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Abstract of “Discontinuous Galerkin Methods: Stability of Time Discretizations and
Applications to Gradient Flows”, by Zheng Sun, Ph.D., Brown University, May 2018

This thesis consists of two topics on discontinuous Galerkin (DG) finite element

methods for time-dependent problems.

In the first part of the thesis, we analyze the stability of explicit time stepping

methods with the DG spatial discretization for linear conservation laws. For the

second-order and the third-order schemes, Lax-Wendroff DG methods are analyzed.

We firstly note that a class of Lax-Wendroff DG methods is equivalent with the

Runge-Kutta DG methods after one full time step. It is then shown that the sta-

bility of the fully discretized schemes depends on the choice of numerical fluxes of

intermediate variables in time discretizations. Finally, for stable schemes in one di-

mension, optimal error estimates are given for both the solution and its first-order

time derivative. For the fourth-order method, we focus on the Runge-Kutta time

discretization. It is shown that the numerical scheme is two-step strongly stable

under an appropriate time step constraint. This result applies not only to DG meth-

ods, but also to other spatial discretizations that preserve the semi-negativity of the

continuum equation.

In the second part, we aim at designing an entropy stable high-order DG method

for gradient flow problems. The positivity (non-negativity) of the solution is also

expected in various applications. It plays a crucial role for the well-definedness and

the dissipative property of the entropy functional. By adopting the Gauss-Lobatto

quadrature rule in the local DG scheme and with a suitable choice of numerical

fluxes, our semi-discrete scheme is entropy stable for scalar problems without non-

smooth interaction kernels. The scheme also features with weak positivity with the

Euler forward time discretization. Hence by applying a scaling limiter and with the

strong-stability-preserving Runge-Kutta method, the scheme is able to produce non-



negative solutions. The method can also be applied to two-dimensional problems on

Cartesian meshes. Numerical examples are given to confirm the high-order accuracy

for smooth test cases and to demonstrate the effectiveness for preserving long time

asymptotics. Finally, the extension to cross-diffusion gradient flow systems is also

discussed.
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INTRODUCTION



2

The discontinuous Galerkin (DG) methods, a class of finite element methods

with discontinuous test and trial function spaces, were pioneered by Reed and Hill

in [64] and Lesaint and Raviart in [53] to solve the transport equation in 1970s.

Then in 1980s and 1990s, Cockburn et al. developed a general frame work in

[29, 28, 27, 26, 31] on using the DG discretization for solving nonlinear hyperbolic

conservation laws, by adopting monotone numerical fluxes and combining with the

total variation diminishing or total variation bounded Runge-Kutta schemes. Later

on, based on successful numerical experiments of Bassi and Rebay in [5], Cockburn

and Shu proposed a local DG method [30] for dealing with diffusion terms in convec-

tion dominated problems, in which they introduced auxiliary variables to transform

the original high-order equation into a first-order system. The development of DG

methods for purely elliptic or parabolic problems was independent of the hyperbolic

problems and was also initiated in 1970s. Different variants were proposed during

the decades and were unified in [4]. Until now, the DG methods have received in-

tensive attention and been widely applied to areas of computational fluid dynamics,

semi-conductor device design, computational cosmology and so on. DG methods are

still active research areas these days and new variants are kept being proposed. See

[23], [58] and [25] for some of the examples.

The success of the DG methods is closely related with various desirable properties

that the methods possess. The use of numerical fluxes and limiters, which have

been studied intensively in the context of the first-order monotone schemes and

the finite volume schemes, ensures the local conservation, suppresses oscillations and

effectively captures the shocks. At the same time, the finite element nature allows the

methods to handle complex geometry and achieve high formal order of accuracy. The

methods also benefit from the compact data structure hence feature with good h-p

adaptivity and parallel efficiency. Moreover, the methods also show their flexibility
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on preserving structures of the continuum equations, such as the preservation of

asymptotics [2, 39], the maximum principle or the invariant bound [88, 89], the

well-balanceness at the steady states [77, 78] and the entropy stability [22]. This

feature allows the methods to provide accurate results under limited computational

resources and be more robust for long time simulations.

When exploiting these benefits in different applications, the key principle for

designing usable DG schemes is to ensure the stability. Besides the stability enforced

by limiters (total variation and L1 stability, for example), the semi-discrete DG

schemes themselves are usually stable in certain sense. It was shown by Jiang and

Shu in [48] that the DG scheme subjects to a square entropy inequality and is L2

stable for nonlinear hyperbolic conservation laws. This L2 stability remains true

after coupling with implicit time stepping methods, including the Euler backward

method and the Crank-Nicholson method. The L2 stability of local DG methods for

time-dependent diffusive and dispersive types of equations were studied extensively

around 2000s. We refer to [79] and references therein for further details. For problems

governed by special decaying functionals, the L2 energy may no longer be a good

measure to capture the structure of the system. Instead, the dissipation of these

special functionals are expected. For systems with high-order spatial derivatives,

this can usually be achieved by applying the local DG methods. See [76] for an

example for the Cahn-Hilliard equation. For hyperbolic conservation laws, recently,

based on the methodology established by Carpenter et al. in [13] and Gassner in [36],

Chen and Shu developed a unified framework for designing high-order DG methods

which will satisfy entropy inequalities for any given single convex entropy. This thesis

is a further exploration of stable DG methods. It is mainly based on our publications

[71, 72, 70] and consists of the following two parts.

1. The L2 stability of DG methods after applying explicit time discretizations.
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2. The design of an entropy stable DG scheme for gradient flow problems.

In the first part of the thesis, we focus on linear conservation laws to study the

stability of fully discretized DG schemes. The early analyses of fully discretized DG

schemes were based on von Neumann analysis, which is limited to uniform meshes

and is only necessary but not sufficient. In [84], Zhang and Shu used an energy

approach to prove the stability of the DG methods coupling with the second-order

and the third-order Runge-Kutta time integrators for scalar conservation laws. The

corresponding error analysis and extension to symmetrizable system can be found

in [82, 83, 85, 60]. In Chapter 1, we adopt similar energy argument to study the

stability of the second-order and the third-order Lax-Wendroff DG methods for lin-

ear problems. The Lax-Wendroff DG method we analyze was proposed by Guo et

al. in [40], which utilizes the local DG method to discretize all spatial derivatives

introduced in the Lax-Wendroff procedure. According to our analysis, the stability

and the type of stability of the Lax-Wendroff DG methods depend on the choice

of numerical fluxes for auxiliary variables. Furthermore, when all numerical fluxes

are upwinding, the Lax-Wendroff DG methods are actually equivalent to the corre-

sponding Runge-Kutta DG methods. The next attempt is to push the envelope to

analyze higher-order time discretization. In Chapter 2, we analyze the fourth-order

Runge-Kutta time discretization. Instead of focusing on the DG spatial discretiza-

tion, we consider a general semi-negative ordinary differential equation system, which

is typically obtained after applying a stable spatial discretization. We find a counter

example that the four stage fourth-order Runge-Kutta method fails to preserve the

strong stability in one step. But the eight stage method obtained by doubling the

four stage method is proved to be strongly stable.

The second part of the thesis is dedicated to the development of entropy stable

DG methods for gradient flow problems. Many classical mathematical physics equa-
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tions can be formulated as gradient flows and this structure widely appears in the

study of granular flows and aggregation models. Under the simplest scenario, the

problem takes form of a continuity equation and the velocity field is determined by

the gradient of a potential function. The problem is associated with a decaying en-

tropy functional. The difficulty of the problem is that, in many real life applications,

the solution corresponds to density of species or water height, which is expected to

be non-negative. Furthermore, the entropy is well-defined and decreases with re-

spect to time only if the solution admits non-negative values. Hence preservation

of non-negativity is an essential part of the entropy stability. This forbid us from

directly applying the local DG methods. Instead, we apply the quadrature-based

DG method as that in [22] to enforce entropy stability. The resulting scheme is

also compatible with the high-order positivity-preserving procedure, developed by

Zhang and Shu in [87] and then extended for second-order PDEs by Zhang et al. in

[86, 69]. The numerical methods for the scalar problems are detailed in Chapter 3.

The application to cross-diffusion gradient flow systems is then discussed in Chapter

4.

The rest of the thesis is organized as follows. In Chapter 1, we analyze the

stability of the second-order and the third-order Lax-Wendroff DG methods. The

optimal error estimates for the unknown and its first-order time derivative are also

derived as a corollary of the stability results. In Chapter 2, we prove the two-step

strong stability of the fourth-order Runge-Kutta method. In Chapter 3 and Chapter

4, a DG method is introduced for scalar gradient flows and cross-diffusion gradient

flow systems respectively. Finally conclusions and future work are given at the very

end. To avoid confusion, we remark that all notations are defined locally within each

chapter.



Part I

STABILITY OF TIME

DISCRETIZATIONS



Chapter One

The second-order and the

third-order Lax-Wendroff time

discretizations
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1.1 Introduction

In this chapter, we analyze the stability of the second-order and the third-order Lax-

Wendroff DG (LWDG) methods for solving linear conservation laws. The Runge-

Kutta DG (RKDG) methods are covered as special cases. We concentrate our at-

tention in the scalar problem, although the analysis can be easily generalized to

one-dimensional linear hyperbolic systems and multi-dimensional symmetric linear

systems. To be more specific, we are interested in the following initial value problem


ut = ∇ · (βββu), (xxx, t) ∈ Ω× (0, T ),

u(xxx, 0) = u0(xxx), xxx ∈ Ω.

(1.1)

For simplicity, periodic boundary conditions are assumed, but our analysis does

not depend on periodicity and can be extended to other types of boundary condi-

tions. Here, βββ = βββ(xxx) is a vector-valued function with the divergence-free condition

∇ · βββ(xxx) = 0. In this setting, the L2 energy of the solution to (1.1) is conserved,

which facilitates the study of LWDG schemes using energy methods. Note that the

divergence-free condition forces the coefficient in (1.1) to be constant in the one-

dimensional case, but it allows variable coefficients in multidimensions.

The most widely used time integrators for DG schemes on conservation laws are

the strong-stability-preserving Runge-Kutta (SSP-RK) methods [38]. As an alterna-

tive, one can also choose the Lax-Wendroff type time discretization, which relies on

converting time derivatives in a truncated Taylor expansion into spatial derivatives

by using the differential equation repeatedly, resulting in LWDG methods. The first

LWDG method for solving hyperbolic conservation laws was proposed by Qiu et al.

in [63]. In their schemes, the high-order derivatives are approximated by directly
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differentiating the numerical polynomials. In [40], Guo et al. pointed out that this

method does not exhibit the superconvergence property, so they developed a new

LWDG method by applying the LDG techniques. More specifically, they introduced

new auxiliary variables and used DG spatial discretization to approximate the spa-

tial derivatives converted from time derivatives in the Lax-Wendroff procedure. We

focus on the LWDG method in [40] and study its properties for solving linear scalar

conservation laws.

Firstly, let us remark that there exist close relationships between the LWDG

method and the RKDG method. Both of these methods introduce auxiliary or in-

termediate variables. In the RKDG method, the stage variables correspond to the

solution u at different internal time stages between two time levels; while in the

LWDG method, the intermediate variables approximate time derivatives of u. In

general, these two sets of variables do not contain the same information. But for lin-

ear conservation laws not explicitly depending on time (including multi-dimensional

systems), if we use the same fluxes throughout the LWDG scheme, then it will be

equivalent to the RKDG method after one full time step. More specifically, in this

case, the approximations of time derivatives in a LWDG scheme and the stage vari-

ables in a RKDG scheme can be expressed as a linear combination of each other,

and they lead to the same numerical solution at the next time level. More details are

given in Appendix A.1. Therefore, there are strong connections between our anal-

ysis and the work by Zhang and Shu in [82, 85, 84], where they have provided the

stability analysis and a prior error estimates for the second and third order RKDG

schemes. We will comment on these connections later in the chapter.

Next, we move on to the stability analysis. In the LWDG schemes in [40], Guo et

al. applied alternating fluxes as that in [30, 80]. However, it can be shown that the

LWDG schemes based on these alternating fluxes cannot preserve strong stability
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under the standard CFL condition τ ≤ λh, where τ and h are the time step and

the maximum element length respectively and λ > 0 is a constant. This reminds us

of the well-known fact that the choice of numerical fluxes has an essential influence

on the types of stability. We assume the numerical fluxes can be either upwind or

downwind for each variable. After a detailed analysis, we find that, if uniform or non-

increasing time steps are used, for the second-order schemes (LW2DG) with piecewise

linear elements, and the third-order schemes (LW3DG) with arbitrary Pk elements,

as long as we apply the upwind flux for u, then the schemes will be stable in the L2

norm. Furthermore, if we also use the upwind flux for the second variable p (which

approximates ut), then the schemes will be strongly stable, that is ‖un+1
h ‖ ≤ ‖unh‖.

Notice that, for the linear cases, the RKDG method belongs to this class. However,

if we use the downwind flux for p (e.g. according to the choice of alternating fluxes),

then the scheme is only stable in a weaker sense, namely ‖unh‖ ≤ C‖u0
h‖, where C is

a constant which depends on the CFL number and the inverse estimate constants,

but is independent of the total time T . Therefore, with both choices of the fluxes,

the energy of the solution is well-controlled after long time integration.

Finally, as a corollary of the stability analysis, we perform error estimates under

the same framework of the stability analysis in one dimension. We highlight that

optimal error estimates of both uh and ph can be obtained, where uh and ph are

numerical approximations to u and ut respectively. To be more precise, assuming u

is a smooth solution to the one-dimensional problem, under a proper CFL condition

τ ≤ λh, we have both ‖u − uh‖L2 ≤ C(τ 2 + h2) and ‖ut − ph‖ ≤ C(τ 2 + h2) for

the LW2DG schemes with piecewise linear elements; and ‖u−uh‖L2 ≤ O(τ 3 +hk+1)

and ‖ut− ph‖ ≤ O(τ 3 + hk+1) for the LW3DG schemes with Pk elements. The error

estimates hold for both choices of the numerical fluxes.

The organization of this chapter is as follows. In Section 1.2 , the notations and
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preliminaries are introduced for the one-dimensional analysis. In Section 1.3 , we

present the stability analysis of the LW2DG schemes and the LW3DG schemes for

one-dimensional advection equations, as well as the extension to multidimensions

with divergence-free coefficients. In Section 1.4, we state the error estimates for one-

dimensional problems and give a detailed proof only for the second-order schemes.

In Section 1.5, numerical examples are given to validate our error estimates.

1.2 Notations and preliminaries

1.2.1 Model problem and notations

We study the following model problem in our one-dimensional analysis


ut = ux, (x, t) ∈ (0, 2π)× (0, T ),

u(x, 0) = u0(x), x ∈ (0, 2π).

(1.2)

with periodic boundary conditions.

Let Ii = (xi− 1
2
, xi+ 1

2
) and [0, 2π] = ∪Ni=1Ii be a regular partition of the domain.

We denote the cell length by hi = xi+ 1
2
− xi− 1

2
, and define h = maxi hi. We use

the notation (w, v)i =
∫
Ii
wv dx for the L2 inner product on Ii, and define (w, v) =∑N

i=1(w, v)i. Without specification, the notation ‖ · ‖ refers to the L2 norm.

The associated discontinuous finite element space is defined as

Vh = {v ∈ L2(Ω) : v|Ii ∈ Pk(Ii),∀j},
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where Pk(Ii) is the space of polynomials on Ii of degree at most k. Note that functions

in Vh can be double-valued at cell interfaces, so we use v+ and v− to represent the

right and left limits of v respectively. The jump is denoted by [v] = v+ − v−. We

define the jump semi-norm on Vh as JvK =
√∑N

i=1[v]2
i+ 1

2

, and the associated bilinear

form as [w, v] =
∑N

i=1[w]i+ 1
2
[v]i+ 1

2
.

One has the inverse estimate for polynomials, which states ∀v ∈ Pk(Ii),

h‖vx‖Ii + h
1
2‖v‖∂Ii ≤ µ‖v‖Ii ,

where ‖v‖∂Ii =
√

(v+
i− 1

2

)2 + (v−
i+ 1

2

)2 and µ is the inverse estimate constant, which

is independent of h. We denote a constant independent of h but depending on µ

by Cµ. Similarly, we may use Cµ,λ, Cµ,λ,βββ and so on. The subscripts indicate the

dependency of the constant C on these parameters.

1.2.2 The LWDG method

For simplicity, we assume the time step τ is a constant for different time levels

throughout this chapter. The strong stability results however do not need this re-

striction, while the weaker stability results (the energy is bounded but not necessarily

non-increasing) do need the restriction that the time steps are non-increasing, for

which the constant time step is a special case.

For the second-order LWDG method, we first approximate the original equation
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(1.2) with the following first-order system

un+1 = un + τunx +
τ 2

2
pnx,

pn = unx.

Then the fully discretized scheme can be obtained by replacing the spatial derivatives

by their DG discretizations. For convenience, we introduce the linear operators H+

and H−,

H±(w, v) =
N∑
i=1

H±i (w, v) =
N∑
i=1

(
(w, vx)i − w±i+ 1

2

v−
i+ 1

2

+ w±
i− 1

2

v+
i− 1

2

)
.

As a convention, H±1 = H±. Then, the schemes will take the form

(un+1
h , ϕh) = (unh, ϕh)− τHαu(unh, ϕh)−

τ 2

2
Hαp(pnh, ϕh),

(pnh, ψh) = −Hα̂u(pnh, ψh),

where ϕh, ψh ∈ Vh, and αu, αp and α̂u are equal to +1 or −1, corresponding to

different numerical fluxes, to be specified later.

In our analysis, we consider different choices of the numerical fluxes, and require

αu = α̂u. When αu = α̂u = +1 and αp = −1, we recover the alternating fluxes

used in [40]; when αu = α̂u = αp = +1, we can easily verify that this is actually the

classical second-order RKDG scheme. The only superficial difference is that, for the

RKDG scheme, one introduces the stage variable u
(1)
h = unh + τpnh instead of pnh in

our context.
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Similarly, one can write down the third-order schemes,

(un+1
h , ϕh) = (unh, ϕh)− τHαu(unh, ϕh)−

τ 2

2
Hαp(pnh, ϕh)−

τ 3

6
Hαq(qnh , ϕh),

(pnh, ψh) = −Hα̂u(unh, ψh),

(qnh , ηh) = −Hα̂p(pnh, ηh),

where ϕh, ψh and ηh are test functions from Vh, and αu, αp, α̂u and α̂p are equal

to +1 or −1, corresponding to different numerical fluxes. We would again require

αu = α̂u and αp = α̂p. When αu = +1 and αp = αq = −1, we restore the alternating

fluxes in [40]; while if αu = αp = αq = +1, we can easily verify that this is actually

the classical third-order RKDG scheme, where the stage variables are u
(1)
h = unh+τpnh

and u
(2)
h = unh + τ

2
pnh + τ2

4
qnh .

We are interested in the stability of these schemes. We call a scheme to be

stable, if there is a constant C independent of τ and h, but may depend on the

total time T = nτ , such that ‖unh‖ ≤ C‖u0
h‖. We say a scheme is strongly stable, if

‖un+1
h ‖ ≤ ‖unh‖ for any n. As a corollary, we have C = 1 for a strongly stable scheme

in ‖unh‖ ≤ C‖u0
h‖.

1.2.3 Properties of H

In this subsection, we familiarize the readers with the properties of the operator pair

H+ and H−, which are fundamental for the analyses later.

The first two lemmas focus on the operators themselves. Lemma 1.2.1 describes

the relationships between H+ and H−. It states the anti-symmetry, the semi-

definiteness and the difference of the operator pair. Lemma 1.2.2 estimates the
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L2 operator norms of H±(w, ·) and H±(·, v) on Vh. These lemmas are classical and

can be proved straightforwardly, we refer interested readers to, e.g. [81].

Lemma 1.2.1. Suppose w, v ∈ Vh, then

H−(w,w) = −1

2
JwK2,

H−(w, v) = −H+(v, w),

H+(w, v) = H−(w, v) + [w, v].

Lemma 1.2.2. Suppose w, v ∈ Vh, then

|H±(w, v)| ≤ (‖wx‖+ Cµh
− 1

2 JwK)‖v‖,

|H±(w, v)| ≤ (‖vx‖+ Cµh
− 1

2 JvK)‖w‖.

The next two lemmas describe the numerical spatial derivatives from DG and

LDG discretizations. Lemma 1.2.3 gives a crude bound for the first-order derivative,

and it follows directly from Lemma 1.2.2 and the inverse estimate. Lemma 1.2.4

establishes the connections among different orders of derivatives, which is essentially

the discretized version of integration by parts. To cover different choices of fluxes,

we introduce undetermined parameters α’s in this lemma, which can be either +1

or −1. The detailed proof is omitted, as it just amounts to repeatedly using Lemma

1.2.1.

Lemma 1.2.3. Let u, p ∈ Vh. For any test functions ψ ∈ Vh, (p, ψ) = −Hαu(u, ψ).

Then

‖p‖ ≤ Cµh
−1‖u‖.
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Lemma 1.2.4. Let u, p, q, r ∈ Vh, such that for any test functions ψ, η, ζ ∈ Vh,

(p, ψ) = −Hαu(u, ψ),

(q, η) = −Hαp(p, η),

(r, ζ) = −Hαq(q, ζ),

where αu, αp, αq = −1,+1. Then we have,

(i)

(p, u) = −αu
2

JuK2,

(q, u) = −‖p‖2 − αup
2

[u, p],

(r, u) =
αp
2

JpK2 − αuq
2

[u, q],

(ii)

(q, p) = −αp
2

JpK2,

(r, p) = −‖q‖2 − αpq
2

[p, q],

where αwv = αw + αv, w, v = u, p, q.
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1.3 Stability analysis

1.3.1 Second-order schemes

The LW2DG schemes can be rewritten as follows. Given unh, find un+1
h ∈ Vh, such

that

(un+1
h , ϕh) = (unh, ϕh) + τ(pnh, ϕh) +

τ 2

2
(qnh , ϕh), (1.3a)

(pnh, ψh) = −Hαu(unh, ψh), (1.3b)

(qnh , ηh) = −Hαp(pnh, ηh), (1.3c)

for any ϕh, ψh, ηh ∈ Vh.

Note that (1.3a) implies

un+1
h = unh + τpnh +

τ 2

2
qnh . (1.4)

In our analysis, we restrict the finite element space to be piecewise linear. This

is because when one uses upwind fluxes for both unh and pnh, the scheme is equivalent

to the second-order RKDG scheme, which, according to the von Neumann analysis

in [32], is unstable with high-order (k > 1) piecewise polynomial spaces when τ/h is

a constant.

The key ingredient for the stability analysis is to use the specialty of piecewise

linear elements. In this case, the L2 norm of (pnh)x can be bounded by the jump of unh,

which is not necessarily true in general. Zhang and Shu first used this technique in
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[84] to analyze the second-order RKDG scheme, but for a different auxiliary variable.

Here is the outline for the stability analysis of (1.3). We first prove Lemma

1.3.1 to connect ‖(pnh)x‖ with JunhK. Then, with this lemma, precise estimates for

‖un+1
h −unh−τpnh‖ and ‖pn+1

h −pnh‖ can be obtained, which are stated in Lemma 1.3.2

and Lemma 1.3.3 respectively. Finally, we carry out the proof of Theorem 1.3.1 to

establish the stability of the LW2DG schemes. The first part of this theorem, which

essentially rebuilds the result by Zhang and Shu in [84], only uses Lemma 1.3.2. For

the second part with alternating fluxes, Lemma 1.3.3 is used as well.

Lemma 1.3.1. With P1 elements, ‖(pnh)x‖i = 6h
− 3

2
i |[unh]i+αu

2
|.

Proof. We only prove the lemma for αu = +1, the case αu = −1 follows along the

same line.

For simplicity, we drop all the subscripts h and superscripts n. Let {φ0, φ1} be

the normalized Legendre polynomials basis on Ii, and φi is of degree i. Suppose

p = p0φ
0 + p1φ

1 on Ii. Then we have px = 2
√

3h−
3
2p1, where p1 can be obtained

through (1.3b),

p1 = (p, φ1)i = −(u, φ1
x)i + u+

i+ 1
2

(φ1)−
i+ 1

2

− u+
i− 1

2

(φ1)+
i− 1

2

.

With integration by parts, we get

p1 = (ux, φ
1)i − u−i+ 1

2

(φ1)−
i+ 1

2

+ u+
i+ 1

2

(φ1)−
i+ 1

2

= [u]i+ 1
2
(φ1)−

i+ 1
2

, (1.5)

where the second equality holds due to the fact that ux is a constant. Note that

(φ1
i+ 1

2

)− =
√

3h
− 1

2
i . Now (1.5) implies p1 =

√
3h
− 1

2
i [u]i+ 1

2
. Therefore px = 6h−2

i [u]i+ 1
2

and ‖px‖i = 6h
− 3

2
i |[u]i+ 1

2
|.
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The following statements hold based on Lemma 1.3.1.

Lemma 1.3.2.

‖un+1
h − unh − τpnh‖2 ≤ Cµ(τλ3JunhK

2 + τ 3λJpnhK
2).

Proof. Rearranging (1.3) gives

(un+1
h − unh − τpnh, ϕh) = −τ

2

2
Hαp(pnh, ϕh).

Exploiting Lemma 1.2.2, we obtain

(un+1
h − unh − τpnh, ϕh) ≤

τ 2

2

(
‖(pnh)x‖+ Cµh

− 1
2 JpnhK

)
‖ϕh‖.

Then the proof is completed by applying Lemma 1.3.1 and setting ϕh = un+1
h −unh−

τpnh.

Lemma 1.3.3.

‖pn+1
h − pnh‖2 ≤ Cµ(h−1λ2JunhK

2 + τλJpnhK
2 + τ 2λ2‖qnh‖2).

Proof. According to (1.4), the following relationship holds

(pn+1
h − pnh, ψh) = −Hαu(un+1

h − unh, ψh) = −Hαu(τpnh +
τ 2

2
qnh , ψh). (1.6)

Then we apply Lemma 1.2.2 and Lemma 1.2.3 to obtain

(pn+1
h − pnh, ψh) ≤ Cµ(τ‖(pnh)x‖+ τh−

1
2 JpnhK

2 + τλ‖qnh‖)‖ψh‖.

The proof is completed by applying Lemma 1.3.1 and plugging in ψh = pn+1
h −pnh.
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We are now ready to state our main theorem for the stability of the LW2DG schemes.

Theorem 1.3.1 (Stability of the LW2DG schemes). There exists a constant λ, such

that when τ ≤ λh, the numerical solution of schemes (1.3) satisfies,

(i) ‖un+1
h ‖ ≤ ‖unh‖, if αu = αp = +1,

(ii) ‖unh‖ ≤ Cµ,λ‖u0
h‖, if αu = +1 and αp = −1,

where Cµ,λ is a constant depending on λ and the inverse estimate constant µ, but is

independent of the total time T = nτ .

Proof. Take ϕh = unh in (1.3a). Using Lemma 1.2.4 we get

1

2
‖un+1

h ‖2 − 1

2
‖unh‖2 +

ταu
2

JunhK
2 +

τ 2αup
2

[unh, p
n
h] =

1

2
‖un+1

h − unh‖2 − τ 2

2
‖pnh‖2. (1.7)

Note that

‖un+1
h − unh‖2 − τ 2‖pnh‖2 = ‖un+1

h − unh − τpnh‖2 + 2τ(un+1
h − unh − τpnh, pnh),

where (un+1
h − unh − τpnh, pnh) = τ2

2
(qnh , p

n
h) = − τ2αp

4
JpnhK2. Hence

‖un+1
h ‖2−‖unh‖2 +ταuJunhK

2 +τ 2αup[u
n
h, p

n
h]+

τ 3αp
2

JpnhK
2 = ‖un+1

h −unh−τpnh‖2. (1.8)

Exploiting Lemma 1.3.2, we have

‖un+1
h ‖2−‖unh‖2 +τ(αu − Cµλ3)JunhK

2 +τ 2αup[u
n
h, p

n
h]+τ 3(

αp
2
−Cµλ)JpnhK

2 ≤ 0. (1.9)

(i) When αu = αp = +1, (1.9) can be rewritten as

‖un+1
h ‖2−‖unh‖2 + τ(

1

4
−Cµλ3)JunhK

2 + τ 3(
1

6
−Cµλ)JpnhK

2 + τJ
√

3

2
unh + τ

√
3

3
pnhK

2 ≤ 0,

which implies ‖un+1
h ‖ ≤ ‖unh‖ when λ is sufficiently small.
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(ii) When αu = +1 and αp = −1, (1.9) gives

‖un+1
h ‖2 − ‖unh‖2 + τ(1− Cµλ3)JunhK

2 − τ 3(
1

2
+ Cµλ)JpnhK

2 ≤ 0. (1.10)

The coefficient of JpnhK2 is negative, and one needs to bring in new terms to balance

it. To this end, we plug in ψh = pnh in (1.6) to get

1

2
‖pn+1

h ‖2 − 1

2
‖pnh‖2 − 1

2
‖pn+1

h − pnh‖2 = −τ
2
JpnhK

2 − τ 2

2
‖qnh‖2.

By Lemma 1.3.3, this gives

‖pn+1
h ‖2 − ‖pnh‖2 − Cµλ2h−1JunhK

2 ≤ −τ(1− Cµλ)JpnhK
2 − τ 2(1− Cµλ)‖qnh‖2. (1.11)

Multiplying (1.11) with τ 2 and adding it to (1.10), we have

(‖un+1
h ‖2 + τ 2‖pn+1

h ‖2)− (‖unh‖2 + τ 2‖pnh‖2) + τ(1− Cµλ3)JunhK
2

+τ 3(
1

2
− Cµλ)JpnhK

2 + τ 4(1− Cµλ)‖qnh‖2 ≤ 0.

When λ is small enough, this gives

‖un+1
h ‖2 + τ 2‖pn+1

h ‖2 ≤ ‖unh‖2 + τ 2‖pnh‖2.

Specially, when uniform time steps are used,

‖unh‖2 + τ 2‖pnh‖2 ≤ ‖u0
h‖2 + τ 2‖p0

h‖2 ≤ (1 + Cµλ
2)‖u0

h‖2.

The last inequality holds due to Lemma 1.2.3. This implies the stability result

‖unh‖ ≤
√

1 + Cµλ2‖u0
h‖. Clearly, the result also holds if the time steps are non-

increasing, namely τn+1 ≤ τn.
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Remark 1.3.1. We require that the time steps are non-increasing to ensure the

stability in (ii). One should note this is only a sufficient but not necessary condition.

Let {τn} be the sequence of time steps and assume 0 < λ0 <
τn
h
≤ λ. The scheme is

still stable in the following cases.

Case 1: The time steps increase occasionally. Suppose τn+1 ≤ τn except for

n = n0, then

‖un0+1
h ‖2+τ 2

n0+1‖pn0+1
h ‖2 ≤ τ 2

n0+1

τ 2
n0

(‖un0+1
h ‖2+τ 2

n0
‖pn0+1

h ‖2) ≤ τ 2
n0+1

τ 2
n0

(‖un0
h ‖2+τ 2

n0
‖pn0

h ‖2).

One can continue the inequality by including the factor
τ2n0+1

τ2n0
, and finally get

‖unh‖2 ≤ τ 2
n0+1

τ 2
n0

(1 + Cµλ
2)‖u0

h‖2 ≤ λ2

λ2
0

(1 + Cµλ
2)‖u0

h‖2.

Similarly, if there is a fixed number m, such that the time steps increase no more

than m times, one can show that ‖unh‖2 ≤ λ2m

λ2m0
(1 + Cµλ

2)‖u0
h‖2.

Case 2: The time steps increase monotonically. Using the argument in case 1,

one has

‖unh‖2+τ 2
n‖pnh‖2 ≤ (

n∏
i=1

τ 2
i

τ 2
i−1

)(‖u0
h‖2+τ 2

0 ‖p0
h‖2) =

τ 2
n

τ 2
0

(‖u0
h‖2+τ 2

0 ‖p0
h‖2) ≤ λ2

λ2
0

(1+Cλ2)‖u0
h‖2,

which is still stable.

However, these arguments can not be used for general time steps {τn}. For ex-

ample, τ2n+1 = λh and τ2n+2 = λ
2
h. The factor will blow up when h goes to 0. One

would need to make more detailed discussions to analyze the stability.

In the following sections, we will also assume the non-increasing time steps when
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analyzing the stability of the LWDG schemes with alternating fluxes. One should

note the argument above will still work, and we will not repeat it.

Remark 1.3.2. We note that the alternating fluxes in (ii) actually do not preserve

the strong stability. To see this, one can plug in a continuous initial condition u0
h

into (1.7). Then, by (1.8), ‖u1
h‖2 − ‖u0

h‖2 = τ3

2
JpnhK2 + ‖un+1

h − unh − τpnh‖2 > 0.

1.3.2 Third-order schemes

We can rewrite LW3DG schemes as follows. In each step, find un+1
h ∈ Vh, such that

(un+1
h , ϕh) = (unh, ϕh)+τ(pnh, ϕh) +

τ 2

2
(qnh , ϕh) +

τ 3

6
(rnh , ϕh), (1.12a)

(pnh, ψh) = −Hαu(unh, ψh), (1.12b)

(qnh , ηh) = −Hαp(pnh, ηh), (1.12c)

(rnh , ζh) = −Hαq(qnh , ζh), (1.12d)

for any ϕh, ψh, ηh, ζh ∈ Vh. Note that (1.12) implies

un+1
h = unh + τpnh +

τ 2

2
qnh +

τ 3

6
rnh . (1.13)

The proof of the third-order schemes are actually easier, since there is inherent

numerical viscosity from the time discretization. The stability will hold for piecewise

polynomial elements of arbitrary degrees. In this section, λ ≤ 1 is assumed for

simplicity.

Before going into the main theorem, we first prove the following lemma.
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Lemma 1.3.4.

‖pn+1
h − pnh‖2 − τ 2‖qnh‖2 ≤ (

τ

4
+ Cµλ)JpnhK

2 + τ 2Cµλ‖qnh‖2.

Proof. According to (1.12b) and (1.13), the following relationship holds

(pn+1
h − pnh, ψh) = −Hαu(un+1

h − unh, ψh) = −Hαu(τpnh +
τ 2

2
qnh +

τ 3

6
rnh , ψh). (1.14)

Hence

(pn+1
h − pnh − τqnh , ψh) = τ

αp − αu
2

[pnh, ψ
n
h ]− τ 2

2
Hαu(qnh , ψ

n
h)− τ 3

6
Hαu(rnh , ψ

n
h)

≤ Cµ(τh−
1
2 JpnhK + τλ‖qnh‖+ τ 2λ‖rnh‖)‖ψnh‖.

Using Lemma 1.2.3, we know τ 2λ‖rnh‖ ≤ τCµλ
2‖qnh‖. Hence

(pn+1
h − pnh − τqnh , ψh) ≤ Cµ(τh−

1
2 JpnhK + τλ‖qnh‖)‖ψh‖. (1.15)

Note that

‖pn+1
h − pnh‖2 − τ 2‖qnh‖2 = ‖pn+1

h − pnh − τqnh‖2 + 2τ(pn+1
h − pnh − τqnh , qnh). (1.16)

By (1.15),

‖pn+1
h − pnh − τqnh‖2 ≤ Cµ(τλJpnhK

2 + τ 2λ‖qnh‖2),

(pn+1
h − pnh − τqnh , qnh) ≤ Cµ(τh−

1
2 JpnhK + τλ‖qnh‖)‖qnh‖ ≤

1

8
JpnhK

2 + τCµλ‖qnh‖2.

The proof is completed by substituting the estimates above into (1.16).

Theorem 1.3.2 (Stability of the LW3DG schemes). There exists a constant λ, such

that when τ ≤ λh, the solution of schemes (1.12) satisfies,

(i) ‖un+1
h ‖ ≤ ‖unh‖, if αu = αp = +1, αq = ±1,
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(ii) ‖unh‖ ≤ Cµ,λ‖u0
h‖, if αu = +1, αp = −1 and αq = ±1,

where Cµ,λ is a constant dependent upon λ and the inverse estimate constant µ, but

is independent of the total time T = nτ .

Proof. Substituting ϕh = unh into (1.12) and summing over j, we have

1

2
‖un+1

h ‖2 − 1

2
‖unh‖2 +

ταu
2

JunhK
2 − τ 3αp

12
JpnhK

2 +
τ 2αup

4
[unh, p

n
h] +

τ 3αuq
12

[unh, q
n
h ]

=
1

2
‖un+1

h − unh‖2 − τ 2

2
‖pnh‖2.

(1.17)

Note that

‖un+1
h − unh‖2 − τ 2‖pnh‖2 = ‖un+1

h − unh − τpnh‖2 + 2τ(un+1
h − unh − τpnh, pnh),

where

(un+1
h −unh−τpnh, pnh) =

τ 2

2
(qnh , p

n
h)+

τ 3

6
(rnh , p

n
h) = −τ

2αp
4

JpnhK
2−τ

3

6
‖qnh‖2−τ

3αpq
12

[pnh, q
n
h ].

Hence

‖un+1
h −unh‖2− τ 2‖pnh‖2 = ‖un+1

h −unh− τpnh‖2− τ
3αp
2

JpnhK
2− τ

4

3
‖qnh‖2− τ

4αpq
6

[pnh, q
n
h ].

(1.18)

Using (1.18), the energy estimate (1.17) becomes

‖un+1
h ‖2 − ‖unh‖2 + ταuJunhK

2 +
τ 3αp

3
JpnhK

2 +
τ 2αup

2
[unh, p

n
h] +

τ 3αuq
6

[unh, q
n
h ] +

τ 4αpq
6

[pnh, q
n
h ]

= ‖un+1
h − unh − τpnh‖2 − τ 4

3
‖qnh‖2.
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Since

(un+1
h − unh − τpnh, ϕh) =

τ 2

2
(qnh , ϕh) +

τ 3

6
(rnh , ϕh),

by Lemma 1.2.3, ‖un+1
h − unh − τpnh‖ ≤ τ 2(1

2
+ Cµλ)‖qnh‖. Suppose λ ≤ 1, then the

estimate becomes

‖un+1
h ‖2 − ‖unh‖2 + ταuJunhK

2 +
τ 3αp

3
JpnhK

2 +
τ 2αup

2
[unh, p

n
h] +

τ 3αuq
6

[unh, q
n
h ]

+
τ 4αpq

6
[pnh, q

n
h ] ≤ τ 4(− 1

12
+ Cµλ)‖qnh‖2.

(1.19)

Different from (1.7), the right hand side of (1.19) is automatically negative when

λ is small. This is due to the numerical dissipation from the third-order time dis-

cretization. One can avoid detailed arguments as in Lemma 1.3.1 to absorb terms

with jumps.

(i) When αu = αp = +1, by using the inequality ab ≤ εa2 + b2

4ε
, we obtain

‖un+1
h ‖2 − ‖unh‖2 + τCJunhK

2 + τ 3CJpnhK
2 ≤ τ 4(− 1

12
+ Cµλ)‖qnh‖2 + τ 5CJqnhK

2,

where the C’s are positive constants. Using the inverse estimate, τ 5CJqnhK2 ≤

τ 4Cµλ‖qnh‖2. Hence ‖un+1
h ‖2 − ‖unh‖2 ≤ τ 4(− 1

12
+ C ′µλ)‖qnh‖2. The strong stabil-

ity holds as long as λ ≤ 1
12C′µ

.

(ii) When αu = +1 and αp = −1, the estimate becomes

‖un+1
h ‖2 − ‖unh‖2 + τJunhK

2 − τ 3

3
JpnhK

2 +
τ 3αuq

6
[unh, q

n
h ] +

τ 4αpq
6

[pnh, q
n
h ] ≤ τ 4(− 1

12
+ Cµλ)‖qnh‖2.

Use Lemma 1.2.3 and the inverse estimate,

τ 3αuq
6

[unh, q
n
h ] ≤ τ

2
JunhK

2 + τ 4Cµλ‖qnh‖2,
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τ 3αuq
6

[pnh, q
n
h ] ≤ τ

6
JpnhK

2 + τ 4Cµλ‖qnh‖2.

Hence

‖un+1
h ‖2 − ‖unh‖2 +

τ

2
JunhK

2 − τ 3

2
JpnhK

2 ≤ τ 4(− 1

12
+ Cµλ)‖qnh‖2. (1.20)

Now the jump term of pnh on the left hand side is negative. As we have done in

Theorem 1.3.1, we would introduce ‖pnh‖ to balance this term. Substituting ψh = pnh

into (1.14), we have

1

2
‖pn+1

h ‖2 − 1

2
‖pnh‖2 − 1

2
‖pn+1

h − pnh‖2 = −τ
2
JpnhK

2 − τ 2

2
‖qnh‖2 − τ 3

6
H+(rnh , p

n
h). (1.21)

Note that

τ 3

6
H+(rnh , p

n
h) =

τ 3

6
(qnh , r

n
h) ≤ τ 3

6
‖qnh‖‖rnh‖ ≤ τ 2Cµλ‖qnh‖2, (1.22)

where Lemma 1.2.3 is used in the last inequality. Therefore, by using Lemma 1.3.4

and (1.22) in (1.21), one can get

‖pn+1
h ‖2 − ‖pnh‖2 ≤ (Cµλ−

3

4
)τJpnhK

2 + τ 2Cµλ‖qnh‖2. (1.23)

Multiplying (1.23) by τ 2 and adding it to (1.20), we get

(‖un+1
h ‖2 + τ 2‖pn+1

h ‖2)− (‖unh‖2 + τ 2‖pnh‖2) +
τ

2
JunhK

2 + τ 3(
1

4
− Cµλ)JpnhK

2

≤ τ 4(− 1

12
+ Cµλ)‖qnh‖2.

Therefore, when λ is sufficiently small, all jump terms are nonnegative, and the right
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hand side is less than zero. So when uniform time steps are used, we get

‖unh‖2 + τ 2‖pnh‖2 ≤ ‖unh‖2 + τ 2‖pnh‖2 ≤ ‖unh‖2 + τ 2‖p0
h‖2.

Using Lemma 1.2.3, one has τ 2‖pnh‖2 ≤ Cµλ
2‖unh‖2. Hence ‖unh‖ ≤

√
1 + Cµλ2‖u0

h‖.

Clearly, the result also holds with non-increasing time steps, namely τn+1 ≤ τn.

1.3.3 Multi-dimensional cases

1.3.3.1 Notations and preliminaries

Let us now consider the general linear scalar conservation law (1.1). Recall that

∇ · βββ(xxx) = 0, hence ∇ · (βββu) = (βββ · ∇)u.

Suppose K = {K} is a quasi-uniform partition of the domain Ω with trian-

gular (or rectangular) element K, where h = maxK hK , with hK being the diam-

eter of element K. The collection of cell interfaces is denoted by E . We use the

notation (u, v)K =
∫
K
uv dxdy for the L2 inner product on each element, and

(u, v) =
∑

K∈K(u, v)K for the whole domain. Besides, we denote the integra-

tion on element interfaces by 〈u, v〉e =
∫
e
uv dl and jumps by [u]e = (u+ − u−)e.

Here, u+ = lim
ε→0+

u(xxx + εβββ), while u− = lim
ε→0+

u(xxx − εβββ). Furthermore, let JuKβββ,e =√∫
e
[u]2e|βββ · nnn|dl and JuKβββ =

√∑
e∈EJuK

2
βββ,e. The corresponding cross term is denoted

by [u, v]βββ =
∑

e∈E〈[u], [v]|βββ · nnn|〉.

Similar to our one-dimensional cases, we introduce the operators H±βββ for conve-
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nience,

H±βββ (w, v) =
∑
K∈K

H±βββ,K(w, v) =
∑
K∈K

(
(w,∇ · (βββv))K − 〈w±, vβββ · nnn〉∂K

)
.

When βββ(xxx) is parallel to the cell interfaces, u± are not well-defined. But in this case,

βββ(xxx) · nnn = 0, hence the value of u± will not make any difference. When βββ(xxx) · nnn

changes sign on the edge, H±βββ (w, v) can still be defined as above. But one should

note w± are no longer polynomials and one would need to be careful when applying

the inverse estimates. See appendix B.2 for details.

As before, we introduce the auxiliary variables p = ut = ∇ · (βββu), q = utt =

∇ · (βββp) and r = uttt = ∇ · (βββq) (for the third-order schemes). Then the numerical

schemes can be defined as in the one-dimensional cases in (1.3) and (1.12), except

for replacing H± by H±βββ . Moreover, we use the discontinuous finite element space

Vh = {v ∈ L2(Ω) : v|K ∈ Pk(K),∀K ∈ K}, where Pk(K) denotes the space of

polynomials on K of degree no more than k.

For ∇ · βββ(xxx) = 0 and w, v ∈ Vh, the following relationships hold, which extend

Lemma 1.2.1 and Lemma 1.2.2 to multidimensions. The proof of Lemma 1.3.5 and

1.3.6 is given in the appendix.

Lemma 1.3.5.

H−βββ (w,w) = −1

2
JwK2

βββ,

H−βββ (w, v) = −H+
βββ (v, w),

H+
βββ (w, v) = H−βββ (w, v) + [w, v]βββ.
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Lemma 1.3.6.

|H−βββ (w, v)| ≤ (‖(βββ · ∇)w‖+ Cµ,βββh
− 1

2 JwKβββ)‖v‖,

|H−βββ (w, v)| ≤ (‖(βββ · ∇)v‖+ Cµ,βββh
− 1

2 JvKβββ)‖w‖.

With the relationships above, we can state a similar lemma to Lemma 1.2.4.

Lemma 1.3.7. Lemma 1.2.4 holds after replacing H with Hβββ, [·, ·] with [·, ·]βββ and

J·K with J·Kβββ.

Lemma 1.3.1 plays a key role in the stability analysis of the LW2DG schemes. Simi-

larly, we need the following lemma to bound ‖(βββ · ∇)pnh‖K with JunhKβββ,∂K . The proof

of this lemma is given in the appendix.

Lemma 1.3.8. For the piecewise linear polynomial space in Rd,

(i) If βββ is a constant vector, then ‖(βββ · ∇)pnh‖K ≤ Cµ,βββh
− 3

2 JunhKβββ,∂K,

(ii) If βββ is a vector-valued function with ∇ · βββ(xxx) = 0, then

‖(βββ · ∇)pnh‖K ≤ Cµ,βββh
− 3

2 JunhKβββ,∂K + Cµ,βββh
−1‖unh‖K .

Remark 1.3.3. Note that our proof only holds for P1 elements. It is difficult to

extend the proof to Q1 elements, which are defined by tensor products on rectangular

meshes.

1.3.3.2 Stability results

Theorem 1.3.3 (Stability of the LW2DG schemes in multidimensions). For multi-

dimensional cases, let unh be the numerical solution of the LW2DG schemes with P1
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elements. Then under the standard CFL condition τ ≤ λh,

(i) When βββ is constant, ‖un+1
h ‖ ≤ ‖unh‖ if αu = αp = +1; ‖unh‖ ≤ Cµ,λ,βββ‖u0

h‖ if

αu = +1 and αp = −1, where Cµ,λ,βββ depends on λ, µ and βββ but is independent of T .

(ii) When βββ(xxx) is a function with ∇ · βββ(xxx) = 0, if αu = +1 and αp = ±1, then

‖unh‖ ≤ Cµ,λ,βββ,T‖u0
h‖, where Cµ,λ,βββ,T depends on λ, µ, βββ and T .

Proof. For constant βββ, we proceed in the same way as we have done for Theorem

1.3.1, except for using Lemma 1.3.7 instead of Lemma 1.2.4, and Lemma 1.3.8 instead

of Lemma 1.3.1. For non-constant function βββ, we will get an extra ‖u‖K term in

Lemma 1.3.8. A similar argument will lead to ‖un+1
h ‖ ≤ (1 + τCτ,λ,βββ)‖unh‖ when

αp = +1, which will end up with ‖unh‖ ≤ eCµ,λ,βββT‖u0
h‖. For the same reason, the

constant will also depend on T when αp = −1.

Theorem 1.3.4 (Stability of the LW3DG schemes in multidimensions). For multi-

dimensional cases, assume ∇ · βββ(xxx) = 0. Let unh be the numerical solution of the

LW3DG schemes with Pk elements. Then under the standard CFL condition τ ≤ λh,

(i) ‖un+1
h ‖ ≤ ‖unh‖, if αu = αp = +1 and αq = ±1,

(ii) ‖unh‖ ≤ Cµ,λ,βββ‖u0
h‖, if αu = +1, αp = −1 and αq = ±1,

where Cµ,λ,βββ depends on λ, µ and βββ, but is independent of T .

Proof. The proof follows the same lines as in the one-dimensional case and is thus

omitted.

Remark 1.3.4. By now, we have spent our main effort on some special coefficients

βββ. Actually, the LWDG schemes can be modified to suit general βββ(xxx, t), where βββ may

depend on time and can have a non-zero divergence. Furthermore, as long as βββ is

sufficiently smooth, we can obtain the weak stability result ‖unh‖ ≤ C‖u0
h‖, where C

depends on βββ and T , as well as µ and λ if alternating fluxes are used.
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We use the LW2DG scheme with upwinding fluxes for a brief illustration. The

revised scheme then becomes

(un+1
h , ϕh) = (unh + τpnh +

τ 2

2
qnh , ϕh),

(pnh, ψh) = −H+
βββ (unh, ψh) + (∇ · βββunh, ψh),

(qnh , ηh) = −H+
βββ (pnh, ηh) + (∇ · βββpnh, ηh)−H+

βββt
(unh, ηh) + (∇ · βββtunh, ηh).

Here we have the extra terms (∇·βββunh, ψh), (∇·βββpnh, ηh), H+
βββt

(unh, ηh) and (∇·βββtunh, ηh).

Furthermore, the properties of H has been changed and there will be more terms com-

ing out when one follows the previous approach. But compared with the exponents of

τ before them, the order of derivatives for all these new terms are relatively low. One

can apply the Cauchy-Schwartz inequality, Lemma 1.3.6 and the inverse estimates to

show they can be bounded by Cτ‖unh‖2 with some proper constant C. Hence we will

finally obtain ‖un+1
h ‖2 ≤ (1 + Cτ)‖unh‖2, which indicates the weak stability result.

1.4 Error estimates

For the one-dimensional problem (1.2), denote un(x) = u(x, tn) and unt (x) = ut(x, tn).

Assuming the exact solution u(x, t) is smooth, we have the following error estimates.

Theorem 1.4.1 (Error estimates of the LW2DG schemes). Under the CFL condition

τ ≤ λh for a proper constant λ, using P1 elements, the numerical approximations

unh and pnh from the LW2DG schemes (1.3) satisfy the following error estimates,

(i) ‖un − unh‖ ≤ C(τ 2 + h2),

(ii) ‖unt − pnh‖ ≤ C(τ 2 + h2),

where C depends on µ, λ, T , u, ut and their derivatives but is independent of τ and

h.
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Theorem 1.4.2 (Error estimates of the LW3DG schemes). Under the CFL condition

τ ≤ λh for a proper constant λ, using Pk elements (k is arbitrary), the numerical

approximations unh and pnh from the LW3DG schemes (1.12) satisfy the following

error estimates,

(i) ‖un − unh‖ ≤ C(τ 3 + hk+1),

(ii) ‖unt − pnh‖ ≤ C(τ 3 + hk+1),

where C depends on µ, λ, T , u, ut and their derivatives but is independent of τ and

h.

The error estimate of u follows from the stability results through a standard

argument, while the error estimate of ut relies on the relationship between unh and

pnh. Here we only give the details of the proof of Theorem 1.4.1 and omit the details

of the proof of Theorem 1.4.2, as they can be obtained following similar lines.

We will need the following lemma for the error estimates. The proof of (1.24a) is

straightforward, and (1.24b) follows from the standard approximation theorem [24].

Lemma 1.4.1. Suppose w is a smooth function, then

H±(π±w − w, v) = 0, ∀v ∈ Vh, (1.24a)

‖π±w − w‖ ≤ Cwh
k+1, (1.24b)

where Cw is a constant depending on w; π± are the Gauss-Radau projections to Vh.

More precisely, π±w is the unique element in Vh such that

(π±w − w, v)i = 0 ∀v ∈ Pk−1(Ii), (π±w)±
i∓ 1

2

= w±
i∓ 1

2

.

Proof of Theorem 1.4.1: Let u be the exact solution of (1.1), p = ut and q = utt. We
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denote the truncation error by

ωn = un+1 − un − τpn − τ 2

2
qn. (1.25)

By the consistency of the schemes, for any ϕh, ψh, ηh ∈ Vh, the following equalities

hold

(un+1, ϕh) = (un + τpn +
τ 2

2
qn, ϕh) + (ωn, ϕh), (1.26a)

(pn, ψh) = −Hαu(un, ψh), (1.26b)

(qn, ηh) = −Hαp(pn, ηh). (1.26c)

Subtract the system (1.26) from the numerical schemes (1.3), then we get the error

equation

(un+1 − un+1
h , ϕh) = (un − unh + τ(pn − pnh) +

τ 2

2
(qn − qnh), ϕh) + (ωn, ϕh),

(pn − pnh, ψh) = −Hαu(un − unh, ψh),

(qn − qnh , ηh) = −Hαp(pn − pnh, ηh).

Denote env = παvv − vnh and εnv = v − παvv, with v = u, p, q. Applying Lemma 1.4.1,

the error equation can be simplified as follows

(en+1
u − enu − τenp −

τ 2

2
enq , ϕh) = −(εn+1

u − εnu − τεnp −
τ 2

2
εnq , ϕh) + (ωn, ϕh), (1.27a)

(enp , ψh) = −Hαu(enu, ψh)− (εnp , ψh), (1.27b)

(enq , ηh) = −Hαp(enp , ηh)− (εnq , ηh). (1.27c)

Furthermore, by using (1.25) and (1.27b), one can also obtain the error equation for
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ut

(en+1
p − enp , ψh) = −Hαu(τenp +

τ 2

2
enq + w,ψh)− (εn+1

p − εnp , ψh). (1.28)

Our error estimates are based on the framework of stability analysis. We need

lemmas comparable to Lemma 1.2.3, Lemma 1.2.4, Lemma 1.3.1, Lemma 1.3.2 and

Lemma 1.3.3. Among them, Lemma 1.4.2, Lemma 1.4.3 and Lemma 1.4.4 can be

proved by using (1.27) and similar techniques as before, and the details are omitted.

Lemma 1.4.2.

‖enp‖ ≤ Cµh
−1‖enu‖+ ‖εnp‖, (1.29a)

‖enq ‖ ≤ Cµh
−1‖enp‖+ ‖εnq ‖. (1.29b)

Lemma 1.4.3.

(enp , e
n
u) = −αu

2
JenuK

2 − (εnp , e
n
u),

(enq , e
n
u) = −‖enp‖2 − αup

2
[enu, e

n
p ]− (εnq , e

n
u)− (εnp , e

n
p ),

(enq , e
n
p ) = −αp

2
JenpK

2 − (εnq , e
n
p ),

where αwv = αw + αv, w, v = ±1.

Lemma 1.4.4. For piecewise linear elements, ‖(enp )x‖ ≤ Cµh
− 3

2 JenuK + Cµh
−1‖εnp‖.

Lemma 1.4.5.

‖en+1
u − enu − τenp‖ ≤ Cµτ

2(h−
3
2 JenuK + h−

1
2 JenpK) + C(τ 3 + τh2).
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Proof. Substituting (1.27b) into (1.27a), we get

(en+1
u − enu − τenp , ϕh) = −(εn+1

u − εnu − τεnp , ϕh)−
τ 2

2
Hαp(enp , ϕh) + (ωn, ϕh)

≤
(
‖εn+1

u − εnu‖+ τ‖εnp‖+ ‖ωn‖+ τ 2Cµ(‖(enp )x‖+ h−
1
2 JenpK)

)
‖ϕh‖

≤
(
‖εn+1

u − εnu‖+ τ(1 + Cµλ)‖εnp‖+ ‖ωn‖+ τ 2Cµ(h−
3
2 JenuK + h−

1
2 JenpK)

)
‖ϕh‖,

(1.30)

where we have used Lemma 1.4.4 in the last inequality. One can see that

‖εn+1
u − εnu‖+ τ(1 + Cµλ)‖εnp‖+ ‖ωn‖ ≤ C(τ 3 + τh2). (1.31)

The proof can be completed by using the estimate (1.31) and substituting ϕh =

en+1
u − enu − τenp into (1.30).

Lemma 1.4.6.

‖en+1
p − enp‖ ≤ Cµ(τh−

3
2 JenuK + τh−

1
2 JenpK + τλ‖enq ‖) + C(τ 2 + h2).

Proof. By (1.28), one has

(en+1
p − enp , ψh) = −Hαu(τenp +

τ 2

2
enq + w,ψh)− (εn+1

p − εnp , ψh)

≤
(
Cµ(τ‖(enp )x‖+ τh−

1
2 JenpK + τλ‖enq ‖+ h−1‖ωn‖) + ‖εn+1

p − εnp‖
)
‖ψh‖

≤
(
Cµ(τh−

3
2 JenuK + τh−

1
2 JenpK + τλ‖enq ‖+ λ‖εnp‖+ h−1‖ωn‖) + ‖εn+1

p − εnp‖
)
‖ψh‖,

(1.32)

where we have used Lemma 1.4.4 in the last inequality. We see that

λ‖εnp‖+ h−1‖ωn‖+ ‖εn+1
p − εnp‖ ≤ C(τ 2 + h2). (1.33)
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The proof is completed by using the estimate (1.33) and substituting ϕh = en+1
p − enp

into (1.32).

Step 1: To prove ‖enu‖ ≤ C(τ 2 + h2).

Substitute ϕh = enu into (1.27) and use Lemma 1.4.3. It follows that

‖en+1
u ‖2 − ‖enu‖2 + ταuJenuK

2 + τ 2αup[e
n
u, e

n
p ] +

τ 3αp
2

JenpK
2 = ‖en+1

u − enu − τenp‖2 + γu,

where γu = −2τ(εnp , e
n
u) − 2τ 2(εnq , e

n
u) + 2τ 2(εnp , e

n
p ) − τ 3(εnq , e

n
p ) + (εn+1

u − εnu, e
n
u) +

(ωn, enu). Using Lemma 1.4.2, one can get an estimate for γu

γu ≤ Cµτ‖enu‖2+τC(‖εnp‖2+‖εnq ‖2)+
1

τ
‖εn+1

u −εnu‖2+
1

τ
‖ω‖2 ≤ Cµτ‖enu‖2+C(τ 5+τh4).

Hence, with the estimate above, by using Lemma 1.4.5, we get

‖en+1
u ‖2 + τ(αu − Cµλ)JenuK

2 + τ 2αup[e
n
u, e

n
p ] + τ 3(

αp
2
− Cµλ)JenpK

2

≤ (1 + τCµ)‖enu‖2 + C(τ 5 + τh4).

(1.34)

Case 1 : When λ is small and αu = αp = +1, all the jump terms can be removed

to yield a much simpler inequality

‖en+1
u ‖2 ≤ (1 + τCµ)‖enu‖2 + C(τ 5 + τh4).

Note that e0
u = 0. (1.34) implies

‖enu‖ ≤ C(τ 2 + h2).
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Case 2 : When λ is small, αu = +1 and αp = −1, we have

‖en+1
u ‖2+τ(1−Cµλ)JenuK

2+τ 3(−1

2
−Cµλ)JenpK

2 ≤ (1+τCµ)‖enu‖2+C(τ 5+τh4). (1.35)

Plug in ψh = enp in (1.28). It follows that

‖en+1
p ‖2 − ‖enp‖2 = ‖en+1

p − enp‖2 − τ 2‖enq ‖2 − ταuJenpK2 + γp,

where γp = −τ 2(εnq , e
n
q )−H+(ω, enp )− (εn+1

p − εnp , enp ). Note that

γp ≤ τCµ‖enp‖2 + τ‖εnq ‖2 +
1

τ
‖εn+1

u − εnu‖2 +
1

τh2
‖ω‖2 ≤ Cµτ‖enp‖2 +C(τ 5h−2 + τh4).

Hence, using Lemma 1.4.6, we get

‖en+1
p ‖2 ≤(1 + τCµ)‖enp‖2 + Cµh

−1λ2JenuK
2 − τ 2(1− Cµλ2)‖enq ‖2

− τ(1− Cµλ)JenpK
2 + C(τ 5h−2 + τ 4 + h4).

(1.36)

(1.35) and (1.36) lead to the following inequality

‖en+1
u ‖2 + τ 2‖en+1

p ‖2 ≤ (1 + τCµ)(‖enu‖2 + τ 2‖enp‖2) + C(τ 5 + τh4).

Note that ‖e0
u‖ = 0, ‖e0

p‖ ≤ ‖ε0
h‖ ≤ Ch2. Hence we have,

‖enu‖2 + τ 2‖enp‖2 ≤ C(τ 4 + h4),

which implies ‖enu‖ ≤ C(τ 2 + h2).

Step 2: We claim that ‖en+1
u − enu‖ ≤ C(τ 3 + τh2).

Note that en+1
u −enu satisfies the same error equation as that of enu, except for ‖ωn‖ ≤

Cτ 5. Noting also that ‖e1
u − e0

u‖ = ‖e1
u‖ ≤ Cτh2 by estimating (1.27a) directly, we
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can prove the statement in the same way as that in Step 1.

Step 3: (1.27) gives that

(en+1
u − enu − τenp −

τ 2

2
enq , e

n
p ) = −(νn, enp ),

where νn = εn+1
u − εnu − τεnp − τ2

2
εnq + ωn. Hence

‖νn‖ ≤ ‖εn+1
u − εnu‖+ τ‖εnp +

τ

2
εnq ‖+ ‖ωn‖ ≤ C(τ 3 + τh2).

Rearranging the equality, we have

τ‖enp‖2 = (en+1
u − enu −

τ 2

2
enq , e

n
p )− (νn, enp )

⇒ τ‖enp‖ ≤ ‖en+1
u − enu‖+

τ 2

2
‖enq ‖+ ‖νn‖

⇒ τ(1− Cµλ)‖enp‖ ≤ ‖en+1
u − enu‖+

τ 2

2
‖εnq ‖+ ‖νn‖,

where Lemma 1.4.2 is used in the last step. Using the results in Step 1 and Step 2,

one can get

‖enp‖ ≤ C(τ 2 + h2).

Hence by Lemma 1.4.1,

‖un − unh‖ ≤ ‖εnu‖+ ‖enu‖ ≤ C(τ 2 + h2),

‖unt − pnh‖ ≤ ‖εnp‖+ ‖enp‖ ≤ C(τ 2 + h2).

�

Sketch of the proof for Theorem 1.4.2: We adopt similar notations as before. By

using the same lines as those in the stability analysis, one can show ‖enu‖ ≤ C(τ 3 +

hk+1) and ‖en+1
u −enu‖ ≤ C(τ 4 +τhk+1). This already implies the error estimate of u.
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Like what we have done in Step 3 above, τ‖enp‖ ≤ ‖en+1
u −enu‖+ τ2

2
‖enq ‖+ τ3

6
‖enr ‖+‖νn‖,

where νn = εn+1
u − εnu − τεnp − τ2

2
εnq − τ3

6
εnr + ωn. We can bound ‖enp‖ by estimating

each term here. �

Remark 1.4.1. Note that our optimal error estimates are only one-dimensional

results. Since there are no proper Gauss-Radau projections for Pk elements in mul-

tidimensions to eliminate the cell boundary terms, one may lose the optimal order of

accuracy when directly applying trace inverse inequalities. As for rectangular meshes

with Qk elements, we may obtain optimal error estimates for the third-order schemes

using similar arguments as in the one-dimensional case.

1.5 Numerical tests

The main purpose of this section is to numerically validate the error estimates in Sec-

tion 1.4. We list the error tables of the second-order schemes with fluxes (+,+) and

(+,−), and the third-order schemes with numerical fluxes (+,+,+) and (+,−,−).

Here (+,+) means αu = +1 and αp = +1. Others are defined analogously. The

piecewise linear polynomial space is used for the second-order schemes and the piece-

wise quadratic polynomial space is used for the third-order schemes. Furthermore,

we use the uniform time steps and uniform spatial meshes for the numerical tests.

For two-dimensional problems, the triangular meshes are used and the triangulation

is constructed by adding diagonals linking the left-bottom and right-top vertexes in

a uniform square mesh.
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1.5.1 One-dimensional example with constant coefficients

Consider 
ut = ux, (x, t) ∈ (0, 2π)× (0, T ),

u(x, 0) = esin(x), x ∈ (0, 2π),

with periodic boundary conditions. The mesh size is chosen as h = 2π/N , where N

is the number of cells and N = 40, 80, 160, 320, 640 are used. We compute up to the

time T = π/2, with τ = 0.05h. The numerical results are listed in Table 1.1. The

convergence is as we have predicted in Section 1.4.

Table 1.1: One-dimensional accuracy test of LWDG methods for the linear conser-
vation law with constant coefficients. Compute to T = π

2
with λ = 0.05.

scheme N u L2 error order ut L
2 error order

(+,+)

40 4.372E-03 - 7.728E-03 -
80 1.099E-03 1.99 1.890E-03 2.02
160 2.765E-04 1.99 4.732E-04 2.01
320 6.941E-05 1.99 1.182E-04 2.00
640 1.739E-05 2.00 2.957E-05 2.00

(+,−)

40 4.381E-03 - 6.688E-03 -
80 1.100E-03 1.99 1.615E-03 2.05
160 2.766E-04 1.99 4.001E-04 2.01
320 6.941E-05 1.99 9.985E-05 2.00
640 1.739E-05 2.00 2.496E-05 2.00

(+,+,+)

40 9.055E-05 - 1.892E-04 -
80 1.134E-05 3.00 2.402E-05 2.98
160 1.417E-06 3.00 3.029E-06 2.99
320 1.772E-07 3.00 3.803E-07 2.99
640 2.215E-08 3.00 4.764E-08 3.00

(+,−,−)

40 9.025E-05 - 1.921E-04 -
80 1.133E-05 2.99 2.447E-05 2.97
160 1.417E-06 3.00 3.082E-06 2.99
320 1.772E-07 3.00 3.865E-07 3.00
640 2.215E-08 3.00 4.838E-08 3.00
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1.5.2 One-dimensional example with variable coefficients

Using the same parameters, we solve the following problem with a variable coefficient


ut = sin2(x) ux, (x, t) ∈ (0, 2π)× (0, T ),

u(x, 0) = sin(x), x ∈ (0, 2π),

(1.37)

where periodic boundary conditions are assumed. The exact solution to (1.37) is

u(x, t) = sin (cot−1(cot(x)− t)). Note that our analysis does not cover the problems

with variable coefficients in one dimension. This numerical test is given only for

showing the generality of our results. The numerical results are listed in Table 1.2.

One can observe the designed order of accuracy for all the schemes and for both u

and ut.

1.5.3 Two-dimensional example with constant coefficients

Consider


ut =

√
2

2
ux +

√
2

2
uy, (x, y, t) ∈ (0, 2π)× (0, 2π)× (0, T ),

u(x, 0) = sin(x+ y), (x, y) ∈ (0, 2π)× (0, 2π),

(1.38)

with periodic boundary conditions. The mesh is constructed by adding diagonals to

the uniform square mesh with N ×N elements, where N = 20, 40, 80, 160, 320. We

compute up to time T = 1, with τ = 0.05h. The numerical results are listed in Table

1.3. Once again, the designed order of accuracy can be observed.
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Table 1.2: One-dimensional accuracy test of LWDG methods for the linear conser-
vation law with variable coefficients. Compute to T = π

2
with λ = 0.05.

scheme N u L2 error order ut L
2 error order

(+,+)

40 4.331E-02 - 1.234E-01 -
80 1.266E-02 1.77 3.200E-02 1.95
160 3.413E-03 1.89 8.610E-03 1.89
320 8.881E-04 1.94 2.243E-03 1.94
640 2.266E-04 1.97 5.726E-04 1.97

(+,−)

40 4.352E-02 - 1.238E-01 -
80 1.271E-02 1.78 3.133E-02 1.98
160 3.419E-03 1.89 8.324E-03 1.91
320 8.888E-04 1.94 2.159E-03 1.95
640 2.267E-04 1.97 5.503E-04 1.97

(+,+,+)

40 6.157E-03 - 1.139E-02 -
80 8.844E-04 2.80 3.057E-03 1.90
160 1.180E-04 2.91 4.142E-04 2.88
320 1.524E-05 2.95 5.355E-05 2.95
640 1.937E-06 2.98 6.808E-06 2.98

(+,−,−)

40 6.143E-03 - 1.110E-02 -
80 8.804E-04 2.80 2.985E-03 1.90
160 1.176E-04 2.90 4.104E-04 2.86
320 1.522E-05 2.95 5.340E-05 2.94
640 1.936E-06 2.97 6.801E-06 2.97

1.5.4 Two-dimensional example with variable coefficients

We then compute a two-dimensional problem with variable coefficients. Consider


ut = (−y

π
+ 1)ux + (

x

π
− 1)uy, (x, y, t) ∈ (0, 2π)× (0, 2π)× (0, T ),

u(x, 0) = e−2(x−π)2−4(y−π)2 , (x, y) ∈ (0, 2π)× (0, 2π),

with periodic boundary conditions. The same parameters are used as that of (1.38),

except for the time steps τ = 0.02h. When calculating the exact solution, we remove

the periodic boundary conditions and compute by tracing the characteristic lines.

For general initial inputs, this does cause inconsistency, and the error can be from the

mismatch of both u and βββ outside of the domain. However, since our initial condition
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Table 1.3: Two-dimensional accuracy test of LWDG methods for linear conservation
law with constant coefficients. Compute to T = 1 with λ = 0.05.

scheme N ×N u L2 error order ut L
2 error order

(+,+)

20× 20 1.288E-01 - 1.816E-01 -
40× 40 3.184E-02 2.02 4.499E-02 2.01
80× 80 7.880E-03 2.01 1.114E-02 2.01

160× 160 1.958E-03 2.01 2.769E-03 2.01
320× 320 4.879e-04 2.00 6.899e-04 2.00

(+,−)

20× 20 1.289E-01 - 1.789E-01 -
40× 40 3.184E-02 2.02 4.418E-02 2.02
80× 80 7.880E-03 2.01 1.093E-02 2.02

160× 160 1.958E-03 2.01 2.715E-03 2.01
320× 320 4.879E-04 2.00 6.765E-03 2.00

(+,+,+)

20× 20 2.729E-03 - 3.823E-03 -
40× 40 3.329E-04 3.04 4.741E-04 3.01
80× 80 4.156E-05 3.00 5.890E-05 3.01

160× 160 5.195E-06 3.00 7.362E-06 3.00
320× 320 6.494E-07 3.00 9.203E-07 3.00

(+,−,−)

20× 20 2.707E-03 - 3.688E-03 -
40× 40 3.327E-04 3.02 4.521E-04 3.03
80× 80 4.155E-05 3.00 5.654E-05 3.00

160× 160 5.194E-06 3.00 7.058E-06 3.00
320× 320 6.494E-07 3.00 8.844E-07 3.00

is intentionally chosen as a Gaussian centered at (π, π), which decays quickly near

the boundary, the difference between the exact solution we use and the real exact

solution is negligibly small. For simplicity of implementation, we apply upwind and

downwind fluxes in terms of the wind direction at the midpoint of each edge, instead

of strictly using the definition in our analysis. Since the coefficients are smooth, this

should cause negligible difference. The L2 error of u and ut is listed in Table 1.4. We

can observe the designed convergence of u. As for ut, the LW2DG schemes exhibit a

clear second-order convergence, and the order of accuracy for the LW3DG schemes

are also close to the third-order.

Finally, we remark that, even though the choices of the numerical fluxes may

have influence on the specific types of stability, they only cause minor differences on
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Table 1.4: Two-dimensional accuracy test of LWDG methods for linear conservation
law with variable coefficients. Compute to T = 1 with λ = 0.02.

scheme N ×N u L2 error order ut L
2 error order

(+,+)

20× 20 6.075E-02 - 2.567E-02 -
40× 40 1.607E-02 1.92 6.041E-03 2.09
80× 80 4.095E-03 1.97 1.422E-03 2.09

160× 160 1.030E-03 1.99 3.436E-04 2.05
320× 320 2.582e-04 2.00 8.453E-05 2.02

(+,−)

20× 20 6.075e-02 - 2.558e-02 -
40× 40 1.607e-02 1.92 6.031e-03 2.08
80× 80 4.096e-03 1.97 1.420e-03 2.09

160× 160 1.030e-03 1.99 3.431e-04 2.05
320× 320 2.582e-04 2.00 8.442e-05 2.02

(+,+,+)

20× 20 5.609e-03 - 6.554e-03 -
40× 40 6.454e-04 3.12 9.353e-04 2.81
80× 80 7.453e-05 3.11 9.458e-05 3.31

160× 160 9.030e-06 3.05 8.268e-06 3.52
320× 320 1.121e-06 3.01 7.025e-07 3.56

(+,−,−)

20× 20 5.601E-03 - 6.501E-03 -
40× 40 6.449E-04 3.12 9.258E-04 2.81
80× 80 7.451E-05 3.11 9.360E-05 3.31

160× 160 9.029E-06 3.04 8.213E-06 3.51
320× 320 1.121E-06 3.01 6.999E-07 3.55

the L2 error according to our numerical tests.

1.6 Concluding remarks

We analyze the stability and estimate the error of the Lax-Wendroff DG method for

linear scalar conservation laws. Assume uniform or non-increasing time steps, one can

choose between upwind and downwind fluxes for each variable. As we have shown,

for both second-order LW2DG schemes with P1 elements and third-order LW3DG

schemes with arbitrary Pk, as long as we use the upwind flux for u, the scheme will

be stable. Furthermore, if we also use the upwind flux for p (which approximates ut),

then the scheme will be strongly stable. On the other hand, if the downwind flux is
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used for p, then the energy of the numerical solution will be bounded by the initial

energy times a constant, which is independent of the total time T . In both cases we

have a good control of the L2 energy after long time integration. The stability results

can be extended to high dimensions easily for problems with constant coefficients.

For variable coefficient problems with a divergence-free condition ∇ · βββ(x) = 0, the

previous results still hold for the third-order schemes. But for the second-order

schemes, we can only prove the stability in a weaker sense, namely ‖unh‖ ≤ C‖u0
h‖

where C may depend on T .

For the error estimates, we analyze one-dimensional problems with a smooth

solution. We obtain optimal error estimates for both u and ut. Once we choose

the upwind flux for u, whatever fluxes we use for the remaining variables, our error

estimates will hold. The LW2DG scheme with P1 elements is of the second-order

accuracy, and the LW3DG scheme with P2 elements is of the third-order accuracy.

Even though we have considered only scalar problems in this chapter, the analysis

can be easily generalized to one-dimensional linear hyperbolic systems and multi-

dimensional symmetric linear systems. The method also generalizes to nonlinear

scalar equations or systems, however stability analysis is expected to be difficult.

On the other hand, error estimates for smooth solutions should carry through, along

the lines in [83, 60] for RKDG methods.



Chapter Two

The fourth-order Runge-Kutta

time discretization
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2.1 Introduction

In this chapter, we continue to analyze the fourth-order Runge-Kutta method. The

model problem for stability analysis is chosen as a well-posed problem ∂tu = L(x, t, ∂x)u.

But firstly, let us consider a simpler case ∂tu = L(x, ∂x)u with L + L> ≤ 0. (Here

the superscript > stands for the adjoint, to be distinguished from T , which stands

for the transpose. But for matrices, they are the same under the usual dot product

in Rm.) Its semi-discrete scheme corresponds to an autonomous ordinary differential

equation (ODE) system

d

dt
uN(t) = LNuN(t).

Here LN is a constant matrix and the parameter N relates with the degree of freedom

in the spatial discretization. Suppose LN inherits the semi-negativity LN +L>N ≤ 0.

Then d
dt
‖uN(t)‖2 = (LNuN , uN) + (uN , LNuN) ≤ 0, where we temporarily assume

(·, ·) to be the usual dot product and ‖ · ‖ to be the induced norm. Therefore the

solution to the semi-discrete scheme is strongly stable. We are interested in whether

this strong stability will be preserved after the four-stage fourth-order RK time

discretization. In other words, with τ being the time step and

un+1
N = P4(τLN)unN =

(
I + τLN +

1

2
(τLN)2 +

1

6
(τLN)3 +

1

24
(τLN)4

)
unN ,

we wonder whether ‖un+1
N ‖ ≤ ‖unN‖, or equivalently, whether the operator norm

of P4(τLN) is bounded by 1. If this is true, the stability extends to general semi-

bounded systems ∂tu = L(x, t, ∂x)u by using a standard argument.

For LN being a scalar and τ being sufficiently small, the proposition above can

be justified by analyzing the region of absolute stability, see Chapter IV.2 in [41], for
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example. A natural attempt is to apply the eigenvalue analysis to extend the result to

systems. However, this technique can only be used for normal matrices LN , namely

LNL
>
N = L>NLN . If re-norming is allowed, the method also covers diagonalizable LN .

(But it would still be useless if the diagonalizing matrix is ill-conditioned, see [54].)

While for general systems, the naive eigenvalue analysis may end up with misleading

results. We refer to Chapter 17.1 in [45] for a specific example.

The analysis for the general systems initiates from the coercive problems, namely

LN+L>N ≤ −ηL>NLN for some positive constant η. In [54], Levy and Tadmor used the

energy method to prove the strong stability of the third-order and the fourth-order

RK schemes under the coercivity condition and the time step constraint τ ≤ cη,

where c = 3
50

for the third-order scheme and c = 1
62

for the fourth-order scheme.

Later in [38] and [73], a simpler proof was provided, with the time step constraint

been significantly relaxed to c = 1, which extends to general s-stage s-th order

linear Runge-Kutta schemes. The authors in [38] pointed out that the coercivity

condition implies the strong stability of the forward Euler scheme when τ ≤ η. The

strong stability of the high-order RK schemes follows from the fact that they can be

rewritten as convex combinations of the forward Euler steps. These results coincides

with the earlier work on contractivity analysis of the numerical solutions to ODE

systems, see [68] and [52]. In their theory for contractivity, or strong stability in our

context, a circle condition is assumed, which is essentially equivalent to the strong

stability assumption for the forward Euler scheme in [38].

In general, the coercivity condition does not hold for method of lines schemes

arising from purely hyperbolic problems. Hence it is still imperative to analyze

schemes which only satisfy a semi-negativity condition LN + L>N ≤ 0. In [73], for

the third-order RK scheme, Tadmor successfully removed the coercivity assumption

and proved that the third-order RK scheme is strongly stable if LN + L>N ≤ 0 and
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τ‖LN‖ ≤ 1. But the strong stability for the fourth-order RK method remains open,

which is the main issue we are concerned with in this chapter.

We find that, although the strong stability of the fourth-order RK method passes

the examination of the scalar equation, and can be extended to normal systems, it

does NOT hold in general. More specifically, we have the following counter example

in Proposition 2.1.1, whose proof is given in Appendix A.3.

Proposition 2.1.1. Let LN = −


1 2 2

0 1 2

0 0 1

. Then LN +LTN ≤ 0 and ‖P4(τLN)‖ >

1 for τ sufficiently small.

Interestingly, despite the negative result on the one-step performance, the strong

stability property holds in two time steps. In other words, with the constraint

τ‖LN‖ ≤ c0 for some positive constant c0, ‖P4(τLN)2‖ ≤ 1 and hence ‖un+2
N ‖ ≤

‖unN‖. This is still sufficient to justify the stability after long time integration. It

can also be used to obtain the stability ‖unN‖ ≤ K(tn)‖u0
N‖ for semi-bounded and

time-dependent LN . We will apply the results to study the stability of different

spatial discretizations coupled with the fourth-order RK approximation.

The remaining of this chapter is organized as follows. In Section 2.2 we exhibit

our main results, and prove the stability of the fourth-order RK method with semi-

negative and semi-bounded LN . The case for LN dependent on time is also discussed.

In Section 2.3, we apply our results to several different spatial discretizations. We

specifically focus on Galerkin methods as a complementary of [73], including the

spectral Galerkin method and the DG method. Finally, we give our concluding

remarks in Section 2.4.
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2.2 Stability of the fourth-order RK method

In this section, we analyze the stability of the fourth-order RK schemes. For simplic-

ity, we assume everything to be real, but the approach extends to the complex spaces.

To facilitate our later discussion on applications to spatial discretizations based on

Galerkin methods, we discuss over a general Hilbert space. We avoid clearly char-

acterizing the method of lines scheme in this general setting. But it will not lead

to ambiguities, since it only serves as a motivation to derive the fourth-order RK

iteration, and will not be used in the stability analysis. To reduce to ODE systems,

one simply sets V = Rm and (·, ·) to be the usual dot product. We also remark

that, by using the inner product (u, v)H = uTHv with H being a symmetric positive

definite matrix, LN + L>N ≤ 0 is equivalent to LTNH +HLN ≤ 0, which is consistent

with the assumption in equation (6) of [73].

2.2.1 Notations and the main results

We denote by V a real Hilbert space equipped with the inner product (·, ·). The

induced norm is defined as ‖ ·‖ =
√

(·, ·). Consider a method of lines scheme defined

on V .

∂tuN = LNuN , (2.1)

where uN(·, t) ∈ V and LN is a bounded linear operator on V . Suppose LN is

independent of t, then the four-stage fourth-order RK approximation can be written
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as

un+1
N = P4(τLN)unN , P4(τLN) = I + τLN +

1

2
(τLN)2 +

1

6
(τLN)3 +

1

24
(τLN)4.

(2.2)

When LN = LN(t) depends on time, we denote by

un+1
N = Rτ (t)u

n
N (2.3)

and the specific form of Rτ (t) will be introduced latter.

For simplicity, we drop all the subscripts N in the remaining parts of the section.

Given an operator L, the operator norm is defined as ‖L‖ = sup‖v‖=1 ‖Lv‖. We

denote by B(V) = {L : ‖L‖ < +∞} the collection of bounded linear operators on V .

For any L ∈ B(V), there exists a unique L> ∈ B(V) such that (Lw, v) = (w,L>v).

L> is referred as the adjoint of L.

If (v, (L + L>)v) ≤ 0, ∀v ∈ V , denoted by L + L> ≤ 0, then we say L is semi-

negative. A special case is when L+ L> = 0, L is referred to be skew-symmetric. If

L+L> ≤ 2µI for some positive number µ, namely L− µI is semi-negative, then we

say L is semi-bounded.

We denote by [w, v] = −(w, (L + L>)v) and JwK =
√

[w,w]. [w, v] is a bilinear

form on V . For L+L> ≤ 0, [w, v] is a semi-inner-product, and one has the Cauchy-

Schwarz inequality, [w, v] ≤ JwKJvK.

To simplify our notation, we define L = τL. This notation will be used in the

intermediate lemmas and the proofs. For clearness, we restore the notation τL in

our main results.
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Here we list our stability results on the fourth-order RK approximation. The

details will be given in Theorem 2.2.1, Theorem 2.2.2, Theorem 2.2.3, Corollary

2.2.1 and Corollary 2.2.2 respectively. In the following statements, c0 and K refer to

some positive real numbers.

Our main theorem states that

(i) Suppose L + L> ≤ 0. (2.2) is strongly stable in two steps. ‖un+2‖ ≤ ‖un‖, if

τ‖L‖ ≤ c0.

As a corollary of (1), the stability for semi-bounded and time-dependent operator

L have also been proved by using a perturbation analysis and a frozen-coefficient

argument.

(ii) Suppose L+ L> ≤ 2µI. (2.2) is stable, ‖un‖ ≤ K(tn)‖u0‖, if τ ≤ c0
‖L‖+µ .

(iii) Suppose L = L(t) satisfies certain regularity assumptions, and L+L> ≤ 2µI.

Then (2.3) is stable, ‖un‖ ≤ K(tn)‖u0‖, under an appropriate time step constraint.

As we know, according to the eigenvalue analysis, for normal and semi-negative

L, the one-step strong stability will hold under a proper time-step restriction. We

also use the energy argument to prove the one-step results, as corollaries of the

two-step stability analysis.

(iv) Suppose L+L> = 0. (2.2) is strongly stable, ‖un+1‖ ≤ ‖un‖, if τ‖L‖ ≤ 2
√

2.

(v) Suppose L+L> ≤ 0, LL> = L>L. (2.2) is strongly stable, ‖un+1‖ ≤ ‖un‖, if

τ‖L‖ ≤ c0.
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For simplicity, we assume the time steps to be uniform in (i), (ii) and (iii).

However, these results are essentially built on the two-step performance of the RK

time integrator. One only needs the time steps to be uniform for every two steps,

namely, τ2k+1 = τ2k+2. As for (iv) and (v), they fit for general time step sizes.

2.2.2 An energy equality

The first thing we would do is to derive an energy equality, which would be useful

in understanding the subtle change of the norm of the solution after one time step.

To this end, we introduce several identities in Lemma 2.2.1, and then use them to

derive the equality in Lemma 2.2.2.

Lemma 2.2.1.

(Lv, v) = −τ
2
JvK2, (2.4)

(L2v, v) = −‖Lv‖2 − τ [Lv, v], (2.5)

(L3v, v) =
τ

2
JLvK2 − τ [L2v, v], (2.6)

(L4v, v) = ‖L2v‖2 + τ [L2v,Lv]− τ [L3v, v]. (2.7)

Proof. (1) (Lv, v) = 1
2
(Lv, v) + 1

2
(v,Lv) = 1

2
(v, (L+ L>)v) = − τ

2
JvK2.

(2) (L2v, v) = (Lv,L>v) = −(Lv,Lv) + (Lv, (L+ L>)v) = −‖Lv‖2 − τ [Lv, v].

(3) (L3v, v) = (L2v,L>v) = −(L(Lv),Lv) + (L2v, (L+ L>)v) = τ
2
JLvK2 − τ [L2v, v],

where we have used (2.4) in the last equality.

(4) (L4v, v) = (L3v,L>v) = −(L2(Lv),Lv)+(L3v, (L+L>)v) = ‖L2v‖2+τ [L2v,Lv]−

τ [L3v, v], where (2.5) is used in the last equality.
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Lemma 2.2.2 (Energy equality).

‖un+1‖2 − ‖un‖2 = Q1(un),

where

Q1(un) =
1

576
‖L4un‖2 − 1

72
‖L3un‖2 + τ

3∑
i,j=0

αij[Liun,Ljun], (2.8)

and

A = (αij)4×4 = −



1 1/2 1/6 1/24

1/2 1/3 1/8 1/24

1/6 1/8 1/24 1/48

1/24 1/24 1/48 1/144


.

Proof. Taking an inner product of (2.2) with un, one has

1

2
‖un+1‖2 − 1

2
‖un‖2 − 1

2
‖un+1 − un‖2 = ((L+

1

2
L2 +

1

6
L3 +

1

24
L4)un, un).

Applying (2.4) - (2.7) with v = un, we obtain

‖un+1‖2 − ‖un‖2 = ‖un+1 − un‖2 − ‖Lun‖2 +
1

12
‖L2un‖2 − τJunK2 − τ [Lun, un]

+
τ

6
JLunK2 − τ

3
[L2un, un] +

τ

12
[L2un,Lun]− τ

12
[L3un, un].

(2.9)
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Using (2.4) - (2.6) with v = Lun, the first two terms on the right can be expanded.

‖un+1 − un‖2 − ‖Lun‖2 = (un+1 − un − Lun, un+1 − un + Lun)

= ‖un+1 − un − Lun‖2 + ((
1

2
L2 +

1

6
L3 +

1

24
L4)un, 2Lun)

= ‖un+1 − un − Lun‖2 − 1

3
‖L2un‖2 − τ

2
JLunK2

− τ

3
[L2un,Lun] +

τ

24
JL2unK2 − τ

12
[L3un,Lun].

(2.10)

Substitute (2.10) into (2.9), one has

‖un+1‖2 − ‖un‖2 = ‖un+1 − un − Lun‖2 − 1

4
‖L2un‖2 − τJunK2

− τ [Lun, un]− τ

3
JLunK2 − τ

3
[L2un, un]− τ

4
[L2un,Lun]

− τ

12
[L3un, un] +

τ

24
JL2unK2 − τ

12
[L3un,Lun].

(2.11)

Similar as before, one can use (2.4) and (2.5) with v = L2un to calculate the difference

of square terms on the right.

‖un+1 − un − Lun‖2 − 1

4
‖L2un‖2

=(un+1 − un − Lun − 1

2
L2un, un+1 − un − Lun +

1

2
L2un)

=‖un+1 − un − Lun − 1

2
L2un‖2 + ((

1

6
L3 +

1

24
L4)un,L2un)

=‖un+1 − un − Lun − 1

2
L2un‖2 − 1

24
‖L3un‖2 − τ

12
JL2unK2 − τ

24
[L3un,L2un].

(2.12)
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Once again, we plug (2.12) into (2.11) to get

‖un+1‖2 − ‖un‖2 = ‖un+1 − un − Lun − 1

2
L2un‖2 − 1

24
‖L3un‖2

− τJunK2 − τ [Lun, un]− τ

3
JLunK2 − τ

3
[L2un, un]− τ

4
[L2un,Lun]

− τ

12
[L3un, un]− τ

24
JL2unK2 − τ

12
[L3un,Lun]− τ

24
[L3un,L2un].

Finally, note that

‖un+1 − un − Lun − 1

2
L2un‖2 − 1

36
‖L3un‖2

=‖un+1 − un − Lun − 1

2
L2un − 1

6
L3un‖2 + (

1

24
L4un,

1

3
L3un)

=
1

576
‖L4un‖2 − τ

144
JL3unK2.

Therefore

Q1(un) =
1

576
‖L4un‖2 − 1

72
‖L3un‖2 − τJunK2 − τ [Lun, un]− τ

3
JLunK2

− τ

3
[L2un, un]− τ

4
[L2un,Lun]− τ

12
[L3un, un]− τ

24
JL2unK2

− τ

12
[L3un,Lun]− τ

24
[L3un,L2un]− τ

144
JL3unK2,

which can be rewritten as (2.8).

According to Lemma 2.2.2, the energy change Q1(un) consists of two parts, the

numerical dissipation 1
576
‖L4un‖2 − 1

72
‖Lun‖2 and the generalized quadratic form

τ
∑4

i,j=0 αij[Lui,Luj]. When L is skew-symmetric, the quadratic form is simply 0.

Hence one can obtain the one-step strong stability.

Corollary 2.2.1. Suppose L+L> = 0, then the fourth-order RK approximation (2.2)

to the method of lines scheme (2.1) is strongly stable, ‖un+1‖ ≤ ‖un‖, if τ‖L‖ ≤ 2
√

2.
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Proof. L+ L> = 0 implies [w, v] = 0,∀v, w. Hence when τ‖L‖ ≤ 2
√

2,

‖un+1‖2 − ‖un‖2 = Q1(un) =
1

576
‖L4un‖2 − 1

72
‖L3un‖2

≤ (
1

576
‖L‖2 − 1

72
)‖L3un‖2 ≤ 0.

2.2.3 Stability for semi-negative L

According to Lemma 2.2.2, for non-skew-symmetric L, we would need to absorb

the quadratic form with the help of the numerical dissipation. One can see that

the high-order terms Liun with i ≥ 3 are easy to control. But there are no other

terms to bound un, Lun and L2un. Our only hope is that τ
∑2

i,j=0 αij[Lui,Luj]

itself is negative-definite. Lemma 2.2.3 indicates that, to check the negativity of

the generalized quadratic form, one only needs to examine the coefficient matrix,

as that for the polynomials. In Lemma 2.2.4, we prove a sufficient condition for

strong stability, once
∑2

i,j=0 αij[Lui,Luj] is negative-definite, the energy change will

be non-positive when ‖L‖ is sufficiently small.

Lemma 2.2.3. Suppose L is semi-negative. Let M = (mij) be a real symmetric

semi-negative definite matrix, then
∑

i,jmij[ui, uj] ≤ 0.

Proof. Suppose M = STΛS, where S = (sij) is an orthogonal matrix and Λ is a

diagonal matrix with the diagonal elements λi ≤ 0. Note that mij =
∑

k λkskiskj.
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Therefore

∑
i,j

mij[ui, uj] =
∑
i,j

(
∑
k

λkskiskj)[ui, uj] =
∑
k

λk(
∑
i,j

skiskj[ui, uj])

=
∑
k

λk[
∑
i

skiui,
∑
j

skjuj] =
∑
k

λkJ
∑
i

skiuiK2 ≤ 0.

Lemma 2.2.4. Suppose L is semi-negative. Let

Q(u) = α‖L3u‖2 + τ
a∑

i,j=0

αij[Liu,Lju],

where αij = αji and a ≥ 2. If α < 0 and A2 =


α00 α01 α02

α10 α11 α12

α20 α21 α22

 is negative-definite,

then there exists c0 > 0, such that Q(u) ≤ 0 as long as ‖L‖ ≤ c0.

Proof. Let −ε be the largest eigenvalue of the matrix A2. Then A2 + εI is semi-

negative definite. According to Lemma 2.2.3,

2∑
i,j=0

αij[Liu,Lju] =
2∑

i,j=0

(αij + εδij)[Liu,Lju]− ε(JuK2 + JLuK2 + JL2uK2)

≤ −ε(JuK2 + JLuK2 + JL2uK2).

(2.13)

By Cauchy-Schwartz and the arithmetic-geometric mean inequality,

a∑
max(i,j)>2

αij[Liu,Lju] ≤ ε(JuK2 + JLuK2 + JL2uK2) +
a∑
i=3

α̃iJLiuK2

≤ ε(JuK2 + JLuK2 + JL2uK2) +
a∑
i=3

2α̃i‖L‖‖L‖2(i−3)‖L3u‖2,

(2.14)
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where we have used the fact JvK2 ≤ 2‖L‖‖v‖2 in the last inequality, and α̃i are

some non-negative constants depending on ε and αij. Using (2.13) and (2.14), if

‖L‖ = τ‖L‖ ≤ c0, one has

Q(u) ≤ (α +
a∑
i=3

2α̃ic
2(i−3)+1
0 )‖L3u‖2.

Since α is negative, Q(u) is non-positive as long as c0 is sufficiently small.

Unfortunately, Q1(un) does not satisfy the assumptions in Lemma 2.2.4. Actu-

ally, the three eigenvalues of A2 = −


1 1/2 1/6

1/2 1/3 1/8

1/6 1/8 1/24

 are 0.00560618, −0.0793266

and −1.30128. This motivates us to disprove the strong stability of the fourth-order

RK method and we end up with the counter example in Proposition 2.1.1. So we

turn to seek the power-boundedness of P4(L). Surprisingly, though Q1(un) itself fails

to pass Lemma 2.2.4, Q1(un+1) + Q1(un) succeeds. Hence we obtain the two-step

strong stability in Theorem 2.2.1.

Theorem 2.2.1 (Two-step strong stability for semi-negative L). Suppose L+L> ≤

0, then the fourth-order RK approximation (2.2) to the method of lines scheme (2.1)

is strongly stable in two steps, ‖un+2‖ ≤ ‖un‖, if τ‖L‖ ≤ c0.

Proof. Let un+2 = P4(L)un+1. Then

‖un+2‖2 − ‖un+1‖2 = Q1(un+1).

Substitute (2.2) into Q1(un+1) and rewrite the quadratic form in terms of un. By
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direct calculation, one can obtain

Q1(un+1) =
1

576
‖L4un+1‖2 − 1

72
‖L3un+1‖2 + τ

7∑
i,j=0

α̃ij[Liun,Ljun],

where

Ã2 = (α̃ij)3×3 = −


1 3/2 7/6

3/2 7/3 15/8

7/6 15/8 37/24

 .

The complete coefficient matrix Ã is given in Appendix A.4. While according to

Lemma 2.2.2,

Q1(un) =
1

576
‖L4un‖2 − 1

72
‖L3un‖2 + τ

3∑
i,j=0

α̂ij[Liun,Ljun],

where

Â2 = (α̂ij)3×3 = −


1 1/2 1/6

1/2 1/3 1/8

1/6 1/8 1/24

 .

When ‖L‖ ≤ 2,

1

576
‖L4un+1‖2 − 1

72
‖L3un+1‖2 ≤ 0,

1

576
‖L4un‖2 − 1

72
‖L3un‖2 ≤ − 1

144
‖L3un‖2.

Hence

‖un+2‖2 − ‖un‖2 = Q1(un+1) +Q1(un)

≤ − 1

144
‖L3un‖2 + τ

7∑
i,j=0

αij[Liun,Ljun],
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where

A2 = (αij)3×3 = Ã2 + Â2 = −


2 2 4/3

2 8/3 2

4/3 2 19/12

 .

The three eigenvalues of A2 are −5.73797, −0.499093 and −0.0129329. Hence A2 is

negative definite, and one could complete the proof by applying Lemma 2.2.4.

Remark 2.2.1. There is another interpretation of the two-step strong stability. We

treat un+1 as a intermediate stage and consider un+2 as the solution of an eight-stage

fourth-order RK scheme composed by two four-stage fourth-order RK time stepping.

Then Theorem 2.2.1 states this new RK scheme is strongly stable. This coincides

with Remark 3 of Section 4 in [73], where the author conjectured the fourth-order

RK scheme can preserve the strong stability if allowing additional stages.

Remark 2.2.2. Here we only focus on the existence of the constant c0 instead of

giving a specific estimate. The argument above is far from sharp. To obtain a

reasonable bound for c0, one should expand 1
576
‖L4un+1‖2 − 1

72
‖L3un+1‖2 to separate

the quadratic form involving [·, ·], and carefully go through all the constants. To

this end, a generalized version of Lemma 2.2.1 is also needed. We leave these to

interested readers.

Realizing the fact that, for a normal operator G, ‖G2‖ ≤ 1 implies ‖G‖ ≤ 1, we

prove the one-step strong stability for normal and semi-negative L.

Corollary 2.2.2 (Strong stability for normal and semi-negative L). Suppose LL> =

L>L and L+L> ≤ 0, then the fourth-order RK approximation (2.2) to the method of

lines scheme (2.1) is strongly stable, ‖un+1‖ ≤ ‖un‖, if τ‖L‖ ≤ c0 for some constant

c0.

Proof. According to Theorem 2.2.1, we have ‖P4(L)2‖ ≤ 1 if ‖L‖ ≤ c0. When L is
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normal, P4(L) is also normal, P4(L)P4(L)> = P4(L)>P4(L). Hence for any u ∈ V ,

‖P4(L)u‖2 = (P4(L)u, P4(L)u) = (u, P4(L)>P4(L)u)

= (u, P4(L)P4(L)>u) = ‖P4(L)>u‖2.

Therefore, under the same constraints, ‖L‖ ≤ c0, one has

‖P4(L)‖2 = sup
‖u‖=1

‖P4(L)u‖2 = sup
‖u‖=1

(u, P4(L)>P4(L)u)

≤ sup
‖u‖=1

‖P4(L)>P4(L)u‖ = sup
‖u‖=1

‖P4(L)2u‖ = ‖P4(L)2‖ ≤ 1.

In other words, ‖un+1‖ ≤ ‖un‖ if ‖L‖ ≤ c0.

Remark 2.2.3. By using scalar eigenvalue analysis, the sharp bound of c0 in Corol-

lary 2.2.2 is 2
√

2, as that in Corollary 2.2.1.

2.2.4 Stability for semi-bounded L

We then apply the perturbation analysis to obtain the stability for semi-bounded

L. In the following proof, one actually needs to assume the time steps satisfies

τ2k+1 = τ2k+2 in order to apply Theorem 2.2.1. For simplicity, we use a uniform time

stepping, namely τk = τ . The same assumption will be used in Section 2.2.5.

Theorem 2.2.2. Suppose L + L> ≤ 2µI, then the fourth-order RK approximation

(2.2) to the method of lines scheme (2.1) is stable, ‖un‖ ≤ K(tn)‖u0‖, if τ ≤ c0
‖L‖+µ

for some constant c0. Here K(tn) is a constant depending on µ and tn.

Proof. Note that

P4(τL)2 = P4(τ(L− µI) + τµI)2 = P4(τ(L− µI))2 + τµP (τµ, τ(L− µI)),
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where P (s,G) is of the form P (s,G) =
∑

i,j≥0, i+j≤7 αijs
iGj. Since L + L> ≤ 2µI,

(L − µI) + (L − µI)> ≤ 0. According to Theorem 2.2.1, ‖P4(τ(L − µI))2‖ ≤ 1 if

τ‖L− µI‖ ≤ c0. Under a stricter restriction τ ≤ c0
‖L‖+µ , one also has

‖P (τµ, τ(L− µI))‖ ≤
∑

i,j≥0, i+j≤7

|αij||τµ|i‖τ(L− µI)‖j ≤
∑

i,j≥0, i+j≤7

|αij|ci+j0 .

Therefore for τ ≤ c0
‖L‖+µ , ‖P4(τL)2‖ ≤ 1 + cµτ , where c =

∑
i,j≥0, i+j≤7 |αij|ci+j0 .

With this one-step estimate, one has

‖u2k‖ ≤ ‖P4(τL)2‖k‖u0‖ ≤ (1 + cµτ)
t2k

2τ ‖u0‖ ≤ K(t2k)‖u0‖,

and

‖u2k+1‖ ≤ ‖P4(τL)‖‖u2k‖ ≤ P4(c0)K(t2k)‖u0‖,

which prove the stability.

2.2.5 Stability for semi-bounded and time-dependent L

We conclude this section by extending the results to L dependent on time. One

should note in this case, the fourth-order RK scheme can no longer be written as the

truncated exponential in (2.2). Also different fourth-order RK time integrators are

no longer equivalent. One can use the classical four-stage fourth-order RK scheme

in (2.15) as an example for our stability analysis. However, our proof does not rely

on this specific form and can be used for general cases. The classical four-stage
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fourth-order RK scheme is

k1 = L(tn)un,

k2 = L(tn+ 1
2 )(un +

τ

2
k1),

k3 = L(tn+ 1
2 )(un +

τ

2
k2),

k4 = L(tn+1)(un + τk3),

un+1 = un +
τ

6
(k1 + 2k2 + 2k3 + k4),

(2.15)

where tn+ 1
2 = tn + τ

2
. As a short hand notation, let us denote by

un+1 = Rτ (t
n)un,

where

Rτ (t
n) =I +

τ

6

(
L(tn) + 4L(tn+ 1

2 ) + L(tn+1)
)

+
τ 2

6

(
L(tn)L(tn+ 1

2 ) + L(tn+ 1
2 )2 + L(tn+ 1

2 )L(tn+1)
)

+
τ 3

12

(
L(tn)L(tn+ 1

2 )2 + L(tn+ 1
2 )2L(tn+1)

)
+
τ 4

24
L(tn)L(tn+ 1

2 )2L(tn+1).

(2.16)

The two-step approximation can be written as un+2 = Rτ (t
n+1)Rτ (t

n)un.

We also assume that L satisfies the Lipschitz continuity condition

‖L(t2)− L(t1)‖ ≤ η|t2 − t1|, (2.17)

with supt ‖L(t)‖ ≤ η < +∞ for some constant η.



66

Lemma 2.2.5. Suppose L satisfies (2.17). Then

‖
m∏
i=1

L(t+ αiτ)− (L(t))m‖ ≤
m∑
i=1

|αi|ηmτ.

Proof. We prove by induction. According to assumption (2.17), the lemma holds for

m = 1. Suppose it holds for m, then

‖
m+1∏
i=1

L(t+ αiτ)− (L(t))m+1‖

≤‖
m+1∏
i=1

L(t+ αiτ)− L(t)
m∏
i=1

L(t+ αiτ)‖+ ‖L(t)
m∏
i=1

L(t+ αiτ)− (L(t))m+1‖

≤‖L(t+ αm+1τ)− L(t)‖
m∏
i=1

‖L(t+ αiτ)‖+ ‖L(t)‖‖
m∏
i=1

L(t+ αiτ)− (L(t))m‖

≤|αm+1|ητ · ηm + η · (
m∑
i=1

|αi|)ηmτ

=
m+1∑
i=1

|αi|ηm+1τ,

where we have used the inductive assumption and η > supt ‖L(t)‖ in the second last

line. Hence the lemma holds for any positive integer m.

Theorem 2.2.3. Suppose L = L(t) and L + L> ≤ 2µI for some positive number

µ. L satisfies the Lipschitz continuity condition (2.17). Then the four-stage fourth-

order RK approximation (2.15) to the method of lines scheme (2.1) is stable, ‖un‖ ≤

K(tn)‖u0‖, if τ ≤ c0
η+µ

. Here K(tn) is some constant depending on µ and tn.

Proof.

P4(τL)2 = I + 2τL+ 2(τL)2 +
4

3
(τL)3 +

2

3
(τL)4

+
1

4
(τL)5 +

5

72
(τL)6 +

1

72
(τL)7 +

1

576
(τL)8.

(2.18)
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And

Rτ (t
n+1)Rτ (t

n) =
8∑
i=0

∑
j

αij

i∏
k=1

(τL(tn + α̃ijkτ)), (2.19)

with {∑j αij}8
i=0 take values of 1, 2, 2, 4

3
, 2

3
, 1

4
, 5

72
, 1

72
and 1

576
as those in P4(τL)2.

(This must be true since when L is independent of time, (2.19) reduces to (2.18).)

Applying Lemma 2.2.5, one has

‖Rτ (t
n+1)Rτ (t

n)− P4(τL)2‖ = ‖
8∑
i=0

∑
j

αijτ
i(

i∏
k=1

L(t+ α̃ijkτ)− (L(t))i)‖

≤
8∑
i=0

∑
j

|αij|τ i‖
i∏

k=1

L(t+ α̃ijkτ)− (L(t))i‖

≤τ
8∑
i=0

∑
j

|αij|(
i∑
k

|α̃ijk|)(τη)i = c̃τ.

On the other hand, ‖P4(τL)2‖ ≤ 1 + cµτ if τ(η + µ) ≤ c0, hence

‖Rτ (t
n+1)Rτ (t

n)‖ ≤ ‖P4(τL)2‖+ ‖Rτ (t
n+1)Rτ (t

n)− P4(τL)2‖ ≤ 1 + (cµ+ c̃)τ.

As we have done in Theorem 2.2.2, one can prove ‖un‖ ≤ K(tn)‖u0‖, if τ ≤ c0
η+µ

.

Remark 2.2.4. For different four-stage fourth-order RK schemes, the values of αij

and α̃ijk are different. But
∑

j αij are always the same. Hence the proof above would

still work.

2.3 Applications to hyperbolic problems

In this section, we apply the previous results to several semi-discrete approximations

of hyperbolic problems, and justify their stability after coupling with the fourth-

order RK time integrator. The time step restriction is also referred as the CFL
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condition in this context. In [73], Tadmor has provided detailed examples for spatial

discretization based on the nodal-value formulation, including the finite difference

method and spectral collocation method. Complementary to [73], we will mainly

focus on Galerkin methods, including the global approach, the spectral Galerkin

method, and the local approach, the finite element DG method.

The Galerkin methods are spatial discretization techniques based on the weak

formulation. Consider the initial value problem,


∂tu(x, t) = L(x, t, ∂x)u(x, t), (x, t) ∈ Ω× (0, T ),

u(x, 0) = u0(x), x ∈ Ω.

The Galerkin methods seeks a solution of the form uN(x, t) =
∑N

k=0 ck(t)φk(x). Here

{φk(x)}Nk=0 forms the basis of a finite dimensional space V on Ω, equipped with the

inner product (·, ·). In addition, one requires that


(∂tuN , vN) = B(uN , vN), ∀vN ∈ V ,

uN(x, 0) = Pu0.

Here B is a bilinear form on V with B(uN , vN) approximating (LuN , vN), and P is

the projection to V .

For spectral Galerkin method, V is chosen as the span of the trigonometric func-

tions or polynomials over the whole domain. Since the functions in V are sufficiently

smooth, one can directly set B(uN , vN) = (LuN , vN). Hence the method can be

written as

∂tuN = LNuN = PLuN = PLPuN .

It suffices to check whether LN = PLP satisfies the conditions in Section 2.2 and
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examine ‖LN‖ to obtain the time step constraint.

For DG method, V is a piecewise polynomial space based on an appropriate

partition of the domain Ω. The associated bilinear form is involved with the so-

called numerical flux. We will explain it in the latter part of this section.

2.3.1 Spectral Galerkin method

The following examples are based on Example 3.8 and Example 8.3, 8.4 in [42].

The estimate of ‖LN‖ relies on the inverse inequalities on the finite dimensional

trigonometric or polynomial spaces, which we refer to [65] for details. For interested

readers, we also refer to the same books [42] and [65] for a systematic setup of the

spectral methods.

2.3.1.1 Fourier method

Consider the linear problem

∂tu = a(x, t)∂xu+ b(x, t)u, t ∈ (0, T ), x ∈ (0, 2π), (2.20)

with periodic boundary conditions. We assume that the coefficients a(x, t) and b(x, t)

are smooth in both x and t, and are periodic with respect to x.

Under these circumstances, L = a(x, t)∂x + b(x, t)I. Then for any smooth and
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periodic functions v(x) and w(x),

(L>v, w) = (v, Lw) = (v, (a∂x + b)w) = (−∂x(av) + bv, w)

= ((−∂xa+ 2b) v, w)− (Lv,w).

Hence L> = (−∂xa + 2b)I − L. Here (·, ·) is specified as the L2 inner product on

[0, 2π].

In the Fourier Galerkin method, we set V = span{sin(kx), cos(kx)}Nk=0, and

choose (·, ·) to be the same L2 inner product. Noting that P is self-adjoint, one

has

L>N = PL>P = P ((−(∂xa) + 2b)I − L)P = P (−(∂xa) + 2b)P − LN .

Hence

LN + L>N = P (−(∂xa) + 2b)P ≤ (−(∂xa) + 2b)I ≤ (sup
x,t
|∂xa|+ 2 sup

x,t
|b|)I,

and LN is semi-bounded.

On the other hand, by using the inverse inequality for trigonometric functions

‖φ′‖ ≤ N‖φ‖, ∀φ ∈ V and the fact ‖P‖ ≤ 1, one has

‖LN‖ ≤ ‖a(·, t)∂x + b(·, t)I‖ ≤ sup
x,t
|a|N + sup

x,t
|b|,

and

‖LN(t2)− LN(t1)‖ ≤ ‖(a(·, t2)− a(·, t1))∂x + (b(·, t2)− b(·, t1))I‖

≤ (sup
x,t
|∂ta|N + sup

x,t
|∂tb|)|t2 − t1|.

Hence, the Lipschitz condition holds for η = max{supx,t |a|N+supx,t |b|, supx,t |∂ta|N+
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supx,t |∂tb|}. We obtain the following corollary of Theorem 2.2.3.

Corollary 2.3.1. Consider the Fourier Galerkin approximation of the linear problem

(2.20) with the fourth-order RK time discretization,

un+1
N = Rτ (t

n)unN , Rτ (t
n) defined in (2.16), with LN = P (a(x, t)∂x + b(x, t)I)P.

This fully discrete scheme is stable,

‖unN‖ ≤ K(tn)‖u0
N‖,

under the CFL condition τ(max{supx,t |a|N + supx,t |b|, supx,t |∂ta|N + supx,t |∂tb|}+

1
2

supx,t |∂xa|+ supx,t |b|) ≤ c0, for some constant c0.

Remark 2.3.1. When a and b are constant, L>N = 2bI − LN . Then L>N commutes

with LN and LN is normal. Furthermore, if b ≤ 0, L>N + LN = 2bI ≤ 0, LN is also

semi-negative. One can use Corollary 2.2.2 to prove the one-step strong stability

under a sufficiently small time step. In particular, when a is a constant and b = 0,

LN is skew-symmetric, we can get a specific estimate of the time step size from

Corollary 2.2.1.

2.3.1.2 Polynomial method

Consider the linear advection equation

∂tu = ∂xu, t ∈ (0, T ), x ∈ (−1, 1), (2.21)

with the inflow boundary condition u(1, t) = 0.

In the polynomial Galerkin method, we set V = {φ(x) ∈ span{xk}Nk=0|φ(1) = 0}
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and (·, ·)w is the weighted L2 inner product, namely (f, g)w =
∫ 1

−1
w(x)f(x)g(x)dx.

The corresponding norm is denoted as ‖ · ‖w. We denote by Pw the projection to V

under (·, ·)w.

Different weight functions w(x) correspond to different polynomial methods in

the literature. Let us consider the Jacobi method as an example. Here w(x) =

(1 + x)α(1− x)β with α ≥ 0 and −1 < β ≤ 0. When α = β = 0, w(x) = 1, and the

method is also referred as the Legendre method.

It can be shown that LN is semi-negative in this setting. For any uN ∈ V , one

has

(uN , (LN + L>N)uN)w = (PwuN , LPwuN)w + (LPwuN , PwuN)w

= 2(uN , LuN)w = 2

∫ 1

−1

wuN∂xuNdx =

∫ 1

−1

w∂xu
2
Ndx

= −
∫ 1

−1

w′u2
Ndx− w(−1)uN(−1, t)2 ≤ −

∫ 1

−1

w′u2
Ndx.

For α > 0 and β < 0,

w′(x) = α(1 + x)α−1(1− x)β − β(1 + x)α(1− x)β−1

= (1 + x)α−1(1− x)β−1(α(1− x)− β(1 + x)) ≥ 0.

Similarly, one can prove w′(x) ≥ 0 for other cases. Hence LN + L>N ≤ 0.

Furthermore, we apply the inverse inequality for Jacobi polynomials to obtain

‖LN‖w ≤ CN2 for some constant C. (Refer to Theorem 3.34 in [65].) Therefore, by

applying Theorem 2.2.1, one has the following corollary.

Corollary 2.3.2. Consider the Jacobi Galerkin approximation of the advection equa-
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tion (2.21) with the fourth-order RK time discretization,

un+1
N = P4(τLN)unN , LN = Pw(∂x)Pw.

This fully discrete scheme is strongly stable in two steps,

‖un+2
N ‖w ≤ ‖unN‖w,

under the CFL condition τ ≤ CN−2, where C depends on the constant in the inverse

inequality.

2.3.2 Discontinuous Galerkin method

A detailed discussion of the example in Section 2.3.2.1 can be found in the previous

chapter. To be consistent with notations there, we switch the subscript N to h in

this section, where h corresponds to the mesh size. Also, we will use the bold fonts

for vectors and matrices in this section.

2.3.2.1 Multi-dimensional scalar equation

Consider the linear scalar conservation law

∂tu(xxx, t) = ∇ · (βββ(xxx)u(xxx, t)), xxx ∈ Ω ⊂ Rd, t ∈ (0, T ), (2.22)

with the periodic boundary conditions. Here βββ is a smooth function satisfying the

divergence-free condition, ∇ · βββ(xxx) = 0.
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Suppose K = {K} is a quasi-uniform partition of the domain Ω. We denote by

h the largest diameter of the elements. The collection of cell interfaces is denoted

by E . Let us define V = {v ∈ L2(Ω) : v|K ∈ Pp(K),∀K ∈ K}, where Pp(K) is the

space of polynomials of degree no more than p on K. As for (·, ·), we use the L2

inner product on Ω.

In DG method, one seeks a solution satisfying

∫
Ω

∂tuhvhdx =
∑
K

(−
∫
K

uh∇ · (βββvh)dx+

∫
∂K

ûhvhβββ · nnndl), ∀vh ∈ V ,

where ûh is the numerical flux, approximating the trace of u along the edges. A

popular choice is to obey the unwinding principle. In our case, that is ûh = u+
h ,

where u+
h = lim

ε→0+
uh(xxx+ εβββ). We also use u−h = lim

ε→0+
uh(xxx− εβββ) to represent the trace

of uh from the downwind side. When βββ(xxx) is parallel to the cell interfaces, u±h are

not well-defined. But in this case, βββ(xxx) ·nnn = 0, hence the value of u±h will not make

any difference.

Let us introduce the short hand notation,

H+
βββ (w, v) =

∑
K∈K

( ∫
K

w∇ · (βββv)dx−
∫
∂K

w+vβββ · nnndl
)
. (2.23)

Then the scheme becomes, find uh ∈ V , such that

(∂tuh, vh) = −H+
βββ (uh, vh), ∀vh ∈ V .

H+
βββ has the following properties. We refer to the previous chapter for details.

Lemma 2.3.1. For any wh, vh ∈ V, we have

(1) H+
βββ (vh, vh) = 1

2
JvhK2

βββ, where JvhKβββ =
√∑

e∈E
∫
e
(v+
h − v−h )2|βββ · nnn|dl .
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(2) |H+
βββ (wh, vh)| ≤ Ch−1‖wh‖‖vh‖, for some constant C depending on βββ and the

constant in the inverse estimate.

By defining

(Lhuh, vh) = −H+
βββ (uh, vh), (2.24)

we can also rewrite the scheme as

∂tuh = Lhuh.

Using Lemma 2.3.1, one has

(vh, (Lh + L>h )vh) = 2(Lhvh, vh) = −2H+
βββ (vh, vh) = −JvhK2

βββ ≤ 0, (2.25)

‖Lhvh‖2 = −H+
βββ (vh, Lhvh) ≤ Ch−1‖vh‖‖Lhvh‖. (2.26)

Hence Lh is semi-negative and ‖Lh‖ ≤ Ch−1. The stability of the fully discretized

scheme now follows as a corollary of Theorem 2.2.1.

Corollary 2.3.3. Consider the DG approximation of (2.22) with the fourth-order

RK time discretization,

un+1
h = P4(τLh)u

n
h, Lh defined in (2.23) and (2.24).

This fully discrete scheme is strongly stable in two steps,

‖un+2
h ‖ ≤ ‖unh‖,

under the CFL condition τ ≤ Ch, where C depends on βββ and the constant in the

inverse estimate.
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2.3.2.2 Multi-dimensional system

We now consider the symmetric hyperbolic system

∂tuuu(xxx, t) =
d∑
i=1

AAAi∂xiuuu(xxx, t),

xxx = (x1, ..., xd) ∈ Ω ⊂ Rd, uuu = (u1, ..., um)T ∈ Rm,

(2.27)

where AAAi are m×m constant real symmetric matrices. For simplicity, we assume Ω

to be a hypercube in Rd and apply the periodic boundary conditions.

Again, we denote by K = {K} a quasi-uniform partition of the domain Ω with

the mesh size h. And E is the collection of the cell interfaces. The space V is chosen

as

V = {vvv ∈ [L2(Ω)]m|vvv = (v1, ..., vm)T , vk|K ∈ Pp(K),∀K ∈ K},

with the inner product (www,vvv) =
∑

K∈K(www,vvv)K =
∑

K∈K
∫
K
www · vvvdx and the induced

norm ‖ · ‖ =
√

(·, ·). We also use 〈www,vvv〉e =
∫
e
www · vvvdl for the integration along the

cell interfaces.

To set up the DG approximation, we firstly write down the weak formulation of

(2.27)

(∂tuuu,vvv)K = −
d∑
i=1

(AAAiuuu, ∂xivvv)K +
∑
e∈∂K

〈(
d∑
i=1

nie,KAAAi)uuu,vvv〉e,

where nnne,K = (n1
e,K , ..., n

d
e,K) is the outward unit normal vector to the edge e in

K. Since AAAi are symmetric, for each e there is an orthogonal matrix SSSe such that

ΛΛΛe = diag(λ1
e, ..., λ

m
e ) = SSSe(

∑d
i=1 n

i
e,KAAAi)SSS

T
e is diagonal. The numerical scheme can
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be obtained by applying the upwind flux for each eigen-component, namely

(∂tuuuh, vvvh)K = −
d∑
i=1

(AAAiuuuh, ∂xivvvh)K +
∑
e∈∂K

〈ΛΛΛeŜSSeuuuh,SSSevvvh〉e, (2.28)

where ŜSSeuuuh = ((ŜSSeuuuh)
1, ..., (ŜSSeuuuh)

m)T and

(ŜSSeuuuh)
k =


(SSSeuuu

int
h )k, λke < 0,

(SSSeuuu
ext
h )k, λke > 0.

(2.29)

Here, uuuinth (xxx, t) = lim
yyy→xxx,yyy∈K uuuh(xxx, t) and uuuexth (xxx, t) = lim

yyy→xxx,yyy∈Kc uuuh(xxx, t). When λke = 0,

(ŜSSeuuuh)
k will not contribute to the integration, hence one can avoid defining it in this

case. Also note that
∑d

i=1 n
i
e,KAAAi = −∑d

i=1 n
i
e,K′AAAi for K ′ ∩ K = e, and the same

SSSe should be used on both sides. Then ŜSSeuuuh defined in K and K ′ are the same, and

the numerical flux is single-valued on the cell interfaces. Furthermore, for the scalar

case, (2.29) coincides with the previous definition in Section 2.3.2.1.

As before, we define

H(wwwh, vvvh) =
∑
K∈K

HK(wwwh, vvvh)

=
∑
K∈K

(
d∑
i=1

(AAAiwwwh, ∂xivvvh)K −
∑
e∈∂K

〈ΛΛΛeŜSSewwwh,SSSevvvh〉e
)
.

(2.30)

H has the following properties, and its proof can be found in Appendix A.5.

Lemma 2.3.2. ∀vvvh,wwwh ∈ V, H(vvvh, vvvh) ≥ 0 and |H(wwwh, vvvh)| ≤ Ch−1‖wwwh‖‖vvvh‖,

where C depends on AAAi and the constant in the inverse estimate.

With the definition of H, the scheme (2.28) can be written as

∂tuuuh = Lhuuuh, (Lhuuuh, vvvh) = −H(uuuh, vvvh), ∀vvvh ∈ V . (2.31)
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Similar to those in (2.25) and (2.26), Lemma 2.3.2 implies that Lh is semi-negative

and ‖Lh‖ ≤ Ch−1. Hence, one can use Theorem 2.2.1 to obtain the following corol-

lary.

Corollary 2.3.4. Consider the DG approximation of (2.27) with the fourth-order

RK time discretization,

uuun+1
h = P4(τLh)uuu

n
h, Lh defined in (2.29), (2.30) and (2.31).

The fully discrete scheme is strongly stable in two steps,

‖uuun+2
h ‖ ≤ ‖uuunh‖,

under the CFL condition τ ≤ Ch. Here C depends on Ai and the constant in the

inverse estimate.

Remark 2.3.2. The stability extends to symmetrizable hyperbolic systems with con-

stants coefficients. More specifically, if there is a symmetric positive-definite ma-

trix HHH such that HHHAAAi are symmetric, then under an appropriate CFL condition

τ ≤ Ch−1, one has ‖uuun+2
h ‖HHH ≤ ‖uuunh‖HHH , where ‖vvv‖HHH =

∑
K∈K

∫
K
vvvTHHHvvvdx.

Remark 2.3.3. For symmetric hyperbolic systems with variable coefficients, one

can follow similar lines to show Lh is semi-bounded, and prove the stability of the

fully discretized scheme. But the extension to symmetrizable hyperbolic systems with

variable coefficients is non-trivial.
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2.4 Concluding remarks

We analyze the stability of the fourth-order RK method for integrating method of

lines schemes solving the well-posed linear PDE system ∂tu = L(x, t, ∂x)u. The issue

of strong stability is of special interests. We consider the ODE system d
dt
uN = LNuN ,

with LN + L>N ≤ 0 and LN independent of time. When LN is normal, the strong

stability of the fourth-order RK approximation has already been justified by the

scalar eigenvalue analysis. But for non-normal LN , we provide a counter example

to show that the strong stability can not be preserved whatever small time step we

choose. However, the strong stability can actually be obtained in two steps. We

prove ‖un+2
N ‖ ≤ ‖unN‖ under the time step constraint τ‖LN‖ ≤ c0 for some constant

c0. This can also be interpreted as the strong stability of the eight-stage fourth-order

RK method composed by two steps of the four-stage method. Then, based on this

fact, we extend the stability results to general semi-bounded linear systems after

using a perturbation analysis and a frozen-coefficient argument. Finally, we apply

the results to justify the stability of the fully discretized schemes combining the

fourth-order RK method and different spatial discretizations, including the spectral

Galerkin method and the DG method. The corresponding CFL time step restrictions

are obtained.



Part II

APPLICATIONS TO GRADIENT

FLOWS



Chapter Three

Scalar gradient flow equations
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3.1 Introduction

In this chapter, we propose a DG method for solving the initial value problem of

scalar gradient flows,


∂tρ = ∇ · (f(ρ)∇(H ′(ρ) + V (x) +W ∗ ρ)) , x ∈ Ω ⊂ Rd, t > 0,

ρ(x, 0) = ρ0(x).

(3.1)

Here ρ = ρ(x, t) ≥ 0 is a time-dependent density. H ′ is increasing and W (x) =

W (−x) is symmetric. We assume f(ρ) ≥ 0. It either increases with respect to ρ, or

it satisfies the property f(ρ)
ρ
≤ C for some fixed constant C.

Our concern for (3.1) arises from two typical scenarios. The first case is on

nonlinear (possibly degenerate) parabolic equations,

∂tρ = ∇ · (f(ρ)∇ (H ′(ρ) + V (x))) . (3.2)

Many classic problems can be included in this setting, such as the heat equation, the

porous media equation, the Fokker-Planck equation and so on.

In the second case, several authors take the interaction term W ∗ ρ into account,

while imposing f(ρ) = ρ. Hence the equation takes the form of a continuity equation,

and the velocity field is determined by the gradient of a potential function.

∂tρ = ∇ · (ρu) , u = ∇ξ = ∇ (H ′(ρ) + V (x) +W ∗ ρ) . (3.3)

Here, H is a density of internal energy, V is a confinement potential, and W is an

interaction potential. It is used to model, for example, interacting gases [18, 75],
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granular flows [7, 6] and aggregation behaviors in biology [61, 74]. This equation

is also related with the gradient flow for the Wasserstein metric on the space of

probability measures [3].

Both of the problems (3.2) and (3.3) can be formulated under the framework of

(3.1). It has an underlying structure associated with the entropy functional,

E =

∫
Ω

H(ρ(x))dx+

∫
Ω

V (x)ρ(x)dx+
1

2

∫
Ω

∫
Ω

W (x− y)ρ(x)ρ(y)dxdy.

One can show that at least for classical solutions,

d

dt
E(ρ) = −

∫
Ω

f(ρ)|u|2dx := −I(ρ) ≤ 0. (3.4)

Here u is defined as that in (3.3) and I is referred to as the entropy dissipation.

Indeed, (3.4) has provided much insight into the problem and has helped people

to study the dynamics of (3.2) and (3.3), see, for example [14, 18, 75]. Hence

it is desirable to develop numerical schemes mimicking a similar entropy-entropy

dissipation relationship in the discrete sense.

Another challenge for developing the numerical schemes is to ensure the non-

negativity of the numerical density without violating the mass conservation. It is

not only for the preservation of physical meanings, but also for the well-posedness

of the initial value problem. For example, in (3.3), the entropy may not necessarily

decay if ρ admits negative values.

Numerical schemes addressing both of these concerns have been studied inten-

sively very recently. In [8], the authors designed a second order finite volume scheme

for (3.2). Later on, a direct DG method has been proposed by Liu and Wang in [56].
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Their scheme achieves high-order accuracy but the provable positivity-preserving

property only holds for certain cases. Recently, this method is generalized for solving

the one-dimensional Poisson-Nernst-Planck system [57], which essentially incorpo-

rates the interaction through a coupled Poisson equation. As for (3.3), a variety of

numerical methods have been developed, including a mixed finite element method

[10], a finite volume method [15], a particle method [17], a method of evolving dif-

feomorphisms [19] and a blob method [33] (for H = 0, V = 0).

In this chapter, we design a high-order DG method for (3.1), which covers both

(3.2) and (3.3). Our idea is to formally treat (3.1) as a classical conservation law

and apply the techniques there to overcome the challenges. The main ingredients for

our schemes are:

1. Legendre-Gauss-Lobatto quadrature rule for numerical integration,

2. positivity-preserving limiter with SSP-RK time discretization.

The quadrature is used to stabilize the semi-discrete scheme. Such approach has

already been studied in different contexts, such as in spectral collocation methods

[42] and in nodal DG methods [43]. Recently, based on the methodology established

in [13, 36, 37], Chen and Shu proposed a unified framework for designing entropy

stable DG scheme for hyperbolic conservation laws using suitable quadrature rules

[22]. Their approach is also related with the summation-by-part technique in fi-

nite difference methods. The positivity-preserving limiter with provable high-order

accuracy is firstly designed by Zhang and Shu in [87] to numerically ensure the max-

imum principle of scalar hyperbolic conservation laws. Then the methodology has

been generalized for developing the bound-preserving schemes for various systems.

We refer to [88] and the references therein for more details. Our approach of imple-
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menting the positivity-preserving limiter for parabolic problems is mainly inspired by

the recent work of Zhang on compressible Navier-Stokes equation [86], in which the

author considers the conservative form of the problem and introduces the diffusion

flux to handle the second-order derivatives.

Based on these techniques, we propose a DG scheme for (3.1) such that

1. the semi-discrete scheme satisfies an entropy inequality for smooth W ,

2. the fully discretized scheme is positivity-preserving.

Our method also has other desired properties. It achieves high-order accuracy, con-

serves the total mass and preserves numerical steady states. Special care is needed

for the case of non-smooth interaction potential, due to the fact that one should

adopt exact integration to calculate the convolution, see [15], as the Gauss-Lobatto

quadrature is no longer accurate.

The remaining part of the chapter is organized as follows. In Section 3.2, we

design the numerical method for one-dimensional problems. We firstly introduce the

notations and briefly discuss our motivation on deriving the scheme. Then it follows

with the semi-discrete scheme and the discrete entropy inequality. The next part is on

the time discretization and the positivity-preserving property of the fully discretized

scheme. Finally we outline the matrix formulation and the algorithm flowchart.

Section 3.3 is organized similarly for two-dimensional problems on Cartesian meshes,

while the implementation details are omitted. Then in Section 3.4 and Section 3.5,

we present numerical examples for one-dimensional and two-dimensional problems

respectively. Finally conclusions are drawn in Section 3.6.
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3.2 Numerical method: one-dimensional case

3.2.1 Notations and motivations

For now, we focus on the one-dimensional case of (3.1)


∂tρ = ∂x

(
f(ρ)∂x(H

′(ρ) + V (x) +W ∗ ρ)
)
, x ∈ Ω ⊂ R, t > 0,

ρ(x, 0) = ρ0(x).

In general, the problem can be either defined on a connected compact domain with

proper boundary conditions, or it can involve the whole real line with solutions

vanishing at the infinity. In our numerical scheme, we will always choose Ω to be

a connected interval. For simplicity, the periodic or compactly supported boundary

conditions are applied. But we remark that our approach can be extended to more

general types of boundary conditions, for example, with zero-flux boundaries.

Let Ii = (xi− 1
2
, xi+ 1

2
) and I = ∪Ni=1Ii be a partition of the domain Ω. Denote hi =

xi+ 1
2
−xi− 1

2
and h = maxi hi. We will seek a numerical solution in the discontinuous

piecewise polynomial space,

Vh = {vh : vh
∣∣
Ii
∈ P k(Ii), for x ∈ Ii, i = 1, . . . , N}. (3.5)

Here P k(Ii) is the space of k-th order polynomials on Ii. Note that the functions in

Vh can be double-valued at the cell interfaces. Hence the notations v+
h and v−h are

introduced for the right limit and the left limit of vh. For a function s = s(ρ) or

s = s(ρ, x), we denote by sh = s(ρh) or sh = s(ρh, x) respectively. Furthermore, the

notation s+
h stands for s(ρ+

h ) or s(ρ+
h , x), and s−h stands for s(ρ−h ) or s(ρ−h , x).
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To define the DG method, we split the original problem into the following system,

∂tρ = ∂x(f(ρ)u),

u = ∂xξ,

ξ = H ′(ρ) + V +W ∗ ρ.

By applying the DG approximation, we obtain the following scheme as a preliminary .

We seek ρh, uh ∈ Vh, such that for any test function ϕh, ψh ∈ Vh,

∫
Ii

(∂tρh)ϕhdx = −
∫
Ii

fhuh∂xϕhdx+ f̂ui+ 1
2
(ϕh)

−
i+ 1

2

− f̂ui− 1
2
(ϕh)

+
i− 1

2

, (3.6a)∫
Ii

uhψhdx = −
∫
Ii

ξh∂xψhdx+ ξ̂i+ 1
2
(ψh)

−
i+ 1

2

− ξ̂i− 1
2
(ψh)

+
i− 1

2

. (3.6b)

Here ξh = H ′h + V +
∫

Ω
W (x− y)ρh(y)dxdy, while f̂u and ξ̂ are numerical fluxes.

By setting ϕh(x) = 1Ii(x), one will get the following evolution equation for the

cell average of (ρh)i, which is denoted by (ρ̄h)i.

d

dt
(ρ̄h)i =

f̂ui+ 1
2
− f̂ui− 1

2

hi
. (3.7)

This is very similar to that in hyperbolic conservation laws. In particular, for k = 0

and u ≡ 1, by using the so called monotone flux, (3.7) will become a monotone

scheme, which satisfies many desirable properties.

In order to achieve an entropy-entropy dissipation relationship as that for the

exact solution, one may hope to set ϕh = ξh in (3.6a) and ψh = uhfh in (3.6b).

Unluckily, neither of them falls into the test function space. A natural attempt is

to use the usual L2 projection to enforce this property, as that in [56]. However,

the projection will change the values at the cell interfaces, and the desired form
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in (3.7) will be violated. This will cause trouble when one seeks to preserve the

non-negativity of the solution. Inspired by the recent work of Chen and Shu in

[22], we introduce a suitable quadrature to overcome this difficulty. Moreover, the

Gauss-Lobatto quadrature is used to preserve the values at the cell ends.

Let us denote by {xri}k+1
r=1 the k + 1 Gauss-Lobatto quadrature points on Ii and

{wr}k+1
r=1 the k + 1 Gauss-Lobatto quadrature weights on [−1, 1]. In particular x1

i =

x+
i− 1

2

and xk+1
i = x−

i+ 1
2

. On each cell Ii, the operator I returns the k-th order

polynomial interpolating at {xri}k+1
r=1 . We will use the notation

∼∫
Ii

ηζdx =
hi
2

k+1∑
r=1

wrη(xri )ζ(xri )

and ∼∫
Ii

η∂xζdx =
hi
2

k+1∑
r=1

wrη(xri )(∂xIζ)(xri )

for the Gauss-Lobatto quadrature. As a convention,
∼∫
Ω

stands for
∑N

i=1

∼∫
Ii

.

We will finally come to the fully discretized scheme, for which we denote by τ

the time step length and λi = τ
hi

.

3.2.2 Semi-discrete scheme and entropy inequality

Our scheme is to replace the integrals in (3.6) by the Gauss-Lobatto quadrature. In

other words, with Vh defined in (3.5), we seek ρh, uh ∈ Vh, such that for any test

functions ϕh, ψh ∈ Vh,

∼∫
Ii

(∂tρh)ϕhdx = −
∼∫
Ii

fhuh∂xϕhdx+ f̂ui+ 1
2
(ϕh)

−
i+ 1

2

− f̂ui− 1
2
(ϕh)

+
i− 1

2

, (3.8a)
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∼∫
Ii

uhψhdx = −
∼∫
Ii

ξh∂xψhdx+ ξ̂i+ 1
2
(ψh)

−
i+ 1

2

− ξ̂i− 1
2
(ψh)

+
i− 1

2

. (3.8b)

Here, when the interaction potential W is smooth, we set

ξh = ξh(ρh, x) = H ′h + V +

∼∫
Ω

W (x− y)ρh(y)dy.

While for non-smooth W , the quadrature may not achieve sufficient accuracy of the

convolution. Hence the exact integration is applied

ξh = ξh(ρh, x) = H ′h + V +

∫
Ω

W (x− y)ρh(y)dy.

The numerical fluxes are chosen in the following way,

ξ̂ =
1

2
(ξ+
h + ξ−h ),

f̂u =
1

2
(f+
h u

+
h + f−h u

−
h ) +

α

2
(g+
h − g−h ), α = max{|u+

h |, |u−h |},

with g(ρ) = f(ρ) if f is increasing and g(ρ) = Cρ if f(ρ)
ρ
≤ C. ξ̂ is the central flux.

Remark 3.2.1. Although we formally require that ϕh and ψh are taken from the

finite element space, our scheme (3.8) actually can not distinguish a function from

its interpolation polynomial at the Gauss-Lobatto points. Hence, (3.8) will also hold

for “test functions” outside Vh. This facilitates our proof of the discrete entropy

inequality. This fact can also be justified through the matrix formulation, which is

presented in Section 3.2.4. We also remind the readers that the number of quadrature

points must be k + 1. It may result in underdetermined systems if one uses a less

accurate quadrature rule, while using more points will mess up with the proof of the

entropy inequality.



90

Remark 3.2.2. In general, g is not unique, while it must satisfy sign[gh] = sign[ρh]

or sign[gh] = 0, and αg ± fu ≥ 0. The correct sign of gh is needed for the entropy

inequality and αg ± fu ≥ 0 is used to prove the positivity-preserving property. For

most of the applications, f(ρ) is increasing and g(ρ) = f(ρ) should be enough. In

particular, in gradient flow type problems where f(ρ) = ρ, g(ρ) = ρ gives the local

Lax-Friedrichs flux. Similar comments also apply for the two-dimensional problems.

This semi-discrete scheme satisfies the following entropy inequality.

Theorem 3.2.1. For smooth interaction kernel W , assume that the semi-discrete

scheme (3.8) has a solution, then it satisfies a similar entropy-entropy dissipation

relationship, as that in (3.4), given by

d

dt
Ẽ ≤ −Ĩ ,

where

Ẽ =

∼∫
Ω

H(ρh)dx+

∼∫
Ω

V ρhdx+
1

2

∼∫
Ω

∼∫
Ω

W (x− y)ρh(x)ρh(y)dxdy

is the discrete entropy and

Ĩ =

∼∫
Ω

fh|uh|2dx

is the associated discrete entropy dissipation.

Indeed, one can choose larger αi+ 1
2

in the Lax-Friedrichs flux. This will bring

in extra numerical dissipation and the entropy inequality will still hold. Moreover,

assuming g and H ′ are strictly increasing, if αi+ 1
2
> 0 for all i and the semi-discrete

scheme (3.8) achieves a non-negative stationary state ρh, then ρh is continuous and

the piecewise polynomial interpolation of ξh is constant in each connected component

J of the strict support of ρh, which is defined by J = ∪i∈ΛIi for certain set of

consecutive indices Λ where ρh > 0.
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Proof. Using the symmetry of W , we have

d

dt

1

2

∼∫
Ω

∼∫
Ω

W (x− y)ρh(x)ρh(y)dxdy

=
1

2

∼∫
Ω

∂tρh(x)

( ∼∫
Ω

W (x− y)ρh(y)dy

)
dx+

1

2

∼∫
Ω

∂tρh(y)

( ∼∫
Ω

W (x− y)ρh(x)dx

)
dy

=

∼∫
Ω

∂tρh(x)

( ∼∫
Ω

W (x− y)ρh(y)dy

)
dx.

Hence,

d

dt
Ẽ =

∼∫
Ω

∂tρh(x)

(
H ′h + V +

∼∫
Ω

W (x− y)ρh(y)dy

)
dx

=

∼∫
Ω

∂tρhξhdx =
N∑
i=1

∼∫
Ii

∂tρhI(ξh)dx

=
N∑
i=1

(
−
∼∫
Ii

I(fhuh)∂xI(ξh)dx+ f̂ui+ 1
2
(ξh)

−
i+ 1

2

− f̂ui− 1
2
(ξh)

+
i− 1

2

)
.

Note I(f(ρh)uh)∂xI(ξh) is a polynomial of degree 2k − 1 and the Gauss-Lobatto

quadrature with k+1 points is exact. Hence we can replace the quadrature with the

exact integral and integrate by parts. Then we obtain

d

dt
Ẽ =

N∑
i=1

(
−
∫
Ii

I(fhuh)∂xI(ξh)dx+ f̂ui+ 1
2
(ξh)

−
i+ 1

2

− f̂ui− 1
2
(ξh)

+
i− 1

2

)

=
N∑
i=1

(∫
Ii

(∂xI(fhuh))I(ξh)dx− (fhuhξh)
−
i+ 1

2

+ (fhuhξh)
+
i− 1

2

+ f̂ui+ 1
2
(ξh)

−
i+ 1

2

− f̂ui− 1
2
(ξh)

+
i− 1

2

)
.

By using the same trick, we change the exact integral back to the Gauss-Lobatto

quadrature, and apply the scheme (3.8b) to obtain

d

dt
Ẽ =

N∑
i=1

( ∼∫
Ii

ξh∂x(fhuh)dx− (fhuhξh)
−
i+ 1

2

+ (fhuhξh)
+
i− 1

2

+ f̂ui+ 1
2
(ξh)

−
i+ 1

2

− f̂ui− 1
2
(ξh)

+
i− 1

2

)
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=
N∑
i=1

(
−
∼∫
Ii

fh|uh|2dx+ ξ̂i+ 1
2
(fhuh)

−
i+ 1

2

− ξ̂i− 1
2
(fhuh)

+
i− 1

2

− (fhuhξh)
−
i+ 1

2

+ (fhuhξh)
+
i− 1

2

+ f̂ui+ 1
2
(ξh)

−
i+ 1

2

− f̂ui− 1
2
(ξh)

+
i− 1

2

)
=−

∼∫
Ω

fh|uh|2dx−
N∑
i=1

αi+ 1
2

2
[gh]i+ 1

2
[ξh]i+ 1

2
, (3.9)

where the bracket represents the jump, [gh] = g+
h − g−h . According to our choice of g,

sign[gh] = sign[ρh] or sign[gh] = 0. Since V and W are single-valued functions, [ξh] =

[H ′(ρh)]. By using the fact that H ′ is increasing, we have sign[ξh] = sign[H ′(ρh)] =

sign[ρh] or sign[ξh] = 0. Therefore
∑N

i=1

α
i+1

2

2
[g]i+ 1

2
[ξh]i+ 1

2
≥ 0, which completes the

proof of the first claim.

It is easy to see that the entropy inequality will hold as long as the coefficients

αi+ 1
2

are non-negative. Let us assume now that αi+ 1
2
> 0 for all i and ρh is a

non-negative stationary state of the semi-discrete scheme (3.8), namely

d

dt
Ẽ = 0.

Then from (3.9) we deduce that both terms in the right-hand side must vanish, that

is
N∑
i=1

∼∫
Ii

fh|uh|2dx =
N∑
i=1

αi+ 1
2

2
[gh]i+ 1

2
[ξh]i+ 1

2
= 0 .

Therefore each term in the summations will be zero. On the one hand, if αi+ 1
2
> 0

while g and H ′ are strictly increasing, then [gh]i+ 1
2
[ξh]i+ 1

2
= 0 and hence [ρh]i+ 1

2
= 0.

It holds for all i, which means the jumps of ρh vanish on all the cell interfaces. This

implies the continuity of ρh. On the other hand, in the interval J we deduce that

uh = 0 due to the positivity of fh implied by the positivity of ρh and its definition.
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Hence for all i ∈ Λ, by using (3.8b), one can obtain

∫
Ii

∂x(Iξh)Iψhdx = −
∫
Ii

Iξh∂x(Iψh)dx+ (ξhψh)
−
i+ 1

2

− (ξhψh)
+
i− 1

2

= −
∼∫
Ii

ξh∂xψhdx+ ξ̂j+ 1
2
(ψh)

−
i+ 1

2

− ξ̂i+ 1
2
(ψh)

+
i− 1

2

= 0.

Here ξ±h = ξ̂ is guaranteed by the continuity of ξh (implied by that of ρh). Therefore,

Iξh is constant on each i ∈ Λ. Due to the fact that ξh is continuous globally, all

these constants must be the same and the piecewise polynomial interpolation of ξh

is constant on J .

3.2.3 Time discretization and preservation of positivity

The semi-discrete scheme itself does not guarantee the positivity of the numerical

solution. If no special treatment is applied, one may produce nonsense density

with negative values and the problem can become illposed. Hence we adopt the

methodology developed by Zhang and Shu in [87], which enforces the positivity of

the solution without violating the mass conservation. Their idea is to incorporate

a positivity-preserving limiter into the SSP-RK time discretization. Under certain

time step constraints, each Euler forward step preserves the positivity of the cell

average (referred to as the weak positivity in the literature). Then one can scale the

solution, without affecting spatial accuracy, to ensure the point-wise non-negativity.

SSP-RK time discretization will preserve the non-negativity of the solution in the

Euler forward steps.
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3.2.3.1 First-order Euler forward in time

Let us firstly consider the Euler forward time stepping. We use the superscript “pre”

for the solution obtained by Euler forward method before applying the positivity-

preserving limiter. The time discretization of (3.8a) becomes

∼∫
Ii

ρn+1,pre
h − ρnh

τ
ϕhdx = −

∼∫
Ii

fnh u
n
h∂xϕhdx+(f̂u)n

i+ 1
2
(ϕh)

−
i+ 1

2

−(f̂u)n
i− 1

2
(ϕh)

+
i− 1

2

. (3.10)

Lemma 3.2.1. Suppose ρnh(xri ) ≥ 0 at the Gauss-Lobatto quadrature points. Then

when λi=
τ
hi
≤ min{( w1ρ

fu+αg
)+
i− 1

2

, ( wk+1ρ

αg−fu)−
i+ 1

2

}, the solution ρn+1,pre
h obtained from (3.10)

satisfies (ρ̄h)
n+1,pre
i ≥ 0. Here, in the constraint of λi, we consider 0

0
:= +∞ by con-

vention.

Proof. We drop all subscripts h in this proof. Take ϕ = 1 in (3.10), we have

ρ̄n+1,pre
i = ρ̄ni + λi

(
(f̂u)n

i+ 1
2
− (f̂u)n

i− 1
2

)
.

Note that ρn is a polynomial of degree k, the Gauss-Lobatto quadrature is exact for

evaluating the cell average ρ̄ni . More specifically, we have

ρ̄ni =
1

hi

∫
Ii

ρndx =
k+1∑
r=1

wr
2
ρn(xri ).
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The superscripts n will also be omitted for simplicity in the rest. Hence

ρ̄n+1,pre
i =

k∑
r=2

wr
2
ρ(xri ) +

w1

2
ρ+
i− 1

2

+
wk+1

2
ρ−
i+ 1

2

+
λi
2

(
(fu)+

i+ 1
2

+ (fu)−
i+ 1

2

+ αi+ 1
2

(
g+
i+ 1

2

− g−
i+ 1

2

))
− λi

2

(
(fu)+

i− 1
2

+ (fu)−
i− 1

2

+ αi− 1
2

(
g+
i− 1

2

− g−
i− 1

2

))
=

k∑
r=2

wr
2
ρ(xri ) +

(
wk+1

2
ρ−
i+ 1

2

+
λi
2

(
(fu)−

i+ 1
2

− αi+ 1
2
g−
i+ 1

2

))
+

(
ω1

2
ρ+
i− 1

2

− λi
2

(
(fu)+

i− 1
2

+ αi− 1
2
g+
i− 1

2

))
+
λi
2

(
(fu)+

i+ 1
2

+ αi+ 1
2
g+
i+ 1

2

)
− λi

2

(
(fu)−

i− 1
2

− αi− 1
2
g−
i− 1

2

)
.

The first term is automatically non-negative, since the weights wr ≥ 0 and the nodal

values ρ(xri ) ≥ 0. The positivity of the last two terms is guaranteed by our choice

of α and g. One only needs λi ≤ min{( w1ρ
fu+αg

)+
i− 1

2

, ( wk+1ρ

αg−fu)−
i+ 1

2

} to ensure the second

and the third term to be non-negative. (Note that for ρ+
i− 1

2

or ρ−
i+ 1

2

being 0, the

corresponding term is also 0 and there is nothing to impose. Hence we introduce

the notation 0
0

:= +∞.) Therefore ρ̄n+1,pre
i ≥ 0 under the prescribed time step

constraint.

Remark 3.2.3. According to the definition of α and g, ( w1ρ
fu+αg

)+
i− 1

2

and ( wk+1ρ

αg−fu)−
i+ 1

2

will always be non-negative.

Remark 3.2.4. Although the original equation can be parabolic, we have incorporated

the second-order derivative into u, such that one can formally treat it as a hyperbolic

problem. This technique is introduced by Zhang for the compressible Navier-Stokes

equation [86].

Here we provide an estimate on the time step for g(ρ) = f(ρ) = ρ. One has

λi = min{
(
w1

α+u

)+

i− 1
2

,
(wk+1

α−u

)−
i+ 1

2

} in such situations. We assume the mesh is quasi-
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uniform, namely, ch ≤ hi for some positive constant c. Then it suffices to satisfy

τ ≤ c
maxi |u±

i∓ 1
2

|h. Note that

∼∫
Ii

uhψhdx = −
∫
Ii

I(ξh)∂xψhdx+ Î(ξh)i+ 1
2
(ψh)

−
i+ 1

2

− Î(ξh)i− 1
2
(ψh)

+
i− 1

2

. (3.11)

If H ′ ≡ 0 in the definition of ξ, then ξ is continuous and (3.11) gives uh = ∂xI(ξh)

on Ii after integration by parts. Hence τ ≤ c
maxi ‖∂xI(ξh)‖L∞(Ii)

h. In particular, for

V = x, this corresponds to the usual CFL condition for hyperbolic conservation laws.

Otherwise one uses the inverse estimate and the norm equivalence for the time

step estimate. Note that ‖v‖Lp(Ii) ≤ ch
1
p
− 1
q

i ‖v‖Lq(Ii), ∀1 ≤ p, q ≤ ∞, ∀v ∈ P k(Ii).

Furthermore, c1‖v‖L2
d(Ii) ≤ ‖v‖L2(Ii) ≤ c2‖v‖L2

d(Ii), with ‖v‖L2
d(Ii) =

√
∼∫
Ii
v2dx, ∀v ∈

P k(Ii). One has

‖u‖L∞(Ii) ≤ ch−
1
2‖u‖L2(Ii) ≤ ch−

1
2‖u‖L2

d(Ii)

≤ch− 3
2 (‖I(ξh)‖L2(Ii−1) + ‖I(ξh)‖L2(Ii) + ‖I(ξh)‖L2(Ii+1))

≤ch−1‖I(ξh)‖L∞(Ii−1∪Ii∪Ii+1).

Therefore, τ ≤ c
maxi ‖I(ξh)‖L∞(Ii)

h2, which is comparable to the time step constraint

for parabolic equations.

Lemma 3.2.1 tells us an inherent property of the Euler forward scheme. If the

solution is non-negative at the previous time step (at the Gauss-Lobatto quadrature

points), as long as the time step is smaller than a threshold, the cell average at next

time step will remain non-negative. In order to close the loop, one would need to

ensure the nodal values at the quadrature points of the next time step are also non-

negative. This indeed can be achieved by applying a scaling limiter, which luckily

does not affect the spatial accuracy. We refer to [86] for more details.
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Lemma 3.2.2. Let

ρn+1
h (xri ) = (ρ̄h)

n+1,pre
i + θi

(
ρn+1,pre
h (xri )− (ρ̄h)

n+1,pre
i

)
, ∀r = 1, . . . , k + 1,

with θi = min{ (ρ̄h)n+1,pre
i

(ρ̄h)n+1,pre
i −mi

, 1} and mi = min{ρn+1,pre
h (xri )}k+1

r=1. Then we have

ρn+1
h (xri ) ≥ 0, ∀r = 1, . . . , k + 1 and (ρ̄h)

n+1
i = (ρ̄h)

n+1,pre
i . Furthermore, the in-

terpolation polynomial of {ρn+1
h (xri )} on Ii satisfies

|ρn+1
h (x)− ρn+1,pre

h (x)| ≤ Ck max
x∈Ii
|ρ(x, tn+1)− ρn+1,pre

h (x)|,

where ρ(x, tn+1) is the exact solution at time tn+1 and Ck is a constant depending

only on the polynomial degree k.

Remark 3.2.5. Our scheme only uses the nodal values at the Gauss-Lobatto quadra-

ture points, hence we only need to ensure the non-negativity at these nodes. One can

also squash the solution polynomials so that the solution is non-negative everywhere

on the domain. The proof will still go through.

Theorem 3.2.2. With the scaling limiter in Lemma 3.2.2, the Euler forward time

discretization of the semi-discrete scheme is positivity-preserving, provided the time

step restriction specified in Lemma 3.2.1 is satisfied.

3.2.3.2 High-order time discretization

The SSP-RK method will be used for time discretization. We refer readers to [38]

for more details. Since the time step usually scales like τ = Ch2, the Euler forward

method will be sufficient for piecewise linear elements to achieve overall second-order
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accuracy. For k = 2, 3, we will use the second order SSP-RK scheme

ρ
(1)
h = ρnh + τF (ρnh), (3.12a)

ρn+1
h =

1

2
ρnh +

1

2

(
ρ

(1)
h + τF (ρ

(1)
h )
)
. (3.12b)

For k = 4, 5, the third-order SSP-RK scheme is used

ρ
(1)
h = ρnh + τF (ρnh), (3.13a)

ρ
(2)
h =

3

4
ρnh +

1

4

(
ρ

(1)
h + τF (ρ

(1)
h )
)
, (3.13b)

ρn+1
h =

1

3
ρnh +

2

3

(
ρ

(2)
h + τF (ρ

(2)
h )
)
. (3.13c)

The positivity-preserving limiter should be applied immediately after each Euler

forward stage. As one can see, the SSP-RK schemes (3.12) and (3.13) can be rewrit-

ten as convex combinations of the Euler forward steps. Since each Euler forward

step preserves the positivity, the numerical density at the next time level will remain

non-negative.

Theorem 3.2.3. Consider the SSP-RK time discretization (3.12) and (3.13) of the

semi-discrete scheme (3.8). By applying limiters specified in Lemma 3.2.2, the fully

discretized scheme preserves non-negativity as long as the time step restriction in

Lemma 3.2.1 is satisfied.

We also mention several other properties of the fully discretized scheme, whose

proofs are omitted. Such properties also hold for two-dimensional cases.

1. Mass conservation:
∫

Ω
ρnh(x)dx =

∫
Ω
ρ0(x)dx.

2. Preservation of numerical steady states: if the numerical potential I(ξh) be-
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comes constant on each connected component of the extended support of ρh,

then we have ρn+1
h = ρnh. Here the extended support is defined as the usual

support padded with an extra mesh cell on each side. The preservation of

numerical steady state for the fully discretized scheme is related with the semi-

discrete version through the profile of ρh and ξh.

3.2.4 Matrix formulation and implementation

At the end of this section, we would like to introduce the matrix formulation of our

numerical scheme and outline the flowchart of the algorithm.

3.2.4.1 Matrix formulation

The derivation of the matrix formulation is similar to that in Section 3.1 of [22]. We

refer to that paper for more details.

We omit all the subscripts h. Let {ζr}k+1
r=1 be the Gauss-Lobatto quadrature points

on the reference element [−1, 1]. We denote by Lr, r = 1, . . . , k + 1 the Lagrangian

basis polynomials interpolating at these nodes.

Lr(ζ) =
k+1∏

s=1,s 6=r

ζ − ζs
ζr − ζs

.

On each cell, the unknown function can be represented as

ρ(x, t) =
k+1∑
r=1

ρri (t)Lr(ζ
i(x)), x ∈ Ii.

Here ζ i is the mapping from Ii to [−1, 1]. To determine ρ, it suffices to identify the
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coefficients ~ρi = [ρ1
i . . . ρ

k+1
i ]T . ~ui and ~ξi are defined in a similar fashion.

The matrix formulation can be written as follows.

d

dt
~ρi = − 2

hi
M−1DTM ~fui +

2

hi
M−1B ~fu

∗
i , (3.14a)

~ui = − 2

hi
M−1DTM~ξi +

2

hi
M−1B~ξ∗i , (3.14b)

ξri = H ′(ρri ) + V (xri ) +
N∑
j=1

ρrj

∫
Ij

W (xri − y)Lr(ζ
j(y))dy. (3.14c)

Here M = diag{w1, . . . , wk+1} and B = diag{−1, 0, . . . , 0, 1}. D = (Drs) is the

difference matrix, and Drs = L′s(ζr).
~fui is the component-wise product of ~fi =

[f(ρ1
i ) . . . f(ρk+1

i )]T and ~ui. ~ξ∗i = [ξ̂i− 1
2

0 . . . 0 ξ̂i+ 1
2
]T and ~fu

∗
i is defined similarly

for f̂u. We remind the readers that one should replace
∫
Ii

by
∼∫
Ii

in (3.14c) if W is

smooth.

3.2.5 Algorithm flowchart

For simplicity, we only consider the Euler forward time stepping. The algorithm with

SSP-RK time discretization can be implemented by repeating the following flowchart

in each stage.

1. Use (3.14c) to obtain {(~ξi)n}.

2. Evaluate the numerical flux {(~ξ∗i )n} and use (3.14b) to update {(~ui)n}.

3. Evaluate {(~fi)n}, {( ~fui)n} and the numerical flux {( ~fu∗i )n}. Use Euler forward

time stepping for (3.14a) to calculate (~ρi)
n+1,pre.

4. Evaluate {ρ̄ni } in each cell.
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• If {ρ̄i} is a set of non-negative numbers. Apply the positivity preserving

limiter to obtain {(~ρi)n+1} and enter the next time level.

• Otherwise halve the time step τ and restart from 1.

Remark 3.2.6. The main advantage for using Gauss-Lobatto interpolation poly-

nomial basis is that all the needed nodal values are automatically acquired. Hence

one can save costs on evaluating the numerical fluxes and applying the positivity-

preserving limiter.

Remark 3.2.7. For W 6= 0, the computational bottleneck is to calculate the convo-

lution in step 1. Suppose the (k + 1)-point quadrature rule is used in each interval

to evaluate the integral, the evaluation of the convolution usually takes O(N2k2) op-

erations in each iteration. However, on uniform meshes, the fast Fourier transform

(FFT) can be applied to reduce the cost to O(Nk(logN + k)). The idea is that, for

each fixed i, the convolution can be evaluated by,

(~ξi)
n =

N∑
m=1

Km(~ρi+m)n, (Km)rs =

∫
I1

W (xri − ((m− 1)h+ y))Ls(ζ
1(y))dy.

(3.15)

If the convolution kernel is periodic, then (3.15) can be formulated as the multiplica-

tion of an (N × (k + 1))× (N × (k + 1)) block circulant matrix and a vector. Since

each block may not be circulant, only one-dimensional FFT can be applied, which re-

sults in O (Nk(logN + k)) operations. However, k is usually a much smaller number

compared with N .

Although W is not periodic most of the time, ρ is usually a (numerically) com-

pactly supported function. One only needs to evaluate ξ precisely on the same inter-

val. Hence we can simply extend the problem to a larger domain to adopt the previous

procedure. For example, if ρ lives on [−R,R]. We can consider its zero extension

on [−2R, 2R] and assume everything to be 4R periodic. When the FFT algorithm
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is used to compute the matrix multiplication, it gives exact ξ on [−R,R], because

relevant values of W is unchanged on [−2R, 2R]. The computational complexity is

still O (Nk(logN + k)).

Remark 3.2.8. In our numerical tests, both for one-dimensional and two dimen-

sional cases, we will use a sufficiently small time step to avoid the cell average at-

taining negative values. Also, g(ρ) = f(ρ) will be used to define the numerical flux,

unless otherwise stated.

3.3 Numerical method: two-dimensional case

In this section, we apply our method to solve two-dimensional problems on Cartesian

meshes.

3.3.1 Semi-discrete scheme and entropy inequality

Consider the initial value problem,


∂tρ = ∇ · (f(ρ)∇(H ′(ρ) + V (x, y) +W ∗ ρ)) , x, y ∈ Ω ⊂ R2, t > 0,

ρ(x, y, 0) = ρ0(x, y).

Here Ω = I × J is a rectangular domain and the periodic boundary conditions

are applied. Let Ii × Jj = [xi− 1
2
, xi+ 1

2
] × [yj− 1

2
, yj+ 1

2
] and ∪Nx

i=1 ∪N
y

j=1 Ii × Jj be a

partition of the mesh. The mesh size is denoted by h = maxi,j{
√

(hxi )
2 + (hyj )

2},

where hxi = xi+ 1
2
−xi− 1

2
and hyj = yj+ 1

2
− yj− 1

2
. The finite element spaces are defined
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as

Vh = {vh : vh
∣∣
Ii×Jj

∈ Qk(Ii×Jj), for all i = 1, . . . , Nx, j = 1, . . . , Ny} and V h = Vh×Vh.

(3.16)

Here Qk(Ii × Jj) is the tensor product space of P k(Ii) and P k(Jj).

The semi-discrete DG scheme is formulated as follows. With Vh and V h defined

in (3.16), one needs to find ρh ∈ Vh and uh = (uxh, u
y
h) ∈ V h, such that for any test

functions ϕh ∈ Vh and (ψxh, ψ
y
h) ∈ V h,

∼∫
Jj

∼∫
Ii

(∂tρh)ϕhdxdy =−
∼∫
Jj

∼∫
Ii

fh (uxh∂xϕh + uyh∂yϕh) dxdy

+

∼∫
Jj

f̂uxi+ 1
2
ϕh(x

−
i+ 1

2

, y)− f̂uxi− 1
2
ϕh(x

+
i− 1

2

, y)dy

+

∼∫
Ii

f̂uyj+ 1
2
ϕh(x, y

−
j+ 1

2

)− f̂uyj− 1
2
ϕh(x, y

+
j− 1

2

)dx,

(3.17)

∼∫
Jj

∼∫
Ii

uxhψ
x
h + uyhψ

y
hdxdy =−

∼∫
Jj

∼∫
Ii

ξh(∂xψ
x
h + ∂yψ

y
h)dxdy

+

∼∫
Jj

ξ̂i+ 1
2
ψxh(x−

i+ 1
2

, y)− ξ̂i− 1
2
ψyh(x

+
i− 1

2

, y)dy

+

∼∫
Ii

ξ̂j+ 1
2
ψyh(x, y

−
j+ 1

2

)− ξ̂j− 1
2
ψyh(x, y

+
j− 1

2

)dx.

(3.18)

Here, when the interaction potential W is smooth, we set

ξh = ξh(ρh, x, y) = H ′h + V +

∼∫
J

∼∫
I

W (x− x̃, y − ỹ)ρh(x̃, ỹ)dx̃dỹ.

While for non-smooth W , the quadrature may not achieve sufficient accuracy. Hence
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the exact integration is applied

ξh = ξh(ρh, x, y) = H ′h + V +

∫
J

∫
I

W (x− x̃, y − ỹ)ρh(x̃, ỹ)dx̃dỹ.

The numerical fluxes are chosen in the following way,

ξ̂i+ 1
2

= ξ̂i+ 1
2
(y) =

1

2

(
ξh(x

+
i+ 1

2

, y) + ξh(x
−
i+ 1

2

, y)
)
,

ξ̂j+ 1
2

= ξ̂j+ 1
2
(x) =

1

2

(
ξh(x, y

+
j+ 1

2

) + ξh(x, y
−
j+ 1

2

)
)
,

f̂uxi+ 1
2

= f̂uxi+ 1
2
(y) =

1

2

(
(fhuh)(x

+
i+ 1

2

, y) + (fhuh)(x
−
i+ 1

2

, y)
)

+
αx
i+ 1

2

2

(
gh(x

+
i+ 1

2

, y)− gh(x−i+ 1
2

, y)
)
,

αx
i+ 1

2
= αx

i+ 1
2
(y) = max{|uh(x+

i+ 1
2

, y)|, |uh(x−i+ 1
2

, y)|},

f̂uyj+ 1
2

= f̂uyj+ 1
2
(x) =

1

2

(
(fhuh)(x, y

+
j+ 1

2

) + (fhuh)(x, y
−
j+ 1

2

)
)

+
αy
j+ 1

2

2

(
gh(x, y

+
j+ 1

2

)− gh(x, y−j+ 1
2

)
)
,

αy
j+ 1

2

= αy
j+ 1

2

(x) = max{|uh(x, y+
j+ 1

2

)|, |uh(x, y−j+ 1
2

)|},

with gh(x, y) = g(ρh(x, y)), where g(ρ) = f(ρ) if f is increasing and g(ρ) = Cρ if

f(ρ)
ρ
≤ C.

For smooth W , one can obtain an entropy inequality as we have done for one

dimensional problems.

Theorem 3.3.1. For smooth interaction kernel W , assume that the semi-discrete

scheme defined by (3.17) and (3.18) has a solution, then it satisfies the following

entropy inequality.

d

dt
Ẽ ≤ −Ĩ , (3.19)
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where

Ẽ =

∼∫
J

∼∫
I

H(ρh)dxdy +

∼∫
J

∼∫
I

V ρhdxdy

+
1

2

∼∫
J

∼∫
I

∼∫
J

∼∫
I

W (x− x̃, y − ỹ)ρh(x, y)ρh(x̃, ỹ)dx̃dỹdxdy

is the discrete entropy and

Ĩ =

∼∫
J

∼∫
I

fh|uh|2dxdy

is the associated discrete entropy dissipation. Moreover, assuming g and H ′ are

strictly increasing, if αx and αy are all positive and ρh ≥ 0 is a stationary state

of the semi-discrete scheme, then ρh is continuous and the piecewise polynomial

interpolation of ξh is constant in each connected component of the support of ρh.

Proof. We will focus on the entropy-entropy dissipation relationship and the proof

of the second part of the theorem is omitted. Using the symmetry of W , we have

d

dt

1

2

∼∫
J

∼∫
I

∼∫
J

∼∫
I

W (x− x̃, y − ỹ)ρh(x, y)ρh(x̃, ỹ)dx̃dỹdxdy

=

∼∫
J

∼∫
I

∂tρh(x, y)

( ∼∫
J

∼∫
I

W (x− x̃, y − ỹ)ρh(x̃, ỹ)dx̃dỹ

)
dxdy.
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Hence,

d

dt
Ẽ =

∼∫
J

∼∫
I

∂tρh(x, y)

(
H ′h + V +

∼∫
J

∼∫
I

W (x− x̃, y − ỹ)ρh(x̃, ỹ)dx̃dỹ

)
dxdy

=

∼∫
J

∼∫
I

∂tρhξhdxdy =
Nx∑
i=1

Ny∑
j=1

∼∫
Jj

∼∫
Ii

∂tρhI(ξh)dxdy

=
Nx∑
i=1

Ny∑
j=1

(
−
∼∫
Jj

( ∼∫
Ii

I(fhu
x
h)∂xI(ξh)dx

)
dy −

∼∫
Ii

( ∼∫
Jj

I(fhu
y
h)∂yI(ξh)dy

)
dx

+

∼∫
Jj

f̂uxi+ 1
2
ξh(x

−
i+ 1

2

, y)− f̂uxi− 1
2
ξh(x

+
i− 1

2

, y)dy

+

∼∫
Ii

f̂uyj+ 1
2
ξh(x, y

−
j+ 1

2

)− f̂uyj− 1
2
ξh(x, y

+
j− 1

2

)dx

)
.

For fixed y, I(fhu
x
h)∂xI(ξh) is a polynomial of degree 2k−1 with respect to x. Hence

the Gauss-Lobatto quadrature with k+ 1 nodes is exact. We replace the quadrature

with the exact integral, integrate by parts and then change back to the quadrature.

The same argument also applies to the second integral. One can then obtain,

d

dt
Ẽ =

Nx∑
i=1

Ny∑
j=1

( ∼∫
Jj

( ∼∫
Ii

∂xI(fhu
x
h)I(ξh)dx

)
dy +

∼∫
Ii

( ∼∫
Jj

∂yI(fhu
y
h)I(ξh)dy

)
dx

−
∼∫
Jj

(fhu
x
hξh)(x

−
i+ 1

2

, y)− (fhu
x
hξh)(x

+
i− 1

2

, y)dy

−
∼∫
Ii

(fhu
y
hξh)(x, y

−
j+ 1

2

)− (fhu
y
hξh)(x, y

+
j− 1

2

)dx

+

∼∫
Jj

f̂uxi+ 1
2
ξh(x

−
i+ 1

2

, y)− f̂uxi− 1
2
ξh(x

+
i− 1

2

, y)dy

+

∼∫
Ii

f̂uyj+ 1
2
ξh(x, y

−
j+ 1

2

)− f̂uyj− 1
2
ξh(x, y

+
j− 1

2

)dx

)
.
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Use the scheme (3.18) one can get

d

dt
Ẽ =−

∼∫
J

∼∫
I

f |uh|2dxdy +
Nx∑
i=1

Ny∑
j=1

( ∼∫
Jj

ξ̂i+ 1
2
(fhu

x
h)(x

−
i+ 1

2

, y)− ξ̂i− 1
2
(fhu

x
h)(x

+
i− 1

2

, y)dy

+

∼∫
Ii

ξ̂j+ 1
2
(fhu

y
h)(x, y

−
j+ 1

2

)− ξ̂j− 1
2
(fhu

y
h)(x, y

+
j− 1

2

)dx

−
∼∫
Jj

(fhu
x
hξh)(x

−
i+ 1

2

, y)− (fhu
x
hξh)(x

+
i− 1

2

, y)dy

−
∼∫
Ii

(fhu
y
hξh)(x, y

−
j+ 1

2

)− (fhu
y
hξh)(x, y

+
j− 1

2

)dx

+

∼∫
Jj

f̂uxi+ 1
2
ξh(x

−
i+ 1

2

, y)− f̂uxi− 1
2
ξh(x

+
i− 1

2

, y)dy

+

∼∫
Ii

f̂uyj+ 1
2
ξh(x, y

−
j+ 1

2

)− f̂uyj− 1
2
ξh(x, y

+
j− 1

2

)dx

)

=−
∼∫
J

∼∫
I

f |uh|2dxdy

−
Nx∑
i=1

Ny∑
j=1

( ∼∫
Jj

αx
i+ 1

2

(y)

2

(
gh(x

+
i+ 1

2

, y)− gh(x−i+ 1
2

, y)
)(

ξh(x
+
i+ 1

2

, y)− ξh(x−i+ 1
2

, y)
)
dy

+

∼∫
Ii

αy
j+ 1

2

(x)

2

(
gh(x, y

+
j+ 1

2

)− gh(x, y−j+ 1
2

)
)(

ξh(x, y
+
j+ 1

2

)− ξh(x, y−j+ 1
2

)
)
dx

)
.

By our choices of g, the strict monotonicity of H ′ and the fact that V and W are

single-valued, the last term is non-positive, which gives (3.19).

3.3.2 Time discretization and preservation of positivity

It suffices to ensure the positivity-preserving property of the Euler forward scheme.

The high-order case is automatically taken care of by SSP-RK time discretization.

The first step is to show that, provided the solution at the current time level
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is non-negative, the cell average at next time level will also be non-negative, if a

specific time step restriction is satisfied.

Lemma 3.3.1. Let λxi = τ
hxi

and λyj = τ
hyj

. Suppose ρnh(xri , y
s
j ) ≥ 0, r, s = 1, . . . , k+ 1

and

λxi ≤ min
s

{(
w1ρ

2(fux + αxg)

)
(x+

i− 1
2

, ysj ),

(
wk+1ρ

2(αxg − fux)

)
(x−

i+ 1
2

, ysj )

}
, (3.20a)

λyj ≤ min
r

{(
w1ρ

2(fuy + αyg)

)
(xri , y

+
j− 1

2

),

(
wk+1ρ

2(αyg − fuy)

)
(xri , y

−
j+ 1

2

)

}
, (3.20b)

then the solution (ρh)
n+1,pre
i,j obtained from (3.17) satisfies (ρ̄h)

n+1,pre
i,j ≥ 0. Here, in

the constraint of λxi and λxj , we formally denote by 0
0

:= +∞.

Proof. As before, we drop all the subscripts h in this proof. The superscript n will

also be omitted for simplicity. Take ϕ = 1 in (3.17), we have

ρ̄n+1,pre
i,j = ρ̄i,j +

τ

hxi h
y
j

∼∫
Jj

f̂uxi+ 1
2
− f̂uxi− 1

2
dy +

τ

hxi h
y
j

∼∫
Ii

f̂uyj+ 1
2
− f̂uyj− 1

2
dx.

Note that

ρ̄i,j =
1

hxi h
y
j

∼∫
Jj

∼∫
Ii

ρdxdy =
1

4

k+1∑
r=1

k+1∑
s=1

wrwsρ(xri , y
s
j ).
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Then we have

ρ̄n+1,pre
i,j =

1

4

k+1∑
r=1

k+1∑
s=1

wrwsρ(xri , y
s
j )

+
λxi
4

k+1∑
s=1

ws

(
(fux)(x+

i+ 1
2

, ysj ) + (fux)(x−
i+ 1

2

, ysj ) + αx
i+ 1

2

(
gh(x

+
i+ 1

2

, ysj )− gh(x−i+ 1
2

, ysj )
))

− λxi
4

k+1∑
s=1

ws

(
(fux)(x+

i− 1
2

, ysj ) + (fux)(x−
i− 1

2

, ysj ) + αx
i− 1

2

(
gh(x

+
i− 1

2

, ysj )− gh(x−i− 1
2

, ysj )
))

+
λyj
4

k+1∑
r=1

wr

(
(fuy)(xri , y

+
j+ 1

2

) + (fuy)(xri , y
−
j+ 1

2

) + αy
j+ 1

2

(
gh(x

r
i , y

+
j+ 1

2

)− gh(xri , y−j+ 1
2

)
))

−
λyj
4

k+1∑
r=1

wr

(
(fuy)(xri , y

+
j− 1

2

) + (fuy)(xri , y
−
j− 1

2

) + αy
j− 1

2

(
gh(x

r
i , y

+
j− 1

2

)− gh(xri , y−j− 1
2

)
))

≥ 1

4

k∑
r=2

k∑
s=2

wrwsρ(xri , y
s
j )

+
k+1∑
s=1

ws

(
wk+1

8
ρ(x−

i+ 1
2

, ysj ) +
λxi
4

(
(fux)(x−

i+ 1
2

, ysj )− αxi+ 1
2
gh(x

−
i+ 1

2

, ysj )
))

+
k+1∑
s=1

ws

(
w1

8
ρ(x+

i− 1
2

, ysj )−
λxi
4

(
(fux)(x+

i− 1
2

, ysj ) + αx
i− 1

2
gh(x

+
i− 1

2

, ysj )
))

+
k+1∑
r=1

wr

(
wk+1

8
ρ(xri , y

−
j+ 1

2

) +
λyj
4

(
(fuy)(xri , y

−
j+ 1

2

)− αy
j+ 1

2

gh(x
r
i , y
−
j+ 1

2

)
))

+
k+1∑
r=1

wr

(
w1

8
ρ(xri , y

+
j− 1

2

)−
λyj
4

(
(fuy)(xri , y

+
j− 1

2

) + αy
j− 1

2

gh(x
r
i , y

+
j− 1

2

)
))

+
λxi
4

k+1∑
s=1

ws

(
(fux)(x+

i+ 1
2

, ysj ) + αx
i+ 1

2
gh(x

+
i+ 1

2

, ysj )
)

− λxi
4

k+1∑
s=1

ws

(
(fux)(x−

i− 1
2

, ysj )− αxi− 1
2
gh(x

−
i− 1

2

, ysj )
)

+
λyj
4

k+1∑
r=1

wr

(
(fuy)(xri , y

+
j+ 1

2

) + αy
j+ 1

2

gh(x
r
i , y

+
j+ 1

2

)
)

−
λyj
4

k+1∑
r=1

wr

(
(fuy)(xri , y

−
j− 1

2

)− αy
j− 1

2

gh(x
r
i , y
−
j− 1

2

)
)
.

The first term is automatically non-negative, since the weights wr, ws ≥ 0 and
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the nodal values ρ(xri , y
s
j ) ≥ 0. The positivity of the last four terms is guaranteed

by our choice of α and g. One only needs (3.20) to ensure the second and the third

term to be non-negative. And as before, one can check the convention 0
0

= +∞ does

make sense. Hence ρ̄n+1
i,j ≥ 0 under the prescribed time step constraint.

Then, as we have done in the one-dimensional case, a scaling limiter is applied to

sure the numerical polynomial solution takes non-negative values at the quadrature

points. Hence the assumption in Lemma 3.3.1 is met and the fully discretized scheme

is positivity-preserving.

Theorem 3.3.2. Let

ρn+1
h (xri , y

s
j ) = (ρ̄h)

n+1,pre
i,j +θi,j

(
ρn+1,pre
h (xri , y

s
j )− (ρ̄h)

n+1,pre
i,j

)
, ∀r, s = 1, . . . , k+1,

with θi,j = min{ (ρ̄h)n+1,pre
i,j

(ρ̄h)n+1,pre
i,j −mi,j

, 1} and mi,j = min{ρn+1,pre
h (xri , y

s
j )}k+1

r,s=1. Then we

have ρn+1
h (xri , y

s
j ) ≥ 0,∀r, s = 1, . . . , k + 1, ρ̄n+1

h = ρ̄n+1,pre
h . Hence the resulting fully

discretized scheme using Euler forward or SSP-RK time discretization preserves the

non-negativity of the solution, if

τ ≤ min
i,j
{hxi , hyj} · min

i,j,s,r

{(
w1ρ

2(fux + αxg)

)
(x+

i− 1
2

, ysj ),

(
wk+1ρ

2(αxg − fux)

)
(x−

i+ 1
2

, ysj )(
w1ρ

2(fuy + αyg)

)
(xri , y

+
j− 1

2

),

(
wk+1ρ

2(αyg − fuy)

)
(xri , y

−
j+ 1

2

)

}
.

Remark 3.3.1. As that in the one-dimensional case, we expect the time step con-

straint to be τ ≤ ch if H ′ ≡ 0 and τ ≤ ch2 otherwise.
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3.4 One-dimensional numerical tests

3.4.1 Accuracy tests

In this part, we examine the accuracy of the numerical schemes with P 1, P 2, P 3 and

P 4 elements. The error is measured in the discrete norms.

eL1 =
N∑
i=1

∼∫
Ii

|uh(x, t)− u(x, t)| dx,

eL2 =

√√√√ N∑
i=1

∼∫
Ii

|uh(x, t)− u(x, t)|2 dx,

eL∞ = max
x∈{xri }i,r

|uh(x, t)− u(x, t)| .

Example 3.4.1.1 (Advection equation). The first numerical test is done for the

linear advection equation


∂tρ = ∂xρ, x ∈ [−π, π],

ρ(x, 0) = 1 + sin(x).

The problem has an exact solution u(x, t) = 1 + sin(x + t). In this test, f(ρ) = ρ,

H ′(ρ) = 0, V (x) = x and W (x) = 0. To be consistent at the boundaries, one needs to

manually impose ξ̂(π) = π and ξ̂(−π) = −π. (This will gives u ≡ 1 and the scheme

is equivalent to the usual upwinding DG method with a mass lumping treatment.)

We compute up to t = 2 and the time step is τ = 0.02h2.

Due to our choice of the initial condition, the solution has point vacuum and the

numerical solution may become negative in its neighborhood. We perform numerical

tests without and with the positivity-preserving limiter and the results are listed
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in Table 3.1 and Table 3.2 respectively. As one can see, without the limiter, the

convergence rate is optimal. The rate degenerates a little bit for P 1 and P 4 schemes

when one applies the limiter.

Table 3.1: Accuracy test of the linear advection equation in Example 3.4.1.1: without
limiters.

k N L1 error order L2 error order L∞ error order
1 20 1.555E-01 - 6.893E-02 - 4.169E-02 -

40 4.039E-02 1.94 1.793E-02 1.94 1.062E-02 1.97
80 1.023E-02 1.98 4.536E-03 1.98 2.657E-03 2.00
160 2.567E-03 1.99 1.138E-03 1.99 6.633E-04 2.00

2 20 1.837E-03 - 1.042E-03 - 1.241E-03 -
40 2.225E-04 3.05 1.306E-04 3.00 1.588E-04 2.97
80 2.738E-05 3.02 1.633E-05 3.00 2.002E-05 2.99
160 3.394E-06 3.01 2.041E-06 3.00 2.513E-06 2.99

3 20 2.995E-05 - 1.763E-05 - 2.705E-05 -
40 1.877E-06 4.00 1.104E-06 4.00 1.700E-06 3.99
80 1.177E-07 4.00 6.899E-08 4.00 1.061E-07 4.00
160 7.363E-09 4.00 4.312E-09 4.00 6.622E-09 4.00

4 20 4.510E-08 - 2.528E-07 - 4.294E-07 -
40 1.330E-09 5.08 7.985E-09 4.98 1.432E-08 4.91
80 4.153E-11 5.00 2.470E-10 5.01 4.443E-10 5.01
160 1.297E-12 5.00 7.719E-12 5.00 1.390E-11 5.00

Example 3.4.1.2 (Heat equation). We then examine the heat equation,


∂tρ = ∂xxρ, x ∈ [−π, π],

ρ(x, 0) = 2 + sin(x),

with periodic boundary conditions. The decomposition of the equation into the

desired form is not unique. Let us consider two test cases,

(i) f(ρ) = ρ, H ′(ρ) = log(ρ) and V (x) = W (x) = 0,

(ii) f(ρ) =
√
ρ, H ′(ρ) = 2

√
ρ and V (x) = W (x) = 0.

Note that for both of the cases, the schemes are nonlinear, although the original

problem is linear. The exact solution to the problem is ρ(x, t) = 2 + e−t sin(x).

It attains values away from 0. Hence the positivity-preserving limiter will not be
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Table 3.2: Accuracy test of the linear advection equation in Example 3.4.1.1: with
limiters.

k N L1 error order L2 error order L∞ error order
1 20 1.494E-01 - 6.679E-02 - 4.333E-02 -

40 4.009E-02 1.90 1.814E-02 1.88 1.368E-02 1.66
80 1.047E-02 1.94 4.734E-03 1.94 5.148E-03 1.41
160 2.686E-03 1.96 1.227E-03 1.95 1.761E-03 1.55

2 20 1.835E-03 - 1.048E-03 - 1.241E-03 -
40 2.231E-04 3.04 1.307E-04 3.00 1.588E-04 2.97
80 2.743E-05 3.02 1.633E-05 3.00 2.002E-05 2.99
160 3.395E-06 3.01 2.041E-06 3.00 2.513E-06 2.99

3 20 3.136E-05 - 1.885E-05 - 3.593E-05 -
40 1.990E-06 3.98 1.173E-06 4.01 1.827E-06 4.30
80 1.217E-07 4.03 7.196E-08 4.02 1.629E-07 3.49
160 7.591E-09 4.00 4.463E-09 4.01 9.453E-09 4.11

4 20 1.661E-06 - 1.605E-06 - 2.855E-06 -
40 5.831E-08 4.83 7.580E-08 4.40 2.044E-07 3.80
80 1.996E-09 4.87 3.591E-09 4.40 1.385E-08 3.88
160 7.072E-11 4.82 1.702E-10 4.40 9.038E-10 3.94

activated as long as the numerical approximations are reasonably accurate. We

compute to t = 2 and use a time step τ = 0.01h2 for accuracy tests. Error tables are

given in Table 3.3 and Table 3.4 respectively. According to our numerical results, we

see that different choices of decomposition lead to negligible difference. For both of

the tests, P 2 and P 4 schemes are of the optimal rate of convergence, but the order

for P 1 and P 3 schemes seems to be reduced. For this specific problem, the order

degeneracy should be due to the fact that the constant in the Lax-Friedrichs flux is

not large enough. We refer to our numerical tests and comments in Section 4.4.1 for

further details.

Example 3.4.1.3 (Evolution equation with interaction potentials). Our final tests

are designed for problems with interaction potentials.


∂tρ = ∂x (ρ∂x(W ∗ ρ)) , x ∈ [−1, 1],

ρ(x, 0) =

(
e−

x2

0.1√
0.1π

)4

.
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Table 3.3: Accuracy test of the heat equation in Example 3.4.1.2: (i) ∂tρ =
∂x (ρ∂x log(ρ)).

k N L1 error order L2 error order L∞ error order
1 20 7.95669E-03 - 3.69447E-03 - 2.28808E-03 -

40 2.00183E-03 1.99 9.88037E-04 1.90 6.64459E-04 1.78
80 5.52074E-04 1.86 2.83256E-04 1.80 2.02063E-04 1.72
160 1.72193E-04 1.68 8.55650E-05 1.73 6.22412E-05 1.70
320 5.38010E-05 1.68 2.59228E-05 1.72 1.87767E-05 1.73

2 20 1.534E-04 - 9.350E-05 - 9.010E-05 -
40 1.679E-05 3.19 1.131E-05 3.05 1.108E-05 3.02
80 1.956E-06 3.10 1.403E-06 3.01 1.382E-06 3.00
160 2.358E-07 3.05 1.751E-07 3.00 1.727E-07 3.00
320 2.895E-08 3.02 2.188E-08 3.00 2.158E-08 3.00

3 20 1.622E-05 - 7.803E-06 - 7.896E-06 -
40 1.805E-06 3.17 8.674E-07 3.17 8.771E-07 3.17
80 1.851E-07 3.29 8.922E-08 3.28 9.100E-08 3.27
160 1.713E-08 3.43 8.331E-09 3.42 8.658E-09 3.39
320 1.425E-09 3.59 7.054E-10 3.56 7.564E-10 3.52

4 20 3.576E-08 - 2.373E-08 - 4.104E-08 -
40 1.040E-09 5.10 7.208E-10 5.04 1.255E-09 5.03
80 3.152E-11 5.04 2.237E-11 5.01 3.900E-11 5.01
160 9.711E-13 5.02 6.981E-13 5.00 1.218E-12 5.00
320 3.014E-14 5.01 2.181E-14 5.00 3.804E-14 5.00

Periodic boundary conditions are applied for the problem. We consider both the

smooth case W (x) = 0.2 e
− x

2

0.1√
0.1π

and the nonsmooth case W (x) = max{0.2 − |x|, 0}.

The convolution integrals are evaluated by quadrature and exact integration respec-

tively. We compute to t = 0.2 with τ = 0.4h2 and use the numerical solution with

P 4 elements on N = 1280 mesh as the reference solution to evaluate the accuracy.

We do not impose the limiter in the tests. The order of accuracy seems to be op-

timal for odd k, while the order degenerates for even k. See Table 3.5 and Table

3.6. We speculate that the insufficient accuracy of the Gauss-Lobatto quadrature.

The (k+ 1)-point Gauss-Lobatto quadrature is only exact for polynomials of degree

2k − 1, while in general, a quadrature with algebraic degree of accuracy 2k is ex-

pected (see [26] and [44]). In [22], reduced accuracy is reported when the authors

solve conservation laws with a DG method using suboptimal quadrature rules. The
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Table 3.4: Accuracy test of the heat equation in Example 3.4.1.2: (ii) ∂tρ =
∂x
(√

ρ∂x(2
√
ρ)
)
.

k N L1 error order L2 error order L∞ error order
1 20 8.427E-03 - 3.783E-03 - 2.239E-03 -

40 2.107E-03 2.01 9.678E-04 1.97 6.069E-04 1.88
80 5.314E-04 2.00 2.583E-04 1.92 1.743E-04 1.80
160 1.430E-04 1.89 7.340E-05 1.83 5.221E-05 1.74
320 4.390E-05 1.70 2.195E-05 1.74 1.592E-05 1.71

2 20 1.572E-04 - 9.394E-05 - 8.929E-05 -
40 1.699E-05 3.21 1.132E-05 3.05 1.101E-05 3.02
80 1.971E-06 3.11 1.402E-06 3.01 1.369E-06 3.01
160 2.369E-07 3.06 1.749E-07 3.00 1.711E-07 3.00
320 2.904E-08 3.03 2.185E-08 3.00 2.138E-08 3.00

3 20 1.740E-05 - 8.302E-06 - 8.097E-06 -
40 2.042E-06 3.09 9.706E-07 3.10 9.538E-07 3.09
80 2.265E-07 3.17 1.075E-07 3.17 1.054E-07 3.18
160 2.319E-08 3.29 1.101E-08 3.29 1.078E-08 3.29
320 2.147E-09 3.43 1.018E-08 3.43 9.981E-10 3.43

4 20 3.528E-08 - 2.189E-08 - 3.378E-08 -
40 1.033E-09 5.09 6.681E-10 5.03 1.050E-09 5.01
80 3.138E-11 5.04 2.076E-11 5.01 3.269E-11 5.01
160 9.679E-13 5.02 6.478E-13 5.00 1.022E-12 5.00
320 3.006E-14 5.01 2.024E-14 5.00 3.192E-14 5.00

degeneracy may be due to the same reason here.

3.4.2 Fokker-Planck type equations

Example 3.4.2.1 (Porous media equation). Let us consider the porous media equa-

tion

∂tρ = ∂x

(
ρ∂x

(
m

m− 1
ρm−1 +

x2

2

))
,

which is used to model the flow of a gas through a porous interface. The equation

fits our model with H(ρ) = 1
m−1

ρm and V (x) = x2

2
. The property of the equation is

studied by Carrillo and Toscani in [21] using an entropy approach. They have proved

that the equation converges to a unique steady state given by a Barenblatt-Pattle
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Table 3.5: Accuracy test for Example 3.4.1.3 with a smooth kernel W (x) = 0.2 e
− x

2

0.1√
0.1π

.

k N L1 error order L2 error order L∞ error order
1 40 8.598E-02 - 9.874E-02 - 1.944E-01 -

80 2.866E-02 1.59 3.552E-02 1.48 7.714E-02 1.33
160 8.129E-03 1.82 1.064E-02 1.74 2.432E-02 1.67
320 2.130E-03 1.93 2.842E-03 1.90 6.868E-03 1.82
640 5.394E-04 1.98 7.253E-04 1.97 1.790E-03 1.94

2 40 2.615E-02 - 6.900E-02 - 4.582E-01 -
80 4.037E-03 2.70 1.309E-02 2.40 1.224E-01 1.91
160 6.680E-04 2.60 2.369E-03 2.47 3.104E-02 1.98
320 1.271E-04 2.39 4.266E-04 2.47 7.807E-03 1.99

3 40 7.679E-04 - 1.255E-03 - 1.004E-02 -
80 4.486E-05 4.10 6.716E-05 4.22 6.499E-04 3.95
160 2.450E-06 4.19 3.570E-06 4.23 4.094E-05 3.99
320 1.312E-07 4.22 1.934E-07 4.21 2.509E-06 4.03
640 7.257E-09 4.18 1.069E-08 4.18 1.019E-07 4.62

4 40 8.266E-04 - 2.369E-04 - 2.832E-03 -
80 3.017E-05 4.78 1.146E-05 4.37 1.955E-04 3.86
160 1.110E-06 4.76 5.189E-07 4.46 1.258E-05 3.96
320 4.332E-08 4.68 2.407E-08 4.43 8.466E-07 3.89

type formula,

ρ∞(x) =

(
C − m− 1

2m
|x|2
) 1

m−1

.

Here the constant C is determined by ensuring the mass conservation. Furthermore,

the relative entropy E(t|∞) = E(ρ(t)) − E(ρ∞) decays exponentially, E(t|∞) ≤

E(0|∞)e−2t and the rate −2 is sharp.

We particularly choose m = 2 in our numerical test.


∂tρ = ∂x(ρ∂x(2ρ+

x2

2
)), x ∈ [−2, 2],

ρ(x, 0) = max{1− |x|, 0},
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Table 3.6: Accuracy test for Example 3.4.1.3 with a nonsmooth kernel W (x) =
max{0.2− |x|, 0}.

k N L1error order L2 error order L∞ error order
1 40 1.072E-01 - 1.292E-01 - 2.764E-01 -

80 3.794E-02 1.50 5.095E-02 1.34 1.462E-01 0.92
160 1.133E-02 1.74 1.671E-02 1.61 5.300E-02 1.46
320 3.064E-03 1.89 4.805E-03 1.80 1.613E-02 1.72
640 7.809E-04 1.97 1.267E-03 1.92 4.463E-03 1.85

2 40 2.779E-02 - 3.634E-02 - 1.352E-01 -
80 5.066E-03 2.46 7.037E-03 2.37 3.271E-02 2.05
160 1.135E-03 2.16 1.619E-03 2.12 7.916E-03 2.05
320 2.774E-04 2.03 4.085E-04 1.99 2.206E-03 1.84
640 7.017E-05 1.98 1.049E-04 1.96 5.825E-04 1.92

3 40 1.838E-03 - 3.473E-03 - 2.408E-02 -
80 1.811E-04 3.34 3.735E-04 3.22 3.650E-03 2.72
160 1.088E-05 4.06 2.334E-05 4.00 2.541E-04 3.84
320 6.814E-07 4.00 1.527E-06 3.93 1.859E-05 3.77

4 40 3.851E-04 - 8.153E-04 - 7.931E-03 -
80 1.717E-05 4.49 2.443E-05 5.06 1.304E-04 5.93
160 1.008E-06 4.09 1.690E-06 3.85 1.366E-05 3.26
320 5.854E-08 4.11 1.331E-07 3.67 1.520E-06 3.17

with periodic boundary conditions. The stationary solution is

ρ∞ = max

{(
3

8

) 2
3

− x2

4
, 0

}
.

We compute up to t = 5 with the number of cells N = 40 and the time step

τ = 0.005h2. The positivity preserving limiter keeps being invoked in the test. (If

we manually turn off the limiter, the solution blows up.) The profiles of the solution

polynomials with k = 2 and k = 3 are given in Figure 3.1a. As one can see, the

numerical solutions converge well to the exact steady state in the smooth region. We

also provide a zoomed-in snapshot to exhibit the capture of singularity near x = 3
1
3

in Figure 3.1b.

In Figure 3.2a and Figure 3.2b, we plot the entropy and the relative entropy

respectively. The entropy profiles for k = 2 and k = 3 are almost identical, and
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they both approach to zero. We then evaluate the relative entropy using that of the

numerical steady state as a reference. But we can only plot up to a certain time,

before the relative entropy becomes slightly negative, since the entropy decay of the

semi-discrete scheme may not be preserved after applying the time discretization

and the limiter. We stop the plotting after negative relative entropy appears, not

only because it can not be depicted in the logarithm scale, but also because the

unresolved tail should be regarded as a discretization error. If we choose N = 320

while keeping τ = 0.005h2, the decay will continue further.

(a) Steady state. (b) Zoomed in figure near x = 3
1
3 .

Figure 3.1: Profiles of the numerical steady states for (3.4.2.1) in Example 3.4.2.1,
with ρ(x, 0) = max{1− |x|, 0}.

(a) ρ(x, 0) = max{1− |x|, 0}. (b) ρ(x, 0) = max{1− |x|, 0}.

Figure 3.2: The entropy and the relative entropy for (3.4.2.1) in Example 3.4.2.1,
with ρ(x, 0) = max{1− |x|, 0}.

For the symmetric initial condition, our numerical tests indicate the decay rate
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Figure 3.3: The relative entropy for porous equation in Example 3.4.2.1, with
ρ(x, 0) = max{1− |x− 1

2
|, 0}.

is around e−6.4t. Indeed, symmetric initial data converge faster to equilibrium than

the sharp rate since they preserve the invariance of the center mass, see [16] for more

details. We then test the problem under the same settings, except for the initial

condition shifted to the right ρ(x, 0) = max{1− |x− 1
2
|, 0} and the final time set to

t = 10. The corresponding plot of E(t|∞) is given in Figure 3.3 with the exponential

decay rate −2, which coincides with the result in [21]. Similar numerical test can be

found in [8].

Example 3.4.2.2 (Fokker-Planck equation). In this numerical test, we consider the

Fokker-Planck equation for modeling the relaxation of fermion and boson gases. The

equation takes the form

∂tρ = ∂x (xρ (1 + κρ) + ∂xρ) .

Here κ = 1 corresponds to boson gases and κ = −1 relates to fermion gases. The long

time asymptotics of the one-dimensional model has been studied in [20] for 0 ≤ ρ ≤ 1.

The authors point out the equation evolves to a steady state ρ∞(x) = 1

βe
x2
2 −κ

. β is

chosen such that
∫∞
−∞ ρ∞(x)dx =

∫∞
−∞ ρ(x, 0)dx. The stationary solution minimizes
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the entropy functional

E =

∫ ( |x|2
2
ρ+ ρ log(ρ)− κ(1 + κρ) log(1 + κρ)

)
dx.

The relative entropy decays at an exponential rate E(t|∞) ≤ E(0|∞)e−2Ct, with

C = 1 for the boson case and 0 < C < 1 for the fermion case. In our numerical test,

we study the same entropy functional and set f(ρ) = ρ(1 +κρ), H ′(ρ) = log
(

ρ
1+κρ

)
,

V = x2

2
in our numerical scheme. The limiter is turned on in the computation.

The initial condition is chosen as ρ(x, 0) = 1
0.4π

e−
(x−1)2

0.4 . We compute on the domain

[−10, 10] with 100 mesh cells, and march towards the steady state with τ = 0.0002h2.

For both boson and fermin cases, g(ρ) = 2ρ is used in the numerical flux.

For both of the test cases, we use numerical steady states as references to calculate

the relative entropy. The result for the boson case is given in Figure 3.4a. As one can

see, the decay rate is around −2.6. While for the fermion case, which is exhibited in

Figure 3.4b, the relative entropy decays at a slower rate of −1.44.

(a) Bose gas. (b) Fermi gas.

Figure 3.4: Decay of the relative entropy for Fokker-Planck equation in Example
3.4.2.2.

Example 3.4.2.3 (Generalized Fokker-Planck equation for the boson gas). Let us

now consider the generalized Fokker-Planck equation with linear diffusion and su-
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perlinear drift

∂tρ = ∂x
(
xρ(1 + ρN) + ∂xρ

)
,

with N being a positive constant. For N > 2, it is reported in [1] that a critical

mass phenomenon exists for one-dimensional problems. An initial distribution with

supercritical mass will evolve a singularity at the origin, which has been confirmed

numerically in [8] and [56]. In this test, we repeat the numerical experiment in [8]

and [56], setting

f(ρ) = ρ
(
1 + ρ3

)
, H ′(ρ) = log

ρ
3
√

1 + ρ3
and V (x) =

x2

2
.

The initial datum is chosen as

ρ(x, 0) =
M

2
√

2π

(
e−

(x−2)2

2 + e−
(x+2)2

2

)
.

We test with both the subcritical case with M = 1 and the supercritical case with

M = 10. The P 4 elements are used in our numerical scheme and we compute on the

domain [−6, 6] with N = 120. For M = 1, the time step is chosen as τ = 0.003h2

and for M = 10, it is τ = 0.0005h2. And we use g(ρ) = f(ρ) when defining the

numerical flux. According to the numerical results in Figure 3.5, our scheme does

capture the asymptotics of the equation.

3.4.3 Aggregation models

Example 3.4.3.1 (Nonlinear diffusion with smooth attraction kernel). This numer-

ical test is to study the dynamics of the equation with competing nonlinear diffusion
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(a) M = 1. (b) M = 10.

Figure 3.5: Evolution of ρ of subcritical mass M = 1 and supercritical mass M = 10
for generalized Fokker-Planck equation for the boson gas in Example 3.4.2.3.

and smooth nonlocal attraction,

∂tρ = ∂x
(
ρ∂x

(
νρm−1 +W ∗ ρ

))
.

Here 0 ≤ ρ ≤ 1. ν > 0 and m > 1 are parameters to be specified. The convolution

kernel W in this example is nonlocal and smooth. Under this setting, the attraction

effect is weak and the solution would either end up with a steady state or spread out in

the whole domain with bounded initial data. The compactly supported steady state

is of special interest, due to its application for modeling the biological aggregation,

such as flocks and swarms. Indeed, such stationary solution can be reached for m > 2

with arbitrary ν. While for 1 < m ≤ 2, the long time behavior of the solution can

be sophisticated. We refer to [11] and [12] for details. For our numerical test, we

focus on the specific setting,


∂tρ = ∂x(ρ∂x(νρ

m−1 +W ∗ ρ)),W (x) = − 1√
2π
e−

x2

2 , x ∈ [−6, 6],

ρ(x, 0) =
1

2
√

2π

(
e−

(x− 5
2 )2

2 + e−
(x+5

2 )2

2

)
.

(3.21)
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We apply periodic boundary conditions and use a mesh with N = 120 for compu-

tation. The P 2 scheme is used for the numerical test, and the time step is chosen

as τ = 0.05h2. In Figure 3.6, we depict the numerical solution at t = 1800 with

m = 1.5, ν = 0.33, m = 2, ν = 0.48 and m = 3, ν = 1.48, which are used as the

reference steady states when evaluating the relative entropy.

According to the plot, one can see that a larger m corresponds to a steady state

with a sharper transition along the boundary of the support. Indeed, one should

expect the Hölder continuity with the exponent α = min{1, 1/(m− 1)}.

Figure 3.6: Solution profile of the equation (3.21) with nonlinear diffusion with
smooth attraction kernel in Example 3.4.3.1 at t = 1800.

(a) Relative entropy. (b) Evolution.

Figure 3.7: The relative entropy and the evolution of the solution with m = 1.5,
ν = 0.28. in Example 3.4.3.1.
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We track the solution profile and the relative entropy. For m = 1.5, as one can see

from Figure 3.7a, the dynamics of the problem are distinguished from the test cases

for Fokker-Planck type equations. The relative entropy decays slowly at first, then

it follows with a steep drop at a certain time. After that, the relative entropy decays

exponentially. The behavior can be explained with Figure 3.7b. At the beginning,

the two bumps of the initial condition stay away from each other, their interaction is

weak hence the equation evolves at a slow rate. When they get closer, the attraction

becomes strong. A sudden decay of the relative entropy occurs when the two bumps

merge. After that, the contribution of the interaction potential to the total energy

becomes small. The equation is again dominated by the diffusion term, and the

relative entropy decays exponentially as we have seen before.

We omit the plots for m = 2. And for m = 3, the diffusion is relatively weak

and the exponential decay after the steep drop is hard to observe. Hence we only

plot the entropy in the normal scale. But still we can see the sharp drop when the

bumps merge in Figure 3.8.

The initial stage featured with the weak long-range-interaction is referred as

metastability. If multiple bumps exist, the relative entropy can decay in a staircase

fashion. For example, we test the problem with m = 6, ν = 6 and ρ(x, 0) =

3
20

max{1− |x− 19
4
|, 0}+ 1

4
max{1− |x− 2|, 0}+ 1

5
max{1− |x+ 17

40
|, 0}+ 2

5
max{1−

|x+ 15
4
|, 0}. The relative entropy and dynamics are given in Figure 3.9.

Example 3.4.3.2 (Nonlinear diffusion with compactly supported attraction kernel).

In the previous test, the attraction effect is global and the steady state will be

connected for one-dimensional problems. But when W is local, the connectivity of

the equilibrium can be affected by the initial mass distribution. Let us consider the
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(a) Entropy. (b) Evolution.

Figure 3.8: The entropy and evolution of the solution with m = 3, ν = 1.48 in
Example 3.4.3.1.

(a) Entropy. (b) Evolution.

Figure 3.9: Stepwise decay of the entropy and the evolution of the solution with
m = 6, ν = 6 in Example 3.4.3.1.

following problem


∂tρ = ∂x

(
ρ∂x

(
1

4
ρ2 +W ∗ ρ

))
, W = −max{1− |x|, 0}, x ∈ [−4, 4],

ρ(x, 0) = χ[−a,a](x),

(3.22)

with periodic boundary conditions. We compute with k = 2 with the number of cells

N = 80.

To convince the readers that the disconnected profile in Figure 3.10b is indeed the
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(a) ρ(x, 0) = χ[−2,2](x) (b) ρ(x, 0) = χ[−3,3](x)

Figure 3.10: Evolution of (3.22) with different initial conditions.

(a) Entropy
(b) ξ and ρ at t = 30 for ρ(x, 0) =
χ[−3,3](x)

Figure 3.11: Entropy and the steady state of (3.22).

stationary solution, we plot ρ and ξ in Figure 3.11b. As one can observe, ρ∂xξ ≈ 0.

Hence ∂tρ ≈ 0 and ρ will be trapped in this steady state. Therefore, the observation

in Figure 3.10 confirms our previous claim, that different initial density distributions

may end up with steady states with distinct connectivity. Let us remark that such

phenomenon has also been explored numerically in [15].
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3.5 Two-dimensional numerical tests

Example 3.5.1 (Accuracy test). We consider the initial value problem with a source

term,



∂tρ =∇ · (ρ∇ (log(ρ) + sin(x+ y) +W ∗ ρ)) + F,

(x, y) ∈ (−π, π)× (−π, π), t > 0

W (x, y) = cos(x+ y),

F (x, y) =4 sin(x+ y) + cos(x+ y + t) +
(
2 + 8π2

)
sin(x+ y + t)

− 2 cos (2(x+ y) + t)− 4π2 cos (2 (x+ y + t))

ρ(x, y, 0) = sin(x+ y) + 2.

(3.23)

Here periodic boundary conditions are applied and W ∗ ρ =
∫ π
−π

∫ π
−πW (x − x̃, y −

ỹ)ρ(x̃, ỹ)dx̃dỹ. One can check that the exact solution to (3.23) is ρ(x, y, t) = 2 +

sin(x + y + t). We use the time step τ = 0.0005(hx)2 for the calculation. The error

table is given in Table 3.7.

Table 3.7: Two-dimensional accuracy test, with smooth data and periodic boundary
conditions.

k N L1 error order L2 error order L∞ error order
1 10× 10 5.117 - 1.029 - 4.008E-01 -

20× 20 1.152 2.15 2.319E-01 2.15 9.442E-02 2.09
40× 40 3.011E-01 1.94 6.216E-02 1.90 2.420E-01 1.96

2 10× 10 1.453 - 3.070E-01 - 1.675E-01 -
20× 20 2.223E-01 2.71 4.315E-02 2.83 2.972E-02 2.49
40× 40 3.563E-02 2.64 7.203E-03 2.58 5.135E-03 2.53

3 10× 10 3.778E-02 - 7.929E-03 - 4.396E-03 -
20× 20 2.292E-03 4.04 5.255E-04 3.92 2.941E-04 3.90
40× 40 1.373E-04 4.06 3.333E-05 3.98 2.054E-05 3.83

4 10× 10 2.240E-03 - 5.113E-04 - 2.941E-04 -
20× 20 6.765E-05 5.05 1.439E-05 5.15 1.152E-05 4.67
40× 40 2.439E-06 4.80 5.242E-07 4.78 4.503E-07 4.68
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Example 3.5.2 (Dumbbell model for polymers). The dumbbell model is widely used

to describe the rheological behavior of dilute polymer solutions. In this model, the

polymer molecular is treated as a dumbbell made of two beads jointed by a spring.

We will consider the simplest case, in which the flow is homogeneous and the scaling

constant is set to 1. Then the configuration probability density is governed by the

Fokker-Plank equation,

∂tρ(x, t) = ∇ · (ρ∇(U − 1

2
xKx)) + ∆ρ. (3.24)

Here x = (x, y) corresponds to the direction vector of the molecule, while U is the

spring potential and the 2 × 2 matrix K is the velocity gradient of the background

flow. For the incompressible flow, Tr(K) = 0. In our numerical test, we consider the

finitely extensible nonlinear elastic (FENE) model. The potential U is given by

U(x) = −r
2

2
log

(
1− |x|

2

r2

)
. (3.25)

It is close to the Hookean potential when |x| � r, while the distance between the two

beads are restricted within r. Rigorously, one should consider the equation on the

ball {x : |x| ≤ r}, and the singularity near the boundary will cause challenges both

analytically and numerically, see [34, 55, 66, 59] and the references therein. While

in our numerical test, we only consider a simpler case, that the solution seems to be

supported within the ball and it hardly reaches the boundaries. More specifically,

we solve (3.24)-(3.25) with r = 5 and K =

0.3 0.2

0.2 −0.3

. The initial condition is

set as

ρ(x, y, 0) =cmax{24− (x2 + y2), 0}(
e−

(x−2)2+(y−2)2

2σ2 + e−
(x+2)2+(y+2)2

2σ2 + e−
(x−1)2+(y−1)2

2σ2 + e−
(x+1)2+(y+1)2

2σ2

)
,
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where σ2 = 0.2 and c the normalization constant. We use the P 3 DG scheme on

a [−5, 5] × [−5, 5] domain with 50 × 50 mesh cells. The time step is chosen as

τ = 2× 10−6. In Figure 3.12, we plot the evolution from t = 0 to t = 0.6. It seems

the numerical solution merges to a single peak.

(a) t = 0. (b) t = 0.2.

(c) t = 0.4. (d) t = 0.6.

Figure 3.12: Evolution of the dumbbell model (3.24) in Example 3.5.2 with the
FENE potential (3.25).

Example 3.5.3 (Patlak-Keller-Segel system for chemotaxis). Chemotaxis is defined

as a move of an organism along a chemical concentration gradient. Bacteria can

produce this chemo-attractant themselves, creating thus a long range nonlocal inter-

action between them. The Patlak-Keller-Segel system is a mathematical model to
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describe the motion of the organism. Its simplified version is given by


∂tρ = ∆ρ−∇ · (ρ∇c), (x, y) ∈ R2, t > 0,

−∆c = ρ, (x, y) ∈ R2, t > 0,

ρ(x, y, 0) = ρ0(x, y).

The equation can be rewritten in a compact way

∂tρ = ∇ · (ρ∇ (log(ρ) +W ∗ ρ)) , W (x, y) =
1

2π
log(

√
x2 + y2) (x, y) ∈ R2, t > 0.

(3.26)

Such system has been studied intensively in the past decades. It has been shown

that the behavior of the equation (3.26) is determined by its initial mass (see [9], for

example). If the initial value M is smaller than a critical value Mc = 8π, then the

solution will exist globally. Otherwise, if M lies beyond Mc, the solution will blow

up in a finite time, which is referred as chemotactic collapse.

In our numerical test, we consider both the subcritical case ρ0(x) = 2(π −

0.2)1[−1,1]×[−1,1](x, y) and the super-critical case ρ0(x) = 2(π + 0.2)1[−1,1]×[−1,1](x, y).

The computational domain is set as [−5, 5]×[−5, 5] and [−3
2
, 3

2
]×[−3

2
, 3

2
] respectively.

We use the P 2 scheme for computation and Nx = Ny = 50. The time step is set

as τ = 0.0005(hx)2. The plots are given in Figure 3.13 and Figure 3.14. As one can

see, the numerical solution dissipates for ρ0(x) = 2(π − 0.2)1[−1,1]×[−1,1](x, y) and it

evolves to a spike centered at the origin for ρ0(x) = 2(π + 0.2)1[−1,1]×[−1,1](x, y).



131

(a) t = 0. (b) t = 4.

(c) t = 8. (d) t = 12.

(e) t = 16. (f) t = 20.

Figure 3.13: Evolution of Patlak-Keller-Segel equation (3.26) in Example 3.5.3 with
subcritical mass.
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(a) t = 0. (b) t = 0.5.

(c) t = 1. (d) t = 1.5.

(e) t = 2.

Figure 3.14: Evolution of Patlak-Keller-Segel equation (3.26) in Example 3.4.2.2
with supercritical mass.

3.6 Concluding remarks

In this chapter, we develop a high-order DG method for solving a class of parabolic

equations and gradient flow problems with interaction potentials. Such equations are
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governed by an entropy-entropy dissipation relationship and are featured with non-

negative solutions. By applying the Gauss-Lobatto quadrature rule, our numerical

scheme admits an entropy inequality for problems with smooth interaction kernels.

Furthermore, with the SSP-RK time discretization and the positivity-preserving lim-

iter, the fully discretized scheme preserves the non-negativity of the numerical den-

sity. It also conserves mass, and preserves numerical steady states for certain prob-

lems. We apply the method to two-dimensional problems on Cartesian meshes as

well. Numerical examples are given to demonstrate the performance of the scheme.



Chapter Four

Cross-diffusion gradient flow

systems
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4.1 Introduction

Cross-diffusion systems are widely used to model multi-species interactions in various

applications, such as population dynamics in biological systems [67], chemotactic cell

migration [51] and spread of surfactant on the membrane [47]. In many situations,

the systems are associated with neither symmetric nor positive-definite diffusion

matrices, which not only complicate the mathematical analysis but also hinder the

development of numerical methods. Recently, progress has been made in analyzing

a class of cross-diffusion systems as a gradient flow associated with a dissipative

entropy (or free energy) functional. See [49] and references therein. We exploit this

entropy structure to develop a high-order stable DG method for these cross-diffusion

systems.

Let Ω be a bounded domain in Rd. We are interested in solving the following

initial value problem of the cross-diffusion system.


∂tρ = ∇ · (F (ρ)∇ξ(ρ)) :=

m∑
l=1

∂xl (F (ρ)∂xlξ(ρ)) , (x, t) ∈ Ω× [0,∞),

ρ(x, 0) = ρ0(x).

(4.1)

Here ρ = ρ(x, t) and ρ = (ρ1, · · · , ρm)T is a vector-valued function. ξ = (∂ρ1e, · · · , ∂ρme)T

and e = e(ρ) is a scalar-valued convex function that is twice differentiable. We also

assume F to be an m×m positive-semidefinite matrix, in the sense that z ·Fz ≥ 0.

Note F can be non-symmetric. In the divergence form ∂tρ = ∇ · (A(ρ)∇ρ),

A(ρ) = F (ρ)Dξ(ρ) can be neither symmetric nor positive-definite.

(4.1) possesses a formal gradient flow structure governed by the entropy func-
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tional

E =

∫
Ω

e(ρ)dx. (4.2)

The system can be rewritten as ∂tρ = ∇ ·
(
F (ρ)∇ δE

δρ

)
. One can see at least for

classical solutions

d

dt
E =

∫
Ω

∂tρ · ξdx = −
m∑
l=1

∫
Ω

∂xlξ · F∂xlξdx ≤ 0. (4.3)

(4.2) and (4.3) indicate certain well-posedness of the initial value problem (4.1).

However, as that in the scalar case, in applications with ρ representing non-negative

physics quantities, such as species densities, mass fractions and water heights, the

well-posedness usually relies heavily on the positivity of the solution. For example,

with F (ρ) = diag(ρ), F (ρ) is semi-positive definite only when ρ is non-negative.

Violating the non-negativity may result in a non-decreasing entropy in (4.3). Fur-

thermore, in problems that a logarithm entropy E =
∫

Ω

∑m
l=1 ρl(log ρl − 1)dx is

considered, the entropy may not even be well-defined as ρ admits negative values.

In this chapter, we extend the DG method in Chapter 3 for scalar gradient flows

to cross-diffusion systems. Our idea for is to formally rewrite the problem into

decoupled equations and apply the previous numerical methods to each component

of the unknown. For example, in one-dimensional case, (4.1) can be rewritten as

∂tρ = ∂x(diag(ρ)v), v = diag(ρ)−1F (ρ)u, u = ∂xξ.

We apply the previous scheme to

∂tρl = ∂x(ρlvl).
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The numerical fluxes are properly chosen to ensure the entropy decay and the weak

positivity. In this approach, the boundedness of diag(ρ)−1F (ρ) is required for v to

be well-defined. This assumption does hold in various applications. See examples in

Section 4.4 and Section 4.5.

The rest of the chapter is organized as follows. In Section 4.2 and Section 4.3,

we propose our DG schemes for one-dimensional and two-dimensional gradient flow

systems respectively. Each section is composed of three parts: notations, semi-

discrete scheme and entropy inequality, and fully discrete scheme as well as positivity-

preserving techniques for producing non-negative solutions (with central and Lax-

Friedrichs fluxes). In Section 4.4 and Section 4.5, we show several numerical examples

to examine the performance of the numerical schemes. Finally, concluding remarks

are given in Section 4.6. All proofs are documented in Appendix B.

4.2 Numerical method: one-dimensional case

4.2.1 Notations

In this section, we consider the one-dimensional problem


∂tρ = ∂x (F∂xξ) , x ∈ Ω ⊂ R, t > 0.

ρ(x, 0) = ρ0(x).

(4.4)

For simplicity, the compact support or periodic boundary condition is assumed.

While it can also be extended to the zero-flux boundary condition.

Let Ii = (xi− 1
2
, xi+ 1

2
) and I = ∪Ni=1Ii be a regular partition of the domain Ω. The
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length of the mesh cell is denoted by hi = xi+ 1
2
−xi− 1

2
. We assume h = maxi=1,...,N hi

and hi ≥ cmeshh for some fixed constant cmesh. The numerical solutions are defined

in the tensor product space of discontinuous piecewise polynomials

V h =
m∏
l=1

Vh, Vh = {vh(x) : vh|Ii ∈ P k(Ii)}.

P k(Ii) is the space of polynomials of degree k on Ii. Functions in V h (Vh) can

be double-valued at cell interfaces. We use v−h (v−h,l) and v+
h (v+

h,l) to represent

the left and right limit of vh ∈ V h (vh,l ∈ Vh) respectively. We also introduce

notations {vh} = 1
2
(v+

h + v−h ) ({vh,l} = 1
2
(v+
h,l + v−h,l)) for averages and [v] = v+

h − v−h
([vh] = v+

h − v−h ) for jumps.

Let {xri}k+1
r=1 be the k + 1 Gauss-Lobatto quadrature points on Ii and {wri }k+1

r=1

are the corresponding weights associated with the normalized interval [−1, 1]. We

introduce the following notations for the quadrature rule.

∼∫
Ii

ϕ ·ψdx :=
hi
2

k+1∑
r=1

wrϕ(xri ) ·ψ(xri ).

∼∫
Ii

ϕ · ∂xψdx :=
hi
2

k+1∑
r=1

wrϕ(xri ) · ∂x(Iψ)(xri ).

Here I is a component-wise interpolation operator. Namely, Iψ : R → Rm, and

the l-th component of Iψ is the k-th order interpolation polynomial of ψl at Gauss-

Lobatto points. We also define
∼∫
Ω
· dx =

∑N
i=1

∼∫
Ii
· dx.
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4.2.2 Semi-discrete scheme and entropy stability

We firstly rewrite (4.4) into a first-order system.

∂tρ = ∂x(Fu),

u = ∂xξ.

On each mesh cell Ii, we multiply with a test function and integrate by parts to get

∫
Ii

∂tρ ·ϕdx = −
∫
Ii

Fu · ∂xϕdx+ (Fu ·ϕ)−
i+ 1

2

− (Fu ·ϕ)+
i− 1

2

, (4.5a)∫
Ii

u ·ψdx = −
∫
Ii

ξ · ∂xψdx+ (ξ ·ψ)−
i+ 1

2

− (ξ ·ψ)+
i− 1

2

. (4.5b)

The numerical scheme is obtain by taking trial and test functions from the finite

element space, replacing cell interface values with numerical fluxes and applying the

quadrature rule. More precisely, we seek ρh,uh ∈ V h such that for all ϕh,ψh ∈ V h,

∼∫
Ii

∂tρh ·ϕhdx = −
∼∫
Ii

Fhuh · ∂xϕhdx+ (F̂u ·ϕ−h )i+ 1
2
− (F̂u ·ϕ+

h )i− 1
2
, (4.6a)

∼∫
Ii

uh ·ψhdx = −
∼∫
Ii

ξh · ∂xψhdx+ (ξ̂ ·ψ−h )i+ 1
2
− (ξ̂ ·ψ+

h )i− 1
2
. (4.6b)

Here Fh = F (ρh), ξh = ξ(ρh), ρh = (ρh,1, · · · , ρh,m)T and uh, ϕh, ψh are defined

similarly. We have the following choices for F̂u and ξ̂.

(1) Central and Lax-Friedrichs fluxes:

ξ̂ = {ξh}, F̂u = {Fhuh}+
α

2
[ρh], (4.7)
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where

α = max(|v+
h |∞, |v−h |∞), vh = diag(ρh)

−1Fhuh,

and | · |∞ is the l∞ norm on Rm.

(2) Alternating fluxes:

ξ̂ = ξ∓h , F̂u = (Fhuh)
±. (4.8)

Remark 4.2.1. Note that Fhuh = diag(ρh)vh. Hence (4.6a) is equivalent to

∼∫
Ii

∂tρh,lϕh,ldx = −
∼∫
Ii

ρh,lvh,l∂xϕh,ldx+ (ρ̂vlϕ
−
h,l)i+ 1

2
− (ρ̂vlϕ

+
h,l)i− 1

2

with

ρ̂vl =
1

2
(ρ+
h,lv

+
h,l + ρ−h,lv

−
h,l) +

α

2
(ρ+
h,l − ρ−h,l),

which is formally reduced to the scalar case.

We define the discrete entropy

Eh =

∼∫
Ω

e(ρh)dx. (4.9)

As is stated in Theorem 4.2.1, the numerical scheme has a decaying entropy as that

for the continuum system. The proof is given in Appendix B.1.1.

Theorem 4.2.1 (Entropy inequality). Let ρh and uh be obtained from (4.6), (4.7)

and (4.8). Eh is the associated discrete entropy defined in (4.9). Then
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(1) for central and Lax-Friedrichs fluxes,

d

dt
Eh = −

∼∫
Ω

uh · Fhuhdx−
1

2

N∑
i=1

αi+ 1
2
[ξh]i+ 1

2
· [ρh]i+ 1

2
≤ 0,

where [vh] = v+
h − v−h .

(2) for alternating fluxes,

d

dt
Eh = −

∼∫
Ω

uh · Fhuhdx.

Remark 4.2.2. Both choices of numerical fluxes are entropy stable, while they have

different advantages and disadvantages. For central and Lax-Friedrichs fluxes de-

fined in (4.7), they preserve positive cell averages as time steps are small. Hence

the positivity-preserving limiter can be applied for producing non-negative solutions.

Details are given in the next section. However, they are limited to problems satisfy-

ing | diag(ρ)−1F (ρ)| ≤ C for some matrix norm | · |, so that vh can be well-defined.

Furthermore, for odd-order polynomials, one would observe a reduced order of accu-

racy with this particular choice of α. See accuracy tests in Section 4.4 and Section

4.5. Alternating fluxes do not have such order reduction and restriction on F , while

it fails to preserve non-negative cell averages after one Euler forward step.

Remark 4.2.3. Due to the possible degeneracy of the problem, in general it is not

easy to extend the entropy decay property to fully discrete explicit schemes. While

when F is uniformly positive-definite and e is strongly convex, a fully discrete entropy

inequality can be derived. See Appendix B.1.3, where we consider the Euler forward

time discretization with central and Lax-Friedrichs fluxes.
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4.2.3 Fully discrete scheme and preservation of positivity

4.2.3.1 Euler forward time stepping

When central and Lax-Friedrichs fluxes are used, one can adopt the methodology

introduced by Zhang et.al in [87, 86, 69] to enforce positivity of the solution.

It can be shown, when the solution achieves non-negative values at the current

time level, with fluxes defined in (4.7) and a sufficiently small time step, the Euler

forward time discretization will produce a solution with non-negative cell averages

at the next time level. This is referred to as the weak positivity. Then we can apply

a scaling limiter, squashing the solution polynomials towards cell averages to avoid

inadmissible negative values. It is also shown in [86] that the limiter preserves the

high-order spatial accuracy.

Theorem 4.2.2. 1. Suppose ρnh,l(x
r
i ) ≥ 0 for all i and r. Take

τ ≤ min
i=1,...,N

( w1hi
α + v+

h,l

)
i− 1

2

,

(
wk+1hi
α− v−h,l

)
i+ 1

2

 ,

Then the preliminary solution ρn+1,pre
h,l obtained through the Euler forward time step-

ping

∼∫
Ii

ρn+1,pre
h − ρnh

τ
·ϕdx = −

∼∫
Ii

Fu · ∂xϕdx+ (F̂ u ·ϕ−h )i+ 1
2
− (F̂ u ·ϕ+

h )i− 1
2
.

has non-negative cell averages.
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2. Let

θl,i = min

(
(ρ̄h,l)

n+1,pre
i

(ρ̄h,l)
n+1,pre
i − ρmin

l,i

, 1

)
, ρmin

l,i = min
r

(
ρn+1,pre
h,l (xri )

)
.

Define ρn+1
h,l so that

ρn+1
h,l (xri ) = (ρ̄h,l)

n+1,pre
i + θl,i(ρ

n+1,pre
h,l (xri )− (ρ̄h,l)

n+1,pre
i ).

Then ρn+1
h,l (xri ) is non-negative. Furthermore, the interpolation polynomial ρn+1

h,l (x)

maintains spatial accuracy in the sense that

|(ρh,l)n+1
i (x)− (ρh,l)

n+1,pre
i (x)| ≤ Ck max

x∈Ii
|ρl(x, tn+1)− (ρh,l)

n+1,pre
i (x)|,

where Ck is a constant depending only on the polynomial degree k.

The proof of the first part of Theorem 4.2.2 is given in Appendix B.2.1. The non-

negativity of the solution is ensured through the definition of θl,i. For the accuracy

result we refer to Theorem 4 in [86].

Remark 4.2.4 (Pointwise non-negativity). The procedure stated in Theorem 4.2.2

only guarantees the non-negativity of the solution at all Gauss-Lobatto points. This

would be enough for most scenarios, since the scheme is defined only through these

points. One can also ensure pointwise non-negativity of solution polynomials on the

whole interval by taking ρmini,l = infx∈Ii ρ
n+1,pre
h,l (x).

Remark 4.2.5 (Time steps). As has been analyzed for the scalar case, we expect

the time step to be τ ≤ µh2 for some constant µ. In practice, we assume a diffusion

number µ. If a negative cell average emerges, we halve the time step and redo the

computation. Theorem 4.2.2 guarantees that the halving procedure will end after

finite loops.
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Remark 4.2.6 (The scaling parameter). For robustness of the algorithm, especially

for dealing with logarithm type entropy functionals, we introduce a small parameter

εl,i = min
(
10−13, (ρ̄h,l)

n+1,pre
i

)
and use θεl,i = min

(
(ρ̄h,l)

n+1,pre
i −εl,i

(ρ̄h,l)
n+1,pre
i −ρmin

l,i

, 1

)
instead of θ in

our computation. In other words, if (ρ̄h,l)
n+1,pre
i > 10−13, we scale the polynomial

to require it takes values not smaller than 10−13 at Gauss-Lobatto points; otherwise,

we set the solution to be the constant (ρ̄h,l)
n+1,pre
i in the interval. Note as long as

ρ̄h,l(x) ≥ 10−13, the accuracy could still be maintained.

Remark 4.2.7 (Other bounds). In general, it would be difficult to preserve other

bounds besides positivity though this procedure. Similar difficulty has also been en-

countered in [69].

4.2.3.2 High-order time discretization

We adopt SSP-RK methods for high-order time discretizations. Since the time step

will be chosen as τ = µh2. The first-order Euler forward time stepping would be

sufficiently accurate for k = 1 to achieve the second-order accuracy. For k = 2 and

k = 3, we apply the second-order SSP-RK method

ρ
(1)
h = ρnh + τF (ρnh),

ρn+1
h =

1

2
ρnh +

1

2

(
ρ

(1)
h + τF (ρ

(1)
h )
)
.

For k = 4 and k = 5, a third-order time discretization method should be used

ρ
(1)
h = ρnh + τF (ρnh),

ρ
(2)
h =

3

4
ρnh +

1

4

(
ρ

(1)
h + τF (ρ

(1)
h )
)
,

ρn+1
h =

1

3
ρnh +

2

3

(
ρ

(2)
h + τF (ρ

(2)
h )
)
.
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As one can see, SSP-RK methods can be rewritten as convex combinations of

Euler forward steps. Hence if the time step is chosen to be sufficiently small, and the

scaling limiter is applied at each Euler forward stage, then the solution will remain

non-negative after one full time step.

4.3 Numerical method: two-dimensional case

4.3.1 Notations

In this section, we focus on two-dimensional systems.

∂tρ = ∂x(F∂xξ) + ∂y(F∂yξ),

The problem is set on a rectangular domain Ω = I × J with the compact support

or periodic boundary condition. We consider a regular Cartesian mesh on Ω, with

I = ∪Nx

i=1Ii, Ii = (xi− 1
2
, xi+ 1

2
), J = ∪Ny

j=1Jj and Jj = (yj− 1
2
, yj+ 1

2
). Let hxi = xi+ 1

2
−xi− 1

2

and hyj = yj+ 1
2
− yj− 1

2
. Then the solution is sought in the following finite element

space.

V h =
N∏
l=1

Vh, Vh = {vh : vh|Ii×Jj ∈ Qk(Ii × Jj)}.

Qk(Ii × Jj) is the tensor product space of P k(Ii) and P k(Jj). For vh(x, y) ∈ V h,

{vh}i+ 1
2
(y) =

1

2

(
vh(x

+
i+ 1

2

, y) + vh(x
−
i+ 1

2

, y)
)
,

{vh}j+ 1
2
(x) =

1

2

(
vh(x, y

+
j+ 1

2

) + vh(x, y
−
j+ 1

2

)
)
,

[vh]i+ 1
2
(y) = vh(x

+
i+ 1

2

, y)− vh(x−i+ 1
2

, y),
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[vh]j+ 1
2
(x) = vh(x, y

+
j+ 1

2

)− vh(x, y−j+ 1
2

).

Same notation will be applied to the scalar case vh,l ∈ Vh. Finally, for the quadrature

rule, we denote by
∼∫
J
· dy =

∑Ny

j=1

∼∫
Jj
· dy and

∼∫
I
· dx =

∑Nx

i=1

∼∫
Ii
· dx.

4.3.2 Semi-discrete scheme and entropy inequality

The semi-discrete scheme is given as follows. Find ρh, u
x
h and uyh in V h, such that

for all ϕh, ψ
x
h and ψy

h in V h, we have

∼∫
Jj

∼∫
Ii

∂tρh ·ϕhdxdy = −
∼∫
Jj

∼∫
Ii

Fhu
x
h · ∂xϕh + Fhu

y
h · ∂yϕhdxdy

+

∼∫
Jj

F̂uxi+ 1
2
(y) ·ϕh(x−i+ 1

2

, y)− F̂uxi− 1
2
(y) ·ϕh(x+

i− 1
2

, y)dy

+

∼∫
Ii

F̂uyj+ 1
2
(x) ·ϕh(x, y−j+ 1

2

)− F̂uyj− 1
2
(x) ·ϕh(x, y+

j− 1
2

)dx,

∼∫
Jj

∼∫
Ii

uxh ·ψx
h + uyh ·ψy

hdxdy = −
∼∫
Jj

∼∫
Ii

ξh · (∂xψx
h + ∂yψ

y
h) dxdy

+

∼∫
Jj

ξ̂i+ 1
2
(y) ·ψx

h(x
−
i+ 1

2

, y)− ξ̂i− 1
2
(y) ·ψx

h(x
+
i− 1

2

, y)dy

+

∼∫
Ii

ξ̂j+ 1
2
(x) ·ψy

h(x, y
−
j+ 1

2

)− ξ̂j− 1
2
(x) ·ψy

h(x, y
+
j− 1

2

)dx.

As that in the one-dimensional case, two choices of numerical fluxes can be used.

(1) Central and Lax-Friedrichs flux

ξ̂i+ 1
2
(y) = {ξh}i+ 1

2
(y), ξ̂j+ 1

2
(x) = {ξh}j+ 1

2
(x),

F̂uxi+ 1
2
(y) =

(
{Fhuxh}i+ 1

2
+
αx
i+ 1

2

2
[ρh]i+ 1

2

)
(y),
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αx
i+ 1

2
(y) = max(|vxh(x+

i+ 1
2

, y)|∞, |vxh(x−i+ 1
2

, y)|∞), vxh = diag(ρh)
−1Fhu

x
h,

F̂uyj+ 1
2
(x) =

(
{Fhuyh}j+ 1

2
+
αy
j+ 1

2

2
[ρh]j+ 1

2

)
(x),

αy
j+ 1

2

(x) = max(|vyh(x, y+
j+ 1

2

)|∞, |vyh(x, y−j+ 1
2

)|∞), vyh = diag(ρh)
−1Fhu

y
h.

(2) Alternating fluxes

ξ̂i+ 1
2
(y) = ξh(x

∓
i+ 1

2

, y), F̂uxi+ 1
2
(y) = (Fhu

x
h)(x

±
i+ 1

2

, y),

ξ̂j+ 1
2
(x) = ξh(x, y

∓
j+ 1

2

), F̂uyj+ 1
2
(x) = (Fhu

y
h)(x, y

±
j+ 1

2

).

The numerical scheme mimics a similar entropy decay behavior as the continuum

equation. We define the discrete entropy

Eh =

∼∫
J

∼∫
I

e(ρh)dxdy. (4.10)

We state the following entropy decay property for the semi-discrete scheme.

Theorem 4.3.1. Let ρh, uxh and uyh be obtained from the semi-discrete scheme for

two-dimensional problems. Eh defined in (4.10) is the discrete entropy.

(1) Suppose central and Lax-Friedrichs fluxes are used, then

d

dt
Eh =−

∼∫
J

∼∫
I

(uxh · Fhuxh + uyh · Fhuyh) dxdy

− 1

2

Nx∑
i=1

∼∫
J

αx
i+ 1

2
[ξh]i+ 1

2
(y) · [ρh]i+ 1

2
(y)dy

− 1

2

Ny∑
j=1

∼∫
I

αy
j+ 1

2

[ξh]j+ 1
2
(x) · [ρh]j+ 1

2
(x)dx ≤ 0.
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(2) Suppose alternating fluxes are used, then

d

dt
Eh = −

∼∫
J

∼∫
I

(uxh · Fhuxh + uyh · Fhuyh) dxdy ≤ 0.

4.3.3 Fully discrete scheme and preservation of positivity

One can adopt similar positivity-preserving techniques as in the one dimensional

case, when central and Lax-Friedrichs fluxes are used. Again, the key step is to

ensure the non-negativity of the first-order Euler forward time discretization. The

positivity will be automatically preserved by the SSP-RK time discretization. For

the first-order scenario, we could prove the following theorem.

Theorem 4.3.2. 1. Suppose ρh,l(x
r
i , y

s
j ) ≥ 0 for all i, j, r and s. Take

τ ≤ 1

2
min
r,s,i,j

((
w1h

x
i

αx + vxh,l

)
(x+

i− 1
2

, ysj ),

(
wk+1h

x
i

αx − vxh,l

)
(x−

i+ 1
2

, ysj ),(
w1h

y
j

αy + vyh,l

)
(xri , y

+
j− 1

2

),

(
wk+1h

y
j

αy − vyh,l

)
(xri , y

−
j+ 1

2

)

)
.

Then the preliminary solution (ρh,l)
n+1,pre
i,j obtained through the Euler forward time

discretization has non-negative cell averages.

2. Let

θl,i,j = min

(
(ρ̄h,l)

n+1,pre
i,j

(ρ̄h,l)
n+1,pre
i,j −ml,i,j

, 1

)
, ρmin

l,i,j = min
r,s

(
ρn+1,pre
h,l (xri , y

s
j )
)
.

Define ρn+1
h,l so that

ρn+1
h,l (xri , y

s
j ) = (ρ̄h,l)

n+1,pre
i,j + θl,i,j(ρ

n+1,pre
h,l (xri , y

s
j )− (ρ̄h,l)

n+1,pre
i,j ).
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Then ρn+1
h,l (xri , y

s
j ) is non-negative. Furthermore, ρn+1

h,l would maintain the spatial

accuracy achieved by ρn+1,pre
h,l .

Remark 4.3.1. As before, pointwise non-negative solutions can be obtained by taking

ρmin
l,i,j = inf(x,y)∈Ii×Jj ρ

n+1,pre
h,l (x, y). The time step τ = µh2 will be used for time

marching. As negative cell averages emerge, we halve the time step. We will also

use θεl,i,j = min

(
(ρ̄h,l)

n+1,pre
i,j −εl,i,j

(ρ̄h,l)
n+1,pre
i,j −ρmin

l,i,j

, 1

)
instead of θl,i,j when applying the scaling limiter.

Here εl,i,j = min
(
10−13, (ρ̄h,l)

n+1,pre
i,j

)
.

4.4 One-dimensional numerical tests

In this section, we apply the entropy stable DG method for solving one-dimensional

problems. In Example 4.4.1 and Example 4.4.2, the accuracy of the scheme is ex-

amined. The error is measured with the discrete norm associated with the Gauss-

Lobatto quadrature rule. We do not invoke the positivity-preserving limiter in either

tests, to exclude order degeneracy due to the temporal order reduction. See [87, 69]

for relevant numerical experiments. Then we consider systems from tumor encap-

sulation (Example 4.4.3) and surfactant spreading (Example 4.4.4) . In these tests,

leading fronts are formed and the issue of positivity arises.

Example 4.4.1 (Heat equations). Let us first consider the initial value problem

with decoupled heat equations,

∂tρl = ∂xxρl, l = 1, 2,

on [−1, 1] with the periodic boundary condition. ρ1(x, 0) = sin (πx)+2 and ρ2(x, 0) =

cos (πx) + 2 are taken as our initial condition. The system is associated with the

entropy E =
∫

Ω
ρ1(log ρ1 − 1) + ρ2(log ρ2 − 1)dx. Hence ξ = (log ρ1, log ρ2)T and
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F = diag(ρ). We compute up to t = 0.002, with time step set as τ = 0.001h2.

Positivity-preserving limiter is not activated. We use the Lax-Friedrichs flux and

alternating fluxes respectively for computation. As one can see from Table 4.1 and

Table 4.2. Optimal order of convergence is achieved with the alternating fluxes. The

order of accuracy seems to be degenerated when we use central and Lax-Friedrichs

fluxes with odd-order polynomials. This may be related with the fact that the

problem is smooth hence the jump term α
2
(ρ+ − ρ−) is too small, hence the Lax-

Friedrichs flux F̂u is close to the central flux when the mesh is not well refined, which

would cause order reduction. In Table 4.3, we document the error with different

Lax-Friedrichs constant, with α replaced by α̃ = 0, 2α, 10α. As one can see, the

optimal order is retrieved as α̃ becomes large. We also remark, choosing a larger

Lax-Friedrichs constant does not affect the compatibility with positivity-preserving

procedure, while it does make the time step more restrictive.

k N L1 error order L2 error order L∞ error order
1 80 8.802E-04 - 4.958E-04 - 4.226E-04 -

160 3.948E-04 1.16 2.224E-04 1.16 1.899E-04 1.15
320 1.609E-04 1.30 9.077E-05 1.29 7.821E-05 1.28
640 5.647E-05 1.51 3.201E-05 1.50 2.806E-05 1.48

2 80 7.760E-06 - 8.881E-06 - 1.456E-05 -
160 9.600E-07 3.02 1.113E-06 3.00 1.825E-06 3.00
320 1.194E-07 3.01 1.395E-07 3.00 2.285E-07 3.00
640 1.489E-08 3.00 1.745E-08 3.00 2.859E-08 3.00

3 80 6.027E-07 - 4.185E-07 - 8.166E-07 -
160 5.914E-08 3.35 4.133E-08 3.34 8.365E-08 3.29
320 5.003E-09 3.56 3.551E-09 3.54 7.567E-09 3.47
640 3.702E-10 3.76 2.685E-10 3.73 6.054E-10 3.64

4 80 6.210E-10 - 6.542E-10 - 2.194E-09 -
160 1.887E-11 5.04 2.030E-11 5.01 6.809E-11 5.01
320 5.823E-13 5.02 6.338E-13 5.00 2.128E-12 5.00
640 1.808E-14 5.01 1.981E-14 5.00 6.653E-14 5.00

Table 4.1: Accuracy test of heat equations in Example 4.4.1, with central flux for ξ̂
and Lax-Friedrichs flux for F̂u.

Example 4.4.2 (SKT population model). We use the population model of Shige-

sada, Kawashima and Teramoto [67] for the second accuracy test. All the cross-
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k N L1 error order L2 error order L∞ error order
1 80 4.027E-03 - 2.214E-03 - 1.591E-03 -

160 1.006E-03 2.00 5.530E-04 2.00 4.004E-04 1.99
320 2.515E-04 2.00 1.382E-04 2.00 1.003E-04 2.00
640 6.288E-05 2.00 3.455E-05 2.00 2.508E-05 2.00

2 80 1.541E-05 - 1.418E-05 - 3.049E-05 -
160 1.912E-06 3.01 1.769E-06 3.00 3.736E-06 3.03
320 2.383E-07 3.00 2.211E-07 3.00 4.624E-07 3.01
640 2.975E-08 3.00 2.763E-08 3.00 5.752E-08 3.01

3 80 1.219E-07 - 1.116E-07 - 4.006E-07 -
160 7.609E-09 4.00 6.966E-09 4.00 2.513E-08 4.00
320 4.754E-10 4.00 4.353E-10 4.00 1.572E-09 4.00
640 2.971E-11 4.00 2.720E-11 4.00 9.828E-11 4.00

4 80 1.09E-09 - 1.08E-09 - 4.41E-09 -
160 3.401E-11 5.00 3.365E-11 5.00 1.374E-10 5.00
320 1.062E-12 5.00 1.052E-12 5.00 4.278E-12 5.01
640 3.319E-14 5.00 3.286E-14 5.00 1.334E-13 5.00

Table 4.2: Accuracy test of heat equations in Example 4.4.1, with alternating fluxes
ξ̂ = ξ−h and F̂u = (Fhuh)

+.

α̃ N L1 error order L2 error order L∞ error order
0 80 8.029E-07 - 5.549E-07 - 1.031E-06 -

160 1.007E-07 3.00 6.949E-08 3.00 1.294E-07 2.99
320 1.259E-08 3.00 8.689E-09 3.00 1.618E-08 3.00
640 1.575E-09 3.00 1.086E-09 3.00 2.022E-09 3.00

2α 80 4.721E-07 - 3.300E-07 - 6.683E-07 -
160 4.003E-08 3.56 2.841E-08 3.54 6.043E-08 3.47
320 2.952E-09 3.76 2.148E-09 3.73 4.843E-09 3.64
640 2.028E-10 3.86 1.502E-10 3.84 3.560E-10 3.77

10α 80 1.572E-07 - 1.150E-07 - 2.605E-07 -
160 1.053E-08 3.90 7.906E-09 3.86 1.892E-08 3.78
320 6.830E-10 3.95 5.221E-10 3.92 1.300E-09 3.86
640 4.356E-11 3.97 3.366E-11 3.96 8.619E-11 3.92

Table 4.3: Accuracy test of heat equations in Example 4.4.1, with central flux for ξ̂
and Lax-Friedrichs flux for F̂u = 1

2
(Fhu

+
h +Fhu

−
h )+ α̃

2
(ρ+

h−ρ−h ). Here α̃ = 0, 2α, 10α.

diffusion and self-diffusion coefficents are taken as 1. The system is written as follows.

∂tρ1 = ∂x ((2ρ1 + ρ2)∂xρ1 + ρ1∂xρ2) ,

∂tρ2 = ∂x (ρ2∂xρ1 + (ρ1 + 2ρ2)∂xρ2) .

(4.11a)

(4.11b)
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(4.11) is governed by the entropy E =
∫

Ω
ρ1(log ρ1 − 1) + ρ2(log ρ2 − 1)dx. Again

ξ = (log ρ1, log ρ2)T . F = diag(ρ)

2ρ1 + ρ2 ρ2

ρ1 2ρ2 + ρ1

 and z · Fz = 2ρ2
1z

2
1 +

2ρ2
2z

2
2 + ρ1ρ2(z1 + z2)2 ≥ 0. The computational domain is taken as [−π, π]. Let

ρ1(x, 0) = e
1
2

sinx and ρ2(x, 0) = e
1
2

cos(2x). We assume periodic boundary condition

and compute to t = 0.2 with τ = 0.0002h2. The numerical solution at the next

mesh level is set as a reference to evaluate the error. The error with central and

Lax-Friedrichs fluxes is documented in Table 4.4, and that with alternating fluxes is

in Table 4.5. The exhibited order of accuracy is similar to that in Example 4.4.1.

We again compute the error for k = 3 with different constants in the Lax-Friedrichs

flux. As one can see, the order of accuracy gets close to 4 as α̃ increases.

k N L1 error order L2 error order L∞ error order
1 20 2.852E-02 - 1.009E-02 - 8.675E-03 -

40 9.370E-03 1.61 3.461E-03 1.54 2.918E-03 1.57
80 3.031E-03 1.63 1.149E-03 1.59 9.292E-04 1.65
160 9.527E-04 1.67 3.609E-04 1.67 2.765E-04 1.75

2 20 1.093E-03 - 4.283E-04 - 4.440E-04 -
40 1.022E-04 3.42 4.329E-05 3.31 4.291E-05 3.37
80 1.164E-05 3.13 5.223E-06 3.05 5.183E-06 3.05
160 1.414E-06 3.04 6.480E-07 3.01 6.428E-07 3.01

3 20 7.543E-05 - 2.840E-05 - 3.058E-05 -
40 8.282E-06 3.19 3.208E-06 3.15 3.901E-06 2.97
80 8.588E-07 3.27 3.501E-07 3.20 4.431E-07 3.14
160 8.748E-08 3.30 3.642E-08 3.27 4.812E-08 3.20

4 20 2.170E-06 - 9.649E-07 - 1.752E-06 -
40 3.209E-08 6.08 1.746E-08 5.79 3.606E-08 5.60
80 8.787E-10 5.19 5.031E-10 5.12 1.066E-09 5.08
160 2.620E-11 5.07 1.542E-11 5.03 3.288E-11 5.02

Table 4.4: Accuracy test of the SKT population model in Example 4.4.2, with central
flux for ξ̂ and Lax-Friedrichs flux for F̂u.
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k N L1 error order L2 error order L∞ error order
1 20 8.476E-02 - 3.128E-02 - 2.359E-02 -

40 2.055E-02 2.04 7.346E-03 2.090 5.189E-03 2.18
80 5.088E-03 2.01 1.803E-03 2.027 1.235E-03 2.07
160 1.268E-03 2.00 4.486E-04 2.007 3.049E-04 2.02

2 20 1.313E-03 - 5.584E-04 - 6.613E-04 -
40 1.490E-04 3.14 6.531E-05 3.096 7.530E-05 3.14
80 1.815E-05 3.04 8.039E-06 3.022 9.240E-06 3.03
160 2.250E-06 3.01 1.001E-06 3.005 1.146E-06 3.01

3 20 4.008E-05 - 1.908E-05 - 3.948E-05 -
40 2.420E-06 4.05 1.160E-06 4.040 2.645E-06 3.90
80 1.503E-07 4.01 7.200E-08 4.010 1.682E-07 3.98
160 9.374E-09 4.00 4.493E-09 4.002 1.056E-08 3.99

4 20 1.603E-06 - 8.465E-07 - 1.774E-06 -
40 4.754E-08 5.08 2.615E-08 5.017 6.252E-08 4.83
80 1.469E-09 5.02 8.149E-10 5.004 2.028E-09 4.95
160 4.577E-11 5.00 2.544E-11 5.001 6.375E-11 4.99

Table 4.5: Accuracy test of the SKT population model in Example 4.4.2, with alter-
nating fluxes ξ̂ = ξ−h and F̂u = (Fhuh)

+.

α̃ N L1 error order L2 error order L∞ error order
0 20 9.502E-05 - 3.419E-05 - 3.141E-05 -

40 1.196E-05 2.99 4.260E-06 3.00 4.207E-06 2.90
80 1.501E-06 2.99 5.331E-07 3.00 5.222E-07 3.01
160 1.878E-07 3.00 6.667E-08 3.00 6.516E-08 3.00

10α 20 3.941E-05 - 1.692E-05 - 2.287E-05 -
40 3.833E-06 3.36 1.644E-06 3.36 2.245E-06 3.35
80 3.351E-07 3.52 1.477E-07 3.48 2.136E-07 3.39
160 2.720E-08 3.62 1.238E-08 3.58 1.865E-08 3.52

900α 20 2.873E-06 - 1.096E-06 - 1.981E-06 -
40 1.558E-07 4.21 6.967E-08 3.98 1.213E-07 4.03
80 1.075E-08 3.86 4.892E-09 3.83 8.305E-09 3.87
160 7.043E-10 3.93 3.261E-10 3.91 5.546E-10 3.90

Table 4.6: Accuracy test of the SKT population model in Example 4.4.2 with k = 3,
with central flux for ξ̂ and the Lax-Friedrichs flux for F̂u = 1

2
((Fhuh)

+ +(Fhuh)
−)+

α̃
2
(ρ+

h − ρ−h ). Here α̃ = 0, 10α, 900α respectively.

Example 4.4.3 (Tumor encapsulation).

∂tρ1 = ∂x
(
(2ρ1(1− ρ1)− βγρ1ρ

2
2)∂xρ1 − 2βρ1ρ2(1 + γρ1)∂xρ2

)
,

∂tρ2 = ∂x
(
(−2ρ1ρ2 + βγ(1− ρ2)ρ2

2)∂xρ1 + 2βρ2(1− ρ2)(1 + γρ1)∂xρ2

)
.

(4.12a)

(4.12b)
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System (4.12) comes from the tumor encapsulation model proposed by Jackson and

Byrne in [46], which describes the formation of a dense, fibrous connective tissue

surrounding the benign neoplastic mass. In the system, ρ1 corresponds to the con-

centration of tumors, and ρ2 is the concentration of the surrounding tissue. In [50],

the authors pointed out the system can be formulated as a gradient flow with the

entropy

E =

∫
Ω

ρ1(log ρ1 − 1) + ρ2(log ρ2 − 1) + (1− ρ1 − ρ2)(log(1− ρ1 − ρ2)− 1)dx,

if 0 ≤ γ < 4/
√
β. Then ξ = (log ρ1

1−ρ1−ρ2 , log ρ2
1−ρ1−ρ2 )T and the corresponding F

is semi-positive definite with the prescribed parameters. In the numerical test, we

firstly consider the case β = 0.0075 and γ = 10. The initial condition is set as

ρ1(x, 0) =
1

8

(
1 + tanh

0.1− x
0.05

)
, ρ2(x, 0) =

1

8

(
1− tanh

0.1− x
0.05

)
.

The zero-flux boundary condition is applied in the simulation. The computational

domain is set as Ω = [0, 1] with h = 0.02 and h = 0.04 respectively. We choose

the time step to be τ = 0.02h2. The numerical results are given in Figure 4.1. We

then consider problems with a strong cell-induced pressure, with β = 0.0075 and

γ = 1000. These parameters are rescaled from [46] and we drop the source term in

their simulation. In the numerical test, 0.95θεl,i instead of θεl,i is used in the scaling

limiter for robustness and all other settings are the same. The numerical results are

given in Figure 4.2. Although the system may no long possess a decaying entropy

since γ > 4/
√
β, it seems that our numerical method still produces satisfying results

and captures the sharp leading front of ρ2.

Example 4.4.4 (Surfactant spreading). We perform numerical simulations of a sys-

tem modelling the surfactant spreading on a thin viscous film, which can be used for

analyzing the delivery of aerosol for curing the respiratory distress syndrome. The
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Figure 4.1: Numerical solutions to the tumor encapsulation problem in Example
4.4.3 with β = 0.0075 and γ = 10 at t = 0.02, t = 0.2, t = 1 and t = 2. We use
piecewise cubic polynomials in the scheme. The mesh size is h = 0.04 in Figure 4.1a
and Figure 4.1c, and is h = 0.02 in Figure 4.1b and Figure 4.1d. The corresponding
entropy profiles are given in Figure 4.1e and Figure4.1f. The reference solutions are
given in black lines obtained by using the P 1 scheme on a mesh with h = 0.002.
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Figure 4.2: Numerical solutions to the tumor encapsulation problem in Example
4.4.3 with β = 0.0075 and γ = 1000 at t = 0.02, t = 0.2, t = 1 and t = 2. The
mesh size is h = 0.02 and the time step is τ = 0.02h2. The scaling paramter is set
as 0.95θεl,i in the positivity-preserving procedure. Piecewise cubic polynomials are
used in Figure 4.2a and Figure 4.2c, and piecewise quartic polynomials are used in
Figure 4.2b and Figure 4.2d. The reference solution is given in black lines obtained
by using the P 1 scheme on a mesh with h = 0.001.
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system was derived by Jensen and Grotberg in [47] and was then analyzed by Escher

et al. in [35]. In this system, ρ1 represents the film thickness and ρ2 is the con-

centration of the surfactant. The parameter g corresponds to a gravitational force.


∂tρ1 = ∂x

(
g

3
ρ3

1∂xρ1 +
1

2
ρ2

1∂xρ2

)
,

∂tρ2 = ∂x

(g
2
ρ2

1ρ2∂xρ1 + ρ1ρ2∂xρ2

)
.

(4.13a)

(4.13b)

Following the derivation in [35], the system is associated with the following entropy

functional

E =

∫
Ω

g

2
ρ2

1 + ρ2(log ρ2 − 1)dx.

Accordingly, ξ = (gρ1, log ρ2)T , F = diag(ρ)

1
3
ρ2

1
1
2
ρ1ρ2

1
2
ρ2

1 ρ1ρ2

 and z · Fz = 1
12
ρ3

1z
2
1 +

ρ1(1
2
ρ1z1 +ρ2z2)2 ≥ 0. It is shown in [47] that the similarity solutions to (4.13) would

develop shocks as g = 0. In this numerical test, we consider a weak gravitational

effect with g = 0.02. A uniform mesh with h = 0.05 is used on the spatial domain

[0, 3]. The time step is set as τ = 0.02h2. We apply the zero-flux boundary condi-

tion and assume the initial condition to be ρ1 = 0.5 and ρ2 = 0.5(1 − tanh x−0.5
0.1

).

Numerical solutions obtain with k = 3 and k = 4 are given in Figure 4.3. Under

the same setting without applying positivity-preserving limiter, the solutions blow

up shortly after t = 0.1718 for k = 3 and t = 0.1691 for k = 4.

4.5 Two-dimensional numerical tests

In this section, we provide several numerical examples of two-dimensional problems

on Cartesian meshes. The accuracy test is given in Example 4.5.1. Then we apply

the numerical scheme to solve the two-dimensional surfactant spreading problem in
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Figure 4.3: Numerical solutions to the surfactant spreading problem in Example
4.4.4 at t = 1, t = 3 and t = 6. The mesh size is h = 0.05 and the time step is
τ = 0.02h2. We apply piecewise cubic polynomials for producing Figure 4.3a and
Figure 4.3c. Piecewise quartic polynomials are used in Figure 4.3b and Figure 4.3d.
Positivity-preserving limiter is activated mainly near the leading front of ρ2. The
reference solutions are given in black lines obtained with P 1 scheme on a mesh with
h = 0.0025. The profiles of discrete entropy are depicted in Figure 4.3e and Figure
4.3f.
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Example 4.5.2 and the seawater intrusion model in Example 4.5.3.

Example 4.5.1. We start with the accuracy test and consider the two-dimensional

version of Example 4.4.2 with a source term s = (s1, s2)T .


∂tρ1 = ∇ · ((2ρ1 + ρ2)∇ρ1 + ρ1∇ρ2) + s1,

∂tρ2 = ∇ · (ρ2∇ρ1 + (ρ1 + 2ρ2)∇ρ2) + s2.

The problem is again associated with the logarithm entropy.

E =

∫∫
Ω

ρ1(log ρ1 − 1) + ρ2(log ρ2 − 1)dxdy.

Then ξ = (log ρ1, log ρ2)T and F = diag(ρ)

2ρ1 + ρ2 ρ2

ρ1 2ρ2 + ρ1

. We assume the

exact solution ρ = (ρ1, ρ2)T = (0.5 sin(π(x+y+ t))+1, 0.5 cos(π(x−y−0.5t))+1)T .

The source terms s = (s1, s2)T is computed accordingly. We compute to t = 0.03.

The time step is set as τ = 0.0003h2 for k = 1, 2, 3 and τ = 0.0001h2 for k = 4.

k Nx L1 error order L2 error order L∞ error order
1 10 1.185E-01 - 5.349E-02 - 5.732E-02 -

20 4.656E-02 1.35 2.147E-02 1.32 2.265E-02 1.34
40 1.773E-02 1.39 8.266E-03 1.38 8.692E-03 1.38
80 6.218E-03 1.51 2.921E-03 1.50 3.084E-03 1.50

2 10 8.206E-03 - 4.362E-03 - 8.402E-03 -
20 9.124E-04 3.17 5.659E-04 2.95 9.942E-04 3.08
40 1.077E-04 3.08 7.186E-05 2.98 1.213E-04 3.04
80 1.315E-05 3.03 9.068E-06 2.99 1.515E-05 3.00

3 10 9.481E-04 - 5.256E-04 - 9.990E-04 -
20 1.061E-04 3.16 5.847E-05 3.17 1.112E-04 3.17
40 1.128E-05 3.23 6.169E-06 3.25 1.216E-05 3.19
80 1.119E-06 3.33 6.042E-07 3.35 1.232E-06 3.30

4 10 4.685E-05 - 2.649E-05 - 7.459E-05 -
20 1.212E-06 5.27 8.159E-07 5.02 2.837E-06 4.72
40 3.328E-08 5.19 2.273E-08 5.17 7.754E-08 5.19

Table 4.7: Accuracy test of the cross-diffusion system in Example 4.5.1, with central
flux for ξ̂ and Lax-Friedrichs flux for F̂u.
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k Nx L1 error order L2 error order L∞ error order
1 10 3.848E-01 - 1.853E-01 - 2.415E-01 -

20 9.608E-02 2.00 4.397E-02 2.08 4.372E-02 2.47
40 2.376E-02 2.02 1.075E-02 2.03 1.014E-02 2.11
80 5.916E-03 2.01 2.667E-03 2.01 2.525E-03 2.01

2 10 1.510E-02 - 8.132E-03 - 2.121E-02 -
20 1.673E-03 3.17 9.563E-04 3.09 2.328E-03 3.19
40 1.923E-04 3.12 1.169E-04 3.03 2.662E-04 3.13
80 2.294E-05 3.07 1.453E-05 3.01 3.192E-05 3.06

3 10 8.253E-04 - 4.525E-04 - 1.449E-03 -
20 4.998E-05 4.05 2.922E-05 3.95 1.044E-04 3.80
40 3.075E-06 4.02 1.850E-06 3.98 6.675E-06 3.97
80 1.912E-07 4.01 1.161E-07 4.00 4.216E-07 3.99

4 10 5.174E-05 - 3.287E-05 - 1.448E-04 -
20 1.683E-06 4.94 1.127E-06 4.87 4.972E-06 4.86
40 5.276E-08 5.00 3.620E-08 4.96 1.485E-07 5.07

Table 4.8: Accuracy test of the cross-diffusion system in Example 4.5.1 with alter-
nating fluxes ξ̂ = ξ−h and F̂u = (Fhuh)

+.

α̃ Nx L1 error order L2 error order L∞ error order
0 10 1.082E-03 - 6.170E-04 - 1.139E-03 -

20 1.328E-04 3.07 7.682E-05 3.01 1.373E-04 3.05
40 1.651E-05 3.01 9.595E-06 3.00 1.722E-05 3.00
80 2.063E-06 3.00 1.199E-06 3.00 2.157E-06 3.00

100α 10 2.505E-04 - 1.266E-04 - 1.528E-04 -
20 1.234E-05 4.34 6.425E-06 4.30 1.234E-05 3.63
40 6.709E-07 4.20 3.609E-07 4.15 9.094E-07 3.76
80 3.923E-08 4.10 2.178E-08 4.05 6.480E-08 3.81

Table 4.9: Accuracy test for Example 4.5.1, with central flux for ξ̂ and Lax-Friedrichs
flux for F̂u = 1

2
((Fhuh)

+ + (Fhuh)
−) + α̃

2
(ρ+

h − ρ−h ). Here α̃ = 0, 100α.

Example 4.5.2. In this numerical example, we simulate the two-dimensional sur-

factant spreading.


∂tρ1 = ∇ ·

(
g

3
ρ3

1∇ρ1 +
1

2
ρ2

1∇ρ2

)
,

∂tρ2 = ∇ ·
(g

2
ρ2

1ρ2∇ρ1 + ρ1ρ2∇ρ2

)
.

(4.14a)

(4.14b)

Again ρ1 and ρ2 correspond to the film thickness and surfactant concentration re-
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spectively. The associated entropy is

E =

∫∫
Ω

g

2
ρ2

1 + ρ2(log ρ2 − 1)dxdy.

As before, ξ = (gρ1, log ρ2)T and F (ρ) = diag(ρ)

1
3
ρ2

1
1
2
ρ1ρ2

1
2
ρ2

1 ρ1ρ2

. We assume zero-

flux boundary condition on Ω = [0, 2] × [0, 2] and compute to t = 0.25 with hx =

hy = 0.02 and τ = 0.003(hx)2. The gravitational coefficient is set as g = 0.001.

Numerical results are given in Figure 4.4. The numerical method does capture the

sharp transition of the bowl-shaped leading front of ρ1, though with oscillations.

0.0 0.5 1.0 1.5 2.0
x

0.0

0.5

1.0

1.5

2.0

y

0.15

0.50

0.85

1.20

1.55

1.90

(a) ρ1, k = 3.

0.0 0.5 1.0 1.5 2.0
x

0.0

0.5

1.0

1.5

2.0

y

0.0

0.5

1.0

1.5

2.0

2.5

(b) ρ2, k = 3.
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Figure 4.4: Numerical solutions to the surfactant spreading problem (4.14) at t =
0.25. The solution is computed with piecewise cubic polynomials k = 3, mesh size
h = 0.02 and time step τ = 0.003h2.
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Example 4.5.3 (Seawater intrusion). This test case is taken from [62] on solving a

cross-diffusion system modelling the seawater intrusion in an unconfined aquifer.

∂tρ1 = ∇ · (µρ1∇(ρ1 + ρ2 + b)) ,

∂tρ2 = ∇ · (ρ2∇(µρ1 + ρ2 + b)) .

(4.15a)

(4.15b)

Here z = b(x, y) gives the impermeable interface between the seawater and the

bedrock. The saltwater sits on the bedrock between z = b(x, y) and z = b(x, y) +

ρ2(x, y, t). From z = b(x, y) + ρ2(x, y, t) to z = b(x, y) + ρ2(x, y, t) + ρ1(x, y, t) is the

freshwater, which is immiscible with the saltwater. The parameter µ ∈ (0, 1) is the

mass density ratio between the freshwater and the saltwater. (4.15) is associated

with the energy functional

E =

∫∫
Ω

µ

2
(ρ1 + ρ2 + b)2 +

1− µ
2

(ρ2 + b)2dxdy.

It can be show that there exists a non-negative solution to (4.15) satisfies the energy

decay property

d

dt
E = −

∫∫
Ω

µ2ρ1|∇(ρ1 + ρ2 + b)|2 + ρ2|∇(µρ1 + ρ2 + b)|2dxdy.

We assume the zero-flux boundary condition and use a 20 × 20 square mesh on

[0, 1] × [0, 1]. We compute to t = 12 with τ = 0.002(hx)2. The parameter is set as

µ = 0.9. The initial condition ρ0 = (ρ0
1, ρ

0
2)T , with

ρ0
1(x, y) =

0.5 if x ≤ 0.25

0 otherwise
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and

ρ0
2(x, y) =

b(0.5, 0)− b(x, y)− (x− 0.5) if x ≤ 0.5

0 otherwise
,

is used in our numerical simulation. Here the seabed function is

b(x, y) = max(0, 0.5(1− 16(x− 0.5)2)(cos(πy) + 2)).

Numerical solutions at different time are depicted in Figure 4.5. One can see that

solutions converge to a steady state as t becomes large.

4.6 Concluding remarks

In this chapter, we develop a DG method for solving cross-diffusion systems with a

gradient flow structure. The difficulty is that the non-negativity of solutions is usu-

ally an essential part for the entropy stability. One needs to design numerical schemes

to preserve the entropy structure, as well as ensures the positivity of solutions. We

adopt the Gauss-Lobatto quadrature rule in the DG method, so that the resulting

semi-discrete schemes are subject to an entropy inequality consistent with that of the

continuum system. Furthermore, for a class of problems, with a suitable choice of

numerical fluxes, the numerical method is compatible with the positivity-preserving

procedure established in [87] and [86]. The extension to two-dimensional problems

on Cartesian meshes is also discussed. In our numerical tests, we observe that the

methods achieve high-order accuracy. Though the convergence rate is reduced with

odd-order piecewise polynomials, the optimal rate can be retrieved by imposing a

larger Lax-Friedrichs constant in the numerical fluxes. Numerical simulations to

problems with positivity-preserving issues have also been performed.
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(c) t = 0.79.

x 0.00.20.40.60.81.0

y
0.00.20.40.60.81.0

z

0.0

0.5

1.0

1.5

2.0

2.5

(d) t = 12.
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Figure 4.5: Numerical solutions to the seawater intrusion problem in Example 4.5.3
at t = 0, 0.2, 0.79, 12. Solutions are obtained with piecewise cubic polynomials on
a uniform square mesh on [0, 1] × [0, 1], with hx = hy = 0.05. The time step is set
as τ = 0.002(hx)2 in the simulation. b, b + ρ2 and b + ρ1 + ρ2 are depicted in blue,
orange and green respectively.
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The major contributions of the thesis are to analyze the L2 stability of DG

methods coupling with several explicit time discretization methods and to design

a entropy stable DG methods for gradient flow problems that is compatible with

a positivity-preserving procedure. The thesis is mainly based on our publications

[71, 72, 70].

On stability of time discretizations, we firstly consider the second-order and the

third-order Lax-Wendroff DG methods, which are originally proposed by Guo et

al. in [40]. The linear advection equation is used as a model problem for our

analysis. Under these contexts, Lax-Wendroff DG methods with upwind fluxes for

all intermediate variables are shown to be equivalent with the Runge-Kutta DG

methods, whose stability has already been studied in [84]. In general, different choices

of numerical fluxes can be used. Among all these choices, we prove that, with uniform

or non-increasing time steps satisfying a usual CFL condition τ ≤ Ch, the second-

order Lax-Wendroff DG schemes with piecewise linear polynomials and the third-

order Lax-Wendroff DG schemes with arbitrary polynomial elements are L2 stable,

as long as the numerical flux for the unknown u is upwinding. Furthermore, if the

next auxiliary variable, which approximates ut, is also upwinding, then the scheme

would be strongly stable, in the sense that L2 norm of the numerical solution will not

increase at the next time level. While if downwind flux is used, the scheme is L2 stable

in a weaker sense. More specifically, the L2 norm of the solution is bounded by that

of the initial condition multiplied by a constant. These results are also generalized

to multi-dimensions for advection equations with a divergence-free velocity field.

Finally, as a corollary of the stability results, optimal error estimates are provided

for stable Lax-Wendroff DG schemes in one dimension, and the convergence results

are verified numerically both in one dimension and two dimensions.
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The next step is to analyze the fourth-order Runge-Kutta method. We mainly

consider the semi-negative linear autonomous ODE system, which can be resulted

from different strongly stable spatial discretizations, including the DG method. A

counter example is given for showing that the four stage fourth-order DG method

does not preserve the strong stability of the ODE system, whatever small time step

is used. However, the strong stability will be achieved for every two time steps

under a time step restriction. We then extend the result to more general well-posed

and non-autonomous problems and state the stability of fully discrete schemes with

Galerkin type spatial discretizations.

On the development of DG methods for gradient flows, we start with scalar

problems, including both the nonlinear parabolic equations, such as porous media

equations and Fokker-Planck equations, and Wasserstein gradient flows that may

involving nonlocal interaction effects. Noting that a direct application of the local

DG method may break the weak positivity of the scheme, we apply the technique in

[22] and introduce the Gauss-Lobatto quadrature rule. The resulting semi-discrete

preserve the entropy decay property of the continuum equation, if the problem does

not involve a non-smooth interaction potential. Furthermore, it can be shown that

under sufficiently small time step, the method preserves the weak positivity with the

Euler forward time discretization. Hence one can combine the scaling limiter and

the SSP-RK method, as have been done in [87] and [86], to ensure that the fully

discrete scheme produces non-negative solutions. The method is also extended to

two dimensions with Cartesian meshes. Numerical examples are shown to validate

the high-order accuracy and the ability for preserving long time asymptotics.

We then apply the method to cross-diffusion systems, which feature with a similar

entropy decay property and the positivity is usually expected as well. The idea is

to introduce a new velocity function to formally decouple the system. Then one
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can apply the method in Chapter 3 for each equation. The resulting semi-discrete

scheme is also associated with a decaying entropy and it is also compatible with the

positivity-preserving procedure stated before. We validate the performance of the

method with both one-dimensional and two-dimensional numerical tests.

This thesis can serve as a starting point for a few future projects. For time

discretizations, our ongoing work is to analyze the stability of implicit-explicit time

stepping methods with the DG spatial discretization for KdV type equations. We

would also like to study the L2 stability of other multi-stage and multi-derivative

time discretizations. For gradient flows, one future direction is to extent the method

to unstructured meshes, to fit more complicated geometry and to resolve the blow

up behaviors. Another direction is to develop a well-balanced numerical scheme

based on the current method, to preserve the steady state for problems with source

terms. We will also explore the possibility of applying the method to other entropy

or energy dissipative systems with non-negative solutions.
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A.1 Relationships between RKDG and LWDG meth-

ods

We only consider the third order temporal discretization. The relationships of the

second order schemes follow from the same lines.

Consider the time-dependent problem uuut = Luuu. One can apply Lax-Wendroff

procedure to write down a semi-discretized scheme with respect to time.

uuun+1 = uuun + τpppn +
τ 2

2
qqqn +

τ 3

6
Lqqqn,

pppn = Luuun, qqqn = Lpppn,

where τ is the time step.

In general, to obtain a fully discretized scheme, one can replace L with different

consistent spatial discretization operators. For example, for the DG method, one

can apply different numerical fluxes, and the final scheme will still approximate the

original equation.

Now we assume the same spatial discretization LN is used for each L. Then the

scheme becomes

uuun+1 = uuun + τpppn +
τ 2

2
qqqn +

τ 3

6
LNqqq

n,

pppn = LNuuu
n, qqqn = LNppp

n,

(A.1)

which corresponds to the truncated Taylor expansion for the semi-discretized scheme

uuut = LNuuu.
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Assume LN to be linear and independent of t. If the third order SSP Runge-Kutta

method is applied for time stepping, one will get

uuu(1) = uuun + τLNuuu
n = uuun + τpppn,

uuu(2) =
3

4
uuun +

1

4
(uuu(1) + τLNuuu

(1))

=
3

4
uuun +

1

4
(uuun + τpppn + τLNuuu

n + τ 2LNppp
n)

= uuun +
τ

2
pppn +

τ 2

4
qqqn,

uuun+1 =
1

3
uuun +

2

3
(uuu(2) + τLuuu(2))

=
1

3
uuun +

2

3
(uuun +

τ

2
pppn +

τ 2

4
qqqn + τLNuuu

n +
τ 2

2
LNppp

n +
τ 3

4
LNqqq

n)

= uuun + τpppn +
τ 2

2
qqqn +

τ 3

6
LNqqq

n.

(A.2)

After comparing (A.1) and (A.2), we will see, if the same spatial discretization

LN is used, with LN being linear and independent of time t, then the fully discretized

schemes obtain from the Lax-Wendroff procedure and the Runge-Kutta method are

equivalent after one full time step.

In particular, let LN corresponds to the DG discretization for multidimensional

system uuut =
∑d

i=1(Ai(xxx)uuu)xi . One can check this specific LN also satisfies the as-

sumptions above. If this LN is used through out the Lax-Wendroff procedure, then

the scheme will be equivalent to the corresponding RKDG scheme.
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A.2 Proofs of several lemmas in Chapter 1

A.2.1 Proof of Lemma 1.3.5

Proof. We restore the integral notation in this proof.

(1) In H−βββ , w = w+ if βββ · nnn < 0, w = w− if βββ · nnn > 0. Hence

H−βββ (w,w) =
∑
K∈K

1

2

∫
K

(βββ · ∇)w2dx−
∑
K∈K

∫
∂K

w−wβββ · nnndl

=
∑
K∈K

∫
∂K

(
1

2
w − w−)wβββ · nnndl

=
∑
e∈E

∫
e

−1

2
(w−)2|βββ · nnn| − (

1

2
w+ − w−)w+|βββ · nnn|dl

=
∑
e∈E

∫
e

−1

2
(w− − w+)2|βββ · nnn|dl

= −1

2
JwK2

βββ.

(2) Since ∇ · βββ = 0, (βββ · ∇)v = ∇ · (βββv)

H−βββ (w, v) =
∑
K∈K

∫
K

w∇ · (βββv)dx−
∑
K∈K

∫
∂K

w−vβββ · nnndl

= −
∑
K∈K

∫
K

v(βββ · ∇)wdx−
∑
K∈K

∫
∂K

(w− − w)vβββ · nnndl

= −
∑
K∈K

∫
K

v(βββ · ∇)wdx+
∑
e∈E

∫
e

(w− − w+)v+|βββ · nnn|dl

= −
∑
K∈K

∫
K

v(βββ · ∇)wdx+
∑
K∈K

∫
∂K

wv+βββ · nnndl

= −H+
βββ (v, w).

(A.3)
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(3)

H−βββ (w, v) =
∑
K∈K

∫
K

w(βββ · ∇)vdx−
∑
K∈K

∫
∂K

w−vβββ · nnndl

=
∑
K∈K

∫
K

w(βββ · ∇)vdx−
∑
K∈K

∫
∂K

w+vβββ · nnndl +
∑
K∈K

∫
∂K

[w]vβββ · nnndl

= H+
βββ (w, v) +

∑
e∈E

∫
e

[w](v− − v+)|βββ · nnn|dl

= H+
βββ (w, v)− [w, v]βββ.

A.2.2 Proof of Lemma 1.3.6

Proof. (1) According to (A.3),

H−βββ (w, v) = −
∑
K∈K

∫
K

v(βββ · ∇)wdx−
∑
e∈E

∫
e

[w]v+|βββ · nnn|dl.

Therefore, by the Cauchy-Schwartz inequality,

|H−βββ (w, v)| ≤
∑
K∈K

‖v‖K‖(βββ · ∇)w‖K +

√∑
e∈E

∫
e

[w]2|βββ · nnn|dl
√∑

e∈E

∫
e

(v+)2|βββ · nnn|dl

≤ ‖(βββ · ∇)w‖‖v‖+ CβββJwKβββ

√∑
e∈E

∫
e

(v+)2dl.

We would like to bound the term
√∑

e∈E
∫
e
(v+)2dl with ‖v‖. However, v+ will no

longer be a polynomial if βββ(xxx) · nnn changes sign along the edge, and in this case one

can not directly apply the trace inverse inequality. Therefore, we introduce vl and
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vr to denote the left and right limit of v along the edge. Then it gives

|H−βββ (w, v)| ≤ ‖(βββ · ∇)w‖‖v‖+ CβββJwKβββ

√∑
e∈E

∫
e

2(vl)2 + 2(vr)2dl,

≤ (‖(βββ · ∇)w‖+ Cµ,βββh
− 1

2 JwKβββ)‖v‖.

(2) Use H−βββ (w, v) = −H+
βββ (v, w). The remaining steps are similar.

A.2.3 Proof of Lemma 1.3.8

Proof. For simplicity, we drop all the subscripts h and superscripts n. Let xxx0 be

the centroid of the element K in d-dimensions. Denote βββ0 = βββ(xxx0). Let P1(K) =

V0 + V1 + V2, where

V0 = {y ∈ P1(K)|y is a constant},

V1 = {y ∈ P1(K)|(y, z)K = 0,∀z ∈ V0 and (βββ0 · ∇)y = 0},

V2 = {y ∈ P1(K)|(y, z)K = 0,∀z ∈ V0 ∪ V1}.

Then we can assume p = p0φ
0 + p1φ

1 + p2φ
2, where φi ∈ Vi and ‖φi‖K = 1. Note

that ∇φ0 = ~0 and (βββ0 · ∇)φ1 = 0. Using the inverse inequality, we get

‖(βββ · ∇)p‖K ≤ ‖p2(βββ · ∇)φ2‖K + ‖p1((βββ − βββ0) · ∇)φ1‖K

≤ Cµ,βββh
−1|p2|‖φ2‖K + Cµh

−1‖βββ − βββ0‖L∞|p1|‖φ1‖K

≤ Cµ,βββh
−1|p2|+ Cµh

−1‖βββ − βββ0‖L∞|p1|.

Denote e+ = {x ∈ ∂K|βββ(xxx) ·nnn > 0}, and e− = ∂K\e+. We integrate by parts to get

p2.

p2 = (p, φ2)K = −(u, (βββ · ∇)φ2)K + 〈u+, φ2βββ · nnn〉∂K
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= ((βββ · ∇)u, φ2)K − 〈u, φ2βββ · nnn〉∂K + 〈u+, φ2βββ · nnn〉∂K

= ((βββ · ∇)u, φ2)K − 〈u−, φ2|βββ · nnn|〉e+ + 〈u+, φ2|βββ · nnn|〉e− + 〈u+, φ2βββ · nnn〉∂K

= (((βββ − βββ0) · ∇)u, φ2)K + 〈[u], φ2|βββ · nnn|〉e+ ,

where we have used the fact (βββ0 · ∇)u ∈ V0. By the trace inverse inequality,

|p2| ≤ Cµ,βββJuKβββ,∂K‖φ2‖∂K + Cµh
−1‖βββ − βββ0‖L∞‖u‖K

≤ Cµ,βββh
− 1

2 JuKβββ,∂K + Cµh
−1‖βββ − βββ0‖L∞‖u‖K .

Similarly, one can show

|p1| ≤ Cµ,βββh
− 1

2 JuKβββ,∂K + Cµh
−1‖βββ − βββ0‖L∞‖u‖K .

(i) When βββ is a constant, βββ − βββ0 = 0. Therefore, ‖(βββ · ∇)p‖K ≤ Cµ,βββh
−1|p2| ≤

Cµ,βββh
− 3

2 JuKβββ,∂K . (ii) For non-constant βββ, by the regularity of βββ, ‖βββ −βββ0‖L∞ ≤ Cβββh.

Therefore

‖(βββ · ∇)p‖K ≤ Cµ,βββh
−1|p2|+ Cµ,βββ|p1|

|p2| ≤ Cµ,βββh
− 1

2 JuKβββ,∂K + Cµ,βββ‖u‖K

|p1| ≤ Cµ,βββh
− 1

2 JuKβββ,∂K + Cµ,βββ‖u‖K ,

which implies ‖(βββ · ∇)p‖K ≤ Cµ,βββh
− 3

2 JuKβββ,∂K + Cµ,βββh
−1‖u‖K .
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A.3 Proof of Proposition 2.1.1

Proof. (1) To prove LN + LTN ≤ 0.

LN + LTN = −


2 2 2

2 2 2

2 2 2

 = −2


1

1

1


(

1 1 1

)
.

Hence for any u = (u1, u2, u3)T ∈ R3,

uT (LN + LTN)u = −2(u1 + u2 + u3)2 ≤ 0.

(2) To prove ‖P4(τLN)‖ > 1.

By definition,

P4(τLN) =


1− τ + τ2

2
− τ3

6
+ τ4

24
−2τ + 2τ 2 − τ 3 + τ4

3
−2τ + 4τ 2 − 3τ 3 + 4τ4

3

0 1− τ + τ2

2
− τ3

6
+ τ4

24
−2τ + 2τ 2 − τ 3 + τ4

3

0 0 1− τ + τ2

2
− τ3

6
+ τ4

24

 .

Since ‖P4(τLN)‖ =
√
λmax(P4(τLN)TP4(τLN)) is the square root of the largest

eigenvalue of P4(τLN)TP4(τLN), we define f(λ, τ) = det(λI − P4(τLN)TP4(τLN)).

It suffices to show, for any sufficiently small τ , f(·, τ) has a root larger than 1.

After direct calculation, one can obtain

f(λ, τ) = λ3 + c2λ
2 + c1λ+ c0,
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where

c0 = −
(

1− τ +
1

2
τ 2 − 1

6
τ 3 +

1

24
τ 4

)6

,

c1 = 3− 12τ + 36τ 2 − 72τ 3 + 100τ 4 − 211τ 5

2
+

1069τ 6

12

− 257τ 7

4
+

4081τ 8

96
− 3827τ 9

144
+

2225τ 10

144
− 1133τ 11

144

+
1895τ 12

576
− 3709τ 13

3456
+

197τ 14

768
− 851τ 15

20736
+

385τ 16

110592
,

c2 = −3 + 6τ − 18τ 2 + 36τ 3 − 46τ 4 +
163τ 5

4
− 589τ 6

24
+

75τ 7

8
− 385τ 8

192
.

One can see

f(1, τ) =− 8τ 9

27
+
τ 10

3
− τ 11

9
− 59τ 12

216
+

341τ 13

864
− 247τ 14

864
+

1435τ 15

10368

− 19τ 16

384
+

2299τ 17

165888
− 4757τ 18

1492992
+

79τ 19

124416
− 107τ 20

995328

+
179τ 21

11943936
− 13τ 22

7962624
+

τ 23

7962624
− τ 24

191102976
,

f(2, τ) =1 + 6τ − 18τ 2 + 36τ 3 − 38τ 4 +
67τ 5

4
+

371τ 6

24
− 289τ 7

8
+

7007τ 8

192

− 11609τ 9

432
+

2273τ 10

144
− 383τ 11

48
+

5213τ 12

1728
− 2345τ 13

3456
− 203τ 14

6912

+
673τ 15

6912
− 5087τ 16

110592
+

2299τ 17

165888
− 4757τ 18

1492992
+

79τ 19

124416
− 107τ 20

995328

+
179τ 21

11943936
− 13τ 22

7962624
+

τ 23

7962624
− τ 24

191102976
.

Hence, for any sufficiently small τ ,

f(1, τ) = −8τ 8

27
+O(τ 9) < 0, f(2, τ) = 1 + 6τ +O(τ 2) > 1.

Note f(λ, τ) is a polynomial with respect to λ and τ , hence it is continuous. By

the intermediate value theorem, there exists λ(τ) ∈ (1, 2) such that f(λ(τ), τ) = 0.

Therefore

‖P4(τLN)‖ ≥
√
λ(τ) > 1.
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Remark A.3.1. We also provide the numerical examination of Proposition 2.1.1.

The values of ‖P4(τLN)‖−1 and ‖P4(τLN)2‖−1 with a decreasing sequence of τ are

listed in Table A.1. As we can see, for this specific case, the one-step strong stability

does fail, but the two-step strong stability holds.

Table A.1: The numerical examination of Proposition 2.1.1 and Theorem 2.2.1.

τ ‖P4(τLN)‖ − 1 ‖P4(τLN)2‖ − 1
0.5 1.2794e-3 -1.0428e-3
0.2 8.3857e-6 -1.8788e-5
0.1 2.2173e-7 -6.6719e-7
0.05 6.3437e-9 -2.2029e-8
0.02 6.1504e-11 -2.3254e-10
0.01 1.8868e-12 -7.3375e-12

A.4 Coefficient matrix Ã

Ã =

−



1 3/2 7/6 5/8 1/4 5/72 1/72 1/576

3/2 7/3 15/8 25/24 31/72 1/8 5/192 1/288

7/6 15/8 37/24 127/144 3/8 65/576 7/288 1/288

5/8 25/24 127/144 25/48 131/576 61/864 1/64 1/432

1/4 31/72 3/8 131/576 175/1728 37/1152 25/3456 5/4608

5/72 1/8 65/576 61/864 37/1152 1/96 11/4608 5/13824

1/72 5/192 7/288 1/64 25/3456 11/4608 23/41472 7/82944

1/576 1/288 1/288 1/432 5/4608 5/13824 7/82944 1/82944



.
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A.5 Proof of Lemma 2.3.2

Proof. (1) To prove H(vvvh, vvvh) ≥ 0.

We denote by vvve,h = SSSevvvh and v̂vve,h = ŜSSevvvh. Since AAAi are symmetric. Integrating

by parts, one has

d∑
i=1

(AAAivvvh, ∂xivvvh)K =
∑
e∈∂K

〈1
2

d∑
i=1

nie,KAAAivvvh, vvvh〉e =
∑
e∈∂K

〈1
2

ΛΛΛevvve,h, vvve,h〉e. (A.4)

Substitute (A.4) into (2.30), then we obtain

H(vvvh, vvvh) =
∑
K∈K

∑
e∈∂K

〈ΛΛΛe(
1

2
vvve,h − v̂vve,h), vvve,h〉e.

Each cell interface e is shared by two elements. We sit in either side and call vvve,h

defined in this element to be vvvinte,h. vvve,h defined from the other side is referred as vvvexte,h .

Then the summation can be rewritten as

H(vvvh, vvvh) =
∑
e∈E

(
〈ΛΛΛe(

1

2
vvvinte,h − v̂vve,h), vvvinte,h〉e + 〈−ΛΛΛe(

1

2
vvvexte,h − v̂vve,h), vvvexte,h〉e

)
=

∑
e∈E

(
1

2
〈ΛΛΛevvv

int
e,h, vvv

int
e,h〉e −

1

2
〈ΛΛΛevvv

ext
e,h , vvv

ext
e,h〉e + 〈ΛΛΛev̂vve,h, vvv

ext
e,h − vvvinte,h〉e).

By checking the definition of v̂vve,h, one can prove that

H(vvvh, vvvh) =
1

2

∑
e∈E

〈abs(ΛΛΛe)(vvv
ext
e,h − vvvinte,h), (vvvexte,h − vvvinte,h)〉e,

where abs(ΛΛΛe) = diag(|λ1
e|, ..., |λme |). Hence H(vvvh, vvvh) is non-negative.

(2) To prove |H(wwwh, vvvh)| ≤ Ch−1‖wwwh‖‖vvvh‖.
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We will use the notation | · | for different meanings. For scalars, |a| is the absolute

value of a; for vectors, |aaa| stands for the Euclidean norm of aaa; and for matrices, |AAA|

is the operator norm of AAA. We also use the notation ‖ · ‖K =
√

(·, ·)K .

By using the Cauchy- Schwarz inequality and the inverse estimate, one has

|
∑
K∈K

d∑
i=1

(AAAiwwwh, ∂xivvvh)K | ≤
∑
K∈K

d∑
i=1

|AAAi|‖wwwh‖K‖∂xivvvh‖K

≤
(
Ch−1

d∑
i=1

|AAAi|
)∑

K∈K

‖wwwh‖K‖vvvh‖K

≤
(
Ch−1

d∑
i=1

|AAAi|
)
‖wwwh‖‖vvvh‖.

(A.5)

And

|
∑
K∈K

∑
e∈∂K

〈ΛΛΛeŜSSewwwh,SSSevvvh〉e| ≤ sup
k,e
|λke |

∑
K∈K

∑
e∈∂K

√∫
e

|ŜSSewwwh|2dl
√∫

e

|SSSevvvh|2dl.

Note that SSSe are orthogonal, |SSSevvvh| = |vvvh|. By using the inverse inequality, we obtain

√∫
e

|SSSevvvh|2dl =

√∫
e

|vvvh|2dl ≤ Ch−
1
2‖vvvh‖K ,

and √∫
e

|ŜSSewwwh|2dl ≤
√∫

e

|wwwinth |2 + |wwwexth |2dl ≤ Ch−
1
2‖wwwh‖N (K),

where N (K) is the union of K and its neighboring elements. Hence

|
∑
K∈K

∑
e∈∂K

〈ΛΛΛeŜSSewwwh,SSSevvvh〉e| ≤Ch−1 sup
k,e
|λke |

∑
K∈K

‖wwwh‖N (K)‖vvvh‖K

≤Ch−1 sup
k,e
|λke |
√∑

K∈K

‖wwwh‖2
N (K)

√∑
K∈K

‖vvvh‖2
K

≤Ch−1 sup
k,e
|λke |‖wwwh‖‖vvvh‖.

(A.6)
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Combining (A.5) and (A.6), we get

|H(wwwh, vvvh)| ≤ Ch−1‖wwwh‖‖vvvh‖.



Appendix B

Appendix for Part II
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B.1 Proofs of theorems on entropy inequalities

B.1.1 Proof of Theorem 4.2.1

Proof. d
dt
Eh =

∑N
i=1

∫
Ii
∂tρh · ξhdx. Then, with ϕh = ξh in (4.5a), we have

∼∫
Ii

∂tρh · ξhdx =−
∼∫
Ii

Fhuh · ∂xξhdx+ (F̂u · ξ−h )i+ 1
2
− (F̂u · ξ+

h )i− 1
2

=−
∫
Ii

I(Fhuh) · ∂xI(ξh)dx+ (F̂u · ξ−h )i+ 1
2
− (F̂u · ξ+

h )i− 1
2
.

Here we have used the fact that I(Fhuh) · ∂xI(ξh) is a polynomial of degree 2k − 1

and Gauss-Lobatto quadrature rule is exact. Then by integrating by parts and again

use the exactness of the quadrature, one can get

∼∫
Ii

∂tρh · ξhdx =

∫
Ii

∂xI(Fhuh) · I(ξh)dx− (Fhuh · ξh)−i+ 1
2

+ (Fhuh · ξh)+
i− 1

2

+ (F̂u · ξ−h )i+ 1
2
− (F̂u · ξ+

h )i− 1
2

=

∼∫
Ii

ξh · ∂x(Fhuh)dx− (Fhuh · ξh)−i+ 1
2

+ (Fhuh · ξh)+
i− 1

2

+ (F̂u · ξ−h )i+ 1
2
− (F̂u · ξ+

h )i− 1
2

=−
∼∫
Ii

uh · Fhuhdx+ (ξ̂ · (Fhuh)−)i+ 1
2
− (ξ̂ · (Fhuh)+)i− 1

2

− (Fhuh · ξh)−i+ 1
2

+ (Fhuh · ξh)+
i− 1

2

+ (F̂u · ξ−h )i+ 1
2
− (F̂u · ξ+

h )i− 1
2
.
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After summing over the index i and using the periodicity, we obtain

d

dt
Eh =

N∑
i=1

∼∫
Ii

∂tρh · ξhdx

= −
∼∫
Ω

uh · Fhuhdx+
N∑
i=1

(
((Fhuh)

− − F̂u)i+ 1
2
· [ξh]i+ 1

2
+ [Fhuh]i+ 1

2
· (ξ+

h − ξ̂)i+ 1
2

)
.

The proof is completed by substituting numerical fluxes in (4.7) and (4.8). Note∑N
i=1 αi+ 1

2
[ξh]i+ 1

2
· [ρh]i+ 1

2
=
∑N

i=1 αi+ 1
2
[ρh]i+ 1

2
· D2e(ζi+ 1

2
)[ρh]i+ 1

2
≥ 0 due to the

convexity of e. Here ζi+ 1
2

lies between (ρh)
−
i+ 1

2

and (ρh)
+
i+ 1

2

.

B.1.2 Proof of Theorem 4.3.1

Proof. d
dt
Eh =

∑Ny

j=1

∑Nx

i=1

∫
Ii
∂tρh · ξhdx. Then

∼∫
Jj

∼∫
Ii

∂tρh · ξhdx =−
∼∫
Jj

∼∫
Ii

Fhu
x
h · ∂xξh + Fhu

y
h · ∂yξhdxdy

+

∼∫
Jj

F̂uxi+ 1
2
· ξh(x−i+ 1

2

, y)− F̂uxi− 1
2
· ξh(x+

i− 1
2

, y)dy

+

∼∫
Ii

F̂uyj+ 1
2
· ξh(x, y−j+ 1

2

)− F̂uyj− 1
2
· ξh(x, y+

j− 1
2

)dx,

For each fixed y, each component of I(Fhu
x)∂xI(ξh) is a polynomial of degree 2k−1

with respect to x. I(Fhu
y)∂yI(ξh) is a (2k− 1)-th order polynomial with respect to

y for each fixed x. Hence the Gauss-Lobatto quadrature with k + 1 node is exact.

We then replace the quadrature rule with the exact integral, and integrate by parts
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to get

d

dt
E =

Nx∑
i=1

Ny∑
j=1

(
−
∼∫
Jj

( ∼∫
Ii

I(Fhu
x
h) · ∂xI(ξh)dx

)
dy

−
∼∫
Ii

( ∼∫
Jj

I(Fhu
y
h) · ∂yI(ξh)dy

)
dx

+

∼∫
Jj

F̂uxi+ 1
2
· ξh(x−i+ 1

2

, y)− F̂uxi− 1
2
· ξh(x+

i− 1
2

, y)dy

+

∼∫
Ii

F̂uyj+ 1
2
· ξh(x, y−j+ 1

2

)− F̂uyj− 1
2
· ξh(x, y+

j− 1
2

)dx

)

=
Nx∑
i=1

Ny∑
j=1

( ∼∫
Jj

( ∼∫
Ii

∂xI(Fhu
x
h) · I(ξh)dx

)
dy

+

∼∫
Ii

( ∼∫
Jj

∂yI(Fhu
y
h) · I(ξh)dy

)
dx

−
∼∫
Jj

(Fhu
x
h · ξh)(x−i+ 1

2

, y)− (Fhu
x
h · ξh)(x+

i− 1
2

, y)dy

−
∼∫
Ii

(Fhu
y
h · ξh)(x, y−j+ 1

2

)− (Fhu
y
h · ξh)(x, y+

j− 1
2

)dx

+

∼∫
Jj

F̂uxi+ 1
2
· ξh(x−i+ 1

2

, y)− F̂uxi− 1
2
· ξh(x+

i− 1
2

, y)dy

+

∼∫
Ii

F̂uyj+ 1
2
· ξh(x, y−j+ 1

2

)− F̂uyj− 1
2
· ξh(x, y+

j− 1
2

)dx

)
.
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Again by changing back to the quadrature rule and applying the scheme, we obtain

d

dt
E =

Nx∑
i=1

Ny∑
j=1

(
−
∼∫
Jj

∼∫
Ii

uxh · Fhuxh + uyh · Fhuyhdxdy

+

∼∫
Jj

(Fhu
x
h)(x

−
i+ 1

2

, y) · ξ̂i+ 1
2
− (Fhu

x
h)(x

+
i− 1

2

, y) · ξ̂i− 1
2
dy

+

∼∫
Ii

(Fhu
y
h)(x, y

−
j+ 1

2

) · ξ̂j+ 1
2
− (Fhu

y
h)(x, y

+
j− 1

2

) · ξ̂j− 1
2
dx

−
∼∫
Jj

(Fhu
x
h · ξh)(x−i+ 1

2

, y)− (Fhu
x
h · ξh)(x+

i− 1
2

, y)dy

−
∼∫
Ii

(Fhu
y
h · ξh)(x, y−j+ 1

2

)− (Fhu
y
h · ξh)(x, y+

j− 1
2

)dx

+

∼∫
Jj

F̂uxi+ 1
2
· ξh(x−i+ 1

2

, y)− F̂uxi− 1
2
· ξh(x+

i− 1
2

, y)dy

+

∼∫
Ii

F̂uyj+ 1
2
· ξh(x, y−j+ 1

2

)− F̂uyj− 1
2
· ξh(x, y+

j− 1
2

)dx

)
.

Since we have assumed periodicity, all cell interface terms are canceled out with

alternating fluxes.

d

dt
Eh = −

∼∫
J

∼∫
I

(uxh · Fhuxh + uyh · Fhuyh) dxdy.

For central and Lax-Friedrichs fluxes, there remain additional penalty terms.

d

dt
Eh =−

∼∫
J

∼∫
I

(uxh · Fhuxh + uyh · Fhuyh) dxdy

−
Nx∑
i=1

∼∫
J

αx
i+ 1

2

(y)

2

(
ξh(x

+
i+ 1

2

, y)− ξh(x−i+ 1
2

, y)
)
·
(
ρh(x

+
i+ 1

2

, y)− ρh(x−i+ 1
2

, y)
)
dy

−
Ny∑
j=1

∼∫
I

αy
j+ 1

2

(x)

2

(
ξh(x, y

+
j+ 1

2

)− ξh(x, y−i+ 1
2

)
)
·
(
ρh(x, y

+
j+ 1

2

)− ρh(x, y−j+ 1
2

)
)
dx.
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−
∼∫
J

∼∫
I

(uxh · Fhuxh + uyh · Fhuyh) dxdy ≤ 0 since Fh is positive-semidefinite. Note the

rest terms are also non-positive, due to the convexity of e.

B.1.3 Fully discrete entropy inequality

Theorem B.1.1. Consider the Euler forward time discretization. Let us assume

hi = h. Suppose z · Fz ≥ βF |z|2, z · Dξz ≥ βDξ|z|2, |F | ≤ βF and |Dξ| ≤ βDξ

uniformly in ρ for some fixed constants βF , βDξ, βF and βDξ. Then when τ ≤

mini(
βF h

2

8c20c
2
inv(βF )2βDξ ,

βDξh

4c0cinvβDξα
i+1

2

),

En+1 − En

τ
≤ −βF

2

∼∫
Ω

|u|2dx− βDξ

4

N∑
i=1

αi+ 1
2
|[ρ]i+ 1

2
|2.

Here |F | and |Dξ| are l2 matrix norms of F and Dξ respectively.

Proof. We omit all subscripts h and superscripts n in this proof.

En+1 − E =
N∑
i=1

∼∫
Ii

e(ρn+1)− e(ρ)dx

=
N∑
i=1

∼∫
Ii

e(ρn+1)− e(ρ)− (ρn+1 − ρ) · ξdx+
N∑
i=1

∼∫
Ii

(ρn+1 − ρ) · ξdx

=
N∑
i=1

∼∫
Ii

(ρn+1 − ρ) ·Dξ(ζ)(ρn+1 − ρ)dx+
N∑
i=1

∼∫
Ii

(ρn+1 − ρ) · ξdx

:= A+B.

Here we have applied the mean value theorem and ζ is on the line segment between
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ρn+1 and ρ. Let η = ρn+1−ρ
τ

. Then

A ≤ max
ζ
|Dξ(ζ)|

∫
Ω

|ρn+1 − ρ|2dx ≤ τ 2βDξ

∫
Ω

|η|2dx,

and

B = τ

(
−

N∑
i=1

∼∫
Ii

u · Fudx− 1

2

N∑
i=1

αi+ 1
2
[ξ]i+ 1

2
· [ρ]i+ 1

2

)

= τ

(
−
∼∫
Ω

u · Fudx− 1

2

N∑
i=1

αi+ 1
2
[ρ]i+ 1

2
·Dξ(ζi+ 1

2
)[ρ]i+ 1

2

)

≤ −τβF
∼∫
Ω

|u|2dx− τ

2
βDξ

N∑
i=1

αi+ 1
2
|[ρ]|2

i+ 1
2
.

Here ζi+ 1
2

lies between ρ−
i+ 1

2

and ρ+
i+ 1

2

.

Our main task is to estimate
∼∫
Ω
|η|2dx.

∼∫
Ω

|η|2dx =
N∑
i=1

∼∫
Ii

ρn+1 − ρn
τ

· ηdx

=
N∑
i=1

(
−
∼∫
Ii

Fu · ∂xηdx+ (F̂u · η)−
i+ 1

2

− (F̂u · η)+
i− 1

2

)

=−
N∑
i=1

∼∫
Ii

Fu · ∂xηdx−
N∑
i=1

F̂ui+ 1
2
· [η]i+ 1

2

≤c1

N∑
i=1

∼∫
Ii

|Fu|2dx+
1

4c1

N∑
i=1

∼∫
Ii

|∂xη|2dx

+ 2c2

(
N∑
i=1

|{Fu}|2
i+ 1

2
+

N∑
i=1

α2
i

4
|[ρ]|2

i+ 1
2

)
+

1

4c2

N∑
i=1

|[η]|2
i+ 1

2
.

Here c1 and c2 are constants to be determined. Note that
∼∫
Ii
| · |2dx defines a norm
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on P k(Ii). Using norm equivalence and inverse estimates, we have

c−1
0

∫
Ii

|p|2dx ≤
∼∫
Ii

|p|2dx ≤ c0

∫
Ii

|p|2dx, ∀p ∈ P k(Ii).

N∑
i=1

∼∫
Ii

|∂xη|2dx ≤ c0

N∑
i=1

∫
Ii

|∂xη|2dx ≤
c0cinv
h2

N∑
i=1

∫
Ii

|η|2dx ≤ c2
0cinv
h2

N∑
i=1

∼∫
Ii

|η|2dx.

N∑
i=1

[η]2
i+ 1

2
≤ cinv

h

N∑
i=1

∫
Ii

|η|2dx ≤ c0cinv
h

N∑
i=1

∼∫
Ii

|η|2dx.

cinv is a constant no less than 1 in the inverse estimates. Choose c1 =
c20cinv
h2

and

c2 = c0cinv
h

. Then

∼∫
Ω

|η|2dx ≤ 2c2
0cinv
h2

∼∫
Ω

|Fu|2dx+
4c0cinv
h

(
N∑
i=1

|{Fu}|2
i+ 1

2
+

N∑
i=1

α2
i+ 1

2

4
|[ρ]|2

i+ 1
2

)
.

Since

N∑
i=1

|{Fu}i+ 1
2
|2 ≤ 1

2

N∑
i=1

(
|(Fu)+

i− 1
2

|2 + |(Fu)−
i+ 1

2

|2
)
≤ cinv

2h

N∑
i=1

∫
Ii

|I(Fu)|2dx

≤ c0cinv
2h

N∑
i=1

∼∫
Ii

|Fu|2dx,

we have

∼∫
Ω

|η|2dx ≤4c2
0c

2
inv

h2

∼∫
Ω

|Fu|2dx+
c0cinv
h

N∑
i=1

α2
i+ 1

2
|[ρ]|2

i+ 1
2

≤4c2
0c

2
inv(β

F )2

h2

∼∫
Ω

|u|2dx+
c0cinv
h

N∑
i=1

α2
i+ 1

2
|[ρ]|2

i+ 1
2
.
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Therefore,

En+1 − En

τ
≤−

(
βF − 4c2

0c
2
inv(β

F )2βDξ τ

h2

) ∼∫
Ω

|u|2dx

−
N∑
i=1

(
βDξ

2
− c0cinvβ

Dξαi+ 1
2

τ

h

)
αi+ 1

2
|[ρ]i+ 1

2
|2.

The proof is completed by substituting the time step restriction into the inequality.

B.2 Proofs of theorems on the preservation of pos-

itivity

B.2.1 Proof of weak positivity in Theorem 4.2.2

Proof. Note F̂u = 1
2

(
diag(ρ+

h )v+
h + diag(ρ−h )v−h

)
+ α

2
(ρ+

h − ρ−h ). Hence

(ρ̂v)l := (F̂u)l =
1

2

(
ρ+
h,lv

+
h,l + ρ−h,lv

−
h,l

)
+
α

2
(ρ+
h,l − ρ−h,l).

Then

(ρ̄h,l)
n+1
i − (ρ̄h,l)

n
i

τ
=

(F̂u)n
l,i+ 1

2

− (F̂u)n
l,i− 1

2

h
=

(ρ̂v)n
l,i+ 1

2

− (ρ̂v)n
l,i− 1

2

h
,

According to the result we have proved for the scalar case in Lemma 3.2.1, we assert

(ρ̄h,l)
n+1
i ≥ 0.
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B.2.2 Proof of weak positivity in Theorem 4.3.2

Proof.

(ρ̄h,l)
n+1,pre
i,j − (ρ̄h,l)

n
i,j

τ
=

1

hxi h
y
j

∼∫
Jj

(F̂ux)l,i+ 1
2
− (F̂ux)l,i− 1

2
dy

+
1

hxi h
y
j

∼∫
Ii

(F̂uy)l,j+ 1
2
− (F̂uy)l,j− 1

2
dx.

Note that the numerical fluxes can be rewritten as

F̂ux =
1

2

(
(diag(ρh)v

x
h)

+ + (diag(ρ−h )vxh)
−)+

αx

2
diag(ρ+

h − ρ−h ),

F̂uy =
1

2

(
(diag(ρ+

h )vyh)
+ + (diag(ρ−h )vyh)

−)+
αy

2
diag(ρ+

h − ρ−h ).

Let

(ρ̂vx)l := (F̂ux)l =
1

2

(
(ρh,lv

x
h,l)

+ + (ρh,lv
x
h,l)
−)+

1

2
αx(ρ+

h,l − ρ−h,l),

and

(ρ̂vy)l := (F̂uy)l =
1

2

(
(ρh,lv

y
h,l)

+ + (ρh,lv
y
h,l)
−)+

1

2
αy(ρ+

h,l − ρ−h,l).

Then we have

(ρ̄h,l)
n+1,pre
i,j =(ρ̄h,l)

n
i,j +

τ

hxi h
y
j

∼∫
Jj

(ρ̂vx)l,i+ 1
2
− (ρ̂vx)l,i− 1

2
dy

+
τ

hxi h
y
j

∼∫
Ii

(ρ̂vy)l,j+ 1
2
− (ρ̂vy)l,j− 1

2
dx,

which formally reduces to the scalar case. One can follow the proof of Theorem 3.20

to show ρ̄n+1,pre
h,l ≥ 0, if the prescribed time step restriction is satisfied.
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