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Brown University, May 2018.

Fluids play a key role in the mechanics of cells and the soft-matter structures composing them; from
the movement of molecules such as amino acids via diffusion to the viscous forces propelling flag-
ellating organisms, accounting for the role of the fluid environment is critical to understanding the
mechanisms at play. One of the major challenges in mathematical modeling of such systems is devel-
oping an accurate, yet computationally feasible representation of the fluid. Continuum approaches
such as Navier-Stokes neglect the thermal fluctuations and boundary effects than can dominate flow
behavior at the nanoscale, while explicit models of the fluid via, e.g., molecular dynamics become
computationally infeasible for systems on the order of biological cells which may have millions or
billions of molecules. In this thesis, we use dissipative particle dynamics, a particle method which
uses coarse-grained particles interacting with artificial forces chosen to generate accurate fluid be-
havior, to model a number of biofluidic systems of experimental interest, including the diffusion of
DNA in constrained environments, the mechanics of poration in phospholipid membranes, and the
mechanical force profile of polymerizing actin networks in the cytoskeleton. The simulation results
are used to examine at the nanoscale the dynamics underlying macroscopic behaviors observed in
experiment, answering a number of questions about the forces, energies, motions, and mechanisms
of biological soft matter with measurements from the explicitly modeled fluid environment. We also
introduce a framework for high-performance Bayesian uncertainty quantification and demonstrate
an application to inferring structural properties of lipids in a bilayer membrane, illustrating the
feasibility of data-driven model calibration for our complex dissipative particle simulations using
parallel computing. Together, these methods allow for a uniquely fine-scale look at the mechanics

underpinning a number of biologically relevant phenomena.
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Chapter 1

Introduction

Fluids play a critical role in cellular biology, where the mechanics of biological molecules and struc-
tures associated with a wide range of life processes are governed by interaction with their fluid
environment. Biological matter within the cell interacts in the context of the cell cytoplasm, which
is mostly water; many molecules, such as amino acids, move through the cytoplasm by self-diffusion
[108]. In plant and fungal cells, materials are transported throughout the cell by flows which develop
in the cytoplasm as a result of the movement of myosin-coated organelles in the cytoskeleton [I17].
Fluids are also relevant to cell motility; organisms with flagella such as E. Coli rely on viscous resis-
tance to their rotating or oscillating tails to move forward [8]. Motility can also be driven by fluidic
mechanisms within the cell, such as actin polymerization and membrane blebbing [I34] [T4]. Fluids
are thus an essential component of modeling many biologically relevant systems at the cellular scale.

Studying mechanics at this scale can be challenging for a number of reasons. Experimentally,
these biofluidic systems can be difficult to observe directly, as their short spatial and temporal scales
can require measurements to be taken at unfeasibly high resolution and frequency to directly observe
the mechanics of interest. Experiments thus often rely on macroscale observables, drawing inference
about the underlying mechanics via hypothesis or fitting to a physical or analytical model. Yet

there is an additional challenge inherent to analyzing nanofluids: at extremely small scales, the
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usual methods for continuum fluid modeling, most notably partial differential equations such as the
Navier-Stokes and Euler equations, become unphysical given the vacuum between discrete water
molecules at the molecular scale. In particular, fluids at this scale are affected heavily by thermal
fluctuations and by the physical conditions defining fluid-surface interfaces [58].

We present in this thesis a collection of nanofluidic systems involving biological soft matter,
including polymers such as DNA and filamentous actin and the phospholipid membranes which
separate cells from their surroundings. These systems are subject to the challenges described above
in that their size makes direct observation of the mechanics impossible: conclusions about the
dynamics on small time scales must be drawn from mathematical and physical models calibrated
with measurable data from experiment or hypothesized based on physical constraints. A micro-scale
approach must be taken to model the fluid: the principal among these is molecular dynamics, which
models the fluid molecules individually and tracks their motion via Newton’s second law, which
relates forces to motion, under the assumption of specific forces of interaction between molecules
based on their distance and physical characteristics. Yet the basic model of molecular dynamics is
subject to its own challenges: biofluidic systems such as lipid vesicles and their fluid environment
may contain millions or even billions of molecules, making such simulations intractable even with
modern high-performance computing facilities.

The core approach of this thesis is dissipative particle dynamics (DPD), a framework proposed in
1992 by Hoogerbrugge and Koelman for modeling fluids at scales in between the nanoscale realm of
molecular dynamics and the macroscale realm of continuum approaches [49]. DPD uses a molecular
dynamics-like approach in which system components are explicitly modeled with discrete particles;
however, the DPD particles need not correspond directly to single molecules, but may instead
represent coarse-grained clumps of many molecules. Analysis of the DPD approach by Espafiol
and Warren in 1995 [31I] showed that such a system can reproduce accurate behavior of fluids in a
variety of situations given a careful choice of interacting forces between particles, opening the door

to applications of particle-like methods to bigger systems and longer times than were possible with



naive molecular dynamics. With modern parallel computing architectures, DPD simulations are
now capable of modeling systems as large as hundreds of lipid vesicles simultaneously [129]. DPD
models of the collection of nanofluidic systems studied in this thesis will prove to be practical ways
of bridging the explicit fluid models necessary to reproduce nanofluidic mechanics to the scale of
the full systems, allowing for a uniquely fine-scale look at the mechanics underpinning a number of
biologically relevant phenomena.

This thesis is divided into four main chapters. Chapter [2]will provide the necessary background on
molecular dynamics, dissipative particle dynamics, and another common mesoscale particle method
known as Brownian dynamics, which is based on the Langevin equation; the latter will be useful in
analyzing a particular nanofluidic system described in Section [3.2] which has a number of parallels to
Brownian particles in a potential energy landscape which diffuse via the overdamped one-dimensional
Langevin equation.

Finally, Chapter []introduces a high-performance framework for Bayesian uncertainty quantifica-
tion using recent advances in the Bayesian statistics literature (in particular, the Transitional Markov
chain Monte Carlo or TMCMC algorithm). Specifically, we describe a framework for Bayesian pa-
rameter estimation, which has a natural application to mathematical models such as the DPD
simulations presented in this thesis: as the parameters for DPD models are chosen based on physical
arguments or to match observed measurements of target physical quantities, a probabilistic frame-
work for parameter estimation allows these parameters and their corresponding uncertainties to be
fit automatically from real-world or targeted measurements. Chapter [5| describes an application of
this framework to the type of DPD membrane model studied in Chapter [3] providing an explicit
example of successful parameter estimation for a DPD simulation and illustrating the feasibility of

the framework for future applications to expensive particle simulations.



Chapter 2

Particle Simulation for Fluid

Dynamics

We begin with a basic introduction to common particle simulation methods, i.e., the broad set of
simulation techniques which rely on discretizing a fluidic system into fundamental particles which
evolve jointly forward in time. Particle simulations are physically motivated; at the length and time
scales characteristic of behaviors of interest in biological cells, for example, particles might corre-
spond directly to molecules (or even atoms) interacting via the centuries-old Newton formulation
of classical mechanics. In that sense, particle simulations would seem to be bound inextricably
to the microscale, where they are a fundamental description of the underlying physics — yet there
are numerous applications of particle methods to mesoscale (mid-range) and even macroscale sys-
tems using heavily coarse-grained particles (see, e.g., smoothed-particle hydrodynamics (SPH), not
discussed here, which is used for modeling flows in oceanography, ballistics, and even astrophysics
[91], 83, 127, [121]).

At the macroscale, the field of fluid dynamics is often synonymous with analytical and numerical

solutions to partial differential equations (PDEs) derived from basic physical assumptions such as



conservation of momentum and conservation of mass. Perhaps the most famous such PDE is the

incompressible Navier-Stokes equation
1 2
v+ (v-V)v=—=-Vp+rvV-sv, (2.1)
p

which describes the flow velocity v as a function of time ¢ in terms of the pressure p, density p, and
kinematic viscosity v [35]. Numerical solutions can be obtained using a variety of approaches from the
PDE literature, including finite-difference (FD), finite-element (FE), and spectral methods, which
largely rely on discretization of the problem to approximate the continuum solution [124] [37, [81].
Yet in the regime of microscopic fluids, where the simulation region may be only a few orders of
magnitude larger than individual water molecules, the continuum assumptions inherent to PDE fluid
models break down: the differential volume element of the fluid relative to the scale of the system
is no longer large enough to neglect the underlying microscopic structure. There also exist systems
which are discontinuous even at the macroscale, such as pedestrian flow on a walkway or rarefied
gas dynamics [T12) [TT5]. These systems require a physical treatment of the individual components

of the system and provide a natural setting for modeling with particle methods.

2.1 Molecular Dynamics (MD)

The simplest and most widely used class of particle simulations is molecular dynamics (MD), i.e., the
direct simulation of atoms or molecules via Newton’s laws [59] [73]. Since all particles are modeled
explicitly and all pairwise forces (e.g., the Lennard-Jones potential between neutral particles or
Coulomb potential between charged particles) are included, molecular dynamics is often considered
a ground truth for systems where such simulations are computationally feasible. A schematic of a
molecular dynamics simulation of a polymer chain appears in Figure A).

The fundamental governing equation of molecular dynamics simulations is Newton’s second law

dvi
dt

m;

= fi, (2.2)
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Figure 2.1: Schematic of particle simulations for a polymer (red) in water (blue). (A) Molecular
dynamics approach. Forces on the polymer are exerted by individual water molecules which repel
each other according to a basic model for neutral volume exclusion, e.g., a Lennard-Jones potential.
(B) Brownian dynamics approach. The water is not modeled explicitly, with the polymer subject to
random forces corresponding to Brownian motion of water molecules and drag forces corresponding
to friction against the background flow. (C) Coarse-grained approach (e.g., dissipative particle
dynamics). Instead of modeling individual water molecules, coarse-grained “clumps” of water are
the discrete unit which interact with artificial potentials chosen to yield target physical properties.
The polymer (red) may also be coarse-grained.

which relates the acceleration of each particle ¢ (the derivative of its velocity v;) with its mass m;
and the applied force f; exerted on the particle. In practice, the force is often the gradient of a

conservative potential U:

0

fi - 81“1-

U(r), (2.3)

where r = (r1,72,...7x) is the tuple of three-dimensional positions of all N particles in the system.
Together, Eqgs. and form a coupled system of ordinary differential equations which is the
core of the molecular dynamics approach.

The potential U is the mechanism by which particles interact. It is often expressed as the sum
of pairwise conservative potentials which describe the interactions between particles as a function
of their distance and physical properties such as electric charge, but can also include potentials
describing the structure of several particles jointly, such as spring potentials between particles which
are considered “bonded” or dihedral angle potentials on consecutive bonds in a chain of particles.
More complex potentials such as AMBER [I38, 20], CHARMM [10], and OPLS [57], which are

designed to model specific interactions between larger molecules such as proteins and polymers, may



be necessary for the simulation behavior to match experimental data of more intricate observables
such as phase coexistence.

The main difficulty in modeling systems via molecular dynamics is computational complexity:
since each individual atom or molecule is tracked separately, the cost of the simulation grows mas-
sively with the scale of the system. For many systems on the order of biological cells, where the
number of molecules may be in the billions, current computing power is not sufficient for practical

simulation via molecular dynamics [59].

2.2 Brownian Dynamics (BD)

There are a number of approaches for bridging the basic idea of particle simulation to the so-called
“mesoscale,” the spatial scale between the realms of molecular dynamics and continuum methods.
One common approach, referred to as Brownian dynamics, does not explicitly model fluid particles,
instead modeling only the solute, which is usually the material of interest. Forces which would be
exerted on the solute by the solvent are incorporated via Gaussian force terms. As fluid usually
composes the bulk of such simulations, Brownian dynamics simulations are orders of magnitude
cheaper than comparable simulations using molecular dynamics.

Like molecular dynamics, the basic physical motivation for Brownian dynamics is Newton’s
second law applied to each particle i (refer to Eq. . Unlike molecular dynamics, where the force
fi acting on particle 7 is a function of the positions r of all particles in the system, the force used in
Brownian dynamics does not depend on the position of individual fluid particles, as the fluid is not

modeled explicitly. Instead, it is written as the sum of two forces F” and F}?, defined as

FP = —yv,, (2.4)
FF = mi), (2.5)

where ~; is a drag coefficient and n;(¢) is a stochastic force which obeys the white noise assumption,



i.e.

(mi(t)) = 0, (2.6)

(i (O () = Touo(t—1t), (2.7)

where p and v are Cartesian components (e.g., z,y,z), I' is the strength of the noise, d,, is the
Kronecker delta (1 if 4 = v, else 0), and §(t — ¢’) is the Dirac delta. It should be emphasized that
all forces, positions, and velocities are implicitly functions of the time ¢, which is made explicit for
7;(t) only to emphasize its time-varying stochastic nature.

The D in FP denotes dissipative — it is a frictional force which scales with the velocity of the
particle with respect to a stationary background fluid. The R in F* denotes random — the effect of
the fluid particles which would have been explicitly modeled in the molecular dynamics approach is
approximated as an artificial stochastic force. The conditions in Eq. and necessitate that the
net random force F¥ exerted on particle i over a small time interval At is the Cartesian product of
three one-dimensional Gaussians with variance At, which is the same force behind classical three-
dimensional Brownian motion (thus Brownian dynamics). In a sense, the assumptions of Brownian
dynamics are that the fluid particles are largely obeying classical Brownian motion, and so their
modeling can be neglected entirely, instead applying a Brownian-like force directly to the particle ¢
of interest. When the explicit form of the forces is substituted into Eq. the result is the original
Langevin equation

dv;

i = —YiVi i(t). 2.8
B = v i) (28)

As Brownian dynamics operates on the scale of ensembles of particles, the noise strength I is not
a free parameter, but must depend in some sense on the temperature T' of the system; a statistical
argument invoking the equipartition theorem shows that I' = 2kgTy in terms of the Boltzmann
constant kp [I9], which is an example of a more general result known as the fluctuation-dissipation
theorem. The free parameters of the basic Brownian dynamics approach are thus only the drag

coeflicients ~; and mass m; of each particle together with the system temperature 7.



It is important to note that Eq. [2:8 does not depend on the location of any other particle j,
but only models the effect of the now-absent fluid; for this reason, interactions between Brownian
particles are supplemented with the same types of potentials used in molecular dynamics simulations,
especially the Lennard-Jones force which is an approximation of the interaction between neutral
molecules. The effect of these forces, along with forces which model multi-particle interactions such
as bonds and angles, is summed to the right-hand side of . A schematic of a BD-style polymer,
which couples Brownian forces with particle-to-particle forces and bonds, appears in Fig. B).

The main strength of the Brownian approach is also, on occasion, a drawback: as the surrounding
fluid is assumed to be at equilibrium, non-equilibrium phenomena in the fluid, e.g., microflows,
are completely neglected. In systems where such flows may dictate important properties of the
mechanics, including several of the biological systems studied in this thesis, Brownian dynamics
simulations may not be appropriate, though the Langevin equation and its relation to Brownian
motion will prove important to the analytical understanding of the DNA device described in Section
[3:2] In the interim, we instead develop an alternative approach which achieves its computational

efficiency by different means.

2.3 Dissipative Particle Dynamics (DPD)

The bulk of this thesis will focus on the method of dissipative particle dynamics (DPD), a mesoscale
approach which continues to explicitly model the fluid, instead deriving an improvement in com-
putational efficiency from a rescaling of the particles themselves [59] [74]. Rather than modeling
individual atoms or molecules, the DPD method tracks the movement of “dissipative particles,”
which correspond to clumps of many atoms or molecules. This coarse-graining introduces a number
of physical problems. Most notably, clumps of particles, which comprise mostly empty space, should
be able to pass through each other, but should experience varying forces depending on the degree

to which they overlap. To address these difficulties, the dissipative particles interact via artificial
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forces, chosen to achieve target physical properties and to obey the correct hydrodynamic behav-
ior on aggregate [113], [31]. In spite of its nonphysical nature, comparisons with Navier-Stokes and
molecular dynamics simulations have shown the dissipative particle dynamics method to produce
accurate results for a wide variety of simple- and complex-geometry flows [61].

In general, since DPD forces are defined on a pairwise basis between particles, they can be
used in conjunction with other sets of forces by selectively applying each force only to the desired
interactions. Here, for the sake of notational simplicity, we will analyze a system consisting of
dissipative particles alone. As before, let the mass and velocity of particle 7 be given by m; and v;,
respectively. The equation of motion for particle ¢ can be written as

mi% =) FG+) FO+> Ff, (2.9)

j#i J#i i

where Fg is a conservative force deriving from a potential exerted on particle ¢ by the j-th particle,
Fg is a dissipative force modeling exchange of momentum due to friction, and Ff; is a random
force inducing the random motion of particles. Again, this is an explicit form of Newton’s second
law, and the dissipative and random forces bear a resemblance to the selfsame forces employed
in the Brownian approach. The physical interpretation, however, is quite different: as the fluid
is modeled explicitly, the forces are no longer stand-ins for the effects of thermal fluctuations in
a background fluid. Instead, the forces of DPD interaction follow directly from the nature of the
dissipative particles as “clumps” of atoms and molecules.

When two particles are moved closer together, more of their components become close enough to
interact, and so the particles should increasingly repulse each other. However, since the dissipative
particles are mostly empty space, this repulsion should not diverge as they are forced together, since
the component molecules could avoid overlap even if their parent dissipative particles occupy the
exact same location. This justifies a soft conservative force — pairwise repulsion that does not diverge
as the inter-particle separation r;; = r; —r; — 0.

In addition to center-to-center repulsion due to the degree of overlap, particles should also exhibit
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Figure 2.2: Schematic of DPD particles and their degree of interaction. Moving from (a) to (c),
the dissipative particles move together until completely overlapping. Despite occupying the same
location in space, their component atoms need not overlap, and so the repulsive potential should
not diverge.

drag when passing through each other at nonzero velocity. The component atoms and molecules of
each particle would be driven together, and the resulting collisions would impart a greater force than
if the parent particles were simply held at a fixed distance. This “drag” between particles should
thus scale with two different factors: the velocity (affecting the energy imparted when components
collide) and the degree of overlap (affecting the number of collisions). This justifies a dissipative
force which depends on both the relative velocity v;; = v; — v; of particle 7 with respect to particle
j and on the inter-particle separation r;;.

Finally, there should be some correction for the positions and velocities of the components,
which are not tracked. Atoms and molecules within the dissipative particles interact in Brownian-
like fashion, and so the interaction between particles should have a random component to account for
the ensemble of component velocities. This justifies a random force which scales with the temperature
T of the system, since higher temperatures increase the magnitude of the Brownian-style interaction
between the molecules in each dissipative particle. Note that, like the other two forces, the random
force th is a force between two particles, and does not affect individual particles in isolation —
though the atoms and molecules within a single dissipative particle also interact, any exchange of
momentum does not affect the momentum of the dissipative particle which contains them.

Defined in this fashion, the forces are consistent with Galilean invariance, as they depend only on

the relative positions and velocities of the particles. On physical grounds, it is also assumed that the
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dissipative force Ff; depends linearly on the momentum and the random force Ff; is independent

of the momentum (see, e.g., [31] or [59] for a more detailed discussion of these assumptions). The

D

following functional forms for F;;

and Ff? satisfy these assumptions and are usually adopted in the

context of the DPD methodology:

Fl) = —vijwp(|ri]) (es; - vij)eij,
(2.10)

Fil = oijwr(|ril)ei;&i,
where e;; = r;;/|r;;| is the center-to-center unit vector, wp(-) and wg(-) are arbitrary weighting

functions describing the scaling of each force with the inter-particle distance |I‘ij‘, vi; and o;; are

adjustable coefficients of interaction, and &;; is a Gaussian white-noise term with
Efij (t) =0 and E(flj (t)fkg(’r)) = ((Sik(sjg + 5ig(sjk)5(t — 7'), (211)

where the § terms are defined as in Section Unlike the Brownian approach, which allows transfer
of momentum from modeled particles to the background fluid, the DPD approach should conserve
momentum since the entire system is modeled explicitly: in order that this hold, we require that
&ij(t) = &(t) for all t > 0.

By substituting into we obtain a system of stochastic differential equations (SDEs)

that form the core of the DPD approach:

dI‘i = V; dt

1 1
dvi = - ZFg‘(Pz‘j) - ZVU)DU%D(% vigleij | dt+ - ZJWRUUH)% dWi;
J#i J#i j#i
(2.12)
where for each ¢, j, W;; is a Wiener process and W;; = Wj;.
To ensure the system is properly thermostatted, it should be checked that the long-time asymp-
totics converge to the Gibbs canonical ensemble of particles interacting via the conservative force

alone at a target temperature T — in other words, the dissipative force (which removes energy from

the system) and random force (which can influence the energy in either direction) should be balanced
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such that, on average, the behavior is what would be predicted for particles bouncing around at the
specified temperature. Espafiol and Warren [31] proved this result for any conservative force field
F¢ given that the following two conditions, which relate the dissipative and random forces (and are

J

thus another example of the fluctuation-dissipation theorem), are satisfied:

wp (|rij]) = wk(|ri;)
(2.13)
0% = 2vkpT.
The process of implementing the DPD method, in net, thus consists of numerically approximating
the solution of while ensuring that the conditions in are satisfied. A schematic of a
DPD polymer simulation appears in Fig. C).

There are a number of free parameters which can be tuned to yield desired physical properties
and types of interaction. The conservative force between ¢ and j is most commonly taken to decay
linearly from a specified value a;; to zero at a distance of r{;, making a;; the conservative coefficient
(i-e., coefficient of repulsion) and r§; a cutoff radius. The weighting function wp(-) (and thus
wr( ) via fluctuation-dissipation) is also usually taken to fall to zero at the cutoff radius r;. A final
important parameter is the coefficient «y;; of dissipative interaction, which can influence physical
properties such as viscosity. Many physical observables have been derived in terms of these free
parameters (see, e.g., [98]), and so a fluid with certain desired properties such as compressibility or
viscosity can be simulated accurately. The DPD approach thus brings the flexibility of the molecular
dynamics approach, which explicitly models all system components, to the longer length and time
scales of the Brownian dynamics approach — for systems where nonequilibrium behavior in the fluid
is a fundamental part of the system dynamics and when it is computationally feasible, the DPD
approach is a natural choice for particle modeling.

With the description of the method established, it remains only to solve the equations ;
the following section details the approach used to approximate solutions to the DPD equations of

motion in this thesis.
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2.4 Numerical Solutions

Though the stochastic equations given by Eq. are a complete description of the DPD approach,
solving the equations analytically presents a practical issue: as the equations involve the differential
of Wiener processes W;;, there will not exist a unique solution, but a probabilistic distribution on
the space of solutions. For this reason, analytic literature on DPD and other stochastic particle
methods often focuses on the density f(r,v,t) in the state space of all positions 7; and velocities v;

augmented with the time ¢, wherein the SDEs of Eq. become a partial differential equation

of 9 9 9
EJrZi:am '(Vif)ﬂL;TPi'(E? )Z’Y;wDeijaT)i'(ez‘j'Vijf)

0 of of
+’kaTZwDeij ca (eij . ( - — )) , (2.14)
g op; op; apj

where p; = myv; is the linear momentum of particle . This PDE is known as the Fokker-Planck
equation or Kolmogorov forward equation for the SDEs and can be used to derive properties
of the system such as the kinetic pressure tensor and stress tensors from conservative and dissipative
forces [98]. A solution to Eq. would yield a density f corresponding to the position r; and
velocity v; of all particles for each time t.

In practice, the well-defined solution f of the Fokker-Planck interpretation of DPD is often
infeasible to calculate, even numerically, given the massive dimensionality of the state space. For
this reason, simulation via stochastic particle methods often relies on individual realizations of the
system, which are understood to be representative of the distribution f of possible outcomes. Here,
we step the realization forward in time with the DPD velocity-Verlet scheme: given positions r" and

velocities v™ at step n and a timestep At, compute the half-step velocities

1/2
v =

1
Vit g (FC (t")At + FP(r" v*)At + Ff(r”)\/At), (2.15)
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then calculate the next step as

et = v 2Ad (2.16)
1

viFL = R (F?(r"H)At L FP (e v U2 AL 4 FZR(r"H)\/At). (2.17)
m;

Note that the stochastic term scales with v/At due to the standard result that t-increments of the
Wiener process are Gaussian with variance ¢ [67]. This scheme is very similar to traditional velocity-
Verlet [I], with the exception that the dissipative force term FP must be calculated twice per step
since it is both position- and velocity-dependent. With the conservative force alone, the algorithm
would be order O(At#?); because of the stochastic nature of the random terms, the order of the
algorithm is less clear, though it has proven practical for a wide range of applications [96].

Given the soft nature of the conservative forces FiC, DPD systems have been empirically shown
to remain numerically stable up to much larger values of the timestep At than are stable for,
e.g., molecular dynamics simulations with the Lennard-Jones potential which diverges as particles
overlap; combined with the scaled nature of the dissipative beads, the large time steps allow the
DPD approach to simulate systems on massively longer timescales than can be achieved with basic
molecular dynamics interpretations. In the following chapters, we will rely on this fact heavily in
order to use modern parallel computation together with the DPD approach to simulate systems

which are not practical to simulate via other means.



Chapter 3

Dissipative Particle Dynamics

Models of Biological Soft Matter

Soft matter, i.e., matter which is characterized by large responses to modest stresses, is present in a
wide variety of biological systems of interest, especially those at the cellular level. Lipid membranes,
proteins and polymers such as hemoglobin and DNA, and gels such as the cross-linked actin networks
of eukaryotic cells are important components of the mechanisms underlying a number of prominent
life processes. As soft matter is easily deformed and its behavior is often coupled with flows in the
surrounding fluid, studying these systems experimentally can be challenging; it is for this reason
that the predictions of simplified mathematical models are necessary to understand many of the
behaviors of these nanoscopic structures. In this chapter, we introduce a selection of common
models for polymers and membranes, then couple the models with the DPD approach of Section [2.3]
to simulate several systems of experimental interest. Predictions and analysis of the DPD models
will be used to answer a number of questions about mechanics which are impossible to observe

directly, providing a detailed look into the behavior of biological soft matter at the nanoscale.
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3.1 Polymer Models

From a mathematical perspective, linear polymers are usually characterized as curve segments with
a contour length ¢, and negligible thickness. Parametrizing the polymer in terms of its arc length s
and defining r(s) as the position vector of a point on the backbone of the polymer, one of the most
fundamental quantities which can be defined is the persistence length

B —|s1 — 52
P o B ’
ln<<’TZ|sl ' ?:|52>

calculated in terms of the correlation between the unit tangent vectors at two points s; and s

(3.1)

(here, angle brackets denote the time average of a fluctuating property). Intuitively, the persistence
length is a measure of rigidity which corresponds to the distance two points on the polymer must be
apart for the orientation of the polymer at those points to be statistically uncorrelated. A second
fundamental quantity is the radius of gyration (r,), defined as

Le 82
e = [ ] (0 =) dudse (3.2)

82:0 81:()

which is a statistical measure of the distances between all pairs of points on the polymer backbone.
(rg) is often used as a measure of linear size (and (rg>3 as volume) of the polymer in diffusion. The
following basic polymer models, adapted from Refs. [51] [66], are characterized in terms of these

fundamental quantities.

3.1.1 Wormlike Chain

The wormlike chain model, also referred to as the Kratky-Porod model, considers the polymer to
be an idealized flexible beam (Figure A)) with flexural rigidity Y'I in terms of Young’s modulus
Y and the second moment I of the cross-sectional area. The persistence length ¢, and radius of

gyration (rq) can be derived as
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(A) (B)

(D)

Figure 3.1: Polymer models with example point r(s) at arc length s. (A) Wormlike chain. (B)
Freely jointed chain with Kuhn length fx. Joints between rods are idealized ball bearings. (C)
Freely rotating chain with fixed colatitudinal angle 6. Links are free to rotate only on the given
cone, i.e., out of the page. (D) Bead-spring chain. Unlike in (B) and (C), the links do not have fixed
length fx, but are instead Hookean springs with resting length (.

in terms of the Boltzmann constant kg and the beam temperature T, under the assumption that
the contour length ¢, is much larger than ¢,. As the wormlike chain model is based physically on
the polymer angle and curvature, it is effective at predicting orientation (via the persistence length)
and angles, though as with all simplified mathematical polymer models, the local structure of the

polymer on small spatial scales is lost.

3.1.2 Freely Jointed Chain

The freely jointed chain, in contrast to the wormlike chain, does not make the assumption that the
curve is smooth and does not describe the orientation or curvature of individual elements of the
chain. Instead, the model assumes the polymer to be a series of rigid rods connected by idealized
ball joints (Figure B)), in the sense that there is no potential associated with the colatitudinal
or azimuthal angles between consecutive rods. The length of a single rod is referred to as the Kuhn

length ¢k ; though £ is not a physical length in the sense that the actual polymer does not possess
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rigid sections, its loose physical interpretation is the length scale at which the orientation of the
polymer segments are uncorrelated. It thus plays the role that the persistence length ¢, played for
the wormlike chain, as ¢, itself is undefined for the freely jointed chain (at all points |s; — s2| > {k,
< % ‘51 . % |32> = 0). In practice, the Kuhn length is set based on experimental observations of the

radius of gyration, which (under the assumption £, > £k ) can be derived as

(rg) = VAlclK /6. (3.5)

While the freely jointed chain is less physically motivated than the wormlike chain model, it has
the advantage of providing explicit expressions for the probability distributions associated with the
distance between chain elements using the theory of random walks, making the model well suited

for handling the physics of macromolecular confinement.

3.1.3 Freely Rotating Chain

The freely rotating chain is a restriction of the freely jointed chain to the case where only the
azimuthal angles between rods are free, while the colatitudinal angles are fixed to a specified value
6 (Figure [3.1{C)), a restriction inspired by the structure of alkane polymers [9]. As the fixed
colatitudinal angles provide a correlation between rods extending beyond the Kuhn length /5, the
freely rotating chain has a well-defined persistence length, which can be derived in the limit of
|s1 — sa| >k as

1 14 cosé

0, ==t

2 KT " cosO (3.6)

Again, the Kuhn length is usually derived from observations of the radius of gyration, which has the

form

bl 1+ cosO
6 1 —cosf

(rg) = (3.7)

under the usual assumption that ¢. > fx. Though the freely rotating chain is more physically
motivated than the freely jointed chain given its correlations between rods at distances larger than

Uk, the details of the microscopic model (e.g., the angle 6) often have little effect on the macroscopic
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predictions of the model for long polymers. Thus, it is common in the literature to adopt the

following simpler model which is mathematically convenient.

3.1.4 Bead-Spring Chain

The bead-spring chain, or Gaussian chain, follows in the footsteps of the freely jointed chain by
modeling the polymer as a series of identical segments connected by idealized ball joints. Rather
than rigid rods, however, the basic segment of the bead-spring chain is a harmonic spring with spring
constant k = 3kpT¢,* in terms of the Boltzmann constant and the temperature T' (Figure )
The model thus suffers from the same drawback as the freely jointed chain in that the persistence
length is not well defined, but has the advantage that, due to the choice of k, the distribution of
bead-bead distances is Gaussian for all |s; — s3], not just in the limit of spatial scales much longer

than /. As with the freely jointed chain, the radius of gyration is given by

(rg) = \/lolx /6. (3.8)

3.2 DNA in an Array of Entropic Barriers

Due to the nanoscopic size and correspondingly short characteristic time scales of most polymers,
studying the mechanics and forces underlying behaviors of interest can be experimentally challenging
with traditional imaging devices. It is for this reason that mathematical models for polymers, such
as those described in the previous section, and computer simulations incorporating these models,
such as the dissipative particle dynamics approach, are essential to the understanding of polymer
mechanics. Here, I describe a joint work with experimental collaborators Daniel Kim and Derek
Stein of the Brown Department of Physics in which we applied the DPD approach to the entropically
constrained motion of DNA in a nanofluidic device. Kim and Stein were specifically interested
in “giant acceleration of diffusion” (GAD), which refers to a non-equilibrium phenomenon that

Brownian particles exhibit in a tilted periodic potential, like the one shown later in Fig. [3.2(A)
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[21] [106]; showing such a phenomenon to exist for DNA in a constrained flow is a curious clash
between entropy, an inherently equilibrium phenomenon, and the non-equilibrium nature of a fluid
flow. The experimental results described here are the work of Kim, in whose dissertation the
physical methodology is described in great detail [64]. The experimental setup and results are
reproduced below to provide context for the particle simulations, which allowed for observation
and measurement of the polymer mechanics at the microscale. Further details can be found in the
supplemental material associated with the joint publication of this work with Kim and Stein in the
Physical Review Letters [65].

In the context of a tilted Brownian potential, the “acceleration” in giant acceleration of diffusion
refers to the Brownian particle’s effective diffusivity as a function of the tilt, which exhibits a peak
at some critical value which can exceed the self-diffusivity Dy by orders of magnitude. Intuitively, a
Brownian particle in an untilted periodic potential will largely remain in its initial “potential well,”
occasionally crossing over a potential barrier into a neighboring well at a rate governed by the height
of the barrier. At the opposite extreme, a Brownian particle in a potential which has been tilted
too far will slide over the barriers between wells effortlessly, tumbling down the potential slope with
little regard for the comparatively small fluctuations of the potential wells. In both cases, the free
diffusion of the particle is comparable to its diffusivity in a uniform potential. There is a regime
in between these extremes where the behavior changes significantly: at moderate tilts, the barrier
to making a jump to an adjacent well is reduced, but not eliminated, by the tilt, resulting in a
behavior reminiscent of a Poisson point process in which the particle makes jumps with exponential-
like waiting times determined by the relationship between the barrier height and tilt. These “jumps”
have the effect of accentuating the diffusion of the particle, resulting in a peak in measured diffusivity
as a function of the forward driving force. This behavior is not limited to the simple case of a
Brownian particle in a one-dimensional potential: GAD has been observed in such varied systems
as trapped particles circling corrugated optical vortices [71], colloidal spheres moving across an

undulating surface tilted in a gravitational field [80], and the rotating F;-ATPase protein motor
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Figure 3.2: (A) Sketch of a tilted periodic energy landscape. (B) Illustration of a nanopit array em-
bedded in a nanoslit, with DNA hopping from pit-to-pit. (C) Side-view of the nanofluidic geometry
indicating h, H, and a. A simulated polymer hops between pits under an applied drive of v = 0.05.
(D) Time-sliced fluorescence images of A DNA climbing a column of high-barrier pits (b = 75 nm,
H = 124nm) for Ap = 400 mbar. (E) DNA trajectories from the same experiment. The dashed line

indicates Ay = vpt (v, = 0.7 ums™1).
[46]. Of particular interest to the experimental setup of Kim and Stein, it is theoretically predicted
that Brownian particles conveyed across entropic barriers can also exhibit GAD [105] 12| [110],
though this had not been shown experimentally. The entropic case is remarkable because entropic
barriers are not fixed; they can change or even vanish as the system is driven away from equilibrium.
Kim and Stein’s device, detailed in the following section, shows GAD to exist in the dynamics of
DNA polymers driven across arrays of entropic barriers in a nanofluidic structure.

It is already known that a polymer’s configurational entropy varies within a nanofluidic device

with an inner topography like the one in Fig. [3.2(B, C) [44, [107]. The nanofluidic slit features an
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array of depressions called nanopits which allow a compressed polymer to expand; as a result, the
polymer experiences entropic barriers at the pit edges, as more configurations are available to a
polymer inside the relatively deep pits than inside the shallow slit. The entropic penalty for entering
the slit is especially significant when the slit height is much smaller than the polymer’s radius of
gyration (ry), which corresponds loosely to the effective size of the polymer in free diffusion. It should
be noted that DNA can fully explore the vertical space inside such devices within milliseconds [26],
which is much shorter than its typical dwell time in a pit. Previous theoretical studies highlighted
the entropic nature of the barriers polymers encounter in similar geometries [95], 93]. Furthermore,
in a pressure-driven flow, DNA hops from pit to pit with exponentially distributed dwell times in
the pits and a pressure-dependent mobility; this experimentally observed behavior is consistent with
thermally activated transport across entropic barriers [24} [136].

Previous studies focused on DNA in nanotopographies have largely focused on the statistics
[94), 22], 107, 128, 132} 126, [75], 140] and mobility [44}, 45l 24] 140, 23] of the polymer and interpreted
the results in terms of the free energy in equilibrium. Here, by contrast, we probe DNA’s diffusivity

and its effective energy landscape as it is driven away from equilibrium.

3.2.1 Experimental Setup and Results

Kim and Stein created arrays of nanopits within nanofluidic slits on fused silica chips, similar to
devices described previously in the literature [24, [IT4]; the appearance of the device, with a side-
view cross section, is shown in Figures B,C). The square pits had 1.05 % 0.05 pm sides and were
linearly arrayed with periodicity @ = 2.0 um. The depth of a pit relative to the slit controls the
height of the entropic barrier; accordingly, “high” barriers were obtained in one device with slit
height h = 75nm and pit depth H = 124nm, and a second device with dimensions A = 88 nm
and H = 79nm had “low” barriers. The terms “low” and “high” are relative comparisons; in both
devices, the barriers are higher than the thermal energy, kgT, so a pit traps DNA nearly indefinitely

without a driving force applied [24]. h and H were measured using a stylus profilometer and an
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atomic force microscope, respectively. The slits were 3 mm long and 160 pum wide.

A DNA molecules (New England Biolabs), whose contour length is ¢, = 16.5 um and radius of
gyration is (rg) = 0.73 um [I18], were fluorescently stained with YOYO-1 at a 10:1 base-pair-to-
dye ratio and suspended in 20 mM Tris-EDTA buffer titrated to pH = 8.0 with HC1, with 3% g
mercaptoethanol added. Molecules were driven through the devices by a pressure difference Ap
supplied by an air pump. Individual molecules were imaged by epifluorescence microscopy using a
100x%, 1.49 NA oil-immersion objective (Nikon) and an EMCCD camera (Andor iXon). The field of
view was 80 um x 80 um. The excitation light was shuttered with a frequency of 1 Hz and a 50 ms
exposure time to minimize photodamage to the DNA. Further details on the experimental methods
are described in detail in Ref. [24].

Figure 1(D) shows an example of a DNA molecule moving up a column of pits. At any given
time, the bulk of the polymer is contained within one or more nanopits, and so the fluorescence
captured by imaging devices is largely constrained to the grid matching the nanopit topography.
Of particular note is the fact that the velocity of the DNA is uneven: consecutive time slices can
show the same molecule to make several jumps across pits and then remain trapped for equally long
in a single pit immediately thereafter. To explicitly quantify this progression, we tracked the DNA
center-of-mass position along the flow direction y as a function of time ¢ by performing a weighted
spatial averaging of the fluorescence intensity. The integrated fluorescence intensity was also used
to identify DNA fragments and concatemers, which were removed from the dataset for consistency.
Figure E) shows typical trajectories y(t), along with a dashed line loosely corresponding to the
mean DNA velocity across the pits, hereafter referred to as vy,.

We tested driving the Poiseuille flow with a pressure difference Ap from 50 to 700 mbar. At each
Ap, we recorded 50 to 80 properly sized molecules crossing the pits; more than 2000 total pit-to-pit
hops were typically observed in order to obtain good estimates of the mean velocity and the diffusion
coefficient. 12 to 20 molecules were also recorded crossing pit-free regions of the slit, where the flow

velocity is proportional to Ap. The mean DNA velocity in the slit, hereafter referred to as vg, was
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Figure 3.3: Dependence of MSD on 7 in (A) the device with low barriers for Ap = (a) 250, (b) 140,
(c) 90, and (d) 60mbar; and in (B) the device with high barriers for Ap = (i) 750, (ii) 650, (iii)
555, and (iv) 400 mbar. The corresponding D/Dy and vy are indicated in (C). The dashed line has
a slope of one. (C) Dependence of D/Dg on v for low (blue dots) and high (red squares) barriers

with 7 = 2s. Error bars are the standard error from a bootstrap analysis of 200 resamplings of the
full dataset.

used to quantify the driving force rather than Ap because we found that the latter could be affected
by small changes in the pneumatic system from one experiment to the next.
To quantify the DNA diffusivity, we first evaluated the drift-subtracted mean square displacement

(MSD) for each ensemble of trajectories
MSD = ((Ay(7) — vp7)?), (3.9)

where Ay(7) is a molecule’s y displacement in the time interval 7, (...) indicates an ensemble average,
and v}, is the mean DNA velocity across the pits. (See the supplementary material of [65], which also

references [5], [103], for details and comparisons with alternative methods of analysis.) The effective
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diffusivity D is related to MSD by

D = lim MSD/2r7. (3.10)

T—00

Figures A7 B) show the growth of MSD with 7 in devices with “low” and “high” barriers,
respectively, for four choices of Ap. On the log-log plot, MSD increased linearly with 7 with a slope
near one. For each Ap, there was an upper experimental limit to 7, beyond which MSD rose sharply;
that limit corresponded to the time it took the fastest molecules to exit the camera’s field of view,
which decreased as Ap increased. To compare measurements on an equal basis, we evaluated D
using Eq. with 7 = 2s. We verified that velocity autocorrelations are negligible for 7 = 2s and
that D is relatively insensitive to 7 (see supplementary material of [65]). The self-diffusion of DNA
in a slit with Ap = 0 could be observed for long times as the molecules were largely stationary, so
we obtained Dy from the slope of MSD versus 7 for the Ap = 0 case; we found Dy = 0.084 pum?s~!
in the h = 88 nm slit and Dy = 0.067 um?s~! in the h = 75 nm slit.

Figure C) shows the dependence of D/Dy on vs, which is a proxy for the applied pressure,
for both high- and low-barrier devices. In both cases, D/Dy increased with v from zero to a peak,
then began to decrease. The peak occurred at vy = 7.2 ums ™! in the device with low barriers and
at vs = 19.7ums™! in the device with high barriers. The height of the D/Dy peak also depended

on the nanotopography; it reached ~ 5.5 in the device with low barriers and ~ 15.5 in the one with

high barriers.

3.2.2 Giant Acceleration of Diffusion (GAD)

A non-monotonic dependence of D on driving force (i.e., tilt) is a hallmark of giant acceleration
of diffusion (GAD) [106]. The basic theory of GAD is based on the Langevin equation for an
overdamped Brownian particle in a periodic potential, G(y) = G(y + a), with a constant tilt force

F:

dy _ dG(y)
C% =T ay + F+ f(t), (3.11)
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where ( is the drag coefficient and f(t) is the usual random force from thermal fluctuations, defined
by the moments (f(¢)) = 0 and (f(¢)f(t')) = 2CkpT(t —t'), where 6(¢t —t') is Dirac’s delta function
centered at t' [I47]. Reimann et al. showed that the dynamics of such a system are governed by the
form of G(y) near the critical point, which is the dynamical bottleneck [I06]. They expanded G(y)

about the critical point, chosen to be y. = 0, to obtain the small y behavior

G(y) — yF = —pyly| ™" — ye, (3.12)

where ¢ > 0, ¢ > 0 characterizes the gradient of the potential force near y., and e = F — F.

Equation leads to the following expression for D /Dy [106]

q /a [° 2 —
D _ (a u)z oo B>y, 1)K 9’7), (3.13)

Do \ksT [ffooo dyK (y, 7)] ’
where K(y,7) = [~ dy/ eVl Hu=yly=y' 1" = and 4 = ¢/ [uY1(kpT)'=1/1]. D is a peaked
function of F', with the peak occurring at F' =~ F,; this peak corresponds to particles alternating
between trapped and freely running states. Namely, when F' is very low, particles become trapped
between energy barriers and D is suppressed, approaching zero when the barrier height grows large
compared with the thermal energy kgT. Increasing F' lowers the forward energy barrier and facil-
itates downhill motion. For relatively low values of the tilt, the particle transitions stochastically
between energy minima, but as the tilt increases, the motion evolves into a more deterministic, freely
running mode where the particle does not pause at the energy minima of the periodic potential. The
critical point in between, i.e., at the critical driving force F¢, is where the barrier vanishes, particles
begin to run freely, and D approaches Dy.

The energy landscape for a DNA molecule in a nanopit array differs fundamentally from the
model of Reimann et al. because the former is entropic and the fluid flow is an out-of-equilibrium,
non-conservative driving force. Nonetheless, it is commonly assumed in the literature on polymer

physics that the out-of-equilibrium, entropic system can be accurately described by a fixed energy

landscape based on the equilibrium situation. The dynamics of DNA in nanopit arrays can be
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mapped onto GAD theory by casting the effective free energy landscape for DNA, ¥(y), in the role
of G(y) — yF. The entropic barriers give a periodic contribution S(y) to ¥(y). The viscous driving
force is non-conservative, but we can define an effective potential V(y) for it through the work
required to translate a molecule adiabatically against the viscous force [24], which is proportional
to vs (our stand-in for the applied pressure). It can be written as the difference of two terms,
V(y) = U(y)vs — yC*vs, where U(y) is a periodic function related to the periodically varying flow
speed inside the nanopit array and (* is an effective drag that quantifies the net force downstream.

Combining the contributions, ¥(y) becomes

U(y) = S(y) + U(y)vs — y¢ vs. (3.14)

For this to be well defined, the lateral relaxation of the polymer must be fast compared with its
forward motion across the barriers; this property has been shown to hold in similar nanofluidic
channels, where DNA samples the vertical configuration space on the order of milliseconds [26] (in
contrast, the molecules in our experiment move between pits on the order of seconds). Equation m
describes the competition between entropy and enthalpy. Inertial effects are absent because the
Reynolds number in nanofluidic systems is extremely low. With these definitions, DNA obeys
Eq. with G(y) = S(y) + U(y)vs and F = (*vs. Furthermore, Eq. gives the effective
diffusivity of DNA with ¢ = —% (5”(0) + U"'(0)vs) and € = (¢* — U’(0)) (vs — vc) (primes indicate
derivatives; see [65] for the derivation, which includes references [5] [18]).

We fit Eq. to D/Dg using p and F. as fitting parameters and assuming ¢ = 3. The device
with high barriers obtained p = 1.00 kg7 a—3 and F. = 0.18 pN, while the device with low barriers
obtained p = 0.21 kgT a2 and F, = 0.08pN. Figure shows D/Dy from both devices as a
function of the rescaled slit velocity vs/ve. — 1, where v, is the mean slit speed at peak diffusion.

Also shown is Eq. with the fit values of u and F,, which closely matches the observed data.
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Figure 3.4: Dependence of D/Dj on vs/v. — 1 in devices with high (red squares) and low (blue dots)
barriers, and for simulation data (diamonds). The lines are fits of Eq.|3.13| to the corresponding
data, with fit parameters p and F.

3.2.3 DPD Simulation of the Diffusion Curve

Though experimental results show the existence of giant acceleration of diffusion for A DNA in the
nanofluidic device described in Section there remain a number of questions which cannot be
answered strictly from the observed data. In particular, the extent to which the “force landscape”
experienced by the DNA molecules actually maps to the tilted periodic potential and critical tilt
of the Brownian particle of Reimann et al. is as of yet unclear beyond heuristic argument, given
that the pico-scale forces and potentials in the nanofluidic device cannot be measured with sufficient
precision. Changes in the behavior of the DNA molecules below, at, and above the critical applied
pressure are also only observable at a 1 Hz sampling rate and at an image resolution which cannot
distinguish individual strands of DNA from within the self-intertwined configuration of the polymer
diffusing in a nanopit. Here, we use the DPD approach of Section [2.3|in conjunction with the bead-
spring polymer model described in Section to simulate the nanofluidic system at significantly
higher resolution, permitting a closer look at the piconewton forces at play.

For computational efficiency, we chose to model a section of one column of the nanofluidic

device comprising three consecutive pits in the slit, partly shown in Fig. [3.2(C). The 80 x 240 x 8
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simulation box corresponds to three pits of a device with 1.0 um wide pits, periodicity a = 2.0um,
and h = H = 90 nm using a scaling factor of 40 LJ units to 1 gm (see [59,[104] for more details on the
dimensionless units typically used in DPD simulations, which are scalable to real units by physical
arguments), thereby most closely resembling the “low” barrier physical device. The region within
the channel was filled with dissipative water particles using the standard parameters established by
Groot and Warren [40], while the silica plates were modeled with partial-slip boundary conditions
according to the method of Pivkin and Karniadakis, which couples a hard reflecting boundary with
a frozen layer of DPD water particles just outside the boundary and has been shown to generate an
accurate velocity profile for a pressure-driven flow in a channel [99]. The hard reflecting boundary
used for this simulation was imposed via a 12/6 Lennard-Jones potential in the immediate vicinity

of the silica plate, given below as a function of distance r from the boundary:

Eij(r) = e {(0)12 - (3)6} < Ty (3.15)

r

where € = 0.001 is a scaling factor, ¢ = 0.3 is the effective radius of the force, and r, = 0.5 is a
cutoff radius. Given the small magnitude of €, the potential is negligible for » > o, but quickly
blows up to infinity for r < o, resulting in a sharp reflective boundary. Boundary conditions in the
y direction, i.e., the direction of flow, were periodic to prevent fluid from escaping the system and
to allow the DNA molecule to wrap back to the beginning of the channel after traversing the length
of the simulation box.

The A DNA itself was modeled as a bead-spring polymer (as in Section with 660 beads.
Each individual bead was a dissipative particle with conservative repulsion coefficient a;; = 25.0
and dissipative coeflicient 7;; matching that of the surrounding water; springs between beads had
stiffness kK = 500 and a resting length of 1 unit, making the resting total length of the polymer
660 units, or 16.5 pm, matching the contour length ¢. of the DNA used in experiment. In order

to control the effective size of the simulated polymer, an additional harmonic bending energy was
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imposed on colatitudinal angles formed by consecutive bonds:
Eharmonic (T) =K (9 - 90)2 5 (316)

where 6y = 180° is the neutral angle and K = 0.5 is the amplitude. The specific value of K was
chosen by simulating the polymer in a channel with no pits, time-averaging its radius of gyration
after an equilibration period, and matching it to the (ry) ~ 1.05 pm of A DNA in the channel; an

example histogram of the time-dependent simulated radius of gyration can be seen in Figure [3.5]

Simulated Radius of Gyration, Experimental Radius of Gyration,
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Figure 3.5: Histogram of computed (ry) for 5 million steps of simulation with example bending
amplitude K = 0.25 in pit-free channel (left) and for Apr. 2, 2015 dataset of experiment with low
barriers (right). The mean (r,) from simulation was matched to the low barrier (ry) by adjusting
K and using the spatial scaling of 40 LJ units to 1 gm which matched the device geometry.

The simulated DNA thus had two major differences from the standard bead-spring polymer
model: first, in addition to consecutive beads interacting via spring potentials, beads at all distances
additionally interacted via DPD potentials, providing a notion of volume exclusion lacked by all
four basic mathematical models in Section [3.1} and second, the addition of a harmonic bending
energy to angles between consecutive bonds ensures nonzero correlation between the orientation of

the polymer for all separations |s; — s2|, and so the persistence length ¢, is well defined. As the

vast majority of simulated particles correspond to fluid in the channel, the additional computational
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expense of these refinements to the polymer model is negligible.

Finally, a spatially uniform, time-varying force was applied to fluid particles in the upper half
of the device (the slit) to create the flow. This force corresponds to the applied pressure Ap,
which maintains a constant flow velocity in the channel by counteracting the dissipation of kinetic
energy due to friction against the silica plates; for the simulations, a target mean fluid velocity v
was specified, with the applied force in each step proportional to the difference between v and the
measured mean fluid velocity in the slit. Simulations were evolved in time using the velocity-Verlet
scheme described in Section with a timestep At = 0.001 for between 50 and 200 million steps.

Simulated data were obtained for a range of flow velocities v from v = 0.01 to v = 0.2; at the lower
end of this range, the polymer remained trapped in the pit for the duration of the simulation, while
for high values of v the polymer streamed across pits with little regard for the underlying topography,
corroborating the experimental observations and parallel to GAD for the tilted Brownian particle.
In addition to the polymer’s center-of-mass position, sampled at regular intervals, we also obtained
fine-scale data on the linear extent, velocity, and radius of gyration of the DNA, as well as all forces
exerted on the DNA by the fluid and walls. The center-of-mass position was used to compute the
MSD, determine the diffusion D, and fit the data to Eq. as before. The center-of-mass sampling
rate, corresponding to 7 in the previous analysis, was chosen so that the average number of pit-to-
pit hops per 7 was comparable to the experimental data. Figure [3.4] which was previously used to
display the experimental results for high- and low-barrier devices, also shows D/Dg and the fit of
Eq. from the simulations; the data were found to closely match the observed behavior of DNA
in the device with low barriers, confirming that the basic physical assumptions of the experiment

are sufficient to give rise to GAD.

3.2.4 The DPD Force Landscape

Beyond simply using the DPD model to reaffirm the results of the experiments, we also used mea-

surements from the DPD model to examine the effective force landscape experienced by the DNA
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center-of-mass as a function of its position. This implicitly treats the polymer as a single particle
located at its center of mass, thereby incorporating the entropic barriers governing its diffusion into
a potential term with periodicity matching that of the device. Under this assumption, the force on
the DNA can be mapped to a Langevin equation with energy landscape as in Eq. where the

total force on the simulated polymer Fiota(y,t) is given as

Ftotal(yat) ~ _Ci - T + f(t) (317)

in terms of the viscous drag force, the gradient of a periodic energy landscape experienced by the
center-of-mass, and the random thermal force. In both the Langevin and DPD settings, the thermal
random force scales with a mean-zero Gaussian, and so the term vanishes in an ensemble average:

d¥(y)

dy
- Ty ~ <Cdt + Ftotal(yat)>t . (3]—8)

Namely, the contribution to total force from the periodic energy landscape, which incorporates both
entropic effects and the external force due to the fluid, can be approximated as the ensemble average
of the recorded total force less the viscous force. As Fiotal(y,t) and ‘é—f{ are easy to measure in the
simulations, it remains only to approximate the viscous coefficient (. An additional consequence
of treating the polymer as a point mass is that ¢ must account for the configurational aspect of
the DNA; just as air resistance varies with the cross-section and contours of vehicles, fluid drag
for the polymer will vary depending on the DNA’s typical extent and orientation. As ¢ will only
be probed in an ensemble average, we calculate only an average value of  over the distribution of
configurations experienced by the polymer for long times, though even this value will depend on v
(DNA which is trapped in a pit will have a different set of typical configurations than DNA freely
streaming through the slit).

We isolated ( for each choice of flow velocity v by calculating the velocity autocorrelation function
(v(t)v(t+7)), i.e., the average correlation between the polymer’s center-of-mass velocity at two times

separated by an interval 7. The following result holds for a particle governed by the one-dimensional

Langevin equation with periodic forcing term:
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Theorem 3.2.1. Fort < 2CkgT/ \\II’|2, the velocity autocorrelation function of the one-dimensional

Langevin equation in a periodic energy landscape ¥

dv av
— = — - — 1
m— Cv +n(t) m (3.19)
is approximated as
kBT <

w7, 3.20
m ( )
The proof requires the following lemma:

Lemma 3.2.2. Over timescales 7 < 2CkgT/ |\Il'|2, Eq. can be approximated as

dv
me —Cv +n(t). (3.21)

Proof of Lemma. Writing out the force term in terms of the mass m and acceleration of the particle,

Eq. becomes

d?y dy dw
T 3.22
M = g T - (3.22)
Define a rescaling A\t = ¢, where t is O(1), and rewrite Eq. in terms of the new variable:
1 d%y 1 dy dv
—M— = ——(— At) — —. 3.23
e = G P dy (3.23)

7 also scales with A: the Langevin random force n has the property (n(t)n(t")) = 2CkgT(t —t'),

and the delta function scales as A(n(Af)n(At)) = (n()n(f)). It follows that

1 d?y 1 dy 1 dv
—mEd Y -
AR Y, Ui

(3.24)
It is clear from Eq. that the magnitude of potential force |d¥/dy| becomes negligible compared
with the magnitude of the stochastic force \/2(kpT /A for sufficiently short times, i.e., when A\ <

2CkgT/|¥'|?, on which timescale the dynamics can be approximated as potential free. O

Proof of Theorem. Using Lemma we examine the potential-free Langevin equation in terms
of the velocity v:

d
md—: ~ —Cv + n(t). (3.25)
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Multiplying through by v(0) and taking the ensemble average:

e

v(0)> ~ = (u(t)v(0)) +v(0) (n(t)) - (3.26)

Since (n(t)) = 0, we have

v(0)> ~ —C (v(t)v(0)). (3.27)

Defining a new function g(s) = (v(0)v(s)), this equation has the form ¢'(t) = —(¢/m)g(t), which

has the well-known solution for ¢ > 0

g(t) = g(0)e™m". (3.28)

It follows that

-

(w(0)v(t)) = (v(0)*) e~ =" (3.29)

Finally, by the equipartition theorem, we have (3mv(0)?) = $kpT, and so

_ kBT e (3.30)

{v(0)u(t))

m
Since ensemble averages are independent of fixed time shifts, it follows that

(w(E)o(t + 7)) = kiTe*%T. (3.31)

O

For each simulation, the velocity autocorrelation function was calculated using recorded data
of the polymer velocity dy/dt. Figure shows the log-scale velocity autocorrelation functions for
simulated polymers with fluid velocities v = 0.04, 0.05, and 0.06, all in simulation units, which
corresponds to velocities just below, at, and above peak diffusivity, respectively. From Theorem
the short-time autocorrelation should decay with —(/m on a log scale; values of the viscous
coefficient ¢ can thus be obtained by measuring the slope and multiplying by —m.

In Figure A), the log autocorrelation functions decrease linearly from 7 = 0.1 onward, cor-

responding to the small-time scaling of the log autocorrelation with —¢/m. In Figure B), the
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Figure 3.6: Normalized log velocity autocorrelation functions for the simulated polymer with v =
0.04, 0.05, and 0.06 plotted on (a) short and (b) long timescales in simulation time units. The viscous
drag coeflicients were obtained from slopes of log-linear fits of the data in the range 0.2 < 7 < 1.0
simulation units, shown shaded in grey.
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long-time behavior shows marked departure from linearity as 7 reaches around 10 to 15, correspond-
ing to the limit 7 ~ 2¢kgT/ |\I/’\2. We obtained ( for each v from the slope of the data in the range
0.2 to 1.0 simulation time units, shown in gray. A small but positive lower bound was necessary to
avoid the ultra-fine time scale on which neighboring particles interact, while the upper bound was
chosen to be an order of magnitude less than 2¢kpT/|¥’|2. We found ¢ = 147.7, 140.4, and 138.5
for v = 0.04, 0.05, and 0.06, respectively. These values, in conjunction with kg7 = 1 (LJ units) and
| '] ~ 5, yield a limiting time scale of 7 &~ 12, in good agreement with the simulation results.

With ¢ known, it is possible to calculate the force landscape —d¥(y)/dy due to the periodic
potential using Eq. For each simulation, we binned data (specifically position, velocity, and
total force) by center-of-mass y position using adaptive bins which equalized the number of data
in each bin, yielding discretized approximations to the ensembles of Fiota and dy/dt as functions
of position y. Using the calculated values of ( and averaging over values by bin, we generated
discretized potential force landscapes according to Eq.

Figure [3.7(A) shows a simulated polymer trapped near the critical point and Fig. [3.7(B) plots
the potential force landscapes. The landscapes are largely positive, i.e., the gradient of the periodic
potential usually results in a forward force (the driving force of the fluid) carrying the particle
forward, which is partially balanced by the constant dissipation of kinetic energy due to viscosity
and friction against the silica plates. For the subcritical v = 0.04, a portion of the potential force
landscape is negative, i.e., opposing the direction of motion: this corresponds to the entropic barrier
which prevents the polymer from streaming freely. As v increases, the force minimum shifts upward,
crossing through zero — in particular, the potential force minimum was closest to zero when the
diffusivity reached its peak at v = 0.05. For supercritical flow velocities, the entropic barrier is
eliminated, and the polymer transitions toward the freely streaming regime wherein its diffusivity
asymptotically recedes to Dy. The minima of all three landscapes occurred around y &~ 55, where
the DNA molecule would become trapped — pushed up against the forward wall of the pit — before

escaping.
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Figure 3.7: (A) Side view of a simulated polymer inside a nanfluidic device, near the critical point,
with v = 0.05. (B) Effective force landscapes —d¥(y)/dy for v = 0.04, 0.05, and 0.06 (labeled
curves), computed from Eq. The position axis is aligned with the nanofluidic geometry in (A).
The inset shows an expanded view of the force landscape around the critical point. The dashed line
indicates zero force.

The DPD-derived force landscape thus provides a strong argument that the analogy to a Brow-
nian particle in a tilted potential and Langevin approximation are appropriate: as in the case of
GAD for the Brownian particle, the observed peak in diffusivity occurs just as the periodic potential
reaches the critical tilt where the gradient no longer crosses through zero. The shape of the force
landscapes in Fig. also change noticeably as v increases, with a sharper barrier developing near
the critical point; these effects hint at a changing entropic barrier as the polymer is driven further
from equilibrium.

In the theory of Reimann et al., the dynamical bottleneck also governs the drift velocity [106]

1— e—aF/kBT
Vo= o o (3.32)
P dyK(y,v)

As a final test, we compare in Fig. the mean drift velocity v, of the DNA from the experiments
and simulations with Eq. [B.32] using the previously fit values of 1 and F.. The data are rescaled

by vo = vs/(1 + H/2h), the approximate limiting velocity, and plotted against F//F,. The results
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Figure 3.8: Dependence of v,/vy on F/F. in devices with high (red squares) and low (blue dots)
barriers, and simulation data (black diamonds). The corresponding lines plot Eq. using the fit
values of 4 and F;. The dot-dashed line shows v, /vy = 1.

shows good agreement between the model and both experimental and simulation data, especially in
the region near the critical force F, though we note that Eq. seems to become less accurate at

high wvs.

3.2.5 Discovery of Design Principles Through DPD

With the agreement of the DPD model to the observed experimental data established, we now turn
to a regime which can be probed by simulation alone: a closer look at the small-time mechanics
governing the polymer’s diffusion. Given the hundreds of thousands of timesteps At required for
the DNA to transition between nanopits and the real-valued three-dimensional positions, the DPD
model provides sufficiently high resolution to observe every minuscule fluctuation contributing to
the polymer’s macroscale behavior. The DPD model also affords a unique ability to examine how
these behaviors change when system parameters, such as the flow velocity, the bending energy of
the polymer model, or even the device geometry are changed; in a mathematical model such as a
particle simulation, altering system parameters is as simple as changing a value and running the

simulation again.
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The simulation results presented in this section differ from those used in the previous sections
in their boundary conditions; while the previous results employed partial-slip boundary conditions
using the method of Pivkin and Karniadakis [99], the simulations here use only the reflecting LJ
potential and thus correspond to slip boundary conditions. A consequence of this difference is that
the flow velocity around which peak diffusion occurs increases by a factor of four, from v = 0.05 to
v &~ 0.20. The slip-boundary simulations exhibit a diffusion peak of similar magnitude and shape to
the partial-slip simulations, with the most notable differences in behavior occurring for flows above
the critical velocity.

We first define the “occupancy function” o(t) for the polymer as a function of time ¢:

M(t m(t
o(t) = {G()J - {(E)J , (3.33)
where M (t) is the y position of the forward-most polymer bead, m(t) is the y position of the rear-
most bead, and a is the periodicity as in Fig. Defined in this fashion, o(t) = 0 when the leading
and trailing edge of the DNA are closest to the same pit, o(t) = 1 when they are closest to adjacent
pits, etc., and so provides a measure of the number of nanopits over which the polymer is extended.

The center-of-mass position y(t), radius of gyration (r,), and occupancy function for a simulation
at the critical velocity v = 0.2 (i.e., peak diffusion) are illustrated in Fig. The DNA jumps
from pit to pit at stochastic intervals, alternating between extension during a stochastic jump and
compression when becoming trapped in the following pit. Of particular interest is that the geometry
allows for “multiple jumps,” where the leading edge of the polymer begins jumping from one pit
to the next before the trailing edge has finished its jump from the previous pit (Figs. and
3.11)). These multiple jumps are a defining feature of peak diffusivity; the simulations of Section
3.2.3| exhibited multiple jumps only when the applied force was near the critical force F..

As a point of reference, we also simulated a DNA macromolecule in a channel without nanopits.

Without the underlying geometry, there was no trapping effect which led to extension; up to a

moving reference frame at the constant mean speed v of the fluid, the behavior of the polymer was
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Radius of Gyration Evolution in Time, v=0.2

40 [ —Radius of Gyration
——Occupancy
30+
c
§e)
© >
=201 &)
=
° 3
510 128
=]
IS
o
O J“m —H_ﬂ”_ﬂﬂ |
10
1

0

N

3 4 5 6 7
Time Step %10’

Figure 3.9: Long-time evolution of simulated DNA radius of gyration and occupancy function at
the critical velocity v = 0.2. The radius of gyration fluctuates as the polymer alternates between
extension during jumps and compression during entropic trapping.
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Figure 3.10: Evolution of simulated DNA position and occupancy function in the region surrounding
the double jump occuring around time step 40 million in Fig. (3.9
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Figure 3.11: Top and side view of a simulated DNA “double jump” at v = 0.2 featuring the polymer
(red) juxtaposed with a subset of dissipative fluid beads (blue). The DNA at least partially explores
the depth of all three pits.

identical to a stationary polymer diffusing in the channel (Fig. [3.12)). (Note that the partial-slip
boundaries of Section would distinguish these frames of reference due to friction against the
silica plate.) Measurements appear in Figure which shows the center of mass to flow linearly
forward at the mean flow velocity and the radius of gyration to fluctuate about Dy in the channel.

A second point of reference used a channel with periodically spaced grooves, i.e., nanopits ex-
tended to the periodic boundary in the direction orthogonal to the flow. Friction against water
trapped in the grooves results in a “rubber-banding” velocity profile for the fluid, which drives oscil-
latory behavior in the DNA radius of gyration (Fig. . The DNA in this flow alternates between
periods of extension between grooves, where the flow velocity is higher, and periods of compression
within the grooves, where the flow velocity is lower (Fig. [3.14). In both control cases, the device
geometry did not exhibit a notable extension of the polymer.

To further explore the effect of the device geometry on the mechanics underlying entropic GAD,
we also used the DPD model to alter physical parameters of the system. Increasing the depth of the
nanopits should intuitively strengthen the entropic trapping effect; this was observed in experiment

with the high-barrier device, which required a significantly higher applied pressure Ap to escape the
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Figure 3.12: Top and side view of simulated DNA in a control channel without nanopits at v = 0.2.
The DNA moves together with the fluid and diffuses freely.
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Figure 3.13: Evolution of simulated DNA position and radius of gyration in the control channel
without nanopits. After relaxing from its initial configuration, the polymer reaches neutral diffusion
in the channel as it is driven forward at the mean flow velocity.
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Figure 3.14: Top and side view of simulated DNA in a grooved control channel at v = 0.2 in the
groove (top) and during a jump (bottom). The “rubber-band” flow profile drives the polymer to
oscillate between periods of extension and compression.
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Radius of Gyration Evolution in Time, v=0.2
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Figure 3.15: Evolution of simulated DNA radius of gyration and occupancy function in the grooved
control channel. Peaks in (ry) correspond to jumps between grooves.
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nanopits (Fig. . We consider here a doubling of the nanopit depth, as shown in Fig. |3.16| The
former critical flow velocity v = 0.2 was sufficient to drive the polymer between pits, but jumps
were spaced farther apart and featured visually distinct behavior: the polymer jumping between the
deeper pits wraps more tightly around the bridge between nanopits compared to the polymer of Fig.
Fluid near the bottom of the pits is increasingly isolated from the driving flow in the channel,
resulting in slowed progression of the leading edge of the DNA as it enters a new nanopit. These
effects are borne in the measurements of Fig. [3.17] which show the polymer to finish its third jump
well after 20 million steps, at which time the low-barrier device had seen seven.

A separate simulation explored a scenario with shallow nanopits, here chosen to have half the
original depth (Fig. [3.18)). The resulting device is the halfway point in the transition from the
low-barrier device of Section to a nanopit-free control channel; expectedly, the entropic trapping
effect is greatly weakened, and the behavior of the polymer most closely resembles the latter case.
The long-time evolution of position and occupancy are shown in Fig. Over the 20 million step
time frame previously used as a point of comparison, DNA in the shallow device completed eight
jumps.

The spacing between pits was also found to have a significant effect on the polymer dynamics.
A simulation which doubled the separation between nanopits saw increases in the extension of the
DNA during jumps, as the leading edge of the polymer continues to be driven by flow in the channel
until reaching the following pit, where it moves away from the flow by diffusing into the nanopit (Fig.
. After completion of the jump, the DNA returned to its compact form within the nanopit, at
which point the mechanics were no longer affected by the pit separation. The position, radius of
gyration, and occupancy function, illustrated in Fig. [3:2I] show the mean velocity of the polymer to
be significantly higher than in the base device (1100 units traversed in 20 million steps, compared
to around 600).

Finally, we returned to the defining parameter of GAD, i.e., the applied pressure Ap, or equiva-

lently, the flow velocity v. The experiments of Section and simulations of Section [3.2.3] explored
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Figure 3.16: Top and side view of simulated DNA in a device with deeper nanopits at v = 0.2. The
deeper pits provide a stronger entropic trapping effect and reduce the mean forward velocity of the

DNA.
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Figure 3.17: Evolution of simulated DNA position and occupancy in a device with deeper nanopits
at v = 0.2. Single jumps between nanopits occur at stochastic intervals and at a slower rate than
the base experiment shown in Fig. [3.11
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Figure 3.18: Top and side view of simulated DNA in the device with shallow nanopits at v = 0.2.
The shallow pits weaken the entropic trapping effect and allow the DNA to stream more freely,
similarly to observed behavior in the control channel without nanopits.
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Figure 3.19: Evolution of simulated DNA position and occupancy function in the device with shallow
pits at v = 0.2. A reduced entropic barrier allows the forward end of the polymer to easily escape
nanopits, resulting in a number of extensions across three pits simultaneously.
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Figure 3.20: Top and side view of simulated DNA in device with doubled pit separation. As the
forward end of the DNA must travel farther before entering and exploring the weaker driving flow
in the following nanopit, DNA extension during jumps increases significantly.

the effect of v on the diffusion; here, we examine the basic polymer mechanics underlying this effect.

Devices with reduced (v = 0.1) and increased (v = 0.3) mean flow velocity in the channel appear
in Figures and respectively, while the position and occupancy functions are shown in
Figures and These regimes correspond to vs/v. — 1 = —0.5 and vs/v. — 1 = 0.5 in the
diffusion peak of Fig. namely, v = 0.1 is just below the point at which the polymer begins to
jump, and v = 0.3 is in the freely streaming region where the diffusion D approaches free diffusion
in the channel Dy. The lower velocity flow was unable to overcome the entropic barrier, with the
DNA remaining trapped in the pit for the duration of the simulation.

The simulated device with increased flow velocity exhibited the unique property that it resulted
in massive extension of the DNA: Figure [3.26] shows the future state of the system in Fig. |3.25
This is a result of the flow profile on the nanopit boundaries, which feature higher-speed flows which
catch the forward end of the polymer and accelerate it forward massively, eventually resulting in
near-complete extension (the occupancy function, seen in Fig. [3.25] peaks as high as 7). During
extension, the DNA did not become trapped nor fully explore the nanopit depth, thereby avoiding

the entropic barriers which caught and compressed polymers at lower velocities. It should be noted
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Figure 3.21: Evolution of simulated DNA position and occupancy (top) and radius of gyration
(bottom) in device with doubled pit separation. Peaks in (r,) are significantly taller than the base
simulation.
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Figure 3.22: Top and side view of simulated DNA in a device with reduced flow velocity v = 0.1.
At this driving flow rate, the polymer cannot overcome the entropic barrier to forward motion. The
illustrated subset of fluid particles (blue), which began in a rough vertical line, show the flow profile
wrapping around the nanopits.
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Figure 3.23: Evolution of simulated DNA position and occupation function for a device with reduced
flow velocity v = 0.1. The rear-most section of the polymer explores backward into the pit, but the
forward-most section is unable to overcome the trapping effect.
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Figure 3.24: Top and side view of simulated DNA in a device with increased flow velocity v = 0.3.
At this flow rate, the polymer streams nearly freely across pits, with extension resulting from the
flow profile of fluid in the device.
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Figure 3.25: Evolution of simulated DNA position and occupation function in a device with increased
flow velocity v = 0.3. The mean flow rate of the DNA increases sharply as the polymer is pulled
into the high-speed flow sections between the nanopit arrays.
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Figure 3.26: Advancing Fig. by 800,000 time steps. Accelerated flows on either side of the
nanopit array result in massive extension of the DNA.

that this behavior of massive extension is no longer observed with partial-slip boundary conditions,
suggesting that a device featuring low-friction plates may aid in the extension of DNA for applications
such as sequencing.

In net, the DPD simulations isolated a number of mechanics underlying the observed behaviors
in Section the peak in diffusivity corresponds to the regime in which the polymer can make
“multiple jumps,” the flow velocity is a critical factor in driving the forward edge of the polymer
from the pit, and the height of the entropic barrier as a function of nanopit depth is determined in
part by the ability of the DNA to diffuse into regions of the nanopit isolated from the driving flow
in the channel. Given the resolution at which the dynamics can be observed and the ease of making
alterations to the device that would require refabricating a physical chip, DPD is thus an essential

tool for testing hypotheses and targeting certain behaviors in nanofluidic devices.

3.2.6 Brownian Dynamics and Future Directions

While the accuracy of the DPD simulations in predicting the diffusion curve (Figure suggests
that the DPD model captures the essential dynamics of the system, the correspondence of the DPD-

measured force landscape to the one-dimensional Brownian analog (Figure hints that simpler



o4

models may be sufficient for certain applications. In particular, we note that the one-dimensional
Langevin equation in the presence of a periodic forcing term (Eq. is a slight modification of the
Brownian dynamics approach (Eq. applied to a single particle corresponding to the polymer’s
center of mass. Continuing this line of thinking, there exists a hierarchy of possible mathematical

models for the nanofluidic device, ordered from most to least complex:
1. DPD approach described in Section [3.2.3] which functions as the ground truth.

2. Brownian approach which models a three-dimensional polymer diffusing in a background flow

measured from the DPD approach.

3. Brownian approach which models a three-dimensional polymer diffusing in a simplified back-

ground flow, e.g., the target flow velocity v in the upper channel and no flow in the nanopits.

4. Brownian approach which models a one-dimensional polymer diffusing in a tilted periodic

potential (i.e., extension of the results of Reimann et al. to a particle chain).

5. Brownian approach which models a single particle, corresponding to the DNA center of mass,

diffusing in the measured force landscape of Fig. [3.7]

6. One-dimensional random walk of the polymer ends, related by a nonextensible length constraint

and with an asymmetric jump kernel (see, e.g., [87]).

Preliminary results suggest that the first three models produce similar results for the measured
diffusion, and so the equilibrium assumption of the Brownian approach (with respect to the fluid
flow) appears empirically reasonable. It remains to be seen whether the even simpler models 4-6 are
sufficient; depending on which observables they are able to reproduce, it may be possible to make
predictions of the polymer evolution with computation time on the order of seconds, or to couple the
simpler approximations at longer time scales with higher-accuracy methods for complex behaviors
such as multiple jumps over short time scales, similar to multi-scale approaches to numerical PDEs

(see, e.g., [B0, 28, 27]).
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Although the simple one-dimensional models would provide an especially significant reduction in
computational complexity, three-dimensional Brownian dynamics in a simple background flow, with
runtime on the order of minutes, is already sufficiently cheap to answer a number of more complicated
questions about nanofluidic devices. Chapter[d]describes a high-performance parallel implementation
of Bayesian uncertainty quantification which could feasibly be applied to these cheaper simulations,
providing a rigorous framework for experimental design via a probabilistic solution to the inverse
problem. The Brownian approach can also used to easily test hypotheses about similar devices —
for example, is there a force field which can be applied to the DNA via an electric potential which
would induce oscillatory behavior? Future investigation may reveal the potential for such questions

to yield results worth testing experimentally.

3.3 Membrane Models

While models for biologically relevant polymers (especially DNA, RNA, and a broad range of pro-
teins) are important to the understanding of cellular mechanics, a complete look at cellular biology
relies on an understanding of membranes — in particular, the phospholipid bilayer, which is the cell
membrane of all living organisms and a number of non-living entities such as viruses. If polymers
are mathematical curves, then membranes are mathematical surfaces — lower-dimensional, continu-
ous objects embedded in a higher-dimensional space which separate the space into an interior and
exterior. In this section, we briefly describe two approaches for modeling membranes: minimization
of a free energy functional and explicit simulation via, e.g., particle methods. Sections and
describe explicit DPD membrane models in three and two dimensions, respectively, which will
be used to explore a number of cell-level phenomena involving membrane deformation. Depending
on the behavior of interest, either of these models may be useful: the three-dimensional model is a
complex ground-truth, while the two-dimensional model is a cheaper implementation which captures

some of the basic mechanics such as curvature. The latter model will prove especially useful in the
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high-performance framework of Chapter [f]

3.3.1 Energy Minimization for Surfaces

Surfaces as solutions to energy minimization problems have a long history, tracing back to the work
of Lagrange in the 18th century. Lagrange was the first to consider the problem of finding the surface
z = z(x,y) of least area stretched across a given closed contour; though he derived an equation for

the solution as

d Zg d Zy

v\ T ol e e
& 1+z§+z§ Y 1+z§+z§

via the recently developed Euler-Lagrange formulation, Lagrange was unable to find solutions beyond

=0 (3.34)

the case of a planar closed contour, in which case the planar surface is a trivial solution. (A number
of solutions would be found over the following centuries in the work of mathematical titans such as
Schwarz and Riemann.)

Framing the problem in terms of the free energy F = pA, where pu is the surface tension and
A is the surface area, a minimal surface corresponds to a minimization of the free energy. There
are many other possible choices for free energy corresponding to other physical systems, and so the
energy-minimization approach can be used to find continuous solutions to more complex membrane
models (as opposed to the infinitesimally thin film which is modeled only by surface tension). The
chief advantage of this approach is its analytical precision: under the assumption of continuity, the
rich fields of calculus of variations and differential geometry can be leveraged to study the membrane
shape and its governing shape equation.

The earliest energy functional corresponding to a solid membrane belongs to Poisson, who in
1812 proposed the functional

Eon = % / (2H)?dA, (3.35)

corresponding to a closed surface with mean curvature H and bending modulus k., written in terms

of an integral over the differential area elements dA [I01]; the solutions to the Euler-Lagrange
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equation corresponding to this energy functional,
V2H +2H(H? - K) =0, (3.36)

where K is the Gaussian curvature, are called Willmore surfaces [I39]. In 1973, Helfrich proposed

an energy functional for a vesicle with a lipid bilayer membrane:

iy = pV + / (fo+ p)dA, (3.37)

in terms of the osmotic pressure p (the outer pressure less the inner pressure), surface tension p,

enclosed volume V', and a curvature energy per unit area f. defined as

ke —
Jo=5 (H + )’ + kK, (3.38)
where k. and k are clastic constants and ¢ is the spontaneous curvature of the membrane surface

(a contribution to curvature from the chemical structure of the component lipids) [47]. A first-order

variational approach yields the shape equation
p—2uH + ke (2H + ) (2H? — coH — 2K) + k.V*(2H) = 0 (3.39)

for the vesicle corresponding to the free energy Ey, [144]. There exist a range of analytical and
numerical solutions to this equation in the literature, including spherical vesicles (as observed for
some lymphocytes [30]), the y/2-torus, and the biconcave disc observed in human red blood cells
[25], suggesting that this approach can feasibly solve for macroscale membrane shapes. In cases
where the fine-scale structure of the membrane is not relevant, the family of energy-minimization

approaches is thus is a practical approach for modeling of the cellular membrane.

3.3.2 Three-dimensional DPD Membrane

Energy-minimization approaches to membrane models are inherently continuous: they neglect the
fine-scale structure of the membrane, instead focusing on macroscopic observables such as surface

tension and curvature. In particular, the Helfrich approach described in Eq. makes a number of
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assumptions about the membrane structure: most notably, the membrane is assumed homogeneous,
with each differential element of the membrane modeled with the same elastic constraints. There
are a number of biological mechanisms which might cause these assumptions to fail, especially the
presence of proteins embedded in the membrane or an asymmetry in lipid structure between the
layers. The continuum approximation is also not appropriate when studying small patches of the
membrane, where the lipid structure and thermal fluctuations are significant.

The chief alternative to continuum approaches is particle simulations, which can individually
model the many molecules composing a membrane and derive the membrane structure from basic
physical interactions, such as repulsion between water molecules and the hydrophobic tails of lipid
molecules. While there are a variety of approaches to modeling specific membrane mechanics with
molecular dynamics [78] [92] [63] 54] [60], we describe here a DPD formulation of a lipid membrane,
which has two main advantages: first, simulations are computationally feasible at much larger spatial
scales, and second, the coarse-grained dissipative beads facilitate interactions between structures of
vastly different scales, and so water, lipids, and other biological soft matter such as proteins and
gels can be modeled jointly.

Defining the DPD membrane model requires specifying the coefficients described in Section [2.3
for the different particle types; because there is a choice of scale for the coarse-graining, DPD
coeflicients are conventionally specified for the nondimensionalized system. In their foundational
paper on DPD, Groot and Warren [40] found that the dimensionless compressibility of water could
be matched by using the conservative coefficient a;; = 25.0, dissipative coefficient v;; = 4.5, cutoff
radius 7. = 1.0, and numerical density p = 3 for unit-mass DPD particles (the same values used for
the water in Section . To model a lipid bilayer membrane, we additionally introduce particles
with modified coeflicients to model the lipids, here referred to as “Head” and “Tail” particles. The
pairwise a;; and 7;;, chosen to be similar to existing literature on DPD membranes [36), 39, 116]
and to reproduce mesoscopic properties such as lateral fluidity and a stable bilayer structure [6],

appear in Table
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Table 3.1: Pairwise Coefficients for 3D DPD Membrane

aj Head Tail Water Yij Head Tail Water
Head | 25.0 50.0 35.0 Head 4.5 9.0 4.5

Tail 50.0 15.0 75.0 Tail 9.0 4.5 20.0
Water | 35.0 75.0 25.0 Water 4.5 20.0 4.5

Head and tail particles are connected as in Figure a) by harmonic bonds with dimensionless
energy E;; = 64(r;; — 0.5)%, so that the resting length of a bond is 0.5. Along the tails, three-
body potentials E;jr = 20(1 + cos ¢;;x) are introduced to provide stiffness, where ¢;; is the angle
between bond ij and bond jk. Copies of the lipids are then placed in two layers at the vertices of
a square lattice, with the tails facing inward. The outside of the membrane is initialized with water
particles placed on a cubic lattice with numerical density p = 3. Periodic boundary conditions are
imposed around the simulation box. To evolve the membrane forward in time, we again use DPD

velocity-Verlet (see Section [2.4) with a temperature T'= 1.0 and timestep At = 0.005.

Lipid Schematic & Example Membrane

(a) (b) (c)

Figure 3.27: (a) Lipid with three heads and two tails comprising six tail particles each. Bonds are
shown as thin rods. Three-body potentials are imposed among triplets with consecutive horizontal
bonds. (b) 3D view of simulated membrane. Fluid particles (not shown) fill the space on both sides
of the membrane. (c) Side view of simulated membrane showing the lipid heads oriented to separate
the membrane interior from the surrounding fluid.
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An example of the resulting membrane is shown in Fig. b,c) after a short equilibration
period. As the conservative coefficient a;; between the lipid tails and water is much larger than
the corresponding repulsion between lipid heads and water, the configuration with lipid tails turned
inward and heads separating the hydrophobic tails from the surrounding fluids is stable. The size
of the simulated membrane can be comparatively much larger than lipid membranes modeled with
molecular dynamics; the three-dimensional DPD membrane used to study the mechanics of mem-
brane poration in Section models ~30,000 lipids. We will also couple the DPD membrane with
the polymer models of Section to examine the effect of polymerizing actin filaments driving
the membrane forward, a fundamental mechanism for eukaryotic cell motility in organisms such
as lamellipodia [102], illustrating the flexibility of the DPD approach in effectively modeling the

behavior of soft matter structures at different scales.

3.3.3 Two-dimensional DPD Membrane

For some mechanics of interest, such as the average membrane curvature examined later in Section
a two-dimensional model may be sufficient to capture the essential behavior and can offer
a dramatic reduction in computational expense. We describe here a modification to the three-
dimensional DPD model of the previous section to model a cross-sectional membrane slice; the
reduction in model complexity makes the two-dimensional model practical for a wider variety of
applications, including the long-time simulation of entire vesicles in fluid described in Section [3.6]
As before, the membrane structure is derived wholly from DPD interactions between particles
of different types, with the strength of conservative interactions adjusted such that the repulsion
between tail particles is less than that between tail and fluid particles. Similarly, hydrophilicity of
the lipid heads is achieved by adjusting the repulsion between head and fluid particles to be less
than that between head and tail particles. To illustrate the flexibility of the modeling approach, we
choose the two-dimensional membrane simulation to use a distinct lipid model with only a single

head bead; rather than accounting for the effective size of the lipid head via multiple particles, we
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Table 3.2: Pairwise Coefficients for 2D DPD Membrane

aij Head Tail Water Yij Head Tail Water T Head Tail Water
Head | 15.0 50.0 35.0 Head 4.5 9.0 4.5 Head 2.5 1.75  1.75
Tail 50.0 15.0 75.0 Tail 9.0 4.5 20.0 Tail 1.75 1.0 1.0

Water | 35.0 75.0 25.0 Water | 4.5  20.0 4.5 Water | 1.75 1.0 1.0
—3-3-3=3=9
—3-3-3-3

Figure 3.28: Schematic of a lipid with one head particle (red) and two tails comprising six tail

particles each (gray). Bonds are shown as thin rods. The angle between tails, labeled ¢, minimizes
energy at a specified neutral angle ¢q.

adjust instead the cutoff radius r. of the conservative and dissipative forces, thereby scaling the
interactions of the particle directly. Particle masses are adjusted accordingly, so that a particle
effectively 2.5 times larger in one dimension has a mass 2.5% = 15.625 times greater, with the fluid
particles having unit mass. Specific values chosen for the simulation appear in Table

Each lipid is composed of a single lipid head connected to two lipid tails of six particles each via
harmonic bonds, each of which uses the spring potential E;; = 64(r;; — 0.5)2 so that the neutral
length of a bond is 0.5. In the two-dimensional membrane, we use a distinct three-body potential
Eiji = 50(1 — cos (¢i;x — ¢o)) imposed along consecutive bonds to provide stiffness, where ¢, is
again the angle between bonds ij and jk and ¢q is a resting angle; this form of the bending energy
facilitates specification of the neutral angle between the membrane tails, i.e., the angle preferentially
formed between the line segments connecting the head particle to the first particle in each tail,
labeled as ¢ in Figure The neutral angle between tail bonds is fixed at 180°.

Finally, lipids are placed in a two-dimensional periodic simulation box in two adjacent rows with
head particles toward the outside, as in Figure ). The separation between lipids, spacing
between tail particles within a lipid, and total length of the membrane patch are free parameters,

here chosen to be 0.8, 0.5, and 64, respectively. The remainder of the simulation box is filled with
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Figure 3.29: (a) Two-dimensional membrane initialization. Head particles (red) line the outside;
each has two lipid tails of six tail particles (gray) directed inward. (b) Fluid initialization. Water
particles are placed on the vertices of a square lattice outside the membrane. (¢) Membrane after
2500 steps.

fluid particles, placed on the vertices of a square lattice with numerical density p = 2.1. The system
is then evolved in time using a velocity-Verlet scheme (see, e.g., [98]) with timestep At = 0.03 and
nondimensional temperature T = 0.1. The phases of initialization and resulting membrane at a
future time ¢t = 75 appear in Figure c).

The following sections detail a number of applications of the two- and three-dimensional DPD
membrane models to physical systems. In Section [3.4] a circular section of the three-dimensional
membrane is removed in order to study the mechanics of lipid membrane poration, while Section
[3:5] will use stiff bead-spring polymers modeling actin filaments to observe the driving mechanism
of polymerization-induced mobility. The two-dimensional model will be used in Section which
models vesicles in a fluid channel driven by artificial forces, and in Section [5.1} which considers
spontaneous curvature of lipid membranes due to difference in lipid structure between layers in
the context of a high-performance method for probabilistically solving the inverse problem in the
presence of noise. These varied applications highlight the flexibility of the DPD approach in modeling

diverse structures and interactions at long time scales.
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3.4 Critical Pore Size in Films and Membranes

A recent article by Ilton et al. [53] examined the evolution of pores in a model membrane constructed
from polystyrene in a water bath. A tightly focused laser was used to create a temperature gradient
in the film, decreasing the local surface tension and driving the formation of a hole whose size was
determined by the power and exposure time of the laser. It was found that holes below a critical
size r. sealed, while larger holes began to increase in size, a behavior which had previously been
observed in solid-state membranes [123].

The liquid polymer films of [53] are easily observable via traditional microscopy techniques due
to their large size (the thinnest homopolymer film studied was ~100 nm thick, with most films on
the order of 1 pwm). In contrast, a typical lipid membrane, as might be found in a biological cell,
is much smaller (~10 nm thick). Pore formation and evolution in a lipid membrane thus has a
number of experimental difficulties owing to the small spatial and temporal scales. In this section,
we instead use a simulated lipid membrane to study the dynamics in question. The simulated system
is computationally feasible and reproduces many of the results observed in [53].

To explicitly simulated a porated lipid membrane, we employ the three-dimensional DPD mem-
brane model described in Section[3:3:2} A periodic simulation box of 144 x 144 x 40 was filled entirely
in the first two dimensions with a DPD bilayer membrane comprising 28,700 lipids with three head
particles and two tails of six particles each, so that the side length of the square lattice on which
lipids were initialized was approx. 1.202. The number of lipids was chosen experimentally to achieve
stability in the membrane. To simulate a pore, all lipids intersecting an orthogonal cylinder of fixed
radius were removed, and the cylinder was included in the initialization region for fluid particles.
The resulting setup at time zero can be seen in Figure b).

To track the size of the pore, the locations of all lipids were recorded every 1000 steps. Images
of the system were created by rendering spheres of radius 0.5 at the location of every head and tail

particle, then projecting the 3D system into a 2D plane tangent to the membrane surface. The
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Porated Bilayer Initialization and Thresholding

(a) (b) (c)

Figure 3.30: (a) 3D view of simulated membrane with pore. Fluid particles (not shown) fill the
space on both sides of the membrane and in the pore. (b) Side and front view of initial membrane
configuration. Blue lines at boundary show the simulation box. (c¢) Binary matrix (value 1 shown
in black) resulting from smoothing and thresholding the front view in (b).

resulting images were then smoothed and thresholded, resulting in binary matrices M; with value 1

within the pore and 0 without, as in Figure ¢). Finally, the 2D center of mass position X; was

computed, and the sum > M;(x) |x — X;| was calculated. For a circle of radius R, the result should
X

be approximated by the integral

2
/ / \r|rdrdf = %RP’, (3.40)
0 0

and so the approximate radius of the pore is given by

1/3
R ~ (;;ZMi(x) |x—xi|> . (3.41)

To compute the membrane width, the 3D representation was instead projected into a plane
bisecting the membrane (i.e., an orthographic side view) as in the side view of Figure b). For
each row in the projected image, the number of non-background pixels was summed, approximating
the width of the membrane at that location; to reduce the effect of the natural thermal fluctuations
in the membrane surface, the minimum of all row widths was used as the membrane width for that
image. The resulting value was time-averaged over 20 images (one every 1000 steps) to obtain a

reference value h for the membrane width.
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3.4.1 Existence of a Critical Radius

The time evolution of simulated pores of various initial radii can be seen in Figure The behavior
of the pore is a function of its radius: sufficiently small pores begin to shrink and eventually seal
entirely, while sufficiently large pores begin expanding, eventually severing the membrane. The
time-evolving radius of each pore, as measured by Eq. , is shown in Figure m

The growth of supercritical pores proceeds in roughly exponential fashion, in agreement with
the findings for homopolymer films in [53]. For very large times (¢ > 1000), the pore approaches
the order of the simulation box, and so begins interacting with itself across the periodic boundary,
resulting in slower growth. The subcritical pore, which closed around ¢ = 400, yielded a stable
membrane for the remainder of the simulation. The observed critical ratio 1.34 < r./h < 1.47 is
larger than the ratio r./h = /4 derived by Ilton et al. for a homopolymer film., suggesting an
additional free energy cost for pore formation due to the lipid structure. Note that we define the
ratio in terms of the initial size ry, meaning it is possible a pore which evolves to be smaller than
the critical radius may still expand as t — oo.

A second set of simulations examined the effect of increasing lipid density in the membrane.
The number of lipids in the periodic simulation box was increased by 4.4% to 29,970, resulting in
a stable membrane with a lipid excess. For short times, a pore opened in the modified membrane
begins to close regardless of pore size as the membrane relieves internal pressure. As seen in Figure
[3:33] the existence of a critical ratio remains in this scenario, as sufficiently large pores reverse the
initial collapse and expand exponentially as in the first simulation. This behavior is governed by
equilibrium size, rather than initial size; the pore with rq/h = 1.88, well above the critical ratio,

closes regardless in this new scenario despite having expanded in the initial case of Figure [3:32]
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Time Evolution of Membrane Pores (I)
t = 200 t =400 t = 1000

Figure 3.31: Rendered images of pores of three different initial sizes (rows). Four images through-
out the simulation are shown, progressing from left to right. Pores shrink or grow exponentially
depending on the initial pore radius.

Time Evolution of Membrane Pores (II)
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Figure 3.32: Membrane pore size over time as calculated by Eq. . Size (y axis) is shown
in units of the average membrane width, h = 7.98. Several initial sizes are shown, ranging from
ro/h = 1.21 (bottom) to 79/h = 2.56 (top). The shaded region denotes possible values of the critical
ratio r./h below which pores seal — 1.34 < r./h < 1.47.
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High-Density Membrane Pore Evolution
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Figure 3.33: Pore size over time via Eq. (3.41) for a membrane with increased lipid density. Three
initial sizes are shown: top: ro/h = 3.19, middle: rq/h = 2.52, and bottom: ro/h = 1.86. The
shaded region corresponds to the possible range of r./h derived in Figure W

3.4.2 Membranes of Varied Thickness

The curvature of the membrane around the lip of the pore decreases with the membrane width h;
increasing the thickness should decrease the energy cost of pore formation, thereby increasing the
critical radius r.. It was shown in [53] that for a homogeneous film, where the free energy cost
of pore formation is derived entirely from edge tension, the scaling should be linear as r. = hw/4.
To examine this scaling for the simulated lipid membrane, we changed the membrane thickness by
altering the number of particles per lipid tail.

Initially, the tail length was increased from 6 to 7 particles. The resulting membrane was found
to be stable and at equilibrium with 29,200 lipids in the same simulation box, i.e., a lipid density
increase of 1.74%. The resulting membrane had a width of approximately h = 8.63 (8.15% thicker
than the original membrane).

Results for this set are shown in Figure [3.34 The single additional tail particle induced an
upward shift in the critical ratio, to 1.48 < r./h < 1.59, an increase of between 0.68% — 18.66%
from the 6 particle case. In addition, there was a notable change in the timescale on which pores

evolved away from the critical region. In particular, the pore initialized at ro/h = 1.59 was nearly
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Membrane Pore Evolution, 7 Lipids per Tail
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Figure 3.34: Membrane pore size over time from Eq. (3.41). Size (y axis) uses the new average
membrane width & = 8.63. The shaded region corresponds to the new range for the critical radius,
1.48 < r./h < 1.59.

stable for the entire duration of the previous simulations (¢ &~ 2000) before eventually opening up
into supercritical growth. Figure also demonstrates the stochastic nature of the dynamics at
this spatial scale: in these realizations, the pore with initial size rq/h = 1.48 closed faster than an
initially smaller pore with radius ro/h = 1.36.

Next, the tail length was increased further to 12 particles. The resulting time series can be
seen in Figure [3:35] For very small pores, the behavior was unchanged, with the hole quickly being
sealed. For pores of moderate size, the doubling of lipid tail length afforded significantly increased
stability — above some size threshold, all pores in the membrane are stable indefinitely, showing a
marked contrast with the behavior of the membranes of Figures [3.:323.:34] The largest simulated
pore (rg = 50) required the simulation box be expanded to 240 x 240 x 40 to avoid interference from
periodic boundary effects.

Tail lengths of 8 and 9 lipids were also considered, but were found to produce nearly identical
results to the case of 12 lipids per tail. The simulated bilayer membrane thus exhibits a sharp change

in stability as the number of lipids per tail increases from 7 to 8.
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Membrane Pore Evolution, 12 Lipids per Tail
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Figure 3.35: Pore size over time via Eq. (3.41)) for a membrane with 12 particles per lipid tail. Only
the smallest pore simulated was not stable for the duration of the simulation. This membrane had
a width of h = 13.49, or 69.05% thicker than the membrane of Figures [3.32}{3.34

3.4.3 Pores in Finite Membranes

To further understand this change in stability, we finally considered the case of a finite membrane,
i.e., a free-floating square patch of membrane of finite size. To simulate such a membrane, lipids
placed on a lattice in the initialization phase were truncated a fixed distance of 5 units away from
the edge of the simulation box. The empty space left by truncating the membrane was included in
the region of initialization for fluid particles.

All simulated finite membrane pores invariably sealed, regardless of initial radius. The membrane
with 6 particles per lipid tail, which formerly exhibited a critical pore radius, transitioned through
a metastable torus configuration to a layered cluster (see Figure . The membrane with 12
particles per lipid tail, whose pores were stable above a small threshold radius, sealed its pore but
remained stable in a finite bilayer disc. We hypothesize that the existence of a critical radius of
pores in the periodic case corresponds directly to the stability of the finite membrane; a stable finite
membrane prevents pores from expanding regardless of their initial size.

In net, many of the experimental findings about the polymer films of [53] were also observed

in our dissipative particle dynamics simulation of a bilayer membrane. In particular, the existence
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Time Evolution of Perforated Finite Membranes
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Figure 3.36: Rendered images of simulation results for truncated membranes; time increases left to
right. Front and internal side views for the original membrane with 6 particles per lipid tail are
shown in (a), while the modified membrane with 12 particles per lipid tail is shown in (b). The
original membrane seals its pore but simultaneously transitions into a layered cluster. Conversely,
the thicker membrane seals its pore but remains in a stable finite disc indefinitely. The interior of
the membrane in (b) comprises only tail particles and is not shown.

of a critical pore radius was observed in the periodic simulations when membrane tails comprised
6—7 monomers. Ilton et al. explain the mechanism for such a phenomenon by writing the energy
cost of pore formation AG(r) as a function of the pore radius: (A — 277?)7, in terms of the surface
area A of the pore edge and the per-area surface tension of the film . Modeling the pore edge as
the inner half-surface of a regular torus with diameter h (the membrane width), the edge surface
area A is given by 7w2hr — 7wh?. The resulting cost AG(r) is a concave function maximized when
%AG(T) = (7%h — 47r)y = 0, yielding a critical radius r. = hr/4 which scales linearly with the
thickness h of the film. The cost AG(r) is a barrier for pore formation: once the critical size is
reached, further expansion of the pore begins to reduce the free energy.

This expression ignores any energy cost associated with the molecular structure of the membrane;
the authors also describe a modified argument for a diblock film, which has been used as a simple
model of a lipid bilayer membrane in theoretical work [76]. Due to the additional cost of rearranging

molecules on the curved surface around the pore, they predict a critical radius larger than for a
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homopolymer film by a factor proportional to the nondimensional curvature L/h, where L is the
equilibrium thickness of the lamellar layers. Our simulation results agree in this respect: critical
radii of the lipid membranes with 6-7 monomer tails were found to be 1.34h < 7. < 1.47h and
1.48h < r. < 1.59h, respectively, compared to the homopolymer r. = hr/4 =~ 0.79h.

There also exist significant differences between our simulations and the work of Ilton et al., most
notably in the case of the thicker membrane. As the diblock copolymer correction term scales with
the nondimensional curvature, its influence should decay as the membrane width increases, reaching
the same limit of r./h = w/4 as h — oo. In contrast, our simulations of a thicker lipid bilayer
membrane showed pores above a certain size to be stable indefinitely, i.e., a critical radius above
which pores expanded no longer existed. This suggests that the structure of a lipid bilayer membrane
is fundamentally different than the structure of a diblock copolymer. Unlike the polystyrene film
and PS-b-PMMA diblock copolymer of [53], whose critical radius was a continuous function of
membrane width, the simulated bilayer membrane exhibits a phase transition from a regime where
critical radius relates to thickness (< 7 monomer lipid tails) to a regime where arbitrarily large pores
are stable (> 8 monomer lipid tails).

Our simulations additionally provide insight into the time scale on which growth occurs. Al-
though pores above the critical radius (in simulations where a critical radius existed) were found
to increase in size roughly exponentially, the time scale of the exponential growth was markedly
different between the membranes with tail lengths of 6 and 7 particles. To compare these timescales,
the time series for the radius of the smallest supercritical pore was fit to an exponential roet/” in
terms of the characteristic time 7. The thinner membrane (3.4.1]) was found to have a characteristic
time of 7 ~ 900, while the slightly thicker membrane (3.4.2) was found to have a characteristic
time of 75 a2 2000. The time scale of pore evolution for lipid bilayer membranes is thus significantly
affected by the structure/width, potentially in addition to chemical properties (in this context, the
force coefficients for particle interaction, which were not changed between simulations).

Since the DPD method explicitly models the solvent and does not make equilibrium assumptions,
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it is also suitable for examining the behavior of lipid membrane pores in the presence of fluid flows
or pressure gradients, such as those observed in biological cells during movement. Future work can

examine the stability and dynamics of such pores in a variety of contexts of interest in cell biology.

3.5 Polymerization of Actin Filaments

Many of the mechanical interactions of eukaryotic cells are mediated by the cytoskeleton, which is
a network of actin filaments, intermediate filaments, and microtubules in the cell cytoplasm. In
particular, controlled deformation and remodeling of the cytoskeleton via controlled assembly, cross-
linking, and disassembly of the skeleton components are essential mechanisms behind cell motility
52, 102]. In this section, we move toward a DPD model of the actin cytoskeleton driving the
membrane forward via polymerization, which exerts and sustains mechanical force due to the high
rigidity of actin polymers [90, [145]. As the DPD model explicitly models nonequilibrium flows in
the fluid, it may provide insight into the flows which develop as a result of different behaviors in the
cytoskeleton, especially the influx at the leading edge of cells which can oppose the cell membrane
load and thus increase the rate of polymerization [62] [79].

As a first step, we couple the three-dimensional DPD membrane of Section with a bead-
spring model for actin as in Section Compared to DNA, actin is quite rigid; the persistence
length of an actin filament is about 17.7 pm [38], over 300 times longer than the corresponding
length for double-stranded DNA. To account for this difference, we modify the bead-spring model
with with a stiff bending energy using the three-body potential E;;; = 2000 (1 — cos (¢sjx — ¢0)),
where ¢;;, is the angle between consecutive bonds ¢j and jk and ¢y = 180° is a resting angle as
in Section [3:3:3] In practice, this potential was not sufficient to achieve sufficient rigidity in the
filament, and so another set of three-body potentials Egj & = 2000(1 — cos (qﬁgj & — ®0)) was applied
to the angles ¢§jk made between beads i, j, k satisfying ¢ + 5 = j = k — 5, i.e., every fifth bead.

Springs between beads had stiffness £ = 200 and a resting length of 0.5 units. The pairwise DPD
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Flexing Actin Filament Initialization

() (b)

Figure 3.37: (a) Side view of flexed actin filaments (green) and 3D membrane (red lipid heads, silver
lipid tails) at initialization. The purple particles on the far left end of each filament are fixed, forcing
the filaments to relax into the membrane. (b) 3D view of same system. Fluid particles (not shown)
fill the space on both sides of the membrane.

interactions between beads matched the parameters used for the surrounding fluid.

A 48 x 32 x 32 periodic simulation box was filled with a 1480-lipid DPD membrane in the y
and z dimensions, with the x position centered in the box at x = 24. Ten actin filaments, with
potentials described above, were initialized at uniformly random y and z locations in the z = 0
plane, then extended outward in the x direction to a length of 70 beads. The filaments were then
bent away from the membrane to avoid intersection, as seen in Fig. the bent filaments thus
have a large amount of potential energy which will be converted to kinetic energy in the membrane
as the filaments unfurl, driving the membrane forward. The first two beads in each filament were
fixed, ensuring that the actin relaxes in a direction orthogonal to the membrane surface. Empty
space surrounding the filaments on either side of the membrane was filled with water beads as in
Section and the velocity-Verlet algorithm was again used to propagate the system forward in

time with a step size of At = 0.002.
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Flexing Actin Filaments and Membrane, t = 240
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Figure 3.38: (a) Side view of flexed actin filaments and 3D membrane at ¢ = 240. (b) 3D view of

same system. The actin filaments unfurl and exert forward pressure on the membrane, creating a
flow of fluid with a feedback loop as the membrane is driven ahead.

15 Mean Position of Membrane Pushed by Flexed Actin Polymers
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Figure 3.39: Membrane mean x position over time for the simulation shown in Figs. and
After an initial period of acceleration, the forward motion of the membrane achieves a terminal
velocity of roughly 12.34 units per 100,000 steps (v = 0.0617).
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Schematic of DPD Actin Polymerization
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Figure 3.40: (a) Actin filament (blue) with marked terminal end (orange) in the presence of freely
diffusing monomers (green). Free monomers within a specified distance of the free end, shown with
the dotted circle, result in polymerization with a fixed step-by-step probability. (b) Filament and
monomer after polymerization. The newly bonded monomer is the new terminal end, which will
then repeat the process by forming new bonds with other free monomers.

Results after 120,000 steps appear in Fig. [3:38 The unfurled actin filaments resulted in net
forward motion of the membrane in the z direction, shown in Fig. After an initialization
period where the filaments accelerate the membrane, the membrane achieves a steady speed of
roughly 12.34 units per 100,000 steps (or a unitless velocity v = 0.0617), measured via a linear fit to
the curve in the range 100000 — 200000 steps. Fluid on the far side of the membrane cycles across
the periodic boundary, creating a feedback loop of forward pressure.

While this simple model captures interactions between the rigid filaments and the DPD mem-
brane, actual membrane deformation by the actin cytoskeleton is often a result of polymerization
and depolymerization at the actin filament ends facilitated by actin-binding proteins such as gelsolin
and cofilin [120]. We thus modify the model to allow for polymerization of the actin polymers; rather
than driving the membrane forward with potential energy in the flexed filaments, the membrane will
be subject to forward pressure from the polymerizing ends of the filaments.

A schematic of the polymerization approach used is shown in Fig. [3.40] The unbonded end of the

filament is marked as a special monomer type which seeks to create additional bonds within some
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fixed radius around its position; freely diffusing monomers within this radius have a specified step-
by-step probability of forming a bond with the free end of the actin, thereby changing the previous
terminal monomer to an internal monomer and the newly bonded monomer to the marked terminal
monomer. Here, we choose such bonds to form within a radius 0.8 of the free end (compared to the
0.5 resting length of the harmonic bonds) with probability 1, i.e., any freely diffusing monomer which
becomes close enough to the polymerizing end of the filament will immediately join the filament.

A practical consequence of newly formed bonds is the creation of new three-body potentials
corresponding to the filament rigidity; as the instantaneous angle formed by the new monomer may
be quite sharp, this can result in numerical instabilities due to the large magnitude of the resulting
energies. We address this concern with two modifications: first, the long-range three-body potentials
Egjk are removed, with the coefficient of the local three-body potentials E;;; reduced to 100, and
second, the bond stiffness %k is reduced to 100. This sufficiently reduces the energy of the created
bond to be quickly dissipated by frictional forces against the surrounding fluid as it relaxes to the
equilibrium position.

A consequence of the changes required for numerical stability is a reduction in the effective
stiffness of the model actin filaments. In order to ensure that the polymerizing ends of the filaments
push against the membrane, a subset of lipid heads on the near surface of the membrane are tagged
as actin attractors (the yellow particles in Fig. |3.41|(a)). As lipids diffuse within the membrane
surface, these attractors become spread throughout the membrane; attractive potentials between
the polymerizing end of the actin and these attractor lipids ensure that the actin polymerizes in a
direction orthogonal to the membrane surface. The specific potential used was a V-shaped potential
centered at a distance r;; = 1.5, which resulted in a fixed force of magnitude f, = 100.0 incentivizing
terminal monomers within a distance r. = 3 to remain at the energy-minimizing distance.

Finally, the side of the membrane populated by actin filaments was filled with free monomers at
a numerical density p = 0.1. These monomers diffuse through the water according to the DPD equa-

tions of motion until stochastically entering the radius of polymerization, at which point monomers
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attach to the free filament ends. The resulting system at initialization can be seen in Figure [3.4]
which uses 16 actin filaments of 30 beads with pinned sections spaced evenly at the vertices of a 4 x 4
grid. A hard reflecting boundary at x = 0 applied only to free monomers prevents them wrapping
around the periodic simulation box to the opposite side of the membrane; for all other particles,
boundaries are periodic as before.

The results of evolving the system forward in time by 120,000 timesteps At = 0.001 are shown
in Figure As monomers diffuse within the radius of polymerization, they bond to the free
end of the simulated filaments, increasing the filament length and exerting forward pressure on the
membrane. Fluid on the actin side of the membrane expands into the vacuum as the membrane
moves forward, pulling more free monomers to the polymerization interface. The net forward motion
of the membrane, seen later in Fig. a)7 follows a similar progression to the flexing filaments,
with a period of acceleration followed by a roughly constant terminal velocity; here, the observed
long-time velocity of the membrane was roughly 4.42 units per 100,000 steps, corresponding to a
unitless velocity of v = 0.0439, measured via a linear fit in the range 150000 — 250000 steps.

This model provides a unique opportunity to study the force-velocity relation, i.e., the relation-
ship between the forward velocity of the membrane deformation in a motile cell with the applied
force in a direction opposing motion, which is a central concept of cell movement in crowded en-
vironments [146]. Though it is clear the relation should be monotonically decreasing (an increased
force working against the membrane will result in a lower forward velocity), the specific shape of the
force-velocity relation for actin-based membrane protrusions is hotly debated in the literature, with
theoretical and experimental work suggesting the relationship may be concave-up or concave-down
in different scenarios [88] [111]

The opposing force is easily incorporated as a fixed force applied to all membrane lipids in the
—x direction; by increasing the magnitude of this force until it overcomes the forward pressure of
polymerization, we can map out the effective force-velocity relation of the polymerizing actin DPD

model. The evolution of the mean membrane position for a selection of retarding force magnitudes
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Polymerizing Actin Filament Initialization

Figure 3.41: (a) Side view of polymerizing actin filaments (green with blue terminal monomers) and
3D membrane (red lipid heads, silver lipid tails) at initialization. Faded particles are freely diffusing
monomers. (b) 3D view of same system. Fluid particles not shown.
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Figure 3.42: (a) Side view of polymerizing actin filaments and 3D membrane at ¢ = 240. Diffusing
monomers (blue) have been made opaque to show the effects of polymerization. (b) 3D view of same
system. The polymerizing filaments exert a forward pressure on the membrane, driving net forward
motion which creates a flow drawing additional actin monomers to the polymerization interface.
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Evolution of Mean Membrane x Position Due to Polymerizing Actin
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Figure 3.43: (a) Average membrane x position as a function of timestep for the polymerizing actin
model in the presence of a retarding force. Colored curves correspond to force magnitudes specified
in the legend applied to each dissipative lipid bead. Shaded region from 150000 — —250000 steps
was used to estimate the membrane velocity. (b) Closer view of (a) for small times.
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Force-Velocity Relation for Polymerizing DPD Membrane
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Figure 3.44: Mean membrane velocity v from ¢ = 150 to ¢ = 250 as a function of the retarding force
f- The dotted line shows the least-squares linear fit v = 0.0408 — 12.315f.

is shown in Figure [3.43] with the curve corresponding to zero force matching the base model shown
in Figures and The low-amplitude oscillations at small times are a result of the higher
particle density on the free-monomer side, which quickly equilibrates as fluid particles wrap across
the periodic boundaries. For simulations with small opposing forces, the membrane ultimately strikes
the far edge of the simulation box (size 48 in the = dimension), which is a hard reflecting boundary
to the membrane (but allows fluid to pass freely). For simulations with large opposing forces, the
polymerizing filaments eventually dislodge from the membrane or are bent under the pressure of the
applied force, eventually resulting in the membrane moving back in the —z direction.

A linear fit to the position curves in the shaded region yields the force velocity relation shown
in Figure [3.44] which includes additional data from intermediate forces. In particular, the data
show the force-velocity relation for the DPD polymerizing actin model to be roughly linear. The
least-squares linear fit, shown as a dotted line, decays to zero at an applied force f = 0.0033.

In contrast to most other particle-based approaches to modeling actin polymerization, which

model the membrane as a rigid plate or disc (e.g., [55, [70]), the simulations described here fully
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model the membrane lipids, allowing membrane fluctuations to influence the availability of free
monomers at the actin filament ends. Future refinements of the model, together with data collected
from membranes and model filaments of varied physical properties, may provide additional insight
into the true nature of the force-velocity relation governing the forward motion of actin-propelled

eukaryotic cells in crowded environments.

3.6 Vesicles Propelled by Actin Networks

One of the major challenges in understanding eukaryotic cell motility is to precisely relate actin
polymerization to mechanical force generation. Polymerizing actin networks were first studied in
the context of cell motility for bacterial pathogens such as Listeria, which were found to use the
actin machinery to propel themselves forward [34]. Other objects can also be driven forward by the
stresses of a polymerizing actin tail: polystyrene beads and, more recently, synthetic phospholipid
vesicles coated with proteins such as ActA which facilitate actin polymerization were also found to
observe this behavior [I3}[133]. The latter case in particular provides some insight into the underlying
mechanical forces, as the lipid vesicles deformed into “tear drop” shapes which were blunted in the
direction of motion and stretched toward the actin comet tail, i.e., the network of cross-linked actin
polymers created in the wake of forward motion. This shape may suggest a mechanical force profile
which effectively squeezes the vesicle forward, with polymerizing actin on the slanted sides and a
backward stress at the vesicle rear exerting a net-forward force [134].

While the three-dimensional DPD polymerization model of the previous section is effective at
simulating the effect of polymerizing actin filaments on the forward propulsion of a periodic mem-
brane patch, it does not fully model the complicated topography of the actin network at such scales.
In this section, we use the two-dimensional DPD membrane of Section [3.3.3]to examine a lipid vesicle

subject to the types of position-varying applied forces suggested by experimental observations.
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Lipid Vesicle with Position-Dependent Forces

(a) (b)

Figure 3.45: (a) 2D lipid vesicle (red lipid heads, silver lipid tails) at circular initialization. Water
with numerical density p = 2.1 inside and outside the vesicle is not shown. The membrane is divided
into four regions which experience different applied forces; sections of the top and bottom are driven
forward by an applied force f = 0.15 in the z-direction, while a section on the left is pulled backward
by an applied force f = —0.25. As these sections are equal in length, the net force on the vesicle is
forward. (b) Lipid vesicle after equilibration under applied forces.

We create the vesicle by using the two-dimensional membrane model with modified lipids pos-
sessing one head bead and six tail beads each (i.e., the lipid described in Section with one tail
removed and a head of unit size and mass). The lipids are placed in a 500 x 200 periodic simulation
box with head beads facing toward the fluid interface on both sides of a circular contour with radius
70, shown in Figure a). As the contour length of the inner membrane interface is shorter than
the corresponding length of the outer interface, the number of lipids in the two layers differs; stability
was achieved by targeting a fixed spacing of 0.8 between lipid heads, resulting in a total of 1,049
simulated lipids. The regions inside and outside the membrane are filled with standard DPD water
beads at a numerical density p = 2.1, matching the average inter-particle spacing of the p = 3 case in
three dimensions. The resulting membrane is stable up to small thermal fluctuations when stepped
forward via the velocity-Verlet scheme with timestep At = 0.03 at the dimensionless temperature
T=0.2.

We divide the vesicle into four sections, as shown in Figure a), to apply a position-varying

artificial force. The right half of the vesicle is chosen as the side of the vesicle away from the actin
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interface, and so is not subject to additional forces. The left half of the vesicle is divided into three
equal sections, with the top and bottom sections subject to an applied per-particle force f = 0.15
in the positive x direction; these sections correspond to regions of the vesicle surface where actin
polymerization exerts a forward pressure on the membrane, as observed for the lipid membrane patch
in the previous section. The final membrane section, at the rear of the vesicle, would be directly in
the middle of the actin comet tail; while this section of the actin network can also polymerize, we
choose to use a retarding per-particle force f = —0.25 corresponding to the notion of polymerization
as a diffusion-limited reaction. Namely, free monomers coming from outside the network may bond
to a filament near the network edge or become otherwise impeded before reaching the rear actin-
membrane interface, and so the rate of polymerization may be limited by availability of monomers.
In conjunction with the drag force due to pulling the comet tail forward through the fluid medium,
this may result in a negative mechanical force locally, though the total force on the vesicle should
be nonnegative if its forward motion is unobstructed. The vesicle after equilibration to the applied
profile is shown in Figure (b), which reproduces the tear drop shape.

The forward evolution of the vesicle through the channel is illustrated in Figure[3.:46] Due to the
net forward force, the vesicle accelerates in the positive = direction, though it maintains a roughly
constant shape up to thermal fluctuations. The stability of the tear drop shape under this force
profile suggests that the mechanical force profile of a polymerizing actin gel may indeed correspond
to the stresses suggested in [I34], highlighting the potential of diffusion-limited polymerization in
the comet tail center and forward pressures from polymerization at the actin-membrane interface as
mechanisms explaining actin-based cell motility.

There are a number of future directions for study of the actin-propelled lipid vesicle. The simu-
lated force model described here is an artificial set of forces corresponding to hypothesized mechanics,
chosen to reproduce the vesicle shape observed in experiments; dissipative particle dynamics simu-

lations may be in the unique position of being able to directly model those mechanics at the scale of
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Forward Evolution of Lipid Vesicle with Position-Dependent Forces

t=6 t=18 t=30

Figure 3.46: Time evolution of the vesicle of Fig. rightward in the fluid channel. Water beads
(not shown) fill the shaded region of the channel, i.e., both inside and outside the vesicle.

the entire vesicle, which would be the most sophisticated mathematical model of actin-based propul-
sion in the literature. These mechanisms could be modeled by extending the polymerization model
of Section both by scaling the size of the membrane patch and by modeling explicit structure in
the actin network, such as cross-linkage due to actin-bundling proteins like fimbrin [77]. An explicit
DPD model, if feasible, could test the hypothesized mechanism of diffusion-limited polymerization

and provide a deeper look into the forces and stresses of polymerization-based propulsion.



Chapter 4

High-Performance Bayesian

Uncertainty Quantification

As shown in the varied applications of particle simulations to the nanoscopic systems of Chapter
mathematical models are vital to the study of complex materials such as the soft matter in biological
cells [72],[89], 122], 130]. From an experimental perspective, the complexity of the systems coupled with
the nano- or even pico-scale length and time scales can make direct observation challenging; from an
analytical perspective, the ground truth is often unknown, and the sheer number of components may
prove attempts at a complete description of the system to be infeasible, even when the individual
mechanics involved are well understood. In these scenarios, the comparative simplicity of models
affords tractability at the cost of introducing uncertainty.

The most basic question that can be asked of a model, and the sole question which was examined
in Chapter [3] is the forward problem: given a particular input, what output will be produced from
the system? If the model is deterministic, this question may seem straightforward — the model must
simply be applied and the output observed. Yet there are many potential sources of uncertainty:

the output may be subject to measurement error, or the model may depend on parameters which
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are themselves uncertain (see, e.g., [3| [I41]), thereby propagating uncertainty forward. In the case
where the model is itself stochastic (e.g., a branching process model of a disease), uncertainty may
be a fundamental aspect of the system dynamics [2, I42]. The broad field which describes the
mathematical treatment of models in the presence of uncertainty is often referred to as uncertainty
quantification (UQ) [42] [82] 119].

The mathematical treatment of uncertainty in this context may be trivial — for example, ac-
counting for a measurement error in the output (e.g., a Gaussian noise term) may be as simple as
executing the forward problem, then adding a Gaussian random variable. In this case, the forward
problem is solved only once, so the resulting distribution is easily sampled from, even when the
model itself has considerable complexity.

Conversely, many other problems become significantly more difficult when uncertainty is intro-
duced [142]. The classical inverse problem is one such example: what input (or set of inputs) yields
a particular output? Especially if the model is complex, the model itself is unlikely to be invertible;
moreover, depending on the form of the uncertainty, the set of inputs which must be considered
can be prohibitively large [I31]. To illustrate, consider that in the previous example of additive
Gaussian noise, which is among the simplest models of measurement uncertainty, the entire input
space could feasibly have produced any particular output, so long as the Gaussian noise chanced to
be exactly the difference between the true output and the target output. Even if the input space is
finite, the number of times the model must be applied makes this “solution” impractical for all but
the simplest and most efficient models.

The Bayesian approach to this parameter estimation problem, i.e., Bayesian uncertainty quan-
tification, attempts to leverage tools from Bayesian statistics to make the problem more tractable
[0, 14T]. As will be explored in the following sections, there are a variety of approaches to sampling
from high-dimensional and complex distributions in the Bayesian setting [29]. As the goal of param-
eter estimation is the probability distribution corresponding to the relative likelihood of particular

parameter values generating the observed output, this machinery is readily applied.
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In this chapter, we introduce an approach to Bayesian parameter estimation which is practical
even for comparatively expensive models, such as those necessary to study in atomistic detail the
dynamics of biological polymers, membranes, and gels. Rather than running the forward problem
(e.g., a particle simulation of DNA diffusing in a nanofluidic channel) for a prohibitively large set of
parameters, the algorithm uses a Markov chain Monte Carlo approach which evaluates the problem
only at a discrete set of points. More importantly, the specific algorithm used, known as transitional
Markov chain Monte Carlo (TMCMC), is massively parallelizable, and so the high cost of the model

can be offset by the ability to execute many copies of the model simultaneously [4, [15] 17 [42].

4.1 Framework

To approach the parameter estimation problem using a Bayesian methodology such as TMCMC,
we must first formally introduce the Bayesian formulation of uncertainty quantification [6]. The
hallmark of Bayesian statistics is the assumption of prior distributions for unknown parameters — in
other words, probabilities are a representation of degrees of belief; any knowledge of the unknowns a
priori, whether from previous experience or from physical limitations, informs belief in the parameter
values even before a statistical model is applied [131].

In the context of parameter estimation, the unknown parameters are the inputs to some math-
ematical model M (including not only model parameters, but also initial conditions, boundary
conditions, etc.), which then produces a set of output quantities governed by the form of the model.
A simple bacterial growth model, for example, might be parametrized by the probability p that a
particular bacterium divides in a certain time period, but would also take as input the number X
of bacteria present at time 0. The Bayesian assumption is that the n inputs, jointly parametrized
by 8 € R™, are random variables with joint prior density w(6|M).

Given a particular set of inputs 8, the model M produces a set of m data, referred to jointly as

D € R™, according to some likelihood p(D|@, M) — this is the content of the model itself, i.e., the
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mapping from inputs to outputs, which is probabilistic owing to uncertainties and stochasticity in
the model M. The parameter estimation problem instead targets the posterior p(8|D, M), i.e., the
mapping from the outputs back to the inputs, which is also informed by the prior beliefs (6| M).
In this setting, D is known and 6 is unknown, and so it should be stressed that p(D|@, M) is
purposefully referred to as a likelihood since it is not a distribution in 6.

Using Bayes’ theorem, the posterior distribution can be computed as

p(D]8, M)m(6]M)
pDM)

p(0|D, M) = (4.1)

which additionally introduces the evidence p(D|M) of the model class, given by the multi-dimensional
integral

p(DIM) = [ (DI, A1)x(6]21)de.
R’n

In the case where the model M is one particular model in a parametrized class of models, the evidence
p(D|M) functions as a measure of the degree to which the model matches the observed data, thereby
playing a critical role in model selection [7] [143]. For the parameter estimation problem, however,
it should be noted that p does not depend on 8, and so its role in this chapter is simply to function
as a normalization constant for the posterior.

To proceed further, assumptions must be made about the specific form of the likelihood p(D|6, M).
Here, we will assume that the measured data D are generated according to the following model pre-

diction equation:

D = g(0|M) +e, (4.2)

where ¢g(@|M) is the predicted output for a specific set of parameters 8 and e is a prediction error due
to, e.g., measurement, computational, or modeling errors. Specifically, we will make the simplifying
assumption that the error e is normally distributed with zero mean and covariance matrix ¥, which

may involve additional unknown parameters. Since g is assumed deterministic, it follows that D is
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also normally distributed, and so the likelihood p(D|8, M) of the observed data can be written as

p(D|0, M) = Wexp[ - %J(O,D\M) , (4.3)
where
J(6.D|M) = [D — g(6|M)]" £~ (8)[D — g(8]M)]
is the weighted measure of fit between the model predictions and the measured data, | - | denotes

determinant, and the parameter set 0 is augmented to include any unknown parameters in the
covariance matrix X [7, [I35]. It follows that sets of parameters 8 which reduce J(6,D|M), which
is often called the “fitness” of the parameter set 8 to the data D, generally increase the likelihood;
thus, the most likely sets of parameters (before consideration of the prior 7(8|M)) can be intuitively
recognized as those whose output most closely matches the observed data.

While this explicit form of the likelihood can be straightforwardly calculated for any chosen set
of parameters 6, each evaluation must reference the model prediction function g, which may be
computationally intensive (e.g., a particle simulation). Since the parameters are assumed to be real-
valued and the noise e spans the entire output space, computing the complete posterior p(@|D, M)
would then require an infinite number of evaluations of g. By formulating the problem in a Bayesian
context, however, we gain access to the Bayesian statistician’s toolkit, which contains a number
of methods for approximately sampling such distributions: in particular, the class of Monte Carlo

algorithms known as Markov chain Monte Carlo (MCMC).

4.2 Markov Chain Monte Carlo (MCMC)

As we have defined it, the major goal of parameter estimation is the recovery of the posterior
distribution p(@|D, M). Via (4.1)), there are two distributions which must be known in order to
achieve this goal (the evidence p does not depend on ). The first is the prior w(8|M) associated

with the parameters 0 in a given model class — tautologically, this is “easy,” since it is (by definition)
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prior knowledge. The second component is more difficult: the likelihood p(D|@, M) must also be
known. As has been mentioned, the explicit form of the likelihood can only be poked at by observing
specific realizations of the forward problem.

Given infinite time, it would be possible to recover the likelihood by evaluating the model pre-
diction function g for every valid set of parameters 8. To approach the problem in a feasible finite
time, we instead turn to a set of stochastic sampling methods which have become omnipresent
as computers have become more efficient: Markov chain Monte Carlo, often referred to as MCMC
[6, [131]. Such methods rely on constructing Markov chains which have as their invariant distribution
a specific distribution of interest (in the context of the parameter estimation problem, the posterior
p(0|D, M)). There are a number of practical issues which surround the application of MCMC to
parameter estimation: to understand the nature of these difficulties, and the ways in which they are
addressed in the context of Bayesian UQ, we briefly review a subset of relevant MCMC algorithms.

The most fundamental such algorithm is the Metropolis algorithm [6]. Let p(-) be a target
distribution defined on a state space S, and suppose a function f o p is known (this is not as absurd
an assumption as it might sound at first glance — in the Bayesian framework, if p is a posterior
distribution, then a likelihood function can serve the role of f). Begin with any initial guess Xy € S.
The Metropolis algorithm functions by iteratively calculating a new value Xjy; given the current
value X in such a way that, as k — oo, the distribution of X} approaches p. In this way, simply
calculating the values X}, up to some large k produces approximate samples from p.

The specific method for updating the guesses X is to make a proposal Y, chosen at random
according to a symmetric proposal distribution ¢(-, Xj) (e.g., a multivariate Gaussian centered at
X}i). The algorithm then chooses whether to accept the proposal (in which case Xx11 = Y) or
reject it (in which case Xxi11 = Xj). By choosing the acceptance probability to be the ratio
f(Y)/f(Xg), the invariant distribution of the chain becomes the target distribution p. Convergence
to the stationary distribution can be proven easily if g is chosen carefully — in the case of a Gaussian,

its infinite support makes possible the transition to any state x with p(x) > 0 (irreducibility), while
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the possibility of rejecting a proposal ensures aperiodicity [125].

Even this basic algorithm appears to have ready applications to the parameter estimation prob-
lem. Choosing the invariant distribution p to be the posterior p(8|D, M), along with a standard
proposal distribution ¢ (a multivariate Gaussian will work for real-valued parameters), the only
difficulty seems to be the calculation of some f o< p — this is the same problem as was encountered
initially, where the likelihood function is not known, and it is not computationally feasible to esti-
mate the likelihood over the entire parameter space. The key is that the Metropolis algorithm does
not rely on the general form of f, but instead only relies on the calculation of f at various points
chosen according to the proposal distribution ¢q. Supposing the algorithm provides a guess Y for the
set of parameters, the likelihood f(Y) = p(D|Y, M) can be estimated as in (4.3)), assuming output
is generated according to the model prediction equation .

The main difficulty of this approach has been alluded to already — the convergence to the sta-
tionary distribution is asymptotic, and the time to convergence can vary greatly (depending on g,
the dimensionality, and the form of the likelihood). Specifically, the algorithm may get “stuck”
sampling from a region where the fit appears to be locally optimal for long times, as the probability
of transitioning to other regions of high density may be extremely low (this is known as a proba-
bilistic bottleneck). This problem can be seen in Figure which uses the Metropolis algorithm to
approach a simple toy problem in one dimension. The result is that approximate sampling from the
posterior p(@|D, M) may require running the chain for longer than is computationally feasible.

Naively, one way to address this problem would be to choose an extremely broad proposal
distribution ¢, thereby allowing the chain to jump across bottlenecks in a single step. Unfortunately,
this has the second effect of greatly increasing the number of proposals which are rejected. Instead,
we borrow ideas from a second MCMC method which is more robust to the problem of probabilistic
bottlenecks. Simulated annealing is an approach to nonconvex optimization which introduces a
cooling schedule to ensure that, in the short term, the chain can transition across regions where the

likelihood may be extremely low [43] [48] 109, 125].
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Figure 4.1: The Metropolis algorithm applied to the density p(z) o 0.3e=0-2@+5)* 4 (. 7¢=0-2(¢~15)*
(solid curve). The proposal distribution used is a Gaussian with o = 4. Shown are the most recent
10% of samples after the specific number of steps. (a) For short times, the chain gets “stuck” in the
smaller peak, unable to cross the bottleneck to explore the full distribution. (b) For intermediate
times, although the distribution is explored fully, the chain does not spend the correct proportion of
time in each peak. (c¢) For large times, convergence to the invariant distribution is guaranteed via
irreducibility and aperiodicity of the chain.

Simulated annealing bears a strong resemblance to the Metropolis algorithm; it functions by
making iterative proposals with a carefully chosen probability of acceptance. Unlike the Metropolis
algorithm, the probability depends on the iteration k, such that the probability of transitioning to
a region of low probability is much higher when k is small. The acceptance probability is often
stated in terms of a temperature T'(k) which is monotonically decreasing, owing to its connections
to the the role of temperature in statistical mechanics (and begetting the term “cooling schedule”).
The common explicit acceptance probability exp((log f(Y) — log f(Xk))/T(k)) coincides with the
Metropolis algorithm in the case that T'(k) = 1, and so simulated annealing can be thought of as a
generalization of Metropolis [43], [T09] [131].

Since the transition probability depends on k&, the chain { X} no longer has an invariant distribu-
tion. Instead, each step of the chain has its own unique “invariant distribution” pg. As k increases,
T'(k) decreases, and if T falls to zero, the weak limit of the py should put its entire mass at the global
maximum value of f (this is why simulated annealing is effective at optimization). Conversely, for
small k, a large temperature greatly increases the probability of accepting a transition to a region
where f is much smaller. If the cooling schedule is chosen to scale appropriately, it can thus be very

effective at facilitating transitions across bottlenecks like that of Figure A simple application of
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simulated annealing to the toy sampling problem can be seen in Figure [£.2]
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Figure 4.2: Simulated annealing with cooling schedule T'(k) = 5(1 — 10~ 7k) for the toy problem of
Figure Again, the proposal distribution used is a zero-mean Gaussian with ¢ = 4. Shown are
the most recent 10% of samples after the specific number of steps. (a, b) Even for short times, the
high temperature smooths the target distribution, allowing sampling from both peaks. (c) As the
temperature falls to zero, the distribution clusters around the global maximum.

The specific MCMC algorithm which will be applied to the Bayesian parameter estimation prob-
lem, known as transitional Markov chain Monte Carlo (TMCMC), makes use of the ideas central
to both of these algorithms [42] [T41]. Each step of the chain uses the Metropolis algorithm to draw
approximate samples from a target intermediate distribution, while the parent chain uses a cooling
schedule to transition from the prior to the posterior, much as simulated annealing transitions from

smoothed to peaked. The specifics of TMCMC, as well as its explicit implementation in the UQ

framework, are detailed in Section [4-3]

4.3 Transitional Markov Chain Monte Carlo (TMCMC)

As mentioned in the previous section, MCMC algorithms are often used to generate approximate
samples from high-dimensional and complex posterior distributions. While basic algorithms like
Metropolis and simulated annealing will function in this regard, more efficient algorithms which
improve the convergence rate are more useful in practice, since the convergence times of MCMC
algorithms for some distributions (especially those with bottlenecks) can be quite long. Although
there do exist more efficient methods with proven convergence results (in particular, delayed rejec-

tion adaptive Metropolis (DRAM) [41] and differential evolution random sampling MC (DREAM)
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[137] are commonly used), we will use here the TMCMC algorithm, which has the computational
advantage of being massively parallelizable due to its use of a large number of independent Markov
chains [17, 42, 141].

Like simulated annealing, TMCMC attempts to avoid probabilistic bottlenecks by transitioning
to the target distribution from a broad initial distribution (in this case, the prior w(8|M)) that
allows the chain to explore regions of low probability. To accomplish this, a series of intermediate
probability densities are constructed iteratively:

fi(0) ~ [p(D|0, M)|% - 7(0|M), j=0,...,A
O=gp<qa<...<gn=1.
Note that fy is simply the prior distribution, while fy is the posterior distribution (i.e., the product
of the prior and likelihood, as in (4.1]), up to the normalization constant p(D|M)).

The basic idea of TMCMC is as follows: begin with a collection of samples from the prior
distribution (which is easy, so long as the prior has a simple form such as a Gaussian or uniform
distribution). Then, iteratively re-sample in such a way that the samples at each step j correspond to
the intermediate density f;. At the conclusion of the algorithm, the samples will be asymptotically
distributed as f) (the posterior), with greater accuracy for small step sizes and large numbers of
samples. During each iteration, the re-sampling procedure involves the use of a large number of
independent Markov chains which are evolved using the Metropolis algorithm; since the chains are
independent, the algorithm is easily parallelizable, and so the potentially expensive cost of evaluating
the likelihood p(D|@, M) is offset by the ability to run multiple evaluations concurrently.

The explicit algorithm is summarized below as Algorithm

The algorithm begins by taking Ny samples g (indexed first by generation, then by sample
number) from the prior distribution fo(0) = w(0|M). For each stage j of the algorithm, it uses the

current set of samples to evaluate the plausibility weights w(0; ) as

w(@; k) = M = [p(D|M, 8, )]%+ %,

fi(05.x)
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Algorithm 1 TMCMC

1: procedure TMCMC Ref. [42]

5. BEGIN, SET j = 0,qo = 0

3: Generate {6g;,k = 1,...,No} from prior fy(6) = =(6|M) and compute likelihood
p(D|0o,k, M) for each sample.

4: loop:
5: WHILE ¢; 11 <1 DO:
Analyze samples {6, .,k = 1,...,N;} to determine g;, weights w(; ), covariance X,
and estimator S; of E[w(6;)].
7 Resample based on samples available in stage j in order to generate samples for stage 7+ 1

and compute likelihood p(D|6;41 %, M) for each.

8: if ¢gj41 > 1 then
9: BREAK,

10: else

11: j=j+1

12: goto loop.

13: end

14: END

Note that since the plausibility weights are calculated as the likelihood raised to a non-negative
power, the observed data D is more likely to have come from sampled parameters 6, with higher
plausibility weights (thus begetting the term). ¢;41 has not yet been defined; the choice of g;41 is
what determines how smoothly the prior distribution transitions to the posterior distribution (with a
smoother transition coming at the cost of increased computational requirements). Recent literature
suggests that ¢;11 be chosen to make the covariance of the plausibility weights at stage j smaller
than a tolerance covariance, recommending the specific value 1.0 [I77, [42].

The algorithm then calculates the average S; of the plausibility weights, the normalized plausi-
bility weights (0, ), and the scaled covariance 3; of the 6, 5, which will be used to generate the
next generation of samples 041 k:

1 &

S =—

N‘ ’LU(HJ,]C),

J k=1

Z

W(0;%) =w(0;k)/ ) w(O;x) =w(0;)/(N;S;),

=
ol
Il

25 =82 w(0,1)[0;k — ][0k — 115]"
k=1

Here, X; is calculated using the sample mean p; of the 8, and a scaling factor (.
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As an aside, it is worth noting that the product of the Sy, i.e.,

is an asymptotically unbiased estimator of the evidence p(D|M) [I7], and so TMCMC is especially
efficient for model selection (see Section .

The algorithm then independently generates N; 1 samples éj+1,k by choosing randomly among
the current set of samples {6, 5} such that 8;,, , = ;. with probability @w(8; ). Since the samples
are chosen independently, there is the possibility of selecting the same sample from the current
generation multiple times — call n; 1, the number of times that 6, is chosen (which could range
from 0 to Nj41). Bach unique sample is used as the starting point of an independent Markov chain
whose behavior is governed by the Metropolis algorithm with target distribution f; and a proposal
distribution normally distributed with covariance ¥; and centered at the current value. The scaling
parameter 8 thus plays the role of controlling the rejection rate and jump size; recent literature
recommends 8 = 0.2 [3] [17].

Finally, the samples 841 % are drawn from the Markov chains, with each sample being the value
obtained by stepping a chain forward once. n;11 samples are drawn from the chain which started
at 0,1, yielding N;;; samples total. At this point, the iteration j is complete, and the algorithm

either moves forward to generation j + 1 or terminates if ¢;11 > 1.



Chapter 5

Uncertainty Quantification for

Complex Models

5.1 DPD Lipid Membrane

We demonstrate the effectiveness of the Bayesian approach of Chapter {4] using a two-dimensional
particle simulation of a lipid bilayer membrane, which plays a sizeable role in the motility of, e.g.,
eukaryotic organisms. As in the simulated membranes of Chapter [3} we model both the lipids and
fluid directly, and the membrane is held together only by the intermolecular forces between the tails
of the lipids and the surrounding water. Two free parameters are selected as input and are passed
to the model on initialization, while the simulation output is calculated directly from the particle
positions via a time-averaging procedure. The resulting model has considerable complexity and is
moderately expensive — by standard Markov chain Monte Carlo approaches, Bayesian uncertainty
quantification in such a setting is not feasible.

We apply the parallelized TMCMC approach to the membrane particle simulation in the context

of a simple error prediction model which corrupts the output with additive Gaussian noise. To
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check that the resulting samples are reasonable, they are compared with a known set of parameters
which was used to generate the target output. In all cases tested, the reference parameter values
are assigned reasonably high probability under the sampled posterior. Namely, Bayesian parameter
estimation is feasible for an example particle simulation with tens of thousands of particles, and
so will have applications to a wide range of problems in mathematical and cellular biology, whose

models are often too expensive to apply naive methods.

5.1.1 Membrane Curvature

Bayesian uncertainty quantification is agnostic to its forward problem: it functions exclusively with
respect to the parameter space and the problem output. Historically, the high-dimensional optimiza-
tion literature has largely focused on the particular forward problem of a (usually very complicated)
function evaluation via, e.g., convex optimization methods or simulated annealing. In this chap-
ter, we show that the general Bayesian framework (and its ability to discern distributions, rather
than just critical points) can be applied to a much more complicated system, namely, the output of
a comparatively expensive particle simulation. It follows that Bayesian uncertainty quantification
has a number of applications in molecular biology, where particle simulations are both feasible and
revealing of dynamics which are difficult to study experimentally or with simpler models.

The sample simulation proposed here is the modeling of a finite patch of lipid bilayer membrane
composed of lipids with hydrophobic and hydrophilic parts. One of the chief advantages of modeling
such a system with dissipative particle dynamics is the difference in spatial scale between solute and
solvent: a typical lipid is many times larger than a single water molecule, and so their interaction
may be challenging to model by conventional means. In a coarse-grained method such as DPD, the
lipid might be modeled as a bead-spring chain, with the beads (i.e., DPD particles) corresponding
to different sections of the lipid. Conversely, a DPD particle modeling the solvent, depending on
choice of scale, might model several water molecules. In this way, the actual particles which interact

via DPD potentials are of similar scale, and their interactions can be easily adjusted via the DPD
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Figure 5.1: Schematic of tracked lipids and method for determination of curvature. Angles are
with respect to a fixed reference angle (here shown as vertical lines) and can thus be negative. The
derivation for approximate curvature « relies only on the absolute difference |02 — ;| and tail-to-tail
distance d.

force coefficients, e.g., the conservative coeflicient a;; or dissipative coefficient v;; between particles
7 and j.

We employ here a finite patch of the two-dimensional membrane described in Section [3.3:3] with
80 lipids in a 96 x 64 periodic simulation box. To be used as a forward problem where Bayesian
uncertainty quantification can be applied, the input and output spaces must be specified; here, we
choose the output to be the equilibrium curvature of the membrane, as measured from the particle
simulation. Within the upper layer, two lipids, five molecules from the membrane edge on either
side, are chosen to be tracked (see Figure . In each timestep and for each of the two tracked
lipids, the position of the head particle and the average position of the furthermost tail particles are
used to compute the angle (relative to vertical; denoted 6, and 65 for first and second tracked lipid,
resp.) and location along the bilayer interface.

The radius of the circle which passes through the given points and subtends the difference in

angles |03 — 01| over that span is given in terms of the distance d between the points as

0y — 61

R="si
Sin 2

= , (5.1)
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and the curvature (assuming it is constant along the membrane) is approximated as

1i__ 4
R QSin|@|'

R~

(5.2)

After an equilibration period of 20000 steps, the curvature is measured at each timestep for
the following 30000 steps, with the average curvature over this period used as the one-dimensional
output of the simulation. A single serial run of the simulation, which tracks ~ 15000 dissipative
particles, requires five to ten minutes on an Intel Xeon E5-2670.

There are a number of different biological phenomena which affect the curvature of lipid mem-
branes in eukaryotic phyla; one such mechanism is differences in lipid structure (e.g., tail length
or angle) between monolayers [56, [84] [33]. As these structural differences are easily incorporated
into the bead-spring model lipids, we choose a set of parameter values describing the lipid shape
— specifically, the set of possible neutral angles between lipid tails (¢ in Fig. on the top
and bottom layers of the membrane, specified separately — as the parameter space for the forward
model. Increasing ¢y in one lipid layer causes the layer to lengthen as the tails are forced further
apart, altering the net curvature of the membrane. Since there is no meaningful notion of direction
as might be imposed by, e.g., gravity, top and bottom are defined with respect to the y axis at
initialization, where the top layer is in the —y direction; the neutral angles on the top and bottom
are referred to as ¢; and ¢, respectively. Given a target curvature, Bayesian statistics can be used
to find the probability distribution in the parameter space which describes the set of parameters
which, when accounting for noise in measurement and in the stochasticity of the simulation, could

yield the target output.

5.1.2 Parameter Estimation

In Section we described a framework for Bayesian uncertainty quantification in the context of

the model prediction equation (4.2)), reproduced below:
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D = g(8|M) +e (5.3)

Namely, we assume there exists a function g which, given a particular model M, deterministically
maps the parameter space to the output space, and that observable measurement of the output is
corrupted by additive Gaussian noise e, which has zero mean and covariance matrix . In the
context of the membrane model, it may be useful intuitively to think of g as the mapping from the
parameter space to the mean curvature, while the noise e corresponds to a hypothetical measurement
or modeling error which might have a Gaussian form. We are specifically interested in the subset of
Bayesian UQ known as parameter estimation: given a reference curvature x* (and assuming, as an
example, uniform priors on the lipid tail angles ¢; and ¢ over some reasonable range), what is the
form of the posterior p(0|x*, M)?

It is worth noting that we make no assumptions about the covariance X of the additive noise.
Moreover, it is clear that 3 should have a significant effect on the posterior distribution. Consider
the following example: with a reference curvature x* = 0.1, running the simulation with a particular
set of angles 6 yielded a mean curvature xk; = 0.11, while a simulation with a second set of angles
0 yielded a mean curvature ro = 0.105. If |3| were known to be very small, e.g., || = 1079, then
the likelihood of the parameters 8> should be much greater — being hundreds of standard deviations
further from the reference value k* is comparatively unlikely. Conversely, if |3| were known to be
very large, e.g., |X| = 1, then the likelihoods of both sets of parameters should be nearly equal —
given such a large measurement error in the reference curvature and the proximity of 8; and 65,
either is similarly plausible. A natural way of incorporating this effect is to augment the input
space with a parametrization of X, as detailed in Section [f.I] In the context of the membrane
simulation, the result is a parameter space of dimensionality n = 3 which incorporates the two
model parameters (¢; and ¢p,) as well as the standard deviation s of the measurement error e (since
the output — curvature — is one-dimensional, X is scalar, and so we will hereafter refer only to the

estimated standard deviation s and reference standard deviation o = v/X of the noise).
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The following sets of results were sampled using a particular high-performance parallel version
of TMCMC known as I14U [42]. In each case, the prior distribution 7(8|M) is taken to be uniform
over [0, 120] x [0, 120] x [0,0.001] € R? (the first two parameters, ¢; and ¢y, are specified in degrees;
the third parameter, s, is specified in units of curvature).

Targeting arbitrarily chosen reference curvatures, it would be difficult to evaluate the effectiveness
of the algorithm in recovering a meaningful distribution, since we would not a priori have any notion
of whether the approximate posterior actually generated curvatures close to the specified value. For
this reason, we instead use target curvatures derived from arbitrarily chosen angles ¢; and ¢;. In
order that the generated curvature be consistent with , a sample from the Gaussian noise term
e (with reference standard deviation o, here chosen arbitrarily as o ~ 107°) is added to x*. In
this way, it is possible to check that the recovered approximate posterior contains (and ideally is
centered near) the set of values which originally generated the reference curvature x* via . For
each of the following sets of results, we specify the reference angles ¢; and ¢; which were used to
generate the target curvature via one run of the particle simulation. It should be noted that the
uniform prior, which assigns equal mass to a wide range of potential parameter values, is fixed before
the generation of k* — the Bayesian framework does not have any information a priori about which

parameter values are more or less likely.

5.1.3 Results

The first set of UQ results used reference angles ¢; = 100 and ¢; = 20, which yielded a curvature
of k* = 0.03834 via the model prediction equation with noise level ¢ ~ 107°. Results from the
algorithm appear in Figure (see caption for a description of the various subfigures). Since
curvature does not have a notion of direction, the resulting joint posterior of (¢, ¢s) (center left
subfigure) is symmetric about the diagonal. Note that, when one neutral angle is small, changing
said angle has little effect on the curvature; the left flank of the upper curve is nearly flat, as is

the lower flank of the bottom curve. Conversely, when the magnitudes of both angles are large,
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Figure 5.2: 5000 samples from approximate posterior with ¢; = 100, ¢; = 20 (k* = 0.03834).
Histograms on the major diagonal are the empirical marginal distributions of ¢;, ¢, s, from left
to right. Plots in the upper right are the empirical joint distributions of pairs of parameters; the
specific parameters and values appear in the margin. Shaded plots in the lower left are smoothed
representations of the joint posterior, color-coded by probability — blue (low) to yellow (high).

the distribution pulls away from the diagonal — once the smaller angle becomes sufficiently similar
in magnitude to the larger, the membrane curvature begins to decrease, and so achieving a target
positive curvature requires the larger angle to increase further. Since ¢; and ¢; are both assigned
high probability (up to symmetry), the algorithm was effective at recovering the reference angles.
Unsurprisingly, the parameter s corresponding to the noise term e was not recovered to great
accuracy. The model prediction equation makes the assumption of a deterministic prediction
function g; the dissipative particle dynamics simulation, which is inherently stochastic, fails this
assumption, although the issue is somewhat circumvented by the time-averaging approach taken
to the measurement of the curvature. Conversely, this means that the recovered distribution of s
corresponds in some sense to the underlying noise of the DPD approach, which may be of interest

in its own right (for a more rigorous treatment of the modeling uncertainty inherent to particle
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Figure 5.3: 5000 samples from approximate posterior with ¢; = 80, ¢ = 20 (xk* = 0.02087). See
Fig. [5.2] for description of subfigures.

simulations, see [3]).

A second set of results, shown in Figure used ¢; = 80 and ¢; = 20, yielding a target
curvature of k* = 0.02087. Again, the reference angles were assigned high probability under the
posterior, and so the algorithm was effective at parameter recovery. As in the previous set of results,
the leftmost region of the joint posterior is close to horizontal, suggesting that small neutral angles
are comparatively unimportant in determining the curvature. There are two factors which contribute
to this behavior: firstly, the lipid tails do have some repulsion to each other, and so (even in the
absence of fluid) a lipid with neutral angle 0 would not actually have overlapping tails at equilibrium.
In this way, the energy of extremely small angles may be dominated by the short-scale repulsion
between tails. Secondly, the potential imposed is harmonic, and so scales with (¢ —¢g)?. As a result,
when already close to equilibrium, small perturbations in the lipid angle yield correspondingly small

changes in the energy.
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Figure 5.4: 5000 samples from approximate posterior with ¢; = 20, ¢; = 20 (k* = 0.001480). See
Fig. [5.2] for description of subfigures.

The shape of the posterior is markedly different in the case where the reference curvature is very
small (i.e., the desired membrane is nearly flat). Figure shows the results of the UQ algorithm
for identical reference angles ¢; = ¢ = 20. (Due to thermal fluctuations, along with the fact
that curvature is nonnegative, the time-averaged reference curvature obtained was actually nonzero:
k* = 0.001480.) The joint distribution of (¢4, ¢p) loosely follows the diagonal, as should be the case
by symmetry. Interestingly, the distribution becomes considerably narrower as the neutral angles
increase in magnitude. Namely, to achieve a very small reference curvature using large angles, the
angles must be extremely close to each other. This is a direct result of the quadratic scaling of the
harmonic energy: since the lipids in a flat membrane are restricted to relatively small angles, each
lipid angle is far from equilibrium, and so even small perturbations in the neutral angle on one side
would significantly upset the balance between the lipid layers.

For small angles, the distribution is more broad; for extremely small values, the fact that the



106

100

bt

50 : ' s

. .
:
.
‘ RIS S L ~ca, 4
{ 2L o e -
--. ~ ?“ o. !°.
0 R L . L e "% v

100 : .
H L

107
50 100 0 50 100 4 6 8 10

(N ®b S %107

Figure 5.5: 5000 samples from approximate posterior with k* = 0. See Fig. for description of
subfigures.

®p

X
101,

8
@w 61
41

0

reference curvature was nonzero is evident (specifically, the joint distribution of (¢, ¢s) splits away
from the diagonal as the angles approach zero). The smaller angles result in lipids being closer to
equilibrium, thereby reducing the magnitude of the energy shift when the neutral angle on one side
is perturbed. Although it peaks elsewhere, the posterior does put significant mass on the reference
angles ¢} = ¢ = 20.

As a point of comparison, Figure [5.5| presents the results of a second run directly setting the
target curvature k* to zero. Unlike Figure the joint of (¢¢, ¢p) here does contain the diagonal
(top middle). Because the flat membrane becomes very unstable as the angles are increased on both
sides, the posterior appears borderline invisible in that region.

In the three cases presented here, Bayesian UQ via TMCMC was found to be effective at re-
covering the reference parameters, along with classifying the uncertainty via approximate sampling

from the posterior. It is worth restating, in somewhat broader terms, why this result is significant
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and how it may be applied to general computational models in cellular biology.

The cell membrane is a central structure in many forms of cell motility, and the simulation
method described in Section has significant complexity and nontrivial dynamics. Nonetheless,
it should be thought of as a stand-in for an even more complex problem, whose input and output
may be very high-dimensional. For example, a computational model of a prokaryote might consider
a broad range of parameters such as the oscillation rate, flexibility, and length of the flagella, the
rigidity and size of the cell body, and the temperature and viscosity of the surrounding fluid; a model
of a eukaryote might include the density, (de-)polymerization rate, and aspects of the structure of
the actin cytoskeleton. Both models may be interested in output such as the speed and trajectory
of cell motion, or the robustness of motility to external influences such as fluid flow or obstacles.

Parameter estimation as we have presented it is simply a generalization of the inverse problem:
suppose in these examples that we know the comparable output of experiment, or are targeting
a specific behavior that is known to have biological relevance. What can be inferred about the
input space, i.e., what parameters would generate such behavior? Moreover, what is the degree
of uncertainty in these inferences? For extremely complex models as in these examples, many
questions in this vein are intractable through naive methods. The distribution of parameters cannot
be sampled exactly, and approximate sampling methods such as Metropolis may require too many
evaluations of an already expensive model, or may introduce other problems such as probabilistic
bottlenecks.

The most important aspect of the TMCMC approach to Bayesian uncertainty quantification
described in Section is its parallelizability. Because each generation of the algorithm gener-
ates many approximate samples from the target intermediate distribution, the chains can be run
simultaneously; with modern parallel architectures growing increasingly more powerful and efficient,
this marks an improvement in the computational tractability of uncertainty quantification of many
orders of magnitude. As shown here, this allows for practical uncertainty quantification even for

complex particle simulations.
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5.2 Other Applications

Since the efficient parallel implementation of TMCMC can be applied to an effective black box, the
method is accessible to a broad range of existing models in mathematical and cellular biology. The
114U approach has been used to perform data-driven inference on the shape of the Lennard-Jones
potential for neutral molecule interactions [69] and the pharmacokinetic properties of the cancer drug
Aflibercept [32], and it has also been used for applications to other fields such as inferring tension
in arch bridge hangers [97]. Of particular relevance to this thesis, many of the systems described in
Chapter |3| could be examined under the lens of uncertainty quantification, using the noisy Bayesian
inverse setting to simplify experimental design, determine the model parameter distributions match-
ing noisy experimental observations, or perform Bayesian model selection comparing approaches;
the high-performance parallel aspect of the framework is vital in extending the Bayesian framework
for parameter estimation to the types of expensive computational particle models studied here.

A work in collaboration with Zhizhong Chen, Karen Larson, Panagiotis Hadjidoukas, Costas
Papadimitriou, Petros Koumoutsakos, and Anastasios Matzavinos studying the application of the
high-performance Bayesian uncertainty quantification framework to a network differential-equation
model for epidemic spread is currently in submission [I6]. Though the model in question is not
related to the principal content of this thesis, it nonetheless serves to highlight the flexibility of the
Bayesian approach for other types of computationally expensive biological models. We successfully
recover synthetic model parameters via limited noisy observations of the population network and
use the model selection framework described in Section [£:] to identify the disease origin; given the
increasing availability of such noisy information in the era of “big data,” such a framework has
broad practical relevance for the prediction and management of epidemics. Future work in this
direction will examine questions about optimal sensor placement, i.e., the information-theoretically
defined optimal locations to gather these noisy data, and will consider applications of the approach

to real-world epidemic data.



Chapter 6

Conclusions and Directions

Broadly speaking, the main conclusion of this thesis is that dissipative particle dynamics is the
natural complement to experimental study of fluidic systems at the mesoscale. Through our varied
applications to biological soft matter systems, we showed the ability of the DPD approach to probe
the mechanics underlying a wide range of physical phenomena: the explicitly modeled fluid beads
can be used to track and observe flows and measure forces between the fluid and other structures,
models of polymers and membranes which are easily coupled with the DPD approach can be used
to make robust predictions of soft matter evolution over long time scales, and full DPD models
of experimental systems can be used to directly observe the physical mechanisms governing the
system dynamics. It is important to emphasize that these models need not be ad hoc; we have
provided several examples in this thesis of tuning DPD parameters to match both quantitative (e.g.,
a polymer’s measured radius of gyration) and qualitative (e.g., the shape of a phospholipid vesicle)
experimental observations. DPD thus fills a crucial niche in the mathematical modeling of mesoscale
biological structures; after the DPD model is calibrated with observable data, it provides the ability
to measure and test physical hypotheses which cannot be studied with experiment alone due to the
diminutive time and length scales characteristic of such systems.

After describing a number of applications in this vein, we described in Chapter [4] a Bayesian
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uncertainty quantification approach which capitalizes on the increasing amount of parallel computing
power available to modern researchers. This high-performance framework allows for parameter
estimation and model selection even for expensive computational models such as our DPD models
of soft matter systems, thereby broadening the set of questions which can be practically answered
by the DPD approach. We described a particular application to lipid membranes which inferred
structural properties of the lipids given only a noisy macroscale observable (the curvature): the
successful recovery of the underlying parameters highlights the ability of Bayesian UQ to perform
data-driven model calibration, automatically tuning free parameters of the DPD system to match
experimental observations. The model can also be calibrated based on targeted data, i.e., desired
properties for a physical system, such as a certain extension of a DNA macromolecule or a certain
mean velocity for actin-propelled organisms. In this way, the Bayesian uncertainty quantification
framework rigorizes the strength of the DPD modeling approach in experimental design.

As the novel content of this thesis is heavily application focused, we conclude by briefly reviewing
below the major results obtained via DPD simulation. In each case, we briefly discuss implications
of the results and extensions to related problems, highlighting a few of the more notable future
directions for related work.

In Section 32} we modeled a nanofluidic device designed by experimental collaborators Daniel
Kim and Derek Stein. The device was designed to create energy barriers opposing the forward
motion of flow-driven DNA by trapping the polymer in a series of consecutive nanopits etched into
the device floor; experimental measurements of the DNA diffusion in this scenario demonstrated
giant acceleration of diffusion (GAD), an inherently non-equilibrium dynamical phenomenon, in a
system with entropic barriers. Using our DPD model and mapping measurements from the model to
the one-dimensional Brownian analog, we were able to measure the sub-piconewton forces acting on
the molecule and study the entropic barriers defining the system by revealing the shape of the free
energy landscape near the critical point. Our measurements revealed that an analogy to Brownian

particles in an undulating geometry is well justified; the DPD-measured entropic barrier in the
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energy landscape was removed just as the flow velocity was increased past the critical point. We
also explored the effect of varying device specifications such as the pit spacing and depth, using the
DPD model to directly observe changes in the DNA behavior and diffusion. Future work exploring
Brownian-dynamics or even simpler approximations of the system calibrated to measurements from
the DPD approach may allow for a further reduction of model complexity, bringing the simulations
into the realm of feasibility for the data-driven calibration possible with Bayesian UQ approaches.
The DPD model can also be used to study how entropic barriers change with the driving force and
the possible emergence of non-ideal behavior, potentially leading to useful new ways of controlling
molecules.

Section describes a DPD model of a porated lipid membrane, inspired by recent experimental
results in the evolution of porated polymer films [53]. The experiments largely used films with
thickness on the order of 1 pwm; by contrast, the ~ 10 nm thick lipid membranes of many biological
cells are too thin to pin and measure with the same techniques, and so our DPD model is necessary
to study similar mechanics in biologically relevant membranes. The major result of [53] was the
identification of a critical radius r. for the pore size; pores which were initialized at larger sizes grew
exponentially, while pores below the critical size were eventually sealed. Though our DPD model
showed the same behavior for a membrane comprising lipids with tails of six beads, lengthening
the lipid tails resulted in markedly different behavior, with tails of eight beads causing pores to
be stable at any radius. This has a number of implications for the translocation of proteins and
other molecules across the membrane, some mechanisms of which rely on the controlled creation
and deletion of membrane pores [86, [85] [T1]; most notably, we demonstrated a strong connection
between the pore stability and the lipid membrane thickness, suggesting that pore formation may
require distinct mechanisms depending on the lipid structure of the membrane. Future work can
investigate the stability of pores in the presence of trans-membrane proteins and other molecules
which modify the membrane structure; further advancements in the understanding of pore formation

and resealing in these contexts may lead to new medical approaches for controlled modification of
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the cell contents.

Sections [3.5] and use DPD simulations to examine the interaction between lipid membranes
and filamentous actin, which is a major component of the cytoskeleton of eukaryotic cells. Polymer-
ization of the actin filaments applies a forward force on the membrane and is a central concept in
the motility of some organisms such as Listeria [34]. Using a computational model of rigid actin
filaments, we illustrated the ability of actin to push foward a periodic patch of lipid membrane,
then modified the actin model to allow for polymerization in the presence of free monomers, show-
ing the modified system to observe the same behavior. Measured data from the DPD simulations
of actin-propelled membranes in the presence of a retarding force allowed calculation of a linear
force-velocity relation governing the forward motion of the membrane in crowded environments; the
literature is divided on the shape of such a relation, finding it to be either concave up or down
under different physical or experimental setups [88] [IT1]. As most other particle-based approaches
to actin polymerization model the membrane as a rigid plate or disc, the DPD approach has the
unique advantage of explicitly modeling the lipids, allowing membrane fluctuations to influence the
availability of free monomers at the actin filament ends; future work should investigate the precise
nature of the microflows generated in these circumstances and their influence on monomer availabil-
ity. Refinements to the model which incorporate more aspects of the actin network structure such as
cross-linkage should also be investigated. We also showed the ability of artificial applied forces on a
DPD lipid vesicle to reproduce the shape of actin-propelled vesicles in experiment, highlighting some
physical mechanisms which may be responsible for the mechanical force profile of polymerizing actin;
an explicit DPD model of actin propulsion of a lipid vesicle, if feasible, could test the hypothesized
mechanism of diffusion-limited polymerization and provide a deeper look into the forces and stresses
of polymerization-based propulsion.

Finally, Section[5.1]discusses parameter estimation for a two-dimensional DPD membrane simula-
tion using the aforementioned high-performance framework for Bayesian uncertainty quantification.

As previously stated, the primary implication of this work is that uncertainty quantification and
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model selection for DPD models of soft matter are computationally feasible; future work can use
this framework to investigate experimental design and data-driven calibration of the many DPD
systems studied here, providing a convenient mechanism for the incorporation of experimental data.
In particular, this framework may prove useful for inferring the force profile generated by actin net-
works based on available data collected from lipid vesicles in vitro [I33]. It may also be of interest
to compare the DPD models with comparable models in the literature via Bayesian model selection.
Future work involving DPD models of novel systems should continue to leverage the power of this
high-performance framework to establish the role of dissipative particle dynamics as an accurate

and practical approach for modeling for the large family of mesoscale biofluidic systems.
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Appendix A

Computational Details

DPD simulations in this work utilized the LAMMPS molecular dynamics package, an open-source
C++ framework for particle simulations [I00]. Code was run on the computing cluster operated by
Brown’s Center for Computation and Visualization, which comprises 450+ high performance nodes,
some with extra large memory and some with GPUs for accelerated computing, for a total core
count of over 7,000 and peak performance of roughly 125 Teraflops. Most DPD simulations ran on
192 Intel Xeon E5-2670 cores (2.6 GHz) for a time period on the order of 24-48 hours.

The specific TMCMC implementation used in this work was adapted from the open-source frame-
work IT4U [42], which was modified to perform uncertainty quantification for each of the complex
models in Chapter The notable asset of 14U is the TORC framework, a software library for
programming and running unaltered task-parallel programs on both shared and distributed memory
platforms. The parallel framework includes built-in load balancing and fault tolerance.

High-performance uncertainty quantification results from Section were obtained from par-
allel runs on 184 Intel Xeon E5-2670 cores (2.6 GHz). TMCMC in Figures and converged
after six generations, with total runtimes of 47.22 and 47.38 hours (34.00 and 34.11 seconds per
sample), respectively. TMCMC in Figures and converged after five generations, with total

runtimes of 36.98 and 37.02 hours (26.63 and 26.65 seconds per sample), respectively.
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