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Chapter One

Introduction
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Conservation laws describe the phenomena that for a conserved quantity to change

in any volume there must be a flux of the quantity in or out of that volume. In differ-

ential equation form, the conservation law can be described by hyperbolic equations,

see, e.g., [19]. In this dissertation, we present two topics concerning numerical meth-

ods solving hyperbolic equations from both theoretical and practical points of view.

The first topic is about convergence to weak solutions for numerical methods

solving hyperbolic equations. The well-known Lax-Wendroff theorem [32] states

that the finite volume method (in 1D) in conservation form would converge to a

weak solution of the underlying conservation law, if the numerical solutions actually

converge. It is easy to give counterexamples, e.g. in LeVeque [33], that finite volume

methods not in conservation form could converge to non-weak-solutions with wrong

shock speed. Kröner et al. [29, 30] have extended the Lax-Wendroff theorem to finite

volume methods on unstructured meshes for 2D conservation laws. We briefly review

these important results in Chapter 2.

There have been discussions [28, 45, 1] about local conservation property for

numerical methods other than the finite volume methods covered in the classic Law-

Wendroff theorem. However, the absence of a rigorous definition makes it arguable

as to whether a numerical method is locally conservative or not. In Chapter 3, we

give a formal definition of the local conservation property for numerical methods in

one and two space dimensions. We will prove that locally conservative numerical

methods per our definition would converge to weak solutions if they do converge.

The second topic is about numerically solving an example of hyperbolic systems,

the Maxwell’s equations in Drude metamaterials, by discontinuous Galerkin (DG)

methods. The Maxwell’s equations can be viewed as conserving the energy of the

electromagnetic field, see, e.g., [41]. The recently developed metamaterials also pro-
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moted some study of DG methods for solving Maxwell’s equations in metamaterials

(e.g., [6, 34, 35, 37]). Among these methods, there are non-dissipative ones,e.g. [35],

and optimal ones, e.g. [37].

In Chapter 4, we propose a DG method on rectangular mesh, that attains both

optimal convergence rate and non-dissipation. Recently Xing et al [49, 5] and Chung

et al [8, 9] proposed optimal and non-dissipative discontinuous Galerkin methods for

wave equations. Our approach is similar to the LDG method of Xing et al [49, 5]

in terms of the choices of the numerical fluxes in the scheme and the projection in

the error estimate proof. We also implement the our method on triangular meshes

in Chapter 5 and find that the optimal convergence exists only for DG methods

rectangular meshes with specific solution space choices.



Chapter Two

Local Conservation for Finite

Volume Methods
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2.1 Local Conservation in One Space Dimension

We consider numerical methods solving the following conservation law in one space

dimension:

ut + f(u)x = 0 in R+ ×R,

u(·, 0) = u0 in R,
(2.1)

where the flux f is a Lipschitz continuous function. It is clear from the integral form

of (2.1) why it is called the conservation law: Integrating over the space interval

[x1, x2], we get:

d

dt

∫ x2

x1

u(x, t) dx + f(u(x2, t))− f(u(x2, t)) = 0. (2.2)

If we interpret u as the density of gas and f as the rate of flow, or flux of the gas,

(2.2) means the rate of the of the volume in an interval equals to the rate of flow

into it minus the rate of flow out of it. In another word, the volume of the gas is

conserved.

2.1.1 Local Conservation for Finite Volume Methods

A finite volume method in an evenly spaced time-space mesh is locally conservative

if it takes the following conservation form:

vn+1
j − vnj

∆t
+
g(vnj−p, v

n
j−p+1, . . . , v

n
j+q)− g(vnj−p−1, v

n
j−p, . . . , v

n
j+q−1)

∆x
= 0 (2.3)

where vnk is the value of the numerical solution v on time level n (t = n∆t) and

space lattice point j (x = j∆x). g is Lipschitz continuous w.r.t each argument and
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consistent with f in the following sense:

g(v, . . . , v) = f(v) (2.4)

The scheme (2.3) can determine the numerical solution of all time level using the

given initial value in (2.1).

A counterexample in Chapter 12 of [33] illustrate the importance of local conser-

vation for numerical methods. The following consistent yet non-conservative method:

vn+1
j − vnj

∆t
=

1

∆x
vnj (vnj − vnj−1), (2.5)

solving Burgers’ equation with discrete initial condition:

ut + uux = 0 (2.6)

u(x, 0) = 1(∞,0)(x) (2.7)

yields a non-weak-solution with a wrong shock speed. The result in the next sec-

tion shows that locally conservative numerical methods never converge to non-weak-

solutions.

2.1.2 Classic Lax-Wendroff Theorem

The following theorem guarantees that converging to the wrong solution would not

happen to locally conservative finite volume schemes.

Theorem 2.1.1 (Lax and Wendroff [32]). Assume that the numerical solution v(x, t)

in (2.3) converges boundedly almost everywhere to some function u(x, t), as ∆t and
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∆x go to zero. Then u(x, t) is a weak solution of (2.1).

A simplified proof is given in Chapter 12.4 of [33] by assuming L1 convergence

with uniformly bounded total variation as opposed to the almost-everywhere con-

vergence with bound in Theorem 2.1.1.

As we will see the next chapter, this simplified proof is more easily generalizable

to the proof of convergence to weak solutions for our generalized local conservation

definition.

2.2 Local Conservation in Two Space Dimension

In this section, we are concerned with the conservation law in two space dimension:

ut +∇ · f(u)x = 0 in R+ ×R2,

u(·, 0) = u0 in R2,

(2.8)

which has a similar interpretation of conserving the amount of gas in a volume if we

integrate (2.8) over this volume.

2.2.1 Local Conservation for Finite Volume Methods

To formulate finite volume methods, we need a partition of space into cells, R2 =

∪j∈JTj, satisfying the following regularity [29, 30]:

• cells are all k–sided polygons



8

• |Tj | > c0 h
2, where |Tj | is the area of the cell, and the mesh size h =

maxj∈J diam (Tj).

• 0 < c1 ≤ ∆t
h ≤ c2, where ∆t is the time step size introduced below

• for each 1 ≤ l ≤ k, and any bounded domain Ω:

∑
Tj∩Ω6=∅

∣∣ |Tj | − |Tjl|∣∣ = o(1)

as h→ 0. {Tjl, l = 1, 2 . . . k} denotes the neighboring cells of Tj

• for each 1 ≤ l ≤ k, the mapping of Tj 7→ Tjl is one-to-one and

∪j∈JTj = ∪j∈JTjl = R2

The definition of finite volume methods in conservation form for solving (2.8) is as

follows:

u0
j = u0(xj), xj ∈ Tj

un+1
j = unj −

∆t

|Tj |
∑
l∈Nj

gjl(u
n
j , u

n
l )

where Nj denotes the indices of all neighboring cells of cell j, and the numerical flux

gjl satisfies the following properties:

• Lipschitz continuity: |gjl(u, v)− gjl(u′v′)| ≤ c h(|u− v|+ |u′ − v′|)

• conservation: gjl(u, v) + glj(v, u) = 0

• consistency: gjl(u, u) = νjl ·f(u), where νjl is the normal vector on the interface

pointing from cell j to l with a magnitude the length of that interface
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2.2.2 Two Dimensional Lax-Wendroff Theorem

The following is the Lax–Wendroff theorem for two dimensional finite volume meth-

ods in conservation form [29, 30].

Theorem 2.2.1. Assume the uh is the solution of a finite volume method in con-

servation form on the regular space discretization with mesh size h introduced in the

previous section. Furthermore, we assume:

sup
h

sup
x,y,t
|uh(x, y, t)| ≤ c

‖u− uh‖L2
loc(R2×R+) → 0, as ∆t, h→ 0

Then u is a weak solution of the conservation law (2.8).



Chapter Three

Local Conservation for Generic

Numerical Methods
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3.1 Introduction

The finite volume methods and discontinuous Galerkin (DG) methods, see, e.g., [11],

are by design locally conservative numerical schemes. We present in the previous

chapter the Lax–Wendroff theorem for finite volume methods in one and two space

dimension. We could easily extend the Lax-Wendroff theorem to DG methods by

setting the test function to value 1 in one cell and 0 in all other cells. Continuous

Galerkin (CG) methods are considered only globally conservative until Hughes et

al. [28] showed that it is actually locally conservative. But their definition of flux is

not consistent with ours in this chapter, because in their definition at least one of

the two neighboring subdomains has to be global to get the uniqueness of the flux

across the boundary between these two subdomains. Perot [45] showed the local

conservation of the CG methods with a different flux definition that is consistent

with our definition in this chapter. See also Abgrall [1] for the discussion of local

conservation of CG methods.

3.2 Local Conservation in One Space Dimension

3.2.1 Numerical Schemes

To discuss the local conservation of numerical methods, we first give the generic

definition of a numerical scheme solving the conservation law (2.1):

uh(·, tn+1)− uh(·, tn)

∆tn
= L (uh(·, tn)) . (3.1)
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The discretization over the time domain is 0 = t0 < t1 < t2 . . . with tn → ∞ as

n → ∞. Time steps are denoted as ∆tn = tn+1 − tn, and the time step size is the

maximum over all time steps ∆t = maxn≥0 ∆tn. The numerical solution uh is a

(possibly discrete) function over the time-space domain R+ ×R.

In order to define the numerical solution on the whole time domain R+, we expand

uh to be a constant over each time interval, i.e. uh(x, t) ≡ uh(x, tn), ∀t ∈ [tn, tn+1).

Therefore, we can denote functions over the space domain unh = uh(·, t), ∀t ∈

[tn, tn+1). For example, unh is a piecewise constant function for finite difference and

finite volume methods, and a piecewise polynomial for Galerkin methods.

To define the local conservation property, we need (i) a partition of the spatial

domain into intervals R = ∪j∈ZIj, (ii) a locally conserved quantity on each cell, and

(iii) a flux on each interval endpoint. The intervals Ij = [xj− 1
2
, xj+ 1

2
], and they satisfy

the regularity condition: |Ij | > c0 h, where |Ij | is the length of the interval, mesh size

h = maxj∈Z |Ij |, and c0 > 0 is independent of the mesh size. For simplicity, we now

denote
∑+∞

n=0 as
∑

n, and
∑

j∈Z as
∑

j.

3.2.2 Definition of local conservation

We define a numerical scheme to be locally conservative if its solution satisfies the

following conservation form (cf. [32]):

ūn+1
j − ūnj

∆tn
+

1

|Ij |

(
gj+ 1

2
(unh)− gj− 1

2
(unh)

)
= 0. (3.2)

Here ūnj (generalized locally conserved quantity) and gj+ 1
2

(generalized flux) both
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depend on the numerical solution locally. More precisely, they depend on unh (Bj).

Bj = {x ∈ R : |x− wj | < ch}, where wj is the midpoint of the interval Ij, and

c > 1 is independent of the mesh size. Note that ūnj here is not necessarily the cell

average ( 1
|Ij |
∫
Ij
unh) even though we use the traditional notation for cell averages. The

conserved quantity and flux also need to be consistent and bounded in the following

sense:

• consistency : if unh(x) ≡ u, a constant, ∀x ∈ Bj, we have:

ūnj = u, (3.3)

gj+ 1
2
(unh) = f(u), (3.4)

• boundedness : they are both bounded with respect to the L∞-norm of the so-

lution:

∣∣ūnj − v̄nj ∣∣ ≤ C ‖unh − vnh‖L∞(Bj), (3.5)∣∣∣gj+ 1
2
(unh)− gj+ 1

2
(vnh)

∣∣∣ ≤ C ‖unh − vnh‖L∞(Bj) (3.6)

for two functions (uh and vh) in the numerical solution space.

To get global conservation from our definition, we also require the summation of

the local conservation quantities being exactly the global conservation quantity:

∑
j

|Ij | ūnj =

∫
R
uh(x, tn) dx, ∀n ≥ 0. (3.7)

It is easy to see that (3.7) together with (3.2) implies the following global conserva-

tion: ∫
R
uh(x, t) dx =

∫
R
uh(x, 0) dx, ∀t > 0. (3.8)
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We now have gathered all parts, and give the formal definition of local conserva-

tion.

Definition 3.2.1. A numerical scheme of the form (3.1) is locally conservative if

there are conserved quantities and fluxes, both of which locally depend on the numer-

ical solution and satisfy (3.2)–(3.7).

3.2.3 Lax-Wendroff type theorem

In this section, we prove a Lax-Wendroff type theorem for locally conservative nu-

merical schemes in the sense of Definition 3.2.1. We first assume that the initial

condition is weakly enforced in the numerical solution as follows:

∫
R

(
u0 − u0

h

)
φ→ 0, as h→ 0, ∀φ ∈ C∞0 (R) . (3.9)

To get the convergence result, we also need an assumption similar to the bounded

total variation of the numerical solution:

h
∑
j

max
x∈Bj
|unh(x)− unh(wj)| → 0, as h→ 0, ∀n ≥ 0 (3.10)

The assumption (3.10) on the numerical solution may seem odd at first glance, but

it is actually implied by boundedness of total variation as Proposition 3.2.1 shows.

Recall the definition of total variation:

TV(unh) = sup
P

+∞∑
i=−∞

|unh(xi+1)− unh(xi)| , (3.11)

where P denotes the set of all partitions of the real line R.

Proposition 3.2.1. If the numerical solution unh has uniformly bounded total varia-
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tion, i.e.

TV(unh) < C, ∀n ≥ 0, (3.12)

unh satisfies the assumption (3.10).

Proof. We can deduce that there are a finite number of, say no more than p (independent

of mesh size), intervals in each neighborhood Bj from the regularity of the mesh and the

definition of Bj . We define the point that attains the maximal value of |unh(x)− unh(wj)|

in Bj as mj , which is in some interval Ik with |j − k| < p.

We can therefore define a series of intervals (Ij1 , Ij2 . . . Ijp) such that mj ∈ Ijp , where

j1 = j, and |js − js+1| ≤ 1 (∀1 ≤ s < p). The summation in (3.10) can be estimated as

follows:

h
∑
j

max
x∈Bj
|unh(x)− unh(wj)| = h

∑
j

|unh(mj)− unh(wj)|

≤h
∑
j

(∣∣unh(mj)− unh(wjp)
∣∣+

p−1∑
s=1

∣∣unh(wjs)− unh(wjs+1)
∣∣)

≤h
∑
j

sup
x∈Ijp

∣∣unh(x)− unh(wjp)
∣∣+ 2p h

∑
j

|unh(wj+1)− unh(wj)|

≤4p h TV (unh) → 0, as h→ 0.

In the above calculation, we used two obvious inequalities:

∑
j

sup
x∈Ij
|unh(x)− unh(wj)| ≤ TV (unh) (3.13)

∑
j

|unh(wj+1)− unh(wj)| ≤ TV (unh) (3.14)
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We now state and prove a Lax-Wendroff type theorem for our definition of local

conservation. The proof is quite similar to the simplified proof of the Lax-Wendroff

theorem in [33].

Theorem 3.2.1. Assume the solution to a locally conservative numerical scheme,

with initial condition imposed as (3.9), satisfies the assumption (3.10). If uh con-

verges boundedly almost everywhere to some function u as ∆t, h → 0, then u is a

weak solution to the conservation law (2.1), i.e.

∫
R
u0 φ +

∫
R+×R

uφt +

∫
R+×R

f(u) · φx = 0, ∀φ ∈ C∞0
(
R+ ×R

)
. (3.15)

Proof. Multiplying ∆tn |Ij |φ(wj , tn) on both sides of (3.2) and summing it over all n, j,

we have the following equality:

∑
n

∑
j

|Ij |
(
ūn+1
j − ūnj

)
φnj +

∑
n

∑
j

∆tn

(
gj+ 1

2
(unh)− gj− 1

2
(unh)

)
φnj = 0 (3.16)

where we denote φ(wj , tn) as φnj , and φ(x, tn) as φn(x). We can apply summation by

parts on the first term and get:

∑
n

∑
j

|Ij |
(
ūn+1
j − ūnj

)
φnj = −

∑
j

|Ij | ū0
j φ

0
j −

∑
n

∑
j

|Ij |
(
φn+1
j − φnj

)
ūn+1
j = −I− II

(3.17)

By using assumptions (3.3), (3.5), (3.9), (3.10), the fact that φ is compactly supported,

and the bounded convergence theorem, we get the convergence of term I to the first

integration in (3.15) as follows:

∑
j

|Ij | ū0
j φ

0
j =

∫
R
u0
h(x)φ0(x) dx+

∑
j

∫
Ij

(
ū0
j − u0

h(x)
)
φ0(x) dx+O(h)

=

∫
R
u0(x)φ0(x) dx+ o(1)
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where o(1) denotes a quantity which goes to zero when the mesh sizes go to zero. We

similarly deduce the convergence of term II to the second integration in (3.15):

∑
n

∑
j

|Ij |
(
φn+1
j − φnj

)
ūn+1
j

=

+∞∑
n=1

∑
j

∫ tn+1

tn

∫
Ij

φt(x, t)uh(x, t) dx dt

+

+∞∑
n=1

∑
j

∫ tn+1

tn

∫
Ij

φt(x, t)
(
ūnj − unh(x)

)
dx dt+O(h)

=

∫
R+×R

φt(x, t)u(x, t) dx dt+ o(1)

Lastly, we prove the convergence of the second summation in (3.16) to the third inte-

gration in (3.15):

∑
n

∑
j

∆tn

(
gj+ 1

2
(unh)φnj − gj− 1

2
(unh)φnj

)
=
∑
n

∑
j

∆tn

(
f(unh(wj))

(
φnj − φnj+ 1

2

)
− f(unh(wj))

(
φnj − φnj− 1

2

))
+

∑
n

∑
j

∆tn

((
gj+ 1

2
(unh)− f(unh(wj))

) (
φnj − φnj+ 1

2

)
−
(
gj− 1

2
(unh)− f(unh(wj))

) (
φnj − φnj− 1

2

))
=III + IV,

where φn(xj+ 1
2
) is denoted as φn

j+ 1
2

.

By using the definition (3.3)-(3.6) and the assumption (3.10), we have that term IV

vanishes as the mesh size goes to zero. The convergence of term III to the last integration

of (3.15) can be deduced by using the local conservation definition and the assumption
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(3.10) as follows:

III =−
∑
n

∑
j

∆tnf(unh(wj))
(
φn
j+ 1

2

− φn
j− 1

2

)
=−

∑
n

∑
j

∫ tn+1

tn

∫
Ij

f(unh(x)) ∂xφ(x, tn) dx dt+ o(1)

=−
∫
R+×R

f(u)φx + o(1)

The proof is concluded by combining the convergence of terms I–IV.

3.2.4 Examples of locally conservative numerical methods

We first point out that the DG methods (see, e.g., [11]), as well as standard finite dif-

ference and finite volume methods taking conservation form obviously have the local

conservation property. In the next few subsections, we show some other examples of

locally conservative numerical methods.

3.2.4.1 Compact (finite difference) schemes

Compact schemes are non-standard finite difference methods, for which the numerical

solution usually is defined on the grid points of a uniform mesh. We can extend the

definition of the numerical solution to be a piecewise constant function defined over

the whole real line. A compact scheme for the conservation law (2.1) can be written

as (Cockburn and Shu [15]):

un+1
h (wj)− unj (wj)

∆tn
+

1

∆x

(
A−1B f(unh)

)
j

= 0 (3.18)
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where A and B are local linear operators. We can define the conserved quantity

ūnj = (Aunh)j and the flux gj+ 1
2
(unh) satisfying

(B f(unh))j = gj+ 1
2
(unh)− gj− 1

2
(unh). (3.19)

It is not hard to check that the compact scheme is locally conservative with the

conserved quantity and flux we just defined.

3.2.4.2 Non-standard finite volume methods

Zhang et al. [52] have proposed a non-standard finite volume scheme, in order

to design high order maximum-principle-satisfying schemes for solving convection-

diffusion equations. The degrees of freedom for this method are the so called “double

cell averages” as opposed to the usual cell averages for standard finite volume meth-

ods. Suppose the real line is uniformly decomposed into intervals R = ∪j∈ZIj. The

cells Ij = [xj− 1
2
, xj+ 1

2
] whose midpoints are denoted as xj. The scheme applied on

conservation law (2.1) can be written as (see (3.19) in [52]):

¯̄un+1
j − ¯̄unj

∆t
+

1

∆x

3∑
α=1

wα

(
f̂α
j+ 1

2

− f̂α
j− 1

2

)
= 0 (3.20)

where wα are quadrature weights and f̂α
j+ 1

2

are numerical fluxes (clearly satisfying

(3.4) and (3.6)) on the quadrature points. The double cell averages are defined as:

¯̄unj =
1

∆x2

∫
Ij

∫ x+ ∆x
2

x−∆x
2

unh(ξ) dξ dx, (3.21)
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where unh is the underlying numerical solution. By using the following equality

¯̄unj =
1

∆x2

∫ xj

xj−1

unh(x)(x− xj−1) dx+
1

∆x2

∫ xj+1

xj

unh(x)(xj+1 − x) dx, (3.22)

we can easily show that the double cell averages satisfy conditions (3.3), (3.5), and

(3.7). Therefore the scheme (3.20) is locally conservative.

3.2.4.3 Continuous Galerkin method

Let Uk
h = {v ∈ H1(R) : v ∈ Pk(ej),∀j ∈ Z}, where the set of intervals{ej = [yj , yj+1] :

j ∈ Z} is a partition of the real line and Pk(ej) denotes the set of polynomials over

the cell ej. The CG method reads: find uh(·, tn) ∈ Uk
h , such that for all test function

vh ∈ Uk
h ∫

R

un+1
h − unh

∆tn
vh −

∫
R
f(unh)v′h = 0. (3.23)

To define local conservation, we need a different partition of the domain R = ∪j∈ZIj =

∪j∈Z[xj− 1
2
, xj+ 1

2
], where xj+ 1

2
= Hz(yj + yj+1). We take the test function vh as the

shape function vj, which is a piecewise linear function satisfying vj(yj) = 1
|Ij | , vj(yl) =

0, ∀l 6= j. The generalized conserved quantity is defined as: ūnj =
∫
R u

n
h vj, and the

generalized flux is defined as gj+ 1
2

(unh) = 1
|ej |
∫
ej
f(unh). It is easy to check that the

above definitions satisfy the conditions (3.2)–(3.7), and thus the CG method is locally

conservative. The result in this section can be generalized to CG methods with local

basis satisfying the partition of unity property by a similar argument to that in

section 3.3.4.3. The B-spline finite element methods (see, e.g., [23]) is one example.
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3.3 Local Conservation in Two Space Dimension

We study numerical methods for two-dimensional scalar conservation laws of the

form:

ut +∇ · f(u) = 0 in R+ ×R2

u(·, 0) = u0 in R2,

(3.24)

where the flux function f = (f1, f2), and both of its components are at least Lipschitz

continuous. We similarly define the local conservation property and prove a Lax-

Wendroff type theorem here.

3.3.1 Numerical schemes

We again consider in our presentation only schemes with Euler forward time stepping

since the spatial discretization is our primary concern, and thus the schemes read:

uh(·, tn+1)− uh(·, tn)

∆tn
= L (uh(·, tn)) , (3.25)

where the time domain is discretized as in 1D case. The numerical solution is a

constant over each time interval, i.e. uh(·, t) = uh(·, tn), ∀t ∈ [tn, tn+1), and thus we

can denote unh = uh(·, tn).

To define the local conservation property, we need (i) a partition of the spatial

domain into cells R2 = ∪j∈JTj, (ii) a locally conserved quantity on each cell, and (iii)

a flux on each cell interface. The cells are polygons with at most p edges, and satisfy

the regularity condition: |Tj | > c0 h
2, where |Tj | is the area of the cell, and the mesh
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size h = maxj∈J diam (Tj). For simplicity, we again denote
∑∞

n=0 as
∑

n, and
∑

j∈J

as
∑

j.

3.3.2 Definition of local conservation

We say a numerical scheme is locally conservative if its solution satisfies the following

conservation form equality (cf. [29, 30, 2]):

ūn+1
j − ūnj

∆tn
+

1

|Tj |
∑
l∈Nj

cjl∑
s=1

g
(s)
jl (unh) = 0. (3.26)

Here, Nj denotes the set of cell indices of all cells adjacent to Tj, i.e. Nj =

{l ∈ J : Tj ∩ Tl 6= ∅}. The cell interface between Tj and Tl has cjl line segments.

If {Tj : j ∈ J} is a triangulation, cjl is always 1. If {Tj : j ∈ J} is the dual

mesh (see, e.g., Bush and Ginting [4]) of a triangulation, cjl equals to two for all

the boundaries. ūnj (generalized conserved quantity) and gjl (generalized flux) both

depend on the numerical solution locally. More precisely, they depend on unh (Bj).

Bj =
{
x ∈ R2 : |x− wj | < ch

}
, where the center of a cell wj = 1

|Tj |
∫
Tj
x dx, and

c (> 1) is independent of the mesh size. The conserved quantity and flux also need

to be consistent and bounded in the following sense:

• consistency : if unh(x) ≡ u, a constant, ∀x ∈ Bj, we have:

ūnj = u, (3.27)

g
(s)
jl (unh) = ν

(s)
jl · f(u), (3.28)

where ν(s)
jl =

∣∣∣S(s)
jl

∣∣∣n(s)
jl , and S

(s)
jl is the s-th line segment on the boundary

between elements Tj and Tl. n
(s)
jl is the normal vector on S

(s)
jl pointing toward
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Tl.

• boundedness : they are both bounded in terms of the L∞-norm of the numerical

solution:

∣∣ūnj − v̄nj ∣∣ ≤ C ‖unh − vnh‖L∞(Bj), (3.29)

|gjl(unh)− gjl(vnh)| ≤ C h ‖unh − vnh‖L∞(Bj). (3.30)

As a flux, gjl must be unique on cell interfaces, i.e.

gjl(u
n
h) + glj(u

n
h) = 0, ∀j ∈ J, l ∈ Nj . (3.31)

To get global conservation from our definition, we also require the summation of the

local conservation quantities being exactly the global conservation quantity:

∑
j

|Tj | ūnj =

∫
R2

unh, ∀n ≥ 0. (3.32)

It is easy to see that (3.32) together with (3.26) and (3.31) implies the following

global conservation: ∫
R2

uh(·, t) =

∫
R2

uh(·, 0), ∀t > 0. (3.33)

We now have all the parts and give the formal definition of local conservation.

Definition 3.3.1. A numerical scheme of the form (3.25) is locally conservative

if there exist conserved quantities and fluxes, both of which locally depend on the

numerical solution and satisfy (3.26)–(3.32).
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3.3.3 Lax-Wendroff type theorem

In this section, we prove a Lax-Wendroff type theorem for numerical schemes sat-

isfying Definition 3.3.1. The technique of the proof is similar to that in Kröner

and Rokyta [29] and Kröner et al. [30]. We first need to weakly enforce the initial

condition as follows:

∫
R2

(
u0 − u0

h

)
φ→ 0, as h→ 0, ∀φ ∈ C∞0

(
R2
)
. (3.34)

To get the convergence result, we also need an assumption similar to the bounded

total variation of the numerical solution:

h2
∑
j

max
x∈Bj
|unh(x)− unh(wj)| → 0, as h→ 0, ∀n ≥ 0, (3.35)

which is a 2D generalization of (3.10). This assumption clearly holds for piecewise

smooth functions with smooth regions divided by curves.

Theorem 3.3.1. Assume the solution to a locally conservative numerical scheme with

initial condition imposed as (3.34) satisfies the assumption (3.35). If uh converges

boundedly almost everywhere to some function u as ∆t, h → 0, then u is a weak

solution to the conservation law (2.8), i.e.

∫
R2

u0 φ +

∫
R+×R2

uφt +

∫
R+×R2

f(u) · ∇φ = 0, ∀φ ∈ C∞0
(
R+ ×R2

)
. (3.36)

Proof. Multiplying ∆tn |Tj |φ(wj , tn) on both sides of (3.26) and summing it over all

n, j, we have the following equality:

∑
n

∑
j

|Tj |
(
ūn+1
j − ūnj

)
φnj + ∆tn

∑
n

∑
j

∑
l∈Nj

cjl∑
s=1

g
(s)
jl (unh)φnj = 0, (3.37)
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where we denote φ(wj , tn) as φnj , and φ(x, tn) as φn(x). The convergence of the first

summation in (3.37) to the first two integrations in (3.36) can be proved exactly the

same as in Theorem 3.2.1.

We now prove the convergence of the second summation in (3.37) to the third inte-

gration in (3.36) by using definition (3.27)–(3.31) together with the assumption (3.35):

∑
n

∑
j

∑
l∈Nj

cjl∑
s=1

∆tn g
(s)
jl (unh)φnj

=
∑
n

∑
j

∑
l∈Nj

cjl∑
s=1

∆tn g
(s)
jl (unh)

(
φnj − φn(z

(s)
jl )
)

=−
∑
n

∑
j

∑
l∈Nj

cjl∑
s=1

∆tn ν
(s)
jl · f(unh(wj))φ

n(z
(s)
jl )

+
∑
n

∑
j

∑
l∈Nj

cjl∑
s=1

∆tn

(
g

(s)
jl (unh)− g(s)

jl (unh(wj)
)(

φnj − φn(z
(s)
jl )
)

=−
∑
n

∑
j

∆tn |Tj |f(unh(wj)) · ∇φn(wj) + o(1)

=−
∫
R+×R2

f(u) · ∇φ + o(1)

where z
(s)
jl is the midpoint of S

(s)
jl . In the above calculation, we used the fact that

∑
l∈Nj

cjl∑
s=1

ν
(s)
jl = 0, (3.38)

∑
j

∑
l∈Nj

cjl∑
s=1

gjl(u
n
h)φn(z

(s)
jl ) = 0, (3.39)

and Lemma 3.3.1 from [30].

Lemma 3.3.1. If φ ∈ C∞0
(
R2
)
, we have the approximate integration by parts for-

mula:

|Tj | ∇φ(wj) =
∑
l∈Nj

cjl∑
s=1

φ(z
(s)
jl )ν

(s)
jl +O(h3) (3.40)
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3.3.4 Examples of locally conservative numerical methods

As in the one dimensional case, the DG methods (see, e.g., [11]), standard finite

volume and finite element methods taking conservation form are obviously locally

conservative per Definition 3.3.1. We show in this section that the two dimensional

counterpart of numerical methods in section 3.2.4 are also locally conservative.

3.3.4.1 Compact (finite difference) schemes

The compact schemes in the two space dimensions has their solutions defined on a

2D uniform structured grid with size ∆x, ∆y. We can extend the solution by making

it a constant on a rectangular centered at each grid point. The size of each rectangle

is ∆x×∆y. We denote the grid points as {wij ∈ R2 : i, j ∈ Z}, and the schemes read:

un+1
h (wij)− unh(wij)

∆t
+

1

∆x
(A−1

x Bx f1(u))ij +
1

∆y
(A−1

y Byf2(u))ij = 0 (3.41)

where the operator Ax is the operator for the 1D compact scheme applied in the x

direction, and the same for other three operators. We can rewrite the scheme (3.41)

into a conservation form as in Cockburn and Shu [15]:

ūn+1
ij − ūnij

∆tn
+

1

∆x

(
f̂ni+Hz ,j − f̂

n
i−Hz ,j

)
+

1

∆y

(
ĝn
i,j+ 1

2

− ĝn
i,j− 1

2

)
= 0, (3.42)

where ūnij = AyAxu, and flux are similarly defined as in 1D case. For example,

f̂ni+Hz ,j = HzAy (f(unh(wi+1,j)) + f(unh(wij))) ,

ĝn
i,j+ 1

2

= HzAx (g(unh(wi,j+1)) + g(unh(wij))) ,
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if (Bu)i = Hz(ui+1 − ui−1). We could easily check that the compact scheme in 2D is

locally conservative with the form (3.42).

3.3.4.2 Non-standard finite volume methods

A straightforward generalization of the non-standard finite volume methods (3.20)

on 2D uniform rectangular meshes are given in [52] (see (4.3)):

¯̄un+1
ij − ¯̄unij

∆t
+

1

∆x

(
f̂i+Hz ,j − f̂i−Hz ,j

)
+

1

∆y

(
ĝi,j+ 1

2
− ĝi,j− 1

2

)
= 0 (3.43)

where ¯̄unij is the 2D version of double cell average:

¯̄unij =
1

∆x2

1

∆y2
=

∫ y
j+ 1

2

y
j− 1

2

∫ y+ ∆y
2

y−∆y
2

∫ x
i+ 1

2

x
i− 1

2

∫ x+ ∆x
2

x−∆x
2

u(ξ, η) dξ dx dη dy. (3.44)

The 2D uniform rectangular mesh is denoted as: R2 = ∪i,j∈Z[xi− 1
2
, xi+ 1

2
]×[yj− 1

2
, yj+ 1

2
].

We can similarly get the local conservation property for this scheme by using the

following equality on double cell averages:

¯̄unij =
1

∆x2

1

∆y2

∫ xi

xi−1

∫ yj

yj−1

unh(x, y)(x− xi−1)(y − yj−1) dx dy +

1

∆x2

1

∆y2

∫ xi

xi−1

∫ yj+1

yj

unh(x, y)(x− xi−1)(yj+1 − y) dx dy +

1

∆x2

1

∆y2

∫ xi+1

xi

∫ yj

yj−1

unh(x, y)(xi+1 − x)(y − yj−1) dx dy +

1

∆x2

1

∆y2

∫ xi+1

xi

∫ yj+1

yj

unh(x, y)(xi+1 − x)(yj+1 − y) dx dy,

where xi and yj are midpoints of the the intervals in each dimension.
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3.3.4.3 Continuous Galerkin method

Let Uk
h = {v ∈ H1(R2) : v ∈ Pk(ei), ∀i ∈ Z}, where {ei, i ∈ Z} is a triangulation of

the whole space. The CG method reads: find uh(·, tn) ∈ Uk
h , such that for all test

function vh ∈ Uk
h ∫

R2

un+1
h − unh

∆tn
vh −

∫
R2

f(unh) · ∇vh = 0. (3.45)

The flux defined in Hughes et al. [28] does not fall in our definition since it needs at

least one of the two regions to be global to get the uniqueness of flux between the two

regions. The flux and conserved quantity in Perot [45] does satisfy the requirement

of Definition 3.3.1, and we briefly reproduce his formulation here.

For the purpose of defining local conservation, we use a different partition R =

∪j∈JTj, where {Tj : j ∈ J} is the dual mesh of the original triangulation {ei, i ∈ Z}.

The dual mesh, see, e.g., Bush and Ginting [4], is constructed by connecting the

midpoint of edges and centroids of cells in the original triangulation. Since every

cell in the dual mesh corresponds to a vertex in the original triangulation, we denote

{nj : j ∈ J} as the set of vertices. The shape functions are defined as {vj ∈ U1
h :

vj(nj) = 1, vj(nl) = 0, ∀l 6= j}. Because the partition of unity property,
∑

j∈J vj ≡ 1

on R2, we have the following equality:

∇vj =
∑
l∈Nk

vl∇vj − vj∇vl , in R2, (3.46)

which leads to a rewriting of the scheme (3.45) if we take the test function as the

shape function:

1

∆tn

(
1

|Tj |

∫
R2

un+1
h vj −

1

|Tj |

∫
R2

unh vj

)
−
∑
l∈Nj

1

|Tj |

∫
R2

vl f(unh) · ∇vj − vj f(unh) · ∇vl = 0.
(3.47)
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We can check, with routine algebraic calculation, that the 2D CG method (3.45) is

locally conservative in the sense of Definition 3.3.1 if we define the conserved quantity

and flux as follows:

ūnj =
1

|Tj |

∫
R2

unh vj , (3.48)

g
(s)
jl (unh) =


∣∣∣S(s)
jl

∣∣∣∣∣∣S(1)
jl

∣∣∣+
∣∣∣S(2)
jl

∣∣∣
∑

l∈Nj

1

|Tj |

∫
R2

vj f(unh) · ∇vl − vl f(unh) · ∇vj . (3.49)

Note that cjl is always 2 here because {Tj , j ∈ J} is the dual mesh of a triangula-

tion. According to the above argument, all CG methods with local basis satisfying

partition of unity are locally conservative. The 2D B-spline finite element methods

(see, e.g., [27]) with tensor product B-spline basis is one example.



Chapter Four

Discontinuous Galerkin Methods

for Maxwell’s Equations in Drude

Metamaterials on Rectangular

Meshes
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4.1 Introduction

Since the first successful construction of metamaterials with both negative permittiv-

ity and negative permeability in 2000, there has been a growing interest in the study

of metamaterials and its applications in invisibility cloak design and sub-wavelength

imaging. Numerical simulation of wave propagation in metamaterials plays a very

important role in these investigations. Description of electromagnetic wave propaga-

tion in metamaterials leads to more complicated time domain Maxwell’s equations

than the standard Maxwell’s equations in free space. Compared to many excellent

works obtained for solving Maxwell’s equations in the free space (see [20, 26, 43] and

references therein), developing efficient and rigorous numerical methods for meta-

material Maxwell’s equations needs much more efforts. The most recent progress

in this direction can be found in the monograph by Hao and Mittra [25] on the

finite-difference time-domain (FDTD) methods for modeling metamaterials, and in

the monograph by Li and Huang [36] on the finite-element time-domain (FETD)

methods for metamaterials.

The discontinuous Galerkin (DG) method was initially introduced in 1973 by

Reed and Hill [47] for solving a neutron transport equation. Because of a few nice

features of the DG methods (such as local solvability, flexibility in h-p adaptivity, and

efficiency in parallel implementation), various DG methods have been proposed for

solving different partial differential equations since then. The work of Cockburn and

Shu [14, 17] on Runge-Kutta DG (RKDG) methods for solving linear and nonlinear

time dependent hyperbolic partial differential equations (PDEs), in which the spatial

discretization is by DG and the time discretization is by Runge-Kutta methods

(other time discretization methods are of course also possible, such as the leap frog

method adopted in this paper), has facilitated the rapid advance and application
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of DG methods. Also relevant to our schemes studied in this paper, especially the

choice of the alternating fluxes, we should mention the so-called local discontinuous

Galerkin (LDG) method, which was introduced by Cockburn and Shu [16] for solving

time-dependent convection-diffusion systems and was used in [49] for solving second-

order hyperbolic equations. For more details on the algorithm design, analysis,

implementation and application of DG and LDG schemes for solving time-dependent

PDEs, readers can consult the review articles [18, 50] and the references therein.

Maxwell’s equations play a very important role in describing wave propaga-

tion phenomena in various media. It is no surprise that many DG methods

have already been developed for time-harmonic Maxwell’s equations in free space

(e.g., [3, 24, 44, 46]), time-dependent Maxwell’s equations in both free space (e.g.,

[7, 13, 22, 26]) and dispersive media (e.g., [31, 40, 48]). The recently developed meta-

materials also promoted some study of DG methods for solving Maxwells equations in

metamaterials (e.g., [6, 34, 35, 37]). Among these methods, there are non-dissipative

ones, e.g. [35], and optimal ones, e.g. [37]. However, our new method in this

paper appears to be the only one to attain both optimal convergence rate and non-

dissipation. Recently Xing et al [49, 5] and Chung et al [8, 9] proposed optimal and

non-dissipative discontinuous Galerkin methods for wave equations. Our approach

is similar to the LDG method of Xing et al [49, 5] in terms of the choices of the

numerical fluxes in the scheme and the projection in the error estimate proof.
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4.2 The governing equations

Consider the metamaterial Drude model [36] in the domain Ω:

ε0
∂E

∂t
= ∇×H − J (4.1)

µ0
∂H

∂t
= −∇×E −K (4.2)

1

ε0ω2
pe

∂J

∂t
+

Γe
ε0ω2

pe

J = E (4.3)

1

µ0ω2
pm

∂K

∂t
+

Γm
µ0ω2

pm

K = H (4.4)

supplemented with the perfect conduct (PEC) boundary condition

n×E = 0 on ∂Ω, (4.5)

and the initial conditions

E(x, 0) = E0(x), H(x, 0) = H0(x), J(x, 0) = J0(x), K(x, 0) = K0(x), (4.6)

where n denotes the outward unit normal vector of ∂Ω, E0(x),H0(x),J0(x) and

K0(x) are some given proper functions. Here ε0 is the vacuum permittivity, µ0 is

the vacuum permeability, ωpe ≥ 0 and ωpm ≥ 0 are the electric and magnetic plasma

frequencies respectively, Γe and Γm are the electric and magnetic damping frequencies

respectively, E(x, t) and H(x, t) are the electric and magnetic fields respectively, and

J(x, t) and K(x, t) are the induced electric and magnetic currents respectively.

To avoid the technicality of the proof for 3D problem, below we only consider the

transverse-electric mode with respect to z in two dimensions (2-D), i.e., the so-called

TEz mode, which involves only fields E = (Ex, Ey),H = Hz := H,J = (Jx, Jy),K =

Kz, and the curls ∇×E = ∂Ey
∂x −

∂Ex
∂y and ∇×H = (∂H∂y ,−

∂H
∂x )′. Here the subindices
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x, y and z denote the components in the x, y and z directions, respectively. More

specifically, the governing equations of the TEz Drude model can be written as:

ε0
∂Ex
∂t

=
∂Hz

∂y
− Jx, (4.7)

ε0
∂Ey
∂t

= −∂Hz

∂x
− Jy, (4.8)

µ0
∂Hz

∂t
= −∂Ey

∂x
+
∂Ex
∂y
−Kz, (4.9)

1

ε0ω2
pe

∂Jx
∂t

+
Γe
ε0ω2

pe

Jx = Ex, (4.10)

1

ε0ω2
pe

∂Jy
∂t

+
Γe
ε0ω2

pe

Jy = Ey, (4.11)

1

µ0ω2
pm

∂Kz

∂t
+

Γm
µ0ω2

pm

Kz = Hz. (4.12)

For simplicity, we consider solving (4.7)-(4.12) on a rectangular type physical

domain Ω = [a, b]× [c, d], which is discretized by a non-uniform grid

a = x 1
2
< x 3

2
< · · · < xNx+ 1

2
= b, c = y 1

2
< y 3

2
< · · · < yNy+ 1

2
= d.

The time domain [0, T ] is discretized into Nt + 1 uniform intervals by discrete times

0 = t0 < t1 < · · · < tNt+1 = T, where tn = n · τ, and the time step size τ = T
Nt+1 .

For simplicity, we define the rectangular cells Ki,j = Ii × Jj, where Ii = [xi− 1
2
, xi+ 1

2
],

i = 1, · · · , Nx, and Jj = [yj− 1
2
, yj+ 1

2
], j = 1, · · · , Ny. The mesh sizes are denoted by

hxi = xi+ 1
2
− xi− 1

2
, hyj = yj+ 1

2
− yj− 1

2
, with hx = max1≤i≤Nx h

x
i , h

y = max1≤j≤Ny h
y
j , and

h = max(hx, hy) the maximal mesh size. We also assume that the mesh is regular,

i.e. hxi ≥ C · h and hyj ≥ C · h ∀i, j, for some C independent of i, j.

The finite element space V k
h is chosen as the space of tensor products of piecewise
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polynomials of degree at most k in each variable on every element Ki,j, i.e.,

V k
h = {v : v|K ∈ Qk(K), ∀ K ∈ Th} , (4.13)

where Th denotes the Cartesian grid on Ω described above with mesh size h, and Qk

is the space of tensor products of one-dimensional polynomials of degree up to k.

For the corresponding variable u we denote its numerical solution uh, which

belongs to the finite element space V k
h . Note that functions in V k

h are allowed to

have discontinuities across element interfaces. Furthermore we denote by uh(x+
i+ 1

2

, y)

(or (uh)+
i+ 1

2
,y

, u+
h (xi+ 1

2
, y)) and uh(x−

i+ 1
2

, y) (or (uh)−
i+ 1

2
,y

, u−h (xi+ 1
2
, y)) the limit values

of uh at xi+ 1
2

from the right cell Ki+1,j and from the left cell Ki,j, respectively.

uh(x, y+
j+ 1

2

) (or (uh)+
x,j+ 1

2

, u+
h (x, yj+ 1

2
)) and uh(x, y−

j+ 1
2

) (or (uh)−
x,j+ 1

2

, u−h (x, yj+ 1
2
)) are

defined similarly. We denote by || · || the L2 norm over the domain Ω.

Finally, we would like to remark that the corresponding PEC boundary condition

(4.5) in 2-D becomes:

Ex(x, y, t)|y=c,d = 0, Ey(x, y, t)|x=a,b = 0. (4.14)

4.3 The semi-discrete DG method

The DG method for (4.7)-(4.12) can be formulated as follows: find

Exh, Eyh, Hzh, Jxh, Jyh, Kzh ∈ C1([0, T ];V k
h )
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such that

ε0

∫
Ki,j

∂Exh
∂t

φ−
∫
Ii

(
(Ĥzhφ

−)x,j+ 1
2
− (Ĥzhφ

+)x,j− 1
2

)
dx

+

∫
Ki,j

Hzh
∂φ

∂y
+

∫
Ki,j

Jxhφ = 0,

(4.15)

ε0

∫
Ki,j

∂Eyh
∂t

ψ +

∫
Jj

(
(Ĥzhψ

−)i+ 1
2
,y − (Ĥzhψ

+)i− 1
2
,y

)
dy

−
∫
Ki,j

Hzh
∂ψ

∂x
+

∫
Ki,j

Jyhψ = 0,

(4.16)

µ0

∫
Ki,j

∂Hzh

∂t
χ+

∫
Jj

(
(Êyhχ

−)i+ 1
2
,y − (Êyhχ

+)i− 1
2
,y

)
dy −

∫
Ki,j

Eyh
∂χ

∂x

−
∫
Ii

(
(Êxhχ

−)x,j+ 1
2
− (Êxhχ

+)x,j− 1
2

)
dx+

∫
Ki,j

Exh
∂χ

∂y
+

∫
Ki,j

Kzhχ = 0,

(4.17)

1

ε0ω2
pe

∫
Ki,j

∂Jxh
∂t

u1 +
Γe
ε0ω2

pe

∫
Ki,j

Jxhu1 −
∫
Ki,j

Exhu1 = 0, (4.18)

1

ε0ω2
pe

∫
Ki,j

∂Jyh
∂t

u2 +
Γe
ε0ω2

pe

∫
Ki,j

Jyhu2 −
∫
Ki,j

Eyhu2 = 0, (4.19)

1

µ0ω2
pm

∫
Ki,j

∂Kzh

∂t
v +

Γm
µ0ω2

pm

∫
Ki,j

Kzhv −
∫
Ki,j

Hzhv = 0, (4.20)

for all test functions φ, ψ, χ, u1, u2, v ∈ V k
h . Ĥzh, Êyh, Êxh are the cell boundary terms

obtained from integration by parts, and they are the so-called numerical fluxes. These

numerical fluxes are functions on cell boundaries and should be designed carefully to

ensure numerical stability or energy conservation, and optimal rate of convergence,

for different PDEs. Motivated by the LDG schemes for diffusion equations and sec-

ond order wave equations [16, 49], here we choose the simple but elegant alternating

fluxes:

Êxh(x, yj+ 1
2
) = E+

xh(x, yj+ 1
2
) ∀j = 1, · · · , Ny − 1, (4.21)

Êxh(x, y 1
2
) = Êxh(x, yNy+ 1

2
) = 0, (4.22)

Êyh(xi+ 1
2
, y) = E+

yh(xi+ 1
2
, y) ∀i = 1, · · · , Nx − 1, (4.23)

Êyh(x 1
2
, y) = Êyh(xNx+ 1

2
, y) = 0, (4.24)
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Ĥzh(x, yj+ 1
2
) = H−zh(x, yj+ 1

2
) ∀j = 1, · · · , Ny, (4.25)

Ĥzh(x, y 1
2
) = H+

zh(x, y 1
2
) + c0[[Exh(x, y 1

2
)]], (4.26)

Ĥzh(xi+ 1
2
, y) = H−zh(xi+ 1

2
, y) ∀i = 1, · · · , Nx, (4.27)

Ĥzh(x 1
2
, y) = H+

zh(x 1
2
, y)− c0[[Eyh(x 1

2
, y)]], (4.28)

where c0 is a constant independent of mesh size h, and the jumps [[Exh(x, y 1
2
)]] =

E+
xh(x, y 1

2
) − 0, [[Eyh(x 1

2
, y)]] = E+

yh(x 1
2
, y) − 0. Here we use the standard notation

[[φ]] = φ+ − φ− for jumps on cell boundaries.

Remark 4.3.1. We will see later why the jump terms in (4.26) and (4.28) are nec-

essary at the physical boundary, in the proof of optimal error estimates (Theorem

4.3.2), see also e.g. [39]. Note also that when c0 = 1
2 , (4.26) and (4.28) coincide

with the standard upwind fluxes, which are:

Ĥzh(x, y 1
2
) =

1

2
(H+

zh(x, y 1
2
) +H−zh(x, y 1

2
)) +

1

2
[[Exh(x, y 1

2
)]]

Ĥzh(x 1
2
, y) =

1

2
(H+

zh(x 1
2
, y) +H−zh(x 1

2
, y))− 1

2
[[Eyh(x 1

2
, y)]]

where the undefined H−zh(x, y 1
2
) and H−zh(x 1

2
, y) are replaced by H+

zh(x, y 1
2
) and

H+
zh(x 1

2
, y).

4.3.1 The stability analysis

In this subsection, we present the stability analysis for our scheme.

First, let us look at the stability for the governing equations. Multiplying the

governing equations (4.7)–(4.12) by Ex, Ey, Hz, Jx, Jy, Kz , respectively, then inte-

grating over domain Ω, summing up the resultants, and using the 2D PEC boundary
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condition (4.14), we can easily obtain (cf. [38])

1

2

d

dt

[
ε0(||Ex||2 + ||Ey||2) + µ0||Hz||2 +

1

ε0ω2
pe

(||Jx||2 + ||Jy||2) +
1

µ0ω2
pm

||Kz||20

]
+

Γe
ε0ω2

pe

(||Jx||2 + ||Jy||2) +
Γm

µ0ω2
pm

||Kz||2 = 0. (4.29)

Integrating (4.29) with respect to time from 0 to t, we have the energy identity

in the continuous case: For any t ≥ 0,

[
ε0(||Ex||2 + ||Ey||2) + µ0||Hz||2 +

1

ε0ω2
pe

(||Jx||2 + ||Jy||2) +
1

µ0ω2
pm

||Kz||2
]

(t)

+

∫ t

0

[
2Γe
ε0ω2

pe

(||Jx||2 + ||Jy||2) +
2Γm
µ0ω2

pm

||Kz||2
]

(s)ds

=

[
ε0(||Ex||2 + ||Ey||2) + µ0||Hz||2 +

1

ε0ω2
pe

(||Jx||2 + ||Jy||2) +
1

µ0ω2
pm

||Kz||2
]

(0).

(4.30)

Below we will show that our proposed semi-discrete DG method satisfies a similar

energy identity as that given in the continuous level (4.30).

Theorem 4.3.1. The semi-discrete DG method (4.15)-(4.20) with alternating fluxes

(4.21)-(4.28) satisfies the following energy identity: For any t ≥ 0,

[
ε0(||Exh||2 + ||Eyh||2) + µ0||Hzh||2 +

1

ε0ω2
pe

(||Jxh||2 + ||Jyh||2) +
1

µ0ω2
pm

||Kzh||2
]

(t)

+

∫ t

0

[
2Γe
ε0ω2

pe

(||Jxh||2 + ||Jyh||2) +
2Γm
µ0ω2

pm

||Kzh||2
]

(s)ds

+

∫ t

0

[
c0

∫ b

a
(E+

xh)2
x, 1

2

dx+ c0

∫ d

c
(E+

yh)2
1
2
,y
dy

]
(s) ds

=

[
ε0(||Exh||2 + ||Eyh||2) + µ0||Hzh||2 +

1

ε0ω2
pe

(||Jxh||2 + ||Jyh||2) +
1

µ0ω2
pm

||Kzh||2
]

(0).

(4.31)

Proof. Taking φ = Exh, ψ = Eyh, χ = Hzh, u1 = Jxh, u2 = Jyh, v = Kzh in (4.15)-(4.20),
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respectively, adding the resultants together, we have

1

2

d

dt

∫
Ki,j

[
ε0(|Exh|2 + |Eyh|2) + µ0|Hzh|2 +

1

ε0ω2
pe

(|Jxh|2 + |Jyh|2) +
1

µ0ω2
pm

|Kzh|2
]

+

∫
Ki,j

[
Γe
ε0ω2

pe

(|Jxh|2 + |Jyh|2) +
Γm

µ0ω2
pm

|Kzh|2
]

+ sumI + sumJ

+

∫
Ki,j

(Hzh
∂Exh
∂y

+ Exh
∂Hzh

∂y
)−
∫
Ki,j

(Hzh
∂Eyh
∂x

+ Eyh
∂Hzh

∂x
) = 0,

(4.32)

where we denote the boundary integral terms

sumI =−
∫
Ii

(
(ĤzhE

−
xh)x,j+ 1

2
− (ĤzhE

+
xh)x,j− 1

2

)
dx

−
∫
Ii

(
(ÊxhH

−
zh)x,j+ 1

2
− (ÊxhH

+
zh)x,j− 1

2

)
dx,

and

sumJ =

∫
Jj

(
(ĤzhE

−
yh)i+ 1

2
,y − (ĤzhE

+
yh)i− 1

2
,y

)
dy

+

∫
Jj

(
(ÊyhH

−
zh)i+ 1

2
,y − (ÊyhH

+
zh)i− 1

2
,y

)
dy.
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From the choice of fluxes given above, we can simplify sumI as follows:

∑
1≤j≤Ny

(
sumI +

∫
Ki,j

(Hzh
∂Exh
∂y

+ Exh
∂Hzh

∂y
)

)

=
∑

1≤j≤Ny

−
∫
Ii

(H−zhE
−
xh)x,j+ 1

2
dx+

∑
1≤j≤Ny−1

∫
Ii

(H−zhE
+
xh)x,j+ 1

2
dx

+

∫
Ii

(H+
zhE

+
xh)x, 1

2
dx+ c0

∫
Ii

(E+
xh)2

x, 1
2

dx

−
∑

1≤j≤Ny−1

∫
Ii

(E+
xhH

−
zh)x,j+ 1

2
dx+

∑
1≤j≤Ny−1

∫
Ii

(E+
xhH

+
zh)x,j+ 1

2
dx

+
∑

1≤j≤Ny

∫
Ii

(H−zhE
−
xh)x,j+ 1

2
dx−

∑
0≤j≤Ny−1

∫
Ii

(H+
zhE

+
xh)x,j+ 1

2
dx

=c0

∫
Ii

(E+
xh)2

x, 1
2

dx

(4.33)

By the similar technique, we can have

∑
1≤i≤Nx

(
sumJ −

∫
Ki,j

(Hzh
∂Eyh
∂x

+ Eyh
∂Hzh

∂x
)

)

=c0

∫
Jj

(E+
yh)2

1
2
,y
dy

(4.34)

Hence, summing up (4.32) with respect to both 1 ≤ i ≤ Nx and 1 ≤ j ≤ Ny, and using

(4.33) and (4.34), we conclude the proof.

Remark 4.3.2. We can see from the above theorem that our method is non-dissipative

since we use the alternating flux rather than upwind flux as in e.g. [37] . Note that if

we do not add the jump term in the flux definition (4.26) and (4.28), i.e. c0 = 0, then

the numerical solutions of our semi-discrete scheme satisfy the same energy equality

as the exact solutions.
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4.3.2 The error analysis

We denote the errors between the exact solutions (Ex, Ey, Hz, Jx, Jy, Kz) of (4.7)-

(4.12) and the corresponding numerical solutions (Exh, Eyh, Hzh, Jxh, Jyh, Kzh) of the

semi-discrete scheme (4.15)-(4.20) by

Ex = Ex − Exh, Ey = Ey − Eyh,Hz = Hz −Hzh,

Jx = Jx − Jxh,Jy = Jy − Jyh,Kz = Kz −Kzh.

(4.35)

Subtracting (4.15)-(4.20) from the weak formulation of (4.7)-(4.12) and assuming

that the exact solutions are continuous in the domain Ω, we can obtain the error

equations:

ε0

∫
Ki,j

∂Ex
∂t

φ−
∫
Ii

(
(Ĥzφ−)x,j+ 1

2
− (Ĥzφ+)x,j− 1

2

)
dx+

∫
Ki,j

Hz
∂φ

∂y
+

∫
Ki,j

Jxφ = 0,

(4.36)

ε0

∫
Ki,j

∂Ey
∂t

ψ +

∫
Jj

(
(Ĥzψ−)i+ 1

2
,y − (Ĥzψ+)i− 1

2
,y

)
dy −

∫
Ki,j

Hz
∂ψ

∂x
+

∫
Ki,j

Jyψ = 0,

(4.37)

µ0

∫
Ki,j

∂Hz
∂t

χ+

∫
Jj

(
(Êyχ−)i+ 1

2
,y − (Êyχ+)i− 1

2
,y

)
dy −

∫
Ki,j

Ey
∂χ

∂x

−
∫
Ii

(
(Êxχ−)x,j+ 1

2
− (Êxχ+)x,j− 1

2

)
dx+

∫
Ki,j

Ex
∂χ

∂y
+

∫
Ki,j

Kzχ = 0, (4.38)

1

ε0ω2
pe

∫
Ki,j

∂Jx
∂t

u1 +
Γe
ε0ω2

pe

∫
Ki,j

Jxu1 −
∫
Ki,j

Exu1 = 0, (4.39)

1

ε0ω2
pe

∫
Ki,j

∂Jy
∂t

u2 +
Γe
ε0ω2

pe

∫
Ki,j

Jyu2 −
∫
Ki,j

Eyu2 = 0, (4.40)

1

µ0ω2
pm

∫
Ki,j

∂Kz
∂t

v +
Γm

µ0ω2
pm

∫
Ki,j

Kzv −
∫
Ki,j

Hzv = 0, (4.41)

for all test functions φ, ψ, χ, u1, u2, v ∈ V k
h .

To estimate those errors in (4.35), we need some projection operators often used
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in DG and LDG methods (e.g., [12, 21]). Given a function u ∈ H1(Ii), the 1-D

projections

P±x : H1(Ii)→ Pk(Ii)

are defined as the elements of the k-th polynomial space Pk(Ii) that satisfy

∫
Ii

(P+
x u− u)w dx = 0 ∀ w ∈ Pk−1(Ii), and P+

x u(x+
i− 1

2

) = u(x+
i− 1

2

), (4.42)∫
Ii

(P−x u− u)w dx = 0 ∀ w ∈ Pk−1(Ii), and P−x u(x−
i+ 1

2

) = u(x−
i+ 1

2

). (4.43)

The 1-D projections P±x in the y-direction can be defined similarly. It is easy to

check that these 1-D projections are well-defined.

Furthermore, we denote the standard 1-D L2 projections

Px : H1(Ii)→ Pk(Ii), Py : H1(Jj)→ Pk(Jj),

that satisfy

∫
Ii

(Pxu− u)w dx = 0 ∀ w ∈ Pk(Ii), (4.44)∫
Jj

(Pyu− u)w dy = 0 ∀ w ∈ Pk(Jj), (4.45)

respectively.

For a 2-D rectangular element Ki,j = Ii × Jj, we use projections that are tensor

products of the 1-D projections. More specifically, we adopt the projection

Π1 = Px ⊗ P+
y : H2(Ki,j)→ Qk(Ki,j),
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which satisfies that [42]: For any w ∈ H2(Ki,j) and any vh ∈ Qk(Ki,j),

∫
Ki,j

Π1w(x, y)
∂vh(x, y)

∂y
dxdy =

∫
Ki,j

w(x, y)
∂vh(x, y)

∂y
dxdy, (4.46)∫

Ii

Π1w(x, y+
j− 1

2

)vh(x, y+
j− 1

2

) dx =

∫
Ii

w(x, y+
j− 1

2

)vh(x, y+
j− 1

2

) dx; (4.47)

the projection

Π2 = P+
x ⊗ Py : H2(Ki,j)→ Qk(Ki,j),

which satisfies that: For any w ∈ H2(Ki,j) and any vh ∈ Qk(Ki,j),

∫
Ki,j

Π2w(x, y)
∂vh(x, y)

∂x
dxdy =

∫
Ki,j

w(x, y)
∂vh(x, y)

∂x
dxdy (4.48)∫

Jj

Π2w(x+
i− 1

2

, y)vh(x+
i− 1

2

, y) dy =

∫
Jj

w(x+
i− 1

2

, y)vh(x+
i− 1

2

, y) dy; (4.49)

the projection

Π3 = P−x ⊗ P−y : H2(Ki,j)→ Qk(Ki,j),

which satisfies that: For any w ∈ H2(Ki,j) and any vh ∈ Qk−1(Ki,j),

∫
Ki,j

Π3w(x, y)vh(x, y) dxdy =

∫
Ki,j

w(x, y)vh(x, y) dxdy, (4.50)∫
Ii

Π3w(x, y−
j+ 1

2

)vh(x, y−
j+ 1

2

) dx =

∫
Ii

w(x, y−
j+ 1

2

)vh(x, y−
j+ 1

2

) dx, (4.51)∫
Ii

Π3w(x−
i+ 1

2

, y)vh(x−
i+ 1

2

, y) dy =

∫
Ii

w(x−
i+ 1

2

, y)vh(x−
i+ 1

2

, y) dy, (4.52)

Π3w(x−
i+ 1

2

, y−
j+ 1

2

) = w(x−
i+ 1

2

, y−
j+ 1

2

). (4.53)

Note that we use H2 for the point values to make sense by the Sobolev embedding

H2 ⊂ C0 in two dimensional spaces. The usual L2 projection is denoted:

Π4 = Px ⊗ Py : L2(Ki,j)→ Qk(Ki,j),
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which satisfies that: For any w ∈ L2(Ki,j) and any vh ∈ Qk(Ki,j),

∫
Ki,j

Π4w(x, y)vh(x, y) dxdy =
∫
Ki,j

w(x, y)vh(x, y) dxdy. (4.54)

It is easy to see that

Lemma 4.3.1. There exists a unique polynomial Π1w ∈ Qk(Ki,j) as defined above.

The same applies to Π2w , Π3w and Π4w.

Lemma 4.3.2. If w(x, y) is a product of 1-D functions, i.e. w(x, y) = f(x)g(y) where

f ∈ H1(Ii), g ∈ H1(Jj), then we have:

Π1w(x, y) = Pxf(x)P+
y g(y),

Π2w(x, y) = P+
x f(x)Pyg(y),

Π3w(x, y) = P−x f(x)P−y g(y).

Π4w(x, y) = Pxf(x)Pyg(y).

This lemma explains why we write the 2-D projections as the tensor products of

1-D projections.

Moreover, it is known that these projections have the following property (e.g.,

[12, 21]).

Lemma 4.3.3. Let Πi (i = 1, 2, 3, 4) be the projections defined above. Then for any

u ∈ Hk+1(Ω) (k ≥ 1),

||Πiu− u|| ≤ Chk+1||u||Hk+1(Ω), ∀ i = 1, 2, 3, 4,

where the constant C > 0 is independent of h, the mesh size introduced in Section 4.2.
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With the above preparation, we can prove the following optimal error estimate.

Theorem 4.3.2. Let (Ex, Ey, Hz, Jx, Jy, Kz) and (Exh, Eyh, Hzh, Jxh, Jyh, Kzh) be the

solutions of (4.7)-(4.12) and (4.15)-(4.20), respectively. The following optimal error

estimate holds true:

(
ε0(||Ex − Exh||2 + ||Ey − Eyh||2) + µ0||Hz −Hzh||2

)
(t)

+

(
1

ε0ω2
pe

(||Jx − Jxh||2 + ||Jy − Jyh||2) +
1

µ0ω2
pm

||Kz −Kzh||2
)

(t)

≤ Ch2(k+1) +
(
ε0(||Ex − Exh||2 + ||Ey − Eyh||2) + µ0||Hz −Hzh||2

)
(0)

+

(
1

ε0ω2
pe

(||Jx − Jxh||2 + ||Jy − Jyh||2) +
1

µ0ω2
pm

||Kz −Kzh||2
)

(0),

where the constant C > 0 is independent of h, and k ≥ 1 is the order of the basis

function in V k
h .

Proof. Using the projections defined above, we can decompose the errors given in (4.35)

as follows:

Ex = Ex − Exh = (Π1Ex − Exh)− (Π1Ex − Ex) := Exξ − Exη,

Ey = Ey − Eyh = (Π2Ey − Eyh)− (Π2Ey − Ey) := Eyξ − Eyη,

Hz = Hz −Hzh = (Π3Hz −Hzh)− (Π3Hz −Hz) := Hzξ −Hzη,

Jx = Jx − Jxh = (Π4Jx − Jxh)− (Π4Jx − Jx) := Jxξ − Jxη,

Jy = Jy − Jyh = (Π4Jy − Jyh)− (Π4Jy − Jy) := Jyξ − Jyη,

Kz = Kz −Kzh = (Π4Kz −Kzh)− (Π4Kz −Kz) := Kzξ −Kzη.

Substituting the above error decompositions into (4.36) − (4.41), and choosing the
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test functions φ = Exξ, ψ = Eyξ, χ = Hzξ, u1 = Jxξ, u2 = Jyξ, v = Kzξ, we obtain

(i)ε0

∫
Ki,j

∂Exξ
∂t

Exξ −
∫
Ii

(
(ĤzξE

−
xξ)(x, yj+ 1

2
)− (ĤzξE

+
xξ)(x, yj− 1

2
)
)

+

∫
Ki,j

Hzξ
∂Exξ
∂y

+

∫
Ki,j

JxξExξ

=ε0

∫
Ki,j

∂Exη
∂t

Exξ −
∫
Ii

(
(ĤzηE

−
xξ)(x, yj+ 1

2
)− (ĤzηE

+
xξ)(x, yj− 1

2
)
)

+

∫
Ki,j

Hzη
∂Exξ
∂y

+

∫
Ki,j

JxηExξ,

(4.55)

(ii)ε0

∫
Ki,j

∂Eyξ
∂t

Eyξ +

∫
Jj

(
(ĤzξE

−
yξ)(xi+ 1

2
, y)− (ĤzξE

+
yξ)(xi− 1

2
, y)
)

−
∫
Ki,j

Hzξ
∂Eyξ
∂y

+

∫
Ki,j

JyξEyξ

=ε0

∫
Ki,j

∂Eyη
∂t

Eyξ +

∫
Jj

(
(ĤzηE

−
yξ)(xi+ 1

2
, y)− (ĤzηE

+
yξ)(xi− 1

2
, y)
)

−
∫
Ki,j

Hzη
∂Eyξ
∂y

+

∫
Ki,j

JyηEyξ,

(4.56)

(iii)µ0

∫
Ki,j

∂Hzξ

∂t
Hzξ +

∫
Jj

(
(ÊyξH

−
zξ)(xi+ 1

2
, y)− (ÊyξH

+
zξ)(xi− 1

2
, y)
)
−
∫
Ki,j

Eyξ
∂Hzξ

∂x

−
∫
Ii

(
(ÊxξH

−
zξ)(x, yj+ 1

2
)− (ÊxξH

+
zξ)(x, yj− 1

2
)
)

+

∫
Ki,j

Exξ
∂Hzξ

∂y
+

∫
Ki,j

KzξHzξ

=µ0

∫
Ki,j

∂Hzη

∂t
Hzξ +

∫
Jj

(
(ÊyηH

−
zξ)(xi+ 1

2
, y)− (ÊyηH

+
zξ)(xi− 1

2
, y)
)
−
∫
Ki,j

Eyη
∂Hzξ

∂x

−
∫
Ii

(
(ÊxηH

−
zξ)(x, yj+ 1

2
)− (ÊxηH

+
zξ)(x, yj− 1

2
)
)

+

∫
Ki,j

Exη
∂Hzξ

∂y
+

∫
Ki,j

KzηHzξ,

(4.57)

(iv)
1

ε0ω2
pe

∫
Ki,j

∂Jxξ
∂t

Jxξ +
Γe
ε0ω2

pe

∫
Ki,j

JxξJxξ −
∫
Ki,j

ExξJxξ

=
1

ε0ω2
pe

∫
Ki,j

∂Jxη
∂t

Jxξ +
Γe
ε0ω2

pe

∫
Ki,j

JxηJxξ −
∫
Ki,j

ExηJxξ,

(4.58)

(v)
1

ε0ω2
pe

∫
Ki,j

∂Jyξ
∂t

Jyξ +
Γe
ε0ω2

pe

∫
Ki,j

JyξJyξ −
∫
Ki,j

EyξJyξ

=
1

ε0ω2
pe

∫
Ki,j

∂Jyη
∂t

Jyξ +
Γe
ε0ω2

pe

∫
Ki,j

JyηJyξ −
∫
Ki,j

EyηJyξ,

(4.59)

(vi)
1

µ0ω2
pm

∫
Ki,j

∂Kzξ

∂t
Kzξ +

Γm
µ0ω2

pm

∫
Ki,j

KzξKzξ −
∫
Ki,j

HzξKzξ

=
1

µ0ω2
pm

∫
Ki,j

∂Kzη

∂t
Kzξ +

Γm
µ0ω2

pm

∫
Ki,j

KzηKzξ −
∫
Ki,j

HzηKzξ.

(4.60)
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If we sum (4.55)-(4.60) together over i = 1 . . . Nx, j = 1 . . . Ny and look at the left

hand side (LHS), we could observe that it is exactly the same thing as in the stability

proof. Hence we have:

LHS =
1

2

d

dt

(
ε0‖Exξ‖2 + ε0‖Eyξ‖2 + µ0‖Hzξ‖2

+
1

ε0ω2
pe

(
‖Jxξ‖2 + ‖Jyξ‖2

)
+

1

µ0ω2
pm

‖Kzξ‖2
)

+
Γe
ε0ω2

pe

(
‖Jxξ‖2 + ‖Jyξ‖2

)
+

Γm
µ0ω2

pm

‖Kzξ‖2

+

Nx∑
i=1

∫
Ii

(
(Ĥzξ −H+

zξ)E
+
xξ

)
(x, y 1

2
) +

Ny∑
j=1

∫
Jj

(
H+
zξ − Ĥzξ)E

+
yξ

)
(x 1

2
, y)

=GT +

Nx∑
i=1

c0

∫
Ii

(
E+
xξ(x, y 1

2
)
)2

+

Ny∑
j=1

c0

∫
Jj

(
E+
yξ(x 1

2
, y)
)2

Note that those terms in the first two lines in the above equation are referred as GT

(good terms) and the third line is computed using the boundary fluxes (4.26) and (4.28).

Let us now consider the terms on the right hand side (RHS). By the definition of

Π4 in (4.54), and the fact that Πlut = (Πlu)t, l ∈ {1, 2, 3, 4}, we can have: ∀ i ∈

{1, · · · , Nx}, ∀ j ∈ {1, · · · , Ny} :

1
ε0ω2

pe

∫
Ki,j

∂Jxη
∂t Jxξ + Γe

ε0ω2
pe

∫
Ki,j

JxηJxξ = 0, (4.61)

1
ε0ω2

pe

∫
Ki,j

∂Jxη
∂t Jxξ + Γe

ε0ω2
pe

∫
Ki,j

JxηJxξ = 0, (4.62)

1
µ0ω2

pm

∫
Ki,j

∂Kzη
∂t Kzξ + Γm

µ0ω2
pm

∫
Ki,j

KzηKzξ = 0, (4.63)∫
Ki,j

JxηExξ =
∫
Ki,j

JyηEyξ =
∫
Ki,j

KzηHzξ = 0. (4.64)

By the definition of Π1 in (4.46)-(4.47), and the fluxes of Ex in (4.21)-(4.22), we have
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that: ∀ i = 1, · · · , Nx,

∫
Ki,j

Exη
∂Hzξ

∂y
= 0, ∀j = 1, · · · , Ny, (4.65)∫

Ii

(ÊxηH
−
zξ)(x, yj+ 1

2
) =

∫
Ii

(E+
xηH

−
zξ)(x, yj+ 1

2
) = 0, ∀j = 1, · · · , Ny − 1, (4.66)∫

Ii

(ÊxηH
−
zξ)(x, yNy+ 1

2
) = 0, (4.67)∫

Ii

(ÊxηH
+
zξ)(x, yj− 1

2
) =

∫
Jj

(E+
xηH

+
zξ)(x, yj− 1

2
) = 0, ∀j = 2, · · · , Ny, (4.68)∫

Ii

(ÊxηH
+
zξ)(x, y 1

2
) = 0. (4.69)

By the definition of Π2 in (4.48)-(4.49), and the fluxes of Ey in (4.23)-(4.24), we have

that: ∀ j = 1, · · · , Ny,

∫
Ki,j

Eyη
∂Hzξ

∂x
= 0, ∀i = 1, · · · , Nx, (4.70)∫

Ii

(ÊyηH
−
zξ)(xi+ 1

2
, y) =

∫
Ii

(E+
yηH

−
zξ)(xi+ 1

2
, y) = 0, ∀i = 1, · · · , Nx − 1, (4.71)∫

Ii

(ÊyηH
−
zξ)(xN+ 1

2
, y) = 0, (4.72)∫

Ii

(ÊyηH
+
zξ)(xi− 1

2
, y) =

∫
Ii

(E+
yηH

+
zξ)(xi− 1

2
, y) = 0, ∀i = 2, · · · , Nx, (4.73)∫

Ii

(ÊyηH
+
zξ)(x 1

2
, y) = 0. (4.74)

Using the above equalities (4.61)-(4.74), we can simplify the right hand side of the

summation of (4.55)-(4.60) over i = 1, · · · , Nx and j = 1, · · · , Ny :

RHS =

∫
Ω

(
ε0
∂Exη
∂t

Exξ + ε0
∂Eyη
∂t

Eyξ + µ0
∂Hzη

∂t
Hzξ − ExηJxξ − EyηJyξ −HzηKzξ

)
+

Ny∑
j=1

TEXj +

Nx∑
i=1

TEYi,
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where we denote

TEXj =

Nx∑
i=1

(
−
∫
Ii

(
(ĤzηE

−
xξ)(x, yj+ 1

2
)− (ĤzηE

+
xξ)(x, yj− 1

2
)
)

+

∫
Ki,j

Hzη
∂Exξ
∂y

)
,

(4.75)

TEYi =

Ny∑
j=1

(∫
Jj

(
(ĤzηE

−
yξ)(xi+ 1

2
, y)− (ĤzηE

+
yξ)(xi− 1

2
, y)
)
−
∫
Ki,j

Hzη
∂Eyξ
∂y

)
.

(4.76)

Using the super-convergence results given in Lemmas 4.3.4 and 4.3.5 below (similar

to [12] and proved at the end of this section) to estimate TEX (terms of Ex) and TEY

(terms of Ey), we obtain:

GT ≤Ch2k+2 + C‖Exξ‖2 + C‖Eyξ‖2

+

∫
Ω

(
ε0
∂Exη
∂t

Exξ + ε0
∂Eyη
∂t

Eyξ + µ0
∂Hzη

∂t
Hzξ − ExηJxξ − EyηJyξ −HzηKzξ

)
.

(4.77)

We can first bound all the right hand side terms of (4.77) using the Cauchy-Schwarz

inequality and Lemma 4.3.3, then use the Gronwall inequality and the triangle inequality

to conclude the proof.

Remark 4.3.3. We would like to remark that the optimal error estimate O(hk+1) in

the L2 norm

(
ε0(||Ex − Exh||2 + ||Ey − Eyh||2) + µ0||Hz −Hzh||2

)
(t)

+

(
1

ε0ω2
pe

(||Jx − Jxh||2 + ||Jy − Jyh||2) +
1

µ0ω2
pm

||Kz −Kzh||2
)

(t) ≤ Ch2(k+1)
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can be simply achieved if we choose O(hk+1) initial approximations:

Exh(0) = Π1Ex(0), Eyh(0) = Π2Ey(0), Hzh(0) = Π3Hz(0),

Jxh(0) = Π4Jx(0), Jyh(0) = Π4Jy(0), Kzh(0) = Π4Jz(0).

It is also worth mentioning that we cannot choose all the initial values as the standard

L2 projections (Π4) of exact solutions, which are easier to implement. The numerical

order of convergence would fluctuate if we use Π4 for all the six initial values. The

reason may be that no numerical dissipation is included to dissipate the initial error,

see also [5].

In the rest of this section, we will prove the superconvergence results used above.

Lemma 4.3.4. Let TEXi and TEYj be defined by (4.75)-(4.76). Then we have:

Ny∑
j=2

TEXj ≤ Ch2k+2 + ‖Exξ‖2, (4.78)

Nx∑
i=2

TEYi ≤ Ch2k+2 + ‖Eyξ‖2, (4.79)

where the positive constant C is independent of the mesh size h.

Proof. First we define the individual summands in TEXj (j ≥ 2) as Li(Hz, Exξ) :

Li(Hz, Exξ) =

∫
Ki,j

(Π3 − I)Hz
∂Exξ
∂y
−
∫
Ii

(((Π3 − I)Hz)
−E−xξ)(x, yj+ 1

2
)

+

∫
Ii

(((Π3 − I)Hz)
−E+

xξ)(x, yj− 1
2
).

(4.80)

Note that on y = yj+ 1
2

(j ≥ 1), the flux Ĥzη = H−zη. By comparing (4.52) and (4.53)
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in the definition of Π3 and the definition of P−x , we easily have

(Π3Hz)(x, y
−
j− 1

2

) = P−x

(
Hz(x, yj− 1

2
)
)
. (4.81)

Therefore, Li(Hz, Exξ) becomes:

Li(Hz, Exξ) =

∫
Ki,j

(Π3 − I)Hz
∂Exξ
∂y

−
∫
Ii

(
P−x

(
Hz(x, yj+ 1

2
)
)
−Hz(x, yj+ 1

2
)
)
E−xξ(x, yj+ 1

2
)

+

∫
Ii

(
P−x

(
Hz(x, yj− 1

2
)
)
−Hz(x, yj− 1

2
)
)
E+
xξ(x, yj− 1

2
).

(4.82)

Next we want to show that:

Li(Hz, Exξ) = 0, ∀Hz ∈ Pk+1(Ki,j), i = 1, · · · , Nx, j = 2, · · · , Ny. (4.83)

where Pk+1 is the standard notation for polynomials of degree not greater than k + 1,

i.e. Pk+1 = {xi · yj |i ≥ 0, j ≥ 0, i+ j ≤ k + 1}.

Since Π3 is a k-th polynomial preserving projection, (4.83) is trivially true for Hz ∈

Qk(Ki,j). Therefore, we only need to prove (4.83) for Hz = xk+1 and yk+1.

When Hz = yk+1, by Theorem 4.3.2 we have Π3Hz = P−y Hz since Hz is only a

function of y. Hence (4.83) is true by the definition of P−y .

When Hz = xk+1, we have that

Hzη(x, y) = (Π3 − I)Hz(x, y)

= (P−x − I)Hz(x, y)
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= P−x (xk+1)− xk+1

is a function of variable x only. Therefore Hzη(x, y
+
j− 1

2

) = Hzη(x, y
−
j− 1

2

)

Using this equality, we can simplify Li(Hz, Exξ):

Li(Hz, Exξ) =

∫
Ki,j

Hzη
∂Exξ
∂y
−
∫
Ii

(
(H−zηE

−
xξ)(x, yj+ 1

2
)− (H−zηE

+
xξ)(x, yj− 1

2
)
)

=

∫
Ki,j

Hzη
∂Exξ
∂y
−
∫
Ii

(
(H−zηE

−
xξ)(x, yj+ 1

2
)− (H+

zηE
+
xξ)(x, yj− 1

2
)
)

= −
∫
Ki,j

∂Hzη

∂y
Exξ (by integration by parts)

= 0 (Hzη only depends on x) .

Therefore, we have shown that (4.83) is true.

Using the standard scaling argument [10] to map a function v(x, y) defined on Ki,j

between a function ṽ(x̃, ỹ) on the reference cell K̃ = [−1
2 ,

1
2 ]2 = Ĩ × J̃ (through mapping

(x, y) = (hx̃+ xi, hỹ + yj)), we have:

Li(Hz, Exξ) =

∫
Ki,j

(Π3 − I)Hz
∂Exξ
∂y

−
∫
Ii

(
P−x

(
Hz(x, yj+ 1

2
)
)
−Hz(x, yj+ 1

2
)
)
E−xξ(x, yj+ 1

2
)

+

∫
Ii

(
P−x

(
Hz(x, yj− 1

2
)
)
−Hz(x, yj− 1

2
)
)
E+
xξ(x, yj− 1

2
)

=h

∫
K̃

(Π̃3 − I)H̃z
∂Ẽxξ
∂y

− h
∫
Ĩ

(
P̃−x

(
H̃z(x,

1

2
)

)
− H̃z(x,

1

2
)

)
Ẽ−xξ(x,

1

2
)

+ h

∫
Ĩ

(
P̃−x

(
H̃z(x,−

1

2
)

)
− H̃z(x,−

1

2
)

)
Ẽ+
xξ(x,−

1

2
)

≤Ch‖H̃z‖Hk+2(K̃)‖Ẽxξ‖L2(K̃),

where in the last step we used norm equivalence in finite dimensional spaces, and Sobolev
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embedding Hk+2 ⊂ L∞.

Using the fact that Li(p, Exξ) = 0 ,∀ p ∈ Pk+1(Ki,j), we get:

Li(Hz, Exξ) = inf
p∈P k+1(Ki,j)

Li(Hz + p, Exξ)

≤ inf
p̃∈P k+1(K̃)

Ch‖H̃z + p̃‖Hk+2(K̃)‖Ẽxξ‖L2(K̃)

≤Ch|H̃z|Hk+2(K̃)‖Ẽxξ‖L2(K̃) (by [10, Theorem 3.1.1])

≤Chk+1|Hz|Hk+2(Ki,j)‖Exξ‖L2(Ki,j) (by [10, Theorem 3.1.2])

≤Ch2k+2|Hz|2Hk+2(Ki,j)
+ ‖Exξ‖2L2(Ki,j)

.

where | · |Hk+2 denotes the standard Sobolev semi-norm. We can now proceed to the

proof of (4.78) from the above estimate

Ny∑
j=2

TEXj =

Ny∑
j=2

Nx∑
i=1

Li(Hz, Exξ)

≤
Ny∑
j=2

Nx∑
i=1

(
Ch2k+2|Hz|2Hk+2(Ki,j)

+ ‖Exξ‖2L2(Ki,j)

)
≤Ch2k+2|Hz|2Hk+2(Ω) + ‖Exξ‖2L2(Ω).

The proof of TEY is exactly the same as that of TEX by exchanging the role of x

and y.

Remark 4.3.4. Most part of the proof of Lemma 4.3.4 follows closely the proof of

Lemma 3.6 in [12].

Lemma 4.3.5. Let TEXi and TEYj be defined by (4.75)-(4.76), and c0 independent

of mesh size h. Then we have:

TEX1 −
Nx∑
i=1

c0

∫
Ii

(
E+
xξ(x, y 1

2
)
)2

≤ Ch2k+2 + ‖Exξ‖2, (4.84)
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TEY1 −
Ny∑
j=1

c0

∫
Jj

(
E+
yξ(x 1

2
, y)
)2

≤ Ch2k+2 + ‖Eyξ‖2, (4.85)

where the positive constant C is independent of the mesh size h.

Proof. Since y 1
2

= c, we have:

TEX1 −
Nx∑
i=1

c0

∫
Ii

(
E+
xξ(x, y 1

2
)
)2

=

Nx∑
i=1

∫
Ki,1

Hzη
∂Exξ
∂y
−
∫
Ii

(H−zηE
−
xξ)(x, y 3

2
) +

∫
Ii

(P−x (Hz(x, c))−Hz(x, c))E
+
xξ(x, c)

−
∫
Ii

(P−x (Hz(x, c))−Hz(x, c))E
+
xξ(x, c) +

∫
Ii

(H+
zηE

+
xξ)(x, c)

+ c0

∫
Ii

(E+
xηE

+
xξ)(x, c)− c0

∫
Ii

(
E+
xξ(x, c)

)2
.

If we define

LA(Hz, Exξ) =

∫
Ki,1

Hzη
∂Exξ
∂y
−
∫
Ii

(H−zηE
−
xξ)(x, y 3

2
)

+

∫
Ii

(P−x (Hz(x, c))−Hz(x, c))E
+
xξ(x, c), (4.86)

and compare (4.86) with (4.82), we see that LA satisfies the same polynomial preserving

properties. Hence we have

Nx∑
i=1

LA(Hz, Exξ) ≤ Ch2k+2|Hz|2Hk+2(Ω) + ‖Exξ‖2, (4.87)
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which leads to:

TEX1 −
Nx∑
i=1

c0

∫
Ii

(
E+
xξ(x, y 1

2
)
)2

≤Ch2k+2|Hz|2Hk+2(Ω) + ‖Exξ‖2

+

Nx∑
i=1

(
−
∫
Ii

(P−x (Hz(x, c))−Hz(x, c))E
+
xξ(x, c) +

∫
Ii

(H+
zηE

+
xξ)(x, c)

)
+ c0

∫ b

a

(E+
xηE

+
xξ)(x, c)− c0

∫ b

a

(
E+
xξ(x, c)

)2

≤Ch2k+2|Hz|2Hk+2(Ω) + ‖Exξ‖2

+ C

∫ b

a

(P−x (Hz(x, c))−Hz(x, c))
2 +

∫ b

a

H+
zη(x, c)

2

≤Ch2k+2|Hz|2Hk+2(Ω) + ‖Exξ‖2 + Ch2k+2|Hz|2Hk+1(Γ)

where we denote Γ = {(x, c) : x ∈ (a, b)}. In deriving the second inequality, we used the

definition of Π1 to obtain ∫
Ii

(E+
xηE

+
xξ)(x, c) dx = 0.

In the last step we used the approximation properties of the projections.

The proof of (4.85) follows the same line as (4.84).

Remark 4.3.5. If c0 = 0, we get a straightforward PEC boundary condition without

the jump terms in (4.26) and (4.28). In this case, we can only control the term∑Nx
i=1

∫
Ii

(H+
zηE

+
xξ)(x, c) as follows:

Nx∑
i=1

∫
Ii

(H+
zηE

+
xξ)(x, c) ≤ h−1

∫ b

a

(H+
zη)

2(x, c) + h

∫ b

a

(E+
xξ)

2(x, c)

≤ C · h2k+1 + ‖Exξ‖2 (by inverse inequality)

Therefore, we lose half an order. It is verified numerically that for basis function

of odd orders of polynomial degree, like Q1 and Q3, we do observe this sub-optimal
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order of convergence. See Table 4.3 and Table 4.5.

4.4 The fully-discrete DG method

We consider the following leap-frog LDG scheme: For any n ≥ 0, find

En+1
xh , En+1

yh , H
n+ 3

2

zh , J
n+ 3

2

xh , J
n+ 3

2

yh , Kn+2
zh ∈ V k

h such that

ε0

∫
Ki,j

En+1
xh − E

n
xh

τ
φ−

∫
Ii

(
(Ĥ

n+ 1
2

zh φ−)x,j+ 1
2
− (Ĥ

n+ 1
2

zh φ+)x,j− 1
2

)
dx

+

∫
Ki,j

H
n+ 1

2

zh

∂φ

∂y
+

∫
Ki,j

J
n+ 1

2

xh φ = 0,

(4.88)

ε0

∫
Ki,j

En+1
yh − Enyh

τ
ψ +

∫
Jj

(
(Ĥ

n+ 1
2

zh ψ−)i+ 1
2
,y − (Ĥ

n+ 1
2

zh ψ+)i− 1
2
,y

)
dy

−
∫
Ki,j

H
n+ 1

2

zh

∂ψ

∂x
+

∫
Ki,j

J
n+ 1

2

yh ψ = 0,

(4.89)

µ0

∫
Ki,j

H
n+ 3

2

zh −Hn+ 1
2

zh

τ
χ+

∫
Jj

(
(Ên+1

yh χ−)i+ 1
2
,y − (Ên+1

yh χ+)i− 1
2
,y

)
dy −

∫
Ki,j

En+1
yh

∂χ

∂x

−
∫
Ii

(
(Ên+1

xh χ−)x,j+ 1
2
− (Ên+1

xh χ+)x,j− 1
2

)
dx+

∫
Ki,j

En+1
xh

∂χ

∂y
+

∫
Ki,j

Kn+1
zh χ = 0,

(4.90)

1

ε0ω2
pe

∫
Ki,j

J
n+ 3

2

xh − Jn+ 1
2

xh

τ
u1 +

Γe
ε0ω2

pe

∫
Ki,j

J
n+ 3

2

xh + J
n+ 1

2

xh

2
u1 −

∫
Ki,j

En+1
xh u1 = 0, (4.91)

1

ε0ω2
pe

∫
Ki,j

J
n+ 3

2

yh − Jn+ 1
2

yh

τ
u2 +

Γe
ε0ω2

pe

∫
Ki,j

J
n+ 3

2

yh + J
n+ 1

2

yh

2
u2 −

∫
Ki,j

En+1
yh u2 = 0, (4.92)

1

µ0ω2
pm

∫
Ki,j

Kn+2
zh −Kn+1

zh

τ
v +

Γm
µ0ω2

pm

∫
Ki,j

Kn+2
zh +Kn+1

zh

2
v −

∫
Ki,j

H
n+ 3

2

zh v = 0, (4.93)

for all test functions φ, ψ, χ, u1, u2, v ∈ V k
h . With the following fluxes:

Ên+1
xh (x, yj+ 1

2
) = En+1,+

xh (x, yj+ 1
2
) ∀j = 1, · · · , Ny − 1, (4.94)

Ên+1
xh (x, y 1

2
) = Ên+1

xh (x, yNy+ 1
2
) = 0, (4.95)

Ên+1
yh (xi+ 1

2
, y) = En+1,+

yh (xi+ 1
2
, y) ∀i = 1, · · · , Nx − 1, (4.96)
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Ên+1
yh (x 1

2
, y) = Ên+1

yh (xNx+ 1
2
, y) = 0, (4.97)

Ĥ
n+ 1

2

zh (x, yj+ 1
2
) = H

n+ 1
2
,−

zh (x, yj+ 1
2
) ∀j = 1, · · · , Ny, (4.98)

Ĥ
n+ 1

2

zh (x, y 1
2
) = H

n+ 1
2
,+

zh (x, y 1
2
) +

c0

2

(
En+1
xh (x, y+

1
2

) + En
xh(x, y+

1
2

)
)
, (4.99)

Ĥ
n+ 1

2

zh (xi+ 1
2
, y) = H

n+ 1
2
,−

zh (xi+ 1
2
, y) ∀i = 1, · · · , Nx, (4.100)

Ĥ
n+ 1

2

zh (x 1
2
, y) = H

n+ 1
2
,+

zh (x 1
2
, y)− c0

2

(
En+1
yh (x+

1
2

, y) + En
yh(x+

1
2

, y)
)
, (4.101)

Note that by PEC boundary condition En+1
xh (x, y+

1
2

) = [[En+1
xh (x, y 1

2
)]] in (4.99), and

the same for other artificial viscosity in (4.99) and (4.101).

To prove the stability for our fully-discrete scheme, we need some lemmas. Let

us denote boundary integral terms

sumIh :=−
∫
Ii

(
(Ĥ

n+ 1
2

zh (En+1
xh + En

xh)−)x,j+ 1
2
− (Ĥ

n+ 1
2

zh (En+1
xh + En

xh)+)x,j− 1
2

)
dx

−
∫
Ii

(
(Ên+1

xh (H
n+ 3

2

zh +H
n+ 1

2

zh )−)x,j+ 1
2
− (Ên+1

xh (H
n+ 3

2

zh +H
n+ 1

2

zh )+)x,j− 1
2

)
dx

(4.102)

and

sumJh :=

∫
Jj

(
(Ĥ

n+ 1
2

zh (En+1
yh + En

yh)−)i+ 1
2
,y − (Ĥ

n+ 1
2

zh (En+1
yh + En

yh)+)i− 1
2
,y

)
dy

+

∫
Jj

(
(Ên+1

yh (H
n+ 3

2

zh +H
n+ 1

2

zh )−)i+ 1
2
,y − (Ên+1

yh (H
n+ 3

2

zh +H
n+ 1

2

zh )+)i− 1
2
,y

)
dy.

(4.103)

Furthermore, for any function φ ∈ V k
h we introduce the common notation

||φ||Γh,x = (
∑

1≤i≤Nx

∫ d

c

(|φ+
i+ 1

2

|2 + |φ−
i+ 1

2

|2)dy)1/2,
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||φ||Γh,y = (
∑

1≤i≤Ny

∫ b

a

(|φ+
j+ 1

2

|2 + |φ−
j+ 1

2

|2)dx)1/2,

for the L2-norms on Γh,x (union of all element interface points along the x-direction)

and Γh,y (union of all element interface points along the y-direction), respectively.

Lemma 4.4.1. With the flux choices of (4.94)− (4.101) for any m ≥ 1 we have

m∑
n=0

∑
i,j

∫
Ki,j

{
H
n+ 1

2

zh

∂

∂y
(En+1

xh + En
xh) + En+1

xh

∂

∂y
(H

n+ 3
2

zh +H
n+ 1

2

zh )

}
+

m∑
n=0

∑
i,j

sumIh

=

Ny−1∑
j=1

(∫ b

a

(Em+1,+
xh [[H

m+ 3
2

zh ]])x,j+ 1
2
−
∫ b

a

(E0,+
xh [[H

1
2

zh]])x,j+ 1
2

)

+
∑
i,j

∫
Ki,j

{
−E0

xh

∂

∂y
H

1
2

zh + Em+1
xh

∂

∂y
H
m+ 3

2

zh

}
+
c0

2

m∑
n=0

∫ b

a

(En+1,+
xh + En,+

xh )2
x, 1

2

(4.104)

where for simplicity we denote
∑

i,j :=
∑

1≤i≤Nx
∑

1≤j≤Ny .
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Proof. By the definition of sumIh and flux choices (4.94)− (4.101), we easily have

m∑
n=0

Ny∑
j=1

sumIh

=−
m∑
n=0

Ny∑
j=1

∫
Ii

(H
n+ 1

2
,−

zh En+1,−
xh )x,j+ 1

2
−

m∑
n=0

Ny∑
j=1

∫
Ii

(H
n+ 1

2
,−

zh En,−
xh )x,j+ 1

2

+

m∑
n=0

Ny−1∑
j=1

∫
Ii

(H
n+ 1

2
,−

zh En+1,+
xh )x,j+ 1

2
+

m∑
n=0

Ny−1∑
j=1

∫
Ii

(H
n+ 1

2
,−

zh En,+
xh )x,j+ 1

2

+

m∑
n=0

∫
Ii

(H
n+ 1

2
,+

zh En+1,+
xh )x, 1

2
+

m∑
n=0

∫
Ii

(H
n+ 1

2
,+

zh En,+
xh )x, 1

2

+
c0

2

m∑
n=0

∫
Ii

(En+1,+
xh + En,+

xh )2
x, 1

2

−
m∑
n=0

Ny−1∑
j=1

∫
Ii

(En+1,+
xh H

n+ 3
2
,−

zh )x,j+ 1
2
−

m∑
n=0

Ny−1∑
j=1

∫
Ii

(En+1,+
xh H

n+ 1
2
,−

zh )x,j+ 1
2

+

m∑
n=0

Ny−1∑
j=1

∫
Ii

(En+1,+
xh H

n+ 3
2
,+

zh )x,j+ 1
2

+

m∑
n=0

Ny−1∑
j=1

∫
Ii

(En+1,+
xh H

n+ 1
2
,+

zh )x,j+ 1
2

(4.105)
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On the other hand, we see that

m∑
n=0

∑
i,j

∫
Ki,j

{
H
n+ 1

2

zh

∂

∂y
(En+1

xh + En
xh) + En+1

xh

∂

∂y
(H

n+ 3
2

zh +H
n+ 1

2

zh )

}
dxdy

=

m∑
n=0

∑
i,j

∫
Ki,j

{
∂

∂y
(En+1

xh H
n+ 1

2

zh ) +
∂

∂y
(En

xhH
n+ 1

2

zh )

− En
xh

∂

∂y
H
n+ 1

2

zh + En+1
xh

∂

∂y
H
n+ 3

2

zh

}
dxdy

=

m∑
n=0

∑
i,j

∫
Ki,j

{
∂

∂y
(En+1

xh H
n+ 1

2

zh ) +
∂

∂y
(En

xhH
n+ 1

2

zh )

}

+

m∑
n=0

∑
i,j

∫
Ki,j

{
−En

xh

∂

∂y
H
n+ 1

2

zh + En+1
xh

∂

∂y
H
n+ 3

2

zh

}

=

m∑
n=0

Nx∑
i=1

Ny∑
j=1

∫
Ii

(En+1,−
xh H

n+ 1
2
,−

zh )x,j+ 1
2
−

m∑
n=0

Nx∑
i=1

Ny−1∑
j=0

∫
Ii

(En+1,+
xh H

n+ 1
2
,+

zh )x,j+ 1
2

+

m∑
n=0

Nx∑
i=1

Ny∑
j=1

∫
Ii

(En,−
xh H

n+ 1
2
,−

zh )x,j+ 1
2
−

m∑
n=0

Nx∑
i=1

Ny−1∑
j=0

∫
Ii

(En,+
xh H

n+ 1
2
,+

zh )x,j+ 1
2

+
∑
i,j

∫
Ki,j

{
−E0

xh

∂

∂y
H

1
2

zh + Em+1
xh

∂

∂y
H
m+ 3

2

zh

}

(4.106)

Combining (4.105) and (4.106), we get

m∑
n=0

∑
i,j

∫
Ki,j

{
H
n+ 1

2

zh

∂

∂y
(En+1

xh + En
xh) + En+1

xh

∂

∂y
(H

n+ 3
2

zh +H
n+ 1

2

zh )

}
+

m∑
n=0

∑
i,j

sumIh

=

m∑
n=0

Nx∑
i=1

Ny−1∑
j=1

(∫
Ii

(En+1,+
xh [[H

n+ 3
2

zh ]])x,j+ 1
2
−
∫
Ii

(En,+
xh [[H

n+ 1
2

zh ]])x,j+ 1
2

)
+
∑
i,j

∫
Ki,j

{
−E0

xh

∂

∂y
H

1
2

zh + Em+1
xh

∂

∂y
H
m+ 3

2

zh

}

+
c0

2

m∑
n=0

∫ b

a

(En+1,+
xh + En,+

xh )2
x, 1

2
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=

Ny−1∑
j=1

(∫ b

a

(Em+1,+
xh [[H

m+ 3
2

zh ]])x,j+ 1
2
−
∫ b

a

(E0,+
xh [[H

1
2

zh]])x,j+ 1
2

)
+
∑
i,j

∫
Ki,j

{
−E0

xh

∂

∂y
H

1
2

zh + Em+1
xh

∂

∂y
H
m+ 3

2

zh

}

+
c0

2

m∑
n=0

∫ b

a

(En+1,+
xh + En,+

xh )2
x, 1

2

Using the similar technique, we can also prove the following lemma.

Lemma 4.4.2. With the flux choices of (4.94)− (4.101) for any m ≥ 1 we have

m∑
n=0

∑
i,j

sumJh −
m∑
n=0

∑
i,j

∫
Ki,j

{
H
n+ 1

2

zh

∂

∂x
(En+1

yh + En
yh)

+ En+1
yh

∂

∂x
(H

n+ 3
2

zh +H
n+ 1

2

zh )

}
=

Nx−1∑
i=1

(
−
∫ d

c

(Em+1,+
yh [[H

m+ 3
2

zh ]])i+ 1
2
,y +

∫ d

c

(E0,+
yh [[H

1
2

zh]])i+ 1
2
,y

)
+
∑
i,j

∫
Ki,j

{
E0
yh

∂

∂x
H

1
2

zh − E
m+1
yh

∂

∂x
H
m+ 3

2

zh

}

+
c0

2

m∑
n=0

∫ d

c

(En+1,+
yh + En,+

yh )2
1
2
,y

(4.107)

With the above preparation, we can now prove the following stability. To shorten

the notation, we introduce the vector L2 norm ||Eh||2 = ||Exh||2 + ||Eyh||2 for vector

Eh = (Exh, Eyh). Similar notation will be used for ||Jh||2 for vector Jh = (Jxh, Jyh).

Theorem 4.4.1. Denote Cv = 1√
ε0µ0

for the speed of light, and Cinv for the positive

constant appearing in (4.114). Under the assumption

τ ≤ min(
1

2ωpe
,

1

2ωpm
,

h

2CinvCv
), (4.108)
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for any m ≥ 1 we have

ε0||Em+1
h ||2 + µ0||H

m+ 3
2

zh ||2 +
1

ε0ω2
pe

||Jm+ 3
2

h ||2 +
1

µ0ω2
pm

||Km+2
zh ||

2

≤ C

(
ε0||E0

h||2 + µ0||H
1
2

zh||
2 +

1

ε0ω2
pe

||J
1
2

h ||
2 +

1

µ0ω2
pm

||K1
zh||2

)
, (4.109)

where the constant C > 1 is independent of the mesh size h and the time step size τ.

Proof. Choosing φ = τ(En+1
xh + En

xh), ψ = τ(En+1
yh + En

yh), χ = τ(H
n+ 3

2

zh + H
n+ 1

2

zh ), u1 =

τ(J
n+ 3

2

xh + J
n+ 1

2

xh ), u2 = τ(J
n+ 3

2

yh + J
n+ 1

2

yh ), v = τ(Kn+2
zh +Kn+1

zh ), we obtain

ε0(||En+1
h ||2L2(Ki,j)

− ||En
h||2L2(Ki,j)

) + µ0(||Hn+ 3
2

zh ||
2
L2(Ki,j)

− ||Hn+ 1
2

zh ||
2
L2(Ki,j)

)

+
1

ε0ω2
pe

(||Jn+ 3
2

h ||2L2(Ki,j)
− ||Jn+ 1

2

zh ||
2
L2(Ki,j)

)

+
1

µ0ω2
pm

(||Kn+2
zh ||

2
L2(Ki,j)

− ||Kn+1
zh ||

2
L2(Ki,j)

)

+

∫
Ki,j

H
n+ 1

2

zh · τ ∂
∂y

(En+1
xh + En

xh) +

∫
Ki,j

J
n+ 1

2

h · τ(En+1
h +En

h)

−
∫
Ki,j

H
n+ 1

2

zh · τ ∂
∂x

(En+1
yh + En

yh)−
∫
Ki,j

En+1
yh · τ

∂

∂x
(H

n+ 3
2

zh +H
n+ 1

2

zh )

+

∫
Ki,j

En+1
xh · τ

∂

∂y
(H

n+ 3
2

zh +H
n+ 1

2

zh ) +

∫
Ki,j

Kn+1
zh · τ(H

n+ 3
2

zh +H
n+ 1

2

zh )

+
τΓe

2ε0ω2
pe

||Jn+ 3
2

h + J
n+ 1

2

zh ||
2
L2(Ki,j)

+
τΓm

2µ0ω2
pm

||Kn+2
zh +Kn+1

zh ||
2
L2(Ki,j)

−
∫
Ki,j

En+1
h · τ(J

n+ 3
2

h + J
n+ 1

2

h )−
∫
Ki,j

H
n+ 3

2

zh · τ(Kn+2
zh +Kn+1

zh )

+ τ(sumIh + sumJh) = 0.

(4.110)

Summing up (4.110) over 1 ≤ i ≤ Nx, 1 ≤ j ≤ Ny, and time levels 0 ≤ n ≤ m for any

m ≥ 1, dropping the non-negative terms τΓe
2ε0ω2

pe
||Jn+ 3

2

h + J
n+ 1

2

zh ||2L2(Ki,j)
, τΓm

2µ0ω2
pm
||Kn+2

zh +

Kn+1
zh ||2L2(Ki,j)

, c02
∑m

n=0

∫ d
c

(En+1,+
yh +En,+

yh )2
1
2
,y

, and c0
2

∑m
n=0

∫ b
a

(En+1,+
xh +En,+

xh )2
x, 1

2

. Using
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Lemmas 4.4.1 and 4.4.2, we have

ε0(||Em+1
h ||2 − ||E0

h||2) + µ0(||Hm+ 3
2

zh ||2 − ||H
1
2

zh||
2)

+
1

ε0ω2
pe

(||Jm+ 3
2

h ||2 − ||J
1
2

zh||
2) +

1

µ0ω2
pm

(||Km+2
zh ||

2 − ||K1
zh||2)

≤ −
∑

0≤n≤m

∫
Ω

J
n+ 1

2

h · τ(En+1
h +En

h)−
∑

0≤n≤m

∫
Ω

Kn+1
zh · τ(H

n+ 3
2

zh +H
n+ 1

2

zh )

+
∑

0≤n≤m

∫
Ω

En+1
h · τ(J

n+ 3
2

h + J
n+ 1

2

h ) +
∑

0≤n≤m

∫
Ω

H
n+ 3

2

zh · τ(Kn+2
zh +Kn+1

zh )

+By(E0
xh, H

1
2

zh)−By(Em+1
xh , H

m+ 3
2

zh )−Bx(E0
yh, H

1
2

zh) +Bx(Em+1
yh , H

m+ 3
2

zh ),(4.111)

where we introduced the bilinear forms (cf. [51, (4.1)])

By(u, v) = τ

∑
i,j

∫
Ki,j

u∂yv +
∑

1≤j≤Ny−1

∫ b

a

u+
j+ 1

2

[[v]]j+ 1
2
dx

 ,

Bx(u, v) = τ

(∑
i,j

∫
Ki,j

u∂xv +
∑

1≤i≤Nx−1

∫ d

c

u+
i+ 1

2

[[v]]i+ 1
2
dy

)
.

Note that the sum of the first and third terms of (4.111) can be estimated as follows:

S1 + S3 =− τ
∑

0≤n≤m

∫
Ω

(
J
n+ 1

2

h ·En
h − J

n+ 3
2

h ·En+1
h

)
=− τ

∫
Ω

(
J

1
2

h ·E
0
h − J

m+ 3
2

h ·Em+1
h

)
≤τωpe

2
(

1

ε0ω2
pe

||J
1
2

h ||
2 + ε0||E0

h||2)

+
τωpe

2
(

1

ε0ω2
pe

||Jm+ 3
2

h ||2 + ε0||Em+1
h ||2),

(4.112)

where in the last step we used the Cauchy-Schwarz inequality.
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Similarly, we can bound the sum of the second and fourth terms of (4.111) as follows:

S2 + S4 =τ
∑

0≤n≤m

∫
Ω

{
−Kn+1

zh · τ(H
n+ 3

2

zh +H
n+ 1

2

zh ) +H
n+ 3

2

zh · τ(Kn+2
zh +Kn+1

zh )

}
=− τ

∫
Ω

(
K1
zhH

1
2

zh −K
m+2
zh H

m+ 3
2

zh

)
≤τωpm

2
(

1

µ0ω2
pm

||K1
zh||2 + µ0||H

1
2

zh||
2)

+
τωpm

2
(

1

µ0ω2
pm

||Km+2
zh ||

2 + µ0||H
m+ 3

2

zh ||2).

(4.113)

By using the Cauchy-Schwarz inequality and the inverse estimate, we have (cf. [51,

Lemma 4.1]):

By(Em+1
xh , H

m+ 3
2

zh ) ≤τ · Cinvh−1||Em+1
xh || · ||H

m+ 3
2

zh ||

=τ · CinvCvh−1√ε0||Em+1
xh ||

√
µ0||H

m+ 3
2

zh ||

≤τ · CinvCv
2h

(ε0||Em+1
xh ||

2 + µ0||H
m+ 3

2

zh ||2),

(4.114)

where the positive constant Cinv is independent of τ and h.

Similarly, we can obtain

By(E0
xh, H

1
2

zh) ≤ τ · CinvCv
2h

(ε0||E0
xh||2 + µ0||H

1
2

zh||
2), (4.115)

Bx(Em+1
yh , H

m+ 3
2

zh ) ≤ τ · CinvCv
2h

(ε0||Em+1
yh ||

2 + µ0||H
m+ 3

2

zh ||2), (4.116)

Bx(E0
yh, H

1
2

zh) ≤ τ · CinvCv
2h

(ε0||E0
yh||2 + µ0||H

1
2

zh||
2). (4.117)

The proof is completed by substituting the above estimates (4.112)-(4.117) into

(4.111) and using the assumptions τωpm
2 , τωpe2 , τCinvCv2h ≤ 1

4 .

Remark 4.4.1. We would like to remark that under the same assumption as Theo-
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rem 4.4.1 coupled with the assumptions on the initial value:

ε0||E0 −E0
h||2 + µ0||H

1
2
z −H

1
2

zh||
2

+
1

ε0ω2
pe

||J
1
2 − J

1
2

h ||
2 +

1

µ0ω2
pm

||K1
z −K1

zh||2 ≤ Ch2(k+1),

we can prove the following optimal error estimate: for any m ≥ 1

ε0||Em+1 −Em+1
h ||2 + µ0||H

m+ 3
2

z −Hm+ 3
2

zh ||2

+
1

ε0ω2
pe

||Jm+ 3
2 − Jm+ 3

2

h ||2 +
1

µ0ω2
pm

||Km+2
z −Km+2

zh ||
2 ≤ C

(
h(k+1) + τ 2

)2
.

where J = (Jx, Jy)., and E = (Ex, Ey). The proof can be carried out by following the

similar idea to the proofs of Theorem 4.3.2 and 4.4.1 coupled with time discretization

estimates (cf. [36, Ch.3]). Considering that the proof is very lengthy and technical,

we skip it.

4.5 Numerical results

To validate our theoretical analysis, we solve the model problem (4.7)-(4.12) with

imposed sources fx, fy and g on Ω = [0, 1]2:

∂Ex
∂t

=
∂Hz

∂y
− Jx + fx (4.118)

∂Ey
∂t

= −∂Hz

∂x
− Jy + fy (4.119)

∂Hz

∂t
= −∂Ey

∂x
+
∂Ex
∂y
−Kz + g (4.120)

1

ω2π2

∂Jx
∂t

= − 2

ωπ
Jx + Ex (4.121)

1

ω2π2

∂Jy
∂t

= − 2

ωπ
Jy + Ey (4.122)

1

ω2π2

∂Kz

∂t
= − 2

ωπ
Kz +Hz (4.123)
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which has the exact solutions:

Ex(x, y, t) = cos(ωπx) sin(ωπy)e−ωπt (4.124)

Ey(x, y, t) = − sin(ωπx) cos(ωπy)e−ωπt (4.125)

Hz(x, y, t) = cos(ωπx) cos(ωπy)e−ωπt (4.126)

Jx(x, y, t) = ωπEx(x, y, t) (4.127)

Jy(x, y, t) = ωπEy(x, y, t) (4.128)

K(x, y, t) = ωπH(x, y, t), (4.129)

and the source terms:

fx = Jx, fy = Jy g = −2ωπH. (4.130)

With the added source terms, we only need to modify the original scheme (4.88)-

(4.93) by adding ∫
Ki,j

f
n+ 1

2
x φ,

∫
Ki,j

f
n+ 1

2
y ψ,

∫
Ki,j

gn+1χ

to the right hand sides of (4.88), (4.89) and (4.90), respectively. For the initial values

at time t = 0, we set

Exh(·, 0) = Π1Ex(·, 0), Eyh(·, 0) = Π2Ey(·, 0), Hzh(·, 0) = Π3Hz(·, 0),

and

Jxh(·, 0) = Π4Jx(·, 0), Jyh(·, 0) = Π4Jy(·, 0), Kzh(·, 0) = Π4Kz(·, 0).

The first step values H
1
2

zh, J
1
2

xh, J
1
2

yh, K
1
zh are calculated by using the third order Runge-

Kutta scheme, see e.g. [18].
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Example 1: Periodic boundary conditions (BCs)

Since the exact solutions are all periodic, we can simply choose the periodic boundary

conditions in our DG scheme. To be more precise, we define the unavailable function

values periodically by:

Exh(x, y+
Ny+ 1

2

) = Exh(x, y+
1
2

), Eyh(x+
Nx+ 1

2

, y) = Eyh(x+
1
2

, y), (4.131)

Hzh(x, y−1
2

) = Hzh(x, y−
Ny+ 1

2

), Hzh(x−1
2

, y) = Hzh(x−
Nx+ 1

2

, y). (4.132)

in addition to the alternating flux:

Êxh(x, yj+ 1
2
) = Exh(x, y+

j+ 1
2

), j = 0 . . . Ny

Êyh(xi+ 1
2
, y) = Eyh(x+

i+ 1
2

, y), i = 0 . . . Nx

Ĥzh(x, yj+ 1
2
) = Hzh(x, y−

j+ 1
2

), j = 0 . . . Ny

Ĥzh(xi+ 1
2
, y) = Hzh(x−

i+ 1
2

, y), i = 0 . . . Nx.

The purpose of this example is to convince ourselves that the algorithm is correct,

before we proceed to the computation with the practical PEC boundary conditions.

We present the numerical results in Tables 4.1 and 4.2, which are obtained with

bilinear (denoted as Q1) and biquadratic (denoted as Q2) basis functions, respec-

tively. We calculate the L2 errors on a series of uniformly refined rectangular meshes

with N partitions in both x- and y-directions, with the time steps (∆t) shown on

the header of each table. Tables 4.1 and 4.2 clearly show that the L2 errors for all

variables are O(hk+1) for Qk, k = 1, 2, where the mesh size h = 1
N . We take final time

T = 0.1 for all our simulations in this section.



68

Table 4.1: Periodic BCs, Q1 basis function, T = 0.1, ∆t = 0.2h

N Error of Ex Error of Ey Error of Hz

L2 Error Order L2 Error Order L2 Error Order

10 8.51e-03 – 8.51e-03 – 10 9.57e-03 –

20 2.08e-03 2.03 2.08e-03 2.03 2.40e-03 1.99

40 5.17e-04 2.01 5.17e-04 2.01 6.01e-04 2.00

80 1.29e-04 2.00 1.29e-04 2.00 1.50e-04 2.00

160 3.21e-05 2.01 3.21e-05 2.01 3.72e-05 2.01

320 7.99e-06 2.01 7.99e-06 2.01 9.26e-06 2.01

N Error of Jx Error of Jy Error of Kz

L2 Error Order L2 Error Order L2 Error Order

10 3.56e-02 – 3.56e-02 – 3.93e-02 –

20 9.10e-03 1.97 9.10e-03 1.97 1.02e-02 1.94

40 2.30e-03 1.98 2.30e-03 1.98 2.60e-03 1.97

80 5.79e-04 1.99 5.79e-04 1.99 6.57e-04 1.99

160 1.45e-04 2.00 1.45e-04 2.00 1.65e-04 1.99

320 3.64e-05 2.00 3.64e-05 2.00 4.14e-05 2.00

Example 2: PEC BCs with pure alternating fluxes

To see the important role of those jump terms in the fluxes Ĥzh(x, y 1
2
) and Ĥzh(x 1

2
, y)

in (4.26) and (4.28), we let c0 = 0 and run the numerical tests. The numerical errors

obtained in this case are presented in Tables 4.3–4.6. It seems that the accuracy

becomes sub-optimal for odd orders of polynomial degree, but stays optimal for even

orders.

Example 3: PEC BCs with the fluxes used in the proof

Here we solve the same problem as Example 2 using the alternating fluxes modified on

the PEC boundaries as defined in (4.21)-(4.28) with c0 = 1
2 . As expected in Remark

4.1, results obtained in Tables 4.7-4.10 clearly show that the optimal convergence

rates are obtained for all variables.
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Table 4.2: Periodic BCs, Q2 basis function, T = 0.1, ∆t = 0.6h
3
2

N Error of Ex Error of Ey Error of Hz

L2 Error Order L2 Error Order L2 Error Order

10 4.27e-04 – 4.27e-04 – 5.40e-04 –

20 5.40e-05 2.98 5.40e-05 2.98 7.66e-05 2.82

40 6.87e-06 2.98 6.87e-06 2.98 9.79e-06 2.97

80 8.54e-07 3.01 8.54e-07 3.01 1.23e-06 2.99

160 1.08e-07 2.99 1.08e-07 2.99 1.56e-07 2.98

320 1.35e-08 3.00 1.35e-08 3.00 1.95e-08 3.00

N Error of Jx Error of Jy Error of Kz

L2 Error Order L2 Error Order L2 Error Order

10 2.36e-03 – 2.36e-03 – 2.37e-03 –

20 3.41e-04 2.79 3.41e-04 2.79 3.44e-04 2.79

40 4.27e-05 3.00 4.27e-05 3.00 4.39e-05 2.97

80 5.44e-06 2.97 5.44e-06 2.97 5.60e-06 2.97

160 6.84e-07 2.99 6.84e-07 2.99 7.05e-07 2.99

320 8.56e-08 3.00 8.56e-08 3.00 8.83e-08 3.00

Table 4.3: Straightforward PEC BCs (c0 = 0), Q1 basis function, T = 0.1, ∆t = 0.2h

N Error of Ex Error of Ey Error of Hz

L2 Error Order L2 Error Order L2 Error Order

10 2.02e-02 – 2.02e-02 – 1.21e-02 –

20 6.69e-03 1.60 6.69e-03 1.60 2.80e-03 2.12

40 2.30e-03 1.54 2.30e-03 1.54 6.70e-04 2.06

80 8.01e-04 1.52 8.01e-04 1.52 1.58e-04 2.08

160 2.81e-04 1.51 2.81e-04 1.51 3.83e-05 2.05

320 9.91e-05 1.50 9.91e-05 1.50 9.40e-06 2.03

N Error of Jx Error of Jy Error of Kz

L2 Error Order L2 Error Order L2 Error Order

10 4.80e-02 – 4.80e-02 – 3.99e-02 –

20 1.37e-02 1.81 1.37e-02 1.81 1.05e-02 1.93

40 4.17e-03 1.72 4.17e-03 1.72 2.64e-03 1.99

80 1.34e-03 1.64 1.34e-03 1.64 6.61e-04 2.00

160 4.47e-04 1.58 4.47e-04 1.58 1.66e-04 2.00

320 1.53e-04 1.54 1.53e-04 1.54 4.15e-05 2.00
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Table 4.4: Straightforward PEC BCs (c0 = 0), Q2 basis function, T = 0.1, ∆t = 0.6h
3
2

N Error of Ex Error of Ey Error of Hz

L2 Error Order L2 Error Order L2 Error Order

10 5.42e-04 – 5.42e-04 – 6.08e-04 –

20 5.94e-05 3.19 5.94e-05 3.19 7.72e-05 2.98

40 7.17e-06 3.05 7.17e-06 3.05 9.80e-06 2.98

80 8.75e-07 3.03 8.75e-07 3.03 1.23e-06 2.99

160 1.09e-07 3.01 1.09e-07 3.01 1.56e-07 2.98

320 1.35e-08 3.01 1.35e-08 3.01 1.95e-08 3.00

N Error of Jx Error of Jy Error of Kz

L2 Error Order L2 Error Order L2 Error Order

10 2.38e-03 – 2.38e-03 – 2.39e-03 –

20 3.42e-04 2.80 3.42e-04 2.80 3.44e-04 2.79

40 4.27e-05 3.00 4.27e-05 3.00 4.39e-05 2.97

80 5.44e-06 2.97 5.44e-06 2.97 5.60e-06 2.97

160 6.84e-07 2.99 6.84e-07 2.99 7.05e-07 2.99

320 8.56e-08 3.00 8.56e-08 3.00 8.83e-08 3.00

Table 4.5: Straightforward PEC BCs (c0 = 0), Q3 basis function, T = 0.1, ∆t = 0.6h2

N Error of Ex Error of Ey Error of Hz

L2 Error Order L2 Error Order L2 Error Order

10 7.81e-05 - 7.81e-05 - 4.18e-05 -

20 7.02e-06 3.48 7.02e-06 3.48 2.84e-06 3.88

40 6.10e-07 3.52 6.10e-07 3.52 1.73e-07 4.04

80 5.40e-08 3.50 5.40e-08 3.50 1.09e-08 3.99

160 4.75e-09 3.51 4.75e-09 3.51 6.76e-10 4.02

N Error of Jx Error of Jy Error of Kz

L2 Error Order L2 Error Order L2 Error Order

10 2.35e-04 - 2.35e-04 - 1.90e-04 -

20 1.68e-05 3.80 1.68e-05 3.80 1.26e-05 3.91

40 1.24e-06 3.76 1.24e-06 3.76 8.02e-07 3.98

80 9.62e-08 3.69 9.62e-08 3.69 5.03e-08 3.99

160 7.84e-09 3.62 7.84e-09 3.62 3.15e-09 4.00
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Table 4.6: Straightforward PEC BCs (c0 = 0), Q4 basis function, T = 0.1, ∆t = 0.8h
5
2

N Error of Ex Error of Ey Error of Hz

L2 Error Order L2 Error Order L2 Error Order

10 3.20e-06 - 3.20e-06 - 7.08e-06 -

20 1.00e-07 4.99 1.00e-07 4.99 2.28e-07 4.96

40 3.12e-09 5.01 3.12e-09 5.01 7.15e-09 4.99

80 9.71e-11 5.01 9.71e-11 5.01 2.24e-10 5.00

N Error of Jx Error of Jy Error of Kz

L2 Error Order L2 Error Order L2 Error Order

10 3.52e-05 - 3.52e-05 - 3.09e-05 -

20 1.13e-06 4.96 1.13e-06 4.96 1.00e-06 4.94

40 3.55e-08 4.99 3.55e-08 4.99 3.16e-08 4.99

80 1.11e-09 5.00 1.11e-09 5.00 9.87e-10 5.00

Table 4.7: Modified PEC BCs (c0 = 1
2), Q1 basis function, T = 0.1, ∆t = 0.2h

N Error of Ex Error of Ey Error of Hz

L2 Error Order L2 Error Order L2 Error Order

10 1.19e-02 – 1.19e-02 – 1.01e-02 –

20 2.81e-03 2.08 2.81e-03 2.08 2.54e-03 1.99

40 6.08e-04 2.21 6.08e-04 2.21 6.16e-04 2.04

80 1.40e-04 2.12 1.40e-04 2.12 1.52e-04 2.02

160 3.35e-05 2.06 3.35e-05 2.06 3.74e-05 2.02

320 8.16e-06 2.04 8.16e-06 2.04 9.29e-06 2.01

N Error of Jx Error of Jy Error of Kz

L2 Error Order L2 Error Order L2 Error Order

10 3.98e-02 – 3.98e-02 – 3.92e-02 –

20 9.93e-03 2.00 9.93e-03 2.00 1.02e-02 1.94

40 2.44e-03 2.03 2.44e-03 2.03 2.60e-03 1.97

80 5.97e-04 2.03 5.97e-04 2.03 6.57e-04 1.98

160 1.48e-04 2.02 1.48e-04 2.02 1.65e-04 1.99

320 3.67e-05 2.01 3.67e-05 2.01 4.14e-05 2.00
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Table 4.8: Modified PEC BCs (c0 = 1
2), Q2 basis function, T = 0.1, ∆t = 0.6h

3
2

N Error of Ex Error of Ey Error of Hz

L2 Error Order L2 Error Order L2 Error Order

10 4.54e-04 – 4.54e-04 – 5.89e-04 –

20 5.36e-05 3.08 5.36e-05 3.08 7.68e-05 2.94

40 6.84e-06 2.97 6.84e-06 2.97 9.79e-06 2.97

80 8.54e-07 3.00 8.54e-07 3.00 1.23e-06 2.99

160 1.08e-07 2.99 1.08e-07 2.99 1.56e-07 2.98

320 1.35e-08 3.00 1.35e-08 3.00 1.95e-08 3.00

N Error of Jx Error of Jy Error of Kz

L2 Error Order L2 Error Order L2 Error Order

10 2.35e-03 – 2.35e-03 – 2.38e-03 –

20 3.41e-04 2.79 3.41e-04 2.79 3.44e-04 2.79

40 4.27e-05 3.00 4.27e-05 3.00 4.39e-05 2.97

80 5.44e-06 2.97 5.44e-06 2.97 5.60e-06 2.97

160 6.84e-07 2.99 6.84e-07 2.99 7.05e-07 2.99

320 8.56e-08 3.00 8.56e-08 3.00 8.83e-08 3.00

Table 4.9: Modified PEC BCs (c0 = 1
2), Q3 basis function, T = 0.1, ∆t = 0.6h2

N Error of Ex Error of Ey Error of Hz

L2 Error Order L2 Error Order L2 Error Order

10 3.00e-05 - 3.00e-05 - 4.21e-05 -

20 1.70e-06 4.14 1.70e-06 4.14 2.73e-06 3.95

40 1.00e-07 4.09 1.00e-07 4.09 1.72e-07 3.99

80 6.07e-09 4.04 6.07e-09 4.04 1.08e-08 3.99

160 3.74e-10 4.02 3.74e-10 4.02 6.75e-10 4.00

N Error of Jx Error of Jy Error of Kz

L2 Error Order L2 Error Order L2 Error Order

10 2.08e-04 - 2.08e-04 - 1.90e-04 -

20 1.35e-05 3.95 1.35e-05 3.95 1.26e-05 3.91

40 8.46e-07 3.99 8.46e-07 3.99 8.03e-07 3.98

80 5.29e-08 4.00 5.29e-08 4.00 5.04e-08 3.99

160 3.30e-09 4.00 3.30e-09 4.00 3.15e-09 4.00
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Table 4.10: Modified PEC BCs (c0 = 1
2), Q4 basis function, T = 0.1, ∆t = 0.8h

5
2

N Error of Ex Error of Ey Error of Hz

L2 Error Order L2 Error Order L2 Error Order

10 3.11e-06 - 3.11e-06 - 7.08e-06 -

20 9.89e-08 4.98 9.89e-08 4.98 2.28e-07 4.96

40 3.10e-09 5.00 3.10e-09 5.00 7.15e-09 4.99

80 9.68e-11 5.00 9.68e-11 5.00 2.24e-10 5.00

N Error of Jx Error of Jy Error of Kz

L2 Error Order L2 Error Order L2 Error Order

10 3.52e-05 - 3.52e-05 - 3.09e-05 -

20 1.13e-06 4.96 1.13e-06 4.96 1.00e-06 4.94

40 3.55e-08 4.99 3.55e-08 4.99 3.16e-08 4.99

80 1.11e-09 5.00 1.11e-09 5.00 9.87e-10 5.00
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5.1 The governing equations

We consider the same model equations (4.7)-(4.12) on a rectangular type physical do-

main Ω = [a, b]× [c, d], with the same initial conditions (4.6) and boundary conditions

(4.14) as in the previous chapter.

The physical domain is discretized by a triangular mesh, Ω = ∪e∈The as opposed

to the rectangular meshes in the previous chapter. Th represents a triangulation on

Ω with mesh size h defined as the largest diameter of all triangles. The time domain

[0, T ] is discretized into Nt + 1 uniform intervals by discrete times 0 = t0 < t1 < · · · <

tNt+1 = T, where tn = n · τ, and the time step size τ = T
Nt+1 .

The finite element space V k
h is chosen as piecewise polynomials of degree at most

k on every element e, i.e.,

V k
h = {v : v|e ∈ Pk(e), ∀ e ∈ Th} , (5.1)

where Pk is the space of polynomial of degree up to k. To get the error estimate, we

need some regularity conditions on the triangulation similar to those in chapter 3 of

[10]:

1 There exists a constant θ0 ≥ 0, such that all angles in the triangles are larger

than θ0.

2 There exists a constant C, such that: (he denotes the diameter of triangle e)

max
e∈Th

he < C min
e∈Th

he

For the corresponding variable u we denote its numerical solution uh, which
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belongs to the finite element space V k
h . Note that functions in V k

h are allowed to

have discontinuities across element interfaces. In the line integral over the boundary

of a cell, we denote u(in)
h as the value of uh taken from inside of that cell, and u

(out)
h

from the neighboring cell sharing that boundary. We denote by || · || the L2 norm

over the domain Ω.

5.2 The semi-discrete DG method

The semi-discrete DG method for (4.7)-(4.12) can be formulated as follows: Find

Exh, Eyh, Hzh, Jxh, Jyh, Kzh ∈ C1([0, T ];V k
h )

such that

ε0

∫
e

∂Exh
∂t

φx +

∫
e

Hzh
∂φx
∂y
−
∫
∂e

Ĥzhφ
(in)
x n(in)

y +

∫
e

Jxhφx = 0, (5.2)

ε0

∫
e

∂Eyh
∂t

φy −
∫
e

Hzh
∂φy
∂x

+

∫
∂e

Ĥzhφ
(in)
y n(in)

x +

∫
e

Jyhφy = 0, (5.3)

µ0

∫
e

∂Hzh

∂t
ψ −

∫
e

Eyh
∂ψ

∂x
+

∫
e

Exh
∂ψ

∂y
+

∫
∂e

(Êyhn
(in)
x − Êxhn(in)

y )ψ(in) +

∫
e

Kzhψ = 0,

(5.4)

1

ε0ω2
pe

∫
e

∂Jxh
∂t

u1 +
Γe
ε0ω2

pe

∫
e

Jxhu1 −
∫
e

Exhu1 = 0, (5.5)

1

ε0ω2
pe

∫
e

∂Jyh
∂t

u2 +
Γe
ε0ω2

pe

∫
e

Jyhu2 −
∫
e

Eyhu2 = 0, (5.6)

1

µ0ω2
pm

∫
e

∂Kzh

∂t
v +

Γm
µ0ω2

pm

∫
e

Kzhv −
∫
e

Hzhv = 0, (5.7)

for all test functions φx, φy, ψ, u1, u2, v ∈ V k
h and all triangle cells e ∈ Th. Ĥzh, Êyh, Êxh

are the cell boundary terms obtained from integration by parts, and they are the

so-called numerical fluxes.
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We choose the alternating flux as in the previous chapter. To define alternating

flux in a triangulation, we need to first choose a fix direction β that is not parallel

with any triangle boundary edge. On each edge, we can define the “right” and

“left” side with respect to β. On each side there is an outward normal direction,

n, orthogonal to the edge. We define a side is the “right” side if n · β < 0. The

alternating flux is defined as always choosing Exh and Eyh on the “right” side and

Hzh on the “left” side:

Êxh = ER
xh, (5.8)

Êyh = ER
yh, (5.9)

Ĥzh = HL
zh. (5.10)

A more detailed explanation of alternating flux for triangulation can be found in

[50]. It is easy to check that the definition of the alternating flux on the rectangular

meshes (4.21)-(4.28) is a special case of the one here with β = (1, 1). If we adopt

a periodic boundary condition, the above definition of alternating flux is enough.

However, to satisfy the PEC boundary condition in (4.14), we take

Êxh = 0, on y = c, d, (5.11)

Êyh = 0, on x = a, b, (5.12)

Ĥzh = H
(in)
zh , on ∂Ω. (5.13)

5.2.1 The stability analysis

In this section, we show the stability of our scheme on triangular meshes, which is

similar to that on rectangular meshes in Section 4.3.1.
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Theorem 5.2.1. The semi-discrete DG method (5.2)-(5.7) with alternating fluxes

(5.8)-(5.13) satisfies the following energy identity: For any t ≥ 0:

[
ε0(||Exh||2 + ||Eyh||2) + µ0||Hzh||2 +

1

ε0ω2
pe

(||Jxh||2 + ||Jyh||2) +
1

µ0ω2
pm

||Kzh||2
]

(t)

+

∫ t

0

[
2Γe
ε0ω2

pe

(||Jxh||2 + ||Jyh||2) +
2Γm
µ0ω2

pm

||Kzh||2
]

(s)ds

=

[
ε0(||Exh||2 + ||Eyh||2) + µ0||Hzh||2 +

1

ε0ω2
pe

(||Jxh||2 + ||Jyh||2) +
1

µ0ω2
pm

||Kzh||2
]

(0).

(5.14)

Proof. Taking φx = Exh, φy = Eyh, ψ = Hzh, u1 = Jxh, u2 = Jyh, v = Kzh in (5.2)-(5.7),

respectively, adding the resultants together over all cells, we have

1

2

d

dt

∫
Ω

[
ε0(|Exh|2 + |Eyh|2) + µ0|Hzh|2 +

1

ε0ω2
pe

(|Jxh|2 + |Jyh|2) +
1

µ0ω2
pm

|Kzh|2
]

+

∫
Ω

[
Γe
ε0ω2

pe

(|Jxh|2 + |Jyh|2) +
Γm

µ0ω2
pm

|Kzh|2
]

+
∑
e∈Th

∫
∂e

(
−ĤzhE

(in)
xh n(in)

y + ĤzhE
(in)
yh n(in)

x +H
(in)
zh Êyhn

(in)
x −H(in)

zh Êxhn
(in)
y

)
+
∑
e∈Th

∫
e

(
Hzh

∂Exh
∂y
−Hzh

∂Eyh
∂x
− Eyh

∂Hzh

∂x
+ Exh

∂Hzh

∂y

)
= 0.

(5.15)

Using integration by parts, the terms in the last two lines of (5.15) become Fx − Fy,

where

Fx =
∑
e∈Th

∫
∂e

(
H

(in)
zh E

(in)
xh n(in)

y − ĤzhE
(in)
xh n(in)

y −H(in)
zh Êxhn

(in)
y

)
, (5.16)

Fy =
∑
e∈Th

∫
∂e

(
H

(in)
zh E

(in)
yh n(in)

x − ĤzhE
(in)
yh n(in)

x −H(in)
zh Êyhn

(in)
x

)
. (5.17)
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By grouping terms by sides of triangles instead of triangles, we have:

Fx =
∑
s∈SI

nRy

∫
s

(
HR
zhE

R
xh −HL

zhE
L
xh −HL

zhE
R
xh +HL

zhE
L
xh −HR

zhE
R
xh +HL

zhE
R
xh

)
+
∑
s∈SL

nRy

∫
s

(
HR
zhE

R
xh −HR

zhE
R
xh

)
+
∑
s∈SR

nLy

∫
s

(
HL
zhE

L
xh −HL

zhE
L
xh

)
= 0,

(5.18)

where SI denotes the set of all non-boundary sides, SL represents the set of sides on

x = a, and SR on x = b. We can similarly deduce Fy = 0. We conclude the proof by

integrate (5.15) over [0, t].

5.2.2 The error analysis

We denote the errors between the exact solutions (Ex, Ey, Hz, Jx, Jy, Kz) of (4.7)-

(4.12) and the corresponding numerical solutions (Exh, Eyh, Hzh, Jxh, Jyh, Kzh) of the

semi-discrete scheme (5.2)-(5.7) by

Ex = Ex−Exh, Ey = Ey−Eyh,Hz = Hz−Hzh,Jx = Jx−Jxh,Jy = Jy−Jyh,Kz = Kz−Kzh.

(5.19)

Subtracting (5.2)-(5.7) from the weak formulation of (4.7)-(4.12) and assuming

that the exact solutions are continuous in the domain Ω, we can obtain the error

equations:

ε0

∫
e

∂Ex
∂t

φx +

∫
e

Hz
∂φx
∂y
−
∫
∂e

Ĥzφ(in)
x n(in)

y +

∫
e

Jxφx = 0, (5.20)

ε0

∫
e

∂Ey
∂t

φy −
∫
e

Hz
∂φy
∂x

+

∫
∂e

Ĥzφ(in)
y n(in)

x +

∫
e

Jyφy = 0, (5.21)

µ0

∫
e

∂Hz
∂t

ψ −
∫
e

Ey
∂ψ

∂x
+

∫
e

Ex
∂ψ

∂y
+

∫
∂e

(Êyn(in)
x − Êxn(in)

y )ψ(in) +

∫
e

Kzψ = 0, (5.22)

1

ε0ω2
pe

∫
e

∂Jx
∂t

u1 +
Γe
ε0ω2

pe

∫
e

Jxu1 −
∫
e

Exu1 = 0, (5.23)
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1

ε0ω2
pe

∫
e

∂Jy
∂t

u2 +
Γe
ε0ω2

pe

∫
e

Jyu2 −
∫
e

Eyu2 = 0, (5.24)

1

µ0ω2
pm

∫
e

∂Kz
∂t

v +
Γm

µ0ω2
pm

∫
e

Kzv −
∫
e

Hzv = 0. (5.25)

Theorem 5.2.2. Let (Ex, Ey, Hz, Jx, Jy, Kz) and (Exh, Eyh, Hzh, Jxh, Jyh, Kzh) be the

solutions of (4.7)-(4.12) and (5.2)-(5.7), respectively. The following error estimate

holds true:

max
0≤t≤T

[
ε0(||Ex − Exh||2 + ||Ey − Eyh||2) + µ0||Hz −Hzh||2

+
1

ε0ω2
pe

(||Jx − Jxh||2 + ||Jy − Jyh||2) +
1

µ0ω2
pm

||Kz −Kzh||2
]

(t)

≤ CTh2k + C
(
ε0(||Ex − Exh||2 + ||Ey − Eyh||2) + µ0||Hz −Hzh||2

)
(0)

+C

(
1

ε0ω2
pe

(||Jx − Jxh||2 + ||Jy − Jyh||2) +
1

µ0ω2
pm

||Kz −Kzh||2
)

(0),

where the constant C > 0 is independent of h, and k ≥ 1 is the order of the basis

function in V k
h .

Proof. Using the defined projections, we can decompose the errors given in (5.19) as

follows:

Ex = Ex − Exh = (ΠEx − Exh)− (ΠEx − Ex) := Exξ − Exη,

Ey = Ey − Eyh = (ΠEy − Eyh)− (ΠEy − Ey) := Eyξ − Eyη,

Hz = Hz −Hzh = (ΠHz −Hzh)− (ΠHz −Hz) := Hzξ −Hzη,

Jx = Jx − Jxh = (ΠJx − Jxh)− (ΠJx − Jx) := Jxξ − Jxη,

Jy = Jy − Jyh = (ΠJy − Jyh)− (ΠJy − Jy) := Jyξ − Jyη,

Kz = Kz −Kzh = (ΠKz −Kzh)− (ΠKz −Kz) := Kzξ −Kzη

where Π is the usual L2 projection onto V k
h .
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We denote the summation of (5.20)− (5.25) as:

B(Ex, Ey,Hz,Jx,Jy,Kz;φ, ψ, χ, u1, u2, v) = 0. (5.26)

Substituting the error decomposition into (5.26), and choosing the test functions

φx = Exξ, φy = Eyξ, ψ = Hzξ, u1 = Jxξ, u2 = Jyξ, v = Kzξ, we obtain:

B(Exξ, Eyξ, Hzξ, Jxξ, Jyξ, Kzξ;Exξ, Eyξ, Hzξ, Jxξ, Jyξ, Kzξ)

=B(Exη, Eyη, Hzη, Jxη, Jyη, Kzη;Exξ, Eyξ, Hzξ, Jxξ, Jyξ, Kzξ).

(5.27)

If we sum (5.27) over all triangles and look at the left hand side (LHS), we could

observe that it is exactly the same thing as in the stability proof. Hence we have:

LHS =
1

2

d

dt

(
ε0(||Exξ||2 + ||Eyξ||2) + µ0||Hzξ||2 +

1

ε0ω2
pe

(||Jxξ||2 + ||Jyξ||2) +
1

µ0ω2
pm

||Kzξ||2
)

+
2Γe
ε0ω2

pe

(||Jxξ||2 + ||Jyξ||2) +
2Γm
µ0ω2

pm

||Kzξ||2.

(5.28)

Now consider the terms on the right hand side (RHS). By the property of the pro-

jection Πut = (Πu)t, and the fact that Exξ, Eyξ, Hzξ, Jxξ, Jyξ, Kzξ|e ∈ Pk(e), we can
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have

RHS =
∑
e∈Th

∫
∂e

(
−ĤzηE

(in)
xξ n(in)

y + ĤzηE
(in)
yξ n(in)

x + ÊyηH
(in)
zξ n(in)

x − ÊxηH(in)
zξ n(in)

y

)
.

(5.29)

Let us focus on the first term:

∑
e∈Th

∫
∂e

ĤzηE
(in)
xξ n(in)

y ≤
∑
e∈Th

1

δh

∫
∂e

∣∣∣Ĥzη

∣∣∣2 + δh

∫
∂e

∣∣∣E(in)
xξ

∣∣∣2
≤C

∑
e∈Th

(
1

δ
‖Hzη‖2L∞(e) + δh2‖Exξ‖2L∞(e)

)
≤C
δ
h2k‖Hz‖2Hk+1(Ω) + Cδ ‖Exξ‖2L2(Ω),

(5.30)

where the estimation of the first term is due to the approximating property of poly-

nomial preserving operators (see Theorem 3.1.4 in [10]), and that of the second term

can be justified by the standard inverse inequality [10]. Note that the constants are not

necessarily the same, but are all written as C for brevity. The constants are all of course

independent of the mesh sizes.

Treating the remaining terms in (5.29) similarly, we can get the following inequality:

1

2

d

dt

(
ε0(||Exξ||2 + ||Eyξ||2) + µ0||Hzξ||2 +

1

ε0ω2
pe

(||Jxξ||2 + ||Jyξ||2) +
1

µ0ω2
pm

||Kzξ||2
)

≤C
δ
h2k
(
‖Ex‖2Hk+1(Ω) + ‖Ey‖2Hk+1(Ω) + ‖Hz‖2Hk+1(Ω)

)
+ Cδ

(
‖Exξ‖2 + ‖Eyξ‖2 + ‖Hzξ‖2

)
.

(5.31)
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Integrating (5.31) from t = 0 to any t ≤ T , we have

(
ε0(||Exξ||2 + ||Eyξ||2) + µ0||Hzξ||2 +

1

ε0ω2
pe

(||Jxξ||2 + ||Jyξ||2) +
1

µ0ω2
pm

||Kzξ||2
)

(t)

−
(
ε0(||Exξ||2 + ||Eyξ||2) + µ0||Hzξ||2 +

1

ε0ω2
pe

(||Jxξ||2 + ||Jyξ||2) +
1

µ0ω2
pm

||Kzξ||2
)

(0)

≤C
δ
h2k

∫ t

0

(
‖Ex‖2Hk+1(Ω) + ‖Ey‖2Hk+1(Ω) + ‖Hz‖2Hk+1(Ω)

)
(s) ds

+ CTδ max
0≤t≤T

(
‖Exξ‖2 + ‖Eyξ‖2 + ‖Hzξ‖2

)
(t).

(5.32)

Taking maximum of (5.32) with respect to time t, choosing δ = o( 1
T ) small enough

so that the last term on the right hand side can be controlled by the LHS, and using the

triangle inequality and the error estimate of L2 projections, we conclude the proof.

Remark 5.2.1. The sub-optimal k-th order convergence rate in Theorem 5.2.2 is con-

firmed by the numerical results given in Table 5.1 below. We showed in Theorem 4.3.2

that DG schemes with alternating flux and solution space Qk in rectangular meshes

have optimal (k + 1)-th order rate convergence. Note that Qk =
{
xiyj , i, j ∈ [0, k]

}
and Pk =

{
xiyj , i+ j ∈ [0, k]

}
and Qk has almost twice as many degrees of freedom

as Pk for large k. We implemented DG schemes with alternating flux and solution

space Pk in rectangular meshes and they show suboptimal convergence rate too. The

proof of optimal convergence rate in Theorem 4.3.2 heavily relies on the structure of

Qk and our numerical results show that it is indeed critical for optimality.
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5.3 The fully-discrete DG method

We consider the following leap-frog LDG scheme: For any n ≥ 0, find

En+1
xh , En+1

yh , H
n+ 3

2

zh , J
n+ 3

2

xh , J
n+ 3

2

yh , Kn+2
zh ∈ V k

h

such that

ε0

∫
e

En+1
xh − En

xh

τ
φx −

∫
∂e

Ĥ
n+ 1

2

zh φ(in)
x n(in)

y +

∫
e

H
n+ 1

2

zh

∂φx
∂y

+

∫
e

J
n+ 1

2

xh φx = 0, (5.33)

ε0

∫
e

En+1
yh − En

yh

τ
φy +

∫
∂e

Ĥ
n+ 1

2

zh φ(in)
y n(in)

x −
∫
e

H
n+ 1

2

zh

∂φy
∂x

+

∫
e

J
n+ 1

2

yh φy = 0, (5.34)

µ0

∫
e

H
n+ 3

2

zh −Hn+ 1
2

zh

τ
ψ +

∫
∂

Ên+1
yh ψ(in)n(in)

x −
∫
e

En+1
yh

∂ψ

∂x

−
∫
Ii

Ên+1
xh ψ(in)n(in)

y +

∫
e

En+1
xh

∂ψ

∂y
+

∫
e

Kn+1
zh ψ = 0,

(5.35)

1

ε0ω2
pe

∫
e

J
n+ 3

2

xh − Jn+ 1
2

xh

τ
u1 +

Γe
ε0ω2

pe

∫
e

J
n+ 3

2

xh + J
n+ 1

2

xh

2
u1 −

∫
e

En+1
xh u1 = 0, (5.36)

1

ε0ω2
pe

∫
e

J
n+ 3

2

yh − Jn+ 1
2

yh

τ
u2 +

Γe
ε0ω2

pe

∫
e

J
n+ 3

2

yh + J
n+ 1

2

yh

2
u2 −

∫
e

En+1
yh u2 = 0, (5.37)

1

µ0ω2
pm

∫
e

Kn+2
zh −K

n+1
zh

τ
v +

Γm
µ0ω2

pm

∫
e

Kn+2
zh +Kn+1

zh

2
v −

∫
e

H
n+ 3

2

zh v = 0, (5.38)

for all test functions φ, ψ, χ, u1, u2, v ∈ V k
h , with the following fluxes consistent

with (5.8)-(5.13):

Ên
xh = En,R

xh (5.39)

Ên
yh = En,R

yh (5.40)

Ĥ
n+ 1

2

zh = H
n+ 1

2
,L

zh (5.41)
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Ên
xh = 0, on y = c, d (5.42)

Ên
yh = 0, on x = a, b (5.43)

Ĥ
n+ 1

2

zh = H
n+ 1

2
,(in)

zh , on ∂Ω. (5.44)

With the above preparation, we can now prove the following stability. To shorten

the notation, we introduce the vector L2 norm ||Eh||2 = ||Exh||2 + ||Eyh||2 for vector

Eh = (Exh, Eyh). Similar notation will be used for ||Jh||2 and Jh. Any variable in

the integration over the boundary of elements are by default the value taken from

inside of the elements if not specified otherwise.

Theorem 5.3.1. Denote Cv = 1√
ε0µ0

for the speed of light, and Cinv for the positive

constant in the standard inverse estimate ||∂uh∂i || ≤ Cinvh
−1||uh|| for any uh ∈ V k

h and

i = x, y. Under the assumption

τ ≤ min(
1

2ωpe
,

1

2ωpm
,

h

2CinvCv
), (5.45)

for any m ≥ 1 we have

ε0||Em+1
h ||2 + µ0||H

m+ 3
2

zh ||2 +
1

ε0ω2
pe

||Jm+ 3
2

h ||2 +
1

µ0ω2
pm

||Km+2
zh ||2

≤ C

(
ε0||E0

h||2 + µ0||H
1
2

zh||
2 +

1

ε0ω2
pe

||J
1
2

h ||
2 +

1

µ0ω2
pm

||K1
zh||2

)
, (5.46)

where the constant C > 1 is independent of the mesh size h and the time step size

τ.

Proof. Choosing φ = τ(En+1
xh + En

xh), ψ = τ(En+1
yh + En

yh), χ = τ(H
n+ 3

2

zh + H
n+ 1

2

zh ), u1 =

τ(J
n+ 3

2

xh + J
n+ 1

2

xh ), u2 = τ(J
n+ 3

2

yh + J
n+ 1

2

yh ), v = τ(Kn+2
zh +Kn+1

zh ) in (5.33)-(5.38), summing
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them up over elements e ∈ Th, and time levels 0 ≤ n ≤ m for any m ≥ 1 we have:

ε0(||Em+1
h ||2 − ||E0

h||2) + µ0(||Hm+ 3
2

zh ||2 − ||H
1
2

zh||
2)

+
1

ε0ω2
pe

(||Jm+ 3
2

h ||2 − ||J
1
2

zh||
2) +

1

µ0ω2
pm

(||Km+2
zh ||

2 − ||K1
zh||2)

≤τ
∫

Ω

(
Em+1
h · Jm+ 3

2

h −E0
h · J

1
2

h −H
m+ 3

2Km+2
zh +H

1
2K1

)
+ F1 + Fm + Fx1 + Fx2 − Fy1 − Fy2,

(5.47)

where the terms on the right hand side are:

Fm = τ
∑
e∈Th

∫
e

(
−Em+1

xh

∂H
m+ 3

2

zh

∂y
+ Em+1

yh

∂H
m+ 3

2

zh

∂x

)
+

∫
∂e

(
Êm+1
xh H

m+ 3
2

zh ny − Êm+1
yh Ĥ

m+ 3
2

zh nx

)
,

F0 = τ
∑
e∈Th

∫
e

(
−H

1
2

zh

∂E0
xh

∂y
+H

1
2

zh

∂E0
yh

∂x

)
+

∫
∂e

(
Ĥ

1
2

zhE
0
xhny − Ĥ

1
2

zhE
0
yhnx

)
,

Fx1 = τ

m∑
n=0

∑
e∈Th

∫
∂e

(
Ĥ
n+ 1

2

zh En+1
xh ny + Ên+1

xh H
n+ 1

2

zh ny

)
+

∫
e

(
−Hn+ 1

2

zh

∂En+1
xh

∂y
− En+1

xh

∂H
n+ 1

2

zh

∂y

)
,

Fx2 = τ

m∑
n=1

∑
e∈Th

∫
∂e

(
Ĥ
n+ 1

2

zh En
xhny + Ên

xhH
n+ 1

2

zh ny

)
+

∫
e

(
−Hn+ 1

2

zh

∂En
xh

∂y
− En

xh

∂H
n+ 1

2

zh

∂y

)
,

Fy1 = τ

m∑
n=0

∑
e∈Th

∫
∂e

(
Ĥ
n+ 1

2

zh En+1
yh nx + Ên+1

yh H
n+ 1

2

zh nx

)
+

∫
e

(
−Hn+ 1

2

zh

∂En+1
yh

∂x
− En+1

yh

∂H
n+ 1

2

zh

∂x

)
,

Fy2 = τ

m∑
n=1

∑
e∈Th

∫
∂e

(
Ĥ
n+ 1

2

zh En
yhnx + Ên

yhH
n+ 1

2

zh nx

)
+

∫
e

(
−Hn+ 1

2

zh

∂En
yh

∂x
− En

yh

∂H
n+ 1

2

zh

∂x

)
.

We cancel the flux terms similarly to (5.18) in the proof of Theorem 5.2.1 and get:

Fx1 = 0, Fx2 = 0, Fy1 = 0, Fy2 = 0. (5.48)
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By using the Cauchy-Schwartz inequality, we have:

τ

∫
Ω

(
Em+1
h · Jm+ 3

2

h −E0
h · J

1
2

h −H
m+ 3

2Km+2
zh +H

1
2K1

)
≤τωpe

2
(

1

ε0ω2
pe

||J
1
2

h ||
2 + ε0||E0

h||2) +
τωpe

2
(

1

ε0ω2
pe

||Jm+ 3
2

h ||2 + ε0||Em+1
h ||2)

+
τωpm

2
(

1

µ0ω2
pm

||K1
zh||2 + µ0||H

1
2

zh||
2) +

τωpm
2

(
1

µ0ω2
pm

||Km+2
zh ||

2 + µ0||H
m+ 3

2

zh ||2).

(5.49)

We utilize the inverse inequality along with Cauchy-Schwarz inequality to estimate Fm+

F0: (similar to the proof of Theorem 3.2.6 in [10])

F0 + Fm ≤τ ·
CinvCv

2h

(
ε0||Em+1

xh ||
2 + µ0||H

m+ 3
2

zh ||2 + ε0||E0
xh||2 + µ0||H

1
2

zh||
2
)

+ τ · CinvCv
2h

(
ε0||Em+1

yh ||
2 + µ0||H

m+ 3
2

zh ||2 + ε0||E0
yh||2 + µ0||H

1
2

zh||
2
)
.

(5.50)

The proof is concluded by substituting (5.48)–(5.50) into (5.47) and applying assumption

(5.45) in the above inequality.

Remark 5.3.1. Under the same assumption as Theorem 5.3.1 coupled with the as-

sumptions on the initial value:

ε0||E0 −E0
h||2 + µ0||H

1
2
z −H

1
2

zh||
2 +

1

ε0ω2
pe

||J
1
2 − J

1
2

h ||
2 +

1

µ0ω2
pm

||K1
z −K1

zh||2 ≤ Ch2k,

we can prove the following error estimate: for any m ≥ 1

ε0||Em+1 −Em+1
h ||2 + µ0||H

m+ 3
2

z −Hm+ 3
2

zh ||2

+
1

ε0ω2
pe

||Jm+ 3
2 − Jm+ 3

2

h ||2 +
1

µ0ω2
pm

||Km+2
z −Km+2

zh ||2 ≤ C
(
hk + τ2

)2
.

The proof can be carried out by following the similar idea to the proofs of Theorems

5.2.2 and 5.3.1 coupled with time discretization estimates (cf. [36, Ch.3]).
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5.4 Numerical results

In this section we present the error tables demonstrating the convergence rates, and

two interesting simulations showing the backward wave propagation across the inter-

face of vacuum and metamaterial. For the error tables, we use the same equations

and exact solutions as in Section 4.5.

5.4.1 Error table with leap-frog time stepping

We implement the leap-frog scheme (5.33)-(5.38) with alternating flux (5.39)–(5.44)

and polynomial space of degree 2. The L2 error and error rate for each variable is

shown in Table 5.1. The error is evaluated at T = 0.1. For the purpose of showing

the sub-optimal convergence rate, we choose ∆t = 0.05h
3
2 so that the error from time

stepping would be O(h3). In Table 5.1, we can see that the space error of E and J is

of second order and dominates the time error. To compare our results with existing

work using the central flux [35]:

Êxh =
1

2

(
ER
xh + EL

xh

)
, Êyh =

1

2

(
ER
yh + EL

yh

)
, Ĥzh =

1

2

(
HR
zh +HL

zh

)
instead of our alternating flux (5.8)–(5.10), we implement the same scheme with the

flux replaced by the central flux and get similar results shown in Table 5.2.

As discussed in Remark 5.2.1, the alternating flux is optimal for DG schemes

with Qk solution spaces on rectangular meshes while the central flux is suboptimal.

It appears that, for DG schemes on triangular meshes with Pk solution spaces, these

two fluxes are rather similar in terms of convergence rates.
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Table 5.1: Leap-frog, alternating flux, P2 basis function, T = 0.1, ∆t = 0.05h
3
2

Level of Error of Ex Error of Ey Error of Hz

Refinement L2 Error Order L2 Error Order L2 Error Order

1 8.42e-03 -inf 9.91e-03 -inf 6.37e-03 -inf

2 1.68e-03 2.33 2.45e-03 2.01 8.72e-04 2.87

3 3.65e-04 2.20 5.93e-04 2.05 1.01e-04 3.10

4 8.57e-05 2.09 1.46e-04 2.02 1.36e-05 2.90

5 2.08e-05 2.04 3.65e-05 2.00 1.85e-06 2.88

Level of Error of Jx Error of Jy Error of Kz

Refinement L2 Error Order L2 Error Order L2 Error Order

1 1.92e-02 -inf 2.09e-02 -inf 1.63e-02 -inf

2 3.00e-03 2.68 4.09e-03 2.35 2.31e-03 2.82

3 5.90e-04 2.35 9.19e-04 2.15 2.79e-04 3.05

4 1.32e-04 2.16 2.22e-04 2.05 3.49e-05 3.00

5 3.15e-05 2.06 5.49e-05 2.02 4.38e-06 2.99

Table 5.2: Leap-frog, central flux, P2 basis function, T = 0.1, ∆t = 0.05h
3
2

Level of Error of Ex Error of Ey Error of Hz

Refinement L2 Error Order L2 Error Order L2 Error Order

1 8.36e-03 -inf 8.36e-03 -inf 7.84e-03 -inf

2 1.44e-03 2.54 1.44e-03 2.54 7.63e-04 3.36

3 3.01e-04 2.26 3.01e-04 2.26 9.61e-05 2.99

4 7.17e-05 2.07 7.17e-05 2.07 1.05e-05 3.19

5 1.76e-05 2.02 1.76e-05 2.02 1.27e-06 3.04

Level of Error of Jx Error of Jy Error of Kz

Refinement L2 Error Order L2 Error Order L2 Error Order

1 2.05e-02 -inf 2.05e-02 -inf 1.73e-02 -inf

2 2.83e-03 2.86 2.83e-03 2.86 2.06e-03 3.07

3 5.10e-04 2.47 5.10e-04 2.47 2.61e-04 2.98

4 1.11e-04 2.20 1.11e-04 2.20 3.23e-05 3.01

5 2.67e-05 2.06 2.67e-05 2.06 4.03e-06 3.00
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Table 5.3: Runge-Kutta, upwind flux, P2 basis function, T = 0.1, ∆t = 0.05h

Level of Error of Ex Error of Ey Error of Hz

Refinement L2 Error Order L2 Error Order L2 Error Order

1 4.83e-03 – 4.83e-03 – 3.67e-03 –

2 5.03e-04 3.27 5.03e-04 3.27 4.33e-04 3.08

3 5.85e-05 3.10 5.85e-05 3.10 5.14e-05 3.07

4 7.07e-06 3.05 7.07e-06 3.05 6.28e-06 3.03

5 8.69e-07 3.02 8.69e-07 3.02 7.80e-07 3.01

Level of Error of Jx Error of Jy Error of Kz

Refinement L2 Error Order L2 Error Order L2 Error Order

1 1.71e-02 – 1.71e-02 – 1.63e-02 –

2 2.11e-03 3.02 2.11e-03 3.02 2.01e-03 3.02

3 2.65e-04 2.99 2.65e-04 2.99 2.50e-04 3.00

4 3.30e-05 3.01 3.30e-05 3.01 3.11e-05 3.01

5 4.11e-06 3.00 4.11e-06 3.00 3.87e-06 3.00

5.4.2 Error table with Runge-Kutta time stepping

In this section we implement one more flux, the upwind flux, and further compare

the convergence rate between fluxes. For the ease of implementation, we used the

Runge-Kutta time stepping, see e.g. [17]. As shown in Table 5.3, the upwind flux

produces optimal convergence rate. DG schemes with alternating and central fluxes

still show suboptimal convergence rates in Tables 5.4 and 5.5.

5.4.3 Wave propagation in a rectangular metamaterial slab

One of the advantage of triangular meshes over the rectangular meshes is the flexi-

bility in the shape of physical domains they can model. In this section we consider

a rectangular region with a triangular metamaterial slab located inside a vacuum

as in [35]. To absorb the outgoing waves, we wrap the whole region by a perfectly

matched layer (PML).
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Table 5.4: Runge-Kutta, alternating flux, P2 basis function, T = 0.1, ∆t = 0.05h

Level of Error of Ex Error of Ey Error of Hz

Refinement L2 Error Order L2 Error Order L2 Error Order

1 8.17e-03 – 9.85e-03 – 5.76e-03 –

2 1.65e-03 2.31 2.43e-03 2.02 7.95e-04 2.86

3 3.61e-04 2.19 5.92e-04 2.04 9.19e-05 3.11

4 8.58e-05 2.08 1.46e-04 2.02 1.14e-05 3.01

5 2.08e-05 2.04 3.65e-05 2.00 1.48e-06 2.94

Level of Error of Jx Error of Jy Error of Kz

Refinement L2 Error Order L2 Error Order L2 Error Order

1 1.93e-02 – 2.08e-02 – 1.66e-02 –

2 2.99e-03 2.69 4.05e-03 2.36 2.32e-03 2.84

3 5.87e-04 2.35 9.15e-04 2.15 2.80e-04 3.05

4 1.31e-04 2.16 2.22e-04 2.05 3.50e-05 3.00

5 3.15e-05 2.06 5.49e-05 2.01 4.38e-06 3.00

Table 5.5: Runge-Kutta, central flux, P2 basis function, T = 0.1, ∆t = 0.05h

Level of Error of Ex Error of Ey Error of Hz

Refinement L2 Error Order L2 Error Order L2 Error Order

1 8.20e-03 – 8.20e-03 – 7.85e-03 –

2 1.44e-03 2.51 1.44e-03 2.51 7.50e-04 3.39

3 3.00e-04 2.26 3.00e-04 2.26 9.14e-05 3.04

4 7.15e-05 2.07 7.15e-05 2.07 9.55e-06 3.26

5 1.76e-05 2.02 1.76e-05 2.02 1.08e-06 3.15

Level of Error of Jx Error of Jy Error of Kz

Refinement L2 Error Order L2 Error Order L2 Error Order

1 2.06e-02 – 2.06e-02 – 1.75e-02 –

2 2.82e-03 2.87 2.82e-03 2.87 2.08e-03 3.07

3 5.08e-04 2.47 5.08e-04 2.47 2.61e-04 2.99

4 1.11e-04 2.19 1.11e-04 2.19 3.23e-05 3.02

5 2.67e-05 2.06 2.67e-05 2.06 4.03e-06 3.00
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In the mesh visualization (Figure 5.1) the blue triangle, with vertices (0.024,0.002),

(0.054,0.002), and (0.024,0.062), consists of the metamaterial. The red area, a rect-

angle [0, 0.07] × [0, 0.064], represents the vacuum. The green band with thickness

dd = 2.4× 10−3 on the boundary is the PML.

The equation in the metamaterial is the Drude model (4.7)–(4.12), with Γe =

Γm = 1 × 108, µ0 = 4π × 10−7, cv = 3 × 108, ε0 = 1/(c2
vµ0), wpe = wpm = 2

√
2π. Those

in the vacuum are the usual Maxwell’s equations. The PML equations we used are

the following [35]:

ε0
∂Ex
∂t

= ε0(σx − σy)Ex +
∂Hz

∂y
− Jx, (5.51)

ε0
∂Ey
∂t

= ε0(σy − σx)Ey −
∂Hz

∂x
− Jy, (5.52)

µ0
∂Hz

∂t
= −µ0(σx + σy)Hz +

∂Ex
∂y
− ∂Ey

∂x
−Kz, (5.53)

∂Jx
∂t

= −σxJx + ε0(σx − σy)σxEx, (5.54)

∂Jy
∂t

= −σyJy + ε0(σy − σx)σyEy, (5.55)

∂Kz

∂t
= µ0σxσyHz, (5.56)

where

σx(x, y) =


σm
(
x−0.07
dd

)4
, x ≥ 0.07,

σm (x/dd)4 , x ≤ 0,

0, otherwise,

(5.57)

with σm = −log(err) ∗ 5 ∗ 0.07 ∗ cv/(2 ∗ dd) and err = 10−7. σy has the same form

with x replaced by y. The initial condition is zero in the whole region, and the wave

is incited by a source wave

e−10000(y−0.03)2

f(t)
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imposed on the line of x = 0.004 and y ∈ [0.025, 0.035]. Here f is defined as

α(x) =



0, t < 0

g1(t) sin(ω0t), 0 < t < mTp

sin(ω0t), mTp < t < (m+ k)Tp

g2(t) sin(ω0t), (m+ k)Tp < t < (2m+ k)Tp

0, t > (2m+ k)Tp,

where Tp = 1/f0, f0 = 3× 108,m = 2, k = 100, and

g1(t) = 10x3
1 − 15x4

1 + 6x5
1, with x1 = t/mTp,

g2(t) = 1− 10x3
2 − 15x4

2 + 6x5
2, with x2 = t− (m+ k)Tp/mTp.

We use a time step τ = 0.1 ps and plot the Hz field at 1000, 2000, 3000, 4000, and

5000 time steps in Figures 5.2–5.6, showing results consistent with the simulation in

[35].

5.4.4 Wave propagation in a rectangular metamaterial slab

We replace the triangular stab of metamaterial in the previous section by a rectan-

gular one [0.024, 0.054]× [0.002, 0.062], and obtain snapshots of Hz shown in Figures

5.7–5.12. Again, our results are consistent with the simulation obtained in [35].
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Figure 5.1: Mesh of triangular slab in vac-

uum Figure 5.2: Hz value at 1000 time step

Figure 5.3: Hz value at 2000 time step Figure 5.4: Hz value at 3000 time step

Figure 5.5: Hz value at 4000 time step Figure 5.6: Hz value at 5000 time step
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Figure 5.7: Mesh of triangular slab in vac-

uum Figure 5.8: Hz value at 1000 time step

Figure 5.9: Hz value at 2000 time step Figure 5.10: Hz value at 3000 time step

Figure 5.11: Hz value at 4000 time step Figure 5.12: Hz value at 5000 time step



Chapter Six

Conclusion
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This dissertation presents two topics on numerical solutions solving hyperbolic equa-

tions from both theoretical and practical points of view.

In the first part, we have given a rigorous definition of the local conservation prop-

erty for numerical methods solving hyperbolic equations in both one and two space

dimensions. Lax-Wendroff type theorems are stated and proved for locally conser-

vative numerical schemes thus defined. Our definition serves as a general framework

for the discussion of local conservation property. We have shown that the CG meth-

ods among others are considered locally conservative in our framework. Hence, their

solutions would converge to a weak solution of the underlying conservation law if

they do converge.

In the second part, we have developed and analyzed non-dissipative DG methods

for solving the time domain Maxwell’s equations when metamaterials are involved.

Optimal error estimates are proved for the scheme in rectangular meshes, while the

DG methods with on triangular meshes only have sub-optimal convergence rates. We

postulate that the sub-optimality is inherent in the Pk solution space. We present

convergence rate tables which are consistent with our theoretical error estimates

for DG methods on both the rectangular and triangular meshes. The simulations

of backward wave propagation Drude metamaterials demonstrate the flexibility of

triangular meshes, even though the DG methods on them are not optimally conver-

gent.
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