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Abstract of “Discontinuous Galerkin Methods: Stability of Time Discretizations and
Applications to Gradient Flows”, by Zheng Sun, Ph.D., Brown University, May 2018

This thesis consists of two topics on discontinuous Galerkin (DG) finite element

methods for time-dependent problems.

In the first part of the thesis, we analyze the stability of explicit time stepping
methods with the DG spatial discretization for linear conservation laws. For the
second-order and the third-order schemes, Lax-Wendroff DG methods are analyzed.
We firstly note that a class of Lax-Wendroff DG methods is equivalent with the
Runge-Kutta DG methods after one full time step. It is then shown that the sta-
bility of the fully discretized schemes depends on the choice of numerical fluxes of
intermediate variables in time discretizations. Finally, for stable schemes in one di-
mension, optimal error estimates are given for both the solution and its first-order
time derivative. For the fourth-order method, we focus on the Runge-Kutta time
discretization. It is shown that the numerical scheme is two-step strongly stable
under an appropriate time step constraint. This result applies not only to DG meth-
ods, but also to other spatial discretizations that preserve the semi-negativity of the

continuum equation.

In the second part, we aim at designing an entropy stable high-order DG method
for gradient flow problems. The positivity (non-negativity) of the solution is also
expected in various applications. It plays a crucial role for the well-definedness and
the dissipative property of the entropy functional. By adopting the Gauss-Lobatto
quadrature rule in the local DG scheme and with a suitable choice of numerical
fluxes, our semi-discrete scheme is entropy stable for scalar problems without non-
smooth interaction kernels. The scheme also features with weak positivity with the
Euler forward time discretization. Hence by applying a scaling limiter and with the

strong-stability-preserving Runge-Kutta method, the scheme is able to produce non-



negative solutions. The method can also be applied to two-dimensional problems on
Cartesian meshes. Numerical examples are given to confirm the high-order accuracy
for smooth test cases and to demonstrate the effectiveness for preserving long time
asymptotics. Finally, the extension to cross-diffusion gradient flow systems is also

discussed.
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INTRODUCTION



The discontinuous Galerkin (DG) methods, a class of finite element methods
with discontinuous test and trial function spaces, were pioneered by Reed and Hill
in [64] and Lesaint and Raviart in [53] to solve the transport equation in 1970s.
Then in 1980s and 1990s, Cockburn et al. developed a general frame work in
[29, 28, 27, 26, 31] on using the DG discretization for solving nonlinear hyperbolic
conservation laws, by adopting monotone numerical fluxes and combining with the
total variation diminishing or total variation bounded Runge-Kutta schemes. Later
on, based on successful numerical experiments of Bassi and Rebay in [5], Cockburn
and Shu proposed a local DG method [30] for dealing with diffusion terms in convec-
tion dominated problems, in which they introduced auxiliary variables to transform
the original high-order equation into a first-order system. The development of DG
methods for purely elliptic or parabolic problems was independent of the hyperbolic
problems and was also initiated in 1970s. Different variants were proposed during
the decades and were unified in [4]. Until now, the DG methods have received in-
tensive attention and been widely applied to areas of computational fluid dynamics,
semi-conductor device design, computational cosmology and so on. DG methods are
still active research areas these days and new variants are kept being proposed. See

(23], [58] and [25] for some of the examples.

The success of the DG methods is closely related with various desirable properties
that the methods possess. The use of numerical fluxes and limiters, which have
been studied intensively in the context of the first-order monotone schemes and
the finite volume schemes, ensures the local conservation, suppresses oscillations and
effectively captures the shocks. At the same time, the finite element nature allows the
methods to handle complex geometry and achieve high formal order of accuracy. The
methods also benefit from the compact data structure hence feature with good h-p

adaptivity and parallel efficiency. Moreover, the methods also show their flexibility



on preserving structures of the continuum equations, such as the preservation of
asymptotics [2, 39], the maximum principle or the invariant bound [88, 89], the
well-balanceness at the steady states [77, 78] and the entropy stability [22]. This
feature allows the methods to provide accurate results under limited computational

resources and be more robust for long time simulations.

When exploiting these benefits in different applications, the key principle for
designing usable DG schemes is to ensure the stability. Besides the stability enforced
by limiters (total variation and L' stability, for example), the semi-discrete DG
schemes themselves are usually stable in certain sense. It was shown by Jiang and
Shu in [48] that the DG scheme subjects to a square entropy inequality and is L2
stable for nonlinear hyperbolic conservation laws. This L? stability remains true
after coupling with implicit time stepping methods, including the Euler backward
method and the Crank-Nicholson method. The L? stability of local DG methods for
time-dependent diffusive and dispersive types of equations were studied extensively
around 2000s. We refer to [79] and references therein for further details. For problems
governed by special decaying functionals, the L? energy may no longer be a good
measure to capture the structure of the system. Instead, the dissipation of these
special functionals are expected. For systems with high-order spatial derivatives,
this can usually be achieved by applying the local DG methods. See [76] for an
example for the Cahn-Hilliard equation. For hyperbolic conservation laws, recently,
based on the methodology established by Carpenter et al. in [13] and Gassner in [36],
Chen and Shu developed a unified framework for designing high-order DG methods
which will satisfy entropy inequalities for any given single convex entropy. This thesis
is a further exploration of stable DG methods. It is mainly based on our publications

[71, 72, 70] and consists of the following two parts.

1. The L? stability of DG methods after applying explicit time discretizations.



2. The design of an entropy stable DG scheme for gradient flow problems.

In the first part of the thesis, we focus on linear conservation laws to study the
stability of fully discretized DG schemes. The early analyses of fully discretized DG
schemes were based on von Neumann analysis, which is limited to uniform meshes
and is only necessary but not sufficient. In [84], Zhang and Shu used an energy
approach to prove the stability of the DG methods coupling with the second-order
and the third-order Runge-Kutta time integrators for scalar conservation laws. The
corresponding error analysis and extension to symmetrizable system can be found
in [82, 83, 85, 60]. In Chapter 1, we adopt similar energy argument to study the
stability of the second-order and the third-order Lax-Wendroff DG methods for lin-
ear problems. The Lax-Wendroff DG method we analyze was proposed by Guo et
al. in [40], which utilizes the local DG method to discretize all spatial derivatives
introduced in the Lax-Wendroff procedure. According to our analysis, the stability
and the type of stability of the Lax-Wendroff DG methods depend on the choice
of numerical fluxes for auxiliary variables. Furthermore, when all numerical fluxes
are upwinding, the Lax-Wendroff DG methods are actually equivalent to the corre-
sponding Runge-Kutta DG methods. The next attempt is to push the envelope to
analyze higher-order time discretization. In Chapter 2, we analyze the fourth-order
Runge-Kutta time discretization. Instead of focusing on the DG spatial discretiza-
tion, we consider a general semi-negative ordinary differential equation system, which
is typically obtained after applying a stable spatial discretization. We find a counter
example that the four stage fourth-order Runge-Kutta method fails to preserve the
strong stability in one step. But the eight stage method obtained by doubling the

four stage method is proved to be strongly stable.

The second part of the thesis is dedicated to the development of entropy stable

DG methods for gradient flow problems. Many classical mathematical physics equa-



tions can be formulated as gradient flows and this structure widely appears in the
study of granular flows and aggregation models. Under the simplest scenario, the
problem takes form of a continuity equation and the velocity field is determined by
the gradient of a potential function. The problem is associated with a decaying en-
tropy functional. The difficulty of the problem is that, in many real life applications,
the solution corresponds to density of species or water height, which is expected to
be non-negative. Furthermore, the entropy is well-defined and decreases with re-
spect to time only if the solution admits non-negative values. Hence preservation
of non-negativity is an essential part of the entropy stability. This forbid us from
directly applying the local DG methods. Instead, we apply the quadrature-based
DG method as that in [22] to enforce entropy stability. The resulting scheme is
also compatible with the high-order positivity-preserving procedure, developed by
Zhang and Shu in [87] and then extended for second-order PDEs by Zhang et al. in
[86, 69]. The numerical methods for the scalar problems are detailed in Chapter 3.
The application to cross-diffusion gradient flow systems is then discussed in Chapter

4.

The rest of the thesis is organized as follows. In Chapter 1, we analyze the
stability of the second-order and the third-order Lax-Wendroff DG methods. The
optimal error estimates for the unknown and its first-order time derivative are also
derived as a corollary of the stability results. In Chapter 2, we prove the two-step
strong stability of the fourth-order Runge-Kutta method. In Chapter 3 and Chapter
4, a DG method is introduced for scalar gradient flows and cross-diffusion gradient
flow systems respectively. Finally conclusions and future work are given at the very
end. To avoid confusion, we remark that all notations are defined locally within each

chapter.
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STABILITY OF TIME
DISCRETIZATIONS



CHAPTER ONE

The second-order and the
third-order Lax-Wendroff time

discretizations



1.1 Introduction

In this chapter, we analyze the stability of the second-order and the third-order Lax-
Wendroff DG (LWDG) methods for solving linear conservation laws. The Runge-
Kutta DG (RKDG) methods are covered as special cases. We concentrate our at-
tention in the scalar problem, although the analysis can be easily generalized to
one-dimensional linear hyperbolic systems and multi-dimensional symmetric linear

systems. To be more specific, we are interested in the following initial value problem

ur =V - (Bu), (z,t) € Q2 x (0,7),
(1.1)

u(x,0) = up(z), z <

For simplicity, periodic boundary conditions are assumed, but our analysis does
not depend on periodicity and can be extended to other types of boundary condi-
tions. Here, B = B(z) is a vector-valued function with the divergence-free condition
V - B(z) = 0. In this setting, the L? energy of the solution to (1.1) is conserved,
which facilitates the study of LWDG schemes using energy methods. Note that the
divergence-free condition forces the coefficient in (1.1) to be constant in the one-

dimensional case, but it allows variable coefficients in multidimensions.

The most widely used time integrators for DG schemes on conservation laws are
the strong-stability-preserving Runge-Kutta (SSP-RK) methods [38]. As an alterna-
tive, one can also choose the Lax-Wendroff type time discretization, which relies on
converting time derivatives in a truncated Taylor expansion into spatial derivatives
by using the differential equation repeatedly, resulting in LWDG methods. The first
LWDG method for solving hyperbolic conservation laws was proposed by Qiu et al.

in [63]. In their schemes, the high-order derivatives are approximated by directly



differentiating the numerical polynomials. In [40], Guo et al. pointed out that this
method does not exhibit the superconvergence property, so they developed a new
LWDG method by applying the LDG techniques. More specifically, they introduced
new auxiliary variables and used DG spatial discretization to approximate the spa-
tial derivatives converted from time derivatives in the Lax-Wendroff procedure. We
focus on the LWDG method in [40] and study its properties for solving linear scalar

conservation laws.

Firstly, let us remark that there exist close relationships between the LWDG
method and the RKDG method. Both of these methods introduce auxiliary or in-
termediate variables. In the RKDG method, the stage variables correspond to the
solution u at different internal time stages between two time levels; while in the
LWDG method, the intermediate variables approximate time derivatives of u. In
general, these two sets of variables do not contain the same information. But for lin-
ear conservation laws not explicitly depending on time (including multi-dimensional
systems), if we use the same fluxes throughout the LWDG scheme, then it will be
equivalent to the RKDG method after one full time step. More specifically, in this
case, the approximations of time derivatives in a LWDG scheme and the stage vari-
ables in a RKDG scheme can be expressed as a linear combination of each other,
and they lead to the same numerical solution at the next time level. More details are
given in Appendix A.1. Therefore, there are strong connections between our anal-
ysis and the work by Zhang and Shu in [82, 85, 84|, where they have provided the
stability analysis and a prior error estimates for the second and third order RKDG

schemes. We will comment on these connections later in the chapter.

Next, we move on to the stability analysis. In the LWDG schemes in [40], Guo et
al. applied alternating fluxes as that in [30, 80]. However, it can be shown that the

LWDG schemes based on these alternating fluxes cannot preserve strong stability



10

under the standard CFL condition 7 < Ah, where 7 and h are the time step and
the maximum element length respectively and A > 0 is a constant. This reminds us
of the well-known fact that the choice of numerical fluxes has an essential influence
on the types of stability. We assume the numerical fluxes can be either upwind or
downwind for each variable. After a detailed analysis, we find that, if uniform or non-
increasing time steps are used, for the second-order schemes (LW2DG) with piecewise
linear elements, and the third-order schemes (LW3DG) with arbitrary P elements,
as long as we apply the upwind flux for u, then the schemes will be stable in the L?
norm. Furthermore, if we also use the upwind flux for the second variable p (which
approximates 1), then the schemes will be strongly stable, that is ||u}*!|| < [Ju}].
Notice that, for the linear cases, the RKDG method belongs to this class. However,
if we use the downwind flux for p (e.g. according to the choice of alternating fluxes),
then the scheme is only stable in a weaker sense, namely |[uf|| < C|jul||, where C' is
a constant which depends on the CFL number and the inverse estimate constants,
but is independent of the total time T'. Therefore, with both choices of the fluxes,

the energy of the solution is well-controlled after long time integration.

Finally, as a corollary of the stability analysis, we perform error estimates under
the same framework of the stability analysis in one dimension. We highlight that
optimal error estimates of both u;, and p;, can be obtained, where u; and p;, are
numerical approximations to v and wu; respectively. To be more precise, assuming u
is a smooth solution to the one-dimensional problem, under a proper CFL condition
7 < Ah, we have both ||u — upllz2 < C(72 + h?) and |juy — pp|| < C(72 + h?) for
the LW2DG schemes with piecewise linear elements; and ||u — up||z2 < O(73 + hFF1)
and [Ju; — p|| < O(73 + 1) for the LW3DG schemes with Py elements. The error

estimates hold for both choices of the numerical fluxes.

The organization of this chapter is as follows. In Section 1.2 | the notations and



11

preliminaries are introduced for the one-dimensional analysis. In Section 1.3 |, we
present the stability analysis of the LW2DG schemes and the LW3DG schemes for
one-dimensional advection equations, as well as the extension to multidimensions
with divergence-free coefficients. In Section 1.4, we state the error estimates for one-
dimensional problems and give a detailed proof only for the second-order schemes.

In Section 1.5, numerical examples are given to validate our error estimates.

1.2 Notations and preliminaries

1.2.1 Model problem and notations

We study the following model problem in our one-dimensional analysis

Up = Uy, (x,t) € (0,27) x (0,7,

u(z,0) = ug(x), z € (0,2m).

with periodic boundary conditions.

Let I; = (z;_1,2;,1) and 0,27] = UY,I; be a regular partition of the domain.

We denote the cell length by h; = x; 1 — Ti L, and define h = max; h;. We use

1
b 1
the notation (w,v); = fIi wv dx for the L? inner product on [;, and define (w,v) =

SV (w,v);. Without specification, the notation || - || refers to the L? norm.

The associated discontinuous finite element space is defined as

Vh:{U €L2(Q) Tv

L € Pe(li),Vj},
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where Py (I;) is the space of polynomials on I; of degree at most k. Note that functions
in V}, can be double-valued at cell interfaces, so we use v and v~ to represent the

right and left limits of v respectively. The jump is denoted by [v] = v —v~. We

define the jump semi-norm on V}, as [v] = Zi]\il[v]ir ,, and the associated bilinear
2
form as [, o] = 525 [0y V]

One has the inverse estimate for polynomials, which states Vv € Py(1;),

hl|vallz, + B2 |ollor, < pllv

I;»

where ||v||s;, = \/ (v )2+ (v;,1)? and p is the inverse estimate constant, which
2 2

is independent of h. We denote a constant independent of h but depending on u

by C,. Similarly, we may use C, x, C, g and so on. The subscripts indicate the

dependency of the constant C' on these parameters.

1.2.2 The LWDG method

For simplicity, we assume the time step 7 is a constant for different time levels
throughout this chapter. The strong stability results however do not need this re-
striction, while the weaker stability results (the energy is bounded but not necessarily
non-increasing) do need the restriction that the time steps are non-increasing, for

which the constant time step is a special case.

For the second-order LWDG method, we first approximate the original equation
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(1.2) with the following first-order system

7_2

W=+
2
n__n
p _U’m

Then the fully discretized scheme can be obtained by replacing the spatial derivatives

by their DG discretizations. For convenience, we introduce the linear operators H*

and H~,
N N
+ _ = _ R S + F
H* (w,v) = ;1 Hi (w, v) ;1 ((w, vz); W1V —i—wi_%vi_%).

As a convention, H*! = H*. Then, the schemes will take the form

2
n n 7—
(up™, on) = (uft, on) — TH (u}l, on) — 5 1 (P, n)

(p;ia wh) = _H@ (pZ> wh)a

where ¢p,, 1, € Vi, and oy, o, and @, are equal to +1 or —1, corresponding to

different numerical fluxes, to be specified later.

In our analysis, we consider different choices of the numerical fluxes, and require

Q, = ay. When o, = &, = +1 and a, = —1, we recover the alternating fluxes

used in [40]; when o, = &y, = oy, = +1, we can easily verify that this is actually the

classical second-order RKDG scheme. The only superficial difference is that, for the
1 _

RKDG scheme, one introduces the stage variable u, ’ = wu} + 7p} instead of pj in

our context.
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Similarly, one can write down the third-order schemes,

n (62 n 7—2 (0% T 7_3 (e} n
(upt, on) = (uf, on) — TH (up, on) — S H (P> Pn) — E% “(qn, n),

(pZ7 wh> = _Ha/\u (UZ, ¢h>7

(g, mm) = —H™ (p}omn),

where ¢y, 1, and 7, are test functions from Vj, and ay, «,, @, and &, are equal
to +1 or —1, corresponding to different numerical fluxes. We would again require
a, = @, and a;, = a,. When «,, = +1 and o, = a, = —1, we restore the alternating
fluxes in [40]; while if o, = o, = ay = +1, we can easily verify that this is actually

the classical third-order RKDG scheme, where the stage variables are ug) = uy +7p)

)

2 n TN 7'2 n
and ug =up + 5P, + T4

We are interested in the stability of these schemes. We call a scheme to be
stable, if there is a constant C' independent of 7 and h, but may depend on the
total time 7" = n7, such that ||u}| < C||lu?||. We say a scheme is strongly stable, if
|uf ™| < [lu|| for any n. As a corollary, we have C' = 1 for a strongly stable scheme

in [luhll < Clluil-

1.2.3 Properties of H

In this subsection, we familiarize the readers with the properties of the operator pair

H* and H~, which are fundamental for the analyses later.

The first two lemmas focus on the operators themselves. Lemma 1.2.1 describes
the relationships between H*™ and H~. It states the anti-symmetry, the semi-

definiteness and the difference of the operator pair. Lemma 1.2.2 estimates the
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L? operator norms of H*(w,-) and H*(-,v) on Vj. These lemmas are classical and

can be proved straightforwardly, we refer interested readers to, e.g. [81].

Lemma 1.2.1. Suppose w,v € V},, then

M (w,w) = — o],
H (w,v) = —H (v, w),

HE (w,v) = H ™ (w,v) + [w,v].
Lemma 1.2.2. Suppose w,v € V},, then

HE (w,v)] < (JJwe]| + Cuh ™2 [w])][]],

HE (w,0)| < (JJoa]| + Cub™ 2 [0]) ]

The next two lemmas describe the numerical spatial derivatives from DG and

LDG discretizations. Lemma 1.2.3 gives a crude bound for the first-order derivative,

and it follows directly from Lemma 1.2.2 and the inverse estimate. Lemma 1.2.4

establishes the connections among different orders of derivatives, which is essentially

the discretized version of integration by parts. To cover different choices of fluxes,

we introduce undetermined parameters o’s in this lemma, which can be either +1

or —1. The detailed proof is omitted, as it just amounts to repeatedly using Lemma

1.2.1.

Lemma 1.2.3. Let u,p € Vj,. For any test functions 1 € Vi, (p, 1) = —H* (u, ).

Then

Ipll < Cuh™ull



Lemma 1.2.4. Let u,p,q,r € Vi, such that for any test functions i, n,( € Vj,

(p7 1/}) = _Hau (u> w)u
(g,m) = =H*(p,n),

(Ta g) = —H" (Q7 C)a

where o, o, g = —1,+1. Then we have,

(i)

(pa u) = —%[[U]P,

(a.) = ~lIpll* = =32, .
(rou) = LI - S lu.q)

(i)

@MI—%MV

(07
(r:p) = ~lall* = “221p, )

where uy, = Qy + Qq, W,V = u,p,q.

16
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1.3 Stability analysis

1.3.1 Second-order schemes

The LW2DG schemes can be rewritten as follows. Given uf, find u}™ € V}, such

that
+1 2
(up ™, on) = (up, on) + (DL, on) + E<QZ7 ©h), (1.3a)
(pZ» 77Z}h> = _Hau (UZ7 ¢h), (13b)
(Q;; nh) = _Hap (p;zlv nh)a (13C)
for any on, Y, mn € V.
Note that (1.3a) implies
1 (=
up ™t = Uy + T, + - (1.4)

In our analysis, we restrict the finite element space to be piecewise linear. This
is because when one uses upwind fluxes for both uj and pj, the scheme is equivalent
to the second-order RKDG scheme, which, according to the von Neumann analysis
in [32], is unstable with high-order (k > 1) piecewise polynomial spaces when 7/h is

a constant.

The key ingredient for the stability analysis is to use the specialty of piecewise
linear elements. In this case, the L? norm of (pl), can be bounded by the jump of u?,

which is not necessarily true in general. Zhang and Shu first used this technique in
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[84] to analyze the second-order RKDG scheme, but for a different auxiliary variable.

Here is the outline for the stability analysis of (1.3). We first prove Lemma
1.3.1 to connect |[(p}).|| with [u}]. Then, with this lemma, precise estimates for
|up ™ —ult —7pp || and [|pp*! —pi|| can be obtained, which are stated in Lemma 1.3.2
and Lemma 1.3.3 respectively. Finally, we carry out the proof of Theorem 1.3.1 to
establish the stability of the LW2DG schemes. The first part of this theorem, which
essentially rebuilds the result by Zhang and Shu in [84], only uses Lemma 1.3.2. For

the second part with alternating fluxes, Lemma 1.3.3 is used as well.

3
2

Lemma 1.3.1. With Py elements, ||(pj):lli = 6h; *|[up]iyeu].

Proof. We only prove the lemma for a,, = +1, the case o, = —1 follows along the

same line.

For simplicity, we drop all the subscripts h and superscripts n. Let {¢°, ¢'} be
the normalized Legendre polynomials basis on I;, and ¢’ is of degree i. Suppose
p = pod® + p1d* on I;. Then we have p, = 2v/3h~2p;, where p; can be obtained
through (1.3b),

pr= (9, 8" = —(u, 6L)i + ut L (67, —ut L (@)

1
2

With integration by parts, we get

p1 = (Ug, ¢')i — U (¢1)i_+1 + U;:L%(le);rl = [U]Hl(ﬁbl);%a (1.5)

2 2 ¢

where the second equality holds due to the fact that u, is a constant. Note that

1 1
(¢3+%)_ = +/3h; 2. Now (1.5) implies p; = v/3h; ° [u];4 1. Therefore p, = 6h[2[u]i+%

_3
2
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The following statements hold based on Lemma 1.3.1.

Lemma 1.3.2.

™ = uh = 7ppl* < Cur A Tup]® + 7 Alph]").

Proof. Rearranging (1.3) gives
+1 72
(UZ - UZ - sz, Qph) - _?Hap (p;LL7 Soh)

Exploiting Lemma 1.2.2, we obtain

2
n " n T n —1lrn
(up™ —uip =7 on) < 5 (1@R)all + Cul™2[pRD) lonll-

Then the proof is completed by applying Lemma 1.3.1 and setting ¢, = uzﬂ —uy —
Dy =
Lemma 1.3.3.

I = BRI < Culh™ R LT + TR + 72 a3 ).

Proof. According to (1.4), the following relationship holds

2

i
(D = P bn) = =H (up ™ — upp, n) = —H* (o) + gq}b Un). (1.6)

Then we apply Lemma 1.2.2 and Lemma 1.2.3 to obtain

Wr™" = i) < Cu(Tll(Ph)ll + 7R 2 [h]* + A lgn D l[nll

The proof is completed by applying Lemma 1.3.1 and plugging in ¢, = pZ“ —pp. O
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We are now ready to state our main theorem for the stability of the LW2DG schemes.

Theorem 1.3.1 (Stability of the LW2DG schemes). There exists a constant A, such
that when T < Ah, the numerical solution of schemes (1.3) satisfies,

(i) lup "M < gl if aw = 0 = +1,

(ii) ||u]] < Colludll, if o = +1 and oy = —1,

where C, \ s a constant depending on A\ and the inverse estimate constant i, but is

independent of the total time T = nr.

Proof. Take @5, = u} in (1.3a). Using Lemma 1.2.4 we get

2

n Ty n Oéu n n T n
S = Sl + T T + T o8] = gl gl — I (1)
Note that
lup ™ =il = 72llh | = Mlup™ =gy — 7o + 27 (up ™ — uy — TR, D),
7'2a n
where (up ™ — uft — 7pj i) = 5 (i, ph) = —2[ph]? Hence
12 2 2, 2 o T 2 1 2
™17 = i 1 + T [up]” + 7 gy, ph] + = Iph]" = Nl ™ —uh =g % (1.8)
Exploiting Lemma 1.3.2, we have
n n 7 Q 7
kP = lab P+ 7 (0w = CuA) [l + 7w [, pl 47 (5 = CuA) ] < 0. (1.9)
i) When «, = o, = +1, (1.9) can be rewritten as
P
. 1 . 1 V3 V3
o2 = g + 75 = CW) LRI +7(5 = COIAL + 157 + S <0,

which implies ||u}*!|| < ||u}|| when X is sufficiently small.
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(ii) When «a,, = +1 and o, = —1, (1.9) gives
n n n 1 T
i P = g ” + 7 (1 = C X)) [up]” = 7°(5 + CuA) ] < 0. (1.10)

The coefficient of [p]? is negative, and one needs to bring in new terms to balance

it. To this end, we plug in ¢, = p} in (1.6) to get

n+1

2 = Rl = Sl - I = ~ 2O - Sl

1 T
§th
By Lemma 1.3.3, this gives
Il P = okl = CuXh ™ [up]? < —7(1 = CN)[p]? = 72 (1 = Cu) llai |- (1.11)
Multiplying (1.11) with 7% and adding it to (1.10), we have

(g 2+ 72y 1%) = (lgll® + 721511 + 7(1 = CuA*) [u]?

1
+75(5 = CNIBE + 701 = G <0

When X is small enough, this gives
[l 1%+ 72 1R I < Hlupll* + 722k
Specially, when uniform time steps are used,
lup* + 72 lph 117 < llunll* + 72117 < (1 + CuA?)Jup]*.

The last inequality holds due to Lemma 1.2.3. This implies the stability result
|upll < /14 C,A%[Juj]|. Clearly, the result also holds if the time steps are non-

increasing, namely 7,11 < 7,. O
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Remark 1.3.1. We require that the time steps are non-increasing to ensure the
stability in (i1). One should note this is only a sufficient but not necessary condition.
Let {1} be the sequence of time steps and assume 0 < A\g < 7= < A. The scheme is

still stable in the following cases.

Case 1: The time steps increase occasionally. Suppose 1,11 < T, except for

n = ng, then

2 2
1 1
PR < T (ot 2472, e ) < ’:’; (e 1147, 127 11)-

nO no

a1+ 7 2R

n0+1

One can continue the inequality by including the factor —%—, and finally get
0

2 2
N TE 1 A
lupll* < 5= (1 + CuA)[lup]l” < A_g(l + CuA) [[upI*.
no
Stmilarly, if there is a fized number m, such that the time steps increase no more

than m times, one can show that ||u}||* < ii;(l + CA?)||ul||?.

Case 2: The time steps increase monotonically. Using the argument in case 1,

one has

n 2

-
lup P+ lmnl* < (] — )(lunl+75 P )1%) =
i=1 =1

to|3 )

)\2
. T (a2 B2 < 21Ol
0

=]

which s still stable.

However, these arguments can not be used for general time steps {7,}. For ex-
ample, Top11 = Ah and To, 40 = %h. The factor will blow up when h goes to 0. One

would need to make more detailed discussions to analyze the stability.

In the following sections, we will also assume the non-increasing time steps when
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analyzing the stability of the LWDG schemes with alternating fluzes. One should

note the argument above will still work, and we will not repeat it.

Remark 1.3.2. We note that the alternating fluzes in (i) actually do not preserve

the strong stability. To see this, one can plug in a continuous initial condition ul

into (1.7). Then, by (1.8), |up|® = [[uf]|* = F[pR]* + lup™ — up — w01 > 0.

1.3.2 Third-order schemes

We can rewrite LW3DG schemes as follows. In each step, find UZH € V},, such that

2 3

(1) = (ut on) (0 ) + - (ah on) + (17 on), (1120)
(Phs ) = —H™ (up, 1bn), (1.12Db)
(qh> ) = —H*™ Py mn), (1.12¢)
(rhs Cn) = —H(qh Cn), (1.12d)

for any @y, Up, Mk, Cn € Vi, Note that (1.12) implies

2 3

up ™t =y + g+ = + G (1.13)

The proof of the third-order schemes are actually easier, since there is inherent
numerical viscosity from the time discretization. The stability will hold for piecewise
polynomial elements of arbitrary degrees. In this section, A < 1 is assumed for

simplicity.

Before going into the main theorem, we first prove the following lemma.
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Lemma 1.3.4.

3 3 n T n n
o™ = phll* = 7 llail® < (5 + CuM ] + T CuMllggll®

Proof. According to (1.12b) and (1.13), the following relationship holds

2 3

T T
(pZ—H _p27wh> = _Hau (UZ—H - UZ, 7wbh) = _Hau(TpZ + qu + Er27wh)' (114)

Hence

ap — Oy

7_2 7.3
S P R = R (G UR) — A ()

< Cu(rh=2[ph] + m Ml + P Alrr D 1wz

Oyt —ph —Tai, ) = 7

Using Lemma 1.2.3, we know 72\||7%|| < 7C,A?||q||. Hence

(o™ = ot = 75, ) < Cu(rh 2 [pR] + 7 g D [l (1.15)
Note that
o™ = phll? = 72Nl aill? = i ™ = o — 7ah P + 27 (pp ™ — pf — 7ai, ). (1.16)
By (1.15),

lph ™" = p = 7aRlI* < Cu(rAIR]* + 7 Mlgr %),
(™ = ph = aisar) < Cu(rh 2 [op] + TG DI < Ih]” + 7CuMlag
The proof is completed by substituting the estimates above into (1.16). O]

Theorem 1.3.2 (Stability of the LW3DG schemes). There exists a constant A, such
that when T < Ah, the solution of schemes (1.12) satisfies,

(i) T < Nlugll, if e = ap = +1, ag = £1,
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(i) upll < Cunllupll, if c = +1, o = =1 and oy = £1,
where Cy, x 15 a constant dependent upon \ and the inverse estimate constant i, but

is independent of the total time T = nr.

Proof. Substituting ¢, = u} into (1.12) and summing over j, we have

n T o " T2y, I T3a
S = Sl + T g 12”[[ph]12 - 2 g, ) + 2 )
2
Hu"+1 upll? - _thH2
(1.17)
Note that
Jup ™ = up]|? = 72| pplI” = lluptt — upy — 7o ||* + 27 (uptt — uiy — ), pj),
where
(thrl_uh_Tph?ph) = E(Qhaph)"‘g(rhaph) = - 1 p[[ h]]2__HQh||2 12pq [Pk an]-
Hence
Jup ™ —upl|? =72 |ppl1? = Nluptt —upy — i ||* — p[[ph]]z—gllthIQ— 6” [Ph» 4]
(1.18)
Using (1.18), the energy estimate (1.17) becomes
n n n Tsa n T U, n n ’7'3Ctu n n T4Oé n n
up ™ 1? = lupll® + Tow[up]® + EIor]? + 5 Elup,, pi] + Tq[um(lh] + 6pq [Pk qn]
n n n 7_ n
= ||U - Up — 7'I7h||2 - §||C]h||2-
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Since
2 3

T n T n
5(%,%) + E(Tmsﬁh),

(UZ—H - UZ - sz, Qph) =

by Lemma 1.2.3, [Ju}™ — u}f — 7p7|| < 72(3 + C.\)||g}]l. Suppose A < 1, then the

estimate becomes

n n n 7_3a n TQQU n n Tgau n .n
R R e A R R
i X (1.19)
T n o n n
+ 6pq[phth] < 74(_E+C;¢)‘>H%”2-

Different from (1.7), the right hand side of (1.19) is automatically negative when
A is small. This is due to the numerical dissipation from the third-order time dis-
cretization. One can avoid detailed arguments as in Lemma 1.3.1 to absorb terms

with jumps.
(i) When «,, = o, = +1, by using the inequality ab < ea? + Z—i, we obtain
n n n 7 1 n n
o 2 = [ + 7O + P CIRT? < (= + Ol + Ol

where the C’s are positive constants. Using the inverse estimate, 7°C[q]? <

TC A gr]®. Hence [Jup™ |2 — upl]* < 74(—% + CI\)|lgill>. The strong stabil-

1

ity holds as long as A < BT
N

(ii) When «,, = +1 and a,, = —1, the estimate becomes

4
T Opq

6

mn n 1 n
[pha Qh] < 7'4(__ + CH)‘>HQh”2'

n n n T3 7 Tga“ n .n
a2 = 2 + 7lug]? = S IR + g a3) + 5

3 6

Use Lemma 1.2.3 and the inverse estimate,

3

T 0y n .n T n n
6 q[“h)Qh] < 5[[“11]]2 +T4CM)‘||Qh||27
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o

6

U n n T n n
q[ph7Qh] < gﬂthQ + 740;/\”%”2‘

Hence

2 = gl + ZE]? - TIRE < - + ClglE. (1:20)

Now the jump term of p} on the left hand side is negative. As we have done in
Theorem 1.3.1, we would introduce ||p}|| to balance this term. Substituting ¢, = p}!

into (1.14), we have

||pn+1||2 . 1 n+1

3
§th|l2 — —||P —ppll* = —5 i I* - _||Qh||2 - g?ﬁ(rmph)- (1.21)

Note that

EHJr(rhyPh) = —(qn, 1) <

5 gz 7RIl < T°Cuurllgr ], (1.22)

-3
6

where Lemma 1.2.3 is used in the last inequality. Therefore, by using Lemma 1.3.4

and (1.22) in (1.21), one can get

1P = [Pk |1* < (CuX — )T[[pZ]]Q—l—TzC’M)\Hq,f]P. (1.23)

Multiplying (1.23) by 72 and adding it to (1.20), we get

(™ 1P+ 72 1pi " 1%) = (lai* + 72 1pRI) + 51l + 7°(7 = GV el

1
< 7= 15+ G

Therefore, when \ is sufficiently small, all jump terms are nonnegative, and the right
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hand side is less than zero. So when uniform time steps are used, we get
lupI* + 72 lpR 1" < lluhll® + 72 R l* < [luhll® + 72 IphlI*.

Using Lemma 1.2.3, one has 72||p}||? < C,A?||u}||*. Hence [[u}| < /1 + C,A?||ud].

Clearly, the result also holds with non-increasing time steps, namely 7.1 < 7,. O

1.3.3 Multi-dimensional cases

1.3.3.1 Notations and preliminaries

Let us now consider the general linear scalar conservation law (1.1). Recall that

V- B(z) =0, hence V- (Bu) = (8- V)u.

Suppose K = {K} is a quasi-uniform partition of the domain Q with trian-
gular (or rectangular) element K, where h = maxg hg, with hx being the diam-
eter of element K. The collection of cell interfaces is denoted by £€. We use the
notation (u,v)x = [ uv dxdy for the L? inner product on each element, and
(u,v) = Y gex(u,v)g for the whole domain. Besides, we denote the integra-
tion on element interfaces by (u,v). = [ wv dl and jumps by [u]. = (uF — u”)e.
Here, ut = lim y(x + ¢f), while v~ = lm y(x — ¢8). Furthermore, let [u]g. =

\/ JL[u?2|B -n|dl and [u]g = /> .ce[ulj . The corresponding cross term is denoted

by [u, vlg = > ccelul; [V]|B - n)).

Similar to our one-dimensional cases, we introduce the operators ?—[; for conve-
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nience,

Hy(w,v) =D Hy(w,v) =D ((w, V- (Bv)x — (w*, v -n)ox).

KeKk Kek

When B(z) is parallel to the cell interfaces, u*

are not well-defined. But in this case,
B(z) -n = 0, hence the value of u* will not make any difference. When B(z) - n
changes sign on the edge, H;(w,v) can still be defined as above. But one should

note w* are no longer polynomials and one would need to be careful when applying

the inverse estimates. See appendix B.2 for details.

As before, we introduce the auxiliary variables p = uy = V - (Bu), ¢ = uy =
V- (Bp) and r = uyy = V - (Bq) (for the third-order schemes). Then the numerical
schemes can be defined as in the one-dimensional cases in (1.3) and (1.12), except
for replacing H* by ’H; Moreover, we use the discontinuous finite element space
Vi = {v € L*Q) : v|x € Pu(K),VK € K}, where Px(K) denotes the space of

polynomials on K of degree no more than k.

For V- B(z) = 0 and w,v € V},, the following relationships hold, which extend
Lemma 1.2.1 and Lemma 1.2.2 to multidimensions. The proof of Lemma 1.3.5 and

1.3.6 is given in the appendix.
Lemma 1.3.5.
_ T

HE(U),U) = —H;(U,'LU),

Hy(w,v) = Hg(w,v) + [w,v]g.



30

Lemma 1.3.6.

[Hg (w,0)] < (8- V)wl + Cpph2[w]s) ],

[Ha(w,0)l < (8- V)l + Cuph™2[v]g) .

With the relationships above, we can state a similar lemma to Lemma 1.2.4.

Lemma 1.3.7. Lemma 1.2.4 holds after replacing H with Hg, [-,-| with [-,-]g and
[ with [s

Lemma 1.3.1 plays a key role in the stability analysis of the LW2DG schemes. Simi-
larly, we need the following lemma to bound ||(8 - V)p}||x with [u}]gex. The proof

of this lemma is given in the appendix.

Lemma 1.3.8. For the piecewise linear polynomial space in R,
(i) If B is a constant vector, then ||(B - V)p}|x < Cu,ﬂh_%[[uz’]]ﬁ,alo

(i1) If B is a vector-valued function with V - B(x) = 0, then
7 _3 n — n
1B - V)phllx < Crph™2 [uplpon + Cuph™"llup i

Remark 1.3.3. Note that our proof only holds for P, elements. It is difficult to
extend the proof to Q1 elements, which are defined by tensor products on rectangular

meshes.

1.3.3.2 Stability results

Theorem 1.3.3 (Stability of the LW2DG schemes in multidimensions). For multi-

dimensional cases, let uj be the numerical solution of the LW2DG schemes with P,



31

elements. Then under the standard CFL condition T < \h,

(i) When B is constant, ||uf ™| < ||uill if cw = o = +1; |Jull| < Curgllud] if
a, = +1 and oy, = —1, where C, » g depends on A, p and B but is independent of T.
(ii) When B(z) is a function with V - B(x) = 0, if o, = +1 and o, = %1, then

|upt]] < Curprlludll, where Cyrpr depends on N, u, B and T

Proof. For constant B, we proceed in the same way as we have done for Theorem
1.3.1, except for using Lemma 1.3.7 instead of Lemma 1.2.4, and Lemma 1.3.8 instead
of Lemma 1.3.1. For non-constant function B, we will get an extra ||u||x term in
Lemma 1.3.8. A similar argument will lead to [[u}™|| < (1 + 7C, 5 p)|[u}|| when
a, = +1, which will end up with [Ju}|| < e“»8T|[u?||. For the same reason, the

constant will also depend on 7" when «a;, = —1. O

Theorem 1.3.4 (Stability of the LW3DG schemes in multidimensions). For multi-
dimensional cases, assume V - B(x) = 0. Let u}’ be the numerical solution of the
LWS8DG schemes with Py, elements. Then under the standard CFL condition 7 < \h,
(i) lluy ™M < Null, if aw = o = +1 and oy = 1,

(ii) |up]] < Curpllubll, if an = +1, ap = —1 and oy = +1,

where Cy, g depends on A\, p and B, but is independent of T'.

Proof. The proof follows the same lines as in the one-dimensional case and is thus

omitted. O

Remark 1.3.4. By now, we have spent our main effort on some special coefficients
B. Actually, the LWDG schemes can be modified to suit general B(x,t), where B may
depend on time and can have a non-zero divergence. Furthermore, as long as B is
sufficiently smooth, we can obtain the weak stability result ||ul|| < C||ul|, where C

depends on B and T, as well as p and X if alternating fluxes are used.
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We use the LW2DG scheme with upwinding fluxes for a brief illustration. The

revised scheme then becomes

2

n n T 7— n
(uptt, on) = (up + TP + o i Ph);

(pZ> wh) = _HE(UZ’ wh) + (V : :Bu;zla wh)a

(QZ7 nh) = _H;(p27 nh) + (V ’ ,sz, 7Ih) - H;(“% 7Ih) + (V ’ :Btu;zla nh)

Here we have the extra terms (V-Buj, ¢¥n), (V-Bpy,nn), ’H;t (up,mn) and (V-Byujt,np).
Furthermore, the properties of H has been changed and there will be more terms com-
ing out when one follows the previous approach. But compared with the exponents of
T before them, the order of derivatives for all these new terms are relatively low. One
can apply the Cauchy-Schwartz inequality, Lemma 1.53.6 and the inverse estimates to
show they can be bounded by CTl||ull||* with some proper constant C'. Hence we will

finally obtain ||Ju;™||2 < (1 + C7)||u}||?, which indicates the weak stability result.

1.4 Error estimates

For the one-dimensional problem (1.2), denote u"(x) = u(x,t,) and u}(x) = w(x,t,).

Assuming the exact solution u(zx,t) is smooth, we have the following error estimates.

Theorem 1.4.1 (Error estimates of the LW2DG schemes). Under the CFL condition
T < Ah for a proper constant A\, using Py elements, the numerical approrimations
uy and py from the LW2DG schemes (1.3) satisfy the following error estimates,

(i) lu" — up]| < C(r* + 1?),

(ii) luf — ppll < C(r* + 1?),

where C depends on p, X\, T, u, u; and their derivatives but is independent of T and

h.
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Theorem 1.4.2 (Error estimates of the LW3DG schemes). Under the CFL condition
T < Ah for a proper constant X\, using Py elements (k is arbitrary), the numerical
approxzimations uj and py from the LW3DG schemes (1.12) satisfy the following
error estimates,

(i) " — | < C( + 1),

(ii) uy — pill < C (7% + BFH),

where C' depends on pu, \, T, u, uy and their deriwatives but is independent of T and

h.

The error estimate of u follows from the stability results through a standard
argument, while the error estimate of u; relies on the relationship between uj and
py. Here we only give the details of the proof of Theorem 1.4.1 and omit the details

of the proof of Theorem 1.4.2, as they can be obtained following similar lines.

We will need the following lemma for the error estimates. The proof of (1.24a) is

straightforward, and (1.24b) follows from the standard approximation theorem [24].

Lemma 1.4.1. Suppose w is a smooth function, then

HE(rFw — w,v) =0, Yo € Vi, (1.24a)

75w — wl| < Cph™™, (1.24b)

+

where C,, is a constant depending on w; ©= are the Gauss-Radau projections to V.

More precisely, n*w is the unique element in V,, such that

(75w —w,v); =0 Yo € Pr_1(L;), (7Tjtw);t$l = wt .

Proof of Theorem 1.J.1: Let u be the exact solution of (1.1), p = u; and g = uy. We
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denote the truncation error by

Wt =" — " — "t — —¢". (1.25)

By the consistency of the schemes, for any ¢y, ¥y, n, € V4, the following equalities

hold
(u" on) = (u" +7p" + %261”, en) + (W, ¢n), (1.26a)
(P n) = —H™ (u", ¢¥n), (1.26b)
(q" ) = =H* (p", nn). (1.26¢)

Subtract the system (1.26) from the numerical schemes (1.3), then we get the error

equation

2
n n n n n 7 T n n n
(u" —upt on) = (W —up + (0" —pi) + (" —qr), on) + (W 0n),

2
(0" — phy¥n) = —H™ (u" — up, ¥n),

(" —apmn) = =H*(P" — psn)-

Denote e} = v — vy and €] = v — 7w, with v = u, p,q. Applying Lemma 1.4.1,

the error equation can be simplified as follows

7_2 7_2
(entt — et — Te, — 562, op) = — (et — ™ — TEy — ?62, on) + (W o), (1.27a)
(e ton) = —H™ (e, ¥n) — (e, Un), (1.27h)
(e mn) = —H (e mn) — (7', 1n). (1.27¢)

Furthermore, by using (1.25) and (1.27b), one can also obtain the error equation for
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Uy
2

.
(5™ = epstn) = =M™ (rep + Sep +w,dn) = (57 = 5, 4n)- (1.28)

Our error estimates are based on the framework of stability analysis. We need
lemmas comparable to Lemma 1.2.3, Lemma 1.2.4, Lemma 1.3.1, Lemma 1.3.2 and
Lemma 1.3.3. Among them, Lemma 1.4.2, Lemma 1.4.3 and Lemma 1.4.4 can be

proved by using (1.27) and similar techniques as before, and the details are omitted.

Lemma 1.4.2.
lepll < Cuh™Hlenll + llep I, (1.29a)
legll < Cuh™Hlepll + lleg Il (1.29b)
Lemma 1.4.3.
n _n Ay n .n
(ep’ eU) = __[[eu]]Q - <€p7 eu)a
2
n o n\ _ n|2 CVup n n n n n n
(eq’eu) - _||€p|| - T[euvep] - (6q7€u) - (€p76p)7
n n « n n n
(GQ’ ep) = _gp[[ep]]Z - (€q7€p)7

where Quy, = Quy + o, w,v = £1.
Lemma 1.4.4. For piecewise linear elements, ||(e}).| < C’uh_%ﬂeﬁ]] + C.hHer]].

Lemma 1.4.5.

lent =i —repll < Cur* (™2 [ei] + A2 [ep]) + C(r* + 7h?).
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Proof. Substituting (1.27b) into (1.27a), we get

(€ — el = Tein) =~ — <l — 7 ) — DHO o) + ()

< (Haﬁ“ el kel e+ TG + h%ﬂezm) Il

< (Hsﬁ“ —enll + 71+ CuA) [len]l + llw" || + T Cu(h™2 [e] + h-%ue;m) lionll
(1.30)

where we have used Lemma 1.4.4 in the last inequality. One can see that

v = ull + 7L+ CuA) llepll + [lw" | < C(° + Th?). (1.31)
The proof can be completed by using the estimate (1.31) and substituting ¢, =
ept! — e — 7ep into (1.30). O

Lemma 1.4.6.

lemtt — el < Cu(rh™2[er] + th2[er] + TAllel]) + C(7% + h?).

Proof. By (1.28), one has

2
-
(ept! —ep iby) = —H*(Tep + =€l +w,ihy) — (ep™ — el i)

2 q
—l n n — n n n
< (CM(TH(@Z)IH +1h7z [ep] +TAlleg ||+~ w H)+H€p“—€pH)HwhH
< (CM(T}L 2len] +rh72[ep] + TAlleg |l + Alepll + 27w H)+H€p“—€p|\>llwhH,
(1.32)

where we have used Lemma 1.4.4 in the last inequality. We see that

Mlen]l + 7w + lep™™ — || < C(7* + h?). (1.33)



37

n

The proof is completed by using the estimate (1.33) and substituting ), = eg“ —e,

into (1.32). O

Step 1: To prove |le"|| < C(7% + h?).

Substitute ¢ = €l into (1.27) and use Lemma 1.4.3. It follows that

3

T
e ™ 1° = €2l + raulel]” + Tawlel, ] + G = 1™ — et —repll* +
where Yu = _27-(8;7 erul) - 27—2(627 62) + 27—2(537 6;) - 7—3<€Zu eg) + (5Z+1 - 627 62) +

(w™, e). Using Lemma 1.4.2, one can get an estimate for -,
Yu < CurllenlP+rCU 1P +lleg M)+ e =l +=llwl® < Curlle P+ C(r*+rht).

Hence, with the estimate above, by using Lemma 1.4.5, we get

n n n n Q n
e 1 + 7(ow = )] + TP awlel, 5] + 7°(5 = Cu) ]
(1.34)

< L+ 7C)llenll” + C(r* + 7h?).

Case 1: When A is small and o, = o, = +1, all the jump terms can be removed

to yield a much simpler inequality
lent1* < 1+ 7C)llen]l* + C (7 + 7hY).
Note that € = 0. (1.34) implies

lenll < C(* + h?).
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Case 2: When X is small, o, = +1 and o, = —1, we have
1
e 1P+ (A=Cu TP+ (=5 =G < 4G e +C (e +7h%). (1.35)

Plug in ¢y, = ej in (1.28). It follows that

ezt = el = g™t = eI? = 72zl = reulelT? +
where v, = —7(el, e!) — Ht(w, €]) — (ept! — €7, ep). Note that

u

tp S TGN + Tl P+ ettt = P+ —llwlP < Curllen) + C(rh 4 7h).

Hence, using Lemma 1.4.6, we get

e e LT
—7(1=CN)[ep]? + C(r°h 2 + 74 4+ h*).

(1.35) and (1.36) lead to the following inequality
lent 1 + 7 ey 1* < (L +7C)(lenll® + 72 llepl*) + C(7° + 7ht).
Note that [[eg|| = 0, [le)|| < [|ef|| < Ch?. Hence we have,
lesll” + 7 lleplI* < C(r* + A%,

which implies ||e?|| < C(72 + h?).
Step 2: We claim that [|e"™! — e[| < C(73 + 7h?).
Note that e?™! — e satisfies the same error equation as that of e”, except for ||w"|| <

C75. Noting also that |lel — eV|| = |lel|] < Cth? by estimating (1.27a) directly, we
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can prove the statement in the same way as that in Step 1.

Step 3: (1.27) gives that

2

(ept! — el —Tep — %63, en) =—(", e,

2
where " = et — el — 7e) — Tell + w". Hence

n n n n T n n
™) < lleptt —enll + Tllen + Equ + |w™|| < C(7* + Th?).

Rearranging the equality, we have

2
Tlepl = (ent = e = Sepiep) = (v ep)

2
n n n T n n
= rllegll < llei™ — ezl + S llegll + 17
+1 7
= 7(1 = Gl < llew™ —eull + 5 llegll + 111,
where Lemma 1.4.2 is used in the last step. Using the results in Step 1 and Step 2,
one can get

lepll < C(* + h?).

Hence by Lemma 1.4.1,
lu™ = whll < llesll + llesll < C(7* + %),

[ug — Pyl < Nt + ekl < C(72 + h?).

Sketch of the proof for Theorem 1.4.2: We adopt similar notations as before. By
using the same lines as those in the stability analysis, one can show ||e?|| < C(7° +

R*1) and [lent! —en|| < C(7% 4 7h¥*1). This already implies the error estimate of w.
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Like what we have done in Step 3 above, 7|le|| < HeZ“—eZH—l—%HeZHjL%He?H—i—Hy”H,

n _ ~n+l n n 2 _n 3 _n n n : :
where v = et — el — 7e) — Tep — el +w". We can bound ||ep|| by estimating
each term here. O

Remark 1.4.1. Note that our optimal error estimates are only one-dimensional
results. Since there are no proper Gauss-Radau projections for Py elements in mul-
tidimensions to eliminate the cell boundary terms, one may lose the optimal order of
accuracy when directly applying trace inverse inequalities. As for rectangular meshes
with Qy elements, we may obtain optimal error estimates for the third-order schemes

using similar arguments as in the one-dimensional case.

1.5 Numerical tests

The main purpose of this section is to numerically validate the error estimates in Sec-
tion 1.4. We list the error tables of the second-order schemes with fluxes (+, +) and
(+, —), and the third-order schemes with numerical fluxes (+,+,+) and (4, —, —).
Here (+,+) means a,, = +1 and a,, = +1. Others are defined analogously. The
piecewise linear polynomial space is used for the second-order schemes and the piece-
wise quadratic polynomial space is used for the third-order schemes. Furthermore,
we use the uniform time steps and uniform spatial meshes for the numerical tests.
For two-dimensional problems, the triangular meshes are used and the triangulation
is constructed by adding diagonals linking the left-bottom and right-top vertexes in

a uniform square mesh.
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1.5.1 Omne-dimensional example with constant coefficients

Consider
Up = Uy, (x,t) € (0,27) x (0,7,

u(zx,0) = @, x € (0,2m),
with periodic boundary conditions. The mesh size is chosen as h = 27 /N, where N
is the number of cells and N = 40, 80, 160, 320, 640 are used. We compute up to the

time 7' = 7/2, with 7 = 0.05h. The numerical results are listed in Table 1.1. The

convergence is as we have predicted in Section 1.4.

Table 1.1: One-dimensional accuracy test of LWDG methods for the linear conser-
vation law with constant coefficients. Compute to T'= 7 with A = 0.05.

scheme N | w L? error | order | u; L? error | order
40 | 4.372E-03 - 7. 728 E-03 -
80 | 1.099E-03 | 1.99 | 1.890E-03 | 2.02
160 | 2.765E-04 | 1.99 | 4.732E-04 | 2.01
320 | 6.941E-05 | 1.99 | 1.182E-04 | 2.00
640 | 1.739E-05 | 2.00 | 2.957TE-05 | 2.00
40 | 4.381E-03 - 6.688E-03 -
80 | 1.100E-03 | 1.99 | 1.615E-03 | 2.05
160 | 2.766E-04 | 1.99 | 4.001E-04 | 2.01
(+-) 320 | 6.941E-05 | 1.99 | 9.985E-05 | 2.00
640 | 1.739E-05 | 2.00 | 2.496E-05 | 2.00
40 | 9.055E-05 - 1.892E-04 -
80 | 1.134E-05 | 3.00 | 2.402E-05 | 2.98
160 | 1.417E-06 | 3.00 | 3.029E-06 | 2.99
320 | 1.772E-07 | 3.00 | 3.803E-07 | 2.99
640 | 2.215E-08 | 3.00 | 4.764E-08 | 3.00
40 | 9.025E-05 - 1.921E-04 -
80 | 1.133E-05 | 2.99 | 2.447E-05 | 2.97
(4, =, ) 160 | 1.417E-06 | 3.00 | 3.082E-06 | 2.99

T 320 | 1.772E-07 | 3.00 | 3.865E-07 | 3.00
640 | 2.215E-08 | 3.00 | 4.838E-08 | 3.00

(+,+,+)
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1.5.2 One-dimensional example with variable coefficients

Using the same parameters, we solve the following problem with a variable coefficient

uy = sin®(x) g, (x,t) € (0,27) x (0,7,
(1.37)
u(z,0) = sin(z), z € (0,2m),

where periodic boundary conditions are assumed. The exact solution to (1.37) is
u(x,t) = sin (cot ! (cot(z) — t)). Note that our analysis does not cover the problems
with variable coefficients in one dimension. This numerical test is given only for
showing the generality of our results. The numerical results are listed in Table 1.2.
One can observe the designed order of accuracy for all the schemes and for both u

and ;.

1.5.3 Two-dimensional example with constant coefficients

Consider
2 2
=2 s 20 () € (0.27) x (0,27) % (0,T),
> > (1.38)
u(,0) = sin(z + ), (5,9) € (0,27) x (0,27),

with periodic boundary conditions. The mesh is constructed by adding diagonals to
the uniform square mesh with N x N elements, where N = 20, 40, 80, 160, 320. We
compute up to time 7" = 1, with 7 = 0.05h. The numerical results are listed in Table

1.3. Once again, the designed order of accuracy can be observed.
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Table 1.2: One-dimensional accuracy test of LWDG methods for the linear conser-
vation law with variable coefficients. Compute to T'= 7 with A = 0.05.

scheme N | w L? error | order | u; L? error | order
40 | 4.331E-02 - 1.234E-01 -
80 | 1.266E-02 | 1.77 | 3.200E-02 | 1.95
160 | 3.413E-03 | 1.89 | 8.610E-03 | 1.89
320 | 8.881E-04 | 1.94 | 2.243E-03 | 1.94
640 | 2.266E-04 | 1.97 | 5.726E-04 | 1.97
40 | 4.352E-02 - 1.238E-01 -
80 | 1.271E-02 | 1.78 | 3.133E-02 | 1.98
(+,—) 160 | 3.419E-03 | 1.89 | 8.324E-03 | 1.91

’ 320 | 8.888E-04 | 1.94 | 2.159E-03 | 1.95
640 | 2.267E-04 | 1.97 | 5.503E-04 | 1.97
40 | 6.157E-03 - 1.139E-02 -
80 | 8.844E-04 | 2.80 | 3.057E-03 | 1.90
160 | 1.180E-04 | 2.91 | 4.142E-04 | 2.88
320 | 1.524E-05 | 2.95 | 5.355E-05 | 2.95
640 | 1.937E-06 | 2.98 | 6.808E-06 | 2.98
40 | 6.143E-03 - 1.110E-02 -
80 | 8.804E-04 | 2.80 | 2.985E-03 | 1.90
(4, =, =) 160 | 1.176E-04 | 2.90 | 4.104E-04 | 2.86

T 320 | 1.522E-05 | 2.95 | 5.340E-05 | 2.94
640 | 1.936E-06 | 2.97 | 6.801E-06 | 2.97

(+,+,+)

1.5.4 Two-dimensional example with variable coefficients

We then compute a two-dimensional problem with variable coefficients. Consider

ur = (=L + 1)ug + (% 1y, (1) € (0,27) x (0,27) x (0,T),

u(z,0) = e~ 2F=m —4ly=m* (z,y) € (0,27) x (0,27),

with periodic boundary conditions. The same parameters are used as that of (1.38),
except for the time steps 7 = 0.02h. When calculating the exact solution, we remove
the periodic boundary conditions and compute by tracing the characteristic lines.
For general initial inputs, this does cause inconsistency, and the error can be from the

mismatch of both u and B outside of the domain. However, since our initial condition
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Table 1.3: Two-dimensional accuracy test of LWDG methods for linear conservation
law with constant coefficients. Compute to T" =1 with A = 0.05.

scheme N x N | w L? error | order | u; L? error | order
20 x 20 | 1.288E-01 | - | 1.816E-01 | -
40 x 40 | 3.184E-02 | 2.02 | 4.499E-02 | 2.01
80 x 80 | 7.880E-03 | 2.01 | 1.114E-02 | 2.01
(£ | 160 % 160 | 1.9585-03 | 2.01 | 2.769E-03 | 2.01
320 x 320 | 4.879¢-04 | 2.00 | 6.899¢-04 | 2.00
20 x 20 | 1.280E-01 | - | 1.789E-01 | -
40 x 40 | 3.184E-02 | 2.02 | 4.418E-02 | 2.02
80 x 80 | 7.880E-03 | 2.01 | 1.093E-02 | 2.02
(:7) | 160 % 160 | 1.958E-03 | 2.01 | 2.715E-03 | 2.01
320 x 320 | 4.879E-04 | 2.00 | 6.765E-03 | 2.00
20 x 20 | 2.720E-03 | - | 3.823E-03 | -
40 x 40 | 3.329E-04 | 3.04 | 4.741E-04 | 3.01
80 x 80 | 4.156E-05 | 3.00 | 5.800E-05 | 3.01
(%) 1160 % 160 | 5.1958-06 | 3.00 | 7.362E-06 | 3.00
320 x 320 | 6.494E-07 | 3.00 | 9.203E-07 | 3.00
20 x 20 | 2.707E-03 | - | 3.688E-03 | -
40 x 40 | 3.327E-04 | 3.02 | 4.521E-04 | 3.03
80 x 80 | 4.155E-05 | 3.00 | 5.654E-05 | 3.00
(=) 160 x 160 | 5.194E-06 | 3.00 | 7.058E-06 | 3.00
320 x 320 | 6.494E-07 | 3.00 | 8.844E-07 | 3.00

is intentionally chosen as a Gaussian centered at (m,7), which decays quickly near
the boundary, the difference between the exact solution we use and the real exact
solution is negligibly small. For simplicity of implementation, we apply upwind and
downwind fluxes in terms of the wind direction at the midpoint of each edge, instead
of strictly using the definition in our analysis. Since the coefficients are smooth, this
should cause negligible difference. The L? error of u and w, is listed in Table 1.4. We
can observe the designed convergence of u. As for u;, the LW2DG schemes exhibit a
clear second-order convergence, and the order of accuracy for the LW3DG schemes

are also close to the third-order.

Finally, we remark that, even though the choices of the numerical fluxes may

have influence on the specific types of stability, they only cause minor differences on
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Table 1.4: Two-dimensional accuracy test of LWDG methods for linear conservation
law with variable coefficients. Compute to T'= 1 with A = 0.02.

scheme N x N | w L? error | order | u; L? error | order
20 x 20 | 6.075E-02 | - | 2.567E-02 | -
40 x 40 | 1.607E-02 | 1.92 | 6.041E-03 | 2.09
80 x 80 | 4.095E-03 | 1.97 | 1.422E-03 | 2.09
(1) | 160 % 160 | 1.030E-03 | 1.99 | 3.436E-04 | 2.05
320 x 320 | 2.582-04 | 2.00 | 8.453E-05 | 2.02
20x20 | 6.0756:02 | - | 2.5586.02 | -
40 x 40 | 1.607¢-02 | 1.92 | 6.031¢-03 | 2.08
80 x 80 | 4.096e-03 | 1.97 | 1.420e-03 | 2.09
(7)1 160 160 | 1.0300-03 | 1.99 | 3.431e-04 | 2.05
320 x 320 | 2.5820-04 | 2.00 | 8.442¢-05 | 2.02
20 x 20 | 5.609003 | - | 65546:03 | -
40 x 40 | 6.454e-04 | 3.12 | 9.353¢-04 | 2.81
80 x 80 | 7.453¢-05 | 3.11 | 9.458¢-05 | 3.31
(%) 1160 % 160 | 9.0300-06 | 3.05 | 8.268¢.06 | 3.52
320 x 320 | 1.121e-06 | 3.01 | 7.025¢-07 | 3.56
20 x 20 | 5.601E-03 | - | 6.501E-03 | -
40 x 40 | 6.449E-04 | 3.12 | 9.258E-04 | 2.81
80 x 80 | 7.451E-05 | 3.11 | 9.360E-05 | 3.31
(=) 160 x 160 | 9.029E-06 | 3.04 | 8.213E-06 | 3.51
320 x 320 | 1.121E-06 | 3.01 | 6.999E-07 | 3.55

the L? error according to our numerical tests.

1.6 Concluding remarks

We analyze the stability and estimate the error of the Lax-Wendroff DG method for
linear scalar conservation laws. Assume uniform or non-increasing time steps, one can
choose between upwind and downwind fluxes for each variable. As we have shown,
for both second-order LW2DG schemes with P; elements and third-order LW3DG
schemes with arbitrary Py, as long as we use the upwind flux for u, the scheme will
be stable. Furthermore, if we also use the upwind flux for p (which approximates wu;),

then the scheme will be strongly stable. On the other hand, if the downwind flux is
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used for p, then the energy of the numerical solution will be bounded by the initial
energy times a constant, which is independent of the total time 7. In both cases we
have a good control of the L? energy after long time integration. The stability results
can be extended to high dimensions easily for problems with constant coefficients.
For variable coefficient problems with a divergence-free condition V - B(z) = 0, the
previous results still hold for the third-order schemes. But for the second-order
schemes, we can only prove the stability in a weaker sense, namely ||u}|| < C|/u}]]

where C' may depend on 7.

For the error estimates, we analyze one-dimensional problems with a smooth
solution. We obtain optimal error estimates for both v and u;. Once we choose
the upwind flux for u, whatever fluxes we use for the remaining variables, our error
estimates will hold. The LW2DG scheme with P; elements is of the second-order

accuracy, and the LW3DG scheme with P, elements is of the third-order accuracy.

Even though we have considered only scalar problems in this chapter, the analysis
can be easily generalized to one-dimensional linear hyperbolic systems and multi-
dimensional symmetric linear systems. The method also generalizes to nonlinear
scalar equations or systems, however stability analysis is expected to be difficult.
On the other hand, error estimates for smooth solutions should carry through, along

the lines in [83, 60] for RKDG methods.



CHAPTER TWwO

The fourth-order Runge-Kutta
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2.1 Introduction

In this chapter, we continue to analyze the fourth-order Runge-Kutta method. The
model problem for stability analysis is chosen as a well-posed problem dyu = L(x,t, 0, )u.
But firstly, let us consider a simpler case dyu = L(z,0,)u with L + LT < 0. (Here
the superscript T stands for the adjoint, to be distinguished from 7', which stands
for the transpose. But for matrices, they are the same under the usual dot product
in R™.) Its semi-discrete scheme corresponds to an autonomous ordinary differential
equation (ODE) system
d

EUN(t) = LNUN(t>.

Here Ly is a constant matrix and the parameter N relates with the degree of freedom
in the spatial discretization. Suppose Ly inherits the semi-negativity Ly + L < 0.
Then %HUN(Zf)Hz = (Lyun,un) + (un, Lyuyn) < 0, where we temporarily assume
(+,+) to be the usual dot product and || - || to be the induced norm. Therefore the
solution to the semi-discrete scheme is strongly stable. We are interested in whether
this strong stability will be preserved after the four-stage fourth-order RK time

discretization. In other words, with 7 being the time step and

1 1 1
UnN+1 — P4(TLN)UJ§LV = (I + TLN + E(TLN)z + 6<TLN)3 + ﬂ(TLN)4) u?\,,

we wonder whether ||u!|| < |[u%]|, or equivalently, whether the operator norm

of Py(TLy) is bounded by 1. If this is true, the stability extends to general semi-

bounded systems dyu = L(x,t,d,)u by using a standard argument.

For Ly being a scalar and 7 being sufficiently small, the proposition above can

be justified by analyzing the region of absolute stability, see Chapter IV.2 in [41], for
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example. A natural attempt is to apply the eigenvalue analysis to extend the result to
systems. However, this technique can only be used for normal matrices Ly, namely
LyLl = LEL ~- If re-norming is allowed, the method also covers diagonalizable L.
(But it would still be useless if the diagonalizing matrix is ill-conditioned, see [54].)
While for general systems, the naive eigenvalue analysis may end up with misleading

results. We refer to Chapter 17.1 in [45] for a specific example.

The analysis for the general systems initiates from the coercive problems, namely
Ly+L}; < —nL Ly for some positive constant n. In [54], Levy and Tadmor used the
energy method to prove the strong stability of the third-order and the fourth-order
RK schemes under the coercivity condition and the time step constraint 7 < cn,
where ¢ = % for the third-order scheme and ¢ = é for the fourth-order scheme.
Later in [38] and [73], a simpler proof was provided, with the time step constraint
been significantly relaxed to ¢ = 1, which extends to general s-stage s-th order
linear Runge-Kutta schemes. The authors in [38] pointed out that the coercivity
condition implies the strong stability of the forward Euler scheme when 7 < n. The
strong stability of the high-order RK schemes follows from the fact that they can be
rewritten as convex combinations of the forward Euler steps. These results coincides
with the earlier work on contractivity analysis of the numerical solutions to ODE
systems, see [68] and [52]. In their theory for contractivity, or strong stability in our
context, a circle condition is assumed, which is essentially equivalent to the strong

stability assumption for the forward Euler scheme in [38].

In general, the coercivity condition does not hold for method of lines schemes
arising from purely hyperbolic problems. Hence it is still imperative to analyze
schemes which only satisfy a semi-negativity condition Ly + Ly < 0. In [73], for
the third-order RK scheme, Tadmor successfully removed the coercivity assumption

and proved that the third-order RK scheme is strongly stable if Ly + L}, < 0 and
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7|[Ln|| < 1. But the strong stability for the fourth-order RK method remains open,

which is the main issue we are concerned with in this chapter.

We find that, although the strong stability of the fourth-order RK method passes
the examination of the scalar equation, and can be extended to normal systems, it
does NOT hold in general. More specifically, we have the following counter example

in Proposition 2.1.1, whose proof is given in Appendix A.3.

1 2 2
Proposition 2.1.1. Let Ly =— [0 1 2|. Then Ly+ L% <0 and |Py(TLy)| >

0 01
1 for T sufficiently small.

Interestingly, despite the negative result on the one-step performance, the strong
stability property holds in two time steps. In other words, with the constraint
7||Ly|| < ¢o for some positive constant cp, ||Py(7Ly)?|| < 1 and hence ||us™?| <
|uy]|. This is still sufficient to justify the stability after long time integration. It
can also be used to obtain the stability ||u| < K(¢")||u%/] for semi-bounded and
time-dependent Ly. We will apply the results to study the stability of different

spatial discretizations coupled with the fourth-order RK approximation.

The remaining of this chapter is organized as follows. In Section 2.2 we exhibit
our main results, and prove the stability of the fourth-order RK method with semi-
negative and semi-bounded Ly. The case for Ly dependent on time is also discussed.
In Section 2.3, we apply our results to several different spatial discretizations. We
specifically focus on Galerkin methods as a complementary of [73], including the
spectral Galerkin method and the DG method. Finally, we give our concluding

remarks in Section 2.4.
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2.2 Stability of the fourth-order RK method

In this section, we analyze the stability of the fourth-order RK schemes. For simplic-
ity, we assume everything to be real, but the approach extends to the complex spaces.
To facilitate our later discussion on applications to spatial discretizations based on
Galerkin methods, we discuss over a general Hilbert space. We avoid clearly char-
acterizing the method of lines scheme in this general setting. But it will not lead
to ambiguities, since it only serves as a motivation to derive the fourth-order RK
iteration, and will not be used in the stability analysis. To reduce to ODE systems,
one simply sets ¥V = R™ and (-,-) to be the usual dot product. We also remark
that, by using the inner product (u,v)y = u’ Hv with H being a symmetric positive
definite matrix, Ly + L} < 0 is equivalent to L%H + HLy <0, which is consistent

with the assumption in equation (6) of [73].

2.2.1 Notations and the main results

We denote by V a real Hilbert space equipped with the inner product (-,-). The
induced norm is defined as || - || = /(-, ). Consider a method of lines scheme defined
on V.

Oun = Lyun, (2.1)

where uy(-,t) € V and Ly is a bounded linear operator on V. Suppose Ly is

independent of ¢, then the four-stage fourth-order RK approximation can be written



52

as
n+1 n 1 2, 1 3, 1 4
U N :P4(7'LN>UN, P4(TLN) :I+TLN—|—§(7'LN) +6(TLN) +ﬁ(TLN) .
(2.2)
When Ly = Ly(t) depends on time, we denote by
uitt = R, (t)ul; (2.3)

and the specific form of R, (t) will be introduced latter.
For simplicity, we drop all the subscripts N in the remaining parts of the section.

Given an operator L, the operator norm is defined as || L[| = supy,—; [|Lv][. We
denote by B(V) = {L : ||L|| < +o0} the collection of bounded linear operators on V.
For any L € B(V), there exists a unique L' € B(V) such that (Lw,v) = (w, LTv).

LT is referred as the adjoint of L.

If (v,(L+ L")v) <0, Vv €V, denoted by L + LT < 0, then we say L is semi-
negative. A special case is when L + LT = 0, L is referred to be skew-symmetric. If
L+ LT < 2ul for some positive number g, namely L — pl is semi-negative, then we

say L is semi-bounded.

We denote by [w,v] = —(w, (L + LT)v) and [w] = /[w,w]. [w,v] is a bilinear
form on V. For L+ LT <0, [w,v] is a semi-inner-product, and one has the Cauchy-

Schwarz inequality, [w, v] < [w][v].

To simplify our notation, we define £ = 7L. This notation will be used in the
intermediate lemmas and the proofs. For clearness, we restore the notation 7L in

our main results.
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Here we list our stability results on the fourth-order RK approximation. The
details will be given in Theorem 2.2.1, Theorem 2.2.2, Theorem 2.2.3, Corollary
2.2.1 and Corollary 2.2.2 respectively. In the following statements, ¢q and K refer to

some positive real numbers.

Our main theorem states that

(i) Suppose L + LT < 0. (2.2) is strongly stable in two steps. ||u™ 2| < [[u||, if

7| L] < c.

As a corollary of (1), the stability for semi-bounded and time-dependent operator
L have also been proved by using a perturbation analysis and a frozen-coefficient
argument.

(ii) Suppose L + LT < 2ul. (2.2) is stable, ||u™| < K(t™)||u°]|, if 7 < i

(iii) Suppose L = L(t) satisfies certain reqularity assumptions, and L+LT < 2ul.

Then (2.3) is stable, ||u™|| < K(t")||u®||, under an appropriate time step constraint.

As we know, according to the eigenvalue analysis, for normal and semi-negative
L, the one-step strong stability will hold under a proper time-step restriction. We
also use the energy argument to prove the one-step results, as corollaries of the

two-step stability analysis.

(iv) Suppose L+ LT = 0. (2.2) is strongly stable, |[u"*t|| < [[u™|], if 7| L] < 2V/2.

(v) Suppose L+ LT <0, LLT = LTL. (2.2) is strongly stable, ||u""|| < |[u™|, if

7| L] < c.
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For simplicity, we assume the time steps to be uniform in (i), (ii) and (iii).
However, these results are essentially built on the two-step performance of the RK
time integrator. One only needs the time steps to be uniform for every two steps,

namely, Top1 = Topr2. As for (iv) and (v), they fit for general time step sizes.

2.2.2 An energy equality

The first thing we would do is to derive an energy equality, which would be useful
in understanding the subtle change of the norm of the solution after one time step.
To this end, we introduce several identities in Lemma 2.2.1, and then use them to

derive the equality in Lemma 2.2.2.

Lemma 2.2.1.

(o) = =3[l (2.4)
(L20,0) = —|Lo|? = 7[Lv, ], (2.5)
(L30,v) = %[[Ev]]Q—T[ﬁ%,v], (2.6)
(L'v,v) = ||£20]2 + 7[C2, Lo] — 7[L%0, 0], (2.7)

Proof. (1) (Lv,v) = 3(Lv,v) + L(v, Lv) = L(v, (L + LT)) = —Z[v]*

(2) (L20,v) = (Lo, LT0) = —(Lv, Lv) + (Lo, (£ + LT)v) = —|| Lo|* = 7[Lv, v].

(3) (L30,0) = (L2, LTv) = —(L(Lv), Lv) + (L2, (L + LT)v) = S[LV]? — 7[L2v, 0],
where we have used (2.4) in the last equality.

(4) (LY, v) = (L3, LTv) = —(L2(Lv), Lo)+ (L3, (L+LT ) = [|L20]+7[L2v, Lo]—

T[L3v,v], where (2.5) is used in the last equality. O
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Lemma 2.2.2 (Energy equality).

™ = fu® = @ (™),

where
1 1 s mo > o
Qi(u") = %||£4u"||2 — EHE u™||* + Ti;aij[ﬁu",ﬁu"], (2.8)
and
1 1/2 1/6 1/24
1/2 1/3 1/8 1/24
A= (aij)4><4 = -

1/6 1/8 1/24 1/48
1/24 1/24 1/48 1/144

Proof. Taking an inner product of (2.2) with u", one has

1

2

1 1 1 1
— [t —um|* = (£ + 552 + 6£3 + ﬂﬁﬁ‘)un,u”).

n+1)2
| .

1 n||2
I

Applying (2.4) - (2.7) with v = u™, we obtain

n n n n n 1 n n n n
[ H P = [l P = fu =P = [1Lu)” + L2 = 7w = 7lLu”, u]
+ %[[Eu"]]2 — g[ﬁ%”, u"] + 17—2[£2u", Lu"] — %[L%“, u"].

(2.9)
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Using (2.4) - (2.6) with v = Lu™, the first two terms on the right can be expanded.

||un+1 o un”? o |’£unl|2 — (un—i-l —ut = Eun’un—i-l —u” +£un)
1 1 1
— n+l . n n||2 ~r2 _3_4n2n
| u" — Lu H—i—((2£ +6[, +24£)u,£u)
1
— Hun—l-l —u" = £unH2 _ _H£2un”2 o z[[ﬁu"]]Q
3 2
_Z 2,,n n l 2, n 2_1 3, n n
3[L‘u,£u]+24[[£u]] 12[£u,£u ].
(2.10)

Substitute (2.10) into (2.9), one has

1
a2 = a2 = [l — = 2atP = e — ]

_ T[Eu”,u”] _ %[[ﬁun]]Q o %[EZun7un] o £[£2un’£un] (2‘11)
_l 3, n ,n l 2, n 2_1 3,n n
St [ = S Lu”).

Similar as before, one can use (2.4) and (2.5) with v = £2u" to calculate the difference

of square terms on the right.

1
||un+1 . un - £un|’2 . 1“['2“””2
n+1 n n 1 2. n n+1 n n 1 2, n
=" —u" — Lu —E,Cu,u —u" — Lu +§£u)

1 1 1

:Hun—l—l —u" = Lyt — §£2unH2 + ((6‘63 + ﬂ£4>un’£2un)
1

:HunJrl —u" = Ly — _£2unH2 _

3012 _ T rp2n12 T 1p3.n p20n
i Lou"| 12[[L'u]] 24[£u,£u].

1 |
24
(2.12)
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Once again, we plug (2.12) into (2.11) to get

1 1
2 = o2 = = £ = L~ o
— 7[u"]?® — T[Lu", u"] — [[E " - [£2u" u"] — [£2u", Lu"]
3,,n 2, n72 3,n n T 3, n 2, n
- - L2,
12[£u ,u] — 4[[£u]] 12[£u,£u] 24[£u, u"]
Finally, note that
HunJrl —u" = Lyt — 1£2unH2 _ i”ﬁSun|l2
2 36
1 1 1 1
:Hun-l—l —u" = Lyt — §£2un o 6£3un||2 + (ﬂﬁélun’ §£3un)
1 4 u™ 2 3 u™ 2
576” "= 144[[£ I
Therefore
n 4 u™ 2 3, n|(2 _ nf2 _ n o, nl__ Z nn2
Qulu) = M P = | — e — 7l ] — L]
— §[£2u", u"] — £[£2u”, Lu"] — E[ﬁ?’u" u"] — £2u”]]2
- l[ﬁBun [,Un] o l[£3un £2un] o [[E?) n]]2
12 ’ 24 ’ 144
which can be rewritten as (2.8). O

According to Lemma 2.2.2, the energy change Q1(u") consists of two parts, the
numerical dissipation = ||£*u"||> — %|[Lu"||* and the generalized quadratic form
Ty i—o Qij[Lu’, Lu?]. When L is skew-symmetric, the quadratic form is simply 0.

Hence one can obtain the one-step strong stability.

Corollary 2.2.1. Suppose L+L" = 0, then the fourth-order RK approximation (2.2)

to the method of lines scheme (2.1) is strongly stable, ||u™| < ||lu™||, if 7||L|| < 2v/2.
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Proof. L+ L' = 0 implies [w,v] = 0, Vv, w. Hence when 7||L|| < 2v/2,

1

1
[ = P = Quu) = It -
1 1
< (Il = lIEsF <0

2.2.3 Stability for semi-negative L

According to Lemma 2.2.2, for non-skew-symmetric L, we would need to absorb
the quadratic form with the help of the numerical dissipation. One can see that
the high-order terms L™ with i > 3 are easy to control. But there are no other
terms to bound u”, Lu™ and L£?u™. Our only hope is that TZ?J-:O ;[ Lut, Lul]
itself is negative-definite. Lemma 2.2.3 indicates that, to check the negativity of
the generalized quadratic form, one only needs to examine the coefficient matrix,
as that for the polynomials. In Lemma 2.2.4, we prove a sufficient condition for
strong stability, once Zf =0 Qij[Lu’, Lu] is negative-definite, the energy change will

be non-positive when ||£|| is sufficiently small.

Lemma 2.2.3. Suppose L is semi-negative. Let M = (m;;) be a real symmetric

semi-negative definite matriz, then ;. mijlu;, u;] < 0.

Proof. Suppose M = STAS, where S = (s;;) is an orthogonal matrix and A is a

diagonal matrix with the diagonal elements \; < 0. Note that m;; = >, A\iSkiSk;-
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Therefore
Z mi;lui, uj] = Z(Z AkeSkiSkj) Wi, us] = Z )\k(z SkiSkj|Wi, Uj])
1,J 2,] k k i,
= Z /\k[z Sk Uy, Z Skjuj] = Z )\k[[z Skiui]]Q < 0.
k i J k i

O
Lemma 2.2.4. Suppose L is semi-negative. Let
Q(u) = af| Lol + 7 oyl Llu, Liul],
i,5=0
Qoo Gp1 Q2
where aj = aj; and a > 2. If a <0 and Ay = | ayg 11 e | 18 negative-definite,

Q0 Q21 (22
then there exists ¢o > 0, such that Q(u) < 0 as long as ||L|| < ¢o.

Proof. Let —e be the largest eigenvalue of the matrix As. Then Ay + eI is semi-

negative definite. According to Lemma 2.2.3,

2

Z Liu, Lu) =Y (i +6;7)[L1u, Lu] — e([u]” + [Lu]® + [£2u]?)
i=0 i=0 (2.13)

< —e([ul? + [Lul? + [C2u]?).

By Cauchy-Schwartz and the arithmetic-geometric mean inequality,

Z i [Liu, Lu] < e([u]® + [Lu]? + [£2u]?) + Z ;[ Lu]?
max(%,5)>2 i—3
e([ul® + [Lul® + [£2u]?) + > 26| LI LIP ) £2ulP?,
=3
(2.14)
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where we have used the fact [v]?> < 2||L||||v]|* in the last inequality, and &; are
some non-negative constants depending on ¢ and «;;. Using (2.13) and (2.14), if

|L|| = || L] < ¢o, one has

a

Qu) < (a+ Y 2y ™| L2ul .

=3

Since « is negative, Q(u) is non-positive as long as ¢ is sufficiently small. n

Unfortunately, Q;(u") does not satisfy the assumptions in Lemma 2.2.4. Actu-
1 1/2 1/6
ally, the three eigenvalues of Ay = — 1/2 1/3 1/8 | are 0.00560618, —0.0793266

1/6 1/8 1/24
and —1.30128. This motivates us to disprove the strong stability of the fourth-order

RK method and we end up with the counter example in Proposition 2.1.1. So we
turn to seek the power-boundedness of P,(L£). Surprisingly, though Q1 (u") itself fails
to pass Lemma 2.2.4, Q;(u"™") + Q1(u™) succeeds. Hence we obtain the two-step

strong stability in Theorem 2.2.1.

Theorem 2.2.1 (Two-step strong stability for semi-negative L). Suppose L+ LT <
0, then the fourth-order RK approximation (2.2) to the method of lines scheme (2.1)

is strongly stable in two steps, |[u" 2| < [[u™]], of || L] < co.

Proof. Let u™™? = Py(L)u™**. Then
Hun+2H2 o ”un+1H2 — Ql(unﬂ).

Substitute (2.2) into Q;(u"™) and rewrite the quadratic form in terms of u™. By
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direct calculation, one can obtain

7
n 1 n 1 n ~ i,Mm . n
Q) = gL = UL 7 D L L)
where
1 3/2 7/6
Ay = (Gij)axs=—|3/2 7/3 15/8

7/6 15/8 37/24

The complete coefficient matrix A is given in Appendix A.4. While according to

Lemma 2.2.2,
1 1 5
Q1(u") = %IIEWHQ - 5||£3U"||2 + Ti;)@ij[ﬁlunJJUnL
where
1 1/2 1/6
Ay = (Gij)axs = — 1/2 1/3 1/8
1/6 1/8 1/24
When ||£|| <2,
1 1
= £4 n+1)2 _ — £3 n+1 2<0
1 1 1
_£4n2__£3n2<__£3n2‘
P - P <~
Hence

™2 = * = @u(u™) + @u(u")

7

1 . 4

s—ﬁﬂﬁMW+szwww¢m%
i,7=0
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where
2 2 4/3
Ag = (0ij)3x3 = Ag + Ay=—1 2 8/3 2
4/3 2 19/12

The three eigenvalues of Ay are —5.73797, —0.499093 and —0.0129329. Hence A, is
negative definite, and one could complete the proof by applying Lemma 2.2.4. [

Remark 2.2.1. There is another interpretation of the two-step strong stability. We

n+1 +2

treat u as a intermediate stage and consider u™ = as the solution of an eight-stage
fourth-order RK scheme composed by two four-stage fourth-order RK time stepping.
Then Theorem 2.2.1 states this new RK scheme is strongly stable. This coincides
with Remark 3 of Section 4 in [73], where the author conjectured the fourth-order

RK scheme can preserve the strong stability if allowing additional stages.

Remark 2.2.2. Here we only focus on the existence of the constant cy instead of
ging a specific estimate. The argument above is far from sharp. To obtain a

reasonable bound for cy, one should expand == ||L4u"||> — || L3u™+1||? to separate

il
576 72
the quadratic form involving [-,-], and carefully go through all the constants. To
this end, a generalized version of Lemma 2.2.1 is also needed. We leave these to

interested readers.

Realizing the fact that, for a normal operator G, ||G?|] < 1 implies ||G]| < 1, we

prove the one-step strong stability for normal and semi-negative L.

Corollary 2.2.2 (Strong stability for normal and semi-negative L). Suppose LL" =
L"L and L+L" <0, then the fourth-order RK approzimation (2.2) to the method of
lines scheme (2.1) is strongly stable, ||u™*|| < ||u™|, if || L|| < co for some constant

Co.

Proof. According to Theorem 2.2.1, we have ||Py(£)?|| < 1if ||£]| < ¢o. When L is
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normal, P;(L£) is also normal, Py(L)Py(L)" = Py(L)" Py(L). Hence for any u € V,

1P(L)ull* = (Pa(L)u, Pi(L)u) = (u, Po(L)" Pi(L)u)

= (u, Py(L)P4(L) "u) = || PA(L) "l

Therefore, under the same constraints, ||£|| < ¢y, one has

1P4(L)|]> = Sl‘lpl | PA(L)ull* = sup (u, P4(L)" Py(L)u)

< sup [|P(L)" Pi(L)ull = sup [|Py(L)*u]| = [|P(L)*[| < 1.

= Jull=1
In other words, [Ju™™|| < |lu"] if [|£]] < co. O

Remark 2.2.3. By using scalar eigenvalue analysis, the sharp bound of ¢y in Corol-

lary 2.2.2 is 2v/2, as that in Corollary 2.2.1.

2.2.4 Stability for semi-bounded L

We then apply the perturbation analysis to obtain the stability for semi-bounded
L. In the following proof, one actually needs to assume the time steps satisfies
Tok+1 = Topso in order to apply Theorem 2.2.1. For simplicity, we use a uniform time

stepping, namely 7, = 7. The same assumption will be used in Section 2.2.5.
Theorem 2.2.2. Suppose L + L' < 2ul, then the fourth-order RK approximation

(2.2) to the method of lines scheme (2.1) is stable, ||u™| < K(t™)||u||, if 7 < Tl

for some constant co. Here K(t") is a constant depending on p and t".

Proof. Note that

Py(TL)* = Py(T(L — pI) + 7l )* = Py(7(L — pI))?* + 7P (7p, 7(L — pul)),
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where P(s, G) is of the form P(s,G) = 37, .o ;4 ,<7 @i;s'GY. Since L+ LT < 2ul,

(L —pl)+ (L —ul)"T < 0. According to Theorem 2.2.1, |Py(7(L — ul))?|| < 1 if

T||L — pI|| < ¢p. Under a stricter restriction 7 < TZ[r»> one also has

[Pt -l < Y agllflrC - < Y el

1,520, i+j<7 4,j20, i+j<7

|Py(TL)?|| < 1+ cur, where ¢ = Zi,jZO, i+5<T7 ]aij|cé+j

co
| Ll +p

Therefore for 7 <

With this one-step estimate, one has
2k
[ | < P[] < (14 epr) 7 [[uf]] < K(#)]|u)],

and

[ < P (L) [[u®[| < Paco) K () [’

which prove the stability. O]

2.2.5 Stability for semi-bounded and time-dependent L

We conclude this section by extending the results to L dependent on time. One
should note in this case, the fourth-order RK scheme can no longer be written as the
truncated exponential in (2.2). Also different fourth-order RK time integrators are
no longer equivalent. One can use the classical four-stage fourth-order RK scheme
in (2.15) as an example for our stability analysis. However, our proof does not rely

on this specific form and can be used for general cases. The classical four-stage



fourth-order RK scheme is

ki = L(t")u",

ky = L) (" + Shy),
ky = L 3) (u" + g@),
ky = L") (u™ + Tks),

Un+1 ="+ %(kl + 2ko + 2]{73 + k4)7

where "2 = " + 5- As a short hand notation, let us denote by
un+1 — RT(tn)un’

where

R (t") =I + % <L(t”) FAL(E) + L(t"“))
i L") L(t""2) + L(t"+2)2 + L(t”+%)L(t"+1)>
L{E)LE3) 4 L)L) )

L(t")L(t"2)2L (™).

The two-step approximation can be written as u"*% = R, (t""1) R, (t")u".
We also assume that L satisfies the Lipschitz continuity condition

I1L(t2) — L(t1)[| < mlt2 — ta],

with sup, || L(t)|| < n < +oo for some constant 7.
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(2.15)

(2.16)

(2.17)
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Lemma 2.2.5. Suppose L satisfies (2.17). Then

I T2+ aim) = (L) < 3 loal™

Proof. We prove by induction. According to assumption (2.17), the lemma holds for

m = 1. Suppose it holds for m, then

m+1

| H L(t+ ai7) — (L)™'

m+1 m

<] H L(t+ ayr) — L(t) [ [ L(t + awr) | + 1L(8) [T Lt + cur) — (L(£))™ |

i=1 i=1

<IL(t + amia7) = L(1)]] H It + i) [ + [ L] H L(t + auT) = (L(1)™]

<lompalnm 0™ +n- O leal)n™r
=1
m+1

= Z |az |nm+17—a
=1

where we have used the inductive assumption and n > sup, || L(¢)|| in the second last

line. Hence the lemma holds for any positive integer m. ]

Theorem 2.2.3. Suppose L = L(t) and L + LT < 2ul for some positive number
w. L satisfies the Lipschitz continuity condition (2.17). Then the four-stage fourth-
order RK approximation (2.15) to the method of lines scheme (2.1) is stable, ||u™|| <

K@)||u|], if 7 < ot Here K(t") 1s some constant depending on p and t".

Proof.

4 2
Py(tL)* =1 +27L+2(TL)* + g(TL)3 + g(TL)4
. . . (2.18)

1
- 5 6 7 ]
+ 4(7’L) + = (tL)° + = (tL)" + =6 (TL)°.
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And

8 i
R(t"MR(t") =Y > ay [ [(TL(#" + agjur)), (2.19)

=0 j k=1
with {Zj a;; 3, take values of 1, 2, 2, %, %, %, 7—52, % and % as those in Py(7L)2.
(This must be true since when L is independent of time, (2.19) reduces to (2.18).)

Applying Lemma 2.2.5, one has

IBe (@) Ro(t) = Pur L) = 32 30 g ([] Lt + Gger) = (L))
<33 Ja I T LUt + dsper) = (L))
<r 30> lasl(3 au o) = ér.

On the other hand, ||Py(7L)?|| <1+ cut if 7(n+ p) < co, hence

IRt )R- < | Pa(7 L) + [ R-(E ) RA(t") = Pa(TL)* | < 1+ (cp + )

As we have done in Theorem 2.2.2, one can prove ||u"|| < K (t")|[u°]], if 7 < - O

Remark 2.2.4. For different four-stage fourth-order RK schemes, the values of o
and o, are different. But Zj a;j are always the same. Hence the proof above would

still work.

2.3 Applications to hyperbolic problems

In this section, we apply the previous results to several semi-discrete approximations
of hyperbolic problems, and justify their stability after coupling with the fourth-

order RK time integrator. The time step restriction is also referred as the CFL
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condition in this context. In [73], Tadmor has provided detailed examples for spatial
discretization based on the nodal-value formulation, including the finite difference
method and spectral collocation method. Complementary to [73], we will mainly
focus on Galerkin methods, including the global approach, the spectral Galerkin

method, and the local approach, the finite element DG method.

The Galerkin methods are spatial discretization techniques based on the weak

formulation. Consider the initial value problem,

Owu(z,t) = L(x,t, 0 )u(z,t), (x,t) € Qx (0,T),

u(z,0) = up(x), x € Q.

The Galerkin methods seeks a solution of the form uy(z,t) = S5, cx(t)¢x(x). Here
{¢r(x)}2, forms the basis of a finite dimensional space V on Q, equipped with the

inner product (-,-). In addition, one requires that

(6’tuN,UN) = B(UN,UN), VUN < V,

un(x,0) = Puy.

Here B is a bilinear form on V with B(uy,vy) approximating (Luy,vy), and P is

the projection to V.

For spectral Galerkin method, V is chosen as the span of the trigonometric func-
tions or polynomials over the whole domain. Since the functions in ) are sufficiently
smooth, one can directly set B(uy,vy) = (Luy,vy). Hence the method can be
written as

8tuN = LNUN = PLUN = PLPUN

It suffices to check whether Ly = PLP satisfies the conditions in Section 2.2 and
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examine || Ly|| to obtain the time step constraint.

For DG method, V is a piecewise polynomial space based on an appropriate
partition of the domain 2. The associated bilinear form is involved with the so-

called numerical flux. We will explain it in the latter part of this section.

2.3.1 Spectral Galerkin method

The following examples are based on Example 3.8 and Example 8.3, 8.4 in [42].
The estimate of ||Ly|| relies on the inverse inequalities on the finite dimensional
trigonometric or polynomial spaces, which we refer to [65] for details. For interested
readers, we also refer to the same books [42] and [65] for a systematic setup of the

spectral methods.

2.3.1.1 Fourier method

Consider the linear problem

Owu = a(x,t)0,u + b(x, t)u, t€(0,7), z € (0,2m), (2.20)

with periodic boundary conditions. We assume that the coefficients a(z, t) and b(z, t)

are smooth in both x and ¢, and are periodic with respect to x.

Under these circumstances, L = a(z,t)0, + b(x,t)[. Then for any smooth and
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periodic functions v(z) and w(z),

(LTv,w) = (v, Lw) = (v, (a0, + b)w) = (=0,(av) + bv, w)

= ((=0za + 2b) v, w) — (Lv,w).

Hence L' = (—0,a + 2b)I — L. Here (-,-) is specified as the L? inner product on

[0, 27].

In the Fourier Galerkin method, we set V = span{sin(kz), cos(kz)}Y_,, and
choose (-,-) to be the same L? inner product. Noting that P is self-adjoint, one
has

Ly = PL"P = P((—(9.a) + 2b)I — L)P = P(—(0,a) + 2b)P — Ly.

Hence
Ly + Ly = P(—(0,a) + 2b)P < (—(0,a) + 2b)I < (sup|0.a| + 2sup |b|)1,
x,t x,t
and Ly is semi-bounded.

On the other hand, by using the inverse inequality for trigonometric functions

1|l < NJ|¢||, V¢ € V and the fact ||P|| < 1, one has
|Ln|| < la(-,t)0r + b(-, t)I|| < sup |a|N + sup |b],
Tt z,t

and

Ly (t2) = L ()|l < [[(al- t2) = al- 11))0% + (b(-, t2) — b(-, t1)) 1|

< (sup [9;a N + sup [98])|t2 — .
z,t z,t

Hence, the Lipschitz condition holds for = max{sup, ; |a|N+sup, , |b], sup,. ; [O:a| N+
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sup, ; |9;b|}. We obtain the following corollary of Theorem 2.2.3.

Corollary 2.3.1. Consider the Fourier Galerkin approximation of the linear problem

(2.20) with the fourth-order RK time discretization,

utt = R (t")uly, R.(t") defined in (2.16), with Ly = P(a(x,t)0, + b(x,t)I)P.

This fully discrete scheme is stable,

Il < K () [l

under the CFL condition T(max{sup, ; |a|N +sup, , |b], sup, , |9,a|N +sup, ; |0;b[} +

5 sup,, |0,al 4 sup,, [b]) < co, for some constant cy.

Remark 2.3.1. When a and b are constant, L, = 2bI — Ly. Then L} commutes
with Ly and Ly 1s normal. Furthermore, if b <0, L} + Ly =2bl <0, Ly is also
semi-negative. One can use Corollary 2.2.2 to prove the one-step strong stability
under a sufficiently small time step. In particular, when a is a constant and b =0,

Ly s skew-symmetric, we can get a specific estimate of the time step size from

Corollary 2.2.1.

2.3.1.2 Polynomial method

Consider the linear advection equation

Oru = Oyu, te(0,7), ze€(—1,1), (2.21)

with the inflow boundary condition u(1,t) = 0.

In the polynomial Galerkin method, we set V = {¢(z) € span{z*}¥ |¢(1) = 0}
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and (-, ), is the weighted L? inner product, namely (f,g), = f_ll w(z) f(x)g(x)dx.
The corresponding norm is denoted as || - ||.,. We denote by P, the projection to V

under (-, -)y,.

Different weight functions w(z) correspond to different polynomial methods in
the literature. Let us consider the Jacobi method as an example. Here w(z) =
(14 2)*(1 — 2)® with a > 0 and —1 < 8 < 0. When a = 8 =0, w(z) = 1, and the

method is also referred as the Legendre method.

It can be shown that Ly is semi-negative in this setting. For any uy € V, one

has

(un, (Ly + Ly)un)w = (Pytn, LPyun)w + (LPyun, Pytin)w

= 2(“]\7’ L’LLN>w = 2/

-1

1 1

wuNﬁxuNdx:/ w&gu?vdx
~1
1

1
= —/ wuidr — w(—1uy(—1,1)* < —/ w'uidz.

1 -1

For a > 0 and 8 < 0,

(@) = a(l+ ) (1 —2)’ — B(1+2)*(1 —2)°"!

= (1421 -2 Ya(l—2z)—pA+2z)) >0.

Similarly, one can prove w’(z) > 0 for other cases. Hence Ly + Ly < 0.

Furthermore, we apply the inverse inequality for Jacobi polynomials to obtain
|Ln]|lw < CN? for some constant C. (Refer to Theorem 3.34 in [65].) Therefore, by

applying Theorem 2.2.1, one has the following corollary.

Corollary 2.3.2. Consider the Jacobi Galerkin approximation of the advection equa-
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tion (2.21) with the fourth-order RK time discretization,

uytt = Py(tLy)ub, Ly = Py(0,)P,.

This fully discrete scheme is strongly stable in two steps,

[ [P 3

under the CFL condition 7 < CN~2, where C' depends on the constant in the inverse

mequality.

2.3.2 Discontinuous Galerkin method

A detailed discussion of the example in Section 2.3.2.1 can be found in the previous
chapter. To be consistent with notations there, we switch the subscript N to h in
this section, where h corresponds to the mesh size. Also, we will use the bold fonts

for vectors and matrices in this section.

2.3.2.1 Multi-dimensional scalar equation

Consider the linear scalar conservation law

ou(z,t) =V - (Bx)u(x,t), =xcQcRLte(0,7), (2.22)

with the periodic boundary conditions. Here B is a smooth function satisfying the

divergence-free condition, V - B(z) = 0.
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Suppose K = {K} is a quasi-uniform partition of the domain Q. We denote by
h the largest diameter of the elements. The collection of cell interfaces is denoted
by €. Let us define V = {v € L*(Q) : v|x € PP(K),VK € K}, where PP(K) is the
space of polynomials of degree no more than p on K. As for (-,-), we use the L?

inner product on 2.

In DG method, one seeks a solution satisfying

/ 8tuhvhdx = Z(—/ uhV : (,th)dI +/ ﬂhvhﬂ . ndl), Vvh S V,
Q K K 0

K

where uy, is the numerical flux, approximating the trace of u along the edges. A
popular choice is to obey the unwinding principle. In our case, that is u, = u;,

where u) = m (x4 ¢f). We also use u;, = lm w,(z —eB) to represent the trace

e—0t

of uy, from the downwind side. When B(z) is parallel to the cell interfaces, uf are

not well-defined. But in this case, B(z) - n = 0, hence the value of u; will not make

any difference.

Let us introduce the short hand notation,

wV - (Bv)dz — / whvB - ndl). (2.23)

oK

Hy(w,0) =) (/

KeKk K

Then the scheme becomes, find u; € V, such that
(Opup, vp) = —H;(uh, V), Y, € V.

’H; has the following properties. We refer to the previous chapter for details.

Lemma 2.3.1. For any wy,v, € V, we have

(1) H;(vh,vh) = %[[vh]]%, where [[up]g = \/Zeee fe(v;{ — v, )?|B - n|dl .
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(2) |7—l;(wh,vh)] < Ch7Ywp|||lvnll, for some constant C' depending on B and the

constant in the tnverse estimate.

By defining

(Lhuh, Uh) = —H;(uh, ’Uh), (224)

we can also rewrite the scheme as
Owup, = Lpuy,.
Using Lemma 2.3.1, one has
(vn, (L + L) Yvp) = 2(Lpon, vp) = —2H 5 (vn, vn) = —[val <0, (2.25)

HthhHQ = —'H;(Uh, LhUh) < ChilHUhHHLh’UhH. (226)

Hence Ly, is semi-negative and ||Ly]| < Ch~!. The stability of the fully discretized

scheme now follows as a corollary of Theorem 2.2.1.

Corollary 2.3.3. Consider the DG approzimation of (2.22) with the fourth-order

RK time discretization,
ultt = Py(7Lp)uy, Ly, defined in (2.23) and (2.24).
This fully discrete scheme is strongly stable in two steps,
i 21 < Nzl

under the CFL condition 7 < Ch, where C' depends on B and the constant in the

muverse estimate.
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2.3.2.2 Multi-dimensional system

We now consider the symmetric hyperbolic system

d
ou(z,t) = Z A0, u(x,t),
P (2.27)

= (21,...,1q) € QCRY u=(u',..,u™)’ € R™,

where A; are m x m constant real symmetric matrices. For simplicity, we assume €2

to be a hypercube in R? and apply the periodic boundary conditions.

Again, we denote by K = {K} a quasi-uniform partition of the domain Q with
the mesh size h. And £ is the collection of the cell interfaces. The space V is chosen
as

V={ve [’ = (..., o™ "k € PP(K),VK € K},

with the inner product (w,v) = > oW, )k = Y xexe Ji W - vdo and the induced
norm || - || = +/(-,-). We also use (w,v). = [ w-wvdl for the integration along the

cell interfaces.

To set up the DG approximation, we firstly write down the weak formulation of

(2.27)
O, v)x == (A, 0, 0)c + Y (O nl cAiu,v).,

=1 ecOK =1

where n. x = (niK, ...,niK) is the outward unit normal vector to the edge e in
K. Since A; are symmetric, for each e there is an orthogonal matrix S, such that

A, = diag(\!, ... \"") = S.(X0, ! +A;)ST is diagonal. The numerical scheme can



7

be obtained by applying the upwind flux for each eigen-component, namely

d

(Oun,on)ic = — Y (A, oon)ic + > (AScur, Sevp)e (2.28)

=1 ecOK

where i’u,\h = ((@)1, o (iu\h)m)T and

e

(Soup)* = (2.29)
(Sauc™t)k Ak > 0.

e

(Suin)k AP <0,

Here, u/™(z,t) = y_}}ggleK up(z,t) and uwi™(z,t) = y_)}jgém up(z,t). When \F = 0,

(S.up)* will not contribute to the integration, hence one can avoid defining it in this

case. Also note that Y77 n. A = — S n. o A; for K'N K = e, and the same

S. should be used on both sides. Then S'/e'u,\h defined in K and K’ are the same, and
the numerical flux is single-valued on the cell interfaces. Furthermore, for the scalar

case, (2.29) coincides with the previous definition in Section 2.3.2.1.

As before, we define

H(wh,vh) = Z HK(wh,’Uh>

KeK

d (2.30)
- Z (Z<Aiwh7aﬂﬂivh)K - Z <Ae@zasevh>e) .

KeKk \i=1 ecOK

‘H has the following properties, and its proof can be found in Appendix A.5.

Lemma 2.3.2. vah,wh € V, ”H(vh,'vh) > 0 and \’H(wh,vh)] < Ch_lehH”'vhH;

where C' depends on A; and the constant in the inverse estimate.

With the definition of H, the scheme (2.28) can be written as

atuh — Lhuh; (Lhuh,'vh) = —’H(uh,vh), V’Uh % (231)
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Similar to those in (2.25) and (2.26), Lemma 2.3.2 implies that L, is semi-negative
and || Ly,|| < Ch~!. Hence, one can use Theorem 2.2.1 to obtain the following corol-

lary.

Corollary 2.3.4. Consider the DG approzimation of (2.27) with the fourth-order

RK time discretization,
up ™ = Py(rLy)u, Ly, defined in (2.29), (2.30) and (2.31).
The fully discrete scheme is strongly stable in two steps,
[ LA

under the CFL condition 7 < Ch. Here C depends on A; and the constant in the

wverse estimate.

Remark 2.3.2. The stability extends to symmetrizable hyperbolic systems with con-
stants coefficients. More specifically, if there is a symmetric positive-definite ma-
triz H such that HA; are symmetric, then under an appropriate CFL condition

T < Ch7!, one has |[u}™||g < ||u}||g, where |[v]lg =3 gex [ VT Hvdz.

Remark 2.3.3. For symmetric hyperbolic systems with variable coefficients, one
can follow similar lines to show Ly is semi-bounded, and prove the stability of the
fully discretized scheme. But the extension to symmetrizable hyperbolic systems with

variable coefficients is non-trivial.
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2.4 Concluding remarks

We analyze the stability of the fourth-order RK method for integrating method of
lines schemes solving the well-posed linear PDE system 0,u = L(z,t,0;)u. The issue
of strong stability is of special interests. We consider the ODE system %UN = Lyuy,
with Ly + L}, < 0 and Ly independent of time. When Ly is normal, the strong
stability of the fourth-order RK approximation has already been justified by the
scalar eigenvalue analysis. But for non-normal Ly, we provide a counter example
to show that the strong stability can not be preserved whatever small time step we
choose. However, the strong stability can actually be obtained in two steps. We
prove |lu?|| < ||u% || under the time step constraint 7||Ly|| < ¢o for some constant
¢o. This can also be interpreted as the strong stability of the eight-stage fourth-order
RK method composed by two steps of the four-stage method. Then, based on this
fact, we extend the stability results to general semi-bounded linear systems after
using a perturbation analysis and a frozen-coefficient argument. Finally, we apply
the results to justify the stability of the fully discretized schemes combining the
fourth-order RK method and different spatial discretizations, including the spectral

Galerkin method and the DG method. The corresponding CFL time step restrictions

are obtained.



PART I1

APPLICATIONS TO GRADIENT
FLOWS



CHAPTER THREE

Scalar gradient flow equations
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3.1 Introduction

In this chapter, we propose a DG method for solving the initial value problem of

scalar gradient flows,

Op=V-(f(p))V(H (p) +V(x)+W=xp)), z€QCRY >0, 51)

p(x,0) = po(a).

Here p = p(x,t) > 0 is a time-dependent density. H' is increasing and W (x) =
W (—x) is symmetric. We assume f(p) > 0. It either increases with respect to p, or
fp)

it satisfies the property - < C for some fixed constant C.

Our concern for (3.1) arises from two typical scenarios. The first case is on

nonlinear (possibly degenerate) parabolic equations,

Oip =V - (f(p)V (H'(p) + V(). (3.2)

Many classic problems can be included in this setting, such as the heat equation, the

porous media equation, the Fokker-Planck equation and so on.

In the second case, several authors take the interaction term W * p into account,
while imposing f(p) = p. Hence the equation takes the form of a continuity equation,

and the velocity field is determined by the gradient of a potential function.

o=V - (pu), u=VE=V (H (p)+V(x)+ W xp). (3.3)

Here, H is a density of internal energy, V' is a confinement potential, and W is an

interaction potential. It is used to model, for example, interacting gases [18, 75],
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granular flows [7, 6] and aggregation behaviors in biology [61, 74]. This equation
is also related with the gradient flow for the Wasserstein metric on the space of

probability measures [3].

Both of the problems (3.2) and (3.3) can be formulated under the framework of

(3.1). It has an underlying structure associated with the entropy functional,

b= [ Hp@)ie+ [ Vap@izts [ [ W@ - yp@pyiziy

One can show that at least for classical solutions,

d
GE@) == [ f@)lufdz = ~1() <0 (3.4
Q
Here wu is defined as that in (3.3) and I is referred to as the entropy dissipation.

Indeed, (3.4) has provided much insight into the problem and has helped people
to study the dynamics of (3.2) and (3.3), see, for example [14, 18, 75]. Hence
it is desirable to develop numerical schemes mimicking a similar entropy-entropy

dissipation relationship in the discrete sense.

Another challenge for developing the numerical schemes is to ensure the non-
negativity of the numerical density without violating the mass conservation. It is
not only for the preservation of physical meanings, but also for the well-posedness
of the initial value problem. For example, in (3.3), the entropy may not necessarily

decay if p admits negative values.

Numerical schemes addressing both of these concerns have been studied inten-
sively very recently. In [8], the authors designed a second order finite volume scheme

for (3.2). Later on, a direct DG method has been proposed by Liu and Wang in [56].
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Their scheme achieves high-order accuracy but the provable positivity-preserving
property only holds for certain cases. Recently, this method is generalized for solving
the one-dimensional Poisson-Nernst-Planck system [57], which essentially incorpo-
rates the interaction through a coupled Poisson equation. As for (3.3), a variety of
numerical methods have been developed, including a mixed finite element method
[10], a finite volume method [15], a particle method [17], a method of evolving dif-
feomorphisms [19] and a blob method [33] (for H =0, V = 0).

In this chapter, we design a high-order DG method for (3.1), which covers both
(3.2) and (3.3). Our idea is to formally treat (3.1) as a classical conservation law
and apply the techniques there to overcome the challenges. The main ingredients for

our schemes are:

1. Legendre-Gauss-Lobatto quadrature rule for numerical integration,

2. positivity-preserving limiter with SSP-RK time discretization.

The quadrature is used to stabilize the semi-discrete scheme. Such approach has
already been studied in different contexts, such as in spectral collocation methods
[42] and in nodal DG methods [43]. Recently, based on the methodology established
in [13, 36, 37], Chen and Shu proposed a unified framework for designing entropy
stable DG scheme for hyperbolic conservation laws using suitable quadrature rules
[22]. Their approach is also related with the summation-by-part technique in fi-
nite difference methods. The positivity-preserving limiter with provable high-order
accuracy is firstly designed by Zhang and Shu in [87] to numerically ensure the max-
imum principle of scalar hyperbolic conservation laws. Then the methodology has
been generalized for developing the bound-preserving schemes for various systems.

We refer to [88] and the references therein for more details. Our approach of imple-
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menting the positivity-preserving limiter for parabolic problems is mainly inspired by
the recent work of Zhang on compressible Navier-Stokes equation [86], in which the
author considers the conservative form of the problem and introduces the diffusion

flux to handle the second-order derivatives.

Based on these techniques, we propose a DG scheme for (3.1) such that

1. the semi-discrete scheme satisfies an entropy inequality for smooth W,

2. the fully discretized scheme is positivity-preserving.

Our method also has other desired properties. It achieves high-order accuracy, con-
serves the total mass and preserves numerical steady states. Special care is needed
for the case of non-smooth interaction potential, due to the fact that one should
adopt exact integration to calculate the convolution, see [15], as the Gauss-Lobatto

quadrature is no longer accurate.

The remaining part of the chapter is organized as follows. In Section 3.2, we
design the numerical method for one-dimensional problems. We firstly introduce the
notations and briefly discuss our motivation on deriving the scheme. Then it follows
with the semi-discrete scheme and the discrete entropy inequality. The next part is on
the time discretization and the positivity-preserving property of the fully discretized
scheme. Finally we outline the matrix formulation and the algorithm flowchart.
Section 3.3 is organized similarly for two-dimensional problems on Cartesian meshes,
while the implementation details are omitted. Then in Section 3.4 and Section 3.5,
we present numerical examples for one-dimensional and two-dimensional problems

respectively. Finally conclusions are drawn in Section 3.6.
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3.2 Numerical method: one-dimensional case

3.2.1 Notations and motivations

For now, we focus on the one-dimensional case of (3.1)

Op = 0.(f(p)0:(H (p) +V(z) + Wxp)), z€QCR, t>0,

p(w,0) = po(z).

In general, the problem can be either defined on a connected compact domain with
proper boundary conditions, or it can involve the whole real line with solutions
vanishing at the infinity. In our numerical scheme, we will always choose €2 to be
a connected interval. For simplicity, the periodic or compactly supported boundary
conditions are applied. But we remark that our approach can be extended to more

general types of boundary conditions, for example, with zero-flux boundaries.

Let [; = (z;_1, ;1) and [ = UN, I; be a partition of the domain 2. Denote h; =
Tyt — ;1 and b = max; h;. We will seek a numerical solution in the discontinuous

piecewise polynomial space,
Vi =A{vn s on|, € P*(Ly) forz € I;;i=1,...,N}. (3.5)

Here P*(I;) is the space of k-th order polynomials on I;. Note that the functions in
Vi, can be double-valued at the cell interfaces. Hence the notations U,J{ and v, are
introduced for the right limit and the left limit of v,. For a function s = s(p) or
s = s(p, ), we denote by s, = s(pn) or s, = s(pp, x) respectively. Furthermore, the

notation s, stands for s(p;) or s(p}, x), and s, stands for s(p; ) or s(p; , x).
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To define the DG method, we split the original problem into the following system,

Oip = 0u(f (p)u),
u = 0,¢,

E=H'(p)+V+Wxp.

By applying the DG approximation, we obtain the following scheme as a preliminary.

We seek pp,, up € Vj,, such that for any test function ¢y, Y, € Vj,,

‘/@WMszi/nwm%M+ﬁmg%ml—ﬁ,wMjh (3.6a)
. Ii 2 2

I

~

[ wntnds == [ Gudninde+ &y, — &yl (3.60)
I; I 2 2

Here &, = H, +V + [, W (z — y)pn(y)dzdy, while ﬁb and ¢ are numerical fluxes.

By setting @5 (z) = 1,(x), one will get the following evolution equation for the
cell average of (py,);, which is denoted by (pp,);-
d B f“z‘+% — fu;_1

G (), = = (5.7

This is very similar to that in hyperbolic conservation laws. In particular, for k = 0
and u = 1, by using the so called monotone flux, (3.7) will become a monotone

scheme, which satisfies many desirable properties.

In order to achieve an entropy-entropy dissipation relationship as that for the
exact solution, one may hope to set ¢, = &, in (3.6a) and ¥, = uyf, in (3.6b).
Unluckily, neither of them falls into the test function space. A natural attempt is
to use the usual L? projection to enforce this property, as that in [56]. However,

the projection will change the values at the cell interfaces, and the desired form
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in (3.7) will be violated. This will cause trouble when one seeks to preserve the
non-negativity of the solution. Inspired by the recent work of Chen and Shu in
[22], we introduce a suitable quadrature to overcome this difficulty. Moreover, the

Gauss-Lobatto quadrature is used to preserve the values at the cell ends.

Let us denote by {:1027}kJrl the k£ + 1 Gauss-Lobatto quadrature points on /; and

r=1

{w,}**] the k + 1 Gauss-Lobatto quadrature weights on [—1,1]. In particular =} =

r

+

T. 1
=3

k+1 -
i = T

and .
H—%

On each cell I;, the operator Z returns the k-th order

k+1

polynomial interpolating at {z}}; ;. We will use the notation

and
k41

h’i r r
[ n0uts = 53" wna) 0,20 @)
Ii r=1
for the Gauss-Lobatto quadrature. As a convention, fﬂ stands for Ef\il S I

We will finally come to the fully discretized scheme, for which we denote by 7

the time step length and A\; = ;-

3.2.2 Semi-discrete scheme and entropy inequality

Our scheme is to replace the integrals in (3.6) by the Gauss-Lobatto quadrature. In
other words, with V}, defined in (3.5), we seek pp,u, € Vj,, such that for any test

functions ¢y, ¥y, € Vi,

/(@ph)whdw = _/fhuhamQthx + ﬁi—&—%(@h);_l - ﬁz‘—%(‘?hﬁ (3.8a)
I; 2

1
j— L
LL' 2
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~

/I‘Uhlﬁhdx = —/nyhaa;@/}hdx + §+%(¢h)i_+% - a—%(lbh)j_%‘ (3.8b)

Here, when the interaction potential W is smooth, we set

& = Enlom ) = Hy+V + / W(x — y)on(y)dy.

While for non-smooth W, the quadrature may not achieve sufficient accuracy of the

convolution. Hence the exact integration is applied

& = Enlpnx) = H, +V + /Q W(x — y)pn(y)dy.

The numerical fluxes are chosen in the following way,

E= S +6)

—~ 1 o « _ _
Ju= 5wy + frug) + 5 (00— gi), o= max{juf], |u; ]},

with g(p) = f(p) if f is increasing and g(p) = Cp if @ <C. gis the central flux.

Remark 3.2.1. Although we formally require that vy and vy are taken from the
finite element space, our scheme (3.8) actually can not distinguish a function from
its interpolation polynomial at the Gauss-Lobatto points. Hence, (3.8) will also hold
for “test functions” outside Vi,. This facilitates our proof of the discrete entropy
wnequality. This fact can also be justified through the matrixz formulation, which is
presented in Section 3.2.4. We also remind the readers that the number of quadrature
points must be k + 1. It may result in underdetermined systems if one uses a less
accurate quadrature rule, while using more points will mess up with the proof of the

entropy inequality.
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Remark 3.2.2. In general, g is not unique, while it must satisfy sign[gn| = sign|ps]
or signlgy] = 0, and ag + fu > 0. The correct sign of gn is needed for the entropy
inequality and ag = fu > 0 is used to prove the positivity-preserving property. For
most of the applications, f(p) is increasing and g(p) = f(p) should be enough. In
particular, in gradient flow type problems where f(p) = p, g(p) = p gives the local

Laz-Friedrichs fluz. Similar comments also apply for the two-dimensional problems.

This semi-discrete scheme satisfies the following entropy inequality.

Theorem 3.2.1. For smooth interaction kernel W, assume that the semi-discrete
scheme (3.8) has a solution, then it satisfies a similar entropy-entropy dissipation

relationship, as that in (3.4), given by

SIS
es]!
AN

|
~

where N N o
. 1
B [Hie+ [Vders [ [ W - pm@pntsdy
Q Q 2JaJa
15 the discrete entropy and

j: /fh|uh|2dx
Q

18 the associated discrete entropy dissipation.

Indeed, one can choose larger iy 1 in the Laz-Friedrichs fluz. This will bring
in extra numerical dissipation and the entropy inequality will still hold. Moreover,
assuming g and H' are strictly increasing, if Qpy1 > 0 for all © and the semi-discrete
scheme (3.8) achieves a non-negative stationary state py, then py, is continuous and
the piecewise polynomial interpolation of &, is constant in each connected component
J of the strict support of pp, which is defined by J = Ucal; for certain set of

consecutive indices A where p, > 0.
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Proof. Using the symmetry of W, we have

dw//W z — y)pu(x) pr(y)dzdy
- / e ( JACE y)ph(y)dy> do+ %]Qatph@) (]QW(x - y)ph(x)dx) &y
/&:ph (/W = y)pn(y )dy> dz.

Hence,

GE= [om) (Hz A y)ph@)dy) o

~ N ~
= /8tph§hd$ = Z/.atphz(gh)dx

[

= Z ( / (Frtn) 0T () + Fu 1 (€0)7, 0 — Fuo1 (6)) 2) :
Note Z(f(pn)un)0:Z (&) is a polynomial of degree 2k — 1 and the Gauss-Lobatto
quadrature with £+ 1 points is exact. Hence we can replace the quadrature with the

exact integral and integrate by parts. Then we obtain

N

d -~ — —~
%E Z <— /] Z(frun)OxZ(En)dr + fui-l-%(fh);_% - fui—%<€h):__§)

i=1

N

=3 ([ oxthures - e,

i=1

U]y + T @), ~ i 4607 )

By using the same trick, we change the exact integral back to the Gauss-Lobatto

quadrature, and apply the scheme (3.8b) to obtain

~

N
E=>" (/I.éhaw(fhuh>dx - (fhuhgh); + (faunén);” 1t qu» 1 (En) 1 ﬁi%(fh)j%)

=1

&l&
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N ~
Z ( /fh|uh| dx + §z+ L (frun) 1 — gi—%(fhuh):__% = (fuungn), s

(fhuhfh) 1 + fUer (fh) fuz(gh)lé)

/fh|uh| b=

where the bracket represents the jump, [gn] = g; —¢;, . According to our choice of g,

[gh]w [€n)is2 (3.9)

sign[gn] = sign|ps] or sign[gn] = 0. Since V and W are single-valued functions, [,] =
[H'(pp)]. By using the fact that H' is increasing, we have sign[,| = sign[H'(ps)] =
sign[pp] or sign[¢,] = 0. Therefore 31 | %%%[Q]H%[é“h]“% > 0, which completes the

proof of the first claim.

It is easy to see that the entropy inequality will hold as long as the coefficients
Qyy1 are non-negative. Let us assume now that «;, 1> 0 for all 7 and p; is a

non-negative stationary state of the semi-discrete scheme (3.8), namely

Then from (3.9) we deduce that both terms in the right-hand side must vanish, that

18

1

Z/fh]uh] d.ﬁlﬁ_

Therefore each term in the summations will be zero. On the one hand, if «; 41 >0

[gh]z—i- [fh] =0.

while g and H’ are strictly increasing, then [gy); 41 L[&nlit 1+ = 0 and hence [on)is 1=0.
It holds for all 7, which means the jumps of p;, vanish on all the cell interfaces. This
implies the continuity of p,. On the other hand, in the interval J we deduce that

up, = 0 due to the positivity of f; implied by the positivity of p, and its definition.
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Hence for all ¢ € A, by using (3.8b), one can obtain

[ azeizins = - [ T60.@ude + @), - @}
I; I 2 2

~

= —/lvfhaxlbhdiB + @4—%(1/}11);_% - §+%(¢h)j_%

= 0.

Here {fL—L = E is guaranteed by the continuity of &, (implied by that of py,). Therefore,
T¢&y, is constant on each ¢ € A. Due to the fact that &, is continuous globally, all
these constants must be the same and the piecewise polynomial interpolation of &,

is constant on J. OJ

3.2.3 Time discretization and preservation of positivity

The semi-discrete scheme itself does not guarantee the positivity of the numerical
solution. If no special treatment is applied, one may produce nonsense density
with negative values and the problem can become illposed. Hence we adopt the
methodology developed by Zhang and Shu in [87], which enforces the positivity of
the solution without violating the mass conservation. Their idea is to incorporate
a positivity-preserving limiter into the SSP-RK time discretization. Under certain
time step constraints, each Euler forward step preserves the positivity of the cell
average (referred to as the weak positivity in the literature). Then one can scale the
solution, without affecting spatial accuracy, to ensure the point-wise non-negativity.
SSP-RK time discretization will preserve the non-negativity of the solution in the

Euler forward steps.
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3.2.3.1 First-order Euler forward in time

Let us firstly consider the Euler forward time stepping. We use the superscript “pre”
for the solution obtained by Euler forward method before applying the positivity-

preserving limiter. The time discretization of (3.8a) becomes

T

n—+1,pre n ™
P - P n, n To\n - To\n
[ e = - [ Rruosenda+ Fay (on), ~ (Tl (o)), (3.10)
Ii Iz 2 2

Lemma 3.2.1. Suppose p}(z}) > 0 at the Gauss-Lobatto quadrature points. Then

when Ai= 7~ < mln{(fuwg):i,a (G

o fu)ZJrl} the solution p;™ """ obtained from (3.10)

satisfies (ﬁh)?ﬂ’pre > 0. Here, in the constraint of \;, we consider 3 := +o00 by con-

vention.

Proof. We drop all subscripts & in this proof. Take ¢ = 1 in (3.10), we have
A = g (Futys = (Fus ).
2 2

Note that p™ is a polynomial of degree k, the Gauss-Lobatto quadrature is exact for

evaluating the cell average p}'. More specifically, we have

k+1 ’LU
— _/ ndl’ — _r n(xr)
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The superscripts n will also be omitted for simplicity in the rest. Hence

—n+1,pre % r wn + Wr+1
Pt =) o) + el e

The first term is automatically non-negative, since the weights w, > 0 and the nodal

values p(z}) > 0. The positivity of the last two terms is guaranteed by our choice

wk+1p>

of @ and g. One only needs \; < min{(522-)" , L (G

1} to ensure the second
and the third term to be non-negative. (Note that for p g or Pis 1 being 0, the
corresponding term is also 0 and there is nothing to impose. Hence we introduce

the notation 2 := +o00.) Therefore p/ """ > 0 under the prescribed time step

constraint. OJ

Remark 3.2.3. According to the definition of o and g, (f;”i’;g)Jr . and (%);1
2

will always be non-negative.

Remark 3.2.4. Although the original equation can be parabolic, we have incorporated
the second-order derivative into u, such that one can formally treat it as a hyperbolic
problem. This technique is introduced by Zhang for the compressible Navier-Stokes

equation [80].

Here we provide an estimate on the time step for g(p) = f(p) = p. One has

Ni = mln{(aJru) 1 (ti’”ul) } in such situations. We assume the mesh is quasi-
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uniform, namely, ch < h; for some positive constant c. Then it suffices to satisfy

T S ﬁMh Note that
% i$%

~

/I_Uhlﬁhdﬂf = - /1 Z(§n)0rthndz +@i+%(wh)i_+% —I/(\fh)i,%(%)j_%- (3.11)

If H = 0 in the definition of &, then & is continuous and (3.11) gives up, = 0,Z(&p)

C
max; [|02Z(&r) || Loo (1)

on I; after integration by parts. Hence 7 < h. In particular, for

V' = x, this corresponds to the usual CFL condition for hyperbolic conservation laws.

Otherwise one uses the inverse estimate and the norm equivalence for the time

11
step estimate. Note that ||v||pecy < ch? *||v|1ar), V1 < p,q < oo, Yv € P*(I;).

Furthermore, ci[|vll 2y < 0llz2m) < eallvlligry, with [vllpaay = £/ [v*dz, Yo €
P*(I;). One has

_1 _1
[ullzoo(ryy < ch™2[Jullz2(ry < ch™2[Jull L2z,
_3
<ch 2 (| Z(&n) 2,0y + I ZCEM | L2y + 1 Z(ER) | 221110

SCh_l ”I(Sh) ‘|LOO(I7;—1UI¢UI¢+1)‘

c 2 o - -
Therefore, T < e ||I(fh)HL°°(Ii)h , which is comparable to the time step constraint

for parabolic equations.

Lemma 3.2.1 tells us an inherent property of the Euler forward scheme. If the
solution is non-negative at the previous time step (at the Gauss-Lobatto quadrature
points), as long as the time step is smaller than a threshold, the cell average at next
time step will remain non-negative. In order to close the loop, one would need to
ensure the nodal values at the quadrature points of the next time step are also non-
negative. This indeed can be achieved by applying a scaling limiter, which luckily

does not affect the spatial accuracy. We refer to [86] for more details.
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Lemma 3.2.2. Let

P (D) = ()7 0 (o T () — (pR)TTT) . e =1k L
— \n—+1,pre
with 0; = miﬂ{@(?ﬁ%,l} and m; = min{p; P (x))¥ . Then we have
h)j —m;

Pl @r) > 0,9 = 1,... k+ 1 and (pp)!*" = (pn)i P, Furthermore, the in-

2 K3

terpolation polynomial of {p} (z)} on I; satisfies

[ (@) = o) < Crmax[p(a, b)) — gy ()],

where p(x,t,11) is the exact solution at time t,y1 and Cy is a constant depending

only on the polynomial degree k.

Remark 3.2.5. Qur scheme only uses the nodal values at the Gauss-Lobatto quadra-
ture points, hence we only need to ensure the non-negativity at these nodes. One can
also squash the solution polynomials so that the solution is non-negative everywhere

on the domain. The proof will still go through.

Theorem 3.2.2. With the scaling limiter in Lemma 5.2.2, the FEuler forward time
discretization of the semi-discrete scheme is positivity-preserving, provided the time

step restriction specified in Lemma 3.2.1 is satisfied.

3.2.3.2 High-order time discretization

The SSP-RK method will be used for time discretization. We refer readers to [38]
for more details. Since the time step usually scales like 7 = Ch?, the Euler forward

method will be sufficient for piecewise linear elements to achieve overall second-order
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accuracy. For k = 2,3, we will use the second order SSP-RK scheme

o = ok + TE (o), (8.12)
P =5t g (pﬁf) +7F (/i”)) : (3.12b)

For k = 4,5, the third-order SSP-RK scheme is used

o) =P+ TF(p}), (3.13a)
3.1

o) = PRt (pél) +7F (/é”)) ) (3.13b)
1.2

ot = 2o+ 5 (A7 + (D)) (3.13¢)

The positivity-preserving limiter should be applied immediately after each Euler
forward stage. As one can see, the SSP-RK schemes (3.12) and (3.13) can be rewrit-
ten as convex combinations of the Euler forward steps. Since each Euler forward
step preserves the positivity, the numerical density at the next time level will remain

non-negative.

Theorem 3.2.3. Consider the SSP-RK time discretization (3.12) and (3.13) of the
semi-discrete scheme (3.8). By applying limiters specified in Lemma 3.2.2, the fully
discretized scheme preserves non-negativity as long as the time step restriction in

Lemma 3.2.1 is satisfied.

We also mention several other properties of the fully discretized scheme, whose

proofs are omitted. Such properties also hold for two-dimensional cases.

1. Mass conservation: [, pj(z)dx = [, po(x)dz.

2. Preservation of numerical steady states: if the numerical potential Z(&;,) be-
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comes constant on each connected component of the extended support of py,
then we have p*t! = pP'. Here the extended support is defined as the usual
support padded with an extra mesh cell on each side. The preservation of

numerical steady state for the fully discretized scheme is related with the semi-

discrete version through the profile of p, and &,.

3.2.4 Matrix formulation and implementation

At the end of this section, we would like to introduce the matrix formulation of our

numerical scheme and outline the flowchart of the algorithm.

3.2.4.1 Matrix formulation

The derivation of the matrix formulation is similar to that in Section 3.1 of [22]. We

refer to that paper for more details.

We omit all the subscripts k. Let {(, }**1 be the Gauss-Lobatto quadrature points
on the reference element [—1,1]. We denote by L,, r = 1,...,k + 1 the Lagrangian

basis polynomials interpolating at these nodes.

k+1

L©= [ <=

s=1,5r C’V‘ - Cs

On each cell, the unknown function can be represented as

k+1

plat) =Y piOL(('(2),  wel.

Here (' is the mapping from I; to [—1,1]. To determine p, it suffices to identify the
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k+1]T

coefficients p; = [p} ... p; . u; and é; are defined in a similar fashion.

The matrix formulation can be written as follows.

d 2 S 2 o
= ——M1DTMfu. + =M Bfu. 14
2 - 2 -
1 NZ
& = H'(p)) +V(a7) + Zp’;/ W (] = y) L (¢ (y))dy. (3.14c)
=t 7

Here M = diag{w,...,wg+1} and B = diag{—1,0,...,0,1}. D = (D,s) is the
difference matrix, and D,s = L.((,). f_&z is the component-wise product of ﬁ =

7

(o). f(pY)T and ;. & = [Ei,% 0...0 Q%]T and fu, is defined similarly
for ji\i We remind the readers that one should replace [ I by [ I in (3.14c) if W is

smooth.

3.2.5 Algorithm flowchart

For simplicity, we only consider the Euler forward time stepping. The algorithm with
SSP-RK time discretization can be implemented by repeating the following flowchart

in each stage.

1. Use (3.14¢) to obtain {(&)"}.
2. Evaluate the numerical flux {(£7)"} and use (3.14b) to update {(@;)"}.

3. Evaluate {(f;)"}, {(fu,)"} and the numerical flux {( fa: )"}. Use Euler forward

time stepping for (3.14a) to calculate (p;)""!Pre.

4. Evaluate {p}'} in each cell.



101

e If {p;} is a set of non-negative numbers. Apply the positivity preserving

limiter to obtain {(7;)"™'} and enter the next time level.

e Otherwise halve the time step 7 and restart from 1.

Remark 3.2.6. The main advantage for using Gauss-Lobatto interpolation poly-
nomial basis is that all the needed nodal values are automatically acquired. Hence
one can save costs on evaluating the numerical fluxes and applying the positivity-

preserving limiter.

Remark 3.2.7. For W # 0, the computational bottleneck is to calculate the convo-
lution in step 1. Suppose the (k + 1)-point quadrature rule is used in each interval
to evaluate the integral, the evaluation of the convolution usually takes O(N?k?) op-
erations in each iteration. However, on uniform meshes, the fast Fourier transform
(FFT) can be applied to reduce the cost to O(Nk(log N + k)). The idea is that, for

each fized i, the convolution can be evaluated by,

N
(6" =D Knlfieem)"s (Ko = | W (af = ((m = D+ 1)) Lo(¢' (1)dy.
" 1 (3.15)
If the convolution kernel is periodic, then (3.15) can be formulated as the multiplica-
tion of an (N x (k4 1)) x (N x (k+ 1)) block circulant matriz and a vector. Since
each block may not be circulant, only one-dimensional FFT can be applied, which re-

sults in O (Nk(log N + k)) operations. However, k is usually a much smaller number

compared with N.

Although W is not periodic most of the time, p is usually a (numerically) com-
pactly supported function. One only needs to evaluate & precisely on the same inter-
val. Hence we can simply extend the problem to a larger domain to adopt the previous
procedure. For example, if p lives on [—R, R]. We can consider its zero extension

on [-2R,2R| and assume everything to be 4R periodic. When the FFT algorithm
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is used to compute the matriz multiplication, it gives exact & on [—R, R, because
relevant values of W is unchanged on [—2R,2R|. The computational complexity is

still O (Nk(log N + k)).

Remark 3.2.8. In our numerical tests, both for one-dimensional and two dimen-
sional cases, we will use a sufficiently small time step to avoid the cell average at-
taining negative values. Also, g(p) = f(p) will be used to define the numerical fluz,

unless otherwise stated.

3.3 Numerical method: two-dimensional case

In this section, we apply our method to solve two-dimensional problems on Cartesian

meshes.

3.3.1 Semi-discrete scheme and entropy inequality

Consider the initial value problem,

Oip =V - (f())V(H (p) + V(z,y) + W xp)), z,ycQCR? t>0,

p(l’,y,()) = IOO(xay)'

Here Q) = [ x J is a rectangular domain and the periodic boundary conditions
are applied. Let I; x J; = [xi%,xi%] X [yjil’y]q»%} and U, U I; x J; be a
partition of the mesh. The mesh size is denoted by h = max;;{,/(h{)* + (h})?},

where hj = ;1 —x; 1 and h =y, 1 —y; 1. The finite element spaces are defined
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as

Vi ={un:wnl, ,, € Q" (IixJ)), foralli=1,...,N® j=1,..., N} and V}, = V,xV,.
(3.16)

Here Q*(I; x J;) is the tensor product space of P¥(I;) and P*(J;).

The semi-discrete DG scheme is formulated as follows. With V}, and V', defined
n (3.16), one needs to find p, € Vj, and up, = (uf,uj) € V', such that for any test

functions ¢, € Vi, and (¢F,¥1) € Vi,

/J/I(atph)gohd:cdy =— /J /Ifh (uy,Opipn, + uy Oyon) drdy

J

+/ Jutison(ar, ) = fur_yon(al y)dy  (317)
Jj 2 2

+ /Ivfuyﬁ;soh(fc, Y1) = fur_sen(e,y) oy )de,

/ / WEGE Y dady — — ] ] (Du05F + 0,09 ddly

/2

+ /I Guileyyyy) — Goyulleyr )

¢ s

Uiy y) =&l pdy (B18)

l\)\»—l

Here, when the interaction potential W is smooth, we set

€0 = Enlpnsy) = H, + V + / / W(e— &,y — §)pn(@ §)didi,
JJTI

While for non-smooth W, the quadrature may not achieve sufficient accuracy. Hence
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the exact integration is applied
& = Enlpn, ,y) = Hy +V + / /W(:c — T,y — 9)pn(Z,9)dzdy.
JJI

The numerical fluxes are chosen in the following way,

G =) = 5 (6000 el ),
Gy =60 = 3 (Gl +alwy,y)),
Pty = T ) = 5 (), ) + (), 0)
+O€+5 (gh(fr;:;,y) = gn( 17y)> :
oy =l () = max{lun(el,y, o)l (e, 0l
Py = ity (0) = 5 (), u,y) + )., )
+aT (n(@.,0) = gnly7.0))
oy =’y (1) = max{lw ey, )l o),

with gn(z,y) = g(pn(x,y)), where g(p) = f(p) if f is increasing and g(p) = Cp if
) < ¢
. <C.

For smooth W, one can obtain an entropy inequality as we have done for one

dimensional problems.

Theorem 3.3.1. For smooth interaction kernel W, assume that the semi-discrete
scheme defined by (3.17) and (3.18) has a solution, then it satisfies the following

entropy inequality.

e
IA
L

(3.19)

Sl =
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where

://H(ph)dxdy—i-//‘/phdxdy
JJT JJT

~N o~~~

1 T 1 ~ o~ ~ 7~
Jr§////w<:'j — &,y — §)pn(x, y)pn(T, §)didjdrdy
JJSIJJJSIT

1s the discrete entropy and
j://fh’uthJ?dy
JJI

is the associated discrete entropy dissipation. Moreover, assuming g and H' are
strictly increasing, if o and oY are all positive and p, > 0 is a stationary state
of the semi-discrete scheme, then pp s continuous and the piecewise polynomial

interpolation of &, is constant in each connected component of the support of pp.

Proof. We will focus on the entropy-entropy dissipation relationship and the proof

of the second part of the theorem is omitted. Using the symmetry of W, we have

~N o~ O~ A

dt 2////W x— T,y = §)pn(e, y)pu(T, g)didydrdy

//&ph z,y) (//W r—Z,y — 4)pn(Z, y)dxdy) dxdy.
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Hence,

dt //&:ph ,Y) <Hh + V+//W T — T,y —J)pn(, y)dwdy> drdy

NT NY ™

//atphfhdl"dy = ZZ/ /atPhI En)dxdy

=1 j5=1

—ii ( / (] (frup) 0y I(fh)dﬂf) ] (Zjl(fhu%)é‘yl(éh)dy) dx

=1 j5=1 Ii

/fu i1, 1Y) = fuxl_lé’h( _1Y)dy

+/Iiflﬁj+é£h(l‘7yj_+ )= fur, 16,y é)dfﬂ)-

For fixed y, Z( fruf)0,Z (&) is a polynomial of degree 2k — 1 with respect to x. Hence
the Gauss-Lobatto quadrature with £+ 1 nodes is exact. We replace the quadrature
with the exact integral, integrate by parts and then change back to the quadrature.

The same argument also applies to the second integral. One can then obtain,

~ ~

/

J

~

b= NZNZ ( /J j (Ziawﬂfhuz)ﬂfh)dx) dy + /(

=1

- / () a7,y 9) — ()l )y

~

- [ Gt @, - (ko) oy )do

m\»—t

/fu 2607 1,Y) = fuxl,l&z( 1Y)y

+/Iif/1ﬁj+§§h(w7yj_+é) — fu,_ 1&n(, Y é)dfﬂ> :
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Use the scheme (3.18) one can get

~ N® NY R
_//f|uh|2dxdy+zz</ Sirs (i) (w1 y) = &y (frui) (21, y)dy
JJI i=1 j=1 2

2

)

+
™

e () (27, 0) = g (w3 )da

e
<.

(fhuhgh)< L1Y) (fnunén) () 1, Y)dy

\2 \2

(fhuhfh)(ilfy ) (fhuhﬁh)(l}yj %)dﬂf

2

+

f?;wr%fh(l'; ) fuxzflgh( 1 ) y)dy

i—

Zé

+/I'fuyj+é€h(x’yj_+é) fuy]_lfh(x,y. é)dﬂf)

—NZNZ </~.ai+§<y> (ot 1) = 0nla o)) (6005 0) = &l 00)) dy

+Zi 04?+2; (z) <gh(x,y;“+%) — 9h(3?>yj_+%)> (&L(gg, y;:_%) —&p(z, yjjr%)) d:lf) .

By our choices of g, the strict monotonicity of H’ and the fact that V' and W are

single-valued, the last term is non-positive, which gives (3.19). ]

3.3.2 Time discretization and preservation of positivity

It suffices to ensure the positivity-preserving property of the Euler forward scheme.

The high-order case is automatically taken care of by SSP-RK time discretization.

The first step is to show that, provided the solution at the current time level
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is non-negative, the cell average at next time level will also be non-negative, if a

specific time step restriction is satisfied.

Lemma 3.3.1. Let \} = hT_gv and )\? = % Suppose pj(z7,y;) >0, r,s =1,... k+1

and

x : w1p s Wk+1P — s

v < (s ) L) (g 2 ) o 020
Y . wyp r Wg410 oo

g Smﬁ“{(wuuayg)) (w4 (2(ayg—fuy)> ) J‘+%)}’ (3.200)

then the solution (ph)?;rl’pre obtained from (3.17) satisfies (,éh)?;rl’pre > 0. Here, in

; T T 0 ._
the constraint of A] and A}, we formally denote by § := +o0.

Proof. As before, we drop all the subscripts A in this proof. The superscript n will

also be omitted for simplicity. Take ¢ = 1 in (3.17), we have

—n—+1,pre = T /\:c _
Pi.; = pij+ W/ Juripa ~ fur iLd hxhy f“ 3 f“y LS
'y JJ; 'Y

Note that
k+1 k+1

Dij = h“’hy// pdxdy = Zwrwsp Ty, Y5)-

rlsl
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Then we have

k+1 k+1
Py = —Zzwrwsp 75, 5)
Cen r=1 s=1
+ —Zws ( fu®) 1,yj) (fuf) (@1 95) + gy (gh(xii%?yi) —gh(x;%,yj)))
k-i—l
——Zws( i_%,y]) (fuf)(z s 95) + iy (gh(fvj_%,yi)—gh(fv{_%,yi)))
)\y k+1
+j§;wr (@) + () @hyr, ) + ol (el y) = (el )
S ()@ ) + (Fu) oy ) + a2y (anlafyry) = an(atyy )
4 p— " P53 BREES J—3 V=3 P53

\3
CIJ

k+1
wk+1 — s )\’Lx x — S z - S
- Zws ( 8 p(xwé’yj) + 4 <(fu )(xH%,yj) o O‘i+§gh<xi+§’yj)>)

The first term is automatically non-negative, since the weights w,,w, > 0 and
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the nodal values p(z},y;) > 0. The positivity of the last four terms is guaranteed

by our choice of a and g. One only needs (3.20) to ensure the second and the third

term to be non-negative. And as before, one can check the convention % = 400 does
make sense. Hence [)Z;rl > 0 under the prescribed time step constraint. O

Then, as we have done in the one-dimensional case, a scaling limiter is applied to
sure the numerical polynomial solution takes non-negative values at the quadrature
points. Hence the assumption in Lemma 3.3.1 is met and the fully discretized scheme

is positivity-preserving.

Theorem 3.3.2. Let

ol ys) = ()i POy (on T ) — (Bu)i ), s =1, kA
th 0. . = mi Ml d m:;: = mi ntlpre/ r o s\1k+1 Th
with 6, ; = mln{(ﬁh),ﬁd,pre_m_j, } and m;; = min{p, (xi,yj) a1 en we
1,7 s

have pZ“(mZT,yJS-) >0,Vr,s=1,....k+1, ppt! = pZ+1’pre. Hence the resulting fully
discretized scheme using Fuler forward or SSP-RK time discretization preserves the

non-negativity of the solution, if

. . w1p Wg41pP —
TS minthi Rl - min { (2(fo - awg)) (75335 (2(04“"?9 — fu“f)) (5135

2,7,8,T
I N C Wkpap N\
(Q(fuy = ayg)) (@ bsy) (Q(ng - fuy)> (=% j+;)} |

Remark 3.3.1. As that in the one-dimensional case, we expect the time step con-

straint to be 7 < ch if H' =0 and 7 < ch? otherwise.
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3.4 One-dimensional numerical tests

3.4.1 Accuracy tests

In this part, we examine the accuracy of the numerical schemes with P!, P2, P3 and

P* elements. The error is measured in the discrete norms.

L
v =Y [ luntet) = ue. )]
i=1 V1

—
v = 2 [ untet) — ula )P
i=1 7L

ere = max |up(z,t) — u(x,t)].
$E{$,7L-‘}i’qn

Example 3.4.1.1 (Advection equation). The first numerical test is done for the

linear advection equation

Op = O0pp, 1w € [—7, 7],

p(x,0) =1+ sin(z).

The problem has an exact solution u(z,t) = 1+ sin(z + ¢). In this test, f(p) = p,
H'(p) =0, V(z) = x and W(z) = 0. To be consistent at the boundaries, one needs to
manually impose & () =7 and 3 (—m) = —n. (This will gives u = 1 and the scheme

is equivalent to the usual upwinding DG method with a mass lumping treatment.)

We compute up to ¢t = 2 and the time step is 7 = 0.02h2.

Due to our choice of the initial condition, the solution has point vacuum and the
numerical solution may become negative in its neighborhood. We perform numerical

tests without and with the positivity-preserving limiter and the results are listed
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in Table 3.1 and Table 3.2 respectively. As one can see, without the limiter, the
convergence rate is optimal. The rate degenerates a little bit for P* and P* schemes

when one applies the limiter.

Table 3.1: Accuracy test of the linear advection equation in Example 3.4.1.1: without
limiters.

N L' error | order | L? error | order | L™ error | order
1| 20 | 1.555E-01 - 6.893E-02 - 4.169E-02 -
40 | 4.039E-02 | 1.94 | 1.793E-02 | 1.94 | 1.062E-02 | 1.97
80 | 1.023E-02 | 1.98 | 4.536E-03 | 1.98 | 2.657TE-03 | 2.00
160 | 2.567E-03 | 1.99 | 1.138E-03 | 1.99 | 6.633E-04 | 2.00
2| 20 | 1.837E-03 - 1.042E-03 - 1.241E-03 -
40 | 2.225E-04 | 3.05 | 1.306E-04 | 3.00 | 1.588E-04 | 2.97
80 | 2.738E-05 | 3.02 | 1.633E-05 | 3.00 | 2.002E-05 | 2.99
160 | 3.394E-06 | 3.01 | 2.041E-06 | 3.00 | 2.513E-06 | 2.99
3| 20 | 2.995E-05 - 1.763E-05 - 2.705E-05 -
40 | 1.877E-06 | 4.00 | 1.104E-06 | 4.00 | 1.700E-06 | 3.99
80 | 1.177E-07 | 4.00 | 6.899E-08 | 4.00 | 1.061E-07 | 4.00
160 | 7.363E-09 | 4.00 | 4.312E-09 | 4.00 | 6.622E-09 | 4.00
41 20 | 4.510E-08 - 2.528E-07 - 4.294E-07 -
40 | 1.330E-09 | 5.08 | 7.985E-09 | 4.98 | 1.432E-08 | 4.91
80 | 4.153E-11 | 5.00 | 2.470E-10 | 5.01 | 4.443E-10 | 5.01
160 | 1.297E-12 | 5.00 | 7.719E-12 | 5.00 | 1.390E-11 | 5.00

Example 3.4.1.2 (Heat equation). We then examine the heat equation,

atp = aza:pu YIS [_ﬂ-uﬂ-]a

p(x,0) = 2 + sin(z),

with periodic boundary conditions. The decomposition of the equation into the
desired form is not unique. Let us consider two test cases,

(i) /(o) = p, H'(p) = log(p) and V(z) = W(z) =0,

(i) £(p) = /7. H'(p) = 2/p and V(z) = W(x) = 0.

Note that for both of the cases, the schemes are nonlinear, although the original
problem is linear. The exact solution to the problem is p(z,t) = 2 + e 'sin(x).

It attains values away from 0. Hence the positivity-preserving limiter will not be
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Table 3.2: Accuracy test of the linear advection equation in Example 3.4.1.1: with
limiters.

N L' error | order | L? error | order | L™ error | order
20 | 1.494E-01 - 6.679E-02 - 4.333E-02 -
40 | 4.009E-02 | 1.90 | 1.814E-02 | 1.88 | 1.368E-02 | 1.66
80 | 1.047E-02 | 1.94 | 4.734E-03 | 1.94 | 5.148E-03 | 1.41
160 | 2.686E-03 | 1.96 | 1.227E-03 | 1.95 | 1.761E-03 | 1.55
2| 20 | 1.835E-03 - 1.048E-03 - 1.241E-03 -
40 | 2.231E-04 | 3.04 | 1.307E-04 | 3.00 | 1.588E-04 | 2.97
80 | 2.743E-05 | 3.02 | 1.633E-05 | 3.00 | 2.002E-05 | 2.99
160 | 3.395E-06 | 3.01 | 2.041E-06 | 3.00 | 2.513E-06 | 2.99
31 20 | 3.136E-05 - 1.885E-05 - 3.593E-05 -
40 | 1.990E-06 | 3.98 | 1.173E-06 | 4.01 | 1.827E-06 | 4.30
80 | 1.217E-07 | 4.03 | 7.196E-08 | 4.02 | 1.629E-07 | 3.49
160 | 7.591E-09 | 4.00 | 4.463E-09 | 4.01 | 9.453E-09 | 4.11
41 20 | 1.661E-06 - 1.605E-06 - 2.855E-06 -
40 | 5.831E-08 | 4.83 | 7.580E-08 | 4.40 | 2.044E-07 | 3.80
80 | 1.996E-09 | 4.87 | 3.591E-09 | 4.40 | 1.385E-08 | 3.88
160 | 7.072E-11 | 4.82 | 1.702E-10 | 4.40 | 9.038E-10 | 3.94

==

activated as long as the numerical approximations are reasonably accurate. We
compute to ¢t = 2 and use a time step 7 = 0.0172 for accuracy tests. Error tables are
given in Table 3.3 and Table 3.4 respectively. According to our numerical results, we
see that different choices of decomposition lead to negligible difference. For both of
the tests, P? and P* schemes are of the optimal rate of convergence, but the order
for P! and P? schemes seems to be reduced. For this specific problem, the order
degeneracy should be due to the fact that the constant in the Lax-Friedrichs flux is
not large enough. We refer to our numerical tests and comments in Section 4.4.1 for

further details.

Example 3.4.1.3 (Evolution equation with interaction potentials). Our final tests

are designed for problems with interaction potentials.

Op = 0y (p0,(W xp)), x€[-1,1],

plx,0) = (m) .
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Table 3.3: Accuracy test of the heat equation in Example 3.4.1.2: (i) Op =
9 (p0x1og(p))-

k| N L' error order L? error order | L* error | order
1| 20 | 7.95669E-03 - 3.69447E-03 - 2.28808E-03 -
40 | 2.00183E-03 | 1.99 | 9.88037E-04 | 1.90 | 6.64459E-04 | 1.78
80 | 5.52074E-04 | 1.86 | 2.83256E-04 | 1.80 | 2.02063E-04 | 1.72
160 | 1.72193E-04 | 1.68 | 8.55650E-05 | 1.73 | 6.22412E-05 | 1.70
320 | 5.38010E-05 | 1.68 | 2.59228E-05 | 1.72 | 1.87767E-05 | 1.73
21 20 1.534E-04 - 9.350E-05 - 9.010E-05 -
40 1.679E-05 3.19 1.131E-05 3.05 1.108E-05 3.02
80 1.956E-06 3.10 1.403E-06 3.01 1.382E-06 3.00
160 | 2.358E-07 3.05 1.751E-07 3.00 1.727E-07 3.00
320 | 2.895E-08 3.02 2.188E-08 3.00 2.158E-08 3.00
31 20 1.622E-05 - 7.803E-06 - 7.896E-06 -
40 1.805E-06 3.17 8.674E-07 3.17 8.771E-07 3.17
80 1.851E-07 3.29 8.922E-08 3.28 9.100E-08 3.27
160 1.713E-08 3.43 8.331E-09 3.42 8.658E-09 3.39
320 1.425E-09 3.59 7.054E-10 3.56 7.564E-10 3.52
4| 20 3.576E-08 - 2.373E-08 - 4.104E-08 -
40 1.040E-09 5.10 7.208 E-10 5.04 1.255E-09 5.03
80 3.152E-11 5.04 2.237E-11 5.01 3.900E-11 5.01
160 | 9.711E-13 5.02 6.981E-13 5.00 1.218E-12 5.00
320 | 3.014E-14 5.01 2.181E-14 5.00 3.804E-14 5.00

Periodic boundary conditions are applied for the problem. We consider both the
2

smooth case W(zx) = 0.2676% and the nonsmooth case W(x) = max{0.2 — |z|,0}.
v0.1m

The convolution integrals are evaluated by quadrature and exact integration respec-

tively. We compute to t = 0.2 with 7 = 0.4h? and use the numerical solution with
P* elements on N = 1280 mesh as the reference solution to evaluate the accuracy.
We do not impose the limiter in the tests. The order of accuracy seems to be op-
timal for odd k, while the order degenerates for even k. See Table 3.5 and Table
3.6. We speculate that the insufficient accuracy of the Gauss-Lobatto quadrature.
The (k + 1)-point Gauss-Lobatto quadrature is only exact for polynomials of degree
2k — 1, while in general, a quadrature with algebraic degree of accuracy 2k is ex-
pected (see [26] and [44]). In [22], reduced accuracy is reported when the authors

solve conservation laws with a DG method using suboptimal quadrature rules. The
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Table 3.4: Accuracy test of the heat equation in Example 3.4.1.2: (ii) Oip =
0, (V70(2yP)).

k| N | L'error |order | L? error | order | L* error | order
1| 20 | 8.427E-03 - 3.783E-03 - 2.239E-03 -
40 | 2.107E-03 | 2.01 | 9.678E-04 | 1.97 | 6.069E-04 | 1.88
80 | 5.314E-04 | 2.00 | 2.583E-04 | 1.92 | 1.743E-04 | 1.80
160 | 1.430E-04 | 1.89 | 7.340E-05 | 1.83 | 5.221E-05 | 1.74
320 | 4.390E-05 | 1.70 | 2.195E-05 | 1.74 | 1.592E-05 | 1.71
21 20 | 1.572E-04 - 9.394E-05 - 8.929E-05 -
40 | 1.699E-05 | 3.21 | 1.132E-05 | 3.05 | 1.101E-05 | 3.02
80 | 1.971E-06 | 3.11 | 1.402E-06 | 3.01 | 1.369E-06 | 3.01
160 | 2.369E-07 | 3.06 | 1.749E-07 | 3.00 | 1.711E-07 | 3.00
320 | 2.904E-08 | 3.03 | 2.185E-08 | 3.00 | 2.138E-08 | 3.00
31 20 | 1.740E-05 - 8.302E-06 - 8.097E-06 -
40 | 2.042E-06 | 3.09 | 9.706E-07 | 3.10 | 9.538E-07 | 3.09
80 | 2.265E-07 | 3.17 | 1.075E-07 | 3.17 | 1.054E-07 | 3.18
160 | 2.319E-08 | 3.29 | 1.101E-08 | 3.29 | 1.078E-08 | 3.29
320 | 2.147E-09 | 3.43 | 1.018E-08 | 3.43 | 9.981E-10 | 3.43
41 20 | 3.528E-08 - 2.189E-08 - 3.378E-08 -
40 | 1.033E-09 | 5.09 | 6.681E-10 | 5.03 | 1.050E-09 | 5.01
80 | 3.138E-11 | 5.04 | 2.076E-11 | 5.01 | 3.269E-11 | 5.01
160 | 9.679E-13 | 5.02 | 6.478E-13 | 5.00 | 1.022E-12 | 5.00
320 | 3.006E-14 | 5.01 | 2.024E-14 | 5.00 | 3.192E-14 | 5.00

degeneracy may be due to the same reason here.

3.4.2 Fokker-Planck type equations

Example 3.4.2.1 (Porous media equation). Let us consider the porous media equa-

2
. m m—1 T

which is used to model the flow of a gas through a porous interface. The equation

tion

fits our model with H(p) = —t5p™ and V(z) = ‘%2 The property of the equation is
studied by Carrillo and Toscani in [21] using an entropy approach. They have proved

that the equation converges to a unique steady state given by a Barenblatt-Pattle



Table 3.5: Accuracy test for Example 3.4.1.3 with a smooth kernel W (z) = 0.2

k| N | L'error |order | L? error | order | L* error | order
1| 40 | 8.598E-02 - 9.874E-02 - 1.944E-01 -
80 | 2.866E-02 | 1.59 | 3.552E-02 | 1.48 | 7.714E-02 | 1.33
160 | 8.129E-03 | 1.82 | 1.064E-02 | 1.74 | 2.432E-02 | 1.67
320 | 2.130E-03 | 1.93 | 2.842E-03 | 1.90 | 6.868E-03 | 1.82
640 | 5.394E-04 | 1.98 | 7.253E-04 | 1.97 | 1.790E-03 | 1.94
2| 40 | 2.615E-02 - 6.900E-02 - 4.582E-01 -
80 | 4.037E-03 | 2.70 | 1.309E-02 | 2.40 | 1.224E-01 | 1.91
160 | 6.680E-04 | 2.60 | 2.369E-03 | 2.47 | 3.104E-02 | 1.98
320 | 1.271E-04 | 2.39 | 4.266E-04 | 2.47 | 7.807E-03 | 1.99
3| 40 | 7.679E-04 - 1.255E-03 - 1.004E-02 -
80 | 4.486E-05 | 4.10 | 6.716E-05 | 4.22 | 6.499E-04 | 3.95
160 | 2.450E-06 | 4.19 | 3.570E-06 | 4.23 | 4.094E-05 | 3.99
320 | 1.312E-07 | 4.22 | 1.934E-07 | 4.21 | 2.509E-06 | 4.03
640 | 7.257E-09 | 4.18 | 1.069E-08 | 4.18 | 1.019E-07 | 4.62
41 40 | 8.266E-04 - 2.369E-04 - 2.832E-03 -
80 | 3.017E-05 | 4.78 | 1.146E-05 | 4.37 | 1.955E-04 | 3.86
160 | 1.110E-06 | 4.76 | 5.189E-07 | 4.46 | 1.258E-05 | 3.96
320 | 4.332E-08 | 4.68 | 2.407E-08 | 4.43 | 8.466E-07 | 3.89
type formula, )
m—1  ,\" "'
prlie) = (€= T t1al)

Here the constant C' is determined by ensuring the mass conservation. Furthermore,

the relative entropy FE(t|oo)

E(0]oc)e™? and the rate —2 is sharp.

We particularly choose m = 2 in our numerical test.

Oup = 0u(p0s(20+ =), we

2

2

p(I,O) = max{l - |£L’|,0}’

E(p(t)) — F(ps) decays exponentially, F(t|oo) <
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Table 3.6: Accuracy test for Example 3.4.1.3 with a nonsmooth kernel W (z) =
max{0.2 — |x|,0}.

N L'error | order | L? error | order | L*® error | order
40 | 1.072E-01 - 1.292E-01 - 2.764E-01 -
80 | 3.794E-02 | 1.50 | 5.095E-02 | 1.34 | 1.462E-01 | 0.92
160 | 1.133E-02 | 1.74 | 1.671E-02 | 1.61 | 5.300E-02 | 1.46
320 | 3.064E-03 | 1.89 | 4.805E-03 | 1.80 | 1.613E-02 | 1.72
640 | 7.809E-04 | 1.97 | 1.267E-03 | 1.92 | 4.463E-03 | 1.85
21 40 | 2.779E-02 - 3.634E-02 - 1.352E-01 -
80 | 5.066E-03 | 2.46 | 7.037E-03 | 2.37 | 3.271E-02 | 2.05
160 | 1.135E-03 | 2.16 | 1.619E-03 | 2.12 | 7.916E-03 | 2.05
320 | 2.774E-04 | 2.03 | 4.085E-04 | 1.99 | 2.206E-03 | 1.84
640 | 7.017E-05 | 1.98 | 1.049E-04 | 1.96 | 5.825E-04 | 1.92
3| 40 | 1.838E-03 - 3.473E-03 - 2.408E-02 -
80 | 1.811E-04 | 3.34 | 3.735E-04 | 3.22 | 3.650E-03 | 2.72
160 | 1.088E-05 | 4.06 | 2.334E-05 | 4.00 | 2.541E-04 | 3.84
320 | 6.814E-07 | 4.00 | 1.527E-06 | 3.93 | 1.859E-05 | 3.77
4| 40 | 3.851E-04 - 8.153E-04 - 7.931E-03 -
80 | 1.717E-05 | 4.49 | 2.443E-05 | 5.06 | 1.304E-04 | 5.93
160 | 1.008E-06 | 4.09 | 1.690E-06 | 3.85 | 1.366E-05 | 3.26
320 | 5.854E-08 | 4.11 | 1.331E-07 | 3.67 | 1.520E-06 | 3.17

==

with periodic boundary conditions. The stationary solution is

3\: g2

We compute up to t = 5 with the number of cells N = 40 and the time step
7 = 0.005h%. The positivity preserving limiter keeps being invoked in the test. (If
we manually turn off the limiter, the solution blows up.) The profiles of the solution
polynomials with £k = 2 and k& = 3 are given in Figure 3.1a. As one can see, the
numerical solutions converge well to the exact steady state in the smooth region. We
also provide a zoomed-in snapshot to exhibit the capture of singularity near z = 33

in Figure 3.1b.

In Figure 3.2a and Figure 3.2b, we plot the entropy and the relative entropy

respectively. The entropy profiles for £ = 2 and & = 3 are almost identical, and
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they both approach to zero. We then evaluate the relative entropy using that of the
numerical steady state as a reference. But we can only plot up to a certain time,
before the relative entropy becomes slightly negative, since the entropy decay of the
semi-discrete scheme may not be preserved after applying the time discretization
and the limiter. We stop the plotting after negative relative entropy appears, not
only because it can not be depicted in the logarithm scale, but also because the
unresolved tail should be regarded as a discretization error. If we choose N = 320

while keeping 7 = 0.005h2, the decay will continue further.

— k=2 0.04 e o k=2
0.5 — k=3 m m k=3
— exact solution — exact solution
0.4 0.03
0.3
QU 2 0.02
0.2
0.1 0.01
0.0
0.00
70;12.() -1.5 —-10 =05 0.0 0.5 1.0 1.5 2.0 1.35 1.40 1.45 1.50 1.55
x x
. 1
(a) Steady state. (b) Zoomed in figure near x = 33.

Figure 3.1: Profiles of the numerical steady states for (3.4.2.1) in Example 3.4.2.1,
with p(z,0) = max{l — |z|, 0}.
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(a) p(z,0) = max{1 — |z[,0}. (b) p(z,0) = max{1 — [z|, 0}.

Figure 3.2: The entropy and the relative entropy for (3.4.2.1) in Example 3.4.2.1,
with p(z,0) = max{1 — |z|, 0}.

For the symmetric initial condition, our numerical tests indicate the decay rate
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Figure 3.3: The relative entropy for porous equation in Example 3.4.2.1, with
p(z,0) = max{1 — |z — 3|,0}.

is around e~%%. Indeed, symmetric initial data converge faster to equilibrium than
the sharp rate since they preserve the invariance of the center mass, see [16] for more
details. We then test the problem under the same settings, except for the initial
condition shifted to the right p(z,0) = max{1 — |z — 3|,0} and the final time set to
t = 10. The corresponding plot of F(t|oo) is given in Figure 3.3 with the exponential
decay rate —2, which coincides with the result in [21]. Similar numerical test can be

found in [8].

Example 3.4.2.2 (Fokker-Planck equation). In this numerical test, we consider the
Fokker-Planck equation for modeling the relaxation of fermion and boson gases. The

equation takes the form

Op = 0y (xp (1 + Kp) + Oup) -

Here k = 1 corresponds to boson gases and xk = —1 relates to fermion gases. The long
time asymptotics of the one-dimensional model has been studied in [20] for 0 < p < 1.
The authors point out the equation evolves to a steady state po(r) = —+—. B is

Be 2 —k

chosen such that [* po(x)dz = [7°_p(z,0)dz. The stationary solution minimizes
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the entropy functional
|z
E= 5P + plog(p) — k(1 + kp)log(1l + kp) | dx.

The relative entropy decays at an exponential rate E(t|oo) < E(0|oo)e 2%, with
C' =1 for the boson case and 0 < C' < 1 for the fermion case. In our numerical test,
we study the same entropy functional and set f(p) = p(1+kp), H'(p) = log (rpﬂp),
V = %2 in our numerical scheme. The limiter is turned on in the computation.

o_1)2
The initial condition is chosen as p(z,0) = 0.%6_( . We compute on the domain

[—10, 10] with 100 mesh cells, and march towards the steady state with 7 = 0.0002h2.

For both boson and fermin cases, g(p) = 2p is used in the numerical flux.

For both of the test cases, we use numerical steady states as references to calculate
the relative entropy. The result for the boson case is given in Figure 3.4a. As one can
see, the decay rate is around —2.6. While for the fermion case, which is exhibited in

Figure 3.4b, the relative entropy decays at a slower rate of —1.44.
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(a) Bose gas. (b) Fermi gas.

Figure 3.4: Decay of the relative entropy for Fokker-Planck equation in Example
3.4.2.2.

Example 3.4.2.3 (Generalized Fokker-Planck equation for the boson gas). Let us

now consider the generalized Fokker-Planck equation with linear diffusion and su-
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perlinear drift

Op = 0y (zp(1 + p") + 0up)

with N being a positive constant. For N > 2/ it is reported in [1] that a critical
mass phenomenon exists for one-dimensional problems. An initial distribution with
supercritical mass will evolve a singularity at the origin, which has been confirmed
numerically in [8] and [56]. In this test, we repeat the numerical experiment in [§]

and [56], setting

p x

ﬁ and V(I‘) = ?

flp)=p(1+p°),H (p) =log

The initial datum is chosen as

(2,0) = L (‘(“)2 n —(“”2)
x,0) = e 2 e 2 .
P 24/ 27

We test with both the subcritical case with M = 1 and the supercritical case with
M = 10. The P* elements are used in our numerical scheme and we compute on the
domain [—6, 6] with N = 120. For M = 1, the time step is chosen as 7 = 0.003h?
and for M = 10, it is 7 = 0.0005h%. And we use g(p) = f(p) when defining the
numerical flux. According to the numerical results in Figure 3.5, our scheme does

capture the asymptotics of the equation.

3.4.3 Aggregation models

Example 3.4.3.1 (Nonlinear diffusion with smooth attraction kernel). This numer-

ical test is to study the dynamics of the equation with competing nonlinear diffusion
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Figure 3.5: Evolution of p of subcritical mass M = 1 and supercritical mass M = 10
for generalized Fokker-Planck equation for the boson gas in Example 3.4.2.3.

and smooth nonlocal attraction,
Op =0, (p0y (vp" ' + W xp)).

Here 0 < p < 1. v > 0 and m > 1 are parameters to be specified. The convolution
kernel W in this example is nonlocal and smooth. Under this setting, the attraction
effect is weak and the solution would either end up with a steady state or spread out in
the whole domain with bounded initial data. The compactly supported steady state
is of special interest, due to its application for modeling the biological aggregation,
such as flocks and swarms. Indeed, such stationary solution can be reached for m > 2
with arbitrary v. While for 1 < m < 2, the long time behavior of the solution can
be sophisticated. We refer to [11] and [12] for details. For our numerical test, we

focus on the specific setting,

Oip = Ou(pOu(vp™ ' + Wk p)), W (2) = ——==e~

(2,0) 1 ( _@-3? N (x+g>2)
x,0) = e 2 e 2 .
P 2V 27
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We apply periodic boundary conditions and use a mesh with N = 120 for compu-
tation. The P? scheme is used for the numerical test, and the time step is chosen
as 7 = 0.05h%. In Figure 3.6, we depict the numerical solution at ¢ = 1800 with
m=15v=033 m=2 v=048 and m = 3, v = 1.48, which are used as the

reference steady states when evaluating the relative entropy.

According to the plot, one can see that a larger m corresponds to a steady state
with a sharper transition along the boundary of the support. Indeed, one should

expect the Holder continuity with the exponent o = min{1,1/(m — 1)}.

— m=15r=028
06} — m=2,r=048
— m=3,r=148

051

041

03F

0.2F

0.1}

0.0 .
—6 —4 -2 0

o
e
=3

Figure 3.6: Solution profile of the equation (3.21) with nonlinear diffusion with
smooth attraction kernel in Example 3.4.3.1 at ¢ = 1800.

107t

e m=15v=028

1072

E(t)oc)

o
103 *%eeq,

104

0 200 400 600 800 1000 1200
t

(a) Relative entropy. (b) Evolution.

Figure 3.7: The relative entropy and the evolution of the solution with m = 1.5,
v = 0.28. in Example 3.4.3.1.



124

We track the solution profile and the relative entropy. For m = 1.5, as one can see
from Figure 3.7a, the dynamics of the problem are distinguished from the test cases
for Fokker-Planck type equations. The relative entropy decays slowly at first, then
it follows with a steep drop at a certain time. After that, the relative entropy decays
exponentially. The behavior can be explained with Figure 3.7b. At the beginning,
the two bumps of the initial condition stay away from each other, their interaction is
weak hence the equation evolves at a slow rate. When they get closer, the attraction
becomes strong. A sudden decay of the relative entropy occurs when the two bumps
merge. After that, the contribution of the interaction potential to the total energy
becomes small. The equation is again dominated by the diffusion term, and the

relative entropy decays exponentially as we have seen before.

We omit the plots for m = 2. And for m = 3, the diffusion is relatively weak
and the exponential decay after the steep drop is hard to observe. Hence we only
plot the entropy in the normal scale. But still we can see the sharp drop when the

bumps merge in Figure 3.8.

The initial stage featured with the weak long-range-interaction is referred as
metastability. If multiple bumps exist, the relative entropy can decay in a staircase
fashion. For example, we test the problem with m = 6, v = 6 and p(z,0) =
2 max{1 — |z — 22|,0} + 1 max{1 — |z — 2|,0} + £ max{1 — [z + 1|, 0} + Z max{1 —

|z + 12|,0}. The relative entropy and dynamics are given in Figure 3.9.

Example 3.4.3.2 (Nonlinear diffusion with compactly supported attraction kernel).
In the previous test, the attraction effect is global and the steady state will be
connected for one-dimensional problems. But when W is local, the connectivity of

the equilibrium can be affected by the initial mass distribution. Let us consider the
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Figure 3.8: The entropy and evolution of the solution with m = 3, v = 1.48 in
Example 3.4.3.1.
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Figure 3.9: Stepwise decay of the entropy and the evolution of the solution with
m =6, v = 6 in Example 3.4.3.1.

following problem

Op = 0, <,08$ (ip2 + W*p)) , W =—max{l —|z],0}, =z ¢€[-4,4],

p(l‘, O) = X[~a,d] (:L‘),
(3.22)

with periodic boundary conditions. We compute with £ = 2 with the number of cells

N = 80.

To convince the readers that the disconnected profile in Figure 3.10b is indeed the



126

(a) p(z,0) = x[—2,2(2) (b) p(x,0) = x|—3,3/(z)

Figure 3.10: Evolution of (3.22) with different initial conditions.
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Figure 3.11: Entropy and the steady state of (3.22).

stationary solution, we plot p and £ in Figure 3.11b. As one can observe, pd,£ ~ 0.
Hence 0;p = 0 and p will be trapped in this steady state. Therefore, the observation
in Figure 3.10 confirms our previous claim, that different initial density distributions
may end up with steady states with distinct connectivity. Let us remark that such

phenomenon has also been explored numerically in [15].
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Example 3.5.1 (Accuracy test). We consider the initial value problem with a source

term,

Op =V - (pV (log(p) +sin(z +y) + W« p)) + F,

W(z,y) = cos(z +y),

(x,y) € (—m,7) X (—m,7),t >0

(3.23)

F(z,y) =4sin(z +y) + cos(z +y +t) + (2 + 87%) sin(z + y + t)

\p(x, y,0) =sin(z + y) + 2.

—2cos (2(x +y) +1t) —4dncos (2 (x +y +1))

Here periodic boundary conditions are applied and W % p = ffﬂ ffﬂ W(x -2,y —

9)p(Z,7)dzdy. One can check that the exact solution to (3.23) is p(z,y,t) = 2 +

sin(z +y +t). We use the time step 7 = 0.0005(h®)? for the calculation. The error

table is given in Table 3.7.

Table 3.7: Two-dimensional accuracy test, with smooth data and periodic boundary
conditions.

k

N

L' error

order

L? error

order

L™ error

order

1

10 x 10
20 x 20
40 x 40

5.117
1.152
3.011E-01

2.15
1.94

1.029
2.319E-01
6.216E-02

2.15
1.90

4.008E-01
9.442E-02
2.420E-01

2.09
1.96

10 x 10
20 x 20
40 x 40

1.453
2.223E-01
3.563E-02

2.7
2.64

3.070E-01
4.315E-02
7.203E-03

2.83
2.58

1.675E-01
2.972E-02
5.135E-03

2.49
2.53

10 x 10
20 x 20
40 x 40

3.778E-02
2.292E-03
1.373E-04

4.04
4.06

7.929E-03
5.255E-04
3.333E-05

3.92
3.98

4.396E-03
2.941E-04
2.054E-05

3.90
3.83

10 x 10
20 x 20
40 x 40

2.240E-03
6.765E-05
2.439E-06

5.05
4.80

5.113E-04
1.439E-05
5.242E-07

5.15
4.78

2.941E-04
1.152E-05
4.503E-07

4.67
4.68
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Example 3.5.2 (Dumbbell model for polymers). The dumbbell model is widely used
to describe the rheological behavior of dilute polymer solutions. In this model, the
polymer molecular is treated as a dumbbell made of two beads jointed by a spring.
We will consider the simplest case, in which the flow is homogeneous and the scaling
constant is set to 1. Then the configuration probability density is governed by the

Fokker-Plank equation,
1
Op(z,t) =V - (pV(U — 550[(:13)) + Ap. (3.24)

Here & = (z,y) corresponds to the direction vector of the molecule, while U is the
spring potential and the 2 x 2 matrix K is the velocity gradient of the background
flow. For the incompressible flow, Tr(K) = 0. In our numerical test, we consider the

finitely extensible nonlinear elastic (FENE) model. The potential U is given by

Uz) = —T2—210g ( - ’jf—f) . (3.25)

It is close to the Hookean potential when |z| < r, while the distance between the two
beads are restricted within r. Rigorously, one should consider the equation on the
ball {x : |x| < r}, and the singularity near the boundary will cause challenges both
analytically and numerically, see [34, 55, 66, 59] and the references therein. While
in our numerical test, we only consider a simpler case, that the solution seems to be

supported within the ball and it hardly reaches the boundaries. More specifically,

0.3 0.2
we solve (3.24)-(3.25) with r = 5 and K = . The initial condition is

0.2 —-0.3
set as

p(x,y,0) =cmax{24 — (z* + y*),0}

(=224 (y-2)? (@424 (y+2)? _(e=124(y-1)? _ (@124 (y+1)2
e 2 2 2 2 ,

20 + e 20 + e 20 + e 20
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where 02 = 0.2 and ¢ the normalization constant. We use the P? DG scheme on
a [=5,5] x [=5,5] domain with 50 x 50 mesh cells. The time step is chosen as
7 =2x 1075, In Figure 3.12, we plot the evolution from ¢t = 0 to t = 0.6. It seems

the numerical solution merges to a single peak.

Figure 3.12: Evolution of the dumbbell model (3.24) in Example 3.5.2 with the
FENE potential (3.25).

Example 3.5.3 (Patlak-Keller-Segel system for chemotaxis). Chemotaxis is defined
as a move of an organism along a chemical concentration gradient. Bacteria can
produce this chemo-attractant themselves, creating thus a long range nonlocal inter-

action between them. The Patlak-Keller-Segel system is a mathematical model to
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describe the motion of the organism. Its simplified version is given by

Op=A2p—V-(pVe),  (z,y) €R*t>0,

—Ac = p, (z,y) € R%t >0,

p(x,y,O) = p0($7y>-

\

The equation can be rewritten in a compact way

0=V - (o (log(p) + W), Wir,y)= 5 log(v/aZ 4 ) (r,) € Rt >0

(3.26)
Such system has been studied intensively in the past decades. It has been shown
that the behavior of the equation (3.26) is determined by its initial mass (see [9], for
example). If the initial value M is smaller than a critical value M, = 8x, then the
solution will exist globally. Otherwise, if M lies beyond M., the solution will blow

up in a finite time, which is referred as chemotactic collapse.

In our numerical test, we consider both the subcritical case po(x) = 2(m —
0.2)11_11)x[-1,1(@, y) and the super-critical case po(x) = 2(m + 0.2)1[_117x-1,11(2, ).
The computational domain is set as [—5, 5] x [—5, 5] and [—3, 3] x [~ 2, 3] respectively.
We use the P? scheme for computation and N* = N¥ = 50. The time step is set
as 7 = 0.0005(h®)%. The plots are given in Figure 3.13 and Figure 3.14. As one can
see, the numerical solution dissipates for py(z) = 2(m — 0.2)1[_1 1jx[-1,1](%,y) and it

evolves to a spike centered at the origin for po(x) = 2(7 + 0.2)11_1 1xj-117(2, y)-
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u

(e) t = 16. (f) t = 20.

Figure 3.13: Evolution of Patlak-Keller-Segel equation (3.26) in Example 3.5.3 with
subcritical mass.
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Figure 3.14: Evolution of Patlak-Keller-Segel equation (3.26) in Example 3.4.2.2
with supercritical mass.

3.6 Concluding remarks

In this chapter, we develop a high-order DG method for solving a class of parabolic

equations and gradient flow problems with interaction potentials. Such equations are
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governed by an entropy-entropy dissipation relationship and are featured with non-
negative solutions. By applying the Gauss-Lobatto quadrature rule, our numerical
scheme admits an entropy inequality for problems with smooth interaction kernels.
Furthermore, with the SSP-RK time discretization and the positivity-preserving lim-
iter, the fully discretized scheme preserves the non-negativity of the numerical den-
sity. It also conserves mass, and preserves numerical steady states for certain prob-
lems. We apply the method to two-dimensional problems on Cartesian meshes as

well. Numerical examples are given to demonstrate the performance of the scheme.



CHAPTER FoOUR

Cross-diffusion gradient flow

systems
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4.1 Introduction

Cross-diffusion systems are widely used to model multi-species interactions in various
applications, such as population dynamics in biological systems [67], chemotactic cell
migration [51] and spread of surfactant on the membrane [47]. In many situations,
the systems are associated with neither symmetric nor positive-definite diffusion
matrices, which not only complicate the mathematical analysis but also hinder the
development of numerical methods. Recently, progress has been made in analyzing
a class of cross-diffusion systems as a gradient flow associated with a dissipative
entropy (or free energy) functional. See [49] and references therein. We exploit this
entropy structure to develop a high-order stable DG method for these cross-diffusion

systems.

Let © be a bounded domain in R?. We are interested in solving the following

initial value problem of the cross-diffusion system.

m

Op =V - (F(p)VE(P)) =D 0u (F(p)Dn&(p)),  (m,1) € Q2 x[0,00), )
=1 4.1

p(@,0) = pyla).

Here p = p(x,t) and p = (p1, -+ , pm)" is a vector-valued function. € = (9,,e,--- ,0,, )"
and e = e(p) is a scalar-valued convex function that is twice differentiable. We also
assume F' to be an m x m positive-semidefinite matrix, in the sense that z- Fz > 0.
Note F' can be non-symmetric. In the divergence form d;p = V - (A(p)Vp),

A(p) = F(p)DE(p) can be neither symmetric nor positive-definite.

(4.1) possesses a formal gradient flow structure governed by the entropy func-
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tional

E:/Qe(p)dx. (4.2)

The system can be rewritten as d;p = V - <F(p)V‘f5—]j>. One can see at least for

classical solutions

! |
—FE = Op-&dr =— 0y,& - FO,,&dx < 0. 4.3
L= [ ¢ IZQ £ Fo,€ (43)

(4.2) and (4.3) indicate certain well-posedness of the initial value problem (4.1).
However, as that in the scalar case, in applications with p representing non-negative
physics quantities, such as species densities, mass fractions and water heights, the
well-posedness usually relies heavily on the positivity of the solution. For example,
with F(p) = diag(p), F(p) is semi-positive definite only when p is non-negative.
Violating the non-negativity may result in a non-decreasing entropy in (4.3). Fur-
thermore, in problems that a logarithm entropy £ = [, > /", p(logpy — 1)dz is

considered, the entropy may not even be well-defined as p admits negative values.

In this chapter, we extend the DG method in Chapter 3 for scalar gradient flows
to cross-diffusion systems. Our idea for is to formally rewrite the problem into
decoupled equations and apply the previous numerical methods to each component

of the unknown. For example, in one-dimensional case, (4.1) can be rewritten as

Oip = Ox(diag(p)v), v =diag(p)'F(p)u, u=0.&,
We apply the previous scheme to

3tpl = (91(/)1@1)-
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The numerical fluxes are properly chosen to ensure the entropy decay and the weak
positivity. In this approach, the boundedness of diag(p)~'F(p) is required for v to
be well-defined. This assumption does hold in various applications. See examples in

Section 4.4 and Section 4.5.

The rest of the chapter is organized as follows. In Section 4.2 and Section 4.3,
we propose our DG schemes for one-dimensional and two-dimensional gradient flow
systems respectively. Each section is composed of three parts: notations, semi-
discrete scheme and entropy inequality, and fully discrete scheme as well as positivity-
preserving techniques for producing non-negative solutions (with central and Lax-
Friedrichs fluxes). In Section 4.4 and Section 4.5, we show several numerical examples
to examine the performance of the numerical schemes. Finally, concluding remarks

are given in Section 4.6. All proofs are documented in Appendix B.

4.2 Numerical method: one-dimensional case

4.2.1 Notations

In this section, we consider the one-dimensional problem

Op =0, (FOE),x € QCRt>0.
(4.4)

p(z,0) = p'(x).

For simplicity, the compact support or periodic boundary condition is assumed.

While it can also be extended to the zero-flux boundary condition.

Let I; = (JEF%, :L‘Z-+%) and I = UY, [; be a regular partition of the domain Q. The
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length of the mesh cell is denoted by h; = z; IR JAE Y . We assume h = max;—; __n h;
and h; > ¢esph for some fixed constant ¢,,.s;,. The numerical solutions are defined

in the tensor product space of discontinuous piecewise polynomials

(L)}

Vi = HVh, Vi = {vn(2) :
1—1

Pk(I;) is the space of polynomials of degree k on I;. Functions in V) (V4) can
be double-valued at cell interfaces. We use v, (vy,;) and vy (vj,) to represent
the left and right limit of v, € V), (vy; € V) respectively. We also introduce
notations {v,,} = 1(v} +v;,) {vn} = (vhl+vhl)) for averages and [v] = v} — v,

([vn] = v;f = v;,) for jumps.

Let {z7}**! be the k 4 1 Gauss-Lobatto quadrature points on I; and {w}}**!
are the corresponding weights associated with the normalized interval [—1,1]. We

introduce the following notations for the quadrature rule.

k+1

]Ii z—zwrso 7).

~

k41
/(,0 - Oppdr = Zwrgo O0x(Z) ().
1;
Here 7 is a component-wise interpolation operator. Namely, Z1 : R — R™, and
the [-th component of Z1p is the k-th order interpolation polynomial of ; at Gauss-

Lobatto points. We also define [, - do = vazl f[i -dx.
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4.2.2 Semi-discrete scheme and entropy stability

We firstly rewrite (4.4) into a first-order system.

8tp = ax(F’U:),

u = 0,&.

On each mesh cell I;, we multiply with a test function and integrate by parts to get

/ op - pdx = —/ Fu-Oypdr + (Fu- ), — (Fu-9) 1, (4.5a)
I; I; 2 2
[ bt == [ & oo+ (€1, — € 0) . (4.5

k3 7

The numerical scheme is obtain by taking trial and test functions from the finite
element space, replacing cell interface values with numerical fluxes and applying the

quadrature rule. More precisely, we seek p;,,u, € V5, such that for all ¢;,, 1, € Vy,

[ ob-orde = [ - opydn + (Fa- i)y — (Fuvl)y, (460
Ii Ii

[Jun- e == [ € oo + € iy — €y (4.6b)

Here Fj, = F(py,), &, = &(p1): Pn = (Pn1s - s pnm)’ and up, @y, ), are defined

similarly. We have the following choices for Fu and E

(1) Central and Lax-Friedrichs fluxes:

€=1&).  Fu={Fu}+3lpl, (4.7)
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where
a = max(|v} |, |V} ), v = diag(py,) " Fhun,

and | - | is the {* norm on R™.

(2) Alternating fluxes:
=€, Fu=(Fau)* (4.8)

Remark 4.2.1. Note that Fyu;, = diag(p,)v,. Hence (4.6a) is equivalent to

~

/&fﬂh,zs@h,zd% = —/Ph,l’vh,laxs%,ld% + (P0on)ivs — (PUR, )i
I :

I;
with
o _

_ 1 _
pU = §(P;1U;{,z + Ph,l”h,l) + 5 (PZ,Z - ph,l)v

which 1s formally reduced to the scalar case.

We define the discrete entropy

~

E, = /Qe(ph)d:)s. (4.9)

As is stated in Theorem 4.2.1, the numerical scheme has a decaying entropy as that

for the continuum system. The proof is given in Appendix B.1.1.

Theorem 4.2.1 (Entropy inequality). Let p, and w, be obtained from (4.6), (4.7)

and (4.8). E}, is the associated discrete entropy defined in (4.9). Then
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(1) for central and Laz-Friedrichs fluzes,

~

d 1 &
EEh = —/Quh - Frupdr — 3 izlazur;[&h]zur; “pnlivy <0,

where [vy] = v} — v, .

(2) for alternating fluzes,

~

d

EEh = —/Quh . Fhuhdx.

Remark 4.2.2. Both choices of numerical fluxes are entropy stable, while they have
different advantages and disadvantages. For central and Laz-Friedrichs fluzes de-
fined in (4.7), they preserve positive cell averages as time steps are small. Hence
the positivity-preserving limiter can be applied for producing non-negative solutions.
Details are given in the next section. However, they are limited to problems satisfy-
ing | diag(p) ' F(p)| < C for some matriz norm | - |, so that v, can be well-defined.
Furthermore, for odd-order polynomials, one would observe a reduced order of accu-
racy with this particular choice of a. See accuracy tests in Section 4.4 and Section
4.5. Alternating fluxes do not have such order reduction and restriction on F', while

it fails to preserve non-negative cell averages after one FEuler forward step.

Remark 4.2.3. Due to the possible degeneracy of the problem, in general it is not
easy to extend the entropy decay property to fully discrete explicit schemes. While
when F is uniformly positive-definite and e is strongly convezx, a fully discrete entropy
inequality can be derived. See Appendix B.1.3, where we consider the Fuler forward

time discretization with central and Laz-Friedrichs fluzes.
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4.2.3 Fully discrete scheme and preservation of positivity

4.2.3.1 Euler forward time stepping

When central and Lax-Friedrichs fluxes are used, one can adopt the methodology

introduced by Zhang et.al in [87, 86, 69] to enforce positivity of the solution.

It can be shown, when the solution achieves non-negative values at the current
time level, with fluxes defined in (4.7) and a sufficiently small time step, the Euler
forward time discretization will produce a solution with non-negative cell averages
at the next time level. This is referred to as the weak positivity. Then we can apply
a scaling limiter, squashing the solution polynomials towards cell averages to avoid
inadmissible negative values. It is also shown in [86] that the limiter preserves the

high-order spatial accuracy.

Theorem 4.2.2. 1. Suppose pj,,(z}) > 0 for alli and r. Take

( W1 )
Y — )
o —v

ht/ iyl
n-+1,pre

Then the preliminary solution py, obtained through the Euler forward time step-

ping

anrl,pre . pn o o~
/h—h - pdr = —/Fu Oppdz + (Fu-py))ip1 — (Fu- )1
I T I;

has non-negative cell averages.
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2. Let

0. — min (Pna)i TP 1 ™ = min ( "H’pre(a:’"))
" (Pna)i TP — ppin” ) Pra = I Phy e
i )i

Define ppt* so that

D) = ()i 00 () = (),

Then ppt'

(7}

1) is non-negative. Furthermore, the interpolation polynomial pj " (x)

maintains spatial accuracy in the sense that

[(on)i (@) = (ona)i ™ ()] < Chemax |pu(, te) = (pr2)i™ 7 ()],

where C, is a constant depending only on the polynomial degree k.

The proof of the first part of Theorem 4.2.2 is given in Appendix B.2.1. The non-
negativity of the solution is ensured through the definition of ¢;;. For the accuracy

result we refer to Theorem 4 in [86].

Remark 4.2.4 (Pointwise non-negativity). The procedure stated in Theorem 4.2.2
only guarantees the non-negativity of the solution at all Gauss-Lobatto points. This
would be enough for most scenarios, since the scheme is defined only through these
points. One can also ensure pointwise non-negativity of solution polynomials on the

whole interval by taking p}y" = inf,ey, ij{l’pre(x).

Remark 4.2.5 (Time steps). As has been analyzed for the scalar case, we expect
the time step to be 7 < ph? for some constant . In practice, we assume a diffusion
number p. If a negative cell average emerges, we halve the time step and redo the
computation. Theorem 4.2.2 guarantees that the halving procedure will end after

finite loops.
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Remark 4.2.6 (The scaling parameter). For robustness of the algorithm, especially

for dealing with logarithm type entropy functionals, we introduce a small parameter

n+1,pre

— i —-13 (5 \n+lpre e _ (Pr,1); —€Li - :
e, = min (1071, (pn,); ) and use 6, = min (W, 1) instead of 0 in
i K

n+1,pre > 1013

our computation. In other words, if (pn.);

, we scale the polynomial

to require it takes values not smaller than 10~ at Gauss-Lobatto points; otherwise,

n—+1,pre
%

we set the solution to be the constant (pp,) in the interval. Note as long as

pri(x) > 10713, the accuracy could still be maintained.

Remark 4.2.7 (Other bounds). In general, it would be difficult to preserve other
bounds besides positivity though this procedure. Similar difficulty has also been en-

countered in [69].

4.2.3.2 High-order time discretization

We adopt SSP-RK methods for high-order time discretizations. Since the time step
will be chosen as 7 = ph?. The first-order Euler forward time stepping would be
sufficiently accurate for k£ = 1 to achieve the second-order accuracy. For k£ = 2 and
k = 3, we apply the second-order SSP-RK method

P’ = pi+ TF(p}),

P =Pt (pﬁf) +7F (pél))) -

For k =4 and k£ = 5, a third-order time discretization method should be used

py) = p +TF(p}),
3 1
oY = o+ (P +F ().
P =3Pt 3 (p@) +7F (pf))) :
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As one can see, SSP-RK methods can be rewritten as convex combinations of
Euler forward steps. Hence if the time step is chosen to be sufficiently small, and the
scaling limiter is applied at each Euler forward stage, then the solution will remain

non-negative after one full time step.

4.3 Numerical method: two-dimensional case

4.3.1 Notations

In this section, we focus on two-dimensional systems.
op = acc(Fa:c€> + 6y<Fay€>»

The problem is set on a rectangular domain €2 = I x J with the compact support
or periodic boundary condition. We consider a regular Cartesian mesh on €2, with

I=UN L ;= (z, 1 Tip1), J = U J; and J; = (Yj—1.Yj51). Let hf =z, 1 —1;

=37 i—

N

and hé” = Yjpl — Y1 Then the solution is sought in the following finite element

space.

N
Vh:HVh, Vi = {vn s vnlrixs, € Q(L x J;)}.
I=1

QF(I; x J;) is the tensor product space of P¥(I;) and P*(J;). For vy,(z,y) € V),

(’Uh(x;':_%7y) + 'Uh(l';_%, y)) )

N —

(o} (y) =

—_

{'vh}jJr%(x) =5 ('Uh(xay;;%) + Uh<x7y;+%)> ;

[\)

[vh]i—i-%(y) = vh(xl‘+%7 y) - vh(x7;_+%7 y)u
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[orlj1 (@) = onlw,y70) —vnl@ g )-

Same notation will be applied to the scalar case v;,; € V},. Finally, for the quadrature

rule, we denote by [, - dy = Zjv:yl [, -dy and [, -dx = SV [; - dz.

4.3.2 Semi-discrete scheme and entropy inequality

The semi-discrete scheme is given as follows. Find p,,, uf and u} in V', such that

for all ¢, ¥} and 7} in V;, we have

//@m*ﬁMMZj//Em%@%+Em$%%M@
Jj I; j I;

—_—

+/ Fu® 1 (y) - pn(a, 1 y) — Futi_s(y) - en(@l 1, y)dy
Jj 2 2
Py ) @l ) = Pty o) o i

/ (O + 0,07 dady

\z

| [ i ey = - |
7)1

+/J]E %( ) wh( H—l’y) E@—%(y) i( Z-_17y)dy
[ &) dile ) — &i (o) Phley),)de

As that in the one-dimensional case, two choices of numerical fluxes can be used.

(1) Central and Lax-Friedrichs flux

En) = {6, & = {8} (),

@z’—i- (y) = <{Fhuh}z+1 + 2%[ph]i+é> (v),

€T
1
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af 1 (y) = max(|vg (2] 1, Y)leos [Vh (2,1, 9)]e),  vh = diag(p,) " Fyuj,
2 2 2

Oéy

Fuyj+%(35) = <{Fhu%}j+§ + 9 : [ph}j—i-é) (@),

of 1 () = max(|vy (2, v, loes V5 (2,57, )lse), 0 = diag(py) ™ Frug.

(2) Alternating fluxes

51’-&-%
5j+%($> = 5h($7yj¥+%>a F'u,yj+%(:v) = (Fhu%l)(afayi%)‘

The numerical scheme mimics a similar entropy decay behavior as the continuum

equation. We define the discrete entropy

By = ZZe(ph)dxdy. (4.10)

We state the following entropy decay property for the semi-discrete scheme.

Theorem 4.3.1. Let p;,, uj and u; be obtained from the semi-discrete scheme for

two-dimensional problems. Ej, defined in (4.10) is the discrete entropy.

(1) Suppose central and Laz-Friedrichs fluzes are used, then

J ~ o~
—Eh = — //(’u,i . Fhuﬁ + 'Ufz : Fh’u,?é) d(l,’dy

N*

B %Z /]af+;[£h]i+§<y) : [Ph]ﬂ-%(y)dy

1O
9 Z /O‘gp[fh]ﬁ;(ﬂ?) ' [Ph]ﬁ%(x)dx <0.
= U
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(2) Suppose alternating fluzes are used, then

. ~ o~
—E), = _//(u‘fL - Fpuy +ul - Fpu)) dedy < 0.

4.3.3 Fully discrete scheme and preservation of positivity

One can adopt similar positivity-preserving techniques as in the one dimensional
case, when central and Lax-Friedrichs fluxes are used. Again, the key step is to
ensure the non-negativity of the first-order Euler forward time discretization. The
positivity will be automatically preserved by the SSP-RK time discretization. For

the first-order scenario, we could prove the following theorem.

Theorem 4.3.2. 1. Suppose pp(x7,y;) > 0 for all i, j, r and s. Take

1 wih¥ W1 h?
: + s k+17% - s
T<-min||——— | (" ,,¥y), | ——— | (z._1,¥))
- > x x 950 T _ )T +1095 0
2 T,8,2,] (6 +Uh,l T3 « Uhl 3

Yy Y
wl—}lj (wr’y+ 1)’ wk+—1fl‘] (mrjy_ 1) .
¥ + vy, U\ =y ) I

Then the preliminary solution (ph’l)?jl’pre obtained through the Euler forward time

discretization has non-negative cell averages.

2. Let
(ﬁh l>n+1,pre
o . AN min __ . n+lpre/, r s
Orij = min | ————5 1 Pz, = min (ph,z (xz"?/j)) -
Phi)i; © = Mg 8

Define p’,fj{l so that

Pl y) = ()i P+ O (ppy P (] ) — (Pna)if oP).
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n+1

"H(xg,yj) is non-negative. Furthermore, py7~ would maintain the spatial

Then py;

, 1
accuracy achieved by ppt P

Remark 4.3.1. As before, pointwise non-negative solutions can be obtained by taking
pin = infgyerx, ijl’pre(a:,y). The time step T = ph? will be used for time
marching. As negative cell averages emerge, we halve the time step. We will also

use 6¢

_ n+1,pre o
[ij = min ((phl)”—el” 1) instead of 0, ; when applying the scaling limiter.

(— )n+1,pre_ min ?
Wiy Li,g

Here e;,; = min (107, (pr)7; ™).

4.4 One-dimensional numerical tests

In this section, we apply the entropy stable DG method for solving one-dimensional
problems. In Example 4.4.1 and Example 4.4.2, the accuracy of the scheme is ex-
amined. The error is measured with the discrete norm associated with the Gauss-
Lobatto quadrature rule. We do not invoke the positivity-preserving limiter in either
tests, to exclude order degeneracy due to the temporal order reduction. See [87, 69]
for relevant numerical experiments. Then we consider systems from tumor encap-
sulation (Example 4.4.3) and surfactant spreading (Example 4.4.4) . In these tests,

leading fronts are formed and the issue of positivity arises.

Example 4.4.1 (Heat equations). Let us first consider the initial value problem

with decoupled heat equations,

atpl - axmplu [ = ]-7 2)

on [—1, 1] with the periodic boundary condition. p;(x,0) = sin (7x)+2 and ps(z,0) =
cos (mz) 4+ 2 are taken as our initial condition. The system is associated with the

entropy E = [, p1(logp1 — 1) + pa(log py — 1)dz. Hence & = (log py,log p2)" and
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F = diag(p). We compute up to ¢ = 0.002, with time step set as 7 = 0.001h%.
Positivity-preserving limiter is not activated. We use the Lax-Friedrichs flux and
alternating fluxes respectively for computation. As one can see from Table 4.1 and
Table 4.2. Optimal order of convergence is achieved with the alternating fluxes. The
order of accuracy seems to be degenerated when we use central and Lax-Friedrichs
fluxes with odd-order polynomials. This may be related with the fact that the
problem is smooth hence the jump term §(p™ — p~) is too small, hence the Lax-
Friedrichs flux Fu is close to the central flux when the mesh is not well refined, which
would cause order reduction. In Table 4.3, we document the error with different
Lax-Friedrichs constant, with « replaced by @ = 0,2a,10a. As one can see, the
optimal order is retrieved as & becomes large. We also remark, choosing a larger

Lax-Friedrichs constant does not affect the compatibility with positivity-preserving

procedure, while it does make the time step more restrictive.

k| N L' error | order | L? error | order | L™ error | order
1] 80 | 8.802E-04 - 4.958E-04 - 4.226E-04 -
160 | 3.948E-04 | 1.16 | 2.224E-04 | 1.16 | 1.899E-04 | 1.15
320 | 1.609E-04 | 1.30 | 9.077E-05 | 1.29 | 7.821E-05 | 1.28
640 | 5.647E-05 | 1.51 | 3.201E-05 | 1.50 | 2.806E-05 | 1.48
2| 80 | 7.760E-06 - 8.881E-06 - 1.456E-05 -
160 | 9.600E-07 | 3.02 | 1.113E-06 | 3.00 | 1.825E-06 | 3.00
320 | 1.194E-07 | 3.01 | 1.395E-07 | 3.00 | 2.285E-07 | 3.00
640 | 1.489E-08 | 3.00 | 1.745E-08 | 3.00 | 2.859E-08 | 3.00
3| 80 | 6.027E-07 - 4.185E-07 - 8.166E-07 -
160 | 5.914E-08 | 3.35 | 4.133E-08 | 3.34 | 8.365E-08 | 3.29
320 | 5.003E-09 | 3.56 | 3.551E-09 | 3.54 | 7.567E-09 | 3.47
640 | 3.702E-10 | 3.76 | 2.685E-10 | 3.73 | 6.054E-10 | 3.64
41 80 | 6.210E-10 - 6.542E-10 - 2.194E-09 -
160 | 1.887E-11 | 5.04 | 2.030E-11 | 5.01 | 6.809E-11 | 5.01
320 | 5.823E-13 | 5.02 | 6.338E-13 | 5.00 | 2.128E-12 | 5.00
640 | 1.808E-14 | 5.01 | 1.981E-14 | 5.00 | 6.653E-14 | 5.00

Table 4.1: Accuracy test of heat equations in Example 4.4.1, with central flux for E
and Lax-Friedrichs flux for Fu.

Example 4.4.2 (SKT population model). We use the population model of Shige-

sada, Kawashima and Teramoto [67] for the second accuracy test. All the cross-



N

L' error

order

L? error

order

L™ error

order

80
160
320
640

4.027E-03
1.006E-03
2.515E-04
6.288E-05

2.00
2.00
2.00

2.214E-03
5.530E-04
1.382E-04
3.455E-05

2.00
2.00
2.00

1.591E-03
4.004E-04
1.003E-04
2.508E-05

1.99
2.00
2.00

80
160
320
640

1.541E-05
1.912E-06
2.383E-07
2.975E-08

3.01
3.00
3.00

1.418E-05
1.769E-06
2.211E-07
2.763E-08

3.00
3.00
3.00

3.049E-05
3.736E-06
4.624E-07
5.752E-08

3.03
3.01
3.01

80
160
320
640

1.219E-07
7.609E-09
4.754E-10
2.971E-11

4.00
4.00
4.00

1.116E-07
6.966E-09
4.353E-10
2.720E-11

4.00
4.00
4.00

4.006E-07
2.513E-08
1.572E-09
9.828E-11

4.00
4.00
4.00

80
160
320
640

1.09E-09
3.401E-11
1.062E-12
3.319E-14

5.00
5.00
5.00

1.08E-09
3.365E-11
1.052E-12
3.286E-14

5.00
5.00
5.00

4.41E-09
1.374E-10
4.278E-12
1.334E-13

5.00
5.01
5.00

Table 4.2: Accuracy test of heat equations in Example 4.4.1, with alternating fluxes

/é = 5}: and ﬁ = (Fhuh)+.

Q

N

L' error

order

L? error

order

L™ error

order

0

80
160
320
640

8.029E-07
1.007E-07
1.259E-08
1.575E-09

3.00
3.00
3.00

5.549E-07
6.949E-08
8.689E-09
1.086E-09

3.00
3.00
3.00

1.031E-06
1.294E-07
1.618E-08
2.022E-09

2.99
3.00
3.00

2x

80
160
320
640

4.721E-07
4.003E-08
2.952E-09
2.028E-10

3.56
3.76
3.86

3.300E-07
2.841E-08
2.148E-09
1.502E-10

3.54
3.73
3.84

6.683E-07
6.043E-08
4.843E-09
3.560E-10

3.47
3.64
3.77

10«

80
160
320
640

1.572E-07
1.053E-08
6.830E-10
4.356E-11

3.90
3.95
3.97

1.150E-07
7.906E-09
5.221E-10
3.366E-11

3.86
3.92
3.96

2.605E-07
1.892E-08
1.300E-09
8.619E-11

3.78
3.86
3.92

Table 4.3: Accuracy test of heat equations in Example 4.4.1, with central flux for E
and Lax-Friedrichs flux for Fu = $(Fyu) +Fyu; )+5(p) —py, ). Here & = 0, 2av, 100v.

diffusion and self-diffusion coefficents are taken as 1. The system is written as follows.
01 = 0y ((2p1 + p2)0up1 + p10:p2) , (4.11a)

Dip2 = Oy (2021 + (p1 + 2p2)0up2) - (4.11b)
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(4.11) is governed by the entropy E = [, p1(logp; — 1) 4 p2(log p; — 1)dz. Again
2p1 +p p
€ = (logpi,logp)t. F = diag(p) P ’ and z - Fz = 2p3z? +
P 2p2+
20323 + p1pa(21 + 22)% > 0. The computational domain is taken as [—m, 7. Let

p1(x,0) = e25n% and p2(x,0) = e25(22)  We assume periodic boundary condition
and compute to t = 0.2 with 7 = 0.0002h2. The numerical solution at the next
mesh level is set as a reference to evaluate the error. The error with central and
Lax-Friedrichs fluxes is documented in Table 4.4, and that with alternating fluxes is
in Table 4.5. The exhibited order of accuracy is similar to that in Example 4.4.1.

We again compute the error for £ = 3 with different constants in the Lax-Friedrichs

flux. As one can see, the order of accuracy gets close to 4 as @ increases.

N | L'error |order | L?error | order | L* error | order
11 20 | 2.852E-02 - 1.009E-02 - 8.675E-03 -

40 | 9.370E-03 | 1.61 | 3.461E-03 | 1.54 | 2.918E-03 | 1.57
80 | 3.031E-03 | 1.63 | 1.149E-03 | 1.59 | 9.292E-04 | 1.65
160 | 9.527E-04 | 1.67 | 3.609E-04 | 1.67 | 2.765E-04 | 1.75
21 20 | 1.093E-03 - 4.283E-04 - 4.440E-04 -
40 | 1.022E-04 | 3.42 | 4.329E-05 | 3.31 | 4.291E-05 | 3.37
80 | 1.164E-05 | 3.13 | 5.223E-06 | 3.05 | 5.183E-06 | 3.05
160 | 1.414E-06 | 3.04 | 6.4R%0E-07 | 3.01 | 6.428E-07 | 3.01
31 20 | 7.543E-05 - 2.840E-05 - 3.058E-05 -
40 | 8.282E-06 | 3.19 | 3.208E-06 | 3.15 | 3.901E-06 | 2.97
80 | 8.588E-07 | 3.27 | 3.501E-07 | 3.20 | 4.431E-07 | 3.14
160 | 8.748E-08 | 3.30 | 3.642E-08 | 3.27 | 4.812E-08 | 3.20
41 20 | 2.170E-06 - 9.649E-07 - 1.752E-06 -
40 | 3.209E-08 | 6.08 | 1.746E-08 | 5.79 | 3.606E-08 | 5.60
80 | 8.787E-10| 5.19 | 5.031E-10 | 5.12 | 1.066E-09 | 5.08
160 | 2.620E-11 | 5.07 | 1.542E-11 | 5.03 | 3.288E-11 | 5.02

Table 4.4: Accuracy test of the SK'T population model in Example 4.4.2, with central
flux for £ and Lax-Friedrichs flux for Fu.
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N L' error | order | L? error | order | L™ error | order
1] 20 | 8.476E-02 - 3.128E-02 - 2.359E-02 -
40 | 2.055E-02 | 2.04 | 7.346E-03 | 2.090 | 5.189E-03 | 2.18
80 | 5.088E-03 | 2.01 | 1.803E-03 | 2.027 | 1.235E-03 | 2.07
160 | 1.268E-03 | 2.00 | 4.486E-04 | 2.007 | 3.049E-04 | 2.02
21 20 | 1.313E-03 - 5.584E-04 - 6.613E-04 -
40 | 1.490E-04 | 3.14 | 6.531E-05 | 3.096 | 7.530E-05 | 3.14
80 | 1.815E-05 | 3.04 | 8.039E-06 | 3.022 | 9.240E-06 | 3.03
160 | 2.250E-06 | 3.01 | 1.001E-06 | 3.005 | 1.146E-06 | 3.01
31 20 | 4.008E-05 - 1.908E-05 - 3.948E-05 -
40 | 2.420E-06 | 4.05 | 1.160E-06 | 4.040 | 2.645E-06 | 3.90
80 | 1.503E-07 | 4.01 | 7.200E-08 | 4.010 | 1.682E-07 | 3.98
160 | 9.374E-09 | 4.00 | 4.493E-09 | 4.002 | 1.056E-08 | 3.99
41 20 | 1.603E-06 - 8.465E-07 - 1.774E-06 -
40 | 4.754E-08 | 5.08 | 2.615E-08 | 5.017 | 6.252E-08 | 4.83
80 | 1.469E-09 | 5.02 | 8.149E-10 | 5.004 | 2.028E-09 | 4.95
160 | 4.577E-11 | 5.00 | 2.544E-11 | 5.001 | 6.375E-11 | 4.99

Table 4.5: Accuracy test of the SK'T population model in Example 4.4.2, with alter-
nating fluxes € = &, and Fu = (Fpu,)*.

Q N L' error | order | L? error | order | L™ error | order
0 20 | 9.502E-05 - 3.419E-05 - 3.141E-05 -
40 | 1.196E-05 | 2.99 | 4.260E-06 | 3.00 | 4.207E-06 | 2.90
80 | 1.501E-06 | 2.99 | 5.331E-07 | 3.00 | 5.222E-07 | 3.01
160 | 1.878E-07 | 3.00 | 6.667E-08 | 3.00 | 6.516E-08 | 3.00
10 | 20 | 3.941E-05 - 1.692E-05 - 2.287TE-05 -
40 | 3.833E-06 | 3.36 | 1.644E-06 | 3.36 | 2.245E-06 | 3.35
80 | 3.351E-07 | 3.52 | 1.477E-07 | 3.48 | 2.136E-07 | 3.39
160 | 2.720E-08 | 3.62 | 1.238E-08 | 3.58 | 1.865E-08 | 3.52
900 | 20 | 2.873E-06 - 1.096E-06 - 1.981E-06 -
40 | 1.558E-07 | 4.21 | 6.967E-08 | 3.98 | 1.213E-07 | 4.03
80 | 1.075E-08 | 3.86 | 4.892E-09 | 3.83 | 8.305E-09 | 3.87
160 | 7.043E-10 | 3.93 | 3.261E-10 | 3.91 | 5.546E-10 | 3.90

Table 4.6: Accuracy test of the SK'T population model in Example 4.4.2 with k = 3,
with central flux for € and the Lax-Friedrichs flux for Fu = S((Fhup) '+ (Fpuy) ™ )—I—
5 S(pr — p;). Here & = 0, 10cr, 900« respectively.

Example 4.4.3 (Tumor encapsulation).

A1 = 0 ((201(1 = p1) = Byp1p3)Bupr — 26p1p2(1 + yp1)0up2) (4.12a)

Oipa = 0 ((—2p1p2 + BY(L — p2)p3)0upr + 28pa(1 — p2)(1 +7p1)0ups) . (4.12D)
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System (4.12) comes from the tumor encapsulation model proposed by Jackson and
Byrne in [46], which describes the formation of a dense, fibrous connective tissue
surrounding the benign neoplastic mass. In the system, p; corresponds to the con-
centration of tumors, and p, is the concentration of the surrounding tissue. In [50],
the authors pointed out the system can be formulated as a gradient flow with the

entropy

E= [ pogp ~ 1)+ palogps — D)+ (1= pu = po)log(1 — pr — p2) = Vi
Q

if 0 <y < 4/y/B. Then £ = (log P, log 17;127[)2)T and the corresponding F

is semi-positive definite with the prescribed parameters. In the numerical test, we

firstly consider the case § = 0.0075 and v = 10. The initial condition is set as

1 0.1 -2 1 0.1 -2
p1(x,0) = 3 (1 + tanh 005 ) , p2(x,0) = 3 <1 — tanh 005 ) .

The zero-flux boundary condition is applied in the simulation. The computational
domain is set as 2 = [0,1] with h = 0.02 and h = 0.04 respectively. We choose
the time step to be 7 = 0.02h%. The numerical results are given in Figure 4.1. We
then consider problems with a strong cell-induced pressure, with § = 0.0075 and
v = 1000. These parameters are rescaled from [46] and we drop the source term in
their simulation. In the numerical test, 0.956;; instead of 67, is used in the scaling
limiter for robustness and all other settings are the same. The numerical results are
given in Figure 4.2. Although the system may no long possess a decaying entropy
since v > 4/+/f, it seems that our numerical method still produces satisfying results

and captures the sharp leading front of ps.

Example 4.4.4 (Surfactant spreading). We perform numerical simulations of a sys-
tem modelling the surfactant spreading on a thin viscous film, which can be used for

analyzing the delivery of aerosol for curing the respiratory distress syndrome. The
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Figure 4.1: Numerical solutions to the tumor encapsulation problem in Example
4.4.3 with § = 0.0075 and v = 10 at t = 0.02, t = 0.2, t = 1 and t = 2. We use
piecewise cubic polynomials in the scheme. The mesh size is h = 0.04 in Figure 4.1a
and Figure 4.1c, and is h = 0.02 in Figure 4.1b and Figure 4.1d. The corresponding
entropy profiles are given in Figure 4.1e and Figure4.1f. The reference solutions are

given in black lines obtained by using the P! scheme on a mesh with h = 0.002.
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Figure 4.2: Numerical solutions to the tumor encapsulation problem in Example
4.4.3 with 8 = 0.0075 and v = 1000 at t = 0.02, t = 0.2, t = 1 and t = 2. The
mesh size is h = 0.02 and the time step is 7 = 0.02h2. The scaling paramter is set
as 0.95607; in the positivity-preserving procedure. Piecewise cubic polynomials are
used in Figure 4.2a and Figure 4.2c¢, and piecewise quartic polynomials are used in
Figure 4.2b and Figure 4.2d. The reference solution is given in black lines obtained
by using the P! scheme on a mesh with h = 0.001.
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system was derived by Jensen and Grotberg in [47] and was then analyzed by Escher
et al. in [35]. In this system, p; represents the film thickness and p, is the con-

centration of the surfactant. The parameter g corresponds to a gravitational force.

1
Orp1 = Oy (%fﬁ@xm + §p?5’xpz) : (4.13a)
(9tp2 = (9z <gp§p28xp1 + p1p23m,02> . (413b)

Following the derivation in [35], the system is associated with the following entropy

functional

Q

12 1
1 Lo
Accordingly, & = (gp1,log p2)T, F = diag(p) | * L2 and 2 Fz = Lot +

3P pipa
p1(3p121+ p222)? > 0. Tt is shown in [47] that the similarity solutions to (4.13) would
develop shocks as ¢ = 0. In this numerical test, we consider a weak gravitational
effect with ¢ = 0.02. A uniform mesh with h = 0.05 is used on the spatial domain
[0,3]. The time step is set as 7 = 0.02h?. We apply the zero-flux boundary condi-
tion and assume the initial condition to be p; = 0.5 and p; = 0.5(1 — tanh %%5)'
Numerical solutions obtain with £ = 3 and £ = 4 are given in Figure 4.3. Under

the same setting without applying positivity-preserving limiter, the solutions blow

up shortly after t = 0.1718 for £ = 3 and ¢ = 0.1691 for k = 4.

4.5 Two-dimensional numerical tests

In this section, we provide several numerical examples of two-dimensional problems
on Cartesian meshes. The accuracy test is given in Example 4.5.1. Then we apply

the numerical scheme to solve the two-dimensional surfactant spreading problem in
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Figure 4.3: Numerical solutions to the surfactant spreading problem in Example
444 att =1,t =3 and t = 6. The mesh size is h = 0.05 and the time step is
7 = 0.02h?. We apply piecewise cubic polynomials for producing Figure 4.3a and
Figure 4.3c. Piecewise quartic polynomials are used in Figure 4.3b and Figure 4.3d.
Positivity-preserving limiter is activated mainly near the leading front of p,. The
reference solutions are given in black lines obtained with P! scheme on a mesh with
h = 0.0025. The profiles of discrete entropy are depicted in Figure 4.3e and Figure
4.3f.
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Example 4.5.2 and the seawater intrusion model in Example 4.5.3.

Example 4.5.1. We start with the accuracy test and consider the two-dimensional

version of Example 4.4.2 with a source term s = (sy, 7).

dpr =V - ((2p1 + p2)Vp1 + p1Vp2) + 51,

Oip2 =V - (p2Vp1 + (p1 + 2p2)Vp2) + 52.

The problem is again associated with the logarithm entropy.
E = // p1(log p1 — 1) + pa(log pp — 1)dzdy.
Q

2p1 +
Then & = (log p1,log ps)? and F = diag(p) proep P . We assume the

P1 2p2 +m
exact solution p = (py, pa)’ = (0.5sin(r(x+y+1t))+1,0.5cos(m(z —y—0.5¢)) +1)T.

The source terms s = (s, 82)7 is computed accordingly. We compute to ¢t = 0.03.

The time step is set as 7 = 0.0003h2 for k = 1,2,3 and 7 = 0.0001k2 for k = 4.

N® | L'error |order | L?error | order | L™ error | order
11 10 | 1.185E-01 - 5.349E-02 - 5.732E-02 -
20 | 4.656E-02 | 1.35 | 2.147E-02 | 1.32 | 2.265E-02 | 1.34
40 | 1.773E-02 | 1.39 | 8.266E-03 | 1.38 | 8.692E-03 | 1.38
80 | 6.218E-03 | 1.51 | 2.921E-03 | 1.50 | 3.084E-03 | 1.50
21 10 | 8.206E-03 - 4.362E-03 - 8.402E-03 -
20 | 9.124E-04 | 3.17 | 5.659E-04 | 2.95 | 9.942E-04 | 3.08
40 | 1.077E-04 | 3.08 | 7.186E-05 | 2.98 | 1.213E-04 | 3.04
80 | 1.315E-05 | 3.03 | 9.068E-06 | 2.99 | 1.515E-05 | 3.00
31 10 | 9.481E-04 - 5.256E-04 - 9.990E-04 -
20 | 1.061E-04 | 3.16 | 5.847E-05 | 3.17 | 1.112E-04 | 3.17
40 | 1.128E-05 | 3.23 | 6.169E-06 | 3.25 | 1.216E-05 | 3.19
80 | 1.119E-06 | 3.33 | 6.042E-07 | 3.35 | 1.232E-06 | 3.30
4| 10 | 4.685E-05 - 2.649E-05 - 7.459E-05 -
20 | 1.212E-06 | 5.27 | 8.159E-07 | 5.02 | 2.837E-06 | 4.72
40 | 3.328E-08 | 5.19 | 2.273E-08 | 5.17 | 7.754E-08 | 5.19

Table 4.7: Accuracy test of the cross-diffusion system in Example 4.5.1, with central
flux for & and Lax-Friedrichs flux for Flu.
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N* | L'error |order | L?error | order | L™ error | order
1| 10 | 3.848E-01 - 1.853E-01 - 2.415E-01 -
20 | 9.608E-02 | 2.00 | 4.397E-02 | 2.08 | 4.372E-02 | 2.47
40 | 2.376E-02 | 2.02 | 1.075E-02 | 2.03 | 1.014E-02 | 2.11
80 | 5.916E-03 | 2.01 | 2.667E-03 | 2.01 | 2.525E-03 | 2.01
2| 10 | 1.510E-02 - 8.132E-03 - 2.121E-02 -
20 | 1.673E-03 | 3.17 | 9.563E-04 | 3.09 | 2.328E-03 | 3.19
40 | 1.923E-04 | 3.12 | 1.169E-04 | 3.03 | 2.662E-04 | 3.13
80 | 2.294E-05 | 3.07 | 1.453E-05 | 3.01 | 3.192E-05 | 3.06
31 10 | 8.253E-04 - 4.525E-04 - 1.449E-03 -
20 | 4.998E-05 | 4.05 | 2.922E-05 | 3.95 | 1.044E-04 | 3.80
40 | 3.075E-06 | 4.02 | 1.850E-06 | 3.98 | 6.675E-06 | 3.97
80 | 1.912E-07 | 4.01 | 1.161E-07 | 4.00 | 4.216E-07 | 3.99
41 10 | 5.174E-05 - 3.287E-05 - 1.448E-04 -
20 | 1.683E-06 | 4.94 | 1.127E-06 | 4.87 | 4.972E-06 | 4.86
40 | 5.276E-08 | 5.00 | 3.620E-08 | 4.96 | 1.485E-07 | 5.07

Table 4.8: Accuracy test of the cross-diffusion system in Example 4.5.1 with alter-
nating fluxes € = &, and Fu= (Fhup)t.

Q N® | L'error | order | L? error | order | L™ error | order
0 10 | 1.082E-03 - 6.170E-04 - 1.139E-03 -

20 | 1.328E-04 | 3.07 | 7.682E-05 | 3.01 | 1.373E-04 | 3.05
40 | 1.651E-05 | 3.01 | 9.595E-06 | 3.00 | 1.722E-05 | 3.00
80 | 2.063E-06 | 3.00 | 1.199E-06 | 3.00 | 2.157E-06 | 3.00
100«v | 10 | 2.505E-04 - 1.266E-04 - 1.528E-04 -
20 | 1.234E-05 | 4.34 | 6.425E-06 | 4.30 | 1.234E-05 | 3.63
40 | 6.709E-07 | 4.20 | 3.609E-07 | 4.15 | 9.094E-07 | 3.76
80 | 3.923E-08 | 4.10 | 2.178E-08 | 4.05 | 6.480E-08 | 3.81

Table 4.9: Accuracy test for Example 4.5.1, with central flux for 5 and Lax-Friedrichs
flux for Fu = S((Fhup)t + (Fyup)™) + 5 (ph p;, ). Here & =0, 100a.

Example 4.5.2. In this numerical example, we simulate the two-dimensional sur-

factant spreading.

1
Oppr =V - (%pi’vm + §pfvp2> : (4.14a)

Again p; and p, correspond to the film thickness and surfactant concentration re-
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spectively. The associated entropy is

E= // g/ﬁ + pa(log pa — 1)dzdy.
Q

12 1

307 5pip

As before, & = (gp1,log p2)T and F(p) = diag(p) | * P2 We assume zero-
3P P

flux boundary condition on Q = [0,2] x [0,2] and compute to t = 0.25 with h* =

hY = 0.02 and 7 = 0.003(h")%. The gravitational coefficient is set as g = 0.001.

Numerical results are given in Figure 4.4. The numerical method does capture the

sharp transition of the bowl-shaped leading front of p;, though with oscillations.
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Figure 4.4: Numerical solutions to the surfactant spreading problem (4.14) at ¢ =
0.25. The solution is computed with piecewise cubic polynomials & = 3, mesh size
h = 0.02 and time step 7 = 0.003h2.
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Example 4.5.3 (Seawater intrusion). This test case is taken from [62] on solving a

cross-diffusion system modelling the seawater intrusion in an unconfined aquifer.

Ohpr =V - (up1V(p1 +p2+0)), (4.15a)

Op2 =V - (p2V (o1 + p2 +0)). (4.15b)

Here z = b(z,y) gives the impermeable interface between the seawater and the
bedrock. The saltwater sits on the bedrock between z = b(z,y) and z = b(z,y) +
p2(x,y,t). From z = b(z,y) + pa2(x,y,t) to z = b(x,y) + p2(x,y,t) + p1(z,y,t) is the
freshwater, which is immiscible with the saltwater. The parameter p € (0,1) is the
mass density ratio between the freshwater and the saltwater. (4.15) is associated

with the energy functional

1 —
E=iK/gUn+pm+®2+—3ﬁOh+bVMdy
Q

It can be show that there exists a non-negative solution to (4.15) satisfies the energy

decay property

d
EEz—//MmW@ﬁmﬁ%W+mWWM+m+Wwwy
Q

We assume the zero-flux boundary condition and use a 20 x 20 square mesh on
[0,1] x [0,1]. We compute to ¢ = 12 with 7 = 0.002(h*)?. The parameter is set as

p = 0.9. The initial condition p, = (p, p3)7, with

0 0.5 ifz<0.25
pi(z,y) =
0 otherwise
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and

0 B b(0.5,0) — b(z,y) — (x — 0.5) if  <0.5
p2<$, y) - )
0 otherwise

is used in our numerical simulation. Here the seabed function is
b(x,y) = max(0,0.5(1 — 16(x — 0.5)%)(cos(7y) + 2)).

Numerical solutions at different time are depicted in Figure 4.5. One can see that

solutions converge to a steady state as ¢t becomes large.

4.6 Concluding remarks

In this chapter, we develop a DG method for solving cross-diffusion systems with a
gradient flow structure. The difficulty is that the non-negativity of solutions is usu-
ally an essential part for the entropy stability. One needs to design numerical schemes
to preserve the entropy structure, as well as ensures the positivity of solutions. We
adopt the Gauss-Lobatto quadrature rule in the DG method, so that the resulting
semi-discrete schemes are subject to an entropy inequality consistent with that of the
continuum system. Furthermore, for a class of problems, with a suitable choice of
numerical fluxes, the numerical method is compatible with the positivity-preserving
procedure established in [87] and [86]. The extension to two-dimensional problems
on Cartesian meshes is also discussed. In our numerical tests, we observe that the
methods achieve high-order accuracy. Though the convergence rate is reduced with
odd-order piecewise polynomials, the optimal rate can be retrieved by imposing a
larger Lax-Friedrichs constant in the numerical fluxes. Numerical simulations to

problems with positivity-preserving issues have also been performed.
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Figure 4.5: Numerical solutions to the seawater intrusion problem in Example 4.5.3
at t = 0,0.2,0.79,12. Solutions are obtained with piecewise cubic polynomials on
a uniform square mesh on [0, 1] x [0, 1], with h* = h¥ = 0.05. The time step is set
as 7 = 0.002(h®)? in the simulation. b, b+ py and b+ p; + po are depicted in blue,

orange and green respectively.
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The major contributions of the thesis are to analyze the L? stability of DG
methods coupling with several explicit time discretization methods and to design
a entropy stable DG methods for gradient flow problems that is compatible with
a positivity-preserving procedure. The thesis is mainly based on our publications

71, 72, 70].

On stability of time discretizations, we firstly consider the second-order and the
third-order Lax-Wendroff DG methods, which are originally proposed by Guo et
al. in [40]. The linear advection equation is used as a model problem for our
analysis. Under these contexts, Lax-Wendroff DG methods with upwind fluxes for
all intermediate variables are shown to be equivalent with the Runge-Kutta DG
methods, whose stability has already been studied in [84]. In general, different choices
of numerical fluxes can be used. Among all these choices, we prove that, with uniform
or non-increasing time steps satisfying a usual CFL condition 7 < C'h, the second-
order Lax-Wendroff DG schemes with piecewise linear polynomials and the third-
order Lax-Wendroff DG schemes with arbitrary polynomial elements are L? stable,
as long as the numerical flux for the unknown u is upwinding. Furthermore, if the
next auxiliary variable, which approximates u;, is also upwinding, then the scheme
would be strongly stable, in the sense that L? norm of the numerical solution will not
increase at the next time level. While if downwind flux is used, the scheme is L? stable
in a weaker sense. More specifically, the L? norm of the solution is bounded by that
of the initial condition multiplied by a constant. These results are also generalized
to multi-dimensions for advection equations with a divergence-free velocity field.
Finally, as a corollary of the stability results, optimal error estimates are provided
for stable Lax-Wendroff DG schemes in one dimension, and the convergence results

are verified numerically both in one dimension and two dimensions.
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The next step is to analyze the fourth-order Runge-Kutta method. We mainly
consider the semi-negative linear autonomous ODE system, which can be resulted
from different strongly stable spatial discretizations, including the DG method. A
counter example is given for showing that the four stage fourth-order DG method
does not preserve the strong stability of the ODE system, whatever small time step
is used. However, the strong stability will be achieved for every two time steps
under a time step restriction. We then extend the result to more general well-posed
and non-autonomous problems and state the stability of fully discrete schemes with

Galerkin type spatial discretizations.

On the development of DG methods for gradient flows, we start with scalar
problems, including both the nonlinear parabolic equations, such as porous media
equations and Fokker-Planck equations, and Wasserstein gradient flows that may
involving nonlocal interaction effects. Noting that a direct application of the local
DG method may break the weak positivity of the scheme, we apply the technique in
[22] and introduce the Gauss-Lobatto quadrature rule. The resulting semi-discrete
preserve the entropy decay property of the continuum equation, if the problem does
not involve a non-smooth interaction potential. Furthermore, it can be shown that
under sufficiently small time step, the method preserves the weak positivity with the
Euler forward time discretization. Hence one can combine the scaling limiter and
the SSP-RK method, as have been done in [87] and [86], to ensure that the fully
discrete scheme produces non-negative solutions. The method is also extended to
two dimensions with Cartesian meshes. Numerical examples are shown to validate

the high-order accuracy and the ability for preserving long time asymptotics.

We then apply the method to cross-diffusion systems, which feature with a similar
entropy decay property and the positivity is usually expected as well. The idea is

to introduce a new velocity function to formally decouple the system. Then one
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can apply the method in Chapter 3 for each equation. The resulting semi-discrete
scheme is also associated with a decaying entropy and it is also compatible with the
positivity-preserving procedure stated before. We validate the performance of the

method with both one-dimensional and two-dimensional numerical tests.

This thesis can serve as a starting point for a few future projects. For time
discretizations, our ongoing work is to analyze the stability of implicit-explicit time
stepping methods with the DG spatial discretization for KdV type equations. We
would also like to study the L? stability of other multi-stage and multi-derivative
time discretizations. For gradient flows, one future direction is to extent the method
to unstructured meshes, to fit more complicated geometry and to resolve the blow
up behaviors. Another direction is to develop a well-balanced numerical scheme
based on the current method, to preserve the steady state for problems with source
terms. We will also explore the possibility of applying the method to other entropy

or energy dissipative systems with non-negative solutions.
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A.1 Relationships between RKDG and LWDG meth-

ods

We only consider the third order temporal discretization. The relationships of the

second order schemes follow from the same lines.

Consider the time-dependent problem u; = Lu. One can apply Lax-Wendroff

procedure to write down a semi-discretized scheme with respect to time.

7_2 3

W=t g L

p'=Lu", ¢ =Lp",

where 7 is the time step.

In general, to obtain a fully discretized scheme, one can replace L with different
consistent spatial discretization operators. For example, for the DG method, one
can apply different numerical fluxes, and the final scheme will still approximate the

original equation.

Now we assume the same spatial discretization Ly is used for each L. Then the

scheme becomes

7.2 3

T
un+1 = u" T 7_pn 4 _qn + _LNqn7
2 6 (A.1)

p" = Lyu", q" = Lyp",

which corresponds to the truncated Taylor expansion for the semi-discretized scheme

u; = Lyu.
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Assume Ly to be linear and independent of ¢. If the third order SSP Runge-Kutta

method is applied for time stepping, one will get

uY = u" 4+ 7Lyu" = u” + 1p",

3 1
u® = Zu" + —(u + 7Lyu)
4 4
3 n ]' n n n 2 n
= U +71(u +7p" + TLyu" + T Lyp")
2
T T
=u"+ —p" + —q" A2
u' + 5P+ e (A.2)
nit _ Lo 200 2)
utt = qu +3(u + 7Lu'?)
1 2 T T2 72 73
3u +3(u +2p+4q + 7LNu +2 Np+4 ~q")

,7_2 3

= T — — )
)4 2(1 6 Nq

After comparing (A.1) and (A.2), we will see, if the same spatial discretization
Ly is used, with Ly being linear and independent of time ¢, then the fully discretized
schemes obtain from the Lax-Wendroff procedure and the Runge-Kutta method are

equivalent after one full time step.

In particular, let Ly corresponds to the DG discretization for multidimensional
system u; = Y0, (A;(2)u),,. One can check this specific Ly also satisfies the as-
sumptions above. If this Ly is used through out the Lax-Wendroff procedure, then

the scheme will be equivalent to the corresponding RKDG scheme.
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A.2 Proofs of several lemmas in Chapter 1

A.2.1 Proof of Lemma 1.3.5

Proof. We restore the integral notation in this proof.

(D) InHg, w=w"if B-n<0,w=w"if -n>0. Hence

Hg (w,w) = Z %/K(,B-V)Uﬂdx— Z /aKw_w,B-ndl

Kek Kek

= Z /aK(%w —w )wP -ndl
KeK

=Y [~ B Al - Gut - w |8l

ecE V€

=3 [~ 5t w8
ecE V€

= —5lul}

(2) Since V-8 =0, (B-V)v =V - (Bv)

Hg (w,v) = Z /KwV - (Bv)dx — Z /8K w”vB - ndl

KeK KeK
= —KEG;C/KU(,B -V)wdz — Kze;c/a[((w_ —w)vP - ndl
- v(B - V)wdz + (w™ —wH)wt|B - n|dl (A.3)
z )
- _ . +3.
= KXGI:C/KU(,B V)wda:—i—KZG;C/ava B - ndl

= —Hg(v,w).
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(w,v) Z/ B - Vvd:v—Z/ w- v -ndl

Kek Kek
—Z/ ,BVvda:—Z/wv,B ndl—}—Z/ w|vB - ndl
Kek Kek Kek
—Hﬁwv+2/ |8 - nldl
ec&

= "H;(w,v) — [w, v]g.

A.2.2 Proof of Lemma 1.3.6

Proof. (1) According to (A.3),

Z/ ,Bdex—Z/ Jv*|B - n|dl.

Kek eef

Therefore, by the Cauchy-Schwartz inequality,

5.0 < 3 [l (B- V)wl +\/ oI n|dl\/2/ (0218 -mldl
ec&

KeKk eef

< 18- Vyullel + Colula, [ [z

We would like to bound the term \/Zeeg [.(v*)2dl with |[v]|. However, vt will no

longer be a polynomial if B(z) - n changes sign along the edge, and in this case one

can not directly apply the trace inverse inequality. Therefore, we introduce v' and
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v" to denote the left and right limit of v along the edge. Then it gives

Hg (w,0)] < [|(B - V)wllv] + Cﬂﬂw]]ﬂ\/Z/Q(v’)2 +2(vr)2dl,

ecE V€

< (18- V)w| + Cpugh™ [w]g)|[v]|

(2) Use Hg(w,v) = —Hg (v, w). The remaining steps are similar. O

A.2.3 Proof of Lemma 1.3.8

Proof. For simplicity, we drop all the subscripts h and superscripts n. Let xy be
the centroid of the element K in d-dimensions. Denote B¢ = B(zo). Let Pi(K) =
Vo + Vi + V5, where

Vo = {y € P1(K)|y is a constant},
Vi={y € Pi(K)|(y, 2)x = 0,Vz € V and (Bo - V)y = 0},
Vo ={y e Pu(K)|(y, 2)x =0,z € Vo U1}

Then we can assume p = po@® + p1¢' + pd?, where ¢' € V; and ||¢'||x = 1. Note

that V¢ = 0 and (Bo - V)¢! = 0. Using the inverse inequality, we get

18- V)pllx < Ip2(B - V)d* |k + Ip1((B = Bo) - V)& |l
< Cuph™ Ipall|0* [l + Cub™ 1B — Boll<[palll 6" |

< Cugh™"pa| + Cuh 1B = Boll < Ipal.

Denote et = {z € 0K |B(z) -n > 0}, and e~ = 9K \e™. We integrate by parts to get

p2-

po=(p, ")k = —(u, (B V)P )k + (ut,$*B - n)ox
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= (B V)u,¢*)x — (u,¢°B -m)ox + (u™, ¢°B - n)ox
= ((B-V)u, ")k = (u™,¢*|B nl)er + (u™, ¢*|B - nl)e- + (", ¢°B - n)ox
= (((:B - ﬂO) ’ V)u, ¢2)K + <[u]7 ¢2|ﬂ 'n|>e+7

where we have used the fact (B¢ - V)u € V. By the trace inverse inequality,

Ipa] < Crupludponcld®llon + Cub™ 1B = Boll o llullx

< C,ph 2 [ulgox + C;Jle,B — Boll e llul %
Similarly, one can show
p1] < Cruph 2 [ulgox + Cuh ™ IB = Boll = llullx-

(i) When B is a constant, 8 — By = 0. Therefore, ||(8 - V)pllx < C.gh™|pa| <
Cuﬂh’%[[u]]ﬂ,a;{. (ii) For non-constant B, by the regularity of B, ||8 — Bo||z~ < Cgh.

Therefore

1(B-V)pllx < Cmﬂh_1|p2| + Ouyﬁ|p1|
_1
Ip2| < Cuph™2[ulpox + Cpupllullx

_1
p1| < Cuph™2 [ulgox + Cupllullx,

which implies ||(8 - V)p||lx < C’M,ﬁh_%[[u]]@a;( + Cgh™Hu| k- O
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A.3 Proof of Proposition 2.1.1

Proof. (1) To prove Ly + L% < 0.

2 2 9 1
Ly+LE=—12 2 2| =-2|1 (1 1 1).
2 2 9 1

Hence for any u = (uy, us, uz)? € R3,
u' (Ly + L) u = —2(uy + up +uz)* < 0.
(2) To prove ||Py(TLy)| > 1.

By definition,

-7+ Z -2 4 274272 — 734 T 97 447?373 4 A
+

Py(rLy) = 0 1—74—%—% % —27—1—272—73—1—?

3

0 0 -7+ -2+ L

Since ||Py(TLy)|| = v/ Amax(Pa(tLy)TPy(TLy)) is the square root of the largest
eigenvalue of Py(tLy)TPy(TLy), we define f(\,7) = det(A — Py(7Ly)T Py(TLy)).

It suffices to show, for any sufficiently small 7, f(-,7) has a root larger than 1.

After direct calculation, one can obtain

f(Av 7-) = )\3 + 02)\2 + cl)\ + Co,
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where
1 1 1 ,\°
—_ (1= 12 13 1 4
Co ( T+2T 67‘ +24T),

2117° 10697
1 =3 — 127 4 3672 — 727% + 1007 — 27 + 1;

B 25777 408178 B 382779 2225710 B 1133711

FRRETE 44 14 144
| 18957'2 37007 1077M  85171° 8857
576 3456 | 768 20736 110592
16375 5807 7577 3857°
Cp = —3+ 67 — 1872 + 367° — 4674 + —— — 220 T 20T

4 24 8 192

One can see

89 710 I 59712 341713 24771 1435715

97 T3 T 9 T 216 T sma $64 10368

wﬁﬁ+zmm#7_4EWH8+’mH9__m%%

384 | 165888 1492992 ' 124416 995328
179721 13722 723 724

* 11943936 7962624 * 7962624 191102976

f(LT) =

6775 37176 B 28977 700778

2,7) =1 — 1872 33871
f(2,7) + 67 7% 4+ 367° — 387" + 1 + o 3 + 199
1160972 n 2273710 383711 . 5213712 2345713 203714
432 144 48 1728 3456 6912

673715 5087716 2299717 4757718 79719 10772

T 6012 T 110592 T 165888 1492992 | 124416 995323
179721 13722 723 T4

11943936 7962624 * 7962624 191102976

Hence, for any sufficiently small 7,

fﬂndz—%;+0ﬁ%<0, f(2,7)=14+67+0(7%) > 1.

Note f(A,7) is a polynomial with respect to A and 7, hence it is continuous. By
the intermediate value theorem, there exists A\(7) € (1,2) such that f(A(7),7) = 0.

Therefore

|Pa(TLn)|| > v/ A(T) > 1.



179

]

Remark A.3.1. We also provide the numerical examination of Proposition 2.1.1.
The values of ||Py(TLy)||—1 and || Py(TLx)?|| — 1 with a decreasing sequence of T are
listed in Table A.1. As we can see, for this specific case, the one-step strong stability

does fail, but the two-step strong stability holds.

Table A.1: The numerical examination of Proposition 2.1.1 and Theorem 2.2.1.

T | [[P(mLy)|| =1 | [|Py(TLn)?| — 1
0.5 1.2794¢-3 1.0428¢-3
0.2 8.3857¢-6 -1.8788¢-5
0.1 92.9173e-7 6.6719e-7
0.05|  6.3437e-9 -2.2029¢-8
0.02 | 6.1504e-11 -2.3954¢-10
0.01 | 1.8868¢-12 _7.3375e-12
A.4 Coefficient matrix A
A=
1 3/2 7/6 5/8 1/4 5/72 1/72 1/576
3/2  7/3 15/8  25/24  31/72 1/8 5/192  1/288
7/6  15/8 37/24 127/144  3/8 65/576  7/288  1/288
5/8 25/24 127/144 25/48 131/576 61/864  1/64 1/432
1/4 31/72 3/8 131/576 175/1728 37/1152 25/3456 5/4608
5/72  1/8 65/576 61/864 37/1152  1/96  11/4608 5/13824
172 5/192 7/288  1/64  25/3456 11/4608 23/41472 7/82944
1/576 1/288 1/288  1/432  5/4608 5/13824 7/82944 1/82944
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A.5 Proof of Lemma 2.3.2

Proof. (1) To prove H(vy,vp) > 0.

We denote by v, = S.v;, and V., = Scvp,. Since A; are symmetric. Integrating

by parts, one has

d

d
S (Awn dwndi = 30 (5D ntscAvnvide = 3 (Aven e (A4)

i=1 e€cOK i=1 e€cOK

Substitute (A.4) into (2.30), then we obtain

Uh,’Uh Z Z —’Ueh Ib\e,h);”e,h>e'

KeK ecOK

Each cell interface e is shared by two elements. We sit in either side and call v,

znt ea:t

defined in this element to be v Ven defined from the other side is referred as vg’

Then the summation can be rewritten as

1 wm wm 1 exr - exr
Hoowon) = 3 ({830l — o)t + (A (Gt — ) 058,

ecl

1 1 .
= DG . — S AW + (AT vl — o)),
ec&

By checking the definition of v, j, one can prove that

1 exr in exr in
H('Um’l)h) - 5 Z(abS(Ae)('Ule - ’Ue,}f)v (ve,ff - ,Ue,ftL))e?

ec&

where abs(A.) = diag(|\l], ..., |A\™"|). Hence H(vp,v}) is non-negative.

(2) To prove [H(wp,vn)| < Ch™"[wy||[[vall.
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We will use the notation |- | for different meanings. For scalars, |a| is the absolute
value of a; for vectors, |a| stands for the Euclidean norm of a; and for matrices, |A|

is the operator norm of A. We also use the notation || - ||x = /(+, ) k-

By using the Cauchy- Schwarz inequality and the inverse estimate, one has

d d
YD (Awn, i)k <D0 Ailllwn x| 0w, vnllx

Kek i=1 Kek i=1

< (C’hlz !&\) > llwnllx loallx (A.5)

Kek

d
< (Ch‘lz |Az-\) [lwnl[llvnl]
i=1

And

AS.wn, Sevp)e| < sup [AF /s*/e\?dz /Se 2dl.
¥ S wSw e <swptl S 3 | 15w fisn

KeK eecOK KeK ecOK

Note that S, are orthogonal, |S.vy| = |vs|. By using the inverse inequality, we obtain

\//|Sevh|2dl = \// o |2dl < Ch™2 ||vg] k.,
\/ / S 2dl < \/ / [wir|? + [wg[2dl < Ch™2 [wy L),

where NV (K) is the union of K and its neighboring elements. Hence

and

1D D (ASews, Sevn)e| <Ch™'sup A wnllwa [vall

KeK ecok ke Kek
<Ch~tsup | D a3y [ D Tonllie (A6
ke Kek Kek

<Ch™" sup X [[wall o]

)
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Combining (A.5) and (A.6), we get

[H(wr,vn)] < Ch™ {lwal[[|oall-



APPENDIX B

Appendix for Part 11
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B.1 Proofs of theorems on entropy inequalities

B.1.1 Proof of Theorem 4.2.1

Proof. LE), = S [} Oipy, - &nda. Then, with ), = &, in (4.5a), we have

~

/ Oy, - Endr = — / Fouy - 0,€dv + (Fu- &)1 — (Fu- &),y
I; ;

I;

—— [ ZFiw) - 0.1 )ds + (Fa &),y - (Fu-g)), ).

I;

Here we have used the fact that Z(Fyuy) - 0,Z(&,) is a polynomial of degree 2k — 1
and Gauss-Lobatto quadrature rule is exact. Then by integrating by parts and again

use the exactness of the quadrature, one can get

[ owp- e = [ 0.Z(Fuwn) - Z(6)do — (Fran- &), + (B - €))7
I; I; 2 2
+(Fu &)y — (Fu- &)y
— [ & 0utBrw)ds — (Fiun &), + (Fuwn - €0)]
Ii 2 2

+ (Fu- €}:)i+% — (Fu- 5;)2'—%

= _ /Uh - Fhupdr + (E (Frup)™ )iy

I;

— (€ (Fyun) "),

1
2

—

— (Fuun - €3),, 5 + (Fuoun - €) 5 + (Fu- €)1 — (Fu- &), s
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After summing over the index ¢ and using the periodicity, we obtain

d AR
%Eh = ;/Iiatph - &pd

N
= —/Q'u,h - Fpupdr + Z <((Fhuh)7 - ﬂ)w% : [fh]wé + [Fhuh]wé : (5; - g)zﬁr%) :

i=1

The proof is completed by substituting numerical fluxes in (4.7) and (4.8). Note

Zf\; O‘i+%[€h]z‘+% : [ph]i—&—% = 2511 Oéi—l—%[ph]i—i-% : D2€(Ci+%)[ph]z’+% > 0 due to the

convexity of e. Here ¢;,1 lies between (pr);,1 and (ph)iil. O
2 2

B.1.2 Proof of Theorem 4.3.1

Proof. 4E), = Zjvzyl SV 1, 0Py - €pdx. Then

/ / Oupy - i = / / Fyl - 0,6y + Fyual - 9,6, dady
J]' I; Jj I;

Toapa - Toara +
+ . Fu®; o 'Eh(“/'”%ﬂ) — Fu®; o &y
i

—'— I.F'u/yj+% '5h($,y;+%) - Fuyjfé ‘£h(1”y;;%)dx’

For each fixed y, each component of Z(Fyu”)0,Z(&,;,) is a polynomial of degree 2k — 1
with respect to z. Z(Fpu?)0,Z(§;,) is a (2k — 1)-th order polynomial with respect to
y for each fixed x. Hence the Gauss-Lobatto quadrature with k + 1 node is exact.

We then replace the quadrature rule with the exact integral, and integrate by parts
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to get
d N* N ~o
—F = - /ZFu“-@mI dz | d
dt ;]:1( Jj<11- (Fhuy) (&) ) Y
- ( T(Fyuf) - ayz<sh>dy> da

- /J‘Ful’pr; -éh(x;+%7 y) — Fu™;_y .gh(xj_%,y)dy

J
—’—/Iv F'u/yj+% : gh(xuy;+%> - Fuyjfé ' Sh(‘r’yj%)dx>

~

—ii (/JJ (ZiﬁxI(Fhufl) -I(ﬁh)da:> dy

" ]I (/;aﬂ(Fhuéi) ~I<sh>dy> da

— [ (Fhuj - Eh)(x;_la y) — (Fhuj, - Eh)(xj__la y)dy
Jj 2 2
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Again by changing back to the quadrature rule and applying the scheme, we obtain

N NV
E ZZ( //uh Fyuj + uj - Fyujdedy

i=1 1

é u

LS

N =
QL
<

+ [ B, &y — (R,

¢S

~

(Fhuh)(m ?J ) €j+% - (Fhu%)(x,y;r_%) & 1dr

&=

&\Z

(Fnuly - &) 10y) = (Frug - &) (1 y)dy

2

(Fnu - &)@y, 1) — (Fhug - €)@y, )de

)

2

Fur, &l y) = Futis - €0 y)dy
‘]7

+ I.F,u’yj-i-% . sh(xvy]-_+%) - F,u’yj—% : éh(:my—-i_ )d.l?) :

Since we have assumed periodicity, all cell interface terms are canceled out with

alternating fluxes.

J ~ o~
—Eh = // (’U,fb . Fhuﬁ + u% . Fh“%) dl’dy

For central and Lax-Friedrichs fluxes, there remain additional penalty terms.

; ~ o~
—E, = // (uy, - Fpuy +u) - Fpul) dedy

() = & 1ow)) - (Pula ) — palar,y)) dy

i) —&ey) - (el — paleys, ) do

J
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—[,J; (ui - Fruj + ) - Fyu)) dedy < 0 since Fj, is positive-semidefinite. Note the

rest terms are also non-positive, due to the convexity of e. O

B.1.3 Fully discrete entropy inequality

Theorem B.1.1. Consider the Euler forward time discretization. Let us assume
hi = h. Suppose z - Fz > Bp|z?, z- D€z > Bpe|z?, |F| < BF and |DE| < BP¢

uniformly in p for some fized constants Br, Bpe, Y and BPS. Then when 7 <

Brh? Bpeh )

mlnz( 8600 (IBF)leDg ? degcinu BPEQ

z+1

Entl _ B _ BF/l 5D5 Z 1‘2‘

Here |F| and |DE| are 1> matriz norms of F and D€ respectively.

Proof. We omit all subscripts A and superscripts n in this proof.

N
E —E=Y"[e(p™t) —e(p)dz

Mz
\z

N
=> [ elp™) —e(p) = (p"" — p) - £du + P — p) - &dx

Here we have applied the mean value theorem and ¢ is on the line segment between
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p"tand p. Let n = p"J:—p. Then
A< max|DE)| [ 071 = pPds < 7267 [ infda,
Q Q

and

B=r ( i] Fuda:——Za HQ-[p]H;)
=T ( ]Qu Fudx — —Za i+l 'DE(CH;)[P]H;)
< —TﬁF/M dr — —5D52%+ o z+2
Here ¢, 11 lies between p;% and pz.i%

Our main task is to estimate [,|n|*dz.

I;

:Z( /Fu @mdx—ir(Fu ). —(ﬂ"’))j;>

~ N
== 2/}1’“ O — ;Fui-&-% Ml

i=

N

3 1
1
2 2
gclizl/liyﬂq dx+4—612/_|am| dz
N 1 N
2
F e (_X;I{Fu}l O ) ST

1=

Here ¢; and ¢, are constants to be determined. Note that [, |- [*dz defines a norm
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on P¥(I;). Using norm equivalence and inverse estimates, we have

' / pPde < / pPde < co / pPde,  Vpe PH(I).
I; I; I;

N 7 N N ) N o~
CoCinv CoCinv
S [mtar < [1ompar < S [ pntar < S S [

N . N e N
2 inv 2 0Cinv 2
> Il < > / nlPde < =72 /\n| dx.
; 2 h 4 I, h ; I,
=1 i=1 i i=1 i
2 ..
Ciny 18 & constant no less than 1 in the inverse estimates. Choose ¢; = CO;—Q"“ and

Cy = COC% Then

012
)

A 2
) ) .

y 22¢, | 4eqe N N
v 0Cinv

/Q|77|2dx < 2 /Q|Fu|2d:v+ : (ZHFU}@% 3

i1 i=1

Since

N

= N
1 ‘.
.1 2 < —_ + ] 2 — L 2 < muv 2
> [Fuliyl < 5 2 (1P 2+ 1 (Pu) 7)< S > / T(Fu)ds

=1
CoC N
0Cinv 2
< — E Ful“dx
T 2h = /Ii’ e,

we have

) 432 CoCimy
2 0~inv 2 0Cinv 2 2
[ <252 [ |Ful do+ 23 32 el

40(2)sznv(BF)2 | 2 CoCinv al 2 )
ST/QM do + = Zl%;np] e
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Therefore,

En+1 _ En
— <

T

‘<5F—4c o (B") BDN / |uf*dx

(8
D¢
_;( 9 COC'mvﬁ a1+ h) 1|[p]z+%‘2

The proof is completed by substituting the time step restriction into the inequality.
O

B.2 Proofs of theorems on the preservation of pos-

itivity

B.2.1 Proof of weak positivity in Theorem 4.2.2

Proof. Note Fu = 1 (diag(pi)vif + diag(p, )vy, ) + S(pf — py ). Hence

(e}
—(Pitz - ph,l)'

(p0) = (Fu), = 5

(P v+ Praviy) +

N | —

Then

) = () Py = Py GO — (O,
T h h ’

According to the result we have proved for the scalar case in Lemma 3.2.1, we assert

(Pna)itt > 0. U
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B.2.2 Proof of weak positivity in Theorem 4.3.2

Proof.

~

(ﬁhz)?“ P — (D)7 _
2 = / lz+ (Fum)m-f%dy

h”.”hy-/(Fu ) g+t (Fuy)lyjféda:.
i'Yy

Note that the numerical fluxes can be rewritten as

T

—— 1 . 1, . N ) _
Fur = 5 ((diag(py,)vi)" + (diag(p, )vi)~) + - diag(p; — py, ),
- 1 . _ Y\ — Oéy . + _
Fuy = 2 ((diag(pi)vi)* + (diag(p,)v}) ") + - diag(py} — py)-
Let
— o 1 z \+ T \— 1 . + -
(pv®); := (Fu*), = 5 ((Ph,lvh,z) + (pnavy,) )+ e (Phs = Pri)s
and

1 _
((ph,zv%{,l)* + (pnivi) ) + §ay(PZz — Pp)-

N —

(po¥), = (Fuv), =

Then we have

— n+1
(phl)z;— e _( h/xh/y/ p'U l7,+1 - pvx)l,i—%dy

o~

]
* / ey = )y

which formally reduces to the scalar case. One can follow the proof of Theorem 3.20

to show p"Jrl P> (0, if the prescribed time step restriction is satisfied. ]
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