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1 Introduction

The Sachdev-Ye-Kitaev (SYK) model was proposed as a simpler, yet non-trivial example of
the AdS/CFT correspondence, which was based on the earlier model by Sachdev and Ye (SY)
[1-5]. Detailed investigations of the SYK model [6-18] have shed light on interesting, highly
non-trivial aspects of the AdS/CFT correspondence and provide a potential framework for
quantum black holes. The model, which can be studied at Large N, features an emergent
conformal reparametrization symmetry at the IR critical point, which triggers out-of-time-
order correlators exhibiting quantum chaos, with a maximal Lyapunov exponent characteristic
of quantum black holes [7], providing an example of the butterfly effect [19-25]. Connections
of the model to Random Matrix Theory have further elaborated this quantum black hole
interpretation of the model [26-37]. Related models have been studied also [38-43] as well as
various generalizations [44-58]. The solution and properties in leading order in Large N are
shared with tensor type models [59-85].

Despite great interest on the model, the precise bulk dual of the SYK model is still not
understood. It has been conjectured in [86-89] that the gravity sector of this model is the
Jackiw-Teitelboim model [90, 91] of dilaton-gravity with a negative cosmological constant
studied in [92], while [93-97] provide strong evidences that it is actually Liouville theory.
(Various other aspects of this dilaton-gravity sector have also been studied [98-105].) On
the other hand, it is also known that the matter sector contains an infinite tower of particles
[9-11]. Couplings of these particles have been computed by calculating higher-point functions
in the SYK model [15, 16], and the spectrum of the matter sector can be understood from
3D gravity theory [106-108].

In this thesis, we describe the development of systematic Large N representation of the
model given in [11, 12], through a nonlinear bi-local collective field theory. This representation
systematically incorporates arbitrary n-point bi-local correlators through a set of 1/N vertices
and propagator and as such gives the bridge to a dual description. It naturally provides a
holographic interpretation along the lines proposed more generally in [109, 110], with the
center of mass and relative coordinates of the two points in the bi-local fields. The Large



N SYK model represents a highly non-trivial non-linear system. At the IR critical point
(strong coupling limit) there appears a zero mode problem which at the outset prevents
a perturbative expansion. We treat this mode through introduction of collective “time”
coordinate as a dynamical variable as in quantization of extended systems [111]. Its Faddeev-
Popov quantization was seen to systematically project out the zero modes, providing for a
well defined propagator and expansion around the IR point. What one has is a fully nonlinear
interacting system of bi-local matter with a discrete gravitational degree of freedom governed
by a Schwarzian action. We will demonstrate the non-linear derivation of the action to be
exact at all orders [12], which leads to the so called “enhanced” contributions at the linearized
quadratic level originally described in [10].

We will also describe the three dimensional interpretation of the bulk theory [106, 107].
The zero temperature SYK model with four point interactions corresponds to a background
AdSy x I, where I = S'/Z5 is a finite interval whose size needs to be suitably chosen. There
is a single scalar field coupled to gravity, whose mass is equal to the Breitenlohner-Freedman
bound [112] of AdSs. The scalar field satisfies Dirichlet boundary conditions at the ends and
feels an external delta function potential at the middle of the interval. The background can
be thought of as coming from the near-horizon geometry of an extremal charged black hole
which reduces the gravity sector to Jackiw-Teitelboim model with the metric in the third
direction becoming the dilaton of the latter model [87]. The strong coupling limit of the
SYK model corresponds to a trivial metric in the third direction, while at finite coupling
this acquires a dependence on the AdSs spatial coordinate. With a suitable choice of the
size of the interval L and the strength of the delta function potential V|, we show that at
strong coupling, (i) the spectrum of the Kaluza-Klein (KK) modes of the scalar is precisely
the spectrum of the SYK model and (ii) the two point function with both points at the center
of the interval is in precise agreement with the strong coupling bi-local propagator, using the
simplest identification of the AdS coordinates proposed in [109]. For finite coupling, we adopt
the proposal of [87, 88], and show that to order 1/.J, the poles of the propagator shift in a
manner consistent with the explicit results in [10].

We will finally address the so called “i” problem discussed in [108]. If one considers
the Euclidean partition function of the model, changing variables to the center of mass and
relative coordinates of the bi-local, one reaches a solution (the propagator and quadratic
fluctuations) with a Lorentzian signature, coming from the fact that the two points of the
bi-local become coordinates of a Lorentzian signature. On the other hand, we expect that the
dual theory of the Euclidean SYK model should live in Euclidean spacetime [10]. One issue
which is detrimental to a potential Lorentzian identification associated with this data comes

7

from the factors of “ ¢ ” which inevitably appears in a Lorentzian dual theory, but absent in
the SYK propagator. Secondly, the radial part of the AdSy wave functions which appear in
the SYK eigenfunctions (whether or not we write this in the 3D language) are not the usual
normalizable AdS wave functions, but satisfy different boundary conditions. These unusual
wave functions are, however, required since these are the ones which diagonalize the SYK

kernel [9, 11]. This suggests that they might be better thought of as dSy wave functions [10]



The resolution of both issues are given as follows. We will show that a non-local transform
relates the bi-local field to a field whose underlying dynamics is in Euclidean AdSs. We
will arrive at this transform following the same principles underlying the derivation of the
corresponding transform for the O(N) model in d = 3 [114, 115]: the idea is to find a canonical
transformation in the four dimensional phase space of the two points in the bi-local such that
the symmetries of EAdSs are realized correctly. This suggests a simple transformation kernel
for the momentum space fields. It turns out that the corresponding position space kernel
is a H? Radon transform. Radon transforms have appeared (explicitly or implicitly) in
discussions of AdS/CFT, most notably in [116-118] where this is used to go from the bulk
to the kinematic space of the boundary field theory on a time slice. Indeed the space on
which the bi-locals live is a version of kinematic space. However, unlike these papers we are
not working on a time slice in the bulk - rather our transform takes unequal Euclidean time
fields on EAdSs to bi-locals. Though mathematically identical, our transform is conceptually
somewhat different. The necessity of a Radon transform in this context has been in fact
mentioned in [10].

This transformation takes the particular combinations of Bessel functions which appear
in the SYK propagators to the modified Bessel functions which appear in the standard EAdS,
propagator. However there are additional factors which morally resemble the leg pole factors
of the ¢ = 1 matrix model necessary to relate the collective field [119] to the usual tachyon
field of the dual 2D string theory and reproduce the S-Matrix [120-124] (for a recent improved
understanding see [125]). In this latter case these factors are believed to arise from the discrete
states of the 2D string. For our case it is tempting to speculate that the leg pole factors also
arise from similar bulk degrees of freedom, which remain to be identified. In fact we find
an intriguing analogy between the SYK propagator and the propagator of macroscopic loop
operators [120].

2 The Model

2.1 Bi-local method

In this subsection, we will give a brief review of our formalism [11, 12]. The Sachdev-Ye-Kitaev
model [7] is a quantum mechanical many body system with all-to-all random interactions on
fermionic N sites (N > 1), represented by the Hamiltonian

N
1

H = 1 E Jijkl Xi X Xk X1 5 (2.1)
i,j,k},l:].

where x; are Majorana fermions, which satisfy {x;, x;} = d;;. The coupling constant J;;; are
random with a Gaussian distribution. The original model is given by this four-point inter-
action; however, it is a simple generalization to analogous g-point interacting model [7, 10].

!This has been suggested by J. Maldacena [113].



In this thesis, we follow the more general ¢ model, unless otherwise specified. Nevertheless,
our main interest represents the original ¢ = 4 model. After the disorder averaging for the
random coupling J;jx;, there is only one effective coupling J and the effective action is written
as

S, /dtzzxzatxz SN l/dtldtQ Z

=1 a=1 a,b=1

N q
<Z X?(ﬁ)Xf(h)) ; (2:2)
i=1

where a, b are the replica indexes. Throughout this thesis, we only consider this Euclidean
time model. We do not expect a spin glass state in this model [8] and we can restrict to
replica diagonal subspace [11]. Therefore, introducing a (replica diagonal) bi-local collective
field:

N
\I/ tl,tg = Z tl Xi t2 (2.3)

the model is described by a path-integral

Z = / [ D (t1,t2) p[@] e Sl (2.4)

t1,t2

with an appropriate order O(N?) measure x and the collective action:

2

Seol[¥] = ];]/dt [(%\Il(t,t’)}t_t + gTrlog\I/ _J N/dtldtg W1y, t9) (2.5)
where the trace term comes from a Jacobian factor due to the change of path-integral variable,
and the trace is taken over the bi-local time. This action being of order N gives a systematic
1/N expansion, while the measure u found as in [126] begins to contribute at one loop level
(in 1/N). Here the first linear term represents a conformal breaking term, while the other
terms respect conformal invariance. This naive expression of the breaking term represents
a product at the same point, which will be receiving regularization in our perturbation. In
the IR with the strong coupling limit |¢|J > 1, the collective action is reduces to the critical

action
2

N N
Se[¥] = ETrlog\Il 7 /dtldtg Wi(ty,ta), (2.6)

which exhibits the emergent conformal reparametrization symmetry

Q=

Ut ta) — Uyt ta) = |F(0)F ()] W (0). S(12)) (2.7)

with an arbitrary function f(¢). The critical saddle-point solution is given by

T\
|f(t1) — f(t2)] ’

U ¢(t1,t2) = b(



where b is a time-independent constant. This symmetry is responsible for the appearance of
zero modes in the strict IR critical theory. This problem was addressed in [11, 12] with analog
of the quantization of extended systems with symmetry modes [111]. The above symmetry
mode representing time reparametrization can be elevated to a dynamical variable through the
Faddeev-Popov method which we summarize as follows: we insert into the partition function
(2.4), the functional identity:

/]_:[Df(t) ]:[a(/u\lff>

so that after an inverse change of the integration variable, it results in a combined represen-

Z = /HDf(t) [ P¥(t1,t2) u(f, ®)6 </u\11f) e~ SealV:f] (2.10)

t1,t2

5 (fu-¥y)

57 =1, (2.9)

tation

with an appropriate Jacobian. After separating the critical classical solution Wq from the
bi-local field: ¥ = ¥y + W, the total action is now given by

N [ _
Seal¥, 1) = SIf) + 5 [ [E], + 9], (211)
Here [ |5 represents a regularized expression for the breaking operator, that we will specify in
Section 3.1. The action of the time collective coordinate is given by

S[f] = ];/ (o], - (2.12)

We have in [11] given the explicit evaluation of the nonlinear action S[f] for the case of ¢ = 2
demonstrating the Schwarzian form [11] conjectured by Kitaev and constructed at quadratic
level by Maldacena and Stanford [10]. For general g, the naive form of the composite operator
in (2.5) generates again a Schwarzian action, which we exhibited through an e-expansion
presented in Appendix A. Taking into account the regularized breaking term we confirm the
Schwarzian form (in Appendix B)

__ No )3 (0N
sl = _247rJ/dt [ O] (f’(t)> ] ’ (219

a = —127By7, (2.14)

with a coeflicent

where

— (¢° — 6¢ +6)

. (2.15)

) = ) [%(q— (g ~2)

B 127bq qsin(%r)

and Bj representing the coefficient of first order shift of the saddle-point solution which will be
summarized in Section 3.1. All together our result for the prefactor of the Schwarzian action



comes out in agreement with the value obtained first by Maldacena and Stanford through
evaluation of zero mode dynamics [10].

Summarizing in the above construction we have an interacting picture of the emergent
Schwarzian mode f(t), and a bi-local matter field combined in the nonlinear collective action
(2.11). It is important to emphasize that this action exhibits reparametrization symmetry
both at and also away from the IR point. For this, the delta constraint condition projecting
out the state associated with wave function u(t1, t2) represents a gauge fixing condition with an
corresponding Faddeev-Popov measure. This formulation then allows systematic perturbative
calculations around the IR point.

2.2 Relation to Zero Mode Dynamics

Before we proceed with our perturbative calculations it is worth comparing the above exact
treatment of the reparametrization mode (2.13) with a linearized determination of the zero
mode dynamics, as considered in [10]. We will be able to see that the latter follows from the
former.

Expanding the critical action around the critical saddle-point solution ¥y, we have the
quadratic kernel (which defines the propagator) and a sequence of higher vertices and so on.
This expansion is schematically written as

1 1
Sc[\I/oJr 2/N77} = N S:[¥o] + 2/17-/C-77+ \/N/V@)‘nnwr (2.16)

where the kernel is
625, [Wo]
OWo(t1,t2)0W0(t3,14)
= W5ty t3) W5 (ta, ta) + (g — 1)J%6(t13)0(tas) UL 2 (81, L2) (2.17)

K(t1,to;t3,ta) =

with t;; = t; —t;. Then, the bi-local propagator D is determined as a solution of the following

Green’s equation:
/dtgdt4 K(t1,to;ts,ta) D(ts, ta;ts, te) = 0(t15)0(t2g) - (2.18)

In order to inverse the kernel K in the Green’s equation (2.18) and determine the bi-local
propagator, let us first consider an eigenvalue problem of the kernel K:

/dt3dt4 IC(t1, tasta, ta) unt(ts, ta) = kngune(ti,ta), (2.19)

where n and t are labels to distinguish the eigenfunctions. The zero mode, whose eigenvalue
is kg = 0 is given by
6Wo,f(t1,t2)

S0 |y (2.20)

uoi(ti,t2) =



Now, we consider the zero mode quantum fluctuation around a shifted classical background
\I’(tl, tg) = \I’cl(tlp tg) + /dt/ E(t/) Ug, ¢/ (tl, tg) , (2.21)

with Uy = Wy + Uy where ¥y is a first 1/J shift of the classical field from the critical
point. Then, the quadratic action of € in the first order of the shift is given by expanding
Sc[We + € - ug]. This quadratic action can be written in terms of the shift of the kernel 0/C as

N
So [6] = — Z dtdt’ €(t) E(t/) / dt1dtadtsdty U ¢ (tl, tg) (WC(tl, to; 13, t4) U ¢ (tg, t4) , (2.22)

535 [P0
dWo(t1,t2)0Wo(ts,t4)0W0(ts5, t6)

5’C(t1,t2;t3,t4) = /dt5dt6 ‘lfl(t5,t6). (223)

Let us formally denote the ¢; - ¢4 integrals in Eq.(2.22) by
ok (5(15 — t,) = /dtldtgdtgdt4 UO,t(th tz) 5/C(t1, to;ts, t4) Ug 4/ (t3, t4) , (2.24)

because this is related to the eigenvalue shift due to §/C up to normalization. Then, we can
write the quadratic action (2.22) as

Sole] = —% / dt oy €2(1) (2.25)

We now give a formal proof that the quadratic action (2.25) is equivalent to the quadratic
action of Eq.(2.13). This statement can be easily seen from the following identity:

535S [Wo]
5\110(751, t2)5\110(t3, t4)5‘l’0(t5, t6
62U £ (ts,ta)
Sf@®)OF () |piymt

/dt1dt2dt3dt4 uo,(t1,t2) ] ug p (t3,14)

= — /dt3dt4 K(t3,t4;t5,16) (2.26)

This identity is derived as follows. In the zero mode equation [ K -wuy = 0, rewriting the
kernel as derivatives of S. as in the first line of Eq.(2.17), and taking a derivative of this
equation respect to f(t’), one finds

5\I/O’f<t1,t2)
af(t)

. 3°Sc[Wo,] W (t3,ta)
=t 0o, r(t1,12)0%0 5 (t3,14)0W0 (ks t6)  6F () |y
2S.[W 2y
+ /dtgdt4 5T 0%5¢[Wo,f] 0 o,f(tz,fz;) 7
0.f(t3,t4)0W f(ts,t6)  Of(t)0f(t) )=t

0= /dtldtgdtgdt4

(2.27)

where we used the zero mode expression (2.20). Since S, is invariant under the reparametriza-
tion, we can change the argument of S; from ¥y s to Wy. Then, we get the identity (2.26).



We note that at next cubic level, one will have disagreement and the zero mode dynamics
will not give the Schwarzian derivative. This follows from the further identity:

/dt it 625 (W] 0P (ts t)
0 5o (ts, 16)0Wo (b7, ts)  OF()OF )L (E") | pipy—s
548 [¥o]
— — [ dtidtodtsdtydtsdt ot (1, ta) uo g (3, t4) ug g (t5, t
/ 1At 65‘I’o(t1,t2)5‘110(t3,t4)5‘110(t5,t6)5‘110(t7,758) o¢(tr, t2) o,y (3, ta) o (t5, to)
5%5.[Wo] 6°Wo,r(t3,t4) oW f(ts5,16)
— 3 | dtsdtydtsdt ’ ’ ,
/ ST W (85, t4)00 (t5, £6)0Wo (tr. ts)  0f(£)5F (1) rw=t O Tp=

where the second term in the right-hand side explains the expected discrepancy.

3 Shift of the Classical Solution

In large N limit, the exact classical solution W is given by the solution of the saddle-point
equation of the collective action (2.5). This classical solution corresponds to the one-point
function:

(U(t1,t2)) = Va(ty, t2). (3.1)

At the strict strong coupling limit, the classical solution is given by the critical solution Wy,
which is a solution of the saddle-point equation of the critical action (2.6). One can then
develop a perturbative 1/J expansion for the full solution .

3.1 Evaluation of ¥,

Let us consider the first order shift W, of the classical solution from the critical solution
induced by the breaking term. We start with the naive delta function breaking term of the
action Sco1 (2.5). Substitution of ¥, = ¥y + ¥, gives

/dtsdt4 KC(t1,t;ts,ta)Wi(ts, ta) = 010(t12), (3.2)

where the kernel is given in Eq.(2.17).
It is useful to separate the J dependence from the bi-local field by

_2
\Ifcl(tl,tz) = J q \I/()(tl,tg) + -, (3.3)
so that the critical solution ¥y, now reads

sgn(tlg)

o(ty,ts) = b -
|t12]e

, (3.4)

with

b= — tan(7‘.’r><1_2> ;. (3.5)



Now the kernel (2.17) does not have the explicit J? factor in the second term, and such
rescaled kernel denoted by KC will be used in the rest of the thesis. Since
sgn(t12)

2
to)* 70

Ut (ty,ty) = — b1 (3.6)

and the kernel has dimension K ~ [t|~*t%/4  from dimension analysis ¥; would need to be
the form of
sgn(ti2)

\Pl(tl,tg) =A 1
|t12]

: (3.7)

where A is a t-independent coefficient. In checking this ansatz we have the following integral
in the first term of the LHS of Eq.(3.2)

t t t
Ap2a—? / dtydty S 123);gn( z‘i)gsgn( ?;4) . (3.8)
[t13]™ 9 [toa|™ o [t34]

This type of integral is already evaluated in Appendix A of [9]. In general, the result is

/dt gt sgn(t13) sgn(teq) sgn(tss) _ 2 [ sin(2rar) + 2sin(27(a+ A)) + sin(2w(a + 24A))
30 [t13[22 [toq|?2 |tgq]? sin(2ra) sin(27A) sin(27 (v + A)) sin(27(a + 24A))
[Sin(27rA) +sin(2m(a+ A) |1 = 24) o 4)
F(QCM)F(QA)F(3 — 20 — 4A) ‘t12’2a+4A_2 '
(3.9)

X

Our interest is A = 1—1/q. For this case, the result is inversely proportional to I'(4/¢—2a—1).
If we plug o = 2/q into this equation, we can see that the Gamma function in the denominator
gives infinity: I'(4/q — 2a — 1) = I'(—1) = oo, while other part is finite. Therefore, the first
term of the LHS of Eq.(3.2) vanishes. The second term is trivial to evaluate; however the
resulting form does not agree with the naive d-function source in RHS. Hence, we conclude
that the ¢’-source is only matched in the non-perturbative solution level, where all the 1/.J
corrections are summed over.
To proceed, consider a more general ansatz for Wy:

sgn(ti2)

‘t12|§+28 ’

\Pl(tl,tg) = B (3.10)

where Bp is a t-independent coefficient. The parameter s has to be s > 0, because the
dimension of W1 needs to be less than the scaling dimension of ¥g. Now using this ansatz, we
are going to evaluate Eq.(3.2). The integral of the first term of LHS of Eq.(3.2) is evaluated
from Eq.(3.9) with A=1—-1/g and o = s+ 1/q as

29—2 2 T 2
B b1 4 cot<5>l“<5—1>

) e e e e e I

,10,



Hence, after a slight manipulation the LHS of Eq.(3.2) becomes

sgn(t12)

L (3.12)

/ dtsdty K(t1,ta;t3,t4) U1 (ts, ta) = (g — 1)B1bT"2y(s,q)

where we used Eq.(3.5) and we defined

1)
V(sq) = 1-— 1 1 2 2 2 ’
qsm<7r <a+s))cos(7r<s—a))f‘(g—i—Qs)F(3—5)1“(5—25—1)
(3.13)
Now we note that for s =1/2, v(1/2,q) = 0, so that the ansatz (3.10) would be the homoge-
neous equation associated with Eq.(3.2). This limit s — 1/2 therefore leads to the following
first order shift of the background:

\Ifcl(tl,tg) = Jig |:\I’0(t1,t2) + J! \I’l(tl,tg) + -, (3.14)

with
Sgn(tlg)

2
[t12]9

sgn(tlz)

Wo(t1,t2) = b — .
[tra]a

; Vi(t1,t2) = B (3.15)
We will however keep the parameter s infinitesimally away from 1/2 as a regularization.

Then,

69y 1 112
v(s,q) = W(‘S_Q) + O((S—i) ), (3.16)
where 7 is defined in Eq.(2.15), and the RHS in Eq.(3.12) can be interpreted as a regularized
non-zero source term of the form

t
Qultit2) = (5 — 1) 6gB1b~ 1 |g’“(+) +O((s— 1)?). (3.17)
t12]” @

The ~ is obtained by expanding 7(s,q) (3.13) around s = 1/2 so that

(g —1b~"

Y= T ’Y/(S = %7(1)- (3~18)

Here, the prime denotes a derivative respect to s. We use this regularized source to define
the regularized breaking term by

/ [\I/f]s = — lin% dtldtg \I/f(tl,tg) Qs(tl,tz). (319)

53

Finally, the coefficient By can be deduced from the numerical result found in [10]. Com-
parison of the two results gives the relation:

Bl aqg
= = 2
A (3.20)
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with the numerical approximated value of o established in [10]

2(q—2)
16/m + 6.18(q — 2) + (¢ — 2)2”’

ag ~ (3.21)

and J = }1/,61 J.
22

3.2 Evaluation of ¥y

Now we would like to go further higher order term in the expansion of the classical solution.
This term is given by

2
\Ifcl(tl,tg) = J « [‘I’o(tl,tg) + J_l \I’l(tl,tg) + J_2 \I’Q(tl,tg) + -, (322)

with
sgn(t12)

Uy(ty,t2) = Bo 5
’t12|5+2

, (3.23)
where Bs is a t-independent coefficient. The dimension of W, is already fixed by W1, so what
we need to do is just to fix the coefficient By. Substituting the above expansion of the classical
field into the critical action S, (2.6) and expanding it, one finds that the equation determining
U, is given by

/dt3dt4/C(t1,t2;t3,t4)‘112(t3,t4)

(¢—1)(qg—2)

= — [Tyt x Uy % Ut Uy U (H,t2) — 5

W (ty,t0) Uit 1), (3.24)
where the star product is defined by [A x B](t1,t2) = [ dt3 A(t1,t3)B(t3,t2). Now, we are
going to evaluate each term of this equation. For the first term in the LHS is again given by
Eq.(3.9) with A=1—-1/gand a =1/¢+1 as

(LHS lst) — o B2 b2q—2 q(q — 1)(3q B 2) Sgn(t12) .
(¢* = 4)tan(Z) |, 5

(3.25)

For the first term of the RHS, we need to use Eq.(3.9) twice. First for the middle of the term:
Uy x Uy L% Wy, and then for the result sandwiched by the remaining vy L's. Then, we have

2m2¢%(q — 1)(3q — 2) sgn(t12)
(q—2)° 1] "

(RHS 1st) = — B 31 (3.26)

The second terms in the LHS and RHS are trivially evaluated. Therefore, now one can see

that all terms have the same t1o dependence. Then, comparing their coefficients, we finally
fix By as

B2 2
By = _1<q+

T > [(q—2)+(3q—2)tan2 (Z)] . (3.27)
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3.3 All Order Evaluation in ¢ > 2

In this subsection, we extend our previous perturbative expansion of the classical solution
to all order contributions in the 1/J expansion. Because of the dimension of ¥y (3.15), the
time-dependence is already fixed for all order as in Eq.(3.32). Therefore, we only need to
determine the coefficient B,,, and in this subsection we will give a recursion relation which
fixes the coefficients. However, we will not use this subsection’s result in the rest of the thesis,
so readers who are interested only in the first few terms in the 1/J expansion (3.22) may skip
this subsection and move on to Section 4. As we saw in Section 3.1, the structure of the
classical solution in ¢ = 2 model is different from ¢ > 2 case. In this subsection, we focus on
q > 2 case.

We generalize the expansion (3.22) to all order by

[e.o]

V(b te) = T 1 3 T Up(tr, ba). (3.28)

m=0

Now, we substitute this expansion into the critical action S. (2.6). As we saw before, the
kinetic term does not contribute to the perturbative analysis when ¢ > 2; therefore, we
discard the kinetic term here. The contribution of the kinetic term will be recovered in the
full classical solution with correct UV boundary conditions. Hence, the saddle-point equation
is now formally written as

00 -1 0o q—1
0 = [Z Jm \I/m(tl, tQ) + Z J \I/m(tl, tz)] . (3.29)
m=0 m=0

Using the multinomial theorem, each term can be reduced to polynomials of ¥,,’s. Substitut-
ing these results into Eq.(3.29) leads the saddle-point equation written in terms polynomials
with all order of 1/.J expansion. From this equation, one can further pick up order O(J~")
terms. For n = 0, it is the equation of Wy. Therefore, we consider n > 1 case, which is given
by

ki+ko+---)! k B
. Z (_1)k1+k2+m ( ;Tk ‘2]9—’_‘) X [‘1’51* (\Ill*\pal> ' * <\I/2*\I/61) 2*...] (tl,tg)
k1+2ko+-=n 1-R2:K3-
—1)!
+ > M X WO (ty, 1) ON (t1, to) W52 (t1,t0) - - -, (3.30)
k14 2ko oo OTVLIRZE

with kg = ¢—(1+k1+- -+ kn—1). Let us consider this order O(J~ ") equation more. Because
of the constraint ki + 2ks 4+ --- = n, we know that k,+1 = kpto = -+ = 0. Also the same
constraint implies that k, = 0 or 1, and when k, = 1, then k; = kg = -+ = k1 = 0.
Therefore, it is useful to separate k, = 1 terms from k,, = 0 ones. After this separation, the

,13,



order O(J~") equation is reduced to a more familiar form:

/dt3dt4 KC(t1,ta;t3,t4) Wy (ts, ta)

k! kn_q!
k142ko+-+(n—1)kn—1=n ! n-l

k1 kn_1
X |:\I/al* (\Ill*\Ilal> x ek <\I/n—1*\1151> :| (tl,tg)
B Z % X \I’]go(tl,tg) \If]fl (tlth) - \IJI:Ln—711 (tl,t2),
k14+2ko+-+(n—1)kp_1=n kolkal- - kn—y!

(3.31)
where kg = ¢ — (1 + k1 + -+ + k,—1). This is the equation which determines ¥, from
{Wo, ¥y, -+ ,¥,_1} sources. However, we already know the 12 dependence of W, (t1,t2).
Namely,

sgn(t12)

\Ijn(tlatQ) = Bn (332)

— .
|t12|5+n
Therefore, we only need to determine the coefficient B,,. Probably it is hard to evaluate the

star products in the RHS of Eq.(3.31) by direct integrations of t’s, and it is better to use
momentum space representations.

d .
U, (t1,t2) = By, / ie—wtw U, (w), (3.33)

where we excluded the coefficient B,, from V,,(w) for later convenience, and V¥,,(w) =
2 1m—1 .
Cn |w|e sgn(w), with

I'(1—-L1_m
szmlm?\/%r( < )

1
e L (3.34)

With this definition of C,,, we can write the inverse of the critical solution as

dw
e

d ) . _2
Uyl (t,t2) = / e W) = —H 0, / e Wl sgn(w). (3.35)

™

Now, we can evaluate each term in Eq.(3.31) using these Fourier transforms. Then, every
term has the same w integral; therefore, comparing the coefficients, one obtains

bq—2[(q —-1) 02+n_% _ e 022_% Cn}Bn

- Z (_1)k1+..'+kn—l (k14 4 kna)!
... !
k1+2ko+-4(n—1)kp_1=n kq! Fp—1!
1 kit +kn_1+1 k1 kp1
X (—bq 0273) (Bl Cl> (Bn—lcn—1>
(¢—1)! ko pk kn—
) Rl gt OB Bt Gy (3.36)

ki+2ko+-+(n—1)kp_1=n
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with kg =q— (1 + k1 + -+ -+ kp—1). This is the recursion relation which determines B,, from
{B1,Ba, -+ ,Bp_1}. Note that C,,’s are a priori known numbers as defined in Eq.(3.34).

4 Finite Temperature

Up to here, we have been considering only zero-temperature solutions in the SYK model. In
this section, we will consider the finite-temperature solutions ¥ 3 and W9 5 and the tree-level
free energy in the low temperature region.

4.1 Classical Solutions

As we saw in Section 3, the 1/J expansion of the classical solution in the strongly coupling
region is given by

2
Vo(ty,t2) = J « [‘I’o(tl,tz) + TN (t, ) + T2 Wo(t, b)) + - | (4.1)
where
sen(t sen(t sen(t
Wo(ty, ts) = b M, Ui (th,62) = By iﬁ’), Uo(tr,ts) = B sen(tiz) (4.2)

[t12]9 ltiafa ™! |7512|%+2
In order to evaluate tree-level free energy, we first need finite-temperature versions of these
classical solutions. Wg is the solution of the strict strong coupling limit, where the model
exhibits an emergent conformal reparametrization symmetry: ¢ — f(¢) with the g trans-
formation (2.7). Therefore, to obtain the finite-temperature version of Wy, we just need to
use f(t) = 2 = tan( 5) with the above transformation [7]. This map maps the infinitely long
Zero—temperature time to periodic thermal circle. Thus, this gives us

q

\P075(t1,t2) =b [681;&1%2)] Sgn(t12) . (4.3)

Since W1 and W4 are the shifts of the classical solution from the strict IR limit, they do
not enjoy the reparametrization symmetry. Therefore, we cannot use the above method to
get their finite-temperature counterparts. However, we can approximate finite-temperature
solutions by mapping the zero-temperature solutions onto a thermal circle and summing over

all image charges:
o

Usltie) = 3 (~1)" Wsog(tiz + Bm). (4.4)

m=—00
In this approximation, the finite-temperature solutions (two-point function in terms of the
fundamental fermions) trivially satisfy the KMS condition. This approximation also works
order by order in the 1/.J expansion. Therefore, after separating positive m and negative m
and changing the labeling, one finds

- (=H™ N

V1 5(t12) = Br Z - ) — |- (4.5)

—o (Bm+ t12) m=1 ﬁm — t12)
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The summations of m can be evaluated to give the Hurwitz zeta functions. In the same way,
we can approximate Wy in terms the Hurwitz zeta functions.

In [10], Maldacena and Stanford obtained a first order shift of the classical solution in
finite-temperature through a numerical solution of the exact Schwinger-Dyson equation. The
estimation of ¥y g by the above “image charge” method can be seen to agree well with the
numerical ansatz. The solution of [10] is shown in their Eq.(3.122) reading:

27r|t12|
G (t1,t2) i
Golti ta) t tio) =24+ — - 4.6
Ge(ty, t2) ﬁj 7 olte). folte) - tan | 752 | (46)

with the notation, G = ¥ 3 and 0G = ¥ 3. We can see in Figure 1 that our approximated
solution for Wy g is pretty close to this solution. It is more convenient to introduce a new

t 1 1 1
yzh;’—2. (—2§y<2> (4.7)

Then, we have fo(y) = 2 + 2wytan(my). On the other hand for the figure, we rewrite our

variable

approximated solution by

Vis(tie) B
Po,5(t12) - 2(2%)5175 {C (3 +1, i) - (% +1 %) ] x Fo(y,q) , (4.8)

where

2 C(§+1,i+%) +c(§+1,i—%) —C(§+1,%+%) —C(%H&
q

Fo(y,q) = (cosmy)

(4.9)
Here, we adjusted the normalization of Fy so that Fy(y = 0,q) = 2 = fo(y = 0). In Figure
1, we plotted fo(y) and Foy(y,q) with ¢ = 2,4,1000. We can see that for any value of ¢, Fp is
pretty close to fp in all range of .

We will now develop a small temperature expansion which will give further useful infor-
mation about the finite temperature solution and also the free energy. For this one expands
the equation iteratively starting from Wy g as sources. We develop this method for ¥; 3 in the
rest of this subsection. The expansion of Wg 3 solution (4.3) in the small temperature region

is given by
o s(ts) = b SER02) LT l@2+7(qu5)774 tﬁ4+ . (4.10)
o : 3q | B 904 | B ‘ '
[t12] 9
We then expand the finite-temperature solution ¥y g by
2 3
sgn(t t1 t
‘1’15@17752):31M 1+ e || +e1p f2 ‘e || o] (4.11)
’ Itya]a ™! B B B
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— fo(y)

FO(y, 2)
FO(y, 4)
— FO(y, 1000)
‘ —0‘.4 — ‘—0‘.2 ‘ — 0.0 — ‘ 0.‘2 ‘ — 0.‘4 ‘ I
Figure 1. fo(y) and Fy(y, q) with ¢ = 2,4,1000 in the range of f% <y< %

and then, using the equation of motion for ¥ (3.2) we iteratively determine the coefficients
c1,; starting from the lower order ones. As we will see in the next subsection, to evaluate its
free energy contribution, we need a; = c1 3. First we consider O(87!) order. The equation
in this order reads

3101 1,3 /dt3dt4 K(t17t27t3,t4) M = O, (4.12)
t3al
where K denotes the zero temperature kernel. Using the formula in Eq.(3.9), one can evaluate
the left-hand side integrals. In general, the integral does not vanish. Therefore, to satisfy the
equation, we need c¢1 1 = 0. Next for O(872) order, we have an equation

t
Bici28~ /dt3dt4/C(t1,t27t3,t4)M

|t34]9

72(q — 1) B2 /dt it [bq (sgn(tlg)sgn(t24) n Sgn(tlg)sgn(t24)> + (g2 0(t13)d(t24) | sgn(tsa) ‘

2 2 _2 —z_ _2 1 2
345 [tia| " toa*" 7 [tag[* 7| toa] T ol "7 ] ftsal 7™
(4.13)
Again one can evaluate the integrals and find c¢; 5 = —(q¢ — 1)7%/3¢. Finally we consider
O(B73) order. The equation of this order reads
t
Blcl,gﬁ_?’/dt3dt4/€(t1,t2;t3,t4)sgn(342) = 0. (4.14)
B

|t34
The LHS integral identically vanishes. Hence, we cannot determine the coefficient ¢y 3 from
this equation. Nevertheless, this iterative method precisely recovers the expansion of (4.6) up

to the third order:
_ 2 2 4
5, seult) [1 _g-r o i ] |
3
(4.15)

(2¢ —1)(qg +5)7*
9042

3
tiz|”

B

2
tiz

B

t

B

0G(t1,t2) = —

2
’t12|a+1 3q
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where we used the relation (3.20). Using this Wy g expansion as source together with ¥ g,
we can also apply this method to determine low temperature expansion of Wy 3.

4.2 Tree-Level Free Energy

Now we evaluate the tree-level free energy through the regularized breaking term. The order
(BJ)° contribution to the tree-level free energy, which comes from S.[¥ 5], was already
evaluated in [7, 10, 86]. Therefore in this section, we will evaluate higher order contributions
of the 1/8J expansion to the tree-level free energy.

The action of the collective time coordinate was evaluated in Appendix B from the
regularized breaking term, which leads to the Schwarzian action given in Eq.(2.13). Now,
we use the classical solution: f(t) = gtan(%’). Then, the integral can be evaluated to give
272 /3. Therefore, the S[f] contribution to the tree-level free energy is

N Byvyr?
= —"—
BFy ]

This contribution can actually be evaluated directly from the regularized breaking term by

(4.16)

pFy = — % sh_fﬁ dtidta Wo g(ti,t2) Qs(t1,t2), (4.17)
2

where the finite temperature critical solution ¥y g and the regularized source ), are given in
Eq.(4.3) and (3.17), respectively. Since the regularized source Qs has a factor (s — 1/2), in
order to obtain non-vanishing contribution after the limit, we only need to extract a single
pole (s — 1/2)~! term from the integral. For this purpose, we expand the finite temperature
critical solution Wy 5 by power series of |t12| up to |t|2_% order, which is responsible for a
single pole term. This leads to

N Byn?

Pk = 6q8J

(g —1p"" [7(5,q) ﬁ;s} R (4.18)

Hence, using the expansion of (s, q) in Eq.(3.16) and taking the limit s — 1/2, we obtain
the final result. This result agrees with the result found in Eq.(4.16) from the Schwarzian
action.

Now we consider the next (3.J)~2 order contribution. The contribution from the breaking
term to such order is given by

N ..
BFI = — 5 hH} dtldtg \Iflﬁ(tl, tg) Qs(tl, tg) . (4.19)
5=
2
Again to compute this free energy, we only need to extract the |t|2_5 order term from ¥y g.

2
From the expansion in Eq.(4.15), one can read off the |t|* 4 order term as

2B, m? ¢

2 2
38314 |typ|a?
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Following the same process as in the previous subsection, one can evaluate the contribution
from the breaking term to this order free energy. However, this is not the all contributions
to this (3.J)~2 order free energy. The critical action S, part also gives a contribution to this
(8J)~2 order, which is half of the breaking term contribution with opposite sign. Therefore,
combining these two contributions, the final answer for the (3.J)~2 order free ernrgy is given
by ,

BF = —n%q ;\(7;;1)72. (4.21)

" order contribution of the tree-level free

In the following, we discuss the general (5J)~
energy. For this purpose, let us first look at the collective action (2.11). After rescaling the bi-
local field by ¥ — J~2/90, one sees the explicit J-dependence appearing only in the breaking
term. Hence, from the J-derivative trick, the tree-level free energy is solely determined by

the breaking term by

9 N
—(BF,) = — li U, 5(t1, t2)Qs(t1, ta) - 4.22
T57(BF) = 55 Iim dtrdts Uy, 5(t1,t2)Qs(t1, t2) (4.22)

We know that any order of 1/J correction for the zero temperature classical solution is
given by Eq.(3.32). Even though we don’t know exact finite-temperature version of these
corrections, we nevertheless expect the finite-temperature solution can be expanded in low
temperature region as

n+2

t
201 R

‘Iln,ﬁ(tlth) - /8

+ "+a/n

B sgn(ti2) [1 , (4.23)

2
JTL |t12’5+n

where a,, is a g-dependent constant, but independent of J, 8 or t. As we saw in the previous
sections, the \t\%% order term is only needed to extract the (s — 1/2)~! poles. Hence, sub-
stituting this order term into Eq.(4.22), one can perform the integrals and the limit together
with Eq.(3.17). This result is given by

0 3qan NBIBTZ’Y
J—(BF,) = — —. 4.24
oJ (ﬁ ) b (,Bj)n'H ( )
After the integration of J, the free energy is given by
n NB1B,
R, — 1 L2n] (4.25)

(n+1)b (B~

We can check the consistency of this formula with previous results. For n = 0, we have
By = b and ag = 72/(3q). Then the formula gives the result we found above. For n = 1, we
have a; = —272/3, and then the formula again leads to the result found above. For general
order we only need to determine a,, to evaluate the free energy. We note that in principle the
coefficient of the zero temperature solution B,, can be determined from the recursion relation
(3.36).
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In summary, we have obtained the following 1/J corrections to the tree-level free energy

BF  Biyr®  Biyr’q  3qaaB}y (q+2 2 (x
N T AT WEIR | WR(BI) < 8 >[(q_2)+(3q_2)ta“ (5)] + - 20

For ¢ = 4, we can compute the coefficients as

%F = —0.197(BJ)"" + 0.208 (8J)"% + 0.038 x ap (BJ) % + -+ -, (4.27)

with ag to be determined. These results agree with the recent numerical results of [27, 28].

5 Bi-local Propagator and Spectrum

In this section, we consider the bi-local two-point function:
<\I/(t1, £2)W (£, t4)> : (5.1)

where the expectation value is evaluated by the path integral (2.4). After the Faddeev-Popov
procedure and changing the integration variable as we discussed in Section 1, this two-point
function becomes

<\Ilf(t1,t2)\lff(t3,t4)> , (5.2)

where now the expectation value is evaluated by the gauged path integral (2.10).
Now, we expand the bi-local field around a classical (large N) background solution V..
Namely,

\I/(tl,tg) = \Ifcl(tl,tz) + \/z??(tl,tg), (5.3)

where 77 are quantum fluctuations, but the zero mode is eliminated from its Hilbert space. We
will discuss the zero mode contribution in the following subsection. Therefore, the two-point
function is now decomposed as

<\I’f(t1,t2)\1/f(t3,t4)> = <\I’C1,f(t1,t2)\11017f(t3,t4)> + %<ﬁ(f1,tz)ﬁ(t3,t4)> . (54)

The second term in the RHS is the bi-local propagator D determined by Eq.(2.18), which was
evaluated in [11] for ¢ = 4 (and also in [9, 10]) as

—iw(t4 7t/+) p2
m

8 — e
D(tr, ta; = —sgn(t-t1) 5—=
(tl, 27t37t4) Sgn(t t—) JﬁTnZ:l/dw Sln(ﬂ—pm> p727’b+(3/2)2

Pm+ 3
X [J—pm(\wt—l) + =3 me(lwt—\)] Tpm (WEZ1),
m 2

(5.5)

where p,,, are the solutions of 2p,, /3 = — tan(npn,/2), and t4+ = (t1£t2)/2 and t/, = (t3tt4)/2.
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Let us now describe the derivation of this bi-local propagator D with ¢ = 4 for notational
simplicity, but everything can be generalized to any ¢ by small modifications. Fluctuations
around the critical IR background can be studied by expanding the bi-local field as in Eq.(5.3)
with

Wa(ti ta) = Wo(t1,t2), (5.6)

where the critical IR background solution is given by

1 )‘11 Sgn(tlg)
4mJ? Vit

At the quadratic level, we have the quadratic kernel K. The diagonalization of this

Wo(t1,t2) = ( (5.7)

quadratic kernel is done by the eigenfunction u,,, and the eigenvalue g(v) as

/dt’ldtIQIC(tl,tQ;tll,t’z)uww(t/l,t’z) = g(v) uyu(t1, t2). (5.8)
The quadratic kernel K is in fact a function of the bi-local SL(2,R) Casimir

. . 1 . . . 1 . . .
Ciy2 = (D1 + D2)2 — §(P1 + PQ) (K1 + KQ) — §(K1 + KQ) (P1 + PQ)

= —(t1 — 12)* 0102, (5.9)

with the SL(2,R) generators D = —td,, P =9, and K = t20,. The common eigenfunctions

of the bi-local SL(2,R) Casimir (5.9) are, due to the properties of the conformal block, given
by the three-point function of the form
sgn(t12)

(Onlt0) 0a(11) Oa12)) = F—gr it ey (5.10)

Since the SYK quadratic kernel K is a function of this bi-local SL(2,R) Casimir, this three-
point function is also the eigenfunction of the SYK quadratic kernel. For the investigation of
dual gravity theory, it is more useful to Fourier transform from ¢y to w by

<6;L(w) OA(tl) OA(t2)> = /dto CMtO <Oh(t0) OA(tl) OA(t2)>
= — /7 cot(mv) F(% —v)|wl” M eiw(ﬁ)ZVﬂmD 7

’tu‘QA—%

where we used h = v+ 1/2 and defined

_ tan(mv/2) 41

Zy(r) = Jy(x) + & Ju(2), & = W- (5.12)

The ty integral in the Fourier transform can be performed by decomposing the integration
region into three pieces. The complete set of v can be understood from the representation
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theory of the conformal group, as discussed recently in [132]. We have the discrete modes
v =2n+ 3/2 with (n = 0,1,2,---) and the continuous modes v = ir with (0 < r < o0).
Adjusting the normalization, we define our eigenfunctions by

Uy e(t, 2) = sgn(z) 22 e Z,(lwz) (5.13)

which have normalization condition

/_ / Wt 2) Uy i (t,2) = Ny (v —v')d(w — '), (5.14)

with
2v)~1 for v=3/242n
N, = {@) / (5.15)
2v lsinmv for v =ir.
Here we used the change of the coordinates by
t1 + to t1 — t2
= = 1
t 5 Z 5 (5.16)
and then the bi-local field n(t1,t2)
n(tl, tQ) = (I)(t, Z) , (5.17)

can be then considered as a field in two dimensions (¢, z). Expand the fluctuation field as

=) Puuw(t 2), (5.18)
the quadratic action can be written as

(2) 32fz - 1)(i)u,wa (519)

where the kernel is given by
2
Gw) = — 2 cot (ﬂ) . (5.20)
Now this leads to the bi-local propagator
1 Zm} (t,2) wipa(t', 2
D(t,z;t',2) = G\f / )_ui( )

thzul,nw(t 2"
o) — 1

mf
+ =7 (5.21)

l/n:27’l+%

The r-integral is evaluated as explained in Appendix E which picks up poles determined by
solutions of g(v) = 1, they represent a sequence denoted by p,, as

2
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Therefore, the bi-local propagator is written as residues of v = p,, poles as

3 o0

322 [ it Z_p (|lw|27) T, (Jw|z<)

N iw(t—t") Pm Pm

D(t,z;t',2") = 3 /_ dwe mE:1 R(pm) 3 , (5.23)

m

where 2z~ (2<) is the greater (smaller) number among z and 2’. The residue function is defined

by
1 3p?
R(pm) = Res <~) = m - . 5.24
(o) 50 —1) |y, ~ Wt G —sintrp] Y
Since that p,, are zeros of g(v) — 1, near each pole p,,, we can approximate as
gw) =1 = [V* = ()] fin, (5.25)

where f,, can be determined from residue of 1/(g(v) — 1) at v = p,,,. Explicitly evaluating
these residues, the inverse kernel is written as an exact expansion

o0

6py, 1
i) 1 Z + (3/2)?][mpm — sin(7pm)] <V2 —P3n> : (5.26)

=1

The effective action near a pole labelled by m is that of a scalar field with mass, M2 = p2, —1

m ™~ 4
(m > 0) in AdSa:
eff 1 2 v 2 1 2
Sy = 3 V—gd®z |—g"" 0,¢mO,pm — pm—z o, (5.27)

where the metric g, is given by g,, = diag(—1/2%,1/2%). It is clear from the above analysis
that a spectrum of a sequence of 2D scalars, with growing conformal dimensions is being
packed into a single bi-local field. In other words the bi-local representation effectively packs
an infinite product of AdS Laplacians with growing masses. It is this feature which leads
to the suggestion that the theory should be represented by an enlarged number of fields, or
equivalently by an extra Kaluza-Klein dimension, which we will explain in the next section.

5.1 Zero Mode Contribution

In the above discussion, we have excluded the zero mode (m = 0) contribution which corre-
sponds to the pole pg = 3/2. If we had this mode in Eq.(5.23), indeed Z_,,, = Z_3/5 leads to
a divergence of the propagator because of {_3/5 = —oo. This divergence can be treated by
shifting the classical solution slightly away from the critical IR fixed point as first discussed
by [10] in a 1/J expansion.
Therefore, for the first term in the RHS of Eq.(5.4), expanding the classical field up to
the second order 2 .
\I’d(tl, tg) = \Ifo(tl, tg) + j \Ifl(tl, tg) R (528)

2Here we have rescaled the entire field by J?1 1o separate out all J dependencies from W.
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one has

<\Ilcl,f(t17 t2) W (ts, t4)>

= <‘I’0,f(tlat2)‘1fo,f(t3,t4)> + [<‘I’0,f(t1,t2)‘If1,f(t3,t4)> + <t1 Ht‘gﬂ + -, (5.29)

to <>ty

<=

where

1

P (t)|" To(f(tr), F(t2)),

f(t) f (t2)

U ¢(t1,t2) =

1

Wy (b1 ta) = (), (k). (5.30)

Now, we consider an infinitesimal reparametrization f(t) = t+¢(t). Then, the classical fields
are expanded as

o r(t1,t2) = Wo(ti,t2) + /dts(t) upe(ty,ta) + -,
\Iflj(tl,tg) = \Ifl(tl,tg) + /dt&(t) ulyt(tl,tg) + e (531)

where

0V ¢(t1,t2)

0V ¢(t1,t2)
8f(t) ) ul,t(tlth) =

fit)=t 8f(t) flt)=t '

uo (i, t2) = (5.32)

Therefore, in the quadratic order of ¢, the classical field two-point function is now written in

term of the two-point function of €. For later convenience, it is better to write down this as
momentum space integral as

<‘1’c1,f(t1,t2)‘1’c1,f(t3,t4)>
dw . 1 . t1 <1
= /27‘( (s(w)z—:(—w)) |:u07w(t1,t2)uO’w(7f3,t4) + j (uo’w(tl,tg)ul,w(tg,u) + (t: o ti)) +
(5.33)

Let us first evaluate the £ two-point function. The collective coordinate action is given in
Eq.(2.13). Expanding f(t) = t + ¢(¢), the quadratic action of € can be obtained from this
action. Hence, the two-point function in momentum space is

24w 1
(ew)e(—w)) = AN A (5.34)
One can also Fourier transform back to the time representation to get
2rJ
(e(tr)e(ta)) = N 1] (5.35)
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Next, we evaluate ug and u;. Taking the derivative respect to f(t), one obtains

! , Sty — 1) — 8(ts — 1)
ug,t(ti,t2) = p { (t1—t) +0'(ta—t) — 2 < P > ] Wo(t1,t2),
UM“MQ)ZQZ%[561_®+WWQ_¢) 2<&h_:?:$h_w>}mﬂh¢g

_ (24 ¢)B1 uog(ts, t2)

=3 N (5.36)

After some manipulation, one can show that the momentum space expressions are given by

Zb\/> |("‘)|2 Sgn(Wt ) eiwt+J (

uow(t1,t2) = 3 (lwt-]),
¢ |2t |a3 :
2+ q)By ugw(ty,t
U1,w(t1,t2) _ ( 42) 1 o,w‘i 1’ 2) (5'37)

Using the two-point function of € and above ug and wu; expressions, finally the two-point
function (5.4) up to order J° is given by

12 (2+q)B; (1 1 dw
(W5t t2) Wylta,ta)) = — [J ;IO (\t—l + It’!> ] /Muo,w(tl,tg)uo,w(tg,u)

+ D(t1,ta;t3,14) . (5.38)

What we have established therefore is the following. What one has is first the leading
“classical” contribution to the bi-local two-point function which usually factorizes, due to
the dynamics of the reparametrization symmetry mode. It now represents the leading “big”
contribution, as in [10], and a sub-leading one.

6 3D Interpretation

In this section, we describe the spectrum of matter fields predicted by the ¢ = 4 SYK bi-local
propagator (5.22) can be understood as a Kaluza-Klein of a single scalar field in 3-dimensional
space-time. A generalization to arbitrary even integer ¢ is also constructed in [107], but here
we restrict ourselves to ¢ = 4 case just for notational simplicity.

According to [87, 88], the bulk dual of the SYK model involves Jackiw-Teitelboim theory
of two dimensional dilaton gravity, whose action is given by (up to usual boundary terms)

Sor =~ G/\ﬁ (R+2)—2¢|, (6.1)

where ¢q is a constant, and ¢ is a dilaton field. The zero temperature background is given
by AdSs with a metric
—dt? + dz?

ds®> =
22

: (6.2)
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and a dilaton
a
¢(z) = ¢ + — + -+, (6.3)

where a is a parameter which scales as 1/.J and the ellipsis denotes higher order corrections.
In the following we will choose, without loss of generality, ¢g = 1.

This action can be thought as arising from a higher dimensional system which has ex-
tremal black holes, and the AdSs is the near horizon geometry [87]. The three dimensional
metric, with the dilaton being the third direction, is given by

1 2
ds? = [ d* + =] + (1+2) dy?. (6.4)
z z
This is in fact the near-horizon geometry of a charged extremal BTZ black hole.

6.1 Kaluza-Klein Decomposition

We will now show that the infinite sequence of poles in the previous section from the Kaluza-
Klein tower of a single scalar in a three dimensional metric (6.4) where the direction y is an
interval —L < y < L. The action of the scalar is

S = ;/dsl’\/fg[_g"” 0uP 0, — m§ O — V(y)®?|, (6.5)

where V(y) = V(y), with the constant V' and the size L to be determined. This is similar to
Horava-Witten compactification on S'/Z [127] with an additional delta function potential.
3 The scalar satisfies Dirichlet boundary conditions at the ends of the interval.

We now proceed to decompose the 3D theory into 2 dimensional modes. Using Fourier
transform for the ¢ coordinate:

dw —iWw
O(t,z,y) = /271'6 txw(z,y), (6.6)

one can rewrite the action (6.5) in the form of

1

dw
= = [ dedy | =2 x_o (Do +D1) xws .
S 2/2y/2wx (Do +D1) x (6.7)

where Dy is the a-independent part and D; is linear in a:

m2 1
Dy= 0% +u? = 2 (V).

_alpe_1 2 my 1o
Dlz[az ~0. +w! - 5 22<8y+V(y)>. (6.8)

Here, we neglected higher order contributions of a. The eigenfunctions of Dy can be clearly
written in the form

Xw(2,9) = Xw(2) fx(y) - (6.9)

3See also [128, 129]. We are grateful to Cheng Peng for bringing this to our attention.
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Then fi(y) is an eigenfunction of the Schrédinger operator —85 + V(y) with eigenvalue k2.
This is a well known Schrodinger problem: the eigenfunctions and the eigenvalues are pre-
sented in detail in Appendix C.

After solving this part, the kernels are reduced to

2, 2 2 _ 2
poza§+w2(W), Dl_a[aza+w<mo2%)], (6.10)
z z z
where p,, are the solutions of
—(2/V)k = tan(kL) (6.11)

while ¢,, are the expectation values of —65 — V(y) operator respect to fp, . If we choose
V =3 and L = § the solutions of (6.11) agree precisely with the strong coupling spectrum
of the SYK model given by g(r) = 1, as is clear from (5.19) and (5.20). This is our main
observation.

For these values of V', L, the propagator G is determined by the Green’s equation of D.
We now use the perturbation theory to evaluate it. This will then be compared with the
corresponding propagator of the bi-local SYK theory.

6.2 Evaluation of G

We start by determining the leading, zero-th order G(9) propagator obeying
Do Gl (232 y) = =3z = )3y — y)d(w + ). (6.12)

We first separate the scaling part of the propagator by G0 = \/Eé(o) and multiplying 2.
Expanding in a basis of eigenfunctions fx(y),

GO 2y, 2y, 0) =D o) fir(y Giiw/k,(z 2" (6.13)
ok

The Green’s function égi;w,yk,(z,z’) is clearly proportional to 6(k — k) and satisfies the
equation
2207 + 20, + WPt — Vg} ég)jc;w,vk,(z; 2 = — 22 5z — 2w+ ok —K). (6.14)
where we have defined
ve = k? +mi +1/4. (6.15)

The operator which appears in (6.14) is the Bessel operator. Thus the Green’s function can
be expanded in the complete orthonormal basis. For this, we use the same basis form Z,, as
in the SYK evaluation *

C)mailzs?) = [ O Z,(e). (6.16)

4This represents a modified set of wave functions with boundary conditions at z — oo in contrast to the
standard AdS wave functions. Some basic aspects of Euclidean AdS scalar propagators are summarized in
Appendix F
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Then, substituting this expansion into the Green’s equation (6.12) and using Eqs.(D.6) and
©

(D.2), one can fix the coefficient g, ), Finally, the v-integral form of the propagator is given
by

© 1 [ dv Z)(|wz]) Z(|lw?])
Gwzc wk(z Z) = _‘Zzlp/]vy VQ—Vg . (6.17)

We now note that if we choose m3 = —1/4, which is the BF bound of AdSs, we have 12 = p2,,
and the equation which determine p,,, (6.11) is precisely the equation which determines the
spectrum of the SYK theory found in [9, 11]. With this choice, the real space zeroth order
propagator in three dimensions is

do . dv Z}(|lwz|) Z,(Jw2'])
0 w(t—t v
GOt 2,y 2 1)) \zz|2§:fpm ) fom (Y >/ B B )

27T
(6.18)
We now show that the above propagator with y =3/ = 0 is in exact agreement with the

bi-local propagator of the SYK model. The Green’s function with these end points is

* !
G( )(t z, 0 t, Z 0 |ZZ|2 Z Cpm /Ci(“j —iw(t—t") / dv Z |WZ|_p(|WZ|)7 (619)

where we have defined

2 3

D 2p
c = 0 0) = B? m = m___ . 6.20
®r) = Jon(0fpn(0) = B 2225700 = G+ @72l —smlapm)] . )
Now we note that Kaluza-Klein wave function coefficient coincides in detail with the SYK

one, namely:

Clpm) = —— R(pm), (6.21)

where R(py,) was given in Eq.(5.24).

As in Eq.(D.6), the integration of v is a short-hand notation which denotes a summation
of v =3/2+2n, (n =0,1,2---) and an integral of v = ir, (0 < r < o0). The sum over
these discrete values of v and the integral over the continuous values can be now performed
exactly as in the calculation of the SYK bi-local propagator [11]. Closing the contour for
the continuous integral in Re(r)— oo, one finds that there are two types of poles inside of
this contour. (1): v = 2n+3/2, (n = 0,1,2,--+), and (2): v = py, (m = 0,1,2,---).
The contributions of the former type of poles precisely cancel with the contribution from
the discrete sum over n. Details of the evaluation which explicitly shows the cancelation
are presented in Appendix E. Therefore, the final remaining contribution is just written as
residues of v = p,,, poles as

1 — [ o(tt! Z_ >)J, <
G(O)(t,z,();t’,z’,()) _ = |ZZ,‘% § : / dw e—zw(t—t ) R(pm) Pm(|w|z ) pm(|w‘z ) . (622)
3 =)o N,

m
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Altogether we have shown that y = 0 mode 3D propagator is in precise agreement with the
g = 4 SYK bi-local propagator at large J given in Eq.(5.23). The propagator is a sum of non-
standard propagators in AdSs. While it vanishes on the boundary, the boundary conditions
at the horizon are different from that of the standard propagator in AdS.

6.3 First Order Eigenvalue Shift

In this section, we study the first order eigenvalue shift due to Dy by treating this operator
as a perturbation onto the Dy operator. The result will confirm the duality a = 1/J, where a
is defined in the dilaton background (6.3) and J is the coupling constant in the SYK model.

Since the ¢ and y directions are trivial, let us start with the kernels already solved for
these two directions given in Eq.(6.10). The eigenfunction of Dy operator is

1
2|2 Z,(Jw2]) , (6.23)
and using the orthogonality condition (D.3), its matrix element in the v space is found as
Ny |v2 = (m§ + 5 + 1) | O (6.24)

Now following the first order perturbation theory, we are going to determine the first
order eigenvalue shift. Using the Bessel equation, the action of D; on the Dy eigenfunction
(6.23) is found as

1 a 15) m2—q2 +3
D1 2|2 Zy(Jwz]) = — [z - (W

For the derivative term, we use the Bessel function identity (for example, see 8.472 of [130])

Zy(|wz]) . (6.25)

Oudy(z) = % Jyri(z) F gJy(m), (6.26)

to obtain

0. Z(wel) = = Z(lwal) — ol [Joa(wel) = & Tpalwel)] . (6.27)

v
E

Therefore, now the matrix element is determined by integrals

o0 1, 1 ) > Z5(|lwz])Zy(|lwz
/0 dz|z|2 Z (|wz|)D1 |2|2 Zy(Jwz|) = a[u—(m%—qfn—i-i)}/o dz ( BQ (w2])
wz
—alol [ as B [ sl — 6 s ()]

(6.28)

For the continuous mode (v = ir), the integrals might be hard to evaluate. In the following,
we restrict ourself to the real discrete mode v = 3/2 + 2n. In such case, &, = 0. Therefore,
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the linear combination of the Bessel function is reduced to a single Bessel function as Z, (x) =
Jy(x). Since

[ e SR Refo).Re(5) >
g Je@s@ 4 sinfa—5-1)] -
/Od 2 rlaipr1[a_pr_1 [RelehRe®)>1] (629)

we have now found the matrix element for the discrete mode is given by

2alwsin [§(v =/ = )] [2[v = (m§ — g + })]
T (v+1)2—0v7? (v—1)2— 2

—1]. (6.30)

Next, let us focus on the zero mode (v = v/ = 3/2) eigenvalue. In the above formula,

taking the bare mass to the BF bound: m2 = —1/4 as before, the zero mode first order
eigenvalue shift is found as
alw
2" 2+q)- (6.31)
T

Now, we compare this result with the 1/.J first order eigenvalue shift of the SYK model, which
is for the zero mode found in [10] as

ok |wl

E(2,w) =1 —
(2,w) oy T

(zero temperature) (6.32)
where ax ~ 2.852 for ¢ = 4. The w-dependence of our result (6.31) thus agrees with that of
the SYK model. Furthermore, this comparison confirms the duality a = 1/J.

Finally, we can now complete our comparison by showing agreement for the m = 0 mode
contribution to the propagator. We include the first O(a) order shift for the pole as

3 alw
v=3+ ‘7r|(2+q§) + O(a?). (6.33)
For the zero mode part (m = 0) of the on-shell propagator in Eq.(E.6), the leading order is
O(1/a). This contribution comes from the coefficient factor of the Bessel function, which was
responsible for the double pole at v = 3/2. For other py setting them to 3/2, we obtain the
leading order contribution from the zero mode as

(0) . _ 97 Bj L [T dw e
Gzerofmode(tVZ’O’ t/,Z/,O) = " 4a (2+q8) |ZZI‘2 —oome ( )J%(’wz‘)J%OW’ZID
(6.34)

This agrees with the order O(J) contribution of the SYK bi-local propagator of Malda-
cena/Stanford [10].
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7 Question of Dual Spacetime

7.1 “” Problem

In this section, we clarify the question regarding the signature of the SYK dual gravity theory.

The bi-local SL(2,R) Casimir (5.9) can be seen to take the form of a Laplacian of
Lorentzian two dimensional Anti de-Sitter or de-Sitter space-time (in this two dimensional
case they are characterized by the same isometry group SO(2,1) or SO(1,2)). Under the
canonical identification with AdS

—dt? + dz?
ds® = —= (7.1)
it equals
Ciyo = 22(—8,? +8§) (7.2)

Consequently the SYK eigenfunctions should be compared with known AdSs or dSs basis
wave functions.

Note that the Bessel function Z, (5.12) are not the standard normalizable modes used
in quantization of scalar fields in AdS,: in particular they have rather different boundary
conditions at the Poincare horizon. Another important property of this basis is that when
viewed as a Schrodinger problem as in [9] it has a set of bound states, in addition to the
scattering states. This will be discussed in detail in Section 7.2 (see the left picture of FIG.
2).

This leads one to try an identification with de-Sitter basis functions °. In fact as we will
argue, the bi-local SYK wave functions can be realized as a particular a-vacuum of Lorentzian
dSy with a choice of « = imh = im(v + 1/2). This is seen as follows. We consider the dS;
background with a metric given by

ds® = L;Ldt?. (7.3)
n
This can be obtained by the coordinate change (5.16) by replacing z — 1. The Euclidean
(Bunch-Davies [133]) wave function of a massive scalar field is given by

oL (n) ™" (7.4)

GE0) =} HO(wln), v =/ - m?, (75)

where Hl(,2) is the Hankel function of the second kind. Since the t-dependence is always like

et in the following we will focus only on the 1 dependence. The a-vacuum wave function

with

®This possibility has been emphasized to us by J. Maldacena [113].
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is defined by Bogoliubov transformation from this Euclidean wave function [134, 135] as

63(n) = Na[9E(n) + e*0E"(n)]
= Nant [HP (jwln) + e*HD (fwln)] (7.6)

where 1
Ny = ———, 7.7
A /1 ea—i—a* ( )

and « is a complex parameter. Now let us consider a possibility of a-vacuum with
1
a = am (1/+ 2> = irh. (7.8)
With this choice of «, using the definition of the Hankel functions
(@) — e ™, (2) Joy(x) — €™, (2)

isin(mv) —isin(mv)

one can rewrite the a-vacuum wave function as

ww=<HZZW>@wm, (7.10)

where 7, is defined in Eq.(5.12). After excluding the n-independent part of the wave function,
we can write the n-dependent part as

$e(n) = 0?7 Zu(|wln). (7.11)

This wave function agrees with the eigenfunction of the SYK quadratic kernel (5.13) after
the identifications of n = (t; — t2)/2 and t = (t; + t2)/2.

Due to this observation, one might attempt to claim that the dual gravity theory of the
SYK model is given by Lorentzian dSo space-time. However, there is a critical issue in this
claim. Apart from the Lorentzian signature in this metric (7.3), we still have a discrepancy in
the exponent of the partition function (2.4) with a factor of “i”. Namely, if the dual gravity
theory (higher spin gravity or string theory) is Lorentzian dSs, it must have

7 - / Dh,, DB,, exp [z (Sgrav[h, ®] + Smatter[hs q»])] , (7.12)

where we collectively denote the graviton and other “higher spin” gauge fields by h,, and the
dilaton and other matter fields by ®,,. Hence the agreement of the SYK bi-local propagator

o
Dayk (t1, to; 1), th) = <@(t1,t2)@(t’1,t’2)> = > Gy, (t1,taith, th) (7.13)
m=0

with a dSo propagator

S|
(e
S
KA
3
2
Té
\/
—_

Das(n, t;n',t') =

=3 Z Gm(n, t;n',t) (7.14)
m=0
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is only up to the factor i. Namely, even if we have a complete agreement of G,,, with G,,
by identifying the coordinates by (5.16) (with a replacement of z — 7), there is a problem
with the signature (i.e. the discrepancy of the factor 7). For higher point functions, the same
i-problem proceeds due to the i factors coming from the propagator and each vertex.

To conclude, for the Euclidean SYK model under consideration, one needs a dual gravity
theory to be in the hyperbolic plane Hy (i.e. Euclidean AdSs) for the matching of n-point
functions. We will set the basis for the EAdSs realization in the next subsection.

7.2 Transformations and Leg Factors

As we have commented in the Introduction in order to identify an Euclidean bulk dual
description (rather than a Lorentzian), we will need a transformation which brings the SYK
eigenfunctions (as given on bi-local space-time) to the standard eigenfunctions of the EAdSs
Laplacian. We will arrive at this transformation by considering the bi-local map described
in [114, 115] for higher dimensional case. In our current d = 1 case, the map is even simpler.
It will be seen to take the form of a H? Radon transform (a related suggestion was made
in [10]). The need for a non-local transform on external legs appears to be characteristic of
collective theory (which as a rule contains a minimal set of physical degrees of freedom). The
first appearance of Radon type transforms in identifying holographic space-time was seen in
the ¢ =1/ D = 2 string correspondence. This is seen precisely in the form of what is known
as the regular Radon transform.

Let us describe procedure formulated in [114, 115] for constructing the bi-local to space-
time map. The method is based on construction of canonical transformations in phase space:
bi-local (t1,p1), (t2,p2) and EAdSs (7,p;), (2,p.). We consider the Poincare coordinates for
the Euclidean AdSs space

ds® = dT:ZdZQ. (7.15)
One way to obtain the bi-local map is to equate the SL(2,R) generators.
Jisz = Jeads .- (7.16)
The one-dimensional bi-local conformal generators are
Diys = tipi+taps,  Piyo = —pi—p2, Ko = —tip — t3pa, (7.17)
and the EAdSs generators are given by
Dgadas = 7pr +2p-,  Peaas = —pr,  Kpaas = (2 —7%)pr — 272p.,  (7.18)

where we defined p; = -0, p2 = —04,, pr = —07, p, = —0,. Equating the generators, we
can determine the map. From the P generators, we have p; = p1 + po. Using this result for
the other generators, we get two equations to solve:

zp. = (t1 —T)p1 + (t2 — T)p2
—22p, = (t1 — T)2p1 + (to — 7‘)2p2. (7.19)
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These are solved by

tip1 —tap2
7’ = -
b1 — p2

2
. Pr=pitp2, 2= - (tl_t2> pip2,  pi = —dpip2. (7.20)
b1 —p2

One can see that the canonical commutators are preserved under the transform (at least
classically, i.e. in terms of the Poisson bracket). Namely, [7,p,] = [2,p.] = 1 and others
vanish provided that [t;, p;] = di;, with (¢, 7 = 1,2). Hence, we conclude the map is canonical
transformation, which is also a point transformation in momentum space. For the kernel
which implements this momentum space correspondence we can take

3(pr — (p1 +p2))

R(p1,p2;pr p2) =
V/P? 4 4pipo

Through Fourier transforming all momenta to corresponding coordinates, the associated co-
6

(7.21)

ordinate space kernel becomes
R(ti,to;7,2) = 6(772 —(r— t)2 — z2) . (7.22)

With a multiplicative factor of additional of n this is known as the Circular Radon transform
(7.25) which has a simple relationship to Radon transform on H2.

There is another construction of the Radon transform which is used in [116-118] and is
based on integration over geodesics. For the Euclidean AdSs space-time (7.15), a geodesic is
given by a semicircle

(r—70)? +2° = — (7.23)

where 7 = 7 is the center of the semicircle and 1/F is the radius. The Radon transform of a
function of the bulk coordinates f(7,z) is a function of the parameters of a geodesic (E, 1)
defined by

[Rf] (E,19) = /dsf(T,z(T)), (7.24)

where the integral is over the geodesic. From the geodesic equation (7.23), this transform is
explicitly written as

t+n

*d
RAt) =20 [ dr [T Ea( - -1 - 2) £(r2) (7.25)
t—n 0 z
where we have used the identifications 1/E = 7 and 79 = t; the resulting function [Rf](n, t)
is understood as a function on the Lorentzian dSg (7.3).
We will now explicitly evaluate the Radon transformation of (unit-normalized) EAdSs

wave functions (see Appendix G)

y L wr
PEads, (T:2) = ay 22 e T Ky(|w|2) (7.26)

SHere, we have ignored possible issues related to the range of variables.
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From the above formula of the Radon transform (7.25), we get

(0 = (r = %) 77 Ky (JwlV/n? = (7 = 7).
(7.27)
Now shifting the integral variable 7 — 7 + t and using the symmetry of the integrand, one

4 dr

{R$EAdsz} (n,t) = Oéun/t_n ey

can rewrite this integral as
3
4

Py —iw " 1
[R(ﬁEAdSQ] (n,t) = 2ayne t/o dr <772_7_2) cos(wt) K, (Jw|v/n? — 72). (7.28)

Further rewriting the cos(wT) in terms of J_; 5(w7) and changing the integration variable to
7 =nsinf, we find

— [73 au|wl|2n i
|:,R'¢EAdszi| (77775) = ? SHJ(;V) € !

s

2 1
X / df (tan6)z J
0

where we decomposed the modified Bessel function of the second kind into two first kinds.
This 6 integral is indeed given in Eq.(4) of 12 - 11 of [131], which leads to

L(;+3)
(G +3)

where we also used Eq.(G.7). The inside of the square bracket precisely agrees with the

(lw|n sin @) [ v(Jw|ncosh) — L,(\w]ncos@)} , (7.29)

_1
2

tan = 5 +1

[R¢EAdSQ] (n,t) = =2iv/m —5—== a1

By et [Ju(lwm) u(IWIn)] , (7.30)

particular combination of Bessel functions, Z, (|w|n) function defined in Eq.(5.12).

When v, = 3/2 4 2n the second term in this square bracket vanishes. As will be clear
soon, we need the radon transform of the modified Bessel function I,,, with. This can be
likewise evaluated to yield

Rla, 22, (|k|2)] = (2van)' e J,,, (|KIn) (7.31)
where )
2w, \2T (3 + %
= (%) Fn (7.32)

The extra v-dependent factor in (7.30) which appears in front of the unit-normalized dSs
wave function described in Appendix G should be understood as a leg factor (7.34). As we
will see later, this is analogous to what happens in the ¢ = 1 matrix model [120-124].

In summary, we have the Radon transform

(EAdS,) (dS2)

(r,2) = L) ¥y, (1.1), (7.33)
where @ a qg, and 14g, are the unit-normlized wave functions defined in Eq.(G.1) and Eq.(G.4),

R ey

respectively, while the leg factor is defined by

Ly v
L(v) = (Leg Factor) = —Qiﬁw (7.34)
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,35,



Vas, VEAdS,

Figure 2. The de Sitter potential Vg, has bound states and scattering states. On the other hand,
the Euclidean AdS potential Vaqs, has only scattering modes.

The inverse transformations are

RAGED (1) = L7 @) 00 (1, 2) . (7.35)

for v # 3/2 + 2n, while for v = 3/2 + 2n we have instead

RAGED . 1) = af, 212e7H7L, (|k|2) (7.36)

Under the Radon transform R, the Laplacian of Lorentzian dSs is transformed into that
of Euclidean AdSs:

Ods, ¥ds, (1, t) = — R Ogads, PEAdS, (T, 2), (7.37)
with
Uas, = 772(—3% +97), Opads, = 22(02 +02). (7.38)

Here, 143, = R¢rads, and wave functions are not normalized.

In the rest of this section, we will show that the Radon transformation flips the sign of
the potential appearing in the equivalent Schrodinger problem as formulated in [9]. We start
from the Radon transformation (7.37). Expanding the wave functions by

Yas, (1,1) = 07 Y e s, (m k).

w

PpAas.(T2) = 22 3 e dpaas, (wi2) | (7.39)

w

we have corresponding Bessel equations for stg and &E AdS,- By changing the coordinates by
y = log(wn) or y = log(wz), these Bessel equations are reduced to the Schrodinger equations
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as
(_ 85 - ey) 7ZdSz = _1/2 JdSQ )
( -0+ ey) PEAdS; = —V° PBAMS, - (7.40)
Therefore, the Radon transform flips the sign of the corresponding Schrodinger potential (see
FIG. 2). The de Sitter potential Vjs, = —e¥ has bound states as well as scattering states.
On the other hand, the Euclidean AdS potential Vags, = €¥ has only scattering modes.
7.3 Green’s Functions and Leg Factors

In this subsection, we start from the SYK bi-local propagator (5.21). Using the inverse Radon
transformation (7.35), we will show that the resulting propagator can be written in terms of
functions which appear in FAdSs, except for the leg-factors.

The SYK bi-local propagator is given by

t,t Vit (£, £
Gty ta: by, th) oc J~ / dw Z e (f1 12 _(1]1 ), (7.41)

where u,,, are the eigenfunctions defined in Eq.(5.13). Here the summation over v is a short-
hand notation denotes the discrete mode sum and the continuous mode sum. Now, we identify
n = (t1 —t2)/2 and ¢t = (t1 + t2)/2. Then, the propagator can be written in terms of the dSs
wave functions as

e oo Asi S B
G(Uﬁ? 77,7t/) = 27TJ_1 / dw Z Lﬂ—yl ww,yn (77775) ww,yn (n,at/)
—00 n=0 g(yn) -
} : (7.42)

+ /OO dr EW,V(TI’ t) @w,y(nla t/)
0
where v, = 2n + 3/2. Next, we use the inverse Radon transform (7.35) to bring the dS wave

g(v) -1

functions into the EAdS wave functions.

Gl ) = 2md 7 [ dod 3 SR L )P 5L, (72) B, (7 )
—00 n=0 g(]/n) -1
o G (7:2) Gy (7', 7))
+/ dr |L 2 N . (743
[“arpip ST T ()
Here we have defined ¢,,,, (T, z) by
P, (1:2) =y, 22T, ([k]2) (7.44)

Note that awjn (7, z) is not really a EAdS wavefunction.
We can directly evaluate the continuous mode summation for the full Green’s function
including the leg factors in the integrand. However, we postpone this for a while and we
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first demonstrate how to extract the leg factors from the integrand and evaluate the integral
without the leg factors. Writing the v’s appearing in the leg factors in terms of the Bessel
differential operators, we can pull out the leg factors from the summation over m or the
integral of r as

oo

G,(7_’2;7_/,2:/) — o J ! ‘L_l(ﬁEAdSZ>}2 /

—00

> 4sin 7wy, —x _
d‘*’{ > ~7)_1 P (T:2) G, (77, 2')

g(

(7.45)

g(v) — 1

with

1
4 b}
where the Laplacian of EAdSy is defined in Eq.(7.38). The above expression for the leg

PEAds, = \/Ugads, + (7.46)

factor differential operators is slightly ambiguous. What we mean is that one of the leg factor
differential operator is acting on (7, z) and the other leg factor operator is acting on (77, 2’). To
make this more explicit, we can introduce two delta functions 6(z — z1)d(2' — 22) and integrals
over z; and 29, where one of the leg factor is acting on §(z — z1) and the other is acting on
5(2" — z9). Furthermore we can rewrite the delta functions in terms of the completeness of

the Bessel function ( . Therefore, now the propagator is written as
d d
G(r,z;7,2) / aal / ﬁL’k (2;21) GEAds, (T, 21; 7', 22) L(29;2') (7.47)
with
, 1 [~ . 4dsinmy, - ;o
GEAdSQ(T,Z;T , 2 ) = 27J dw Z W ¢w n (T, Z) (bw’l,n(’r , 2 )
o =

[ <z>w,,m>)¢w1<7 2)

| } . (7.48)

and we defined the leg factor integral kernel as

1

00 (3 4+
L(z1;22) = 7r5/2/0 drrsinh(m")M

)
Let us now evaluate the continuous mode summation in the EAdSs propagator (7.48). Eval-

Kir(zl) KZ‘T(ZQ) . (749)

uating this integral as a contour integral as in [11, 106], there is only one set of poles coming
from v = py,, with (m = 0,1,2,---) which are the solutions of g(p,,) = 1. Therefore, after
this integral the EAdSs propagator (7.48) becomes

2 1 > — ! = P
G AN 2 / / d iw(T—7") _m K >V <
EAdS, (T, 2,7, 2") J|zz]2 . we mZ:O 7 (o) o ([W[27) Ip,,, (Jw]27)
S (el Ky () b (750
7 2y — 1 R )
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As we will see in the next section this form of the propagator is analogous to the Wilson loop
(or macroscopic loop) operator propagators in the ¢ = 1 matrix model (7.61).

Now we go back to the off-shell expression of the propagator (7.43) and evaluate the
continuous mode summation for the full Green’s function with including the leg factors in the
integrand:

T P (7,2) G (7', 2)
Teons = | dr |[L7'(v)|? ==~ :
cont \/0 " ‘ (V)’ g(V) -1 v=1r

We evaluate this integral as a contour integral as before. We note that since the modified

(7.51)

Bessel function K, is regular on the entire v-complex plane, we have two sets of poles: (i).
V = pm, with (m = 0,1,2,---). (ii). v = v, = 2n + 3/2, with (n = 0,1,2,---) where

F(% — 5) = oo. After evaluating the residues at these poles, we find the integral as

1 o 3 Pm 3 DPm
EZd Epra— I(3+22)0(3 - k) o5
T _ e iw(r—T7") 4 2 4 2 _ K W Z> I w Z<

cont 472 Z I‘(% + Pén)r(% o pén) g/(pm) pm(| | ) pm(| ’ )

m=0

+ = — K, (|w|z”) 1L, (lw|z<) ¢ . (7.52)
W;FZQ—F?) g(vn) — 1
The second line in the RHS looks similar to the discrete mode contribution to the propagator

(7.43). However, these two contributions do not cancel each other. Hence there are two types
of the contributions to the final result as

G(r,z;7,2)

1 00 3 Pm 3 Pm

222 [ rert IFE+5)re -5 »

= ooy | dwe TN ey Ty K (9127 D (w12
—00 2 1 m

30 ) () Bl 212 - o Gol22)] (759

2 () i) 1) ™ g .
Of course, here we still have the zero mode (py = 3/2) problem coming from I'(3 — £2) =
oo. In this expression, the Bessel function part of the first contribution in the RHS is the
standard form for EAdS propagator, while the extra factor coming from the leg-factors can
be possibly understood as a contribution from the naively pure gauge degrees of freedom as
in the ¢ =1 model (c.f. [121-124]), in which case the second contribution in RHS represents
the contribution from these modes as in [120].

In section 6, we presented the 3D picture of the SYK theory, based on the fact that the
non-trivial spectrum predicted by the model, which are solutions of g(p,,) = 1 with (m =
0,1,2,---) can be reproduced through Kaluza-Klein mechanism in one higher dimension.
This picture is more natural in the AdSs interpretation of the bi-local space. Now, we will
point out a similarity between the 3D picture of the SYK model [106, 107] and the ¢ = 1
Liouville theory (2D string theory) [119-124].

In the 3D description we have a scalar field ®

Sap = ;/dxdx/Tg[ — g"9,®0,® — mid* — V(y)cbﬂ , (7.54)
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with a background metric
—dt? + dz? 2
ds* = 7A+ Ca 1+g dy? (7.55)
32 z
where a ~ J~!, but here we only consider the leading in 1/.J contribution and suppress the
subleading contributions coming from the yy-component of the metric. The detail of the
potential V(y) depends on ¢ and for that readers should refer to [106, 107]. The propagator
for the scalar field in this background in the leading order of 1/.J is given by
0)/2 Al gl N | aal|E / dw _; t—t’ dv Z;“(|w2\)Z,,(]w2’|)
G( )(thvyazvtvy)_ |ZZ|2§fk(y)fk(y)/2ﬂ_e e ) E 1/2—]{32 )
(7.56)
where fi(y) is the wave function along the third direction y with momentum k. This is

simply a rewriting the propagator (7.42) by treating the non-local kernel (eigenvalue) by an
extra dimension. The identical procedure leads to the leg-factors. After the (inverse) Radon
transform and the contour integral for the continuous mode sum, the propagator is reduced
to

2;5 3 kyp(3 _k
- 55 S hwaw) { FO B Kl k=)
= F2(§ +3) Vn < > >
+ 2; r?é +%) (V%k2> I, (Jw| )[2[1,”(|w|2 )= Iy, (Jwl|z )}} (7.57)

On the other hand, for the ¢ = 1 matrix model / 2D string duality, the Wilson loop
operator is related to the matrix eigenvalue density field ¢ by

W(t, 0) = Tr(e_éM(t)> = / dze " p(t, z). (7.58)
0
The corresponding propagator was found by Moore and Seiberg [120] as
& & qb*E (t7 QD)QSE p(t,a ()0/)
towt, )y = [ dE | dp —L L : .
(w(t. oyt ) /OO /O P Soh T , (7.59)

with ¢ = e™% and the normalized wave function

brp(t,p) = /psinhmpe F K, (\/ne ). (7.60)

After evaluating the p-integral as a contour integral, we obtain the propagator as

o0 —’L 4/ 7TE _ _
<w(ta@)w(t/a§0/>> = —W/ dE e PU t){2sinh7rEKiE(\/ﬁ€ S0<)[z‘E(\//je 99>)

0 _ nn2 < >
+> SE;?’_TLQKn(\/ﬁe_‘p ) In(y/pe™% )}- (7.61)
n=1
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The point we want to make here is that this 3D picture is completely parallel to the ¢ =1
Liouville theory (2D string theory) [119-124]. Namely, if we make a change of coordinate by
z = e ¥, then the @-direction becomes the Liouville direction, while the y-direction (at
least in the leading order of 1/.J) can be understood as the ¢ = 1 matter direction. In this
comparison, the 7-direction serves as an extra direction. Finally, the v appearing in the SYK
model is realized as a momentum k along the y-direction in the 3D picture (7.55). Therefore,
we have the following correspondence between the ¢ = 1 Liouville theory and the 3D picture
of the SYK model.

c=1 3D SYK
e~ % z
—iat Y

ip v

iE k
Vi ]

8 Conclusion

In this thesis we described the bi-local formulation of the SYK model by defining a reparametriza-
tion invariant collective theory at the IR point and away from it. A regularized action repre-
senting an interacting theory between a Schwarzian coordinate and bi-local matter is specified.
We presented the non-linear derivation of the Schwarzian action, which is exact at all orders.
It generates perturbative calculations in the SYK model around the conformal IR point which
are systematic in the inverse of the strong coupling J. We gave the evaluation of the tree level
free energy in this expansion. Even though, the present calculations are done at tree level in
1/N, the formalism given allows for loop level calculations with no difficulty: by projection of
the zero mode the perturbation expansion is well defined, while the Jacobian(s) of the changes
of variables provide exact counter terms which are expected to cancel infinities appearing in
loop diagrams.

Next, we have presented a three dimensional perspective of the bulk dual of the SYK
model. At strong coupling we showed that the spectrum and the propagator of the bi-local
field can be exactly reproduced by that of a scalar field living in AdSy x S'/Z, with a
delta function potential at the center. The metric on the interval in the third direction is
the dilaton of Jackiw-Teitelboim theory, which is a constant at strong coupling. We also
calculated the leading 1/J correction to the propagator which comes from the corresponding
term in the metric in the third direction, and showed that form of the poles of the propagator
are consistent with the results of the SYK model [10].

Finally we addressed the question of what represents the bulk dual space-time of the
SYK model. At the outset, the question seems simple since the small fluctuations of the
(Euclidean) SYK model are completely given by a set of Lorentzian wave functions associated
with the SL(2,R) isometry group. With a simple identification of space-time, these are seen
to associated with eigenfunctions in de-Sitter (or Anti de-Sitter) space-time (as was discussed
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in [7, 9-11]). Likewise the propagator and higher point n-functions continue to feature this
Lorentzian space-time structure.

Even though this Lorentzian bulk dual interpretation seems to be straightforwardly as-
sociated with the SYK bi-local data, we have stressed that there is a problem with this
interpretation. Concentrating on the effective bi-local Large N version of the model, we have
provided a resolution, which follows from a further non-local redefinition of space-time. This
comes in terms of Leg transformations of Green’s functions which places the theory in Eu-
clidean AdS dual setting. Such transformations are actually characteristic of collective field
representations of Large N theories. The leg transformations that we explicitly implement
(apart from providing the EAdSs space-time setting) also bring out the couplings of additional
“discrete” states.

We expect that all features of the SYK model we presented here will play a central role
in full identification of the bulk dual for the SYK model.

A e-Expansion

In this appendix, we will exemplify how to obtain the non-linear Schwarzian action (2.13)
associated with the naive form of the breaking term in Eq.(2.5). This is done by using e-
expansion with ¢ = 2/(1 — ¢) and treating e as a small parameter. We note that for any ¢
in the range of 2 < g < oo, the value of € is 0 < ¢ < 1. Therefore, the convergence of this
e-expansion is guaranteed. Even though we use the e-expansion, we can nevertheless calculate
all order contributions of ¢ as we will see below. We first rewrite the critical solution in the
following way:

1 () £ (t2)]
Tosltrt2) = — — (M)

e [PEF@ | 2 VIFEPETY
1! 1g<|f(t1)—f(tz)) 3 <1g\f(t1)—f(t2)!> T

(A1)

where the first term is the contribution from ¢ = 2 case, which leads to the result Eq.(2.13)
with @ = 1. To evaluate higher order ¢ contributions, we use the following expansions of the
logarithm in the ¢; — t2 limit:

[f1()f (k)] ) _ L[f"(t2)]? o 1 [f"(ta)] 2
log<!f(tl)—f(tz)l> I Oy R PRV L

(A.2)
The first log term gives an f-independent divergent term which we will eliminate in the
following. One also expands the factor representing ¢ = 2 reparametrized critical solution
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and then one finds O(¢) = 0. For order O(g?) contribution, from Eq.(A.2), one can find

. NE L) 117" (5)
0 = ~ 577 [ 4101 | (G Feae ~ o frugy ) e el st

B Ne2 f”/(tl) _§ f”(tl) 2
_ZMJ/Eh[fﬁﬂ 2<ﬂ@ﬂ>]’ -

where we again eliminated the divergence term and used integration by parts. Hence, the

total contribution up to O(e?) for ¢ = 2/(1 — ¢) action is given by
__ No KON UON
Sm‘”dMJ/“[ﬂw_2<ﬂw>]’ (A4

ale) =1 — 2 + O(Y). (A.5)

where
In fact, there is no higher order contributions from O(g3). This can be seen from an expansion
IBIOY
o VI )
| f(t1) — f(t2)]

. n 1 ‘f”(t2)|2 1 |f”/(t2)| ) ne1
(A.6)

This expansion together with the expansion of ¢ = 2 reparametrized critical solution does
not give any non-zero finite contribution to the action after the limit when n > 3. Namely,
the (log |ty — t2])™ factor gives a strong divergence when n is large. However, if one wants to
lower the power of this logarithm, then one gets a higher power of [t; — t2|™, which strongly
vanishes after setting to = t1. This naive form of « will turn out to be renormalized with
our regularization of the breaking term. We evaluate this renormalized coefficient in the next
appendix.

B s-Regularization and Schwarzian Action

In this appendix, we will directly evaluate the collective coordinate action with the regularized
breaking term:

S[f] = ];]/ (Wos], = —g lim [ dtydty W (t1,t2) Qs(t1,t2) (B.1)

1
5=

and confirm that the result is given by

__ Na OO
Sm‘”dMJ/ﬁ[ﬂw_2<ﬂw>]’ 2
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with a coefficient
a = —127By7. (B.3)

For this purpose, we expand the reparametrized critical solution with f(t) =t + e(t) as

1
\Ifojf(tl,tg) = \Po(tlg) + /dta E(ta) UO,ta(tl,tg) + 2/dtadtb€(ta)€(tb) u(l),ta,tb(t17t2)
1
+ 6/dtadtbdtc €(ta)€(tb)€(tc) u(2),ta,tb,tc(t17t2) + - (B.4)

where we defined

0V ¢(t12)

9f(ta) f)=t

0*W ¢(t12)
oI W), |
33\I’O7f(t12)
af(ta)af(tb)af(tc)

an\If()’f(tlQ)
af(ta) U 8f(tn)

U, (t1,t2) =

U(2) ta b, (E1,12) =

u(s)vtavtbatc (tl’ t2)

I

ft)=t

U(n) {ta, it} (P1, 12) (B.5)

f(t)=t

Let us first consider the quadratic and cubic order contributions. Taking derivatives and
expressing in the momentum space, the quadratic and cubic coefficients are given by

2 .
U(2) wa iy (t1,12) = = e/l wawy| cos((wa + wp)t-) — THE sin |wt—|sin jwpt— || Wo(t12)
*ra q —_
2
= o T g E | Ty (wat ) Ty (et ) Woltiz) (B.6)
Tq

and

U(g) yWa ,Wh,We (tl ) t2)

47 . 1
= — gz e Watwotwe)ty {]wawbwc\ cos((wq + wp + we)t—) — T sin |wet—| sin |wpt_ | sin |wct_|] Uo(t12)
4i  [w|wdt_]| . .
7 ’5’6““”“’”“0)” [|wawb\ cos((wq + wp)t—) — TP sin |wgt_ | sin |wbt|] J%(|wct,|) Uo(t12)
3
8 |mt_|2 . 3
+ Fl 2 el@atwrtwelte | e |2 J%(\wat_\) J%(\wbt_\) Jg(\wct_\) Wo(ti2) . (B.7)

In fact, there are two more terms in the second line of RHS in w3 obtained by permuta-
tions of (wg,wp,we), but we omitted these terms in the above expression. Substituting these
expressions into the action (B.1) and performing the ¢, ¢2 integrals, one finds single poles
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(s —1/2)~! coming from the double sine term in u) and from the triple sine term in wus).
Namely for the quadratic contribution, we have

— /dt1dt2dt3dt4 U(2) wa oy (E1,12) K(t1, t2; 13, 14) W1 (3, 14)

1 ©
_grens (qq > Bubtn (5. q) 6w + 1) /O e St (BS)
with 9
- sinfx 1 1
A e Ca i) (B9)
2

Also for the cubic contribution
— / dt1dtadtsdty U(3) wa wpwe (tl, tQ) K(tl, to; ts, t4)\111 (tg, t4)

= g3 (171 gt 5 Tl nfwat_] sin |wpt_| sin Jwet
= . 1677 (s, q) 0(wa + wp + we) T sin |wqt—| sin |wpt_| sin |wet—|,
(B.10)

with

o dt_

/ m sin |wgt—| sin |wpt_| sin |wet—|
0 —

1

m + O((S — %)0) . (B.ll)

= |wa wywe| (lwal® + lwp|? + |we[?)

There are no other terms giving such (s — 1/2)~! pole. Such single pole factor (s — 1/2)~!
cancels with the (s — 1/2) factor in the regularized source Qs (3.17), and lead to

— /dt1dt2dt3dt4 W) oty (T 12) K(t1, tas ts, ta) Wi (ts, ts) = By 07 07 0(tas) (B.12)
and

— /dtldtzdtgdt4 U(3) bty te (E1,12) K(t1, 125 t3, 12) W1 (3, 14)

— By 04, 00,01, (02 + 02 + O2) 6(tac)d(the) (B.13)

With the experience of quadratic and cubic order computations, now we would like to
evaluate all order contributions. As we saw above the poles associated to the limit s — 1/2
only come from the double and triple sine terms. Therefore, we expect this structure is also
true for any higher order contributions. Taking derivatives of the reparameterized critical
solution, we find such term in n-th order is given by

2, . (0atormtion o Wo(t12
U(n) {wa, - wn} (E1,12) = 6(_2) (n—l)!e( acttwn )ty (Hsm|wz-t_]> |t5\”) + .-, (B.14)

i=a
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where the ellipsis denotes non-singular terms in the limit s — 1/2. Now, using the result
(3.17), one obtains the contribution from the n-th order as

— /dtldtgdtgdt4 U(n),{wa,---,wn}(tlatQ) K(t1,ta;ts,t4) W1 (ts,ta)

n < dt :
= —12m(—i)"(n — D! vB1 (s — 3)0(wa + -+ - +wn)/0 TREEED (H sin |wit|) + O(s—3).

i=a

(B.15)
The t_-integral is given by

© dt_ o n n 1
/0 W H Sln‘wit—| = (Zl_{ |w2‘> (; |Wi|2) W—%) +O((S—%)O). (B.16)

Now, using this result and Fourier transforming back to {ts, - ,t,} from {wg, - ,wy}, we
get

— /dtldtgdtgdt4U(n)7{tm...’tn}(t1,t2) IC(t1,ta;sts, ta)We(ts, ts)

- (n ; 1)! Bl’}/ (ﬁ at”b) (i 87521) 5(tfm) T 5(tn71,n) 5 (B.17)

i=a

where we have already taken s — 1/2 limit.
Finally, together with the expansion (B.4), one can see that the n-th order contribution
to the collective coordinate action (2.13) is given by

S[f] = ]ify /dtl..-dtng(tl)..-g(tn) (H%) (Zaf) 8(t1n) - 0(tn—1n)

i=1 i=1
o NB1vy (_1)71 " / n—1
- &2 /dt e (2w) " (B.18)
This result can be summed over for all order to get
NB
S[f] = ij/dtSch(f;t), (B.19)
where )
[ 3 (f”(ﬂ)
Sch(f;t) = - = . B.20
0= 2 (20
To see this correspondence, one first rewrites the Schwarzian derivative by integration by
parts as
1 f///(t)
dtSch(f;t) = —= . B.21
[aesairy = 55 (B.21)

Then, we use f(t) =t + ¢(t) and expand the Schwarzian derivative by powers of ¢ as

n—1

/ dt Sch(f: 1) — / dti(_;)ne”’(t)(e’(t)) | (B.22)
n=1
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This expansion completely agrees with the result found in Eq.(B.18).
Finally as a reference, we give a relation of our coefficients to the coefficients ag and ag

defined in [10]:
« J J
- E = By = —2as (j) = byag <j> s (B-Q?’)

where J = v J.
2

qg—1
=

C Schrodinger Equation

In this appendix, we consider the equation of f(y), which is the Schrédinger equation:

(=02 = Ve r) = Efw), (C1)

where F is an eigenvalue of the equation. Since we confined the field in —L < y < L, we have
boundary conditions: f(+L) = 0. The continuation conditions at y = 0 are f(40) = f(—0)
and the other can be derived by integrating the Schrodinger equation (C.1) over (—¢,¢) and
taking limit € — 0 as
f(+0) = f/(=0) = £V f(0). (C.2)

Since the potential of the Schrodinger equation is even function, the wave function is either
odd or even function of y.

(i) odd: For odd parity case, a solution satisfying the boundary conditions at y = £L is
given by

Fy) = {Asin(kz(y -L) (0<y<L) ©3)

N\ Asin(k(y+ L)) (~L<y<0)

where k* = E. For odd parity solution, to satisfy the boundary condition f(40) = f(—0),
we need f(%0) = 0. This implies that

k= — (n=1,2,3,---) (C.4)

Then, the continuity condition (C.2) is automatically satisfied. The normalization constant
is fixed as A = 1/\/Z

(ii) even: For even parity case, a solution satisfying the boundary conditions at y = +£L
is given by

F) = {Bsin(k(y —-L) (0<y<lL) ©5)

—Bsin(k(y+ L)) (-L<y<0)

where k2 = E. The evenness of the parity guarantees f(—0) = f(40). So, we only need to
impose the condition (C.2) on this solution. This condition gives an equation

q:% k = tan(kL). (C.6)
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Now we set L = 7/2 and V = 3, then we have F(2/3)k = tan(nk/2), which is precisely
the same transcendental equation determining poles of the ¢ = 4 SYK bi-local propagator
(5.22). We denote the solutions of —(2/3)k = tan(wk/2) by pm, 2m — 1 < p, < 2m),
(m=1,2,3,--), and the solutions of (2/3)k = tan(7wk/2) by ¢n, 2m — 2 < ¢, < 2m — 1),
(m=1,2,3,---). The normalization constant is fixed as

2k
B = \/2k:L—sin(2k:L) ‘ (C.7)

Finally, let us prove the orthogonality of the parity even wave function (C.5):

L
| a5 fus0) = (C5)
Using the solution (C.5) and evaluating the integral in the left-hand side, one obtains
in(L(k—k))  sin(L(k+k))
p2 | S - . C.9
[ k—k k+ K (C.9)

Now let’s assume k # k’. Then, the integral result can be rearranged to the form of

B2
e cos(Lk) cos(LK") [k' tan(Lk) — ktan(Lk')] =0, (C.10)
where the final equality is due to the relation tan(LK) = —2k/3. Next, we consider k = k’
case. In this case, due to the delta function identity, the result (C.9) is reduced to

sin(2Lk)

B2|L —
-

:| 519,1@’ = 5k,k’a (C.ll)

where for the equality we used Eq.(C.7). Therefore, now we have proven the orthogonality

(C.8).

D Completeness Condition of Z,

In this appendix, we give a derivation of the completeness condition (D.6), which is used to
determine the zero-th order propagator (6.18). The linear combination of the Bessel functions
is defined by [9]

tan(mv/2) + 1

Zl/(‘r) = J,,(:U) + & J—V($)7 & = tain(ﬂ'y/Z) 1 (D.l)
which satisfies the Bessel equation
[22 D2 4+ 20, + w? 22] Z,(lwz|) = v Z,(|wz]). (D.2)
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In [9], the orthogonality condition of the linear combination of the Bessel function Z,
(D.1) is given by

/0 BT e (2) 2y (2) = Ny S(v 1), (D.3)

X

where N, is defined in (5.15)
Since Z, is complete, one can expand any function on the basis of Z,,. In particular, we
are interested in a delta function

Sta ) = [ dv @) Zu(l). (D.4)

where 7, (z) is the coefficient of the expansion and the integral symbol of v is a short-hand
notation of a combination of summation over v = 3/2+2n, (n =0,1,,2---) and integration
of v = ir, (r > 0). One can fix the coefficient 7, (x) by multiplying Z* (|2'|)/z" to Eq.(D.4)
and integrating over z’ with Eq.(D.3) as

Zy(|zl)

o (D.5)

Y(x) =

Therefore, finally we find
/Z* @) Zo(|7']) = 26(z — ). (D.6)

E Evaluation of the Contour Integral

In this appendix, we give a detail evaluation of the continuous and the discrete sums appearing
in Eq.(6.19). As we defined before, the integral symbol dv is a short-hand notation of a
combination of summation over v = 3/2 + 2n, (n = 0,1,2,---) and integration of v = ir,

(r > 0). Namely,
v Zj(|wz]) Zy(|w?'])

=h+t E.1
with
= 2v
L= -2 5wzl () |
nzz;] 1/2 —pm V:%+2n
e dr r

b Zi Zir (|w2"]) - E.2
’ A 2sinh(7r) r2 + p2, in(|wz|) Zir (Jw2']) (E.2)

Let us evaluate the continuous sum I» first. Using the symmetry of the integrand, one can
rewrite the integral as
i

b= [ [l + s ). (€3)

2 J_iso sin(mv) v2 — p2,

We evaluate this integral by a contour integral on the complex v plane by closing the contour
in the Re(r)> 0 half of the complex plane if z > 2’. Inside of this contour, we have two
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types of the poles. (i) at v = p,, coming from the coefficient factor. (ii) at v = 3/2 + 2n,
(n=0,1,2,--+) coming from &_,, where {_, = co. After evaluating residues at these poles,
one obtains

I = Topn(W2D) + Epyy Tp, (w21)] Ty, (7]

2 sin(ﬂpm) [
—Zﬂ Tullwl) Tl

Now, one can notice that the second term exactly cancels with the contribution from 7;. One

(E.4)

IJ=%+2’IL '

can also repeat the above discussion for 2’ > z case. Therefore, combining these two cases
the total contribution is now

P+ 5
L+ L =— I p (|w]27) + (p — §> o (|0|27) | T, (J0|27),  (E.5)
2

m

T
2sin(mpm)
where 27 (z<) is the greater (smaller) number among z and z’. Then, the propagator is
reduced to

GO, z,0:t,2,0) |zz[2 Z/ dw e~ (=)

P2,

B
sin(mpm) p3, + (3/2)?
mt 3

x [J—pm(!w\z>) + < 3> me(!w\z>)] Tpm (lw]27) . (E.6)
Pm =

This agrees with the result given in Eq.(6.22).

F EAdS Scalar Propagators

In this Appendix, we summarize basic aspects of Euclidean AdS scalar propagators.
Let us consider a scalar field

1
S = 2/dd+1x\/§ [g””8#¢8y¢ + m2? |, (F.1)
in Euclidean AdS;y1 Poincare coordinates
dx? + dz?

ds* = =1 = F.2
2=y (F2)

A propagator satisfies the scalar Green’s equation

1
(A + m?) Gz, 252, 2) = — 6%z — x)6(z — 2, (F.3)

V9

where

=~ 0. (F.4)
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More explicitly, one can write down the equation as

{— 2202 + (d—1)20, — 2207 + mQ} G(xs, 20, 2) = 247 6% (x; — 2l) (2 — 2') . (F.5)

s L

d
2

Excluding the scaling behavior of the Green’s function by G(z;,z;2},%") = 2

ol !
g(:l:i, zZ5 xrp z ))
the equation is reduced to
d+2

[22 02 + 20, + 2207 — VQ} glzg z;2h, 7)) = =272 6wy —2l)d(z — 7)), (F.6)

with v2 = m? + d?/4. In the following, we will give two different expressions of the off-shell
scalar propagators and show that these two form of propagators are indeed equaivalent.
F.1 p-Integral Form

In this subsection, following the discussion in Appendix A of [136], we consider p-integral
form of the propagator. First we rewrite the Green’s equation (F.6) as

[AV + 812} g(zi,z525,2") = 7 6w —al) d(z —2'). (F.7)
where
IS F
v =0; + -0 — ? ( 8)

The differential operator A, has eigenvalues
A, J,(pz) = —p*J,(p2). (F.9)

The Bessel function completeness condition is given by

o0
§(z—2") = z’/ dpp J,(pz) J,(p2'). (F.10)
0
Now, we expand the rescaled Green’s function on the Bessel function basis with coefficients
g}p’E as
1ot ddk k- > ~ o
g((pi,z;xi?z) = /(271.)d62 :t/(; dple,(pZ)gp7E(xi,Z). (Fll)

9,5 z) = ———=— e "7 J,(pz). (F.12)

Hence the off-shell form of the Green’s function is given by

ol

G(xi,z;25,2") = (22) / ddkdeﬂg'(f_f/) /00 dpL_, Jy(pz) J,(p?'). (F.13)
(2) 0 p* + (k)?
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The p integral is evaluated in Appendix F.3. The result is given by
/ dp S - J,(pz) J,(p?') = K, (kz”) I, (kz<), (F.14)
o p?+(k)?

where k = Vk2 and 2> (2<) is the greater (smaller) number among z and z’. Therefore, the
Green’s function is now

i, .
G(xi,z;20,2) = (zz’)g/(gsdelk'(‘”x)KV(k:z>)IV(k:z<). (F.15)

F.2 v-Integral Form

In this subsection, we express the Green’s equation (F.6) as

[Ak - 1,2] glai 22}, 7)) = —2"F 8%z — 21) 6(z — ') . (F.16)
where
Ap = 2202 + 20, — 22 k*. (F.17)
The differential operator Ay has eigenvalues
Ay Kip(kz) = — 7% Kip(k2). (F.18)
The modified Bessel function completeness condition is given by
/000 dvvsinh(mv) Ky (7) K_i(y) = 7;2 zo(zx —y). (F.19)

Now, we expand the rescaled Green’s function on the basis of the modified Bessel functions
with coefficients g_ ;- as

ddk o~ [0
g(gjz»’ AN x;’ Z,> = / (27‘()d elk‘x/o dv v sinh(7r17) Ku;(kz) gl_/’E(LL';, Z,) . (FQO)
Plugging this expression back into the Green’s equation (F.16), one can fix the coefficients as
2 z/g i
~ roN —ik-Z /
ggﬁ(a:i, Z') = p ok K_i5(kz'). (F.21)

Hence the off-shell form of the Green’s function is given by

G(xi, 2520, 2) = 2(ZZ/)§/ddk€iE~(ff’) /00 dDL sinh(7v) Kip(kz) K_ip(kz")
(3] 9 17 7T2 (27T)d 0 D2 + 1/2 w —v .
(F.22)
The v integral is evaluated in Appendix F.4. The result is
00 = 2
/0 dﬂﬁ sinh(n7) Kip(kz) K_ip(k?') = %Kl,(kz>)ll,(/~cz<). (F.23)
Therefore, the Green’s function is reduced to
ro N d’k ik-(F—") > <
G(zi, 22,2 ) = (22')2 We K, (kz") I,(kz7). (F.24)
T

This agrees with the result of the previous subsection.
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F.3 p-Integral

In this subsection, we evaluate the p integral (F.14)

_ [T p ’
I = /0 dp m Ju(pz) J,(pz') . (F.25)

In order to use the contour integral, it is convenient to extend the integration region to

Y | ,
t= 2/_00 dpm Ju(lpl2) Ju(lp|=) - (F.26)

Here, the absolute value is understood in the sense of real variables, not in the sense of
complex variables (i.e. |p| = psgn(Re(p))). Since the large argument behavior (|z| > 1) of

Jy(2) = \/Zcos (z - % - %) : (F.27)

we cannot close the contour neither upper nor lower half of the complex p plane. To manage

the Bessel function is

this, we decompose the Bessel function into the Hankel functions:

Jo(2) = f(Hl(,l)(z) + H,52>(z)). (F.28)

H? (2) = y/—exp [—2' (z - — = —)} . (F.29)

Now, we have four terms in the p integral

1 [ee]
=4 ap—PL_ [Hmpm HO(pl) + HO(pl2) HO (pl')
8J-c p?+ (k)2

+ P (ple) B (pl) + HE (o) B2 (1) . (F.30)

We label each term by {Zy,Z2,735,Z4} in the order of appearing in (F.30). In order to pick

up a pole at p = +ik + 0T, where k = V EQ, the contour of the complex p integral is closed
in upper or lower half of the complex plane for each term as

7, = lower.

upper (z > 2/ lower (z > 2/
7, = upper 12:{pp ( ) ISZ{ v ( )

lower (2 < 2') upper (z < 2')

(F.31)
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Evaluating the contour integral by residue theorem, each term gives

7 = 2 HW (ik2) HO (ik2')

8 14
o _[+% HM (ikz) HP (ik) (2> )

P\ Y (k) B (k) (2 < 2)
o [FEED ik B (k) (2> )

U B (k) B (k) (z<2)
T = — 2 (—ikz) HO (—ik2') . (F.32)

We note that we can combine Zs and Z3 into more compact notation as
Ty + Iz = %Z[H51><mz>)ﬂ52>(mz<) ~ H51>(—¢kz<)H52>(—¢kz>)] , (F.33)

where 27 (2<) is the greater (smaller) number among 2z and 2. Therefore, now the entire p
integral is written as

7 - %[Hl(,l)(ikz>)<]l,(ikz<) — HP)(ikz") J(~ikz5)] (F.34)
Finally, using
I(2) = i " J,(iz) = i*J,(iz), (F.35)
and
K, (2) = giv+1ﬂgl>(iz) - gz’_”_lHlEZ)(—iz), (F.36)
one obtains
T = K,(kz")1,(kz%). (F.37)

F.4 v-Integral
In this Appendix, we evaluate the v integral (F.23)

0o _
7= /0 Ao 2 sinh(79) Kio(k2) K-in(k=). (F.38)
We use the same latter 7 as in previous section to denote different integrals, but it is obvious
that Z in Appendix F.3 defined in (F.25), while Z in this section is defined in (F.38).

We first consider z > 2’ case. It is convenient to decompose the second kind of modified
Bessel functions into the first kind of modified Bessel functions by

mi Lip(kz) — I_ip(k2)
2 sinh(7D) '

Kip(kz) = (F.39)
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Note that even though sinh(77) in the denominator becomes zero at v = in, (n € Z), these
points are not poles of Kz, because I_,(x) = I,,(z) for n € Z. Now, the v integral is

7T2 o) 7 1
I=-% y I'l_’ - I—’il_’ Iil_/ N — I—iﬁ !
8 /_oo dv 2+ 2 sinh(7v) [ i (k2) (kz)} [ (k2') (k2")
7T2 o) 7 1
Ry v Lip(kz) — 1-in(k Lis (k2
4 /_oo Y U202 sinh(mw) [ (kz) ( Z)} (k')
= m dDLKip(kz) Iip(kzl). (F‘4())

2 J o DP4v?

We note that in this combination of K;;I;; is well defined in both z — oo and 2z’ — 0 limits.
This can be seen from the asymptotic behaviors of the Bessel functions

Kip(kz) ~ 1/;% e k= (z — o0) (F.41)

T (k2') ~ miw) <k22/> . (¢ =0 (F.42)

The opposite combination is ill-defined because the limit I;7(z — 0o0) leads to divergence. In
order to evaluate the v integral (F.40) as a contour integral on the complex v plane, we need
to decide whether we will close the contour in the upper half or lower half of the complex
plane. This can be determined from (F.42). The limit 2 — 0 is converged only if we close
the contour in the lower half of the complex v plane. Hence now the residue theorem at the
pole U = —iv gives
2
7= 5 K, (kz) I, (kZ'). (F.43)

This can be generalized to include 2’ > z case also as

T = 7;2K,,(k:z>)ly(k:z<). (F.44)

where 27 (2<) is the greater (smaller) number among z and 2.
G Unit Normalized EAdS/dS Wave Functions
The unit-normalized Euclidean AdSs wave function is given by
oy I —iwr
PEAds,(T,2) = ayz2e Ky(|wlz), (G.1)

where the normalization factor can be chosen as

a, = u/”sifrff”). (G.2)
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Then from the Bessel K, orthogonality condition (H.2), the wave function is unit normalized:

/ dT/ O (1 ) Burs(12) = 8w — )i — V). (G.3)

The Lorentzian dSo wave function is given by

Yas,(m,t) = Bun? e Z,(|wln). (G4)
Here, let us only consider the continuous modes (v = ir). Now choosing the normalization
factor as
v
=,/ — G.5
b 47 sin(wv)’ (G-5)

then the wave function is unit normalized for the continuous modes as

/ dt/ ww L0, 1) Y, w(t) = 0w — No(v =), for (v =ir) (G.6)

We note that .
csinmv
o, = 2

By - (G.7)

T
H Completeness and Orthogonality of K;,

In this appendix, we derive the completeness condition of modified Bessel function of the
second kind

e 2
/ dvvsinh(nv) Ky, (z) Ki(y) = % zo(x—y), (H.1)
0
and the orthogonality condition
* dx 72 §(v—1)
— Kipy(2) K () = — ————, H.2
/0 x (=) (z) 2 vsinh(7v) (H.2)
where x,y > 0. We start with defining
7= / dvvsinh(nv) Ky (x) Ky (y) - (H.3)
0
Using the integral representations of the modified Bessel function
K (x) = smh(%) / ds sin(x sinh s) sin(vs),
Ki(y) = w dt cos(ysinht) cos(vt), (H.4)
one can rewrite Z as
1 o (e} o0
7= 4/ dl/V/ ds/ dt sin(vs) cos(vt) sin(xsinh s) cos(ysinht), (H.5)
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where using the symmetry of v, s and ¢, we extended the integration regions to (—oo,00).
The v integral is evaluated as

/O; dvv sin(vs) cos(vt) = —7 885 (5(8 +1t) + (s — t)) . (H.6)

Therefore, now
7 =— 4/00 ds/oo dt %(5(3—1%) + 4(s —t)) sin(x sinh s) cos(y sinht)
T [ 0o o . |
= 4/00 ds /Oo dt (5(5 +1t) + (s — t)) %sm@ sinh s) cos(y sinht)
mx [ _ .
— 2/ ds cosh s cos(z sinh s) cos(ysinh s) . (H.7)

Changing the integration variable to u = sinh s,

I = ? _OO du cos(zu) cos(yu)
2
- 5o [5(90 +y) + 8z —y)|. (H.8)

Since z,y > 0, we keep only d(x — y) term and obtain the completeness condition Eq.(H.1).
The normalization of the orthogonality condition can be fixed by the completeness. Since
K, is complete, we can expand any analytical function on this basis. In particular,

S(v—7) = /OOO dx v, (x) Ky (z), (H.9)

with some coefficient v,,. Using the completeness (H.1), one can fix the coefficient as
2 .
() = 2 vsinh(mv) Ky (x) . (H.10)

This leads to the orthogonality condition (H.2).
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