting of two macroscopic solver
ranks and four microscopic solver ranks are partitioned according to the URI domain descriptor.
The C++ std::hash functor can generate unique integer-valued hashes from the domain sub-
string. MUI uses the hashes as the colors for splitting the MPI communicator. The hash value
of the interface sub-string is then used to establish the inter-communicators that encompass both
intra-communicators.
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testing for the completion of pending sends until the arrival of the needed data.

This asynchronicity is encapsulated within MUI and is completely transparent to

the solver. A non-blocking test method is also provided for advanced users to

query the availability of data.

An optional smart sending feature is also introduced to optimize the amount

of MPI messages. It is a selective communication mechanism based on spatial

overlap detection. Each solver instance can define two regions of interest, i.e. a

fetch region and a push region, through a Boolean combination of geometric

primitives such as spheres, cuboids and points. As illustrated in Figure 3.7, the

regions are broadcast among all the processes so that the communication between

a sender and a receiver whose regions of push/fetch have no overlap can be safely

eliminated. In this way, the communication made by each MUI instance can be

localized to a few peers who are truly in need of the data. To accommodate the

case of moving boundaries, each region of interest is associated with a validity

period. The smart sending feature can be safely ignored for convenience because

both regions would default to the entire Rd with a validity period of infinity as a

safety fall-back.

3.4 Demonstration and Application

3.4.1 Couette flow: SPH-SPH coupling

To give a concrete example of the usage of MUI, we present a minimal-working-

example (MWE) benchmark of concurrently coupled Smoothed Particle Hydro-

dynamics (SPH) simulation.
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Figure 3.7: An example illustrating the effect of smart sending. The green domain is handled by
solver A and spatially decomposed between 4 MPI ranks, while the blue domain is handled by
solver B using 3 MPI ranks. By checking for the overlap between the interface regions owned by
the ranks, MUI can eliminate unnecessary data transfer between ranks such as A0−B1, A2−B2 and
A3 − B0 etc.
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The algorithm is based on a velocity coupling scheme described in Algo-

rithm 11. As illustrated in Figure 3.8, the system was simulated using two over-

lapping SPH domains, i.e. a lower one and an upper one, using either same or

different resolutions. During each time step, the velocity of the SPH particles lying

within the receiving part of the overlapped region is set as the average velocity

of nearby particles from the other domain as interpolated using a SPH quintic in-

terpolation sampler. We used LAMMPS [115] as the baseline solver, and inserted

only about 70 lines of code to implement the algorithm using MUI as given in

Listing B.1.

Algorithm 11 SPH-SPH coupling scheme. The C++ code for the Quintic and
ExactTime samplers are given in Listing B.2 and Listing B.3 in SI, respectively.
for t = 0:δt:Ttotal do

. Push
for each particle i do
if WithinSendRegion(i) then
MUI::Push("vx",coord[i],velx[i])

end if
end for
MUI::Commit(t)
. Fetch
for each particle i do
if WithinReceiveRegion(i) then

Sspatial ← Quintic(r,h)
Stemporal ← ExactTime(ε)
velx[i] ← MUI::Fetch("vx",coord[i],t,Sspatial,Stemporal)

end if
end for
MUI::Forget(t)

end for

We then used the MUI-equipped LAMMPS to model a Couette flow by solving

the Navier-Stokes equation. A system of a unit cube was simulated. The volumet-

ric number densities of SPH particles were 203 and 403 for the lower and upper

domains, respectively. As shown in Figure 3.9 the velocity profile obtained from

the coupled simulation is consistent with the analytic solution.

The performance and strong scalability of the MUI-equipped SPH solver were

further characterized using a similar simulation setup. A system of size 6 × 1 ×
6 was simulated as a lower domain spanning from 0 to 0.6125 and an upper
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Figure 3.8: The flow was simulated by two overlapping SPH domains. Each domain contains a
send region and a receive region that are not overlapping with each other.
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Figure 3.9: Transient velocity profile of a Couette flow. The system was modeled by two SPH
domains of different resolutions. Numerical solutions obtained from the lower and upper domains
are plotted in blue and green, respectively. The analytic solutions are shown by dashed lines, while
the interface region is indicated by the shaded box.
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domain spanning from 0.3875 to 1. A number density of 403 was used for both

the lower and upper subdomains for the ease of performance evaluation. Each

domain thus contained 1,382,400 fluid particles and 172,800 wall particles. The

computation was performed on the Eos supercomputer using up to 512 ranks for

each subdomain on a total of 128 nodes each containing 2 Intel Xeon E5-2670 CPUs

at 2.6 GHz. The asynchronous progress engine feature of Cray MPI was enabled

to better accommodate the communication pattern of MUI. Two different rank

placement strategies, i.e. breadth-first and depth-first, were used when increasing

the amount of MPI ranks. With the breadth-first strategy, one MPI rank was

spawned on each node until a maximum of 128 nodes were used. After that,

the number of ranks per node was increased to further fill up the nodes until a

total 1,024 ranks were spawned. With the depth-first strategy we first increased

the number of ranks per node up to 8 before adding in more nodes. Baseline

performance metrics were obtained by simulating the lower and upper domains

independently using the original LAMMPS solver.

Figure 3.10 visualizes the measured scalability and parallel efficiency of the

MUI-equipped LAMMPS versus the baseline solver as obtained from the bench-

mark. Figure 3.11 presents a percentage breakdown of the CPU time spent in

various parts of the solver at different levels of parallelism. In all cases, MUI

consumes no more than 7% of the total CPU time. Note that this includes both the

sampling time which is actually part of the useful work and hence should not be

counted as overhead.
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Figure 3.10: Strong scaling performance comparison between the MUI-equipped and the original
LAMMPS code.
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3.4.2 Soft Matter: SPH-DPD coupling

Next we demonstrate a concurrently coupled deterministic/stochastic simulation

using a similar coupling scheme. As illustrated in Figure 3.12, the flow between

two parallel infinitely-large plates driven by a uniform body force was simulated.

The upper plate corresponds to a simple no-slip boundary, while the lower plate

is grafted by a hydrophobic fourth order binary dendrimers. We used a coupled

simulation to investigate the effect of coating on the hydrodynamics of the system.

All quantities/parameters mentioned in this simulation are in reduced DPD units.

A system of size 40 × 110 × 40 was constructed using an upper domain and a

lower domain. The parameters for setting up the simulation are listed in Table 3.1.

A gravity of 0.001 in the x direction was imposed for both domains.

The flow field in the upper domain with a simple no-slip boundary condition

was simulated using the Smoothed Particle Hydrodynamics (SPH) method solving

the Navier-Stokes equation. The SPH domain spanned from y = 20 to y = 110

and included a stationary upper wall lying between y = 100 to 110 which serves

to enforce the no-slip boundary condition.

The flow field in the lower domain was simulated using Dissipative Particle

Dynamics (DPD) solving Newton’s equation of motion in stochastic form. The

DPD domain spanned from y = −1 to y = 28, and included the solvent and a

stationary wall lying between y = −1 to y = 0 with its upper surface grafted by

160 fourth order binary dendrimers. The surface coverage of the dendrimers was

70%. Interaction parameters between DPD particles are given in Table 3.2. The

viscosity of the DPD solvent was measured as 3.72.
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The MUI-based coupling scheme is similar to that use in the previous SPH-SPH

simulation as described in Section 3.4.1. However, the SPH solver assumes a time

step size which is 50 times that of the DPD solver. Accordingly, as demonstrated in

Algorithm 12, the SPH domain samples the average velocity of the DPD domain

over the last 50 frames to smooth out the randomness, while the DPD domain

always samples the latest time frame sent from the SPH domain. The velocity

profile converged to that of a Poiseuille flow after 10000 DPD units. As shown in

Figure 3.13 the effective channel width is reduced by the hydrophobic coating by

about 0.5 DPD unit.

The simulation was done on a workstation with two quad-core Intel Xeon E5-

2643 CPUs running at 3.30GHz as well as four nVidia GeForce GTX TITAN GPUs

each with 2688 cores. The DPD simulation was done on the four GPUs using the

userMESO package [144], while the SPH code ran on a single CPU core using the

same LAMMPS SPH solver as mentioned in the previous example. This processor

resource allocation was based on the observation that simulating the DPD domain

is orders of magnitude more expensive than simulating the SPH domain.

Table 3.1: Soft matter: parameters for the SPH-DPD simulation

DPD SPH
arg val description arg val description

Np 84, 375 number of particles Np 4, 000 number of particles
ρ 5 particle number density ρN 0.064 particle number density
γ 4.5 noise level ρm 5 mass density
σ 3.0 dissipation η 3.72 viscosity
δt 0.01 time step δt 0.5 time step
rc 1.0 cutoff distance rc 10 cutoff distance

kBT 1.0 temperature level cs 1.5 speed of sound
g 0.001 body force g 0.001 body force
wD = w0.5

C weight function
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10
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Figure 3.12: A hybrid system consisting of an SPH upper domain and a DPD lower domain
was modeled to study the hydrodynamical properties of dendrimer grafted surface. DPD wall
particles, dendrimers, DPD solvent particles and SPH fluid particles are rendered ins black, green,
red and blue, respectively.

Table 3.2: Repulsive force constants ai j for DPD

wall dendrimer solvent
wall 15 15 15

dendrimer 15 15 75
solvent 15 75 15
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Algorithm 12 SPH-DPD coupling scheme. The C++ code for the SumOver sampler
is given in Listing B.4 in SI.
. SPH domain

for t = 0:50δt:Ttotal do

. Push
for each particle i do
if WithinSendRegion(i) then
MUI::Push("vx",coord[i],velx[i])

end if
end for
MUI::Commit(t)
. Fetch
for each particle i do
if WithinReceiveRegion(i) then

Sspatial ← Quintic(rDPD,hDPD)

Stemporal ← SumOver(50δt)
velx[i] ← MUI::Fetch("vx",coord[i],t,Sspatial,Stemporal)

end if
end for
MUI::Forget(t)

end for

. DPD domain
for t = 0:δt:Ttotal do

. Push
for each particle i do
if WithinSendRegion(i) then
MUI::Push("vx",coord[i],velx[i])

end if
end for
MUI::Commit(t)
. Fetch
tSPH ← Floor(t,50δt)
for each particle i do
if WithinReceiveRegion(i) then

Sspatial ← Quintic(rSPH,hSPH)

Stemporal ← ExactTime(ε)

velx[i] ← MUI::Fetch("vx",coord[i], tSPH ,Sspatial,Stemporal)

end if
end for
if Mod(t,50δt) = 0 then
MUI::Forget(t − 50δt)

end if
end for
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Figure 3.13: The velocity profile derived from the coupled SPH/DPD simulation converges to that
of a Poiseuille flow. SPH results, DPD results and the analytic solutions are plotted in blue dots,
green dots and dashed line, respectively. The background picture indicates the system composition
at the corresponding y position.

3.4.3 Conjugate Heat Transfer

We further demonstrate a coupled Eulerian/Lagrangian simulation of the cool-

ing process of a heating cylinder immersed in a channel flow using the energy-

conserving Dissipative Particle Dynamics (eDPD) method [88] and the finite ele-

ment method (FEM). The eDPD model is an extension to the classical DPD model

[62, 35] with explicit temperature and heat transferring terms. The FEM solver

can solve the time-dependent heat equation

∂T
∂t
= −α∆T + f

where α is the thermal diffusivity and f = f0 + finterface the heat source.

The coupling scheme is shown in Algorithm 13. The FEM domain pushes

the temperature of boundary vertices, with which the eDPD solver calculates the

heat flux generated by each particles surrounding the cylinder. The eDPD solver

then pushes the flux data back into the FEM solver. The FEM solver averages the
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fluxes computed by eDPD and assigns the result to boundary vertices based on

a Voronoi diagram of the vertices. The heat flux value is used as the Neumann

boundary condition required in solving the time-dependent Poisson equation.

The accuracy of the scheme was validated by solving for the temperature profile

in a quartz-water-quartz system whose left and right boundaries were fixed at

270K and 360K as shown in Figure 3.14. The thermal diffusivities of water and

quartz were assumed to be constant at 0.143 × 106m2/s [17] and 1.4 × 106m2/s [49]

over the temperate range, respectively, while the interfacial thermal diffusivity

was chosen as the arithmetic mean between the two values.

Algorithm 13 eDPD-FEM coupling scheme. The C++ code for the VoronoiMean
and Linear samplers are given in Listing B.5 and Listing B.6 in SI, respectively.
. eDPD domain
for t = 0:δt:Ttotal do

. Push
tFEM ← Floor(t,10δt)
for each particle i do
if WithinCutoffOfCylinder(i) then

Sspatial ← Linear(hmax)

Stemporal ← ExactTime(ε)
Twall ← MUI::Fetch("T",coord[i],tFEM,Sspatial,Stemporal)

q ← PerParticleHeatFlux(T[i],Twall)

MUI::Push("q",coord[i],−q/Cv)

end if
end for
MUI::Commit(t)
if Mod(t,10δt) = 0 then
MUI::Forget(t − 10δt)

end if
end for

. FEM domain

for t = 0:10δt:Ttotal do
. Push
for each boundary vertex i do
MUI::Push("T",coord[i],T[i])

end for
MUI::Commit(t)
. Fetch
for each boundary vertex i do

Sspatial ← VoronoiMean(Vertices)

Stemporal ← MeanOver(10δt)
finter f ace[i] ← MUI::Fetch("q",coord[i],t,Sspatial,Stemporal)

end for
MUI::Forget(t)
SolveForNextStep

end for

A system composed of a 3D fluid domain filled with water, a 2D solid domain
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Figure 3.14: Heat conduction: temperature profile obtain for a quartz-water-quartz tri-layer system
with the FEM solver handling the solid domain and the eDPD solver handling the fluid domain.

and a fluid-solid interface was then simulated using the validated scheme. The

entire domain is periodic in x and z direction, but is bounded by a pair of no-slip

infinite walls of constant temperature in the y direction. The fluid domain and

the walls are simulated using eDPD, while the solid domain is solved using FEM.

Parameters and scaling factors used to set up the eDPD and FEM calculations are

given in Table 3.3. The simulation result is shown in Figure 3.15. The Reynolds

number is defined by Re = (vmaxD)/ν = 1.97 where vmax = 0.65L0/τ is the maximum

inlet velocity, ν = 6.62 the kinematic viscosity and D = 20.0L0 the diameter of the

cylinder.

We obtained a smooth temperature transition in the hybrid domain using

MUI and the aforementioned coupling scheme. The example demonstrates the

capability of MUI in coupling two different fields, e.g. a flow field and a thermal

field. The method can facilitate the study of inhomogeneous coolants, e.g. colloidal

suspensions, thanks to the flexibility brought about by the particle method.

The simulation was performed on a workstation with two hexa-core Intel Xeon

E5-2630L CPUs running at 2.0GHz. The eDPD simulation occupied 11 CPU cores
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using our customized LAMMPS code. The FEM solver ran on a single CPU core.

This computational resource configuration was based the relative computational

cost of the two codes.

Table 3.3: Conjugate heat transfer: parameters for the eDPD-FEM simulation of immersed heating
cylinder are taken from Ref [88].

length scale L0 = 11nm
time scale τ = 0.935ns
temperature scale T0 = 300K
mass scale m0 = 3.32 × 10−22kg

eDPD FEM
arg val arg val

α 1.43 × 10−7m2/s α 1.43 × 10−7m2/s
δt 0.0125τ δt 0.125τ
ν 8.57 × 10−7m2 · s−1 f0 0.004T0/τ
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Figure 3.15: Conjugate heat transfer: a snapshot of the hybrid particle/mesh structure of the
domain at steady state is shown in the upper plot; streamlines and the temperature field in the
system at steady state are visualized in the lower plot by white lines and color-mapped contours,
respectively.
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110

4.1 Thermo-Responsive Polymers as Smart Materials

Thermoresponsive polymers constitute a unique class of smart materials [65, 127,

34] that have received increasing attention due to their unique potential applica-

tions in fields such as drug delivery [100, 133, 68, 73, 147, 168] and nanotechnology

[72, 153, 125, 149]. Above a certain critical temperature, a thermoresponsive poly-

mer exhibits a sharp transition of solubility, manifested on the phase diagram

either as an upper critical solution temperature (UCST) or a lower critical solu-

tion temperature (LCST). Simply put, a UCST polymer dissolves above its critical

temperature, whereas an LCST polymer precipitates.

Akin to conventional amphiphilic copolymers [167, 66], copolymers with mul-

tiple thermoresponsive blocks [171, 99, 105, 71, 106] can form highly tunable self-

assemblies which can be engineered for various applications [92, 95]. While a

quantitative understanding of the rich dynamic behavior of doubly thermore-

sponsive self-assemblies is vital for the efficient fabrication and utilization of these

materials, experimental characterization can be laborious considering the vast

parameter space generated by the combination of UCST/LCST behavior and tran-

sition temperature of each constituting block as well as environmental factors. In

this paper, we present a study of the behavior of doubly thermoresponsive mi-

celles and vesicles through computer simulations using a new energy-preserving

Dissipative Particle Dynamics (eDPD) model [88, 144, 89], an extension of the

classical Dissipative Particle Dynamics (DPD) method.

Among various molecular modeling techniques, DPD has been proven to be

a powerful tool for mesoscopic modeling of soft matter due to its capability in

reproducing both static and dynamic properties of the system [90, 48]. The clas-
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sical DPD formulation integrates a built-in pairwise thermostat that effectively

maintains the system temperature at a target value. Being a valuable feature

for most simulation scenarios that require isothermal conditions, this thermostat

turns out to be an obstacle for studying temperature-related phenomena. The

eDPD formulation allows us to overcome this limitation by modeling (at a coarse-

grained molecular level) internal energy as a degree of freedom of the particles

and therefore to calculate temperature-dependent pairwise interaction parameters

on a per-particle basis. This capability allows us to model the transient and local

behavior of thermoresponsive block copolymers under different heating rates and

in flow fields with uneven temperature distribution. The eDPD formulation, to-

gether with auxiliary functionalities, was implemented into the GPU-accelerated

LAMMPS package USERMESO [144]. The source code is open under the GPLv3

license at http://www.cfm.brown.edu/repo/release/USER-MESO/.

4.2 eDPD Model for Thermo-Responsive Polymers

The model is based the eDPD formulation as detailed in Section 2.1.1. The follow-

ing weight functions were used in this study for forces and heat fluxes:

wR(ri j) = wC(ri j) = wRT(ri j) = (1 − |ri j|
rc

) (4.1)

wD(ri j) = wCT(ri j) = w2
R(ri j) (4.2)

The affinity between different types of DPD particles is controlled by the con-

servative force coefficients ai j. A value bigger than the reference value a∗i j � 75kBT/ρ

indicates that the particles are immiscible, while a smaller value indicates good
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compatibility. In order to reproduce the temperature-dependent behavior of LCST

and UCST polymers, we set the excess repulsion δaij � aij − a∗i j to be a sigmoidal

function of T [89]:

δaij =
δa0

i j

1 + exp[ω(Tij − T0)]
(4.3)

As visualized in Fig. 4.1, δa0
i j defines the maximum excess repulsion, while negative

and positive values of ω give rise to LCST and UCST behaviors, respectively. The

magnitude of ω determines the sharpness of the transition.The complete form of

the temperature-dependent conservative force coefficients therefore becomes:

aij(Tij) =
75kBTij

ρ
+

δa0
i j

1 + exp[ω(Tij − T0)]
(4.4)

T0

Temperature

a∗i j

a∗i j + δa0
i j

a i
j

Figure 4.1: Pairwise repulsive coefficient aij as a function of temperature as determined by Eq. (4.4).

We carried out the simulations in reduced units. The dimensionless tempera-

ture T, length L and mass m are scaled from their physical counterparts T∗, L∗ and
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m∗ with a reference scale T0 = 300 K, L0 = 2.99 nm and m0 = 4000 Da [88]:

T �
T∗

T0
=

T∗

300 K
, L �

L∗

L0
=

L∗

2.99 nm
, m �

m∗

m0
=

m∗

4000 Da
(4.5)

where m0 is determined using the density of water and a DPD particle number

density ρn = 4.

The measured diffusivity DP of the solvent beads, each representing 222 water

molecules (Nw = 222), is 0.305 in the dimensionless units. By connecting this to

the experimental self diffusivity of water DW = 2.43×10−9m2/s , the time scale can

be determined as [53]

τ =
Nw ∗DP ∗ L2

0

DW =
222 × 0.305 × (2.99 × 10−9 m)2

2.43 × 10−9 m2 · s−1 ≈ 250 ns (4.6)

A time step size of δt = 0.01τ was used throughout the study.

To verify the ability of our proposed eDPD model in reproducing the temperature-

induced conformational variation of thermoresponsive polymers near the θ tem-

perature, we plot the time-averaged per-monomer radius of gyration 〈R2
g

N 〉 of a

single polymer chain versus temperature and contour length as obtained from

ensemble-averaged equilibrium eDPD simulations. With a∗i j = 10.0, δa0
i j = 27.5, ω =

100, we observe the lines for different chain length converge at the θ temperature

as shown in Fig. 4.2A. This is in qualitative agreement with Ref. [161, 122] as in

Fig. 4.2B.



114

Figure 4.2: (A) the temperature dependence of the conformation of single polymer chains re-
produced by the eDPD model; (B) the radius of gyration and hydrodynamic radius of Poly(N-
isopropylacrylamide) single chain observed by light scattering experiments, reprinted from [161]
with permission from American Chemical Society.

4.3 Membrane Inversion dynamics

An intriguing question arises concerning how an individual molecule behaves

during thermally induced inversion to accomplish the switching of overall com-

position in thermoresponsive self-assemblies [7]. To answer the question, we em-

ployed the proper orthogonal decomposition (POD) method to extract patterns,

or modes, from noisy molecular trajectories.

A membrane in periodic space, as displayed in Fig. 4.3B, was used as a zoomed-

in model for studying the motion of individual chains in a vesicle during thermally

induced inversion. The first 8 most energetic POD modes are shown in Fig. 4.3A,

where the red and green lines correspond to the trajectories of the UCST and LCST

block in the direction perpendicular to the membrane. The modes are captioned

by the percentage of molecules that belonged to the mode as classified using a

nearest-neighbor algorithm under cosine similarity (see Supplementary Informa-

tion for details of the POD analysis). The two dominant modes, combined with

examples as given in Fig. 4.3C, can be interpreted as such: 1) in the first mode, the

trajectories of LCST and UCST blocks cross once, thus indicating that the molecule
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flips during the process; 2) in the second mode, the two trajectories move from

above zero to below in parallel, indicating the molecule slips from one leaflet of

the membrane into the other one without rotation. The other modes represent

higher frequency oscillations due to the stochastic nature of the molecular move-

ment. Surprisingly, 21.5% of the molecules in fact assumed the slip mode and

hence did not invert orientation although the membrane inverted its overall com-

position. This exchange rate is significantly higher than the spontaneous flip-flop

rate between leaflets of lipid membranes [28] and may be used as a means of

cross-membrane signaling for thermoresponsive polymersomes.
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Figure 4.3: POD analysis reveals two dominant molecular movement modes, i.e. flip and slip, dur-
ing membrane inversion. (A) POD modes of UCST and LCST block trajectories during membrane
inversion; (B) bilayer membrane formed by the L2N5U2 thermoresponsive block copolymer; (C)
examples of molecules following the flip and slip modes (see also Supplementary Video 1 and 2);
surrounding molecules are rendered as gray lines. Dashed lines represent exact trajectories, while
solid lines are smoothed versions of the trajectories reconstructed from the 8 most energetic POD
modes. LCST, UCST, and non-responsive blocks are colored in red dashes, green solids, and gray,
respectively.
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4.4 Vesicle dynamics

Under certain conditions, a unilamellar vesicle (ULV) formed by a L2N5U2 triblock

copolymer may invert by switching its surface and internal thermoresponsive

blocks reversibly as shown in Fig. 4.4A. The L and U blocks are LCST and UCST,

respectively, while the N blocks are non-responsive hydrophobic blocks. The

evolution of the radial density distribution ρ(r) for each type of polymer blocks

during one inversion is given in Fig. 4.4B. An interchange of the shapes of LCST

and UCST density distribution is observed. The peaks of the curves raised or

lowered vertically over time instead of shifting horizontally, while the density

distribution of the non-responsive blocks only displayed minor change. This

indicates that the molecules did not invert collectively in a lock-step fashion but

rather by diffusing through the wall formed by the non-responsive blocks.

The collapse and subsequent release of the containing fluid of a vesicle is

a stochastic event due to the metastable nature of ULVs [108], and is critical

in designing vesicle-based drug carriers. To quantify this behavior, a thermal

loading test was performed in which 576 ensembles each containing a single ULV

were subjected to repeated heating-cooling cycles of frequencies ranging between

5 µs/cycle and 1.25 ms/cycle. As shown in Fig. 4.4C, both very high and low

thermal loading frequencies eventually led to the collapse of the vesicles in all

ensembles. For these cases the collapse probability distribution parameters, mean

survival time, and half-life were estimated and given in Table 4.1. The disruption

of vesicle structure under the 5 µs/cycle and 12.5 µs/cycle loading frequencies can

be attributed to the constant changing of hydrophilicity of the thermoresponsive

blocks at a pace faster than that of a complete inversion. The collapse of vesicles at

very low frequencies is likely a consequence of the system staying too long near the
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Figure 4.4: Thermoresponsive vesicles invert by diffusion and respond differently to various
thermal loading frequencies. (A) a vesicle formed by L2N5U2 thermoresponsive block copolymer
can invert repeatedly when subjected to thermal loading cycles and may collapse irreversibly;
(B) radial density distributions of polymer blocks during one inversion. (C) at both high and low
frequencies vesicles collapse completely, but at intermediate frequencies many vesicles can survive
for a long time. LCST, UCST and non-responsive blocks are in red dashes, green solids, and gray,
respectively.
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θ temperature, where both thermoresponsive blocks were weakly hydrophobic.

At intermediate frequencies, however, up to 50-70% of the vesicles can survive for

a long time after a short knockout phase which destroyed the less stable ones.

Table 4.1: Survival rates and estimated collapse probability of vesicles under different thermal
loading frequencies. An asterisk indicates a field that cannot be estimated reliably due to the long
tail of the failure probability.

Period Survived p(t; a, b) = ta−1

Γ(a)ba e−
t
b Mean lifetime Half-life

a b (ms) (ms)

5 µs 0.0% 1.170 0.239 0.28 0.21
12.5 µs 0.0% 0.394 23.10 9.11 3.25

25 µs 47.2% * * * *
50 µs 58.3% * * * *

125 µs 58.3% * * * *
0.25 ms 54.2% * * * *
0.50 ms 70.8% * * * *
1.25 ms 4.2% 0.461 29.07 20.36 8.59

4.5 Micelle dynamics at still and in flow

Consider the behavior of micelles formed by a LCST-UCST diblock copolymer

upon heating and denote by θL and θU the critical temperature of the LCST and

UCST blocks, respectively. Given a temperature range of [T0,T1] that the system

may experience, the combination of LCST and UCST behavior and the relative

difference between θL, θU, T0 and T1 gives rise to five possible cases of thermally

induced assembly as revealed by our eDPD simulations and summarized in Ta-

ble 4.2. In case A, the LCST block and the UCST block share the same critical

temperature. In this case, an inversion of the micellar core-shell structure was

observed upon heating from below the critical temperature to above due to an

interchange of solvent affinity of the polymer blocks. In case B, the UCST block

has a critical temperature above the highest temperature simulated and hence
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was always hydrophobic during the simulation. In this case, the polymers formed

micelles at low temperature but Janus-like globular aggregates at high temper-

ature as the LCST block lost hydrophilicity upon heating. In case C, the LCST

block has a critical temperature below the lowest temperature accessible by the

simulation and therefore was always hydrophobic. In this case, the polymers

formed hydrophobic globular aggregates at low temperature but micelles at high

temperature as the UCST block gained hydrophilicity upon heating. Cases B and

C can be effectively viewed as the first and second half of the process in Case A.

In case D, the UCST critical temperature is low enough to render the UCST blocks

constantly hydrophilic. The polymers assembled into micelles from a uniform

dispersion as the LCST block lost hydrophilicity upon heating. Case E is simply

the inverse of D. D and E can be regarded as the process of drug loading and

unloading into/from the hydrophobic core of the micelles, respectively.

Table 4.2: Five thermally induced assembly scenarios leading to fundamentally different structures.
A tag is assigned to each scenario for later discussion. Snapshots of the systems over the heating
process are given in the last column. LCST and UCST blocks are in red dashed and green solid
lines, respectively. Background colors of the simulation boxes indicate temperature ranging from
288 K (blue) to 312 K (red).

Tagθ Apolymer/solvent T0
∆−→ T1

0
275
285
295
305
315
325

3.75 ms 5.30 ms 5.63 ms 5.95 ms 11.25 ms

A
T0 <θ

L < T1

T0 <θ
U < T1 T0 T1

micelle inversion

B T0 <θ
L < T1 < θ

U

T0 T1

micelle→ globule

C θL ≤ T0 < θ
U < T1

T0 T1

globule→micelle

D θU < T0 < θ
L < T1

T0 T1

solution→micelle

E T0 <θ
U < T1 < θ

L

T0 T1

micelle→ solution
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Given the non-equilibrium nature of the inversion of thermoresponsive mi-

celles, it is natural to expect that the process can be controlled by adjusting the rate

at which solvent affinity changes [56]. To probe this, we simulated case A again

with two replicas from exactly the same initial configuration. The first replica un-

derwent a smooth heating procedure, while the second one experienced a sharp

temperature jump. In the first replica, large aggregates formed via the fusion of

smaller ones at around T = 300 K, i.e. the θ temperature of the blocks. These

aggregates eventually formed large spherical micelles as visualized in Fig. 4.5A.

In the second replica, fast heating quickly generated large numbers of small mi-

celles with a narrower size distribution as illustrated by Fig. 4.5B. Therefore, it is

possible to use the heating rate to tune the size distribution of thermoresponsive

micelles [135].
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Figure 4.5: Fast heating gives rise to smaller micelles with a sharper size distribution. (A) mor-
phological change of micelles in fast and slow heating; (B) size distribution of the micelles after
inversion.

The critical temperature, as an intrinsic property of the polymers, also sig-

nificantly affects the inversion dynamics. The difference ∆θ � θU − θL between

the critical temperatures of the blocks in a copolymer is more informative than

the absolute values because the latter can be always tuned with respect to a target

temperature[154, 70]. Therefore, we simulated UCST-LCST diblock copolymers of

different ∆θ subjected to a gradual heating process and characterized the process
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in Fig. 4.6 using direct visualization and the average radius of gyration Rg of the

polymers.

Large positive ∆θ, as shown in Fig. 4.6A, yielded V-shaped Rg curves with a

deep valley followed by a high plateau. A max-min difference of up to ∼ 0.83 nm

indicates that the polymer chains deformed significantly at intermediate temper-

atures. The reason is that the LCST blocks lost hydrophilicity quite early at a low

temperature, while the UCST blocks only became hydrophilic at a relatively high

temperature. As a result neither block was soluble at intermediate temperatures.

This led to large chain deformations during the consequent aggregate formation

and fusion process. An overall increase of∼ 0.35 nm in Rg was observed at the end

of the process. This is mostly contributed by the LCST blocks whose Rg increased

by ∼ 0.4 nm as shown in Fig. 4.6B. Meanwhile the Rg of the UCST blocks slightly

decreased by ∼ 0.05 nm.

If ∆θ is negative or close to zero, the Rg curves are W-shaped with two shallow

minima as shown in Fig. 4.6A. The two minima correspond to the solvation of the

UCST blocks and the precipitation of the LCST blocks. The solvation events hap-

pened before the precipitation, resulting in an intermediate state of fully dispersed

polymer solution. This may result in a thorough release of the payload due to the

complete disassembly of thermoresponsive micelles. The change in average Rg

after the inversion is negligible because the increase of the LCST blocks is canceled

by the decrease of the UCST blocks as shown by Fig. 4.6B. The average size of the

obtained micelles is small and similar to those formed in the fast heating scenario,

because no aggregate formation or fusion process occurred.

We observed that the final average Rg of the polymers is highly sensitive

to ∆θ as indicated in Fig. 4.6C. A bisection search revealed the existence of a
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critical temperature ∆θc = 4.08 K, around which a slight difference in ∆θ could

result in a sharp change in Rg. This can be considered together with a direct

visualization of the micellar morphology evolution for ∆θ = 3 K and 6 K as given

in Fig. 4.6D. A disintegration-reintegration process occurred when∆θ = 3 K, while

an aggregation-fission process occurred instead when ∆θ = 6 K, where toroidal

micellar intermediates formed and eventually broke down into spherical micelles.

It is the alteration between the disintegration-reintegration and the aggregation-

fission pathway that gives rise to this sensitive response of Rg with respect to ∆θ.

We also note that a sharp temperature jump always direct the system into the

disintegration-aggregation pathway irrespective of ∆θ.
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Figure 4.6: Two slow-inversion pathways, i.e. disintegration-reintegration and aggregation-fission,
exist depending on the critical temperature of the LCST (red) and UCST (green) blocks. (A) and (B)
average radius of gyration (Rg) of LCST-UCST molecules of different∆θ during the slow inversion;
(C) A jump in the final average radius of gyration of the micelles versus the separation indicates a
high sensitivity between the LCST and UCST θ temperature and the pathway taken; (D) snapshots
of the micellar systems during the inversion process for ∆θ = 3 K and 6 K.
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4.6 Related Work

Self-assemblies formed by thermoresponsive copolymers have been observed ex-

perimentally to switch their inside and outside blocks following a change in ambi-

ent temperature [7]. However, there is a lack of details on how the inversion pro-

ceeds in terms of the dynamics of individual polymer chains. In absence of direct

data on the inversion dynamics of thermoresponsive polymers, we consider exper-

imental work reporting the morphology and inversion dynamics of PH-sensitive

polymer aggregates as a close analog for comparing against our simulation results.

Wang et al. [151] examined the inversion dynamics of micelles formed by PVBA-

PMEMA diblock copolymers using a stopped-flow apparatus with light scattering

detector. They found that the inversion from VBA-core to MEMA-core follows

a fusion-disintegration-reintegration pathway, while the inversion from MEMA-

core to VBA-core proceeds by micelle splitting. Similar events can be found in

Fig. 4.6 but in a different ordering of the events. Liu and Eisenberg [96] studied the

inversion dynamics of vesicles formed by PAA-PS-P4VP triblock copolymers and

postulated that the inversion involves the diffusion of polymer chains through a

softened wall but did not provide evidence. We provide a systematic and quanti-

tative evidence for this as shown in Fig. 4.4, which characterizes the evolution of

block density distribution, as well as the molecular movement modes analysis as

detailed in Section 4.3.

The classical DPD method has been used for the study of various thermore-

sponsive polymer systems such as micelles [61], self-regenerating gels [165], mul-

tilayered polymersomes formed by asymmetric thermoresponsive brushes [23],

and model liposomes [163]. However, in these studies the interaction between

the thermoresponsive polymer and solvent is either defined as a function of the
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global system temperature T or simply adjusted manually at a given point during

the simulation to mimic the thermoresponsive effect. This is an artificial conse-

quence of the pairwise thermostat of the classical DPD method which constraints

the system in an isothermal state. As a result only equilibrium properties or dy-

namic processes incurred by an infinitely sharp temperature jump can be reliably

studied. In our eDPD model, however, the pairwise repulsion only depends on

the local temperature Ti and T j of the two interacting particles and hence allows

the study of non-isothermal processes and systems.

4.7 Detailed simulation setup

4.7.1 Thermoresponsive Micelles

DPD systems of size 179.4 nm × 179.4 nm × 179.4 nm, or 60rc × 60rc × 60rc, were

initialized by generating linear A20B20 polymers using a random walk algorithm.

Each system contains 43,200 polymer beads and 820,800 solvent particles, corre-

sponding to a polymer volume fraction of 5%. A boundary condition that emulates

the effect of a semipermeable membrane was applied in all three dimensions: the

boundaries are periodic for solvent particles but impenetrable for polymers. An

integral conservative force as described in Ref [88] is used to prevent polymers

from approaching the boundary while introducing minimal perturbation to par-

ticle density near the boundaries.

The parameters in Table 4.3 were used for simulating different scenarios of

thermally induced self assembly. The simulations were started by first keeping

the system temperature at 282K for 15 000τ, or 3.75 ms. The temperature was then
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Table 4.3: Summary of the conservative force parameters used throughout the study. In all
equations Ti j = (Ti + T j)/2 and Ti � T∗i /T0 is the reduced temperature of particle i.

Radius of Gyration Validation

LCST Solvent
LCST 18.75 Ti j 10.0 Ti j + 27.5

1+exp[−150(Ti j−1.00)]

Solvent * 18.75 Ti j

Thermoresponsive Micelles

LCST UCST Solvent Tag
LCST 18.75 Ti j * *
UCST 26.25 Ti j 18.75 Ti j *
Solvent 10.0 Ti j + 27.5

1+exp[−150(Ti j−0.99)] 10.0 Ti j + 27.5
1+exp[150(Ti j−1.01)] 18.75 Ti j A

Solvent 37.50 Ti j 10.0 Ti j + 27.5
1+exp[150(Ti j−1.00)] 18.75 Ti j B

Solvent 10.0 Ti j + 27.5
1+exp[−150(Ti j−1.00)] 18.75 Ti j 18.75 Ti j C

Solvent 10.0 Ti j + 27.5
1+exp[−150(Ti j−1.00)] 37.50 Ti j 18.75 Ti j D

Solvent 18.75 Ti j 10.0 Ti j + 27.5
1+exp[150(Ti j−1.00)] 18.75 Ti j E

Thermoresponsive Vesicles

UCST LCST Hydrophobic Solvent
UCST 18.75 Ti j 26.25 Ti j 26.25 Ti j 10.0 Ti j + 65.0

1+exp[+225(Ti j−1.01)]

LCST * 18.75 Ti j 26.25 Ti j 10.0 Ti j + 65.0
1+exp[−225(Ti j−0.99)]

Hydrophobic * * 18.75 Ti j 37.50 Ti j

Solvent * * * 18.75 Ti j

Carriers in Flow
all inter-polymer ai j = 26.25 Ti j

UCST LCST Solvent Wall
UCST 18.75 Ti j 26.25 Ti j 10.0 Ti j + 50.0

1+exp[+150(Ti j−1.01)] 75.00 Ti j

LCST * 18.75 Ti j 10.0 Ti j + 50.0
1+exp[−150(Ti j−0.99)] 75.00 Ti j

Solvent * * 18.75 Ti j 18.75 Ti j

Wall * * * 18.75 Ti j

Hydrophilic Hydrophobic Solvent Wall
Hydrophilic 18.75 Ti j 26.25 Ti j 10.00 Ti j 75.00 Ti j

Hydrophobic * 18.75 Ti j 75.00 Ti j 75.00 Ti j

Solvent * * 18.75 Ti j 18.75 Ti j

Wall * * * 18.75 Ti j
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linearly elevated to 318K in 3.75 ms and then further maintained for another 3.75

ms.

To heat up or cool down the eDPD system, each eDPD particle is coupled with

a thermal background of desired temperature TB(t). This induces a heat flux

QB
i (t) = λ Cv [TB(t) − Ti(t)],

where λ is a relaxation factor chosen to be 5 × 10−5 in all our simulations. It is

shown in Fig. 4.7 that the method can effectively control the system temperature

while still preserving a natural (Gaussian) particle temperature distribution.
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Figure 4.7: Temperature evolution and distribution during a heating process as controlled by a
coupled thermal background.

The effect of heating rate on the micelle inversion mechanism was examined

by repeating the simulation for case A, but eliminating the linear heating phase of

3.75 ms. Instead, the system temperature was raised almost instantly after t1.

We further studied the effect of∆θ � θU−θL on the micellar inversion pathway.

This is done by simulating case A from the same initial configuration but varying
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θU and θL of the blocks while keeping (θU + θL)/2 ≡ 300K.

4.7.2 Thermoresponsive Vesicles

To simulate thermoresponsive vesicles and membranes we used an LCST2N5UCST2

triblock copolymer, whose conservative force constants within itself and between

water are given in Table 4.3. The polymer was chosen based on two criteria: 1)

linear symmetry is necessary to ensure that the inverted membrane is structurally

similar to the one before inversion; 2) shorter chains are preferred in order to

contain an entire vesicle within the finite spatial and temporal extent accessible by

our simulation.

Unilamellar vesicles (ULVs) were constructed by randomly inserting 6511 poly-

mers into a spherical shell of outer diameter 112 nm and thickness 7.48 nm, The

spherical shell was placed at the center of a simulation box of 179.4 nm×179.4 nm×
179.4 nm, or 60rc × 60rc × 60rc. Solvent particles were then inserted into the box to

obtain an overall number density of 4. Each system was then equilibrated by an

isothermal pre-run of 10000 τ, or 2.5 ms.

To quantify the collapse and subsequent release of the containing fluid of

vesicles, a thermal loading test was performed where ULVs were subjected to

repeated heating-cooling cycles. Let φ be the duration of each cycle, f � 1/φ the

loading frequency, and Thi, Tlo the highest and lowest temperature, the temperature
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of the system is controlled as a function of time t:

T(t) =



L(Tlo,Thi, t, 0), 0 ≤ t < 1
4φ

Thi, 1
4φ ≤ t < 1

2φ

L(Thi,Tlo, t, 1
2φ), 1

2φ ≤ t < 3
4φ

Tlo, 3
4φ ≤ t < φ

(4.7)

where L(T0,T1, t, t0) � T0 + (T1 − T0) · (t − t0)/φ4 is essentially a linear interpolation

from (t0,T0) to (t0 +
φ
4 ,T1).

We tested 8 frequencies corresponding to φ ranging between 5 µs and 1.25 ms

and simulated 72 ensembles for each of the frequency, giving rise to a total of 576

DPD systems each containing 864000 particles simulated for ∼ 22 M time steps, or

∼ 55 ms in physical time. The computation was done on the Titan supercomputer

at Oak Ridge Leadership Computing Facility using 18432 nodes for 24 hours. The

time of observed collapse events of the vesicles was used to obtain a maximum

likelihood estimate of a right-truncated gamma distribution:

p(t; a, b) =
ta−1

Γ(a)ba e−
t
b

with which half-life of the vesicles is then calculated from. However, for inter-

mediate frequencies many vesicles can survive for a long time and the available

information appeared insufficient for getting a reliable estimate of a long-tail dis-

tribution. In this case only the final survival percentage is given.
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4.7.3 Molecular Mechanism of Inversion

To extract patterns from thousands of noisy molecular trajectories, the Proper

Orthogonal Decomposition (POD) method was employed [24]. We assembled a

N-by-M matrix A, where each row of A represents one molecular trajectory over

time. A singular value decomposition of A gives

AN×M = UN×NΣN×MVT
M×M (4.8)

where columns of V represent the orthogonal modes, arranged in decreasing mag-

nitude of importance, decomposed from the inversion dynamics. The diagonal

elements of Σ, i.e. the singular values of A, quantify the importance of each mode.

Micelle

To reveal the molecular movement patterns of thermoresponsive micelles, we

construct periodic simulation boxes of size 59.8 nm × 59.8 nm × 59.8 nm, or 20rc ×
20rc × 20rc, each containing ∼ 100 LCST8UCST8 polymers placed near the center of

the box. Solvent particles were then filled to achieve an overall number density of

4. The system was equilibrated at T = 291K for 100 τ before an instant temperature

jump to 309K was applied to trigger inversion. The radial component of the

center of mass (COM) trajectories of the LCST and UCST block of each individual

molecule was collected for POD analysis. We further aggregate data obtained

from 100 independent ensembles to improve result accuracy and smoothness.
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The matrix A in this case is 10436-by-720:

A =



l1
0 l1

10 · · · l1
3600 u1

0 · · · u1
3600

l2
0 l2

10 · · · l2
3600 u2

0 · · · u2
3600

...
...

. . .
...

...
. . .

...

l10436
0 l10436

10 · · · l10436
3600 u10436

0 · · · u10436
3600



(4.9)

where li
j and ui

j are the radial component of the center of mass (COM) of the LCST

and UCST blocks of molecule i with respect to the center of mass of the entire

micelle at time j · δt · τ after the onset of inversion.

Fig. 4.8A illustrated the morphology of the micelle before and after the inver-

sion. A single dominant mode, which corresponds to local inversion, can be seen

in Fig. 4.8B.
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Figure 4.8: Micelles formed by a L8U8 thermoresponsive block copolymer invert upon instanta-
neous heating though local inversion of individual molecules. (A) an example of the micelle before
and after inversion; (B) POD modes of UCST and LCST block trajectory during inversion; LCST,
UCST blocks are colored in red dashed and green solid lines, respectively.
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Membrane

To identify movement patterns of individual molecules during the inversion pro-

cess, a two-dimensional periodic bilayer membranes was used as a zoomed-in

model of the vesicle surface. The membrane was initialized by randomly placing

6784 polymer molecules within a xz-parallel slab measuring 11.96 nm thick in a

periodic box of 179.4 nm × 179.4 nm × 179.4 nm, or 60rc × 60rc × 60rc, while the

rest of the system is filled with solvent particles for an overall number density of

4. The system was first equilibrated at 291K for 2.5 ms, or 10000 τ. After that, the

system temperature was elevated to 309K almost instantaneously to trigger the

inversion. The matrix A in this case is 6784-by-720:

A =



l1
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10 · · · l1
3600 u1

0 · · · u1
3600
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
(4.10)

where li
j and ui

j are the y component of the center of mass (COM) of the LCST and

UCST blocks of molecule i at time j · δt · τ after the onset of inversion. In other

words, the trajectory of the LCST and UCST blocks of each molecule was sampled

at a frequency of 4 ps−1 and used as one record, while POD was used to discover

the patterns across the records.

4.7.4 Thermoresponsive Carrier in Flow

The periodic cylindrical tube measures 800 nm (267.56rc) long with a radius of

59.8 nm (20rc). The temperature at the first and second half of the channel wall
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along the axial direction was kept at 288 K and 312 K, respectively. The no-slip

boundary condition and a Dirichlet boundary condition for temperature were

applied using an integral method as described in Ref. [88]. An aggregate, either

micelle or vesicle, is centered on the axis, 120 nm from the left end of the tube.

In the case of micelles, a sphere of radius 21 nm was randomly filled with ∼
210 A20B20 polymers. Three scenarios were simulated, which correspond to mi-

celles formed by a LCST-hydrophilic copolymer (LCST20Hydrophilic20), a LCST-

UCST copolymer (LCST20UCST20), and a non-responsive amphiphilic copolymer

(Hydrophilic20Hydrophobic20), respectively, using parameters given in Table 4.3.

In the case of vesicles, a hollow spherical shell of outer radius 35.88 nm and thick-

ness 11.96 nm was randomly filled with ∼ 2700 LCST2N5UCST2 polymers. Solvent

particles were then inserted to achieve an overall particle number density of 4. A

uniform pressure gradient was applied in the positive x direction to drive the flow

for a terminal velocity of 2 mm/s. The simulation was performed for 50000 τ, or

12.5 ms for micellar systems and 40000 τ, or 10 ms for vesicle systems. Ensemble

averaging was used to obtain smooth statistics of mean temperature, horizontal

velocity, and interface interaction energy along the flow direction. The disintegra-

tion process of the LCST-hydrophilic copolymer micelle is shown in Fig. 4.9, while

more discussion can be found in the main text.

4.8 Sectional Summary

We have performed systematic mesoscopic simulations to elucidate the molecular

mechanisms and quantified the dynamics of self-assemblies formed by doubly

thermoresponsive block copolymers. We simulated several scenarios of micelle

formation and destruction, and examined factors that affect the inversion process
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LCST-hydrophilic Copolymer

0.188 ms

0.250 ms

0.312 ms

0.375 ms

Figure 4.9: A LCST-hydrophilic copolymer micelle disintegrated after crossing the thermal inter-
face and entering a high-temperature zone where the LCST blocks became hydrophilic.

of micelles of dual thermoresponsivity. We discovered two different micelle inver-

sion pathways during slow temperature change depending on the solubility of the

polymers at intermediate temperatures. We identified a frequency regime where

thermoresponsive unilamellar vesicles can invert reversibly in repeated thermal

loading cycles and quantified the failure probability of the vesicles under frequen-

cies that cause instability. We found that thermoresponsive bilayer membranes

exhibit a very high ratio of molecular migration between the two leaflets during

thermally-induced inversion. Simulations of micelles in a small vessel revealed

the unique behavior of thermoresponsive micelles in flow fields with uneven

temperature distribution. We discovered some surprising mesoscopic molecu-

lar behavior and provided new evidence for theoretical hypotheses. Our work

demonstrated the capability and potential of mesoscopic computer simulation in

assisting and accelerating the design and optimization of complex self-assembly

structures consisting of thermoresponsive polymers.



Chapter Five

Fingerprints for Learning Ab Initio

Force Fields
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5.1 Introduction

Molecular Dynamics (MD) simulations have been widely used for studying atom-

istic systems, e.g. proteins and catalysts, due to its ability to precisely capture

transient events and to predict macroscopic properties from microscopic de-

tails [169, 93]. In its most prevalent implementation, the trajectory of an atomistic

system is integrated in time according to the Newton’s law of motion using forces

calculated as the negative gradient of a Hamiltonian, whose functional form and

parameters are collectively referred to as a force field [123, 29, 158]. Tradition-

ally, the pairwise and many-body terms that comprise a force field are derived by

fitting to quantum mechanical calculations and experimental data.

Three properties directly relate to the applicability of a force field: accuracy,

transferrability, and complexity [44, 76]. Over the years, a large number of force

fields have been developed, each carrying a particular emphasis over these three

properties. However, the combinatorial complexity of atomistic systems can easily

outpace force field development efforts, the difficulty of which explodes following

the curse of dimensionality [26]. A deceptively simple system that can demonstrate

the situation is water, a triatomic molecule with a well-characterized molecular

structure. In fact, all common water models, such as SPC-E, TIP3P, and TIP4P,

have only succeeded in reproducing a small number of structural and dynamical

properties of water due to the difficulty in modeling strong intermolecular many-

body effects such as hydrogen bonding and polarization [21, 18].

In lieu of a force field, quantum mechanical (QM) calculations can be employed

straightforwardly to drive molecular dynamics simulations. The method achieves

significantly better accuracy and transferrability by solving for the electronic struc-



136

ture of the system. However, the computational complexity of QM methods is at

least cubic in the number of electrons, and consequently the time and length scales

accessible by QM-driven molecular dynamics are severely constrained.

Assuming that there is smoothness in the potential energy surface of the atom-

istic system, one possible strategy to accelerate QM-driven molecular dynamics

is to use QM calculations on only a subset of the time steps, and to interpolate

for similar atomic configurations [13, 10, 91, 69]. A schematic overview of the

process is given in Figure 5.1, which is enabled by the recent development of

high-dimensional nonlinear statistical learning and regression techniques such as

Gaussian process regression (GPR) [124] and artificial neural networks [137].

Figure 5.1: In the pipeline of machine learning-driven molecular computations, atomistic neigh-
borhood configurations are transformed into feature vectors, called fingerprint, and used to train
non-linear regression models.

This chapter focuses on a particular aspect of the machine-learning-driven

molecular computation pipeline, i.e. fingerprint algorithms, whose importance

arises naturally from the aforementioned regression protocol. A fingerprint is an

encoding of an atomistic configuration that can facilitate regression tasks such as

similarity comparison across structures consisting of variable numbers of atoms

and elements. As has been pointed out previously [10], a good fingerprint should

possess the following properties:
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1. It can be encoded as a fixed-length vector so as to facilitate regression (par-

ticularly for artificial neural networks).

2. It is complete, i.e. different atomistic neighborhood configurations lead to

different fingerprints and vice versa, and the difference between the finger-

prints should be proportional to the intrinsic difference between the atomistic

neighborhood configurations.

3. It is continuous with regard to atomistic coordinates, and the change in fin-

gerprint should be approximately proportional to the structural variation as

characterized by, for example, some internal coordinates.

4. It is invariant under permutation, rotation, and translation.

5. It is computationally feasible and straightforward to implement.

Before we proceed to the details of our work, we will first briefly review

several fingerprints that are closely related to our work, i.e. the SOAP kernel [10],

the Coulomb matrix [128], and the GRAPE kernel [43].

Smooth Overlap of Atomic Positions The SOAP kernel is built on the idea of

representing atomistic neighborhoods as smoothed density fields using Gaussian

kernels each centered at a neighbor atom. Similarity is measured as the inner

product between density fields, while rotational invariance is achieved by inte-

grating over all possible 3D rotations, which can be performed analytically using

the power spectrum of the density field. In fact, our fingerprint algorithm is in-

spired by this idea of treating atoms as smoothed density fields. However, we take

a different approach to endorse the fingerprint with rotational invariance, and use

the Euclidean distance instead of inner product as a distance metric.
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Coulomb Matrix The practice of using graphs to represent atomistic neighbor

configurations was first implied by the Coulomb matrix, and later further for-

mulated in the GRAPE kernel, where the diffusion distance was proposed as a

similarity measure between different local chemical environments [141]. The idea

is to construct an undirected, unlabeled graph G = ( V , E ) with atoms acting as the

vertices and pairwise interactions setting the weights of the edges. For example,

the Coulomb matrix can be treated as a physically-inspired Laplacian matrix [27]

M = D −A (5.1)

DIJ =


0.5 Z2.4

I if I = J

0 if I , J
(5.2)

AIJ =


0 if I = J

ZI ZJ

‖RI−RI‖ if I , J
(5.3)

where the degree matrix D encodes a polynomial fit of atomic energies to the

nuclear charge, while the adjacency matrix A corresponds to the Coulombic in-

teractions between all pairs of atoms. Due to the use of only relative positions

between atoms in the adjacency matrix, the Coulomb matrix is automatically in-

variant under translation and rotation. However, the matrix itself is not invariant

under permutation, as swapping the order of two atoms will result in an exchange

of the corresponding columns and the rows. To address this, the sorted list of

eigenvalues of the Coulomb matrix can be used instead as a feature vector, while

an Lp norm can be used as a distance metric. In practice, due to the fact that the

number of neighbor atoms may change, the shorter list is padded with zero in a

distance computation.
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Graph Approximated Energy The GRAPE kernel evaluates the simultaneous

random walks on the direct product of the two graphs representing two atomistic

neighborhood configurations. Permutational invariance is achieved by choosing a

uniform starting and stopping distribution across nodes of both graphs. However,

the cost of distance computation between two graphs scales as O(N2) with a one-

time per-graph diagonalization cost of O(N3).

In the sections below, I present a new fingerprint algorithm, namely the

Density-Encoded Canonically Aligned Fingerprint (DECAF).

5.2 Localized Canonical Coordinate Frame for Rota-

tionally Invariant Description of Atomistic Neigh-

borhood

5.2.1 Kernel Minisum Approach

To improve model generalization while minimizing data redundancy, a fingerprint

algorithm should be able to recognize atomistic structures that differ only by

a permutation of atoms within the same element or a rigid-body transformation,

and extract feature vectors invariant under these transformations. As summarized

in Table 5.1, a variety of strategies have been successfully employed by common

fingerprint algorithms to achieve rotational invariance.

However, these approaches do not provide a means for the acquisition of

vector-valued quantities in a rotational invariant form. One approach is to only
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acquire and interpolate the potential energy, a scalar quantity, and then take the

derivative of the energy interpolation. This approach, however, further triggers

the need for methods to decompose the total energy among the atoms because it

is a property of the entire system rather than individual atoms [11].

Another approach proposed by Li et al. [91, 19] is to project vector quantities

onto a potentially overcomplete set of non-orthogonal basis vectors obtained from

a weighted sum of the atomic coordinate vectors:

Vk =
∑

i

xi exp
[
−

(‖xi‖
Rc

)pk
]
. (5.4)

However, the approach may suffer from robustness issues. For example, all

of the Vk generated with different pk will coincide if the radial distance of the

atoms are all equal. As a second example, the configuration with 4 atoms at

(r cos ε, r sin ε), (0, r), (−r, 0), (0,−r) yields

Vk = c · [(r cos ε, r sin ε) + (0, r) + (−r, 0) + (0,−r)] (5.5)

= c · r · (1 − cos ε, sin ε). (5.6)

Thus, if ε gets close to zero, Vk will always point toward either (0, 1) or (0,−1),

even if the vector quantity of interest may point in other directions.

Table 5.1: Comparison of strategies used by fingerprint algorithms to obtain feature vectors which
are invariant under translation, permutation, and rotation.

Fingerprint Invariance

Translation Permutation Rotation

Coulomb relative distance sorting eigenvalues all vs. all graph
Behler relative distance summation ignoring angular information
SOAP[10] relative distance summation integrating over all rotations
GRAPE relative distance uniform distribution uniform distribution
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Here, we present a robust kernel PCA-inspired algorithm for the explicit de-

termination of a canonical coordinate frame, within which the projection of the

atomistic neighborhood is invariant under rigid-body rotation. Furthermore, the

canonical coordinate frame can be directly used to capture vector-valued quanti-

ties in a rotational-invariant form. Given N atoms with position x1, . . . , xN ∈ Rd,

we first formulate the Lp PCA algorithm as an optimization problem where we

seek a unit vector w∗ that maximizes the sum of projection of the data:

w∗ = argmax‖w‖=1

N∑
i=1

∣∣∣wTxi

∣∣∣p . (5.7)

= argmax‖w‖=1

N∑
i=1

|ri|p
∣∣∣wTei

∣∣∣p . (5.8)

where ri = ‖xi‖ is the distance from the origin to atom i, ei = xi/ri is the unit

vector pointing toward atom i, respectively. The optimization process can only

uniquely determine the orientation of a projection vector up to a line, because∣∣∣wTe
∣∣∣ ≡ ∣∣∣−wTe

∣∣∣. As a consequence, further heuristics are needed to identify a

specific direction for the PCA vectors.

To overcome this difficulty, we generalize the |ri|p term into a weight function

g(ri), and the
∣∣∣wTei

∣∣∣p term into a bivariate kernel function κ(w, ei). We then attempt

to seek a unit vector w∗ that minimizes the kernel summation:

w∗ = argmin‖w‖=1

N∑
i=1

g(ri)κ(w, ei). (5.9)

In particular, we have found a square angle (SA) kernel and an exponentiated
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cosine (EC) kernel as two robust options:

κSA(w, e) �
1
2

arccos2(wTe), (5.10)

κEC(w, e) � exp
(
−wTe

)
. (5.11)

As shown in Figure 5.2, both kernels are minimal when w and e are parallel, and

monotonically reach maximum when the two vectors are antiparallel. Intuitively,

optimizing the minisum objective function generated by the SA kernel will yield

a vector that, loosely speaking, bisects the sector between the atoms. The EC

kernel exhibits very similar behavior but leads to a smoother objective function.

As shown in Figure 5.2, this allows for the determination of a projection vector

without ambiguity, even if the atom configuration contains perfect symmetry.

Square Angle Exponentiated Cosine PCA

-π 0 π
θ

A
w 0

π/2

π

-π/2 -π 0 π
θ

A
w 0

π/2

π

-π/2

-π 0 π
θ

A
w 0

π/2

π

-π/2 -π 0 π
θ

A
w 0

π/2

π

-π/2

Figure 5.2: Shown here is an illustration of the minisum algorithm that determines projection vec-
tors for rotational invariant description of atomistic neighbor configurations. Black dots represent
atoms which all carry equal importance. The vectors that point from the origin to the atoms are
used as the input to bivariate kernels to compute the minisum objective function, which are drawn
in solid lines. For reference, the negated values of the PCA objective function are drawn in dashed
lines. Projection vectors are obtained by finding the unit vector w∗ that minimizes the objective
function.
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5.2.2 Solving the Kernel Minisum Optimization Problems

The optimization problem can be solved very efficiently using a gradient descent

algorithm as detailed below.

Square Angle The objective function of the minisum problem using the square

angle (SA) kernel is

ASA(w) �
1
2

N∑
i=1

g(ri) arccos2(wTei). (5.12)

The gradient of ASA with respect to w is

∇w ASA =

N∑
i=1

−g(ri)
arccos(wTei)√

1 − (wTei)2
ei. (5.13)

Note that arccos(wTei)√
1−(wTei)2

is singular when w ‖ ei. This can be treated numerically by re-

placing the removable singularities at wTei = 1 with the left-limit limwTei→1−
arccos(wTei)√

1−(wTei)2
=

1, while truncating the gradient near the poles at wTei = −1.

A local minimum can be iteratively searched for with gradient descent while

renormalizing w after each iteration. Moreover, due to the locally quadratic nature

of the objective function, we have found that the Barzilai-Borwein algorithm [12]

can significantly accelerate the convergence at a minimal cost. The algorithm is

presented in Alg. 14.
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Algorithm 14 Gradient descent for solving the square angle minisum problem.

1: function MinSquareAngle(E = [e1, e2, . . . , eN], G = [g1, g2, . . . , gN], w0 )
2: w← w0

3: repeat
4: Compute gradient ∇w using Eq. 5.13.
5: Obtain tangential component of gradient ∇⊥w ← (I −wwT)∇w

6: if at step 0 then
7: α← 0.01 . Small initial step size for bootstrapping
8: else
9: α← (w−w−1)T(∇⊥w−∇⊥w−1

)

‖∇⊥w−∇⊥w−1
‖2 . Adaptive subsequent steps by

Barzilai-Borwein
10: end if
11: Save w as w−1, ∇⊥w as ∇⊥w−1

12: Update w← w − α∇⊥w and normalize to unit length
13: until ‖w −w−1‖ < ε
14: return w
15: end function

Exponentiated Cosine The objective function of the minisum problem using the

exponentiated cosine (EC) kernel is:

AEC(w) �
N∑

i=1

g(ri) exp
(
−wTei

)
. (5.14)

The gradient of AEC with respect to w is

∇w AEC =

N∑
i=1

−g(ri) exp
(
−wTei

)
ei. (5.15)

The gradient contains no singularity. However, it is not always locally quadratic.

This can cause the Barzilai-Borwein algorithm to generate negative step sizes and

consequently divert the search towards a local maximum. Luckily, this can be

easily overcome by using the absolute value of the step size as calculated by the

Barzilai-Borwein algorithm to prevent the minimization algorithm from going

uphill. The complete algorithm is given in Alg. 15.

As shown in Table 5.2, both Alg. 14 and Alg. 15 converge quickly and con-
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Algorithm 15 Gradient descent for solving the exponentiated cosine minisum
problem.

1: function MinExpCosine(E = [e1, e2, . . . , eN], G = [g1, g2, . . . , gN], w0 )
2: w← w0

3: repeat
4: Compute gradient ∇w using Eq. 5.15.
5: Obtain tangential component of gradient ∇⊥w ← (I −wwT)∇w

6: if at step 0 then
7: α← 0.01 . Small initial step size for bootstrapping
8: else
9: α←

∣∣∣∣∣ (w−w−1)T(∇⊥w−∇⊥w−1
)

‖∇⊥w−∇⊥w−1
‖2

∣∣∣∣∣ . Adaptive subsequent steps by

Barzilai-Borwein
10: end if
11: Save w as w−1, ∇⊥w as ∇⊥w−1

12: Update w← w − α∇⊥w and normalize to unit length
13: until ‖w −w−1‖ < ε
14: return w
15: end function

sistently handling a wide range of representative point configurations commonly

found in molecular systems. However, the gradient descent method can only find

local optima. Thus, multiple trials should be performed using different initial

guesses to ensure that a global minimum can be located.

5.2.3 Complete Set of Orthogonal Projection Vectors as A Canon-

ical Coordinate Frame

In 3D, a complete set of orthogonal bases can be found greedily using the protocol

as described in Alg. 16. Specifically, we use the globally optimal solution of the

minisum optimization problem as the first basis bα, and the constrained optimal

solution in a plane orthogonal to bα as the second basis bβ. Special care must

be taken for determining the third basis bγ, as the only degree of freedom now

is its sign due to the orthogonality constraint. The straightforward approach of
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Table 5.2: List here is the number of iterations and initial guesses used by the gradient descent
algorithm to find an local optimum solution of the kernel minisum problems. The numbers are
averaged over 500 repetitions, and the convergence criterion is 10−14. In cases where the iterative
algorithm does not converge within 64 iterations, the optimization will be restarted with a new
guess.

Kernel Square Angle Exponentiated Cosine

Iterations Itrs./Guess Guesses Itrs./Guess Guesses

Single point 8.8 1 7.9 1
Two point, angle < π/2 7.1 1 7.7 1
Two point, angle ≥ π/2 6.1 1 6.3 1
Two point, angle = π 6.0 1 5.6 1
Planar C3 6.2 1 6.3 1
Planar C4 5.6 1 6.9 1
Tetrahedra 10.6 1 7.7 1
Octahedra 11.7 1 9.4 1
Improper S4 17.9 1 23.1 1
Improper S6 14.7 1 18.0 1
2D random 10 points 7.2 1.1 8.9 1
3D random 50 points 16.9 1.2 14.4 1

choosing the direction that gives the smaller objective function value may fail, for

example, when the system contains improper rotational symmetry. In that case, bα

and bβ are interchangeable and both perpendicular to the rotation-reflection axis.

As a result, the two candidates of bγ will both align with the rotation-reflection

axis and are thus indistinguishable by kernel minisum. However, the projection of

the atoms into the two seemingly equivalent coordinate frames are not identical,

but rather mirror images of each other. Fortunately, this can be addressed by

choosing the direction of the half-space, as created by the plane bα-bα, that yields

the smaller kernel objective function between the bisector of bα and bβ versus

the points lies in that half-space. This rule can also handle general situations

with/without symmetry.
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Algorithm 16 The procedure for determining a canonical coordinate frame using
kernel minisum.

1: function GetCanonicalProjection3D(E = [e1, e2, . . . , eN], G = [g1, g2, . . . , gN]
)

2: bα ← global minimum of Minisum(E, G) using multiple runs of Alg. 14 or
Alg. 15

3: if E contains only 1 point then
4: construct arbitrary bβ ⊥ bα
5: bγ ← bα × bβ
6: else
7: bβ ← global minimum of Minisum(E, G) using multiple runs of Alg. 14

or Alg. 15, subjecting to the constraint that the probe vector and the gradient
are all ⊥ bα

8: d← (bα + bβ)/
√

2
9: if

∑
∀ei; eT

i (bα×bβ)≥0 gi κ(d, ei) ≤ ∑∀ei; eT
i (bα×bβ)<0 gi κ(d, ei) then

10: bγ ← bα × bβ
11: else
12: bγ ← −bα × bβ
13: end if
14: end if
15: return bα, bβ, bγ
16: end function

5.3 Density-Encoded Canonically Aligned Fingerprint

5.3.1 Density Field and Approximation of Volume Integral

ρ1

ρ2

d(ρ1, ρ2) = [∫ (ρ1 − ρ2)
2 dV]

1/2

(A) (B) DensityAtoms

Figure 5.3: (A) Two 1D density profiles, ρ1 and ρ2, are generated from two different atomistic
configurations using atom-centered smoothing kernel functions. The ‘distance’ between them is
measured as the L2 norm of their difference, which corresponds to the highlighted area in the
middle plot. (B) Shown here is a 2D density field using smoothing kernels whose widths depend
on the distances of the atoms from the origin.

The local density field ρs(r) around a point s is formulated as a superimposition
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of smoothing kernel functions each centered at a neighbor atom i = 1, 2, . . . ,N with

relative displacement xi with regard to s and within a cutoff distance Rc:

ρs(r) =

N∑
i,‖xi−s‖<Rc

Wc(xi − s) Wd(xi, r) (5.16)

This density field, as has been pointed out previously [10], may be used as a

fingerprint of the local atomistic environment. To achieve rotational invariance, we

transform the atom coordinates into the canonical coordinate frame R � [bα,bβ,bγ]

as determined by the kernel minisum algorithm:

ρs(r) =

N∑
i,‖xi−s‖<Rc

Wc(RTxi − s) Wd(RTxi, r). (5.17)

Depending on the specific application, s may not necessarily overlap with any of

the xi. Here, we assume that the smoothing kernel Wd takes the form of a stationary

Gaussian σ−1 exp
[−‖r‖2/2σ2], but will later discuss about other possibilities in

Section 5.3.2. The density scaling function Wc ensures the continuity of the density

field when atoms enter or exit the cutoff distance, and will also be further discussed

in a later section. Scalar properties can be acquired directly from the target atom,

while vector-valued properties, such as force, can be acquired and interpolated in

the local orthogonal coordinates as ỹ = RTy.

We define the distance between two density fields ρi and ρ j by a weighted L2

norm of their difference:

∆ρs1s2(r) � ρs1(r) − ρs2(r), (5.18)

d(ρs1 , ρs2) �
(∫
R3

w(r)
∣∣∣∆ρs1s2(r)

∣∣∣2 dV (r)
)1/2

. (5.19)
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The weight function w(r) provides additional flexibility for emphasizing particular

regions of the atomistic neighborhood, and can strongly facilitate the task of fitting

fast varying properties such as the repulsive part of the Lennard-Jones potential.

To efficiently compute the integral, we would like to evaluate the density field

using an optimal quadrature rule. To determine the locations and weights of the

quadrature nodes, we decompose the volume integral in Eq. 5.19 into a surface

integral over spherical shells and a 1D integral along the radial direction:

∫
R3

w(r)
∣∣∣∆ρs1s2(r)

∣∣∣2 dV (r) =

∫ ∞

r=0

(∫ 2π

ϕ=0

∫ π

θ=0
w(r, θ, ϕ)

∣∣∣∆ρs1s2(r, θ, ϕ)
∣∣∣2 sinθdθdϕ

)
r2 dr

(5.20)

The surface integral can be optimally approximated using the Lebedev quadrature

rule [77]:

∆Ps1s2(r) �
∫ 2π

ϕ=0

∫ π

θ=0
w(r, θ, ϕ)

∣∣∣∆ρs1s2(r, θ, ϕ)
∣∣∣2 sinθdθdϕ ≈ 4π

Na(r)∑
m=1

w(r,qm) βm

∣∣∣∆ρs1s2(r · qm)
∣∣∣2 ,

(5.21)

where βm, qm � (xm, ym, zm), and Na are the weights, positional unit vectors, and

number of the Lebedev nodes, respectively. The radial integral fits well into the

generalized Laguerre-Gauss quadrature formula with weight function r2 e−r [120]:

∫ ∞

0
∆Ps1s2(r) r2 dr ≈

Nr∑
n=1

αn ern ∆Ps1s2(rn), (5.22)

where αn, rn, and Nr are the weights, coordinates, and number of the Laguerre

nodes, respectively. Combining Eq. 5.20–5.22, a composite quadrature rule can be

generated consisting of several spherical layers of nodes. As shown in Figure 5.4,

the radial coordinates of the quadrature nodes are determined by the Laguerre



150

quadrature nodes, while the angular positions are determined by the Lebedev

quadrature nodes, respectively:

∫
R3

w(r)
∣∣∣∆ρs1s2(r)

∣∣∣2 dV (r) ≈ 4π
Nr∑

n=1

Na(n)∑
m=1

αn βm wnm ern
∣∣∣∆ρs1s2(rn · qm)

∣∣∣2
=

N∑
k=1

wk

∣∣∣ρi(rk) − ρ j(rk)
∣∣∣2 . (5.23)

Here k = (n,m); 1 ≤ n ≤ Nr, 1 ≤ m ≤ Na(n) is the linearized index of the k-th

quadrature node located at rk = rn · qm with weight wk = 4παn βm w(rn · qm) ern . A

discretized version of Eq. 5.19 that computes the distance between the fingerprints

is given by:

d(ρs1 , ρs2) ≈
 N∑

k=1

wk

∣∣∣ρs1(rk) − ρs2(rk)
∣∣∣2

1/2

. (5.24)

In addition, the quadrature nodes could be radially scaled such that the outer

most nodes lie at a radius R∗ within the cutoff distance Rc. This allows us to pair

a Laguerre quadrature of any order with an arbitrary cutoff distance. The scaled

quadrature rule is given by:

τ = R∗ /max
n

(rn) , (5.25)

d∗(ρs1 , ρs2) ≈
 N∑

k=1

τ3 wk

∣∣∣ρs1(τ rk) − ρs2(τ rk)
∣∣∣2

1/2

. (5.26)

Since the scaling is constant among all nodes, it can be safely omitted in many

regression tasks where only the relative difference between the fingerprints are of

significance. A list of Laguerre and Lebedev quadrature nodes and weights are

given in the Appendix.
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Figure 5.4: (A) Laguerre quadrature nodes with order 1 to 5, normalized by the reciprocal of the
largest node onto the unit interval. (B) The a1, a2, a3, and bk class of Lebedev grid points on a unit
sphere. (C) The DECAF molecular fingerprint essentially comprises of a grid of quadrature nodes
that optimally samples the density field induced by the neighbor atoms. Shown here is an example
of one such composite quadrature grid which combines a 3-node Laguerre quadrature rule with
three layers of Lebedev quadrature nodes of 3rd, 5th, and 7th order, respectively.

5.3.2 Radial Weight Functions

In this section, we discuss about two types of weight functions that can be used

to fine-tune the density field fingerprint: the density scaling function Wc as in

Eq. 5.17 and the weight of integral w(r) as in Eq. 5.19.

Driven by the interest of reducing computational cost, we would like to use a

cutoffdistance to select atoms involved in constructing the density field. However,

it is important to ensure that atoms will enter and exit the neighborhood smoothly.

This naturally requests that the contribution of an atom to be zero outside of the

cutoff, and to increase continuously and smoothly when the atom approaching

entrance. Correspondingly, Wd should: 1) become unity at the origin; 2) smoothly

approach zero at the cutoff distance; and 3) be twice-differentiable to ensure the

continuity of the fingerprint-based regression. Candidates satisfying the above

conditions include, for example, a tent-like kernel

Wd(r) = (1 − ‖r‖/Rc)t, t > 2 (5.27)
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and a bell-shaped polynomial kernel with compact support

Wd(r) =
−b (1 − ‖r‖/Rc)a + a (1 − ‖r‖/Rc)b

a − b
, a > b > 2 (5.28)

as detailed in Appendix.

The approximation of the radial integral using a Laguerre quadrature requires

that the integrand, i.e. the difference between the atomistic density fields, de-

cays sufficiently fast beyond the outermost quadrature nodes in order to achieve

acceptable convergence. In addition, the steeply repulsive yet flat attractive in-

teratomic short-range interactions prompt that the sensitivity of fingerprint be

adjusted correspondingly in order to avoid numerical difficulties in training a re-

gression model. The weight of the integral, w(r), provides a convenient means for

achieving the purpose. Different from Wd, w(r) should instead satisfy the follow-

ing conditions: 1) is normalized such that
∫

w(r)dV(r) = 1; 2) decays sufficiently

fast, but not necessarily to 0, beyond the outer most quadrature node; and 3)

be sufficiently smooth beyond the outermost quadrature node. Candidates for

w(r) includes the tent-like kernel and the bell-shaped kernel for Wd, albeit with a

different normalization factor. The Laplacian kernel

w(r) = exp(− |r| /l)/(8πl3), l > 0 (5.29)

with a sufficiently large length scale l also appears to be a candidate due to its

similarity with e−r part of the weight function of the Laguerre quadrature. Note

that the constant kernel

w(r) = 3/(4πR3
c) (5.30)
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may also be a choice as long as the density field already decays fast enough due

to the density scaling function Wd.

1.0 Rc6.5
1.0

Rc

6.5
(A)

1.0 Rc6.5
1.0

Rc

6.5
(B)

1.0 Rc6.5
1.0

Rc

6.5
(C)

1.0 Rc6.5
1.0

Rc

6.5
(D)

Weight of Integral
D
en
si
ty

Sc
al
in
g
Fu

nc
tio

n
Bell Unity

Tent

Unity

0 1

Fingerprint Distance

Figure 5.5: Shown here are examples of the distance matrices between fingerprints sampled from
a biatomic system. As manifested by the difference between (A) against (B), a bell-shaped weight
of integral helps to emphasize the near field. Meanwhile, the obvious discontinuities in the second
row of matrices demonstrate the importance of the density scaling function when the fingerprint
algorithm uses only atoms within a finite cutoff distance.

In Figure 5.5, we demonstrate the effect of the density scaling function and

the weight of integral on the distance matrices between fingerprint obtained from

a pair of atoms. The comparison between panel A and B shows that a bell-

shaped integration weight allows the distance between fingerprints to change

more rapidly when the atoms are closer but more slowly when the atoms are

farther apart. The visible discontinuity in the second row clearly demonstrates

the importance of the damping function when only atoms within a finite cutoff
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distance are used to compute the fingerprint.

We further examine the impact of the weight functions on the performance of

Gaussian process regression (GPR) using the fingerprint of the interatomic force

of a minimal system containing two nitrogen atoms. Despite the simplicity of the

system, this case is of fundamental importance because of its ubiquity, and because

the fast-growing repulsive regime of the Lennard-Jones potential could cause

difficulty as a small change in the system configuration can trigger large changes

in the regression target function. In Figure 5.6, we compare the performance

among the combination of four weights of the integral and two density scaling

functions. The initial training set consists of two samples collected at rN-N = 1.0

and 6.0. The regression is then refined using a greedy strategy that consecutively

learns the point with the largest posterior variance until the largest uncertainty,

defined as twice the posterior standard deviation, is less than 0.1 eV/Å. Thanks to

the active learning scheme, all combinations of the weight functions are able to

deliver a good fit of the target function after refinement. However, the number

of points required and the achieved accuracy vary. Therefore, it is important to

evaluate and choose the weight functions in the context of specific application

scenarios.

5.3.3 Quadrature Resolution

Despite the formal convergence of the composite quadrature in DECAF, a cost

of O(NM) distance calculations and kernel evaluations are needed to sample a

density field generated by N atoms using M quadrature nodes. 1 Thus, in practice

1A L2 distance calculation using the extracted feature vectors comes at a cost of O(M) floating
point operations.
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Figure 5.6: Gaussian process regression of the force between two nitrogen atoms as a function
of interatomic distance using different combinations of radial weight functions. Inset figures are
plots of the regression function using distances from the feature space.
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it is often desirable to use as few as possible nodes to capture only information of

the density field within a certain band limit[80]. Accordingly, the integral cutoff

Rc, the number of quadrature nodes, and the width of the density kernel need

to be tuned to obtain an optimal balance between resolution and computational

speed.

When designing the composite quadrature rule, we chose the Laguerre quadra-

ture for the radial direction because its nodes are denser near the origin but sparser

farther away. This is consistent with our physical intuition that the near field gen-

erally has a stronger influence than the far field in an atomistic neighborhood. For

example, the Van de Waals potential grows rapidly when atoms are in direct con-

tact, but flattens out of the first coordinate shell. Accordingly, it may be possible

for us to use sparser outer-layer grids to reduce the total number of quadrature

nodes, while still keeping enough nodes in the inner layers to maintain the sen-

sitivity of the quadrature toward close neighbors. Cooperatively, we can also use

non-stationary Gaussian density kernels whose width dependent on the distance

from the atom to the origin. In this way, the sparser nodes should still sufficiently

sample the smoother far field. Wider kernels at remote atoms also reduces the

possible difference between the far fields of two fingerprint. Thus, the contribu-

tion of the far field in the integral can be effectively tuned even though the weights

on the quadrature nodes remain the same.

In Figure 5.7, we demonstrate how a variable-resolution quadrature can be

combined with a widening smoothing density kernel to simultaneously reduce the

computational complexity and preserve the quality of the fingerprint. In column

A, a dense grid is used to sample density fields generated by a wide smoothing

length. By examining the distance matrices of fingerprints sampled during bond

stretching and angular stretching movements, we note that the radial similarity
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decreases monotonically while the angular similarity changes nearly constantly.

In column B, the number of quadrature nodes is kept the same, but the smoothing

length is reduced as an attempt to increase fingerprint sensitivity. Better response

in the near field of the radial direction is obtained, but the linearity in the far field in

the angular direction is compromised. In column C, the fingerprint performs even

worse due to the combination of a sparser quadrature grid and a small smoothing

length. In column D, the performance recovered because we let the smoothing

length depend on the radial distance and adjust the quadrature nodes according

to this pattern.
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Figure 5.7: A comparison of fingerprint distance matrices corresponding to bond stretching and
angular stretching movements. (A) Dense grid + large smoothing length: radial similarity de-
creases monotonically while angular similarity changes nearly constantly. (B) Dense grid+ smaller
smoothing length: better fingerprint sensitivity in the near field for bond stretching, compromised
linearity in the far field for angular stretching. (C) Sparser grid + smaller smoothing length: com-
promised far-field performance for both bond and angular movements. (D) Variable-resolution
grid + radially dependent smoothing length: good resolution and linearity in both near and far
fields.
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5.4 Demonstration

5.4.1 Potential Energy Surface

First, we attempt to fit the potential energy surface of a protonated water dimer

system, in a head-to-head configuration, as a function of the oxygen-oxygen dis-

tance rO-O and the dihedral angleϕ between the two planes each formed by a water

molecule. As shown in Figure 5.8A, the system contains an improperly rotational

symmetry, which we wish to capture with the kernel minisum algorithm. A GPR

model was seeded with 8 training points corresponding to the combinations of

rO-O = 2.2, 2.4, 2.6, 2.8 and ϕ = 0, π/2. Subsequently, an active learning protocol

was used to greedily absorb points with the highest uncertainty into the train-

ing set. Despite that we restricted all training data to be within the subdomain

ϕ <= π/2, as shown by Figure 5.8B and 5.8C, we are able to accurately reproduce

the target function over the entire parameter space after a few active learning

steps.

φ

rO-O

Oxygen Hydrogen

Figure 5.8: Gaussian process regression is carried out to fit the potential energy surface of a
protonated water dimer as a function of two internal variables, i.e. the oxygen-oxygen distance
rO-O and the dihedral angle ϕ between the plane determined by the two water molecules. This
system contains an improperly rotational symmetry, which can be correctly recognized by the
kernel minisum-based algorithm given in Alg. 16. Only a quarter of the domain was used to
train the GP, yet the model can accurately predict energy of the entire parameter space thanks to
symmetry detection.
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Table 5.3: Geometry optimization and vibrational analysis of a single water molecule using GPR
and our proposed fingerprint algorithm. 256 independent trials were performed using coordinates
of water perturbed from equilibrium by a Gaussian noise N(0, 0.15I) followed by a randomly
chosen rigid-body rotation.

GPR DFT

Zero-point energy 0.591 ± 0.003 eV 0.583 eV
Static dipole 2.1580 ± 0.0001 D 2.159 D
Residual Force 0.0016 ± 0.0005 eV/Å 0.0003 eV/Å

Mode Frequency (cmˆ-1) Intensity (D/A)ˆ2 amuˆ-1

GPR DFT GPR DFT

0 1576.5 ± 1.4 1602.4 1.5726 ± 0.0005 1.5767
1 3819.3 ± 0.9 3817.5 0.2516 ± 0.0005 0.2159
2 3916.7 ± 1.6 3922.6 1.3349 ± 0.0028 1.3401

5.4.2 Geometry Optimization and Vibrational Analysis

Next, we demonstrate the usability of fingerprint for fitting vector-valued quan-

tities by performing geometry optimization and vibrational analysis on a single

water molecule. The process involves the simultaneous regression of: 1) energy,

a molecular scalar quantity; 2) force, a per-atom vector quantity; and 3) dipole,

a molecular vector quantity. Correspondingly, we performed GPR of energy and

dipole using fingerprints extracted from the center of mass of the molecule, and

GPR of force using fingerprints extracted from each atom. The training set consists

of 45 configurations uniformly covering the range rO-H = 0.93, 0.95, 0.97, 0.99, 1.05Å

and θH-O-H = 101◦, 105.5◦, 111◦. As shown in Table 5.3, the GPR model can suc-

cessful drive calculations of the infrared spectrum of the molecule from randomly

perturbed initial structures in arbitrary orientation.
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5.5 Discussion

5.5.1 Canonical Coordinate Frame

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

PCA − L2 PCA − L1 Kernel Minisum

(A) Rotational invariance (B) Angular continuity (C) Cluster angular continuity

Figure 5.9: A comparison of the orthogonal bases obtained using principal components analysis
(PCA) and kernel minisum with the square-angle (MSA) kernel. (A) The PCA algorithm, used in
conjunction with the L2 norm, fails to extract a principal axis that rotates with a system that exhibits
planar C4 symmetry. Both MSA and PCA with the L1 norm can accommodate this scenario. (B)
Both L1 and L2 principal axes changes orientation abruptly when the system undergoes a slight
angular motion. In contrast, the MSA output is continuous with regard to this movement as it
always bisects the angle formed by the atoms and the origin. (C) Loosely speaking, the MSA axis
points at the majority direction of the atoms if only a single cluster is present within the cutoff
distance, but bisects the angle between two atom clusters. This is different from PCA-based results
and should deliver robust rotational invariance as well as continuity. Arrows are drawn at different
lengths to improve visual clarity in situations of overlapping. They are to be understood as unit
vectors. De-trending is not performed because the radial distances of the atoms carry physically
significant information.

A major advantage of our kernel minisum approach as compared to PCA using

the Lp norm, lies in its 1) robustness in the presence of structural symmetry; and

2) continuity of the resulting principal axes with respect to angular movement of

the input data. As shown in Figure 5.9, kernel minisum is particularly suitable

for atomistic systems where strong symmetries are common and the continuity

against angular movement is desired. The minisum framework can also be used
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with other customized kernels to suit for the characteristics of specific application

scenarios.

5.5.2 Connection to Other Fingerprint Algorithms

In Figure 5.10, we compare the ability to distinguish atomistic configurations of

our fingerprint as well as SOAP and the Coulomb matrix. Our work is inspired

by the SOAP descriptor [10], which proposes the use of smoothed densities to

represent atomistic neighborhoods. However, instead of converting the density

field into the frequency domain using spherical harmonics, we perform density

field sampling and comparison directly in the real space. This is enabled thanks

to the available of canonical coordinate frame as computed through the kernel

minisum optimization. We have mainly used the L2 norm to compute the distance

between atomistic neighborhoods. However, our fingerprint exhibits very similar

behavior to SOAP when used together with an inner product formula

d(ρs1 , ρs2) ≈
∑N

k=1 wk ρs1(rk)ρs2(rk)√∑N
k=1 wk ρs1(rk)ρs1(rk)

√∑N
k=1 wk ρs2(rk)ρs2(rk)

(5.31)

as demonstrated in Figure 5.10A. Thus, our fingerprint could be used in conjunc-

tion with a wide variety of covariance functions based on either the Euclidean

distance or the inner product similarity.

At first sight, DECAF is very different from the Coulomb matrix fingerprint

and GRAPE, which are both graph-based algorithms [128, 43]. However, instead

of trying to capture the overall density field, if we measure the contribution from

each individual atom on the quadrature nodes at z1, z2, . . . , zM as a row vector, and



162

(A) (B)

1.0 11.0

Interatomic Distance

0.0

1.0

Δφ

DECAF-L2
SOAP
DECAF-Dot
Coulomb

0.0 1.0

Δφ(DECAF-L2)

0.0

1.0

Δφ

SOAP
DECAF − Dot
Coulomb

random
rigid-body
rotation

radial
stretch

random
rigid-body
rotation

i.i.d.
noise

perturbation

Figure 5.10: A comparison between the distance measure used DECAF, SOAP, and the Coulomb
matrix. Fingerprint distances ∆ϕ shown in the plots are measured against ri j = 1.0 in (A) and an
randomly chosen initial state in (B).

stacked up the results to yield the matrix

EN×M
ij = k(xi, z j) (5.32)

Then E can be regarded as an incidence matrix [55] between atoms and the quadra-

ture nodes. This is similar to the graph-based abstraction as seen in the Coulomb

matrix and the GRAPE kernel. However, in both cases the vertices in the graph

represent atoms while the edges represent pairwise interatomic interactions. Here,

the density-based incidence matrix adopts the opposite pattern and constructs a

graph with the quadrature nodes being vertices and atoms being edges. The

adjacency matrix in this case is computed as the inner product ETE:

AM×M
ij = (ETE)i j =

N∑

k=1

k(xk, zi) k(xk, z j). (5.33)

The weight on the edges, as represented by the elements of the adjacency matrix

A, can be interpreted as the total flux as contributed by all paths each bridged by

an atom k. We have numerically found that the smallest N eigenvalues (except for

the 0 eigenvalue) of the symmetric normalized Laplacian

L = I −D−1/2AD−1/2, where Dii = δi j

∑

j

Ai j (5.34)



163

is invariant under rotation up to a certain noise level, even if the quadrature nodes

do not rotate with the atoms. Nonetheless, this detour appears to represent a pure

theoretical interest rather than any practical value.
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Figure 5.11: A comparison between graph-based molecular fingerprints. The Coulomb Matrix and
the GRAPE kernel construct graphs where nodes corresponds to atoms while the weights on the
edges are determined by some pairwise inter-atomic interactions. In contrast, in the density-based
incidence matrix we construct a graph on a set of quadrature nodes whose connectivity is weighted
by a sum of contributions from individual atoms.

5.6 Auxiliary Information

5.6.1 Polynomial Smoothing Functions with Compact Support

As candidates for the weight of integral and density scaling functions (Sec-

tion 5.3.2), a class of compact polynomials that satisfy the criteria [97]:

1. is compactly supported,

2. is strictly positive within some cutoff distance rc,
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3. decreases monotonically,

4. is at least twice continuously differentiable

with minimal number of non-zero terms are:

Wa,b(s) =
−b sa + a sb

σ
, a > b > 2, (5.35)

where s = 1 − r/h is the normalized complementary coordinate within the span h

of the kernel, and

σ = 8πh3

(
a

b3 + 6b2 + 11b + 6
− b

a3 + 6a2 + 11a + 6

)
(5.36)

is an optional normalization factor to ensure that the integral of the kernel in a 3D

ball of radius h is unity. The parameters a and b are free parameters that can be used

to adjust the smoothness and width of the kernel, and can take any real numbers

satisfying the condition a > b > 2. Note that the kernel W4,3 is equivalent to the

Lucy kernel commonly used in Smoothed Particle Hydrodynamics simulations

[74]. The kernel can be evaluated very efficiently using only multiplication and

addition when both a and b are integers.

0.0 0.2 0.4 0.6 0.8 1.0

r/h

0.0

0.5

1.0

1.5

2.0

2.5
(A) Kernel

0.0 0.2 0.4 0.6 0.8 1.0

r/h

0.0

−1.0

−2.0

−3.0

−4.0

−5.0

−6.0

(B) First Derivative

0.0 0.2 0.4 0.6 0.8 1.0

r/h

−80

−60

−40

−20

0

20
(B) Second Derivative Gaussian

Cosine
W8,6

W6,5

W 6,3

W 5,4

W 5,3

W 4,3

W
7
2 ,

5
2

0.8 0.9 1.0
0.0

0.1

0.9 1.0
−0.5

0.0

0.9 1.0
0

5

Figure 5.12: Visualization of the polynomial kernels as given in Eq. 5.35 with a unit support
radius. The kernels are bell-shaped with a derivative of 0 at the origin. Both the first and second
derivatives of the kernels transition smoothly to 0 at its support radius. In contrast, the Gaussian
kernel and its derivatives does not decay to zero at any finite distance, while the second derivative
of the Cosine kernel as mentioned in previous work [13, 10] is not zero at the cutoff distance.
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5.6.2 Table of Quadrature Nodes and Weights

In the table below, we list the nodes and weights of the Laguerre quadrature rules

up to Nr = 6, using notations from Eq. 5.22.

1 ================================================================================

2 n = 0 n = 1 n = 2 n = 3 n = 4 n = 5

3 --------------------------------------------------------------------------------

4 Nr = 2 r_n 2.0000 6.0000

5 a_n 1.5000 0.5000

6 --------------------------------------------------------------------------------

7 Nr = 3 r_n 1.5174 4.3116 9.1710

8 a_n 1.0375 0.9058 0.0568

9 --------------------------------------------------------------------------------

10 Nr = 4 r_n 1.2268 3.4125 6.9027 12.4580

11 a_n 0.7255 1.0634 0.2067 0.0044

12 --------------------------------------------------------------------------------

13 Nr = 5 r_n 1.0311 2.8372 5.6203 9.6829 15.8285

14 a_n 0.5209 1.0667 0.3835 0.0286 0.0003

15 --------------------------------------------------------------------------------

16 Nr = 6 r_n 0.8899 2.4331 4.7662 8.0483 12.6004 19.2620

17 a_n 0.3844 0.9971 0.5361 0.0795 0.0029 0.0000

18 ================================================================================

In the table below, we list the nodes and weights of the Lebedev quadrature rules

up to Nr = 6, using notations from Eq. 5.21.

1 ================================================================================

2 Na = 6 x_m y_m z_m b_m

3 m = 0,1 +-1.00000 0.00000 0.00000 0.16667

4 m = 2,3 0.00000 +-1.00000 0.00000 0.16667

5 m = 4,5 0.00000 0.00000 +-1.00000 0.16667

6 --------------------------------------------------------------------------------
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7 Na = 14 x_m y_m z_m b_m

8 m = 0,1 +-1.00000 0.00000 0.00000 0.06667

9 m = 2,3 0.00000 +-1.00000 0.00000 0.06667

10 m = 4,5 0.00000 0.00000 +-1.00000 0.06667

11 m = 6-13 +-0.57735 +-0.57735 +-0.57735 0.07500

12 --------------------------------------------------------------------------------

13 Na = 26 x_m y_m z_m b_m

14 m = 0,1 +-1.00000 0.00000 0.00000 0.04762

15 m = 2,3 0.00000 +-1.00000 0.00000 0.04762

16 m = 4,5 0.00000 0.00000 +-1.00000 0.04762

17 m = 6-9 0.00000 +-0.70711 +-0.70711 0.03810

18 m = 10-13 +-0.70711 0.00000 +-0.70711 0.03810

19 m = 14-17 +-0.70711 +-0.70711 0.00000 0.03810

20 m = 18-25 +-0.57735 +-0.57735 +-0.57735 0.03214

21 --------------------------------------------------------------------------------

22 Na = 38 x_m y_m z_m b_m

23 m = 0,1 +-1.00000 0.00000 0.00000 0.00952

24 m = 2,3 0.00000 +-1.00000 0.00000 0.00952

25 m = 4,5 0.00000 0.00000 +-1.00000 0.00952

26 m = 6-13 +-0.57735 +-0.57735 +-0.57735 0.03214

27 m = 14-17 +-0.45970 +-0.88807 0.00000 0.02857

28 m = 18-21 +-0.88807 +-0.45970 0.00000 0.02857

29 m = 22-25 +-0.45970 0.00000 +-0.88807 0.02857

30 m = 26-29 +-0.88807 0.00000 +-0.45970 0.02857

31 m = 30-33 0.00000 +-0.45970 +-0.88807 0.02857

32 m = 34-37 0.00000 +-0.88807 +-0.45970 0.02857

33 --------------------------------------------------------------------------------

34 Na = 50 x_m y_m z_m b_m

35 m = 0,1 +-1.00000 0.00000 0.00000 0.01270

36 m = 2,3 0.00000 +-1.00000 0.00000 0.01270

37 m = 4,5 0.00000 0.00000 +-1.00000 0.01270

38 m = 6-9 0.00000 +-0.70711 +-0.70711 0.02257

39 m = 10-13 +-0.70711 0.00000 +-0.70711 0.02257
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40 m = 14-17 +-0.70711 +-0.70711 0.00000 0.02257

41 m = 18-25 +-0.57735 +-0.57735 +-0.57735 0.02109

42 m = 26-33 +-0.30151 +-0.30151 +-0.90453 0.02017

43 m = 34-41 +-0.30151 +-0.90453 +-0.30151 0.02017

44 m = 42-49 +-0.90453 +-0.30151 +-0.30151 0.02017

45 ================================================================================

The Laguerre and Lebedev quadrature nodes can be combined using Eq. 5.23-5.26

into composite grids for sampling the atomistic density field.

5.7 Summary

In this chapter, I presented the Density-Encoded Canonically Aligned Fingerprint

(DECAF) algorithm, which explores the idea of using smoothed density fields to

represent and compare atomistic neighborhoods. One of the key enabling tech-

nique in DECAF is a kernel minisum algorithm, which allows the unambiguous

identification of a canonically aligned coordinate frame that can be used for rota-

tionally invariant projection of the density field as well as any associated vector

quantities. We have performed detailed analysis to study the behavior of the

fingerprint by changing various parameter, such as resolution, smoothing length,

and the choice of weight functions. We demonstrate that the fingerprint algo-

rithm can be used to implement highly accurate regressions of both scalar and

vector properties of atomistic systems including energy, force and dipole moment,

and could be a useful building block for constructing data-driven next generation

force fields for various applications such as molecular dynamics simulations and

molecular docking.



Chapter Six

Conclusion
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In summary, I have presented algorithms, models, and application of mesoscopic

and multiscale scientific computation, as well as a suite of open-source high per-

formance scientific computing software that provides the simulation capability:

Multiscale Universal Interface: The MUI project aims to address the difficulty in

implementing concurrently coupled multiscale simulations by providing a very

simple, yet powerful, set of interfaces for inter-solver communications. By intro-

ducing the concept of data points and data sampler, MUI allows information to

be extracted by giving the user the freedom to choose their own interpolation or

interpretation scheme. The library incurs negligible overhead when running on

hundreds of processors.

USERMESO: TheuserMESO package is a GPU-accelerated extension of the LAMMPS

simulator for Dissipative Particle Dynamics and other mesoscopic particle meth-

ods [144]. Many algorithmic innovations were incorporated, e.g. an atomics-free

neighbor list constructor and specialized transcendental functions. It scales over

thousands of nodes and is more than 20 times faster on one GPU over tens of CPU

cores.

OpenRBC: OpenRBC is a coarse-grained molecular dynamics code which allows

for the first time the simulation of an entire human red blood cell at protein

resolution. An adaptive spatial searching algorithm was invented to accelerate

the computation of short-range pairwise interactions in an extremely sparse 3D

space based on a Voronoi partitioning of the coarse-grained particles. The code

outperforms a legacy solver by 10 times in time-to-solution, thus providing a new

platform for probing the biomechanics of red blood cells.

My future work will emphasize the establishment of a comprehensive ecosys-

tem around the existing developments, and on further promoting the adoption
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and evolution of mesoscopic research methodologies. However, methods and

software is not the goal, but rather tools for reaching the goal. As such, I believe

methodology development should always be guided by real world applications

and problems. From another perspective, the ability to solve an realistic problem

is also an arguably best way to demonstrate the applicability and the value of a

method. As such, I am actively seeking opportunities to apply the algorithms and

tools to address scientific problems, including and beyond the dynamics of en-

zyme catalysis processes and cytomechanics of healthy and diseased blood cells.



Appendix A

The Ermine Utility Code
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A.1 Ermine: A Generic Particle Placement Library

Ermine is a programming library for building initial configurations for particle-

based simulations. Instead of providing a fixed set of functionalities, ermine

provides generic C++ templates and intrinsics that allow direct and intuitive ma-

nipulation of particle-based models. Users can use Ermine to efficiently develop

compact and high-performance C++ applets for expressive construction of diverse

systems. Ermine can be loosely, and perhaps inappropriately, thought of as the

3D particle-based version of Matplotlib [64].

A.2 Quick Start Example

To download Ermine, go to http://www.cosx-isinx.org/

Below is a code that generates start polymer melt by duplicating a template

star polymer at random locations and orientations.

1 #include <ermine.h>

2 using namespace std;

3 using namespace ermine;

4 int main()

5 {

6 ParserLammps<ObjectWithBond> parser;

7 Sandbox <ObjectWithBond> sandbox;

8

9 auto star = parser.read( "star.data" );

10 sandbox.set_bbox( InBox( 0, Vector3D(100,100,80) ) );

http://www.cosx-isinx.org/
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(a) Red blood cells in a solvent box with
all cells facing the center of box.

(b) Colloid particle grafted with polymer
and immersed in a solvent box.

(c) Polymer solution flowing through a microfluidic channel of complex geometry.
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11 sandbox.set_overlap_cutoff( 0.3 );

12 fill( sandbox, star, 100, Rectangle(100,100,80), RandomTilt(2*M_PI) );

13 parser.write( "star_melt.data", sandbox );

14 }

Explanation of the code:

· lines 1-3: includes the ermine header. This is the only file that has to be included,

and no pre-compilation is needed. All ermine functionalities are defined in

namespace ermine.

· lines 7: a parser is a class that reads particle models from files. Current only

the LAMMPS data format and the PDB format are supported. The LAMMPS

parser is defined as a template of the molecule type in order to handle variations

between different subtypes.

· line 8: a sandbox is where the actual construction work is done. It is a container

for storing intermediate particle models, and can also efficiently performs the

task of overlap checking.

· line 10: load the template model file as an C++ object. The C++11 auto key-

word allows us to omit the type of the model, which in this case would be

ObjectWithBond.

· lines 11-12: Set the global bounding geometry as a rectangular box of dimension

100 × 100 × 80, while also set the overlap checking cutoff to be 0.3. The overlap

checking feature will be detailed later.

· line 13: fill the sandbox using 100 copies of the loaded template at random

positions and random orientations by applying the corresponding rigid-body

transformations to the template molecule. The global bounding geometry and

cutoff rules will be used to make sure no molecules will either lie outside of the

rectangular box or overlap with other molecules.
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· line 14: write the content of the sandbox to a file

A.3 Programming Model

Ermine seeks to fight against the combinatorial complexity in building particle

systems by orthogonalizing functionalities of its components. In this way compli-

cated construction strategies may be described by combining basis features. There

are five major categories of classes in ermine: objects, parsers, sandbox, tools

and functors.

A.3.1 Object

Object is the generalization of the concept of molecule. They are essentially C++

classes that act as containers for holding a variable numbers of simple entities such

as atoms, bonds, angles, etc. Ermine allows users to define custom interaction

types and objects through a declarative attribute system, which also supports

semi-automatic data serialization and deserialization.

All the functional intrinsics, e.g. parsers, sandbox, and utility codes, in Ermine

that operates on molecule-like objects are templaterized. Therefore, they are de-

signed to handle any, instead of one, object as long as the object class contains all

the necessary information for carrying out the given task. This is implemented us-

ing an attribute-based design pattern and static dispatch, rather than inheritance

and virtual methods, and thus does not incur any polymorphism overhead. The

attribute-based design pattern will be detailed in later publications.
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A.3.2 Type remapping

Suppose that we have two input molecules. The first molecule contains two

different types of atoms, e.g. carbon and oxygen, labeled as type 1 and 2. The

second molecule also contains two different types of atoms labeled as type 1 and

2, but in this case they are hydrogen and nitrogen. In other words the types with

the same numeric id in fact refers to different types of elements. Now considering

the scenario of randomly placing the two template molecules in a sandbox. If the

type of the particle were just copied mechanically, we end up getting a system

with particles labeled either as type 1 or 2, despite the fact that the system should

contain four different types of atoms. This would of course cause confusion when,

for example, preparing force field files to set up a simulation.

One plausible solution would be to change the second model such that the

hydrogen and nitrogen atoms get labeled as type 3 and 4. However this would

compromise the reusability of the template file, since with every new combination

we would need to relabel the particles repeatedly.

Ermine solves the problem by applying family-based type remapping at the

time of writing a sandbox into a file. In the example above, in the final output

file, carbon and oxygen atoms will still be kept as type 1 and 2, while hydrogen

and oxygen atoms will be remapped as type 3 and 4 automatically. This is imple-

mented by having each input object (molecule) carrying a family name. All objects

with the same family name thus occupy the same type space. Particles with the

same numeric type id but different family names are treated as having different

types. The types will be consolidated and numbered according to their order of

appearance in the sandbox when being written to a file.
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A.3.3 Parser

Parsers control the information exchange between various realizations of Objects

and disk files. The public interface that a Parser exposes is very minimal: 1) a

read method that can either read from a file, as specified by its file name, or an

input stream; and a writemethod that writes either an entire sandbox, or a single

object, to either a file, as specified by its file name, or an output stream.

A.3.4 Sandbox

Sandboxes are container classes that store what has been placed in a system. It

is templaterized, just like containers such as std::vector, using the type of the

object as an argument. In this way, it is able to automatically handle new object

classes defined by users that carry customized information. It implements all the

access semantics of std::vector, and as such can be used in pretty much the same

way as an STL container. Sandbox provides overlap checking functionalities with

an amortized O(1) complexity. This overlap checking functionality is key to the

efficient implementation of many Ermine functionalities.

A.4 Tools

As mentioned previously, Ermine provides intrinsics, i.e. algorithmic building

blocks, that can be assembled into particle system builders using minimal coding

labor. For example, to place 100 replicates of a template molecule at random

locations but with a fixed orientation on a z-parallel plane from (0,0) to (50,50), we
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can translate the following algorithm:

1 template = load( file )

2 system = empty

3 count = 0

4 while count < 100

5 instance = template

6 move instance to random point within (0,0)-(50,50)

7 if no overlap between system and instance

8 insert instance into system

9 count = count + 1

10 endif

11 endwhile

into:

1 #include <ermine/ermine.h>

2 using namespace ermine;

3 int main() {

4 ParserLammps<ObjectWithBond> parser;

5 Sandbox <ObjectWithBond> sandbox;

6 auto star = parser.read( "star.data" );

7 int count = 0;

8 sandbox.set_overlap_cutoff( 0.3 );

9 while( count < 100 ) {

10 auto instance = star;

11 star.moveto( uniform() * 50, uniform() * 50, 0 );

12 if( !sandbox.overlap( instance ) ) {

13 sandbox.insert( instance );

14 count++;

15 }
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16 }

17 }

However, this is not the end of the story. Ermine includes a collection of tool

functions that packs some of the most frequently used generation algorithms so

that the tools can be used out-of-the-box. Users can check out the source files

prefixed with tool_ to locate the tools.

A.5 Functors

Ermine relies on functors to implement a rich set of configurable options. In

the C++ syntax, functors are classes equipped with the operator () method.

Instances of such classes can thus be used as if they were simply functions. For

example:

1 struct Add {

2 int inc;

3 int operator () (int x) { return x + inc; }

4 };

5

6 int main() {

7 Add add;

8 add.inc = 5;

9 printf( 3 + 5 = %d\ n , add(3) );

10 }

11

12 output:
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13 8

The usefulness of functors comes from the fact that they can be passed around

between program components just like ordinary objects, and thus can store addi-

tional information to configure the function behavior dynamically.

A.5.1 Predicates

Predicates are functors that returns Boolean values. In fact, the global bounding

geometry feature is Ermine is entirely built on top of predicates whose inputs

are 3D coordinates. There are other predicates defined in Ermine as well. For

example, particle predicates, i.e. predicates whose input are particles, serves to

screen particles that gets crosslinked in the cross link tool.

A.5.2 Site generators and Spatial predicates

The ability to generate random vectors from a distribution in 3D is core to the place-

ment capability of Ermine. For example, a uniform distribution on a spherical shell

is a reasonable fit for creating vesicles using surfactant molecules. Furthermore, to

model a microfluidic devices, we may need to put solvent particles in a cylindrical

channel while avoiding a few specific locations (e.g. poles).

The entire collection of distributions that may be used in various simulation

scenarios is beyond enumeration. Ermine adopts a rejection sampling approach

to fight against such complexity. It works by letting users to compose generalized

bounding geometries with Boolean combination of geometric primitives. These
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bounding geometries can then be used to reject points that fall outside of the

specified geometry. The detection algorithm is executed hierarchically along the

suffix tree that represents the geometry description. The geometry primitives are

in fact spatial predicates as mentioned previously.

A.5.3 Options

Options are functors that are used by tools such as genpoly and crosslink for

encoding customized parameters.



Appendix B

Examples for Multiscale Universal

Interface
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B.1 Couette flow

Listing B.1: The MUI functionality was implemented as a LAMMPS fix for coupling two SPH

simulations of different resolution.

1 #include "fix.h"

2 #include <mui/mui.h>

3

4 // LAMMPS custom fix declaration

5 class FixMUI : public Fix {

6 public:

7 FixMUI(class LAMMPS *, int, char **);

8

9 virtual ˜FixMUI() {

10 if ( interface ) delete interface;

11 }

12 int setmask() {

13 return POST_INTEGRATE | END_OF_STEP;

14 }

15

16 virtual void post_integrate();

17 virtual void end_of_step();

18

19 protected:

20 mui::uniface3d *interface;

21 double send_upper, send_lower;

22 double recv_upper, recv_lower;

23 double sample_rc;

24 };

25

26 // initialize MUI main object

27 // parsing interface region description from LAMMPS command

28 FixMUI::FixMUI(LAMMPS *lmp, int narg, char **arg) :

29 Fix(lmp, narg, arg) {
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30 if (narg < 9) error->all(FLERR,"Illegal fix mui command");

31

32 // arg[3] example: mpi://sph_fine/sph_sph_interface

33 // mpi://sph_coarse/sph_sph_interface

34 interface = new mui::uniface<default_config>( arg[3] );

35 send_upper = atof( arg[4] );

36 send_lower = atof( arg[5] );

37 recv_upper = atof( arg[6] );

38 recv_lower = atof( arg[7] );

39 sample_rc = atof( arg[8] );

40

41 nevery = 1;

42 }

43

44 // the PUSH part

45 void FixMUI::post_integrate()

46 {

47 for (int i = 0; i < atom->nlocal; i++) {

48 // check whether particle in interface region

49 if ( atom->x[i][1] >= send_lower && atom->x[i][1] <= send_upper ) {

50 // push data points of type double under name "v_x"

51 interface->push( "v_x", mui::point3d(atom->x[i]), atom->v[i][0] );

52 }

53 }

54 // commit points generated in this step

55 // MUI handles delivery of the points via MPI

56 double t = update->ntimestep * update->dt;

57 interface->commit( t );

58 // barrier to bound solver progress discrepancy within 1

59 // prevent frames accumulating in case of load imbalance

60 interface->barrier( t-1 );

61 // remove obsolete frames to free up memory

62 interface->forget( t-1 );
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63 }

64

65 // the FETCH part

66 void FixMUI::end_of_step()

67 {

68 // define spatial and temporal sampler

69 mui::sampler_shepard_quintic<double> quintic(sample_rc);

70 mui::chrono_sampler_exact<> texact(0);

71

72 double t = update->ntimestep * update->dt;

73 for (int i = 0; i < atom->nlocal; i++) {

74 // determine whether particle in interface region

75 if ( x[i][1] >= recv_lower && x[i][1] <= recv_upper ) {

76 // interpolate value, note v_x here is from other solver

77 double r = interface->fetch( "v_x", mui::point3d(atom->x[i]), t, quintic,

texact );

78 // apply coupling

79 atom->v[i][0] = r;

80 }

81 }

82 }

Listing B.2: MUI Exact-point temporal sampler

1 template<typename CONFIG=default_config> class chrono_sampler_exact {

2 public:

3 using REAL = typename CONFIG::REAL;

4 using INT = typename CONFIG::INT;

5 using time_type = typename CONFIG::time_type;

6

7 chrono_sampler_exact( time_type tol = time_type(0) ) {

8 tolerance = tol;

9 }

10
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11 template<typename TYPE>

12 TYPE filter( time_type focus, const std::vector<std::pair<time_type, TYPE> >

&points ) const {

13 for( auto i: points ) {

14 if ( std::abs(i.first - focus) <= tolerance ) {

15 return i.second;

16 }

17 }

18 return TYPE(0);

19 }

20 time_type get_upper_bound( time_type focus ) const {

21 return focus + tolerance;

22 }

23 time_type get_lower_bound( time_type focus ) const {

24 return focus - tolerance;

25 }

26

27 protected:

28 time_type tolerance;

29 };

Listing B.3: MUI SPH sampler using the quintic spline

1 template<typename O_TP, typename I_TP = O_TP, typename CONFIG = default_config>

2 class sampler_sph_quintic

3 {

4 public:

5 using OTYPE = O_TP;

6 using ITYPE = I_TP;

7 using REAL = typename CONFIG::REAL;

8 using INT = typename CONFIG::INT;

9 using point_type = typename CONFIG::point_type;

10 const static int D = CONFIG::D;

11
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12 sampler_sph_quintic( REAL r_ ) : r( r_ ), hinv( REAL( 3 ) / r_ )

13 {

14 static_assert( D == 1 || D == 2 || D == 3, "Quintic kernel for dimension

other than 1,2,3 not defined." );

15 REAL sigma;

16 switch( D ) {

17 case 1:

18 sigma = 1.0 / 120.0;

19 break;

20 case 2:

21 sigma = 7.0 / 478.0 / PI;

22 break;

23 case 3:

24 sigma = 1.0 / 120.0 / PI;

25 break;

26 }

27 norm_factor = sigma * power<D>( hinv );

28 }

29

30 template<template<typename, typename> class CONTAINER>

31 inline OTYPE filter( point_type focus, const CONTAINER<ITYPE, CONFIG>

&data_points ) const

32 {

33 OTYPE vsum = 0;

34 for( INT i = 0 ; i < data_points.size() ; i++ ) {

35 auto dist2 = ( focus - data_points[i].first ).normsq();

36 if( dist2 < r * r ) {

37 REAL w = quintic_polynomial( sqrt( dist2 ) );

38 vsum += data_points[i].second * w;

39 }

40 }

41 return vsum;

42 }
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43

44 inline geometry::any_shape<CONFIG> support( point_type focus ) const

45 {

46 return geometry::sphere<CONFIG>( focus, r );

47 }

48

49 protected:

50 REAL r, hinv, norm_factor;

51

52 inline REAL quintic_polynomial( const REAL dist ) const

53 {

54 REAL s, w;

55 REAL s1, s2, s3;

56 REAL s1_5, s2_5, s3_5;

57 s = dist * hinv;

58 s1 = 1.0 - s;

59 s2 = 2.0 - s;

60 s3 = 3.0 - s;

61 s1_5 = 15.0 * power<5>( s1 );

62 s2_5 = -6.0 * power<5>( s2 );

63 s3_5 = power<5>( s3 );

64 if( s < 1.0 ) {

65 w = s3_5 + s2_5 + s1_5;

66 } else if( s < 2.0 ) {

67 w = s3_5 + s2_5;

68 } else if( s < 3.0 ) {

69 w = s3_5;

70 } else {

71 w = 0.0;

72 }

73 w *= norm_factor;

74 return w;

75 }
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76 };

B.2 Soft Matter

Listing B.4: MUI Temporal summation sampler

1 template<typename CONFIG=default_config> class chrono_sampler_sum {

2 public:

3 using REAL = typename CONFIG::REAL;

4 using INT = typename CONFIG::INT;

5 using time_type = typename CONFIG::time_type;

6

7 chrono_sampler_sum( time_type newleft = time_type(0), time_type newright =

time_type(0) ) {

8 left = newleft;

9 right = newright;

10 }

11

12 template<typename TYPE>

13 TYPE filter( time_type focus, const std::vector<std::pair<time_type, TYPE> >

&points ) const {

14 TYPE sum = TYPE(0);

15 for( auto i: points ) {

16 if ( i.first <= focus + right && i.first >= focus - left ) {

17 sum += i.second;

18 }

19 }

20 return sum;

21 }

22 time_type get_upper_bound( time_type focus ) const {

23 return focus + right;

24 }
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25 time_type get_lower_bound( time_type focus ) const {

26 return focus - left;

27 }

28

29 protected:

30 time_type left, right;

31 };

B.3 Conjugate Heat Transfer

Listing B.5: MUI spatial averaging sampler based on the voronoi diagram of a given set of vertices

1 template<typename O_TP, typename I_TP = O_TP, typename CONFIG = default_config>

2 class sampler_voronoi_mean

3 {

4 public:

5 using OTYPE = O_TP;

6 using ITYPE = I_TP;

7 using REAL = typename CONFIG::REAL;

8 using INT = typename CONFIG::INT;

9 using point_type = typename CONFIG::point_type;

10 static int const D = CONFIG::D;

11

12 sampler_voronoi_mean( const std::vector<point_type > &v, const

std::vector<std::set<INT> > &n ):

13 vertices( new std::vector<point_type >( v ) ),

14 neighbors( new std::vector<std::set<INT> >( n ) )

15 {

16 hmax = 0;

17 for( INT i = 0 ; i < neighbors->size() ; i++ ) {

18 auto xi = vertices->operator[]( i );

19 for( auto &j : neighbors->operator[]( i ) ) {
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20 hmax = std::max( hmax, ( xi - vertices->operator[]( j ) ).norm()

);

21 }

22 }

23 }

24

25 sampler_voronoi_mean( sampler_voronoi_mean &s ) :

26 neighbors( s->neighbors ),

27 vertices( s->vertices ),

28 hmax( s->hmax ) {}

29

30

31 template<template<typename, typename> class CONTAINER>

32 inline OTYPE filter( point_type focus, const CONTAINER<ITYPE, CONFIG>

&data_points ) const

33 {

34 INT my_vertex = find_closest( focus );

35 auto sum = OTYPE( 0 );

36 auto n = INT( 0 );

37 auto v = vertices->operator[]( my_vertex );

38 auto &neigh_list = neighbors->operator[]( my_vertex );

39 // for each data point, check whether its closest to my vertex

40 for( int i = 0; i < data_points.size(); i++ ) {

41 auto u = data_points[i].first;

42 REAL rmine = ( u - v ).normsq();

43 bool is_mine = true;

44 for( auto &j : neigh_list ) {

45 REAL r = ( u - vertices->operator[]( j ) ).normsq();

46 if( r < rmine ) {

47 is_mine = false;

48 break;

49 }

50 }
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51 if( is_mine ) {

52 sum += data_points[i].second;

53 n++;

54 }

55 }

56 return sum / n;

57 }

58 inline geometry::any_shape<CONFIG> support( point_type focus ) const

59 {

60 point_type closest = vertices->operator[]( find_closest( focus ) );

61 return geometry::sphere<CONFIG>( closest, hmax );

62 }

63 protected:

64 // flyweights

65 std::shared_ptr<std::vector<point_type > > vertices;

66 std::shared_ptr<std::vector<std::set<INT> > > neighbors;

67 REAL hmax;

68

69 // locate closest vertex

70 inline INT find_closest( point_type focus ) const

71 {

72 INT closest = -1;

73 REAL rmin = std::numeric_limits<REAL>::infinity();

74 for( INT i = 0; i < vertices->size(); i++ ) {

75 auto &v = vertices->operator[]( i );

76 REAL r = ( v - focus ).normsq();

77 if( r < rmin ) {

78 closest = i;

79 rmin = r;

80 }

81 }

82 return closest;

83 }
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84 };

Listing B.6: MUI linear nearest 2 points sampler

1 template<typename O_TP, typename I_TP=O_TP, typename CONFIG=default_config>

2 class sampler_pseudo_nearest2_linear {

3 public:

4 using OTYPE = O_TP;

5 using ITYPE = I_TP;

6 using REAL = typename CONFIG::REAL;

7 using INT = typename CONFIG::INT;

8 using point_type = typename CONFIG::point_type;

9

10 sampler_pseudo_nearest2_linear( REAL h_ ) : h(h_) {}

11

12 template<template<typename,typename> class CONTAINER>

13 inline OTYPE filter( point_type focus, const CONTAINER<ITYPE,CONFIG>

&data_points ) const {

14 REAL r2min_1st = std::numeric_limits<REAL>::max();

15 REAL r2min_2nd = std::numeric_limits<REAL>::max();

16 OTYPE value_1st = 0, value_2nd = 0;

17 for(INT i = 0 ; i < data_points.size() ; i++) {

18 REAL dr2 = ( focus - data_points[i].first ).normsq();

19 if ( dr2 < r2min_1st ) {

20 r2min_2nd = r2min_1st;

21 value_2nd = value_1st;

22 r2min_1st = dr2;

23 value_1st = data_points[i].second ;

24 } else if ( dr2 < r2min_2nd ) {

25 r2min_2nd = dr2;

26 value_2nd = data_points[i].second ;

27 }

28 }

29 REAL r1 = std::sqrt( r2min_1st );
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30 REAL r2 = std::sqrt( r2min_2nd );

31 return ( value_1st * r2 + value_2nd * r1 ) / ( r1 + r2 );

32 }

33 inline geometry::any_shape<CONFIG> support( point_type focus ) const {

34 return geometry::sphere<CONFIG>( focus, h );

35 }

36 protected:

37 REAL h;

38 };



Appendix C

A Simple Physics-Based Parallel Ray

Tracer
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C.1 Ray tracing

Ray tracing stands out among a plethora of graphics rendering technologies thanks

to its unique capabilities in generating photo-realistic images using a relatively

simple algorithm. In this method, a digital image, just like its real-world analog —

a picture recorded on a film, is obtained by accumulating rays that travel from the

scene into a virtual camera. However, instead of numerically tracing the path of

rays that originates from some light source into the camera, the reverse direction is

taken and rays are shot from the camera into the scene. This strategy is motivated

by the observation that only a small fraction of the rays that radiate from a light

source will eventually enter the camera before being absorbed after repeatedly

bouncing between material surfaces. The intersection between the rays and scene

objects are solved for and used to determine the color of the incoming rays that

lights up the image pixels.

This algorithm carries the following advantages:

1. The intersection of rays with many geometric objects can be solved analyti-

cally. In fact, sphere is the fastest object to render in ray tracing. In contrast,

with traditional tessellation techniques, a sphere has to be rasterized using

a large number of triangles to ensure surface smoothness, thus incurring

significant overhead.

2. By manipulating the (recursive) generation of rays, it is straightforward to

implementation various optical effects such as soft shadows, transparency,

depth-of-field and motion blur.

3. The computation for tracing each individual ray is embarrassingly parallel
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and hence can be accelerated easily with hybrid computer clusters with

heterogeneous accelerators.

C.2 Implementation Overview

Collaborating with Lu Lu and Dongkun Zhang, I developed from scratch a very

compact ray tracer with the following features:

• Native support for spheres, triangles, smoothed triangles, and cylinders.

• Multiple directional light with adjustable color, luminance and hardness.

• Diffusive, reflective, transparent & refractive, illuminating materials.

• Soft shadows

• Adaptive ray depth control.

• log(N) ray-scene intersection detection.

• MPI + OpenMP hybrid parallelization.

• Dynamic load balancing.

The code is written with C++11 using only 700 lines of code. The following classes

were implements for encapsulating the basic concepts of ray tracing:

1 struct Timer ; // performance monitoring and assists dynamic load balancing

2 struct Ray ; // ray originating point and direction

3 struct Material ; // description of surface optical properties

4 struct Object ; // base class for scene objects
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5 struct Sphere ; // scene object primitive

6 struct Triangle ; // scene object primitive

7 struct Striangle; // scene object primitive

8 struct Cylinder ; // scene object primitive

9 struct RNG ; // thread-safe parallel random number generator

10 struct FastTree ; // log(N) fast scene traversal structure

11 struct Scene ; // containers of scene objects and lighting information

The tracer can be downloaded from http://www.cosx-isinx.org/

C.3 Intersection Algorithm

The program can deal with a variety of basic geometric primitives, while more

complicated structures has to be partitioned into a combination of the geometric

primitives. The primitives are: sphere, triangle, smoothed triangle (s-triangle),

and cylinder. The intersection method takes in a ray as the input, and returns a

real number, which is the distance from the light source to the incident point, as

well as a vector, which is the unit normal vector at the incident point, pointing to

the direction of the light source. If the ray does not intersect with any object, a

distance of -1.0 will be returned.

C.3.1 Sphere

Sphere is the simplest geometric primitive in ray-tracing. A sphere is uniquely

defined by its center (a vector) and radius. The following plot shows the reflection

of a ray on a ball in a 2D plane.

http://www.cosx-isinx.org/
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Figure C.1: Illustration of ray-sphere intersection.

C.3.2 Triangle

Another basic geometric primitive is triangle, which can be defined by its three

vertices (3 vectors). The following plot shows the reflection of a ray on a triangle.

Figure C.2: Illustration of ray-triangle intersection.

C.3.3 Smoothed Triangle

Among all the basic objects, smoothed triangle is the most important one and can

be used to approximate complicated 3D shapes. It is a curved surface with three

vertices, whose curvature is defined a a linear interpolation of unit normal vectors
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that collocates with the vertices. Given the coordinates (vectors) of these vertices

and the unit normal vector at each vertex, we can approximate the normal vector

at the incident point by interpolating the normals at vertices, using barycentric

coordinates. Since the actual incident point is very close to the flat triangle, in order

to simplify the model, we replace the actual incident point by the intersection of

the extension of the ray with the flat triangle as determined by the vertices.

Figure C.3: Illustration of ray-smoothed triangle intersection.

C.3.4 Cylinder

A cylinder can be defined by either of the two ways: 1) by specifying the center

of either its upper or lower surface, its radius, its height, and the direction of

its axis; 2) by specifying the centers of both its upper and lower surfaces, and

its radius. The cylinder primitive is particularly useful for visualizing chemical

bonds between atoms.
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Figure C.4: Illustration of ray-cylinder intersection.

C.4 Directional Light

Directional lights are global illumination entities whose interactions with scene

objects only depend on the angle of incidence but not on the absolute location. The

amount of directional light absorbance for a given point on a surface is determined

by the inner product between the rays that originate from that point and the

direction of the directional light by

Id = max(0,−ed · eray)h, (C.1)

where h is a hardness factor controlling how fast the luminance decays if the ray

does not align with the directional light.
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C.5 Recursive Tracing Model and algorithm

In our render equation, after a ray hits the surface of an object, it may spawn several

types of secondary rays. We consider three different kinds of secondary rays to

account for the effects of specular reflection, diffusive reflection, and refractive

reflection. The specular ray and the incident ray are symmetric about the normal

line of the surface; the diffusive rays consists of multiple rays of random directions

uniformly distributed in the hemisphere centered around the surface normal; the

refractive ray lies on the other side of the incidence plane and is bent according to

the Snell’s law.

A recursive tracing algorithm is used to sum up the contribution of the sec-

ondary rays into the primary ray. Since each ray will generate even more rays

after interacting a surface, a maximum depth of reflection is enforced in order to

prevent the number of rays from exploding. A ray with a reflection count higher

than a given threshold will not be able to generate any secondary rays regardless

of its interaction with the scene. To further speed up computation, rays whose

weight of contributions to the original primary ray fall below a certain threshold

will also be discarded during the tracing process.

Incident ray Specular reflection

Diffusive reflection

Refraction

Figure C.5: Recursive ray tracing
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C.6 Antialiasing

As with any rasterization algorithm, the breaking down of the continuous pro-

jection of the scene onto the image plane into discrete pixels introduces aliasing

errors. In addition, the computation of soft shadows is built on top of Monte

Carlo sampling, where the direction of reflecting rays are chosen stochastically

from a given distribution. The combined effect is that the final image may contain

significant noise that will negatively impact the appearance of the image. There-

fore, antialiasing techniques were used to shoot multiple rays at randomly jittered

subpixel locations within each pixel. The final color of each pixel is an average of

the subpixel results. This can greatly reduce aliasing artifacts and improve visual

quality of the image.

C.7 Parallelization

C.7.1 Parallel RNG

To spawn the diffusive rays, we need to generate many random rays with a uniform

distribution on a disc in parallel. However, the built-in random number generator

(RNG) in C++ cannot work in parallel. Therefore, we must set up independent

RNG for each thread. We implemented the RNG class with high efficiency based

on the RNG library in C++ 11.
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C.7.2 Division of work

To parallelize the program, we adopted a hybrid approach using both MPI and

OpenMP. We illustrate the parallelization scheme in Figure C.6 using an example

image of 1920 × 1080 pixels. Here, a tile denotes a small piece of the picture,

usually a block of 8 × 8 pixels, and is the smallest and unbreakable unit of task

parallelization. The entire picture can be treated as a 1D array of tiles that expands

in a row-major fashion. A section is a continuously collection of tiles, and is used to

map the workloads onto MPI tasks. Thus, the number of sections always equals to

the number of MPI ranks, and each MPI rank only takes care of only one section.

C.7.3 Load Balancing

The distribution of the objects in the scene may not project evenly onto the screen

space. Thus, what might happen is that in some sections all rays will hit nothing

but the background canvas, thus entailing minimal computation workload at

runtime. Meanwhile, in some other sections, the rays may need to bounce many

times between several objects, and the computation workload can be orders of

Figure C.6: Decomposition of image pixels among parallel tasks.
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magnitude higher than tracing a ray that hit nothing. As a consequence, each pixel

in the rendered image will consume dramatically different amounts of processor

time, and the time spent for ray tracing will be determined by the slowest pixel

without proper load balancing strategies. This could result in severe imbalance of

the utilization of computation resource.

Therefore, we implemented a load balancing algorithm to dynamically adjust

the partition of sections to optimize computational efficiency. Due to the need of

antialiasing, the entire image will be traced several times, and this gives us the

chance to re-partition the pixel sections among passes of antialiasing. To determine

the adjusted size of the sections, we time the computation of each tile, and use

the timing result to build a cumulative tile-wise CPU time distribution. Note this

curve, as a function, is monotonically increasing and hence is guaranteed to be

invertible. The start and end points of the partitions are then determined by evenly

dividing the curve along the y-axis, and then finding the corresponding division

points on the x-axis. In this way, each of the newly determined sections should

consume an approximately equal amount of computation time. This process can

be demonstrated by Figure C.7, where a total of 1024 tiles is divided into 4 section.

Figure C.7: Loading balancing using inverse cumulative timing.

The re-partitioning process will typically reach a steady state after several

iterations, where the program can then achieve near-optimal performance. The
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pseudo-code for the load balancing algorithm is

1 double times[total number of tiles];

2 for (int k = 0; k < num_antialiasing; k++) {

3 define timer;

4 for (int nt = tile_start; nt < tile_end; nt ++) {

5 reset timer;

6 Process image in tile nt;

7 end timer;

8 times[nt] = processing time of tile nt;

9 }

10 calculate tile_start and tile_end for my rank based on times;

11 }

C.8 Result and benchmark

Case 1: Glass Spheres on A Checkerboard
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Case 2: Baymax

SMT efficiency: We ran this test on the Mira supercomputer located at the

Argonne Leadership Computing Facility. Each node of the computer has 16

cores, and each core has 4 simultaneous hardware threads. From Figure C.8, we

can see that the wall time of computation decreases with the number of threads

significantly.

Figure C.8: SMT efficiency.

Load balancing: To test load balancing, we ran the program using 2048 ranks,
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with and without load balancing enabled. From Figure C.9, we show that the load

balance algorithm can dramatically reduce the running time.

Figure C.9: Dynamic load balancing.

Strong scaling: We ran the program under different number of ranks from 16

to 16384. The figures below are the tracing time and wall time versus the number

of ranks. We can see from Figure C.10 that:

1. The tracing time always decreases with the number of ranks;

2. The wall time decrease with the number of ranks at first. However, when the

number of ranks is already large enough, the wall time will not decrease again.

This is because the communication costs most of the wall time.

Overall, the tracer demonstrates good strong scaling efficiency.

Figure C.10: Strong scaling.
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C.9 Section Summary

We successfully implemented a parallel ray tracer, which can generate photo-

realistic images using a hybrid MPI/OpenMPI parallel algorithm. The tracer scales

strongly up to 10,000 MPI ranks with 4 threads per rank. A inverse-histogram

based load balancing algorithm is the primary enabling technique for achieving

this level of scalability. The tracer is light weight and hence can be incorporated

easily into existing solvers for the purpose of in-situ visualization.
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