Boundary Layers for 2D Stationary Navier-Stokes
Flows over a Moving Boundary

by

Sameer S. Iyer

Sc.B, Brown University; Providence, RI, 2012

A dissertation submitted in partial fulfillment of the
requirements for the degree of Doctor of Philosophy

in The Division of Applied Mathematics at Brown University

PROVIDENCE, RHODE ISLAND

May 2018



(© Copyright 2018 by Sameer S. Iyer



This dissertation by Sameer S. Iyer is accepted in its present form
by The Division of Applied Mathematics as satisfying the

dissertation requirement for the degree of Doctor of Philosophy.

Date
Yan Guo, Ph.D., Advisor
Recommended to the Graduate Council

Date

Govind Menon, Ph.D., Reader
Date

Benoit Pausader, Ph.D., Reader

Approved by the Graduate Council

Date

Andrew G. Campbell, Dean of the Graduate School

iii



Vita

The author received his Sc. B. in Applied Mathematics from Brown University in May
of 2012. In the Fall of 2013, he enrolled as a Ph.D. student in the Division of Applied
Mathematics at Brown University. While at Brown, he has worked under the supervision
of Professor Yan Guo. His preprints and publications include (Iyel7a), (Iyel6), (Iyel7b),
(1Z17), (IS16).

iv



Preface and Acknowledgments

First and foremost, I would like to express my deepest gratitude to my advisor, Yan Guo.
During the last four years, Yan has spent countless hours teaching me mathematics during
which the subject of partial differential equations came alive and became ripe for investiga-
tion. Through his patience, dedication, generosity, and unbounded energy, Yan has taught
me to strive for the highest ideals as a scientist and has instilled in me the notions of rigorous

and relentless scientific pursuit. I am honored to be his student.

I would like to thank my thesis readers Govind Menon and Benoit Pausader. Govind
taught my first ODE course (and several more along the way) and has been supportive
ever since. Benoit has played a crucial role introducing me to exciting PDE topics which I
foresee being a large part of my future career, and has continuously encouraged my pursuit
of these areas. I am grateful to both for sharing, on many occasions, their perspectives on

our discipline which has played a big role in shaping my own points of view.

I would like to thank Bjorn Sandstede for bringing me to the realm of applied analysis
when I was an undergraduate, from whom I have learned many things, and with whom I

have had a successful and exciting collaboration.

I would also like to thank the several other faculty at Brown from whom I have learned
partial differential equations: Constantine Dafermos, Hongjie Dong, Justin Holmer, and
Walter Strauss. Thanks to Basilis Gidas for always being available to share his unique
perspectives on mathematics and for being supportive from the start. Thanks also to the

many other teachers from my Brown undergraduate days who initially opened my eyes to

v



higher mathematics, in particular Alex Kontorovich and Nimish Shah.

Thanks to my officemates Ian Alevy, Michael Burkhart, and Michael Snarski for valuable
friendship during my time as a graduate student. Thanks also to the following people with
whom I became friends while they were postdocs at Brown, and who have helped me along
the way: Francesco di Plinio, Klaus Widmayer, and Sona Akopian. Thanks to the many
people in the Division of Applied Mathematics at Brown who made the last five years a

great time for me to develop as a scientist.

Finally, on a personal note, I would like to thank my Mom, Dad, and Briana for all the
love and support. My dad was my very first teacher in mathematics who instilled in me
a sense of curiosity, wonder, and marvel that has set the tone for my scientific pursuits.
My mom has been a steadfast source of love and support from the beginning; a calm and
reliable force in ever-changing circumstances and always cheering me on. Briana’s love,
companionship, and encouragement has been extraordinary, helping me always take fresh
perspectives, to believe in myself, to pursue my passions, and to maintain strong positive

energy throughout. Nothing would be possible without all of you!

vi



Abstract of “Boundary Layers for 2D Stationary Navier-Stokes Flows over a Moving Bound-
ary”, by Sameer S. Iyer, Ph.D., Brown University, May 2018

In this thesis, we study Prandtl’s boundary layer theory for 2D, stationary, incompressible
Navier-Stokes flows posed on domains with boundaries. The boundary layer hypothesis
posed by Prandtl in 1904 asserts that for flows with low viscosities, the effect of friction is
prominent near physical boundaries and negligible in the bulk. Verifying this mathematically

is, in general, an important open problem.

We establish the validity of Prandtl’s hypothesis in three settings, all under the hy-
pothesis of a translating boundary. The first setup we consider are flows on the exterior
of a rotating disk. Here, the effect of the curved boundary poses the main obstacle to the
analysis. Second, we study flows for which the tangential variable extends globally. Here,
obtaining strong, integrable decay estimates is the main task. Third, we study boundary

—1/2

layers in the presence of a non-shear Euler flow. Here, a singularity of size is created

at leading order, which we control by establishing estimates weighted from the far-field.

A fourth contribution of this thesis is the construction of a one-parameter family of

stationary, 2D Navier-Stokes solutions which are arbitrarily close to the Couette flow.
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CHAPTER ONE

Introduction



1.1 Boundary Layers and the Inviscid Limit:

In this thesis, I will study 2D, incompressible, stationary flows at low viscosities for which

the Navier-Stokes equations read:

u® - vu® + VP® = cAu’
V-ut=0 (1.1.1)

ulpo = 0.

Here, u® = (u(x,Y),v%(z,Y)) : R? — R? is a vector field defined on an open set
Q) C R2. Describing the asymptotic behavior of (1.1.1) as the viscosity vanishes (¢ J 0) in
the presence of boundaries is a fundamental challenge in partial differential equations. This
is due to the disparity between the no-slip boundary condition, u¢|sq = 0, for viscous flows
and the no-penetration condition, u® - n|sn = 0 for inviscid flows. Prandtl’s boundary layer
hypothesis, (Pra04), rectifies this boundary mismatch, and can be expressed mathematically

as:

Y
u®(z,Y) :ug(a:,Y)+ug(x,%)+\/Eu for 0 <e <<1, (1.1.2)

where u? = (u2,0?) is a prescribed Euler flow, u) = (u,v) is a constructed boundary

layer, and u = (u,v) is the remainder. For the purposes of being concrete, we will think
of Y = 0 as the no-slip boundary, and thus the scaling y = % zooms in to a strip near
the boundary. The remainder can be thought of as a function of either Y or the scaled

variable % In this thesis, we will work in boundary layer coordinates, meaning we think

of u=u(z,y).

It is worthwhile to provide historical context regarding (1.1.2) (see (SG00) for more de-

tails). (1.1.2) was introduced by Prandtl in 1904, (Pra04). At the time, the Euler equations,



0

which govern u,

, were well known. Over the 1800’s, the Eulerian theory was vigorously in-
vestigated by the likes of Kelvin, Helmholz, Rayleigh, Riemann, and many other influential
mathematicians. Moreover, the Euler equations saw great agreement with certain physical
experiments such as free surface ocean waves. However, the Euler theory saw great disparity

with physical experiments which involved solid boundaries (such as pipe-flow). Because of

this, experimentalists largely discarded the Euler theory.

The Navier-Stokes equations were also well known by the turn of the 1900’s. However,
they were also not being used in practice for two chief reasons. First, they were more
complicated than the Euler equations from the point of view of special solutions. Second,
the fluids that mattered the most were air and water, which have very low viscosity. Due
to this, the general perception at the time was that the Navier-Stokes equations could not

be very different from the Euler equations.

It was this that Prandtl disagreed with, and how he distinguished himself. He realized
that, even for low viscosities, the Navier-Stokes and the Euler equations were very different
in the presence of boundaries. He moreover characterized precisely how the difference should
behave using the object ug in (1.1.2). In so doing, he linked these equations, and also found
great agreement to experiments. For this, he is credited as being the father of modern day

aerodynamics.

An expansion of the form (1.1.2) is very natural from the point of view of singularly
perturbed systems. For instance, one could consider the ODE edy () 4+ ©(€) = 1 on the
domain Y > 0, with boundary condition ¢(*)(0) = ug # 1. This has explicit solution:

ol = 1 4 (ug—1e ¥
—_——

~—~

Inviscid Profile Boundary Layer

From this basic ODE example, we may gather several heuristics that will carry over the

more complicated situation of Navier-Stokes and Euler. First, the boundary layer decays



rapidly (exponentially) away from the boundary, ¥ = 0. Second, it decays in a new, scaled
variable which in this case is %, whereas in the case of Navier-Stokes is y = % (as shown
in (1.1.2)). A major implication of this scaling is that topology matters when speaking of
inviscid limits. Indeed, the boundary layer profile, upy from (1.1.2) is size (’)(5%) in LP,

and so vanishes in the limit as € — 0 for all p < oo. For this reason, we view the identity

(1.1.2) as most important (and most challenging) in L*°.

One of Prandtl’s major contributions in his seminal work, (Pra04), was to obtain the

proper scaling of the boundary layer variable y = % We briefly outline his argument.

Suppose one has, to leading order, the expansion:

u® 1 ud(x, r
= + for some w > 0.
Y
v 0 vg(ac, =)
As the profiles ug,vg are expected to decay rapidly in their variable, this expansion

implies the thickness of the boundary layer is size w. Thus, at Y = 0, one has the no-
slip boundary condition (u®,v%)|y—9 = (0,0), whereas at ¥ = w one has the “matching
condition” of (u®,v%)|y—, = (1,0). This implies that the relative orders of the gradients
should be: dyu® ~ o(1), whereas d,u® ~ dy v ~ o(1). This then indicates that one should
scale out to the following normalized variables and unknowns:

v (z,Y)

Yy = ) Us(x7y) :us(m7y)7 Vs(x?y):Ta Pa(xay):ps(xvy)'

Inserting the new scaled variables into the Navier-Stokes equations gives:

g
USU; + VU + Pf = eUs, + 5 Up,

PE
w(UTVE+ V) + L = ewlVE, + SV,

Us+ Ve =0.



The final ingrediant is Prandtl’s physical insight that within the boundary layer, the
convective terms are of the same order as the viscosity in the normal, Y, direction. This is

achieved if w = /€. Subsequently retaining the leading order terms in € yields the Prandtl

equations:
Uity + Uty — Uy = —0, Pp on Ry X Ry
e 47, =0, (1.1.3)
[aaT}Hy:O = [0’0]7 a|y—>00 - US(O), ﬂ|z:0 = ﬂo(y)
The unknowns [,7] = u2(0) + up are expected to describe the leading order of the

Navier-Stokes velocity field. A key observation to start with is that Equation (1.1.3) is a
parabolic equation, with x occupying the time-like variable and y occupying the space-like
variable. The boundary at {y = 0} corresponds to a physical boundary past which the flow
is occurring. On the other hand, the data prescribed at the {x = 0} boundary corresponds

to an in-flow profile.

Using [@, 7] in place of the Navier-Stokes velocity field has revolutionized many applied
sciences, in particular aerodynamics. System (1.1.3) represents a significant simplification
from (1.1.1) as parabolic initial-boundary value problems are in general computationally
simpler than elliptic boundary value problems. Moreover, explicit solutions to (1.1.3) can
be written down. This makes the computation of important physical quantities, such as
drag over an airfoil, feasible and efficient. However, from the point-of-view of PDE, there

are at least two important questions:

Q1. Establish well-posedness or ill-posedness of the Cauchy problem (1.1.3).

Q2. Establish the validity of expansion (1.1.2).

These two questions are obviously related. On the one hand, if one does not know the

answer to Q2 in the affirmative, then a study of Q1 cannot indicate any useful information



regarding the Navier-Stokes velocity field. On the other hand, one would, at the bare
minimum, require well-posedness of system (1.1.3) and suitably strong estimates over [, )
if one hopes to answer Q2 in the affirmative. Oleinik’s seminal work, (0S99), lists the major
open problems in the boundary layer theory from a mathematical perspective, of which the

first such problem is Q2:

Is it possible to give a strict mathematical justification of [1.1.2] and find

the limits of applicability of Prandtl’s hypothesis.

1.2 Previous Works

Let us first mention that Prandtl’s original work, (Pra04), was developed in the context of
2D, stationary flows. Oleinik’s open problem regarding Q2 also concerns the 2D, stationary
setting. Of course, one could also consider unsteady flows, for which many works exist
regarding both Q1 and Q2. A discussion of these works would lead us astray, so we point
the reader to (E00) for a comprehensive set of references regarding the unsteady theory. We

will exclusively restrict our point of view to 2D stationary flows.

Let us now discuss work regarding Q1, system (1.1.3). Oleinik proved the following

results in (0S99):

Theorem 1.2.1 (Oleinik, (0S99), Local Existence). Suppose g(y) > 0 for y > 0, 14(0) =
0,1 (0) > 0, G is sufficiently regular, and appropriate compatibility conditions are satisfied
at = 0,y = 0. Then there exists a solution [@, 8] to (1.1.3) for z € (0, L) for some L > 0.
On this interval, the following are satisfied: 9y@|y=o > 0, @ > 0, and u, uy, Uyy, Uy = v, are

all continuous and bounded.

Theorem 1.2.2 (Oleinik, (0S99), Global Existence). Suppose, in addition to the hypothe-

ses in Theorem 1.2.1, that 0, Pg < 0. Then L can be taken to be arbitrary.



The methods used to establish Theorems 1.2.1 - 1.2.2 rely on a nonlinear change of
coordinates to (x, 9 (z,y)) where ¢ is the stream function associated to [@, 7]. Such a change
of coordinates is clearly possible due to the positivity of 4y for y > 0. Under this change,
letting w = @2, the following degenerate parabolic equation is derived: w, = wwyy, —
20, Pg. This procedure is known as the “von-Mises” transformation. Subsequently, Oleinik

establishes maximum principles that apply to this transformed equation.

In the favorable pressure gradient case of 0, Pr < 0, it is natural to investigate the
asymptotic in x (or “downstream”) behavior of [@,]. This was investigated by Serrin in
(Ser67). First, one seeks a self-similar solution, f’(%), to the Prandtl equations, (1.1.3).
Such a solution is known as the Falkner-Skan solution. These similarity solutions are unique
once the outer streaming velocity U(x) = limy_, @ is prescribed. In (1.1.3) we are taking

U(z) = 1 for simplicity. Serrin then establishes convergence to these self-similar solutions

(we state below a simplified version of his result):

Theorem 1.2.3 (Serrin, (Ser67)). Let 0,Pr < 0. Let f’ denote the unique Falkner-Skan
self-similar solution specific to the boundary data provided in (1.1.3). Then the following

asymptotics are valid |z — f'| = o(1) as  — oo.

Again, central to Serrin’s approach is the von-Mises transformation and maximum prin-

ciple arguments applied to the resulting quasilinear, degenerate, parabolic equation.

From the point of view of phenomena, the favorable pressure gradient condition in The-
orems 1.2.2 and 1.2.3 prevents “boundary layer separation”. Separation corresponds to a
detachment of the boundary layer from the physical boundary. Figure 1.1 helps visualize

such a process.

After the point zy in Figure 1.1, the velocity field points in the negative z-direction
and 0y |y=o0(zo) = 0. This subsequently creates a pinching off of the boundary layer. The

natural notion of singularity for [@, 7] is thus when 0| =0 | 0. While Theorem 1.2.2 shows



u

dp)

- 0
dx dz dz

Figure 1.1: Boundary Layer Separation (Reprinted from (0S99), page 9).

that this cannot occur if 9, P < 0, the following, very recent, result establishes the converse

result:

Theorem 1.2.4 (Dalibard-Masmoudi, (DM18)). Let 0,Pr = 1. Then there exists an
initial data @ (y) satisfying the hypothesis of Theorem 1.2.1, and 0 < 2y < oo such that the
solution [, 7] exists on (0, x¢), satisfies 9yi|y=o(z) > 0 on 0 < = < xg, and Iyt|y=o(x) J 0

as r — xg.

Although Theorems 1.2.1 - 1.2.4 paint a relatively well-developed picture of Q1, there
have been very few approaches to answering Q2 in the stationary, 2D setting. From a PDE
standpoint, the fundamental challenge to prove expansion (1.1.2) is to control the remainder,
u. Due to the multiple scales (9, of upy, creates a singularity of (9(%)), there are no natural
coercive quantities that yield estimates on u uniformly in €. For 2D, stationary flows, the

work (GN17) overcomes this difficulty, in the presence of a moving boundary.

In (GN17), the fluid domain, €2, is (0, L) x R4. The crucial no-slip condition is prescribed
for the Navier-Stokes vector field at {y = 0}. In addition, this boundary is assumed to be
translating to the right at velocity u, = 1 — 6 > 0. Physically, one may imagine a fluid
flowing over a plate, which in turn is translating. In contrast, the {x = 0} and {x = L}
are in-flow and out-flow boundaries respectively. To visualize the parameter § and the

translating boundary, one should keep in mind Figure 1.2. The flow field of Figure 1.1 has



(0,1) oo

W

0.0) (15,0 (1,0) z

Figure 1.2: Flow over a Moving Boundary

thus been modified to include a transition from (1 — ) to 1 as opposed to from 0 to 1. This

creates a boundary layer of size § € (0,1).

On this domain, Guo-Nguyen prove:

Theorem 1.2.5 (Guo-Nguyen, (GN17)). Let the parameter in the expansion (1.2.1) v €
(0, %) Assume the boundary and initial data for all the profiles are given C'*° functions
that decay exponentially in their respective arguments at infinity. Without loss of generality
assume u.(0) = 1. Assume the boundary velocity 1 —§ > 0. Then (1.2.1) holds on the

domain [0,L] x Ry, for 0 < L << 1 sufficiently small relative to universal constants.

Moreover, the remainder, u, obeys the following estimates:

IVe{u, v}z + 2 [{u, Vv oo S 1. Ve = (VED,, ).

Corollary 1.2.6 (Inviscid Convergence in L>).

(2, V) — (¥ — ul(z,

p(‘r3 %)”OO S/ \ﬁv
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Y
Io¥(@,Y) = VEup(e, —2) = veu (@, V)l S €373

The methods introduced in (GN17) are distinguished from those introduced in Theorems
1.2.1-1.2.2. Indeed, the central object of study in (GN17) is the remainder solution in 1.1.2,
4, which solves a linearized Navier-Stokes equation (specifically, see 1.2.6). This system is
far more complicated than the Prandtl equation, and is not amenable to transformations
such as the von-Mises transformation, nor to maximum principle methods. (GN17) thus
introduce viable energy based methods to analyze u. However, at the level of energy there
is a competition between the viscosity term dy,u and the convection terms. Thus, delicate
analysis is required to properly isolate coercive operators and prove their corresponding
boundedness properties. This is manifested through the two-tiered structure that will be

discussed in (1.2.13) - (1.2.14).

1.2.1 The Asymptotic Expansion:

(GN17) considers the following Ansatz (letting v € (0, ;) be a free parameter):

U* = ul(Y) + (@) + VE [ul(@,Y) + up(z.y)| + e u(e,y)
Ve =u)(z,y) + (2, Y) + Vev(z,y) + 7 u(x,y) (1.2.1)

P° = VEPN(#,Y) + VEP)(x,y) + eP2(z,y) + 377 P(x,y)

Let us discuss each of the terms in the above expansion, as many of the themes will carry
over to the expansions we validate in this thesis. The profile [u?(Y"),0] is a given solution to
the Euler equations, which one should think of heuristically as [1, 0]. Subsequently following

A ’Ui]

the Euler profiles is an alternating sequence of boundary layer profiles, indexed by [up, »

(“p” for Prandtl) and Eulerian profiles, indexed by u, (“e” for Euler). One may read-off

the boundary conditions at {y = 0} from the above expansions by enforcing the no-slip



11
condition at each order. Thus, we take:

[ +uplly=0 = 1 =6, [ug + uplly=0 uly=o =0,
[US + U;Hyzo =0, U;ly:() =0, vly==0.
[ 0,0

u,, vp| are Prandtl boundary layer profiles, which solve the nonlinear Prandtl equations:

(ud(0) + up)Opul + (v9 — v9(0))dyu;

0 _
> p—(?yyup—O,

Ol + Oyv) =0, (1.2.2)

ug|1:0 = uo,p(Y), u2|y:0 = up — u2(0), 8;jug|yﬁoo =0 for all &k > 0.

The profiles [uy, v,] also satisfy a parabolic equation, the linearized Prandtl equation:

(ud(0) + u) Dy, + ud,up + (V9 + vg)dyus,

pbx —p
ull,w + U;y = 0. (1.2.4)

In contrast, the profiles [ul, v!] satisfy an elliptic boundary value problem in the variables

(z,Y"), which upon going to the vorticity formulation reads:

wAv! +uly vl =0, Opul +0yvl =0
(1.2.5)

Vela=o = VoY), ilo=z = Vi (Y), vlly=0= —tply=0.



12

1.2.2 The Remainder System

Let us briefly discuss the central ideas introduced in (GN17). The focus of our discussion

will be entirely on the remainder solution [u, P], which satisfies the following system:

— Acu+ 0, P+ Sy (u,v) = Ni(u,v) + f,
—Av+ %P + Sy (u,v) = Na(u,v) + g, (1.2.6)

Uy + vy =0,

together with boundary conditions:

[u,v]|m:0 =0, [u,v”y:o =0, [uvU”yHOO =0,
(1.2.7)

[uy + €vg]|lo=r, =0, [P —2euy]|z=r =0.

The boundary condition at {z = L} is known as the “Stress-Free” boundary condition,
which takes the place of Neumann boundary condition for fluid systems and corresponds
to the vanishing of the Cauchy stress tensor. Let us now discuss the various quantities
appearing in (1.2.6). The terms on the right-hand side, (f, g), are forcing terms that arise
from previously constructed layers. The terms Ny, Ny are quadratic interactions of u with

itself:
Ni(u,v) = uuy + vuy, Nao(u,v) = uvy + vvy. (1.2.8)
The terms S, (u,v) and S,(u,v) contain linearizations around previously constructed
layers:

Su (U, V) 1= Usty + UspU + VsUy + UsyV, (1.2.9)

Sy (U, V) 1= UsVy + Uszplh + VsVy + Vgy, (1.2.10)
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Ug = ug + up + Velug +uyl,  vs =) 4 v +Veu,. (1.2.11)

Let us also define the Rayleigh operator, which can be thought of as the “main” com-

ponents of (S, Sy):

—UgVy + UgyV
R(u,v) == Y (1.2.12)

UsVg — UsgV

We will close by stating the basic structure of the linear estimates in (GN17):

Proposition 1.2.7 (Linear Estimates in (GN17)).

uyll3 S O(L)||Vevl|3 + Forcing and Nonlinear Terms (1.2.13)

[Vevll3 < [Juyl|3 + Forcing and Nonlinear Terms. (1.2.14)

Estimate (1.2.13) is obtained via an energy estimate, whereas estimate (1.2.14) is ob-
tained by identifying a cancellation enjoyed by the Rayleigh operator, (1.2.12). It is clear
that by bringing L small, the sequence (1.2.13) and (1.2.14) can be combined to achieve
linear control over ||V {u,v}||2. Let us briefly highlight the main mechanism behind the
estimate (1.2.14). A natural way to generate positivity over |V vz is to take the L? inner

product of R(u,v) against VZv. Doing this produces:
Us
/usv_g + —;y UQX/’U?Q/.

Thus, Guo-Nguyen design a modified multiplier ;- producing instead the quantity Ik vf/ +

Usyy
Us

v?. This quantity is subsequently shown to be coercive over |v,]|3 using a special

cancellation identity.
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1.3 Thesis Results

My thesis furthers the Prandtl theory in the following three ways: I proved the validity
of (1.1.2) upon introducing curvature effects ((Iyel7a)), infinite tangential length scales
((Iyel6)), and non-shear effects ((Iyel7b)), and characterized quantitatively how these flow
features influence the expansion (1.1.2), all in the setting of a moving boundary. It is

convenient to state a unifying “meta-theorem”:

Meta-Theorem ((Iyel7a), (Iyel6), (Iyel7b)). For each of the three setups in (Iyel7a),
(Iyel6), (Iyel7b) (described below), the expansion (1.1.2) holds, upy, is smooth and rapidly
decaying, and most importantly the remainder is controlled in a particular norm Z (that
changes depending on the particular theorem, but controls L in all cases) ||u||z < 1. This

therefore implies |[u® — u’ —upplleo < VE.

The spirit of the above “meta-theorem” is as follows: the main challenge in the following
analyses will be to control u. This task is far from generic; rather the particulars of the
model (be it the geometry of the domain, spatial length scales present, or the structure
of the Euler flow) dictate the norm Z, which must be determined and controlled through
careful analysis. The eventual form of || - ||z tracks refined structural properties of u (e.g.
growth/ decay rates in various spatial regimes) which change dramatically depending on
the model. We now turn to specifics. For the sake of presentation, we will continue to refer

to the model expansion (1.1.2) as opposed to more refined expansions such as (1.2.1).

1.3.1 Steady Prandtl Boundary Layer Expansions over a Rotating
Disk

The first setup I considered, (Iyel7a), was a shear Euler flow on the exterior of a rotating
disk. The purpose is to investigate the influence of a curved boundary on (1.1.2). More

precisely, the domain I consider is given in polar coordinates via Q = (w,r) € (0,6y) X
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L Y Outer Euler
Flow = w."(r)

Figure 1.3: Flow past a rotating disk

(Rp,00). Moreover, the disk is assumed to be rotating at velocity 1 — d > 0. This setup is

displayed in Figure 1.3.

On this domain, the boundary layer scaling is defined in the following way:

T‘—RO

R::RO—'_T’

r = Ry +ve(R— Ry).

These scalings distinguish the curved boundary case from the Euclidean case because:

//u rdrdo.)—\f// rdew;«é\f// R)RAR dw. (1.3.1)

Thus, Eulerian L? norms cannot be compared directly to Prandtl L? norms as in the
Euclidean case, but rather to the measure 7(R) dR dw. The Z-norm is designed to adapt to

the scaling above by included specially selected weights r?, and is defined via:

Definition 1.3.1 (The norm Z).

u, || = u 7 +ufh 219 dwdR + ev21r + |Or(rv)|*r dwdR
Z w

1/q 1/q
+ €7 <//u§§7’q+”‘dwdR> + €7 <//U;qrq+adwdR>
1/q . 1/q
v < / / ufﬂdwdR> + Tt ( / / vgqr—apdwdR) , (1.3.2)
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where ¢ = 1+ ¢’, & arbitrarily small but positive, v € (0,%). Let p be the Holder

conjugate of ¢, and 0 < % <a< %5. Most importantly, ¢ will be taken in the interval
1-— i < o < 1. The space Z depends on the weight o, but we will refrain from depicting

this explicitly.

The Z-norm should be thought of as a scaled, weighted H' norm, together with some
H'™ quantities. These H'* quantities are utilized to control nonlinear quantities: instead
of estimated terms of the form |[uVul|y using L> x L? estimates, it turns out to be more
useful to use LP x L?T estimates for p very large. This in turn is because we are able to

control LP with r-weights in a more refined manner (see for instance Lemma 1.3.3 below).

Theorem 1.3.2. Let § € (0,1) from Figure 1.2, let ¢ << 6y << 1 be sufficiently small
relative to universal constants. Suppose appropriate boundary data are provided for the
profiles appearing on the right-hand side of (1.1.2). Then there exists a unique solution,
[U¢, Ve, P?] to the Navier-Stokes equation, (1.1.1), which can be expressed in the expan-
sion (1.1.2). Moreover, the following estimates are valid (consult (1.3.2) for the Z-norm

specification):

||U27U27Ué7viau;lwvlla||oo + ||u’UHZ 5 L

The main mathematical difficulties I encounter to control u is that the boundary layer
scaling and curvature of the boundary interact in a nontrivial way and that exterior domains
are not Poincare domains, which produces weak energy estimates. To handle these difficul-
ties, I designed and controlled several radially weighted norms, established their embedding
theorems, and used this calculus to control u. Let us now introduce these norms. Let o be

arbitrary for now; it will be specifically based on the nonlinear iteration.

Hu||2Lia :://uQ(w,R)TUdew,

lulf o= [ [ s+ e 47 + a4 dRa,
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Jv||% := // (r”|8R(Tv)|2 +eviro + ev2r") dRdw.

The essential property satisfied by norms A and B is loss of one weight of  when going
from A to B. This property is independent of the choice of 0. The scheme of linear estimates

reads for any o € [—1, 1]:

3 5 Bol ol + ool IPIB + £ veall2s , . (1.3.3)
ol < 1l + (1= oI +11fVegla (1.3.4)

P[22 < O@0)[ull’ + O@)llvli5 + £, Vegll72 (1.3.5)

*,240

Thus, in (2.2.31) there is a loss of one weight r, whereas in (1.3.4) we gain back this
weight. This staggered structure is essentially due to the divergence free relation: u,, ~ rvg.
At the culmination of (2.2.31) - (1.3.5), the choice of o is still arbitrary. Let us now consider

a sample trilinear term with o = —1:

[ ] (et 0un) -0ntro)| < @ ort o lfunl a2l 0n(ro)] (1.3.6)

1 1
< T2 o2 || |lu, vl -

However, |[ur'/?||o is far out of reach of AU B with ¢ = —1. We must thus push o
much larger to estimate this trilinear quantity. However, o = 1 faces a criticality created

from the forcing term:
2
2 i T
1913, = [ Bt = [ =

We must thus aim for selecting ¢ = 1—. For such a o, we establish weighted H' « L?

embeddings of the type:
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Lemma 1.3.3 (Embedding Theorems).

1
/2 (//vprgH?dew) < Cyllolls for2 < p < o0,

1

o P
(//uprfré> < Cyllullaup for 4 <p < oo,

1

(//uprzp> < Cpllullaup for2 <p <4,

In the end, we find a small region of o € (1—,1) which is reflected in the Z-norm above

for which all nonlinear quantities can be controlled.

1.3.2 Global Steady Prandtl Expansion Over a Moving Boundary

In my second work, (Iyel6), I considered flows on the quadrant [0, 00) x [0, 00). The impor-
tant feature here is that the z-coordinate is unbounded. Asymptotic in z behavior has long
occupied a central role in the boundary layer theory due to the possibility of boundary layer
separation, as has been discussed in Theorems 1.2.1 - 1.2.4. Theorem 1.3.4 is a global-in-x

generalization of Theorem 1.2.5.

Theorem 1.3.4. Let the outer Euler flow be fixed at [ul,v0] = [1,0]. Let 0 < 6 < Jp << 1
from Figure 1.2, where &y is sufficiently small relative to universal constants. Then the
expansions (1.1.2) hold in the quadrant [0,00) x [0,00), and the following estimates are
valid:

lu’, ve, g, vplloo + llus vllz < 1.

Let us compare the above result with Theorem 1.2.5. There exists a scaling L = L(9)
present in Theorem 1.2.5 such that as 6 — 1, L(d) J 0 and as § — 0, L(6) T 1. This is

analogous to a “large-data, local” result, where & corresponds to the size of the data, L
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plays the role of the time scale. This is substantially different than Theorem 1.3.4, which
is analogous to a “small-data, global” result. Typically, in order to break scaling from a
large-data local theorem, one needs to obtain sufficiently strong decay estimates of various
quantities involved. This is encoded by the specification of the Z-norm, which we will now

discuss.

Definition 1.3.5. The norm Z is defined through:

||U,U||Z I:||U,U||X1QX20X3 + eNQHU’UHYE + €N3Hu,1}||Y3 + 6N4||ux%’ \/gvx%HL"o

+ ™ sup ||VEva?, upwt || g + &N sup [Juya? ||z
z>20 z>20 Y

o] 1
+ e [/ 2| |v/E Vg |2 dz| (1.3.7)
20 Y

Here, N;, are large numbers which will be specified in (3.9.103) - (3.9.105). They depend
only on universal constants. The parameter n from (3.2.14) - (3.2.15) will be taken much

larger than any of the N;. The norms || - |

y, are elliptic norms defined in (3.9.6) - (3.9.7).
For the purposes of discussing the main result, we can refrain from being too specific with

regards to the definitions of the ¥; norms. However, the norms || - |

X, are important:

lu, vllx, o= lluyll2 + [IVev - Valz,

llu,v||x, == ||(x - 0y){u, v}||x, fori=2,3.

The norm X; is estimated in a two-step procedure analogous to (1.2.13) - (1.2.14):

luyl3 £ OO Ver - Va3,

IVev - Vall3 < lluy 13-

The first crucial point here is the loss of a factor of y/z, which is due to the self-
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similarity of the Prandtl layers: u) ~ q’)*(%), where ¢, is a rapidly decaying profile in
its argument. We establish this self-similarity by extracting an ODE governing ¢, in the
self-similar variable, z = %, and proving asymptotic convergence to this profile for general
initial data. The second crucial point is the gain back of \/z weight in the second step.
This in turn relies crucially on sharp, point-wise estimates on the Poisson kernel that we
establish in order to conclude decay for the higher-order Euler layers: |[v}]| < 2=1/2,

The norms X5, X3 establish X; control over anisotropic scaling vector-fields z-0,, applied

to the solution {u,v}. In turn this relies on commutation properties of 9, with the linearized

equation, (1.2.6).

This linearized strategy forces us to estimate trilinear quantities of the form f VUyVy - T,
which in turn demands a sharp decay estimate for ||vy/Z|. Obtaining the decay for v
using the norms X is an extremely delicate matter, in which key quantities must overcome
the critical Hardy inequality. To see this, we first use the H,(R;) < L;°(R;) Sobolev

embedding (ignoring factors of ¢):

1 1 1
sup |[v22||pee < sup|[[v]|72 - sup |[vyx|[7. (1.3.8)
z>1 z>1 vox>1 v

For the first quantity on the right-hand side above, we write:

GI/UQ dy = /21}% dy. (1.3.9)

Recall now the quantities, ||u,, \@vxa:% , vya:% |2, , which are controlled on the left-hand

zy
sides (3.2.45), (3.2.46) and constitute the energy norm X;. The right-hand side above fails
to be z-integrable, precisely because of criticality of Hardy’s inequality with power 7% in

L2

|//vvxdydx| < ||vx_%||L§u

1 1
Umx2‘|L§yX||”mx2||%gy~ (1.3.10)
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To avert this, we move to higher-order derivatives, which invokes the full strength of the

3
2

norm Z. Indeed, suppose we knew v, ~ 72, then coupled with the boundary condition

v — 0 as x — 0o, this would immediately imply v ~ 7z, Establishing the decay rate,

3
2

[|vz] , then becomes the goal, which requires us to use the full set of vector-

oo <z~
y

fields X5, X3. Our main uniform estimates, given in Lemmas 3.9.15, 3.9.17 are given by the

following sequence:

zy N~ zy N~

1 3 1 1
22 ||z S llver?||rgg S sup [[vaz]|s - sup [[vey@®|| 72 S [lu vllxinxanxg.  (1.3.11)
x>1 voox>1 Y

The key point is that the quantities [|vz2[[z2 and Hvzyxz”Lg appearing above do not

face issues of Hardy-criticality present in (1.3.10).

There are several other components to the norm Z, which I now discuss:

e Anisotropic Mixed Norms: Due to the anisotropy of the above procedure, some non-
linear terms cannot be estimated through L> — L? — L? type estimates. These must
estimated using mixed norms, which we include in the above Z-norm and subsequently

show can be controlled.

e Elliptic Norms: Due to the presence of boundaries, we must technically work with
cut-off vector fields, that is x(z > 10) - 2 - 9. In order to supplement the norm with
ample control on & ~ o(1) region, we must appeal to elliptic estimates available for

the Stokes operator, which in turn scale poorly with €.

e Null Forms: In order handle the large negative power of € appearing in the elliptic
norms, we must propagate the expansion of (1.1.2) up to high order, ¢, all the
while preserving the baseline decay estimates and self-similar estimates which are
attained by propagating control of % The most dangerous contributions towards
establishing this are Euler-Euler interactions, because weights of % are unfavorable

for such interactions. The crucial observation is that these interactions enjoy a special
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property, which is that they are of “gradient-type”. That is, there exists a potential
function whose gradient is exactly the vector of all Euler-Euler interactions. This is
due to the special Cauchy-Riemann structure of the Euler flows. Such a potential can

be exploited by adding it into the pressure to cancel out these interactions.

e Existence and Uniqueness: Existence in our space Z is achieved via compactness
methods which rely on specially selected weights which we append to an approximating
sequence of systems. These weights must be compatible with the scheme of estimates
designed above. For uniqueness, we reapply the above estimates with weaker weights.
It turns out only a small interval of weaker weights can work with the aforementioned

scheme of estimates.

1.3.3 Steady Prandtl Expansions over a Moving Boundary: Nons-

hear Euler Flows

In the work (Iyel7b), I considered again the domain 2 = (0, L) x R, for 0 < L << 1 small
relative to universal constants. Let the boundary have velocity 0 < up. In this case, suppose
0,0

0 v9] is not shear. This means that u? = u2(z,Y) is allowed to

the prescribed Euler flow, [u
have z-dependence. I prove for “weakly nonshear” Euler flows (as specified by assumption

1.3.13), the following;:

Theorem 1.3.6. Let the motion of the boundary equal u; > 0. Consider an Euler flow

[ul(x,Y),v0(z,Y))] satisfying the following hypothesis:

0<co<ul <Cy< oo, (1.3.12)
W0

155 [l << 1, and (1.3.13)
Y

YAV ™00 L < oo for sufficiently large k,m > 0, (1.3.14)

[YEV™u0| | < 0o for sufficiently large k > 0,m > 1. (1.3.15)
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Let the interval L be sufficiently small relative to universal constants. Suppose in ad-
dition that the boundary data described above are prescribed, assumed to be smooth and
rapidly decaying in their arguments, and satisfy suitable compatibility conditions. Then the
expansions (1.1.2) is valid, and the remainder solutions [u, v, P] exist in the space Z and

satisfy the estimate:

lu, vl < 1. (1.3.16)

Let us briefly highlight the physical importance of developing a method to handle non-
shear Eulerian flows. A classical setup from fluid mechanics deals with horizontal flows
past a rotating disk, see for instance (SG00). Such a flow is non-shear, as in the set-up
considered here. In the simpler case when the flows are actually circular (and therefore
shear), as opposed to horizontal, in the presence of a rotating disk, Theorem 1.3.2 develops
machinery to handle the geometry of the boundary. The present article can be viewed as a

first step in studying non-shear flows, without adding the complexities of a curved boundary.

Mathematically, the main difficulty of the analysis can be seen by explicitly writing
the form of v, which presents a singularity of size % at the leading order that must be

addressed by our analysis:

0
v, = % + 00 + vl + Veul. (1.3.17)

In this case, we control this singularity by adding far-field controls over u in the Z-norm,

which is defined via:

[, vllz 2 [[Veu- gl + [ Vevlle + | VEu- yllz + €3 [lu, Veo| e

Let us briefly demonstrate how this norm will be utilized and estimated. The scheme of
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linear estimates now read:

luyll3 S OL)[[Vevl3, (1.3.18)
2 v 2 2
190l S || 52| Ve 9li3 + luy I3, (1.3.19)
(o)
Vet I3+ 11V2u - 9113 S 13 + 192013 (1.3.20)

Let us highlight estimate (1.3.19) in which the following term creates a loss of one weight

UO
2| oyl luyyll

o0 o0
[ Swnl <l [ Sunl 5|

Estimate (1.3.20) is the main contribution of this work. It is achieved by introducing a
vector field: G := y?(1—x)d,. The factor of 1 —z is sometimes known as a “Ghost Weight”.
The reason is because in absolute value, for x small, 1 —z ~ 1. However, at the level of one
derivative, 0;{1 — «} is not similar at all to 0, 1. Thus, the inclusion of (1 — z) can amplify
terms which have extra integration by parts available in the x direction. This is utilized in

the present context to generate the following positive term:

The remaining task in the estimate is to ensure that G interacts favorably with the

remaining quantities in the equation (1.2.6).
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1.3.4 Stationary Inviscid Limit to Shear Flows

We will now consider flows in a channel, that is (z,Y") € (0, L) x (0,2). In addition, assume
the {Y = 2} is translating rightward at velocity u, > 0. We will consider Euler shear flows,
[u?, v0] = [u, 0] that themselves satisfy no-slip:

er)r e

w(0) =0, wu(2) = uy, (1.3.21)

for which there is no leading order boundary layer. Denote now the asymptotic expan-
sion:
u® +eul +eul +e3ud 4 e2ud 422ty
w = S e v . (1.3.22)
ve evg +e2u) + 20l + vl 42ty
Theorem 1.3.7 (joint with Chunhui Zhou). Let u, > 0 in (5.2.3). Let p(y) € C*([0,2])

be a given function, satisfying the conditions:

1(0) = 0, 1(2) = up, (1.3.23)
A7 p(0) = 97 p(2) = 0 for 2 < j < Ny, (1.3.24)
9y 1(0) > 0,19, 1(2)| > 0. (1.3.25)

where Ny < oo and large but unspecified. Let also standard compatibility conditions at
the corners of 2 be prescribed for the layers in u;. Then there exists a unique solution, u®

satisfying the Navier-Stokes equations, (5.2.3), such that:

[0 = pllos + 0] 0 < colp)e. (1.3.26)
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The constant co(u) satisfies:

olp) S 117 llwon~. (1.3.27)

Our ultimate interest is motivated by Yudovich’s ninth problem, (Yud03). Classical ex-
periments starting with Reynolds have shown that unsteady flows in a 2D channel that start
near Couette or Poiseulle flow do not converge to these flows. This indicates the existence of
infinitely many stationary solutions to Navier-Stokes “near” Couette or Poiseulle. Establish-
ing the existence of these solutions is an open problem. Our second result, Corollary 5.2.2,
produces stationary solutions sufficiently close to Couette, assuming « € [0, L], L << 1, and
a moving boundary at y = 2. Our construction is local in x, and is a first step towards

obtaining these global-in-z solutions.

Corollary 1.3.8. Let any a > 0 be prescribed, which could depend on e. Let i be
prescribed to satisfy the vanishing conditions: 8%jily—o = 5jily—o = 0 for 0 < k < No.

There exists a unique solution, u® to (5.2.3) with u, = 2 such that:

1w = ( + afi®) ) lloo + [[v7]lo S a=. (1.3.28)

Proof. One can obtain this by applying Theorem 5.2.1 with u(y) = y + «ji(y), where fi

vanishes at high order near y = 0,2. In this case, the constant ¢o(p) < a. O

Remark. The requirement of u, = 2 is so that the no-slip condition is satisfied by the

Couette flow. We do not use this motion of the boundary anywhere in the proof.
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2.1 Abstract

This chapter concerns the validity of the Prandtl boundary layer theory for steady, incom-
pressible Navier-Stokes flows over a rotating disk. We prove that the Navier-Stokes flows
can be decomposed into Euler and Prandtl flows in the inviscid limit. In so doing, we de-
velop a new set of function spaces and prove several embedding theorems which capture the

interaction between the Prandtl scaling and the geometry of our domain.

2.2 Introduction

We consider the steady incompressible Navier-Stokes equations on the domain Q = (0, 6y) x
(Rp, 00) in polar coordinates. The boundary 92 then consists of three components: {w =

0o}, {w = 0},{r = Ro}. In cartesian coordinates, the equations read:

UV, +VV,+ P, =eAV in Q (2.2.1)

In polar coordinates, the equations read (KC04, Page 739):

UuU, uv P, U U U 2
+VUT++e<UM++2 2+2Vw>
T r r r r r T
w 2 1 ww 2 3
v +VVTU+P6<V}T+VT+V2‘22UW) Q- (222)
T r T r r r

U, + 0. (rV) = 0.
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Here, U and V represent the horizontal and vertical velocities of the flow, and U,V
represent the angular and radial velocities of the flow. The Navier-Stokes equations are
taken together with the no-slip boundary conditions on the boundary {r = Ry}. We suppose
that the disk of radius Ry is rotating counter-clockwise with a constant angular velocity of

up > 0. The no slip boundary condition in our case is then

U|r:R0 = Up and V|T’:R0 = 0 (223)

The boundary conditions at {w = 0} and {w = 6y} will be prescribed in the text.
We study the limit as ¢ — 0. Formally, one expects solutions to the above Navier-Stokes
equations to converge to solutions of the Euler equations with € = 0, but this does not happen
due the mismatch at the boundary between the no slip condition enforced for solutions to
Navier Stokes equations and the no normal flow condition enforced for solutions to Euler

equations.

To account for this mismatch, in 1904 Ludwig Prandtl proposed the formation of a
boundary layer of size /e near the boundary, such that the Navier-Stokes flow can be
decomposed into the sum of the Euler flow and the boundary layer flow. This is regarded as
one of the most important ideas in fluid mechanics in the last century, and the theory has
led to astounding developments in the applied sciences. Indeed, many phenomena in fluids
such as wake flows and plane jet flows are described by the Prandtl theory (SG00). Despite
this, a rigorous mathematical justification of the boundary layer theory remains open in

general.

For unsteady flows, there are several interesting results, see for instance (SC98a),
(SC98b), (Maeld), (Asa9l), (MT08). The work of Guo and Nguyen, (GN17), is the first
result establishing validity of the boundary layer expansion for steady state flows in a

rectangular domain over a moving plate. They do so using a combination of energy es-
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timates, elliptic estimates, and a new positivity estimate obtained via the vorticity multi-
plier 0, (%) — €0, (ui) The main goal of this paper is to generalize Guo and Nguyen’s
method in the presence of geometric curvature effects in order to establish the validity of

the boundary layer theory for steady flows over a rotating disk.

2.2.1 Boundary Layer Expansion

We denote by u? to be an outer Euler shear flow which is radial:

u® = u0(r). (2.2.4)

Such a shear flow describes an Euler fluid which rotates counterclockwise. On the bound-
ary {r = Ry}, we denote by u, = ug(Ro) and assume that u. > 0. We also suppose that
the disk of radius Ry is rotating at an angular velocity u, > 0. We now scale to boundary

layer variables in the following way:

Boundary Layer Scaling;: Euler Scaling;:
R:R(r):RoJﬂ—ng, r=r(R) = Ry + e(R — Ry).

Note that 7, R > Rg > 0 and that dgrr(R) = \/€, 0, R(r) = 1/+/e. We scale to boundary

layer velocities and pressure in the following way:

Uf(w,R) =U(w,r), V(w,R)=—=V(w,r), P°(w,R)=Pw,r). (2.2.5)

Sl

The boundary layer velocities and pressure satisfy the following scaled Navier-Stokes

equations:
UEUEJ erTeE \ﬁ ef/e 1 € € Ule% U::w Ue 3/2 VU.EJ
VUG + YUV 4 2P = Upp + Vel e e 4283272 (2.26)
r r T r T T r
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UVS | e LU 1, . Ve o Voo V©
+VVR*%T+EPR:VRR+\/ET+€T2 — 772\/>r2,

US + 0r(rV©) =

We start with the following formal expansion:

Uf(w, R) = ug(w,7) + up(w, R) + Veuy (w, ) + veuy(w, R) + iyt (w, R), (2.2.7)
V(w, R) = v)(w, R) + v} (w,r) + Vevy(w, R) + € /20 (w, R), (2.2.8)

P*(w, R) = P2(r) + P)(w, R) + VP (w,7) + VeP) (w, R) + €PZ(w, R) + €27 P*(w, R).
(2.2.9)

According to the expansions (2.2.7) - (2.2.8), the Prandtl decomposition up to leading

order is then:

U(w,r) = U(w, R) = ul(w,r) + u)(w, R), (2.2.10)
V(w,r) = VeV(w, R) = Vevp(w, R) + Vev) (w,r). (2.2.11)
[ug, ul, up] and [vp, vl vzl}] are approximate boundary layers to be constructed, after which

the remainders u€, v® must be constructed and controlled. We insert the expansions into

the scaled Navier-Stokes equations, and obtain the different orders of the errors R* and R",

which are detailed in equations (2.4.1) - (2.4.19). The scaled divergence free condition is

enforced at each stage of the expansion. So, for example, for the Prandtl-0 layer, we enforce
0

up, = —Or(rvy) = —/ev) — rv) »r» and for the Euler-1 layer, we enforce ul, = —0.(rv}) =

—v! —rvl,. We define the following notation which will be in use throughout the paper:

" 04,0 1 _ .0 1 _ 1 _ 1
Definition 2.2.1. u, = u) +u, ++/eu,, vs = vy ++/€v,, and Uapp = Us + Uy, Vapp = Vs + ;.

Once the velocities of each layer has been constructed, the pressures are defined using the

radial error contributions up to and including the €® contributions. The ¢! order equation,



32

(2.4.7), for instance, dictates that the initial Prandtl pressure is constant in R. The ¢~ /2

order error, (2.4.8), is the Euler-0 pressure as given by the Euler equation for the shear radial

0

flow u

2.2.2 Boundary Data

(r). We then estimate the error caused by this definition in the angular equations.

The no-slip boundary conditions at {r = Ry} must be enforced for each order of the expan-

sion in (2.2.7, 2.2.8). Since the outer Euler flow u? is given, we have:

Boundary Conditions on {r = Ry}:
ug(Ro) + ug(w7 Ry) = uyp, ué(w,Ro) + uzl,(w,Ro) =0, u(w,Ro)=0,
V9w, Ro) + v} (w, Ro) =0, vp(w, Ry) =0, v°(w, Ro) = 0.
Boundary Conditions on {w = 0}:
ug(07 R) = fbo(R), u;(l)(ov R) = ﬂl(R)7 ué(07 T) = ull)(T)v
v}(0,7) = Vio(r), u®(0, R) = v°(0,R) = 0.
Boundary Conditions on {w = 6p}:
U; (00,7) = Ve (r),
evS, + ruf = 0 and Pr = 2eu,.
Boundary Conditions as r — oo:

ug(w,R),u;)(w, R), [ug,vg](w,r) —0asr,R— oco.

(2.2.12)

(2.2.13)

(2.2.14)

(2.2.15)

(2.2.16)

(2.2.17)

(2.2.18)



33
We impose the following compatibility conditions for the Euler boundary conditions:

Vio(Ro) = vy (0, Ro), Vo1 (Ro) = vp (6o, Ro). (2.2.19)

The boundary conditions for the remainders (u€,v¢) in (2.2.12) - (2.2.13) and (2.2.15)

are the no-slip conditions, and the condition in (2.2.17) is the stress-free condition.

2.2.3 Main Result

In order to state our main result, we must first define the norm Z, which is the Prandtl

layer norm in which we close our nonlinear analysis:

Definition 2.2.2.

l|u,v||% = //u2r6+uir5+u%r1+5dwdR+//evir5+ |0g (rv)[*r°dwdR

1/q 1/q
+ €7 (//uf{’rq+adwdR> + €7 (//v?%qr“o‘dwdR)
1/q . 1/q
+ & ( / / ufﬂdwdR) + et ( / / vfﬂr‘?vdwdR) , (2.2.20)

where ¢ = 1+ ¢', & arbitrarily small but positive, v € (0,%). Let p be the Holder

conjugate of ¢, and 0 < % <a< %‘5. Most importantly, § will be taken in the interval
1- i < § < 1. The space Z depends on the weight §, but we will refrain from depicting

this explicitly.

Theorem 2.2.3. Let up, > 0 and u(r) be a given Euler shear flow such that the derivatives
Okul(r),k > 1 decay exponentially. Suppose the boundary data in (2.2.12 - 2.2.18) are
prescribed. Suppose that uy and uy decay erponentially fast in their arguments, that the
compatibility conditions (2.2.19) are satisfied, and that |Voyo— V1| < 0o for small 0y. Suppose

further that min{uy,u? + @’} > 0. There exists a positive angle 0y which depends on the



34

prescribed data such that for v € (0, %) and 6 € (0,1) sufficiently close to 1, the asymptotic
expansions given in equations (2.2.7 - 2.2.9) are valid. The approzimate solutions appearing
in the expansion are those constructed in Theorems 2.4.1, 2.4.5, and 2.4.12, and the Navier-

Stokes remainder satisfies ||u®,v¢||z < Cp.

Corollary 2.2.4 (Inviscid L? convergence). Under the assumptions of Theorem 2.2.3, we

have the following inviscid LP convergence:

(// Uw, ) - ugwprédrdw); + (// |V(w,7“)|p7‘5drdw); < Ce

for2 <p<d4,

and for § arbitrarily close to 1, and

1

(// U(w,r) — ug(r)|p7“drdw>; + (// |V(W7T>|p7“d’l“dw>p < Ce

for 4 <p < oo,

where U and V are the original Navier-Stokes flows appearing in equation (2.2.2). In

L we have the following convergence:

sup |U(w,r) —ud(r) — uS(w, R)| S €173, (2.2.21)
(w,r)eQ

sup |V (w,r) — Vevd(w, R) — Vevl (w,r)| < eit3, (2.2.22)
(w,r)eQ

Function Space Preliminaries

We briefly discuss the relevant function spaces in which we develop our analysis. Only basic
definitions are given here because they are required to follow the steps of the outline below.

The details of our functional analytic setup are presented in Section 2.3. The interaction
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between the Prandtl scaling and the geometry of our domain manifests itself in the functional

framework of our analysis for the following reason:

Consider an L? function, i, in Euler coordinates. By definition, this means / / u? (w, r)rdrdw <
0o. The corresponding scaled function in Prandtl coordinates is given by u(w, R) = u(w,r).

The Eulerian L? norm scales down to:

112 () = //u rdrdw — \f// R)rdRdw # \[// R)RdRdw.

Due to the mismatch between the scaled Euler L? norm and the actual Prandtl L? norm,
we must work in a new set of function spaces (notationally depicted as || - ||« and variants
thereof) which are natural to our problem, and build the corresponding analytic machinery
we require to do our nonlinear analysis. Motivated by this, we define the following Prandtl-

layer version of the L? norm.

Definition 2.2.5. ||u||%, :://uzrdew.

Applying this same analysis to the derivative operator, V = (87“,6'7*), motivates the

following definition:

Definition 2.2.6. ||u||g1 = [|u||z2 + [|V.u||r2 where V. = (67“’,83) and similarly for

Oww O,
H? where V? has components (wzw, LR, ORR>. Occasionally we will refer to V, . which
r r

has components (‘/Era“ , 83). The corresponding weighted variants of these norms will be

denoted with two subscripts: ||u|\ig : / / R)r%dRdw.

Whenever we write LP without any subscripts, this means the usual LP in either the
Prandtl layer or the Euler layer, which will be clear from context. The following are the

norms in which energy estimates will be obtained:

Definition 2.2.7. |[u|} = // (U%TH‘; +eur 10 4 eu2r*1+5) dRdw.
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Definition 2.2.8. |[v||% := // (r°|0r(rv)? + ev2r’ + ev?r’) dRdw.

IN

By the Fundamental Theorem of Calculus and Holder’s inequality: / / u?r®dRdw
02 / / u2r®dRdw if u|l,—o = 0. This paired with the divergence-free condition, u, =

—O0gr(rv), yields: // (u2, +u?) r°dRdw < ||v]|%. Motivated by this, we define the following

norm:

Definition 2.2.9. |[u||% = //u27“6 +ulr® + ufr .

With these definitions in hand, we detail the steps of our analysis.

Outline of Proof

Inserting the boundary layer expansions (2.2.7 - 2.2.9) into the scaled Navier-Stokes system
(2.2.6), we obtain the following system for the Navier-Stokes remainders (for the remainder

of this section, we replace u¢, v¢, P¢ by u, v, P for notational ease):

1 1 1
—Uglly, + —UgyW + UsRV + VsUR + ﬁvsu + ﬁusv + —-P, (2.2.23)
T r r r T

2
Curn— Yoy~ St Su— 2, = £,
r r2 r2 r2
1 21 1
UV + — Vsl + VsUR + VspVU — — —=Usu + — PR (2.2.24)
r T r4/€ €
Ve € 2\/€

€
—VRR — ~ VR — Vww + —5 Uu + 5V =g,
r T r T

1 1
—Uy, + Ve—v +vg = 0. (2.2.25)
r r

where

1
fw,R) = — 7TERY — \JeR"P — 1F3 (uuw +vug + \/Euv> ) (2.2.26)
r T

1 1 u?
R - _ _—y_%Ry _ Rv,p _ ’Y"r% —_ w _——— . 2227
g(w7 ) € \ﬁ € TUU T UUR \/g r ( )
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Here, R", R" are the remainders from the approximate solutions uqpp, Vapp, whose precise
definitions are given in (2.4.1) - (2.4.19). R™“P RYP are the linearizations of the Navier-

Stokes remainders around the Prandtl-1 layer, which precisely are given by:

! Ve Ve (2.2.28)

1 1
R“P = ~ulu, + ~u
r T

1 1 €1 €
- poll T UpRV + VpUR + ; v+ . Uy,
R"? = 1u}ljvw + 1vzlwu + UpUR + Uy — iuéﬂ (2.2.29)
T r ry/e

The NS remainders u, v satisfy the following boundary conditions:

[ty V]|w=0 = [t,V]|R=R, =0, €v, +rur =0 and Pr = 2eu,, on {w = 6y}. (2.2.30)

Step I: Construction of Approximate Solutions

We first construct the approximate solutions uqpp, Vapp such that the resulting remainder

terms R* and R" are higher order in €. This involves three stages: constructing the Prandtl-

0,0

0 layers (ug, v)) using equations (2.4.1, 2.4.7), the Euler-1 layers (u}, v}!) using the equations

elr e
(2.4.2, 2.4.10), and the Prandtl-1 layers (u},v,) using the equation (2.4.3). The divergence
free conditions are enforced at each stage, and the boundary conditions are given in (2.2.12

- 2.2.18).

The method of constructing the approximate solutions is as follows: the Prandtl-0 layer
angular velocity, ug, is constructed via a von-Mises transformation, for which the assumption

min{up, u? + @’} > 0 is crucial. The radial velocity vg is then obtained via the divergence

0_ .0

free condition: rv, r Upy- This choice creates rapid decay as R — oo for the Prandtl-0

layers, but as a consequence a boundary condition for vg\ R=R, cannot be enforced.

The second stage of the construction addresses the Euler-1 layer, (ul,v!) which is de-

er e

signed to correct for the normal boundary velocity of vg| R=R, by enforcing v)|r—r, +
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vl|r=r, = 0. After passing to a vorticity formulation for v!, this layer is obtained via

standard methods from the second order elliptic theory.

The last stage of the construction addresses the Prandtl-1 layer, (ull,, 1)11)). The boundary
conditions on {r = R} are uj|r=pr, = —u}|r=r, and v}|r=r, = 0. These are designed such
that wapp|r=r, = 0 and vapp|r=r, = 0. This construction relies on the positivity estimate,

which will be discussed in Step III.

After these three stages, we evaluate the remaining error, [ [ (|R%|? + ¢|R?[?) r*T?. The

weight of 7219

must be included because R*, RV are contained in f, g in the equations (2.2.26
-2.2.27), and 72%? accompanies f, g in the linear estimate (2.2.48). Interestingly, the angular
error term arising from equation (2.4.4), [ [ |u?|?7°~2, is infinite in the critical case of § = 1,
which is the reason the convergence in Corollary 2.2.4 cannot include § = 1 for p < 4, which
in turn would correspond to the usual LP convergence. Despite this, we make use of the

delicate embedding theorems we prove in Section 2.3 in order to recover LP convergence for

p >4

The construction of the approximate solutions and evaluation of the resulting error

culminates in the following:

Theorem 2.2.10. Under the assumpzlfions of Theorem 2.2.3, therelexist approximate solu-

3 3
tions such that (//Rir%édew) + Ve (//RirH‘Sdew) < €in fo0<di<1
and for k > 0 but arbitrarily small. Moreover, the approzimate solutions satisfy the various

estimates which appear in Theorems 2.4.1, 2.4.5, and 2.4.12.

Step II: Energy Estimate

In this step, we obtain the natural energy estimate associated to the linearized system

(2.2.23) - (2.2.25).
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Theorem 2.2.11.

lull% < Bollolly + 860l IPIB  + 117132 +ellglB ., for 5 € [0,1) and e << .

(2.2.31)

This estimate is generated by applying the multiplier (r'*%u, er'T9v) to equations (2.2.23
- 2.2.24). Once the weight r'*° is fixed for the angular multiplier, the divergence free
condition (2.2.25) forces a loss of one factor of r. We illustrate this by multiplying the
right-hand side of (2.2.23) by r'T%u, yielding:

//frl—HSUS//f2r2+6+//u27"55//f2T2+6+9(2)//ui7‘5
5//f2712+5+0§//|63(m)‘2r65//f27,2+5+93”v”23. (2.2.32)

Thus ||v||p must appear in our estimate, which features an extra factor of r as com-
pared to ||v||4 according to Definitions 2.2.7 and 2.2.8. The strongest weight for the radial

multiplier which is then consistent with the presence of ||v||p is er'*ov.

Step III: Positivity Estimate

In this crucial step, we estimate ||v||p in terms of ||u|| 4. Such an estimate must overcome two
difficulties. First and foremost, multiplying equation (2.2.24) by a multiplier which is O(ev),
as in Step II, formally results in control over € [ [ |V.v|?, which is too weak in the inviscid
limit. This lack of a basic order-one estimate of v is the most fundamental difficulty in the
boundary layer theory. In the case of a rectangular geometry, Guo and Nguyen overcame
this difficulty by using the vorticity multiplier 9, (u%) — €0, (i) (GN17). Second, since
[|v|| B, which appears on the right-hand side of estimate (2.2.31), contains an extra factor of

r when compared to ||u||4, the positivity estimate must recover this factor. This difficulty



40

is new to our problem due to the geometry of our domain 2.

The starting point is the following calculation, which we use in Section 2.6 and through-
out the construction of the approximate solutions. We temporarily ignore boundary contri-
butions as we shall apply this calculation to functions v vanishing on relevant parts of the

boundary.

Lemma 2.2.12 (Positivity Calculation).

[ [ronor < [ [#loneor =+ [ [+ (Z)Qusuﬂwowu; (2.2.33)

Proof. For the sake of simplicity, we select the § = 0 case to showcase initially. The case for
general § which we shall need involves controlling a few more terms, and is proved rigorously

in Section 2.6.

//|8R (rv) //|8R r—us Z//|3R(ﬂ)us+ri“53‘2 (2:2.34)
://|8R(%)|2\u5\2+//7“2 (;1) SR+2//8R< ) —UsUsR
o Jon () ] (5 v

//|3R Tv) //|5’R Tfué )2 <//|8R ) |2u2+// uln,  (2.2.35)

[ [ -] SR< [ on u) < [ [utntrr) [ o (2230)
s [ [lon(Cr

Recalling that min u, > 0, and inserting (2.2.36) in (2.2.35) and then into (2.2.34) yields

the desired estimate.
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The key calculation is that in estimate (2.2.36), in which we’ve used the rapid decay of

usgr to conclude:

sup / u?n(R — Rp)dR < o0 (2.2.37)
U.)E[O,eo] R[)

This will be proven rigorously in equation (2.5.27). Moreover, as in (GN17), our posi-
tivity estimate relies on the profile us; > 0, which in turn relies upon our assumption that
up > 0. This is the reason our analysis does not treat the case of a non-rotating boundary.

This lemma is used to prove the following:

Theorem 2.2.13 (Positivity Estimate). For ¢ € [0,1],

Y248

S—
||UH2B+/ euzr’ ™ Sllullh + O + Vellollz + (1= 0)?[1PlIz:  + 111l , | +ellgllz2
w=0p ’ ’

(2.2.38)

In particular for 6y and e small enough, this establishes control of ||v||p in terms of ||u||4:

2 2,0—1 < 2 _ 2 2 2 2
lolfy+ | el SR 0= PP+ el (2239)

The essential mechanism behind the positivity estimate is to capitalize on the order 1 ap-

pearance of vg in the positive profile term “+u,, in equation (2.2.23) through the divergence

r2v pl+o

), —€0,(

Us Us
2.2.24), which is formally a weighted vorticity multiplier. The weights are designed care-

U)) to equations (2.2.23 -

free condition. We apply the multiplier (r’dg(

fully to capture the ||v||p norm using the profile terms from (2.2.23 - 2.2.24). We highlight

this using the three important profile terms below:

2
| [ Bt Sy [ [ usonto+ [ [0t o)
r Usg Us
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// 10r(rv)|2 + // 0 UsB g ((rv)?),  (2.2.40)
—e//usvwréaw <1Z) ~ —e//ravg, (2.2.41)
//vuer‘;aR(:j:) ~ %//r5“;f83((rv)2) —//r2+67§§v2. (2.2.42)

Summing (2.2.40 - 2.2.42), integrating by parts, and using Lemma (2.2.12) yields:

(2.2.40 — 2.2.42) // 1919 (1) —e//r%g - //r““‘sﬂu? (2.2.43)
Us
—//r5|8R(Tv)\2 —e//r‘svi. (2.2.44)

Once the important quantities from ||v||p have been extracted, the rest of the proof
proceeds by estimating the remaining terms after the multiplier is applied to the equations

(2.2.23) - (2.2.24).

Step IV: Pressure Estimate

The pressure term || P|| 12 , must be included in Theorems 2.2.11 and 2.2.13 due to geometric
effects. The choice of 6 = 0 for the energy estimate multiplier in Theorem 2.2.11 forces the
pressure term to drop out whereas the choice of § = 1 is required by Theorem 2.2.13 in order
for this term to vanish. The lack of a consistent choice of § which simultaneously forces the
pressure to drop out of Theorems 2.2.11 and 2.2.13 requires us to estimate ||P||Lf,s in the

following:

Theorem 2.2.14. For ¢ € [0,1] and e << by,
IPIIZz , < C1(8o, €)l[ulls + Ca(bo, €)l[vllE + 11£, Vegll72 - (2.2.45)

Here, C;(0p,€) — 0 as either g — 0 or e — 0.
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We emphasize that this estimate is new in our analysis due to the presence of geometric
effects, and therefore did not appear in (GN17). Moreover, it is surprising that the ||u||4 and
[|v]|p terms appearing on the right-hand-side of Theorem 2.2.14 are accompanied by small
parameters. The estimate relies on the existence of a vector field, A; = (a(w, R), b(w, R))

such that div(A1) ~ P, and ||A4 < ||P||2, which is guaranteed to exist for P € L?

by (Orl98, Page 27) and the estimates we establish in Claims 5 - 8. Moreover, Ay can be
selected to vanish on the Dirichlet portions of the boundary, {R = Ry} and {w = 0}. Given
this vector field, we apply the multiplier (ar®, ebr®) to (2.2.23 - 2.2.24). The weighted vector

field is used as our multiplier in order to estimate the correct weight on the Pressure term:

//—ra+PRbr //P—+\ff+bR //Pde1 //p25

(2.2.46)

Once ||P|[z2 | has been extracted, the rest of the proof proceeds by controlling the terms

arising from applying the multiplier (ar®, ebr?) to (2.2.23 - 2.2.24).

Summary of Linear Analysis in Steps II - IV:

Putting estimates (2.2.31), (4.4.5), (2.2.45) together yields the full energy estimate for the

linearized system in (2.2.23 - 2.2.25):

B+l + PR, + [ et S I Vel (2:2.47)

When paired with the divergence-free condition, we can upgrade u, u,, from order /¢ to

order 1:

B+ ol + 1P, + [ et SRl (2248)
w=0g ’
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The existence of a unique solution to the linear problem (2.2.23 - 2.2.25) is then given

by an application of Schaefer’s fixed point theorem:

Theorem 2.2.15. Let us and vs be the approzimate solutions as defined in equations (2.2.7,
2.2.8). Then there exists a unique solution [u,v, P] to the system in (2.2.23 - 2.2.25) on the
domain § together with the boundary conditions (2.2.30) which satisfies estimate (2.2.48)

uniformly in € and small 6.

Step V: High Regularity Estimates

In this step, we obtain higher regularity estimates for solutions to the problem (2.2.23 -
2.2.25). To do so, we rewrite the equations (2.2.23 - 2.2.25) by moving the profile-dependent

terms to the right-hand-side:

2 1 =
— URR — ﬁu, - iuww + Su— =y, + =P, =f, (2.2.49)
T r2 r2 r2 r
2 1
TS AL (2.2.50)
r r r r €
where
. 1 1
f=r- (usuw + —UsoU + UsRV + VsUR + ﬁvsu + ﬁusv) , (2.2.51)
r r r r
1 1 21
g=g— (usvw + — Vst + VsUR + UsRU — Us“) . (2.2.52)
r r /€

From this point of view, we formally expect high regularity estimates using the standard
theory of the Stokes equation: [|u, vl[z. < eM||f, Vgl 2 for some potentially large value
M. This is only a formal estimate, however, because the corners of 2, (w =0, R = Ry) and
(w =6y, R = Ry), obstruct the H? regularity of the standard Stokes problem. To account
for this, we use the results of (Orl98) to recover H3/? regularity for the solutions near the

corners. Precisely, the main result of this section is:
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Lemma 2.2.16. The solutions u and v can be decomposed into u = uy +us and v = v1 + v,
where ug, vy are supported near the corners of the domain Q in a region Qo satisfying (w, R) €

Oy implies R — Ry < 1,7 — Ry < v/e. The decomposition obeys the following estimates:

ull Il + o™ o™ e < €M FVedlloz (2.2.53)

for some possibly large value of M, where the constant is independent of 0y, and for m

arbitrarily large.

Step VI: Nonlinear Analysis

In the final step, we use a contraction mapping to obtain existence and uniqueness of the
nonlinear problem (2.2.23) - (2.2.30). Consider a sample nonlinear term, €’tzvug, from
equation (2.2.26). According to the right-hand-side of estimate (2.2.48), we must estimate

the || - || 2 ,,, horm of the nonlinearity:

1
2 P q
1 1 _
||E’Y+2UUR||%2 = // (E’Y+2’U’LLR) 7,2+5 < 62’Y+1 (//vzprp 1+5p) <//ui—g7’q+a>
%246

(2.2.54)

We have used Holder’s inequality and we suppose for this discussion that the technical

parameter « satisfies % > % in order to make the above inequality valid. We think of p

as being very large and so ¢ = p’%l is very close to 1. This calculation then motivates two

features of our norm 2.

First, Z must control [ [u?! and [ [(y/ev)? for large p, together with the appropriate
choice of weights r. Typically, the H*(R?) < L?P(R?) embedding yields the desired control,

but cannot be applied in our setting for two reasons. First, the standard embeddings apply
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to integrals taken against the usual measure RdRdw and for the usual gradient operator
V = (a—ﬁ;, 83)7 whereas in our setting the measure is r(R)dRdw and V is replaced by V..
Second, we must precisely determine the weight of r(R) that can be controlled by our
weighted energy norms, X and B. As such, we establish the required embeddings from

scratch.

The second ingredient which is built into Z are high regularity quantities, because as seen
in estimate (2.2.54), Z must control [ [ |[Vu, V.v[*¢. In order to close a contraction mapping
argument, we must in turn control these high regularity quantities (see Definition 2.2.2).
The main result in this direction, which serves as the driving force behind the contraction

mapping argument, is:

Theorem 2.2.17. For u,v solutions to the system (2.2.253 - 2.2.25), there exists a 6’ > 0

such that if g =14+ ¢ and p = we have:

q
q—1’
etllupll2a  +eF|jonllze + et |lunllz +edTE ol 2 SIIFVedll e, o (2.2.55)
R L*?q+o< R L*?q+a w L*?O « L*?iﬂ ~ ’ L*’2+5 -

for all § such that max{l — g, %} <9 <1, where >0 and we can take 0 < %

The essence of the proof of Theorem 2.2.17 is as follows: since 2q is only slightly larger
than 2, we interpolate between the H} estimate in (2.2.48) which is uniform in € and the high
regularity estimates in Lemma 2.2.16, which scale poorly in €. Again, these interpolations
are highly sensitive to the weights  which can be controlled by ||f, ﬁgHLizW and are
also taking place in our x—spaces, and so must be developed from scratch. The required
embedding theorems are proven in Section 2.3, and Theorem 2.2.17 is proved in Section 2.9.
With Theorem 2.2.17 in hand, we are able to close a contraction mapping argument in the

space Z, which we do in Section 2.10:

Theorem 2.2.18 (Nonlinear Existence and Uniqueness in Z). For § € (0,1) sufficiently
close to 1 there exists unique Navier-Stokes remainders (u,v,P) to the system (2.2.23 -

2.2.29) such that ||u,v||z < co.
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From here, the main result in Theorem 2.2.3 follows immediately.

2.3 Function Spaces and Embedding Theorems

2.3.1 Basic Properties of x-spaces

Here we establish a few basic facts which will be in use throughout our analysis:

Lemma 2.3.1. Holder’s Inequality for Lf,é" For p,q Holder conjugates, HUUHL;& <

vl

Proof.

llul| //\uv\r —//|uv|deRdw—//|uv| (R> (221/quRdiu
(//u|p<<> p) Rdew) ( /|U|Q< % q) RdwdR)

= lullzz

The third inequality above is the usual Holder inequality against the standard measure

RdRdw.

O
Lemma 2.3.2. The space LY () endowed with the norm || - ||z» 5 is a Banach Space for
1<p<oo.

Proof. 1t is clear that //upr6 =0 <= u =0 and that //(cu)pr‘s = //c”u”r‘S =

cP / / uPr?. We check the triangle inequality by using the corresponding triangle inequality
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for the usual LP norm which corresponds to the weight RdRdw:

u—+v 5/p

Rl/p 6/p||LP =

2| + ||

e <=7

;= |

.

Rl/p RY/p

We must argue that L% ;(Q) is complete under this norm. Suppose {u,} is a Cauchy

Un,

sequence <— { RTT‘V P} is Cauchy in the usual L? norm, so there exists a limit function
u such that ;;}p ro/P — @ in LP. Define u = URl/ , SO we have:
§/p |P
r
//|u — ulPr®dRdw = Rl/p —uE RdRdw — 0.

Lemma 2.3.3. The space Lf’[s(Q) is a Hilbert space, endowed with the inner product (u,v) =

/ / wor®dRdw.

Proof. By the Holder’s inequality (established above), the inner product is well defined as
a mapping L2 5 % L? s — R. Moreover, it is easy to see linearity, symmetry, and non-
degeneracy of the inner product. By the previous lemma, this inner product induces a

norm, and the space is complete with respect to this norm. O

In general, many properties of the usual L? will be inherited by L ; because the map
T: Lf:’ s — LP given by T'(f) = f I’;—//I;, is a linear isometry. For instance, the characterization

of the dual space to L ; follows trivially from this observation:

Lemma 2.3.4. (Lf: 5) = L? s where the superscript = denotes (as always) the dual space.

Proof. Given a bounded linear functional [ : Lf; s — R, IoT~!is a bounded linear functional

LP — R, and is therefore given by f — / / fgRARdw for some § € L7, where f =
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f5s. Letting g = GRY9r~ 4, we readily check / / fgr’dRdw = / / fgRdRdw and that

gllre , = llgllLa- u

This immediately implies reflexivity for 1 < p < 0o, and thus we will be able to obtain
weak subsequential limits from sequences bounded uniformly in . s spaces in the usual

manner. We’'ll need a few more facts:

LE . )
Lemma 2.3.5. If u, —— u for any 1 < p < oo and any weight k € R, a subsequence

a.e.
Up, — U.

_ Un 5 u K _ LP _ _ a.e.  _
Proof. Define 4,, = ——7r» and u = rr. Then 4, — @, so a subsequence ,, — 4,

Rl/p RY/p
which immediately implies wu,, 225 .

O

Lemma 2.3.6 (Density of C2° in L ;). For 1 < p < oo and any weight k € R, we have

that C° is dense in LY ..

r7» which is now in the usual LP. By density,

On
Rl/p

3 r f
P _
Proof. Given an f € L*,m define f = 7
there exists @y, —p> f «— ff ’ f— (;g,b|p RdRdw — 0. Now define P/ = ¢n, which

LP
immediately yields ¢, —— f and moreover ¢,, € C>°(Q) because R > Ry.

2.3.2 Properties of Z, 1

In this subsection, we prove the first basic property of the space Z:

Lemma 2.3.7. The space Z together with the norm ||u,v||z defined above is a Banach

space.
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Proof. Nondegeneracy and homogeneity of the ||-||z follows from the definition. The triangle
inequality follows from applying it separately to each component, showing || - ||z is a norm.
We must verify completeness. We first show that weak derivatives, when they are elements
of the space L] , for any 7 > 2 and weight x, are unique within this space.

Suppose we have two weak radial derivatives u}% and u% in L, of u. Then

// (u}% - u%) ¢pdwdR = 0 for all ¢ € C*(Q). Since the support of ¢ is compact, we

also have //(u}% —u%)prrdwdR = 0 for all ¢ € C°(Q). Let s be the Holder conjugate to
7, and select an arbitrary f € L; , = (L} ,)*. By Lemma 2.3.6 approximate f by ¢, in the

S
norm L ..

[ k= atasrasir = [ [ -, amsar =t [ [k - <o

We have exchanged the L , lim and [ [ by using Holder’s inequality:

1
=

[ siyion-pewal< (f flaar o) (f flo-a)

Since the right-hand side goes to zero in the above inequality, we are able to switch the
limit and integral. Thus, u}, — u% has operator norm 0, and the only such element is the
0 element, showing radial derivatives are unique within the class L], for any r and x. The
choice of radial derivative as opposed to angular derivative was without loss of generality,

so the above uniqueness result holds for angular derivative as well.

Suppose {u”} is Cauchy in Z. Then in particular {u"} is Cauchy in L2 5, so there exists
L: L?
a limit u such that v — u by completeness of Li’ s- By the same argument, u/} %

L7
and u?% —% w. We must verify v = u,, and w = ug. Let ¢ € C(Q). Then:

//w¢dew: —//(L:glim) u%¢:lim//u%¢: —lim//u"¢R
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Z—//(*éhmu¢R //U¢R

We can exchange the Lf, s limit and integral again by Holder’s inequality. Since ug is
the unique element in Lf, s satisfying the above equality, we have ugp = w. The identical

argument shows u,, = v.

We now turn to the [[ug||; 24 . term. Again by completeness, there exists some limit
*,q+o

L2
. . . *,qta .
function, w (we will abuse notation), such that u%, ——— w. By passing to a subsequence,
L2
a.e. . *,8
we can assume up — w. But we know from earlier that u%, —— ug so a further
subsequence must converge almost everywhere to ug. Since every subsequence of an a.e.

converging sequence must also converge a.e. to the same limit function, we have w = ug.

Since all of the weights above were done in full generality, we can repeat these arguments
for all of the terms in the norm. This proves completeness since we have exhibited a single

element v which serves as the Z—limit of the Cauchy sequence u™.

Corollary 2.3.8. The spaces A, B, and X are individually Banach spaces.

2.3.3 Properties of Z, II: Low Regularity Embeddings

We prove weighted embedding theorems which replace the usual H' < LP Sobolev embed-
ding in R2. This style of argument will be applied repeatedly in this paper. For this section,
we suppose that u,v satisfy the boundary conditions displayed in (2.2.30) and satisfy the

divergence free condition in (2.2.25).

1
p P
Lemma 2.3.9. €!/? (//vprp/2_1+é2dew> Svlls for2 < p < ococ.
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Proof. First consider the case p = 2. In this case the exponent on the weight r is §, and so

we have the result by definition of ||v||p.

Next, consider the case p = 4. We express:

w R
U4T1+26 _ U2r6027ﬁ1+6 :/ 3W(U2)T'5 ay(,UZr(y)lJr&)
0 Ry

w R w R
z/ vvwr‘s/ ver(y)1+5+/ vvwr‘s/ v2\er(y)°
0 R(J 0 R(J
90 oo 90 oo
5/ |vvw|r‘5/ |vvR|r1+5+ﬁ/ |vvw\r6/ 0210, (2.3.1)
0 0 0

R Ro

Integrating both sides in dwdR and applying Holder yields:

s e o) )
T P

We now have e?/2 = €2 to distribute among the right hand side of the inequality, which

yields the desired result. For p € (2,4), we interpolate:

<//v”r§1+52dedw)p = (//|vré+g|pr1dew>p
0 10
< (//|vré+g|2r_1dew> (//|vré+g4r_1dew>

< llvl|- (2.3.3)

Now for p > 4 we can proceed inductively via the calculation:

“ P P dp R P P
= / vf_lvwrz_HT/ v topr(y) Tt
0 Ro

1432

H
P\%

INS]
+
=

§r5-1+

(NS}

p__
vPrz =wvzr
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w R
—|-\/E/ vgflvwrgfpr%/ vgr(y)%r%p*l. (2.3.4)
0 Ro

Taking absolute value, integrating, and using Holder yields:

2148 —2 P22 149 (p—2) 2.6 1z 2 246 Y2
| vPr2 2| < P or 2 2P v vRT
3
+ﬁ<//vp_2rp2_2_l+g(1’_2)> (//UZT(;) (//vgri‘*‘

=

_1> |

(2.3.5)

If p is an even integer, the absolute values on the left-hand side can be removed. We
therefore establish the inequality for even integers successively starting at p = 6 (since p = 4

has been computed directly), and then interpolate in between.

O

1 1
5 p 5 p
Lemma 2.3.10. (//uprdfré) S lullx for 4 <p < oo and (//uprdf) < lul|x

for2 <p<A4.

Proof. For p = 2, we have [ [u%r® < |Ju||% by definition of the norm. We compute the

case p = 4:

R() RO

0o oo ) 0o 00 |
< / |uuw|r‘s/ |uuR|r§+5 + / |uuw|r‘s/ u?rdz, (2.3.6)
0 R() 0 RO
Integrating both sides over dwdR and applying Holder’s inequality yields:

/ / w2 E < ( / / u%ﬁ)w ( / / ui,,a)w ( / /UQT(;)W ( / /u§r1+5>1/2

w R R
1 1 1 _1
utr?ty =y 2p0y%rato z/ g’ (/ wugr(y)2 0 + e [ uPr(y)° 2)
0
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()75

< lullx- (2.3.7)

We now interpolate for p € (2,4):

<//|ur3|dedw); < (//u2r5dew> (// 25dew> N < ul|x-

Once the above estimate for p € (2,4) has been established, the desired estimate can be

inductively established via:

Taking absolute values and applying Holder’s inequality yields:

[Jrsss ] feen(f fer) ([ i)
evi [ furert ([ [ar) " ([ furnion)™ as)

For p > 4 all of the quantities in the above estimate are inductively controlled by powers

of ||ul|x.-
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Remark. This argument is reminiscent of the proof of the classical Gagliardo-Nirenberg-
Sobolev inequality. This method can be used to yield a direct proof of the standard H' — L?
embedding in R? by replacing the weights r by R. The advantages of the direct approach
above is the avoidance of defining the fractional Sobolev spaces H® and consequently the
avoidance of appealing to the Fourier Transform. Indeed, in the classical case, one must
argue H! < H® — LP for 0 < s < 1 and 2 < p < oo because the Sobolev exponent is
critical. The drawbacks are that this method must take into account the behavior of u on

the boundary 912, and that it doesn’t directly apply to more complex domains.

We now prove an embedding of the type Z — L, from which Corollary 2.2.4 follows

directly:

Lemma 2.3.11. Given §' >0, let ¢ =1+ 6'. For ﬁ <6<,

2 |Jul| o + e FIFE o] e S [Ju, 0|2 (2.3.10)

Proof. Since 2qg = 2(1 + ¢’) > 2, by Morrey’s Inequality:

lu(@, R)| < ||Vul|p2e + |[u]|p2e = (// VquRdew> ' + (//|u|2quRdw)

(2.3.11)

N

Multiplying by ¢iat3 yields:

e 2 |u(@, R)| < €2 (//|Vu2‘1rdew> +e2 (//|u2‘1rdew>
<e3 <//|V*u|2qrdew) T et (//|u|2qrdew) "<l 2

(2.3.12)

<4

where we have used |Vu| = | (%,UR) | < (UT ) | = |V,u|. The condition 1+5'
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ensures ||u||qu1 < ||u|\qu6 < ||lullz by Lemma 2.3.10. The proof for v works identically,
i, “isa
where the extra factor of €2 is required as the ||v||z contains ez T3 (f i vfﬂr_%) o
O

Remark. Note that the condition in Definition 2.2.2, 1 — i < d < 1, implies the condition

1
e S0=1.

2.3.4 Properties of Z, III: High Regularity Embeddings

In this subsection, we provide careful estimates which will yield control of the high regularity
quantities appearing in || - ||z. Throughout this section, u,v are assumed to satisfy the

boundary conditions displayed in (2.2.30) and the divergence free condition in (2.2.25).

Lemma 2.3.12. Let§ € [%, 1]. There exists a ' > 0 such that if g =1+ 0§, then

1 1 1 1
lorlss L, Skl ondlionliss L, SRR, 231)

144’
P

for all 0 < a < %‘5. Moreover, a can be selected such that % = <a< %‘5, where p s

the Holder conjugate of q by taking 6’ small enough.

Proof. After noticing that v = vz = 0 on the boundary {w = 0} and vg = = (uy,++/ev) =0
on the boundary {R = Ry}, the u and v estimates follow in an identical manner, so we focus
on u. We express:

a ’ 1 ’
Upr? 2T = uhr? Y = yhrate

(2.3.14)

Since 6 > %, the quantity u%r% is integrable and lies in the Sobolev space W11 (R,)

for each fixed w by the definition of Hfz 45 implying that this quantity decays at co. This
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enables us to write:

ugrd/? = / Or(u 3/2)dy</ |uRuRR|r3/2dy+ﬁ/ luZ|r'/?dy.  (2.3.15)
Ro RO

We also note that u = ugr = 0 on the boundary w = 0. Thus, we are able to write:

w 0o
1 4 1 ’ ’
ubrzte :/ URURLT? T S/ lupuRy|rt/?t . (2.3.16)
0 0

Multiplying the previous two inequalities, integrating and applying Holder’s inequality

yields:
1/2 1/2 )
[ Jer s (f Jotwe) (] ) ([ Jotr)™(f Joie)”
S Xl (2.3.17)
*,2+40
where we use that o/ = 2% < ¢. Taking fourth roots yields the result.
O

1 L
Lemma 2.8.13. There ezists a &' such that for g =1+6", ||uo||ps | < [Jull3|ull}. — for
* *,248
§€3,1].
Proof. Writing v} = u2u? = u2r=%u2r? and recalling that v = u,, = 0 on R = Ry, enables
us to write:
R R

R
ulrd = Or(uzr°)dy = / Puguer + Ve [ ulrTh (2.3.18)
Ry Ro Ro

Using the divergence free condition, u,, = —9r(rv), we have u, = 0 on w = 0. Therefore
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we can write:

Multiplying the two equalities above together, taking absolute values, and applying
Holder yields:

[[w<([[e)(]] uiwr?’é)m (/] uiRré)l/Qg|u||§(|u||§~,32+5

(2.3.19)
where we have used % <H6<1l=-30<—-2+9.
O
Lemma 2.3.14. There exists &' such that for ¢ = 1+ &', we have Ve||v,||ps y <
My
11
lollZllollZ.  forany B>0and 1 -5 <5<1.
*,240
Proof. Temporarily writing 8’ = %, we proceed to write: vir=f = v2rF r=94219, Using
that v = v, = 0 on the boundary R = Ry, we can write
R R R
v2rd = Dy (v21°)dy = / VUWRT® + V€ P02,
Ry Ro Ro
r
Next, we recall the boundary conditions at w = 6y are v, = ——ur — v>(6y, R) =

€
2

r
—ur (o, R)2. As such, we write:
€

,',.2—5/—(5 6o ,
72@61%(007 R)2 +/ Uw'l)ww’r_é_ﬂ .

’
vir"@ P =
€ w
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Taking absolute values and multiplying the previous two equalities together yields:

o0

2—-B3'—5 o 0o

_g r —5—p5'

vir P < —a uR(GO,R)Q/ |vwva|7’5dy+/ Vg Vo |72 ﬂdw/ VoV r|r dy
Ro 0 Ro

7,2—/3’—5
+

2

90 , oo
ur (0o, R)*V/€ vir 1+6—|—/ [V Vo |70 P dw\/g/ v2r 104y,
Ro 0 Ro

€

Integrating over dw and dR yields:

[ s [ mman(f [2) (] )
U / ) (/ // /) () (] fe)
+;</ / vgré)z </ / ”3“_36_%/)% / / v (2.3.20)

0o
As u = ug on the boundary 6 = 0, we can write ug(p, R) = / Urw = up(fo, R)* <
0

()
/ u%,,. Inserting this into (2.3.20):
0

Jlacsss D[ e[ fe)" (o)
L2 ) (1) ()
b f [ far
il ey ([fer) [feee e

We multiply estimate (2.3.21) by €2, and according to the weights we are able to estimate
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for the Hf,z-s-a terms, we require:

!

2—5’—5§6<:>2—B’§25<:>1—5§5, (2.3.22)
and
/ / L g
—30—-20'"<6—-2 <= 2-2p 345@57535. (2.3.23)
The lemma has been proved. O

Remark. The above estimate for v, is the most delicate of the high-order estimates as it
relies on the stress-free boundary condition placed at the boundary {w = 6y}. For our
q

purposes in Section 2.10, we will take 8 = o in which case the valid interval for ¢ is

1
2—p§5§1.

2.4 Construction of Approximate Solutions

In this section, we construct the approximate solutions in the expansion (2.2.7, 2.2.8), and
estimate the corresponding errors R* and R". First, we record the errors R*, R”, which are

obtained by inserting the expansion (2.2.7 - 2.2.9) into the scaled NS system (2.2.6):

Angular Error, R":

1 1
® order error: ;(ug +ud)ud, + (v + vi)ugp + ;PI?N — UJRRS (2.4.1)
1,0 0,1 pl
¢'/2order error, Euler: Bewlle | 10 4 tele — (2.4.2)
r e er r r
0,1 0

1 U U U,
1/2 . 1 14,0 e"pw P01 1 0,0 1
e /“order error, BL: ;(ue + ) Uy, + " + . (U + Upy,) + v (Ue, + UpR)
0,,0 1 1

UV P,
1,1 0,1 1,0 e’p 0/,0 1 pw 1 0 .
+ Vet + Veug,v, + vpupp + — ;up(vp +vl) + — ~Uprr ~ CUpg; (2.4.3)
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1
¢! order error: ;(ui + 1) 0 (ug +up) + (vp 4+ v))ul, + vpusg (2.4.4)
Loy oyt Lo oaveo, 1y, Lpe 0 L o 1
+ ;(ue + up)”p + ;(ue + up)(vp + Ue) + ;PPw — Uepr — ;(uer + upR)
1 1
- ﬁuzo)ww + ﬁ(ug + ug)a
3/2 ord NSRRI A S RSN R SR A 1 945
€”/= order error: v,u,, + ;(ue + )V, = Ugpy ~Uer ;(erw + Upe) (2.4.5)
1 2
+ ﬁ(ué + ull)) - ﬁ(vgw + v;w);
2
€* order error: — v, . (2.4.6)

712 bw

After splitting into Euler and Boundary Layer variables, we have the following errors for

the Radial component:

Radial Errors, R":

¢! order error, BL: P2p; (2.4.7)
0\2
¢~ 1/2 order error, Euler: P9 — () ; (2.4.8)
T
u0)2 w00
¢~ 1/2 order error, BL: Php — I 2—2L: (2.4.9)
r r
0 1,,0
® order error, Euler: Pl + Ev;w - 2%; (2.4.10)
T T
1
¢® order error, BL: P2y + - (ugvgw + ugaw (vg +vp)) + (vg + v;)ng (2.4.11)
2
- ((u} + up)up + upud) — v rg; (2.4.12)
1 1
€'/2 order error, Euler: —ulvl, +vlv!, — =(u})% (2.4.13)
r e ew e er r €
1 1
€'/2 order error, BL: - (uivgw + ué@w(vg +0))) + ;((ug + ug)vzl,w) + v;ng (2.4.14)
1 1 2
+ 0 (Ve + vpR) + Ve (VyR) — ;(21!;“;1; + (uy)?) — ;UgR + p(ugw) — Upp; (2.4.15)
1 1 2 !
¢! order error, Euler: — v}, — ;U;T — ﬁv;ww + ﬁ(uéw) + %; (2.4.16)
¢! order error, BL: 1ulvl + 1ulvl +otvl, +viols — 1111 - ifUO + 3ul (2.4.17)
’ T A A per p pR " LUpR T 2 Vpww T Tpw 1S
1
+ —v) (2.4.18)

—7:
r2 P’
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1
3/2 order error: — T—QU;ww. (2.4.19)

2.4.1 Prandtl-0 Layer

We obtain the Prandtl-0 layer equations from the €® order angular error, equation (2.4.1),
and the ¢! order radial error, equation (2.4.7) . We also enforce the divergence free condi-

tion. Thus, after dropping the subscripts, the Prandtl-0 layer equations are the following;:

(u® +u)ug, +r(w! +v)ug + P, = rurg, (2.4.20)
Uy + Vev + rvg =0,

Pr =0.

The boundary conditions we take are: u(w, Ro) = up—u.; u(0, R) = tg(R); and v(w, Ry) =
—v}(w, Ro). As will be shown rigorously in Theorem 2.4.1, the Prandtl-0 profiles u, v decay
sufficiently rapidly, and so evaluating the equation above at R = oo yields P, = 0. This
implies the Prandtl pressure is constant when coupled with Pgr = 0. We rewrite the first

equation as:

(ue + u) uy + (rv + Rov} (w, Ro)) ugr = Rourr + €9+ e1 + e (2.4.21)

= (ue + u) uy, + (rv — Rov(w, Ro)) ur = Rourgr + €o + €1 + es.

Here we have defined:

eo = Ve(R— Ro)ul (r)u, + Ve(R — Ro)Or(rvi(w,r))ur, (2.4.22)

e1 = +€(R— Ro)urr, (2.4.23)
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R
ez = uuve (UST(T‘(U)) — g (r)) dip + upv/e 8 (r(0)ve (w,7(6))) = Op (rvg (w,))do

Ro

= €Uy, /RO/ orr (1(0))d0dn + eupr /RO/ O2(r(0)vl(w,r(0)))dodn. (2.4.24)

eo is high order in ¢, as will be demonstrated in a later section. ey and e; will be put into
the Prandtl-1 layer, and so we are left with solving (u.+u)u,~+(rv—Rov(w, Ro))ur = Rourgr
together with the divergence free condition and the boundary conditions described above.
To satisfy the divergence free condition, we take rv(w / Or(rv) / Uy, which

ensures the profile v decays at co. We have the following:

Theorem 2.4.1. Suppose min{uy, ue + @} > c¢o > 0. Then for 0y sufficiently small, there

9w, R) such that:

exists a unique solution Uy,

[Suep] ||R"/28£U2||L2(R+) + ||R"20E0RrUO | 12(0,00), 12(R4) < C- (2.4.25)
0,600

Corollary 2.4.2.

[?)ugp] |\R"/2858£[u27vg]HLz(RJr) <C. (2.4.26)
»Y0

Proof. The proof follows exactly as in (GN17), using the von-Mises transformation. Let
R

ue = ul(Rp), and define n(w, R) = / (ue —l—ug(w,y))dy, a(w,n) = U +ug(w, R(n)), where
Ro

we’ve used that for each fixed w, the transformation (w, R) — (w,n(w, R)) is invertible by

appealing to the maximum principle. We now compute:

NR = Ue + ug(w, R) = q,

R R
mZ/U%Z— Or(r(y)v)dy = Rov(w, Ro) — ro(w, R),
Ry Ro

U, = Oy + i = aw + ay(Rov(w, Ro) — rv(w, R)),

0 _ —
Upp = QTR = QQy,.
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Inserting these identities into our equation:

acy, + aoy(Rov(w, Ry) — rv(w, R)) + (rv — Rov(w, Ro))aay, = Ry (oza?7 +’ay,) (2.4.27)

= ay, = Ry (aay), .

On the parabolic boundary of our domain, (0,7) = ue + u)(0, R(n)), and a(w,0) =
Ue + ug(w, 0) = uyp, both of which are strictly positive by assumption. Using the Parabolic
maximum principle, @ > C > 0 for some constant C, and therefore our equation is non-
degenerate. The equation (2.4.27) along with the boundary conditions is identical (apart
from the constant Ry) to that in (GN17), and so the rest of the proof follows in the same

manner.

ep,e1 will be solved for in the Prandtl-1 layer, and so the contribution to the angular

error is eg, given in (2.4.24).

2.4.2 Euler-1 Layer

The equations for the Euler-1 Layer arise from equations (2.4.2) and (2.4.10) together with
the divergence free condition. We drop the subscript for u,v and P within this section,
with the understanding that the unknowns appearing are that of the Euler-1 layer. The

equations read:

u? u? u?
0, — ~udu+ P, =0, —“uy +ul v+ v+ -P, =0, Uy + v+ 710, =0.
r r r r r

(2.4.28)
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As described in (2.2.12) - (2.2.18), the boundary conditions are as follows:

v(w, Rp) = —vg(w,Rg), v(0,7) = Vio(r), ©v(0o,r) = V(). (2.4.29)

We go to the vorticity formulation in order to eliminate the pressure term:

0
U 2
0=20, (uguw +rul v+ ulv + P,) — 0.( 7“6 Uy — ;ugu +P)

_ 0 0 0 0 0 0 0
= UgpUy + UgUgyr + UV + TUL U+ TUG U+ UV + U,V + P,

ny

2
e 0
- Vww + 7ueuw - Prw
r T

0
U 2

— 0 0 0 0 e 0

= UgUgyr + TUgpf U + UV + Uy ¥ — . Vow T ;ueuw

0
U, 2
0 0 0 0 e 0
=g (=20, — TUpp) + TUgpp U + UV + Ug, U — ry Vow + ;ueuw

2
= —udrAv + (rul,, +ul,) v+ ul (—27}T - v) = ulLv, (2.4.30)
T

where we have defined the linear operator L through equation (2.4.30) for ease of nota-

tion, and since u? > 0, 0 = Lv if and only if 0 = uYLv. Define the following boundary layer

corrector:

9 (w, w 9(w,
B(w,r) = (1 - ;2) U’é((o’ 8)) Vio (1) + %MVM(T). (2.4.31)

Due to the compatibility conditions, B satisfies the same boundary conditions as v.

Define

0 0
Flw,r) = —rAB + (mo + “0> B+ <—28T - 28) — LB (2.4.32)
U u r

€

Since B and all of its derivatives decay exponentially fast, and since by assumption

10- (Voo — Vi1)| < 0o we have |[(r)*F||yyx» < C where C independent of fy. Next, for x a
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cutoff function supported on [0, 1], define

Ey(w,r) = X(%)F(O,T) + X(GO G_W)F(Go,r), for e << 6. (2.4.33)

Since each differentiation of the cutoff function gives €71, it is easy to see that |[(r)" 0% Ey||r. <
Ce ¥4, We also record for future use that 8£Eb\w:0790 = 0. Consider w = v — B, then
Lw = Lv— LB. In (2.4.67), v solves Lv = E}, instead of Lv = 0 and the error made by this

is accounted for in (2.4.72). Therefore

ug'f"r u(e)T 2
Lw = —rAw+|r—5+ =5 Jw+( 2w, — ~w | = E,—F:=f;  w=0o0n0Q (2.4.34)
u? u? T

Since B is arbitrarily high regularity, obtaining estimates for w suffices to obtain esti-

mates for v. E, = F on {w = 0,6y} implies f|,=0,9, = 0.

2.4.2.1 H! Estimates

Multiplying (2.4.34) by w and integrating by parts yields:

J eS| e | 1ot~ )
:»//rw$+“?szv //f2r+a R
N(S)//f2r+(5+9§)//7“. (2.4.35)

We have used the rapid decay of the derivatives of u’. For 6 sufficiently small, we obtain

2 2
//rwf + % + // wT < //fzr, where the constant does not depend on small 6.

We obtain weighted estimates, ||r™w||g1, for n > 1 by testing the above equation against
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[ [tz [ [ [ [ s Spprwss fomn ] [
o

//w?«r"“—kwir"*l +w2,rn71 g//f2rn+1.

(2.4.36)

With H'! estimates in hand, we can establish existence and uniqueness. Again to ease

notation, we define

0

T ugrr 'LLST 2
Lw:=—rAw=f—(r—=+-—F5 |Jw+|-w)]+2w =g (2.4.37)
u? ud T

Lemma 2.4.3. There exists a unique solution w € H' to Lw = f in Q wlag =0

Proof. First, consider the following problem posed on the bounded domain Qy = {w €

(0, 00), R e (Ro, Ry + N)}

Luw™ = g on Qy, w™|ga, =0, (2.4.38)

where 9Qy includes an additional boundary component, D = {R = Ry + N}. It is clear

that w™) obeys H! estimates given above uniformly in N, so once each w™) has been

constructed, we can send N — oo. We first note the following version of the fundamental

positivity estimate:

D i o
T ] f58  frin(2)
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= [ [ropae - [ [ (vt ) (2.439)

which, due to an identical calculation to (2.2.36), yields:

0 0
//rwf 5//7“1034—// (ru;gr—i— Z;;) w?. (2.4.40)

Define the bilinear forms K[w,¢] := [ [ Vw - Vrdrdw + ff( )uxp, and
Klw,¢] := Kw,¢] — [ [ 2we. Using the positivity estimate, it is clear that K satisfies
the hypothesis of Lax-Milgram, but due to lack of coercivity we cannot directly apply Lax-

Milgram to K.

Note Klw,¢] = [ [ fo = Klwgl = [ [ fo+ [ [2up < w=T"1(f+2u)
where 7! is the solution operator to K <= w—T"" (22) = T-1(f). T~' is compact and
self-adjoint, so the Fredholm alternative applied to the operator I — T*1(24) enables us to
conclude there either exists a unique solution to the original problem K[w, ¢] f f fe or
there exists a nontrivial kernel. The latter option is ruled out by the H! estimates given

above. O

2.4.2.2 H? -H* Estimates

Our starting point is equation (2.4.37). The boundary layer corrector is defined such that:
Wy = 0 on {w = 0,00} (2.4.41)
Differentiating (2.4.37) in w gives the third-order equation with Neumann boundary

conditions:

—rAw, = gu,  Wwoloo = 0. (2.4.42)
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Applying the multiplier w,, and noting that ¢|w—=0,6, = 0 yields:

2 wzjw N wf}w
rwrw—’_TS oWy = — gwww§||rw‘|H1+|‘Tf||L2+5 T

(2.4.43)

Applying the weighted multiplier »"w,, gives weighted estimates inductively. By using

(2.4.37) to express w,.. in terms of the rest, we have the full H? estimate:

™ w|| g2 < C. (2.4.44)

We differentiate the equation (2.4.42) again in w, giving the Dirichlet problem for w,,:

— AWy = Juw; Wowlon = 0. (2.4.45)

Multiplying (2.4.45) by wy,, gives:

w2
//rwiw + % < Hw||?{2 — //gwwwww <C+ war”H%z <eh (2.4.46)

Weighted estimates are obtained inductively via the multiplier r™w,,,. The estimate for
Wyre is obtained via equation (2.4.42), and the estimate for w;.,.,. is obtained by differen-
tiating equation (2.4.37) in r to write w,..,. in terms of the other third order terms. This
gives:

| wl[gs S €12 (2.4.47)

Evaluating (2.4.45) at w = 0,6y gives the boundary condition

Wepwww = TFow on {w=0,00}. (2.4.48)
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Differentiating (2.4.45) gives the fifth-order equation:

- rAwwww = Juww> (2449)

to which we apply the multiplier wg,e:

2
//,rwmwwwww,//w ://ngwww+//w (2.4.50)
r T
1

w:t‘)g

—/ fwwwwwwwww‘ (2.4.51)
w=0g r w=0

For the boundary terms, we estimate:

UJZQO

w=0

1
;wwwwwwwww d?"

w=0
== /wwwawwdr ’ == //wwwwaww + wwwawww (2452)
w=0

<1
S 5||;wwwww||%2 + [|lwl[gz +C (2.4.53)

On the right-hand side of (2.4.49), we have up to harmless factors:

w=0
//wwww <fwww + Weww +wwwwr) < _//wwwwwfww +/wwwawwdT‘ _00 (2454)

_ - -1 _
+ 5||wwwwr||2L2 + ||w||3’13 < 5||wwwwr||2L2 + 5||;wwwww‘|i2 +e (2.4.55)

Again, these calculations may be repeated using the weighted multiplier, r"wgy.,, t0

obtain weighted estimates. Putting the above calculations together gives:

[ [rtiet it s (2450
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The estimate for wy,,., can be obtained from (2.4.45), the estimate for w,..., may be
obtained by differentiating (2.4.42) in r, and finally the estimate for w;..,,, may be obtained

by differentiating (2.4.37) twice in r, ultimately yielding:

[ w]| s < €372 (2.4.57)

2.4.2.3 Wk4 Estimates

Wk estimates are obtained using the framework of Agmon-Douglis-Nirenberg, (ADN59),
where k¥ < 4 and ¢ € (1,00). To do so, cover the interior of the boundary {r = Ry}
using one open set, U¢, the boundaries {w = 0,6y} using Y% U’ and the interior of the
domain using U?. Let 1" ? denote the partition of unity associated to this covering, and

Wb ed .= gha:bcidyy qp®bied satisfy the equation:

X 0 0 9
—rAw® = —rw’ —wX - Yow _ o5+ plerr 4 Uer ) )X 4 2wX 4+ Zw¥
r ul ul r
X X X 2 x Ve X
—2rtwy — riw — 3w — =Y w, — —Lw=: f*, X =a,bed  (2.4.58)
r r

The estimates for w? follow from the standard interior W*4 estimates:

w | wza@ay S 1flLa@) + wllwra@) < 1 fllna@) + [wllm2@) < C(6), (2.4.59)
_ 1

w|lwa.a@ay S | fullpa) + [Jwllwza@) < C(Bo)e e, (2.4.60)

|l waa@ay S | fuwllLa@) + [wllwso@) < C(0)e > a. (2.4.61)

C(6p) is a constant that could depend poorly on 3. The weighted estimates,
||r"wd\|Wk,q(ud), are obtained by using the weighted H* estimates. w® is supported away

from the corners of the domain, and so we can repeat a similar analysis as for w®, remaining
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cognizant of the boundary condition 9*¥w®|,—r, = 0 for k > 0. It remains to estimate w®?®
which follow by taking odd angular extensions across the boundaries {w = 0} and {w = 6p}.
For concreteness, we proceed to treat the w® case, with the w® estimate being identical.

Define:

W (w,r) = —w*(—w,r) for w € (—=0p,0), w* =w* for w € (0,6p)

Applying a cutoff function:

0" =X, spp() € (<2, %) x (Ro, ) (2.4.62)

ensures that w® satisfies the boundary-value problem:

Xw ~gq

—rAT® = —rA (x(w)d) = x(w) f* + ’%w + 22, (2.4.63)

W*|p=r, = W*|w=—0,,0, = 0, (2.4.64)

where f¢ is the odd angular extension of f¢. Moreover, w* € W4 whenever w® € W44
by the condition w = w,, = 0 at w = 0. Applying the standard W29 estimates to the

boundary-value problem in (2.4.63) gives:

5|20 < C(60). (2.4.65)

We can differentiate the equation (2.4.63) in w twice as w* vanishes on a neighborhood
of {w = —6p, 00}, and repeatedly apply the W24 estimates. The full W3¢ estimate is then
recovered using the same procedure as in estimate (2.4.47), and the full W*9 estimate on w®
is recovered using the same procedure as in estimate (2.4.57). Combined with the estimates

on w®? we have established:
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Lemma 2.4.4 (W* estimates, ¢ € (1,0)).
lwllwza S C00),  |lwllwsa S CH0)e 5, JJw|lwaa S CBo)e 25, (2.4.66)

where C(0p) depends poorly on 6.

2.4.2.4 Construction of Euler-1 Layers

The Euler-1 layers are defined to solve:

2
—udrAv! + (rud,,. +ud,) vl +ul (—2% - vé) =ulEy, (2.4.67)
r

ul(w,r) =ul(0,7) — /Ow Or(rv})de. (2.4.68)

The pressure P! is defined to solve equation with P, in (2.4.28) exactly: Pl(w,r) =

0
— [ 2ulu — “2v,,. The error made in the P,, equation in (2.4.28) is estimated as:

g, 4+ rul v +ulv + P, (2.4.69)

2 2u?
0 0 0 0 0 0 0 0 0
= U Uy + TULV + ULV — / — Ue + ug Ep + ug (rvpr) + 3ugv, + ( re — TUgpy — Ugy | V.
.

By direct computation:

0 0 0 0 0
Or (Ugley) = —UgpV — UL Up — 2U Uy — TUUpp, (2.4.70)

Or(rud v) = ud v+ rul,, v+ ru vy,

err

Or(udv) = ul.v + ulv,.

Each of the three terms above is known to be in H', and therefore decay at infinity. We



74
can write:
g, +rudv 4+ udv = — /OO O (ulug, + rul v +ulv). (2.4.71)
Matching these terms with those in the integral in equation (2.4.69), the only term
remaining is:
/ h u®(0) By (w, 0)d6. (2.4.72)

This represents the second contribution to the angular error. The estimates for the

Euler-1 layer are summarized:

Theorem 2.4.5 (Euler-1 Profile Estimates).

708 oo + [P0l 12 < C, [lr™vd|ls < Ce2, |0l [gs < Cem2; (2.4.73)
— 1 — 1
7™ vellwza < C(00),  |Irvllwsa < C(B0)eF . |lr"ol|lwas < C(fo)e T,
(2.4.74)

where C(6y) could depend poorly on g, for ¢ = (1,00). By definition of ul, we have:

I ullm <G, |Ir"ug]loe < C. (2.4.75)

1

. must be proven. To do so, we use the following:

Proof. Only the uniform bound on u

w 2 90
lul (w,7)]? = / Ay (rv)(0,1)do g/ |8, (rv)|? (0,7)d6 =

0 0

2 9(] 90
sup |ug(w,r)] S/ 10, (rv)[* (8, 7)d0 = [[ul]|% < sup / |0, (rv) [ (8, 7)d6.
[0,60] 0 r€[Rg,00) JO

(2.4.76)



(0]
0o
Calling ¢(r) = / 10,.(rv)|* O, the Sobolev embedding in R* gives:
0

sup  [o(r)] < llgllzr + 10l e < / / 10, (ro)? + / / 0 (r0)|2 < |10}l < C.

r€[Ro,00)

(2.4.77)

We can proceed inductively to obtain weighted estimates on ||r"ul||~. These estimates

are independent of small 6.

2.4.3 Prandtl-1 Layer

2.4.3.1 Galerkin Formulation and a-Priori Estimates

1

In this subsection, we solve for the Prandtl-1 layers, u,,

v;. For this subsection, we drop the

1

subscripts on u,, v},. The starting point is a modification of equation (2.4.3):

(ug 4+ w)up, + (ug + up)ue + ugud, + rogud, +r(vp + v ug + ru) U+ (2.4.78)

(ug + ud)v) + udvl + Py, + Eo + By + Veudv = rurg + udg,

where we have included Fy and E7, the contributions from the Prandtl-0 layer construc-
tion:

Ey:=(R- Ro)ugr(r)ugw +(R-— Ro)ar(rv; (w, T))ugR, E,:=(R- Ro)ugRR. (2.4.79)

The boundary conditions are: v}(w, Ro) = 0;u}(w, Ro) = —u}(w, Ro); uy(0, R) = 1 (R). In
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order to solve the e /2 order error in the radial equation, we take:

oS uO 2 uO oo OUO uO
P} :/ (1) +2ud —L-dt = P}, :/ A A T < (2.4.80)
r r(t) r(t) r () r(t)

By the rapid decay of the ug terms, we have |8“P;w| < R™" for arbitrarily large n and

for any multi-index . Let u®(w, R) = u(r) + u)(w, R). We define

F = fuéugw - uguéw - rvgugr - uovg - ugv; +u% — Pp,, (2.4.81)
which gives:
ugu + uuy + r(v) + v )ug + rupv — rugg = F — Ey — Ep. (2.4.82)

We take Or of the above equation, use the divergence-free condition, and divide by u°

to obtain:

1 1 1
—Orr(rv) + Eru(}%Rv - EGR(TURR) =5 (Fr — (Eo + E1)Rr) (2.4.83)

_% (ugRu +ulur + Or (r(vg + ’U;)UR)) =G.

Now we take J,, of the above equation and again use the divergence free condition:

1 1 1
—0rr (rvy,) + ETU%RUW + EaR (rorrr(rv))v =G, — &U(Eru(}m)v (2.4.84)

1
+0., <u0> OR (TuRR) -

With an eye towards obtaining a weak formulation of the equation together with a-priori
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estimates, we rewrite the third term on the left-hand side as follows:

50 (rO(r0)) =rOR(- () + Ve o) + rdR(-) k(o) (2.4.85)

1. .-
- 27"313(@)6‘?{(7“1)).

Therefore, our equation now becomes:

1 1 1 .
— Orr(rv,) + ETU%R’UW + T@%(Eﬁé(rv)) + ﬁﬁa}}%(rv)
1 1 1
— r@%(ﬁ)@%(rv) — 27“83(E)8%(rv) =G, — 6w(@ru%3)v

1
+ 0, <u0> Or(rupr) = (2.4.86.1) — (2.4.86.9), (2.4.86)
and so we must obtain a-priori estimates for the equation:

1 1
—Orgr(rv,) + Eru%va + raé(@@%(rv)) =fr+g. (2.4.87)

Lemma 2.4.6. There exists a unique solution v to Equation (2.4.87) on the domain (0, 6p) x
(Ro, Ro + N) subject to the boundary conditions v,vg = 0 at {R = Ry, Ry + N} and the

initial condition v = vy at {w = 0}. This solution v satisfies the following estimate, uniform

mn N:
[ [ 0wt s [ ronneol < [ [ £+ [ [ R Ry (2.4.88)
+/ T‘|6RR(T‘1})|2.
w=0
N N 0
Proof. Define an inner product by [[v,w]] = Or(rv)Or(rw) +/ %rvw. All of
Ro RO U

the properties of inner-product follow from the properties of the integral, aside from non
degeneracy. Supposing [[v,v]] = 0, by the positivity estimate, (2.2.33), [ |0r(rv)]* =0 =
|Or(rv)| = 0, coupled with the fact that v = vg = 0 at {R = Rg, Rp + N} implies v = 0.
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Let e; represent an orthonormal basis for H 1 with respect to this inner product. The weak

formulation of (2.4.87) reads:

[[vw, €] / —5Orr(rv)0RR(re)) / fejr+ / ge;. (2.4.89)

Define v* Zazk . Inserting this into the weak formulation above en-
ables us to solve the correspondlng ODE for the coefficients a;;. Multiplying the weak

formulation by 0,a;; and summing over 4 yields:

[[vu’i,vfi]H/ui@RR(m )OrR(ro* /fvawL/gv (2.4.90)

In order to pass to the limit as £ — oo, we must obtain a-priori estimates for the above
equation. We relabel v* by v for this purpose. In order to obtain the desired a-priori

estimate, we multiply equation (2.4.87) by rv, and integrate by parts:

1
/—8RR(TUW)7‘UW + Erzu%Rvi > /|8R(rvw)|2 (2.4.91)

by the Positivity estimate, (2.2.33). Next, we have

oo o0

1 1 1
[ gkt = o [ Gionnrol +2ve [ Sonntroon(r). 2492)
0 0

On the right-hand-side, we have:

/ervw—&-/grvw /f2 / (R — Ry) +5/\3R ruy) |2 (2.4.93)
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Using Gronwall’s Inequality and integrating yields:

[ [ ontrop s | ZOT|3RR(TU)|2§ [ [+ ] [#e-rit+ [ riowtor

(2.4.94)

Next, the following high regularity estimate is established:

Lemma 2.4.7.

//laR 0l +bup/r|8RR )| //f2 // (R — Rp)® /Ro 7|8rr(rv(0,-))[?
//f2 //gw (R — Ro) / r|OrR (v, (0, ). (2.4.95)

Proof. Differentiating the equation (2.4.87) once in w yields:

u? u? 1
_aRR(Twa) + (be) Ty + (ﬁ) Vo + TORR (&, (uo> aRR(Tﬂ))) (2.4.96)

1
+rORR ( 3RR(T%)) = fRw + gu-

In order to obtain a-priori estimates of the equation (2.4.96), we multiply the above
equation by rv,,,, remaining cognizant of the boundary condition that vg = 0 = vyur =

’UwR:OEi.t {R:Ro,Ro-l-N}Z

Ukg Ukg 1
/ - 3RR(TUUJUJ) + <u0> Ty + <’U/O> TVww + TaRR <8w (’U/O) aRR(TU)) (2497)

1
+rO0RrR <uoaRR(7’Uw)> ]TUW = / [wa + gw:| TV
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First, applying the positivity estimate (2.2.33),
upr\ 2 2 2
— | ORR(TVww )T V0w + 0 ) 7 Ve > | |Or(rvew)|*. (2.4.98)

For the second term in (2.4.96), we have:

/ (“uRR> <(/ ang>m (/ R>/ <(/ |aR<vw>2)1/2 (/ |aR<vw>2)1/2

< N(3) / 000 + 5 / Or(0a). (2.4.99)

For the fourth term in (2.4.96), we have:

/r@RR (&J <u10> GRR(W)> TV = 2\&/ <u10>w8RR(TU)8R(TUwW)

+/r <$>M8RR(W)8RR(MW) = (2.4.100.1) + (2.4.100.2). (2.4.100)

For the fifth term in (2.4.96), we have:

/GRR ( Orr( rvw)> 2V = / 8RR(rvw)8RR(rszw)
= / @aRR(rvw) (2v/€0R (1vww) + 7ORR(MVww))

Zaw/uloaRR(’I"’Uw)|2—/<ulo>waRR(""Uw)|2+/uloaRR(rUW)(Q\/EBR(TUWW)

(2.4.101)

= (2.4.101.1) + (2.4.101.2) + (2.4.101.3).

Finally, for the right-hand side,

/warvw +/gwrvw /f2 /gw R — Ry) +§/aR TV ). (2.4.102)
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(2.4.101.3) and (2.4.100.1) are estimated through Young’s inequality. For (2.4.100.2) ,

we write:

Orr(rv)OrR(TVwy) = O, [OrRR(TV)ORR(TVw)] — OrR(TVW).

Applying Gronwall then yields:

//|8R TVww)| +sup/r\8RR T, //f2 // (R—Ry) / r|0rR (rv(0, ) |*+
//F //gwR Ro) / r|OrR (10, (0, )] + /_eoaRR(m)aRR(mw)

aRR(T’U)aRR(TUUJ)
w=0

The final two terms are estimated through Young’s inequality, where we recall Lemma

2.4.6 to estimate N/ |OrR (V)%
w:O,OO

We now obtain the weighted variants of the above two lemmas. Notationally, depict the

weight by p..(R) = (R — Rg)™

Lemma 2.4.8.
//pm|aR va)| +Sup/pmr|aRR TU //P f +//g pm+3+/ Tpm|aRR 7qv)|2;
(2.4.103)
and

//pmla IR (rv.,)|? +Sup/ Pm7|OrR(rv,)| //pmf2 //g pm+3+//pmf2

+ / / Ppmss + / Dol Ori (1o 2 + / Dl O (r0) 2. (2.4.104)
w=0

w=0
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We will proceed in several steps to establish Lemma 2.4.8. As these are a-priori estimates
and we eventually plan to send N — oo, we work in the domain R € (Rp,00). Define
w(R) = (R — Rp)™ on [Ry, Ry + M| and w(R) = M™ for R > M + Ry. Note also that

w(Rp) = 0, which eliminates boundary contributions from {r = Ry}.

Claim 1. sup/w(R)|aRR(m)|2+//m(R)mg(m)P5/ pm|8RR(m)|2+//f2pm+

w=0

9P

Proof. Multiplying equation (2.4.87) by —w(R)Jrg(rv) yields:

ruf 1
/ [BRR(M)W) — U}SRUW — raé(ﬁﬁfz(m))

wORR(rY) = / (fr + 9)wdrn(ro). (2.4.105)

Integrating (2.4.105) by parts yields:

0. [wlonntro)? + [ 20030+ [ IR0 < [(77+ P+

(2.4.106)

where J contains:

ruf _ n
J = 7/ ulngwwé‘RR(rv) +/R N19%(rv)||0% (rv)| +/R |OrR(rv)[2. (2.4.107)

Since Or(rw) = (m + 1)y/ew + Rym(R — Ro)™ 1

[ 2 gyraganir) = [TV i)+ mi [ EE g i

u? u?
< 1 5 2 1 o2 2 (R — Ro)™* o 2 (R— Ro)™"! 52 2
e [ i+ ve [ Siopoop+ [EHI gy [EZE e
(2.4.108)

The first two terms above can be absorbed into (2.4.106), and the third and fourth
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terms above have been estimated inductively. Applying Gronwall and integrating yields the

desired lemma.

O

Claim 2. sup/w|833(rvw)|2 +//rw|8§%(rvw)|2 < / Pin|OrR(TV)]? +//f2pm +
w=0

//gzpm+/w:0pm|3m(rvw)\2+//f3pm+//gipm.

Proof. We apply the multiplier —w(R)Jrr(rv,) to the differentiated equation (2.4.96):

/(Equation 2.4.96) X (—w(R)Orr(rvy)) - (2.4.109)

On the left-hand-side, we have:

. 0 .
aw/w\aRR(mw)|2+/%’wg(mwnu/ RU0) 55 (1o V02 (ro) + T + 1. (2.4.110)

w0

Here J — / On ((1)w 5‘RR(rv)> Or(rwdpr(rv.))+ / <u10> Onn(re)n(rudun(re.)

20
and I < [v2_ p+ |0rr(rv,)|?. J and the third term of (2.4.110) can be treated through

Young’s inequality and induction after noticing that Og(rw) = (m + 1)y/ew + Rom(R —

Ro)™~ ! as in the previous lemma. The desired result now follows from Gronwall.

O

Claim 3. //w|c’93(rvw)|2 + sup/wr|8123(rv)\2 < / rpm|aRR(rv)|2 + //prm +
w=0

9Pt

Proof. By Claim 2, the quantity 0 (50rr(rv)) is integrable and so integrating equation
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(2.4.87) from R to oo to yield:

B R VPP Vet o2 (rv) = - 2.4.111
—0gr(rv,) + vV, + R(@ R(rv)) — e@ z(rv) = f+ : g. (2.4.111)

rud

Multiplying the left-hand side of 2.4.111 by —w(R)0r(rv,,) gives:

/ [513(?"%) B /ROO rufg v, — Or (%8123(7%))) + \/2:0812{(7"1))] wOg(rv,,)

= /w\@R(rvw)P _i_/%@]%(rv)w(R)@%(rvw) +J, (2.4.112)

where

0

/ 6R rv)w’ (R)Or(rvy,) —i—/%@RR(rv)w@R(rvw) — /waR(rvw) /00 ruRva.

rul

(2.4.113)

J can be controlled by Hardy’s inequality, Young’s inequality, and induction for the
rw’ = \/emw + Rym(R — Ry)™ ! factor in the [ 50%(rv)w'(R)g(rv.,) term, as in the

previous lemma. The result then follows from Gronwall.

O

Claim 4. // (R)|OR (104w )] +bup/ (R)OrR(Tvw) 5/ D |OrR(TV)] +//f Dm+

//92pm+/ Pm|OrR(rv,)|? +//ff;pm+//gprI+3

Proof. We differentiate equation (2.4.111) in w to obtain:
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Multiplying (2.4.114) by —w(R)Or(rvw.w) yields on the left-hand-side:

/ laR(mw) - /: 8. (’”Z%m) — On ( 9% (rv ) + /€D, <:03}2%(7“v)>
R

:/w|BR(rvww)|2+8w/£w|833(mw)|2+/ ( )BRR(rvw)aR(rvww)—i—J (2.4.115)

WIR (TV4w)

= (2.4.115.1) + (2.4.115.2) + (2.4.115.3) + J,

where

1= [ () rod ®omnrodntrie) +ve [ (55) onntraudnro)
- ﬁ/%&RR(mw)()R(rvw) +/w6R(er)/ROO D <m%3vw>

w0

— /8R ((ulo)w’rw(R)aRR(r’U)> . (2.4.116)

Lastly, we use that rw'(R) = Rom(R — Ro)™ ™! + y/emw(R) to estimate (2.4.115.3) in-

ductively, as in the previous lemma. The result of the claim now follows from an application

of Gronwall.

Proof of Lemma. The estimates in the claims above are uniform in M, enabling us to send

M — oo to obtain:

[ = Roymiontro s [ (= Royrionato)P 5 [ [onf2 s [ [ #psa

+/ TPm|OrR (10) %, (2.4.117)
w=0
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and

//(R— Ro)™|0,0r (1v,) 2 +sup/(R— Ro)™r|0gr(rv.)2 < //me2 N //g2pm+3
+//pmf5 +//902me+3 +/w:0 TDm|OrR(rv,) |2 +/w:07“pm|8RR(7“v)|2.

(2.4.118)

Writing p,, < 14+(R—Rp)™, it follows by pairing (2.4.117) - (2.4.118) with the unweighted

estimates in (2.4.88) - (2.4.95), we can upgrade the weights on the left hand sides of (2.4.117)

and (2.4.118) to p,, = (R — Ry)™, thereby establishing our lemma.

2.4.3.2 Boundary Estimates

In the following theorem, we use the stream function formulation to give estimates of v and

v,, on the boundary {w = 0}.

Lemma 2.4.9. / (R — Ro)™d%T (rv(0,1)) 2dt < C + ||r™/* (R — Ro)™ %1 |2kss
Ro
and [ (R — Ro)™Op " (res)? S C + [P PR — Ro)™wl[fes + IR —

Ro
Ro) ™™ ttg, (0,7()) [

eww

Proof. Our starting point is equation (2.4.82). Define the stream function ¢ (w,R) =

R R R

/ u(w, 0)dl, so that 1, = / Uy = — Op(r(0)v)dd = —rv, and Y = u. Now de-
Ro Ry Ro

fine

w = —uftp + up, (2.4.119)
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so that:

Wy, = —ul gtp — uRihy, + u R + uPr, = —ul g — uf(—rv) + ulu + ulu,  (2.4.120)

= —ugR'(/J—f—F— FEi — Ey+ruggr —T(Ug +’U;)UR.

According to the definitions of Ey, Eq, F in (2.4.79) and (2.4.81), / " R™O%F(0,1)% +
Ro
FEo(0,)? + E1(0,t)*dt < C, where the constant C' depends on the previously constructed

profiles. Now we estimate the boundary data of w in terms of @; using (2.4.119):

/ w(o,t)%ztg/ (u%)QwQ—&—/ (u0)2a§dt§/ @2dt; and | 9Fw(0,6)2 < |||
Ry Ro Ro Ro Ry

(2.4.121)

where we have used the rapid decay of u% for Hardy’s inequality. We use (2.4.120) to

do so similarly for w,,:

/ wy,(0,8)%dt < C + ||rt||32; and (2.4.122)
Ro
/ (R — Ro)™ 0w, (0,8)%dt < C + [|r"/*T (R — Ro)™ | |%n2- (2.4.123)
Ro
R w(w,t)

dt. Differentiating, taking the L2

Now we use (2.4.119) to express: ¥ = uo/ e
R, (u0)

norm of both sides, and using Hardy yields:

/r”(R — Ro)™ 05" 0utl® < [Ir2(R — Ro)™ 2w (0, MIZn g 00) + [17"/2 (B = Ro)™ 2w (0, )31k (1 ,00)-

This yields:

/OO (R — Ro)™|o5T (rv(0,t)) |2dt = /Oo (R — Ro)™ 9k (1,(0,1))° dt (2.4.124)

Rg RO
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< [[r"2(R = Ro)™ 2w (0, )3 + [[r"/* (R = Ro)™?we,(0, )3 < C +|[r"*FH (R = Ro)™ *iua[Fpss-

We now estimate the H* of v, norm on the boundary {w = 0}. In particular, we start

with:

R R
_ _ 0 w _ 0 v v
TV = Yw = O <u /Ro (u0)2> = Or(rvy,) = Ouww (uR/ TOE + u0> =

(o]
/ 7"”(R—1120)7”\81:3(7%)&,)\2 < /w2 —&—/wi —&—/r"(R—RO)mwiw
Ro

S C(1+||ran|32) + / (R — Ro)™w? . (2.4.125)
Ro
Differentiating (2.4.120):
W = —UQ,gY — UL pYw + Fu — (Eo + E1)u 4 TurRrw — 10, (v +08) ug — 7(v) + 0 ugw

(2.4.126)

= (2.4.126.1) + (2.4.126.2) + (2.4.126.3) 4 (2.4.126.4) + (2.4.126.5) + (2.4.126.6) + (2.4.126.7).

We estimate each of these terms:

(2.4.126.1) + (2.4.126.2) + (2.4.126.4) < /1[12 + /(R — Ro) "2 + Clug, vp);

(2.4.126.3) = /Fj < /(u;ugw)2 +/(u§ugw)2+/(ugw%w)2 +/T2(v2wug7«)2

+ [+ [+ [+ [ufar+ [l + [l + [ uh)?
L (CARC N (W

(2.4.126.5) — (2.4.126.7) < [ r*T™"(R — Ro)"u%p,, + /r2+”(R — Ro)"u% +r*T"(R — Ro)™u? 5.

All of the terms in (2.4.126.3) above are bounded by a constant C, using the H? estimate
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on v}, aside from the ul_ , term. For (2.4.126.5) - (2.4.126.7), we use the divergence free

e’ eww

condition. This establishes the desired result.

2.4.3.3 Construction of Prandtl Layer Solutions

We first define o(w, R) = v(w, R) — Réif”x(R — Ro)ul,(w, Ry). Here x is a cutoff function
near 0. Then @(w, Rg) = v(w, Ry) = 0, and g(w, Ro) = vgr(w, Ro) — Rioul (w,Ro) = 0.

ew

Since the equation (2.4.87) above is linear, we easily find:

1 1
— Orpr(rvy) + EW%R% +10RR (anRR (7"”)> =fr+9, (2.4.127)

where f and g are defined:

1 1 1 1
f= 8W(E)T‘URR - \/EE@Z%(M) + 21"612%(7%))63(@) + Eﬁw (rvp +vi)ug)  (2.4.128)

0, (45 ) o+ o) = (1) - (£3),

1 1 1 1
g= —5w(ETU%R)U - 5Rw(@)7"URR - \ﬁaR(@)azzz(W) - 27“8123(7"11)8123(@)

~0n (25) 0 (165 + dyum) — O (5 ) anr () +02)

u0
! 1 1 0 0
+0u(5)(Fr = E1r — Eor) + 5 (Fro — Birw — Borw) = 0u(5) (ud pu + ulug)

1 R—R
0 (&; (ugRqu uguR))) — Org(r e 0

1 , R-Ry 1 R— Ry
+ —5ruRR R XU}y + TORR (uoaRR (T o Xuiu,)) : (2.4.129)

X(R - Ro)uflaww(wv RO))

u0
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1
We define |||o]||* = //|8R(7“17w)|2 + sup /—Or|833(r@)|2. According to estimate
[0,60] / U
(2.4.88):

ole < [ [ 1+ [ [or s [ g omnto (2:4130)

Using the definition of o, we record the following consequence of the divergence free

condition:

(2.4.131)

2 2
UZR < 6’1_)12% + Or (TQ_}R)2 + Or <rxuiw + T‘ngRoxluéw> + €0gr (R R Fo X(R - Ro)u}iw (w, Ro)) .
0 0

(2.4.132)

We must now give estimates on the terms in f in terms of |||7]|| in order to apply the

contraction mapping principle. First, we relate u and v to |||7]][:

[ fein= ] foin | fotton (B3

0
< Goll1olll* + [lugy |12, (2.4.133)

[ et <[ [ +eubalie <6 [ [ ed+diutulfa <o8llollP + dlub-

(2.4.134)

//ués//aiRwo//uiRSM//\aRR<@>|2+||u;w||%zsc+oo|||ﬂ|\|2+|\uiw\|%2,

(2.4.135)
[ [z skl [ [ om0 < kil 00 [ lortoi0. 0 (2130
0
8 [ [ 10n0re) P S ka2 + onlol 2
//u2 < /a? + 90//1& which has been estimated above; (2.4.137)

2

< Gysup / 1912 + [ 2 0.0
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[ [ en< [ [1onta)p + 11tz (2.4.138)
//\uwﬁ ://|BR(rvw)|2 < ||u;w\|%2+//|83(r@w)|2. (2.4.139)

Now we turn to the terms in f, which are given in (2.4.128):

(f.1) For rurr we use equation (2.4.82):

[ [ 1ougirtuna?

0
< // | |u6”|2 Pludu + uluy, + veu'v + r(v) + v} ug + rufv + Ey + Ey — F|?
u
_(f11) = (£.1.8).

Each term in this equation is bounded by C' + Cy|||9]||:

(£.1.1) ;//R—”aﬁg//R—n (u(O,R +90/ ><90 (/R |ﬂ1|2+||uéw|%2(0’90)+|||17|||2>,
012 [ Rz < [ [ R @+ 0l +onP) € lkelaa + [ [ vhe

6l 220,60, + B 5P / oral,

(f1.3) : //R—”aﬁg//R—”e@2+//R—”e|u;w|Q,
(f.1.4) ://(vg—kv;)%%g//u%ﬁ//ﬂﬁﬁ-@o//ufﬂ%

<cvto( [ [1omntror + [1uf?)

(f.1.5) : //R*%? g//R*”@H/Iuiwlz,

(f.1.6) - (f.1.8) : The forcing terms decay rapidly and therefore < //R_"|F— B, —-El* <C.
1 _ R—R
@2) ¢ [ [15sPloaol < ol + < [ [1me (7wl ) 2,

@) [ [riotioronor < [ [ R omn o)+ [ [ rorions (22
) [ [P0, (00 + ohyun) P S ekl [ [

1 >|2
ew )
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) [ [1oupPatrep oty s [ [ Rl + [ [ romden? s [ [

Combining (f.1)—(f.5) with (2.4.133) shows that / / 12 S CH00)1[9]1 P+ uée 172 (o= ro)-
We now give estimates on [ [ g?(R — Ry)?, recalling the definition (2.4.129):

(g1) / / R (0% + b + [0rr(ro)| + 62 + ud + 02 + 1) < C+o|[3l1P+H ka2 ooy,

(2.2) //3R< >|8((v+v //me Yurr() + 0} < //uR

Here, we have used: [ [R™"[vl |?u% < ||[R™™0l, ]| [ [u%, and [|[R7"0}, || <

IR vel | < €"||r™vellms < C.

1
g?) //\6 | |FR—E1R—E0R|2 //|E|2|FRUJ_E1RUJ_EORUJ‘2 Sbe Euler
H? bounds,

1) [ [1on00n (LR Rojudfio )
[t ko < [ [orubn? = [ [t = [ [ (whatrodes) (o + 0.002,)

< |l |wee ||r™ vl [|ws.a S € for & arbitrarily small.

90 90

The boundary terms in (2.4.129) can be estimated by / lul |? + / [
0 0

Ce 2",

<1
Finally, it remains to give estimates on / 7’—0812% (ro(0, R))? from (2.4.130):
Ry U

o ee0R) < [ ronntro?+ [ rionn () Pl
Ro u RO RO

< O+ [Jr 2 [3s + lug,, (0, Ro)* < C + [t | o

Therefore, we can close the contraction mapping argument. Because the estimates are

uniform in N, we can let N — oo to obtain a global in R solution. We can repeat this same
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argument with the weights of R™. Indeed, the only terms above sensitive to a weight are

contained in f, and we treat them here:

//Rm o0+ o) //RmuR<C+//Rm|5‘RRm| +/|uw|2 (2.4.140)
e//|@|2Rm\8RR(rv)|2 <c [ [Ronatro)f +e [k, (2.4.141)
//|%|2Rm|8w(r(vg+vi)u3)|2 g//Rmuﬁﬁ//Rmuﬁm (2.4.142)

Again through contraction mapping, this establishes:

Lemma 2.4.10. //<R7R0>m|83(7"vw)|2+sup/<RfR0>mr|aRR(rv)|2 <€ " fork >0,

arbitrarily small.

Uniform estimates are obtained via the calculation:

ulw, B = [ (R)P + ( I aR<m>)2 <lmf+ [ " on(ro)?

) R
<C —|—/ 8RR(rv)8R(rv)

0
<C+ / “"Or(rv)? + //R |0RrR(rv) (2.4.143)

Similarly, using the fact that v(w, Ry) = 0, we have

R oo o0
v(w, R)? z/ vop < Rfm\v|2dR—|—/ R™|vg|?
Ro Ro Ro

0o
< RmR3|\vRRHL2+C+/ / [vRw|?. (2.4.144)
Ro

This yields: [|v]|eo + ||t]loc < Ce™™. We now obtain higher-regularity estimates. The
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starting point is (2.4.95), and as such we define

T ://|8R(rvww)|2+Sup/r\8RR(rvw)|2. (2.4.145)

Since f and g have already been estimated, we compute f,, and g,:

1 1 1 1
fo = 8ww(u0 Yrurg + O, (u Y URRw — ﬁﬁaé(rvw) + 27“8}2%(7“%)8R(E)

1 1 1
2 0,1 0, 1
+ 2r33(rv)3w3(u0) + 5 Duseo (r(V) + 00 uR) + O <u0> urr(v, +v;)

1 1 1
+ O < )uer(v +vl) 4+ 0, <u0> uRraw(vg + o) + (uo) &J(r(vg +ob)ug).

(2.4.146)

I mRR) Y (uiru%R) — O ()P — Ol s
V() OR(r) — V()0 (ru) — 20 (ru.)0R ()
_ 2ra§<rv)aRRw($) —Oun <1> B (r(02 + v} ur) — Or <u10> B (100 + 1 Yur)
Oun (Jo) (urr(e + v1)) — un (ulo) 0 (urr(1) + 01))

w0

1 1
+ 0, (&J(uo)(FR — E\gr — Eog) + o0 (Frw — E1Rw — EORw))
1 1 1
— 8ww(@) (ugRu + ugug) — 2&0(@)&, (ugRu + uguR) 0 (&M (ugRu + uguR)))

R — Ry 1 R — Ry
RO (R RO) ewww( )) + a ( TUORR) R XU iww

1 o R—Ry 1
+ETURR i Xueww—krawmg EaRR

— 6RR(T

> (2.4.147)

We now treat the f,, terms in (2.4.146)

1
[ [ 2= [ [ 5 Gt it + ot + i+ ) + [ [ 1pPoetun)?

+e//|ﬁ|2|aRR(rvw)|2. (2.4.148)
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All of these terms can be estimated in terms of the norm, with ugg, being estimated by
taking 0,, of Equation (2.4.82). We now address g, bearing in mind that all of these terms

are accompanied by rapid decay:

[ [2m-rom< [ RN 02 402 4 i i+ Orero) + (o) + o)

2
//R N <|wa2uR+ +u2>.

(2.4.149)

1 1
< (@)(FR — E\r — Eogr) + o (Fro — Erruw — EORw))

All of the above can be estimated in terms of |||9]||>. The most delicate boundary terms

in g,, is: / [ulwwl? < C(0p)e?, and the most delicate interior term is:
Ro

//wR 2 lot Plurl? < IR0k 2 //R mu2 <R 1||H4//R

< €"|lr™vel[Fa / / U (2.4.150)

The latter boundary term in estimate (2.4.104) has been estimated before. Therefore,

we must estimate the v, boundary term:

/w r{R = Bo)"Onn(ra,) /w r{R= Ro)"0nn <7"8 (v+ R ROR 1o, R@)) 2

R—R
(R = Ro)™Orn (o) P+ [ R O™ 0. Ro)P

w=0

IA
e

=0

IN

O+ ([P 2R™ 20 || s + [[R™ ™t (0,7 ()1 + [t (0, Ro)
C

IN

(B0)e*"2, (2.4.151)

where for the final inequality we use the same calculation as in (GN17, page 25). There-

fore, we can close the contraction mapping argument, and again let N — oo yielding:

Lemma 2.4.11. //(R — Ro)™0r(rvww))? + sup/(R — Ro)™r|0rr(rv,)]? < C(Bp)e?
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where the constant C(6y) could depend poorly on small 0.

2.4.3.4 Cutoff Prandtl Layers

We define our Prandtl-1 layers (ull), ’U;;) by cutting off the previously constructed layers (u, v):

R

up(e B) = X(VE(R ~ Ro)u+ VeX (Ve(R— Ro)) [ . (2.4.152)

Ro

vp(w, R) == x(vVe(R — Rp))v.

Here, x is a standard cutoff function which equals 1 on [0,1]. (u},v}) satisfy the diver-

gence free condition: d,u, + dr(rv)) = 0. We also have the following estimate for u,:

R
WVex'(Ve(R — Ro))/ up] < Ve(R = Ro)x'||uplloe < Ce. (2.4.153)

Ro

We have the following lower-order estimates of uzl, and 11117:

[ [reir e [ [ reehn? < e 24150
//T"(%L)2 < 671/2//Rm(1};wR)2 < /2R (2.4.155)
//rn(vzl)R)2 < 6_1/2//Rm(v;17RR)2 < 6—1/2—5, (2.4.156)

//7'"|u11,w|2%//313(7“1)11,)|2:///R\}E aR(TU;)aRR(W;)

<12 [ [1o(ro)lionnro)

<12 (//Rm|5'R(m)l2+//Rm|aRR(m)|2> < -1/,
(2.4.157)
//r"u]};RIzz//ﬂR(R)Jr/OwujlmR(eJ%)2 §C+//|U;MR|2 :C+//|3RR(TU;)|2

< (2.4.158)

— )
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//T"\“§|2“/|ﬂ1|2+//|%w 2<eiTr, (2.4.159)
RO"P% Ro—‘r\%

//r"|u;|2~//R w},ﬁgu@nim//l% dRdw < 3", (2.4.160)
0 0

I and !, r is bounded

The weight of " can be added in because on the support of v, s

uniformly. For the same reason, these weights can be added in for the uniform estimates.

We summarize the results of the Prandtl-1 layer construction in the following:

Theorem 2.4.12. Let ullﬁvé denote the cutoff Prandtl layers described above. Then
//Rm|81:g(1ﬂvllm)\2 + Sup/Rmr\aRR(rv;)F < C(0p)e™ " for k > 0 arbitrarily small,

/ / R™|0g(rvl,.,) [ + sup / R™Opn(rol,) < C(0o)e 2, and |[rul, v} |0 < C(B0)e ™",

where C(0y) is a constant which could depend poorly on small 6.

2.4.4 Estimates on Profile Errors
2.4.4.1 Angular Errors, R":

There are three lower order error terms from the profile constructions, which come from
(2.4.22) for the Prandtl-0 layer and (2.4.72) for the Euler-1 layer and for the Prandtl-1 layer

by inserting (2.4.152) into the equation (2.4.78):

“(ea) +el/2(/ Ey(w, 0)d) + ¢*/?(Prandtl-1 contribution) = (2.4.161.1) + (2.4.161.2) + (2.4.161.3).

(2.4.161)
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First, we have

(24.161.1) = [[r™ealze < [ ulp R L1020l + ellr™ud, B 2l || < Ce.

(2.4.162)

Next, we have:

//T‘(R)m( T; Eb(w,e)de) dew—e*%// (/ Eb(w,a)d0)2drdw

<e l/x )dw < €3, (2.4.163)

M
N

To estimate (2.4.161.3), we write:

Prandtl-1 angular error contribution =:
R R R
ug, (XU}, + Vex' / u;) +u’ (xwl;w +Vex' / U},w> +r(vp+v;) (xwl;R +2Vex up + ex” / u;) +

R
TU(I)%’,XU; - XU]IDRR + GXHU}D + 2\EXIUZI;R + 63/2X”// U;17 + 2ex” + \/EX/U';R> —(F—E—
Ey)
R R
= (1 - x)(F — Ey — E1) + Vex (ug/ u§,+u0/ u;w+2(vg+vg)u;+2m}m> +

R R
ex” ((Ug —&-vé)/ u,, +3u]1)> + 32" (/ u;))

We give estimates on each of the terms in the above expression:

// X)2|F — Ey — Eq|* <€, (2.4.164)
// ™Y (Ve |\(v —|—v)u —|—upR+u/ 12<e1 "“//\X |R"<ez "
(2.4.165)

[ [ [Cur = [ [wrmrme < e (2:4.160)
R 2
//rm [ex” <(v2+vé)/ uzl,+3u;,> + &3/ (/ ué)]
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cof frever (J' ) s f [

< 6175//X//(\/g')2 < (l/2—k (2.4.167)

Now, we must estimate the higher order terms from the expansions (2.4.1) - (2.4.7) :

el-order error:

[ [t b Pt ut )P < gl [ [t ulo P s e @)
[ [ttt < g+ ot [ [t s e (24.160)
[ [ rmtoiPlusa? <lioplie [ [ 1t + bl < 02, @.4.170)
//rm(ug+u2)2|v§256‘”//k(u2+u2)25e—“—1/2, (2.4.171)

//rm(u; +up)®(v) +v})? S et (2.4.172)
//rmlPﬁwl2 : (2.4.173)
We define:

<1 2
P2 — / —— (udvd, + ud 0 (V) + v2)) + (V) + v U0 R — —— (ugul) — vppRdl

r(t)

RotJz 9 Rotz 1

—/ —u}ougdt—/ —u;ugdt.
R r(t) R r(t)

Using the rapid decay of Prandtl-0 profiles, after taking 0, the first integral is bounded

by R~ for arbitrarily large n. We must therefore treat the 9, of second and third integrals:

ot Je 2 RotJe 9 Rote 1
1.0 1,0 1.0
—u, u dt + —u U, + —u,, U,
/R r(t) PP /R r(t) P /R r(t) e
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The middle term above is bounded by e * R~". For the first and third terms, we use the

divergence free condition and integrate by parts, bearing in mind that vzl,| Rot % = 0 due to

the cutoff:
ot 2 13,0 fot 19, 2 o 1,0
\/R @5‘t(r(t)vp)updt| =|- /R r(t)vpat(@up)dt +vyu,
§67“|ug|+/ (et de < e (ju] + R,
R
forve 2 Robde o ud(r(t))
[T et = o)+ [ rosa ST ar

We place the terms above into integrals, the most delicate being:

// (/Rﬁf r(t)ul0( (E))dt>2dew

2
Ro+ Ro+ wO (r(t
5( v 10,y ) aRdw
r(1)
2
R“%: Fotds _ul(r(t)) ul(r (1))
Se er c dt | dRd
<e (/ vare e et ) drds
2
Ro+ Ro+l 0
Se‘ v (/ |+|1:f|dr> dRdw < e="~1/2,
[l W fubal? i+ 3P @a17)

042 1 * d
// (l;z) 2R < IIUSIIQ//deSﬁ/Q/R ﬂ%é <eM2if§< 1. (24.175)
0

We emphasize that estimate (2.4.175) is the most delicate and requires the weight pa-

2446

rameter § of r to be strictly less than 1.
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e3/2-order error:

//rm|v; 2lul, +up + uzl,|2 +//rm|ué + u;, + vgw + ol 2 S e 2 (2.4.176)

[tttk < R e < Vel < 02 @2a7T)

[ [ [ [1ontonp < e 2.4178)

e2-order error:

//rm|v;w|2 < eV, (2.4.179)

2.4.4.2 Radial Errors, R":

The higher-order radial contributions must be estimated:

€1/2 order error:

[ [ [ [rmeiot e+ [ [

+ //rm (uivn,, + upus (V) +U§))2 +//rm|v;|2|v2R|2+ < e T2, (2.4.180)
[ o a2 oI 2+ o Plopal? + [t Pl + [l + 02 k)’

< e rl2 (2.4.181)

/Tm (loprl® + lupol* + lvprel®) < €77, (2.4.182)

¢ order error:

//Tm|”§rr 08 Vi T gy e l? < € VR 0, (2.4.183)
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//rm|u11)vzl,w + UgUp,, + UpUs, + UpUpp + Vp + Vpyy, + Upy, + vp) < erT20(2.4.184)

€3/2 order error:

//rm|v;zl7ww|2 < 6_5/2.

(2.4.185)

We have established the main result of this section, Theorem 2.2.10.

2.5 Energy Estimates

In this section, the energy estimates in Theorem 2.2.11 are proven. We will need to work
with the restricted domain Qn = (0,6p) X (Ro, Ro + N), and obtain estimates which are

uniform in N. The boundary conditions v = v =0 on {(w, R) : R = Ry + N} are enforced.

Step I: Laplacian and Lower Order Terms

By the divergence free condition:

€ € € € Ve
0= _72uww + juww = _juww + 7aw ———U — VR
T T T T T

_ﬁuww - TTUOJ — ;UWR, (251)

€ U
0= —vgrr +vrRrR = —VRR + OR <\7“[U - :)

Ve € UwR Uy

= — - — —U - — —. 2.5.2
URR TUR+TQU . + 67“2 ( )
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In this step the terms in (2.2.23 - 2.2.24) which involve (u,v) but do not depend on the

profiles, (us,vs), are treated. After adding in (2.5.1) - (2.5.2) these terms are summarized:

2 3
— URR — ﬁ’tm - euw + %u — =, — Svon, (2.5.3)
T T r T r
2 3 w
— 20RR — \7[1}3 - —Vuw + #uw + 2%1} e (2.5.4)
T r T r

As described in the introduction, we proceed to multiply (2.5.3) by 7' +%u and (2.5.4) by

146

€r v

2¢ 3 €
2 146
//[—uRR—uR 2uww—|— zu——2€3/ Vy — —UuR x ritoy
r T

3 w
// l— 2VRR — i’UR 'wa + \fuw + 2%1} — UR] x erttoy. (2.5.5)
T T

Integrating by parts the terms in (2.5.5) yields:

2
- / /(uRR - ﬁuR - —Suww + %)url""s = //u%r”‘S + 20270 o eur™10 (2.5.6)
r r r

- 26/ r 1 o, + Jq,
0o

2 ww —
//(—QURR _ 2ver ev2 + 2= )evr? //26’[)2 THo 4 22140 (2.5.7)
T r

+ 262y 1H0 / 627“_1+51)Uw + Jo,
UJ:GO

fe//uvar‘s ,6//%1%1”5 = 25//uvar5+563/2//r*1+5ku (2.5.8)
— / eupﬂn“‘S =J3— / €URUT67
w=0p w=0p
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where J; = (5\/E//uu3r67 Jo = 063/2//’0’1}3’)“6, and J3 = 26//713%7‘5 +

5e3/? //T*H‘sku. Putting the remaining terms into Jy yields:

Jy = —3¢3 //kur71+5+3e% //vuwr71+5. (2.5.9)

Letting J = J1 4+ J2 + J3 + J4, it is easy to see that:

7] < C(e,00)llv]l5,  C(Bo, €) ~ Obo, V). (2.5.10)

Using the stress-free boundary condition, (2.2.30), the boundary term from (2.5.7) can-

cels with that of (2.5.8):
—/ Er oy, —/ eurvr’ = 0. (2.5.11)
w=0g w=0y

The only remaining boundary contribution is then that of (2.5.6):

b1 = —26/ w0, (2.5.12)
w:GO

The remaining interior terms from (2.5.6 - 2.5.7) are then:

I = //u%%rl*"5 + 2uir‘1+5 + eur 10 4 26111237“1"'6 + 621)37”_1+6 + 26202119, (2.5.13)

Summarizing the calculations from this step, we have:

//rl"’éu X (2.5.3) + er'™0u x (2.5.4) = I + B1 + J, (2.5.14)
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where 7 is defined in (2.5.12), J is estimated in (2.5.10), and the interior terms I are

defined in (2.5.13).

Step 1I: Profile Terms

In this step, we treat the terms from (2.2.23 - 2.2.25) which contain s, vs. For clarity, we

display these terms here:

b L Ve e

€
;usuw + ;uswu—i—usRv—i—vsuR—i- 7vsu+ TUSU, (2.5.15)

21
—UsVy + —VguU + VsVUR + VsRVU — —
r r

—UsU. 2.5.1
r\/gu(u (2.5.16)

Applying our multiplier to (2.5.15 - 2.5.16) yields:

1 1
//r1+6u X [usuw =+ —UsuW + UsRU + VsUR + ﬁvsu + \/EUSU]
r T r "

= //usuwur‘s + U1 + uspuor? Tt + vgupurtT + Vevr®u? + Veugrduv

< Bolloll% + olfull%, (2.5.17)

// s l1 1 2 1 ]
€r VX | —UgVUy + —VguU + VsVR + VRV — — —=UsU
T r r /e

= //eusr‘svvw + evswr‘suv + evszer‘s —+ evsszrH‘s — 2\/€U5uv7‘6

< C(bg, €)||v||% where C (0o, €) ~ O(6y, Ve). (2.5.18)

We have used the following uniform bounds on the profiles, recalling that us(w, R) =

ul(r) + ug(w, R) + Veul(w,r), and vs(w, R) = vg(w, R) + v}(w,r).

||us]|oo < C, (2.5.19)
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[[os7" oo < [[0pr" lloo + [[ve7" o < C + [Jver™|| 2 < C, (2.5.20)
sup /00 u?rr™(R — Ry) < C as shown below in (2.5.27), (2.5.21)

w€[0,00] J Ry

057" [[so < [[r"vpgllso + Vellr™verlloo < C+ Vellr™vellms < C, (2.5.22)

V57 ]|oe < C(6p) by weighted Euler W2 bounds in estimate (2.4.74), (2.5.23)

[Jtswr™ oo < [[upyr™ lloo + Vellue, " |loo < C + Vellr": (1) o, (2.5.24)

< O+ Voo + VeIl oo < C, (2.5.25)

lusrr"lloo < Vellr"ug,lloo + [[upr™ oo + el ug, loo < C + €llr™vel[ s < C. (2.5.26)

Of these, u,(w, R) = ud (r)+up(w, R)++/eul(w,r) is the term which cannot absorb factors
of r due to the outer Euler flow 4 being bounded below away from zero by assumption.
For this reason the estimate for /e [ [ usuvr? in (2.5.17) is the most sensitive to the weight

and forces the loss of one factor of r in the energy estimate.

The estimate |[ul,||oo < |[v2]fs from (2.5.26) is given below:

w 2 w 6o
1 2 _ 1 2 2 2
(il (w,7)? = ( /O ar(rv)(ﬁ,r)cw) = (ud (@, r)® < 00 /O 100 (r0) (6, 7) |20 < O /0 10, () 248,
0o

= sup [ug, (w, 7)[* < 90/ 1071 (r0)[2(8,7)d8 := Bop(r) = |Jugy oo < Bosup [i0(r)].
w 0 r

Since ¢ : [Rg,00) = R, according to the 1-dimensional Sobolev embedding:

o0 0o 0o 0o [e'S) 6o
mmMSHWWmé/\ﬂMW+/ @wmws/’/ @wmwww+/ /|&meww
T Ro Ro Ro 0 Ro 0

Combining these gives ||[ul,||oo < ||r"v!||gs for a constant independent of small 6. We

can repeat the argument for a weight of r™.
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The profile estimates in (2.5.19) - (2.5.26) are all independent of small 8y, with the
exception of ||vsw||co. Any time ||vsw||c0o appears in our analysis, it must be accompanied by
a power of € to overcome the potentially poor dependence on 6y. For the uniform bounds,

this follows from the fact that the corresponding H? estimates were independent of small

o0
6y. For the sup / u?gr™(R — Ry) estimate, we have:
w€[0,00] Y Ro

sup [ (R~ Ro)rtuy < Clad) +sup [ (R~ Bormlud, () dR
[0,90] Ro Ro
o0
<C+ esup/ " Hul(r)Pdr < C 4 efy M| |r" T ol | g2 (2.5.27)
Ry

Step III: Pressure Term

Applying our multiplier to the two pressure terms in (2.2.23 - 2.2.25) yields:

//Pu,ur‘gJr//PRWH‘S
_ / / Puur® — (1+6) / / JewPrd - / / PPy + /w R

= —6//P\/Evr5+/ Pur®. (2.5.28)
w:Go

Using the stress-free boundary condition at {w = 6y}, which is Pr = 2eu,,, this boundary

contribution cancels the remaining boundary term 5; from (2.5.12):
/ Pur® — 26/ wu,r 10 = 0. (2.5.29)
w:Go UJ:HO

The interior term is estimated as follows:

\5//13\@”«5\ < (//13%5)é <//61)27‘5>; < d0olollallPllz . (25.30)
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Step IV: Right-Hand Side

//fr1+5u<zv //f2 2+5+5//u (5)//f2r2+5+0§\|u||23 (2.5.31)
//gr1+‘5v<N // 2 2+5+6//ev2r5 <N6// 20200 4 92|[u]|3. (2.5.32)

Putting the calculations in (2.5.14), (2.5.17 - 2.5.18), (2.5.30), (2.5.31 - 2.5.32), together

yields Theorem 2.2.11.

2.6 Positivity Estimate

In this section, we establish the positivity estimate given in Theorem 2.2.13. First, we must

prove the positivity calculation in the generality we require, that is, using the weight of r°:

Proof of Lemma 2.2.12 for general 6.

[ [ roontr? = / [rotonul = [ [onyu + P o)
e [ (E) e [ o
//‘SI(?R u—//5‘51 \fususR—// ( )ususRm

[ [t = [Amonreanons | [t | [
S [ [roionp (2.6.2)
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where we used the Fundamental Theorem of Calculus, the hypothesis that minus > 0,

and estimate (2.5.27) for the rapid decay of usg. Lastly, we deal with the term:

/2
5//\/&5717“2@2%712 < (//ev2r5> (// sR’l’QTzH)
Us
1/2 1/2
< bollv||B (sup/uiR(R— Ry) "dR) (//UR) < Oollv]|%. (2.6.3)

Estimates (2.6.1) - (2.6.3) immediately imply the desired positivity.

Step I: Positive Profile Terms

2 146

r?v r

As discussed in the introduction, we apply the multiplier (r°dg(— ), —€d,(
/U/S S

v )) to the
system (2.2.23 - 2.2.25). Here we treat the three profile terms which enable us to obtain the

necessary control of ||v|| 5. Explicitly, we are computing:
// “u, +vuéR) r aR< ) // Yol 149 (” ) . (2.6.4)
Us Us

We now compute each of the terms in (2.6.4) individually:

J urviuanr= oo (2)
—//\/Er‘sv@R(W)_//ré‘aR(rUNQ+//T6u5RrvaR(rv)
//\fr vOR(rv) // °|0p(rv)|* + // s Usk 5 (rv)?). (2.6.5)
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For the first term in (2.6.5), we estimate:

|//ﬁr6vaR(rv)\ < 6, (//evgr5> i (//r5|83(rv)|2> C<tololB (26.6)
The second term in (2.6.4) is:

/] )~ [ [ vt (VAL 42800 3t
0 A

(2.6.7)

Combining (2.6.5) - (2.6.7), integrating by parts the final terms in both (2.6.5) and

(2.6.7), and recalling estimate (2.6.3) yields:
// —uw +vugR) °0R <

The third term in (2.6.4) is

//7’ sV ( 3 S)) - fe//r%Q +6//T‘§L:j:vvw = (2.6.9.1) + (2.6.9.2).

(2.6.9)

)<90||U||B // |Or (rv)[* — 5“‘;RR( rv)?. (2.6.8)

We estimate (2.6.9.2):

u 1/2 1/2
e//r‘S uswvvw < 0ol |tsw]|oo (//eviﬂ) <//evir5) < bollv||%. (2.6.10)
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Putting (2.6.8 - 2.6.10) together and using the positivity estimate (2.2.33) yields:
//r|83 )2 + 6//7‘1) —(2.6.4) + Oo||v||%. (2.6.11)

Step II: Remaining Profile Terms

We now apply the multiplier to the remaining profile terms and provide bounds on each
term, keeping in mind the estimates on the profiles we proved in (2.5.19 - 2.5.26). For
reference, we include the specific profile terms from equations (2.2.23 - 2.2.25) that we treat

in this step:

1

—UgyU + VsUR + ﬁvsu + ﬁusv, and (2.6.12)
r r T

ot & Uy + 21 (2.6.13)
Vgl + Vg VsRU — — —=UsU. .6.

T R B e

Applying the multiplier to (2.6.12 - 2.6.13) yields:

2
//< uswuﬁ-vsuR—i—\[vsu—i—\[usv) g (uv> (2.6.14)
21 ritiy
- “—Usw S S - T T ~Ug W . 2 1
e//(rv U + VsUR + Vs RV T\/Euu>8<us ) (2.6.15)

We estimate each of the eight terms appearing in (2.6.14) - (2.6.15) individually:

//uswur 1 (7;;;2) // <1/2“:+T‘W ZvaR(uls))
590(//7«%3) <(// r°|0R(rv)| ) (// ) )

< 0o|[v||%, where the constant C' = ||ty ||oo + sup/uﬁR(R — Ro)r". (2.6.16)
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[ [ nrson (22) - //vngf 28 szgg
([ [ro)” ((//W) (// 9 on(ro)? )

S Ool|vl|Bllulla, where the constant is: C = ||vsr™ || oo —&—bup/ugRr (R — Rp). (2.6.17)

/] x/Evsuré‘laRl(/Z;D: [ [ vevam (Ve 2 L)
S(f Jorr) (] o) "o ([ ) )

< Vebo||v]|%,  where the constant C' = ||v]|oo + Sup/uiR(R — Ryp). (2.6.18)

> //\fusw ( raRZU)H‘QUaR(;)) (2.6.19)

= (2.6.19.1) + (2.6.19.2) + (2.6.19.3).

//\fuvr‘s 10 (

(2.6.19.1)://67«%2geo//er%g,

26192~ [ [Vatontro <an([ [ 6)/ (/] r5|aR<rv>|2)1/2,
(2:6.19.3) = //mz RRENES <90<//erv )1/2(//7“ uerv)
<a(/ [ 5) (sup / r”u§R<R—Ro>) (/] aR<rv>|2)

Thus, (2.6.19) < 6p||v||%. We now individually compute the terms in (2.6.15):

v, VU
[ [ ertvan (2= 2 ) < Vel + i) bl (2020)

2
Wy

Here again v/€||vswy || 18 @ good term despite the potentially poor dependence of ||vsy || oo
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< Ve(llrvslloo + lruswllso) o], (2.6.21)

Vw VU g
//76r1+5vsRy (u - ) < (IIrvsgllos + |Irtiseso) Bollv]%, (2.6.22)

//r5u2>1/2 <//6r%3>1/2
/réuQ)l/Q (//6T6“2>1/2590|Iv|23. (2.6.23)

Terms (2.6.19) and (2.6.23) require precision with regards to the weight r® in our mul-
tipliers, as the profile uy; cannot absorb any factors of r. The results of this step are

summarized:

(2.6.14) + (2.6.15) < C(60, )||0]|% + Nlull3, C(fo,€) ~ O(Bo, Ve). (2.6.24)

Step III: Laplacian and Lower Order Terms

In this step, we treat the terms which contain (u,v) and do not depend on the profiles ug, v

in equations (2.2.23) - (2.2.24). For clarity, these terms are summarized here:

2
Cupn - Yo - ot Su— 20, ana (2.6.25)
T T T T

€ € 2,/€ €
S L O (2.6.26)
r T r T

Applying the multiplier then yields:

Us Us

r2v ritoy
//(Equation 2.6.25) x r°9p(—) — e//(Equation 2.6.27) x 0,( )=
Ve € € 2 a9 5o TPV
// (—uRR = U = T—Quww + U e 2oy ) r Or(—) (2.6.27)

Us
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) 146
— 6// (_URR - ﬁUR - %’wa + quw + 621}) aw (M> . (2628)
r r r r Ug

We proceed to individually estimate all of the terms appearing in (2.6.27 - 2.6.28).

(2.6.29.1) + (2 6.29.2) + (2. 6.29.3). (2.6.29)

(2.6.29.1) = \[//uRaR _e//

+ Ve / / uRrH%aR(—) < ﬁuuHAanB,

(2.6.29.2) = //uRaR(l+6aR rv) //UR8R<1+6uw)
1+5\[//“Rr e //u rl”u“R // 0y puy, Or( )

=(2.6.29.2.1) 4 (2.6.29.2.2) + (2.6.29.2.3).

1/2
(2.6.29.2.1) < ﬁ(//ﬁ@) (//r%i) < Vellullallv]| s,
(2 6 29 2 2 // 1+6 ]‘ U% // 1+58 ( > 1/ T1+6iu?{)
2 w=0p Us

(2.6.29.3)Z//URGR(72+6U8R(;S)) (2+6) \[//uRrH%(')R(ui) //URUR’I“Q"FéaR(uiS)‘F

//r2+5uRvaRR (1> .
Us

For the last term in (2.6.29.3), we use:

//uRRr (\f +U*8R(7MU)+7“ UaR(us))

uR—aR (rv)

sup [ (R Rau < O+ sup [ (R~ Ryl PR
R[) RO

<C+é sup/ m|uerr|2dr
<O+ 205 |rm™vl]|3s < C + eyt (2.6.30)

sup/ "™ (R — Ro)lusp|* < C + € SUP/rm(R — Ro)|ul[*"dR < C + C(6o)e®. (2.6.31)
Ro
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- - 1 1
Summarizing, we have shown (2.6.29) < 6|[v||% + N(8)||u| — 5/ P10 —y2. The
w=60g s

next term in (2.6.25) is:

// _ Jeupr—1+0 (\[ + aR(m;) + 7200p(— L ))

(] frea) (] o (] o) (] o)
_WM%MHW(//21M> (//”T>/ (0o + VOllullallvlls.  (26.32)

Next,

1 r2v
.
// €T275uww R( e

€ r2v Uy, 720
)= [ [ swduonl, )—e/w_eo S on("0). (26.38)

S S

We treat the interior term in (2.6.33), and place the boundary terms in the boundary

contribution, S, which will be treated in the next subsection:

€ rv  Or(rv) 1
//ﬂuw w // 2— 5uw W <\/Eug+7"ug+7“ ’UaR(Z) (2634)
(2.6.34.1) + (2.6.34.2) + (2.6.34.3),
£3/2 ,
(2.6.34.1) / vt 5//51%@6 ( )<\f|7f|37
1
(26342 // uwuwwr :_7// -1 — *//Ui@w <> 7"6_1
2 Ug
€ 2 L1 < € o 1 -1
o I I B
(2.6.34.3) //euwrvwaR( )—l—e//ruwv@wR< )

For the final term in (2.6.34.3) , we have used: € sup /(R R0)|8wR( )|2 < C, which
[0,60]

can be estimated in a similar way as (2.6.30) - (2.6.31), to obtain:
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e//ﬁ%wm<;)<w(//ﬁﬁ)w(//emmimﬁﬁfms¢dw%

(2.6.35)

€ 1 U, r2v
This establishes term (2.6.34) < 2 _ € 2 boo1 / g .
is establishes term ( ) < Vellvlln 2/w_90 uwusr € - 35 r( o )

We now treat the second-order terms from (2.6.28):

62//T6—1UW (“w _ U“S;) = (2.6.36.1) + (2.6.36.2), (2.6.36)
Ug u

S

(2.6.36.1) = €2 0 v 1 < 710, (v2) L
-0.00. - ww w s - 9 w W g
_7// =129 i +62/ r5_1v21—62/ T§—1v2i
2 =9, wus 2 w=0 wus’
(2.6.36.2) = 62//7“6_1Uw8w (
U
= 62//7"5711)3% +€2//réflvwv8ww (1> —62/ r‘s*lvwvui;.

Uy Us w=0p Uy

The middle term in (2.6.36.2) requires the following estimate on the profiles:

bup/(R Ro)|thsww|?dR < C’+ebup/|uww (r)(R — Ro)dR

<C+sup/|ueww ) Prdr < C+ 605 |v]|%s < 05t (2.6.37)

sup/ s (R — Ro)dR < C + ¢2 sup/ L [*(r) (R — Ro)dR

<aﬁ%(//WMﬁ+//me@

< CH+ ey vl w2 (2.6.38)
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Thus, we have term (2.6.36) < ve||v||% + %/ — — %/ o2 — —
w=0, us w=0 u

0
62/ r‘s_lvwvui;. The final second-order term from (2.6.28) is
90 uS

// 1+6y <”“ —v“?) (2.6.39.1) + (2.6.39.2), (2.6.39)

1 146 1
(26391 :—6//UR8R( 1+6Uw> :—6// ( +(5 \[7“ Vw +7“ uUUJR+T1+68R<u>vw)

€
S Vel ~ [ et
-

(2.6.39.2)26//1}38R <r1+ ) —e// L+oy 2 +(1+49) 3/2//1111 po Lsw
146 L
€ r"orviy,r [ — | -
Us

For the final term in (2.6.39.2), we use that e sup /rm(R — Ro)|uswr|* < C. Thus,
[0,60]

1
(2.6.39) < Ve|lv||% —/ , %r““sv%u—. Finally, we have the low-order terms from (2.6.27)
w=0p S
- (2.6.28):

//7“2%5” (‘/EZ + uisaR(TU) +T2083(1)) _ %vw (f + 8R(rv) + 1r2v0R( ls)>

S S

+ €3/2 rug U—w—vusw -2 /201y, U—w—vusw
Ug Ug u?

’U(.U usw
—//8M*vQL—vu)<0@%mwB+Nmm, (2:6.40)

S

where C'(e,0) — 0 as either §p — 0 or € — 0. Summarizing the results of this step:

(2.6.27) + (2.6.28) < C(e, 00)|[v|% + Nllull% + Ba,  C(do.€) ~ O(00,Ve),  (2.6.41)
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where S contains the boundary terms from (2.6.29), (2.6.34), (2.6.36), (2.6.39):

1 1 € 1 3 B r2y €2 2
Ba =—= TH‘S—U% - = —urdl — ¢ Uy’ 20r(—) + o=l
2 w=0 Us 2 w=0p Us w=0g Us 2

w:90 U’S

2
Use §5_ € _ 1 € 1
—62/ vvw%ré - ot 5——7/ POt — g2, (2.6.42)
e U 2 0o Usg

Step IV: Pressure Terms

In this step, we apply our multiplier to the pressure terms from (2.2.23 — 2.2.25), which

immediately yield:

//Pwr6_183< ) //PRTH‘SB //P r //PRT‘5 L0, (
:/wzgo 91 PoR( v)+(5—1)//\/gr6p (Z“J-Zﬂ) (2.6.43)

S

The interior term is estimated:

1/2
|5—1||//\/a~5p (”w_“s;v)|§5—1| (//mﬂ) o]l 5. (2.6.44)
us  u2

We estimate the boundary term from (2.6.43) using the stress-free boundary condition

n (2.2.30):

2 5—1 " 1
Bp = / r‘;_lPaR(T v) = —25/ ! u? + 263/2/ po-1de? + 26/ U, vdR(—)
w=bo Us w=0p Us w=0o Us w=0o

Us

P
< —e/ ul + N ev?rd=L, (2.6.45)
w=0 Us

w=00
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Step V: Boundary Terms

We rewrite the Boundary contributions of the Navier Stokes terms, starting with (2.6.42):

1 1 € 1 B B r2u €2 02
fa=—= plte—yl — - —2r0l ¢ U T2 OR(—) + = 2 p0-1
2 w=0g Us 2 w=0 Us w=0g Us 2 w=0g Usg

2
U _ € _ 1 € 1
— 62/ vvw—zwr‘; b oy — — 7/ ot %
w=0o ug 2 Juw=o Us 2 Ju—p, Us

€ PO+l
_€ v 2.6.46
T (2.6.46)
€ -, 3/2 5—1 UV 1 2 o1, Usw
:7/ u;, +e / e/ ruwvaR(—)—e/ g
2 w=0y B w=0g Usg w=0g s w=0g Uy
541 2 2
- E/ ! vh — 6—/ po=1 2w (2.6.47)
2 w:90 US 2 w=0 us

In the equality yielding (2.6.46), the stress-free condition from (2.2.30) was used. Using
the divergence free condition: u, —+/ev = rvg = r?v% = u2 +ev? — 2y/evu,, we can rewrite

two of the terms in (2.6.47):

€ ,ré—l 9 € 7'6+1 9 62 ,r(s—l 9 3 7"6_1
_ u;, — = vp = —— v+ €2 VU, - (2648)
2 w=0g Us 2 w=0p Us 2 w=0p Us w=0p Us

We also note that the [ _, in (2.6.47) is of a beneficial sign, and so we only keep treating

the [ _, contributions. Summarizing, we have:
w=0 )

2 5—1
1 UV 1 _ u € r
Ba = 63/2/ PO —e/ ru,vdp(—) —62/ o Lou,, Szw - —/ v?
w=0o Us w=0 Usg w=0 ug 2 Jo—o, Us

51 2 2
/ L VU — 6—/ i1l (2.6.49)
w=0y Us 2 w=0 Us

o

+e€

‘We now note that: /

ev?rdl < 98//6'03)7"6_1. Using Young’s inequality we can
OJ:90



120

absorb all of the terms in (2.6.49) and (2.6.45) into either —/ eu?r®~t or / el
UJ=90 UJ=60

terms except for the third term in (2.6.49), which we now estimate:

_ u u u
- 62/ o Lov, = = e/ ruRv = = 76/ udg(r’v =)
w=60y Uy w=60g Uy w=0g Uy

Sw Sw 1
= —e/ uér‘s_l\/gvu 5 6/ r6uvRu 5+ e/ rouvdyp () (2.6.50)
w=0g Uy w=60g Uy w=0g Us

= (2.6.50.1) + (2.6.50.2) + (2.6.50.3).

First, we have:
3 3 3
(2.6.50.1) < €3 (/ , u2> (/ , v2) < eh? (//ui) (//61}3) < b2 ||v||%.
w=0p w=0bg
1

For the second term, we use the divergence free condition vg = —+/€:

N

~U — %uw, yielding:

1 u _ U
(2.6.50.2) = 63/2/ 70 1%1”14—6/ 0, =5
_ u _ u
w=0g s w=0g s
1

con([ ) ([ el ) ([ )
w=0, w=0, w=0 w=0g

0 0
5698(//1@) (//evi) +600(/
< b3 ||vl|% —|—590/ eu? —|—N(5)906//ui < 590/ eu + efol|v]|%.

(4)290

For the third term, we have:

(2.6.50.3) < el |Oun (J) I (//Uw) "o <//ev3r‘;)é <OolllE.  (2.6.51)

‘We have used that

1 _
|0 r (u ) Hoo S HuszHoo + ||usw||<>0|‘usR||oo S O+€‘|Ué||H4 Se 1z,
S
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The results of this step may be summarized as:

6—1

Bal + 1ol 5= [ €

UJ:00 S

uz, + C (0o, €)l|vl|B,  Cl0o.€) ~ O(0o, Ve). (2.6.52)

Step VI: Right-Hand Side

[ [ron=t = [ [ 550 (Ve s rontro) + rhuon1)

gN(S)//f2r2+5+S//ev2r5+5//r5|aR(m)|2, (2.6.53)
e//ng‘sZ—j < N(g)e//g2r2+5+5//evir6, (2.6.54)
e//gr“‘;vlﬁg < N(S)//692T2+6 +5//ev2r5. (2.6.55)

Placing the above steps together finishes the proof of Theorem 2.2.13.

2.7 Pressure Estimate

Given P(w, R) € L*(Qy), there is a corresponding scaled p(w,r) = P(w, R), whose domain
is Q ey = (0,60) x (Ro, Ro + v/eN). Abusing notation, denote the Euclidean counterpart

to p(w,r) by p(z,y).

Definition 2.7.1. L2 denotes the mean-zero subspace of L*: qo € L3 iff [ [qodzdy =

I [ qordrdw = 0.

Claim 5 (Mean-zero solvability of div). Denote the annular domain g, = (0,60y) x
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(Ro, Ro + 0o). For each qo € L3(Qp,), there exists a vector field vo € HE(Qp,) such that

div(vo) = qo .l[vollmy(a,,) < CollaollL2(0y,). where Co is independent of small 6.

Proof. The solvability of div : H} — L2 is well known (see (Orl98, pp. 26-28)). The
important point for our analysis is that the constant Cj is independent of small 6y. This
is guaranteed by (Galll, p. 162, estimate II1.3.4), in which it is shown Cjy < ((1i2”1171(§9‘3))27
where R is the radius of a ball Br C €, with respect to which €y, is starlike. In our case,

R =~ diam(Qyp,). The claim is proven. O

Claim 6. For each q € L?*(Qy,), there exists a vector field v such that v .= 0 on {R =

Ro, Ro + 6o}, {w = 0}, and [[v||m1(a,,) < Clldl[z2(0y,), where C is independent of small 6y

Proof. Similar to (Orl98, page 27), define the mean-zero function gy = ¢— ( i fﬂe qrdrdw) div(w),
0

where w = (6064(7“ — Rp)(0g — 7+ Ro)w, O). By direct computation,

// div(w)rdrdw = 1, ||div(w)|[2 <0570, |iwllm < 65" (2.7.1)
Q

Denoting by vg the vector field guaranteed by Claim 5 for the function gq,

Ivollis S laollze < lallza + ([ [ lalrara) idivw)llzs S laloe + lallz26065" < lall
(2.7.2)

The factor of € in the final inequality in (2.7.2) arises from Holder’s inequality:

0o rRo+60 1
// lg|rdrdw < ||q||L2 / / rdrdw < |lal| z260- (2.7.3)

The desired vector field is now v = vy + ( I [ qrdrdw)w. Clearly v vanishes on the
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required components of the boundary, and we have:

Wl < lvolle+ ([ [ lair)liwlls < lallzs + llallotots" = llallze. (270

The claim is proven. O

Claim 7. There exists a vector field F(x,y) = (f(x,y), 9(x,y)) such that div(F) = p(x, y),

and:

IFlla @ ) < Cllpllz (2.7.5)

QﬁN (Q\/EN)’

where the constant C is independent of €, N, small 6y, and where F vanishes on the

Dirichlet portions of the boundary {R = Ro},{w =0},{R = Ro + veN}.

Proof. Divide the domain 2 £y into QF = {0,600} x {Ro+ kb, Ro+ (k+1)0}. By Claim 6,
there exists a vector field, Fy,, such that div(Fy) = p on QF, Fy(w, Ry + 0ok) = Fi(w, Ry +
(k+1)00) = Fx(0,7) = 0, and ||[Fx|[g1r) < C||pl|r2(ar), where C does not depend on
small 6y. Define F = ZFk Then [[F||g10) = ZHFk”Hl(Qk) < CZ||p||L2(Qk) =
C|Ip||L2, and div(F) = p. Flnally F satisfies the requlred boundary condltlons The claim

is proven. O

The vector field F can be expressed in the polar coordinate basis ey and e,, and as
functions of w,r, in which case div(F) = “:—W + % + ¢, = p(w,r). Converting estimate

(2.7.5) to polar coordinates reads:

//Q ((b o +£+£+¢ -I-w)7“d7“dw<//Q 2(w,r)rdrdw.  (2.7.6)
VeN

Define a(w, R) = ¢(w,r) and v/eb(w, R) = ¥(w, 1), s0 ax(w, R) = ¢, (w,T), %aR(w, R) =
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or(w,r). Also, v/eb,(w, R) = ¢y, (w,r),br(w, R) = ¥(w,r). Note that this scaling is the

same as the Prandtl scaling. Scaling all of the terms in (2.7.6) yields:

22
// <a2 e Lty g2y b%) rdRdw < // P(w, R)*rdRdw,  (2.7.7)
Qn T T € Qn

and the scaled divergence equation:

o b
a7+\f;+bR:P. (2.7.8)

The admissible weights in (2.7.7) must be generalized to 7° for § € [0,1]. The next claim
shows this is possible as long as a small error is made in the scaled divergence equation

(2.7.8).

Claim 8. Given P € L*(Qy) there exists a vector field Ay = (a,b) such that
a? o1 s s
// a>+eb® + L 42 + ~a% +b% ) r’dRdw < / P(w,R)*r°dRdw, (2.7.9)
Qn r? r? e Qn

where the constant is independent of N, e, and small 0y. A; vanishes on {R = Ry, Ry+ N},

{w = 0}, and satisfies the scaled divergence equation:

W b 1-5
Y Vel b= P (0 ) Ve (2.7.10)
T r 2

Proof. Given P, define P = Prs=s. Applying the procedure culminating in estimate (2.7.7)

to P gives a vector field (@, b) satisfying:

_ a? b? 1 _ _
// A+ eb?+ 2 2 4 252 152 ) rdRdw < / P%r = // P20 (2.7.11)
Qn r? rt e Sy O
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and
(2.7.12)

Define Ay = (a,b) = (dr%*%,l_ﬁ%’%). One readily computes the scaled divergence of
A; to check equation (2.7.10), as well as the desired estimates (2.7.9). It is also clear that

A; vanishes on {R = Ry, Ry + N}, {w = 0} because (a,b) vanishes on those components.

O

The claim is proven.

We now test against our equation against the multiplier (ar®, er®b) in several steps.

Step I: Pressure Terms

Applying the the multiplier (ar’, er®b) to the terms in equation (2.2.23 - 2.2.25) containing

the pressure, P, yields:

//Pwm“éflJF//PRbT(S :*//Pawréfl+/ Par®~1 —//Pr5b375//r§71\/€bP
w:@o

://_P2r6+2(1_5)//ﬁbr5—1p+/w=90 Part—1. (2.7.13)

We have used the relation (2.7.10). Using (2.7.9), the middle term above can be esti-

mated:

4 s s(f[#0) (] fo)
<1 —616p (//P%«“)% (//ebir“)é <(1 —5)90//P2r5. (2.7.14)
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Step II: Laplacian Terms and Lower Order Terms

In order to obtain the proper boundary cancellation, we use the representation of the Lapla-

cian given in (2.5.3), (2.5.4). Applying our multiplier then yields:

2¢ 3 3/2 € S
—uRR——uR 2uww—|— QU—T—ZG vw—;va ar

3 W
// l— 2VURR — 7\[ — €2wa + 7\2%1@ + 2—6211 _ UeR R] ebr®. (2.7.15)
r r r

We successively treat each term in (2.7.15), starting with the important, high order

terms:

_//URRr‘sa://réuRaR ;2//57«5—1\@3:
< ( /] r%) ( / /lrzug) +f /1 iré—lﬁm
<o fraae)” (] f40)" ] o

< Vel Pllzz slulla, (2.7.16)

o f [attan =2 [ [t [t
<ol )T ([ frars) cae e

< [Pz sllo]ls — 2 / r2qu,, (2.7.17)
w:90

—2//evRRr5b:2//erévaR—i—%S/Q//ér‘S_lva
1/2 1/2
<e (//r‘sv%) (//r‘sb%) +2e3/2//5r5_1bv3

< €l|v]|BlIPl| L2, (2.7.18)
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—//GQwabT672 = 62//1}“,1)“,7‘572 —/ 2v,brd 2
w:00
1/2 1/2
<e (//evir‘s_Q) (//ebirg_g) —/ e2r92p,b,
w=90

< ellolls||Pllz.s — € / r=20b, (2.7.19)
w=0g

*6//7.14wa’)"671 = 6//7,5711”{% 76/ " lupb
w:00
1/2 1/2
< e (//r‘su%,) <//ebiré2> — e/ ugbr®~!
w:00

< Vellullal|Pl 2. — e/ upbr®=1, (2.7.20)
UJ:(90

The remaining terms can be estimated through Young’s inequality:

// —\/EuRar5_1 + eaur® =2 — 363/27“6_2%,6@ + evaar‘s_l + 263/2()1)31“6_1 + 363/2buw7°5_2 +e2r' 2

< C(e,00)l|P|

2, (lulla+lvllB), (2.7.21)

where C'(6p,€) — 0 as €,0p — 0. Summarizing the results from this step,

//(Equation 2.5.3) x ar’® + (Equation 2.5.4) x br® < C(0o, )IP[|L2 , ([|ulla + [[v]|B)

- 26/ r2qu, — € / O 2p,b — 6/ uRbT‘S_l,
w=0 w=0 w=0y

(2.7.22)

where C'(6y,€) — 0 as either argument — 0.
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Step III: Boundary Contributions

We now treat the boundary contributions from the previous two steps. From (2.7.13) and

(2.7.22), all of the boundary terms are:
—e/ wrbrd ™t — 62/ =2y, — 26/ " 2aqu, +/ Par’~1 = 0. (2.7.23)
UJ:GO UJ:GO w:60 w:OQ

We have used the stress free boundary conditions from (2.2.30).

Step IV: Profile Terms

In this step, we give estimates on the terms from (2.2.23) - (2.2.24) which depend on the

profiles ug, vs. Precisely, we successively treat:

1 1
// [usuw 4 —Uge,U + UsRYV + VsUR + ﬁvsu + \/Eusv] ar® (2.7.24)
r r r T
1 1 21
+ // lusvw + — Vgl + VsUR + UsRU — usu] ebrd. (2.7.25)
r r r /e

Throughout the following estimates, we use the bounds on the profiles uy, vs that were

proven in (2.5.19) - (2.5.26).

1/2
[ [t <ol ([ [a2e?) ([ [a2r ) < ollolal P15

(2.7.26)
[ [t < it ([ [2e) ([ o)™
(/] uir5)1/2 (/] 5)/ < B3l1oll 1 Pllz s (27.27)
//USRUQT6§‘90 <sup/u§Rr"(RR0) <//r vR> (// 20— 2>
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S bollvl 5] P

12,65 (2.7.28)

1/2 1/2
//vsuRr‘sa < |vsT|oo (//T(SUQR) (//a2r5_2) < Ool|ul]allP)
1/2 1/2
[ [vewarsve ([ ) ([ [ar) " s tovalnlsliPlles 130
1/2 1/2
//\/Eusvar‘sfl < (//vQT‘S) (//a2r52> < bol|v||B]|P|
1/2 1/2
[ Juwr =t =ttud ([ faze) ([ [ar2) S lbllair
(2.7.32)

1/2 1/2
e//vswubr5_1 < \/E(//UQT‘S) <//eb2r6_2> S V3| vl P2 5, (2.7.33)
1/2 1/2
e//vSvar‘s < Ve <//r2+5v123> (//6()27“6_2) S Vebollv||BlIP| 2,6, (2.7.34)
e//vsvar5 < bol|v||8||P]
1/2 1/2
2//\/Eusubr5_1 < (//u2r5) (//eb%"‘s_z) < 03||v||B||P||r2,5- (2.7.36)

L2 (2.7.29)

2.5 (2.7.31)

L25

2.5 (2.7.35)

We summarize the results of this step:

//(Equation 2.5.15) x ar® 4 (Equation 2.5.16) x ebr’® < C(00, )IIP[|zz , ([|ulla + [[v]|B),

(2.7.37)

where C(6p, €) — 0 as either 6y, e — 0.

Remark. The choice of weight on the multiplier (ar?, ebr®) is delicate in the sense that it is
“critical” in several of the profile estimates given above. Specifically, in calculation (2.7.26),
[|us|| L= is unable to absorb any factors of r, and so the weight after applying the multiplier

(which in this case is usu,ar®~!) must exactly match those of ||v||z and ||P|| 2 5
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Step V: Right-Hand-Side

Finally, we apply our multiplier (ar®, ebr®) to the right hand side of the system (2.2.23) -

(2.2.25), which immediately yields:

//far5+egr6b§//f27“5—|—692r5+5//r56b2+5//r5a2
g//f27“5+//eg2r6+5||P||%3’5. (2.7.38)

Putting the above steps together yields the desired Pressure estimate in Theorem 2.2.14.

2.8 Linearized Existence and Uniqueness for Navier-

Stokes Remainders

In this section, we prove Theorem 2.2.15. The full estimate for the linear problem, given
in (2.2.48) is uniform in N, €, and small §y. It was established in Corollary 2.3.8 that the
spaces X and B endowed with their respective norms are Banach spaces, and so we can
establish existence and uniqueness of the linear problem by applying Schaefer’s Fixed Point
Theorem. We must apply the fixed point theorem for each fixed N, obtaining a solution
u¥, vV, We can subsequently send N — oo as estimate (2.2.48) is uniform in N.

For the following discussion, we fix an ¢ and an N < oco. Denote the Prandtl-layer
version of the Stokes operator as S, so Si[u,v, P] = (f,g9) <= [u,v, P] satisfy the linear

system:

2 1 ~
U—URR — ﬁur = S+ —u— =2, + =P, = f, (2.8.1)
r r r2 r2 r
v \/E € 2\/€ 1 -

€
E — UVRR — TUR — ﬁvww + TTUW =+ 7’721) + EPR =g, (282)
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Uy + Or(rv) = 0. (2.8.3)

Claim 9. S;': L?(Qn) — L*(Qy) is compact.

Proof. The usual Stokes solution operator, S~!, is compact on bounded domains from
L? — L% Suppose we take a sequence {f,,gn} € Li’J(QN) which is uniformly bounded
in the norm. Then define [f, g, (w,7) = [fn,gn](w, R(r)), which are uniformly bounded
in L2(Qy/) where N’ = Ry + \/eN. This implies [t,, 0,] = S(fn,gn) has a subsequence
which converges in L?(Qx). Define [u,(w, R), v, (w, R)] = [u(w,7), ﬁv(w,r)]. Up, Uy, SOlVE
the Stokes—x operator, so [, v,] = Sy (fn,gn). Moreover, by scaling, u,,, v, also have a

convergent subsequence. Therefore S;! is compact on L(Qy).

We will need a version of Korn’s Inequality using the polar coordinate basis, for which

we adapt the proof given in (Cial0).

Claim 10 (Lions’ Lemma). Let U be a bounded, open set with Lipschitz boundary. Suppose
a distribution u € D'(U) has Vu = (‘%“’u,a,»u) € H-Y(U). Then u € L*(U).

Proof. Expressing “« = coswu, — sinwu, and u, = coswu, + sinwu,, and the obvious

inverse relationships, we have that (ug,u,) € H™! < (a“ U, aru) € H~!. From here, the

T

claim follows from Lions’ Lemma, found in (Cial0O, Thm 1.1). O

Definition 2.8.1. Let e(4, ) be the symmetric gradient:

e(t,v) = 0 (5 + ) . (2.8.4)

(=+m) @

= ‘5‘

N[—=

SIS

Gy

Denote the norm ||i, 9||g, = ||@,9||r2 + ||e(, 0)||12 + k|| %, %] 12.
" T T
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Claim 11 (Korn-type Inequality). For the solutions (u,v), we have the variant of Korn’s

inequality:

@, || vy S (|, 0], (2.8.5)

where the constant depends on the domain, U, but is independent of small k.

Remark. As noted in (Cial0), these Korn-type inequalities do not make any restrictions on

the behavior of (u,v) on the boundary oU.

Proof. Using standard arguments, E,; is a Banach space. We now show that E, (U) coincides
with H'(U). Clearly, H'(U) C E.(U) continuously: ||a, ||, < C||a, 9|/ ) where the
constant is independent of small k. The reverse direction is delicate and requires a use of
Lions’ Lemma. We suppose ||, ?||g, < 0o, so e;; € L? = Ve;; € H~!. The components of

V?2(1,v) can be expressed in terms of Ve;; via:

(% Ve

U _ 0 U U Uy U, 0, o U _ _
%ﬂjrm ﬂ’ “r a’r(i) t = = 27“}612(’“71]) - %7urr = 287‘(612(U7U)) +

7 Jw
r r r r2’ p2 r2 r

Thus, V2(u,9) € H™!, so by Lions’ Lemma, V(u,v) € L?, so (4,0) € H'. The identity
map i : H'(Q) < E, is continuous and bijective, with bound independent of small , and
therefore by Banach’s inverse mapping the inverse map i~' : E, — H! is also bounded.
By observing that |[1||g, = |[1/|g: = |[1]|z2(v), we see that the operator norm |[[i™|o,

independent of small k.

Claim 12.

2 2
2[//eu2r+e%+u%r+//6202r+62%+ev§r
r r

2 2
< 2//(6u2 + 20 r + //Zeu—“ + 2ev%7 4+ uRr + 2l +//26uva. (2.8.6)
r r
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Proof. Expanding the definition of e;; in (2.8.5), multiplying by 2 yields, and absorbing the

Uy Uw

k||%%, % ||z term to the left-hand-side gives:
2|\a,77||§11§2//(a2+v // — 4 272 r+—+u r+2//amw. (2.8.7)

Given our solutions (u,v), we define

w(w,r) =u(w,R), v(w,r)=Vev(w,R). (2.8.8)

Scaling back to (w, R) coordinates yields the desired result:

l//EUT+E +uRr+//evr+e +eer
2 2 9 U 2 2 2”2

52//(6u + v )r+//26fw+26er—|—uRr+e —“—I—//Zeuva. (2.8.9)
T r

O
Proof of Theorem 2.2.15. Consider the following map T'(u,v) = (Tt (u,v), T?(u,v)),
1 1
T (u,v) := f — [“Ustly + — Ut + UspV + VsUR + ﬁvsu + ﬁusv] + u, (2.8.10)
T r r T

v
usu] + —
€

1 1 2
T2(u,v) =g — [;usvw + ;vswu + VsVR + VsRV — ;%
T is a bounded, affine map from H! — L2. Our solution is a fixed point of S; 1T, which
is a compact map from H! — H!. Let u*,v* denote solutions to:
(17)\)1/\ A Ve € +iu,\73€:>>/2,0,\+liﬁ\
r

—Uu - —U —U
RR r R P2 ww r2 w
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1 1
=\ - )\[fusui + Sugu + uspv + vsuj\g + ﬁvsu’\ + ﬁusv’\], (2.8.11)
r r r r
A
v Ve 3 Q\f € P}
1o A Ve SVEAN L © R
( ) ¢ “VRR T VR T FVew T wt 3 *+ .
:)\gf/\[lu U)\+}’U u)‘+v R+ RvAfgiu u] (2.8.12)
r sUy r sw sUp s ’I"\/g s . 0.

We obtain bounds uniform in A in the following way. Select some 0 < A\g << € < 1. For
Ao < A < 1, the energy, positivity, and pressure estimates in the previous sections can be
repeated to obtain uniform bounds (where the size will depend on \g). For 0 < A < Ay << ¢,
we must only perform an energy estimate by applying the multiplier (ru,erv) to (2.8.11 -

2.8.12). For the upcoming calculation we drop the superscript on u*, v?*.

//( uRR—uR—2e> //uRr+261f’—/_902eu;Lw7 (2.8.13)
//(—ZURR_ EUR—evw;)evr:%//v%r—i-eﬂf" —é /w_oo %, (2.8.14)
(1— A // + 02 r+//2€ St e’ (2.8.15)
o fsealf122) (1 2).
of forst—orms i ([ fo) [([ )+ (] [<2) ] s
/ / R / / v / cunv, (2.8.18)
//P u—i—PRrv—/w:e Pu. (2.8.19)

The boundary contributions from (2.8.13, 2.8.14, 2.8.18, 2.8.19) cancel, using the same

calculation as (2.5.11) and (2.5.29):
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/ Pu—/ euRv—/ 26%—62/ e _ . (2.8.20)
w:00 (.UIGO UJ:90 r w:Oo r

Summarizing the interior terms, and applying (2.8.6)

2 2,,2 2
//“B’““E*”GUR”+€ + 2eupue + (1 — N)(? o2+ ST
r

l//eurJre +uRr+//evr+e +6Rr

(u? +vH)r + J,

(2.8.21)
s [ [y e (f o) ([ [2) e [ £) <// )

On the right-hand-side, we have

1 1
// [)\f — A-usty + —Usy + UspV + VsuR + ﬁvsu + ﬁusv]] ur
r r r r

2
< )\//f2r+)\//u2r+u—‘”+u%r+fu2r, (2.8.23)
r

1
//l)\g )\[ UgVy, + vswu—kvsz—kvsRv r\f ]]evr

<)\//g7"—|—/\// +u*r + vhr + v, (2.8.24)
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and therefore since 0 < A < A\g << €, we have
//(u2 + o) +// (1Veul? + e Verl?)r < // (7 +e?)r (2.8.25)

uniformly in A. An application of Schaefer’s fixed point theorem then shows there exists
a solution u™,v" in the function space with the weak norm which we estimated (weak
in the sense of weights and in €), and by linearity of our equation, applying the estimate
above implies uniqueness of this solution. With existence and uniqueness in the weak space
in hand, we can bootstrap: each (u”,v") is also an element of the space X (Qy), B(Qy)
because 2y is a bounded domain. Because this solution is an element of X, B, we can apply
the strong estimate [2.2.48] which is uniform in €, N, and small 6y. We can therefore send
N — 00 to obtain a global in R solution which also obeys estimate (2.2.48). This argument

results in the proof of Theorem 2.2.15.

2.9 High Regularity Estimates

In this section we prove Lemma 2.2.16, the high regularity estimate for the solution w,v to
the problem (2.2.49 - 2.2.52). Notationally, we will keep the —M, where M > 0, as a large
negative exponent for €, not taking care to rename different exponents as it is inconsequential

to the estimate we are proving.

Proof of Lemma 2.2.16. We rescale via:

w(w, ) = u(Bw, O R(r)); v(w,r) = Vev(fow, Qo R(1)); P(w,r) = G—E()P(Qow,HOR(r)). (2.9.1)
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The equation satisfied by the normalized profiles is:

i U U a2, P, 02:
—Upy — Og— — 2 05 2 T—QGOUN + == fw,r), (2.9.2)
_ T VU | 2 5.5 0.
— Ty — Og— — 2 + < botin + 50+ P = %g = g(w,r) (2.9.3)

H 2 Estimates

Using the standard regularity theory for Stokes equation, we can obtain H? estimates for @
and ¥ away from the corners of . Let x(w, ) denote a cutoff function which is supported
near the corners of the domain in such a way that (w,r) € supp(x) = r — Rg < 1. Define

x1(w,r) =1— x(w, %) Then the equation for (61,171,]51) = X1 (ﬂ,@, 15) is given by:

U 2 Py 2 1

—Auy - 5~ S+ T“ =x1f =2Vx1- Vi~ Axia - X1l ,szlwp
iy 220
- (1= 93)% -2 2010, (2.9.4)

2 1 _ _ 2
—Av; + ﬁﬁm + 15751 + P, =x19 —2Vx1 - Vo — Ax10 4 0, (xa1) P + ﬁeoaw(m)fu

v 2 — 26
+(1- 93)7; + (7 )iy, (2.9.5)

As (w,r) € supp Vx1 Usupp Ayi, we have r — Ry < /¢, and so by the standard Stokes

estimate (with inhomogeneous divergence, see Remark 2.9):

_ _ 2 _ 1 — Ul 2—200_ _ = _
||2VX1'VU*AXW*TijUJr?QXle*(l*og)ﬁ* 2 V1w|lre Se 1||f,9||L2,

(2.9.6)

_ _ _ 2 _ v 2—260y, _ 10 F -
1= 29x1 - Vo — Axa+ 8, () P+ 5000 (x1)is + (1= 03) 3 + (“—D)nollze S €17, gllne.

(2.9.7)

€

The ¢! in estimate (2.9.6 - 2.9.7) arises from Ay; = A (X(w, T?;”O )) Thus using the
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standard H? Stokes estimate:

1l gz + lo1ll o + 1Pl o S € (fllz2 + llgllze) S e (IIfIILz +Vellg]

Lg) , (2.9.8)

for some potentially large power M. We have used the calculation, according to the

definition of f in (2.9.2)

1£1132 ://fzrdrdw:ﬁ//f%dew:936*3/2//f2rd3dw:93(3/2||f||§3,
(2.9.9)

and analogously for g. Defining the corresponding profiles in Prandtl variables by in-

verting (2.9.1) above: uy(6ow, OoR) = 11 (w, ), v1 (6w, o R) = ﬁ@l(w,r),Pl(Gow,QoR) =

3o P1(w,r), we have:

llur, vl g2 < € M, 01| g2 S € M| F, Vel 2 (2.9.10)

Since M can be arbitrarily large, the quantity appearing on the left of (2.9.10) above is
independent of e. We can also obtain weighted estimates by repeating the above analysis

. 5.1 _ .1
for the equation for wr2tz, v;r2t2;

/24972 (g ) [l 2 S €M |1/ 2452 (ﬂ \/gg) L2 (2.9.11)

For the weighted estimate (2.9.11), we use that » < C on suppd*x;,k > 1. This

establishes the desired estimate for uq, vy.

Remark. We apply the Stokes estimate with inhomogeneous divergence because the

weighted, cutoff vector field (@732, 575+ 2) has divergence:
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Therefore, a term € ™ ||u, v||,2 appears on the right-hand side of the estimate (2.9.8),
L s

which is in turn controlled by e_MHf, NGTE: pis by our uniform energy estimates.

H3/?2 Estimates:

Let x2 = X(Wa %)7 SO

(w,r) € supp(x2) = r— Ry < Veand R— Ry < 1. (2.9.13)

Define (@, U2, Py) = X2 - (u, v, P). By (0S95), the Stokes problem has an H>/? estimate:

2 +Velgl

a2, allzss2 + | Pellzrre S €™ (11] ). (29.14)

We must relate the H3/2 norm of iy, 75 to that of its scaled counterpart [ug,vs](w, R),

given again by inverting transformation in equation (2.9.1).

Claim 13. Define the transformation ¥ : R? — R2 to be defined in polar coordinates via
U(w,R) = (w,r). Denote by u(w, R) = @(w,r) = woW. Then ||ullgs2 = ||t o ¥||gs2 S

~

||@||frs/2. Here the constant depends on the derivatives of U (which in turn depend on €).

Proof. The transformation ¥ : (w, R) — (w,r) is bijective and has derivatives which are
bounded above and below as a map from Q@ C R? — Q C R2 Indeed, in the polar

coordinate basis:

ol 1
R R

V¥ (w,R) = 2 , | =
ow 0 Ve

From here it is easy to see that ¥ is Bilipschitz, and |det ¥|,|det ¥|~! are bounded
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above and below, keeping in mind that the coordinate basis are functions of w.

We may decompose ||u||gs/2 = ||u|| g +||ul|g1/2. Using the definition of weak derivative
and an approximation argument, it is easy to see the usual chain rule holds, namely Vu(z) =
Vul (U(x))D¥(x). Moreover, since the derivatives of ¥ are bounded above and below, we

have by the change of variables formula: ||u||g: = ||t o ¥||g: < ||@]| g -

We must now treat the H'/2 portion. As shown in (NPV12), the H'/2 norm of any
function u is equivalent to the Gagliardo semi norm, which is defined as follows (where we

calculate n 4 sp = 2+ 32 = 3):
_ 2
[ [t
alo lz—yl

Therefore,

u)* = [uoV)? = dzd
L [ ] QJQ |z —y3 Y
a(l‘/ —ﬂy’ 2
:// |‘I’1~’U'§ \I,( )(| )|3|detD\Il| L' dy’
u(z') —uly
< ||det DY|| o /|\P| \IJ( )(| )|3dx'dy'

|u *u ‘ ! .0 —12
< [a@) = @@ s — a2,
/Q/Q |2/ —y'? v=l

We have used that | det D¥| is bounded above and below and that ¥ is Bilipschitz.

By using Claim 13, we have:

l[uz, vol|grsre S € M ||t Va||prase S €™M (||f7 \/E§||Lz) .
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We can arbitrarily weight these norms due to (2.9.13). This concludes the proof of
Lemma 2.2.16.

We are now able to control the high-regularity quantities appearing in || - ||z given in

equation (2.2.20):

Proof of Theorem 2.2.17. We first address the upg term in term (2.2.20). Using interpolated

Holder and the uniform energy estimates from estimate (2.2.48):

< 0 1- < WIF /27110 -6 9.
lunll,,, < llorlls | lonlls? S IR VA, lunllis? o (20.15)

We have used that /g < §/2 in order to apply the uniform energy estimates. Here
0 = 0(5'), where 6 — 1 as &' — 0. To estimate the L% term (2.9.15), we decompose
u = uyp + uo as in Lemma 2.2.16:
[lurl|ps
%2

<lluwrallzs, + el Slhurlle . +lluoslle (2:9.16)

2a

o Flluzllgae < M| f, Vegl|z2 (2.9.17)

< [lusrlles s

In the second inequality of (2.9.16), we have used that R is order 1 on the support
of uy and so L* is equivalent to L%. In the first inequality in (2.9.17), we have used the
H'/? < L* embedding in R?. In the second inequality in (2.9.17), we used Lemma 2.2.16
to estimate ||ua||gs/2. By observing ui|,—r, = %1w|r=r, = 0, and u1|w—0 = U1R|w=0 = 0,

we use estimate (2.3.13) for ujr to yield:

1 1 M7
loanles, , ol S Veslez,,, (299
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Inserting (2.9.17) into (2.9.15) and multiplying by €7 :

el 7 —o) 5 -
e¥llunllpas < ed MU Vegllpz

(2.9.19)

We can take ¢’ small enough such that 7 — M(1 —6) > 0. The u, and vg terms in
(2.2.20) are treated in an identical manner, after observing the relevant boundary conditions
are respected by the cutoff quantity: vigr|lr=r, = vi|r=r, = 0, v1|lw=0 = V1R|w=0 = 0,
Ut|lr=Ry = Uiw|r=R, = 0, and uj|y=0 = U1w|w=0 = 0. We now treat v,,, which is slightly
different from the previous terms. Recall from Theorem 2.2.17 that the parameter 5 > 0.

Through interpolated Holder, we have:

IVevollpz |, < llvevs||7

*,—

1-6 3 ~116 1-6
Vel | <IFvedllgs, Ve’ o (2920
g g

B
q

Again we decompose v = v + v where vy is supported near the corner of the domain
as in Lemma 2.2.16, and so:

+e M| f, Vgl e

25 246

IVevallis

25 SHﬁ“lw”Lif s

q q q q

NG P NG

(2.9.21)

We cannot immediately apply Lemma 2.3.14 to the ||v/eviw||za iy term because
M

v1 = x1(w, R)v does not necessarily satisfy the stress-free boundary condition at {w = 6}.

However, v1,(00, R) = x1(00, R)v, (6o, R) + X1 (00, R)v(0o, R), and so a trivial modification

of the proof of Lemma 2.3.14 yields the required result.
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2.10 Nonlinear Existence and Uniqueness for Navier-

Stokes Remainders

We now apply contraction mapping on the space Z. For this section, call L the linear

operator in the linearized problem appearing in equation (2.2.23).

Theorem 2.10.1. Suppose Lu,v = f(u,v), g(u,v). Select the 6’ > 0 guaranteed by Theorem

[2.2.17], and let p = 13@‘;, , the Holder conjugate to ¢ = 14¢". Then for § € (0,1) sufficiently

close to 1, and for 2v + k < %, we have

J_

l|a,v]|z < C(u&vs)[l—&—e%_Z ||z + €2 [Ju,v||% | (2.10.1)

Thus, the solution operator to the nonlinear problem (2.2.23) - (2.2.30) maps the ball of

radius 2C(us,vs) in Z to itself.

Proof. We apply Theorem 2.2.17, after choosing the parameter 5 = % and subsequently §

in the interval 1 — % < 6 < 1, which yields ||@, 3|z < ||f, vVed|l 2 . f,§ are given by:
~ ~ (1 1
f=f—e€1 (usuw 4 —Use, W + UsRD + VsUR + ﬁvsﬂ + \/Eusv> , (2.10.2)
r r r r
~ (1 1 21
g=g—€* | —usly, — Vgl sV sRU — ——=Usl | , 2.10.3
g=g—c¢ (Tuv —i—Tv U+ vsUR + VsRD T\/Euu) ( )

where f, g are defined in (2.2.26) - (2.2.27). f, g are used to estimate the ||u||x,||v||B
components of ||u,v||z according to the linear estimate (2.2.48), and the profile terms in
(2.10.2) - (2.10.3) are required to estimate the high-regularity components of ||u,v||z, ac-
cording to Theorem 2.2.17. The factor of €7 accompanies these profile terms because €2
was used in the definition of the norm || - ||z, while only a factor of €7 was required in

Theorem 2.2.17. We now proceed to estimate ||f, \/€g|| 12 .., in terms of [[u,v||z.

+5
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From Theorem 2.2.10, we have:
6*27*1 <//RZT2+5dew+€//Rz,r,2+5dew> < 672’77163/275 _62 —2y— " (2104)

Here we use that 2y + k < . Next we have \/eR"?, as defined in (2.2.28):

6//7"6(%17)2“3 < |‘u;}>”%w€//u37ﬁ < Clup)e ™" |lJu, vl 7, (2.10.5)
6//7“6(U;117w)2u2 § € (SUp/(u;wV(R—RO)) //u% < 61—n|‘|u’vmgz, (2.10.6)
6//7-2+5(U;117R)21)2 § (Sup/(R R() )//EUR < 61 H|||’U/ U|||z, (2107)
[ [ s il [ [ b <ol 2108)
62//7“5 (’U;)2U2 5 GQH’U;}?H%& //’U,Z S 62_R|HU,U|||QZ7 (2109)
62//705 (@7)27}2 ge”“;”i;//ﬂﬁ < e, ][ (2.10.10)

We now estimate \/eR"P, as defined in (2.2.29):

e[ [rahre il [ [z <, (21011)
e[ [ Pehn? < il <l ol (2:1012)
e[ [P el [ [ o<z, (21013)
[ [Pz sl [ [o< e, (21014)
6//7"2+6(U;17R)2”2 Se (Sup/(R Ro)( )//vR < e | |u,vl||%. (2.10.15)

> < e 2% and |jul[3e < ¢ 72| |u||%, according to

~

For (2.10.12) we use that ||v,,[|7
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(2.3.10). For (2.10.15) we have used the bound:
1 y2 12 Ve 132 132 e"
esup/(R—Ro)(va) < ﬁsup/(va) = 0 (//(”pR) +//(Upr) ) < b

Summarizing the linear components of f, g,

AR VeR Iz, VAR VER Iz, S Clugve)+e2 7w, vl 7. (210.16)

2468 248 ©Y

For the nonlinear terms we recall the definition of || - ||z in (2.2.20), where ¢ = 1+ &',
p= ﬁ7 and 0 < % <a< %5. We also recall the low regularity embeddings in Lemmas

2.3.9 and 2.3.10.

1 1
o [ [rwaser ([ fur) ([ famer) om0

1

1
P q
_ 2
e27+1//r2+51)2u% < 7l <//v2p7“p 17“6p) (//URqrq—m> S 67”“7””%-

(2.10.18)

Here the inequality holds because we have selected ¢’ > 0 so that % >

D =

1

3 3
62’Y+2//7’5u21)2 < 62’Y+2 (//T26,U4) (//’LL4> < 62’Y+1HU,’U||%. (21019)
Nonlinear terms in g:

1 1
62’Y+1//7’6U2U3) < el (//qur‘Spﬁ) (//r_;pvf,q> < |u,v||3, (2.10.20)



1

1

P q
627+1//T2+6’U2’U}2% < 627—}-1 (//UZp,r,p—l,rép) (//U?%q,rq-i-a)
e [ [utet < s,

Combined with (2.10.16), we now have:

1 vegllzz, S Clusyvs) + €272 Ju, vl |z + €2 [[u, o] .

248 ©Y

We now provide estimates for the profile terms in (2.10.2) - (2.10.3).

e%//réusﬂi < ||Us||oo€%//ﬂ3;7"6
¢ [ [ < it [ [w
é//ﬂﬁﬁégémm&//@ﬂ
1‘*‘%//7“51)3122 SGH'%HvsHio//1727"(5
//62%uww@//
f// 252 < (Sup/ugRTQ(R—RO))//vé,
1+%//T5us ¥ Jus|% //
*%//ﬂ”ﬁﬁséﬁwwi//ﬂ”%,
1+%//r2+5v5362 < ||ver||§oe%//€T6@2
o [ [tz <t [ [
5//r5v§wﬂ2 < ||vsw||§oel+%//r6ﬂ2

wu

146

< fu, vllZ,

(2.10.21)

(2.10.22)

(2.10.23)

(2.10.24)
(2.10.25)
(2.10.26)
(2.10.27)
(2.10.28)
(2.10.29)
(2.10.30)
(2.10.31)
(2.10.32)
(2.10.33)

(2.10.34)

Thus, (2.10.24) 4 ... + (2.10.34) < €3 ||/, \ﬁg”%z%&. This concludes the proof. O
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Corollary 2.10.2. For ¢ sufficiently close to 1, the solution operator of the nonlinear

equation is a contraction map on the space Z, satisfying:

@t = a2, 5" = 52|z <Clusvs) [ (a0t |z + [[u?, 0?]]2) [[u! = 20" = 0?)|

—I—G%_%_KHUl_U2,'U1_'U2HZ] (21035)

By applying the contraction mapping theorem, we have proven Theorem 2.2.18 and

therefore the main result, Theorem 2.2.3.



CHAPTER THREE

Global-in-x Prandtl Layers over

a Moving Boundary
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3.1 Abstract

In this three-part monograph, we prove that steady, incompressible Navier-Stokes flows
posed over the moving boundary, y = 0, can be decomposed into Euler and Prandtl flows in
the inviscid limit globally in [1, 00) x [0, 00), assuming a sufficiently small velocity mismatch.
Sharp decay rates and self-similar asymptotics are extracted for both Prandtl and Eulerian
layers. We then develop a functional framework to capture precise decay rates of the remain-
ders, and prove the corresponding embedding theorems by establishing weighted estimates
for their higher order tangential derivatives. These tools are then used in conjunction with
a third order energy analysis, which in particular enables us to control the nonlinearity vu,

globally.

3.2 Introduction

We consider the steady, incompressible Navier-Stokes equations in two dimensions:

UNSUNS { yNSpNS | pNS _ (ApNS, (3.2.1)
UNSV)I(VS + VNSVéVS + P)J/VS _ EAVNS, (322)
U}J(VS + V;ﬁvs —0, (3.2.3)

in the domain,
Q= [1,00) x R. (3.2.4)

The boundary Y = 0 is moving with velocity u, > 0. The no-slip boundary conditions are

placed on this portion of the boundary:

UNS(X,0)=u, =1-0, VV9(X,0)=0. (3.2.5)
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The boundary conditions at X = 1 will be prescribed explicitly in the text. We take
X =1 for convenience (this enables us to replace weights of (14 z)* with 2¥). Throughout

this paper, we assume that prescribed Euler flow is the shear flow:

(UF,VE) =(1,0). (3.2.6)

We are interested in the limit as e — 0. Formally, one expects that the solutions to
Navier-Stokes equations in (3.2.1) - (3.2.3) converges to the Euler shear flow in (3.2.6). This
does not happen, however, due to the mismatch at the boundary Y = 0, between the no-slip

condition enforced for Navier-Stokes, (3.2.5), and U¥(X,Y = 0) = 1.

To account for the mismatch at the boundary, Prandtl in 1904 proposed a thin fluid
boundary layer which connects the velocity of u, to the Euler velocity of 1. The Prandtl
hypothesis is that the Navier-Stokes solutions can be decomposed, up to leading order in ¢,
as the sum of the prescribed Euler flow and a boundary layer, the latter of which corrects

the disparity at the boundary between Euler and Navier-Stokes:

UNS =1+4u) + hotle), VN =0+ /ev) +Vev! + h.ot(e).! (3.2.7)

The contribution of this paper is to validate the boundary layer theory, equations (3.2.7),
in the domain Q, which in particular implies that the tangential variable can be taken in

[1,00) if the mismatch is sufficiently small:

UE —UNSy_g=1-u=1-(1-06)=0<<1. (3.2.8)

1Here, “h.o.t” is an acronym for “higher order terms.”




Boundary Layer Expansion

We will work with scaled, boundary layer variables:

Y

The scaled Navier-Stokes unknowns are then given by:

VYS(X,Y)

U6($7y) = UNS(X7Y)a Ve(x’y) = \/g

These unknowns satisfy the following system:

UUS + VUL + PS = UL, + eUS

xrx)
€

€EY/E sePy € €
UVi+VVy+ 2=V, + e,

T

Us+ Vi =0.

, P(x,y) = PYVI(X,Y).
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(3.2.9)

(3.2.10)

(3.2.11)
(3.2.12)

(3.2.13)

Note that the steady Prandtl system is obtained by considering the leading order in &

of the above system (3.2.11) - (3.2.13). We start with the following asymptotic expansion:

U(z,y) =1+u)+ Z E%ué + e%uﬁJ + €3 u(z,y),

i=1
n—1
Ve(,y) = Y evp+erolt 4 eBup 4 €3 To(a,y),
1=0

Pé(x,y) = Z 2P+ eéP; + e Ph 4 E%Pg’“ +e2 T P(z,y).

i=1

(3.2.14)

(3.2.15)

(3.2.16)

Here, v € [0, %) We will use the word “profiles” to refer to the terms which appear in

the expansions (3.2.14) - (3.2.15), excluding the remainders, [u, v, P]. All of the profiles with
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subscript-e are functions of Eulerian variables, (z,Y), whereas all terms with subscript-p
are functions of boundary layer variables, (z,y). Here, [u}vé] are boundary layers to be
constructed. The number of intermediate layers, n, is dependent on universal constants.
The pressures P!, Pzﬁ are the pressures associated with the i’th Euler and Prandtl layers,
respectively. We will show that sz = 0, that is the leading-order pressure in the boundary
layers is zero. The pressures P;,’a, PL@ are auziliary pressures, which are higher-order, whose
purpose is to capitalize on the gradient structure of our problem (see 3.7.33). After these
layers are constructed, the Navier-Stokes remainders [u, v, P] are then constructed. Let us

now designate names for the partial expansions:

ul =1 —l—Ze?u] +Ze2u3 V= o) +e%u; =1 +Z€%U‘{) +Ze%u£ (3.2.17)

Jj=0 Jj=1
i—1 i i
; i e ; i i i1
v = E e2vj—|— E €2 Zvj o) = vﬁ”—!—e?v;,: E €2v) + E 2720, (3.2.18)
=0 =0 =1

For the Pressure expansion:

Ps(i) :—ZE2P7+ZG 2 Pja—&-Ze?PJ-i-ZEJP]a (3.2.19)

Jj=1

P —ZeZPJ+Ze2PJ+ZejPJa+Ze PJ“ (3.2.20)

We insert the expansions (3.2.14) - (3.2.16) into (3.2.11) - (3.2.13) and collect a heirarchy

of equations in powers of ¢. Doing so yields the linearized Prandtl-equations:

0y, 1), 1),,1 i T 1 7
(1 + up)uy, + uDu uy, + vy ) , ( Up(x,())) + By = Upy, + @, (3.2.21)

uy(2,0) = —ug(z,0), lim uy(z,y) =0, wuy(l,y) = Ui(y). (3.2.22)

Yy—00
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and the Euler equations:

uly +Pl,=0, vl +Pl =0, ul,+viy=0. (3.2.23)

The forcing term f(*) will be defined precisely in (3.7.47). These equations are derived
rigorously in the analysis leading up to equations (3.5.5), (3.6.21), (3.7.19), and (3.7.48).

Boundary Data:

The no-slip boundary condition at the boundary {y = 0} is the most important, and must

be enforced at each order in e, which gives:

u)(2,0) = =6, ul(z,0) + ul(x,0)=0fori>1, u(z,0)=0, (3.2.24)
vi N (2,0) + v (2,0) =0 for i > 1, v)'(z,0)=0, v(x,0)=0. (3.2.25)

The in-flow (x = 1) boundary conditions for the leading order boundary layer, ug, is:

u)(L,y) =Uo(y), Up(0)=—6, lim Up(y) =0. (3.2.26)

Y—00

We assume the rapid decay of the profile:

)™ 05 Uo(y)|| Lo < C(m, j), for any m,j > 0. (3.2.27)

We will in addition assume the following smallness condition:

()™ 03 Uo (y)|| e < O(6; 4, m) for any m > 0,5 =0,1,2. (3.2.28)
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The in-flow (z = 1) boundary conditions for the boundary-layer profiles are:

uh(Ly) =Us(y), u(l,y)=0, v(l,y)=0, for1<i<n-—1. (3.2.29)

Here, U;(y), for i <1 < n — 1, will be prescribed to be rapidly decaying in y, so:

()™ up (1, )|z = 1) Us(y)llL= < C(i,m) for 1 <i<n—1. (3.2.30)

For the final Prandtl layer, u;;, which occurs at order €%, the in-flow data is determined
through the analysis and is not explicitly prescribed. This is due to retaining that [u;}, v;}]
are divergence free, while cutting off vy for large values of y. The reader is invited to turn
to equation (3.7.142) and corresponding discussion for details regarding this matter. We
will enforce ||(y)"Upn(y)||r= < C(m). However U, is an auxiliary in-flow, which is used to
construct [uy, v, ]. That is: uy(1,y) # Un(y), and the in-flow velocity, uy(1,y), is given by
an implicit, bounded profile which decays as y — oco. We will need several compatibility

conditions on the in-flow data for the Prandtl layers. The first of these is:

Up(0) = =6, 0y, Uo(y) =0, Ui(0) = —ul(1,0). (3.2.31)

However, we shall also need higher-order compatibility conditions on the U;(y) at y = 0,
(see for instance Remarks 3.4.2; 3.6.2) which we refrain from depicting explicitly here.
Finally, the boundary conditions of the boundary-layer profiles as y — oo are:

lim [u’(x),v!(z)] = lim [u(z),v(z)] =0 for all z > 1, and all 0 < i < n. (3.2.32)

y—oor PP y—r00

These boundary conditions are known as the “matching condition”, and physically cor-

respond to the Navier-Stokes flow matching the outer Euler flow away from the boundary,
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y = 0. According to our construction, we will have rapid matching up to order BNt

lim [(y}Nu;(x), ()Nvi(z)] =0for all z > 1, for 1 <i <n— 1. (3.2.33)

Y—>00 P

At the highest-order in €, we enforce the matching condition:

lim 5%[ug(:c,y),vg(x,y)] = lim 2 M [u(z,y),v(x,y)] =0 for all z > 1. (3.2.34)
Y—00 Yy—00
Let us now turn to the Euler flows. At leading order, we have the prescription: [u?,v%] =

[1,0]. The higher-order Euler flows will be described starting in Section 3.5 and Subsection
3.7.1. The higher-order Euler flows are obtained as suitable Poisson extensions of the Y =0
boundary data, v, !(x,0) (see (3.2.24)), which depend on the constructed Prandtl layers.

For these higher-order Euler flows, we do not prescribe the in-flow data, u%(1,Y). Rather,

the in-flow conditions are obtained through the analysis, so we state:

n
Eulerian In-Flow =1+ ) " ezul(1,"). (3.2.35)

i=1
Main Result:

In order to state our main result, we need to introduce the norm Z in which we control the

remainder solutions, [u, v]:

Definition 3.2.1. The norm Z is defined through:

s vllz =l vllxinxanxs + €2 [u, vlly, + €V lu,vlly, + €N Juat, VEva? ||

+ 5 sup ||\/§vix%,qu%||Loc + &N sup ||uyx%|\L§
r>20 r>20

[ee] 1
+ N7 [/ 2 |Vevee| 2w dz| . (3.2.36)
20 ¢
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Here, N;, are large numbers which will be specified in (3.9.103) - (3.9.105). They depend

only on universal constants. The parameter n from (3.2.14) - (3.2.15) will be taken much

larger than any of the N;. The norms || - ||x, are energy norms defined in (3.9.3) - (3.9.5).

The norms || - |

y; are elliptic norms defined in (3.9.6) - (3.9.7). For the purposes of stating
the main result, we can refrain from being too specific with regards to the definitions of

these norms. The essential point that we will record concerns the uniform component:

N uz s, Vevz || < |lu,vl|z, (3.2.37)

The main result of this paper is:

Theorem 3.2.2. Suppose the the outer Euler flow is prescribed with ul = 1. Suppose
the boundary and in-flow data are specified satisfying the conditions outlined in (3.2.24)
- (3.2.34). Then there exists an n depending on only universal constants such that the
asymptotic expansions in (3.2.14) - (3.2.16) are valid globally on the domain Q, for 0 <
v < %, so long as the mismatch between the Fulerian boundary trace and the motion of the
boundary, §, and the viscosity, €, are taken sufficiently small relative to universal constants,
and € << §. The remainders, [u,v], in the expansions (3.2.14) - (3.2.15) are uniquely

determined in the space Z:

lJu, ]|z S 57777, (3.2.38)

where K 1s any fixed constant such that v+ Kk < i.

Because § is large relative to Ny in (3.2.37), we immediately find:

Corollary 3.2.3 (Inviscid L> Convergence). Under the hypothesis of Theorem 3.2.2, there
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exists a unique Navier-Stokes solution [UNS VNS PNS] on Q such that:

sup [N, Y) — 1 — (X, )| X S e, (3.2.39)
(X, Y)eQ

sup_ [VYS(X,Y) = Vel (X,y) - Verl (X, V)| X S (3.2.40)
(X, Y)eQ

Existing Literature:

Let us first discuss the issue of establishing wellposedness of the Prandtl equation, which
becomes an issue in the unsteady setting (in contrast to the steady setting of the present
paper). This program was initiated in the classic works (0S99), (0Ole67), in which, under the
monotonicity assumption U;(t = 0) > 0, globally regular solutions are constructed on the
[0, L] x Ry, where L is sufficiently small, and local solutions are constructed for arbitrary,
but finite L. This was extended in (XZ04), in which global weak solutions were constructed
for arbitrary L, under both monotonicity and favorable outer-Euler pressure (9, P¥(t,2) < 0

for t > 0) assumptions.

From a physical standpoint, the monotonicity and favorable pressure assumptions men-
tioned above are stabilizing and in particular prevent boundary layer separation. This phe-
nomena was known to Prandtl, see Figure 2 in (Pra04). More recently, it was announced in

(DM18) that a proof of boundary layer separation in the steady setting has been obtained.

The main tool used both in (Ole67) and (XZ04) is the Crocco transform. Still under
monotonicity hypothesis, local wellposedness was obtained in (AYXY15) and (MW15), nei-
ther works using the Crocco transform. (AYXY15) use energy methods coupled with a Nash-
Moser iteration, and (MW15) use energy methods applied to a good unknown which enjoys
crucial cancellation properties. Generalizing to multiple monotonicity regions, (KMVW14)
have shown the Prandtl equation is locally well-posed, if an analyticity assumption is made

on the complement of the monotonicity regions.
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Indeed, when the assumption of monotonicity is removed, the wellposedness results are
largely in the analytic or Gevrey setting. The reader should consult (SC98a) - (SC98b),
(KMVW13), (LCS03), (IV16), and (GVM13) for some results in this direction. In the
Sobolev setting without monotonicity, the equations are linearly and nonlinearly ill-posed
(see (GVD10) and (GVN12)). A finite-time blowup result was obtained in (EE97) when the
outer Euler flow is taken to be zero, in (KVW15) for a particular, periodic outer Euler flow,
and in (HHO3) for both the inviscid and viscous Prandtl equations. The above discussion is
not comprehensive: we refer the reader to the review articles, (E00), (GJT16) and references

therein for a more thorough review of the wellposedness theory.

The question with which we are concerned is the validity of the asymptotic expansion
(3.2.14) - (3.2.16) in the inviscid limit. Let us first discuss unsteady flows. Local-in-time
convergence is established in (SC98a), (SC98b) in the analyticity framework, in (GVMM16)
in the Gevrey setting, and in (Mael4) when the initial vorticity distribution is supported
away from the boundary. The reader should see also (Asa91), (MT08) for related results.
Despite the boundary layer classically having thickness /¢, an interesting criteria was given
in (Kat84) which points to phenomena occurring in a sub-layer of size e. There are also
several linear and nonlinear instability results (for instance, (Gre00), (GGN16b), (GGN16a),
(GGN15), (GN11)) which show the invalidity of Prandtl’s expansion generically in Sobolev

spaces in the unsteady setting.

For steady flows, there are very few validity results. (GN17) is the first result in this
direction, establishing validity of the boundary layer expansion for steady state flows in
a rectangular domain over a moving boundary. Geometric effects of the boundary were
subsequently considered in (Iyel7a). The crucial idea in (GN17) was the use of a positivity
estimate, which is coupled with energy estimates and elliptic estimates. Both of these results
are local in the tangential variable. In the present work, we prove validity of the boundary

layer expansion globally in the tangential variable, x, in the setting of small data.

0

One preliminary piece of our analysis is to obtain the asymptotics of the Prandtl layer, u,,.
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This has nontrivial dynamics due to the mismatched boundary conditions, ug(y =0) = -9,
while lim,_, o ug(y) = 0. These asymptotics were first studied in (Ser67, pg. 493, Inequality

5) using maximum principle techniques and are valid for large data. The result in (Ser67)

0

» and a Gaussian“front” solution to the heat equation

gives that the difference between u
(call it w) is o(1) in @, uniformly in y. Under the hypothesis of small data, we sharpen these
asymptotics in the following sense: first, w is shown to belong to a higher-order Sobolev

space H¥(m), where this weight is in the self-similar variable z = % Second, we obtain

rates of decay of w in x in various norms.

We now detail the main difficulties and ideas behind our analysis.

Sharp Decay of Profiles (Chapter I):

The key issue that we must capture in our analysis is the decay as x — oo of various quan-
tities. More specifically, a central difficulty is to control contributions from the nonlinearity

VeUy. Let us now introduce the equations for the remainders, [w, v, P]:

P
“Au+S,+P.=f —-Av+S,+ ?y =g, Uy +vy=0. (3.2.41)

Here, the terms S,,S, contain the linearizations of [u,v] around the previously con-
(n) —(n)]
S .

structed profiles, [us ’,Us These terms, together with f,g are specifically defined in

(3.8.5) - (3.8.6). To organize this discussion, let us record the heuristic:
Difficult Contributions from VU, = ﬂgg)v + My, + ¥ 0u,. (3.2.42)
First, let us discuss ﬂgz)v from (3.2.42), which will motivate the crucial decay rates

appearing in (3.2.48). Applying the scaled multiplier of (u, ev) to the system (3.2.41) requires

controlling the large convective term, [ [ ugyuv. We do not have the ability to create
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a derivative through the Poincare inequality, and so we trade factors of x and y in the

following manner:

1
1 m v 1
[ ] < a1 20515 e < OOy lee. (3249

The first crucial observation we make is the identification of a self-similar front, qﬁ*(%),
which bridges the boundary conditions: ug(amO) = -4, ug(:v,oo) = 0. Then, temporarily

identifying u) ~ QS*(%), (3.2.43) will be satisfied:

Requirement 1 (Self-Similarity of Prandtl profiles).

_1 — Y
e~ Hupy o~ = a6l () 1w = 11226422 < O(0). (3:2.44)

Summarizing the energy estimate that we obtain:

gl |22 < O(S)||[{/Zvs, vy }22 |22 + Forcing Terms. (3.2.45)

Above, the key point is the loss of weight, 22. The next ingredient is recovering this

weight in the Positivity estimate, (see Proposition 3.10.2), which is summarized:

I{vZve, vy 22|22 < ||uy||22 + Forcing Terms. (3.2.46)

In order to prove (3.2.46), we must apply the weighted multilplier v,z. Referring to the

final two terms in (3.2.42), this gives (temporarily ignoring factors of €):
’//ﬂgn)uy-vyaj —l—)//vuywyx

The latter two L? quantities are controlled by the left-hand sides of (3.2.46) - (3.2.47).

< |{ol, vhod| Loyl pol oy || ze. (3.2.47)
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From this, we obtain the requirements:

Requirement 2 (Uniform Decay).

oM v~ 272, as x — oco. (3.2.48)

We emphasize that this requirement is inflexible, and we cannot sacrifice even a loga-
rithmic factor of = here. The main contribution of Chapter I is the construction of profiles
i, vi which satisfy the requirement of v\ in (3.2.48). The most difficult task is to

[
up,vp,

obtain the estimate (3.2.48) for the Eulerian profiles, v!, as these are solutions to elliptic

boundary value problems in which the boundary condition exhibits exactly the required

decay rate, [vl(z,0)| < z72. We refer the reader to the crucial Proposition 3.5.2 in which
we introduce novel techniques centered around the explicit integral representation of v},

enabling us to prove the required decay, |v}| < 7z,

Note that we construct the expansions, (3.2.14) - (3.2.16) for any n € N, which is
required as discussed in the paragraph following (3.2.52). Our ability to do this relies on

the Cauchy-Riemann structure of the Eulerian profiles, which we use in Lemma 3.7.33.

The Norm Z (Chapter II):

Let us now turn to the v term in Requirement (3.2.48): the main contribution of Chapter II
is to prove the required decay estimate |v| < 2~ 2 by using the crucial norm Z (see Lemmas
3.9.15, 3.9.17). The challenge is to extract this precise uniform decay information from the
energy norms that are controlled. Bearing in mind the inflexibility of (3.2.48), obtaining the
decay for v using the norms X is an extremely delicate matter, in which key quantities must

overcome the critical Hardy inequality. To see this, we first use the H, (R ) < Ly°(Ry)
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Sobolev embedding (ignoring factors of ¢):

1 1 1
sup [[oz} 1oz < suplfollE, - sup oyl (3:2.49)
z>1 z>1 vooz>1 v

For the first quantity on the right-hand side above, we write:

c’)m/zﬂ dy = /21}% dy. (3.2.50)

Recall now the quantities, ||u,, VEvgx?, vy 7| |2, , which are controlled on the left-hand

zy
sides (3.2.45), (3.2.46) and constitute the energy norm X;. The right-hand side above fails
to be z-integrable, precisely because of criticality of Hardy’s inequality with power 72 in

L%

_1 1 1
[ [ o dwda] < floaH i, otz loss |, (3:251)

To avert this, we move to higher-order derivatives, which invokes the full strength of the

3
2

norm Z. Indeed, suppose we knew v, ~ 72, then coupled with the boundary condition

v — 0 as * — 0o, this would immediately imply v ~ 7z, Establishing the decay rate,

sl < 272

, then becomes the goal, which requires us to go to third-order energy
estimates (thus explaining the presence of X, X2, X3 in the norm Z). Our main uniform

estimates, given in Lemmas 3.9.15, 3.9.17 are given by the following sequence:

zy " zy "

1 3 1 1
lvz? ||z < llvea?||neg S sup [[vazl|7s - sup [[vay2®|| 7 < [lu vllxinxanxs.  (3.2.52)
r>1 vox>1 v

The key point is that the quantities ||v,2[[z2 and H/Ug;yxan% appearing above do not

face issues of Hardy-criticality present in (3.2.51), which can be seen in Lemma 3.9.15.
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Applying 0% to the system creates singularities near the corner at (1,0). To handle
this we cutoff near the boundary, x = 1, when performing higher order energy estimates.
Cutoff functions interact poorly with nonlinearities, and so we need to supplement energy
estimates with elliptic estimates which retain additional control of [u, v] near z = 1 (though
not all the way up to the boundary, © = 1). These are characterized by the norms || - ||y, in
(3.2.36). These Y; norms are controlled by invoking the elliptic theory, which in turn requires
sacrificing factors of €. For this, we require a high power of " to accompany nonlinear terms,

which in turn requires us to go to high order expansions in (3.2.14) - (3.2.16).

Existence and Uniqueness (Chapter III):

Upon proving our main a-priori estimate, Theorem 3.8.1, we prove existence and uniqueness
of a solution in Z. As in (3.2.43), applying the multiplier « produces the nonlinearity vu, -u,
which is a perfect derivative and therefore vanishes. This cancellation property is destroyed
upon taking differences, and so we cannot rely on a standard application of the contraction
mapping theorem. A sequence of auxiliary, approximate systems are then carefully designed

to produce enough compactness enabling us to show existence of a solution in the space Z.

The uniqueness in Z is a more delicate matter, again due to a lack of the perfect derivative
structure. For this, we take the difference of two solutions in Z and repeat the energy analysis
with weaker weights. The reader is referred to Lemma 3.17.1, in which the weights must be
selected carefully in a small interval below those weights appearing in the energy analysis,

for instance in (3.2.45), (3.2.46). These methods are carried out in Chapter III.

Notation and Important Parameters

There are three important parameters in this paper: ¢, §, and n (see (3.2.14) - (3.2.16)). The

notation A < B means A < CB, where C' is some constant which is independent of small



164

d,e, and large n. Constants denoted by O(d) or O(e) satisfy O(5),O(e) — 0 as §,¢ — 0,
respectively. Given any parameter, say p, constants denoted by C(p) mean those constants
which depend (perhaps poorly) on large values of p. Given two parameters, § and o, for
instance, we will write O(J; o) to denote a constant which depends on ¢ and J, but such that
for fixed o, § can be made small to make the constant small, for instance § x o. We define
||f||’£5 := [ f(z,y)Pdy. When unspecified, || - ||z, means the LP norm of two-variables. We

define here the differential operators:

A := (Oyy + €0,y )u for any profile u;  Aful, vl] := (Opx + Oyy)[ul, vl]. (3.2.53)

The variable z will denote a self-similar variable, so typically z = % or z = %
Finally, the word “profiles” refers to terms in the expansion (3.2.14) - (3.2.15), excluding

the remainders [u,v], and “profile terms” refers to the linearizations in Sy, S,, defined in

(3.8.6).



Part I: Construction of Profiles
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3.3 Overview of Profile Constructions

The purpose of this chapter is to construct each of the profiles appearing in the expansions

(3.2.14) - (3.2.16), with the exception of the final terms, [u, v, P]. This results of this chapter

are used extensively in Chapter II. Let us first introduce the following notation for a" vé”).

ub ::Ze%ué7 ul = 1—1—26%%, up =1\ =uh +uk, (3.3.1)
vh —Ze?vj ZE%_%’Ug, vg =0 = vk 40k, (3.3.2)
j=1

We shall also have occasion to further split u£ to distinguish the final layer via:

up™ ! Ze?u so that uh = up™ ™' 4 eTur. (3.3.3)

Inserting the expansion (3.2.14) - (3.2.16) into the scaled NS equations, (3.2.11) - (3.2.13),

motivates the following definition:

Definition 3.3.1. The n’th remainder is denoted by:

R = —AalM +a™Ma) +oMall) + P, (3.3.4)

R = Aol +a{Mo( + oMo + %Ps(”). (3.3.5)

The main result of this chapter is:

Theorem 3.3.2. Letn > 2 € N. Let 9, ¢ be sufficiently small relative to universal constants,
and € << 0. Let the boundary and in-flow data from (3.2.24) - (3.2.85) be prescribed.
Then there exist Prandtl profiles [uﬂ v] PJ] for j = 1,...,n, Euler profiles [ul, v, PJ] for
7 =1,...,n, and auziliary pressures [Pg’“,Pg*“} for 3 =1,....,n such that for R*™, R"" as

defined in (3.3.4) - (3.3.5), and for any v € [0,%), n > 2, and for op = 1555, £ > 0
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arbitrarily small, the following remainder estimate holds for any k > 0:

3 |OE R 4 JeOE R < C(n, k)RR (3:3.6)

€ FT|VeOs R VSRV |1z < Cln, k) 1 rg b i Ron e, (3.3.7)

The following bounds hold on [ugr,vr] by construction, for any [k,j,m] > 0, so long as

n 1s sufficiently large relative to m.

|0kdi vz e+ 548 || L < Clk,jym) if k> 1, (3.3.8)
105052t 3| < CGom) if § 2 2, (3.3.9)
1030k =" a3 2 || < O(8;m, ) if § = 0,1. (3.3.10)
|0k ub = 2 || oo < C(k, j,m) fork >1,5>0 (3.3.11)
||0pub 2™ x| | < O(5;m), (3.3.12)
H@xﬁiugzmxHLm <C(m,j) forj>1 (3.3.13)
109u™ ™ y? 2™ || < O(8;m, ), for 0<j <2, (3.3.14)
105ug™ Y7 2™ L < C(m,j), forj>2, (3.3.15)
10 upy? @2~ || < C(n, ) for all j 20, (3.3.16)
1080 vEZ I3 | oo < O(K, ) for k+j > 0, (3.3.17)
|0k L uB b H+3 || e < VEC (K, 5) for k+5 >0 (3.3.18)
|0 vEL 2V || < C(k, ) for k> 1, (3.3.19)
{uf = 1,0E a7 vE 2 ||~ < O(5). (3.3.20)

The profiles ug,vg from (3.3.1) - (3.3.2) arise as coefficients in the linearized problem
for the Navier-Stokes remainders [u, v, P], which is to be analyzed in Chapter II. The es-
timates obtained in (3.3.8) - (3.3.18) are therefore essential to the analysis of Chapter II.

In particular, we invite the reader to compare the requirements discussed in (3.2.44) and
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(3.2.48) with the estimates we prove in (3.3.8) - (3.3.20).

The structure of this chapter is as follows:

(Step 1)

(Step 2)

(Step 3)

(Step 4)

(Step 5)

Construction of the zeroeth-order Prandtl layers, [ug,vg] (Section 3.4): The distin-
guishing feature of ug are the mismatched boundary conditions, as seen from (3.4.5).
As shown in Proposition 3.4.2, this contributes a “front”-profile which looks similar
to es, defined in (3.4.11). The decay rates for Prandtl profiles from estimates (3.3.8)
- (3.3.18) are dictated by this front profile. For the zeroeth layer, this is formalized in
Proposition 3.4.7, Corollaries 3.4.8 and 3.4.9. It is essential that we obtain estimates

weighted in the self-similar variable, z = %, as can be seen from (3.3.8) - (3.3.20)

above.

Construction of Euler-1 layers, [ul,v!

er e

] (Section 3.5): Given the boundary conditions,
which are known to satisfy the progressive estimate: [0¥v}(z,0)| < 2= 2%, we must
obtain the sharp uniform estimate |9%v}(z,Y)| < 2~2~%. This is a delicate matter, as
these profiles are elliptic, and as indicated in (3.2.48), the required decay rates must be
obtained ezactly. We introduce a method to obtain the required pointwise estimates

using directly the Poisson integral formulation, which is carried out in Proposition

3.5.2. This section is a major contribution of Chapter I.

Construction of Prandtl-1 layer, [u,,v}] (Section 3.6): This profile is controlled using

coupled energy and positivity estimates, given in Lemmas 3.6.4 and Lemma 3.6.5.

Construction of Intermediate Euler and Prandtl layers (Section 3.7):. The essential
mechanism here is as follows: as one consider linearizations for [u},v]] for j > 1,
one encounters terms which scale poorly in z = %, due to Euler-Euler interactions.
However, due to the Cauchy-Riemann structure present in the Euler profiles (see
(3.5.7)), we may introduce auxiliary pressures sz’a, P]g’a which creates cancellations of

all terms which are “purely-Eulerian”. This is seen in (3.7.32) - (3.7.33).

Construction of Final Prandtl layer, [uj;, vy] (Subsection 3.7.3): The final Prandtl layer
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satisfies the boundary condition vy (x, 0) = 0, and so has a contribution as y T co. We
cut-off this layer in the region z < %, which honors the parabolic scaling of the
Prandtl layers. This is a generalization of the cut-off used in (GN17). It is delicate to
ensure these cutoff layers obey desirable estimates, which is done in Lemma 3.7.23. It

is also delicate to ensure that this process contributes an error that satisfies estimates

(3.3.6) - (3.3.7) above. This is proven in Lemma 3.7.22.

3.4 Asymptotics of Prandtl Layer, ugz

Our starting point is the leading order terms from (3.2.21), which yields the following system

for the Prandtl layer, [u), vp]:

(1 + ug)ugz + (vg + ol (z, O))ugy = ugyy, u, + vgy =0, (3.4.1)

ug(x,O) = -4, vg(x,O) = —vl(z,0), ug(l,y) = Up(y). (3.4.2)

As shown in (GN17, pg. 9), taking [u), v)] to solve the system (3.4.1) - (3.4.2) creates

aln error:

y [y
R*" = euy,, + Veyviyuy, + eugy/o / vlyydy” dy (3.4.3)
y/

This R*Y contribution is higher-order in e, and so will be accounted for as a forcing

term in the construction of the next Prandtl layer, [u}, v}] (see (3.6.23)). After introducing

the von-Mises coordinates,

n= /Oy (1 + ug) dy, (3.4.4)
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the equation for ug becomes parabolic, with x being the time-like variable:

ul, =9, ((1+ ug)ugn), ug(m70) = —0, ug(x,oo) =0, ug(l,n) = Uy, (3.4.5)

pT

Via the maximum principle, as in (GN17),

1+u)>1-04. (3.4.6)

For the analysis in Section 3.4, it is convenient to introduce the shifted unknown

q=u)+9. (3.4.7)

The shifted unknown then satisfies the IBVP:

0 =0,((1=0+0)a,), a@.0)=0, qle,00) =5, a(ln)=u(ly)+d.  (343)

3.4.1 Existence of Front Profile

The dynamics of the solution to equations (3.4.1) - (3.4.2), or equivalently, (3.4.8), are
governed by a self-similar “front”, in the sense of (BKL94). This is due to the mismatch
in boundary conditions at y = 0 and y = oo, as seen from (3.4.8). Inserting a self-similar

anzatz ¢.(z) = (b*(%) into equation (3.4.8) gives the following ODE:

(1646000 + |0 + 260 =0, 0.0) = 4(2,0) =0, 6.(00) = gla,00) =4 (3.49)

¢,

Here the ’ denotes 9., where z is the self-similar variable for ¢.. As the profile ¢, that
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we seek is a nonlinear variant of the Gaussian error function, we study:

= ¢. — es, (3.4.10)

where e; is the Gaussian front profile with value § at +oo:

b [F e
es(z) = ﬁ/o e~ Tdt. (3.4.11)

Let us record the following:

Lemma 3.4.1. With es being defined as (5.4.11), 65(%) is an explicit solution of the heat

equation, which bridges two distinct boundary conditions at y = 0 and y = oco:

(ax - am)e(;( )=0, e5(0)=0, es(c0)=0. (3.4.12)

N
NG
Proof. We first record the identities:

0z 1 0z z

Zo, Z2-_2, 3.4.13
an  Jr' Oz 2z ( )
Differentiating (3.4.11) gives the identities:
o =2 z 0 _:2 z
es(z) = ﬁe T, €f(z)= —%ﬁe T = —%eg(z). (3.4.14)

One then checks that: 33665(%) = ,mea(%) is equivalent to (3.4.14). The boundary

condition at 0 is trivial from (3.4.11), and the boundary condition at co arises from: es(co0) =

§ oo _t .
7= Jo e Tdt=4¢. The lemma is proven.
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Using the heat equation for es, coupled with (3.4.10) we obtain:

2
(1=8+w)p" + |0| + 2y’ = —20/eh — lejl? - el — st — esef,

¥(0) = ¥(oc0) = 0. (3.4.15)

The first task is to obtain existence of a solution, v, to the above boundary value problem

in a suitable Sobolev space.?

Proposition 3.4.2. For § sufficiently small, there exists a unique solution to the equation
(8.4.15) in H2(Ry) satisfying |[¢||g2 < 0, where HY, is a weighted variant of H? which, is
formally defined in (3.4.24)

Proof. For this argument, fix » > 0. We will eventually let 7 — co. Our starting point is to

establish existence of solutions to the linear operator

(— 9% — gaz). (3.4.16)

We recall the identity given in (BKL94):

2
T2 Zo)ewy=(-24+ 241
e’ ( 02 28z)e o) = ( 0+ 1+ 4)1#, (3.4.17)
which in turn implies
(—o2-20.)v =1 w0 =) =0 (3.4.18)

21t is clear by rescaling z — (1 — 6)%2, we can replace the factor of 1 —§ in front of 1"’ by simply 1. This
rescaling would change the main linear operator, (1 — §)y” 4 29’ to ¢ + £¢’. For notational ease, then,
we work simply with the ¥’ instead of (1 — §)1)"". The actual self-similar variable, then, is really (1 — 6)%,

but as (1 — §) is near 1, this causes no confusion in the analysis to follow.
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if and only if

~ 22

( 82+ 16 + )7/’(7«) Fo B0 =D (r) =0, Gy =Ty, f=e¥ [ (3419)

The subscripts are included to emphasize the domain, (0,7) C R. Consider:

B T ~ T 22 1\ ~
By, v] = / 0t - Do + / (1—6+1)¢<r)v, HY0,7) x HE0,7) » R.  (3.4.20)
0 0

B is clearly bounded and coercive on H}(0,7). One obtains the existence of a unique H'!
weak solution to the system (3.4.19), and correspondingly to (3.4.18) from the Lax-Milgram
Lemma. Via elliptic regularity, this implies H? regularity which, in original unknowns,

translates to the existence of a unique ¢,y € H?(0,r) for each f € L?(0,r) such that:

Hw(r)HH2(O,T) S C’(’r’)‘|f||L2(07T)7 and ¢(r) (0) = qu(r) (’I") = 0 (3421)

Let us rewrite the nonlinear problem (3.4.15) as a fixed point to:

where

—  —n — 12 2 —
FWhuy) = ey + ‘7/1(7«) + e5 ) + eses.- (3.4.23)

—
+2es5v¢(,y + el

Define now the norm:

2 / 2
% HH2 = /WJ(,) /(1+Z )’1/1@),77/1(7") ; (3.4.24)
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and the parameter:

R(6) = max {llesllzoe. lleslloe, €5 1w, 111 + 2 Fefllpa, les(1 + 23122} (3.4.25)

Via a standard integration by parts argument applied to (3.4.22), we obtain the stabi-

lizing estimate:

V) |72 < R(8)* + ROyl + [0yl 22 » (3.4.26)

which proves that if ‘W(T)HHa < R(J), then

19 [z < R(8)* + 2R(8)* |l 712 (3.4.27)

Selecting & small enough then ensures 3R(§)* < R(§)?, ensuring that

Uiy = N(¥(r)) € Bres) C H? whenever P(r) € Br(s) C H2. (3.4.28)

The second step is to prove the nonlinear map N is a contraction map on Brs) C H2.

As such, label the pairs:

z N —n .
=Y~ 3% = F W) + (66 + 5)1/1(,«)7 Y (0) =arn(r) =0, i=12. (3.4.29)

Taking differences yields and performing a standard integration by parts argument gives:

|1, — Y2

|§'Ii S R(5>2HE1,T - EQ,T’H%{E)) (3430)
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By the contraction mapping theorem there exists a unique solution to the nonlinear
problem (3.4.22) - (3.4.23). Moreover, as this solution lies in the ball Bps), it obeys the

estimate

1% |z, 0.r) < R(D), (3.4.31)

uniformly in r. Therefore, we may let r — oo to obtain a solution to the problem

(3.4.15).
O
We may repeat the procedure in the above theorem with any weight, giving:
()Ml g2 < O(8; M). (3.4.32)
By further differentiating equation (3.4.15), we can obtain
()M || < O(8; M, k). (3.4.33)

Our front from here on will be denoted as ¢* = ¥ + es. We will abuse notation and
depict
¢*(2) = ¢™(z,m). (3.4.34)

We have the following corollary to the preceding analysis:

Corollary 3.4.3. The front ¢* obeys the following bounds, for any m,k,l > 0:

1

||zma7l78;f <¢* _ (5) ||Lf, < O(é)xfkféJrﬂ (3435)

Proof. This follows immediately from writing ¢* — § = ¢ + (es — J), the definition of es
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in (3.4.11), the bounds in (3.4.33), and then the chain rule together with the identities

(3.4.13). O

Let us now record the following fact:

Corollary 3.4.4. A solution ¢, to the system (3.4.9) must satisfy ¢, (0) > 0.

Proof. Define uy = ¢, vy = ¢,. By (3.4.35), |us| < ¢od for some constant cg. The system
(3.4.9) is then: w/ = vy, (1 =0 + up)v} + |vf|* + vy = 0. The invariant set T' = {u; =
C,vy = 0}, for —cpd < C < ¢pd contains equilibria. The solution ¢, corresponds to an
orbit with initial condition (uz(0) = 0,v¢(0)) and final condition (us(co) = 6,vf(c0)). By
ODE uniqueness, the trajectory cannot cross the set I' unless at (6,0). Thus, if v£(0) <0,

v¢(2) <0 for all z, which violates us(c0) = d. Thus, we must have v¢(0) > 0. O

3.4.2 Zeroeth Prandtl Layer, ug

We define the remainder, w, via:

The initial data in (3.4.36) are clearly rapidly decaying after recalling (3.2.26) - (3.2.28),
via the relation: g = Uy — (es — §) — 1. Moreover, the following smallness is obtained, again

by recalling the assumptions (3.2.26) - (3.2.28):

||<y>mﬁig||Loo < O(0;4,m) for any m, and j =0,1,2. (3.4.37)
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The equation satisfied by w is the following (after substituting ¢ = w + ¢*):

= (1= 8)wny + 0y (quwy +w0y0") = (1= )wy, + K, (3.4.38)
w(z,0) =0, w(z,00)=0, w(l,n)=gn), (3.4.39)

where
K= w,2, + 2¢5wy + wwyy + ¢ Wy + wey,. (3.4.40)

Let us first make the following basic observation regarding our initial data:

Lemma 3.4.5 (Compatibility of Initial Data). Suppose the compatibility conditions in
(3.2.81) are enforced. Then the initial data of w, respects the boundary condition w,(1,0) =
0.

Proof. This follows upon evaluating (3.4.1) at y = 0 and (3.4.8) at n = 0,2 = 1. O

Remark (Higher Order Compatibility). This same calculation for higher-order compatibility
conditions at x = 1,y = 0 can be made. We omit displaying them explicitly, but will feel

free to assume higher-order compatibility of the initial data at y = 0 as needed.

Let us now define a series of norms in which we control the remainder, w:

lwllg0.0) = igl;/wQ Wi, wh +/ /w w2,z w?, o (3.4.41)

We shall need the general, differentiated and weighted variant of the above norms:

2 2
2k—200 |k 2k+1—20¢
ww‘ x , 890“177‘ x ,

2
k 2k+2—20¢
6wwm,‘ x

2
w = Ssu
H ||Q(00,k) x>Ii/

o
1

2 2
2k—20¢ x2k+17200

2
wwn‘ x , afwmm’ xR T2=200 - (3.4.42)

k
> 81 Wnn
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Remark. One should take note of several points. First, each application of 0, to the system
(3.4.38) adds enhanced decay of 2!, which is reflected in the norms above. This is because

of the behavior of the profiles ¢* under the application of 9, see estimate (3.4.35).

Second, upon controlling w in the @-norms in (3.4.41), the dynamics of ¢ = w + ¢* will

be dominated by those of the front ¢* (so long as the parameter oy < %, which we will

enforce). The small parameter o arises for technical reasons when performing weighted

estimates, but should be ignored for the unweighted estimates.

The final point is that upon heuristically identifying w, ~ w,, through the equation

(3.4.38), one sees that the norms Q(oy, k) have an iterative structure:

/|6§+1w|2x2(k+1) d’? ~ / ‘al;wm|2m2k+2 dn, (3.4.43)

the quantity on the left-hand side above being in ||w||g(o,k+1) and the quantity on the
right-hand side above being in [Jw||g(o,x) (upon taking sup in z). The reason for this

structure is that the equation (3.4.38) is quasilinear.

Through standard Sobolev interpolation, it is clear that:

Lemma 3.4.6. For any g > 0, and k > 0,

1_ 3_
sup [0 wat =0 + sup [[05w,at =L < [l - (3.4.44)
xT xT

Proof. As the profile w decays at 7 — oo for each fixed x, we have:

oo
|8l£w‘2x%7200+2k _ ‘2/ alzcwalmcwnl,%f2ao+2kdn/ S ||kafao||L%H,wnxkfach%HL%
n

S Nwl?(oo,1)- (3.4.45)
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A similar computation works for the O¥w,, term in (3.4.44).

O
We now give the energy estimates for w:
Proposition 3.4.7. For any og > 0, and m > 0, w satisfies the following estimate:
12" W[ @(o,0) < O(0;m, 00), (3.4.46)
2" w||Q(00,k) < C(k,m,00), fork >0. (3.4.47)

Remark. Notice that the weights, z = %, honor the parabolic scaling of (3.4.38), and are

propagated by the linear flow.

Proof. The proof proceeds in several steps.

Step 1: Multiplier M = w:

Applying the multiplier M = w to the system (3.4.38) generates the following positive terms:
O 2 2
(ww - (1= 5)wm,) w=o fw +(1=0) [ wy. (3.4.48)

Next, we must treat the nonlinear and linearized terms in K. The boundary condition

w(x,0) = 0 enables us to integrate by parts the quasilinear term:

‘/wfl.w—&—wwnn.w‘ _ ‘/wwg‘ < ||w||L$c(/w72]), (3.4.49)
v o fasimn| | f ot [

* w2 *
<oPllis [ 5 + 167l ol < 06) [ w (3.4.50)
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Above, we have used Corollary 3.4.3 to absorb two factors of 1 to into ¢;,. We have

also used the Hardy inequality, which is available as w(z,0) = 0. Summarizing, we have:

8z/w2+/w,2,§ [O(é)JerHL;o}/w%. (3.4.51)

Step 2: Multiplier M = —w,,x

Next, we will apply the multiplier M = —w,,x. This generates the positive terms:

_/ (635 —(1- 5)37"7)1” Wyt = %/wil‘ — /wg +(1— 5)/w3ng;. (3.4.52)

Let us now turn to the terms in K:

1 1
| [+ [wwdo] < g los (Tl + lsbults), G459
}/¢;wnwnn$+/¢*w3nx+/¢;nwwnnx‘

1 1 1
< llg*, nat i, w0l o (Il 35 + w13 )

< O@) (Ilwgl 35 + w12 ) (3.4.54)

Summarizing, we have:

1 1
8x/wf,x+/wfmx < (1+ ||wnx2||L$Io) /w%Jr |[w, wya? |10 /wfmz. (3.4.55)
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Step 3: Multiplier w,z?

The third step is to take 9, of the equation (3.4.38). Doing so gives the system:

(aw (1— 6)8,7,7)% — 0,K, ws(z,0)=0, (3.4.56)

ww(la ) = (1 - 5)9777] + 9727 + 2¢;9n + 99nn + ¢*gnn + (i)TV,Q- (3'4'57)

First, we will record that ||(n)"wz(1,n)||re S O(5;m), for any m > 0, by (3.4.57) and
(3.2.26) - (3.2.28). Let us now apply the multiplier M = w,z? to the system (3.4.56). Again,
we will remain cognizant of the boundary condition w,(z,0) = 0 when integrating by parts.

Doing so gives the positive terms:

/ (896 -(1- 5)87,,7)1% cwex® = 0, /wixQ - /wix +(1-9) /w%xazQ (3.4.58)

Next, we come to the nonlinearity in K, where integrating by parts as necessary:

‘/wnwnxw%x2 + wxwymwxx2 —|—wwnmwx:z:2’
1 1
< Nlwpa? ||z [lwpel| p2 [Jwew? ||z + [Jwl|z lwpez]|72, (3.4.59)
‘/d’fmwnwxzz +/¢;"7wmwx:z:2’
<N dpawnl|zse lwgll 2 [lwenzllzz + [[&5nl e [lwhel |22,
< O()lwy|lzz[[wenzllLz + O(8)||wya|72 (3.4.60)
‘/q/);wnnwme +/¢*wnmwwx2‘
1 1
< [lorallpge llwgna? || s llwew ? |2z + (6%, ¢nmll Lge llwnewl |72,
1 1
< O(O)| [y || llwrz? || 2 + OG)|[wya |32 (3.4.61)

* 2 * 2.2
‘/d)nmwwmx +/¢mexx ‘

3 1 1
< 1 @nman® || e lwa? || 2 ||wyllz2 + [|6n, ]| Lo Jwaw? | |Z:
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< 0(0)||we?

(9)

[wpa2][7. (3.4.62)

Summarizing this piece:

&;/U}iﬁ +/w2zx2 < {(’)(5)4— |[w, wpz2||Le } /wfmx?

+ [1 + O(0) + ||w, wnx%HL;”} /wfc:r + O(9) /wg,w%nx (3.4.63)

With these estimates in hand, we may now apply a standard continuous induction ar-

gument to conclude the global existence of w satisfying (3.4.46) with k = m = g9 = 0.

Step 4: Weighted Estimates

We now apply the weighted multiplier M = x72702™w to the system (3.4.38). First, we

have the following positive terms:

0 m
/ (wx _ wm]> w2200 — ?w w2 22200 | (5 +00) w222~ 1200

+/w,2,z2mx_2”° —m(2m—1)/w2z2m Zpmim200 (3.4.64)

The last term above has been estimated inductively at the m — 1’th iterate. Next, we

address the terms in K:

2 . 2m,,—oo
‘/(wn—i—ww,m) wz

| / (2650 + & wgy + w6y, ) - 2222 0w| S Iy, 20y, |l g2~ |Fs.  (3.4.66)

zma:_”"||2L$], (3.4.65)
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Summarizing;:

8m/w222mx720'0+/w72722mm7200+/w222m$717200 S/w222m72$717200. (3467)

By integrating in x:

Sup/w2z2mx72o’0+//w72722mx720'0+//w2z2mx717200
z>1

5/ w2y2m+//w222m72x7172”° < O(8,m, 09). (3.4.68)
=1

The next step is to apply the multiplier M = —wnnxl’%ozzm. First, this gives:

. 2m, 1—200 __
—/(390—3,7,,)11) Wynz“"x =

Oy m
~rx w222mx1 200 4 w2 ZQ'rnxl 200 4+ = w222mx 200
2 n nm 2 n

17200

5 /w%sz:E*Q”“ +2m/wnwmzzm71x%72“°. (3.4.69)

Next, let us turn to the nonlinear terms in K:

| [ (s34 ) 2] < g o (g2~ 2

w223 =024 ), (3.4.70)

and the linearized terms:

‘ / (QS;wn + ¢ wyy + (15:;7;11’) w2 T

1 1 _ 1_
< lled g b gy, 6"l lwga = 2™ o [wpz el (34.71)
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Summarizing,

1
< 10, 000/w2z2mx_2”° +C’/w2x1 200 ,2m=2 (3.4.73)

Integrating in 2:

Sup/w522m$1_200+/00/w3’ 2m 1— 200+/ / 2 2m —20‘0
x>1
5/ 2 2m // 1 20’0227)1—2 S (9(5;00,m). <3474)

The final step is to apply the multiplier M = w,x?~29022™ to the system (3.4.56). This

generates the following terms:

0
2 200 .2m T 2 2—200 . 2m 2 2—200 . 2m

( -1+ 00) /w2:c1 2002M _m(2m — 1) /wi:El*Q”“sz*Q. (3.4.75)

We turn to the nonlinearities contained in K, for which we integrate by parts as needed:

’ / (wnwmc + w2wy, + wwm,xw) a0 Am (3.4.76)

S Moy wya|lzoe (oot =202 3y + lwpad o023, + [fwpad =702, ).
mn n n

Next, we come to the linearizations around the front profile, ¢*:

* 2—200 ,2m * 2—200 ,2m
‘/qﬁnanwxx z +/¢nwmwx;ﬂ z ‘

< Ngpemez®, Gz lloe (w2 + w3z ), (3.4.77)
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| [ a0 | < il (w0 + sz =0l ). (3.478)
‘/¢*wmnnwzx2—20022m‘ _ ‘/¢,’;wxwmx2_2”°z2m+2m/¢*wmwmx%_2”°z2m_l‘

_ — 1_
S 2™, 6 i (Il |Fe + 210 way 2" 35 + 1127wyt =02, ),

(3.4.79)
’/qi);mwwx:t%%"fm /¢nn 22200 ,2m
S 120060, 222 e (gl + eanal 3 ). (3.4.80)
Summarizing the results of this multiplier:
%’v/wsz 20022m+/wimx2 20022m§/w2x1 200 ,2m
2, 1—200 ,2m—2 2 2 2 2
+/w T E0 +O(5)/wn,wm]:c Wiy T, (3.4.81)

Again, we may integrate in x to obtain:

0
sup /wix2720022m+/ /wglxl,2720022m
x>1
o'}
g/ Wy 2 2m / / 1720022m+/ /wal 20022m72
1

+0(6 / /w w x2 w2na: (3.4.82)

The third and fourth terms on the right-hand side are controlled by ||w\|?Q, and the
first term is controlled by the initial data. For the second term, we must use the equation

(3.4.38):

lwew2 =70 2™ || L2 < ||wynz2 =70 2™| 12 + || (w% + 205wy, + Wwyy + ¢ Wy, + qu;n)x%wzmnm
< w20 2™ |12 + |[wyz?, ha?, w, ¢*, ¢ nz E|| oo | [wyz ™70 2™, w2 T 2™ | 2

< ||w,7nx%_”°zm,w,,ac“’ozmHLz. (3.4.83)
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As the majorizing terms above have been controlled, we can conclude:

sup /wi:ﬂ?*QUOsz +/ /w%mx%%ofm < O(9). (3.4.84)
1

x>1

By subsequently relating w, to wy, and wy, to wy,,, we have shown that ||2™w||q(ey,0) <
O(d,m, 0¢), which is the k = 0 case of (3.4.46). We may upgrade the previous set of estimates
to higher order x derivatives by iterating Steps 2, 3, and 4. The mechanism for doing so
is that each application of 0, to the profile terms ¢* produces an extra factor of 2!, and
similarly each time @, hits z, one extra factor of =1 is produced by (3.4.13). As this is
similar to the previous steps, we omit the details. We remark that controlling higher order
derivatives does not require smallness of the initial datum (hence, the smallness assumption

(3.2.28) is only for j =0,1,2).

O
We now give the following corollaries:
Corollary 3.4.8 (u) Asymptotics). For any m >0, 2 < p < oo,
120080 1p < C(m, 1K) ™ 5% for 2k +1> 2, (3.4.85)
\|zma§,6§ug|\L5 < (’)((5;m,l,k)x7k7%+ﬁ for 2k +1<2. (3.4.86)
Proof. We start with the representation of uf) via (3.4.36):
|\zma;a§ug||m = ||zm8578§ (1/) +es — 5)|\Lg + HzmaéawaLg. (3.4.87)

The first quantity on the right-hand side above is controlled by Corollary 3.4.3. For the

1

second quantity on the right-hand side, we simply use (3.4.46) with 0 < o9 < 7, coupled

with the standard Sobolev interpolation. Recall now: n = fé’ 1+ ug(x, 0)df, from which we
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have the equivalence: (1—¢)y < n < (144)y. Moreover, we have the Jacobians of the change

of coordinates are given by: 7'(y) = 1+uS, 3'(n) = 5o, both of which are bounded and

0
1+up’

bounded away from zero. Therefore, we can transfer (3.4.87) to (z,y) coordinates.

We may give bounds for v)):

Corollary 3.4.9 (Estimates for Ug). We have the following bounds for v, for any m > 0:

||zm3]jvg(m, Mz < C(k,m)sc_k_i fork>1, (3.4.88)
1200 (x, )22 < O(8;m)z~ %, (3.4.89)
||zm8];vg(a:, MNlee < C(k‘,m)x_k—% for k > 1, (3.4.90)
1200, )| < O(6;m)z~ . (3.4.91)

Proof. First, we give L? via the Hardy inequality, which is available for m > 0 as 0%v(x,y =

o0) = 0:

k-1
12" pup(,)lzz < (12" ydvp, (x,)lez = 12" yO5up, (2, )l L2 S 27" 1. (3.4.92)

We have used estimate (3.4.85) for k£ > 0, and one obtains the smallness of O(J) for k =0
by applying (3.4.86). The L estimate then follows via standard Sobolev interpolation.

Indeed, as limy_; o vg(z, y) = 0, with rapid decay for fixed x, one writes:

90z, y) 2 = / 2(y™ 8008, (5™ 0k 00) dy!
Yy

:/ 2y Ok vdmy™ Ok vy dy'Jr/ 2(y" Ok v )y ONY, dy’ . (3.4.93)
y y
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Dividing both sides by =™ then gives:

k k 3 k 3 -1 —1ak
ko) e, Mg < I1m0ked(@)1 212" 50, @) 2 + o F [l 0kl s, (3.4.94)

from which the desired results follow upon consultation with (3.4.92) and (3.4.85) -

(3.4.86). O

3.5 Euler-1 Layer

3.5.1 Derivation of Equations

In this section we construct the next order in the expansion, [ul,v!, P!]. The analysis will
be taking place in Euler coordinates, that is (z,Y), where Y = /ey as in (3.2.9). We make
the notational convention that differential operators applied to [ul,v!, P!] will always be
in (z,Y) coordinates, so for example Aul := 92ul + 0%ul. Let us now expand the partial

expansion in order to find the lowest-order terms which we then take to solve the Euler-1

equation. The first equation is:

Al uu oy + P = A = bl ¢ (4 Veul) (o, + Ve,

+ (vg + vé) (ugy + euéy) +VePL +ePLe. (3.5.1)

Removing now the terms found in equation (3.4.1), and retaining the lowest-order purely

Euler terms gives:

\/E[uix + P;I} —0. (3.5.2)
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The remaining terms from the above expansion are placed into the next order, which is

discussed in detail in equations (3.6.1) - (3.6.8). Let us now turn to the second equation:

—Av® +uMv() + oMol + @PS(” = —A) — eAv! + (ag + ﬁué) (vgx + viz)
€

+ (vg + v;) (vgy + ﬁvgy) + PY +ePke. (3.5.3)

Taking the order-1 purely Eulerian terms gives:
vl +Ph =0. (3.5.4)
The remaining terms are contributed to the next-order error in (3.6.1) - (3.6.8). Putting

(3.5.2) - (3.5.4) together with the divergence-free condition yields the following system for

the Euler-1 layer:

ul, + Pl =0, v, +Py =0, ul, +vly =0, in Q. (3.5.5)

with prescribed boundary data

vl(x,0) = —’US(Z‘,O). (3.5.6)

Without loss of generality, taking P} = —ul, gives the div-curl system

1

vl —uly =0, wul, +oly, =0. (3.5.7)

Notice that these equations are the Cauchy-Riemann equations for v! = Re(f), ul =
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Im(f), f holomorphic on Q. Then by taking the curl of the equation,

Avl =0in Q, vl(z,0) = —vg(x, 0). (3.5.8)

The following boundary decay rates follow from (3.4.90) - (3.4.91):

[MES

(3.5.9)

Okl (@,0)| < Ry~ 4%, Job(a,0)] < O(B)a~

3.5.2 Uniform Decay Estimates

Motivated by (3.5.9), let us define for this section f := Xzz—loEﬂ(gT)Ug, where EH%T) is the

m’th order Sobolev extension operator on the half-line Ry (see (AF03, Chapter 5)). Here,

m is selected as large as required by the remainder of our analysis. Then, f agrees with

vg on [0,00), and is cut-off past x < —10. Then by standard Sobolev extension theory,

[ f1[zm < C(m)|[v]][rm. Our setup for this subsection is:

Av=0on H, wv(z,0) = f(x),

8’;f(x)‘ <z k3 ‘f(a;)‘ <O@®)z"% . (3.5.10)

Using the Poisson Kernel, we have:

(2, Y) = Py # f = /_oo Py (o — )£ (t)dt = /_Oo mf(t)dt. (3.5.11)

We will need the following pointwise estimates on the Poisson Kernel:

Lemma 3.5.1. Forxz >0, k>0, and 0 < s < k, we have:

|0k Py ()] S x5ty —(k=s), (3.5.12)
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Proof. First, let us address the k = 0 case. Indeed,

Yz Y2422
zPy(x) = Vii2 S yi . <1. (3.5.13)
For k > 1, we record the basic identities:
%
Py (x) =Y c;pYa? (V2 + x2)7(§+1)*j if k even, (3.5.14)
=0

%
OEPy(2) = e Y2 (Y2 4 2?) =5 1 if £ odd. (3.5.15)

§j=0

For the k even case, we multiply (3.5.14) by 2**!, use the binomial formula, and then

apply Young’s inequality for products in the following manner:

k

2
|xs+1yk—saicpy($)| _ |ch,kyl+k—sx2j+s+l(y2 + xQ)—(§+1)—j‘
§=0

k

Y1+k_s$(:2j+s+1

2
SD 4
~ Cjk YF+2+2) ¢ pht2+2)
=0

T y(lhk—s)(BE2E2) (s 142)) (A2t
Y +x ’

Yk+2+42) 4 ph+2+2j

<
~
J=0

<1, (3.5.16)

where the Young’s conjugates are:

l4k—s | s+1+2j
k4242 k+24+25

(3.5.17)

Performing the same calculation using (3.5.15), we have:

k—1

2
\xSHY’“_SO’;Py(xN _ | Z ijkyl+k—sxs+2j+2(y2 + x2)—%—1—j
=0
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k—1
2 Y lt+k—s,s+25+2
< )
N 2L ik ste) 1 ok i3t
j=0
_ P Y(kas)(klﬁfjf) +x(s+2g+2)(§1§;ig) _
I Cj.k VRT3 Rt S L (3.5.18)
j=0

Here, the Young’s conjugates are:

Cl4k—s | s+2j+2
Ck+2j+3 k+2j+3

(3.5.19)

This proves (3.5.12).

We now prove the following uniform estimates for the v} (z,Y’), which now drop super-

scripts and denote by v for notational ease:

Proposition 3.5.2. Let v be the Poisson extension defined via (3.5.11). Then v satisfies

the following bounds:

sup
Y >0

a];v(x,Y)] <Oz "%, sup v(m,Y)‘ < O@©B) 3. (3.5.20)
Y>>0

Proof. The Y = 0 case is clear by (3.5.9), and so we must treat the case when Y > 0. In

this regime, several qualitative facts are available for use. In particular, Py is smooth, has

unit mass, and is positive everywhere. As is standard, we shall exploit these qualitative

facts in order to extract quantitative bounds independent of Y > 0. Fixing any a > 0, we

shall split the integral (3.5.11) into three pieces:

o0

Py(z — t)f(t)dt+/ Py(z —t)f(t)dt

x

o(z,Y) = /__+ Py(m—t)f(t)dt+/1ia

=
© ~T¥a Tta

=L+ 1+ Is. (3.5.21)
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For the sake of concreteness, fix: o = 6 and ¢ will be taken small relative to this

_1
10,000

universal constant, a. Let us first turn to Is:

xégkﬁ/j}aufwﬁf@ﬁ] (3.5.22)
s\[?f&@—ﬂ&é—uﬁwuw4+nyfyu—ouﬁﬂww\ (3.5.23)
g[{ﬁ@%ﬂ@f—mﬁmw+;wm[imuﬁw (3.5.24)
sg;;é|gf)é—1wﬂﬁum¢[zfv@—wwr+ow>scxa. (3.5.25)

where we have used for each fixed Y > 0, Py > 0 and [ Py = 1. By symmetry, I; works
the same way. Therefore, we are left with I, where the main mechanism are pointwise

estimates on Py. According to (3.5.12), with k = s =0,

1
sup Py(xz—1t) < —, (3.5.26)
-1 <t< e X
as x — 1 > 0 int the region — 77 < ¢ < 1. Thus, we have:
o 1 [THa 5) [T+
< [T ne-os@as s [T rwlae< 2 [T e
~Tia T -t R
<Oz, (3.5.27)
Combining (3.5.25) - (3.5.27), we may conclude that
z2v| < O(5). (3.5.28)

We now need to establish this procedure for higher-order = derivatives for v. We continue

with the I3, I, I3 splitting used above. Upon differentiating (3.5.21) with respect to z, let
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us treat each term I; individually.

Op 1y = 111aPy(x+ 1ia)f( : )+[_m8xpy(x—t)f(t)dt

-1 T x ~Tie
Pyt i - [ abve - of

“Tia
=B +/ Py (xz —t)f'(t)dt. (3.5.29)
Here,
-1 T T T -
B = P — — P —_— . 3.5.30
1= 1oyt T ) - e () ( )
Note now in a similar manner to (3.5.12),
18| £ P CE2 ) (2 £ 10@)at S0 (3.5.31)
U~ Ty a 1+a” ~ux ~ ' e

Using the same method as evaluating (3.5.25):

. /_+ Py (a— 1)1 (1)

— 00

< /_: Py(w = )Jt12] /(1) e + /__Oo+ Pyt = (ot — 7 o]
< [" Aol /_:,O Pr(o =0tz Y| 0]ar

3 B T3 3
<lled s+ [ T A -nfi(F) -1

@ ‘dt

T 3 00
Shet Pl + s [1(5)" = 0flle 7l / Py(z—t)dt<C.  (35.32)
=" T+a

o0



Next, we turn to Is, which after differentiating gives:

0112:1iaPY($ T ) )+ ! Py (x Z (-

B 1+« 1+« 14+« + 14+«
THa
+ / 0. Py (x —t) f(t)dt.
~Tta
Via (3.5.12) with k& = 1,5 = 0,
1 < 1
sup O Py(x—1)| < sup nERSEE
Y>0,te[- 12, 2] y>otel- 12, 2] (@ — 1) T

For I, this then facilitates the bound:

x
+a

ﬁ 1 1 1
‘/ ’ axPy(x_t)f(t)dt] 5ﬁ/ (1+0)"3dt <a
71:%{(1 —

x

1+

For the 0,13 term, we must integrate by parts in the following manner:

1 x x e
nle = P~ )+ [ e - (e

:Bg+/ic Py (x —t)f(t)dt.

Here, B3 contains the boundary terms:

1 T T T
B?’:l—i—a y ( _1+a)f(1+a)_ v ( _1+a)f(1+a
1 a T «@ x
= 1+QPY(1+ax)f(1+a)_PY(mx)f(1+a)'

Again, via direct calculation using the definition of Py, it is clear that:

‘Bg,’ 5 .’13_%.

e

195

(3.5.33)

(3.5.34)

(3.5.35)

(3.5.36)

(3.5.37)

(3.5.38)
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We may estimate the integral in (3.5.36) in identical fashion to (3.5.32). This procedure
can be iterated for higher-order derivatives. To see this, let us start with the splitting given

in (3.5.21). We will apply 0%, where k > 2:

OFv(z,Y) =081, + OF L, + OF 1. (3.5.39)

Our starting point is the expression (3.5.29), from which it becomes clear that applying

Ok to I, for generic constants ¢, > 0 (which can change from term to term), we have:

k-1 =

O =3 €01 Py (caw)d 7 fcar) + / T Py (a — )0k f(1)dt. (3.5.40)

— 00

Jj=0

Using (3.5.12), we estimate:

|09 Py (o) f(cax)| < cqud = 1203 < k3, (3.5.41)

For the integration term in (3.5.40), we follow (3.5.32) to give:

s / T Py(e - 0ok f(t)dt‘ (3.5.42)
< [ T na-omrifat @l [T Pet- ottt - e ok so]
e 1 TTha 1 1
g/ Py (z — t)|t]F+3 8ff(t)‘dt+/ Py(x—t)‘{ka ! ‘Bff(t)’dt
1 TTa x\k+3 1
<l 3okl + [ T Pre—o[t() - e ok
1 x\F+3 1 o
Sletrokslie+ swp () - Dfllet ok sl [ Pra-nar<c
t<—f | | —o0
(3.5.43)

By symmetry, the same estimate applies to I3, and so we turn to Is. Referring to (3.5.33),
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one sees the following expression:

k—1 x
0Ly = 3 ;00 Py (caz)0 17 flcar) + / T kP (e — 1) (1) dt, (3.5.44)
j=0 ~Tta

where ¢, > 0 denotes generic constants which depend on «, not on 4, ¢, and are strictly

positive. Referring to (3.5.41), it remains to estimate the integral term above:

|/ ohPy(e - s < [ 0Py (- )| (0)] e

1+o¢ m
< sup \8Pya:—t|/ [(14 )] 3 dt
e ST e
< x—’f—lx% =z k32 (3.5.45)

This then proves the desired result.

O
By repeating the above proof, we actually have the following;:
Corollary 3.5.3. Consider boundary values g(x) satisfying:
wg(a:)‘ <z where w € (0,1). (3.5.46)
Then the Poisson extension satisfies:
< ghmw, (3.5.47)

We now give an estimate more suitable to obtaining L? in Y estimates.
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Lemma 3.5.4. Forany k> 1, and 0 < k —s < 1, we have:

Ok, Y)‘ < gmsmhy—(k-9), (3.5.48)

Proof. By Lemma 3.5.2, the claim is only meaningful for Y > z, so make this assumption
to begin. Again, we start with the splitting (3.5.21). By symmetry it suffices to consider

I, I3. Applying 0%, we have the expression (for generic constants c, > 0):

k—1 _x
ORI = i ka0 Py(car)Of™ 7 fleax) + / 0Py (e — t) f()dt, (3.5.49)
=0 “THe

First,

10 Py (ca)5 ™1 fleaw)| S Y0 md ) pm () =

Sy ~(kos)gpmsos, (3.5.50)

Above, we have used (3.5.12) for the case j > 1. For the j = 0 case we use the assumption

that Y > x, and the following estimate on Py, which is valid so long as k — s < 1:

Y <X _ L ytayites), (3.5.51)

For the integral term in (3.5.49), via (3.5.12),

sup ok Py (z—t)| S Y~ h=9)g=s—L, (3.5.52)
Y>0
tel—tfa 14l
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From here, the estimate on the integral in (3.5.49) follows:

i . .
(14t)"2dt Y~ F=9g7572, (3.5.53)

14+

‘/”a B, Py (x — t)f(t)dt gr(’%%ﬂ*l/
71«:?04

For the I3 contribution, we apply O and integrate by parts in ¢, reads:

k—1 00
013 = Z Cj k00l Py (cqu)OF ™17 f(com) + / Py (x — t)0F f(t)dt. (3.5.54)
§=0 THa

First, as shown in (3.5.50)

1

|87 Py (Caz)0F 17 f(cqu)| S YR8 ps73, (3.5.55)

Turning to the integration in (3.5.54), our point of view on the kernel:

Y Y 1
Py(z—1) = g STy (3.5.56)
Then in the regime Y > z, we have (since k — s < 1):
- k L[ Lo kvl
‘ Py (z — )0} f(t)dt‘ < — | thoEgr< gk
Y | Y
1+a 1+a
1—(k—s)
< %x_k'*'% (K) <y~ (k=s)gms=3, (3.5.57)
x
This establishes the desired result. O

Lemma 3.5.5 (Interpolation Estimates). We have the following decay estimates:

3|0k v(z, e < C, @[]0y o(a,)||Le < OO). (3.5.58)
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Proof. We treat the case when k = 1, with the extension for higher k values being obvious.
This follows via standard interpolation arguments: fix an z, and consider vy (z,-) as a
function of the Y variable, defined on the half-space Y > 0. Then via Gagliardo-Nirenberg

interpolation estimates, and via harmonicity v,, = —vyy,

W=

1
3 1 2 5
oy (@ )lleg S (22l Mieg )" (2 laa (@, leg ) (3.5.59)

Importantly, via Remark 4, Page 125 in (Nir59), we need not include a lower-order term
on the right-hand side of (3.5.59), which is due to the fact that our domain, for each fixed
x, is the half-space Y > 0. Taking the supremum over z and applying (3.5.20) yields the
desired result. The smallness of O(d) for k¥ = 1 case is guaranteed due to the v term in

(3.5.59).

O

Proposition 3.5.6 (Euler Correctors). Suppose [ul,v!] solves the boundary value problem:

Avl =0, vl(z,0) = fvg(x,()), ul = / vy (2, Y)da!, for x> 1. (3.5.60)
Then the following bounds holds for any k,j > 0:

sup ul, vl x? + ul, vl ac%} < 0(9). (3.5.61)

Y>>0

, L
8§8§v;‘$k+7+2 <C, sup [
Y>0

Proof. We shall take v! = v from the above lemmas. For the u! profile, we define for z > 1:

(o)
ul(z,Y) ::/ vly (2!, Y)dx'. (3.5.62)
T
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From here it is clear that the Cauchy-Riemann equations hold:

%) oo
1 _ 1 1 1 _ 1 .1
Uey = —Vey, Uy = / Veyy = _/ Vezz = Vex- (3563)
T T

We have used that v}, (z,Y) — 0 as * — oo. From Lemma 3.5.5, it is then clear that:

o0 o0
10| 1 og
/ Uy dx'| = }/ Voy dx
x x

1

< 0(5) / 2| 2da’ < O(8)a™ 3. (3.5.64)

1
e

U

O

Remark (In-flow Conditions). Note that we do not solve for the Euler correctors given an

arbitrary in-flow condition at x = 1. Rather, we take [ul, v}, P}] to be the explicit profiles

e)r e

obtained by applying the Poisson extension to f. In this sense, the set-up we consider here

is distinct from the construction of Euler profiles in (GN17).

3.6 Prandtl Layer 1

3.6.1 Derivation of Linearized Prandtl Equations:

In this section, we will construct the Prandtl correctors, [u}u7 v;, Ppl]' Let us now obtain the
equations that they will satisfy. We do this in a manner which can be easily generalized in

the next section. We expand the nonlinear terms:

aMall) = (g(gO) + Veu! + ﬁué) (@gﬂ) + Vel + ﬁU},z)
- u(O)U(O * \[U(l) b + \[U(l pz + eupupa: \[uez P + \[ue px
+Veul, + eutul,, (3.6.1)

~(1)-(1) — (0 1 1\ (,0 1 1
ol )ugy) - (vp + vl + \/Evp) (upy + eugy + \ﬁupy)
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= vgl)ugy + \ﬁug)v; + VeoMu 1 gt ev u g+ ev uly + eviuly, (3.6.2)
aMol) = (1+u + Veul + Veul )(v2m+v;z+\@v;z>
@ vp, + Vevpul) + Veuuy + eupug, +upve, +Veugvy,
Ver + Veupvl,, (3.6.3)
VoY) = (vS + ol + Veoh) (0, + Veuly +veul, )

p py + \fv oM + \fv(l)vl + evpvpy + \fv viy + V8 y +Vevlvly,. (3.6.4)

Let us now denote:

u,l 1 w,l, 1,1 1,1
RE = vlu), +Veul u) + Veulug, + evduly, Epti=eviuly + euiul,, (3.6.5)

Riliﬁl p Ve \[ue pa: \[vpveY + ’U;/Ulo;ya Ev 1 \[ue Ve \[’Uevey (366)

The purpose of the terms above is to separate the Euler-Prandtl terms and the pure-
Euler terms. The pure-Euler terms are harmful to our analysis, because they scale differently
than the Euler-Prandtl terms. From a practical point of view, their presence prevents the
application of weights of the form z = %, and therefore obstructs self-similarity. It turns
out that all pure-Euler terms are of “gradient-type”, see (3.7.32). Thus, by introducing
appropriate potential functions in the pressure expansion, we can force these terms to vanish

identically. With this notation, we may write the Navier-Stokes expansion as:

—Aa® +aMal) + oMal) + PV = —Aal? + @03l +0al) + PO
1 1),,1 1),,1 1),.1 1),,1
+ \@{ — Acul +uMu), +ulDur + ul)vd +oDul 4+ Veulul,

+ Vevyup, + Pplx} +ePLY+ Ry + B! — 2 Aul + PRt + Ve(ul, + PL).

(3.6.7)



203

The normal equation is expanded via:

5(1) 5(0)
L —AD? + 708 + 505 + i

€

1
&+

AWM +aMp) + 55
€

+ ﬁ{ — Aev; + ugl)véx + vgi)uzlj + vgl)véy + vglll)vé + ﬁull]v;x
1

P 0 0 0
ety + 2] Deepe w4y ot D iR )

(3.6.8)

=(0)

In the above expressions, the [as ,ag(’)], [ SRS

us’,vs '] are known at this stage, and the

1

» are unknowns, to be constructed in this step. Similarly for the pressures, the the P!

1
Up, U
is known, but the auxiliary pressures P]%;’a, Ppl’“ are to be defined in this section. Finally, as

can be seen from the definitions in (3.6.5), (3.6.6), the R%’l, Rgl, E%’l, E}g’l are all knowns.

Let us now simplify the above expressions. First, via the construction of [ugmg] we may
write:
R0 = —Aal” +aMal® +0Va) + PO +vlud,
0 1 0 0 Y v 1 " !
= —€Up,, + Veyvey Uy, + eupy/o / voyydy'dy'. (3.6.9)
Y

This then accounts for the lowest order term from R}fjl in (3.6.5), allowing us to redefine:

Ry = Vel + Vel + afuly. (3610

Let us now define the auxiliary Euler pressure:

1

Ue

1
Pé’a == (

. 2)7 (3.6.11)

so that, combined with the equations we have taken for [ul,v}], we have:

e)r e
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Lemma 3.6.1. With Py as in (3.6.11), and E%', E%" as in (3.6.5) - (3.6.6),
1l,a u,l 8y 1,a v,1
OePE" + By = ?GPE +Eg =0. (3.6.12)
Remark. Denoting by V. := (0y, a—\/yg), the above lemma reads:

V.ePy + (E' EvYY = 0. (3.6.13)

Thus, the purely Eulerian terms are of gradient structure, which is then exploited with

the introduction of our auxiliary pressure.

Proof. The proof follows by direct calculation and an appeal to (3.5.5):

la _ 1,1 1,1 _ 1,1 1,1 u,1
€0, Pp" = —€Uglg, — €V Vsp = —EU UL, — EV ULy = —E . (3.6.14)
Similarly,
Oy 1
a _ 1,1 1,1 _ 1,1 1,1 _ 0,1
%EPE = —Veululy —evivgy = —Veulvl, —evivyy = —Ep . (3.6.15)
The claim has been proven.
O

Corollary 3.6.2. All “purely Eulerian” terms from the expansions (3.6.7), (3.6.8) vanish

identically. That is:

E};’l — e%Aui + ePéf +Ve(ug, + Pp,) =0, (3.6.16)

19) 19)
Eg’l —eAv! + 2 eP;;’a + (ZVeP! +ul,) =0. (3.6.17)
€

€
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Proof. First, by harmonicity of [ul,v}], we have:
€3 Aul = eAv! = 0. (3.6.18)
Next, regarding the final terms in both (3.6.7) and (3.6.8), by the equations (3.5.2) and
(3.5.4), we see that these terms drop out:

ul, +PL =0, v, +Py =0 (3.6.19)

Coupled with (3.6.12), this establishes the desired claim.

In the above calculation, we are using crucially the Cauchy-Riemann structure of [ul, v!]

in 3.5.7; harmonicity alone does not suffice here. Next, define the auxiliary Prandtl pressure:

. oo - o L oo 1
Py = / {— AT + 7050 4 vgo)vgg)} +/ Ry (3.6.20)
y y

Combining all this, we take our Prandtl-1 equation to be:

—ulljyy +(1+ ug)uzlm + ug;)ull) + ugy (vllj — v;(x, 0)) + vgl)u;y + Ppl,ﬂ = f(l)7 (3.6.21)

together with the divergence free condition u,, + v, = 0, and the boundary conditions:

uzl)(.%‘,()) =0, [uzl,(x,y),vll,(x,y)} =0, U;(x,O) = —vg(x,O), u;(L:’/) = Ul(y)'

(3.6.22)

lim
Y—00
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Here, the forcing term is defined as:

J0 = R+ R 4 epe] (3.6.23)

The boundary contribution of vll)(x, 0) in (3.6.21) again arises from the calculation:

y oy
2 0 _,2 0 0,2 0 2
vg (2, Y Juy, = vZ(x,0)uy, + Veyup, viy + eupy/o / Viyy
y

y oy
= —v(z, O)ugy + \/Eyugyvzy + eugy/o / vy (3.6.24)
y

Consolidating (3.6.18), (3.6.19), (3.6.12), (3.6.20), (3.6.21), (3.6.24) with the expressions

(3.6.7) and (3.6.8) then shows that the following remainder is contributed:

y oy
Rwl — \/E{ — e, + \/Eyvzyugy + eugy/ / Viyy + (euly + \/Euzl,y)vzl, (3.6.25)
0 Jy
 Velub + up)up |,

RV = \/E{ — Ay +ulMop, +oPul + oMol + o) + Veulv), + \/Evzl,vzl,y} . (3.6.26)

sy °p pr

Let us emphasize the boundary condition at y — oo for v;) means that we will define:

o0
U;(:v,y):/ up, (z,y)dy'. (3.6.27)
y

We may evaluate the equation (3.6.21) at y = oo to see that the pressure term drops

out. That is the pressure in the Prandtl layer is constant, so we may WLOG take Pp1 =0.
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3.6.2 Global in z Existence and Decay:

The first step is to homogenize the boundary conditions by introducing the new unknowns:

W= X0 0= o) 0h(w0) + ke OLG). L) = [ 0. (3:628)

where x(y) is a cutoff function satisfying:

WO =1, 9 x(0) =0, /O )y = 0. (3.6.29)

The mean-zero condition is meant to ensure that v(0) = 0. The homogenized profiles
now satisfy the following system:

(1+ ug)um —uyy +Pu,v) = fO + T w(x,0) =v(z,0) =0, lim u(z,y)=0. (3.6.30)

Yy—00

along with the divergence free condition u, + v, = 0. Here:

P=uDu+ ugyv + oM, (3.6.31)

T = uMx(y)ul,(z,0) — X ul(z,0) = x(y)ulul(x,0) — up, I (y)ul,(x,0)

+ oMy (y)ul(z,0). (3.6.32)

We note that v(z,y) does not vanish as y — oo due to the definition in (4.9.80). The
essential feature of v(z,y) that will be in use is that v(z,0) = 0. Examining (3.6.31), one

observes that v is always accompanied by ug, which decays rapidly in y for each fixed x.
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Let us now define the norm in which we shall control the Prandtl solutions:

X1
||UHQP(X17G') = sup { u T 20 2 1 2a}+/ /{U2 —1— 20 ?24.’[7204-11,2.’[1720}.

1<z<X
(3.6.33)

We shall also need the following, differentiated version, of the above Prandtl-layer norm:

il ix, oy = sup { [ 108uPa? 2 4 [0k, a1y (3.0.30
1<e< X,

X1
+/ /{|a§u|2x2k71720+|al;uy|2x2k72o+|a§+1u‘2m2k+1720}.
1

Through the H; < Ly° embedding, it is clear that:

1_
sup 2" 10|05 ul [ < [lul|py(x,,0)- (3.6.35)
1<z<X;

Finally, we shall write the global norms as:

ullpo) = lullpoo.)s  ullpi(ey = [lullpoo.o)- (3.6.36)

Remark. A comparison of the norms Py with the estimates valid for [u),v)] in (3.4.86),
(3.4.91) show that u} is roughly “z~i-better” than uj. There is no front-profile as in the
case of [u), v)], which is because the present boundary condition, u}(x,0) = —ul(z,0) decays
as © — 00, due to (3.5.64), in contrast with the boundary condition for uj(z,0) = —4. The

secondary reason is because f(1) in (3.6.23) contains derivative and nonlinear terms from

the previous layers, which enhances the decay in x.

The first step is to give the following estimates on the forcing terms, which capitalize on
the structure of these terms either having many derivatives (thereby enhancing decay in )

or are of product form (also enhancing decay in z):
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Lemma 3.6.3 (Forcing Estimates). For any k,m > 0, and arbitrary N > 0

1

‘zma’;j‘ < Ok, m){y)"Nz—h3 (3.6.37)

|20k FD|| L2 < Clk,m) ()~ F. (3.6.38)

Proof. The estimate for the [J terms is direct, thanks to Proposition 3.5.6, estimate (3.5.61).

For (), in consultation with the definition (3.6.23), we start with the R“?, defined in

(3.6.9):
_T
\EHugzzHLg S \/E:L' 4, (3639)
oty s < lle b, g sup [oty ot < 2%, (3.6.40)
Yy
o [* v 1 "1 2,0 1 g
ﬁHuPy/ / vemmdy dy ||L§ < \EHZ] upyHl%”UezzHLgo S ﬁxiz' (3641)
0 Jy

Second, we control R%’l via:

1 1
2 |IRE 2 < llueplloge llupllzs + luelloge llups |2 + Vellvpllzz lluey [

o

<zh (3.6.42)

Next, according to (3.6.20), we have:

1P5el1z < 1w) 20, (= A + 2089 + 008 ) l1 + ) Righl |z (3.6.43)

For each of these terms, the ability to trade z1T5 for 2% is in constant use:

3 3 _ _ 3 _ _
1) 2 Acvpel [ + I1y) =0 {al? 0 |25 + 1) 2 0 {0V 0 250

3 3 3
+11(y) T O {upves Hlzge + 1) 2 T 0u{Veucupa Yl + [1(y) = 0u{Vevpvey Hzs
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+1y)2 O {vivg, Hlne S 272, (3.6.44)

e pry

Above, we are using the established estimates in (3.4.86), (3.4.91) for the Prandtl-0
profiles, and (3.5.61) for the Euler-1 profiles. The desired estimates are proven for m = 0.
For general m the estimates work in an identical manner, after noticing that powers of z

play no role when accompanied by [u)), v], which appear in every term above.

The above lemma relies crucially on Corollary 3.6.2 in order to apply the weight z™. We

now give the following energy estimate:

Lemma 3.6.4. Let 0 > 0 and fix any X1 > 1. Then:

X1 Xl
sup /I720u2+/ /I71720u2+/ /x72au12l
z€[1,X1] 1 1

S O(6;0) /1X1 /’ngl*% + C(o). (3.6.45)

The constant above depends poorly on small o.

Remark. The need for this o > 0 is to avoid certain z-integrations being critical. We make
the notational convention that we will not rename different values for o (for instance 20),
as we can always redefine o to be smaller. However, within a single calculation (for instance

the upcoming proof) we fix a o > 0.

Proof. Applying the multiplier M = uz~2° to the system (3.6.30) gives the following terms:

/((1+u2)8x—8yy>u-ux_2" 2 8$/(1+ug)x_2”u2+/x_l_%uz—i—/ x_%uz—/ugwuzx_z".
(3.6.46)

The constant in the above estimate depends poorly on o, as there is a factor of o accom-
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—1—20’u2

panying the [z term. The final term above then gets placed into the contributions

from P, to which we now turn (see the definition in (3.6.31)):

’/P-ux*%

< [faull). gy, o8} | / W 4 / vt =27)

< O(é)(/uQx_l_zo—l—/v;wl_%). (3.6.47)

Above, we have used the Prandtl-0 bounds in (3.4.86), which crucially provides the

smallness of {u),,u), } in terms of O(5). No smallness of Eulerian profiles is required due to

the extra factor of v/¢. The key estimate which forces a loss of 9, derivative is the following:

‘/ugyv.w;—% < HugyyHLoc/‘%ux_%

< OO)|[vya? ||zl [uz™ 2 |2.  (3.6.48)

The structure of the key estimate above, (3.6.48), is omnipresent in our analysis: we
use the y-absorption of ugy to produce a v, term via Hardy’s inequality (which is valid as
v(z,0) = 0). This then forces a loss of 27 in the decay, which must then be regained
in the next lemma. Again, the estimate |[yu) ||~ < O(6) arises from (3.4.86). Next, we

arrive at the forcing terms. First, via (3.6.37):

‘/J-ux_%

u
() ¥
Huyzﬂ’HQLg +Cz™1727, (3.6.49)

— -1 — _1_ _N —
S [t e Hule ™ < o3 Fllgglle g

< 1
= 100, 000

Upon taking an integration in dx, the majorizing terms above are finite. Next, according

to (3.6.38), via Young’s inequality:

’/f(l) cux~2e

1), .t—0c _1_4 -3 1 2 —1-20
< 0t g llud2lag < Cat gt [ a2y,
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Placing these estimates together:

3m/x720u2+/m7172"u2+/x720u§ SO(&)/U3$1720+.’[7172U.

Integrating above from z = 1 to x = X; yields:

X1 Xl
/Xl_quz(Xl)dy+/ /x7172au2+/ /1,720,&5
1 1

X1
< 0(5)/ /vjxl—z" +C. (3.6.50)
1

Finally, we reason as follows: the second and third terms on the left-hand side above are

positive, which then gives for this X;:

X1
/ X202 (X )dy < O() / / o) (3.6.51)
1

For any X5 € [1, X;], the same estimate holds, namely:

X2 Xl
[xmeays0@) [ [daicsow [ [ (o
1

1

Above, we have used the monotonicity of the right-hand side as X5 < X;. This allows
us to replace in (3.6.50) the first term on the left-hand side with sup;,<x, [z~ > u?dy.

This then gives the desired estimate in (3.6.45).

We now recover the v, term on the right-hand side of (3.6.45) via:
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Lemma 3.6.5. Let o0 > 0, and fix any X1 > 1. Then:

X1
sup / 2 1 20’ / / 1720 Sc_'_o((s)/ /u21,71720
1<z<X,
X1
/ / Zp2, (3.6.53)

Proof. We now apply the multiplier M = u,x' =27 to the system in (3.6.30). Doing so yields

the following positive terms:
1+u2)d, — 0,y Ju - ugzt ™27 > 0, 2 21720 — [ 2272 4 [ ulat T, 3.6.54
4 vy Y x

Note crucially that the middle term in the above estimate, ||u,z~7]|3., has been esti-

Y
mated in (3.6.45) upon taking an z-integration. To close this sequence of estimates, there-
fore, it is crucial that this small parameter O(J) is attached to the ||vya:%’”\|%2 term in

(3.6.45). Next, we come to the profile terms, P (see (3.6.31) for the definition):

‘/Pu1126

< llaul®, yus, o || (llua™ 7|2, + uaa 7|13, )

< 00) (Iluz™ 77135 + llusa 7132 ). (3.6.55)

We have used estimates (3.4.86), (3.4.91), and (3.5.61), which provide the smallness of

O(6). Next, we come to f(1), for which we use the estimate in (3.6.38) (with k = 0):

1 1 3 ]_ 1
’/f(l)umxl_z" < a2 =7 f Oz llugw® 7|12 < Ca™% + o |lugw 7|72 (3.6.56)

Piecing the above estimates together gives:

a / 2 1 20 /uixlfmj
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< /uixd" +O(5)/u2x71 204 Cx e —i—/]-ul.xl*%. (3.6.57)

Now, we take an integration from x =1 to x = Xj:

X1 Xl
/UZ(XI)Xf_QU‘F/l /u 1—-20 </ / 2 —20
X, X1
+ (9(5)/ /u2x_1_20 +C —|—/ /.7 cugatT (3.6.58)
1 1

The last step is to come to the terms in 7, from (3.6.32). The most delicate term here

requires successive integration by parts:

/X1 /X"(y)xk?"ui(m,O)uI (3.6.59)
/Xl/ Y )uda{ul (z, 0)z1 =27} — / L1, 0)ux” (y)dy

s XN X )y (3.6.60)
X1
X1
/ / Yudy{ul(z,0)2' 72} + C
[ X0 W Xy (3.6.61

X1 1
< X () uy0p{ul (z,0)2' 727} + C + 7/ Xi7292(X 3.6.62
| [x@uoct@oe v on e [ Xt see)

. N
Sz |2 lIX ()22 7|2 + C < C + (3.6.63)

Ly 2
100,000 v* L2

Going from (3.6.61) to (3.6.62), we have used |ul(X1,0)| < Xl_%, according to (3.5.61).
Going from (3.6.62) to (3.6.63), we have used |ul,(z,0)| < 22, also according to (3.5.61).
Finally, we have absorbed the boundary contribution at x = Xi, f ule 11_2‘7 into the left-
hand side of (3.6.58). A consultation with (3.6.32) shows that we can perform a similar
calculation with the remaining terms in J because these terms either have one extra z-

derivative, or are accompanied by vs , which contributes additional decay of z ~2. This
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then gives:
X1 X1 X1
/uz(Xl)Xllﬂ"—i—/l /uixlf% §/1 /uix*% —1-0(6)/1 /uzx*k% + C.

Using a similar line of reasoning as in the Lemma 3.6.4, we can replace the [ ui (X4 )X1172”

with the supremum over all z € [1, X;], thereby yielding the desired result.

Consolidating the results of the previous two lemmas and applying contraction mapping:

Corollary 3.6.6. For §, € sufficiently small relative to o, a solution to the Prandtl system

in (3.6.30) satisfies the following a-priori estimate in the space P:
lullBix,.0) S Clo). (3.6.64)

For 6, ¢ sufficiently small, there exists a unique solution to (3.6.30), satisfying ||ul|px,) <
C(o0). The constant above in (3.6.64) is independent of X1, and so we can immediately send

X1 — o0, thereby yielding a global solution on x € [1,00) satisfying: ||ul|lp < C(0).

It is possible to successively differentiate the system in 0., and re-apply the previous
estimates, noting that the added xz—derivative adds a factor of ™! to each term above,
enabling us to enhance the multiplier to [#¥~270%u, 2! T#=279k+1y]. This is the reason for

the differentiated version of the Prandtl-norm in (3.6.34). To do so, we simply need:

Lemma 3.6.7 (Initial Conditions). For each k > 0, the initial data OFu(1,y) is of order §

and decays rapidly in y.
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Proof. This follows from using the equation (3.6.21) to write:

vl(1,y) — vi(1,0)
Yy

+ oD (Ly) Uy (y) + FM(1,y). (3.6.65)

We may now multiply by (1 + y)”, use the inequality H%HL“ S vy (1, 9)|| 2o
for functions v satisfying v(z,0) = 0 (here we take v = wv}(1,y) — v;(1,0)), and use
1) UL (m)upe (L y)l|e < OO)]up, (1, y)l|Le=, to obtain: [[(y)"up,(Ly)llLe < C. Tt is

clear that the same procedure may be applied to higher order z-derivatives.

O

Remark. [Higher Order Compatibility] In order to apply the procedure described, we require
high-order compatibility condition such that the initial data of ullm(l, 0) = 0, thereby honor-
ing the boundary condition. These condition can be ascertained inductively from (3.6.65).

For instance:

0 = up, (1,0) = Uy (0) + uly) (1,0)U1(0) + v{V U1, (0) + 1 (1,0). (3.6.66)

We suppose these compatibility conditions for large k.

Repeating the previous set of estimates after applying the self-similar weight 2z, and

upon applying 9% to the system, we arrive at the following:

Lemma 3.6.8. Given any o > 0, let d,€ be sufficiently small relative to o. Consider the
system given in (3.6.21), together with the boundary conditions (3.6.22). Let all derivatives
of the prescribed data Uy (y) be exponentially decaying in its argument. Then there exists a

unique, global in x solution [uy,v,], satisfying:

|z 0% u||py (o) < C(M, K, 0). (3.6.67)
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It is now our task to extract similar estimates for the profiles u}), v; from (3.6.67). First,

Lemma 3.6.9. For any m,k > 0,0 >0,

sup/z2m|8’;u;|2z2k72” <C(M,m,k,o). (3.6.68)

z>1

Proof. This follows by writing u,, = u — x(y)u}(x,0), and using

8fué(x,0)‘ <g k3. O
Next, we may give the following uniform decay estimate for v,l,:

Corollary 3.6.10 (Uniform Estimates for vllj). For any m > 0,

1m0 v} Lo < 2 HH7C(o,m, k). (3.6.69)

Proof. First, according to (3.6.27), we have the rapid decay v}

» — 0 as y — oco. By the

divergence-free condition, and the trace inequality, and for any small x > 0,

1 2 o0 1 & Uzlj 1_ .1 Uzl) ik 1
Up 5 ‘/y ’Up’l)py SA ’y%_ﬁlﬁ vpy < Hy%_ﬁ| L?, Y ,UpyHL% (3670)
1 1 1 1 1, 1
< Hyz-'—Hv;yHLgHyz NU;yHLi _ ||x4+nzg+nvzl)y||Lng4 K3 "””vzl;y”Lg (3.6.71)
< pp— o1t _ —5+20 (3.6.72)

We have used the K > 0 to avoid the critical Hardy inequality. The Hardy inequality
we have used (with power y’%“”"v;) relies on the vanishing of v} at y = oo. From here the

desired bound follows for m = 0,k = 0, and k£, m > 1 works analogously.

The final ingredient we will need is to understand the connection between the norms we

have controlled, Py, and the quantities u;)y, ull,yy. This is the content of the following;:
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Lemma 3.6.11.

3_ 1_ —
21772 upy Lo + 2277 |[2 ™y, || 22 + 27 |2y, [ 2 < O < oo (3.6.73)

Proof. First, let us record:

2
1-20 2m|, 1 1-20 2m, 2 1-20 2m 2, 1|2
x /z ’upy‘ <z /z uy + /z X |ug|*(z,0)

< Hzmqu(g) +C. (3.6.74)

Via the equation (3.6.21), we have:

e gy llre < @7 lluggllre + 2t~ IIPll1z + 2 7|1 f D2

S lullpy o) + Mullpe) + € (3.6.75)

We are using the decay rates established for ug in (3.4.86), and the pointwise decay of

the Euler profiles established in (3.5.48) and the relations in (3.6.68). Let us give P in detail,

2 ulupll e < (lwul)|| a0 |lupllL2 < O@)|[ullp + O(5), (3.6.76)
ol (v3(0 ) — 03,0 g < 04 gl | 22 20O

< 0(0)2' 7 |up ||z < OO)][ullp,, (3.6.77)
2 oM up [z < |lp2 o) ||Lew? =7 Jup, ||z < O6)|ullp + O(). (3.6.78)

For the final line we have used (3.6.74). Next, via Sobolev interpolation in the y direction,

1 1
3_ _ 3/ 1 3 1
et iy < (@b lls) | (2277l i) < Cllulle + b 5

(3.6.79)
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Coupled with the uzl)yy estimate in (3.6.75), this then establishes the desired bounds.

The weighted estimate in z follows analogously. O

We will select now,

3

~ 37 x 10,000 (3.6.:80)

O =01

Summarizing the results of this section:

Proposition 3.6.12 (Prandtl-1 Layer Bounds). Given any n € N, let o1 be as in (3.6.80),

and let 0, € be sufficiently small relative to n and 1. Consider the system given in (3.6.21),

together with the boundary conditions (3.6.22). Let all derivatives of the prescribed data

Uo(y) be exponentially decaying in its argument. Then there exists a unique, global in x
1

solution [up,vzl,], satisfying:

1M 05wl || (o) + 237 |2 O v) Lo < C(M k), for any k,m > 0. (3.6.81)

T

3.7 Intermediate Layers

We now construct intermediate layers ¢ = 2 through ¢ = n — 1. This is achieved inductively,
starting with the construction of the Euler Layer, ul,v’. Let us fix the parameters:

3i

- fri=2 .m. 7.1
3n % 10,000 T A (3.7.1)

T4

The reason for this selection will be seen in (3.11.55).
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3.7.1 Construction of Euler Layer, [u!, v']

(=)=

For this step in the construction, we suppose that [us have already been con-

structed. The inductive hypothesis on the 1,...,7 — 1 Prandtl profiles are as follows:

||zm6§uf;||pk(gj) < C(k,m,n), for j=1,...,i — 1, (3.7.2)

where [ul, v7] satisfy the system given in (3.7.48) for 2 < j <i—1, and for i = 2, that
[up, v,] satisfy (3.6.21). In order to obtain the equations for [u}, v}], we expand the nonlinear

terms including the new Fuler terms:

ugl)ugx) = (a&"” + eéué) (ﬂgl;l) + eéuéw>

= Al Va4 ebal 4 alDul, + dulul,, (373
vy (>_< (i— 1>+6%v2)( (=1 | feeyl )
_,U(l D (1 1)—1—6 3 u(l 1) ’U _|_\[6%1j 1) éy+eivéuiy. (3.7.4)

WD = (A7 ¢ ) (o0 + )

*(l 1) 5 (Z 1) + GQU(Z 1) i L te = u(z 1) Z .t P 2uzevew, (3.7.5)
vgi)vgg = (ﬁgifl) + e%vi) ('U‘giyfl) + E%Uéy)
= v(’ D5 (1 D4e= v(’ Dyt +e%@§i_1)véy +ei_%vévéy. (3.7.6)
We will now define several terms:
Definition 3.7.1. The ¢ — 1’th remainder is denoted by:
R = Al 4 al~ Vel 4 pli-Valob 4 PAD 4 e il (3.7.7)

0

RV = — A 4 gl Vgl 4 gDl 4 L pli=1), (3.7.8)
€
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We will also split the Euler-Euler interaction terms and the Euler-Prandtl terms via:

Definition 3.7.2.

i-1 i—1
u, o, i 4 J j i g J j
Ry = e2u6x{ g eZUP} —|—e2ue[ g €Uy,
j=0 j=0
) i—1 ) i—1
+ €2 \/eu! 20| el 27 (3.7.9)
ey p e py | ol
j=0 Jj=1
i—1 i—1
vi S i i i
Rpg =e¢7 vy, €2uy, +€2u, g €205,
j=0 j=0
i—1 i—1
i—1 i i—1 J
5=, 5ayJ =, 5.
+e2 v, g ezv) +\ee T vy g €2v), (3.7.10)
j=0 j=0
i-1 i-1
wyi . i, 0,0 i, i 4 Lo i 4
E} =€ [ueuez—i—veuey} +€eZu,, e2ul + ezu, E ezul,
j=1 Jj=1
i—1 i—1
i - Jj—1 - i—1 . 1 g .
+ﬁe2uéy[ g €2 vé} +e2 vé{ E e%?uiY}, (3.7.11)
j=1 j=1
_ i—1 ‘ i—1
i =S|, i Lo =t S L3
E € 2|\u,v,, + v, +€e2u € 2 v +€e2w €2U
e eVex eeY e ex ex e
j=1 Jj=1

i—1 i—1
+ \/Ee%vé Z e%vgy + \/Ee%véy Z e%vg. (3.7.12)
j=1 j=1
Remark. The natural definition of the remainder term, R**~! should be:

Rwi—lu_» _ Aeagi—l) + agi—l)agg—l) + ﬁgi—nag;—l) + 1,58(;—1)7 (3.7.13)

u

and the natural definition of R%" would contain the lowest-order term, &z v u®

Py How-

ever, for i < n, the quantity of interest in (3.7.22) is the sum, R“*~' + R%’ that is
contributed to the next order (see the definition of the forcing in (3.7.31)). Thus, for con-
venience (see calculation 3.7.56 and (3.7.58)), we add and subtract one factor s%véugy,

which explains the definitions of (3.7.7) and (3.7.9). This, however, will not be done for

L =n.
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The Navier-Stokes expansion reads:

—Acl) + uPul) +vPul) + PO = —Aal™ +alVal D + o Dalb + pEY

141 i i_(i—1),, i_(i—1),,i id, Sl (i—1), 4
— 2T AU +e2ug, ul +e2uy ul, +eulul, + €2 Ugy Ve

+ Veer ol Vuly + eviuly + €2 P, 4 € PLe (3.7.14)

=c* {um + Pém} +est I Aul + RV 4 RY 4 B% 4 g Phe (3.7.15)

For the normal equation, the expansions read:

Ao+ a0 + o0 + LPIO A 4 gD 4l gty 4 QP
: € : €
i+l . i s . i—1 s . A i—1 . .
—e 7 Avl + 20l Dl + e alm vl 4+ e rull, + e 7 ol Dyl
i_(i—1),i i—L i i il i—1 pla
+e20 oLy + € 2u 0y +€ 2 Py + €7 2P (3.7.16)
=T [vém + PQY} +e T Avi+ RV 4 RY 4 BV 4 £ Py (3.7.17)

From here, we simply read off the highest order terms that are “purely-Eulerian”. All of
the remaining terms will be treated in the next subsection. In (3.7.14), these are at order

¢2, and in (3.7.16), these are at order ¢ = :

i—1

¢t {uz + Pg,‘z} =0, ¢z [vgﬁx + P;'Y} =0 (3.7.18)

When paired with the divergence-free condition, we arrive at the equations that are

taken for the [ul,v!], which are the Cauchy-Riemann equations:

e’ e

ul, + P =0, v\ +Py =0 u,+vy=0. (3.7.19)

The boundary conditions for the i'th Euler layer is v’(x,0) = —vi~!(2,0). According to
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the inductive hypothesis, the decay rate of this boundary condition is:

) ) 1 . 1 . 1 - 1
R O 1 o [ o o [ R [ 2 CO [ i CA

vi(2,0)| =

< C(o,n)z~ 571 for i > 2. (3.7.20)

A comparison of (3.7.20) to (3.5.9) shows that the decay rate of the boundary condition
has improved, enabling us to improve the Euler decay rates. Indeed, as the system (3.7.19)
is the identical system to the first Euler layer (and is in particular the Cauchy-Riemann

equations), we may simply repeat the analysis given there to conclude:

Proposition 3.7.3 (Euler-i Layer). Let i > 2. The i'th Euler layer, defined by the Cauchy-
Riemann equations (3.7.19) taken with boundary conditions (3.7.20) satisfy the enhanced

decay rates:

phtmti—oi 8’;8{}va +gi—oi < C(k,m,n). (3.7.21)

i
Ue

Proof. This follows by repeating the arguments in Section 3.5 with the enhanced boundary
condition (3.7.20). O

Remark. Tt is not possible to enhance the rates (3.7.21) much more (for instance, past x~1
for k =m = 0. This is due to the restriction of w € (0,1) in Corollary 3.5.3.
We have the simplified expression for (3.7.15), (3.7.17)

Lemma 3.7.4. According to definitions in (3.7.7) - (3.7.12), one has

—Acl) +ulPul) +0oull) + PO = R + Ry + EX 4 &' PLY, (3.7.22)
. oo R T _ s .
~Aw + udvd + 00 + ?yPs@ — RV 4 RY 4+ BV 43P (3.7.23)

Proof. By construction in Proposition 3.7.3, the u’,v! are harmonic, and so the Aul, Av!

terms vanish identically. This then accounts for all of the terms in (3.7.14) - (3.7.16). O
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3.7.2 Construction of Prandtl Layer, [u!,v!]
For this step in the construction, we suppose that [ugi), vgi)} have been constructed. The
inductive hypothesis on these profiles are that the following remainders (according to the
definitions in (3.7.7) for R“*~1 and (3.7.8) for R"*~!) have been accumulated:
i—1

wi—1 _ =t i—1 0 i i—1 Lo j j
R =€ {eupm + Veyuy, vy + Uy, E e2{ul +uj}
Jj=1

v oy ‘ izt ‘
+ ety /O / Uéyydy”dy”rv;_l@ 6§{U§,y+\/€ujey})}7 (3.7.24)
y =

vi—1 _ izt i—1 (i—1), i—1 (i—-1),,i—1 (i—-1),i—1 (i—1),.i—1
R =€ [ — Ay Fud T oy Fugy u, T ol o Fug T oy
i—1 . - i—1 . .
S i—1i—1 Syl i1
ez u, vy, +ez v v (3.7.25)

The induction will start at ¢ = 2, and so (3.7.24) - (3.7.25) should be compared to
(3.6.26) for this case and to (3.7.50) for the general i case. The relevant profile estimates,

according to Propositions 3.5.6, 3.7.3 and 3.6.12 which hold inductively are:

aF ok oml| + 23 |ul| < C(k,m,n), (3.7.26)
ghtmti—oia ok oI 4o ui‘ < C(k,m,n) for j =2,..,1, (3.7.27)
||z 0%l || py(o;) < Ck,m,m) for j=1,..i—1. (3.7.28)

By writing a&“ = ugi) + e%uz(,i), @gi) = vgi) + s vz(gi), and expanding the Navier-Stokes

equations, we obtain the two expansions:

i+l
1‘*2' pia
pT

—Acal +alag) + o0 al) + P = —Aal? +uPuld + o) + P+ e
+ €? { — Asu;, + ug;)u; + ugi)u;m + quv;‘, + vgi)uzy + e%u;uéx + e%véu;y + P;m ,

(3.7.29)
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and:
L ) , L oopY
—ADWY + a0 + 05l + 2LPW = A + ulDv(E) + 0D 4+ =L 4 e plo
€ €
i P pi
+ez| — A, L uVoy? —l—vg;)up—l—vgy)v;—i-v( Dyl +62upvpm—|—e§v;v;,y—|—% .
(3.7.30)

Define the forcing term to be those terms from (3.7.29) which do not appear in the
bracket:

—e FO = —Au® 4 uul) +ofull) + PO 1 5 pio

S

— Rwi— 1+R“Z+E“Z+elP1a+62P1a (3.7.31)

px

where we have used (3.7.22) to simplify the expression. The first step, here, is to intro-

duce a potential Pressure which eliminates the “purely” Eulerian terms from above:

Definition 3.7.5. The i’th auxiliary Euler pressure, P}¢, is defined by:

[ S | 21 2
Phe .= Ze T vlvl — Ze T ugul — 3 ve| — 3 uy, (3.7.32)
j=1 j=1

We may now check that:

Lemma 3.7.6. With the definition above (5.7.32), P} serves as a gradient potential to

€

eliminate the purely-Eulerian terms, [E%¢, E¥] from the expansion
ay ipl,a u,t v,7
(am, )e phe 4 (E o ) ~0. (3.7.33)

€

Proof. By scaling, we will write:

)

(aw, ?y)eiPel’a - (ég, ?/Yg) ipla, (3.7.34)
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We will go term by term through the definition in (3.7.32), starting with:

i—1 i1 i1
51895(— E €2 v;vg) =— E €2 (vémvg +v;vém) =— E g2 (uéyvg +v;uiy).
j=1 j=1 j=1

(3.7.35)
Next,
-1 i1
€'0yp ( - Z e’z u’eufi) =— Z e (uégﬂu]e + uguiw) (3.7.36)
j=1 j=1
Third,
i Lo 1 Qi i i o i i
€ 693( ~3 ve|® — §|ue\ ) = —c'vlul, — euLuL, = —€'viuLy — ' UuLuL,. (3.7.37)

Comparing these expressions, (3.7.35) - (3.7.37) to the expression (3.7.11), one observes

the exact cancellation:

Dyt PLe 4 B = 0. (3.7.38)

Next, we will move to the ‘\9—} terms:
g

P R i1 o
——Ysl(ZeJTvévg> = - Ze Eat (véyvg + véviy). (3.7.39)
Ve N =1

Next,
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i—1
i1/ i g
— J vy
= E €2 2(v€$ue—|—uevew). (3.7.40)
Jj=1
Third,
6}/ ; ; ; i1 D Sl Sl
7 72 712\ __ e, 1—=,,1,,1 _ T—=, 1,1 ==, 1,1
%5 (— lve|® — Jui] ) = =" 20luly — €T 2uguLy = —€' T 2uiuLy — € 2ugul,. (3.7.41)

Comparing these expressions, (3.7.39) - (3.7.41) to the expression (3.7.11), one observes

the exact cancellation:

oy

ﬁaipgv“ +EY =0. (3.7.42)

This establishes the desired result, (3.7.33).

O

Remark. One should notice the essential role played by the Cauchy-Riemann equations,

7 _ ;. oy
.y = v, in the equalities above.

Let us now turn to the terms outside of the bracket in (3.7.30), which we also simplify

via (3.7.23) and subsequently via (3.7.33):

(@)

A 4@y 4y L Pou | 5 pia
els s ST s sy € PY
= R4 Ry 4+ B 4 € PN 4T PLo

— RYil L RY 4 T pia (3.7.43)
E ry e

Motivated by this, define the auxiliary Pressure via:
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Definition 3.7.7. The i’th auxiliary Prandtl pressure, Pf,’a is defined via:

€T PY = e/ R~ 4 RY. (3.7.44)
Yy

Immediately from this definition, we have:

Lemma 3.7.8. According to the Definition 3.7.44, the following identity holds:
. . . . . PS(;) i—1 -
—A + uPol) + vgl)vgz + — +ez Pt =0. (3.7.45)

Proof. By direct calculation from (3.7.44),

i—1

e7 Py* = —R""! _ RV (3.7.46)

Combined with (3.7.43) then implies the desired result. O

We are now able to rewrite the forcing for our equation, which was defined in (3.7.31):

itl
pl

FO = e [Rui-l { R 4 ¢ IP;';] (3.7.47)

The e~ 2 factor arises as we are in the i’th order of the construction. Let us briefly
comment on the orders of the three-terms on the right-hand side of (3.7.47). According to
(3.7.24), it is evident that R“~1 is order e2. According to (3.7.9), it is clear that RY' is
order €2. According to (3.7.44) coupled with (3.7.25) and (3.7.10), it is clear that Pp* is
order 1. Thus, all of the terms in (3.7.47) are order 1 or higher. Reading off from (3.7.29) -

(3.7.30), the system we will now be considering is:

(1+u))uy, + ugzw)u; + Ugi)u;y +u, (v; — vy (x, O)) + Pl =ub,, + @, (3.7.48)
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Uy (2,0) = —ug(z,0), lim u,(z,y) =0, wuy(l,y) =Ui(y), P, =0. (3.7.49)

y—00 by

Again, by evaluating the equation at y = oo gives P;z = 0. Coupled with the normal
equation P, = 0 then shows that P} = 0. After this construction, R**, R"" contain the

terms from (3.7.29) - (3.7.30) which were omitted in the construction of [u}, v}]:

Lemma 3.7.9. For each i, with [R“", R""| defined as in (3.7.7) - (3.7.8), with [ul,v}]

taken to solve the system (3.7.48), the following identities hold:

. i . . v y/ i
R = e e, + Ve, e, [ [ lparay (3.7.50)
Yy

i i
i Ll j i Ll 4l
+U1"Z€2{UPQ+\/EU‘€Y}+U’P$ 52{u6+up 9
Jj=1 Jj=1

RV — ¢ [ — Al + ugi)v;w + vé?u; + vgi)véy + vgz)vz(f) + e%u;v;w + eév;v;;y] (3.7.51)

Proof. Starting with the definition in equation (3.7.7), we have:

R% = —Aa® + adal) + 50al) + PO + edvituf, (3.7.52)
i i),,(i i), (i i H1 pia
— —Bul? + Pl 4 o0+ P+ F Pl

+e? [ — Agufj + ugix)u; + ugi)u;m + ug}v; + vgi)u;y

+eTulul, + 6%v;u;y + P;l} + sévéﬂugy (3.7.53)
] [N S W RS F

1y (3.7.54)

ppT ppY € Py

+euiu,, + €2vu; —&—PZ’,I}—&——WU

— b0 et | g, ulul + (1 ub)up, + ud,h + o,

i
Lo Lodoi i i Lo g G0
+ e2uyuy,, +e2vpuy, + Ppo— ey, + E e2{ul + u) uy,

Jj=1

+ Z e* {ud, + \@uiy}vﬂ +ezvittul, (3.7.55)
=1

= —eb O e[ uh, +ulul 4+ (14 ), + byl + vl
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i
i i L AT
+ fﬂupupgJ + €2 vpupy + Py — €Uy, + E e2{ul + ul uy,
=1

7
i 1 1 1 i
+ > et {ug, + Veuly bop| + et [ = v, 0)ul, + Veyul, vt
j=1
v oy
+euld, / / vy dy” ay| (3.7.56)
0
—et[-e pm+Zez {ul +uj}um+Zsz{u + Veuly ol + Veyud, vt

+euld, / / vith dy” dy] (3.7.57)

For the calculation in (3.7.53), we have used the expansion (3.7.29). For the calculation
n (3.7.54), we have used (3.7.31). For the calculation in (3.7.55), we have simply rearranged

terms. For the calculation in (3.7.56), we have used:

/

g2, = e | — vl (2,0)u), + Veyud, vt + cu /0 / v iy dy” dy} (3.7.58)
v

Finally, for the calculation in (3.7.57), we used (3.7.48). The identity (3.7.50) then
follows. For the R"' contribution, we combine (3.7.45) with the expression (3.7.30), and

finally with the condition that P! = 0 from (3.7.49). O

A comparison with (3.7.24) - (3.7.25) shows that this closes the construction. We now
give estimates on the forcing term based on the inductively assumed decay rates and reg-

ularity in (3.7.2), together with the [u),v9] bounds in (3.4.86) and the [u} bounds in

67 6]

(3.5.61).

Lemma 3.7.10 (Forcing Estimates). Leti > 2. For any m,k > 0, with f as in (3.7.47),

1208 D] 2 < C(k,m, 0, n)z k=27, (3.7.59)
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Proof. We start with the R}f;l terms, which are defined in (3.7.9):

i—1 i—1
¥ i : g i 3 _3 ; _5
Do uluplle <Y€ |lulad | per 2wl S a7, (3.7.60)
j=0 j=0
= i Lo <l_1 z i 1 -1 _5
Dollutetub,lle S € luiw? ||z 2uf, ||z < @71, (3.7.61)
=0 =0
! J+1 i j <i71 J+1 i 3 _3 m,.j < _T
S P iy il < 3 iy et pea el S o T, (3.7.62)
=0 =0
o — Li1nin g < — i.3—0; 1 —340i1,3 24204
€2 €2||’Ue’u’py||L§ NZ||U€$4 ||L°°||x a0 U’pyHLi <a 1 S (3763)
j=1 j=1

In (3.7.63), we have used the enhanced Eulerian decay rate in (3.7.21). Next, we have

the Prandtl contributions from R**~! according to (3.7.24):

Vellubh[z2 < Ve itei, (3.7.64)

; _1 1 4 _5
lyupyviy ez < lla™ Tyup, |22 [[ofy || S 271, (3.7.65)

e <VerTE, (3.7.66)

!’
Y v 9 _3 3 :
Ve[, / / dhyydy'dy' ||z < Vellya | aat iy y
Y

Tl Mg, s < T T IR > (3.7.67)
eF vl tuly g2 < ebam2H20 > (3.7.68)
e¥[Jul ol + ud}l|pe S VEzTETR j > 1, (3.7.69)

We now move to the term P;;c“. For this we note:

i i+l

€ T2 | P;QcaHLf, < \/Eef%||<y>%+“8m (Rv’if1 + R%l’l) HL;"- (3.7.70)

We now turn to evaluating the right-hand side of (3.7.70). Let us comment that it is
essential at this stage that the pressure P1¢ was introduced to eliminate all of the purely

Eulerian contributions, as those terms cannot handle the weight of y%+”. Each term below
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has at least one Prandtl ([u}vé]) factor, and so we may exchange the weight of y%+” for

decay, 23+, For the calculations below, we simply pair this with the decay rates in (3.7.2):

. 3 . _ 3 .
Uéz“zjo)HL? +ly2 "0, (“.ivéz)HLf Samztre (3.7.71)
||y%+,@a/r Uévf;y)HLgo < o3 t20i (3.7.72)
ly# 0, (viye)) ey S 272200, (3.7.73)

P

L Sam 2t (3.7.75)

30 (D Y lage + [lyd =0, (vl D )|

20, (080l ) lage + lyE 0, (o Vel Sa27n (3.7.76)

p Py

(
(
(
ly? 0, (Acuy™) ) ige S @2, (3.7.74)
(
(
(

||y%+“8x Eiglui71U;;1 + v:f,*lvi*l)HLzo < T g itoio, (3.7.77)

This proves the claim for £ = 0, m = 0. The general case can be obtained in an identical
fashion, upon noticing that powers of z will not influence the estimates when accompanied

by Prandtl profiles, which are present in each term above.

Indeed, the boundary condition in (3.7.48) has improved, referring to (3.7.21):

ué(x,O)‘ < g itoion (3.7.78)

according to (3.7.21). We can expect enhanced decay due to the enhanced decay of the

boundary data. This is the content of the following:

Proposition 3.7.11 (Construction of i'th Prandtl Layer). Fori > 2, there exists a solution

[u;,vg] to the system (3.7.48), satisfying for any m,k > 0:

k+1—0;

2705y || < C(k,m,n). (3.7.79)

1 )
||Zm$4a]a§u;”13k(0i) +z
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This will be proven in several steps. We homogenize the boundary conditions by defining:

w= X, 0), 0 =, = vy0) 2, O L), L) = [ " \(6)db,

where y is a localized cut-off function selected to have mean-zero. These profiles satisfy:

(1 + up)uy = uyy +Plu,v) = O+ 7, (3.7.80)

where

T = ulx(y)ug (2,0) — x"ug(x,0) — x(y)uldul (z, 0)

—ul, I (y)ul,(2,0) + X (y)ul(x,0). (3.7.81)

We will record the estimate on 7, which follows directly from (3.7.78):

T| S (y) Namate, (3.7.82)

We introduce the stream function,

Pz, y) = / w(z,y)dy', Py =—u, Y, =v—v(x,00). (3.7.83)
y

The stream function satisfies the following system:

(agﬂ—ayy)w: / wu, + / P+ / £ 4 / J, (3.7.84)
Yy Yy Yy )

Wy (2,0) = u(w,0) = 0, (z,00) =0, (1,y) = /oo Un(y )y (3.7.85)
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For technical reasons (due to certain integrals being critical), it is necessary to start with

the stream-function formulation in order to obtain the desired, enhanced decay.

Lemma 3.7.12. The stream function ¢ solving the system (3.7.84) satisfies:

sup/z7%72ai,¢)2+//$7%720i¢2+//x7%720iu2
xr

<0+ 06) / / o2 2o, (3.7.86)

1

Proof. Applying the multiplier M = 2~ 272%4) to the above system yields the following

terms on the left-hand side:

ax/x*%”%%/x*%*%wu/x*%*%w; 5/(axfayy)w-w*%*2”i. (3.7.87)

For the first term on the right-hand side of (3.7.84), we will now give the bound via
Hardy’s inequality, and (3.4.86):

oo

—1_94. > —2—0; i
/17 : 2%/,/ upugdy'dy < ||~ "11/)||L§||174/ uptady'|| 13
y Yy

_3_5. 1_ 5. _3_ 5. 3_
< o ol bl < 0@ e~ wlegllot o i (37:88)

Next, let us address the profile terms in P. For the first term from P, we will split:
/J:_%_Qc’iz/}/ uDudy’ dy (3.7.89)

co i 0o
= /x_%_%iw/ E%u;zudy’dy—i—Z/x_%_%'W/ e3ul udy dy
Yy j=1 Yy

For the first term above, we apply the Hardy inequality in y (it suffices to consider
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j=0):

1o, [T T 1 [T
‘/m 2 2"’7,/1/ u, udy dy| < ||z % 7|z [ U’/ ugmudy’HL%
y y

< =577l 2 ||w yup, | oo [~

13

_3 gy —1_ g
<O@)la= 57 Pl[7z + O@)]x73 " ul[7z. (3.7.90)

We have used the smallness which is guaranteed by (3.4.86). For the second term in

(3.7.89), we will integrate by parts in y and recall ¢ 2= 0, (again it suffices to consider

j=1)

[atow [ vedow = [orioofult o [ambm [ el aro)
Yy Yy

The first term in (3.7.91):

3

_1_ . _3_ 5. _3_5,
| [amt2oRuli?| < Veluballom o4l S Vel F-m0llE;. (37.92)

For the second term in (3.7.91), we apply Hardy in y and appeal to estimate (3.5.48)

with k=2,s = 1:

—1_94. e _3_5.
| [artow [ culyu] < Vel Yollim o0l
Y

= Vellvde Yallumlle™ 3713, < Vella™ 77 yllz;. (3.7.93)

Let us now move to the second term in P. One integration by parts in y produces:

/ e 32y / vy dy'dy = / 2Ry, + / z / uludy'dy.
y Yy

(3.7.94)
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For the second term in (3.7.94), one notices this is exactly the term on the left-hand side

of (3.7.89). For the first term in (3.7.94), we estimate:

3

_1_945. i AT _3_4. _1_ 5
| [am b2, < oot lom (ool + oo, I23)

< 0@ (Il 3 + lla=t 0y |13 ). (3.7.95)

We have used the smallness guaranteed by (3.4.91). The final term from P is:

—1_ 94, o _3_ 1_5. o
[ [t [ty <1l lagliet [l ol

—3 g, 1_ 5.
< [Je™ 577 Pl a2 |yl

_1 _3_ 5. 3 _ 5.
<l bul llo o T s llo,at = |1

< O(0)|Ja~ 17|

Lal[oy =7 |e. (3.7.96)

Consolidating the previous estimates, taking ¢ small enough relative to o; (and conse-

quently relative to large n, according to (3.7.1)) and applying Young’s inequality gives:

ax/x—%—%idg_f_/x—g—%w)z_'_/x—%—%iwz

< 0(6) / v2pd 2 4 / g3y /y b [f@') +J}. (3.7.97)

For the forcing terms, we appeal to the bounds in (3.7.59), coupled with (3.7.82):

=32 [ 19y < el lled = [ O aylg (3.7.98)
y Yy

< g et o Ol (8.7.99)

<l gt~ 2 Ol (87.100)

S ||x7%70'1,l/)||L§1.7%701 (3.7.101)
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1 3 ’
< ||z i i||? —l-o 7.102
< o gglle v + 0 (37.102)

where ¢’ > 0. We have used (3.7.1) via: 0; —20;_1 = 30;_1 —20;,_1 = 0;_1, to calculate:

||x%_‘”2f(i)||1;§ hS piOigm 1201 — =3 —oit20io1 _ O3 oin1 (3.7.103)

Next, through Young’s inequality

I/x‘%‘r"‘”w/ Jdy'| S /x‘%‘Q“’w(y)‘Nﬂf‘%*‘”‘l
Yy

1 3 /
< —i-oig)|2, “lee 7.104
S o agglle ™l + Cat (3.7.104)

where ¢’ > 0. Inserting these into (3.7.97), relabeling ¢, = u, and integrating in z, one

obtains the desired result in (3.7.86).

From here, we may repeat the calculations in Lemmas 3.6.4 - 3.6.5:

Lemma 3.7.13. The solutions [u,v] to the system (3.7.48) satisfy the following inequality:

Sup/uQx%dgi +//u§x%72"i hS C’—|—(9(5)//v§x%72gi —|—//u2x7%72‘”. (3.7.105)

Proof. We multiply both sides of equation (3.7.80) by uz? 2% and integrate by parts. This

gives on the left-hand side:

/ ((1 + u))y — 8yy>u cuzr T2 >, /(1 + ug)u%%_%"’ + /ujx%_%i

—/ 2Iu2x%_2‘” - /(1 —&—ug)uzx_%_%i. (3.7.106)
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One now sees that it is crucial to have controlled the final term in (3.7.106), which is

the purpose of (3.7.97). Moving next to the sequence of terms in P(u, v):

(), 2.1 —20;
\/usmu T2

(4) 3—20i| — USJ) 2,420,
| | vV uyuxz | =| ux? |
s Y 2

< |\ug2x||Lw/u2x*%*20i < O(8)|Juz™ 5% |2,, (3.7.107)
Y

S el pelfua™ 1= |72 < O(8)|Jua™ 1172, (3.7.108)
1_9,. UV 3_,. _1_
| [ et all= | St gl g
< O(0)|Joyw =7 pa |luz ™5~ | . (3.7.109)
We can summarize the above terms by writing:
\/P-ux%*m < O(8)||vya = 2L§+0(5)\|ux*%*fn s (3.7.110)

Note that the smallness in the above estimates is guaranteed by (3.4.86), (3.4.91), and

(3.5.61). We now move to the forcing terms, f and J:

| / O uwd 2| < (| f Ot g fua ™4 | S22 fluaE g
’ 1 1
S O e e—— 7 S A SO 3.7.111
Next, we use the Hardy inequality:
[ 7wt s [t Yar e ugad 2
Y1 PP e [P
~ \Y L2 Y L2
’ 1 1
<Cx™ 177 4 —— 17912, 3.7.112
< Com o0, 000 I ( )
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Combining the above estimates together, one obtains, for some ¢’ > 0 small,

Oz /(1 +ug)u2x%*20i +/u§x%*2(n S folfo'/ _’_0(5)/1}5%%72@ _*_/7‘1121.7%,2[,1.7

(3.7.113)

and so integrating in x gives the desired result.

The third step in establishing the desired bounds is:

Lemma 3.7.14. For solutions [u, v] to the system in (3.7.80) one has the following positivity

estimate:

Sup/uzx%_z‘”—l-//uix%_%i SC—F//UZ.I%_Z”+O(5)//u2.’13_%_201.
x

(3.7.114)

Proof. We apply the multiplier Uy 22 to the system (3.7.80). This gives on the left-hand

side:

(3.7.115)
Let us now move to the terms in P:
; 3 o ; 1. 3_,.
|/ququ$2 27 < Jula|| oo |Jua™ 377 | 2 |Jugw s ™| 2
< O(0)|Jua™ 5| 2 ||uad || 2, (3.7.116)
; 3 o N 1 1_ 3_,.
I/vﬁ”uy%w? 2] < o3| oo [y s ™| 2 |upw |2
< O(0)||uyas 7|2 |Juaz =7 2, (3.7.117)




240

et

L2 |[ugw =7

< Iyl =]

0 320,
|/upyul.vm2 i

S OByt~ |2, (3.7.118)

We can summarize this contribution via:

[Pt ) < 0@t + Oyt 3 + OB fuz 4.

(3.7.119)

Again, the smallness is guaranteed by (3.4.86), (3.4.91), and (3.5.61). Next, the forcing

is given in the same way, due to the choice of o; relative to o;_1:

|/f(i) g2

< || fOgie

L3 | |uzx%_ai

Ly

2 < x_l_gl + ||u$m%_"i

, 1
< pm3C §-o -
. [z b~ 100, 000

~

ig- (3.7.120)

We now integrate up in = up to some fixed point Xi:

3_ 94, X1
/UZ(Xl)Xf g 1+/ /uix%—% (3.7.121)
1
X1 1 X1 1 X1 3
< C+/ /uzxifzo" —1—0(5)/ /u%fff%" +/ /j-umxffz‘”.
1 1 1

The last part is to control the J term above:

X1 )
/ / X" ()22 "2l (2, 0)ug (3.7.122)

/Xl/ y)ud, {ul (z, 0)23 =27} — / (0. 0ux" (v)dy

+ / X727l (X0, 00X (y)u( X, y)dy (3.7.123)
X



241

/Xl/ y)udy{u (z,0)23 27} 4+ C

_c / X270 (X0, 00X (y)uy (X1, ) dy (3.7.124)
X1

X1
i 3 . 1 3 _20;
< X (y)uy 0 {ul(z,0 2372 4 O+ 7/ X272 (X (3.7.125

1 1
<CH ———||juyzi=
2+ C<C+ 1007000||uyx4

22 (3.7.126)

< Oluyzi = | 2| ()2~ 2~

3_og.
We have absorbed the z boundary contribution, [ uin *7 into the left-hand side of
(3.7.121). For the other terms in J, we can perform a similar calculation. As X is arbitrary,

this then implies the desired result, (3.7.114).

Proof of Proposition 3.7.11. Consolidating estimates the three estimates (3.7.86), (3.7.105),

and (3.7.114), and subsequently taking ¢ small enough, one obtains:

19, 1o, 3 94,
sup/1/121: 5 20’1_|_u21,2 201+U§I2 20;
T
8 9, 1 9, 194, 3 o4,
+//1/J2x 27200 4 g2y 201+u12/x2 20 4 y2r272% < O(6;n).

(3.7.127)

It is a standard matter now to obtain weighted in z estimates, and to also successively
differentiate the system in z and repeat the previously established bounds. This procedure

establishes the desired result fpr u n (3.7.79). To estimate v;, we take:

;:/ uh, dy/, (3.7.128)
Yy

and repeat the procedure as in estimate (3.6.69).
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3.7.3 Final Prandtl Layer

We now construct the final Prandtl layer, [u};,v;]. This final, n’th layer is slightly different

because v, will be taken to satisfy the boundary condition: v;}(gc,()) = 0. According to

(3.7.48), the system for the n’th layer is:

(1 + up)upe + ulpuy + 0 upy + upyvy + Pry = tpyy + f, (3.7.129)
up . 0), 0] = [ (0,0, T wy(9) =0, wy(Ly) = Unly), (7.130)
Py, =0, upy+vpy, =0. (3.7.131)

As usual from the Prandtl layers, by evaluating the equation at y = oo, it is clear that
the leading order Prandtl pressure is constant, that is P’ = 0. Once uy, v, are constructed
to solve (3.7.129), we shall cut them off, thereby defining [uj,v}]. The relevant remainders

are given in (3.3.4) - (3.3.5), which we recall here for convenience:

Definition 3.7.15. The n’th remainder is denoted by:

s

R = Al + a™Ma) +o™Mal) + P (3.7.132)

9, -
RU™ = =A™ +a{Mo( + oMo + =L P (3.7.133)
€

Remark. We refer the reader to Remark 3.7.1. In this case, there is no n + 1’th Euler
construction, which explains the definition in (3.7.132). This is seen as the remainder which

is contributed to the next order in the specification of system (3.8.1) - (3.8.7).
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Using similar arguments to (3.7.50) - (3.7.51), we have the following errors:

R“™ = €% [ Uy + (Zez{ + ﬁuiy}) + Uy, zn:ez {ul +ul} + & ”)} (3.7.134)
j=1

R"™ = %[ Ay +u(") n o4 "—I—U(") 1 —I—U§Z) g—|—e2upvm+62vpvpy],

(3.7.135)

Here £(M) = £(™) (up,vp) is an error term created by cutting off these layers, which will be
defined in (3.7.155). One can repeat the procedure used to construct the previous Prandtl

layers to conclude:

Proposition 3.7.16. Let 0, be defined according to (3.7.1). The Prandtl layer, u, con-
structed to satisfy the equation (3.7.129) together with the boundary conditions in (3.7.130),

satisfies:

|2 2" up|| by () < C(k,m,n). (3.7.136)

Let us summarize the decay rates which result from this construction, by recalling the

definition of our Prandtl norms, Py, given in (3.6.33) - (3.6.34):

Corollary 3.7.17. For any k,j, M > 0, the profiles u, satisfy the following decay rates:

P AR || MOk || e + 2P E 0 [T 50w |12 < C(k,j, M, n).  (3.7.137)

In order to satisfy v,(z,0) = 0, v, is obtained from u,, via: v,(z,y) = — [; Upe(z,y') dy'.
This is distinct from (3.6.27) and (3.7.128), and distinguishes the final, n—th Prandtl layer

from the previous layers. Then,

Corollary 3.7.18. v, obeys the following uniform decay estimate:

xk:Jrlfo'"

dyvpllLee < C(k,n). (3.7.138)
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Proof. Using the boundary condition v,(z,0) = 0, one can write:

2 B R B ST T 3+n 3.7.139

Joe| < ) Uyt < 0 ’y%ﬁy ve| < ol lly ™ om g (3.7.139)
1 1 1_ 1_ 1 1

<|ly= Kvpy||Lf,||yZ+KUpy||L§ = |z 22 vay”L%||z4+l{22+nv1’y||L§ (3.7.140)

S m%x_1+gnx_1+gn — x—%+2on,. (37141)

We have used the x > 0 to avoid the critical Hardy inequality. The Hardy inequality we

have used (with power y_%_"“v},) relies on the vanishing of v, at y = 0. O

Next, we introduce a cutoff function which honors the scaling, z = %:

vy = x(Vez)vy, uy = /:O dy [X<\ﬁ%)vp(x’,y))}dx'. (3.7.142)

. : : oY r— Y
Here, we make the notational convention for integrands: 2’ = Jo o2 = o where
" denotes the integration variable. It is clear, then, that d,uy; + d,v; = 0. The following

boundary conditions are also clear:

[uy,vy] = 0asy — o0, [uy,v)]ly=0 = [tp, vp]|y=0- (3.7.143)

Remark. This cut-off honors the parabolic scaling of the Prandtl layers for all x > 0. The
cut-off introduced in (GN17) was in the region y > ﬁ Locally in z, z is equivalent to y,

so these cut-offs agree locally in x.

We must now record two properties about the cut-off layers. First, the uniform estimates

of the cut-off layers remain unchanged:

Lemma 3.7.19. The following pointwise decay bounds hold for the cut-off layers, for any
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k> 0:
v < Ck,n)a= k- 1Hom, (3.7.144)
akon | < Ok, n)a= = i+on, (3.7.145)
Ofup, | < C(k,n)a k1o, (3.7.146)
Okur| < Ck,n)a=h=aton, (3.7.147)

Proof. First,

€
[0py| < ix’lvpl + X|vpy| S 272 (3.7.148)

R

Next,

n
Upy

= ’/ Dyy [X(ﬁz’)vp}dx" < ‘/ ?)("vp‘ + ’2/ ﬁvpy‘ +’/ vayy‘

Sam it (3.7.149)

Finally, for uy,

n
up

o0 1 o0 . Y
S/T \/Eﬁxlpr/x [upy| <z 72+, (3.7.150)

By differentiating successively in x, the result for £ > 1 follows in the same manner. [
Lemma 3.7.20 (L?I Estimates). The following Lz decay bounds hold for the cut-off layers,

for any k > 0:

10k |12 < Ok, 0, n)a =33+, (3.7.151)
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Proof. In order to compute the L? norms, we must trade in the following way:

o(x) et 5 ()i +ra—i-%| <1, (3.7.152)

where o(x) means y or any derivative of x, the essential feature being that z < %

Using this:
n > \/g > —1l4s
iy < [ 125wl + [ honllzg S 2. (3.7.153)
For uy, , again according to the expression in (3.7.149), and the decay rates in (3.7.137):

o0 6X// oo \/E o0 3
n < V= < —240o,
gy < [ 1 %vlzg + [ 135 0mllzg + [ llopllig S o407, 37150

It is now clear we can repeat these calculations for higher x and y derivatives, thereby

obtaining the desired result.

The next task is to control the error made by cutting off the layers. This error is obtained

by inserting the new, cut-off layers into the equation (3.7.129):

EM = 1+ ud)ult, + ulul + oMl +ud o —ur, — (3.7.155)

We will proceed to expand (3.7.155), term-by-term:

Je

(T +ud)ury, = x(1+ud)up, — (1+ ug)ﬁx'vp, (3.7.156)
ulDul = xulPu, +ul / \\/[;x’vp + x’%up, (3.7.157)
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(n)n_ (n)y, (n)006 NG N
XUs Upy + Vg /E 7 X" vp + 2\/»X Vpy — \/37X ZUpy, (3.7.158)
ugyv = Xu]gyvp7 (3.7.159)
Ve Ve
Upyy = Xlpyy — / — X “pyy +CG ,X "vpy + Cox’ \/?Upyy
€3
+ X" vp. (3.7.160)

Let us provide justification to the above expressions, first turning to (3.7.157). Applying

the definition in (3.7.142) yields:

oo
:u(”>/ {*[xvaru(”) Ve up |’ 4 (3.7.161)
x

= vg") /z (;X”’Up + 2x’ﬁvpy + vayy) da’
o0 oo
=™ / i/x”vp + 2x’i/gvpy — (M / XUpaydz'

(n) * ! \[ X/ ’ (n)
= Vg { X vp +2X vy — Vs zupy] da’ + v{™ xtp,. (3.7.162)
x

This same computation is performed for (3.7.160):

Upyy = /:O o (va) da’

3
2

:/ [( )%X "o+ Cy /X ”py+c2\r”pyyx]+/ XUpyyy

ik
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3
00 5

I

{(;/

oo
X"vp + C1 ,X "vpy + C2 UpyyX / XUpayy

~
Nl
(Sl

/
/fg

o0
z
X"v, + Cy ,X "py + C2 vpyyx / X upny—x,\/E da’

~—

+ XUpyy- (3.7.163)

Summing the above terms together, we arrive at our expression:

EM = (14 )\ix'vp +um / \/—X v, 4+ ul™ / X'%up (3.7.164)

> e Ve z
+v£”)/ —X vp+2\\;x Vpy — \xflxlzupy/ %X'iupyy (3.7.165)

°° Ve
+/I [029( \vayy"‘cl ,X vpy"‘

3
€2

ﬁx’”vp} + (1= x) ™. (3.7.166)
(2')2

Lemma 3.7.21. For x> 0 arbitrarily small, the error, E™ obeys the following bound:

‘5@) < C(n, ke R 2t ts IEM|| e < C(n, w)ed R it (3.7.167)

Proof. We will proceed in order from (3.7.164) - (3.7.166), and we will focus on the L2

estimates, as the uniform estimates are straight-forward. First,

10+ )Y Guplag S VL)) ol

1 _l.k
SVl X 20| S Vellz2 e 1 |

S 6%7K$7%+%+0"~ (37168)

The essential characteristic in the above calculation is the ability to pay a factor of

1
et

[SIE

27175 in order to obtain an Lz quantity due to the presence of the cut-off function

X' (see 3.7.152). In similar manner, we have:

o0 o0
Ve Ve 1
IIui’;)/m —ﬁx’vpdx’llqsl\ué’ﬁllm =Xl 1) g’
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The third term on line (3.7.164) can be estimated analogously. Coming now to the first

term in (3.7.165),

oo
3

o0
o [ Sxapllg < el [ A E @) @) e R g e
xT x

< At g-ttiron, (3.7.170)

The second term in (3.7.165):

oo
1

6 [ Yyl < Pl [ @) @) o
s i, \/;X pyllL2 = |IVs "1IL i,

< h-Egitonts (3.7.171)

Moving to the third, which is slightly different due to the weight z, but this causes no

harm as 2wy, is known to be in L° according to (3.7.136):

o0 o0
1o [ Lol S0t [ S @) s varte @)
Next, we move to the uy,, contributions:
o € € z _s5
/ [|C1 ;X//Upy + 02\/\/3;%1/1/)(/ - X/“pyy@\ﬁHLg S Ve it (3.7.173)
x

3 S 5_o I o §—a, :
according to the rates, |[upyyz21 ™", vy " vpyxt 7" ||z < C from (3.7.137). Fi-
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nally, for the v, term in (3.7.166), one must use the tradeoff in (3.7.152), to obtain:

3

> €2 " /< — k& ° Nnits N—3
IggX "l S378 | @)FEG) Hlopllag:
x x

ot

The f(™ term can then be estimated upon observing that (™) is exponentially small in

the support of 1 — x:

11 =)™z = 111 = )22 |12

S|V Ml S eIt S ¥

g iton, (3.7.175)

for any N large, according to estimate (3.7.59). This now concludes the proof of (3.7.167).
O

By construction, one has the following:

Lemma 3.7.22 (Remainder Estimates). For R*™ R""™ as defined in (3.7.135), and for

any v € |0, i), n > 2, and for o, as in (3.7.1), k > 0 arbitrarily small,

e ETOERY 4+ eDFRY™| S Cn, k)et TR g TR R20 (3.7.176)

€ 3 TV R, JeOR R ||z < C(n, w)ed 1Ry it2oatn, (3.7.177)

Proof. This follows from (3.7.167) and those bounds established in (3.7.136). We shall

proceed term by term from (3.7.135). First,

_ - - X
M ullug = 100 (x00) Ny = 100 ( FvEvp + 00l

f
_ 1 / c / /!
=¢! ngX—gzvp + Xx\%[vp + %\/EUW + \@X;zvpy + Xvpayllzz  (3.7.178)

T
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= (3.7.178.1) + ...(3.7.178.5).
First,

(371781 S 1 VEz - ()i et )y et =8 oy || i

<e

o

9
*'Y*%:L.*z‘F%‘FUn.

(3.7.179)

It is clear that (3.7.178.1), (3.7.178.2), and (3.7.178.3) are identical, and so we move to:

[(3.7.178.4)| < 51*7§||zvpy\|% <el™ %:c*%*"n, (3.7.180)

and finally:

|(3.7.178.5)] = &' 77| |XVpay |12 S &' T, (3.7.181)

We next move to the second term in R*™, for which we immediately use (3.7.152)
e M lpupylleg < ¥ R e B ol llup, ||

1.6 _ n__1_ kK _ 7T,k
pit5s 24200 — 5y 55t 5H20n (3.7.182)

where we have used (3.7.144), (3.7.146). Similarly, for j > 1, one has:

e2 7o,

L ,
rz <2 ogllpee||u;

1 1 1 3
y| L2 555_71}_1-"—0’”,@_5*—0" 5 Ej—"/m—j"l‘ZO'n

(3.7.183)

where we have used the specification of the norm || - ||p given in (3.6.33). For the term
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vy uey, we calculate, for k > 0:

ST gy g < T ezl g, S Clned 4z g tin - (3.7.184)

The last estimate follows from applying L?- to the Eulerian self-similar estimate, (3.5.48):

u;Y‘ = |o (k)z~ ey —3-", (3.7.185)

The next term in R*™ is, for j > 1, for which we use (3.6.81) for the ) term, (3.7.21)

for the u! term, and (3.7.151) for the u,(f;) term in L2

lleul (uf + ul)lez S ety *%+ffn||um||L2 <ei~Spatongmiton, (3.7.186)

~

The final term in R*™ is the error term, €™, which has been controlled in (3.7.167). We

can be estimated identically

may now move to R*". In so doing, we first note that evy,,

o (3.7.187). Second, using (3.7.151), we have:

5%77”1’;3/;;”% <erVgpTiton,

For the L? bound on the v7, term in (3.7.135), we employ (3.7.152):

e ulMvp, ||z S €2 o,z < € Tl vpellrs

< e M Le e |y = €2 [ Le L eI (L y) (L) T2 g

Sk

| /\

Ao (14 ) F a5 e T |1+ )

< e L (L+2)2 Mg #PontE < eIt E L (3.7.187)
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The next two terms:

e Nl < Vel el lleg S VEaFam i, (3.7.188)

2ol vp, |12 < €3 TaT i, (3.7.189)

Now, by using the trade-off in (3.7.152):

e2 ol < ed T (L |lop et tE S et TR iR (3.7.190)

‘We will now move to:

VRl S g g llopulley S <F TR 370)

e Vellopup, llz S eF 1 g, (3.7.192)

where we have used (3.7.144) and (3.7.151). This completes all of the terms in (3.7.135),

thereby establishing (3.7.177). The uniform estimates follow in an analogous manner.

For the energy estimates in Section 3.10, we will need to retain the self-similarity of u;,
(the ability to absorb factors of 2). As the profiles uj, v, are higher order in ¢, we will be

happy to pay factors of € in order to retain this ability:

Lemma 3.7.23. The following point-wise decay estimates holds for any m > 0,

‘zm(‘?’;v;‘ < e TCO(k,n,m)z k- 1Hon, (3.7.193)
‘zmaﬁv;’y < e_%C’(kz,n,m)x_k_%J”’”, (3.7.194)
‘yjaéug < C’(k,n,m)x7%+a", (3.7.195)




< e 2C(kyn,m)z 1ok for k> 1.

mak, n
‘z Oty

Proof. Via the definition:

Zm‘v;” < Zm|X(\ﬁZ)Up‘ < 6_%“117‘ S e Tyt

Next, applying 9, yields:

2Mop, | = zmﬁ|x’v—p| + x2"vpy| S e Fgpston,

Jz
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(3.7.196)

(3.7.197)

(3.7.198)

The estimate for u, is more complicated. The m = 0 case was treated in (3.7.147).

py

Suppose m = 1. Then,

oo

yugy = y/ 8yy(X”p)dx/ = /

=0 +1;+ Is.

We have:

oo oo .
L)< Al [ el < e / (@) de! < Jertton,
xT

T x!

Next,

o0 0o '
2] < / Vex'|zvpy|da’ f,/ \/E(xl)_%dx' < \fexztom,
x xT

€ Ve o
;x”yvp—l—/ﬁx/yvpy+/ XYVpyy (3.7.199)

(3.7.200)

(3.7.201)

(3.7.202)
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Lastly,

oo

/ |y X Vpyy|da’ §/ (2')7 zvpyyda’ S x5 ton, (3.7.203)

x

Piecing these estimates together gives:

ylul | < a2t (3.7.204)

as desired. Higher y-derivatives of uj follow an identical calculation. Let us now move
to z-derivatives of uy,:

€ €
u;ym = Oyy(xvp) = EXH'UP + \\/fgxlvpy + XVpyy- (3.7.205)

From here, once can estimate:

Je

2™ -—
o

€
Uyl S ;|X”|zm|vp| + X' 12™ [upy| + X2 [Vpyy|

< e Tgm2ton, (3.7.206)

We are now ready to conclude Chapter I:

Proof of Theorem 3.3.2. Consolidating Corollaries 3.4.8 - 3.4.9, Propositions 3.5.6, 3.6.12,
3.7.3, 3.7.11, Lemma 3.7.22, and Lemma 3.7.23 gives Theorem 3.3.2. O
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3.8 Overview of a-priori Z-Norm Estimates

We will now consider the system satisfied by the remainders, [u, v, P] as defined in (3.2.14)

- (3.2.16). Expanding the Navier-Stokes equations in (3.2.11) - (3.2.13), one obtains:

—Acu+ Sy(u,v) + P, = f(u,v), (3.8.1)
P,

A+ S, (u,v) + 2 = g(u,v), (3.8.2)
€
Ug + vy =0, (3.8.3)

which are taken together with the boundary conditions:

[u, V]| ty=01 = [, V]| {z=1} = yli_{rolo[u,v] = zli_{rolo[u,v] =0. (3.8.4)

The terms in equations (3.8.1) - (3.8.2) are defined:

fu,v) =€ 27YRY™ £ N¥(u,v), g(u,v):=e€ 2 TR""™ + N(u,v), (3.8.5)
Su(u,v) = URUy + URLU + VRUy + URyV, Sy(U, V) 1= URVy + VRaU + VRUy + URyY,
(3.8.6)

N (u,v) i= €2 uug + €2 ouy, NV(u,v) = e2 T, +e2 oy, (3.8.7)

The forcing terms, R*Y, R¥™ are given by the expressions in (3.7.134) - (3.7.135), and
have been controlled in Theorem 3.3.2. The coefficients ug,vg in S, (u,v),S,(u,v) given
in (3.8.6) have been defined in (3.3.1) - (3.3.2), and controlled according to the estimates
in Theorem 3.3.2. Due to the eventual need to perform a fixed-point argument, we will

actually consider the slightly generalized system, where f, g above are replaced by:

flu,@,0) = e 2 VR + €2 M aa, + €2 Vou,, (3.8.8)
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n

g(,0) = e 2 TYRY™ + €2 qw, + 2 o0, (3.8.9)

When v = @,v = v (which corresponds to a fixed point of an appropriately defined map),
one obtains the actual system of interest, with f as in (3.8.5). For technical purposes, in

this chapter we will consider the system (3.8.1) - (3.8.3) on the domain:

QN .= {(z,y) 12 >0,0<y < N}. (3.8.10)

All estimates will be made independent of N, allowing us to eventually send N — oo.

When working on this domain, we will use the boundary conditions:

[u, V]| ty=01 = [, V]| {z=1} = [U,V]|{y=n} = wli_}rrolo[u,v] =0. (3.8.11)

The norms which we will work in are defined in the next section, Section 3.9, starting
with (3.9.3) - (3.9.8). We invite the reader to read these definitions at this point. The main

result of this chapter is then:

Theorem 3.8.1 (Complete Z Estimate). Fiz any N > 0. Let 0,¢ be sufficiently small
based on universal constants, with € << 9, and n € N sufficiently large relative to universal
constants. Let N; be parameters in the definition of Z, given in (3.9.8). Let v € (0, i), and
parameter r > 0 arbitrarily small. Suppose ||u, 0||zny < 1. Then [u,v] € Z(QN), solutions
to the system (5.8.1) - (3.8.3), (3.8.5) - (8.8.9), with boundary conditions (3.8.11), obey the

following a-priori estimate:

vy S 777+ €20 (a3l o ) (3:8.12)

for some fized function w(N;), where the constants above are independent of N.
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Let us give a brief overview of the steps to prove Theorem 3.8.1.

(Step 1)

(Step 2)

(Step 3)

(Step 4)

(Step 5)

The Space Z (Section 3.9): We introduce the various components of the crucial norm
Z. The energy norms, X1, X2, X3 are to be controlled using energy and positivity
estimates (in the next steps). The elliptic norms, Y3,Y3, provide additional controls
near the boundary, z = 1, and are related to the X; norms in subsection 3.9.1. Most
importantly, there are uniform-type norms, defined in (3.9.16), of which the |[vz2 ||
is the most crucial ingredient. These are controlled in Lemmas 3.9.15, 3.9.17. The
relation between all of the norms is summarized in Theorem 3.9.20. This analysis of

Z is the main novelty of Chapter II.

Energy Estimates: The lowest-order energy estimates are performed in Proposition
3.10.1, for which the sharp profile estimates from (3.3.8) - (3.3.20) are essential. An
examination of Proposition 3.10.1 shows that the energy estimate loses a factor of z2

which must be recovered in the next step.

Positivity Estimates: The lowest-order positivity estimates are performed in Proposi-
tion 3.10.2. Here again, the estimates from (3.3.8) - (3.3.18) are used in an essential

way. In particular, the estimate (3.10.66) forces the requirement shown in (3.2.48).

Higher-Order Energy/ Positivity Estimates: In Propositions 3.10.4, 3.10.6, 3.10.7,
3.10.8, we control the higher-order energy norms Xo, X3 from definitions (3.9.4) -
(3.9.5). This is achieved by applying appropriate iterations of 9, to the system (3.8.1)
- (3.8.3).

Nonlinear Estimates: The estimates of the nonlinearities present in (f, g) from (3.8.8)
- (3.8.9) is performed in Section 3.11, in particular in Lemma 3.11.1. Here, there
are several delicate matters. First, the sharp decay of ||3:%v|| 1>, which is present
in (3.9.8) due to Lemma 3.9.17, is essential in order to control the term ow,. This
estimate is (3.11.8). Second, estimate (3.11.5) capitalizes on a cancellation structure

which enables us to control a term that would be otherwise out of reach. Third, the
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top-order nonlinear terms in estimates (3.11.20) and (3.11.24) are controlled by using

mixed-norms.

3.9 The Function Space Z

In this section, we define and analyze the high-order, weighted norm, Z, on which we will
close our nonlinear analysis. The functional framework of this section is required in order to
follow the calculations in the upcoming sections. First, we need to define the energy norms
in which we obtain energy estimates, and also several auxiliary norms that will supplement

the energy norms. To define these, first define the cut-off functions:

0forl1<az<3,
G(x) = (3.9.1)

1 for x > 2.

0 for 1 <z <50+ 50(k —2),
pr(x) = (3.9.2)
1 for z > 60 + 50(k — 2).

The energy norms are defined as follows:

Il wll%, = lluy |72 + I{Veve, vy} |72 (3.9.3)
3

I, vl1%, = [uay - p22l[T2 + {Vevar, vay } - (p22)2 |72, (3.94)

I, vl1%, = [uaey - (p32)|1Z2 + I{VeVora, Voay} - (p32) 2 |25 (3.9.5)

Definition 3.9.1. The norms Y53, Y3 are strengthenings of X5, X3 near the boundary, x = 1,
and defined through:

3
[, v[[3, = [luayl| 22 + [[{Vevas, vay ta2 |22 + [Juyyl|2@<2000): (3.9.6)

1, 0113, = oy - G222 + I{VeVsaas Vaay} - G322 |22 (3.9.7)
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Definition 3.9.2. The norm Z is defined through:

[, vllz =l vl xsnxanxs + €2 [u,vlly, + €V lu,vlly, + €V Juat, Veva? ||

+ ™ sup ||VEver?, upm || + e sup ||uyq:%|\L§
x>20 x>20

[e'e] 1
| / || VEvasl B da ] (3.9.8)
20 Y

Here, N;, are some large numbers which will be specified in (3.9.103) - (3.9.105). They
depend only on universal constants. It will be understood that N, are much larger than any
of the quantities M; appearing in the forthcoming lemmas, and that n is much larger than

any of the N;, M;.

Now that the norms we will be working in have been specified, we will define correspond-

ing spaces. First, some basic notations:

Definition 3.9.3. For any open set U C §2, the space C§°(U) denotes the space of smooth
functions with compact support in U. We will also use C§°(U) to denote the space of
smooth vector fields with compact support in U, which will be clear from context. The
space Cng(U) denotes the space of smooth, divergence-free vector fields with compact

support in U. When the set U is clear from context, we shall suppress it.

Definition 3.9.4. Given any open set U C , the space Z(U) is defined to be space of
those divergence-free vector fields which lie in the closure of C§% (U) under the norm X7,

such that ||u,v||z < co.

Definition 3.9.5. Given any open set U C €2, the space (X1 N X2 N X3)(U) is defined to
be space of those divergence-free vector fields which lie in the closure of Cg%, (U) under the

norm Xy, such that ||u,v||x,nx,nx, < 0.

Due to the weights in the norm Z and the energy norms X1NX2NX3, thereisno “H =W
Theorem” generically available, which would equate the density of smooth functions with

compact support with the class of functions satisfying ||u,v||z < oco. This is the reason
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must specify that:

2(U) c T, ). (3.9.9)

We will first record the boundary behavior of Z(Q2)-vector fields:

Lemma 3.9.6. For [u,v] € Z(Q), the following boundary conditions are satisfied:

[6, V]| z=1 = [t, V]]y=0 = zlingo[u,v} = ylingo[u, v] =0. (3.9.10)
Proof. The boundary conditions at x = 1 and y = 0 are satisfied by the density specification
(3.9.9). The boundary conditions as & — oo is satisfied by the definition of norm Z, (3.9.8)
because the decay is encoded (with rates) in the norm. The boundary conditions as y — oo
is enforced because [u,v] € Z(2) implies that [u,v] € H(leA), and candidacy in such a

Sobolev space automatically encodes decay as y — co. O

The above lemma shows that Z() is a suitable space to obtain solutions to our
boundary-value problem, after a consultation with (3.8.4). That X; N X5 N X3 also en-

codes the boundary conditions from (3.9.10) is less obvious, and is proven in Lemma 3.9.16.

Lemma 3.9.7. For any open set U C ), Z(U) and (X1 N XoN X3)(U) are Banach spaces.
Proof. This follows from standard arguments. O

For the energy norm, X1 N X2 N X3, we have Hilbertian structure. Given two divergence-

free vector-fields:

u:= (u,v), a:=(a,b), (3.9.11)
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define the following inner-products:

(u,a)x, :://uyay—k//uxaxx—k//evzbmx, (3.9.12)
ware, = [ [uman(oen? + [ [wman(eo®+ [ [eonbute®. o1y
ahx, = [ [ntnn(os) + [ [verstanton® + [ [ vambenstoun)®, 9.09

(u,a) x,nx,nxs = (W a)x, + (u,a)x, + (u,a)x,. (3.9.15)

Temporarily accepting Lemma 3.9.16, we have:

Lemma 3.9.8. With the inner product (3.9.15), (X1 N X2 N X3)(Q) is a Hilbert space.

Proof. The inner-product (3.9.15) is non-degenerate due to the boundary conditions
[w,v]]y=0. The remaining inner-product axioms are straightforward to check, which cou-

pled with the completeness in Lemma 3.9.7 gives the result.

Notationally, it sometimes is convenient to refer at once to all of the “uniform-type”

quantities in the norm Z, so we designate the following notation:

Definition 3.9.9. The norm U is defined by:

[|w, v||ef := eN4Hu:c%,\@w:%HLoo + €5 sup H\/vax%,uxx%HLoo
x>20

[e'e] 1
+ N0 sup [fuya?]] s +eN7[/ 2| VEvs| ez (3.9.16)
©>20 Y 20 v
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3.9.1 Elliptic Estimates and the Spaces Y;

We will first utilize elliptic theory in order to obtain basic H* estimates for our solution,
which hold generically for Stokes-type equations. These elliptic estimates are meant to
supplement the energy estimates that we will perform in Section 3.10 which are meant to
control the energy norms, X; N X3 N X3. In particular, the estimates from this section

cannot replace the energy estimates for two reasons:

(1) They scale poorly in €, and

(2) One cannot extract sharp enough global-in-z information using this procedure.

Their purpose is to provide more controls near the boundary x = 1, which is reflected in
the norms Y5, Y3. To see this one should compare the support of the cut-off functions in our
energy norms, pg, with the support of (3 in Y3. For the set of calculations in this subsection,
there are many different cutoff functions which arise in addition to the important cutoffs,
Pk, Cx which have already been defined.

Remark (Notational Convention). To simplify notations, given a cut-off function x, we
introduce the notation o(x) to mean either x or any of its derivatives, or any positive
powers of y or any of its derivatives. Roughly speaking, any “variant” of x is denoted by

o(x), the essential feature being o(x) is supported in the same (or similar) region.

The first step will be to provide some controls of ||u, v|| .

Lemma 3.9.10 (H? Regularity). Let [u,v],[t4,7] € X1 be solutions to (5.8.1) - (3.8.9),
with f,g as in (3.8.8) - (3.8.9). For some My, perhaps large, dependent only on universal

constants:

sup |[u, v|
<2000

e + 11w, vl g2 (< 0000)
x<2

< e Ma [C + €31 |a, 9| | oo (||ﬂ,?7\|X1 + ||u,v||X1) + ||u,v||X1] (3.9.17)
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Proof. Notationally, we will not take care to rename generic constants My within this proof.

We rescale the system back to Eulerian coordinates via:

W, Y) = ulwy), oY) = Velny), PaY)= Py, (3.9.18)

which, by rescaling (3.8.1) - (3.8.3), yields the Stokes-sytem, for some M, perhaps large:
—Au+ P, :e*MQ[ijSu], —A¥+ Py :e*MZ[ngSU},
iy + By = 0. (3.9.19)
Above, f , 0, S.. S, have been also rescaled to Eulerian coordinates. By considering the

stream function ¢ = foy U, we obtain the following biharmonic problem:

A*p = F = e M2{0y [f—l— Su} — 0y [g + S,

—

1, (3.9.20)

Pz, 0) =y (2,0) =0, P(1,Y) =1p(1,Y) = 0. (3.9.21)

We now introduce the partition of unity, {Xum }m>1 of the region [1,2000] x [0, c0). The

specifications of these cut-off functions are as follows. First, define:

lform—-1<Y <m+1,
1 for 1 < x < 2000,
X (x) = XPY)=10for Y >m+2, (3.9.22)
0 for = > 4000,
0forY <m-—2.

for all m > 1. Then define:

Xm(2,Y) = x@ (@) (V). (3.9.23)
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The purpose of selecting such a partition is to localize near z = 1, in such a way that the
region between 1 and the support of ps is captured (see the definition in (3.9.2)). Denote
by ¥m = Xmt Then:

A21Z)m = xXmF + [A27me)a T;Z_Jm(xv O) = ayl/;m(l‘, 0) = d_)m(la Y) = 896#_)?%(17 Y) =0.
(3.9.24)

Here the commutator is defined as:

(A% XY =xyyyy ¥ + 6xyy¥yy + dXyvyy ¥y + 4y ¥yyy + 6Xaetor + 4Xowaa
+ 4X$¢Izw + wa;vxw + waYYw + QXYwaa: + ZXYYLIJTZJZ + 2X$¢$YY

According to (BR80), Theorems 1 and 2, with k = 1, coupled with Figure 2, P. 562 in

(BR80) with “C//C” boundary conditions, we have the following H® estimate for v:

[[9mlls S xm F -1 + A, Xm0l -1 (3.9.26)

We will first address the commutator terms in (3.9.26). First, consider the terms in
(3.9.25) which have three derivatives on 1, which are denoted by 0(93¢). Using the definition

of H~!, for any compactly supported test function a(z,Y) € H},

(0(xm)o(O*P),a(w,y)) -1 JHY

(0(0Xm)0(0%). )| + |{0(xm)o(974). 0c)

< [lo(xm)o(0*¥)||2let]| 15 - (3.9.27)
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Then taking the sup over all [|af|z1 = 1, we obtain:

lo(xm)o(@* V)11 < llo(xm)o(@*¥)l 2 < [lo(xm)o(d)a, 7]l|zz < € llo(xm)I{u, v}|x,

(3.9.28)

Next, turn to the terms in (3.9.25) which has two derivatives on :

llo(xm)o(@*Y)|l-1 < lo(xm)o(0*¥)[I L2 < €™M [Jo(xm){u, v}|x, - (3.9.29)

Next, we must address those terms in (3.9.25) which has one derivatives on 1. For this,

we use the Poincare inequality in z direction:

HoOxm) 0P| - < [lo(xm)0¢|| 2 < [lo(xm){u; v}|L2 < [lua, vell L2 (2<2000)

< [JoOtm){ta, v}z < €™ [lo(xm){u, v}lx,. (3.9.30)

For the zeroeth order terms in 1, we must argue as follows:

T

v 1
lotxm¥lar—+ ol = llotxn) [ vllus S llobxn) [ ol

< e HoOm) {u, v}Ix, - (3.9.31)

Summarizing, then,

1A%, Xm]¥ |- S € M2 o(xm) {u, v} x, (3.9.32)

It remains, then, to analyze the majorizing terms in F in estimate (3.9.26). Up to

redefining Ms in (3.9.20), we may scale back to Prandtl coordinates (x,y). By integrating
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by parts against compactly supported test functions, we have:

[P - [0, (F + 5u) = Dulg + S+ S o) [£ + S+ g+ Su]llee (3.9:38)

First, we’ll start with:

lo(xm) - SullL2 = [lo(Xm) | urUz + URew + VRUY + URyv ]| L2
< p E 3
< ||ur, TURs, VR, URy Y, Upy T2 || Lo |[0(Xm ) {Ua, Uy, vy, va }| L2

S o0 ) {ws v} | x, - (3.9.34)

Similarly,

oxm) + Sullzz = lloGam) [wavs + vrt + vavy + vryo]|Ir: (3.9.35)

< [ur, 20z, vR, VRYY|| L0 [[0(Xm){ V2 Uz, vy } |2 S (0O ) {1 0} |, -

Next, we come to the nonlinear terms:

E o) - [0+ Dy + a0+ 0712
< € |0(xm) (@ 9} | o< [00m) (T T 1y Y| 2

~

S €49 lo(m) {1, 7 < (Jlo0xm ) 51, + loGxm) s v}lx, ). (3.9.36)

Finally, we have the forcing terms in f, g for which we cite Lemma 3.7.22,

> lloGem){B™™, R }|2 < C. (3.9.37)

m=1
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Upon taking summation in m:

11461115 ezz000) < 1S Xmtellizs < S Imtillirs < S 1xm Flla— + S A2, ool
< e M [ 37 ol LR, B |12 + 3 llobum) s, 0} 1x,

+ 4 o) {1, 7H 2 (110 Gon) 7, 7|, + [lo(xm) {0}, )|

<& [0 4 1w}, + 3, ollo~ (11 5}, + 1o, ).

For the L> component of our desired claim, we simply use the standard H? embedding.

O

Corollary 3.9.11. Suppose ||u, ||z < 1. There exists a universal constant My such that

for any selection of No, Ny, n,y, the following estimate holds:

2 ||u, vy, S N2 M g e NN g g

(MM BN N Mol (39.38)

We will now bootstrap the above elliptic regularity, away from the boundary x = 1

(thereby avoiding the corners of our domain).

Lemma 3.9.12 (Third-Order Elliptic Regularity). For some Mz > 0 perhaps large, but

independent of n, and supposing ||u, ||z < 1, we have:

[{vas Veve } - Gl 2 e<1000) S e M |C + [Ju, vl x,nv, + 5%+7_N4_N2||U7U||XIQYQ}

+ e Ma=2N2=2Nat 547||3 5([2. (3.9.39)
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Proof. Start with the system in (3.9.20), and differentiate once in x:
Ag’l/)m = Fx = 67M2 {BY |:f~:v + azgu] - am |:gac + azgv] },
0:0(x,0) = 09y (z,0) = 0. (3.9.40)
We shall now define a new cut-off function, via:
0forl1<az<3,
X (x) = 1 for 2 < 2 < 1000, (3.9.41)
0 for 2000 < z.
Then, referring back to (3.9.22),
X (@, Y) = xE @ () (3.9.42)

The collection {Xﬁ,%)} is meant to fill the gap between (3 and ps (see the definitions in

9.1), (3.9.2)). We will consider the unknown x,,’1,, which satisfies the system:
3.9.1), (3.9.2)). We will ider th k (2)1/) hich satisfies th

A? (XgrzL)wﬂC) = ng)Fx + [A27 ng)]i/)x, (3.9.43)

where the commutator expression is given by (3.9.25). Then via the standard, local in

x, H® estimate, one has:

XDl e S XD Foll -1 + |[[A%, X P)oe | -1 (3.9.44)
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Again, as [A?, ng)] is localized in x and contains three-derivatives of 1., we easily obtain:

|HA2’ X’Er%)]wz| |H_1 5 E_MS | ‘O(Xv(vg)){ua 'U}| |Y2ﬁX1' (3945)

We will now evaluate the F, term above. By selecting the exponent M3 large enough,

one can rescale fmg}x to fz, g, and (LS’M, 9,8, to Su, Sy, which we automatically do. Then,

2 P+ < ™ [IND faullars + XD gl

< o) Lz + llobr gl (3.9.46)

Then, according to the definition (3.8.8) - (3.8.9), one has for the nonlinear terms:

1o0e2) - N2 lzs = 40O\ @itz + T2 + Tty + Dty |1
< F [0l oo oGPl 22 + 100K il
1002l L4l 002 Yty 14 + oGl ow o0 Yty 2]
< eE [0l = o0 e |12 + o2t 2 llo (2 Vi |
10022 17 o ()l |, o2 Yty 2 002 Yy 1,
+ 1002l o o2 Yy 12

S €84 [NV 1o () {1, 5} |3 + £~ 222N Jo(x (D) {u, 0}l va |-

(3.9.47)

Above, we have used the assumption that ||@, ||z < 1 in the term:

1 1
10022 172 1002t 5, o2 Yy 1 o (x 2 )uyll
< &1l 21102 )ty £ oGy 113,

< &M lo(x2 Yuy || 2l lo(x @y 17,
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< e Jo(x{ )uyllx1 o )ull3, - (3.9.48)

In the final estimate, we have used that x(?) is supported on a strictly smaller region in

x than the region over which we have controlled u,, (compare (3.9.23) to the u,, estimate

n (3.9.17)). Similarly,

oIl lz2 = €4 lo(x(2) (A0 + s + Day + D0y |12
< e [llo(D)all o0 Vel L2 + 1o(x2 it 11002 )0
+ 1002z o0y e + 100 al 1o 1002y 12

< (3 {€—2N2—2N4 | |0(X1(5)){a7 77}”22} . (3.9.49)

Next, according to estimates (3.7.177), one has:

> o RE™, o(xX 2Ry ™| < C. (3.9.50)

m>1

Taking summation in m and scaling back to Prandtl coordinates gives the desired result

upon comparing the supports of x2 and ps:

X952 < Z [ rs

M Z o )us vllvanx, + €347y e 222N lo(x(D) (@, 5} 17
m
+eE 1NN o (x 3 {u, o} lx v + Z lo(x ) Ri™, o2 ) Ry ™ || 2
m

S e [0+ llusvllvan, + BTNV g g2 BN N o,

(3.9.51)



273

Corollary 3.9.13. There exists a universal constant M3z such that for any selection of

N, N3, Ny, n,7, so long as ||u,v||z < 1, we have:

M u, vlly, S €M [C 4 s vllxnva | + ™ vl

+5%+7—N2—N4—M3+N3Hu7U|‘X1my2 +6N3_M3_2N2_2N4+%+7HaﬂEHQZ' (3952)

We now upgrade the previous estimate to a fourth order, weighted estimate. This fourth
order estimate is not included in our norm, (3.9.8). This will simply be used in order to
justify rigorously one of the integrations by parts in the energy estimates (in particular,
calculation (3.10.95)). This is the reason our right-hand side below in (3.9.53) need not be

depicted explicitly; we only need the qualitative information that this quantity is finite.

Lemma 3.9.14 (Fourth-Order Elliptic Regularity). Suppose ||@,?||z < 1. Solutions
[u,v,P] € Z to the system (3.8.1) - (3.8.3), with forcing terms as in (3.8.8) - (3.8.9)

satisfy the following fourth-order estimate:

|{thzzs VEvaz} - | g2 (p500) < 00 (3.9.53)

Proof. Taking two derivatives of (3.9.20), one has A%(¢,,) = Fy,. Define a partition of
unity of {x > 20}, {Xm }m>0, such that xo is supported on Y > 1, and all of the x,,,,m > 1

are localized near the boundary Y = 0 in the region Y € [0,2] and near = m. Then:

A*(Xm@za) = [A%, Xma|Vze + TXm Fra, (3.9.54)

A% (X0tae) = [A%, X0t Yea + X0 Fua, (3.9.55)

where we refer the reader to the commutator expression in (3.9.25). For equation (3.9.55),

one uses the standard, interior H? estimate for the Bi-Laplacian:

08l s S NI[A% X0l -1 + [|2X0Fos] | -1 (3.9.56)
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For equation (3.9.54), one uses the boundary H? estimate which gives:

Hme'l/)mc”H?’ 5 ||[A23me]wmz:”H—1 + Hl'XmszHH—l' (3957)

Let us write the expression for F,, that we will read from, referring to (3.9.20) (we will
rename the power of ¢)
Fzz == 57M4 |:a:chf+ aszgu - arxmg - a:vmmgv . (3958)

As usual, by sacrificing powers of ¢, it suffices to evaluate the H~' norm of the above

expression in Prandtl coordinates. We will start with S:

||{Xm7XO}x8IIY§u||H*1 /S H{Xma)(O}xamcSu”Lz + H{O(ayX’n’HayXO)zammgu}”LZ. (3959)

Similarly for S, one obtains:

HO(va)(O)azrszUHH*l S HO(Xma)(O)aervHLQ + ||0(aeryaxXO)a:cmxSvHL2

+ HO(XmaX())xa:rva”L?- (3960)

Computing two derivatives of S, S,, one obtains:

a’vau = URzzzU + 2uwaua: + URzUzq + URzaUs + 2’U/Rwua:a:
+ URUgzza + URyxxV + 2uRychrc + URyVza + VRxxUy + 2vaumy + VRUzzxy, (3961)
aww Sv = URzzVz + QURIUIZE + URVzza + VRzza¥ + 2URza:u:v

+ VRpUzq + VReaVy + 2VRaVey + VRVzzy + VRzayV + 2VURzy Vs + VRyVaz. (3.9.62)



275
From here, given xg, X:n are supported on x > 20, it is easy to see that:

[[o(Xm» X0) xamrsuvxaxrsv} ||L2(ac220) < [lo(Xm» xo){u, v} 2. (3.9.63)

Next, turning to the expressions in f, g:

n__

vz =€ 2 TR+ gy + 3Uglag + Uzally + 205Uy + DUgay, (3.9.64)

oz = e‘%"ngﬁ + Uy Uy + Wapy + 2UyUgy + UggUy + V0pgy + 205 Tgy. (3.9.65)

From here, using (3.7.177), and the definition the norm Z in (3.9.8), one observes:

o0t x0) #0012 £ 20529 12 207 % 100t X0) a0} 1% + 100t x0) (7. ) 13- (3.9.66)

Summarizing this:

D laxm el S D lloOm){u, v}z + Y llobem){u, v}I%

m>0 m>0 m>0
+ ) llo(xm){a, v}z < o (3.9.67)
m>0

We now move to the commutator terms from (3.9.56) - (3.9.57), which we write out,

denoting by x generically either y,, or xo:

[Aza xX]Um = amyy (xX)Umm + 8mzy(xX)v:vy + 8&0 (xX)azyyvm + xayyxvxrz

+ 81/(959()6909011”1 + am(xX)vay + Ozy (xX>Ua:acy

4 4
+ 3" (ax)0 v, + > w0k X, (3.9.68)
k=1 k=1
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Examining the commutator terms, one observes that the worst term is when all deriva-
tives fall on the cut-off, and none on either x or v,. Such a term arises, for instance, when
k =4 in the final summation above in (3.9.68). In this case, one uses that the partition of

unity is selected such that 9yxo, xm is a bounded region in y:

105 {xms X0} - @vallrr-1 < (105 {xm> X0} - 2vzlr2 < [|0(Xm), 0(OX0)2Vayll2.  (3.9.69)

It is straightforward to check that all terms in the commutator can be estimated either
in this manner or directly using the definitions of Z in (3.9.8). Thus, taking summation

over the partition of unity again gives:

> A% Xl ter -1 S [, v][z < oo (3.9.70)

m>0

Combining (3.9.56), (3.9.57), (3.9.67), and (3.9.70), the lemma is proven.

3.9.2 Embedding Theorems for the Space 7

The next task is to pinpoint the interplay between the uniform quantities in the norm Z

and the norms Y;. Let us start with:

Lemma 3.9.15. For o > 0 arbitrarily small,

sup [[Iv2va™ 77 1F; + lua~ [ + Vevr 7l | S Ol (3971

1
sup [l 22113 + Iltasl 2| + sup [|vevsalZs < 1lu,oll,cus. (3.9.72)
21 ! vl 2>20 v

x

3
sup ({13 + [[{vey, Vevar}o |25 ] < [, vlifanve: (39.73)
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The constant C (o) 1T oo as o | 0. Finally, for [u,v] € Z, we have the following property:

sup ||{vmmumy}x\|% < 00, (3.9.74)
20

x

Remark. The estimate (3.9.74) is required in order to rigorously justify one integration by
parts in our energy estimates, in particular calculation (3.10.100), and is not required as
part of the norm Z, which is why we do not characterize the right-hand side. The most

important parts of this lemma are the first three estimates, (3.9.71) - (3.9.73).

Proof. First, take a differentiation of:

Oz /u2x72" dy = 2/uuzx72” dy — 20/1121‘71720 dy, (3.9.75)

which upon an integration in z, and recalling u(1,y) = 0, yields:
xr1 1
/ume% dy = 2/ /uuwx_g" dedy — 20/ /uQx_l_Q" dz dy. (3.9.76)
1 1

Taking absolute values, applying Holder’s inequality, and taking the supremum in z;:

— _o—1 1 _1_ 1
Sli?/U% 7 S Mlua™ 72 | llug w22 + [Jua™2 77|12 S [luew?|[Z2 S [luvll%,- (3.9.77)
=z

Here the factor of o > 0 is required to avert the critical Hardy inequality, which occurs

with weight 272 in L2. The stream function estimate follows similarly:

0. [ =2 [pwrie =) [vramie,
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and so integration gives:

oan / D20 < |pva 2|1 + e 27|12, S fluam T E |2 S [Josa 8|2
Tz

< o)k, - (3.9.78)

The estimate for v in (3.9.71) works in a similar fashion. We will now move to first-order

estimates in (3.9.72). The u, estimate follows easily after a differentiation:
3x/u32/x = 2/uyuwx—|—/u§. (3.9.79)

Taking an integration in x, and recalling that u,(1,y) = 0, then gives:

Sl;li/uzx S MluyllzeJuayzllze + [luyllZ2 S llu, o]k, Ay, (3.9.80)
=

Next,

ax/uiaﬂ = Q/Uxume +2/uix, (3.9.81)

so taking an z-integration and using that u,(1,y) = 0, we have:

1 3 1
sup [ 02?5 o la o 1o + llusz s Sl e
Tz

Let us now introduce new cut-off functions, for k = 2, 3:

O0for1<z<3+6(k—2),
nk(x) = (3.9.82)

1 for x > 64 6(k — 2).
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Then 72,73 are “in-between” (3 and ps, p3. Consider now the quantity [ ev2a?ny(x):

895/61)23527)2(:5) = 2/61}5:3772(:3) +2/5vzvmx2n2 —l—/z—:vixQné(m). (3.9.83)

As 1y vanishes on [1, 3], we can take the integration up from z = 1:

sup /a)gxz < Sup/G’Ui.’ﬂQT}Q(Qﬁ) S IVevez? )22 + || VeEvee? |2, (3.9.84)
z>20 z>1

where we have used that |n5(z)z?| < 1. We now move to the second-order estimates in

(3.9.73), starting with:

8x/uiyx3n3 = Q/Uzyumyz?’ng +/u§y3z2ng +/uiyx377§. (3.9.85)

Using that nsusy(1,y) = 0, we have:

Sg}i/Uiny?’ns < HurnyzL? + ||Uzyx”L2||umyx2773||L2 < ||Uav|‘%/2er3~ (3.9.86)
Tz

Above, we have used that n3 < (3. The final calculation is:

61/1)92@1'4773 = C/Umyvmy:zflng +C’/vfcy1’37}3 +C’/vfcyx277§. (3.9.87)

Integrating up from z =1,

3 5
Sgli/viyfl% N vany ||%2 + ||vmmy5172773”%2 < Huav”%@an- (3.9.88)
Tz

It is clear that \/ev,, works in an identical manner to (3.9.87), and also in an identical
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manner, one obtains (3.9.74) by pairing with (3.9.53).

We will now record the following about the z — oo behavior of elements in (X7 N X5 N

X3)(€):

Lemma 3.9.16. Suppose [u,v] € X1 NXaNX3(Q). Then the following boundary conditions

are automatically enforced:

[, V]|g=1 = [u,v]|y=0 = Ilirgo[u,v] = ylgrolo[u,v} =0 (3.9.89)

Proof. All follow as in Lemma 3.9.6 aside from the condition at x — oo. For this, we use:

1_ _ 1 1,4
et =l < Jlue2 w21, < oo, (3.9.90)

1_ _ 1 1
ot =g < lloa2] s llogal| 25 < oo, (3.9.91)

according to the estimates in (3.9.71). Thus, we can conclude that [u,v] — 0 as x — .

O

The estimates (3.9.90) - (3.9.91) yield uniform decay of [u,v] as z — oo. However, the
factor of 77 is too weak to close our nonlinear analysis (see estimate (3.11.8)). This in
turn is caused by Hardy’s inequality being critical (see (3.9.77)). In the next lemma, we use

higher-order decay estimates to avoid this criticality:

Lemma 3.9.17 (Uniform Embeddings). For [u,v] € X3 N X2 N X3(2), we have:

1 1
Slip‘|ux47\/gvx2”L§° 5 ||U,UHX10Y20Y37 (3992)
x>1

5 3
sup [uza®, Vevem?||pee S [lu, vl xinvanys- (3.9.93)
r>20
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Proof. We will first turn to the first-order estimates in (3.9.93). These follow from the

evolution estimates in the previous lemma via standard Sobolev interpolation:

5 1 3, 1
lua@|Lge < |Jual| s [fuwyz 2|2, - (3.9.94)

Similarly,
3 3 22
osz? lage < oallEs llomya?1Zs. (3.9.95)
The result now follows after taking the supremum in = > 20 and appealing to the

evolution estimates above. Next, we address (3.9.92). For z < 20, we may simply appeal to

the uniform estimates in estimate (3.9.17). For v, the result follows immediately from:

o 3 s F _1
/ v (2, y)da'| < |lvpz? ||L;<>/ (')~ 2da’ = [ sup ||vgx?2 HL;O}T 2,
T xr

v(a,y)| =
r>20

(3.9.96)

We have used the qualitative boundary condition that v — 0 as * — oo, which is

available due to Lemma 3.9.16. For the u estimate follows in the same manner:

oo

‘u(x,y)‘ < ||uzxi|\L3o/ (z')"3da’ < [sup ||umx%||L§c z7i, (3.9.97)

z >20

Now taking the sup in z,y of both of the above inequalities yields the desired result.

We now turn to controlling the top-order uniform-type norm:

Lemma 3.9.18 (Top Order Uniform Embedding). For [u,v] € X; NY> N Y3, one has the
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following mixed-norm estimate:
oo o0 7
| et Vevarlipdo+ [ abluns e do Sl vl e (3.9.98)
Proof. For x > 20, we start with:

3 1 5 1
Vvl < llotvEvall s lof VEvsay ;.

Taking square on both sides:

3 5
o!|Vevellize < 1102 Vevaallts + 1122 vVeveayllZs, (3.9.99)

so integrating

|t IVevarli e do < vl e (3:9.100)

For the u,, estimate, we have:

i 3 3 (|2 3
x4||uzz”L§° < HIQUMHL%H.T Umy”L%a (3-9~101)

Squaring both sides and taking an x-integration gives:

oo . oo 5 oo
| ettty < [ lebudy + [ et
20 20 20

S s vl Avanys (3.9.102)
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We shall make the following selections, given arbitrary constants My, M3 > 0:

N> is selected such that Ny — My = 100; (3.9.103)
N3 is selected such that N3 — Mz = 2No; (3.9.104)
Ny, = N for k = 4,5,6,7, (3.9.105)
n sufficiently large relative to N;, M. (3.9.106)

We now consolidate the above series of lemmas, coupled with (3.9.38) and (3.9.52).

Corollary 3.9.19. With Ny, ..., N7 as in (3.9.105), we have:

maX{Nz’N?’}HU,UHXlﬁYgﬁYe,' (39107)

lu, vllu S €
Theorem 3.9.20 (Z embedding). Suppose ||u,v||z < 1. For appropriate choices of
Ny, ...N7, based only on universal constants, there exists a universal constant w(N;) such

that:

100 o py—w(N;)

+ ||, v]| xynxanxs +E2 |, 7|[%. (3.9.108)

llu,vl|z S €

Proof. According to (3.9.107), it suffices to treat the Y3, Y3 terms in || - ||z. For this we

simply use the selections in (3.9.103) - (3.9.106) to rewrite (3.9.52)

+y—w(N;) |, TJHQZ (3.9.109)

5N3HU7UHY3 5 g% +€1OOHU7UHX1VWX3 +8N2Huav||Y2 + 6%

The condition (3.9.106) allows us to control, in estimate (3.9.52):

g2 Ty~ No=Na—M3+N;s [lu, V|| x,ny, < 5N2+100||u, V|| x11Yas (3.9.110)
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for instance, so long as: % +~v— Ny — Ny — M3+ N3 > No + 100. There are many such
criteria which arise over the course of our analysis, and so we retain the generality as stated

in (3.9.106). Next, rewriting (3.9.38) in a similar fashion, one has:

<€ 4, ol i, + 3O, 1] (39.111)

~

5N2||U>U||Y2

Summing these two estimates yields the desired result.

3.9.3 Function Space, Z(QV)

We will have occasion to consider, Z(Q%), where Q¥ is defined in (3.8.10), and N is some

large but finite, fixed number. Due to the boundedness in the y-direction of QV:

Lemma 3.9.21. For [u,v] € Z(QV),
H’IZJHLQ(QN) + ||{\/g7),’l)y}(£”L2(QN) S C(N)||U,UHZ(QN)7 (39112)

where C(N) depends poorly on large N.

Proof. This follows from the Poincare inequality, as both ¥ =v =v, =0 on y = 0:

l[val| 2 < C(N)l[oyallze < CON)I[oypllzs = uayalls S COV)lu,vllz@n).  (3:9.113)

Similarly,

[l < CN)lbylL2 = [Jullze < C(N)[[uyl[2 < C(N)ullz@n)- (3.9.114)
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Lemma 3.9.22. For [u,v] € Z(QV),

3 1 1
sup (20,0, 13 + 0¥ [[0llg + o lullog + 2l owllng] < COM Il vllzeny,  (3:9.115)
r>20

where C(N) depends poorly on large N.
Proof. By applying the Poincare inequality twice in the y-direction,

3 3 3
lva2 |z < C(N)[Joy2?|rz < C(N)||uayz?||z2 < [lu,vllz. (3.9.116)

The final inequality following from (3.9.73). Similarly,

lv22%||22 < C(N)||vaya?||L2 < |lu,vllz- (3.9.117)

Finally, by repeating all of the calculations which culminated in Theorem 3.9.20 on the

domain Q¥ the following estimate holds:

Theorem 3.9.23 (Z(QY) embedding). Fiz any N > 0, large. Suppose ||a,]|z@on) <
1. For appropriate choices of Ns,...N7, based only on universal constants, there exists a

universal constant w(N;) such that we have:

llu, vl zen) S €%+ [Ju, v||x, nxanxs 08 + Egﬂ_w(m”W’@HQZ(QNy (3.9.118)

The constants in the above estimate are independent of N.
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3.10 Navier-Stokes Remainders: Energy Estimates

In this section, we shall obtain a family of energy and positivity estimates for the system
in (3.8.1) - (3.8.3). As mentioned in the prior section, we seek a solution [u,v] € Z(Q),
where Z () is defined precisely in equation (3.9.4). Our point of view for this section,
then, is to obtain a-priori estimates under the assumption that [u,v] € Z. Such a solution
necessarily encodes decay rates of the solutions and their derivatives (see, for instance,
(3.9.71) - (3.9.73), (3.9.92), and (3.9.93)). We shall give a-priori estimates on the domain
QN as defined in (3.8.10), which are independent of N, allowing us to take N — oco. For

this purpose, we take the boundary conditions shown in (3.8.11).

Remark (Notational Convention). For Section 3.10, all integrations [ [ and norms, || - ||,

without further specification of domains are over QY.

Going to the vorticity formulation of (3.8.1) - (3.8.3):
by
8y<—AEu+Pm+Su> —eax(—AEU—i—?—i—Sv) -

0y(— Acu+8,) — 0~ A+ 8,) = f, — ege. (3.10.1)

Define the stream function through

Yy
Y(z,y) = 7/0 u(z,y)dy', V. =v, ¥, =—u, (3.10.2)

and note via the boundary conditions (3.8.4) and (3.8.11),

w|y:0,y:N - w|z:1 = wrlz:l = wy‘yzo,y:N = 0. (3-10.3)
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To see that ¢|,—n = 0, we can write:

N N
0,0 = —/0 ug(z,y")dy = /0 vy (2,y)dy = v(z, N) — v(z,0) = 0. (3.10.4)

Next, the boundary condition #(1,y) = 0 enables us to evaluate ¢ the corner: (1, N) =

0. Thus, coupling these two facts yields ¢(z, N) = 0. Next, we record the observation:

blary) = bla,y) - v(Ly) = /1 "ol y)da’ — /1 "oy, (3.10.5)

and so taking absolute values, and supremum in y yields:

W@l < [ lo@)lpde < [ ) ha S o, (3.106)
1 1

We also will have occassional need for the auxiliary domain:

QY ={0<z<M0<y<N}. (3.10.7)

3.10.1 Energy Estimates

We now give the energy estimates on [u, v]. Let us first introduce the notation:

Wie = |//f~U|+//8\g||v|, (3.10.8)
Wir = [ [1flwfe+ [ [<glieds (3.109)

Wi = Wi, + Wi, p. (3.10.10)

Proposition 3.10.1. Lete << § and 4, € be sufficiently small relative to universal constants.

Let [u,v] € Z(QN) be solutions to the system (3.8.1) - (3.8.3) on the domain Q. Then
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these solutions satisfy the a-priori energy estimate:

[V eus, uy |22 < O0)||Vevsz T, v,z |22 + Wi 5. (3.10.11)

The constant in the above estimate is independent of N.

Remark. Note carefully in (3.10.8) that we do not bring the absolute value inside of the
integration for the f f fu term, which is important to treat term (3.11.5). For the remaining
terms above in W, we place the absolute values inside the integration for convenience (in

terms of comparison with other terms that arise, see for instance (3.10.160) - (3.10.161)).

Proof. The vorticity equation (3.10.1) is multiplied by the stream function ¢ and we proceed
to integrate by parts. According to the definition of the norm Z in (3.9.8) and the estimate
(3.9.112), all integrands appearing in this estimate will be L!(22V), and so all applications

of Fubini are justified. First, we will treat the highest order terms:

//a Au¢+66Avw //Awy Ay (3.10.12)

—//Aeuu—e//AEvv (3.10.13)
://|V5u|2+e//|vev|2— lim {/ suzu + 20,0 (3.10.14)
M — 00 =M
2//|Veu|2—|—6//|vev|2. (3.10.15)

For the limiting integrals over z = M above, we have used the bounds from (3.9.112) to

conclude:

|/ cutty| < el uz || |[upa? || M~ 225 0, (3.10.16)
=M

7 M—oco

|/ ov,| < &[v |l1s loaa?] s MF 22250, (3.10.17)
x=M
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Let us justify rigorously the integration by parts found in line (3.10.12). To isolate the
corners, define C'? to be solid balls of radius r centered at the two corners, (1,0), and

(1, N). Then,

//ay(— //w vz cl AT“”*Z//L Au (3.10.18)
- / /Q sy B /8 ,, DS+ / / iay (-aw)e.  (1019)

First, as we know —A.uu € L'(QV), we have:

lim// fAeuu://—Asuu. (3.10.20)
r—0 QN—U2_ Ci

Next, we appeal to the classical expansion in the vicinity of a corner point in (BR80),

Page 57, equation (5.5), from which it follows that:

lu,v] Sy bl S, [V, V0l S tin O (3.10.21)

Then the boundary integral from (3.10.19) can be controlled via:
aci acs

Finally, we arrive at the interior term from the corners in (3.10.19). For this, the expan-

r—0

Aswﬁ’ g/ rrlds < 2% 0, (3.10.22)
aci

sion in (BR80), Page 57, equation (5.5) implies that:

V3w, v]| + V3| <r~2 + @, where @ € L?. (3.10.23)
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Using this gives:

‘//iay(—Ae@wdﬂcdy‘ g//i

- / / r2rrdrdw + 11| 2o
ci

T*QT‘dxdy—i—// |t|rdzdy
ci

r—0

Pl L2(ciy — 0. (3.10.24)

Summarizing, we have shown the validity of the integration by parts
//%(—Aeuw = //—Aeuu. (3.10.25)

This calculation works generically at the corners (it was not specific to the particular
derivatives involved, just the order of them), and so we will avoid repeating it each time.

We now turn to the v-terms in (3.10.12), for which we write:

// O Acvp = lim // O A1)

QN —Ci M—ro0 QN —ci

— lim {// Acvv + Acvipdy — Asvwdy}
M—ro0 VA e=M aci

—// Acvv 4+ lim Acvpdy — Acvipdy. (3.10.26)
QN _Ci M—o00 Jype aci

For the x = M boundary term in (3.10.26), we have:

Acvz?||2 M2 X220, (3.10.27)

Wl

1
L2 S Yz |

‘L:M Aevgb‘ < ||Acv]

2 2
L?/ L'.'/

according to (3.9.71), (3.9.73), and (3.9.115). Subsequently, sending » — 0 as above

gives the desired identity:

//&EAEM/J: —//Aevv. (3.10.28)
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Next, we come to the profile terms, Sy, from the equation (3.8.1). We refer the reader
to the definition of S,,, which is in (3.8.6).

[Jalsyo=-{ [sn= [ s

= / / [uRug; + URsU + VRUy + uRyv} u. (3.10.29)

The first three of these terms in | [ S,u are handled through an integration by parts

//uRug;u—l—uRmu + vRUUy = //up@u + hm //vRyu

(3.10.30)

Above, we have used the estimate for |juz? | |22 in (3.9.115). The term on the right-hand
side of (3.10.30) is handled via:

//URyuzz//@gy—F\/&JEY)uQ

u 3 u
< HvﬁnyIILwH;II%z +Vellvgya? |||~z |72

< OO)|luy|72 + OO)|Juzz? |32 (3.10.31)

In (3.10.31), we have first used the profile estimates in (3.3.10) and (3.3.20), and subse-
quently the Hardy inequality which is available (for exponents of x which are not equal to

1) as u(1,y) = u(z,0) = 0. The large convective term in [ [ S,u, (3.10.29), is given by

//uRyuv = //{ug’;k1 + e%ug + Veuky Juw.

(3.10.32)
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First, by estimate (3.3.14), with j = 1,m = 1, we have:
1
\// o e P PR

Second, according to (3.3.16) with j = 1:

Ll <00 eyl z2llvgz?[] 2. (3.10.33)

||ux 140,

1
‘//EZ’LL U’U‘<€2||u yy$2 || oo — 'Uz2||L2

2|l

< C(n)e? |Jugz™|| 2 |[vya? || 2 < C(n)e? |lugx?||p2|lvy@?||2.  (3.10.34)

Third, according to (3.3.18):

| [ [ Veukyus| < llufyod s 5 ol Ve lne

< Ve|lugx || p2||Vevaz T || 2. (3.10.35)

In (3.10.33), we have used the Hardy inequality in the y direction:

Vo1 (N 1
I3l = Nl lag e < lloye?lze, (3.10.36)

which is available as v|y—o = 0. We have also used the Hardy inequality in « direction,

which is available as v|y,=1 = 0. Rigorously, turning to (3.10.34):

U g
WHL@HL@ S e (@ —1)7 22|z (3.10.37)

S Muea?llzzllz = [luez?|| 2. (3.10.38)

= <
Hm oz ===z llez < Il
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Summarizing,

< OO)|luylf72 + OB)|Vevaz s, vya?|[72. (3.10.39)

‘//Suu

The important mechanism in controlling (3.10.33) is the ability to trade a factor of y2x_%

which is absorbed by the Prandtl profiles, ug’yrhl, according to (3.3.16) with j = 1,m = 2.

This creates two y derivatives, u, and 'ny%, both of which are order 1. The next step is to

control the profile terms S,,:
76//89551,1/}:6//51,@—5 lim S,ﬂ/):e//va. (3.10.40)
M—oo [,

By inspecting (3.9.115), one sees easily that the above limit vanishes. We now treat the

interior terms from (3.10.40), which we expand for convenience:
//Svev = // (URUx + VRaU + VRV, + URy’U> €v. (3.10.41)

The first, third, and fourth terms above in (3.10.41) are given via the following calcula-

tions:

. €
EURVLV + EVRVVy + evRy02 =€ URyU2 + lim fuRUZ
M — o0 =M 2

= 6//1}Ry’l}2 (3.10.42)

3 1
< ellofyy?llL= vyl + Vellvgy @[ e [Vevsx 1|12 (3.10.43)

1
S ellvgll7e + Vel [Vever || (3.10.44)

The M —limit vanishes by the estimate for ||vx%||L§ in (3.9.115). We have also used
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estimates (3.3.10) and (3.3.17) for the profiles. Next,

’//evgzuv’ < VellzFora|lze |[uaz? || p2]|Vever? || 2. (3.10.45)

Again, we have used (3.3.8) and (3.3.17) for the profiles. Thus,
‘ / / S,€ev
On the right-hand side of equation (3.10.1), we have:

Y I o

First, we will note that each term in the above integration by parts is in L!(QY), which

< Vel[Vevezd, vyt |2, (3.10.46)

follows from the definitions in (3.8.5), and a consultation with the definition of Z in (3.9.8):
fy = e*%*VRZ’” + ety (uyum + Uy + Vyly + fuuyy), (3.10.48)

G = 6—7—7R” mo ezt (umvx + UVgp + VapUy + vvzy) (3.10.49)

It remains to justify the boundary terms resulting from the z-integration by parts, at
x — 00, in (3.10.47). This, however, follows just as in (3.10.40) by inspecting the decay
rates in (3.9.115). A comparison with (3.10.8) then gives the desired result. Combining all

of the previous estimates proves (3.10.11). O

3.10.2 Positivity Estimate

We now give the following Positivity estimate:
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Proposition 3.10.2. Let e << 6 and d, € be sufficiently small relative to universal constants.

Then [u,v] € Z(QN) solutions to the system (5.8.1) - (3.8.3) satisfy the following estimate:

62/ 02 dy + lim/ uixdy+||(\/gvx,vy)x%||%z§||uy|\%2+Wl. (3.10.50)
=1 M—o0 =M

Remark (Selection of Multiplier). There is a distinction between the Positivity estimate

from (GN17), Page 31, and the present case. In the case of (GN17), the profiles, ugr, were

not assumed small, and so they required the normalized multiplier Z; - 65—;. In our case
as the profiles are assumed size §, we need not normalize by a factor of ug. On the other
hand, we need to capture precise behavior at x — oo, which is the reason our multiplier is

(vy —€vy) - x, or equivalently in the vorticity formulation, v - z.

Proof. We apply the multiplier x1, = zv to the equation (3.10.1), and we will subsequently

take the following integration:

lim // Equation (3.10.1) - zv dy dz. (3.10.51)
Q

M—o0

The purpose of specifying the order of integration is for the terms in (3.10.54), which
are not automatically in L'(QV) prior to integrating by parts in 3. All other terms are
in L'(QY) according to the norm Z, (3.9.8), and the estimate (3.9.112). Thus, with the
exception of the term in (3.10.54), the limiting procedure above can (and will) be omitted,

and Fubini can be justified.

Second Order Terms

First, we will treat the highest order terms. Let us begin with:

—//8yA6um: = //(eum—i-uyy)vya:. (3.10.52)
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We will note that the u,, term on the right-hand side above is in L*(QV), away from
the corners. This follows from the definition of Z, and (3.9.112). Thus, the forthcoming

applications of Fubini are justified:

//eumvyxf //evxyvyxf — //8
2 . € 2. _ € 2
=5 //vy JWII_IPOOQ/x:M v, T 2//vy. (3.10.53)

The above limit vanishes according to (3.9.115). For the u,, term in (3.10.52), we can

integrate by parts again in y, due to (3.10.51), to obtain:
// UyyUyx dy dz = —// Uy Uyyx dy dez. (3.10.54)

Now, the right-hand side of (3.10.54) is in L'(Q") according to our norm Z. Interchang-

ing the order of integration:

i uy uy
UyyVyr dy dz = 5z(—)xdxdy =— < dzdy + Yo
oy oy, 2 oy, 2 e=M 2

As the solid integrals on the right-hand side of (3.10.55) is known to be in L'(QY), we
can pass to the limit M — oo (and also drop the notation da dy when the order no longer

matters):
2
u
lim — : =— 2+ 1 2. 10.
i //Qﬁ Oylyy - vody dx // 5 + Jim x:Muyx (3.10.56)

The limit above appears with a good sign, and therefore contributes to the left-hand
side of the desired estimate in (3.10.50). We have omitted the delicate limiting process near

the corners in this calculation, as this process is identical to that of (3.10.19). We shall now
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examine the term:

//e@mAevvxdydx: //e(evmm—i—vmyy)vxdydx (3.10.57)

A direct computation then gives:

//e%mzvx: —//621)05:,3('95,3(1)33)Jre2 lim VpaVTdYy (3.10.58)

M—oo [ g

- / / 20,00, (v2) (3.10.59)

The z = M term in (4.10.19) is controlled by using (3.9.73) and (3.9.115):

‘/ vasve] < [fomaad Izl lvad |13 M2 — 0. (3.10.60)
x=M

Again, we omit displaying the limiting process which handles the corners of the domain,
because this is identical to (3.10.19). We now turn to the next integration by parts for the
interior term in (4.10.19). The first observation is that both v,, v,z and v,,v are in L*(QY)

by inspection of the norm Z. Therefore, we are justified in the integration by parts:

—62//vmvmx—62//vmv
2 2 2 2
= %//vfc + %/ v? — N}im [%/ v2xdy + %/ vvmdy}
=1 —o0 z=M x=M
3e? 9 €2 9
x=1

where we have appealed to estimates (3.9.115) to show the limits above vanish. We must

now treat the vy, term from (3.10.57):

[ [evmr=— [ [ = [ [o.(E)s
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//v _1\}131005/ Mv2x=§//v§. (3.10.62)

<

Again, we appeal to (3.9.115) to show the limit vanishes. Summarizing, then:

//eaAm_—//v +// 622/35_11}”2”' (3.10.63)

Profile Terms, S,:

Next, we treat the S, profile terms, for which we refer the reader to the expressions in

(3.8.6). Integrating by parts in y:
//aySuvx = —//Suvyx = —//uRuxvyx—kRg = //uszm—kRg. (3.10.64)

We give estimates on R3, starting with:

//quu:rvy = //{ugz +uﬁx}uxvy

1 1 3 1
< MyxZuggyl|pe lluyl 2 [lvga? |2 + [[upo® || Juall 2 |loy2 2] 2

O(8)[uy|72 + Vel lvya=]| 2. (3.10.65)

Above, we have used estimate (3.3.12) with m = 1, and (3.3.18). Next, by using (3.3.10),

we have:

| [ [ oy < loma? ol Lol 12 < 0@y lz2lloga ez (3.1066)

The estimate (3.10.66) is significant in that it essentially determines the rate of decay,

1

2, that must be satisfied exactly by the profiles, vg. The next profile term, according to
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(3.3.14) with j = 1,m = 0, estimates (3.3.16), and (3.3.18), is:

//uRyvvyx = //{uﬁy + Veuby Yov,x

1 3 1
< yuggyllL=lloge? |22 + [luiy @ ? ||z |vy2? ||| Veve || 2

< O()|loya? |72 + VellVevs|[72. (3.10.67)

Summarizing, we have:

[ [osuwa= [ [umiasRa. |Ra| < 0@yl + Ol 1 + vellveval 3

(3.10.68)
Profile Terms, S,:

Next, we treat the S, profile terms, for which we refer the reader to (3.8.6). The first step

is to integrate by parts in x:

—//e@xvaxz6//Svmvx+e//5vv— lim eS,vr
M —o0 =M
:e//vavz—i—e//va. (3.10.69)

The limit above is easily seen to vanish using (3.9.115). We now treat the first term
on the right-hand side of (3.10.69). We start with the following term which enables control

over /evy:
//euRvix > minuR//ev?Ex, (3.10.70)

The second term from S, can be controlled according to estimate (3.3.8) and (3.3.17),
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via:
3 1
e//szuvzx < Vel|r2vge|| Lo ||[VevexZ || L2 |Jug|| L2

< Vel|lVevpw? || 2 |Jug| 12 (3.10.71)

Next, we come to the third term in S,, where again we use (3.3.10) and (3.3.17):

[ [ s

1 1
< Vellvgllpoellvyz? || 2[[Vevaw? || 2

< VeO(8)||vya? || 2| |V evew? |2 (3.10.72)

The fourth profile term in S, is controlled according to estimates (3.3.10) and (3.3.20)

by:

1 1 3 1
€ < Velluiyyllpelvya? |2 [IVevew ® |2 + Vellvgy a2 |1 |lVevax 2|7

/ / VRyVUz T

< VEOO)|lvya? |13 + VEO(O)|[Vevaa? |3 (3.10.73)

Next, we note that the second interior term on the right-hand side of (3.10.69) is exactly

that contained in (3.10.46), which yields:

—//e@xvax://euRv§w+R4,

Ra| < O@)II{Vewe. v} + O0) fuy 3. (3.10.74)
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Right-Hand Side

On the right-hand side, we have
// (fy — egl)vx = —//fvyx—ke//g(i/xm +v). (3.10.75)

We now justify both the integration by parts above. First, let us turn to the f, term,

which, according to (3.8.5) contains the forcing terms R*"™ and the nonlinearity A *:

fyvxr = (e_%—'Y@yR”’” + Oy {uu, + vuy})vx

= (ETORY 4 gy + ity + vy, + vty v, (3.10.76)

From here it is easy to see that [f,vz,eg,vx] € LY(QV). Therefore, it remains to treat
the z-integration by parts boundary terms at & = oo, for which we simply appeal to (3.9.115)

in an identical fashion to (3.10.69). Combining the previous estimates proves (3.10.50).

3.10.3 Second Order Bounds

In this part, we obtain second order control of the solution to the system (3.8.1) - (3.8.3).

To do so, we consider the differentiated system in vorticity form:

Ouy(~ Deut Py 4 5.) —eam(—AEHPy +5) =

€

ary( — At su) - ( —Aw+ sv) = fay — €Gua. (3.10.77)

We will now repeat the Energy and Positivity estimates from the previous section, with
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higher order multipliers. One should briefly recall the definition of the cut-off function ps
from (3.9.2). Define our weight via:
W = Pa. (3.10.78)

The essential property of this weight is that:

Lemma 3.10.3 (Almost Linear Property).

|0%ws| < OFx for k=0,1, and |0%ws| <™, for k > 2, for any M. (3.10.79)

Remark. This property of the weight distinguishes it from a generic weight approximating
the function x in that all of the nonlinear fluctuations are in an order-1 region around x = 1.
This structure is needed in (3.10.138), and distinguishes the second order energy estimates

from the third-order estimates.

Define:
W s = / / Fallus 0322 + elga[vs1327). (3.10.80)
War = [ [1felloas o] + elgalwallofe?]) (3.10.81)
Wa=Ws g +Ws p. (3.10.82)

Proposition 3.10.4 (Second-Order Energy Estimate). Let € << 0, and §,¢ be sufficiently
small relative to universal constants. Then solutions [u,v] € Z(QN) to the system (3.8.1) -

(3.8.3) satisfy the following energy estimate:

3
|taywal[72 + €l[{vay, Veves bwa| |72 < OO){Vevas, vayws |22 + [[u, 0|5, + Wi +Wa .
(3.10.83)

Remark. Note the presence of absolute values inside the integration in the definition of Ws

for the f term, unlike in W,;. This will be important for calculation (3.11.5).
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Remark (Degenerate Weights near = 1). Due to our weight, ws, degenerating near the
boundary x = 1, we cannot say that w3 < w3. It is imperative that we retain control of the

non-degenerate weight of w on the left-hand side of (3.10.83) for the terms {vzy, \/€Vzz}.

Remark. We will continue to justify rigorously each integration by parts, as we have not
cut-off as x — oo. Starting with the second-order positivity estimate (see (3.10.173)), it
becomes possible to work with cut-offs in z, and so the rigorous justifications of Fubini and
vanishing boundary contributions at £ = oo become automatic. However, for the present

calculation, as in the first-order positivity estimate, we take integrations in the order:

lim // -dy dz. (3.10.84)

We also refer the reader to the results on the auxiliary space Z(2V) in Subsection 3.9.3,

which will be cited in the forthcoming calculation, for some formal justifications.

Proof of Proposition. We apply the multiplier vw3 to the system (3.10.77). We shall drop
the subscript-2 from wo, for the proof, with the understanding that w = ws for this calcu-

lation. Integration by parts several times gives the highest order terms:

//{69011( - Aeu) - eaam( - Ad})} Svw?
= //uiyw2 +//euisz+//eviyw2+//62v§zw2 + Jo, (3.10.85)

where [Jo| < €llu,v|[%,. To see this, let us first start with the Acu terms:

—//(%Ey(AEu)vw2 = —//AeuquwQ
_ / / €tz () + / / w2, w? (3.10.86)
= / / (eul, + ul,)Jw® +2 / / U Uy WDy W (3.10.87)
= / / (eul, +ul,Jw® — / / euZdiw?. (3.10.88)
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We will now examine the weight in (3.10.88). Indeed,

|02w?| = [2w?w + 2(0,w)?| < 1, (3.10.89)

according to (3.10.79). Therefore,
’//eui@§w2‘ 5//eu§ < ellull%, - (3.10.90)

Due to the cutoff function, ps, in w, there are no boundary terms at x = 1 when
integrating by parts in the x direction. We shall now provide some formalities. First, due to
the order of integration in (3.10.84), one can integrate by parts twice in y for the following

term:

7/ QMG Oy Uyy * VW dydx*// O Uyy VyW 2dyde = — //QM umyvywa
N
// u w (3.10.91)
oM w

The final quantity above is known to be in L!'(Q¥) according to our norm Z, and

therefore we can take the limit:
. 2 2 2 2
A/}lg};o//ﬂ% Uy W —//uwyw . (3.10.92)

We next turn to the integration in z in (3.10.86). One easily checks that the integrand

EUgprttzw? € LY (QN) for u € Z, and so the following calculation is justified:

//Eumwuwa = —//Eum6$(umw2) + lim g Uy W2, (3.10.93)
M— o0 =M
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For the limit, we use (3.9.72) - (3.9.73):
|/ Upptigw?| < [uaz|[L2||luaz|[L2 S M~ 1 M), (3.10.94)
=M

The z-integration in (3.10.87) works in an identical manner. Let us turn to the A.v

term:

// e (Acv) // (A)0, (vw?) (3.10.95)
// vl +ev? w2 +//62v28§w2 — 2020%w? — evi@iw?

The final three integrations above are estimated as:

//6211920851112‘S||8§w2||Loo//ezvi,§6Hv||§(l, (3.10.96)
2
//6%283102‘g|\x28§w2||m//62%5//6%5,56”@”%(1, (3.10.97)
//evjaiwz‘,S||8§w2|\Lm//ev§§e||v||§(1. (3.10.98)

Let us now give formal justifications for (3.10.95). First, we note the following bound:

| / / 0 (Uns + Oy )0?| S || (Vsmms + Viagy)l| 2 o[ 2

S | tae, Voo Y| 2| vw]| L2 < o0, (3.10.99)

For the final estimate, we have used the elliptic regularity established in (3.9.53) and the

estimate found in (3.9.112). This then justifies:

//sam Av) //53 Av)0g(vw )—i—lv}im £0, Avvw? (3.10.100)
—00
://eax(Agv)ﬁx(va). (3.10.101)
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For the above limit, one must use (3.9.115) together with the estimate (3.9.74). The re-
maining integrations in (3.10.95) are justified in the standard way, as in (3.10.93) - (3.10.94)

with the aid of (3.9.112) - (3.9.115). In so doing, one computes limits of the following types:

|/ Vo 00pw?| < [[vrpa®|| 2 J2 || 12 M3 M2, (3.10.102)

z=M

| / Vaa 2] < ||vaz?||p2 Ve[ 12 M~ M2, (3.10.103)
£:M Y Y

|/ V2w < |Jvga?||2. M~ M, (3.10.104)
=M v

|/ V02w | < |Jug@?| 2 U$%||L2M_%7 (3.10.105)
=M Y Y

[ et < et gar (3.10.106)
=M

All of these terms vanish upon taking M — oo. This completes the formal justification
of all of the integrations thus far. For the profile terms, calculations which are analogous to

the lowest-order case yield:

| [ 4005 = 0uuS.} - 0| S vl + OV, vy bk [,

For completeness, we include all details here. We will now be working through the

following set of terms, referring to the definition in (3.8.6):

//8WSU cow? = //@Su Upw?

://81; [uRum—kuRzu—i—uRyv—kvRuy] Cupw?. (3.10.107)

We begin with:

\//3x(uRum)umw2| = |//uRmuiw2 +//uRumuxw2|
= | uﬁuiuﬂ - U—Rui&ng + lim U—Ruin\
2 2 Maso f 2
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1
< |lupre, up|pe< ||0zw]| Lo |luzz2 |72 < |lull%,- (3.10.108)

Above, we have used the estimate (3.3.12) and (3.3.18) for the uf, term. The limit

above has vanished according to (3.9.115). Next,

‘//&CWRmu)umw?‘ = ‘//uRmuumw2—|—uRwuiw2 (3.10.109)

We must break up the profile term, ug,,, into Euler and Prandtl. For the ugm term

we use (3.3.11) with £ = 2,5 = 0, m = 1, and subsequently the Hardy inequality in y:

3 (% 1
|//u§wwuuww2| < Huga:wny HLOOHZHLQHuwIQ ||L2

1
S luyllzallusa®(re < llullk, - (3.10.110)

For the u%__ term, we use (3.3.18), followed by the Hardy inequality in a:

5 u 1
O A T A o e [P~V [ S CSUREEY

|//quu§w2| < Hqux||Loo||uxm%|\%2 < O(9)||ull%, - (3.10.112)

The next profile term from (3.10.107) is the most delicate convective term:

//agg(uRyv)-uww2 = //quyvuxwz—F//uRyvxuwa (3.10.113)

For the first term in (3.10.113), we bound, according to (3.3.11) for the Prandtl contri-

bution, coupled with the Hardy inequality in y:

v o1 1
| / / a7 < oo | S ol e
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1 1
< Nufaywylleelloyo? ||z lusa? |22 S [Ju, vl (3.10.114)

and (3.3.18) for the Euler contribution, followed by the Hardy inequality in x direction:

5 v 1
[ [ ek o) < Vellufoyad sl 2l lus? 1

S VellVeve| |2 [Juga®| 2 S Vel lu,vl[%, - (3.10.115)

For the second term in (3.10.113), we bound by using profile estimates (3.3.14), (3.3.16),

(3.3.18):

’//uRyvmuxwz‘ :‘//(ugy—i-\/gug}/)vzumwﬂ

v 3 1 3 1
< IIUnyHLwIIfW||L2Humx2HL2 +lufy ? ||| [Vevel 2 Juaz ?| 2

3
< O(O)lvayw? | 2l ullx, + Vellu, vll%,- (3.10.116)

Implicit in the above calculation is the fact that both the profile terms ug, and the
terms from X are controlled on the full domain, QV, and therefore do not demand any of

the “nondegeneracy” of the cut-off weight w near x = 1. The next profile term from S, is:

//81; (vRuy> Cugw? = //URnyUIWQ‘i_//q}RuzyumwQ (3.10.117)

We estimate by using (3.3.8) - (3.3.10), and the Eulerian estimates in (3.3.17) and

(3.3.20):

3 1
‘//szuyumw2‘ < orea? || o gl 2 [usa? |2 < w1, (3.10.118)

1 1
| [ [ ortyisn?| < lloma? = syl ol
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S s vl %, + O0) [Jugyw][7 - (3.10.119)

Let us now summarize the S, contribution:

[ [ [0 (82) e |  Husol i, + O loay e + 0@ hulfie: (330.120)

The ug, term in the above estimate is absorbed to the left-hand side of (3.10.88), by
taking ¢ sufficiently small. The next task is to move to the four profile terms in .S,, which

we now do, and recall the terms for convenience:

//—eam{uRvm + VRyU + VRV +vRyv}vw2. (3.10.121)

Let us begin by giving some formal justification to the initial x-integration by parts
which will be required to treat the above set of terms. First, one observes using (3.9.112)
and the definition of Z in (3.9.8) that all terms are in L'(Q"). Therefore, an integration

by parts in  would contribute the following integration in the limit:

lim —e0, [uva + URgU + VRUy + vRyu] vw? dy
M —o00 :
= lim —€ |:qu'0$ + URVgz + VRzaU + VR Uz + VRxVy
M —o0

+ VRUzy + VRayU + vRyum] vw? dy. (3.10.122)
We shall estimate each term above, with the aid of the profile estimates in (3.3.10) -
(3.3.17), and also the Z(QY) estimates in Subsection 3.9.3, (3.9.115).

3 _9
|/uvawv| < HuRngHLoo||v$x2||L§||vx2||L§M 2, (3.10.123)

|/uRvmv| < NJvaea?®|| s |23 |12 M2, (3.10.124)
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| / VRaat0| < |[VRae? [ oo [un?|[ 2|02 || 03 M7, (3.10.125)
| [ onetan < oo o s g o 2302, (3.10.126)
|/vvayv\ < |loga || o [vrye? |13 |low? || 13 M~ (3.10.127)
|/URsz'U| < |\®Rzy9€2||Lw||U$%| L2 U$%||L5M_47 (3.10.128)
| / vyt < |[0rye|| o |[upw? || 3| [va? || 2 M. (3.10.129)

From here, it is clear that the limit above in (3.10.122) is zero. With this formal justifi-

cation in hand, we continue with the a-priori estimate. For the first term from (3.10.121),

‘//—eam(um) -Uw2’ = ‘//eax(um}z) A{vpw? + 20ww'}

= ‘ //e{uRva + URVs } - {vew? + 20ww'}

. (3.10.130)

Let us individually treat each term in (3.10.130). First, by combining (3.3.12) and
(3.3.18):

’//euRmecwz‘ S Nureal| = |[Vevaa? ][22 < O@)I[vll, - (3.10.131)

Next,

€ . 5
‘ euRvmvzw2‘ = ‘ 020, (ugw?) + lim fuRvguﬂ‘
2 M—oo [, 2

€
= ‘//ivgquwQI—I—‘//eviuwa’

S urew, o[ [Vevpa?| 72 S ||l - (3.10.132)
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The limit above vanishes according to (3.9.115). Next, we shall split ug, = uh, +uk :

‘//euRmvwiw" < ’//eugmvmvww' +‘//eugmvwiw’

1 1 v
< Vellufaya® [ ||vev a2 ezl 71122

3 1 v
+lluger? |l ever? |2 [|Ve |12
1 1
< Vellugpya? ||| |[Vevaa®[| 2]y 2
3 1
+ [Jufe @ ® || Lo ||Vevar ?|| L2l [ Veve | 2

< 0(8)||v]|%, - (3.10.133)

Above, we have used (3.3.12) (with m = 1), coupled with Hardy inequalities in y and x,

and (3.3.18) for the Euler term. The fourth term in (3.10.130) is by far the most delicate:

CURVp VO w2 = — €V 0y (uRvamwQ) + lim EURVL VW
M—oo [

— / / eV {U RV, w? + URVLOpw? + upvOZw?}

=L+ I+ Is. (310134)

We justify the above integration. It is clear, according to (3.9.112), that v,,v9,w? €

L'(QY), and so the boundary contribution at = oo is:

M — o0

|/ cURVLVOw?| < ||1}I$2HL§HU‘T%HL§M7%M —=0. (3.10.135)
x=M

I, follows similarly to (3.10.133). For I, we have:

L] = | / / curv20,w?| < (10wl |Jurll~ | [Vevert] 22 < oll%,. (3.10.136)
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We will estimate I3. For this, we note that due to the almost-linear structure of our

weight,

|03w?| < &K, for any K, (3.10.137)

and so (again with the aid of (3.9.115)):

’//euRvmvagw2‘ = ‘//%vQ(fuRzainqLuRasz) + lim curv?0%w?

M—oo [,

_ ‘//gﬁ(umagwuwagw)‘. (3.10.138)

For the ug, term above in (3.10.138), we shall spit into Euler and Prandtl components,

and use estimates (3.3.12) (with m = 2), (3.3.18):

v
[ [ a0 il 11 < ksl ol S O@)ol,

(3.10.139)

3 v 1
| / / v*ulf, 020 S fuffeoH o= |[VE | S VAVt 2 S OO,

(3.10.140)

For the up term in (3.10.138) above, the structure of our weight, (3.10.137) is important:

| / / 0?03 < ||Veval 2 < o]l (3.10.141)

For the second term from (3.10.121), we integrate by parts again to arrive at:

= ’ //e{vau + VRpUs } - {vw? + 20ww'} (3.10.142)
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Of these, we estimate, according to (3.3.8) - (3.3.10) and (3.3.17):

™

5 u v 1 1
[ [ oresows’| < divmast il ol Sl S Velluas ool Vevsa? 12,
ra €ra

(3.10.143)

5 u 1
; //vauvwa‘ < Vel omas o | 2l lveveat 2 < Vllu ol (3.10.144)
| [ [onssven?] < VElomstlomlluallol Vet lze S Vel ol (310,145

M

3 1 v 1
//vauwvww" < e||vaw2||LooHuwac2||Lz||;|\Lz S Velluez?|| 2| |[Vevs || 2. (3.10.146)

The third term from (3.10.121) is given by:

_6//azw(vRUy)Uw2 = //eaw(vRvy){U:v'lUQ + 2ww'v}

= //e{vavy + VRVzy Huew? 4 20w’} (3.10.147)

We estimate term by term, appealing to estimate (3.3.8) and (3.3.17):

| [ [ eonavyren?| s vellomale= ool Vet s S Vel (310.148)
3 1 v 1
| [ [ eonavyoun’| < lionsa? = ool 1 22 < vellogo a1 veval oo

S Velloll%, - (3.10.149)

Next, appealing to estimate (3.3.10) (with & = 0,7 = 0,1,m = 0,1), and the Euler

estimate in (3.3.20), coupled with the Hardy inequality in  and in y directions:

’//evervaw” = ’//evm{vRvervRyv}ww’

v
S |lre®|| oo || Vevw? || 2] vy || 2 + ﬁnv;yyx%HMNEmﬁ||L2||§||Lz

3 1 v
+ Vellvry e o |[Vevar? | 2 llVe [ 2
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S oz ® || |[Vevew? || 12 |[vyl 2 + Vel vk, ya ? || L= |[Vevaz? || 12| |vy || 12
3 1
+ VelloBya? || Lo || Vevea || 2| |Vevs | 2

< O00)[u, v][%, - (3.10.150)

Upon integrating by parts and appealing to (3.3.10) (with £ = 0,5 = 1,m = 0) and
(3.3.20):

€ 1
| [ [ eonvaen?| = | [ [ Sompte| € vellovmllus Versat iz < 0G) ol

(3.10.151)

The final contribution from S, in (3.10.121) is:

e//am(vRyv) cow? = e//{vayv + 2URpy Vs + vRyvm}va (3.10.152)

For the first term, we split:

[
| [ ] eohent®s?] < byl 1B S sl S ol (310159)
3 d v 1
| [ [ eony®u?] < Hlofeayat Il 11 S VEllVEvaa? B S Vellus ol
(3.10.154)

For (3.10.153), we appeal to estimate (3.3.8) (with k = 2,5 = 1,m = 2), and for
(3.10.154), we appeal to estimate (3.3.17). For the next term in (3.10.152), again with the
splitting vgr = vk + vE, by using estimate (3.3.8), we have:

P 2 P 2 v o1 1
| EV Ry Va VW | < \@vayyﬂ||L°°\|§W||L2Hﬁvxlelw

3 1 1
< Vellvhayy® [z lloya? ||z |lVEvea? | e
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< Vellu, vl [, - (3.10.155)

For the Euler contribution, by (3.3.17), we have:

3 5 v 1
'/ / &2 0y v0,0?| < VE|loRey 2| IVE |2 VEvaw |12

5 1
< VellvRey? o [Vevsl| 2 [ Vevaa? || 2

< Vellllk, - (3.10.156)

The third term in (3.10.152) we split into Euler and Prandtl components, and use (3.3.10)

(with j =1,m = 1), and (3.3.17):

’//evRyvmva‘ < ’//evgyvmva‘ +’//6v1€yvmvw2‘

1 v o1 3
< Vel|vg,ye? IILooH;x? |2V eveaw? || 2
3 3 v
+\/El\vfzywzI\Lwllx/évmwﬂlmllx@;llm
1 3
< Vell{vy, Vevs o2 || 2| Vevgaw? || 12

< VeIl x, | |vevasw? || 2. (3.10.157)

Summarizing the contributions from S,:

‘//—cam{Sv}va < u,vllk, + O08) ||V evaew? |2 (3.10.158)

On the right-hand side, we have:

//(’9xyf~vw2 = —//fm-vyw2, (3.10.159)
—6//8mg-vw2 = 6//% {vw? + 20ww'}
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= e//ngww2 —e//g{vwww’—l—v@m(wQ)}. (3.10.160)
We estimate the g term:

| / / cgupwn’ + gudye(w?)] < & / / (gl o] + ¢ / / 191101020 (%)

< //E\gllvx||w|+€|gllv| < Wi (3.10.161)

A formal point: one can easily check that 0,,g - vw? and g,{v,w? + vd,w?} € L} (QV),

and so the term at x = oo which is contributed as a result of integrating by parts in z is:

li d 2
LY

M—o0

= lim | 5(6_%_71%;’" + 31 (Upg + Ugs + Va0 + vay)>vw2|. (3.10.162)
=M

We can estimate each term, using (3.7.177), (3.9.115), for arbitrarily small constants

k>0, and o, as in (3.7.1)

‘/ PR 1Byt 2| o || g M 2o T RAL, (3.10.163)

o=

\/ MUIUI'UU)2| < ||Urx%||L°cHUrI%HLgum?%HLg < M3M2, (3.10.164)
o=

\/ Muvmvw2|5IIuHLwllvmeILg v g2 M5 M2, (3.10.165)
o=

‘/I:M Vv vw?| < ||v$z%||Lw||vyl‘%||L§||vx%||L§M*3M27 (3.10.166)

‘/x:]\/j m)xva2| < Hvx%||Loo||vxyx2||L§HW%||L§ < M~4M2. (3.10.167)

It is clear that all of these vanish as M — oo. This justifies the integration by parts in
(3.10.160). The second terms in (3.10.160) are part of (3.10.10). The desired estimate is

established.
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Next, we come to the second-order positivity estimate. It is necessary to apply ap-
proximations to the actual weights we would like to control in order to avoid boundary
contributions from x = oo. To this end, let us define ¢(z) to be the standard mollifier, with
the usual properties of unit mass, positivity, and support in B(0,1). Next, let x(z) be a
standard cutoff function, equal to 1 inside [1,2], and equal to zero on the interval [3, o).

Also, recall the definition of ps provided in equation (3.9.2). Then let us define

ar(x) :=min{z, L}, ¢r(z):= (117}2) <(LC;2)), (3.10.168)

wa (z) == (aL * (bL)X(lOiL)pg(x). (3.10.169)

The relevant properties of this weight are summarized:

Lemma 3.10.5. The weight wy, satisfies:

L
2 )

3L
wa,r(x) =z, for 60 <z < wa,(z) = L for - <z <10L, (3.10.170)

wa,r(x) =0 forx > 30L and 1 <z < 50, ’mk*13fwg7L’ < C independent of L.

(3.10.171)

Proof. All are clear by basic properties of convolutions. O

Heuristically, the property (3.10.171) ensures that the weight ws 1,(z) behaves like z in

the sense that each additional derivative eliminates one factor of the weight. We record:

lim ws 1 (z) = zp2(z) = wa(zx), for all x > 1. (3.10.172)

L—oo

Proposition 3.10.6 (Second-Order Positivity). For d,¢ sufficiently small relative to uni-
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versal constants and ¢ << §, solutions [u,v] € Z(QN) to the system (3.8.1) - (3.8.3) satisfy:

3
{vay: Vevas}w3 112 S lluaywal| 22 + €l [{vay, vVevas wal[fa + [|u, v]%, + Wi+ W
(3.10.173)

Proof. We apply the multiplier vwwg” ;- We will drop the subscript-2 from ws ; and simply

use wy, for this calculation. Upon integrating by parts, the highest-order terms are:

//axy(—uyy) gl = —g//uiyw%wg, (3.10.174)
//&Ey( - eum) CvpwE = %//uixw%wg, (3.10.175)
//e%iv-vxwi = C//e%imwiwi—k//evi&g{wih (3.10.176)
//eawyyv-vxw% = C’//eviyw%wi. (3.10.177)

Above, we have used the property (3.10.171):

[ [ etorwi| < 10kulle~ [ [ e < ol (3.10.178)

Similarly, we have:

’//e%iwwiwi—keviyw%wi < ||wh, || Lo €| { VeV, Vay Wi | |32 (3.10.179)

Thus, all of the terms on the right-hand sides of (3.10.174) - (3.10.177) appear on the
right-hand side of (3.10.173), which in turn are controlled by the Energy Estimate, see
(3.10.83). We will now work through the profile terms, contained in S,, which we write

below upon using definition (3.8.6):

‘//&Cy{uRuz—l—uR,;u—l—uRyv—&—vRuy} VW (3.10.180)
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First, we have the main profile terms:

//8my(uRuz) 'wa% = _//8I(URUI)UIZJU)%

://uRwuxvmyw%—l—uRuimw%. (3.10.181)

As usual, this term retains control of the main term:

//uRuimw‘z Zmin|uR|//uixwi. (3.10.182)

The other term in (3.10.181) may be estimated by recalling (3.3.12) and (3.3.18), via:

1 3
O R e P e P e

3
< O(O)|lu, vl%, + OO)l[vayw? |I7-- (3.10.183)

The second term on the right-hand side above, in (3.10.183), can be absorbed by the
main positive term, (3.10.182) by taking 0 small enough. Next, we have the remaining

profile terms from Sy,:

’//5my{uRmu+uRyv+vRuy}ovmwi (3.10.184)

For the first term in (3.10.184), we will integrate by parts in y, expand the product, and

use Young’s inequality:

)//&ty{quU} . vxwi’ = ’ - //{uRmu + URp Uy YUy W

< ||luf 3 3 3uE 3
< [|uraay? |[Los |[uyl L2 [[vaywE [[ L2 + (|22 Ry, || Lo |te || L2 [[veywE || 2

1 3
+|[ura|| e [uzz? || L2[[vayw [] 2
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3
< s vl ey e < s llomyw |22 + Cllu, vl (3.10.185)

1
100, 000

We have used (3.3.11), (3.3.12), and the Euler estimates from (3.3.18). The next term

from (3.10.184) is the convection term, which we start by integrating by parts:

//8Iy(uRyv)vwwi = —//@(ugyv)vmyw%
_//uRzyvvmyw%—//uRyUmvxyw%
//UR»LyUUIwa //uRyyv wy (3.10.186)

(3.10.186.1) + (3.10.186.2).

First, by applying (3.3.11) (with ¥ = j = m = 1) and the Euler estimate in (3.3.18), and

subsequently the Hardy inequality in both the y and = directions,

Vo1 3 5 v 3
|3:10.086.0)] < llufipy w7 el e + oy 2 o 1VET el 1

1 3 5 3
< [ugayryllpe[oyz2 || L2 |JvaywE ||z + [[ufay @2 || oo | [Vevs || L2 |[vayw || 2

3 1 3
S ollxg [Jvzywi |2 < m|\“zwa”%2 + CH”H%@ (3.10.187)

Next, by applying (3.3.14), and (3.3.16) with j = 2 and (3.3.18), we have:

Vg 2 5 1
(3:10.186.2)| < lly?ufy Lo 17 wg 1 + lsfyy o e 1V eve 1

3 5 1
< 1y upyyllL=llosywi 122 + [[ufyy 22 || ||Vevsa? |1

3
< O(8)||vaywi |72 + Vellu,v| %, - (3.10.188)
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The final term from (3.10.184), upon integrating by parts once in y, is:

‘//833 (vRuy) vzyw%‘ < ’//vauyvzywi’ +‘//vRumyvmyw?L"

3 3
S llonwt e (taywelZa + oaywg 1) + lorsa? oo luy 2 llosgef | 2
1

< O0)|Juaywi]|Zs + (0(5) * 100,000

3
Yl I22 + Clla. ol

(3.10.189)

We have used (3.3.10) and (3.3.20) to estimate vg, in which we crucially retain the
smallness from O(d). We have used (3.3.8), (3.3.17), followed by Young’s inequality for the

VR, term. Summarizing:

‘ //&cy{quu + URyV + VRUy } - vxw%‘ (3.10.190)

1

< 00)llu,el, + (00) + 155555

) (llowywf 12 ) + Oty 1.

The middle term on the right-hand side above gets absorbed into (3.10.182). We will
now come to the profile terms from the normal equation, S,,. For convenience, we display

the terms we will be reading from here, according to the definition in (3.8.6):

—e//@m [uRvm-l-szu—i—vRyv—i—vRUy ORI (3.10.191)

The main term upon integrating by parts once in x and expanding the product is:

—//eam(uRvm) -vmw% = //e{uRvm + URy Uy } - {vmw% + 3vmw%w’L}. (3.10.192)
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The first term above yields the desired positivity, namely:
//euRvgmw?L’ 2 min |up| //evgmwi. (3.10.193)

Let us now turn to the remaining terms above in (3.10.192). First an integration by

parts gives:

’//euRvmfuz&bwi’ = ‘ 7//@331{%3%@}‘
= ‘ - //evg{uRmaww% —I—uRaiwi}‘

S ree]| o ||V evez 2|72 S OG)| [l (3.10.194)

~

where we have used the estimate |02w? | < wy, < x, and also (3.3.12) and (3.3.18), both
of which guarantee the smallness of O(d). Still from (3.10.192), by using (3.3.11) - (3.3.12)
and (3.3.18), we have:

’//euRmvmvmw%‘ = ’ 7//§U35x{umei})
€ €
= ) —//iviumei—//?Jiquamw%

1
S upeot?, upoz||L=||vVevsz? |22 < |l - (3.10.195)

Last from (3.10.192),

| [ [ eturaiug| S lhnssllilVeat 3 < 0G0l (3.10.196)

Above, we have used (3.3.12) and (3.3.18). We now move to the second term in S, for
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which we integrate by parts once in z and expand the resulting product:

// T 'UR:cu vxwL = // ’URIU (’9 {vme}

//—evauvme evauIvmw‘z €VRpaUV4 0y wL — EURp ULV 0y wL
= (3.10.197.1) + ... + (3.10.197.4). (3.10.197)
First, by (3.3.8) and (3.3.17):

5 3 U
(310.097.1)| < Vellvrasa? || [Vevaswy llz2l 211
5 3
S Vellvrear?|| oo ||V evaaw] [] L2t L2

3
S VellVevarwi || 2| |ullx, - (3.10.198)

Second,

3 3 3
(3:10.197.2)| S Vellorw? |||l |12 [Vevesw |12 S Vellull, [Vevew? |2

(3.10.199)
Third,
5 u 1
)(3.10.197.3)) S Vllvrar ¥ o=l|5 |2 lIVevsat |l S Vellu,olf, (3.10.200)
Fourth,
‘(3.10.197.4)‘ S Vellvrew || oo |[uga || 2 || Veva| |2 S Vellu,v]%,- (3.10.201)

We have used estimate (3.3.8) and (3.3.17) in the above calculations. Let us now move
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to the third term in S, for which we integrate by parts once in x and expand the product:

//Eamz(’URyU)’Umw% = —6//31(’01%@;”)31(%10%)

3 3 2,1
= //—evayvvme — EURyVzVgp W], — 3EVRLy VU, W WT,
— 3evg, v2wWiwh (3.10.202)

= (3.10.202).1 + ... + (3.10.202) 4.

We shall treat term by term above, starting with:

[(3.10.202).1| = |//—ev£wyvvmw‘z - e%vgwyvvmwﬁ
P 3 Vo1 3
< Vel[vpg,yz? ||L°°||§$2 ||z2l|VevaowE |2
E 5 3 v
+Vellvpay @< |[Vevssw ||z |lVe ]2
P 3 1 3
< Vellvrgyyz? || llvyz? [ 22| [Vevaswi || 2
5 3
+ Vel [vRay 27| Lo [V evaaw} || 2] Vevs || 2

3
S Vellvllx, [[Veveaw? || e (3.10.203)

Above, we have used (3.3.8) with k =1,j = 1,m = 1, and the Euler bounds in (3.3.17).
Next, according to estimate (3.3.10), (3.3.17):

1 3 3
(3.10.202).2| < [Jory || [[Vevaw? |2 [V evaow] |12 S OO)| V]| x, [[Vevaww] |12
(3.10.204)

Third, also using the estimates from (3.3.8) and (3.3.17),

3 v o1 1 5 v 1
1(3.10.202).3] < Ve|[vE,, ya? IILwllng |2 [Vevga || 2 + Vel|vg,y a3 Iz |IVe—llp2l|Vevpa? |2

1 1 1
< Velloye |zl Vevaa? |22 + Vel [Vevoat Ba < VEllullk,. (3.10.205)
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Fourth, again by estimate (3.3.10) and (3.3.17):
(310.202).4] < llomyallie Veveat 22 < O o]z, (3.10.200)

We now move to the fourth term in (3.10.191), for which we integrate by parts once and

distribute the product:

[ [ tustonyosi = = [ [ stonv)onvat)

3 3 2,
= //—evavyvme — EURUgy Uz W], — SEVRL Uy Uz W W],
2,/
— 3EVRUgy Uz WT W], (3.10.207)

= (3.10.207).1 + ... + (3.10.207).4.

First, by (3.3.8), (3.3.10) and (3.3.17):

. 3
1(3.10.207).1] < Ve|[vrex ? || s |[vyz? || L2 || Veveaw? || L2, (3.10.208)
3 3
1(3.10.207).2| < vel|[vra? || Lo ||vVevaaw? || 2| [vayw? || L2, (3.10.209)
1(3.10.207).3| < Vel|[vrax? || 1o |[vy2? || 12 ||V/evaa? || 2. (3.10.210)

For the fourth term, we integrate by parts in y and again appeal to (3.3.10) and (3.3.17):

3e 1
|(3.10.207).4| = |//?URyviw%w'L| S vry®|| Lo ||V eve a2 |7 2. (3.10.211)

Summarizing the last three terms from the .S, contribution:

‘ //—eam{Uqu + VRUy + VRyv} - VW

< 0(0)|[Vevasw} [3a + O oy} s + O luvlly,.  (3.10.212)
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Finally, on the right-hand side, we have:

//@:yfwxwi = //fzumwi (3.10.213)
//eamg-vww‘z = //egw{vmwi + 3v,wiw] }.

We estimate the term:

|//€ngxw%wﬂ < //£\g$||vl|(p2x)2 < Wi. (3.10.214)

Taking the limit as L — oo, and appealing to the Monotone Convergence Theorem then

completes the calculation.

3.10.4 Third Order Bounds

In this step, we obtain third-order bounds for our solution. We must repeat the above

calculations to the twice-differentiated system:

5y5§<*Asu+Pz+Su) 7€8ra§(7Ae'U+%+Sv) =

ayag( — A+ Su) - e(?w@i( _Aw+ SU> = 0,02 f — eD,0°g, (3.10.215)

To state our energy estimate, we will recall the definition of ps from (3.9.2) and the

definitions of ar, ¢, given in (3.10.168). We will then define the weights:

ws = p3(z)x, ws(x):= <aL * ¢L)X<1OLL)'O3(JU)' (3.10.216)
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Remark (Selection of cut-offs, pi). As k increases from 2 to 3, the supports of py shift away
from z = 1. The purpose is so that when obtaining the third-order estimate, the second-
order terms should have a non-degenerate estimate in the support of ps, which is achieved

so long as ps is supported sufficiently far to the right of x = 1 as compared to ps.

Remark. 1t is worth emphasizing again the distinguishing feature of the second-order esti-
mate, which vanishes for the third-order estimate. This is estimate (3.10.138) where factors
of v (no derivative) appear. This subsequently forces the weight w to be “almost-linear”
in the sense of (3.10.137). As soon as the order is upgraded to third-order, this problem
vanishes, enabling us to apply the weights ws ;, which vanish at x = co. See (3.10.245) in

the forthcoming estimate to contrast with (3.10.138).

Let us now define the third-order forcing term:

Ws,p = //|fm‘|umx|w§ +€‘gm‘|vmww|w?5n (3.10.218)
Wi =Ws g+ Weg.p. (3.10.219)

We are now ready to state our energy estimate:

Proposition 3.10.7 (Third-Order Energy Estimate). Let 6, ¢ be sufficiently small relative
to universal constants, and ¢ << §. Then solutions [u,v] € Z(QN) to the system (3.8.1) -

(3.8.3) satisfy:

103uywi]|Z> + €lloZ {Vevs, v, bwi| [
5 2
S 0103 Vevs, v hwi |7e + [Ju vl mx, + D Wi+ Wap.  (3.10.220)

J=1

Proof. We shall apply the multiplier vzwg‘; ;, to the system (3.10.215). Notationally, we drop

the subscript-3 from the weight, and simply call w;, the weight appearing in (3.10.216) for



this calculation. We start with the highest-order terms, first from A.u:

//ayag( — Uyy — eum> 'vmw% = - //Aeum 'umw‘i
= //(uimy+6ui1x - 7//€ua::r W

Next, the terms from A v:

//6289;892;%75%111%
= //e 5> vmvme //e 8 VyaVsOg wL

1
//6 v2, wh — ¢ 22 9w + Ce2v2otwi

Finally,

/ / €0,0%v,, v W]

—//e@ivyyvmw% — €020y 0, Opw]

_ 2 2
—//evmyw —e%yai

For the final integrations from (3.10.221) - (3.10.223), we use the inequalities

07wy S wi, |0wi| < C,

to estimate:

[ [ tul] SIVewswl e < dlullk,,
[ [ @toutl s diveuli < divli,
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(3.10.221)

(3.10.222)

(3.10.223)

(3.10.224)

(3.10.225)

(3.10.226)



| / / 0204wt | < ellVevsl 22 < elfoll%,.

[ [ e, 0t S llusswen s < el

329

(3.10.227)

(3.10.228)

This then leaves from (3.10.221) - (3.10.223) the three terms on the left-hand side of

(3.10.220). We now move to the profile terms contained in S, which we will display here

for convenience upon integrating by parts in y and using the divergence-free condition:

//ayam [uRum + URLU + VRUy + uRyv} . Umw%

4
://am {uRux—FuRmu—&—vRuy—l—uRyv] UpgpWT -

First, we will expand via the product rule:

2
4 k 2k 4
//&m(uRugJ)umez E ck//GIuRaz Uy * Upz W],
k=0

For k = 0, we integrate by parts and appeal to (3.3.12), (3.3.17):

[ [ unde(juas Ykl =1 = [ [ laaaf?0s Cumat)
— |//|um|2(quw4L—|—cuR8xw4L>|

3
S upew, ugl|ol[ucawi |72 < llull, -

For k > 0, we directly estimate using (3.3.11) and (3.3.17):

\//afugai_kum Ugpw] |

_ S_k 3
S 105 ura®| Lo |02 ugwi ™" | L2 g ? || L2

5 ||u||§(1sz'

(3.10.229)

(3.10.230)

(3.10.231)

(3.10.232)



Let us now move to the second term from (3.10.229):

2

2 4 k 2k 4

//Bx(quu)-ume: E ck//ﬁquxam U+ Ugpz W],
k=0

330

(3.10.233)

For the k = 2 case, that is when all derivatives avoid the u term, we have to employ the

splitting O3upr = 2uk + 02uk, and treat each piece separately. First, by (3.3.11):

5 u 3
| / / Oufu s < 108ufyo 1| 2l 2o o

3
S ugllzzl[ueawi e S Hullx, llullx, -

Next, for the uf contribution, by (3.3.18):

T U 3
[ [ o vt < 108 ) 2 el o 2

3
S uallz||ucew? |2 S Jullx, [ullx, -

For (3.10.233) when k < 2, we have by (3.3.11), (3.3.18):

|//5’;uRm3§7ku'umw%|

— 3_ 3
< (105 unea || Lo |07 Fuw | 2 ||usax ? | 2

< lull i [l x,-

We will now move to the third term from (3.10.229):

2
4 k. a2—k 4
//6m(vRuy)~ume= E ck//avaOw Uy Ugz W],
k=0
2

1 _ _ 3
< 3 10k vRatt 3| oo |02 FuywdF|| o fugea? || 2
k=0

(3.10.234)

(3.10.235)

(3.10.236)
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2

S O@)107uywi ||z [l vllx, + D Hullxe el x- (3.10.237)
k=1

Above we have used estimate (3.3.10) and (3.3.20) to obtain the smallness of O(d) for
the vg term, and estimate (3.3.8) for the remaining terms. We must take § small enough to
absorb the top order term above into (3.10.221). Finally, the fourth convective term from

(3.10.229) is expanded into,

2
//6§(u3yv) Ugpw] = ch//afuRyai_kv Ugpw] (3.10.238)
k=0

We now split up = ub +uE. First, according to (3.3.11), (3.3.13), (3.3.14), and (3.3.16):

k, P 02—k 4
|//8zuRyax v'uCEIwL|

k P k o
< ||0pupyyz™ |||

€T

5_ 3
T2 k|‘L2Hqux2HL2

— 5_ 3
S N5 ugyya® || o107 vya ~F| 2 |luge® |2

2
5
S OONOZvyw? (|2 lullx, + D s vllxy . ullx,- (3.10.239)
k=1

Let us remark that term (3.10.239), when k = 0, requires the top order norm, |[v||x, in
order to control, and so the smallness of O(4) is essential above. This smallness is obtained
via (3.3.14) and (3.3.16), the latter of which is accompanied by £2. Next, we treat the

Eulerian contribution via estimate (3.3.18):

|\/E//8§ugyﬁi_kv : quw%|
3 _ _ 3
< |5 ufy a2 || oo | |VED2 Fva! T Lo [tmea? || 2

S Vellu, vl x, [ |ullx, - (3.10.240)
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For the previous calculation, in the event that k = 2, we have used the Hardy inequality:

v
Ve llze S lIVevallze S lollx, (3.10.241)

We are now ready to move to the terms from S, which we depict here for convenience:

//768:,3833 {uRvm + VRgU + VRVy + vRyv} VW (3.10.242)

We will now work through the first term:

//feﬁzam(uva)vmw%
= //eam(uva)(vmw%—&—vwaww%)

2 2
= Zch,i//eafuRai_k% - 0Lvd? . (3.10.243)

k=0 i=1

First, we will treat the k = 0 terms from (3.10.243), using estimates (3.3.12) and (3.3.18):

1
//euszm ~vmw% =-3 //evzmam(uRw‘lL) = C'//evfcz (quw% +uR0zw4L)

3
S lur, ure|| Lol Vevaaw? |72 < 0]l - (3.10.244)

The second k = 0 term, again using (3.3.12) and (3.3.18):

//euRvmmng(’%w% = —//evm-aw{uRvm&Cw%}

4 2 4 2, 4
— //evmuszzazwL — €Uy, UROz W] — €UppURV,OZWT,

(3.10.245)

A

3 1
[urs wral [ (IVevsawf 32 + [Vevaat|[32)  (3.10.246)
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S ol nxs- (3.10.247)

Remark. The third term in line (3.10.245) is the term which has improved for the higher-
order energy estimates from the second order energy estimate, allowing us to use the cut-off
weight wy,. Indeed, reading this term with & = 2 shows that a factor of v appears, which

cannot be controlled in L2.

Next, we move to the k& > 0 terms from (3.10.243), for which (3.3.11), (3.3.12), and

(3.3.18) are in constant use:

K 2k 4
|//68gﬂuRé9ac Vg * Vg W7 |

S N0k upa®|| L |[VedE  vad || 2] | Vevgpa | 2

S ollxg 0] x5 (3.10.248)
|//66£uR6§_kvw -vwawwﬂ

S0 upa? || oo ||Ved2 ot =F|| 12| |Vev,a® || 2

S vl vl x, - (3.10.249)

We will now approach the second term from (3.10.242), for which we use (3.3.8) and
(3.3.17):

//—e@wai(vau)awvw‘lL
2
= Z / / eaﬁvmai_ku . vmw% - eaﬁvgwai_ku . vwaww%
k=0
2 3
<3 VellOkvraattE || 02 Fur | (11Vevaw] |12
k=0

1
+[Vevsw Iz )

< [Ju, vl[%, - (3.10.250)
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Above, in the event when k = 2, we have used the Hardy inequality to obtain control
[[%]|22> < |luzl|z2. We will now approach the third term from (3.10.242), where again we

use (3.3.8), (3.3.10), and (3.3.17):

\//e@xﬁg(vRvy)ﬁszﬂ
= |//—68§(vRvy)vmw4L+8§(vRvy)v$81w4L|
2
= |ch//68§vR8§_kvy<vmw4L +vz8ww4L)|
k=0
: k ik 2—k 3k 2 1
$ 3 VellOkvrat e 102,007 e (1Vevanw o + [[Veva? |2

k=0

S Mollxnx, + el wi [[7a. (3.10.251)

We move to the fourth term from (3.10.242):

/ / €002 (vRyv)v W]

://—e@i(vpbyv)(vmw%—|—C’vzazw4L)

2
= ch//e@’jv}gy@g_kv (vmw% —I—Cvggaggw%). (3.10.252)
k=0

We must split vg = vh +vE. First, we treat the Prandtl component by using estimates

(3.3.8) - (3.3.10):

|//e@fv§y8§_kv(vmw%+Cvx8xw%)|
k, P L4k 2-kY  S—k 3 ]
< Vel|Ogvgyyx =T Lo ]]0; S |2 [Veveawp, Vevaw? || 2

1 _ 5k 3 3
< Vel|O5vpyya | |07 Foyw; T 2V evgpw i, Veva? || 2

< Vellu, ol By, + VEIOZv,wh |2l ol xanxa- (3.10.253)
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Now, fix k < 2. The Eulerian contribution is controlled via (3.3.17):

\/E//e@ivgyaz’kv(vmwf+Cvx8Iw4L)
3 _ — 3 1
< Vellogvgy = | L |[Vedr M oat |||V evaoa®, Veva® |2

S Vellllxa, ollxnx. - (3.10.254)

For k = 2, we must employ the Hardy inequality in addition to (3.3.17) to conclude:

\/E//eaivgyv(vmw}‘: +Cvmc'9$w4L>
3 _ 3 1
< Vel|02vhya? 2| oo [[Veva ™| 2l [Vevaa? , Vevya? |2
< Ve|02vy w2 12| oo [[Vevs || 2] | Vevaan? , Vevpa? |2

3
< VellgZvgy a2 || e ullx, o] x: nxe- (3.10.255)

The final task is to address the right-hand side:

//81$yfvww%://fmwumxwéa (3.10.256)
_6//axa:mg'vmw4[, ://Egzx{vxmw%+vx4w%w/[,}

= //egmvmw% + Cegu{veawiwy 4+ v,0,.{wi}}.  (3.10.257)

We estimate the terms:

| / / u {Ura b0}, + vaBua{wh}}] < / / gl {[omelt? + vslu? }
< / / 19| {Jvms [0} + [0z |02}

< [ [ cloaltlvactut + uzlud) < W (3.10.258)
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A comparison now with the definitions in (3.10.219) gives the desired result upon taking

L — oo.

We now give the third-order positivity estimate, which is the final estimate for our linear

analysis:

Proposition 3.10.8 (Third Order Positivity Estimate). Let d, € be sufficiently small relative

to universal constants. Then solutions [u,v] € Z(QN) to the system (3.8.1) - (3.8.3) satisfy:

5
||{\/gvmxw7vmmy}w?f ||2L2 < ||{Uzzya \ﬁumz’e”mz}w%HQH + Hu7”|‘§(1mx2

+ Wi +Wo + Wi. (3.10.259)

Proof. We apply the multiplier vmwg ;- As usual, we shall drop the subscript-3 for this

calculation, with the understanding that w3 ; = wr.The highest-order terms are:

/ / (Dyen(—Actt) + Dran(Av)} - vaat?
= —//uym@zw% +Ce//uim&5wi + Ce*v?, 0w

+O€2//U5$83{w‘2}. (3.10.260)

Next, we have the main profile term from S,,, which we will list here for convenience:

//ayam. [uRux + URzU + VRUy + uRyv} . vmw%

= //811 [uRuw + URLU + VRUy —I—uRyv} -umxwi. (3.10.261)
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We will now treat the first term from (3.10.261):

5 5
//8xx (uRur) cUggaeWy, = // <uRuzxx + QURmuzm + usz“m) Uz W],

ZminuR//uimw%—l—//quumummwi—|—uRmu$uwmwi. (3.10.262)

Bounds on the final two integrals on the right-hand side above follow from (3.3.11),
(3.3.18):

3 5
|//uRwuxmuwmxwi‘ S HumeHL‘x’||uw$w[2,||L2Huw:vwwi||L2

< C|lu, vl|%, + |tamaw? || 2, (3.10.263)

100, 000

1 5
| / / R tiatianst] < |[ureet] = |luse || p2||ussstw? || 2

1 H
< CH%UH%(I + mHUmzwiH%z (3.10.264)

The Uz, terms on the right-hand side above can be absorbed by the first term in
(3.10.262). Here, we use that in the support of p3, Ci1z < pa(x) < Caz so that uy, from
(3.10.262), for instance, does not require any of the degeneration from wy. The next term

from (3.10.261) is:
//8x93(u393u) : uzmxwi| = |// <uRzmxu + 2quacur + uRzumx> : uxa:mwi~

We shall now split up = ug + ug. First, the ug contribution, via estimate (3.3.11):

3—k
9 "u

U 4 5
2® 7|2 [uzaw? || e

i _1
|//a’5“§5§wumwi| < (|05 upa® 2yl L ||

1 Q_ a_ 5
< [105upa™ 2yl Lo (107 Fuya® || 2| [useowy || 2
1
100, 000

5 5
S Mullxaltezaw? |2 < Cllu, vl ax, + [taasw} |I72,

(3.10.265)
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for £k = 3,2. It is worth distinguishing the & = 1 case, although the calculation is

identical, by appealing to estimate (3.3.12):

1 5
| / / Wb ttiang ] < ubayr} | oo ey || ol [tamsw [

5
< O(é)Humyw%HL?Humww[Z,||L27 (3.10.266)

because now both majorizers are part of the X3 norm: u,;, has been estimated in the
energy estimate, and ., appears in (3.10.262). We may then absorb the ., term from
above into (3.10.262) by taking § sufficiently small. Next, the Eulerian contribution, for
which we use (3.3.18), first with &k = 1, 2:

— 1 _ 1 5
[ [ ohukod e < 08B 103 e ol 1

5
< Vellullx,_y [[uzeaw? || 2 (3.10.267)

For the k£ = 3 case, we must add an extra step via Hardy’s inequality:

z u 2
I O e [ { PP e

5 5
S Vellue|lzel|uaeawi |2 S Vellullx, l[uazew] ||z2. (3.10.268)

Next, we have the convection term (we set k = 0,1, 2 below):

2
5 k 2—k 5
//aazx(uRyU) *Ugga Wy, = E //amuRyax U Ugga Wy,
k=0

2
- Z//a’; (uﬁy + ﬁugy)éﬁ*%-umwi. (3.10.269)
k=0
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First, the Prandtl contributions, using estimates (3.3.13):

337]“1) 3—k
w

1 5
o Clleelluesawi |2

| / / OFul 02 M0 - uppgw}] < [|0Fub || oo |
3_k—

_ k—1 5
S0z ukyya® || 107 vywy " ? |2 |taew] || 2.

Again, we distinguish the k = 0 case above, both majorizing terms are in X3, and so we

must use the smallness of O(J) to absorb into the (3.10.262) positive term. In particular,

appealing to estimate (3.3.14), (3.3.16), we have:
(3.10.270)

P 82 g % 2 < O 62 % g
HuRyyHL‘X’H Ly Wi | 2| [tzeew |2 < O0)]|0zvywi || L2 ||vaaaw] || 12

For k > 0, we have by using (3.3.11) - (3.3.13) and then Young’s inequality:

3—k—

O ul o2k LT .. < 5
107 uryya" Lo |07 vywy, 2 || p2]|uacaw] |12 S |1t vl x 0, [|uesaw] || 12

1 5
< Cllu,v|%,nx, + m”umwgniz. (3.10.271)

For the Euler contributions uf, we estimate for the k = 0,1 cases, using (3.3.18):

— 1 _ 2—k—1 5
|/ / Vedugy 02 Fougm,wl | S (|05 ugy " 12| oo | [Vedy M vwy "2 | L2 |[ugeaw} || o2

5
S Vellollxa i l[ueaew? [ re. (3.10.272)
For the k = 2 case, we must additionally use the Hardy inequality:
7 v 5
|//\/EU§Y$$UU$$I’LU%| 5 ||U§YLE$$2 ‘|L°°||\/E§||L2|‘uzzwwz||L2
E T 5
S Mgy wa®? || [[Veva | L2 [Juaaew] || 12
5
< Vellvll x| ueesw? || 2 (3.10.273)
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The final term in S, is easily estimated directly, where k = 0,1, 2, by applying estimates

(3.3.8) - (3.3.10), and (3.3.17), (3.3.20), crucially obtaining the factor O(d) when k = 0:

1 _ _ 5
| [ [ dustoni) s S 1080t *Hlm 102 i Hllwams 1o (330270

1

5
m”ummwfwm + Clu, v|[%, nx,-

5
< 00)|03uywi || 2lltszew; | L2 +

We now address the profile terms from S,. We shall record these below for convenience:

// — €004 [uva + URgU + VRUy + vRyv} . vmwi

= //e@m [UR% + VRgU + VRVy + vRyv} . [vzmw% + vmamwi]

(3.10.275)

Let us start with the first term above, which yields the desired positivity:

//eaazx(uRva:) : (vxxmw% + vxxaa:wi)
2
= [ [t 3
=11

> minuR//Evimw +

€O upd> " v - 9Lwd3 " w?

Mw

3
Z €Furd> v - 9lvd> Wk . (3.10.276)

14i=2

Mw.m

>~
Il

We estimate the summation on the right-hand side above, by using (3.3.11) - (3.3.12),

(3.3.18)

|//635u38§_kv-aivai’_iwiH
_ g1 ; i—1
< ||OFura”|| Lo |[v/ed] Fva® Tk 2||L2||ﬁasz2 22

. < Clu, v||X1ﬁX2 H\[vrmchHLQ

100, 000
(3.10.277)
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When ¢ = 3, one obtains the top norm X3 above, and must be absorbed into the positive
term from (3.10.276), which is done via Young’s inequality. The next profile term follows

by using the bounds in (3.3.8) - (3.3.10) for v% and (3.3.17) for vE:

|//€azm('URmu) : (Uzmwi + vmaﬂﬂwz)‘

3
> [ [ ot onorruvtosusy

Mw

k=0 1=
2
. ;1
< x/EZZIIG’““ 23| e [|02 Fua F| | 2| Vediv - wy 2|12
=01
5
S Vellu, vl |k, nx, + VeIV vw] |2 (3.10.278)

Above, we have used the Hardy inequality in the case when k = 2, for the term:

u
1212 S Muallze S lullx, (3.10.279)

The third profile term requires a splitting into Euler and Prandtl components:

//eam(vRyv) . (vwmwi + vm&gwi)

//ea%&,a? Ko 0lvd2 " tw

/ / €Ok (vgy + ﬁvgy)ag*% 00t (3.10.280)

I
=
Cl]] Mw
[}
=
o |l Mw
[ V]

=

=0 1=2

First, according to (3.3.8) - (3.3.10),

|//68kvRy82 k0ol vdE T w? |

1
< ﬁll&fvﬁyyfﬂ’”zllm\l

k’U 3 k——

? ||l [Vedivwy e

1 _ 3— kf—
< Vel kol yat E | 102 oy "R e | Vedivw] ¥ |
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5 5
< Vellu, vlx, nx, + VellVedivw |1 + Vellozvywi |[7-. (3.10.281)

Next, according to (3.3.17),

[ [ dokubyertuorad i
3 _ _ . i1
< VllOE 0By e [VED2 R ok | | VeBvwt ¥ o

5
S Vellu, ol %, nx, + VellVedzuw [|7s. (3.10.282)

Above, we have used the Hardy inequality in the case when k = 2 for the term:

v
Ve llze S [1Vevallze S llollx, (3.10.283)

The final profile term is handled by appealing to estimates (3.3.8) - (3.3.10) and (3.3.17):

|//€a$$ (URUy) : (Uﬂvwwi + Umxaxwi)|

2 3
SEZ |//68va8§_kvy8;v8§_iwL|
k=0 i=2
2 3 ) s o
1 _ —k—3 i i—3
<e 105 vRz" 2 || Lo |07 oywp 2 |2 | 050w, *| L2
k=0 i=2

5 5
Sl vllx nx, + Vellozvywi |7, + VellVedivwr |z (3.10.284)

Finally, we have the right-hand side:

—//e@xmg-vmwi ://egzx{vxxxwi+5vxxw%w§:}. (3.10.286)
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We estimate:
|//sgmvmw%w’L| < //e\gm\|vm|w4L < //€|gm||vm|w§ < W;s. (3.10.287)

We end by taking L — co. A comparison with (3.10.219) shows that our claim is proven.

O

Summarizing, then, the conclusions of the linear analysis:

Theorem 3.10.9 (Linear Estimates). Let €, be sufficiently small relative to universal
constants, and let € << 0. Then [u,v] € Z, solutions to the system (3.8.1) - (3.8.3), (3.8.5)

- (3.8.9), with boundary conditions (3.8.11), satisfy the following a-priori estimate:

[lu, ol nxanxs S Wi+ Wa 4+ Ws. (3.10.288)

3.11 Nonlinear Analysis

3.11.1 a-priori Estimate of Nonlinearities

In this subsection, we exhibit control of the right-hand side of (3.10.288). We continue to

consider the system (in a manner independent of N):

—Au+ Sy + P, = 2R 4517 {am + @uy]

P, n n .
—Av+ 8, + ?y — eTETVRUM 4 o3 Y |:ﬂ'l_)z + @qjy} in QN (3.11.1)
Uy + vy = 0.

That is, f = f(u,4,v) and g = g(@,?), as in (3.8.8), (3.8.9). Notationally, we continue
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to depict integration over QY by J [ and similarly, norms without further specification are
taken over QY. For the forthcoming calculation, we refer the reader to the definitions of

W, in equations (3.10.10), (3.10.82), (3.10.219).

Lemma 3.11.1. Suppose ||a,0]|z < 1. For 0 < v < %, and fized parameters k > 0

arbitrarily small, for 6, e sufficiently small, n sufficiently large:

1_ 1_ .
Wi+Wr +Ws| Set™ 7 fei™? K||va||§(mxznxg

5 —w(Ni)

+e? Ju, ol [ + €% 0D |a, 9|, (3.11.2)

where w(N;) is a function which depends only on universal constants and N; in the definition

of norm Z.

Proof. For clarity of exposition, the order in which we treat the terms are as follows: we
will first treat the nonlinear terms, N'%, arising from f in Wi, W, W4, then those nonlinear
terms, N, arising from g, and finally the forcing terms, R“", R¥'", in both f and g. Turning

first to Wiy, equation (3.10.10), we start with the term:
//N“-u = //e%“(augg +17uy) . (3.11.3)

First,

\/ / e5Tat, - u| S e 3V Juwd || g |Baw || ||~ | 2 (3.11.4)
xr4
S eF P Jaa T || |Gt || p2|Juga || o2

< 5= 17, 5|3 Ju, o] 2.

For the next term in (3.11.3), we must use the structure of the nonlinearity by integrating



by parts once in y:

Ly ooy U2
g2 VUy - U| = g2 ’ij

< e |uz || o |0y 23 || 2] Juz ™ ¥ 2

~

< e |uzd || oo |[ugw || 2] |52 2 || 2

~

< gz tr—w(iNi)

~

[u, vl %113, 9| 2.
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(3.11.5)

Note carefully that no absolute values were included on this term in the definition of

Wi, equation (3.10.10). We then move to the next term from (3.10.10), which we display

below:
J [wtiie < [ [ <4+ o o

The nonlinear terms here are treated via:

[ [ ¥ el < Flallis ol ool

< e8P g, 3] %, o],

[ [ el < et oe s luy oz lloyo 12

S+y—w(N;) ﬂ76||Z||u,UHQZ

<e

Staying with N'*, we will move to Ws in (3.10.82):

[ [ 0N [lucloe? + sl

B //5%+’Y‘8$(mjw +77uy)| |u$|p§x2 + |uwx|p§$3 .

(3.11.6)

(3.11.7)

(3.11.8)

(3.11.9)
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First, we will expand:

//€%+7|3m<ﬂﬂz)||ux\p§x2
= [ [ + [ [ <5

n 5 1 n _ 1 s
< e M upad || Lo o220 |82 22 + €3[| o o ? || 2 || G0 ? | 2

<

(3.11.10)

Above, we have used that the support of py is when x > 50. Next,

/ / 14910, (1, ) [l o = / / FFV{2 + Glige}] - tins P

5 1 3 1 s 3
< Now? || o (w220) 10022 || 22 |[ugew? |22 + @2 7] oo 1002 ? || 2 [Jucew? || 2

(3.11.11)

Next, the second nonlinearity in (3.11.9):

//s?*”la vuy) |32 —//ez+'v|{uxuy+uumy}||uw|p

1
< e s | a0yl 12l usa? 12+ €357 100 b Loyl 12 s 2o

5%“”)’_‘”(]\’ )

N

|, || 7| |u, v]|%. (3.11.12)

For this same nonlinearity:

[ &4 oy oMl loi®

n _ 1 3 n _ 3 3
< e |022 || poo [[tay @] 2| [Uae? | 12 + €2 P |0222 || Loo (2320 Uy || 22 [ tiae 2 || 2

Sez

(3.11.13)
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We'll now move to the A terms in Ws (see (3.10.219)), which are the most delicate.

These terms are:

//amNu [‘umrpgfél + |“mx‘ngx5]

= //6%‘*‘789” (aaw —|—17uy> . {|um|p§x4 + [tz |2 p52° |- (3.11.14)

First,

//E%“I@m Tmm)l\um\péx“=//ﬁ”Haam+3azam}||um|p§x4

n _ _ 5 3
S 572L+’Y||UHLO° ||uxz:c$2 HLQ(QICEQO)HUQCI:E2 ||L2
n _ 5 _ 3 3
+ 2|2 || Lo (2220) | Taa®? || L2 [[uze ® || 2

< P01, 513 o, o] - (3-11.15)

Above, we have used that ps is supported in a strict subset of {# > 20}, which in turn
is supported in a strict subset of (3, which appears in the norm Z (see (3.9.1) - (3.9.2)).

Referring back to (3.11.14), for this same nonlinear term:

//€%+7|{ﬂarrz+3ﬂzﬂzz}||uzm|/g$5

n _ _ 5 5
< e ||| poo | [Upar? |22 (2>20) ||Ueea®? || L2 (2>20)
n _ 5 _ 3 5
+ 5Z+’Y||uzx4 |‘L”"(gc220)Humacfr2 HLQHUzzzxz ||L2(x220)

< #0052 |lu, o] 2. (311.16)

We now move to the final nonlinearity contributed by N, which is the d,,{vu,} term
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from (3.11.14). This term is the most delicate to control. First, expanding yields:

/ / 400 (01 )l :/ / & Oty + 20010y + Vratiy e | oz

(3.11.17)
First,
. 3
[ [ ¥ ouan sl < %002 |m itz a®lln ozl fizss 10
S E%J’_’Y_w(Ni)Hﬂ»’DHZ”u?vHQZ' (31118)
Second,
n _ 3 T 3
//52*”vaumy||um|p§x4 < £ 20222 || 10 (o220 |ty ]| 2] |tinaw? || 2
< (3.11.19)

Finally,

n _ n 1 3
[ [ e# on sl ¥4 sup lluyz?ag] usw 122 | [
>20 20

1
954H77MHZL;Q} ’

r=

< e3P WN) |G, 0| 2w, 0], (3.11.20)

~

Turning back to (3.11.14), for this same nonlinearity, it remains to treat:

//5%+7|{5umy + 217zua:y + @zwuy}||uwwz|pg‘r5' (3'11'21)
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First,

n _ n _ 1 5
/ / &3 Dty luzaal P52° < €[003 || oo [ty 2|2 (5320 a2 o20)

< eF 0 ] ], w] 3 (3.11.22)

Second,

n _ n _ 3 5
//52+7|kumy||um\p§x5 < €2 [0,22 || oo (2320) [Uay 2] 22 |[Uoaet ® || 12(2>20)

Z+y—w(Ny)

<e a, 0| z||u, v||%. (3.11.23)

Last,

/ /€%+7|@muy”umr|/’gw5
oo

n 1 5 _
< <34 sup [l g urast? sz [ [ o'lewel o do
x>20 T

1
2

< et g, 0| 2| Ju, v|[%. (3.11.24)

We now move to the nonlinear terms, NV, from g, defined in (3.8.9), starting with W,

equation (3.10.10):
//5|N"|[|v|+|v$|x} ://g[g%ﬂmmumyq [0+ fexle]. (3.11.25)

First,

[ [ ol £ 3 a2l ol

< &3 [ || o | |VED | ][y s |2,
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<t (3.11.26)
/ / 5 gg, |- o] < ﬁﬂﬂﬂménm||@yw%||wllvmllw
<.t (3.11.27)
Next,
//52+v+1|uv o]z < 357 ]| oo |[0222 || 2 Jva || 2,
< 00,51 |l 7, (3.11.28)
/ / 800, |[vglo < 3 [0wd || LoDy 2?2 [0p2? ] 2,
< 3 HO W ||y, o) | 4 |a, 3|2 (3.11.29)

We will now move to the nonlinear terms, N, arising from Ws, (see equation (3.10.82)),

which are summarized here:

[ [ con[jeclode? + foasloie?]

// B4, [at, + 50, || |02l 30 + velode’ (3.11.30)

We will go through (3.11.30) term by term, starting with:

// +’Y+1|8 UU:I, |‘U7,|p2$ = //8g+7+1|{ax'ax + ﬂﬂll}l : |UI|p§x2

< eF |0 || oo (2 20y B2 || 2[00 F || 2
n _ _ 3 1
+ B[ oo | ? [ 20222 2,

< e3P W1a, 6)|%|Ju, v|| 2. (3.11.31)
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Staying with this nonlinearity,

//€%+Aﬂrl|{arf)z +7—wm}| ’ |Um’r|ng3
< 3| i Op2? 3
S € Huwx ||L°°(a:220)||vw$ ||L2||Um:vx HL2
+ e ETHY || o |00 || 12| [Va02 2 || 2

< ¥, 5|3 ju, o] . (3:11.32)

We now move to the vv, nonlinearity, still in term (3.11.30), which we expand:

//€%+7+1\8$ @@y)Hvxngxz=//s%+7+1|{@m@y+@6Zy}||v$|p§x2

< B0 03 || o (o0 [y ([0t |
n — 1 3 v 3
+ e 2|03 || oo [Jog 2% || L2 |02y 2 2 || L2

< e, 3] u, ol 2 (3.11.33)

For this same nonlinear term:

/ / 3 {0,y + gy } - |Vao| ph2
< 3+ g, 03 5,3
<e 18222 || 1o (220) |10y 2 % || 2 [0z 2 || 2
+ e 3|02 2 || oo | Oy 2 ¥ || 2 [0002 F | 2

< P, o] 5, o] (3.11.34)

We now move to the highest-order terms, which we read from (3.10.219), and summarize

here:

//€%+7+1‘8ij\/v| |'wa|p§x4 + |’wax|pgx5
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= //6%+’Y+1|8m {a@x + @@y} | {|vm|p§x4 + |Umx|pgx5]. (3.11.35)

We shall expand:

/ / B0, (8, )| - [l o

= //5%+V+1|{mmz + 20 Vg + UV }| - |V | P32 (3.11.36)

First,

n __ n _ _ 5 3
//EZMHW%M Nvza|piz?t < 2T Lo || U000 ®? || L2 (2300 |[Vaa 2 ? || 12

< e300, 1] ], o] - (3.11.37)

Next,
n - 5 U 3 v 3 :
//52+7+1|uxvm| Nvae|pzrt < e Tt || oo (2320) [|U2a®? || 2| [Vaa? || L2
< E%+7_M(Ni)||ﬂv/l_)||22|‘u’v”Z‘ (31138)
Third,

n _ n _ 3 _ 3 _ 3
//€Z+’Y+1|vzuaﬁx||vmz|p§x4 < 63+’Y+1Hvz$2 HL“’(QCZQO)HUMEI.Z HL2HUMC:L’2 ||L2

< 301, 5] 2 [, 0] 7. (8-11.39)

Turning back to (3.11.35), for this same nonlinearity, we will now treat:

//55+7+1|{m7mx + 20y Vg + UpaUp H [Veza| p52° (3.11.40)
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First,

n __ n _ _ 5 5
//53+7+1|uvzm||vmm|p§x5 < st‘}JWJAHUHL”||”U96fmcx2 ||L2(x220)||vmmm2 ||L2(:c220)

<55

~

(3.11.41)

Second,

n _ n _ 5 _ 3 5
/ / 3P, B [orwa 030 < e3P0 || 20y 1T [l 2 [V |22 o330)

< g2

~

(3.11.42)

Third,

n o n _ 3 _ 3 5
//53+7+1|umvm||vxm|p§x5 < Z':ngwrlH”Uﬂﬁxz||L°"(:16220)||“mcx2HL2||UOMM$2||L2(:16220)

< g2

~

(3.11.43)

Turning to (3.11.35), we now approach the final nonlinear term in g (see definition

(3.8.9)), which is the 99, term. First, we will expand:

//gmﬂ\a vvy>| NV | plat

= / / e2 PV 8,4 Ty + VpUsy + D0y} - [Vaz|p3z®. (3.11.44)

First,

n o n _ 5 _ s 3
//€g+7+1|vmvy| : ‘Uzz|p§x4 < Eng%Ll”uxx“ ||L°°(2220)||Umcx2 |z2]|veaw?]|L2

< e3P 1, 9] %, o] - (3.11.45)

~
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Second,

n - = 2 D 3 ) H v 2
[ [ ot llosdotot < 7 fosd s lloaye? a2

< 3TN, 5] fu, o - (3.11.46)

Third,

n — 5 e V. 3 3
[ [ ottt < e 003 |um o 1o ezao s 12

< 3701, 5] 2 [, 0] 7. (3.11.47)

Again turning to (3.11.35), for this same nonlinearity, we must also treat:

/ / e 3 {D00Ty + Valay + 00say}| - [Vsasl 32’ (3.11.48)

First,
/ / E ARAR R o
n - 5 3 5
< e U || Lo (2220102022 || 2 V20022 || 12 2220)
< eF PN, 3] u, o] 2 (3-11.49)
Second,

/ / 55,00y | [Vase 320

n _ 3 = 3 5
< e N0, || oo (0220) 1Ty 2 2 || 22 [[Vs202 2 || L2 (0220)

FHe0N) g, 31 u, o] 2 (3.11.50)

<e
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Finally,

/ / e¥trH |177—)my| [Vezx |ng5

n _ 1 _ 5 5
< e |02 || Lo ||Ugay @2 || L2(2320) | [Vawa® 2 || L2(2320)

< eF 1, 513 o, o] - (311.51)

This now concludes all of the nonlinear terms in W;. The final task is to control the
R®™ R"™ terms in f,g. Via Lemma 3.7.22, for k arbitrarily small and o,, as in (3.7.1), we

choose now o’ = Then, we have:

_1
10,000

\/ / R“*/ / e EIR w,a| S e R pallaE " w a b oy |

_n_ n 1.5
< ) ER™ |32 || 2] u, 0l x, (3.11.52)
< C(n)es =717 R|Ja= i T2t | flu, o] x, (3.11.53)
< C(n)e ™% |u, v||x, (3.11.54)

In (3.11.52), we have used the Hardy inequality with power 27277, which is admissible

as u(l,y) = 0. Upon citing (3.7.1), one has:

||l‘_%+20n+0/+5||L£|| = \|x7%+m,2W+Tlom+”\|Lg < 0. (3.11.55)

Next, again via Lemma 3.7.22, we have:

//61—%—7|Rv,n

< e |u, o] x, - (3.11.56)

(1ol + Ioale) < €3 VaR b | alla 7 Vv, 2|
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Summarizing these forcing terms:

67%77‘ //R“’”u + eR"" + R""vyx + eR""v,x

< iR g ei”_"l\u,ng@ (3.11.57)

Similarly, for higher order terms,

//6_%_’Y|R5,n|{|uw|p%x2+ |uww|pgx3}
: 3
< e%*V*HHm*l*%ﬂ’MOx%||L§||um9c%,umpg‘x%HLz

< et |u, vl | xy nxs - (3.11.58)

and

//6_%_’Y|R:7wn|{|uxw|/)§x4+|“wm|ng5}
3 5
ST a2 E T o g pd 02 e pd 27 || 12

1.
564 v K||u,v||X1r‘|X2ﬁX3. (3.11.59)

For the terms from g:

8 [ [ AR unlbe? + fossloe)
q g q
ST o 3 | || Vevan®, VevapF a7 | 12

ST u, 0] | x s - (3.11.60)
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and

/ / R e | o + 0252}
3 5
STl B R |l Vevsaps o Vevaspi ot o

< €177, v Xy N XanXs - (3.11.61)

Combining all of the estimates we have established, we have proven Lemma 3.11.1.

O
We may now prove the main result, Theorem 3.8.1:
Proof of Theorem 3.8.1. The starting point is estimate (3.9.118):
llu, ol S €' + 27N 0, 0|7 + [Ju, ol 5, axanx, (3.11.62)
S €100 + 6%+’Y—w(Ni)||ﬂ, ’DH% + (W1 +Wse + W3 (3.11.63)
S A A PR S it TV PSS
+ 27Ny, 0|5 + 27N |7, 3], (3.11.64)
so absorbing the ||u, v|| terms to the left-hand side gives:
vl S et 4 B0 (o1 ) (3.11.65)
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3.12 Overview of Existence and Uniqueness

With the main estimate, (3.11.65), in hand, we will prove existence and uniqueness of
solutions to the nonlinear system specified in (3.8.1) - (3.8.3), which is defined on the
domain , with boundary conditions given in (3.8.4), and f, g as in (3.8.5). The main result

of this chapter is:

Theorem 3.12.1. For ¢,§ sufficiently small, ¢ << §, Kk > 0 small, and 0 < v < %,

there exists a unique solution [u,v] € Z() to the system (3.8.1) - (3.8.3), (3.8.4), (3.8.5)

satisfying the bound:

llw, vl z0) S Clur, vr)ed 77" (3.12.1)

The main result, Theorem 3.2.2 follows immediately from Theorem 3.12.1. The proof of

this theorem proceeds in several steps, which we now outline:

(Step 1) Linear existence of solutions to weighted Stokes system, defined as follows:

A2+ aA(W) = F, — G, on QV, F,G e L*(QV), (3.12.2)
w|y=O,N = wy|y=O,N = 0, and w|x=1 = ¢x|w=1 = 0, (3123)
lim [1hz, 1] = 0. (3.12.4)

where a > 0, and

A(1/J) _ wam _ wyyx2m+2 _ ax (¢$x2m+2) 4 wyyyyx2m+4

40, (wywx%*‘*) . (zpmm%“ﬂ . (3.125)

Here, m > 0 is sufficiently large, and can remain temporarily unspecified. The scaled

Bilaplacian is defined as A% := 6‘; + e@j@ﬁ + €292, The right-hand sides, F, G, should



(Step 2)
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be thought of as generic elements satisfying F,, — ¢G, € H~'. Upon introducing
appropriate function spaces, we define the weak formulation of (3.12.2) - (3.12.3) in
(3.13.6). Depicting the weak-solution operator to the above system by S ! (see 3.13.12

for a precise definition), Step 1 amounts to studying the solvability of Sy = F, —eG,.

The boundary conditions as & — oo in (3.12.4) are selected in order to be consistent
with (3.8.4). However, due to the terms in A(t)), the weak solution, [, u, v] exhibits

rapid decay as r — oc.

Linear existence of compact perturbations to S,. Define the maps:

TW)] = ay { - uway - umey - (UR + 6%”77)1/@@; + uRywz}

Tol] = T] + 23470, [0, (3.12.7)
Ta WJ] = [ - umey - umey - UR'l/)yy + URywm} ) (3128)
Tb [’(/J] = {Ume - vRy’L/}y + ’UR’(/}:L’:L/ + URy'(/Jzi| . (3129)

T has a dependence on 7, so to be precise we will sometimes write T'[¢); 5]. When
there is no danger of confusion, we simply write T[¢)]. The map T[] is defined to
match the profile terms, S, (u, v), Sy, (u,v) (see the definition in (3.8.6)), when they are
written in terms of the stream function, . We have defined the notation Ty, T}, so
that we can write Ty = 0,1, — €0,Tp. In this step, we are interested in establishing

solvability of the system:

Sotp + T[] = Fy — G, on QY (3.12.10)

(6 = allamt = [ = Yyllymo = [ = Yyllymy = Jim [ba, 0] = 0. (31211)

The essence of the arguments in this step is that upon applying S;! to both sides
above, S, T is seen as a compact perturbation of the identity. Despite 2V being

unbounded in the z-direction, the required compactness arises from the weights, w,



(Step 3)

(Step 4)
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present in A(¢)) above in (3.12.5). The solution of (3.12.10) is known to decay rapidly

as ¢ — 0o, due to the presence of A(t)). This is captured in estimate (3.14.67).

Nonlinear existence of auxiliary system: we first invite the reader to refer back to
(3.8.5) and (3.8.8) - (3.8.9) for the definitions of f and g. Given this and the definition
of T in (3.12.6), we define:

~ n

f(@,0) == e E7VRY™ 4+ £5qa,, so that f(u,@,v) = f(a,7) +e? ) Tu,.

(3.12.12)

The aim of this step is to obtain existence of solutions (which we now index by « and

N for clarity) to the nonlinear system:

SN 4+ TW}&’N; UQ’N} = fy(ua’N, UQ’N) + 6gx(ua’N, va’N) on OV, (3.12.13)

This existence is obtained in the unit ball of Z () via Schaefer’s fixed point theorem.

Nonlinear existence of solutions to the system (3.8.1) - (3.8.3), with f, g as in (3.8.5):
By re-applying the analyses in Sections 3.9 - 3.10 and in Lemma 3.11.1, one obtains the
uniform-in-(a, N) estimate: [[u®™, v*V||zqn) < O(6)ei~77%, which then enables
the passage to weak limits in the space X; N X3 N X35. The weak limit is denoted by
[u,v], and is demonstrated to satisfy a weak formulation of system (3.8.1) - (3.8.3), see
(3.16.10) for this formulation. Moreover, [u,v] € X1NX2N X3, gives enough regularity

to upgrade immediately to a strong solution of (3.8.1) - (3.8.3).

Remark. To establish existence, we rely on compactness methods as opposed to ap-
plying a contraction mapping. The essential reason for this is seen by examining

calculation (3.11.5), in which the structure is not preserved under taking differences.

Remark. It is important to establish nonlinear existence of the auxiliary system before
establishing nonlinear existence of the system (3.8.1) - (3.8.3), as opposed to jumping
from linear existence of (3.8.1) - (3.8.3) to nonlinear existence because the compactness

methods we rely on require the weights from aA(q)).
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(Step 5) Nonlinear uniqueness for solutions to the system (3.8.1) - (3.8.3), with f,g as in
(3.8.5): In order to prove uniqueness, we re-apply the estimates in Sections 3.9 - 3.10
with weights that are weaker by 27, where b < 1, but is arbitrarily close to 1. This
step is necessary (with the weaker weight) due again to the calculation in (3.11.5),

whose structure is destroyed upon considering differences.

3.13 Step 1: Invertibility of Weighted Stokes Operator,

Sa

In this step, we study the system (3.12.2) - (3.12.3). We remind the reader that still, all
integrations and all norms are taken over Q% unless otherwise specified. There is an abuse
of notation here; v should be indexed by o and N, but this will not cause any confusion for
this step, as we view both a and N as fixed. Our intention of this subsection is to exhibit
solvability of the system (3.12.2) in the space Z(Q"). Denote by x1(z) a cut-off function

satisfying (refer to (3.9.1) for the definition of (3):

12 11
Xlzlonxzﬁ, Xl:Oforlgzgﬁ. (3.13.1)

We define higher-order cut-offs similar to (3.13.1), satisfying the following property:

support xx C {xx—1 = 1}. Define the following auxiliary norms via:

9]F2 = //w2x2m+ |Vp|22? " H2 4 | V2 2g2m e (3.13.2)
2
0l =g + [ [ [720] a2, (3133)

2
9112 = Il + //B \a{;w( , for any bounded subset B C QV k= 0,..3, (3.13.4)

2
0l =111y + [ [ [v20 2] 2, for k2. (3.13.5)
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We will also call G*

w,loc

(V) the space such that |[1]|;x , < C(B) for all compact subsets

B. Define the weak formulation of (3.12.2) to be:

[ [viovzosa] [ [uoms [ [vo-voumszs [ [ vgem]

= (F, — €Gy, @) 1 g1 for all ¢ € C5°(QN), where ¢ € HZ(QY).
(3.13.6)

Above, V? is the Hessian matrix, and the inner product between two matrices is given

by A: B = trace(AB). We will need one more norm:

k
I, @)1 = S NOIE, — Gl (3.13.7)

Jj=0

Relevant spaces are defined here:

Definition 3.13.1. HZ(QV) is defined to be the closure of C§°(2") under the norm ||-|[ 2 .
HE(QN) for k > 3 consists of the subspace of H2(QY) whose HY (Q) norm is finite. Note
that H? (QY) does not contain all of the third derivatives of v; it is missing ng, which is

the reason for the norm, || - ||a, »-

Remark. There is a distinction between H2(QN), and HE (QV) in that:
m2(0N) = oo (@) 1 but for & > 3, B3 (0N p=Co M)t (3.13.8)

Due to the weights, there is no “H = W” theorem generically for HY (QV).

Lemma 3.13.2. For ) € H2(QV), the following boundary conditions are satisfied:
Ply=0,8 = Yyly=0.n = Pla=1 = Yzla=1 = 0 (3.13.9)

Proof. Tf 1 € H2(QY), obtain a sequence ¢(™ such that ||¢(™) — Y||g2 — 0. The claim now

follows by the standard boundedness properties of the trace operator. O
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Lemma 3.13.3. H2(QY) as defined in Definition 3.15.1 is a Banach space.

Proof. Consider the auxiliary space:

Hng(QN) = {1/1 : V), V1) exist in the weak sense, and 1] a2 vy < oo}. (3.13.10)

Through standard arguments, Hg’w(QN ) is a Banach space. Suppose {¢(")} is a Cauchy

sequence in H2(QV). Then {1} is Cauchy in Hg ("), and so there exists a limit point

n— oo

1) such that: ||¢—¢<”>||H5 27%50. As ™ € H2(QV), we may find a sequence {(Z)%L)}mzl

m—0o0

such that ||gz5£,?) — 7,[1(”)||H1zu —— 0, where ¢£,?) € C5° (). In particular, define, for each
n—oQ

n, by selecting m large enough: ||¢(™ — ¢(n)||H3U < 27", Thus, ||¢™ — Yllgz —— 0,

proving that ¢ € Cgoll.HHﬁj. This establishes the desired result.

Lemma 3.13.4. Endowed with the inner product,

(Y, o)z = //¢@x2m + V) - Va2 +2 4 V2 - V2pr?m T (3.13.11)

H2

w

(3.13.2).

is a Hilbert Space. The inner product in (3.13.11) induces the norm defined in

Proof. One easily verifies the standard axioms of an inner-product for (3.13.11). Non-
degeneracy of (3.13.11) is obtained via the boundary conditions in (3.12.3). Completeness

is then obtained via Lemma 3.13.3 O

Definition 3.13.5. The a—Stokes operator is defined through:

Sotp = F, — G, for ¢ € H2(QV), F, — eG, € HH(QY), if and only if (3.13.6) holds.
(3.13.12)
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It is our aim to study the invertibility of S,:

Lemma 3.13.6. Given F, — G, € H 1 (QN), there exists a unique weak solution 1 €

H2(QN) satisfying (3.13.6). Such a weak solution satisfies the energy inequality:

1 1
16 S ~11By = Gallf-r = ~Satlif-. (3.13.13)

Proof. Define:

Blwoli= [ [v2:vi6+al [ [vorn

n / / Vo - Va2t 4 / / V) V2r?m ], (3.13.14)

It is immediate to see that B is bilinear, bounded, and coercive on HZ2(Q). Next,
F, — G, act as bounded linear functionals on H2(Q) through the pairing: (F, —
€Goy®) 2 gz = (Fy — €Gy, @)1 1. This follows from: |(Fy — €Gy @)1 1| <
|Fy — €Gallm-11|9]| 2 - The existence of ¢ € H2 (V) a solution to (3.13.6) is then a stan-
dard application of the Lax-Milgram Lemma to the Hilbert Space H2(Q"). The energy
identity above follows from density of C$°(Q2Y) in H2(QY), which enables us to replace ¢

with ¢ in (3.13.6). O

The above lemma then says that S;1 : H=Y(QY) — H2Z(QY) is well-defined. Our

intention now is to upgrade regularity.

Lemma 3.13.7. Given F, —eG, € H-1(), the unique weak solution in H2(QN) guaran-

teed by Lemma 3.13.6 is in H3 () and satisfies:

1 1
1y S S 11Fy — eGalldos = = l1Satllf. (3.13.15)

Proof. As our weak solutions are only in H2 (), we must formally use difference quotients

within the weak formulation (3.13.6) to upgrade to H2 (QY). However, we will generate the
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H3 estimate via differentiating (3.12.2), with the understanding that everything that is done
can be formalized through the use of difference quotients in the standard manner. As such,

we take 0, of the system (3.12.2), which gives:

A2, + aA(y) + (05, a Al = 0, (Fy — €Gy), (3.13.16)

where

00, AL = 0 [2ma®™ 1 — (2m 4 202%™y, — (2m -+ 2)0, (0> )
+ (2m + 4)$2m+3¢yyyy + (2m +4)0, (wyywx2m+3)

+ (2m + 4) 0z (wmxm”)ﬂ : (3.13.17)

Let x1 be as above in (3.13.1). Define the quantities:
x1=1—-x1, pux)= Xl(m)f{l(%), which implies ‘xkaﬁpM(x)‘ <2. (3.13.18)

We now test the above equation, (3.13.16), against the multiplier pps1,. Doing so first

gives from the Bilaplacian:

[ [ 820 oare = [ [ ous s+ Pl + 1 ]

oo [ [ulelomP + 2] +er [ [otous- 0P, @139

for constants cg, c;. Next, we have the terms coming from A:

//QA(1/)z) CpMYe

Z Oé//[ ime +,(/)g2cyx2m+2 +wiwx2m+4+wgyyx2m+4
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Through a direct integration by parts, the commutator contains lower order terms:

1
[0a; Al toprr| S Wl S ~11Fy — €Gallf-r. (3.13.21)
w «

For detailed proofs of calculations (3.13.20) and (3.13.21), we refer the reader to (3.14.99)
- (3.14.106). Finally, on the right-hand side of (3.13.16), we have:

(0z(Fy — €Gy), ¢o:PM>H*2,H2 <||Fy — €Galla—1llpmusl | mr- (3.13.22)

We can send M — oo so that the weight pas T x1, resulting in

2 1
//xl‘V%‘ gt < ~IIFy - €Goll%-1. (3.13.23)

For the region 1 < x <20, and 0 < y < N, we apply the standard HQ(QN) estimate for
solutions, u®, v* Stokes’ equation near corners (see (BR80), Theorems 1 and 2, and Figure
2, P. 562 also in (BR80) with “C/C” boundary conditions). Formally, fix another cut-off
function, y2(x,y) localized near the corner (1,0) (the identical argument can be given for

the other corner, (1, N)). First, by calculation, we have:

AZ (w) = X2 A2 + [AZ X, (3.13.24)

where the expression for the commutator is given explicitly:

[Ac, x2]tb = 40y x2050 + 403 20,1 + 60, X201 + 26020, X2t + 2€0° X209
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+ 468;82)(2&51& + 2€6§X28§¢ + 46(‘31.)(23%3;1# + 46920, 20,1
+ 46811)(28:%8741/} + SEaIyXQ(?my’(/J + 662893)(28%’(/} + 6283X2w + 462({93)(28951#

+ 4620, X2021). (3.13.25)

The salient feature of (3.13.25) will be:

[Ac, x2]tb = 0(x20%), (3.13.26)

where this is short-hand notation for containing up to three 1-derivatives, and localized

by x2 (or any derivative of y2 which is also localized). Localizing (3.12.2) using xs:

Ixe¥llme < lIxe(Fy — €Go)llm—1 + [lo(x20°¥) |-+ < |Ix2(Fy — €Ga)ll—1. (3.13.27)

Combining (3.13.27) and (3.13.23) gives the desired result.

Lemma 3.13.8. Fiz any bounded set B C QY. Then we have:
1
Wl , S CB)=IIF, — Gally . (3.13.28)

where the constant C'(B) depends on B.

Proof. This argument proceeds identically to the calculation from the previous lemma which
resulted in (3.13.27) by simply replacing 2 with cut-off functions localized to each interval

x € [M,M + 1]. The dependence on B in the constant in (3.13.28) arises from the weights

x?m g?mA2 p2mAd appearing in the equation (3.12.2) through A(z)). O
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The above lemmas roughly show that S, ! gains four derivatives. By repeating this

procedure for higher-order z-derivatives, we can upgrade to higher-regularity:

Lemma 3.13.9. Given (F,G) € H{l, the unique weak solution guaranteed by Lemma

3.13.6 satisfies:

1
10l < —II(F, G (3.13.29)

(%

For (F,G) € Hy ! we can upgrade weak solutions to strong solutions:

Lemma 3.13.10. Given (F,G) € H;l, the unique weak solution guaranteed by Lemma

3.13.6 is a strong solution of (3.12.2).

Proof. An integration by parts of the weak formulation (3.13.6), justified according to the
previous lemma, is equivalent to the equation (3.12.2) being satisfied pointwise on Q. The
boundary conditions at x = 1,y = 0,y = NN are satisfied by Lemma 3.13.2. The boundary
condition at x — oo comes from the norms, (3.13.2), which when applying with k = 5,

imply that up to four derivatives of v vanish rapidly at x — oco. O

3.14 Step 2: Compact Perturbations, S,¢ + T[]

For this step, we invite the reader to refer back to the specification of T[¢], given in (3.12.6),
and the system that we will focus on, given in (3.12.10). Note that T[] contains a loss of
three-derivatives for 1. Note also the presence of the term £%t75. We will now need some

compactness lemmas.

Lemma 3.14.1. Fix two weights, w1 = ™', and wo = x™2, where mgo > m1 > 0. Then,

one has the following compact embedding:

Hp(QV) N LE(QN) = L2, (QF). (3.14.1)
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Proof. Consider a family of functions {f"} defined on Q% such that:

sup//fzwg < 00, (3.14.2)

and such that f,, € H. ("), uniformly in n. By taking Sobolev extensions across 90~
and subsequently cutting off in the y and negative = directions, we can assume {f,} are
defined on R2, compactly supported in the y direction and negative x direction. Fix any

§’ > 0. Since mg > my, there exists a compact set K = K (¢’) such that:

/

sup || fullzz, (o) < 5 (3.14.3)

On K, by Rellich compactness, there exists a subsequence (depending on ¢’) such that

5/
li s — In < 3.14.4
jlf?_si.lf”f, f:kHLQ(K) =9 dzam(K)ml ( )
Then,
6/
lim sup ||fnj - f7lk||L%,1(K) < 9 (3.14.5)
J,k—o0
Combining the above two estimates,
limsup |[ fn, — fnkHng1 <. (3.14.6)

J,k—o00

Taking successively 6’ = 27" and applying a diagonalization argument gives the result.

O

Lemma 3.14.2. Let the weight, x®™, in the expression for A(v), equation (3.12.5), be



371

selected for any m > 0. Then the map S;'T is well-defined and compact H?(QN) —
H2(QN).

Proof. According to (3.13.28), this follows from the compactness of G3 , (QV) <

w,loc

H2(QN), which in turn follows from (3.14.1). The lemma is proven. O

We are now ready to study system (3.12.10). The first task is to obtain an energy

estimate to the inhomogeneous problem:

Lemma 3.14.3. Suppose 1) € H*(QN) is a solution to (3.12.10), where (F,G) € Hy', and

l|z, ||z < 1. Then 1 obeys the following energy estimate:
sl +allvli S O@IVersst bl + [ [Puseiglel. (1)

Proof. Supposing there existed such a 1, we would have T[t)] € H~1(QY), and so by

(3.13.15), we know 1 € H3 (V). By bootstrapping this regularity, we obtain that:
Y e H3(QV). (3.14.8)
We would like to apply the multiplier ¥ to the equation (3.12.10) in order to repeat

the energy estimate from Proposition 3.10.1. Select test functions, ¢(™ € Cs°(QY), which

satisfy:

167 — |z — 0. (3.14.9)

This is possible according to the density of C§°(QY) in H2 in Definition 3.13.1. Multi-

plying (3.12.10) by (™, then gives on the left-hand side:

//(A§¢+T¢)'¢(")+a//f1(1/})¢>("). (3.14.10)
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First, we shall use (3.12.7) to write:

//(A??/HrT[w])qs(n) ://(A?:T/JJFTOW])(b(”)—//sgﬂay(@uy).qs(n)

://(AngrTOM)‘b(n)+//€%+7(@uy)-¢§,”). (3.14.11)

According to (3.14.9), we pass to limits in the following terms:

/ / (AZ¢ + Ty[])p'™) = / / V2 V26 + / / Tyl o™
= [ fivwes [ [owle. G

‘We have used:

[ [ Bulio = Tofuiel = [ [@,1ale) - 0.0 (6 - )

< | Tul), To[)]| 2 ]|6™) — ||

< [@llas |10 — ¥ =50, (3.14.13)

according to (3.14.8) and the definition in equation (3.12.7). The integration on the
right-hand side of (3.14.12) arises exactly from the energy estimates, Proposition 3.10.1, in
particular, terms (3.10.12), (3.10.29), (3.10.41), and so we may write:

i [ [ (264 Tl )9 2 gl - O@)IVevsat vy e (31414)

n—oo

We may pass to the limit in the final term of (3.14.11) due to the calculation:

[ [ oo = o)) < lolle= 221657 = oo

< e Mol 2wy ez 165 = |z == 0. (3.14.15)
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Upon passing to the limit, we integrate by parts:
ooy (n) m—00 LNV es _ 9
- 2T (vuy) - ¢ —— €2 (tuy) - u=— 5 Uyt (3.14.16)
From here, we estimate identically as in (3.11.5):

£+,\/
|// Byu?| < B Hrwd)
2

It remains to treat (3.14.10), for which we use the compact support of ¢("™ to justify the

(Ni)

i, 0|zl |vya? |32 < e3P0 |uyas |7, (3.14.17)

integration by parts:

/ / QA - o™ = / / Y™ 4 Vi - VM2 t2 L 2y V2 g2t (3.14.18)

Passing to the limit, according to (3.14.9):

n—oo

lim //aA(w)QS(”) = a//w%?m + |V 22?2 4 | V2| 2p2m e (3.14.19)

On the right-hand side, we have:

//Fy'¢(n) :*//Féf’é") ljo°°®+//Fu (3.14.20)
//—EGI.Qg(n) ://56’-(]556") H—OO>//€G11. (3.14.21)

Consolidating the previous estimates gives the desired estimate, (3.14.7).

The task now is to estimate the right-hand side of (3.14.7) in terms of the left-hand
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side using the smallness of O(d). We refer the reader to Proposition 3.10.2, whose proof we

follow closely. We will point out the subtle differences:

Lemma 3.14.4. Suppose 1) € H>(QN) is a solution to (3.12.10), where (F,G) € Hy', and
|1, v||z < 1. Suppose the weight w = x*™ from equation (3.12.5) is selected such that m is

sufficiently large relative to universal constants. Then 1) obeys:
1
I{Veva, v a2 |12 S lluyll2e + ally|fze + // |F[|uz|z + €| Gllv] + |G |va |z, (3.14.22)

Proof. We will repeat the positivity estimate of Proposition 3.10.2. To do so, we apply the
multiplier 1, xx7 ., to (3.12.10). Here, y is a normalized cut-off function equal to 1 on [1,2]

and 0 on [3,00), and

k
a a
XL,ol(x) = X(fx)’ so that O x .o = ﬁx(k). (3.14.23)

Such a cut-off function was not present in Proposition 3.10.2. The necessity of it is due
to the terms arising from A(1)). The presence of this cut-off function enables us to justify
all integrations by parts in the z-direction. For our fixed o« > 0, we will eventually send

L — oco. Applying the multiplier wﬁxx%’a to (3.12.10), gives on the left-hand side:

// v+ %) wszLa+0‘//A “VatXLa (3.14.24)

— [ [ (mlo)+ 20+ 40, 000,)) - vaaa+a [ [ A@) - vund, o

We will first focus on the first two integrands above in (3.14.24), which appeared in
Proposition 3.10.2. The obstacle to repeating the calculations exactly as in Proposition
3.10.2 is the presence of the cut-off function, xi o» in the multiplier. The essential idea is
this: when no derivative falls on X%,a» the estimate will be the same as the corresponding
term in Proposition 3.10.2. When at least one derivative falls on XQL@, we may use the

factors of o obtained from the scaling in (3.14.23) to absorb the new terms into the left-
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hand side of (3.14.7). Let us start with the profile terms from T[], for which we refer
the reader to estimates (3.10.64) - (3.10.68). We will transfer all of the terms to velocity

formulation so as to remain consistent with estimates (3.10.64) - (3.10.68).

//8y5u -v:vxia = //Suuz:ﬂxia

= //[uRuI + URyU + VRUy + uRyv]uwmxia

> //uixx%a - |//[u3mu+v3uy +uRyv}umxX2L7a|. (3.14.25)

We will treat the three terms on the right-hand side above, using (3.3.12) and (3.3.18)

starting with:

2 P E 2
//uRﬁuquXL,a = //{qu+uRz}uxu$XL,a

1 1
< llyaz ufyll o[yl 2[[vye= X1 0|2
3 u 1
+ ||up > Izl Xz allzz[luse® XL 0l 2

< O()lluy|22 + OO)|[us? xL0

(6
32 + Sllull3:

< O()l[uy|22 + OO)|[us? x10

(6
122 + Z||1/)||§13J. (3.14.26)

Above, we have used the Hardy inequality:

U o
1=XEallez S0 (uxza)llee < [luaxrallez + Fluxk ollze

H2 - (3.14.27)

w

«
S ltaxz.alles + S

Next, by (3.3.10), (3.3.20), we have:

2 1 1
| [ ] orugeyad. o] < lone® s gl oy2? xr ol 22

< O(0)|[uyllz2llvy2® XL al|22- (3.14.28)
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Next, by (3.3.14), (3.3.16), (3.3.18) we have:

[ [umeoa = [ [tk + Ve,

< llyufy ||~ [oy2? xz.all72
+ Vellufya o= l[o,ed xpal 2 Ve Xz a2
< llyufy o= lloya? xr.al 2
+ Vellufy a2 [l lloya* xr.al 22| Vevaxzalle
+ ZVeufya? |l lloa X ol IVeoxd ol o2

< O(0)|Jvyat XL 0

(&%
|22 + VeOO)IVevaxrallzz + OO) T ¥l -

(3.14.29)
Summarizing the previous four terms:
2 > 1 2 @ 2
[ o000 2 Ivatxwal it - Sl
— O0(8)|luylz2 — OG)VellVevaxrallie- (3.14.30)

We will now move to the profile terms from S, which are located starting from estimate

(3.10.69). First,

2
//—E&CSU .va%,a = //ESU . [vwxxia + UXQL)Q + vxfaxhax'L)a]. (3.14.31)

Referring to definition (3.8.5), consider the term ugrv, in S,, which is the most delicate

profile term:

//auszaﬁxia —l—//zsuvav[XL,a +2$%XL7aXIL,a}- (3.14.32)



The first term above in (3.14.32) gives positivity:

[ [tz [ [atort.
We will treat the second term on the right-hand side of (3.14.32):

2 U2 2 « /
EURVUZXT, .0 = — Ef[uszL,a + 2URZXL,Q><L,QL
«Q
//5URUU9¢$ZXL,@X,L,O¢ = // URxILXL o XL a

2

+ URLXL aXL ot URJJLQ XL, aXL NE

The first term on the right-hand side of (3.14.34) yields:

1 (07
[ [ eturaxd ol S VElixalvEus vzl + vl

in nearly an identical manner to estimate (3.10.43). We now estimate:

[ [ x5 [ [0S 5 Sl
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(3.14.33)

(3.14.34)

(3.14.35)

(3.14.36)

(3.14.37)

This same estimate can be performed for all the terms in (3.14.35). Consolidating these

bounds:

1 «
[ [ ettt .o s 31432 + VElw.a{vEv oot s + Fl1vlm.

(3.14.38)

It remains now to treat the remaining three terms in S,. The second, third, and fourth
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terms from S, can be controlled in the same manner as in (3.10.71) - (3.10.73):

3 1 (6%
[ [ onsosexd ol < VllotvallisVevsabxeallallusxealls + Sl

(3.14.39)
€ VRUyUzTXT, o

2
/ / VRyVVzZXT, o

1 1 a
< Vellvallp<llvyz? xpallez Vevsw? xpallez + ¥z - (3.14.40)

1 1
€ < VellogyyllL=llvyz2 xr.allz2|[Vevsr 2 xL .0l 2

3 1 (67
+ Vellogyz? l|Ll[Vevsa? xpolliz + F ¥l -

(3.14.41)

We now turn back to (3.14.31), addressing the second term in the bracket for the final

three profile terms from .S, :

//[ngCu + VRVy + VRyV] - EVXT o (3.14.42)

First, through the Hardy inequality and (3.3.8), (3.3.17):

3 u
| / / A RV [ ([P e S

v
l2llVe—5xr.allL2
T

1 1 (6% 1
< VE [l xallEa + Vet xallZs + FIH{u VEvr i o]

1 1 «
< VE [l xpallie + IVevaatxpallfe + Tl | (3.14.43)

so long as w = x™ is selected larger than z%, which is true by the assumption of this

lemma. Next, through an integration by parts and (3.3.10), (3.3.20):

1
[ [on+onplend o = 3 [ [oneterdt.c < i lli=lloxe.al:

3 1 «
+ Vel [vRyz? || ||[Vevazi XL all72 + lewl\%g, (3.14.44)
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The final task for the S, profile contributions is the third term from (3.14.31):

2a o
|//5[szu + vRVy + VRyY)] ~vfoL7ax’L7a\ < ZHM@{%, (3.14.45)

so long as w = =™ is selected larger than x, which is true by assumption of this lemma.

Let us consolidate all of the calculations from S,:

1 (6%
[ [ 08, 00z [ [2od o - VElwalvEv ot - SiIvils.

(3.14.46)

It now remains to come to those terms contributed by A2i into (3.14.24). We will
follow closely the calculations from (3.10.52) - (3.10.63) in Proposition 3.10.2. We will again
omit the justifications near the corners of our domain as these are identical to Proposition
3.10.2. Again, we will write these terms in the velocity form, to remain consistent with the

calculations in (3.10.52) - (3.10.63). First,

u2 o
[ [ umodal =1 [ [ 200+ 2 il S e @447

Next,

2
Uu [0 (0%
[ [evananial =1 [ [ 080+ 2800 S luaxs.alis + = 10l

(3.14.48)

We now move to the terms from A.v, starting with:

o
|//62vmz .vxsz7Q| = \//52%” . ['UzCUX%,a +vX2L,Oé + QWxZXL,aX/L,a”

(0%
<ellvevexrallze + F Il - (3.14.49)
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Finally, we have:

|//—5vmyyvxxiya| = |//€nyvy$X2L,a|
«
=1 [ [+ 2 xaxal

2. (3.14.50)

w

«
Sellvyxr.alliz + Z11¥|

By combining calculations (3.14.30), (3.14.46), (3.14.47) - (3.14.50), and absorbing rele-

vant terms to the left-hand side below, we have:

1 «
{veve, vla2 xpallle S lluyllzz + 11112

JrO‘//A(@Z)) 'wxzx%,a+//5%+’yﬁuyu$zx%,a

+ //Fy . vscx%’a —eG, -vmx%’a. (3.14.51)

Via direct integration by parts, which is justified due to the presence of the cut-off

function in z, we compute:

o [ [awpad.o| S el (3.14.52)

Let us compute each term in A(¢) to verify (3.14.52), referring to the definition in

(3.12.5), starting with:

«
[ [avrond i =1-5 [ [eotid.)

[ m m (e
1= 5 [ [Rleam 2 el (31453)

< all|fzs - (3.14.54)
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For the second term in (3.14.53), we have used: |

a//(_¢yyx2m+2 +¢yyyyx2m+4)va2L,a

_ 2m+3. 2 2m45. 2

= a//uywj XT.o = QUylsgy® XT.a
2m+3. 2 2 2m+5. 2

:a//uuz:v mt XTL.a +auy8m(x mt XL.a)

<a// 2 2m+2+u§x2m+4§a||¢||?{3)- (3.14.55)

Next,

//8 2m+2 ’UZ'XLa _a//v$2m+28 (’UI‘XL a)

o
= a//vx2m+2[vmxxi’a+vxia +2UxEXL,aX/L,o¢]

S a//v2x2m+2 < a||w||§{5j (3.14.56)

Next,

a//ai(wyyzxm"“)vxx%’a :a//ax(¢xy$2m+4)vyxx%,a
—a / / B (a2 Mz o < / / W22 < |

(3.14.57)

The final term in A(%) is

o / / O (Yaat® o3, = / / a0, 023, ]

= a//vwm2m+4[vﬂxx%’a + 20,05 (X L,0) T V0pz(TXL.a)]

S alltlfs.- (3.14.58)
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This concludes all the terms in A(v), according to (3.12.5). Estimating the next term
in (3.14.51) exactly as in (3.11.8) yields:

_ 1
@, 0| z[[uy || L2 |22 XL, 0l L2

24y = 2 24+y—w(N;
|//52 VUyUz TXT, o] < €2 (N3)

< et oW a2 g o2 + 3 TN |y 2., (3.14.59)

Finally, we come to the right-hand side:

//[Fy — Gyl - VTX L0 = //FuwxXLa +eGO[veXL o

(0%
S//IFlluzlirI//EG[vxxxL,a+UXL,Q+W(Z)X/L,&]I

S//|F||u,3|ac—|—€|Gva\x+5|G||v|., (3.14.60)

Inserting the previous few calculations into estimate (3.14.51) gives:

I{V/evs, 0, }23 XL 0

«
22 S MuyllZe + 11l

ol + [ [ IPluslo+elGileslo 4ol (1401

We now send L — oo, and appeal to Monotone Convergence Theorem, as xr.o T 1 to

establish the desired result.

Having understood the inhomogeneous problem:

Lemma 3.14.5. For (F,G) € Hy*', and ||a, ||z < 1, there exists a unique weak solution

€ H2(QN) to the system (3.12.10).
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Proof. We apply S, ! to both sides of (3.12.10), which is valid as the right-hand side and

therefore the left-hand side is assumed to be in at least H (), thereby yielding:

b+ S Ty = 5. (Fy - er). (3.14.62)

We will study the equation (3.14.62) as an equality in the space H?(QY). According to
the Fredholm alternative, which is available according to Lemma 3.14.2, there either exists a
unique solution ¢ € H2(QY) to the system (3.14.62), or a non-trivial solution ¢ € H2(QY)

to:

Y+ ST =0 <= Sptp = —T. (3.14.63)

Therefore, coupling (3.14.22) with (3.14.7), taking F' = G = 0, we have:
Veta, w2 + al 13z + IVevar? vt 2. <0, (3.14.64)
implying 1, u,v = 0. Thus, by the Fredholm alternative, there exists a unique solution
€ H2(QN) to (3.14.62). Rearranging (3.14.62):
b =871 (Fy Gy — T¢), (3.14.65)
where F,, — eG, — Ty € H-1(QV), and so an application of (3.13.13) shows that ¢ €
H2(QN). This concludes the proof.

O

Lemma 3.14.6. Let ¢ be the unique H2 (QN) weak solution from Lemma 3.14.5. Then for
(F,G) € Hy', v € Hy,(Q).
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Proof. Ty € H71(QV), and so Savp = =T + Fy — G, € H1(QV), which implies that

¥ € H3(QN) according to (3.13.15). Iterating this regularity then gives ¢ € H2 (QY). O

We now introduce more notation, which is more suitable for the velocities:

Laslu,v] = (f,9) <= Satp + T[; 0] = f, — €ga- (3.14.66)

)

Summarizing the established results, we have:

Corollary 3.14.7. For f,g € Hy *(QY), a > 0, and @, 0] 2o~y < 1, the map Lo glu, v]

is invertible, where

Ly (Frg) € HyHQN) = [u,0] € HA(QN). (3.14.67)

Moreover, the boundary conditions (5.12.3) are satisfied by [u,v] = Ly 5[f, g].

It is now our intention to repeat the second and third order energy and positivity esti-
mates from Section 3.10, with our new system (3.12.10). For this, we will need to understand

several calculations. First, we introduce some norms:

1115 = [1¥llF2,, (3.14.68)
[9][Fes2 = / / |51 (prey) 2?28 4 VO [P pRk 2?2042 (3.14.69)
+ | V2OEy 2 prk | p?m 2R for | > 1. (3.14.70)

The reader is referred to the definitions of pj, provided in (3.9.2). The essential difference
between these J*-norms and the H norms introduced in (3.13.2) are the growing weights

of  which each application of d,, which mimics the structure of the energy norms, Xy, in

(3.9.3).
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Lemma 3.14.8.

k—1
[ [ 4@k 05w i 2 vl = 3 [0l (3.14.71)
Proof. Referring to (3.12.5), the first term is:
[ [ 10kuramatod ot (3.14.72)

The next terms, via an integration by parts in y:

//_8§¢yyx2m+2'8§¢x2kpii1X2La ://|8k¢y|2 2m+2k+2p +1XL s (3.14.73)

//3§¢yyyy$2m+4°3’£¢w2’cpﬁ’ima //|ak1/’ |2 2m+2k+4/’ +1XLa (3.14.74)

Next,

//a 3’“1/) yyzx2m+4] ak?/}$2kXL apk+1

= [ [okrtuatn o, oku,ag i) (3.14.75)
m m k—
L e T
(3.14.76)

Jit2. (3.14.77)

k—1
2 [ [kt e g -3
=0

Above, we have used the calculation:

2c
Iz X7, apk+1] = 2ka* 1y apk+1 +a?h 7 XL, aX1 aPk+1

+ 27X o 2k00 7 Pl (3.14.78)
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For the second term on the right-hand side of (3.14.78), we estimate: =2xxr o < 1. For
the third term on the right-hand side, we use that the support of pj  , is localized in z. We

also use that: support(px) C {pr—1 = 1}. Next, we integrate by parts twice in z to obtain:

/ / Dua[(080) as® 4] - D5 pa® 3 7%

= [ [okruat i, okvatg oo (3.14.79)
= [ [ekrupaimeng s [ oot e, a0 s
+ / / 2P AP0, [P X T, 0P ]- (3.14.80)

The final two terms on the right-hand side of (3.14.80) are estimated through further

integrations by parts:

| / / T2 AT 0, [27F \ T o] + / / O 2pa?m 49k 0, . (1233 Lo ]|

S 15k (3.14.81)

Finally,

- / / O (0F46),®™+2) - Dpar® xR | = / / P20, [k ok ]

//|8k+1 |2 2m+2+2kXL akarl (3.14.82)
//akﬂw 2m+29k,0, [22Fx 2 apk+l] (3.14.83)
//|8k+1 PRI kg2, (3.14.84)

Piecing all of the above estimates together yields the desired bound.
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Lemma 3.14.9.

2 iia (3.14.85)

k
| / / A() - 05 a2 < 37 |y
1=0

Proof. Again, referring to definition (3.12.5), we will proceed term by term, starting with

the following, for which we integrate by parts once:

1
[ [ dtvarm okt tua e it = = [ [ buPo e g L)

(3.14.86)
Let us expand the product rule above:
., [$2m+2k+1X2L,aPik+l] — Ogmt2ky 2 apilril i Cp2m+2kt1 e T oXh, a/’ilﬂl
PR R S TR (3.14.87)

This, the term (3.14.86) can be controlled via:

(31450)| 5 [ [ lokuPa™ 2t <Z||w||w. (3.14.88)

The second term in (3.12.5) is treated via:

k+1 2 2 k+1 2k+1. 2 2k+1
//_aa:(ax+ ’(/JSL’ mt ) az+ WU + XL akarj;
k+2 2 2 k+1 2 1 k+1 2k+1 2k+1
= /‘/[7823+ 1/’»”5 m2 Ca;ch 7/” mt ] : 83:+ wif + XL apk—i-—;
_ k41,12 2m—+2k+3. 2 2k+1 k+1,,12,.2m+2k+2 2k+1
= [ [108 tua, et i ) - clokt e G

(3.14.89)

i+ (3.14.90)

k
//|ak+1 |2 2m+2k+2pk+1 ZHlM J
=0
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We have expanded the product in the first term on the right-hand side of (3.14.89):

2k+1

2m+2k+3,2 2k 2m+2k+2 2k+1 2m+2k+3
O [z™™ | = Ca™ + O™ (L)XLQXLapk-H

L,aPk+1 X1 aPr+1

2m2k+3. 2 2k+1
+Cx XT,aXk+1 pk+1pk+1

< a?mrh2 ek (3.14.91)

Next, we have:

k 2m+2  ak+1., 2k+1.2  2k+1 k.12 om+2k+3. 2 2k+1
//_azwyyx <0, Yz XL,aPk+1 —//|8z¢y| Oz [z XL apk+1]

(3.14.92)
We will expand the product rule above:
@
By [w2mr2h+3y 2 ,apilfil] = Oz2mH2h+2,2 al)zlﬁl + oL mAsy apikﬂl
4 Cg?mt2k+3, 2 apkﬂp < q?ktame2 2k (3.14.93)

Inserting this above yields: [(3.14.92)] < Zf:o [|v]

3#2- Next, after two integrations by

parts in y, and one in x:

k om+4  ak+1,, 2k+1 2k+1 k 25 [p2m+2k+5 2k+1
//@rwyyyyx <0, Yz Pr+1 XLa //|a Vyy|~Ox Pr41 XL,a]

(3.14.94)
Expanding the product rule above yields:
QPG ] = G RN 4 G
OIS AL X o F S O (3.14.95)
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Inserting above yields: |(3.14.94)] < Zf:o [|]

2.+2. The next term from A(¢) in defini-

tion (3.12.5) is:

[ [oul(@iary ok w2
== [ [ okt 0,0 e R )
- [ [ o gkt g
= [ 1okt e, )
= [ [108 s, Pautam s g
- [ 1ok, pemsta, g )

k
< / / O [P 2 <3 |y
1=0

e (3.14.96)

The final term from A(%)) in definition (3.12.5) is:

/ / O (O T2+ ) L OFF apg 1 p2h A NG (3.14.97)
= _//al;+2¢x2m+4 _am[al;—s-lsz%ﬂpilﬁlxi’a]
= _//8§+2¢x2m+4 . 8§+3¢x2k+1pilﬁlxia
= [ oo e i)

_//|8§+1¢|28mx[$2m+2k+spii—§1>€%,a]

2 4a. (3.14.98)

Sl

k
=0

This concludes the proof of the desired estimate, (3.14.85).



390

Lemma 3.14.10.

e (3.14.99)

k—1
| / / 08, ALy - Fva® 3 g < S (1)
1=0

Proof. To keep notations simple, we will prove the k = 1 case, with the k > 2 cases following

identically. We will proceed term by term from the commutator expression in (3.13.17).

First,
- 1 "
[ [ttt =5 [ [1opodaxg o
S //w%m S ][5 (3.14.100)
Next,
//_wynym-i_l'wwaX%,apg://wzaw[$2m+sxi,apg]
5//%3’2’”” S 13- (3.14.101)
Next,
//*&e(%l‘zmﬂ)'%wai,ap% 5//¢§x2m+2 < 2. (3.14.102)

We will now move to the high order terms, starting with:

2m+3 2.2 2 2m+5. 2 2
//¢yyyy$ Y XL,aP2 *//%y%yﬂ XL,aP2

1
=5 [ [10nl0ulem458 08 S - (3.14.103)
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Next, again integrating by parts several times:

//az[wyyrxszrg] '¢x$2X%,aP§

=//w§y[x2m+38x[wzxi,ap§] = 0ula™™ XL 03] S 1113 (3.14.104)

The final term from A(t), which after integrating by parts several times in the same

way as above,

[ [ tusliear™ )i i 5 [ [ 1101 (3.14.105)

This concludes the proof of (3.14.99).

Lemma 3.14.11.

k
[ [0k w0kt ua g i 3 1ol (3.14.106)
i=0
Proof. This estimate proceeds in the same manner as those from (3.14.99), with the ad-
justment that the extra derivative in the multiplier from (3.14.106) is accounted for by the
increment in order on the right-hand sides of (3.14.106) versus (3.14.99). Indeed, let us take

the highest order term from the commutator, [0, A]y:

| / / O (D2 ?®™) - a2 o] < / / a2 H003 8+ (0] 2. (3.14.107)

The first term on the right-hand side above can be controlled by ||1||%;, as can be seen

from a comparison to (3.14.70) with £ = 1. The remaining terms work identically.
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Using the above calculations, we may repeat the energy and positivity estimates, for

k>1:
Lemma 3.14.12 (k + 1’th order Auxiliary Energy Estimate). Let k =1,2. Then,

k—1

1 k+i
105wy - (pri12)* (72 + l[$l e S @Y [[0][Fir2 + OO 105 {VEvR, vy} T2 oy} |[72
=0
k
WL+ Wiga. (3.14.108)
=1

Proof. We apply the operator 0% to the system (3.12.10):

ALY + OFT ) + aA(9FY) + a[0F, Al = 05{F, — G, }. (3.14.109)

We subsequently apply the multiplier 9%a2* pi’il X%, o

/ / A8 + OFT[Y] + aA@) + afdb, AJy] - e o2 133

= [ [10br, — G- dbua it (3.14.110)

The desired estimate now follows using similar calculations as in Lemma 3.14.3.

Lemma 3.14.13 (k + 1’th order Auxiliary Positivity Estimate).

k

k
1 k41
105 {VEvs, v} 2 0 E 72 S [05uy - (1) |72 + @ Y [[][Fiee + Wi+ Y Wi,
i=0 i=1

(3.14.111)
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Proof. We apply the multiplier 8’;+11/)x2k+1pilﬁlxia to the system (3.14.109):

//ﬁ¥%w+%ﬂm+amdwwuw&Aw«%“wﬂ“%ﬁ?ﬁw

= [ [105, — G- ok st (3.14112)

The desired estimate now follows using similar calculations as in Lemma 3.14.4.

3.15 Step 3: Nonlinear Existence of Auxiliary Systems

For this subsection, it is necessary to be more precise with notation; we will index solutions
by (a, N) and also specify domains over which norms are being taken. We shall also transi-
tion our right-hand sides from being generic (F, G) to being the particular right-hand sides

of interest, (f,g) as defined in (3.12.12). Our intention now is to study the map, M®:

Ma[ﬂa’N, @a,N} _ [ua.N’ Ua’N]
— La,ﬁ"*N[ua’Nava’N] - fy(ﬂa’Nﬂ_}a,N) - 5gz(ﬂa’N7"l_1a’N)

= [N 0N = LU {fy (@ N 0 N) — egp (@, 00N} (3.15.1)

o,

which corresponds to the system written in vorticity form:

A2,¢}a,N 4 aA 1p(x,N 4T wa,N; @a,N _ f~ ,L—La,N’,Da,N — ega aa,N71—)a,N on QN
€ Yy
(3.15.2)

A fixed point of (3.15.2) corresponds to the desired solution of (3.12.13). By repeating
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the analysis in Section 3.9,the energy and positivity estimates in Section 3.10, and finally

the estimates on W; in Lemma 3.11.1 for the system, one obtains

Lemma 3.15.1. Suppose ||ﬂa’N,17a’N||Z(QN) < 1. Fiz any open set B C QN. Let a > 0
and N >> 1. Solutions v*" , or equivalently [u®™,v*N], to the system (3.15.2) satisfy

the following estimates, independent of N, where w(N;) is based on universal constants:

M OB N as(m) + lu™N, v N[ 50 (3.15.3)

no . )
<€1OO+HUQ’N7 a 5 +y—w(N;

S 0N xynXanxa(@N) + € Na*N, 0N[5, )

The following energy and positivity estimates hold:

al [N |5 ny + [ v M % Ax,ax vy S Wi+ Wa + W, (3.15.4)

Finally, one has:

allv® N @y + e CBGN sy + [, vV [Zqn)

1 n
F—y—K 2 —w(Ny)||-a,N
ST 4 e E T e,

| ‘%(QN)'

(3.15.5)

All constants appearing in the above estimates are independent of («, N).

Proof of Estimate (3.15.3). This follows by repeating the proofs of elliptic regularity in
Subsection 3.9.1, namely Lemmas 3.9.10 and 3.9.12, to the new system, (3.15.2). The only
new term in (3.15.2) as compared to 3.8.1 - (3.8.3), (3.8.8) - (3.8.9) are aeA(¢)). The proof of
Lemmas 3.9.10 and 3.9.12 then follows identically, as these are local-in-z estimates, which
are unaffected by the weights in A(1). At this point, one repeats the estimates in Subsection

3.9.2, which hold independent of any equation.
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Proof of Estimate 3.15.4. This follows from Lemmas 3.14.12 - 3.14.13, and subsequently

comparing || - || y& with || - || g . O

Proof of Estimate 3.15.5. This follows by repeating the proof of Lemma 3.11.1.

Motivated by (3.15.5), we define the notation:
Hua’Nava’NHf(szN) = OéH?/Ja’NH?{;LU(QN) + ||Ua’N7”a’N||QZ(QN)- (3.15.6)

Lemma 3.15.2 (Properties of M®). Fiz any a > 0 and any N > 0, and v,k > 0 arbitrarily

small.

(1)  M>:Bz(1)c Z(QV) = Bz(1) € Z(QY), where Bz (1) is the unit ball in Z(QN);
(2) M is continuous and compact as an operator on Bz (1).
(3)  There exists a fived point, [u®N,v*N] = M*u*N v*N] in B (1).
4 The fized point satisfies, ||u®™, vN|| 7y < 6i*7*", independent of a, N.
vy <

(3.15.7)

Proof. The outline of this proof is as follows. The map M% is shown to be well-defined
in the appropriate domains and codomains, according to (1) above. Continuity of M®
is investigated by considering differences, and compactness of M“ is obtained using our

compactness lemmas above. One then applies a fixed point argument to prove (3) and (4).

(1) Suppose [a,0] € Z(QN). This implies that (f,g) € H; ', so by (3.14.67), the

map M*® is well-defined on Z(QY). The property (3.9.9) is verified according to Lemma
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3.13.6, and the definition of H2(QY), Definition 3.13.1, which ensures that [u®,v®] are con-
tained in C’&ODH'HX? Supposing the pre-images are contained in the unit ball of Z(QV),

[a®N, 5%N|| 7 (ny < 1, one has estimate (3.15.5), which implies that M®(u,v) € Bz(1).

(2) To check continuity of the map M“ on Bz(1), suppose:

MeadN, 5N = [N 0N for i = 1,2, (3.15.8)
where
llag ™, 57|z < 1. (3.15.9)

Define the notation for the differences,

[Jja ﬁv 6] = [’(/_}g’N - /(/;(ILNv ’ag’N - a?,N’ ,DS’N - T}(IX’N]? (31510)

[ﬁ, @, 0] = [wng = wf’N,ug’N — u(f’N, vg’N — vf"N]. (3.15.11)

By consulting (3.15.2), one then obtains the following system satisfied by the differences:

AZ) + @A) + T() = fy(ug™, a5 ™, o5 Y) = f (u ™ ap ™, o)

—ego (@™, 05 + eg. (@™, v9N). (3.15.12)

We may then repeat the estimates which resulted in (3.15.3) - (3.15.5) to obtain:

A A ]- ANy
[, 8l[Zon) S 518 011 @) (3.15.13)

The only non-trivial calculation when repeating the estimates which resulted in (3.15.3)

- (3.15.5) is to handle the nonlinearity (3.11.5) under taking differences. For this, we first



397

write:

—a,N o,N —a,N o,N

Uy Ugy — VLT Uy,
_ —a,N_«a,N —a,N_ oa,N —o,N_ oa,N —o,N_ oa,N
=Vp7 Ugy — V" Uy, + U7 Uy, — U7 Uy,

= 05Ny, + vuf) (3.15.14)

Repeating calculation (3.11.5) then yields:

24y —a,N «a,N —a,N aN ~ Jr’y 2 a,N ~
//62 [Ug" Mg, — V7 Uy ] d = €2 ty +ovup,'| -
2+
ez 0 N o

(3.15.15)

For the first term in the right-hand side above, we give the same estimate as in (3.11.5),

which shows:

n
24y
g2 N noy YR _ _
l// 50005, | S eF I al G o 133, 05N |2y < €T Jal G o)

(3.15.16)

This then gets absorbed into the left-hand side of (3.15.13). For the second term on the

right-hand side above, we estimate:

‘//E%*%l il < e3V|[0a? || poe [udy ™| 2 |[a2 ™™ | 2

n — . ~ 7N ~
Sexty w(N1')||UHZ(QN)HU(f |22 o)l z )

SHy—w(V

<e

1 a,N ~
)E||U1 Hf(QN)HUHZ(QN)

Se?

~

< 52(%+'y—w(N7:))||@||2Z(QN) 4 EHQQ]HZZ(QN)? (3.15.17)
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where we have used (3.15.9) coupled with (3.15.5) to conclude that: ||'U/?7NH]:(QN) <
£3~77%_ The weight, 2™, arises from the definition (3.12.5), and consequently in (3.13.2).
The first term on the right-hand side of (3.15.17) is absorbed into the left-hand side of
(3.15.13), whereas the second term contributes to the right-hand side of (3.15.13). All of
the remaining calculations which produced (3.15.5) can be repeated in a similar fashion.

Estimate (3.15.13) then implies the continuity of M on Bz(1). The modulus of continuity

of M is L

==, which prevents M from being a contraction map. Nevertheless, continuity is

retained for all o > 0.

We now turn to compactness. According to Lemma 3.14.2, (3.15.5) shows that

M*(Bz(1)) is compactly embedded in Bz(1) so long as m is sufficiently large.
(3 and 4) Consider the family of solutions:

[N oSNy = AMeus N 0N, for 0 <A< 1. (3.15.18)

By (3.15.1) and linearity of L_!, this occurs if and only if

[uf’N, vi’N] = L;l{)\fy(ui’N, vi"N) — E)\gw(ui’N, vf’N)}. (3.15.19)

By repeating the estimates which culminated in (3.15.5), one sees the uniform in A

bound:

™, o8 MGy S 37777 (3.15.20)

Thus, Schaefer’s fixed point theorem applied to the convex subset Bz(1) C Z(QY)
produces a fixed point, [u®™,v*N] € Bz(1). The estimate it obeys follows from (3.15.5).

O
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3.16 Step 4: Nonlinear Existence

We now need to pass to the limit as &« — 0 and as N — oco. The fixed point of the system

(3.15.2), from Lemma 3.15.2 satisfies the following integral identity for any ¢ € C5°(QV):

//QN v?wNva;v§¢+a[//QN ¢N,a¢xzm+//m VN gatm?

+ / vEpe s gatmt]| 4 / / —Su Gy +ESy b
QN on

+ //QN AR 6y — RO 6,

= // ezt { —uM ol p, — vN’auiV’aqﬁy +eul g, + 611N7avév’°‘¢>x] (3.16.1)
N

First, we shall pass to the limit as o« — 0, fixing an N. To do so, we first use (3.15.7) to

obtain a weak subsequential limit point:

u™N® —~ 4N weakly in (X7 N X5 N X3)(QY). (3.16.2)

It is now our task to pass to the limit in the equation, (3.16.1), along the subsequence
a — 0. Given a test-function, denote by Uy to be the support of ¢. As Uy is bounded, we

have Poincare inequalities available:

al |:/ QN,le,oz¢x2m +/ o va,a X v¢x2m+2 +/ o vaN,oz . V2¢x2m+4i| ‘
< C@)allp™llzzw,) + 192w, + 19208 2w, |

< C(¢)a][Vul, Vo || 2,y < C(@)allu™, N 5 on) 225 0. (3.16.3)

For all of the linear terms, we use the weak convergence in (X; N X3 N X3)(QY):

1im// ng/za’N:V?ng—// Su(uN’o‘,vN’a)gby+€Sv(uN’a7vN"’)-d)z
QN QN

a—0
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N //m Vey? i Ve - //QN Su(@N, oV )ey + S, (N, 0N) g (3.16.4)

Finally, we turn to the nonlinear terms for which we integrate by parts:

//N N,a Na¢ _|_UNoz Noz¢y // NO‘| ¢ N7O‘UN’a¢yy, (3165)

Q

// uN7aviV,a¢I+yN7avéV,a¢m :// —|UN7Q|2¢$y—uN’aUN7a¢zx. (3.16.6)
QN QN

Fixing a compactly supported ¢, we can localize the integrations above to Us. On this

set, the weak convergence of u’¥** — 4V implies strong convergence in L?. Thus,

|// {luN,a|2 NauN+uNauN7|uN‘2 by
Ug

S Ml —u| e M| e

(U¢)||u ’ (Ug) —+ HUN||L2(U¢)HUN’Q — ’U,NHL2(U¢). (3167)

The right-hand side converges to zero. The same bound works for all of the other nonlin-

ear terms. Thus, the weak limit [uY, vV] or equivalently 1” satisfies the weak formulation:

[ v vio [ [ s o) 6, 468,07 0%) -
+//QN e E R gy — R 4]

:// €%+V{7uNuiv¢y7vNuéV¢y+eu ngszrstvéV(bm] (3.16.8)
QN

The weak limit [u, v"] must satisfy the bound:

1 vk
||UN,UN||(X10X20X3)(QN) S Clugr,vg)et 7", (3.16.9)

independent of N. We may now repeat this exact procedure with the subsequential N
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limit: denote by [u,v] and 4 the subsequential (X7 N X5 N X3)(2)-weak limit as N — oo,

guaranteed by (3.16.9). One then passes to the limit in the equation (3.16.8) to obtain:

//Qvfﬂ’1Vf%//QSu(uvv)'¢y+esv(u,v).¢$
B SRR

= // gzt [ — Uy Py — VUy Dy + EUVL P, + svqusz}, (3.16.10)
Q

with the limit satisfying:

l[u, v[|(x,nXanxa) @) S £17TR, (3.16.11)

We now state the main existence result:

Theorem 3.16.1. For ¢,§ sufficiently small, k > 0 small, and 0 < v < %, there exists a

solution to the system (3.8.1) - (3.8.3), (5.8.4), (3.8.5) satisfying:

llu, vl z() S C(ur, va)es 77, (3.16.12)

Proof. Estimate (3.16.11) implies enough regularity to integrate by parts identity (3.16.1)

to:

// [Agw + 0,8, — €025y — 0, f + aawg] 6 =0, (3.16.13)
Q

which then implies that the PDE is satisfied pointwise in 2. The boundary conditions
(3.8.4) are satisfied by elements in (X; N X2 N X3)(Q), according to Lemma 3.9.16. From
here, one repeats the embedding theorems in Section 3.9 which give estimate (3.16.12).
That this is possible for those embeddings in Subsection 3.9.2 is straightforward to see, as

these did not require [u, v] to satisfy any equations. Let us then turn to Subsection 3.9.1.
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We must repeat the proofs of Lemmas 3.9.10 and 3.9.12 to the nonlinear system, (3.8.1) -
(3.8.3), with f, g as in (3.8.5). This amounts to replacing [@, 7] with [u, v] in Lemmas 3.9.10

and 3.9.12, and foregoing the assumption that ||@,d||z < 1. A nearly identical proof to

Lemma 3.9.10 then yields:

sup ||u, vf|ee + [[u, ]| 2y <2000) S e~ Ma (3.16.14)
<2000

One now bootstraps the estimate in Lemma 3.9.12 in the identical manner. This gives
estimate (3.16.12). We have verified that [u,v] € Z(£2) satisfies (3.8.1) - (3.8.3), (3.8.4),
(3.8.5). O

3.17 Step 5: Uniqueness

In this final subsection, we prove uniqueness of the solution [u,v] from Theorem 3.16.1.
Suppose there existed two solutions, [u1,v1] and [ug,v2] to the system in (3.8.1) - (3.8.3),

(3.8.4), (3.8.5). Define:

d:ul — U2, ﬁ:’l)l — V2, P:Pl —P2. (3.17.1)

Then the new unknowns satisfy:

—Al+ Su(ﬁ, ’ﬁ) + Px = f =gzt |:U1U1I — UgUgy + V1Uly — 'UQ'U/Qyi|, (3172)

=g:= gzt |:/u/1v1aj — UV2q + V1V1y — ’Ugvgy} s (3173)

together with the divergence-free condition, @, 4+ 9, = 0, and also satisfy the boundary
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conditions:

{a, 9} (y=0y = {1, 0}[{z=1} = 0. (3.17.4)

Going to vorticity,

9, [ ~ Acii+ S (4, @)} — e, [ A+ Su(a, @)} - {ay [ululm

—UgUgy + V1ULy — ’UQ’LLgy:| — &0y {ulvlm — UgV2g + V1V1y — Ugvgy:| } (3.17.5)

We shall repeat the basic energy and positivity estimates using a slightly weaker weight.
It is convenient to work with the weak formulation, which is given in (3.16.10). Then, @,

satisfy the following:
//v&&:v§¢+//ssv(a,ﬁ)-qsx—su(a,@).qsy://[—f¢y+eg¢m], (3.17.6)

for all ¢ € C§°(92). We make the notational convention that

//://Q (3.17.7)

Lemma 3.17.1. There exists a 0 < b < 1, sufficiently close to 0, depending only on
universal constants, such that for §,¢ sufficiently small and ¢ << § << b, the solutions
[4,0] € Z to the system (3.17.2) - (3.17.3) with boundary conditions (3.17.4) satisfy the

following estimate:

bll{i, Ve o "2 132 + |liyz 0|32 S O@)[{vEDs, by )22 P|Fe + Waps,  (3.178)
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where

WiEgp = //ffwc*zb + egia2 — 2begipr 201, (3.17.9)
Wi pp = //fﬂmxl‘% +egipat T, (3.17.10)
Wip = Wi es + Wi pp. (3.17.11)

Proof. The estimate will follow upon applying the multiplier 1/3 - 272" to the system in
(3.17.5). To work rigorously, we will apply approximate multipliers, and work with the

weak formulation given in (3.17.6). Fix [a", 5, ("] € C§°(Q), such that:

X1 A A

[a™, 5] 2 [a, 0], (3.17.12)

where X, is defined in (3.9.3). Within the notation of (3.17.6), ¢ = ¢(™z=2. The
existence of the sequence specified in (3.17.12) is guaranteed by [4,9] € Z(€2). That ¢ is

compactly supported in (z,y) follows from the representations:

~ y x
¢<n>:,/ mn):/ oy (3.17.13)
0 0

Let us first treat the second-order terms:

//V?ﬂf :Vip= //ng[; L V2 () =20

= [ [ 4 22,0 (5707 4 s (95 F). 3719)

The first two terms from (3.17.14) above are:

//ﬂyyz/}é’y‘)x_zb + 251/3wy@[;§52):v_2b + 251&1111%”)&90_2[’
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= / / aya{M e + 2et, 0N 2™ - 2e0,0M 2. (3.17.15)

We shall take the limit as n — oo above. According to the definition (3.9.3), the

convergence in (3.17.12) implies:

| / / iy (0 — )] + | / / (0 — i)

+|//ax(a<"> — 4)0,x 72 1225 0. (3.17.16)

Expanding the third term from (3.17.14),

//6 wxm ICD 'l/}(n) 72b //5 'U n)l' 2b+2v(n)a 2b+1[)(n)axxl'72bi|.

(3.17.17)

By referring to the definition of X; in (3.9.3) and (3.17.12), we may pass to the limit:

Equation (3.17.15) === / / [02 + 2ea2]a " — / / £l U0z~ 2

= //[115 + 2e02]27 2 + b(20 + 1)et?z=2" % £ b lim TR
M—oo [, pp

= / / [02 + 2ea2]a ™" + b(2b + Ded’a> "%, (3.17.18)
and:
Equation (3.17.17) === //5 02272 — 4be0, 02 2 4 2b(2b + 1)e20,pa 272,
(3.17.19)

Integrating by parts the final two terms above in (3.17.19), and referring to estimate
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(3.9.71),

—4b / / 2,00 172 = / / 2029%9,27 172 — 2b lim 22172
M— o0 =M

= —2b(1 + 2b) // 222720, (3.17.20)

and similarly, to treat the final term in (3.17.19), we appeal to the estimates in (3.9.71):

//52@@«1& - //5 222 —//62131&(%1“_2_2’)

+ lim 2o
M—oo [ af

// 242, -2-2b //(2b+3)2(2b+2)€21&2$_4_2b

2b+2 22372 (3.17.22)

22 (3.17.21)

+ lim

M—o0

(2b 3 2b 2
—//52v2x_2 2 4 // + + ) 20024120, (3.17.23)
Therefore, summarizing the highest order calculation:

/ / V2 VZ™Ma) > / / (52 + 202 + 207 )a ™%

//5 02 + et|a 272 4 2Py (3.17.24)

//A2 - C//E%Qx_% C//afﬁm‘%. (3.17.25)

To go from (3.17.24) to (3.17.25), we have used the Hardy inequality in the z-direction.

We will now address the profile terms arising from S, (&, 9) in the weak formulation (3.17.6),

whose definition has been given in (3.8.5):

—// {uRﬁz—Fquﬁ—kuRyﬁ%-vRﬁy] ay¢

—// [uRﬁx +uRw’l)—|—uRy@+URay:| 'aylﬁ(n)$72b
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= // [uRﬁx + URz U + URyD + URﬂy] ca(M g2, (3.17.26)

We will first pass to the limit in (3.17.26), using the definition of X; in (3.9.3), which
gives:
n— oo

(3.17.26) —— // [uRﬂw + URgU + URyD + VR | - 20, (3.17.27)

We proceed to treat each term in (3.17.27), starting with:

19)
. T 290z —2b . 22 —2b
//uRuxum = //u > (qu )—I—N}gnoo I:Mu T
= 7//’&2 (uRbe*Qb — 2bqu*2b*1>
> —HuwaHLm//ﬁzx_%_l +2bminuR//ﬁ2x_2b_1
>b / / TR (3.17.28)

according to estimates (3.3.12), (3.3.17), so long as § is taken small relative to b. For
the M-limit above, we have used estimate (3.9.71), which is valid so long as b > 0. For the

second term in (3.17.27), we again appeal to estimates (3.3.12), (3.3.18):
| / wny e S furpal|p= [[ae %32 S O) iz %13

For the third term, we shall split up = u?{l’p + €%UZR + ug. First, we apply estimate

(3.3.14):

P L Pn- (- 0 1
N e R e P PR

< O(8) iy 20y 22 | 2. (3.17.29)
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Next, for o, as in (3.7.1), according to estimate (3.3.16),

—1+o,—

|//ug’;ﬁﬁx*2b| §s%||u;}yyx%*0n Loo ||l

0| 2 |[By 2z 0|2 S €3 O0)|[oyz? 0|2, (3.17.30)

O 1
“lrall=22 e
Y

Set

Finally, the Eulerian contribution is handled by an application of (3.3.18):

N 3 U 0
| Veupyave™?| < Vellufya? || pe||— |2l |l 2
xit xit

< Velltem® 0|2 ||VEbpzd 0| Lo (3.17.31)

The fourth term from (3.17.26), upon using estimate (3.3.12) and (3.3.18), reads:

PO VRy .o _ L1 PRSI
[ [eniviam=1 [ [ it S o a1 S O@) a3

(3.17.32)
Summarizing these calculations,
1(3.17.27)] 2 bljaz™ 272, — O(3)||az 2|22 — O()||a,z "2
— O()||{vEvaty }er |2
> bljaz™ 27022 — OO)|[{Vevs, vy} 2| |2.. (3.17.33)

We have absorbed the 4, terms into (3.17.24), and taken § sufficiently small relative to

b. We shall now address the profile terms from S,,:

//ESv(m{;).ér ://5[uRﬁm+szﬁ+vR@y+vRy@}><

[f;(”)x*?b - 2b¢<”>z*21’*1] (3.17.34)
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We may take n — oo above due to the definition of X; from (3.9.3) and (3.17.12):

(3.17.34) 22, //s[uR@x F VRatl + vply + vRy@} : [ﬁf% — b2, (3.17.35)

We will now proceed to treat each term in (3.17.35). The first profile term, ugv, is the

most delicate:

/ / cupby [0x 20 — 2bpa 2071, (3.17.36)

First,

O o
//5uRﬁmf)x*2b = 7//5@2?<qu72b> Jr]\}iinoo o EUTR’UzJZ 2b
= —//562%35_25—1—//1)5113@2%_%_1. (3.17.37)

The M-limit above vanishes due to (3.9.71). Staying with the term (3.17.36):

—Qb//zsuRﬁwd;x_%_l = 2b//5@a¢ (uRz/}x_Qb_l)
= //stuRm{)@/;x*%*l+//2bsuR{)2x*2b*1

- / / 2b(2b + 1)eugipiz 202 (3.17.38)

= //2bsuRm@dA}x*2b*1+//2bsuR{)2x*2b*1

+//b(2b+ Ded?upyz 202
7//b(2b+1)(2b+2)5uRz/}2x’2b’3. (3.17.39)

Combining the positive terms in (3.17.39) and (3.17.37), the total positive contribution
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is [ [ 3beurd?z =201, For the final term in (3.17.39), we will now give the estimate:

5 rg =0z oy
//UR1/)2$721773://UR¢221)+2$ 2b—2
2b— 2 Rx 72 _2b—2
//Qb 2“”/’” //2b+2¢

_p_3 1 _1
< [Gllukda 3R + 5 gk 4]

[|urza|| Lo SUP|UR|// 72 —2b—3
. (3.17.40
T o2 mfjug] ) J YRV ( )

By collecting terms and rearranging, we obtain:

1 ||ure®|[re sup |ug| N S g 2 . b—1p2
1- = - } 2 B2, < —— | |u2 B2, (3.17.41
5 s e de e < g laea IR 3741
This then implies:
_p_38 1 4 -
||uRz/1x b= ||L2 <1200 (26+2)2Hu12%v$ b= 2||%2. (3.17.42)

Inserting this into (3.17.39), one arrives at:

72 —2b-3
|//b(2b+ 1)(2b + 2)eugy“x |

1 4b(2b+1)(2b+2) s
ST-06) (@2+2° //Eusz ’

//—uREU x1720 (3.17.43)

so long as b is sufficiently close to 0, by the following calculation:

C(2b+1)(2b+2) 1
lim T R 2 (3.17.44)
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Thus, taking b sufficiently small, and recalling the positive contributions from (3.17.39)

and (3.17.37), we have:
b b
3b//5uRf12x*2b*1 - %//511317230*21’*1 = 5//5uR62x*2b*1. (3.17.45)

The remaining terms from (3.17.37) and (3.17.39) are then estimated in terms of (3.17.45)

using the smallness of O(J). Summarizing, we have established control over:
/ / cupiy - {oufzb f2bz/31:’2b’1} > / / bet2a 172, (3.17.46)

for a constant independent of small § and b. We will now move to the second term from

(3.17.34), for which we recall estimates (3.3.8) and (3.3.17):

U )
[T
Tra

o [a = A _op 3
|//5vau' {m: 2 _ obpp =21 | < Vellvre 2| L]

< Velltigz | 2 ||v/EDz T | 2. (3.17.47)

3
xra

For the third term from (3.17.34), we use Young’s inequality and estimates (3.3.10),
(3.3.20):

| //EvRﬁy [f)sc_% - Qb@[;x_%_l} |
< llvnwb || 116,23 12 + [1VEoe ™43 + IVEdeH |13,

< 0@)[[loye? ~13a + Vet e + IVeda™ " H|I2.]. (3.17.48)

For the final term from (3.17.34), we use Young’s inequality and estimates (3.3.10),
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(3.3.20):

| / / EVRyD - [ﬁx’% - 2b1/3w’2b*1}\ (3.17.49)

S llomyallis [[[Veoe ™43 + bllVeda 3|2

Summarizing these last few terms, we obtain:

1(3.17.35)| z//bs@x—1—2b+0(5> 146, VEvdad | Pa + [[0,03 0|2, (3.17.50)

The final task is to turn to the right-hand side. Reading from (3.17.6), and (3.17.2) -
(3.17.3):

[[Fovreaoa= [ [Fata ey oa s 500,072

nzee, //f.m”)x*?b +eg - [oa™ 2 + oz, (3.17.51)

where we have passed to the limit using again the definition of X; from (3.9.3). Com-
bining (3.17.24), (3.17.33), (3.17.50), and (3.17.51), one obtains the desired result, estimate
(3.17.8).

We now repeat the positivity estimate, with a correspondingly weaker weight in order to

close the above energy estimate. We refer the reader to Proposition 3.10.2 for a comparison.

Lemma 3.17.2. Fiz any 0 < b < 1. Let d,e be sufficiently small relative to universal

constants, and € << 6. Then for [4,0] € Z solutions to (3.17.2) - (3.17.3) with boundary
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conditions (3.17.4) satisfy the following estimate:

1{ite, VEB 27732 S iy~ |[32 + [[{VE0, @2 0|22 + Wa pp. (3.17.52)

Proof. The estimate will follow upon applying the multiplier 62! =2% to the system (3.17.5).
In order to proceed formally, we must start with the weak formulation given in (3.17.6), and

select the test function:

¢ =oMgi=20 [ pm] X1 g g, (3.17.53)

where X is defined in (3.9.3). Turning to the weak formulation in (3.17.6), we will first

expand the second-order terms:

//ng :V2p = //ng) L V20 12

= //ijy@g%)xl_% + 25%;,595 (,ﬁ?sn)xl—%) + EZ’JJw:cawz (@(n)x1—2b>

://fﬁy%z)xl—zhrzsﬁyaz (@Z(In)xk%) +€2,[}zazr(@(n)xlf2b)

(3.17.54)

We first arrive at the first two terms from (3.17.54):

/ / — iy oM 2 — 22,60 2 — 2e0, (M2~

Dy

= / / —a{M 0, [aya' 2] — 260l 0, [ipx' 2] — 2ei0M 2. (3.17.55)

Referring to the definition of X; in (3.9.3), according to (3.17.53), we may pass to the

limit as n — oo, and appeal to the estimates in (3.9.71) and (3.9.72), to obtain:

(3.17.55) == / / — 1y O [Tty 2 ) — 2601, 0, [ x' ™) — 21, Dy 20
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1-2b 1
= //—( )ﬂ2x_2b + (14 2b)et2272° + lim {5112351_% et 2at 2
=M

2 v M—oo [, Y

1—20) .,
://7( . J a2 4 (1 4+ 2)eita. (3.17.56)

Again referring to the definition in (3.9.3), the third term from (3.17.54) is treated by:

/ / £20,0,, (00212 = — / / 20,0, (00021 2)
—oe —//g%maw (@xl—%) - //—E%mﬁwml_%—//52@1117(1 — b2,

(3.17.57)

Integrating by parts the first term on the right-hand side of (3.17.57), and appealing to

estimate (3.9.72):

1— g?
//—5 Vgg Vg X // 2 |v |2 26 _ 1im / —ﬁixl_%
M—oo [ pr 2
// | by 222, (3.17.58)

Integrating by parts the second term on the right-hand side of (3.17.57), and again

appealing to estimates (3.9.71) - (3.9.73) for the M-limit below:

—//a%m@(l —2b)z~ % = //9(1 — 2b)0,0, [@x—%] + lim e2(1 — 2b) b, a2
M — o0 =M
// @2 —2b // 22b 1-2b vzvx*% 1
://62(1_2 2 —2b // 2b 28 x—Qb 1

— lim £%b(1 — 2b)o%x 207!

M —o0

://52(1—2 b2 2 // £2b(1 — 20)(2b + 1)z 2072,

(3.17.59)
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Combining the above estimates:

(3.17.57) = // 2(1 —20)e%022x % — b(2b 4+ 1)(1 — 2b)2 0?2202, (3.17.60)

Hence, summarizing (3.17.55) - (3.17.59):

| lim //vgz;;v§¢|: \//vgu}:vg(ml*%ng//[e%zmaimg]x*%.
n—oo

(3.17.61)

We will now turn to the profile terms from S,,, which upon consultation with (3.17.6),

the definition in (3.9.3), and (3.17.53), read:

// [uRﬁx + UReU + URyD + URﬂy:| . a;%”b

n—oo

LELN / / |urits + wreit + uryd + vriy | - a2, (3.17.62)

We now turn our attention to (3.17.62). The first term yields the desired positivity:

up@lx!™2* > minu W2zt 3.17.63
RUy ~ R T

Next, by (3.3.12), (3.3.18):

N — ~ 1_ PN S
R I e e P e

< O(8)| gz Y2 (3.17.64)

Next, we shall split ur = uk + uf, and use estimate (3.3.14) and (3.3.16) for (3.17.65)
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below and (3.3.18) for (3.17.66) below:

'/ / uhy 0,2 2] < Jlyuf || ool16y 27 0|22, (3.17.65)
~ A — 3 A 1 N 1_
l//ﬁugval 2| < Jufty @2 || oo ||VEdz ™2 70 o[, 22 || 2

S Ve[ Vs + llaaat P13 . (3.17.66)

For the fourth term from (3.17.62), by estimates (3.3.10) and (3.3.20):

A A — 1 ~ — ~ 1_
I//vﬁuyule 2| < |lvrw ||z llayz ™"l 2|l || e

< O(8) ||z | p2||fip? || 2. (3.17.67)

Summarizing the last four calculations:

(317.62) 2 [ [ a2t~ 0(9)[[faad 3

+ |Jaya b2 + ||Vedz 2702, | (3.17.68)

The final three terms appearing on the right-hand side above all appear on the right-
hand side of estimate (3.17.52). Turning now to the profile terms, from S,, for which we

read (3.17.6) with ¢ = 9(™21=2% appeal to (3.9.3) and (3.17.53), giving ultimately:

//5 {uR@m + VRaU + VRYy + vRy’D} - Oy [f)(")xk%]

neo, / / e [uR@gC + URel + VRO, + vRy@} By [pat= . (3.17.69)

We will treat each term in (3.17.69). For the first term from (3.17.69):

//EUR@I (ﬁ$x1_2b +(1- 2b)ﬁx_2b)
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1-2b
= //5113@53317% + b(1 — 2b)uget?z 172 — // 5 cupy02r 2t

z//e@§m1—2b+b//g@2x—l—2b. (3.17.70)

Above we have used (3.3.12) and (3.3.18). For the second term, we integrate by parts:

Evaﬁax[f)xl_%] = —e0, (vaﬁ) Ot 4+ lim VR Ox 20
M—oo [ p

://—evaa@xl_Qb—5szﬁﬁxxl_2b

1

3 5 -
§ﬁ|‘szx2vvazI2‘|L°° |:||’U,(E 2 bH%z

+ || 0|22 + ||Veba 20|22 (3.17.71)

The above M —limit vanishes according to estimates (3.9.71), and we have used estimates

(3.3.8) and (3.3.17). For the third term, we recall estimates (3.3.10), (3.3.20):

//EvRﬁyﬁle_% + coevR@yﬁm_Qb

< Vellora? [l 18,03 70132 + IVEosa? IEa + IVEe 313 (317.72)

For the fourth term, we integrate by parts and appeal to (3.9.71), (3.3.8) - (3.3.10), and
(3.3.17):

//EURyf) O[0!t ) = —//Eax[v}gyﬁ] 0z 4+ lim szy@%l*zb

M — o0 =M
://—Evayﬁ%l_%—EvRy@I@xl_Qb

N 1_ PR
< Nory®, vrey?l oo | [VEaw 3 032 + |lv/EDa 30 3],

(3.17.73)
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Summarizing these four terms,

1(3.17.69)| > / / ci2g1 2 4 / / el

—0(9) {Hax_%_b,ﬁwx%_bﬂiz +||VEiE b, \@m%—m;] (3.17.74)

On the right-hand side, appealing again to (3.9.3), (3.17.53), and the definitions of £, §
in (3.17.2) - (3.17.3), one obtains:

//fa;n)xl—Qb_'_g[@g(Cn)ml—% (- Qb)ﬁ(n)x—%}

noee, //fazx1*2b+g[ﬁzx1*2b+ (1— 2b)@x’2b}, (3.17.75)

Placing the above estimates together yields the estimate (3.17.52).

We will now introduce some notation, which is a natural adaptation of what is found
in Section 3.9 to the weaker weight of 27°. The reader should recall the definitions of the

cutoff functions introduced in (3.9.1) - (3.9.2). The energy norms are defined as follows:

_ 1_

s ollx, , = lluyz ™12z + [{V/eva, vy o =022 (3.17.76)
_ 3 3_

w013, = ey - po' P72 + [{Vevar, vy} - p3 227072, (3.17.77)
_ S 5_

lu, 013, , = ltany - P32° "1 72 + I{VeVran, Veay } - p3 22 70|72 (3.17.78)

Definition 3.17.3. The norms Y53, Y35, are strengthenings of X5 3, X3, near the boundary,
x =1, and defined through:

_ 3_
HU,UH%“ = ||uzyx1 b”?’ﬂ + [{Vevee, vay b b||%2 + |uyy 2 (w<2000) (3.17.79)

_ 5_
I, l[3;, = Htaay + G2 °lIZ2 + [{Vevaae, Vaay} - G322 "7 (3.17.80)
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Definition 3.17.4. The norm Z, is defined through:
lw, vllz, =llw, vl pnxe s, + €2 uvllva, + €V |u,vlly,,
+ N |uziTt VeurT | e + €Y sup [|vEvear® 8 ugm il L
x>20

00 1
+ &M sup Huyx%_bHLz + N7 {/ 27 |V evga| 2w dz| . (3.17.81)
z>20 Y 20 v

Next, we record the second and third order versions of the energy and positivity esti-
mates, which mimic Propositions 3.10.4, 3.10.6, 3.10.7, 3.10.8. We will omit most details,

and record only those differences which arise.

Lemma 3.17.5 (Second-Order Energy Estimate). Fiz any0 < b < 1. Let 6, be sufficiently

small relative to universal constants, and € << 6. Then for [4,0] € Z solutions to (3.17.2)

- (3.17.3):
3 3 A
llitaypar' 01172 S O@){VEDan, by }pi 2> |72 + |10 0]%, , + Wiy + Waps, (3.17.82)

where (recall the definition of pa from (3.9.2)):

1%ﬂw=//ﬂ%@#%+//@ww%*% (3.17.83)
Wg,pyb://fxﬁmpgx?’_zb+//6§mﬁxzp§x3_2b, (3.17.84)

Wap :=Wa g o+ Wa pp. (3.17.85)

Proof. Differentiating the weak formulation gives:

//vwﬁv%—//@&wmwym@&wmwx
_ / / 30|~ 0o, +<dge.],  (317.80)
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For the second-order energy estimate, we select ¢ = pgﬁ(”)m2_2b, where:
[, 0] € C5%p,  [a™, 0] XL (4, 9). (3.17.87)

Let us turn to the highest-order terms:

//V2'¢)m v2¢ //vQU V2P2U(n 2—2b

//vyypy) M2 4 9, 0000 pla® ] 4 20y Dua [P0
= //azypga;’;)x%% + 260,40, [ﬁé")pgm%zb] + €200 Oy [p20 ™M 2272

://_8 ua:ypg-r2 Qb] (n)—2EU$IyU(n) 2 2 2b 52@ma:xa [IJ% (n) 2— Qb]

(3.17.88)

One now checks according to the definition (3.9.3), that (3.17.87) suffices to pass to the

limit in the above identity, which upon integrating by parts in x yields:

(3.17.88) == // — Oy [ty P32 2ty — 2603y 0y P332 — 2000 Oy [pR022 2]

= //[ﬁﬁy +et2, 4+ %02, | paat T 4 .

where |J| = |coe?020,. (p32%27 %) + 1820202 (p322~2)| < Hu,v||§(lyb. From here, re-
peating the calculations in Proposition 3.10.4 gives the desired result, where the required
integrations by parts are justified upon using that b > 0, combined with the estimates in
(3.9.71) - (3.9.73). These justifications are analogous to those in Lemma 3.17.1, and so we

omit the details.

O

Lemma 3.17.6 (Second-Order Positivity Estimate). Fiz any 0 < b < 1. Let d,¢ be suffi-
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ciently small relative to universal constants, and € << 6. Then for [G,0] € Z solutions to

(3.17.2) - (3.17.3):

N . S 3_ . _ n A
{VZb00 Doy 103 02 12 S [fiiaypor 130 + 1801k, , + Wip + Wap.  (3.17.89)

Proof. We start again with the weak formulation in (3.17.86). Fix a large 0 < L < co. We

then make the selection: ¢ = 173(0") ~p§x?{2b, where, referring to (3.10.168), the weight =y, is

defined via: zp, := (aL * ¢L>X 10%) Define the domain: Qp, := {z : 3 < z < 50L + 100},

so that v, - p%x%f% =0 on Qg The sequence (" is selected according to:
[, 607) € Cgop(Qu), (a0, 08 22, [, ). (3.17.90)

The existence of such a sequence is guaranteed due to the standard Sobolev space theory,
because we are now in the un-weighted setting. It is now straightforward to repeat all
estimates in Proposition 3.10.6 using the test function ¢. Upon doing so, we pass to the

limit first as n — oo, and then as L — oo to obtain the desired estimate.

O

Lemma 3.17.7 (Third-Order Energy Estimate). Fiz any 0 < b < 1. Let d,e be sufficiently
small relative to universal constants, and € << 6. Then for [4,0] € Z solutions to (3.17.2)

- (8.17.3):

2
N _ N N S 5 n
ltwayp32® 1|72 S OO {VEbrae: Baay}pi w2 T2 + 18, 011X, yrxs, + 2 Wi+ Wa i,

i=1

(3.17.91)

where

W3,E,b = //fmﬁml)gﬂf%%*'//fﬁmﬁmpgﬂ#f%, (31792)
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Wy pp = / / fratizeapiz® =2 + / / EGraVpeapsz® 20, (3.17.93)

Wsp :=Wa gy +Wspp. (3.17.94)

Proof. The first step is to differentiate the weak formulation (3.17.86) yet again, which

formally takes place using difference quotients, yielding:
[ 206092 [ [uasutii) -6, +<0u5,0.5) -0,
- //g%ﬂ{—amf% +samg¢4, (3.17.95)

Fix any L large, finite. The selection of test function is now ¢ := f[)g(pn) p%:z:%_%, where the

sequence:

1
[ﬁ(") ,O(n)] c C((;,OD(QL)a [,&(n) ﬁ(n)] H(Qr)

o3 R 1 TTr ) CTT

[, Daa)- (3.17.96)

From here, repeating the estimates given in Proposition 3.10.7, and sending n — oo and
then L — oo gives the desired result.
O

Lemma 3.17.8 (Third-Order Positivity Estimate). Fiz any 0 < b < 1. Let d,& be suffi-
ciently small relative to universal constants, and € << §. Then for [4,0] € Z solutions to

(3.17.2) - (3.17.3):

3
. . 5 5 N - A
||{\/E/UZQJZL’7UZIy}p§$2 bH%Z 5 Huacaryp§x2 bH%? + ||u7v||§(1‘bﬂX275 + Zleb (3'17'97)
i=1

Proof. Again, fix any L large, finite. The selection of the test function is now ¢ :=
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ﬁg(f;) pgxif%, where the sequence [12(”), f)(”)] is selected according to:

HY QL) . .
—_—

[ﬁg;:) @(n)] € C(?,OD(QL)v [ﬁﬁ),ﬁi’é)] [z s Vo) (3.17.98)

» Yxx

From here, repeating the estimates in Proposition 3.10.8, and sending n — oo and then

L — oo gives the desired result.

Piecing together the above set of estimates,

Proposition 3.17.9. Let 6§, ¢ be sufficiently small relative to universal constants, and € <<

§ << b. Then for [G,D] € Z solutions to (3.17.2) - (3.17.3):
1, 0113, sy nXss S Wip + Wep + Wa, (3.17.99)
where W; , have been defined in (3.17.11), (3.17.85), (3.17.94).

By repeating the analysis in Section 3.9, one has:

Lemma 3.17.10. Let d,& be sufficiently small relative to universal constants, and € <<

§ << b. Then for [4,0] € Z solutions to (3.17.2) - (3.17.3):

la, 8][%, S ¥t

i, 917, + 118,913, ynXa.00 X0 (3.17.100)

Due to (3.17.99), we will now turn to estimating W

Lemma 3.17.11. Let Wy 5, Wap, Wap, be as in (3.10.10), (3.10.82), (5.10.219). Then:

Wi+ Wap + Wsp| S C(b)e2H17w(No)

|4, %, (3.17.101)
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where C(b) 1 o0 as b 0.

Proof. We will work with the expression:

F=ett [uMul) — @@ 4 pMylh — 1,(2)%(42)}
=2t 'au;” +uPa, + ﬁuél) + U<2)ﬂy:| ) (3.17.102)

g =3+ [ _ @@ 4 vy — v(z@éz)}

_ 3+ 'av;})+u<2>@x+@v§”+v<2>ﬁy] (3.17.103)

Concerning W p, let us bring particular attention to the following term from f f \ f | -

|41z —2:

//5%+7[6u§1) + v(2)ﬁy] . |ﬁ|x*2b
< eF 0w oo gl el e
+ 3o || o ||y 2| 22T F 70| 2
< e84 [0zt | oo a0 2 0t Y 2
1o | g2 e lsad |22

< O(b)eETr— (V)

u D, 0| 5|4, 9]\, (3.17.104)

The above term requires the weight of 722, b > 0, in order to apply the Hardy inequality.
Indeed, this was not required for the existence proof (see calculation (3.11.5)), because the
structure of vu, - v enabled us to integrate by parts, unlike in the present situation. The
remaining terms in W 3, and all terms in Wh 3, Ws ;, are treated nearly identically to the

Lemma 3.11.1, and so we omit repeating those calculations.
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Corollary 3.17.12. Fiz 0 < b < 1 sufficiently small, relative to universal constants. Sup-

pose €,6 are sufficiently small, such that e << << b. Then 4,0 = 0.

Proof. Combining estimate (3.17.101) and (3.17.100) with estimate (3.16.12) yields:

l4,9]1%, < C)ez W4, 9|7, . (3.17.105)

For ¢ sufficiently small, this then implies ||, 0||z, = 0. Upon consultation with the norm

Zy, and (3.17.4), this implies that 4,0 = 0. O

Remark. We have controlled the second and third order energy norms, (3.17.77) - (3.17.78)
in order to treat the term [ fﬁu;1)|ﬁ|x*2b, which appears in (3.17.104). This term forces
us to control |[#z2 || . One cannot get around placing this term in L°° (for instance by
integrating by parts from u?(,,l)) because this produces suboptimal decay rates, according to

(3.9.92) - (3.9.93).

This then establishes Theorem 3.12.1, and controlling [u,v] € Z then immediately es-

tablishes the main result, Theorem 3.2.2.



CHAPTER FOUR

Steady Prandtl Layers over a
Moving Boundary: Nonshear

Flows
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4.1 Abstract

In this article we establish the validity of Prandtl layer expansions around Euler flows which
are not shear. The presence of non-shear flows at the leading order creates a singularity
of O( ﬁ) A new y-weighted positivity estimate is developed to control this leading-order

growth at the far field.

4.2 Introduction

We consider the steady, incompressible Navier-Stokes equations on the domain 2 = (0, L) x
(0,00). The boundary consists of three components, Y = 0,2 = 0, and = L. The system

reads:

UNSUw]VS _i_VNSU’Z/VS +Pa];VS _ GAUNS
UNSYNS | yNSyNS 4 pNS _ (AyNS in Q (4.2.1)

UNS VNS = 0.

The system above is taken together with the no-slip boundary condition on ¥ = 0,
which in addition is assumed to be moving with velocity u, > 0. The boundary conditions

at x = 0, L are inflow and outflow conditions, to be prescribed specifically in the article.

We are interested in the asymptotic behavior of solutions to (4.2.1) as ¢ — 0. Such
asymptotics must capture the formation of boundary layers, which we now describe in

generality. Suppose an outer Euler flow is prescribed:

[ug(2,Y), v (2, Y), P2 (2, Y)], (4.2.2)
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satisfying the Euler equations:

ugugx + vgugy + ng =0
ugygx + Ugvgy —+ PSY = in Q (423)

0 0 _
Upy + Vey =0,

together with the no penetration boundary conditions at ¥ =0,Y — oc:

vy—0=10|y 500 = 0. (4.2.4)

Generically there is a mismatch between the boundary velocity u?(z, 0) and up, indicating

that one should not expect solutions of (4.2.1) to converge to [u,v?

o,v.] in the L norm.

Rather, it was proposed in 1904 by Ludwig Prandtl that one should expect the formation

of boundary layers, which can be expressed mathematically as an asymptotic expansion:

Y
UNS(2,Y) = ul(x,Y) + u)(z, %) + O0(Ve), (4.2.5)

Y 1
VY (@,Y) = vl(2,Y) + Vevy (, N Veve(a,Y) + O(e),

22+ O0R)

PNS(2,Y) = P%(z,Y) + P£($7

The flows considered under the present setup are elliptic. Thus, a mathematical formu-
lation of validating the expansion (4.2.5) is to assume boundary data are prescribed so that
the expansions (4.2.5) are valid at the boundaries, x = 0, L, and to then prove that they

must be valid in the interior of the domain, €.

Under the setup described above, (4.2.5) has been justified rigorously for shear flows
in (GN17). Our aim in this article is to generalize the results to non-shear flows that are

“sufficiently close to shear”, to be made rigorous by assumption (4.2.25) in our main result.
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As is evident from (4.2.5), such a generalization is a leading order effect, which when scaled
to Prandtl variables creates a singularity of O(%); this is evident in the specification of

(4.2.14) below.

Let us briefly highlight the physical importance of developing a method to handle non-
shear Eulerian flows. A classical setup from fluid mechanics deals with horizontal flows
past a rotating disk, see for instance (SG00). Such a flow is non-shear, as in the set-up
considered here. In the simpler case when the flows are actually circular (and therefore
shear), as opposed to horizontal, in the presence of a rotating disk, the article of (Iyel7a)
develops machinery to handle the geometry of the boundary. The present article can be
viewed as a first step in studying non-shear flows, without adding the complexities of a

curved boundary.

Boundary Layer Expansions

We will work with scaled, boundary layer variables y = %, and consider the scaled Navier-
Stokes unknowns:
VNS(z,Y
U = UM@Y), Vi) = T2 P = PYS@Y). a26)
In the new unknowns, the system (4.2.1) becomes:
UsU; + VU, + P, =Uy, +¢eUg,, (4.2.7)
UsVE+VEVe By _ Ve Ve 4.2.8
x T y+?_ yy TVaz (4.28)

Us + V. (4.2.9)
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We start with the following expansions:

U® = ud +u) + veu! + veu, + et Vy = uy + e, (4.2.10)
0

Ve = \U—} + vg + g + \@v; fertTy =u, 420, (4.2.11)
€

P = P2+ PO+ \/eP} + eP} +cP? + eit7P = P, + £3TP. (4.2.12)

We are prescribed the Euler flow:

[ul, 02, PY]. (4.2.13)

e’ Ve

Importantly, the fact that u? is not shear means that it can have an z-dependence. This
in turn implies that v? and PY are nonzero. Our analysis does not assume a sign condition
for 9, P%. Due to the z-dependence of u?, it is natural that in the scaled, Prandtl variable,

there is a singularity of O(%), (see below, equation (4.2.14)).

We will construct the remaining terms in [us,vs, Ps], as defined by (4.2.10) - (4.2.12),
in Appendix 4.9. We will specify the particular equations satisfied by each of the terms in

[us,vs] in Appendix 4.9. Let us explicitly write the form of v:

0
vy = Lee + 5 + vl + Veul. (4.2.14)

NG

0

As can be seen from above, the presence of nonzero vy

creates a leading order singularity

of (’)(ﬁ), which is the main difficulty that must be addressed by our analysis.

The main part of the article will be to construct and control the final term in the expan-
sion, [u, v, P|, which we term the “remainders”. The equations satisfied by the remainders

[u, v, P] are specified in (4.2.30) - (4.2.32).
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We now discuss the boundary data of each term above. The key point is that the no slip

condition on Y = 0 must be enforced at each order in the expansion:

u¥(z,0) +u2(x,0) = up, uzl)(x,()) = —ul(2,0), wu(z,0)=0 (4.2.15)

v (#,0) =0, vi(x,0) =—v)(x,0), vp(x,0)=0, v(z,0)=0. (4.2.16)

The boundary data at = 0 must be specified for the Prandtl layers as follows:

ug(x,O) = ugo(y), ullj(x,O) = uzl)o(y). (4.2.17)

The equations for u; are diffusion equations, and so need to only be prescribed initial
data at x = 0. ’U; are then recovered via the divergence free condition, and therefore do not
need in-flow boundary conditions. We will assume that ué,o are smooth and exponentially

decaying.

In contrast, the Euler layers, [ul,v!] satisfy an elliptic system, and we must prescribe

boundary data at both x = 0,L. We do so at the level of the stream function, where
VJ.¢1 — [ul Ul]i

e’ e

¢'(0,Y) = ¢p(Y), ¢'(LY)=op(Y). (4.2.18)

These are also assumed smooth and rapidly decaying, and in addition must satisfy a
compatibility condition which we call “well-prepared” boundary data defined in Definition

4.9.6.

Finally, we can describe the boundary data for the remainders, [u, v, P]:

[u, v]la=0 = [ao (), bo ()], [, v]ly=0 = [, V]ly—s00 = O, (4.2.19)
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P —2cuylp=r = ar(y), Uy +ezls=r =br(y). (4.2.20)

The boundary condition at = 0 allows the prescription of in-flow data. The boundary
conditions at x = L in (4.2.20) is known as the (inhomogeneous) stress-free boundary
condition, and corresponds to evaluating the Cauchy stress tensor at the boundary = = L.

We will provide assumptions on the boundary data:

0Far] S Vew)™, 05{ao,bo.br} < (y)™N, supp{ao,bo,ar,br} C {y >1}. (4.2.21)
for sufficiently large k, N.

Main Theorem

In order to state our result, we must introduce the norm in which will control the solution.

Define our X norm to be:

[, vlle 2=l - yllze + [1vZus - yllzs + [y, v/Eva |z
 11{ s VEUays iz | - yllie + ¥ lu, Vvl
+ H’LL, UHB7 (4222)

where the boundary norm is given by:

l[u, v||B = |[uy - Y, Veua - yll2(w=r) + [[VEU|| L2(2=1)- (4.2.23)

We will also have to define the space, X, for which we refer the reader to Appendix B,

equation 4.10.9.
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Theorem 4.2.1. Consider an Euler flow [u(z,Y),v(x,Y)] satisfying the following hy-

pothesis:

0<co<ul <Cy< oo, (4.2.24)
00

||?EHLoo <<1, and (4.2.25)

YAV ™ 00| < 00 for sufficiently large k,m > 0, (4.2.26)

[|[Y*V™ul|| L~ < oo for sufficiently large k > 0,m > 1. (4.2.27)

Let the interval L be sufficiently small relative to universal constants. Suppose in addition
that the boundary data described above are prescribed, assumed to be smooth and rapidly
decaying in their arguments, satisfy the assumptions (4.2.21), and satisfy the compatibility
conditions given in Definition 4.9.6. Then the remainder solutions [u,v, P] exist in the space

X and satisfy the estimate:
[lu,v||] 2 S 1. (4.2.28)
Corollary 4.2.2. In the inviscid limit, we have the convergence:

NUNS —ul — [ + [V =00 < Ve (4.2.29)
Remark. The Euler flows which satisfy the assumptions of (4.2.24) - (4.2.27) are plentiful,

see Proposition 4.9.1 in Appendix 4.9.

Let us place this result in the context of recent developments in the boundary layer
theory. We will restrict to stationary, two dimensional flows. A central task in this setting
is to establish validity of an expansion of the type (4.2.5), and this is considered to be one of
the most challenging open problems in fluid mechanics. It has been achieved in the setting of
a moving boundary in (GN17), (Iyel7a), (Iyel6). The method introduced by (GN17) relies

on establishing a crucial positivity estimate which gives o(1) control over the remainder
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quantity ||vy, /evg||r2. The flows considered in those works were all shear flows, and the
aim of the present result is to generalize (in particular the result of (GN17)) to the case of
non-shear flows. As can be seen in the expansion (4.2.11), this is a leading order effect, and

therefore requires a new y-weighted estimate.

Within the stationary, two dimensional setting, the recent work of (DM18) addresses
the related question of blowup of the Prandtl equation in the presence of an unfavorable
pressure gradient. For unsteady flows, the validity of an asymptotic expansion of the form
(4.2.5) has been established in the analyticity framework, (Asa91), (SC98a), (SC98b), in
the Gevrey setting in (GVMMI16), for initial vorticity bounded away from the origin in
(Mael4), and for special flows in (MT08). Giving a more exhaustive survey of results in the
unsteady setting would lead us astray, and so we refer the reader to the review articles of

(E00), (GJT16), and (MM17) and the references therein.

Overview of Proof

Let us introduce the system satisfied by the remainders. For our discussion, we will consider
the linearized version of system (4.9.105) - (4.9.107) and regard f, g and generic elements of
L2,

—Au+ S, + P, = f, (4.2.30)
P,

—Av+ S, + ?y =g, (4.2.31)

Uy + vy =0, (4.2.32)

together with the inhomogeneous boundary conditions:

[uaU”y:O = [uvv“z:O = [’LL, 'U]'yﬁoo =0, (4233)

P —2cuglp=r = ar(y), {uy+evz}|a=r =br(y). (4.2.34)
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In actuality, f, g contain the nonlinear components. Also note that we can, up to redefin-
ing ar, by, reduce the boundary data from (4.2.19) - (4.2.20) to the homogenized boundary
data (4.2.33) - (4.2.34). This is proven in Lemma 4.9.14. We provide relevant definitions

below:

SY = Uy + UsaU + VslUly + UsyV,  SY = Uy + UszpU + VsVy + Vey, (4.2.35)
N*(u,v) = g2ty [uuw + vuy}, N?(u,v) = g2ty [u% + m}y}, (4.2.36)
f=e TTUR“ 4+ N*+ LI}, g=e 3 7R 4+ N+ L} (4.2.37)

Here, R*, R" are high order profile remainders which are defined specifically in (4.9.15),
(4.9.24) and estimated in (4.9.123), and L%, L} arise from homogenizing the boundary data,
are defined in (4.9.117) and estimated in (4.9.118). The important consideration for the

purposes of this discussion is the rough specification of [us, vs], which we can write:

us & ud +uj + O(Ve), (4.2.38)
7)0
vt o(1). (4.2.39)

Here, the Prandtl layer, ug is rapidly decaying in the Prandtl variable, y. The main idea
is to close a y-weighted estimate which can control the O(%) contribution from wv;. The

first estimate in our scheme is the basic energy estimate:

lluy |72 S OWL)lvy, VevallLz + IIf. vVegllZ2 + Clao, bo, ar, br)- (4.2.40)

This estimate is standard, and is obtained by applying (u,ev) to the system (4.2.30) -
(4.2.31). The main coercive term is the A., which yields control over ||uy, \/zvy,v,||22. The
O(%) singular term from vy does not play a role at the level of energy estimates because a

factor of 9, hits each instance of vs upon applying the multiplier (u,ev). Nevertheless, the
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energy estimate is too weak to close as a standalone estimate due to large convective terms.

For instance, one considers:

| / ugyuv] = | / (VEudy + ub, + O(VE) Juvl < OL)[ual 12 vyl 2. (4.2.41)

Thus, it is required that v, be controlled at O(1), which is a famous difficulty in the
boundary layer theory. This is the content of the next step, which generates the following

positivity estimate:

0
v
vy, VEvalliz + [[VeuallL2w=r) Slluylliz + 135 e lluy - v, vVEvy - yllze

+ 11/ VegllL + Clao, bo,ar, br). (4.2.42)

The above estimate is generating by applying [0, >, —€0, -] to the system (4.2.30) -

o
(4.2.32). Here, O(v?) is a constant that can be made small according to the assumption in
(4.2.25). This estimate was introduced in the context of shear flows by (GN17), and crucially
utilizes the multiplier ;= which is able to generate coercivity over |[vy, VEeuvg||2,. We refer
the reader to the article of (GN17) for more details, but emphasize that the significant
difference when addressing non-shear flows is the term H%H Lo ||ty -y, VEvy - y||3e. The key
difficulty for our analysis is the loss of one y-weight on the right-hand side due to this term,
which is the leading order effect of the non-shear flow. Specifically, consider the term v,u,
appearing in S*, as seen from definition (4.2.35), and recall that according to (4.2.39) the

0
v
—=. The outcome then becomes:

2 Ug ”2
ve < | —Zuv, = | —=yu,v
0

v
< Iy lleeelluy - yllzalloyll e (4.2.43)

leading order of vg ~

N

Our first main contribution of this paper is to develop the following y-weighted estimate
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which controls the term ||uy - y||z2 term from (4.2.42):

||{uyy7 ﬁuﬂ?yveumr} ’ y”%z + ||{uya \EUI} : y”%z + ||{uy’ ﬁur} ’ y||L2(:c=L)
S Vel L2 @=r) + luyll72 + [[oy, VeEve| 7

+ Forcing Terms + C'(ao, bo,ar,br). (4.2.44)

The key idea is to first apply 9, to the system (4.2.35). Let us extract the main terms

coming from S*:

OyS™ = Uslyy + VsUyy + Usyy. (4.2.45)

We now introduce a mixed weight multiplier uyy2 -1 — x, where the 1 — x can take

advantage of 0, integrating by parts:

U U
[ty 1= 0) = = [ B+ [y

+/ %ujgﬂu ~ L), (4.2.46)
=L

Vs
/vsuyy cuyy* (1 — ) = 7/ 2y u?,yz(l —x) — /vsyui(l —x). (4.2.47)

Summing (4.2.46) - (4.2.47), using us; + vsy = 0, and the smallness given in (4.2.25), we

have:

(4.2.46) + (4.2.47) z/ - jyt/ vsyu(l — ) +/7L U wly*(1- L)

/ / ; uzy®(1—L). (4.2.48)

At the level of the convection, the additional d, is necessary to generate an additional
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factor of /e:

/usyyv uyy? (1 — ) ~ /5ugyyv cuyy? (1 — ) (4.2.49)

v
< HYQUSYYHL‘””;”LZHU'Z/ Yl S Moyllez [lugyl| L2

The above series of estimates closes by using the smallness of L and v?. Let us make a
few remarks. Although the purpose of the weighted estimate, (4.2.44), is to capture behavior
for large y, we cannot introduce a cut-off function that avoids the y = 0 boundary into the
multiplier for instance by selecting u,y?(1 — x)x(y). This is because the higher-order terms

arising from dyA. will generate local terms which cannot be controlled.

Apart from from the weighted estimate, (4.2.44), a second novelty of our analysis is that
we treat a large class of inhomogeneous boundary data at x = 0,z = L, as is shown in
(4.2.19) - (4.2.20). This level of generality is important and very physical: it corresponds
to taking measurements of the fluid at the inflow and outflow edges, x = 0 and = = L, and
taking these values as inputs. The technique for treating these boundary conditions is based
on Lemma 4.9.14, proved in Appendix 4.9. We first construct an auxiliary divergence free
vector field which attains the boundary data from (4.2.19) at {z = 0}. Using this auxiliary
vector field to homogenize then creates a boundary contribution at x = L, which cannot
be removed by a further homogenization due to the need to preserve the divergence-free
condition. This has the effect of contributing several new boundary terms from x = L into

the positivity estimate, (4.2.42), which must then be controlled.

A third novelty of our analysis is to develop a scaled, weighted version of Korn’s inequality
to close the above scheme of estimates. Such an estimate is needed due to the higher order
contributions which are created in order to perform estimate (4.2.44). In particular, the

estimate we prove is a coercivity estimate of the form:

/ [“Zy +deul, + e2ul, — 25uyyum} 2 (1—x) (4.2.50)
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~

2 / [uzy +eul, +e*ul, |y* - (1 — x) — Acceptable Contributions.

Notation

Within lemmas, we will use X ~ O(LHS) and X ~ O(RHS) to mean X can be controlled,
up to a universal constant, by the left-hand side (or right-hand side, respectively) of the
lemma we are proving. Quantities denoted by O(L) refer to those which can be made small
by making L small, and quantities denoted by O(v?) refer to those which can be made small

according to the smallness assumptions in (4.2.25).

4.3 Energy Estimate

We will now give the basic energy estimate. The reader should recall the properties of the
profiles, given in Appendix 4.9, in particular Lemma 4.9.16, and the space X', as defined by

the norm introduced in (4.2.22), and the definition in (4.10.9).

Proposition 4.3.1. Solutions [u,v, P] € X, as defined by (4.10.9), to the system (4.2.30)

- (4.2.32), with the boundary conditions (4.2.33) - (4.2.34), satisfy the following estimate:
2 Us () 2 2\ < 2 2

Iluyllz2 + u® +ev” ) S O(L)||vy, Veve|lz2 + Ra + llar, brllzz, (4.3.1)

L 2

where:
Ri:= /f ‘u+eg-v. (4.3.2)

Proof. This follows upon applying (u,ev) to the system (4.2.30) - (4.2.32). First, we will
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write the A, terms in the following way:

At = Uyy + 26Ugp + EVgy,  Ag¥ = 20y, + €0z {uy + €v, }. (4.3.3)

Using the above representation, we now integrate by parts:

f/uyyouf/qu:,;muf/evzyu
= /u3+/26ui+/av$uy —/ 2eu,u, (4.3.4)
’ x=L

— /2vyy eV — /s@z{uy +evg} v
=+ 251}5—1—/62113204—/5%% —/ evbr, (y), (4.3.5)
z=L

/Px cu 4 /Pyv = 7/ Pu, (4.3.6)
r=L

For (4.3.4) and (4.3.5) we have used the boundary conditions from (4.2.34). First, we

will estimate the interior term from (4.3.5):

| / cuyve] < VeIV lluylle < VE[lluylEs + 1Vl 3]. (4.3.7)

Next, the boundary term from (4.3.5):

[ eobul < llevllvamnlibellvaemsy < O@pellvEva s + bullfs. (439
=L

We combine the boundary term from (4.3.4) and (4.3.6) by invoking the stress free

boundary condition, in (4.2.34):

—L:L{P—Qeux}-u:—/z:LaL(y)'u

< lazlle2@=o)llullL2(2=1)
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< Mlazllts(e=r) + O(L)|uall7. (4.3.9)

We will now move to the terms from S*, as defined in (4.2.35):

/S“ cu = / [usuw + Usp U + VsUy + usyv} “u (4.3.10)

The most difficult convective term from S* is:

| [ eyl < Ot o oy VEva

We have used the estimate (4.9.124) with k¥ = 1. The remaining profile terms:

/{usuz + UsgU + VsUy fu = / %uQ + /usgcu2
x=L
Us
2 [ 5 = Ol (4.3.11)

Notice that crucially, the v, ~ O(ﬁ)vg singular term is accompanied by a factor of
0, which cancels the singularity. We now move to the profile terms from S*, as defined in

(4.2.35):

/{usvg: + VsgU + UsUy + VgyUtev

1 2 2
=+ SUsV™ + | EVspUV + | EVsyV
=L 2

1
2 +/ FUst” = [[VEvse| [ O(L)[ua 2| Vv |2
z=L

+vsyll = O(L)||VEvs |72 (4.3.12)

Above, we have again used that 9,v,0(1), according to (4.9.124) with k& = 1. This
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concludes the proof.

4.4 Positivity Estimate

For the positivity estimate, we must work with the new unknown:

B=—. (4.4.1)

Note that this quantity is well-defined because us > 0, according to (4.9.125). We first

establish the equivalence:

Lemma 4.4.1. For any function v satisfying v|y—o = 0 = v|z—¢ = 0, and [ defined through

(4.4.1), the following estimate is valid:

||U’y7\/gvx||%2 N ||5ya\/gﬂx||ZL2 (4.4.2)

Proof. The proof forwards directly from:

/@:/mﬁ%mﬁ=/ﬁmﬁ+m&f

S [+ [ Sl s (1.43)

We have used above that 3|,—o = 0, according to the assumptions of the lemma. We

have also used estimate (4.9.124) with k£ = 1. Next,

[ = [1outus)? = [ (s +us.)
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s [wse [asis [ o (4.4.4)

Above, we have used that |,—¢ = 0, according to the assumptions of the lemma. This

concludes the proof.

According to the above lemma, it suffices to control ||V 5]||L2, to which we now turn:

Proposition 4.4.2 (Positivity Estimate). Solutions [u,v,P] € X, defined in (4.2.22),
(4.10.9), to the system (4.2.30) - (4.2.32), with the boundary conditions (4.2.33) - (4.2.54)

satisfy:
1
18ys VEBallZz + /_ ;6%3 Slluyllze +O@)luy - y, Vevy - yl[1-
ar,

+Ra + [|br, Oybr, %”%2(:1::1/)' (4.4.5)
where:

Rai=— [ £-3, 4206 (4.4.6)

Proof. We will apply to the system (4.2.30) - (4.2.32) the multiplier:
[—By, +eBa]. (4.4.7)

Our analysis consists of a series of steps, which we now detail:

Step 1: S,, Profile Terms
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Referring to the definition of S in (4.2.35), we have via the divergence-free condition:

SY = —UgUy + UsyV + VsUy + UszpU = —u?ﬁy + VsUy + Usg . (4.4.8)

We gain:
/fugﬂy B, = /uggg, (4.4.9)

Referring to the definition of vs in (4.2.11), the main convective term is:

,/usuy.gy - / (\12)%@, +/{vg + vl + VEulYuy By, (4.4.10)

The lowest order term is the most dangerous:

ve ve
| @yuyﬁyl < 157 zee lluy - yllz2]1By I 2

< OWe) |lluy - yllz= + 11y lI7 |- (4.4.11)

0
Here we need the small parameter ||3%|[ . For the higher-order contributions:

I/ uyﬁyl < Jvs — \[llm\luyllmllﬁyllm

< 8||Byl|32 + Ns||uy|[32. (4.4.12)

Finally, the last term from (4.4.8)

|/usmu =Byl < OL)||usel| L= |lusl L2 18yl1L2 < O(L)IIBy |17 (4.4.13)



Step 2: S, Profile Terms

Referring to the definition of S” in (4.2.35), here we will be treating:

/SU =0 {uyPw} = / (usvx + UszU + VsVy + ’Usy’U) - —e0 {uyPw}

First:

/usvw 'Eﬂx = /5U§B§ +/5ususw55w
2 [es-ow [«isz [«
\/stu'fﬂz\ < O(D)IVevse||pes [[uz L2 [[VEB: || L2

0
Next, we will use the smallness of ||3%|[p:

0
Ve

0
v,
[ e < 1l VB, ol VBB

< O())|[IV2v, -yll?- + O(LHS)|,
0 0
|/{vs = 3o, 28] < Vo = 2l 22 Ve
< VEO(LHS),

| [ oy B2l < OW oy 1 Ve L2 1VE 22

Step 3: Pressure Terms

/Pm-—6y+/Py-6x=—L:Lpﬁy=—A:Lzeumy—/zdamy

v§ 1
=+ 2e—4 — 2eu, 00y {—} — arBy
=L Us x=L Us z=L

2
(Y
—+ [ 2 - Oyl VBl VB, 201
=L

Us
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(4.4.14)

(4.4.15)

(4.4.16)

(4.4.17)

(4.4.18)

(4.4.19)
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- / arBy. (4.4.20)
z=L

The above term crucially yields control over the boundary term appearing in (4.4.5).

We must estimate the contribution:

a
[ arBil < 1 K s IVEB 20

ar,
S N6|\$|\%2(IZL) +01VeBy 22 (=) (4.4.21)

the latter of which can be absorbed into (4.4.20).
Step 4: Vorticity Terms

We will now move to the vorticity terms from (4.2.30) - (4.2.32), where the stress-free

boundary condition shown in (4.2.34) will be used repeatedly.

Uy Usy
| UyyBy = [ Uyy - — — UyyV—=
yyPy v, vy w2

v Us
= _/uyay{ul} ‘*‘“yay{vuigy}

S

Vyy 1 Ugy
= — — |2 Oy{— Oy —
/Uy " / Uy Vy y{us}JF/qu V2
u? 1 u? 1
/ 2 Us + /L:L 2us / uyvy y{us}

Uug
+ /vaay{TQy}

2

> 2y 2 N, 2,46 2 4.4.22

= ||stvusyvyusyayusyy||L°° 6‘|Uy||L2+ ||vy||L2 . (4.4.22)
z=L QUS

The boundary term above, as with all boundary terms from this set of calculations, will
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be put into (4.4.28), and subsequently estimated. Next:

+/z—:umﬁy = —/sumﬂxy +/ €Uz By
=L
_ Uy Usy
= —/5uw(‘3w{u—s —v o + [c:L etz By

€ o 1 € 4 1
= - 5 8m — - T 8x7
/ 2um {Us}+ \/.’L‘:L 2us Uy /6’[1, Uy Usg

—l—/suwvw% —&—/5%@@{%} +/I:L EUz By (4.4.23)

S

The boundary terms are estimated as in:

€
2
—l—/ 3 us +/ €Uz By
=1 4Usg x=L
1 U
= 7/ eul— + UV —
=L 2U’S x=L Us

1
< [ eg Ol Vel Veusllsomsy, (4429
=L s

the final term above being absorbed into (4.4.20) using the smallness of L. The bulk

terms are estimated via:

1 1 s s
|/;uiax{us}|+|/€uwvy8wus|+|/5u$v$t;§y|+/suzvaiqjéﬂ

< VElltse, sy sy o [[ sl 2 + [1VEval 2] (4.4.25)

Next:

f/evyyﬂx = +/5vy5ry
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€ Ugy € Ug
:+/f 2v§+/ vi—/svwvy—;
2 uz o1 2Us uz
Usq o Usx

— [ evv, 0, {—}— [ ev

g
z/ 52— [t tsys tsayl 2= [OD)IVEVL 2 + VElIo, I32:] - (4.4.26)
=1L s

Finally:

v 1
_/62vxaﬁﬁx = _/3'527];10%*3c —/62’(13;;5118%*
Ug Ug

2 2

5 1 €
= —I—/—a —2 —/ v2
2 Py * g 2ug ¥

2

€ 2 2 949 1
+ ve 4+ | evid,—
/m:O 2u § / § zus

1 1
2 2
_|_/a vU,0 {Us} i svv@{us}

2 2
€ € 1
Z/ Ui_/ Ui_/ e*0v,0,{—}
=0 2us =L 211’8 =1 Ug

— €|tz Usaz || Lo O(L)||[VEVL| |22 (4.4.27)

Collecting the highest order « = L boundary contributions from (4.4.22), (4.4.24),

(4.4.26), (4.4.27):

u? € € g2
Y 2 2 2
— Uy, + v, — v
=1L 2US /1,’:[/ 2’U/S v \/:;:L 2”5 Y /ﬂ?:L 2u5 *
2
= +/ ty —/ i 02
z=L 2’LLS r=L QUS z
+f ué_/ (uy + 00 — )
=L 2’1,65 r=L 2US
+f uii/ (br, = uy)?
=1L 2u5 z=1L 2u5
2 2 2
U b u 1
IS
=L QUS =L QU‘S =L 211,3 z=L Us

b% br,
B _/m:L 2us - /m:L uay{ut}

oL, Dybrll2ery + ulF2 et

N



S oL, Oybrllis (pr) + O(L)ual[72.

The final boundary term from (4.4.27) can be estimated via:

1 1
[ oo =| [ emond )
1 1
— | [ vyu0uf- )+ [ evudn o)

1
< Velltsa, yOuy { Mz [[Vevyllr2@=0) O(L)[uc] 2
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(4.4.28)

(4.4.29)

The boundary contribution from (4.4.29) can be absorbed into (4.4.20). This concludes

the proof.

4.5 Weighted Estimates

In this section, we will bootstrap to the weighted estimates described in (4.2.44). By differ-

entiating the system (4.2.30) - (4.2.32), we have:
— Aguy + Py + 0y Sy = 0y f
P,
- Avy + % + 0y Sy = 0y,
where:

OySu = Uslzy + VslUyy + Usyy¥ + UsgyU

Oy Sy = UsUgy + VsVyy + UsyUsz + VszyU + Vsg Uy + 205Uy + Vgyy V.

(4.5.1)

(45.2)

(4.5.3)

(4.5.4)
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We will now prove the main weighted estimate. The reader should keep in mind Lemma

4.9.16 which will be in constant use.

Proposition 4.5.1. Consider [u,v, P] € X solutions to (4.2.30) - (4.2.32), with the bound-

ary conditions (4.2.83) - (4.2.34). Such a solution satisfies the following estimate:

1ty VBt €t - 91132 + (1 {tgs VB | - 91 35
1y VEua h - YlFaory S e + lloy, vEva 13

+IVeus|F2er) + {ar, yar, br, 0ybr}(y)?[| 220y + R, (4.5.5)

where:
Rs = /(“)yf Oy {uy*w} — €0y g - 0 {uy*w}. (4.5.6)

Proof. We will apply the weighted multiplier:

8y {uw(2)y*}, —Eam{uw(rc)yQ}] : (4.5.7)

where w(z) = 1 — z. The analysis proceeds in several steps which we will now detail.
Step 1: Positive Profile Terms

We will now generate the positive quantities on the left-hand side of (4.5.5), by consid-

ering from (4.5.3) - (4.5.4) the following terms:

/ (usuw + vsuyy> Oy {uwy®} — 6/ (usvxy + vsvyy) - Oy {uwy?}. (4.5.8)



First from (4.5.8):

/usuxy.ay{uyzw} = /u Uy Uyl w+/2u Ugy UYW
7/2um8y{usuy}w

_/ sz 3y2w—|—/ Uy2+/r:L %ui;ﬁw

f/2u1usuyyw7/Q’uzusyuwa/Qumusuw.

The final three terms above are estimated:

| [ 2usisyyul < llupl + Nolusl 2
| [ 2usyuauyn] < O syl -

| / 2uutigw] < O(L)|lugl[3a-

Next from (4.5.8):

/vsuyyay{ugfw} = /vsuyyuyy2w+/205uyyuwy

_/ 'U;y 12/y2w /Usyuzw _ /styuuyyw
—/Qwvsuuy ,/QUSyuiw

= —/U;y uiy w — /3vsyufjw
—/QUSyyuuyw—l-/wUsyU?
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(4.5.9)

(4.5.10)
(4.5.11)

(4.5.12)

(4.5.13)



The final two terms above are estimated:

I/styyuuywl < O(L)[vsyl| o< [lyuy [ L2 [[uz ] L2,

| / vay] < O(L) vyl |l B

Summing (4.5.9) - (4.5.13):

Us Us
(4.5.9) + (4.5.13) 2 /{?y2 — 3vsywhu; + /7 —uzy’w — O(RHS).

=L 2

We will consider the v, term above. At leading order:

vg 2 v o v 2
— | —=ywuy = — | Zytwuy < 55 e uyyl] 72
\/E Y Y
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(4.5.14)

(4.5.15)

(4.5.16)

(4.5.17)

0
Here we use that ||5%|| L~ is taken sufficiently small by assumption (4.2.25) to absorb into

the positive contribution from (4.5.16.) The higher order contributions can be estimated:

0

0
v
[ = Syl < o = 2l -yl
S dlluy ol + Nolluy I
Ultimately this yields:

(4.5.9) + (4.5.13) > /%y%%/ L%ujf — O(RHS).
r=

We now move to the positive terms from 9,5,:

—/ausvzy - Op{uy’w} = +/Eusvzyvyy2w+/auskuy2

(4.5.18)

(4.5.19)
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2
_ Usz 2 2 Yy 2 Us 2 9o
= 7/7%11 5w+/€u85y + . 5?vyy w

— /Evyagg{usqu}—i—/ usvyuy25
=L

2
U v U

= _/%vgyzew—i—/suSEny—i—/ E?szwa
z=L

— /avyusmqu - /Evyusuwa —|—/ usvyuy2€
x=L

_ Usz 2 2 3 99 Us 2 2

77/7%11 5w+/s§usvyy +/ sgvyy w

x=L

— /Evyumqu—i—/ usvyuyZE. (4.5.20)
=L

We will estimate the final two terms from (4.5.20):

| [ cteryus?l < O sl 1Vl (45.21)

|/ cusvyuy?| < IIVevyyl| L2 (e=r) [IVEuyl| L2 (w=1)- (4.5.22)
=L

Finally, from above:

Vel mry = | euy? < OW)IVEusyiE- (4.5.23)
L

=

Next:

—/avsvyyﬁm{uwgf} = —|—/€vsvyyvywy2 —|—/€vsvyyuy2

2
—/6%6y{vswy2} —/Evyﬁy{vsuy2}

Usy 2 2 2 2
_/57%3/ w— [ evsywuy — [ evsyvyuy

—/svsvyuny —/2€vsvyuy. (4.5.24)
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We will estimate three of the terms above:

\/Evsy%quI < O(L)|[vsyl| L= |VEvyyl[7 2, (4.5.25)
\/2€vsvyuy| < O(L)|IVevs|| e |IVevyyllr2[|usl| L2, (4.5.26)
2 v 2 v 2
| [ evsvyuyy”| < Eﬁvyuyy |+ [ efvs — ﬁ}vy“yy | (4.5.27)
< e veyllpe=lvyllz2]luy - yll 22
20
+ Vellvs — \%I\LwIIﬁvyylleﬂuypr

Swe - Yllpeellvyllellugyllzz + vEO(LHS)

< Olfuy - yll7e + Nolloy||Z> + VEO(LHS). (4.5.28)

The ||uyy||2. term can be absorbed into the positive contribution from (4.5.20), whereas

the ||vy||2. term is O(RHS). Thus, summing (4.5.24) and (4.5.20) yields:

(4.5.24) + (4.5.20) > / (gusyQ - vsyw)m; ~ O(RHS). (4.5.29)

We must now examine the v, term above:

/ (00 4 Veullgwen? < [[oly, VEulyl = [IVEu, |12, (4.5.30)
| [ evtywnd] <1l lvElley e, (45.31)
| / Veulywe?| < ([0 Y| [y |122, (4.5.32)

all of which are acceptable contributions according to the right-hand side of (4.5.5).

Summarizing this set of calculations:

(4.5.8) 2 / %yz (uf/ + 51}5) + / % (uiy2 + Evi) — O(RHS). (4.5.33)
z=L
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Step 2: Remaining Profile Terms

We now extract the remaining terms from (4.5.3) - (4.5.4):

/usyyv-ﬁy{uy2w} :/UsyyvuyyZMJr/usyyvu?yw
9 [
< Ity el syl
2 v
+ O syl |22 el 22
< ltsyy? oo oy a2yl 22
+ O(L) sy =[] 2 1.
< ltsyy?llze [Nl lvy I3z + ol wyyllzs |

+ O(L)|lusyyy? |2 llvyll 2 |luz |2, (4.5.34)

all of which are acceptable contributions. Note that we have used estimate (4.9.124) to

absorb y2 into Usyy- Next:

/uﬂyu.ay{quw} = /usmyuuyy2w+/usmyu22yw

<41 lttsaytl 2= OE) [l B+l 2], (45.35)

which is an acceptable contribution by taking L. << 1. Next, we move to the terms from

0y S, according to (4.5.4), starting with:

—/gusyvmﬁm{uwa} —/Eusvaumwa +/5u5vauy2
[usyyll Lo [[Veuzyl| L2 | VEvL L2

< lusyylloe [0l 1vEuyl3e + NollvEvs| 2] (4.5.36)

IN



which is seen to be an acceptable contribution according to (4.5.33). Next:

- / evmu[umwf — ] < O fvasy || |VEuay2
vty [wpwy? —uy?| < Vv Y|zl uyyll o2l 2,
S Vv Y lleee [olfuyyllEe + Nollusl 2]

/ 2etr0y vy [y = u?] S 0wy 21w a2,

vy [uawoy? = uy?] < O syl [IIVEVL |2 + 1VEuwylEs]

Step 3: Vorticity Terms

We record the following identities:

— Aty = —Uyyy — 2€Ugzy — EVzyy,

— Avy = =20y, — 0x{Uyy + €V }-

In the forthcoming calculations, we provide estimates on the vorticity terms:

- /Aauy SO {uytw} = / { — Uyyy — 28Uggy — €vay} Oy {uyw},
+ /Agvy -0 {uy*w} = / {QUyyy + 0 {uyy + svmy}} -0, {uyw}.

Starting with the first term from (4.5.43):

7/uyyy : 8@/{“’“’92} = +/“yy3§{uy2w}

= /uzyyzw+/4uyyuyyw+/2uyyuw
_ 2 2 2
f—i—/uyyy w—4/uyw
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(4.5.37)

(4.5.38)

(4.5.39)

(4.5.40)

(4.5.41)

(4.5.42)

(4.5.43)

(4.5.44)

(4.5.45)
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>+ / uz,y® — O(RHS). (4.5.46)

We must provide the rigorous justification of the integration found in (4.5.45). The
delicate calculation occurs near x = L,y = 0 corner, for which we use the regularity theory

in (0S95), which yields the asymptotic behavior: !

lul S 7%, Jug,uyl Sr7F, [Dul ST E, (4.5.47)

where 7 is the distance to the corner. Defining C'. to be a solid ball of radius r around
the corner, we have:

_/uuw ) 8y{uwy2} = _/Q C

Uyyy - ay{uwa} — /C Uyyy * 8y{uwy2}. (4.5.48)

T

First, the expansions in (0S95) show that w,,,r2 € L?. Therefore, taking limit as r — 0,

the latter term in (4.5.48) vanishes, and it remains to treat the former term:

—/ Uyyy ay{uwy2} = +/ Uyy - 6yy{uwy2} — / Uyy - 8y{uwy2} dsS. (4.5.49)
o— Q-C, aC,

r

For the surface integral, we use the expansions from (4.5.47), and that y < r:

—/ uyyay{uwa}ng/
oC aC,

r r

Py’ < / 1-0. (4.5.50)
oC,.

1One applies Theorem 4.1 in (OS95) with 8 = 14 6,¢ = ¢ = 2,h = —§ and h1 = 3+ to obtain

3 1 1
B1 = %7, Theorem 4.1 gives ||r~2u,r 2 Du, 72 D2ul| 2 < co. One can then bootstrap this regularity to

1
obtain Hr§+kD2+kuHL2 < o0o0. Standard Sobolev embedding arguments give the pointwise asymptotics in
(4.5.47).
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We now move to the second term from (4.5.43):

—/25umy Oy {uyPw} = +/25uxyazy{uy2w} —/ 26Uy Oy {uy*w}
r=L
= /2€u2 y2+/4€u Uz YW
Ty Ty T

+
— /25umyuyy2 — /45umyuy7/ 25umy8y{uy2w}
x=L

25uiyy2 — / 25u$y8y{uy2w}
=L

— O(RHS) — cO(LHS), (4.5.51)

where we have used the following estimates:

/45umyumyw = —/25uiw, (4.5.52)
— /QSUIyuny = —/ eugy® < e (4.5.33) < O(LHS), (4.5.53)
=L

7/45uxyuy: +/45umu+/45uxuyy < el||ugl|3e + ||uyy|\%2] (4.5.54)

Next, the third term from (4.5.43):

7/5U$yyay{uy2w} = +/svxy8yy{uy2w}
= +/gvzy [uynyw + 2uw —|—4uyyw}
= f/sumuyygfw — /2{—:Umuyw — /45umuyyw

= —/Eumuynyw — /25kuyw+/4€uzuwyw

deu,uyyw

S~

=L

= — | cugpty,y*w + O(RHS) + eO(LHS). (4.5.55)
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where we have estimated:

[ tengl £ VeIVl luyllze e, (4.5.56)
x=L
|/25Wyw\ < Valluylle2 | [v/Eval |12, (4.5.57)

/45uzyumyw = 7/25u2w. (4.5.58)

We now come to the first term from (4.5.44):

/58m{uyy + vy } - O {uy?w}
== /{“w + evgy } - 819:{“?42“1} + /
= - /{uyy + Eny} : {uxmylw - 2umy2:| +/ gaybL '8m{uy2w}
=L

= —/5uyyumwy2 +/82uizy2w+/25uyyuwy2 +/252vmyuwy2

+/ gdybr, - O {uy*w}
r=L

e{Uyy + vy} - 8${uy2w}
L

=— /zsuyyumwy2 + /SQinwa + O(RHS) + eO(LHS) (4.5.59)

+110yb2(Y)? 72 o) + ellus VEUal T2 (oo

We have estimated:

+/2€uyyu$y2 = 7/2€uyumyy2 — /4€uyumy
= —/ 5u§y2 — /4€uyu$y,
=L

ellugyll2 @=r) + llugylle |lus| 2

IN

<e [O(LHS) + O(RHS)}, (4.5.60)

+ /262vxyul.y2 = —/2€2umuwy2 = —/ e2uy? < eO(LHS). (4.5.61)
x=L
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Next from (4.5.42):

—i—/QUyyy -0, {uwy?®} = —/25vyyyvywy2 — /2svyyyuy2
= +/25v§yy2 +/45vyyvywy+/25vyyuyy2 —|—/4evyyuy
= /25v§yy2w— /251}310 - /25umyuyy2
- /4avyuyy - /4evyu
2/

2e},y°w — 2| O(LHS) + O(RHS)|. (45.62)

where we have estimated the following terms:

—/25umyuyy2 = —/ €u§y2, (4.5.63)
z=L

| [ dev,u < ellupllzellvy 1z, (45.64)

| / devyu| < cO(L)||ual 2. (4.5.65)

We can now collect the estimates from (4.5.46), (4.5.51), (4.5.55), (4.5.59), (4.5.62) to

get:

- / Ay, - Oy {uy?w} + /Evy - O {uyw}

> / [ufw + deul, + %ul, — 2Eumuyy} yPw — / 26Uy Oy {uy*w}

r=

— O(RHS) — cO(LHS). (4.5.66)

‘We now have the Pressure contributions:

/Pym Oy {uy?w} + /Pyy O {uyPw} = / P, - 0, {uy*w}. (4.5.67)
r=L
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Using P, — 2eusy = ar(y) on ¢ = L, the boundary term above can be combined with

that in (4.5.66) yielding:

/ (Py - 25umy) Oy f{uy*w} = / dyar, - Oy {uy*w}
x=L =L

<|10yar - W)?||r2@e=r)lluyy, vl L2 @=r) (4.5.68)

S Nslloyar - ()2 |72 =) + 0lluyy, ullZ2(amr) (4.5.69)

the latter of which can be absorbed into the left-hand side of our estimate, specifically

the positive contribution of (4.5.33). Thus, summing (4.5.67) with (4.5.66) yields:

- /Asuy Oy {uy?w} + /svy - O {uy?w}
+ /Pym - Oy {uy®w} + /Pyy - Op{uy*w}
> / {uzy +deu?, + e%ul, — 2€umuyy}y2w — O(RHS) — cO(LHS)

2 / {uzy + Euiy + EQin}yQ, (4.5.70)

where the final inequality follows from (4.5.71). This concludes the proof.

4.5.1 The Korn’s Inequality

Lemma 4.5.2. For any functions [u,v] € X, the following estimate is valid:
/ [uf/y + 4€uiy + e, — 25uyyum] y?w(z) dz dy

2 / [uzy + suiy + EQin} y?w(z) dz dy

- 6||uyya \@uxyH%z - ||uy, Uz”%2 (4.5.71)
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Proof. We would like to apply the Korn inequality to generate positive terms:
/ {uzy + 4€uiy + e%u2, — 26Uy s, | yPw(z) dz dy. (4.5.72)

We will first rescale to original Eulerian coordinates, so as to ensure all estimates are

independent of L:

X=2 v =YE UXY)=ulwy), VX,Y) = Veulsy). (45.73)

Define also wr,(X) =1— LX. This gives the following relations:

L L2
UX = Luz,Uy = \ﬁuy, Uyy = ?uyy, (4574)
L2
Vx = Velvg, Vw = Luy, Vxx = L*/ev,,, Vyy = N (4.5.75)
It is clear that:
(4.5.72) = Ve / {U{ﬁy +4U%y + U%x — 2UyyUXX} Y2, (X)dX dY. (4.5.76)
We will define:
v =UyYur, VO :=WYur. (4.5.77)
U = Uyy Y ur, + Uy vz, (4.5.78)
1
U = UxyY up +UyY ——L (4.5.79)

2,/wL ’
Vi = iy Y Vaor + Vv (4.5.80)
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1

v = Vxy YL + VoY ——L. 45.81
% Xy L+ Vy SN ( )
We will now calculate:
Ve [ UdwpdX dY = [ w2wdxdy, 4.5.82
Y
L2
ﬁ/U%YQw—LdXdY = 6/u§y2 dz dy, (4.5.83)
Ve / Viwg dX dY = / eviw da dy, (4.5.84)
L2
ﬁ/v{%Y?w—dXdY = 52/v,jy2 dx dy, (4.5.85)
L
ﬁ/\U(”PdX dy = %/uigﬂw dz dy, (4.5.86)
2
ﬁ/\v<1>|2dXdY - % vZyPw de dy, (4.5.87)

Thus:
Ve [ U2, Y20, = e [ [UPP +c,
YY Y
\/E/U)%YWW _ \/5/4\(];)\2 e,
Ve [ U2 Y20, = e [ VP2 +c,
XX X
- Qﬁ/UyyUXXYQwL = _\/g/QUQV}(” +c,
where:

Cl SN - [luy, ol 22 + & - [[uyy, Veusyl[72

+ 5\5/ UDP 4 V0P 4 U, (4.5.88)
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According to this, we can write:

(4.5.72) > \@[ / UOP2 +4guP PR+ v R —2avPvP| - el (4.5.89)

By adding and subtracting (4.5.86) - (4.5.87) and up to redefining C, we have:

(4.5.72) z\@/ [\U)(,l)\2+4|U§(1)|2+|V)((1)\2 fQUS(,l)V)((l)} dX dy

+\/§/[|U(1)|2—|—|V(1)|2 dxdy —[c|.

An application of Korn’s inequality yields:

(4.5.72) > \@/|U§”|2+|U§§)|2+ VP

= luy, ual|Z> + elluyy, Veusyllz,
2 / {u?ﬂ} +eul, + ezuiw}y%}(x) dy dx

= luy, uallZ + elluyy, Veusyl[Z.. (4.5.90)

This concludes the proof.

4.5.2 Summary of L? Estimates:

Let us now consolidate the L2-based estimates, by combining (4.3.1), (4.4.5), (4.5.5). First,

we will define the following L? based norm:

(s vllx, = My - yllez + [[Veue - ylle2 + vy, Veve|| 2
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+ H{uyya \ﬁuaﬂmauww} : y||L2- (4591)

Recalling the boundary norm given in (4.2.23), accumulating estimates (4.5.5), (4.3.1),

and (4.4.5), and taking 0 < L << ||%]|1~ << 1 gives:

[lu, vll%, + [[u vl S Ra+ R+ Ra. (4.5.92)

4.6 Uniform Estimates

We will now obtain L estimates for solutions [u, v] to the system (4.2.30) - (4.2.32), which

are based on bootstrapping estimates that are valid for the Stokes operator.

Lemma 4.6.1. Solutions [u,v] € X to the system (4.2.80) - (4.2.32), with the boundary

conditions (4.2.33) - (4.2.34) satisfy the following uniform estimate:

e llu, VEvll e @y SCO, L llus VEvllin + Clas, br)

118w VESullzs + 11 vEglle |- (4.6.1)

Proof. The proof follows from (GN17), Lemma 4.1. Note that the estimate up to the
boundary, L>((2), is guaranteed according to (AF03), P. 98, Equation 9, as our domain {2

satisfies the strong local Lipschitz property, as defined by (AF03), P. 66.

We emphasize that for our analysis, it is important to obtain the uniform control on
the boundary x = L, due for instance, to the nonlinear contributions from (4.7.6). We now

relate the right-hand side above to our norms.
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Lemma 4.6.2. For any functions, [u,v] € X, the following estimate holds:

[ VEvl s+ (1S, VESy |22 + lle™ 2 {R", VR |12 + || L3, VELY 12

+ N (@, 9), VEN" (@, 9122 S 1+ [l vllx, + @03 (46.2)

Proof. The estimates on ||u, v/zv|| g1, [[e 277 {R*, \/ER}|| 2 follow trivially, the latter from
(4.9.123). The estimates on ||LY,\/L}||12, as defined in (4.9.116) - (4.9.117), follow from
(4.9.118). Next, referring to the definition of S, in (4.2.35), and the estimates in (4.9.124),

||Su||L2 = Husua: + UszU + VsUy + UsyUHL2
'UO ’UO
< Hus7usmv ?ea'Us - TZ’usyy||L2||uz’uyyHL2~ (463)

Similarly, referring to the definition of S, given in (4.2.35) and the estimates (4.9.124):

IVESullzz < IIVE (usta + vsat + 050y + 030 |22

< Hu57 ﬁvsm \ﬁvm ’Usy||L2||\/<g'Uw||L2~ (464)

Referring to the definitions of the nonlinearities given in (4.2.36):

1
IN*(@,9)|| 2 = e2 77| |atiy + || 2
< e |le# {a, VEu )|, a2, (4.6.5)

IVEN"(@, )|z < [+ (at, + 3, ) 122

< €343 || poo || VET, |12 + £33 ]|e2 30| 1 [Ty || 2 (4.6.6)

The above estimates imply the result. O
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Combining (4.6.1), (4.6.2) with the definition of (f, g) given in (4.2.36) - (4.2.37), together
with relevant definitions in (4.9.15), (4.9.24), and (4.9.117) gives the following:

Corollary 4.6.3. Solutions [u,v] € X to the system (4.2.30) - (4.2.32), with the boundary

conditions (4.2.33) - (4.2.34) satisfy the following uniform estimate:

e [Ju, Veul|pe S et et | |[u,vl|x, + ||ﬂﬂ7|\2x] (4.6.7)

Combining with (4.5.92), we have now controlled the full X norm:

Corollary 4.6.4. Solutions [u,v] € X to the system (4.2.30) - (4.2.32), with the boundary

conditions (4.2.33) - (4.2.84) satisfy the following estimate:

lu,vl% S €% + R+ Re + Ry +e7[u, 0|y (4.6.8)

It remains to control R;, which we now expand by recalling (4.3.2), (4.4.6), (4.5.6), and
(4.2.37):

1

:/ [a 3 WRul—i—N"—i—Lb}

+ /e[s*%ﬂR“ FN 4 Lg]v, (4.6.9)
/ e E R N4 1Y -,
/a[a*%*m”’l FN 4 Lg} B (4.6.10)

1

{5 2779, R"" 4+ 9, N" + 0, Lb} - Oy {uy®w}

\+

/ e[e= 0, R + 0,N" + 9,18 - O {uyw). (4.6.11)

We now turn to controlling these quantities.
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4.7 Nonlinearities

We now provide estimates on Ry, Rz, R3, as displayed in (4.6.9) - (4.6.11). We will first
estimate the nonlinear terms, N*, NV, which are in turn defined in (4.2.36). Because we will
eventually perform a contraction mapping argument, we will consider N“(&,v), N"(, ),

where [@,7] € X. We have:

8y N"(a,7) = s%”{aaw + @ayy}, (4.7.1)

9y N"(a,v) = 6%“{%% + Uy + U, + myy}. (4.7.2)

The first step is to provide estimates on the nonlinear contributions from Rg3, as defined

in (4.5.6). For this we have:

Lemma 4.7.1. For any vector fields [u,v], [@, 7] € X, the following estimate holds:
[ o, 0y fuyH +| [ 0,8 @.0) <0} S F ol olly. (473

Proof. Turning to the first term from (4.7.1), we will expand via the product rule:

/6%“'7&@3@ - Oy {uy*w}
= /E%J”ﬂawy~uyy2w+/6%+'yaﬂw - u2yw
— /5%+7aaxyuyy2w — /5%+”ﬂyazu2yw
—/S%J”ﬂﬂxuyZyw—/a%+7ﬂuu}c2w
< e3|le? | oo [VEtayyll 2 |luyyl| 2
+e2 3|3 ul | poe ||yl |2 ||| 2

+ &2t 3o 2| poo fuyyl| 2o | 2

+ et 3 e | oo || |22 (4.7.4)
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Turning to the second term from (4.7.1):

1
251 2
/52 Vlyy - Oy{uy“w}
Lo~ i~
= /€2+7vuyyuyy2w+/€2+7vuyyu2yw

< e?||e2 20| | oo ||y yl| 2 [||uyy\|Lz + O(L)]|ue|[L2 |- (4.7.5)

We will now turn to the first term from (4.7.2), which is the most delicate because o,
cannot accept any weights of y, according to our norm X, (4.2.22). As a result, we must

rely on an integration by parts in x:

34~ 34 34
/52+7uyvz&,¢{uy2w} = /52+7uyvruzy2w7/s2+”’uyvmuy2
754 2 ERRty 2
— | € VlgyUzy"w — [ € VlyUgz YW
ERRy 2 S0 Bouy>
— | € VUyuzy~ — [ € Uy VD UY
S~y 2
+ €2 vuyuzy
x=L
T 2 Sty 2
=— [ e2 VUgyuy w — | €27 VU Uz Y W
Sty 2 Sy, 02 Sy = o2
— | € VUyUzy” + [ € VUzpUyly™ + [ € VUUgyY

3 3
By -~ 2 Sy 2
—/ e2 T putyy —|—/ e2 VU ULy
x=L =L

x e A
< 2 |e= 20| oo ||V Euayyl 2 |V Euoy | 2

2 142 _
&2 ||e 2 0] | L layyl 12 ||eusayl 12

[N

+

(S8
[N

+ T30 L Gyl 2|V Euay | 2

™

le

+3

[SIE

1. _ _
e 3|23 20| | e |l Euayll 2 [y y 2
Q2 140
&2 |le 20 | Lo || VEuayl 2|V EUsyy |2

1,0 1,0 _
+e2 %2 |e2 T2 0| | oo ||yl | L2 (=) | VEWY| | L2 (0= 1)

1., 1., _ _
+ | 20l o gyl oo [ IVEWY 12 mry. (476)
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Note that for the above term, (4.7.6), it is imperative to obtain control of v on the

boundary x = L, as shown in estimate (4.6.1). We now move to the second term from

(4.7.2):

E 3. 3.
/52+“’uvzy8z{uy2w} = /52+7uvzyumy2w — /52+7uvzyuy2

< e?|le | lletoayl 2 llvEusyll e

+e7||e2 ul| = ||eusey|| 2| [VEUayl| 2.

Now we turn to the third term from (4.7.2):

34 34 3.4
/€2+7v§5‘m{uy2w} = /52+Wv§u$y2wf/€2+7v3uy2
— ERRT 2 S 755 2
=— [ 200y u Y w — | €27 Uy ugyy W
Sty 2 S4y2,.2
— [ e2 T ovyu2yw — [ €20 uy

14 —_
< e¥||e2 20| Lo | |VEDy I 2 |V EuUoY 12

1
+e2[|e2 V30| oo [ VLY || 2] [ VEuayyl 2

1,0 140 _ _
+ 3 |2 30| oo |VERY | 2 1o 2

1
+e2 P3| |ed ul| e ||VE Y -

Now we turn to the fourth, final term from (4.7.2):

3 3 3
Sy 2 _ Sy 2 Sy 2
/52 00y O {uwy }f/e2 TV Ug WY —/52 TV Uy

< e )|e2 30| poo | |VEayyl| 2] VEULY] 2

These estimates conclude the proof of the desired result, estimate (4.7.3).

(4.7.7)

(4.7.8)

(4.7.9)
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We will now come to the nonlinear contributions to the energy estimates, which are

contained in (4.6.9):

Lemma 4.7.2. For any vector fields [u,v], [a, 0] € X, the following estimate holds:

\/N“(a,ﬁ) ut eNY(a, ) | < e ||a, 0|2 Ju, vl x- (4.7.10)

Proof. We turn to the definitions of N*, NV which are given in (4.2.36). From there, the

following calculations follow:

47| [t - ul < R B allum e < < a0l ol (47.11)

X
2

i, 0] %, oLy, (4.7.12)

e+ / vty - ul < e¥|[e¥ Vav| | ||z luyll e < €
eh+) / av, - ev] < e 3 |eFal o [VED |2 IVEvel e S ¥V [l 03l fu, vl 2, (4.7.13)

e3t7| / o0y - o] < £33 |3 T30 o ||VEv |2 By |22 S 22 ||, 0| [u, ol k- (4.7.14)

The desired result follows from these calculations.

We will now provide nonlinear estimates arising from the positivity estimate, in particular

we must evaluate the contributions of the nonlinearity in (4.6.10):

Lemma 4.7.3. For any vector fields [u,v], [a, 7] € X, the following estimate holds:

| / N*“(a,3) - By +| / N(2,0) - €] < ¥/, 8] %[, ]| - (4.7.15)

Proof. We again turn to the definitions of N* N¥ from (4.2.36):

1 _ lyyoa _
52+’Y|/Uuw Byl S52+;||53UHLX’HUGJHLZHﬁyHLQ’ (4.7.16)
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1 __ A S _
407 [on, 8] < e Folluxllay e 18,1, (47.17)
1
€5+7|/fm7@ €8] < €2 |le? | oo | |VEDa |2 ||VEBE |2 (4.7.18)
1 __ AN _
62+7|/m}y ceBu] < e3 || 30| e |5y || 2|1 VEBu | - (4.7.19)
This concludes the proof. O

4.8 Forcing

Recall the definitions given in (4.9.15) and (4.9.24), and the definitions given in (4.9.116)
- (4.9.117). The purpose of the following estimates is to estimate the contributions of the
forcing terms R“!, L%, R"', L} into Rq, Ra, R3, as shown in (4.6.9) - (4.6.11) Thus, we will

analyze the forcing contributions:

Lemma 4.8.1. For any vector fields [u,v] € X, the following estimates hold:

|/5_%_"’{R“’1 cu+eRV! v}| + |/5_%_7{R“’1 - =By +5R“’1ﬁz}|
+| / e72 19, R - 9, (uy*w)| + | / £72 720, R0, {uy’w}|
sl [ uenol+) [ 18- -5,+ [enbal
41 [o,88 -0 quu} 4| [ 20,140, fuu)

< (Clag, by, ar,br) + e~ 7)||u, v x- (4.8.1)

~

Proof. We recall estimate (4.9.123) from the Appendix, which we then directly use. First,

we start with the contributions to R4, shown in (4.6.9):

/5_%_7{}2“’1 ‘u+eR"! ~v} < e E YR VR | e ||u, Vel 2

< e 3 e1O(L)|Jug, Va2 (48.2)
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We now move the contributions from R, shown in (4.6.10):

/ e R g, 4 eRB, | <7018, VERL 1a. (4.8.3)

Next, we move to the higher order quantities from R3, shown in (4.6.11):

/6*%*783,]%“’1 -0y (uy*w) = /67%*78741%“’1 CuyyPw +/5*%*78yR“’1 - u2yw
_1_ "
< e 3010, Ryl gyl o2 + O(L) 12
< ek lluyyllpe + Ol lnz . (4.8.4)
/5_%_758yR”718z{uy2w} = /6_%_758yR”’1 [unyw — uyz]

_1_
< e 2 IVED, Ryl | [V Euayl| 2

< 72 Ve ||Veuayl| Lo (4.8.5)

The estimates on L%, L} contributions follow directly from estimate (4.9.118). This

concludes the proof.

Combining (4.7.3), (4.7.10), (4.7.15), and (4.8.1):

Corollary 4.8.2. For Ri,Ro, R3 defined as in (4.4.6), (4.5.6), (4.3.2), we have:
Ry +Ra+Ral S [Claosbo,ar, br) + 5= llu, ol + ¥ llu, o3 + ¥ [la, o1y (48.6)
Combining the above estimate with (4.5.92) and (4.6.7), and performing Young’s in-

equality for the product C(ag,bo,ar,br)||u,v||x above to absorb |Ju,v||% to the left-hand

side of (4.8.7), we have now established the main a-priori estimate:
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Theorem 4.8.3 (X-Estimate). Solutions [u,v] € X to the system (4.2.50) - (4.2.32), with

the boundary conditions (4.2.33) - (4.2.84) satisfy the following estimate:

||u, v[|% < Clao, bo,ar,br) + g1 +e?|a@, 7||%- (4.8.7)

With the main a-priori estimate in hand, we give the formal arguments leading to
existence of a solution in X in Appendix 4.10. In particular, Theorem 4.8.3 coupled with

Proposition 4.10.2 gives the main result, Theorem 4.2.1.

4.9 Construction of Profiles

4.9.1 Specification of R

Define:

R" :=U®0,U® + VeO,U* + 0,P° — 0,,U® — €0,,,U", (4.9.1)
0,
RY = U 0,V + VO,V + 2 P° = 0, V" —e0paV°. (4.9.2)

In this subsection, we will specify the equations we shall take for R*. We will first

expand the nonlinear terms in the following manner:

U<o,U*® :(ug +u) + Veu, + Veu, + ﬁ*"’u) X
(ule 4+ + VUL, + VU, + 50, )
= {ud(@,0) +upup, + udy(z, 0)uy
+ {ug — ud(z, 0) buy

px + ugac - uggc (LE, 0)}Ug

0,1 1,0 0 0 1
+ \@[upue:r + ueupm:| + \@[{ue — U (‘T7 0)}upx
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0 0 1 0 0 1
+ VE[{udz, 0) + ubbul, + {u,(2,0) + uf, }ui]
o+ {ul, = uly (2, 0) up | + [ (ul + wp)up,
 ubgup| + [ulul, + VE (bl + ulul, ) + eulul, |

+ 5%+'y{usu$ + uspu} + e v, (4.9.3)

0
Ye

NG

Veo,U® :( + o)+ v +Vev, + 5%*‘71})
X (\@ugy +up, + euly + Veuy, + €%+7uy)
= (yvgy(x, 0) + vg + v} (z, 0))ugy
VE[(0) + 1y (,0) + v, 0)uh, + )0}
”g(ugy + \/E’U,éy):|
+ [Ye yvly (x, O)} ugy + Evzl, (ugy + \/Euiy> + evll,uzljy
+ :vg — Y0 (, 0)} uy, + \@[v; —vl(z, 0)} Uy,

+ v} —vl(x,0) - Y’Uéy:| u), 4+ VeEyviyud,

[ 0.0 0,1 1,0 1.1
+ VelUey + \/‘g(veueY + UeueY) + EveueY}

+ 6%+7{usyv + vsuy } + e ou,. (4.9.4)

Inserting into the system (4.9.1) gives the following expansion:

R = { {ul(2,0) + ul}ub, + uly (@, 0)uf + {yoly (2,0) + vf + vk (w,0)}u,

er ) (195)

PyYy

+ VE{ {ul(2,0) + uYub, + {ud, (2,0) + u, Yu

+ {y¥y (x,0) + vg + vl (x, O)}uzl,y + ugyv; - u;,yy + PZ}I - Fl} (4.9.6)



0,1 0 1 0,1 1,0 1
+ \ﬁ UeUey + Uz le + VeUey + VelUey + Pex

+ Ra,l +5Pp2:t + €%+’Y[— AEU -+ Su(u, 'U) + PZE + NU(U,U)] .

We will define:

1 12
Fy 11”2{”“23/ +Veuly} + NG {% — yvdy (z, 0)]Ugy
1
+ yvéYugy + % |:{u2 - US(Z‘, O)}ugx + {ugm - USI(.T, 0)}u2

+ ulu! + ulu?

plUex T UeUpgs
Rl :zsgvll)uéy + 6’011;11,;,1)1] + (vg — Yo (z, O))uzljy
+ (v; — vl (z,0) — Yuly (z, 0)>u2y + \@[v; — vl (z, 0)} u}?y
+Ve{ug —ug(@,0)bup, + Veuy{ug, —ug,(z,0)}
+e [(ué + u}))uzln + uixu; + ugyvé}
+ Eugm + sgull,m +e {uéuém +oluly + Au® + \ﬁAui} ,
N*(u,v) = ety (uugﬂ + vuy),
N?(u,v) := g3t (uvx + vvy),

SY(u, v) = Usly + UszpU + VslUy + Uy,

v ._
SY (U, V) 1= UsUy + VszUl + VsVy + Vsyv.
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(4.9.7)

(4.9.8)

(4.9.9)

(4.9.10)
(4.9.11)
(4.9.12)

(4.9.13)

(4.9.14)

Equations (4.9.5) - (4.9.7) define the equations for our approximate layers, as seen in

(4.9.53), (4.9.59), and (4.9.74), thereby contributing the final line, (4.9.8) into the remainder

equation, (4.9.105). We must actually modify R*! to R*!, which accounts for the fact that

the layers [uy,v,] are cutoff at y — oo:

R“!:= R"' 4+ \/eRY + P2

px?

(4.9.15)
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where:

RY = {u(x,0) + udtuy, + {ul,(x,0) + ud, bu) + {yvdy (,0) + v)}u,,
+ul vl —ul o+ Pplz — F. (4.9.16)

py pyy

We are then left with:

ezt [ —Acu+ S"(u,v) + Pp + Nu(uﬂ))} =R" (4.9.17)

4.9.2 Specification of R"

We turn now to the simplification of (4.9.2).

RY 1 0,0 + 0,,0 +PO +PZ9’9 Pply 4.9.18
_ﬁ |:uever VeVey eY} T + % ( s )
+ [ulvl, + ulel, + olvly +olyvl + Ph] (4.9.19)

+ vy, (ug +u) + Veul + \ﬁu}g)

ve 0 1 1(,0 1
+ £ (up + ﬁup) + gy (up + \/Eup>

Ve

0
v
Ye 0 0,1 0(,0 0 1 1
+ \/gvpy + v vy, + U (vey + vy, + Vevey + \/Evpy)

+vg(vp, + Veuy,) + A + P2, (4.9.20)
+ \/Evzlm (ug + ug +Veul + \@uil)) + Agvé

+Veu, (vgy + vy + Vevgy + \Evéy)

+ {\/EAUS +eAv! + Veulv!, + ﬁviviy}

1 P,
+5§+’V[—AEU—|—S”(u,U) + ?y + N”(u, v)] (4.9.21)

We shall make the identifications so that (4.9.18) and (4.9.19) vanish by using these
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equations to define the construction of the approximate layers in (4.9.53), (4.9.60), and
(4.9.74). We then define P? via (4.9.20):

0

P],Q—/yoovgm(ug+ug+ﬁui+\/gu}?) \;f(u +\fu>
(02

+ Vg (ug + ﬁu;) + Tvpy + Uevpy Vey T vpy +Vevey + fvpy)

+ vi(vp, + Vev,,) + Acvy. (4.9.22)

This choice enforces the vanishing of line (4.9.20). We are then left with:

P
ezt [ - Av+ SY(u,v) + ?y +NY(u,v)| = R™, (4.9.23)

where

=\eup, (ug + up + Veug + \/gu;) + Aoy
+ Ve, (vgy + v, + Vevly + \/Evzl,y)

[\fAv +eAv! + Veulvl, + fuevey} (4.9.24)
This defines the second equation for the remainder, as seen in (4.9.106).

4.9.3 Construction of Layers

We are prescribed the Euler flow [ul,v?, P?]. The first task is to verify that there exists

e’ Ve

Euler flows satisfying assumptions (4.2.24) - (4.2.27):

Proposition 4.9.1. There exists a nontrivial set of Euler flows, [ul,v?, PY] satisfying as-

er e €

sumptions (4.2.24) - (4.2.27).
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We will start with the shear flow Uy(Y"), satisfying the following hypothesis:

co < Uy < Cy, (4.9.25)
Uy smooth, with rapidly decaying derivatives, (4.9.26)
oyUp >0, (4.9.27)
Up =1 in a neighborhood of 0. (4.9.28)

Such a shear has stream function ¢o(Y) = fOY Up. Such a stream function has the

following asymptotics:
doly=0 =0, Pole=0 = ¢ola=r = ¢0(Y), lim — = Uy € (co,Co). (4.9.29)
Note that assumption (4.9.25) implies oY < ¢ < CoY. To define our final Euler

flow, we must first solve for an perturbative stream function, v, using the following elliptic

equation:

—AY = 0yUy + fe(do + 1), Ylg=o=A0(Y), vp—r =AL(Y),

Yly=0 =0, Y]y 00 = 0. (4.9.30)

We will assume the following conditions on f, and the boundary data Ao :

0< fe <d<<1, (4.9.31)
|0% fo(z + a)| < |0F folx)]| for a > 0, (4.9.32)
fe € C*(R), rapidly decaying in it’s argument, (4.9.33)
fe supported in a neighborhood away from 0 , (4.9.34)

0< Ag,Ap <6 x LY (4.9.35)
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|05-{ Ao, AL} < & x L' (4.9.36)
Ao, A, € C*°(Ry), rapidly decaying in it’s argument, (4.9.37)
Ag, A, supported in a neighborhood away from 0. (4.9.38)
Ao # Ar. (4.9.39)

It is straightforward to see that the set of admissible f., Ag, A, is nonempty. First, via
hypothesis (4.9.27) and (4.9.31), we have Ay < 0, so that via the maximum principle and

assumption on the boundary data (4.9.35):

Y =>0. (4.9.40)

Lemma 4.9.2. Assume (4.9.25) - (4.9.28) and the assumptions (4.9.31) - (4.9.39) are

satisfied. For 0 < L << § << 1, the following energy estimate holds:

Y 5[] < CLO(). (4.9.41)

Proof. Define:

Bla,Y) = Z= 407y + LA, (v). (4.9.42)

B is smooth and all derivatives are order ¢ by the assumptions (4.9.36) on Ay 1. Define

now ¢ = 1) — B, which satisfies:

—AY = AB+8yUp + fe(¢o + 1), ¥loa = 0. (4.9.43)
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An energy estimate coupled with Poincare’s inequality gives:

[1wir = [ (aB+avv0) - o+ [ fuioo+0)- 0

< O(8, L)|[allr2 + [ fe(do + )2 O(L)] ¥zl 2 (4.9.44)

We now use (4.9.40) together with assumptions (4.9.32) and (4.9.25) to estimate:

lfe(do + )2 < [lfe(do)llz <|[fe(coY)l|L2 < O(0). (4.9.45)

This concludes the proof. O

We now upgrade to weighted estimates, and higher regularity:

Lemma 4.9.3. Assume (4.9.25) - (4.9.28) and the assumptions (4.9.31) - (4.9.39) are

satisfied. For 0 < L << § << 1, the following energy estimate holds:

Y™ 32054 12 < Conge,i0 for any k,m,j > 0. (4.9.46)

Proof. The first step is to differentiate (4.9.30) in Y. Defining (1) := dy-1), this produces:

— AP = 03Uy + fl(¢o + ) (dy o + V),

VP lym0 =0, ¥W]emor =0y Ao, (4.9.47)

where we have evaluated (4.9.30) using the condition (4.9.28), (4.9.34), and (4.9.38) to
obtain the Neumann boundary condition above. A homogenization procedure and energy

estimate nearly identical to (4.9.43) - (4.9.44) produces:

/|1/J;cY|2 + [Yyy? S O(6). (4.9.48)
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By using now the equation(4.9.30), we also obtain t,, in L?. Note crucially that
[10y Upl|2 < O(L) due to the integration in the z-direction, which prevents us from requir-
ing a smallness condition on dy Uy. One can iterate this procedure for higher derivatives. It
is also straightforward to obtain weighted in Y estimates, using hypothesis (4.9.26), (4.9.33),
and (4.9.37) to absorb weights of Y. This concludes the proof of (4.9.46).

O
Proof of Proposition 4.9.1. If we define ¢F := ¢ + 1, then ¢F solves:
A" = fo(67),  $P(0,Y) = g0+ Ao(Y),  $"(L,Y) = o + AL(Y),
E
¢F (z,0) =0, $@Y) youo o (4.9.49)

Y

Solutions to such elliptic equations solve the 2D Euler equations (see (CS12)) by setting:

1
ug = aY¢E7 Ug = - 1¢E = - mwa Pf? = 7§|V¢E‘2 +Fe(¢E)7 pr = fe- (4950)

We view 1 as a O(§)-perturbation to the shear flow (Uy(Y'), 0) for which ¢¥ = ¢, which
is therefore achieved by setting f. = Ay = A, = 0. Note that the property (4.9.39) creates
the z-dependence, for if Ay = Ar, one could solve (4.9.30) for ¢! as just a function of Y,
creating another shear flow. All properties (4.2.24) - (4.2.27) are easily verified, where the

crucial smallness is obtained through the use of (4.9.46):

0
v
|I7E\|L°o < lveyllzoe = Yoy |l < Yoy |lm2 < O(0). (4.9.51)

This concludes the proof of the proposition. O
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We will now abandon the particular construction of Proposition 4.9.1, and consider any
flow satisfying the assumptions of the paper, namely (4.2.24) - (4.2.27). Similar to the above

considerations, there exists a function f. such that:

1
uly — 00 = w? = —A¢° = f.(¢°), P’ = f§|v¢>°|2 + F(¢°), F!=f.. (4.9.52)

Our assumptions (4.2.24) - (4.2.27) guarantee the following:

%
COSUSSCoééf’O:/ ul ~Y,
0

coupled with w? is bounded and decaying in Y implies that f. together with derivatives

are bounded and decaying, which we state now as a lemma:

Lemma 4.9.4. Define f. to satisfy the equalities in (4.9.52). The assumptions on [u?,v?]

stated in (4.2.24) - (4.2.27) imply that f. together with sufficiently many derivatives is

bounded and decaying in its argument.

The above lemma is in spirit a converse to Proposition 4.9.1, which will be convenient

for later constructions (see specifically equation (4.9.62)).

In accordance with (4.9.5) and (4.9.18), we will take the following system for the leading

order Prandtl layer:

{ud(x,0) +uphup, + ug, (2, 0)up + {yvdy (2,0) +vp + ve (x, 0) hup,

+ P, — up, Py, =0, (4.9.53)
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Remark. By rewriting the system (4.9.53) for the unknowns:

w:=ug(z,0) +ulz,y), 0= yogy(2,0) +vp(x,y) +ve(z,0), (4.9.55)
we obtain:
Uty + Vlly — Uyy = uo(z,0)ud,(z,0), o= —/ U,
y
Uly—o = up,  Uly—oo = ul(z,0). (4.9.56)
By evaluating equation (4.2.3) at Y = 0, we see that u2ul,|y—o = —P2 |y—o. Note that

we do not demand any sign condition on this forcing term.

For the system (4.9.53), we have:

Proposition 4.9.5. There exists a unique solution, [ug,vg], to the system (4.9.53), satis-

fying the following:

sup ||y 205 {up, vp}l|Lz S C(M, k, ). (4.9.57)

Moreover, the following profile is strictly positive:

u) +u) 2 1. (4.9.58)
Proof. The proof follows via an appropriate von-Mises transformation, an application of the

standard parabolic maximum principle, and energy estimates in a very similar manner to

(GN17). We therefore omit the proof.
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We will next move to the first Euler layer, which in accordance to (4.9.7) and (4.9.19) is

obtained via the following system:

U, + udu + vlugy + v udy + Pl =0, (4.9.59)
Uy + Ueley + VeVey + Veyve + Poy =0, (4.9.60)
Uey + Vey = 0. (4.9.61)
By going to the stream function formulation, where V¢! = [ul,v}], we have:
— A" = fL(6°)9", (4.9.62)
Pr(x,0) = —v}(2,0) = v)(2,0),= ¢' (2,0) = 1 +/ vp(a’,0) da’, (4.9.63)
0
6'(0,y) = o), ¢'(L,y) = d1.(y)- (4.9.64)

We assume the data in (4.9.63), (4.9.64) are well-prepared in the following sense:

Definition 4.9.6 (Well Prepared Boundary Data). There exists a value of ¢1-|y—o which
is given by evaluating equation (4.9.62) on Y = 0 and using (4.9.63): ¢l (z,0) =
—¢L,(2,0)— fL(¢°)p! (x,0). The value of ¢iy (x,0)|—o should equal dyy @}|y—o. Similarly,
3y (7,0)|p=0 = Oyy &} |y—o. If this is the case, we say the boundary data are well-prepared

up to order 2. The generalization to order k is obtained by repeating the above procedure.

By standard elliptic regularity, one has:

Lemma 4.9.7. Assuming well-prepared boundary data, there exists a solution ¢ to the

system (4.9.62) - (4.9.64), satisfying the following estimate:

Y™ e Shom 1. (4.9.65)
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Proof. Introduce the corrector:

xT T 1
Br.Y) = (1= D)ob)e!0) + T T

o' (z,0). (4.9.66)

By definition, B is regular and decays exponentially fast in Y. Homogenizing;:

6 =¢' — B, (4.9.67)

we have:

—A¢— f(¢")p = —AB = f'(¢°)B,  Plaa = 0. (4.9.68)

As our boundary data are well-prepared according to Definition 4.9.6, we may take 9%

of the system and repeat the procedure. In particular:

—A G — fu(°)05 0" = 2f"(6") By + F (@GP0t + (@)Y v el (4.9.69)

One may define the new corrector B analogously to (4.9.66) and perform standard elliptic

estimates to conclude that:

Y™ { ¢y vy, vy xs dyy iz S 1. (4.9.70)

By Hardy inequality, as all derivatives of ¢! decay as ¥ — oo, we can conclude:

Y™ ¢y llr2 S 1. (4.9.71)
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From equation (4.9.62), it is clear that:
162:Y ™ ||22 S 1. (4.9.72)
We have thus obtained all H? quantities. Taking dy of (4.9.62) enables us to estimate

!y and taking 9, of (4.9.62) enables us to estimate ¢, giving the full H® estimate.

Next, we can conclude that:

1oy | ((0,00)) < OV |1m2((0,0)) < ||| S 1. (4.9.73)

This enables us to iterate the procedure.

In accordance to the (4.9.6) and (4.9.18), we will take the following system for the

Prandtl-1 layer:

uoum + ugup + voupy + ugvp — Upyy = F1, Pply =0, (4.9.74)
Upz + Vpy = 0, uzl)(xv 0) = 7“‘;(303 0), uzl)((), y) = U;o(y)a (4.9.75)
u = ud(x,0) +uy, 00 i=yody (2,0) + v) + v (x,0). (4.9.76)

Here, v, will be recovered via:

y
vp:/o uy, dy’. (4.9.77)
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We will homogenize in the following manner: define y such that:

x(0) =1, 95x(0) =0 for k> 1, / xdy = 0. (4.9.78)
0

Then define:

U= uzla + x(y)u(li(x, 0), v= U;}) + uéz(x’ O)Ix(y)a Ix(y) = / X- (4.9.79)
Yy

The new unknowns, [u,v] satisfy the following system:

Oy + ulu + vuy, + ugv — Uyy = F1 + Hy, (4.9.80)
Hy = uxul, (z,0) + ulyul(z,0)

+ 0O ul(2,0) + u) Lyul, (z,0) — X" ul(x,0). (4.9.81)

We recall the definition of Fy given in (4.9.9). Furthermore, we have the following

estimate on the forcing:

Lemma 4.9.8. For any m,k,j5 > 0, the following estimate for Fy holds:

(y) " Oy 0L F |72 S 1. (4.9.82)

Proof. The proof follows directly due to the smoothness and rapid decay properties of
[u?,vY]. O

P’ P

Lemma 4.9.9. Solutions [u,v] as defined in (4.9.79) to the problem (4.9.80) satisfy the

following estimate:

sup [ullZs + [luyl[Z2 < Clugo) + O(L)||uallZ:- (4.9.83)

z€[0,L
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Proof. One applies u to the above system, (4.9.80), and integrates:

/ (uouz + udu + v u, + ugv) cu = /{F1 + Hi}-u. (4.9.84)

The result follows upon integrating in x and estimating:

|//u2uv|+|//u2u2|+|//{F1+H1}u\

< Clubo) + O -l sl 3o + 1P, 3] (4.9.85)

O

Lemma 4.9.10. Solutions [u,v] as defined in (4.9.79) to the problem (4.9.80) satisfy the

following estimate:

a7z +sup [Juyl[7s < Clug) + [luyl[72 + C@2)llyuylIZ:- (4.9.86)

Proof. Introduce v = Bu’. Then the system becomes:

0 0 0 0 — 1,012 0 0
—U Uy + UV U+ 0 Uy — Uyy = — U7 By upu + 0 Uy — Uy

Multiplying by —f, and integrating in y yields:

/|u0|25§+/uyyﬂy =/|u0|255 _/uyﬁyy
U 1 1
:/|u0|2ﬁ§+/uy ;Oy —/Quyvyayﬁ —/uyvaiﬁ
0, 1 1 1
_ 0222 T 2 2

1
- /uyvajﬁ (4.9.87)




Upon integrating further in x, the final three terms above are estimated:

1 1 1
|—//ui@z{@}—2//uyvy8y@—//uyvﬁzﬁ|

S lluyll72 + 6llvy |22

The remaining terms, upon integrating in x:

|//@wmmowwmm,
|//w%»M§c@mwmpwmm

The right-hand side is estimated simply using Holder’s inequality.
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(4.9.88)

(4.9.89)

(4.9.90)

O

Lemma 4.9.11 (Weighted Estimates). Solutions [u,v] as defined in (4.9.79) to the problem

(4.9.80) satisfy the following estimate:

H{uy, uyy} - ux @72 S 1+ lluallZs + [uyllZ-.

Proof. Applying d, to the system gives:

0 0 0 0
U Uy + Uy U+ U Uy + Uy U — Uy = Oy {F1 + Hi}.

We apply the multiplier uyxy2 - (1 — ). The main positive terms are:

[ty wpt =)+ [y, w1 - o)

_ O 0u2u2v(1 u022 ngzl
=5 [wuwyxU-2)+ [ Suyx— [ Juyx(1-2)

(4.9.91)

(4.9.92)
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vy 2.0 uy /
- [0 - [y -0 - [ e oy
= /uOquQX(l—x)+/u0u2y2><—/u2v°y(1—$)
2 ) Yy
U2
—/é’yZ(l—x)x/. (4.9.93)

Upon taking integration in x from 0 to X, we obtain using the smallness of v%.(x, 0):

X
/0 (4-9-93)2/ ; u gy X (1 = Xo) + |luyyx| 22 — [Juy| |22 (4.9.94)
r=

s

The remaining terms, upon integrating in z from [0, X,]:

[y (1= )] < Pl . (4.9.95)
0 2(1—2)| < |[ul,y? 4.9.96

[ a0y 21— )] < Pl =y o oy 22, (4.9.96)
— [ s = ) 2 g = o (4.9.97)
[ OF+ ) 1= 0] S 1+ 2o (19.98)
O

Placing the above series of estimates together closes the basic estimate for uzl,. It is

possible to take 0% and repeat with weights y™. We omit these details. Summarizing:

Lemma 4.9.12. For any k,m > 0, solutions [u,v] as defined in (4.9.79) to the problem

(4.9.80) satisfy the following estimate:

sup ||y Oy up|2z + [y Oy upyll12 + |[vpl| Lo S Clkym). (4.9.99)

Proof. Only the v, estimate remains to be proven, for which we appeal to Hardy (as v,|y=0 =
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Y
5 :/0 Oppy < gyl 2 1yupyllzs = llupellzs llyupsllze S 1, (4.9.100)

<

the final estimate following from the u, estimates in (4.9.99). O

The final task is to cut-off the Prandtl-1 layer:

up = x(WE VX WED) [ () ds o= xR, (4900

It is clear that the divergence free structure is preserved and the same estimates from

(4.9.99) hold. The error created by such a cut-off layer is:
Ry =(1-x)F1+ Veu'x'v, — \ﬁugx'/ Up
y

o0
+ 2¢/20°x u, — avox”/ up + 3vVeEX Upy
y

+ 3ex"up — agx”'/ Up. (4.9.102)
y

RY then contributes into R*', according to (4.9.15).

Lemma 4.9.13. The remainder Ry defined in (4.9.102) satisfies the following estimate:

|RE 22 + ly0y Ry 2 S €7 (4.9.103)

Proof. All follow via the estimates in (4.9.99) aside from Fj, for which we must use the

rapid decay and that support of 1 — x is on y > % Next, the term with v,, we must use:

IVeux'vpll2 < Vellvpllro 1] p2gy< 2y < €. (4.9.104)

1
=)
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Upon applying y3d,, an identical calculation yields the desired result. O

4.9.4 Remainder System

Collecting the constructions above, according to (4.9.17) and (4.9.23), the remainders

[u, v, P] are to satisfy the following system:

— Acu+ S*(u,v) + Py = N%(u,v) + e VR = f, (4.9.105)
P,
- Acv+ S(u,v) + ?y = N"(u,v) + e 3TIRY = gq. (4.9.106)
Uy + vy =0, (4.9.107)
together with the boundary conditions:
[, v]|z=0 = [ao(y), bo(y)], [u, ’U]|y:0 = [u, U]'yﬁoo =0, (4.9.108)
{uy + vz }o=r =br(y), {P —2eugl|s=r =ar(y). (4.9.109)

The definitions of S, S,, N*, NV are given in (4.9.11) - (4.9.14). The assumptions on
[ao, bo,ar,br] are given in (4.2.21). Up to renaming ay,, by, it is possible to, without loss of

generality, consider the following simplification:

— A+ S*(w,0) + Py = N*(w,0) + e 2 TR"! := f, (4.9.110)
P
— A0+ 5%(a,0) + = N°(w,0) + g2 TRV =g (4.9.111)

Uiy + 0y =0, (4.9.112)
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together with homogenized boundary conditions:

[t V]|z=0 = [0, 0], [4, V][y=0 = [@, V]|y~c0 =0, (4.9.113)

{ty + ey ot = br(y), {P —2ety}|eer = ar(y). (4.9.114)

The reason is:

Lemma 4.9.14. If the assumptions in (4.2.21) are satisfied, [u,v] solves the system
(4.9.105) - (4.9.107) with boundary conditions (4.9.108) - (4.9.109) if and only if [a,v] =
[u — ug,v — vg] solves (4.9.105) - (4.9.107) with (4.9.113) - (4.9.114), and with modifying

[fo,90] to [f,g] as defined by:
fi= fo+L’L g = 90+Lg7 (4.9.115)
where:

Lll’ =USUYE T UszUp + VsUpy + Usy Vo

+ g2ty (uoum + Utlpg + VoUy + uoyv>,

+ 577 (gt + vouoy ) (4.9.116)
Lg ‘=UsVoz + VszpUp + VsVpy + VsyVo

+ e3 7 (uovm + UV + VoUy + voyv>

+ E%—Py (’UO’UOQK + U()’U()y). (4.9.117)

where [ug, vg] are defined below in (4.9.119). Finally, we have the following estimate:

1) { L} VELY, 0, LY /20, L oo S 1. (4.9.118)
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Proof. We will define the following auxiliary profiles:

ug = ao(y) — x0ybo(y),  vo = bo(y). (4.9.119)

It is clear that [ug,vo] is a divergence free vector field, that achieves the boundary
conditions at x = 0,y = 0,y — oo. It is also clear that [ug,vg] are order-1, and decay

rapidly in y. Consider now the difference:

U=1u—1uy, U=7v—1yp. (4.9.120)

At x = L, the following boundary conditions are satisfied:

ar, = P — 2etiy|g=1, = P — 2eu, — 2e0,bo(y) = ar(y) — 2€0ybo(y), (4.9.121)

by, == Uy + EUg|z=1 = <uy + va) le=1, — Oyug = b, — Oyuo. (4.9.122)

It is clear that [u,d] will achieve the boundary conditions in (4.9.109), with [ar,br)]
replaced by [ar,, by, and that [az,, by] satisfy the required assumptions, (4.2.21). Finally, the
new profiles [, D] satisfy the new system (4.9.105) - (4.9.107) with f, g defined in (4.9.115)
according to a standard linearization. The estimate in (4.9.118) follows from the definitions

(4.9.116) - (4.9.117), together with (4.9.119). O

Remark (Notation). Due to this lemma, we can restrict to considering (4.9.110) - (4.9.114),

and we will rename [@, 9] to [u,v] to help simplify notation.

Proposition 4.9.15. For [R%! R"!] defined as in (4.9.15), (4.9.24), we have:

IR VER™ |12 + [[(9) 9, {R"", VER" }| 2 < €T, (4.9.123)

Proof. We will start with R*“!, as defined in (4.9.15). The estimate on R} follows from
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recalling the prefactor of /e given in (4.9.15) coupled with (4.9.103). The estimate on
anz follows upon noticing that each term in the definition (4.9.22) exhibits rapid decay,
and therefore [P2| < (y)~™. We can thus move to the terms from R®!, as defined in
(4.9.10), and R>! as defined in (4.9.24). Combining estimates (4.9.57), (4.9.65), and (4.9.99)

immediately implies the desired result. O

We will also record here the following, which will be in constant use throughout the

paper:

Lemma 4.9.16 (Uniform Estimates of Profiles). With [us,vs] defined as in (4.2.10) -
(4.2.11), for any k,j > 0, we have:

Iy OF ug, y* O T 0l ||~ < 1. (4.9.124)
Moreover, we have the strict positivity:

us > 1. (4.9.125)

Proof. Using the definitions provided in (4.2.10), we see that:

k, kg0 0 1 1
Oyus = Oy {u) +up + Veu, + Veu,} (4.9.126)

= 5 {0 ul, VEORul} + OF {ud, VEuL}. (4.9.127)

Multiplying by y* and using \/Ekyk = Y'* gives the desired result. An analogous compu-
tation can be made using the definition (4.2.11), and finally iterates of 8, do not contribute

factors of v/, which is why they do not enhance the weight of y.

Finally, the positivity in (4.9.125) follows from (4.9.58) and the uniform estimates on
ul,ul found in (4.9.65), (4.9.99).

e Yp
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4.10 Existence and Uniqueness of Remainder

The main result of this appendix is the following:

Proposition 4.10.1 (Linear Existence). Given (f,g) € L?, and given (ar,by) satisfying
the assumptions (4.2.21), for L sufficiently small, there exists a unique solution to the linear

problem (4.2.50) - (4.2.32), together with boundary conditions (4.2.33) -(4.2.84).

Proposition 4.10.2 (Nonlinear Existence). Given boundary data satisfying assumptions
(4.2.21), there exists a unique solution [u,v] € X to the full nonlinear problem (4.9.110) -
(4.9.114).

We will define the operator:

Saumlts v, P)i= = Acu+ Py = 1000, {(0)*™ w1 (1)}
P,
— Ao+ =200, {(5) v, x1(0)}

— a0, {(y)*"{uy + va}xa (v)}- (4.10.1)
defined always on divergence free vector fields, together with the boundary conditions:
[U‘?U”I:O = [uvv]‘y:() = [u, v”y%oo =0,

P —2cuglp=r = ar(y), Uy +eVglo=r = br(y). (4.10.2)

Here x1 a cutoff function which is equal to 0 on [0,1) and 1 on (2,00). Strictly, Sa.m
must return a four-tuple, with the first two components being (4.10.1), and the final two

components including (ar, br). Fix another cut-off function x2(y) = 0 on [0, 10) and x2 =1
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on (20, 00). Define now the norms:

I, vl 3y, = [1{ g VEvy: 202 f0)™ 24 (4.10.3)

s 12, 5= 1ty VoV 02 } ) ™o (4.10.4)

Notationally, we will refer to the m = 0 norm as simply H'. Define now the space:

Cos := {((p,(b) € C*° : compactly supported in ¥, (4.10.5)

supported away from x = 0, and 0, + Oy = O}.

We will define:

HY =g b (4.10.6)

m ’

and the scaled, symmetric gradient via:

EUyg Uy + EVy
D, = ve Y . (4.10.7)

uy +evy  \EUy

Recalling the definition of || - ||x from (4.2.22), our ultimate space X is defined via:

Xo = Co,sH.HHl, (4.10.8)

X = {[u,v] € Xp : ||u, v||x < o0} (4.10.9)
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Define the weak formulation of (4.10.1) to be:

/D€u~Dsg0—|—/5D€v-D5¢>+/ aLgo—/ ebpo
=L r=L

T a/ (10uy -y + 260y - by + {20, +Euy} - ﬂbm)m(y)(y)m’

,a/w:Lgy%nxlbL(y)qﬁ:/f.¢+gg.¢’ (4.10.10)

for all (p,¢) € Co s.

Lemma 4.10.3. Given (f,g) € L?, and boundary values (ar,br) satisfying the assumptions

(4.2.21), there exists a weak solution [u,v, P| € HL satisfying the estimate:
ar, m
ol oy, S 17, vsl it + {2 2" oo (4.10.11)

Proof. The existence of solutions follows directly from Lax-Milgram. We must verify the

Bilinear form in (4.10.10) is coercive:

Bl(u,v), (¢, 9)] /D u- D5g0—|—/€D v-D.¢ (4.10.12)

- a/ (10uy Cpy + 260y - by + {20, + ey} ¢z)xl(y)<y>2m~

This is immediate, apart from the cross term, to which we first appeal to the density:

/Euy¢(n Xl 2m noe /Euyva1

m 1 m
SI g /8 vixa(y)*™ + 5 5 /u§x1<y>2 , (4.10.13)

which explains the constants of 10 appearing in (4.10.1). We view the terms:

/f-<p+sg~¢—/ aL<p+/ sbL¢+a/ ey*™x1bL, (4.10.14)
r=L =L rx=L



500

as a functional on H~'. We must thus estimate the following boundary term:

| / acy® x1brd| < allbr ()™ |20y ledll 2oy
x=L

S L)1z a=r) + @ O(L)|ledall7:, (4.10.15)

the latter term being absorbed into the positive contributions from [ |D.v|?* using the

smallness of L and «. Next, we must estimate the boundary terms:

a
[ anel < 1%y Vel
ar,
SIS oy + OV (410.16)
[ ebadl < bnlismlledllizmty

< el =r) + OL)lledallZ:- (4.10.17)

the latter terms in both of the above calculations can be absorbed into the positive

contributions from [ |D.vl|?. O

It is clear that each solution [u,v] € H}, is automatically in X5. We will now bootstrap

to H2, solutions.

Lemma 4.10.4. Solutions [u,v] € H}, to the system (4.10.1) satisfy:

ar,
ol vz, < 11 vVEglle +I1{ e be fy ooy (4.10.18)

NG

Moreover, such solutions are strong solutions, which satisfy the boundary conditions of

(4.10.2).

Proof. This follows formally from differentiating (4.10.1) in y and applying the multiplier u,,,
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with the help of the cut-off function x» in (4.10.4) to avoid the corners. Rigorously, one needs
to work with difference quotients within the weak formulation (4.10.10). We demonstrate
this now for the main weighted term. Given [u,v] € H]} , there exists a sequence ", ¢"
such that: [¢", ¢"] L [u,v] by the density (4.10.6). Denote by D" the difference quotient
in the y-direction: D"u(x,y) = w We will select the multiplier D~"D" to

apply the weak formulation (4.10.10):

/ y"x1(y)uy D™D = / Dh{ymxﬂy)uy}Dhgo;”). (4.10.19)

) L?

By definition of difference quotient, for each fixed h, (y)mDhgpg(,n ~ {y)™D"u,,. Simi-

larly, for each fixed h, (y)™D"u, € L?. Thus, for each fixed h, we can take n — oo:

(4.10.19) == /Dh{ymxl(y)uy}Dhuy. (4.10.20)

Next taking limits in A gives:

(4.10.20) 22% /ay{ymxl(y)uy} Uy, (4.10.21)

Performing similar calculations for each of the terms yields the desired result. The
boundary conditions (4.10.2) are satisfied by integrating by parts (4.10.1) against a test
function, justified as [u,v] are strong solutions, and comparing the boundary terms with

(4.10.10).

Near the boundary y = 0, standard Stokes theory (applicable due to cutoff x; (y)) implies:
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Lemma 4.10.5. Solutions [u,v] to the system (4.10.1) satisfy the following estimate:

ary, m
ool g S 115 VEgIEs + {2 b pP ™ o (4.10.22)
loc

To summarize, we have established that:

3 72
Corollary 4.10.6. For m,a > 0, the map S}, : [L*]*? x [L*(z = L)]** — [H2, N HZ%C}
is well defined, and returns a solution to the system (4.10.1) which satisfies the boundary

conditions specified by the third and fourth inputs of Sq m.

We now define:
Tu, v] =usty + UszpU + sty + Usy¥
UsUsp + Vs + VsUy + Vgy V. (4.10.23)
We will study:
Sa,m[uﬂ U] + T[u7 ’U] = (f’ g) =

[u, v] + S;}m [T[u, v],ar, bL} = S;ﬁn [f,g, ar, bL} (4.10.24)

as an equality in H' x H'.

Lemma 4.10.7. For m > 0, we have the following compact embedding:

H2 NH? cc H (4.10.25)

loc

Proof. The proof follows from a standard argument, see for instance (Iyel7a, P. 145, Lemma

13.1). O
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As a direct consequence, S;}nT is a compact operator on H'. An application of the
Fredholm Alternative shows that to produce an H'! solution of (4.10.24), we must rule out
nontrivial solutions to the homogeneous problem, which occurs when f =g =ay =by = 0.
For this purpose, we give a-priori estimates of the problem (4.10.24), under the hypothesis
that [u,v] € H'. For such functions, we automatically know that [u,v] € HZ due to

(4.10.18).

Lemma 4.10.8 (Energy Estimates). Solutions [u,v] € HZ, to the system (4.10.1) satisfy

the following energy estimate:

[y, \@um,svmﬂig + al[{uy, \Evyvevw} : Xym‘|%2

a
S OWllta, VEuel i + R + 11 72 b1}y e (4.10.26)

Proof. This follows upon testing the system (4.10.24) against [(p("), qb(")], where the sequence

Hl
[0, ¢(™)] = [u,v], and repeating the energy estimate in Proposition 4.3.1.

O

Lemma 4.10.9 (Positivity Estimates). Let m = 1. Then solutions [u,v] € H2, to the

system (4.10.1) satisfy the following estimate:

vy, Vevel[Ze + [VeuallT2@=r) < lluyll7z + Owe)lluy - y, Vevyyllz,

+ af {uy, Vevy, evg} - Xym”%? +R2
ar 2m |2
n ||{$, br, 8ybL}y 12201 (4.10.27)
Proof. We must perform estimates on the new, weighted quantities appearing from (4.10.1).

Temporarily omitting the prefactor of 10, we have:

+a/ay{uyy2’"} : ayui - —a/unymay [Zif - v“sj} (4.10.28)

Uy

Uy, Us
_ 2m “YyY 2m Sy
= —a/uyy w +a/uyy VyTa

s s
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u
2m Y
— a/uyy v0y{ 2

S

U U
= +a/uyy2m—w +a/uyy2mvy =
u u?

S S

_a/uyyvaay{usy

2
Us

1 1
2, 2m 2, 2m
= —« o, {—1+ o ——
/ uyy I{ Us } /7;_—11 uyy 2us

m u‘ m u
+a/uyy2 vyﬁ —a/uyy2 v(?y{uizy}. (4.10.29)

S

The boundary contribution above is positive, whereas the other terms can all be esti-
mated by the « term in (4.10.27). We need to justify the integration by parts leading to
the equality in (4.10.28). For this we notice that our solution is in H2,, and so both the left

and right-hand sides of (4.10.28) are in L. This then justifies the following limit:

m v . M m v
/6y{uyy2 3 8@/17 = lim / 8y{“y3/2 3 8y;
s y=0 S

M—o00
M
v v
= li |:_ 2m I 2m 7:|
Mlinoo /0 Uy ayyus +/y=M Uy ayus
. / uyyzmayyui, (4.10.30)
s

where the limit of the boundary contribution vanishes as [|uyy™|7. and |[vyy™|| 2 are

H; functions, according to the definition of H2,. We similarly have:

v
/_QO‘ay{lemUy} : fam{;}

o 1 1 1
_ /gaxyz gvy(ﬁ 00 0,0+ “awyuj)' (4.10.31)

Finally:

- [ ezt + 2}y 04
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v 1
= _/asxy2mua;y8w{u7}_/O‘52vwwixy2mu7
S

S

1
— /52avmvaz—xy2m. (4.10.32)
Us

The latter two terms in (4.10.32) are estimated according to standard calculations. For

the first term:

v v
_/Q€Xy2mumyam{;} :/OCEUmay{Xyzmam{I}}

v 1 1 1
= /eauznym [ Jy + uwayu— + vyﬁx{u—} + v@wyu—}

+ / sauzazuiay{xy%}. (4.10.33)

For the final term above, we must use that m = 1:

v
/sauxamu—ay{xy%”} < o||[Veupy|| Lz ||[Veve|| 2. (4.10.34)

The remaining terms can all be estimated similarly to estimate (4.4.5).

We first recall the definition of Ry given in (4.3.2).

Lemma 4.10.10 (Weighted Estimate). Solutions [u,v] € H2, to the system (4.10.1) satisfy

the following estimate:

gVt 2t 3+ [ty vZs ol B+ [ty Vo0l B
o all{ gy Vo 2t by e S @ll{uy, VEvy, 20} x|
1oy VERR 3+ gl 32 + [ {az, 8yaz, b, 0ybu ) 3 agoms,y

+ [Veug72(p=r) + Ra. (4.10.35)
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Proof. For this step, we can apply a cut-off xy(y) = x(%), and take N’ — oco. Due to the

cut-off, there is no need to justify contributions from y = co. Consider the new term:

—a [0t} 0wl vy
—+a [0, xX(0)uy} -9,y ) X ()

— +a/XXNy2m+2u§y +aO([[uy|[3)- (4.10.36)

Analogous calculations can be performed for the remaining a— terms from (4.10.1). For
the remaining terms from (4.10.24), one can repeat the proof of Proposition 4.5.1 with the

additional cutoff term xn(y). We omit repeating those details.

Putting the above estimates, (4.10.26), (4.10.27), (4.10.35) together gives the following

uniform in « estimate:

s 01 + al 1 { s VEtny, et | - ™13 + all{uy, VEvy,2u} - Xy 3

S,Rl +R2+R3+C(QL,Z)L). (4.10.37)

Taking the forcing f = g = ar, = by, = 0 (thus R; = 0), we can apply the Fredholm
Alternative to conclude that there exists an H' solution [u,v] to the problem (4.10.24).
Such a solution is automatically H? by (4.10.18), and so is a strong solution. The final task
is to establish a solution to our original system (4.9.105) - (4.9.107), which can be achieved
as a weak limit in X as @ — 0 using the uniform in « estimate (4.10.37). This then proves
Proposition 4.10.1. Proposition 4.10.2 then follows upon applying the Contraction Mapping

Theorem when coupled with the main X-estimate in Theorem 4.8.3.



CHAPTER FIVE

Stationary Inviscid Limit to

Shear Flows
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5.1 Abstract

This is based on a joint work with Chunhui Zhou (see (IZ17)). We establish a density
result for certain stationary shear flows, p(y), that vanish at the boundaries of a horizontal
channel. We construct stationary solutions to 2D Navier-Stokes that are e-close in L* to
the given shear flow. Our construction is based on a coercivity estimate for the Rayleigh
operator, R[v], which is based on a decomposition made possible by the vanishing of p at

the boundaries.

5.2 Introduction

We are considering 2D, stationary flows on the strip:

Q=(0,L) x (0,2). (5.2.1)

We consider an Euler shear flow:

u” = (u(y), 0). (5.2.2)

Let u® solve the Navier-Stokes equations:

u®-vu® + VP =cAu’
Vous =0 : (5.2.3)

u|y—o = 0,u"|y—2 = up

Here uy, > 0 denotes the velocity of the boundary at {y = 2}. Our main result, Theorem
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5.2.1 treats the non-moving case of u, = 0. We are interested in the asymptotic behavior
of u® as € — 0. In the presence of boundaries, the vanishing viscosity asymptotics are a
major open problem in fluids made challenging due to the mismatch between the no-slip
condition u®|pn = 0 and the no penetration condition typically satisfied by Euler flows:
u’-n = 0. This mismatch is typically rectified by the presence of Prandtl’s boundary layer
(see (GN17), (Iyel7a), (Iyel6), (Iyel7b) for relevant results in the 2D stationary setting).

In this article, we will consider Euler flows that themselves satisfy no-slip:

1(0) =0, (5.2.4)

for which there is no leading order boundary layer. Denote now the asymptotic expan-

sion:
3 3 3
uf p+eul +eul +e2ul +ecud + 2
c P e P
w = - ] ] ) . (5.2.5)
ve ev} +e2v) +ezvl 4202 +extTy
We denote:
— 1 1 22 3 2
Us i= i + U, + eu, +e2ug + €2 us, (5.2.6)
3 3
Vs 1= evy +E20p + e2v? + 6202. (5.2.7)

We impose the boundary conditions:

[, 0]la=0 = [u, v]ly=0 = [u, v]|y=2 = O, (5:2.8)

Oy + 0,v =0, P =2e0u. (5.2.9)
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The system satisfied by [u, v] is:

—eAu+ S, + 0, P = f:=N(u,v) +F,

—eAv+ S, +90,P = g:=Na(u,v) + F, ¢ in

(5.2.10)
Oz + Oyv = 0
We have defined:
Su = UsUp + UsgpU + UsyV + VsUy Sv = UgUg + Vs U + VsVy + VVUsy, (5211)
Ny = —e3t7 (u@mu + v%u), Ny = —e3t7 (u@mv + vayv), (5.2.12)

and Fy,F, are defined in (5.5.55). Let us now define several norms in which we will
control the solution:

[lu, vlle = [[VeVullL2 +[[VEVY||Le,

(5.2.13)
[lu, vllp = [[VusVvl| L2, (5.2.14)
llu, vllx = [Ju, vlle + €2 ||Ve{u, v}H]s (5.2.15)
We introduce here the notation:
g=y-(2-y) (5.2.16)

The main theorems we prove are the following;:

Theorem 5.2.1. Letu, > 0 in (5.2.3). Let u(y) € C*([0,2]) be a given function, satisfying
the conditions:

(5.2.17)
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7 p(0) = dJu(2) =0 for 2 < j < N, (5.2.18)

Oypt(0) > 0, |0, 1(2)| > 0. (5.2.19)

where Ny < oo and large but unspecified.” Let also standard compatibility conditions at
the corners of Q be prescribed for the layers in us.”> Then there exists a unique solution, u°

satisfying the Navier-Stokes equations, (5.2.3), such that:

[0 — pllos + 10w < colp)e. (5.2.20)

The constant co(u) satisfies:

"

olp) S 117 llwon~. (5.2.21)

Our ultimate interest is motivated by Yudovich’s ninth problem, (Yud03). Classical ex-
periments starting with Reynolds have shown that unsteady flows in a 2D channel that start
near Couette or Poiseulle flow do not converge to these flows. This indicates the existence of
infinitely many stationary solutions to Navier-Stokes “near” Couette or Poiseulle. Establish-
ing the existence of these solutions is an open problem. Our second result, Corollary 5.2.2,
produces stationary solutions sufficiently close to Couette, assuming « € [0, L], L << 1, and

a moving boundary at y = 2.

Corollary 5.2.2. Let any o > 0 be prescribed, which could depend on €. Let i be prescribed
to satisfy the vanishing conditions: 65/1|y:0 = 6§ﬁ|y:2 =0 for 0 <k < Ny. There exists a

unique solution, u® to (5.2.3) with up = 2 such that:

1u* = ( + afi®) ) lloo + 107l S a=. (5.2:22)

1We have selected not to optimize Ng. The optimal Ny is likely between 4 and 10.
2 We omit stating the precise form of these compatibility conditions here. They can be found in (5.5.34),
(5.5.39).
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Proof. One can obtain this by applying Theorem 5.2.1 with u(y) = y + afi(y), where fi

vanishes at high order near y = 0,2. In this case, the constant co(u) < a. O

Remark. The requirement of w, = 2 is so that the no-slip condition is satisfied by the

Couette flow. We do not use this motion of the boundary anywhere in the proof.

The present article is structured as follows: the construction of the approximate layers,
Us, Vs, in the expansion (5.2.5) is performed in the Appendix. The main analysis in Sections

5.3, 5.4 is centered around the system (5.2.10).
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5.3 Linear Estimates

We will analyze the system (5.2.10). The reader is urged to consult Lemma 5.5.3 for relevant

properties of the linearizations, us, and the forcing terms, f,g.

5.3.1 Energy Estimate

Proposition 5.3.1. For any 0 > 0, solutions [u,v] to (5.2.10) satisfy:

[l ol[2 + [las{u, v} oz £ CO)llu, vllB + R, (5.3.1)

where:

R, :=/f~u+/sg-v. (5.3.2)

Proof. Apply [u,v] to (5.2.10). The coercive quantities are:

/—5Auxu—/5Avxv+/VP~u

= /a[ = Oyt = 20t — O] X u+ /axpu
+ /5[ — 20yyv — 0, {0yu + (%;’U}} X v+ /8va
— /5{|6yu2 + [0.v|* + 4|5'yv\2 + 23mv6yu}

> /s[|vu|2 +|vol?]. (5.3.3)

Above, we have used the stress-free boundary condition in (5.2.9). We now have the
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convection terms:

/[u Up + UspW + VsUy] - /usmu + = / usu?, (5.3.4)
L
/[usvw + vsvy + Vsyv] - /Usyv + = / usv2. (5.3.5)
L

We estimate the two bulk terms above using (5.5.59) - (5.5.61):

| [ ] [oan?l <1 [ Vil +7) < VEOWI VR Tel. (5.3.6)

‘We now move to:

| [ vestnl < ell Vel o (5:37)

again by using (5.5.61). For the u,,v convection term, we first handle the leading order

contribution from p, and we must take care to avoid the critical Hardy inequality:

| [l =1 [l < )+ x(55 <v < 10+ xw = 1))
uv UU _— —_— —_— — .
" . 10/ "X\ =Y =19 XY =g
For the interior contributions:
) 1 19
| [ w WX(TO <y< T0)| < O(L)||y/us0pul2||[v/us0xv] |2 (5.3.8)

The y < 0 contribution is exactly analogous to the y > 10, and so we treat the former.

Let x denote a fattened relative to x(y < ﬁ). Fix an w > 0 small.

1 _(i_w ~ 1w
I/M’uvx(yﬁ 100! S [1¥1loslly E20x| |2y~ Fux|l2 (5.3.9)
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We estimate each L? term above individually.

At 3 Oy ¢ we 2~
/y I+ vgx:/f{y X

= —/y—2v6yv)~<—/y—v2)2’
w w
1 —(i_w) - 1
< —[ly™ 7P ox| Ll Vasoyvlle + —OD)||Vusorvll3. (5.3.10)

Next from (5.3.9):

1_w 1 _.1-6 U0
2~ Fuslle < lyAuglly ™" 5l

0w . _ 10W)
< e ladpully " | IVEd,uxll + |lvadsus ] (5:3.11)
Inserting (5.3.10) and (5.3.11) into (5.3.9), one obtains for small x > 0
1(5.3.9)| < &llu, v||z + N~ ||u, v]|%. (5.3.12)

For the higher-order contributions, we use the estimate (5.5.60), and subsequently split:

\/[usy — puv| < /\/E|u||v|[x5_ + x5+ xF] = (5.3.13.1) + (5.3.13.2) + (5.3.13.3).

(5.3.13)

Here, X;‘(y) =x;(2—y)and x§ =1— X; — Xj » where:

lony<§
X5 (y) = (5.3.14)
Oony>2)



Terms (5.3.13.1) and (5.3.13.3) are identical. We estimate:

(5.3.13.1)] < \/EO(L)II\/Eg\/XTIIz'H\/EumIIz,

g
1(5.3.13.2)] < %H\/uiwll%-

‘We now estimate:

U = Oy . _ -
IVES VRl = [ e2 b

4
= /5y‘12u8yu>25+/5y_1u2%

u = 3
< Hﬁ;x/xﬂbllﬁaywb + 3 llvusduull3.

We may thus take § = ¢ and insert (5.3.17) into (5.3.15) to conclude.

5.3.2 Positivity Estimate

Proposition 5.3.2. Solutions [u,v] to (5.2.10) satisfy, for any x > 0:

[l vl + [1V200][72 ooy + [1VEDulf2(omry S €' llu,vl[E + Ra,

where:

RQ::/f'—E)yv—i—/yaxv.
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(5.3.15)

(5.3.16)

(5.3.17)

(5.3.18)

(5.3.19)
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Proof. We will apply the multiplier M := (—0,v, d,v) to the system (5.2.10). This gives:

/ (— usc‘?yv—i—vayus) - —0yv + /usf}‘xv - Opv
_ 2 2 Usyy 2
_/us[\am +100P] +/—2 v
> [ 9ol - 12| [+

> /us|V1}|2. (5.3.20)

We have used the splitting:

/112 =/v2[Xa+X§]

L2 2 2
<% [l +1 [ o,
L2 /
< 5 us|8xv|2+|/y2vayvxg|+|/yv2%\
L2
S5 [ uelowol + Vol vyl x VIHS

= L/us|6w'u|2 + VI||[\/as0y|| x VIHES. (5.3.21)

For the vorticity terms, repeated integration by parts gives:

/_EAU.ayU_/EAv.ng'i_/vP-M
€ 2, € s ) )
2/:,6:0|8mv\ t3 {/FL (\8yu| |0,ul? + |0,
— [0z0]? +/ Poyu
o)+ |

r=

g/ |8xv\2+/ 2Dy ul?, (5.3.22)
=0 r=L

where we have used the Stress-Free boundary condition from (5.2.9). We now come to
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the remaining linearized terms from (5.2.10):

\/ (u@mus + vsayu) - =0yv| + |/ <u81vs + 00,V + vayvs) - Oy v

< e x LHS of (5.3.18) + &' 7*||u, v||2,

where we have used the Poincare inequality and the estimates in (5.5.59) - (5.5.61).
Finally, the right-hand side of (5.3.18) follows from the definition of Rs.

Lemma 5.3.3. For any 6 > 0,

&¥|[VEu, VEvlloe < Co|lluselle + 111, gll2). (5.3.23)

Proof. We omit the proof, this is found in (GN17) using interpolation arguments and esti-

mates for the Stokes operator on domains with corners. O

As a direct corollary to (5.3.1), (5.3.18), and taking # = 7 in (5.3.23):

Corollary 5.3.4.

lu, v[|% S Ry +Ra+e2|f,gll2 (5.3.24)



5.4 Evaluation of Right-Hand Sides

We first provide the nonlinear estimates:

Lemma 5.4.1. With N1, N, defined as in (5.2.12):

| [Homi ol +] [0 o+ 200

+ NG, NIz < e [Jluy ol i + ok .

Proof. We compute directly:

| / 3 [udyu + vyu] - [u + Byl

< e%|lvze® {u, o}llool VEV{u, v} 3 S elu, ol [

Similarly:

| /5%+7[u8xv +v9yv] - [v+ dyv]|

< 3 ||vVee? {u, v}lool VEV{w, 0} 13 S 3 lu, ol [

Finally:

NG, Nalle < 37 ufOeu, drv}lo + 1[040y, 0y}l

Lemma 5.4.2. With F,,F, defined as in (5.5.55), for any 6 > 0:

’/5_%_7]:u - [u+ Opu] + /5_%_7]‘—1} - v+ Oyv)]
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(5.4.1)

(5.4.2)

(5.4.3)

(5.4.4)
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"

< lfusvlf% + Clus, vs)eo(5 )

"
3y

e |e 3 Fu, Folllo < 5%7700(%). (5.4.5)

Proof. First recall the decomposition of F,,, F, given in (5.5.56). We first estimate:

/eéfm u— /eéfm s + X (5.4.6)

For the nonlocal part, we use estimate (5.5.62):

|/e%*muxg| < 67222 T o] |\ us Ol 2. (5.4.7)

For the local component, we integrate by parts in y:

!
|/5%’”’T1ux5(y)| = s%*7| /yayuTlx(s + yudyTiXs eruTl%\
_ 1_
< 07| [VEDyul |2/ T ]2 + €277 V8[10y T ||2| |v/usOui] |2

4672677 |T 2| |V O] |2 (5.4.8)

The same estimates can be used for £2~7T, - v. We now come to the higher order terms,

in which the non-local contributions are estimated via:

|/s%*m.azuxg+/5%ﬂT2-axvxg| < 5 222 | |o ||y /us Vo |a. (5.4.9)

We now focus on the T3 localized contributions individually. First:

2
v,
A7) [ weio,oul < = 1Vl V0, e (5410)

1
1_ 1_ v
ed= / Oyl ,0x] < 57y |l |5 ol e (5.4.11)
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1 1
€2 'y|/[ux’v§’0+3x’8yu§’o}8yv| < e px'vy? 4 3x Oy ul ol [VusOyvl]2.  (5.4.12)

The remaining terms in 77 are handled by integrating by parts in y and proceeding as

in (5.4.8):
5%_7/ {ui@mué + vt 0,ul — Aué] - OyUXs
= /6%_7 Oy {ui@zué +vioul — Aué} VX6
mi
1 X/
- /55_v [ué@mué +vloyul — Aué} -v?‘s
= (5.4.13.1) 4 (5.4.13.2). (5.4.13)
First:
(5.4.13.1)| = |/5%_7mlv| < e M imylloljollz < €27 [mallol|Vas Vo2 (5.4.14)
Second:
(5.4.13.2)] < e 776 7| |uld,ul + vlo,ul — Aul|s||V/us0pv]]2 (5.4.15)

We now consider the localized contributions from 75, for which we apply estimate

(5.5.62):

1_ T:
eh 7|/T2 0uol < |2l Vsl (5.4.16)

We now make the selection of § = ¢'%7, and v << 1 sufficiently small, which closes all
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of the above estimates. Finally, the 0(5%) are handled easily via:

67%7”/[\7:“ —T1] - [u+ Oy —|—/[]~"v —To] - [v+ 0]
5/51_7-[u+8$u+v+0%v]|

< e |VeVul|s. (5.4.17)

We now obtain our complete nonlinear estimate:

Corollary 5.4.3. Solutions [u,v] to the system (5.2.10) satisfy:

"

s ol e S Clatgyvs)eo( )+ v (5.4.18)

From here, the main result, Theorem 5.2.1 follows from a straightforward application of

the contraction mapping theorem.
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5.5 Construction of Layers

We start with the asymptotic expansions:

uf =+ eul +€u§,+€%u§ +Egu,2,+€%+7u> (5.5.1)
v 1= ev} +etv) + el + e + 63, (5.5.2)
P =Pl +e2P% 4 e[P) +ePy% + E%PZ? t+eztrp (5.5.3)

5.5.1 Formal Asymptotic Expansion

Here the Eulerian profiles are functions of (z,y), whereas the boundary layer profiles are

functions of (z,Y), where:

(5.5.4)

Due to this, we break up the boundary layer profiles into two components, one supported

near y = 0 and one supported near y = 2:

u;(x,Y) = u;’;_(x, YY)+ ui;*'(x, Y.). (5.5.5)

As a notational convention, we use:

Oy ul =0y ub™ — Oy, ubT. 5.5.6
p p +Up
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The purpose of such a convention is to obtain the chain rule:

1

Oyul, = %ayu;. (5.5.7)
Let us set the following notations:
UG = 4 eul + 270, v5 = evl + 2702, (5.5.8)
u? = p+ eul + eu,, —1—5%1@ +E%u127, (5.5.9)
v?) = ev! + 5%1); +e70? 4 521)2, (5.5.10)
P® .= P* = P! + £3 P2 4 ¢[P! + Pl + 3 P2, (5.5.11)

Using the expansions (5.5.1) - (5.5.3), we will first expand out the purely Euler terms:

€ € 1 2.2 1 3.2
ugOyuy = [u—l—eue +52ue} . {suegﬁ—e?uw]

1 2.1, 1 5 2 1 3 2 51,2 3,2 2
= Mg, + €U U, + E2ULUL, + €2 plUg, + €3 U UL, + ETULUL, (5.5.12)

3 3
VRO uy = [sv; +52vf} . [,u’+6uiy +e2ul,
ol 2,101 51,2 302 321 3,2 2
= eV, + EV Uy + E2V Ugy + EZ PV, + E2V U, + TV UG, (5.5.13)

1, 22 1 3 2
U OgVy = {,u +eu, +e2 ue} : [svm +e2 vm}
3 5 5
= vl + pezv?, + fulvl +ezulv? +e2utvl, + But? (5.5.14)

e ex e exr e ex e~ex)

€9 & _ 1 3.2 1 3.2
vEOyvy = [sve +52ve} . {5vey+52vey}
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_ 51,2 221 3,2 2
= €TV Vg T €2V Vg, + €2V Uy + €7V, Vg,

3

0. P =ePl, +e2P2,
0, Pg = 5P61y + E%Pfy
eAus, = ep (y) + 2Aul + e3 Au?,

e _ 2A,1 4 BAL2
eAvy = " Av, + 2 Av;.

We now expand:

2 2 g e 2,1,1 2,1,1 5012
u?0,u® =u5,0,u5, + € Upley + E7ULUL, + E2UHUL,

+ Euuéx + EQuéullm + sguguzlm + eguiuéx + aguzu
+ €3uiugz + 53“;29%2995 + Eg,uuim + E%uéuiz
+ Egu;}uzw + s3u§u§$.
v@0,u? =050, +e2 vl + e3vlul, + e2otul, + 23l
s Yyls EYYYE P p ey popY ey
+ egv;u}gy + Ezvguzl)y + 52;/112 + 63uiyvz + egvguéy
+ 6%v§ugy + 83U12)UZY + agvguiy + E%vzl,uf,y + EQU;uiy.

(2) 2) _, ¢ e 2,11 211 501,22
U 0pvs” =uR0pvy + €UV, + E2UYV,, + E2UL U,

2,1, 3,2,1 2,2 3,1,2
T E2UVp, + ET ULV, + ET UV, + ETULV,,

pT

3
2 1
+E2 U,

525

(5.5.15)

(5.5.16)
(5.5.17)
(5.5.18)

(5.5.19)

(5.5.20)

(5.5.21)



3,1,2 2,22 2.2 3,2,2
+ E7U, VU, €2 ULV, + E2ULU,, - ETU VU,
3,,2,1 21,2
T ET ULV, T EZ VU,

2 2 21,1 21,1 3,1,2 21,1
v, =v50,0% + 20,0, + €200,y + "V, + ETV Uy

5 7 7

52,1 31,2 3.1 2 T 22 T2

2 2 2
+ 20 v,y + €70, Uy + €70,y Uy + €20,V + E2 VU

p

2,1,2 3,1,2 3,22
+e2v. vy + v,y + €TV Uy

Finally, we have the linear terms:

e 3p2 1 2 pl,
0:Ps = 0, Pp +e2 P, +eP,, +e"P,.",
— € 2 1 3 pla
9yPs = 0,Pp + ePgy +VePyy + 2Py
2,1 2.2 1 3.2
EAUS = eAufy + €Uy, + E2U,, + EULyy +E2Uyy,

5 3
£ __ € 3,,1 50,1 3,,2 2,2
EAVT = eAvg + €20y, + €20,y + €MV, + E ULy y

5.5.2 Euler Equations

pY
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(5.5.22)

(5.5.23)

(5.5.24)
(5.5.25)
(5.5.26)

(5.5.27)

The equations satisfied by the Euler layers are obtained by collecting the O(e) order terms

from (5.5.12) - (5.5.19), and is now shown:

,u@xui + .U/Ué + 896Pe1 = 1" (y)
pdgvl 4+ 0, Pt =0,

Opul + 0yvl =0,

U;|x:0 = v;|y:0 = ”i|y:2 = Ué o=L = 0.

(5.5.28)



By going to the vorticity formulation, we arrive at the following problem:

x
_ﬂAv:sl —i—,u”v; = N’m(y)a Ué|39 =0, u:; = / 'U;y.
0

We will make the assumptions that:

M// #I/I
—, — vanish at high order at y = 0, 2.
Boop

According to (5.5.30), we divide (5.5.29) by p to obtain:

1" "
1, M 1
—Av, + jve = —M ,  v.laa =0.

527

(5.5.29)

(5.5.30)

(5.5.31)

By evaluating (5.5.31) at y = 0,2 and recalling (5.5.30), it is clear that 9y, v}|y—0.2 = 0.

The system satisfied by the second Euler layer is obtained by collecting the 0(5%) terms

from (5.5.12) - (5.5.19), and is shown here:

pOpu? + v +0,P? =0
p0,v2 + 0, P2 =0,

Oyu? + 9,2 =0,

U3|x=0 = Ug|x=L = 'Ug|y=2 =0, Ug|y=0 = _Uzl) Y=0-

Going to vorticity produces the system:

2 ",2 2 _ 1
7,U’Ave T v, = 0, Ue|y=072 = “Uply=0,2-

(5.5.32)

(5.5.33)

We will assume high-order compatibility conditions on the data vZ|,—o ; with v?|,—¢ 2

at the four corners of the domain, 2. The first of these conditions at the corner z = 0,y = 0
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is as follows:

"

W
Dyyvlle=0(0) = Byyvily=0(0) = —Fvgly:o. (5.5.34)

The remaining compatibility conditions may be derived in the same manner. These will

contribute higher order terms, which are the O(g?) terms from (5.5.12) - (5.5.19):

Ciu = [uldpul + Veu?,ul + Veuld,u? + eu?du?]+
g2 [viayué + VEv2oyul + VevloyuZ + €v§8yug]

—2Aul — e3 A2, (5.5.35)

2

2,1 1 3.1 2 2 1 3,2 2
Civ =e"Uu 030, + e2u 0,v; + €2u 0,v, + €°u; 0V,

1

2 1 5 2 1 51 2 3.2 2
+ v, 0yv, + €200V, + £20,0,V; + €750,V

A E%Avg. (5.5.36)

The following follow from standard elliptic theory:

Lemma 5.5.1. Assuming (5.5.30) and compatibility conditions for both vl,v? for arbitrary

er e

order as in (5.5.34), there exist unique solutions, vl ,v? to (5.5.28) and (5.5.32) that are

e’ e

reqular:

"

OO {ul, i} S CO(%) x Cyy, fori=1,2. (5.5.37)
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5.5.3 Boundary Layer Equations

Collecting the O(e) terms from (5.5.20)- (5.5.27):

1,0,— 1,0,— _ 1,0,— _
u@rup — 8y_ Y. up = O, 8y_ Pp = 07
1,0,— _ 1,0,— _ 1 1,0,— _
Up |w:0 — Up |Y7:0 - _ue‘y:()v D |Y,—>oo =0 (5538)

Here we must assume the compatibility condition:

uy (0, Y0 )ly_ =0 = —uely=0. 0% uy® T (0,Y)]y_ =0 = 0. (5.5.39)

We will also assume higher order compatibility conditions that can be obtained by dif-

ferentiating the above system and reading the resulting equalities. Note that we construct

wh® 0%~ on (0, L) x (0,00). We now cut-off these layers and make a O(y/z)-order error:
1,— VEY . qo- VE  VEY /I 1,0—  ,1,— VeEY | qo,-
- = 0= _ Ve 0=yl o 5.5.40
= xCgg )t 100X Croo ) f, v = X g ) (5:5.40)
ub Ot pl.0+ bt yl+ are defined analogously, and we omit these details. We then
define:

1,0._,10,— 1,0,+ 1._ ,1,0,— 1,0,+

" =y T T, v =T T (5.5.41)
1. 1- 1,+ 1._ 1,- 1,+

u, =uy T tuy v, = (5.5.42)

Note that due to the cut-off in (5.5.40), uzlj, U}J is smooth. The contributions to the next



layer are:

2 1,a 2,1 1 2,1 1 2,1 1
Coy =670, Py + e7u 0z uy, + €7 u,0pu, + €7 u,0puy,
+€gla 1+Egll+€g1a R s .
v Oy Uy, Ul U, O0yUg v, 0y Uy,

2 1 5( 21 1,2 2,21 3,12 1
— €70z, + [52 (ueum +upuez) + e viupy + v ugy |+ Coy

Here C,, is the error introduced by the cut-off functions in (5.5.40):

Cluy = VB UL + BYEX B2
oo

3
+ 36)(”’&?)’0 _ 82)(”// ui,o’
Y

Define the auxiliary pressure via:

1
Ppl,a = —/ [u@xvé + 6ui8xv11, + \@u;ﬁxv; + euéaxu;
Y

1 1 19 .1 1q .1 1 1
+ Vev Oy vy, + ev,0,v, + 0,0y v, — Jyyv, — Dpyvy,

3 5 5
-3(.3, 21 51,2 521 3,1,2
+e 2 (6 UVUpy T E2UYVey + €2V, U, +€ vpvey)]
With such a choice,
Cgﬂj = 0.
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(5.5.43)

(5.5.44)

(5.5.45)

(5.5.46)

Collecting the O(£2) terms from (5.5.20) - (5.5.27), the system satisfied by the second
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boundary layers is:

2,0 2,0 _ e —3 2 _ 2,0 2,0 _
u@xup - 8yyup = fo =€ 20y, 6pr =0, 8xup + 8y’Up =0,
2,0 _ 2,0,— 2 2,0,+ .2
om0 =, U " |ly—o = —ully=0, ur*t|y—2 = —ully—2,
vo vos (5.5.47)
Uy |Y—>oo =0, Uy ‘Y—>—oo =0

Y. Yy
2,0,— _— _ 2,0,— 2,0+ _ _ 2,0,+
v, = /0 axup y Uy = /2 6zup .

Note that in the same manner as in u,, v), we have two boundary layer variables, Y_, Y7

We compactify the notation in (5.5.47) to simultaneously address both. Define the cut-off

layer via:

2.
up =X (g

v (5.5.48)

VY SEOE [ (Y
V= 300X Croo ) J, U U= X g0

Lemma 5.5.2. Assume high order compatibility conditions in the sense of (5.5.39) for both
u;,, uf,, There exist unique solutions to (5.5.38) and (5.5.47) that are reqular and satisfy the

following estimates:

"

|Yma’;8§,{u;,v;}| < co(%) X Chy k1 for any k,1,m > 0, (5.5.49)
"
|Ym6§8§/u127| < co(u—) X Co i1 for any k,1,m >0, (5.5.50)
1
ILL///
|8’;vz| < 00(7) x Cy for any k > 0. (5.5.51)
Proof. These follow from standard heat equation estimates. O

The following are the errors contributed to the next layer:

Ca. =22 [ul + uy, + Veu + v/eulloul + Eguf,[eamué + ed,u,,

2 2 3 2 2 1 31 3 92 2 2
+e20,u;, + €20, uz] + edyu, v, +e2v, +e2v; + e,



+ 821112] {,u’ + edyul + ﬁ@yu}, + 6%8yug} — egamuf) + 2 Couts

3 3 3 3
Cs.v ::52(91112 {,u + su}? + 5u11) +e2 uZ} + €2 uf, {s@mvé +e2 8331); +e2 &ﬂ)g

.2 2 2,2 1 1 3 2
+e2u,0,v, + €70, [5%% +edyv, +e2 ayve}

3 2 1 3 1 3 9 I 9 2
2 2 2 2
+e 8y’Up EV, +e€ ’Up +e Ve +e vpayvp.

Here C.y; is the error contributed by cutting off the layers:

Cout :=(1 — x)f2 + Veux'vp® + 3v/ex Oy u)°

oo

3
+3ex"u)® — ez )" / u .
Y

The total contributions to the remainder forcing is:

-Fu = Cl,u + CS,ua -Fv = Cl,v + Cd

We can break up the forcing contribution into:

7’”'

fu:%,EZ'f‘O(E%)a fv:%,52+0(5%)7

where the terms at O(g?) are the following:

Toez 1= € {ui&mué +vloul — Aul + 8yu]2gv; + u'vg + px

/,2,0
Up

+ 3X/8yu}27’0]

T

2,19 01 19 1 1 2
Tpe2 =€ [ue&;ve + 0.0y, — Av, + p0yv, | -

T

Summarizing the above constructions:
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(5.5.52)

(5.5.53)

(5.5.54)

(5.5.55)

(5.5.56)

(5.5.57)

(5.5.58)



Lemma 5.5.3. The following estimates are satisfied by us, vs:

|Opus| + 10y vs| + |us — ul < min{O(Ve)7, O(e)},
|0yus — 1| S Ve,

\3ivs| <eg forl >0,

The following are satisfied by Ty, .2, T c2:

T "
173, 212 S co(5-),
Y o

n

10,71, 0,Talla S eo(= ) x =74,
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(5.5.59)
(5.5.60)

(5.5.61)

(5.5.62)

(5.5.63)

Proof. Only 12 is non-trivial, and it follows by examining that all terms in Th satisfy

Y

Toly=0 = 0 = Ty|y=2. Note that we have used (5.5.29) and (5.5.30) to conclude that

Avgly=0,2 = 0.

O
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