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CHAPTER ONE

Introduction



Conservation laws describe the phenomena that for a conserved quantity to change
in any volume there must be a flux of the quantity in or out of that volume. In differ-
ential equation form, the conservation law can be described by hyperbolic equations,
see, e.g., [19]. In this dissertation, we present two topics concerning numerical meth-

ods solving hyperbolic equations from both theoretical and practical points of view.

The first topic is about convergence to weak solutions for numerical methods
solving hyperbolic equations. The well-known Lax-Wendroff theorem [32] states
that the finite volume method (in 1D) in conservation form would converge to a
weak solution of the underlying conservation law, if the numerical solutions actually
converge. It is easy to give counterexamples, e.g. in LeVeque [33], that finite volume
methods not in conservation form could converge to non-weak-solutions with wrong
shock speed. Kroner et al. [29, 30] have extended the Lax-Wendroff theorem to finite
volume methods on unstructured meshes for 2D conservation laws. We briefly review

these important results in Chapter 2.

There have been discussions [28, 45, 1] about local conservation property for
numerical methods other than the finite volume methods covered in the classic Law-
Wendroff theorem. However, the absence of a rigorous definition makes it arguable
as to whether a numerical method is locally conservative or not. In Chapter 3, we
give a formal definition of the local conservation property for numerical methods in
one and two space dimensions. We will prove that locally conservative numerical

methods per our definition would converge to weak solutions if they do converge.

The second topic is about numerically solving an example of hyperbolic systems,
the Maxwell’s equations in Drude metamaterials, by discontinuous Galerkin (DG)
methods. The Maxwell’s equations can be viewed as conserving the energy of the

electromagnetic field, see, e.g., [41]. The recently developed metamaterials also pro-



moted some study of DG methods for solving Maxwell’s equations in metamaterials
(e.g., [6, 34, 35, 37]). Among these methods, there are non-dissipative ones,e.g. [35],

and optimal ones, e.g. [37].

In Chapter 4, we propose a DG method on rectangular mesh, that attains both
optimal convergence rate and non-dissipation. Recently Xing et al [49, 5] and Chung
et al [8, 9] proposed optimal and non-dissipative discontinuous Galerkin methods for
wave equations. Our approach is similar to the LDG method of Xing et al [49, 5]
in terms of the choices of the numerical fluxes in the scheme and the projection in
the error estimate proof. We also implement the our method on triangular meshes
in Chapter 5 and find that the optimal convergence exists only for DG methods

rectangular meshes with specific solution space choices.



CHAPTER TWwO

Local Conservation for Finite

Volume Methods



2.1 Local Conservation in One Space Dimension

We consider numerical methods solving the following conservation law in one space
dimension:

ug + f(u), =0 in RT x R,
(2.1)

u(-,0) =up in R,
where the flux f is a Lipschitz continuous function. It is clear from the integral form
of (2.1) why it is called the conservation law: Integrating over the space interval

[71, 2], we get:

%/:2 u(z,t)de + f(u(za,t)) — f(u(ze,t)) = 0. (2.2)

If we interpret u as the density of gas and f as the rate of flow, or flux of the gas,
(2.2) means the rate of the of the volume in an interval equals to the rate of flow
into it minus the rate of flow out of it. In another word, the volume of the gas is

conserved.

2.1.1 Local Conservation for Finite Volume Methods

A finite volume method in an evenly spaced time-space mesh is locally conservative

if it takes the following conservation form:

ntl _ n

n _ n n n
J J + g(vj_p, Vj_pt1r- - ’Uj+q) g(vj—p—l’ Yjpr- - ’Uj+q—1)
At Ax

(Y

=0 (23)

where v} is the value of the numerical solution v on time level n (¢ = nAt) and

space lattice point j (z = jAz). ¢ is Lipschitz continuous w.r.t each argument and



consistent with f in the following sense:

g(v,...,v) = f(v) (2.4)

The scheme (2.3) can determine the numerical solution of all time level using the

given initial value in (2.1).

A counterexample in Chapter 12 of [33] illustrate the importance of local conser-

vation for numerical methods. The following consistent yet non-conservative method:

qﬂ“ —

1 n n n
jTt] =AY (v = vj_1), (2.5)

solving Burgers’ equation with discrete initial condition:

U +uty =0 (2.6)

u(z,0) = 1(,0)(2) (2.7)

yields a non-weak-solution with a wrong shock speed. The result in the next sec-
tion shows that locally conservative numerical methods never converge to non-weak-

solutions.

2.1.2 Classic Lax-Wendroff Theorem

The following theorem guarantees that converging to the wrong solution would not

happen to locally conservative finite volume schemes.

Theorem 2.1.1 (Lax and Wendroff [32]). Assume that the numerical solution v(z,t)

in (2.3) converges boundedly almost everywhere to some function u(x,t), as At and



Az go to zero. Then u(x,t) is a weak solution of (2.1).

A simplified proof is given in Chapter 12.4 of [33] by assuming L! convergence
with uniformly bounded total variation as opposed to the almost-everywhere con-

vergence with bound in Theorem 2.1.1.

As we will see the next chapter, this simplified proof is more easily generalizable
to the proof of convergence to weak solutions for our generalized local conservation

definition.

2.2 Local Conservation in Two Space Dimension

In this section, we are concerned with the conservation law in two space dimension:

u + V- f(u), =0in RT x R%
(2.8)
u(-,0) = ug in R?,

which has a similar interpretation of conserving the amount of gas in a volume if we

integrate (2.8) over this volume.

2.2.1 Local Conservation for Finite Volume Methods

To formulate finite volume methods, we need a partition of space into cells, R? =

UjesT}, satistying the following regularity [29, 30]:

e cells are all k—sided polygons



e [T;| > coh? where |T;| is the area of the cell, and the mesh size h =

max;ey diam (75).
e (< < % < ¢o, where At is the time step size introduced below

e for each 1 <[ <k, and any bounded domain €:

ST T 1Tl | = 0(1)

T;NQFD
as h— 0. {Tj, l =1,2...k} denotes the neighboring cells of T}

e for ecach 1 <[ <k, the mapping of T — T}; is one-to-one and

UjesTj = Ujes T = R?

The definition of finite volume methods in conservation form for solving (2.8) is as

follows:

uj = uo(z;), vj € T}

At
U;H‘l = uf — m Z gii(uy, up')
J lENj

where N; denotes the indices of all neighboring cells of cell j, and the numerical flux

gj1 satisfies the following properties:

e Lipschitz continuity: |gj(u,v) — gj(v'v")| < ch(|u —v| + |[u' —V|)
e conservation: gj;(u,v) + gi;j(v,u) =0

e consistency: g;i(u,u) = vj- f(u), where vj; is the normal vector on the interface

pointing from cell j to [ with a magnitude the length of that interface



2.2.2 Two Dimensional Lax-Wendroff Theorem

The following is the Lax—Wendroff theorem for two dimensional finite volume meth-

ods in conservation form [29, 30].

Theorem 2.2.1. Assume the uy is the solution of a finite volume method in con-
servation form on the reqular space discretization with mesh size h introduced in the

previous section. Furthermore, we assume:

sup sup |Uh(l', Y, t)’ <c
h zy.t

||u — uhHLfoc(RQXR_F) — 0, as At, h—0

Then u is a weak solution of the conservation law (2.8).



CHAPTER THREE

Local Conservation for Generic

Numerical Methods
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3.1 Introduction

The finite volume methods and discontinuous Galerkin (DG) methods, see, e.g., [11],
are by design locally conservative numerical schemes. We present in the previous
chapter the Lax—Wendroff theorem for finite volume methods in one and two space
dimension. We could easily extend the Lax-Wendroff theorem to DG methods by
setting the test function to value 1 in one cell and 0 in all other cells. Continuous
Galerkin (CG) methods are considered only globally conservative until Hughes et
al. [28] showed that it is actually locally conservative. But their definition of flux is
not consistent with ours in this chapter, because in their definition at least one of
the two neighboring subdomains has to be global to get the uniqueness of the flux
across the boundary between these two subdomains. Perot [45] showed the local
conservation of the CG methods with a different flux definition that is consistent
with our definition in this chapter. See also Abgrall [1] for the discussion of local

conservation of CG methods.

3.2 Local Conservation in One Space Dimension

3.2.1 Numerical Schemes
To discuss the local conservation of numerical methods, we first give the generic
definition of a numerical scheme solving the conservation law (2.1):

uh('v tn—‘rl) — Uh(-, tn)
At,,

= L (un(-tn))- (3.1)
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The discretization over the time domain is 0 = t5 < ¢; < to... with ¢, — oo as
n — oo. Time steps are denoted as At, = t,.1 — t,, and the time step size is the
maximum over all time steps At = max,>oAt,. The numerical solution u; is a

(possibly discrete) function over the time-space domain Rt x R.

In order to define the numerical solution on the whole time domain R*, we expand
up, to be a constant over each time interval, i.e. up(x,t) = up(x,t,), VYt € [tn, tni1).
Therefore, we can denote functions over the space domain u} = wup(-,t), Vt €
[tn,tn+1). For example, u} is a piecewise constant function for finite difference and

finite volume methods, and a piecewise polynomial for Galerkin methods.

To define the local conservation property, we need (i) a partition of the spatial
domain into intervals R = U,ez1;, (ii) a locally conserved quantity on each cell, and

(iii) a flux on each interval endpoint. The intervals I; = [z |, and they satisfy

I RA
the regularity condition: |I;| > ¢o h, where |I;| is the length of the interval, mesh size

h = maxjez |I;|, and ¢o > 0 is independent of the mesh size. For simplicity, we now

denote "7 as 3" . and D jez A8 D

3.2.2 Definition of local conservation

We define a numerical scheme to be locally conservative if its solution satisfies the

following conservation form (cf. [32]):

UL . ;
T At T (0503 u) = ;-3 ) =00 (32)

Here u} (generalized locally conserved quantity) and g, +1 (generalized flux) both
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depend on the numerical solution locally. More precisely, they depend on uj (Bj).
B; = {reR: |z —wj| <ch}, where w; is the midpoint of the interval I;, and
¢ > 1 is independent of the mesh size. Note that @} here is not necessarily the cell
average (|117 i) 9 u}') even though we use the traditional notation for cell averages. The
conserved quantity and flux also need to be consistent and bounded in the following

sense:

e consistency: if uj(x) = u, a constant, Vo € B;, we have:

gy1 (uf) = f(u), (3.4)

e boundedness: they are both bounded with respect to the L>°-norm of the so-

lution:

@ — 07| < Cllupy — v}z (s, (3.5)

973 (u) = 9,14 (08| < C st = Vi, (3.6)

for two functions (up, and vp,) in the numerical solution space.

To get global conservation from our definition, we also require the summation of

the local conservation quantities being exactly the global conservation quantity:

> |1l uy = / up (2, ty) dz, Yn > 0. (3.7)
; R
J

It is easy to see that (3.7) together with (3.2) implies the following global conserva-
tion:

/Ruh(:v,t) da = /Ruh(x,()) dx, Vit > 0. (3.8)
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We now have gathered all parts, and give the formal definition of local conserva-

tion.

Definition 3.2.1. A numerical scheme of the form (3.1) is locally conservative if
there are conserved quantities and fluxes, both of which locally depend on the numer-

ical solution and satisfy (3.2)—(5.7).

3.2.3 Lax-Wendroff type theorem

In this section, we prove a Lax-Wendroff type theorem for locally conservative nu-
merical schemes in the sense of Definition 3.2.1. We first assume that the initial

condition is weakly enforced in the numerical solution as follows:
/(uo—ug)qs—m, as h — 0, Yo € C5° (R). (3.9)
R

To get the convergence result, we also need an assumption similar to the bounded
total variation of the numerical solution:
h» max |up(xz) — up(w;)| = 0,as h =0, Vn >0 (3.10)

- mEB]‘
J

The assumption (3.10) on the numerical solution may seem odd at first glance, but
it is actually implied by boundedness of total variation as Proposition 3.2.1 shows.

Recall the definition of total variation:
+oo
V() =sup Y fufoin) = ui(oo)], (3.11)

where P denotes the set of all partitions of the real line R.

Proposition 3.2.1. If the numerical solution uj has uniformly bounded total varia-
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tion, t.e.

TV(up) < C, ¥Yn >0, (3.12)

uy satisfies the assumption (3.10).

Proof. We can deduce that there are a finite number of, say no more than p (independent
of mesh size), intervals in each neighborhood B; from the regularity of the mesh and the
definition of B;. We define the point that attains the maximal value of |u} (z) — uj (w;)|

in B; as m;, which is in some interval [}, with |j — k| < p.

We can therefore define a series of intervals (I, I, ... I;,) such that m; € I; , where
j1 =7, and |js — Js+1| < 1 (V1 < s < p). The summation in (3.10) can be estimated as
follows:

By maxuji(x) = uiwg)| = h Y Jufi(ms) = uji(w;)
J

N IZ'EB]'
J

Shz (‘uﬁ(mj) — uZ(wij + Z |u2(wj) — uZ(sz+1)|>
<h)_ sup [ui(a) = wi(u,)| +2ph Y i (wi) — ()]

<4dphTV(up) — 0, as h — 0.

In the above calculation, we used two obvious inequalities:

D sup () = ()| < TV () (3.13)
>l wjn) = ufi(wy)] < TV (u) (3.14)

J
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We now state and prove a Lax-Wendroff type theorem for our definition of local
conservation. The proof is quite similar to the simplified proof of the Lax-Wendroff

theorem in [33].

Theorem 3.2.1. Assume the solution to a locally conservative numerical scheme,
with initial condition imposed as (3.9), satisfies the assumption (3.10). If up, con-
verges boundedly almost everywhere to some function u as At,h — 0, then u s a

weak solution to the conservation law (2.1), i.e.
/u0¢ +/ u gy +/ f(u)- ¢ =0, ¥ € C5° (R* x R). (3.15)
R R+ xR R+ xR

Proof. Multiplying At,, |I;| ¢(wj,t,) on both sides of (3.2) and summing it over all n, j,

we have the following equality:

SNl -y e+ 35 A (gﬂ%(ug) _ gjfé(u2)> S1=0  (3.16)
noj n j

where we denote ¢(wj,t,) as @7, and ¢(z,t,) as ¢"(x). We can apply summation by

parts on the first term and get:

DI —w) ey == Inlagey =D Y L) ) att = 11
n 7 n 7

A (3.17)

J

By using assumptions (3.3), (3.5), (3.9), (3.10), the fact that ¢ is compactly supported,
and the bounded convergence theorem, we get the convergence of term I to the first

integration in (3.15) as follows:

>l 67 = / (@) o (x) do + 3 / (7] — uh(2) ¢ (x) dz + O(h)

— /Ruo(x)gi)o(a:) dr +o(1)
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where o(1) denotes a quantity which goes to zero when the mesh sizes go to zero. We

similarly deduce the convergence of term II to the second integration in (3.15):

ZZ ] (67 — ) !
_ZZ/tn+l/ G¢(w,t) up(x,t) do dt

n=1 j

+ZZ/HI/@M (@ — () drdt + O(h)

n=1 j

:/ be(w, 1) u(z, £) da dt + o(1)
Rt xR

Lastly, we prove the convergence of the second summation in (3.16) to the third inte-

gration in (3.15):

ZZAt <gg+ (up) &5 93_7(uh)¢?>

—I11 + 1V,
where ¢"(z;, 1 ) is denoted as oy !

By using the definition (3.3)-(3.6) and the assumption (3.10), we have that term IV
vanishes as the mesh size goes to zero. The convergence of term III to the last integration

of (3.15) can be deduced by using the local conservation definition and the assumption
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(3.10) as follows:

== 373" A f i) (67, - 67

n J

- ZZ/t . /1 fui(x)) 0pp(x, ty) da dt + o(1)

. / F(w)s + o1)
R+t xR

The proof is concluded by combining the convergence of terms I-1V. O

3.2.4 Examples of locally conservative numerical methods

We first point out that the DG methods (see, e.g., [11]), as well as standard finite dif-
ference and finite volume methods taking conservation form obviously have the local
conservation property. In the next few subsections, we show some other examples of

locally conservative numerical methods.

3.2.4.1 Compact (finite difference) schemes

Compact schemes are non-standard finite difference methods, for which the numerical
solution usually is defined on the grid points of a uniform mesh. We can extend the
definition of the numerical solution to be a piecewise constant function defined over

the whole real line. A compact scheme for the conservation law (2.1) can be written
as (Cockburn and Shu [15]):

n+1

Up, (UJJA)I; uj (w;) 4 Aix (A—l Bf(UZ))j =0 (3.18)
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where A and B are local linear operators. We can define the conserved quantity

uf = (Au}); and the flux gj+%(u;f) satisfying

(B F(uf)); = gy (af) — g, (). (3.19)

It is not hard to check that the compact scheme is locally conservative with the

conserved quantity and flux we just defined.

3.2.4.2 Non-standard finite volume methods

Zhang et al. [52] have proposed a non-standard finite volume scheme, in order
to design high order maximum-principle-satisfying schemes for solving convection-
diffusion equations. The degrees of freedom for this method are the so called “double
cell averages” as opposed to the usual cell averages for standard finite volume meth-
ods. Suppose the real line is uniformly decomposed into intervals R = Ujez/;. The
cells I; = [xj_%,xj +%] whose midpoints are denoted as x;. The scheme applied on

conservation law (2.1) can be written as (see (3.19) in [52]):

=n+l  =n 3

1 e Fo _
Tt ae e (- Ay) =0 (3:20)

a=1

where w, are quadrature weights and fjojrl are numerical fluxes (clearly satisfying
2

(3.4) and (3.6)) on the quadrature points. The double cell averages are defined as:

S

=n 1 I+% n
T = E/IJ /x_A; up (&) d€ dx, (3.21)
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where uj is the underlying numerical solution. By using the following equality

<l

n 1 Zj . 1 Tj41 .
i = A—x?/ uh(m)(ﬁf — £Ej_1) dx + m/x uh(x)(xj-i-l — g;) dx7 (3.22)

Tj-1 J

we can easily show that the double cell averages satisfy conditions (3.3), (3.5), and

(3.7). Therefore the scheme (3.20) is locally conservative.

3.2.4.3 Continuous Galerkin method

Let UF = {v € HY(R) : v € Py(e;),Vj € Z}, where the set of intervals{e; = [y;, y;41] :
J € Z} is a partition of the real line and Pj(e;) denotes the set of polynomials over
the cell e;. The CG method reads: find uy(-,t,) € UF, such that for all test function
vy € U, ,’f

utt "

To define local conservation, we need a different partition of the domain R = Ujez1; =
Ujez[xj_%,xj%], where Tjp1 = H.(y; + yj+1). We take the test function v, as the
shape function v;, which is a piecewise linear function satisfying v;(y;) = ﬁ, vi(y) =
0, VI # j. The generalized conserved quantity is defined as: u} = fR up v;, and the
generalized flux is defined as g; 41 (up) = ﬁ fej f(uy). It is easy to check that the
above definitions satisfy the conditions (3.2)—(3.7), and thus the CG method is locally
conservative. The result in this section can be generalized to CG methods with local

basis satisfying the partition of unity property by a similar argument to that in

section 3.3.4.3. The B-spline finite element methods (see, e.g., [23]) is one example.
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3.3 Local Conservation in Two Space Dimension

We study numerical methods for two-dimensional scalar conservation laws of the
form:

ug + V- f(u) =0in RT x R?
(3.24)

u(+,0) = ug in R?,

where the flux function f = (fi, f2), and both of its components are at least Lipschitz
continuous. We similarly define the local conservation property and prove a Lax-

Wendroff type theorem here.

3.3.1 Numerical schemes

We again consider in our presentation only schemes with Euler forward time stepping

since the spatial discretization is our primary concern, and thus the schemes read:

=L (uh<'> tn)) ) <3'25)

where the time domain is discretized as in 1D case. The numerical solution is a
constant over each time interval, i.e. up(-,t) = up(+,t,), Vt € [tn, tni1), and thus we

can denote u} = up(-,t,).

To define the local conservation property, we need (i) a partition of the spatial
domain into cells R? = Uj;e T}, (ii) a locally conserved quantity on each cell, and (iii)
a flux on each cell interface. The cells are polygons with at most p edges, and satisfy

the regularity condition: |Tj| > ¢o h?, where |Tj| is the area of the cell, and the mesh
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size h = max;cs diam (7}). For simplicity, we again denote >~ jas ) . and Zje J

as Zj.

3.3.2 Definition of local conservation

We say a numerical scheme is locally conservative if its solution satisfies the following

conservation form equality (cf. [29, 30, 2]):

anJrl Gt
]—n |T| Z Zgal up) (3.26)
leN; s=1

Here, N; denotes the set of cell indices of all cells adjacent to 7}, ie. N; =
{leJ:T;NT; # @}. The cell interface between T; and 7; has ¢j; line segments.
If {T; : j € J} is a triangulation, ¢;; is always 1. If {7, : j € J} is the dual
mesh (see, e.g., Bush and Ginting [4]) of a triangulation, ¢;; equals to two for all
the boundaries. @} (generalized conserved quantity) and g;; (generalized flux) both
depend on the numerical solution locally. More precisely, they depend on uj (Bj;).

= {x € R? : |& —w;| < ch}, where the center of a cell w; = ﬁijwdfc, and
¢(> 1) is independent of the mesh size. The conserved quantity and flux also need

to be consistent and bounded in the following sense:

e consistency: if uj(x) = u, a constant, Va € B;, we have:

= u, (3.27)

9wy = v - flu), (3.28)

where V(z

S(S) and S is the s-th line segment on the boundary

between elements T; and 7;. n§l) is the normal vector on S](.f) pointing toward

Jl’
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.

e boundedness: they are both bounded in terms of the L>*-norm of the numerical

solution:

@) — 07| < Clup = vill sy, (3.29)

\gi(uy) — gi(vp)| < Chlluy — vy |le(s,)- (3.30)

As a flux, gj; must be unique on cell interfaces, i.e.
gﬂ(uZ) +glj(u2) =0, Vel le Nj. (3.31)

To get global conservation from our definition, we also require the summation of the

local conservation quantities being exactly the global conservation quantity:

> Il = / up, n > 0. (3.32)
. R
J

It is easy to see that (3.32) together with (3.26) and (3.31) implies the following

global conservation:

42uh(-,t)242uh(-,0), Yt > 0. (3.33)

We now have all the parts and give the formal definition of local conservation.

Definition 3.3.1. A numerical scheme of the form (3.25) is locally conservative
if there exist conserved quantities and fluxes, both of which locally depend on the

numerical solution and satisfy (3.26)—(3.52).
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3.3.3 Lax-Wendroff type theorem

In this section, we prove a Lax-Wendroff type theorem for numerical schemes sat-
isfying Definition 3.3.1. The technique of the proof is similar to that in Kroner
and Rokyta [29] and Kroner et al. [30]. We first need to weakly enforce the initial

condition as follows:
/ (uo —up) ¢ — 0, as h — 0, V¢ € C5° (R?) . (3.34)
RQ

To get the convergence result, we also need an assumption similar to the bounded
total variation of the numerical solution:
h? Y max [uf(z) — uf(w;)| = 0, as h — 0, V¥n >0, (3.35)

- mGBj
J

which is a 2D generalization of (3.10). This assumption clearly holds for piecewise

smooth functions with smooth regions divided by curves.

Theorem 3.3.1. Assume the solution to a locally conservative numerical scheme with
initial condition imposed as (3.34) satisfies the assumption (3.35). If up converges
boundedly almost everywhere to some function u as At,h — 0, then u is a weak

solution to the conservation law (2.8), i.e.
/ uo ¢ +/ u ¢y +/ f(u)-Vo=0, Vo € C5° (RT x R?). (3.36)
R2 R+ xR2 R+ xR?

Proof. Multiplying At,, |T};| ¢(w;,t,) on both sides of (3.26) and summing it over all

n, j, we have the following equality:

Cjl

SISl @t —an) o + A >SS g wher =, (3.37)
noj

n j leN; s=1
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where we denote ¢(wj,t,) as @7, and ¢(z,t,) as ¢"(z). The convergence of the first
summation in (3.37) to the first two integrations in (3.36) can be proved exactly the

same as in Theorem 3.2.1.

We now prove the convergence of the second summation in (3.37) to the third inte-

gration in (3.36) by using definition (3.27)—(3.31) together with the assumption (3.35):

Cjl

222000 At (i) o

n j leN; s=1

R BPIP I LT U CTAE D)
n j leN; s=1

Cj1

— S At ) ) 6"
n j leN; s=1

Cjl

SIS A () ) — o whtw)) (07— 0740
n j leN; s=1
== DD AtalT| f(uh(wy)) - V4" (wg) +o(1)
— [ #w-ve +o)
Rt xR2

(s)

where z;) Is the midpoint of S§ls). In the above calculation, we used the fact that
Cj1
SN Wl =0, (3.38)
lENj s=1
le
D> alui) (=) =0, (3.39)
j leN; s=1
and Lemma 3.3.1 from [30]. O

Lemma 3.3.1. If ¢ € C§° (RQ), we have the approrimate integration by parts for-

mula:

Cjl

T3 Votw) =3 N 6w + o) (3.40)

lEN]‘ s=1
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3.3.4 Examples of locally conservative numerical methods

As in the one dimensional case, the DG methods (see, e.g., [11]), standard finite
volume and finite element methods taking conservation form are obviously locally
conservative per Definition 3.3.1. We show in this section that the two dimensional

counterpart of numerical methods in section 3.2.4 are also locally conservative.

3.3.4.1 Compact (finite difference) schemes

The compact schemes in the two space dimensions has their solutions defined on a
2D uniform structured grid with size Az, Ay. We can extend the solution by making
it a constant on a rectangular centered at each grid point. The size of each rectangle

is Az x Ay. We denote the grid points as {w;; € R?: 4, j € Z}, and the schemes read:

n+1 i) — n » 1 )
Uy, (w ])At uh(w j) A_y(Aleny(u))ij -0 (3.41)

1
+ E(A;l By fi(u))ij +

where the operator A, is the operator for the 1D compact scheme applied in the x
direction, and the same for other three operators. We can rewrite the scheme (3.41)

into a conservation form as in Cockburn and Shu [15]:

ﬂn—i-l _

.. 1 R R 1
) ) n n o o _
T AL A < i fi‘Hz’j) Ay (gm‘% - 91,;’*%) =0, (3.42)

where u}; = AyA,u, and flux are similarly defined as in 1D case. For example,

il = H Ay (f(up(wigy) + f(up(wig))) |

ng+% = H.A,; (g(uZ(w’i,jJrl)) + g(uZ(wU)» )
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if (Bu); = H,(uj+1 — ui—1). We could easily check that the compact scheme in 2D is

locally conservative with the form (3.42).

3.3.4.2 Non-standard finite volume methods

A straightforward generalization of the non-standard finite volume methods (3.20)

on 2D uniform rectangular meshes are given in [52] (see (4.3)):

ﬁ;‘l]jFl _ a?] 1 R ) A A
N + Ar (fiJer,J fz Z,J> Ay (gi,]q_% - gm_%) =0 (3.43)
where u; is the 2D version of double cell average:

1 1 Yird y+
Uy = —5——5 = w(&,n) d€ dx dn dy. 3.44
saae [ [ e s

The 2D uniform rectangular mesh is denoted as: R? = Ui,jez[xi_%, IH_%] X [yj_%, yj+%].
We can similarly get the local conservation property for this scheme by using the

following equality on double cell averages:

Yj
Ui = up (2, y)(x — 1) (y — yj—1) dr dy +
J x2 Ay /901 ) /yj_l
Ti Yj+1
Amz Ay? / / up(z,y)(x — 2i-1)(Yj+1 — y) drv dy +
1 1 ;“
Az2 Ay2/ / (@, y)(xip1 — 2)(y — yj—1) dody +

1 1 Ti+1 ?JJ+1 " d d
A_.732A_y2 \/ZL; /y;v uh(fL’, y)(xi-f—l - x)(y]-‘,—l - y) ray,

where z; and y; are midpoints of the the intervals in each dimension.
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3.3.4.3 Continuous Galerkin method

Let UF = {v € H'(R?) : v € Py(e;),Vi € Z}, where {e;, i € Z} is a triangulation of
the whole space. The CG method reads: find uy(-,t,) € UF, such that for all test

function v, € U,’f

urtt —
/ e hy— [ f(u) -V, = 0. (3.45)
RQ Atn ]RQ

The flux defined in Hughes et al. [28] does not fall in our definition since it needs at
least one of the two regions to be global to get the uniqueness of flux between the two
regions. The flux and conserved quantity in Perot [45] does satisfy the requirement

of Definition 3.3.1, and we briefly reproduce his formulation here.

For the purpose of defining local conservation, we use a different partition R =
Uje T, where {7} : j € J} is the dual mesh of the original triangulation {e;, i € Z}.
The dual mesh, see, e.g., Bush and Ginting [4], is constructed by connecting the
midpoint of edges and centroids of cells in the original triangulation. Since every
cell in the dual mesh corresponds to a vertex in the original triangulation, we denote

{n; : j € J} as the set of vertices. The shape functions are defined as {v; € U} :

vj(n;) = 1,vj(ny) = 0, VI # j}. Because the partition of unity property, ZjEJ v =1
on R2, we have the following equality:
Vu; = Z uVou; —v;V,, in R? (3.46)

lEN}

which leads to a rewriting of the scheme (3.45) if we take the test function as the

shape function:

1 1 / il 1 "
— | 7= Up ' "V — 5 Up, Vj
Aty \ITj| Joo " 7 Ty S ™

1
=y AR V= v fu) V=0
J R2

lEN]‘

(3.47)
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We can check, with routine algebraic calculation, that the 2D CG method (3.45) is
locally conservative in the sense of Definition 3.3.1 if we define the conserved quantity

and flux as follows:

1

ﬁ?:m - UZUJ', (348)
J
Sy 1
S n J n n
950 = | o e ZW vj F(up) - Vor — v fu) - Vg (3.49)
s +\Sﬂ & 1Tl Jee

Note that ¢;; is always 2 here because {T}, j € J} is the dual mesh of a triangula-
tion. According to the above argument, all CG methods with local basis satisfying
partition of unity are locally conservative. The 2D B-spline finite element methods

(see, e.g., [27]) with tensor product B-spline basis is one example.
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4.1 Introduction

Since the first successful construction of metamaterials with both negative permittiv-
ity and negative permeability in 2000, there has been a growing interest in the study
of metamaterials and its applications in invisibility cloak design and sub-wavelength
imaging. Numerical simulation of wave propagation in metamaterials plays a very
important role in these investigations. Description of electromagnetic wave propaga-
tion in metamaterials leads to more complicated time domain Maxwell’s equations
than the standard Maxwell’s equations in free space. Compared to many excellent
works obtained for solving Maxwell’s equations in the free space (see [20, 26, 43] and
references therein), developing efficient and rigorous numerical methods for meta-
material Maxwell’s equations needs much more efforts. The most recent progress
in this direction can be found in the monograph by Hao and Mittra [25] on the
finite-difference time-domain (FDTD) methods for modeling metamaterials, and in
the monograph by Li and Huang [36] on the finite-element time-domain (FETD)

methods for metamaterials.

The discontinuous Galerkin (DG) method was initially introduced in 1973 by
Reed and Hill [47] for solving a neutron transport equation. Because of a few nice
features of the DG methods (such as local solvability, flexibility in h-p adaptivity, and
efficiency in parallel implementation), various DG methods have been proposed for
solving different partial differential equations since then. The work of Cockburn and
Shu [14, 17] on Runge-Kutta DG (RKDG) methods for solving linear and nonlinear
time dependent hyperbolic partial differential equations (PDEs), in which the spatial
discretization is by DG and the time discretization is by Runge-Kutta methods
(other time discretization methods are of course also possible, such as the leap frog

method adopted in this paper), has facilitated the rapid advance and application
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of DG methods. Also relevant to our schemes studied in this paper, especially the
choice of the alternating fluxes, we should mention the so-called local discontinuous
Galerkin (LDG) method, which was introduced by Cockburn and Shu [16] for solving
time-dependent convection-diffusion systems and was used in [49] for solving second-
order hyperbolic equations. For more details on the algorithm design, analysis,
implementation and application of DG and LDG schemes for solving time-dependent

PDEs, readers can consult the review articles [18, 50] and the references therein.

Maxwell’s equations play a very important role in describing wave propaga-
tion phenomena in various media. It is no surprise that many DG methods
have already been developed for time-harmonic Maxwell’s equations in free space
(e.g., [3, 24, 44, 46]), time-dependent Maxwell’s equations in both free space (e.g.,
[7, 13, 22, 26]) and dispersive media (e.g., [31, 40, 48]). The recently developed meta-
materials also promoted some study of DG methods for solving Maxwells equations in
metamaterials (e.g., [6, 34, 35, 37]). Among these methods, there are non-dissipative
ones, e.g. [35], and optimal ones, e.g. [37]. However, our new method in this
paper appears to be the only one to attain both optimal convergence rate and non-
dissipation. Recently Xing et al [49, 5] and Chung et al [8, 9] proposed optimal and
non-dissipative discontinuous Galerkin methods for wave equations. Our approach
is similar to the LDG method of Xing et al [49, 5] in terms of the choices of the

numerical fluxes in the scheme and the projection in the error estimate proof.
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4.2 The governing equations

Consider the metamaterial Drude model [36] in the domain :

OF

— = H-J 4.1
€0 ot V X ( )

H

uo@@—t —-VxE-K (4.2)

1 oJ r.

— J=F 4.

60&)72,6 ot * 60&)[2,6 ( 3)

1 0K Ty

K-—-H 4.4
po, Ot g, 44

supplemented with the perfect conduct (PEC) boundary condition
nx E=0 on 0, (4.5)
and the initial conditions
E(x,0) = Eg(x), H(x,0)=Hy(x), J(x,0)=Jo(x), K(x,0)=Ko(x), (4.6)

where n denotes the outward unit normal vector of 092, Ey(x), Ho(x), Jo(x) and
K(x) are some given proper functions. Here ¢y is the vacuum permittivity, pg is
the vacuum permeability, wye > 0 and w,,, > 0 are the electric and magnetic plasma
frequencies respectively, I'. and I',,, are the electric and magnetic damping frequencies
respectively, E(x,t) and H(x,t) are the electric and magnetic fields respectively, and

J(x,t) and K(x,t) are the induced electric and magnetic currents respectively.

To avoid the technicality of the proof for 3D problem, below we only consider the
transverse-electric mode with respect to z in two dimensions (2-D), i.e., the so-called
TE, mode, which involves only fields E = (E,,E,),H =H, :=H,J = (J;, J,), K =

K., and the curls Vx E = % - aa% and V x H = (%—I;, —%—f)’. Here the subindices
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z,y and z denote the components in the x,y and z directions, respectively. More

specifically, the governing equations of the T'E, Drude model can be written as:

OE, OH.
o T2 g 47
€0 at ay T ( )
0E,  OH.
_ _9H. 48
T or v (48)
0H,  OE, OFE,
- _ K. 49
Ho~5y ox oy (4.9)
1 8J, T,
. —J, = E,, (4.10)
Gowpe ot €0wpe
1 9J, T,
—E 411
cowz, Ot * cow, "’ v (4.11)
LOK: T e oy (4.12)

foWpy Ot powp,,

For simplicity, we consider solving (4.7)-(4.12) on a rectangular type physical

domain Q = [a,b] X [c,d], which is discretized by a non-uniform grid

a=21 <Ty < - <Ty i =D, C=yYL<ys < <Yyl =d.
The time domain [0, 7] is discretized into N; 4+ 1 uniform intervals by discrete times

T
Ne+1°

0=ty <t < - <tn41 =T, where t,, = n -7, and the time step size 7 =
For simplicity, we define the rectangular cells K; ; = I; x J;, where [; = [xi_%,xﬂr%],
i=1,---, Ny, and J; = [yj_%,yﬁ%], j=1,---,N,. The mesh sizes are denoted by

W=x,1—2x

Yy _ 3 T _ T — Yy
i it+1 i, h? = ijrl _yj*%’ with h* = Maxi<i<N, hi,hy = IMaXi<;<n, h‘j’ and

i—3 J

h = max(h®, h¥) the maximal mesh size. We also assume that the mesh is regular,

ie. hf > C-h and h? > C'-h Vi,j, for some C independent of 7, j.

The finite element space V}* is chosen as the space of tensor products of piecewise



35

polynomials of degree at most k in each variable on every element K; ;, i.e.,
VE={v: vlx € Qu(K), VK €T}, (4.13)

where T;, denotes the Cartesian grid on €2 described above with mesh size h, and Qj

is the space of tensor products of one-dimensional polynomials of degree up to k.

For the corresponding variable u we denote its numerical solution wuj, which
belongs to the finite element space V;*. Note that functions in V¥ are allowed to
have discontinuities across element interfaces. Furthermore we denote by uh(x:jr 1Y)

2
(or (uh):;%’y, uZ(:cH%,y)) and uh(x;r%,y) (or (uh);%’y, uy, (%41,y)) the limit values
of up at z; 1 from the right cell K;y;; and from the left cell K;;, respectively.

un(wyyf 1) (or (un)y sy (2,y4)) and un(a,y 1) (or (un), sy (2,y5,1)) are

z,J+3

defined similarly. We denote by || - || the L? norm over the domain (2.

Finally, we would like to remark that the corresponding PEC boundary condition

(4.5) in 2-D becomes:

E.(x,y,t)|y=ca =0, Ey(z,y,t)|g=ap = 0. (4.14)

4.3 The semi-discrete DG method

The DG method for (4.7)-(4.12) can be formulated as follows: find

Exh; Eyha tha th; Jyh> th S Cl([oa T], th)
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such that

0F,
60/ h(b / zh¢ )3;]+l_( zh(z) );1;]——) T

¢ (4.15)
/ th / Ih¢ - 0
8E h .
60/ y w / zhw 1+%,y - (thw—’—)if%,y) d?/
o (4.16)
- / w2 [ g =0,
Ki,j ax Ki,j
ath s — = aX
O NI Py X
: (4.17)
- / <(Exhxi)x7j+% - (Exhx )m ]_7> dx +/ xh_ +/ thX
Ii 1.7
1 aJ. r
3 / oh ul + 82 / Jepu1 — / Eopur =0, (4.18)
€owpe Ji,, Ot €oWpe J K, , K.,
1 aJ, I'.
—2/ yh Ug + D) / JyhUQ — / EyhUQ = 0, (4.19)
€0Wpe J K, ot €0Wpe J K, K,
1 K. T
/ a hv + 3 / KZhU - / th’U == 0, (420)
Whm K ; ot HoWpm K K

for all test functions ¢, ¥, x, uy, ug, v € th' I:Izh, Eyh, E,, are the cell boundary terms
obtained from integration by parts, and they are the so-called numerical fluxes. These
numerical fluxes are functions on cell boundaries and should be designed carefully to
ensure numerical stability or energy conservation, and optimal rate of convergence,
for different PDEs. Motivated by the LDG schemes for diffusion equations and sec-
ond order wave equations [16, 49], here we choose the simple but elegant alternating

fluxes:

Ewh(x,yj+%) = E;h(m,yﬁ%) Vi=1,---,N, -1, (4.21)
Eu(2,y1) = Eun(,yy,1) =0, (4.22)
Eyh($i+§>y> = E;h(xi+%>y> Vi=1,--- Ny —1, (4.23)
Ep(r1,y) = Eplry,1,y) =0, (4.24)
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~

th(w,yj+%) = Hz_h(x,yﬂ%) Vi=1,---, Ny, (4.25)
Hale,yy) = Hi(e0) + ol (1.26)
ﬁzh(:cﬂr%,y) = H;L(xH%,y) Vi=1,---, Ny, (4.27)
Ha(ery) = Hi(ery) = collEp(r,y)]], (4.28)

where ¢( is a constant independent of mesh size h, and the jumps [[Exh(x,y%)]] =
E;h(x,y%) = 0, [[Eyn(z1,9)]] = E;h(ac%,y) — 0. Here we use the standard notation

[[#]] = ¢T — ¢~ for jumps on cell boundaries.

Remark 4.3.1. We will see later why the jump terms in (4.26) and (4.28) are nec-
essary at the physical boundary, in the proof of optimal error estimates (Theorem
4.3.2), see also e.g. [39]. Note also that when co = 3, (4.26) and (4.28) coincide

with the standard upwind fluzes, which are:

[:[Zh(l',y%) = %(HL(ZL‘,y;) + ;}L(Iay%» + %[[Exh(x>y;>“

Fn(iry,0) = (g, 0) + ooy, 0) = S[[Euney, )]

where the undefined Hz_h(x,y%) and Hz_h(x%,y) are replaced by H;;L(x,y%) and

H (21,y).

4.3.1 The stability analysis

In this subsection, we present the stability analysis for our scheme.

First, let us look at the stability for the governing equations. Multiplying the
governing equations (4.7)-(4.12) by E,, E,, H,, J,, J,, K, , respectively, then inte-

grating over domain €2, summing up the resultants, and using the 2D PEC boundary



38

condition (4.14), we can easily obtain (cf. [38])

1d 1 1

- Ex 2 E 2 Hz 2 Jz‘ 2 J 2 - Kz 2

5 OB B+ kol + LI + 1))+ o NI
L. L',

([ La1? + [ 1y |]*) + —5— | K:[[* = 0. (4.29)
0 pe 0 pm

Integrating (4.29) with respect to time from 0 to ¢, we have the energy identity

in the continuous case: For any t > 0,

1 1
E.||?+ ||E,||? H.||? T2+ (I |12) + ——— || K12 (¢
[EO(H 1%+ 1| Eyl|7) + pol [ || +60w12)e(|\ 1=+ [y )+M0w%mH 7] @)
t
oT, 2T,
+/ { (1 Jall? + 1 Jy]1?) + —2— K[| (s)ds
0 Eowpe Mowpm
1 1
= E. |+ ||E,||? H,||? T2 + ||| K,|1?] (0).
[eo(ll 1Z + 11 Ey117) + pol ||| +eow§€(” 1=+ 1]yl )+uow§m|| 171 (0)

(4.30)

Below we will show that our proposed semi-discrete DG method satisfies a similar

energy identity as that given in the continuous level (4.30).

Theorem 4.3.1. The semi-discrete DG method (4.15)-(4.20) with alternating fluzes
(4.21)-(4.28) satisfies the following energy identity: For any t > 0,

1 1
E 2 + |E, L7 H_,|? Tonll? 4+ 1Tl K. l%| (¢
[eo(l el |” + [ Eynl|”) + pol [ Hpl| +60wge(|\ ehl[* + [[Jynll Huow,%m” 2nl|7] ()
tTor or
+ [ [ (T2 + Ty 2) + Hmﬂ (s)ds
0 LEOWpe HoWpm

t b d
+/ |:Co/ (E;h)i 1 d$+co/ (E;rh)ﬁy dy] (s) ds
0 a 2 c 27
1

1
= Eull? + |En? H_3||? Tonll? + 1Tl K112 (0).
{EO(I zhl|” 4[| Eynl|®) + pol|[Henl| +€Owge(|\ whl|” + | Jynll )+M0w§m\| znl17| (0)

(4.31)

Proof. Taking ¢ = Eup, v = Eyn, X = Hop,ur = Jph, ug = Jyp, v = Kp in (4.15)-(4.20),
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respectively, adding the resultants together, we have

1d 1 1
- E:E 2 E 2 Hz 2 Jr 2 J 2 Kz 2
2dt/f<ij{€°<‘ V) 4 ol Hl? 4 (il L)+ K
L. .
+/ [ 3 (’th‘2+|<]yh‘2)+ 3 !thﬂ + sumj + sumy
Ki; pre luowpm
H.,—2 + By —2) — Hp—> +FE =0,
+/K(hay+ hay)/K(hax‘Fyhax)

i, ¥

(4.32)

where we denote the boundary integral terms

sump = — /1 ((ﬁzhE;h)r’jJr% — (ﬁZhE:h)x,j—%> dx

[ (B gy~ Eantid) ) do

I;

and

sumgy :/J ((ﬁzh h)itly ~ (ﬁZhE;h)i‘%’» 4

J

" / <(Eyh itdy ~ (Eth;Ji—%vy) ay.
J

J
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From the choice of fluxes given above, we can simplify sum; as follows:

aExh ath
sumy + Hp——+ Egp———
Z ( ! /K (Ha dy "oy )>

1<G<N, i
§ : / :rh x]+1 d$+ § : / xh x]-i—l dlL’
1<j<N, 1<j<Ny—1

+/I(H;E:h)x’; d£E+CQ/I( xh) 1 dx

(4.33)
-y /(E H)pger do+ Y /(E*H Wil
1<j<Ny—17 L 1<j<N, -1 /i
+ ) /(H;IE;,Z)%H de— Y /(H;Em)wﬁl dzx
1<<N, Vi 0<j<N,—171i
:co/(E;h)il dx
I 2
By the similar technique, we can have
oF H,
Z sumy — (th—yh + Eyh—8 h)
1<i<N, & (4.34)

— +\2
_Co/J(Eyh);y dy

J

Hence, summing up (4.32) with respect to both 1 <i < N, and 1 < j < N,, and using

(4.33) and (4.34), we conclude the proof. O

Remark 4.3.2. We can see from the above theorem that our method is non-dissipative
since we use the alternating flux rather than upwind flux as in e.g. [37] . Note that if
we do not add the jump term in the flux definition (4.26) and (4.28), i.e. ¢o =0, then
the numerical solutions of our semi-discrete scheme satisfy the same energy equality

as the exact solutions.
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4.3.2 The error analysis

We denote the errors between the exact solutions (E,, Ey, H,, Jy, J,, K,) of (4.7)-
(4.12) and the corresponding numerical solutions (Eyp, Eyn, Hzn, Juh, Jyn, Kan) of the

semi-discrete scheme (4.15)-(4.20) by

gx = Eac - Ea:hvgy = Ey - Ey}qu = Hz - thv
(4.35)
ja: = Jcc - th; jy = Jy - Jyh; ICZ = Kz - th-

Subtracting (4.15)-(4.20) from the weak formulation of (4.7)-(4.12) and assuming
that the exact solutions are continuous in the domain €2, we can obtain the error

equations:

. 0
z¢ xj—&—% - (HZ¢+)x7j—%> dx + /K Hzaj + /K jx¢ = 07

(4.36)

o f v [ (O, - 0ty a- [ gl [ gw=o

(4.37)
OH. 5 _
Ho /KJ a1 X"‘/J ((gyX )z’+%,y - (EyX dy / gy8$
- C X L — (Eax D) - =
/]i ((ng ):E,j+§ (ga;X )1‘,‘7—5 dl' +/i’j 5:(: ay + /I(i7j ]CZX O, (438)
1 T
2 / aj / Jzur — / Exur =0, (4.39)
€oWpe JK; i e
1
5 / ajy / ijQ — / g yUu2 = 0 (440)
€0Wpe JK; ; e
12 oK. v+ Lm Koo — H.v=0, (4.41)
:u'prm K j ot How pm K j K;

for all test functions ¢, ¥, x, u1, us, v € V}F.

To estimate those errors in (4.35), we need some projection operators often used
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in DG and LDG methods (e.g., [12, 21]). Given a function u € H'(;), the 1-D
projections

PE: HYIL) — Pu(D)

T

are defined as the elements of the k-th polynomial space Py (I;) that satisfy

/ (Pfu—wwdr=0 VwePyi(l;), and Plu(z;
I;

/(Pwu —wwdr=0 VYwePr1(l), and P, u(x,

: D) =ulrg ). (4.43)

N[

The 1-D projections PF in the y-direction can be defined similarly. It is easy to

check that these 1-D projections are well-defined.

Furthermore, we denote the standard 1-D L? projections
Py: HYL) = Pe(L), Py: HY(J;) — Pe(Jy),
that satisfy

/ (Pou—uw)w der =0 Y we P(ly), (4.44)
I

/ (Pyu—w)wdy=0 Y weP(Jj), (4.45)
7

J

respectively.

For a 2-D rectangular element K;; = I; x J;, we use projections that are tensor

products of the 1-D projections. More specifically, we adopt the projection

I = P, @ Pf : H*(K; ;) = Qi(Ki ),
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which satisfies that [42]: For any w € H?*(K; ;) and any v, € Qx(K; ),

0
/ Myw(z, ) 2258 gogy = / w(e. )P EY gy (446)
Ki; 9y Ki; 9y
/le(l‘,yjtl)vh(x,y;r ) de = /w(x,y;r_l)vh(x,yj_l) dz; (4.47)
Ii 2 2 I’L 2 2

the projection

I, = P} ® Py : H*(K; ;) = Qu(Kij),

which satisfies that: For any w € H*(K; ;) and any v, € Qp(K; ),

/ ng(x,y)w dedy = / w( (%h (@ y) dxdy (4.48)
K xr K, Ox

4,7

/ng(xj_l,y)vh( i_;,y) dy = /w 1 y)on(a 1,y) dy; (4.49)
Jj 2 J
the projection

I3 =P, ®P, t H2 (K ) — Qr(Kiy ),

which satisfies that: For any w € H*(K; ;) and any vy, € Q—1(K;;),

/K. | Hsw(z, y)vp(z,y) dedy = /K .w($,y)vh(x,y) dxdy, (4.50)
/Ii zw(z, yj_Jr%)vh(ac, yj._+%) de = /I w(z, yj;%)vh(w,y;ré) dx, (4.51)
[ et by = [ G b @52

Mw(x 1,y ) = w(laj;r;,yjjr;). (4.53)

Note that we use H? for the point values to make sense by the Sobolev embedding

H? c CY in two dimensional spaces. The usual L? projection is denoted:

Iy =P, ®P,: L*(K;;) = Qu(Ki;),
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which satisfies that: For any w € L*(K; ;) and any v, € Qr(K; ),

/ yw(z, y)vp(x,y) dedy fK w(z,y)vp(x,y) dedy. (4.54)
K,

2%

It is easy to see that

Lemma 4.3.1. There exists a unique polynomial Ilyw € Qr(K; ;) as defined above.

The same applies to Ilaw , Tsw and I w.

Lemma 4.3.2. If w(z,y) is a product of 1-D functions, i.e. w(x,y) = f(x)g(y) where

f € HYL), g€ H'(J;), then we have:

Mw(z,y) = Puf(x)Plg(y),
Myw(z,y) = Pff(x)Pyg(y),
zw(z,y) = P, f(z)P g9(y).

Myw(z,y) = Pof(z)Pyg(y).
This lemma explains why we write the 2-D projections as the tensor products of
1-D projections.

Moreover, it is known that these projections have the following property (e.g.,

12, 21]).

Lemma 4.3.3. Let II; (i = 1,2,3,4) be the projections defined above. Then for any

ue HAY(Q) (k> 1),
| Tiu — ul] < CH** Y ul|groqy, Vi=1,2,34,

where the constant C' > 0 is independent of h, the mesh size introduced in Section 4.2.
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With the above preparation, we can prove the following optimal error estimate.

Theorem 4.3.2. Let (Ex, Ey, HZ, Jx, Jy, KZ) and (Exh, Eyh, th, th, Jyh, th) be the
solutions of (4.7)-(4.12) and (4.15)-(4.20), respectively. The following optimal error

estimate holds true:

(coll|Ze — Ean|[* + 1By — Eynl[*) + pol | H= — Hapl[?) ()

1 2 2 1 2
+Qwﬂwrdmwﬂm—@m>+;;wm—KmQ@>

0%pe 0%“pm
< OWED 4 (o1 — Banl 1B, — Byal®) + poll - — Ha]?) 0
1 1
Jo = Jaonl|? + 1Jy — Jynl|® K, — K.|* ) (0
(e = Tl + 19, = Jl )+ . = Kl ) O,

where the constant C > 0 is independent of h, and k > 1 is the order of the basis

function in V}F.

Proof. Using the projections defined above, we can decompose the errors given in (4.35)

as follows:

51‘ = Ex - Exh = (HlEx - Exh) - (HlE:c - E:c) = EJ;E - Exn;

Ey=E,— By, = (ILE, — Ey) — (I Ey — Ey) := Eye — Eyy,
H.=H, - H,, = (IIsH, — H.,) — (I3H, — H,) :== H,e — H.,,
T = Jo — Jon = Uady — Jop) — (Wady — J3) = Jog — Jam,
Ty =y = Jyn = (ady — Jyn) — (ady = Jy) == Jye = Jyy,

ICZ = Kz — th = (H4KZ — th) — (H4KZ — Kz) = Kzg — KZTI'

Substituting the above error decompositions into (4.36) — (4.41), and choosing the



test functions ¢ = Fue, ) = Eye, X = Hae, u1 = Jpe, up = Jye, v

/ Hzn ay /K1 . J:anx£7

»J
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= K¢, we obtain

(4.55)

OF N _ N
(if)eo /K 5Bt [ (B0 — (eB) e, )

oF 5
/ HZE ay / JyéEyE

%]

8Ezm 2 - ] +
~ [ e+ / (U i)~ (L) i)

oF
— | H.,—L 4 / TynBye,
Ki, zn dy 1 yntyé

]

0H, ~ _ . 0H,
o [ Tttt [ (Bl iy~ BuelR)wioyn) = [ B

(4.56)

y& 856
7 - B O0H
[ oy~ et ) /%;/&@
OH- 5 - OH.
m [ et /J (B H) sy .0) — (B (s, / e
7 . O0H
- + z£
_ /IZ ((Eanzg)(xay]—i-%) - (Eanzé‘ Z yj / Emn 8:{/ /K»L]_ KZWHer’
(4.57)
. 1 oJ. T,
(Z’U) 3 / xfjngr / Jngxf/ Eoc&]xg
€owpe JK,, Ot cowZe Jx, . K.
Y p ’ ! (4.58)
)
= Jwe + / Jan. —/ EopnJe,
60“’12;@ /K . ot z€ 0w, i, anJz§ Kij xnJzg
1 oJ, r
(v)—3 / 2 Jye + 62/ JyeJye _/ EyeJye
eowpe Ki ot EQw, Ki; Ki;
| | ’ (4.59)

1 0Ty T,
J, — Jyndye — E,.J
60w2 /K” ot ye T o, /K j ynJyé /K” ynJyé>

1 0K . T / /
Vi Koo + ——— K. e K. — H, K
( ):U‘Ow?)m ~/I( ot * MOng K ; e K j s

3

1 0K r
:2/ athKZE + n;/ Kanzg — / Hanzg.
HoWpm JK; ; HoWpm JK; ; K ;

2,3

(4.60)
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If we sum (4.55)-(4.60) together over ¢ = 1...N,,j = 1...N, and look at the left
hand side (LHS), we could observe that it is exactly the same thing as in the stability

proof. Hence we have:

1d
LHS —m(eon&gw + eoll Eyell® + poll Hee

+

1 1
Jeell? + || Jell?) + K, 2)
o (1 Tz ll* + Nl JyelI?) uow,%mH ¢ll
r'.

7 (el + 11 7yel®) + —5— [ K

Ope Opm

€0

Note that those terms in the first two lines in the above equation are referred as GT

(good terms) and the third line is computed using the boundary fluxes (4.26) and (4.28).

Let us now consider the terms on the right hand side (RHS). By the definition of
II, in (4.54), and the fact that ILu;, = (ILu);,l € {1,2,3,4}, we can have: V i €

{1,--- N },Vje{l,--- Ny} :

oo i, Oon T + ar S, Jondac =0, (4.61)
ﬁ fK 6JM=] w5 w2 fKi,j Jande = 0, (4.62)
o i, 0o Ko + i i, Kanlee = 0, (4.63)
Jic. JenFre = [y, ImEye =[5, KegHog = 0. (4.64)

By the definition of IT; in (4.46)-(4.47), and the fluxes of E, in (4.21)-(4.22), we have



that: Vi=1,--- Ny,
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/K mgyy ~ 0 WL Ny (4.65)
/I_(Eanzg)(x,yj+1) = /L(E;nHzg)(x,yH;) _0, Vj=1,--,N,—1,  (4.66)
/L(ECW?Hzg)(xvyN +%) =0, (4.67)
/Ii(EmHzg)(x,yj 1) = [Ij(E;nng)(x,y] ) =0, ¥j=2-- N, (4.68)
[ Bt =0 oo

By the definition of Il in (4.48)-(4.49), and the fluxes of £, in (4.23)-(4.24), we have

N,

that: Vj=1,--- Ny,

(4.70)

J(Ti1,y) =0, Vi=1.- N,—1,  (471)
(4.72)

=0, Vi=2- N, (4.73)

(4.74)

Using the above equalities (4.61)-(4.74), we can simplify the right hand side of the

summation of (4.55)-(4.60) over i =1,--- Ny and j=1,--- , N, :

O, OF

ot

RHS —/ (60
Q

Eeg + €05,

M.,

ot

HZ£ - Ernjré - EynJyE - HanZE>



49

where we denote

Ny
TEX, =3 (— | (me )~ i, ) + [ H%) ,
(4.75)
all o N OF,e
TEY, = ; < /, ]. <(Hany£)(xi+%,y) - (Hanyg)(xi_%,y)> - /K Hzna—y> _
(4.76)

Using the super-convergence results given in Lemmas 4.3.4 and 4.3.5 below (similar
to [12] and proved at the end of this section) to estimate TEX (terms of E,) and TEY

(terms of E,), we obtain:

GT <Ch*2 4 C|| Eyel|® + C|| Eye|?

0F, oOF 0H,
"‘/Q (GO#E% + EOWWEyE + /‘O#HZE — Eandug — EynJye — HanZE)'

(4.77)

We can first bound all the right hand side terms of (4.77) using the Cauchy-Schwarz
inequality and Lemma 4.3.3, then use the Gronwall inequality and the triangle inequality

to conclude the proof. O

Remark 4.3.3. We would like to remark that the optimal error estimate O(hFT1) in

the L2 norm

(co(l|Ee — Eanl[* + 1By — Eynl[*) + pol | H= — Hanl?) (1)

1 2 2 1 2 2(k+1
(1= Tl + 1, = ) 4 K = Kl ) () < 010840

Ope Opm
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can be simply achieved if we choose O(h**1) initial approzimations:

Ean(0) = I E4(0), Eyn(0) = Mo E,(0), H.p,(0) = I3 H,(0),

Ton(0) = T, (0),  Jy(0) = 14, (0), Kn(0) = I14J,(0).

It is also worth mentioning that we cannot choose all the initial values as the standard
L? projections (1) of exact solutions, which are easier to implement. The numerical
order of convergence would fluctuate if we use Iy for all the six initial values. The
reason may be that no numerical dissipation is included to dissipate the initial error,

see also [5].

In the rest of this section, we will prove the superconvergence results used above.

Lemma 4.3.4. Let TEX; and TEY; be defined by (4.75)-(4.76). Then we have:

Ny
Y TEX; < Ch?*2 4 | By, (4.78)
j=2
Ny
Y TEY; < Ch*2 4 || Byl (4.79)
=2

where the positive constant C is independent of the mesh size h.

Proof. First we define the individual summands in TEX; (j > 2) as L;(H, Ex) :

OF,
Li(H.,, Eq) :/ (Il — [)H, =% —
Ki 8y

[ = D) Bt
i (4.80)
b [ (= D) By ).
I;

Note that on y = y;, 1 (j > 1), the flux H,, = HZ,. By comparing (4.52) and (4.53)
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in the definition of II3 and the definition of P, , we easily have

(M) (g7 ) = Pr (Haloy,y)). (4:81)
Therefore, L;(H,, Ez¢) becomes:
oL,
Li(H., Eve) = / (I3 — I)H,—=

7

- /1 (P; (HZ(:”’?JH%)) - HZ(“T’ijr%)) Epe(w,y1)  (482)

w [ (P (try ) — ety ) Bl )
I;
Next we want to show that:

Li(H,, Ey) =0, VH, € Prs1(Kij), i=1,--+ Ny, j=2,--- N, (4.83)

where Py is the standard notation for polynomials of degree not greater than k + 1,

ie. Peyr={2"-9y7i >0,j>0,i+j<k+1}

Since I3 is a k-th polynomial preserving projection, (4.83) is trivially true for H, €

Qr(K; ;). Therefore, we only need to prove (4.83) for H, = z¥+1 and y**!.

When H, = y**!, by Theorem 4.3.2 we have II3H, = P, H, since H, is only a

function of y. Hence (4.83) is true by the definition of P, .

When H, = 2**!, we have that

H.p(z,y) = (I3 — I H.(z,y)

= (P_ - I)Hz(xay)

xT
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_ P_<:Ek+1) _ $k+1

is a function of variable = only. Therefore H,(x, y;:% ) =H.(xz,y. 1)

Using this equality, we can simplify L;(H., Ey¢):

oL, o _
Li(H.,Eye) = /K Hzna—yg_/f. <(HZﬁEx£>(x’yJ+%)_(HZ”EL)(QJ’Z/J'—%))

¥

oE, o
= / HZU p) s - / ((Hanmg)(mvyj+l) - (H;}E;g)(xayjfl)>
K; y I; 2 2

»J

OH,
= —/ 1 Fye (by integration by parts)
K., Oy

= 0 (H., only depends on z).

2J

Therefore, we have shown that (4.83) is true.

Using the standard scaling argument [10] to map a function v(x,y) defined on Kj ;
between a function ©(Z, §) on the reference cell K = [—%, %]2 = I x J (through mapping

(z,y) = (h@ + x;, hg + y;)), we have:

LZ-(HZ,Exg):/ (Ils — I)H, 5

Kij

— /1 (PJ (Hz(x,yﬁ%)) - Hz(x,yﬁ%)) Ee(,y;41)

SCh”]‘LHHHQ([() ||Ex§||L2(K)’

where in the last step we used norm equivalence in finite dimensional spaces, and Sobolev



53

embedding H*+2 ¢ L.
Using the fact that L;(p, Eze) =0,V p € Prri1(K ), we get:
Lz<Hza Exf) = inf Lz(HZ + P, Em§>

peEPRHL(K; ;)

< inf Chl|H, +p )l Eaell 12
S ol o) OPI A Plggesa i) 1 Baell )

<Ch*|H, |mee2 (k) || Bael L2k, ;) (by [10, Theorem 3.1.2])

§0h2k+2‘Hz‘2Hk+2(Ki’j) + HEM“%Q(K

where | - |gr+2 denotes the standard Sobolev semi-norm. We can now proceed to the

proof of (4.78) from the above estimate

ZTEX ZZL (H,, Eye)

7=2 =1
NyN:v

<D (CR L B, ) + 1 Bl )

j=2 i=1

§0h2k+2|Hz|i[k+2(Q) + ”Exﬁni%ﬂ)'

The proof of TEY is exactly the same as that of TEX by exchanging the role of x

and . O

Remark 4.3.4. Most part of the proof of Lemma 4.3.4 follows closely the proof of
Lemma 3.6 in [12].

Lemma 4.3.5. Let TEX; and TEY; be defined by (4.75)-(4.76), and ¢y independent

of mesh size h. Then we have:

TEX; — Zco / (z y1 §0h2k+2+]|Ex5||2, (4.84)
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Ny 9
TEY: - ) co / (E;Q(a:%,y)) < O 4 || Byel?, (4.85)
Jj

j=1

where the positive constant C is independent of the mesh size h.

Proof. Since y1 = ¢, we have:
2

2
TEX, —Zco/ <E;§(x,y%)>
=1 U
Al OE
S [ [ E ey + [ ()~ ) B
i=1 Ki1 Y I; I;

—/(Px (Hz(x,c))—Hz(x,c))E;f(x,c)+/(H;§7E;§)(:c,c)
I; I;

+co /I(E;}E:g)(x,c) — ¢ /1 (E;“E(Lc))?

If we define

and compare (4.86) with (4.82), we see that L 4 satisfies the same polynomial preserving

properties. Hence we have

Ny
> La(H., Eye) < CH* 2| H. [}isa ) + || Buel I, (4.87)
i=1
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which leads to:

Ny
TEX, - o / (Bt
i=1 I;
COW*2H. Py ooy + | Bl
Ny
B (— / (Py (Ha(,0)) — Ha(r,e) E(r.) + / (I B2 ) e >)
=1 i i

b b
o [(ELEY@ - [ (Bo)’

<SCh*™ | H, |fsa gy + | Exell?

+C/ab(Px‘ (H.(z,c)) — / H, (2, 0)°

<SCR** 2| H. Yz () + | Baell® + CHP 2| He G oy

where we denote I' = {(x,¢) : € (a,b)}. In deriving the second inequality, we used the

definition of II; to obtain

/Il(E;%E;g)( ¢) dz = 0.

In the last step we used the approximation properties of the projections.

The proof of (4.85) follows the same line as (4.84). O

Remark 4.3.5. If ¢ = 0, we get a straightforward PEC boundary condition without
the jump terms in (4.26) and (4.28). In this case, we can only control the term

> s 1f1 H;;ZE;% x,c) as follows:

b b
Z/ (HHEf) (x,c) < h™ / (H3)(2,0) + h/ (Ef)?(x.c)
< C W || Ege)? (by inverse inequality)

Therefore, we lose half an order. It is verified numerically that for basis function

of odd orders of polynomial degree, like Q1 and Q3, we do observe this sub-optimal



order of convergence. See Table 4.3 and Table 4.5.

4.4 The fully-discrete DG method

We consider the following leap-frog LDG scheme: For any n > 0, find

n+2 n+2 nytd
EZJ1>E;L;:F17HZ;L e By 2, K™ € V¥ such that

B — B ntd L
eo/ —zh __ zh g —/ ((H:h *¢ )x,j+l - (H:h 2¢+)w’—1> dx
Ki,; T I ’ ’

10 1
+/ H:;2¢+/ Tn 76 =0,
K ; 83/ K ;
En+1 —_ En 1 1
h h At — e
€0 /K %y¢ ‘|‘/ ((th 2¢ )H—%,y a (HZh 2¢+)z’—;,y> dy
J

law n+i
- H”+2+/ T =0
h h ’
/K o0 Jg,, Y

H,?-H el — ;
'UO/K MX+/] ((E;;rlx )i+%7y—(E;‘gr1X+)i—§,y> dy—/
. i

ox

K

2,3
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(4.88)

(4.89)

ox
n+1
B 5

_/ (BN s = B X )yoy) da+ / Ept o / K2y =0,
I; 2 2 Ki; Y K.,

n—i—% n—i—% n+3

1,3

(4.90)

1
1 Jop 2 —J r T 2+ 2
5 / Seh —ah g, g / Sah Tah - / By =0, (491)
eowpe K. T K 2 K.

=0, (4.93)

2V
nt3 ntl nt3d nal
1 Jyljz B Jy/:r2 Le Jyh+2 + Jyh+2 +1
/ — U2+ —5 / — G U2 — / By up =0, (4.92)
€0wWpe JK, T €owWpe J K, 2 Ki;
1 / K~ = K5 Tm / KL+ KL / H

2 2 zh

HoWpm JK, ; T HoWpm JK, ; 2 Ki,

for all test functions ¢, ¥, x, u1, uz, v € V;¥. With the following fluxes:

A 1, _
Egi;rl(x7yj+%> = E:::L}er +(l'ayj-y%) V] =1,--- aNy -1,
E;L}erl(xay%> - E;L}Jlrl(xayNy—i—%) :Oa

Epftegay) = Ept(egy) Vi=1e N1,

(4.94)
(4.95)

(4.96)
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B (es,y) = Epfi(ey,iy) =0, (4.97)
HZJ%(%%%) = H:ﬁ’f(x,yﬁ%) Vi=1,--- Ny, (4.98)
W ) = HL )+ 5 (B ) + Enew])) . (499)
ﬁ:ﬁ(ﬂfwg»y) = H:ﬁ’*(x%,y) Vi=1,,N,, (4.100)
ﬁ:;%(l’%,y) = H:;%’Jr(x%,y) — %0 (E;}:rl(x;y) + Z’}Ax%“,y)) , (4.101)

Note that by PEC boundary condition E™M(z,yT) [[E;‘,jl(x,y%)ﬂ in (4.99), and

the same for other artificial viscosity in (4.99) and (4.101).

To prove the stability for our fully-discrete scheme, we need some lemmas. Let

us denote boundary integral terms

N n+l . A TL—l—l
Sumrp = —/ <(th 2B+ E) Jagit — (H, H(En ;:Lh>+)x,j—%> dx
I;

~n n+§ n+l _ ~n Tl+§ TL-‘rl
_/] <(Exh+1(th ? + th 2) >x,j+% - (Ea:ljl(th ? + th 2)+)a:,j—%> dx

%

(4.102)

and

An+l o An_i_l
sum. gy = / (L (Bt + B gy — (L (B + B )iy, ) dy
J

J

. nt3 ntl o . nt3 ntl
- / (B G o H ) )y — (B LT+ HTO ), ) dy
Jj

(4.103)

Furthermore, for any function ¢ € V;¥ we introduce the common notation

d
e = (3 [ 0k, + lor,, P

1<i<N, v ¢
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b
lollnny = (32 [ 65,y 167,y i),

1<G<N, V@
for the L?>-norms on I',, (union of all element interface points along the z-direction)

and I'y, (union of all element interface points along the y-direction), respectively.

Lemma 4.4.1. With the flux choices of (4.94) — (4.101) for any m > 1 we have

m m
+1 a 8 +3 +1
S5 [ e e e 5 LSS s
n=0 i, v Kij Y Y n=0 1,

N,—1

b b
m—+1, m—l—§ ’ 1
- </ (B D Mg —/ (Ethr[[Hfh]])x,H;)
=1 \a o
8 1 m 8 m+§ co m b . i
(-t e it e 93 [ ey
v n=0va
(4.104)

where for simplicity we denote 3, i :=3 i n. Zl<j<Ny'
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Proof. By the definition of sum;, and flux choices (4.94) — (4.101), we easily have

m Ny
E E sumpp
n=0 j=1
m Ny ) m Ny .
_ 2 :2 : n+5,= on4l,— 2 :2 : n+5,= on,—
- /(HZh Ewh )I:jJr% - /(th E:rh )x,j+%
n=0 j=171i n=0 j=1 7 1i
m Ny—l | m Ny—l .
Z nt5,— pntl+ nt+3,— on,+
n=0 j=1 “1i n=0 j—1 71

m m
n+3.4 pntl,+ nt3,4 o+
#3 [ OB S [ e, (4.105)
n=0 "

‘o +1,+ 2
D) Z/I(Egh +E3, )x,%

n=0 2
m Ny—1 3 m Ny—1 )
7L+17+ TL+5,— n+1,+ n+§7_
DI AT e n NIED 35 S florew e I
n=0 j=1 “1i n=0 j—1 71
m Ny—l m Ny—l
3 1
nt1,+ et st n41,4 gt
+ 0D / (Eon T H o ) a g +) (B " THL )
; I; - I
n=0 j=1 ¢ n=0 j=1 i
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On the other hand, we see that

O o n+di  _n+l
S [t et e s
n=0 4, 8y
>/ EWH>8wH>
(:)y zh zh a zh
n=0 1i,j
8 n—}—l n 8 n+§
;}ha—th T Exﬁla—szh . }d:z:dy

Syl {ayE:wa b

n=0 i,j
. (4.106)
+HZOZ]/K]{ xha zh;+E"+1§H 3}
m N Ny m Ny Ny—1
:Zzz/(Enﬂ,—H"h: rtd ZZ Z/ En+1 +H"+z7+) 4l
n=0 i=1 j=1 "1 n=0 i=1 j=0 71i
m Ny Ny m N, Ny—1

C Y [ ETH - N Y [ E

n=0 i=1 j=1 n=0 i=1 ;=0

0
0 2 m—+1
+§ / {—E —H2 +E™ —H }
7,7 KU

Combining (4.105) and (4.106), we get

ZZ/ RUEE o AR U e, DI

n=0 1,5 n=0 1,

m N Ny—1 s o
Sy Z ( / E ), s - /Ii(Ei‘f“H:h Qmw)

0 0
E EO F[Q E’m+1 f[
— /K. v { " dy hF oy " }
2,] bad

m b
<o n+1,+
+2§_;)/Q<E FEL,
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Using the similar technique, we can also prove the following lemma.

Lemma 4.4.2. With the flux choices of (4.94) — (4.101) for any m > 1 we have

S omn-3 8 [ {ur g

n=0 4,5 n=0 4,5

z

9] n+3 n+i
E;ijrla (Hij_Q Hzij_2>}
Ny

—Z( [ m*”nH:’if%nm,w [ @) s
TS (- )

m

d
Co n+1+ 2
g3 [,

With the above preparation, we can now prove the following stability. To shorten
the notation, we introduce the vector L? norm ||Ep||? = ||Egl|? + || Eyn||? for vector

E}, = (Egh, Eyp). Similar notation will be used for ||J||? for vector Jj, = (Jun, Jyn)-

Theorem 4.4.1. Denote C, = ﬁ for the speed of light, and C;y, for the positive

constant appearing in (4.114). Under the assumption

1 1 h
< mi 4.108
T= m1n(2wp6, 2wpm’ 2C;m0Ch ) ( )
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for any m > 1 we have

m m+§ m-+ 1 m
ll B I+ ol |H2, P + wz 31 o K
pm
< ¢ (@lIBIP 4l 3IP + o ITFIP 4 A (aa00)
Pe m

where the constant C' > 1 is independent of the mesh size h and the time step size T.

Proof. Choosing ¢ = 7(El™ + En), ¢ = 7(EnT 4+ EN), x = 7(H, N HY ) Uy =

+2 +3 +3 +3 .
(S Ty ) u = T(J;h *+ J;h ), v =7(K"? + KM, we obtain

n ntg

o1 BRI ek ) — 1B T2(c,,)) + 1ol H, Hiz(m,j) — 152, 72k, )
1 n+3 2 n+2 2

+ €0W36(||Jh 2HL2(KM) — [ 2HL2(KM))
1 n n

o (||Kz}j_2||L2 o= K 2 k)

9 .
/ th T8_<EZ,:F1 + ;Lh) + / Jh+2 : T(EZ’+1 -+ EZ)
Y Ki;

n+j 0 n+1 n n+1 0 n+3 ntl
- /K Hon™ e B 1 Eu) = /K Ep 7o (Hoy * + My %) (4.110)

a nt3 n4++ n+3 n+Li

[ mree et [

K” y .

'
2

+2€Ow T, 2+th2y|L2K” +3
pe
[ mpreute g / HIE o (K52 K

4,7

K202+ KO ek

+ T(sumyp + sumyp) = 0.

Summing up (4.110) over 1 < i < N,,1 < j < N, and time levels 0 < n < m for any

7l 2 n+% 2 [ n+2
+th || 2 ',j 7 QNO"JQ ||th +

K:;f”m (Ki;) P of n+1++E )é,y and 5 Zn of n+1++E >x,%' Using

m > 1, dropping the non-negative terms Teowr
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Lemmas 4.4.1 and 4.4.2, we have

colll B 17— 1BRIP) + ol 17 — || HE,1P)

1 m-+ m
+— (I, 2||2—||Jh||) (K2 = 1K)
€0wpe Opm
g 43 1

D Y AR CARE RS /W. e

0<n<m 0<n<m

n+3 n+
CX [ mrrt et $ [
0<n<m 0<n<m

+BY(EY,, H3) — BY(E H) — B (B9, 1) + B (Bt H, “f.111)

where we introduced the bilinear forms (cf. [51, (4.1)])

(u,v) =71 Z/ udyv + Z ]+ ]+1d:p ,
K.,

1<j<Ny,—1v ¢

uU—T<Z/K udpv + Y / Z+1dy>

1<i<N;—

Note that the sum of the first and third terms of (4.111) can be estimated as follows:

n TL§
Si+S=—7 Z/ RS TR A

0<n<m

__T/(J;-Eg—f”* Em+1>
Q

< TWpe (

- 2
TWpe

2 <60w12,€

(4.112)

OM? 1% + eol EDII?)

m+: m
1T 2P + ol B 1]2),

where in the last step we used the Cauchy-Schwarz inequality.
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Similarly, we can bound the sum of the second and fourth terms of (4.111) as follows:

n+3 ntl n+3
{ LRI (HD B ¢ B (R K;z“)}

0<n<m Q
1 3
TW 1 1
< pm Kl 2 H2 2
=" </1'Ow12)m|‘ zhH +M0H zhH )
TWpm 1

m+3
7 s IR + ol T )
pm

(4.113)

By using the Cauchy-Schwarz inequality and the inverse estimate, we have (cf. [51,

Lemma 4.1]):

43 _ +3
BY(ERTY HI ) <7 - Conoh Y| ET| - (| HL, 2|

m+3
—7 - CinyCoh™ " eo| |ET Y| Viol | H oy 2| (4.114)
Cinvcv

m m+3
<7 —g— (ol ELTHIP + pol [H, 2 1),

where the positive constant Cj,, is independent of 7 and h.

Similarly, we can obtain

Cinv Cv

1 1
BY(Epy, Hj) <7 (col |E2ul1* + pol [H2,]1%), (4.115)

€T m 'i‘§ CmUC'U m +§

BY(Eptt Hy, ) <7 oh (ollEITH I + pol [ Hoy, 211),  (4.116)
(170 % Cinva 0 112 % 9

B*(Eygy, H2,) <7+ == (el [Egall” + ol H2, ). (4.117)

The proof is completed by substituting the above estimates (4.112)-(4.117) into

TwWpm TWpe TCinyCly 1 D

(4.111) and using the assumptions —4=, =k, Tebmn < 2

Remark 4.4.1. We would like to remark that under the same assumption as Theo-
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rem 4.4.1 coupled with the assumptions on the initial value:

1 1
col|[E° — Ep|* + pol[HZ — HZ, [
1 Lor32 1 1 gl 2 2(k+1)
92 ||‘]2 Jh|| + 2 ||Kz th“ SCh )
0%pe prm

+

we can prove the following optimal error estimate: for any m > 1

g L3
60||Em+1 _E2n+1||2_|_luo||H;n 2 _HZ 2||2
1 3 1
— HJerg _ JZ”“FQHz + MTHK’?HQ . K:;L+2H2 <C (h(k+1) _‘_7_2)2.
0 pe 0 pm

_|_

where J = (Jg, Jy)., and E = (E, Ey). The proof can be carried out by following the
similar idea to the proofs of Theorem 4.5.2 and 4.4.1 coupled with time discretization
estimates (cf. [36, Ch.3]). Considering that the proof is very lengthy and technical,

we skip it.

4.5 Numerical results

To validate our theoretical analysis, we solve the model problem (4.7)-(4.12) with

imposed sources f,, f, and g on Q = [0,1]%

aix = 0;; — Ty + fo (4.118)
% _ _% T4 (4.119)
8;% = —% + 8;3 ~K,+g (4.120)
w217T2 88‘1”” = —j—WJx + B, (4.121)
w;ﬁ% = —%Jy +E, (4.122)
#% _ —%KZ +H. (4.123)



which has the exact solutions:

Ey(z,y,t)
Ey(z,y,1)
H.(z,y,t)
Jr(x,y,1)
Jy(x,y,t)

K(z,y,t)

and the source terms:

f:v = Jx>

cos(wmz) sin(wry)e <™

— sin(wmx) cos(wmy)e ¥
cos(wmz) cos(wmy)e ™
wrEy(z,y,t)

wr By (z,y,t)

wrH (z,y,t),

fy=4Jy 9= —2wrH.
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(4.124)
(4.125)
(4.126)
(4.127)
(4.128)

(4.129)

(4.130)

With the added source terms, we only need to modify the original scheme (4.88)-

(4.93) by adding

n+i n+i 1
/ e [ty [y
K; ; K; ;

Ki;

to the right hand sides of (4.88), (4.89) and (4.90), respectively. For the initial values

at time t = 0, we set

Ea:h('ao) = HlEx('aO)7 Eyh(',()) = HQEy('yo)a th(,O) = H3Hz('70)7

and

Jon(+,0) = Iy Jy(+,0), Jyn(-,0) = s dy(-,0), K.p(-,0) =4 K. (,0).

111
The first step values H?, J 2, I K 1 are calculated by using the third order Runge-

Kutta scheme, see e.g. [18].
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Example 1: Periodic boundary conditions (BCs)

Since the exact solutions are all periodic, we can simply choose the periodic boundary
conditions in our DG scheme. To be more precise, we define the unavailable function

values periodically by:

Ean(e.y3, 1) = Ean(w,yl), Bl 1.9) = Epely),  (4131)

th(.fU, y%) = th(l’, yNy+%)7 th(l’% ) y) = HZh(er"r%’y)- (4132)

in addition to the alternating flux:

Exh(xvyj-‘,-%) = Exh(lf,y;.:_%), ] =0... Ny

Eyh(IiJr%,y) = Eyh(l’;_%,y), 1=0... N,

th(xvyj-‘,-%) = th(fﬂ,yj:_%), ] =0... Ny

~

Hop(ziy1,y) = th(:c;%,y), i=0...N,.

The purpose of this example is to convince ourselves that the algorithm is correct,

before we proceed to the computation with the practical PEC boundary conditions.

We present the numerical results in Tables 4.1 and 4.2, which are obtained with
bilinear (denoted as @) and biquadratic (denoted as Q2) basis functions, respec-
tively. We calculate the L? errors on a series of uniformly refined rectangular meshes
with N partitions in both z- and y-directions, with the time steps (At) shown on
the header of each table. Tables 4.1 and 4.2 clearly show that the L? errors for all
variables are O(h¥*1) for Qg, k = 1,2, where the mesh size h = % We take final time

T = 0.1 for all our simulations in this section.
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Table 4.1: Periodic BCs, )1 basis function, T'= 0.1, At = 0.2h

N  Error of E, Error of E, Error of H,
L? Error Order L? Error Order L? Error Order
10 8.51e-03 — 8.51e-03 - 10 9.57¢-03 -

20 2.08e-03 2.03 2.08e-03 2.03 2.40e-03 1.99
40 5.17e-04 2.01 5.17e-04 2.01 6.01e-04 2.00
80 1.29e-04 2.00 1.29e-04 2.00 1.50e-04 2.00
160 3.21e-05 2.01 3.21e-05 2.01 3.72e-05 2.01
320 7.99e-06 2.01 7.99e-06 2.01 9.26e-06 2.01

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 3.56e-02 - 3.56e-02 - 3.93e-02 —

20 9.10e-03 1.97 9.10e-03 1.97 1.02e-02 1.94
40 2.30e-03 1.98 2.30e-03 1.98 2.60e-03 1.97
80 5.79e-04 1.99 5.79e-04 1.99 6.57e-04 1.99
160 1.45e-04 2.00 1.45e-04 2.00 1.65e-04 1.99
320 3.64e-05 2.00 3.64e-05 2.00 4.14e-05 2.00

Example 2: PEC BCs with pure alternating fluxes

To see the important role of those jump terms in the fluxes A (z, y%) and ﬁzh(x%,y)
in (4.26) and (4.28), we let ¢o = 0 and run the numerical tests. The numerical errors
obtained in this case are presented in Tables 4.3-4.6. It seems that the accuracy
becomes sub-optimal for odd orders of polynomial degree, but stays optimal for even

orders.

Example 3: PEC BCs with the fluxes used in the proof

Here we solve the same problem as Example 2 using the alternating fluxes modified on
the PEC boundaries as defined in (4.21)-(4.28) with ¢y = 4. As expected in Remark
4.1, results obtained in Tables 4.7-4.10 clearly show that the optimal convergence

rates are obtained for all variables.
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Table 4.2: Periodic BCs, Qs basis function, T = 0.1, At = 0.6h>

N  Error of E, Error of E, Error of H,
L? Error Order L? Error Order L? Error Order
10 4.27e-04 — 4.27e-04 — 5.40e-04 —

20 5.40e-05 2.98 5.40e-05 2.98 7.66e-05 2.82
40 6.87e-06 2.98 6.87e-06 2.98 9.79e-06 297
80 8.54e-07 3.01 8.54e-07 3.01 1.23e-06 2.99
160 1.08e-07 2.99 1.08e-07 2.99 1.56e-07 2.98
320 1.35e-08 3.00 1.35e-08 3.00 1.95e-08 3.00

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 2.36e-03 - 2.36e-03 - 2.37e-03 -

20 3.41e-04 2.79 3.41e-04 2.79 3.44e-04 2.79
40 4.27e-05 3.00 4.27e-05 3.00 4.39e-05 297
80 5.44e-06 297 5.44e-06 297 5.60e-06 297
160  6.84e-07 2.99 6.84e-07 2.99 7.05e-07 2.99
320  8.56e-08 3.00 8.56e-08 3.00 8.83e-08 3.00

Table 4.3: Straightforward PEC BCs (¢y = 0), 1 basis function, "= 0.1, At = 0.2h

N  Error of E, Error of E, Error of H,
L? Error Order L? Error Order L? Error Order
10 2.02e-02 — 2.02e-02 — 1.21e-02 —

20 6.69e-03 1.60 6.69e-03 1.60 2.80e-03 2.12
40 2.30e-03 1.54 2.30e-03 1.54 6.70e-04 2.06
80 8.01e-04 1.52 8.01e-04 1.52 1.58e-04 2.08
160 2.81e-04 1.51 2.81e-04 1.51 3.83e-05 2.05
320 9.91e-05 1.50 9.91e-05 1.50 9.40e-06 2.03

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 4.80e-02 — 4.80e-02 — 3.99¢-02 -

20 1.37e-02 1.81 1.37e-02 1.81 1.05e-02 1.93
40 4.17e-03 1.72 4.17e-03 1.72 2.64e-03 1.99
80 1.34e-03 1.64 1.34e-03 1.64 6.61e-04 2.00
160 4.47e-04 1.58 4.47e-04 1.58 1.66e-04 2.00
320 1.53e-04 1.54 1.53e-04 1.54 4.15e-05 2.00
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Table 4.4: Straightforward PEC BCs (¢y = 0), Q2 basis function, 7' = 0.1, At = 0.6h>

N  Error of E, Error of E, Error of H,

L? Error  Order  L? Error  Order L? Error Order
10 5.42e-04 - 5.42¢-04 - 6.08e-04 -
20 5.94e-05 3.19 5.94e-05 3.19 7.72e-05 2.98
40 7.17e-06 3.05 7.17¢-06 3.05 9.80¢e-06 2.98
80 8.75e-07 3.03 8.75e-07 3.03 1.23e-06 2.99
160 1.09e-07 3.01 1.09e-07 3.01 1.56e-07 2.98
320 1.35e-08 3.01 1.35e-08 3.01 1.95e-08 3.00
N  Error of J, Error of J, Error of K,

L? Error Order  L? Error  Order L? Error Order
10 2.38¢e-03 — 2.38¢e-03 - 2.39¢-03 -
20 3.42e-04 2.80 3.42e-04 2.80 3.44e-04 2.79
40 4.27e-05 3.00 4.27e-05 3.00 4.39e-05 2.97
80 5.44e-06 2.97 5.44e-06 2.97 5.60e-06 2.97
160 6.84e-07 2.99 6.84e-07 2.99 7.05e-07 2.99
320 8.56¢e-08 3.00 8.56¢e-08 3.00 8.83¢-08 3.00

Table 4.5: Straightforward PEC BCs (cy = 0), Q3 basis function, T = 0.1, At = 0.6k

N  Error of E, Error of E, Error of H,

L? Error Order  L? Error  Order L? Error Order
10 7.81e-05 - 7.81e-05 - 4.18e-05 -
20 7.02¢-06 3.48 7.02¢-06 3.48 2.84¢-06 3.88
40 6.10e-07 3.52 6.10e-07 3.52 1.73e-07 4.04
80 5.40e-08 3.50 5.40e-08 3.50 1.09e-08 3.99
160 4.75e-09 3.51 4.75e-09 3.51 6.76e-10 4.02
N  Error of J, Error of J, Error of K,

L? Error Order L? Error Order L? Error Order
10 2.35e-04 - 2.35e-04 - 1.90e-04 -
20 1.68e-05 3.80 1.68e-05 3.80 1.26e-05 3.91
40 1.24e-06 3.76 1.24e-06 3.76 8.02e-07 3.98
80 9.62e-08 3.69 9.62¢-08 3.69 5.03e-08 3.99
160 7.84e-09 3.62 7.84e-09 3.62 3.15e-09 4.00
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Table 4.6: Straightforward PEC BCs (¢y = 0), Q4 basis function, 7' = 0.1, At = 0.8h3

N Error of F, Error of E, Error of H,

L? Error Order L? Error Order L? Error Order
10 3.20e-06 - 3.20e-06 - 7.08¢-06 -
20 1.00e-07 4.99 1.00e-07 4.99 2.28e-07 4.96
40 3.12e-09 5.01 3.12e-09 5.01 7.15e-09 4.99
80 9.71le-11 5.01 9.71e-11 5.01 2.24e-10 5.00
N  Error of J, Error of J, Error of K,

L? Error Order L? Error Order L? Error Order
10 3.52e-05 - 3.52e-05 - 3.09¢e-05 -
20 1.13e-06 4.96 1.13e-06 4.96 1.00e-06 4.94
40 3.55e-08 4.99 3.55e-08 4.99 3.16e-08 4.99
80 1.11e-09 5.00 1.11e-09 5.00 9.87¢-10 5.00

Table 4.7: Modified PEC BCs (¢o = %), ()1 basis function, T'= 0.1, At = 0.2h

N  Error of E, Error of E, Error of H,

L? Error  Order  L? Error  Order L? Error Order
10 1.19e-02 - 1.19¢-02 - 1.01e-02 —
20 2.81e-03 2.08 2.81e-03 2.08 2.54e-03 1.99
40 6.08e-04 2.21 6.08e-04 2.21 6.16e-04 2.04
80 1.40e-04 2.12 1.40e-04 2.12 1.52e-04 2.02
160 3.35e-05 2.06 3.35e-05 2.06 3.74e-05 2.02
320 8.16e-06 2.04 8.16e-06 2.04 9.29¢-06 2.01
N  Error of J, Error of J, Error of K,

L? Error Order  L? Error  Order L? Error Order
10 3.98e-02 - 3.98e-02 - 3.92¢e-02 —
20 9.93e-03 2.00 9.93e-03 2.00 1.02e-02 1.94
40 2.44e-03 2.03 2.44e-03 2.03 2.60e-03 1.97
80 5.97e-04 2.03 5.97e-04 2.03 6.57e-04 1.98
160 1.48e-04 2.02 1.48e-04 2.02 1.65e-04 1.99
320 3.67e-05 2.01 3.67¢e-05 2.01 4.14e-05 2.00




Table 4.8: Modified PEC BCs (co = %), Q> basis function, T'= 0.1, At = 0.6h>

N  Error of E, Error of E, Error of H,
L? Error Order L? Error Order L? Error Order
10 4.54e-04 — 4.54e-04 - 5.89e-04 —

20 5.36e-05 3.08 5.36e-05 3.08 7.68e-05 2.94
40 6.84e-06 2.97 6.84e-06 2.97 9.79e-06 2.97
80 8.54e-07 3.00 8.54e-07 3.00 1.23e-06 2.99
160 1.08e-07 2.99 1.08e-07 2.99 1.56e-07 2.98
320 1.35e-08 3.00 1.35e-08 3.00 1.95e-08 3.00

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 2.35e-03 - 2.35¢-03 - 2.38e-03 -

20 3.41e-04 2.79 3.41e-04 2.79 3.44e-04 2.79
40 4.27e-05 3.00 4.27e-05 3.00 4.39e-05 297
80 5.44e-06 2.97 5.44e-06 2.97 5.60e-06 297
160  6.84e-07 2.99 6.84e-07 2.99 7.05e-07 2.99
320  8.56e-08 3.00 8.56e-08 3.00 8.83e-08 3.00

Table 4.9: Modified PEC BCs (¢g = %), Q3 basis function, T = 0.1, At = 0.6h?

N  Error of E, Error of £, Error of H,
L? Error Order L? Error Order L? Error Order
10 3.00e-05 - 3.00e-05 - 4.21e-05 -

20 1.70e-06 4.14 1.70e-06 4.14 2.73e-06 3.95
40 1.00e-07 4.09 1.00e-07 4.09 1.72e-07 3.99
80 6.07e-09 4.04 6.07e-09 4.04 1.08e-08 3.99
160 3.74e-10 4.02 3.74e-10 4.02 6.75e-10 4.00

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 2.08e-04 2.08e-04 1.90e-04 -

20 1.35e-05 3.95 1.35e-05 3.95 1.26e-05 3.91
40 8.46e-07 3.99 8.46e-07 3.99 8.03e-07 3.98
80 5.29e-08 4.00 5.29e-08 4.00 5.04e-08 3.99
160  3.30e-09 4.00 3.30e-09 4.00 3.15e-09 4.00




Table 4.10: Modified PEC BCs (¢g = %), Q4 basis function, T'= 0.1, At = 0.8h3

N Error of E, Error of E, Error of H,

L? Error Order  L? Error Order L? Error Order
10 3.11e-06 - 3.11e-06 - 7.08e-06 -
20 9.89¢-08 4.98 9.89¢-08 4.98 2.28e-07 4.96
40 3.10e-09 5.00 3.10e-09 5.00 7.15e-09 4.99
80 9.68e-11 5.00 9.68e-11 5.00 2.24e-10 5.00
N  Error of J, Error of J, Error of K,

L? Error Order  L? Error Order L? Error Order
10 3.52e-05 - 3.52¢e-05 - 3.09¢e-05 -
20 1.13e-06 4.96 1.13e-06 4.96 1.00e-06 4.94
40 3.55e-08 4.99 3.55e-08 4.99 3.16e-08 4.99
80 1.11e-09 5.00 1.11e-09 5.00 9.87e-10 5.00
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5.1 The governing equations

We consider the same model equations (4.7)-(4.12) on a rectangular type physical do-
main Q = [a, b] x [¢, d], with the same initial conditions (4.6) and boundary conditions

(4.14) as in the previous chapter.

The physical domain is discretized by a triangular mesh, 2 = U.c7; e as opposed
to the rectangular meshes in the previous chapter. 7, represents a triangulation on
Q with mesh size h defined as the largest diameter of all triangles. The time domain
[0, 77 is discretized into Ny + 1 uniform intervals by discrete times 0 =tp < t; < -+ <

T

tn,+1 =T, where t,, = n - 7, and the time step size 7 = NI

The finite element space V;* is chosen as piecewise polynomials of degree at most

k on every element e, i.e.,
Vi ={v: vle € Ple), VeeTh}, (5.1)

where Py is the space of polynomial of degree up to k. To get the error estimate, we
need some regularity conditions on the triangulation similar to those in chapter 3 of

[10]:

1 There exists a constant 6y > 0, such that all angles in the triangles are larger

than 90.

2 There exists a constant C, such that: (h. denotes the diameter of triangle e)

max h, < C'min h,
eeTh, eeTy,

For the corresponding variable u we denote its numerical solution wuj, which
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belongs to the finite element space V;*. Note that functions in V}¥ are allowed to

have discontinuities across element interfaces. In the line integral over the boundary

(in)

of a cell, we denote u; " as the value of u; taken from inside of that cell, and u; (out)

from the neighboring cell sharing that boundary. We denote by || - || the L? norm

over the domain .

5.2 The semi-discrete DG method

The semi-discrete DG method for (4.7)-(4.12) can be formulated as follows: Find

Ea:ha Eyh7 tha Ja:h: Jyh7 th S Cl([oa T]7 th)

such that
OF, 0o,
eo/ " /th bs _ f, ¢(m) /Ja:h¢a: =0, (5.2)
e Oe e
8E
60/ yh¢y /th H (ﬁm (in +/ yh¢y :O7 (53)
H,
Mo/a P — / yhaw / hg, / n{™ — E hn(m) (in) /thw =0,
Oe
(5.4)
1 oJ, I,
5 / Py + —5 /thm - /Eth =0, (5.5)
Gowpe e ot €0wpe e e
1 GJyh I,
J, E =0, 5.6
EO(UIQ)@ ) 875 + 60(,02 / yhu2 / yhu2 ( )
1 0K
- / zhv / K. — / H.v =0, (5.7)
HoWpm, Je m

for all test functions ¢, ¢y, ¥, u1, uz, v € Vh”C and all triangle cells e € Tp,. ﬁzh, Eyh, E.n
are the cell boundary terms obtained from integration by parts, and they are the

so-called numerical fluxes.
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We choose the alternating flux as in the previous chapter. To define alternating
flux in a triangulation, we need to first choose a fix direction 3 that is not parallel
with any triangle boundary edge. On each edge, we can define the “right” and
“left” side with respect to 8. On each side there is an outward normal direction,
n, orthogonal to the edge. We define a side is the “right” side if n -3 < 0. The
alternating flux is defined as always choosing E; and E,;, on the “right” side and

H,;, on the “left” side:

E,, = EE | (5.8)
By = EL, (5.9)
H., = HE. (5.10)

A more detailed explanation of alternating flux for triangulation can be found in
[50]. Tt is easy to check that the definition of the alternating flux on the rectangular
meshes (4.21)-(4.28) is a special case of the one here with 8 = (1,1). If we adopt
a periodic boundary condition, the above definition of alternating flux is enough.

However, to satisfy the PEC boundary condition in (4.14), we take

Eg =0, ony=cd, (5.11)
Eyn =0, on x=a,b, (5.12)
H.p, = HIY on 9. (5.13)

5.2.1 The stability analysis

In this section, we show the stability of our scheme on triangular meshes, which is

similar to that on rectangular meshes in Section 4.3.1.
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Theorem 5.2.1. The semi-discrete DG method (5.2)-(5.7) with alternating fluzes

(5.8)-(5.13) satisfies the following energy identity: For any t > 0:

[eo<||Em||2+||Eyh||2>+uo||th||2+ (1l + )+ — I\thIIQ] 0
pe pm
oT, o,
+/{ (U an 2+ 1) + 222l 2] (s)as
0 6()("')pe HoWpm,
_ 2 2 2 2 2 2
. [eomEmH El) 4 poll Ll + 1l + ) + Hm”(o»
pe pm
(5.14)

PT’OOf. Taking (;Sw = Es:h,gby = Eyh,i/J = th,ul = th,UQ = Jyh,v = th in (52)—(57),

respectively, adding the resultants together over all cells, we have

1d
57 60(|E:r:h|2 + ’Eyh|2) =+ M0|]_I,zh|2 +
2dt g

—([Janl* + [Ty ]?) +

pe 0%pm

|th|2}

r, T
-/ { (anl? + Jyal2) + —m |th|2}
Q L €0Wpe HoWpm,

< thE(m) Z(Jm) + f{zhEz(jh”)n;m) + Hz(ﬁln)Eyhn;in) _ H(Z”)Exhnéin))

z

667—h 86
OF.p, OEy 0H 0H
H, _H, —E E, —0.
+; e( hay " on vh 83:+ h@y
e€Th

(5.15)

Using integration by parts, the terms in the last two lines of (5.15) become F, — F,,

where

Fo=Y / HEW ES ), B0 ;’">—H§2")Emhn§j")>7 (5.16)
e€Th
by = Z/ zh yh n(‘ "~ H, E(m) & - Hi?@hﬂﬁ”)' (5.17)

ecTh
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By grouping terms by sides of triangles instead of triangles, we have:

Fr=Y _n) / BER —HLEL - HEER + HEEL — HEER + HE ER)
SEST <518>
3l [ (HAED ~ HLES) + 3 nf [ (155~ HAE) <o
SESL SESR

where Sy denotes the set of all non-boundary sides, Sy, represents the set of sides on
z = a, and Sg on v = b. We can similarly deduce F;, = 0. We conclude the proof by

integrate (5.15) over [0, t]. O

5.2.2 The error analysis

We denote the errors between the exact solutions (E,, Ey, H,, Jy, J,, K,) of (4.7)-
(4.12) and the corresponding numerical solutions (Eyp, Eyn, Hzn, Juh, Jyn, Kap) of the

semi-discrete scheme (5.2)-(5.7) by

595 = Ex_Exhagy = Ey_EyhaHz = HZ_HZh7 Tz = Jx_Ja:h; jy = Jy_Jyh; ’Cz = K.— K.
(5.19)

Subtracting (5.2)-(5.7) from the weak formulation of (4.7)-(4.12) and assuming

that the exact solutions are continuous in the domain €2, we can obtain the error

equations:
. /%m /Hﬁbx_ R+ [ 26,0 o
Oe €
o€
y¢y /7’[ HZ¢(zn n 4 /jy¢y =0, (5.21)
/ 21” Eli = Exnfmyo 4 [ =0, (5:2)
Y de e

1 8Jx I'e _
" / 375 Eowge /ejxul - /ef,'xul =0, (5.23)
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1 [0, T,
- [ & =0 5.24
EOwge/e o1 Uy + EOW;%E /ejyu2 /e yU2 ) ( )
1 oK., '
5 / v+ 5 /’CZU — /sz =0. (5.25)
HoWpm, Je ot HoWpm, Je e

Theorem 5.2.2. Let (Ex, Ey, HZ, Jx, Jy, KZ) and (Exh, Eyh, th, th, Jyh, th) be the
solutions of (4.7)-(4.12) and (5.2)-(5.7), respectively. The following error estimate
holds true:

Ey — Eul? + ||E, — Eynl|? H, — H.;||?
Joax [eo([[Ex — Eenll? + ||Ey — Eynl?) + pol|[H. — H.p||

1 2 2 1 2
+ m(HJz — Jenll” + |y — Jynl| )‘f'mHKz — K| } (t)

0%pe 0%pm
< OTh* +C (o(|| Bz — Eunll> + |1 Ey — Eynl*) + pol|Hz — Hal[?) (0)

1 2 2 1 2
+C (M(!\Jz = Jan| "+ [y = Jynll”) + 0w 1K = K| )(0)’

pe 0%pm

where the constant C' > 0 s independent of h, and k > 1 is the order of the basis

function in V}F.

Proof. Using the defined projections, we can decompose the errors given in (5.19) as

follows:

Ex = Ey — Egp = (IE, — Epp) — (1B, — Ey) i= Epe — By,
&y =By — Eyp = (IIEy — Eyy) — (IEy — Ey) := Eye — Eyy,
H.=H,— H,y, = (IH, — H.p) — (IH, — H.) := H.¢ — H.y,
Te = Jo — Jon = Wy — Jun) — (W = Ji) := Jug —

Ty = Jy = Jyn = Iy — Jyn) = (ILJy = Jy) := Jye = Jyn,

K.=K,— K=K, - K,;)— (IIK, - K,) = K,c — K,

where I is the usual L? projection onto V}*.
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We denote the summation of (5.20) — (5.25) as:

B(gz*a €y7H37 \7507 jy7 ]Cz; ¢7¢7 X, U1, u27U) = 0. (526)

Substituting the error decomposition into (5.26), and choosing the test functions

Op = Fpe, 0y = Eye, v = Hye, uy = Jpe, ua = Jye, v = K¢, we obtain:

B(Emga Ey§7 Hzfa J:cﬁa Jy§7 Kzf? Exf: Eyﬁa Hz§7 Jmfa Jyfy Kz&)
(5.27)
:B(Eacm Eyna Hzn: J$7I7 Jynv Kzn; EJ:{; Ey&: Hzfa Jxﬁa Jy&a Kz )

If we sum (5.27) over all triangles and look at the left hand side (LHS), we could

observe that it is exactly the same thing as in the stability proof. Hence we have:

1d 1 1
LHS == — ELell? + || Eyel | Hoell? + ——— (|| el > + || e |2 K.l
5 (60<H ell” + [ Eyel ") + pol| Hael| T ([ Tzel]” =+ 1| Jyel| )+uw2 || K el|

pe 0%pm
2T 2T
+ —— (el P + [ Jel [P) + —5— [ K e |-
€0 pe 0 pm

(5.28)

Now consider the terms on the right hand side (RHS). By the property of the pro-

jection Hwu; = (Ilu), and the fact that Ege, Eye, Hoe, Jue, Jye, Kaele € Pi(e), we can
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have

RHS:Z/ (—f]ang(cign)nz(jn)+Iflan25i£n)ng(Ein)+E H(m) (m) —E H(m) (m)>
ecTs Oe

(5.29)
Let us focus on the first term:

Z/ <Z§h/ +5h/ ’E’"
e€Th e€Tn Be

soz( o2 +6h2uEx5HLw(e) (5.30)

e€Th

zn

C
=5 W2 o1 ) + C6 | Bag | 720

where the estimation of the first term is due to the approximating property of poly-
nomial preserving operators (see Theorem 3.1.4 in [10]), and that of the second term
can be justified by the standard inverse inequality [10]. Note that the constants are not
necessarily the same, but are all written as C' for brevity. The constants are all of course

independent of the mesh sizes.

Treating the remaining terms in (5.29) similarly, we can get the following inequality:

1d

1 1
—— E ell? + || Eell? H.||? Toell? + | Jel|? K.¢||?
53 <eo(|| wel|” A+ || Eyell”) + pol | Hze]” + Ow%e(l\ wel|” 4 | Tyell )+uow,%m|| P
C

< 02 (1Ealwon oy + 1Bl son oy + 1 Wenscay ) + OB (1Bael + | Euell® + | Huel)

(5.31)
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Integrating (5.31) from ¢ = 0 to any ¢t < T, we have

1 1
(OllBel + BRI+ sllEl? + el + 1l + L el 1)
pe pm
1 1
(@Bl + 1ERIP) + il + L U1l + 11l + 1Rl ) 0
pe pm

C t
Sg th/ <||Ex||?{k+1(9)+||Ey|’%{k+1(9)+||Hz’|%1k+l(g)> (s)ds
0
2 2 2
TS s (1Beell” + 1 Byel? + | Heel?) 0

(5.32)

Taking maximum of (5.32) with respect to time ¢, choosing § = o(#) small enough
so that the last term on the right hand side can be controlled by the LHS, and using the

triangle inequality and the error estimate of L? projections, we conclude the proof. [

Remark 5.2.1. The sub-optimal k-th order convergence rate in Theorem 5.2.2 is con-
firmed by the numerical results given in Table 5.1 below. We showed in Theorem 4.3.2
that DG schemes with alternating flux and solution space Qy in rectangular meshes
have optimal (k + 1)-th order rate convergence. Note that Qi = {xiyj, i, €0, k}}
and P, = {xiyj, i+j€elo, k}} and Qi has almost twice as many degrees of freedom
as Py for large k. We implemented DG schemes with alternating flur and solution
space Py in rectangular meshes and they show suboptimal convergence rate too. The
proof of optimal convergence rate in Theorem 4.3.2 heavily relies on the structure of

Qr and our numerical results show that it is indeed critical for optimality.
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5.3 The fully-discrete DG method

We consider the following leap-frog LDG scheme: For any n > 0, find

n+1 n+1 n+2 n+2 n+2 n+2 k
Emh 7Eyh ’th Jmh 7Jyh K € Vh

such that

EnJrl En n+l0 = ntl
B[ e [ [
e Oe e
En—H En n+ 8¢ ntl
60/ yh yh¢y / 2¢ in) (m) / Y /Jy;2¢y =0, (5.34)
de e

“fzh  "Tzh z En+1 (in),, (in) __ En+1
Lo / ¢ + /a P"ng D

(5.35)
_/ E;;—lw(zn)n?gzn /En+1_+/KTL+1
I;

1 AR T s r T 4 gt

2 / o EX—— / oh th . / B, =0, (5.36)
Epre e T eowpe e 2 e

1 JTL+% _JTH*% T Jn+% _'_Jn+%

2 / - Yy + 62 / - = uQ—/E;f:LIUQZ()’ (5.37)
€0Wpe Je T €0Wpe Je 2 e

1 Kn+2 o Kn+1 Fm Kn+2 _|_Kn+1 et 3

[T e [ [ae-e oo
How,, T HoWy 2 e

for all test functions ¢,, x,u1,us,v € V¥, with the following fluxes consistent

with (5.8)-(5.13):

g, = BT (5.39)
i, = Bl (5.40)
~ 1 1
avtr =gt (5.41)
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=0, ony=cd (5.42)
on =0, onr=a,b (5.43)
A n41 n+i,(in
avt = gt on oq. (5.44)

With the above preparation, we can now prove the following stability. To shorten
the notation, we introduce the vector L? norm ||E||> = || Exnl||* + || Eyn| | for vector
E;, = (Eun, Eyp). Similar notation will be used for ||Jn]|? and Jj,. Any variable in
the integration over the boundary of elements are by default the value taken from

inside of the elements if not specified otherwise.

Theorem 5.3.1. Denote C, = W for the speed of light, and C;,, for the positive

constant in the standard inverse estimate HauhH < Cinph ™M |upl| for any u, € V¥ and

1 =x,y. Under the assumption

1 1 h
2wpe 2wpm” 2Ciny Cy

7 < min(

), (5.45)

for any m > 1 we have

1 m+3 2
Ol EPTP + ol HFH 2 4 L amp  —Lkmery
Pe 0%pm
1
< c<eo\|E P+ ol HE P+ —L T3P+ —& HK;hH?), (5.46)
€0Wpe pm

where the constant C' > 1 is independent of the mesh size h and the time step size

T.

Proof. Choosing ¢ = 7(El™ + Ex), 00 = 7(Ep + B, x = 7(H2, N HY ) uy =

n+2 n+L n+3 n+ Ll
T2 + doy 2wy = (02 + 0 ?) v = T(K5F 4+ K1) in (5.33)-(5.38), summing
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them up over elements e € Ty, and time levels 0 < n < m for any m > 1 we have:

colll B2 — 1BIP) + oIl 12 — || HE,P)

1 1
+

m—l—%
(T30 = T3P +

pe 0 pm

m+32 1 E
ST/ <E2n+1 .Jh+2 _E(})ZszL _Hm+%K;7}LL+2+H%K1>
Q

s (ISP = (1K1
(5.47)

+ B+ B+ B+ Fro — Fy1 — By,

where the terms on the right hand side are:

H oH™t? 3 3
19 1 h 1ty P41 ity
e G WA D]
€

e€Th

8E0h 1 OF N T INER
R=rY / —HE S ) /8 (F5,B%my — 5B, )
€

ecTh

n+1 n—i—%
n—l— n+1 n+1 ”+16Eaz2_ n 1ath
Fn _TZZ/ ( QEJ[:/;r y+Ezi;r th y> +/<_th ’ ay _E:c};r 8y )
n=0 ecTy €
nt1
1 n—}—laE; n 8Hz 2
eSS [ (0, By o) o [ (00 - )
n=1e€Ty,
n A nt2 n 18En+1 8Hn+%
1_722/ ( +2E”+1nI+E;‘,j1HZ;2nI> +/(—Hz,j2 I
n=0 ecTy €

n n+j
~n TL+1 n+l 6E h n 8th 2
b r 3o [ (0 g o) o [ (- R 0.
n=1ecTy
We cancel the flux terms similarly to (5.18) in the proof of Theorem 5.2.1 and get:

Fo1 =0,Fyy=0,Fy, =0,Fp =0. (5.48)
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By using the Cauchy-Schwartz inequality, we have:

3 1
7/ (EZ”L“ B HARI > L § A H%Kl)
Q

Twpe

m+32
< (WP + llBRIP) + T2 T + ol B )
pe pe
T(A)pm 1 2 Twpm 1 m+2 2 m+§ 2
—(——||K] H_, 2|9).
P I ol A1)+ 2 R + ol )

(5.49)

We utilize the inverse inequality along with Cauchy-Schwarz inequality to estimate F,, +

Fy: (similar to the proof of Theorem 3.2.6 in [10])

CinuC +3
Fy L F, <r. gh< Ol BT + ol [H o 212 + €0l |[EO4 )1 + pol | H hH)
c C +3
b GG (2 ol P ol S+ ol )

(5.50)

The proof is concluded by substituting (5.48)—(5.50) into (5.47) and applying assumption

(5.45) in the above inequality. O

Remark 5.3.1. Under the same assumption as Theorem 5.3.1 coupled with the as-

sumptions on the initial value:

1

1 1
|12 — T2+

pe 0%pm

1 1
ol B — B2 + ol | H2 — H,|[2 + KL — KL|17 < on?,

we can prove the following error estimate: for any m > 1

+3 +3
col B! — B2 4 ol IR - HIE P
g —
60“};276 h 0%“pm

+

2
[BH2 = K22 < ¢ (RF 4 72)

The proof can be carried out by following the similar idea to the proofs of Theorems

5.2.2 and 5.3.1 coupled with time discretization estimates (cf. [36, Ch.3]).
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5.4 Numerical results

In this section we present the error tables demonstrating the convergence rates, and
two interesting simulations showing the backward wave propagation across the inter-
face of vacuum and metamaterial. For the error tables, we use the same equations

and exact solutions as in Section 4.5.

5.4.1 Error table with leap-frog time stepping

We implement the leap-frog scheme (5.33)-(5.38) with alternating flux (5.39)-(5.44)
and polynomial space of degree 2. The L? error and error rate for each variable is
shown in Table 5.1. The error is evaluated at T'= 0.1. For the purpose of showing
the sub-optimal convergence rate, we choose At = 0.05h2 so that the error from time
stepping would be O(h?®). In Table 5.1, we can see that the space error of E and J is
of second order and dominates the time error. To compare our results with existing

work using the central flux [35]:

~

Eun = (Eﬁ + Eth) 7[A{zh = (HgL + Hth)

N | —
N | —

(th + Eijh) 7Eyh =

N —

instead of our alternating flux (5.8)—(5.10), we implement the same scheme with the

flux replaced by the central flux and get similar results shown in Table 5.2.

As discussed in Remark 5.2.1, the alternating flux is optimal for DG schemes
with @y solution spaces on rectangular meshes while the central flux is suboptimal.
It appears that, for DG schemes on triangular meshes with Py solution spaces, these

two fluxes are rather similar in terms of convergence rates.



Table 5.1: Leap-frog, alternating flux, P, basis function, T'= 0.1, At = 0.05h>

Level of Error of E, Error of E, Error of H,
Refinement  L? Error  Order  L? Error  Order L? Error Order
1 8.42e-03 -inf 9.91e-03 -inf 6.37e-03 -inf
2 1.68e-03 2.33 2.45e-03 2.01 8.72e-04 2.87
3 3.65e-04 2.20 5.93e-04 2.05 1.01e-04 3.10
4 8.57e-05 2.09 1.46e-04 2.02 1.36e-05 2.90
5 2.08e-05 2.04 3.65¢e-05 2.00 1.85e-06 2.88
Level of Error of J, Error of J, Error of K,
Refinement  L? Error  Order  L? Error  Order L? Error Order
1 1.92¢-02 -inf 2.09e-02 -inf 1.63e-02 -inf
2 3.00e-03 2.68 4.09e-03 2.35 2.31e-03 2.82
3 5.90e-04 2.35 9.19¢-04 2.15 2.79¢e-04 3.05
4 1.32e-04 2.16 2.22e-04 2.05 3.49¢-05 3.00
5 3.15e-05 2.06 5.49¢e-05 2.02 4.38e-06 2.99

Table 5.2: Leap-frog, central flux, P basis function, T'= 0.1, At = 0.05h>

Level of Error of E, Error of E, Error of H,
Refinement L? Error Order L? Error Order L? Error Order
1 8.36e-03 -inf 8.36e-03 -inf 7.84e-03 -inf
2 1.44e-03 2.54 1.44e-03 2.54 7.63e-04 3.36
3 3.01e-04 2.26 3.01e-04 2.26 9.61e-05 2.99
4 7.17e-05 2.07 7.17e-05 2.07 1.05e-05 3.19
5 1.76e-05 2.02 1.76e-05 2.02 1.27e-06 3.04
Level of Error of J, Error of J, Error of K,
Refinement  L? Error  Order  L? Error  Order L? Error Order
1 2.05e-02 -inf 2.05e-02 -inf 1.73e-02 -inf

2.83e-03 2.86 2.83e-03 2.86 2.06e-03 3.07
5.10e-04 247 5.10e-04 247 2.61e-04 2.98
1.11e-04 2.20 1.11e-04 2.20 3.23e-05 3.01
2.67e-05 2.06 2.67e-05 2.06 4.03e-06 3.00

Tt W N
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Table 5.3: Runge-Kutta, upwind flux, P, basis function, 7"= 0.1, At = 0.05h

Level of Error of E, Error of E, Error of H,
Refinement L? Error Order L? Error Order L? Error Order
1 4.83e-03 - 4.83e-03 - 3.67e-03 -
2 5.03e-04 3.27 5.03e-04 3.27 4.33e-04 3.08
3 5.85e-05 3.10 5.85e-05 3.10 5.14e-05 3.07
4 7.07e-06 3.05 7.07e-06 3.05 6.28e-06 3.03
5 8.69e-07 3.02 8.69e-07 3.02 7.80e-07 3.01
Level of Error of J, Error of J, Error of K,
Refinement L? Error Order L? Error Order L? Error Order
1 1.71e-02 - 1.71e-02 - 1.63e-02 -
2 2.11e-03 3.02 2.11e-03 3.02 2.01e-03 3.02
3 2.65e-04 2.99 2.65e-04 2.99 2.50e-04 3.00
4 3.30e-05 3.01 3.30e-05 3.01 3.11e-05 3.01
5 4.11e-06 3.00 4.11e-06 3.00 3.87e-06 3.00

5.4.2 FError table with Runge-Kutta time stepping

In this section we implement one more flux, the upwind flux, and further compare
the convergence rate between fluxes. For the ease of implementation, we used the
Runge-Kutta time stepping, see e.g. [17]. As shown in Table 5.3, the upwind flux
produces optimal convergence rate. DG schemes with alternating and central fluxes

still show suboptimal convergence rates in Tables 5.4 and 5.5.

5.4.3 Wave propagation in a rectangular metamaterial slab

One of the advantage of triangular meshes over the rectangular meshes is the flexi-
bility in the shape of physical domains they can model. In this section we consider
a rectangular region with a triangular metamaterial slab located inside a vacuum
as in [35]. To absorb the outgoing waves, we wrap the whole region by a perfectly

matched layer (PML).
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Table 5.4: Runge-Kutta, alternating flux, P, basis function, "= 0.1, At = 0.05h

Level of Error of £, Error of E, Error of H,
Refinement L? Error  Order  L? Error Order L? Error Order
1 8.17e-03 - 9.85e-03 - 5.76e-03 —
2 1.65¢e-03 2.31 2.43e-03 2.02 7.95e-04 2.86
3 3.61e-04 2.19 5.92e-04 2.04 9.19¢-05 3.11
4 8.58e-05 2.08 1.46e-04 2.02 1.14e-05 3.01
5 2.08e-05 2.04 3.65e-05 2.00 1.48e-06 2.94
Level of Error of J, Error of J, Error of K,
Refinement L? Error Order L? Error Order L? Error Order
1 1.93e-02 - 2.08e-02 - 1.66e-02 -
2 2.99e-03 2.69 4.05e-03 2.36 2.32e-03 2.84
3 5.87e-04 2.35 9.15e-04 2.15 2.80e-04 3.05
4 1.31e-04 2.16 2.22e-04 2.05 3.50e-05 3.00
5 3.15e-05 2.06 5.49e-05 2.01 4.38e-06 3.00

Table 5.5: Runge-Kutta, central flux, P, basis function, T'= 0.1, At = 0.05h

Level of Error of £, Error of E, Error of H,
Refinement L? Error  Order  L? Error Order L? Error Order
1 8.20e-03 - 8.20e-03 - 7.85e-03 -
2 1.44e-03 2.51 1.44¢-03 2.51 7.50e-04 3.39
3 3.00e-04 2.26 3.00e-04 2.26 9.14e-05 3.04
4 7.15e-05 2.07 7.15e-05 2.07 9.55e-06 3.26
5 1.76e-05 2.02 1.76e-05 2.02 1.08e-06 3.15
Level of Error of J, Error of J, Error of K,
Refinement L? Error  Order  L? Error Order L? Error Order
1 2.06e-02 - 2.06e-02 - 1.75e-02 -

2.82e-03 2.87 2.82e-03 2.87 2.08e-03 3.07
5.08e-04 2.47 5.08e-04 2.47 2.61e-04 2.99
1.11e-04 2.19 1.11e-04 2.19 3.23e-05 3.02
2.67e-05 2.06 2.67e-05 2.06 4.03e-06 3.00

U = W N
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In the mesh visualization (Figure 5.1) the blue triangle, with vertices (0.024,0.002),
(0.054,0.002), and (0.024,0.062), consists of the metamaterial. The red area, a rect-
angle [0,0.07] x [0,0.064], represents the vacuum. The green band with thickness

dd = 2.4 x 1073 on the boundary is the PML.

The equation in the metamaterial is the Drude model (4.7)-(4.12), with T, =
T, =1x10% pg = 47 x 1077, ¢, = 3 x 108, ¢g = 1/(2pt0), Wpe = wypm = 2v/27. Those
in the vacuum are the usual Maxwell’s equations. The PML equations we used are

the following [35]:

O0FE,

€05, = €0(0g —oy)Ey + 9y I (5.51)

60% =eo(oy — 0g) By — % —Jy, (5.52)

Ho 8§.th = —po(oy +o0y)H, + aaim - % - K, (5.53)

O el t (o~ 0,)0 (5.54)

% = —oyJy + ooy — 05)0y By, (5.55)

R — ooaay i (5.56)

where
(am (z=000)* 2 > 0.07,
0e(2,y) = § o (x/dd)*, <0, (5.57)
0, otherwise,

with o, = —log(err) * 5% 0.07 * ¢,/(2 x dd) and err = 1077, o, has the same form
with z replaced by y. The initial condition is zero in the whole region, and the wave

is incited by a source wave

6—10000(y—0.03)2f(t)



93

imposed on the line of x = 0.004 and y € [0.025,0.035]. Here f is defined as

0, t<0
g1(t) sin(wot), 0 <t <ml,

a(r) = ¢ sin(wot), mT, <t < (m+ k)T,
go(t)sin(wot), (m+k)Tp<t<(2m+k)Tp

0, t> (2m+ k)T,

where T, = 1/ fo, fo = 3 x 108, m = 2,k = 100, and

g1(t) = 1023 — 1527 + 623, with 2, = t/mT,

g2(t) = 1 — 1023 — 1573 + 63, with z9 =t — (m + k)T,,/mT,,.

We use a time step 7 = 0.1 ps and plot the H, field at 1000, 2000, 3000, 4000, and
5000 time steps in Figures 5.2-5.6, showing results consistent with the simulation in

[35).

5.4.4 Wave propagation in a rectangular metamaterial slab

We replace the triangular stab of metamaterial in the previous section by a rectan-
gular one [0.024,0.054] x [0.002,0.062], and obtain snapshots of H, shown in Figures

5.7-5.12. Again, our results are consistent with the simulation obtained in [35].



Figure 5.1: Mesh of triangular slab in vac-
uum

Figure 5.3: H, value at 2000 time step

Figure 5.5: H, value at 4000 time step

Figure 5.2: H, value at 1000 time step

Figure 5.4: H, value at 3000 time step

Figure 5.6: H, value at 5000 time step
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Figure 5.7: Mesh of triangular slab in vac-
uum Figure 5.8: H, value at 1000 time step

Figure 5.9: H, value at 2000 time step Figure 5.10: H, value at 3000 time step

Figure 5.11: H, value at 4000 time step  Figure 5.12: H, value at 5000 time step



CHAPTER SIX

Conclusion
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This dissertation presents two topics on numerical solutions solving hyperbolic equa-

tions from both theoretical and practical points of view.

In the first part, we have given a rigorous definition of the local conservation prop-
erty for numerical methods solving hyperbolic equations in both one and two space
dimensions. Lax-Wendroff type theorems are stated and proved for locally conser-
vative numerical schemes thus defined. Our definition serves as a general framework
for the discussion of local conservation property. We have shown that the CG meth-
ods among others are considered locally conservative in our framework. Hence, their
solutions would converge to a weak solution of the underlying conservation law if

they do converge.

In the second part, we have developed and analyzed non-dissipative DG methods
for solving the time domain Maxwell’s equations when metamaterials are involved.
Optimal error estimates are proved for the scheme in rectangular meshes, while the
DG methods with on triangular meshes only have sub-optimal convergence rates. We
postulate that the sub-optimality is inherent in the P, solution space. We present
convergence rate tables which are consistent with our theoretical error estimates
for DG methods on both the rectangular and triangular meshes. The simulations
of backward wave propagation Drude metamaterials demonstrate the flexibility of
triangular meshes, even though the DG methods on them are not optimally conver-

gent.
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